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Abstract
In the domain of structural dynamics, small uncertaintieson models are known to cause possibly large uncer-
taintieson analysisresults. Therefore, techniqueshavebeen developed to includetheeffect of theuncertainties
on the model in the calculation of the resultsof an analysis. The Monte Carlo simulation calculates these un-
certaintiesby performing a stochastic analysison the resultsof a large number of samples of one calculation.
Thehigh computational effort and timeconsumption are considered to be themajor drawbacksof thismethod.
Recently, the fuzzy finiteelement method hasbeen proposed for thestatic analysisof uncertain structures.
In thispaper, thefuzzy finiteelement techniqueisproposed asan alternativefor theMonteCarlo simulation for
structural dynamics. The applicabilit y of the fuzzy finite element method for dynamical analysis is analyzed
and compared to the Monte Carlo simulation. The fuzzy finite element method is extended to the domain of
structural dynamics. Themethod isapplied to asimplereferencecase, for which theeigenvaluesand frequency
response functions are computed. The results of the fuzzy finite element analysis are compared to those of a
correspondingMonteCarlo simulation. Conclusionsaredrawn regardingcomputational effort and applicability
of both methods.

1. Int rodu ction

Through the years, scientists and researchers have
provided us with procedures for calculating specific
dynamic features of any structure. For most prob-
lemsthat havebeen analyzed, thesolutionstarts from
deterministic values for the quantization of the nec-
essary physical properties of the analyzed structure.
Results from a deterministic analysis often are suc-
cessfully used asarepresentationfor thedynamic fea-
turethat isanalyzed. Nevertheless, in somecases, the
deterministic analysis is not sufficient. If the deter-
ministic supposition is not valid, different concepts
are applied to incorporate the uncertainties into the
analysis. How to deal with uncertainties in structural
dynamics depends on the goal of the analysis. One
way to deal with theuncertaintiesisadapting initially
uncertain features of a model in order to make the
analysis coincide with a known physical result. Up-
dating techniqueshave been developed in the area of
structural dynamics (e.g. model updating). This is
a useful tool when the considered model is intended
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for further analysis, which wil l be more reliable if
the model is updated. From a designer’s viewpoint,
thisapproach isnot useful sinceno referencedataare
availableduring thedesign optimizationphase. A de-
signer isinterested in theexpected dynamical features
of the design. Restricting the evaluation of a design
to one deterministic analysis in most cases wil l not
be sufficient, as shown by Guyader and Parizet [1].
In general, when uncertainties exist on the definition
of a model (which is nearly always the case) the de-
signer may only be interested in the resulting uncer-
tainty on the analyzed feature. Different techniques
dealing with thisproblem have been proposed.

The perturbation method calculates the uncer-
tainty on the result of an analysis by making a lin-
ear approximation of therelationsbetween inputsand
outputs. If thisassumption iscorrect and theresult is
normally distributed, the perturbation method gives
exact results. Stochastic structural analysis is the al-
ternative if the above assumptions are not met. One
type of stochastic analysis utili zes the Monte Carlo
simulation technique. This method determines the
mean value, variances and covariances of the results
of theanalysis from a number of samples. Unlikethe



perturbation method, this method has no real restric-
tions. It has been proven very useful in many cases.
The major drawback is that the number of samples
should be sufficiently high in order to reach a reli-
able result. However, with growing computational
capacity of computer systems, this drawback is only
restricting when large models are analyzed. For those
cases, reduction techniques are a useful tool for lim-
iting the size of an analysis, as shown by Teichert [2]
for the analysis of a large spacecraft structure. How-
ever, during the design phase, a fast estimation of the
uncertainty of a dynamic feature could be preferred
above the exact uncertainty. For these cases, the fuzzy
finite element method is proposed as an alternative for
the Monte Carlo simulation.

2. The Fuzzy Finite Element
Method

Since the introduction of the theory of fuzzy logic by
Zadeh [3], many different applications of this fuzzy
theory have been developed. In all these applications,
the concept of fuzzy logic is used to describe some
uncertain properties in an analysis. Rao [4] applied
these concepts to a static finite element analysis. The
basic concepts of the theory of fuzzy logic are de-
scribed here. Later, the static finite element analysis
as described by Rao will be extended to dynamic anal-
yses.

2.1 Fuzzy Logic

2.1.1 The Membership function

A fuzzy variable is defined as a member of a fuzzy
subset of a domain. The membership function de-
scribes the grade of membership to this fuzzy subset
of each element in the domain. For a fuzzy variable
~x, the membership function is defined as�~x (x) for
all x that belong to the domainX . If �~x(�x) = 1, �x is
definitely a member of the subset~x. If �~x(�x) = 0, �x
is definitely not a member of the subset~x. For every
�x with 0 < �~x(�x) < 1, the membership is not certain.

2.1.2 Functions of Fuzzy Variables

Different procedures have been proposed for the cal-
culation of results of functions of fuzzy variables.
The most widely known and applied concept is fuzzy
arithmetic. This concept consists of a sequence
of max-min operations on a numeric representation
of the membership functions of the input variables.
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Figure 1: Calculation of the result of the functionF
by subdivision of the range of the membership func-
tion

Since the size of the representation of the fuzzy result
grows with every operation, this concept is rarely ap-
plied in numerical computations. For this purpose, a
different technique using�-sublevels has been intro-
duced. In this technique, the fuzzy solution is con-
verted into a set of interval solutions. This is done
by subdividing the range of the membership function
into a number of�-sublevels. At each sublevel, an
interval analysis is performed using the bounds of all
fuzzy input parameters at the particular level. Com-
bining all results of the interval analyses for all the�-
sublevels results in the membership function for the
result of the operation. This procedure is clarified in
Figure 1.

The core problem of the calculation of the re-
sult of a function of fuzzy variables now becomes
the calculation of the result of that function in in-
terval arithmetic. For a function ofn fuzzy vari-
ables~y = F (~x1; ~x2; : : : ; ~xn), the lower and upper
boundsyl� andyu� of the result are calculated at each
�-sublevel from the intervals on the input variables.

This can be formulated as

Y� =
h
yl�; y

u
�

i
= fy : y = F (x1�; x2�; : : : ; xn�) ;

xi� 2
h
xli�; x

u
i �

i
; i = 1; 2; : : :ng (1)

with xli� andxui � respectively the lower and upper
bound of the variablexi at level�. Finally, the fuzzy
solution is assembled from the resulting intervals at
each sublevel, repeating this procedure for a number
of �-sublevels.

It should be noted here that the calculation of a
fuzzy function can be optimized to a trade-off be-
tween computational effort and correctness by select-
ing the number of�-sublevels.



2.2 Fuzzy Finite Element Method for
Structural Dynamic Analysis

The procedure for the execution of a fuzzy finite el-
ement analysis is based on a general deterministic fi-
nite element analysis. It starts from the model defi-
nition, from which the fuzzy system matrices are as-
sembled. In the second part of the analysis, concepts
of fuzzy arithmetic are applied for calculating the re-
sults of the analysis from these fuzzy system matrices.

2.2.1 Model Definition

Defining a finite element model consists of six major
parts:

� definition of the geometry

� finite element discretisation of the geometry

� definition of the material properties

� definition of the constraints

� definition of the loads

� specification of the result request

Depending on the kind of the intended analysis, some
additional inputs are required. Nevertheless, some of
these are always present in an uncertain nature. The
uncertainty on the geometry, material properties and
constraints either results from design limitations or is
due to manufacturing variability. For example, the
elasticity modulus of rolled steel might differ substan-
tially from it’s initial nominal value. Uncertainty on
the applied loads might result from imprecise refer-
ence loading conditions.

2.2.2 Assembly of System Matrices

Once the fuzzy and deterministic inputs are defined,
the next step is deriving the system matrices that
are necessary for the intended finite element analy-
sis. Since some or all of the inputs are represented
as fuzzy numbers, the calculation of the elements of
these matrices is done using the concepts of the�-
sublevels. The system matrices are assembled from
the element matrices. These element stiffness, mass
and damping matrices[K]e, [M ]e and[C]e are com-
monly calculated using the following expressions:

[K]e =

Z
V e

[B]T [D] [B] d(vol) (2)

[M ]e =

Z
V e

[N ]T � [N ]d(vol) (3)

[C]e =

Z
V e

[N ]T � [N ]d(vol) (4)

with [B] = �[N ], � is a linear operator,[N ] repre-
sents the element shape functions,[D] is the material
stiffness matrix,V e is the volume of an element,� is
the material mass density and� is the material damp-
ing factor. In general, the calculation of an element
stiffness, mass or damping matrix consists of an inte-
gration over the volume of the element. This volume
could be uncertain due to geometrical uncertainties in
the input. The integrator consists of factors based on
the element shape functions and on mechanical prop-
erties. These mechanical properties could also be un-
certain. If both the element volume and the mechan-
ical properties are defined as fuzzy inputs, calculat-
ing the element matrices is performed by integrating
a fuzzy integrator over a fuzzy volume for every ele-
ment of the matrix.

2.2.3 Calculation of the Fuzzy Results

The analysis is performed translating the classic de-
terministic solution steps to the domain of interval
arithmetic. For every�-sublevel, the interval de-
scribed in formula (1) is calculated. This results in
a fuzzy result for the analysis.

The calculation of the solution set (1) for the anal-
ysis of uncertain vibrations is analyzed by Elishakoff
[5]. However, it has been proven that an effective and
generally valid search procedure for the solution set
does not exist. In those cases, no exact procedure
can be found to determine the bounds on the result
of the interval analysis. Optimization techniques are
then applied to calculate an interval which contains
the exact solution set. Dimarogonas [6] applies these
techniques for the eigenvalue solution and transient
analysis of an uncertain structure. In general, this re-
sults in an overestimation of the result interval, and
therefore makes the result less useful. The solution
for this problem (finding an efficient algorithm for a
reliable estimation of the solution set (1) ) is currently
a research topic in mathematics. Since this problem
has been solved for very few useful functions, the ap-
plication of the fuzzy finite element method currently
remains restricted to simple models, for which rea-
soning on the bounds of the inputs and basic knowl-
edge helps solving this problem.

3. Numerical Example

3.1 Reference Model

In this paper, the fuzzy finite element method is ap-
plied and compared to a Monte Carlo simulation.



Figure 2: Reference model

density area moment
element of inertia
number 105kg=m3 10�4m2 10�6m4

1 0.5384 7.4283 369.5200
2 1.0510 5.7103 5.2872
3 1.4010 6.8425 7.1377
4 1.0770 9.2854 527.8800
5 1.0510 5.7103 5.2872
6 1.4010 4.5682 6.6090
7 5.0450 0.1487 1.9457
8 10.0900 0.1487 2.8198
9 0.0000 0.0857 0.4640

Table 1: Elemental properties of the reference model

This will be done using a simple reference model
(Figure 2). This is a two dimensional beam model
with 27 DOF’s. It is taken from Caesar [7]. The
model has 10 resonance frequencies between 20 and
60 Hz, partly global, partly local modes. In that sense,
it is similar to a satellite structure. Table 1 and Table 2
give the elemental and nodal model input data for
mass and stiffness for the reference model. The un-
certainties are introduced on the point masses. Each
mass is subject to a triangular membership function,
the bounds at the� = 0 level of which are given in
Table 3.

Two different analysis types will be discussed sep-
arately : the eigenvalue analysis and the calculation of
a frequency response function.

nodal mass rotational
point mass

number kg kgm2

3 180.0 42.0
4 165.0 42.0
7 14.0 1.8
8 39.0 4.2
9 360.0 37.5

10 12.0 1.0

Table 2: Nodal properties of the reference model

nodal mass(kg)
point lower bound upper bound

number at� = 0 at� = 0

3 150.0 210.0
4 150.0 180.0
7 8.0 20.0
8 30.0 48.0
9 315.0 405.0

10 9.0 15.0

Table 3: Fuzzy nodal properties of the reference
model

3.2 Eigenvalue Analysis

Finding the solution set of eigenvalues at each sub-
level is the core problem of a fuzzy finite element
eigenvalue analysis. The two steps in the fuzzy eigen-
value analysis are :

1. Assemble the fuzzy mass and stiffness matrices
from the fuzzy inputs.

2. Calculate the bounds of the eigenvalues at each
sublevel from the bounds of the fuzzy elements
of the matrices for this level.

An efficient procedure for the calculation of the
bounds on the eigenfrequencies of a structure defined
by interval parameters is described by Chen [8]. This
procedure is applied to the reference model. The six
point masses are uncertain inputs of the model. The
fuzzy procedure is compared to a Monte Carlo sim-
ulation with 900 samples. The results for the first
eigenfrequency is displayed in Figure 3. The mem-
bership function of the fuzzy result is compared to the
estimation of the probability density function (PDF)
resulting from the Monte Carlo simulation. From this
figure it is clear that the estimation of the PDF is nar-
rower than the membership function resulting from
the fuzzy analysis. This seems logical taking into
account the small probability that one sample of the



Figure 3: Comparison of the histogram resulting from
a Monte Carlo simulation with the membership func-
tion of a fuzzy calculation of the first eigenfrequency

Monte Carlo simulation would incorporate the exact
boundary solution. At the� = 0 level, the bounds on
the fuzzy result envelope the lower region of the PDF.
This indicates that the method to calculate the bounds
on the eigenfrequencies is correct.

A mode switch influences the result of a Monte
Carlo simulation, since the eigenfrequencies resulting
from one sample are consecutively attributed to the
range of eigenfrequencies that is analyzed. Therefore,
when an upper bound of an eigenfrequency exceeds
the lower bound of the following eigenfrequency dur-
ing a Monte Carlo simulation, an error is introduced,
the size of which is related to the width of the area
in which the mode switch occurs. On the other hand,
a mode switch will only affect the result of the fuzzy
calculation when consecutive lower or upper bounds
cross. Therefore, the effect of a mode switch in the
fuzzy analysis is much smaller. In Figure 4, the in-
fluence of a mode switch is displayed for this partic-
ular case. The effect in the analysis of the example
is not very pronounced. However, it can be expected
that the error will grow when the resulting intervals of
the eigenfrequencies subject to mode switching are
increasing. It should be noted that the identification
of a mode switch rarely is necessary, since design re-
quirements on eigenfrequencies are usually more im-
portant than on mode shapes.

The most important fact when comparing the
Monte Carlo simulation with the fuzzy approach re-
mains the difference in computational effort. Where a
reliable Monte Carlo simulation always consists of a
large number of samples (900 in this case), the fuzzy
analysis could be performed using only a limited

Figure 4: Influence of a mode switch on the stochastic
and fuzzy analysis results for the 7th and 8th eigen-
frequency

number of equivalent samples. When a more com-
plex problem is analyzed using the fuzzy approach,
the number of�-sublevels could be reduced to obtain
a fast execution with a useful approximation of the re-
sulting membership function. Basically only two lev-
els are needed to obtain a triangular approximation of
the membership function.

3.3 Frequency Response Function

The finite element method is frequently used for the
estimation of frequency response functions (FRF) in
structural design. The FRF contains valuable infor-
mation on the dynamic characteristics of the design.
Therefore also the calculation of the effect of the un-
certainties in the model on the FRF is very useful. The
FRF measured in nodek with a unity reference force
in nodej can be calculated as

FRFkj(!) =
nX
i=1

�i
k

�i
j

ki + jci! �mi!2
(5)

with n the number of used eigenfrequencies,�i
k the

k-th component of thei-th mode shape vector�i, ki
thei-th diagonal element of the diagonalized stiffness
matrix�TK�, ci thei-th diagonal element of the di-
agonalized damping matrix�TC�, mi thei-th diag-
onal element of the diagonalized mass matrix�TM�
and� =

�
�1; : : : ;�n

�
.

In general, the calculation of the solution set from
equation (1) for this problem is very complicated.
This is caused by the mode shape being part of the
function. However, for the calculation of the fre-
quency response function there are no elements of the



mode shapes needed in the calculation if the right nor-
malization is applied. Equation (5) can be rewritten as

FRFkj(!) =
nX
i=1

1

k̂i + jĉi! � m̂i!2
(6)

with n the number of used eigenfrequencies,k̂i, ĉi
andm̂i respectively thei-th diagonal element of the
diagonalized system matrix̂K, Ĉ andM̂ , with

K̂ = 	T
kj�

TK�	kj (7)

Ĉ = 	T
kj�

TC�	kj (8)

M̂ = 	T
kj�

TM�	kj (9)

	kj =

2
6664

1p
�1

k
�1

j

0 0

0
. .. 0

0 0 1p
�
n
k
�
n
j

3
7775 : (10)

If the bounds onK̂ ,Ĉ andM̂ are known, the calcu-
lation of the bounds on the FRF from equation (6) is
straightforward. This is illustrated here for the refer-
ence model.

For this particular case, the problem can be simpli-
fied using the results of the interval eigenvalue analy-
sis as described in section 3.2. The eigenvectors from
the boundary eigensolutions are used for the calcula-
tion of the diagonalized system matrices from equa-
tion (7) to (10). This results in the bounds on̂K and
M̂ . Since there are no uncertainties on the stiffnesses
in this particular case, all elements of̂K are point
intervals. Starting from expression (6), it is easily
proven that, given the lower and upper boundsk̂li, k̂

u
i ,

m̂l
i and m̂u

i for all the elements of the diagonalized
system matrices, and given the fact thatk̂li = k̂ui , the
bounds of the amplitude of the FRF equal

jFRFkj(!)jmax

= max
����FRF l

kj(!)
��� ;
���FRF u

kj(!)
���� ;

8! 62
h
�li; �

u
i

i
; 8i � n (11)

= 1; 8! 2
h
�li; �

u
i

i
; 8i � n (12)

jFRFkj(!)jmin

= min
����FRF l

kj(!)
��� ; ���FRFu

kj(!)
���� ;

8! 62
h
�li ; �

u
i

i
; 8i < n (13)

= 0; 8! 2
h
�li ; �

u
i

i
; 8i < n (14)

with

FRF l
kj (!) =

nX
i=1

1

k̂li � m̂u
i !

2
(15)

FRFu
kj(!) =

nX
i=1

1

k̂ui � m̂l
i!

2
(16)

and�li =

r
k̂l
i

m̂u
i

, �ui =

r
k̂u
i

m̂l
i

, �li and�ui equal the con-

secutive zeros of respectively equation (15) and (16).
The results of these equations are clarified in Figure 5.
This figure shows

���FRF l
11(!)

��� and jFRFu
11(!)j in

the upper part, respectively referred to asfrfmin and
frfmax. These FRF’s are combined to the bounds on
jFRF11(!)j in the lower part of the figure. In the
lower part of the figure, the FRF’s resulting from 50
samples of a Monte Carlo simulation are plotted on
top of the calculated bounds.

Figure 6 displays the result of this procedure for
one particular frequency. Again, the PDF resulting
from the Monte Carlo simulation is much narrower
than the bounds predicted by the fuzzy response cal-
culation. The large difference between the fuzzy
membership function and the PDF at the� = 0 level
is due to the absence of damping.

Figure 6: Comparison of the histogram resulting from
a Monte Carlo simulation with the membership func-
tion of a fuzzy calculation of the direct FRF at 27 Hz

The resulting procedure for the fuzzy finite ele-
ment frequency response function analysis is :

1. Perform the fuzzy finite element eigenfrequency
analysis as described in section 3.2.

2. Calculate the bounds of̂M and K̂ using the
mode shape matrices from the boundary eigen-
solutions at every sublevel�.

3. Calculate the bounds on the frequency response
function from equations (11) to (16).

Since this procedure starts with a fuzzy eigenvalue
analysis, the same restrictions as for that case are
valid here.
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Figure 5: Bounds on the direct FRF in node 1 of the model

Conclusions

So far, the use of knowledge of physical properties
and their influence on the result of a dynamic analysis
seemed unavoidable for an efficient and correct fuzzy
finite element method. Therefore, so far only simple
analyses on simple models could be performed using
this method. This paper illustrates how more general
methods could be used for the calculation of fuzzy
eigenfrequencies and frequency response functions.

The results of the fuzzy methods described in this
paper are comparable to those of the Monte Carlo
simulation. However, if efficient algorithms for the
calculation of the bounds of the solution set (1) are
developed, fuzzy finite element modeling should be
preferred from a designer’s viewpoint, since the fuzzy
methods are much less time consuming than their
stochastical counterparts.

From the numerical example, the following con-
clusions can be drawn:

� The fuzzy finite element eigenvalue analysis of
the uncertain structure results in a good and fast
estimation of the resulting uncertainties on the
eigenvalues interpreting the membership func-
tions. The effect of mode switching in the Monte
Carlo simulation, however very small in this ex-
ample, is not present in the fuzzy analysis.

� The result of the fuzzy frequency response func-
tion calculation is comparable to the result of the
corresponding Monte Carlo simulation. Further-
more, all FRF’s resulting from the samples dur-
ing the Monte Carlo simulation are situated be-
tween the bounds predicted by the fuzzy method.
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