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P. Gonçalves, S. Elliott, M.J. Brennan, University of Southampton, United Kingdom

383

Adaptive Landing Gear: optimum control strategy and improvement potential
L. Jankowski, G. Mikulowski, Institute of Fundamental Technological Research, Poland

397

Modelling and tuning the SMA absorber
W. Klein, A. Mezyk, E. Switonski, Silesian University of Technology, Poland

413

The use of dynamical recurrent neural network for identification and active vibration control of a
laminated thin plate
S. Kouhi, J. Poshtan, Iran University of Science and Technology, Iran (Islamic Republic of)

421

Vibration decay using on-off stiffness control
D.F. Ledezma-Ramirez, N.S. Ferguson, M.J. Brennan, University of Southampton, United Kingdom

433

Damping measurements on a carbon fibre reinforced laminate
D. Montalvão, Escola Superior de Tecnologia de Setúbal, Portugal
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J. Duarte Silva, R.A. Cláudio, Escola Superior de Tecnologia de Setúbal, Portugal
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A Future for Experimental Structural Dynamics

D.J. Ewins
Imperial College London
e-mail: d.ewins@imperial.ac.uk

Abstract
Structural dynamics remains a high priority feature in the design of almost every structure and machine,
essentially as a result of the adverse consequences on acceptability, reliability and integrity of a failure to
get the dynamics ’right’. Commercial competition and growing demands for safety, reliability and minimal
environmental impact all combine to impose more demanding expectations on the structural dynamicist. In
response to these demands, major strides have been made in structural dynamics technology over the past 2-3
decades. In particular, increasing demands for more and more predictions (and less and less development
testing) have led to dramatic improvements in computational techniques so that quantitative predictions
of the dynamic properties of the most complex of structures are now not only possible, but even routine.
However, in spite of these developments, the need for experimental confirmation that the predictions are
correct remains a crucial issue although one which is increasingly challenged because of its relatively high
cost.

It is also clear that experimental technology has not kept pace with numerical methods. While there have
been developments in transducers, and in the electronics that are used to condition and to process the signals
they generate, the overall time that is required to prepare and carry out a standard test has not shortened
commensurately with the time taken to carry out corresponding predictions. Hence, tests tend to be relatively
slower, and thus more expensive, than their computational counterparts - and are under growing pressure to
be eliminated.

In this lecture, the argument for maintaining a state-of-the-art experimental capability is made and is based
on the thesis that analysis (or theory, or simulation) should be integrated with test (or measurement, or
experiment). At the same time, it is accepted that significant changes may be required in the specific test
methodologies in order to restore an effective balance of time and cost between the two approaches. A
case is made for the continued reliance on testing as part of the overall process of designing and maintaining
complex and critical structures which are prone to the dynamics-related effects of vibration, shock, noise and
instability. In the course of this debate, the lecture travels from an initial question of “Is there a future for
experimental structural dynamics?” through an assertion to the effect that “There is a future for experimental
structural dynamics!” to arrive finally at the proposal that “This is a future for experimental structural
dynamics.”

The Message
(Required: A New Strategy for Experimental Structural Dynamics)

This essay sets out the primary theme of the Keynote Lecture which argues the case for a re-appraisal of
the various capabilities which together comprise ”Experimental Structural Dynamics”. This is necessary in
order to restore this vitally important aspect of the technology to its rightful place as a primary player in
structural design and not just to providing a supporting role. The lecture itself will illustrate many of the
specific points which support this proposal but here it is sought to set out the issue and the major elements
of the supporting arguments. The essential message is clear: we would benefit considerably - possibly, by
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orders of magnitude in cost-effectiveness - from being very much more selective in what we measure: of
ensuring that we do not measure data which are of no use to us, and that we do measure all those data which
are essential to our application.

The Basic Problem
(Is there a Future for Experimental Structural Dynamics?)

Structural Dynamics, as many similar subjects today, requires both experimental capabilities and theoret-
ical/computational capabilities in order to serve the community which relies on an ability to anticipate,
predict, control and avert the many vibration-related problems that are encountered in today’s machines and
structures. The basic problem is that Experimental Structural Dynamics methods overall have fallen behind
the major developments in Computational Structural Dynamics methods and are now seen as less efficient,
less cost-effective and much less timely than their computational counterparts. This means that Experimental
Structural Dynamics methods are regarded in some industries as too slow, too expensive and too uncertain or
inconclusive to justify the cost of resources and time of their inclusion in today’s short design cycles. As a
result, there are many instances where tests are being eliminated from development programmes unless they
are a statutory requirement.

This situation is quite clearly seen in the case of tests which are carried out to validate theoretical models
which are subsequently used to optimise the design of a machine or structure. Modal testing has been
developed over the past 40-50 years for just this function, and the techniques available today are really quite
sophisticated and advanced. However, the problem is that these validation tests cannot be undertaken until a
prototype structure has been manufactured and assembled and this can take an inordinately long time when
compared with the ever-shortening design cycle times that are demanded for commercial reasons. Simply
put, by the time that a prototype has been built, the design has already been fixed and so any feedback to
improve the model would come too late to be of any real value. It must also be said that, even when a test is
carried out, and the model correlated and validated, there is still a degree of uncertainty involved, not least
because of the inevitable gulf between the size of the theoretical models (typically 100s of thousands, or
even millions, of DOFs and modes) and of the experimental models (containing only 100s of DOFs and 10s
of modes). Together these features portray quite a stark description of the situation today, but it is essentially
an accurate one.

Some Essentials
(There is a Future for Experimental Structural Dynamics)

So, what is to be done? Do we simply accept that computational methods have, and will continue to, ad-
vance dramatically so that predictions become more and more reliable, thereby obviating the need for any
experimental contributions? Is there no future for experimental structural dynamics? Of course, this is not
the case, and for at least two significant reasons. First, is the observation that no matter how good our predic-
tions are, the demands of the ’customer’ are always set that bit higher. If we can predict natural frequencies
of turbine blades to an accuracy of 5%, then the designer wants 1%, and so on, and so on. It is inevitable that
competition will always be seeking that extra advantage that demands greater accuracy or reliability than is
comfortably available. Experimental evidence is the only means by which this target and performance can be
judged. It will always be necessary to make measurements to achieve, and demonstrate, better performance.
A second reason for eschewing the no-test philosophy to product development is that ascertaining the per-
formance or behaviour of the structure or machine in service is itself an ’experiment’ and so the observation
of this performance at commissioning, and then throughout the life of the structure concerned, is an integral
part of its existence. It would be a very confident engineer indeed who would leave the first experimental as-
sessment of a new product until its first ’flight’, and who would not elect to carry out some carefully-chosen
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checks at one or more stages though the design and development programme, so as to avoid the risk of a
catastrophic failure at launch! So, it is taken as read that some experimental activities are essential. The
issues are: How much? What, exactly? and When?

A Brief Review of Experimental Structural Dynamics Capabilities

At this point it is appropriate to take stock of the different activities that can be considered as comprising
the capabilities of Experimental Structural Dynamics. If we aspire to make our experimental activities an
order of magnitude more cost-effective, we shall have to be very clear and precise in what our objectives are,
and have a crystal clear set of specific requirements and means of attaining them. The basic activity is Mea-
surement – or, the ’quantification of a physical parameter’. This is the most fundamental of all experimental
procedures and is the basis of all experiments, tests and trials. It is the basic enabling technology which
allows us to undertake scientific studies on real hardware. It is clear that developments and refinements in
measurement technology will always be sought, and welcomed, but it is suggested in this lecture that limi-
tations in measurement technology are not the most serious impediments to a more powerful Experimental
Structural Dynamics capability. Those come from the way in which we use our measurement tools. Next,
we have Experiments – which can be considered to be ’measurements undertaken in a systematic and scien-
tific way in order to reveal and thus aid understanding of physical phenomena for which we have no prior
predictions’. These are the investigations carried out, for example, to demonstrate and thus to enable us to
characterise complex dynamic effects such as the sliding friction phenomena which can generate damping in
structures. A third category of experimental study is the Test – a series of measurements which are carried out
in order to ’test a theory’ or to demonstrate the accuracy (or ’validity’) of predictions made with a pre-existing
mathematical model. These applications almost certainly represent the largest single group of experimental
activities, and are thus the ones most likely to genberate significant improvements. In a similar vein, but at a
different level, there are also Trials (sometimes, ”Admirals’ Trials”) which are full-blown demonstrations of
the overall functionality of a product, in which there are generally only two outcomes: ’Pass’ or ’Fail’. Trials
are much blunter instruments than tests (where extensive checks are made of internal characteristics, stresses,
loads,?) but are still a very important phase in the development of new products. Finally, there is one more
category of experimental activity, which is growing in importance and extent, and that is in the Monitoring
of a structure’s dynamic characteristics throughout its service life. These measurements are undertaken to
facilitate a diagnosis of structural condition, and a prognosis of future functionality, and the economics of
being able to avoid unscheduled shutdowns in expensive and critical-application machinery is a major driver
in this area of activity.

What is Required?
(In order to secure a Future for Experimental Structural Dynamics)

So, what can be done? The proposal made here is that what can most effectively be done to secure a future
for Experimental Structural Dynamics which is much more proactive than at present is to seek much more
efficient ways to use the current measurement technology in our experiments and our tests. While it is
always dangerous to make sweeping generalisations, and there are always good examples that counter such
assertions, nevertheless, it is believed that there is a body of Experimental Structural Dynamics which seeks
to acquire measured data on a scale which is not compatible with the useful information that can be extracted.
The outcome of this situation is that much of the data thus acquired is either useless (i.e. it contains no useful
information) or, in many cases, is actually not used in the post-measurement data analysis stages. A common
example of this last situation can be found in almost every FRF that is measured as part of a modal test:
most of the 1000 or 2000 frequency points on each FRF curve play no effective role in the modal analysis
computations which are carried out to extract the underlying modal parameters. When that is the case, why
measure them in the first place? At the same time, it is frequently found that certain data which are critical
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to the effectiveness of a particular experimental study were not acquired, or the data were of inadequate
quality. This can greatly diminish the effectiveness of the whole test and, together, these two features can
conspire to make an experimental investigation both expensive and unsatisfactory as regards delivery of the
test objectives.

It is proposed that this thesis (of the need to select data for measurement in a systematic way) should be
routinely tested when any Experimental Structural Dynamics task is carried out in order to establish the
extent to which current capabilities are providing what is required of them. Recent research projects have
demonstrated the opportunities for order-of-magnitude improvements in the effectiveness of test-based model
validations by conducting such a critical review of what is measured, and what should be measured, and how.

A direct consequence of this type of consideration is the realisation that the experimental and the theoretical
aspects of Structural Dynamics should be more closely integrated than has been the case in the past and ways
of addressing this concept are discussed in the next section,

How to Proceed?
(This is a Future for Experimental Structural Dynamics)

It was mentioned earlier that new and better measurement techniques are always welcome, but that these
are not at the core of the current limitations of Experimental Structural Dynamics as compared with its
counterpart, Computational Structural Dynamics. The more significant limitations are seen to be in the use
that is made of the measurement technologies, not in the techniques themselves, and so the remedy of the
claimed condition lies in learning how we can more effectively use existing measurement techniques.

The short answer to the question ”what can be done to restore Experimental Structural Dynamics to having
a role which has comparable value and benefit as does Computational Structural Dynamics?” is to be much
more focused in selecting the data that must be measured and then to use the time which is available to ensure
that all these data are measured to an accuracy which is acceptable for the analysis to which they will be
subjected. It is perhaps easiest to illustrate and explain this philosophy by reference to the modal tests which
are conducted to validate pre-existing FE models of the structures of interest. The first question to address
is ”what constitutes a ’valid’ model in respect of the target structure?” The answer is straightforward: it is
a model which is capable of predicting the objective functions (dynamic properties of the structure - which
must therefore be defined at the outset of the validation process) to an accuracy which is also specified at the
outset. This means that a rather more detailed assessment of the model requirements (than is customary at
present) must be made at the model creation stage, and certainly it means that quantitative criteria must be
defined for ’validity’ before embarking on expensive experimental test programmes to provide validation.

As a result of this preliminary evaluation, it will be possible to identify which of the various components that
make up the complete target structure are the most critical in determining its dynamic properties, and that
immediately prioritises the components which must most urgently be validated. This process continues in
establishing what (specific mass and stiffness) properties of those critical components are most influential in
determining the specified dynamic characteristics? Then, thirdly, it is necessary to establish which vibration
modes of the individual component(s) are most sensitive to these important mass and stiffness properties.
By this interrogation process, it is possible to identify the most important of the components which make
up the whole structure and then to establish the most important few modes of those components which have
the greatest influence on the validity of the overall model. This process can result in specifying the need to
validate quite complex models by relying on using just a very small number of the many modes each will
have, and still extracting 80-90% of the full information that would require 10s or 100s of un-selected modes
to be sure of capturing all the effects.

How is this selection process to be carried out? It can best be done by using the initial FE model that is the
subject of the validation process. Using the relatively recent techniques of ’Virtual Testing’ - using computer
simulations to ’rehearse’ a wide variety of tests that could be conducted in the laboratory in order to select
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the most effective one(s) to actually perform - it is possible to identify a very small number of modes that
need to be measured in order to get 80 or 90% of the complete answers, and this is usually adequate for
typical engineering criteria. Of course, it is important to check that by using the model to be validated to
specify the validation tests we do not build in a guaranteed successful validation, but there are checks that
can be included to safeguard against this possible limitation.

So, this is a way forward: to use the computer models which are threatening the very need for experimental
structural dynamics activities to guide us towards the most valuable measured data for our needs. This
’Virtual Testing’ philosophy serves to address the two major weaknesses of the current approaches: (i) that
a very large fraction of the data measured at present is ineffective, and (ii) that today we often fail to include
data which proves later to be critical for the validation or other application of the test.

Such an approach offers the prospect of persuading project engineers who are seeking to promote a ’reduce
tests to zero’ policy to one which seeks to ’reduce tests by an order of magnitude every X years’. This latter,
logarithmic, as opposed to the earlier, linear, philosophy is thought to be both more attractive and much more
realistic an option and one which the experimental, as well as the theoretical, practitioners in the structural
dynamics community will be happy to espouse.
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Abstract 
Structure-borne sound, its modeling of generation, transmission, radiation and effect is the daily task of 
acoustic engineers. When prediction models are extended towards an approach of signal theory, the 
problem can be described in terms of signals, filters and signal processing. This way, the technique of 
auralization can produce audible results which can be used for demonstration of effects and for convincing 
clients or local authorities to invest in noise and vibration control. 
Auralization in case of airborne sound produced by of vibration sources is interesting for 

• building acoustics, 

• car industry, 

• machine diagnosis, 
just to name three examples. In all three examples, audible sounds help to interpret the problem and to find 
good solutions for better performance of complex systems related so sound and vibration. 
 
 

1 Introduction 
 
The tool of auralization today is indispensable in room acoustics. Software is available for simulation and 
auralization of concert halls, theatres and factory halls. The latter example illustrates, however, that 
auralization is not restricted to excitation of complex models by “nice” signals like music and speech, but 
it is applicable to noise problems, too. The concept of auralization is therefore to be extended to other 
kinds of sound and vibration transmitting systems and to other kinds of sources [1]. 
From this extension in scope follows that system modeling approaches must be considered and interfaces 
must be defined between source and transmission systems. The question of proper sound reproduction, in 
the end, is also important, but not considered in first priority here. 
The principle of auralization is illustrated in figure. 1. It shows the basic elements of sound generation, 
transmission, radiation and reproduction. It becomes clear that the coupling between the blocks requires 
special attention. The velocity injected into a system of beams and plates depends strongly on the kind of 
vibration source and on the mobility of the transmitting element, of course. This fact will create the 
biggest practical problems in definition of robust source descriptors. 
Provided, the source and the transfer functions of the elements are known from calculation or 
measurement, a “dry” signal can be transmitted into the structure, duct or room, which is then solved by 
signal processing of convolution. Accordingly, the transfer function is the transfer function of a “filter”. 
To illustrate this point further, some examples are given in the next sections. 
The first example focused on modeling and auralization of impact sound in buildings. The model will used 
to point out problems in definition of an interface between excitation forces and velocities. The second 
example illustrates the applicability of the general approach of sound insulation in buildings for problems 
in vehicle acoustics. However, in vehicle acoustics there are other aspects to be added, namely the multi-
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dimensionality of structural paths at the engine mounts and the complexity of the engine regarding 
airborne sound generation (Binaural Transfer Path Synthesis). The third example further extends the 
concept of auralization. In contrast to that explained before, not the transmission path is modeled, but the 
source generation as such, while the transmission path is measured. 
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Figure 1: Principle of auralization 

 

2 Impact sound in buildings 
 

2.1 General 
 
Impact sound is an important aspect of sound insulation in buildings. In measurement, the building 
structure is excited with the tapping machine with some kind of standard force. This assumption is valid 
for massive floors with high (point) contact impedance. The normalized impact sound level, for instance is 
then defined as 
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A
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The results if normalized impact sound levels are determined in a frequency range between 100 Hz and 
3.15 kHz. Low frequencies, however, are a big problem in building acoustics, leading to several problems 
in measurement, rating and auralization of impact sound. Hence it is desirable not to restrict the impact 
noise effect by using a single number, but to listen to the real problem. 
Auralization of impact sound generated by walking on a floor is a difficult problem, for several reasons. 
At first, it must be noted that all data of the impact noise levels of floors are defined on the basis of the 
ISO tapping machine. If one attempts to auralize the noise of a person walking on the above floor on the 
basis of standardized impact sound levels, the tapping machine excitation must be extracted from the 
measured data. This could be achieved by dividing the impact sound spectra by the force excitation of the 
standard tapping machine. Thus, a transfer function can be defined by assuming the injected force to be 
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invariant on various floor constructions. This is, however, only a rough approximation since the injected 
force and the resulting velocity in the (upper layer of the) floor construction depends on the floor mobility. 
This problem, however, is difficult to be solved, even in case of only linear transmission. 
Starting point is thus the estimated or measured impact sound level in the receiving room, derived from Ln, 
pTM. Also needed is the force spectrum of the tapping machine, FTM. 
Measurements of floor impedances and input forces of various excitations are still under investigation, see 
below. As soon as the velocity in the floor construction is known, the procedure of creating a filter for 
auralization [2]: 

∑
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with Fwalker denoting the spectrum of the force-time signal of the actual excitation, pTM deduced from the 
normalised spectrum (Ln) of the tapping machine excitation, FTM the force spectrum of the tapping 
machine. fτ,i and frev,i are covering details of flanking transmission and of reverberation [2]. 
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Figure 2: Prediction of impact sound excitation 

 

2.2 First case studies 
 
In first approach, four different room situations were auralized and analyzed regarding their sound 
pressure levels. For this, the impulse response for the transmission between the force signal in the source 
room and the sound pressure signal in the receiving room was calculated from the impact sound levels and 
the room impulse response. The forces of the tapping machine, the modified tapping machine, and a 
rubber ball according to ISO DIS 140-11 were measured and force time signals were constructed. To 
obtain the time signals, several force pulses are appended with an appropriate rate and additionally, jitter 
in time and amplitude was introduced to get a more natural impression. A convolution of this signal with 
the impulse response yields the sound pressure signal. 
 

Floor/Covering Ln,w Ln,w+ Ci L, TM L, mod. TM 
Aerated Conc. 99 88 99 76 

Concrete 76 65 75 58 
Cement 60 57 64 55 

Chipboard 52 53 58 54 

Table 1: Impact sound levels and levels of auralized signals, in dB 
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To verify the algorithm, the sound pressure levels of the auralized signals from the sound card were 
recorded and evaluated. Table 1 shows a comparison between Ln,w, Ln,w+Ci, and the levels of the auralized 
signals for the tapping machine (TM) and the modified tapping machine (mod.TM). 
It can be seen that the values for Ln,w and the auralised level of the tapping machine correspond quite well 
for bare floors, but not similarly well for the floors with additional layers. The modified tapping machine 
gives rather different level results which correspond better with Ln,w+Ci. This can be explained by the forces 
of the two sources. Whereas the tapping machine produces a rather broadband force spectrum, the 
modified tapping machine only contributes energy up to, say, 400 Hz (figure 3). Since Ln,w+Ci focuses more 
on lower frequencies, its result seems to be more reasonable than Ln,w. 
Next step is to account for the impedance of the source (walking person) in relation to the impedance of 
the floor layer. For this, the impedance of the source must be known as well as the floor impedance. Since 
measurements of floor impedances are quite well investigated, research is focused on source impedances. 
In a first try, the static impedance under the foot of a person is measured using a shaker, a force, and a 
velocity transducer as seen in figure 4. 

 
Figure 3: Left: Force spectra of the tapping machine, the modified tapping machine and a rubber 

ball according to ISO DIS 140-11. Right: Force-time signal of the tapping machine 

Increased pressure

 
Figure 4: Measurement results of static impedance measurements for bare foot 
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Figure 4 shows an example of the impedance of a walker with and without shoes. Clearly, effects of the 
relative dynamic mass of the leg and the stiffness of the foot or shoe can be seen. When the foot is placed 
on the measurement setup with more pressure, the stiffness increases and the impedance in the stiffness-
controlled region, thus, increases, too. 
 

2.3 Feedback model 
 
Since the measurements are carried out in a static condition, the results may differ from the actual 
impedance during walking. To account for this effect, a measurement method based on a two-port model 
can be used. This is explained in more detail in [2]. If the floor impedance is known, the actual force 
injected into the floor can be calculated. 
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Figure 5: Impact sound interaction model 

The extended auralization filter must then be generated by using impedance and force relations between 
source and floor. For characterizing the source, it must be ensured that the open-circuit force is measured. 
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It can be stated that the measurement method works in principle. However, due to rather large technical 
problems with the measurement setup (mechanical stability of piezo elements, low dynamic range at high 
frequencies), unfortunately, no further results can be presented yet. 
 

3 Binaural transfer path synthesis 
 
Rapid prototyping and quick optimization in the final development is extremely important in car industry. 
In order to evaluate the performance of an engine in a new or modified car, it is necessary to simulate the 
transmission of sound and vibration in the car body to the driver’s ear [3]. 
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Figure 6: Transfer path synthesis of sound and vibration 
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Modern methods of combustion (TDI, CDI, fuel direct injection etc.) in combination with new generations 
of valve trains and more light-weight materials in engine construction have produced changes in the 
temporal and spectral behavior of primary oscillation factors. As a consequence, the in-car noise produced 
by the engine is being determined more and more by higher frequency components. The methods used in 
binaural transfer path analysis and synthesis are now more frequently confronted with limitations which 
can only be overcome by detailed observation of the various influencing variables. 
Engine noise transmission fundamentally occurs in two ways which have to be examined separately: a) the 
structure-borne path which is stimulated by the engine mountings and b) the airborne path which is being 
fed by the direct sound radiation of the engine. For both paths, improved models which are traceable in 
signal and system theory are available [3]. Starting by describing and measuring the source properties and 
transfer functions as exactly as possible, we arrived at an extremely simplified yet adequate model version 
of the complicated structure. 
An especially important improvement of the structure-borne transfer paths we introduce here is the 
description of the mechanical interfaces via complex two-port parameters. Considering airborne sound 
transmission, we are reducing the in car source measurement that was mandatory so far to an alternative 
source which could be highly simplified through multi-pole source synthesis and which can be derived 
from test bench measurements. Using this simple model, the user receives a tool by means of which 
changes in transfer paths (e.g. the influence of the engine mounting) can be modeled in a theoretically 
correct model and the results can be made audible immediately. 
 

4 Bearing diagnosis 
 
A quite different field of structure-borne sound generation and transmission is bearing diagnosis. The 
majority of the techniques used in vibration analysis of machines are based on the identification of 
deterministic patterns on the vibration signal. In the case of bearing monitoring, those deterministic 
behaviors are closely connected to defects on races or rolling elements and the rotational frequency at 
which the machine runs (e.g. the impact produced when a rolling body rolls over a damaged bearing race). 
By the proper analysis of the vibration signal, it is possible to identify the existence and severity of 
damages and to try to predict the remaining lifetime of the bearing [4, 5]. 

 
Figure 7: Auralization and diagnosis of bearings 
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Nevertheless, there is also interest in assessing the development of the condition of the bearing before a 
surface damage (material removal of races or rollers), like a ‘pitting’, actually occurs. Before this 
occurrence, the changes in the vibration of the machine are very small and non-deterministic. Once the 
influence of the sound generation is understood and correctly modeled, one can try to go the way back, 
i.e., to evaluate the bearing surface condition only through the analysis of the vibration of the machine. It 
is well known that some persons are able to tell if a machine is ‘running well’ or not just by “hearing” or 
“feeling” it. This raises the questions: Would it be possible to simulate the structure-borne sound of a 
running machine and to verify differences in this signal due to different conditions of some of its part? 
Would this information be relevant and/or useful as a diagnosis tool? 
In bearing sound auralization, the primary sound generation of the rough contact is to be modelled, while 
the vibration transmission is measured [4]. The model consists, therefore, of two parts: the rough contact 
simulation and the transmission path measurement. 
 

4.1 Modeling the rough contact 
 
The main objective of the physical modelling of this problem is to try to simulate the actual excitation 
signal coming from the rough contact between the rolling bodies and the races in the bearing. This 
simulation should take into account parameters like the radial load imposed to the bearing, rotational 
speed, type of rolling element, the geometry of the bearing, the presence of lubrication, among others. 
The physical model is described in [5] and is now part of the computational package SAMBA (Structural 
Acoustic Model for Bearing Analysis). The theory was extended to accomplish the contact between every 
type of surface without a priori assumptions about the height distribution of asperities. This is especially 
important if one is interested in calculating the actual vibration generated by this contact and also in 
studying the changing of the characteristics of the surface with time. 
The first step is to create an equivalent rough surface through the combination of the measured roughness 
profiles of the partners in contact. The resulting surface will retain information about all the surfaces in 
contact and will be assumed to be representative of the actual state of the bearings’ surfaces. This 
equivalent surface is supposed to be compressed by a smooth flat surface and the objective is to find the 
distribution of pressure and contact points that would come out due to the action of the radial load 
imposed to the bearing. This is done by simultaneously solving the equation for the pressure distribution 
along the nominal theoretical contact area and the equation for the distribution of the contact. This can be 
related to the movement of the centre of mass of one rolling body and can be repeated to cover all the 
extension of the rough profile. In this sense, one has a vector with the successive displacements made by 
the centre of mass of this element. 

 
Figure 8: Combination of roughness profiles into one single rough surface showing the compressed 

asperities within the nominal contact area 
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4.2 Transmission paths 
 
The calculation procedure considers that, within a certain area of integration (nominal contact area in Fig. 
7), the asperities above a certain reference will be compressed by a flat surface. This is possible because 
the equivalent rough surface exactly represents the actual state of the gaps at each point along the profile. 
The area of integration is the area where the contact would possibly be established. It can be different 
from the nominal contact area predicted by the Hertz theory and depends on factors like the roughness and 
the curvature of the surfaces in contact. 
The calculation algorithm searches the points that would possibly be in contact within the nominal contact 
area and calculates the pressure on these points for a given compression. The calculation converges when 
the sum of loads applied to the points in contact equals the overall load applied to this rolling body. For 
each equilibrium position one has the information how much did the centre of mass of the rolling body 
moved, so that a time history of this movement can be constructed. 
In post processing, the force and the displacement can be calculated and addressed to a running condition 
of “mixing” the signals of subsequent rolling bodies into a stationary time sequence. 
The measurement of the transfer path between the point where the excitation occurs, i.e., in the bearing, 
and the point where the measurements are taken (usually at the machines housing) is made with the help 
of a special actuator that substitutes one of the rolling elements. The details concerning this measuring 
technique can be found in [4]. Nevertheless, it should be mentioned that all measurements of the transfer 
paths were made with the machine mounted, but not running. 
 

4.3 Examples 
 
A series of 3 spherical rolling bearings and 3 cylindrical rolling bearings were tested. The signals of the 
running bearings (720 RPM) were measured through 2 accelerometers under a radial load of 16 kN 
(except for cylinder bearing 1 with 32 kN). The transfer functions and an appropriate model of contact 
were also available. Figs. 8 and 9 below show the simulations and de-noised signals for the spherical and 
cylindrical rolling bearings. 
In order to separate the contributions of different sources in the measures results, a special de-noising 
algorithm was implemented and applied to the measured signal of ball bearing 1 and to the simulation of 
the excitation produced by this bearing. Assuming that the physical modeling of the excitation is a good 
approximation of the real signal produced by the bearing and regarding it now as the ‘noise’ that has to be 
extracted from the measurement, the result of the de-noising procedure should deliver the unwanted 
influence of all other parts of the machine over the measured signal (unwanted background noise). If now, 
this unwanted background noise extracted from the measurements of ball bearing 1 (with the help of the 
simulated excitation) is used to de-noise the whole set of measurements of other bearings, one obtains 
signals that should approximate the real excitation imposed to the machine by the bearings. 
It can be seen that the dominant frequencies are reproduced until around 10 kHz. Over this range, other 
effects present of the measured signals and which are not modeled, could cause the disparity between the 
results. 
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Figure 10: Simulation and de-noised results from cylindrical rolling bearing 1 (left) and 2 
(right) 

Figure 9: Simulation and de-noised signals from spherical rolling bearings 3 (left) and 4 (right). 
The noise extracted from spherical bearing 1 was used as reference to de-noise the 

measurements of the other bearings. Spherical bearing 2 was totally damaged and could not be 
simulated 

 
 

Conclusions 
 
This work presents some results of the auralization of structure-borne sound. The field of impact sound in 
buildings, vehicle acoustics and bearing diagnosis seem to be very different, but they can well be 
described by a general approach. This approach is based on subsystems of signal theory, the generation 
and transmission of sound and vibration signals in multi-path systems. At the receiving point, binaural 
synthesis can take place, if required. 
Prediction models are the perfect starting point for auralization. Prediction is today important from the 
viewpoint of design and optimization of numerous products and constructions. Modeling techniques 
therefore will get more importance in future, including numerical methods like FE and BE. The resulting 
data can be discussed in full complexity in amplitude and phase spectra, but general estimates in one-third 
octave bands, similar to measurement results, are well qualified to serve as basis for discussion of the 
performance of construction material in relation to the complete system. 
Special signal processor (DSP) systems are no longer required to solve simulation and auralization tasks. 
Standard PCs can be used to create auralization filters and to process input signals with these filters. The 
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applications of auralization, therefore, can be widely seen in architectural acoustics, in noise control in 
buildings, in industrial noise control, and in vehicle acoustics, for instance. New media including the 
Internet offer an easy access to sound examples. Auralization can hence be expected to remain a growing 
field of acoustics not only in room acoustics and car industry, but also in building acoustics. 
Acoustic engineering, a technical solution with “good” acoustic performance requires not only detailed 
knowledge of technical acoustics and noise control engineering, but a specific strategy to create the 
appropriate sound. More categories of noise effects, like speech privacy, disturbance of work or 
annoyance could lead to a better and more specific description of acoustic phenomena and technical 
solutions, which can also be easily understood by non-acousticians. Only if acoustic problems and 
solutions are communicated in daily-life language, the acoustic expert can reach the community and the 
authorities who decide on investment in noise and vibration control. 
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∗University of Liège, LTAS-Vibrations et Identification des Structures,
Chemin des Chevreuils, 1, B52/3, B-4000 Liège, Belgium
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Abstract
This paper presents some extensions of flexible multibody formalisms for mechatronic applications. The
software implementation is realized in a general purpose finite element code, and three specific subjects are
discussed: (i) nonlinear model reduction techniques for flexible multibody systems, (ii) integrated modelling
of mechatronic systems, (iii) time-integration algorithms for coupled problems. The relevance of those de-
velopments are demonstrated for the dynamic analysis and the control design of an experimental lightweight
manipulator.

1 Introduction

Powerful formalisms and industrial software are now available for the modelling and simulation of flexible
multibody systems; a representative example is the SAMCEF-MECANO software [1], which is based on the
nonlinear finite element formulation proposed by Géradin and Cardona [2]. However, the design of modern
robots, machine-tools, or vehicles requires the combination of mechanic and control technologies, so that the
development of virtual engineering tools for complex mechatronic systems appears as a critical challenge for
future technological advances. For example, for high-speed machine-tools or lightweight manipulators, im-
proved dynamic performances can be reached if one extends the bandwidth of the control system beyond
the first natural frequencies of vibrations. This means that the flexibility has to be considered at the con-
trol design stage in order to achieve a simultaneous control of the motion and of the vibrations. The aim
of this paper is to propose new methods for the concurrent modelling, simulation and design of complex
mechatronic systems.

Virtual engineering tools are needed at several stages of the design process (mechanical design, control de-
sign, pre-prototyping), and they should be able to solve several types of problems (generation of the dynamic
equations, frequency analysis, time-domain simulation, optimization, etc.). For this purpose, a software tool-
box for mechatronic applications is developed here on the basis of a general purpose finite element code. The
choice of a finite element environment leads to several important advantages: flexible multibody systems can
be modelled in a systematic and consistent way according to standard formalisms [2], the library of elements
can be naturally extended to account for multiphysics or non-mechanical components with a high level of
modularity, the numerical assembly procedure allows to build automatically the strongly coupled dynamic
equations, a large set of numerical solvers is readily available (linear algebra, frequency-domain analysis,
or time integration), and finally, standard interfaces with control software (e.g. MATLAB/SIMULINK)
or optimization software (e.g. BOSS/QUATTRO) can be exploited. The finite element industrial platform
OOFELIE [3] (Object Oriented Finite Element Led by Interactive Executor) has been selected for the present
work.

This paper focuses on three important aspects: the reduced-order modelling of flexible multibody systems
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(section 2), the modelling of mechatronic systems (section 3), and the time integration of coupled dynamic
equations (section 4). In section 5, those tools are applied for the dynamic analysis and the control design of
a lightweight manipulator. Simulation and experimental results demonstrate the relevance of the approach.

2 Model reduction

This section concerns the generation of the equations of motion for flexible mechanisms, with a specific
attention to model reduction techniques. According to the finite element formulation of Géradin and Car-
dona [2], each body is characterized by a set of nodes, and each node has its own translation and rotation
coordinates with respect to an inertial reference frame. Those coordinates are gathered in a n × 1 vector q
and they have to satisfy m kinematic constraints:

Φ(q) = 0

The Lagrange equations of motion can be derived:

M(q) q̈ = g(q, q̇, t)−ΦT
q λ

0 = Φ(q)
(1)

M is the mass matrix, Φq is the constraint gradient, λ is the m× 1 vector of Lagrange multipliers, the n× 1
vector g represents the external, internal and complementary inertia forces.

The finite element formalism allows a very fine description of the deformations within each flexible body,
but the nonlinear model may involve several hundreds or several thousands of degrees-of-freedom, and it
cannot be easily exported to other software environments. For a control design procedure or a system level
simulation, a finite element model is often too complex, and it should rather be replaced by a simplified
reduced-order model, which still represents the dynamic behaviour with a sufficient level of accuracy.

For linear systems, several linear reduction techniques are now well-established, such as the component-
mode technique [4, 5], the balanced truncation method [6, 7], or the Krylov subspaces method [8, 9]. For
example, the component-mode technique relies on a linear transformation into n modal coordinates η:

q = Ψ η (2)

where Ψ is the n × n matrix of component modes, and the reduction comes from the inequality n < n.
Clearly, the modal coordinates are only able to describe the variations of q in the subspace spanned by the
component-modes. After the introduction of this coordinate transformation in the mechanical equations, a
modal model is obtained whose quality depends on the ability of the component-modes to describe the actual
motion of the system.

In flexible multibody dynamics, a linear reduction can be efficiently applied at the body level if a floating
frame of reference formulation is adopted, i.e. if a rigid floating frame is attached to the moving body and
the deformations with respect to this frame are assumed to be small. In this case, a transformation into
modal coordinates may be useful for the description of the deformations with respect to the floating frame.
However, at the mechanism level, the equations of motion still have the constrained structure of equation (1).

The extension of standard control or simulation techniques to constrained dynamic systems is usually not
trivial. Therefore, it seems very interesting to eliminate the constraints in (1) in order to simultaneously sim-
plify the structure of the equations of motion and further reduce the number of mechanical coordinates. For
example, the constraint elimination technique proposed by Wehage and Haug [10] is based on a partitioning
of the coordinates into n−m independent coordinates and m dependent coordinates. For a rigid multibody
system with s = n−m kinematic modes and s actuators, the s× 1 vector θ of coordinates associated with
the motion of the actuators is usually a good choice for the independent coordinates. The reduced equations
of motion can then be derived:

Mθθ(θ) θ̈ + hθ(θ, θ̇) = gθ (3)
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gθ is the vector of actuator forces, and hθ represents the gyroscopic and centrifugal inertia forces:

(hθ)i =
s∑

j=1

s∑
k=1

(Γθθθ(θ))ijkθ̇j θ̇k

where (Γθθθ)ijk is the Christoffel symbol of the first kind.

Due to the nonlinearity of the constraints, the relation between the coordinates q and θ is nonlinear:

q = ρ(θ)

In general, this transformation cannot be described analytically. When the classical coordinate partitioning
technique is used for simulation purpose, the several contributions in equation (3) (i.e. the mass matrix
Mθθ and the vector hθ) are computed numerically at each time-step of the simulation, but no closed-form
expression is available. In [11], we have proposed a methodology to pre-compute the components of Mθθ

and (Γθθθ)ijk as functions of the configuration vector θ, and to store them in a look-up table. This look-up
table can also be replaced using more efficient approximation techniques such as a piecewise polynomial
approximation or radial basis functions, so that a closed-form expression of the reduced equation (3) is
reconstructed from numerical data. However, due to mechanical singularities, the actuator coordinates θ do
not allow a description of the motion in the whole configuration space, and the validity of the model (3) is
restricted by so-called ”actuator singularities”. In practice, actuator singularities are carefully avoided during
the motion, and this restriction is therefore not really limitative.

For flexible multibody systems, we have developed in [12] a model reduction method which achieves si-
multaneously a constraint elimination and an order reduction. Several specifications were defined for this
method, in particular, the reduced-order model should be sufficiently accurate in the frequency range and
in the workspace of interest, and the Lagrangian structure of the original system should be preserved. The
method relies on the definition of a modal parameterization at the mechanism level, which is called the
”Global Modal Parameterization”. At the mechanism level, the motion is decomposed into a large amplitude
rigid motion qr and a small amplitude elastic displacement qf :

q = qr + qf

Away from the actuator singularities, the rigid motion can be parameterized using the s independent actuator
coordinates θ:

qr = ρ(θ)

The elastic displacement is a small deviation from the rigid motion, which is parameterized using a reduced
set of flexible modal coordinates δ:

qf = Ψqδ(θ) δ

The flexible modes Ψqδ are now associated with the motion of the whole mechanism, and they depend on the
configuration vector θ. For example, Ψqδ can be constructed using the standard component-mode technique
of Hurty [4], but a mode-tracking strategy has to be implemented in order to guarantee smooth variations in
the configuration space. In summary, the Global Modal Parameterization is a nonlinear coordinate transfor-
mation:

q = ρ(θ) + Ψqδ(θ) δ (4)

After the definition of the vector ηT = [θT δT ], the reduced equations of motion are:

Mηη(θ) η̈ + hη(θ, η̇) + Kηη(θ) η = gη (5)

If only rigid and internal vibration modes are considered (but no constraint modes), the following structure
is obtained:

Mηη =
[

Mθθ Mθδ

Mδθ I

]
, Kηη =

[
0 0
0 Ω2

]
, gη =

[
gθ

0

]

AMS1 - MULTIBODY DYNAMICS FOR MULTI-PHYSICS APPLICATIONS 19



Mechanism
ga w-

Control system

System 1
y(1) u(1)� �

�
System 2y(2) u(2)

System 3u(3) y(3)
-

Figure 1: Model of a mechatronic system. Using the block diagram language, the control system is described
as a set of interconnected subsystems. The vector ga represents the actuator forces, and the vector w, the
measurements on the mechanical system.

and
(hη)i = (Γηηη(θ))ijk η̇j η̇k with (Γηηη(θ))ijk = (Γηηη(θ))ikj

The model (5) still has the Lagrangian structure provided that the deformations are sufficiently small. It
is fully described by the components of Mηη, Kηη, and (Γηηη)ijk, which smoothly depend on θ. As for
rigid multibody systems, those components can be stored in a look-up table, or they can be represented
by an approximation function. The resulting ”closed-form” expression is easily exported to other software
environments (e.g. MATLAB/SIMULINK).

3 Modelling of mechatronic systems

This section presents an extension of the finite element method for the modelling of mechatronic systems.
As proposed in [13], the block diagram language can be naturally integrated within the finite element formu-
lation. A companion paper being entirely devoted to the modelling of mechatronic systems [14], this section
only presents a very concise summary of the methodology.

Starting from the well-established equations of multibody dynamics (1), additional equations are introduced
for the various components of the control system, such as the actuators, the sensors and the controller. The
dynamics of the control states x could be represented by first-order ODEs, but, in order to allow a modular
description using the block diagram language, algebraic output variables y are also required (Fig. 1). The
coupled equations of motion are:

M(q)q̈ = g(q, q̇, t)−ΦT
qλ + Lqyy

0 = Φ(q)
ẋ = f(u,x, t)
y = h(u,x, t)

(6)

The term Lqyy in the mechanical equation represents the actuator forces (Lqy is a boolean localization
matrix), the third equation represents the dynamics of the states, and the last is the output equation. The
vector of control inputs u is directly associated with the mechanical displacements, velocities and control
outputs. It does not contain any independent variable; it is simply a convenient notation for:

u = Luqq + Luq̇q̇ + Luyy

where Luq, Luq̇ and Luy are, again, boolean localization matrices. It is possible to account for acceleration
measurement in this formulation, we refer to [13] for the details. Since u depends on y, the algebraic
variables y are implicitly defined by the output equation in (6), provided a regularity condition.
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In the next section, the generalized-α time-integration algorithm will be used for the simulation of the mecha-
tronic system. Therefore, the coupled equations of motion have to be transformed into second-order differ-
ential equations, thanks to the definition of the auxiliary dynamic variables z and of the vector p:

z(t) =
∫ t

0
x(τ) dτ, pT =

[
qT λT zT yT

]
z is only meaningful at the velocity level (ż = x) and at the acceleration level (z̈ = ẋ). We obtain:

M̂(p) p̈ = ĝ(p, ṗ, t)

with the singular matrix M̂ and the vector ĝ:

M̂ =


M 0 0 0
0 0 0 0
0 0 I 0
0 0 0 0

 , ĝ(p, ṗ, t) =


g −ΦT

qλ + Lqyy
−Φ
f

−y + h


In the finite element code, the library of mechanical elements has been augmented by special elements for
various generic blocks of the control system, e.g. a gain, an integrator or an ABCD linear time-invariant
model. The vector ĝ, the mass matrix M̂, as well as the tangent damping and stiffness matrices are thus
implemented analytically at the element level, and constructed numerically according to the finite element
assembly procedure at the system level. Hence, if a block diagram model has been first developed for the
control system in MATLAB/SIMULINK, it can be very easily re-implemented in the integrated environment.

4 Time integration scheme

The generalized-α method relies on the Newmark implicit formulae, which are obtained from a Taylor series
expansion of the displacements and velocities with respect to the time-step size h:

pi+1 = pi + h ṗi + h2 (1
2 − β) ai + h2 β ai+1

ṗi+1 = ṗi + h (1− γ) ai + h γ ai+1
(7)

β and γ are constant numerical parameters. In the original Newmark scheme [15], the vector a is simply
equal to the accelerations p̈, whereas in the generalized-α method, it is defined by the modified residual
equation [16]:

(1− αm) M̂ai+1 + αm M̂ai = (1− αf ) ĝi+1 + αf ĝi, M̂a0 = ĝ0 (8)

The algorithm is self-starting, and equations (7) and (8) can be solved very efficiently for q, q̇, and a accord-
ing to a predictor-corrector procedure [2]. Let us note that this scheme has been designed for systems with a
constant mass matrix, and that some customizations are required if M̂ is not constant.

For unconstrained mechanical systems, the second-order accuracy condition is:

γ =
1
2

+ αf − αm

This condition also holds for unconstrained mechatronic systems, and a full convergence analysis is currently
under study in the constrained case. The remaining free parameters β, αf and αm can be selected in order
to obtain ideal numerical dissipation properties, as discussed in the following.

The stability and numerical dissipation properties of an algorithm are usually investigated in the linear
regime, via an eigenvalue analysis of the numerical solution. In the reference [13], it is shown that the
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analysis can be reasonably restricted to two simple test problems: a scalar mechanical system q̈ + ω2 q = 0
and a scalar control system ẋ = σ x.

The design of the algorithmic parameters of the generalized-α scheme has been addressed by Chung and
Hulbert [16] and Jansen et al [17]. Chung and Hulbert considered the simulation of lightly damped me-
chanical structures described by second-order ODEs. From an analysis of the mechanical test problem, they
proposed an unconditionally stable scheme, which achieves an optimal compromise between accuracy at low
frequencies and high-frequency numerical dissipation. Given a desired value of the spectral radius at infinite
frequencies ρq

∞ ∈ [0, 1] (the value ρq
∞ = 1 means no dissipation, and ρq

∞ = 0 means asymptotic annihilation
of the high-frequency response), the other parameters are defined by:

β =
1
4

(
γ +

1
2

)2

, αm =
2 ρq

∞ − 1
ρq
∞ + 1

and αf =
ρq
∞

ρq
∞ + 1

(CH-α scheme) (9)

Jansen et al [17] used the generalized-α method for the simulation of first-order differential equations in fluid
dynamics. Their scheme is basically equivalent to our method for the state variables. Given a user-specified
value of the spectral radius at infinite frequencies ρx

∞ ∈ [0, 1], low-frequency dissipation is then minimized
for:

αm =
1
2

(
3 ρx

∞ − 1
ρx
∞ + 1

)
and αf =

ρx
∞

ρx
∞ + 1

(JWH-α scheme) (10)

It is not necessary to define β, since this parameter is not used for the integration of x.

Either scheme can be considered for the simulation of mechatronic systems [13, 18], but Géradin and Car-
dona [2] have shown that a small amount of numerical dissipation is required to stabilize the numerical
solution in the presence of kinematic constraints. The CH-α scheme (9) and the JWH-α scheme (10) are not
equivalent, which means that the user has to decide whether the algorithmic parameters should be optimized
with respect to the mechanical system or to the control system. In the following application, the critical
dynamics lies in the mechanical subproblem, so that the CH-α scheme is naturally selected.

5 Application to a lightweight manipulator

Figure 2: Ralf. θ1 and θ2 are the actuated degrees-of-freedom, aX and aY are the measured accelerations.

This section concerns the motion and vibration control of an experimental robotic arm. The long-reach
manipulator Ralf, shown in Fig. 2, has been developed at the Georgia Institute of Technology [19]. It has
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a high payload to weight ratio, and it is stiff enough to achieve real-world applications. However, flexible
effects in the links affect the positioning accuracy. Ralf has two kinematic degrees-of-freedom in a vertical
plane, and it is actuated by two hydraulic cylinders. Two linear position sensing transducers measure the
extension of the cylinders, and two accelerometers are placed at the tip, in order to detect the mechanical
vibrations.

The two main links and the actuator link are modelled as flexible beams; all other components are considered
as rigid-bodies, lumped masses and ideal joints. An initial finite element model involves 140 generalized
coordinates and 24 Lagrange multipliers. For the model reduction, 2 rigid modes and 2 flexible modes
(Fig. 3) turned out to be sufficient to capture the essential dynamic behaviour of the system in the frequency
range 0-15 Hz. Higher-order modes are above 30 Hz, and their participation to the dynamic response
is neglected. According to Lee [20], the gyroscopic forces are negligible for this manipulator, so that the
contribution hη can be neglected in the reduced equations of motion (5).

Around a fixed configuration, a frequency-domain analysis is possible for the linearized system. For exper-
imental validation, a model of the hydraulic actuators has also been developed and some parameters have
been identified. A comparison between the resulting model and experimental results is given in Fig. 4. Some
discrepancies can be observed, which are attributed to the weaknesses of the identification procedure. Nev-
ertheless, we conclude that a reduced-order model is able to capture the configuration-dependent dynamics
of a real manipulator.

This model has been exploited for the development of a position and vibration controller based on a two-time-
scale strategy, as illustrated in Fig. 5: the slow collocated controller is a classical joint-tracking controller,
while the fast controller realizes the active damping of the vibrations. This vibration controller exploits the
inertia forces of the manipulator in order to damp the flexible motion. It relies on both collocated mea-
surements and tip acceleration measurements, and it involves a real-time computation of the reduced-order
model. The two-time-scale controller has been initially designed in MATLAB/SIMULINK, but the block
diagram model has also been implemented in the simulation environment.

The step response to a tip vertical force is analyzed in Fig. 6. The time-step of the simulation is 0.01 s,
and the algorithmic parameters are obtained for the CH-α scheme with ρq

∞ = 0.7. From these results,
we conclude that the active control strategy is efficient, and that the simulation tool predicts accurately the
dynamic behaviour of the actual mechatronic system. A full discussion about the modelling and control of
Ralf can be found in [13].

6 Conclusion

This paper presents some extensions of flexible multibody formalisms for mechatronic problems. An indus-
trial finite element code has been selected as the core platform for the software developments.

First, a nonlinear model reduction method is described, which allows to extract a compact and simplified
mechanical model from a high-order nonlinear finite element model. This is especially suitable for control
design or for a system level simulation. Second, a strongly coupled modelling methodology is proposed
for mechatronic systems composed of a flexible mechanism and a control system. Third, a monolithic
generalized-α integrator is presented for the concurrent simulation of mechatronic systems.

Finally, those different tools are combined for the modelling, control design, and simulation of a lightweight
manipulator with motion and vibration control. An experimental validation demonstrates the relevance of
our approach.
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Figure 3: Mode shapes, home configuration.
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Figure 4: Experimental and model transfer functions (from actuator voltage to tip acceleration), for two
different configurations.
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Simulation results
Fast control off Fast control on

0 0.5 1 1.5 2 2.5
−15

−10

−5

0

5

10

15

t (s)

a Y
 (

m
/s

2 )

0 0.5 1 1.5 2 2.5
−15

−10

−5

0

5

10

15

t (s)

a Y
 (

m
/s

2 )

Experimental results
Fast control off Fast control on

0 0.5 1 1.5 2 2.5
−15

−10

−5

0

5

10

15

t (s)

a Y
 (

m
/s

2 )

0 0.5 1 1.5 2 2.5
−15

−10

−5

0

5

10

15

t (s)

a Y
 (

m
/s

2 )

Figure 6: Tip response to a tip disturbance.
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Abstract
This paper presents a novel approach to optimize the design of planar mechanisms with revolute joints
for function-generation or path synthesis. The proposed method is based on the use of an extensible-link
mechanism model whose strain energy is minimized to find the optimal rigid design. This enables us to
get rid of assembling constraints and the use of natural coordinates makesthe objective function simpler.
The optimization strategy is divided into two stages: the first one relies on multiplepartial optimizations
and provides hot starting point for the second stage which involves all thevariables and all the energy
contributions. The question of finding the global optimum is reviewed. Instead, a simple algorithm is
proposed to explore the design space and to find several local optima among which the designer may choose
the best one taking other criteria into account (e.g. stiffness, collision, size,. . . ). Two applications are
presented to illustrate the whole process.

1 Introduction

Optimization of complex multibody systems represents a real present interest along with the increasing
development of computer resources. This is particularly true consideringclosed-loop mechanisms whose
assembling constraints represents a particular issue when evolving the optimization process strategy. A few
solutions have been proposed to deal with them [13]. For example, the authors have suggested to penalize
properly the objective function using the conditioning of the assembling constraints Jacobian matrix [4].
Another well-known approach in path synthesis is to deform the mechanism subject to a perfect following of
the desired path [8, 1, 2]. From this point of view, the path-following objective becomes a trivial optimization
constraint while the deformation energy is the actual objective to minimize. Therefore, the mechanism
assembles at best each time the optimization process computes the objective function.

In optimal design synthesis, a second issue consists in the choice of the formalism to describe the geometry of
the mechanism. Among the different possibilities, one can mention the common use of relative coordinates
in real form [3, 6, 10] or in complex form [16]. This formalism has the advantage to limit the number of
assembling constraints but introduces trigonometric functions involving angular variables: it enhances the
non-linearity of the problem and makes the optimization more complex. The use ofnatural – or point –
coordinates is also wide-spread [8, 1, 2, 11, 7]. In comparison with relative coordinates, natural coordinates
involve additional algebraic constraints. However, these equations only consist in linear and/or distance
functions. This coordinate system is thus well suited to the use of gradient-based optimization techniques
such as least squares methods.

The proposed method tries to combine these two features: extensible-link mechanisms and natural coordi-
nates. The first one enables to solve the problem of non-assembly while thesecond one greatly simplifies
the type of objective function. The associated optimization strategy is dividedinto two parts. The first one
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is based on the minimization of the deformation energy over the followed path [6]. The result of these first
multiplepartial optimizations is then used as starting point for the second part. Then, thetotal strain energy,
i.e. the sum of all thepartial energy functions, is optimized not only with respect to some point coordinates
but also to the design parameters themselves [1].

Afterwards, this improvement has enabled to outline an important issue in mechanism optimization: different
local optima starting from different initial parameters. The choice of the optimal mechanism among these
local optima relies on other design constraints which may be more difficult to compute and not taken into
account in the original problem. Since it is interesting for the designer to keep and compare some of the best
mechanisms (i.e. local optima), an exploration strategy of the design space is proposed to ’unearth’ most of
the possible optima.

Different kinds of requirements may be encountered in dimensional mechanisms synthesis: path or function
generation, body guidance, or mixed problems. Most applications concern path synthesis problems [13, 3, 6,
10, 16, 12, 18] and the four-bar mechanism will constitute a basic example inthe following. More realistic
applications of function-generation synthesis will also be given based onthe Ackerman steering linkage
problem: a four-bar and then a six-bar synthesis [20, 15, 19].

The paper is organized as follows. In Section 2, the general optimization problem is modeled and formu-
lated using the four-bar mechanism as example: the objective function is buildand the sensitivity analysis
is performed. In Section 3, the optimization strategy is developed. Section 4 presents a more realistic appli-
cation of function generation synthesis for the four-bar Ackerman steering linkage. Section 5 deals with the
question of finding the global optimum following by a new method to explore the design space. Before some
conclusions and prospects in Section 7, a more complete application to optimize a six-bar steering linkage is
presented to illustrate the concepts in Section 6.

2 Problem formulation

Let us consider the well-known planar example of a four-bar mechanism which has to follow a desired path
(see dotted line in Fig. 1.a). In order to make the mechanism exactly follow the given path, the four-bar is
modeled with extensible links which replace the rigid bars and triangle by five springs with stiffnesskj and
natural lengthslj , j = 1 . . . 5 (see Fig. 1.b).

→

a. Rigid mechanism. . . b. . . . modeled by a extensible-link mechanism

Figure 1: Model adaptation of four-bar mechanism for path synthesis

The desired path is discretized intoN points, leading toN different configurations of the mechanism. When
it moves, the different pointsP0 . . . P4 composing the mechanism have different behaviors:P0 andP4 stay
fixed to the ground,P3 follows exactly theN points composing the path andP1 andP2 are free to reach the
equilibrium. All these points can thus be arranged into three groups:

• thestaticpointsP0, P4;
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• thetrackingpointP3;

• thefloatingpointsP1, P2.

Their absolute coordinates are saved respectively in the following vectors: s, t andf . As the tracking point
and the floating points may have different coordinates for each configuration,t andf are referenced by the
indexi: ti andfi, i = 1 . . . N .
Grouping the natural lengthslj in the column vectorl and the stiffness parameterskj on the diagonal of the
stiffness matrixK, we define the total strain energy as a scalar cost function:

E (s, t1, . . . , tN , f1, . . . , fN , l,K) =
1

2

N
∑

i=1

(di − l)T
K (di − l) , (1)

where indexi stands for theith configuration of the mechanism anddi is a column vector containing the
five distancedi

j computed between each pair of linked points. For the moment, the only known parameters
are the2N ∗ 2 coordinates of the floating points. The stiffness parameterskj may be chosen by the user.
They play the role of weights in the sum of all the contributions to the total energy. Making a bar stiffer
increases its relative importance in the cost function but this possibility is not used in the following. After
these considerations, the optimization problem is stated as follows:

min
s,f1,...,fN ,l

1

2

N
∑

i=1

[d (s, ti, fi) − l]T K [d (s, ti, fi) − l] , (2)

where the actual design parameters ares and l. This constitutes an obvious non-linear least squares opti-
mization problem. Defined that way, the problem remains difficult to solve. Therefore, two propositions are
given below to improve the homogeneity of the problem and to avoid multiple triangleconfigurations.

Firstly, let us remark that the actual design parameters, thestaticpoints coordinatess and the natural length
l, appear in different terms of the cost function. This makes the cost function differently sensitive to both
of them. We propose to transform each static point coordinates into the natural lengths of two springs (see
Fig. 2). In this way, a new floating point is inserted inf , the vectors is appended to the vectorl and two
new stiffness parameters are added to the diagonal of matrixK. Note that the corresponding functions
d(s, ti, fi) become actually the two coordinate values which are not always positive: this introduces so-
calledorientedsprings according to the sign of their natural lengths. But this has no consequence on the
energy formulation (1). For example, replacingstatic point (x0, y0) of Fig. 2 would create two additional
contributions to the total energy:1

2
kx(x − x0)

2 and 1
2
ky(y − y0)

2. Thanks to this transformation, all the
design parameters may be grouped into the same vectorl.

→

Figure 2: New model of static points

The second proposition relates to the three springs composing the triangleP1, P2, P3. Fixing the pointsP1

andP2, two stable positions remain forP3: above or below theP1 − P2 line. To remove the ambiguity, the
use oforientedsprings (see above) is proposed to locate univoquelyP3 with respect toP1 andP2. Thus, the
two springsP1 − P3 andP2 − P3 are replaced by twoorthogonal orientedsprings as shown in Fig. 3. In
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this example, both contributions of springs3 and4 are replaced by:1
2
ka(a − a0)

2 and 1
2
kb(b − b0)

2, with

a =
−−−→
P1P2·

−−−→
P1P3

∥

∥

∥

−−−→
P1P2

∥

∥

∥

andb =
−−−→
P1P2×

−−−→
P1P3

∥

∥

∥

−−−→
P1P2

∥

∥

∥

· ẑ.

→

Figure 3: New model of triangle element

Finally, taking both propositions into account, the total cost function (1) becomes:

E
(

t1, . . . , tN , f1, . . . , fN , l̃, K̃
)

=
1

2

N
∑

i=1

(

d̃i − l̃

)T
K̃

(

d̃i − l̃

)

, (3)

leading to the following rearranged optimization problem:

min
f1,...,fN ,̃l

1

2

N
∑

i=1

[

d̃ (ti, fi) − l̃

]T
K̃

[

d̃ (ti, fi) − l̃

]

, (4)

where the tilde symbol stands for both modifications described above. A corresponding configuration of the
four-bar model is illustrated in Fig. 4. Let us note the size of the different vectors for this simple four-bar
example: 9 components iñl, 8 in fi and 2 inti. Therefore, for theN configurations,9 + 8 ∗ N optimization
variables have to be taken into account for the problem (4), which may be alot.

Figure 4: One configuration of the four-bar model for path synthesis

In problem (4), two kinds of optimization variables are now considered:l̃ andfi, i = 1 . . . N . The gradients
of the total energy function with respect to both these vectors are given by:

∂E

∂fi
=

∂d̃
T (ti, fi)

∂fi
K̃

[

d̃ (ti, fi) − l̃

]

(5)

∂E

∂ l̃
= −

N
∑

i=1

K̃

[

d̃ (ti, fi) − l̃

]

(6)
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Let us point out that (5) only depends on theith configuration if the design parametersl̃ are fixed. This may
greatly simplify the optimization problem and is the basis of the first part of optimization strategy described
in the next Section.

3 Optimization strategy

The optimization strategy is divided into two subsequent parts. Its algorithm flowchart is sketched in Fig. 5.
The first part is inspired from [6] who proposed to minimize the deviation of each variable dimensions over a
cycle and to update the mean value after each cycle. The main difference here is the use of natural coordinates
instead of relative coordinates which make the objective function far more non-linear due to trigonometric
functions.

Initialization

?
i = 1

?

min
fi

1
2

(

d̃ (ti, fi) − l̃

)T
K̃

(

d̃ (ti, fi) − l̃

)

?
i = i + 1

?

�
��

@
@@

�
��

@
@@

i ≤ Nyes

no

?

min
f1,...,fN ,̃l

1
2

N
∑

i=1

(

d̃ (ti, fi) − l̃

)T
K̃

(

d̃ (ti, fi) − l̃

)

?�
�

�
�End

-

Multiple
partial

optimizations

Figure 5: Partial and total synthesis flowchart

Starting from given values of the design parametersl̃, the algorithm begins minimizing the total energy with
respect to thefi. This is equivalent to solvingN partial optimization problems because thefi are independent
and̃l is constant:

min
f1,...,fN

1
2

N
∑

i=1

[

d̃ (ti, fi) − l̃

]T
K̃

[

d̃ (ti, fi) − l̃

]

⇔
N
∑

i=1

min
fi

1
2

[

d̃ (ti, fi) − l̃

]T
K̃

[

d̃ (ti, fi) − l̃

]

(7)

After one optimization cycle over theN configurations begins the second part of the algorithm. It consists in
a total optimization process of problem (4) that involves all the floating points coordinates and all the design
parameters. To help the optimizer, this process uses the results of the first part as hot starting points for the
fi.
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As explained in Section 2, the number of optimization parameters may increase rapidly (e.g.9 + 8N = 169
variables for the four-bar mechanism withN = 20 synthesis points) if the mechanism and/or the path
get more complex. As the parameter space is larger, a more robust optimization algorithm is needed. For
instance, the so-called dog-leg algorithm [14]: this trust-region method is also well-known and useful to
solve systems of nonlinear equations.

4 Application to four-bar steering linkage synthesis

This Section presents an interesting application of function generation synthesis. The goal is to optimize
steering linkage of vehicles. In the first subsection, the function to generate is established from the Ack-
ermann condition. Secondly, the proposed optimization strategy is applied to thesynthesis of a four-bar
steering linkage.

4.1 The Ackermann condition

One of the main requirements of the steering mechanism of a vehicle is to give to the steerable wheels a
correlated turning, ensuring that the intersection point of their axis lies on the extension of the rear wheel
axis (pointP in Fig. 6). The Ackermann relation [22] of correct turning is:

cot δo − cot δi =
l

L
, (8)

whereδo andδi are the outer and inner wheel angles respectively,l is the track width andL the wheelbase
of the vehicle. Only the track width-wheelbase ratio influences this Ackermann steering relation.

Figure 6: The Ackermann condition

4.2 Four-bar steering linkage synthesis

The modeling of the four-bar steering linkage is worked out according to the rules depicted in Section 2. To
satisfy the Ackermann condition (8), the correlated path-following of the wheel centers are imposed while
the inner wheel angle takes 40 different values between 0 and the maximum (see Fig. 7). Also observe in
the Figure that the static points are not transformed into floating points because they do not belong to the
design parameters. These parameters consists a priori in three natural lengths: a, b and l. However, the
problem symmetry reduces their number to only two (e.g.a andb) becausel =

∥

∥

∥

−−−→
P0P5

∥

∥

∥ − 2a. Remark
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that the function is penalized around the origin of the design space to avoid singular configurations of the
mechanism. The objective function (3) is extended here as follows:

Eext =







E if
∥

∥

∥

−−−→
P0P2

∥

∥

∥ ≥ dmin

1
2

(∥

∥

∥

−−−→
P0P2

∥

∥

∥ − dmin

)2
if

∥

∥

∥

−−−→
P0P2

∥

∥

∥ < dmin

, (9)

where the threshold valuedmin is a chosen realistic minimum distance (e.g.dmin = 10 cm).

→

Figure 7: Model adaptation of four-bar linkage for function-generation synthesis

As for the ”total” synthesis algorithm, it is observed that the optimization process may reach one of both local
optima [19, 5]. Starting from different initial parameters, it is sometimes hard toguess where it converges.
Fig. 8 shows that running the algorithm from initial points located on a uniform7-by-7 grid, these processes
lead to 47 relevant optimization results. Among the latter – symbolized by non-bold’o’ and ’x’ –, 11 of
them converge to one local optimum – symbolized by bold ’x’ – while the 36 others reach another one –
symbolized by bold ’o’ – which is actually the global one. The optimization method does not always yield
the global optimum.

Figure 8: Optimization of the steering linkage from different starting points

a b Energy Max error RMS error
[cm] [cm] [J] [deg] [deg]

Leading -4.40 8.98 7.98 · 10−7 0.71 0.28
Trailing 3.90 -9.21 1.01 · 10−6 0.80 0.32

Table 1: Two best four-bar Ackermann steering linkages

The two best linkages are drawn in Fig. 9: a trailing one and a leading one. Their steering error functions
are plotted in Fig. 10 which represents the deviation of the outer wheel anglewith respect to the Ackermann
condition when the inner wheel turns from0◦ to 40◦. The numerical results are shown in Table 1. It is
interesting to remark that the optimum energy value is linked to the steering error: the leading linkage has
the smallest total deformation and also the smallest steering error. Nevertheless, the small difference between
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Leading linkage Trailing linkage

Figure 9: Two local optima found for the four-bar steering synthesis
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Figure 10: Steering error of both optimum linkages

both mechanisms performances does not justify the selection of one instead of the other: an additional design
criterion has to be introduced to choose between both local optima.

5 Exploration of the design space

Regarding the example of the previous Section, it is observed that the optimization process does not always
reach the unique global optimum according to the chosen starting point. However, it may be interesting to
propose several local optima to the designer. The first Subsection describes a simple novel method to explore
the entire parameters space in order to find local optima. In the second Subsection, we explain a possible
method to choose the final best mechanism. Both Subsections are illustrated in the application of the next
section.

5.1 Exploration with the nucleation method

The first idea to explore the design space could be to perform multiple optimization processes starting from
different uniformly-distributed initial points. A two-point-width uniform grid (Fig 11.a) is used first and
refined thereafter by adding a new points between each segment: this provides a three-point-width grid
(Fig 11.b). Continuing the refinement this way, this enables us to reuse the computation of the previous
grid (gray points) as shown in the following of Fig 11. However, it becomesvery time-consuming since the
number of optimization processes exponentially increases (see second column of Table 2). A new method
called ’nucleation’ is thus proposed to cope with this drawback.

This original method takes its inspiration from the nucleation process of crystal materials. Its algorithm
flowchart is sketched in Fig. 12. The key idea is to create and make nucleuscrystals growing from best
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(a) 2x2−grid (b) 3x3−grid (c) 5x5−grid (d) 9x9−grid

Figure 11: Refinement of the starting points grid

locations on a given grid. These best locations are subsequently chosen with respect to the value of objective
function. The growth of the nuclei is stopped when they reach other nuclei or the design space boundary.
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Figure 12:Nucleationalgorithm flowchart

Practically, this algorithm, sketched in Fig. 12, begins with the discretization of the whole design space into
a grid of equally-spaced points. The objective functione is computed over the grid and these points are
sorted according to their objective value. In our case, this objective is thetotal strain energy (7). Then, each
point of this sorted list is scanned to classify it: if all its neighbors are free,i.e. not yet scanned and with
worse objective values, a new nucleus is created with the point and its neighbors; otherwise, it is added to
the nucleus of its best neighbor. All these operations are made until the whole list is fully scanned. The final
result is the grouping of all the points around different nuclei.

Taking the simple example of Fig. 13, a 3x3 grid is explored. The integer number represent the value
of the energy in each point. Five iterations are needed to group the 9 points. The two first iterations
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Figure 13:Nucleationalgorithm example

(Fig. 13.a and 13.b) create the two first nuclei around points of energy 1and 2. The considered neighbors,
inside the boundaries, are located up, down, left and right from the center point. In iteration 3 (Fig. 13.c),
point 7 is added to the nucleus of its best neighbor (point 3). In the same way, point 8 is added to the nucleus
of point 3 and point 9 to the nucleus of point 4 (Fig. 13.d and 13.e). The final configuration with two nuclei
is illustrated in Fig. 13.e.

Figure 14: Four-bar steering example withnucleationalgorithm

If the four-bar steering linkage synthesis is now considered with thenucleationalgorithm, four nuclei are
obtained using only the partial minimization (7) as shown in Fig. 14. Thanks to thistechnique, the total
optimization (4) may be run only 4 times instead of 49 (see Section 4.2) to obtain the two local optima.

5.2 Final choice among the local optima

Once the design space is explored to form nuclei, the total synthesis may begin starting from the best can-
didate of each nucleus. This provides us many local optima with respect to theminimum deformation.
Thereafter, a last design optimization step has to be performed to find the final mechanism. This last crite-
rion is applied on the correspondingrigid mechanisms and is obviously different from the one used to create
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the nuclei. Concerning the steering linkage synthesis, thenucleationprocess is based on the minimum de-
formation energy (7). However, the last objective will be the actual steering error of the rigid mechanism (as
shown in Fig. 10 for the four-bar linkage) or even a more practical objective to choose the best candidate (see
the end of Section 6). It is therefore computed by simulation of the rigid mechanism instead of the extensible
one. This is illustrated in the next Section.

6 Application to six-bar steering linkage synthesis

The goal of this application is the same as for the four-bar steering linkage.The main difference consists in
the model complexity. The four-bar was parameterized with only two dimension variables. Here, the six-bar
model, sketched in Fig. 15, is composed of five design parameters –a, b, l1, l2, y – which are reduced to four
because of the symmetry [20]. For example,l1 can be expressed in terms ofa, b, l2 andy:

l1 =

√

(

l − l2
2

− a

)2

+ (b − y)2 (10)

→

Figure 15: Model adaptation of six-bar steering linkage

Applying thenucleationmethod to group the points on a given grid is particularly more relevant for thesix-
bar than the four-bar linkage as shown in Table 2. Let us remember that thenucleationprocess has enabled
us to reduce the number of total synthesis from 49 – 7x7 grid – to 4 runs forthe four-bar (See Section 5.1
and Fig. 14). In the case of the six-bar, this reduction factor –#points

#nuclei
– increases with the size grid and can

reach 294 for a 17-point-width grid, compared to49/4 = 12 for the four-bar. This represents a considerable
gain of CPU-time.

Grid Number of Number of Reduction Number of
width points nuclei factor local optima
2 pts 16 1 16 1
3 pts 81 2 41 2
5 pts 625 13 48 6
9 pts 6561 48 137 12

17 pts 83521 284 294 9

Table 2: Numerical results of the design space exploration of six-bar linkage bynucleationmethod

Starting from the best candidate of each nucleus, the total optimization (4) is performed. The number of
local optima is observed in 2. Thenucleationprocess applied on the most refined grid highlights 9 local
optimum mechanisms. As previously explained, before the selection of the mostrelevant local optimum,
the optimization has to be refined with respect to the steering error as explainedin Section 5.2. This last
objective is computed by simulating the steering behavior of the corresponding rigid mechanism as already
shown in Fig. 10. The final candidates resulting from this optimization refinement are reported in Table 3
and sketched in Fig. 16.
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a b l2 y Energy Max error RMS error Mean dev.
[m] [m] [m] [m] [J] [deg] [deg] [% of center]

(a) -0.99 0.09 1.33 0.100 6.78 · 10−12 0.0015 0.0003 >100 %
(b) 0.89 -0.46 1.37 0.101 1.72 · 10−11 0.0024 0.0005 >100 %
(c) 0.09 -0.12 1.21 0.095 2.01 · 10−08 0.0220 0.0031 >100 %
(d) -0.83 -0.53 1.28 0.108 2.10 · 10−09 0.0685 0.0151 >100 %
(e) -0.09 0.20 1.08 -0.104 4.48 · 10−08 0.1026 0.0335 >100 %
(f) -0.06 0.08 1.11 0.093 1.56 · 10−05 0.3215 0.1232 45 %
(g) 0.09 -0.04 1.34 -0.099 9.20 · 10−06 0.3659 0.1245 >100 %
(h) -0.11 0.09 0.61 0.601 1.11 · 10−06 0.5977 0.1923 2 %
(i) 0.09 0.04 0.75 -0.953 2.34 · 10−04 0.5647 0.1718 37 %

Table 3: The nine local optima after optimization refinement

Compared with the results of the four-bar steering linkage in Fig. 10, all the nine local optima improve both
the maximum and the RMS steering errors. Moreover, these values are so small that it could be interesting
to add a more practical criterion. A robustness criterion is proposed: the sensitivity analysis of the steering
error with respect to the optimum design parameters. A perturbation of 0.5 mm –which could correspond
to absolute precision machining – is chosen for each of the four dimensions and also for all combination of
them. The steering error cost function is thus computed 16 times around eachof the nine optima. In the last
column of Table 3, the mean deviation of the objective over the 16 neighbors of each optimum is represented.
This may give a basis for the last decision of the designer. Undeniably, mechanism (h) is the most robust in
the sensitivity sense. However, the designer could choose mechanism (f) because it is more compact than
(h) or (i). All these considerations obviously depend on the way each criterion is taken into account by the
designer.

7 Conclusion and prospects

Based on a strain energy approach of extensible-link mechanisms coupledwith the use of natural coordinates,
an original optimization method has been developed to solve path synthesis andfunction generation problems
of planar mechanisms. Divided into two stages, the method tries first to find good starting points with
multiple partial optimizations and then uses them in afull synthesis of the mechanism. It seems efficient
but does not guarantee to obtain the global optimum as it was illustrated via the four-bar steering linkage
application.

Following that observation, the question of finding the global optimum has been reviewed and extended with
the exploration of the design space to find the most of local optima. To avoid ’astronomical’ CPU time, a
simple method inspired from crystals nucleation has been proposed to dividethe design space into nuclei
centered on local optima. Starting from the latter, the optimization has been refined and a last criterion
applied to choose the final mechanism.

In terms of prospects, our effort will concentrate on developing other exploration strategies of the design
space. The comparison of these different strategies and their results willbe useful to validate them. It
could be also interesting to classify the different local optima based on different types of criteria. We also
intend to extend the method further to topologies with prismatic joints or to three-dimensional mechanisms.
Extending the application field is also an interesting prospect: other kinematic objectives instead of path or
function-generator synthesis or even dynamical ones could be investigated. The more challenging issue of
topology optimization of mechanisms could be tackled on the basis of this work, involving for example an
additional higher-level optimization process as proposed by [17], or optimizing simultaneously the topology
and the dimensions of mechanisms as developped by [21], or [9] for path-generation problems using truss
representation.
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Figure 16: The nine local optima after optimization refinement
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Abstract
Modeling mechatronic multibody systems requires the same type of methodology asfor designing and pro-
totyping mechatronic devices: a unified and integrated engineering approach. Various formulations are
currently proposed to deal with multiphysics modeling, e.g. graph theories, equational approaches, co-
simulation techniques. Recent works have pointed out their relative advantages and drawbacks, depending
on the application to deal with: model size, model complexity, degree of coupling, frequency range, etc.
This paper is the result of a close collaboration between three Belgian laboratories, and aims at showing that
for ”non-academic” mechatronic applications (i.e. issuing from real industrial issues), multibody dynamics
formulations can be generalized to mechatronic applications, for the model generation as well as for the
numerical analysis phases. Model portability being also an important aspect of the work, they must be easily
interfaced with control design and optimization programs. A global ”demonstrator”, based on an industrial
case, is discussed: multiphysics modeling, control design and mathematical optimization are carried out to
illustrate the consistency and the efficiency of the proposed approaches.

1 Introduction

The dynamical performances of modern mechatronic systems, such as robots, machine-tools, vehicles or
active space structures, result from the multiphysics interactions betweenmechanical, electrical, hydraulic,
thermic, or electronic components. According to the system approach, the attention of the designer can focus
either at the component or at the system level. At the component level, many local details can be analysed,
but the interactions with the rest of the system have to be simplified. Conversely, at the system level, the
interactions play a preponderant role, but local effects in the components are usually roughly approximated.

As the performances of a machine are pushed ahead, additional interaction phenomena between the compo-
nents become emergent at the system level. For example, a usual assumptionwhen designing a machine or a
robot is that the mechanical deformations can be neglected during the control design phase. In other words,
the dynamical performances have to be limited in order to prevent any interaction between the bandwidth of
the controller and the first natural frequencies of vibration. For high-speed and/or lightweight applications,
this limitation should be overcome and it is necessary to account for the flexibilityat the control design stage
in order to achieve a simultaneous control of the motion and of the vibrations. Asecond example concerns
electrical actuators, which can lose their ideal behavior when pushed to their limit. In this case, the interac-
tions between the mechanical motion, the electrical network, and the control system have to be considered
in a unifying framework.

As a consequence, the traditional design approach, which is based on asequential design of the components,
evolves to a concurrent engineering framework, where a large rangeof phenomena have to be simultaneously
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Figure 1: Modeling versus Analysis of mechatronic systems.

taken into account. The complexity of this new approach represents a great challenge since experience
and intuition are no more sufficient to guide the engineer to the solution. This motivates the development
of multiphysics software tools for the systematic modeling, simulation and optimization of mechatronic
systems. In this paper, several classes of physical subsystems will be considered: rigid and flexible multibody
systems, control systems, electrical networks, electromagnetic and hydraulic actuators.

For the simulation of mechatronic systems, a first problem is to derive the nonlinear dynamical equations
of the coupled system, and a second is to solve them in the time domain or in the frequency domain. For
the first problem, two strategies allow to preserve the modular structure of thesystem in the formulation.
According to the strongly coupled strategy, a global set of coupled equations is constructed by assembly
of elementary contributions, so that a monolithic time-integrator can be used. According to the weakly
coupled strategy, the assembly of the equations is never realized and the subsystems are simply treated in a
sequential way by the solver. For example, most commercial software relying on the block diagram language
(e.g. MATLAB/SIMULINK) belong to this second class of methods. Weakly coupled approaches have the
advantage of a better modularity: a partitioned solver with different step-sizes can be used [1, 2], and a co-
simulation configuration may allow to model the different subsystems in different specialized software [3,
4, 5, 6, 7]. However, a consistent representation of the coupling effects, in particular in the presence of
algebraic loops, can only be obtained at the cost of sophisticated algorithmsand additional assumptions,
which is an important drawback when compared to strongly coupled methods.The present paper essentially
focuses on strongly coupled methods, for which, contrary to co-simulationapproaches, the formulation of
the coupled dynamical equations can be clearly distinguished from the numerical solver (time simulation,
modal analysis, optimization, etc.), according to Fig. 1.

A simulation software allows a better understanding and a validation of the mechatronic system at an early
pre-prototyping stage. Another important challenge is to find quickly and efficiently the right component
parameters that achieve the best (or at least improved) system performances. The major difficulty stems
from the intricate interactions and couplings between the mechatronic components, which makes difficult
to understand intuitively the influence of parameter modifications. In order toachieve this task efficiently,
mathematical optimization techniques are natural tools to provide a rationale methodology to solve these
complex design problems. As shown by Van Brussel et al. [8], the development of an optimization upper-
layer over the integrated simulation would allow significant design improvements for mechatronic systems.

The paper is organized as follows. Section 2 focuses on multiphysics formalisms for the generation of the
dynamical equations (see Fig. 1, left): after a short review of unifying approaches in section 2.1, two for-
malisms issuing from the field of multibody dynamics will be presented in section 2.2.Time integration
(see Fig. 1, right) will be the subject of section 3, considering the two previous modeling approaches. Then,
section 4 presents an industrial application for which multiphysics modeling, control and system optimiza-
tion have been commonly tackled by the author’s research teams to demonstratethe feasibility of a global
mechatronic approach, in the field of ”virtual engineering”.
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2 Modeling of multiphysics systems

A modeling software aims at formulating automatically the coupled dynamical equations from a high-level
description. Several approaches based on unified theories are reported in the literature; section 2.1 shortly
compares linear graphs, bond graphs and an equational approach based on a Lagrange formulation. Methods
based on modeling languages, such as Dymola or Modelica [9, 10], will notbe extensively discussed here.

Alternatives approaches, based on multibody formalisms are also proposed in this paper. Indeed, any classi-
cal formulation in multibody dynamics aims at the modular and reliable representation of complex mechan-
ical systems, composed of interconnected mechanical components (bodies, joints, etc). They can thus be
extendedwith a minimal effortandguaranteed consistencyto mechatronic systems composed of mechanical
and non-mechanical components. The most fundamental distinction among multibody formalisms concerns
the assembly procedure of the coupled equations of motion, which can be implemented eithersymbolically
or numerically. The symbolic format has the advantages of portability and efficiency, andit provides inter-
esting insights in the analytical structure of the equations. However, numerical methods are able to deal with
a more general class of problems, and they are especially suitable to model the dynamics of complex flexi-
ble mechanisms in a systematic way. Section 2.2 presents two original multiphysics modeling approaches,
which extend classical multibody formalisms and lead to strongly coupled dynamical equations. Using the
symbolic approach, we describe a method to model rigid multibody systems with electromechanical com-
ponents or electrical circuits. Using the numerical approach, we present a general method to model flexible
multibody systems with any kind of control system.

2.1 Methods based on unifying theories

Unified modeling of mechatronic applications with strongly coupled mechanical, electrical, hydraulic, or
thermic effects can be achieved using different approaches, among which: the linear graph theory, the bond
graph theory and a so-called ”equational” formulation. A short review ofthese methods is proposed in this
section.

2.1.1 Linear graph approach

The Linear graph theory is a branch of mathematics devoted to the study of systems topology. It was invented
by L. Euler in the 1700s to study problems of connectivity and was extendedin the 1900s [11] to the modeling
of physical systems: individual components are identified and their constitutive equations are determined
(theoretically and/or experimentally). In these equations, one distinguishesthe throughvariables (measured
by an instrument in series with the component) from theacrossvariables obtained by an instrument in
parallel.

Fig. 2 illutrates an example of linear graph (right) representing the electromechanical model of a loudspeaker
(left), made of a variable capacitor connected in series with a resistor, an inductor and a voltage source
(electrical part) and linked, on the other side, with a spring-damper system(mechanical part). Without
going into details, linear graph components are of two types : ”storage” if they are able to store energy or
”dissipation” if they dissipate energy (see Fig. 3).

Each component is represented by a line (or edge). The nodes (or vertices) represent the physical connections
between components. A constitutive equation is associated with each node and is expressed in terms of the
throughandacrossvariables, their product being the power provided or dissipated by the component (these
variables are commonly denoted aspowervariables). For instance, considering the constitutive equation of
the damper in the loudspeaker example,F6d = −d6v6 (d6 being the damping coefficient),v6, the relative
velocity between the damper connections, is anacrossvariable. The currenti3 in the inductor is typically a
throughvariable which appears in the differential equationu3 = L3di3/dt, u3 being the associated voltage
drop, and thus anacrossvariable. To couple the different disciplines (in the example: the mechanical

AMS1 - MULTIBODY DYNAMICS FOR MULTI-PHYSICS APPLICATIONS 43



Figure 2: A loudspeaker: electromechanical model and its linear graph representation.

Figure 3: Linear graph: analogies between domains (source [20]).

and electrical parts), specific graph elements called ”transformers” areintroduced and involve multiphysics
equations in terms of the power variables. In the example, since the capacitoraffects the physics of both
domains, there is an edge for capacitorC2 in the electrical and in the mechanical linear graph (see the
dotted rectangle in Fig. 2). Once established, the global linear graph is at the root of the linear graph theory
(see [11, 20] for more details) whose rules allow us to generate theminimal set of state equationsthat
represent the dynamics of the whole system.

Let us mention the advantages and drawbacks of the approach, with respect to the applications we want to
deal with:

• Advantages:

– Linear graphs are intrinsically well-suited to multiphysics problems, being based on fundamental
notions shared by the involved disciplines: type of variables, delivered and dissipated power.

– A linear graph bears a striking resemblance to the physical system, which is areal appeal when
dealing with large and/or complex systems.

– For multibody systems (mechanical part), it is straightforward to switch from arelative coordi-
nate to an absolute coordinate formulation.

• Drawbacks (mainly associated with the modeling of 3D multibody systems):

– Beside kinematic loop constraints which can be directly deduced from the graph, other – more
complex – mechanical constraints (e.g. a wheel on a rail, a ”rolling without slip” constraint)
require ana posterioriintroduction of the associated equations.

– The intrinsic efficiency of the dynamical models (i.e. equation compactness) generated by Linear
graph theory (for 3D mechanical systems) is rather low when compared to that obtained by
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Figure 4: A loudspeaker: electromechanical model and bond graph representation.

Figure 5: Bond graph: analogies between domains (source [20]).

recursive multibody formulations. A post-process can of course be achieved but this denatures
the approach for the generation step.

2.1.2 Bond graph approach

Bond graphs are more recent. They have been introduced by H.M. Paynter in 1959 and published in
1961 [22]. Bond graphs are based on the notion of energy whose exchange between components and with
the environment is done via ”interactive ports” which involve two scalar variables: aflow-type and aneffort-
type. Their product represents the instantaneous transmitted power. Fig.3 shows the bond graph analogies
between the elements (variables and components) used in the different fields.

A bond graph is obtained by the interconnection ofjunctionsandelementsby means ofbonds[13], according
to the system topology. Contrary to linear graphs (see figure 4), a bond graph does not bear much resemblance
to the physical system but actually indicates the structure through which energy is exchanged. This can be of
interest to visualize on-line the instantaneous transmitted power between components and between domains.
The rules to produce the state equations are of course directly inspired from the graph and the type of
elements and variables (see [13, 20] for more details). An interesting feature of bond graphs which must be
pointed out is that they are naturallyacausal, i.e. the bond graph structure is independent of the equation’s
causality. In other words, the same bond graph can be used to obtain different forms of models, for instance
the direct dynamics or the inverse dynamics of a mechanical system: this feature is at the root of some
multiphysics software based on the bond graph approach.

According to our applications, advantages and drawbacks of bond graphs can be summarized as follows.

• Advantages:

– Acausal formulation
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Figure 6: Bond graph of a simple multibody system: a double four-bar.

– Straightforward energetical interpretation

– Efficient detection of constraints between variables via the causality analysis [13]

• Drawbacks (once again, they mainly concern 3D mechanics):

– Bond graphs do not resemble to the actual system: this can be really problematic for complex
mechanical structures (see for instance Fig. 6 which shows the bond graph of a double four-bar
planar mechanism).

– Being one-dimensional, their extension to 3D multibody systems is complex and requires the
development of vectorial bond graphs (or ”multi-bond graphs”) [23, 24]. In addition to a certain
graphical ”heaviness” (see Fig. 6), kinematic constraints are difficult toimplement and second-
order tensors are frame-dependent, which makes the 3D modeling of mechanical systems quite
tedious [20].

2.1.3 Graph theories and multibody dynamics

Several authors have extended the concept of bond graph and lineargraph for multibody systems, see [14, 15]
and [16, 17, 18, 19], respectively. According to the comparison studyby Sass [20], the linear graph is more
appropriate in that case, and it is noticeable that the topological analysis automatically solves the kinematic
problem. The extension of the linear graph method for flexible multibody systemswas presented in [25, 26],
relying on ana priori spatial discretization with assumed-modes. McPhee et al [19, 27] also demonstrated
the relevance of the linear graph method in electromechanics. However, asbriefly discussed above, the
main interest of linear and bond graph methods consists in using analogies between sub-domains via the
use ofpowervariables (through/across and flow/effort respectively) to expressthe energy exchange between
elements and with the environment. Once the graph is built, rules can be applied togenerate the state
equations but in case of systems involving complex mechanics (see section 4 for instance), the formulation
of the equations is far from being optimal in terms of efficiency, unless a post-process is used to simplify
them via the resort to recursive techniques, symbolic manipulations, etc.

2.1.4 ”Equational” approach

Several authors [28, 29] applied the virtual work principle for the modeling of electromechanical systems. Its
scalar formulation is a definite advantage to mix various contributions from electrical and mechanical sub-
systems. The method relies on the selection of a set of independent generalized coordinates, able to describe
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the electromechanical configuration of the system. For rigid mechanisms, this principle leads to the standard
Newton-Euler equations in terms of independent joint coordinates. Hadwitch and Pfeiffer [28] applied the
virtual work principle to rigid multibody systems interacting with electrical networks. Variational principles
are also very useful for the discretization of coupled distributed problems(e.g. coupling of electrostatic and
elastic deformation fields [30, 31]).

Let us for instance consider the field of electromechanical (multibody) systems. Using the Lagrange formu-
lation (which, in fact, can be deduced from the Virtual Work Principle), one may define (see [28, 20]):

• for the mechanical part, the ”mechanical” Lagrangian:Lm = T − U with T , the kinetic energy and
U , the potential energy,

• for the electrical part, the ”electrical” Lagrangian:Le = W ∗
m −We with W ∗

m, the magnetic co-energy
andWe, the electrical energy of the circuit.

It is shown in [20] that the Lagrange equations of theelectromechanicalsystem reads:

d

dt

(

∂Lem

∂ṡ

)

−
∂Lem

∂s
− Γ = 0 (1)

where:

• Lem = Lm + Le represents the ”electromechanical” Lagrangian,

• s = (sm, se) represents the mechanical and electrical generalized coordinates,

• Γ are the mechanical and electrical applied ”generalized forces”.

The analytical developments to end up with the above formulation are rather long1. As for the previous
methods, let us mention some advantages and drawbacks of this equational approach [20]:

• Advantages:

– Unified electromechanical modeling able to deal with 3D mechancial applications,

– Solution of algebraic and kinematic constraints (even nonlinear) using robust methods, well-
proven in multibody dynamics - Straightforward extension to electrical constraints.

• Drawbacks:

– Introduction of electrical variables which have no physical sense (e.g.electrical charge in induc-
tor).

– Equation formulation (Lagrange or Virtual work principle) not well-suited torecursive formula-
tion, at the root of efficient multibody formalisms.

– No physical interpretation in terms of power and energy, without resortingto additional post-
process.

1more than ten pages for the mechanical part for unconstrained multibody systems!
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2.2 Alternative methods

The main goal of the unifying approaches presented in the previous section is the generation of the strongly
coupled equations describing the system dynamics, i.e. without resorting to co-simulation techniques. How-
ever, those methods have some limitations when considering the two following important specifications.

1. The ”non-academic” nature of our applications (e.g. articulated railway bogies equipped with induc-
tion motors, cars with electro-hydraulic semi-active suspensions, lightweight manipulators with active
vibration control) requires the introduction of very diversified and specific models related, for instance,
to wheel-rail contact, three-phase induction motor circuits, valve dynamics or control systems.

2. In recent virtual engineering applications, dynamical models are not only used for time-domain sim-
ulation, but also for control design and optimization. Therefore, the model should be easily portable
towards these disciplines; but moreover, it must be very efficient from acomputational point of view
since optimization methods may require a relatively high number of full simulations (e.g.: one simu-
lation for each evaluation of the cost function!).

These preliminary comments justify our choice to tackle multiphysics applications bygeneralizing the mod-
eling capabilities of well-established multibody formalisms, rather than starting from graph theories, in spite
of their intrinsic multiphysics nature. Before developing two approaches (asymbolic-based in section 2.2.1
and a numerical-based in section 2.2.2), a common multiphysics formulation can bewritten.

The equations of motion of a rigid or flexible multibody system have the generalform:

M(q)q̈ = g(q, q̇, t) − JT
q λ (2)

J(q, t) = 0 (3)

whereq is then×1 vector of mechanical coordinatesλ is them×1 vector of Lagrange multipliers associated
with them constraintsJ . M is the configuration-dependent mass matrix,g gathers internal, external and
complementary inertia forces, andJq is the Jacobian matrix associated with the constraintsJ(q, t) = 0. Non-
holonomic constraints could also be included, but they are not consideredhere for conciseness of notations.

In a mechatronic context, additional equations are necessary to accountfor the non-mechanical components.
They can usually be given as first-order state equations in descriptor form:

Eẋ = f(x, q, q̇, t) (4)

wherex is the state vector andE is the descriptor matrix (for an explicit state-space system,E would simply
be the identity). In order to describe the non-mechanical components in a modular way, we will see that
algebraic variablesy should be introduced in order to represent the interactions between subsystems:

0 = h∗(y, x, q, q̇, t) (5)

The actuators lead to an additional forceg′ which is added tog in the mechanical equation. We thus define:

g∗(q, q̇, x, y, t) = g(q, q̇, t) + g′(q, q̇, x, y, t) (6)

The mechanical and non-mechanical variables are thus strongly coupledin the global dynamical equations.
The two formalisms presented in the following sections fit into this general framework. However, the internal
structure of the equations and the interpretation of the variablesx andy are quite different in both cases.
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2.2.1 Symbolic modeling of multiphysics systems

Symbolic generationof multibody models manipulates arithmetical operators (+, ∗,−, /, etc.) and strings
of alphanumeric characters (mi, qdi, dij, ...) to generate — in a set of files — theanalytical form of
the system kinematics and dynamics using a desired syntax (e.g.C, Fortran,MATLAB, SIMULINK ). For
a given multibody application, this symbolic generation is performed only once,exactly as in ”manual”
generation for very small systems. For rigid multibody applications, symbolic generators exhibit the same
level of generality as their numerical competitors in the sense that they can handle large systems with any
topology and containing up to 100 degrees of freedom. However, they allow drastic simplifications, from
the most trivial (addition/multiplication by zero) to the most complex ones (simplification of trigonometric
expressions, elimination of unnecessary equations). Comparison tests [21] showed that, all other things
being equal, a symbolic multibody model performs a time simulation between five and ten times faster than
a purely numerical one, which is not at all negligible.

There do exist commercial general purpose symbolic computation packages. Why we do not use these?
There are two reasons for this.

The first and most important one relates to the amount of computer memory they require for generating
medium-sized and large models symbolically, which can be incompatible with the current computer tech-
nology. The second reason concerns the possible simplifications of the symbolic expressions. Although the
simplification capabilities of commercial packages are powerful, the condensation of multibody equations
relies on specific rules which can be applied more easily by developing adedicated symbolic program; this
was the main motivation to develop the multibody programROBOTRAN[44].

More recently, another interesting aspect of the symbolic approach has emerged in the framework of the anal-
ysis of hybrid mechatronic systems involving enlarged multibody models (i.e. including electrical actuators,
hydraulic devices, ...) and requiring enlarged analysis (control, optimization, ...). Indeed, since symbolic
multibody programs clearly separate themodelingpart from theanalysispart (see Fig. 1), it is quite straight-
forward to extract from them the symbolic model in order to export it towards another environment (e.g. for
control or optimization purpose). In other words, symbolic multibody models are portable, and this feature
is very attractive for the analysis of mechatronic applications.

From the modeling point of view, the extension of the symbolic approach to other fields than mechanics has
been achieved by Sass [20] for electromechanical systems. The main steps of the approach are summarized
here below.

Symbolic modeling of multibody systems

To describe the dynamics of a multibody system composed ofN rigid bodies, one can write the virtual work
principle (from which the Lagrange equations can be easily obtained) in theform:

N
∑

i=1

(

δrT
i (mir̈ i − Fi) + δψT

i (Ḣi − L i)
)

= 0 (7)

in which,

• r i andψi respectively denote the absolute position and the (3) orientation parametersdescribing body
i configuration,

• r̈ i is the absolute acceleration of the center of mass of bodyi,

• Ḣi is the time derivative of the angular momentum of bodyi with respect to its center of mass,

• Fi andL i are respectively the resultant force applied to bodyi, and the resultant moment about its
center of mass.
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From the body kinematics description, the virtual quantitiesδr i andδψi can be expressed in terms of gener-
alized virtual coordinatesδq. Equation (7) can thus be rewritten in terms of the generalized coordinatesq, q̇,
q̈ andδq, leading to:

ΦT (q, q̇, q̈) δq = 0 (8)

which, being linear in terms of the accelerationsq̈, can be rewritten in the form (2) (without considering the
constraint forces term).

From the mechanical point of view, Lagrange equations and the virtual power principle formulation (8) have
a theoretical interest, especially to prove in equation (2) the symmetry and the positive definite character
of the mass matrixM and to justify in (2) the constraint force termJT

q λ using the Lagrange multipliers
technique.

Computer implementation: the problem of model efficiency is not solved because the compacity of the
multibody equations (in relative coordinates) produced by the virutal workprinciple (8) is comparable to that
obtained from the Lagrange formulation, unless a recursive formulation isachieved2. From a computational
point of view, recursive multibody formalisms (ex.: Newton-Euler recursive scheme, Order-N scheme) are
known to be very efficient when dealing with large systems in relative coordinates (e.g. the car of section 4.).
The virtual power principle and the recursive Newton-Euler formulationsfor unconstrained systems being
fully equivalent [46],recursive methodscan be advantageously used to compute system (2) in order to get
a maximal efficiency. Moreover, since symbolic manipulations can highly profit from that recursivity [46],
it is possible to generate multibody models with theROBOTRAN symbolic program [44] in a very efficient
manner, compared to other formalisms and to pure numerical approaches.

Symbolic modeling of electrical systems

For electrical systems (actuators, ...), Lagrange-type equations can be obtained (see section 2.1.4), or, equiv-
alenlty, a virtual work principle can also be written, starting from the electrical energy of an electrical circuit
defined byE =

∫

uT i dt =
∫

uT i dqch =
∫

iT dφ in which u and i are the column matrices of the
voltage drops across the elements of the circuit, and the currents flowing through them, respectively. The
amount of charge accumulated in the elements constituting the circuit is represented byqch =

∫

i dt, while
φ =

∫

u dt represents the flux passing through the elements. These two ways of calculating the electrical
energy comprise the two main formulation for the principle of virtual work:

• Formulation in terms of charge variations leading to charges as generalized variables:

uT δqch = 0 (9)

• Formulation in terms of flux variations leading to flux as generalized variables:

iT δφ = 0 (10)

Computer implementation: as for the multibody model, a particular attention has been paid by L. Sass [20]
to the computational efficiency of the model. This is the purpose of theELECTRAN symbolic program3.
In ELECTRAN, a circuit-based formalism – different from classical graph representations of section 2.1 – is
proposed and is based on topologicial concepts inspired from multibody representation, allowing to deduce
electrical dynamics and constraints in an fully symbolical form, in a far more efficient way than when starting
from the general formulation (9). The formalism is summarized here below.

2which is not obvious with such formalisms
3ELECTRAN is the ROBOTRAN’s companion program for electrical dynamics
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Based on the same starting equations as for the virtual work principle, Kirchoff’s laws and constitutive
equations, the proposed circuit theory formalism leads to similar equations expressed in terms of voltages
and currents, instead of charges of fluxes that suffer from physical insights (see section 2.4). Each elementk
of the circuit is characterized by the currentik flowing through it, the voltage dropukk between its starting
and end nodes and a constitutive equation relating these two variables. Among these variables, the current
through the inductorsil and the voltage drops across the capacitorsuc will be thestate variables:

xT = (il
T

ucT

) (11)

The other variables, denotedy, are thealgebraic variables, appearing only in purely algebraic relations:

yT = (is
T

ir
T

usT

urT

ulT ic
T

) (12)

in which r, s stand for resistor and source elements respectively. Together with Kirchoff’s laws, resistances,
current and voltage sources constitutive equations form a set of purealgebraic equations, involvingx andy:

Ay = Bx+ Cz (13)

in whichzk represents the value of the (current or voltage) source elementk. Considering thel+c differential
equations of inductors (ul = f(il)) and capacitors (ic = f(uc)), we can write thedynamical equationsof
the electrical system:

d(M e x)

dt
=

(

ul

ic

)

+
d

dt

(

φp

0

)

(14)

in which

• M e denotes the ”electrical mass matrix” and contains the inductances and capacitances of the circuit,

• φp represents – possible – permanent magnets fluxes.

Since(ulT ic
T

) contains the subset of algebraic variablesy, one can write:
(

ul

ic

)

= Dy

and equation (14) then reads:

M e ẋ = −
dM e

dt
x+Dy +

(

φp

0

)

(15)

For electromechanical converters, matrixM e becomes function of mechanical variables varying with time
and thus the term−dMe

dt
must be taken into account in (15).

When matrixA is full rank, it is possible to solve the algebraic system (13) with respect toy. The corre-
sponding solution

y = A−1(Bx+ Cz) (16)

can be introduced in (15) which then becomes a pure set of ODEs in the statevariablesx.

Symbolic modeling of electromechanical multibody systems

When considering electromechanical systems4, equations (2), (13) and (15) apply. Let us assune that only
mechanical positionsq influence the electrical parameters, except for sources that may also beinfluenced by
velocitiesq̇. The electrical equations read:

4momentarily unconstrained
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A(q)y = Bx+ Cz(q, q̇) (17)

M e(q) ẋ = (−
dM e

dt
(q, q̇))x+Dy +

(

φp

0

)

(18)

In the above equations,B andD only concern Kirchoff’s equations and are not influenced by mechanical
variables. In the mechanical equations, supplementary generalized forces of electrical origin (cfr. equa-
tion (6)) will appear:

g′em =
∂W ∗

m

∂qact

−
∂We

∂qact

(19)

whereqact corresponds – in this particular case – to the actuated joint in the multibody system.

Equations (2), (17), (18) and (19) represent the global dynamical model of the multibody electromechanical
system. They can be computedwithin the same numerical step of a numerical analysis(for instance, a time
integrator function evaluation), which is a key point when dealing with multiphysics modeling.

Constrained electromechanical systems

As regards constraints, which can be of mechanical or electrical nature, the coordinate partitioning method [41]
can be used for both domains (see section 4). The method was originally proposed for multibody systems
in which non-linear constraints may exist, and can be easily extended to electrical systems according to the
previous circuit formulation. The method exhibits various advantages:

1. the selection of an optimal5 subset of independent – electromechanical – coordinates,

2. for electrical circuits, the automatic detection of (see figure 7):

• loops of capacitors and voltage sources,

• cutsets of inductors and current sources,

which, as they only involve state variables and source values, makeA singular in expression (13). A
Gauss triangularization with pivoting allows us to solve the problem and – additionally – to compute,
as for mechanical systems, the ”electrical number of degrees of freedom”.

3. for mechanical systems, the exact solution of non-linear constraints atposition, velocity and accelera-
tion levels at each time step, within the model computation (and not via the time integrator process).

4. the full reduction of the differential/algebraic system (2) to a pure ODE system (size = number of
electromechanical degrees of freedom), compatible with standard integration schemes (see section 3).

The main drawback of the method is the necessity of a ”on-line” re-partitioningin case of system re-
configuration (mechanical part) or when the morphology changes; this is the case for instance with inter-
mittent contact in mechanics, or with ”perfect” diods and/or transistors in electrical circuits (see [58, 59] for
instance).

5numerically speaking
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Figure 7: Electrical constraints: loop of capacitors, cutset of inductors.
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System 2y(2) u(2)

System 3u(3) y(3)
-

Figure 8: Model of a mechatronic system. Using the block diagram language, the control system is described
as a set of interconnected subsystems.

2.2.2 Numerical modeling of multiphysics systems

Symbolic approaches allow to generate compact models forrigid (electromechanical) multibody systems,
which can be easily exported to other software for simulation, control or optimization. However, whenflexi-
ble effects arise in the mechanical subsystem, more general analysis and design tools have to be considered.
The nonlinear finite element method is certainly the most general, consistent and systematic approach in
flexible multibody dynamics, see Géradin and Cardona [34] for a detailed description. Each flexible body is
divided into smaller elements, whose displacement fields are parameterized using nodal coordinates, namely
translations and rotations with respect to an inertial frame. This parameterization leads to sparse equations
of motion in DAE form.

This section presents some extensions of the finite element method for the modeling and simulation of
mechatronicsystems. The description of non-mechanical elements within a finite element context is not
an innovative idea, and for instance, user-elements are available in most industrial software for multibody
systems. However, the implementation of a user-element is an intricate, time-consuming and sometimes
unreliable process, which motivates a more systematic and theoretically founded approach. Hence, we pro-
pose to integrate theblock diagram languagewithin the finite element formulation. Relying on a nonlinear
state-space description, this approach presents the advantages of modularity, generality, with a language very
familiar to control engineers. Moreover, the finite element assembly procedure allows the construction of the
strongly coupled dynamical equationsin a systematic way.

Fig. 8 illustrates the model of a mechatronic model, where the block diagram language is used to describe
the control system (controller, actuators and sensors). Mathematically, the global interactions between the
mechanical and control systems are represented by two vectors: thenw × 1 vectorw contains the sensor
measurements exploited by the control system and any other mechanical variables that may influence its
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dynamical behavior. Therefore,w is associated with the displacements and velocities:

w = Lwqq + Lwq̇ q̇ (20)

whereLwq andLwq̇ are sensor localization matrices. Thena × 1 vectorga represents the generalized forces
exerted by the actuators on the mechanism:

g′ = Lqaga (21)

whereLqa is the actuator localization matrix.

Each block or subsystem(k) is modelled by explicit state equations with respects to its own inputsu(k) and
outputsy(k):

ẋ(k) = f (k)(u(k), x(k), t)

y(k) = h(k)(u(k), x(k), t)
(22)

Hence, one defines the global vectors of input, state and output variables:

u =









u(1)

...
u(nblock)









, x =









x(1)

...
x(nblock)









, y =









y(1)

...
y(nblock)









(23)

with the connectivity relations (see Fig. 8):

u = Luww + Luyy, ga = Layy (24)

The coupled equations of motion are then derived:

M(q)q̈ = g(q, q̇, t) − JT
q λ+ Lqyy

0 = J(q, t)
ẋ = f(u, x, t)
0 = y − h(u, x, t) − Lyq̈ q̈

(25)

whereLqy = LqaLay. In the output equations, the additional termLyq̈ q̈ allows to account for acceleration
measurements. The vectoru does not contain any independent variables; it is simply a convenient notation
for

u = Luqq + Luq̇ q̇ + Luyy (26)

This equation is obtained from (20) and (24), withLuq = LuwLwq andLuq̇ = LuwLwq̇.

3 Time integration

The coupled dynamical equations have a DAE structure: the multipliers and theinterconnection variablesy
are algebraic in nature. It is well known that the differentiation index associated with the mechanical sub-
system is three, see Brenan et al [35] or Hairer and Wanner [36]. Incontrast, the non-mechanical subsystem
is represented by a set of semi-explicit index-1 DAEs, see B. [37]. It ispossible to solve those equations
directly using a DAE solver, but it is often useful to reformulate the equations of motion before integration.
We shall briefly review both approaches.

The coupled dynamical equations can be solved using a monolithic time integrationalgorithm. The classical
approach relies on the reformulation of the mechanical equations as first-order DAEs, by the introduction of
the velocity vectorv:

q̇ = v
M(q)v̇ = g∗(q, v, x, y, t) − JT

q λ

0 = J(q, t)
Eẋ = f(x, q, v, t)

0 = h∗(y, x, q, v, t)

(27)
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Those equations can then be solved using a solver for first-order DAEs, such as RADAU5 [36]. A dual
approach is to reformulate the state equations as second-order DAEs, bythe introduction of the integral state
vectorz:

z(t) =

∫ t

0
x(τ)dτ (28)

leading to the equations:
M(q)q̈ = g∗(q, q̇, x, y, t) − JT

q λ

0 = J(q, t)
Ez̈ = f(ż, q̇, v, t)

0 = h∗(y, ż, q, q̇, t)

(29)

We note thatz is only meaningful at the velocity level (ż = x) or at the acceleration level (z̈ = ẋ). Those
equations can be solved using a solver for second-order DAEs, suchas the generalized-α scheme [37]. This
lattest allows to adjust the numerical damping at high frequencies, which is very useful for finite element
models with unresolved modes in the high-frequency range.

The time integration of high-index DAEs leads to important numerical difficulties.Therefore, it is often
recommended to make an index reduction before time integration. Index-reduction techniques are classi-
cal in multibody dynamics, and we do not intend to give here an overview on this topic. Let us mention
constraint differentiation methods (with a possible projection step), Baumgarte stabilization [38], the Gear-
Gupta-Leimkhuler stabilization [39], the method based on overdetermined DAEs [40], the coordinate parti-
tioning [41], and the coordinate splitting [42].

In the following, a brief description of the coordinate partitioning techniquesis given for mechatronic sys-
tems, as used by the symbolic approach of section 2.2.1. For a system withm constraints, it is possible to
split then coordinates inton−m independent coordinatesqI andm dependent coordinatesqD.

q =

(

qI

qD

)

(30)

In this case, the dependent coordinates can be eliminated from the equations of motion by solving the con-
straints at position, velocity and acceleration levels and, after elimination of theLagrange multipliers, a
reduced unconstrained system is obtained in terms of the independent coordinates:

M(qI)q̈I + g(qI , q̇I , t) = 0 (31)

This system can then be solved more easily using any standard ODE integrator. Due to mechanical sin-
gularities, a given set of independent coordinatesqI do not allow a description of the motion in the whole
configuration space. Therefore, a re-partitioning strategy should be implemented to overcome this problem:
this is certainly the main difficulty of the approach.

The extension of the coordinate partitioning approach to mechatronics is straightforward. Indeed, if the
descriptor matrixE in (4) is regular, the state variablesx are clearly independent, whereas the variablesy are
dependent. This approach has been followed in [43]. In case of a singular matrixE, the state variables simply
need to be partitioned into dependent and independent variables, leadingto define the ”non-mechanical”
degrees of freedom.

4 Demonstrator: semi-active suspension of an Audi A6

The system under consideration is an Audi A6 car (see Fig. 9) equippedwith four semi-active hydraulic
dampers, whose force-velocity characteristics can be modified and controlled via an electro-valve. As semi-
active hydraulic actuators with current controlled valves are considered, the suspension system is moved
from a purely mechanical system to a mechatronic design. Fig. 9 shows alsoa test-vehicle on a test-rig with
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Figure 9: Audi A6 (left) and the same vehicle on 4 poster rig for testing and itsinstrumentation with corner
accelerometers (right).

Figure 10: Multibody model of the car chassis (left) and the multi-link rear suspension

four hydraulic shakers which are capable of independently exciting the four car-wheels with a desired road
profile.

The mechatronic model of the car has been derived using both formalisms ofsections 2.2.1 and 2.2.2. It
involves:

• a mechanical sub-model: the vehicle (chassis-suspensions-wheels) for which a multibody approach is
used.

• an electro-hydraulic sub-model: to describe the behavior of the semi-active shock absorbers, oil pres-
sures and flows in the damper chambers are computed taking into account oilcompressibility, active
and passive valves characteristics and the accumulator behavior.

• a control sub-model: the latter have been tailored to satisfy some comfort and/or ride criteria (input:
car body acceleration and damper velocity - output: electro-valve current).

This model, whatever the formalism which produced it, will be in the heart of theoptimization cost function
and thus must be efficient.

4.1 Mechanical model

4.1.1 Vehicle

The chassis and the suspension system of the Audi A6 are modeled as a multibody system (see Fig. 10, left).
It includes the car-body and chassis, rear and front multi-link suspension mechanisms (including the passive
springs) (see Fig. 10, right), the slider-crank direction mechanism for the front wheels and the wheel model.

From the multibody point of view, this 3D model is rather complex since it involves: around 50 revolute or
prismatic joints, 18 closed-loops, 4 wheel-ground contact models with a vertical compliant force and a lateral
slip model. The current model could be extended to include the stiffness of the suspension bushings, the
flexibility of the chassis, and coupled longitudinal-lateral model for the wheels. However, in the framework
of this simplified study, the current model is sufficient.
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Figure 11: Semi-active damper (right) and (left) fitted curves of the shockabsorber damping force as a func-
tion of rattle velocity for different CVSA valve current. A low/high currentto the CVSA valve corresponds
to a small/large restriction yielding a low/high damping ratio.

Both approaches described earlier have been used to develop the multibody system model: the symbolic
approach (section 2.2.1) has been carried out with the ROBOTRAN software [44], whereas the numerical
approach (section 2.2.2) is implemented in the OOFELIE software [45].

4.1.2 Shock absorbers

The semi-active shock absorber hardware (see Fig. 11 left) corresponds to that of a passive shock absorber
in which the piston and base valve are each replaced by a check valve. A current controlled CVSA valve
(continually variable semi-active valve) connects the two damper chambers.The current to this valve is
limited betweeni− = 0.3A andi+ = 1.6A, which corresponds to the least and most restrictive positions
of the valve (i.e. open and closed), respectively. When the rod moves up(positive rattle velocity), the piston
check-valve closes and oil flows through the CVSA valve. Because the volume of the rod inside the cylinder
reduces, oil is forced from the accumulator into the cylinder through the base check-valve. When the rod
moves down (negative rattle velocity), the piston check-valve opens. Because the volume of the rod inside
the cylinder increases, the base check-valve closes and oil flows fromthe cylinder into the accumulator
through the CVSA valve.

The dynamical behavior is quite complex, and a detailed nonlinear model [47],available as C-functions,
has been calibrated by the manufacturer of the shock absorber, Tenneco Automotive Company (Saint-Trond,
Belgium). This model can be presented in nonlinear state-space format, defining the inputsu(damp) =
[lr dlr/dt iv]T (lr, the rattle extension,iv, the electrical current in the CVSA valve), the state variables
x(damp) = [preb pcomp]T (preb andpcomp the pressures in the rebond and compression chambers) and the
outputy(damp) = [ga]T (ga the force exerted by the damper):

ẋ(damp) = f (damp)(u(damp), x(damp))

y(damp) = h(damp)(u(damp), x(damp))
(32)

However, when coupled with the multibody dynamics model, model (32), assuming oil compressibility,
results in a set of a stiff differential-algebraic system. Therefore, a fittedset of curves (see Fig. 11, right) has
been realized on the basis of experimental data. The fitted relationships provide quasi-static damper force
with respect to the CVSA electrical current, and the rattle velocity:

ga = ga(iv, vr) (33)

They can provide a satisfactory model of the shock absorber in the design perspective.
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4.2 Controller

A flexible model-free control structure has been developed by Lauwerys et al. [48], and has been imple-
mented on a real passenger car equipped with a semi-active suspension.The control structure is based on
physical insights in the car and semi-active suspension dynamics. Its parameters are physically interpretable
and can be easily tuned according to guidelines given by test pilots. Part of this control structure is adopted
here, and tuned by simulation and optimization methods.

As illustrated in Fig. 12, the control structure consists of three stages: a feedback linearization (inverse
actuator models), a transformation into modal space (coupling and decoupling operations), and a linear
integral control, which corresponds to the well-known skyhook controller.

Here, the car and the dampers are represented as a black box, whose inputs are the four CVSA electrical
currentsiv and the road excitation (uncontrollable inputs), and whose outputs are the rattle velocitiesvr =
dlr/dt, and the accelerations measured at the four corners of the carab.

The feedback linearization technique seeks for virtual inputs which havethe property to influence the outputs
in a linear way. If one accepts that the nonlinearity of the mechanism is weak,the main source of nonlinearity
lies in the actuator. According to Lauwerys et al. [48], an efficient feedback linearization law is obtained by
inversion of a simplified quasi-static model of the actuators (33). Forvr 6= 0, it comes:

iv = (ga)−1 (gvirt, vr) (34)

wheregvirt is the new virtual input, which can be interpreted as a virtual damper force.For vr = 0, the
controllability is defective, and the singularity of(ga)−1 is avoided thanks to a regularization strategy. If
this inverse model cancels the non-linearity of the actuator, the virtual inputgvirt is actually proportional to
the damper force. Therefore, besides the advantage of a good linearitybetweengvirt and the output, a force
control strategy can be established on this basis.

Since the motion of the car simultaneously involves the forces applied on the four wheels, the definition
of the virtual control forcesgvirt for the four shock absorbers is a linear but coupled multi-input/multi-
output problem. This problem can be simplified by a transformation into a modal space defined by the
heave (pumping), roll and pitch of the car-body. In this modal space, thesystem is made of 3 uncoupled
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single-input/single-output subsystems, for which 3 independent integralcontrollers are designed. These
transformations into modal space and back, are performed by a decoupling matrixD and its pseudo-inverse
D† (coupling matrix). The decoupling matrixD transforms the four local corner accelerations to three modal
accelerations. Similarly, the coupling matrixD† transforms the three calculated virtual modal damper forces
into four virtual shock absorber damper forcesgvirt.

The integral controllers have in fact the well-known skyhook structure [49, 50]. According to the sky-hook
damping principle, optimal damping of the vibration of a suspended body, such as the body of a vehicle, is
obtained by placing a damper between the suspended body and some fixed reference frame, e.g. the ground
or the sky. For vehicle applications, this is however not directly feasible, and a so-called skyhook controller
has to be used. It emulates a skyhood damper by adjusting the damping level of the semi-active shock
absorber, such that the damping force is proportional and opposite to theabsolute vertical velocity of the
car body. Similarly, each mode of a car can be damped by applying a modal force proportional (with the
so-called skyhook gain) and opposite to the modal velocity. The modal velocity is obtained from the modal
accelerations using band limited integrators.

4.3 Simulation

As explained in section 2.2, two approaches are used to carry out the integrated simulation of the mechatronic
system. As regards the symbolic approach, which enables to generate a stand-alone dynamical model (in
C language in the present case), the full model is exported towards the SIMULINK environment via S-
functions, ready-to-use for fast-running simulations or for the implementation of a controller. Conversely,
when using the FEM approach for the MBS modeling, the integrated simulation consists in implementing
the hydraulic and the controller models in the MBS simulation package using the block diagram language.

A lane change maneuver has been simulated (Fig. 13). The car has a 10 m/s initial velocity, and a driver
applies an open-loop steering command, without any real-time correction (blind driver assumption). The
motor and the brakes do not produce any torque on the wheels. The time-step of the simulation is 0.01 s and
the algorithmic parameters are obtained for the generalized-α algorithm of Chung and Hulbert [51] with the
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spectral radiusρ∞ = 0.9. Using the symbolic approach (ROBOTRAN symbolic equations), this car model
can be run nearly in real time. Using the FEM approach, simulation has been carried out within a reasonable
computational time (several minutes on a desk computer).

Fig. 14 illustrates the horizontal trajectory of the car. Due to the lateral slidingof the wheels and the open-
loop nature of the driving command, a lateral drift is observed in the trajectory. Fig. 15 presents the pitch and
roll angles of the car-body. The dynamical behavior of the semi-active shock absorbers is analyzed in Fig. 16
and 17 (the model of the control system has been recently updated, whichexplains some differences in those
results with respect to previous publications [37, 52]). Saturation phenomena dominate the variations of
the electrical currents. The pressure in the compression chamber is verylow in the extending phase, but it
is close to the pressure in the rebond chamber in the compression phase. Allthose results are physically
consistent, and can be of great use in a pre-prototyping design phase or to improve the control law.

4.4 Optimization

In order to provide the vehicle with improved ride quality and handling performance under various operating
conditions, one would like to minimize or bound the following suspension characteristics [53]:

• the root-mean-square (RMS) value of the suspended mass acceleration,which is a direct measure of
the discomfort and which can be used in comfort criteria;

• the RMS value of the suspension travel, which is bounded because of the finite space available under
the car-body and the chassis;

• the RMS value of the tire-ground reaction or alternatively the dynamical tire deflection, which is an
indirect measure of the contact force between the tire and the ground.

Generally (see for instance [54, 55]) the comfort is chosen as the most important criterion while the two
other ones are controlled via design restrictions. However, for sport cars or off-road vehicles, the opposite
choice can be to maximize the road handling with an acceptable level of comfort.Both design problems are
investigated in the following.

In order to achieve the optimization of suspension systems, two different kinds of optimization algorithms
are often cited in the literature: 1/ Mathematical programming algorithms with or without gradient as in [55]
and 2/ heuristic algorithms as Genetic Algorithms (GA) which do not require derivatives as in [54]. Here,
the optimization procedure developed in [56] for mechanisms has been extended to mechatronic systems. It
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Figure 18: Stochastic road profile

consists in running first a GA algorithm and then in performing a number of fine optimization runs with a
Nelder-Mead algorithm starting from a set of initial designs which have been identified from the best GA
results. The Nelder-Mead algorithm can also be replaced by a gradient-based optimization algorithm, usually
CONLIN or MMA, which are efficient and reliable in multidisciplinary optimization.

If derivatives are necessary, they are evaluated using finite difference techniques. Indeed, up to now, semi-
analytical procedures are not available for mechatronic systems involvingmultibody systems, hydraulic com-
ponents and control systems. The finite difference procedure is ratherstable and simple to implement even
though quite expensive in computing time.

The most efficient optimization procedure is quite dependent on the integrated simulation strategy. On the
one hand, when using the symbolic approach for the MBS system modeling, one comes to a full MATLAB-
SIMULINK model and it is quite natural to resort to an optimization procedurein the MATLAB environment,
taking benefit of the MATLAB libraries. This advantage has been widely used here. On the other hand when
a numerical FEM based approach is selected for the MBS modeling, standard software interface can be used
to couple the simulation tool with a general optimization package. Here, the BOSSQUATTRO package has
been selected to conduct the optimization because of its open character andits large library of optimisation
algorithms. In our study, the two procedures have produced similar results, so that only the MATLAB
approach will be presented in the following.

4.4.1 Comfort optimization

The goal of this first optimization run is to improve by simulation the comfort of passengers of an Audi
A6 car equipped with semi-active suspensions. Practically, the behavior of this car is simulated during 12
seconds on a given-roughness road profile, which is different foreach wheel (see Fig. 18). This profile is
made of a filtered stochastic white noise whose amplitude does not exceed 4.2 cm.

As explained in Sections 4 and 5, the complete model consists of the multibody dynamics of the car coupled
with the hydraulic dynamics of the suspensions, which are controlled by feedback. The controller inputs are
the vertical acceleration of the body corners and the velocity of the dampers, and the outputs are the currents
of the four electro-valves of the suspensions. Six parameters of the controller are tunable: the heave, pitch
and roll integral gains, the cut frequency, a proportional pitch gain and the current bias. The optimization
problem consists in finding their best values, with respect to comfort and handling criteria respectively.

The comfort of passengers is supposed to be in close relation with the vertical acceleration of the car body.
The comfort indicator is thus the mean value of the RMS vertical acceleration measured at the 4 body corners.
The objective functionfc to minimize is:

fc (x) =
1

4

4
∑

i=1

√

12
∫

2
a2

i (x, t) dt

10
(35)
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Figure 19: Comparison between car comfort performances with optimized controller, standard controller
and without controller (colors required!)

Figure 20: Example of static and dynamical contact forces

wherex is the vector of the six controller parameters andai is the vertical acceleration at theith body
corner. Remark that this indicator is not observed from the beginning of the simulation to let the car behavior
stabilize during two seconds.

To take care of the closed-loop mechanical systems, a penalty technique is used as suggested in [56]. The
objective function is thus penalized every time a damper length exceeds its limit. This penalty is computed
proportionally to the discrepancy of the parameters from a chosen standard value. This method enables the
optimizer to treat any design.

Because of the non-linearity and discontinuities of the objective function, aclassical genetic algorithm is
used. Thanks to this stochastic method, the entire design space is explored and the global optimum is
approached. Then, a second optimization run is worked out with the deterministic method of Nelder-Mead
to refine the solution. All of this is performed in the MATLAB-SIMULINK environment using the genetic
MATLAB Toolbox. Fig. 19 compares the simulations of the car behavior with theoptimum controller, with
a standard controller and without controller.

4.4.2 Handling optimization

The optimization procedure is the same as for the comfort optimization, but the objective function is now the
handling performance of the car that can be evaluated on basis of the vertical ground reaction force on each
wheel. This dynamical force is compared with the static force, which is the vertical reaction force on the
wheel at equilibrium on a flat ground as illustrated in Fig. 20. When the wheel leaves the ground, the force
vanishes to zero. Therefore, if the dynamical force is lower than the staticforce, the wheel tends to loose its
adherence, which is bad. The objective functionfh to maximize is the minimum value of the ratio between
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Figure 21: Comparison between car handling performances with optimized controller, standard controller
and without controller (colors required!)

static and dynamical ground forces at each wheel (see Fig. 20):

fh (x) =
1

4

4
∑

i=1

min
2≤t≤12

F dynamical
i (x, t)

F static
i

(36)

The results of the handling optimization are shown on Fig. 21. In this case, theoptimizer produces a very
small improvement. Further improvement should be possible if considering additional parameters as design
variables, in particular those related to the mechanical and hydraulic sub-systems. In principle, the global
modeling and simulating approach that is used allows considering easily any parameter in the optimization
process, whatever its physical nature be: a body length, a spring stiffness, a piston area or a controller gain.
This is a very important feature of the ”mechatronic” approach in global system modeling that is promoted
here.

Optimization results for both comfort and handling maximization are summarized in Table 1.

Comfort Handling
RMS accelerations[m/s2] Min Ground force ratio[%]

without controller 0.52 53.7
with standard controller 0.46 58.2

with optimized controller 0.41 59.0

Table 1: Numerical results of comfort and handling optimizations

5 Conclusion

In this paper, the modeling and analysis of mechatronic multibody systems is discussed. After reviewing uni-
fied approaches to deal with multi-domain applications, we propose two formulations issuing from multibody
dynamics, which have been successfully extended to mechatronic problems. The first is based on a symbolic
procedure and allows the modeling of rigid multibody systems coupled with electrical networks. The re-
sulting model can be easily exported to a control-oriented software (e.g. MATLAB-SIMULINK) where the
simulation and optimization are realized. The second is based on a numerical finite element formulation,
and lead to an integrated modeling of flexible multibody systems coupled with any system in block-diagram
format. In other words, any block-diagram model can be easily imported in the finite element environment,
where the coupled simulation is carried out. For the optimization, standard interfaces between the FEM tool
and general purpose optimization software can be exploited. Depending on the specific problem at hand,
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each approach has its advantages and drawbacks. Control engineerare familiar with MATLAB-SIMULINK,
and the portability of the symbolic model is thus an important advantage for them. Conversely, a fully inte-
grated environment allows to account for the strong coupling, not only between the mechanical and electrical
subsystems but also with the control system, so that a high level of consistency in the simulation results can
be reached using the numerical approach.

A demonstrator for which both formulations have been used is proposed. Amodel-free control design has
been developed and implemented on a real passenger car equipped with a semi-active-suspension. The
global optimization of the system is then achieved, in a real mechatronic sense, i.e. byglobally considering
the multi-domain model and the controller.

The compliance of the mechanical components has not been directly considered in this paper. The numer-
ical approach is able to deal with flexible effects in multibody systems in a consistent and systematic way.
However, in order to design a simultaneous motion and vibration controller forlightweight manipulators or
high-speed machine tools, model-reduction techniques should be considered in order to simplify the model
and to improve its portability. Linear and nonlinear reduction techniques havealready been addressed in
previous contributions [37, 57], and they will be further studied in the future.

Future research will also focus on mechatronic systems at the micro-scale,where additional effects arise
(friction and adhesion forces), where new technologies and physicalphenomena are exploited (e.g. piezo-
electric, electrostatic, magnetostrictive effects), and where the multi-physical interactions become distributed
in nature. Significant challenges are associated with the modeling, simulation and optimization of those sys-
tems, and the development of advanced virtual engineering tools will certainly be decisive for the success of
this next generation of mechatronic systems.
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Catholique de Louvain, 2004.
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[34] M. Géradin and A. Cardona.Flexible Multibody Dynamics: A Finite Element Approach. John Wiley
& Sons, New York, 2001.

[35] K.E. Brenan, S.L. Campbell, and L.R. Petzold.Numerical Solution of Initial-Value Problems in
Differential-Algebraic Equations. SIAM, Philadelphia, 2nd edition, 1996.

[36] E. Hairer and G. Wanner.Solving Ordinary Differential Equations II - Stiff and Differential-Algebraic
Problems. Springer-Verlag, 2nd edition, 1996.
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2 University of Liège, LTAS-Vibrations et Identification des Structures
Chemin des Chevreuils 1, 4000, Liège, Belgium
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Abstract
The dynamic behavior of a mechatronic system may be largely dependent on the mechanical configura-
tion. This inevitably affects the performance and the stability of any controller designed using the classical
linear control theory. Major improvements are expected if the controller is designed using the theory of
linear parameter varying systems, but one difficulty is then to provide a low-order model which captures the
configuration-dependent dynamics. This paper presents a methodology to build such a model in two steps:
(i) for several representative configurations, a local linear model is derived, (ii) the parameter-dependent
model is constructed by interpolation in the configuration space. Moreover, a co-simulation methodology
is proposed for mechatronic systems by combining LMS Virtual.Lab Motion and Matlab/Simulink. The
methodology is applied to an industrial pick-and-place machine.

1 Introduction

Mechatronics can be defined as the science of motion control that comprises the control of desired motion
(tracking control) and the control of undesired motion (vibration cancelation) [1]. The flexibility of some
components may deteriorate the performance and stability of the system.

According to the classical design approach, the dynamic performances of a mechatronic system is limited
by the first resonance frequency of the system. In order to alleviate this limitation, active vibration control
schemes have to be considered, but a major difficulty is that the eigenfrequencies and mode shapes may
depend on the spatial configuration or operation positions. An example is a pick-and-place machine with a
gripper carried by a flexible beam: due to vibration problems, the precision of the positioning may decrease
(Figure 1). During the motion, the variations in the length of the flexible beam and in the natural frequencies
of vibration will inevitably affect the performance and the stability of the active control system [2]. For
such applications, the theory of linear parameter varying systems (LPV systems) could yield significant
improvements, as suggested by Symens [3]. Thus, for control design, a low-order structural model able to
capture the configuration-dependent dynamics is required.

Moreover, mechatronic design deals with the integrated design of a mechanical system and its embedded
control system [4]. An optimal design can only be accomplished if the interaction between the control sys-
tem bandwidth and the structural dynamics are considered in an early stage of the design of a mechatronic
system. Several authors have addressed the structure-control optimization problem [5, 6]. De Fonseca [7]
optimized simultaneously control and structural parameters for a milling machine with significant configura-
tion changes. The approach was based on a discretization of the workspace, and the optimization criterion is
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Figure 1: Pick and Place Machine used as test-case

defined with respect to the linearized dynamics at each discrete configuration. The final objective of this re-
search is to optimize the continuous and nonlinear operations of the mechatronic system. A critical problem,
which is central in this paper, is the efficient evaluation of the time-domain performances of the mechatronic
system.

The integrated simulation of mechanical and control systems can be realized either using a unified software
environment, as proposed by Brüls [8], or using different software for the different subsystems which are then
coupled in a co-simulation scheme. The monolithic approach has the advantage of a more consistent rep-
resentation of the coupling between the subsystems, whereas the second approach allows to use specialized
software for each subsystem with a higher level of modularity. The co-simulation approach has been selected
here using LMS Virtual.Lab Motion for the simulation of the mechanical system and Matlab/Simulink for
the simulation of the flexible structure with configuration-dependent dynamics and of the controller.

The methodology has been applied to model the motion of an industrial pick-and-place machine, presented
in section 2. Section 3 describes the modeling approach for dynamic structures with configuration-dependent
dynamics. The co-simulation scheme is described in section 4. Simulation results for the closed-loop mecha-
tronic system are reported in section 5, and finally some conclusions are drawn.

2 Description of the test case set-up

The test case is an industrial 3-axis pick-and-place machine, illustrated in figure 1. The Y-motion is gantry
driven by two linear motors and the X-motion over the carriage is also driven by a linear motor. The vertical
Z-motion is actuated by a rotary brushless DC-motor which drives a vertical beam by a ball screw/nut com-
bination. The position of the linear motors and the length of the beam are measured with optical encoders,
whereas the acceleration of the gripper in the X-direction is measured with an accelerometer. The objective
is to move the gripper as fast and accurately as possible along a prescribed trajectory in the workspace. How-
ever, fast movements excite the eigenfrequencies of the beam, which has to be modeled as a flexible beam
attached to a slider joint with a non-perfect clamping condition.

In this study case, the vertical beam is considered as the single flexible body in this machine and the Y-motion
is not excited. All other mechanical components can be modeled using very efficient formalisms for rigid
multibody systems. Hence, the software LMS Virtual.Lab Motion has been selected for the development
of the mechanical model. Since this environment is less suited for the modeling of flexible structure with
configuration-dependent dynamics, the model of the flexible beam is constructed in Matlab/Simulink. A
co-simulation between these two environments allows the concurrent simulation of the models.
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Figure 2: Simplified finite element model the vertical slider. Configuration (a) would not allow a consistent
description of the boundary conditions, but the model is only needed at special discrete configurations such
as (b) or (c).

3 Modeling of structures with configuration-dependent dynamics

This section describes a general method for the modeling of dynamic structures with configuration changes,
which will be used to model the flexible beam of the pick-and-place machine. A LPV model is obtained in
two-steps:

1. the configuration space is discretized, and a local linear model is defined for each discrete configura-
tion,

2. a continuous state-space model is built by interpolation of the local models in the configuration space.

Both steps are described in the following sections.

3.1 Local model at a discrete configuration

In order to build a local model at a given configuration, Brüls [8, 9] has proposed to start with an initial
nonlinear finite element model of the flexible multibody system, to linearize it, and to extract a reduced-
order model using a linear component-mode technique. It can be demonstrated that the variations of the
resulting reduced-order model are continuous in the configuration space. In the following, more details
about the finite element model and the reduction method are given.

Since the initial finite element model is valid in the whole configuration space, this method can be easily
implemented in a fully automatic way. However, the model of the flexible slider leads to specific difficulties.
When the flexible beam moves downwards, some parts of the beam which were initially in contact with
the support become free: the boundary conditions are changing continuously during the motion. Since the
model is only needed at a few discrete configurations which are known in advance, it is possible to design a
finite element mesh in such a way that the model is consistent for any discrete configuration, as illustrated in
Figure 2.

At a given configuration, the finite element model can be linearized, and it is then necessary to build a reduced
model. The order reduction comes from a transformation into modal coordinates, which are associated with
the motion of the whole mechanism, including all bodies and joints. This method is very similar to the
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Figure 3: (left) FRF - Acceleration of the motor/force motor and (right) FRF - Acceleration of the end of the
beam/force motor

Component Mode Synthesis [7, 10], but the mode-shapes involved in the coordinate transformation are
dependent on the configuration. In the application considered here, this method has been applied to generate
models which depends on the length of the flexible beam. Following the modal description proposed by
Hurty [11], the modal coordinates η are

η =
[

θ
δ

]
(1)

where θ is the vector of the amplitudes of the rigid modes associated with the actuators (only the lateral
motion is considered here) and δ is the vector of the amplitudes of the flexible modes (natural modes when
the rigid degrees of freedom are fixed). The vertical motion of the flexible beam is driven by LMS Virtual.Lab
Motion. This can be done because the joints are ideal in this environment. So, the length of the flexible beam
is a parameter exported from Virtual.Lab Motion to Simulink.

The reduced equations of motion are
M(l)η̈ + K(l)η = g (2)

where M, the reduced mass matrix, and K, the reduced stiffness matrix, are both dependent on the configu-
ration l, and g is the force vector. The damping is added during the derivation of the state space equations.
This equation can be partitioned in terms of the rigid and flexible modes:[

Mθθ Mθδ

Mδθ I

] [
θ̈

δ̈

]
+

[
0 0
0 Ω2

] [
θ
δ

]
=

[
ga

0

]
(3)

where Ω denotes the natural frequencies associated with the flexible modes and ga denotes the actuator
forces.

Two sensor outputs should be available in the model: the acceleration of the motor and the acceleration of
the end of the beam. The first output is derived from the position of the motor which is the variable used
to represent the rigid-body motion, i.e. the actuator degree of freedom. The displacement at the end of the
beam is formulated in terms of the tip-modal amplitudes denoted by Ψ:

ytip = Ψ(l)η (4)
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This parametric modeling algorithm has been implemented in Oofelie, which is a general purpose finite
element software, with a module for flexible multibody dynamics (the formulation is described in [12]). At
the end of the procedure, the models obtained for each discrete configuration are gathered in a look-up table
which can be exported to Matlab. These models can also be transformed in state-space form with a single-
input multiple-output structure (SIMO). The input is the motor force and the outputs are the accelerations
of the motor and of the flexible beam tip. There are six state variables: two represent the rigid-body mode
and four represent the two flexible modes. Figure 3 shows the FRFs of the SIMO models for three different
configurations.

Model reduction in this work plays two important roles. Firstly, in order to simulate a varying parameter
system, affine models will be developed using the techniques described hereafter. Models containing many
state space variables can be not appropriate to generate affine models since all poles and zeros should be
captured by the procedure. Secondly, the resulting models easily contain several thousands of degrees of
freedom unsuitable for controller design purposes. Often control design strategies yield controllers of the
same order as the model or even higher, depending on the specifications [7].

3.2 Affine Models by Interpolation

The set of reduced models, which result from the procedure described in the previous section, are then used
to build a continuous LPV model in the configuration space:

ẋ = A(l)x + B(l)u
y = C(l)x + D(l)u

(5)

where x are the states of the system, u and y are respectively, the inputs and the outputs and l is a vector
of varying parameters, i.e. the configuration vector. The technique selected here interpolates discrete poles,
zeros and gains linearly [13]. Experience shows that there are three criteria for a reliable interpolation
technique:

• a stability preserving interpolation is needed,

• a performance preserving interpolation is needed and

• the parameters of the interpolated controllers should be smooth and continuous functions of the varying
parameter to avoid discontinuous controller states and output signals as a function of time.

The poles, zeros and gains are assumed to be an affine dependance on a function of the scheduling parameter,
f(l). Equation (6) shows the technique for the poles vector.


p1(l)
p2(l)

...
pn(l)

 =


p0,1

p0,2
...

p0,n

 +


p1,1

p1,2
...

p1,n

 f(l) (6)

where p1 till pn are the poles of the system, p0,1 till p0,n and p1,1 till p1,n are constants and f(l) is an
analytical function of the scheduling parameter l. Similar affine functions have been made to describe the
varying zeros and gains considering the same function. The next step is to transform the affine functions of
poles, zeros and gains into varying state-space matrices. Equation (7) shows the affine function for the A
matrix of the state-space model.

A(l) = A0 + f(l)A1 + f(l)2A2 (7)
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Figure 4: Scheme of the S-function in the Simulink environment

The procedure to derive this equation is described in [13] and summarized hereafter. The main idea is that a
system defined by a gain and a number of poles and zeros can be written as a series concatenation of first-
order subsystems containing a real pole and possibly a real zero, and second-order subsystems containing a
complex pole-pair and possibly a real zero or a complex zero-gain. Since the variation of the poles and zeros
is limited to be affine, each subsystem can be transformed to an affine state-space representation [14, 13].
Equations (8), (9), (10) and (11) illustrate how a subsystem defined by one pair of complex conjugated poles
(pi and pi+1) and one pair of complex conjugated zeros (zi and zi+1) is transformed to state space model.

Asub(l) = Re
[

pi(l) + pi+1(l) −pi(l) · pi+1(l)
1 0

]
(8)

Bsub(l) =
[

1
0

]
(9)

Csub(l) = Re
[
−zi(l) − zi+1(l) + pi(l) + pi+1(l)

zi(l) · zi+1(l) − pi(l) · pi+1(l)

]T

(10)

Dsub(l) = [1] (11)

In equation (12), it is also shown how an affine A-matrix of a first-order subsystem can be obtained containing
one pair of complex poles: pi(l) = p0,i + p1,i · f(l) and pi+1(l) = p0,i+1 + p1,i+1 · f(l).

Asub(l) = Re
[

p0,i + p0,i+1 −p0,i · p0,i+1

1 0

]
+ f(l) ·Re

[
p1,i + p1,i+1 −p1,i · p0,i+1 − p0,i · p1,i+1

0 0

]
+f(l)2 ·Re

[
0 −p1,i · p1,i+1

0 0

]
(12)

This approach was used to build an affine model of the SIMO reduced model of the vertical beam including
the linear motor inertia, described in the previous section. In order to implement the methodology, this SIMO
model was split up into two SISO models that depend on the length of the vertical beam.

The chosen analytical function f(l) was f(l) = l, the measurement of the length of the beam.

This method is implemented in Matlab/Simulink, and the final affine SISO models are embedded in S-
functions. There are two inputs for these S-functions: the force of the linear motor and the length of the
beam. In fact, the force is the single input to the model, whereas the length of the beam is used as a parameter
to update the state-space model at each integration step. The S-functions are built in C MEX-file in order to
speed up the simulation, and a scheme is shown in the figure 4.
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Figure 5: Co-simulation between Matlab/Simulink and Virtual.Lab Motion

Figure 6: Multibody model of the pick and place machine

4 Co-simulation in an integrated environment

LMS Virtual.Lab Motion is used for the modeling and simulation of the mechanical system whereas Mat-
lab/Simulink is used for the modeling and simulation of the control system and of the vertical flexible beam
that has position-dependent dynamics. Both subsystems are coupled and the simulation of the global mecha-
tronic system is realized using co-simulation approach.

In LMS Virtual.Lab Motion, the mathematical representation of the mechanism is fully nonlinear and can
include rigid and/or flexible bodies connected by ideal joints. The mechanical system can be subject to inter-
nal or externally applied forces and time-dependent kinematic rules. Virtual.Lab Motion provides libraries
of predefined joint, driver and force elements, and the equations of motion are automatically formulated.
However, the joints attached to a flexible body have to be created using fixed nodes, and it is not possible to
represent the sliding contact of the vertical beam in this environment.

A rigid-body model of the pick-and-place machine has been defined in Virtual.Lab Motion (Figure 6). This
model includes the frame, the carriage, the linear motor and the vertical beam. A translational joint is
applied between the carriage and the linear motor. In order to decrease the complexity of the model, the
vertical motion of the beam is imposed as a function of time. Small modifications should be done to change
this imposed motion to a applied force to the system. This vertical position is exported to Simulink and used
as an input to the S-Functions responsible for the state-space models updating.
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Figure 7: Simulation results for several beam lengths (left) FRF - Encoder of the motor/force motor and
(right) FRF - Position of the end of the beam/force motor

The lateral motion of the subsystem linear motor and vertical beam is simulated by the affine model per-
formed by S-functions in Simulink. The force generated by the linear motor is applied to the carriage, in
Virtual.Lab Motion, and to the model of the linear motor and vertical beam in Simulink, in opposite direc-
tions. The encoder of the linear motor measures the difference between the positions of the motor and the
carriage, obtained in Matlab/Simulink and Virtual.Lab Motion, respectively. In this way, the model captures
not only the dynamics of the flexible beam, but also the dynamics of the system over its suspension.

A position feedback controller is responsible for the motor position tracking in the Virtual.Lab Motion.
Therefore, the encoder position is a input to the Virtual.Lab Motion model. This keeps the subsystem motor
and flexible beam at the correct place, which is quite important if the Y-motion is modeled, since the mass
load of this subsystem moves, influencing the dynamics of the Y-motion.

A scheme of the co-simulation is shown in figure 5. The connection is made by the plantout in Simulink.
Plantout is a S-function that connects the multibody model, from Virtual.Lab Motion, and Simulink. Outputs
and inputs can be defined in Virtual.Lab Motion. In this case, the outputs are the length of the beam and
the position of the carriage and the inputs are the force applied to the carriage and the position of the linear
motor (encoder measurement).

5 Results

In the previous sections, a methodology for the simulation of mechatronic systems with position dependent
dynamics has been described. This section presents some simulation results related with the pick-and-place
machine.

The FRFs of the open-loop system for several fixed lengths are shown in figure 7. In figure 8, these results
are compared with experimental data for a fixed length of the beam (-0.43 m). A good agreement is observed
until 1000 Hz. The accuracy of the model could be improved by a refinement of the multibody model. The
same approach can be applied to model the motion at Y-direction.
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Figure 8: Comparison between the simulation and the experimental FRF - length of the beam -0.43 m - (left)
FRF - Encoder of the motor/force motor and (right) FRF - Acceleration of the end of the beam/force motor

Then, a time-domain simulation of the closed-loop system was considered. Any variations of the length of
the beam can be imposed during the motion, so that the performances of a control strategy can be evaluated
in a realistic way. Here, the control strategy proposed in [14, 15] is considered. It consists of a high-authority
motion controller (HAC) around the low authority vibration controller (LAC), as illustrated in figure 9. Fixed
LAC vibration controllers are derived for fixed beam lengths using the H∞ method. Since the H∞ weights
depend on the resonance frequency of the system, the derived controllers depend on the configuration with
the same affine structure as the mechanical model. The result is a gain-scheduling controller, which depends
on the parameter. The HAC motion controller is a standard PID controller fixed for all configurations. The
results for an input step for a fixed length (-.43m) are shown in figure 10. The residual vibration can be
reduced tuning the PID controller, but there is a trade-off between vibration reduction and motion control.
For high-bandwidth motion controller, the eigenfrequency of the beam is more excited. For low-bandwidth
motion controller, the settling time is lower when used in combination with a vibration controller [15].

The objective of this paper is not to discuss a specific control system designed for the machine, but to propose
a convenient way to simulate a mechatronic system with configuration-dependent dynamics. In this way, the
procedure proposed here is quite generic and can be used in several applications.

6 Conclusions

In order to optimize the structural and control parameters of mechatronic systems, efficient and integrated
simulation tools have to be developed. This is especially important for the design of concurrent motion
and vibration control schemes. The procedure described in this work relies on low-order affine models
to describe the configuration-dependent dynamics and on a co-simulation for the mechanical and control
subsystems. The advantage of this approach is that it was developed using an user-friendly commercial soft-
ware: Virtual.Lab Motion for multibody systems, and Matlab/Simulink for control design. Moreover, using
the proposed methodology, it is possible to simulate a mechatronic system with configuration-dependent dy-
namics not only at discrete positions but also for continuous operations. In this way, both time domain and
frequency domain performance of the control system can be evaluated.
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Figure 9: Integrated simulation of a mechatronic systems - Motion and vibration controllers designed in a
HAC-LAC structure

Figure 10: Results for a step input - (left) Encoder position and (right) Beam tip acceleration
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Abstract 
 
Design and implementation of robust tracking controllers for linear feed drive high speed machine tools 
are the primary objectives of this work. Cutting forces and friction forces limit tracking accuracy and their 
influences are minimised through robust controller design. This paper discusses the design and tracking 
performances of a traditional cascade and a sliding mode controller for a X-Y milling table. Circular tests 
are performed at selected tracking speeds and circle radii for tracking performance analysis. The tracking 
error for cascade P/PI controller is proportional to the reference tracking speed and is inversely 
proportional to the velocity gain value of the position loop controller. Speed and acceleration feedforward 
further reduce this tracking error. Quadrant glitches, a product of nonlinear friction at the points of 
velocity reversal, are observed. Sliding mode controller exhibits better tracking accuracy and dynamic 
stiffness and yields a significant reduction of the quadrant glitches.  
 

1 Introduction 
 
Most electromechanical feed drives of table positioning systems rely on the ball screw mechanism for the 
rotational to linear motion conversion. According to Pritschow [1], the presence of a lead screw in the 
transmission mechanism gives rise to several performance limitations, namely: (1) backlash, (2) 
transmission errors from pitch tolerances of the leadscrew and (3) compliance yield a low first mechanical 
natural frequency of the system, resulting in smaller system’s bandwidth.  
 
On the other hand, direct linear drives, in the absent of any mechanical transmission element, eliminate the 
limitations associated with the ball screw drives. Figure 1 illustrates the opposing mechanical structure of 
the two drives systems with application to positioning control. 
 
 

 linear motor

encoder position measurement 
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     (a)        (b) 
   

Figure 1: (a) ball screw feed drive and (b) linear drive 
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Linear drives have opened the window for the application of high speed positioning system with higher 
accuracy, velocity and acceleration than those possible with conventional systems. High-speed machining 
is attractive in a sense that it creates potential for higher productivity due to shorter machining time. 
However, high-speed machining creates another challenge, that is, the machining process requires the feed 
drives to be robust against fast acting disturbances.  This is even more important with linear drives since 
disturbances are directly acting on the drives as clearly indicated in Figure 1(b). 
 
Motion tracking controllers are designed with the fundamental objective of achieving highest possible 
position tracking accuracy. This, however, is significantly influenced by friction forces acting closely at 
the load and cutting forces from the machining process. A prominent tracking controller that exists in 
majority of servo motion control systems is the classical cascade controller. Various improvements and 
modifications to this controller have been suggested in the literature with the aim of improving the 
tracking performance. For example, Doenitz [2] has analysed the tracking error of combined cascade 
controller with a proposed disturbance observer. Pritschow [3] on the other hand, presented different 
positioning behaviours between classical P/PI cascade controller and reduced state space controller. In 
addition to classical cascade controller, sliding mode controller, a well known nonlinear controller, is 
highly regarded for its disturbance rejection properties. Altintas [4] has demonstrated the contouring 
performance superiority of this controller against pole placement controller with feedforward friction and 
servo dynamics compensation. This paper presented the study on design, implementation, and tracking 
performance comparison between traditional cascade P/PI controller and the nonlinear sliding mode 
controller with application to linear feed drive high speed machine tools of an XY milling table. Tracking 
performance are compared by means of circular tests that were performed at different tracking speeds and 
circle radii. Comparisons are based on axial tracking errors, contour tracking errors, dynamic stiffness and 
quadrant glitches.  
 

2 Basic Design of Tracking Controller  
 
A well designed motion tracking controller reacts to the input reference trajectory signal with minimum 
tracking error and exhibits robustness against system uncertainties and disturbances. The following 
sections discuss designs of two tracking controllers, namely, classical cascade controller and sliding mode 
controller. 
 

2.1  Cascade Controller  
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Classical cascade controller (see figure 2) consists of two distinct loops; an inner speed loop and an outer 
position loop. The speed filter transfer function generates the speed signal while applying low pass 
filtering of the excited measurement noise. 
  
 
 
 
 
 
 
 

Figure 2: Schematic diagram of P/PI cascade controller 
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The closed-loop bandwidth of the inner speed loop is higher than the bandwidth of the outer position loop 
and this ensures that the dynamics delay of the inner loop is ignored by the outer position loop [5]. The 
controller is designed based on traditional open-loop shaping and is constructed and tuned from the speed 
loop to the position loop. A proportional (P) plus integral (I) control forms the speed loop. The controller 
parameters are designed from the knowledge of gain margin and phase margin of the resulting speed open-
loop transfer function that is based on actual measurement of open-loop frequency response function of 
the system. The phase margin and the gain margin indicate the system stability margin and its transient 
response [6]. A proportional controller completes the position loop and hence the cascade controller 
scheme. Similar in the design of the speed loop, this proportional gain is selected based on the gain margin 
and the phase margin of the position open loop transfer function that incorporates the speed closed loop 
(see figure 3). The stability of each loop is confirmed by the Nyquist plot of the open loop transfer 
function. 
 
 
 
 
 
 
 
 
 
 

 

Bode Diagram of Position Open Loop Transfer Function
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Bode Diagram of Position Closed Loop Transfer Function
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Figure 3: Bode diagrams of position open loop and closed loop transfer functions (y-axis) 
 
The following transfer functions relate input disturbance, d(s), to output position, y(s), and reference 
signal, r(s), to the tracking error, e(s): 
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where; is the motor constant, (fk ipv t and ,k,k ipi k/kt = ) are the controller parameters, and m is the mass of 
the system. The transfer function given in equation (1) defines the dynamic stiffness of a system. It 
indicates the controller disturbance rejection capacity. At steady-state, for a constant tracking velocity, the 
tracking error is proportional to the tracking velocity, v, but is inversely proportional to the velocity gain 
factor, .  vk

( )
vk
ve =∞                   (3) 
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2.2 Sliding Mode Controller 
 
Sliding mode control, a form of nonlinear control, is widely known for its low sensitivity to plant 
parameters variation and disturbances. It is also a form of variable structure control (VSC). According to 
Utkin [7], a variable structure system is a set of continuous subsystems with a proper switching logic. 
Hence, the control actions are discontinuous functions of disturbances, states, and the reference input. 
There are two design components of sliding mode control; namely, switching function and control law.  
 
2.2.1 Switching Function 
 
Switching function determines the dynamics transient response of a system. For a second order system, 
the sliding surface, s, is a function of the tracking error, ( )te  and its time derivative:  

( ) ( ) ( ) ( )trtyte       ;e
dt
de,es

1n
−=⎟

⎠

⎞
⎜
⎝

⎛ λ+=
−

&                  (4) 

For n = 2 (second order system), 
  ( ) e   ee,es λ+= &&                   (5) 

where, y(t) is the actual position, the desired position, and ( )tr λ a positive constant. The choice of 
determines the transient response characteristics of the system.  λ

 
2.2.2 Control Laws 
 
Control law, on the other hand, consists of a signum function and the equivalent control which includes 
speed and acceleration feedforward: 

                   (6) ( ) ( )ssignK utu equivalent ⋅−=

At the time of sliding, the switching function is equivalent to zero and hence;  
 

                   (7) ( ) 0e,es =&

Therefore, the dynamics during sliding is;   
 ( ) 0e   ee,es =λ+= &&&&&&&                     (8) 

with; 

                    (9) 
rye
rye
&&&&&&

&&&

−=
−=

Hence, for a simple mass-spring-damper system,  
                       (10) uy k    yc  y m =++ &&&

ignoring the disturbance function, d(t), and by combining equations (8), (9) and (10), the control input 
becomes: 
                (11) ( ) y k  y c  ermuequivalent ++λ−= &&&&

Equivalent control maintains the sliding motion. The discontinuous signum function with proportional 
gain K ensures that the states are attracted to and remain in the sliding surface in finite time. The 
discontinuous signum function, however, leads to high frequency switching. Instead of remaining on the 
sliding surface, the states are oscillating about the surface. This is widely known as chattering [8] and is a 
major disadvantage to sliding mode control application.  
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Several techniques are suggested in reducing chattering [9]. A continuous approximation of the 
discontinuous signum function is among the options. A sigmoid-like function of the following form 
replaces the discontinuous signum function [10]; 

( )
δ+

=δ s
ssV                 (12) 

The positive constant, , illustrates the degree of the continuous approximation. A comparison between 
the discontinuous signum function and its continuous approximation is shown in the following figure:  
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Figure 4: Continuous smooth approximation of the signum function 
 

Instead of having an ideal sliding motion, the states lie within a specified boundary of the sliding surface, 
resulting in non-ideal sliding motion, known as pseudo-sliding. 
 

3 Experimental Setup  
 
The controllers’ performance were validated on a xy feed table of a high-speed milling machine (see 
figure 5). The upper top stage (y-axis) is driven by a single ETEL linear motor while the bottom stage, 
which is the x-axis, is driven by two ETEL parallel linear motors. Two Heidenhain linear encoders 
provide the table two axes relative position measurements. 
 
 
 
 
 
 
 
 

Figure 5: A xy feed table with three linear drives for high  speed milling application 
 

3.1 Experimental Design Methodology 
 
In the absence of a speed sensor, the speed signal is generated from the derivative of the encoder position 
measurements. This however, amplified the measurement noise. Thus, the derivative is combined with a 
first-order low-pass filter. The controllers of both axes were implemented on a dSPACE 1102 DSP 
controller board linking the host computer to the three ETEL drives.  
 
Three different controllers were implemented: (1) a traditional cascade P/PI controller, (2) a cascade P/PI 
controller with speed and acceleration feedforward, and (3) a sliding mode controller. Circular test were 
performed to validate and compare tracking performance of these controllers.  
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The controllers were designed to track circles of 15mm and 30mm radii, each at constant tracking speed of 
0.001m/s, 0.005m/s, and 0.01m/s. Each axis position tracking error was recorded. The actual trajectory 
was compared to the reference trajectory. The system was not subjected to any external disturbance signal. 
In addition to tracking, dynamic stiffness of the cascade and sliding mode controllers was also 
investigated. In the absent of a reference signal, a band-limited white noise was introduced into the system 
as an input disturbance signal and the resulting position error was recorded.   
 

4 Experimental Results 
 
Circular tests provide clear indication of each controller tracking performance while dynamics stiffness 
measures the disturbance rejection property of the controllers.  
 

4.1  Dynamic Stiffness 
 

Bode Magnitude Diagram of Dynamic Stiffness for Y-Axis 
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Bode Magnitude Diagram of Dynamic Stiffness for X-Axis
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Dynamic stiffness is defined as the transfer function from the output position measurement to disturbance 
force (e.g. cutting forces). In a high-speed milling application, high machine dynamic stiffness is desired. 
It is important for the milling table to experience minimum position tracking error while subjected to 
disturbance signal such as the cutting force. The dynamic stiffness obtained with the P/PI cascade 
controller and the sliding mode controller for the x and the y axes are presented in figure 6. These were 
measured using band-limited white noise signal, acting as the disturbance force, while recording the 
position tracking errors. 
 
 
 
 
 
 
 
 
 

Figure 6: Dynamics stiffness comparison of cascade and sliding mode controllers 
 
Figure 6 indicates that for both axes, sliding mode controller provides better stiffness than cascade 
controller within the bandwidth of the system, which is 40Hz. However, cascade controller displays higher 
stiffness (until about 4Hz) at much lower frequency range. This is due to the integrator within the 
cascade’s speed loop controller. The results show that sliding mode has better disturbance rejection 
capacity than cascade controller from the frequency range of 4 Hz until the bandwidth of the system. 
 

4.2  Tracking Error 
 
Tracking error is defined as the difference between the reference trajectory and the system actual position. 
The tracking accuracy of a motion controller can be analysed by looking at the axial tracking error or of 
the contour tracking error. The axial tracking error indicates the individual axis tracking performance 
while contour tracking error describes both the x and the y axis tracking performance.  
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The following figures illustrate the axial tracking error of the controllers for circular tests with a radius of 
15mm, executed at different tracking speeds. 
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Figure 7: Axial tracking error with (a) cascade, (b) cascade with speed and acceleration 

feedforward, and (c) sliding mode for a 15mm radius circle tracking test at different speeds   
 
The results depicted above clearly shows that the tracking error increases with tracking velocity. The 
cascade controller yields the largest error for all tracking speeds. Speed and acceleration feedforward 
reduce significantly these errors. For example, at 0.005m/s and 0.01m/s, feedforwards reduce the tracking 
error with nearly a factor of two. Sliding mode yields the smallest tracking errors. The tracking errors are 
nearly half of that of the cascade controller with the speed and the acceleration feedforward. Similar 
observations and conclusions are made for circular tests with other radii. The tracking error results 
obtained for a circle with a 30mm radius are summarised in Table 1. 
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Tracking Speed / 
Controller 0.001m/s 0.005m/s 0.01m/s 

Cascade 15µm 45µm 80µm 

cascade + speed   
 
 

+ acceleration FF 
15µm 25µm 40µm 

sliding mode 10µm 15µm 20µm 
 

Table 1: Maximum tracking error for 30mm radius circle tracking test at different tracking speeds  
 
Table 1, in comparison to figure 7, shows that tracking errors are not function of the circle dimension. 
Tracking error increases with increases in tangential velocity of the reference trajectory.  
 

4.3 Quadrant Glitch 
 
Quadrant glitch is a special form of contour tracking error. It is characterised by the presence of “spikes” 
in each quadrant of a circle, as illustrated in figure 8. This phenomenon arises from complex non-linear 
friction that occurs at the point of motor reversal motion.  
 
   
 
 
         

 

Figure 8: Quadrant glitches as seen from circle contour test 
 
Sliding mode control is widely known for its robustness properties against matched uncertainties and 
disturbance [11]. In this analysis, the disturbance was in the form of friction forces alone. Quadrant 
glitches can be clearly recognised from the axial tracking error measurements. Figure 9 compares the axial 
tracking error of cascade controller, cascade with speed and acceleration feedforward, and sliding mode. 
  
 
 
 
 

 
 
 

 
Figure 9: Spikes as seen from axial tracking error for (a) cascade, (b) cascade with speed and 

acceleration feedforward, and (c) sliding mode controller 
 
 

88 PROCEEDINGS OF ISMA2006



-30 -20 -10 0 10 20 30

-30

-20

-10

0

10

20

30

x-axis,[mm]

y-
ax

is
,[m

m
]

-2 0 2 4 6 8
25

26

27

28

29

30

31

32

33

x-axis,[mm]

y-
ax

is
,[m

m
]

0.01 
0.0 

0.001m/s radial error [mm] 

error x 200 

0.01mm 

0.0m

Spikes are clearly visible from the axial tracking errors of both the cascade controllers. They are 
significantly reduced with the sliding mode controller. The axial tracking errors clearly indicate the sliding 
mode advantages in disturbance rejection of friction forces. Similar observation and conclusion can be 
derived from the contours of the circular tests shown in figure 10. The actual and the reference contours 
generated from the cascade controllers and the sliding mode controller, for a circle test of radius 30mm at 
a tracking speed of 0.001m/s, are compared. The actual contours were reconstructed with amplified radial 
error (200 times) for graphical presentation purposes. Spikes are clearly visible with both the cascade 
controllers.  
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(c) 
Figure 10: Quadrant glitch from circle test of radius 30mm and tracking speed of 0.001m/s for (a) 

cascade, (b) cascade with speed and acceleration feedforward, and (c) sliding mode control 
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Similar comparison can be made for circular test of radius 15mm at a tracking speed of 0.005m/s. The 
results are shown below: 
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(b) 
Figure 11: Quadrant glitch from circle test of radius 15mm and tracking speed of 0.005m/s for (a) 
cascade with speed and acceleration feedforward, and (b) sliding mode control 
 
As seen from previous circular test, spikes are again clearly visible with the cascade controller. Figure 11 
displays significant removal of the quadrant glitches with sliding mode controller. The radial errors at the 
quadrant positions for both cascade controllers and the sliding mode controller are within a range of +/- 10 
micrometer.  
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5 Conclusions 
 
Sliding mode controller exhibits higher dynamic stiffness and better tracking accuracy than the two 
classical cascade controllers. Speed and acceleration feedforward improve tracking accuracy of classical 
cascade controller. The classical cascade controllers clearly exhibit quadrant glitch phenomenon as 
observed from the axial tracking errors and the contour tracking errors of the circular tests. Sliding mode 
controller reduces quadrant glitches significantly. At the quadrant positions, the radial tracking errors of 
the three controllers are comparable and are within a range of +/- 10 micrometer. 
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Abstract
This paper presents a gain-scheduling-control technique for mechatronic systems with position-dependent
dynamics. The proposed method fits in the framework of traditional gain scheduling, where several con-
trollers designed for fixed operating points are interpolated to construct a global gain-scheduling controller.
A new interpolation approach is proposed starting from an affine interpolation between the poles, zeros and
gains of the local controllers as a function of the varying parameter, resulting in a polynomial state-space
representation. The presented method is applied on an industrial pick-and-place machine which has position-
dependent dynamics. Experimental results show the benefit of the proposed method.

1 Introduction

High-speed, high-accuracy and low-cost operation are the main thrusts behind the design of light weight
mechatronic structures such as robot manipulators, pick-and- place machines, etc. Light-weight structures
operating at high speeds, however, may lead to significant vibration problems, that degrade the positioning
accuracy. An additional problem is that the dynamic behavior of a machine tool can depend on the position
of the tool in its workspace. As this position is measured, the changes in dynamic behavior can be modeled
exactly in a deterministic way. High-performance motion controllers that take into account these varying
structural resonances are needed. Gain-scheduling control is an appropriate control solution for systems
with position-dependent dynamics and will be adopted in this paper.

Gain scheduling is a controller implementation where the controller coefficients are changed according to
the current value of scheduling signals, which may be signals external and/or internal to the plant [1]. Two
main approaches can be distinguished [2], namely traditional gain-scheduling control and Linear Parameter
Varying (LPV) control. LPV control is a design method that guarantees the closed loop to be stable for
all possible time-varying parameter trajectories. Only the first approach, traditional gain scheduling, will
be considered in this paper. A new method is presented to systematically interpolate between local LTI
controllers.

The proposed gain-scheduling technique is tested on an industrial pick-and-place machine. First, linear
models are identified in different operating points, then linear optimal controllers are designed usingH∞
techniques and finally an interpolation is made between these controllers.

Section 2 explains the interpolation technique that will beused to design a gain-scheduling controller for the
setup. Section 3 first gives a description of the layout of thesetup and the identification of linear models.
Then the design of controllers based on these models is shortly commented. Section 4 discusses the interpo-
lation between these controllers and the experimental results. Section 5, gives the main conclusions of this
paper and gives some directions for further research.
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2 Interpolation between controllers: Theory

2.1 Introduction

Gain scheduling is a common engineering method that can be used to control LPV systems in a variety
of applications such as flight control and process control. An LPV system is defined as a linear system
whose describing matrices in state-space form depend on a vector of time-varying parameters, which can be
measured in real-time [3]:

ẋ = A(l)x + B(l)u

y = C(l)x + D(l)u (1)

with x the vector of states of the system,u andy respectively the input and output andl a vector of varying
parameters. This paper focuses on traditional gain scheduling.

The main idea of traditional gain scheduling is to break the control design into two parts. First, local linear
controllers are designed based on linearizations of the plant for several fixed values of the varying parameter.
Second, a global parameter-dependent controller for the system is obtained by interpolating, or "scheduling"
the local controllers.

Interpolating between controllers is expanding the dynamic behaviour of local controllers to a continuous
varying controller. This leads to the following three requirements:

1. stability during interpolation must be preserved: the controller must stabilize the plant for all interme-
diate operating points;

2. performance during interpolation must be preserved: thesystem should satisfy the performance spec-
ifications for all intermediate operating points;

3. the parameters of the interpolated controllers must be smooth and continuous functions of the varying
parameter to avoid discontinuous controller states and output signals as a function of time. This last
condition is especially important if fast parameter variations can occur.

An extra requirement is to have reliable techniques that caninterpolate between high-order controllers, since
modern controller techniques applied on complex mechatronic systems, such asH∞-algorithms, often result
in high-order controllers.

Many interpolation methods have been successfully appliedby control engineers (e.g.[4],[5],[6]). These
methods are either ad-hoc methods which require a lot of trial and error, or they fail when the order of the
system is too high. The method proposed in this paper is an attempt to be a systematic interpolation approach
that can handle complex controllers. The idea is to first makean interpolation between the poles and zeros
of the local controllers. Such an interpolation clearly expands the dynamic behaviour of the local controllers
to a global varying controller, since the dynamic behaviourof a controller is fully determined by the location
of the poles and zeros in the complex plane. In a second step a global varying state-space controller is
constructed with a polynomial dependence on the varying parameter, which makes it easy to implement.
The third subsection describes the characteristiques of the proposed interpolation technique and highlights
some differences with existing techniques.

2.2 Interpolation between poles, zeros and gains

A first requirement that has to be fulfilled for a correct interpolation between poles and zeros, is that all the
local controllers have the same number of poles and zeros. A second requirement is that the operating points
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for which the local controllers are designed should be sufficiently close such that migration of poles and
zeros from one to the next is recognizable.

The technique proposed in this paper interpolates between the discrete-time poles and zeros, to make a
discrete-time implementation possible. The variation of the vectors of poles and zeros and the variation of
the gain each has to be described by an affine function, containing a sum of a constant term and one varying
term. The varying term consists of a vector of coefficients multiplied with a scalar real analytical function of
the scheduling parameter. This is shown in (2) for the vectorof varying poles:
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with p1 till pn the poles of the controller,p0,1 till p0,n andp1,1 till p1,n the complex coefficients andf1(l)
a real scalar analytical function of the scheduling parameter l. Similar affine functions have to be made to
describe the varying zeros and gain, but they have to containthe same analytical function.

Notice that he proposed modeling of the poles and zeros implies that the same analytical function is used in
the description of the real part and the imaginary part of thepoles and zeros, resulting in linear variations of
the poles and zeros in the complex plane. The number of operating points should be high enough sucht that
an analytical function can be found that describes the variation of the poles and zeros correctly.

2.3 Transformation to state-space

The next step is to construct varying state-space matrices.The resulting state-space matrices (A,B,C,D) are
each polynomial functions of the varying parameter: they consist of a sum of a real constant matrix plus
two real varying matrices. A varying matrix consists of a constant matrix of coefficients multiplied with an
analytical function of the scheduling parameter. This is shown in (3) for the A-matrix :

A(l) = A0 + f1(l) · A1 + f2
1 (l) · A2 (3)

The same expressions can be constructed for the B,C and D matrices. The first analytical functionf1(l) is
the same as the one used to describe the varying poles, zeros and gains, the second analytical function is
the square of this function,f2

1 (l). The key idea in the algorithm is that each system defined by a gain and
a number of poles and zeros can be written as a series concatenation of first-order subsystems containing a
real pole and possibly a real zero, and second order subsystems containing a complex pole-pair and possibly
a real zero or a complex zero-pair. So there are five types of different subsystems to consider.

Each subsystem is created using the control canonical state-space form [12], since for first order and second
order subsystems, the control canonical form can be explicitly written in function of the poles and zeros.

By means of a concatenation of the states of each subsystem, the global system is obtained. Equation (4)
illustrates how a subsystem defined by one pair of complex conjugated poles (pi andpi+1) and one pair of
complex conjugated zeros (zi andzi+1) is transformed to state-space using the control canonicalform:
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Asub(l) = Re

[

pi(l) + pi+1(l) −pi(l) · pi+1(l)
1 0

]

Bsub =

[

1
0

]

(4)

Csub(l) = Re

[

−zi(l) − zi+1(l) + pi(l) + pi+1(l)
zi(l) · zi+1(l) − pi(l) · pi+1(l)

]T

Dsub = [1]

Filling in the affine functions of poles and zeros in each subsystem, results in polynomial varying state-space
matrices. Equation (5) illustrates this by filling in the affine functions of poles and zeros (2) in theA -matrix
of subsystem (4) :

Asub(l) = Re

[

p0,i + p0,i+1 −p0,i · p0,i+1

1 0

]

+

f1(l) · Re

[

p1,i + p1,i+1 −p1,i · p0,i+1 − p0,i · p1,i+1

0 0

]

+

f2
1 (l) · Re

[

0 −p1,i · p1,i+1

0 0

]

(5)

Only additions and multiplications of maximum two poles and/or zeros are needed to calculate the elements
of the A,B,C,D matrices of the subsystems. Because there aremultiplications of two poles or zeros, products
of the analytical function in the expression of the varying state-space matrices occur, as can be seen in (5).

Since the concatenation of two subsystems can be written as :

A(l) =

[

Asub1(l) 0
Bsub2 · Csub1(l) Asub2(l)

]

B =

[

Bsub1

Bsub2 · Dsub1

]

(6)

C(l) =
[

Dsub2 · Csub1(l) Csub2(l)
]

D = [Dsub1 · Dsub2]

there are no multiplications of two parameter-dependent matrices, so the resulting varying controller will
have the same parameter dependence as the subsystems. Each matrix contains only real elements. The
number of columns and rows of the A-matrix is the number of complex conjugated poles of the system times
two plus the number of real poles.

The coefficients of the varying terms of theB- andD-matrices will always be zero, as in (4). This means that
eight constant matrices together with one analytical function are sufficient to implement the gain-scheduling
controller.
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2.4 Characteristics of the proposed technique compared to other existing tech-
niques

This method fulfils the three requirements formulated in thebeginning of this section. Because smooth
scheduling is done on the poles and zeros, only stable poles of the controller can be imposed. No approx-
imation errors are made to convert the pole-zero representation to state-space, hence there will be no risk
of loss of stability or performance in intermediate operating points. Only basic calculations are needed for
the digital implementation of the gain-scheduling controller, since a simple polynomial parameter-dependent
state-space representation is proposed.

Being able to observe the variation of the poles is a benefit incomparison with a direct interpolation be-
tween state-space matrices of controllers designed for fixed operating points. Directly interpolating between
the state-space matrices can lead to unstable controllers for intermediate operating points, due to the fact
that there is usually no direct control over the variation ofthe poles and zeros. The interpolation between
controllers then boils down to a trial-and-error procedureof finding the state-space representation of the
controllers that have the best behavior for intermediate operating points. In [7] for example, it is observed
that an interpolation between the parameters of controllers in observable canonical form leads to instability
in certain operating points, but an interpolation between the controllers in delta-operating form [10] results
in a stable system in each operating point.

The proposed interpolation technique puts no restriction on the number of poles and zeros of the local con-
trollers, so that the method can be applied to complex mechatronic systems. This is in contrast to methods
that use the transfer function form [4], [13], which can be numerically ill conditioned [11] for higher-order
LTI-systems. Small errors on the coefficients of the denominator polynomial, can result in large differences
of the pole locations. The sensitivity grows if higher-order systems are used and particularly when multiple
poles occur.

This procedure also has its restrictions. The algorithm is only valid for SISO-systems. MIMO-systems will
have to be split up in SISO-systems from each input to each output. Another situation that cannot be handled
yet is where complex poles become real or vice versa. Furtherresearch on this topic is needed.

When the variation of the poles, zeros and gains cannot be described accurately enough by an affine function
with only one varying term, then the algorithm can be expanded with more varying terms. This way the
variation of the real parts of the poles and zeros can be modeled differently then the variation of the imaginary
part of the poles and zeros, which leads to arbitrary variations of the poles and zeros in the complex plane.
The number of constant matrices then grows rapidly. The sameexpansion can be used if there is not one
but two scheduling signals. Then the first analytical functions describes the variation as a function of the
first scheduling signal and the second analytical function describes the variation as a function of the second
parameter.

3 Control design for a practical setup

The first part of this section describes the layout and modelling of a pick-and-place machine. Then controllers
are derived based on this model for different operating points.

3.1 Description of the setup

The considered test-case is an industrial 3-axis pick-and place machine shown in Fig. 1 . The Y-motion is
gantry driven by two linear motors and the X-motion of the carriage over the gantry is also driven by a linear
motor. The vertical Z-motion is actuated by a rotary brushless DC-motor which drives a vertical beam by a
ball screw/nut combination. The position of the linear motors and the length of the beam are measured with
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Figure 1: Picture of the setup

optical encoders and the acceleration of the end point of thebeam in the X-direction, representing the tool
tip in this setup, is measured with an accelerometer.

The objective is to move the end point of the beam as accurate and fast as possible along a prescribed
trajectory in the X-Y-Z plane. Fast movements of the linear motor will excite the eigenfrequencies of the
flexible beam and during motion, the length of the beam is continuously changed, giving rise to varying
resonance frequencies. This paper focuses on motion control in one direction, namely in the X-direction, for
different fixed values of the length of the beam in Z-direction.

3.2 Modelling of the setup

The setup is identified for 4 different lengths of the beam. SIMO-models are derived in the X-direction.
The model has one input, the force of the motor, and two outputs: the motor position, which is a collocated
measurement,is the first output and the position of the end-point of the beam, which is a non-collocated
measurement, is the second output. On the setup, the position of the end-point of the beam is obtained
by integrating the accelerometer twice. The integrator is combined with a high-pass filter with a cut-off
frequency of 3 Hz, because no reliable signal can be obtainedunder that frequency.

The modelling is based on frequency response function measurements using multi-sine excitation [8]. The
details of the modelling are not presented in this paper. Thefour SIMO-models are each of tenth order.
Fig. 2 shows the FRF’s of the identified models for four different beam lengths. A mass-line characteristic
(-40dB/decade) is recognised at low frequencies and a varying resonance at higher frequencies, which is the
first eigenfrequency of the beam. At the bottom position of the beam this eigenfrequency is around 30 Hz
and in the highest position it is around 70 Hz. There is also a fixed resonance around 125 Hz, which is most
likely a machine-frame resonance.

3.3 Control design

Both the collocated and the non-collocated measurement in the X-direction are taken as input for the con-
troller. The resulting MISO controller will therefore havetwo inputs and one output. This controller is then
split up in two SISO controllers, so it can be used to make two seperate gain-scheduling controllers by ap-
plying the proposed interpolation technique. Finally, theoutput of both gain-scheduling controllers have to
be summed up.
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Figure 2: FRF’s of the identified state-space models for fourdifferent values of the length of the beam; left:
from motor force (N) to encoder position (m); right: from motor force (N) to the position of the end point of
the beam (m)

The goal of this design is to obtain a stable controller that has good tracking performance of the end-point
of the beam and good disturbance rejection with respect to external forces at the end up to a frequency of 20
Hz.

H∞-techniques are used to design the MISO-controllers. The method that is used to choose the weighing
functions and the inputs and outputs of the general control configuration is described in [9]. Weighting
functions are proposed for which only a few design parameters have to be specified for each control loop:

1. the target bandwidth, which is defined as the frequency where the open-loop gain first crosses unity
from above;

2. the frequency below which the controller must have integral action to suppress low-frequency and
constant disturbances;

3. the frequency beyond which the controller must roll-off,to suppress noise and to achieve robustness
against high-frequency model uncertainty.

These design parameters have a clear interpretation, whichgreatly facilitates their tuning.

The left part of Fig. 3 shows the first set of controllers, which has the position error of the motor encoder as
input and the force of the motor as output. The right part of Fig. 3 shows the second set of controllers, which
has the position error at the end-point of the beam as input and the force of the motor as output.

The single SISO-controllers for different lengths of the beam have each 12 states. The number of poles and
zeros are reduced manually for each SISO-controller to 9 poles and 8 zeros by deleting the higher order
poles and zeros and near pole-zero cancellations. The derivation of the global gain-scheduling controller by
interpolating between the local controllers for this setupis presented next.

4 Application of the interpolation method

4.1 Derivation of the gain-scheduling controller

The interpolation method explained in section 2 is applied to schedule the four controllers created in the
previous section. The first step is to fit affine functions through the poles, zeros and gains of these controllers.
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Figure 3: FRF’s of controllers for four different values of the length of the beam; left: from position error of
the motor encoder (meter) to the motor force (N); right: fromposition error at the end-point of the beam (m)
to the motor force (N)

Figure 4: Pole-zero-map of some of the varying poles and zeros of the controller + the interpolating functions

An affine interpolation withf(l) = l gives a good fit. Fig. 4 shows a part of the pole-zero-map of the
four fixed controllers and the resulting interpolation. It can be seen that the limitation of linear variations
in the complex plane is a good approximation in this case. To evaluate the proposed interpolation, fixed
controllers are designed for intermediate operating points using this linear interpolation. The combination
of these controllers with the local models still fulfill the design specifications. Therefore the proposed linear
interpolation is accurate enough.

The transformation to state-space representation yields 16 constant matrices, 8 for each varying SISO-
controller: theA- and theC-matrices each consist of a sum of three terms (see (3)) and theB- andD-matrices
are parameter independent. The controller parameters are now directly adapted by varying the length of the
beaml in (3). Fig. 5 shows the FRF’s obtained by evaluating the gain-scheduling controllers for 10 different
values of the scheduling parameter, covering the whole parameter range.
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Figure 5: Range of fixed controllers obtained by evaluating the gain-scheduling controller for 10 different
values of the scheduling parameter
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Figure 6: Response of the motor on a step in the setpoint: experiment versus simulation (l = 20 cm)

4.2 Experimental results

To evaluate the gain-scheduling controller, two types of experiments are made. First the dynamic behaviour
of the system is analysed in several intermediate operatingpoints. A good gain-scheduling controller pre-
serves the performance and stability of the closed loop in all intermediate operating points. Secondly the
controller is analysed during trajectories of the parameter, which will only be briefly discussed.

The first experiment shows the performance of the controllerdesigned for a fixed length of the beam (l = 20
cm). The response on a step command can be seen in Fig. 6. The corresponding acceleration signal can be
seen in Fig. 7. In both figures also the response is shown of thesimulated closed-loop in red. There is a good
correspondence between the simulations and the experiments.

In Fig. 8 the disturbance rejection at the end-point of the beam can be seen. A comparison is made be-
tween the time-constants of the exponential decay of the vibrarion at the end-point of the beam with and
without control. Two exponential functions are fitted on this data. Without control the time constant of the
exponential decay is 0.15 seconds, with control this is reduced to 0.075 seconds.

There is an important trade-off in the design of the controller: good command following behaviour without
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Figure 7: Response of the end-point of the beam on a step in thesetpoint: experiment versus simulation
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Figure 8: Acceleration on the setup of the end-point of the beam after a force disturbance: with control (red)
versus without control (blue)

overshoot is contrary to disturbance rejection with respect to external forces at the end-point of the beam. In
this case, more weight is put on the disturbance rejection atthe end-point of the beam, resulting in a rather
large overshoot of the motor when a step is applied.

Next, the gain-scheduling controller is analysed in intermediate operating points. As can be seen in Fig. 11
the performance of the gain-scheduling controller (expressed as the time-constant of the exponential decay
of the vibrations) remains constant for different lengths of the beam. In the same figure, also the performance
of a LTI-controller designed for a fixed length (l = 16 cm) is visualised for different lengths of the beam,
showing that the closed-loop becomes unstable outside a certain interval. Also the natural exponential decay
without control is depicted. It can be seen that the natural damping increases for higher values of the length
of the beam. This can also be seen in the transfer functions ofthe models (Fig. 2).

The second type of experiments evaluates the performance and stability of the closed-loop during trajectories
of the parameter. In Fig. 9 the motor position and the acceleration of the end-point of the beam can be seen
as a response on an agressive setpoint (with continuous djerk). During the motion in the X-direction there is
no motion in the Z-direction. The same responses can be seen in Fig. 10, where there is simulanuous motion
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Figure 9: Left: acceleration of the end-point of the beam; right: (blue) motor position [µ], (red) length of the
beam (is scaled to fit the picture).
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Figure 10: Left: acceleration of the end-point of the beam; right: (blue) motor position [µ], (red) length of
the beam (is scaled to fit the picture).

in X- and Z-direction. Other experiments with simultanous movements in the X- and Z-direction confirm
that the performance remains constant during variation of the parameter. Simulations have shown that the
closed-loop becomes unstable only for sinusoidal variations of the parameter with a frequency around 88
Hz. These reults clearly show that for this application traditional gain-scheduling is an appropriate solution.
First results with LPV controllers designed for the same setup show a substantial amount of conservatism.

5 CONCLUSIONS

This paper presents an interpolation method for the gain-scheduling control of mechatronic systems with
position-dependent dynamics. The proposed interpolationmethod starts with fitting affine functions on the
variation of the poles, zeros and gains of controllers designed in fixed operating points. The next step is
an exact transformation of these functions to a polynomial state-space representation. This is a smooth
interpolation method that can be applied to schedule complex linear controllers while conserving stability
and performance in intermediate operating points.
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Figure 11: Time constants of the exponential decay after an excitation at the end-point of the beam for
different lengths of the beam

This technique is applied on an industrial pick-and-place machine that has position-dependent dynamics.
The experimental results confirm that the performance obtained in fixed working points can be expanded to
the complete range of operating points.

In further research, an extensive comparison will be made with a LPV controller. The derived interpola-
tion method is also extended so it can be used for LPV identification of models with an affine state-space
dependence.
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Abstract
This paper discusses the design of optimal linear controllers for the attenuation of known periodic distur-
bances in linear systems. A general framework is developed allowing for a variety of control configurations,
robustness and performance specifications, and input constraints. The optimal control design is formulated
as a convex optimization problem. To robustify the framework for uncertainty on the disturbance period, two
strategies are proposed and compared to each other for a numerical example: (i) a worst-case strategy and
(ii) a sensitivity-based approach.

1 INTRODUCTION

Regulation of the plant output in the presence of disturbances is a relevant control problem with many
practical applications, for example the design of active vibration isolators for sensitive equipment or the
stabilization of civil structures during earthquakes. Often, the dominant disturbance is known, for instance a
periodic disturbance with a (roughly) known frequency content, such as disturbances originating from nearby
combustion engines or rotating unbalances; or an impact disturbance, such as structureborn impact noise of
punching machines [4]. A controller design that accounts for the characteristics of the dominant disturbance
is most likely to yield a better performance compared to a general regulator design.

Based on the theory of Boyd and Barratt [1], a general framework is developed here to design optimal regu-
lators for periodic disturbances with known frequency content. Since in many applications the period of the
disturbance is only roughly known or subject to small variations, the framework is robustified for uncertainty
on the disturbance period. For this purpose, two strategies are proposed in this paper and compared to each
other for a numerical simulation example.

The key feature of the framework is the formulation of the optimal controller design as a convex optimization
problem. Convex optimization problems are nonlinear optimization problems that have the unique property
that all local optima are also globally optimal. As a result, it is guaranteed that the global optimum be found,
with great speed and without requiring an initial guess. Moreover, trade-off curves of competing performance
specifications are readily obtained for convex optimization problems, as explained in [2].

The framework is elaborated here for the design of a discrete single-input single-output (SISO) feedback
controller for a stable plant. However, it also applies to other control problems. Adaptations needed for
unstable plants are indicated in the text. The extension for multiple-input multiple-output (MIMO) control
and feedforward control is straightforward.

The following nomenclature is used: The sampling time and frequency are denoted byTs andfs, respec-
tively. Time instants are indicated bytk = kTs, and sampled signals byx(k) = x(tk). Discrete transfer
functions (TF) are denoted byX(z), and the corresponding frequency response function (FRF) byX(ω)
(instead ofX(ejωTs)). Vectors and matrices are represented by bold characters, e.g., transfer matrixX(z).
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Section 2 details the methodology of the framework for the design of a SISO feedback controller. Thereafter
the properties of the obtained controllers are illustrated for a simulation example (Section 3). Finally, the
main conclusions are summarized in Section 4.

2 Methodology

This section is organized as follows: Section 2.1 introduces the SISO control configuration for which the
framework is developed. In the framework, the optimal control problem is translated into a numerical op-
timization problem. Section 2.2 elaborates on the essential constraints, such as stability and realizability.
Section 2.3 details the implementation of the performance specifications and input constraints. The resulting
optimization problem and its computational aspects are discussed in 2.4. Section 2.5 proposes two strategies
to improve the robustness of the solution for uncertainty on the disturbance period.

2.1 Control Setup

Figure 1 shows the block diagram of the SISO feedback control system. The dominant disturbanced(k) is
periodic with periodT0 (f0 = 1/T0, ω0 = 2πf0):

d(k) =
M∑

m=−M

Dm exp(jmω0kTs) , (1)

and its frequency content (i.e.,Dm, ∀m) is known. m : {1, . . . ,M} indicates the harmonics ofd(k), and
M the highest harmonic. Besides the periodic disturbanced(k), also sensor noisens(k) and input referred
process noisenp(k), both stochastic signals, are considered.x(k) is the plant output to be regulated,u(k)
the control signal, andy(k) the sensed output.G(z) is the TF of the plant model, andGd(z) the TF of the
disturbance model. Both models are assumed to be stable. The controllerC(z) is designed so as to minimize
the responsex(k) to both the periodic (d(k)) and the stochastic (np(k), ns(k)) disturbances.

C G

u np ns

+

+

+

+

+

+

Gd

+

+

d

y x

Figure 1: Block diagram of a SISO feedback control system.

The control configuration of Fig. 1 is converted into the general control configuration of Fig. 2 where the
exogenous inputw(k), the exogenous outputz(k) and the generalized plantP(z) are given by

w(k) =
[

d(k) np(k) ns(k)
]T ; (2)

z(k) =
[

x(k) y(k) u(k)
]T ; (3)

P(z) =


Gd(z) G(z) 0 G(z)
Gd(z) G(z) 1 G(z)

0 0 0 1
Gd(z) G(z) 1 G(z)

 ; (4)

=
[

P11(z) P12(z)
P21(z) P22(z)

]
. (5)
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The closed-loop transfer matrix is denoted byH(z):

z(k) = H(z)w(k) , (6)

H(z) =

 H11(z) H12(z) H13(z)
H21(z) H22(z) H23(z)
H31(z) H32(z) H33(z)

 . (7)

By including ns(k) and np(k) in w(z), andy(k) and u(k) in z(k), the closed loop is internally stable
wheneverH(z) is stable [1].

P

w

u

z

y

C

Figure 2: General control configuration.

2.2 Internal stability and realizability of H(z)

Boyd and Barratt [1] have shown that many performance and robustness specifications are convex functions
if formulated in the closed-loop transfer matrixH(z). In order to obtain a convex optimization problem, the
optimal control problem is therefore formulated as an optimization problem inH(z). The corresponding
controller C(z) is calculated afterwards. Essential constraints onH(z) are: (i) the closed-loop system
should be internally stable, and (ii)H(z) results from the interconnection of the generalized plantP(z) and
a controllerC(z). The latter constraint imposes the so-called realizability ofH(z) and guarantees that the
corresponding controller can be computed.

2.2.1 Parameterization of H(z)

Boyd and Barratt [1] have shown that the setH of stable, realizable closed-loop transfer matrices is given by
the parameterization

H = {H(z) = T1(z) + T2(z)Q(z)T3(z) |Q(z) stable} . (8)

Transfer matricesT1(z), T2(z) andT3(z) are determined by the plant. Transfer functionQ(z) is called
the free parameter ofH(z) and must be stable. In the case of a stable plant,T1(z), T2(z) andT3(z) equal
P11(z), P12(z) andP21(z), respectively. For unstable plants, representation (8) is also valid but more
cumbersome expressions forT1(z), T2(z) andT3(z) result [1].

By including (8) in the optimization problem both the stability and the realizability ofH(z) are guaranteed.
The stability ofH(z) implies closed loop internal stability, sincens(k) andnp(k) are included inw(z), and
y(k) andu(k) in z(k), as mentioned earlier.

The corresponding controllerC(z) is calculated fromQ(z) and the plantP(z). For the control problem of
Section 2.1,C(z) is given by

C(z) =
Q(z)

1 + P22(z) Q(z)
. (9)
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2.2.2 Model Structure of Q(z)

In choosing a model structure forQ(z) two requirements are essential in order to obtain a convex optimiza-
tion problem. First,Q(z) must depend affinely on its model parameters. Equation (8) showsH(z) to depend
affinely onQ(z) and therefore convex functions ofH(z) are also convex when formulated in terms ofQ(z)
[2]. By using a model structure that relatesQ(z) affinely to its model parameters, the convexity of functions
of H(z) is preserved when formulated in the model parameters ofQ. Second, the stability ofQ(z) must not
require nonconvex constraints on its model parameters.

In this paper a finite-impulse-response (FIR) model of lengthL is proposed as the model structure forQ(z):

Q(z) =
L−1∑
l=0

ql z
−l . (10)

This model structure fulfills both of the aforementioned requirements, since (i)Q(z) depends afifinely on
the model parametersql, and (ii) actually no constraints are required to impose stability ofQ(z), since (10)
is stable∀ql ∈ R.

2.3 Performance Specifications and Input Constraints

For an overview of the performance specifications and input constraints that result in a convex optimization
problem, the reader is referred to [1]. For the optimal attenuation of periodic disturbances, the following
performance specifications and input constraints are relevant:

2.3.1 Performance Specifications

The controller design aims at reducing the responsex(k) as much as possible. Both components ofx(k),
i.e., the periodic and the stochastic component, are considered:

- periodic component:f1, the mean square of the periodic component ofx(k) quantifies the response to
d(k). f1 is calculated from the harmonic componentsXm of this periodic response:

f1 = 2
M∑

m=1

|Xm|2 , (11)

where
Xm = H11(mω0)Dm , ∀m :1, . . . ,M . (12)

- stochastic component: The influence of the process noisenp(k) on x(k) is quantified byf2, the
weightedH∞-norm ofH12:

f2 = M12 , (13)

whereM12 satisfies ∣∣∣∣H12(ω)
W12(ω)

∣∣∣∣ ≤ M12 , ∀ω ∈ [0, πfs] . (14)

Similarly, the influence of the sensor noisens(k) onx(k) is quantified byf3, the weightedH∞-norm
of H13:

f3 = M13 , (15)

whereM13 satisfies ∣∣∣∣ H13(ω)
W13(ω)

∣∣∣∣ ≤ M13 , ∀ω ∈ [0, πfs] . (16)

Weighting functionsW12(ω) andW13(ω) are real-valued functions, chosen by the control engineer.
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2.3.2 Input Constraints

In order to obtain a realistic actuator signal, bound and rate constraints on the periodic componentup(k) of
u(k) are imposed:

|up(k)| ≤ umax , ∀k ∈ N ; (17)

|up(k+1)− up(k)| ≤ u̇max , ∀k ∈ N . (18)

up(k) is the closed-loop response tod(k) and therefore given by

up(k) =
M∑

m=−M

Um exp(jmω0kTs) , ∀k : 1, . . . , Nd ; (19)

Um = H31(mω0)Dm , ∀m : 1, . . . ,M . (20)

2.3.3 Discretization

Goal functionsf2 (13) andf3 (15) require the evaluation of constraints (14,16) on the interval[0, πfs],
resulting in an infinite dimensional optimization problem. To reduce this optimization problem to a finite
dimensional problem, a finite numberN of time instants are considered. This corresponds to a discretization
of the frequency axis:δf = fs/N , δω = 2πδf . N has to be chosen such that the time windowNTs

corresponds to an integer number of periods ofd(k).

2.4 Numerical Optimization Problem

For reasons of computational efficiency, the second-order cone constraints (14,16) are approximated by:∣∣<(
H12(ω)

)∣∣ +
∣∣=(

H12(ω)
)∣∣ ≤ M12W12(ω) ; (21)∣∣<(

H13(ω)
)∣∣ +

∣∣=(
H13(ω)

)∣∣ ≤ M13W13(ω) . (22)

These constraints can be transformed into a set of linear inequality constraints [2]. Without this approxima-
tion, the optimization problem is a second-order cone program (SOCP) and hence convex. The approxima-
tion reduces the SOCP to a convex quadratic program (QP). For QPs very reliable and efficient solvers exist,
like MINOS [3], used here.

Compared to (14,16), constraints (21,22) are conservative. The results of Section 3.3 however show that for
the simulation example of Section 3.1 this conservatism is limited.

The structure of the resulting optimization problem is described below. The following subscripts are used:
n : {0, . . . , N/2} indicates the frequency lines,k : {0, . . . , N−1} the time samples,m : {1, . . . ,M} the
harmonics ofd(k), andl : {0, . . . , L−1} the parametersql of the FIR-model ofQ(z).

Variables: the real and imaginary part of the complex variablesH(nδω), Q(nδω), Xm andUm; and the
real variablesql andup(k).
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Constraints:

H(nδω) = T1(nδω) + T2(nδω)Q(nδω)T3(nδω) ; (23)

Q(nδω) =
L−1∑
l=0

ql exp(−jnδωlTs) ; (24)

Xm = H11(mω0) Dm ; (25)

Um = H31(mω0) Dm ; (26)

up(k) =
M∑

m=−M

Um exp(jmω0kTs) ; (27)∣∣<(
H12(nδω)

)∣∣ +
∣∣=(

H12(nδω)
)∣∣ ≤ M12W12(nδω) ; (28)∣∣<(

H13(nδω)
)∣∣ +

∣∣=(
H13(nδω)

)∣∣ ≤ M13W13(nδω) ; (29)

|up(k)| ≤ umax ; (30)

|up(k+1)− up(k)| ≤ u̇max . (31)

Goal Function: In order to take bothf1, f2 andf3 into account, a weighted sum of these three goal functions
is used:

f = f1 + α2f2 + α3f3 . (32)

Because the optimization problem is convex, the trade-off surface for these three goal functions can be readily
computed by varyingα2 andα3 in (32) and solving the corresponding optimization problem [2]. Moreover
the convexity guarantees that for each optimization problem instance the global optimum is found with great
speed.

2.5 Robust Implementation for Uncertainty on ω0

In many applications the periodT0 of the disturbance is only roughly known or subject to small variations.
Therefore special attention is paid to the robustness of the results with respect to uncertainty onω0. Two
strategies are adopted to increase the robustness under this uncertainty. This subsection describes these
strategies, together with the adaptations needed to the above described non-robust optimization problem.

2.5.1 Worst-Case Goal Function

This implementation assumes the upper and lower bound ofω0 to be known:ω0 ∈ [ωL, ωU ]. In this interval
a finite number of values forω0 are considered, namely, those coinciding with a discrete frequency line:

{ωi
0} = {ω0 ∈ [ωL, ωU ] | ∃n ∈ N : ω0 = nδω} . (33)

Goal functionf1 (11) is replaced by its worst-case value forω0 ∈ {ωi
o}:

f1,wc = Mf1 , (34)

where

f i
1 = 2

M∑
m=1

|Xi
m|2 ≤ Mf1 , ∀i , (35)

Xi
m = H11(mωi

0)Dm , ∀m , ∀i . (36)

Adding convex quadratic constraints (35) to the optimization problem results in a convex quadratically con-
strained quadratic program, instead of a QP.
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2.5.2 Sensitivity-Based Approach

Robustness of the solution for uncertainty onω0 requires that the mean square value ofx(k) does not vary too
much wheneverω0 varies, or equivalently, that|H11(ω)|may not vary too much aroundmω0, m : 1, . . . ,M .
The variation of|H11(ω)| can be limited by enforcing the first and higher order derivatives of|H11(ω)| to be
zero atmω0. In this paper, only the first and second order derivatives are constrained:

d|H11(ω)|
dω

∣∣∣∣
mω0

=
d2|H11(ω)|

dω2

∣∣∣∣
mω0

= 0 , ∀m . (37)

Since these constraints are not convex, they are replaced by

d<
(
H11(ω)

)
dω

∣∣∣∣
mω0

=
d2<

(
H11(ω)

)
dω2

∣∣∣∣
mω0

= 0 ; (38)

d=
(
H11(ω)

)
dω

∣∣∣∣
mω0

=
d2=

(
H11(ω)

)
dω2

∣∣∣∣
mω0

= 0 . (39)

This approximation is only little conservative whenever both<
(
H11(mω0)

)
and=

(
H11(mω0)

)
are small,

which may be expected since this is the goal of the controller design.

Constraints (38,39) constitute a set of4M linear equality constraints in the FIR parametersql of Q(z)1.
Consequently, by adding these constraints to the optimization problem, it remains a QP.

Compared to the worst-case strategy, this sensitivity-based approach does not start from an uncertainty in-
terval for which robustness is guaranteed. It is a local strategy in the sense that the constraints only enforce
|H11(ω)| to be constant near the nominal value ofω0, but nothing is known about the interval ofω0 for which
this approach yields good performance.

3 Numerical Results

This section illustrates the framework for the simulation example introduced in Section 3.1. Section 3.2
discusses the trade-off betweenf1 (11) andf3 (15) for both the non-robust and the robust implementations.
For certain points of these trade-off curves, the corresponding closed-loop system is discussed in detail in
Section 3.3.

3.1 Simulation Example

To illustrate the framework, it is used to design a regulator for the system shown in Fig. 3. The mass
m = 0.5 kg is supported by an active suspension system composed of a spring (spring constantk = 400
N/m), a damper (damping constantc = 3 Ns/m), and an actuator, delivering the forceF . The resonance
frequency of this system equals4.5 Hz. The disturbancëxg [m/s2] enters at ground level. The goal of the
controller design is to minimize the mass accelerationẍm [m/s2]. This example translates as follows to the
control configuration of Fig. 1:

d = ẍg ; (40)

x = ẍm ; (41)

u = F ; (42)

G(s) =
s2

ms2 + cs + k
; (43)

Gd(s) =
cs + k

ms2 + cs + k
. (44)

1Imposing the higher order derivatives of=
�
H11(ω)

�
and<

�
H11(ω)

�
to equal zero would also result is linear equality con-

straints inql.
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m ẍm

ẍg

Figure 3: Simulation example: actively suspended mass.

The continuous transfer functions are discretized using the zero-order-hold discretization rule withfs = 100 Hz.
ẍg is assumed to be purely harmonic:M = 1, andD1 = 0.01 m/s2. The nominal value ofω0 equals9π rad/s
(f0 = 4.5 Hz), and for the worst-case robust implementation a maximal uncertainty of1π rad/s is considered:
ω0 ∈ [8π, 10π] rad/s.

For the optimization problem,N = 1000 time samples are considered.Q(z) is parameterized by a FIR-
model of lengthL = 250. In order to obtain results that are independent of the actuator specificationsumax

and u̇max, the input constraints (17,18) are dropped. As a result, the non-robust optimization problem has
2255 variables, 2004 linear equality constraints, and 2000 linear inequality constraints.

In the goal function (32), the influence of the process noise is assumed to be negligible:α2 = 0. For the
computation off3, H13(ω) is weighted by:

W13(ω) = (50π)2/ω2 . (45)

This weighting function emphasizes the higher frequencies, and is typically used to enforce a high frequency
roll-off of the loop gain [5].

To compute the trade-off curves,MINOS requires on the average 60 CPU seconds per optimization problem
instance on an opteron processor.

3.2 Trade-off curves

Fig. 4 shows the trade-off curve forf1, the mean square of the harmonic component ofx(k), andf3, the
weightedH∞-norm ofH13(ω). The trade-off curve is shown for the non-robust implementation (‘nonrob’),
the worst-case robust approach (‘wc’) and the sensitivity-based robust approach (‘sens’). Note that for the
worst-case approach, the abscissa corresponds tof1,wc (34) instead off1.

By varying α3 from 0 to∞, the trade-off curve is traced from left to right. For each approach a better
regulation performance for the periodic disturbanced(k) (lowerf1) comes at the cost of a higher sensitivity
to sensor noisens(k) (higherf3). The trade-off curves allow us to numerically quantify this intuitive insight.
The trade-off curves do not exhibit a really pronounced ‘knee’. They still suggest, however, that it is not
advisable to choosef1 (f1,wc) below, say0.25 · 10−3 m2/s4 since this results in a strong increase in noise
sensitivity compared to the achievable reduction off1.

Figure 4 shows that, for a fixed value off1, both robust implementations always have a higher value off3

compared to the non-robust implementation, which is of course the cost for the increased robustness. For the
worst-case approach, this cost decreases monotonically as a function off1,wc and eventually vanishes. For
the sensitivity-based approach, is is always nonzero and minimal aroundf1 = 0.25 · 10−3 m2/s4.

The rightmost point on the trade-off curve of the non-robust and the worst-case robust approach corresponds
to the open loop system2:

C(z) ≡ 0 ⇒ H13(z) ≡ 0 ⇒ f3 = 0 , (46)

⇒ H11(z) ≡ Gd(z) . (47)
2Note that these rightmost points in general do not coincide. This is the case for the simulation example since for the open loop

system the worst case value off1 for ω0 ∈ [8π, 10π] rad/s is the value atω0 = 9π rad/s.
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Figure 4: Trade-off curve betweenf1 andf3 for the non-robust implementation (’nonrob’), the worst-case
robust approach (’wc’) and the sensitivity-based robust approach (’sens’);α2 = 0.

This can be understood as follows:α3 = ∞ implies that the control engineer is only interested in reducing
the sensitivity ofx(k) to sensor noise as much as possible. This is achieved ifC(z) ≡ 0, since in that case
the sensor noise is no longer fed back to the system. However, the open loop system can only be a solution
of the optimization problem if the correspondingH(z) complies with all constraints. This is the case for the
non-robust and the worst-case approach, but not for the sensitivity-based approach, sinceH11(ω) ≡ Gd(ω)
does not fulfil constraints (38,39) imposed in the latter approach. This explains why for the sensitivity-based
approach the rightmost point of the trade-off curve does not correspond tof3 = 0.

3.3 Evaluation of the results

This subsection evaluates the closed loop system at the intersection points of the trade-off curves with the
horizontal linef3 = 0.03.

3.3.1 Performance Trade-off

Figure 5 shows the amplitude of both the sensitivity function,S(ω), and the complementary sensitivity
function,T (ω). For the control system of Section 2.1 these functions are defined as [5]

S(ω) ≡ 1
1− C(ω)G(ω)

; (48)

T (ω) ≡ C(ω)G(ω)
1− C(ω)G(ω)

. (49)

For the control problem of Section 3.1,T (ω) corresponds toH13(ω). By using weighting function (45) for
the weightedH∞-norm ofH13(ω), a second-order roll-off ofT (ω) at high frequencies is obtained.

Looking at the sensitivity function, good attenuation of the periodic disturbance corresponds to a low value
of |S| atω0 = 9π rad/s (in Fig. 5ω0 is indicated by the vertical dotted line).S(ω) peaks at low frequencies
since at these frequencies no restrictions are imposed onS(ω). Since the following property applies toS(ω)
andT (ω), [5]: ∣∣|S(ω)| − |T (ω)|

∣∣ ≤ 1 , (50)

T (ω) also has a high amplitude at low frequencies. This undesired low-frequency behavior can be pre-
vented by considering low frequency process noise, by including the weightedH∞-norm ofS(ω) in the goal
function, or by changingW13(ω) appropriately.

The trade-off betweenf1, the regulation of the periodic disturbance, andf3, the attenuation of the sensor
noise translates as follows toS(ω) andT (ω): Minimizing f3 aims at reducing the bandwidth, the frequency
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Figure 5: Amplitude of the complementary sensitivity functionT (ω) and the sensitivity functionS(ω) for
the non-robust implementation (’nonrob’), the worst-case robust approach (’wc’) and the sensitivity-based
robust approach (’sens’);f3 = 0.03.
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Figure 6: Amplitude ofH11(ω) for the non-robust implementation (’nonrob’), the worst-case robust ap-
proach (’wc’), the sensitivity-based robust approach (’sens’) and the open loop system (’open loop’);
f3 = 0.03.

at whichT (ω) crosses the -3dB line, of the closed-loop system as much as possible. Whenever a sufficiently
high weight onf1 is imposed, the sensitivity function prevents the bandwidth from dropping below9π rad/s,
since at this point|S| ' 0 and consequently,|T | ' 1.

3.3.2 Robustness Analysis

Figure 6 shows the amplitude ofH11(ω) for ω close to9π rad/s, the nominal value ofω0. Since in the
simulation exampled(k) contains only one harmonic, robustness of the solution for uncertainty onω0 is
readily assessed from the amplitude plot ofH11(ω) nearω0 = 9π rad/s. Robust solutions are characterized
by a low amplitude not only forω0 = 9π rad/s, but also for the nearby frequencies.

At 9π rad/s the non-robust approach has the largest attenuation of the disturbance, but the solution is clearly
not robust for uncertainty onω0. Within an uncertainty range of 1 rad/s, the periodic disturbance may even
be amplified. Both the robust approaches yield less attenuation atω0 = 9π rad/s, but for small deviations in
f0, they still provide a good attenuation ofd(k).

Remark that in order to obtain a finite dimensional optimization problem, the framework imposes a dis-
cretization of the frequency axis. This may lead to an underestimation of both the weightedH∞ norms of
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H12(z) (14) andH13(z) (14) and the worst-case goal functionf1,wc (34). For the simulation exampleδf
equals 0.1 Hz. In Fig. 5 and 6, a higher frequency resolution of 0.001 Hz is used in order to show that for
this application the discretization causes no problems.

4 Conclusion

A general framework is developed for the design of optimal regulators for periodic disturbances with known
frequency content. Compared to classicalH∞-synthesis the proposed framework has the following advan-
tages: First, it naturally allows focussing on disturbance rejection at discrete frequencylines. H∞-synthesis,
on the other hand, is naturally suited to impose vibration suppression in a frequencyrange, which is too
strict a constraint in the case of disturbances with few harmonics, and therefore might result in a loss of
performance. Numerically quantifying this performance loss is the subject of future work. Second, input
constraints such as bound and rate constraints on the control signal are readily implemented in the frame-
work, while this implementation is more cumbersome inH∞-control. Third, the framework allows for the
computation of trade-off curves for competing performance specifications which is not straightforward in
H∞-control.

Future research will address the applicability of the framework to other kinds of disturbances like impact
disturbances. It will also be investigated how the robustness strategies adopted in this paper extend to other
kinds of uncertainties, like uncertainty on the frequency content,Dm, of d(k) or parametric plant uncertain-
ties.
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Abstract
This paper investigates the so-called ”negative capacitance” method for the damping of a piezoelectric truss
structure. This method mainly consists of shunting the electrodes of a piezoelectric actuator with an elec-
tronic circuit simulating the behavior of a negative capacitance. First, different classical methods for the
damping of a truss structure are re-examined. They are compared with each other and key parameters are
highlighted. Then, the negative capacitance method is introduced using the same formulation. It is shown
that a piezoelectric transducer acting in parallel with a negative capacitance can be viewed as an equivalent
transducer with enhanced electromechanical coupling factor. Two different implementations are introduced;
their stability is examined and conditions under which they can be implemented are highlighted. Finally,
experimental results are presented.

1 Introduction

The active damping of a truss with piezoelectric struts has been largely motivated by producing large,
lightweight spacecrafts with improved dynamic stability; this classical problem has received a lot of at-
tention over the past 15 years. A solution known as Integral Force Feedback (IFF) has been proposed; it
is based on a collocated force sensor and has guaranteed stability provided perfect amplifier and actuator
dynamics [1].

Active control implies power electronics (for the piezoelectric actuator) as well as complex electronic (for
the sensor): this may be impractical in many applications and has motivated the use of passive electrical
networks as damping mechanisms [2], [3], [4]. In its simplest form, the electrical network consists of a
single resistor. Another popular form consists of a RL circuit. It was first proposed in [2]; if the natural
frequency of the electrical circuit is tuned on the natural frequency of one mode, the system behaves like
a tuned mass damper [3]. Remarkable performances can be achieved if the shunt parameters are perfectly
tuned, but they drop rapidly when the natural frequency drifts away from its design value.

The efficiency of any passive shunt damping mechanism depends very much on the ability to transform
mechanical (strain) energy into electrical energy, that is to transfer strain from the vibrating structure to the
transducer material, and to transform the strain energy into electrical energy inside the active material; the
latter is measured by the electromechanical coupling factor k. This factor will be an important parameter in
the study.

The maximum achievable damping with resistive shunting alone is generally limited. To overcome this
limitation, an active shunt has been proposed in the literature [5], [6], [7], [8], [9] that consists of shunting
the piezoelectric transducer with a resistor plus an electrical circuit simulating the behavior of a negative
capacitance. This method is known for enhancing the dissipation of energy in the resistor, at the expense of
the passivity of the system. We will show that this assembly can be viewed as an equivalent transducer with
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enhanced electromechanical coupling factor: the same techniques that have been described before can then
be used, but their efficiency is improved to a large extent.

Two different approaches have been used in the literature to implement the negative capacitive shunt: the
series shunt and the parallel shunt. We will show that their behavior and stability conditions are quite
different, and propose an electronic implementation for each of them.

2 Piezoelectric stack actuator

+
_

Cross section:
Thickness:

# of disks in the stack:

Electric charge:

Capacitance:

A
t

n
l = nt

Q = nAD

Electrode

Free piezoelectric expansion:
Voltage driven:

Charge driven:

Figure 1: Piezoelectric linear stack actuator.

Consider the constitutive equations of a one-dimensional piezoelectric material:
{

D
S

}
=

[
εT d33

d33 sE

] {
E
T

}
(1)

or {
D
T

}
=

[
εT (1− k2) e33

−e33 cE

]{
E
S

}
(2)

where the standard IEEE notations have been used. k2 = d33
2

sEεT is called the electromechanical coupling
factor of the material; it measures the efficiency of the conversion of mechanical energy into electrical
energy, and vice versa.

If one assumes constant strain, stress and electric field over the actuator, the constitutive equations can be
integrated over the volume of the actuator. With the notation of Fig.1, one gets

{
Q
∆

}
=

[
C nd33

nd33 1/Ka

] {
V
f

}
(3)

where Q = nAD is the total electric charge on the electrodes of the transducer, ∆ = Sl is the total extension
(l = nt is the length of the transducer), f = AT is the total force and V the voltage applied between the
electrodes of the transducer, resulting in an electric field E = V/t = nV/l. C = εT An2/l is the capacitance
of the transducer with no external load (f = 0), Ka = A/sEl is the stiffness with short-circuited electrodes
(V = 0). Note that the electromechanical coupling factor can be written alternatively

k2 =
d33

2

sEεT
=

n2d33
2Ka

C
(4)

Eq. 3 can be inverted {
V
f

}
=

Ka

C(1− k2)

[
1/Ka −nd33

−nd33 C

]{
Q
∆

}
(5)
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from which we can see that the stiffness with open electrodes (Q = 0) is Ka/(1 − k2) and the capacitance
for a fixed geometry (∆ = 0) is C(1− k2). Typical values of k are in the range 0.3− 0.7; for large k, the
stiffness changes significantly with the electrical boundary conditions, and similarly the capacitance depends
on the mechanical boundary conditions.

3 ”Classical” damping methods

This section investigates the behavior of an active (Integral Force Feedback) and a passive (resistive shunting)
damping methods. Most of the content of this section has already been presented [10]; it is summarized here
for clarity, as it will give insights on the effects of the negative capacitance shunt.

3.1 Structural equations

Piezoelectric

Transducer

Structure

R

Figure 2: Linear structure equipped with a piezoelectric stack actuator.

Consider the linear structure of Fig.2, assumed undamped for simplicity, and equipped with a discrete piezo-
electric stack transducer. The dynamics of the structure alone (without the piezo stack) is governed by

Mẍ + Kx = F (6)

F = bf (7)

∆ = bT x (8)

where K is the stiffness matrix with the active strut removed, b is the influence vector of the active strut in
the global coordinate system and ∆ is the total extension of the active strut. Combining Eq. 3, 6, 7 and 8,
one gets the constitutive equations of the piezoelectric structure (in Laplace form):

Ms2x + (K + Kabb
T )x = bKand33V (9)

sC(1− k2)V + snd33Kab
T x +

V

R
= I (10)
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3.2 Integral Force Feedback

3.2.1 Voltage control

In case of voltage control, Eq. 10 becomes irrelevant and Eq. 9 applies alone. From Eq. 3, the force in the
active strut (as measured with a collocated force sensor with appropriate electronics) writes:

y = f = Ka(bT x− nd33V ) (11)

According to the IFF, the collocated force output is integrated and fed back to the voltage actuator:

nd33V =
g

Kas
y (12)

1/s is the integral effect; the constant gsKa at the denominator is for normalization purpose. Combining
Eq. 9, 11 and 12, one gets the closed-loop characteristics equation of the system:

[Ms2 + (K + Kabb
T )− g

s + g
(Kabb

T )]x = 0 (13)

The asymptotic roots for g → 0 (open-loop poles) satisfy

[Ms2 + (K + Kabb
T )]x = 0 (14)

The solutions of this eigenvalue problem are the natural frequencies ωi of the global structure when the
electrodes of the transducer are short-circuited. On the other hand, the asymptotic roots for g → ∞ (open-
loop zeros, zi) are solutions of the eigenvalue problem

[Ms2 + K]x = 0 (15)

which corresponds to the situation where the axial contribution of the transducer to the structural stiffness
has been removed.

Re(s)

Im(s)

Resistive Shunting

IFF charge control

IFF voltage control

(Actuator with
Open electrodes)

(Actuator with Short-
circuited electrodes)

(Actuator removed)

Figure 3: Root locus plots corresponding to various control configurations.

Modal coordinates Let us change coordinate according to x = Φα, assuming that the mode shapes Φ are
normalized according to ΦT MΦ = I . The mode shapes Φ are solution of the eigenvalue problem of Eq. 14,
i.e. they are computed for the structure with short-circuited electrodes.

Denoting
φT (K + Kabb

T )Φ = ω2 = diag(ω2
i ) (16)

122 PROCEEDINGS OF ISMA2006



where ωi are the natural frequencies of the system with short-circuited electrodes, Eq. 13 becomes:

[Is2 + ω2 − g

s + g
ΦT (Kabb

T )Φ]α = 0 (17)

The matrix ΦT (Kabb
T )Φ is in general fully populated; assuming that it is diagonally dominant, and neglect-

ing the off-diagonal terms, it can be rewritten

ΦT (Kabb
T )Φ ' diag(νiω

2
i ) (18)

where

νi =
ΦT

i (Kabb
T )Φi

ΦT
i (K + KabbT )Φi

(19)

is the fraction of modal strain energy in the active strut when the truss vibrates according to mode i.

Eq. 13 is now reduced to a set of uncoupled equations:

s2 + ω2
i −

g

s + g
νiω

2
i = 0 (20)

Denoting
z2
i = ω2

i (1− νi) (21)

we can transform Eq. 20 into

1 + g
s2 + z2

i

s(s2 + ω2
i )

= 0 (22)

which shows that every mode follows a root locus with poles at±jωi and at s = 0, and zeros at±jzi (Fig. 3).
From Eq. 15, we know that the zeros are the natural frequencies of the structure when the axial contribution
of the transducer to the stiffness matrix has been removed. The maximum modal damping is given by

ξmax
i =

ωi − zi

2zi
(23)

and it is achieved for g = ωi

√
ωi/zi. Note that, since Eq. 21 relating the zeros zi, the poles ωi and the fraction

of modal strain energy νi is approximate, one can use the roots of Eq. 15 as zi when drawing the root locus of
Eq. 22. The approximation consisting of neglecting the off-diagonal terms in Eq. 18 is essentially equivalent
to assuming that every single loop from ωi to zi can be drawn independently of the other neighboring loops.

3.2.2 Charge control

In case of charge control, Eq. 9 and 10 (with R →∞) apply. Eliminating V between Eq. 9 and 10, one gets
the characteristic equation of the system:

[
Ms2 +

(
K +

Ka

1− k2
bbT

)]
x = b

Ka

1− k2
nd33

I

sC
(24)

We use an IFF control on the charge Q (equivalent to a proportional control on the current I):

nd33Q/C =
(1− k2)g

Kas
y (25)

Following the same procedure as in the previous section, it is readily found that the closed-loop poles are
solutions of

1 + g
s2 + z2

i

s(s2 + Ω2
i )

= 0 (26)
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which is the same as Eq. 22, except that the natural frequencies Ωi with open electrodes are used instead of
ωi (with short-circuited electrodes). The root locus is again plotted in Fig. 3, and the maximum damping
ratio is given by Eq. 23 with Ωi instead of ωi.

Note that, assuming that the displacement mode shapes φi are independent of the electric boundary condi-
tions, on gets:

Ω2
i ' ω2

i (1 +
k2νi

1− k2
) (27)

3.3 Passive damping via resistive shunting

Using again Eq. 9 and 10, one gets the eigenvalue problem:

[Ms2 + (K + Kabb
T ) +

k2Kabb
T

(1− k2) + 1/sRC
]x = 0 (28)

where R is the value of the shunt resistor. One sees that when R = 0, it is identical to Eq. 14, leading to the
frequencies ωi (short-circuited). For R →∞, it becomes identical to Eq. 24 with I = 0, leading to Ωi (open
electrodes). Going into modal coordinates and denoting % = RC, one finds that every mode follows the root
locus form

1 +
1

%(1− k2)
s2 + ω2

i

s(s2 + Ω2
i )

= 0 (29)

According to this equation, when % varies from ∞ to 0, the poles follow a root locus shown in Fig.3. The
poles are in this case at ±jΩi (open electrodes) while the zeros are at ±jωi (short-circuited). As in the
previous sections, the maximum achievable damping is given by

ξmax
i =

Ωi − ωi

2 ωi
' Ω2

i − ω2
i

4 ω2
i

(30)

and, using Eq. 27,

ξmax
i =

k2νi

4(1− k2)
(31)

(it is achieved for [ρ(1 − k2)]−1 = Ωi

√
Ωi/ωi.) This equation points out the influence of the fraction of

modal strain energy νi and the electromechanical coupling factor on passive damping with resistive shunting.

3.4 Generalized electromechanical coupling factor

It is well known that the electromechanical coupling factor of a piezoelectric transducer alone can be derived
from an admittance measurement. If p and z are respectively the pole and the zero in the admittance curve,

k2 =
z2 − p2

z2
(32)

By analogy, if we consider the poles ωi and zeros Ωi in the admittance curve of the transducer when it is
mounted in the structure, one can define the generalized electromechanical coupling factor of mode i as

K2
i =

Ω2
i − ω2

i

Ω2
i

(33)

Using Eq.27, one finds

K2
i =

k2νi

1− k2 + k2νi
(34)

K2
i combines material data with information about the structure; K2

i = k2 if νi = 1. The maximum
performance of resistive shunting, Eq. 31, is directly related to the generalized electromechanical coupling
factor, as we have

ξmax
i,resistive ≈

K2
i

4
(35)
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4 Damping enhancement with a negative capacitance shunt

In most realistic applications, the difference between ωi and Ωi (as approximated by Eq. 27) will be limited,
severely impacting the performances of resistive shunting. An inductive shunt would produce better results,
but it is limited to a very narrow bandwidth and performances drop rapidly when the natural frequency drift
away from its nominal value. To overcome this limitation, it has been proposed in the literature [5], [6], [7],
[8], [9] to add an active shunt to the resistor. This active shunt would simulate the behavior of a negative
capacitance and enhance the dissipation of energy in the resistor. Two different methods have been proposed:
the series shunt (Fig. 4 a) and the parallel shunt (Fig. 4 b).

Note that in both configurations, the resistor R could also be replaced by a RL electric circuit, although this
will not be investigated here.

Negative
Capacitance

-C’

R

Negative
Capacitance

-C’
R

(a) (b)

Figure 4: Two different ways for implementing the negative capacitance shunt on a piezoelectric actuator:
(a) in series with the resistor R, (b) in parallel

4.1 Enhancement of the electromechanical coupling factor

4.1.1 Series shunt

b) Equivalent piezo

Negative
capacitance

a) Piezo (C?; k?2; d?33;K
?
a)

C? = 1àC=C0
C

1àC=C0(1àk2)
1àC=C0

d?33 = 1àC=C0
1 d33

k?2 = 1àC=C0(1àk2)
k2

K?
a = Ka

à C0

Vp

Figure 5: (a) Negative capacitive shunt in series and (b) Equivalent piezo with enhanced electromechanical
factor

Let us suppose that the resistor R be nonexistent (R = 0). According to Fig.5 (a), we have

V = Vp − Q

C ′ (36)
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Introducing Eq.36 into Eq.3, one easily gets the constitutive equations of the new system “piezo stack +
negative capacitance in series”:

{
Q
∆

}
=

[
C

1−C/C′
nd33

1−C/C′
nd33

1−C/C′
k2C/C′+1−C/C′

(1−C/C′)Ka

]{
V
f

}
(37)

which means that the new system can be regarded as an equivalent transducer whose piezoelectric parameters
are given by (Fig. 5b):

C? =
C

1− C/C ′ K?
a =

1− C/C ′

1− C/C ′(1− k2)
(38)

d?
33 =

d33

1− C/C ′ k2? =
k2

1− C/C ′(1− k2)
(39)

In other words, adding a negative capacitance in series with the piezo will decrease its short-circuited stiffness
Ka and therefore the natural frequencies ωi of the structure. One can also check that the open-circuit stiffness
does not change: K?

a
1−k2? = Ka, which means that the open-circuit natural frequencies Ωi are not affected by

the negative capacitance. Looking at Eq.30, one readily sees that the damping that can be obtained with a
resistive shunt is increased by the addition of the negative capacitive shunt. Using Eq.34, it is found that the
new generalized electromechanical coupling factor of the structure is given by:

K2?
i =

K2
i

1− C/C ′(1−K2
i )

(40)

which is the same as Eq. 39, but with Ki instead of k.

4.1.2 Parallel shunt

(b) Equivalent piezo

Negative
Capacitance

(a) Piezo (C?; k?2)

C? = CàC0à C 0

k?2 =
CàC 0
k2C

Q Qp
Q

Figure 6: (a) Negative capacitive shunt in parallel and (b) Equivalent piezo with enhanced electromechanical
factor

Let us suppose once again that the resistor R be nonexistent (R →∞). According to Fig.6 (a), we have

Q = Qp − C ′V (41)

Introducing Eq.41 into Eq.3, one gets once again the constitutive equations of the new system “piezo stack
+ negative capacitance in parallel”:

{
Q
∆

}
=

[
C − C ′ nd33

nd33 1/Ka

]{
V
f

}
(42)
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which means that the new system can be regarded as an equivalent transducer whose piezoelectric parameters
are given by (Fig. 6b):

C? = C/C ′ (43)

k2? =
k2

1− C ′/C
(44)

This time, it appears that the short-circuited stiffness Ka of the system (and thus the ωi) is unaffected by the
negative capacitance, and that the open-circuit stiffness K?

a/(1 − k2?) increases (along with the Ωi). Once
again, this will increase the damping that can be obtained with a resistive shunt. Coupling Eq.34 and 44, the
new generalized electromechanical coupling factor of the structure reads:

K2?
i =

K2
i

1− C ′/C
(45)

4.2 Stability

4.2.1 Feedback diagram

The stability of any active shunt, be it series or parallel, can be assessed looking at the feedback diagrams of
Fig. 7.

+

à

Ystructure

Zshunt

V

Zshunt

V1 V2

I

V

V1

V2
I V

+

à

Zstructure

Yshunt

V

I i1

i2

Yshunt

I
I1

I2

a) b)

Figure 7: (a) Feedback diagram for a series shunt (b) feedback diagram for a parallel shunt

4.2.2 Ideal Negative capacitance

The electrical admittance Y = I/V of a piezoelectric stack actuator inserted in a structure writes [11]:

Y (s) =
I

V
= sC(1− k2 + k2

∑

i

νiω
2
i

s2 + 2ξiωis + ω2
i

) (46)

where all the notations have already been defined. It is a FRF whose poles (V = 0) are the natural frequencies
of the short-circuited structure (ωi) and whose zeros (I = 0) are the natural frequencies of the open-circuited
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structure (Ωi). Poles and zeros alternate along the imaginary axis, and the phase of Y (s) always remains
between [−π

2 , π
2 ].

Series shunt: Assuming R = 0, the open-loop transfer function YstructureZshunt writes:

OL = YstructureZshunt = − C

|Cneg|(1− k2 + k2
∑

i

νiω
2
i

s2 + 2ξiωis + ω2
i

) (47)

It is readily checked that, at low frequency (ω → 0), the open-loop FRF is real and equal to:

OL|ω=0 = − C

|Cneg|(1− k2 + k2
∑

i

νi) = −Cstatic

|Cneg| (48)

A necessary stability condition writes thus:

|Cneg| > C(1− k2 + k2
∑

i

νi) = Cstatic (49)

where Cstatic denotes the capacitance at low frequencies of the piezo stack inserted in a structure [11]. The
phase of the open-loop transfer function remains between [0, π]: one can check that the system is gain-
stabilized provided that Eq.49 is fulfilled. The stability condition is therefore also sufficient. By itself, the
open-loop FRF (47) has no roll-off; high-frequency noise and non-idealities of the electronic circuit could
therefore cause problems during the implementation phase. Hopefully the resistor R, when added to the
system, will provide some roll-off and improve the high-frequency behavior of the system.

Parallel shunt: The method will be similar. Supposing once again that the resistor R is nonexistent, the
open-loop FRF writes:

OLparallel = OL−1
series =

−|Cneg|
C

1

1− k2 + k2
∑

i
νiω2

i

s2+2ξiωis+ω2
i

(50)

This time, the phase of the open-loop FRF remains between [−π, 0]. At high frequency (ω →∞), the phase
is constant and equal to π radian. A necessary condition for stability writes therefore:

|Cneg| < C(1− k2) (51)

Once again, the condition is also sufficient for the stability of the system. This time however, the resistor R
improves the stability margins at low frequency but has no impact at high frequency. The open-loop FRF
will therefore not have any roll-off, which is why we had to modify the electronic circuit as explained in the
next section.

4.3 Real implementation

A negative capacitance is often synthesized as indicated in Fig.8 (a) and Fig.9 (a) [12]; it is an active circuit
involving an (assumed ideal) operational amplifier. In both figures, Zp represents the impedance of the piezo
stack when inserted in the structure, and R is the resistor trough which energy is dissipated, just like with
resistive damping. The value of the synthesized negative capacitance is given by: Cneg = R2

R1
Cn. That circuit

implies positive feedback and is not trivial to implement.
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R1
R2

Op AmpV

I

CnZp R

a) b)
R1 R2

Op AmpV

CnR

I-

I+

Rp Rn

R

Rp

à Cneg àRneg

Zp

c)

Series shunt

Figure 8: Implementation of a series negative capacitive shunt. (a) Classical implementation [12] (b) Final
implementation (c) equivalent circuit. Zp represents the electric impedance of the piezo stack in the structure.

4.3.1 Series shunt:

The circuit of Fig.8 (a) just cannot work, as it does not give a path for the static bias currents of the op-
amp [8]. It had therefore to be changed according to Fig.8 (b), which is equivalent to the circuit of Fig.8 (c).
Eq.49 is however no longer sufficient for the stability of the system, and special attention must be paid to
stability issues when implementing such a circuit. One must also have:

R + Rp > Rneg (52)
1

RpCp
≈ 1

RnegCneg
<< ω1 (53)

where Cp is the capacitance of the piezo and ω1 is the first natural frequency of the structure.

4.3.2 parallel shunt:

R1 R2

Op AmpZp R

a)

R1 R2

Op Amp

Cn

Zp

R

Rp

Rn

Zp

R

Rp àRneg

à Cneg

c)b)

Cn

Parallel shunt

Figure 9: Implementation of a parallel negative capacitive shunt. (a) Classical implementation [12] (b)
Final implementation (c) equivalent circuit. Zp represents the electric impedance of the piezo stack in the
structure.

The circuit of Fig.9 (a) would work, but as mentioned above the open-loop FRF does not present any roll-
off: noise and non-idealities of the electronic circuits were bound to (and did) cause many implementation
problems. Eventually the circuit was modified according to Fig.9 (b), which is equivalent to the circuit of
Fig.9 (c). The resistors Rp and Rneg were added so as to stabilize the high-frequency modes of the structure.
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Once again, Eq. 51 is no longer sufficient to ensure the stability of the system; one must now have:

1
R

+
1
Rp

>
1
R neg

(54)

1
RpCp

≈ 1
RnegCneg

>> ω? (55)

where ω? is a frequency above which the modes will begin to be stabilized; ω? should be chosen as close as
possible to the mode of the structure that is being damped. The choice of Rp and Rn might not be easy and
stability has to be assessed on a case by case basis.

5 Experimental results

5.1 Structure under test

z

x

y

a)

b)

c)

Strut 1

(damping)Strut 2

(excitation)

Force

sensor

Piezoelectric

transducer

Piezo

transducer

(PI P010.30H)

Prestressing

wire

V

F

I

H(s)

Z
I

d)

e)

V

Figure 10: (a) Truss structure considered in the experiment. (b) Detail of an active strut consisting of a linear
piezoelectric transducer and a force sensor. (c) Exploded view of the piezoelectric transducer showing the
prestressing wire. (d) Active control with a collocated force sensor. (e) Shunt damping.

Our study was conducted on the truss structure of Fig.10 (a). It consists of 12 bays of 140 mm each, made of
steel bars of 4 mm diameter connected with plastic joints; it is clamped at the bottom. It is equipped with two
active struts as indicated in the figure. This truss was already considered in the experimental set up of [13],
but in this study, a new type of active strut is used, build from a stacked actuator (PI P-010-30H) prestressed
in compression with an internal wire (Ka = 75N/µm, C = 135nF and k = 0.6) and a force sensor (B&K
8200). Structural damping was measured to be 0.18%. A lot of efforts were needed during the construction
of the truss to ensure that the fraction of modal strain energy ν1 be high enough; otherwise the performances
of the resistive shunting method would have dropped to a large extent.

Strut 1 was used to damp (actively or passively) the truss. Strut 2 was used as an excitation source.
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A Finite Element model (Samcef) of the truss was constructed. It was imported as a state-space model
in Matlab, where the feedback law of the controller H(s) or the effects of the electrical shunt Z(s) were
implemented. Some manual changes in the values of the parameters were implemented, so as to fit the
simulations with the experimental measurements.

5.2 Integral Force Feedback

The signal coming from the load cell of strut 1 was amplified by a charge amplifier (B&K 2635), then sent
into a DSP (DSpace 1104). The signal is integrated with a slight forgetting factor that prevents the saturation
of the actuator: V = g

s+aF , with a = 1 Hz. The output of the integrator is sent to the voltage amplifier (PI
P268) that drives actuator 1. An offset voltage (30% of full range) is also introduced, so that negative as well
as positive driving of the actuator are possible.

Transfer functions were measured for different values of the gain g with the help of a Dynamic Signal
Analyser (Agilent 35670A). The piezoelectric strut 2 was excited with random noise and the signal coming
out of the load cell of strut 1 was recorded. The positions of the first two poles of the structure were identified
from the experimental FRF.

Results are presented in Fig. 11 in the form of a root locus and a transfer function. The Integral Force
Feedback control method proved to be very efficient and easy to implement. Critical damping could be
achieved without any problem.

As expected, mode 2 could only be very slightly damped. This is due to the fact that the percentage of strain
energy ν (and therefore the controllability) is very small in strut 1 for vibration mode 2.
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Figure 11: Experimental results obtained with the IFF controller. (a) root locus. Solid line: simulations.
Dots: identified poles for different gains g. (b) Experimental FRF between the excitation of strut 2 and the
force measured in strut 1.

5.3 Resistive shunting with negative capacitance

The electrical impedance of the truss was measured with the help of an impedancemeter. Simulations were
then run with Matlab so as to find the best parameters for the electronic circuits. These circuits were first
constructed with an OPA549 op-amp, then with an OPA445. For the series shunt, we chose the following
parameters: Rp = Rn = 3MΩ, Cn = 94nF , and R1 = 5kΩ. The value of R2 ranged between 13kΩ and
9kΩ, and R varied accordingly between 31kΩ and 18kΩ. For the parallel shunt, we chose Rp = 15kΩ,
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Rn = 20kΩ, Cn = 108nF , and R1 = 19.85kΩ. R2 ranged between 12.6kΩ and 22.45kΩ, and R ranged
accordingly between 100kΩ and 430kΩ.

Just like for the Integral Force Feedback, transfer functions between Voltage at strut 2 and Force in strut 1
were recorded for different values of the negative capacitance. For comparison purposes, the FRF was also
recorded with a “pure” resistive shunt (R = 63kΩ). Results are presented in Fig.12. Once again, and for
the same reason, only mode 1 could be damped. It was checked that a series shunt decreases the natural
frequencies of the structure with short-circuited electrodes ωi, while the parallel shunt increases those with
open-circuited electrodes Ωi.

Resistive shunting increased the damping of the structure to about 0.35%. The negative capacitive shunt
could raise it up to about 3%. It must be pointed out however that when Cneg approaches its limit, stability
margins become really small and non-linearities have a detrimental effect on the performances. For the series
shunt, we could not raise more the amount of negative capacitance because any shock would then make the
system unstable. For the parallel shunt, the amplitude of the measured FRF would depend very much on the
level of excitation. These effects did not appear when Cneg was further than 30% of its limit.
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Figure 12: Experimental results obtained with the negative capacitance shunt. FRF between the voltage input
at the strut 1 and the force measured in the strut 2. (a) series shunt (b) parallel shunt.

6 Conclusions

This paper examines several active and passive methods for the damping of a piezoelectric truss structure.
First, “classical” methods (Integral Force Feedback and resistive shunting) were investigated. These strate-
gies are presented in a unified way, using a root locus approach, and two meaningful design parameters are
highlighted: the electromechanical coupling factor k2 and the fraction of modal strain energy νi. Then, a
method that enhances the electromechanical coupling factor k2 is introduced. It consists basically of shunt-
ing the piezoelectric transducer with an electronic circuit simulating the behavior of a negative capacitance.
Two different approaches are introduced. Their effects and their stability limits are investigated. Finally,
electronic circuits are presented.

All these strategies have been implemented and compared. It is observed that:
(i) The active control by IFF is very effective and could easily achieve critical damping. This is due to the
intrinsic principle of the IFF: the zeroes zi of the structure are very low (natural frequencies of the structure
when the axial contribution of the piezo stack has been removed, i.e. almost a mechanism), whereas other
control strategies such as position or velocity feedback would not lead to such low zi.
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(ii) Even with a high k (0.6 in our case) and νi, the resistive shunt leads to far less damping than the IFF.
Besides this, a lot of efforts had to be put on the construction of the truss so as to ensure good enough
performances, while the IFF method required no special construction effort.
(iii) The negative capacitive shunt improves greatly the performances of the resistive shunt but at the expense
of conditional stability and a much more complicated electronic circuit. It appeared that stability margins
become very small and that non-linear effects appear when Cneg approaches its limit. Generally speaking,
this method turned out to be much more complicated than the IFF one, and its performances are poorer.
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Abstract
In this paper, torsional oscillations of the wheel set are first studied with free boundaries conditions. A
dynamic vibration absorber tuned to the first torsional resonance of the wheel set has been designed, and
its numerical efficiency is compared with experimental results. The second part of the paper studies the
same phenomenon in rolling conditions. The experimental set-up is a quarter-scaled roller rig from the New
Technologies Laboratory (INRETS-France). Conditions under which torsional vibrations of the wheel set
are excited are discussed as well as differences from the first system. The efficiency of the dynamic vibration
absorber is again evaluated experimentally and compared with outputs of the multi-body model of the roller
rig. The multi-body model includes a finite element representation of the wheel-set. From our results, rail
corrugation is evaluated in terms of longitudinal and lateral frictional power dissipated in the contact patch.

1 Introduction

When specific conditions are fulfilled, wheel-rail creep forces can excite torsional vibrations of metro wheel
sets. Depending on circumstances, these oscillations correspond either to a roll-slip phenomenon between
the wheel and the rail or to a torsional resonance of the wheel set. In both cases these vibrations often lead to a
wavy wear of the railhead, known as rail rutting corrugation. In a recent literature review, it is mentioned that
”there are good grounds to believe that rail rutting corrugation is the principal wavelength fixing mechanism
for corrugation in general on metro railways” [1]. Albeit rail rutting corrugation is commonly associated
with torsional resonances of the wheel set, this paper considers a more general approach in which the stress
accumulated in the wheel set is relaxed at the frequency of an other resonance of the vehicle-track system.
As a result, the wheel alternatively rolls and slip on the rail at that frequency, engendering variations of
the creep forces, themselves responsible for corrugation to develop. In this paper, torsional oscillations of
the wheel set are first studied with free boundaries conditions. A dynamic vibration absorber tuned to the
first torsional resonance of the wheel set has been designed, and its numerical efficiency is compared with
experimental results. The second part of the paper studies the same phenomenon in rolling conditions. The
experimental set-up is a quarter-scaled roller rig from the New Technologies Laboratory (INRETS-France),
shown on Fig.1.

Conditions under which torsional vibrations of the wheel set are excited are discussed as well as differences
from the first system. The efficiency of the dynamic vibration absorber is again evaluated experimentally
and compared with outputs of the multi-body model of the roller rig. The multi-body model includes a
finite element representation of the wheel-set. From our results, rail corrugation is evaluated in terms of
longitudinal and lateral frictional power dissipated in the contact patch.
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Figure 1: Scaled test bench from INRETS.

2 Design of the wheel set absorber with free boundary conditions

2.1 Equations of the wheel set dynamics

The general form of the equation of motion governing the dynamic equilibrium between the external, elastic,
inertia and damping forces acting on a non-gyroscopic, discrete, flexible wheel set represented with a finite
number of degree of freedom is

Mẍ + Cẋ + Kx = F (1)

wherex = (x1, ..., xn)T andF are the vectors of generalized displacements (translations and rotations) and
forces (point forces and torques) andM, K, C are respectively the mass, stiffness, and damping matrices [2].

In the general case of MDOF system with a tuned mass damper connected to thedth degree of freedom,
the governing equations of the system are

Mẍ + Cẋ + Kx = F−D (2)

maẍa = D (3)

wherema is the mass of the absorber and thejth element of vectorD is D(j) = δjdD and

D = ca(ẋd − ẋa) + ka(xd − xa) (4)

The approach followed here is based on transforming the matrix equation, Equ. (2), to scalar modal equa-
tions in the same form as Equ. (??) and (3). This way, we will be able to reduce the MDOF problem to an
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equivalent SDOF one and develop a theory similar to the previous section.

Let us perform a change of variable from physical coordinatesx to modal coordinates according to

x = Φz (5)

wherez is the vector of modal coordinates andΦ = (φ1, ..., φn) the matrix of mode shapes of the system.
Substituting into Equ.(2) and left multiplying byΦT we get

ΦTMΦz̈ + ΦTCΦż + ΦTKΦz = ΦT [F−D] (6)

Taking into account the orthogonality relationships

ΦTMΦ = diag(mi); ΦTKΦ = diag(ki) (7)

and assuming a diagonal damping, the modal equations are decoupled and Equ.(6) can be rewritten

diag(mi)z̈ + diag(ci)ż + diag(ki)z = ΦT [F−D] (8)

Now suppose we want to damp thepth modal response with a damper attached to thedth degree of freedom.
Close to the resonance frequencyωp of this mode, the motion at the attaching point is assumed to be largely
dominated by the vibrations of thepth mode

x = Φz ' φpz
xd =

∑n
j=1 φj(d)zj ' [φp(d)]zp ⇒ zp ' 1

φp(d)xd
(9)

and the governing Equ. (8) is reduced to itspth line

mpz̈p + cpżp + kpzp = φT
p [F− δjdD] (10)

Using the approximation (9) into (10) and dividing byφp(d) we get

mp

φ2
p(d)

ẍd +
cp

φ2
p(d)

ẋd +
kp

φ2
p(d)

xd = Fp −D (11)

which can be rewritten as

m∗
pẍd + c∗pẋd + k∗pxd = F ∗

p −D (12)

using the following notations





m∗
p = mp

φ2
p(d)

k∗p = kp

φ2
p(d)

= ω2
pm

∗
p

c∗p = cp

φ2
p(d)

F ∗
p = Fp

φp(d)

(13)

The equation of the damper remains

maẍa = D (14)
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Under the condition that the frequency of the target mode is well isolated from the other frequencies of the
system, the approximation Equ. (9) is valid and Equs. (12) and (14) describe a 2 DOF system. Using the
variables

ωp =

√
k∗p
m∗

p

, ωa =

√
ka

ma
, β =

ωa

ωp
, λ =

ma

m∗
p

, ζ =
ca

2maωp
, ξ =

c∗p
2m∗

pωp
, r =

ω

ωp
, η =

ξ

ζ
(15)

Equs. (12) and (14) can be rewritten as

ẍd + 2ξωpẋd + ω2
px = F − 2ζωpλ(ẋd − ẋa)− ω2

aλ(xd − xa) (16)

ẍa − 2ζωpλ(ẋd − ẋa)− ω2
aλ(xd − xa) = 0 (17)

Let us divide Equ.(16) and Equ.(17) byω2
p and callη = ξ

ζ the damping ratio. Then, the normalized amplitude
of the steady state response of the primary mass can be written as

H = |Xd

F ∗
p

| =

√
(2ζr)2 + (β2 − r2)2

[1− (1 + λ)r2 + η(β2 − r2)]2(2ζr)2 + [(1− r2)(β2 − r2)− r2(λβ2 − 4ζη2)]2
(18)

In case of a very low structural dampingη ¿ andG becomes [3]

H = |Xd

F ∗
p

| =

√
(2ζr)2 + (β2 − r2)2

[1− (1 + λ)r2]2(2ζr)2 + [(1− r2)(β2 − r2)− λβ2r2]2
(19)

Figure 2 showsG vs. r for 3 different values of the normalized damping coefficientζ.
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Figure 2: Normalized frequency response of the primary mass: without absorber (solid line);ζ = 0.003
(dotted line)ζ = 0.05 (dash-dot line);ζ = 0.14 (dashed line)

As the frequency ratio is changing, ordinates of P and Q are moving up and down. As a consequence,
the optimal value for the frequency ratio (i.e. the minimum amplitude of the frequency response) impose
ordinates of P and Q to be equal. This latter condition defines the frequency of the DVA.
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2.2 Tuning the DVA frequency

The expression ofG (Equ.(19)) can be written as

H =

√
a2

1 + a2
2ζ

2

a2
3 + a2

4ζ
2

=

√√√√√√
a2
1

a2
2

+ ζ2

a2
3

a2
4

+ ζ2
(20)

If at pointsP andQ, the value ofG is independent ofζ, then the following condition must be satisfied

|a1

a2
| = |a3

a4
| (21)

or

|β
2 − r2

2r
| = |(1− r2)(β2 − r2)− λβ2r2

[1− (1 + λ)r2]2r
| (22)

Equation (22) leads to two algebraic equations. The only non-trivial equation (obtained with the minus sign)
is a 4th order polynomial expression

(2 + λ)r4 − 2r2[1 + β2(1 + λ)] + 2β2 = 0 (23)

The roots of which are equal to:

r2
1,2 =

−b±√∆
2a

=
1 + (1 + λ)β2 ±√

1− 2β2(3 + 3λ + λ2) + β4(1 + λ)2

2 + λ
(24)

Referring back to Equ.(21), the amplitude of the steady state response at these frequencies is given as,

H = |a2

a4
| = | 1

1− (1 + λ)r2
1,2

| (25)

Requiring the amplitudes to be equal atP andQ is equivalent to the following condition for the roots:

|1− (1 + λ)r2
1| = |1− (1 + λ)r2

2| (26)

Taking again the minus sign to enable a non-trivial equation and using Equ.(24) leads to

1
1 + λ

=
−b

2a
=

2(β2(1 + λ) + 1)
2(2 + λ)

(27)

which is equivalent to

β =
1

(1 + λ)
(28)

For this optimal value of the frequency ratio, the normalized frequency ratio is

r2
1,2 =

(1 + λ)(2 + λ)±√
λ(2 + λ)

(1 + λ)2(2 + λ)
(29)

and the maximum amplitude of the frequency response is

Hmax = (1 + λ)

√
2 + λ

λ
(30)
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This last equation defines the damping coefficientζe equivalent to the dynamic vibration absorber

ζe =
1

2Hmax
=

√
λ/2

2(1 + λ)
(31)

2.3 Optimization of the damping coefficient

The optimal damping coefficient is obtained by imposing P and Q to be maximum points of the curve. This
condition is obtained by differentiating Equ. (19) and then making equal to zero at point P and Q [4]. It is
straightforward to show that the optimum value is equal to,

ζopt =

√
3λ

8(1 + λ)3
(32)

2.4 Experiment

Using a rotational inertia ratio ofλ = 0.036, Equ.(28) has been applied to design a torsional vibration
absorber tuned to the first resonance of a quarter-scaled metro wheel-set. The amplitude of the frequency
response of the wheel is decreased by a factor 10 when the dynamic absorber is mounted on the wheel set
(see Fig.3). The damping coefficient of the absorber is 2.4 times larger than the optimal value defined by
Equ.(32). The Table 1 shows the optimal and measured values of the damper characteristics. The next section
is dedicated to establish the efficiency of the absorber in rolling conditions.

ka ca Efficiency

Optimum 4.1405 kN/m 0.6647 Ns/m 20 dB
Measurement 3.4124 kN/m 1.748 Ns/m 15 dB

Table 1: Characteristics of the dynamic vibration absorber.

3 Efficiency in rolling conditions

3.1 Purpose

In operating conditions, the wheel set motion is driven by vehicle and track dynamics, and high creep forces
between the wheels and the rails. Including the whole vehicle and track dynamics, corrugation growth
coefficients are derived to predict the evolution of railway wear. The purpose of this section is to establish
the influence of the dynamic vibration absorber on these coefficients.

3.2 Structural dynamics

3.2.1 Dynamics of the rail

The frequency responses of the rail can be expressed using the general formulation

∆ur
z = Rr

zz∆N + Rr
zy∆Fy (33)

∆ur
y = +Rr

yz∆N + Rr
yy∆Fy (34)
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Figure 3: Longitudinal (in the rolling direction) frequency response of the wheel set wheel: blue solid line:
FE model without DVA; blue dotted line: FE model with DVA; black solid line: measurement without DVA;
black dotted line: measurement with DVA

∆ur
x = Rr

xy∆Fy (35)

∆ur
φ = +Rr

φφ∆M (36)

with x y z φ being respectively the longitudinal, lateral, vertical and spin (rotation about z axis) directions.

3.2.2 Dynamics of the wheel

The same symbolic formulations can be used to describe the dynamic behavior of the wheel :

∆uw
z = +Rw

zz∆N + Rw
zy∆Fy (37)

∆uw
y = +Rw

yz∆N + Rw
yy∆Fy (38)

∆uw
x = +Rw

xx∆Fx (39)

∆uw
φ = +Rw

φφ∆M (40)

For convenience, we write the equations from the two last sections in a matrix form

∆u = R∆F (41)
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whereu is
u = (ux, uy, uφ) = (uw

x + ur
x, uw

y + ur
y, u

w
φ + ur

φ) (42)

andR(i, j) = Rw
ij + Rr

ij .

3.2.3 Wheel-rail creepages

The longitudinal, lateral and spin creepages are given by

∆γx =
∆ẋw −∆ẋr

V
(43)

∆γy =
∆ẏw −∆ẏr

V
(44)

∆γφ =
∆φ̇w −∆φ̇r

V
(45)

whereV is the speed of the wheel forward motion.

3.2.4 Normal contact force

The increment of the elastic compression between the wheel and the rail∆d is related to the increments of
the vertical displacements of the wheel and the rail∆uz and the change in rail profile∆z by :

∆d + ∆uz = ∆z (46)

Equation (46) can be rewritten
∆N

kc
+ ∆uz = ∆z (47)

with kc denoting the Hertzian contact stiffness.

3.2.5 Lateral contact forces

For small creepages between the wheel and the rail, the relations between creepages and creep forces are
given by the linear theory of Kalker [5]:




Fx

Fy

M


 = Gc2




C11 0 0
0 C22 cC23

0 cC23 c2C33







γx

γy

γφ


 (48)

whereC11, C22, C23, C33 are the creep coefficients,G the shear modulus andc2 the product of semi-axes of
the elliptical contact patch.

For larger creepages, the equation (48) becomes non-linear. The creepage-creep-force law reaches a maxi-
mum when the wheel is sliding on the rail. This non-linearity becomes important in case of high creepages
[6]. Many formulations exit in the literature to express this non-linearity [7]. For instance, Tassily and
Vincent [8] [9] adopted a continuous exponential law of the form

Fx = µN [1− exp
−C0γx

µN
1
3

] (49)

142 PROCEEDINGS OF ISMA2006



Variations ofFx about a stationary component can then be expressed as follow:

∆Fx =
∂Fx

∂N
∆N +

∂Fx

∂γx
∆γx (50)

∆Fx =
[
Fx

N
+

(
Fx − µN

N
4
3

)
C0γx

3µ

]
∆N +

[
µN − Fx

µN
1
3

C0

]
∆γx = αx∆N + βx∆γx (51)

3.3 Wear model

After each passage of a wheel on the rail, the profile of the rail has been slightly modified due to the wear
engendered by the contact between these two bodies. Mathematically, the variation in height of the rail
profile,∆z , can be described by a first order ordinary differential equation of the form

d∆z

dn
= G(f)∆z (52)

wheren a discrete time representing the number of passing wheel sets on the rail. In equation (52)G(f)
designate the wear rate. The following developments are dedicated to introduce vehicle, track and contact
mechanics to derive an analytical formulation for the wear rate.

From Archard’s law, we know that the amount of mass removed by the friction between two bodies∆m is
proportional to the energy by unit area dissipated in the contact patchw due to the fictional work:

∆m = Cww (53)

whereCw is the proportionality coefficient.

If we assume constant the time∆t each point of the rail stays in the contact patch, we get

w = kP∆t = kγF∆t (54)

Putting together equation (53) and (54), and expressing the mass loss as the product of the profile height∆z
and the material densityρ we get

∆z =
Cwk

ρ
P∆t (55)

Identifying (55) and (52), we get

G(f) = −real(P )
Cwk

ρ
(56)

The analytical formulation for the frictional power dissipated in the contact patchP is obtained by including
the structural dynamics of the system.

Combining equations from previous sections, we can derive analytical formulations of the transfer functions
between vertical roughness and normal, lateral and longitudinal forces. When multiplied by a factor taking
the material properties into account, these expressions are then identified to the corrugation growth rates
using formula (56). Torsional oscillations of the wheel set only affect the longitudinal corrugation growth
coefficient that is given as

∆Px

zPx
=

αx

T [1 + βxV jωRxx]

[
1
Fx

− jωRxx

V αx

]
(57)

AMS3 - APPLICATIONS 143



whereT is the transfer function between the rail roughness and the vertical force:

T = Rzz +
1
kc

+ Ryz

[
V αy − jβyωRyz

V + jβyωRyy

]
(58)

Close to the resonance frequency of the wheelset axle the longitudinal transfer function is

Rxx = |Rxx|e−j 6 (Rxx) = −j|Rxx| (59)

Due to the high values of the longitudinal creepage, we can use the following approximations

Fx = µN ; αx = µ; βx = 0 (60)

and Equ.(3.3) can be rewritten

∆Px

zPx
=

µ

T

[
1
Fx

− ω|Rxx|
V µ

]
(61)

Assuming T constant in the frequency range of interest and using Equ.(30) and (56), we can write

Gx =
ω(1 + λ)
TV

√
λ/2

(62)

From Equ.(3.3), we can conclude that the dynamic vibration absorber will reduce by the same ratio the
amount of material detached from the rail and the frequency response of the wheel set.

3.4 Experimental validation

In the previous section we have analyzed the benefice of a dynamic vibration absorber on the mitigation
of rail rutting corrugation. The dependency between the corrugation growth and the mass ratioλ has been
established with Equ.(3.3). In order to verify experimentally this relation, we reproduce on a scaled test bench
(see Fig.1) the following phenomenon. In curved track sections, the insufficient in rolling radii to compensate
the difference in rail length induce a torsion in the wheel set axle. As soon as wheel load fluctuations exist
(caused by rail irregularities or a track resonance) the wheel set will be wound up periodically and roll-slip
oscillations between the rail and the wheel will occur. It results in a wavy wear of the rail tread on the inner
rail, known as rail rutting corrugation. Even if the periodicity of the oscillations (i.e. the wavelength of rail
corrugation) is indeed decided by the frequency of the vertical load variation [10] [11], the phenomenon will
be obviously maximum when this frequency is close to a torsional resonance of the wheel set.

On the test bench, the vertical load variations are simulated with a shaker fixed directly fixed on the inner axle
box. The shaker impose a sweep sine force of 40 N to reproduce the combined effect of rail roughness and
track modes on the vertical force in the contact patch. In order to evaluate first only the influence of the rolling
radii difference (induced by the lateral displacement of the wheel set) only a lateral force (Fy = 700 N ) is
applied on the wheel set. The simulated and measured power spectral density of the longitudinal creepage
history is shown on Fig.4 and Fig.5 respectively. The efficiency of the absorber is also visible on each figures.
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Figure 4: Power spectral density of the longitudinal creepage calculated using the multi-body model without
DVA (dotted line) and with DVA (solid line).

Figure 5: Power spectral density of the longitudinal creepage measured on the bench without DVA (dotted
line) and with DVA (solid line).

4 Conclusions

In this paper, torsional oscillations of the wheel set have been first studied with free boundaries conditions.
A dynamic vibration absorber tuned to the first torsional resonance of the wheel set has been designed, and
its numerical efficiency has been compared with experimental results. In both cases, the dynamic vibration
absorber has been found to reduce the amplitude of the oscillations by a factor 10. Then, introducing the
dynamic vibration absorber in the rail corrugation theories, we have shown that the DVA will reduce by the
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same ratio the amount of material detached from the rail and the frequency response of the wheel set.

In the second part of the paper, conditions under which rail is induced by torsional vibrations of the wheel
set have reproduced on a scaled test bench from the New Technologies Laboratory (INRETS-Paris). Again,
the efficiency of the absorber has been measured through the oscillations of the wheel set axle. The predicted
reduction has been retrieved experimentally.
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Abstract
The potential of non-linear dampers for vibration suppression of sprayboom structures is investigated by
time domain simulations. The power-law damper model is considered for this purpose. Experimental results
are shown of the optimization of the dynamic behavior of a spray boom structure with automotive shock
absorbers.

1 Introduction

Spray boom structures are prone to vibrations caused by soil irregularities. These vibrations have a large
effect on the homogeneity of the spray distribution pattern and should be suppressed. Integration of passive
energy dissipation systems in the structure is one way to achieve this. Particularly in the field of structural
engineering it has been shown that the dynamic behavior of e.g. buildings and bridges can be improved
drastically by incorporation of these devices in the structure [1].

The standard device for modeling damping in mechanical systems is the linear viscous damper, which exerts
a force proportional to its velocity in a direction opposite to its motion. In vibrationsuppression of structures,
it offers the advantage that it can be tuned without requiring the knowledge of the vibration level. Moreover,
simple formulas can be employed for finding a good damper location and for determining the optimal damp-
ing constant resulting in minimized vibrations [2]. Despite these nice properties, the viscous damping model
is ’not’ merely a hypothetical model. Viscous damping can be achieved by laminar flow of a highly vis-
cous fluid through an orifice [3]. However, dashpots exploiting this principle require a sophisticated internal
design, making them rather costly.

In this paper, the use of non-linear damping elements for suppression of spray boom vibrations is investi-
gated. As in [4] the power-law damper model is considered, which assumesa damper force in a direction
opposite to its motion, that is proportional to its velocity raised to an exponentβ. By specialized orifice de-
sign, Taylor and Constantinou [3] succeeded in producing viscous fluiddampers obeying this force-velocity
relationship with exponents in the range of0.2 ≤ β ≤ 1.8. The caseβ = 0 corresponds to a friction damper
andβ = 2 represents an inertial fluid damper, which makes use of the principle of turbulent flow of a fluid
forced trough an orifice. Besides, the use of an automotive shock absorber is considered, which could be an
interesting alternative if it comes down to expenses.

Nonlinear damping devices have already proven their efficiency in vibration suppression of engineering
structures [1]. However, it should be noted that there is a clear difference in vibration damping of a building
and a spray boom structure. For buildings, dampers can be implemented in theentire structure and it is
possible to achieve critical damping for the first mode of vibration. However, beyond a damping ratio of
50% the additional improvement of the dynamic behavior is very small. So, taking this value of the damping
ratio as a target, the challenge exists in utilizing as few dampers as possible located all over the structure.
Because spray boom structures should be foldable, it is not recommended to place dampers all over the
structure. Using only a limited amount of dampers, integrated in the central frame where controllability of
the lowest modes of vibration is the largest, the challenge is to optimally tune these dampers in order to
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Figure 1: Picture of the tractor-trailer-sprayboom combination on the shaker
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Figure 2: 2D-model of the sprayboom

maximize the vibration suppression. While for the linear case it has been shown that there is an optimal
value for the damping constant [2] resulting in a maximum modal damping ratio, thequestion arises whether
this optimum is also reached with nonlinear dampers.

Vibration suppression of spray booms is comparable to vibration suppression of a taut cable. The distance
of the damper attachment point to the end of the cable should be small for practical reasons and therefore the
amount of achievable damping is fairly low. Main and Jones [4] investigated the dynamic behavior of a taut
cable equipped with a nonlinear power-law damper. By considering free vibrations, they obtained analytical
solutions for the amplitude-dependent effective damping ratios from the decay rate over one half cycle of
oscillation. Very interesting conclusions can be drawn from this research, which discusses the robustness
properties with amplitude of vibration for different exponentsβ and it is seen that a nonlinear damper could
potentially achieve optimal performance in a wider range of modes than a lineardamper. However, the
formulas are only valid for the special case of a taut cable. Moreover, the damper performance is given as a
function of the amplitude of vibration and the mode number, which can be seen as a restriction.

In the present paper, time domain simulations are performed to compare different dampers. This implies that
aside from a model structure, also the excitation mechanisms should be known. For this purpose, in [5] a
simplified model structure of a spray boom is derived and updated with experimental vibration data obtained
from field measurements. The spectra of the excitations are identified from these measurements and based
on a parameterized spectrum model a classification is made between normal and rough spraying conditions.
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Figure 3: Modeshapes of updated finite element model (blue line) and modeshapes identified from op-
erational modal analysis (dots);f = eigenfrequency of updated finite element model;ξ = damping ratio
identified from operational modal analysis; MAC = Modal Assurance Criterion

2 Spray boom model

In this section some information is given on the spray boom model that is used for the simulations. Detailed
information can be found in [5].

The spray boom structure shown in figure 1 is modeled by finite beam elements(figure 2). The dynamics
of the tractor and trailer are not taken into account. Instead, the trailer movements are used as inputs of
the model. Moreover, only horizontal boom movements are considered. These are most of our interest,
because they have the largest influence on the spray pattern. Herbst [6] finds a good correlation between the
coefficient of variation (CV) of measured horizontal boom speed and the CV of measured spray pattern.

Three different springs can be seen in the model.K3 represents the spring stiffness of bearings that guide the
spray boom in the vertical direction. The other springs (K1 andK2) are intended to improve the dynamic
behavior of the spray boom. The eigenfrequencies of the structure arelowered by these springs and thus
damping can be increased by placing dampers at the location of the springs.In [2] it is shown that for the
case of a linear damper, the maximum achievable modal damping ratio in a particular modek is proportional
to the difference in eigenfrequencies

ξmax
k =

ωk − Ωk

2Ωk

(1)

whereΩi are the resonance frequencies of the undamped structure andωi are the resonance frequencies of
the structure where the damper is blocked (anti-resonance frequencies). This maximum is obtained for a
damping constant

copt
k = κ

k
∏

i=1

ω2

i

Ω2

i

√

Ωk/ωk

ωk

(2)

whereκ is the static stiffness of the structure at the damper location. These approximating formulas can be
used to tune linear viscous dampers for optimal vibration suppression.

The parameters of the model are estimated with a sensitivity-based method, thatminimizes the difference
between modal parameters identified from operational modal analysis applied to field measurements and
modal parameters obtained from finite element analysis [5]. A multi-model updating algorithm is used to
update the structure in three configurations simultaneously. The differentconfigurations are obtained by
blocking or unblocking the springsK1 andK2. Figure 3 shows the eigenmodes obtained from finite element
analysis and operational modal analysis, where both springs are blocked. A distinction is made between
symmetrical and asymmetrical modes.
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From the vibration data obtained from field measurements the excitations are identified by an inverse method.
Two excitations are considered: translation of the trailer in the y-directionu1, and rotation about the z-axis
u2. A parametric spectrum model is proposed for the identified excitations, of the form:

S1,2(ω) =
a1,2

ωp1,2

1

(1 + ω/ωc1,2)q1,2

(3)

whereω is the frequency in rad/s and the indices1,2 refer to respectively the translation and rotation input.
A classification is made between normal and rough spraying conditions and the coefficients of the spectrum
model for both cases are listed in table 1.

field a1 ωc1 p1 q1 a2 ωc2 p2 q2

normal 9e− 4 7.5 1.5 4.5 9e− 5 7.5 1 3.5
rough 1.5e− 4 7.5 1.5 4.5 1.5e− 5 7.5 1 3.5

Table 1: Coefficients of parametric spectrum model for normal and roughspraying conditions

The spectral characteristic is assumed to be the same in both cases and the only difference is the RMS value,
which is

√
6 times higher in the case of rough spraying conditions. Time records can be generated from these

spectra by an inverse Fourier transform:

u1,2(t) =
N

∑

i=1

√

2S1,2(ωi)∆ω cos(ωit + θi) (4)

whereθi is the random faze with a uniform distribution in the interval from 0 to 2π.

3 Simulations

In this section the potential of non-linear dampers for vibration suppression of spray boom structures is
investigated by time domain simulations in Simulink. As indicated in the introduction, the power-law damper
model is considered, which has a force-velocity relationship of the form

f = −cv|v|βsign(v) (5)

To be able to create an asymmetrical damper characteristic, as is the case foran automotive shock absorber,
the damper coefficientcv is defined as

cv =

{

c if v ≥ 0
ε c if v < 0

(6)

Dampers with different values ofβ andε are introduced in the structure at the location ofC1 (figure 2). The
following cases are considered here:

• β = 0 and ε = 1 (friction damper)
• β = 0.5 and ε = 1 (square root damper)
• β = 1 and ε = 1 (linear viscous damper)
• β = 2 and ε = 1 (inertial fluid damper)
• β = 1 and ε = 0.1 (asymmetrical damper)
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The dynamics of the structure are represented in frequency domain by themodal expansion of the dynamic
flexibility matrix:

X(s) =
N

∑

i=1

φiφ
T
i

(s2 + 2ξiωis + ω2

i )
F (s) (7)

whereF (s) andX(s) are the Laplace transform of the applied forces and the structural displacements and
ωi, φi andξi are respectively the resonance frequencies, the mass normalized mode shapes and the damping
ratios.

-c|v | v1 1

b
sign( )

Spray boom
dynamicsf1 v1

u1 vs

Figure 4: Block Diagram of the spray boom structure with power-law damper

To simplify the simulations only symmetrical movements of the boom tip are consideredby taking the
average movement of the left and right boom tip. This means that application of translation excitations is
sufficient, because rotational excitations have no influence on symmetricalboom movements.

Figure 4 shows the block diagram of the closed-loop system that is formed by incorporating the power-law
damper in the structure. Derivation of Equ. (7) and application of the appropriate transformations leads
to the system with two inputs (the translation excitationu1 and the damper forcef1) and two outputs (the
symmetrical boom tip speedvs and the damper speedv1).

Further, it should be noted that no residual mode is introduced in Equ. (7), because the algebraic loop that is
formed by the feedthrough component that is created by this residue leadsto numerical problems in Simulink.
In [7] it is shown that neglecting the residual mode can lead to substantial differences in the open-loop zeros
of the model compared to the real system. However, this is not a crucial issue here, because the goal of these
simulations is comparing dampers. By taking more modes into account, the prediction of the closed-loop
zeros can be improved, but computation time increases fast, so a compromise has to be found. Here, the first
four symmetrical modes are employed.

3.1 Results

The results of the simulations are shown in figure 5 and 6. The following conclusions can be drawn:

• The coefficient of variation of the boom tip speed is mainly influenced by the first mode of vibration.
The amplitude of vibration in terms of speed is considerably lower for higher modes (figure 6).

• There’s a small difference in optimal CV value obtained for the different cases (figure 5). The mini-
mum CV value is obtained for the linear damper and the optimum increases with non-linearity. This is
explained by the fact that for a non-linear damper the optimal damper coefficient is amplitude depen-
dent, while the amplitude of vibration is not constant. On the other hand, as in [4] it can be expected
that for non-linear dampers a part of the energy bleeds into higher modes, which should give a lower
CV value for non-linear dampers. Apparently, this effect is smaller than theeffect of a variable ampli-
tude.

• The robustness of performance with damper coefficient increases with an increasing value ofβ (fig-
ure 5). Multiplication of the optimal damper coefficient with factor 4 gives an increase of the CV of
factor 1.17 for the inertial fluid damper, while for the friction damper the CV is doubled.
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• When the damper is tuned in normal spraying conditions, the obtained damper coefficient is only
optimal in rough spraying conditions for the linear damper (figure 5). For the case of a friction damper,
the obtained CV is14, 5% while the optimal value is10%. For the other dampers this difference can
be neglected. The explanation can be found in the robustness propertiesdescribed in the previous item.

• The influence of an asymmetrical damper characteristic on performance is very small (figure 6; red
curve vs. black curve).

• Although it can be expected that the behavior of the dampers is different at higher modes of vibration,
no clear distinction can be seen in figure 6 except for the friction damper. However, the difference is
not large.

• The maximum damper force was found to be largest for the inertial fluid damper. For the optimal value
of c in normal spraying conditions, the maximum damper force was found 1.26 times bigger than for
the linear damper and 1.75 times bigger than for the friction damper.
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Figure 5: Coefficient of variation of the symmetrical boom tip speed versusthe damper coefficientc resulting
from simulations for normal (full line) and rough (dashed line) spraying conditions (Large simulation times
for large values ofc explain the sudden end of the curves for the non-linear dampers. They can be expected
to go to the same asymptotic value as the linear damper curve)
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4 Experimental optimization of spray boom structure

From the previous section it can be concluded that for vibration suppression of spray boom structures the
performance in terms of CV of the boom speed is degraded only very little by using a non-linear damper
instead of a linear damper and it can be expected that this is also the case when an automotive shock absorber
is used. In this section experimental results are shown of the optimization of a spray boom structure with an
automotive shock absorber. The two wheels of the trailer are excited with vertical shakers (figure 1). The
signals applied to the shakers are found by reproduction of vibration responses measured by accelerometers
placed on the trailer during field measurements on a meadow. An off-line iterative feedforward procedure
commonly known as ’Time Waveform Replication’ is used for reproduction ofthe signals.

Figure 7 shows the PSD of the measured boom tip speed where the trailer is excited with the shakers, for
different values of the lever armL1 of the damperC1. DamperC2 is blocked here. The measured CV
of the boom tip speed for the original structure (both dampers blocked) amounts27, 8%. The large value
is mainly caused by the first symmetrical mode and in a lesser extend by the firstanti-symmetrical mode.
By optimizing the lever armL1, both modes are damped and the CV value is reduced to7, 7%. The high
damping value forL1 = 0 is explained by friction in the hinges.

By unblocking damperC2 and optimizing the lever armL2 the first asymmetrical mode can be damped even
more as can be seen in figure 8. The CV drops down to a value of5, 5%.

Note tat by lowering the spring stiffnessK1 andK2 even better CV values can be obtained. However, the
flexibility of the structure is reduced by this and a compromise has to found.

5 Conclusion

Time domain simulations are performed to investigate the performance of non-linear dampers as damping
devices for vibration suppression of spray boom structures. The target in these simulations is the coefficient
of variation of the boom tip speed, which gives a good indication of the homogeneity of the spray distribution
pattern under the boom tip.

The performance of a linear damper is better than that of dampers with a non-linear force-velocity relation-
ship, because in the latter case the optimal damper coefficient depends on the amplitude of vibration, and this
amplitude can not be considered to be constant. However, the differenceis very small for the studied cases.

A friction damper that is optimally tuned for normal spraying conditions will havea CV value that is 1.45
times the optimal value in rough spraying conditions. For an increasing value of the damper exponentβ
this difference decreases very fast, which can be explained by the increasing robustness properties. This
robustness is achieved at the expense of higher maximal damper forces for increasing values ofβ.

Finally, it was shown by experiments that the CV value of the boom tip speed could be reduced with a factor
five by optimally tuning the proposed suspension with automotive shock absorbers.

6 Acknowledgements

The authors want to express their gratitude to the FWO Vlaanderen (Fund of Scientific Research Flanders)
for their financial support: OMAX project G.0343.04 and Jan Anthonis is financed by the FWO as post-
doctoral fellow.
This research was also funded by the Interuniversity Attraction Poles program - Belgian Science Policy

154 PROCEEDINGS OF ISMA2006



10
0

10
1

10
−5

10
0

Freq [Hz]

P
S

D
 [(

m
/s

)²
/H

z]

10
0

10
1

10
−5

10
0

Freq [Hz]

P
S

D
 [(

m
/s

)²
/H

z]

 

 
L1 = 0
L1 = 0.78
L1 = 1.05
L1 = 1.6
L1 = ∞
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Abstract
The modelling of the NVH behaviour of elastomeric line connections, such as car door weather strip seals
and car windshield connections, involve the computational burden of including a detailed model of the joint
into the system model and of including variability and uncertainty, typical for elastomeric joints, in a full-
scale system model.
In the general framework of developing engineering tools for virtual prototyping and product refinement,
a methodology is being developed which allows simplified equivalent joint models to be readily included
in full-scale NVH models at a reasonable computational cost. The methodology is based on a three-level
modelling approach involving a material, a component and a system level. This study focuses on the dynamic
modelling of car door weather strip seals and illustrates the methodology through a numerical case study.

1 Introduction

The research on weather strip seals is mainly focusing on the sound transmission characteristics of the joint
( [1], [2], [3], [4]), while the structure-borne vibration transmission characteristics of the component has
received little attention. This study starts with the numerical modelling of the structure-borne transmission
characteristic of the weather strip seals, extending the work presented by Wagner et al. [5] to the dynamic
domain [6], and aims at developing a more general methodology for the numerical modelling of the NVH
behaviour of elastomeric joints including viscoelasticity and amplitude dependent effects, typical for elas-
tomeric connections.

Automotive weather strip seals are typically dual extrusion bulbs of sponge and dense rubber that are attached
to either the car door or the car body in order to seal the passenger compartment. The seal strip runs typically
all around the perimeter of the car door. When closing the car door onto the car body, the door remains
in contact with the body through the hinges at the front side, through the lock mechanism at the rear side
and through the seal strip all around the car door perimeter. The seal strip induces some residual stiffness
and viscoelastic contribution to the car door support conditions and plays a role in the way exterior noise
and vibration can be transmitted to the interior of the car. Initial use of seal in automotive applications was
aimed at accommodating for manufacturing variations. Lately, the isolation issue became important, and the
design driver was to better isolate the passenger compartment from dust, water and air leakage. Nowadays,
the general trend in seal design mainly focuses on the isolation of the passenger compartment from noise and
vibration.

Elastomers are viscoelastic materials. Their mechanical properties are strain, frequency and temperature
dependent. In an early design phase, not knowing a priori the working condition of the joints, it is difficult to
choose the right material properties in a modelling context. This reasoning suggests the definition of material
properties in terms of intervals rather than in terms of crisp deterministic values.

In addition, the geometry of the component is often rather complex which generally implies modelling with
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a high level of detail, including the modelling of the friction behaviour of the seal with its mechanical
surroundings.

Including such a detailed component model in a system level model increases the computational burden of
the solution process and becomes impractical when the simulation aims, for instance, at the investigation of
the effects of material uncertainties on the dynamic behaviour of the full system.

The numerical methodology presented in this study allows the development of an equivalent linear model of
the weather strip seal, and builds up a strategy to include uncertainty and variability typical for elastomeric
joints in full-scale NVH models at a reasonable computational cost.

2 Three-level modelling approach

The numerical methodology developed in this study splits the modelling problem into three different levels:
the material, the component and the system level:

• material level: in this level, a suitable material model is selected and the material parameters are
identified. Intervals on the material parameters due to variability and uncertainty are identified.

• component level: this level consist of two steps. The first step involves the definition of a non-linear
finite element model of the component using the previously defined material model. It includes the in-
vestigation on the propagation of the variability at material level to the variability at component level,
and the identification of intervals on the component properties.
The second step involves a sensitivity based analysis on the detailed finite element model of the com-
ponent. An equivalent linear parametric component model is developed and intervals on the equivalent
model parameters are identified.

• system level: prediction of the scatter on the system dynamic response using the equivalent linearised
component model.

This paper illustrates this methodology for a numerical case study, which involves the static non-linear
behaviour of the seal component along with its viscoelastic behaviour. The connection type considered
in the numerical case study is a typical car door weather strip seal, as shown in figure (1). The fastener in
the lower part of the seal is used to attach the seal to the car body, while the ring shape in the upper part is
directly in contact with the car door. The weather strip seal has a total height of 30mm, with the ring shape
in the upper part having a diameter of 15mm.

Figure 1: Typical
car door weather
strip seal profile.

Figure 2: FE detailed model of the set-up used in
the full system numerical simulation.
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Figure (2) shows the numerical case considered for the validation of the developed approach. It consist of an
aluminium plate of dimensions: L = 140mm, W = 140mm and t = 1mm. The plate is clamped at one end
and connected along one side to the ground through the weather strip seal. In this study, the aim is to evaluate
the effects of the weather strip seal on the dynamic behaviour of the plate. Therefore, only the seal upper
ring part is included in the numerical model. The dynamic strain dependency of material properties, known
as the Payne effect [7], is considered in the simulation, whereas temperature effects are not considered and
the Mullin’s effect [7] is considered negligible.

In the remainder of the paper, two numerical solution methods are compared. The first solution method
described in section 3 consists of solving an entire system model that comprises all components. Section 4
describes the developed three-level approach. Finally, both methods are being compared in section 5 in terms
of accuracy and computational load.

3 Full system solution

In this section, the effects of the weather strip seal on the dynamic behaviour of the plate are evaluated con-
sidering a fully detailed model of the elastomeric component coupled with the plate, as shown in figure (2).
Non-linear material behaviour is identified using a test set-up.

3.1 Model choices

The non-linearities involved in the simulation are due to material, geometry and contact behaviour.

The non-linear material model used to describe the behaviour of the elastomeric component is a hyper-elastic
material model [8]. Hyper-elastic material models are characterised by their strain energy density function
W. The material is implicitly assumed isotropic and elastic. Stresses in the material are obtained by deriving
the strain energy density function with respect to strain:

Sij = 2
∂W

∂Cij
(1)

Cij = FkiFkj (2)

Fij =
∂xi

∂Xj
(3)

xi = ui + Xj (4)

where Sij is the 2ndP-K stress, Cij is the right Cauchy deformation tensor and Fij is the deformation gra-
dient tensor, which maps the deformation of a material vector from the undeformed configuration X to the
deformed configuration x [8].

The hyper-elastic material model chosen for the case study is a Neo-Hookean material model [8], whose
strain energy density function W takes the form:

W = C10(I1 − 3) (5)

I1 = trCij (6)

where C10 is a material constant obtained from measurements and I1 is the first strain invariant.
A finite element pre-analysis was performed to evaluate the amount of equivalent strain in the component
due to the pre-load. The equivalent strain never reached values above 30% except in some small regions of
the component and at maximum pre-load, justifying the choice of the material model.
For a Neo-Hookean material model C10 = G∞/2, where G∞ is the equilibrium shear modulus evaluated
from a static shear test.
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The material frequency behaviour is modelled via the theory of small amplitude vibrations superimposed on
deformed viscoelastic solids [9], where it is shown that the expression of the 2ndP-K stress takes the form:

Sij = S0
ij + L∗ijkl∆ε∗klexp(iωt) (7)

where S0
ij denotes the static equilibrium stress tensor defined in equation (1), ∆ε∗kl is the strain increment

due to the superimposed small amplitude vibration, and L∗ijkl are the components of a fourth-order tensor
defined by:

L∗ijkl = Dijkl + 2iωΦ∗ijkl (8)

In (8), Dijkl is the static equilibrium nonlinear elastic material constitutive tensor defined by

Dijkl = 4
∂2W

∂C0
ij∂C0

kl

(9)

and

Φ∗ijkl = φ∗0(ω)[(C0
ik)
−1(C0

jl)
−1 + (C0

il)
−1(C0

jk)
−1] +

+ φ∗1(ω)[δik(C0
jl)
−1 + (C0

il)δjk] +

+ φ∗2(ω)[(C0
ik)(C

0
jl)
−1 + (C0

il)
−1(C0

jk)] +

+ φ∗10(ω)[δij(C0
kl)
−1] +

+ φ∗11(ω)[δijδkl] +
+ φ∗12(ω)[δijC

0
kl] +

+ φ∗20(ω)[C0
ij(C

0
kl)
−1] +

+ φ∗21(ω)[C0
ijδkl] +

+ φ∗22(ω)[C0
ijC

0
kl]

where δij is the Kronecker delta, C0
ij is the static equilibrium right Cauchy deformation tensor and the phi-

functions are defined as:

φ∗0(ω) = 2g∗(ω)I2W2

φ∗1(ω) = 2g∗(ω)(W1 − I1W2)
φ∗2(ω) = 2g∗(ω)W2

φ∗10(ω) = 4g∗(ω)I1W2

φ∗11(ω) = 4g∗(ω)(W11 + 2I1W12 + I2
1W22)

φ∗12(ω) = φ∗21(ω) = −4g∗(ω)(W12 + I1W22)
φ∗20(ω) = −4g∗(ω)W2

φ∗22(ω) = 4g∗(ω)W22

where I1 is the first strain invariant defined previously, I2 = 1
2(CiiCjj−CijCji) is the second strain invariant,

Wij is the second derivative of the strain energy density function W with respect to the strain invariant Ii and
to the strain invariant Ij , and g∗(ω) is the material complex shear modulus identified from measurements.

The solution procedure presented in this study considers only linear viscoelasticity. As a consequence the
Payne effect, which is the dependency of the material properties on the amplitude of the input vibration,
cannot be modelled directly. In the numerical simulation, the material measurements done at two input
vibration levels of interest are applied.

To simulate contact behaviour in the contact area between the plate and the seal, a Coulomb friction model is
used [10]. A pre-analysis showed that the accuracy of the results is rather insensitive to the particular value
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of the friction coefficient, while high values result in a fast convergence of the solution procedure. A function
value of unity was chosen for the numerical simulation.
It is important to note that the case study shows a flat contact region between the weather strip seal and
the plate, whereas in reality this is often not the case. When the geometry of the contact area is complex,
a sensitivity analysis of the assembly to the friction model and the friction coefficient can be of crucial
importance to correctly identify the final deformed shape of the component, and as a consequence, the
correct stiffness and damping contribution of the component to the assembly.

Measured Material Properties

The plate is assumed to be made of aluminium, with Young’s modulus E = 72GPa, Poisson coefficient
ν = 0.33, and density ρ = 2800kg/m3.

In the Neo-Hookean hyper-elastic material model the only constant which needs to be determined is G∞. In
the visco-elastic model, the only unknown is the complex function g∗(ω), which can be written in the form:

g∗(ω) = gstorage(ω) + jgloss(ω) (10)

where the real and imaginary part of the complex shear modulus are known, respectively, as the storage
and loss shear modulus. The set-up shown in figure (3) was built with the aim of obtaining, with a single

Figure 3: Sketch of the set-up. Figure 4: Measured material properties.

Amplitude gstorage(2Hz) gstorage(500Hz) gloss(0Hz) gloss(500Hz)
A1 0.1N/mm2 0.45N/mm2 ≈ 0 0.09N/mm2

A2 0.1N/mm2 0.4N/mm2 ≈ 0 0.07N/mm2

Table 1: Bounds on the measured material properties.

measurement, the quantities needed by the material models used in the simulation. The set-up consist of a
Bruel & Kjaer 4809 shaker and a PCB 288D01 mechanical impedance head on which the elastomer sample
is mounted. The other end of the elastomer sample is forcing a rigid wall. The material sample is obtained
by cutting a 5mm section from the weather strip seal component. It is placed as a vertical (hollow) cylinder
between the two place holders. Ten different samples were tested and averaged. Assuming a one degree of
freedom behaviour, where the known mass is the dynamic mass of the impedance head plus the mass of the
cylinder bottom holder, the complex shear modulus of the elastomer is evaluated as a function of frequency
and for two particular values of the vibration amplitude (A2 > A1). Results are shown in figure (4), where
the green and blue curves represent the modulus values, respectively, for amplitude A1 and A2, in agreement
with the fact that an increase in the amplitudes of vibration corresponds to a decrease in the storage and loss
shear modulus. The measurements were done at an ambient temperature of 17oC.

AMS3 - APPLICATIONS 161



To obtain the single parameter needed to define the Neo-Hookean hyper-elastic material model, it is assumed
that G∞ ∼= gstorage measured at very low frequencies. To define the viscoelastic model, the function g∗(ω)
is required in an analytical form. The measured values of gstorage(ω) and gloss(ω) are curve-fitted with
polynomials, and the resulting g∗(ω) is used in the numerical simulation. To simulate the Payne effect, two
sets of polynomial curve fits are obtained, one for each input amplitude of vibration (A1 and A2).

3.2 Numerical implementation

The MSC.Marc non-linear finite element solver is used to model the case study. However, the choice of the
solver type does not limit the generality of the developed methodology.

The plate is modelled via 784 isoparametric 4-noded thin shell element with six degrees of freedom per node.
The material is assumed isotropic.

The weather strip seal is modelled via 5558 isoparametric 9-node brick elements. Those elements are special
brick elements with an extra pressure node (Herrmann formulation) taking into account the incompress-
ibility characteristic of the material [10]. The Neo-Hookean hyper-elastic material model is equivalent in
MSC.Marc to a Mooney hyper-elastic material model with one constant. The elastomer is assumed massless
and incompressible.
The theory of small amplitude vibrations in deformed viscoelastic solids [9] is implemented in MSC.Marc.
In addition MSC.Marc allows to pass directly to the solver the analytical g∗(ω) function via an external user
defined UPHI.f subroutine.

3.3 Solution sequence

A first analysis is performed to take into account the weather strip seal pre-load effects on the plate. This
analysis is a quasi-static non-linear analysis which takes into account the non-linearities involved in the
simulation due to material, geometry and contact behaviour. In this analysis inertial effects are ignored.

A second analysis is performed to calculate frequency response functions of the plate at different weather
strip seal pre-loads. For a given pre-load, the problem is linearised around the equilibrium state and considers
all the effects of the non-linear deformation on the dynamic solution. In this analysis inertial effects are
considered. MSC.Marc evaluates the frequency response functions with the Direct Stiffness Method [10]. By
including the aforementioned UPHI.f subroutine, the visco-elastic behaviour of the material is considered in
the dynamic solution process.

To simulate the Payne effect, two UPHI.f subroutines are considered in the analysis, respectively for the
parameters identified with the amplitude of vibration A2 and the amplitude of vibration A1 (A2 > A1).

4 Application of the three-level modelling approach

The developed methodology splits the problem into three different levels of analysis: the material, the com-
ponent and the system level:

4.1 Material level

The material complex shear modulus is measured, with the set-up shown in figure (3), as a function of fre-
quency and as a function of the amplitude of the input vibration. Results of the measurements are shown in
figure (4).
At this level, intervals on the material properties are identified. In the following component level, these
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Figure 5: Interval on the real part of the complex
g∗(ω) modulus.

Figure 6: Interval on the imaginary part of the
complex g∗(ω) modulus.

intervals are used to identify intervals in the component properties which are then used to identify the inter-
vals on the parameters describing the linear equivalent component model. To pass to the component level a
full description of the material behaviour within the frequency and amplitude bounds of interest, advanced
non-deterministic numerical tools would be required. As the interest in this study is to explain the developed
methodology, a linear behaviour within these bounds is assumed. The bounds on the measured material
properties used in the numerical simulation are shown in table (1). From these bounds, intervals in the real
and imaginary part of the complex shear modulus are obtained, as shown in figure (5) and (6). The case
of higher-order (polynomial) curve fits of the measured properties in figure (4) will be analysed in the near
future.

4.2 Component level: step 1

Figure 7: Finite element model of
the component section.

Figure 8: Static pre-load:1. Figure 9: Static pre-load:2.

A quasi-static non-linear analysis is performed on a two-dimensional section of the component shown in
figure (7) (thickness of 1mm in the third dimension). In figure (10) the compression load deflection shape
(CLD) of the component is shown, which results from applying a static displacement pre-load on the com-
ponent and evaluating the needed force. Due to the non-linear behaviour of the curve, the tangent stiffness
rather than the linear stiffness needs to be considered in the equivalent model. In figure (11), the tangent
stiffness is obtained from the numerical differentiation of the CLD with respect to the static pre-load. Two
particular static pre-load cases are highlighted in figure (11). The geometric deformations and strain distrib-
utions for those two cases are shown in figures (8) and (9). By assuming that the actual pre-load conditions
of the considered test case is situated between the two bounds shown in figures (8) and (9), an interval on the
component tangent stiffness can be identified.

On the same component section, a dynamic analysis is performed considering viscoelasticity via the MSC.Marc
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UPHI.f subroutine adopting a linear curve fit. Two sources of uncertainty affecting the analysis results are
being investigated, i.e. the amount of pre-load and the vibration level. A vertex analysis is performed tak-
ing into account each combination of assumed extreme values of the numerical properties representing the
uncertainties under investigation. In total, four analyses are performed, combining both values of selected
pre-loads with both UPHI.f subroutines taking into account the Payne effect at the analysed amplitudes A1
and A2. Bounds on the real and imaginary part of the component complex tangent stiffness:

K∗
t (ω) = Kstorage

t (ω) + jK loss
t (ω) (11)

are shown in figure (12) and (13), where the blue and red areas are related, respectively, to the blue and
red areas of figure (5) and (6). Note that the interval on the component stiffness due only to the pre-load is
represented by the vertical line at 0Hz.

Figure 10: Component CLD as a function of pre-
load.

Figure 11: Component tangent stiffness Kt as a
function of pre-load.

Figure 12: Frequency-dependent interval on the
real part of the complex K∗

t (ω) modulus (uncer-
tainty on pre-load and vibration level).

Figure 13: Frequency-dependent interval on the
imaginary part of the complex K∗

t (ω) modulus
(uncertainty on pre-load and vibration level).

4.3 Component level: step 2

The equivalent linear parametric interval model, shown in figure (14), consists of replacing the actual weather
strip by a single linear complex spring whose values of stiffness and damping agree with the intervals evalu-
ated in the previous step. In MSC.Marc the complex spring element represents a parallel linear spring-dashpot
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Figure 14: The equivalent interval parametric
model.

Figure 15: FE equivalent model of the set-up.

connection [10]. Such a system is known in linear viscoelasticity as the Kelvin-Voigt model [7]. The dynamic
stiffness of the Kelvin-Voigt model shows a constant behaviour with frequency for the real part and a linearly
increasing behaviour with frequency for the imaginary part.

The real part of the equivalent linear parametric interval model (i.e. the linear spring in the Kelvin-Voigt
model) will be defined such that it covers the frequency dependency identified for the stiffness on the material
level. It is derived from the shaded area shown in figure (12). For pre-load:1 and pre-load:2 the identified
intervals will be, respectively, defined by the bounds (A,B) and (C,D).

For the imaginary part of the equivalent linear parametric interval model the reasoning is the same, except for
the fact that the imaginary part of the dynamic stiffness of the Kelvin-Voigt model increases with frequency.
To have an average distribution of damping within the frequency band of interest, only one interval for
pre-load is identified. According to the behaviour of the gloss(ω) shown in figure (4), it is assumed that
the bounds of this interval are reached at the middle of the frequency band of interest. For pre-load 1 and
pre-load 2 the identified interval will be defined by the bounds (AB,CD), as shown in figure (13).

4.4 System level

The equivalent linearised model is then distributed according to its dimensions, along the contact area be-
tween the plate and the weather strip seal. The equivalent model is connected to the mesh of the plate through
rigid connections (RBE2 elements) [10], in such a way that the spring end points can be centred with respect
to the contact area independently from the plate mesh size. The assembly of the plate and the equivalent
model is shown in figure (15).

5 Result comparison

Figures (16) to (18) show the results of the simulation in terms of the frequency response function between
the normal displacements in one point of the plate and the applied dynamic force at another point of the plate.
Figure (16) shows the results of the full system solution approach, with viscoelasticity and Payne effect taken
into account. The black curve represents the baseline undamped dynamic response of the plate when the
weather strip seal is not considered. The blue curve is related to pre-load:1 and amplitude of vibration A2,
while the red curve is related to pre-load:2 and amplitude of vibration A1, such that the maximum scatter on
the system response is represented.
The effect of the weather strip seal on the dynamic behaviour of the plate is clearly visible in the entire
frequency range of interest. In line with the component stiffness behaviour shown in figure (11), the response
of the plate at 0Hz is decreased as the pre-load increases. As a result of the combined effect of pre-load
and viscoelastic behaviour, the plate resonances are shifted to higher frequencies. The weather strip seal is
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Figure 16: Frequency response function between two points on the plate (full system approach).

introducing damping in the system, which is clearly increasing with pre-load as the compression increases
the contact area between the seal and the plate. It can be noted that the plate third resonance is only slightly
influenced by the weather strip seal. This resonance corresponds to the plate mode shape (0/1) [11], as
shown in figure (19), for which the seal is located near the mode shape nodal line.

Figure 17: Frequency response function between
two points on the plate.

Figure 18: Frequency response function between
two points on the plate.

The dashed curves in figures (17) and (18) were obtained from the three-level methodology. For pre-load:1,
the K∗

t − lower and K∗
t − upper curves represent the response of the equivalent system respectively for the

bounds (A,AB) and (B,AB), in figures (12) and (13). For pre-load:2, the K∗
t − lower and K∗

t − upper
curves represent the response of the equivalent system respectively for the bounds (C,CD) and (D,CD),
in figures (12) and (13).

The response of the full system at 0Hz lies within the boundaries, while the K∗
t − lower curve clearly

underestimates the system resonances. This is because of the amount of conservatism introduced by the
selection of the bounds on K∗

t . According to the measurements shown in figure (4), the transition region on
the complex shear modulus is around 20Hz. This means that, except at frequencies below 20Hz, the system
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meets the conditions defined by the bounds [B,AB] for pre-load:1 and [D,CD] for pre-load:2 in almost all
the frequency range of interest. The K∗

t − upper curve, while overestimating the response of the system at
0Hz, clearly represents the full system resonances in the frequency band of interest within an accuracy of
5%.
It can be seen from figures (17) and (18) that the amplitude of the full system resonances lay within the
bounds in the frequency band of interest. For frequencies above 250Hz, as the imaginary part of the dynamic
stiffness of the Kelvin-Voigt model increases with frequency, the amplitude of the full system resonances tend
to be underestimated.

The total CPU time needed for finding the solution with the developed three-level methodology was approx-
imately 10% of the CPU time for the full system solution.

A comparison of plate mode shapes is shown in figures (19) and (20).

Figure 19: Full system - plate mode shapes: (0/0), (1/0), (0/1), (2/0), and (1/1).

Figure 20: Equivalent system - plate mode shapes: (0/0), (1/0), (0/1), (2/0), and (1/1).

6 Conclusions and future work

A methodology based on a three-level modelling approach involving material, component and system level,
has been developed to model the NVH behaviour of elastomeric line connections. The focus was on the dy-
namic modelling of car door weather strip seals and a numerical case study was built-up to test the method-
ology. Two solution methods are compared. The first solution method consist of solving the entire system
model with the component modelled in full detail. In the second solution method the developed methodol-
ogy is applied and the difference between the two methods in terms of accuracy and CPU solution time are
identified.

It is shown that an equivalent system can represent the behaviour of the full system with reasonable accuracy
at a reasonable computational cost. The accuracy of the methodology depends mainly on the choice of the
equivalent linear model, and the limitations introduced by the use of the Kelvin-Voigt model were shown.
Other mechanical analog of springs and dashpots, which better simulates the viscoelastic behaviour of the
material, will be used in a near future.

A consistent follow up to this study is the experimental validation at the component and system level. The
measurement set-up shown in section (3.1) can be adapted to validate the weather strip seal component
model. An additional set-up has been built to validate the numerical approach at system level, and correlation
of the results with the numerical approach will be presented in a near future.

Temperature effects have not been considered in this study, despite their importance for the NVH behaviour
of elastomeric line connections. Identifying intervals in the complex shear modulus also as a function of
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temperature perfectly fit in the developed methodology solution sequence and will be the subject of future
research.

A last comment concerns the choice of the intervals used in the simulation. The scatter of the system response
was evaluated by simply considering the crisp values of the parameters at the vertex bounds of the intervals
and assuming a linear behaviour between those extremes. Advanced non-deterministic numerical techniques
are in general needed to describe the material behaviour within the intervals. In this respect an approach
based on the Fuzzy Finite Element [12] method has been presented by the authors in a previous work [13]
and will be adopted for the present case study in a near future.
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Abstract
Recent advances in measurement systems and machine tools require positioning systems that combine high
stiffness with a high positioning accuracy. Moreover, a high positioning speed is favourable. Current solu-
tions of multi-DOF positioning systems are often based on a stacked construction of linear systems consisting
of an electromechanical drive, a transmission and a linear guiding system. Due to the series connection of
components the resulting stiffness is diminished and the positioning errors are accumulated. However, by
integrating the bearing, transmission and drive functions into a multi-DOF positioning system, an accurate
and at the same time rigid positioning system can be achieved. This paper presents the design of the piezo-
electric drive modules which will be integrated into the proposed multi-DOF positioning system. Due to the
different operation modes of the module, a maximum speed of 0.3m/s can be achieved, while a positioning
resolution of 10nm is shown. It is also shown that due to an alternative control strategy, an accurate control
of the drive modules is possible.

1 Introduction

Current developments in advanced measurement systems and machine tools require positioning systems that
combine high stiffness with a high positioning accuracy. A concept of positioning system is developed that
provides the stiffness of the system through the integration of bearing, transmission and drive system into
a multi-DOF positioning system. Piezoelectric actuators combine a high position resolution with a high
passive stiffness and a highly dynamic performance, making them appropriate for the application in the
proposed positioning system. Another advantage of piezoelectric actuators is the compatibility with non-
magnetic environments. A high precision stage with large stroke in the three in-plane directions and able
to make small correction movements in the out-of-plane directions has been successfully tested [1], [2].
The driving mechanism of this drive is based on the inchworm stepping principle [3]. However, the drive
speed is limited to a few mm/s, due to the occurrence of structural vibrations at high stepping frequencies.
In order to reduce machining time, a high drive speed is favourable. Possible solutions to achieve high
displacement velocities by operation in resonance have been described in [4]. The vibration of a stator is
amplified through resonance and pushes a slider via an intermittent contact. Commercial applications of
this resonance principle have already been developed [5], [6]. A negative side effect is that sliding friction,
and hence wear is inherently present in the contact zone. When working in resonance, the high inherent
position resolution of piezoelectric actuators is lost. Due to stick-slip behavior in the contact zone, a precise
positioning in resonance is difficult to achieve. In this paper however, a novel drive concept is presented
that combines the high speed of a resonant mode with the high positioning accuracy of a pulse mode and
a direct drive mode. The developed drive module can be integrated into a modular multi-DOF positioning
system. To investigate its characteristics the drive module is integrated into a linear piezoelectric drive.
Firstly, the design of the drive module is explained, and then the different operation modes are discussed.
The control strategy to achieve a high positioning resolution in resonant operation mode will be discussed in
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Figure 1: CAD-model of the linear drive

the paragraph thereafter. This paper will conclude with some considerations on the integration of the drive
modules into a multi-DOF positioning system. Potential applications of the proposed positioning system
are stages for novel high-precision abrasive machining (e.g. ELID grinding), lithography (e.g. extreme-UV
wafer steppers) and positioning devices working in vacuum (e.g. scanning electron microscopy).

2 Working principle of the piezoelectric drive modules

2.1 Design

Figure 1 shows a CAD-model of the piezoelectric drive module. It consists of a stator (1) which is pre-
stressed via a contact point (2) against a slider (3). The piezoelectric actuators (P1-P4) are mounted inside
the stator. Elastic hinges (4) connect the piezoelectric actuators to the fixed frame and the contact point. The
piezoelectric actuators are pre-stressed via leaf springs (5) and a tuning block (6). The stator is mounted to a
fixed frame at point (7).

Figure 2 shows how the drive module is incorporated into a linear drive. Via a pre-stress bolt (1) and a flexure
guiding (2) the slider (3) is pre-stressed against the drive module. The developed drive module combines 3
operation modes: (i) a differential and (ii) a pulse mode, providing a slow but extremely accurate positioning,
and (iii) a resonant operation mode providing a high drive speed. To reduce wear of the contact point the
slider is coated with an Al2O3 bar and the contact point is made of ZnO. These contact materials increase
lifetime of the drive drastically comparing to a steel-steel contact.

2.2 Direct drive mode

Figure 3 illustrates the working principle in the so-called direct drive mode. When a positive voltage is
applied to piezoelectric actuator 1 and a negative voltage with the same magnitude is applied to piezoelectric
actuator 2, the contact point and hence the slider will move to the right. This mechanism allows nanometer
resolution control of the position of the slider. The position of the slider is measured with a Lion Precision
capacitive sensor, allowing a position resolution of 5 nm. To determine the transfer function of the drive, the
piezoelectric actuators were excited with a random noise voltage signal and the position of the slider was
measured with a capacitive probe. The resulting transfer function is shown in 4. A second order model is
fitted on the measured transfer function. This model was used to design a performant PI-controller. Figure
5 shows the measured performance when tracking a staircase function with a step size of 10nm. The system
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Figure 2: Drive module integrated into a linear drive
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Figure 3: Direct drive mode

shows a rise time of 10ms. The position resolution is limited by the measurement resolution of the capacitive
probes. The stroke is constrained by the maximum stroke of the piezoelectric actuators, this is several
micrometers.

2.3 Pulse operation mode

The limited travel is a disadvantage of the direct drive mode. When working in pulse operation, the travel
can be infinitely extended. Shifting the phase between the voltages applied to piezoelectric actuators P1 and
P2 allows a controlled motion of the contact point. Phase opposition will lead to a horizontal motion of
the contact point while an equal phase induces a vertical motion of the contact point. At a sufficiently high
driving frequency, the retracting motion of the contact point is not followed by the slider due to its relatively
high inertia. This means that a net motion of the slider is induced. By adapting the amplitude of the applied
voltages or the phase, the horizontal amplitude of the contact point can be influenced. This allows a high
positioning resolution. Figure 6 shows the position of the slider for varying voltage amplitudes. Step sizes
ranging from 150nm to a maximum resolution of 10nm can be achieved. Because of the cyclic character of
the working principle, the stroke can be arbitrarily large.
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Figure 4: Identification of the linear drive

Figure 5: Performance of the linear drive under closed loop control

2.4 Resonant operation mode

Although providing a high positioning resolution, due to the limited stroke of the piezoelectric actuators the
speed in pulse operation mode is limited to only a few mm/s. For displacement at higher velocities, the
resonant operation mode is used. The driving principle of the drive modules in the resonant operation mode
is based on the generation of an elliptical motion of the contact point driving a slider by a friction contact. In
order to optimize efficiency it is advantageous to maximize the horizontal and vertical vibration amplitude
of this elliptical motion. When operating the stator in resonance, the stroke is largely amplified. Large
horizontal amplitude will ensure a high positioning speed while high vertical amplitude is needed for a high
traction force. Figure 7 shows the FEM-modeling of the horizontal, respectively the vertical eigenmodes of
the piezoelectric drive module.

Optimal efficiency is achieved when these two eigenmodes occur at the same frequency. If the phase differ-
ence between the piezoelectric actuator P1 and P2 is 90o, both eigenmodes are excited resulting in a elliptical
motion of the contact point. Designing a drive module with coinciding eigenmodes is not straightforward.
Moreover, as the drive module is optimized for performance in the pulse operation mode and the direct drive
mode, no design parameters are left over to get coinciding eigenmodes. The described piezoelectric drive
uses a novel concept to make the horizontal and vertical eigenfrequencies coincide. Figure 1shows a tuning
block (7) which is connected via leaf springs (6) to the contact point and the fixed reference. This tuning
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Figure 6: Position of the slider for varying step sizes

Figure 7: FEM-representation of horizontal (l) and vertical (r) vibration modes

block acts as a modal mass for the horizontal mode. Due to the leaf spring connection it does not move for
the vertical mode, as can be seen on figure 8.

This means that the position of the horizontal eigenfrequency will be more sensitive to a change of the tuning
mass than the eigenfrequency of the vertical eigenmodes. The result of the FEM-calculation of the sensitivity
is shown in figure 8. For efficient application of the vibration energy, it is important to decouple the drive
module from its surrounding. On the other hand, to be able to work in the differential mode, a stiff connection
to the fixed frame is needed. The symmetrical construction will induce a central node at the symmetry point
of the drive module, point (7) in Figure 1. When attaching the drive module to the fixed reference at this
point, minimal vibration energy is lost to the environment leading towards an improved driving efficiency.
Moreover, the performance of the drive module is independent of the structure where it is attached to, thus
improving design modularity. The measured speed is shown in figure 10. It can be seen that at 300mm/s,
a maximum speed is reached. Also, at low voltage amplitudes the vertical vibration amplitude is not high
enough to induce a motion of the slider. This ’dead velocity band’ is a typical phenomenon for resonant
motors.

3 Control of the resonant operation mode

As shown in the previous paragraph, the position of the piezoelectric drive in the direct drive mode can be
controlled up to the resolution of the measurement equipment with a PI-controller. In the pulse operation
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Figure 9: Measured response functions
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Figure 10: Measured speed in the resonant operation mode
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Figure 11: Layout of the test setup

Figure 12: Picture of the test setup

mode, the positioning resolution is equal to the fixed step size, which is directly proportional to the applied
voltage. The resonant operation mode however has no inherent positioning resolution. Also, due to the ’dead
velocity band’ at low speeds, it is difficult to achieve a fine positioning resolution. Moreover, the resonance
frequency is dependent of external operation conditions such as temperature, pretension of the slider against
the drive, drive load, This makes a precise control of the speed even more difficult. The aim of this paragraph
is to distinguish several control methods and strategies to be able to precisely control the motion of the slider
in the resonant operation mode.

3.1 Test setup

Figure 11 shows the layout of the test set-up to control the piezoelectric motor. A signal generator was de-
signed and built that can generate two sinusoidal functions with a continuously controllable phase difference,
frequency and amplitude. The frequency f, phase f and amplitude A are set by analogue voltage signals, that
are provided by a D-space system. The sinusoidal signals are amplified by power amplifiers and fed into the
piezoelectric motor. The position is measured by a laser interferometer. Figure 12 shows a picture of the test
set-up.

3.2 Frequency control

A possible way to control the speed of the piezoelectric motor is by changing the frequency of the voltage
signal. The drive speed will be maximal at the horizontal resonance frequency and decreasing fast when
shifting the drive frequency away from the resonance frequency. This drive method is e.g. used to control
the speed of ultrasonic traveling wave motors. Figure 13 plots the measured speed with relation to the driving
frequency. When the driving frequency is kept somewhat above the peek amplitude, the speed is relatively
linear with the driving frequency, giving a fairly good control parameter.
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Figure 13: Speed vs. driving frequency
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Figure 14: Speed vs. amplitude

It should be noticed that due to temperature change, changing pretension, load change, the resonance fre-
quency will drift. Because this frequency-speed relation is very sensitive to environmental conditions, it is
not a good control parameter. However, to improve the robustness of the piezoelectric motor, it could be
advantageous to use a phase locked loop to detect the resonance frequency and adopt the driving frequency
in order to keep driving the motor at the most efficient working point.

3.3 Amplitude control

The classical approach to control ultrasonic piezoelectric motors is by changing the voltage amplitude. As
the horizontal vibration amplitude of the contact point is directly proportional to the voltage amplitude, so is
the drive speed of the slider. For small drive speeds however, the vertical vibration amplitude is accordingly
small. When the vertical vibration amplitude is under a certain threshold, continuous slip will occur between
the contact point and the slider, resulting in a standstill of the drive. This phenomenon is known as the
characteristic ’dead velocity band’. Figure 14, left shows the measured speed when a sinusoidal change in
voltage amplitude is applied. The phase difference between the excitation voltages is kept constant to It is
clear from the figure that, for low voltage amplitudes the speed drops to zero. Figure 14, right plots the speed
in function of the applied voltage. Here the ’dead velocity band’ can be clearly distinguished.
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Figure 15: Speed vs. phase

3.4 Phase control

The proposed piezoelectric motor works by the simultaneous excitation of a vertical and a horizontal reso-
nance mode. When the phase difference between the excitation voltages is both eigenfrequencies are excited.
Due to symmetry, only the vertical vibration mode is excited when the phase difference is At this point the
horizontal vibration, and by consequence the horizontal speed, is zero. is applied. Figure 15,left shows the
measured speed when a sinusoidal change in the phase difference between the excitation voltages. Com-
paring with the previous paragraph, where the speed is measured for varying amplitudes, the ’dead velocity
band’ has disappeared. Figure 15, right plots the speed with varying phase. The ’dead velocity band’ is
not present and a linear relation between the applied phase difference and the measured slider speed can be
distinguished.

3.5 Controller design and experiments

This paragraph will discuss the performance of the piezoelectric motor regarding its capability of follow-
ing a reference trajectory in the resonant operation mode. In particular, two different control schemes are
investigated: changing the voltage amplitude and changing the phase difference between the excitation volt-
ages. Figure 16 shows the control scheme for the phase controller. For this control method, the excitation
frequency f and the voltage amplitude A are set to a fixed value. The phase difference f is controlled with
a PI-controller. The layout of the amplitude controller is analogous: here the frequency f and the phase
difference f are set to a fixed value and the amplitude A is varied. Figure 17 plots the performance of the two
control methods for tracking a sinusoidal reference trajectory with amplitude of 0.5µm. The phase controller
shows a better performance than the amplitude controller. Due to the strong nonlinearity of the relation be-
tween the applied voltage and the measured speed, the tracking performance of the voltage controller is
deficient for low velocities. This can be seen in figure 17 at the maximum displacement, where the speed is
minimal. Figure 18 shows the performance of the amplitude controller respective phase controller. Again,
the tracking performance of the phase controller is better than the performance of the voltage controller.

4 Integration into a multi-DOF positioning system

The final goal, as stated in the introduction, is the construction of a high-stiffness planar stage where the
guiding and driving functions are integrated. For this, several of the developed linear drives have to support
the stage. Figure 19 shows the layout of such a planar positioning stage. The stage is supported by 3 linear
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Figure 16: Simulink scheme of the phase controller
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Figure 19: Sketch of the planar stage design

drives. The stage can work in the pulse operation mode and the resonant mode, as described in the previous
paragraphs. This will allow a large travel in X , Y and ϑz . Another important advantage is that respectively
the Z−, ϑx− and ϑy− position of the stage can be controlled by the linear drive modules. As these positions
are measured with the 3 capacitive sensors, active stiffness can be achieved by feedback control.

5 Conclusions

This paper presents the design of a novel piezoelectric drive module. The modular character of the drive
module will allow its integration into a linear drive as into a planar stage. The piezoelectric drive module
integrates 3 operation modes. A direct drive mode allows a position resolution of 10nm, but the stroke is
limited to several m. It was shown that the pulse operation mode can also achieve a position resolution down
to nanometer level, although the drive speed is limited. Finally, in order to achieve high drive speeds, the
drive module works in a resonant operation mode. For this, a novel tuning mechanism is applied to achieve
optimal efficiency. The resonant operation mode allows a drive speed up to 300mm/s. Also the control of
the piezoelectric motor in resonant operation mode was investigated. A classical approach of controlling
the drive amplitude leads to nonlinear phenomena at low speeds, but with an alternative phase control good
control of the position is possible.
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Abstract
Current trends in micro-turbomachinery stress the need for adequate rotordynamic models. These models
should allow accurate prediction of critical speeds, imbalance response and stable operation range of micro-
turbomachinery rotor-bearing systems. This paper gives an overview of the total rotordynamic modelling
process of a micro-turbine rotor supported on aerostatic bearings. A both accurate and efficient modelling
technique is outlined to obtain static and dynamic air bearing properties. These bearing coefficients serve
as input for a rotordynamic model yielding damped natural frequencies, unbalance response and stability
limits. Experimental verification confirms a good agreement with the predicted critical speeds.

Nomenclature

Ao annular curtain area at gap entrance [m2]
c journal bearing nominal radial clearance [µm]
cij bearing damping coefficient [N s/µm or Nm s/rad]
Cd entrance flow coefficient of discharge
f external force acting on rotor [N]
h thrust bearing nominal clearance [µm]
H normalised film height
It rotor transverse moment of inertia [gmm2]
Ip rotor polar moment of inertia [gmm2]
kij bearing stiffness coefficient [N/µm or Nm/rad]
L journal bearing length [mm]
Lb distance between journal bearing centres [mm]
Lp distance between measurement planes [mm]
Ltot total rotor length [mm]
m rotor mass [g]
ṁ mass flow [g/s]
ṁo gap entrance flow [g/s]
pa atmospherical pressure [Pa]
po gap entrance pressure [Pa]
ps supply pressure [Pa]
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pt extrapolated pressure at gas entrance [Pa]
P normalised film pressure
Pf bearing viscous losses [W]
r journal bearing radius [mm]
< gas constant [J/kg K]
ri thrust bearing inner radius [mm]
ro thrust bearing outer radius [mm]
T external torque acting on rotor [Nm]
Ts gas temperature at stagnation [K]
V relative sliding velocity [m/s]
W bearing load carrying capacity [N]
ød rotor disc diameter [mm]
øfh feedhole diameter [µm]
øs rotor shaft diameter [mm]
γ thrust bearing tilt angle [rad]
ε journal bearing eccentricity ratio e/c
κ ratio of specific heats
µ gas viscosity [kg/m s]
ν perturbation frequency [Hz]
ω rotor speed [Hz]
ωcyl cylindrical critical speed [Hz]
ωcon conical critical speed [Hz]

1 Introduction

Recently, a growing interest in micro-turbomachinery applications is noticeable. Miniaturisation in a lot of
research domains has led to a demand for small-scale systems running at high operational speeds. In most
of the cases air bearings offer low frictional losses, high reliability, long bearing life and high operational
temperatures. The cost of all these benefits lies in the sometimes complicated design and optimisation
process encountered when using air bearings.

Currently, extensive research is done to develop fuel based micro power generating units based on a gas-
turbine cycle. These units are intended to serve as autonomous and portable power supplies with a higher
energy density than the best performing batteries. Projects are running at MIT [1], Tohoku University, Tokyo
University, ETH Zurich and Katholieke Universiteit Leuven [2].

The research of this paper is situated within the PowerMEMS-project of the Katholieke Universiteit Leuven.
The project goal is the development of a micro-gasturbine with an output power ranging from 100 W to
1 kW, while the overall size should not exceed 1 dm3. The target rotational speed is set to 500,000 rpm with
a compressor and turbine diameter of 20 mm.
Aerodynamic foil bearings are the most promising choice for meeting the stringent bearing requirements.
For prototyping purposes, rigid aerostatic and hybrid bearings will be used. The test-setup described in this
paper is a first simplified prototype to validate bearing modelling techniques and balancing methods.

The first section of this paper describes the test-setup components and instrumentation. The rotordynamic
modelling process is divided into two steps. First, an extensive overview is given on air bearing modelling
techniques. After this, the dynamic behaviour of the rotor-bearing system is examined. Finally, experiments
are performed to validate the predicted critical speeds and stability limits.

Other recent rotordynamic studies of rotors supported on air bearings are done by San Andres in [3, 4].
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2 Description of micro-turbine test-setup

2.1 General overview

Figure 1 gives an exploded view of the micro-turbine test-setup. The setup was mainly designed to perform
balancing experiments on a miniature high-speed rotor.
The rotating part of the setup consists of a shaft with two shrink-fitted rotor discs. These discs are actually
dummy representatives of the future turbine and compressor part. The rotor is supported by a split aerostatic
bearing. The bearing parts fit into a housing which provides air supply connection and sensor interface. Two
covers close the total unit while guaranteeing proper alignment of the split bearing parts.

cover guide
pins

O-ring

rotorvibration
transducers

access

shim
ring

wave
spring

inner cover
part

housing

reference
cover

split
bearing

parts

keyphasor
access

Figure 1: Exploded view of the test-setup.

Accurate fitting and alignment of the two bearing halves proved to be one of the most critical issues of the
setup. An alternative of this split bearing approach would be to make one of the rotor discs dismountable.
This however does not guarantee the rotor having repetitive imbalance conditions.
The current setup can be disassembled by removing the left outer and inner cover parts, allowing the core
unit to be shifted out. The actual alignment of the bearing halves is done by a tight tolerance fit into the
inner cylinder of the housing. A wave spring followed by an inner cover part pushes the two halves against
a reference cover. This method should allow easy and repetitive mounting of the setup with alignment
tolerances within a fraction of the air bearing clearances.

Figure 2 shows a detail view of the core unit consisting of rotor and split bearing parts. In the centre of the
rotor shaft, between both rotor discs, a simple Pelton impulse turbine is machined to drive the rotor with
pressurised air. A stationary nozzle as well as an exhaust hole are incorporated into each split bearing half.
A non-destructive technique of applying small test masses is used for balancing purposes. One or more
balancing foils can be mounted on each rotor disc with thicknesses between 40 µm to 200 µm, yielding a
mass-eccentricity value of 1.56× 10−5 gm to 7.82× 10−5 gm respectively. The foils have a tight tolerance
fit on the ø10 mm rotor disc part. Three M1.6 screws fix the foils to the rotor disc with indexing steps of
30◦. This technique allows reversible application of virtually any static or dynamic imbalance by choosing
the right combination of foil thickness and mutual orientation.

Table 1 summarises the most important rotor parameters.
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Figure 2: Detail view of the rotor and bearing assembly.

rotor parameters value
shaft diameter øs 6 mm
disc diameter ød 20 mm
total length Ltot 65 mm
total mass m 21.3 g
transverse moment of inertia It 5842 gmm2

polar moment of inertia Ip 349 gmm2

distance between journal bearing centres Lb 11 mm
distance between measurement planes Lp 18 mm
first bending mode 5.186 kHz

Table 1: Rotor parameters of the test rotor.

2.2 Instrumentation

According to theory [5], the number of balancing and measurement planes should be at least equal to the
number of critical speeds traversed. The maximum attainable speed of 102.000 rpm (1.7 kHz) lies far below
the first bending mode of the rotor (5.186 kHz). Two measurement planes are therefore sufficient for the
current test-setup and operational speed range.
Two fiber optical vibration transducers are installed to measure the distance between each rotor disc and the
stationary housing. The transducers measure the amount of light reflected by the target surface. For small
displacements (±50 µm) there exists a nearly linear relationship between the amount of reflected light and
target distance. An in-house developed electronic circuit provides an analog voltage signal that is read in by
the data acquisition system.
Phase information about the rotor vibration can only be obtained if the recorded signals are triggered to a
keyphasor signal. This reference signal tracks a fixed mark on the rotor shaft and results each revolution in a
single trigger pulse. A Mechanical Technology Incorporated KD310 optical sensor is used for recording this
mark.

Figure 3 summarises the signal path and measurement conventions. The vibrational data of both rotor discs
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and the keyphasor signal are sent to an oscilloscope and an National Instruments PXI-6123 data acquisition
system. The data is read into the computer and a MATLAB program performs the actual analysis. The
trigger signal acts as a reference to make all measured signals perfectly periodical. On this periodical data a
frequency analysis is carried out to provide rotor speed and complex vibrational spectra of both rotor discs.
Both steady-state and transient measurements can be performed.
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circuit

output:
- rotor speed ω
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β
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DAQ

Figure 3: Overview of the measurement conventions and signal processing. O represents the bearing geo-
metrical centre, C the rotor geometrical centre and M the rotor mass centre. At rotor speed ω the imbalance
force U results in the imbalance response V with phase angle θ.

2.3 Air bearing geometry

As discussed in the introduction, first turbine prototypes and setups will work with non-conformable (rigid)
aerostatic bearings. The split bearing of this setup was designed for stable operation up to 300.000 rpm at 6
bar (absolute) supply pressure.
The exploded view of figure 2 reveals the journal bearing surfaces. The radius r of the plain journal bearing is
3 mm with a length L of 3 mm yielding a length-to-diameter ratio of 0.5. The bearing is fed with six inherent
restriction feedholes placed on the bearing centerline. Table 2 summarises the geometrical properties of
the journal bearings. Due to manufacturing tolerances, the actual values always differ slightly from the
original design value. The actual radial clearance is measured both with a precision internal micrometer and
a Renishaw OMP40 touch probe on a KERN MMP micro-milling machine. The feedholes are produced by
micro-EDM and are afterwards inspected with a WYKO NT3300 optical profiler.

Two aerostatic thrust bearings support the rotor axially. The inner radius ri is 4 mm and the outer radius
ro equals 10 mm. Six inherent restriction feedholes are placed at r = 7 mm. As for the journal bearings,
the actual geometrical properties are inspected after machining. Table 3 lists the design value and the actual
value of the different thrust bearing properties.
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journal bearing design value actual value
radius r 3 mm -
nominal radial clearance c 7.5 µm 11 µm
length L 3 mm 3±0.1 mm
feedhole type inherent restrictor -
feedhole arrangement 6 centrally placed feedholes -
feedhole diameter øfh 300 µm 325 µm

Table 2: Geometrical properties of the journal bearing.

Due to the large thrust bearing surface compared to the total rotor length, there exists a considerable tilt effect
of the thrust bearings in case of conical rotor vibration. This should certainly be taken into account when
calculating the critical speeds and imbalance response.

thrust bearing design value actual value
inner radius ri 4 mm 4±0.1 mm
outer radius ro 10 mm 10±0.1 mm
nominal clearance h 10 µm 15 µm
feedhole type inherent restrictor -
feedhole arrangement 6 feedholes placed at r = 7 mm -
feedhole diameter øfh 300 µm 375 µm

Table 3: Geometrical properties of the thrust bearing.

3 Air bearing modelling techniques

Bearing support characteristics form the main input for the calculation of every aspect of the rotordynamic
behaviour. Further on, an overview will be given about the applied modelling and simulation techniques
for the aerostatic bearings. The final output of these calculations are the bearing characteristics for different
operational parameters.

3.1 Governing equations

The viscous gas film flow between the stationary housing surface and rotating shaft is modelled by the
compressible Reynolds equation [6]. This equation yields the pressure distribution between two surfaces as
a function of the relative shearing velocity.

∇ · [pac
2

12µ
PH3∇P − 1

2
PHV] =

∂

∂t
(PH) (1)

wherein pressure P and height H are normalised with respect to atmospheric pressure pa and radial clea-
rance c respectively. µ stands for the gas viscosity, while V indicates the relative sliding velocity between
the bearing surfaces. Three contributions can be distinguished: a Poiseuille pressure induced flow term, a
Couette velocity induced term and a squeeze term.

For certain geometrical bearing configuration and working parameters, the above stated equation is solved
by using a finite difference calculation scheme. Essential to this process are suitable boundary conditions.
At the bearing outer surfaces, the pressure P should always remain one (p = pa). At feedholes however,
the boundary conditions are less obvious. A correct and practical usable entrance flow model is hereby
indispensable.
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3.2 Entrance flow model

The flow path from feedhole to atmospherical pressure can be divided into three different flow regions (fi-
gure 4). First the flow accelerates in the feedhole itself reaching maximum speed somewhere at the gap
entrance. This region is called the feed region. Then, the flow begins to decelerate due to viscous friction
and the diffuser effect. Fluid inertia forces gradually become less important. This second region is termed
the entrance region. Finally, viscous forces are dominant up to the exit. This last region is named the viscous
region and normally fills the greatest part of the bearing surface.

u

r

p

po 

pt entrance region viscous
region

viscous pressure
profile
extrapolation

actual
pressure
profile

Figure 4: Entrance flow region.

For the first flow region, the Euler equation can be used to relate mass flow through the feedhole to pres-
sure drop (from supply pressure ps to the gap entrance pressure po). From the start of viscous flow up to
atmospherical pressure pa, one can rely on the above stated Reynolds equation. For the description of flow in
the intermediate entrance region several models and theories have been developed in the past. Most known
are the empirical orifice formulas and Vohr’s correlation formula.
However, the boundary-layer equations describing this entrance flow can be analytically solved by separating
the velocity into an amplitude and a profile function [7]. This method allows the calculation of the actual
pressure profile from gap entrance to atmospherical pressure.

It would make bearing calculation more practical if one could formulate a lumped-parameter formula to
quantify the entrance effects without having to solve the actual pressure profile for each given bearing con-
figuration. The following equation relates the mass flow to the pressure ratio pt/ps, in which pt stands for
the theoretical pressure at gap entrance if the viscous profile would be extrapolated.

ṁo = CdAo

√
2κ

κ− 1
ps√
<Ts

φe

(pt

ps

)
(2)

In this equation Ao represents the annular curtain area at gap entrance, κ is the ratio of specific heats of the
gas, < the gas constant, Ts the gas temperature at stagnation and φe represents the nozzle function.
The values of the coefficient of discharge Cd are obtained out of solution data of the actual pressure profile
for different entrance parameters. Cd is tabulated as a function of bearing geometry, gas properties and pt/ps.
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In practice, the below iteration process should be followed to determine the appropriate boundary value pt at
each feedhole.

1. Choose a starting value for pt. This value serves as a boundary condition for calculating the viscous
pressure profile over the whole bearing area.

2. The obtained pressure profile allows to determine the film flow.

3. From the lumped-parameter entrance model, the entrance flow can be calculated.

4. Both flow quantities should match. If not, adjust pt by using for instance the Newton-Raphson tech-
nique.

3.3 Bearing characteristics

A given bearing geometry in combination with its working parameters forms the input for calculating the
bearing characteristics. During steady-state operation, one is for example interested in static bearing charac-
teristics as load carrying capacity and frictional losses. More important for rotordynamic study, are dynamic
characteristics as stiffness and damping properties.

3.3.1 Static characteristics

Figure 5 shows the static pressure profile of the journal bearing with geometrical parameters as in table 2
at a rotational speed ω of 100.000 rpm and eccentricity ε of 0.025. At these working conditions, the rotor
weight is compensated by the load carrying capacity of both journal bearings. Table 4 lists the journal bearing
characteristics.
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Figure 5: Static pressure profile of the journal bearings at a rotational speed ω of 100.000 rpm and eccentricity
ε of 0.025.

For the same working conditions, the pressure profile of the thrust bearing is calculated and plotted in figure 6.
Its characteristics are given in table 5.
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journal bearing value
rotational speed ω 100.000 rpm
eccentricity ε 0.025
supply pressure ps 6 bar (absolute)
load carrying capacity W 0.094 N
viscous losses Pf 0.085 W
total mass flow ṁ 0.084 g/s

synchronous stiffness k [N/µm]
[

0.340 0.005
−0.005 0.340

]
synchronous damping c [N s/m]

[
0.721 −0.031
0.031 0.724

]
Table 4: Static and dynamic characteristics of the journal bearing.
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Figure 6: Static pressure profile of the thrust bearings at a rotational speed ω of 100.000 rpm and zero tilt
angle γ.

3.3.2 Stiffness and damping coefficients

When interested in a system’s critical speeds, imbalance response and stability limit, the dynamic bearing
properties must first be determined. For the journal bearing of figure 7 the spring and damper forces are
formulated as:

{
fx

fy

}
=

[
kxx kxy

kyx kyy

]
·
{

x
y

}
+

[
cxx cxy

cyx cyy

]
·
{

ẋ
ẏ

}
(3)

where k and c are the stiffness and damping-coefficient matrix respectively. A peculiarity about air bearings
- and hydrodynamic bearings and seals in general - is the presence of cross-coupled or indirect stiffness and
damping terms. These terms are responsible for a reaction force perpendicular to the disturbance. In this
way, kxy represents the stiffness coefficient relating displacement in the x-direction due to a force acting
in the y-direction. cxy represents the damping coefficient relating velocity in the x-direction due to a force
acting in the y-direction.
To describe the dynamical properties of a bearing one needs at least four stiffness and four damping terms.
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thrust bearing value
rotational speed ω 100.000 rpm
tilt angle γ 0 rad
supply pressure ps 6 bar (absolute)
load carrying capacity W 20.15 N
viscous losses Pf 1.87 W
total mass flow ṁ 0.132 g/s

synchronous tilt stiffness k [Nm/rad]
[

49.491 −2.129
2.128 49.491

]
synchronous tilt damping c [Nm s/rad]

[
0.324 0.039
−0.039 0.324

]
× 10−3

Table 5: Static and dynamic characteristics of the thrust bearing.

Another complication lies in the dependence of these coefficients on the eccentricity ε, rotational speed ω
and perturbation frequency ν. Assuming a more or less constant steady-state bearing eccentricity, tabulated
values of all of these coefficients for different values of rotor speed ω and perturbation frequency ν are
necessary in order to predict the rotordynamic behaviour with reasonable accuracy.
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Figure 7: Journal bearing model.

A similar situation exists for the tilt stiffness and damping properties of a thrust bearing. The x and y-
direction are replaced by two orthogonal rotational degrees of freedom α and β and forces become torques.
The spring and damper torques are given by:

{
Tα

Tβ

}
=

[
kαα kαβ

kβα kββ

]
·
{

α
β

}
+

[
cαα cαβ

cβα cββ

]
·
{

α̇

β̇

}
(4)

The most common way of calculating air bearing stiffness and damping properties, is by applying a perturba-
tion with frequency ν on the steady-state height profile. This results in a perturbed pressure profile yielding
the stiffness and damping forces by integration over the complete bearing surface [6]. These dynamic pro-
perties depend on the steady-state working condition, rotational speed ω and perturbation frequency ν. By
this method obtained coefficients are in theory only valid for infinitesimally small perturbations. In practice,
they prove to be fairly correct when the perturbation reaches up to 40 % of the bearing clearance [9].
Other methods rely on a time-marching ADI-solution (alternating direction implicit) of the Reynolds equa-
tion [8].

As an example, figure 8 shows the tilt stiffness and tilt damping coefficients of the thrust bearing of table 3
for rotational frequencies up to 10 kHz (600.000 rpm) and perturbation frequencies up to twice the running
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speed. The figure indicates that the dynamic stiffness reaches an asymptotic value at high perturbation
frequencies, while the damping tends to zero.
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Figure 8: Dynamic tilt properties of the thrust bearing of table 3 for rotational frequencies up to 10 kHz
(600.000 rpm) and perturbation frequencies up to twice the running speed.

4 Rotordynamic analysis

The rotordynamic analysis starts by writing down the equations of motion of the rotor using an inertial x, y,
z system (figure 9). The rotor is assumed to stay rigid in the speed range of interest. Four degrees of freedom
are taken into account, two translational (x and y) and two rotational (α and β). The rotation around the
nominal axis of rotation (z) as well as the translational degree of freedom in that direction are omitted. The
gyroscopic effect is included in the analysis.
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Figure 9: Dynamical model of the rotor.
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mẍ + 2cxxẋ + 2kxxx + 2cxyẏ + 2kxyy = fx (5)

mÿ + 2cyyẏ + 2kyyy + 2cyxẋ + 2kyxx = fy (6)

Itα̈− Ipωβ̇ + 2cααα̇ + 2kααα + 2cβαα̇ + 2kβαα

+
1
2
cxxL2

b α̇ +
1
2
kxxL2

bα +
1
2
cxyL

2
b β̇ +

1
2
kxyL

2
bβ = Tα (7)

Itβ̈ + Ipωα̇ + 2cβββ̇ + 2kβββ + 2cαββ̇ + 2kαββ

+
1
2
cyyL

2
b β̇ +

1
2
kyyL

2
bβ +

1
2
cyxL2

b α̇ +
1
2
kyxL2

bα = Tβ (8)

The right part of these equations stands for the external forces or couples acting on the rotor. Lb represents
the distance between the journal bearing centres.
The first two equations (equation 5 and 6) describe the cylindrical whirling motion of the rotor, while the last
two (equation 7 and 8) represent the conical whirling motion. The total system of equations can be decoupled
into two independent systems of each two degrees of freedom.

4.1 Damped natural frequencies

An eigenvalue analysis of the homogeneous systems of equations 5 to 8 reveals the damped natural fre-
quencies of the rotor-bearing system. The dependence of the bearing coefficients on both rotor speed ω
and perturbation frequency ν makes the solution process iterative. At each rotor speed ω∗, the below out-
lined calculation scheme should be followed. During the iteration, the bearing properties are obtained out of
tabulated values.

1. Calculate the eigenvalues for ω = ω∗ and ν = ν1 (initial guess). This gives a vector of eigenvalues
λ1′ = η1′ + jν1′ .

2. Seek the zero of ∆ν(ν) = ν1 − ν1′ with an appropriate solving algorithm (for instance Newton-
Raphson).

3. When after N steps ∆ν ' 0, the eigenvalue λN ′ = ηN ′ + jνN ′ describes the damped solution of the
system.

An eigenvalue consists of a real part and an imaginary part. The first part η indicates the stability of the
solution. According to the Routh-Hurwitz criterium, η < 0 suggests a stable solution of the system. At
η = 0 the system is marginally stable. This point is called the stability limit. The second imaginary part of
the eigenvalue ν represents the natural frequency of the solution.

In figure 10 the outlined process is applied to the rotor-bearing system of the test-setup for speeds up to
2.5 kHz (150.000 rpm) at a supply pressure ps of 6 bar (absolute). At each speed ω, four eigenvalues are
found representing two cylindrical modes and two conical modes, of which one is a forward whirling mode
and the other a backward whirling mode. In most cases only the forward whirling modes are excited by rotor
imbalance [5].

4.2 Forced synchronous response

Equations 5 to 8 can be reformulated to a matrix equation as follows:

mẍ + cẋ + kx = f (9)
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Figure 10: Damped natural frequencies of the test-setup for different values of the rotor speed ω. The upper
graphs show the natural frequency ν of both whirling modes, the middle graphs indicate the stability of the
solution. The lower plots show the whirl ratio (being ν/ω) of the solution.

wherein m represents the mass matrix, c the damping matrix and k the stiffness matrix of the system. The
vector f forms the external force input of the system. The transfer function H(s) which relates force input
F(s) to displacement output X(s) is obtained by applying the Laplace transform.

s2mX(s) + scX(s) + kX(s) = F(s) (10)

H(s) =
X(s)
F(s)

=
1

s2m + sc + k
(11)

The synchronous imbalance response can be predicted by evaluating equation 11 at different rotor speeds ω.
The iterative procedure explained above can be omitted due to the forced nature of the vibration, meaning
ν = ω. The force input F(s) is generally a combination of a static and dynamic imbalance condition and is
proportional to the square of the rotor speed.

5 Experimental results

This section gives an overview of validation experiments conducted on the test-setup. Before performing
actual validation experiments of critical speeds and stability limits, the rotor should be sufficiently balanced
to safely pass the first two rigid body modes. Hereafter, runup and coastdown experiments were performed
to reveal the critical speeds at different supply pressures. At low supply pressures, severe subsynchronous
whirling is observed. The results obtained out of these measurements are compared with predicted values.

5.1 Balancing experiments

As explained, the rotor can be considered rigid within the speed range of the experiments (maximum rotor
speed ω = 1.7 kHz or 102.000 rpm). Two plane balancing is therefore sufficient. The conventional but
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effective method using two balancing planes and influence coefficients is applied [5].
The balancing speed was set to 570 Hz (34.200 rpm) at a bearing supply pressure ps of 6 bar (absolute). At
this rotor speed the amplitude of the rotor vibrations is nearly half the journal bearing clearance (c = 11 µm).
Table 6 lists the measured synchronous rotor vibrations before balancing, after applying the trial masses on
rotor disc A and B and finally after mounting the calculated correction masses. With the stated correction
masses the attainment of supercritical speeds up to 102.000 rpm was possible. In most experiments, the
available power of the drive turbine prevented reaching even higher rotational speeds.

speed ω balancing response response
[Hz] mass disc A disc B

before balancing 586 - 4.1 µm∠17.1◦ 4.1 µm∠152.4◦

trial mass on disc A 569 5.87× 10−5 gm∠-135◦ 8.1 µm∠-93.3◦ 4.2 µm∠166.3◦

trial mass on disc B 569 5.87× 10−5 gm∠-45◦ 5.0 µm∠8.1◦ 0.7 µm∠-162.3◦

with correction masses 587 A 3.13× 10−5 gm∠165◦ 2.0 µm∠-27.5◦ 0.9 µm∠-94.7◦
B 3.13× 10−5 gm∠-15◦

+ 4.70× 10−5 gm∠-45◦

1100 3.4 µm∠-85.0◦ 1.6 µm∠165.0◦

Table 6: Overview of the results obtained after different balancing steps. The measured response at ω =
1100 Hz (66,000 rpm) indicates the residual rotor imbalance at supercritical speed.

5.2 Runup/coastdown measurements

At different bearing supply pressures the rotor is accelerated to top speed. Then, the supply to the drive
turbine is closed, allowing the rotor to slow down. During this coastdown process, the rotor passes through
a conical and cylindrical critical speed resulting in increased synchronous rotor vibrations.

Figure 11 shows a waterfall plot of the measured rotor response during a coastdown at a bearing supply
pressure ps of 6 bar (absolute). Figure 12 displays the synchronous component (1X) of this coastdown
measurement.
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Figure 11: Waterfall plot of the measured rotor response during a coastdown at a bearing supply pressure ps

of 6 bar (absolute). The plot shows the synchronous response (1X) and higher order harmonics (2X, 3X and
4X).
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Figure 12: Synchronous rotor response during a coastdown at a bearing supply pressure ps of 6 bar (absolute).

5.3 Comparison with predictions

5.3.1 Critical speeds

Coastdown measurement were used to identify the cylindrical and conical critical speed at different bearing
supply pressures. In order to determine the critical speed of each mode more accurately, the vibration trans-
ducer information (zA and zB) is separated into zcyl = (zA+zB)/2 which reveals the presence of cylindrical
rotor motion and zcon = (zA − zB)/2 which reveals the occurrence of conical motion. In this way a clear
identification is possible, even in the case of closely-spaced critical speeds.

Table 7 lists the experimentally identified and predicted critical speeds for bearing supply pressures ps from
2 bar up to 8 bar (absolute). The relative difference is also provided. Figure 7 shows the same information in
a graph.

supply pressure experiment predicted difference
ps [bar] [Hz] [Hz] [%]

cylindrical crit. speed ωcyl

2 255 305 19.6
3 410 510 24.4
4 600 690 15
5 730 820 12.3
6 820 900 9.8
7 910 960 5.5
8 990 1007 1.7

conical crit. speed ωcon

2 265 305 15
3 425 450 5.9
4 545 570 4.5
5 635 645 1.6
6 710 700 1.4
7 765 740 3.3
8 820 770 6.1

Table 7: Overview of the experimentally identified and predicted critical speeds.
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Figure 13: Graphical representation of the experimentally identified and predicted critical speeds.

5.3.2 Stability limit

At low bearing supply pressures and high rotational speeds, severe subsynchronous whirling is observed
(figure 14). This whirling is a self-excited phenomenon and is destructive in nature. The point at which the
self-excited vibration sets in, is called the stability limit of the rotor-bearing system.
Of all types of air bearings, plain aerodynamic bearings are most prone to subsynchronous whirling which is
termed half speed whirling because the whirling occurs at nearly half the rotational speed. Other air bearing
types also suffer from this whirling, although at higher rotational speeds. The frequency of the whirling
motion is generally not at half the rotational speed, but at a fraction of it (fractional speed whirling). The
occurrence of subsynchronous whirling is strongly related to the presence of cross-coupled bearing stiffness
and damping coefficients [10].
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Figure 14: Subsynchronous whirling observed at a bearing pressure ps of 3 bar (absolute). The rotational
speed at which the phenomenon sets in, is 1330 Hz (79800 rpm).

Calculation of the damped natural frequencies allows to predict the stability limit of a given rotor-bearing
system. Similar results as shown in figure 10 for a bearing pressure ps of 3 bar (absolute) yield an estimated
stability limit of only 800 Hz. This mismatch can be due to unmodelled external damping between the
bearing housing and ground plate.
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6 Conclusion and discussion

The total rotordynamic modelling process for a micro-turbine rotor supported on air bearings is outlined. A
good agreement is obtained between the predicted critical speeds and the ones identified out of coastdown
measurements. This can be seen as a validation of every single step of the rotordynamic modelling effort.
Still existing differences between experiments and predictions are possibly due to uncertainties on bearing
and rotor properties, roundness and alignment imperfections of the split bearing design and the limited
validity of the obtained dynamic bearing properties.
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Abstract
This work investigates the performance of two control strategies used for structural acoustic isolation, where
the emphasis is on controlling structural vibration that is responsible for sound radiation. The controllers
are required to attenuate the sound pressure that is transmitted trough a plate under structural vibration. The
proposed setup consists of a lexan plate clamped on a rigid baffle. The exogenous disturbance that causes
the vibration of the plate is provided by a point force driven by a shaker. The control input used to attenuate
the sound pressure inside a semi-anechoic room is provided by a flexural moment driven by a piezoelectric
patch attached to the plate. The first control strategy is a normalized Filtered-X LMS algorithm that assumes
full information of the exogenous disturbance as reference. For the second strategy, a standard H2 optimal
discrete-time feedback controller is designed. As opposed to the feedforward LMS design, the H2 feedback
controller posses no information of the disturbance. The sound pressure is measured by two microphones.
The first microphone, located near the plate, provides the error sensor for both controllers. The second
microphone, located far from the plate is used for performance evaluation. Computer simulations are carried
out to compare the performance of both designs. A real-time implementation of the H2 controller on a
dSPACE board is developed and experimental results are presented.

1 Introduction

One of the less desirable aspects of modern technology has been the generation of unwanted noise. A
significant amount of research has already been carried out to improve the sound quality, for instance, in the
aerospace industry. A main source of noise inside aircraft cabins is the so called structural noise, generated by
the vibration of the surrounding structure. Traditionally, its attenuation is done by passive methods that use
sound absorbing and insulating materials to decrease the sound pressure level (SPL). It is in general difficult
to attenuate the low frequency sound being transmitted from one space to another unless the intervening
barrier is very heavy [1]. On the other hand, active control techniques have emerged as a potential alternative
to passive methods for noise attenuation [2; 3].

Among the active noise community, adaptive feedforward filtering has been successfully applied to structural
acoustic isolation. On the other hand, feedback strategy has not yet been fully investigated. In this aspect, the
main contribution of our paper is to compare the performance of these two distinct control strategies. Some
of our previous works started in [8; 9]. For the feedback strategy, we design an optimal H2 control problem
that is posed as a convex programming problem using linear matrix inequalities [15]. For the feedforward
design, we use the normalized adaptive Filtered-X LMS algorithm, found in [7]. For both designs, the aim
of the controller is to suppress the structural vibration that is responsible for the sound pressure transmitted
through a lexan plate. To analyze the performance of the proposed controllers, we run computer simulations,
and we also present an real-time implementation of the H2 feedback controller.
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The proposed experimental configuration is presented in Section 2. It basically consists of lexan plate fixed
on a steel frame, which under structural vibration radiates noise inside a semi-anechoic room. The distur-
bance that vibrates the plate is provided by a shaker. In the real life situation, the disturbance would typically
be a diffuse sound field exciting the plate, but here a concentrated force is used for simplicity. The control
action used to attenuate the sound pressure inside the semi-anechoic room is provided by a moment driven
by a piezoelectric (PZT) patch attached to the plate. The sound pressure inside the room is measured by
two microphones. This setup is related to the so called active structural acoustic control (ASAC) found in
[6; 10], where the authors use structural actuators and acoustic sensors to decrease the sound pressure level
at low frequency. To obtain a discrete-time model for control purposes, we perform a system identification
of the measured frequency response functions that relate the disturbance and control inputs to the output
microphones 1 and 2.

The paper is organized as follows. The experimental setup is illustrated in Section 2. The adaptive Filtered-
X LMS algorithm is presented in Section 3.1 and the optimal H2 discrete-time design is presented in Sec-
tion 3.2. Next, the frequency response functions of the system are measured in Section 4.1. A model suitable
for control is identified using these measurements in section 4.2. We present some computer simulations in
Section 5, and later, in Section 6, we present the results of a real-time implementation of the H2 controller
on a dSPACE board. Finally, in Section 7, we conclude by presenting ideas for future work.

The notation along the paper is a follows. Uppercase letter denote matrices. The transpose of x is denoted
by x′ and the conjugate transpose by x∗. The gradient of ξ is denoted by ∇ξ. The estimated value of x is
denoted by x̂. The expectation operator is E[·]. Furthermore, to simplify the notation of symmetric matrices,
the symbol ? denotes each of its symmetric blocks.

2 Problem Description

The proposed experimental setup is illustrated on Figure 1. It consists basically of a lexan plate clamped to a
steel frame. Under structural vibration, this plate radiates noise inside a semi-anechoic room. The exogenous
disturbance w that causes the vibration of the plate is provided by a point force F driven by a shaker. The
control input u used to attenuate the sound pressure inside the semi-anechoic room is provided by a moment
M driven by a piezoelectric (PZT) patch attached to the plate.
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Figure 1: Description of the experiment.

The radiated sound pressures inside the semi-anechoic room are measured by two microphones placed at the
same hight from the ground. They are exactly in the middle position between the PZT and the point where
the shaker is connected. The first microphone is located 0.02m from the surface of the plate and provides the
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measurement used for error feedback. The second microphone is locate 0.30m away from the surface of the
plate and it is used for performance evaluation, thus, the goal is to minimize the radiated noise measured at
microphone 2.

3 Active Noise Control Strategies

Active noise control systems consist basically of a control processor, actuators, and sensors. The energy
sources can be divided into primary and secondary sources [11]. The primary sources are the sources re-
sponsible for introducing the perturbation or the disturbance in the acoustic system. The secondary sources
are the sources introduced artificially in the acoustic system to attenuate the disturbance generated by the
primary sources. The error sensors are the sensors responsible for measuring the disturbance level present
in the acoustic system. A basic scheme of an active noise control system for the case of one primary source,
one secondary source, and one error sensor, (known as 1-1-1, [7]), is illustrated in Figure 2. The transfer
function between the error sensors e(n) and the primary sources reference signal x(n) is by P (z). The
transfer function between the error sensors e(n) and the secondary sources, represented by y(n) is S(z).
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Figure 2: Schematic representation of the control system.

Depending on the location of the actuator and sensor, the Active Noise Control (ANC) systems receive dif-
ferent terminology. The most used approach is the active noise control that consists of using both acoustic
actuation and sensing at same time by introducing another sound source in the environment, basically a
loudspeaker, to control the disturbance. The other technique is know as Active Structural Acoustic Con-
trol(ASAC), [6; 10], which uses structural actuation and acoustic sensing and it is intended to be used in the
control of the sound radiation from structures.

3.1 Normalized Filtered-X LMS Algorithm

In this section we briefly present the Least Mean Square adaptive filtering algorithm (LMS), for more detail
see [7; 11–14]. A significant feature of the LMS algorithm is its simplicity because it does not require
measurements of the pertinent correlation functions, nor does it require matrix inversion. Indeed, it is the
simplicity of the LMS algorithm that has made it the standard against others adaptive filtering algorithms
[12].

The normalized Filtered-X LMS algorithm can be applied using a modified version of the steepest-descent
method, which provides the self-orthogonalizing adaptive filtering rule.

W(n + 1) = W(n) −
µ

2
R̂−1(n)∇ξ̂(n) (1)

where W is the weight vector of filter a Finite Impulse Response (FIR), µ is the convergence factor or step
size, R is the input correlation matrix of the reference filtered by the estimate of the secondary path S(z),
and ξ represents the Mean Square Error (MSE) of the cost function.
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The LMS algorithm estimates the mean-square error of the cost function by squaring the instantaneous error,
as,

ξ = E
[

e2(n)
]

⇒ ξ̂(n) = e2(n)

where ξ̂ denotes the estimate of the Mean Square Error (MSE) of ξ at time n, and E[.] denotes the expected
value, and from e(n) is given by,

e(n) = P (z)x(n) + S(z)y(n) = P (z)x(n) + S(z) (W(n)x(n))

with the control law y(n) given by,
y(n) = W(n)x(n)

Thus, the gradient of the cost function can be evaluated using the estimate of the MSE, in this case, the
gradient is said to be the gradient estimate. Using this approach, the gradient estimate is given by,

∇ξ̂(n) =
∂ξ̂(n)

∂W(n)
=

∂e2(n)

∂W(n)
= 2e(n)

∂e(n)

∂W(n)
= 2e(n) (−s(n) ∗ x(n)) = −2x′(n)e(n)

where x′(n) represents the convolution of s(n) with x(n). Normally, s(n) is not known and must be esti-
mated.

The input correlation matrix R for the Filtered-X LMS is found taking the expected as follow,

E
[

∇ξ̂(n)
]

= −2
[

x′(n)e(n)
]

= −2E
[

x′(n)d(n)
]

+ 2E
[

x′(n)
(

s(n) ∗
(

xT (n)W(n)
))]

Assuming that x′(n) and W(n) are statistically independent variables,

E
[

∇ξ̂(n)
]

= −2E [x̃(n)d(n)] + 2E [x̃(n) (s(n) ∗ x(n))] E [W(n)]

Defining,
P ≡ E [x̃(n)d(n)]
R ≡ E [x̃(n) (s(n) ∗ x(n))] = E [(s(n) ∗ x(n)) (s(n) ∗ x(n))]

Therefore, the estimate of the R can be performed as,

R = E [(s(n) ∗ x(n)) (s(n) ∗ x(n))] ⇒ R̂(n) = (s(n) ∗ x(n)) (s(n) ∗ x(n)) = ‖x̃(n)‖2

Thus, the normalized Filtered-X LMS algorithm is performed using (1) rather than the steepest-descent
method, so,

W(n + 1) = W(n) +
µ

α + ‖x̃(n)‖2 x̃(n)e(n)

where α represents a small constant added to avoid division by zero.

As the normalized LMS algorithm, the convergence of the normalized Filtered-X LMS is guaranteed if the
step size is in between 0 < µ < 2 provided that estimation errors do not occur between s(n) and ŝ(n). The
difference between s(n) and ŝ(n) is important since convergence is guaranteed if the phase between s(n)
and ŝ(n) is below ±90o, or, in practical implementation, ±40o, [7]. The step size and the phase mismatch
basically increase the stabilization time, i.e., the time required for the convergence of the algorithm.

The block diagram of the normalized Filtered-X LMS algorithm applied to active noise control systems is
shown in Figure 3, where Ŝ(z) is a copy of S(z). However in practical applications, S(z) is unknown and
must be estimated by an additional filter Ŝ(z). The filtered reference is generated passing the reference signal
through the estimate of the secondary path.

It should be noted that the nomenclature used in the LMS and H2 formulations is not the same. We have
adopted the nomenclature typically used in the literature for each approach. Thus, the output signal e in
the LMS formulation corresponds to y in the H2 approach, x corresponds to w and y corresponds to u,
respectively. There is no z in the LMS formulation.
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Figure 3: Block diagram of the Filtered-X LMS algorithm applied to active noise control systems.

3.2 The Optimal H2 Control Design

We briefly describe in this section the optimal H2 control problem posed in the linear matrix inequality
(LMI) framework. The results stated here are taken from [15]. A complete account of the discrete-time
H2 optimal control problem can be found in [16; 17]. Let us consider that the system has a discrete-time
realization given by

xk+1 = Axk + Bwwk + Buuk

yk = Cyxk + Dywwk

zk = Czxk + Dzwwk + Dzuuk

(2)

where xk is the state, wk is the exogenous disturbance, uk is the control input, yk is the measured output,
and zk is the regulated output. All system matrices have compatible dimensions. Denote by Hzw the transfer
function from w to z. Then, our goal is to determine a dynamic controller

x̂k+1 = Acx̂k + Bcyk

uk = Ccx̂k + Dcyk

(3)

such that the two norm of closed loop transfer function ‖Hzw‖2 is minimized. The optimal H2 problem is
solved by minimizing µ in Theorem 3.1.

Theorem 3.1 All controllers in the form (3) such that ‖Hzw‖
2
2 < µ hold are parameterized by the LMI

trace(W) < µ,




W CzX + DzuL Cz + DzuRCy

? X + X ′ − P I + S′ − J

? ? Y + Y ′ − H



 > 0,













P J AX + BuL A + BuRCy Bw + BuRDyw

? H Q Y A + FCy Y Bw + FDyw

? ? X + X ′ − P I + S′ − J 0
? ? ? Y + Y ′ − H 0
? ? ? ? I













> 0,

Dzw + DzuRDyw = 0

where the matrices X , L, F , Q, R, S, J , and the symmetric matrices P , H and W are the variables.
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Once this optimization problem is solved, the controller parameters Ac, Bc, Cc, and Dc are given by

Dc = R

Cc = (L − RCyX)U−1

Bc = V −1(F − Y BuR)

Ac = V −1
(

Q − Y (A + BuDcCy)X − V BcCyX
)

U−1 − V −1Y BuCc

where V and U are any matrices satisfying S = Y X + V U . We have also assumed D ′
zuDzu > 0, C ′

zDzu =
0, Dzw = 0, BwD′

yw = 0, DywD′
yw > 0.

We shall emphasize that the standard H2 control problem is not robust. As showed in [18], there are no
guaranteed stability margins for a H2/LQG controller.

4 Configuration for the Experimental Setup

To apply the control strategy presented in the previous section, one still needs to estimate and to validate a
model of the system to be controlled. This will be accomplished by first performing an experimental modal
analysis, and, later, by estimating a discrete-time model using the measured experimental FRF data from this
modal analysis.
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Figure 4: Block diagram for the experimental setup.

The configuration for the experimental setup is described in Figure 4. The two low-pass analog filters (Fre-
quency Devices Model 900) were set to 1KHz. The signal conditioner used for the microphones is a power
supply/coupler Kistler model 5134. The DC gain on channel 1 (microphone 1) was set to 20, and the DC
gain on channel 2 (microphone 2) was set to 50. The filters inside this signal conditioner were set to 1kHz
for both channels.

4.1 Experimental Frequency Response Analysis

The experimental frequency response functions (FRFs) were acquired using the HP35650 Spectrum Analyzer
with the HP 3566A software package. From Figure 4, it is clear that the system has two inputs, namely the
exogenous disturbance w and the control input u, and two outputs, y for microphone 1 and z for microphone
2. Thus, we shall calculate four FRFs describing the input-output relation of the system:

(

y

z

)

=

[

Hyw Hyu

Hzw Hzu

] (

w

u

)

(4)

Using a random signal in the frequency range of 0-800Hz, the frequency response functions (FRFs) are
estimated using the input and output signals acquired by the HP Spectrum Analyzer. We present in Figure 5
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the FRF from the input u to the microphone 2 (denoted by Hzu) for eleven different daily experiments. The
FRFs for the others channels, Hyw, Hyu, Hzw, had similar uncertain patterns. Although it is not presented
in Figure 5, we found that the FRFs are sensitive to the temperature and humidity of the environment. To
overcome this effect, all experiments are performed under controlled environmental conditions.
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Figure 5: Eleven measured FRFs for Hzu

We have selected in this paper one of these measurements as the nominal model, and we disregard the
uncertainties, since we control the environmental condition in each experiment. Thus, our control designs
are not meant to be robust with respect to these variations. In a more realistic situation, one would have to
design robust controllers to account for these uncertainties. This, in turn, would require us to compute an
optimal uncertainty model from these collections of measurements [19; 20].

4.2 Identifying a Model for Control

Figure 6 shows the four experimental FRFs from the signals w and u to the microphones 1 and 2, as labeled
in (4). One can observe that, below 240Hz, the PZT actuator does not provide enough control action. On
the other hand, above 600Hz, the PZT actuator is very effective. However, for frequencies above 600Hz,
passive control strategies are usually a more cost-effective solution for attenuating the sound pressure. Thus,
we restrict our attention to the frequency range of 240-570Hz, and, consequently, our controller will be
designed to attenuate the sound pressure level on microphone 2 over this specific frequency range.

250 300 350 400 450 500 550
−40

−30

−20

−10

0

10

0 100 200 300 400 500 600 700 800 900
−60

−40

−20

0

20

PSfrag replacements

Zoom: 240–570Hz

w: Shaker

w: Shaker

u: PZT

u: PZT

M
ag

ni
tu

de
(d

B
re

f=
1P

a/
N

)

Frequency (Hz)

(a) Microphone 1: Hyw(jw) and Hyu(jw)

250 300 350 400 450 500 550
−40

−30

−20

−10

0

10

0 100 200 300 400 500 600 700 800 900
−60

−40

−20

0

20

PSfrag replacements

Zoom: 240–570Hz

w: Shaker

w: Shaker

u: PZT

u: PZT

M
ag

ni
tu

de
(d

B
re

f=
1P

a/
N

)

Frequency (Hz)

(b) Microphone 2: Hzw(jw) and Hzu(jw)

Figure 6: Experimentally measured FRFs.
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In order to estimate a discrete-time state-space model, we use a subspace projection method. This algorithm
basically computes a prediction error estimate of a general linear model using least square techniques [21;
22]. For this purpose we use the MATLAB c© System Identification Toolbox. Assuming the FRFs are strictly
proper, the estimated discrete-time model will have the following realization

xk+1 = Axk + Bwwk + Buuk

vk = Cxk

The model we estimated has order 15. Note that vk has dimension two, since our model has two outputs.
Thus, the measured output yk corresponding to the microphone 1 is the first row of vk, and the regulated
output zk for performance evaluation corresponding to the microphone 2 is the second row of vk. Comparing
with the model described in (2), we see that C = [ C′

y
C′

z ]′ and Dyw = Dyu = Dzw = Dzu = 0.
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Figure 7: Identified and measured FRFs for Hyw(jw) and Hzw(jw).

Figure 7 shows the identified and the experimental FRFs for Hyw(jw) and Hzw(jw), i.e., from the shaker
to the microphones 1 and 2. Figure 8 shows the identified and the experimental FRFs for Hyu(jw) and
Hzu(jw), i.e., from the PZT to the microphones 1 and 2.
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Figure 8: Identified and measured FRFs for Hyu(jw) and Hzu(jw).

Note that the models are suppose to fit the data over the specific frequency range of 240-570Hz. It is safe
to conclude that the estimation is quite reliable and accurately represents the FRFs at the peaks values. It is
important to emphasize that the process of estimating approximate the true model with some error. One can
always improves the estimation with higher order models, but this significantly increases the computational
burden of the controller syntheses and implementation.
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5 Computer Simulations

In this section, we numerically simulate the normalized Filtered-X LMS algorithm and the optimal H2

Controller. For this comparison, we use two distinct disturbances. First, w is a unit-amplitude periodic
signal containing the frequencies 255, 355, 435 and 550Hz. Second, w is a random signal with 1V RMS
and zero mean. In these computer runs, we have constrained the control law u such that the control effort is
limited to 1V RMS for an exogenous disturbance w given by a white noise signal with 1V RMS of power.
In practical applications, the amount of power available is usually limited.

The H2 controller was designed using microphone 1 as the output measurement y for feedback and mi-
crophone 2 for performance evaluation, output z. We shall emphasize that this controller minimizes the
two norm of the closed-loop transfer function from w to z, i.e., it minimizes the sound pressure only at
microphone 2. Thus, regarding microphone 1 nothing can be said. The normalized Filtered-X LMS was
implemented using a FIR filter with 256 weights and step size µ = 0.01. This filter uses microphone 1 as
error sensor. As opposed to the feedback design, microphone 2 is not incorporate in the optimization criteria.
Thus, this design is guaranteed to attenuate the sound pressure at microphone 1.

Table 1: Performance of the Filtered-X LMS and the H2 controller under
sinusoidal disturbances. (dBref=20µPa/N).

Microphone 1 Microphone 2
Freq.(Hz) Open-loop LMS H2 Open-loop LMS H2

255 86.5 34.5 72.9 84.8 66.8 74.2
355 88.8 19.5 69.2 79.9 65.4 69.1
435 85.1 41.5 75.7 86.0 69.4 72.3
550 86.6 17.4 61.2 85.4 56.7 62.6

The results for the sinusoidal disturbances are presented in Table 1. We see that the normalized Filtered-
X LMS is more effective than the H2 controller. Analyzing solely the H2 controller, its performance at
microphone 1 and 2 are similar. On the other hand, the LMS algorithm significantly decrease the sound
pressure at microphone 1.

The performance under the random disturbance is presented in Figure 9. One sees that the adaptive Filtered-
X LMS algorithm and the optimal H2 feedback controller have similar performance. Actually, around the
frequency range of 400-450Hz, the H2 controller is significantly better than the adaptive LMS filter.
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Figure 9: Performance at microphone 2 of the Filtered-X LMS and the H2

controller under the random disturbance. (dBref =1Pa/N).
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6 Real-Time Implementation

In this section, we simulate in real-time the H2 controller previously designed. For this purpose, the 15th
order H2 controller has been implemented into a DS1103 PPC controller board from dSPACE. The configu-
ration for the real-time experiment is analogous to the one presented in Figure 4.

We have used SIMULINK c© from the MathWorks for a fast prototyping of the controller. Basically, the
simulink block has one input and one output, since our controller is a single-input, single-output system.
Recalling the diagram from Figure 4, the output of the DSP board is connected to the control input u, and
the measured signal y is feed into the DSP board. The disturbance signal w required to excite the shaker is
externally provided by a band-limited white-noise generator. The sampling frequency has been set to 5kHz,
which corresponds to a sampling time of Ts = 2 × 10−4 seconds.

The H2 controller designed in Section 3.2 was not stable when implemented on the real-time experiment.
Thus, we redesigned the controller with the following weights: D′

zuDzu = 0.0001 and DywD′
yw = 0.36.

These weights provide a control effort around 0.368V RMS for a random disturbance of 1V RMS of power.
In a trial-and-error basis, this is the best design we came with such that the system is stable when imple-
mented on the real-time experiment.
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(a) Performance of theH2 controller on real-time.
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Figure 10: Comparing the performance of the H2 controller.

The results obtained from the experiment running in real-time are present in Figure 10(a). All the FRFs in this
figure are from the disturbance w to z (microphone 2, since this was our output for performance evaluation).
The labeling H2 means the FRF for the system in closed-loop using the H2 controller. The identified and
the experimental FRFs in open-loop are respectively denoted by H̄zw(z) and Hzw(jw). Analyzing the
peak values, which correspond to the natural frequencies of the system, one sees that the H2 controller
significantly decreases the radiated sound pressure at microphone 2. Note that the performance of this
controller on real-time is not identical to the one presented in Figure 9, since we redesigned the controller
with a tighter bound on the control effort. However, as seen from Figure 10(a) and Figure 10(b), the results
of the H2 controller on real-time are similar to the computer simulations.

We did not implemented on real-time the Filtered-X LMS algorithm designed in Section 3.1, so that we are
not sure if it would be stable. Thus, it could be the case that we would have to redesign the LMS filter using
a tighter bound on the control law. Consequently, this would decrease its performance, as happened to the
H2 controller here.
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7 Conclusions

This paper compares two distinct control strategies for structural acoustic isolation. The first approach is a
feedforward design based on the Filtered-X LMS algorithm. The second approach is an optimal H2 feed-
back design. None of these designs considered model uncertainties. However, in future works, we plan on
modeling the uncertainties from the experimental frequency response data, such that we can appropriately
design robust controllers.

Analyzing the computer runs, the adaptive normalized Filtered-X LMS algorithm performed better than the
H2 feedback controller for sinusoidal disturbances. For random disturbances, they had similar performance.
However, one serious advantage of the LMS algorithm over the H2 feedback controller is the availability
of the disturbance signal for reference. To assume we can measure the disturbance is usually quite a strong
hypothesis. On the other hand, our H2 design assumes we cannot measure the disturbance. Nevertheless, it is
also possible to design a feedback controller with disturbance feedforward. This would certainly increase the
overall performance of the controller, and our comparison would be based on a more appropriated ground.

We also developed the H2 controller on a DSP board. Its performance on real-time was similar to the
computer simulations. We have not implemented the LMS algorithm on real-time. However, we plan on
comparing the performance of the LMS algorithm against the H2 controller on a real-time experiment.
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Abstract
Traditionally, active control of planar structural radiators has approached the problem through integrating
sensors and actuators on or into the structure. In such an approach, the goal is to modify the systems
response to disturbance, rather than influence the disturbance path to the radiating structure. Many practical
issues exist, which ultimately limit the effectiveness of such an approach. A general problem in industry is
noise radiation from a structure housing a rotating device,where the rotating device creates the disturbance.
In this project we have attacked the problem by seeking to reduce the force transmission in the path, which
is the root cause of the sound radiation, rather then the vibration on the radiating surface itself. It is hoped
that higher levels of attenuation may result. Presented here are some of the design requirements to integrate
an active bearing, possible control approaches and preliminary experimental data.

1 Introduction

Traditionally, active control of planar structural radiators has approached the problem through integrating
sensors and actuators on or into the structure [2, 6, 7, 17, 18]. On the error side the approach is then reliant
on the ability to obtain a signal which closely relates to radiated noise. On the control side the attenuation
is achieved by altering the radiation efficiency of the structure in a variety of ways. In such an approach,
the goal is to modify the systems response to disturbance, rather than influence the disturbance path to the
radiating structure. Many practical issues exist, which ultimately limit the effectiveness of such an approach.
In practice, the complexity of industrial machines often results in a large number of radiating surfaces.
Controlling each surface is difficult, while controlling a selection of them can not guarantee a global noise
reduction. Therefore, the first goal of this research is to investigate the possibilities of reducing the force
transmission in the path, which is the root cause of the soundradiation, rather than the vibration on the
radiation surface itself. By measuring and controlling closer to the source, we hope that higher control
authority will result. Moreover, in such an approach greater levels of disturbance attenuation for less power
consumption within actuators can result [5, 11]. The secondgoal of the research is therefore to integrate the
sensors and actuators closer to the actual source of the unwanted disturbance and in a single unit capable of
being sold as an off the shelf product.

A general problem in industry is noise radiation from a structure housing a rotating device, where the ro-
tating device creates the disturbance. Past research, typically on gearbox noise, has tackled this problem
by applying, secondary, control forces directly to the shaft [8, 9, 10, 14, 15, 20, 23]. While this approach
has been shown to reduce shaft vibrations, a more elegant solution where the active elements (sensors and
actuators) can be fully integrated into a wide range of rotational devices is sought. At this point active mag-
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netic bearings [12, 13, 16] are readily available, however they have several downsides. Firstly, the system
must always be turned on as the magnetic bearing is self-aligning and the coils require some power to run.
Furthermore, a passive (when turned off) magnetic bearing is very poorly aligned. Hence, magnetic bearings
typically have high power consumption and little system redundancy. Secondly, is their limited specific load
capacity. This is defined as the ratio of the maximum sustainable bearing force divided by the self-weight of
the bearing. No present day magnetic-bearing exceeds 100:1(with the exception of sets which have forced
cooling) [1, 19, 22].

In this article we present some of the design requirements for a new, fully integrated an active bearing, and
explore a simple control approach. Simulations and preliminary experimental data of the system is presented.

2 Design of an experimental set-up

The first step in the research is the design and implementation of an experimental set-up. It is used to (i)
test the integrated sensor/actuator system and to (ii) evaluate the control strategies after simulation. The
design consists of two phases. In a first phase, a “passive” system is designed, which contains no sensors
or actuators (or room for) which are required for active control. The second phase is the design of an active
bearing, which is integrated into the passive system.

2.1 The passive system design

The system is defined “passive” as it contains no sensors or actuators. The system is then simply a rotating
shaft attached to two stiff plates (each housing a bearing),which in turn are attached to a base plate. The
hypothesis of the design is that vibration induced in the shaft, due to an unbalance, or to gear meshing, is
then transferred to the panel exciting it’s vibration modesand producing sound radiation: akin to a wide
range of practical problems (eg gearbox housing noise).

Within the design several key points were taken into consideration. Firstly the alignment of the axis is crucial
and this was taken care of by manufacturing the bearing holeswith each of the stiff plates (housing the active
and passive bearings) attached together. Secondly we aimedat minimizing any secondary paths to the panel.
The primary path for disturbance is be from the shaft throughthe bearing and plate attached directly to a thin
panel. Of course there may be some problem realizing this as the other plate/bearing is connect to the panel
firstly through the stiff base and then the plate with panel attached. Thirdly we wished to be able to create a
secondary disturbance, one independent to the rotational speed of the shaft. This was incorporated into the
design via a simple bearing and housing which can be attachedto the shaft. The location of the bearing was
chosen to maximize the amount of disturbance experienced atthe bearing closest to the attached panel. It
is straightforward to show that the ratio of the disturbanceexperience at each bearing due to the additional
disturbance is equal to the ratio of the reciprocal distancefrom the bearing to the disturbance location. Then
to minimise any secondary paths the disturbance should be asclose as possible to the plate with the panel
attached.

Another key point is the clearance in the bearings, which could cause nonlinearities in the control design and
compromise the actuator stroke, since the bearing is situated between actuator and shaft.

Finally, the radiating panel is thin, with several resonances below 1 kHz, the maximum frequency of interest
in this work. Other parts of the set-up are thick and stiff, inorder not to resonate below 1 kHz.

Figure 1 shows a top view of the completed passive set-up.

2.2 The active bearing design

The general principle of the active bearing is a regular bearing which can be influenced by two perpendicular
piezo actuators each coupled with a pre-loading spring, as illustrated in Fig. 2. Holistic and individual
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External excitation

Primary bearing

Panel connection

Flexible panel

Flexible coupling

Secondary bearing

Figure 1: Top view of the passive set-up.

aspects of the active bearing design were motivated by several key characteristics which the design needs
to meet: the general prosthesis is that piezo ceramic stackswill be used as actuators, with the option of a
collocated piezo sensor. The design of the active bearing then must then be capable of:

• Constraing/locating the piezo actuator/sensor;

• Transmitting all of the actuator force to the active bearing; and

• Isolating the piezo actuator/sensor from all shear forces.

A leaf spring design was chosen to supply the first two required characteristics. A hinge spring, in series
with the leaf spring was chosen to meet the last requirement (while not jeopardizing the second). A further
requirement for the leaf spring is to provide a high rotational stiffness ratio (with respect to the hinge spring)
to ensure that it is the hinge spring which deflects, for translations of the bearing, rather than a buckling of
the leaf spring. If the ratio is not large enough and the leaf spring undergoes buckling, a bending load will
be introduced to the piezo. This must be avoided as piezo structures are extremely weak under shear loads
and life times are drastically reduced. Further details of the design are examined later in the paper.

Figure 2: Schematic of the active bearing.

3 Active bearing sensing strategy

In the preceding sections we have discussed the benefits of sensing and actively controlling unwanted vibra-
tions close to the source. In the system under consideration, clearly, the force transmission path from the
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shaft; through the bearing; support structure; and into theradiating panel enables energy/force transfer caus-
ing the unwanted sound radiation. It then seems straightforward that the force between the bearing/support
mass should be measured and minimised, reducing sound radiation. Practically this is easily realized in a
collocated manner with a piezo electric stack where the majority of the stack is used as an actuator and the
remainder as a sensor. However, with the end goal being a reduction in sound radiation the approach is not
as straightforward as force transmission reduction: the mechanisms of force to induced vibration; and then
vibration to sound radiation also need to be taken into account.

The typical control strategy for such a collocated system, integral force feedback control, is examined in
simulation. This control approach is attractive as it is straightforward to implement, and the system is always
stable due to the collocated nature of the sensors and actuators [4, 21]. In the following section the strategy
will be examined in simulation.

4 Simulations

In the following simulations we investigate the collocatedcontrol and sensing of "force" for a proposed
active bearing. The goal of the section is to design the dimensions of a piezo actuator. Illustrated in Fig.
2 is a schematic of the system and active bearing. The two important features of the active bearing design
illustrated are: the pairs of piezo actuator/sensors and pre-load spring (on the opposite side of the bearing
to the sensor actuator). In the simulations we seek to obtainan idea of the achievable reductions in two
quantities: velocity; and force - all within reasonable andpractical efforts of the actuator.

A schematic of the dynamic system is illustrated in Fig. 3. Tomodel the first panel vibration resonance
frequency, a mass spring system is joined to the support mass. The mass and stiffness of this element where
chosen to give a resonance frequency below that of the activebearing (this reflects the actual system). For
the purpose of the simulation, directions ofx1, x2 andx3 are the same.

Figure 3: Schematic block system of the active bearing.

A schematic of the modelling process is illustrated in Fig. 4. The integration of all states and inputs which
affect the dynamic behaviour of the actuator and sensor are part of our model.

4.1 Piezo actuator/sensor model

An important part of our model is the integration of the piezovoltage-to-mechanical dynamics into the model
because voltage is the input to the system. Based on the work of Devos [3]; consider Fig. 5(a), wherekm is
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Figure 4: Feedback system of the simulations.

the equivalent mechanical stiffness andke is the equivalent electrical stiffness of the piezo actuator. These
are defined as:

km =
A

sEl
(1)

whereA is the cross sectional area of the actuator,sE is the elastic compliance constant at constant electric
field m2/N andl the length of the actuator;

ke =
A2

ff

Ce

(2)

whereAff is the relation of the equivalent forceFin and the voltage over the piezo actuator, which is equal
to Aff = eA

l
, wheree is the piezoelectric constant (C/m2) . In Equ. 2,Ce is the clamped capacitance, equal

to ǫsA
l

, whereǫs is the dielectric permittivity at constant strain of the piezo.

The equivalent mechanical model shown in Fig. 5(b) can be described mathematical then by,

ke(xin − xp) = Fin (3)

and

km(xp) = Fin + Fp (4)

(a) Mechanical model of a piezo
actuator

(b) Mechanical model of a piezo
actuator including it’s own mass

Figure 5: Mechanical modeling of the piezoelectric actuator.

The model of the piezo actuator illustrated in Fig. 5(a) is then substituted for the piezo elements shown
between the shaft mass and bearing frame in Fig. 3.
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4.2 Simulated control

In this section we simulate integral force feedback as the control approach in our system, implemented in
a collocated fashion. The "error" signal which is then measured and minimised is the force between the
bearing/shaft and the support structure since it is the force transmission between the shaft and the support
which we wish to control. The piezo stack between the supportstructure/shaft applies the secondary, control,
force into the structure. A piezo stack of length 17mm and cross sectional area of 5mm by 5mm is used in
the simulations. Table 1 lists the system properties used inthe simulation.

Property Value

Distrubance force on the shaft,Funbal 10 N
Shaft mass,m1 2.5 kg

Support mass,m2 20 kg
Extra mass,m3 1.9 kg

Piezo dimensions 17mm x 5mm x 5mm
Piezo material stiffness,E 50e9

Piezo dielectric displacement,h33 2.37e9V
m

Piezoelectric constant,e33 14.7 C
m2

Support connection stiffness 375e3 Nm
Extra mass connection stiffness 5.9e9 Nm

System damping ratio 0.02

Table 1: Values used in the simulations.

Illustrated in Fig. 6 is the response in the system for three different control gains,K (plotted with a solid
black, grey and a dashed black line). The control gain was changed from 1, 10 and 100. Illustrated in
Fig. 7 is the corresponding voltage amplitude of the controlsource based on these gains. Observe that the
controller has been able to damp the motion of the panel and the force transmission at the frequency of the
shaft/bearing mode (the higher of the two resonance peaks) by about 35 dB. However, virtually no affect on
the other resonance (which corresponds tom3 and the stiffness of it’s connection to the support mass) can
be noticed.
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Figure 6: Variation in the system for increasing the controlgainK.

Overall the case of broadband excitation highlights several practical issues when considering such a simple
control law when implemented in a collocated way. Firstly, when the dominant frequency in the collocated
force sensor (a measure of the force transmission from shaftto structure) has little frequency content of the
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Figure 7: Voltage amplitude sent to the piezo actuator.

quantity one actually wants a reduction in; only very large control gains will create a reduction of the desired
quantity for simple integral force feedback.

Secondly, the control affect is greatest at low frequencies, this is because the control effort for an integral
control law is greatest at low frequencies, with the roll offdefined by1/s in the frequency domain.

Finally, and most importantly, the simulation results illustrate that the chosen piezo actuator will have control
authority on the force transmission from the shaft to the support structure.

Based on the positive results in this section, we integratedthe required length of the piezo actuator/sensor
into the design requirements for the active element (listedin Section 2). Illustrated in Fig. 8 is a sketch of
the final design of the active bearing, observe four block holes which will contain two piezo and two spring
pairs. The spring is to apply a pre-load force to the system. The system is designed for an outer bearing
diameter of 72 mm and a shaft diameter of 35 mm. The bearing is held by a ring which is attached to the
remainder of the element through four sets of double hinge springs in-turn attached to a leaf spring.

The active element is made up of a carefully selected bearingwith two piezo actuators and two collocated
piezo force sensors, captured in a monolithic design. The actuators are placed at an angle of 90 degrees to
enable control in all radial directions. Coupling between both actuators has been minimized in the design
through the use of leaf and hinge springs. Prestress springsare incorporated into the design to allow actuators
to work bi-directional (expansion and contraction).

5 Passive setup initial experimental results

In this section we examine the passive setup to get a feeling for the setups dynamic characteristics; and to
illustrate the principle of disturbances induced on the shaft: creating structural vibration on and radiation
from the panel.

Experiments are in several parts, firstly for a non-rotatingshaft we induce a disturbance force to the shaft
via a electromagnetic shaker. Secondly, we rotate the system at a couple of discrete speeds. In each case we
measure the vibration on and the acoustic response from the panel. The purpose here is to show that there is
some relation between structural vibration and the panels radiation in the designed system. That is, merely
to show that for the designed arrangement; the panel was vibrating and at some it’s modes it was radiating
noise very well. To show this, we carefully placed the accelerometer away from any obvious nodal lines (to
try and allow measurement of as many modes as possible), similarly for the microphone (not in the direct
center of the panel). The end result is then a spectrum with some peaks and troughs in both the vibration
and acoustic domains - with clear overlap. Before the "active" part of the project was examined we needed
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Figure 8: Sketch of the active bearing assembly.

a setup where we could aim to reduce vibration on a panel (which was vibrating and radiating noise), at the
source of the disturbance, which was away from the panel itself.

Illustrated in Fig. 9(a) is the frequency response of the acceleration of the radiating panel. Observe the first
modal frequency of the panel at 212 Hz and between this and 1kHz a large number of other structural modes.
Illustrated in Fig. 9(b) is the frequency response of the panel sound radiation measured at a meter from the
panel. Observe that the panel radiates noise clearly and that not all of the vibration modes radiated well.
However, there is a good number for demonstration of active noise control.
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Figure 9: Frequency response of the panel for shaker excitation.

Illustrated in Fig. 10(a) is the acceleration measured on the panel for a rotational speed of 1500 rmp. Clearly
observable is the peak in vibration at 25 Hz which correspondto the rotational speed of the motor. Observe
also that several of the panel modes are also excited. Shown in Fig. 10(b) is the radiated sound pressure
for the same rotation speed. Observe that a few of the panel modes radiate well. Other frequencies are also
present.
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Figure 10: Panel dynamics with the motor running at 1500 rmp.

6 Active setup initial experimental results

In this section we examine the dynamic properties of the active element in two arrangements. In the fist, an
aluminum shaft is mounted, with a tight fit, into the element.In the second arrangement, the active element
is mounted with bearings and shaft and attached to the systemshown in Fig. 1.

In this arrangement the dynamics of the bearings are not present, making it clear to view the dynamics of the
active element itself. To test the level of cross coupling between the two perpendicular elements we apply
noise to each actuator and measure the frequency response atthe perpendicular sensor and compare it to the
collocated response. Illustrated in Fig. 11(a) and 11(b) isthe collocated system transfer function and the
cross coupling for both axes. Observe that the design specification of a minimization of cross coupling has
been achieved, especially at frequencies below the pole-zero pair of the system. The importance of this, is
that each axis of the system can be controlledindependently.
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Figure 11: Collocated transfer function and cross couplingfor each actuator axis.

In a bid to replicate the simulation results in the previous section an integral force feedback control algorithm
was implemented when the active element was mounted with bearings and shaft into the full system (Fig.
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1). The motor was running at a constant speed of 1500 rmp, a rotational frequency of 25 Hz. No additional
disturbance was added. Shown in Fig. 12(a) and Fig. 12(b) is the error signal data in the top and side sensor
respectively, before and after control. Observe a 7 dB reduction at the rotational frequency of the shaft (25
Hz) and a general reduction of the force at frequencies below100 Hz.
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Figure 12: Error sensors with and without control, excitation from rotation.

Plotted in Fig. 13 is the vibration measured on the panel before and after control. On closer examination we
have observed that while there is a reduction achieved at some frequencies, none is achieved at the excitation
frequency - the frequency which corresponds to the rotationspeed of the motor. This results suggest that
there is a secondary path transmitting vibration to the panel, mostly likely the secondary “passive” bearing.
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Figure 13: Panel vibration with and without control.

7 Conclusions

An active bearing, for the control of force transmission, has been designed and discussed. Firstly we designed
and built a passive system which illustrated that the excitation mechanisms we will employ on the active
system produced sufficient sound radiation.
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Based on a set of simulations we have selected a piezo actuator which has adequate control authority over
force transmission between the shaft and support structure, without being to bulky.

We have presented a set of general design requirements for anactive bearing. Through experiments we have
illustrated that a very low level of cross coupling within the two control axes of the active element has been
achieved.

In control experiments we were able to produce large reducesthe in force measured within the active bearing.
However, no reduction was measured on the panel. This is likely to be due to a secondary transmission path
of force from the shaft to the panel. It is most likely that thesecondary, “passive”, bearing provides the
secondary transmission path for force.

Future work will concentrate on examining the secondary path for force transmission from the shaft to the
panel and more advanced control strategies.
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Abstract 
The objective of the paper is to demonstrate the potential of applying the smart structure technology for an 
adaptive reduction of vibration and noise, which are caused if thin-walled structures are excited. The 
vibration and noise control can be managed by attaching the structure with distributed piezoelectric 
ceramic patches acting as sensors as well as actuators. For the simulation and the design of such smart 
vibro-acoustic systems recently a numerical approach based on the finite element method has been 
developed, which includes the main functional parts as well as the control algorithm. First, this approach 
is briefly presented. The second focus of the paper is on the experimental verification of the numerical 
approach. For this reason an experimental setup has been developed, which consists of a wooden box 
inside lined with steel sheets and covert with a smart aluminium plate. For vibration and noise reduction 
experiments, a velocity feedback controller is used. The results of the numerical analysis are evaluated by 
the experimental results and a good agreement is shown.  
 
 

1 Introduction 
 
In recent years, a lot of scientific work has been done in the field of smart structural concepts and several 
new approaches and have been developed for vibration suppression, noise attenuation, shape control, 
damage detection and others [4, 10]. As far as noise reduction is considered active methods are of interest 
in the low frequency range, where passive methods are less effective. Applying piezoelectric materials as 
distributed actuators and sensors can actively influence structures.  
The design process of such piezoelectric smart structures requires powerful numerical simulation tools. In 
vibro-acoustic systems, the numerical model should include the passive structure, the acoustic fluid, the 
piezoelectric sensors, actuators, and the control algorithms. Such an overall model can be established 
based on the finite element method (FEM). Therefore, the coupled electro-mechanical fields of the 
piezoelectric material as well as the control influence and the fluid-structure interactions [2] have to be 
taken into account. For solving such coupled multi-field problems the general purpose finite element 
software COSAR [1] has been extended gradually by special 1D, 2D, 3D and layered shell-type elements 
with mechanical and electrical degrees of freedom and by finite acoustic brick-type elements. Regarding 
the acoustic fluid, the velocity potential is used as a nodal degree of freedom in order to obtain symmetric 
system matrices. In addition, the COSAR software tool is also used to design the controller based on finite 
element models [6]. 
The application of the finite element method results in large-scale numerical models. In the low frequency 
range the modal truncation seems to be an appropriate technique for controller design purposes [9] and to 
calculate the behaviour of the system in an efficient way. 
Another field of investigation is the experimental realisation of smart structural systems. Therefore, an 
experimental set-up was developed. This set-up consists of a wooden box covered with steel sheets inside 
and is used to study the interior acoustic radiation problem. The box is covered at one side by a smart 
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plate, such as an aluminium plate attached with distributed piezoelectric patches. Shakers, impact hammer 
or loudspeakers can excite the plate. To control the dynamic as well as the acoustic behaviour of the box, 
the piezoelectric patches can be used as actuators or sensors.  
In the paper, the derived numerical approach is presented. After this, the used experimental set-up is 
described in detail. The vibration suppression and the noise reduction are studied by using a velocity 
feedback controller. Finally, the results from measurement are compared with the results from the 
numerical analysis in order to validate the finite element model. 
 

2 Finite element formulation 
 
At first, the theoretical background for the development of a finite element formulation of a smart vibro-
acoustic system is presented. All equations are based on a Cartesian (x1, x2, x3)-coordinate system.  
 

2.1 Piezoelectric smart structure 
 
Regarding a three-dimensional continuum the derivation of the element equations is based on the 
mechanical equilibrium  

upσD &&ρ=+T
u                                                                                                                                  (1) 

and the electric equilibrium (4th Maxwell equation) 

 0=DDT
ϕ .                                                                                                                                         (2) 

If low voltage applications are considered, the behavior of the piezoelectric material can be modeled by 
means of the linear coupled electromechanical constitutive equations [5] 

 eECεσ −= ,                                                                                                                                    (3) 

 κEεeD += T .                                                                                                                                 (4) 

In Eqs. (1) – (4) the following terms are used: the displacement vector u, the stress vector σ , the vector of 
the electric displacements D, the elasticity matrix C, the piezoelectric coupling matrix e, the dielectric 
matrix κ , the strain vector ε  the electric field vector E, the mass density of the solid ρ and the matrix 
operators  
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To get a weak form of the mechanical and electric balance equations, the principle of virtual work can be 
extended by the electric parts as follows 

 ( ) ( )dVdV
uu V

TT
u

V

T
u ∫∫ +−+= DDupσDu ϕδϕρδχ && ( ) ( )∫ ∫ =−+−+

q QO O

T dOQQdO 0δϕδ qqu ,             (7) 

In Eq. (7) δu contains the virtual displacements and δϕ  is the virtual electrical potential. The last two 
terms of Eq. (7) are the stress and charge boundary conditions on Oq and OQ.  
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Taking into account the strain-displacement relation  

 uDε u= ,                                                                                                                                          (8) 

the relation between the electric field and the electric potential  

 ϕϕDE −=                                                                                                                                        (9) 

and following a standard finite element procedure and sampling over all finite elements, the semi-discrete 
equation of motion for a smart piezoelectric structure can be derived as  
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where Mww is the mass matrix, Cww  is the proportional damping matrix, Kww is the stiffness matrix, Kϕϕ is 
the electric matrix, Kwϕ is the piezoelectric coupling matrix, fww is the mechanical load vector and fϕ  is the 
electric load vector. The vector w contains all nodal mechanical degrees of freedom, ϕ the nodal electric 
potentials.  
 

2.2 Acoustic fluid and vibro-acoustic coupling 
 
As far as the acoustic response is regarded as a small perturbation to an ambient reference state, the finite 
element model for a homogeneous, inviscid fluid under adiabatic conditions is derived from the linear 
acoustic wave Eq. [3] 

 01
2 =− ΦΦ a

T
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In Eq. (11) the velocity potential Φ is used as the acoustical degree of freedom whereas c represents the 
speed of sound and Da the differential matrix operator  
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Based on the fluid velocity potential the velocity of the fluid particles can be calculated as  

 ΦaDv −=                                                                                                                                      (13) 

and the acoustic pressure taking into account the constant fluid density ρ0 by  

 Φρ &
0=p .                                                                                                                                       (14) 

Similar to the principle of virtual work it is possible to formulate a principle of virtual fluid velocity 
potentials. Therefore, the linear wave Eq. (11) is multiplied by δΦ and integrated over the entire fluid 
domain, which, after applying the Gaussian integral theorem, results in   
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The imposed normal velocities vn and the impedance functions Z  are regarded as boundary conditions. 
From a standard finite element procedure the matrix equation for the acoustic subsystem is obtained as  

 aaaa fKCM =++ ΦΦΦ &&& .                                                                                                              (16) 

In Eq. (16) Ma is the acoustic mass matrix, Ca is the acoustic damping matrix, Ka is the acoustic stiffness 
matrix and fa is the acoustic load vector due to prescribed normal velocities.  

ACTIVE NOISE CONTROL 225



  

The vibro-acoustic coupling can be regarded as an additional load, which acts on the fluid-structure 
interface OS. For the structure there is an additional load vector arising from the sound pressure   
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and for the acoustic fluid, there is a load vector due to the normal velocity of the structure 
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The matrices Nw and Na contain the shape functions related to the displacements of the structure and to the 
velocity potential of the fluid. The unity normal vector to the surface OS is denoted by n. Considering 
these coupling forces, the semi-discrete system of the coupled Eqs. (10) and (16) can be written as  
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taking into account Eqs. (17) and (18) on the left hand side. As it can be seen from Eq. (19), due to the 
introduction of the fluid velocity potential as the acoustical degree of freedom the system equations are 
received in a symmetric form.  
 

2.3 Finite element implementation 
 
Based on the theoretical background described before, a number of finite elements with coupled electro-
mechanical degrees of freedom were implemented in the FE software COSAR. For the analysis of thin-
walled piezoelectric smart structures, a special SemiLoof-type [8] shell element consisting of any number 
of passive and active layers is available [7]. Recently, also finite acoustic elements have been developed as 
well as the coupling terms between the structural shell elements and the 3D acoustic elements. These 
developments have been implemented into the COSAR finite element software, which enables the 
numerical simulation of vibro-acoustic and electro-mechanical coupled systems.   

 
a                                                           b 

Fig. 1: Coupling of shell elements and acoustic hexahedron elements: (a) layered piezoelectric SemiLoof-
type shell element, (b) acoustic hexahedron element 
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3 Control and model reduction 
 

3.1 Direct velocity feedback 
 
A first approach to control the behaviour of the active vibro-acoustic system is to calculate the actuator 
signals based on measured quantities. For this purpose the velocity feedback method is considered here. 
The voltage, which has to be applied to a set of piezoceramic actuators, is received from the measured 
normal surface velocity vnc of a given point of the structure by  

 nccc vg=∆ϕ ,                                                                                                                                  (20) 

where gc is a gain related to the sensor signal. The influence of the controller can also be introduced in Eq. 
(19) as an additional load vector related to imposed electric potentials  

 wBkf &vccc g=                                                                                                                                 (21) 

and depending on 

 wB &vcv = .                                                                                                                                      (22) 

The vector kc represents the sum of all columns )(i
wϕk  of the matrix Kwϕ related to the N electrical degrees 

of freedom, which are used as actuators 
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Regarding Eq. (19) the controller force fc forms an additional damping term to the structure 
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3.2 Modal truncation 
 
The finite element model based on Eq. (19) or (24), respectively, contains a large number of degrees of 
freedom. In order to improve the numerical performance of the calculation different model reduction 
techniques can be used. Modal truncation based on a few preselected uncoupled eigenmodes is a common 
method to receive such a reduced model in the following form 
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The regarded eigenmodes of the two subsystems are sampled in modal matrices Qw and Qa, which are  
ortho-normalized with  
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In both subsystems assuming a Rayleigh type of damping is assumed. After introducing modal coordinates  

 [ ] ww
T qQw =ϕ  ,  aaqQΦ =                                                                                                (27) 

the following truncated system of equations is obtained  
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with [ ]T
www ϕfff = . Furthermore, assuming a time harmonic behaviour of all investigated quantities,  

 tj
ww e Ω= qq ~ , tj

aa e Ω= qq ~ ,  tj
ww e Ω= ff ~ ,  tj

aa e Ω= ff ~ ,           (29) 

Eq. (28) can be transferred into the frequency domain 
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4 Experimental set-up 
 
Fig. 2 shows the experimental set-up for the measurement of frequency response functions of the 
aluminium plate, covering the top of an acoustic box.  
 

 
Fig. 2: Experimental set-up for measuring the frequency response functions of the smart acoustic box 
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The plate is excited by a shaker, driven with computer generated random noise signals and with an impact 
hammer (not shown in the Fig.), respectively. The measured force signal serves as input signal. The output 
signals of the frequency response function are the vibration velocity signal measured with a laser scanning 
vibrometer or the sound pressure measured with microphones.  
Fig. 3-a shows a photo of the front view of the plate arranged inside a low reflection acoustic chamber. In  
the foreground the head of the laser scanning vibrometer can be seen. Fig. 3-b shows the backside of the 
plate with piezoceramic patches, shaker and microphone.  

 
                            a – front view                b – backside 

Fig. 3: Front view and backside of the smart aluminium plate 
For the control of vibration and noise a velocity feedback circuit is used. The signal of an acceleration 
sensor mounted at the smart plate is integrated, phase shifted and amplified by a signal conditioner and 
then lead to a piezo driver, with supplies the piezo patches with a signal proportional to the vibration 
velocity of the plate. 

 

5 Experimental verification of numerical results 
 
In order to validate the performance of the presented numerical approach, simulation results are compared 
with experimental data. The experimental setup described before was numerically modelled as an elastic 
rectangular plate coupled with a hexahedron shaped acoustic cavity (Fig. 4).  

 
Fig. 4: Dimensions considered for the numerical model 
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Four piezoelectric patch actuators are attached on the surface of the plate at (x1 = 300 mm, x2 = 300 mm), 
(x1 = 300 mm, x2 = 447.5 mm), (x1 = 450 mm, x2 = 300 mm) and (x1 = 450 mm, x2 = 447.5 mm). All 
dimensions of the modelled plate cavity system are given in Tab. 1 and all material properties are 
presented in Tab. 2. To model the open boundary opposite the smart plate the pressure release condition 
was used. For this reason a model updating was performed by varying the fluid extension in x3-direction. 
All other boundaries of the acoustic box besides the elastic plate were considered as acoustically hard 
surfaces. It should be mentioned that the real system does not fulfil exactly this idealised boundary 
condition. For this reason a model updating was performed by varying the fluid extension in x3-direction. 
To perform the velocity feedback the normal surface velocity of the plate was measured at point (x1 = 400 
mm, x2 = 400 mm).  

Dimensions of the plate: lP1 = 1020 mm, lP2 = 720 mm, h = 4 mm 
Dimensions of the cavity: l1 = 900 mm, l2 = 600 mm, l3 = 1250 mm 
Dimensions of the patches: 50 mm × 25 mm × 0.2 mm 

Tab. 1: Dimensions of the plate cavity system 

Material properties of the elastic plate: E = 70000 N/mm2, ν = 0.34, ρ = 2.63 ⋅ 10-9 Ns2/mm4  
Material properties of the acoustic cavity: c = 340000 mm/s, ρ0 = 1.29 ⋅ 10-12 Ns2/mm4 
Piezoelectric material properties: Q11 = Q22 = 66983 N/mm2, Q12 = 22511 N/mm2, Q33 = 22237 N/mm2, 
ρ = 7.80 ⋅ 10-9 Ns2/mm4, e31 = e32 = -1.915 ⋅ 10-5 N/(mV)mm, κ33 = 1.047 ⋅ 10-14 N/(mV)2 

Tab. 2: Material properties of the smart vibroacoustic system 

To get the modal truncated model of the plate cavity system the first five structural and the first five 
acoustic eigenmodes were taken into account. The corresponding calculated eigenfrequencies are shown 
in Tab.3. For modelling the damping the measured modal damping ratios of the five structural eigenmodes 
and the first acoustic eigenmode were included into the truncated model. For all other acoustic modes, 
proportional damping was considered. 

Number i 1 2 3 4 5 
fwi 66.7 Hz 106.2 Hz 163.8 Hz 172.1 Hz 201.2 Hz 
fai 68.0 Hz 200.8 Hz 204.0 Hz 278.1 Hz 291.5 Hz 

Tab. 3: Eigenfrequencies of the elastic plate and the acoustic cavity 

For the comparison of the experimental and the numerical results the frequency response of the 
displacement of the plate at (x1 = 200 mm, x2 = 100 mm) and the frequency response of the sound pressure 
at (x1 = 650 mm, x2 = 300 mm, x3 = 525 mm) was regarded.  
 

      
                                                a                                                                                     b 

Fig. 5: Comparison of the measured and calculated displacement frequency response (a) and sound 
pressure frequency response (b)   
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                                                a                                                                                     b 

Fig. 6: Comparison of the measured (a) and calculated (b) uncontrolled and controlled displacement 
frequency response 

 

      
                                               a                                                                                      b 

Fig. 7: Comparison of the measured (a) and calculated (b) uncontrolled and controlled sound pressure 
frequency response 

Fig. 5 shows the calculated frequency response for the plate displacement and the sound pressure 
compared with the experimental results. In Fig. 6, the measured behaviour of the system is compared to 
the calculated behaviour in the controlled and uncontrolled case regarding the displacement frequency 
response. Fig. 7 shows the same for the sound pressure frequency response. 

 

6 Conclusions 
 

In the paper, a numerical approach to analyse smart vibro-acoustic systems based on the finite element 
method is presented as well as an experimental arrangement to validate the received numerical results. 
Distributed piezoelectric patches are used as actuators. To simulate the behaviour of thin-walled 
lightweight structures regarding vibration suppression and noise reduction in an efficient way the 
numerical coupling of layered SemiLoof-type shell elements containing active piezoelectric layers with 
acoustic hexahedron elements is realised. Furthermore, the controller is included into the finite element 
model and modal truncation for model reduction purposes in the low frequency range is discussed. To 
study the uncontrolled and controlled behaviour of piezoelectric smart vibro-acoustic systems an 
experimental set-up is developed. The experimental set-up includes an elastic aluminium plate attached 
with piezoelectric patches and a wooden box representing an acoustic cavity with different boundary 
conditions. In order to reduce noise and vibration a velocity feedback controller is used. The comparison 
of the numerical results with the measured data shows that modal truncated finite element models can be 
applied to analyse the uncontrolled as well as the controlled behaviour of piezoelectric smart vibro-
acoustic systems.  The convergence between the numerical and experimental data can be improved by up-
dating the finite element model with additional information from measurement. 
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Abstract 
 
The context of this work is the noise reduction issue in Aeronautics, precisely in-duct propagation with 
flow (ventilation system...) is of interest. Classically, passive acoustic liners are used: quarter-
wavelength behavior, perforated sheets backed to honeycombs (SDOF, DDOF)... The main problem is 
that their absorption is limited in frequency. A possible solution is to carry out a passive / active hybrid 
liner. The active control aims to improve the absorption of a liner at frequencies lower than those 
corresponding to its passive behavior. For the present study, active control is based on the measurement 
of the instantaneous acoustic intensity (two error sensors) downstream from the liner. Two 
configurations of active control of intensity were carried out, one in the near field of the liner, the other 
in the far field. Results show the improvement of the absorption in some cases that are detailed. 
 

1  Introduction 
The context of this work is the noise reduction issue in Aeronautics. Precisely, in-duct propagation with 
flow (ventilation system...) is of interest. Classically, passive acoustic liners are used: Quarter-
wavelength behavior, perforated sheets backed to honeycombs (SDOF, DDOF)... The main problem is 
that their absorption is limited in frequency. A possible solution is to carry out a passive / active hybrid 
liner. The active control aims to improve the absorption of a liner at frequencies lower than those 
corresponding to its passive behavior. 
Some works were already done on this topic [1 – 5]. A quarter-wavelength liner with a vibrating back 
plate has been realized. The error signal was the acoustic pressure under the perforated sheet. The choice 
of such a signal lies on the theoretical model of the passive behavior. The minimization of this signal 
leads to a forced quarter-wavelength behavior. In order to demonstrate the efficiency of such a liner, 
measurements of insertion loss and transmission loss were carried out. The liner was flush-mounted to a 
duct. Harmonic incident plane waves were used and the flow Mach number was up to 0.1. 
For the present study, the quarter-wavelength behavior is used again since this concept is easy to control. 
However, a different cost function is chosen. It is based on the measurement of the instantaneous 
acoustic intensity (obtained thanks to two correlated microphones) downstream from the liner. Indeed, if 
a source of noise is located upstream from the liner, minimizing this quantity is equivalent to 
maximizing the energy flowing into the liner. So its absorption is improved. Moreover, this control 
procedure is independent from the theoretical model of the passive behavior. Any kind of active solution 
can be actually tested with such a cost function. 
In this article, only the case without flow is treated. First of all, some recalls of acoustics will be made. 
Once the principal useful theoretical elements for this work exposed, a presentation of the principle of 
the experiment will be carried out. Then, results of measurements will be exposed. The passive and 
active behaviours of material will be pointed out.  
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2  Theoretical context 
 
Without going into the details, we will approach the case of the linear acoustic propagation in confined 
surroundings and more particularly that of the propagation guided in line. In a general way, it can be 
shown that the acoustic pressure breaks up according to a base of natural modes, which depend 
completely on the conditions imposed on the borders of the field. 
A particular application is the case of a straight pipe with rigid walls, i.e where normal acoustic velocity 
is null. Below the cut-off frequency cf , dependent on the geometry of the transverse section of the line, 
only longitudinal modes contribute to total acoustic pressure 
We consider only waves whose frequency is lower than cf . By taking a line directed according to the 
vector xe

r  (Fig.1), we can write the general expression of the acoustic pressure in the following way:  
ikxikx BAxP ee)( += −  (1) 

 
 

 
 
 

 
Figure. 1: Representation of acoustic waves 

 
A and B are two constant complexes relative to respectively travelling and regressive waves at wave 
number k. 
The acoustic velocity V and active intensity I are classically written as following:  
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with 000 cZ ρ=  the specific impedance of the propagation medium. 
 
Like any energetic quantity, the active intensity cannot be measured directly but is approximated with 
two microphones 1 and 2, spaced of a distance x∆ . An approximated Î  can be obtained using the 
cross-spectrum

21ppG ′′ at frequency f: 
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For monochromatic waves, the measured signals are perfectly correlated and Î can be described by: 
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with 1P , 2P  pressure amplitudes and ∆ϕ  phase difference between microphone signals. 
∆ϕ  takes into account the acoustic and intrinsic phase differences. 
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So, the theoretical error EL  made on the active acoustic intensity can be expressed by:  

( ) ( )








∆
∆±∆
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xk

xkL i
E

ϕsinlog10dB 10  (6) 

where iϕ∆  is the intrinsic phase difference of the two microphonic ways. The smaller the spacing x∆  is, 
the more the frequency band increases, while slipping towards the high frequencies. Intrinsic phase 
difference is especially penalizing at the low frequencies and more especially as the spacing is small. 
 

We consider now the presence of a grazing acoustic treatment in a section of the pipe. Two parameters 
will be introduced here [6] to quantify its effect of absorption. The first, called Insertion Loss (IL), 
quantifies the sound reduction resulting from the insertion of the treatment. It is defined by the 
difference of the levels of radiated sound power with treatment (

2WL ) and without treatment (
1WL ) 

(hypothesis: constant power source): 
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The powers are given using the active intensity, measured by the method presented previously. 
The second parameter is called Transmission Loss (TL). It represents sound weakening in the passage of 
the acoustically treated zone. It is defined by the difference between the level of transmitted sound 
power 

tWL  (downstream of the absorbing zone) and the level of incident sound power 
iWL  (upstream of 

the absorbing zone).  
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The loss by transmission requires imperatively an anechoic line termination, i.e an absence of wave 
reflected in the part of the line downstream from the absorbing treatment, in order to determine the 
transmitted power. 
So, it supposes to verify that the reflection coefficient of downstream boundary condition is low. This 
quantity is obtained by separation of travelling and regressive waves thanks to the measurement of 

transfer function 
)(
)(
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xP
xPH = between microphones 1 and 2 located before the downstream boundary 

condition:  
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with ∆x microphone spacing. 
 
The measurement method is usable if  

8.0
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∆

<
λ

x  (10) 

These recalls of acoustics carried out, we now will detail the experiment of active control.  
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3  Description of the experiment 
 
3.1 Choice of a passive/active hybrid material 
  
The theoretical framework of our study is the one of the propagation guided in plane harmonic waves in 
order to carry out a first approach for the improvement of a passive material by active control. 
The boundary conditions are:  
- an acoustic source far from the upstream of the material; 
 - a quasi-null reflection with the downstream.  
 
A bibliographical study showed us that the LMFA of the Central School of Lyon [1 - 5] carried out a 
hybrid material of quarter type of wave with an actuator (PZT) making vibrate the bottom of the 
material (secondary source). The signal of error used is the acoustic pressure under perforated sheet (a 
pressure pick-up). The choice of such a signal relies on the ideal model of passive operation of the 
material. By minimizing this signal, absorption is improved [3]. Measurements [5] were carried out for 
the same theoretical framework in our study, without and with flow (until a Mach number of about 0,1). 
The frequency of the passive behaviour was about 2200 Hz. Control was carried out for several lower 
frequencies, with a notable effect until approximately 1700 Hz. Control is particularly effective at the 
low frequencies (approximately 700 - 1300 Hz). For a surface treated of mm 220mm 55 × using four 
hybrid materials, TL obtained is of dB 25−  around 700 Hz and of dB 5−  at 1700 Hz. TL in passive is of 

dB 19− at 2200 Hz. 
 
The way that we decide to explore is different as regards the active aspect. The idea is to have a cost 
function independent of the passive ideal model of material. A possibility lies in the minimization of the 
instantaneous acoustic intensity. Indeed, because of the conservation of energy, minimizing the 
instantaneous intensity transmitted downstream of material means maximizing the intensity entering 
material, therefore increasing its absorption.  
 
3.2 Description of active control system 
 
The control of instantaneous acoustic intensity requires an algorithm of control at two entries. Here, it is 
about a XLMS used in the references [7 - 8] not for an acoustic control of intensity but for a control of 
intensity of structure. The only difference lies in the input signals (pressure for the acoustic intensity, 
acceleration for the intensity of structure). This algorithm was modified in order to reduce the computing 
times. Thus, at each step of time, only one coefficient of the filter of control, and not all the coefficients, 
is updated.  
A primary source (loudspeaker) radiates in a line whose portion is treated by passive/active hybrid 
material (Fig.2).  
The material consists of a cavity closed by a grazing perforated plate and by a plate - bottom of cavity - 
mobile under the effect of a shaker. This vibrating plate constitutes the secondary source necessary to 
active control. Downstream of material, two microphones measure the acoustic pressure in two points of 
the wall. These two measurements make it possible the determination of the longitudinal instantaneous 
acoustic intensity. The signal supply of the loudspeaker (generator) and the signals of microphones are 
used by the algorithm of control, delivering the control signal of the shaker.  
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Figure  2: Diagram of active control system. 

 
 

4  Measurements 
 
4.1 Experimental device 
 
Measurements are taken on the test bench B2A (Bench Aéro-thermo-Accoustics) of ONERA Center of 
TOULOUSE. This bench was designed specifically for aeroacoustic applications (Fig. 3 and 4) and it 
makes it possible amongst other things to characterize acoustic material absorbing test-tubes [9 - 10]. 
 

Exponential horn

Air 2 pressurized loudspeakers

Test section

Flow

Total length : 4m  
Figure 3: Diagram of the test bench B2A. 

 

A flow of air can be generated with a Mach number ranging between 0.1 and 0.5. The air can be 
controlled in temperature until 300°C. The section of the bench being of 50x50 mm ², the acoustic waves 
are plane in range 300 - 3000 Hz. The primary acoustic source is ensured by two rooms of compression 
placed in pressurized boxes, in derivation of the vein of the bench. An exponential house finishes the 
test bench in order to avoid the reflections due to an opening to the free air. It is locked up in a vast 
volume formed by melamine foam panels of 100 mm thickness in order to reduce the noise levels on the 
place of work and to limit the acoustic reflections in the room.  
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The assembly with hybrid material on B2A is described on Fig .4. The absorbing material covers a 
surface of mm 30mm 50 ×  and has a depth of 40 mm. This last size gives a theoretical frequency of 
absorption of 2125 Hz for a behaviour quarter of wave. The generating signal provided to the primary 
source is a sinusoidal signal. Four frequencies are employed during the tests with control: 760, 1020, 
1520 and 1760 Hz. Two higher frequencies (2080 and 2128 Hz) are used during the characterization of 
the passive behaviour. The spacing of the microphones used for control is of 30 mm (Fig. 4 (c)). The 
intrinsic phase difference between microphones having been as a preliminary given, it ensures us a 
theoretical error lower than 1 dB on a frequency band going from approximately 100 Hz up to 2080 Hz. 
For reasons which will be further clarified, a second position of the control microphones is planned in 
downstream section (Fig. 5). Thus, we will speak about control in "near field" (relative to secondary 
source location) when the microphones are beside material and of control in "far field" when they are 
placed in the zone of downstream measurements. In all cases, the microphones of control will be called 
1 and 2 (Fig. 5). Microphones in upstream and downstream zones (Fig. 4 (a) and 5) are also used to 
determine longitudinal reflection coefficients and the active intensity needed to obtain IL and TL. 
 
 

 

(a) 

 
(b) 

 
(c) 

 
(d) 

 

Figure  4: Assembly photographs on B2A. The hybrid material is laid out on the low wall of the cell ((a) 
and (c)). The microphones of control are positioned here in close field (a). The quasi-anechoic 

termination consists of an exponential horn closed by a melamine foam cavity (b). The primary source 
consists of two boxes with a loudspeaker in each one of them (d).  
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Figure. 5: Diagram of bench with the various zones of measurements and control   

 
 
 
4.2 Passive behaviour of material 
 
The passive behaviour of the material is highlighted by comparing the case where the lower wall of the 
test cell is rigid with the case where it is treated by passive material. The parameter observed is TL. 
Ideally, the TL of the case of the rigid wall must be null for all the frequencies whereas that of the case 
of the treated wall must be non null in the frequency band of absorption of passive material. An extreme 
value is awaited around 2125 Hz (theoretical Helmholtz frequency). We can notice in Table 1, that TL 
with rigid wall is indeed weak from 1520 Hz but that it is negligible below, in particular at 1020 Hz. 
This can be explained by acoustic leakages due to a bad sealing of the assembly. The analysis of the 
values of TL with passive material must be made knowing this problem. With this point of view, the 
values of TL with 760 and 1020 Hz are not to put for the benefit of material. On the other hand, a 
notable effect appears at the higher frequencies, more particularly at 2080 and 2128 Hz. These 
frequencies are to be brought closer to the theoretical frequency of 2125 Hz. It must be recalled that this 
frequency is calculated for a depth of cavity of 40 mm. However, the wall of the bottom being mobile, 
an uncertainty exists concerning the true value depth. 
 

Frequency TL 

(Hz) (dB) 

 Rigid Passive 

760 -1,2 -0,9 
1020 -3,3 -2,7 
1520 -0,8 -1,5 
1760 -0,4 -1,5 
2080 0,0 -3,3 
2128 -0,1 -3,1 

Table 1: Values of TL (dB) for the cases of rigid wall and wall treated by passive material. 

 
We now will see the results obtained with active control at the first four frequencies.  
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4.3 Active behaviour of material 
   
Control in "near field" 
 
A comparison of IL and TL of passive material and with control is now carried out (Table 2). It can be 
noted that control has little influence at frequencies 760 Hz and 1020 Hz. The positive values of IL at 
these frequencies can question the reader. In fact, reproducibility between each case of measurement on 
the incident intensity is about 1,2 dB (Table 3). 
 

Frequency IL TL 

(Hz) (dB) (dB) 

 Passive Active Passive Active 

760 1,5 0,8 -0,9 -0,7 
1020 1,8 1,0 -2,7 -3,2 
1520 -1,1 -6,2 -1,5 -6,8 
1760 -1,9 -27,3 -1,5 -5,2 

Table  2: Values of IL and TL (dB) for passive material and with near field control. 

 
At the other frequencies, the improvement is notable, in particular at 1760 Hz. At this frequency, it must 
be noted the great difference between IL and TL. However, the incident active intensity is worth 82,1 dB 
(Table 3) whereas it is worth approximately 104 dB without control. It thus seems that there is an 
influence of control downstream but also upstream of material.  
 
 

Frequency incident active intensity 

(Hz) (dB, ref. 1 pW/m²) 

 Rigid Passive Active 

760 104,1 105,3 104,3 
1020 102,1 103,3 103,1 
1520 106,5 106,1 106,4 
1760 104,6 103,8 82,1 

Table 3: Values of the incident intensities (dB) for the three cases of measurements, rigid wall, passive 
material and with near field control. 

 
 
Let us look more in detail at the influence of control on the function being minimized. For that, we take 
again the expression (5) of the measured active intensity for monochromatic waves. Minimizing the 
instantaneous intensity leads to, after convergence of control algorithm: 
- 21PP   minimum; 
- or 0≈∆ϕ ;  
-  or the two conditions. 
 
The values of ϕ∆  and 21PP  are indexed on Tab.4. We can notice that for all the frequencies, except for 
the last, the algorithm converged towards a null phase difference, without modifying the product 21PP . 
For the last frequency, the algorithm converged towards a low 21PP  but leads to a high phase difference. 
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Frequency 12 ϕϕ −  21PP  
(Hz) (°) (Pa²) 

 Passive Active Passive Active 

760 -25,8 0,7 11,88 11,46 
1020 -36,2 1,8 6,03 6,37 
1520 -43,6 2,5 16,24 15,18 
1760 -54,1 70,2 9,15 0,26 

Table. 4: Values of the phase (°) and the amplitude of cross-spectrum (Pa ²) between control 
microphones (control in near field). 

 

Nevertheless, at the low frequencies, in spite of the minimization of intensity at error sensors, the 
downstream intensity is not very influenced. It seems that the proximity of the secondary actuator and 
the error sensors is problematic. That is the reason why other tests of control have been led in "far field". 
The results are given in the next section.  
 
Control in "far field" 
Only the values of IL are presented to point out the modifications made by the change of position of the 
error sensors (Table 5). The effectiveness of control is actually reinforced at all the frequencies, except 
at 1760 Hz. Although control brings a high profit to this frequency, the IL is weaker than during control 
in "near field".  
 
 

Frequency IL 

(Hz) (dB) 

 Passive Active 

760 1,5 -10,2 
1020 1,8 -22,6 
1520 -1,1 -15,4 
1760 -1,9 -10,3 

Table 5: Values of IL (dB) for passive material and with far field control. 

 

A graph recapitulating all the values of downstream active intensity can be consulted (Fig. 6). 
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Figure  6: Downstream intensity (dB) without control and with control in "near field" and "far field". 
 
It must be noted that the values of IL obtained with control are higher than those of passive material in 
its range of maximum absorption. However, the passive aspect of material can be the subject of a 
preliminary optimization [1] (dimensioning of the perforated plate…). But this was not the goal of work 
presented. 
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Again, if we look at the minimization function more finely (Table 6), we observe that this time, except 
for frequency 1020 Hz, the algorithm converged towards a minimum of the product 21PP . At 1020 Hz, in 
addition of having minimized this product, the algorithm converged towards a phase difference close to 
0°.  
 

Frequency 12 ϕϕ −  21PP  
(Hz) (°) (Pa²) 

 Passive Active Passive Active 

760 -22,2 -41,8 13,07 0,45 
1020 -30,6 -3,5 5,38 0,15 
1520 -44,6 -44,6 13,79 0,50 
1760 -50,1 -45,5 8,64 1,27 

Table 6: Values of the phase (°) and the amplitude of cross-spectrum (Pa ²) between control 
microphones (control in far field). 

 
For cost functions being written like the product of two terms, the phenomenon where algorithm XLMS 
converges either towards the minimum of one of the two terms or towards the product of the minima of 
the two terms was already observed [7, 8]. Observations based on simulations [7] made the authors note 
that starting from certain high values of secondary filters, the algorithm converged exclusively towards 
the product of the minima of the two terms. A thorough analysis of this phenomenon would be 
interesting.  

5  Conclusion 
Register in the context of the reduction of the sound harmful effects in aeronautics, this work relates to 
the improvement of absorbing passive material classically used in control with an active solution. Being 
the first work, the study was done without taking into account of flow. 
In order to increase the absorption of material at the low frequencies, we chose to carry out an acoustic 
control of intensity using an algorithm XLMS. Indeed, supposing the presence of a source of noise 
upstream it material, minimizing the acoustic intensity downstream reverts maximizing the intensity 
entering material and thus improving its absorption. 
While having chosen propagation in monochromatic plane waves, measurements of losses per insertion 
and losses by transmission were carried out on the Bench Aero-thermo-Acoustics (B2A) of ONERA 
Center of Toulouse.  
 
The passive behaviour of the surface treated by material was first of all qualified, the frequency of 
maximum absorption coinciding well with the awaited theoretical value. Then, two tests of active 
control of intensity were carried out, one in field close to material, the other in far field. In the first case, 
absorption was improved only for the highest work frequencies, although minimization operated at all 
the frequencies. A loss by insertion of -27.3 dB was measured at 1760 Hz. The second case of control 
showed us that the proximity of the sensors of error and the actuator was blamed. Absorption was then 
improved at the low frequencies, with a loss by insertion ranging between -22.6 and -10,2 dB.  
 
In prospect, measurements in flow would be possible. However, the difficulty would lie in the 
theoretical definition of the intensity. Indeed for low rates of flow, lower than 1m.s 30 − , the definition for 
a medium at rest can be appropriate, but for higher speeds, the approach is likely to be compromised 
because the intensity is only measurable using acoustic pressure sensors. However, the case of low 
speeds corresponds to some industrial applications (ventilation duct, of exhaust…). 
It would be also interesting to know if optimization by control of intensity coincides with different 
principles of optimization. 
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Abstract
This paper discusses the effectiveness of an Active Structural Acoustic Control (ASAC) system for the re-
duction of impact noise, radiated by structures with a high modal density in the controlled frequency range.
Although there is a significant difference in nature between periodic and transient noise, up till now no
specific research on ASAC of transient noise was reported. This paper focuses on the design of control al-
gorithms, adapted to the specific properties of impact noise. Since many industrial impact noise problems
involve successive impacts with a repetitive behaviour, control algorithms with a learning behaviour are dis-
cussed. The efficiency of these Iterative Learning Control (ILC) algorithms is demonstrated extensively in
this paper. The developed ASAC strategy has been verified on a thick steel plate, which is excited by succes-
sive impacts. The obtained results show that ASAC can be a very efficient transient noise control technique
in certain industrial applications (e.g. presses, punching machines,...).

1 Introduction

Noise pollution from modern industrial activities is an environmental problem of growing importance. Es-
pecially in machine halls with production machines such as punching machines and presses, which generate
impact noise, the radiated noise levels exceed often the legal regulations regarding human exposure to noise
[1, 2]. The noise, radiated by these machines, is primarily structure-borne, i.e. generated by structural vibra-
tions of various mechanical parts. Various studies [3, 4] have shown that Active Structural Acoustic Control
(ASAC) has some potential to reduce stationary structure-borne noise. In ASAC the sound field radiated by
a structure is controlled by intervening in the structural vibrations with actuators. Although there is a signi-
ficant difference between periodic and transient noise, up till now almost no particular research on ASAC of
transient noise has been reported, at least not to the authors’ knowledge. The goal of the presented research
is to study the possibilities of ASAC techniques to reduce transient structure-borne noise.

The efficiency of an ASAC system depends on the control configuration of actuator(s) and sensor(s) as
well as on the implemented control algorithm. The physical arrangement of the control system defines the
maximum achievable performance, while the controller design determines how close the practical system
approximates this performance. The first part of the paper describes the controlled system (i.e. a thick plate
excited by impact forces from a primary shaker) and the selected ASAC configuration used to control this
structure.

In the second part of the paper, the algorithm for the control of the secondary actuator is designed. The ex-
isting ASAC control algorithms for the reduction of stationary noise can be classified into two groups: feed-
forward and feedback control algorithms. The standard adaptive feedforward algorithms [5] (e.g. filtered-x
LMS algorithm), which are nowadays most popular in ASAC applications, cannot be used for the control of
transient noise signals, since the adaptive part is often based on a continuous convergence to an optimum.
Recently some new feedforward algorithms with specific adaptive filters [6] are proposed for the control
of impulsive noise. Contrary to the conventional feedforward algorithms, the commonly used feedback al-
gorithms developed for the control of continuous noise can be used for transient noise. However, the use
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of these feedback controllers is limited for practical, industrial applications: due to the high modal density
of the controlled structures in the frequency range of interest, the time delay between actuator and sensor
and the dynamics of the actuator and sensor, the bandwidth of the controllers is strongly limited. Since in
many industrial impact noise problems the successive impacts have a repetitive behaviour (e.g. a punching
machine often performs the same operations several times), a learning behaviour can be introduced in the
control algorithms, resulting in an improved performance of the controller as the number of controlled im-
pacts increases. This paper presents the development of Iterative Learning Control (ILC) algorithms, which
are adapted to the specific repetitive properties of the transient noise from successive impacts.

The last part of the paper presents the practical evaluation of the developed ILC controller on the plate set-
up. Next to the local performance of the ASAC system at the error sensor, also the global noise reduction is
studied.

2 Demonstrator and control configuration

2.1 The thick plate set-up

In this paper, the developed ASAC strategies are validated on a thick free-free suspended plate (500 x 600
x 15 mm), which is excited by successive, repetitive impacts (Fig. 1). This set-up is studied, because
its dynamic and acoustic behaviour resembles that of modern modular production machines, which radiate
impact noise (e.g. punching machines, presses): the plate, which has a high modal density in the controlled
frequency range below 1000 Hz (table 1), radiates structureborne noise. A plate is an ideal demonstration
breadboard since it is easy to define a reliable model to evaluate the theoretical possibilities of different
ASAC controllers.

Figure 1: The impact plate test setup with a primary disturbance and secondary control shaker, the error
microphone in the near field and another microphone, measuring the performance in the far field.

The disturbing force impacts on the plate are generated by a primary inertia shaker, to which voltage pulses

Table 1: The experimentally identified resonance frequencies of the plate below 1000 Hz.

Resonance number 1 2 3 4 5 6 7 8 9 10 11
Resonance frequency (Hz) 160 205 227 325 399 458 611 772 796 881 991
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of 2 msec with a constant amplitude are sent. In this way, especially the low-frequency modes of the plate
below 1000 Hz are excited, which is the frequency range of interest to tackle by active means.

Since the successive input signals to the primary actuator are identical, the impact forces on the plate as well
as the resulting vibrations and the radiated noise pulses are repetitive. The time between two consecutive
impacts is variable but is always longer than 4 sec such that the vibrations, due to a previous impact, are
totally damped out when a new impact is generated. Consequently, the control of a new impact is not
influenced by the previous impacts.

Fig. 2(a) shows the A-weighted radiated noise levels in one-third octave bands below 1000 Hz, which are
measured in the far field when the plate is excited by the primary shaker. Most of the radiated acoustic energy
is situated in the one-third octave bands with centre frequencies 630 and 800 Hz. A detailed autopowerspec-
trum of the radiated noise in this frequency range from 500 to 900 Hz is given in Fig. 2(b): the spectrum is
mainly dominated by three efficiently radiating resonance frequencies of the plate (at 611 Hz, 772 Hz and
881 Hz). Consequently the ASAC strategy should focus on noise reduction of the corresponding structural
modes between 500 and 900 Hz.
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Figure 2: The radiated noise, measured in the far field when the plate was excited by the primary shaker: (a)
A-weighted noise levels in the one-third octave bands below 1000 Hz and A-weighted overall Sound Power
Level and (b) detailed A-weighted autopowerspectrum between 500 and 900 Hz.

2.2 The control configuration

Since a structure, which is excited by an impact force, particularly radiates noise at certain efficiently radiat-
ing resonance frequencies, an efficient vibration reduction at these frequencies mainly determines the overall
impact noise reduction and outweighs the control performance at other frequencies. Therefore, the actuators
should be positioned at locations with a good controllability of the modes at these resonance frequencies.
The controllability of different positions can be checked by calculating or measuring the resonance frequen-
cies and corresponding mode shapes. The complexity of the structure and the impact duration, which defines
the excited frequency range, determine the number of actuators required for a good vibration reduction. For
the free-free suspended plate set-up, one actuator in a corner of the plate is sufficient, because all modes can
be excited in this position (Fig. 1 shows the secondary inertia shaker in the left upper corner of the plate).
Also in the practical applications, one actuator is often sufficient to suppress the most efficiently radiating
resonance frequencies. In a punching machine for instance one actuator in a corner of the frame can control
the most efficiently radiating structural modes.
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The second part in the definition of the control configuration is the selection of the sensors and their loca-
tions. Since a structural vibration reduction does not necessarily involve a decrease of the acoustic noise
radiation [7], microphones are preferred over accelerometers as error sensors. Two traditional drawbacks
of the use of microphones in ASAC (i.e. the influence of ambient noise and the large time delay in the
control configuration, resulting in a limited performance) can be overcome in this application because of the
special controller design (section 3). Since the controller will only be active when an impact disturbance is
expected, the influence of ambient noise, which is not radiated by the considered structure, will be relatively
small, compared to the controlled impact noise. The second drawback of microphones in traditional control
design, the large time delay between the actuators and sensors, can be compensated for by the non-causal
filters in ILC. In order to limit the complexity of the control system, only one microphone in the near field of
the plate is used as error sensor (Fig. 1).

3 Iterative Learning Control

The second step in the design of an ASAC system, after the selection of a suitable control configuration, is
the implementation of an efficient controller, which processes the sensor information to send a control signal
to the actuator(s). Because the conventional feedback and feedforward ASAC control algorithms for the
reduction of stationary noise are not suitable in this application (due to respectively the high modal density
of the radiating structure and the transient character of the disturbance), an iterative learning control (ILC)
algorithm is applied in the presented ASAC controller for the plate. ILC is a relatively new area of study in
control theory, very suitable to cancel repetitive disturbances.

The ILC approach was motivated by the intuitive idea that it should be possible to improve the performance
of a system that performs repetitively the same task and reproduces continuously the same error (welding
robots, pick-and-place machines,...). Using the experience from the past, modifications to the input signal
can be applied to the system during the next operation in order to obtain a better future performance. The
first contribution on ILC, a paper by Uchiyama [8], was not widely known, because it was only published in
Japanese. The idea of ILC was further developed by Arimoto [9, 10], mainly active in the field of robotics,
and became also popular among other researchers (Longman [11], Horowitz [12],...). A good survey of ILC
can be found in the book of Moore [13] and a more recent overview paper [14]. Longman [11] presents some
practical ILC design rules for engineering applications. In a recent paper by Goldsmith [15] it was shown
that ILC was not fundamentally different from time-invariant control methods. He proves that causal ILC
can do no better than conventional feedback control and suggests that future work on ILC should focus on the
benefits of noncausal ILC filters. The practical usefulness of a noncausal ILC system will be demonstrated
extensively in this section. Although the potential of ILC was demonstrated for a broad class of applications
during the last two decades, the technique has only very recently been used in the field of ANC [16] and
ASAC [17]. In both papers, the results obtained by the ILC controller are superior compared to those
achieved by conventional feedback and feedforward control methods.

3.1 Theoretical background

The plate system, that is controlled in this paper, is considered to be linear time-invariant and causal and is
described by the following system description:

y(k) = Psec(D)u(k) + Pdist(D)d(k) (1)

with

D: the unit delay operator (Dx(k) = x(k + 1)),
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Psec(D): the discrete operator, which defines the relation between the input signal to the secondary
actuator and the signal measured by the error microphone,

Pdist(D): the discrete operator, which defines the relation between disturbing impact force and the
signal measured by the error microphone,

y(k): the signal measured by the error microphone at time interval k,

u(k): the control signal sent to the secondary actuator at time interval k,

d(k): the disturbing impact force at time interval k.

Since separate impacts are studied, which generate transient vibrations in the plate, several discrete time
intervals with a fixed duration (p time steps) can be studied separately. A trigger signal, which announces
a new impact and defines the beginningki of a new time interval, is supposed to be available. Define thep
step histories of the error signal at theith impact as:

y
i
= [yi(0) yi(1) ... yi(p− 1)]T (2)

with

yi(k) = y(ki + k) (3)

andui, ui(k), di anddi(k) accordingly.

Because the successive disturbing impact forces are supposed to be repetitive, all the time seriesdi are equal
to d. Using Eqs. (2), the system description Eq. (1) can be posed in a matrix form:

y
i
= Psecui + Pdistdi (4)

with

Psec =


hPsec(0) 0 . . . 0

hPsec(1) hPsec(0)
...

...
... 0

hPsec(p− 1) hPsec(p− 2) . . . hPsec(0)

 (5)

and

Pdist =


hPdist

(0) 0 . . . 0

hPdist
(1) hPdist

(0)
...

...
... 0

hPdist
(p− 1) hPdist

(p− 2) . . . hPdist
(0)

 (6)

, wherehPsec(k) andhPdist
(k) are the discrete impulse responses of the operatorsPsec(D) andPdist(D)

respectively.

In this paper, a first-order, trial-invariant ILC algorithm is applied. In first-order ILC, the control signal for
a new impactui only depends on the control signalui−1 and the remaining error signaly

i−1
at the previous

impact, while in higher-order ILC [18, 19] the control and error signals of earlier impactsui−2, y
i−2

, ui−3,
y

i−3
,... can also influence the control signalui. The control filters are supposed to be trial-invariant, which

means that the control law between the input signalsui−1 andy
i−1

and the calculated ILC control signalui
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is invariant over all impacts. The ILC control law, applied in the developed control algorithms, is linear: the
control signal for the new impactui is a linear combination of the previous control signalui−1 and the error
signaly

i
, measured at the previous impact:

ui = Qui−1 + Ly
i−1

(7)

with

Q, L: p× p -matrices

In most applications,Q, which relates the control signal for the new impactui to the previous control signal
ui−1, is a diagonal matrix with constant coefficients, mostly equal to 1.L, which defines the relation between
the new control signalui and the error signal at the previous impacty

i−1
, determines the stability of the ILC

algorithm. In case of causal ILC,L is lower triangular, which means that a time sample of the new control
signalui(n) is only influenced by earlier samples of the error at the previous impacty

i−1
(n), y

i−1
(n − 1),

y
i−1

(n− 2),... Since ILC is an offline method, which processes the data from a previous impact to calculate
the control signal for the new impact, also noncausal operators can be used in the design of ILC filters. Fig.
3 shows how these noncausal operators can use ’future’ time samples from a previous impact (y

i−1
(n + 1),

y
i−1

(n + 2),...) to calculate the current control action. In this paper, the benefits of noncausal ILC are
investigated, allowingL to be a full matrix of learning gains.

ui-1

1 2 3 nn-1 n+1 p-1 p… …

yi-1

1 2 3 nn-1 n+1 p-1 p… …

Q

L…
…

+

ui

1 2 3 nn-1 n+1 p-1 p… …

Figure 3: The use of a noncausal operatorL in the ILC design.

The ILC system, described by Eq. (7), will be bounded-input, bounded-output stable, if the magnitudes of
all the eigenvalues ofQ− PsecL are less than 1 [20]:

|λs(Q−LPsec)| < 1 ∀s (8)

When this condition is fulfilled, the error signal converges to:

y∞ = (I − Psec(I −Q−LPsec)−1L)Pdistd (9)

It is important to notice that the error signal can only become 0 ifQ = I. This is the reason why most of the
proposed ILC schemes operate withQ = I.
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In the remainder of this paper,Q is supposed to be diagonal with constant coefficientsq andL is supposed
to be the matrix representation of a noncausal time-invariant difference equation with transfer functionL(z):

Q = qI (10)

and

L =


hL(0) hL(−1) hL(−2) . . . hL(−(p− 1))
hL(1) hL(0) hL(−2) hL(−(p− 2))
hL(2) hL(1) hL(0) hL(−(p− 3))

...
...

...
hL(p− 1) hL(p− 2) hL(p− 3) . . . hL(0)

 (11)

, wherehL(k) is the discrete impulse response ofL(z).

Analogous to this expression,Q can be interpreted as the matrix representation of a difference equation with
transfer functionQ(z) = q.

Although stability and convergence can be obtained by fulfilling condition Eq. (8), the practical usefulness
of this formula is very limited. Since a monotonic convergence is not guaranteed, the transient behaviour
of the ILC algorithm can be undesirable. The poor transient behaviour of some ILC algorithms, although
complying with Eq. (8), is clearly illustrated in [11]. To assure good transients, a criterion for monotonic
convergence is required. The following condition, formulated in the frequency domain, guarantees a mono-
tonic decay of the amplitudes of all frequency components [11]:

|q − L(eiωT )Psec(eiωT )| < 1 (12)

with

T : the sampling time,

ω: the angular frequency,

L(eiωT ): the discrete Fourier transform ofL,

Psec(eiωT ): the discrete Fourier transform ofPsec.

This criterion indicates that the Nyquist curve ofL(eiωT )Psec(eiωT ) has to be located inside a unit circle
with the center point(q, 0), commonly denoted as the learning circle. Although this formula is only correct
for a steady state response, Longman shows in [11] that it is also a good condition to get a reduction of the
transient response. Therefore, the ILC control matricesQ andL, developed for the control of the plate, are
designed according to this formula. In practice, first, the transfer function between the secondary actuator and
the error sensor is measured. Then, the control filterL(z) is shaped such that, in the frequency range where
control performance is required, the phase ofL(eiωT )Psec(eiωT ) stays between−90◦ and 90◦ to assure
stability and the maximum amplitude ofL(eiωT )Psec(eiωT ) is almost equal to 1 to guarantee performance.
Afterwards, a bandpass filter is added to theL(z)-filter for stability reasons such that the amplitude of
L(eiωT )Psec(eiωT ) decreases significantly outside the frequency range of interest. The last phase in the ILC
design, is the definition ofq, which should be chosen as close as possible to 1: if forq = 1 the Nyquist
curve ofL(eiωT )Psec(eiωT ) goes outside the learning circle, a slightly smaller value should be chosen forq
to introduce robustness in the control algorithm.
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3.2 Practical implementation

In this paragraph, a noncausal ILC algorithm is designed for the control of the inertia shaker on the plate
set-up (section 2). The transfer function of the secondary plantPsec between the shaker and the microphone
is shown in Fig. 4(a) and 4(b). The control matricesQ andL are designed according to the methodology,
presented in the first part of this section. The frequency range, where control performance is desired, is
situated between 500 and 900 Hz. Since in this range the phase ofLPsec should stay between−90◦ and
90◦, the phase lag of540◦ in Psec between 500 and 900 Hz caused by 4 poles and only 1 zero should be
compensated by 3 zeros in the control filterL, which are placed at 625 Hz, 700 Hz and 825 Hz. In order
to limit the high-frequency amplification ofL, each zero in the controller is compensated by a pole at a
frequency higher than 900 Hz. Therefore 3 poles at 5000 Hz are introduced inL, which results in the
following controllerL1:
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Figure 4: The transfer function between the shaker input and the microphone signal: (a) over the whole
frequency range and (b) in the frequency range 500-900 Hz, where the greatest noise reduction is required.

L1 = L1,aL1,bL1,c (13)

with

L1,a =
50002

6252

s2 + 2 · 0.01(2π625)s + (2π625)2

s2 + 2 · 0.03(2π5000)s + (2π5000)2
(14)

L1,b =
50002

7002

s2 + 2 · 0.01(2π700)s + (2π700)2

s2 + 2 · 0.03(2π5000)s + (2π5000)2
(15)

L1,c =
50002

8252

s2 + 2 · 0.03(2π825)s + (2π825)2

s2 + 2 · 0.03(2π5000)s + (2π5000)2
(16)

Due to the 3 poles between 500 and 900 Hz, the phase ofLPsec stays inside a band of180◦ in this frequency
range. To shift this180◦-band between−90◦ and90◦, a second compensatorL2 has been added toL1:

L2 = L1
8002

5002

s2 + 2 · 0.4(2π500)s + (2π500)2

s2 + 2 · 0.4(2π800)s + (2π800)2
(17)
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Figure 5: The first part in the design of the ILC filter for the control of the optimal control configuration: the
transfer functions of (a) the ILC control filterL2 and (b)PsecL2.

Figs. 5(a) and 5(b) show the transfer functions ofL2 andL2Psec. It is clear that, in the frequency range
of interest (500-900 Hz), the phase ofL2Psec stays between−90◦ and 90◦. The developedL2-filter is
still causal, the benefits of noncausality are only used in the second phase of the controller design. Two
noncausal bandpass filtersL3 andL4 are added toL2 to createL such that the amplitude ofLPsec decreases
significantly outside the frequency range of interest without any phase change.L3 consists of a noncausal
lowpass filterL3,lp and a noncausal highpass filterL3,hp. Since a strong roll-off is necessary to decrease the
amplitude ofLPsec sufficiently outside the frequency range 500-900 Hz, both filters are of 12th-order (the
actual implementation of these noncausal filters is explained in appendix A). In both filters, the phase lag
due to a causal pole is compensated by the phase lead due to an anti-causal pole (an anti-causal system does
not process earlier samples from a previous impact but only uses future time samples to calculate the current
control action):

L3 = L3,lpL3,hp (18)

with

L3,lp = (
(2π600)4

(s2 + 2 · 0.4(2π600)s + (2π600)2)(s2 − 2 · 0.4(2π600)s + (2π600)2)
)3 (19)

L3,hp = (
s4

(s2 + 2 · 0.4(2π900)s + (2π900)2)(s2 − 2 · 0.4(2π900)s + (2π900)2)
)3 (20)

Finally, a second noncausal compensatorL4 was also implemented in the ILC control filterL (= L2L3L4)
to create some extra robustness. The compensatorL4 consists of 2 causal (both at 650 Hz) and 2 anti-causal
(also at 650 Hz) poles as well as 2 causal (at 400 and 1200 Hz) and 2 anti-causal zeros (also at 400 and 1200
Hz). This further increases the amplitude ofLPsec between 500 and 900 Hz and reduces its amplitude just
below and above this frequency range, again without any phase change.

L4 =
Lzero,1Lzero,2

L2
pole

(21)
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with

Lzero,1 = (s2 + 2 · 0.05(2π400)s + (2π400)2)(s2 − 2 · 0.05(2π400)s + (2π400)2) (22)

Lzero,2 = (s2 + 2 · 0.1(2π1200)s + (2π1200)2)(s2 − 2 · 0.1(2π1200)s + (2π1200)2) (23)

Lpole =
1

(s2 + 2 · 0.2(2π650)s + (2π650)2)(s2 − 2 · 0.2(2π650)s + (2π650)2)
(24)

The gain ofL is adjusted such that the maximum amplitude ofLPsec is close to 1 in the frequency range
of interest. The transfer function of the resultingL-filter is shown in Fig. 6(a). Compared to the transfer
function ofL2, there is no change of the phase due to the use of noncausal filters, such that the phase ofLPsec

still stays between−90◦ and90◦ between 500 and 900 Hz. However, the amplitude is strongly reduced below
500 Hz and above 900 Hz, generating the desired bandpass characteristic. If the same bandpass filtering of
the amplitude would have been created by a causal filter, this would have caused a strong phase change over
a broad frequency range, also between 500 and 900 Hz, the frequency range of interest. It is impossible to
keep the phase ofLPsec between−90◦ and90◦ in the latter frequency range with a causal ILC controller,
that generates the required bandpass characteristic ofL. This bandpass filtering without a phase change is a
great benefit of noncausal filters.
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Figure 6: The second part in the design of the ILC filter for the control of the optimal control configuration:
(a) the transfer function of the total ILC control filterL and (b) the Nyquist plot ofLPsec inside the learning
circle (the stability test forq = 0.98).

Based on the selectedL-filter, the valueq, which defines theQ-filter, is chosen. Since for aq-value of 1 the
condition for monotonic convergence Eq. (12) is not fulfilled,q is reduced to0.98. Fig. 6(b) shows that for
this value ofq the Nyquist curve ofLPsec does not exceed the learning circle, which guarantees monotonic
convergence.

The theoretical reduction |Y∞(eiωT )|
|Pdist(eiωT )D(eiωT )| , which can be achieved by the selectedL- andQ-filter, is shown

in Fig. 7. A high error reduction can be achieved by this noncausal ILC controller in the higher frequency
range, where most of the noise is radiated. The error in the error microphone can be reduced by at least 2
dB over the whole frequency range of interest from 500 to 900 Hz and more than 10 dB at the resonance
frequencies.
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Figure 7: The theoretical reduction |Y∞(eiωT )|
|Pdist(eiωT )D(eiωT )| , which can be achieved by the noncausal ILC con-

troller.

4 Controller performance evaluation

The noncausal controller, as discussed in the previous section, has been implemented on a dSPACE 1103 DSP
board and applied to the plate case study. A detailed survey of the practical implementation of a noncausal
control filter can be found in appendix A. In this section, the local results, achieved by the noncausal ILC
controller at the error microphone, and the influence of the controller on the global vibrational and radiated
acoustic noise levels will be described.

The results, obtained by the noncausal controller at the error sensor in the plate experiments, are plotted
in Figs. 8(a) and 8(b). Fig. 8(a) shows the error microphone signals in the time domain, when the plate
is excited by a primary impact force. The different curves compare the remaining error signals, which are
obtained by the noncausal ILC algorithm after a different number of impacts. During the first 60 impacts,
the error pressure, caused by the primary shaker, becomes significantly smaller at each impact, due to the
updated ILC control force. This learning behaviour can also be observed in Fig. 8(b): there is a clear
reduction of the error signal during the first 60 impacts in the frequency range between 500 and 1000 Hz,
where noise reduction is intended. After the 60th impact, the ILC algorithm has converged and there is no
further improvement at the consecutive pulses. While the noise reduction is significant in the frequency band
between 500 and 1000 Hz, the ILC algorithm has no influence on the error signal in the lower and higher
frequency range. This behaviour was correctly predicted by the theoretical formula in Eq. (9) (Fig. 7).

This paragraph studies the global effect on the plate behaviour of the noncausal controller, developed in
the previous section, when the ILC algorithm has converged. The global vibration level and the radiated
noise level are measured, respectively, by 7 accelerometers, uniformly distributed over the plate and by 1
microphone in the far field (2 meter from the plate). The global vibration level is defined as the rms-value
of the accelerations measured by these 7 accelerometers. Fig. 9 shows the autopowerspectrum of this global
vibration level without and with ILC control after convergence. Due to the introduction of the noncausal
bandpass filter in the design ofL, no control signal is sent to the secondary actuator below 500 Hz and
above 1000 Hz. This explains why the global vibration spectrum below 500 Hz and above 1000 Hz with
control is the same as the uncontrolled spectrum. Since a high amount of the vibrational power of the plate
is low-frequency (< 500 Hz), the broadband vibration reduction of the plate is limited to only 0.5 dB. In the
previous paragraph, it has been shown that the pressure in the error microphone between 500 and 1000 Hz
is significantly reduced by the control signal of the noncausal ILC controller. The global vibration level is
also strongly reduced in this frequency range, especially at the resonance frequencies corresponding to an

ACTIVE NOISE CONTROL 255



���������	��
��������������������
����� ���! "�	�������$#%� ��& '(� �)��� #*�+����#%��� �

��� #%�, -�����	'

./01
132
4 5 6
7

8 9: ;
< = >; ?
= @; A
=BC

��� #*�D -���	��'

./01
132
4 5 6
7

EF ; G A
HI
: J
KE?
; L
C

��� #*�D -���	��'

./01
132
4 5 6
7

EF ; G A
MN
: J
KE?
; L
C

��� #%�D -������'

./01
132
4 5 6
7

EF ; G A
OI
: J
KE?
; L
C

��� #*�D -���	��'

./01
132
4 5 6
7

EF ; G A
PN
: J
KE?
; L
C

��� #%�, -�����	'

./01
1 2
4 5 6
7

EF ; G A
Q I
: J
KE?
; L
C

R R & S R & T R & U R & VR R & S R & T R & U R & V

R R & S R & T R & U R & VR R & S R & T R & U R & V

R R & S R & T R & U R & VR R & S R & T R & U R & V

� R & R T

R
R & R T

� R & R T
R

R & R T

� R & R T
R

R & R T

� R & R T
R

R & R T

� R & R T

R
R & R T

� R & R T
R

R & R T

(a)

���������
	 ����������

��
�����
� �
��

�! #"%$ ���'&(�'�!)��*&,+ &-�*�'���.�	 ��� /0	 �213	 45&-�'&-�6�7� �'&(8�)�&-���:9;���<��=�&��

> ? > @�> A > B > C > D�> E > F > G > ? >�>B C

C >

C�C

D�>

(b)

Figure 8: The performance of the noncausal ILC controller at the error microphone: (a) the error pressure
after a certain number of learning impacts (shown in the time domain) and (b) the error pressure as a function
of the number of learning impacts (shown in different frequency bands: 50-500 Hz (bold line), 500-1000 Hz
(dashed line) and 1000-1500 Hz (solid line).

efficiently radiating mode (611 Hz, 772 Hz and 881 Hz). The ILC controller reduces the global vibration
level between 500 and 1000 Hz by 4 dB. Because the three most efficiently radiating plate modes at 611
Hz, 772 Hz and 881 Hz are damped, the global noise reduction in the far field is even more pronounced
than the vibration reduction in this frequency range: a noise reduction of 8.5 dB(A) is obtained between 500
and 1000 Hz. The far field noise reduction in one-third octave bands is presented in Fig. 10. The overall
noise reduction over the whole frequency range is only 6.5 dB(A). This level is limited by the remaining
low-frequency noise especially in the one-third octave band of 315 Hz, which is not tackled by the noncausal
controller.
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Figure 9: The global vibration level of the whole plate without control (solid line) and with noncausal ILC
(bold line).

5 Conclusions and future work

In this paper, a design strategy is proposed for the development of an ASAC system to reduce repetitive
structural impact noise. The design process is divided into two parts: first the control configuration is de-
fined and afterwards a control algorithm is implemented for the selected actuator(s) and sensor(s). To limit
the complexity of the ASAC system, a configuration with one secondary inertia actuator and one error micro-
phone is chosen. The performance of the control algorithm defines the achievable reduction of the vibrations
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Figure 10: The A-weighted radiated noise levels in the one-third octave bands below 1000 Hz and the A-
weighted overall Sound Power Level without control (black) and with noncausal ILC (grey).

at the error sensors and consequently the possible global noise and vibration reduction. Because in many
industrial applications, where the reduction of impact noise is an issue, successive impacts have a repetitive
behaviour, this repetitiveness can be used in the design of the control algorithms. An ILC controller, which
uses knowledge from the previous impacts to calculate the control signal for the next impact, is presented.
While equivalent feedback controllers exist for causal ILC systems, this is not the case for noncausal ILC
systems. Therefore, the benefits of noncausal ILC algorithms (i.e. much more freedom in the design of the
ILC filters) are explored in this paper. The efficiency of the whole design methodology has been verified in
a practical example, where an ASAC system is developed to reduce the impact noise radiated by a plate.

The future work consists of a theoretical and a practical part. In the first part, the possibilities of noncausal
ILC algorithms will be further investigated. For example, different noncausal algorithms, each focussing on
a certain frequency range, will be implemented in parallel in order to get a good performance over a broader
frequency range. The second part focuses on the application of the developed methodology on real industrial
machinery (e.g. punching machines, presses,...). In these industrial noise problems, additional challenges can
be expected: the influence of the limited repetitiveness of the successive impacts; the availability of proper
trigger signals;... However, provided these practical problems can be resolved, the good results, achieved
with the presented design methodology of ASAC systems, are very promising for the use in industrial impact
noise applications.
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A Implementation of noncausal filters

The responsey(t) of a linear time-invariant (LTI) noncausal system can be calculated by the convolution of
the input signalx(t) and the impulse responseh(t) of the system:

y(t) =
∫ +∞

−∞
x(τ)h(t− τ)dτ (25)

The two-sided Laplace transform of the impulse response functionh(t) is defined as:

H(s) =
∫ +∞

−∞
h(t)e−stdt (26)

for all s ε C, for which the above integral converges.

Two spaces can be distinguished depending on the causality of the LTI operator. While a transfer function
with poles in the open left half plane corresponds to a stable causal system, a transfer function with poles
in the open right half plane defines a stable anti-causal system i.e. the impulse responseh(t) is equal to0
for t > 0. For example,H(s) = 1

s2−2·0.1(2π600)s+(2π600)2)
is the two-sided Laplace transform of the stable,

anti-causal system with the following impulse response:

h(t) =

{
− 1

2π600
√

1−0.12
e2π600·0.1tsin(2π600

√
1− 0.12t) for t < 0

0 for t ≥ 0
(27)

Consider an anti-causal LTI systemHanticaus with an impulse responsehanticaus(t), which processes an
input signalx(t) to calculate the outputy(t). Define the equivalent causal LTI systemHcaus,eq with the
impulse responsehcaus,eq(t), which is the reverse ofhanticaus(t):

hcaus,eq(t) = hanticaus(−t) (28)

The two-sided Laplace transformHcaus,eq(s) of the equivalent causal system equals:

Hcaus,eq(s) =
∫ +∞

−∞
hcaus,eq(t)e−stdt

=
∫ +∞

−∞
hanticaus(−t)e−stdt

= −
∫ −∞

+∞
hanticaus(r)esrdr

=
∫ +∞

−∞
hanticaus(r)e−(−s)rdr

= Hanticaus(−s)

(29)

Define the signalsxrev(t) andyrev(t) as the reverse of the signalsx(t) andy(t):

xrev(t) = x(−t) (30)

yrev(t) = y(−t) (31)
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Using Eq. (25),yrev(t) can be calculated:

yrev(t) = y(−t)
= Hanticaus(x(−t))

=
∫ +∞

−∞
x(τ)hanticaus(−t− τ)dτ

=
∫ +∞

−∞
xrev(−τ)hanticaus(−t− τ)dτ

(32)

Sincehanticaus is anticausal,hanticaus(−t− τ) = 0 for τ < −t:

yrev(t) =
∫ +∞

−t
xrev(−τ)hanticaus(−t− τ)dτ

= −
∫ −∞

t
xrev(η)hanticaus(η − t)dη

=
∫ t

−∞
xrev(η)hanticaus(η − t)dη

=
∫ t

−∞
xrev(η)hcaus,eq(t− η)dη

(33)

Sincehcaus,eq is causal,hcaus,eq(t− η) = 0 for t < η:

yrev(t) =
∫ +∞

−∞
xrev(η)hcaus,eq(t− η)dη

= Hcaus,eq(xrev(t))
(34)

This derivation proves the principle, which is used for the calculation of the output of an anticausal operator
Hanticaus. The scheme of the calculation procedure is shown in Fig. 11. The equivalent causal operator
Hcaus,eq, which can be calculated according to Eq. (29), is applied on the reverse of the input signal. The
result of this operation is then the reverse of the desired output.

reverse
x(t) x (t)rev H (s)

=
caus,eq

H (-s)anticaus

reverse
y (t)rev y(t)

Figure 11: The procedure to calculate the output of an anti-causal filterHanticaus.

As an example, the equivalent causal filter is calculated for the anti-causal system, described by Eq. (27):

Hcaus,eq(s) = Hanticaus(−s)

=
1

(−s)2 − 2 · 0.1(2π600)(−s) + (2π600)2

=
1

s2 + 2 · 0.1(2π600)s + (2π600)2

(35)

In Figs. 12(a) and 12(b) the impulse response as well as the Laplace transform of the anti-causal and the
equivalent causal system are compared. It is clear that the impulse responses of both filters are symmetric,
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which explains why the anti-causal filter can be replaced by the equivalent causal filter. The Bode plot of
the filters (Fig. 12(b)) shows that the amplitude of both filters is equal. However, in the anticausal filter the
decrease of the amplitude introduces a phase lead of180◦ while in the equivalent causal filter a phase lag of
180◦ is present. This is also the reason why the equivalent causal and the anti-causal filter were combined in
the design of theL-filter to create a bandpass filter without any change of the phase.
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Figure 12: A second-order anti-causal filter (solid line) and the equivalent causal filter (dotted/dashed line):
(a) the impulse response and (b) the Bode plot of both filters.

The impulse responseh(t) of a general noncausal LTI system can differ from0 for negative as well as for
positive time values. Such a noncausal system can be considered as the combination of a causal system and
an anti-causal system: the system can be implemented either as a sum or a product of causal and anti-causal
operators. In this application, the control filterL is developed as a product of operators with causal and
anti-causal poles and zeros. Therefore, in the implementation of this filter, the input signaly is successively
processed first by all the causal and afterwards by all the anti-causal operators.
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Abstract
This paper describes a feasibility study on dither control for automotive wiper squeal. Wiper squeal is a

tonal noise caused by an unstable vibration due to the friction between wiper blade and windscreen. Dither

control is the superposition of a high-frequency signal, in this case a high-frequency vibration, to stabilize a

low-frequency unstability in a system. A finite element model of the wiper has been developed to facilitate

the choice and design of an actuator system; piezo actuators are applied on the wiper to apply the dither

signal. First experimental results show that wiper squeal can effectively be suppressed by dither control, as

soon as the dither amplitude reaches a certain threshold value.

1 Introduction

Car manufacturers spend a lot of effort in reducing unwanted noise inside cars. While engine noise is

becoming less dominant thanks to optimized engine design and improved isolation, other noise sources are

becoming more important. One of these sources are the wipers, which create two types of noise; reversal

and running noise. Reversal is an impact noise caused when the wiper blade changes direction and flips over.

Running noise is the common name for al types of noise produced by the wiper during movement. This

last type of noise, and more specifically squeal, is investigated in this paper. Dither control is successfully

applied to a squealing wiper, in order to suppress the noise.

Dither control applied to a mechanical system is the superposition of a high-frequency vibration to stabilize

a low-frequency vibration. Experimental and numerical studies have shown its effect on friction induced

vibrations [3, 9]. Recently, dither control has effectively been applied to suppress disk brake squeal [2].

This type of non model-based control is especially interesting for squeal phenomena, since the mechanics of

squeal are complex and have never been captured in a model that takes into account all effects [5]. When

comparing wiper squeal to brake squeal, wiper squeal appears even more complex due to the non-linear

properties of the rubber contact. The success of dither control on brake squeal led to the application to wiper

squeal.

In a first stage, the squeal phenomenon is investigated. From these measurements and earlier studies on

dither control, it appeared that the contact force between wiper and windscreen plays an important role in

the onset of squeal. Therefore, a finite element model is developed to predict this contact force distribution

along the length of the wiper. This can be used to assess the effectiveness of the dither control and to facilitate

the design of the control configuration. After applying piezo actuators on a wiper, an experimental study is

performed to investigate the parameters influencing the dither control.

The main goal of this study is to show the effectiveness of dither control applied on wiper squeal noise. It is

shown that dither control can indeed suppress squeal noise, as long as the contact force variation exceeds a

certain threshold value. Due to amplifier limitations, the dither frequency is limited to 2 kHz.
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The paper begins with an experimental study on the occurrence of squeal on the wiper, in order to understand

the problem at hand (section 2). Section 3 describes the wiper finite element model, which is developed to

support the optimization of the control configuration. Initial dither experiments and the most important

observations are presented in section 4. Finally, the last section summarizes the most important conclusions.

2 Wiper squeal

The term squeal usually refers to a high frequency (> 1000 Hz) tonal noise [4]. However, due to the mul-

tiplicity of terms used in literature, this paper refers to squeal noise as the noise produced by a wiper, dis-

regarding the frequency content. Measurements have been performed in order to characterize the squeal

noise.

2.1 Measurement set-up

The measurement set-up is shown in figure 1, which is a standard compact three-door car. Both acoustic

and vibration signals are measured; the exterior sound pressure, the interior sound pressure at the position of

the driver’s head and the acceleration of windscreen and wiper. The wiper used in the experiments is of the

uniblade type, consisting of two thin beams with the wiper blade in between. The blade that was used is an

uncoated rubber blade, which is more prone to squeal noise. The wiper used in the experiment, is already

instrumented with dither actuators, in order to be able to make a correct comparison between control on and

control off.

Accelerometer

Microphone

Figure 1: Setup for wiper squeal measurements.

In order to control the preload force on the wiper, a mechanism to adjust this force is required. The mech-

anism, shown in figure 2(a), adjusts the preload in the spring used to pull the wiper against the windscreen.

Measuring the total force was done with a simple dynamometer, as shown in figure 2(b). The wiper arm is

pulled from the windscreen and the force is measured at the instant that the contact is lost.

2.2 Squeal measurements

The first measurement, shown in figure 3, is a time measurement of the exterior noise, to show the presence

of squeal. The measurement clearly shows the difference between the reversal noise and squeal noise. The

first is short and instantaneously and has a typical impact signature. The squeal noise on the other hand

shows growing instability.
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(a) With the screw, the preload force on the

wiper can be adjusted.

(b) Measuring the force by pulling the

wiper arm from the windscreen with a dy-

namometer. The force is measured when

contact between wiper arm and windscreen

is lost.

Figure 2: Adjusting and measuring the preload force on the wiper.
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Figure 3: Measured sound pressure outside the car, during one wiping cycle.

Time-frequency analysis of the measured signals allows a more detailed analysis of the squeal noise. The

resulting time-frequency map of the exterior sound pressure is shown in figure 4(a). The recurring cycles are

clearly visible, separated by the reversal of the wiper at the bottom and at the top of the windscreen. Since

the reversal is an impact phenomenon, its frequency content is large. The squeal however, is clearly a tonal

noise at two distinct instances, with a frequency between 110 and 160 Hz. When the right conditions are

met, squeal is observed during every wiping cycle at specific positions of the windscreen. This is important

to assess the effectiveness of the applied control. The onset of squeal is most influenced by the preload force

applied on the wiper. The observed frequency is low for squeal noise. However, as mentioned before, the

term wiper squeal is used here for all self-excited wiper phenomena, whatever its frequency.

As can be expected, the interior sound pressure and the acceleration show the same behavior (figures 4(b)–

(d)). The most obvious difference is the V-shaped noise at approximately 750 Hz and the low frequency

signals at about 50 Hz. The first is identified as the sound of the wiper motor; its frequency content varies

because of the varying motor speed, which on its turn is due to the varying load on the motor. The low

frequency signal is probably related to a low frequency vibration of the wiper which does not influence the

squeal phenomenon, but is clearly visible in the wiper acceleration measurements and less visible in the other

measurements.

3 Wiper finite element model

The experimental results of dither control on brake squeal showed that the contact force variation induced by

dither control, should be some percentages of the nominal value [2]. Due to the stiff structure of a disc brake,

this requirement can be easily met. The flexibility and damping of the wiper rubber however, may complicate
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(b) Sound pressure, inside car.
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(c) Acceleration, measured on wiper.
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(d) Acceleration, measured on windscreen.

the application of dither control on wipers. It is therefore relevant to know which contact force variation and

which spatial force distribution can be expected when applying actuators on the wipers. Therefore, a finite

element model is developed which predicts the contact force distribution along the wiper, with and without

actuation.

The model serves multiple purposes; most important is to assess the influence of a certain actuator force on

the contact force. Secondly the model can be used in optimizing the control configuration and control design.

Both a static as a dynamic finite element model are developed and implemented in Matlab. The static model

calculates the resulting contact force distribution along the wiper blade, for a certain rubber type, preload

force and actuation force. The dynamic model is used to calculate eigenmodes and -frequencies. After

validation and updating, a good agreement is obtained with measurements, even when boundary conditions

are varied.

3.1 Overview of the model

Figure 4 shows a photo of the wiper, with two parallel thin beams and the rubber wiper in between. Several

aspects, like the interaction between the two wiper beams and the rubber blade, and the windscreen dynamics,

are not taken into account. This would only be possible with a 3D model. Therefore, several simplifications

are made to develop the model shown in figure 5. The model consists of beam elements, with a non-linear

spring (krub) in every node, representing the rubber. The mass of the beam is taken into account by the

distributed load g. The piezo actuators, which are attached to the wiper system, induce a moment load Mp

at both ends of the actuator [7], while the addition of the actuator itself results in a local stiffening of the

beam, represented by locally increasing the bending stiffness EI , with E the elastic modulus and I the

moment of inertia. The inputs to the model are the preload force Fc and the moment Mp. An overview of

the simplifications is given in following paragraphs.
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Parallel metal beams

Rubber wiper blade

Figure 4: Close-up photo of the wiper, with two metal beams holding the wiper blade.

...

Windscreen

krub

g Fc MpMp

Piezo actuator

Beam

Figure 5: Schematic representation of the simplified wiper model.

Rigid windscreen The windscreen is modeled as a rigid surface, neglecting the windscreen dynamics and

not taking into account any coupling between windscreen and wiper. Frequency response function

(FRF) measurements of the wiper, from the actuator input to an acceleration signal on the wiper beams,

show however that the windscreen clearly influences the wiper dynamics; the FRF’s are significantly

different when the wiper is positioned at different positions on the windscreen.

By neglecting the windscreen dynamics, the model cannot be used for dynamic calculations with the

wiper on the windscreen. This limits the model to calculations for the wiper in free-free boundary

conditions. However, experimental investigations show that this information in itself already gives

good indications to apply dither control.

Simplified beam model The wiper is modeled as a simplified beam model, neglecting the fact that the wiper

is composed out of two parallel beams with rubber in between. Coupling between the beams as well

as wiper torsion is therefore not modeled. To include these effects, a complex 3D model would be

needed, which would increase the computational burden while bringing relatively little to the model.

The simplification has little effect on the applicability of the model for this feasibility study, since

only normal dither is investigated (section 4.1). Only displacements normal to the windscreen are of

interest, such that the torsional displacement, which results in a vibration of the wiper blade tangential

to the windscreen, is of less importance.

Non-linear wiper stiffness The wiper rubber is modeled as a parallel series of individual springs with non-

linear characteristics. The springs are attached to the nodes of the beam model. This assumption only

neglects the damping introduced by the rubber blade and possible influences caused by the shape of

the blade. The non-linear spring characteristic however, is greatly dependent on this shape and since

this characteristic is experimentally determined, the shape influence is taken into account.

Since the only real assumption introduced by this simplification is the absence of damping, only dy-
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namic calculations are influenced. The dynamic part of the model however, is mostly limited to the

calculation of eigenmodes and -frequencies, which are marginally influenced by the absence of damp-

ing.

Uncoupling of the springs In a first phase the coupling of the springs is not included in the model to keep

it as simple as possible. The uncoupled model results in a discontinuous force distribution when force

is applied in a single point. In reality, the force distribution will be continuous and spread out over

several points. A coupled model where the force is taken up by several adjacent springs is therefore

closer to reality. Validation measurements show however, that the uncoupled model is already capable

of predicting the force distribution with acceptable accuracy.

Equivalent shape of the windscreen The deformation of the wiper results from the initial shape of the

wiper, combined with the shape of the windscreen. For simplicity, the wiper is modeled as a straight

beam. The influence of the initial wiper shape is taken into account by adding the initial shape to the

windscreen shape, resulting in an equivalent windscreen shape. Pushing the straight wiper against this

equivalent shaped windscreen causes the correct wiper deformation.

This simplification remains valid as long as the deformations are small and the material behavior

remains linear. Since both the curvature of the windscreen and wiper are small, this simplification is

certainly valid.

3.2 Static wiper model - results

The static model calculates the resulting wiper deformation and contact force distribution along the wiper

for a given preload force. The force can be adjusted with the mechanism described in section 2.1. Due to the

presence of the non-linear spring element, the stiffness matrix is dependent on the deformation. Therefore,

an incremental procedure must be followed where the total force is applied in small steps. In each step, an

iterative procedure calculates the resulting equilibrium.

To evaluate the model, the resulting force distribution is compared with measured data, obtained on a mea-

surement bench where the static force is measured along a line contact. Figure 6 shows the comparison

between measured and simulated force distribution. The contact force is measured in unit force per meter of

rubber.

Before a model update (figure 6(a)), the model is not capable of predicting the measured force distribution.

The model update however, shows that the initial wiper and windscreen shape have an important influence

on the model results. After updating the wiper shape, the overall agreement between simulation and mea-

surement is excellent, as shown in figure 6(b). The largest differences are observed at both ends of the wiper,

where the model is most sensitive to the wiper shape.

To validate the model both the preload force and the rubber material have been changed, resulting in the force

distribution of figure 6(c). Since a different rubber type is used, an additional measurement of the rubber

characteristic was required. Although the simulation and measured data differ locally, the overall agreement

is still acceptable. This and other measurements indicate that both ends of the wiper and the center piece

where the wiper is attached, are most difficult to model correctly.

To assess the capabilities of the model to incorporate the actuator force, a validation measurement is shown

in figure 6(d), where a constant voltage is sent to the piezo actuator. Although the model shows excellent

agreement with the measured data, the importance of this result should not be overestimated. Since the

influence of the actuator force on the force distribution is only a few percent, it is difficult to assess the

significance of a difference between simulation and measurement.
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(c) Validation with other total force Fc and

rubber type.
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(d) Validation with actuated piezo-actuator.

Figure 6: Model validation: comparison between measured and simulated force distribution.

3.3 Dynamic wiper model - results

The dynamic model calculates the FRF between the actuator force and the acceleration of a point on the

wiper. Since the main goal is to identify the wiper resonance frequencies, the endpoint of the wiper is chosen

in practice, where all vibration modes are visible. The model calculates both FRF’s in free-free boundary

conditions and in contact with the windscreen. However, due to the simplification of a rigid windscreen (see

paragraph 3.1), the FRF’s for the wiper in contact with the windscreen are not reliable.

Figure 7 shows the comparison of a simulated and measured FRF, for a wiper with free-free boundary

conditions. The model gives a good estimation of the resonance peaks, which is sufficient for the control

design.
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4 Dither control

This section gives an overview of the aspects related to dither control on wipers and presents some initial

results.

4.1 Dither background

Dither control is the superposition of a high-frequency signal to stabilize the low-frequency behavior of a

system. Because of its simplicity, dither control is applied in different research fields [6, 8, 10]. In mechanical

systems, the signal is most often a high-frequency vibration. A recent study has shown the positive effect of

dither control on automotive brake squeal [2]. The dither signal, with a frequency up to 20 kHz, was applied

with a piezo stack integrated in the brake. The main advantage and explanation for the widespread use of

dither is its simplicity:

• Dither is an open loop technique, requiring no extra sensors.

• A system or friction model is not necessary which is a major advantage for systems with friction which

are often difficult to model.

• Since dither control is a superposition of a signal, it can often be applied on an existing structure,

requiring only minor changes.

Dither efficiency is determined by the dither amplitude, frequency, signal shape and the location where the

dither signal is introduced in the system.

Dither control comes in two considerably distinct forms, normal and tangential dither [1]. In the first case,

the dither signal is applied normal to the friction surface, its effect being a modification of the friction

by a reduction of the friction coefficient. In the latter case, the dither signal is applied tangential to the

friction surface, its effect being a modification of the influence of friction by averaging the non-linear friction

behavior. Although both directions should be considered beforehand, the application on wipers does not

allow for a straightforward implementation of tangential dither, such that only normal dither is considered.
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4.2 Dither experiments

To apply the dither signal on the wipers, piezo actuators (patches) are attached to the wiper system, inducing

a bending moment. This results in a high-frequency variation of the contact force between wiper and wind-

screen. Optimizing the actuator location is possible with the wiper finite element model; the configuration

which leads to the largest contact force variation will have the highest chance of effectively suppressing the

squeal noise.

First dither experiments show that dither effectively suppresses squeal noise. The sound pressure measure-

ment in figure 8 illustrates the dither effect. Before and after applying the dither signal, the squeal noise is

clearly visible. Although the squeal noise disappears during the application of the dither control, it is re-

placed by noise generated by the dither control itself, including harmonics of the dither frequency. To avoid

this dither noise, the dither frequency could lie outside the audible frequency range. However, the amplifiers

used in this feasibility study did not allow driving the piezo actuators at such high frequencies.
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Figure 8: Exterior sound pressure with and without dither control.

Further investigations show that the efficiency of dither control is influenced by several parameters. It was

observed that a threshold value exists for the dither amplitude and that the efficiency is strongly related to

the preload force and to the dither frequency.

5 Conclusions

The wiper, with an uncoated blade, produces a low frequency tonal squeal noise with a frequency between

110 and 160 Hz, depending on environmental and boundary conditions.

To support the optimization of the control configuration, a wiper finite element model, implemented in

Matlab, is developed. It predicts the contact force distribution between wiper and windscreen, along the

wiper blade, as well as the wiper resonances in free-free boundary conditions. Validation measurements

show a good agreement between simulation and measurement.

Finally, experimental results are presented, showing that dither is effective in suppressing wiper squeal noise.

Some influencing parameters are observed, among which frequency content of the dither signal, dither signal

amplitude and preload force.

This paper has shown that dither control for wiper squeal is possible. However, the squeal noise is replaced

by noise generated by the dither signal. Further research will focus on working around this constraint.
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The developed FE model allows to predict which configuration leads to the maximum contact force variation.

This information can be used to enhance the efficiency by an optimal placement of actuators.
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Abstract 
In order to bring the research results on intelligent materials to the level of industrial use in real 

applications, the related design processes have to become part of the complete product creation process. 

This requires that the product functional performance simulation models, which are the cornerstone of 

today’s design process, must be capable of supporting the specific aspects related to advanced materials, 

active systems, actuators, sensors and control and integrate these into system level virtual prototype 

models. More specifically, this involves developing modeling capabilities for the intelligent material 

systems, sensor and actuator components, for the control systems as well as for their integration in system-

level application designs. The final result will then be a multi-attribute optimization approach integrating 

noise and vibration performance with reliability, durability and cost aspects. It is clear that no single 

integrated solution will be able to fulfill all requirements of the various material and control approaches, 

therefore the focus of the research is on supporting as much as possible the use, combination and 

extension of existing codes and tools. 

 

1 Modeling Challenges 
 

Shortening development cycles, reducing design costs and at the same time improving product 

performances requires that the correct design decisions are made as early as possible in the design process. 

In recent years, we have seen major progress hereto, based on the extensive use of a virtual prototyping 

approach, which allows to optimize the product behavior in all its aspects even before that the first 

physical prototypes are available. The cornerstones of such approach are performance simulation models, 

the parameters of which are derived in multi-attribute optimization schemes.  

Also for design solutions making use of smart systems technology, the use of such simulation-based 

optimization approach is a prerequisite to identify the optimal configuration and approach. Typical design 

choices include the selection between structural or acoustic control, the location and number of actuators 

and sensors, the selection of the correct material and dimensional parameters and the selection of the 

controller algorithms and settings.  

A schematic view of an actively controlled mechanical structure is shown in Fig. 1. The basic parts that 

are to be included in the model are the structure itself (including where appropriate acoustic cavity and 

273



vibro-acoustic effects), mechanical and electronic parts of the actuators and sensors and related circuits 

and finally of course the controller. 

 

Figure 1: Components of smart structures solution 

To be of practical use in solving industrial problems, the simulations must as much as possible make use 

of standard available simulation tools such as major FE/BE and MultiBody Simulation (MBS) codes, 1-D 

control simulation tools etc.  

For each of above components of the active system, there are well established physical modeling 

approaches and numerical tools available. An example is given in Table 1. 

component / effect model simulation tool 

Test-based system analysis EMA 
FRF 

CADA-X, Test.Lab Structures: Modal analysis 

and FRF matrix measurement software  

Acoustics BEM Sysnoise, VL Acoustics, Actran, PAM-VA 

Electro-thermo-mechanics FEM Ansys, Nastran, Abaqus, SAMCEF 

Mechanical assemblies MBS VL Motion, MSC Adams, Excite,  
Simpack, MECANO 

Electronic devices DAE PSpice, Eldo 

Controller design, integrated 

system simulation 

State 

space 

Matlab, Simulink 

Dedicated components 

(hydraulics…) 

1-D AmeSIM, DSH-Fluidon…  

Table 1: Component simulation tools 

The most challenging element to come to realistic system-level performance estimates, is to link the 

different worlds of 1-D control simulation and of 3-D geometry-based structural/vibro-acoustic 

simulation.  

When the 3-D structural model is a time domain model such as for example a Multibody Simulation 

(MBS) model, the 1-D and 3-D models can be both expressed in terms of state equations. The actual 

model integration and calculation can then be executed in co-simulation, or the system equations of one 

model can be embedded in these of the other model (Fig. 2). This situation is characteristic for 

applications such as vehicle suspensions or vehicle dynamics in general, internal engine dynamics etc. 

st ructure

air

elect ronic 

parts of  

sensors

elect ronic 

parts of  

actuators

controller 

(analog, 

digital?)

„ solid“

parts of  

sensors

„ solid“

parts of  

actuators

listening 

points

external forces

st ructure

air

elect ronic 

parts of  

sensors

elect ronic 

parts of  

actuators

controller 

(analog, 

digital?)

„ solid“

parts of  

sensors

„ solid“

parts of  

actuators

listening 

points

external forces

274 PROCEEDINGS OF ISMA2006



 

  

Figure 2a: MBS-control co-simulation Figure 2b: MBS-control embedded simulation 

However, the classical frequency-domain simulation approaches which are used for simulating the 

structural and vibro-acoustic behavior, and which are based on the use of Finite Element and Boundary 

Element Models (FEM, BEM), are not directly compatible with the time-domain approaches needed to 

model, simulate and optimize control system performance. In general, the structural model is by far too 

large to be directly transformed into an equivalent state space model and to serve as basis of controller 

design or in time/frequency response analyses for checking the controller performance. Different 

approaches can be followed to make such combined analysis feasible. Essentially, two approaches can be 

distinguished: 

• Reduction of the structural model to an equivalent low-order state-space model. This can happen either 

through applying mathematical reduction techniques to the original model, or by curve-fitting an 

approximate parameteric model to the responses of the original model. The latter approach is 

sometimes adopted in applications related to vehicle dynamics, where the dimensions of the 

mechanical model are of a lower order than for vibro-acoustic applications. In the presented research, 

the focus will be on the mathematical model reduction approach.  

• Integration of control concepts inside the FE model formulation. This approach keeps the original 

complexity of the FE model but adds the actuator/sensor and control elements by additional degrees of 

freedom and constraints and the use of special circuit elements. Changes in these elements can then be 

separated out from the global system behaviour through the use of a superlements approach for the 

non-varying part. For example, CIRA reported the simulation of several types of collocated feedback 

(e.g. for a simple PID controller) in Nastran.  

But even adopting either of these schemes, the distance to real industrial applicability remains large. As 

each of above listed approaches requires that the exact location of the active control sensors and actuators 

is known, major design difficulties remain regarding the pre-selection of the number and feasible locations 

of these sensors and actuators. This requires the adoption of a design engineering approach which extends 

beyond mere structural control simulation. 
 

2 Modeling Approach 
 

In the InMAR research project, a pragmatic approach was adopted, consisting of separating the modeling 

problem in different steps. 

(1) Understanding of the basic noise generation mechanisms, transfer paths and relative contributions by 

standard structural and vibro-acoustical simulation and testing methods, allowing to assess the most 

critical and sensible locations for control 

 Possible tools hereto are the Transfer Path Analysis (TPA) and Panel Contribution Analysis (PCA) 

approaches known from standard (passive) vehicle NVH engineering [1-3]. For example in the case of 

a structure borne engine noise comfort problem, the outcome can consist of an assessment whether to 

best pursue an active control on the engine mounts, the chassis frames or on selected cabin panels. 

MBS model
Controller

Model
MBS model

Controller

Model

Master 

model
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control)

Slave model

(Control/MBS)
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model
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control)
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An example of such Panel Contribution Analysis is given in Fig. 3, where the dominant noise 

generating panels of a vehicle cabin are identified.  

 

Figure 3: Panel contribution analysis result – contribution overview 

  
(2) Selection of the actual location and number of actuators and sensors by using simplified or idealized 

actuation and control models through the use of additive “secondary sources” in the structural and 

vibro-acoustical simulation models.  

Let {y}prim be the original acoustic/structural response field to be reduced, then for a given active 

control actuator configuration, a set of ideliased active control actuator strengths {a} can be derived 

such that the resulting secondary field {y}sec maximally reduces the original field. 

 

 
� Minimize ||{e}|| at field response points 

 
 

� Response at field points, due to secondary sources, [Hya] being 

the FRF matrix between actuators and field responses 

 
� Secondary source strength vector {a} at the identified locations 

by minimizing ||{e}|| 

 

For example, when considering an acoustic response field, pressure control sensors and active force 

control actuators, the resulting response field at  

a) the control microphones (e.g. at head-rest position in a car)  

b) target noise assessment locations different from the control locations (e.g. driver ear position) 

can be estimated using the FRF matrices [Hp2] and [Hp3] for resp. the FRF between the actuator 

positions and the error microphone positions and the FRF between the actuator positions and the target 

microphone positions: 

 

 

Floor Right: 

dominant

Floor Right: 

dominant
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� at field points of  ||{e}|| 

 � at other (target) field points  

 

 This approach is compatible with the classical vibro-acoustic simulation approaches, supporting the 

use of FEM/BEM models to calculate the FRF’s [Hya] and loads {a}. An example flowchart is shown 

in Fig. 4. Some case studies using experimental and/or numerical aircraft, car and railway models are 

discussed in [4-7]. 
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Figure 4: FE/BE calculation procedure for secondary source quantification 

 

(3) For this given configuration, the detailed structural model can be reduced into a state-space 

representation for time domain simulation. The vibro-acoustic model is reduced to transfer vectors 

that link the state-space outputs to the acoustic responses (Fig. 5). Adequate model reduction 

procedures are hence a key to this approach. 

 

FE Reduced Model

MatLab/Simulink
ATVsΣΣΣΣΣΣΣΣ

(N – n)

pFPd (n)

Time Invariant

Feedback Controller

 

Figure 5: Control system integration through FE model reduction 

 

(4) Selection of control approach and algorithms, optimisation of controller parameters, evaluation of 

time domain performances and stability through the use of time domain system simulation models 

with detailed controller models and using the reduced structural representation [8].  

Very important in this approach is to include adequate parametrised models, not only for the control, but 

also for the actuators as these are the most critical element in the complete smart structure solution. These 
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models can be incorporated in the structural FE model, or can be directly included in the state-space model 

[9]. An overview of some Simulink based actuator models developed at LBF are shown in Fig. 6: 

 

 

Figure 6: Active Interface models 

 

3 Application to a vehicle simulation model 
 

3.1 The “concrete car” system 
 

The methodology was applied to a system consisting of a simplified car cavity, built in concrete to assure 

the acoustic boundary conditions (Fig. 7). A flexible steel panel between the engine and passenger 

compartments represents a firewall. An acoustic  source in the engine compartment represents the primary 

disturbance and a set of structural sensors and actuators on the firewall create measurements and realize 

the resulting control signals for increasing the transmission loss through the firewall. 

The choice of structural sensors (instead of microphones) is due to the advantages presented by 

accelerometers with respect to time delay and low-sensitivity to changes in the plant, e.g., by an open 

window or other acoustic source. For this case, a simple type of collocated velocity feedback controller 

was chosen, due to its simple implementation and robustness. 

 

  
 (a)      (b) 

Figure 7: System under investigation (a) photo (b) schematic view 
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3.2 Modeling procedure 
 

The modeling procedure to derive the state space model starts with the structural FE model and features 

the possibility of incorporating sensors and actuators models to the FE/FE vibro-acoustic model. It 

includes the following steps using multiple software (Fig. 8): 

- Generate structural mesh and apply material properties (FE pre-processor: Patran) 

- Add actuator and sensor mechanical models (FE pre-processor: Patran) 

- Run a modal analysis (Nastran) 

- Build the acoustic FE model and perform Modal Analysis (VL Acoustics) 

- Import the modified structural model and couple it with the acoustic one (VL Acoustics) 

- Export the mesh and coupled modal base  

- Calculate actuator and sensor electro-mechanical coupling (Samcef) 

- Reduce and convert the FE model into a state-space model (Matlab/SDT) 

- Given the coupled state-space model, implement the controller (Simulink) 

 

Structure
FE Model

Sensor/Actuator
(Mechanical Properties)

Patran / Nastran

Acoustic
FE Model

Structural
Modal Base

Vibro-Acoustic
Modal Base

Sensor/Actuator
(Elec trical Properties)

Samcef

Fully Coupled
System

State Space
Reduced Model

Matlab / Simulink

Sysnoise

 

Figure 8: Simulation procedure 

 

3.3 Results of the coupled model simulation 
 

The coupling between acoustical and structural models is shown in Fig. 9. 

After performing a coupled modal analysis, the desired degrees of freedom (DoFs) are taken to derive the 

state space (SS) model. In this case, the SS model features 2 inputs (1 actuator on the firewall and a sound 

source in the EC) and 4 outputs (3 pressures in the PC and one velocity on the firewall). The SS model 

derived from this coupled approach allows the implementation of any controller involving the pre-defined 

DoFs, and if the FE approach involves the systematic representation of the sensors and actuators, the 

resultant SS model is, in fact, a representation of the fully coupled electro-vibro-acoustic system, with any 

possible input/output relationships allowed by the chosen DoFs. 

 

  

Figure 9: Vibro-acoustic mode shapes 
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Figure 10 shows a typical result for a time domain simulation where the open and closed loop responses of 

a microphone in the Passenger Compartment are compared. In this case, the sound source in the Engine 

Compartment reproduces a simulated engine noise for constant speed, and the controller consists of a 

collocated velocity feedback.  

More details of the various modelling steps can be found in [10].  
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Figure 10: Open and closed loop time domain simulation 

 

3.4 Concurrent Optimization 
 

Using this model, an optimization procedure is performed using OPTIMUS as simulation management 

and optimal search engine. OPTIMUS is able to manage the structural analysis made by MSC.Nastran, the 

acoustic analysis for a coupled vibro-acoustic model made by VL Acoustics and, finally, a controller 

simulation using a state-space model. A crucial point is efficient provision of reduced models for different 

parameter settings.  

The cost function takes into account three parameters: the sound pressure level at the drivers head 

(performance), the input energy from the actuator (effort) and a penalty for the total mass (weight) of the 

structure, representing the financial cost impact. The variables are the firewall thickness and the gain of 

the velocity feedback controller. Initially, the position of the collocated sensor/actuator pair (SAP) is 

considered fixed, based on previous analysis [11]; in a further step, this parameter is also included in the 

optimization loop. 

 

3.5 Optimization Results 
 

The optimization starts defining a thickness to the firewall (Fig. 11). A FE model is generated in Nastran 

and the modal base exported. This modal base is used by VL Acoustics to compute the coupled vibro-

acoustic modes. The state-space model is built in MatLab, and the optimization engine determines the 

feedback gain for the closed loop simulation. With all these data it is possible to calculate the mass, effort 

and closed loop performance, and hence, the cost function. 

Due to the size of the reduced model it was possible to define a simulation sequence which can be used to 

create a response surface model (Fig. 12a), using a set of possible thicknesses and feedback gains, and 

considering a arbitrary fixed position for the sensor/actuator pair (SAP). It can be seen that the problem is 

not a trivial convex optimization presenting lots of local minima, however it clearly shows a global 

minimum to the chosen cost function, around 1.75mm thick and 100N/m/s to feedback gain. 
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Figure 11: OPTIMUS interface 

 

 

(a)     (b) 

Figure 12: Response surfaces (a) several experiments (b) model surface 

 

After this first approach, it was possible to delimit a subspace where a simpler optimization method could 

be applied, such as the Sequential Quadratic Programming method (SQP) based in Non-Linear 

Programming techniques using the design sensitivities (gradient of the objective and the constraint 

functions). The success of these methods is dependent on the starting parameters, which was made 

possible based on the previous analysis. The results of the SQP pointed to a thickness of 1.745mm and a 

feedback gain of 99.7N/m/s. 

However, such active solutions are very sensitive to the placement of the sensor/actuator pair [12]. 

Therefore, this parameter was also included in the optimization loop. In this case a set of possible 

thicknesses (0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, and 4.0mm) was used to search for the best position and 

feedback gains. Again, the size of the reduced models allowed an extensive search, i.e., every possible 

position and feedback gain in the design range were tried.  

Figure 10a shows the cost function for each thickness in function of the feedback gain, on the best SAP 

position for each case. Figure 10b shows again, the same plot, but now just for the global optimum (2mm 

ACTIVE NOISE CONTROL 281



firewall with SAP at node 109). From these plots, it can be seen that there is an optimum gain for each 

thickness and SAP position. 

 

    
(a)      (b) 

Figure 13: Cost function for each thickness and best SAP position 

 

Figure 14 shows the best combination of SAP placement and feedback gain for each thickness. It is clear 

that the best position and feedback gain depend on the thickness, which indicates that the global optimum 

can only be achieved in such a concurrent design. 
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Figure 14: Best position and feedback gain for each firewall thickness 

 

4 Conclusions 
 

Due to the shortening design cycles and increasing performance demands, virtual prototyping has become 

an essential tool for optimizing the product behavior even before the availability of the first physical 

prototypes. If the use of smart structure solutions will make the step to industrial applications, it is 

required that the corresponding design and engineering processes fully support the specific aspects of 

these components. More particularly, the models should include the active systems such as actuators, 

sensors, control schemes, etc. 

As far as the amount of design parameters increase, a systematic methodology is needed, since experience 

and insight will not be sufficient to properly address all design choices and questions. 

This paper presented some methodologies to model smart structures including the modeling of the 

actuators and sensors. This requires the combination –and integration- of different and seemingly 

incompatible component models. An overview of the various modelling alternatives and interrelations is 

presented in Fig. 15.  
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Figure 15: General Methodology for Active system Design 

 

The ‘concrete car’ set-up has been used as a validation study case for the optimization procedure. 

Automatic communication between FE software and Matlab allows the use of an optimization engine 

(OPTIMUS). The reduced state-space model allows the optimization procedure that takes into account the 

structural and control parameters in a concurrent way. 
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Abstract 
 
Active Structural Acoustic Control, ASAC, was applied to reduce the road noise on a front wheel drive 
passenger car. ASAC was implemented to reduce the amplitude of a tire/suspension response at 215 Hz. 
The performance of the implementation was evaluated on a chassis dynamometer and shown to provide 
global noise cancellation with up to 15 dBA of attenuation. In addition to the vehicle implementation and 
as a result of lessons learned, simulations were performed to understand the convergence characteristics of 
both the FxLMS and FxGAL algorithms. Algorithms were also developed with the ability to estimate the 
required secondary path filters in an automated online fashion. The paper concludes with a brief summary 
of lessons learned and recommendations for ASAC implementation on passenger vehicles. 
 
 
1 Introduction  
 
Depending on the disturbance source, active control systems can be divided into two classes: Active Noise 
Control (ANC) Systems, and Active Vibration Control (AVC) Systems. The majority of the ANC systems 
use loudspeakers as actuators and microphones as sensors while AVC systems use shakers as actuators 
and accelerometers as sensors. Another important class that deals with the noise radiated from vibrating 
mechanical structures is Active Structural Acoustic Control (ASAC). A workable solution to the structure 
borne road noise using ASAC was studied in [1] and in Active Structural Acoustic Control of Road Noise 
in a Passenger Vehicle, [2].  This paper provides a summary of an ASAC implementation for a passenger 
vehicle and identifies deficiencies in the implementation.  A thorough literature search and research was 
then performed to develop solutions to the deficiencies which included an online secondary path filter 
estimation algorithm as well as investigation of other control strategies.  An understanding was also 
developed of several of the convergence issues of the algorithms, mainly the FxLMS and the FxGAL.  
 
2 ASAC Implementation 
 
As a test bed to evaluate the performance of ASAC a passenger car was obtained and an effort made to 
attempt to reduce the road noise on one rear wheel while the wheel was driven on a chassis dynamometer.  
The primary objective of this part of this project was to investigate the performance of ASAC, not to 
develop a full ASAC system that was capable of installation into a vehicle to be driven on the road.  As 
such, the system developed and implemented was not complete in all details.  
The actuator implementation philosophy that was investigated in this implementation was to attempt to 
cancel the energy generated by the tire/road surface interface at the suspension attachment locations.  It 
was believed that this philosophy would give a global noise reduction with a minimum number of 
actuators and sensors. 
Realizing that for an active noise control system to be put into production the cost of the system would 
have to be reasonable a large effort was made to use only cost effective components and not to rely on the 
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most advanced and expensive technologies available in this implementation.  To accomplish this goal a 
several year old D-Space system was used as the controller, as well as structural actuators which were 
identified as parts of a standard high volume consumer product. 
The first phase of this project involved performing a road noise transfer path analysis, TPA, to identify the 
dominant road noise paths in the rear suspension.  This TPA identified the shock tower in the vertical 
direction to be a dominant path, however this location did not prove to be an optimum location in this 
study.  For this reason, several other locations were also evaluated as to whether an actuator could 
effectively reduce the noise in the passenger cabin due to the road noise input. 
Figure 1 below shows a schematic of the basic package that was implemented in this initial study. 
 

 
Figure 1: Cutaway illustration of a representative sedan showing: actuator locations (ovals), error 

microphone locations (circles), and accelerometer reference sensor location (diamond). The original 
cutaway illustration was reproduced with permission from Kevin Hulsey Illustration, Inc., 

www.khulsey.com. 
 
As can be seen in this figure there was an accelerometer placed at the spindle in the vertical direction, this 
was the feed forward sensor.  Multiple microphone locations were used to both understand how global a 
noise cancellation was achieved and as error sensors for the control algorithm which was used.  Finally, 
the most effective actuator location was at location 1, which was in the vertical direction at the drag link 
attachment location. 
The TPA also identified that the dominant noise problem occurred at approximately 215 Hz.  This 
frequency aligned a tire/wheel mode with a suspension mode to generate a dominant narrowband noise 
which could easily be heard in the vehicle. 
The actuators which were used in this implementation were Aura Bass Shakers available as “seat kickers” 
from several automobile stereo shops, for this project these actuators were purchased on the internet for a 
cost of $10 US each.  These actuators are also used in other applications such as video gaming vests.  The 
frequency response characteristics of these actuators would appear to be insufficient for this application as 
they act as a single degree of freedom system with a resonance of approximately 40 Hz. 
Realizing that an actuator with a flatter frequency response which was optimized for higher frequencies 
would cost significantly more it was decided to try these Aura actuators.  The other decision that was 
made in the project was to limit the frequency range of control to a relatively narrow bandwidth of 50 Hz 
around the 210 Hz identified as the problem frequency.  Employing a narrow bandwidth allowed the 
actuator to focus its capabilities to essentially a single mode which was more feasible than a broadband 
application.  
The control algorithms investigated for this implementation included both the LMS algorithm and the 
FxLMS algorithm.  The FxLMS algorithm adds a pre-filter to the forward path of the LMS algorithm in an 
effort to effectively estimate primarily the phase characteristics of this path and improve the adaptation 
times and stability of the LMS algorithm.  The block diagram of the FxLMS algorithm used in this 
implementation is shown in Figure 2. 
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Figure 2: FxLMS Block Diagram 

 
In this implantation, the forward path filter identified as the “Actuator Model” in the block diagram had to 
be estimated offline using a standard FFT based spectrum analyzer.  The filter is represented by the 
frequency response function, FRF, between the actuator and the error microphone.  This FRF was then 
curve fit to estimate the coefficients of an IIR filter used to represent it in the algorithm.  The FRF was 
measured before the vehicle was put into operation and as such this offline method did not have the ability 
to adapt to a change in the actuator/plant system. 
Finally, the vehicle was placed onto a chassis dynamometer with one rear wheel on a dynamometer roll 
and the chassis dynamometer enabled to spin this wheel.  Microphone response data was acquired with 
and without the active control enabled.  Figure 3 shows a comparison of these two datasets.  The left plot 
shows both conditions for microphone 1, driver’s right ear, which was used as the error microphone.  The 
right plot shows both conditions for microphone 2 which was placed at the driver’s left ear location to 
verify that the reductions achieved were not only localized reductions but were instead more global in 
nature. 
 

 
Figure 3: Chassis dynamometer driving single wheel, with and without active control, Left plot - 

Microphone 1, Driver's Right Ear,  Right Plot, Microphone 2, Driver's Left Ear. 
 
3 Improving the Implementation 
 
A major limitation of this initial implementation included not having an online estimation algorithm for 
the Actuator Model.  To overcome this limitation required that an algorithm be identified and implemented 
into the FxLMS algorithm capable of estimating both the FRF and the FIR/IIR filter necessary to represent 
the Acuator Model in the FxLMS algorithm in an automated online fashion. 
In addition to developing this extension a comprehensive literature search was done to understand what 
other control approaches might be appropriate and offer better convergence behavior and control than 
either the LMS or the FxLMS algorithms.   
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3.1 FxGAL Algorithm 
 
The FxGAL algorithm was suggested in the literature as having superior performance to the FxLMS 
algorithm for active noise control applications, [3] and [4], this is also referred to as the Lattice Joint 
Process Estimator.  The block diagram for this algorithm is shown in Figure 4. 
 

 
Figure 4: FxGAL Algorithm Block Diagram 

 
In the Gradient Adaptive Lattice (GAL) algorithm [5], also known as the Griffiths’ algorithm, the tapped 
delay line (TDL) of an FIR filter is substituted by an adaptive lattice predictor (ALP). Thus, approximate 
orthogonalization of the input data is performed in the time domain, since the correlated sequence of 
delayed samples of the input signal,{x[n],x[n-1],…,x[n-m+1]}is transformed by the ALP into an 
uncorrelated sequence of backward prediction errors,{b0[n], b1[n],…, bM-1[n]}, without loss of 
information. This uncorrelated sequence is the input to an adaptive linear combiner which provides the 
output of the system. The linear combiner is adapted using the LMS algorithm. Due to the orthogonal 
property of the backward prediction errors, convergence modes are uncoupled.  
Since the GAL algorithm is used to update the filter weights instead of the traditional LMS algorithm, this 
algorithm is known as FxGAL [5]. Computer simulations of this algorithm showed that this algorithm 
would give good results only when the SPTF was a pure delay. However, it was pointed out that in the 
FxGAL algorithm [3], the filtered reference signal be used as the input for the ALP system, and a slaved 
lattice filter be applied to the reference signal prior to the adaptive linear combiner as shown in Figure 4. 
This is done because the input to the orthogonalizing filter is the reference signal itself, x (n), not the 
filtered reference, x’(n), and subsequent filtering by the SPTF might correlate it again. In brief, the 
transformation should be done to both, the filtered reference and reference signals. The slave filter in the 
above case is the same lattice structure, however the coefficients, k, are not adaptive but are an 
instantaneous copy of the ones calculated in the ALP. This algorithm was examined using simulations and 
experimental results for periodic disturbances in [4]. It was found that FxGAL showed improved 
performance and relatively less input signal dependant convergence. Furthermore, better tracking 
capabilities were obtained in non-stationary environments. Also, an Adaptive Line Enhancer (ALE) + 
FxLMS was compared with FxLMS and FxGAL in [4]. This algorithm had a decorrelation delay of one 
sample to whiten the filtered-x signal. However, ALE + FxLMS was found useful only for broadband 
disturbances as periodic information of the reference signal is lost in the whitening process.  
A summary of the FxGAL algorithm is given below including equations.  This algorithm has the 
following changes from the basic LMS algorithm. 
The reference signal is denoted as shown in Equation 1, with n being the data sample index. 

  

x_f(n) = sˆ (n) * x(n)       (1) 
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This signal is passed through the lattice filter with the initial conditions fo_f(1) = bo_f(1) = x_f(1). 
The adaptive lattice predictor transforms the correlated reference signal x’(n) into uncorrelated backward 
prediction error signals b’(n). These signals are then combined by the LMS filter to adjust the tap-weight 
according to Equation 2. 

c(n+1) = c(n) + 2µc,me(n)b_f(n)      (2) 
A slaved lattice filter then generates m signals, b(n), to produce the canceling signal (controller input) 

y(n) = cTb(n)        (3) 
The slave lattice filter is just a lattice structure equal to the one depicted in Figure 4, the coefficients kl[n] 
are not adaptive but instead are an instantaneous copy of the ones calculated in the main lattice filter. 

3.1.1 Lattice Joint Process Estimator, Basis of FxGAL 

To fully understand the FxGAL algorithm presented above, an understanding of the lattice joint process 
estimator is required.  An LMS algorithm for the adjustment of the parameters of the lattice joint process 
estimator is developed in this section.  This is extended to the Offline FxGAL [5] algorithm and then to the 
proposed Online FxGAL algorithm.   

 
Figure 5: Block diagram of LJPE algorithm. 

Figure 5 shows the block diagram of the LJPE algorithm. The prediction error coefficients are adjusted 
according to the cost function: 

      (4) 

The cost function is equivalent to either of the cost functions from the Forward Error Prediction or 
Backward Error Prediction algorithms, where the superscripts f and b represent these errors respectively in 
Equation 5, since both the predictors of the same order share the same MSE and coefficients. 

    (5) 

 

By using Equation 4 both the errors are used, resulting in better convergence.  The required LMS 
recursion is shown in Equation 6. 

 

(6) 

where: 

is the algorithm step-size. 
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Equation 7 is an estimate of the cost function. 

 

     (7) 

K shown in Equation 8 is the normalized correlation between the forward and backward errors and is 
known as the partial correlation (PARCOR) coefficient since it represents the correlation that remains 
between the forward and backward prediction errors.  The required recursion for the PARCOR 
coefficients is given by 

 

  (8) 

Where P is the signal power at the input to the mth stage of the predictor. The recursion for P is given in 
Equation 9. 

 

   (9) 

It should be noted here that to ensure faster convergence, an adaptive step-size is used and is presented in 
Equation 10. 

 

     (10) 

 
A small positive constant, ε, is added to prevent instability of the algorithm when P assumes values close 
to zero.  A similar adaptive step-size is used in the LMS algorithm update as shown below in Equation 11. 
 

     (11) 

Where e(n) is given in Equation 12. 
       (12) 

Here, yy(n) is the controller output and the step-size µc,m is given in Equation 13. 
 
 

      (13) 
 
3.2 Online FxGAL Algorithm 
 
Having briefly developed the FxGAL algorithm which is documented to have superior performance in 
many situations over the FxLMS or LMS algorithms it now becomes necessary to expand the algorithm to 
estimate the necessary Actuator Model in an online automated fashion.  Several references present 
methods of performing this task [5-8].  The method chosen and developed for this study is shown in block 
diagram form in Figure 6 and is based on that presented in [6]. 
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Figure 6: Online FxGAL algorithm block diagram. 
 
The variable x(n) is the reference signal, P(z) is the primary path transfer function between the primary 
noise d(n) and x(n).  The controlling effort signal is given by c(n).  An additive band-pass filtered random 
noise, r(n), is added to the controller output y(n) before y(n) reaches the actuator S(z).  The error signal 
e(n) sensed by a microphone is the sum of d(n), yy(n), and the additional noise r(n).  This error signal, 
e(n), cannot be directly used in online estimation of SPTF because it is comprised of two parts:  Control 
process part and the Modeling process part.  
It is known that the LMS update algorithm is highly sensitive to additive noise with large amplitudes when 
the step-size parameter is high. Step-size reduction for a better model comes at the cost of convergence 
speed. One potential way to obtain a step-size reduction is to restrict modeling the SPTF to frequencies of 
interest or frequencies of input excitation. This was done in [6] by using three additional adaptive filters. 
In this paper, this modified algorithm uses only two additional adaptive filters. In order to estimate the 
SPTF at selective frequencies, the additive random noise is band-pass filtered accordingly. Further, as 
proposed in [6] a de-corrrelation adaptive filter K(z) is used to remove the component of the error signal 
that is correlated to d(n) and yy(n). This is done by sending x(n) as an input to K(z). The resulting residue 
obtained here is the uncorrelated part of the error signal e(n) with x(n). The same random band-pass 
filtered signal r(n) is used in modeling the SPTF. This is done by using an adaptive FIR filter S

ˆ 
(z), 

updated by the standard LMS algorithm. The desired signal in this case is the residue from K(z) i.e. the 
uncorrelated signal from the error, e(n). Finally, the control filter, W(z), is obtained using the filtered 
reference signal and updated using e(n) according to the FxGAL algorithm presented in Section 3.1. 
Lastly, for performance comparison purposes in the simulations in future sections, the controller, W(z), 
was updated using the traditional FxLMS algorithm. 
 
4 Performance Simulations 
 
This chapter compares the computer simulation results obtained for the algorithms presented in this paper.  
 

ACTIVE NOISE CONTROL 291



4.1 Simulation Parameters 
4.1.1 Simulation Models  
 
The process of adaptive control requires the measurement of the system’s output response, d(n), to a 
reference disturbance, x(n).  Different Plant and Actuator models were used in the computer simulations of 
this paper.  Two analytical models generated in Matlab – Unimodal and Two degree of freedom and three 
models based on experimental data from the original vehicle implementation were used in this study.  The 
vehicle based models were mic/i/p, act/i/p, and BIW.  The BIW, act/i/p, and mic/i/p magnitude responses 
are shown in Figure 7.   
 

 

 
Figure 7: Top Left: Magnitude Response of the 85 order IIR filter used to model the BIW transfer 

function.  Bottom Left: Magnitude Response of the 71 order IIR filter used to model the 
[Mic / i/p] transfer function obtained from [2]. 

 
4.1.2 Simulation Disturbance Sources  
 
The following Matlab generated disturbance sources were used for simulation purposes.  

1. Harmonic Single Sine or Multiple Sine  
2. Narrowband Random  
3. Broadband Random  

 
4.1.3 Types of Simulations - System Identification Problems  
 
Several system identification problems were generated to evaluate algorithms’ performances. In particular, 
it was hoped that the adaptive lattice algorithms would be able to locate good models of the 'unknown' 
system independent of the input source eigenvalue spread. This is not to say that the transversal algorithms 
will always fail in such conditions, but that they have the potential to do so. These problems give flexible 
hypothetical cases to better understand the affect of input disturbances and models used on the 
performance of the algorithms. For example, the unique property of the Unimodal model gives us a well-
defined system to analyze the suitability of these algorithms.  
Offline FxGAL and Offline FxLMS Problems with the following combinations of plants and actuators 
were used in the simulations: BIW and Unimodal, Mic / i/p and Two DOF.  
Online-FxGAL & Online-FxLMS Problems with two different combinations were examined to compare 
the performance of the proposed algorithms as well as compare them with the traditional offline adaptive 
algorithms, Mic / i/p and BIW and Unimodal   
 
4.2 Simulation Results  
 
One of the reasons for the popularity of the FxLMS algorithm is due to the simple relationship that exists 
between the LMS transversal filter and its parameters. In fact, the LMS filter has only one crucial design 
parameter, the step-size. This is governed by the input power and number of filter weights used. On the 
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other hand, FxGAL has two sets of coefficients adapting in parallel and the design parameters involved are 
interlinked with each other in a complicated fashion. This makes comparisons between the two algorithms 
a complex task. Thus, of all the simulation results obtained for different disturbance sources and analysis 
plots listed in the previous section, only those that fit into the context of the problem and analysis in 
consideration are included in this report.  
 
4.2.1 System Identification Results  
 
This section compares the performances of FxGAL and FxLMS algorithms for system identification 

problems.  A unity magnitude actuator FRF i.e. S (z) = S
^ 

(z) = 1 is assumed for all problems in this 
section, the sampling rate is 5 KHz unless specified. 
 
4.2.1.1 Unimodal  
 
4.2.1.1.1 Pure Random Disturbance Simulation   
 
A Unimodal plant with the following assumptions was estimated: 

1. The model has a single global minimum.  
2. The model is valid over the entire frequency range.  
3. The input excitation is over the entire frequency range.  

 
The Unimodal plant was subjected to a pure random disturbance. Figure 8 - Left shows the convergence of 

the FxGAL and FxLMS algorithms.  The filter was required to be 10
th 

order to achieve the convergence 
and corresponding spectral performance as shown in Figure 8 - Right.  Neither filters had a problem in 
estimating a valid model of the unknown SDOF system. 
  

 
Figure 8: SDOF Plant Estimation Simulation, Left Plot – Mean Square Error vs. Iteration, Right 

Plot – Desired and Estimated FRF’s vs. Frequency. 
 
4.2.1.1.2 Random Sine, Broad Band Disturbance  
 
To show the unwanted out-of-band response of the controllers, the system was excited by three different 
types of broad-band signals in three different sets of simulations. Figure 9 shows the overlaid plots of 
controller output response to:  

1. A random sine between 450 and 1000 Hz with additional pure random signal, the amplitude of 
which is adjusted to 1% of the peak–peak amplitude of the random sine.  

2. Random sine disturbance ranging between 450 and 1000 Hz.  
3. Band-pass filtered pure random disturbance for the same frequency range. 

  
Figure 9 shows that the FxGAL controller response is valid in the frequency range of excitation but shows 
large amplitudes outside this band for the unfiltered inputs. This behavior was observed in [9] and it was 
recommended that either a band-pass or low-pass filter be used to reduce the unwanted gain. Further, this 
out-of-band overshoot puts an upper limit on the step-size parameter due to stability issues. Observe that 
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the first input case shows relatively low out-of-band gain and proves to be a good disturbance source in 
this case. The FxLMS filter behaved similarly. 
  

 

 
Figure 9: Estimated FxGAL Plant Models for different inputs. 

 
In conclusion, for better convergence of the controller, the input disturbance should be limited to the 
frequency range where the plant model is valid.  Also, the out-of-band response should be given due 
consideration during the system analysis due to potential stability issues.  
 
4.2.1.2 Two Degree of Freedom  
 
4.2.1.2.1 Harmonic Disturbance Simulation, Single Sinusoid   
 
A 1Vpeak sinusoid with a frequency of 166 Hz was chosen for the disturbance. Convergence of both the 
filters is shown in the error plots in Figure 10. Both the filters converge within 0.2 seconds with nearly 
identical mean square error as shown by the learning curves in Figure 10. The optimal performance of the 
filters to harmonic disturbances can be assumed to be the noise floor in these simulations [10].  
 

 

 
Figure 10: Two DOF, Convergence plots for single sinusoid input. 

 
4.2.1.2.2 Harmonic Disturbance Simulation, Two Sinusoids  
 
Figure 11 shows the learning curves and autopowers of the controller outputs when the system is excited 
by two sinusoids at 68 Hz and 166 Hz. Both the algorithms show similar convergence performance for this 
disturbance. The autopowers show clear evidence of the out-of-band gain. This situation becomes more 
problematic in a real-time system, where the dynamic range is limited.  
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Figure 11: Two DOF Convergence plots and autopowers for two sinusoid input. 

 
4.2.1.2.3 Harmonic Disturbance Simulation, Two Sinusoids with Pure Random  
 
Here, two sinusoids corresponding to the two modes of the system along with random noise were chosen 
to excite the system. The amplitude of the random noise was adjusted to 2% of the sine wave peak-peak 
amplitude. Figure 12 shows that the FxGAL filter has superior performance when tracking multiple modes 
in the presence of strong background noise.  
 

 

 
Figure 12: Two DOF Autopower plot, combination of sinusoids and broadband input. 

 
4.2.1.3 Mic / i/p  
 
The mic /i/p model presents a more realistic case for examining the adaptive filters’ performances as it 
based on experimental data.   
 
4.2.1.3.1 Narrowband Random Input  
 
The plant model was subjected to a random sine disturbance between 200 and 230 Hz mixed with random 
noise, the amplitude of which was 0.01 times the peak-peak of the random sine. The excitation spans the 
dominant mode of the plant. Figure 13 –Left compares the convergence of the two algorithms for 50 taps, 
Figure 13 – Right clearly shows the improved performance of the FxGAL algorithm over the FxLMS.  
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Figure 13: Convergence plots for narrowband random input. 
 
Figure 14 shows the improvement in convergence of both the algorithms as the number of filter 
coefficients is increased from 50 to 210. These figures also depict that to get the FxLMS to perform as 
well as the FxGAL an increased filter order is required. The FxLMS filter takes 210 taps to achieve the 
performance of the FxGAL filter with 50 taps.  
 

 
Figure 14: Effect of number of filter taps on convergence with narrowband input. 

 
4.2.2 Online FxGAL and Online FxLMS  
 
Comparing the performances of the online algorithms with the traditional offline algorithms becomes even 
more complex with the increased number of parameters and additional adaptive filters involved. However, 
an attempt is made in the following simulations by keeping the design parameters as similar as possible.  
 
4.2.2.1 Plant and BIW  
 
The proposed algorithm uses additional band-pass filtered random noise to estimate the actuator model 

S
^
(z) on the fly. The amplitude of this noise is adjusted to 3% of the desired signal coming out of the plant 

model. For the simulations, the de-correlator, online-estimator, and the controller -LMS and Lattice – 
filters’ parameters had to be adjusted to ensure proper convergence and stability. 
  
4.2.2.1.1 Harmonic Disturbance, Three Sinusoids:  
 
The system is examined for three sinusoids with frequencies at the major modes of the plant. The 
additional random signal used to estimate the secondary path was band-pass filtered by a Least Square FIR 
band-pass filter that spanned between 140 and 240 Hz. Figure 15 shows the error convergence of both the 
algorithms when the filter taps of the controller was set to 100. Online-FxGAL converges very fast after 8 
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seconds, while Online-FxLMS takes more than 20 seconds before it acquires a steady-state error. This is 
depicted by the controller outputs in Figure 15.  
 

 

 
Figure 15: Convergence results for online estimation of response when secondary path was 

estimated with online algorithms, 100 filter taps. 
 
Figures 16 show the improved performance of both the algorithms as the number of taps on the controller 
filter is increased from 100 to 210. As in the previous case FxGAL converges faster than its counterpart. 
Further, the error signal autopowers in Figure 16 show that FxGAL does a slightly better job than FxLMS.   
 

 

 
Figure 16: Convergence results for online estimation of response when secondary path was 

estimated with online algorithms, 210 taps. 
 
4.2.2.1.2 Broadband Random   
 
It was observed that both the algorithms converged at the same rate and their performance matched for 
narrow-band random sinusoidal disturbances. Hence, those plots are not included in this paper. 
The frequency span of the disturbance signal was set to 90 Hz, with a lower frequency of 140 and and an 
upper frequency of 230 Hz.  The filter taps of the controller-LMS and Lattice-filter were set to 210 and the 
PARCOR adaptation was switched off after 25 iterations.  With the increase in the input eigenvalue spread 
and filter taps, the step-size of all the adaptive filters was decreased accordingly. Figure 17 shows that the 
FxGAL underestimates the disturbance at 214.8 Hz and 166 Hz by 5 dB and 2 dB better than the FxLMS 
algorithm, respectively. It does overestimate the response between 180 and 200 Hz by 7 dB, however, this 
is well below the amplitude at 166 Hz.  
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Figure 17: Estimation behavior with broadband input. 

 
Better performance of the orthogonalizing systems – offline FxGAL and online FxGAL – is evident from 
Table 1. It should be noted that this improved performance comes at the expense of increased 
computational complexity.  Table 1 shows that a greater number of operations (additions, multiplications, 
and divisions) needs to be performed in the FxGAL algorithm. The number of operations required for each 
algorithm is linearly related to the order of the controllers’ filter, W(z), and the number of coefficients of 
the secondary model, S^(z).  Observe that the CPU-time (computer processing unit -time) is nearly the 
same in both the algorithms for the offline and online simulations presented. Even though FxGAL 
achieves the required MSE within 20,000 iterations, due to the increased computational effort, the 
processing time is almost the same as FxLMS algorithm. 
  

Control Computational Iterations CPU-Time Time MSE 
Case Load per Iteration (In 1000s) (Seconds) (Seconds) (dB) 

Offline-FxGAL 2386A, 3436M, 419D 20 34.57 4 -62.28 
Offline-FxLMS 505A, 510M 40 36.04 8 -61.2 
Online-FxGAL 2496A, 3554M, 419D 20 42.67 4 -62 
Online-FxLMS 615A, 628M 30 41.32 6 -60 

Table 1: CPU Time, Iterations, and MSE for algorithms. 
 
5 Conclusions  
 
Offline-FxGAL adaptive algorithm proposed in [3] was developed and applied to real-time models 
obtained from [2]. Computer simulations were performed as part of a comparative study on the 
convergence behavior of this algorithm with the traditional FxLMS algorithm by using different 
combinations of plant and actuator models. Two types of disturbance sources were used in examining 
these algorithms – periodic and non-periodic.  
The results of this study show an improvement in performance of the lattice controller over the controller 
that uses a transversal filter.  Despite this improvement, the LMS algorithm could well end-up being the 
first choice for real-time implementation on a DSP chip because of its simple structure. The Unimodal 
problems considered in this report provided good insight into the performance capabilities of all the 
algorithms. Further, any relative improvement of FxGAL over FxLMS depends on the correlation between 
input disturbance signals (x(n)) and desired signals d(n). FxLMS performs well when the correlation is 
high, which is not common in practical cases. The following conclusions have been made from the 
simulations performed:  
FxGAL is not only computationally complex but also has an increased number of design parameters. Two 
filter-weight coefficients adapt in parallel and five interrelated design parameters are to be set for a 
particular problem.   
FxGAL has shown its potential to improve the overall performance for the following cases:  
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1. Periodic disturbances embedded in pure random excitations.  
2. Tracking of multiple modes in a given frequency range. 
3. The frequency ranges of the disturbance and the plant and the actuator models must match for 

optimum performance.  
4. Out-of-band gain can be decreased by using a low-pass filter on the desired signal or by having 

reference signals that span over the entire frequency range.  
It was shown that the Online Modified FxLMS with three adaptive filters performs well, in contrast to the 
algorithm in [6] that uses four adaptive filters.  The same algorithm is shown to work when FxGAL is 
used instead of FxLMS.  
In the simulation problems considered, requiring the estimation of the secondary path transfer function to 
have the same frequency range as that of the disturbance ensured improved performance. This was 
performed by band-pass filtering the additive random noise.  
It would be beneficial to evaluate these algorithms for completely adaptive systems i.e. use real-time 
models with time varying parameters. IIR adaptive filters instead of FIR filters may show better 
convergence properties than the FIR filters used in these simulations [10]. It was shown in [5] with a 
simple example that FxGAL is an improvement over FxLMS in tracking non-stationary disturbances. An 
understanding of the ability of the proposed algorithms to track non-stationary disturbances for the given 
problems would be beneficial from a practical implementation standpoint.  
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Abstract 
The aim of this work is to design and implement a hybrid passive/active system to control the noise 
radiated by a generator sets. Passive control was afforded by a rectangular enclosure. Main wall panels of 
the enclosure were made of sound boarding. Air inlet and outlet were set for lowing temperature inside the 
enclosure. The multi-pass dissipative silencers were mounted in the inlet and outlet respectively, two-stage 
expansion chamber silencer was mounted for suppressing exhaust noise. The measured insertion loss was 
higher than 25 dB. Active control system was applied in order to suppress low-frequency noise from 
exhaust opening and outlet of the enclosure. The reference signal was supplied by a tachometer. High-
temperature loudspeakers were used as control sources. The residual signal was picked up by microphones. 
Experimental results showed that the hybrid methods can achieve good performance. The results indicated 
that the proposed methods can efficiently improve the noise reduction of enclosure in generator set. 
 

1 Introduction 
 
Sound attenuated enclosure, as one of the traditional noise control techniques used widely, combines 
sound insulation, absorption and muffling techniques to suppress the sound propagation or dissipate the 
sound energy so as to reduce the sound level radiated from enclosure. Generator set with enclosure is 
widely applied to emergency power supply because of its low noise level. However, the conventional 
methods of suppressing noise using passive noise control technologies have some disadvantages. 1) The 
conventional methods are not effective for low-frequency noise attenuation although effective for medium 
and high frequency noise attenuation. Such problem is sometimes difficult to solve using passive methods 
since the solutions are expensive in terms of weight and bulk. 2) The weight and the bulk of the enclosure 
are confined to the limited size for moving conveniently or limited installation space, which restricts the 
design of the enclosure according to the desired value of noise reduction. 
Active noise control (ANC) works on the principle of destructive interference between an original primary 
disturbance sound field and a secondary sound field generated by some control actuators. The ANC can 
complement many conventional passive control methods, because it possesses advantages such as 
improved low frequency performance, reduced size and weight, zero back pressure, etc[1,2]. Recently, 
there has been an increased interest in the reduction of noise by using hybrid active-passive control 
techniques. The active component is used to enhance the passive system performance or overcome the 
limitations of the passive system. A variety of approaches have been applied to the active control of 
exhaust noise and duct noise[3-7]. Recent work includes active liners for resistive mufflers[8], low-
backpressure designs with exhaust noise shaping[9,10], specialized transducer designs for exhaust 
systems[11,12], and expansion chamber active silencer[13]. Some researches on the active control  system  
for closed enclosure have also been carried out,  which focus their attention on reducing the noise inside 
enclosure[13-16]. 

In order to improve the performance of enclosure, the authors combined ANC and traditional control 
techniques to develop an enclosure to gain lower global sound pressure output. This method can enhance 
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the performance of enclosure and reduce broadband noise of generator set without increasing the weight 
and bulk of enclosure. 
The goal of this paper is to design, construct, and test a prototype generator set noise reduction system that 
combines active and passive control methods. First, the basic structure of the enclosure was designed with 
passive control techniques; secondly, the hybrid control for exhaust noise and outlet noise were presented; 
thirdly, active control algorithm and system were discussed; finally, an experiment was carried out to 
verify the performance of the enclosure. 
 

2 Basic structure of enclosure with passive techniques 
 
The noise radiated from generator set consists mainly of exhaust noise, mechanical noise, flame noise and 
cooling fan noise, etc. Passive control was afforded by a rectangular enclosure with 
5760×2620×2200mm3. According to the distribution and characteristics of noise source, the enclosure 
was divided into four control regions, i.e. the inlet region, the outlet region, the exhaust noise control 
region and the interior control region. Each region applied different control techniques respectively. Main 
wall panels of the enclosure were made of sound boarding which consists of 2.0mm steel plate, 40mm 
sound absorbing material and 1.5mm perforated plate. A cooling air inlet was formed in two side walls of 
the enclosure for admitting external air into the enclosure; a cooling air outlet was formed in a wall of the 
enclosure for expelling air from the interior of the enclosure. Air inlet and outlet ventilated the enclosure 
for providing the external air for running internal combustion engine and lowering the temperature of 
generator set. Two multi-pass dissipative silencers were mounted in the air inlet region. Noise isolation 
and noise absorption techniques were applied to the interior control region. Two double doors were 
installed in the two side walls of the enclosure respectively which adjoined the inlet silencers in order to 
maintain the sets conveniently. Two-stage expansion chamber silencer was applied to control exhaust 
noise. Its joint duct in the enclosure was wrapped by thermal-protective material to avoid exhaust gas 
increasing the temperature of interior enclosure. Multi-pass silencer was installed in outlet control region 
at the end part of enclosure to reduce the outlet noise. Control panel viewing window in a lockable door 
was mounted at the other end plane of enclosure. Figure 1 illustrates the basic structure design of 
enclosure. The passive enclosure can attenuate noise radiated from the generator sets to below 75dB. 
However, sound level of each region is not in accordance, the levels of exhaust noise and outlet noise are 
5dB higher than the other region. Therefore, the two regions are further treated as emphasis.   

 
 Figure 1:  Basic structure of enclosure 
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The exhaust noise is one of the primary noise sources of generator set and its sound level is the highest. Its 
main component is the low frequency noise. In the outlet control region, high-speed airflow leads the 
noise to be radiated easily from enclosure and low-frequency noise can’t be suppressed effectively through 
passive muffler due to expelling air to drop in temperature. Thus, the ANC was introduced into the two 
regions to enhance the performance of muffler. 
 

3 Hybrid control of exhaust noise 
 
The diesel engine has very stringent backpressure requirements to the silencer. High backpressure can 
have a significant negative impact on efficiency, which is an overriding economic consideration with 
combustion engine. To meet the requirement for very low backpressure, expansion chamber silencer was 
adopted because such silencer typically has low backpressure, which is a critical requirement in engine 
exhaust silencer. However, the silencer has the focal preference of noise frequency band. In order to 
control broadband frequency noise, active control techniques were introduced and used to enhance the 
passive system performance. The active control of sound has progressed in recent years from laboratory 
curiosity to industrial application, so we chose the mature hybrid active and passive control technique to 
control exhaust noise. Here a hybrid two-stage silencer and active control technique were used to reduce 
the exhaust noise of generator. The technique is not discussed in detail in this paper. The silencer design is 
sketched in Figure 2. 

 
Figure 2: Expansion chamber hybrid active silencer 

 
Two-stage expansion chamber silencer consists of simple expansion chamber silencer and double 
expansion chamber silencer connected by an intermediate tube. The intermediate tube was extended into 
the chambers of two sides respectively (see Figure.2). Double expansion chamber muffler consists of two 
expansion chambers connected by two intermediate tubes. The inlet tube was extended into the chamber. 
Simple muffler consists of outlet tube and expansion chamber. The outlet tube was extended into the 
chamber. A high-temperature loudspeaker was mounted on the side of simple expansion chamber. A 
monitor microphone was installed at the end of outlet duct. The active control system and controller 
shared Digital Signal Processing (DSP) with the outlet control region control. The controller in the active 
system was driven by a reference signal from a tachometer on the engine, and the controller drove the 
loudspeaker. 
 

4 Hybrid control of outlet noise 
 
The most difficult work is to control the noise of air outlet for the enclosure because of high-speed airflow, 
higher noise level and complex noise source. With the limited space available in the enclosure, the length 
of outlet silencer is confined and passive silencer is not effective on low-frequency noise. Noise form 
generator set was prevented from escaping out of the opening at the end of the interior control region, 
where the solid plate of cooling fan reflected a portion of the noise back into the enclosure where it was 
absorbed by sound absorbing material lining the inside of the enclosure. Noise not reflected back by the 
fan and cooling fan noise radiated out to enclosure from outlet, and the noise was suppressed by the 
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silencer mounted in outlet region. However, sound pressure level of outlet was still higher than other parts. 
In order to keep noise level in the same level as other regions, active control method was incorporated in 
the design of muffler. Figure 3 shows the sketch-map. 

 
Figure 3: sketch-map of active outlet silencer 

 
To avoid multi-channel active control system complexity and great computational capacity, the silencer 
and space between cooling water tank and silencer were divided into four parts evenly and partitioned 
with steel plate. The active control system used four loudspeakers as secondary source and eight identical 
microphone assemblies to sense the error signals. The loudspeakers were mounted in the four inlets of the 
muffler respectively; two microphones which were installed at the end of each part of the divided muffler 
evaluated the performance of hybrid muffler. The assembly is shown in Figure 4. The signal from the 
microphone was passed through a preamplifier that provides some amplification, and frequency shaping to 
attenuate noise below 20Hz. The monitor microphone picked up the error signal which noise was 
disturbed with sound of loudspeaker in the part; microphones of each part were not disturbed by 
loudspeaker of other parts so that the computational capacity was decreased. 

 
Fig.4 plan view of outlet of the silencer showing 

 the layout of  microphone 
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5 Active control system 
 
A number of studies of active control system of exhaust noise have been carried out, some of which are 
used for practice of noise control. The filtered-x least-mean-square (FXLMS) algorithm is the most 
popular adaptive control algorithm used in DSP implementations of active noise control. The single 
reference/single output feedforward ANC system was applied to exhaust noise control and single 
reference/multiple output feedforward ANC system to outlet noise control. The control system, shown in 
the block diagram from Fig.5, used one reference sensor, K secondary sources and M error sensors. 
Cross-section of Exiting air pathway of the enclosure is large. Multi-channel active control system has to 
be adopted to reduce the noise, but the computational capacity will be greater so as to reduce the 
convergence speed. Here, the control space was divided into four parts evenly, and each part was similar 
to single channel control system and decreases the complexity of the system, so that multi-processes 
parallel to deal with the signals. 
Figure 5 illustrates the structure of the feedforward multi-channel control system. The controller in the 
active system is driven by a reference signal from a tachometer on the engine. Multi-arrays of residual 
signal are input into the controller and computed respectively. The outputs of the controller in turn drive 
corresponding loudspeakers in enclosures arranging on intake of outlet muffler. Control microphones at 
the end of the duct monitor the performance and are used by the controller along with the tachometer 
signal to adapt the control filter W via FXLMS algorithm. An addition filter  is used to estimate the 
unknown S(z), and offline modeling is used to estimated S(z) during an initial training stage. Therefore, 
the filtered reference signal is generated by passing the reference signal through this estimate of the 
secondary path 

ˆ( )S z

' ˆ( ) ( ) ( )x n s n x n= ∗ , Where  is the estimated impulse response of the secondary-path 

filter . 

ˆ( )s n
ˆ( )S z

 
Figure 5: Block diagram of ANC system using the FXLMS algorithm 

 
In the adaptive control system, the controller has to process in real time the signals, so large operation rate 
is required. To be on the safe side and extension the system, it is decided to use TMS320C5416 DSP, 
which is capable of 160 Mfloaps. Preamplifier, A/D and D/A are integrated in wiring board to amplify and 
convert the signals. 
 

6 Experiment studies 
 
500KW generator set was mounted in the enclosure to test the performance of the enclosure. The 
enclosure with outlet noise control system installed is shown in Figure 6. The active control system of 
exhaust noise was not installed and tested because the control techniques of exhaust noise and duct noise 
are mature and relatively simple. The hybrid control system of outlet noise was mainly tested and 
discussed in the experiment. When the active control system does not work, the noise level in 1m far from 
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the enclosure is below 70dB, excluding exhaust and outlet. The noise level in 1m far from the outlet of 
exhaust silencer is 75dB and the level in 1m far from outlet of the enclosure 73dB. After active control 
system was operated, the noise level reduces to 70dB below in 1m far from the outlet. Figure 7 shows the 
error curve of outlet of the enclosure when active system operated and did not operate. 

 
Figure 6:  the test enclosure with generator set 

 
Figure 7:  performance of enclosure with hybrid control system 

 

7 Conclusion 
 
In order to suppress the noise radiated from the generator set, the enclosure was designed where the active 
control techniques and passive control methods were combined. Passive enclosure consists of a variety of 
passive control methods. The active control system was introduced to the exhaust noise control and 
cooling fan noise control. A simple enclosure model was constructed and some experiments were 
performed to verify the effectiveness of the designed enclosure. Experimental results showed that the 
hybrid methods can achieve good performance. The results also indicated that the proposed methods can 
efficiently improve the noise reduction of enclosure in generator set.  
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Abstract
The paper presents further development in modeling of active elasto-poroelastic sandwich panels. In fact, a
new design of a demi-sandwich panel is proposed and analysed. A numerical model of panel is implemented
in COMSOL Multiphysics environment using the most fundamental but very flexible Weak Form PDE Mode.
Various physical problems are modeled using Finite Element Method: the wave propagation in acoustic and
poroelastic medium, the vibrations of elastic plate, the piezoelectric behavior of actuator. All these problems
interact in the examined application of active panel. The presented results of FE analysis and some analytical
solutions prove the necessity of modeling the panel’s interaction with an acoustic medium. Again, confirmed
is the fact that an active control is necessary for lower resonances while for the higher frequencies the passive
reduction of vibroacoustic transmission performed by a well-designed poroelastic layer is sufficient.

1 Introduction

Recently, an exact modeling and analysis of a sandwich panel made up of two elastic faceplates and a
poroelastic core has been presented [10]. The panel has been subjected to a harmonic excitation modeled
as a directly applied uniform pressure. This time we examine a panel made up of a single elastic plate and
a layer of poroelastic material but an important interaction of the panel with an acoustical medium (the air)
is taken into account. Like previously, the panel is supposed to be an active noise absorber, so piezoelectric
patches are fixed to the elastic faceplate forming a piezo-actuator. The actuator can be used to affect the
bending vibrations of faceplate and in this way the vibroacoustic transmission through the panel should be
controlled. We present the modeling of panel and the results of frequency analysis concerning the panel
design and modeling, and finally, a numerical test of vibroacoustic control.

2 Comments on theoretical background

2.1 Biot theory of poroelasticity

An important component of the panel’s assembly is a layer of porous material. Porous materials are quite
often modeled in acoustics by using the so-called fluid-equivalent approach (see [1]). This is because for
many porous materials in some applications the vibrations of skeleton can be neglected and then the so-
called models of porous materials with rigid frame are valid. There are, however, many applications where
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the contribution of elastic frame vibrations is very significant. This is the very case of sandwich or demi-
sandwich panels. Then, the simple fluid-equivalent modeling is no longer valid and instead a much more
complicated theory of poroelasticity must be used. In this theory a biphasic modeling is applied: there is the
so-called solid phase to describe the behaviour of elastic skeleton, and the fluid phase which pertains to the
fluid in the pores.

The most frequently used is Biot isotropic theory of poroelasticity [5, 1]. In this modeling the both phases
are isotropic. Moreover, the fluid is modeled as perfect (i.e. inviscid), but viscous forces, are taken into
account though only when describing the interaction between the fluid and the frame.

There are two formulations of Biot’s isotropic poroelasticity:

• the classical displacement formulation proposed by Biot where the unknowns are the solid and fluid
phase displacements which means 6 degrees of freedom in every node of a 3-dimensional numerical
model,

• the so-called displacement-pressure formulation where the dependent variables are the solid phase
displacement and the fluid phase pressure. Therefore, there are only 4 degrees of freedom when
modeling in 3D.

This latter formulation was presented by Attala et al. [2], and it is only valid for harmonic motion. Debergue
et al. [7] discussed a very important subject of coupling and boundary conditions for this formulation. The
slightly enhanced version of this formulation [3] was used by the authors of the present paper to model the
poroelastic layer of sandwich panel.

2.2 Multiphysical character of modeling active elasto-poroelastic panels

The examined application of active elasto-poroelastic panels links several physical problems, namely:

• poroelasticity – to model poroelastic layer and its passive influence on the reduction of vibroacoustic
transmission through the panel,

• acoustics – to model the propagation of acoustic wave and the coupling of acoustic medium with the
panel,

• elasticity – to model the vibrations of the panel’s elastic faceplate,

• piezoelectricity – to model the piezo-actuators and the active control of panel’s vibrations.

Moreover, all these problems are strongly coupled. We surveyed weak, variational formulations of poroelas-
ticity, elasticity, piezoelectricity, and acoustics to properly model these problems and couplings.

To model poroelastic material the enhanced weak integral form [3] of the mixed displacement-pressure
formulation was used. This form simplifies the imposition of boundary conditions and coupling with elastic
and acoustic media. Hints and other important information on convergence and finite element modeling of
poroelasticity found in [8, 9, 6] were also considered.

In our modeling we used the most common form of the variational piezoelectric equations. It can be found,
for example, in [4]. This paper provides also a wide survey on piezoelectric finite element modeling and
discusses the problems concerning the electromechanical coupling, induced electric potential and actuation
mechanisms.
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3 Modeling of active elasto-poroelastic panel

3.1 Implementation in COMSOL Mutliphysics

To design and analyse the active elasto-poroelastic panel we chose COMSOL Multiphysics software – a mod-
ern tool for finite element modeling of multiphysics problems. Nevertheless, we did not used any of the
advanced Aplication Modes provided with the software. We decided that in our model all considered prob-
lems, i.e.: poroelastic, acoustic, elastic, and piezoelectric were modeled in this environment by using one of
the so-called PDE Modes, namely the Weak Form, Subdomain, PDE Mode. This is the most fundamental
and laborious but at the same time, the most flexible and conscious approach. This approach allowed us also
to apply properly and economically the coupling conditions between poroelastic material and other media.
Previously, in [10] the so-called General Form PDE Mode was used to implement poroelastic material and
this proved to be quite cumbersome when imposing coupling and boundary conditions.

A thorough validation of all the weak form implementations was carried out by using some analytical so-
lutions (for multilayered media and rectangular elastic plate vibrations) as well as some of the COMSOL
Multiphysics Application Modes (namely, the Acoustics Application Mode, the Solid Stress-Strain Applica-
tion Mode, and the Piezoelectric Effects Application Mode).

3.2 The assembly of active elasto-poroelastic demi-sandwich panel

In [10] a model of sandwich panel made up of two elastic faceplates and a poroelastic core was investigated.
This time the examined configuration might be called a demi-sandwich panel since it consists of:

• a single simply-supported elastic plate,

• a poroelastic layer glued to the lower side of the plate.

Moreover, the whole assembly of active panel includes piezoelectric patches fixed to the plate, and the
modeling assumes that the poroelastic layer is coupled with an acoustic medium which is subjected to an
acoustic pressure excitation and transfers this excitation onto the panel.

The in-plane dimensions of the panel are 80 × 80 mm and the total thickness is 12.8 mm where 0.8 mm is
the thickness of the plate and 12 mm stands for the thickness of poroelastic layer (see Figure 1). The elastic
material of plate is alumiunium (Ee = 70 · 109 N/m2, νe = 0.33, and %e = 2700 kg/m3) and the poroelastic
layer is made of a polyurethane foam which properties are given in Table 1. The pores are filled with the air.
The acoustic medium is a 80×80×38 mm waveguide of the air. In the cases where the elastic plate (or layer)
without the poroelastic layer is considered the thickness of acoustic layer is augmented by the thickness of
poroelastic layer and amount to 50 mm.

porosity tortuosity flow resistivity characteristic dimensions of pores
φ α∞ σ [N s/m4] Λ [m] Λ′ [m]

0.97 2.52 87000 37 · 10−6 119 · 10−6

elastic properties of the material of skeleton
density Young modulus Poisson coefficient

%s [kg/m3] Es [N/m2] νs

1033 143000 · (1 + j 0.055) 0.3

Table 1: Poroelastic properties of polyurethane foam

In the complete assembly of panel piezoelectric transducers (0.5 mm thick) are glued to the upper surface of
the elastic plate. They are through-thickness polarized so they stretch significantly in plane when a voltage
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is applied inducing in this way a bending deformation of the plate. The piezoelectric material of patches is
the transversely isotropic ceramic PZT4.

Two configurations of transducers were checked:

• one square patch 30 × 30 mm in the centre of the upper side of plate,

• four square patches of 10 × 10 mm fixed symmetrically around the centre of plate.

In the latter configuration we assume that the actuators are to be excited simultaneously by the same voltage
so they act in the same way on the plate. This configuration gave much better performance (bigger deflection
of the center of the plate and better deformation shape) so it was used in the further analysis.

Figure 1: Dimensions of the system composed of the active elasto-poroelastic panel and acoustic medium
waveguide, and the finite element mesh of the 1/8-slice model (a different, brick element mesh was used for
the complete model of system composed of the elastic plate and 50 mm thick acoustic medium)

4 FE modeling and analysis

4.1 Results of the frequency analysis

Several numerical tests concerning the modeling of some parts or the whole assembly of the panel were
carried out. A frequency response in a wide spectrum (up to 4500 Hz) was analysed. In some of the tests
the panel or (only) the elastic plate is coupled with the acoustic medium (the air). Some of the tests were
matched with analytical solutions.

Plate tests. Figure 2 presents results of the modeling of elastic plate and its coupling with the acoustic
medium. The frequency response analyses for the following problems were performed:

• the FE model of plate coupled with the acoustic medium (the air) subjected to a uniform acoustic
pressure excitation,

• the plate subjected (directly) to the uniform pressure (analytical and numerical solutions),

• the plate subjected to a concentrated force applied at the point (80 mm
4 , 80 mm

4 ) – the reason for this
analytical frequency response solution is to reveal all the resonances for all the natural frequencies
present in the considered spectrum.
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In all the analyses the computed response was the maximum absolute value of the normal displacements of
the plate divided by the similar result obtained for the static case; for the problems with the uniform pressure
excitation (curves (a),(b), and (c) in Figure 2) the static solution was in fact identical. The presented results
show that it is very important to take into consideration the acoustic-elastic coupling (rather than applying
the acoustic pressure directly) since a new “coupling” resonance appears at 1735 Hz (curve (a)).

Figure 2: Results of the frequency analysis of: (a) the 3-dimensional FE model of the plate coupled with the
acoustic medium subjected to the excitation of uniform pressure inducing an initially-plane acoustic wave in
the waveguide in the direction perpendicular to the plate, (b,c) the plate subjected (directly) to the uniform
pressure – the analytical and FE solution (the curves overlap); (d) the plate subjected to a concentrated force
(analytical solution).

The numerical model of plate was 3-dimensional since the complete assembly of active panel consists also
of some piezo-actuators which exert an influence on the plate and in this case only 3-dimensional medeling
of piezoelectric effects and the plate may be exact. The 3-dimensional FE model of the plate was chosen
to be a regular 5×5×1 brick element mesh with cubic shape functions to approximate all the displacement
fields. A very good conformity of at least 13 natural frequencies is achieved for this FE model – to check
this an eigenvalue problem was solved. This is also confirmed by the frequency analysis – see curves (b,c)
in Figure 2. We also checked that for a much more denser meshes but with only quadratic shape functions
this conformity is inferior.

The acoustic medium layer (the air) was modeled as a regular 5×5×5 brick element mesh with quadratic
shape functions used to approximate the acoustic pressure field. The thickness of the whole layer was 50 mm
and for the highest frequency considered (i.e. 4500 Hz) the acoustic wavelength equals 76 mm.

Multilayer tests. Figure 3 shows results obtained analytically for 1-dimensional problems of wave propa-
gation in multilayered media – two configurations were examined:

• acoustic layer of thickness 50 mm coupled with 0.8 mm layer of aluminium,

• 38 mm acoustic layer + 12 mm poroelastic layer + 0.8 mm layer of aluminium.

Let us notice here that the total thickness for both configurations is the same. The excitation was harmonic
unit acoustic pressure applied on the acoustic layer and the results are the amplitudes of displacements of
aluminum layer (1 m was used as the reference). They are compared with the similar results obtained from
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the FE analysis of the aluminium plate coupled with the acoustic medium. We have only one – coupling
resonance in the case of 1D multilayered systems. Now, the coupling genesis of the resonance at 1735 Hz
is excellently confirmed. Moreover, damping properties of poroelastic layer reveal thanks to this simple
1-dimensional analysis.

Figure 3: (a) the same results as presented in Figure 2 (curve (a)) but here 1 m was used as the reference (the
pressure was 1 Pa); (b) results of the 1-dimensional (analytical) analysis of two-layered medium composed
of the air (50 mm) and aluminium (0.8 mm); (c) results of the 1-dimensional (analytical) analysis of three-
layered medium composed of the air (38 mm), poroelastic material (12 mm), and aluminium (0.8 mm).

Figure 4: (a) the same curve as in Figure 2; (b) results of the FE analysis of the complete assembly of panel,
i.e. the simply-supported plate (with passive piezo-patches) composed with the poroelastic layer coupled
with the acoustic medium (a limited 1/8-slice model was used).

Panel test. Figure 4 presents the frequency analysis for the plate linked with the poroelastic layer coupled
with the acoustic medium. This time the piezoelectric patches are present but they are passive (i.e. the only
effect is some locally added mass and stiffness). The results (the maximal amplitudes of the elastic plate
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displacements) are compared with the results (presented already in Figures 2 and 3) of the FE analysis of the
plate coupled directly with the acoustic medium. The static solution for this latter problem is the reference
value. The total thickness is the same for both configurations (providing that the thickness of piezoelectric
patches is not considered). The resonances for the active elasto-poroelastic panel are slightly shifted (be-
cause of the locally added stiffness and mass of piezoelectric patches). The most important observation is
that the coupling resonance (now app. 1600 Hz) and the higher resonance of simply-supported plate (now
app. 3080 Hz) are attenuated when the poroelactic layer is present. On the contrary, the low frequency reso-
nance of plate (first eigenfrequency, now app. 630 Hz) is fully manifested. And for this lower frequency an
active control of vibrations is necessary.

We must admit that because of a considerable numerical cost only 1/8 of the active elasto-poroelastic panel
was modeled (see Figure 1) taking full advantage of the symmetries. This is not quite rightful approach
(since some antisymmetric modes are not represented); however, in the case of uniform acoustical pressure
excitation this simplification seems to be acceptable. Figure 1 presents the FE mesh of this limited model:
it is composed of parallelepiped elements with triangular base. Now, for the poroelastic layer and acoustic
medium as well as for the elastic plate and the piezoelectric patch the quadratic shape functions were used
for all the dependent variables. The plate and the piezo-patch are very thin and they were discretized with
one layer of elements, for the 38 mm layer of acoustic medium four layers of mesh elements were used,
whereas for the 12 mm layer of poroelastic material two layers of elements. This seems to ensure a sufficient
convergence since this time the highest computational frequency was 3500 Hz and for this frequency the
wavelength in the air is 98 mm, while the shortest wavelength in the poroelastic medium is the shear wave
length equal to 12 mm.

4.2 Results of the active control analysis

The concept of vibroacoustic control using a sandwich panel was presented in [10]. This concept is valid in
the present application where an incident acoustic wave propagates through the acoustic medium waveguide
onto the panel’s poroelastic layer. The wave may be attenuated by the poroelastic layer and partially reflected
and transmitted through the panel.In the precious Section we have shown that for higher frequencies the
passive reduction of vibroacoustic transmission is sufficient: the coupling resonance and the plate resonance
close to the higher eigenfrequency are well attenuated (see Figure 4). Nevertheless, the resonance vibrations
closed to the first eigenfrequency of plate are not attenuated and this is the task for the piezoelectric actuators
which are used to counteract the panel vibrations so that the normal velocity of the plate is minimized which
means the reduction of transmitted wave. On the elastic faceplate a piezoelectric sensor (not modeled here)
can also be planted, so that the velocity can be measured and thus the transmission reduction process can
be controlled. In the analysis of vibroacoustic transmission reduction we assume that the acoustic wave is
harmonic. In practice, we can control transient or multi-frequency vibrations applying an appropriate signal
to the actuator. This harmonic analysis, however, may also be used to control some predominant components
of vibration spectrum, and since the problem is modeled linearly, we can superpose the results obtained for
different frequencies.

Let us remind that the complete system considered here is composed of the active elasto-poroelastic panel
and the acoustic medium waveguide. For the purpose of vibroacoustic control the system analysis for the
two following cases must be performed:

• the unit acoustic pressure excites the panel through the acoustic domain,

• the unit voltage is applied onto the piezo-actuators.

In the analyses we compute the biggest deflection of the panel’s elastic plate. In both cases, the excitation is
harmonic, and the panel deflections are from steady-state response for the same harmonic frequency. Now,
since the analysis is linear we can use the superposition principle to compute the deflexion for arbitrary
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values of pressure and voltage applied simultaneously. For the considered frequencies and for this sort of
excitations the biggest deflections are in the centre of elastic plate. Therefore, a low transmission means
small deflection (velocity) of the central point of elastic plate. We can control this deflexion by means of
the piezoelectric actuators by applying an adequate voltage. This voltage we calculate by zeroing the central
deflection obtained from the superposition of the both cases.

Amplitude of vertical displacements [m] (colormap)
the plate and the
total displacements

the plate and
the solid phase

the fluid phase and
the acoustic medium

Figure 5: Uncontrolled vibrations for the unit acoustic pressure excitation (frequency 630 Hz)

Amplitude of vertical displacements [m] (colormap)
the plate and the
total displacements

the plate and
the solid phase

the fluid phase and
the acoustic medium

Figure 6: Vibrations for the unit voltage excitation (frequency 630 Hz)

Figures 5 and 6 shows the two steps of the vibroacoustic control analysis performed for the first resonance
frequency (630 Hz). The deformations and amplitudes of vertical displacements are shown for the three
following cases:

• the displacements of elastic faceplate and of the solid phase of poroelastic layer,

• the displacements of elastic faceplate and of the fluid phase of poroelastic layer,

• the displacements of the fluid phase of poroelastic layer and of the acoustic medium.
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One should be aware that for all the plots the same deformation scaling factor was used. Figure 5 showing
the uncontrolled vibrations of system confirms that for this resonance frequency there is a very significant
vibroacoustic transmission through the panel. One should notice that the amplitudes of the plate and solid
phase displacements are similar with the amplitudes of the fluid phase and acoustic medium displacements.

Amplitude of vertical displacements [m] (colormap)
the plate and the
total displacements

the plate and
the solid phase

the fluid phase and
the acoustic medium

deformation scaling:
10× more

deformation scaling:
50× more

deformation scaling:
10× more

Figure 7: Vibroacoustic transmission reduced: the controlled vibrations for the simultaneous excitation with
the unit pressure and adequate voltage (frequency 630 Hz). The corresponding plots shown in the upper and
lower row differ only in the deformation scaling.

The same sort of deformations and amplitudes are presented in Figure 7 for the system under the simulta-
neous excitation with the unit acoustic pressure and the adequate voltage (computed thanks to the previous
analyses). This time the deformations and vertical displacement amplitudes for the plate and the solid phase
of poroelastic layer are significantly smaller. Even the fluid phase and (consequently) the total displacements
of panel are smaller than in the case of uncontrolled vibrations. Therefore, the plots are presented in two
versions regarding the magnitude of deformation scaling:

• (upper row) the same deformation scaling as in Figure 5,

• (lower row) the deformation scaling factor is 10 or even 50 times bigger than the one used for plots in
the upper row.

ACTIVE NOISE CONTROL 317



We are certainly allowed to say that the results presented graphically in Figure 7 confirm a very good reduc-
tion of vibroacoustic transmission achieved with the help of the piezo-actuators.

5 Conclusions

A numerical FE design of a prototype model of the active demi-sandwich panel made up of an elastic plate
with piezo-actuators (for active control of vibroacoustic transmission) and a poroelastic layer (designed
for passive control) was presented. The results obtained from some frequency anlyses allow to draw the
following conclusions:

• the modeling of interaction between the panel and the air is important because some acoustic-elastic
coupling resonances may occur,

• the poroelastic layer should be designed to attenuate the higher frequency resonances,

• the lower frequency resonance(s) – especially around the first eigenfrequency of the panel’s elastic
plate – require an active attenuation with the help of a piezo-actuator.

Moreover, these results together with the analysis of active vibracoustic control permit to conclude that the
proposed model of demi-sandwich panel should work properly for a wide frequency range as an efficient
active/passive reducer of vibroacoustic transmission. Nevertheless, further and more advanced design con-
sisting in some parametric survey and configuration optimization must be performed. A special attention
must be paid on:

• a proper choice of poroelastic material and its thickness (for passive attenuation),

• an optimal design of piezoelectric actuator and its localization (for active control).

Additional requirements are obvious: the panel should be light and thin, the piezoelectric actuator – small.

We admit that some limitations were encountered when modeling the whole assembly of panel. Nevertheless,
we may say that we are now able to carry out an exact 3-dimensional modeling of an active elasto-poroelastic
panel immersed in an acoustic medium.
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Abstract 
The aim of this paper is to present a CAE methodology for simulating coupled vibro-acoustic systems and 
include these models into a closed loop control simulation. This tool provides a reliable simulation 
procedure that takes into account the vibro-acoustic phenomena as well as the control system since 
sensors/actuators models and the control algorithms can be included. The focus of the present paper is on 
the active structural-acoustic control, using piezoelectric patches as sensors and actuators. An initial 
structural uncoupled finite element model is modified to account for the placement of piezo-patches. The 
modified structural modal base is then used together with an uncoupled acoustic modal base to derive the 
fully coupled vibro-acoustic finite element model, which is reduced and formulated as a state-space 
model. The electro-mechanical coupling between the structure and the sensor/actuator pair is calculated 
and included in the state-space model. Eventually, a feedback controller is implemented. This smart-
structure modeling approach is illustrated for the case of the active reduction of the sound transmission of 
a firewall between the engine and the passenger compartments of a concrete car-like demonstrator. 
 

1 Introduction 
 

The demands for improvement in sound quality and reduction of noise generated by machines and means 
of transportation are steadily increasing. For the transportation industry, the sound generated by their 
products is becoming more a design issue rather than a threshold limit avoided after conservative design 
measures. On the other hand the amount of space and weight penalty that passenger vehicles can handle is 
limited. A promising approach to cope with this challenge is the use of active control, either active noise 
control (ANC) or active structural-acoustic control (ASAC).  

During the design stages, simulation plays an important role in predicting the performance and feasibility 
of active control solutions. The use of proper simulation techniques can result in cost and time reduction in 
the development stages, since it enables the engineer to compare different strategies, sensor and actuator 
configurations and control algorithms. However, to bring the application of active solutions to the product 
development phase, the simulation techniques involved must be based on typical simulation tools such as 
finite element (FE) or boundary element (BE) methods. 

In a vehicle, the low-frequency noise is usually transmitted into the vehicle’s cabin through structural 
paths, which raises the necessity of dealing with vibro-acoustic models. For ASAC simulation, these 
models have to integrate not only structural and acoustical components, but also the control sensors, 
actuators and the controller logic. The importance of including detailed information about the controller is 
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critical for an accurate assessment of its actual performance, since sensor and actuator dynamics can 
present frequency, phase and amplitude limitations. 

This paper describes a methodology for ASAC simulation based on fully coupled vibro-acoustic systems 
including piezoelectric sensor/actuators models. The system under study is a simplified rigid car cavity 
with engine and passenger compartments, separated by a flexible firewall. The active control system 
consists of a collocated piezo-electric sensor/actuator pair (SAP) placed on the firewall and connected in a 
feedback loop. The modeling procedure allows the choice of the ideal feedback gain, in order to achieve 
the maximum reduction on the sound pressure level at the driver’s ear, due to a noise disturbance in the 
engine compartment. 

 

2 Smart structure modeling approach and validation case 
 

The Sound Brick set-up at LMS International has been selected to demonstrate the modeling procedures 
described in this section. It consists of a simplified car cavity with concrete walls to provide well-defined 
acoustic boundary conditions, thus avoiding uncertainties during the vibro-acoustic modeling phase. 

A previous version of the setup is shown in Fig.1a. The current configuration has a flexible firewall and a 
rigid engine compartment (EC) as in Fig.1b. A sound source placed in the EC acts as a primary 
disturbance source. The firewall is assembled between the EC and the passenger cavity (PC) which allows 
a set of structural sensors and actuators to realize the control signals for increasing the firewall 
transmission loss between the cavities. The PC main dimensions are about 3400 x 1560 x 1270mm; for the 
EC, 900 x 1100 x 750mm and the firewall 920 x 545 x 1.5mm. The firewall has clamped boundaries. 

Two collocated piezo-patches, 46 x 54.5 x 0.3mm, relative permittivity εr = 1800 and piezoelectric 
constants d31 = d32 = -190 10-12m/V, work as a collocated SAP. The actuator patch receives a voltage 
proportional to the time derivative of the charge generated by the sensor patch. The feedback gain is 
chosen based on the achievable reduction on the noise evaluated at the driver’s ear. 

 

 

  
 (a)      (b) 

Figure 1 – System under  investigation (a) photo (b) schematic view 

 

In view of having a smart structure modeling approach for vibro-acoustic systems, a coupled vibro-
acoustic FE/FE modeling approach is adopted. In this way, the whole system is subject to acoustic 
excitation from both cavities which allows the use of the primary source in the EC, but would be suitable 
also for the use of secondary sources in either of the cavities. It is also possible to use structural excitation, 
as disturbance and/or control actuation, as well as acoustic (pressure) and/or structural (displacement) 
sensors. 

Another advantage of using a fully coupled vibro-acoustic approach is the accuracy of the estimated 
performance in the ASAC simulation, as an uncoupled analysis can overestimate the controller efficiency 
[1]. It is also required that the modeling approach fits into an optimization loop [16], as the design of an 
ASAC system usually requires the tuning of some controller parameters (SAP position ,gains, etc.). 
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However, vibro-acoustic FE/FE models can easily reach hundreds of thousands of degrees of freedom, 
thus resulting in large computation effort and CPU time. If such models are part of an optimization loop, 
where new vibro-acoustic transfer functions and/or forced responses are needed for every iteration, the 
size of such models are crucial for the optimization feasibility. 

The electro-vibro-acoustic system of equation in the frequency domain, in terms of the structural 
displacements u, acoustic pressure p and voltage v, can be written as: 
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where K , C and M  are, respectively, the stiffness, damping and mass matrices, f is the load vector, Q is 
the charge on the piezo-patch, the index s refers to structural components, a to acoustic components, c to 
vibro-acoustic coupling, e to electrical components and se and es to electro-mechanical coupling. 

As it can be seen from the stiffness matrix in Eq.(1), there is no coupling between the acoustic and 
electrical components, which allows a stepwise modeling procedure, where the mechanical and electrical 
contributions of the piezo-patches are taken separately. 

The full modeling procedure is illustrated in Fig.2. The structural FE model is modified to account for the 
placement of the piezo-patches, which is done by modifying the mass and stiffness properties of the 
elements corresponding to the sensor and actuator positions. A modal base that already contains the 
mechanical contribution of the piezo-patches can then be obtained. This modal base is used together with 
the uncoupled acoustic modal base of both cavities to derive the vibro-acoustic FE model from which a 
coupled vibro-acoustic modal base is extracted. Using the electro-mechanical formulation of the 
piezoelectric elements in terms of the modal structural displacements, it is possible to include the electrical 
degrees of freedom (DoFs) in the current modal formulation. The fully coupled electro-vibro-acoustic 
modal model, written through a state-space formulation, allows the implementation of control strategies 
involving the piezo-patches and the vibro-acoustic system. 
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Figure 2 – Modeling procedure scheme  

 

Table 1 shows the physical properties of each component. 

 

Table 1 – Components physical properties 

 density 
[g/m3] 

elasticity modulus 
[Pa] 

speed of sound 
[m/s] 

firewall 7800 2.33 e11 - 
piezo-patches 7800 6.60 e10 - 

acoustic cavities 1.163 - 349.6 
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3 Vibro-acoustic modeling 
 

A first step in the modeling of the vibro-acoustic behavior of a structure with finite elements is the 
definition of appropriate meshes for the acoustic and structural components. Since acoustic wavelengths 
are usually longer than structural ones, optimized acoustic meshes can be much coarser than structural 
meshes. However, if the meshes are compatible, some intermediate numerical steps [2] can be neglected 
resulting in a simplified procedure. Therefore a trade-off choice for the size of structural and acoustic FE 
meshes was taken, allowing them to have coinciding nodes on the interface. Using Patran, the size of the 
structural elements was chosen as large as possible so that the shortest wavelength could be represented by 
at least 8 linear elements. In the frequency range of interest (0 to 200Hz), the shortest structural 
wavelength occurs at 192Hz as depicted in Table 2 and Fig. 3. The acoustic mesh size was created (also in 
Patran) based on the structural one and has a minimum of 10 linear elements per wavelength up to 308Hz.  

Table 2 shows the resonance frequencies for the coupled vibro-acoustic model and the uncoupled 
structural and acoustical components, as calculated by Sysnoise (except for the structural component, for 
which Nastran was used).It also shows the mode shapes in terms of the number of wavelengths in the x, y 
and z directions for the uncoupled modes. 

 

Table 2 – Resonance frequencies for  coupled and uncoupled systems 

coupled vibro-
acoustic modes 

uncoupled structural 
modes 

uncoupled acoustic 
modes 

mode # 
freq. 
[Hz] 

freq. 
[Hz] 

half-
wavelengths 

(y, z) 

freq. 
[Hz] 

wavelengths 
(x, y, z) 

1 0   0 EC - (0,0,0) 
2 0   0 PC - (0,0,0) 
3 35.12 33.90 (1,1)   
4 47.85 47.96 (2,1)   
5 53.80   53.43 PC - (1,0,0) 
6 72.76 72.65 (3,1)   
7 85.75 85.77 (1,2)   
8 98.32 98.32 (2,2)   
9 104.7   104.6 PC - (2,0,0) 
10 107.3 107.5 (4,1)   
11 112.2   112.1 PC - (0,1,0) 
12 119.9 120.0 (3,2)   
13 124.2   124.2 PC - (1,1,0) 
14 139.5   139.5 PC - (0,0,1) 
15 149.5   149.7 PC - (3,0,0) 
16 151.2 151.2 (4,2)   
17 152.3 152.2 (5,1)   
18 153.3   153.3 PC - (3,1,0) 
19 160.3   160.4 PC - (4,0,0) 
20 161.6   161.5 EC - (0,1,0) 
21 164.3 164.2 (1,3)   
22 177.0 176.7 (2,3)   
23 179.0   179.0 PC - (0,1,1) 
24 184.7   183.7 EC - (1,0,0) 
25 185.6   185.6 PC - (2,0,1)** 
26 192.4 192.4 (5,2)*   
27 196.9 196.8 (3,3)   

 *  mode depicted in Fig. 3  EC = Engine Compartment 
 **  mode depicted in Fig. 4  PC = Passenger Compartment 
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The structural mesh (Fig.3a) has 200 4-noded shell elements. The steel firewall of 1.5mm thickness 
presents 13 modes from 0 to 200Hz. It is important to notice that the inclusion of the mechanical 
properties of sensors and actuators takes place in this step, by including the mechanical behavior of the 
piezo-patches as extra layers in the finite element shell model. In this way, the structural modal base 
already includes the mechanical influence of the sensors and actuators. 

 

   
(a)    (b) 

Figure 3 – Firewall: (a) FE mesh and (b) uncoupled mode (5,2) 

 

The element type chosen for the acoustic mesh is the 8-noded brick. This element was preferred over the 
tetrahedral element because of the smaller number of elements needed and the higher accuracy in post-
processing secondary quantities (velocity and sound intensity) [3]. The size of the structural elements and 
the maximum frequency of interest (200Hz for this study case) were taken into account to define the 
acoustic mesh discretization, so that the acoustic model could have coinciding nodes with the structural 
mesh while having a minimum number of elements. The resulting mesh with 25000 elements and the 
highest mode shape at 185.6Hz are depicted in Fig.4. With respect to the element size, this acoustic model 
is valid up to 308Hz, considering a minimum of 10 linear elements per wavelength. 

 

  
(a)      (b) 

Figure 4 – Cavities: (a) FE mesh and (b) uncoupled mode at 185Hz 

 

The structural and acoustic models are fully-coupled in this FE/FE approach. The effect of the fluid on the 
structure dynamics can be considered as a pressure load on the wetted surface, turning the structural 
differential equation into the form of Eq.(2).  

 )()()(2 ωωωωω scsss fpKuMCK =+


 −+ j  (2) 

where K s, Cs and M s are, respectively, the stiffness, damping and mass matrices of the structural 
component modified by the presence of the piezo-patches, K c is the coupling matrix, u is the vector of 
structural displacements, p is the vector of acoustic pressures and fs is the structural load vector. 

In a similar way, the structural vibrations provide an acoustic velocity input and therefore must be taken 
into account in the acoustic model as: 
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where K a, Ca and M a are the acoustical stiffness, damping and mass matrices, M c is the coupling matrix, 
and fa is the acoustic load vector. For the sake of brevity, any frequency dependent function ‘h(ω)’  is 
represented just as ‘h’  hereafter. 

Using the relation T
cc KM 0ρ−=  [4], the combined system of equations, known as the Eulerian FE/FE 

model, yields: 
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Based on Eq.(4) it is clear that the resulting vibro-acoustic system is coupled, though it is no longer 
symmetric. As a consequence of such non-symmetric nature, the solution of the associated eigenproblem 
is computationally more demanding and results in different left and right eigenvectors. 

A common practice in solving such vibro-acoustic problems is the use of component mode synthesis 
(CMS) [4]. It consists of expanding the structural DoFs in terms of a set of Ns uncoupled structural modes 
Φs (without any acoustic pressure load along the coupling interface), as well as the acoustic DoFs in terms 
of a set of Na uncoupled acoustic modes Φa (acoustic boundaries considered perfectly rigid). The 
structural and acoustic expansions become respectively, 
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Substituting the component mode expansions in Eqs.(5) and (6) into Eq.(4) and pre-multiplying the 
structural and acoustical parts of the resulting matrix equation, respectively with the transpose of the 
structural and acoustic modal vectors yields the modal representation: 
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where K
~ , C

~  and M
~ are the modal stiffness, damping and mass matrices, q is the vector of modal 

amplitudes and the indexes s and a denote, respectively, the uncoupled structural and acoustical 
components. 

Regarding that each mode set is normalized with respect to its own uncoupled mass matrix, Eq.(7) can be 
rewritten as: 
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where ΩΩΩΩ is the diagonal matrix of uncoupled natural frequencies, ΓΓΓΓ is the modal damping diagonal matrix 
and I  is the identity matrix. 

Since this formulation is based on the uncoupled eigenvalue solution of each component, the assembly of 
the system of equations in (8) is less demanding when compared to the solution of Eq.(4). However, the 
reduction on the computational effort is rather smaller; beyond the necessity of retaining high-order 
acoustic modes to achieve the same accuracy as in Eq.(4) [4], the derivation of the state space model still 
requires the non-symmetric system of equation in (8) to be diagonalized. Nevertheless, the advantage of 
the CMS is the possibility of using dedicated software to each component. 
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Using Sysnoise it is possible to calculate the coupled modal base using the uncoupled modal base of each 
component. When coupling two modal models in Sysnoise, as in Eq.(8), those uncoupled modal vectors 
are linearly combined to obtain a set of coupled modal vectors for both, acoustic and structural DoFs [5]. 
These modal vectors can be interpreted as the right eigenvectors from the non-symmetric system of 
equations on the left-hand side of Eq.(4). 

It has been indicated [6] that, particularly for the Eulerian formulation (Eq.4), the left and right 
eigenvectors, denoted here respectively by L

�
 and R

�
 can be related as: 
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where the sub-indexes s and a denote, respectively, the structural and acoustical components and ω is the 
natural frequency. Using the modal base furnished by Sysnoise and Eq.(9), it is possible to retrieve the left 
eigenvectors to build the complete modal model, which will be the base for the state space formulation 
described in more detail in a further section.  

 

4 Piezoelectric Actuator and Sensor modeling 
 

The piezo-patches are modeled as multilayer shell elements (Fig.5) which is one of the special elements 
available in the Samcef FE code. The placement of a sensor and/or actuator is realized by applying the 
mechanical and electrical properties of the patch to the very external layers of the shell element. Also, an 
extra DoF is added for each piezoelectric element which will be associated to the voltage applied to an 
actuator or the charge coming out of a sensor. The equation that governs the dynamics of such an electro-
mechanical system is [7]: 
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The electro-mechanical coupling matrices K se and K es are mutually transposed, so that the coupled 
stiffness matrix is symmetric. The vector u represents the structural displacements and the load vectors fs 
is the force input to the structure. Notice that in this set of equations the actual input voltage V is on the 
left-hand side, while the sensed charge Q on the patch, is on the right-hand side. As mentioned before, the 
mechanical contribution of the patches has already been considered during the structural FE modeling, i.e., 
K s and M s contain the piezo mass and stiffness contributions. 

The strategy is to use the modal expansion given by Eq.(5) for Eq.(10), and pre-multiply the first line by 
the transposed modal matrix ΦΦΦΦs. 
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Voltage actuation and charging sensing are considered. Actuation is done by imposing the desired voltage, 
whereas sensing by imposing the voltage to be zero. In this way, the actuator equation (12) and sensor 
equation (13) can be extracted from the first and the second lines of Eq.(11) respectively. 
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Note that the final actuation system (Eq.12) takes the form of a purely structural one with additional loads 
associated with the applied voltages. Ever since the specific formulation for such elements is available, it 
is possible to include as many piezo-patches as needed, regarded that an extra DoF is needed for every 
sensor or actuator. 
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Figure 5 – FE active multilayer shell element 

 

For this study case, the actual position of the collocated piezo-patch on the firewall is the one depicted in 
Fig.5. It was chosen based on previous experience, in such a way that it can sense and control most of the 
low-frequency modes of the firewall. 

 

5 Model Reduction and State Space models 
 

In the modeling procedure presented here, the coupled vibro-acoustic modal model is written in a state-
space formulation using Matlab/Simulink. Afterwards the sensor and actuator DoFs are included in the 
input and output matrices respectively. 

As mentioned before, due to the way fluid-structure interaction is commonly modeled in FE codes, the 
matrices are non-symmetric as shown in Eq.(8). Starting from the system generalized state space 
representation: 
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where M , C and K  are respectively the mass, damping and stiffness matrices, x is the vector of states, f is 
the load vector and y is the output vector, it is possible to project it using the expression in Eq.(15). Based 
on the relations in Eq.(16), a reduced state-space model can be retrieved as in Eq.(17): 
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where [b] and [c] are rectangular matrices with ones on the desired DoFs positions and zeros everywhere  
else, and � is the modal damping. This formulation allows the representation of the coupled vibro-
acoustic system considering the mechanical influence of the piezo-patches. The modal model is built 
based on the diagonalized form of Eq.(8) after the modal expansion in terms of the coupled right 
eigenvectors furnished by Sysnoise. 

In comparison with the modal expansion of Eq.(4), which requires a non-symmetric eigenproblem 
solution, the calculation of the modal vectors with CMS (Eq.8) are much less computationally demanding, 
since the modes of the uncoupled structural and uncoupled acoustic systems result from symmetric 
eigenvalue problems. However, the efficiency of the CMS in reducing the size of the original Eulerian 
model is substantially smaller if one consider the appropriate number of uncoupled acoustic modes  (with 
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rigid boundaries) necessary to accurately represent the coupled pressure fields (with flexible boundaries). 
The accurate representation of the near field effects in the vicinity of the fluid-structure coupling interface 
requires a substantial amount of high-order modes in the acoustic modal base, which results in a higher-
order modal model. 

Since the objective of this paper is to validate the state-space representation of the electro-vibro-acoustic 
FE modal model, just a few acoustic modes were retained (Table 2), resulting in a larger reduction than it 
can be expected when an experimental validation is intended. In this way, the original 23552 DoFs (22697 
unconstrained acoustic and 855 unconstrained structural) have been reduced to a state-space model with 
54 states, 2 inputs and 2 outputs. 

As shown in Eq.(12) the actuator can be represented as an extra input to the system. If one considers the 
modal expansion in Eq.(11) to be performed with the structural part of the coupled vibro-acoustic modal 
base, the first set of equations in (17) can be rewritten to include the voltage input (Eq.12). In a similar 
way, Eq.(13) can be included in the state-space output set of equation: 
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Finally, the electrical-vibro-acoustic system can be represented in a first order state-space form, with 
force, volume velocity and voltage as inputs and displacement, pressure and charge as outputs (54 states, 3 
inputs and 3 outputs.). 

 

6 Results 
 

The next sections show the results obtained using the proposed methodology. The first section deals with 
the system model (open-loop simulation), while the second shows some possible applications of control 
strategies to the coupled system. 

 

6.1 Open-loop simulations 
 

The resulting state-space model has 3 inputs and 3 outputs (Fig 6). The possible inputs are: a voltage to the 
piezo-patch actuator, an idealized point force at an arbitrary position on the firewall and the acoustic 
volume velocity source on the EC. The outputs are: the charge sensed by the piezo-patch, displacement of 
the force excitation point and pressure at the driver’s ear position.  

 

   
(a)      (b) 

Figure 6 – Schematic view of final model (a) sensor  and actuator  location and (b) state space model 
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Figure 7 shows a comparison of structural FRFs (displacement/force) for 3 models: An uncoupled FE 
model of the firewall, a coupled vibro-acoustic FE model and the state-space (SS) model. As it can be 
seen, except for the first resonance frequency (where only the coupled FE and the SS models agree), all 
the models agree quite well. That is due to the weak coupling of those cavities with the 1.5mm firewall, a 
thinner firewall would have caused a larger coupling. However it is not possible to neglect the coupling, 
since an acoustic excitation is used, and therefore the structure also needs to be subject to acoustic loads. 
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Figure 7 – Structural FRFs for  different models 

 

Various combinations of output/input forced response spectra for this system are shown in Fig.8. The plots 
are grouped based on the output type: electric charge, displacement and pressure. The forced responses 
result from a unit excitation of various kinds: electric voltage, structural point force and acoustic volume 
velocity. It can be seen that the model is completely coupled. 
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Figure 8 – Forced responses to var ious kinds of input 

 

Figure 8 illustrates also the discrepancy in the order of magnitude of the different physical quantities, e.g. 
the acoustical DoFs present much higher absolute values than the others. This particular feature is an issue 
when experimental system identification is concerned, as the identification algorithm could concentrate 
only on modeling the signals with larger amplitudes [8]. 
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6.2 ASAC Simulation 
 

As mentioned before, this modeling procedure has been developed keeping two aspects in mind: (i) the 
models should be suitable for control simulation and (ii) the modeling procedure should be applicable in 
an optimization scheme. The results presented here regard the control simulation. 

An initial configuration is proposed, where a collocated SAP of piezo-patches in a velocity-feedback 
control loop is applied to the firewall. The basic principle of the controller is to feedback the actuator 
patch with an amplified voltage proportional to the time derivative of the charge generated by the sensor 
patch (Fig.9). The SAP position was chosen off centre (Fig.5) such that more modes could be observed 
and controlled by this single SAP. However, this choice was made upon previous experience rather than 
upon any numerical optimization method. 

 

 

Figure 9 – Closed loop SS system 

 

The choice of using only structural sensors and actuators is based on the robustness of the control system. 
When using feedback control, an important aspect to the efficiency and stability of the control system is 
the transfer function between the sensor and actuator. Usually, the use of acoustic sensors and/or actuators 
presents a fast phase decay (time delay), which would impose severe limitations to the controller 
frequency range [9a]. However, since the SAP is collocated (SAP transfer function with alternating poles 
and zeros) and based on the time derivative of the charge (which is proportional to the stress), it can be 
proven that the control system acts like a passive system and stability is always guaranteed [10, 11], 
independent of the feedback gain.  

Due to the weak vibro-acoustic coupling, the structural transfer functions are much less sensitive to typical 
changes in this kind of systems, such as an open window or the placement of more people inside the 
vehicle. On the other hand, the control system only senses (directly) the structural vibration, as the 
acoustic resonances are barely noticeable in the structural FRFs. 

Figure 10 shows the results for open and closed loop responses. The feedback gain was chosen to give the 
highest reduction possible within this configuration. However, as it can be seen in Fig.10a, the SAP is 
only efficient in damping particular modes, mainly the predominantly structural ones for which the 
position of the SAP offers good controllability and observability. This shows that the adequate positioning 
of such collocated pair is an important design parameter and therefore needs a more systematic judgment, 
e.g. by deterministic or statistical schemes [12]. 

Another important aspect related to those results concerns the adequate modeling of piezo-patches. The 
results plotted in Fig.10b are for the same SAP as in Fig.10a, however, the quasi-static behavior of the 
patches is taken into account by adding a high-frequency residual mode as in [13, 14]. To do so, the static 
structural deformation is taken for a constant voltage input on the actuator patch. The vector of structural 
displacements and the charge generated on the sensor patch are taken as a modal vector, witch is ortho-
normalized with respect to the actual modal base. This residual mode is then added to the modal base as a 
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high-order mode (outside of the model frequency range) so that its low-frequency behavior results in a 
static contribution in the frequency band of interest [6, 12]. 

It is shown by Deraemaeker and Preumont [15], that this residual mode introduces a feedthrough 
component to the SAP, that if neglected, can lead to a bad estimation of the open-loop transfer function 
zeros and consequently to the controller performance. This error usually results in overestimating the 
control performance as it can be seen by comparing the results in Figs.10a and 10b, where the achievable 
reduction of the driver’s ear sound pressure level (SPL) is respectively 0.43dB and 0.07dB.  
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(b) 

Figure 10 – Pressure at dr iver ’s ear  for  open and closed loop:  
(a) without static compensation and (b) with static compensation 

 

As mentioned before, an optimum feedback gain was used for both cases depicted before. Figure 11 shows 
how the performance (SPL at the driver’s ear) varies in terms of the feedback gain. As it can be seen, both 
cases (with and without static compensation) present an optimum gain, related to the lowest achievable 
SPL. It is possible that an increase in the achievable reduction can be reached, even if the current 
configuration (collocated single SAP) is kept, but this solution can be accessed by an optimization routine 
that takes into account not only the feedback gain, but also the SAP placement. The amount of reduction 
could also be increased if more SAPs are placed simultaneously on the firewall. However, that measure 
can significantly increase the computational effort for the optimization procedure [12]. 
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Figure 11 – Controller  performance vs. feedback gain 
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7 Conclusions and next steps 
 

The modeling procedure, based on reduced modal models of the vibro-acoustic system, augmented with 
the electrical DoFs from the piezoelectric sensor/actuator pair, succeeded in accurately representing the 
coupled electro-vibro-acoustic system. 

The results show that the smart structure modeling approach leads to a fully coupled system where 
mechanical, acoustic and electrical inputs can be used as disturbance sources or control actuators. The 
same principle applies for the outputs, as displacement, pressure and charge can be used as monitoring or 
control sensors. 

Special attention may be paid to the models of sensor and actuators, mainly in the case of collocated 
piezo-patches, where quasi-static behavior can significantly affect the sensor/actuator transfer-function 
zeros. This error usually results in overestimating the controller performance. 

It is important to notice that the main objective of this paper was to present a methodology to simulate 
ASAC systems, rather than to propose a control technique for a vibro-acoustic system of this nature. In 
fact, besides all the advantages of a collocated controller, and the fact that such a controller would be 
robust against changes on the acoustic system, it presented a weak effect on damping the acoustic modes. 

Concerning the placement of sensors and actuators, the use of optimization routines can be a promising 
approach, regarded the limitations imposed by the number of varying parameters, the complexity of the 
models and the computer power available. Anyway, an optimization routine should include not only the 
controller parameters, but also some structural features (as the thickness of a panel for example). In this 
way the ultimate active mechatronic system could have a better performance than that of an optimal 
passive structure to which a controller is added. 

Although it is not the scope of this work to deal with structural optimization, Fig.12 shows how the 
structural design can affect the system performance. The upper part depicts the performance (in terms of 
total sound pressure level) of the open-loop system for various firewall thicknesses. This plot reveals that 
the behavior of such a system is not trivial. It is not just a matter of increasing the firewall thickness to get 
a lower sound transmissibility; it depends rather on the way fluid and structure interacts. The lower part of 
the graph shows how the uncoupled resonance frequencies of acoustic and structural components evolve 
with respect to the firewall thickness. 

 

 

Figure 12 – Passive performance of the system with respect to the firewall thickness 
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It is obvious that the cavity uncoupled resonances are not affected and it is also clear that the plate 
resonances vary linearly with respect to the thickness. The first vertical line shows a local maximum on 
the performance function, related to at least 3 (well coupled) modes in the frequency band of interest. The 
vertical dashed line shows a local minimum, where only one acoustic mode have structural modes in its 
vicinities. Another interesting example comes from the line near 2mm, where apparently 3 modes have 
coinciding resonance frequencies but a closer look reveals that not all of them are good coupling modes 
(e.g. the firewall 4th mode and the cavity 2nd mode). 

That will be of the same level of complexity, when an active system is to be added to such a system. 
Therefore an optimization routine that considers concurrently controller and structural features can 
definitely result in a more efficient active system. 

The extension of this work regards the inclusion of other kinds of sensors and actuator models, such as 
accelerometers and inertia shakers. Also, the implementation of a concurrent optimization routine that 
takes into account, not only controller parameters (sensor/actuator position, feedback gain, etc.) but also 
some structural parameters (firewall thickness, geometry features, etc.) is topic of future research. The 
optimization routine will primarily be based on the presented smart structure modeling approach. 
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Abstract 
Aircraft landing gears are subjected to wide ranging excitation conditions during touchdown, which results 
in conflicting damping requirements.  This is due to the unpredictable and large variations in an aircraft’s 
mass and sink velocity, which serves to increase passenger discomfort and reduce the structural fatigue 
life.  A novel solution to this problem is to implement semi-active damping using magnetorheological 
(MR) fluids.   
In this paper, an MR landing gear sizing methodology is described, which enables an effective assessment 
of feasibility to be made for many aircraft.  Essentially, the methodology aims to maximise the range of 
landing impacts that can be optimally damped, whilst adhering to the stringent packaging constraints of 
conventional devices.  This methodology is demonstrated by performing feasibility studies for a variety of 
aircraft, ranging from small-scale utility aircraft to large-scale commercial jets.   
 

1 Introduction 
Aircraft landing gears are subjected to wide ranging excitation conditions during touchdown, which results 
in conflicting damping requirements.  This is due to the unpredictable and large variations in an aircraft’s 
mass and sink velocity, which cannot be efficiently tolerated by conventional passive shock struts. 
Consequently, levels of passenger comfort and the aircraft’s structural fatigue life will be reduced.   
A typical passive oleopneumatic shock strut and its landing impact response are shown in Figure 1.  
During compression, fluid is forced turbulently through the main orifice, which provides a damping effect.  
The fluid subsequently compresses the gas in the upper chamber, providing a non-linear gas spring effect.  
As shown in Figure 1(b), the combination of these forces results in undesirable force fluctuations.  For 
example, a force peak occurs during the early stages of the impact when the piston velocity, and hence 
damping force is a maximum.  A second peak occurs at the end the impact, when the gas spring force is at 
a maximum.  The severity of this fluctuation can be described in terms of the impact efficiency [1], which 
is illustrated in Figure 1(b).  Here, the most efficient response has a rectangular force/displacement curve 
with the lowest possible peak force.  In an attempt to achieve this passively, metering pins (see Figure 
1(a)) are sometimes used to alter the damping rate during an impact.  However, the metering pin will only 
provide optimal performance for specific impact conditions [2].   
A novel solution to this problem is to implement semi-active damping using magnetorheological (MR) 
fluids.  MR fluids consist of micron sized iron particles suspended in a carrier liquid such as mineral oil or 
water.  When subjected to a magnetic field, the iron particles form chains, which provide an increased 
resistance to flow.  This effect can be rapidly and reversibly changed using a low power source, thus 
enabling the development of semi-active landing gears.  Consequently, optimal damping levels can be 
achieved for a wide range of impact conditions. 
The aim of this study is to demonstrate the feasibility of MR landing gears for both small and large-scale 
aircraft.  This is achieved by adopting an MR landing gear design methodology that was developed and 
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validated in previous work [3, 4].  This was previously applied to lightweight aircraft [3], but scalability 
issues were not considered, as is the intention of the present study.   
The paper begins with a description of the design methodology (Section 2) and the numerical tools 
required to implement it (Section 3).  These tools include a landing impact model, and a procedure for 
optimising the magnetic performance of the MR device.  Next, the methodology is illustrated using case 
studies for both lightweight and large-scale aircraft (Section 4).  Finally, a general discussion of the results 
is made and the key conclusions are drawn (Section 5). 
 

2 The design methodology 
In what follows, the MR landing gear design methodology that was developed by Batterbee, et al. is 
described [3].  The aim is to find a way of designing the device so that it can achieve an optimal 
performance over a wide range of impact scenarios.  This must be achieved without exceeding the 
packaging constraints of the existing passive landing gear. Furthermore, the magnetic design of the MR 
valve must be considered.   
The methodology is based on substituting a conventional passive orifice (see Figure 1(a)) with an MR 
valve.  The MR valve configuration investigated in this study is shown in Figure 2.  Here, fluid flows 
through an annular orifice and the magnetic flux is generated via a coil wrapped around a steel bobbin.  
The active section of the valve (i.e. the length exposed to the magnetic field) is observed where the path of 
magnetic flux crosses the annular orifice.  The fluid volume adjacent to the coil remains inactive.   
It transpires that the geometry of this device can be optimised from a magnetic perspective using 
analytical methods, and is relatively insensitive to the valve gap h. In contrast the damping behaviour is 
difficult to optimise because of the nonlinear interaction between fluid flow, tyre deflection, and shock 
strut gas compression. It is, however, highly sensitive to the valve gap h. 
The design approach used is summarised in Figure 3. To begin, the MR shock absorber is sized to be 
equivalent to the existing passive device.  This dictates values for the external geometry of the MR valve 
(total length lt and diameter D). Initial estimates for the valve’s flow diameter d and active length la can 
then be determined. At this stage the precise values are not important because they will be optimised later 
from a magnetic standpoint.  
Using data for the actual aircraft structure, landing impact simulations are used to predict behaviour. This 
is performed for the case where the fluid yield stress is at its maximum value 

maxyτ , and the impact 
scenario is at its most severe.  Consequently, for less severe impacts with lower damping requirements, the 
yield stress can be controlled to give superior performance over the existing passive system.  In this worst-
case simulation, the valve gap h is modified to achieve desirable landing behaviour, which can be 
compared to experimental data from the passive device.  Essentially, the aim is to achieve an equal 
balance between the damping and gas spring forces.  The pressure drop ∆Pmax at the maximum valve flow 
rate Qmax is then determined from this simulation, and the two properties (∆Pmax, Qmax), are used to 
characterise the requirement of the valve. 
The task now is to optimise the magnetic performance of the valve, whilst still achieving the desirable 
(∆Pmax, Qmax) characteristic.  Furthermore, the aim is to maximise the controllability of the valve, thus 
maximising the range of impact conditions that can be accommodated.  This involves revising the valve’s 
mean radius and active length, choosing the electric circuit configuration, and finally modifying the valve 
gap so as to maintain the (∆Pmax, Qmax) characteristic.  Because the magnetic behaviour is relatively 
insensitive to the valve gap, it is not normally necessary to repeat the magnetic optimisation once the valve 
gap h has been finally chosen. 
Using the magnetically optimised geometry, the landing impact simulations can be repeated to check that 
the performance is close to that found for the preliminary design. Because the (∆Pmax, Qmax) characteristic 
is unchanged, the damping performance will not differ greatly between the magnetically optimised design 
and the preliminary design. 
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3 Numerical tools 
The design approach described above requires two key modelling approaches: a time-domain landing 
simulation including MR damping, and an analytical approach for optimising the magnetic design of the 
valve.  These numerical tools are briefly described in the following sections, but for detailed derivations, 
the reader is referred to previous work [3, 4]. 

3.1 Landing impact simulation 
The form of the landing impact model is illustrated schematically in Figure 3.  This is a two-degree-of-
freedom model that accounts for the inertia of the aircraft and wheel masses, and the non-linear forces 
produced by the MR shock strut and tyre.  Aircraft lift L was also simulated, which maintained a constant 
value equal to a percentage of the aircraft’s weight W.  Here, L = 0.67W for lightweight utility aircraft and 
L = W for larger transport aircraft [1]. 
The most important aspect of the landing impact model is the MR shock strut, which is illustrated in 
Figure 4.  This oleopneumatic configuration is typical of many shock struts used on modern aircraft, 
except that an MR valve has replaced the conventional passive orifice.  Figure 4 also presents the key 
equations used to formulate the shock strut model, which are summarised as follows.  Neglecting internal 
friction, the shock strut force Fs is readily derived using a pressure/area balance.  The gas pressure is 
determined using the polytropic law for the compression of gases, where the key parameters are the gas 
exponent m, and the initial gas volume va0.  Using data provided by the landing gear manufacturers, m and 
va0 were chosen to give an equivalent gas spring function to the existing passive device.  The model also 
accounts for fluid compressibility through the mass flow continuity equation, which introduces a non-
linear stiffness term through the bulk modulus β.  This is a vital consideration for impact applications, 
particularly for an MR device as fluid compression will reduce valve flow and hence controllability.  In 
this study, the bulk modulus was assumed as 1.7GPa, which is the base value for standard hydraulic oil [5] 
Finally, the MR damping effect is characterised using the Buckingham equation for Bingham plastic flow 
between parallel flat plates [6].  The key parameters in the Buckingham equation are the MR fluid 
viscosity µ, and the Bingham plastic yield stress τy, which can be determined from the MR fluid 
manufacturer’s data.   

3.2 MR valve geometry optimisation 
With reference to Figure 2, it is desirable to achieve large magnetic fields in the fluid (hence a large MR 
fluid yield stress), which pass through a large active length la.  Also, to minimise power requirements for a 
given fluid yield stress, a large number of coil turns are required.  However, due to packaging constraints 
on valve diameter D and length l, the active length is reduced.  Furthermore, a larger coil will reduce the 
cross-sectional areas of the magnetic circuit, which may cause saturation of the valve material.  This 
demonstrates the delicate balance that is required between power and active length in order to optimise a 
geometrically constrained MR valve.   
Batterbee, et al. [3] described an analytical methodology that addressed this balance, and enabled the 
optimal MR valve geometry to be rapidly and efficiently determined in a spreadsheet.  More specifically, 
the methodology permitted generation of the maximum fluid yield without saturation of the magnetic 
circuit and without exceeding the maximum operating current of the solenoid wire.  Furthermore, whilst 
ensuring that the desirable valve performance is achieved (∆Pmax, Qmax), the methodology permitted 
optimisation of the control ratio i.e. the ratio of the maximum field pressure drop to the zero-field pressure 
drop.  Therefore, the range of landing impacts conditions that can be accommodated is maximised.   
One method that was adopted to maximise the control ratio was to consider the use of multiple valve 
stages.  Here, the individual valve length is reduced, but multiple valves are stacked together such that the 
overall constrained length remains unchanged.  This is shown schematically in Figure 5, where it can be 
observed that changing the number of valve stages n from one to two doubles the active valve length.  
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4 Case studies 
In what follows, the numerical tools described in Section 3 are used to implement the design methodology 
outlined in Section 2.  Case studies are presented for three different aircraft - the Polish Institute of 
Aviation’s I-23, which is a lightweight utility aircraft, and two large-scale commercial jets with different 
landing gear configurations.  The sizes of these aircraft are compared in Table 1, which tabulates the 
distributed mass used in the impact simulations i.e. the effective aircraft mass that acts over a single shock 
absorber.    

4.1 MR dampers for lightweight aircraft 
The aim of this section is to appraise the suitability of MR landing gears for lightweight aircraft.  This is 
achieved by sizing an MR valve within the constraints of the Institute of Aviation’s I-23 nose landing 
gear.  Note that the results from this study were also presented in previous work [3], but summarised here 
for the sake of completeness.      
With reference to Figure 3, the first stage of the design process is to determine a desirable valve 
performance (Steps ‘A’ to ‘E’).  This is achieved by performing worst-case impact simulations with 
arbitrary internal valve dimensions i.e. without formal consideration of the magnetic circuit.  The external 
valve dimensions are governed by the packaging constraints of the existing device.  For the I-23 nose gear, 
the shock strut configuration is identical to that shown in Figure 4, where the corresponding diametrical 
and length constraints on the MR valve are 36mm and 45mm respectively.   
After tuning the valve gap h such that the peak impact force is minimised in the maximum-field condition, 
the desirable valve performance was determined as ∆Pmax = 12.2MPa, which occurred at Qmax = 2×10-3 

m3s-1.  This was calculated using the fluid properties for Fraunhofer’s AD57 MR fluid [7], which has a 
maximum yield stress of 55kPa.  Also, the viscosity was assumed as 0.1Pas, which represents an 
extrapolated value taken at high shear rates.   
The next stage of the design process is to optimise the internal valve geometry through a detailed 
consideration of the magnetic circuit (Steps ‘F’ to ‘I’ in Figure 3).  A detailed analysis of this optimisation 
procedure is presented in reference [3].  For the purpose of the present study, it is appropriate to simply 
present the final optimised geometry and performance, which is tabulated in Table 2.  In summary, this 
three-stage design generates the desirable valve performance whilst maximising the active valve length 
and hence control ratio (λ = 2.26 at

maxyτ , Qmax).  Furthermore, this is achieved without magnetic saturation 
(Bs = 0.81T < 1.3T), and without significantly exceeding the 2.5A rating of the copper wire.  
Consequently, an appropriate amount of damping is available for a worst-case impact, whilst the range of 
less severe landings that can be accommodated is maximised.   
The maximum power requirement of the optimised valve is just 16.5W, which could be supplied by a low 
voltage source of 2.1V, or 6.3V, depending on whether the individual stages are wound in parallel or 
series.  Also, the optimal design has a time constant of 19ms.  In practice, if a current driver is used and 
the coils are arranged in parallel, the time constant will be lower than this [8].  Another important 
performance indicator is the maximum valve Reynolds number, which is 680.  This is important because 
the MR effect is based on laminar flow, and turbulence could reduce device controllability [9].  Assuming 
a critical valve Reynolds number of 1000, which is the value for Newtonian flow between parallel flat 
plates, turbulence should be avoided.   Table 2 finally presents data regarding the extra mass of the device.  
As the MR fluid is approximately four times denser than conventional hydraulic oil (ρ = 3290kgm-3 for 
AD57), the fluid is 0.8kg heavier.  The mass of the MR valve is 0.4kg, which is not likely to be 
significantly heavier than the existing passive valve.  Therefore, the additional mass of a single shock strut 
should not exceed one kilogram, which is approximately 0.2% of the distributed aircraft mass.   
To further illustrate performance, the optimised valve design is used to perform landing impact 
simulations.   Figure 6 presents the worst-case landing impact response, where the yield stress is 
maintained at its maximum value throughout the impact.  This is shown compared to experimental drop 
test data from the existing passive landing gear, and also to the preliminary valve response, which 
represents the desired performance.  Clearly, the optimal design maintains the desired impact 
performance, where the peak force is minimised.  This demonstrates the robustness of the proposed design 
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methodology.  Furthermore, through comparison with the experimental data, it is interesting how the MR 
valve provides an inherently efficient response in open-loop control i.e. where the yield stress is 
maintained constant throughout the impact.  For example, the fluctuation in force, and hence the severity 
of fatigue loading, is less significant.  This is a direct result of the Coulomb-viscous nature of the MR 
damping function, which provides larger forces at low velocities.  In contrast, the passive system has a 
quadratic damping function [10], which results in larger fluctuations in the overall shock strut force.  
However, the simulations presented in this paper are simplified.  For example wheel-spin up and frictional 
forces have been neglected and such effects would require investigation. 
Finally, to illustrate the controllability of the optimised design, Figure 7 presents some open-loop impact 
responses with less severe input conditions.  Results for two different input excitations are shown.  The 
‘soft impact’ uses the original drop mass, but lowers the sink velocity to the minimum anticipated value - 
Vsink = 1m/s.  The ‘very soft impact’ also has a sink velocity of 1m/s, but simulates a drop mass of just 
284kg, which is 60% of the original value.   
For the soft impact, it can be observed that lowering the yield stress from 55kPa (the maximum value) to 
6kPa, best minimises the force during the impact.  Furthermore, the maximum yield stress response is a 
good indicator of the wide range of controllable force that is available.  As before, the MR impact 
response is inherently efficient without using closed-loop control.  
For the very soft impact, the control limits of the design can be observed.  For example, it could be argued 
that the damping provided by the base viscosity of the fluid (τy = 0kPa), results in forces that are slightly 
high during the initial stages of the impact.  This is best observed in Figure 7(b), where it can be observed 
that the forces at the end of the impact are lower.  Nonetheless, the impact efficiency is still good.    
To summarise, the feasibility of incorporating MR landing gears onto lightweight aircraft has been 
demonstrated.  For example, highly controllable and fairly lightweight devices can be designed that 
accommodate a wide range of landing impacts.  The next step is to investigate the scalability of MR 
landing gears by performing similar sizing studies for large-scale aircraft.    

4.2 MR dampers for large-scale aircraft 
The following case studies focus on two different landing gear shock struts produced by Messier Dowty.  
The first sizes an MR device for a telescopic landing gear, where the shock strut displacement is equal to 
the relative displacement between the airframe and wheel (Section 4.2.1).  In the second case study, the 
design of an MR shock strut for a levered configuration is investigated. Here, the relative displacement 
between the airframe and wheel is greater than the shock strut displacement (Section 4.2.2). 
4.2.1 Large-scale telescopic (LST) landing gear 
An existing LST landing gear and an equivalent MR shock strut are shown schematically in Figure 8.  
Here, the MR valve is constrained to the existing internal diameter of the passive device (D = 111mm), 
and a constraint of 100mm was placed on the valve length lt.  
Again, after calculating the desirable MR valve performance (steps A-E in Figure 3), the magnetic circuit 
design and device controllability were optimised (steps F-G).  The corresponding geometry and 
performance of the optimised designs are given in Table 2.  Here, two different MR fluids were used to 
optimise the valve (Fraunhofer’s AD57 and AD275 [7]), and the reasons for this will become clear in the 
following discussion.  

The optimal configuration with AD57 MR fluid has a single valve stage, and a good control ratio (λ = 
2.05 at

maxyτ , Qmax).  Furthermore, the maximum yield stress can be achieved without saturation of the steel 
(Bs = 0.81T < 1.3T), and without exceeding the maximum current of the copper wire (Imax = 2.28A < 
2.5A).  Vitally, the desirable MR valve performance is closely achieved, thus an acceptable worst-case 
impact performance should result.  However, the maximum Reynolds number is about 3.6 times greater 
than the critical value, which could cause performance to suffer.  An effective way to overcome this is to 
use an MR fluid with a higher off-state viscosity.  However, this higher viscosity may cause the control 
ratio to suffer due to the larger off-state force.   
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Fraunhofer’s AD275 is an MR fluid with larger viscosity [7], which is partly due to the slightly higher 
volume fraction of iron particles.  As a consequence of this larger iron content, AD275 also has a higher 
maximum fluid yield stress equal to 65kPa.  This larger viscosity and yield stress is an effective 
combination as it permits a new MR valve to be sized with a lower Reynolds number (due to the larger 
viscosity), but without significantly affecting the control ratio (due to the larger yield stress).  This result is 
illustrated in Table 2, which also presents the optimal valve configuration with AD275 MR fluid.  Here, a 
viscosity of 0.2Pas was assumed, which is twice that for AD57.  Also a slightly higher fluid density of 
3570kgm-3 was used due to the higher iron content.  As shown, the maximum Reynolds number has been 
reduced by a factor of 1.9, whilst the control ratio is only 4% lower than the design with AD57 fluid.  
Although the Reynolds number is still nearly twice the critical value, this serves as a useful example to 
illustrate how higher viscosity/higher yield stress fluids could be exploited in devices to maintain the 
Reynolds number within laminar values. 
The other important performance indicators are the maximum power, time constant and the increased 
mass, which are fairly similar for both designs.  Focusing on the AD275 design, the maximum power 
requirement is 56W, which could be supplied by a voltage source of 15V, or 30V, depending on whether 
the individual stages are wound in parallel or series.  The time constant of the magnetic circuit is fairly 
large (τ = 74ms), although the use of a current driver would improve this.  The extra mass of fluid ∆mf 
(compared to the passive device) is approximately 16.7kg.  When combined with the mass of the valve, 
the total extra mass of a single shock strut will be around 22kg, which includes a 2kg deduction for the 
mass of the existing passive valve and metering pin.  Although this is just 0.2% of the distributed mass, 
this is a notable increase that could render the solution as unviable.  However, it is feasible that an 
enhanced fatigue life will result in weight savings for other aircraft components.  Furthermore, it is 
possible that the overall diameter of the shock strut could be reduced, thus lowering the extra fluid mass.  
This design would also benefit from a lower maximum Reynolds number due to a smaller piston area.  
However, the pressure drop required to produce an equivalent damping force Fd would be increased, 
which could result in an larger wall thickness and hence additional mass.  Fluid compressibility effects 
would also be amplified, and the sealing efficiency could be degraded.  A more detailed analysis of this 
kind of device is outside the scope of the present study, and requires further investigation.   
To better illustrate the performance of the optimised design, the worst-case landing impact response for 
the valve designed with AD275 MR fluid is shown in Figure 9.  Here, the sink velocity was set to 3.66m/s, 
and the yield stress is at its maximum level (τy = 65kPa).  Furthermore, Figure 9(b) presents the 
corresponding experimental force/displacement response. As expected, the performance of the optimised 
MR shock struts is good i.e. the peak force is minimised, and thus the impact efficiency is maximised.  In 
comparison with the experimental data, the impact efficiency is superior for the MR design, in spite of the 
use of a metering pin in the passive device (see Figure 8(a)).  This inherent open-loop efficiency of the 
MR design could be particularly beneficial for large-scale devices, which have larger time constants.  For 
example, closed-loop may not be required and thus the magnitude of the time constant is less crucial.   
Figure 10 presents the numerical landing impact performances with less severe input conditions.  Here, 
Vsink = 2ms-1, and the aim is to lower the MR fluid yield stress such that the peak force is minimised.  As 
shown, an efficient impact response is provided when τy = 3kPa, which provides further scope to optimise 
even less severe landings.   
4.2.2 Large-scale levered (LSL) landing gear 
The following investigation represents an interesting addition to the previous case study, as the levered 
configuration will provide lower piston velocities.  An MR shock that is compatible with the LSL device 
considered in this study is similar to that shown in Figure 4.  The corresponding diametrical constraint on 
the MR valve was 133mm, and the constraint on piston length was 50mm.  
Again, the aim of this study is to maximise the device control ratio whilst generating a desirable pressure 
drop ∆Pmax at Qmax, maxyτ .   However, the available shock strut information did not permit determination of 
the desirable performance in the usual manner i.e. using impact simulations.  Instead, data about the 
maximum permissible shock strut forces was used to size the device as follows.    
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First, the maximum piston velocity (and hence Qmax) was calculated using experimental data from a worst-
case impact on the LSL landing gear.  With reference to Figure 11(a), which illustrates a typical 
velocity/displacement response, this was determined as 1.26ms-1 for a sink velocity of 3 ms-1.  Next, data 
describing the maximum permissible shock strut forces was used to calculate the damping requirement 

at this velocity.  This is illustrated in Figure 11(b), which shows the maximum permissible shock 
strut force as a function of displacement.  As the forces due to friction and gas compression are also 
superimposed, the maximum damping force can be determined.  With reference to Figure 11(a), the 
maximum piston velocity occurs at the displacement .   Thus from Figure 11(b), the maximum 

damping requirement was determined as 300kN.   

maxdF

maxvD

maxdF

The next step is to determine the maximum pressure drop ∆Pmax that corresponds to .   This was 
readily calculated as 21.6MPa using a pressure/area balance on the shock strut.  Finally, the magnetic 
circuit sizing methodology (Section 3.2) was used to determine the optimal valve geometry that generates 
this desired performance at Q

maxdF

max, maxyτ .  In this study, properties for AD275 MR fluid were used (
maxyτ = 

65kPa, µ = 0.2Pas), as they were previously shown to provide superior Reynolds number performance 
without significant detriment to the control ratio. 
Note that the above methodology will not be as accurate as that used in the previous I-23 and LST case 
studies, where preliminary impact simulations were used to determine the desired performance.  This is 
because it does not fully consider the non-linear interaction between fluid compressibility, tyre deflection 
and shock strut gas compression.  Furthermore, due to the inherent differences in damping behaviour 
between the passive and MR landing gear, the maximum piston velocity in the MR device is likely to 
differ from that in Figure 11.  Nonetheless, the above methodology will provide good ballpark results, and 
will enable a useful assessment of feasibility.  
The geometry and performance of the optimised MR valve is given in Table 2.  As shown, this is a single 
stage design, and the maximum fluid yield stress can be achieved without exceeding the current rating of 
the wire, and without magnetic saturation.  Furthermore, the maximum power requirement (25W) could be 
readily supplied from a 10V source.  With h = 0.82mm, the desired valve pressure drop of 21.6MPa is 
achieved, thus an acceptable worst-case landing impact performance should result.  Furthermore, the 
control ratio is reasonably high (λ = 1.81), thus accommodating a large range of impacts.   
The most significant difference with the previous LST design is the maximum Reynolds number, which 
remains sub-critical.  This is a result of the lower piston velocities associated with the levered design, 
which outweigh the increase in piston diameter (and hence force) that is required to absorb an equivalent 
amount of energy.  Thus it could be argued that MR landing gears for large-scale aircraft are particularly 
suited to levered configurations.   
 

5 Discussion and conclusions 
This paper has made a notable contribution to help demonstrate the feasibility of MR landing gears.  Here, 
a previously developed sizing methodology was applied to both lightweight aircraft and to large-scale 
commercial jets in order to demonstrate scalability.  Using packaging requirements as a key constraint, the 
sizing methodology maximised the device’s control ratio, whilst accommodating for a worst-case impact.  
Consequently, the MR landing gear can produce desirable behaviour for a wide range of impact 
conditions, unlike a passive device.  
Three case studies were presented – one for lightweight aircraft and two for large-scale aircraft with 
different landing gear configurations (one telescopic and one levered).  The methodology proved to be 
very robust, where the desired worst-case impact performance of the magnetically optimised valves was 
accurately achieved.  Moreover, widely adjustable valve control ratios resulted in damping levels that 
could accommodate a large range of impact conditions.  Therefore, when combined with an appropriate 
control strategy, the optimised designs should demonstrate significant advantages over passive systems.  
Even in open-loop control (i.e. constant yield stress), it was shown that the MR effect provides an 
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inherently superior damping performance over conventional passive orifices.  For example, the impact 
efficiency, and hence the severity of fatigue loading was significantly improved.  This could be 
particularly beneficial for large-scale landing gears, which suffer from larger time constants.   
A key issue that arose for large-scale telescopic landing gears was the excessive valve Reynolds number, 
which could cause performance to suffer.  To overcome this, it was shown how MR fluids with larger 
viscosities and yield strengths could be used to lower the Reynolds number, without significant detriment 
to the control ratio.  Furthermore, it was shown that levered configurations are particularly advantageous, 
where the lower piston velocities provide an inherently low Reynolds number.  Smaller piston areas could 
also be used, although the effect of this on the structural integrity, sealing efficiency, and fluid 
compressibility would require investigation.   
MR landing gears will inevitably weigh more than their passive counterparts because of the large fluid 
density.  For example, for both small and large-scale aircraft, the extra mass of an MR shock strut was 
approximately 0.2% of the distributed mass.  However, an enhanced fatigue life should provide weight 
savings for other aircraft components.   
Further work should focus on validating the high velocity behaviour of the MR landing gear.  In 
particular, issues concerning fluid compressibility, valve turbulence and device controllability require 
investigation.   Batterbee, et al. recently performed experiments on an MR landing gear shock strut [4], 
but the high velocity behaviour was not formally validated. 
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Aircraft Distributed mass (kg) 

Lightweight I-23 aircraft 473 

Large-scale aircraft with 
telescopic landing gear 12790 

Large-scale aircraft with 
levered landing gear 10000 

Table 1:  Distributed mass of each aircraft. 

 
 

   LANDING GEAR / FLUID 
 Parameter Symbol/unit I-23/ 

AD57 
LST/ 
AD57 

LST/ 
AD275 

LSL/ 
AD275 

Total constrained length of valve stack lt /mm 45 100 100 50 
Constrained valve diameter D /mm 36 111 111 133 

Stage number n/- 3 2 2 1 
Coil width wc/mm 6.19 5.16 6.19 8.26 

Valve gap height h /mm 0.59 1.12 1.38 0.82 
Bobbin core radius ta /mm 8.88 35.97 35.26 42.27 

Flange height tb /mm 4.44 17.98 17.63 21.13 
Mean valve diameter d /mm 30.72 83.38 84.3 101.86 

Dimensionless valve length α/- 0.59 0.72 0.71 0.85 

G
eo

m
et

ry
 

Number of turns of gauge-24 wire N/- 132 270 336 224 
Flux density in the steel at 

maxyτ  BS /T 1.2 0.81 0.84 0.84 

Current to achieve 
maxyτ  I /A 2.6 2.28 2.21 2.16 

Power to achieve 
maxyτ  P/W 16.5 56 65 25 

Desired MR valve pressure drop ∆Pmax/MPa 12.2 19.3 19.3 21.6 
Maximum pressure drop at

maxyτ , Qmax ∆P /MPa 12.3 19.4 19.4 21.6 

Control ratio at 
maxyτ , Qmax λ/- 2.26 2.05 1.94 1.81 

Reynolds number at Qmax Re/- 680 3644 1955 976 
Time constant τ /ms 19 72 74 91 
Mass of valve mv /kg 0.4 7.7 7.7 5.5 

Pe
rf

or
m

an
ce

 

Extra mass of fluid ∆mf/kg 0.8 15 16.7 unspecified 

Table 2:  Geometry and key performance indicators for the optimised MR landing gears.  See 
Figure 2(b) and Figure 5 for valve nomenclature. 
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Figure 1:  Passive landing gear.  (a) Shock strut configuration, and (b) a typical force/displacement 

response during a landing impact.  
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Figure 2:  A flow mode MR valve. (a) Valve configuration and (b) valve nomenclature.

346 PROCEEDINGS OF ISMA2006



 
 

 

C. Run simulation of MR 
landing impact at 
maximum-field 

A. Determine external MR valve 
geometry 

B. Preliminary design - 
Estimate internal valve  

dimensions  
(no consideration of 

magnetic circuit) 

F. Optimal sizing of 
internal valve dimensions 
(including magnetic circuit 

analysis) 

PASSIVE LANDING GEAR 
DATA FROM A WORST-

CASE DROP TEST 
Force 

Time 

H. Run simulation of 
MR landing impact at 

maximum-field 

EQUIVALENT MR LANDING 
GEAR MODEL OF EXISTING 

PASSIVE SYSTEM 

OPTIMAL MR 
VALVE DESIGN

∆P 

Q 

E. Determine 
desirable valve 
performance: 
∆Pmax at Qmax 

∆P 

Q 

× 

D. Compare landing 
impact responses and 
tune the valve gap size

h to achieve the 
optimum performance

G. Maximise the control 
ratio and tune the valve gap 
size h to achieve the desired 

performance 

∆P 

Q 

× 
Tune h 

I. Compare landing 
impact responses, and if 

necessary, refine the 
valve gap size 

Aircraft mass 

Wheel mass 

Displacement of 
aircraft/drop 

mass 

Displacement 
of wheel mass 

MR shock strut 

Tyre stiffness 

 
Figure 3:  A flowchart describing the design methodology. 
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Figure 4:  Summary of the dynamic MR shock strut model. 
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Figure 5:  Improving dimensionless valve length using the stacking method. 
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Figure 6:  Worst-case landing gear impact performances of the I-23 aircraft.  τy = 55kPa,  Vsink = 

2.43ms-1. 

 
Figure 7:  Landing gear impact performances of the I-23 with less severe input conditions.  Soft 
impact: mp = 473kg and Vsink = 1m/s.  Very soft impact: mp = 284kg and Vsink = 1m/s.  β = 1.7GPa. 
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Figure 8:  Shock strut designs for the large-scale telescopic (LST) landing gear. (a) Existing (passive) 

design and (b) MR design. 

 
Figure 9: Worst-case landing impact performance of the LST landing gear.  Vsink = 3.66ms-1.  Valve 

optimised with AD275 MR fluid. 
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Figure 10:  Impact performance of the LST device with less severe input conditions.  Vsink = 2ms-1.  

Valve optimised with AD275 MR fluid. 
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Figure 11:  Calculation of the MR damping requirement for the large-scale levered (LSL) landing 
gear.  (a) Shock strut velocity/displacement response during worst-case impact and (b) maximum 

permissible shock strut forces. 

 
 

ACTIVE VIBRATION CONTROL AND SMART STRUCTURES 351



352 PROCEEDINGS OF ISMA2006



Generating 1D and 2D directional vibration waves

R.Gabay, I.Bucher
Faculty of Mechanical Engineering
Technion - Israel Institute of Technology
Haifa 32000, Israel
e-mail: bucher@technion.ac.il

Abstract
Traveling waves in finite vibrating structures are often ignored since they propagate much less power and
have much smaller amplitudes than standing waves. Standing waves occur naturally in lightly damped struc-
tures, under many types of excitation patterns. Traveling waves, on the other hand, necessitate special
boundary conditions and often more than one excitation source, to exist. For this reason, understanding the
needed conditions for traveling waves to prevail along with the ability to quantify the amount of wave travels
within the vibration is important. This work deals with the generation and identification of pure progressive
waves in finite structures a task that seems to require special methods.

1 Introduction

Traveling waves play part in various applications such as ultrasonic motors([1]), and acoustic levitation and
transportation of objects ([2]). The vibration pattern of finite structures isusually composed of a mixture
of standing and traveling waves. Any deformation pattern, that is generating a wave in the structure, is
partially reflected back when hitting the boundaries, thus creating a complex motion pattern. In general, a
wave that travels in a medium is not reflected as long as it does not experience a change in the impedance.
By modifying the boundaries to match their impedance with the structural impedance, the boundaries are
tuned to become non-reflecting and to absorb the incoming waves [3]. Unfortunately, the tuning of the
boundaries applies only to a single, specific wavelength-frequency pairand any small change can possibly
create large standing wave components. In any case, the portions of traveling and standing waves must be
determined via a combination of temporal and spatial signal processing methods that provide the quantitative
information with which the boundary conditions can be modified. This paper presents a method to actively
modify boundary conditions of simple structures to maintain a pure traveling wave. The method relies on
measuring the structure‘s spatial vibration and tuning the boundary conditions to impose a traveling wave
state.

Ultrasonic motors of the traveling wave type work by generating a traveling flexure wave in an axi-symmetric
structure [4]. Using axi-symmetric structure renders the wave‘s transmission medium practically infinite,
thus, preventing the reflection of waves. In [1] a two-mode excitation methodis presented in which two
neighboring flexural natural mode shapes of a bar are excited at the same frequency by equal forces having
90 degrees phase difference. [5] have presented the same idea for generating quasi-progressive waves in
a rectangular plate. Several approaches rely on matching the impedance of the medium to the absorbing
actuator. In [3], a passive impedance matching using transmission line theory is presented. Using passive
impedance matching, a fine tuning process of the hardware should be repeated for any desired wave-length.
[6, 7, 8] have presented an active impedance matching method called the active sink method. This method
actively tuned the boundaries of the structure to obtain impedance matching, thus creating the conditions
for a pure traveling wave to prevail. The work presented here is based upon this active sink method, but it
contains several extensions for the 2D case and for non-perfect edges.
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Figure 1: vibrating string schematics

Waves are spatio-temporal phenomena, thus, the quantification of the wavemotion from a measured vibrating
structure involves spatially distributed temporal measurements. [9] has shown that a wave resides on an
ellipse in the complex plane. By means of curve fitting the ellipse, the wave parameters can be extracted.
Different parametric methods such as Prony, and MUSIC [10], and ESPRIT [11, 12] estimate the wave-
length from the measurements. The ESPRIT algorithm is mainly used for frequency estimation [11] and
for direction of arrival (DOA) estimation of radar targets [13]. The ESPRIT method is superior to the other
parametric methods when one considers sensitivity to noises and the computational effort [12].

The Tuning of the vibration pattern of a structure such that traveling wavesare obtained was previously done
actively using the active sink method in [6] and by using feedback controllaw [14]. Also in [15] the tuning
of a traveling wave in a beam was implemented by employing the active sink method and ellipse-fit wave
identification method.

The structure of this paper is as following: A theoretical description of traveling wave generation is provided
initially to develop the necessary nomenclature and basic ideas. Later, a methodfor the identification and
decomposition of traveling and standing waves is presented. A simulation of twodimensional traveling wave
generation and identification appears in section 4. Finally, the traveling wavetuning algorithm is presented
alongside with experimental results and their physical interpretation.

2 Generating Traveling waves

In this section the theoretical excitation conditions needed to generate pure traveling waves in one and two
dimensions are developed. The excitation is used to modify the boundary conditions of a structure to allow
only traveling waves to exist.

Consider a finite, uniform structure, a wave generated at one end travels to the other end of the string with
no interference. The impedance change due to discontinuity at the boundary causes a partial reflection of the
wave and two smaller waves are formed, one traveling back and one transmitted to the boundary. In order
to eliminate the reflected wave portion, the impedance at the boundary must be matched to the medium‘s
characteristic impedance. The impedance matching may be utilized by passive means such as passively
absorbing the wave and prevent its reflection. Another option is to match the impedance actively by applying
an ”active sink” (see [6]) that absorbs the wave in one end. Since in thegeneral case the impedance is
frequency depended function, the passive impedance matching method maynot be sufficient for a wide
range of desired excitation frequencies/wavelengths.

2.1 Generating traveling wave in a string

Consider a taut string of lengthL, tensionT and density per unit lengthρ , held by flexible springs mechanism
of mass and stiffnessmj ,Kj in its edges (j = 1, 2) respectively. Schematics of this system is shown in
Fig.1.Two harmonic forcesf1 andf2 act on the left and right edges respectively, to control the dynamics at
the boundary. These forces are used to match the boundary impedance inorder to absorb the coming waves,
hence, preventing their reflection. The string vibration obeys the wave equation [16]:

∂2u(x, t)

∂t2
− c2 ∂2u(x, t)

∂t2
= 0 (1)
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Where the wave velocityc is defined as:

c2 =
T

ρ
(2)

The boundary conditions include the string holding mechanism and the external forces:

−T ∂u
∂x

∣

∣

x=0
= f1e

iωt + K1 u|x=0
+ m1

∂2u
∂t2

∣

∣

∣

x=0

T ∂u
∂x

∣

∣

x=L
= f2e

iωt + K2 u|x=L + m2
∂2u
∂t2

∣

∣

∣

x=L

(3)

A steady state solution for Eq.(1) is composed from two waves (having the same wavelength), traveling in
opposite directions:

u (x, t) =
(

C1e
−ikx + C2e

ikx
)

eiωt (4)

The wave numberk is defined as:
k =

ω

c
(5)

Substituting the wave solution from Eq.(4) into the boundary conditions givenat Eq.(3), the following system
is obtained for the complex amplitudesC1, C2:

[

A11 A12

A21 A22

] [

C1

C2

]

=

[

f1

f2

]

(6)

Where:

A11 = iTk −K1 + ω2m1

A12 = −iTk −K1 + ω2m1 (7)

A21 =
(

−iTk −K2 + ω2m2

)

e−ikL

A22 =
(

iTk −K2 + ω2m2

)

eikL

ImposingC2 = 0, a pure traveling wave solution in the+x direction is obtained. From Eq.(6), the forces
ratio,f2/f1, generating the desired traveling wave can be calculated:

f2

f1

= A21A
−1
11

=

(

K2 − ω2m2 + iTk
)

(K1 − ω2m1 − iTk)
e−ikL (8)

Inspecting this ratio, it is evident that it represents a magnitude ratio and a phase lag thus may be expressed
as:

f2

f1

=

∣

∣

∣

∣

f2

f1

∣

∣

∣

∣

eiϕ (9)

This ratio depends on the properties of the holding mechanism, the excitation frequency, and wave-number.
The magnitude of Eq.(9) is:

∣

∣

∣

∣

f2

f1

∣

∣

∣

∣

=

√

(K2 − ω2m2)
2 + (Tk)2

(K1 − ω2m1)
2 + (Tk)2

(10)

And the phase lag is:

tan−1

(

Tk

K2 − ω2m2

)

− tan−1

(

Tk

K1 − ω2m1

)

− kL (11)

One may observe that when the system is completely symmetric, i.e.K1 = K2 andm1 = m2, Eq.(8)
becomes:

f2

f1

= e−ikL (12)

The last equation can be interpreted as the phase lag between the two forces, which is proportional to the
time a wave needs to travel between the boundaries.

When dealing with an Euler-Bernoulli beam rather than a string, a similar procedure can be employed to
obtain the required amplitude ratio and phase lag, which yielding a pure traveling wave. The details of this
development for a beam can be found in [15].
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Figure 2: Membrane actuation schematics

2.2 Generating traveling wave in a membrane

A planar wave in a membrane is described by a wave-vector rather a wave-number:

k =

[

kx

ky

]

(13)

This wave-vector describes the wave-number projection on thexy axes respectively. The wave length of the
propagating deformation:

λ =
2π

‖k‖
(14)

By applying forces along the membrane edges one can create the necessary conditions for waves to travel in
a desired direction in thexy plane and with prescribed wave-length. In Fig.2, a schematics of the membrane
actuation scheme is shown.

A rectangular membrane with dimensionsLx, Ly and densityρ per unit area is taut with a uniform tension
T per unit length. The membrane‘s dynamical deflection is described by the twodimensional wave equation
([17]):

∂2u

∂t2
−

T

ρ

(

∂2u

∂x2
+

∂2u

∂y2

)

= 0 (15)

The boundary conditions incorporate the harmonic forces acting along themembrane edges. Those are
defined by:

T
∂u

∂x

∣

∣

∣

∣

x=0

= −f1 (y) eiωt

T
∂u

∂x

∣

∣

∣

∣

x=Lx

= f2 (y) eiωt

T
∂u

∂y

∣

∣

∣

∣

y=0

= −f3 (x) eiωt (16)

T
∂u

∂y

∣

∣

∣

∣

y=Ly

= f4 (x) eiωt

356 PROCEEDINGS OF ISMA2006



In order to generate a desired wave pattern, the spatial structure of the forces along the edges should be:

f1 (y, t) =
(

f11e
−ikyy + f12e

ikyy
)

eiωt

f2 (y, t) =
(

f21e
−ikyy + f22e

ikyy
)

eiωt (17)

f3 (x, t) =
(

f31e
−ikxx + f32e

ikxx
)

eiωt

f4 (x, t) =
(

f41e
−ikxx + f42e

ikxx
)

eiωt

Applying this configuration of edge forces on a membrane creates, in general, two wave-vectors orthogonal
to each other. One isk from Eq.(13) and the second, perpendicular wave-vector,k⊥, is defined as:

k⊥ =

[

kx

−ky

]

(18)

The deformation at every point on the membraner =
[

x y
]T

, is a combination of planar wave solutions,
having the two orthogonal wave-vectors, is given by:

u (r, t) =

(

C1e
−ikT r + C2e

ikT r+

+C3e
−ik⊥T r + C4e

ik⊥T r

)

eiωt (19)

Obtaining a pure planar traveling wave with a desired wave-vectork, for example, means imposing:

C2 = C3 = C4 = 0 (20)

Substituting the general solution from Eq.(19) into the membrane‘s boundaryconditions (Eq.(16)) and im-
posing Eq.(20), the amplitudes and phases of the forces that generate a traveling wave with amplitudeA1

and wave-vectork are:

f11 = −iA1Tkx

f21 = −f11e
−ikxLx

f31 =
ky

kx
f11 (21)

f41 = −
ky

kx
f11e

−ikyLy

and
f12 = f22 = f32 = f42 = 0 (22)

It can be seen that narrowing this solution into a one dimensional case (either kx or ky equals zero), the same
solution of the one dimension string (given in Eq.(12)) is obtained.

Setting forces along the membrane edges, with the amplitudes and phases that were calculated in Eq.(21) a
pure traveling wave with the desired wave vector is excited.

3 Traveling waves identification

In general, the dynamic deformation is composed of standing and traveling waves. In order to quantify the
contribution of these waves, spatially distributed time measurements are required. This type of measured
information regarding the vibration is needed to identify all the wave vibration patterns in the structure. In
this section a description of the wave decomposition and identification methods are given.
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3.1 Decomposing one dimensional vibrating waves

A general vibration pattern of the form given at Eq.(4), whereC1, C2 are complex values. It is composed of
two waves traveling in opposite directions. The magnitudes ofC1 andC2 may be viewed as the radii of two
circles in the complex plane and their combination forms an ellipse in the complex plane [9]. This ellipse
can be further decomposed into a combination of a standing and a progressing wave. The major and minor
radii of the ellipse are:

rmax = |C1|+ |C2|

rmin = ||C1| − |C2|| (23)

A scalar called Standing Wave Ratio (SWR) is often used to describe the amountof traveling wave within a
signal. In addition, it is possible to define a scalarJ , that describes the portion of the traveling wave within
the vibration of the string:

J =

∣

∣

∣

∣

rmax − rmin

rmax+rmin

∣

∣

∣

∣

(24)

Evidently, this scalar is the inverse of the SWR. The importance ofJ is that it provides information about
the nature of the waves in the measured vibration. When a pure traveling wave having a single wave-length
exists (eitherC1 or C2 equals zero), the ellipse becomes a pure circle andJ reaches zero. On the other hand,
the ellipse narrowed into a straight line when a pure standing wave prevails (C1 = C2) andJ approaches
the value of one. When the vibration is governed by the excitation of the edges,J becomes a function of the
excitation properties. In the presented case, it is a function of the amplitude ratio and phase lag between the
edge forces. By evaluating the value ofJ , information regarding the traveling and standing waves within the
vibration can be extracted.

3.2 Decomposing the membrane response in 2D space

While dealing with two dimensional vibrating waves a slight complication arises dueto the fact that there
are in general two wave-vectors describing the waves,k, k⊥. Inspecting Eq.(25), it describes two ellipses in
the complex plane since there are two wave-numbers,‖k‖ ,

∥

∥k⊥
∥

∥. It is possible to measure the membrane
vibration along a line(r) starting at the coordinates(x0, y0) with the angular direction ofθ within the
membrane plane:

x = x0 + r cos (θ)

y = y0 + r sin (θ) (25)

The measured membrane response along this line is obtained by substituting Eq.(25) into Eq.(19). Defining:

k1 = kx cos (θ) + ky sin (θ) ; φ01 = kxx0 + kyy0

k2 = kx cos (θ)− ky sin (θ) ; φ02 = kxx0 − kyy0

(26)

The membrane response along this line is:

u (r, t) =

(

C1e
−iφ01e−ik1 + C2e

iφ01eik1+
+C3e

−iφ02e−ik2 + C4e
iφ02eik2

)

(27)

The two wave-vectors are now projected onto the measured line, thus, theybecome scalar wave-numbers
k1, k2 . It can be seen that when measuring along a line parallel to the direction of awave-vector, only
information about this wave-vector is visible within the measured data. For example, parallel tok, the angle
is θ = arctan (kx/ky) and the wave numbers become:

k1 =
√

k2
x + k2

y

k2 = 0 (28)
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In this case, it is possible to separate between the two wave-vector in the membrane and identify the traveling
wave portion of each direction. It is also worth noting that when the membranevibrates in a pure traveling
wave manner (only one of theCr; r = 1, 2, 3, 4 from Eq.(19) is not zero), the response measured along a
line, in any directionθ, describes a circle in the complex plane (pure traveling wave). Although differentθ
would measure different wave-lengths.

3.3 Identifying wave parameters from measurements

In order to decompose the vibration pattern into its wave components, the traveling and standing parts, must
be separated. This decomposition provides the standing wave ratio,J , via the relevant wave amplitudes,
phases, and wave-lengths. As shown in [9], it is possible to fit an ellipse tothe measured deformation wave
in the complex plane and to evaluate the wave coefficients from the ellipse‘s parameters. Furthermore, it
is possible to estimate the wave-length from the fitted ellipse [15]. This method is suitable for a single
wave-length vibration only.

When several wave-lengths co-exist, the signal creates a complicated curve, making it impossible to separate
the wave-parameters by means of simple curve fitting. In this situation, a method toidentify the different
wave-lengths within the signal is required. Such a method is based on the ESPRIT (Estimating of Signal
Parameters from Rotational Invariance Techniques) [11, 12]. This method relies on partitioning the spatially
measured data into two overlapping sections, with a known transformation between them. Since both sec-
tions span the same signal space and noise space, and the transformation isknown in advance, it is possible
to estimate the signal spatial wave-lengths. Detailed description of the ESPRITalgorithm can be found in
[12].

In the most simple case of a vibrating string excited by a sinusoidal force, there is only one wave-length
which describes waves traveling in both directions. The sign of the wave-number,k, defines the direction
of propagation. The ESPRIT algorithm has to identify only two wave-lengthsin this situation. Having
identified the two wave-numbers, the amplitude and phase of the signal (the wave coefficientsC1, C2) can
be calculated from:

u (x) =
[

e−ikx eikx
]

[

C1

C2

]

(29)

By employing a Least-Squares (LS) type of estimation. The coefficientsC1, C2 are complex values contain-
ing each wave‘s amplitude and phase (see Eq.(4)). Having the wave coefficients, the characteristics of the
traveling wave can be estimated using Eq.(24).

The ESPRIT method is a parametric method sometimes referred to as a super-resolution method due to its
infinite resolution. The alternative, Spatial Fourier transform, suffers from finite resolution and leakage. The
ESPRIT has the ability to identify waves within a vibrating pattern having more thanone wave-length in the
same manner it was described above. These are key advantages of the ESPRIT algorithm (or similar) that
make it the preferred basis for the tuning process and for the refinementof the current vibration state toward
a desired wave pattern.

4 Finite elements simulations of traveling waves in a membrane

A finite elements model of the membrane was constructed to simulate the effect of the forces along the edges
and to analyze the effect of force discretization. Choosing a desired wave-vectork such as in Eq.(13) and
setting the forces to meet the conditions for a pure traveling wave in this direction (given at Eq.(21)) the
membrane response is inspected.

In Fig.3 the membrane‘s simulated response is shown. Two linesl1, l2 are measured from the model. The
spatial response (amplitude of each measured point) and the complex response (amplitude and phase of each
point) along the measured lines is plotted by the solid lines in Fig. 5. It is seen thatthe response resides on
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l1

l2

Figure 3: Membrane‘s FE model, excited by spatially distributed forces, traveling wave response and mea-
sured lines

l1

l2

Figure 4: Membrane‘s FE simulation response excited by an array of 30 point forces

a circle in the complex plane, in both lines measurements, since the vibration is a pure traveling wave. Also
both lines show different wave-lengths according to their different direction in thexy plane.

In reality, applying spatially distributed forces along an edge (with lengthL) of the membrane(f (x)) is done
by using an array ofM point forcesFm, m = 1..M . The point forces set by discretisizing the distributed
forces in a way:

M
∑

m=1

Fm =

∫ L

0

f (x) dx (30)

The effect of using an array of30 point forces instead of distributed forces is simulated by the finite elements
model. In Fig.4, the membrane response and the two measured line are shown.The discrete forces effect
is noted in the vicinity of each force. In the dashed lines of Fig.5 the response along the measured lines
is shown. Comparing with the continuous forces response, it is noted that the discrete forces affect the
purity of the traveling wave and the response is no longer viewed by a perfect circle. However, far from
the membrane edges, the response is still dominated by a traveling wave. These simulations validates the
theoretical solution presented earlier in section 2.2.
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Figure 5: Membrane‘s simulated response in space (top) and in the complex plane (bottom) along the mea-
sured linesl1, l2. solid line - membrane excited by continuously distributed forces.dashed line - membrane
excited by an array of30 point forces.

5 Tuning the response to obtain traveling waves

In reality the actual boundary conditions rarely behave as the modeled boundary conditions. Moreover, slight
manufacturing imperfections and asymmetries in the actuators add more to the system’s uncertainties. Due
these effects, applying the actuating forces according to the analytically developed rules fails to generate
traveling waves. A tuning process must be utilized to tune the boundary condition until they meet the actual
system traveling wave conditions. In this work tuning is presented only for the one dimensional wave case.

The tuning process is based on adjusting the vibration pattern in the structureuntil pure traveling waves
prevail. The value ofJ (Eq.(24)) serves as a merit function for this tuning process as its minimal value is
obtained for a pure traveling wave and a maximal value represents a standing wave. The tuning process
strives to minimizeJ by altering the phase lag and amplitude ratio between the excitation forces.

Inspecting the cost function,J , it is a function of the excitation forces amplitude ratio,Ar, and the phase lag,
ϕ . In the undamped case, there is no coupling between the amplitude ratio and thephase lag ([15]), a fact that
allows a significant simplification of the optimization process. As a result, two subsequent, single parameter
optimizations can be employed and a global minimum can still be reached. This property is confirmed in
experiments as shown in the following section. In Fig.6, two typical contour plots of the merit function,
J (Ar, ϕ), are shown.

The fact thatJ (Ar, ϕ) is uncoupled can be clearly observed by the fact that the principal axesof equally-cost
contours are parallel to the main axes. Another interesting point is thatJ (Ar, ϕ) is symmetric aroundϕ = 0,
this reflects the fact that the wave direction is not expressed inJ (Ar, ϕ), that has the same (absolute) value
for two waves progressing in opposite directions. This means that once theparameters needed to generate
a traveling wave in one direction have been found, a wave in the opposite direction can be easily formed as
well.

6 Experimental Validation

The proposed approach has been applied to an experimental test-up consisting of a one dimensional string. In
this experiment, the external forces were tuned toward obtaining traveling vibration waves. The experimental
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Figure 6: Two typical contour plots ofJ (Ar, ϕ)

Steel String

Figure 7: The experimental system to generate traveling waves in a string

system and the experiments that were performed to verify the theory of wave generation and identification
are described below.

6.1 The experimental system

The experimental system is shown in Fig.7. The system consists of a taut steel string of lengthL = 0.77 [m]
and cross section ofA = 6 × 0.5

[

mm2
]

. The string is held by two adjustable springs (as shown in Fig.8).
The excitation is realized by means of two voice-coil actuators, applying perpendicular forces to the string
edges, as shown in Fig.9. The voice-coils are powered by two current (rather than voltage) amplifiers that
reduce the cross-coupling between the forces the actuators produce.Measurements were taken using a laser
vibrometer and all the data acquisition and calculations were performed with MatlabTM. The excitation was
produced by a dSpace multi-channel system and the measurements were collected by an Agilent E1433B
multi-channel measurement system.

6.2 Mapping the target function in the parameter space

The initial experimental step consisted of the verification of the theoretical effect of the amplitude and phase
on the traveling vs. standing wave ratio, as presented by the merit functionJ (Ar, ϕ) (given at Eq.(24)).
This mapping provides important information regarding the needed power orlevels of excitation in order to
generate a pure traveling wave in a specific excitation frequency. Since the system‘s input power is limited
by the amplifier’s characteristics, extreme amplitude ratios,Ar, are not feasible in the real system. Making
use of the symmetry property, the mapping is performed on the phase range of 0 ≤ ϕ ≤ π only. In Fig.10
this mapping is shown for two different excitation frequencies,58 [Hz] and76 [Hz].
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springs

Actuator
Steel String

Figure 8: Experimental spring Boundary conditions

Figure 9: The voice coil actuator used to excite the string

Indeed, it can be observed that the measured function has very little coupling betweenϕ andAr. A dis-
tinguished local minimums are observed in the experimentally measuredJ (Ar, ϕ) with minimum value
reaching toward zero, therefore the traveling wave conditions can be reached for these frequencies. The
difference in the functionJ (Ar, ϕ) in both frequencies is clear and it is the result of the different dynamic
impedance of the structure in either case. The amplitude ratio needed for the58 [Hz] excitation frequency
is considerably larger than the one needed in76 [Hz], this difference makes generating traveling wave with
f = 58 [Hz] a much more power consuming task. The maps provide information regarding the correct
region for phase and amplitude ratio where the traveling wave actually occurs. Using this map to start the
traveling waves‘ optimization, provides rapid convergence.

6.3 Experimentally tuning traveling waves

The tuning algorithm was applied to the experimental system. After measuring thespatial string vibration,
the ESPRIT algorithm extracts the wave-lengths and the merit function (given at Eq.(24)) was calculated.
The tuning process applies a single parameter minimization algorithm based on a golden section search and
parabolic interpolation [18]. Exploiting the uncoupling of amplitude and phase, two simple optimization
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Figure 10: Experimentally measuredJ (Ar, ϕ): (left) f = 58 [Hz] (right) f = 76 [Hz]
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Figure 11: A combined traveling-standing wave obtained during the tuning process forf = 58 [Hz]

steps can be employed to find the parameters set minimizingJ (Ar, ϕ). The tuning of waves was done at
two frequencies which whose maps were shown in Fig.10.

Figure 11 shows the wave vibration of the string, excited at58 [Hz], for several successive times, measured
before the tuning process has converged. The ESPRIT results are a wave-length ofλ = 0.4096 [m] in the
positive direction and a wave-length ofλ = 0.3991 [m] in the negative direction. The value ofJ is 0.3825. It
is seen that the string‘s vibration has no nodal points, e.g. the vibration is not a pure standing wave. However,
each point along the string has its own amplitude and phase meaning it is not a pure traveling wave either.

The final outcome of a tuning stage is shown in Fig.12, the vibration of the stringis presented in successive
times as before. It is seen that all points along the string are vibrating with the same amplitude, as expected
from a pure traveling wave. The calculated wave-lengths areλ = 0.329 [m] in the negative direction and
λ = 0.2866 [m] in the positive direction. The reason for the difference is that the amplitude of the traveling
wave in the negative direction is considerably small since the amplitudes of the two opposite waves traveling
differ much in magnitude. This leads to a rather low signal to noise ratio and yields the error in the wave-
length estimation. The merit function value in this case is0.0188 which indicates the vibration is dominated
by a traveling wave. Figure 13 is given for comparison. In this figure, thestring is vibrating in one of its
natural modes, and therefore a standing wave dominates the vibration. Thenodal points are clearly seen in
the figure and the merit function value is nearly1. One can notice that the magnitude of the standing wave is
much bigger than the magnitudes achieved by the traveling waves for the same input power. This is due to
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Figure 12: The result of tuning: a pure traveling wave generated atf = 76 [Hz]
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Figure 13: String vibration: a standing wave

the proximity to a resonance amplifying the vibration. A situation that does not occur when the conditions
for traveling waves excitation are met.

The presented series of experiments shows the feasibility of traveling wavegeneration by actively tuning the
boundary conditions and the importance of the tuning process in order to generate traveling waves.

7 Conclusion

Generating and maintaining a vibrating traveling wave in a finite structure, necessitates active boundary
conditions that dynamically ‘absorb’ the incoming waves. It has been demonstrated that external forces on
the edges can achieve this goal in one and two dimensional structures. Thetheoretical boundary conditions
needed to generate a pure traveling wave are rarely met in real systems. To produce the desired wave pattern,
a tuning process must be utilized. This process relies on measurements and identification of the current
vibration state and a corrections phase that modifies the external forces until a pure traveling wave with a
desired wave-length is obtained. In this paper a parametric method based onthe ESPRIT algorithm was
presented to identify the wave-length and the current traveling wave status. The identification algorithm is
capable of handling multiple wave-length signals and can form a wave traveling in any direction in a string
or a membrane. The tuning algorithm presented here is based on a simple optimization process thus easily
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realized in a real-time system. An experiment has proved the necessity of a tuning process to successfully
generate traveling waves in one dimension. The identification and tuning methodsthat were demonstrated
for specific examples are applicable to other wave phenomena.
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Abstract 
In this paper, a method to simulate active vibration control in a centerless grinding machine is presented. 

The objective is to design an effective control scheme to reduce instability problems due to regenerative 

chatter. 

Using as reference the results obtained from the experimental modal analysis (EMA), the finite element 

model (FEM) of the machine was validated using correlation techniques. The FE model was updated using 

a sensitivity-based parameter estimation indirect technique. 

The modal truncation technique was used to obtain a reduced order state space model. This reduced order 

model was used to predict the dynamic behaviour of the centerless grinding machine. The mathematical 

model of the regenerative cutting process was used to perform a numerical stability analysis. 

Using the reduced order model, an active control strategy was simulated. It is shown that the control 

strategy enhances the structural damping of the machine, providing a stabilizing effect on chatter.  

 

 

1 Introduction 
 

Centerless grinding is a chip removal process where the workpiece is not clamped, but it is just supported 

by the regulating wheel, the grinding wheel and the work blade. This configuration (Figure 1) allows high 

precision finishing levels of cylindrical pieces combined with high productivity, but frequently roundness 

errors are produced, because no fixed axis in the workpiece exists. This makes centerless grinding process 

susceptible to suffer instabilities. 
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Figure 1. Centerless grinding geometry  
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Although all machine tools present instabilities, centerless grinding process has special features which 

make difficult to perform theoretical studies about this problem. Many authors have studied the process in 

order to establish the influence of different set up parameters in the rounding behaviour and to provide 

guidelines to obtain instability free configurations. 

In 1946, Dall [1] analysed the rounding effect and studied, theoretically, the evolution of initial errors in 

the workpiece. The machine flexibility was not considered. In 1964, Gurney [2] developed a centerless 

grinding process dynamic model based on the classical feedback approach of chatter in machining. 

Geometrical stability was assumed in order to obtain dynamic stability charts and the process stability was 

evaluated varying several parameters. 

Between 1964 and 1965, Rowe et. al. [3], [4], [5] developed an equation to calculate the workpiece 

roundness error, based on preceding workpiece error and the errors at the workblade and regulating wheel 

contact points. This equation was used to define stable geometric and dynamic configurations. 

In 1971, Furukawa et. al. [6] defined a block diagram to represent the geometric and dynamic behaviour of 

centerless grinding process. Afterwards, Miyashita et.al. [7], Bueno et. al. [8] and Hashimoto et. al. [9], 

used similar block diagrams to investigate process stability. Basic components of this model are shown in 

figure 2. 
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Figure 2. Block diagram of centerless grinding process. 

 

where: 

ϕ1 and ϕ2: geometric angles defined in figure 1.  

)(sin

sin
'

12

2

ϕ−ϕ
ϕ=ε : depth of cut increment due to unitary waviness error of the workpiece at work 

blade contact point. 

)(sin

sin
1

12

1

ϕ−ϕ
ϕ=ε− : depth of cut increment due to unitary waviness error of the workpiece at 

regulating wheel contact point. 

s: Laplace operator. 

pω : angular velocity of the workpiece. 

K: cutting stiffness. 

b: workpiece width. 

'

crk : contact stiffness per unit width between grinding wheel and workpiece. 
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'

csk : contact stiffness per unit width between regulating wheel and workpiece. 

G(s): machine transfer function. 

This block diagram permits to consider dynamic and geometric instabilities [10]. Dynamic instabilities, 

also called work regenerative chatter, are produced by the interaction of the error regeneration process and 

the machine structural vibrations. This phenomenon occurs at frequencies slightly above the natural 

frequencies of the machine structure. On the order hand, geometric instabilities, which are unique to the 

centerless grinding process, are produced by initial errors of the workpiece and they are influenced by the 

machine geometric configuration. 

The characteristic equation of the system block diagram (figure 2) is the following: 
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G(s) represents the machine flexibility and takes into account its dynamic characteristics. In previous 

papers, this flexibility was estimated by considering the centerless grinding machine as a mechanical 

system with one predominant mode shape [2], [4], [8], a two degree of freedom system [6] and, even, 

taking into account several vibration mode shapes [11]. 

In this paper, a detailed study of the most important mode shapes affecting the term G(s) is presented in 

order to simulate accurately the system dynamic behaviour. As result of this study, a mathematical model 

to predict the chatter response of the machine structure, as well as to verify the vibration active control 

system effectiveness is obtained.  

 

2 System Modelling 
 

A finite element model was used to study the machine dynamic characteristics. This model was worked 

out in ANSYS software, it consists of 53200 nodes. The used mesh is shown in the figure 3. 

 

k 

j 

 

Figure 3. Finite element model 

 

Shell elements (SHELL63) were used to model the machine base steel sheets and other grinding machine 

components. The cast iron elements (wheelheads, upper and lower slides, diamond holder, work blade 

holder and work blade) were modelled using solid elements (SOLID45). The structure spindles were 

modelled by means of beam elements (BEAM4). Furthermore, lumped mass elements (MASS21) and 
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stiffness-damping elements (COMBIN14) were used to model behaviour of some components. An 

overview of the used ANSYS elements is presented in table 1. 

 

Type Number 

SHELL63 5874 

SOLID45 31479 

MASS21 7 

BEAM4 137 

COMBIN14 310 

Table 1. Type of ANSYS elements 

 

Fifteen vibration frequencies and mode shapes of FE model were obtained in the 0 - 150 Hz frequency 

range of interest. This range was defined taking into account that in chatter conditions the most severe 

vibrations are about 60 Hz and that some less pernicious vibrations appear close to 130 Hz. 

To verify the dynamic characteristics obtained from FE model, an experimental modal analysis (EMA) 

was carried out using impact testing technique. Frequency response functions corresponding to 207 

degrees of freedom were measured using triaxial accelerometers at 69 response points. In figure 4, the 

experimental geometry is shown. The arrow shows the excitation point and direction. The excitation 

direction was selected in order to excite most of the modes with high displacement component in Z 

direction, which is the direction in which chatter vibrations are excited. 

 

 

Figure 4. Impact testing machine geometry 

 

From measured FRF’s, a total of 10 natural frequencies, mode shapes and damping ratios were estimated 

in the 0 - 150 Hz frequency range of interest, by means of Cada-x software. 

 

A visual inspection of experimental and numerical mode shape animations permitted to localize non 

adequate finite element model meshing areas and to detect incorrect experimental measurements. After 

some initial corrections, analytical mode shapes were correlated with the experimental ones using modal 

assurance criterion (MAC) [12]. 
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In this expression {φFEM} are the mode shapes obtained from the finite element model and {φEMA} are the 

experimental mode shapes obtained from the experimental modal analysis. Using FEMtools software, the 

MAC matrix correlating the first 15 analytical eigenmodes and the first 10 experimental eigenmodes was 

calculated. The MAC results are shown in figure 5. 

 

Figure 5. MAC matrix 

 

From figure 5, it can be concluded that 4 mode pairs show MAC values above 60 percent. In the table 2, 

these four analytical and experimental frequencies are paired and compared. 

Pair FEA mode Hz EMA mode Hz Diff. (%) MAC (%)

1 2 31.84 1 33.41 -4.70 95.0

2 3 45.9 2 48.43 -5.23 88.7

3 4 54.85 3 58.91 -6.90 94.7

4 13 126.82 8 128.48 -1.30 64.6  

Table 2. Comparison between initial analytical frequencies and experimental frequencies 

 

MAC values above 85 % were achieved for the first three mode pairs. Even so, table 2 shows frequency 

differences between the analytical and the experimental correlated modes, and it becomes necessary to 

improve the finite element model by means of a updating process. 

In the updating process, the three analytical eigenfrequencies with better MAC correlation values were 

selected as responses to be improved. To select appropiate parameters to be updated, a sensitivity analysis 

was performed and it showed that the most influent parameters in the natural frequency estimation are the 

machine support joint element stiffness (figure 6a) and the axial stiffness of the lower slider screw (figure 

6b) 
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b) 

Figure 6. Localization of the most sensitive elements 

 

In the updating phase, these numerical values of the stiffness were iteratively improved in order to match 

the analytical natural frequencies to the experimental ones. A Bayesian parameter estimation technique 

[13] was employed. The updated results are shown in table 3. 

Pair FEA mode Hz EMA mode Hz Diff. (%) MAC (%)

1 2 33.48 1 33.41 0.20 96.2

2 3 48.43 2 48.43 0.00 87.5

3 4 58.59 3 58.91 -0.55 93.2

4 13 127.41 8 128.48 -0.83 64.6  

Table 3. Comparison between updated numerical values and experimental results. 

 

Table 3 shows that the differences between the updated and the experimentally obtained resonance 

frequencies are small. Moreover, the table shows that numerical frequency number 13 was improved 

during the updating process.  

It is important to throw into relief that the eigenmode corresponding to pair 3 is the one which is normally 

excited when chatter vibrations appear in the centerless grinding machine. Figure 7 illustrates the 

deformed shape of this mode pair. It is possible to conclude that the most important deformations are 

produced in the wheelheads in the feed direction of the upper slide (Z direction). 

 

Figure 7. Principal chatter mode deformed 
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The pair number 4 corresponds to a mode shape excited only in some chatter machining tests, always with 

reduced amplitude compared with the previous one. 

 

3 Finite element model order reduction 
 

The large number of degrees of freedom of the updated finite element model is a major difficulty for the 

design and simulation of a vibration control system. This restriction makes necessary the reduction of the 

size in such a way that the reduced model and the full model will have the same frequency response 

characteristics in the frequency range of interest. 

Modal truncation was used to reduce the order of the large size FE model. This procedure is based in the 

fact that the dynamic response of the grinding machine in the frequency range of interest (0 - 150 Hz) is 

dominated by the first 15 structural modes, making it possible to simulate the main part of the dynamic 

behaviour using these modes and neglecting the rest. To apply this procedure, the eigenmode matrix ΦΦΦΦ 

was constructed using the first 15 modes and the retained degrees of freedom correspond to those in which 

forces will be applied and responses will be required. The degrees of freedom in which sensors and 

actuators will be placed were also retained. The first 15 resonance frequencies and modal damping ratios 

obtained experimentally were used to construct the diagonal matrices ΩΩΩΩ and ξξξξ, respectively. 

These matrices were exported to the MATLAB environment and a state space model defined by equation 

(3) was obtained. 
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The state variables were selected as follows [14], 

 







=

q

q
x

&

ΩΩΩΩ
 (4) 

where q is the vector of modal coordinates. The size of the state vector is twice the modes included in the 

model, and it is much smaller than that of the initial FE model. The A and B matrices of the resulting state 

space representation are: 
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Lu is the influence matrix of the applied forces and it shows the way in which input forces act in the 

machine. C and D matrices of system (5) depend on the required output. The state space model can be 

used to simulate the positions, velocities and accelerations of the selected degrees of freedom. 

The frequency response function displacement/force between input dof j and output dof k shown in figure 

3 was obtained using the state space model in MATLAB. The result is plotted in figure 8. 
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Figure 8. FRF between j-k dof 

 

This figure shows that there are 3 modes that provide major contribution to the response in Z direction. An 

identification of resonance frequencies showed that the first peak corresponds to the second FE mode (see 

table 2); the second peak corresponds to the principal chatter vibration mode (4th FE mode) and the third 

peak corresponds to the secondary chatter vibration mode (13th FE mode). Thus, a reduced order model 

containing only these three modes would be adequate to simulate the chatter behaviour of the grinding 

machine. 

Model reduction was performed using controllability and observabillity criteria [15]. Diagonalizing the 

controllability and observabillity grammians, the state space model defined by (5) was transformed into 

balanced realization, where the different states are controllable as well as observable. This realization was 

partitioned into a dominant subsystem, formed by the 6 most controllable and observable states, and a 

weak one, formed by the rest of the states. The reduction procedure consisted in truncating this last 

subsystem, so that from the initial 30 states the 6 ones corresponding to the three most controllable and 

most observable modes were maintained. 

Figure 9 represents the frequency response function obtained using the reduced order model between j-k 

degrees of freedom. 
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Figure 9. FRF between j-k dof 

 

In this figure the FRF corresponding to the 30 states model (solid line) and the 6 states model (dashed 

line) are compared. It can be noticed that the results obtained from the two models are nearly the same in 

the vicinity of the three resonance peaks. 
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4 Stability analysis of the process 
 

The reduced state space model was used to obtain the transfer function G(s) between the workpiece 

displacement at the contact point between the grinding wheel and the normal grinding force. Once this 

transfer function was substituted into the characteristic equation (1), the stability analysis consists in 

obtaining its roots, which can be expressed as [16]: 

 21s ξωjω −+ξ−=  (6) 

where ω is the vibration frequency and ξ is the damping of the root. 

To guarantee stable cutting conditions, all the roots must be in the left half of the complex plane, they 

must have positive damping. If one of the roots is located in the right half plane, the system is unstable and 

during the grinding process the response grows in time causing the regeneration of a rounding error in the 

workpiece. Chatter frequency can be calculated from the vibration frequency ω of the unstable root, and 
the number of lobes created in the workpiece is [8]: 

 
pω

ω=n  (7) 

Stability limits are obtained when the roots have zero damping and thus, are located in the imaginary axis. 

In these conditions, substituting ωjs =  in the characteristic equation (1), it reads: 
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After selecting the workpiece angular velocity pω , solutions of equation (8) are obtained graphically, 

displaying its real and imaginary components versus ω for increasing values of K. When the two curves 

cross each other at zero, the corresponding ω value indicates the stability threshold frequency for the 
number of lobes defined by equation (7) and the corresponding K value represents the threshold cutting 

stiffness. 

Applying this methodology for different workpiece angular velocities, stability curves are obtained. Figure 

10 shows two curves corresponding to different number of lobes taking as machine geometric parameters 

ϕ1 = 57º and ϕ2 = 172º. 
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Figure 10. Stability curves. a) 7 < n < 8. b) 11 < n < 12 

 

These graphics show that for different lobe ranges instabilities can be produced for values of the cutting 

stiffness higher or lower than the stability threshold [4, 8]. 
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The stability threshold frequencies obtained from the proposed methodology were compared with chatter 

frequencies obtained experimentally. The experimental setup conditions were selected to get the same ϕ1 

and ϕ2 angles of those used during simulations. For this purpose a work blade angle º30=θ , a regulating 

wheel diameter of 340 mm, a grinding wheel diameter of 628 mm, a workpiece diameter of 46,2 mm and a 

center-height angle γ = 8º were used. The angular velocity of the workpiece ωp was varied in the range 1 – 

21 Hz. The results obtained both theoretically and experimentally are shown in figure 11. 
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Figure 11. Chatter frequencies obtained both theoretically and experimentally 

 

This figure shows that the theoretical predictions are in agreement with experimental results, so it can be 

concluded that the reduced order model simulates correctly the dynamic behaviour of the grinding 

machine. 

 

5 Active vibration control 
 

The development of any system to increase the stable cutting conditions would be welcome due to the 

pernicious character of chatter vibrations. A simulation work has been carried out adopting an active 

vibration control approach by means of a feedback strategy as shown in figure 12. This strategy consists in 

using sensors to obtain the response of the grinding machine and passing the output signal into a controller 

to act in the structure using actuators. 

 

Sensors Structure Actuators 

Control 

system 

 

Figure 12. Active vibration control 

 

The system incorporates piezoelectric actuators as they generate big forces in short response times and 

they are well suited for precise applications in the nanometer range [14]. Force transducers were integrated 

as sensors, in order to implement an integral force feedback (IFF) [14] as control law, which consists on 

integrating the force signal and feedbacking it to the actuators through a feedback gain. 

The problem of the location of the actuators was solved analysing the principal vibration mode in which 

the control law will actuate (see figure 7). This mode is dominated by the flexibility of the low slide screw 

in Z direction, so the actuators have been located in the area of maximum strain energy of this mode. 
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The proposed control strategy behaviour was tested through simulation using the reduced order model. 

The first simulation consisted in obtaining the same frequency response function than the one represented 

in figure 9 once the control law was applied. The feedback gain of the control law was selected in order to 

obtain the maximum achievable damping of the principal mode. The result was the following: 
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Figure 13. Transfer function between j-k dof with and without control 

 

Figure 13 shows that the simulated control law increases the damping of the different modes, specially the 

corresponding to the principal mode. 

The threshold stability curves were also obtained for different number of lobes once the control law was 

applied. The result for 7 < n < 8 and 11 < n < 12 is shown in figure 14. 

 

0 5 10 15 20 
0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 x 10 4 

Workpiece angular velocity (Hz) 

C
ut

tin
g 

S
tif

fn
es

s 
(N

/m
m

)  

7 < n < 8 

             

 

2 4 6 8 10 12 
0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 
x 10 

4 

Workpiece angular velocity (Hz) 

C
ut

tin
g 

S
tif

fn
es

s 
(N

/m
m

)  

11 < n < 12 

         Stable 

         Unstable 

 

a) b) 

Figure 14. Stability threshold curves after applying control. a) 7 < n < 8. b) 11 < n < 12 

 

Comparing these figures with 10a and 10b, it is observed that the active control increases the stable cutting 

conditions for each lobe range. These simulations show the effectiveness of active control strategy in 

vibration control; initially unstable cutting conditions become stable. 

 

6 Conclusions 
 

This article shows the methodology used in order to simulate an active vibration control system in a 

centerless grinding machine. 
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Dynamic characteristics obtained with the finite element model of the machine were compared with 

results obtained from an impact hammer experimental modal analysis. This comparison showed that the 

FE model needed to be updated and numeric resonance frequencies were adjusted to the experimental 

ones using an iterative indirect method. 

The updated model was reduced significantly in order to obtain a suitable model for control system 

design. Using the balanced truncation method, a low order state space model was obtained which 

simulated correctly the dynamic behaviour of the grinding machine in the chatter direction. 

The reduced order model was used to verify the effectiveness of an active vibration control strategy and 

simulations have demonstrated the effectiveness of active damping as a potential chatter control 

methodology. 
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Abstract 
 

This work concerns the analysis of power flow in truss structures, such as those used in space, when active 

control is used to attenuate vibration levels at some point in the structure. A truss structure consisting of 

93 aluminum beams connected by 33 joints is studied. A model of the structure is obtained by the dynamic 

stiffness method using the exact solution for wave propagation in the beams; the model is also compared 

to a finite element model of pin-jointed bars to illustrate the localized dynamic behaviour of the structural 

members of the truss. Joint masses are used in the model, however dissipation is considered to occur only 

in the beams. Reaction forces for individual beam ends can be calculated after solving the equation of 

motion for the overall system. Knowing the forces and velocities on a beam end makes it possible to 

calculate the power flow at that end. The sum of the coupling power at both beam ends gives the power 

dissipated by that beam. It is found that around 80% of power dissipated is by bending motion of the 

beams and only 20% of power is transmitted by bending. The principal mechanism of power flow is by 

longitudinal motion of the beams.  Overall power flow and dissipated power is analyzed before and after 

multichannel feedforward control is implemented in order to help understand the physical mechanisms of 

this form of active vibration control. Results show that on average, the controller reduces the primary 

source input power and supplies energy to the system. The amount of energy dissipated by the controller 

can be neglected, which leads to conclusion that the controller is not dissipative. 

 

1 Introduction 
 

Truss structures are made of slight slender members connected through joints in triangular or rectangular 

units. Trusses have been shown to be a good solution for space construction. They can reduce substantial 

space and payload weight during spacecraft launch. It has been demonstrated that trusses can be easily 

assembled in space forming a rigid system using relatively little light material [1]. The main static 

problems are buckling of bays [2] when the system is large, and deformation due to thermal gradients. 

Despite these facts, a major problem in space structures is vibration. Because structural members are made 

from light materials, for instance, aluminum, vibration problems can arise due to the small structural 

damping associated with these materials. It is known that future space systems will have a greater 

interaction with electro-electronic equipment. Some electronic devices are vibration-sensitive. Even low 

levels of vibration (micro vibration) can cause malfunction or even failure of electronic components [3]. 

The problem of vibration in space systems is generally a problem of energy propagation in the structure. 

Figure 1 gives an example of disturbance propagation in a space structure. In many situations, the solution 

to the problem could be simply by changing the mechanical interfaces between source/space structure 

and/or space structure/receiver. In most cases this is done by making the mechanical interface softer. 

However, making interfaces softer can affect other requirements such as spacecraft attitude control. 

Solutions for the problem have thus concentrated on modifying the space structure propagation 

characteristics. Adding damping to the structure is avoided due to the associate increase in mass. Some 

authors treat the problem by changing the geometry of the space structure as in [4] and [5]. Other solutions 
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involve active vibration control. The concept of active control in space structures has been explored in the 

past, however there is still a lot to do in the area. Preumont et al. [6] have implemented force feedback in 

addition to modal control on a truss structure, where the system could be modeled as bars leading to a 

system where global modes are predominant in the frequency range of interest. However when local 

natural frequencies of truss members are present in the frequency range of interest, a more detailed model 

is required for describing the system and modal control maybe is not applicable. von Flotow [7] has 

discussed the boundaries between modal and acoustic control on such system and also the influence on 

system responses due to its periodicity. It may be difficult or even not possible to implement a controller 

based on modal models if the system has flexible members that exhibit dynamic behaviour in the 

frequency range of interest. 

Space Structure

Mechanical Interface Mechanical Interface

Source Receiver 

Figure 1. Vibration transmission path of vibration in space systems. 

 

The use of feedforward control has been shown to be a good approach if there is advance information of 

the disturbance. Moshrefi-Torbati et al. [8] have shown that using feedforward control on a satellite boom 

structure that attenuation in vibration at one end of the truss structure of 15, 16 and 33 dB can be achieved 

using, 1, 2 and 3 actuators, respectively. The work presented here proposes an investigation into such type 

of active vibration control by analysing power flow in the structure. A similar analysis was performed on a 

framework using passive mechanical absorbers [9]. The method of calculating power flow is based on the 

calculating velocities and reaction forces of every element of the truss due to some external load 

configuration. This can be done by the receptance method or dynamic stiffness method proposed 

respectively in references [4] and [9][10].  

 

1.1 Modelling the structure 
 

The structure studied is a regular truss based on a system assembled by NASA [1] with approximate 

scaling of 2.7:1.0 as shown of figure 2. It has 93 members connected through 33 joints. Beam members 

have Young’s modulus of 6.8967 × 10
10

, density of 2.6840 × 10
3
 and diameter of 0.00635 (all in SI units). 

The physical properties lead to a structure built of aluminium bars and all joints masses are considered to 

be 0.022 kg. To simulate a disturbance source, a harmonic force is applied in joint 4 in the y direction; 

Harmonic excitation is applied to the system over the frequency range of 20Hz-1kHz. The receiver or 

objective of the control strategies is the plane defined by joint 31, 32 and 33. Controlling the linear 

velocities on these joints could be compared to controlling the kinetic energy of the plane defined by the 

three joints.  
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Figure 2. Truss structure joint numbering scheme and global coordinate system. 
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2 Numerical modelling 
 

A truss model is needed that can be used to predict the dynamic behaviour in the frequency of interest. In 

some cases, localized dynamic behaviour plays an important rule in the system response. For a truss 

structure it can occur when a member natural frequency (usually of bending modes) has similar values of 

natural frequencies of the global system. The global behaviour, also called global modes are those where 

the truss mode shape could be compared to continuous system. Local modes are those related to the 

motion of individual truss members. Figure 3 illustrates the differences between global and local modes of 

vibration. Local mode shapes can affect the transmission of energy; they can amplify or reduce 

propagation coefficients. If local modes are not present in the frequency of analysis, than a model of the 

system could be achieved by considering a system of pinned joint bars, where bars do not undergo  

bending or torsion. Motion of the truss comprises motion of its joints. On the other hand, if local modes 

are present in the frequency band of concern, a more detailed model is required. The dynamic stiffness 

method can be used to describe the localized behaviour of truss structures.  

 

Figure 3. Examples of (a) global and (b) local modes of vibration. 

 

2.1 Dynamic stiffness method 
 

The dynamic stiffness method is a variation of the direct stiffness method used in static analysis. The 

overall system response is represented in terms of the degrees of freedom of the joints. Equations of 

motion for truss members are assembled in a global equation of motion in matrix form considering the 

conditions of equilibrium and compatibility. The condition of equilibrium reduces the number of the 

system equations since the net sum of force on a joint should be equal to zero. The conditions of 

compatibility are used to align the degrees of freedom in a local coordinate of system for a truss member 

within a global reference system. A truss member or beam is defined by its local coordinate system at the 

ends 0 and 1. Figure 4(a) shows the degree of freedom numbering scheme and figure 4(b) shows the force 

numbering scheme, both in the local coordinate system. 

 

 

Figure 4. Beam displacement and force coordinate system. 

 

(a) (b) 
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Variables in the local coordinate system are represented by the superscript “–”. The displacements and 

forces of the i-th beam are can be written in vector form, respectively, as 

 [ ] [ ]T
iii

T

iii

1010 fffqqq == ,  (1) 

where the vectors iq  and if are respectively the displacement and force vectors. The forces and velocities 

acting on ends 0 and 1 can be related in matrix form by the dynamic stiffness matrix iD  as; 

 iii qDf =  (2) 

All vectors are functions of frequency. Before assembling the overall dynamic stiffness matrix for the 

truss, the generalized coordinates iq  of the i-th beam need first to be aligned to the global coordinates qi 

using a local to global coordinate transformation matrix Ti 

 iii qTq =  (3) 

The beam equation in the global coordinate system can be written as 

 iii qDf =  (4) 

Conservation of energy requires that iiii TDTD 1−= . After the member dynamic stiffness matrix is 

coincident with the global coordinate system a further transformation is required to make the beam joints 

coincident with the truss joints by the Boolean matrix Bi 

 iii qBq =~  (5) 

where Bi is a rectangular matrix of zeros and ones, such when the n-th component of iq~  is coincident with 

the k-th element of iq , then 
nk

iB = 1, and 
nk

iB  = 0, otherwise. This stage is similar to the assembling 

procedures of finite element method. By conservation of energy 

 ii

T

ii BDBD
~

=  (6) 

For conservation of energy, the global dynamic stiffness matrix is found by summing the contribution of 

all member dynamic stiffness matrices. 

 ∑
=

=
m

i

i

1

DD  (7) 

where, m is the number of members in the truss structure. The displacement can than be found for an 

external load configuration action on the truss joints as 

 fDq 1−=  (8) 

After solving equation (8) for a certain load configuration, reaction forces acting on a beam end can be 

found by considering the displacement of the joint where it meets the beam as 

 iiii qTDf ˆ=  (9) 

Where iq̂  are the joint displacements of q where the member i-th is connected. The vector of reaction 

forces if is the vector of reaction forces acting on a beam end due to an external load configuration. If 

joints are rigid, non dissipative and mass less, the net forces acting on a joint is zero. If joints have mass, 

the net forces should be proportional to the acceleration of the joint mass. The beam dynamic stiffness 

matrix and coordinate transformation matrix are shown in the Appendix.  

To calculate the dynamic response of the truss the following procedure is adopted 

Solve for frequency ω  
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1. Calculate for all truss members the dynamic stiffness matrix (eq. 2) 

2. Align the beam dynamic stiffness matrix with the global coordinate system (eq. 4) 

3. Align beam joints to meet the truss joints using the Boolean matrix (eq. 6) 

4. Calculate the truss dynamic stiffness matrix (eq. 7) 

5. Solve equation 8 for an external load configuration 

 

2.2 Pinned joint bar model 
 

A model of a pinned joint bar can be achieved using the finite element method. Many books have 

described the method of pinned joint bars as for instance [11], where stiffness and mass matrices of a 

single beam are given by 
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Assembling and analysis procedures are similar to the dynamic stiffness method and the dynamic stiffness 

matrix of a model of pinned joint bar is given by 

iii MKD 2ω−=  (11) 

Instead of using equation 11, the assembly procedures could be performed on the Ki and Mi matrices 

similarly to the dynamic stiffness method and finding global stiffness and mass matrices. The 

displacement for an external load configuration are calculated from  

( )fMKq 2ω−=  (12) 

where K and M are the global stiffness and mass matrices, respectively. In order to check the difference in 

both models, figure 5 shows a cost function calculated from the sum of squared linear velocities on joints 

31, 32 and 33 in response to harmonic excitation at point 4. It can be seen that the pinned joint bar model 

cannot predict localized behaviour associated with natural frequencies of individual members.  
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Figure 5. Comparison between the model obtained by the dynamic stiffness method (thin line) and 

by the FEM using pinned joint bars (tick line). 

 

3 Power Analysis 
 

Power cannot be easily measured directly; however power can give a good indication about the energy 

distribution in a system. Power is related to the in-phase component of force and velocity acting on a point 

of the structure. Power can than be defined by 

 { }*Re
2

1
qfP &⋅=  (13) 

where, f is the force and 
*q&  is the complex conjugated of the velocity. By conservation of energy, the sum 

of input power and power dissipated by internal or external mechanisms should be zero. By definition, 

input power is positive and dissipated power negative. The input power can also be defined by  

 { }Y
f

Pin Re
2

2

=  (14) 

where Y is the point mobility where the force f is applied. In a beam, power can also be exchanged by the 

beam connections to other beams (joints). For example the power flow on joints 0 and 1 can be defined by 

  

 { }∑
=

×=
6

1

Re
2

1

dof

dofdof qf &0P , { }∑
=

×=
12

7

1 Re
2

1

dof

dofdof qf &P  (15) 

If power on a beam end is negative, then power flows into the beam, if power on a beam end is positive, 

then power is flowing from the beam to the joint. The sum of power flow on both beam ends gives the 

power dissipated by that beam. For non dissipative joints, the net power on that joint should be zero. Table 

1 shows examples for different joints and the respective net forces and net power results. 
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Joint with no mass 

 

Net Forces = 0 

Net Power = 0 

Joint with mass 

 

Net Forces ≠ 0 

Net Power = 0  

Dissipative joint with mass 

 

Net Forces  ≠ 0 

Net Power ≠ 0 

Table 1. Net forces and net power dissipated for different joints. 

 

4 feedforward Control 
 

The control strategy used in this study is multichannel feedforward control. Feedforward control can be 

implemented if there is advanced information of the disturbance. An objective function has been defined 

for controlling the vibration in the truss structure. The objective function of cost function has been defined 

in this study as the plane defined by the joints 31, 32 and 33. Minimizing the translational velocities on 

these joints is equivalent to minimizing the motion of the plane defined by those joints. Disturbance is 

considered to occur on joint 4 in the vertical direction. Figures 6(a) and 6(b) show respectively the 

disturbance position and the control plane on the truss structure 

4

1

 

(a) 

31

32

33

 

(b) 

Figure 6. Disturbance (a) and Control plane for the truss structure (b). 

The cost function J is than defined by the velocities of the joints showed in figure 6(b) as 

vv H
J =  (16) 

where  

 [ ]Tzyxzyxzyx qqqqqqqqq
333333323232313131
&&&&&&&&&=v  (17) 

and 
31

xq&  is, for instance, the velocity in the x direction of joint 31. The vector v of velocities, when active 

control is applied, can be defined by the constructive velocities due to the primary disturbance and the 

destructive velocities due to the control force.  

 cp vvv +=  (18) 

where the velocity due to the primary source vp (considered to be applied on joint 4, vertical direction as 

show on figure 6a.) the control force is assumed to be applied axially to a member on the structure. For 

simplicity, active members are assumed to have the same dimensions and properties of a passive member. 

The control force scheme for an active member is shown in figure 7 
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Active Member

f

f

c

c  

Figure 7. Control forces scheme acting on an active member. 

 

The forces acting on an active member are also assumed to have the same magnitude and opposite phase. 

However this cannot be true in a real situation specifically for high frequencies around member axial 

natural frequencies. Equation 18, can be written in terms of the transfer mobility and control forces of the 

active member. 

 ccp fYvv +=  (19) 

where Yc is the transfer mobility between the forces applied on the active member and the velocities on 

joints 31, 32 and 33.  The optimum control forces that minimize the cost function of equation (13) are 

given by [12] 

 ( ) p

H

cc

H

c

optimal

c vYYYf
1−

−=  (20) 

5 Experimental setup 
 

In order to verify the model an experimental test was performed. The experimental setup is shown in 

figure 8. The truss was suspended on soft springs to simulate free-free condition. A shaker was suspended 

by a soft mount.  

 

Figure 8. Experimental test setup 

6 Results 
 

The numerical and experimental cost functions are compared, as well the input power in order to verify 

the model. Figures 9(a) and 9(b) show respectively these comparisons. 

Shaker 

Elastic Suspension 

Truss Structure 
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Figure 9. (a) Cost function (sum of squared velocities on the joints 31, 32 and 33). (b) Input power 

due to primary source on joint 4. Theoretical is the thick line, Experimental results are the thin line.  

It can be seen that the theoretical and experimental results agree well. The model can thus be used to 

predict energy characteristics and to implement active control with some confidence.  It is possible to see 

that, some peaks and valleys in the cost function have associated characteristics in the input power. Figure 

10 show the total power dissipated and the power dissipated by bending motion of beams (82.1 % of the 

total) and by longitudinal motion of beams (16.7 %). Power dissipated by torsion was about 1% and has 

not been plotted. 
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Figure 10. Total power dissipated (solid line), power dissipated by bending motion (dashed line) and 

power dissipated by longitudinal motion (dotted line). 
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The total power dissipated by each truss bay averaged over all frequencies in the range of interest is 

plotted in figure 11. It shows that most of the energy is dissipated by the bays closer to the input power 

source. After bay 6, the amount of power dissipated remains approximately constant to the end of the 

truss. 
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Figure 11. Percentage of power dissipated in each bay (no control).  

In contrast to the power dissipated, the mechanism of the propagation of power in the structure is mainly 

by longitudinal motion. Around 81 % of power is transmitted by longitudinal motion of beams, 18.6 % by 

bending and 0.6 % by torsion. Figure 12, shows the direction of power flow on each joint averaged over 

the frequency range. The arrows point the direction of power flow in each bay and the values show the 

total power injected to each bay in Watts.  

 

Figure 12. Power flow on truss members and on truss bays 

 

6.1 Active control results 
 

To determine the best position for one actuator, an exhaustive search was performed. The best attenuation 

results were obtained when the control force was placed close to the primary source. There were some 

positions where the controller had low authority like those on the bottom of the truss, as the primary 

source is applied in the vertical direction; these positions have low influence on the response at the end of 

the truss. For the no control case, the beam with joints [4-8] was chosen to be a place for one actuator. The 

cost functions and primary source input power are shown in figure 8(a) and 8(b). 
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Figure 13. Comparisons of (a) cost function without control (thick line) and with control on beam 

[4–8] (thin line) and (b) Input power from primary source without control (thick line) and with 

control (thin line). Regions marked with “××××” have negative values of input power. 

Analyzing figures 13(a) and 13(b) one could say that attenuation of the cost function could be associated 

with the reduction of power from the primary source. Negative values of input power are due to the power 

input from the control source. Figure 14, similar to figure 11, shows the power dissipated in each bay. It is 

possible to see that bay 2 (comprising the actuator location) has decreased its power dissipation. 
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Figure 14. Percentage of power dissipated in each bay with active control. 
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The power flow on the structure when active control is applied to beam [4-8] is shown in figure 15. The 

amount or power reaching the last bay has dropped by one half. 

 

Figure 15. Power flow on truss members and on truss bays with active control 

 

7 Concluding remarks 
 

This work has presented the analysis of power flow and energy distribution in space truss structures. A 

model of the system was obtained by the dynamic stiffness method and it was compared to experimental 

results showing good agreement. A method for calculating power flow and power dissipated in each 

member of the system was presented. It was found the most of the energy is dissipated by bending motion 

of truss members. Energy dissipated by torsion can be neglected. Members that are closer to the 

disturbance are responsible for dissipating most of the energy. In contrast to the power dissipated in the 

system, the main mechanism of power flow is longitudinal motion of the beams. This is because 

longitudinal displacement is smaller than bending displacement and damping has less influence as axial 

natural frequencies of the beams occur at much higher frequencies than those due to bending. Power flow 

by torsion could also be neglected. 

The beam between joints 4 and 8 was chosen to for the active control simulations because it presents the 

5
th
 best attenuation results but it does this with less effort than the first four positions. The attenuation in 

the cost function for this member was 7.8 dB.  

The results showed that reduction in the cost function could be associated to reduction in the primary 

source input power. On average over the frequency range, the feedfoward controller is not a dissipative 

control. 
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Appendix 
 

1. Dynamic stiffness matrix for a beam in space 

The dynamic stiffness for a beam is presented by Gardonio and Brennan [13] for plane motion. For the 

three-dimensional case, the dynamic stiffness matrix can be defined as: 
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Where E is the Young’s Modulus, ρ is the density, S is the cross section area, G is the shear modulus, J is 

the torsional constant, l it the beam length and ω it the frequency. 

 

2. Global to Local coordinate transformation matrix. 

 

A beam if defined by the coordinates in global reference system of its two ends 0 and 1. Its length can be 

calculated by  
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where, ( ) 2/122

zxxz CCC +=  and α  is the angle of rotation about the line perpendicular to the cross 

section area of the beam. The matrix T is valid for all situations except when 0== zx CC (beam 

oriented vertically). For this situation, the following matrix can be used, 
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The local to global coordinate transformation matrix can then be defined by: 
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One may prove that the matrix T is orthogonal, which lead to
TTT =−1

. 
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Abstract
An adaptive landing gear (ALG), as considered in this paper, is a landing gear (LG) capable of active 
adaptation to particular landing conditions by means of controlled hydraulic force. The objective of the 
adaptive control is to mitigate the peak force transferred to the aircraft structure during touchdown, and 
thus to limit the structural fatigue factor. The paper investigates two control strategies (semi-active and 
active) and the potential for improvement. As a reference a standard, passive landing gear is considered 
(nose LG, I23 aircraft,  Institute of Aviation,  Warsaw, Poland) and the calculated results  are evaluated 
statistically, in terms of the mean and the median peak strut force. Additionally, a general strategy of 
rebound height mitigation is proposed. Accuracy of the model is verified by comparison of simulations 
with  measurements  taken  during laboratory  test  of  the  reference landing  gear.  The concept  has  been 
verified experimentally using a laboratory test stand.

1 Introduction

The attention in this paper is paid to the control strategies and potential for peak force mitigation, hence 
the construction details of an active LG head and of all necessary sensors are skipped. The hydraulic force 
is assumed here to be controlled directly by the orifice area, which in practical implementations can be 
related to the driving current (magnetorheological head) or voltage (piezovalve solution).
The potential of improvement of an ALG is discussed at two basic LG control strategies:

• semi-active (orifice area fixed before each touchdown and constant during the process),
• active (orifice area actively modified during touchdown).

All landing scenarios considered are based on real data related to the passive version of the nose landing 
gear, I23 aircraft [1]. 
Part 2 of the paper states equations of motions and basic parameters. Part 3 discusses in detail the control 
strategies used to minimise the peak strut force. Part 4 considers mitigation of the rebound height, while 
Part 5 validates the model against measurement data. Statistical evaluation of improvement potential of an 
adaptive LG, is presented in Part 6. Part 7 reports on laboratory test stand and experimental verification.

2 Equations of motion

For the purposes of  this  analysis the (A)LG is represented by a 2-DOF system and modelled with a 
slightly modified set of equations derived by Milwitzky and Cook [2]:

m1 z̈1=m1 g−F S−mgL ,

m2 z̈2=m2 gF S−F G ,

z1 0 =z 2 0=0,

ż 10= ż 2 0 =v 0,

(1)
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where the following symbols have been used:
z1, z2 vertical  displacements  of  upper  and

lower masses (aircraft and wheel) from
initial contact;

g gravitational constant: g = 9.81 m/s2;
m, m1, m2 total, upper and lower masses:

m = m1+m2, m2 = 8.71 kg;
L lift factor, L = 0.667 [3,4];
FG vertical force acting on tire at ground;
FS total axial strut force;
v0 initial landing sinking speed.
A schematic diagram of the forces acting in the LG 
is shown in Fig. 1.
The total mass m and sinking speed v0 are limited by

288 kg  m  422 kg ,
v 0  2.93 m / s [3,4].

(2)

For  detailed  statistics  of  the  mass  m and  sinking 
speed  v0 see Part 6.  Notice that  m is  the mass  per 
nose landing gear only, i.e. it is less than the total 
landing mass of the aircraft. 422 kg corresponds to 
the maximum I23 design landing mass  of  1117 kg 
[1,3] and 282 kg was chosen to be proportional to the 
mass of an empty aircraft with a pilot.

Fig. 1 Schematic diagram of forces 
acting in landing gear

2.1 Tire characteristics

The  dynamic  force-deflection  characteristics  of  the  I23  nose  LG  tire  has  been  obtained  by  fitting 
experimental data measured in three dynamic tests [3]. The least-square fit is a fourth-order polynomial:

FG  z2≈7.31045.4106 z2−8.6107 z 2
26.4108 z2

3⋅max  z 2 , 0 , (3)

where the last multiplier denotes symbolically that FG obviously vanishes when the tire hovers above the 
ground. The experimental data and the calculated fit are shown in Fig. 2.
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Fig. 2 Measured (dotted) and fitted (continuous) tire force-deflection characteristics (I23 nose LG)
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2.2 Total axial strut force

The total axial strut force FS is modelled as a sum of four forces:

F S=F aF hFdF f , (4)

which are:
Fa pneumatic force in strut (Part 2.2.1);
Fh hydraulic force in strut (Part 2.2.2);
Fd delimiting force to prevent excessive strut elongation (Part 2.2.3);
Ff friction force (Part 2.2.4).
Notice that the introduction of the (actually occurring) delimiting force Fd greatly simplifies modelling of 
the landing process compared to [2]: the LG can be uniformly modelled as a 2-DOF system thorough the 
whole landing, including rebounds.

2.2.1 Pneumatic force

The pneumatic force Fa is modelled in accordance with the polytropic law for compression of gases:

F a s= p0 Aa V 0

V 0−s Aa


n

, (5)

where the following symbols have been used:
p0 initial air pressure in the upper chamber of (fully elongated) strut: p0 = 1.028 MPa;
Aa pneumatic area: Aa = π 0.0422 m2 = 5.542 10-3 m2 [1,3];
V0 initial air volume of (fully elongated) strut: V0 = 171 10-6 m3;
s strut axial stroke: s = z1 - z2;
n polytropic exponent for air compression process in strut: n = 1.1 [2].
The numerical values of p0 = 1.028 MPa and v0 = 171 10-6 m3 have been obtained by numerical fitting of 
LG quasi-static compression data [3].

2.2.2 Hydraulic force

The hydraulic force Fh is modelled in the standard way [2] by the equation

F h ṡ=sign ṡ 1
2

ρ Ah
3

Cd
2 Ao

2 ṡ2 , (6)

where the following symbols have been used:
s strut axial stroke: s = z1 - z2;
ρ density of hydraulic fluid: ρ = 872.6 kg/m3 for Aeroshell 41 [5];
Ah hydraulic area: Ah = π 0.0362 m2 = 4.072 10-3 m2 [1,3];
Ao cross-sectional area of discharge orifice: 1 mm2 = A2

o(min) <= Ao <= A2
o(max)= 30 mm2;

Cd orifice discharge coefficient: Cd = 0.6 [5].
The limits of Ao (the control parameter) are chosen here arbitrarily to model real technological constraints.

2.2.3 Delimiting force

The delimiting force Fd prevents excessive elongation of the strut and attempts to model the actual force 
occurring on the strut delimiter. It acts only within the last 0.5 mm of the fully elongated strut and is 

ACTIVE VIBRATION CONTROL AND SMART STRUCTURES 399



modelled by a simple spring force:

F d s = p0 Aa⋅min s−ld

l d
,0, (7)

where the following symbols have been used:
s strut axial stroke: s = z1 - z2;
ld delimiting force acting interval: ld = 500 10-6 m.
The coefficient  p0 Aa has  been  chosen  to  obtain equilibrium at  full  elongation,  i.e.  Fd (0) + Fa (0) = 0. 
Notice  that  possible  oscillations  of  a  fully  elongated  strut  will  be  damped directly  by  the  hydraulic 
force Fh, thus there is no need for an additional damping term.

2.2.4 Friction force

It is assumed that the friction occurring in the strut is a dry friction only [2,3] and can be modelled by

F f  ṡ =C f
2
π

arctan 104 ṡ , (8)

where the following symbols have been used:
s strut axial stroke: s = z1 - z2;
Cf dry friction coefficient: Cf = 559 N.
The inverse tangent function was used to assure smooth variations of the friction force at turning points 
and thus to enable numerical integrations of the equations of motion. The numerical value of the dry 
friction coefficient Cf  has been obtained by numerical fitting of the LG quasi-static compression data [3]. 
Notice that the following simplifying assumptions have been made:

• The dynamic friction equals the quasi-static friction.

• The strut friction Ff  is not considerably affected by the normal loading occurring at the wheel axle 
in first milliseconds of the landing process due to tire friction. This is an oversimplification in the 
case of cantilever-type LG but can be legitimate in the case of levered trailing arm gears.

3 Peak force mitigation

The landing scenario of the LG model stated in Part 2 is fully defined by two parameters:
• total mass m and
• initial landing sinking velocity v0.

Their ranges are stated in Eq. (2), their distributions in Part 6. The evolution of the strut force FS and the 
peak  force  occurring  in  each  particular  landing  scenario  is  hence  determined  by  the  area  Ao of  the 
discharge orifice. There are essentially three control strategies possible:

• Passive LG,  i.e. no control: the orifice area  Ao is constant and cannot be adjusted to particular 
landing conditions. Nevertheless, its pre-set constant value is optimised to mitigate the peak strut 
force occurring at harshest landing conditions (max. design landing mass and max. sinking speed).

• Semi-active LG: the orifice area Ao is optimally set directly before each touchdown based on actual 
sinking velocity and mass. It remains constant during the whole landing process.

• Active LG: the orifice area  Ao changes continuously during the touchdown according to a set of 
precomputed scenarios or to an on-line control.

Notice  that  the  above-mentioned  strategies  apply  to  the  strut  compression  phase  only.  During  the 
decompression the recoil orifices take effect instead of the main discharge orifice. Recoil orifice area can 
also be optimised in order to minimise the rebound effects, which in the passive case is covered by Part 4.

400 PROCEEDINGS OF ISMA2006



3.1 Passive LG

The pre-set, constant discharge orifice area  Ao has to be chosen to minimise the peak force occurring 
during the harshest-possible design landing scenario, i.e. at m = 422 kg and v0 = 2.93 m/s.
Fig. 3 shows the calculated dependence of the peak strut force on the discharge orifice area Ao. The left 
slope  corresponds  to  the  decreasing  hydraulic  force  peak,  while  the  right  slope  corresponds  to  the 
increasing pneumatic force peak. The minimum value of 17 022 N has been found at Ao = 17.43 mm2, at 
which both  peaks  are  equal.  The corresponding  computed  tire  peak  force  equals  17 374 N,  which  is 
relatively very close to the measured value of 17 400 N [3].

5 10 15 20 25 30
discharge orifice area mm2 

10

20

30

40

50

detaluclac
kaep

turts
ecrof

Nk

Fig. 3 Passive LG: Calculated dependence of peak strut force on discharge orifice area Ao 
at harshest design landing scenario (m = 422 kg and v0 = 2.93 m/s)

Thus, the maximum design strut force was assumed to equal  Fmax = 17 022 N. The optimum discharge 
orifice area for a passive LG is Ao(passive) = 17.43 mm2.

F max = 17022 N ,     Ao passive = 17.43 mm2. (9)

Fig. 4  presents calculated peak strut  force  in  the  optimised passive  LG (i.e.  at  Ao = 17.43 mm2) as  a 
function of the sinking velocity v0 and the total landing mass m.
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Fig. 4 Passive LG: Calculated dependence of peak strut force on total mass m and sinking speed v0 
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3.2 Semi-active LG

The orifice area Ao can be set before each touchdown and stays constant during the whole process. Thus, it 
can  be  optimised  for  each  particular  landing  scenario  (defined  by  a  pair  (m,  v0))  by  minimising  the 
corresponding peak force curve. This is substantially advantageous to the passive LG, which is optimised 
for the harshest design landing conditions only.
For each landing mass m two curves can be drawn in the (v0, Ao) coordinate system to illustrate peak strut 
force optimisation constraints (Fig. 5):

• A line  marking  the  maximum allowed values  of  the  sinking  velocity  v0 as  a  function  of  the 
discharge  orifice  area  Ao,  drawn  in  bold  lines  in  Fig. 5.  The  line  is  defined  by  the  condition 
Fpeak = Fmax (see Eq. (9)) and separates allowed (Fpeak <= Fmax) from forbidden (Fpeak > Fmax) landing 
characteristics at the considered landing mass m.

• A line marking the optimum values of the discharge orifice area  Ao as a function of the sinking 
velocity v0, drawn in thin lines in Fig. 5.

Fig. 5 shows the above-mentioned lines drawn for three landing masses. Notice that at lower landing mass 
the maximum design sinking speed v0 can be safely exceeded without exposing the strut to the maximum 
design strut force Fmax, provided the semi-active strut is optimally controlled. E.g. at the minimum landing 
mass m = 282 kg Fmax is attained first at v0 = 3.67 m/s.
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Fig. 5 Semi-active LG: peak strut force optimisation constraints at three landing masses:
282 kg (continuous blue), 352 kg (dashed green), 422 kg (dotted red):

bold lines – maximum design strut force Fmax attained;
thin lines – optimum values of discharge orifice area Ao

Fig. 6 shows calculated optimum values of the discharge orifice area  Ao as a function of the touchdown 
conditions.  Notice  that  for  standard  landing conditions  (low sinking  speed)  the  optimum orifice  area 
considerably exceeds 17.43 mm2, which is the value used in the passive LG, optimised for the harshest 
conditions only. Hence, the peak strut force in the semi-active LG can be expected to be considerably 
lower than in the passive LG at the same landing conditions. The relative improvement is shown in Fig. 7.

3.3 Active LG

In an actively controlled LG the discharge orifice area  Ao is actively modified during strut compression 
phase. The equations in Part 2.2 directly relate the strut force FS to the discharge orifice area Ao:
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Fig. 6 Semi-active LG: Calculated dependence of 
optimum value of discharge orifice area Ao 

on total mass m and sinking speed v0
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Fig. 7 Semi-active LG compared to passive LG: 
Calculated ratio of peak strut force in optimally 
controlled semi-active LG and in passive LG in 

dependence on total mass m and sinking speed v0

F S=F aF dF f sign ṡ 1
2

ρ Ah
3

C d
2 Ao

2 ṡ2 . (10)

Hence the desired strut force limit  FS(limit) can be attained, if possible, by actively setting  Ao during the 
compression phase as follows

Ao
2=maxAomin

2 , minAomax
2 , ṡ2 ρ

2
Ah

3

Cd
2

sign  ṡ 
F S limit −F a−F d−F f  , (11)

where the functions min and max have been used to confine Ao to the technologically imposed upper and 
lower limits Ao(min) ... Ao(max). Notice that, according to Eq. (11), at the very beginning of the strut motion Ao 

will be set to  Ao(min) and stay so till  FS attains the desired value of  FS(limit). Thereafter  Ao will be actively 
controlled within the given limits until the decompression phase begins.
Basically, the active approach of Eq. (11) require optimisation of the peak force with respect to only one 
parameter  FS(limit),  and  has  to  be  performed for  each  landing  conditions  defined  by  a  pair  of  (m, v0). 
However, it was found that it is advantageous to set the initial value of the discharge orifice area  Ao(ini) 

independently of Eq. (11) and begin the active control of Eq. (11) first when the desired force limit FS(limit) 

is attained. This results in optimisation with respect to two parameters:
• Initial area of the discharge orifice Ao(ini).
• Desired strut force limit FS(limit),which triggers and controls the active-control phase.

Their computed optimum values in dependence on the landing conditions are shown in Fig. 8.
Fig. 9 shows the relative improvement in comparison to the semi-active LG, i.e. the ratio of the peak strut 
force in the optimally controlled active LG to the peak strut force in the optimally controlled semi-active 
LG. Notice that it is an additional improvement, which should be multiplied by the improvement of the 
semi-active LG (Fig. 7) to obtain the total improvement to the passive LG.
The improvement at standard landing conditions (i.e. low sinking speed) amounts to 1 % - 2 % only and is 
rather insignificant. However, at the harshest landing conditions (max. mass and max. sinking velocity) it 
attains the maximum of approx. 6 %, which is in contrast to the semi-active strategy (no improvement). 
Statistical performance is discussed in Part 6.
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Calculated ratio of peak strut force in optimally controlled active LG and semi-active LG 

in dependence on total mass m and sinking velocity v0

4 Rebound mitigation

The control strategies discussed in Part 3 apply to the strut compression phase only and are designed to 
minimise the peak strut force transferred to the aircraft structure. During the decompression phase the 
recoil orifices take effect and the rebound behaviour of the LG becomes crucial. This paper assumes the 
recoil orifice area to be constant and discusses its passive optimisation with the goal of minimising the 
expected rebound height, i.e. the following objective function:

∫0

V max∫M min

M max

f v0 , mRh v0 ,m dm dv0 , (12)
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where the following symbols have been used:
vmax maximum initial landing sinking speed: vmax = 2.93 m/s, Eq. (2);
Mmin, Mmax minimum and maximum total landing mass: Mmin = 282 kg, Mmax = 422 kg, Eq. (2);
f(v0, m) probability density function (pdf) of landing condition distribution, see Part 6;
Rh(v0, m) wheel rebound height calculated at a given LG control scheme.
Computed  expected  rebound  heights  for  three  considered  LG  (passive,  semi-active  and  active)  in 
dependence on the recoil orifice area are shown in Fig. 10. Table 1 lists the optimum values of Ao(rev).
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Fig. 10 Calculated expected rebound heights in dependence on 
the recoil orifice area: passive LG (continuous), semi-active 

LG (dashed), active LG (dotted)

LG type optimum recoil orifice 
area Ao(rev) [mm2]

passive 8.7

semi-active 9.1

active 9.0

Table 1 Calculated optimum 
recoil orifice area Ao (rev)

Notice that the peak strut force occurs during the compression phase, hence the recoil orifice area Ao (rev), 
which affects the decompression phase, could be optimised independently of the main orifice area Ao. The 
probability density functions of the touchdown conditions and the objective function of Eq. (12) have been 
discretised for the purpose of the calculations to reflect the discrete independent landing statistics (Part 6).

5 Comparison with measurements

Accuracy of the model can be partly verified by comparison of calculated forces and displacements with 
the forces and displacements measured in tests of a real I23 nose LG, passive version. Institute of Aviation 
(Warsaw, Poland) has made available two sets of measurement data suitable for such a comparison [3]:

• total mass m = 422 kg, sinking velocity v0 = 2.93 m/s, lift factor L = 0.667;
• total mass m = 422 kg, sinking velocity v0 = 3.52 m/s, lift factor L = 1.

Notice that the first case corresponds to the harshest design landing conditions, while the second is even 
more  demanding.  Fig. 11  compare  calculated  and  measured  tire  forces  FG,  while  Fig. 12  compare 
calculated and measured aircraft and tire displacements.
Simulations and measurements agree well in the case of

• the tire force FG;
• the first 150 ms of tire displacements;
• the first 100 ms of aircraft displacements, which correspond to the strut compression phase.

However, there is an increasing discrepancy between the displacements calculated and measured in the 
strut  decompression  phase,  which  starts  approx. 100 ms  after  the  impact.  The  discrepancy  suggests 
additional factors coming into play during the strut decompression phase, which cannot be thus modelled 
using a constant recoil orifice area, as it has been done in Part 4. Nevertheless, the strut compression phase 
seems to be modelled reliably, hence all the considerations of this paper concerning the peak strut force 
and the proposed control strategies are valid.
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Fig. 10 Calculated (dotted red) and measured (continuous black) tire force FG, passive LG, m = 422 kg:
(left) v0 = 2.93 m/s, L = 0.667; (right) v0 = 3.52 m/s, L = 1

0 50 100 150 200time ms-50

0

50

100

150

200

tnemecalpsid
mm

  
0 50 100 150 200time ms-50

0

50

100

150

200
tnemecalpsid

mm

Fig. 11 Calculated (dotted) and measured (continuous black) aircraft and tire displacements, 
passive LG, m = 422 kg: (left) v0 = 2.93 m/s, L = 0.667; (right) v0 = 3.52 m/s, L = 1

6 Potential for improvement

Fig. 7 and Fig. 9 compare the performance of the discussed LG types for each design landing conditions 
separately. An overall comparison is possible by statistical means (Table 3), if the probability distributions 
of landing conditions are defined. 
The initial sinking velocity v0 and the total mass m are assumed to be independent. To ease the statistical 
computations their ranges have been discretised into 15 equally spaced values (0.195 m/s and 10 kg each, 
respectively). The distribution of the landing mass m has been assumed to be uniform in the whole interval 
282 kg to 422 kg, which leads to 66.67 occurences per 1000 landings in each subinterval. The assumed 
distribution of the initial sinking velocity v0 is listed in Table 2 (cumulative occurrences) and illustrated in 
Fig. 13 (occurrences). 
Notice that a negative rebound height means the wheel stays in touch with the ground, i.e. no rebound.

Interval No 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Sinking 
speed v0 [m/s] 0.20 0.39 0.59 0.78 1.00 1.17 1.37 1.56 1.76 1.95 2.15 2.34 2.54 2.74 2.93

Cumulative 
occurrences 1000 900 730 530 350 210 115 55 25 11 5 2.4 1.2 0.6 0.25

Table 2 Assumed cumulative occurrences of sinking velocities per 1000 landings
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Fig. 13 Assumed occurrences of sinking velocities per 1000 landings

LG type

peak strut force wheel rebound height

expected 
value [kN]

median value 
[kN]

99th 

percentile 
[kN]

expected 
value [mm]

median value 
[mm]

percent of 
positive 

rebounds 

passive 3.866 3.560 8.736 -5.1 -6.1 5.5 %

semi-active 3.380 3.000 7.751 -3.4 -5.4 11.5 %

active 3.333 2.974 7.517 -3.9 -5.4 11.5 %

Table 3 Performance of three LG control strategies: a statistical comparison 

7 Laboratory verification

The results obtained numerically were experimentally verified in the laboratory. For the testing purposes a 
laboratory scale demonstrator was developed. It had been designed in a way to reflect the behaviour of the 
adaptive landing gear. The adaptability of the demonstrator was achieved by means of taking advantage of 
features of magnetorheological fluid behaviour.  The laboratory model contained a magnetorheological 
damper  which  was excited by  impact  loading on  the  drop  test  stand.  The conditions  created  for  the 
demonstrator were analogical to the conditions being in use during professional testing of the landing 
gears prototypes. 
The laboratory testing had two main purposes: to prove feasibility of the proposed concept and to assess 
the potential gain that can be achieved thanks to introduction of the adaptive landing gears. The tests were 
divided into two stages.  During  the  first  stage the  model  controlled  by  the  semi-active  strategy  was 
verified and in the second stage a model with active control strategy was tested.

7.1 Experimental equipment

The tests were performed on a small drop test device developed in the laboratory. The idea behind the 
stand was to ensure its compatibility with testing stands being in use in large landing gear laboratories 
conducting tests for aircraft manufacturers. The stand was designed to realize the same phenomena of 
impact excitation that is used in case of LG testing. In Fig. 14 the views of the developed small lab-scale 
drop test stand and a large drop test stand are presented. The idea of LG testing in professional laboratories 
is to fix experimental objects to a drop mass. The mass has weight which is equal to the half weight of the 
aircraft that the landing gear is designed for (in case of main landing gears). The test procedure includes 
free falling drops from various heights and measuring the parameters characterizing the landing strut. In 
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order to make the laboratory landing conditions more close to reality the strut is tested on various attitude 
angles (0 – 15 degree) and with variable circumferential speed of the wheel. For the purpose of the small 
lab scale experiment the requirements of the testing procedure were simplified in the following points: 

1. The tests were conducted only for the vertical position of the adaptive shock absorber.
2. The tire from the original landing strut was substituted by a bumper made of solid rubber.
3. Having in mind the structure simplification the damping element was not mounted to the falling 

mass but fixed in the vertical position on the foundation plate.

Fig. 14 Developed lab scale drop test stand (left) and full scale drop test stand (right)

Fig. 15 Comparison of schemes of the lab test stand (A) and a full scale professional test stand (B)

The introduced simplifications caused that during the experiment friction forces generated on the sliding 
surfaces of the damper were much lower, the introduced rubber element had different characteristic in 
comparison to characteristic  of  the  tire.  However,  from mechanical  point  of  view both systems were 
analogical (Fig. 15) and the effect of the control system could have been successfully tested and assessed. 
The  main  components  of  the  lab  scale  drop  test  stand  were  (Fig. 16)  a  magnetorheological  (MR) 
damper (1) mounted in a vertical position, a frame and a carriage. The stand was fixed to a foundation 
plate in order to reduce measurement noise. The lift mechanism enabled to conduct the drop tests up to 
700 mm height. In order to ensure the stability of the vertical movement the mass (2) was guided by a rail 
system embedded in the frame. The impact of the dropped carriage took place via a rubber bumper (3) 
located on the impact surface.
The following signals were acquired during the tests (Fig. 16): force signal from sensor fixed to a piston 
rod of the MR damper (4) (measurement of the full impact history), signal from an optical switch (5) 

x
1

x
2

k
t

c
vk

p

M
d x

1

x
2

k
t

ck
p

M
d

A) B)

408 PROCEEDINGS OF ISMA2006



acting as a  trigger and enabling determination of the  horizontal  speed of  the carriage just  before the 
impact. The testing procedure covered also measuring of accelerations in two points: deceleration of the 
falling mass (6a) and acceleration (6b) of the piston rod of the MR damper (7).

Fig. 16 Lab stand scheme Fig. 17 Adaptive Shock Absorber

The stand described above was used for testing the semi-active control strategy. To test the active control 
it was supplemented with a linear spring that worked in parallel with the MR damper. Sketch of the tested 
shock absorber is presented in Fig. 17. The modification in the lab model was introduced in order to 
change the characteristic of the device and make it more similar to the aircraft LG stiffness characteristics.

7.2 Experimental results of semi active control execution

For testing the semi-active control strategy a special sequence was prepared, which allowed to check the 
potential of the MR damper as an impact absorbing device. The analysis plan contained a field of impact 
energies that  were  to  be tested experimentally.  The impact  energies were  chosen to  cover  an area  of 
possible cases of impacts. The range of the impacts was described by: velocities from 0.5 m/s to 1.67 m/s 
and masses: 22 kg, 32 kg and 42 kg. The objective of the control was to establish for each of the impact 
energies a constant control signal level that would ensure that the whole energy was dissipated on a stroke 
equal 35 mm with the minimal dynamic force induced. The optimal control signal levels were obtained 
experimentally. In the first  step the optimal control  was found for the highest energy and taken as a 
reference value for all other cases, since it is a commonly used practice of design of passive LG. Each 
conventional passive LG is designed in the way that it is able to withstand the impacts with maximal 
energies in the optimal way. The whole range of middle energy impacts is dissipated in a non optimal way 
which causes increase of forces transferred to the aircraft fuselage and increase of their fatigue. 
The tests for the lower impact energies were each time conducted in two steps. For the first step a drop 
was performed with the control signal level optimized for the highest impact energy (reference level) and 
in the second step the control signal was optimized to the actual impact energy level. The gains in the 
generated peak force levels are depicted on the diagram in Fig. 18. Two horizontal axes depict impact 
velocity and mass of the falling body. The vertical axis represents the residual force which reflects the 
peak force level after adaptation in comparison to the peak force level obtained with the referenced control 
signal.  The  diagram  proves  that  introduction  of  the  semi-active  control  lets  to  achieve  up  to  25 % 
reduction  of  the  dynamic  peak  force  level.  The  experimental  results  verify  the  results  obtained 
numerically.  The character  of the experimental result  is  consistent with numerics for the high impact 
velocities, see Fig. 7. For small impact velocities the results are not similar since the numerical model had 
implemented a strong pneumatic spring which gives very strong force contribution for the impacts with 
low initial velocity. The general conclusion is that the principle of the semi-active LG is feasible which 
was proved in the laboratory experimental tests.
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Fig. 18 Semi-active control scheme compared to passive control scheme: 
ratio of measured peak forces in optimally controlled semi-active absorber and passive absorber 

in dependence on falling mass and sinking speed

7.3 Experimental results of active control execution

The second stage of  the experimental  verification of the proposed concept was conducting tests  with 
active control strategy. The testing stand was modified by adding a linear spring to the system in order to 
obtain the behaviour of the model similar to the behaviour of a LG. The linear spring was a substitute for 
the pneumatic spring used in the conventional designs (Fig. 15). The control system which realized the 
active control strategy was a feedback loop with monitoring of the dynamic force induced during the 
impact. The control sequence had three main stages during operation: 

1. Recognition of the energy of impact, 
2. Adaptation of the system, 
3. Execution of the feedback control strategy. 

The main objective of the feedback control was to keep the dynamic force on the level determined in 
accordance to the actual impact energy. 
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Fig. 18 Measured piston hystereses at three control strategies:
passive (dashed green), semi-active (dotted red) and active (continuous blue)
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The results  of  the control  system performance are  presented on an example of  a series of  drop tests 
performed with mass 54 kg and initial impact velocity 1.37 m/s. The testing series included three drops 
characterized by the same impact energy (Fig. 19): a reference drop test with the reference control signal 
(dashed green), an adapted drop case in which the damping force was semi-actively adapted (dotted red) 
and a drop test during which the active control strategy was executed (continuous blue). An additional 
assumption for the test was that the maximal stroke of the dissipation can not exceed 35 mm. Fig. 19 
presents the comparison of the dynamic forces obtained during the series of experiments in the domain of 
the piston displacement. The dashed green line, depicting the reference drop result, has the peak force on 
the level which is 22 % higher than the adapted peak force and 30 % higher than in the case of active 
energy dissipation.

Conclusions

All simulations in this report have been based on the I23 nose LG, other LG could lead to slightly different 
numerical results. Nevertheless, the most important findings are clear and can be summarised as follows:

1) The superiority of the adaptive paradigm is clearly confirmed by simulations and laboratory tests. 
Both modelled adaptive  LG excel  the  modelled passive  LG by approx. 16 % in terms of the 
median peak strut force. Up to 30 % improvement has been obtained in laboratory tests.

2) The  improvement  between  the  modelled  semi-active  and  active  LG seems to  be  statistically 
insignificant (less than 1 % in terms of median peak strut force). However, the advantage of the 
active LG increases with the sinking velocity and landing mass to attain 6 % at the harshest design 
landing  conditions  (at  which  the  semi-active  control  shows  no  improvement).  Therefore, 
implementation of active LG control can:
a) significantly mitigate the peak strut force transferred to the aircraft  structure and potential 

structural damage at most demanding landing conditions (high mass/sinking velocity), which 
rarely occur but are the most dangerous;

b) increase the limiting sinking velocity, especially at high landing masses.
3) As the laboratory tests showed much better performance in the active case, the limiting factor 

seems to be the stiffness of the air spring, which prevents utilisation of the full stroke length. 
Possibly,  the  problem  could  be  partially  overcome  by  an  air  spring  with  double-stage 
characteristics and considerably softer first stage. This will be a subject of further investigations.
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Abstract 
In order to reduce excessive vibrations in mechanical systems there are used different absorber types. The 

shape memory alloys (SMA) are more and more frequently used in semi-active vibration control systems. 

Such an absorber changes its stiffness when heating or cooling. This type of material has nonlinear 

characteristics, which causes difficulties in modeling process. This paper presents the process of 

modelling and determination dynamic characteristics of the SMA vibration absorber. The numerical 

model of primary system with the absorber was created in APDL language, which is an internal ANSYS 

language. The SMA was modelled as nonlinear material, which is very important to obtain high-quality 

results.  

 

 

1 Introduction 
 

The vibration control system applied in machines can be divided into following groups [1], [2] – passive, 

active and semi-active. Passive vibration control systems can be depicted as systems characterized by 

dissipation of vibration energy without increasing total energy in primary system. These solutions are 

often designed as additional mass connected with a spring element to primary system. The optimal 

designing may be found in a number of sources, including [3], [4], [5].  

 
Figure 1: Example of semi-active absorber with SMA rods. 

 

Active vibration control systems are in contradistinction to this solution. These systems act on structure by 

means of actuators generating forces depending on dynamic response from the structure. The energy 

applied in that way causes vibration reduction for the whole primary system. Semi-active vibration control 

system connects passive tunable devices and active systems characterized by control abilities. These 

systems use smart materials very frequently. That method allows taking advantage of positive features of 

passive and active systems characterized by very low energy consumption. The prototype SMA vibration 

control system may be found in [6], [7]. In order to modify dynamic characteristics of mechanical 
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systems, the change of mass or the stiffness of system is indispensable. The materials capable of changing 

stiffness by means of changing elastic modulus or producing stress by means of recovering shape are 

called shape memory alloys (SMA). These alloys are classified as smart materials and are frequently used 

to construct semi-active absorbers. In designing process of such absorbers it is very important to choose 

proper physical features. Two examples of absorber construction with SMA are presented on figure 1. 

 

2 Shape memory alloys 
 

Shape memory alloys are a group of material, which are characterized by the ability to undergo a large 

deformation about 8% to 10% without permanent deformation effect [8], [9]. If recovering to initial shape 

is self-contained that effect is called superelasticity or pseudoelasticity. If the above mentioned recovery is 

a result of heating to the specified temperature, the shape memory effect is observed then. 

Thermodynamical properties of SMA are characterized by the four temperatures Ms, Mf, As, Af. The first 

two temperatures are responsible for the transition from austenite to martensite phase during cooling. The 

other two temperatures are responsible for the inverse process during heating. The subscripts indicate 

respectively the start and the finish point of the above described transformation process. The below graphs 

present superelasticity and the shape memory effects. 

 

Figure 2: An example of the one-way shape-memory effect: representation on stress–temperature 
(left) and stress–strain–temperature graph (right) [8], [10]. 

 

Figure 3: Superelastic behavior: representation on stress–temperature (left) and stress–strain 
graphs (right). Datas displayed on the graph are for a binary NiTi and a stainless steel [8], [10]. 

 

2.1 SMA constitutive material model 
 

The shape memory alloy material model was applied to numerical calculation by recompiling ANSYS 

main file and using USERMAT function. This constitutive model is based on L. C. Brinson works [11] 

where final equation for shape memory alloy behavior is shown below. 
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Where: 

σ - Stress 

ε - Strain 

ξ - Martensite material fraction 

T - Temperature 

( )TE ,,ξε - Modulus of the SMA material 

( )T,,ξεΩ - Transformation tensor 

( )T,,ξεθ - Thermal coefficient of expansion 

 

The material properties for the shape memory alloy in the following analysis are taken from data give by 

Dye and Liang on a Nitinol alloy. The values for the necessary material properties are listed in table 1 

[11]. 

 

Modules 
Transformation 
 Temperatures 

Transformation  
Constants 

Maximum  
Residual Strain 

Ea=67e9 [Pa] Mf=9 [°C] CM=8e6 [Pa/°C] εL=0,067 

Em=26,3e9 [Pa] Ms=18,4 [°C] CA=13,8e6 [Pa/°C]  

Ө=0,55 [Pa/°C] As=34,5 [°C] Mf=100e6 [Pa]  

 Af=49 [°C] Mf=170e6 [Pa]  

Table 1: Material properties for the Nitinol alloy [11]. 

 

The numerical calculation for different SMA temperatures is demonstrated in figure 4. The temperatures 

were changed from 30 °C to 50 °C produce shape memory effect for low temperatures and superelastic 

behavior for high temperatures.  
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Figure 4: Numerical calculations for different SMA temperature. 
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3 Analysis method 
 
The APDL procedure algorithm (see figure 5) describes the method of absorber analysis by automatically 

change absorber’s length. The data set which was obtained contains the absorber’s length, frequencies and 

displacements of the specified mode shapes. These results were achieved with the assistance of modal 

assurance criterion. The comparison was indispensable owing to different absorber’s lengths entailing the 

occurrence of different mode shape frequencies. Therefore the first set of mode shapes was compared by 

means of modal assurance criterion with the mode shapes of the beam without an absorber. Because this 

relationship is only appropriate for a few first absorber’s lengths, it was decided that the updating 

eigenvectors should be applied. This method allows comparing calculated eigenvectors with the results 

which had been previously obtained. If the deviation between compared eigenvectors exceeds the limit, 

the calculated mode shape will be discarded. Otherwise, the calculated frequency and displacement for the 

specified mode shape will be saved to the file. 

 

Figure 5:. The APDL procedure which was used to absorber analysis in ANSYS. 

 

3.1 Numerical model 
 

The model consists of the two connected parts, a steel beam as primary system and a aluminum rod with 

SMA actuator as an absorber. The figure 6 shows a geometrical model made in ANSYS of an analyzing 

mechanical system with the absorber. The dimension of the steel beam is 20x2 mm and the absorber rod is 

5x1 mm. The model was fixed at the beginning of the beam. The numerical modal prestressed undamped 

analysis was used to determine dynamic system characteristics of the absorber’s length function for two 

416 PROCEEDINGS OF ISMA2006



different SMA actuator states. In this process there were six main mode shapes obtained with their modal 

parameters. 

 

  

Figure 6: The geometrical model of primary system with absorber. 

 

3.2 Result and graph analysis 
 

The black lines in figure 7 correspond to the low temperature, and the grey lines show the high 

temperature of SMA actuator. The martensite curves are situated below austenite curves in particular 

ranges of absorber’s length. This effect can be used to control dynamic properties of analyzing mechanical 

systems 

 

 

Figure 7:. The eigenfrequencies in an absorber length function. 
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In order to control vibration in primary system can be use effect of detuning system resonance. It is 

possible to obtain absorber length which allow detune two and more natural frequencies. It is necessary to 

notice that passive control systems can eliminate only one natural frequency. In order to find the optimal 

absorber length for frequency excitation was made by following objective function: 
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Where: 

OAL  – objective function for optimal absorber length 

B

i
MSF – eigenfrequency without absorber 

A

i
MSF – eigenfrequency with absorber 

i  - index of eigenfrequency  

 

The eigenfrequency MSF
A
 is a function of absorber length and actuator force. The SMA actuator force 

depend on dimension and temperature. The process of selection optimal absorber properties was done by 

following procedure. 

 

 

Figure 8:. The procedure which was used to obtain optimal absorber properties. 

 

 The following graph illustrate example of eliminating fourth and fifth eigenfrequencies for 

specified absorber length and SMA actuator dimensions. The similar detune operation can be done for 

others neighbouring eigenfrequencies by changing  absorber length and SMA actuator force. 
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Figure 9: Detune fourth and fifth eigenfrequencies by changing dimension of SMA actuator. 

 

The transmittance of system was calculated in order to check dynamic properties before using and 

optimization  absorber properties. The calculate absorber optimal length was 0.031m and SMA actuator 

diameter was 0.16 mm. As could be notice the absorber eliminate fifth eigenfrequency in inactive state 

(temp. below 34.5 °C) and fourth eigenfrequency in active state (temp. above 34.5 °C) 
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Figure 10: Transmittance of primary system without absorber. 

 

Figure 11: Transmittance of primary system with absorber (0.031 m) in two different states. 
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4 Conclusion 
 

The shapes memory alloys give many possibilities of control vibration systems. Absolute differences 

between frequencies are enough to change dynamic properties of primary systems. The determination 

method which was shown in this paper is proper for simple mechanical systems. The mainly disadvantage 

of this method is the necessity to calculate modal parameters for each absorber length. However, the 

optimization of absorber length, on this manner, gives certainty and very accurate results. In order to 

determine dynamic characteristic of complicated mechanical systems, it should apply generic algorithm to 

optimization physical features. The very important thing in the future works is taking into consideration 

the damping of absorber and primary system. There is also a necessity to verify numerical results by 

experimental analyses. 
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Abstract 
 In this paper the use of neural network for identification and active vibration control of a thin plate is 

investigated.Five piezoelectic actuators are employed to suppress the vibrations of  the plate based on the 

command signal provided by neural controller.A feedforwad neural network identifier has been used to 

train the plant model "off-line".Next the plant model is used by the dynamical recurrent neural network 

controller to determine the future performance.The performance of the hybrid controller tested by 

simulation of the simply supported thin plate subject to impulse disturbance.To study the robustness 

performance of the neural controller the effects of structural parameter variation is also examined. The 

result shows the excellent robustness of the neurocontroller.  

 

1 Introduction 
 

  Thin and thick plates with different shapes are the most practical structures that are widely used in 

buildings,bridges,aeroplanes,cars and space platforms ,most of these structures are light and flexible,hence 

they are easily influenced by unwanted disturbances that may lead to the problems such as performance 

reduction,instability and may even cause damage to highly stressed structures .This implies the need of 

vibration control of such structures.  

  Active control is an efficient tool for attenuating low frequency vibrations in structures whose vibration 

response  needs to be globally reduced. Usually, the vibration response is sensed at a number of locations 

on the structure and modified by a number of local actuators using a controller. The sensors and actuators 

must be located in order to have sufficient authority to respectively, sense and control the structural 

vibrations.Piezoelectric materials are good candidates for active vibration control of light and flexible 

structures as sensors and actuators due to their lightness and their capability of coupling strain and electric 

fields. 

  Many different control system algorithms have been applied for the control of smart structures.The 

control systems include adaptive feedforward, feedback and hybrid (a combination of feedforward and 

feedback) with many variations in the specific details of the implementation. Vibration suppression of 

flexible beams, plates and other structures using PZT actuators has been investigated by a number of 

researchers [1–4]. 

 Since structural parameters, such as damping, elastic stiffness, etc, are difficult to estimate accurately and 

are likely to change with time, it is desirable to design controllers with sufficient model insensitivity (i.e. 

robustness).[5]  

  The robust control strategies based on LTRLQG  control  and ∞HH 2  are difficult to implement and 

require elaborate modeling of structural uncertainty.[5],[7] 

   Artificial neural networks have the potential to become powerful modeling tool and can be used to 

capture the dynamics of a complex system [6]. Moreover, recurrent neural networks can learn and 

implement optimal dynamic control [8]. Neural network hardware in the form of programmable chips 

allow for easy implementation of the neural networks in a control application [6] 
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 The use of neural networks (NNs) for identification and control of dynamical systems was suggested by 

Narendra and Parthasarathy . NNs have been applied in many fields, including control of complex, 

practical systems such as robots, aircraft, arc furnace and steel rolling mills . These examples show that 

NNs are capable of handling the difficulties of nonlinearity and uncertainty, which characterize complex 

systems. [5] 

 In this paper the feedforward neural identifier is implemented to learn the structural dynamics "offline" 

and provides the information required by the neural controller. A MIMO diagonal recurrent neural 

network (DRNN) controller is designed and trained to achieve the required control action. 

   

2      Mathematical  Model of Flexible Thin Plate 

 
 We consider the piezoelectric laminate plate of  figure 1. The plate  is simply supported at all sides .The 

two  piezoelectric patches in figure 1 are used as actuators and or sensors. There are several different 

approaches to obtain the system model .Reyleigh-Ritz,assumed-modes,and Finite Element  methods and in 

real structures,system identification are some common approximate modelling methods that are useful for 

modelling smart complicated structures  with different boundary conditions,but in homogeneous structures 

with special boundary conditions we can use modal analysis to attain accurate models. For a rectangular  

plate with  uniform thickness in case of only six boundary conditions with two front simply supported 

edges and clamped,free or simply suppoted in two other edges  analytical accurate model using modal 

analysis can be obtained 

 In modeling smart structures we must also consider the effect of actuators and sensors integrated in the 

structure.   Since piezoelectric actuators and sensors implemented in this paper are relatively thin,it was 

assumed that piezoelectric laminated plate with simply supported boundary conditions is a uniform 

structure,so it can be modelled sufficiently accurate with modal analysis.      

 

Figure 1:A  thin plate with piezoelectric patches 

 

The equations for the plate with piezoelectric actuators can be written as������������� 
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The forcing term in the right hand side term of equation (1) is generated by J piezoelectric actuators 

attached to the plate 
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 It is assumed that the  equation 1 can be solved as a combination of seperatable modal shapes of the form   
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                                                                 mnmnmn hD φωρφ 24 =∇                                                                (4) 

 

 Where   ),( yxmnφ is the modal shape and )(tqmn is the modal coordinate. 

 By considering the orthogonality properties of modal shapes the following equation can be obtained from 

modal analysis 

                  �� �
=

=+++
J

i

b a

ajjmnmnmnmnmnmnmnmn tdxdyVyxtqtqtqtq
1 0 0

2 )(),()()()(2)( αφωςω �����               (5) 

Applying Laplace transform to eq.5 the transfer function from the actuator voltage to plate deflection is 
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  It can be shown that the modal shape and natural frequency of mode(m,n) for a rectangular uniform plate 

whose edges are simply supported can be obtained with modal analysis. 

                                                     
b

yn

a

xm

hab
yxmn

ππ

ρ
φ sinsin

2
),( =                                                  (8) 

 ������������������������������������������������������� )(
2

2

2

2
2

b

n

a

m

h

D
mn +=

ρ
πω     

Piezoelectric sensors    

 Sensors are used to observe vibrations of flexible  structure ,for the plate  with J piezoelectric sensors the  

sensor output is given by: 
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Where mnjC  and mnjC  depends on the properties and location of the sensor . 

 By considering the strain expression and the electric charge inside the piezoelectric patches,integrating 

the electric charge across the area of the sensor gives the induced voltage of the j th sensor:  
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3 Plate Identification 
 

 

 

 

 

 

 Figure 2 : The laminated plate with integrated piezoelectric sensors and actuators. 
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    The first step in neural network control is to determine the neural network plant model (system 

identification). Neural network identifier  trains a neural network to represent the forward dynamics of the 

plant. The prediction error between the plant output and the neural network output is used as the neural 

network training signal. The process is represented by the following figure. (Figure 3)  

 

Figure 3 : Block diagram of the Model predictive identify  process 

 

The neural network plant model uses previous inputs and previous plant outputs to predict future values of 

the plant output. The structure of the neural network plant model is given in the following figure. 

 

Figure  4:Schematic diagram of neural network identifier 

 This network can be trained offline in batch mode, using data collected from the operation of the plant.  

The training algorithm used in this paper is backpropagation. 

  Back-propagation networks are feedforward networks consisting of an input layer, one or more hidden 

layers and an output layer. Each neuron in a layer is connected to all the neurons in the immediately 

preceding and following layers. The weights associated with the connections are updated such that the 

neural network gives the desired output for the given input. 

 The neural network weights are initialized to small random values in the range 1 0 to start the training. 

The training set consists of input vectors and corresponding  desired output vectors. The values of the 

inputs and outputs are normalized between 1 0.  

  Let iN , hN and kN be the number of neurons in the input,hidden and output layers of the identifier .Each 

input neuron of the hidden layer  is the total of  the weighted inputs:  

                                                                                                                                                                    (11) 

 

 

Hidden layer use  bipolar sigmoidal function  to obtain output hidden neurons: 
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The output of the identifier  is  the total of the weighted output hidden neurons: 
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The total error of the network is the total of deviation of  the output of the identifier from excepted output 
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 The training continues until the error is within acceptable limits. The layer weights of the identifier are 

adjusted as follows  
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4 Dynamical Recurrent Neural Network Controller 
 

  The neural network model predicts the plant response over a specified time horizon. The predictions are 

used by a numerical optimization program to determine the control signal that minimizes the following 

performance criterion over the specified horizon time. 

 

Figure 7 : Block diagram of the Neural Recurrent Network Controller 

 Recurrent network controllers is a topic of considerable interest .The dynamical recurrent neural network 

(DRNN) used in this paper  has sigmoidal neurons in its hidden (recurrent) layer. The DRNN has ten input 

neurons,several hidden neurons and five output neurons, which gives the controller voltages. (Figure 8) 

 The only requirement is that the hidden layer must have enough neurons. More hidden neurons are 

needed as the function being fit increases in complexity. 

  Let khi nnn ,,  be the number of neurons in the input,hidden(recurrent) and output layers respectively.The 

DRNN controller  
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Figure 8 : Schematic diagram of Neural recurrent network controller 

 

Where  )(tV
ac

k is the output of the k th output neuron, )(tI i  is the i th input to the DRNN , )(tZ j  is the 

sum of inputs to the j th recurrent neuron, )(tZo j is the output of the j th recurrent neuron for each time 

instant t. )(⋅f is a bipolar sigmoidal function , kjW ,
R

jW , jiW  are output,recurrent and input weights 

respectively. The error function for optimization purpose is defined as: 
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Where  
sV̂ and  

s
V are the desired and actual responses of the structure(sensor outputs). The controller 

weights are updated as: 
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Where 
ac
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V

V

∂

∂
 is the sensivity  of the m th output of the structure (sensor voltage) with respect to the k th  

input(actuator voltage). 

 Appling the chain rule to equation 19 and using identifier outputs ,we obtain solution for updating the 

weights. 
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4.1 Results and discussion 
 

 An aluminium laminated thin  plate simply supported at all sides is modeled  using modal analysis. All 

dimensions and characteristics are given in Tables 1 and 2. Five couples of piezoelectric patches are 

bonded on the upper and lower surfaces of the plate symmetrically with respect to its mid-plane; the 

patches on the upper surface act like actuators whereas the patches on the lower surface are used as 

sensors, thus allowing a collocated vibration control. With reference to the coordinate system shown in 

figure 1, the centroids of the piezoelectric patches have coordinates in the mid-plane of the plate 

(0.1m,0.4m) , (0.1, 0.1m) and (0.6m, 0.1 m),(0.6m,0.4m) and (0.4m,0.3m) .These positions have been 

chosen in order to obtain a high amount of overall electromechanical coupling on the first five 

eigenmodes. The mechanical inherent damping is taken into account by assuming a damping factor of 

0.002 for all the vibration modes. This plate is subject to an external disturbance consisting of an 

impulsive transversal force acting on one of corners at point (0.75m,0.54m).(Figure 2) 

 
� X-Length Y-Length Thickness 

Plate m8.0 m6.0� m
3104 −× 

Piezoceramic� 0.0724 m 0.0724 m m
41091.1 −× 

Table 1:Dimentions of materials 

 

 Plate� Piezoceramic�

Poisson’s 

Ratio, v 

0.3 3.0�

Young’s modulus, E  
2

10100.7
m

N×�
2

10102.6
m

N× 

Density, hρ  
211

m
kg  

Charge and voltage�

constant
31d ,

31g  

 
V

m101020.3 −×−

N
Vm3105.9 −×−�

Capacitance,C F
7105.4 −×�  

31k�  0.44 

Table 2: Mechanical and electrical characteristics of materials 

 

 The magnitude plot  of the frequency response function from the actuator voltage to the sensor voltage at 

one collocated piezoelectric actuator and sensor  at point (0.4m,0.3m)shows the first 5 modes of  natural 

frequencies at  41.6,86.6,121.6, 161.5,166.5 respectively. 
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Figure 5:FRF at point(0.4,0.3) from the actuator voltage to sensor voltage  

 The NNI was trained off-line using ten input data (5 actuator voltages and 5 sensor voltages) at every 

sampling time with sampling rate of 0.001 Sec. The error was reduced to the acceptable level by training 

for several iterations. Each iteration consists of presentation of data, error calculation and adjustment of 

weights and biases through error backpropagation algorithm discussed before. The neural identifier was 

validated by presenting it with a number of input data sets (not previously used for training) and 

comparing the prediction with actual response. 

 Figure 6(a) shows the impulse response of the sensor located at point (0.6m,0.1m) considering only first 

mode of vibrations,6(b) shows the neural predicted output of the sensor ,the initial data sets are used for 

training and the latest data sets are used for testing the validation the neural identifier.Firure 6 shows that 

the error is zero and validates performance of  the neural identifier excellent.    
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 (a):Impulse response of the plant at  node (0.4,0.3) 
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(b):Neural  identifier predicted output at node(0.4,0.3) 
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(c)Error  

Figure 6:Neaural network identifier validation 

 

  The hybrid system was assembled and the training of the identifier was continued during the test 

simulations. The DRNN controller was initialized to arbitrary weights and an impulse excitation (figure 

2)was given to the structure to stabilize the controller weights.Figure 7 shows the controller performance 

for the first five modes of vibrations.  
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Figure 7: Controller performance at center node for the first 5 initial modes 

  

  In many practical situations, the system is not fully represented by the identification model, or its 

dynamics changes with time. A robust controller is therefore desired to maintain satisfactory performance 

with small perturbations in the system dynamics.To study the robustness performance of the NN controller 

the system is examined for structural parameter variations.Figure 8 shows the open loop and closed loop 

responses with 
2

10104.6
m

NE ×= and 
28.12

m
kg

h =ρ ,while the other parameters remains the same as the 

original system.              
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Figure 8:Controller performance with Structural parameter variations 

 

 From  figure it can be seen that the performance of the controller remains excellent in the case of 

parameter variations. 

 

5    Conclusions 
 

  A neural network in the form of the combination of the neural feedforward identifier and  the recurrent  

neural network controller was developed for active vibration control of a laminated thin plate. The 

identifier predicted the system response almost exactly.The controller was trained off-line with the help of 

the neural identifier. The simulation test  showed excellent results of the DRNN controller in reducing the 

effects of vibrations through five PZT actuators integrated on the surface of the plate. 

 For evaluating the robustness stability of the neural controller  the system is tested for the structural 

parameter variations.The simulation results shows that the controller exhibit excellent performance results. 
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Abstract 
 
A relatively new approach for shock and vibration isolation is to use semi-active or fully-active 
elements, which are designed to provide better vibration isolation over a broad range of excitation 
inputs. Several vibration isolation strategies have been proposed and developed using variable 
damping elements, variable stiffness elements and different actuators. An interesting, novel 
control strategy is to have an isolator whose stiffness can take two values in an on-off manner. In 
this paper such a system is described and modelled, and in particular the free vibration decay 
behaviour is quantified and discussed. 
 
This paper also describes the benefits of the variable stiffness isolator and quantifies the effective 
damping in terms of simple model parameters.  
 
1 Introduction 
 
Typically lightweight structures possess low levels of damping and hence vibration suppression 
problem becomes difficult. As a result, alternative solutions have to be developed. A relatively 
new approach is to use active or adaptive vibration suppression. Several strategies have been 
proposed using different actuators (fully-active systems) or variable members (adaptive or semi 
active systems). An interesting semi-active control strategy for transient vibration suppression is 
based on an on-off logic to connect/disconnect a stiffness element, as originally proposed by 
Onoda and Watanabe [1].  This was an attempt to provide a high amount of energy dissipation for 
lightly damped systems. They proposed a single degree-of-freedom model with two linear springs 
in parallel; one of the springs could be disconnected at some point in time following a control 
law. Some experimental validation was subsequently presented using a truss structure with 
variable stiffness members. 
 
The concept described has also been used in several shock and vibration isolation applications [2-
5], some of which have been for robotic arms [6, 7]. These works have considered mechanical 
devices with some experimental validation having been performed.   A number of studies 
incorporate piezoelectric actuators to achieve the on-off stiffness [8-11]. Additionally the on-off 
concept has been previously applied to vibration absorbers, but the control logic used in this 
scenario is different with an objective being to produce a tunable device [12]. 
 
However, there are several points that are unclear in the literature. In particular, how does 
stiffness change produce energy dissipation and what assumptions are made in the existing 
published studies. The objective of this paper is to extend the analysis of this system, clarify its 
behaviour, produce numerical results and provide further insight into the energy dissipation 
mechanism. This study considers the behaviour in terms of non-dimensional parameters, which 
are useful for design studies. 
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2 Fundamentals of the on-off strategy 
 
According to Chen [13], it is possible to control the vibration of structural members by varying 
the stiffness. In order to understand how the vibration can be reduced by varying the stiffness, 
consider the simple system shown in figure 1. The model is a single-degree-of-freedom 
undamped system supported by a linear spring kv whose properties can be specified according to 
the control law adopted. 
 

kv
 

 
m 

 
 
 
 

Figure 1. Single-degree-of-freedom system with variable stiffness. 
 
The equation of motion for free vibration is given by: 
 

                                                                    0vmx k x+ =&&                                                                (1) 

Using the concept of the phase-plane the harmonic solution of equation (1) i.e. i tx Xe ω=  can be 
expressed by a family of phase trajectory curves represented in the xx&  plane or phase plane. The 
solution when kv is a constant can be written as: 
                                                           
                                                              ( )2 2

v
2x m k x a+ =&                                                           (2) 

 
where a is a constant that depends upon the initial conditions. Equation (2) represents a response 
that includes both x and x&  and follows the path of an ellipse moving clockwise in the phase plane 
as shown in figure 2. For a system with a low stiffness the solution forms a horizontal ellipse 
(figure 2a) and for a large value of stiffness the ellipse is vertical (figure 2b). In order to reduce 
the vibration every cycle the state point should approach the origin as if the system were damped. 
However, for the undamped system considered one can reduce the vibration by having a large 
value of stiffness during the first and third quadrants of the phase plane, and a low stiffness 
during the second and third quadrant. This would cause the trajectory to become closer to the 
origin every cycle. There would be no discontinuity of the displacement or velocity at any point 
of time, but there is a discontinuity in the acceleration at the switching points as the restoring 
force from the stiffness is instantaneously changed. For clearer analysis of the concept of variable 
stiffness using an on-off logic the model shown in figure 3 is considered. In this case, the system 
comprises a mass m supported by two springs in parallel of stiffness k-∆k and ∆k respectively. 
The spring ∆k can be disconnected at some point in time as required. Hence the stiffness is only 
constant and piecewise continuous between switching. Is important to note that 0<∆k< k. 
 

(b) 
 
 (a) 

x&

x

x&

x

 
 
 
 
 
 
 
 
Figure 2.  Phase plane plots for a single degree-of-freedom system. (a) low stiffness, (b) high 
stiffness 
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Figure 3. Single-degree-of-freedom system with on-off variable stiffness. 
 
Since the objective of this system is to provide vibration suppression, the switching logic for the 
spring ∆k has to ensure that the amplitude of vibration decreases every cycle. Based on the phase 
plane concept, the stiffness should be maximum and equal to k when the product xx&  is positive 
and minimum equal to k-∆k when xx&  is negative. This can be expressed by a control law as: 

                                                 

                                                         
             0

     0 v

k xx
k

k k xx
≥⎧ ⎫

= ⎨ ⎬− ∆ <⎩ ⎭

&

&
                                                       (3) 

 
The time when the response satisfies the product  is equivalent to the displacement x and 
the velocity 

0xx ≥&
x&  being in phase. The solution of equation (1) is given by equation (2) considering 

the stiffness value depending upon the control law. As a result of using this logic the spring ∆k is 
disconnected when the absolute value of the displacement of the mass is a maximum, and 
connected again when the magnitude of the velocity is maximum, or in other words, the 
displacement is zero and the system is passing through its equilibrium position. It is convenient to 
introduce at this point the stiffness reduction factor σ, which is given by: 
 

                                                                       
k

k
σ ∆

=                                                                    (4) 

 
The phase plane plot shown in figure 4a represents the solution when the control law is 
implemented and shows schematically what happens at each switching point. Consider that the 
system has an initial velocity  and an initial displacement0x a=& 0 0x = . These initial conditions 
are given by the point marked as A in figure 4a and 4b, fness is k. When the 
displacement is maximum at point B, the stiffness ∆k is switched off or disconnected and the 
resulting stiffness is k-∆k until point C, when the displacement is zero and the stiffness is 
recovered.  It is assumed that the spring ∆k e 
way. At point D the absolute value of displacement is given by

and the stif

 has returned to its zero extension position in som

max 1x σ− . Then the stiffness is 
reduced again and recovered at E. This results in a stiffness change every quarter of a cycle and 
the peak amplitude in the next cycle will be: 
 
                                                               ( )max 1x x σ= −                                                                 (5) 
  
As a result the amplitude is reduced by a factor of  ( )1 σ−  every cycle. The same points have 
been marked in figure 2.4b which is a displacement time history for the same system.  
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Figure 4. Solution curves for the on off system showing the different steps of the stiffness change. 
(a) Phase plane plot (b) Time history for displacement response. 

 
3 Equivalent damping ratio 
 
From an engineering point of view it is useful to compare the on-off system performance relative 
to the classical single degree of freedom system, i.e. obtain an equivalent viscous damping ratio 
corresponding to a particular value of the stiffness reduction factor. In the previous section it has 
been shown that high vibration decay reductions can be predicted. However, it is useful to have a 
mathematical relationship for prediction of the equivalent damping ratio. Onoda, et al [14] 
developed a plot of the equivalent damping ratio for the on-off system, and later Winthrop, et al 
[15] obtained an analytical expression for the damping ratio. This section shows the procedure to 
obtain an equivalent damping ratio, assuming a logarithmic decrement approach, and discusses its 
validity.  
 
The definition of logarithmic decrement as given in [16] is: 
 

                                                              
1

ln n

n

x
x

δ
+

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
                                                                    (6) 

 
Where x Bn B and x Bn+1 Bare two consecutive peaks. For the on-off system, if the first peak is given by 
x B1B, the consecutive peak will be given by equation (5) since the reduction of amplitude each cycle 
is given by the factor ( )1 σ− . Combining equation (5) and (6) gives: 
 

                                                              1ln
1

δ
σ

⎛ ⎞= ⎜ ⎟−⎝ ⎠
                                                                   (7) 

 
Hence equations (7) and (8) can be used to calculate an equivalent viscous damping ratio. The 
relationship between the logarithmic decrement and the viscous damping ratio is given by. 
 

                                                            
2 24

eq
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π δ
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+
                                                                 (8) 
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This is shown in figure 5 as a function of the stiffness reduction factor σ.  
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Figure 5. Equivalent viscous damping ratio ζ Beq B as a function of the stiffness reduction factor. 

 
It is important to ensure that the approach using the logarithmic decrement is valid. In order to 
check this, figure 6 shows the time history of the decaying vibration for two values of σ plus a 
logarithmic fit using the peaks to obtain an envelope. It can be seen that the envelope fits the 
response quite well, however there is a shift in some peaks mainly because the natural frequency 
of the system is changing within the cycle of the on-off system. Also, it is important to note that 
for very high values of σ (approximately higher than 0.8) the envelope does not fit very well. 
However, it is still considered reasonable to quantify the equivalent logarithmic decrement. 
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Figure 6. Normalised time response for the simple variable stiffness system. An envelope 
obtained using logarithmic fit has been included. The plots are given for a stiffness reduction of 
50% (a) and 80% (b), with the results plotted against the non-dimensional time, where TBmB is the 
mean period of the on-off stiffness system. 
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4. Energy considerations 
 
4.1 Theoretical considerations 
 

This on-off logic disconnects the secondary spring ∆k when its deformation is maximum, i.e. the 
potential energy stored in this spring is maximum. It is UassumedU that this amount of energy in the 
disconnected spring is all dissipated or lost in the interval whilst it is disconnected. For this to be 
achieved, Onoda and Watanabe consider massless springs and immediate switching between high 
and low stiffness states. Figure 7 shows the energy curves (kinetic, potential and maximum 
energy) for a given initial velocity. The total energy decreases in steps corresponding to each 
point of time when switching occurs. Every time the secondary spring ∆k is disconnected an 
amount of energy 21

2 kx∆  is assumed to be removed or lost from the system. The total energy 

lost every cycle is therefore given by ( )21 2
2 nkxσ σ− , where x BnB is the peak displacement of the nP

th
P 

cycle, which is related to x Bmax B by ( ) 1
max 1 n

nx x σ −= − . This energy seems to ‘disappear’ from the 
system and this is physically impossible. In practice one can have several mechanisms that 
effectively contribute to this energy dissipation; real springs have mass, and friction damping also 
plays an important role. Moreover, in complex systems the energy can be transferred to higher 
modes of vibration where it is more rapidly dissipated. Nevertheless, the equation of motion for 
this system does not consider UanyU of these factors and it is interesting to investigate how energy is 
dissipated or lost with only conservative terms in the equation. The main question is: Where does 
the energy go? 
 
 

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

t/Tm

En
er

gy
/In

iti
al

 E
ne

rg
y

 
 
Figure 7. Example of energy levels for the on-off variable stiffness system with a stiffness 
reduction of 70%. Horizontal axis represents time normalised with respect to the mean period and 
vertical axis is the energy normalised with respect to the initial energy  
[           Total energy;             Kinetic energy;            Potential energy].  
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The explanation for the missing energy can be found by examining the work done by the spring 
as it recovers its non deformed position. To return to its original position work has to be done on 
the secondary spring ∆k by means of an external force ∆kx. This work W can be expressed as: 
                                                         

max max

0 0

ext
x x

W F dx kxdx= = ∆∫ ∫                                                       (9) 

                                                       
Integrating equation (9) gives the work done in the secondary spring, hence: 
                                                               

                                                              2
max

1
2

W kx= − ∆                                                                (10) 

 
This is the same amount of energy removed by using the on-off logic, i.e. the potential energy 
stored in the secondary spring at the point of disconnection. The details of this process can be 
seen in figure 8. 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. The details of the stiffness reduction process: (a) The system is at its equilibrium 
position, (b) maximum displacement is reached, (c) the secondary spring has been disconnected 
while the system has the maximum displacement value, and the secondary spring has returned to 
its original state. 
 
 
4.2 Practical implications 
 
4.2.1 Undamped secondary system 
 
The most basic on-off stiffness system as described previously makes use of several assumptions 
that simplify the model, but may not reflect the behaviour of a real system.  One of the principal 
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k-∆k 

∆k   mB1B 
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mB2B 

k-∆k 

∆k   mB1B 

xB1 

mB2B 

xB2 

assumptions made was to consider massless springs. In this section it is assumed that the 
secondary spring has some mass. The model proposed here comprises a main mass being 
supported by a spring k-∆k and it is rigidly connected to another mass-spring system so they act 
as a SDOF system as shown in figure 9. Using the same control law explained before the two 
systems can be disconnected and oscillate independently.  
 
 
 
 
 
 
 
 
 
 
Figure 9. On-off stiffness model considering a secondary spring with mass: (a) The systems are 
rigidly attached. (b) The secondary mass is disconnected and oscillates independently from the 
main mass. 
 
At the moment of stiffness recovery, the masses mB1 B and mB2 B are here assumed to undergo an 
inelastic impact [17]. The masses will subsequently stick together and move with the same 
velocity after the impact. Hence the coefficient of restitution is zero, and there is an amount of 
energy lost which is associated with the impact. Since there is no form of external or internal 
damping considered in the model, the energy dissipation mechanism in this situation is solely the 
impact between the masses. Based on the conservation of momentum, the common velocity after 
the contact is given by: 
 

                                                              1 1 2 2
0

1 2

m x m xx
m m

+
=

+
& &

&                                                             (11) 

 
Where 1x&  and 2x&  are the velocities of the two masses immediately before the impact. The kinetic 
energy after the impact is given by: 
 

                                                               2
0 1 2 0

1 ( )
2

T m m x= + &                                                          (12) 

 

If the total energy before the impact is 2
max

1
2 kx  as there have been no changes in the energy from 

the point of maximum displacement, then the energy lost during the first impact is: 
 

                                                              2 2
max 1 2 0

1 1 ( )
2 2

kx m m x− + &                                                   (13) 

 
Considering the exact values of velocity for each mass one can obtain the common velocity and 
subsequently the energy loss due to the impact. Both systems are undamped SDOF systems and it 
is straightforward to obtain the solution for the free response. The percentage of energy dissipated 
during the impact can be written as: 
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Where 
k

k
σ ∆

= , the stiffness reduction factor and 2

1 2

m
m m

α =
+

 is the mass ratio of the secondary 

mass to the total mass. This expression will give the percentage of energy dissipation at each 
impact during the stiffness recovery which depends upon the peak displacement at each cycle. 
For the subsequent impact the percentage will be the same but the new energy level is based on 
the energy remaining from the previous impact and so on. Figure 10 is contour plot representation 
of the expression given by equation (14). The levels represent the percentage of energy dissipated 
as a function of both the stiffness ratio σ and the mass ratio α.  Larger values of σ will give the 
highest percentages of energy dissipation, and also as the primary mass mB1 Bbecomes small 
compared to the secondary mass mB2 B (i.e. α approaches 1) the energy dissipation tends to 100%. 
However, there are certain values of σ and α that maximize the energy dissipation without having 
a large stiffness reduction or a large secondary mass.  
 
For comparison with the conceptual model as given in section 2, for which the energy dissipation 
is given by ( )2 100%dE σ σ⎡ ⎤= − ×⎣ ⎦ , considering σ=0.5, the first model (massless secondary 
spring) produces a 75% energy dissipation in one cycle, whilst the impact model gives roughly 
50% of the energy dissipated when α=0.01 for the same value of σ. In general, the simulations 
performed show that the first model would give reasonable approximations to predict the 
behaviour of a general on-off stiffness system.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 10. Contour plot of the percentage of energy dissipated as a function of the mass ratio 
(secondary mass to total mass) α, and the stiffness reduction factor σ for the system comprising 
two single degree-of-freedom systems.  
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4.2.1 Damped secondary system 
 
The on-off logic for varying the stiffness is intended to provide an alternative way to quickly 
suppress vibrations without the use of any form of physical damping. However, there is always a 
small amount of damping present in all systems. An interesting extension to study is whether in 
such a system there is any significant benefit of having an additional damping mechanism such as 
a viscous damper. The assumption made in this situation is that all the damping in the system is 
in the secondary system. The effect of this damping and the behaviour is investigated here. 
Another reason for including damping in the analysis is to try to ensure that the secondary mass 
has returned to its equilibrium position at the moment of impact. Without damping the secondary 
mass may, in practice, be in other position at the moment of stiffness recovery. 
 
 
 
 
 
 
 
 
 
 
 

(a)                                                                       (b) 
 

Figure 11. On-off stiffness model viscously damped considering a secondary spring with mass: 
(a) The systems are rigidly attached. (b) The secondary mass is disconnected and oscillates 
independently from the main mass. 
 
The model considered is very similar to the previous one, but it comprises a viscous damper. It is 
depicted in figure 11 for the on (connected) state and for the off (disconnected) state. In this new 
approach energy can be dissipated by the secondary system. Preferably the secondary mass m2 
should be smaller than the total mass so the secondary system has a high natural frequency and its 
damping ratio is considerably higher compared to the total system. As a result the secondary 
system could dissipate most of its energy while disconnected depending if the time while it lasts 
disconnected and the damping ratio are enough. It cannot be possible to arbitrarily choose a 
damping ratio for the secondary system since it depends upon the characteristics of the whole 
system, namely the mass ratio α, stiffness ratio σ, and damping constant c. Assuming the total 
damping is small, say ζ B1 B=0.05, the damping ratio for the secondary system can be calculated as a 
function of the mass ratio α and the stiffness ratio σ.  Using the definition of the viscous damping 
ratio 2 2/ 2c kmζ = ∆ , and considering that 1 1 22 ( )c k m mζ= + , one can write: 
 

                                                                 2 1
1ζ ζ

µα
=                                                                (15) 

 
Where ζ B2 B is the damping ratio for the secondary system. Figure 12 shows the ratio between ζ B2 B and 
ζ B1B as a function of the mass ratio α, and three representative values of the stiffness ratio σ The 
original system is assumed to have low damping so ζ B1 B=0.05 is considered.  It is clear that the 
damping ratio for the secondary system is considerably higher in comparison to the damping ratio 
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of the total system. This is more evident when the secondary mass is small, i.e. the mass ratio α is 
small. 
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Figure 12. Damping ratio of the secondary system as a function of the mass ratio α   
[           σ=0.3;            σ=0.5;             σ=0.7].  
 
As for the undamped system, the energy dissipation can be calculated by taking into account the 
common velocity after the impact which is calculated from the velocity of each mass just before 
the moment of the impact. It is important to note that now the energy is not only dissipated by the 
impact, but also the secondary system is responsible for an amount of the energy dissipated. 
Considering the free response for a viscously damped system the expression for the total 
percentage of energy dissipated at each impact including the energy lost during the inelastic 
impact can be written as: 
 

                         
2

% 1 1 1 100dE Aσ α ασ⎡ ⎤⎡ ⎤= − − − + ×⎣ ⎦⎢ ⎥⎣ ⎦
                                               (16) 

 

where 
( )
( ) ( )

( )

( )
( ) ( )

( )

1 1
2 1 2 12 1 1

1 sin cos
2 1 2 1

A e e
α σ α σπ πζ ζ
σ µ σ µα σ α σπ πζ ζ

σ µ σ µ

⎛ ⎞ ⎛ ⎞− −
⎜ ⎟ ⎜ ⎟− −
⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠
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Equation (16) is represented graphically in the form of a contour plot in figure 13. The levels of 
energy dissipation are slightly lower compared to the undamped case in section 4.2.1. The main 
reason for this difference is the effect of damping in the secondary system which effectively 
reduces the velocity of the mass mB2 B so that the energy lost during the impact is less. When the 
equivalent damping for the secondary system is enough to dissipate almost all the energy stored 
on it (this condition happens when the secondary mass mB2 B is very small compared to the main 
mass mB1 B), the velocity of mB2 B is negligible as well as the energy lost in the impact. Therefore, the 
percentage of energy dissipated in this case is limited by the stiffness ratio σ.  This can be easily 
observed in figure 14, which is a plot of the percentage of energy dissipated as a function of the 

ζB 2
B/ζ

B 1B 
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mass ratio. The plot is shown for three values of the stiffness ratio σ. For example, when σ=0.7 
and approximately for α<0.1 the energy dissipation is limited to 70% per cycle. 
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Figure 13.Contour plot of the percentage of energy dissipated as a function of the mass ratio 
α, and the stiffness reduction factor σ  for the damped system. 
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Figure 14 .Percentage of energy dissipated due to the impact between the main mass and the 
secondary mass as a function of the mass ratio α for the viscously damped system.  
[           σ=0.3;            σ=0.5;             σ=0.7].  
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5 Conclusions 
 
The free vibration of a SDOF system which uses an on-off logic to adaptively reduce the stiffness 
has been described. Firstly the details of the logic used and the different stages of the stiffness 
reduction and recovery were discussed by means of the phase plane concept, and an equivalent 
damping ratio was proposed and quantified. Secondly, the energy dissipation was investigated 
since the energy of the system seems to ‘disappear’ with no dissipative elements. A theoretical 
explanation for the missing energy was obtained by considering the work done on the secondary 
spring when it returns to its unstretched position. A practical alternative for the model was then 
proposed and studied. This further model involves a secondary spring with a small mass and 
considers the impact between this spring and the main mass at the moment of stiffness recovery. 
The energy is solely dissipated due to this impact. Furthermore, the inclusion of viscous damping 
in the model was considered. The effect of the viscous damping is a reduction in the velocity and 
hence the energy in the secondary system, but as a consequence the energy lost during the 
inelastic impact decreases. However, overall the energy lost is similar in both damped and 
undamped cases. Hence it can be seen that the application of the on-off logic for varying the 
stiffness effectively improves the vibration decay in lightly damped systems  
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Abstract 
By performing force-displacement tests in a universal testing machine it is possible to accurately measure 
the damping of a material. By providing accurate estimates of the damping for a set of given conditions, it 
should be possible to determine which model is more adequate to describe damping: viscous, hysteretic or 
a combination of both. On the other hand, by changing the amplitude it should be possible to assess the 
linearity of the material behaviour. In this work, the authors present the experimental results of the 
damping measurements on a specimen of a quasi-isotropic Carbon Fibre Reinforced Laminate, for 
different testing parameters, like frequency and amplitude. The setup is fully described and results are 
presented in detail, giving a special attention to the experimental problems, so that this work can become a 
useful contribution to further studies. 

 
1 Introduction 
 
The constant hysteretic damping model is often used to describe the dynamic behaviour of structures 
undergoing various loading conditions. In order to introduce this model, textbooks usually start with the 
more conventional viscous damping model. When excited by a harmonic force at frequency ω , it can be 
easily proven (and all fundament texts on vibration theory show it) that for each vibration cycle the system 
dissipates – through its viscous damper – a quantity of energy directly proportional to the excitation 
frequency. However, experimental evidence from tests performed on a large variety of materials show that 
damping due to internal friction (material hysteresis) is nearly independent of the forcing frequency [1]. 
The need to estimate the hysteretic damping of a material is therefore important on several subjects of 
structural dynamics, such as on modelling, updating, structural modification or damage detection. 
Concerning the field of damage detection, the main idea behind techniques that make use of vibration 
testing is the fact that the modal parameters (natural frequencies, mode shapes and modal damping) are 
functions of the physical parameters (mass, stiffness and damping) and thus it is reasonable to assume that 
the existence of damage leads to changes in the modal properties of the structure. In structures made of 
composite materials there seems to be a tendency for the use of damping as the damage feature, once 
damping variations – associated to the dissipated energy – seem to be more sensitive to damage than the 
rigidity variations, mainly in what delamination is concerned [2]. For instance, on the study of composite 
materials damage effects and modelling, Ostachowicz and Zak [3] present results on damped vibration of 
a laminated cantilever beam with a single closing delamination. Le Page et al. [4] also show that stiffness 
is relatively insensitive to matrix cracking development in woven fabric laminates, though the strain 
energy release rate related to the crack formation is significantly influenced by its location. Based on the 
observation that modal damping is a parameter with higher sensitivity to internal delamination in Carbon 
Fibre Reinforced Plastics (CFRPs) than the natural frequencies, Keye et al. [5] developed a method that is 
capable of relating modal damping deviations caused by structural damage to the damage location on the 
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structure. Kyriazoglou et al. [6] explore the use of the specific damping capacity for damage detection and 
localization in composite laminates. Yam et al. [7] proposed to develop a method for the location and 
prediction of damage in carbon fibre reinforced plates by means of a combination of the measured modal 
damping and the computed strain energy distribution. Li et al. [8] also note that the generation of a 
database of Random Decrement signatures for damage detection requires accurate modelling with 
appropriate treatment of structural damping which they say plays an important role in the vibration of 
composite materials. 
The purpose of this paper is to explore some of the “simplest” experimental ways of assessing the 
hysteretic damping of a material, in particular of a CFRP laminate, due to its importance on the subjects of 
damage detection and modelling. The methods used herein are the Force-Displacement and the 
Logarithmic Decrement techniques. It will be shown that the later method has several problems that are 
not usually stressed out, and that the former can probably grant a better consistent estimate of the 
hysteretic damping of a material. 
 

2 Techniques for experimental assessment of damping 
 

2.1 Force-displacement testing 
 
The experimental measurement of the hysteretic damping factor can be carried out by means of cyclic 
force-displacement tests in the elastic domain, as recently presented by Ribeiro et al. [9]. It is easy to show 
that the energy dissipated per cycle of oscillation is given by the ellipse area of the force-displacement plot 
during a complete cycle [9, 10]: 

 2
diss.W k X ellipse areaπ η= =   (1) 

where k is the stiffness of the sample, η is the hysteretic damping factor and X is the amplitude of the 
response. This area, the integral of the force along the displacement, corresponds to the non-conservative 
work done per cycle. In other words, by a resembling Lissajous plot with two signals at the same 
frequency but with different phase angles, damping can be seen as a mechanism that introduces a lag 
between the displacement and load. In fact, from [11] it can easily be shown that the dissipated energy can 
also be written as: 

 ( )diss.W FX sinπ θ=   (2) 

where F is the amplitude of the force and θ  is the phase angle between the force and displacement 
response. Thus, from equations (1) and (2) it can be seen that the hysteretic damping factor can be 
evaluated from a force-displacement test by using one of the following relationships: 

 2
ellipse area

kX
η

π
=   (3) 

 ( )sin
k
θ

η
α

=   (4) 

where, as already presented in Jones [12], α  is the ratio between X and F. Using the linear relationship 
between force and displacement, F kX= ,  equations (3) and (4) can be rewritten as: 

  2
ellipse area k

F
η

π
⋅

=   (5) 

 ( )sinη θ=   (6) 

k is the stiffness of the sample and therefore it is the angular coefficient of a linear fit to the ellipse. For a 
matter of simplicity during this text, equation (5) will be referred to as the method of areas and equation 
(6) as the method of phase. 
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However, it must be noted that both equations (5) and (6) can only be used as an approximation when the 
ellipse is sharp on its ends, because the point of maximum/minimum displacement X does not correspond 
to the point of maximum/minimum force F in the hysteresis cycle, as can be seen in figure 1. Since in 
most applications the damping ratio is very small, for practical purposes of this article those 
approximations can be used without loss of accuracy. 
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Figure 1: Hysteresis cycle (partial view). 

 

2.2 Logarithmic decrement 
 
Both the hysteretic and the viscous damping factors can be evaluated from a free vibration test. By 
definition, the logarithmic decrement is the natural logarithm of the decay rate (ratio between two 
amplitudes spaced by n cycles): 

 i

i n

x1 ln
n x

δ
+

=   (7) 

In most applications the damping ratio is very small and the logarithmic decrement can be approximately 
given by [9]: 
 δ πη   (8) 

in the case of the hysteretic damping model or by: 
 2δ πξ   (9) 

if the viscous damping model is considered. 
 

2.3 Other methods 
 
Other experimental methods for evaluating damping are available in the literature. For low-damped 
systems, a well-known technique is based on the use of the so-called half-power points [11], which makes 
use of the frequency response function. In this technique, the damping value may be obtained by simply 
measuring the frequency bandwidth at the half-power points amplitude and dividing it by the resonant 
frequency. 
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In modal analysis techniques, another common way of estimating damping, along with the other modal 
properties of the structure (mass and stiffness), is based on modal identification techniques [10]. For the 
purposes of the work presented here those techniques will not be approached. 
 

3 Damping measurements on a carbon fibre laminate 
 

3.1 Carbon fibre laminate specimen 
 
The specimen used was a quasi-isotropic CFRP laminate with a (0, 45, 135, 90, 90, 135, 45, 0) lay-up. The 
material used in this specimen was a carbon fabric prepreg constituted by Hexcel® G803 carbon tissue and 
HexPly® 200 phenolique resin (200/40%/G803). 
The specimen has a rectangular cross section of 25x2mm2 and a length of 50mm between tips, as can be 
seen in figure 2. The length of the specimen is as short as possible, limited by the minimum space between 
grips, to avoid buckling if compressive forces are applied during the tests. 

145 mm

50 mm

25
 m

m

Specimen thickness: 2mm
Tips thickness: 6mm

Laser Reflector
(for free response decay)

Strain Gauge

Clamping marks  
Figure 2: Carbon fibre laminate specimen. 

 
3.2 Force-displacement tests 
 
Experimental force-displacement tests were performed in a universal servo-hydraulic testing machine, 
Instron 1342 under load control. Figure 3a schematically represents the measurement chains of force and 
strains. In order to ensure that the load was properly applied to the specimen, the PID values for feedback 
control of the testing machine were adjusted for each loading frequency. To measure the strain accurately, 
two strain-gages (HBM LY11-350Ω) were bonded on both faces of the specimen, figures 2 and 3b. The 
value of strain† was averaged to eliminate any effects due to possible bending.  
Different force amplitudes and frequencies were used for the determination of the damping factor, 30 
sinusoidal cycles being performed and recorded for each condition. The acquired data were force and 
strain at a sampling rate of 1000 points per cycle. The signals were not filtered, in order to avoid any phase 
disturbance between them (the time domain filters available would introduce phase shifts, which is not 
desirable when one wants to accurately assess the phase between two signals). For the experimental data 
so obtained, a force-strain plot was used to compute numerically the area of the ellipse for each cycle 
(figure 4, for a test performed at 0.1Hz, though the ellipse is not visible) and the phase angle between the 
two signals was determined. Although the data naturally exhibited some level of noise, the integration 
process averaged it out and similar results were obtained for each cycle. 
                                                      
† Because the hysteretic damping factor η  is dimensionless, the longitudinal strain was used instead of the 
displacement in the force-displacement tests. 
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a) b) 

Figure 3: Force-displacement quasi-static test: a) testing hardware; b) Specimen in the testing 
machine. 
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Figure 4: Force-strain plot for a load magnitude of ±3kN and a frequency of 0.1Hz. 

 
Tests were performed at different frequencies; however, for a 10Hz testing the ellipse shown in figure 4 is 
much wider, as can be seen in figure 5a. Although the immediate conclusion is that damping is having a 
considerable variation with frequency (as would theoretically occur within the viscous damping model), it 
was observed that the damping had a negative value, meaning that the force was suffering from a delay 
relatively to the displacement. That can be seen in figure 5b. By making some simple calculations, a force 
delay of approximately 0.1ms due to hardware constraints not possible to control was estimated. 
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Figure 5: Force and strain for a load magnitude of ±3kN and a frequency of 10 Hz (CFRP 
laminate); a) force-strain plot; b) force-time and strain-time plots. 
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In fact, a different electronic equipment is used to process the force and strain signals (figure 3a), 
introducing a phase shift that is added to the one originated in the damped cyclic force-displacement 
process. As the electronic induced phase shift is independent of the frequency load, it was decided to 
perform tests at 0.1, 1 and 10 Hz and to extrapolate (using a least-squares fit) the damping factor obtained 
to 0 Hz, eliminating the influence of the electronic equipment. 
Tests were also carried out with different loading cases: traction-compression (±2kN, ±3kN and ±4kN), 
compression (-0.5kN to -3.5kN) and traction (+0.5kN to +6.5kN). 
Some extrapolations, for the estimation of the hysteretic damping by means of both the methods of areas 
and phase (equations 5 and 6) are shown in figure 6, where the intersection of the linear fit to the vertical 
axis corresponds to the hysteretic damping factor (represented by the independent term in the linear-fit 
equation). A summary of the results produced with both methods is shown in table 1. 
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Figure 6: Numerical extrapolations for the estimation of the hysteretic damping factor (CFRP 
laminate): a), b) and c) method of areas;  d), e) and f) method of phase. 

 

Cycles Type Load Areas Phase
Traction - Compression (1) -2 to +2 kN 0.00300 0.00266
Traction - Compression (2) -3 to +3 kN 0.00255 0.00261
Traction - Compression (3) -4 to +4 kN 0.00267 0.00249
Compression - Compression -0.5 to -3.5 kN 0.00279 0.00264
Traction - Traction +0.5 to +6.5 kN 0.00300 0.00293

Average Damping 0.00280 0.00267
Error ± 9% ± 10%

Method

 
Table1: Hysteretic damping factor values obtained in the force-displacement tests (CFRP laminate). 
 

Observation of figure 6 and table 1 leads us to the following comments: 
• Despite the fact that a sample of only 3 measurements at different frequencies was used to 

evaluate the linear fit, the correlation coefficients were very close to 1 in all cases; 
• The angular coefficients of the linear fits are similar (close to -0.007), which means that the lag 

introduced by the electronics is constant and independent of the measurement setup; 
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• The results showed an error of 9% for the method of areas, which means a good agreement for 
this kind of identification. When the method of the phase was used (equation 6, using the Fast 
Fourier Transform (FFT)), an error of 10% was obtained; 

• The method of phase seems to have a tendency to produce lower values of the hysteretic damping 
factor than the method of areas (except for the ±3kN traction-compression case). However, the 
discrepancy of the hysteretic damping factor between the one obtained with the method of phase 
(0.00267) and the one obtained with the method of areas (0.00280) is smaller than 4.9%, which is 
believed to be an acceptable result, considering the magnitudes of the values. 

 
3.3 Free-vibration tests 
 
Free-vibration tests were performed to obtain the experimental free decay behaviour of a cantilevered 
beam. A reflective tape was attached on the free tip of the cantilevered beam (as previously shown in 
figure 2) and the time response obtained in terms of the velocity (a Laser Vibrometer was used - Polytec 
Controller OFV-2802i and Polytec Inteferometer OFV-508). In order to avoid as much as possible any 
change introduced by the data processing, the velocity itself was used. The initial conditions were 
introduced so that a displacement on the free tip of the specimen were high enough to produce a measured 
signal of good quality (high signal-to-noise ratio) but still within the linear behaviour range. The beam 
was clamped to a much stiffer and heavier structure, using 45mm of its length. The logarithmic decrement 
was measured using 2 amplitudes spaced by 49 cycles, and repeated, for each block of 50 amplitudes, thus 
providing a total of 350 values for the hysteretic damping factor (amplitude 1 with amplitude 50, 
amplitude 2 with amplitude 51, amplitude 3 with amplitude 52, and so on). The time-signal used to 
compute the hysteretic damping factor for the free vibration decay of the CFRP beam is shown in figure 
7a. In figure 7b the first 0.25 seconds of the time signal are presented, showing that the influence of higher 
frequency modes has already vanished. The results for the hysteretic damping factor are shown in figure 8. 
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Figure 7: Experimental free decay velocity (cantilevered CFRP laminate). 
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Figure 8: Hysteretic damping along superimposed time blocks of 50 cycles (CFRP laminate). 
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It is clear, from the observation of figure 8, that the damping factor is not constant with time, starting with 
a value of 0.0043 and having an asymptotic tendency to a value of 0.0027, very close to the one obtained 
with the force-displacement test. 
The same test was conduced, but this time the clamping force was increased (though it was not possible to 
quantify its value), leading to the results shown in figure 9. 
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Figure 9: Hysteretic damping along superimposed time blocks of 50 cycles (higher clamping force; 

CFRP laminate). 

 
As expected, the clamping mechanism is performing an important role on the process of the free vibration 
of the cantilevered specimen (note that the specimen was not moved from its original position and only the 
clamping force was increased). This time, the changes on the hysteretic damping factor are not as high 
(0.0028 in the beginning to 0.0024 at the end of the time signal), but it still represents a considerable 
variation (of 17%). The damping factor seems once more to converge when it achieves lower amplitude 
levels of vibration. 
In both cases, the hysteretic damping factor seems to oscillate, which may be a consequence of the 
influence of the clamping structure itself. 
 
3.4 Confirmation of the influence of the boundary conditions 
 
Since the results obtained with the composite specimen were not as expected, it was decided to repeat the 
process, this time using an 800mm length steel beam with a 25x6mm2 rectangular cross section. The 
purpose was to confirm if the boundary conditions on the free-vibration tests were in fact responsible for 
the variation of the damping factor, or if it was the composite material itself the reason for such a 
behaviour. First, a force-displacement test, ranging from +1 to +10kN was performed (we did not use 
compressive loadings in order to avoid buckling), at three different frequencies of 0.1Hz, 1Hz and 10Hz, 
producing an estimation of the hysteretic damping factor of 0.00243 with the method of areas and 0.00218 
with the method of phase. In both cases, the coefficients of correlation were again 2 1.000R  and the 
angular coefficients approximately -0.007. After that, a free-vibration test was conduced, following the 
same procedure as for the carbon fibre laminate. A variable hysteretic damping, ranging from 0.0036 to 
0.0023 was obtained, with a slight convergence in the end of the time signal, thus leading us to conclude 
that the clamping mechanism has a strong non-linear influence on the results for any cantilevered beam. 
An attempt was made to minimize the effects of the boundary conditions for the free-vibration tests. The 
free-vibration test was repeated with free boundary conditions, using two nylon strings for the suspension. 
This time, the initial condition was not a displacement, but an impulse introduced with an impact hammer. 
However, with this setup, the sample oscillates, and the Laser is no longer a solution to measure the 
response, since the Laser is fixed and the reflective tape spot moves randomly. Thus, an accelerometer 
with cable had to be used. 
This approach was first conduced on the steel beam, as it is much heavier than the composite specimen 
used. The results obtained for the steel beam are shown in figures 10 and 11 (this time, a Chebyshev 
bandpass filter was used over the time signal, in order to minimize the rigid body motion effects that could 
be observed, as well as some high-frequency noise). 
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Figure 10: Filtered experimental free-decay acceleration (free-free conditions; steel beam). 
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Figure 11: Hysteretic damping along superimposed time blocks of 50 cycles (free-free conditions; 

steel beam). 

 
For the free-free case of the steel beam, the hysteretic damping factor is clearly oscillating around a 
constant value. This oscillation is due to the fact that the beam is suspended to simulate a free-free 
situation, and thus the beam will have rigid body motion (the used filter was not capable of fully 
eliminating its presence, without damaging the signal). However, it is now reasonable to compute an 
average value for this situation, which in this case is 0.00255 and is close to the value of 0.00243 obtained 
with the method of areas. 
In order to make the same test on the composite specimen, it was needed to use two pairs of heavy and 
stiff steel blocks, each pair attached to each tip of the specimen, so that the accelerometer and cable would 
not have such a great influence on the results (figure 12). Following the same procedure as for the free-
free steel beam, the obtained results are shown in figures 13 and 14. 
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Figure 12: Experimental setup for the free vibration test of the CFRP laminate in free-free 

conditions. 
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Figure 13: Filtered experimental free-decay acceleration (free-free conditions; CFRP laminate with 

steel blocks). 
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Figure 14: Hysteretic damping along superimposed time blocks of 50 cycles (free-free conditions; 

CFRP laminate with steel blocks). 
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For the case of the composite specimen, however, the results are clearly not satisfactory. First, it is 
important to notice that the signal-to-noise ratio for the test performed with the composite specimen is 
much higher than the one for the test performed with the steel beam. In fact, the amplitude of vibration we 
could obtain with the steel beam is 10 times higher than the one with the composite specimen, as can be 
observed by comparison between figures 10 and 13. On the other hand, filtering the signal will probably 
introduce errors difficult to control. In order to have an idea of its effects, it is presented in figure 15 the 
original time signal for the free-vibration of the free-free composite specimen prior to filtering. 
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Figure 15: Raw (unfiltered) experimental free-decay acceleration (free-free conditions; CFRP 

laminate with steel blocks). 

 
3.5 Summary of the results 
 
It should be mentioned that both the results obtained for the CFRP laminate and the steel beam were of the 
same order of magnitude ( )0.002 0.003∼ , so it was decided to perform similar tests on a material with 
higher damping: a high density poly-urethane beam with a 25x15mm2 rectangular cross section. Final 
results for the composite specimen, steel beam and poly-urethane beam are presented in table 2. 
 

Method of Areas Method of Phase Cantileverd Free-Free
Carbon Fibre Reinforced Laminate 0.00280 0.00267 0.0024~0.0028 -
Steel beam 0.00243 0.00218 0.0023~0.0036 0.00255
High Density Poly-Urethane beam 0.0167 0.0180 0.0186~0.0204 -

Stress-Strain Free-Vibration

 
Table 2: Results summary. 

 

4 Conclusions 
 
Various results have been presented, concerning the hysteretic damping factor measurement of a CFRP 
laminate. To accomplish this objective, two experimental techniques were used: a force-displacement test 
and a free-vibration test. It has been shown that the experimental assessment of the hysteretic damping 
factor presents several difficulties that cannot be neglected, specially when dealing with free-vibration 
testing on a cantilevered beam. In summary, the following conclusions can be drawn: 
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• On free-vibration testing for experimental damping factor estimation, the boundary conditions 
play an important role on the results. In the case of a cantilevered beam, the clamping force has a 
strong influence on the measurements; 

• The best region of the time domain decay to estimate the hysteretic damping factor of a 
cantilevered beam is the one with the lowest displacement amplitudes, but high enough for an 
acceptable signal-to-noise ratio. There is a considerable variation on the calculated hysteretic 
factor along the time, although it seems to converge to values close to those obtained in the cyclic 
force-displacement test; 

• The measurement of the hysteretic damping factor with free-free boundary conditions on free 
vibration testing presents several difficulties, such as a lower signal-to-noise ratio and the 
influence of the rigid body motion (present and visible on the measured response signal); 

• When compared to the free vibration test, the force-displacement test is less influenced by external 
factors if the measurement setup is carefully prepared and correct approaches to the electronic 
processing of the data are followed; 

• For the case of the force-displacement testing, an approach based on a linear fit along the 
frequency was used to minimize the problems introduced by the measurement chain, showing a 
good agreement between results; 

• The force-displacement testing seems to be more reliable to evaluate the damping factor of a 
material than the free-vibration testing, according to the previous conclusions. On the free 
vibration testing a “structural damping” is measured (and not only the material damping); its 
results are influenced by the boundary conditions and the vibration modes of the clamping 
structure used; 

• The fact that the correlation coefficients are close to 1 in the linear-fit extrapolations over the 
results obtained for various frequencies in the force-displacement tests, shows that, for the 
frequency range used, the constant damping model can be used to describe the global damping 
mechanism of a CFRP; 

• For different loading conditions, no considerable changes on the hysteretic damping factor were 
observed, which shows that - for the setup conditions - the material had a linear behaviour. 

 
Still other questions arise, which deserve further developments: it was assumed the hysteretic model to 
describe the dissipation mechanism of our specimen, which in fact cannot be totally true, if the dissipative 
term of the equation of motion for this material is in fact better described by a fractional derivative 
(although close to zero). 
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Abstract 
This work aims to simulate via FEM an aluminium cantilever beam actuated by a PZT patch, whose 
flexural vibration is transmitted to a collocated PZT sensor, which is connected to an electric multiple-
mode shunt system damping the vibration.  
First, starting from a single-mode parallel R-L shunt circuit, optimal tuned values of the resistor and 
inductor for the shunt circuit are calculated at a targeted harmonic resonance vibration frequency. 
Extensive numerical results are then obtained in using the FEM code ANSYS Multiphysics, which has 
piezoelectric coupling capabilities, and also electric finite elements used to simulate explicitly the R-L 
circuit. Calculated damping levels of the beam vibration amplitude, due to the shunt circuit, attain high 
values. Furthermore, the shunt effect consists in an increase of the sensor resulting voltage. 
Calculations are then extended to a multiple-mode shunt system, where each branch consists of a parallel 
R-L shunt circuit tuned to each of three eigenfrequencies, in series with two C-L circuits “blocking” the 
two other resonance frequencies. In modifying the shunt system, the number of antiresonant circuits can 
be reduced. Here also, high FEM calculated values for the beam vibration damping are obtained, now at 
the three eigenfrequencies simultaneously. 
 
 

1 Introduction 
 
Starting from a main configuration consisting of an aluminium cantilever beam actuated at its clamped 
end by a pair of collocated piezoelectric patches, which are made of bulk lead-zirconate-titanate 
Pb(Zr,Ti)O3 (PZT) material, authors have previously worked on the electric-mechanical-acoustic 
couplings concerned by the piezoactuation of the beam, through its resonance vibration, and up to its 
sound radiation into air [1, 2]. The aim of the present work is to simulate the same vibrating beam but 
equipped with a supplementary shunt circuit for vibration damping. This beam can thus be called smart or 
(as used here) adaptive. 
A method as presented consists in changing the function of one of the two collocated piezoelectric 
actuators into a sensor, which is then shunted by an electric R-L shunt circuit. The mechanical energy of 
the vibrating PZT-actuated beam is converted into electrical energy in the PZT-sensor. It is then dissipated 
by Joule heating through the connected resistor R. A supplementary inductor L is necessary for the tuning 
of the shunt damping to the frequency of the disturbance. A parallel connection of this R-L circuit is here 
preferred. Following an analytical basis using FEM of this adaptive beam, extensive numerical results can 
then obtained, using the FEM code ANSYS, for the shunt efficiency in damping the vibration of the beam. 
Calculations will be finally extended to a multiple-mode shunt system, where each branch consists of a 
parallel R-L shunt circuit tuned to each of some selected eigenfrequencies, in series with C-L circuits 
“blocking” the other resonance frequencies. 
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2 Analytical basis of the adaptive beam with the shunt circuit 
 
The studied configuration is shown in Fig. 1, of an aluminium cantilever beam (300effx30x2 mm3) excited 
by a PZT actuator (70x25x0.5 mm3) bonded at its clamped end, harmonically at one of the resonance 
frequencies, and under a dynamic loading voltage of 20 Vpeak [1, 2]. A collocated PZT sensor (of same 
dimensions than the actuator) transforms the mechanical displacements of the PZT-actuated beam into an 
output voltage. At this step, the shunt system, that is represented by the electric parallel R-L circuit also 
shown in Fig. 1, is supposed to react against the beam vibration by inducing an electrical current into the 
sensor. At the same time, the sensor resulting voltage will be changed. 

 

      
Figure 1: Configuration of the adaptive beam using a collocated PZT actuator/sensor 
pair and a parallel R-L shunt circuit bonded to sensor faces 

 
 

2.1 Analytical basis using FEM of the adaptive beam 
 
General (linear) piezoelectric constitutive equations can be written following the standard IEEE Std 176-
1987, as it was shown in previous works [1, 2]. The final solution, following the Hamilton’s principle for 
coupled electromechanical systems, is then written in form of a system of electromechanical equations of 
motion coupling the PZT-patches and the structure, in both cases as a PZT-actuator (neglecting damping) 
and as a PZT-sensor, respectively [3, 4]: 

 fBθuKKuMM fpps =+++ ϕ-)()( s&&  (1a) 

and qBCuθ qp =+ ϕT , (1b) 

where Ms, Mp and Ks, Kp are the mass and stiffness matrices of the structure and the PZT-patches, 
respectively, Cp is the piezoelectric capacitance matrix, Bf and Bq are the conversion matrices for forces f 
and charges at electrodes q, respectively, and θ is the electromechanical coupling matrix. 

Applying Eqs. (1) to the configuration represented in Fig. 1 of the adaptive beam, i.e. of an 
actuator/beam/sensor vibrating system with the connected shunt circuit in its closed position: 

• Eq. (1a) balances the actuating forces vector f to the mechanical displacements vector u of the 
actuator/beam part, which is electromechanically coupled to the input electric potential vector ϕ on the 
PZT actuator; 

• Eq. (1b) balances the electric charges vector q (induced by the shunt circuit into the sensor) to the 
mechanical displacements vector u of the sensor/beam part, which is electromechanically coupled to a 
resulting potential vector ϕ in the PZT sensor. 

PZT actuator 20Vpeak 
  (70x25x0.5 mm3) 

     PZT sensor 
  (70x25x0.5 mm3) 

   Al cantilever beam 
    (300effx30x2 mm3) 

  parallel 
R-L circuit 
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The combination of both equations thus gives the closed-loop solution of the displacement vector u of the 
whole actuator/beam/sensor vibrating system after damping due to the shunt circuit. The analytical 
formulation of the electrically connected shunt system will be written separately in the following 
subsection. 
 

2.2 Formulation of the shunt circuit for vibration damping 
 
In the configuration of the adaptive beam represented in Fig. 1, the parallel R-L circuit is bonded to the 
two sides of the PZT sensor. The resistor R is intended to dissipate by Joule heating the electrical energy 
in the piezoelectric sensor, which comes from the mechanical vibration of the actuated beam (see Eqs. 
(1)), while the inductor L serves to the tuning of the vibration frequency of the whole 
actuator/beam/sensor system. The parallel connection of the inductor and resistor used here follows the 
model postulated by Wu [5], where the tuning of the frequency ω and the optimum vibration damping are 
operated independently, i.e. it does not require iterative adjustments between the inductance and resistance 
as commonly used in the series R-L connection. 

This parallel R-L circuit, together with the electrical capacitance Cp of the connected PZT sensor, can 
be represented implicitly by the total shunt electrical load impedance Zshunt, which, in the frequency 
domain, is written as 

 
p

2shunt RLCωRL jω
RL jωZ
−+

= .   (2) 

When the shunt circuit is opened, the load impedance is just the electric impedance of the PZT sensor 

 
p

sensor C jω
1Z = .   (3) 

The relationship between the electrical shunt impedance Zshunt in Eq. (2) and the electrical induced 
charge q in the sensor, which represents the generalised charge vector q in the electromechanical 
equations of motion of the actuator/beam/sensor vibrating system (see §2.1, Eqs. (1)), can be written in the 
frequency domain as 

 
shunt

shunt
shunt Z

Vq jωI == ,   (4) 

where Ishunt and Vshunt are the induced current in and voltage on the sensor, respectively. 
 

2.3 Optimal tuned R-L values at a targeted eigenfrequency 
 
Wu [5] found the following formulations for the optimal tuned shunt resistance Ropt and tuning inductance 
Lopt in the parallel R-L circuit: 

 
ps31

opt Cω2
1R

K
=   (5) 

and 2
s

2
optp

opt ωC
1L

α
= ,  (6) 

with 
2

1
2
31

opt
K

−=α ,  (7) 
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where K31 is the electromechanical coupling factor of the PZT material, and ωs is the targeted disturbance 
frequency to be tuned, which corresponds here to a flexural eigenmode of the vibrating 
actuator/beam/sensor system in Fig. 1. 
The quality PIC 141 (from PI-Physik Instrumente) for the PZT-material in these FEM-calculations has 
been chosen to be the same as the calculated and experimental one used in previous works [1, 2]. Beside 
its orthotropic stiffness, dielectric and piezoelectric matrices, another given material property for PIC 141 
is its electromechanical coupling factor K31 = 0.31, giving after Eq. (7) αopt = 0.741. The electrical 
capacitance of the PZT sensor in Eqs. (5)-(6) can be calculated from 

 
h
AεεC *

330p = ,   (8) 

where ε0 = 8.854.10-12 F/m is the electric permittivity of vacuum, ε*
33 = 1300 is the normalized permittivity 

in the polarized direction of PIC 141, A = 17.5 cm2 and h = 0.5 mm are the plane area and thickness, 
respectively, of both PZT patches used (see Fig. 1), which give the input value of Cp = 40.3 nF for the 
electric capacitance of the sensor. 
Optimal tuned values for the resistance and inductance of the parallel R-L circuit after Eqs. (5)-(6), with 
corresponding values for the impedance according to Eqs. (2)-(3), are calculated differently for each 
targeted frequency of the spectral resonance peaks of the system in Fig. 1 (see details in [7]), giving for 
example for its second flexural eigenfrequency f1 = 193.4 Hz: Ropt1 = 46.6 kΩ and Lopt1 = 30.6 H, with 

Zshunt= 44

9

3.83x103.72x10 j
1.73x10 j

−
   (compared to Zsensor= 54.90x10 j

1
− ). 

 

3 FEM results with the parallel R-L circuit 
 

3.1 Explicit FE formulation of the R-L circuit 
 
FEM-calculations of the adaptive beam represented in Fig. 1 are done in 3D using the commercial code 
ANSYS Multiphysics, which offers not only piezoelectric coupled-field capabilities, but also explicit 
electric finite elements for the simulation of the R-L shunt circuit. As finite elements with two active 
nodes [6], for an harmonic analysis in the frequency domain, a resistor is represented by 
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and an inductor by 
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where V1 and V2 are the shunt voltages (as DOF) at the two nodes of each R and L elements, which here 
in case of the parallel R-L circuit are identical for R and L, and equal to the resulting voltages between the 
two sides of the PZT sensor. 
 

3.2 FEM-mesh and boundary conditions 
 
The whole FEM-mesh including the boundary conditions using ANSYS, of the cantilever beam with the 
collocated actuator/sensor pair and the parallel R-L shunt circuit, is shown in Fig. 2 (see details in [7]). 
The 2mm thick Al-beam is meshed with three layers of fine 3D solid elements SOLID45 (eight nodes with 
the three spatial displacements as DOF), and the finite nodes at its clamped end have zero displacements 
in the three directions. The two 0.5mm thick PZT actuator and sensor are meshed with one layer of 3D 
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piezoelectric elements SOLID5 (eight nodes with the three spatial displacements and the electric voltage 
in addition as DOF). Applied to all nodes at the outer surface of the PZT actuator is the voltage of 20 
Vpeak, at an excitation frequency harmonically growing stepwise, within frequency ranges that are stepwise 
refined around a selected eigenfrequency of the vibrating system. Approximate values of these 
eigenfrequencies are preliminary known from a FE modal analysis. The resistor and the inductor of the 
parallel shunt circuit are simulated by one electric element CIRCU94 each, between two common nodes 
and with the same electric voltage as DOF [6]. At this step, the resistance and inductance input values 
have to be changed each time in function of the targeted eigenfrequency (see §2.3 and [7]). The 
supplementary boundary condition, which is given to the sensor only in the case of the closed R-L shunt 
circuit (and not in the other case of the open circuit), is that the resistor and inductor are activated, 
between their two common nodes, by a same input voltage than the resulting voltage between the two 
faces of the PZT sensor. 
 

    
  

Figure 2: FEM mesh of the adaptive beam with boundary conditions: clamped end of the 
beam and voltage loading at the outer surface of the PZT actuator (right); parallel R-L 
circuit between two common nodes and activated by the same voltage than between the two 
faces of the PZT sensor (left), see [7] 
 

 
3.3 FEM calculated shunt effect due to the parallel R-L circuit 
 
Fig. 3 shows an example obtained for the FEM calculated harmonic flexural deflection (in amplitude and 
phase) at the free end of the PZT actuated beam (see Fig. 1), for the two cases where the parallel R-L 
circuit is opened and closed, respectively (see [7] for more details). Results are calculated within a refined 
frequency range around the targeted eigenfrequency of 193.4 Hz, which corresponds to a set of optimal 
tuned R and L input values (see §2.3). As it can be seen, the value of about 26.4 % obtained for the 
reduction of the harmonic maximum beam vibration amplitude, due to the shunt circuit, is quite high. 
Furthermore, only a slight shift out of the selected tuned eigenfrequency is calculated. Almost a same high 
relative value is calculated for the reduction of the harmonic flexural deflection at the centre of the PZT 
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sensor (see Fig. 1), although if the absolute deflection value at this position is much smaller than the one at 
the beam end. 
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Figure 3: FEM calculated shunt effect in amplitude (left) and phase (right) on the harmonic 
second flexural mode deflection at the free end of the beam, with negligible shift out of the 
tuned eigenfrequency of 193.4 Hz (using parallel R-L circuit of 46.6 kΩ and 30.6 H), see [7] 
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Figure 4: FEM calculated voltage increase at the sensor, due to the input voltage 
from the R-L shunt circuit, at the optimal tuned eigenfrequency of 193.4 Hz, see [7] 
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3.4 FEM calculated input voltage from the parallel R-L circuit 
 
Fig. 4 shows the difference in the FEM calculated electric voltage between the two sides of the sensor, for 
the two cases of the open and closed parallel R-L circuit, and at a refined frequency range surrounding the 
same eigenfrequency of 193.4 Hz. The shunt effect consists thus in an increase of the sensor resulting 
voltage, i.e. in a shunt-equivalent supplementary voltage applied to the sensor by the connected parallel R-
L circuit. As it can be seen, this input voltage is almost constant in both shown frequency ranges, with a 
value of about 2-3 V. It corresponds to a calculated current outflow of 0.2-0.3 mA (or a current density 
outflow of 0.1-0.17 A/m2) within the sensor. 
 

4 FEM extension to the multiple-mode shunt system 
 

4.1 Principle of the multiple-mode shunt system 
 
The next step is to extend this single-mode parallel R-L circuit (see § 2-3) into a multiple-mode shunt 
system, here also following the model postulated by Wu in his further work [8]. The principle is to insert, 
in series with each parallel R-L shunt circuit tuned to one disturbance eigenfrequency, series of electric 
circuits “blocking” at the same time the other resonance eigenmodes. Each of these antiresonant circuits 
consists of one parallel capacitor C and inductor L circuit.  
Fig. 5 shows an example of this multiple-mode shunt system tuned simultaneously for three vibration 
frequencies ω1, ω2 and ω3 (under the assumption that ω1< ω2< ω3). Each branch of the shunt system 
consists of the parallel R-L shunt circuit tuned to one of the eigenfrequencies, in series with two C-L 
“blocking” circuits at the two other eigenfrequencies. Due to these supplementary circuits in series, the 
values of the three inductors L1, L2 and L3 have to be changed into L’1, L’2 and L’3, respectively [8].  
 
Furthermore, as it is also indicated in [8], this multiple-mode shunt system can be simplified by employing 
Riordan simulated inductor circuits, thus reducing the number of the antiresonant C-L circuits. As shown 
in Fig. 6, the modified multiple-mode shunt system needs only half of the C-L circuits number to be used. 
 
Otherwise, values for the inductors L1 and L2 in the three C-L antiresonant circuits can be chosen arbitrary 
as to be the same as those in the R-L shunt circuits (see § 2.3), in order to give the corresponding values 
for C1 and C2 following the antiresonance rule in producing infinite electrical impedance: 

  2
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ii ω
1CL =  (11) 

 

In the modified multiple-mode shunt system in Fig. 6, the values of the resistor and inductor in the stay-
alone first parallel R1-L1 circuit are calculated in the same way than those for the single-mode shunt circuit 
(see § 2.3). The resulting values in the two other R-L shunt circuits, which are in series with their 
corresponding C-L “blocking” circuits, are recalculated as following [8]: 
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Figure 5: Multiple-mode shunt system tuned for three eigenfrequencies 

 
 
 
 
              

             
 
Figure 6: Modified shunt system tuned for three eigenfrequencies 
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For example, applying this multiple-mode shunt system for vibration damping of the three second, third 
and fourth flexural modes of the adaptive beam in Fig. 1, one obtains after Eqs. (5-6) and Eqs. (11-15) the 
following input values for the different electric circuits used in Fig. 6: 

• f1 = 193.4 Hz giving R1 = 46.6 kΩ, L1 = 30.6 H and C1 = 22.1 nF; 

• f2 = 500.6 Hz giving R”2 = 29.3 kΩ, L”2 = 10.7 H, L2 = 4.57 H and C2 = 22.1 nF; 

• f3 = 962.7 Hz giving R”’3 = 19.5 kΩ and L”’3 = 4.48 H. 
 

4.2 FEM results with the multiple-mode shunt system 
 
The whole FEM-mesh including the boundary conditions using ANSYS, of the cantilever beam with the 
collocated actuator/sensor pair and the electric multiple-mode shunt system, is shown in Fig. 7. The 
meshing of the beam and of the two PZT actuator and sensor remains the same as with the single-mode 
shunt circuit (se § 3.2). Applied to all nodes at the outer surface of the PZT actuator is the same voltage of 
20 Vpeak, at an excitation frequency growing stepwise, within frequency ranges that are stepwise refined 
around the three selected eigenfrequencies of 193.4, 500.6 and 962.7 Hz of the vibrating system (see § 
4.1). All resistors, inductors and capacitors of the multiple-mode shunt system (see Figs. 6 and 7) are 
simulated by one electric element CIRCU94 each. In the same way as for the resistance R and inductance 
L in Eqs. (9) and (10), respectively, the capacitance C can also be represented explicitly as following [6]:  
 

   

Figure 7: Extended FEM mesh of the adaptive beam with the multiple-mode 
shunt system tuned for three eigenfrequencies 

R1-L1 

R’’2-L’’2 

R’’’3-L’’’3 

C1-L1 

C1-L1

C2-L2 

 
   (ω1 < ω2 < ω3)

ACTIVE VIBRATION CONTROL AND SMART STRUCTURES 469



 
⎭
⎬
⎫

⎩
⎨
⎧

=
⎭
⎬
⎫

⎩
⎨
⎧
⎥
⎦

⎤
⎢
⎣

⎡
−

−
0
0

V
V

CC
CC

2

1  (16) 

where V1 and V2 are the shunt voltages (as DOF) at the two nodes of each C element. 
 
The corresponding resistance, inductance and capacitance input values are calculated after Eqs. (5-6) and 
Eqs. (11-15) and indicated above in § 4.1. The supplementary boundary condition, which is given to the 
sensor only in the case of the closed multiple-mode shunt system (and not in the other case of the open 
circuit), is that the finite nodes at the two ends of each of the three electric branches (see Figs. 6 and 7) are 
activated by a same input voltage than the resulting voltage between the two faces of the PZT sensor. 
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Figure 8: FEM calculated vibration damping of the harmonic flexural mode 
deflection at the free end of the beam due to the multiple-mode shunt system,  
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Fig. 8 shows the FEM calculated frequency response function (FRF), up to 1000 Hz, of the deflection 
amplitude at the free end of the beam (see Fig. 1), which is obtained in the two cases where the multiple-
mode shunt system is open and closed, respectively. Also shown in Fig. 8 are results calculated within a 
refined frequency range around the three tuned eigenfrequencies of 193.4, 500.6 and 962.7 Hz of the 
vibrating system. As it can be seen, the values obtained for the beam vibration damping at all three 
eigenfrequencies together, due to the multiple-mode shunt system, are relatively high, ranging from 10.2 
% up to 35.4 %. Here also, only a slight shift out of the three tuned eigenfrequencies is calculated. 
 
 
5 Conclusions and outlook 
 
Analytical formulations using FEM were written for the actuator/beam/sensor vibrating system. The 
chosen parallel R-L shunt circuit, connected to the sensor to damp the beam vibration, is implicitly 
available via the equivalent shunt load impedance. 
First, optimal tuned values for the resistor and inductor of the shunt circuit were calculated at each 
targeted resonance frequency. The R-L circuit was simulated explicitly with electric finite elements using 
the FEM code ANSYS. An example of numerical results was presented for the second flexural 
eigenfrequency of the adaptive beam, with the high value of 26.4 % in reduction of the harmonic 
maximum beam vibration amplitude. The calculated shunt damping effect was also shown to result in a 
supplementary input voltage applied to the sensor, which is about 2-3 V at this eigenfrequency. 
Calculations were then extended to a multiple-mode shunt system, where each branch consists of a parallel 
R-L shunt circuit tuned to each of three eigenfrequencies, in series with two C-L circuits “blocking” the 
two other resonance frequencies. In the modified shunt system, only half of the number of antiresonant 
circuits was needed. Here also, successfully calculated values for the beam vibration damping were 
obtained at the three tuned eigenfrequencies simultaneously. 
In the future, it will be verified if this method of vibration damping using an electric multiple-mode shunt 
system still works in a more complexes configuration with a clamped plate, where the positioning of the 
actuator/sensor’ pairs on the plate should play the main role. Furthermore, all FEM calculated results will 
have to be validated experimentally. A further interesting subject will be the comparison of the here used 
mechanical actuation via a PZT actuator with an acoustic actuation method per loudspeaker, which helps 
to a better understanding of the electric-mechanical-acoustic multicoupling processes. 
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Abstract
For research and development, a single reference input multiple actuator input multiple error sensor out-
put vibration isolation setup is realized. The objective of the setup is to investigate if the flexible receiver
structure can be isolated from the rigid source structure by six piezo-electric actuators (serving as a hybrid
vibration isolation mounts), such that disturbances stemming from the source structure are reduced at the
receiver structure. Vibration isolation is established by minimizing signals from six acceleration sensor out-
puts and by steering the piezo-electric actuator inputs. The first contribution of this paper is that by making
use of an adaptive multi-variable feedforward controller which is updated on the basis of a computationally
efficient filtered error least mean square algorithm, broadband vibration isolation control is achieved with an
average reduction of up to 9.4 dB in the error sensor outputs (between 0-1 kHz). The second contribution
is that the slow convergence problem of the adaptive controller is solved by incorporating the multi-variable
state space based inverse outer factor model in the control scheme. The latter is obtained from an inner/outer
factorization of the state space model of the transfer path between the actuator inputs and error sensor out-
puts.

1 Introduction

Isolating vibrations is an important issue in a wide range of engineering applications where mechanical
parts need to be connected and, at the same time, the transfer of vibration energy between the parts needs
to be minimal. Vibrations can make machines less accurate, result in unwanted noise, and cause fatigue
in parts of the structure or even cause damage. Examples can be found in: precision technology, transport
vehicles, space and aerospace applications, biomedical applications, oil and gas platforms and buildings and
constructions in a zone of seismic activity.

Vibration isolation is aimed at reducing the transmission of vibration energy from one body or structure to
another. The body where the vibration originates from and the structure on which this body is mounted are
called, in short, the ‘source’ and the ‘receiver’, respectively. The source - which is assumed to be rigid -
needs to be appropriately connected to a receiver in order to constrain the motions of the source relative
to the receiver. In this thesis, the receiver is considered to be flexible. A well-known technique to reduce
the transfer of vibration energy is passive vibration isolation (PVI) by using springs and dampers (Hansen
and Snyder, 1997; Mead, 1998; Preumont, 2002). The stiffness of the mount determines the fundamental
resonance frequency of the mounted system and vibrations with a frequency higher than the fundamental
resonance frequency are attenuated. Unfortunately, however, other design requirements (like static stability)
often impose a minimum allowable stiffness, thus limiting the achievable vibration isolation by passive
means. Vibrations with lower frequencies especially are difficult to isolate. Passively isolating these kinds
of vibrations would result in relatively large displacements of the source. This is not desirable, as in many
applications the requirements concerning the support functionality are rather strict and cannot be relaxed.
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Figure 1: The SR-MIMO vibration isolation setup (left) and a schematic representation (right).

Flexible joint

Piezo

Sensor

Figure 2: One of the three mounts that carry the source (left) and a schematic representation (right). The two
piezo-electric actuators can be seen clearly.

A more promising approach to vibration isolation is statically determinate hybrid vibration isolation, which
combines PVI and statically determinate active vibration isolation control (SD-AVIC) (Super, 2006). The
aim of the control system in SD-AVIC is to produce anti-disturbance forces that counteract with the distur-
bance forces stemming from the source. Using this approach, the vibration energy transfer from the source
to the receiver is blocked in the mount due to the anti-forces. For this, along with the springs and dampers,
an electrical circuit is needed that consists of sensors, actuators and a real-time control system.

For research and development a single reference input multiple actuator input and multiple error sensor
output (SR-MIMO) vibration isolation setup is developed (Super, 2006). In figure 1 on the left, a photograph
of the SR-MIMO vibration isolation setup is shown. A schematic representation is depicted on the right.
The triangular plate (i.e. the source) is excited by an electro-dynamic shaker (i.e. the reference input). The
shaker is attached to a frame by a spring and moves the source dominantly in the vertical direction. The
source is connected to the receiver by three hybrid mounts that consist of two piezo-electric actuators each
(a mount is shown in figure 2, on the left). These mounts provide high stiffness connections in the two
actuator directions and low stiffness in the unactuated directions. Thus, SD-AVIC is established in a total of
six degrees of freedom (three mounts × two degrees of freedom) and PVI is established in the unactuated
directions. Every mount has two error sensors that are aligned with the piezo-electric actuators. The objective
of the SR-MIMO vibration isolation setup is to determine if the receiver can be isolated from the source by
the vibration isolation mounts, so as to reduce disturbances stemming from the source at the receiver. SD-
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AVIC is established by minimizing the signals from the six error sensor outputs and by steering the six
piezo-electric actuator inputs.

The first contribution of this paper is the design, implementation and validation of a fast converging adaptive
feedforward control scheme to suppress broadband disturbances in the error sensor outputs. Particularly, it is
investigated if disturbances can be rejected by steering the actuators with an adaptive feedforward controller
which is updated using a filtered error (adjoint) least mean squares (LMS) type of algorithm (Wan, 1996).
The second contribution is that the slow convergence problem of the adaptive controller is solved by incor-
porating a subspace based state space multi-variable inverse outer factor model in the control scheme. To
the inner/outer based filtered error algorithm is referred to as the IO-ALMS algorithm.

This paper is organized as follows. In section 2 the notation is explained and the IO-ALMS algorithm is
given using a block-diagram. Section 3 gives the results of the simulation and real-time control experiments.
Finally, in section 4 the conclusions of this paper are given.

2 Notational issues and the control scheme

This section is organized as follows. Section 2.1 clarifies the notation which is used in this paper. Section
2.2 explains the IO-ALMS algorithm. Note that in this section only the prerequisites are treated which are
necessary to understand the remainder of the paper. Consult (Nijsse, 2006) and the references there-in for
more in-depth information.

2.1 Notational issues

Y(q−1) is a linear time invariant transfer function with q−1 the unit delay operator (Fuller et al., 1996).
For a state space model with system matrices (Ay,By,Cy,Dy) it holds that the transfer function is given

by Y(q−1) = Dy + q−1Cy

(
In − q−1Ay

)−1 By with n the order of Y(q−1) and In ∈ R
n×n the identity

matrix. From now often the argument q−1 is dropped in the equations. A hat on top of a variable (i.e. {̂·})
indicates an estimate. For example, Ê is the estimate of E. Furthermore, matrices, models and systems are
denoted by boldface uppercase letters (X), vectors are denoted by boldface lowercase letters (x) and scalar
signals will be denoted by normal lowercase letters (x). It is assumed that the setup is linear time invariant
as well as that the reference input is stationary and broadband1 between 0-1 kHz. Specifically, later on in the
experiments, for the reference input zero mean stochastic white noise is used.

2.2 The inner/outer based adjoint least-mean-square control scheme

The control scheme is depicted in figure 3. This block-diagram is used to explain the algorithm. P represents
the asymptotically stable2 J input M output transfer path from the reference inputs x(k) ∈ R

J to the
disturbance outputs d(k) ∈ R

M , i.e. the primary path. The signal d(k) is given by:

d(k) = Px(k).

S is the asymptotically stable K input M output transfer path from the actuator inputs u(k) ∈ R
K to the

anti-disturbance outputs y(k) ∈ R
M , i.e. the secondary path. Therefore:

y(k) = Su(k).

1A broadband disturbance is a disturbance which is random in character and which distributes its energy evenly across a particular
frequency band (Kuo et al., 1996).

2All poles strictly inside the unit circle.
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Figure 3: Block diagram of a MIMO feedforward SD-AVIC system with an adaptive controller and the
inverse outer factor included. Signals entering and leaving a plus sign (‘+’) have the same dimension.

The error sensor outputs are given by e(k) ∈ R
M and are a superposition3 of the disturbance outputs d(k),

the anti-disturbance outputs y(k) and the measurement noise ζ(k):

e(k) = d(k) + y(k) + ζ(k).

The measurement noise ζ(k) is assumed to be uncorrelated to the reference inputs x(k) and the disturbance
outputs d(k). It is assumed that M ≥ K ≥ J . W̆o(k) is the asymptotically stable J input K output
regularized adaptive feedforward controller from the reference inputs x(k) to u(k):

u(k) = W̆o(k)x(k).

The controller has a finite impulse response filter (FIRF) structure of length L. The K×J×L time-dependent
coefficients of the controller are stacked in a column vector which is denoted by wo(k) (Enden, 1989). S̆−1

o

is the regularized4. K input K output inverse outer factor which is obtained from an inner/outer factorization
of the augmented secondary path (Elliott, 2000; Fraanje, 2004).[

S√
�

]
.

Specifically, S̆o is determined so that it holds true that:

S̆∗oS̆o = S∗S + �IK , (1)

with � ∈ R
+ a small constant. The inclusion of the regularized inverse outer factor in the control scheme

can considerably speed up the convergence speed of the adaptive controller coefficients. Due to the inclusion
of the regularized inverse outer factor, the adaptive feedforward controller W̆o(k) acts on S̆i which is given
by:

S̆i = SS̆−1
o .

Due to its computational efficiency, the least mean square (LMS) algorithm is used for updating the adaptive
controller coefficients. For updating the coefficients it is necessary to compensate for the remaining inner

3Some authors use a minus, but here a plus is used to give d(k) + y(k), since in real life signals are always added.
4The reason that the (inverse) outer factor is regularized is to prevent actuator saturation and to increase the robustness of the

adaptive controller (Nijsse et al., 2005).
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factor S̆i in the LMS algorithm. Instead of filtering the reference signal with the inner factor Si in the
Kronecker sense, as in the traditional filtered-x LMS algorithm (Widrow and Walach, 1996), here is chosen
to filter the error sensor outputs e(k) with the adjoint S̆∗i of S̆i. A problem is that S̆∗i is a state space filter
(SSF) which is anti-causal and cannot be implemented in real-time. To solve this problem, S̆∗i is converted
to a FIRF of finite length p. The FIRF is denoted by S̆∗iFIRF

. Though S̆∗iFIRF
is still anti-causal, this can easily

be solved by incorporating a delay of p samples. That makes the FIRF causal and thus implementable. As
such, the delayed FIRF q−pS∗iFIRF

is used to filter the error sensor outputs e(k). The number p needs to be
chosen with care. Making p too small may result in performance degradation.

This results in the following filtered error sensor outputs ẽ(k) that are actually used in the LMS update (see
figure 3):

ẽ(k) = q−pS̆∗iFIRF
e(k). (2)

Since the error sensor outputs e(k) are delayed by p samples, the reference inputs also need to be delayed
by p samples. The resulting IO-ALMS algorithm is now given by:

w̆o(k + 1) = (1− μρ)w̆o(k)− μX(k − p)ẽ(k), (3)

μ is the step-size which is chosen by the user en ρ is a small positive regularization factor to make the
adaptive controller more robust too e.g. finite precision errors. X(k − p) a delayed version of the regression
matrix X(k) ∈ R

JKL×K and is defined as:

X(k − p) =

⎡
⎢⎢⎢⎢⎣

x(k − p) 0 · · · 0

0 x(k − p) · · · ...
... 0

. . . 0
0 · · · 0 x(k − p)

⎤
⎥⎥⎥⎥⎦ ,

with x(k − p) ∈ R
JL the regression column vector that is defined as:

x(k − p) =
[
xT

1 (k − p) xT
2 (k − p) · · · xT

J (k − p)
]T

,

with:
xi(k − p) = [xi(k − p) xi(k − p− 1) · · · xi(k − p− L + 1)]T ,

the regression column vector of the jth reference input for (j = 1, . . . , J).

3 Simulation and real-time experiments

In this section simulation experiments are described which are performed in Matlab, and real-time experi-
ments are described which are performed on an uni-processor dSPACE 1005 system. In this chapter there is
focussed on the setup under consideration, which has one reference input, six actuator inputs and six error
sensor outputs. Referring to figure 3 this means that J = 1 and M = K = 6. Before the discussion on the
experiments is started, it is explained how the models in the control scheme are obtained.

3.1 Models which are used in the control scheme

For the adaptive control scheme a model of the secondary path is necessary. This model is necessary to be
able to determine the regularized inverse outer factor model S̆o and the regularized inner factor S̆i. In (Nijsse,
2006; Nijsse et al., 2005) the identification of both the primary path and the secondary path was explained
in detail by using the black-box past output multi-variable output error subspace model identification (SMI)
algorithm (Van Overschee and De Moor, 1994; Verhaegen, 1994). Therefor, in this paper the identification
is not explained. It is only mentioned that an accurate linear model is found from raw input/output data from
the setup.
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Figure 4: Impulse response of W̆o from the first input to the first output.

3.2 Simulation experiments

The identified models of the primary and secondary path are used to represent their true counterparts in
simulation. The regularized outer factor model from equation (1) is determined with � = 0.06 and inverted
to obtain the inverse outer factor model. The regularization parameter is determined after careful analysis en
multiple experiments. The adaptive controller W̆o(k) is regularized with a factor ρ = 3.0 · 10−4 as given
in equation (3). Note that it is necessary to regularize the (inverse) outer factor model. Only regularizing
W̆o(k) with a factor ρ would require such a high regularization parameter that the performance of the
adaptive controller would be considerably decreased. A reduction of more than 2 dB on average cannot be
obtained in the error sensor outputs. Performing control experiments without the inverse outer factor model
included in the control scheme is possible but would result in extremely slow convergence. Converging
would literally takes days.

The number of adaptive controller coefficients in each of the six channels of the adaptive controller W̆o(k)
is obtained by examining the impulse response of the fixed gain controller W̆o. Refer to (Nijsse et al., 2005)
for techniques on how the fixed gain controller can be determined. In figure 4 the impulse response of W̆o

is shown from the first input to the first output. The other five impulse responses are omitted for reasons of
conciseness. After analyzing the impulse response, it is determined that the adaptive controller length has to
be of L = 200. More coefficients could not be implemented on the dSPACE system due to computational
limitations. Choosing L = 200 means that a total 6 × 200 = 1200 coefficients have to be adapted at every
sampling instant.

Due to the regularization, a low eigenvalue-spread in the auto-correlation matrix of the filtered reference
inputs of order 102 is accomplished (Elliott, 2000). Low, that is, considering that the eigenvalue-spread is of
order 105 if regularizing with ρ only and of order 103 if regularizing with � only. The regularized adjoint
inner factor model S̆∗iFIRF

is used to filter the error sensor outputs and is described by 6×6 FIRFs. The number
of coefficients p in equation (3) is derived by examining the impulse response of the regularized adjoint inner
factor model S̆∗i . Figure 5 shows one of the 36 impulse responses of S̆∗i . Based on the impulse response, a
value of 100 is chosen for the parameter p, so that S̆∗iFIRF

consists of 6× 6× 100 coefficients. To save space
the other 35 impulse responses are not shown. The step-size μ in the IO-ALMS algorithm in equation (3)
is found to be 0.01. The reduction in the error sensor outputs after 300 seconds of convergence is shown in
table 1. It appears that the performance is in accordance with the performance of the fixed gain controller,
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Figure 5: Impulse response of Ŝ∗i from the first input to the first output.

Table 1: The reduction in dB within the six error sensor outputs that are obtained in simulation with the
regularized adaptive feedforward controller (second row) and fixed gain controller (third row).

Sensor 1 Sensor 2 Sensor 3 Sensor 4 Sensor 5 Sensor 6 Average
Adaptive: 11.7 12.6 8.9 8.4 9.1 11.1 10.3
Fixed gain: 11.8 12.7 9.1 8.9 9.5 11.1 10.5

of which the results are stated in the third row for completeness: 10.3 dB for the adaptive controller versus
10.5 dB for the fixed gain controller. On the left, figure 6 shows the performance of the controller in the
first error sensor output. The results for the other five error sensor outputs are not shown here for reasons of
conciseness, but these displayed similar behavior. The solid line represents the error sensor output with the
controller switched off, which means that only the disturbance output contaminated with the measurement
noise is present in the error sensor output. The dashed line shows the error sensor output if the controller
is switched on. As these results make clear, over the entire frequency range from 0-1 kHz the disturbance
output is suppressed. It can be noted that the adaptive controller is not active in the low-frequency region.
That has to do with the regularization which we performed. On the right, figure 6 shows a learning curve
that indicates how fast the adaptive controller coefficients converge. Within approximately 40 seconds, the
adaptive controller coefficients converge close to their optimum value.

3.3 Real-time experiments

With these simulation results in mind, the adaptive controller is implemented on the real-time setup. The
results are shown in table 2. The performance of the adaptive controller is 0.4 dB better than the performance
of the fixed gain controller in real-time, which is understandable. The fixed gain controller is dependent on
models of both the primary and secondary path. These two models both contain model uncertainty. The
adaptive controller is only dependent on the regularized inverse outer factor model and the regularized inner
factor model. Both of these models stem from the secondary path model only, which means less uncertainty
and thus slightly better results. Figure 7 presents the performance of the controller obtained in the first error
sensor output. The results are in close agreement with the simulation results (see figure 6 for comparison)
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Figure 6: Performance of the regularized adaptive feedforward controller in simulation. Left: Spectrum of
the first error sensor output with (dashed, [- -]) and without (solid, [—]) control. Right: Learning curve in
the error sensor outputs.

Table 2: The reduction in dB within the six error sensor outputs that are obtained in real-time with the
regularized adaptive feedforward controller (second row) and fixed gain controller (third row).

Sensor 1 Sensor 2 Sensor 3 Sensor 4 Sensor 5 Sensor 6 Average
Adaptive: 11.3 11.4 7.3 7.1 8.6 10.5 9.4
Fixed gain: 10.5 10.7 7.1 7.2 8.5 9.9 9.0
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Figure 7: Performance of the regularized adaptive feedforward controller in real-time. Left: Spectrum of the
first error sensor output with (dashed, [- -]) and without (solid, [—]) control. Right: Learning curve in the
error sensor outputs.

and the fixed gain control results in both simulation and real-time. The learning curve matches the learning
curve obtained from the adaptive control experiments in simulation as shown in figure 6 on the right. Within
approximately 40 seconds the adaptive controller converges close to its optimum value.

4 Conclusions

In this paper the design, implementation and validation of a fast converging feedforward adaptive control
scheme is described for a single reference input multiple actuator input multiple error sensor output vibration
isolation setup for suppression of broadband disturbances between 0 and 1 kHz. Particularly, the adaptive
controller performs well and shows a similar performance in simulation and real-time and is successfully
able to reject broadband disturbances. The adaptive controller is updated with an adjoint least mean square
type of algorithm. To prevent over-actuation, regularization is applied, thus robustifying the controller. The
regularized adaptive controller yields a reduction of 10.3 dB in simulation and 9.4 dB in real-time. For
comparison: in simulation, the fixed gain controller achieves an average reduction of 10.5 dB in the error
sensor outputs. In real-time, this is 9.0 dB. Thus, the adaptive controller performs better in real-time than
the fixed gain controller. This can be explained by the fact that the adaptive controller does not require
information about the primary path and is able to adapt to small changes. To increase the adaptation, the
state space based inverse outer factor model is included in the control scheme. This leads to convergence
within a tenths of seconds.
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Abstract
The paper presents two-layered control system for active vibration attenuation of a turbine with magnetic
bearings. The lower layer consists of two two-input and two-output directly adapted weighted minimum-
variance controllers. The upper layer optimizes the performance of the system by adjusting weighting factors
of the lower-layer controllers. Adjustment is done by the parameter-path optimization (gain-scheduling) or
by on-line optimization. Non-linear model of the shaft’s ends mean displacement versus weighting factors
is identified in the upper layer. The overall control system is designed to minimize shaft vibration especially
close to resonant modes. This allows safe acceleration of the turbine up to required angular speed with
possible minimization of the energy consumption accordingto magnetic bearings.

1 Introduction

Magnetic bearings systems for high-speed rotating machinery became one of the most challenging control
problems. Superiority of the magnetic suspension over standard mechanical bearings follows from lack
of friction, however, it consumes electrical energy which appears as a serious problem if large mechanical
systems are concerned (e.g. synchronous turbine-generator, motor-driven compressors and turbo-machines,
etc. [1]). The basic difficulty follows from displacement ofthe shaft’s ends due to eccentric forces. Diameter
of magnetic gap should be large enough to keep space for the displacement. This constraint is considerably
significant for bending modes and other resonances. To assure safe performance of the system the diameter
of the magnetic gap could be extended. This will however imply rapid energy consumption growth. On
the other hand the displacements can be reduced by increasing control forces generated with electromagnet.
This, however, will increase the control effort. Thus certain trade-off is necessary.

From the technological point of view solutions for the magnetic suspension have reached its maturity and
further improvement of the performance needs application of modern control algorithms rather then redesign
of the construction [2]. Usually the control system design bases on the frequency analysis [3]. Resulting
control system uses simple lead-lag compensators, which are almost always followed by additional cascaded
biquad filters to shape the frequency response and to insure stability of all system bending modes. The
stiffness of the resulting system becomes however too smalleven if the control system is carefully tuned and
stability is assured. The greatest difficulty appears in a high angular speed where vibration (displacement
of the shaft’s ends) is large. Some efforts have been devotedin 90’s to apply digital controllers [4] and to
use non-linear models [5,6], but the obtained results have been addressed to magnetic levitation systems
rather then to magnetic bearings. Additional problems concerning magnetic bearings have been solved in the
meantime: actuating problems (e.g. PWM inputs optimization for magnetic bearings power system [7]) or
sensor problems (see e.g. [8]). But the problem of vibrationdamping for high-speed rotating machinery with
constrains on shaft displacement is not solved satisfactorily. It becomes clear that classical control design
methods can not cope with the problem.
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In [9] an internal model approach and a pole assignment method are applied to control the magnetic bearing
system. The idea is to include a model of deterministic disturbances of the shaft’s end position into controller
design procedure to damp vibration in a steady state. The speed of convergence depends on the closed-loop
poles thus additional problem of pole assignment is solved.This approach is compared with weighted
minimum-variance (WMV) control [10]. The improvement was evident, however, both control systems used
single-input and single output (SISO) controllers. This paper presents further improvement of WMV control
by inclusion of cross-channel influence and imposing corresponding multi-input and multi-output upper
control layer. The algorithms presented in this paper was experimentally tested on the laboratory model of
magnetic bearing system MBC 500 of Magnetic Moments LLC. (Goleta, USA).

The paper is organized as follows. Laboratory system MBC 500is presented in section 2. Special attention
is directed to the characteristic of the model to illustrateits validity when comparing it with real-world
units. The presented control algorithms require models of the system’s dynamics. Section 3 describes model
identification problems. The whole control system containstwo layers: direct control layer described in
section 4 and upper control layer described in section 5. In both of the layers adaptation of the control
parameters is provided.

2 Laboratory magnetic bearings unit

The MCB500 magnetic suspension system (Fig.1) consists of two active radial magnetic bearings supporting
a steel shaft. The shaft can rotate freely due to being actively positioned in the radial directions at the shaft’s
ends and passively centered in the axial direction. Position of the shaft’s ends constitutes 4 degrees of
freedom. The position is measured in 4 axes using hallotrons. The system includes four linear current
amplifiers and four linear lead-lag compensators, which control the radial bearing axes (PD controllers).
MBC500 has been enhanced with pneumatic push-pull driver and angular velocity control unit. The built-in
controllers can be replaced by the outer ones using connectors mounted on the front panel. Fig. 2 presents

Figure 1: Laboratory set-up MBC500

the schematic of the unit. First-principle model of the MBC500 system is described in [11] (the model and
parameters of the unit are briefly recalled in the Appendix).Notice four axes (x1, x2, y1, y2) representing
four degrees of freedom (capitalX andY correspond to measurement points position which are a bit different
than electromagnets position). When comparing the analytical model with real measurements, the mismatch
can be observed thus estimation of the model’s parameters isnecessary (sec. 3). Control system structure is
presented in Fig. 3. Displacement is measured with the sensor output voltageνs (the voltage is a nonlinear
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function ofx). Controller modifyνs with linear dynamics intoνs which is amplified into the currentic (again
linearly). Control forceF is created non-linearly by the electromagnets being powered with ic.

�

Figure 2: The shaft positioning

shaft x

measure
vsvcic

F

controlleramplifier

electro-
magnet

Figure 3: Control system structure

The system is open-loop unstable. Built-in PD controllers perform autonomically, however, cross couplings
can be easily seen. Front panel connectors allow for additional excitation input. Fig. 4 shows the response of
(X1 andX2) on the 200mV step load disturbance (20% of the range) in bothchannels (X2 was excited after
0.5 sec of delay. The shaft was not rotating at that moment. Note the cross-responses. Similar experiments
with orthogonal axes (X andY ) showed no couplings. This results motivates the search fortwo two-input
and two output (TITO) controllers.

Figure 4: Performance of the system with standard controllers

Another experiment was conducted with a rotating shaft. Certain angular speed (up to 8000 rpm) was kept
using specially designed control system. The system stabilizes pressure of air load which fed the pull-push
driver. The system also controls two valves establishing the air stream into two opposite placed nozzles.
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Unbalancing of the shaft causes vibration of the shaft’s ends. The eccentric forces increase with the angular
velocity and the system can not reach high speeds with shaft’s end position being kept within the constrains.
Mean displacement (see sect. 5) varies with the angular speed showing a few resonances within the assumed
range. The main need is to design control system which can reduce the mean displacement and make the
system safe while the angular velocity rises.

3 Dynamical model identification of MBC 500 unit

The identification needs to be carried out with a stabilizingcontroller (Fig. 5). The MBC500 is equipped
with 4 analog PD controllers (C), which work on separate axis. Direct identification of the transfer function
G based upon theu andx1 signals is not possible, because of the correlation betweendisturbancesn and the
control signalu through the controller. The signal dependence has to be broken by introducing an additional
excitation signalr. In order to find the transfer functionG, the system has to be identified together with
the controller, and then the transfer functionG has to be extracted from the whole system transfer function
assignedK1 = x1/r assuming knowledge of the controller transfer functionC:

G =
K1

1 + K1C
(1)

Obviously the rank of the modelG grows due to this extraction. Much more complex extraction concerns
a TITO model (Fig. 5) even simplified structure is assumed (the same transfer functionsG andGs in both
channels).

Figure 5: SISO and TITO model of magnetic bearing system for identification

The extraction follows from the equations:

G =
K1 + CK2

1 − CK2
2

(CK2)2 + (1 + CK1)2
, Gs =

K2

(CK2)2 + (1 + CK1)2
, K1 =

x1

r
, K2 =

x2

r
(2)

Additional problems arose due to the discrete nature of the above models [12]. This caused iteratively
repeated identification procedure: starting with build-incontinuous controllers the first discrete model is
identified and WMV controller is designed. In the second and further iterations WMV controller is used and
redesigned with the improved model.
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4 Direct control layer

Performance of the standard PD control system is shown in Fig. 6. Angular velocity of the shaft was
increased up to 12000 rpm and mean displacement of the shaft’s end was observed. Single resonance at
1878 rpm can be observed. The results presented in Fig. 6 constitutes a base for the future comparison.
Note, that due to electronic realization (built-in unit) nochange in this characteristic is possible.

 

Figure 6: Mean displacement (PD case)

Application of SISO WMV controller to MBC500 system is described in [10]. The controller was designed
using model obtained via identification (previous section)assuming ARX type:

x1(i) = z−k B(z−1)

A(z−1)
u(i) +

1

A(z−1)
e(i) (3)

wherei – discrete time instant,k – discrete delay time,z−1 – back-shift operator by one sampling period,
A = 1 + a1z

−1 + · · · anAz−nA andB = b0 + b1z
−1 + · · · bnBz−nB – polynomials,e – white noise. WMV

controller minimizes predicted expected value of the displacement with weighted control:E{(x1(i+ k))2 +
q(u(i))2}. Example of the resulting controller forq = 1 is as follows:

C(z−1) =
3.04 − 1.88z−10.053z−2 − 1.172z−32.777z−4 − 1.972z−50.317z−6 − 0.104z−70.228z−8

1.05850.117z−10.112z−20.093z−30.0452z−40.0081z−50.0084z−60.0088z−70.0112z−8

(4)
High order of the controller follows form the high order of the model (3) obtained by the extraction (1).
Obviously, different controllers can be obtained if weighting factorq is changed. To keep the system stability,
q is constrained (q ∈ (0.3, 1.6) in the case of MBC500). Fig. 7 presents the performance of SISO WMV
control system for differentq. Greater number of resonances can be observed in Fig. 6. Two of them seem
to be most important. It is clear that model complexity causes controller (4) complexity. It is the controller,
which imposes additional dynamics and additional resonances. It is also clear that resonance position (in
the frequency domain) changes with the weighting factorq: the greaterq the smaller the resonant frequency.
Explanation of this fact follows from analysis of phase shift imposed by the WMV controller (e.g. (4)).
Generally WMV controller is of the form

C(z−1) =
G

BF + q′
, q′ =

q

b0
, F,G : 1 = AF + z−kG. (5)

It is easy to verify that the controllerC imposes negative phase-shift, which decreases with increasing q
(weighting factor appears in the dominator). Decrease of negative phase shifts the resonances into lower
frequency band.
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Figure 7: Mean displacement (SISO WMV case)

This phenomenon is of great importance. Weighting factor can be changed according to the angular speed to
keep displacement of the shaft’s ends small enough. That idea constitutes an adaptive technique called ’gain
scheduling’ (see the next section).

Another type of the controller is designed on the base of model augmented with deterministic disturbances
(displacement). The model is of the following form

x1(i) = z−k B(z−1)

A(z−1)
u(i) +

d

Ag(z−1)
δ(i) (6)

The second term of the right-hand side of (6) represents the disturbances:d – constant,Ag – generating
polynomial,δ – Kronecker delta. Only very low angular velocity (below 800rpm in MBC500 case) provides
higher harmonics due to nonlinearities of the rotating system. For higher angular velocities the deviations of
the shaft ends become a pure sine wave. In the case of sinusoidal disturbances

Ag(z
−1) = 1− 2 cos(ωsTs)z

−1 + z−2 (7)

whereωs – sampling frequency,Ts – sampling period. The problem is to design the controller, which reduces
the influence of the disturbances in a steady state to zero. Animportant issue is the speed of convergence
in the design procedure. The convergence speed follows fromclosed-loop poles location, so the assignment
method will be used. The problem is then to find a controllerC = S/R, such that the characteristic poly-
nomial of the closed-loop system is given byAm. The case ofAm = B (dead-beat control) is discussed in
[9].

In both approaches a so called direct adaptation can be applied. PolynomialsS andR of the controller can
be directly adapted by on-line identification of the so called predictive model [13]. In the case of WMV the
predictive model is as follows:

x1(i) + q′u(i− k)−R(z−1)u(i − k)− S(z−1)x1(i− k) = η(i) (8)

whereη is the identification error. Similar model can be found for the internal model approach:

Amx1(i)−RB(z−1)u(i− k)− SB(z−1)x1(i− k) = η(i) (9)

In both cases controller’s parameters (polynomialsR andS) are linear functions of the measurements, thus
simple recursive least-square method can be applied. However, in the second case, signalsu(i − k) and
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x1(i − k) have to be filtered with the polynomialB which is unknown. Two methods can be applied:
identification ofRB andSB and extraction ofB as the common part or assumption thatB is known. Both
methods converge very slowly so indirect adaptation is suggested in the second case.

The result (4) was obtained with direct adaptation after controller’s parameters converged. Three controllers:
PD, WMV and the algorithm with the internal model were compared in [9]. The obtained result proves
superiority of both modern algorithms when compared with the in-built PD controller. However, these
algorithms were of SISO structure. Conclusions following from Fig. 4 suggest that further improvement can
be achieved with TITO controllers.

The model of a magnetic bearing system for TITO case can be expressed in matrix-vector form as follows

Ax(i) = Bu(i− k) + e(i) (10)

wherex(i) = [x1(i), x2(i)]
T , u(i) = [u1(i), u2(i)]

T , e(i) = [e1(i), e2(i)]
T – vector of two independent

white noises,A andB – 2× 2 matrices of polynomials inz−1. Note, that discrete delay times are assumed
to be the same in both channels. MatrixA is diagonal. Derivation of the TITO WMV algorithm is almost
the same as in SISO case. The final solution is as follows:

u(i) = −(F B + Q)−1Gx(i), I = AF + z−kG. (11)

Matrix Q = diag(q1, q2) contains weighting factors, which attenuate control signals in respective channels.
In TITO case direct adaptation is also possible. The predictive model is as follows:

x(i) + Qu(i− k)− F Bu(i− k)−Gx(i− k) = η(i). (12)

The partx(i)+Qu(i−k) of (12) is treated as a generalized output of the predictive model in the identification
procedure which could be again recursive least-square method.

5 Upper control layer

The shafts’ ends displacement depends on the weighting factor of the WMV controller and the angular
velocity of the shaft. Such dependency for one of the WMV controllers, thus only for one shaft end of the
MBC500 has been presented in Fig. 7. It has been proven that overall WMV performance outstands the
in-built PD analogue controllers, however there is still a possibility of improvement with the means of higher
layer control, which in this case is the gain scheduling algorithm.

The idea behind the gain scheduling is fairly known. One of the once designed controller parameters is
bound with a disturbance signal. In the MBC500 case the weight of the WMV controller is chosen according
to the angular velocity value, which is easily measured. In acommon task of turbine acceleration to a
certain working point of 12000 RPM the higher layer gain scheduling algorithm would change the controller
weighting factor in such a manner that the mean displacementis minimal. Furthermore it would be possible
to ‘jump’ over the resonance presented in Fig. 7 with as little shaft’s end position disturbance as possible. In
a SISO model the idea is clear to be presented. However, in theTITO model as the MBC500, it complicates
because of the cross couplings.

For convenience the mean displacement evaluated in an experiment, which result is presented in Fig. 7,
is used for identification of a static, nonlinear, empiricalmodel. The model is used for higher level gain
scheduling algorithm design. Both of these task are than carried out for a TITO model where the second
weighting factor and second shaft’s end movement are considered.

5.1 Model identification

In nonlinear, static, empirical model identification routines structure choice is vital and yet little general
guidance is given. Every problem has its own characteristic. Our main concern in the gain scheduling task
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for the MBC500 is the proper projection of resonances and themean displacement minimums. Considering
a single resonance is a peak a gaussian peak approximation function has been chosen:

V = p1 · e
p2−

(ω−p3)2

p
2
4 , (13)

whereω is the angular velocity given in rotations per second andp1, p2, p3, p4 ∈ ℜ is a set of parameters
(parameters for the MBC500 system are given in the Appendix). In order for this model to be valid for allq,
model (13) parameters have to be bounded withq. For simplicity the parameters were chosen to be quadratic
functions ofq. Thus the model presented by equation (13) becomes a two variable functionV (ω, q):

V (ω, q) = p1(q) · e
p2(q)−

(ω−p3(q))2

p4(q)2 , (14)

where
pi(q) = pi,1 · q

2 + pi,2 · q + pi,3, i ∈ 1, 2, 3, 4. (15)

Structure (14) is enough to model a single peak. The functionthat must estimate the mean displacement
should cover two resonances and describe the situation outside the resonance area. The complete model
structure has the following form:

V (ω, q) = fd(ω, p) = p1 · e
p2−

(ω−p3)2

p
2
4 + p5 · e

p6−
(ω−p7)2

p
2
8 + p9 · (ω + p10)

2 + p11, (16)

where
pi = pi(q), i ∈ 1, 2 . . . 11. (17)

For the parameter estimation a nonlinear least square problem had to be solved. To show the model quality
the experiment results are confronted against the model output for q = 0.7 and shaft angular velocity values
of ω = {0 . . . 12000} rpm (Fig. 8). The model response for the whole angular velocity range and controller

0 2000 4000 6000 8000 10000 12000
0  

0.15

0.3

angular velocity [RPM]

di
sp

la
ce

m
en

t

experiment data
model output

Figure 8: Model quality forq = 0.7

weightq is presented in Fig. 9.
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Figure 9: Shaft end displacement according to the model

5.2 Scheduling algorithm

A nonlinear scheduling algorithm is designed under the assumption that the shaft’s angular velocity raises
gradually causing the crossing of two resonant peaks to reach the working point of 12000 rpm. With the
mean displacement model it is possible to design a weightingfactor switching algorithm depending on
displacement value and gradient with respect toq and angular velocity. The value by which the weightq is
upgraded at every instant is calculated in the following way:

qnew = qold + µ · grad. (18)

wheregrad stands for a gradient approximation:

grad = ∇qV (ω, q) ∼=
V (ω, q − sq)− V (ω, q + sq)

sq
, (19)

µ - upgrade quotient,sq - step size alongq axis. Furthermore the maximal and minimalq values are de-
termined to bound the energy used for stabilization. A constant acceleration is assumed with the use of the
model to test the algorithm. The results ofq–path searching with the use of model described by (13) are pre-
sented in Fig. 10 The sudden step changes of the weightq (red arrows in Fig. 10) over the high displacement
areas are stimulated by sudden gradient growth in the vicinity of the resonant peaks. The influence on the
dynamics of such abruptq weight changes are not investigated in this work. However itis known that gain
scheduling algorithms usually incorporate slow changes ofthe controller parameter. Especially in the case
of unstable systems fast parameter switching might prove tobe an interesting field for analysis.

5.3 Gain scheduling for TITO system

The gain scheduling task impedes in the case of multidimensional systems just as the MBC500. Two axis are
coupled through the shaft movement, thus TITO WMV controller will influence each other and will certainly
have effect on the shape of theV (ω, q) function refereing to the other end. Theq weight change will have its
effect on the shape of the mean displacement function on the other end. The model described by equation (13)
does not describe that influence and further investigation has been carried out. Theoretical considerations
give grounds to the idea that weighting factor changes in oneof the ends will cause the resonance movement
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Figure 10: Gain scheduling results

in the other end. A simple experiment has been designed to prove that fact. The displacement of one of the
ends position has been measured depending on the angular velocity and both weighting factorsq1 andq2.
Fig. 11 presents results of such an experiment. This small piece of diagram with additionalq2 dependency

Figure 11: Second controller weight influence

shows that the second weightq2 also has an influence on the shape of the mean displacement function. The
weight q2 increase, according to the plots presented in Fig. 11, shifts the resonant peaks along theq1 axis
downwards. An example of two shifted displacement functions is presented in Fig. 12. This immediately
implies that a change of weightq1 on one of the ends will have its effect on the other end of the shaft.
Assuming the simplest model of cross coupling between the shaft ends in terms of controller weights, that
influence can be modeled as a shift along theq axis:

V (ω, q1, q2 + ∆q) = V (ω, q1 + ∆q, q2). (20)
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To introduce a more general relation:

V (ω, q1, q2 + ∆q) = V (ω, q1 + α ·∆q, q2). (21)

If two algorithms described by (18) where used in parallel according to graph presented in Fig. 12 there
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Figure 13: Controller weights as functions ofω

would be a risk of hitting a resonance because of cross coupling. However the algorithm can be modified
to yield an optimalq1 andq2 trajectories for an accelerating shaft. Before that algorithm is tested a model
incorporating two controller weights has to be designed. Structures (13) enriched by (21) describes the model
of one end shaft displacement as a function ofω, q1, q2. The original model (13) was designed forq2 = 1.2
thus the final model incorporatingq2 is:

V (ω, q1, q2) = fd(pi, ω), (22)
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pi(q
′

1) = pi,1 · q
′

1
2
+ pi,2 · q

′

1 + pi,3, (23)

where
q′1 = q1 + α ·∆q2 = q1 + α · (q2 − 1.2), α = 1. (24)

With such a model the optimal algorithm for two values of weights can be designed. At every step of shaft
acceleration the weightsq1 andq2 will be selected in such a way that the following function is minimal:

Vs = V1(ω, q1, q2) + V2(ω, q2, q1), (25)

where
V1 = V2 = V. (26)

That approach will allow for sudden and abrupt changes of thecontroller weights but will be very simple
in implementation. Because of the cross influence of the controllers it is impossible to show the effect of
such algorithm on a single plot. It is useful though to look atthe weights as functions of the angular velocity
(Fig. 13). From the point of view of the higher level algorithm this would be the optimal values of weights.
However one should consider the effects of such abrupt changes on the dynamics of the system. This will
however be the scope of future work.

6 Conclusion

Two-layered adaptive control structure for magnetic bearings provides stable and safe performance of the
system. Simultaneous adaptation in both layers is possibleonly if the weighting factor changes are much
slower then parameters of dynamic model in the direct control layer. This is the case described in the paper.
Optimization algorithm used in the upper layer assumes thatthe function of the mean displacement versus
angular velocity and weighting factors are stationary. If not, on-line identification of the proper static model
has to be done. This, however, would cause dynamical nonlinear responses of the system which could
deteriorate its performance.

The structure of the mean displacement model seems to be important. In this paper simplified assumption
has been stated: linear cross-coupling between the opposite weighting factors, the same dynamics in both
control channels, zero response of the system on step-like changes of the weighting factors. All these topics
are planed to be tackled in the future.

Appendix

According to the notation showed in Figs. 2 and 3 the following analytical (first principle) model is derived
[1]. The measurement element is nonlinear according to the following equation

νs = 5

[

V
mm

]

X1 + 24

[

V
mm3

]

X3
1 (27)

whereνs is the sensor output andX1 is the displacement of the firstX-axis. Built-in compensators are
designed as lead-lag according to the following

νc =
1.45(1 + 0.91̇0−3

(1 + 3.31̇0−4s)(1 + 2.21̇0−5)s
νs (28)

The compensator output is then transformed into current:

ic =
0.25

1 + 2.21̇0−4s

[

A
V

]

νc (29)
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and then again in the nonlinear manner the signal is transformed into the force:

F1 = k
(ic + 0.5)2

(x1 − 0.0004)2
− k

(ic − 0.5)2

(x1 − 0.0004)2
(30)

where displacementx concerns the point of electromagnets rather then the point of Hall-sensor as in the
X case. 0.5 [A] current appearing in equation (30) refers to bearing bias upon which a control signal is
superimposed.

Mechanical part of the system has to be considered as TITO. Itfollows form the notation shown in Fig.2
that:

x1 = x0 −

(

L

2
− l

)

sinθ

x2 = x0 −

(

L

2
− l

)

sinθ (31)

X1 = x0 −

(

L

2
− l2

)

sinθ

X2 = x0 −

(

L

2
− l2

)

sinθ

(32)

It follows from the force balance that
∑

~F = m~a (33)

where
∑ ~F is the summation of all external forces applied to the system, m is the rotor mass, and~a is the

acceleration of the center of gravity of the system. The moment balance
∑

~M = I~α (34)

where
∑

~m is the summation of all external moments applied to the system, I is the rotational moment of
inertia of the system about the axis trough the center of gravity and in the direction of rotation, and~α is the
angular acceleration of the system. The equation of the motion is then as follows:

∑

F = mẍ0 = F1 + F2
∑

M = I0θ̈ = F2

(

L
2 − l

)

cosθ − F1

(

L
2 − l

)

cosθ
(35)

With F1 andF2 as input andX1 andX2 as output variables the linear state-space model of the system can
be formulated as follows
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(37)

Parameters of MBC500 bearing system are as follows:

• Total length of the shaft 26.9 cm.

• Distance from each bearing to the end of the shaft 2.4 cm.
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• Distance from each Hall-effect sensor to the end of the shaft2.8mm.

• Shaft’s moment of inertia with respect to rotation about an axis in they direction 1.588·10−3 kg m2.

• Mass of the rotor 0.2629 kg.

Parameters of the model (16, 17)

Parameter Value Parameter Value Parameter Value
p1,1 -0.2075 p1,2 0.5762 p1,3 -0.0127
p2,1 33.5893 p2,2 -116.3422 p2,3 136.1783
p3,1 7.1562 p3,2 -18.3811 p3,3 15.6839
p4,1 0.0369 p4,2 -0.1313 p4,3 0.1646
p5,1 0.20 · 10−6 p5,2 0.33 · 10−6 p5,3 0.22 · 10−7

p6,1 117.9510 p6,2 -276.1943 p6,3 239.8130
p7,1 -0.2075 p7,2 0.5762 p7,3 0.1873
p8,1 0.1240 p8,2 -0.2112 p8,3 0.3759
p9,1 0.1240 p9,2 -0.2112 p9,3 0.5759
p10,1 43.8283 p10,2 -174.4088 p10,3 227.6282
p11,1 4.8752 p11,2 -16.3060 p11,3 19.6251
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Abstract 
New method for semi-active control of vibrating structures is introduced. So-called Prestress 

Accumulation-Release (PAR) strategy aims at releasing of the strain energy accumulated in the structure 

during its deformation process. Numerical simulations as well as some experimental results prove that the 

strategy can be very effective in mitigating of the fundamental mode of the structure. An example of a 

simply supported beam indicates that ca 95% of the fundamental mode of vibration can be mitigated after 

two cycles. In much more complex practical problems smaller portion of total energy can be released from 

the system in each cycle, nevertheless the strategy could be applied to mitigate the vibrations of, for 

example, pipeline systems or pedestrian walkways.  

 

 

1 Introduction 
 

Prestress Accumulation-Release (PAR) is a new method to convert strain energy of a vibrating system into 

kinetic energy which is then released from the system by means of a dissipative device. The process is 

fully semi-active – it does not require adding any substantial amount of energy into the system. 

The process consists of two phases. In the first phase some kinematic constraints imposed on the system 

are released at the instant when the maximum strain energy can be converted to kinetic energy. It is 

usually manifested with local, higher frequency vibrations. In the second phase kinematic constraints are 

re-imposed which leads to conversion of kinetic energy in part into other, non-mechanical form, for 

example heating-up of the actuator device. 

First, the proposed approach is described theoretically on a simple spring–mass system in order to 

demonstrate the idea of response mitigation and show the energy balance of the system. 

Secondly the numerical studies are presented for a layered beam simulating a pedestrian bridge, where the 

control is based on disconnecting for a very short instant of time and sticking back two layers 

(delamination effect). 

Finally, the experimental results are presented. A laboratory scale set up was built to verify the 

effectiveness of the PAR strategy on a cantilever beam demonstrator. Controllable delamination effect was 

obtained by means of piezo-electric actuators. The control was carried out as a closed loop feed – back 

system. 

 

 

 

499



2 Mass – spring system 
 

2.1 The concept 
 

A simple mass – two-springs system is considered as shown on Fig.1a. One of the springs is active in such 

a sense that it can be detached/ reattached to the mass anywhere along spring length. During the free 

vibration of the system the active spring can be detached, in particular at the point of maximum 

displacement of the mass and re-attached as it comes to its free length (cf. Fig. 1b). In the following phase 

of vibration a force that opposes the further movement is introduced, proportional to the displacement of 

the active spring from its new equilibrium position. Thus, a new equilibrium of the whole system is 

established (dotted line on Fig. 1c). Then active spring can be detached/ reattached again resulting in 

returning to the initial configuration. During following vibration system behaves same as before 

introducing control, however a considerable part of the total vibration amplitude is diminished. 

 

 

Figure 1: Mass – two-springs system  

 

2.2 Analytical solution 
 

2.2.1 Equation of motion 
 

In this section the system shown on Figure 1 is analyzed in detail. If natural damping is not considered and 

no force excitation is used, then the motion in the first phase of vibration is governed by the equation: 

0)()()( 21 =⋅++ txkktxm &&                                                                         (1) 

where m is the moving mass and 
i

ii

i
L

AE
k

⋅
=  is the stiffness of a spring with cross section Ai, Young 

Modulus Ei and length Li. The solution, given the initial conditions ε−== )0(tx , and 0)0( ==tx& , 

takes the form: 

( ) 








 +
⋅−= t

m

kk
tx 21cosε                                                                          (2) 

At the time instant of maximum displacement, t = t
1
 the active spring is detached and reattached as it 

comes to its equilibrium position (cf. Fig. 1b). At this point it is assumed that the inertia of springs is not 

taken into account. Now the equation of motion is given by: 

0)()()( 2

'

21 =⋅+⋅+ txktxktxm &&                                                                         (3) 
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where 
'

2

22'

2
L

AE
k

⋅
=  with new active spring length ε−= 2

'

2 LL , and x2 is the active spring displacement 

in the second phase: ε−= )()(2 txtx . The system has still a single degree of freedom, namely the 

displacement of the mass m. Equation (3) can be rewritten as: 

ε⋅=⋅++
'

2

'

21 )()()( ktxkktxm &&                                                                         (4) 

It can be seen that in the second phase of process the governing equation is non-homogenous with a term 

ε⋅'

2k , which can be viewed as an additional, constant force applied to the system. Now the solution takes 

the form: 
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ε
                            (5) 

with constants C1 and C2 calculated from initial conditions: ε== )( 1ttx , and 0)( 1
== ttx& . 

This operation can be repeated several times in order to enhance the amplitude mitigation effect. 

If the desired effectiveness is reached than the operation of detaching/ reattaching can be repeated again 

near the initial equilibrium position in order for the active spring to return to its initial length.  

 

2.2.2 Energy balance 
 

Potential energy of a spring is equal to the work of the elastic force done along the displacement direction: 

2

0
2

1
ki

x

iPOT xkxdxkE
k

⋅⋅=⋅= ∫                                                                         (6) 

Potential energy of the system in the instant before activation of control (t = t
1 
- dt) is: 

2

2

2

1
2

1

2

1
εε ⋅+⋅= kkEPOT                                                                         (7) 

Potential energy of the system in the instant after activation of control (t = t
1 
+ dt) is: 

2

1

2'

2

2

1
2

1
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2

1

2

1
εεεε ⋅=−⋅+⋅= kkkEPOT                                                      (8) 

The control is activated at the point of maximum displacement, where 0=
•

x , thus at this point the kinetic 

energy vanishes. If inertia of springs was not neglected then some energy would be transferred to this part 

of active spring which can vibrate freely after reattachment. This situation is discussed in further sections. 

 

2.2.3 Numerical example 
 

Figure 2 depicts the resulting displacement of the mass if the following data were used for calculations: 

• m = 20 kgs 

• L = 0.1 m 

• E = 6e10 Pa 

• A = 1.54e-8 m
2
 

• εεεε = 0.01 m 

both springs equal 
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Figure 2: Resulting mass displacement; control triggered twice 

 

After performing detaching/reattaching of the active spring twice vibrations of the mass ceased almost 

completely. Slight change in frequency of controlled response as compared with reference case is due to 

small change of spring stiffness which affects the frequency and is caused by change of spring length. It 

can also be observed that after activating the control the system oscillates about new equilibrium position 

(cf. dotted line on Fig.2). 

 

 

Figure 3: Energy balance 

 

Activating control takes place at the maximum value of accumulated strain energy and results in instant 

decrease of strain energy (cf. Fig. 3, Eq. 7 and Eq. 8). At the end of the process almost all energy was 

released from the system. In more practical approach part of the energy would be transferred into higher 

frequency vibrations of the detached part of active spring, and part would be dissipated in the process 

which is here idealized as imposing some initial values. The last phase of the process is zoomed on Figure 

3b). 

 

2.3 Case with inertia of active spring considered 
 

2.3.1 Introduction 
 

As said before, detaching of the active spring results in converting accumulated strain energy into kinetic 

energy that can be dissipated from the system during reattaching of the spring. This whole process was 

idealized in the previous section with imposing proper initial conditions which resulted in instant decrease 

in energy of the system. In practice part of the released strain energy is dissipated by a device which 

reattaches the spring and the remaining part introduces higher frequency vibrations which can be, however 

easily suppressed with natural damping of the system.  
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In present analysis control device is idealized with imposing/releasing of local constraints between 

geometrical point of mass m and any point along the active spring. The mass of active spring is 

concentrated at its full length and in the middle (cf. Fig 4). 

 

 

Figure 4: Dynamic model with inertia of active spring included 

 

Slight natural damping is also introduced into the equations. Chosen Rayleigh damping coefficients 

introduce slight damping (1% or 0.2%) around first natural frequency and relatively much higher damping 

of higher frequencies. All remaining parameters do not change. Simulations were performed using 

Abaqus/Standard code. 

 

2.3.2 Results 
 

Displacements of mass m and tip of the spring are depicted on Figure 5. Detaching of active spring and 

reattaching it at some point along its length introduces higher frequency vibrations of the spring end. 

Releasing/ re-imposing the constrain again results in returning of the system to initial configuration, but 

with the amplitude of vibrations decreased.  

 

 

Figure 5: Response of the system; a) 1% of critical damping b) 0.2% of critical damping 

 

First detaching of spring is done at the point of maximum displacement, i.e. where there is maximum 

stress accumulated in the spring. Then the spring is reattached when its end passes the equilibrium 

position which means that the length of spring is decreased by about 10 mm. This corresponds to Figure 

a) b) 

a) b) 
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4b). If the control was stopped here, than the system would oscillate about a new equilibrium position. The 

time instant for the next detaching of spring has to be chosen properly, so that it can be reattached as the 

mass m is as close to the initial equilibrium position as possible. The whole procedure can be repeated 

several times, if needed. If, for instance, active spring stiffness was considerably smaller then passive one, 

then desired mitigation effect would have to be obtained in more steps. In the analyzed example after the 

described sequence of activating the control amplitude of mass m displacement was decreased by 96% and 

92% for 1% and 0.2% of critical damping, respectively. The procedure is very sensitive to the time instant 

of detaching the spring.  

Re-imposing the constrains causes higher frequency vibrations of the mass located in the middle of the 

spring. These vibrations however are effectively damped out by the natural damping of the system. 

Typical behavior of middle mass is shown on Figure 6. 

 

 

Figure 6: Middle mass response with indicated points corresponding to activating control 

 

Steep, exponential decline in the sum of potential and kinetic energy graph is due to viscous dissipation 

which increases with increase of vibration velocity.  Vibration velocity, in turn, is highest as the local, 

higher frequency vibrations are introduced due to imposing/ releasing constrains. The viscous dissipation 

is due to natural damping of the system.  

Discontinuity of the graph is caused by the loss of kinetic energy at the instant when constrains are re-

imposed. The size of this gap indicates the maximum amount of energy that can be dissipated by the 

active device. All non-zero forms of energy can be viewed on Figure 7. 

 

 

Figure 7: a) sum of strain and kinetic energy b) viscous dissipation due to natural damping c) loss of 

kinetic energy during imposing constrains 

a) b) c) 

504 PROCEEDINGS OF ISMA2006



3 Delamination of layered beam 
 

3.1 PAR strategy for layered beams 
 

The strategy of releasing the accumulated strain energy in order to dissipate it can be in theory effectively 

used for various types of structures. If a layered beam is considered as shown on Figure 8, the idea of 

adaptation would be as follows. First, at the point of maximum deflection two layers are disconnected 

resulting in almost instant dislocation of layers (1’ on Fig. 8a). This dislocation can than be frozen if the 

layers are reconnected again. This yields introduction of elastic force that opposes the further vibration of 

the cantilever (2 on Fig. 8a). Then, near the equilibrium position layers are disconnected/ reconnected 

again in order to return to initial configuration. The whole sequence can be repeated until the desired 

effect is obtained.  

Similar effect of response mitigation can be obtained if a truss structure is considered with a detachable 

element (cf Fig. 8b). Applying the same methodology for control, the axial strain accumulated in the 

active element can be released as the element is disconnected at one of its ends.  

It is worth mentioning that in both cases only one active member is required. 

 

                   

Figure 8: PAR strategy for a cantilever beam 

 

3.2 Numerical example – simply supported beam 
 

3.2.1 Numerical model 
 

A simply supported, two-layered beam with the span of 15.6 m is considered. Bending stiffness of each 

layer is EI = 2.218 x 10
6
 Nm

2
. Material damping of 1% of critical damping is assumed around 1

st
 natural 

frequency. Layers are permanently connected together at the left support. It is assumed that there is a 

device at the right support capable of instant disconnecting or sticking the layers. Along the beam length 

the distance between layers remains the same, whereas the frictionless, relative movement of layers is 

possible in the direction parallel to the beam axis. Considered beam  model is depicted on Figure 9.  

 

 

Figure 9: Assumed model of layered beam 

 

b) a) 
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3.2.2 Results 
 

In the first step an initial displacement of 16 cm was applied to the model. In the following steps dynamic 

analysis procedure was used to calculate the free vibrations of the system as the reference case. Then  

calculations were repeated with control procedures added. The vertical displacement of middle of span is 

shown on Figure 10. 

 

 

Figure 10: Vertical displacement of the middle of beam 

 

It can be observed that ca. 95% of the vibration amplitude is damped out after two cycles of vibration. The 

control, i.e. the relative displacement between layers’ ends, shown on the picture is magnified 10 times. 

After only two cycles of disconnection/ reconnection of layers the vibration of the first mode is 

considerably mitigated, while higher modes vibrations are  introduced. The second sequence of control 

activation is triggered close to the maximum accumulated strain, at point where the deformation shape is 

of the first mode (cf. Fig. 11a). It is worth mentioning that if the control was triggered at the local peak, 

short after the first sequence it would not give any desired effect since the deformation shape at that point 

is of third mode of vibration (cf. Fig. 11b). The performed control does not affect higher modes which can 

be however mitigated with the natural damping. Appropriate modification of control strategy could also 

make PAR a useful tool in higher modes mitigation. 

 

 

Figure 11: desired a) and undesired b) deformation shape for activating the control 
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The control in the numerical simulations was applied by instant releasing the available component of 

relative motion between layers or freezing it at some value. It resulted in very fast dislocation of layers in 

direction parallel to the beam axis. Of course, a drawback of such approach is that between subsequent 

disconnecting and reconnecting of layers the beam stiffness is decreased. However the time intervals when 

this is the case is very short as can be seen on Figure 12. It can also be observed that at the end of the 

process relative displacement between layers is zero which means that the structure returned to the initial 

configuration. 

 

Figure 12: Relative displacement of layers 

  

4 Experimental set-up 
 

Experimental verification of the influence of the controlled delamination effect on damping of free 

vibration has been performed using the double layer beam model (cf. Fig.13 and Table 1) equipped with 

actively controlled piezoelectric clamping device. The clamper can realize two functions: full adhesion 

between the two-beam layers and full delamination. The active control process is reduced to the strategy 

of the clamper switching on and off. The time intervals for clamper opening  have been determined 

experimentally, as the smallest interval required releasing full delamination effect.  

 

 

Figure 13: Experimental set-up; a) clamping device b) general view 
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L = 1.34 [m] 

x1 = 2.7 [cm] 

x2 = 1.30 [m] 

mass of sticker M = 0.3 [kg] 

Sticking force ≈ 500 [N] 

Excitation by initial deflection at tip point 

Table 1: Technical data for the experimental set-up 

 

The experimental results for the actively controlled beam have been shown on Figure 14, where oscillating 

lines correspond to signal obtained from strain sensor glued to the beam surface. The control strategy for 

the sticker operation (locking/unlocking) is shown through the step function. Despite of high natural 

damping of the tested model, it the efficiency of the applied active damping strategy can be seen. As 

mentioned before the strategy  is quite sensitive to the choice of time instants of locking/unlocking. 

Therefore optimal tuning of the control is believed to much enhance the results as compared with shown 

initial tests. 

 

Figure 14: Actively damped vibration (the first mode) of the double layer beam and the applied 

control strategy 

 

5 Possible applications 
 

Among possible applications are: 

• Pedestrian bridges 

• Pipelines 

• Truss structures 

Two layered beam discussed in section 3 has the span and stiffness of an experimental, light weight 

pedestrian bridge located in EMPA Laboratory, Switzerland. Cables sustaining the span, which 

completely change the dynamic behavior of the structure were not modeled in the numerical example. In 

order to effectively apply PAR strategy to this type of structures, mitigation of higher modes has to be 

accounted for. For this purpose only one active member at the support is not sufficient.  

Detachable spring which was discussed in section 2 could be used at the supports of pipeline systems in 

order to accumulate the deformation energy and convert it to kinetic energy which can be than dissipated. 
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Abstract 
 
With the accuracy of metrology frame applications entering the nanometer-range, the necessity arises to 
tackle all types of disturbances. In the process of estimating the relative importance of the different types 
of disturbances on the machine accuracy, also called dynamic error budgeting, acoustic excitation has 
gained more importance, mainly because of the relatively high noise levels of air-conditioning systems in 
clean rooms (“fabs”). To estimate the dynamic error budget claimed by acoustic excitation already in the 
design phase of the machine, there is a clear need to predict this type of excitation beforehand. This paper 
presents a numerical procedure to predict the errors due to acoustic excitation efficiently. 
To validate the numerical procedure, tests were done on a relatively simple structure consisting of a 
cantilever beam and a base plate that represents the typical structural dynamics of a practical high-
precision mechatronic system. The sensitivity of this structure to diffuse acoustic sound field excitation 
was predicted and measured. A diffuse field excitation was chosen so as to represent the acoustic field 
present in clean rooms (“fabs”) due to air-conditioning systems. The numerical simulations were 
performed using a coupled structural-acoustic simulation, where we developed a novel computational 
procedure to determine the structural response due to diffuse acoustic field. The simulations are compared 
with measurements in a reverberant room. 
 
 

1 Introduction 
 
Within the specialty mechatronics a plurality of disciplines such as mechanics, electronics, software and 
control are combined to develop extremely accurate precision machinery. Examples are ultra-precise 
measuring equipment with nanometer accuracy, stages for lithography applications and stages for electron 
microscopes. The accuracy of mechatronic systems is rapidly increasing. Key in the development of such 
highly precise machinery is to control the disturbances affecting the accuracy of the machine. A 
systematic way to do so, is to define a “dynamic error budget” which is divided amongst the different 
disturbances (ref. [1]). Many different disturbances need to be considered. To mention a few: vibrations 
generated internally by the machine like setpoint-motion related disturbances, flow noise, pneumatic noise 
etc.  Other sources that usually claim a significant part of the error budget are external disturbances like 
floor vibrations and environmental acoustical noise. 

During the conceptual design stage of highly precise machinery an essential step is to evaluate 
different conceptual design studies with respect to external disturbances.  Despite the lack of details in the 
design it is possible to make calculations that deal with floor vibrations and acoustics. Predicting the 
influence of floor vibrations is quite accurately possible by using simple 1D models consisting of just a 
few suspension modes. The main compliances in these models usually include the floor vibration isolation 
system and the first resonance frequency.  The power of these calculations is that they provide insight and 
that they are very time efficient.  The science of predicting the influence of acoustical environmental noise 
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at the early machine design stage is less developed than for floor vibrations. The explanation for that is 
twofold: Firstly, the relation between floor vibrations and machine vibrations is straightforward, where the 
relation between acoustics and machine vibrations appears more complicated. Secondly, floor vibrations 
usually dominate in the 1-50 Hz frequency region where highly precise machines behave like rigid bodies. 
Acoustic excitation usually dominates in the low to medium frequency region. For instance, the acoustic 
noise spectrum of clean room air-conditioning systems usually dominates at frequencies around the 125 
Hz 1/3rd octave band (ref. [2]). For many mechatronic applications this implies that both the suspension 
modes and the first few internal resonances of a machine are excited. 

In this paper both issues are addressed by means of a numerical procedure to predict the 
disturbances due to acoustic excitation of machinery using the Finite Element method (FEM) for the 
structure, taking into account the suspension modes and the first few internal modes of the structure, and 
the Boundary Element Method (BEM) for the description of the acoustics.  

The paper is structured as follows. The section “Theory” describes the numerical procedure from a 
mathematical point of view. In this section a structure is subjected to diffuse field acoustic excitation 
which represents the acoustic field present in clean rooms (“fabs”) due to air-conditioning systems. The 
numerical procedure is applied to a relatively simple structure consisting of a cantilever beam and a base 
plate that represents the typical structural dynamics of a practical high-precision mechatronic system. The 
sections “Simulation” and “Experiments” describe the predictions and test results obtained for this 
relatively simple structure. Finally, the section “Conclusions” finalizes the paper. 
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2 Theory 
 
In this section we will derive expressions for the numerical determination of the acoustic sensitivity of 
structures due to a diffuse sound field. The diffuse acoustic field is assumed to be caused by N 
uncorrelated, but equally strong monopole sources iQ̂  with random phase: 

( )ii jQQ φexpˆ =                                                                     (1) 

where a hat ˆ denotes the complex amplitude, Q is the (real valued) source strength (in [m3/s]) and iφ  is 
the phase of each point source. The N point sources are equally distributed around a sphere with radius R. 
To obtain a diffuse field at the location (but in the absence) of the structure, the radius R is large compared 
to the characteristic dimension of the structure we are interested in. 

The structure velocity v̂  caused by this diffuse acoustic field, can be written as the sum of the responses 
due to each monopole source iQ̂ : 
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where iv̂  is the velocity of the structure caused by only 1 of the monopole sources, and where we have 

assumed that all sources iQ̂  have the same source strength Q . As we are dealing with N uncorrelated 

sound sources, each having random phase iφ , the resulting structural velocity 
2v̂  can also be obtained by 

taking the sum of the squares of the individual contributions iv̂ . In mathematical terms the expected value 
of the squared sum of N uncorrelated values equals the expected value of the sum of the squares of those 
values: 
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As we are interested in the transfer function 
diffusep
v̂

, where diffusep  is the acoustic pressure of the diffuse 

acoustic field at the location of the structure, but in the absence of this structure, we write: 
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and introducing the notation 
i
as the mean over all i, we can write 
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What turns out to be useful are the reciprocal relationships that were derived by the Russian scientist 
Lyamshev. This reciprocity relationship says that the ratio of sound pressure to applied force is equal in 
magnitude and opposite in sign to the ratio of the acoustically induced structural velocity in the force 
direction to the source strength (volume velocity) of the point source (see Figure 1). In mathematical terms 
(ref. [4]): 

( )
( )

( )
( )i

s

s

i

rQ
rv

rF
rp

ˆ
ˆ

ˆ
ˆ

−=
′
′

                                                                    (7) 

where ( )srF ′ˆ  is the force at position rs on the structure, ( )irp′ˆ  is the resulting pressure due to this force at 

some point ri in space (the ' denoting the quantities in the, from our viewpoint, reciprocal situation), ( )irQ̂  
is the i-th source strength of the point source at that same point ri in space, and ( )srv̂  is the resulting 
structural velocity due to this point source at position rs on the structure (see Figure 1). 

 
Figure 1: Lyamshev reciprocity relation for elastic structures excited by point forces (ref. [4]). 

Using Lyamshev reciprocity relation, Equation (6) can be written as 
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The latter part of this equation, ( )
( )

i
rF

rp
s

i
2

ˆ
ˆ

′
′ , can be calculated numerically, by applying a force on the 

structure at the point of interest and determine the acoustic pressure on an imaginary sphere with radius R. 
These calculations can for instance be done by means of a coupled structural-acoustic Boundary Element 
Method (BEM). Such simulations will be discussed in the next section. 

We will now focus on the first part of this equation, 
diffusep

NQ , which is the ratio of the square root of the 

N uncorrelated sources squared, to the resulting diffuse sound pressure. The sound pressure due to a single 
monopole radiating in free space reads (ref [3]): 

( ) 0/0

4
ˆ cri

i
i Qe

r
irp ω

π
ωρ −=                                                                     (9) 

where ri is the distance from the observer to the monopole (in [m]), Q is the source strength (in [m3/s]), 
0ρ is the density (in [kg/m3]), 0c  is the speed of sound (in [m/s]) and ω  is the angular frequency (in 

[rad/s]). 
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Knowing that all N point-sources have the same source strength Q, but random phase, the sound pressure 
inside the sphere can be determined by summing up the pressure contributions from the N individual 
sound sources in an energetic sense (like we did before in Equation (3)). I.e. we need the square root of the 
sum of the squares of the sound pressures to arrive at the (complex) sound pressure amplitude in the center 
of the imaginary sphere due to all N point sources: 
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Substituting this relation into Equation (8) gives: 
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3 Simulations 
 
A relatively simple structure consisting of a cantilever beam and a base plate is investigated. The 
structural dynamics of this test set-up is typical for high-precision mechatronic systems in terms of its 
eigenfrequencies; the base plate is suspended with springs, as shown in Figure 2, resulting in suspension 
eigenfrequencies at around 1 Hz, whilst the first structural mode is at about 40 Hz, which is described by a 
deformation of the beam relative to the base plate. Furthermore, the system is equipped with the standard 
components for active damping: geophones, force actuators, amplifiers and a control system, as discussed 
in ref [5]. In the present paper, however, the active damping system is not activated. Only the passive 
behaviors of the bases-plate and cantilever beam are studied. A detailed discussion about the performance 
of the active control system is given in a companion paper, ref. [5]. 
 

  
 

Figure 2: Experimental set-up. Left: overview. The beam height is 0.5 meter. Inset: detail of two 
collocated actuator-sensor pairs (taken from ref. [3]) 

 
A finite element model of the base-plate and cantilever beam was made, as shown in the top left subfigure 
of Figure 3. The first three (non-suspension) structural modes, including the already mentioned 40 Hz 
bending mode of the beam relative to the base plate, are shown in the other subfigures of Figure 3. The 
numerical model predicts structural resonances at 43 Hz, 186 Hz and at 536 Hz. These three internal 
structural resonances as well as the six suspension modes with eigenfrequencies smaller than 1 Hz are 
used as a modal base for the description of the structural behavior of the mechanical system under 
investigation. 
A specific point of interest is the vibration of the tip of the cantilever beam. During the experiments a 
geophone mounted at the tip of the cantilever beam is used to measure the acoustically induced vibrations 
in a reverberant chamber (see next section). For this reason, we are specifically interested in the structural 
dynamics at that point. The point mobility of the tip of the cantilever beam is shown in Figure 4, in 
vacuum (uncoupled) and including the effects of structural-acoustic coupling (coupled). The numerically 
predicted structural resonances at 43 Hz, 186 Hz and at 536 Hz are clearly visible. The effect of structural-
acoustic coupling becomes apparent as an added damping effect due to the acoustic radiation in free space.  
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Figure 3: Structural (uncoupled) modeshapes.  

 

 
Figure 4: Point mobility at the tip of the cantilever beam, uncoupled and coupled.  

 
Following the numerical procedure of the previous paragraph (Equation (12)) we need to determine the 

spatially averaged transferfunction ( )
( )

i
rF

rp
s

i
2

ˆ
ˆ

′
′ , where ( )irp̂′  is the (complex) pressure amplitude at 
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point i of the imaginary sphere around the structure and ( )srF̂ ′  is the force acting on the structure. In this 
case, as we are interested in the acoustically induced structural response at the tip of the cantilever beam, 
the force ( )srF̂ ′  needs to act on the tip of the cantilever beam. In Figure 5 the structural-acoustic response 
at the three structural resonance frequencies are shown. The left subfigures of Figure 5 show the double-
layer potential at the base-plate and cantilever beam, which basically represents the acoustic pressure 
difference across the plate and across the beam. The resulting acoustic pressure on an imaginary sphere 
with a radius R=10 meter are shown in the right subfigures of Figure 5, which shows the (complex) 
pressure amplitude ( )irp̂′  at each point i of the imaginary sphere. The number of points N on the 
imaginary sphere equals 3752.  
 

  

  

  
 

Figure 5: Structural-acoustic response due to a force acting on the tip of the cantilever beam. Left: 
double-layer potential amplitudes. Right: sound pressure amplitudes at an imaginary sphere with a 

radius R=10m. 

 

Knowing the transferfunction ( )
( )

i
rF

rp
s

i
2

ˆ
ˆ

′
′  for the relevant frequencies of interest, we can determine 

the sensitivity of the structure to a acoustic excitation with a diffuse field with pressure amplitude p̂  using 
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Equation (12). The individual transferfunctions ( )
( )s

i
rF

rp
ˆ

ˆ
′

′ , when multiplied by 
0

4
ωρ

πR , gives the sensitivity 

of the structure due to a point source at point i on the imaginary sphere. In Figure 6 the sensitivity of the 
structure to acoustic excitation is given for three points i on the imaginary sphere corresponding to X-, Y- 
and Z-directions (see Figure 3 or Figure 5 for the definition of the coordinate system). Each 
transferfunction shows ( )irp̂   ( )srv̂ , where ( )irp̂ is the (in this case more or less plane wave) pressure 
amplitude at the origin of the imaginary sphere, and where ( )srv̂  is the velocity of the tip of the cantilever 
beam. 

Considering all N points (3752 in total), we get a multitude of transferfunctions ( )irp̂   ( )srv̂ , as shown 
in Figure 7. Finally, by taking the mean on an energy basis, we will arrive at the sensitivity of the structure 
to acoustic excitation of a diffuse field, as given by Equation (12). The acoustic sensitivity is in terms of 

diffusep̂   ( )srv̂ , where diffusep̂ is the (diffuse) pressure amplitude at the origin of the imaginary sphere, 

and where ( )srv̂  is the velocity of the tip of the cantilever beam. The numerical result for the diffuse 
sound field excitation will be given in the next section (Figure 12), where it is compared with the 
experimental results. 

 
Figure 6: Simulated transferfunction, p  vx(rs), for waves from X-, Y- and Z-directons. 

 
Figure 7: Simulated transferfunction, p  vx(rs), for many different angles of incidence.  

 
The reciprocal calculations took about 8.5 hours of CPU, 600 MB data on a SUN Sparc, Sun-Blade-1000 
for 234 frequencies and 3752 field points. The “standard”, non-reciprocal simulation, which failed after 41 
frequencies because of disk space problems, required 26,5 hours of CPU, 25 GB (!) data, using 1024 plane 
waves, which clearly shows the inefficiency of the “standard” approach. 
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4 Experiments 
 
The test set-up as shown in Figure 2 was excited by a diffuse acoustic field in a reverberant room as 
shown in Figure 8 and Figure 9. The reverberant room has a net volume of approximately 300 m3. Above 
approximately 80 Hz the acoustic mode density in this reverberant room is high enough for the acoustic 
field to be diffuse. 
 

 
Figure 8: Reverberant chamber. 

 

 
Figure 9: Experimental test set-up, placed in the reverberant chamber. 
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Figure 10 shows the measured autospectra of the reverberant room microphone, which is placed on a 
rotating boom (see Figure 8), and of the geophone, which is placed at the tip of the cantilever beam. As 
can be seen from this figure, the dynamic range for the pressure is better than 30 dB at frequencies higher 
than 100 Hz, whilst the dynamic range for the geophone is approximately 20 dB at frequencies higher than 
100 Hz being less than that at multiples of 50 Hz (e.g. 100, 150, 200, 250 Hz etc). This is sufficient. 
Figure 11 shows the measured transferfunction from microphone pressure to geophone velocity. In 
addition the coherence is shown as well, which is rather low. It should be noted that the coherence should 
be low as we are dealing here with a diffuse, reverberant field. Due to the large number of reflections, the 
acoustic pressure that is measured at the microphone on the rotating boom has no direct correlation with 
the resulting velocity of the cantilever beam. 
Figure 12 compares the measured transferfunction of Figure 11 with the numerically predicted result for 
the diffuse sound field excitation. It can be concluded that the correspondence is satisfactory. 
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Figure 10: Measured microphone and geophone autospectra, reverberant field excitation. 
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Figure 11: Measured transferfunction from microphone pressure to geophone velocity, tip 

cantilever beam, reverberant field excitation. 

 

 
Figure 12: Measured and predicted transferfunction from microphone pressure to geophone 

velocity, tip cantilever beam, reverberant field excitation. 
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5 Conclusions 
 
A numerical procedure to predict the disturbances due to acoustic excitation of machinery is presented. 
The procedure, based upon Lyamshev reciprocity relationship, appears to be a numerically efficient way 
(both in terms of CPU and in terms of disk usage) to predict the structural response due to diffuse sound 
field excitation. The procedure was validated on a relatively simple structure consisting of a cantilever 
beam and a base plate that represents the typical structural dynamics of a practical high-precision 
mechatronic system. The correspondence between experiments in a reverberant room and the numerical 
predictions were satisfactory. 
 

Acknowledgements 
 
Philips Applied Technologies is gratefully acknowledge for financing this work. 
 

References 
 
[1] L. Jabben, W. Monkhorst, R. Tousain, J. van Eijk, Dynamic error budgetting a Design tool for 

mechatronic systems, Proceedings of 22nd benelux meeting on systems and control, Lommel, 
Belgium (2003). 

[2] C.G. Gordon, M.Q.Wu, “Noise and Vibration Characteristics of Cleanroom Fan-Filter Units”, 
Proceedings of the Annual Meeting of the Institute of Environmental Sciences and Technology, 
Phoenix, AZ (1998). 

[3] Philip M. Morse, K. Uno Ingard, Theoretical Acoustics, Princeton University Press, 1987. 
[4] F.J. Fahy, Some applications of the reciprocity principle in experimental vibroacoustics, Acoustical 

Physics, Vol. 49, No. 2, 2003, pp. 217-229. 
[5] M.J. Vervoordeldonk, J. van Eijk, N.B. Roozen, Active Structural Damping in high-precision 

equipment, Proceedings of ISMA 2006, Leuven, Belgium, 2006 September 18-20, Leuven (2006). 

ACTIVE VIBRATION CONTROL AND SMART STRUCTURES 523



524 PROCEEDINGS OF ISMA2006



Vibration Testing Techniques for Active Membranes 

E. J. Ruggiero 
GE Global Research 
One Research Circle (K1-3C11) 
Niskayuna, New York 12309, USA 
email: ruggiero@research.ge.com 
 
D. J. Inman 
Center for Intelligent Material Systems and Structures 
310 Durham Hall 
Blacksburg, Virginia 24061, USA 

Abstract 
The next generation of satellite bus technology will consist of ultra-flexible, ultra-lightweight structural 
components with frequency content ranging from less than 1 Hz to the KHz frequency bandwidth.  These 
structures, typically referred to as gossamer structures in the literature, possess ideal space launch 
characteristics but have undesirable low frequency dynamics that are easily excited by space debris 
impact, satellite maneuvers, and even thermal transients.  To overcome these challenges, a proper 
foundation of ground testing techniques must be developed and documented to help see this novel space 
satellite technology come to fruition. 
 
The key structural component of one particular gossamer satellite bus design is a membrane mirror.  The 
membrane mirror will be held under tension and is expected to maintain a surface accuracy on the order of 
a wavelength of light.  To achieve such a stringent surface accuracy in the presence of undesirable system 
dynamics, one proposed solution is to embed piezoceramic materials near the boundary of the lens.  The 
active piezoceramic bimorphs can be used to sense detrimental vibration and provide active feedback 
control to bring the mirror surface back into focus.  For such a control system to be designed, proper 
testing techniques of the augmented system’s dynamics must be well developed. 
 
In the present work, membrane samples augmented with piezoceramic (type H4) bimorphs are tested 
under a variety of tensile loading conditions and in both ambient and vacuous settings.  Due to the unique 
nature of the membrane materials, innovative testing techniques needed to be developed to excite and 
measure the system dynamics without any adverse effects.  The proposed active portion of the system, the 
piezoceramic bimorph, was used to excite the out-of-plane modes of the sample.  A laser vibrometer was 
used to measure the local velocity of the membrane samples. The non-contact nature of the laser 
vibrometer ensured that the true system dynamics were unaffected during the experimentation.  The 
presence of air around the membrane samples is shown to cause a significant mass-loading effect in the 
frequency response of the system.  The results of a finite element analysis modeling the response of the 
active membrane samples in vacuum are compared to the experimentally measured response within the 
bandwidth of 0 – 500 Hz.  Over a large domain of tensile loads, the response of the system is predicted to 
within 6%.  Good agreement is also found in the mode shapes of the model and experimental results.  The 
presented work provides a detailed summary of proper testing techniques for capturing the dynamics of 
these novel structural components. 
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1 Introduction 
 
The Air Force Research Laboratory Directed Energy Directorate (AFRL/DE) in Albuquerque, New 
Mexico has been working hand-in-hand with SRS Technologies (Huntsville, Alabama) to develop an 
optical-quality membrane material.  Currently, SRS Technologies can cast a thin film polymer disc 1 m in 
diameter with a 30 nm peak-to-peak surface undulation over the entire disc and with a surface roughness 
on the order of 1 – 2 nm.  These incredible tolerances mean that from a materials science standpoint, 
membrane materials can now be fabricated as optical surfaces for satellite lenses or mirrors.  In 2001, the 
AFRL/DE used a 3.5 inch membrane lens in a diffraction-limited telescope to view Saturn.  The fact that 
the telescope was operating at the diffraction limit means that an equivalent lens made of traditional glass 
would have the same resolution, as the diffraction limit of a telescope refers to the minimum angular 
separation of two point sources that a telescope can distinguish.  The raw image photograph of Saturn 
taken at the AFRL is shown in Figure 1. 
 

 
Figure 1.  Raw image photograph of Saturn from a 3.5 inch, diffraction-limited membrane mirror 

telescope.  Photo courtesy of Dan Marker, AFRL/DE (2001). 
 
To get large membrane mirrors on-orbit, the satellite bus design relies on inflation pressure to create rigid 
supports.  Because these structures are usually inflated, issues such as inflation pressure, pressure 
distribution, and skin wrinkling are of primary concern.  In terms of space applications, inflated structures 
are subject to severe environmental changes as the satellite passes from orbital day to orbital eclipse. It is 
envisioned that these structures can be rigidized through material property changes but may have primary 
vibration modes less than 1 Hz. Any thermal environmental changes with such a flexible structure 
translate into wave front error in the payload.  Further, these satellites are susceptible to vibration while on 
orbit because of on-board disturbances or maneuvering dynamics.  Therefore, the membrane or aperture of 
a huge, inflatable satellite must possess active and passive means to control the surface used for optical 
imaging.  By accurately controlling the membrane surface, the satellite will be able to see more of the 
earth at a single moment with minute slew and scan requirements.  In transitioning the satellite from 
passive to active, research into augmenting the membrane with an active material must be performed. 
 
Research on integrating smart materials with membranous structures has been ongoing.  In 2001, Salama 
and Jenkins [1] recognized that the future of ultra-large space structures lies in the development of 
embedded intelligent materials to both sense and control the dynamics of such systems.  The authors refer 
to the new hybrid of intelligent materials in large apertures as precision gossamer apertures, or PGAs.  
Ruggiero, Jacobs, and Babb [2] modeled the interaction between a membrane lens and PolyMEMs 

526 PROCEEDINGS OF ISMA2006



actuators—membrane-type actuators capable of electrostatic control.  Williams, Austin, and Inman [3] 
analytically investigated the possibility of bonding piezopolymer (PVDF) to the skin of an inflated torus.  
The authors used membrane theory to model the bonded active and passive layers, but were unsuccessful 
at capturing the pertinent system dynamics, and quickly pointed out that membrane theory was unable to 
capture the localized stiffness effects of the bonded PVDF.  Glaese and Balas [4] experimentally 
demonstrated broadband vibration reduction of an inflated torus with an interior membrane surface using 
shunted piezoelectric circuits.  Solter, Holta, and Panetta[5] used a novel boundary tension actuator to 
demonstrate dynamic rejection on an inflated satellite bus beyond 15 Hz.  Rogers and Agnes [6] 
developed a piezothermoelastic model to simulate the response of a thin plate laminated with PVDF.  
Sobers, Agnes, and Mollenhauer [7] followed up Roger and Agnes’ [6] work by fabricating two active 
PVDF laminate mirrors with some success. 
 
In the present work, the finite element method will be used to approximate the system dynamics of a thin 
membrane strip augmented with a piezoelectric bimorph near one of the boundaries.  Euler-Bernoulli 
beam theory with an applied axial load will be used to describe the governing system dynamics.  The 
actuation moment of the bimorph will also be modeled, and a state-space representation of the system will 
be developed with rigor.  The dynamics of the active membrane will be experimentally verified, including 
an experimental modal analysis.  Finally, the linear quadratic regulator problem will be formulated and 
used to control the membrane in the presence of an initial disturbance.  As a benefit of formulating the 
LQR control problem, the strain and velocity functional gains of the active system will also be presented 
and used to identify spatial regions within the structure where sensor measurements are critical. 
 

2 Modeling the Active Membrane Strip 
 
First we will derive the weak form of the governing dynamical equation as to apply the finite element 
method.  We will begin with the dynamics of the undamped system, and systematically add in the effects 
of viscous air damping, internal visco-elastic Kelvin-Voigt damping, and also the distributed moment 
generated by the PZT bimorph actuator.  The 1-D model will then be verified through experimental 
dynamic analysis of a Kapton – PZT bimorph system. 
 

2.1 Derivation of the Weak Form 
 
Given the transverse vibration dynamical equation of a beam under axial loading, namely, 
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we wish to derive the weak form of these dynamics for the purpose of applying finite elements to create a 
system model.  In Equation1, the sign convention of P(x) is positive if the applied axial load is tensile and 
negative if the applied axial load is compressive.  As stated previously, E(x) is the elastic modulus, I(x) is 
the area moment of inertia, ρ(x) is the density, and A(x) is the cross-sectional area of the beam. 
 
First, we assume that the system consists of two states, position and velocity, or w(x,t) and v(x,t), 
respectively.  Then we can write two equations, 
 

),(),( txvtxwt =         (2) 
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Now we will multiply through both Equations 2 and 3 by test functions φ(x) and ψ(x), respectively, and 
then integrate the equations over the span of the structure.  Doing so yields the equations: 
 

∫∫ =
∂
∂ LL

dxxtxvdxxtxw
t 00

)(),()(),( φφ       (4) 

[ ] [ ]∫+∫−=∫
∂
∂ L

xx

L

xxxx

L
dxxtxwxPdxxtxwxIxEdxxtxvxAx

t 000
)(),()()(),()()()(),()()( ψψψρ  (5) 

 
Next, we integrate Equation 5 by parts twice.  Doing so yields: 
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            (6) 
 
For the system we are trying to model, we will assume that the boundary conditions are pinned-pinned.  
We are assuming pinned-pinned as such a boundary condition can be tested in the laboratory.  Physically, 
a pinned end cannot translate in any direction and also cannot sustain a bending moment.  Mathematically 
speaking, these conditions are imposed through the following boundary conditions: 
 

0),(),0( == tLwtw ,       (7) 

   0),()()(),0()0()0( == tLwLILEtwIE xxxx ,    (8) 

0),(),0( == tLvtv .       (9) 

 
Now, we wish to enforce the boundary conditions, Equations7 - 9, in Equation 6.  Notice that the first 
boundary term of Equation 6 vanishes because of the natural boundary conditions imposed by Equation 8, 
and, by forcing 
 

0)()0( == Lψψ ,      (10) 

 
the second and third boundary terms in Equation 6 also vanish.  It is natural when using the finite element 
method to require the test functions to match the same geometric boundary conditions as the unknown 
functions, as shown in Equations 10 and 7 (Fix and Strang [8]). Hence, we arrive at the weak form of 
Equation 6, given by 
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            (11) 
 
Next, we wish to approximate the dynamics given by Equations 4 and 11.  To do so, we let 
 

∑

∑

=

=

=

=

N

i
ii

N

i
ii

xtvtxv

xtwtxw

1

1

)()(),(

)()(),(

φ

φ
.     (12) 

 
Note that the test functions introduced in Equations 4 and 5 were dummy functions yet to be determined, 
and therefore, since they live in the same Hilbert space ),0(),0( 1

0
2 LHLH ∩ , we can let )()( xx ψϕ = .  

In other words, the test functions are required to satisfy the same boundary conditions (as shown in 
Equations 7 and 9), so they can be taken from the same functional space.  Plugging in our approximations 
(Equations 12) into Equations 4 and 11 yields: 
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By letting 
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We arrive at the finite element matrix form of the dynamic equations governing the transverse vibration of 
the system, 
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2.2 Addition of Viscous Air Damping and Kelvin-Voigt Damping 
 
Next, we would like to add terms to represent damping imposed by an external fluid medium (like air) and 
internal damping.  To do this, we augment the system dynamics in Equation 1: 
 

0),()()(),(

),()()(),()(),()()(

2

3

2

2

2

2

2

2

2

2

=







∂∂

∂
∂
∂

+
∂

∂
+

∂
∂

+





∂
∂

∂
∂

−







∂

∂
∂
∂

tx
txwxIx

xt
txw

t
txwxAx

x
txwxP

xx
txwxIxE

x

βγ

ρ
.  (17) 

 
The constant term γ is based on the external fluid medium, whereas the term β(x) represents the energy 
dissipation by friction internal to the beam.  Following the same procedure as outlined in section 2.1, we 
arrive at the weak form of the system dynamics: 
 

[ ] [ ]

[ ] ∫−∫−

∫−∫−=∫
∂
∂

L

xx

L

xx

L

xxxx

L

xx

L

dxxtxvdxxtxvxIx

dxxtxwxPdxxtxwxIxEdxxtxvxAx
t

00

000

)(),()(),()()(

)(),()()(),()()()(),()()(

ψγψβ

ψψψρ
. 

            (18) 
 
Plugging in our approximations (Equations 12), and by letting: 
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we can write our approximate system dynamics in matrix form, namely: 
 

[ ] 















−−+−

=















v
w

DMAA
M

v
w

M
M

t
v

v

v

v

112211

1

2

1 0
0

0
γ

.   (20) 

 

2.3 Constructing the Input Matrix for Actuating the PZT Bimorph 
 
Having constructed the state matrix (Equation 20) to capture the localized mass and stiffness contributions 
from the attached piezoelectric bimorph, we now wish to formulate the input matrix, B, to model using the 
bimorph to generate a distributed moment in our control system design.  The piezoelectric bimorph 
produces an external moment which can be written as: 
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where Epzt is the modulus of the piezoelectric patch, d31 is the electromechanical coupling coefficient, h is 
the thickness of the substrate, hpzt is the thickness of the piezoectric patch, and V1 and V2 are the applied 
control voltages sent to patch 1 and patch 2 of the bimorph, respectively.  In a bimorph configuration, it is 
important to note that the voltages sent to each patch are equal but opposite in sign to generate a pure 
bending moment.  The derivation of Equation 21 is extensively covered by Banks, Smith, and Wang [9].   
 
We need to take into account the fact that the bimorph has finite length along the sample’s surface (given 
by locations x1 and x2 along the span of the structure).  The discontinuity can be incorporated using a χ(x) 
indicator function (following the notation of Banks, Smith, and Wang [9]), where 
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thus giving us 
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Equation 23 enters into our equation of motion in the form of a distributed moment with units of 
m

mN ⋅
, 

and performing a moment balance on a differential element, it appears as: 
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where b is the width of the patch.  Equation 24 can also be placed into the weak form through integration 
by parts, and doing so yields 
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Again, the boundary terms from our integration by parts have been eliminated because of the boundary 
conditions of the problem.  Since we have put the distributed moment into the weak form, we can now 
combine Equation 25 with our system dynamics given by Equation 20.  Thus, we arrive at the 
approximated weak form of our augmented system, including the control effect of the piezoelectric 
bimorph, namely, 
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and where, after our integration by parts,  
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3 Experimental Validation of the Finite Element Model 
 
Equation 20 is the finite element approximation to the system dynamics governing the transverse 
vibrations of a beam under axial loading and includes viscous effects from both the surrounding medium, 
like air, and internal damping from the Kelvin-Voigt damping model.  We now desire to validate the 
developed model, Equation 26, by designing an experiment that captures the dynamic effects of a 
membrane strip under a tensile load with an augmented piezoelectric patch. 
 

3.1 Experimental Hardware and Test Setup 
 
The experimental setup consists of a 21.8 x 1.8 cm strip sample of Kapton HN (51 µm thick).  Two wafers 
of H4 piezoelectric material (3.6 cm in length) were glued to the membrane sample to serve as the 
excitation actuator for the system.  Copper tape was used as the conductive layer on one side of the H4 
PZT wafer to attach one lead wire, and a second lead wire was attached to the opposite side of the PZT 
wafer using SuperSafe Superior #30 Soft Solder Flux Liquid.  A diagram of the membrane sample with 
attached PZT is shown below in Figure 2.  Table 1 describes the relevant material properties of the Kapton 
and H4 PZT wafer. 
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Figure 2.  Diagram of the Kapton HN sample with attached PZT bimorph, including top view (above) and 

side view (below). 
 

Table 1.  Relevant material properties for Kapton HN and H4 PZT. 
 

Parameter Symbol Value
modulus E 165 MPa
length L 21.8 cm
width b 1.8 cm
thickness t 51 µm
density ρ 1400 kg/m3

viscous air 
damping γ 0.02
Poisson's ratio ν 0.34
shear modulus G 86.2 MPa
coupling 
coefficient d 31 4.2 pm/V
modulus E pzt 62 GPa
patch length Lpzt 3.6 cm
patch width b pzt 1.9 cm

patch thickness t pzt 533.4  µm
density ρpzt 7800 kg/m3

Poisson's ratio νpzt 0.31
shear modulus Gpzt 2.36 GPa
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The Kapton HN sample was held in place by two grippers.  Each gripper has two aluminum rods pushed 
through two opposing channels and are held in place by an interference fit.  The rods serve as the contact 
points to hold the sample in place, and thus form pinned-pinned boundary conditions.  The grippers are 
aligned by bolting them to a frame made of extruded aluminum stock (80/20 series 1515).  While one 
gripper is held permanently in place, the other gripper is attached to a lead screw for easy travel in the x-
direction along the axis of the membrane sample.  This allows for uniform tensile loads to be applied to 
the sample.  The tensile load applied to the membrane sample is measured by a Transducer Techniques 
load cell (model #MLP-75).  The load cell output is measured by an Omegadyne strain gage meter (model 
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#LC101-50). A picture of the experimental setup, including the H4 PZT bimorph, grippers, and load cell, 
is shown in Figure 3. 
 

 
Figure 3.  Photograph of the experimental setup showing the Kapton membrane held under tension (top), 

with close-up photos of the PZT bimorph (bottom left) and Transducer Techniques load cell (bottom 
right).  In this picture, the left gripper is attached to the lead screw. 

 
The entire experimental setup was housed in an environmental vacuum chamber (Tenney Environmental 
Model 36 ST SN27429).  The chamber served two purposes.  Firstly, while testing in ambient conditions, 
the chamber served as an excellent shield from external vibratory disturbances, such as air conditioning 
currents.  Secondly, a series of tests could be run at near-vacuum to eliminate the effect of ambient air 
pressure around the test specimen. The response of the membrane sample was measured using a Polytec 
laser vibrometer (laser head #OFV 303 and control signal box #OFV 3001).  The laser vibrometer shines a 
laser onto the sample and measures either the displacement or velocity (depending on which output 
channel is selected) of the structure at that particular point through interferometry.  The laser vibrometer 
was selected as the sensor for measuring the response of the system as the mass loading effect from a 
more traditional accelerometer would have been significant considering the ultra-thin nature of the Kapton 
sample.  A photo of the test setup, including the vacuum chamber and laser vibrometer, is shown in Figure 
4.  Figure 5 presents a schematic of the entire testing setup, including necessary signal conditioning 
electronics. 
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Figure 4.  Photograph of the test setup, highlighting the laser vibrometer sensor and the Kapton sample 
test rig sitting inside of the Tenney Environmental vacuum chamber. 

 

 
Figure 5.  Schematic of the experimental testing setup to capture the dynamic response of the Kapton 

sample. 
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3.2 Data Acquisition 
 
The excitation signal was generated via MatLab’s SigLab Data Acquisition board to excite the attached 
PZT bimorph.  SigLab interfaces through a SCSI card with a PC system and provides a relatively 
inexpensive means for performing dynamic system analysis.  Using SigLab’s VNA and VFG toolkits, a 
burst chirp signal with peak amplitude of 1.0 V and with frequency content ranging from 10 – 500 Hz was 
generated to excite the PZT bimorph.  The burst chirp signal was amplified by a factor of 20 through a 
Trek Amplifier (model 50/750).  The velocity response of the structure was measured using the laser 
vibrometer at twenty points along the centerline of the membrane strip, one point at a time.  The velocity 
signal was then fed back to input Channel 2 on the SigLab DAQ board.  Transfer functions were measured 
at each of the twenty centerline points along the length of the Kapton sample.  Each point was designated 
with a small, square piece of highly-reflective tape to help eliminate detrimental backscatter from the 
laser, consequently improving the quality of the measured signal. 
 
Two sets of tests were initially performed.  The first test was run under vacuum conditions, while the 
second set of tests was run at ambient conditions. 
 

3.3 Vacuum Test Results 
 
The vacuum tests were purposefully run prior to any ambient tests.  The reason for this is that the 
membrane sample is subject to out-gassing, and consequently, the tension applied to the specimen would 
increase while at vacuum.  Dupont has documented that out-gassing of primarily carbon monoxide and 
carbon dioxide occurs in Kapton at vacuum (Dupont Technical Bulletin H-78317 [10]).  For this particular 
experiment, the tensile load increased 5% while transitioning from the ambient pressure equilibrium 
tension to the vacuum equilibrium tension.  All tensile tests in this section were run at 14.3 N. 
 
The Tenney Environmental chamber was set to 10 Torr and 23oC (room temperature).  It took the chamber 
approximately 30 minutes to achieve near-vacuum conditions.  The measured velocity response of the 
membrane at twenty locations is shown in Figure 6.  The measurement locations correspond to the 
following distances measured from the left pinned boundary condition (see Figures 5.2 and 5.3 for 
reference):  1.8, 2.4, 3.3, 4.4, 5.0, 5.4, 6.2, 7.3, 8.4, 9.7, 10.5, 11.6, 12.5, 13.5, 14.6, 15.9, 16.8, 17.8, 18.6, 
and 19.7 cm. 
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Figure 6.  Bode plot of the membrane structure’s response to the PZT bimorph excitation as measured by 

a laser vibrometer at 20 distinct locations under vacuum conditions. 
 
The frequency response functions measured along the length of the sample identified resonant frequencies 
at 86, 267, 339, 352, and 393 Hz.  Next, the same test was run but at ambient conditions. 
 

3.4 Ambient Test Results 
 
Using a test set up identical to the one described in the previous section, the frequency response functions 
of the membrane sample were generated at the same centerline points as the vacuum tests.  However, in 
contrast to the vacuum tests, the vacuum chamber door was opened to eliminate the need of shining the 
laser through the front window pane.  The tension of the specimen was not disturbed from its position 
during the vacuum testing.  The frequency response of the sample at each of the measured locations is 
given in Figure 7. 
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Figure 7.  Bode plot of the membrane structure’s response to the PZT bimorph excitation as measured by 

a laser vibrometer at 20 distinct locations under ambient conditions. 
 
Under ambient conditions, the dynamic response data indicated resonant frequencies at 83, 254, 311, 321, 
and 392 Hz.  The differences between the two test cases require additional analysis, as provided in the 
following section. 
 

3.5 Comparison between Vacuum and Ambient Test Results 
 
A comparison between the measured response of the structure in ambient and vacuum conditions is shown 
in Figure 8.  Firstly, a modal analysis of the five resonant peaks found in the 0 – 500 Hz bandwidth was 
performed.  As a result of the analysis, it was determined that both the third and fifth peaks showing up in 
the vacuum and ambient cases are actually torsional modes of the structure (occurring at 339 and 393 Hz 
for the vacuum case and 311 and 392 Hz for the ambient case).  Frequency response measurements taken 
off-axis from the centerline demonstrated this torsional behavior.  The transverse vibration mode shapes of 
the structure, as experimentally determined, are shown in Figure 9.  For now, our analysis will ignore the 
torsional modes of the structure. 
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Figure 8.  Vacuum and ambient transfer functions measured 9.7 cm from the left boundary. 

 

 
Figure 9.  Experimentally determined transverse vibration mode shapes as measured under vacuum and 

ambient conditions. 
 
Secondly, we also note that the resonant frequencies (in Figure 8) demonstrate an offset between the 
vacuum and ambient data.  The offset of the resonant frequencies is a consequence of two phenomena: 
out-gassing experienced by the Kapton sample and mass loading from the surrounding air in the chamber.  
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Since the boundaries of the structure are mechanically fixed at the pinned ends, the tensile load 
experienced by the Kapton sample increases as the material out-gasses (and consequently loses mass).  As 
reported in the Dupont Technical Bulletin [10], their vacuum tests at high temperature demonstrated a 
34.6% weight loss of the Kapton sample as compared to the original sample.  Although the test sample 
from these tests was not exposed to high temperatures, a 10 – 20% change in the density of the structure 
(as a result of the Kapton losing mass to out-gassing) would produce notable changes in the frequencies of 
the system.  Secondly, air mass loading effects have been documented to be significant for membranous 
structures (see, for example, Kukathasan and Pellegrino [11]).  In the next section, we will establish the 
validity of the developed finite element model as compared to the measured data. 
 

4 Finite Element Model Verification 
 
The next goal is to model the response of the structure using the distributed parameter systems approach 
as outlined previously in this chapter.  First, we will compare the predicted response of the membrane – 
PZT structure to the actual measured response from the experimental data.  Then, we will compare the 
mode shapes between the two.   
 

4.1 Transfer Function and Mode Shape Comparison 
 
Starting with the parameters listed in Table 1, a finite element model using cubic B-splines and 256 
elements was built and solved to simulate the expected transfer function of the Kapton membrane.  With 
this first iteration, the resulting frequencies as compared between the FE model and the measured data 
response were in good agreement.  The first three resonant frequencies were simulated to within 1%, 6%, 
and 2%, respectively.  The FE model results and measured results are shown in Figure 10. 

 
Figure 10.  Comparison between the FE model transfer function (dotted line) and the experimentally 

determined transfer function (solid line) as measured 2.4 cm from the left boundary condition. 
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We also can compare the experimentally determined operational mode shapes of the structure to the finite 
element model predicted mode shapes.  Figure 11 demonstrates the similarity between the two for the case 
of vacuum testing. 
 

 
Figure 11.  A comparison between the predicted FE mode shapes (left column) and the experimentally 

measured mode shapes (right column). 
 
As shown by Figure 11, the developed model performs well in predicting the response of the structure.  To 
reiterate, the experimental data contains two torsional modes due to improper mounting of the test 
specimen during testing and also caused by lack of homogeneity between the two PZT wafers, which 
would induce a twisting moment into the structure.  Although the current model does not address the 
coupling between the torsional and transverse modes of vibration of the structure, we will consider these 
effects in future models when we extend this analysis to 2-D.   
 

5 Summary and Conclusions 
 
In summary, the weak form governing the dynamics of a pinned-pinned Euler-Bernoulli beam under axial 
loading has been developed to model an integrated piezoelectric bimorph and Kapton membrane substrate 
strip sample. The integrated system was modeled using finite element cubic B-splines, and validated 
through extensive testing of a PZT-Kapton sample in the bandwidth of 0 – 500 Hz.  The augmented 
system must be treated as an Euler-Bernoulli beam to correctly capture the local stiffness change of the 
system in the region of the augmented PZT bimorph. 
 
The developed model was experimentally validated on a Kapton membrane strip sample with an attached 
PZT bimorph.  A procedure for testing such a delicate structure was presented that used a laser vibrometer 
to measure the response of the structure when dynamically excited by the attached PZT bimorph.  The 
sensed response was not affected adversely by any mass loading effects (as would have been encountered 
with the use of traditional accelerometers).  Further, the use of the attached PZT bimorph, which will 
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eventually be used for control of the integrated structure, allowed testing of the active membrane sample 
as a system without introducing any adverse system dynamics. 
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Abstract  
This paper focuses on vibration control of flexible shafts by means of rotor-fixed piezoelectric materials. 

The target is to realize compact solutions for the suppression of problematic resonant vibration at so-called 

flexural critical speeds. For analysis, parametric finite element models of flexible rotors with piezoceramic 

sheets and strain or displacement sensors are developed, where the number of degrees of freedom is kept 

low. Several mechanisms which can destabilize flexible rotors are quantisized, such as rotor material 

damping, dissipation of currents induced in rotor-fixed piezoceramics and active feedback control 

proportional to rotor strain rates. The effectiveness of low frequency feedback and feedforward control for 

the suppression of the unbalance response is demonstrated using analytic and experimental results. 

Emphasis is on the interaction between the dynamics of the rotor and that of the connected electronic 

circuits. The experimental setup which is used for validation is a flexible shaft equipped with 

piezoceramic sheets and strain sensors. A slipring assembly is used to simplify measurements with, and 

control of, the sensors and actuators on the shaft and to facilitate the development of compact drive 

electronics. 
 

1 Introduction 
 

Fastly rotating flexible rotors may exhibit severe bending vibrations and may induce vibration, wear and 

noise in and near their support structures. These problems can often be solved by improving the rotor 

balance and support damping by passive means. In cases where these means are exhausted, active control 

methods for rotor balancing and damping provide a solution. Devices for active vibration control of 

rotating machinery have become more compact and versatile in the past decades. A relatively new 

approach to rotor vibration control is based on the use of piezoceramic materials which are bonded to the 

surface of a flexible rotor. This vibration control solution was investigated by several authors in recent 
years (e.g. [2], [3]). They considered the following applications: 

• suppression of the resonant response to unbalance, 

• suppression of forced vibrations caused by a driving motor, and 

• stabilization of instable vibration. 

The compactness and low power consumption of piezoceramic actuators (and the conformability of fiber 

composite actuators to curved surfaces) make their use attractive in these applications. However, in both 

investigations [2] and [3], experiments were performed using costly and wear sensitive slipring assemblies 

for power transmission between stator and rotor. In addition, the application of piezoceramic materials to 

flexible rotors has certain drawbacks which have not been analyzed thoroughly yet. There remains 
therefore some work to be done before this control solution reaches maturity. 

It is focused in this document on devices for active balancing of flexible rotors at speeds near so-called 

flexural critical speeds. (A flexural critical speed is defined as a speed at which the bending vibration 

response of a rotor to unbalance reaches a maximum. Unbalance is defined as the distribution of the 

centers of mass of the rotor cross sections times their distances from the nominal rotation axis. Flexural 
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critical speeds are often different from the frequencies of structural bending modes due to so-called 
gyroscopic effects, which couple the three-dimensional rotational motion of rotor cross-sections). 

For a flexible rotor with attached piezoceramics, the amplitude of bending vibration at a critical speed 
depends mainly on: 

• the amount of unbalance exciting the respective bending mode, 

• the amount of mechanical dissipation in bearings and supports, and 

• the bending moments induced by active control of rotor-fixed piezoceramics. 

Active control of rotor-fixed piezoceramics so as to realize virtual stator damping, modify the rotor 
unbalance distribution, or both, may effectively reduce unbalance induced vibration at critical speeds. 

In addition to forced vibration due to unbalance, flexible rotors may also exhibit instable vibration. 

(Dissipative mechanisms in elastic media which are rotating with respect to an inertial frame have non-

dissipative mass acceleration effects which can lead to instability. Such effects often limit the operating 

speed of rotating machinery.) Mounting piezoelectric materials on flexible rotors for the purpose of active 
vibration control may give rise to the following destabilizing mechanisms: 

• mechanical dissipation (hysteresis) in piezoelectric materials, 

• electric dissipation (resistive loss) of currents induced in the piezoceramics, and 

• bending moments induced by feedback control proportional to rotor strain/displacement rates. 

In order to avoid instable vibration at speeds exceeding flexural critical speeds, the magnitude of these 
mechanisms should be determined and be limited by careful design if necessary. 

 

2 Finite element models 
 

2.1 Two rotor cases 
 

Two different rotor systems are considered (Figure 1, 2), the main properties of which are summed up in 

Table 1. Rotor 1 is a hollow aluminium shaft of length one meter which is connected by flexible couplings 

to short shafts that rotate in ball bearings. This system was developed as a down-scaled model of a 

composite helicopter tail drive shaft and is used also in experiments. The flexible couplings at the ends of 

this rotor lead to low frequency bending modes with virtually no bearing motion and hence very little 

damping, which is partly compensated by stiffness reduction and damping augmentation of the bearing 

supports. The shaft is equipped with piezoceramic sheets and strain sensors. Rotor 2 is supported by ball 

bearings at its ends and contains two heavy disks connected by a hollow shaft. The model of this rotor is 

used to investigate heavy rotor systems with inertia concentrated at a few positions. The system contains 

rotor-fixed piezoceramic sheets and distance sensors. The low frequency bending modes of this rotor are 
lightly damped because the bearings are assumed to provide no rotational stiffness and damping. 

 

 

 

Figure 1. Cross-sections of finite element models (axes not to scale).  a) Rotor 1. b) Rotor 2. 

a) 

 

 

 

b) 

544 PROCEEDINGS OF ISMA2006



Main properties rotor systems Rotor 1 Rotor 2 

Rotor: material type, stiffness, loss factor: Alum., 68⋅10
9
, 5⋅10

-5
 Steel, 210⋅10

-9
 10⋅10

-5
 

Rotor: total length (m), total mass (kg): 1.052, 0.22 0.847, 42.6 

Additional inertia: trans.(kg); rot.(kg.m
2
), {nodes}: - 20; 0.15, {3, 8} 

Piezoelectric: material, stiffness (N/m), loss factor: PZT5H, 95⋅10
9
, 8⋅10

-3
 PZT5H, 95⋅10

9 
, 8⋅10

-3
 

Piezoelectric: thickness (m), width (m), mass (kg): 500⋅10
-6

, 8⋅10
-3

, 28⋅10
-3

 200⋅10
-6

, 20⋅10
-3

, 17⋅10
-3

 

Piezoelectric: total cap.(F), piezo voltage const. d31: 270⋅10
-9

, −215⋅10
-12

 1032⋅10
-9

, −215⋅10
-12

 

Piezoelectric actuator placement {node1,node2}: {7,8},{11,13},{16,17} {5,6} 

Sensor placement {node(s)}: {9,10}, {14,15} {5} 

Bearing stiffness: trans. (N/m) , rot. (N/m.rad): 5.5⋅10
6
 , 25⋅10

3
 100⋅10

6
 , 0 

Bearing damping: trans. (N/m.s) , rot. (N/m.s.rad): 4.0⋅10
3
 , 200⋅10

3
 4.0⋅10

3
 , 0 

First three bending modes: frequencies (Hz): 26, 107, 234 84, 254, 461 

 

Table 1. Main properties of the considered rotor systems. 

 

 

Figure 2. First three mode shapes at zero speed. a) Rotor 1. b) Rotor 2. 

 

2.2 Finite element model code 
 

For analysis, a rotor finite element code is implemented in Matlab


. First, a set of Nn nodes is defined at 

the rotor center line or z-axis. Only transverse bending and translation are considered, hence each node is 

assigned only four degrees of freedom, two translational (ux and uy) and two rotational (φxz and φyz). The 

degrees of freedom are reordered in a vector x as 2Nn complex pairs: x2n−1=ux,n+iuy,n, x2n=φxz,n− iφyz,n. It is 
assumed that the rotor speed ω (angular velocity dφxy/dt) is prescribed and varies only slowly. 

The rotor and stator properties are assumed to be isotropic with respect to the rotation axis, such that the 

system properties can be specified for both the x- and y-directions using real [2Nnx2Nn] matrices. Stator 

stiffness and damping matrices K
s
 and C

s
 are obtained by specifying stiffness and damping coefficients at 

the bearing nodes. Mass and stiffness matrices M
r
 and K

r
 for the rotor including attached materials are 

computed using Timoshenko beam element code (see [1]). To take into account additional rotor-fixed 

components or flexible coupling elements, inertia and stiffness coefficients are added to M
r
 and K

r
 where 

necessary. A gyroscopic matrix G
r
 is computed from the nodal and beam element rotational inertia. A 

hysteretic damping matrix H
r
 of the rotor is computed by multiplying the beam element stiffness matrices 

by their respective material loss factors η. In addition, a rotor viscous damping matrix C
r
 is defined for 

completeness. 

From the rotor mass distribution, a nodal mass load vector m is computed, which is multiplied by the 

gravitational acceleration g transverse to the rotor length axis in order to obtain the rotor mass loading. A 

distribution of nodal eccentricities of the centers of mass of the rotor cross-sections is assumed in order to 

obtain a nodal unbalance vector e . This vector is multiplied by the square of the angular velocity to obtain 

the resulting unbalance excitation. Rotor-fixed strain gauges are included in the model by assuming that 

these sensors measure surface strains which are linearly dependent on the rotor cross-section rotations at 

the z-positions of the sensor ends. Placing four equal strain sensors at element n and connecting these to 

electrode pair k gives rise to a sensor matrix S ([Nsx2Nn]) with nonzero coefficients Sk,2n=− Sk , 2(n+1)≠0. A 
distance sensor on the stator at node n gives rise to a coefficient Sk,2n−1≠0. 

a) b) 
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Rotor-fixed piezoceramic sheets are included in the model by assuming that pairs of oppositely poled 

sheets are mounted at opposite sides of the rotor, such that electrically charging a pair of sheets effectively 

induces bending moments on the rotor at the sheet ends. Placing four equal sheets at four sides of the rotor 

at element n (see Figure 3) and connecting these to electrode pair k gives rise to an actuation matrix Q
r
 

[2NnxNq] with nonzero coefficients Q
r

2n,k=−Q
r

2(n+1),k. These coefficients are functions of the sheet properties 

(width w, length l, thickness t, average distance from rotation axis r, Youngs modulus E11, piezoelectric 
voltage constant d31 and dielectric constant e33) and are given by: 

q

n

nN..1n n

33
nnnq

kkv
kk

D
n,11n,31nnr

k),1n(2
r

k,n2 N..1k

1N..1n
with

t

elw2
C

C

Edrw2
QQ

=

−=
==−= ∑

=
+         (1) 

The vector of actuator charges is denoted q=qx+iqy (corresponding to actuation voltages v=vx+ivy). Matrix 

Q
r
 is multiplied by the actuator charges q in order to obtain the actuation force vector. The capacitances of 

sets of parallel connected actuator sheets give rise to a diagonal capacitance matrix C
q
=diag(C

q

k). Each 

actuator set is assumed to be connected to a series circuit of a resistance R
q

k and an inductance L
q

k. This 

gives rise to electric system matrices R
q
=diag(R

q

k) and L
q
=diag(L

q

k) ([NvxNq]). For the rotors considered in 

this document, all actuator sheets at two opposite sides of the rotor are connected in parallel, hence only 

one pair of electrodes is present (Nv=1), q and v are single complex numbers and C
q
, R

q
 and L

q
 are single 

scalars. (Note that the model does not contain the 'dielectric stiffening' effect which arises because strains 

in piezoceramics give rise to dielectric displacements which on their turn give rise to opposing strains, 

because its influence on the total rotor stiffness is considered negligible). 

x

r

y

yv
w

φ

z

m

-yz,m

q

q

yq

y

x

xq
ux,m

xz,m

y,mr

φ

φ
u

r

n

x,n
y,n

-yz,n

xz,n
φ

: poling directions

h

 

Figure 3. Piezoceramic actuators: a) degrees of freedom, b) geometry and c) wiring in y-plane. 

 

2.3 Equations of motion 
 

The following transformation relates vectorial quantities in the stationary (
s
) and rotating (

r
) frames: 

tir2rrstirrstirs e)i2(e)i(e ωωω ωωω xxxxxxxxx −+=+== &&&&&&&                       (2) 

The equations of motion of the rotor system in the stationary (inertial) reference frame are given by ([1]): 

tirti2srrrssrrssr ege)ii()i( ωωωωω qQmexCHKKxGCCxM ++=−±++−++ &&&         (3) 

The correct sign in front of the hysteretic damping matrix in Equation 3 can be determined only if the 

rotor exhibits circular motion of which the direction in the rotating frame is known. 

Equation 3 can be transformed to the rotating (non-inertial) reference frame to yield: 

qQmexGMCHKKxGMCCxM rtirrrsrrsrrrrsrr egiii ++=−−+±++−+++ − ωωωωω 22 ))(())2(( &&&        (4) 

Note that, if seen from the rotating frame, the unbalance excitation is constant in direction and the 

piezoelectric forces are constant if the actuator charges are constant, whereas gravity leads to an excitation 

which rotates backward. 

The rotor dynamic model is extended with a charge balance equation which describes the dynamics of the 

piezoceramic actuator sets with attached series resistances and series inductances: 

vxQqCqRqL =−++
− rTr1qqq

&&&                                                         (5) 

a) b) c) 
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3 Rotor dynamic stability analysis 
 
3.1 Influence of material damping 
 

The dynamics described by the homogeneous Equation 3, with C
r=[0], is expressed in the state space as: 











 ±+−−−
=









==
−−

0I

HKKMGCM
A

x

x
zzAz

)i()i( rrs1rrs1r
s

s

s
ssss ω&

&             (6) 

The 4Nn eigenvalues λn of matrix A
s
 can be determined for both signs in front of H

r
. The sign of the 

imaginary part ℑ(λn) is equal to the direction of circular bending motion in the stationary frame (forward 

or backward, where the spin speed ω is always forward). For each one of the eigenvalues, the correct sign 

in front of H
r
 is therefore sign(ℑ(λn)−ω), the direction of circular bending motion in the rotating frame. 

Using this rule, the correct eigenvalues can be determined for any value of the speed ω ([4]). 

For the two considered rotor systems, the frequencies of forward and backward bending vibrations and 

their respective decay rates as functions of the spin speed are shown in Figure 3 in so-called Campbell 

diagrams. Note that the frequencies are nearly constant functions of the speed for Rotor 1, whereas they 

change considerably for Rotor 2 due its large rotational inertia. The critical speeds can be read from the 

crossings of the frequency trajectories ℑ(λn) with the diagonal line λ=ω. At these speeds, the 

corresponding decay rates can be seen to change abruptly. This is due to the deformation of the rotor 

changing direction, such that the effect of rotor hysteretic damping at ones becomes destabilizing. 

Although both rotors are found to be stable in the selected speed range, it can be seen that the first forward 

mode of Rotor 1 has only very little damping at speeds above the first critical speed. 

To quantify the relative influence of the hysteretic damping in the piezoceramics attached to both rotor 

systems, the change in decay rate ∆ℜ(λ) at the critical speeds is compared with cases where the loss factor 

of the piezoceramic is set to zero. It is found that the hysteresis in the piezoceramic raises the rotor 

hysteretic damping at the first two critical speeds by 115% and 135% percent for Rotor 1 and by 3.7% and 

1.3% for Rotor 2, respectively. The large destabilizing effect of hysteresis in the piezoceramic in case of 

Rotor 1 is simply due to the relatively large amount of piezoceramic material which is added to this rotor. 

For Rotor 2, the change in decay rate due to added piezoceramic material is negligible. 

     

Figure 4. Campbell diagrams showing influence of material damping. a) Rotor 1. b) Rotor 2. 

a) b) 
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3.2 Influence of electric dissipation 
 

Connecting resistive and/or inductive elements in series with the electrodes of piezoceramics leads to 

current dissipation upon actuator straining. This dissipation can be maximized for a structural resonance 

by selecting the resonance frequency of the connected electric circuit equal to that of the structure [4]. 

However, very large inductors are required to realize low resonance frequencies in the case of low-

capacitance actuators. In the following analysis, it is therefore assumed that only resistors are connected to 

the actuator electrodes (L
q
=[0]). The equations of motion of the rotor with resistive damping are obtained 

by transforming equation 4 to the stationary frame using fictitious charge states q
s
, as follows: 

sTr1qs1qqstisstis ))(i(e)i(e xQRqCRqqqqqq
−−−− +−=⇒−== ωω ωω

&&&              (7) 

The dynamic matrix A
sq

 including rotating resistive damping reads: 
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x
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zzAz

ω

&

&                    (8) 

The lower right cell of the dynamic matrix indicates that the stabilizing and destabilizing effects of electric 

current dissipation depend on the frequencies (R
q
C

q
)

−1
 and on the rotor speed. For structures, maximum 

damping is obtained by selecting resistances R
q

kk=(1−k
2

31)
0.5

/(ωnC
q

kk), with ωn the frequency of the bending 

mode to be damped and k31 the electromechanical coupling constant of the piezoceramic ([4]).  

For the rotor systems under consideration, with k31=0.38, the resistances for maximum damping of the first 

bending mode at standstill are found to be 42kΩ and 2.8kΩ, respectively. The resulting resistive 

dissipation has almost no effect in the case of Rotor 2. In contrast, it can destabilize the first forward 

bending mode of Rotor 1 at speeds exceeding the first critical speed (26 rps (revolutions per second)). 

Figure 5 shows the decay rates for the first two bending modes of Rotor 1 for four values of R
q
, in the 

absence of hysteretic damping (H
r
=[0]). The following is noted: 1) The second bending mode shows no 

change in decay rate because it is orthonormal to the actuator distribution. 2) Similar to viscous rotor 

damping, resistive damping has no effect on the decay rate of the first bending mode at a speed equal to 

the first critical speed. 3) For R
q
=42kΩ, resistive damping peaks at standstill and at a speed twice the first 

critical speed. 4) Resistive damping reduces to zero for resistances approaching zero or infinity. 

 

Figure 5. Influence of resistive dissipation on decay rates for Rotor 1 (no hysteretic damping).  

a) R
q
=4.2kΩΩΩΩ. b) R

q
=42kΩΩΩΩ. c) R

q
=420kΩΩΩΩ. d) R

q
=4200kΩΩΩΩ. 

a) b) 

c) d) 
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3.3 Influence of active velocity feedback 
 
The following state space model is used for analysis of active feedback control: 
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                          (9) 

with A
sq

 the rotor dynamic matrix as given in Equation 8, B
s
 the piezoelectric input gain matrix, Y

sr
 the 

output gain matrix relating rotor strain measurements y
r
 to stationary states z

sq
 (or relating stationary 

measurements to their transformed values y
r
 in the rotating frame) and K

q
 the feedback gain matrix. It 

follows directly for the closed loop system matrix A
sqk

: 

srqsqksqksqssqks with)( YKBAzAAzAz −=+==&                                   (10) 

A common method to reduce vibrations of structures with attached piezoceramics is to impose actuator 

charges proportional to strain or displacement rates. For the considered rotor systems with single pairs of 

actuators and sensors, a single gain k
q
 can be used to define the feedback matrix K

q
 for active rotor 

damping. The feedback system matrix A
qk

 is expressed in terms of an 'active damping matrix' C
qk

: 

[ ]
SQC

K

00

CMCM
YKBA

qrqk

qqqk1rqk1r
srqsqk

k

0k
with

i

=

=











−
=−=

−−
ω

                (11) 

Note that this gain matrix has the same destabilizing effect as rotor viscous damping. For stabilization, the 

gain matrix should instead be chosen so as to obtain virtual viscous stator damping as follows: 

[ ]
SQC

K

00

0CM
YKBA

qrqk

qqqqk1r
srqsqk

k

kik
with

=

=











−
=−=

−
ω

                      (12) 

Figure 6 shows the decay rates for the first three modes of Rotor 1 and Rotor 2 for Equation 11 and 12, 

where moderate feedback gains are used. The model also contains hysteretic rotor damping and series 

resistances R
q
=42kΩ and R

q
=2.8kΩ. Figures 6a and 6b show that active damping in the rotating frame 

(Equation 11) has a large destabilizing effect on most of the forward modes of both rotors systems. From 

figures 6c and 6d, it can be concluded that virtual stator damping (Equation 12) has the desired stabilizing 

effect on the first forward and backward modes of both rotor systems. (It also has a destabilizing influence 

on the third forward and backward modes of Rotor 1 due to non-collocation of its sensors and actuators). 

 

Figure 6. Decay rates. Equation 11: a) Rotor 1, b) Rotor 2. Equation 12: c) Rotor 1, d) Rotor 2. 

a) b) 

c) d) 
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4 Analysis of unbalance response reduction 
 

4.1 Active damping using low frequency feedback control 
 

The main stability issues having been analyzed in the previous sections, it is focused in this section on 

suppression of unbalance induced vibration at critical speeds. The steady state response at speed ω can be 

solved from Equation 4 if the rotor damping, mass loads and state derivatives are set to zero: 

qQexGMCKK rrrrsrs i +=−−++ 22 ))(( ωωω                                     (13) 

The gyroscopic effect may increase the stiffness so as to avoid the actual occurrence of critical speeds 

([1]). At low speeds, however, the gyroscopic effect often has only a small influence and the response at a 

low critical speed ω=ωc is determined mainly by the stator damping and actuation forces: 

qQexCGMKK r
c

rs
c

rr
c

rs i +≈⇒−≈+ 22 )( ωωω                             (14) 

The inability of passive stator damping C
s
 to limit the unbalance response of (flexible) rotors at critical 

speeds is the main motivation for the active solution considered here. On their turn, due to their limited 

elastic stiffness, rotor-fixed piezoceramic actuators can increase the dynamic stiffness (the matrix at the 

left-hand side of Equation 13) only significantly under resonance conditions. The dynamic stiffness is 

therefore usually dominated by inertia at high speeds, by stiffness at low speeds and by active rather than 

passive damping at critical speeds. Analog to the effect of stationary damping, the effective component of 

virtual active stator damping (K
q
=[k

q
, iωk

q
]) in suppressing the unbalance response at critical speeds is 

the orthogonal stiffness realized by the imaginary part of the feedback gain matrix ([0, iω k
q
]). 

If the rate of change in the rotor speed is small, such as is the case with rotor systems which accelerate not 

too fast from standstill to their nominal speeds and back, the rate of change in the response to unbalance is 

small as well. Since the control system operates on the rotor-fixed quantities y
r
 and q

r
, low pass filters 

with corner frequencies significantly lower than the first critical speed can be placed at the input (or 

alternatively output) of the control system. The advantage of such an arrangement is that the controller can 

no more destabilize backward modes or non-collocated high frequency modes. For analysis of the 

controlled system including low pass filters, the state space equation is extended with the complex state j 

(and its equivalent stationary state j
s
) to denote the low-pass filtered measurement times the feedback 

matrix, where the pair of low-pass filters is parametrized by resistance R
j
 and capacitance C

j
: 
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Figure 7 shows the decay rates for Rotor 1 and 2 for a low pass filter time constant  (R
j
C

j
)

− 1=1. For 

Rotor 1, the decay rate of the first bending mode is significantly raised at the critical speed, while the 

destabilizing influence of active virtual stator damping on the third forward and backward modes has 

become negligible in the considered speed range. For Rotor 2, the decay rates of the first and second 

forward modes are significantly raised at the respective critical speeds as well. 

The response to unbalance at critical speeds is largely inversely proportional to the decay rate. Figure 8 

shows the magnitude of the displacement at nodes 10 and 5 in response to the assumed unbalance 

distribution for Rotor 1 and 2, respectively (see also Table 2). For the flexible Rotor 1, a problematic 

displacement in the order of several mm is reduced to the order of two hundred µm. For the heavy Rotor 

2, a displacement in the order of hundred µm is reduced to the order of several µm, which should lead to 

acceptable bearing loads and stator vibration. (In order to suppress the second forward modes more 

effectively, the feedback gain should be made a function of the speed in the case of Rotor 2, whereas the 

actuators would have to be rearranged or wired differently in the case of Rotor 1). 
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Figure 7. Decay rates for first modes for Equation 15 with (R
j
C

j
)

−−−− 1 ====1, moderate gain. 

No rotor hysteresis nor current dissipation. a) Rotor 1, b) Rotor 2. 

 

 

Figure 8. Response to unbalance. No feedback: ⋅⋅⋅⋅ ⋅⋅⋅⋅ ⋅⋅⋅⋅. Feedback: −−−−−−−−.  a) Rotor 1, b) Rotor 2. 

 

Rotor system: Rotor 1 Rotor 2 

Eccentricity distribution 

(µm)⋅{nodal direction}: 

100⋅{0,0,0,1,1,1,1,i,i,1,1,1, 

1,1,−i,−i,1,1,1,0,0,0,0} 
2⋅{0,0,1,0,0,1,0,i,0,0} 

Mode: 1 2 3 1 2 3 

Modal unbalance e (10
-8

): 1800 530i 820 69−54i 18+69i −13−3i 

Actuator modal force (10
-4

/V): 79 0 2 117 158 −53 

Voltages compensating 

unbalance at critical speeds (V): 

61 − − 21 116 209 

 

Table 2. Modal unbalance and actuation voltages required for unbalance compensation. 

 

4.2 Active balancing using feedforward control 
 

The compensation of unbalance in off-resonance conditions is normally prohibited by the difference in the 

distributions of unbalance and the displacements that can be realized by actuation. (An exception being the 

case where unbalance can be compensated by controlling very little degrees of freedom, i.e. the 

eccentricity and orientation of a single heavy disk on a flexible shaft). Near critical speeds, however, the 

rotor response to unbalance is dominated by a single bending mode, such that a modal unbalance 

excitation e can be compensated by a single modal actuation force q (where both e and q are complex 

numbers in the notation employed). Table 2 shows for Rotor 1 and 2 the distributions of nodal cross-

section eccentricity, and, for the first three modes, the modal unbalance e and modal actuation force per 

volt q  (where the mode shapes of the undamped system at zero speed are employed for computation of 

these modal parameters). Note that the eccentricities of the light-weight Rotor 1 are rather large along the 

shaft length, while the much smaller eccentricities of Rotor 2 are located mainly at the centers of the disks. 

a) b) 

a) b) 
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The actuation voltages required for compensation of modal unbalance (see Table 2) are found to be very 

reasonable, as voltages in the ±200V range can safely be used with piezoceramic sheets of 500µm 

thickness and piezoceramic fiber actuators of 200µm thickness. 

The magnitude of modal unbalance can usually be considered constant during a run. An effective 

approach to the suppression of unbalance induced vibration at critical speeds is therefore to estimate 

unbalance at speeds not too far nor too near to critical speeds, in order to subsequently charge the 

actuators to constant voltages so as to compensate the unbalance excitation of the respective mode. 

Algorithms for this approach were developed and analyzed using time domain simulations and a reduced 

modal model of Rotor 1. The approach and simulation results are not further detailed in this document. 

Instead, an example of the results is given in section 5.2 for the corresponding experiment. 

 

4.3 Active balancing using self-powered actuators 
 

An interesting question is whether the small constant actuation charges which are required for active 

balancing could be generated by storing charges induced by harmonic straining of the piezoceramics due 

to the rotor deflection under its own weight. The extraction of electric power from cyclically strained 

piezoelectric elements is known as power harvesting (see [5]). The maximum amount of power P which 

can be generated from bending of the rotor under its own weight is approximately equal to: 

g2
314

1 E2kP ω=                                                               (16) 

with E
g
 is the maximum strain energy in the piezoceramic material due to the gravity load and k31 the 

electromechanical coupling constant of the piezoceramics. The strain energy E
g
 is easily computed using 

the finite element model. It is found that at a speed of 60 rps, 0.56mW and 0.96mW of electric power can 

be extracted from Rotor 1 and Rotor 2, respectively. The magnitude of these values indicates that the 

deflection of flexible rotors under gravity is not an ideal strain source for power harvesting, the frequency 

and magnitude of periodic straining usually being rather small. Yet, at the considered speed of 60 rps, in 

the ideal case of power harvesting in the absence of resistive losses, the actuators on both shafts could in 

principle all be charged to 200V within 9.6 and 21.5 seconds for Rotor 1 and Rotor 2, respectively. Hence, 

active balancing using self-powering actuators might be feasible in certain cases. For example, the sensors 

and control system could be placed on the stator with an external power source, while the charge state of 

the rotor-fixed actuators could be optimized for minimum unbalance by regulating it through low power 

optical or electromagnetic interference mechanisms. Experimental work on power harvesting and high 

voltage generation is described in Section 5.3. As a last point, it should be noted that power harvesting has 

as a drawback a destabilizing effect on forward modes which is at most equal to that of resistive 

dissipation optimized for the same speed (see section 3.2). Power harvesting is therefore not advisable in 

the case of lightly damped rotors with a relatively large amount of attached piezoelectric material, as it 

may significantly reduce the maximum speed of stable operation. 

 

5 Experiments 
 

5.1 Experimental setup 
 

The experimental setup which is used to investigate active balancing and power harvesting for Rotor 1 is 

shown in Figure 9. The hollow aluminium shaft is driven by an electric motor and drives a slipring 

assembly. The piezoelectric actuators and strain gauge bridges on the shaft are connected by means of the 

slipring assembly to high voltage amplifiers and strain gauge amplifiers, respectively, which on their turn 

are connected to a dSpace


 control system. For reference measurements and calibration of the strain 

sensors, laser distance sensors are placed at midshaft to measure the rotor displacements. The motor speed 

is controlled from dSpace


 such that any speed profile can be generated. 
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Figure 9. Experimental setup for Rotor 1.  

(1) Rotor. (2) Motor. (3) Slipring assembly. (4) Laser distance sensors. 

 

The first natural frequency of the rotor is 24.6Hz, which is near to the predicted value of 26Hz. The 

midshaft displacement introduced by the actuators is 1.15µm/V, where the finite element model predicts 

1.13µm/V. In the experiments described in this section, the rotor is slowly accelerated from standstill to a 

speed of 50 rps in 30 seconds. At the first critical speed, the displacement response to unbalance at 

midshaft exceeds 10mm and is therefore limited by a catcher bearing to 4mm (see Figure 10a). (It is noted 

that catcher bearings are used also with the full scale helicopter tail drive shafts. They can give rise to 

cutting damage of the thin-walled drive shafts and hence to dangerous situations, especially if they are 

improperly mounted. An active but safe solution could avoid the shaft to hit the catcher bearing at all.) 

 

5.2 Suppression of the unbalance response 
 

A single experiment with the suppression of unbalance induced vibration at the first critical speed is 

described in this section. The approach used is to: a) estimate the modal unbalance e from the strain 

measurements using an inverse modal model while a scheduled gain δe(ω) is nonzero, b) apply feedback 

control according to Equation 15 (low-frequency virtual stator damping) while a scheduled gain δd(ω) is 

nonzero and c) apply feedforward control (active modal balancing) on the basis of estimate e while a 

scheduled gain δb(ω) is nonzero. The results are shown in Figure 10b), with the midshaft displacements at 

the bottom, the applied voltages at the top and the gains as a function of speed in the center of the figure. 

The vibration response at the critical speed is reduced from far more than 3800µm to less than 120µm: a 

reduction of 97%. This magnitude could not have been reduced much further, because the midshaft 

displacement corresponding to the estimated modally balanced state was 105µm. 

 

5.3 Power harvesting and self-charging of the actuators 
 

To investigate power harvesting, the circuit shown in Figure 11a) is used. While the shaft is rotating at a 

speed of 60 rps, the voltage over the storage capacitors in this circuit is measured for resistances in a range 

of 30kΩ to 80kΩ. Figure 11b) shows that a resistance of 70kΩ maximizes the dissipated power at 

0.48mW. This corresponds quite accurately to the 0.56mW computed in Section 4.3, considering that no 

voltage drop over the diodes was taken into account in the prediction. Figure 10c) shows the unbalance 

response in the presence of electric dissipation. Note that the shaft is only marginally stable in the 

considered speed range. Slightly reducing the stator damping by modifying the bearing supports actually 

led to instability at speeds exceeding 40 rps, a risk which was noted at the end of Section 4.3 

For the realization of self-powering active balancing systems, voltage multiplier circuits are considered to 

be promising components. The circuit in Figure 11c is implemented using ceramic capacitors of 100nF. At 

a speed of 60 rps, this circuit charges the actuators to ±90V within 20 seconds. During an acceleration 

from standstill to 30 rps within 15 seconds, the actuator voltages reach only ±40V. Further research is 

conducted to optimize these circuits and to combine them with sensor solutions. 

(1) 

(2) 
(3) 

(4) 

ACTIVE VIBRATION CONTROL AND SMART STRUCTURES 553



 

       

 

 

 

Figure 10. Unbalance response for a) uncontrolled rotor, b) controlled rotor 

and c) uncontrolled rotor with electric current dissipation. 

 

                

 

 

Figure 11. a) Circuit for power dissipation measurement. b) Voltage and dissipated power as 

functions of resistance. c) Voltage mulitplier circuit for self-charging of actuators. 

 

a) 

b) 

c) 

a) b) 

c) 
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6 Conclusions 
 

Two rotor systems with rotor-fixed piezoceramic actuators are analyzed, the first rotor being light-weight 

and flexible, the second rotor being heavy and more stiff in bending. Numerical stability analysis is 

performed to determine the relative importance of hysteretic damping in the piezoceramics and of resistive 

dissipation of electric charges induced in the piezoceramics. It is found that these dissipative mechanisms 

have a significant effect on the first rotor system, while they have a negligible effect on the second rotor 

system. Next, stability analysis is performed for the cases of active feedback proportional to rotor strain or 

displacement rates expressed in either the rotating or stationary frame. It is found that active rotor 

damping is destabilizing at speeds higher than the first critical speed, while active virtual stator damping is 

always stabilizing for systems with collocated actuators and sensors. Using computations and experiments, 

a combination of low-frequency feedback control (virtual stator damping) and feedforward control (modal 

balancing) is demonstrated to be very effective for the suppression or avoidance of unbalance induced 

vibration. Finally, computations and experiments are used to determine the amount of electric power 

which can be generated from cyclic straining of the piezoceramics during rotation of the rotor. It is 

concluded that self-powering systems for active balancing might be feasible in certain cases. 
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Abstract
Electronic components bonded on a moving structure endure some intense dynamical solicitations due to
rigid body movements and vibrations of the structure at fixation points. Vibrations have some disturbing
effects on the frequential stability and the use-life of sensitive components. Consequently, it becomes crucial
to protect them from the vibrating environment. The MEMS device we propose is a micro active suspension.
It can be hybridized directly on electronic cards to isolate sensitive components in situ. So energy necessary
for active control can be provided by a surrounding electronic source. We expect a low consumption level
because of the small weight of components to isolate. The needed actuators and sensors are included in the
micro suspension from a piezoelectric layer (PZT) spread on a common reference electrode. We made an
experimental setup to validate the active functions. The results we have obtained show anomalies when we
use simultaneously actuators and sensors. We suspect that electrical coupling between the transducers occurs
through the common reference electrode. A complete model has been developed by adding to a mechanical
model the Kirchhoff’s current law occuring at reference electrode level. The computed results are quite
similar to experimental ones.

1 Introduction

Nowadays, a large trend consists to reduce weigth and to increase the available volume in moving structures
like cars or aircrafts; hence a current infatuation for light materials and the miniaturisation of electronic
components. But ligth materials constitute an intense vibrating environment. In the same time, the minia-
turisation of the electronic components bonded on the structure makes them more and more sensitive to
dynamical solicitations. First, the use quality of some micro transducers such as frequency generators or
vibrating gyrometers is affected. Then the risk of rupture at connection points by soldering is increased.

In order to remedy these two difficulties, it’s advaisable to stabilize the electronic card either at the case level
or at the card level or at the element level. We have chosen the last solution. We want to hybridize directly
an active suspension system between the support and the sensitive element to isolate it in situ. So it reduces
the control energy cost since there is less mass to control. Moreover, we have directly access to the control
electronics and the energy sources on the surrounding electronic card.

The use of manufacturing techniques compatible with the ones used for the electronic cards is essential. We
can profit by the last technological overhangs in the MEMS field. So, we use a thin film of piezoelectric
(PZT) to include in our microcontroling system the sensors and the actuators necessary to an active control
strategy. But we encounter some difficulties to apply our active control strategy. It is turned out that actuators
and sensors have an unexpected behaviour when they are used simultaneously. Because of manufacturing
process and for reliability considerations, all piezoelectric transducers share the same reference electrode.
We suspect it to be the main cause of the dysfunction of our transducers. In this paper, we provide an easy
way to take in account electrical coupling at reference electrode level.
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In the first part, we describe the developed micro active suspension. From considerations on a piezocompos-
ite beam, we describe the internal active functions and we establish a simple one degree of freedom model
of the device.

In the second part, we describe the experimental setup we made to validate the active functions of the device.
Frequency responses of the sensors to an excitation on the actuators have pointed up anomalies compared to
theoretical ones. In order to verify the assertion of electrical coupling via the common reference electrode,
we develop a complete model described in the third part.

The complete model described in the third part is based on a laminated piezoelectric plate finite element
model. Then, we illustrate electric coupling at reference electrode level. Finally, electrical coupling is added
to the laminated piezoelectric plate model. Obtained results are similar to experimental ones.

2 Description of the device

As mentioned in introduction, the device must have small dimensions and we have to use manufacturing
techniques compatible with an implementation on electronic cards. To apply our control strategy and to
ensure the self-sufficiency of our active micro suspension, sensors and actuators have to be integrated in the
device. By taking in account these constraints, we finally have designed the following device.

2.1 Design of the active suspension

A passive suspension constitutes the framework of the device. It is composed of four silicon beams forming
a cross. In the center, beams sustend a central platform intended to receive the sensitive component. Finally,
the cross is embedded in a common frame fixed on the electronic card. The whole passive structure is made
in silicon (Si) and is50µm thick.

Figure 1: Overview of the active suspension
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The internal active functions are conferred to the structure thanks to a2µm thick film of PZT integrated by
sol-gel method [1, 2]. The PZT layer is deposited on a few nanometers thick reference electrode, spread
over the whole surface of the passive support. The common reference electrode is insulated by a thin layer
of Silicon oxide (SiO). Electromechanical transducers are finally obtained by deposition of an individual
electrode on the upper surface of the piezoelectric layer (see Fig.1).

In order to test our device, the electronic component to be isolated is mechanically replaced by a cubic mass
of 1mm side made of steel, posed and glued on the top electrode of the sensor located at the center of the
device. It should be noted that this mass weightM = 7.85mg which is representative of real component to
be isolated.

In the following parts, we noteRF (F, ~z) the inertial coordinate system linked to the structure.F is the point
where the sensitive component has to be fixed and~z the outward unit normal vector atF on the structure at
rest.wM is the position of the electric component inRF andγ is the~z-component of the acceleration of the
moving structure atF . γ corresponds either to an acceleration due to rigid body movement of the moving
structure, or to an acceleration due to vibrations of the structure atF .

Figure 2: Working principle of the suspension

2.2 Piezocomposite beams

Our suspension works in the direction normal to the plane of the device. During an accelerationγ the
sensitive element exerts the inertial load−Mγ and the central plateform deflects orthogonaly to the plane of
the frame. The four supporting beams bend in parallel (see Fig.2). So, an Euler-Bernoulli beam model can
be used to describe the behaviour of the device.

Consider a piezocomposite beam composed of a passive layer (Silicon and Silicon oxid) of thicknesshs =
52µm and a PZT film of thicknesshp = 2µm. We noteL its length andl its with. The beam is clamped to
the frame what corresponds to Dirichlet conditionsw(0) = 0 andw′(0) = 0. At its extremity, we consider
a tip displacementw(L) = wM corresponding to the deflection of the central plateform and a tip rotation
w′(L) = 0. We will consider an additional boundary condition corresponding to the load exerted by the
mass at the extremity of the beam.
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For the passive layer, a linear homogenization of material properties is done through the thickness. For the
piezoelectric layer, the geometrical arrangement is such that actuator and sensor functions are governed by
the piezoelectric constantd31 where subscripts 3 and 1 refer to polarization direction (~z-direction) and beam
axial direction. The thickness of piezoelectric film is small compared to that of the passive layer. So, we
consider that the displacement field of the passive layer is imposed in the piezoelectric film and that the
strain is constant over the thickness of the piezoelectric. Moreover we assume that a voltageV applied to the
electrodes generates a constant electric field−V/hp. So, within the piezoelectric film

T11 = EpS11 + e31
V

hp
(1)

where
T11 andS11 denote stress and strain in axial direction.
Ep denotes the PZT Young’s modulus.
e31 = Epd31

The amount of charge per unit area appearing at the top electrode is

D3 = Epd31S11 − εS
33

V

hp
(2)

where
εS
33 is the permittivity of PZT in mode33 whenS remains constant.

According to [3], the equilibrium equation of the beam is found to be

ρSẅ + (EIw′′)′′ = −Epd31zpb
′′(x)V − ρSγ (3)

where
EI is the bending stiffness of the passive layer and piezoelectric film together.
ρS is the mass density of the composite beam.
zp is the distance between the mid-plane of the passive layer and the mid-plane of the piezoelectric film.
V is the voltage imposed to the top electrode.
b(x) is the variable width of the top electrode of lengthLE andb′′(x) second derivative ofb(x).

b(x) =
{

l for 0 ≤ x ≤ LE ,
0 for LE < x < L.

We noteFM/B the load exerted by the mass at the extremity of the beam. So, we have the additional
boundary condition

−EIw(3)(L) = FM/B (4)

The homogeneous problem that corresponds to (3) and the boundary condition (4) is

(EIw′′
s )′′ = 0 and − EIw(3)

s (L) = FM/B (5)

We callws the static deflection corresponding to the homogeneous problem (5)

ws(x) = p(x).wM with p(x) = (3(x/L)2 − 2(x/L)3) (6)

If we project the initial problem (3) on the static solution (6) w̃(x, t) = p(x).wM (t) we obtain

ρS

∫ L

0
p(x)p(x)dx .ẅM + EI

∫ L

0
(p′′(x))′′p(x)dx .wM

= −Epd31zp

∫ L

0
b′′(x)p(x)dx .V − ρS

∫ L

0
p(x)p(x)dx .γ

(7)
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By integrating by part and by taking in account boundary conditions equation (7) becomes

ρS

∫ L

0
p(x)p(x)dx .ẅM + EI

∫ L

0
p′′(x)p′′(x)dx .wM

= −Epd31zpl

∫ LE

0
p′′(x)dx .V − ρS

∫ L

0
p(x)p(x)dx .γ + FM/B

(8)

Finally equation (8) can be rewrited

m.ẅM + k.wM = Fact −m.γ + FM/B (9)

where

m = ρS

∫ L

0
p(x)p(x)dx =

13
35

ρSL (10)

k = EI

∫ L

0
p′′(x)p′′(x)dx = 12

EI

L3
(11)

Fact = −Epd31zpl

∫ LE

0
p′′(x)dx .V = −6Epd31zp

lLE(L− LE)
L3

.V (12)

The electric charge of the top electrode is the integral of the electric displacement over the electrode area.
So, according to equation (2)

Q =
∫ LE

0
D3b(x)dx = −Epd31zpl

∫ LE

0
w′′dx− εS

33LEl

hp
.V (13)

By using the static deflectioñw(x, t) = p(x)wM (t) we obtain

Q = −6Epd31zp
lLE(L− LE)

L3
E

.wM − εS
33LEl

hp
.V (14)

2.3 Active functions

2.3.1 Actuation force

West and East beams are used as actuators. Their length isLWE and their withlWE (see table1) and the top
electrodes have the same lengthLA = 1mm. Due to the symetry of the device, we apply the same actuation
voltageVA on both electrodes West and East, so that we generate at the extremity of each beam the actuation
force (see Fig.3)

Fact = −6Epd31zp
lWELA(LWE − LA)

L3
WE

VA (15)

2.3.2 Displacement sensors

North and Sud beams are used as displacement sensors. Their length isLNS and their withlNS (see table1)
and the top electrodes have the same lengthLS = 1.35mm. Each piezoelectric film sensor is connected to
its own charge amplifier (see Fig.3), so that a nul electric field is enforced between the reference and top
electrodes of the sensor. In these conditions the output tensions of charge amplifiers are proportional to the
charge appearing on the sensor top electrodes.

VN = −QN

CN
=

6Epd31zp

CN

lNSLS(LNS − LS)
L3

NS

wM (16)

VS = −QS

CS
=

6Epd31zp

CS

lNSLS(LNS − LS)
L3

NS

wM (17)
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Figure 3: Active functions

2.3.3 Force sensor

On the central platform the piezoelectric film is clamped between the passive support and the mass. During
an acceleration, the mass exerts a load in the direction of polarization. We expect that the piezoelectric film
works in its thickness mode [4] where the piezoelectric constantd33 relates electric displacement in poling
direction to stress in thickness direction. Thus, the output tension of its charge amplifier is related to the load
applied by the mass:

VC = −QC

CC
=

M.d33

CC
(ẅM + γ) (18)

Area Length (mm) x width (mm)
North and Sud 2.70 x 0.55
West and East 2.15 x 1.10

Center 1.10 x 1.10

Table 1: Plane dimensions
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2.4 Equivalent one degree of freedom model

In the inertial coordinate systemRF , the suspended massM is submitted to an inertial accelerationγ and
exerts the loadsFM/N , FM/S , FM/W andFM/E on extremities of beams North, Sud, West and East. The
second Newton’s law applied inRF gives

MẅM = −FM/N − FM/S − FM/W − FM/E −Mγ (19)

From Eq. (8) we have the reaction forces of West and East beams

−FM/W − FM/E = −(mW + mE).ẅM − (mW + mE).γ − (kW + kE).wM + 2Fact (20)

where
mW andmE are the mass of West and East beams after projection on static deflection.
kW andkE are the stiffness of West and East beams after projection on static deflection.

From Eq. (8) we have we have the reaction forces of North and Sud beams

−FM/N − FM/S = −(mN + mS).ẅM − (mN + mS).γ − (kN + kS).wM (21)

where
mN andmS are the mass of North and Sud beams after projection on static deflection.
kN andkS are the stiffness of North and Sud beams after projection on static deflection.

Finally, by combining equations (19), (20) and (21) we obtain the equation of motion of the suspended
mass corresponding to the spring-mass suspension model of Fig.4.

Mtot.ẅM + Ktot.wM = −Mtot.γ + 2Fact (22)

where
Mtot = M + mN + mS + mW + mE

Ktot = kN + kS + kW + kE

The device have been sized to have a cut-off frequency1
2pi

√
Ktot/Mtot around 3500 Hz [5]. Final dimen-

sions are precised in table1 for plane dimensions.

Figure 4: Equivalent spring-mass suspension

3 Experimental setup

Before we implement our control strategy [6], the experimental setup described on Fig.3 was realized to
validate the working order of active functions. The inertial frameRF remains totally still (γ = 0m/s−2)
and we apply the same signal, an amplified random noiseVA , between the reference electrode and the top
electrodes of both actuators.
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3.1 Theoretical sensors frequency responses

From Eq. (15) to Eq. (18), we expect the following sensors frequency responses in the Laplace domain
(s = jω):

VS(s)
VA(s)

= −72
(Ep.d31.zp)2

CS
.
lWE .LA(LWE − LA)

L3
WE

.
lNS .LS(LNS − LS)

L3
NS

.
1

Mtots2 + Ktot
(23)

VN (s)
VA(s)

= −72
(Ep.d31.zp)2

CN
.
lWE .LA(LWE − LA)

L3
WE

.
lNS .LS(LNS − LS)

L3
NS

.
1

Mtots2 + Ktot
(24)

VC(s)
VA(s)

= −12
Ep.d31.zp

CC
.d33.

lWE .LA(LWE − LA)
L3

WE

.
Mtots

2

Mtots2 + Ktot
(25)

Frequency responsesVS(s)/VA(s) andVN (s)/VA(s) are plotted in red line andVN (s)/VA(s) in black line
on Fig. 5. We consider the experimental values of charge amplifiers capacitancesCS = CN = 1nF and
CC = 1pF.

Figure 5: Theoretical sensors frequency reponses to a random input voltage applied to the actuators

3.2 Experimental sensors frequency responses

A data acquisition process is used to obtain the experimental frequency responses of Fig.6. We can observe
the first natural frequency of the device at 3560 Hz. But experimental results have pointed up anomalies
compared to theoretical ones (Fig.5).

• All experimental frequency responses show an unexpected increase rate of20 dB/decade caracteristic
of a derivator on the magnitude diagram. Moreover, we do not observe a phase difference of180deg
between low and high frequency responses. This problem is common to all sensors when we use si-
multaneously the actuators and sensors of the device. We suspect the common bottom electrode to be
the origin of the problem. In fact, the different areas under sensors and actuators are charging by influ-
ence. We fear that charge movements (or currents) occur when we use all the transducers at the same
time, so that the applied voltage on actuators top electrodes could influence sensors measurements.
Moreover, we experimentally measure a resistancer = 0.6Ω between the common electrode and the
electric ground of the network.
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• Then frequency responses of central sensor and displacement sensors are very similar. This irregularity
raises questions about the signal provided by the central sensor. We suppose the problem is due to the
fact that PZT is uniformly deposed on the structure. So it is possible that the central sensor doesn’t
work in thickness mode and is mainly sensitive to plane constraints that occur in the piezoelectric thin
film on the boundaries of the central area.

In these conditions, it is impossible to apply active control strategies. So, we develop the following model to
verify our assertions.

Figure 6: Experimental sensors frequency reponses to a random input voltage applied to the actuators

4 Modelisation of the device

Because of experimental results, we reject the assertion that central sensor is sensitive to stress in thickness
direction. So we make the hypothesis of plane stress. Besides, we consider that the common reference
electrode is not at ground and we introduceV0 its electric potential.

4.1 Laminated Piezoelectric plate model

First, we consider our device as an heterogeneous bimorph laminar plate composed of a passive layer (Silicon
and Silicon oxid layers) and the piezoelectric film. The numerical model that we employed is a multiphysics
finite element model in the plane xy (see Fig.2) developed under the Comsol software.

4.1.1 Displacement field

We adopt a Mindlin plate-like displacement field for the passive layer. The thickness of the piezoelectric
film is small compared to the passive layer thickness. Thus, we consider that the passive layer imposes its
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displacement field to the piezoelectric film. So we have in the coordinate system of the Fig.2:

u1 (x, y, z, t) = u (x, y, t) + zθy (x, y, t)
u2 (x, y, z, t) = v (x, y, t)− zθx (x, y, t)
u3 (x, y, z, t) = w (x, y, t)

(26)

where
z = 0 at the mid-plane of the passive layer.
u (x, y, t) and v (x, y, t) are plane displacement at the mid-plane of the passive layer respectively in~x-
direction and~y-direction.
w (x, y, t) is transversal displacement in~z-direction.
θx (x, y, t) andθy (x, y, t) are small rotations about~x-axis and about~y-axis.

4.1.2 Constitutive equations

The strain field that corresponds to displacement field (26) is

{S} =


u,x

v,y

u,y + v,x

 + z


θy,x

−θx,y

θy,y − θx,x

 = {S0}+ z {κ}

{γ} =
{

w,y − θx

w,x + θy

} (27)

where
{S0} is the strain in the mid-plane of the passive layer.
{κ} is the curvature.
{γ} the transverse shear strain.

{S} = {εx, εy, γxy}T and{T} = {σx, σy, τxy}T are respectively the in-plane strain and stress vectors given
in classical engineering notation and{γ} = {γyz, γxz}T and{τ} = {τyz, τxz}T the transverse shear strain
and stress vectors.

For the passive layer, a linear homogenization of material properties (Young modulus, poisson ratio and mass
density) is done through the thicknesshs = 52µm and constitutive equations are modified by neglecting the
stress in thickness direction according to the plane stress assumption.

{T} = [c(s)] {S} and {τ} = [c(s)
t ] {γ} (28)

where[c(s)] and[c(s)
t ] are in plane and transverse elasticity matrix of the passive layer.

Due to the small thickness of the piezoelectric layer (hp = 2µm), we suppose that electric field and electric
displacement are uniform across the thickness and aligned with the poling direction. For PZT, no shear strain
is induced by a transverse electric field and constitutive equations are written, according to the plane stress
assumption

{T} = [c(p)] {S} −


e31

e31

0

 E3

D3 =
{

e31 e31 0
}
{S}+ ε33E3

and {τ} = [c(p)
t ] {γ} (29)

where
D3 andE3 represent respectively electric displacement and electric field in poling direction.
[c(p)] and[c(p)

t ] are in plane and transverse elastic matrix whenE3 remains constant.
ε33 represents the permitivity matrix whenS remains constant.
{ e31 e31 0 } represents the strain/charge coupling matrix.
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In-plane efforts{N}, bending moments{M} and transverse shear loads{Θ} can be determined by integrat-
ing the stresses over the thickness of the bimorph

{N}
∫ hs/2+hp

−hs/2
{T} dz {M}

∫ hs/2+hp

−hs/2
{T} z dz {Θ}

∫ hs/2+hp

−hs/2
{τ} dz (30)

Finally, we assume that an electric potential differenceV between the reference and top electrodes generates
a constant electric field−V/hp and global constitutive equations of our bimorph laminar plate is found

N
M
Θ

 =

 A B 0
B D 0
0 0 F


S0

κ
γ

 +

 I3

zpI3

0


e31

e31

0

 V

D3 =
{

e31 e31 0
} [

I3 zpI3 0
]

S0

κ
γ

− ε33
hp

V

(31)

where
zp = (hs + hp)/2 is the distance between the mid-plane of the passive layer and the mid-plane of the PZT
thin film.
The stiffness matrixA, B, D andF are given by the classical relationships for multilayered material [7, 8]:

[A] = hs[c(s)] + hp[c(p)]

[B] = zphp[c(p)]

[D] = h3
s/12[c(s)] +

(
hpz

2
p + h3

p/12
)
[c(p)]

[F ] = hs[c
(s)
t ] + hp[c

(p)
t ]

4.1.3 Boundary conditions

The extremities embedded to the common frame are clamped. For the mass bounded on the top electrode of
the central sensor, we impose a rigid body movement condition of the top electrode and we add mass and
inertia contributions in the weak form at the center point of the system. Rigid body movement condition
leads to the following relationships on the central domain where the mass is bonded:

0 = u (x, y, t) + h.βm(t)
0 = v (x, y, t)− h.αm(t)

wm(t) + y.αm(t)− x.βm(t) = w (x, y, t)
(32)

where
h is the distance between the mid-plane of the passive layer and the top electrode.
wm ,αm andβm are respectively displacement in~z-direction, small rotation about~x-axis and small rotation
about~y-axis of the mass.

For electrical boundary conditions, we introduceV0, the electrical potential of the reference electrode andVA

the electrical potential imposed on the actuators top electrodes. Sensors are connected to charge amplifier.
So, sensors top electrodes are set to zero potential. Finally, when the piezoelectric film is not used as
tranducer, we setD3 to zero by changing Eq. (31) into

N
M
Θ

 =


 A B 0

B D 0
0 0 F

 + hp

ε33

 I3

zpI3

0


e31

e31

0




e31

e31

0


T  I3

zpI3

0

T



S0

κ
γ

 (33)
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4.1.4 Piezoelectric electromechanical coupling

Piezoelectric actuation has been added by equivalent mechanical in-plane loadsNA and momentsMA cor-
responding to the electric potential differenceVA − V0.

{NA} =


e31

e31

0

 (VA − V0) and {MA} = zp


e31

e31

0

 (VA − V0) (34)

In post-treatment, electric displacement on top electrodes of sensors is computed from in-plane deformations
and bending curvatures [8]

D3 = e31

(
∂u

∂x
+

∂v

∂y

)
+ zpe31

(
∂θy

∂x
− ∂θx

∂y

)
+

ε33
hp

V0 (35)

4.2 Electrical coupling model

4.2.1 Electrical model of piezoelectric transducers

According to [8], the electric charge appearing on transducer top electrode is equal to the integral of the
electric displacement over the electrode areaA,

Q =
∫

A
D3dA = e31

∫
A

(
∂u

∂x
+

∂v

∂y

)
+ zp

(
∂θy

∂x
− ∂θx

∂y

)
dA− ε33.A

hp
V = q − CP .V (36)

whereV is the electric potential difference between the reference and top electrodes of the transducer.

So, piezoelectric transducer can be seen as a mechanical charge generatorq in parallel with a capacitance
CP = ε33.A/hp, as represented in Fig.7. We notei = dQ/dt the current that corresponds to the variation
of charge.

Figure 7: Electrical model of piezoelectric transducers

4.2.2 Electrical coupling

Now, consider the following case described in Fig.8: There is a resistancer between the electric ground and
the reference electrode common to an actuator and a sensor connected to a charge amplifier of capacityCM .
We noteVA, the imposed voltage on the actuator top electrode,V0, the electrical potential of the common
reference electrode,VS , the electrical potential of the sensor top electrode andVM the output voltage of the
charge amplifier.
The charge amplifier setVS to ground potential, so the sensor top electrode chargeQS is, from Eq. (36):

QS = qS + CS .V0 with CS the sensor internal capacity. (37)
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Figure 8: Piezoelectric actuator and sensor with a common reference electrode.

At actuator stage, the top electrode chargeQA is, from Eq. (36):

QA = qA − CA.(VA − V0) with CA the sensor internal capacity. (38)

At common electrode node, the Kirchhoff’s current law gives, in the Laplace domain:

(QA + QS).s + V0/r = 0 (39)

From Eq. (39) the common reference electrode potential is found to be:

V0 = − r.s

1 + r.(CA + CS).s
(qA + qS) +

r.CA.s

1 + r.(CA + CS).s
VA (40)

At the end, the output voltage of the charge amplifier is:

VM = − 1
CM

QS = − 1
CM

1 + r.CA.s

1 + r.(CA + CS).s
qS +

1
CM

r.CS .s

1 + r.(CA + CS).s
(qA − CA.VA) (41)

So, if the reference electrode is not at ground, the charge amplifier output is composed of its natural sens-
ing function, proportional to mechanical state of the piezoelectric sensor, and an electric contribution due
to actuation. Particularly, the electric transfer between actuation voltage and charge amplifier output is a
differentiator. This is what we observed on the experimental frequency responses of Fig.6.

4.3 Complete model

We just have stated that, in the current version of our device, sensor outputs are composed of a mechanical
contribution in parrallel with an electrical contribution. A simple way to bring up to date our mechanical
model is to implement an electrical feedback corresponding to the Kirchhoff’s current law at the common
electrode level as illustrated on Fig.9: the charges of the piezoelectric transducers are computed from the
laminated piezoelectric plate model (see Eq. (36)) andV0 is imposed by the Kirchhoff’s current law

V0 = r.s(QN + QC + QS + QE + QW ) (42)
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Figure 9: Implementation of the Kirchhoff’s current law

Computed frequency responses obtained from the complete model (see Fig.10) are quite similar to experi-
mental ones (see Fig.6). An inherent damping factor is considered small (ξ = 0.1%) because of the fragility
of the used material (Silicon and PZT). The corner frequency of the mechanical suspension is around3900Hz
near the experimental one which is3560Hz. The electrical differentiator appears clearly on the frequency
responses obtained from computation. Mechanical sensors informations are surpassed by electrical ones and
the mechanical response is only visible near the corner frequency of the suspension. On the phase diagram,
we can see the particular shift observed on the experimental one.

Our complete model is not yet totally accurate. The phase diagram of displacement sensor (in red in Fig.10)
does not fit with experimental one. Our electrical model is probably to simple to describe phenomenons that
occur at reference electrode level.

Figure 10: Frequency responses computed from the complete model
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5 Conclusion and prospects

Because of manufacturing process and for reliability considerations, the bottom reference electrode and the
piezoelectric layer are spread on the whole passive structure. In consequence, we have seen that central
sensor was not sensitive to the force transmitted to the suspended element but mainly to plane stress in
the piezoelectric film generates by the deflection of the central area. Moreover, electric currents in the
common reference electrode causes electrical coupling between actuators and sensors. The differentiator,
corresponding to the electrical transfer, hides the electromechanical transfers we wish obtain. The complete
model presented takes in account mechanical as far as electrical behaviours of our device. It is not yet totally
accurate but gives a good understanding of electrical coupling between sensors and actuators.

So, before applying active control strategies, we have to consider again the design of our active device. Ob-
viously, particular efforts are made to have a force sensor and to suppress electrical coupling through the
common reference electrode. We are interested in the use of AlN materials for the piezoelectric layer be-
cause it offers the possibility of targetting deposition zones and, by the way, the supression of membrane
effects. With regard to the electrical coupling, a simple way to suppress it consists to have a reference for
each sensor. Major drawbacks of these solutions lie in the fact they complicate the manufacturing process
and increase the number of electrical connections.
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Abstract 
 

This paper discusses a novel approach to actively dampen structural modes of high-precision equipment, 
based on the presence of active vibration isolators. For both the evaluation of the achievable damping and 
the controller tuning, an alternative analysis method is introduced. Initial experimental results – based on a 
3D scale model of an active isolated platform – are presented.   
 

1 Introduction 
 

The achievable accuracy of high-precision equipment is often limited by the presence of structural (also 
referred to as internal) modes, in combination with mechanisms that excite those modes. Unfortunately, 
structural modes in high-precision equipment are often poorly damped [1]. Those structural modes not 
only lead to a loss of accuracy due to deformation of the machine, but the sharp resonance peaks might 
also limit the achievable control bandwidth of the servo stage and thus limit the accuracy in an indirect 
way.    

Several measures to minimize the structural vibrations are commonly applied. On one hand the excitation 
of the modes is suppressed by isolating the precision machine from the disturbing sources such as floor 
vibrations or acoustic excitation. On the other hand the machine stiffness is maximized in order to 
maximize the resonance frequencies and thus to minimize the deformation. In addition to increasing the 
stiffness, which is only possible to a certain extend, increasing the structural damping is a useful measure. 
Several methods to create passive or active damping exist. Examples of active damping are the use of 
smart structures [1], [2] and the active Lorentz-damper [3].   

This paper discusses an alternative approach for the creation of active damping in the structure. The 
approach will be referred to as ASD – Active Structural Damping. The concept requires the presence of 
active vibration isolation mounts. This is hardly a restriction, as they are part of almost any high-precision 
machine. Active mounts comprise a system to create damping, also known as sky hook damping [4], and 
its purpose is to dampen the suspension modes (describing the rigid body-like vibrations of the machine 
on its soft suspension). The idea behind ASD is to extend the functionality of the active mounts and add 
the damping of structural modes; the concepts aims at improving the dynamic behavior without the need 
for additional hardware such as actuators, amplifiers and controllers.  

The objective of ASD is to create substantial damping for the relevant structural modes. As the passive 
relative damping in precision equipment can be as low as a fraction of 1 %, active damping in the range of 
5 – 30 % can already be considered substantial, depending on the actual application. In this paper we will 
focus on maximizing the achievable damping for a selected structural mode.  
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The control objective – maximizing the achievable active damping – cannot easily be translated in terms 
of the open loop or closed loop characteristics. Therefore an alternative analysis method is introduced. 
With this method causes for the limitation in active structural damping are identified and several rules of 
thumb for the controller design are derived.  

The paper is organized as follows. In Section 2 the active damping concept is discussed and illustrated 
with a simple example. In Section 3 a novel analysis approach, based on a generalized form of the Nyquist 
stability criterion, is discussed. In Section 4 the 3D test-setup is described and initial test results are 
presented. Finally, conclusions and plans for future work are presented in Section 5. 

 

2 The  ASD Concept 
 

The ASD concept is illustrated with a simple example. Consider the following dynamic system with one 
suspension mode and one structural mode as shown in Figure 1. Masses m1, 150 kg, and m2, 100 kg, are 
stiffly connected leading to a structural resonance fe of 70 Hz. The lower mass is connected to a soft 
mount; the suspension frequency fs is 4 Hz. The (absolute) velocity v1 of mass m1 is measured and fed 
back to the controller. The controller output is used for actuation of a force-actuator, placed in parallel 
with the soft mount. The feedback loop is shown in Figure 2. With the collocated sensor-actuator pair and 
assuming an ideal velocity sensor and actuator (no dynamics), the feedback loop can easily be stabilized. 
The most simple controller is a pure gain, C = g Ns/m, and as the resulting control force is proportional 
and in counter-phase with the velocity, Fs = -g·v1, the active system is referred to as ‘absolute damper’ or 
‘sky hook damper’. In [2] the pure gain feedback of a velocity signal is called ‘Direct Velocity Feedback’. 
For convenience, we will use the abbreviation DVF. In reality additional dynamic filters are required to 
stabilize the loop, due to non-ideal characteristics of the various components such as the high pass 
characteristic of the absolute velocity sensor. This is outside the scope of this paper. For more information 
on implementation issues, see for instance [5].  

 

m2 

m1 

x2 

x1, v1 
structural mode  
 

soft suspension  
actuator  
force Fs 

 

 
 
 
 

 
 Fs v1 

 
C P 

- 

Controller Plant  
(= system Fig. 1) 

 

Figure 1: System with one structural mode and 
one suspension mode. 

Figure 2: Feedback system for sky hook damping. 

 

The damping of the suspension mode increases with the gain g; the larger g, the higher the damping. It can 
easily be shown that the control loop also influences the damping of the structural mode – and this is the 
aim of ASD. In Figure 3 the root locus of the system is plotted, describing the closed loop pole locations 
for increasing values of g. With respect to maximizing the damping of the structural mode, there exists an 
optimal value go, in this example go = 8e4 Ns/m. Further increase of the gain, would result in a lower 
structural damping. In this example the maximum relative damping of the structural mode is 15 %.  
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Figure 3: Root locus of the system of Figure 2, 
using DVF. Pole location, maximizing damping 
of the 70 Hz mode is indicated with ‘+’ sign. 

Figure 4: Open loop, using DVF (dotted line) and 
first order low pass controller, both optimized 
for damping of the 70 Hz mode. 

 

By replacing the static feedback C = g by a dynamic controller, better results for the structural damping 
can be achieved. For example, by using a first order low pass filter ( )1)2/( += cfsgC π , with g = 6.7e4 
Ns/m, and fc = 115 Hz, the relative damping of the structural mode is 40 %. It might be considered 
remarkable, that a slight change of the open loop – basically an extra phase lag of approximately 270 in the 
region of interest as shown in Figure 4 – leads to a significantly better damped mode.  

The above used controller structure was obtained by trial and error. The question arises whether better 
dynamic filters to optimize the structural damping can be found. Additionally, with respect to the above 
example, it is of interest to gain insight into the underlying mechanism of how additional phase lag as 
compared to DVF influences the structural damping. Both issues are dealt with in the next section. 

 

3 Analyses of the achievable damping for isolated modes 
 

3.1 Approach, assumptions and tools  
 

The analysis is carried out under the following assumptions and boundary conditions. We will restrict 
ourselves to collocated, SISO feedback. Sensors and actuators are considered ideal. The plant under study 
can have multiple structural modes, but no eigenfrequencies coincide. Finally, the modes have minimal or 
no damping, leaving all plant poles close to, or on the imaginary axis. 

The proposed analysis method is based on the combination of two existing concepts: 1), modal expansion, 
and 2), a generalization of the Nyquist criterion that we will call here the ‘Modified Nyquist Criterion’ or 
‘MNC’ for short. 

Starting point of the analysis is to consider only the dynamics of the system in a frequency range around 
the structural mode under study. The motivation for restricting the frequency range is based on the 
assumption that the damping in closed loop is determined by the frequency data of plant and controller in 
the vicinity of the resonance frequency. 

Consider the following transfer function of a plant comprising n modes, written in its modal expansion:  
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with s the Laplace variable, the measured velocity,  the collocated actuator force,  the first 
eigenvector element of the ith mode, and m
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mi and kmi the model mass and modal stiffness of the ith mode 

respectively. In the vicinity of the kth mode, the expansion is approximated by  
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The first and third term on the right hand side of (2) are referred to as residual terms [6]; the first term 
describes mass-like behavior of the low-frequency modes, while the third term describes stiffness-like 
behavior of the high-frequency modes. We will simply refer to ‘mass residue’ and ‘stiffness residue’ 
respectively.  

A modified version of the Nyquist stability criterion will be used for analysis of the system described by 
(2). The MNC – sometimes referred to as ‘modified Nyquist path’ or ‘generalized stability’ – is shortly 
described in [7] and [8]. Den Hamer, [9], extensively uses the modified criterion, thereby illustrating the 
practical applicability of this tool.  

In the original criterion the open loop frequency response function is linked with the number of RHP 
(right half-plane) closed loop poles. To this end the open loop is evaluated along a closed contour, known 
as the Nyquist D-contour, enclosing the whole RHP ([7], [10]). The number of clock-wise encirclements N 
of the contour mapping around the point -1 in the complex plane is related to the number of RHP open 
loop poles P and the number of RHP closed loop poles Z: N = Z – P.  In order for the closed loop system 
to be stable, the number of anti-clockwise encirclements -N must equal the number RHP open loop poles 
P.   

 

Figure 5: Nyquist D-contour and modified contour. Circle segments have an ‘infinite’ radius.  

 

In the Modified Nyquist Criterion, the original contour is extended into the LHP as shown in Figure 5. 
With the new contour, the notion of stability is generalized: a ‘stable’ system according to the Nyquist 
criterion now implies a stable system with all poles having a relative dampingβ  of at leastβ  = sinα . 

Combination of the simplified system description as in (2) and the MNC will be used for active structural 
damping analysis. 
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3.2 Analysis of the single mode system with residues 
 
Consider the following plant comprising a mode and a mass residue; initially the stiffness residue is set to 
zero: 
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Initially DVF will be used to create active structural damping. The open loop L – product of (3) and the 
DVF gain g – can be formulated as follows:  
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In Figure 6, a schematic representation of the contour and the contour map of (4) are shown. For clarity, 
sections of the modified contour and the contour map are labeled with corresponding numbers. Also the 
first segment of both the contour and the contour evaluation are printed in bold.  

 

Figure 6: Contour evaluation in the s-plane. Modified contour (with open loop poles and zeros) left 
and contour map of L(s) right. Not to scale – only schematic representation. 

 

As the number of open loop poles P enclosed in the modified contour equals 2 (shown in the contour plot, 
left), the number of clockwise encirclements N must equal –2 in order to satisfy the MNC. The contour 
map of Figure 6 shows two anti-clockwise encirclements and thus the relative damping of the closed loop 
poles is at least sinα , withα  the angle as introduced in Figure 5. 

In Figure 7 the Modified Nyquist plot of the open loop L is shown for increasing values of α . For clarity 
only the first segment of the contour map, describing for  is plotted.  For increasing values 
of 

)(sL αω jejs =
α  two major effects occur. Firstly, the resonance circle shifts into the third quadrant, and secondly, the 

resonance circle shrinks. Ultimately – not shown in the figure – the circle disappears. Both effects will be 
used to draw conclusions with respect to the achievable damping and the preferred controller structure.  
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Figure 7: Modified Nyquist plot for various 
values of α . For clarity only the first segment 
of the contour map is plotted. 

Figure 8: Maximum relative damping for 
resonance with mass residue, using DVF or an 
‘optimal’ dynamic filter. 

 

As long as the circle crosses the negative real axis (for increasing values of α ), the DVF-parameter g can 
be chosen such that encirclement of the point –1 is enforced, and the Nyquist criterion is satisfied. A soon 
as the circle disappears from the second quadrant, say for mαα = , the maximum relative damping mβ = 
sin mα  that can be achieved using DVF is reached. In Figure 7 mα  is in between 2α  and 3α .  Based on 
this notion and using (4), a relation between mβ  and the plant parameters can be derived. Without proof 
the resulting relation is presented: 
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The same result – though derived in a different way – is found in [2]. 

The circle shift explains for the usefulness of the low pass filter that was used in the example. The extra 
phase lag, added to the DVF-controller, forces the resonance circle to shift clockwise, and thus allow the 
resonance circle to cross the negative real axis for larger values of α . 

In a similar way that the circle shift effect is used to derive (5) in case DVF is applied, the circle shrinking 
effect and eventual disappearance can be used for a controller-independent estimation of the maximum 
achievable relative damping in case a dynamic feedback filter is used. For this estimation, the assumption 
is made that the resonance circle, shifted into the third quadrant, always can be pushed back by means of a 
dynamic stabilizing filter, without significantly changing the shape of the circle itself. In that case the limit 
for the relative damping is dictated by the disappearance of the circle for increasing α .  Combining this 
line of thought with (4) leads to the following estimation for maximum damping – shown here without the 
intermediate steps: 
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rr
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Plots of (5) and (6) are shown in Figure 8. Especially for a small ratio ak ωω /  the difference between 
both curves is significant. When applying (5) and (6) to the example of Section 2 where r = 1.3, maximum 
relative damping values of 15 % (using DVF) and 50 % (using an optimal dynamic controller) are found. 
The former estimation is quite accurate, due to the resemblance of (4) and the example-system around the 
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resonance frequency. The latter estimation is an over-estimation as compared to the example. This is 
caused by the influence of the low pass filter on the shape of the resonance.  

In line with the evaluation of (3) other configurations can be evaluated, such as the combination of a mode 
with a stiffness residue, or a mode with a mixture of mass- and stiffness residue. Without further proof, the 
following overview for various configurations is presented in Table 1. The equations for maximum 
damping for the mode with stiffness residue are the dual results as those for the mode with mass residue. 
In case of mixed residues with equal contribution at the resonance frequency no circle shift occurs and as a 
result the estimated maximum damping is equal to the maximum damping when using DVF. 

 

Table 1: Characteristics of maximum active structural damping for different plant configurations 

  System comprising 
one mode  

plus: 
 

…mass residue …stiffness residue …mixed residues  

Max damping using 
DVF1) ( )1

2
1

−= rmβ  ( )1
2
1

−= pmβ  

Estimated max damping 
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pp
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Equal residue contribution at 
resonance frequency kω :  

2

24

4
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rr
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Controller characteristic 
to increase active 
damping 

phase lag phase lead - dominant mass residue:  
phase lag 

- dominant stiffness residue: 
phase lead 

- Equal residue contribution: 
pure gain  

1) rpr
a

k /1; ==
ω
ω

 

 

4 Experimental results 
 

An experimental set-up, shown in Figure 9, comprising an active isolated base plate with cantilever beam, 
characterized by six suspension modes and multiple structural modes, and representing relevant dynamics 
of high precision equipment, is used for evaluation of the ASD concept. The system is equipped with the 
standard components for active damping: geophones, force actuators, amplifiers and a control system. The 
six collocated actuator-sensor pairs (see inset) are grouped in three locations on the base plate as indicated 
in the figure. The first structural mode is at 40 Hz, and is described by a deformation of the beam relative 
to the base plate. For the initial measurements, this mode is defined as the relevant structural mode, and 
one, vertical oriented actuator-sensor pair on a corner of the base plate will be used to dampen this 
structural mode. The measured frequency response function of the actuator-sensor pair (the “plant”) is 
shown in Figure 10, together with a model of the plant. The 40 Hz mode is clearly visible. The mode can 
be characterized as mass residue dominated, and based on the anti-resonance and resonance frequency (30 
and 40 Hz respectively) and using (5), the estimated achievable damping applying DVF, is 15%. This is 
confirmed with a model of the fitted plant. The estimated maximum damping using a dynamic controller 
is 50%. This is an over-estimation of the damping value of 39% that was reached with manual loop 
shaping of the plant model. 
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Figure 9: Experimental set-up. Left: overview. The beam height is 0.5 meter. Inset: detail of two 
collocated actuator-sensor pairs. Right: location of the six actuator-sensor pairs on the base plate. 
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The effectiveness of the active damping is illustrated with a measurement of the following frequency 
response function.  The system is excited and the resulting velocity of the top of the beam is measured. 
The reference signal for the measurement is the input signal of the loudspeaker with which the system is 
acoustically excited. In Figure 11 the frequency response function from ‘excitation voltage’ to velocity is 
shown, with and without feedback. The influence of the feedback loop on the 40 Hz mode is clearly 
visible. 

 

Figure 10: Frequency response function of the 
plant, including sensor, actuator and amplifier 
gains. Measurement (solid) and fit (dotted).  

Figure 11: Frequency response function from 
excitation voltage loudspeaker to beam-tip 
velocity. Dotted line: controller off, solid line: 
controller (low pass) on. Note: y-axis with 
arbitrary scale.  

 

5 Conclusions and future work 
 
A novel approach for creating active structural damping is discussed. Initial experimental results with a 
3D test set-up demonstrate the viability of the damping concept and illustrates that the use of active 
vibration isolation is not limited to suppression of the deteriorating effect of floor vibrations, but can also 
be used to dampen structural vibrations that are caused by other sources such as acoustic excitation. 
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An analysis method, based on a generalization of the Nyquist stability criterion and modal decomposition, 
is introduced for the evaluation of the achievable damping. Based on this analysis method, rules of thumb 
for the maximum achievable damping and for the controller design are presented. 
The current experiments were restricted to only one structural mode and one SISO control loop. Future 
research will include the use of MIMO control loops and active damping of multiple structural modes. We 
intend to create design guidelines (with respect to the active vibration equipment itself, its location and 
controller design) to maximize the use of ASD.  
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17

Optimal synthesis of planar mechanisms via an extensible-link approach
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A. Amziani, A. Bouazzouni, Université Mouloud Mammeri de Tizi-Ouzou, Algeria

823

Experimental Damage Detection Using Observability Grammian Matrix
D.D. Bueno, C.R. Marqui, V. Lopes Jr., Universidade Estadual Paulista, Brazil
M.J. Brennan, University of Southampton, United Kingdom

835

Vibration based SHM : comparison of the performance of modal features vs features extracted from
spatial filters under changing environmental conditions
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3315

Identification of a Nonlinear State Space Model for Control using a Feature Space Transformation
K. Smolders, M. Witters, J. Swevers, P. Sas, Katholieke Universiteit Leuven, Belgium

3331

Rigid Body Properties of An Actual Diesel Engine by Experimental Spatial Matrix Identification
Method
T. Uyama, YANMAR CO.,LTD., Japan
M. Okuma, A. Oyama, Tokyo Institute of Technology, Japan

3343

Morlet Wavelet–based Parameter Identification in Different Stimulation
L. Yue, X.Q. Liu, College of Mechanical and Electric Engineering Nanjing University of Aeronau-
tics & Astronautics, China

3357

Passive control of noise and vibration
Session PNVC

Noise reduction of handheld vacuum cleaners by geometric optimization of components
H. Ashrafi, M.J. Mahjoob, University of Tehran, Iran (Islamic Republic of)

3365

Static Analysis of a Quasi-Zero-Stiffness Vibration Isolator
A. Carrella, M.J. Brennan, T.P. Waters, University of Southampton, United Kingdom

3373

Novel Passive Vibration Isolators
A.I.J. Forrester, A.J. Keane, University of Southampton, United Kingdom

3381

Transmissibility of Forces in Multiple-Degree-of-Freedom Systems
N.M.M. Maia, M. Fontul, A.M.R. Ribeiro, Instituto Superior Técnico, Portugal

3393

Rubber isolating elements to prevent vibro-acoustic propagation
S. Manzoni, M. Vanali, Politecnico di Milano, Italy
C. Carbone, Studio di architettura Carlo Carbone, Italy

3401

Study on sound absorption of a multi-leaf microperforated panel
I.M. Miasa, G. Kishimoto, M. Okuma, Tokyo Institute of Technology, Japan

3413

Control of sound transmission through double wall partitions using optimally tuned Helmholtz res-
onators
S.J. Pietrzko, Q. Mao, Empa - Materials Science & Technology, Switzerland

3423



xxviii PROCEEDINGS OF ISMA2006

Rotating machinery: monitoring and diagnostics
Session RMM

Study on the sensitivity of gear stiffness to tooth crack length and location for diagnostic applica-
tions
C. Carmignani, P. Forte, G. Melani, University of Pisa, Italy

3435

Modelling dynamic interactions of rolling elements in bearings for condition monitoring
J.H.D. Guimaraes, RWTH Aachen, Germany

3451

Modal Control of Vibration in Rotating Machines and Other Generally Damped Systems
P.R. Houlston, S.D. Garvey, A.A. Popov, University of Nottingham, United Kingdom

3467

Using of Matching Pursuit and Genetic Algorithms for Bearings’ Fault Detection, Diagnosis and
Prediction
F. Ionescu, HTWG-University of Applied Sciences-Konstanz, Germany
D. Stefanoiu, University Politehnica of Bucharest, Romania

3475

Combustion diagnosis for internal combustion engines with real-time acquisition and processing
S. Ker, F. Guillemin, L. Duval, IFP, France

3485

Condition Monitoring of Rotating Machinery using Active Magnetic Bearings
J.E.T. Penny, Aston University, United Kingdom
M.I. Friswell, University of Bristol, United Kingdom
C. Zhou, Harbin Engineering University, China

3497

Identification of the Running-State of Railway Wheelsets
L. Reicke, University of Hannover, Germany
I. Kaiser, German Aerospace Center (DLR), Germany
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J. Muñoa, IDEKO Centro Tecnológico S.Coop., Spain
M. Zatarain, TEKNIKER Fundazioa-IK4, Spain
I. Bediaga, IDEKO Centro Tecnológico S.Coop., Spain

3789

Aeroelastic Analyses of Low Aspect Ratio Wings Based on Non-Classic Plate Theory Including
Transverse Shear Deformation and Rotary Inertia
S. Shokrollahi, Malek.E.Ashtar University of Technology, Iran (Islamic Republic of)

3805

Structural dynamic analysis: case studies
Session SD

Simulation of forced response in linear and nonlinear mechanical systems using digital filters
K. Ahlin, M. Magnevall, A. Josefsson, Blekinge Institute of Technology, Sweden

3817

Frequency response function as machinability indicator
A. Giraudeau, M. El Mansori, Ecole Nationale Supérieure d’Arts et Métiers (ENSAM), France

3833

Influence of the Structural Modification on the Stiffened Plate Energy Balance
M. Iwaniec, J. Iwaniec, AGH - University of Science and Technology, Poland

3845

Analytical methods applied to pyrotechnic shock modelling (comparison of model results with
shock test results)
M. Palladino, Techspace Aero (Safran group), Belgium

3855

Sensibility analysis of the dynamic behaviour the violin plates in function of their geometry
M. Razeto, C. Staforelli, G. Barrientos, Universidad de Concepción, Chile

3871

Damping of floating yacht harbours determined by experimental modal analysis
S. Uhlenbrock, G. Schlottmann, University of Rostock, Germany

3885

Substructuring and coupling
Session SC

Dual Assembly of substructures and the FBS Method: Application to the Dynamic Testing of a
Guitar
D.J. Rixen, Delft University of Technology, The Netherlands
T. Godeby, E. Pagnacco, INSA de Rouen, France

3899



TABLE OF CONTENTS xxxi

Damping Allocation in Automotive Structures using Reduced Models
N. Roy, Top Modal, France
S. Germès, B. Lefebvre, PSA Peugeot Citroën, France
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Y. Govers, M. Böswald, U. Füllekrug, D. Göge, Deutsches Zentrum für Luft- und Raumfahrt e.V.,
Germany
M. Link, University of Kassel, Germany

4161

A hierarchical approach to study the intra and inter variability of structure borne noise in vehicles
C. Lionnet, Renault, Technocentre, France
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Abstract 
This paper outlines an experimental setup developed to measure the flow field generated by electronics 
cooling fans and a method to analyze the interactions between fans and near field obstructions such as 
struts and heat sinks. A test facility equipped with 3D laser particle image velocimetry diagnostics was 
developed for this purpose. The fan impeller was rigidly mounted while the fan housing and struts were 
affixed to a traverse mechanism so that the position of these components could be independently 
prescribed.  The setup is also equipped with microphones to measure radiated noise so that the spatial 
proximity effects on sound generation can be characterized in a controlled manner, allowing for 
optimization through experimental analysis. 
 

1 Introduction 
 
The acoustic emission of systems is important for new usage models of information technology 
equipment, for example in the consumer electronics space. The importance of acoustics is driven by 
regulations, customer satisfaction and competition. The voluntary EU flower label is an example of an 
eco-label [1]. Even though the performance of computer systems has increased over time, acoustic levels 
have remained relatively constant due to the use of larger fans and the introduction of fan speed control. 
Key factors in system design are the platform performance, size, cost and acoustic emission. A good 
design balances all these aspects to obtain optimal system performance, cost and user experience. There 
are several noise sources in a system, for example the fans, the hard drive(s) and the optical drives [2,3].  
Fans are important noise sources in systems. They provide airflow to the critical system components. The 
noise emission of fans has been studied extensively, both from an experimental and a numerical 
perspective. Significant differences exist in the airflow and acoustic performance of commercially 
available fans [4], so an optimization is important to reduce noise. Numerical codes have been developed 
to predict the noise emission of these fans, see for example [5]. The numerical models were able to predict 
the tonal noise at the blade pass frequency and at higher harmonics. The unsteady pressure loading on the 
blade was predicted and used to calculate the radiated noise.  
Numerical models have restrictions. It is currently not feasible to predict the total noise emission from a 
fan including all noise generation mechanisms. Also, numerical codes often predict noise under a free 
flow condition, whereas the noise under backpressure loading is of more practical relevance. More 
advanced numerical models are under development using for example advanced fluid mechanical models 
and aero-acoustic analogies, but are not practically feasible yet to evaluate system designs [6,7]. Finally, 
in many cases there are downstream obstructions near a fan, for example heat exchangers. These devices 
affect the noise emission of the fan, and their cooling performance is governed by the airflow delivered by 
the fan.   
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Thus, a need exists for empirical techniques to complement numerical prediction codes. Particle Image 
Velocimetry is a technique that is used to visualize and quantify flow fields. It can be used for the 
validation of numerical airflow models, and for experimental optimization of cooling and noise. It should 
be noted that the acoustic emissions are determined by disturbances on the mean flow profiles. Therefore 
these signals are very difficult to extract and a direct correlation between airflow and acoustic noise is not 
trivial. However, the performance of heat exchangers depends on the velocity profile of the flow. In a first 
order approximation, the design of the heat exchanger and the exhaust profile of the fan can be optimized 
to provide optimal cooling. Optimal cooling allows to use a lower fan speed for a given power dissipation, 
allowing for an acoustic noise reduction. In order to capture the flow disturbances and correlate these to 
the flow field, more detailed investigations are needed. Once these unsteady variations are quantified, they 
can for example be used to calculate the radiated noise by unsteady blade loading [8] 
 

2 Problem statement 
 
The current paper outlines an experimental method for flow visualization for air moving devices, attached 
to heat exchangers. Flow field optimization is used to enhance cooling performance and minimize acoustic 
noise. A transient measurement capability was developed, allowing to quantify unsteady flow 
characterization around air moving devices and heat exchangers. 
 

3 Experimental setup 
 
A 3D Particle Image Velocimetry (PIV) setup was developed to characterize the unsteady flow around 
fans and fan heat exchanger combinations used in electronic cooling applications. The technique is used to 
track particle movement within a flow field and thereby deduce the local velocity field.  In the general 
practice of PIV, a flow field is seeded with particles and a digital camera is used to image a plane of 
particles that is illuminated by a laser sheet.  The laser sheet is produced in two short bursts at a prescribed 
time interval and the resultant particle field for each burst is captured on two separate frames of a digital 
camera.  The laser bursts are typically short (~ 8ns) in order to freeze the particle motion, and the time 
interval can be varied by the time separation between the illuminating pulses, usually produced by two 
separate laser heads.  The image is then divided into sub-maps and a cross correlation algorithm is used to 
detect the bulk particle displacement within the sub-map. Once the displacement field is known for all 
sub-maps, the velocity field can be constructed from knowledge of the laser pulse time interval. The TSI 
software is used for this purpose. This section outlines experimental setup for the 3D particle image 
velocimetry system. An overview if the system is given in Figure 1. The items will be discussed in more 
detail in the next sections.  
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Figure 1: Experimental setup for 3D particle image velocimetry 

 

3.1 Component mounting 
 
The mounting of components is an important aspect. As the objective of the experiments is to quantify and 
enhance cooling performance and minimize noise, the setup should allow changing the critical parameters 
of interest. An automated slide system is used to control the spatial location of components. An example 
for an axial fan is given in Figure 2. 

HousingHousing ImpellerImpeller Strut

Mount for housing designs:
vary length, inlet shape, tip 

clearance

Mounts for strut designs:
vary number, shape, size

Motor control for positions 
of struts and housing

Motor control for positions 
of struts and housing

 
Figure 2: Component mounting options 

In this case the impeller is mounted on a stationary rod. The housing is attached to a separate mount, the 
axial location of which can be controlled with an automated slide. Downstream struts or other flow 
obstructions are attached to a separate mount that is also motor controlled. With this setup the critical 
parameters for the design can be changed, for example housing shape, strut size, strut shape and strut 
distance. Instead of downstream struts, a heat exchanger can be mounted on the motorized slide to 
quantify the flow around a fan and heat exchanger combination. The motorized slides allow to 
independently control the distances between the components. 
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3.2 Fog enclosure 
 
The particle image velocimetry relies on the tracking of seeded particles. These particles need to be 
contained in an enclosure. A special enclosure was designed for this purpose, see Figure 3. 

CamerasCameras

LaserLaser

Laser sheetLaser sheet

Fog enclosureFog enclosure

 
Figure 3: Schematic representation of fog enclosure 

The front side of the fog enclosure, where the laser sheet enters, is made of glass to allow high power laser 
pulses to penetrate without damage to the material and minimize distortion. The rest of the enclosure is 
made of Perspex material. The whole enclosure is mounted on an optical table with vibration isolation 
mounts. 
 

3.3 Particle seeding 
 
A fog machine, type ROSCO 1700, is located in the enclosure. It provides the Glycerin seed particles used 
in the experiments. The size of the particles ranges from 0.25 to 0.60 µm, with an average of 0.40 µm. The 
amount of particles and timing is controlled externally. 
 

3.4 Laser system and optics 
 
A sketch of the placement of the laser system is also given in Figure 3. The laser is mounted on an 
automated motorized slide system that enables control of the horizontal location. This allows the laser 
sheet to be positioned anywhere inside the fog enclosure. The laser is a New Wave Solo III laser. It is a 
Nd: YAG laser system with an energy output of 50 mJ ± 4% at a wavelength of 532 nm. The beam 
diameter is 4mm with a pulse width of 3 to 5 ns. The maximum repetition rate of the laser is 15 Hz. 
 

3.5 Synchronizer 
 
The synchronizer, type TSI 610035, is needed to synchronize the camera frame-straddle point, laser pulses 
and trigger signal from the fan tachometer. The tachometer signal is used to trigger a pre-programmed 
camera exposure and the timing circuit is used to create the appropriate timings for the two laser pulses.  
The timing settings are controlled through the host computer GUI interface. 
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3.6 Camera system 
 
The PIV system uses a set of high quality CCD cameras to capture stereo-scopic images of the flow field, 
see Figure 4. 
 

 
Figure 4: Stereo-scopic camera system and calibration plate 

 
The advantage of using this approach is that the velocity component perpendicular to the laser sheet can 
also be determined. This is an important advantage over a single camera approach that can only identify 
in-plane velocities. A calibration plate, the dual plane dual side target, is used to calibrate the setup. The 
calibration plate consists of targets (points) that are located in multiple planes, see Figure 4.  
 

3.7 Acoustic measurements 
 
Inside the fog enclosure a number of high quality microphones are mounted to measure the acoustic noise. 
In order to prevent damage because of the fog particles, these microphones are covered with a small mylar 
film. It was verified that the behavior of the microphones is not altered. The fog enclosure does not 
provide an acoustically free field environment and background noise is present. In order to allow detailed 
acoustic measurements, the entire component mounting mechanism, shown in Figure 2, can be removed 
from the PIV system. It is then placed in an anechoic chamber to perform detailed acoustic measurements, 
for example in terms of acoustic radiated sound power [9, 10] or binaural recordings for analysis and 
playback. 
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4 Source stabilization 
 
One of the objectives of the study is to capture transient flow structures. Typically, a number of images is 
averaged in the data processing to obtain a good mean image of the flow field. As the system has a 
maximum capture rate of 8 Hz, a good triggering mechanism is needed to enable transient studies on small 
time scales. For fans and fan heat exchanger combinations, the tachometer signal is an obvious choice as a 
trigger signal. This section outlines how the triggering mechanism was constructed and what special 
techniques were used to enable reliable transient measurements.  
Fans do not operate at constant speed, even if for example the applied input voltage or driving signal is 
held constant. An example of measured natural fan speed variations is given in Figure 5. 
 

  
Figure 5: Natural fan speed variations and fan speed variations using source stabilization 

 
The non constant fan speed poses a problem for the triggering in transient measurements. For example, 
consider the case of an axial fan where the objective is to obtain a flow field map as a function of blade 
position during a rotation cycle. If the fan speed is not constant, the triggering will result in slightly offset 
positions for each data capture. As the mean flow field is an average of many individual data frames at this 
location, the image will not be crisp and flow features will be averaged out, see Figure 6. The source 
stabilization method provides a local controller for the fan to maintain a constant speed. The controller is a 
PID type controller, that can easily be implemented. The stabilization ensures the fan speeds are 
maintained at their desired levels. An example of measured fan speed variations using source stabilization 
using such a controller is given in Figure 5. It is clear that the fan speed variations are significantly 
reduced when compared to the natural variations. The average image quality is significantly improved, see 
Figure 6. The edges of the blade can now clearly be identified. 

 
Figure 6: Average image quality enhancement using source stabilization 
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5 Results for axial fan 
 
As a first test case, experiments were carried out on a standard type axial flow fan. This section outlines 
the results of the experiments. A picture of the fan is given in Figure 7. This type of fan was chose 
because extensive studies have been completed on the airflow and acoustic character of these fans in the 
past [4]. The fan has 7 blades and 4 struts. One of the struts is larger because it carries the wiring from the 
motor to the fan housing. In the experiments, the fan was operated at a constant RPM of 2500. Source 
stabilization was used to maintain the fan speed constant, as outlined in section 4. The transient exhaust 
velocity profile was measured in a plane parallel to the fan at a distance of 1.25 cm behind the fan. 
Because a 3D PIV approach was used, all three velocity components could be extracted from the 
measurements. 
 

5.1 Transient data acquisition 
 
The PIV system is able to capture frames at approximate 8 Hz. This is too slow for a real time acquisition 
of transient events. Therefore a special triggering mechanism was used. The fan tach signal was used to 
trigger the data acquisition. By inserting a time delay images were captures at different blade positions. In 
total, a series of 16 blade positions was collected in between blade rotation positions. In other words, the 
spatial resolution of these first series of experiments was 360/(7*16) = 3 degrees. It was assumed that the 
motion is periodic between blades, so only blade passage was captured. The time difference between these 
blade triggering positions is about 0.2 ms. Therefore a constant fan speed is critical. 
 
A total of 100 image pairs was collected per camera per blade position for averaging purposes. A 
background subtraction technique was used to enhance the quality of the original images by removing 
stationary objects. The PIV tracking and correlation software was then used to extract the velocity vectors 
for the image pairs. The velocity fields were then averaged to obtain a mean velocity map per blade 
position. Note that the comparison between the mean velocity map and the instantaneous maps is used to 
extract turbulence statistics information, see section 5.4. 
 
 
5.2 Velocity maps 
 
An example of the mean flow field at a fixed blade position is given in Figure 7. The scale in the figure 
represents the magnitude of the axial velocity. 

W

-1 m/s

6 m/s

W

-1 m/s

6 m/s

 
Figure 7: Mean axial flow field at a fixed blade position 
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In total, 16 of these mean flow field m
he nsient flow map of the fan. Th

aps were determined. When played back sequentially, they visualize 
tra e struts are clearly visible in the figure. Especially the larger strut t

introduces a significant velocity disturbance. This introduces an unsteady blade loading, resulting in 
radiated noise. Note that the measured velocity fields can be used as input data for calculation of flow 
noise from aero-acoustic analogies. 
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Figure 8: Mean axial flow field at 16 fixed blade positions spanning 1/7th of a fan rotation 

 
The figure shows the averaged flow field for 16 equally spaced points in time during 1/7th fan rotation, 
representing one blade passage. The motion of the blades can be observed in the figure and it is evident 
that the velocity profile is affected by the presents of the struts, especially the larger strut carrying the 
wires. This illustrates the capability of the setup to capture transient flow phenomena. 
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5.3 Transient velocity profiles for rotating point on blade trailing edge 
 
The transient velocity profiles were extracted for fixed points in space. A diagram for the location of these 
points is given in Figure 9. The points were located at a radius of 0.25 m, and in angular increments of 10 
degrees.  
 

 
 

Figure 9: Point rotating with the blade trailing edge 
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Figure 10: Mean axial flow field of point rotating with the blade trailing edge 

een the strut and a 
assing blade, allowing to quantify the velocities in the immediate vicinity of the fan blade. 

 
The figure shows the unsteady velocity history for a rotating point near the trailing edge of the blade. The 
four struts are clearly visible in the history, and the big strut causes the most significant disturbance in the 
velocity profile. With the setup, it is also possible to quantify the flow field in betw
p
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5.4 Turbulence statistics 
 
The velocity maps presented in the previous sections represent the averaged velocity field for a total of 
100 image pairs. Information about the turbulent nature of the velocity field can be obtained by analyzing 
the standard deviation between the mean velocity field and each individual velocity field frame. The 

sults of such an analysis are presented in Figure 11. It shows the locations of turbulence in the flow 
field. These areas can be associated with broadband noise generation mechanisms. 
 

re

1
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Figure 11: Turbulence statistics field at 16 fixed blade positions spanning 1/7th of a fan rotation (StDev in 

m/s, scale is 0.5 to 3 m/s) 
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6 Conclusions 

 affixed to a traverse 
echanism so that the position of these components could be independently prescribed.  The setup is also 

equipped with microphones to measure radiated noise so that the spatial proximity effects on sound 
generation can be characterized in a controlled manner, allowing for optimization through experimental 
analysis. Experiments were conducted with an axial fan, demonstrating the capability of the setup to 
capture transient flow phenomena. 
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Abstract
Hybrid CAA-approaches are commonly used for aeroacoustic engineering applications. In this kind of com-
putational techniques, the numerical domain is split into a noise generating region, where an aerodynamic
field generates the acoustic sources, and an acoustic propagation region. Nowadays a large variety of hy-
brid approaches exist differing from each other in the way the source region is modeled; in the way the
equations are used to compute the propagation of acoustic waves in a non-quiescent medium; and in the
way the coupling between source and acoustic propagation regions is made. The coupling between source
and propagation region is usually made using equivalent sources (acoustic analogies) or acoustic boundary
conditions (Kirchhoff’s method). For certain applications both coupling approaches tend to give erroneous
results: acoustic analogies are inaccurate if the acoustic variables are of the same order of magnitude as the
flow variables, which is the case for flow-acoustic feedback phenomena such as cavity noise or when acous-
tic resonance occur which happens for duct aeroacoustics applications; acoustic boundary conditions are
sensitive to hydrodynamic pressure fluctuations when a vortical flow passes through the Kirchhoff’s surface.
These inaccuracies can be avoided by using appropriate filtering techniques where the solution in the source
domain is split into an acoustic and a hydrodynamic part. This paper illustrates the need for such filtering
techniques for CAA-applications and starts with the theoretical development of a new filtering technique
based on an aerodynamic-acoustic splitting.

1 Introduction

Aeroacoustics is a research area of research of growing interest and importance over the last decade. In the
transportation sector, the interest for this field has emerged during the last few years, due to various reasons.
In aeronautics, for example, strict noise regulations around airports are forcing aircraft manufacturers to
reduce the noise emissions during landing and take-off operations. In automotive industry, customer surveys
identify wind noise as a regular complaint.

With the increase in computational power, the direct computation of aerodynamic noise has become feasible
for academic cases [1, 2, 3]. Such a direct approach solves the compressible Navier–Stokes equations, which
describe both the flow field and the aerodynamically generated acoustic field. Due to the large disparity in
energy and length scales between the acoustic variables and the flow variables, which generate the acoustic
field, and since acoustic waves propagate over large distances, the direct solution of the Navier–Stokes
equations (DNS) for computational aeroacoustics (CAA) problems is only possible for a limited number
of engineering applications [4].

In order to meet the required design times without excessive the costs, hybrid methods are proposed. In these
methods, the computational domain is split into different regions, such that the governing flow field (source
region) or acoustic field (acoustic region) can be solved with different equations, numerical techniques, and
computational grids. As such, prediction of the acoustic field at large distances from the sound source is
enabled. There exists a large number of hybrid methodologies differing from each other in the type of
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applied propagation equations or in the way the coupling between source region and propagation region is
etsablished.

The classical linear acoustic wave equation or the convective wave equation can be used as acoustic propa-
gation equations [5]. Both of them make assumptions about the mean flow field: the acoustic wave equation
assumes no mean flow, while the convected wave equation can only be used when an irrotational mean flow
is present. In most engineering applications, these assumptions do not hold and more advanced propagation
models, based on a linearization of the Euler equations are used [6, 7]. These equations can be used for most
types of mean flow.

The coupling methods, that are commonly used for hybrid CAA-applications can be divided roughly into
two categories: one based on equivalent source formulations and the other based on acoustic boundary
conditions. The idea of using equivalent aeroacoustic sources was first introduced by Lighthill [8]. By
rewriting the Navier–Stokes equations in such a way that the left hand side equals the linear acoustic wave
equation, the well-known Lighthill stress tensor is obtained as aeroacoustic source term in the right hand side.
This idea is since then widely used for all kinds of other propagation equations. It is shown in this paper
that acoustic analogies fail to give accurate results for applications where the acoustic variables become
of the same order of magnitude as the aerodynamic fluctuations, which is the case when the acoustic field
is generated by a flow-acoustic feedback coupling (e.g. cavity noise) or when acoustic modes are present
(e.g. duct aeroacoustics). With a filtering of the source region results into an acoustic part and an purely
aerodynamic part, it should be possible to avoid these drawbacks.

The other coupling method, based on acoustic boundary conditions, assumes that the acoustic variables on
a surface surrounding the source region (Kirchhoff’s surface) can be obtained from a proper flow domain
simulation. This acoustic information can then be used as boundary condition for various propagation equa-
tions [9, 10], resulting in an acoustic continuation of the source region calculation. However, when a vortical
flow passes through the Kirchhoff’s surface, aerodynamic fluctuations, cause hydrodynamic pressure fluctu-
ations to be present in the propagation region and results in ’unphysical’ or even unstable acoustic solutions
in the downstream region. It is clear that proper filtering techniques are needed to avoid these errors. The
theoretical development of such filtering procedures is elaborated in the present paper.

The first section discusses the theory of various propagation equations and coupling techniques and shows
the need for filtering techniques for computational aeroacoustics. In the next section this is illustrated for
two applications: noise generation by a flow over a rectangular cavity and by a square cylinder in cross-flow.
Next a first (frequency-domain) filtering procedure proposed by Ovenden and Rienstra [11] is discussed.
The theoretical framework is developed for more general filtering techniques, based on an aerodynamic-
acoustic splitting approach, for subsonic CAA-applications. The main conclusions are summarized in the
final section.

2 Theory of Hybrid CAA-techniques

In hybrid CAA-techniques, the computational domain can be split into two different regions (fig.1):

• Source region: This is the region where the flow disturbances generate noise. The fluctuating flow
variables must be calculated with the Navier–Stokes equations. The computational grid size is driven
by the length scales of the flow field and the method used to solve the source region.

• Propagation region: It can be assumed that the flow field does not generate any sound in this part of the
computational domain. Only the propagation of the acoustic waves, generated in the source region is
influenced. If convection and refraction of sound waves do not occur or have a negligible influence (the
acoustic far-field), one can use the conventional acoustic wave equation to compute the propagation of
the acoustic waves. If these effects become important (in the acoustic near-field or for duct acoustics),
the convective wave equation can be used in a limited number of applications, where the mean flow

596 PROCEEDINGS OF ISMA2006



field is irrotational. In general, more accurate solutions can be obtained by using equations based on
a decomposition of the Euler equations in a mean part and a fluctuating part, like e.g. the linearized
Euler equations (LEE) [6]. The computational grid size is driven by the smallest acoustical wavelength
of interest, which is typically larger than the grid size needed for flow calculations in the source region.

Source Region

Propagation Region

Figure 1: Sketch of the different computational domains for free-field (left) and ducted (right) aeroacoustic
applications.

2.1 Propagation Equations

Linearized Euler equations (LEE) are commonly used to describe the near-field propagation of acoustic
waves in the presence of a non-uniform mean flow [6]. Refraction and convection effects of the mean
flow on the acoustic field are taken into account by the LEE. Acoustic dissipation due to the viscosity of
the mean flow field is not taken into account. The LEE are obtained by decomposing the flow variables
(density, velocity and pressure) of the Navier–Stokes equations into their mean values(ρ0, ui0, p0) and their
fluctuating (acoustic) parts(ρ′, u′i, p

′) and by neglecting viscosity and higher-order terms,

∂ρ′

∂t
+

∂

∂xi
(ρ′ui0 + ρ0u

′
i) = Φcont (1)

∂ρ0u
′
i

∂t
+

∂

∂xj
(ρ0uj0u

′
i + p′δij) + (ρ′uj0 + ρ0u

′
j)

∂ui0

∂xj
= Φmom,i (2)

∂p′

∂t
+

∂

∂xi
(ui0p

′ + γp0u
′
i) + (γ − 1)(p′

∂ui0

∂xi
− u′i

∂p0

∂xi
) = Φener (3)

whereΦcont,Φmom,i andΦener are the source terms for, respectively, the continuity, momentum and energy
equation, which can contain non-linear, viscosity and temperature effects and can be calculated based on
time-dependent source domain results. The mean flow variables can be easily obtained by calculating the
Reynolds-Averaged Navies–Stokes equations (RANS).

Although the LEE describe the propagation of acoustic waves in a non-quiescent medium, they also support
the propagation of vorticity and entropy waves, which can lead to unphysical or even unstable acoustic
solutions if the source termsΦ excite the entropy or vorticity modes of the LEE [7]. This can be avoided
by assuming that the acoustic field is irrotational(~ω′ = 0) (where~ω′ is the vorticity vector) and isentropic
(dp = c2

0dρ with c0 =
√

γp0/ρ0 the speed of sound). Under these assumptions, the LEE can be rewritten as:

∂p′

∂t
+ c2

0

∂

∂xi
(
p′ui0

c2
o

+ ρ0u
′
i) = c2

0Φcont (4)
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∂u′i
∂t

+
∂

∂xi
(uj0u

′
i +

p′

ρ0
) =

1
ρ0

Φmom,i (5)

This set of equations is also known as the Acoustic Perturbation Equations (APE) [7]. It can be proven that
these equations render perfectly stable solutions and they are, from a computational point of view, more
efficient than the LEE, since they solve one equation less due to the fact that the isentropic relation between
pressure and density is inherently satisfied. If only acoustic modes are excited by the source vectorΦ, and if
the acoustic field can be assumed to be irrotational, LEE and APE are identical.

2.2 Coupling Strategies

A distinction between two coupling strategies between the two regions can be made for the most commonly
used CAA-techniques:

• Equivalent sources: Equivalent acoustic sources, which appear in the right hand side of the various
propagation equations, can be calculated based on the computation of the source region. Lighthill [8]
first introduced this kind of acoustic analogy in the early 1950’s and nowadays, there exist a large
variety of aeroacoustic source formulations. When equivalent sources are used, the source region is
part of the propagation region.

• Acoustic boundary conditions: The acoustic pressure, velocity and density fluctuations on a surface
surrounding the dominant aeroacoustic sources can be introduced as a boundary condition for the
propagation equations. Kirchhoff’s method [10] or the method introduced by Ffowcs-Williams and
Hawkings [9] are most commonly used as boundary condition. In this way, the propagation region
does not overlap with the source region.

2.2.1 Equivalent Sources

Lighthill [8] introduced the use of acoustic analogies. By rewriting the Navier–Stokes equations in such
a way that the left-hand side equals the linear acoustic wave equation without a mean flow, whereas all
other terms are treated as right-hand side source terms, Lighthill obtained, for subsonic, isentropic flows, the
Lighthill stress tensor as equivalent source term:

Φ = −∂2(ρ0uiuj)
∂xi∂xj

(6)

The approach of replacing the whole noise generating flow field by an equivalent source term is appealing due
to its simplicity and can be used to identify possible aero-acoustic source phenomena. Furthermore, these
methods require less accurate source calculations, since they are based on aerodynamic fluctuations [12],
and results obtained from incompressible computations or RANS-calculations, when the turbulent field is
stochastically reconstructed, can be used [6].

If a similar approach is used for rewriting the LEE, there would be only a contribution of the non-linear terms
of the decomposed Navier–Stokes equations in the source term formulation [6]. These terms are in most
applications even neglected in the Lighthill stress tensor and thus cannot be seen as an accurate representation
of the source generating mechanism. Ideally, the decomposition of the Navier–Stokes equation should be
carried out with two fluctuating variables instead of one: an acoustic fluctuating part(ρ′ac, u

′
i,ac, p

′
ac) and an

aerodynamic, or turbulent, fluctuating part(ρ′turb, u
′
i,turb, p

′
turb) .

The fluctuating aerodynamic variables can be considered to be obtained from the flow domain calculation
and are thus no unknowns for the LEE, which need to be solved for the acoustic fluctuating part. For such de-
composition all terms containing the turbulent fluctuating variables should be treated as source terms, while
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the terms containing the acoustic fluctuating part should remain in the left-hand side. Nevertheless, in a large
number of aero-acoustic applications, the turbulent variables in the source region are orders of magnitude
larger than the acoustic variables, which reduces the necessity of such a decomposition. This results, for low
Mach number and isentropic applications, in a source term contribution only in the momentum equations.

Φmom,i = −∂(ρ0uiuj)′

∂xi
(7)

This source term is similar to the one proposed by Lighthill. It should be noted that for incompressible source
region calculations or sound generation by purely aerodynamic phenomena, where no flow-acoustic feedback
is present, the fluctuating part contains no only a minor acoustic fluctuating part and can thus be seen as an
accurate source term definition. If, on the other hand, the acoustic variables are not negligible with respect to
the aerodynamic fluctuating part, the source term contains a spurious contribution(ρ0ui0u

′
j,ac + ρ0uj0u

′
i,ac)

from the acoustic field.

For applications where the acoustic field cannot be neglected another source term formulation is thus re-
quired. A possible alternative is proposed by Powell [13]. He proposed to consider only the rotational part
of the flow variables as a source of sound. Since for most applications the acoustic variables can be assumed
to be irrotational, the rotational fluctuating part can be considered as purely turbulent. The source term in the
momentum equations, for a low Mach number isentropic flow, can then be written as:

Φmom,i = −ρ0(~ω × ~u)′i = −ρ0L
′
i (8)

The major vortex source term is thus the fluctuating Lamb vector−~L′. The same source term is obtained
when the Navier–Stokes equations are rewritten in such a way that the left-hand side equals the APE [7]. For
applications where the acoustic variables inside the source region are of the same order of magnitude as the

turbulent fluctuations, there might still be some influence(−→ω0 ×
−−→
u′i,ac) of the acoustic fluctuations inside the

source term if the mean flow is not irrotational.

Hardin and Pope [14] proposed to use a viscous-acoustic splitting technique for hybrid CAA-applications,
to avoid these drawbacks. Their method, also referred to as expansion about incompressible flow (EIF), uses
equivalent source terms obtained with an incompressible source calculation. This equivalent source terms
contains no acoustic fluctuations, since these fluctuations are only generated by the compressibility of the
flow field. However, it should be noticed that for applications where the traditional acoustic analogies fail,
the acoustic fluctuations may significantly change the flow field inside the source region, which makes it
impossible for an incompressible source region calculation to render accurate flow domain results.

2.2.2 Acoustic Boundary Bonditions

Another way of coupling the results from the source region with the acoustic propagation equations, is
through the use of the fluctuating density, pressure and velocity field as acoustic boundary conditions for
the propagation equations. No source terms are required for this type of coupling. This imposes strong
restrictions on the calculation of the source region. Commercial CFD-codes, offering LES solution schemes,
calculate the flow field with lower-order fairly dissipative numerical schemes without avoiding spurious
reflections at the boundaries. If not taken care of properly, these numerical schemes and boundary conditions
can introduce numerical noise inside the computational domain. These errors can become of the same order
of magnitude as the acoustic variables necessary for this type of coupling [4]. All these elements make the
method of acoustic boundary conditions more sensitive to the accuracy of the source region modeling as
compared to the acoustic analogy approach. Furthermore, a compressible simulation is needed to capture
any acoustic fluctuation, which is a serious computational disadvantage for low Mach number applications,
which are commonly solved in an incompressible way.

A problem that arises with the use of acoustic boundary conditions is that the surface on which the vari-
ables are calculated (the Kirchhoff surface) should be located far enough from the aero-acoustic sources and
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no turbulent flow should pass the boundary. If vortical outflow occurs through the Kirchhoff’s surface, the
velocity fluctuations may contain vorticity components, and density and pressure fluctuations may contain
hydrodynamic and entropy fluctuations, which may excite the vorticity and entropy modes of the propaga-
tion equations. Near the Kirchhoff surface small instabilities may occur due to the fact that the fluctuating
variables do not exactly satisfy the propagation equations. For this reason artificial selective damping [15] is
needed.

Especially the APE can suffer from unstable solutions near the Kirchhoff surface when a turbulent flow
passes this boundary. A way of avoiding these problems is, like for the equivalent sources, to carry out a
filtering of the variables at the Kirchhoff surface in such a way that only purely acoustic fluctuations are
used as boundary conditions. In this way, only acoustic variables are taken into account in the propagation
equations.

A major advantage of the use of acoustic boundary conditions is that, when the boundary variables only
contain acoustic fluctuations, this method can be seen as an acoustic continuation of the LES in the regions
where no further noise sources are present [12]. In this way, if the flow domain calculation is accurate, it can
be assumed that this way of coupling renders the most accurate results. Furthermore, the propagation region
does not contain the source region and thus a smaller propagation region needs to be considered as compared
to the acoustic analogy approach.

3 Validation Examples of Hybrid CAA-Approaches

The drawbacks of the various coupling techniques and the need for aeroacoustic filtering techniques is in
this section illustrated for two two-dimensional applications: cavity noise and the aerodynamically generated
noise by a square cylinder in cross flow.

3.1 Cavity Noise

The phenomenon of flow-induced noise radiation in cavities has been studied in numerous investigations in
the past [16] and has a broad range of aerospace and automotive applications. The noise spectrum of cavity
noise contains both broadband components, introduced by the turbulence in the shear layer, and tonal com-
ponents due to a periodical vortex shedding at the cavity leading edge (wake mode) or a feedback coupling
between the flow field and the acoustic field (shear-layer mode or Rossiter mode). Full details about the
results that are discussed in this section can be found in [17, 18, 19].

3.1.1 Wake Mode

A cavity, oscillating in wake mode, is characterized by a large-scale vortex shedding from the cavity leading
edge. The vortex reaches nearly the cavity size, dragging during its formation irrotational free-stream fluid
into the cavity. The vortex is then shed from the leading edge, and violently ejected from the cavity. In this
case the boundary layer separates upstream during the vortex formation, and downstream, as it is convected
away. The flow field is characterized by turbulent velocities which are orders of magnitude larger than the
acoustic fluctuations.

The dominant frequency occurs at a Strouhal number of 0.064. This is in agreement with the DNS-results
of Rowley [20] and is the dominant frequency for cavities oscillating in wake mode, independently of Mach
number. The instantaneous pressure contours obtained with LEE and acoustic boundary conditions are shown
in the left of figure 2. The pressure contours show an acoustic propagation with a dominant radiation up-
stream of the cavity. Since the LEE support the propagation of vorticity waves, hydrodynamic pressure
fluctuations, often referred to as pseudo-sound, are observed in the outflow region near the walls. When
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Source Region

(a) (b)

Figure 2: Instantaneous pressure contours (a) and directivity pattern obtained with different coupling tech-
niques (b) for a cavity oscillating in wake mode(M = 0.5, L/D = 4, ReD = 1500) (L and D are,
respectively, length and depth of the cavity) .

using the APE as propagation equations, these pressure fluctuations are not supported, which leads to in-
stabilities in the final solution since the hydrodynamic fluctuations are inherently present in the boundary
condition values. As explained before, a filtering procedure could avoid these instabilities and would make
it possible to evaluate the acoustic field in the outflow region.

Since the source region contains mostly turbulent fluctuations, the different equivalent source term formu-
lations eq. (7,8) are thus containing primarily contributions from the turbulent field and only a minor, erro-
neous, contribution of the acoustic field inside the source region. The directivity pattern at the resonance
frequency, obtained with the LEE, coupled with the different aero-acoustic source term formulations are in
good agreement with the results obtained with the acoustic boundary conditions (fig. 2 right).

3.1.2 Shear-Layer Mode

As the lengthL of the cavity, relative to the momentum thickness of the boundary layer at the leading edge,
or the Mach number is decreased, there is a substantial change in the pattern of the cavity oscillations [18].
Under these circumstances, a shear-layer mode, characterized by the roll-up of vorticity in the shear layer,
occurs inside the cavity. The vortices are convected with the mean flow until they hit the downstream cavity
edge. At that moment, acoustic waves are generated that propagate upstream, exciting the shear layer at the
upstream cavity edge. The turbulent velocity fluctuations are for this mode of the same order of magnitude
as the acoustic fluctuations.

The left of figure 3 shows the instantaneous pressure contours obtained with LEE and acoustic boundary
conditions for a cavity oscillating in shear-layer mode. A shorter acoustic wavelength and thus a higher
resonance frequency is observed. The Strouhal number of the dominant resonance equals0.19 which is
in agreement with the experimental results of Rossiter [21]. Hydrodynamic pressure fluctuations, near the
downstream wall are still present but have a much lower amplitude, since there is a much smaller perturbation
of boundary layer downstream of the cavity trailing edge.

The turbulent velocity fluctuations are much smaller and acoustic fluctuations are of the same order of mag-
nitude. This leads to a large contribution of acoustic variables inside the source term formulations. The
directivity pattern at the first resonance frequency, shown in the right of figure 3, is inaccurately predicted.
For both the vorticity based source terms and Lighthills source terms, the dominant propagation direction is
shifted downstream, resulting in a different radiation pattern.
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Source Region

(a) (b)

Figure 3: Instantaneous pressure contours (a) and directivity pattern obtained with different coupling tech-
niques (b) for a cavity oscillating in shear-layer mode(M = 0.6, L/D = 2, ReD = 1500).

3.2 Noise Generation by a Square Cylinder in Cross-Flow

The flow around a rectangular cylinder has been subject of intense experimental and numerical research in the
past. Although most of this research focuses on technical problems associated with energy conversion and
structural design (e.q. vortex flowmeters, buildings, towers,...) this application is also relevant in the field of
aero-acoustics. Practical examples can be found e.g. in automotive applications such as the noise generated
by a luggage carrier system or a side-wing mirror. When the Reynolds number of a flow around a square
cylinder exceeds a critical value, a time-periodic oscillation develops. This Benard–von Karman instability
is characterized by a periodic phenomenon, referred to as vortex shedding and an antisymmetric wake flow
pattern, usually referred to as the von Karman vortex street. In the laminar regime, which usually persists up
to Reynolds number of about400, the vortex shedding is characterized by one pronounced frequency [22].
The noise radiation is primarily caused by the fluctuating lift forces acting on the cylinder, resulting in a
typical dipole-type of radiation. All details about this calculation can be found in [12].

(a) (b)

Figure 4: Instantaneous fluctuating pressure field (p′) obtained with DNS (a) and APE with acoustic bound-
ary conditions(b) for a square cylinder in cross flow(M = 0.5, ReD = 200)

The instantaneous fluctuating pressure field obtained with DNS is shown in figure 4 on the left. A dipole
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radiation is observed at a non-dimensional frequency of0.292, which is in good agreement with other re-
sults [22]. In the wake of the cylinder a von Karman vortex street is observed with hydrodynamic pressure
fluctuations (pseudo-sound) which have a much larger amplitude than the acoustic fluctuations. When a
hybrid method, using acoustic boundary conditions as coupling technique, is used for the same problem
(fig. 4b) these hydrodynamic pressure fluctuations create spurious acoustic waves in the downstream direc-
tion resulting in an erroneous prediction of the acoustic field.

Looking at the results of these two applications, it is clear that a filtering technique is needed in order to
obtain accurate acoustic results with hybrid CAA-technologies. Acoustic analogies tend to fail as coupling
technique when the turbulent fluctuations in the source region are of the same order of magnitude as the
acoustic fluctuations, which is the case in applications dominated by a flow-acoustic feedback phenomenon
or when acoustic modes are presents. Acoustic boundary conditions on the other hand are only reliable when
no outflow through the Kirchhoff’s surface occurs.

4 Potential Filtering Techniques

In this section possible filtering techniques are theoretically described. The basic principle of these tech-
niques is shown in figure 5. When acoustic boundary conditions are used as coupling technique it is suffi-
cient to obtain acoustic variables in a small region surrounding the most important aeroacoustic sources. If
an aerodynamic-acoustic splitting is needed to obtain filtered equivalent sources, the filtering region should
be equal to the source region.

Source Region

Propagation Region

Filtering Region

Figure 5: Sketch of the filtering region for free-field (left) and ducted (right) aeroacoustic applications.

4.1 Mode Matching Strategies

A first type of filtering techniques is based on mode matching techniques and is thus only applicable for
ducted flows or for applications that mathematically allow a representation of the solution by slowly varying
modes [11]. The technique uses a small matching interface between the source region and the acoustic
region consisting of three or more axial planes. At the matching interface, the acoustic pressure fluctuations
are obtained through a least squares fit of the pressure fluctuations, obtained in the source region, with the
acoustic modes of the duct. This method is often referred to as the multiple plane matching technique.

Rienstra [23] showed that, for cylindrical ducts with a slowly varying cross-section where a nearly uniform
flow is assumed, the pressurep(x, r) (with x the axial andr the radial position) can, independent of circum-
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ferential order, be written as a summation of left- and right-running modes:

p(x, r) =
∞∑

µ=−∞
AµΨµ(x, r) exp

[
−i

∫ x

x0

kµ(εσ)dσ

]
(9)

whereµ = 0 is excluded. The functionsΨµ represent the basis functions for the right-running(µ > 0)
and left-running(µ < 0) slowly varying pressure modes,Aµ are the modal amplitudes,kµ the modified
wavenumber, taking into account the mean flow andε is a small parameter, which is the only cause of
variation of the mean flow. For a two dimensional straight duct with a uniform mean flow and hard wall
boundary conditions eq.(9) can be simplified, for frequencies below the transversal cut-off frequency, to:

p(x) = A−1 exp(−ik−1x) + A1 exp(−ik+1x) (10)

where, in absence of viscous dissipation,k+1 = k/(1+M) andk−1 = −k/(1−M) are the modified right-
and left-running wave number wherek = ω/c0 is the wavenumber and M the Mach number.

In case of a matching zone that consists of three axial planesx = x0, x1, x2 (wherex0 < x1, x2), the Fourier
decomposition (for each frequency and circumferential mode) of the pressure data is obtained from the
source region calculation and are equal to℘0(r), ℘1(r), ℘2(r) at the respective planes. If swirl or other types
of vorticity, causing hydrodynamic pressure fluctuations, are not dominant in the mean flow, the following
equations can be written based on eq.(9), withN the trunction number of the infinite summation:

℘0(r) =
N∑

µ=−N

AµΨµ(x0, r) (11)

℘1(r) =
N∑

µ=−N

AµΨµ(x1, r) exp
[
−i

∫ x1

x0

kµ(εσ)dσ

]
(12)

℘2(r) =
N∑

µ=−N

AµΨµ(x2, r) exp
[
−i

∫ x2

x0

kµ(εσ)dσ

]
(13)

For the simplified case of the 2D straight duct this becomes for each Fourier component:

℘0(r) = A−1 + A1 (14)

℘1(r) = A−1 exp[−ik−1(x1 − x0)] + A1 exp[−ik+1(x1 − x0)] (15)

℘2(r) = A−1 exp[−ik−1(x2 − x0)] + A1 exp[−ik+1(x2 − x0)] (16)

The amplitudesAµ can be determined by a least squares fit of this overdetermined set of equations. For
numerical stability, it is preferable to rescale the basis functions in order to prevent exponentially large terms
at the zone ends from unbalancing the least squares minimization [11]. In principle two planes are sufficient
to determine the exact amplitudes. However, the overdetermination of the system of equations is prefered to
avoid errors originating from the presence of small hydrodynamic pressure fluctuations, which are not taken
into account in this method.

This technique is appealing due to its simplicity and is easy to implement. Some successful validations have
been preformed in the TurboNoiseCFD European project [11] for the acoustic propagation of aeroacous-
tic sources in turbofan engine bypass ducts. Furthermore, a distinction between the right- and left-running
acoustic waves can be made, which makes it possible to exclude the reflected modes from the solution, mak-
ing this method less sensitive to the boundary conditions used for the source region computation. However
this approach has only a limited number of applications in which the acoustic pressure fluctuations dominate
the hydrodynamic pressure fluctuations. This filtering technique is useful for applications with a uniform
mean flow and where acoustic pressure fluctuations are dominant. In a large number of low-Mach number
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applications, it can be expected that acoustic pressure fluctuations are of low amplitude and hence difficult
to obtain from the total pressure field in the source region with this filtering technique.

In order to exclude hydrodynamic pressure fluctuations, an extension can be made based on the character-
istic properties of the flow field [24]. A three-dimensional flow field consists of five characteristic modes,
each with their own characteristic velocity: two vorticity modes and one entropy mode that are convected
with the mean flow velocity−→v0 ; one acoustic right-running mode and one acoustic left-running mode with
characteristic velocities ofc0 + −→v0 , respectively−→v0 − c0. The hydrodynamic pressure field is generated by
the vorticity modes and thus can be assumed to be convected with the mean flow field. If viscous dissipation
does not occur and under assumption of a uniform one-dimensional mean flow the hydrodynamic pressure
fluctuations should be conserved along the characteristic linex+vx,0t = cte while the acoustic wave should
be conserved along the characteristic linex + (vx,0 + c0)t = cte andx + (vx,0− c0)t = cte for respectively
the right- and left-running mode.

The conservation of the acoustic wave amplitude is satisfied by eq.(9). For the hydrodynamic pressure
fluctuations it is sufficient to add, for a one-dimensional mean flow, the following equation to eq.(9):

pturb(x) = B exp
[
−i

∫ x

x0

kturb(εσ)dσ

]
(17)

wherekturb = 2πf/v(x, 0) is the turbulent wavenumber. For the 2D square duct the following equation can
then be obtained for each Fourier component of the total pressure field:

p(x) = pac(x) + pturb(x) = [A−1 exp(−ik−1x) + A1 exp(−ik+1x)] + [B exp(−ikturbx)] (18)

To solve for the amplitudes of eq.(18) a minimum of three planes is needed. However it is useful to take at
least four planes and solve an overdetermined system of equations. Especially the hydrodynamic pressure
fluctuations are, in most cases, not purely convected but also dissipated by viscous effects, which are not
taken into account in eq.(18). For this reason hydrodynamic pressure fluctuations should still be of fairly low
amplitude. The filtering techniques based on mode matching strategies are not generally applicable for all
CAA-applications, hence other filtering strategies are required.

4.2 An Aerodynamic-Acoustic Splitting Technique

Another possible filtering technique is based on a decomposition of the velocity fluctuations into an aerody-

namic or turbulent part(
−−→
v′turb) and an acoustic part(

−→
v′ac). The technique consists of taking the total (when

a filtering is needed to obtain accurate equivalent sources) or only a small part (if the coupling is carried out
using acoustic boundary conditions) of the source region. In this filtering region both velocity fields can then
be separated at every timestep of the computation and used to obtain filtered source terms [26] or acoustic
boundary conditions.

It is well-known [25] that each velocity field(
−→
v′ ) can be written as the sum of an irrotational(

−→
v′ac), solenoidal

(
−−→
v′turb) and both solenoidal and irrotational field(

−→
u′ ):

−→
v′ =

−→
v′ac +

−−→
v′turb +

−→
u′ (19)

where it can be assumed that the solenoidal and irrotational field is negligibly small(
−→
u′ = 0). For most

isentropic, low Mach number, aeroacoustics problems, it can be assumed that the acoustic velocity fluc-
tuations are inviscid and irrotational and that all compressible effects are purely acoustic. The continuity
equation (20) of the LEE can be considered for this kind of applications as purely ’acoustical’.

∂ρ′

∂t
+−→v0 · ∇ρ′ + ρ0∇ · −→v′ = 0 (20)
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which results in the following conditions for the acoustic field and turbulent field at every timestep:

∇ · −→v′ac = ∇ · −→v′ = 4′ (21)

∇×−→v′ac = 0 (22)

∇ · −−→v′turb = 0 (23)

∇×−−→v′turb = ∇×−→v′ =
−→
ω′ (24)

where4′ is the expansion ratio and
−→
ω′ the vorticity of the fluctuating velocity field in the source region,

which are both known from the flow domain calculation.

The distribution of the expansion ratio4′ is known from the source region calculation which leads to fol-
lowing potential formulation for the acoustic field:

−→
v′ac = ∇φ (25)

∇2φ = 4′ (26)

In a similar way the turbulent velocity field can be written as:

−−→
v′turb = ∇× ~χ (27)

∇× (∇× ~χ) = ∇(∇ · ~χ)−∇2~χ =
−→
ω′ (28)

or, since it can be assumed for two-dimensional and free-field applications that∇ · ~χ = 0:

∇2~χ = −−→ω′ (29)

this leads to a system of two coupled Laplace equations with the potential functionsφ andχ as unknowns:

∇2φ = 4′ (30)

∇2~χ = −−→ω′ (31)

or in 2 dimensions in velocity formulation:

∂v′x,ac

∂x
+

∂v′y,ac

∂y
= 4′ =

∂v′x
∂x

+
∂v′y
∂y

(32)

∂v′y,ac

∂x
− ∂v′x,ac

∂y
= 0 (33)

∂v′x,turb

∂x
+

∂v′y,turb

∂y
= 0 (34)

∂v′y,turb

∂x
− ∂v′x,turb

∂y
=

−→
ω′ =

∂v′y
∂x

− ∂v′x
∂y

(35)

(36)

Decomposing the velocity field into an acoustic fluctuating part and a turbulent fluctuating part thus requires
solving a coupled system of two inhomogeneous Laplace equations or four first-order differential equations.
For both problems, a proper set of boundary conditions has to be defined.

A first boundary condition is imposed by the coupling of the two velocity fields:

v′ac,x + v′turb,x = v′x (37)

v′ac,y + v′turb,y = v′y (38)
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A second set of boundary conditions is needed for the acoustic or turbulent fluctuating velocity field. If the
filtering region is bounded with rigid walls, both the acoustic and turbulent velocity fluctuations should be
zero. The only type of boundary condition that remains are the boundaries of the filtering region, where no
coincidence with walls of the source region is occurring.

A possible boundary condition can be obtained by combining the continuity equation, with the irrotational
momentum equation of the LEE. Since the density fluctuations can be assumed to be purely acoustical, the
fluctuations can be obtained by:

∂ρ′ac

∂t
+−→v0 · ∇ρ′ac + ρ04′ = 0 (39)

The isentropic relation between pressure and density allow to determine the acoustic pressure fluctuations,

dp′ac = c2
0dρ′ac (40)

The irrotational momentum equation of the APE then provides a second set of boundary conditions for the
system of equations

∂u′i,ac

∂t
+

∂

∂xi
(uj,0u

′
i,ac +

p′ac

ρ0
) = 0 (41)

Another set of boundary conditions is based on the asymptotic behavior of the acoustic waves [27]. If the
filtering region boundaries are located far enough from the source region following equation in spherical
coordinates (r, θ, ϕ) hold for the acoustic velocity fluctuations:

1
V (θ, ϕ)

∂ui,ac(r, θ, ϕ)′

∂t
+

∂ui,ac(r, θ, ϕ)′

∂r
+

2
r
ui,ac(r, θ, ϕ)′ = 0 (42)

where the center of the coordinate system is taken at the approximate position of the most important sources.
V (θ, ϕ) is the mean velocity of the acoustic waves (c + ~u0) projected in the r-direction.

Further research is focused on the implementation of these time-dependent set of boundary conditions and
the system of coupled equations and on the validation of this aerodynamic-acoustic splitting approach.

5 Conclusions

When using a hybrid computational approach to solve aeroacoustic problems, it is clear that in some appli-
cations proper filtering techniques are needed. Aeroacoustic analogies tend to fail when the source region,
where the aerodynamically generated sound field needs to be solved, contains a turbulent fluctuating field
which is of the same order of magnitude as the acoustic field. This is the case for applications in which
a flow-acoustic feedback phenomenon occurs (e.g. cavity noise) or when acoustic resonances are likely
to happen which as in ducted environments. The other coupling technique, which uses acoustic boundary
conditions, is unreliable if a vortical outflow through the Kirchhoff’s surface occurs. In this case hydro-
dynamic pressure fluctuations, caused by the presence of vorticity, generate spurious acoustic waves in the
computational domain, also referred to as pseudo-sound.

In this paper the need for filtering techniques is illustrated by two examples: aerodynamically generated
sound by a flow over a rectangular cavity and over a square cylinder. For the first application the numerical
set-up can be such that a flow-acoustic feedback occurs (shear-layer mode). In this case it is shown that
acoustic analogies do not give accurate results, while the same source term formulations give accurate results
when the cavity oscillates in wake mode. The downstream acoustic field generated by a square cylinder in
cross-flow is difficult to predict with acoustic boundary conditions since a turbulent outflow through the
Kirchhoff’s surface takes places.

This paper proposes different filtering techniques, which are only theoretically developed; a validation of
these techniques is planned in future research. A first class on filtering techniques is based on mode matching
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strategies. This technique can only be used in the frequency domain and when the hydrodynamic pressure
fluctuations are low in amplitude or do not occur, which is only the case for a limited number of applications.
The technique uses a least squares fit of the pressure, obtained by the source region calculation, with a known
set of basis functions. The technique can be extended to incorporate the hydrodynamic pressure fluctuations
by assuming that these fluctuations are convected with the mean flow field. Although appealing due to its
simplicity, this filtering technique is limited to a number of applications and does not solve the problems that
arise with acoustic analogies.

Another type of filtering technique is based on the decomposition of the velocity field into an aerodynamic
fluctuating part and a purely acoustic part. This technique is more general than the mode matching techniques
but is more time-consuming. The technique assumes an irrotational, inviscid acoustic field and is only valid
for isentropic, low Mach number applications. It is based on a system of coupled Laplace equations which
need to be solved simultaneously. Proper boundary conditions still need to be developed and will make the
problem time-dependent. In theory this aerodynamic-acoustic splitting technique solves the problems arising
for both coupling techniques although some extensive development and validation is necessary to verify the
validity and practical potential of this filtering approach.
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Abstract
Aero-Thermo-Mechanics department of ULB is currently developping a code based on a mixed Spec-
tral/Finite Elements discretisation offering a natural decomposition of a fully three-dimensionnal into a set
of two-dimensional problems. The reduced simulation time compared to complete three-dimensional code
offers new fields of investigation for the turbulence modeling. In the present paper, we demonstrate the
interest of Large Eddy Simulations for aeroacoustic computations.

1 Introduction

For low Mach number flows (M≤0.4), the large distinction between acoustic speed and magnitude compared
to flow variations leads to a separate computation for the flow and acoustic propagation. This separation is
particularly accurate for non confined flows where the acoustic fluctuations do not influence the flow field.
In the present approach, noise sources are extracted with the Lighthill [2] analogy and a commercial code [8]
specially designed for aeroacoustic studies computes the propagation to the listener position.

2 Turbulent noise

Acoustic is a small, almost insensible pressure fluctuation in a flow field. Acoustic fluctuations are solutions
of the general form of the compressible Navier-Stokes equations :

∂ρvi

∂xi
= −∂ρ

∂t
(1)

∂ρvi

∂t
= − ∂

∂xj
(ρvivj + pδij − τij) + fi (2)

Equation 1 is the continuity equation while relation 2 involves the 3 momentum equations. Since these
equations involves 5 variables vi, ρ, p, a state equation closes this set. Taking the time derivative and the
divergence of the momentum relations leads to the so famous Lighthill analogy[1].

− ∂2ρ

∂t2
+

∂2

∂xi∂xj
(ρvivj + pδij − τij) =

∂fi

∂xi
(3)

Lightill analogy was derived from the standard form of the compressible Navier-Stokes equations. Addition-
nal analogies were obtained starting from the vortical form of the momentum equations by Powel [4] and
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Mohring [3]. We decompose the flow field quantities into a steady (denoted by 0), an hydrodynamic (denoted
by t), and an acoustic part (referenced by a) :

ρ = ρ0 + ρa

p = p0 + pt + pa

vi = (vi)0 + (vi)t + (vi)a

In the present low mach number flows (M ≤ 0.4), hydrodynamic density fluctuations are negligible (ρt = 0).
This decomposition inserted into Lighthill analogy 3 leads to :

∂2ρa

∂t2
− c2

0

∂2ρa

∂xi∂xi
=

∂

∂xi

[
∂ρ0((vi)0 + (vi)t)((vj)0 + (vj)t)

∂xj
− ∂τij

∂xj
+

∂(p− c2
0ρa)

∂xi

]
(4)

If c2
0 corresponds to the sound speed in a homentropic flow at rest, the acoustic density (ρa) dispear from

the right hand side (
(

∂pa

∂ρa

)
s

= c2
0) and the left hand side becomes the traditional wave operator. Any steady

term, by definition, do not contribute to noise generation and therefore could be dropped form the right hand
side.

∂2ρa

∂t2
− c2

0

∂2ρa

∂xi∂xi
=

∂

∂xi

[
∂ρ0(vi)t(vj)t

∂xj
− ∂τij

∂xj
+

∂pt

∂xi

]
(5)

The right hand side of this relation do not involve any acoustic quantity and corresponds therefore to a turbu-
lent source term. This turbulent noise source depends only from hydrodynamic quantities and is obtained by
an incompressible flow simulation. This mathematical decomposition corresponds to the physical difference
in terms of speed and intensity between acoustic and turbulent fluctuations.

3 Acoustic simulations

The turbulent source term reported in equation 5 involves at least second order spatial derivatives of the
velocity unknowns, which cannot be computed by conventional CFD solver based on linear first order finite-
elements. To compensate this interpolation problem on the hydrodynamic solution, Oberai [7] proposed a
variational form implemented in the acoustic solver ACTRAN c© [8] :

∫
Ω

Nα
∂2ρa

∂t2
+ c2

0

∂Nα

∂xi

∂ρa

∂xi
dV = −

∫
Ω

∂Nα

∂xi

∂

∂xj
(ρ0(vi)t(vj)t − τij + pδij) dV

+
∫

∂Ω
niNα

∂

∂xj
(ρ0(vi)t(vj)t − τij + pδij) dS (6)

where Nα corresponds to the Galerkin weight function.

For high Reynolds number flows, the viscous stresses are negligible and the leading term correponds to the
first spatial derivative of velocity and pressure. The integration by part leads naturally to a boundary integral
corresponding to noise generated by unsteady aerodynamic forces acting on the boundaries. This integration
by part is also used in boundary integral formulation where the spatial derivative are reported on the Green
function as done in [5].
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4 Hydrodynamic simulations

Lighthill analogy (see section 2) shows we could separate the acoustic analyse and the hydrodynamic simula-
tion into two separate steps in a Computational Aeroacoustic (CAA) problem; cfd solver providing acoustic
source term which corresponds to the right hand side of equation 6.

4.1 Flow simulations

For high Reynolds number flows, Lighthill’s noise source term corresponds to the convective part of the
momentum equations. Readers familiars with turbulent flow simulations know that the non-linear character
of the convective term is at the origin of turbulence. Turbulence modeling applied in our simulations will be
adressed in a dedicated subsection.

For the present simulations, we write the Navier-Stokes equations in a cylindrical coordinate system which
is the most natural for flow problems around axisymmetric geometries like jet flow problems.

∂rvr

∂r
+

∂vθ

∂θ
+ r

∂vz

∂z
= 0 (7)

∂rvz

∂t
+ r

∂p

∂z
− ν(

∂

∂r
(r

∂vz

∂r
) +

1
r

∂2vz

∂θ2
+ r

∂2vz

∂z2
)

= −
[
rvr

∂vz

∂r
+ vθ

∂vz

∂θ
+ rvz

∂vz

∂z

]
, (8)

∂rvr

∂t
+ r

∂p

∂r
− ν(r

∂

∂r
(
1
r

∂rvr

∂r
) +

1
r

∂2vr

∂θ2
− 2

r

∂vθ

∂θ
+ r

∂2vr

∂z2
)

= −
[
rvr

∂vr

∂r
+ vθ

∂vr

∂θ
− v2

θ + rvz
∂vr

∂z

]
(9)

∂rvθ

∂t
+

∂p

∂θ
− ν(r

∂

∂r
(
1
r

∂rvθ

∂r
) +

1
r

∂2vθ

∂θ2
+

2
r

∂vr

∂θ
+ r

∂2vθ

∂z2
)

=
[
rvr

∂vθ

∂r
+ vθ

∂vθ

∂θ
+ vrvθ + rvz

∂vθ

∂z

]
(10)

In the next subsection, we make a brief description of the combined Spectral/Finite Elements discretization
we use for the Navier-Stokes equations.

4.2 Numerical discretisation

In a cylindrical coordinate system, a point is referenced by its axial (z), radial (r), and azimuthal (θ) co-
ordinates. The periodicity in the azimuthal direction leads naturally to a spectral expansion for each flow
quantity q (q = vz , vr, vθ, p) :

q(z, r, θ, t) =
1
N

N−1∑
k=0

Qk(z, r, t)eIkθ (11)

Qk is a complex number representing the kth Fourier mode. This transformation from physical quantities to
Fourier modes can be achieved by a Fast Fourier Transform algorithm which is more efficient than formula
11.
Each Fourier mode Qk still depends on the axial and radial coordinates. These directions which correponds
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to a meridional plane are discretised using a Finite Elements approach on an unstructured triangular mesh.
Shape functions used for the Finite Elements interpolation are linear polynomials.

Qk(z, r, t) =
∑
j

Qk
j (t)Nj(z, r) (12)

To derive the discrete form of the Navier-Stokes equations, we start by applying a Fourier transform to the
Navier-Stokes equations. For the linear part of the equations, we apply Fourier transform properties, while
for the convective terms, and the non-linear part in general, we compute the global term in physical space
and compute the Fourier Transform directly on the global term to avoid large convolution products which
would not be efficient.

∂rV k
r

∂r
+ IkV k

θ + r
∂V k

z

∂z
= 0 (13)

∂rV k
z

∂t
− ν(

∂

∂r
(r

∂V k
z

∂r
)− k2

r
V k

z + r
∂2V k

z

∂z2
))

+r
∂P k

∂z
= DFT (−rvr

∂vz

∂r
− vθ

∂vz

∂θ
− rvz

∂vz

∂z
) (14)

∂rV k
r

∂t
− ν(r

∂

∂r
(
1
r

∂rV k
r

∂r
)− k2

r
V k

r − 2I
k

r
V k

θ + r
∂2V k

r

∂z2
))

+r
∂P k

∂r
= DFT (−rvr

∂vr

∂r
− vθ

∂vr

∂θ
+ v2

θ − rvz
∂vr

∂z
) (15)

∂rV k
θ

∂t
− ν(r

∂

∂r
(
1
r

∂rV k
θ

∂r
)− k2

r
V k

θ + 2I
k

r
V k

r + r
∂2V k

θ

∂z2
))

+IkP k = DFT (−rvr
∂vθ

∂r
− vθ

∂vθ

∂θ
− vrvθ − rvz

∂vθ

∂z
) (16)

This set of 4 complex relations illustrates that the non-linear terms are responsible of the coupling of each
azimuthal mode. Non-linear terms are sent to the right hand side of the equations since they act as source
terms, sending momentum from one azimuthal mode to the others. At each time step, we need to gather all
the Fourier modes to build the non-linear terms.

The Fourier transformed Navier-Stokes equations are discretised in axial and radial directions using a Petrov/Galerkin
formulation which stabilize the pressure field. In the following relations, we assume summation over the re-
peated indices. ∫

Ω
Nα

∂ui

∂xi
−

∫
Ω

τPSPG
∂Nα

∂xi

[
∂ui

∂t
+ uj

∂ui

∂xj
+

∂

∂xi

(
p

ρ

)]
= 0 (17)

∫
Ω

Nα

[
∂ui

∂t
+ uj

∂ui

∂xj

]
dS +

∫
Ω

∂Nα

∂xj

[
−p

ρ
δij + ν

∂ui

∂xj

]
dS

=
∫

∂Ω
Nα

−pδij + τij

ρ
njdl (18)

The advantage of this combined Spectral/Finite Elements discretization is the decoupling we have inside each
time step between the modes. The system governing each mode corresponds to a two-dimensional problem
and can be solved separately from the others once we have computed the non-linear terms and transformed
them to Fourier space.

4.3 Turbulence modeling

For the present simulation at Reynolds number 14000 a Direct Numerical Simulation is not affordable, even
for the most powerfull computers. For jet flow aeroacoustics, the large structures are the most important
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one. The Large Eddy Simulation technique looks to be appropriate for this goal since this model consists in
resolving the large structures and modeling the presence of the small ones by an appropriate dissipation of
kinetic energy.

Considering the discretisation as a filtering operation denoted by ·, a non-linear term term corresponding to
−uiuj + ui · uj subsist in the so filtered Navier-Stokes equations. This term represent the kinetic energy
removed from the resolved level by the underresolved structures. This dissipation is represented by adding a
turbulent stress tensor (τij)LES to the molecular stresses.

In the present simulation we use the popular static Smagorinski model where the turbulent stress tensor
(τij)LES = −uiuj + ui · uj is expressed in function of the resolved strain tensor and a turbulent eddy
viscosity (νe) (resolved scales are denoted by a ·):

(τij)LES = νe(
∂ui

∂xj
+

∂uj

∂xi
) (19)

where
νe = Cs∆

2
√

2Sij · Sij

Cs is the Smagorinski constant set to 0.01 for the present study
∆ corresponds to some length of the element (for instance, the element hydraulic diameter Dh)
Additional details on mathematical expressions of turbulence models are available in [6]. The model is static
since the Smagorinski constant is set to a value which remains the same during the simulation and over the
whole CFD domain.

Since the value of the eddy viscosity νe varies over elements, we need to treat this term as a non-linear
one, computing it first in physical space and transforming it to the Fourier space at each timestep. Figure 1
illustrates the influence of the Smagorinski constant on the axial second order statistics at Reynolds number
1500. This large sensitivity of the second order statistics which corresponds precisely to the Lighthill’s

Figure 1: Different axial statistics on the axis of a jet at Re=1500. Influence of the Cs constant (DNS results
from [11])

source term has already reproted by Uzun et al. in [10]. Due to the non-linear character of Turbulence, a
correct setup at low Reynolds number where a fully resolved computation could be done is probably not
anymore valid at higher values of the Reynolds number.
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5 Acoustic simulations

Noise is essentially dominated by the vortex pairing process illustrated on the series of pictures at figure 2
around 1.8 diameters downstream the jet exit (left part of the figure). The vortex pairing occurs at the same

t = t0 t = t0 + T

t = t0 + 6T
5t = t0 + T

5

t = t0 + 7T
5t = t0 + 2T

5

t = t0 + 8T
5t = t0 + 3T

5

t = t0 + 4T
5 t = t0 + 9T

5

Figure 2: Vortex pariring sequence at Re=14000

place and at the same frequncey as experimentaly observed by Schram [5]. Looking on figure 2, we see
that a vortex is created at each period T. These vortices are known as Kelvin-Helmoltz instabilities and are
excited trough the inlet velocity profile which is pulsed to the natural frequency of vortex shedding. Once
two axisymmetric vortices are shedded, they pair around 1.8D from the nozzle lips.

The bigger vortex corresponding to the merging of small ones may eventually merge with another big vortex
(the window needs to be extended in time in order to illustrate this second pairing process). Looking to
Lighthill noise source history illustrate that vortex pairing is the most effective source of sound. Since this
pairing process periodically occurs, this justifies the use of a frequency based acoustic solver to resolve the
sound produced by this turbulent jet. The quality of the noise source are currently investigated before being
post-processed by the acoustic solver. Results will be available for the oral presentation of the paper.
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6 Conclusion

For low Mach numbers, non-confined flows, acoustic do not play a significant role on turbulent structures.
This justify the use of separate methods for flow simulation and acoustic propagation. For engineering
problems, the high Reynolds number necessitate the use of a turbulence model, which has a large influence
on the extracted noise sources. At present, noise source given by our cfd solver are still checked before the
acoustic post-process.

In the future, we plan to investigate the influence of turbulence models on the Lighthill source terms. The
interpolation between cfd and acoustic mesh is also analysed in order to enforce the quality of the results.
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Abstract
The flow induced tonal noise of a square cylinder in cross flow and the aeroacoustic broadband noise of a
forward facing step are investigated in an aeroacoustic wind tunnel. Both cylinder and step are varied in
geometry and the effect on the generated sound is studied. In the case of the cylinder the lowest amount of
tonal noise among the subset of geometrical variations presented here is found when a short wedge is added
in front of the cylinder. Concerning the forward facing step already significant noise reductions are obtained
when the edge of the step is slightly rounded.

1 Introduction

Due to the rise of traffic, aeroacoustic noise becomes more and more prevalent in everyday life. There is a
growing demand to analyse the aerodynamic noise already at the design stage. Aeroacoustic wind tunnels
allow for the analysis of fundamental noise generation phenomena besides the opportunity to provide a vali-
dation basis for numerical investigations. At the university of Erlangen-Nuremberg (Germany) experiments
are carried out in an aeroacoustic wind tunnel which is integrated into a semi-anechoic chamber. Two test
cases with different noise characteristics are presented from an experimental point of view. One is the tonal
noise generated by a square cylinder mounted on a flat plate. The other is the broadband noise caused by
the flow over a forward facing step. Both geometries are varied in shape and the influence of the changed
geometry on the generation of aeroacoustic noise is investigated.

2 Wind tunnel facility and equipment

The closed return tunnel with an open test section is integrated into an anechoic chamber. This allows
acoustic measurements to be carried out without the disturbance of major reflections from the surrounding
walls. The chamber itself has an absorption coefficient of 0.9 for a frequency of 300 Hz. The tunnel is
provided with silencers to obtain a low noise level in the test section and to damp out the noise of the fan.
The wind tunnel has a maximum jet velocity of 50 m/s. With a nozzle exit diameter of 0.2 m x 0.26 m as
used in the measurements presented here, a maximum exit velocity of about 30 m/s can be obtained. Due
to several turbulence grids and a honeycomb a low turbulence level of about 0.15 % is achieved. Detailed
information about the wind tunnel layout can be found in [1]. Velocity measurements are carried out with
a single wire anemometer (Dantec Type 55M01) which can be remotely traversed across the test section.
The probe is calibrated with the help of a prandtl tube prior to the measurements. The flow induced noise is
recorded with a B&K 1/2” free field condenser microphone (B&K 4189). Additionally, a piezoelectric wall
pressure transducer (PCB Type 103B01) is used in case of the square cylinder and a pressure transducer based
on a membrane with resistance strain gauges (Kulite Type XCQ-093) is used when the forward facing step
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is being investigated. All signals are recorded simultaneously with a PC using a Labview(TM) environment
and a respective data acquisition card (NI 4472). Furthermore, a microphone array system is used in order
to directly localize acoustic sound sources [2]. The array consists of 64 microphones which are recorded
simultaneously with the help of synchronized A/D-converters (RME ADI 8 Pro). A sample rate of 48 kHz
is used, alternatively a sample rate of 96 kHz can be selected in case only 32 channels are chosen as it is the
case in the measurements presented here. The sampled data is transfered over a single optical cable and fed
into the recording PC. The postprocessing of the recorded data is done in Matlab using algorithms, which
implement a standard delay-and-sum beamformer in the time domain as described in [3].

3 Aeroacoustics of a cylinder in cross-flow

3.1 Measurement setup

A square cylinder with a diameter of D=2 cm and a height H= 12 cm is mounted on a flat plate. The plate
has length of 1 m in streamwise direction and a width of 0.66 m. The center of the cylinder is located 37 cm
downstream of the nozzle exit cross section. Different shapes are used as fore- or aftbodies on the square
cylinder and their influence on the flow field and on the flow induced noise is studied. The velocity field of
the square cylinder is measured via hotwire anemometry in a plane parallel to the plate at a height of z=6 cm.
Microphones are located on either side of the cylinder at a distance of 0.71 m away from the cylinder’s center
in the same plane which is used for velocity measurements. A wall pressure probe is flush-mounted in the
center of one of the cylinder’s side faces as shown in fig. 1.

Plate

Cylinder

Microphone

Nozzle

Flow

Wall pressure probe

Hotwire

Microphone

x

y

z

Figure 1: Measurement setup

Different cylinder geometries are investigated. Various shapes (semi-circles, elliptical cylinders or wedges
of different dimensions) are added upstream or downstream of the cylinder. In this paper only a subset of the
experiments undertaken is presented. Starting from the basic square cylinder geometries with an additional
elliptical forebody (outer dimensions 20 mm x 30 mm), an elliptical aftbody with the same dimensions and
a short wedge (dimensions 20 mm x 10 mm) are put to test (see. fig. 2).

Figure 2: Square cylinder and variations in geometry
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3.2 Flowfield around square cylinder

In order to get an insight into the flow field around the square cylinder hotwire measurements are carried out
for a flow velocity of 10 m/s representing laminar inflow conditions. The boundary layer is measured at a
distance of ten times the cylinder’s diameter upstream of the cylinder’s center. A displacement thickness of
1.24 mm and a momentum thickness of 0.52 mm is observed for a flow velocity of 10 m/s. For investigations
at a flow speed of 30 m/s an additional tripping tape is placed near the upstream end of the plate in order
to create a turbulent boundary layer. In this setup a displacement thickness of 0.61 mm and a momentum
thickness of 0.49 mm is obtained for a flow velocity of 30 m/s. A Reynolds number of Re=13300 based on
cylinder diameter can be calculated for a flow velocity of 10 m/s. Figure 3 displays the distribution of the
mean velocity and the distribution of the standard deviation around the mean velocity. The flow separation
at the leading edge of the cylinder is clearly visible. The stagnation point in the center of the cylinder’s front
can also be identified. The maximum of the standard deviation is located at a distance of 2D downstream
and 0.5 D over the cylinder’s side face.
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Figure 3: Velocity distribution around square cylinder

For this special grid point a frequency analysis is carried out (see fig. 4). A major frequency of 52 Hz is
observed which corresponds to the vortex shedding frequency and results in a Strouhal number of 0.104
based on cylinder diameter.
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Having identified the dominant frequency range present in the investigated flow the Fourier analysis is re-
peated for each grid point and the total velocity amplitude for frequencies in the range of 48 Hz to 56 Hz is
calculated. The result in fig. 5 shows the spatial distribution of velocity components in that frequency range.
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Figure 5: Spatial distribution of velocity fluctuations in the range of 48 Hz - 56 Hz

3.3 Acoustic field of a square cylinder in cross flow

The flow induced noise spectra of the square cylinder in cross flow is simultaneously recorded with two
microphones placed opposed to each other as shown in fig. 1. In order to identify the active frequency range
of the cylinder the cylinder is removed from the test section and the noise generated by the wind tunnel and
the flat plate alone is measured. In a 1/3 octave band with a center frequency of 50 Hz a SPL of 43.9 dB
at a distance of 0.71 m is obtained for a flow velocity of 10 m/s. Furthermore, in a 1/3 octave band with a
center frequency of 160 Hz a SPL of 65.9 dB is obtained for a flow velocity of 30 m/s and turbulent inflow
conditions. To increase the difference between the acoustic signal of the noise coming from the cylinder and
the noise coming from the plate, the cross spectrum between the two recording microphones is calculated.
As shown in fig. 6 the difference between the two different setups in the test section is larger than 20 dB at
the respective shedding frequency when using the cross spectrum.

3.4 Wall pressure of a square cylinder in cross flow

The same shedding frequency is found in the frequency spectra of the instationary pressure probe, which is
mounted into one of the cylinder’s side walls as shown in fig. 7, for both flow velocities 10 m/s and 30 m/s.

As the signals from the wall pressure probe and microphones are recorded simultaneously, the coherence
between wall pressure and acoustic sound pressure can be calculated. Figure 7 shows a very high coherence
between these two physical properties at the corresponding vortex shedding frequency. By this measurement,
one cannot conclude, that the acoustic sound pressure is created at the side wall of the cylinder, only that
there is a stable relation between the phases of the wall pressure and the acoustic pressure.
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Figure 6: Flow induced sound of square cylinder in cross flow
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Figure 7: Wall pressure on side face of square cylinder(left) and coherence between wall pressure on side
face and radiated sound (right)

3.5 Influence of changes in geometry on flow induced sound

3.5.1 Square cylinder with added elliptical aftbody

If an elliptical shape is added to the square cylinder in downstream direction, which corresponds to a drag
reduction, a significant increase of the radiated sound is observed (see fig. 8). Furthermore the vortex
shedding frequency is reduced to a value of 36 Hz for a flow velocity of 10 m/s. The increase in amplitude
at the shedding frequency compared to the unmodified test case is found as well in velocity measurements
carried out with the hotwire probe. Again the flow separates at the leading edge of the cylinder’s main body.
The added elliptical body seems to lead to fluctuating separation lines on the curved surface which have a
high lateral correlation and thereby ease the shedding of vortices.

3.5.2 Square cylinder with added elliptical forebody

In this setup the elliptical aftbody is removed and only an elliptical forebody is mounted on the cylinder.
Thereby the drag coefficient is reduced even more compared to the above case. No separation occurs and
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the flow stays attached to the surface until the trailing edge of the cylinder is reached and the boundary layer
leaves the surface. For the laminar test case only a minor contribution of the cylinder can be noticed in the
acoustic spectra. However as can be seen in fig. 8 in case of turbulent inflow conditions at a flow velocity of
30 m/s the contribution of the cylinder becomes clearly visible at a frequency of 430 Hz.
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Figure 8: Flow induced sound of square cylinder with added elliptical aftbody (left) and with added elliptical
forebody (right)

3.5.3 Square cylinder with added wedge in front

This geometry leads to a vortex shedding frequency of 60 Hz in the laminar case at a flow speed of 10
m/s and shows for both velocities investigated only minor contributions of sound generated by the square
cylinder to the total sound pressure level in the test section (see fig. 9). The maximum amplitude of the flow
velocity at the shedding frequency is smaller than the amplitudes observed for both square cylinder alone
and square cylinder with elliptical aftbody. The flow separates at the transition between the wedge and the
square cylinder. The sharp leading edge of the wedge in front of the cylinder seems to inhibit fluctuations
of the stagnation point and thereby seems to reduce the formation of vortices. Additionally, it seems to be
advantageous to maintain fixed separation lines.
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Figure 9: Flow induced sound of square cylinder with added wedge in front
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4 Aeroacoustic measurements of a forward facing step

4.1 Measurement setup

The investigations concerning the aeroacoustic characteristics of a forward facing step are carried out in the
aeroacoustic wind tunnel described in chapter 2. A flat plate (dimensions 1 m in streamwise direction and
a width of 0.66 m) with an attached step on top is flush-mounted to the nozzle of the wind tunnel (see fig. 10).

As can be seen in figure 11 steps with different curvatures are investigated. In one case a step with a sharp
edge is used, in other cases the edge is rounded with a radius R being equal to the height H of the step or half
the step height. During all experiments the step height is 12 mm. The forward facing step is located 36 cm
downstream of the nozzle.

Figure 10: Measurement setup of the forward facing step in the aeroacoustic wind tunnel

H H
R=H/2

H
R=H

Figure 11: Geometry variations of forward facing step

4.2 Acoustic field

The radiated noise spectrum of the forward facing step is shown in figure 12. For each velocity two measure-
ments are made. One with only a flat plate and no step attached (red line). The other one is recorded with
the step being present (blue line). Thereby the contribution of the step to the total radiated noise becomes
visible. Due to the background noise coming from the wind tunnel, only contributions above a frequency of
about 1 kHz can be discerned. The microphone which recorded the signals is located in a distance of 1 m
away from the step under an angle of 90 degrees. The recorded sound pressure levels are proportional to the
wind speed and the frequency range of the noise generated by the step is shifted towards higher frequencies
for larger velocities.

Investigations of the steps with rounded edges using only a single microphone lead to no further insights
because the background noise level of the tunnel is too high compared to the noise level of the rounded
steps. Therefore no difference is visible in the frequency spectrum whether only a flat plate is examined or
one with a step on top. Using correlation analysis, a spatial separation of the various noise sources can be
accomplished. For this purpose a microphone array consisting of 32 microphones is used. The microphones
are evenly distributed on a circle with a diameter of 0.9 m at a distance of 2 m (see figure 13).
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Figure 12: Noise generation of sharp-edged step

Figure 13: Microphone array in front of forward facing step

The signals are recorded simultaneously with a sample rate of 96 kHz. Afterwards a beamforming approach
in the time domain is used including the deletion of the diagonal elements of the microphone cross correlation
matrix. The signals are evaluated in a frequency range of 2 kHz-10 kHz which represents the range that shows
major noise contributions of the step. Up to now no special algorithms are implemented to take care of the
propagation and interaction of the sound field with the velocity field of the wind tunnel. I.e. transport of the
sound waves with the velocity field and refraction of the sound waves at the boundary of the free jet is not
yet accounted for. The so called amiet-correction is not implemented.

In figure 14 the sharp edged step is clearly visible. As mentioned above, no amiet-correction is used. There-
fore one cannot absolutely pinpoint the exact location of the generated noise and answer the question whether
the noise is created in front of the step or downstream of it.

The steps with rounded edges generate less noise as can be seen in figure 15. There is only a little amount
of noise generated and additional noise sources of the wind tunnel itself become visible. The noise coming
from the nozzle on the left side and a detached eddy on the right side at the end of the flat plate can be
discerned. Peak levels are reduced by over 10 dB for the rounded edge with R=H/2. Additional increase of
the curvature radius of the step (R=H) leads to a further reduction of the peak levels by 2 dB in the region of
the step.
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Figure 14: Noise source distribution for sharp edged step

Figure 15: Noise source distribution for rounded forward facing steps (R=H/2) (left) and (R=H) (right)

4.3 Fluidmechanical Investigations

Measurements of the flow field around the forward facing step are performed in the mid-plane of the step as
depicted in fig. 16. The fluid is accelerated when passing over the step.

The distribution of the standard deviation of the flow velocity is shown in fig. 17. The flow separation at
the edge of the step is clearly visible and a region of high fluctuations in front of the step can be discerned
as well. Although the magnitude of the fluctuations downstream of the step is larger than in the region in
front of the step, it is assumed that the region in front plays an important role in the creation of flow induced
sound. Results shown in section 4.4 indicate that only the wall pressures in front of the step correlate to the
radiated sound. Our assumption is that the vortex system in front has a higher lateral coherence than the
fluctuations downstream of the step which is supposed to lead to better synchronized velocity fluctuations.

In order to get a qualitative view of the velocity field as well, visualization experiments are carried out.
Thereby smoke is inserted into the test section upstream of the step and a plane perpendicular to the plate
and parallel to the main flow direction is illuminated via laser light sheet technique. The illuminated sections
are recorded with a digital camera.

In fig. 18 one can observe the basic flow pattern of a forward facing step. In front of the step again a vortex is
visible, while at the sharp-edged step the flow separates. Some distance downstream the step, the boundary
layer reattaches and the velocity fluctuations decrease.
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of the step investigation of the flow field around forward facing step (left) and distribution of mean velocity
(right)

The vortex in front of the step becomes smaller, when forward facing steps with edges of different curvature
are used (see fig. 19).

Figure 18: Flow visualization for a sharp edged forward facing step

In order to investigate the dynamic behaviour of the fluid pressure several instationary pressure probes are
flush mounted into the step at different positions along the centerline of the step (see figure 20).

The corresponding frequency spectra are shown in fig. 21. Most of the fluctuating energy is concentrated
below frequencies of 1 kHz for a flow velocity of 30 m/s.

The correlation between the instationary pressure probes is of key interest. The coherence spectra of neigh-
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Figure 19: Flow visualization for a forward facing step with rounded edge (R=H/2) (left) and (R=H) (right)
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Figure 20: Measurement positions for recording the instationary pressure on the sharp edged step (distances
in mm)

bouring probes (e.g. probe 3 and 4) showed high levels of coherence (see fig. 21). Likewise a good coherence
is found between probes located downstream of the step. However no coherence at all is found when corre-
lating probes in the region in front of the step to probes downstream of the step. These two regions share no
significant coherence to each other.
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Figure 21: Frequency spectra of fluid-dynamic pressure for different positions on the sharp edged step (= 6
Hz) (left) and coherence between instationary pressure probes no. 3 and no. 4 (right)

4.4 Aeroacoustic investigations

In order to indirectly locate the noise sources created by the flow over the forward facing step correlation
measurements between an instationary wall pressure probe and a microphone located in the farfield are
carried out. The microphone is positioned under an angle of 90◦ relative to the step. Only for positions in
front of the step, it is to possible to obtain a small amount of coherence between these two signals (see fig.
22). In contrast, no coherence is found between any instationary pressure probe located downstream of the
step to the far-field microphone (see fig. 22).
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Figure 22: Coherence between far-field pressure to wall pressure in front of the step (probe no. 1) (left) and
downstream of the step (probe no. 4) (right)
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Figure 23: Assumed vortex structures on a sharp edged forward facing step (left) and general fluid regions
on a forward facing step (right)

5 Conclusions

As shown in the experiments concerning the flow induced sound of a square cylinder, the frequency and
the magnitude of the generated tonal noise can be easily influenced by minor changes in geometry. From
the results obtained one can conclude that it is advantageous to inhibit fluctuations of the stagnation point
as in the case of a square cylinder with an added short wedge in front. The drag reduction of aerodynamic
geometries like a square cylinder with an added elliptical forebody does not necessarily have to generate less
tonal noise. Special care has to be taken when adding geometries (especially in case rounded geometries are
used) in the downstream region of the cylinder. Due to the supposedly easier vortex shedding and detachment
of the boundary layer the magnitude of the tonal noise can be significantly increased.

Based on the correlation measurements between the instationary pressure probes and the far-field microphone
carried out on the forward facing step, one can conclude, that the region in front of the step is responsible
for the major part of the broadband noise created. Our assumption is that in the region in front of the step a
vortex system is present which has a good correlation in lateral direction (i.e. throughout all regions along
the base of the step) and thereby leads to synchronized velocity fluctuations. In contrast to this the flow
separation at the edge of the step leads to random velocity fluctuations which are not synchronized to each
other (see fig. 23). The importance of the region in front of the step is emphasized by the measurements
of the rounded steps. Not only is the region downstream of the step influenced by the rounded steps, but
from our point of view of more importance is the fact the the vortex region at the base of the step is reduced.
According to our assumption the decrease in size of the vortex at the base is the main cause for the overall
reduction of noise in the case of the steps with rounded edges.
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Abstract
We propose a hybrid approach for the computation of flow induced sound by applying a Large Eddy Sim-
ulation (LES) to the flow field and solving the inhomogeneous wave equation according to Lighthill within
a postprocessing step. The inhomogeneous part of the wave equation is already calculated during the flow
computation on the fine fluid grid and the so called acoustic nodal loads are saved for each time step. In a
postprocessing step, we transform these acoustic nodal loads to the frequency domain, perform an interpola-
tion to the acoustic grid and compute for each frequency of interest the sound pressure field by applying the
Finite-Element-Method (FEM).

1 Introduction

A large amount of the total noise in our daily life is generated by turbulent flows (e.g. airplanes, cars, air
conditioning systems, etc.). The physics behind the generation process is quite complicated and still not fully
understood. The use of numerical simulation tools is one important way to analyze the generation of flow
induced sound.
In this paper we propose a finite element (FE) formulation of Lighthill’s analogy for the computation of
flow induced noise. The flow is computed by a finite volume method (FVM) using a large eddy simulation
(LES), and the inhomogeneous wave equation according to Lighthill’s analogy is solved by applying a finite
element method (FEM). Our formulation allows for the flow as well as for the acoustic computation an
independent and, for each physical field, optimal discretization. The right hand side of the FE-formulation is
already computed on the much finer flow grid and the so obtained acoustic nodal loads are interpolated to the
coarser acoustic grid. These acoustic nodal loads, which are represented by a scalar value for each FE-node
on the acoustic grid, are stored for each time step in the data-base of the CFD-solver. In a postprocessing-
step the time history of these acoustic nodal loads are investigated. Since in most flow computations the
lack of correct initial conditions generates a lot of numerical noise for the first time steps, we perform the
calculation of the frequency spectra of the acoustic nodal loads after this initial phase. Once we have the
frequency spectra of our source terms, we can compute for each frequency of interest the according acoustic
pressure field.

2 Computational Approach

We will consider a computational domain as displayed in Fig. 1. Therein,Ω1 denotes the computational
domain, where we have to solve for the flow field and the generation of sound, andΩ2 the domain where
the flow is zero, and where we are interested in the radiated sound. The surfaceΓS defines the interaction
between structural mechanics and flow andΓI the boundary of the total computational domain.

The aeroacoustic approach presented in this paper is based on the solution of the weak formulation of
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Figure 1: General setup of aeroacoustics

Lighthill’s acoustic analogy. In this type of approach acoustic sources are computed from the turbulent
velocity field and these sources are then used as the load for the inhomogeneous wave equation derived
by Lighthill. This inhomogeneous wave equation is solved using the Finite Element Method to obtain the
acoustic pressure field. For the accurate evaluation of the acoustic source term we have developed a FE
library, which is directly linked to the flow solver. Therewith, we calculate the right hand sidef

n+1
of our

FE-formulation on the fine fluid grid ( see Sec. 3) and save the so obtained data for each time step. Within a
postprocessing step, we first transform the acoustic nodal loads to the frequency domain. The interpolation
of the acoustic sources from the fluid to the acoustic computation is performed in a conservative way using
the coupling interface MpCCI [9].

Numerical aeroacoustic investigations are performed for the flow around a square cylinder mounted on a
wall. In a coupled computation, the velocity field from the three-dimensional fluid simulation is used to
evaluate the acoustic sources for the inhomogeneous wave equation. The hybrid domain for the coupled
simulation is depicted in Fig. 2.Ω1 denotes the area where the flow field is computed and where the acoustic
sources are interpolated from the fluid grid to the acoustic grid. The acoustic region consists ofΩ1

⋃
Ω2,

where the acoustic field is computed.

Figure 2: Left: Schematic representation of the hybrid domain as used for the coupled computation.Ω1

represents the region where the flow field is solved, andΩ1
⋃

Ω2 the domain where the acoustic field is
computed. Right: Numerical fluid domain (not to scale).
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3 Finite Element Formulation of Lighthill’s Analogy

We will perform a volume discretization of Lighthill’s equation [2] by applying the finite element method
(FEM). Therewith, any solid/elastic body will be implicitly taken into account, and there is no need to use the
extended form of Lighthill’s equation as given by [3]. The inhomogeneous wave equation reads as follows

∂2ρ′

∂t2
− c2

0

∂2ρ′

∂x2
i

=
∂2Lij

∂xi∂xj
(1)

with ρ′ the density fluctuation andLij the components of the Lighthill tensor[L] (see [2]). In a first step, we
multiply (1) by an appropriate test functionw and integrate over the whole domainΩ∫

Ω

w

(
∂2ρ′

∂t2
− c2

0

∂2ρ′

∂x2
i

− ∂2Lij

∂xi∂xj

)
dΩ = 0 . (2)

Now, we apply Green’s integral theorem to the second spatial derivative ofρ′ as well asLij . This operation
will result in the following relations∫

Ω
c2
0 w

∂2ρ′

∂x2
i

dΩ =
∫
ΓS∪ΓI

w
∂ρ′

∂n
dΓ−

∫
Ω

c2
0

∂w

∂xi

∂ρ′

∂xi
dΩ (3)

∫
Ω

w
∂2Lij

∂xi∂xj
dΩ =

∫
ΓS

w
∂Lij

∂xj
ni dΓ−

∫
Ω

∂w

∂xi

∂Lij

∂xj
dΩ . (4)

We want to emphasize, that the boundary integral (4) is just over the surfaceΓS of any solid/elastic body,
whereas in (3) we have to integrate overΓS as well as overΓI, which limits the computational domain. By
using the momentum conservation law, we can express the surface integral in (4) by∫

ΓS

w
∂Lij

∂xj
ni dΓ = −

∫
ΓS

c2
0 w

∂ρ′

∂n
dΓ . (5)

Therewith, we can combine the two surface integrals to a single one just performed over the outer boundary
ΓI, on which mainly absorbing boundary conditions of first order according to [4] are applied. Therewith,
we utilize the relation

c0
∂ρ′

∂n
=

∂ρ′

∂t
(6)

and arrive at the weak form of (1): Findρ′ ∈ H1 such that∫
Ω

w
∂2ρ′

∂t2
dΩ +

∫
Ω

c2
0

∂w

∂xi

∂ρ′

∂xi
dΩ −

∫
ΓI

c2
0 w

∂ρ′

∂n
dΓ = −

∫
Ω

∂w

∂xi

∂Lij

∂xj
dΩ (7)

for anyw ∈ H1. With H1 we denote the Sobolev space defined as (see e.g. [6])

H1 = {u ∈ L2|∂u/∂xi ∈ L2} (8)

and L2 the space of square integrable functions. Using standard nodal finite elements, we arrive at the
following semi-discrete Galerkin formulation [5]

Mρ̈′
n+1

+ Cρ̇′
n+1

+ Kρ′
n+1

= f
n+1

(9)

with ρ̈′ = ∂2ρ∼/∂t2, ρ̇′ = ∂ρ∼/∂t, ρ′ the nodal unknowns of the acoustic density andn the time step
counter. For the acoustic computation in the time domain, the time discretization is performed by applying
an implicit Newmark algorithm [5]. The right hand side of our finite element formulation (f

n+1
in (9)) is

already computed on the much finer flow grid and the so obtained acoustic nodal loads are interpolated to
the coarser acoustic grid.
For the frequency analysis, we apply a Fourier-transformation to (9) and obtain the following complex alge-
braic system of equations

(M + C + K) ρ̂
n+1

= f̂
n+1

. (10)
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4 Perfectly Matched Layer for Acoustics

One of the great challenges for each volume discretization scheme is the precise modeling of free radiation
problems. The crucial point for these computations is, that the numerical scheme avoids any reflections at the
boundaries even for the case, where the computational domain is limited within the acoustic near field. To
achieve this requirement, we have developed an enhanced PML (Perfectly Matched Layer) method, which
allows computational domains being a fraction of the acoustic wavelength.
We start at the mass as well as momentum conservation equations for linear acoustics, which read as follows
[5]

∂p′

∂t
= −ρ0c

2∇v′ (11)

∂v′

∂t
= − 1

ρ0
∇p′ . (12)

In (11) and (12)v′ denotes the particle velocity,ρ0 the mean density of the fluid andc the speed of sound.
According to [7] we apply a splitting of the acoustic pressurep′ into p′x, p′y andp′z. Therewith, the mass as
well as momentum conservation equation for linear acoustics change to

∂p′x
∂t

+ σxp′x = −ρ0c
2 ∂v′x

∂x

∂v′x
∂t

+ σxv′x = − 1
ρ0

∂p′

∂x
(13)

∂p′y
∂t

+ σyp
′
y = −ρ0c

2 ∂v′y
∂y

∂v′y
∂t

+ σyv
′
y = − 1

ρ0

∂p′

∂y
(14)

∂p′z
∂t

+ σzp
′
z = −ρ0c

2 ∂v′z
∂z

∂v′z
∂t

+ σzv
′
z = − 1

ρ0

∂p′

∂z
(15)

In the above equationsσx, σy andσz are damping functions, which are zero within the acoustic propagation
domain and which are different from zero within the PML-layer enclosing the acoustic propagation domain.
We will investigate damping functions, which are constant all over the PML-layer, which increase quadrati-
cally as well as inverse with the distance.
Applying a Fourier-transformation to (13) - (15), we arrive at the following Helmholtz equation

γ(x2)γ(x3)
∂

∂x1

(
1

γ(x1)
∂p̂

∂x1

)
(16)

+γ(x1)γ(x3)
∂

∂x2

(
1

γ(x2)
∂p̂

∂x2

)
(17)

+γ(x1)γ(x2)
∂

∂x3

(
1

γ(x3)
∂p̂

∂x3

)
= γ(x1)γ(x2)γ(x3) k2 p̂ . (18)

with k the acoustic wave number.
In order to evaluate the PML-method, we perform a computation of a 2D example, as displayed in Fig. 3.
This example, where we apply an acoustic load at the center, has an analytic solution according to the Hankel
function. Table 1 contains the total L2-error as well as the relative error at the corner of the propagation
region. In Fig. 4 we display the relative error as a contour plot. It has to be noticed, that the Hankel function

PML const. PML quadDist PML inverseDist
L2-error 0.001613 0.001351 0.001193
rel. Error (λ/5, λ/5) 0.22% 0.135% 0.11%

Table 1: Error evaluation for different damping functionsσ

has a singularity at(0, 0) and therefore the comparison between analytical and numerical solution is not
correct near this point.
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Figure 3: Setup of computational domain Figure 4: Contour plot of the relative error

5 NUMERICAL INVESTIGATION

In this section, we present our numerical results for the acoustic sound generated by a flow around a square
cylinder as described in Sec. 2.

5.1 Fluid Computation

Fluid computations were carried out with the in-house CFD codeFASTEST-3D [8], developed at LSTM
and with the commercial CFD codeANSYS-CFX. The numerical domain is described in Fig. 2, where
H = 2 cm. The Reynolds numberRe for an inflow velocityux = 10 m/s is about 13000. LES (Large Eddy
Simulation) using a Smagorinsky model was applied to simulate the transient flow field inFASTEST-3D
with complete resolution of the boundary layer resulting in a total number of 3.000.000 cells. Simulations
were performed on a SGI-ALTIX system using 16 processors. Figure 5 shows the transient flow field behind
the wall mounted cylinder, the coherent structures are shown as iso-surface, for the values ofλ = −1000,
whereλ is the eigenvalue of the symmetric tensorS2 +Ω2, S andΩ being the symmetric and antisymmetric
parts of∇~u.

Figure 5: Transient Flow Field

Within theANSYS-CFXcomputation the SAS (Scale Adaptive Simulation) approach has been applied to a
coarser grid than that used in the LES computation ( about 1.000.000 cells).

In order to perform an acoustic computation in frequency domain, first of all we store the interpolated (coarse)
acoustic nodal sources in the time domain. From the resulting dataset a FFT is performed producing the cor-
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responding acoustic nodal sources in frequency domain. This latter set of nodal files is used then as input
for the harmonic computation. The two main advantages for computing in frequency domain is that first, we
only compute the acoustic field for relevant frequency components, avoiding high frequency transient numer-
ical noise, and second we can use the PML (Perfectly Matched Layer) method which allows smaller acoustic
domains producing almost no spurious reflections. This aspect significantly reduces the computational time.

Figure 6 a) presents the configuration of the simulation domain showing the monitoring points and 6 b) the
isosurfaces of the acoustic pressure forf = 58 Hz, which was the main frequency component found in
the simulation. The outermost isosurface corresponds to 44 dB. The color represents the phase. This result
shows the typical dipole characteristic with opposite phases expected for this tonal noise problem.

(a) Schematic drawing of the acoustic domain used for the har-
monic computation showing points used for directivity analy-
sis. Distance scale in m.

(b) Isosurface of acoustic pressure at frequencyf = 58 Hz
normalized with phase and clipped through YZ-plane. Outer
isosurface corresponds top′ = 3 mPa. PML is shown dotted.

Figure 6: Acoustic field results obtained from the harmonic analysis

Further directivity analysis has been done on the principal planes at several radii from the square cylinder.
Fig. 6 a) depicts the position of the monitoring points at radiusr = 1.0 m. Directivity plots from these planes
at two different distances are shown in Figure 7. The directivity patterns at the bottom XZ-plane as well as
those on the crossflow YZ-plane show the dipole characteristic of the problem. From the crossflow plots it
can be observed that the higher amplitudes (48 dB atr = 0.75 m) are located at the opposite points near the
bottom plane and the lower one right above the cylinder (11 dB). On the other hand, the directivity plot on the
stream-wise plane presents much lower sound pressure levels in comparison to the other two plots. For the
bottom XZ-plane plot atr = 0.75 m a strong influence of the turbulent field is observed in the downstream
direction, where the acoustic field is not yet homogeneous.
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Figure 7: Directivity patterns at radiir = 1.0 m andr = 0.75 m on the three principal planes. Left: XZ-plane
(bottom plane). Right: YZ and XY planes (crossflow and streamwise planes)

6 Conclusion

We have presented a hybrid approach for the computation of flow induced sound. Therewith, we can compute
the resulting acoustic pressure field in the frequency domain within a postprocessing step. The numerical
case study of the sound generated by a flow around a square cylinder demonstrated the applicability of our
calculation scheme.
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Abstract 
 

This paper deals with the description of the activities in which the wind turbine industry is taking part to 

reduce the noise emission of future wind turbines. The noise produced by wind turbines could risk the 

development of this technology in populated areas and it has become one of the most important 

environmental impacts of wind energy. The numerical study of the wind turbine behaviour is one of the 

most challenging problems a designer could face. The turbulent nature of the incoming flow with sudden 

changes of direction and velocity, the presence of the terrestrial boundary layer, the wind turbine elastic 

deformation and the moving geometry makes the problem difficult to solve. In this context the only 

reasonable alternative for industry is to find semi-empirical methods that could be applied to reduce noise 

with the time constraints imposed by the wind energy market. The beginning of this paper introduces the 

most relevant noise sources in the wind turbine and their theoretical treatment, then the description of the 

strategies that are used to reduce noise levels are discussed, and finally the current research projects where 

the industry is participating with the objective of noise reduction are presented. 

 

1 Introduction 
 

The increment of the dependence on fossil fuels has become a problem of paramount importance in the 

European economy. The fact that these resources are imported from third countries implies a clear risk of 

energy shortage that would have dramatic consequences. To reduce the dependence on fossil fuels the 

alternatives are nuclear power and renewable sources. Among this last category the most promising one is 

the wind energy because its performance is comparable with the classical sources in terms of cost of 

energy. Unfortunately the use of wind turbines produces environmental problems like the acoustic and the 

visual contamination, the deforestation of regions of natural interest and the use of energy to build the 

wind turbine. 

Nevertheless the main advantage of wind power, from an aesthetic point of view, is that the price to 

recover the initial landscape is very low if compared with the price of dismounting other power plants and, 

therefore, the cost of replacing the wind turbines could be affordable if a better source of energy is found 

in the future (nuclear fusion, etc). 

The definition of acoustic and visual contamination depends on the person who is observing the wind 

turbine. The effect of noise is subjective and, therefore, the response of different persons to the same input 

could be completely different. Visual contamination is also another subjective characteristic and therefore 

it is difficult to measure. This subjective nature is the reason why some authors [1] recommend that the 

wind turbine should continue spinning at low winds speeds to be perceived as useful for the community.   

Another disturbing effect of wind turbines is the electromagnetic interference caused by the huge metal 

structure of the tower and the nacelle. The lighting protection that is included in the inner part of the 

blades also affects the electromagnetic waves. The distance that is influenced by the wind turbine depends 

on the relative position between the wind turbine and the line defined by sender and receiver. If the turbine 
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is located in the connecting line the rotating blades move inside the waves disturbing the signal. The big 

metal structure (tower, nacelle,) reflects the signal toward the receiver causing secondary images. 

Other environmental factors such as safety, shadow flicker and bird impacts are also important aspects to 

be considered while analyzing the impact of wind turbines. The number of bird fatalities could be reduced 

dramatically if the biological characteristics of birds are introduced in the viability study of the wind farm. 

For instance; the vultures have difficulties during take-off and very often tend to fly along a common path 

to gain altitude in ascendant currents. It is obvious that if a wind turbine is located in this path the number 

of vulture impacts could be unacceptable.  

Apart from the previous environmental reasons the major drawback for the wind energy expansion is its 

dependence on wind. This means that the production of a wind farm can not been guaranteed what could 

originate problems in the electricity network. This problem has to be solved to increase the percentage of 

energy that is generated from the wind. 

On the other hand, wind energy offers big benefits for the community that make it very attractive 

compared with conventional energy sources. The main advantages are 

• The wind energy does not produce any gas that increases the greenhouse effect. Each kWh 

produced by wind energy saves about 1 kg of carbon dioxide. According to [2] this means that 

replacing 1% of the European fossil burning electrical generating capacity by wind energy would 

avoid around 15 million tons of carbon dioxide emission. A similar behavior is found for other air 

pollutants. 

• The energy harvest factor of wind energy is in the range from 38 to 84 for a 450 kW turbine [3]; 

Garrad [2] gives a value of 20 and other authors values of 10 to 30. This value is smaller than the 

factor obtained for coal plants and nuclear plants which are of the order of 70 and 110 respectively 

but with the advantage of not using any fuel during operation. The energy harvest factor is defined 

as the ratio of the energy produced during the lifetime of the power plant to the energy used for 

production, transport, maintenance, recycling, etc. Other renewable energy sources such as solar 

photovoltaic present smaller values and can not compete with wind energy. 

• Wind is a clean source of energy that does not produce any type of waste. No damage to public 

health is expected and the air is not polluted. Accordingly, no additional costs to solve for these 

problems have to be included during the operation 

• The wind is available across Europe what reduces the dependence on third countries. No military 

protection of fuel supplies is needed. The risk of environmental problems due to oil spillage is not 

present with wind energy. 

• Wind energy creates jobs for manufacturing (4 jobs/MW) and for maintenance (1 job/MW). These 

maintenance jobs are created mostly in rural areas what contribute to decrease the migratory flows 

to big cities. In this sense wind energy is a good ally to stabilize the population in the areas where 

it is installed. 

• The price of dismounting wind turbines to recover the initial landscape is much smaller than in 

other energy sources. 

• Wind energy could be combined with hydrogen generation to provide fuel for conventional 

engines or fuel cells to power car, buses, etc without pollution problems. However, some 

problems related to hydrogen storage and handling have to be solved. 

 

Therefore, the main inconvenience for wind turbine development in Europe is the noise emitted by the 

wind turbines what explains the interest of the industry on increasing the knowledge about the noise 

generation and transmission of the sound. This interest has been focused in international collaboration 

between industrial companies and institutions to provide a friendlier product to the market.  
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2 Wind turbine noise 
 

A wind turbine in operation always generates noise that could affect in a negative way the people who live 

in the vicinity. There are many examples of disturbance originated by noise emitted by wind turbines. 

These undesirable effects depend strongly on the following factors: 

• The distance between the wind turbine and the populated area. 

• The background noise at the wind turbine location 

• The location of the observer relative to the wind turbine with regard to the wind directions 

• Natural barriers such as hills or trees or artificial ones such as buildings 

• Design of the different components of the wind turbine 

• Operating conditions of the wind turbine 

• Maintenance of the wind turbine 

• Characteristics of the noise source; i.e. tonality, impulsive character, etc. 

In general, the effects of noise on people can be classified into three general groups: 

• Subjective effects including annoyance, nuisance, dissatisfaction  

• Interference with activities such as speech, sleep and learning 

• Physiological effects such as anxiety, hearing loss, etc. 

 

The noise sources of a wind turbine can be grouped in two main classes, aerodynamic and mechanical 

noise. Another type of aerodynamic noise, but usually considered as a mechanical, is the one generated by 

the auxiliary equipment that provide airflow to cool the internal components installed in the nacelle. 

 

2.1 Mechanical noise 
 

The mechanical noise is originated from different machinery components, such as the generator, pitch and 

yaw actuators, hydraulic systems and the gearbox. The relative movement of the different components and 

the dynamic coupling between them originate noise with a tonal character. This characteristic, the tonality 

of mechanical noise, could lead to penalties up to 5 dB depending on local regulations. This narrowband 

noise is much more disturbing for the human being than the broadband one and, therefore, the law 

enforces wind industry to eliminate it. 

The effect of such penalty on the wind turbine is enormous because the distance to the nearest building has 

to be increased even though the total sound pressure level has suffered a minor increment. In some 

countries this type of noise is unacceptable and wind turbines that present this characteristic are not 

considered to be “state of the art” and the government could refuse its installation. 

The transmission path for mechanical noise could be airborne or structural borne. The first one is directly 

emitted from the mechanical component to the ambient and the second one is first of all transmitted along 

the structure of the turbine and radiated to the ambient from different surfaces, for example, the casing, the 

nacelle cover, the tower and the rotor blades. In figure 1 different sources of noise and their transmission 

path are presented; a/b means airborne and s/b means structural borne.  

The spectrum of machinery noise shows a number of prominent tones that includes rotating frequency 

harmonics of the different components. Random errors in the manufacturing process create additional 

broadband content. This type of noise could be efficiently reduced by an appropriate design of the acoustic 

behavior of nacelle walls and the inclusion of isolating materials. The closing of the holes in the nacelle 

decreases the noise transmitted by air. 
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Figure 1. Components and total SPL of a wind turbine. Wagner et al. [4] 

 

Some other effects like the flexibility of nacelle elements (cover for instance) generates a coupling 

between the internal acoustic field and the structure. This coupling could change the radiation 

characteristics of the nacelle and has to be included in the early phases of the design of the wind turbine to 

minimize the sound radiated to the surroundings. Examples of this technique can be found in the 

automotive industry where it is widely applied to determine the acoustic field in the interior of vehicles.  

The noise generated by elements such as fan, inlets, outlets and ducts usually are included in the group of 

mechanical noise but the main mechanism of generating noise is of aerodynamic nature. The fan, which 

extracts air from the nacelle, generates noise because of the interaction between fixed and moving parts. 

The spectrum of this noise shows a broadband component due to turbulence and other random 

mechanisms and pure tones that are harmonics of the rotating frequency and of the rotor-stator passing 

frequency. 

Other sources of noise are the inlets and outlets which are openings that communicate the nacelle noisy 

environment with the ambient and become a mean of transmission for internal sound to an external 

receptor. Additionally in the outlets the mixing layer between inner and outer flows originate a noise that 

depends strongly on the difference of velocity between the jet that appears at the exit section and the local 

wind velocity and on the relative angle between both flows. As a rule of thumb this noise could be 

minimized if the exit velocity is parallel to the external velocity and has the same value as the surrounding 

air. In this condition the length and thickness of the mixing layer reach a minimum, and therefore the noise 

generation is the smallest. On the other hand it is preferable that the exit velocity would be smaller than 

the wind velocity to improve the system effectiveness because of the ejector effect. On the contrary, if the 

exit velocity is higher than the external one, part of the energy consumed in the fan is wasted accelerating 

the outer flow with the consequence of a performance reduction.  
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Figure 2. Sketch of plane shear layer 

 

This problem is a classical one in CFD and has been widely used by numerous investigators to tune their 

numerical procedures. In particular Figure 2 shows a schematic representation of the computational 

domain used in [5] to validate the behavior of turbulence closures modeling the growing rate of the mixing 

layer as a function of convective Mach number. 

 

2.2 Aerodynamic noise 
 

The sources of aerodynamic noise presented in this paper are described in a more detailed way by Wagner 

et al [4], a book that contains a deep study of aero-acoustic phenomena in wind turbines. The main sources 

of noise are grouped in six different types that are assumed to independently generate their own noise 

signature. The assumption of independence is founded on the idea that the mechanisms for each noise 

source are fundamentally different from each other or occur in different locations along the turbine blade, 

such that they do not interfere with one another. These independent noise sources are superimposed to 

obtain the total noise spectra emitted from the wind turbine rotor. Five of these models were deeply 

studied by Brooks, Pope, and Marcolini [6], who formulated semi-empirical relations for the following 

sources of noise: turbulent boundary layer trailing edge, separating flow, laminar boundary layer vortex 

shedding, trailing edge bluntness vortex shedding, and tip vortex formation. These models are based on 

two-dimensional wind tunnel measurements (except for the tip vortex formation noise) of NACA 0012 

airfoils. These noise sources, termed airfoil self-noise, are caused by the interaction between an airfoil and 

the turbulence produced in its own boundary layer and near wake when encountering a non-turbulent 

inflow, this means that the flow is not considered turbulent and transition and turbulence are generated by 

the profile itself. 

Finally a different mechanism to generate noise is considered. This last noise source is caused by the 

interaction of the airfoil with a turbulent flow and it is called turbulent inflow noise. The main difference 

with the previous noise sources is that this mechanism needs an external perturbation to generate pressure 

fluctuations on the surface of the profile. 

There are many semi-empirical models that provide the sound pressure level of a wind turbine as a 

function of the flow variables, including the turbulent ones, geometry and operating condition of the wind 

turbine. This SPL it is measured in dB and it is proportional to the logarithm of the ratio of mean square 

pressure (or sound intensity) to a value of reference. 

Figure 3 shows the different aerodynamic sources of noise for wind turbines. It is important to note that 

the majority of these sources have been studied following a two dimensional approach with the exception 

of tip vortex formation noise which is only present for three dimensional flows. Some comments about the 

validity of this assumption will be discussed at the end of this chapter. 
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Figure 3. Aerodynamic noise sources. Wagner et al. [4] 

 

2.2.1 Turbulent Boundary Layer Trailing Edge (TBL-TE) 
 

The first, and perhaps most common, source of noise from an airfoil, results from the interaction between 

the turbulent boundary layer and the trailing edge of the airfoil, especially at higher Reynolds numbers. 

This source of noise has been widely studied and some authors have given empirical relations to estimate 

the noise emitted by this type of interaction. The main variables used to characterize this source are the 

boundary layer thickness (some authors use displacement thickness) and the profile of velocity. This noise 

is proportional to the thickness of the boundary layer and the fifth power of the mean velocity (or Mach 

number) and inversely proportional to the square of the distance between the observer and the airfoil 

trailing edge.  

 

This turbulent boundary layer trailing edge noise can be originated on both the suction and pressure side 

of the airfoil and it is affected by the surface finish of the airfoil through the variation of boundary layer 

characteristics. 

 

2.2.2 Separated flow 
 

As the angle of attack increases from moderate to high, the size of the turbulent boundary layer on the 

suction side of the airfoil increases dramatically, and large-scale unsteady structures form. These 

structures can dominate noise production from the trailing edge. When the flow is fully separated or the 

airfoil is stalled, noise radiates from the unsteady flow over the entire chord of the airfoil. This is an 

important noise source for wind turbines, because the blades operate at high angles of attack for 

significant portions of time. The empirical relation for separated flow noise is very similar to the one that 

estimates the noise for TBL-TE with different scaling functions. 

 

2.2.3 Laminar Boundary Layer Vortex Shedding (LBL-VS) 
 

Self noise can be generated by laminar boundary layer vortex shedding. The noise from this source is 

created by a feedback loop between vortices being shed at the trailing edge and instability waves 

(Tollmien-Schlichting waves) in the laminar boundary layer upstream of the trailing edge. As a laminar 

vortex leaves the trailing edge, its pressure waves propagate upstream and amplify instabilities in the 

boundary layer. When these instabilities reach the trailing edge, vortices with similar frequency content 

are created, forming a feedback loop. This source of noise is most likely to occur on the pressure side of 

the airfoil and is somewhat tonal in nature because of feedback amplification. This noise source is 
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probably not significant for current utility-sized turbines because their blade airfoil sections, particularly 

near the tips, operate at fairly large Reynolds number (>1 million), but may be important for smaller sized 

turbines (<500 kW).  

 

2.2.4 Trailing Edge Bluntness Vortex Shedding (TEB-VS) 
 

Another source of airfoil self noise is vortex shedding from a blunt trailing edge. The frequency and 

amplitude of this noise source are largely determined by the geometry of the trailing edge. The vortices 

shed are typically coherent in nature and can produce discrete tones similar to a Von Karman vortex street 

downstream of cylindrical objects. This noise source will dominate the total radiated noise if the thickness 

of the trailing edge is significantly larger than the thickness of the boundary layer at the trailing edge. The 

empirical relations to predict this type of noise contains functions dependent on the trailing edge thickness 

and are proportional to the sixth power of the velocity. 

 

2.2.5 Tip vortex 
 

The interaction of the tip vortex with the blade tip and trailing edge near the tip is also a source of 

aerodynamic noise. This noise source is different from the previous four sources in that it is three-

dimensional in nature. The sound pressure level is a function of the vortex strength, which is dependent on 

the spanwise loading on the turbine blade. Typically, the sound pressure levels from tip noise are less than 

those of trailing edge noise, but tip noise can add significant amounts of noise at higher frequencies. 

Brooks, Pope, and Marcolini formulated a relation for an untwisted, constant chord blade. 

 

2.2.6 Turbulent inflow 
 

For wind-turbine applications, the interaction of the turbulent inflow (produced by the atmospheric 

boundary layer) with the leading edge of the turbine blades is a significant source of noise, particularly at 

low frequencies. This noise source becomes important when the length scale of the turbulent eddies is 

large in comparison to the leading edge radius of an airfoil. In the atmospheric boundary layer, the scale of 

turbulence varies by several orders of magnitude from approximately 1 mm to the order of 100 m, where 

most of the energy resides.  

Depending on the size of the length scale relative to the leading edge radius of the airfoil, turbulent inflow 

can create either a dipole noise source (low-frequency) with a sixth power dependence on the Mach 

number or a scattered quadrupole noise source (high frequency) with a fifth power dependence on Mach 

number. Lowson [7] formulated an empirical relation for inflow turbulence noise that modeled both the 

low and high frequency components of noise and that is based on experimental airfoil measurements 

performed by Amiet [8]. 

 

2.2.7 Noise generated by surface imperfections 
 

A rotor blade operating on a wind turbine presents deviations on the surface from the mathematical 

definition of the design geometry. There are many phenomena that cause these differences during 

production, assembly, erection or operation. 

The manufacturing defects could be solved increasing the quality control of the production processes, but 

there are many of the abovementioned that can not be directly controlled because the origin has a random 

nature. The most common causes of surfaces imperfections are: 
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• Damage due to installation and erection of the turbine. This could be detected by inspection after 

the erection process. Some of the defects could be repaired without the necessity of dismounting 

the blade or the rotor. 

• Damage due to atmospheric phenomena like hail and lightning strikes. 

• Dirt due to insects, dust, oil from machinery, etc. 

• Bird impacts. 

• Imperfections inherent to the productive processes such as manufacturing tolerances, loose tapes, 

material degradation, etc 

In general every disturbance of the flow around the blade may cause additional noise, and in some 

occasions could couple different mechanisms of noise generation. 

 

2.3 Relative strength of different sources 
 

The relative strength of different sources is an open question for the scientific community. Considering 

that the wind turbine is properly designed, the mechanism that generates noise are of aerodynamic nature 

because mechanical noise could be avoided with an adequate treatment of the acoustic characteristics of 

the nacelle. Among the aerodynamic noise sources only turbulent inflow noise and noise generated by the 

boundary layer has to be considered, because noise from finite trailing edge thickness and tip noise could 

be avoided by a rational design. 

Some authors have reported that the dominant noise source is the turbulent inflow noise [9], while others 

suggest that the main source is the noise generated by the boundary layer, [10], [11]. Both tendencies have 

experimental results to support their hypothesis and probably both could be right (and wrong).  

An explanation of this controversy could arise from the study of both noise sources. The TBL-TE noise is 

proportional to the fifth power of velocity and the inflow turbulence noise is proportional to the fourth 

power of velocity multiplied by the mean square of the turbulence. Then the ratio between both 

mechanisms is : 

 

22
VIT

U

SPL

SPL

TI

TETBL ≈−  (1) 

 

where U is the velocity of the airfoil, IT the intensity of turbulence and V the characteristic velocity for the 

turbulence definition. In this expression σ2
, the mean square of turbulence, is substituted by 

22
VIT . In a 

wind tunnel both velocities U and V are the same, and if the intensity of turbulence remain constant the 

ratio between both mechanisms are inversely proportional to V. In a wind turbine U could be 

approximated in the region where noise is produced by the rotational speed at the tip and V is the wind 

velocity, therefore this relation could be written for a wind turbine as: 

 

VITSPL

SPL

TI

TETBL

2

λ
≈−  (2) 

 

where λ is the tip speed ratio. For a wind turbine operating in the range of variable velocity the value of 

this parameter is constant and for higher wind speeds the rotational speed remains constant giving a 

smaller value of this tip speed ratio. From this expression it is clear that the relative strength of both 

sources depends both on wind velocity and on the wind turbine operational characteristics. 

648 PROCEEDINGS OF ISMA2006



 

3 Noise measurement 
 

Wind turbine noise is measured to define source characteristics, to provide acoustic information for 

environmental planning, and to validate compliance with local regulations. Measuring noise from wind 

turbines is a difficult task because of the nature of the sound emitted and the presence of background noise 

that has to be subtracted to obtain the net noise from the turbine. To allow the comparison between 

different measurements it is necessary to follow a common Standard. 

  

 

Figure 4. Standard pattern for microphone positions 

 

The International Electrotechnical Commission (IEC) publishes International Standards, and one of them 

provides a uniform methodology that will ensure consistency and accuracy in the measurement and 

analysis of acoustical emissions generated by wind turbines [12].  

For certification purposes the measurement of noise is done in the far-field, it is supposed that this type of 

measurement is capable to provide enough information to characterize the radiated noise of a particular 

wind turbine. 

The minimum number of microphones has to be one, and optionally another three. The four positions have 

to be laid out in a pattern around the vertical centerline of the wind turbine tower as indicated in Figure 4. 

The required downwind measurement position is identified as the reference position. The direction 

position has a tolerance of 15 degrees relative to the wind direction at the time of measurement. The 

Wind direction 

Optional position 

 Reference position 

Tower vertical 

centerline 
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horizontal distance, R, from the wind turbine tower center to each microphone position is given by the 

following relation for horizontal axis wind turbines: 

 

2

D
HR +=  (3) 

 

Where H is the vertical distance to the rotor center and D is the diameter of the rotor. The measurement 

position has to be chosen in such a way that the influence from any reflecting structure is smaller than 0.2 

dB. 

The acoustic measurement has to be done at the integer wind speeds 6, 7, 8, 9 and 10 m/s (wind speed 

measured at 10 m height and roughness length of 0.05 m) and should permit to obtain the following 

information about the noise emission from the wind turbine: 

• the apparent sound power level, 

• the one-third octave band levels, 

• the tonality 

 

Additional data have to be measured to obtain enough information to characterize the noise from the wind 

turbine, in particular the wind velocity has to be measured and the IEC standard describes two methods, 

the first one is a direct measurement of wind speed by anemometers and the second one is an indirect 

measurement through the power output of the wind turbine. Ambient conditions such as air temperature 

and pressure have to be measured and recorded at least every 2 hours. The turbulence of the wind is 

another variable that has a strong influence on the noise produced by the machine and should be measured 

or estimated during the measurement campaign. 

 

4 Aerodynamic noise prediction 
 

This chapter describes the different methods that are used in the scientific community to analyze the 

aerodynamic noise emission of wind turbines. There are different types of codes that could be classified 

according to the level of description that they provide and the numerical difficulties that present their 

application in real situations. 

Most of the methods used in the industry are based on semi-empirical correlations that have been obtained 

for different investigators during the last thirty years. These correlations are coupled with two dimensional 

codes that provide boundary layer characteristics and with a Blade Element and Momentum method that 

provides the aerodynamic data for every section in the blade. The level of accuracy obtained by these 

methods is enough for the early phases of the design procedures where a fast and robust code is needed to 

assure the stability of the design procedure. 

Once this first phase has been finished more complex methods could be applied to solve specific problems 

of the selected blade. This fine tuning of the blade consumes more resources than in previous phases both 

in terms of people and computational effort and its implementation in automatic optimization codes 

presents some problems because experience of designers is a key factor which is difficult to implement in 

a software program. 

The following classification was proposed by Lowson and could be found also in Wagner et al [4]. It is 

based on the relative difficulty of different methods and on the physical variables that are used to correlate 

the noise emission. 
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4.1 Class I methods 
 

These methods are the simplest ones and provide estimates of the overall sound pressure level as a simple 

algebraic function of basic wind turbines parameters. The inputs for these prediction formulas are design 

or operational parameters of the machine such as rotor diameter, nominal power and rotor angular 

velocity. Some of the formulations have constants that could be tuned to fit the expression with the real 

behavior of the wind turbines considered. The following equation presents two simple formulations for the 

noise estimation. 

50)log(10 += WSPL  (4) 

 

This expression was formulated by Lowson[13] where W is the nominal power of the wind turbine 

(watts). 

 

FDRSPL −+Ω= )log(10)log(50  (5) 

 

This formula appears in [4] where Ω is the angular velocity, R the radius of rotor, D the diameter and F is 

a constant used to approximate the results to experiments (in the original formulation F is a scaling 

constant with value of 4) 

The problem of this kind of models is that particular details such as the type of flow around the wind 

turbine, atmospheric conditions, etc are not accounted for in the formulas. If the constants are tuned to fit a 

series of experiments they could predict, with certain accuracy, the noise for wind turbines located in wind 

sites similar to the ones used during the tests. 

 

4.2 Class II methods 
 

This type of methods introduces more physical information in the numerical treatment of noise emission. 

Their formulations are relatively simple because they are based on semi-empirical models developed for 

two-dimensional airfoils. The blade is divided in several segments where the aerodynamic noise 

characteristics are calculated using local flow velocities and angles of attack. Next, the sound pressure 

level for each segment and noise source is calculated relative to the position of the observer, and finally, 

the sound pressure level from each of the individual sources is summed across the blade to calculate the 

total noise signature of the rotor. For the semi-empirical models to be applicable, the segments are 

assumed to operate in predominantly two-dimensional flow even close to the tips. The flow over the 

segments is also assumed to be quasi-steady, such that the mechanisms that produce noise are stationary at 

each time step in the simulation. This means that, in most cases, the flow is considered axial-symmetric 

both in flow variables and in turbulence. 

The algorithm used in Gamesa to predict the noise generated by commercial wind turbines is based on 

theoretical correlations formulated by Grosveld[9] and Brooks and Marcollini [14]. The main 

aerodynamic noise sources considered in this model are: 

• Inflow turbulence noise. 

• Interaction of the turbulent boundary layer with the blade trailing edge. 

• Vortex shedding at the trailing edge. 

• Tip vortex. 

 

This acoustic code is coupled with a Blade Element and Momentum method that provides the 

aerodynamic data for every section in the blade. Boundary characteristics are computed by using XFOIL, 

a free code developed by M. Drela [15].  
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4.2.1 Inflow turbulence noise 
 

The inflow turbulence noise is generated by the movement of wind turbine blades through the air. During 

this motion, they encounter atmospheric turbulence that causes variations in the local angle of attack and 

in the magnitude of the total velocity. These variations change the pressure distribution on the profile 

causing fluctuations in the lift and drag forces. The effect of these variations on the sound emitted by a 

blade segment was modelled by Grosveld [9]. The equation that gives the Sound Pressure Level in third 

octave bands is: 
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where SPL1/3  is the sound pressure level in third octave bands (dB), f is the central band frequency (Hz), B 

the number of blades, θ the angle between the segment-to-receiver line and its vertical projection in the 

rotor plane (rad), ρ the air density (kg/m
3
), c0.7 the blade chord at radius 0.7R(m), σ2 

the mean square of 

turbulence (m
2
/s

2
), V0.7  the rotational blade speed at 70% the of blade radius (m/s), d the distance to the 

observer, a0 is the sound velocity, Ka is a frequency-dependent scaling factor (dB), fpeak the frequency at 

which ka is maximum (Hz), S0 a constant Strouhal number (16.6) and H is the hub elevation above the 

ground (m). 

 

4.2.2 Interaction between turbulent boundary layer and blade trailing edge 
 

Noise from the interaction of the turbulent boundary layer and the blade trailing edge is generated by the 

convection of the blade’s attached turbulent boundary layer into the wake of the airfoil. The model that is 

included in the procedure was developed by Grosveld [9]. The Sound Pressure Level for this noise 

mechanism can be approximated by: 
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where SPL1/3  is the sound pressure level in third octave bands (dB), Vr is the velocity of the airfoil, f is the 

central band frequency (Hz), B the number of blades, δ the boundary layer thickness, ∆r is the span wise 

length of the blade segment, d is the distance from the segment to the receiver, S is the segment Strouhal 

number based on the boundary layer thickness and velocity of the airfoil, Smax is a constant Strouhal 

number (0.1) and Kb is a constant scaling factor with a value of 5.5 dB, D is the directivity factor, θ the 

angle between the segment-to-receiver line and its vertical projection in the rotor plane and M is the Mach 

number.   
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4.2.3 Noise from vortex shedding at the trailing edge 
 

The noise source associated to vortex shedding is caused by the bluntness of the trailing edge. The 

formulation of the model of Grosveld [9] is: 

10

223

223.5

103/1 10
)cos2.01()cos1(

sin)2/(sin
log10)(

cK

nstac

r

dMM

tVrB
fSPL ∑ ++

∆
=

θθ

ψθ
 (10) 

 

t

V
f r

peak

1.0
=  (11) 

 

where M is the mach number, ∆r the span wise length of the blade segment, ψ the angle between the 

segment-to-receiver line and its horizontal projection in the rotor plane (rad), t the trailing edge thickness 

(m), Kc is a frequency-dependent scaling factor (dB), nstac is the  number of blade sections, Vr the 

resultant velocity at a blade segment (m/s) and t is the distance from the segment to the receiver (m). 

 

4.2.4 Airfoil tip vortex formation noise 
 

The tip vortex noise is caused by turbulent three-dimensional vortex flow existing near the tip. The model 

is the one developed by Brooks and Marcollini [14]. The sound pressure level expressed in third band 

octave frequency is: 
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where Mm is the maximum Mach number within the separated flow region near the tip, tipα  is the 

equivalent angle of attack at the tip [deg.], and l is the spanwise extent of the separation zone [m], which is 

dependent on the spanwise lift distribution and the geometric shape of the tip (rounded or square), f̂  is 

the Strouhal number based on l.  

Some estimation of the length of the separated zone (l) and of the maximum velocity within this region are 

presented in equation (13). These values have to be tuned according to the real shape of the blade if more 

accurate estimates of tip noise were necessary. 

 

 

4.2.5 Code validation 
 

In the figure 5 a comparison between the measured noise spectra and the calculated one is presented for a 

wind turbine of 52 meters. The Sound Power Level predicted by the method is 99,4 dB and the measured 

one in the wind farm is 100 dB. This difference is smaller than measurement tolerances, and therefore, the 

method is considered accurate enough to be used in industrial tools.  
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Figure 5. Comparison between measured and theoretical noise 

 

 

4.2.6 Comments about semi-empirical methods 
 

The methods described in this chapter have been developed assuming that the flow over the blade is 

mostly two-dimensional, that the different mechanisms or noise generation are independent and that the 

flow is steady. The first hypothesis is not completely true in a real wind turbine, because the gradient of 

pressure along the blade creates radial velocities of different sign on suction and pressure side, and the 

effect of finite span generates a tip vortex that changes the flow field near the tip region. 

The second hypothesis is also difficult to maintain in a real environment. It is clear that the wind 

turbulence could modify the behavior of the boundary layer via the well known effect of by-pass transition 

[16]. Therefore, if external turbulence changes the boundary layer is modified and the noise sources (TBL-

TE and TI) are not completely independent in spite of the differences between length scales between 

eddies in the boundary layer formed on the surface and the atmospheric ones. 

The three dimensional effects on the blade can also change the transition point due to cross-flow effects. 

This mechanism has been studied on airplane wings and more information could be found in Schlichting 

and Gersten [17]. Also the unsteady nature of flow around wind turbines changes the behavior of the 

boundary layer modifying the position of transition and the separation points. This unsteady effect is more 

important for higher reduced frequencies. 

Another difficulty found in these models is that they use dimensional groups to define noise dependence 

on physical variables. Most of them have scaling constants included to the semi-empirical formulations 

which could have some dependence on physical variables like density, sound speed, etc. For instance, the 

only noise source that depends on air density is the turbulent inflow one (TI). The SPL measured at 

different heights presents a clear correlation between noise emission and air density. Therefore, according 

to these results, it is possible to infer that the dominant source of noise is the turbulent inflow one which 

shows the same functional dependence. This deduction could be false because some of the constants that 

appear in the semi-empirical correlations hide the effect of density. 
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4.3 Class III methods 
 

The methods included in this category would be capable to solve the full Navier-Stokes equations in the 

computational domain that is defined by the rotor and the position of the observer. There is a very active 

group of investigators that have developed numerical methods to predict noise generation in two-

dimensional geometries [18] and in three-dimensional ones [19] based on the solution of RANS equations 

near the surface of the moving body and applying acoustic analogy based on the Ffowcs Williams and 

Hawkings [20] equation to compute the acoustic field generated by the previously calculated unsteady 

near flow field. These numerical methods have been applied with some success to the computation of 

noise generated by cylinders, helicopter rotors and Trailing Edge noise from airfoils. 

The difficulties of computing the noise emitted by a moving surface depends on the Reynolds number and 

the frequency of the noise. The numerical schemes used in the CFD codes suffer from lack of accuracy in 

the treatment of the boundary conditions that have to be reformulated to assure that noise waves are not 

reflected to the computational domain. In [21] a numerical method applied to wind turbines that compares 

LES and RANS formulation for the near field is presented.  

 

5 Industrial activities to reduce noise 
 

The activities of the wind turbine industry are focused to reduce noise emission with minimum effect on 

the power production. To achieve this goal two main working lines are followed. The fist one analyzes the 

noise sources of manufactured wind turbines and takes actions to adapt their acoustic performance to local 

noise regulation. The second line of work, and the most ambitious, consists in the design of new blades 

and machinery that generate less noise maintaining the rest of variables that describe the wind turbine 

operation constant. 

Both lines of work have completely different characteristics in terms of time schedule and objectives. 

Adaptation of a real wind turbine is a short term activity that usually is leaded by the manufacturer and 

with the main objective of tuning the noise emission of the wind turbine to allow its installation in the 

majority of wind farms having or not noise regulation. 

The design of new components for wind turbines with the objective of providing a better acoustic 

performance is a long term task that uses to be conducted by the industry with the investigation support of 

universities and other institutions such as NLR, ECN, RISO, CENER, etc. 

 

5.1 Adaptation works 
 

The noise emitted by a wind turbine depends on many variables like rotational speed, pitch angle, wind 

velocity, turbulence intensity, density and surface finishing among others. Assuming that surface finishing 

is best achievable by production processes it is obvious that the only parameters that could be changed to 

modify the acoustic response are the rotational speed and the pitch angle. 

 

5.1.1 Rotational speed variation 
 

The influence of rotational speed is clear; an increase of rpm gives an increment on noise emission and an 

increment on power output. The first, and most obvious, mechanism to adapt noise characteristics to local 

regulations is to decrease the rotational speed from the nominal one to the maximum value that fit with 

noise limitations. This rotational speed decrease has the side effect of reducing the power output and, 

therefore, has to be used only for the range of wind velocities where the noise regulation forces to measure 

the noise emitted. The reason for specifying this range is that for higher wind speeds the background noise 

generated by the wind itself is higher than the one produced by the wind turbine masking its presence. 
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This range of velocities is specified at 10 meter height according to IEC Standard [15]. This definition for 

the height of measurement implies that low noise control laws and their respective power curves depend 

not only on wind speed but also on tower height and shear exponent of the wind farm location. This 

situation is different from the standard noise version where the control law and power curve depend only 

on velocity at hub height. 

The angular speed for noise limitation can be estimated from equation (5) to give: 

50
maxlim 10

SPL∆

Ω=Ω  (14) 

where limΩ  is the angular speed for noise limitation, maxΩ is the maximum angular speed and SPL∆  is 

the desired noise reduction in dB. 

For a variable speed wind turbine the objective is that the machine works at the point of maximum 

effectiveness (maximum power coefficient) what gives the following relationship between angular 

velocity and wind speed: 

R
U

opt

w

λ
=Ω  (15) 

where wU  is the wind speed,  optλ  is the ratio of rotational to wind speed where maximum power 

coefficient is obtained and R is the radius of the rotor. 

This equation defines a line that passes through the origin and with a slope equal to the value of optimum 

tip speed ratio divided by the rotor radius. Because of mechanical and/or electrical reasons this angular 

speed has to be maintained in a range defined by the maximum and minimum allowable angular velocity.  

The nominal power is, in the majority of the cases, reached at this maximum speed and because of that it 

is also called nominal angular velocity. 

 

u (m/s)

Ω

5 10 15 20
0.5

0.6

0.7

0.8

0.9

1.0

- 5 dB

STD

 

Figure 6. Angular velocity for standard operation and noise reduction of 5 dB  

 

In figure 6 the effect of noise control on angular velocity is presented. Note that in the low noise control 

version the maximum speed is reached as soon as the wind speed exceeds the hub wind speed that 
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corresponds to a velocity of 10 m/s at 10 meter height. This value obviously depends on the tower height 

and shear exponent. Ω is the angular velocity normalized with the maximum angular velocity of this wind 

turbine. 
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Figure 7. Power for standard operation and noise reduction of 5 dB 

 

Figure 7 compares the static power curves obtained by the application of both angular velocity variations. 

W is the static power normalized with the nominal power of the wind turbine. The loss in production is 

evident  

 

5.1.2 Pitch angle effect 
 

Another variable that could be modified to reduce noise emission is the pitch angle. The influence of this 

variable on noise is not perfectly known because some of the models applied do not take into account this 

parameter in their formulation. It is obvious that an increase of pitch angle decreases the angle of attack of 

the blade profiles inducing a diminution of noise generated because the adverse gradient pressure that 

takes place on the suction side is reduced generating a thinner boundary layer. If the profile would be 

working in light or deep stall the effect of this angle of attack reduction would be even more significant. 

On the pressure side the effect is the opposite but in most cases the strongest source of noise is located on 

the suction side. 

To overcome this difficulty a series of systematic measurements on real wind turbines have been 

performed. The matrixes of cases that have been used in these tests have been specified to obtain the 

maximum information about the influence of pitch angle on noise. To achieve this objective, a specific 

control version for the wind turbine were designed, the main characteristic of this control version is that 

they allow that the pitch angle and the rotational speed can be modified independently maintaining the 

safety of the machine. 

The data obtained in these measurement campaigns have been analyzed to obtain semi-empirical 

correlations that could be applied in the design of low noise control laws. The technique used in this work 

is similar to the one used by Matesanz et al. [22] to generate design laws for converging-diverging 

nozzles. 
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A first observation of these data shows a dependence on wind speed similar to the one presented in 

equation (5). Trying to analyze the effect of pitch angle a perturbation variable, SPL∆ ,  is defined as the 

difference between the measured noise and the one estimated by that equation (5 ). 

estmea SPLSPLSPL −=∆  (16) 

where meaSPL  is the measured noise and estSPL is the noise obtained by applying equation (5). 

This new variable was plotted as a function of pitch angle for constant tip speed. In these plots a minimum 

could clearly be identified for a certain pitch that is called the pitch angle of minimum noise. The value of 

this pitch angle was obtained from measured data for several tip speed ratios and was used to define 

another variable, P∆ , that gives the distance between the actual pitch angle and the pitch angle for 

minimum noise : 

minPPP −=∆  (17) 

where P is the pitch angle and  minP is the pitch angle of minimum noise which is a function of the tip 

speed ratio. 

Figure 8 shows the grouping of the experimental data when using these variables. The best fit curve was 

formulated using only even functions because by definition the whole function presents a minimum at the 

origin. The level of approximation between experimental data and the best fit curve is smaller than the 

measurement tolerance for all the available points what proves that the variables have been appropriately 

selected. 
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Figure 8. Correlation of experiments  

 

To generalize the application of this procedure the value of this pitch angle for minimum noise has to be 

estimated for different blades to obtain a closed method to estimate the pitch effect on different 

geometries. The only generation mechanism of noise that presents dependence on pitch angle is the 

turbulent boundary layer trailing edge source and the formulation of equation (8) was used to determine 

the value of this parameter. In a range of tip speed ratios the values obtained from experiments and from 

the analytical formula are quite similar but in other areas there are some differences that could be 
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explained because of the dominant source in these regions, which are not properly simulated through 

equation (8). The region of tip speed ratio where this parameter is well predicted corresponds to the 

running point of low angles of attack what suggests that the behavior of the boundary layer near the 

maximum lift angle is not well characterized by the analytical methods applied in this calculation. It is 

more than probable than XFOIL underestimates the thickness of the boundary layer for angles of attack in 

the vicinity of the stall region. Another reason could be the presence of separation in the real profiles, a 

phenomenon that is not included in our method. 

Some other variables could be used to perform this work such as an average angle of attack of the tip 

region that could be directly correlated with the pitch angle. The main advantage of this formulation is that 

it uses the same parameters as the control people do to modify the operational strategies. This formulation 

also avoids the common confusion that the term angle of attack could originate. This misunderstanding 

arises when the angle of attack is used in non symmetric profiles that have lift when the angle of attack is 

zero. To compare two profiles both have to be working at the same lift coefficient not at the same angle of 

attack. 

 

5.1.3 Influence on power production of pitch and rpm variations 
 

The modification of variables, pitch and angular velocity allows an increase of the power production 

maintaining the noise below the limitation as prescribed by the regulations. When only rotational speed is 

used to control noise the influence of angle of attack is neglected and for most wind velocities the wind 

turbine is not running at its optimum operation point. This corroborates that when more knowledge about 

the physics of the problem is included the output obtained is improved. As the effect of angle of attack is 

applied in the design of control laws more capabilities to increase production are available.  

For a control law that only uses the rotational speed to reduce noise the pitch angle is determined by the 

solution of an optimization problem in one dimension, the searching of the pitch angle for maximum 

production at constant tip speed ratio. When the effect of angle of attack is introduced this optimization 

procedure has to be solved in a two dimensional space which allows more freedom for the operating 

condition. In fact, as the level of noise is fixed, an equality constraint is formulated for this problem and 

the order of the space could be reduced to one if using the classical technique of the reduced space 

optimization procedure. What the control designer does is quite simple, for every velocity the pitch angle 

is computed in order to obtain maximum production until the noise limitation is reached. For higher wind 

velocities the line of constant noise is followed up to a maximum in power coefficient is found, what 

defines the pitch angle for this velocity. This procedure is followed for increasing velocities up to the 

region without noise measurement. The resulting control law depends on machine properties, density, 

wind farm characteristics and tower height. 

Figure 9 shows the comparison between normalized power coefficient for both control laws and the 

maximum allowable as a function of wind speed. As expected when rotational speed and pitch angle are 

used to control noise emission the power coefficients are closer to the maximum ones. The noise reduction 

for this comparison is 1 dB. 

Both approaches have been applied to a machine of 80 meters to evaluate the effect on power production 

with the results that are presented in the following table (1 dB of noise reduction). 

 

Mean velocity 6 7 8 9 

Speed limitation -2.00% -2.26% -2.30% -2.23% 

Speed and pitch 

regulation 
-0.56% -0.58% -0.55% -0.50% 

Table 1. Production losses for two different control laws. 

AEROACOUSTICS AND FLOW NOISE 659



 

 

u

C
p

8 9 10 11 12 13 14 15
0.4

0.6

0.8

1

pitch effect
no pitch effect

maximum

 

Figure 9. Effect of control variables on power production  

 

 

5.2 Design activities 
 

There are some methods that could be applied during the design phase to reduce the noise emission of a 

wind turbine. The acoustic modification of the blade surface depends on the generation mechanisms 

considered. For instance, the turbulent boundary layer depends on the displacement boundary layer 

thickness and some geometrical modification could be applied to reduce its magnitude maintaining the 

aerodynamic characteristics of the profile.  

Noise emitted by a surface depends on the acoustic impedance of the body; therefore, any design 

modification that reduces this property could be used to improve the acoustic performance of the wind 

turbine. An example of this alternative consists in the addition of serrations to the blade at the trailing 

edge. This type of devices was studied by [23] with very promising results in a wind tunnel but were not 

fully verified in real wind turbines measurements [24]. 

Another possibility to reduce the acoustic impedance is the use of porous materials in the regions of the 

blade where most noise is emitted. 

These possible design modifications have to be validated by wind tunnel tests and in real wind turbine 

experiments what implies a long process of design and study. The most convenient way to perform this 

type of studies is to participate in a group of companies and institutions with common objectives to gain 

advantage of the experience of the different partners. In this paragraph an example of this type of 

collaboration, the Sirocco project, is presented. 

 

660 PROCEEDINGS OF ISMA2006



 

Figure 10: Set-up for acoustic measurements on GAMESA turbine 

 

 

5.2.1 Description of Sirocco project 
 

The project SIROCCO was part of the European 5
th
 Framework and was launched with the aim to obtain a 

significant noise reduction on full-scale wind turbines, without negative effects on the aerodynamic 

performance. The objective of the project is the reduction of turbulent boundary layer trailing edge (TBL-

TE) noise, which is believed to be the dominant noise mechanism of modern wind turbines. The project 

can be seen as the natural successor of the past EU project with acronym DATA ('Design and Testing of 

Acoustically Optimized Airfoils for Wind Turbines') where similar activities led to a noise reduction on a 

model wind turbine, placed in the large German Dutch Wind Tunnel DNW. 

Noise reduction is obtained through the modification of the outer part of the blades where maximum 

velocities take place and most of aerodynamic noise is generated. The activities in the SIROCCO project 

are carried out on two reference turbines: A three bladed Gamesa 850 kW turbine and a 2.3 MW turbine 

from GE Wind Energy.  

The first phase of this project consisted on the noise source characterization on an existing Gamesa wind 

turbine with acoustic field measurements by using a 150-microphone acoustic array, which was placed 

upstream of the turbine in the prevailing wind direction. Simultaneously with the acoustic measurements, 

several turbine parameters and meteorological conditions were stored using a GAMESA turbine 

monitoring program and an adjacent meteorological mast. In total, more than 100 data points were taken 

for the desired wind direction and speed range, where most of the analysis took place on the 35 'best' data 

points (i.e. data points with small variations in wind speed, yaw angle, small misalignment between array 

position and wind direction, etc.) 

The array signals were processed to obtain the noise source distribution in the rotor plane. A typical 

example of such an acoustic 'source plot' is given in figure 10. The position of the rotor as projected into 

the figure is arbitrary in view of the fact that the acoustic sources are averaged over 30 s. The figure shows 
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that the blade noise (i.e. the aerodynamic noise) is dominant where mechanical noise coming from the 

nacelle plays a minor role. It furthermore shows that practically all the noise is produced by the outer part 

of the blades, although, in contrast to the expectations, it is not the very tip of the blade which dominates, 

but roughly speaking the part of the blade which is between 75 and 95% span according to [25]. 

Most of the noise is produced when the blades are moving downwards. This effect was observed for all 

measurements and all frequencies, and it is very similar to results obtained earlier on the model scale wind 

turbine in the DATA project, where it was attributed to a combination of convective amplification and 

directivity of trailing edge noise. It should be noted however that for a different observer location, the 

pattern may be different. 

Parallel to the field measurements, a combined aero-acoustic design methodology that was developed in 

DATA has been extended and improved to design low-noise airfoils for the outer part of the rotor blade 

taking into account the constraints imposed by Gamesa. For more detailed information on the design 

methodology, reference is made to [26] and [27]. 

The combined aero-acoustic models have been implemented into the numerical optimization environment 

POEM [26]. This makes it possible to generate airfoil shapes with a minimal noise production in an 

automatic way. The 2D airfoil geometry is parameterized through Bezier curves with the ordinate values 

of the control polygon as design variable and the minimal noise production as objective function. The 

inclusion of the constraints imposed by the manufacturer played an important role. This holds among 

others for aerodynamic and geometric requirements. One can think of constraints on maximum lift 

coefficient, glide ratio, stall and post-stall characteristics, parts of the airfoil geometry which should 

remain unchanged etc.  

It should be emphasized that these constraints are a result of the fact that the present project aims to 

modify existing blades. It is only the outer part of the blade that will be equipped with new airfoils and in 

order to fit the outer and inner part, constraints should be imposed on the shape of the new airfoils to 

assure a smooth transition between different sections of the blade. If low noise blades were designed from 

the very beginning, many constraints could be released, which increases the parametric space providing 

more opportunities to increase the acoustic performance. 

This optimization activity was mainly carried out by the University of Stuttgart with support from Gamesa 

in the constraints definitions.  

Subsequently the acoustic and aerodynamic performance of the new airfoils was tested in a two-

dimensional set-up. The activity was mainly carried out by the University of Stuttgart in their Laminar 

Wind Tunnel. The acoustic measurements were performed by NLR in the AWB anechoic wind tunnel 

from DLR.  

After the design of the acoustic airfoils and the validation of their behavior in the 2D wind tunnel 

environment, the airfoils are implemented into full-scale blades by Gamesa. ECN and NLR have 

performed extensive field measurements of noise, power and loads at different operational conditions. At 

the time of writing this paper, the experiment on this new blade has been done and processing of measured 

results is underway. 

A more detailed description of this project and the different objectives reached could be found in the paper 

by Schepers et al [28]. 

During the Sirocco project the University of Stuttgart applied a new method to measure the transition on 

blades that could be used in normal operation of the wind turbine. Figure 11 shows the mounting of such 

sensors on G58 blade by Gamesa personnel. The transition sensors are the dark spots that could be clearly 

identified over the blade white surface. 

These sensors have been successfully used to determine the characteristics of the flow (turbulent or 

laminar) at different positions of the blade.  
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Figure 11: Mounting of the transition sensors on the blade 

 

 

6 Conclusions 
 

The activities conducted by the industry and other institutions that have the objective of reducing noise 

emission from wind turbines have been deeply developed during last years because of the necessity to 

reduce the energetic dependence on foreign countries without penalizing the environmental situation 

across Europe.  

These activities have two main orientations, the first one is focused in the adaptation of current wind 

turbines to noise regulations and have been leaded by industry. The second one has the objective of 

decreasing the noise emitted maintaining the energy production constant through geometry modification 

and have been conducted by multidisciplinary teams composed by industrial and scientific partners.  

The first conclusion that could be drawn is that the capability of improving acoustic performance of wind 

turbines depends dramatically on the level of physical information that is introduced in the process either 

for tuning purposes or for design ones. In particular the strategy of modifying simultaneously pitch angle 

and rotational speed offers a big advantage against the common method that consists on reducing only the 

angular velocity of the blades. About a 1.5% of the production could be saved if the right strategy is 

applied. 

More investigation is needed to fully understand the mechanisms of noise in wind turbines and in this 

context the collaboration between the industry and other institutions should play an important role in 

future noise reduction. The support of EU, national committees and other authorities is indispensable to 

obtain the degree of maturity in this technology that the community is demanding. In this context, the 

main success of projects like Sirocco has been its capability of creating a network of companies and 

institutions that work together across Europe with a common objective.   
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The design of new profiles that could control the properties of the boundary layer is a promising line of 

investigation to improve the new generation of wind turbines blades. The results obtained in the Sirocco 

project have confirmed that optimization processes are applicable to improve the acoustic performance of 

modern airfoils. The wind tunnel measurement campaign has proven the validity of theoretical work and 

the confirmation on real wind turbines is underway.  
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Abstract
In this paper, a method to determine the jet noise source input for shielding calculations is described. The
method involves three steps – localisation, propagation and simplification. Firstly, for the frequency of
interest, a small localised source region is determined, using Goldstein-Rosenbaum’s acoustic model, with a
numerical RANS solution providing local flow properties. A number of distinct incoherent noise sources may
be located in this region, using the turbulence length scales. In the second step, each source is propagated out
through the jet flow using the wave expansion method (WEM) to solve the Helmholtz equation, with local
Mach values acquired from the RANS solution. The third step is to define a Kirchhoff surface outside the
jet flow, from which the sound may be propagated further by simply using the Helmholtz-Kirchhoff integral,
which can account for any mean flow present. Although the method is quite crude, it is relatively robust
as it is a shielding factor or ratio, rather than an absolute value, which is of interest in design evaluation.
Preliminary results, presented in this paper, provide encouragement that this new three-step jet noise source
modelling method can be used to provide a source input for use in airframe shielding calculations, that is
equivalent – in terms of source frequency, distribution and directivity – to the noise produced by a jet flow.

1 Introduction

The reduction of near-ground aircraft operating noise levels has become an important design consideration
for aircraft manufacturers, in recent times. Threshold values for noise certification of new aircraft have
reduced and local authorities now impose direct noise penalties, and limitations on operating hours, on
airline companies. With it anticipated that the number of commercial aircraft in the skies will more than
double in the next twenty years, the search in now on for industrially viable quieter aircraft designs.

Aircraft noise may be divided into two categories – airframe noise and engine noise. A novel approach,
currently under consideration as part of the European FP6 Project ’Novel Aircraft Concepts REsearch’
(NACRE), to reduce the engine noise that propagates towards the ground, is to position the engines high
on the rear of the fuselage, where a new U-shaped tail section or empennage design, would potentially act as
a noise shield or barrier.

At present, no method exists to suitably evaluate such a configuration from an acoustic point-of-view. There
is, therefore, an industrial requirement to develop design tools to quantify any noise reduction created, by
such a configuration. It must be remembered though, that acoustic evaluation is only one component of an
overall design evaluation and so, this acoustic evaluation method must be appropriate in terms of computa-
tional time and resources.

The shielding factor is the criteria of interest for design purposes. The shielding factor, FS , is the ratio of the
shielded sound pressure level, SPL, at an acoustic receiver, to the unshielded or reference sound pressure
level, or simply

FS =
SPLShielded

SPLUnshielded
(1)
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In order to evaluate the shielding factor, one must describe the noise source and then examine how it propa-
gates to the receiver, directly (unshielded) and by diffracting around an obstacle (shielded).

Jet Nozzle Exit

Potential Core

Turbulent Noise Sources

Mixing Region

Fully Developed
 Flow

Shielding Barrier

Acoustic Receiver

Figure 1: Noise generation in turbulent mixing region for a simple jet, with a noise shield

This current paper is concerned with expressing the noise field produced by a jet flow as a noise source input
for shielding calculations. It should be noted that jet noise is not the only noise source from the engine, but
it is the only source to be considered in this present paper. The objectives, as such are to: 1. Develop a jet
noise modelling methodology that is applicable to realistic jet nozzle geometries, and 2. Provide a simplified
jet noise source, which is appropriate as a source input for shielding calculations.

The shielding factor is highly dependent on the source frequency, the source position (relative to the barrier
and receiver) and the directivity of acoustic field it produces; and so it is important when describing any noise
source input to account for these three factors – a jet noise source is no different in this respect. Note, that
for a single source, the source amplitude has no bearing on the shielding factor as it will simply cancel out
in the ratio, however, for multiple source inputs, the relative strengths of the sources will affect the shielding
factor.

The jet noise source model, for design purposes, must be applicable to realistic jet nozzle geometries. Wind-
tunnel test data from the NACRE project will be used for calibration/validation of the method, and the test
nozzle and flow conditions will be employed in the development of the source model.

2 Jet Noise Source Model

The fundamental equations relating the noise produced by a jet to the turbulence in the jet mixing region
were derived by Lighthill [1], who realised that the exact equations of motion may be written in the form
of the homogeneous acoustic wave equation with a quadrupole source term, thus showing that there is an
exact analogy between the density fluctuations that occur in any real flow and the small amplitude density
fluctuations that would result from a moving quadrupole source distribution, convected at a velocity , in a
fictitious stationary acoustic medium [2].

Turbulent flow can be divided into well-correlated quadrupole regions so that the acoustic pressure amplitude
within a region adds linearly, while only the R.M.S amplitudes combine from uncorrelated regions. The size
of these correlated quadrupole regions is taken to be roughly the size of a typical energy-bearing turbulent
eddy, or correlation length scale.
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A number of specialised formulations for jet noise have been developed based on Lighthill’s general theory.
Simple models using dimensional arguments have been developed, by Proudman [3] and by Lilley [4],
however, this approach has difficulties in dealing with more complicated, realistic, jet exit geometries such
as a coaxial jet. Alternatively, to use Lighthill’s equation to predict the sound intensity, semi-empirical
methods may be employed, by evaluating the two-point space-time correlations of the second derivatives of
the Reynolds stresses, and then integrating over the turbulent region. Under certain simplifying assumptions,
this may be achieved experimentally or numerically, with a RANS solution.

Turbulent flow may be modelled by a number of different methods, however, highly accurate Direct Nu-
merical Solution (DNS) or Large Eddy Simulation (LES) methods, which attempt to solve all time and
spatial scales, are computationally expensive and are not practical in a lot of situations - this present jet noise
modelling study included. A more practical method is to solve RANS (Reynolds-averaged Navier-Stokes)
equations, to obtain time or space averaged results. RANS calculations introduce additional terms in the gov-
erning equations that need to be modelled in order to achieve a ’closure’ for the unknowns. RANS solutions
of the flow are, therefore, used in this present research.

Goldstein and Rosenbaum’s model [5] is one such semi-empirical method that, makes a number of assump-
tions including axisymmetric turbulence, and so enables the longitudinal length scale to be greater than the
transverse length scale, something which has been observed experimentally [6] but which earlier acoustic
models, such as Ribner’s [7], crucially neglect. All the contributing correlations may then be evaluated, for
an assumed axisymmetric noise pattern.

The quadrupole correlations may be separated into those comprising of turbulence-only ’self-noise’ terms
and those that arise from the interaction of the turbulence with the mean shear-flow, or ’shear-noise’ terms.
The respective directional patterns are combined to yield a basic directivity of the eddy noise generators.

The overall directivity pattern is a combination of this basic quadrupole correlation pattern, and the domi-
nating and competing effects of convection and refraction – convection acts to beam the sound downstream,
while refraction acts to bend the sound away from the jet axis – resulting in a heart-shaped pattern.

An alternative approach, again using a RANS solution, is to stochastically synthesise turbulence to obtain
source terms and then propagate these using linearised Euler equations. This approach, however, is time
consuming, and so for this present jet source modelling study, it is not considered.

In this present work, the modelling of jet noise to provide a source input for shielding calculations has been
broken into a three-step process - (1) localisation with the Goldstein-Rosenbaum model, (2) propagation
beyond the jet flow, using the wave expansion method and (3) simplification by defining a Kirchhoff surface.
This is a fast and computationally light approach.

2.1 Step One – Localisation

Nozzle Exit

Potential Core

r
θ

y
Flow Axis-of-Symmetry

Mixing Region

Figure 2: Coordinate system for acoustic model
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With the Goldstein-Rosenbaum model, for an isolated turbulent eddy, located at y, the acoustic intensity
spectrum, Iω, from that turbulent eddy, at a radius r and angle θ from the jet axis, with the coordinate origin
located at the nozzle exit, is given by

Iω (r, θ/y) = ρ0L1L2
2u2

t1

2

40
√

2π1.5c50r2
ω4

ωf
exp

(
−ω2C2

8ω2
f

)
Dse

+ρ0L1L4
2u2

t1

π1.5c50r2

(
∂U1
∂y2

)2
ω4

ωf
exp

(
−ω2C2

4ω2
f

)
Dsh

(2)

where c0 and ρ0 are the far-field speed of sound and density respectively, and ω is the particular frequency of
interest. The first term on the right-hand-side of equation 2 is a self-noise term and the second term is a shear-
noise term. Dse and Dsh are the self and shear basic directivity patterns from the quadrupole correlations
and given by

Dse = 1 + 2
(

M
9 −N

)
cos2 θ sin2 θ

+1
3

[
M2

7 + M − 1.5N
(
3− 3N + 1.5

∆2 − ∆2

2

)]
sin4 θ

Dsh = cos2 θ
(
cos2 θ + 1

2

(
1

∆2 − 2N
)

sin2 θ
)

where
∆ = L2

L1
; M =

(
1.5

(
∆− 1

∆

))2
; N = 1−

(
u2

t2

)
/
(
u2

t1

)

C is a convection term that represents moving quadrupoles at a velocity Uc, thus if Mc is the Mach convection
number

C = 1−Mccosθ (3)

The convection velocity is chosen, here, to be 0.67 of the jet exit or maximum velocity [6].

A numerical RANS solution may be used to directly provide the remaining local and statistical flow prop-
erties [8]. The velocity gradient, ∂U1/∂y2, can be taken straight from the solution and the length scales L1

and L2, and the characteristic frequency of turbulence, ωf , can be defined as

L1 = u2
t1

3
/2

ε ; L2 = u2
t2

3
/2

ε ; ωf = 2π ε
κ

(4)

If a κ-ε turbulence closure is used for the RANS solution, the Reynolds stresses may be approximated1 as

u2
t1 = 8

9κ ; u2
t2 = 4

9κ (5)

Integrating equation 2 for all receiver angles provides the acoustic power, W , from a given location, y, and
so provides a means to identify a localised source region

Wω (/y) = 2π
π∫

0

Iω (r, θ/y) r2 sin θ dθ (6)

For a frequency of interest, a number of incoherent simple sources (multipoles) may be located within this
localised source region by making use of the correlation length scales. These individual sources may now be
propagated with the wave expansion method.

1Artificially imposes a ∆ value, or L2/L1 = 1/3, as the κ-ε turbulence model cannot predict the anisotropic length scales.
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2.2 Step Two – Propagation

Caruthers et al. proposed the Wave Expansion Method (WEM) [9] as an efficient discrete frequency domain
interpolation method, to solve the Helmholtz equation. They showed for a radiation problem, an accurate so-
lution could be obtained with less than three nodes-per-wavelength, compared with ten nodes-per-wavelength
with a finite difference method.

The WEM was applied to a turbofan inlet [10], demonstrating how the WEM could be formulated in an
axisymmetric form by azimuthally decomposing the three-dimensional field by Fourier expansion. This
example also showed that axisymmetric mean flow solution could be introduced into the field.

For axisymmetric acoustic propagation the acoustic pressure field may be decomposed azimuthally by
Fourier expansion, with azimuthal variation of order l, so that

p (x, r, φ) =
∞∑

l=0

p (x, r) e−jlφ (7)

As ∂p/∂θ = −l2p, the cylindrical homogeneous Helmholtz equation becomes

∂2p

∂r2
+

1
r

∂p

∂r
+

∂2p

∂x2
+

(
k2 − l

r2

)
p = 0 (8)

By separating p (x, r) into the product of a function of x and a function of r, a solution for equation 8 may
be expressed as

p (x, r) = exp (−jkxx) H
(2)
l (krr) (9)

where k2
x + k2

r = k2 cos2 θ + k2 sin2 θ = k2 and H
(2)
l is a Hankel function, of the second kind, of order

l. Equation 9 represents a plane wave solution to the axisymmetric Helmholtz equation, with unit amplitude
and propagating in direction θ.

The WEM allows one to compute the acoustic pressure at a discrete point, p0, from amplitude and phase data
of M neighbouring points. The pressure at each point in a domain may be approximated by the superposition
of the field generated by N hypothetical plane waves of strength γn and with unit propagation in direction
θn.

r

x

0p

N hypothetical plane waves

mp

O

nθ

Figure 3: Computational stencil for axisymmetric WEM
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The acoustic pressure, p0, can be expressed as

p0 =
N∑

n=1

γn exp (−jkx,nx0) H
(2)
l (kr,nr0)

or in vector notation
p0 = aγ (10)

where a is a 1×N vector and γ is a N × 1 vector.

Similarly, the acoustic pressure at a neighbouring point, pm, where m = 1, 2, ...,M , is given by

pm =
N∑

n=1

γn exp (−jkx,nxm) H
(2)
l (kr,nrm)

or
p = Aγ (11)

where p is a M × 1 vector and A is a M ×N matrix.

Choosing N > M results in an infinite set of solutions to γ, all of which satisfy the Helmholtz equation in
the computational stencil. The optimum solution is when

∑N
n=1 γ2

n is minimal. Taking the pseudo-inverse of
A to get A+, imposes that the optimum solution, thus

γ = A+p

and substituting back into equation 10 leads to

p0 − aA+p = 0 (12)

If κ0 is the local stiffness vector for a computational stencil, κ0 = −aA+, then equation 12 may be written
as {

1 κ0

} {
p0

p

}
= 0

Then for the overall computational lattice, with a source vector, f , added to the right-hand-side and where κ
is the overall stiffness matrix, then

κ℘ = f (13)

which, with suitable boundary conditions, may be solved for ℘, a vector containing the acoustic pressure at
each point in the overall domain lattice.

The inclusion of flow in the axial direction is achieved by simply adjusting the local wave number, such that

kflowaxial = k/(1 + Mx cos θ) (14)

where Mx is the local axial Mach number component.

The sources may be located within the computational domain from Step 1 and the numerical RANS solution
provides the local Mach number values. The sources must be simple monopoles, i.e. with uniform directivity,
however by entering a number of coherent monopoles, source directivity may be introduced.
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2.3 Step Three – Simplification

The noise generated by the turbulent jet flow has been localised into a number of multipole sources in Step 1,
and propagated out through the jet flow in Step 2. In this final step, this jet noise must now be expressed
in a manner, which can be imputed into shielding calculations. This may achieved by simply defining the
acoustic pressure, p and normal pressure gradient, ∂p/∂n on a fictitious Kirchhoff surface, S, outside the jet
flow.

The Helmholtz-Kirchhoff integral, equation 15, may then be used [11] to propagate the sound further, in
order to determine the shielded and unshielded SPL.

p (r,ω) =
1
4π

∫

S

(
G

∂p

∂n
− p

∂G

∂n

)
dS (15)

where p is the acoustic pressure at the receiver, n is an inward pointing unit vector, normal to the Kirchhoff
surface, and G is a free-space Greens’ function that may take into account the effect of a mean flow.

3 Results

3.1 Localisation

Figure 4: Local acoustic power field [top 30 dB] spectrum from NACRE jet. 20kHz (top-left), 10kHz
(top-right), 5kHz (bottom-left), 1kHz (bottom-right).

Figure 4 shows, using a κ-ε turbulence closure RANS solution of the NACRE coaxial jet nozzle, and equa-
tion 6, the local source regions for particular frequencies. Observe, that the high frequency noise is produced
near the jet exit, were the turbulent noise producing eddies are small in dimension and as lower frequencies
are examined, the source region becomes larger and moves downstream, corresponding to the growth in size
of the turbulent noise producing eddies, as they move downstream.

3.2 Propagation

Figure 5 shows the local axial direction Mach values (axial flow field, with Mφ = Mr = 0) from the
RANS solution, of the NACRE coaxial jet, and the corresponding sound field produced when a point source
is embedded within this flow, using the axisymmetric WEM. It can be observed how the jet flow imposes
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directivity, due to refraction, on a point or monopole sound source. Results obtained using this method agree
well with those obtained using ray tracing and by solving linearised Euler equation [12].

Figure 5: Axisymmetric WEM field values – local Mach number in X-direction from NACRE jet (left) and
the acoustic pressure [dB] (right) produced from a point source embedded in this flow, on the jet axis at 10
equivalent primary diameters, with l = 0 azimuthal mode

The Kirchhoff surface may easily be defined from these results. For example, the acoustic pressure and
normal gradient values along the top, left and right boundaries of the WEM domain provides a suitable
Kirchhoff surface input for shielding calculations.

4 Discussion

The Goldstein-Rosenbaum acoustic model provides a means to identify a local source region as was shown
in Figure 4. However, this method includes a number of approximations and the accuracy of this localisation
must be questioned. RANS solutions tend to over-predict the length of the potential core. Near-field wind-
tunnel test (WTT) data will be used in future work to calibrate/validate these frequency source location
predictions.

The acoustic model also considers the far-field intensity from an isolated turbulent region, without examining
the interaction between turbulent regions. It has been shown [8] though, that this model can determine a
reasonably accurate prediction of the far-field noise when compared with experimental data, however, there
is a tendency to over predict the intensity at angles near the jet axis. This is due to the fact that the Goldstein-
Rosenbaum model does not account for refraction effects in its formulation. Again the WTT data will be
made use of here. The Goldstein-Rosenbaum model also relies on an adjustment factor to correctly predict
the sound magnitude, however, for shielding calculations this is not necessary.

A uniform convection velocity of 0.67 times the maximum flow velocity was used in equation 3, however,
this approach may not be appropriate, for coaxial nozzles in particular. It is intended to employ a spatially
dependent convection velocity in future work.

An important element of this methodology, which remains to be clearly defined, is how to position simple
sources from the local source power regions shown in figure 4. It is believed that it may be sufficient to place
a number of incoherent sources on the jet-axis, however, this must investigated further.

The result in figure 5 is illustrative of how the axisymmetric WEM can be used to investigate the directivity
imposed on a source due to jet flow, and so only one monopole source was used in this instance. Flow was
included in the axisymmetric WEM by simply adjusting the wave number, as given in equation 14. This
however, only accounts for an axial flow and neglects flow in the radial and azimuthal directions.
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5 Conclusions

A three-step jet noise modelling methodology is presented in this paper. The three steps are (1) localisation of
the source region using an axisymmetric RANS flow solution and the Goldstein-Rosenbaum acoustic model,
(2) propagation of the sources with the WEM and (3) simplification of the noise source term by defining a
Kirchhoff surface beyond the jet flow.

This methodology will provide an approximate jet noise source, for use in calculating the shielding factor,
provided by the insertion of an obstacle between the jet and a receiver. Importantly, the three steps may be
executed in a short space of time.

The method is quite robust as it is a shielding factor or ratio, rather than an absolute value, which is of interest
in design evaluation, and so much of the error, generated by assumptions used, will cancel out.

It has been demonstrated that the method is applicable to realistic jet nozzle geometries, and the results
presented are for the NACRE coaxial nozzle. Preliminary results, presented in this paper, provide encour-
agement that this new three-step jet noise source modelling methodology can be used to provide a source
input for use in airframe shielding calculations, that is equivalent - in terms of source frequency, distribution
and directivity - to the noise produced by a jet flow, as required.
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[12] C. Bailly and D. Juvé. Numerical solution of acoustic propagation problems using linearized Euler
equations. AIAA Journal, Vol. 38, No. 1, (2000), pp.22-29.

676 PROCEEDINGS OF ISMA2006



Experimental identification of a boundary pressure field
induced by a turbulent flow from plate vibration measure-
ments

C. Pezerat 1, N. Totaro 1, M. Pachebat 2, J.L. Guyader 1

1 INSA Lyon, Laboratoire Vibrations Acoustique,
25 bis avenue Capelle, 69621, Villeurbanne Cedex, France
e-mail: charles.pezerat@insa-lyon.fr
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Abstract
Boundary pressure induced by a turbulent flow acting on a structure is an important vibration source that
generates broad-band noise inside cars. The classical way to identify the exciting pressure is the measurement
of boundary layer pressure in order to characterize correlation length to be used in a Corcos-like model for
boundary pressure cross spectrum. This is a complicated and time consuming experimental procedure, that
needs a dedicated set-up. Here, an indirect measurement of the wall pressure fluctuation is proposed. The
principle is based on a method, called RIFF, which was developed in the last years in case of mechanical or
acoustic excitations. This method is based on the measurement of the vibration field of the structure. The
advantage of this method is that the force distribution applied to the structure is reconstructed locally and
thus does not depend on the conditions located at the boundaries of the window of measurement. In this
paper, the possibility of reconstructing by RIFF the boundary pressure field produced by obstacles placed in
flow is investigated.

1 Introduction

In the vibroacoustic domain, the RIFF method is a well known approach to identify excitation of a structure
from vibration measurements. The name RIFF comes from the french language which means : Résolution
Inverse Filtrée Fenêtrée (Windowed Filtered Inverse Resolution). It was developed in the last years for differ-
ent structures like beams [2], plates [3], [5], [7], [10] and more recently shells [9], [12]. Today, its application
allows to locate and identify point forces (correlated or not), mechanical or acoustical distributive forces [6].
In this work, the question is: what about the use of RIFF for the characterization of the excitation of a plate,
due to a turbulent air flow behind an obstacle? Authors have made in [11] a first approach in this way, where
simulations permitted to conclude to the feasability of reconstructing the force distribution even if the ex-
citation presents uncorrelated spatial components. Here, the goal of the study is to show RIFF application
from experimental measurements. In the following, the study is focused on the example of a plate excited
by a pressure field produced by a corner placed in the flow. The first part of the paper is a brief presentation
of RIFF, where each step of the method is shown from an example made by a numerical simulation. After a
description of the experimental setup, measured data are shown and finally first experimental idendifications
made by RIFF are exposed.
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2 RIFF Method

2.1 Theoretical background

The basic equation used by the RIFF method is the equation of motion of the structure. In the case of plates,
the equation governing forced harmonic flexural vibrations is:

Eh3

12(1− ν2)
(
∂4w

∂x4
+

∂4w

∂y4
+ 2

∂4w

∂x2∂y2
)− ρhω2w = F (x, y, ω) (1)

where E is the complex Young modulus, h is the thickness of the plate, ν is the poisson’s ratio, ρ is the mass
density, w is the plate’s transverse displacement and F is the force distribution exciting the plate.

The force distribution can then be computed from the knowledge of the displacements and from the knowl-
edge of the fourth spatial derivatives of the displacement field. In the RIFF approach, the fourth spatial
derivatives are developed using finite difference schemes rather than a Fourier Transform approach, in order
to keep a spatial local aspect.

The finite difference method uses centered schemes developed in the first order. For a cartesian mesh, the
formulas are as follows :

∂4w

∂x4
⇒ δ4x

i,j =
1

∆4
x

(wi+2,j − 4wi+1,j + 6wi,j − 4wi−1,j + wi−2,j) (2)

∂4w

∂y4
⇒ δ4y

i,j =
1

∆4
y

(wi,j+2 − 4wi,j+1 + 6wi,j − 4wi,j−1 + wi,j−2) (3)

∂4w

∂x2∂y2
⇒ δ2x2y

i,j =
1

∆2
x∆2

y

(wi+1,j+1

−2wi+1,j + wi+1,j−1 − 2wi,j+1 + 4wi,j

−2wi,j−1 + wi−1,j+1 − 2wi−1,j + wi−1,j−1) (4)

where ∆x, ∆y are the distances between two points in the directions x and y ; i, j are the indexes of a mesh’s
point ; wi,j is the complex value of the transverse displacement at the point (i, j) supposed to be measured.

Using the values of the displacements of the plate, the discretized force distribution can then be computed
from the equation of motion (1) and the schemes (2), (3) and (4).

2.2 Exact simulation

To illustrate the force distribution reconstruction, a simulation is proposed here. It was carried out using a
3D finite volume model using the software FlowVision. Figure 1 shows a picture of this model where flow
velocities and the boundary pressure are shown at a particular time. In this model, the height of the corner is
4cm and the free stream velovity is 50m/s.

After this first calculation, the following steps were done:

1. extraction of the blocked pressure map on the surface of the plate in the time domain,

2. calculation of blocked pressure maps in the frequency domain using Fourier Transforms,

3. calculation of the forced vibration of a simply supported plate excited at each frequency by the pressure
fields deduced above. An analytic modal approach was used.
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Figure 1: Example of a boundary pressure map obtained at one time with FlowVision

4. reconstruction of the force distribution (eq. (1), (2), (3) and (4)) using only the displacement field in
step 3.

5. comparison of pressure fields obtained in steps 2 (direct calculation) and 4 (RIFF approach).

Figures 2, 3 and 4 show intermediate results obtained from steps 2, 3 and 4. This example was done with
a rectangular mesgrid defined by 34 x 53 points for a duration time of 4s (time resolution : 5ms). The
characteristics of the plate are: length Lx = 0.6m, width Ly = 0.5m and thickness h = 0.8mm. The
observed frequency is 50Hz.
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Figure 2: Numerical boundary pressure field computed with FlowVision at the frequency 50Hz.

In figure 2, one can see easily the reattachment region beginning at the coordinate x = 0.3m (where the
pressure is higher) and the recirculation zone before 0.3m. For this kind of excitation, the displacement field
of the simply supported plate was calculated (step 3) and plotted (in modulus) in figure 3. Of course, this
alone information is not sufficient if one needs to know what is the corresponding excitation, i.e where are
the principal regions and what is the level of the excitation. Finally, after insertion of these displacements
in the equation of motion of the plate, the force distribution can be theoretically computed. This is done in
figure 4 which gives results very close to the initial force distribution computed in figure 2. This simulation
proves the possibility to compute directly the right hand side of the equation of motion (1) with simple finite
difference schemes to approximate the fourth spatial derivatives of displacement.

2.3 Effects of noise introduced in data

The problem to approximate quantities proportional to spatial derivatives of displacements is that the results
become very sensitive to errors introduced in displacements. In the particular case of fourth derivatives, the
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Figure 3: Magnitude of the displacement field of a simply supported plate excited by the dynamic pressure
shown in figure 2 at 50Hz.
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Figure 4: Force distribution reconstructed from the equation of motion of the plate and displacements shown
in 3 at 50Hz.

technique cannot be used as is, when the data are obtained from measurements. To illustrate this, figure 5
shows the same example as in figure 4, where a little random noise was applied on modulus and phases of
each computed displacement, as follows:

wnoisy
i,j = wexact

i,j .∆w.ej∆φ (5)

where ∆w is a Gaussian random real number with a mean m∆w = 1 and a standard deviation σ∆w = 1 % of
the magnitude of the displacement ; ∆φ is an another Gaussian random real number with a mean m∆φ = 0
and a standard deviation σ∆φ = 0.57 degree.

This last result is very different from the previous one, so that the technique cannot be used without an
additional treatment when data are corrupted with a level close to uncertainties in measurements.

2.4 Regularization

The basic idea of the regularization is to reduce the noise by applying two tools : a multiplicative spatial
windowing for reducing the discontinuities of the noisy force distribution at the boundaries of the plate and
a low-pass wavenumber filtering for reducing the noisy components of the force distribution. In the standard
RIFF approaches, the multiplicative window ψ(x, y) is:
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Figure 5: Force distribution reconstructed from the equation of motion of the plate and noisy displacements
at 50Hz.

• a Hanning half-window at the boundaries on the lengh α

• 1 in the internal domain of the structure

• 0 in the external domain of the structure

Its expression is :

ψ(x, y) = ψ(x).ψ(y) (6)

where





ψ(x) = 0.5(1− cos(πx
α )) for x ∈ [0;α]

ψ(x) = 1 for x ∈ ]α; L− α[
ψ(x) = 0.5(1− cos(π(x−L+2α)

α )) for x ∈ [L− α;L]
ψ(x) = 0 for x ∈ ]−∞; 0[ ∪ ]L; +∞[

(7)

Note that the length α is chosen to be equal to the cutoff wavelength of the used filter. The cutoff wavenumber
of the filter is discussed below.

The filtering procedure is a discrete convolution product between the windowed force distribution and the
spatial response h of a low-pass filter :

F filtered
i,j = ∆x∆y

Mx−2∑

k=0

My−2∑

l=0

Fwindowed
k,l h((i− k)∆x, (j − l)∆y) (8)

In several RIFF applications [6], [10], the following finite response is used:

h(x, y) = (1 + cos(
kcx

2
))(1 + cos(

kcy

2
))

sin(kcx) sin(kcy)
4π2xy

(9)

for x ∈ [−2π
kc

, 2π
kc

]. kc represents here the cutoff wavenumber of the filter for both directions x and y. The
principle of the filtering procedure consists in deleting all informations included in the wavenumber domain
higher than kc. Of course, the value of kc is very important. When it is too low, the reconstructed force
distribution is too smoothed and, on the contrary, when it is too high, effects of noise in data dominate in the
results. To find a good compromise, some previous studies were done (see for example [2], [3], [5]). From
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simulations and experimental validations, an optimum cutoff wavenumber (noted kopt) was defined. In the
case of plates [3], [5], [6], [10], this optimum cutoff wavenumber depends only of the physical characteristics
of the problem (structure, driving frequency), but the characteristics of the meshgrid does not play a role in
its choice. In fact, the dependance of the optimum cutoff wavenumber follows a linear law with the natural
wavenumber k of the plate (k = ω/c where c is the speed of flexural vibrations), except when there is a high
resonance at one frequency (in case of small modal overlap and when an isolated eigen mode is excited).

In the RIFF method, there is a regularization parameter to adjust. This parameter is the ratio between the
cutoff and the natural wavenumbers. In many studies made in the vibroacoustic domain, the value of this
parameter (noted a) depends on the uncertainty level. In brief, the values to be retained are:

• a = 1 : used when measurements are very noisy,

• a = 2 : used for good measurements. This is the default value when the excitation is a random signal,

• a = 4 : used for very good measurements. Good results with a = 4 have been obtained for determin-
istic excitation in laboratory.

In the case of boundary pressure induced by a turbulent flow, a = 2 should be a good compromise. Figure 6
presents the filtering of the force distribution shown in figure 5 with a = 2. The obtained map is close to the
original pressure exciting the plate (see figure 2)
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Figure 6: Filtered force distribution reconstructed from the equation of motion of the plate and noisy dis-
placements at 50Hz. The cutoff wavenumber is kc = 2k.

3 Experimental Setup

RIFF method needs displacement field of the vibrating plate to identify pressure field. Experimentally, the
velocity field is measured with a laser vibrometer with scanning head POLYTEC. To compare identified
pressure field to real one, pressure measurements have been carried out. Experiments have been done in
INSA blower (figure 7(a)). This blower is composed by fans and two converging nozzles separated by two
meters. A wood frame have been placed in between the two converging nozzles. This wood frame is used
either for pressure or vibratory measurements. Indeed, different instrumented plates can be fixed in the center
of the wood frame. This is important to notice that the presented experimental setup can’t generate a fully
developed turbulent flow. The turbulent flow generated by the blower and flowing over the wood frame can
not be represented by a Corcos-like model. In addition, a 4 centimeters height obstacle is placed upstream
of the plate and modify the pressure field. In the following, no hypothesis is made concerning mean velocity
profiles, correlation lengths or boundary pressure cross spectrum.
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(a) (b)

Figure 7: (a) : Picture of fans and measured plate; (b) : Picture of vibratory measurements setup

All the experimental measurements have been carried out at three different free stream velocities : U∞ =
10ms−1, U∞ = 15ms−1 and U∞ = 20ms−1.

3.1 Vibratory measurements setup

In the case of vibratory measurements a metallic plate has been fixed to the wood frame via an heavy metallic
frame to ensure uncoupling between plate and setup.
Velocity fields of plate have been measured with a laser vibrometer with a scanning head (figure 7(b)).
Velocity of a reference point has been measured with a fixed laser vibrometer.

The plate has been discretized with two different meshes using POLYTEC software. One, called LF mesh,
is suitable for pressure identification at low frequencies (0-1000Hz, 19 x 15 measuring points separated by
26mm) and the other one, called HF mesh, is suitable for higher frequencies (500-2000Hz, 19 x 19 measuring
points separated by 11.2mm).

3.2 Pressure measurements setup

In the case of pressure measurements, the metallic plate is replaced by an instrumented wood plate. For static
pressure measurements, the wood plate has 72 holes split up into three lines (top, center and bottom lines,
figure 8(a)) to check if static pressure depends on transversal position. Static pressure can then be measured
at each point with a manometer.

The dynamic pressure is measured at five different points located on the diagonal of the plate (figure 8(b))
using 1/4 inch microphones. The dynamic pressure will be compared to experimental pressure identification.

4 Experimental results

To compare identified and real pressure field, some measurements are needed. First, the real pressure field
has been characterisized thanks to static and dynamic pressure measurements. The static pressure is useful to
localize recirculation and reattachment regions. Dynamic pressure measurements give frequency dependency
of local pressure. The dynamic pressure is measured with 1/4 inch microphone at five points with different
longitudinal positions.
Secondly, for RIFF method, the displacement field of the vibrating plate has been deduced from velocity
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(a) (b)

Figure 8: (a) : Picture of static pressure measurements setup; (b) : Picture of dynamic pressure measurements
setup
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Figure 9: Evolution of static pressure as a function of distance to obstacle. blue : U∞ = 10ms−1, green : :
U∞ = 15ms−1, red : : U∞ = 20ms−1. + : top line, ◦ : central line, × : bottom line (see figure 8(a))

measurements using laser vibrometer with scanning head. The phase reference of the displacement field of
the plate is taken at the middle of the plate with a fixed laser.

4.1 Static pressure

The static pressure has been measured using setup described in figure 8(a) on rigid wall for the three free
stream velocities (U∞ = 10ms−1, U∞ = 15ms−1 and U∞ = 20ms−1). For each case, static pressure
has been measured with a manometer on three longitudinal lines (top, central and bottom lines). Figure 9
presents evolution of static pressure as a function of the distance to obstacle.

It can be seen in figure 9 that the reattachment region (zone with constant slope) is wide and moves according
to free stream velocity. For U∞ = 10ms−1, U∞ = 15ms−1 and U∞ = 20ms−1 respectively, the reattach-
ment region begins at x = 0.15m, x = 0.2m and x = 0.25m approximately.
In addition, the pression field seems to be independent of transversal position. Indeed, measurements on the
three longitudinal lines show the same evolution of static pressure in the longitudinal direction except for
U∞ = 20ms−1 close to obstacle.
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Figure 10: (a) : Averaged measured pressure spectrum. − : U∞ = 10ms−1, −.− : U∞ = 15ms−1, −−−
: U∞ = 20ms−1, ... : U∞ = 0ms−1 (measurement noise) ; (b) : Averaged pressure spectrum with and
without obstacle, U∞ = 15ms−1. − : with obstacle, −− : without obstacle.

4.2 Dynamic pressure

Figure 10 presents the averaged pressure spectrum for the three free stream velocities (U∞ = 10ms−1,
U∞ = 15ms−1 and U∞ = 20ms−1). Measurement noise evaluated for U∞ = 0ms−1 (with the generator
under operation) is also plotted in figure 10(a).

As it can be seen in figure 10(a), the measurement noise is not negligible for low free stream velocity above
500Hz. For higher free stream velocity (U∞ = 15ms−1 and U∞ = 20ms−1, the measurement noise can be
neglected for the whole frequency band.
Obviously, pressure level increases with free stream velocity but evolution of pressure spectrum with fre-
quency differs from the case without obstacle. In fact, as shown in figure 10(b), the pressure level is much
higher with an obstacle at low frequency (below 250Hz). The difference is up to 25 or 30dB. On the contrary,
pressure level with an obstacle is lower above 250Hz even for the further microphone. This means that the
further microphone is in the reattachment region and not above.
Pressure measurements have not been corrected to take into account the size of microphones. It is here sup-
posed that the sensitive surface is small enough to neglect the space filtering effect for the frequency band
under study (0-2000Hz). For further details on the spatial filtering of sensors, see for example [13].

4.3 Velocity spectrum

The laser vibrometer with scanning head measures velocity of the vibrating surface with an external refer-
ence. The external reference is a fixed vibrometer which points in the middle of the plate. Figure 11 presents
velocity of a point close to the middle of the plate in third octave bands.

As demonstrated by figure 11, excitation due to turbulent flow is comparable with excitation due to mea-
surement noise for low free stream velocity (U∞ = 10ms−1). In that case, excitation due to turbulent flow
is not sufficient to identify pressure field correctly. For higher free stream velocity (U∞ = 15ms−1 and
U∞ = 20ms−1), excitation due to turbulent flow becomes dominant and response of the plate emerges from
measurement noise.
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Figure 11: Velocity spectrum at point in the middle of the plate in third octave bands. − : U∞ = 10ms−1,
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(a) (b)

Figure 12: (a) : Spatial coherence at 80Hz, mode (3,1) of the plate; (b) : Spatial coherence at 155Hz, mode
(3,3) of the plate. U∞ = 15ms−1, with 4cm height obstacle.

4.4 Spatial coherence analysis

Spatial coherence between fixed laser and scanning laser vibrometer depends on frequency. Three completely
different behavior can be distinguished:

• coherence at natural frequencies when reference point is not on nodal line.

• coherence at natural frequencies when reference point is on nodal line.

• coherence at other frequencies.

Coherence at natural frequencies: At these frequencies, spatial coherence is governed by plate behavior.
As demonstrated in figures 12(a) and 12(b), coherence is close to 1 at high amplitude zones when reference
point is not located on a nodal line. Obviously, coherence is low at nodal lines because of ambient noise and
acoustic excitation.
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Figure 13: Spatial coherence at 47.5Hz, mode (2,1) of the plate. U∞ = 15ms−1, with 4cm height obstacle.

If reference point is located on nodal line, spatial coherence is governed by low amplitude zones. As shown
in figure 13, coherence is close to one only on nodal line and is low elsewhere. This mean that plate vibrations
on nodal line are correlated. Thus low vibrations in these zones are not generated by ambient noise but by
spatially correlated excitation. This excitation can be due to turbulent flow or acoustical waves.
This kind of spatial coherence can potentially be an issue for RIFF identification. Indeed, to produce accurate
results, RIFF method needs response at correlated points with high amplitude. This is clearly not the case at
these frequencies.

Coherence and correlations lengths: At other frequencies than natural frequencies, spatial coherence is
not governed by plate behavior. However, as it can be seen in figure 14(a) and 14(b), a significant zone of the
plate is coherent with fixed laser. At these frequencies, spatial coherence seems to be governed by excitation.
The wall pressure cross spectrum defined by Corcos depends on longitudinal and transversal correlation
lengths (Lx and Ly). A point (x0,y0) of the turbulent flow is coherent with the ones located between [x0−Lx

: x0 + Lx] and [y0 − Ly : y0 + Ly]. For a fully developed turbulent flow without obstacle, longitudinal and
transversal correlation lengths are given by equation 10 and 11.

Lx =
Uc

αxω
(10)

Ly =
Uc

αyω
(11)

where αx and αy are Corcos’ coefficients (αx = 0.116 and αy = 0.7, [1]) and Uc is the convection velocity
(Uc ≈ 0.65 × U∞). For U∞ = 15ms−1, longitudinal and transversal correlations are respectively Lx =
82.6mm and Ly = 13.7mm at 162Hz and Lx = 35.2mm and Ly = 5.8mm at 380Hz. Sizes of correlation
lengths are represented in figures 14(a) and 14(b) by white arrows for both frequencies.

As shown in figures 14(a) and 14(b), size of spatial coherence on plate is approximately equal to longitudinal
correlation length. In the transversal direction, correlation length is much smaller than size of spatial coher-
ence. However, it is necessary to keep in mind that the flow generated by the blower is not fully developed
and can’t be described by a Corcos-like model. In addtion, it is possible that the 2D obstacle leads to the
pressure field more coherent in the transversal direction.
Spatial coherence of plate could be a measure of pressure field correlation lengths for frequencies different
from natural frequencies. To optimize the identification of correlation lengths, it could be then useful to use
plates with low modal overlap.
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(a) (b)

Figure 14: (a) : Spatial coherence at 162Hz; (b) : Spatial coherence at 380Hz. White arrows indicate sizes
of Corcos’ correlation lengths Lx and Ly. U∞ = 15ms−1, with 4cm height obstacle.

5 Identification of excitation

5.1 Boundary pressure field

Boundary pressure fields can be identified using measured velocity fields. Figures 15(a), 15(b), 15(c) presents
identified pressure fields for the three free stream velocities (U∞ = 10ms−1, U∞ = 15ms−1 and U∞ =
20ms−1) at the same frequency (f = 25Hz). In these cases, the regularization parameter is a = 2.

Identified pressure fields are comparable with numerical pressure fields presented in section 2.2. Indeed,
the three identified pressure fields shown in figure 15 have four different zones in the longitudinal direction.
These zones, from left to right, can be defined as :

• a zone close to obstacle, in the recirculation region, where pressure level is maximum

• a zone of low level pressure at the end of the recirculation region

• a zone corresponding to the reattachment region where pressure increases

• a zone of lower excitation when the flow is reattached to the plate

These different zones can be found in the simulation, in figure 2. In addition, the reattachment region is
moving according to the free stream velocity as already demonstrated with static pressure measurements.
Thus, identified pressure fields are coherent with experimental and numerical results and demonstrate that
RIFF method is applicable in the case of random distributed excitation.
Nevertheless, at higher frequency, evaluating the identification is more difficult because of lack of numerical
data and measurement noise.

5.2 Boundary pressure spectrum

Figures 16a - 16d show spectra (in red) of the reconstructed pressures at the middle of the plate. On these
figures the spectrum of the dynamic pressure directly measured by the microphone (at the same place) is
also plotted in blue. To see the effect of the RIFF regularization parameter a (ratio between the cutoff
wavenumber with the natural wavenumber of the plate), 4 figures are shown. The first figure 16a is the result
obtained for kc = k (i.e a = 1), the second 16b for kc = 2k (i.e a = 2), the third 16c for kc = 3k (i.e a = 3)
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Figure 15: Identified boundary pressure field, f = 25Hz. (a) : U∞ = 10ms−1; (b) : U∞ = 15ms−1;
U∞ = 20ms−1

and the last 16d for kc = 4k (i.e a = 4). The first observation is that the reconstructed force distribution
can have a lot of fluctuations. In fact, modal effects are not completely deleted by RIFF. In addition, general
tendencies can be different according to the regularization level (between figures):

• For a = 1, the reconstructed force distribution presents values very small before 120 Hz. This is
due to the spatial window which becomes less than 1 in the middle of the plate below this frequency.
For frequencies between 120 Hz and 900 Hz, maxima follow a tendency very close to the reference
pressure. For frequencies upper than 900 Hz, maxima grows and fluctuations are more present. This
can be explain by the limits of the measurement range, so that signal corresponds to the background
noise for these frequencies.

• For a = 2, best results are obtained. In fact, the domain where maxima follow correctly the reference
pressure is extended in low frequencies. Also, two singular frequencies (72.5Hz and 312.5Hz) can
be noted, where the values exceed the reference level. These frequencies correspond to important
harmonics in background noise delivered by the generator supplying the engine of the fan (in vibration
and acoustic).

• For a = 3 and a = 4, it is clear that values are too high, the regularization parameter is too important,
effects of noise is not reduced.
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Figure 16: Identified boundary pressure spectra, point in the middle of the plate, U∞ = 15ms−1. − :
pressure spectrum measured with microphone; ... : identified pressure spectrum. (a) : kc = k; (b) : kc = 2k;
(c) : kc = 3k; (d) : kc = 4k;

As mentioned in section 2.4, a = 2 is a good compromise, but values fall down drastically for a lot of
frequencies. To smooth this effect, figure 17 shows results in third octave band, obtained for a = 2. Compar-
ison between the reference pressure delivered by the microphone is good, except for bands 50 and 315 Hz,
because of the presence of the generator harmonics and for bands upper than 800 Hz, because of the limited
measurement range.

6 Conclusions

In this article, a first experimental approach of RIFF method in the case of boundary pressure excitation has
been exposed. It demonstrates that, for an arbitrary turbulent flow, the identification of boundary pressure
field using plate velocity measurements is possible. Even if measurements have been carried out in a noisy
environnement, interesting and coherent results have been obtained. Nevertheless, RIFF methods seems
to give more accurate results at frequencies with high response level (eigen modes at low and medium
frequencies) provided that modal overlap of the plate is high enough. Indeed, the known problem of RIFF
method for isolated eigen modes could be overcome by increasing damping of the plate.
In frequency bands, RIFF method provides boundary pressure spectra comparable with pressure measured
with microphone. These are encouraging results for a first experimental approach.
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Figure 17: Identified boundary pressure spectrum, point in the middle of the plate (third octave bands,
kc = 2k). (a) : U∞ = 15ms−1; (b) : U∞ = 20ms−1. − : pressure spectrum measured with microphone; ...
: identified pressure spectrum
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Abstract
This paper assesses the effect of highly irregular meshes on the accuracy of the Quadrature-Free Discontin-
uous Galerkin Method for solving the Linearized Euler Equations(LEE) equations. The method has been
applied to two test cases and compared with analytical reference solutions on a large number of meshes,
ranging from Cartesian to irregular meshes with random node distributions.

1 Introduction

The Discontinuous Galerkin Method (DGM) can be viewed as an extension of the finite volume method
by using a polynomial base to represent the quantities rather than their average value or as a finite element
method, where continuity between the elements is however not required. The elements are independent from
each other; they only communicate through a flux on their common boundaries.

The DGM has many advantageous properties. It is extremely compact: regardless of the order of the ele-
ments, data is only exchanged between directly neighboring elements. It is well suited for complex geome-
tries because it can be applied to an unstructured grid, even if this is non-conformal. Implementation of
boundary conditions is much more straightforward than with other methods since only the flux needs to be
specified at the boundary [3]. If desired it can be easily parallelized and made adaptive. A good overview
of different DG methods can be found in reference [12]; more specific information about the application for
hyperbolic equations can be found in [25].

One of the disadvantages of the DGM is its cost. Because of the discontinuous nature there are extra degrees
of freedom on the boundary in comparison to the continuous finite elements, which demands more storage.
Another disadvantage of the original formulation was the need of quadrature for the weighted residual for-
mulation. This can be eliminated if all integrals are precomputed, during initialization. Atkins developed the
Quadrature Free DGM [2, 3, 4, 5]. All elements are mapped to a reference element, for which the necessary
integrals are evaluated. To know the integrals on the elements in the actual domain, it is sufficient to take into
account the Jacobian, that has to be constant. Most researchers [2, 9, 11, 14, 21] use triangles and tetraeders
as element shapes. For these simplices with straight edges, the Jacobian is constant and, as a consequence, it
is possible to use the Quadrature-free DGM. For hexaedra [20, 22] the opposite faces have to be parallel for
a constant Jacobian of the mapping.

This paper reports on the use of the QF-DGM to model the propagation of acoustic waves through a non-
uniform mean flow by the Linearized Euler Equations (LEE). The aim is to have an accurate and easy-to-use
prediction tool that can be used for real-life engineering application cases. Aeroacoustic phenomena exhibit
a number of particular features that make them difficult to model. The acoustic waves cover a broad range
of frequencies and travel over large distances. This requires excellent dispersion and dissipation properties,
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which are characteristic for the DGM. More information about Computational Aeroacoustics (CAA) can be
found e.g. in the reviews by Tam [23] and Colonius & Lele [13].

In view of general engineering applicability an unstructured method is envisaged that is as robust as possible
with respect to variations in the element sizes. Good dispersion and dissipation properties have been proven
for the DGM on uniform [1] and non-uniform grids in 1D [16] and 2D [17]. The non-uniformity considered
in the latter was a jump in mesh resolution. In this paper, the effect of much more irregular meshes composed
of hexahedral elements is studied.

2 Mathematical Model

The Linearized Euler Equations (LEE), see equation (1), involving (non-)uniform mean flow, are the model
equations. They are obtained by starting from the Navier-Stokes equations and assuming negligible viscosity
and small amplitudes. The vectorq contains the acoustics quantities: the density, the velocities and the
pressure. The mean flow is represented by the mean densityρ0, the mean velocitiesui0 and the mean
pressurep0. The matricesAr are due to the fluxes, the matrixC comes from the non-uniform mean flow.
The vectors includes the sources.

∂q

∂t
+

∂Arq

∂xr
+ Cq = s (1)

where q =


ρ

ρ0u1

ρ0u2

ρ0u3

p

 , Ar =


ur0 δ1r δ2r δ3r 0
0 ur0 0 0 δ1r

0 0 ur0 0 δ2r

0 0 0 ur0 δ3r

0 γp0/ρ0δ1r γp0/ρ0δ2r γp0/ρ0δ3r ur0



and C =


0 0 0 0 0

ui0
∂u10
∂xi

∂u10
∂x1

∂u10
∂x2

∂u10
∂x3

0
ui0

∂u20
∂xi

∂u20
∂x1

∂u20
∂x2

∂u20
∂x3

0
ui0

∂u30
∂xi

∂u30
∂x1

∂u30
∂x2

∂u30
∂x3

0
0 (1−γ)

ρ0

∂p0

∂x1

(1−γ)
ρ0

∂p0

∂x2

(1−γ)
ρ0

∂p0

∂x3
(γ − 1)∂ui0

∂xi


All parameters can be non-dimensionalized using a reference length scale∆, a reference densityρ∞ and a
reference speed of soundc∞. Other quantities are non-dimensionalized by using a combination of the three
mentioned reference quantities. A summary is given in table 1.

quantity length density speed pressure time
scale ∆ ρ∞ c∞ ρ∞c2

∞ ∆/c∞

Table 1: Non-dimensionalizing scale factors

3 Numerical Model

For the spatial discretization, a Discontinuous Galerkin approach is used. Its main advantages are the com-
pactness of the method and its locality. Regardless of the order used, an element only needs information from
its direct neighbours. This also simplifies the imposition of boundary conditions. It is sufficient to prescribe
the desired value or flux; no ghost points are needed to retain the high-order accuracy.

A simple local advancement in time, here an explicit Runge-Kutta scheme, is sufficient. This locality comes
at the cost of additional degrees of freedom on the interfaces, which requires more storage than conventional
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finite elements. The compactness and locality make it easy to obtain a high-order method on unstructured
meshes and facilitate the parallelization of the code.

3.1 Quadrature-Free Discontinuous Galerkin Method

A short overview of the derivation of the Quadrature-Free Discontinuous Galerkin Method (QF-DGM) is
given here for a simplified linear equation (2). The derivation is entirely analogous for the LEE model
equations.

∂q

∂t
+

∂Arq

∂xr
= 0 (2)

The desired quantitiesq within an element are approximated by a linear combination of base functions
bk (3). The contributionsqe

i,k of each base function are the unknowns, grouped in the matrixqe. The base
functionsb are nodal functions based on the Gauss-Labatto-Legendre points. These have the advantage that
no interpolation is needed to calculate the fluxes on the interfaces [22].

qe
i (x, y, z, t) ∼=

N(p,d)∑
k=0

qe
i,k(t) · bk(x, y, z) = qe

i · b (3)

The subscripti ranges over all components of the vectorq. For the LEE there are 5 components. The
number of base functionsN(p, d) is determined by the desired polynomial orderp and the dimensiond of
the element. In case of hexahedra it is given byN(p, d) = (p + 1)3. The size of the matrixqe is thus5×N .

For each element a Galerkin approach is obtained by multiplying the equation (2) by each base function and
integrating over the elementΩ. After application of this weighted residual formulation, partial integration
leads to the DG formulation:∫

Ω
bk

∂qe
i,lbl

∂t
dΩ−

∫
Ω

∂bk

∂xr
(Arqe)idΩ +

∫
∂Ω

bkF
Rn
ik (q̄e, ¯qnb)d∂Ω = 0

k = 1 to N(p, d), i = 1 to 5 (4)

The Riemann fluxFRn on the edge∂Ω is function of the quantities in the adjacent elementse andnb. An
overbar (̄·) means that the quantity is to be evaluated on the edge∂Ω.

In principle the integration needs to be evaluated for each element. If each element can be mapped to a refer-
ence elementΩref , it is however sufficient to do the integration only for the associated reference element(s).
The mapping is factored into the formulation by the JacobianJ . this matrix contains the derivatives of the
global coordinates with respect to the local coordinates. For simplices (triangles, tetrahedra) with straight
edges, the Jacobian is a constant [15] which makes it easy to account for the transformation from the actual
coordinate system to the one of the reference element. For hexahedra this is only the case if opposite faces
are parallel.

The element formulation (8) is obtained by grouping together the spatially-dependent base functions and by
doing the integration in the coordinates of the reference element after the transformation.

(∫
Ω

bbT dΩ
)

∂qeT

∂t
−
(∫

Ω

∂b

∂xr
bT dΩ

)
(Arqe)T +

∑
edges

(∫
∂Ω

bb̄
T
d∂Ω

)
F Rn

s

T
= 0 (5)
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The flux vectors can be grouped in the matrixFr = Arqe and the Riemann flux vectors in the matrix
F Rn = 1/2((F e

r + F nb
r )ne,nb

r − α(qnb − qe)), both of the same size asqe. The normal vectorne,nb on
the edge is taken positive in the outward direction. Notice that a Lax-Friedrich flux is used for the Riemann
flux; α corresponds to the maximum eigenvalue of thedF (q)/dq. The Lax-Friedrich flux is one of the
simplest Riemann flux formulations. It has a low operation cost, which makes it the preferred choice. It is
successfully used in many DGM implementations [2, 9, 14].

|Jelement|

(∫
Ωref

bbT dΩref

)
∂qeT

∂t
− |Jelement|

(∫
Ωref

∂b

∂xr
bT dΩref

)
J−1

rs Fs
T . . . (6)

+
∑
edges

|Jedge|

(∫
∂Ωref

bb̄
T
d∂Ωref

)(
F Rn(q̄e, ¯qnb)

)T = 0

|Jelement|M
∂qeT

∂t
− |Jelement|KrJ−1

rs Fs
T +

∑
edges

|Jedge|Bedge

(
F Rn

)T = 0 (7)

J−1
rs is a coefficient in the inverse of the Jacobian. The mass matrixM , the stiffness matrixKr and the

matrixBedge are of sizeN ×N . If the contributions of all the integrals over the edges are summed together
in the matrixF ∗, one gets the following semi-discrete equation for one element:

∂qeT

∂t
= M−1(KrJ−1

rs Fs
T − 1/|Jelement|F ∗T ) (8)

|Jelement| is the ratio of the volume of the element to the volume of the reference element. A similar relation
holds for|Jedge|; it is the ratio of the area of the face to the area of the face of the reference element.

The computational cost associated with the two terms in the right hand side of equation (8) is function of the
order of the elements. For lower order (p ≤ 2) simulations, the calculation of the fluxes over the interfaces,
the second term, is more expensive than the calculation of the volume fluxes, the first term. For higher-order
(p ≥ 3) simulations the cost of the calculation of the fluxes over interfaces is a very small fraction of the
total cost.

Absolutely essential in the derivation of the Quadrature-Free DGM is the need for a constant JacobianJ ,
originating from the mapping to the reference element. Atkins, who originally proposed the quadrature-
free variant, speaks about the need of a mapping to asimple similarity element[2]. Also Hesthaven and
Warburton [15] consider the special case of constant Jacobians that enable a more efficient version of their
nodal method.

If the Jacobian is not a constant, as is the case for general hexahedra, one can try to approximate|Jelement|
by the Jacobian in the center of the element. By doing so an error is made in calculating the volume of the
element and the area of the faces. Also the effect of the gradients in the mapping is neglected. The mapping
is no longer exact in this case but costly quadrature, to include the exact value of the Jacobian in each point,
is not required to do the integration. As a result of all these approximations, one can expect a low cost, but
presumably also a moderate accuracy.

3.2 Time Integration

It is common to use explicit Runge-Kutta (RK) scheme for the integration in time of the semi-discrete
equations of the DGM. This is a class of time-integration schemes for ordinary differential equations (ODE),
which advances the solution in a number of stages within a global time step∆t. These schemes are only
conditionally stable, the time step has to be smaller than a given limit. For most applications, the choice of
the time step for combined spatial-temporal schemes is based on stability requirements rather than on desired
accuracy.

704 PROCEEDINGS OF ISMA2006



To reduce the memory requirements, specific sets of coefficients have been derived to write the schemes in
low-storage form. For schemes of order 4 and higher, extra stages are added, resulting in extra operations to
advance one time step, but often also the stability limit increases, which (partially) compensates the previous
effect. Additionally, the coefficients of these schemes can be optimized to minimize the dispersion and
dissipation error. The first, still popular scheme, that combines these two improvements is the LDDRK [18].
It suffers from a small stability limit. Another scheme of this type is given in [7], it is a 6-stage scheme. Here
the low-storage 5-stage scheme [10] is used to reduce the storage requirements and because it only has 5
stages it also requires less CPU time than the second more optimized scheme as both schemes have a similar
stability limit.

3.3 Implementation

The object-oriented implementation is done in C++. As much as possible, high quality numerical libraries
are used, as for instance BLAS [8]. Each element is an object that contains the data for the quantities to
be calculated, the mean flow, the fluxes and the Jacobian. The implementation scheme is similar to that in
reference [6], but individual elements are an object in contrast to the refered implementation that groups
all elements with the same reference element. For the reference element, the coefficients of the mass and
stiffness matrices, integrals of the product of base functions and their derivatives, are calculated analytically
by a Computer Algebra System. For the parallellization message-passing libraries based on MPI are used.

4 Meshes

Various types of meshes of hexahedra are used in the numerical experiments. All the meshes discretize a
computation domain of size[−50, 50]3 with N3

1D elements.N1D is the number of elements in one direction.

(a) Cartesian (b) Orthogonal (c) Random node distribution

Figure 1: Illustration of different mesh types.

4.1 Cartesian meshes: constant cell sizes

In a Cartesian mesh, figure 1(a), the elements are all of equal size and are perfect cubes. The element size
∆x, when discretizing the computational domain given above, is equal to100/N1D. For these meshes, the
Jacobian is constant. It is a diagonal matrix with all coefficients equal if the global en local coordinates are
aligned.
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4.2 Orthogonal meshes: random cell sizes

In an orthogonal mesh, figure 1(b), the elements are no longer of equal size, but their shape remains brick-
like. The location of each set of coplanar faces in the regular mesh is shifted by a random amount, bounded
by an upper limit given as a percentagefof the regular element size∆x. The shift can be in the positive
or negative direction. The result is a mesh where adjacent elements can vary considerably in size. The
maximum ratioRmax of the sizes of adjacent cells can be calculated as

Rmax = max

(
∆xel1

∆xel2

)
=

1 + 2f

1− 2f
(9)

For a40% distortion of the node location, the maximum ratio is as large as 9!

This type of meshes exhibits a higher degree of non-uniformity as compared to the smoothly varying
stretched grids with constant growth ratio or with a single jump in mesh resolution as discussed in [17].
The element-to-element variation can be regarded as a succession of jumps in mesh resolution. For these
meshes, the Jacobian is also constant. It is a diagonal matrix if the global en local coordinates are aligned.
The coefficients are not necessarily equal.

The meshes are generated as a tensor product of 3 distributions of node locations, one for each direction.
The random amounts to shift the nodes are chosen in the interval[−f∆x, f∆x] with a uniform probability.
The maximum ratio is never present in the meshes, but care has been taken to use severely distorted meshes
with ratios close to the maximum in each direction.

4.3 Irregular meshes: random node distributions

In an irregular mesh, figure 1(c), the nodes have been randomly shifted around their position in the Cartesian
mesh. The shift was again chosen randomly with uniform probability, but this time independent of the
adjacent nodes. Each node can lie within a box of dimensions[−f∆x, f∆x]3. The only restriction that has
been applied is that a node that lies on the boundary of the computational domain remains on the boundary.
In other words: for a node on a face of the domain, one coordinate remains fixed; for a node on an edge, 2
coordinates are fixed; and for a node in a corner no coordinate can be changed.

The resulting elements have very irregular shapes. The angles of the elements are no longer orthogonal,
neither are opposite faces parallel. The faces are not necessarily planar, but can be twisted; they look similar
to a butterfly in this case. For these meshes, the Jacobian is not constant, but it is approximated by its value
in the center of the element.

5 Numerical experiments

In the next paragraphs, the accuracy of the simulations on different meshes and with varying order of base
functions is studied by comparing the solutionq to a referenceqref in a regular grid of213 points. By using
the infinity norm the information from all these points is summarised in a single value.

5.1 Convection of a density pulse

The considered testcase is the convection of a 3D Gaussian density pulse.

The mean flow and initial conditions are set as follows:

ρ0(x, y, z, t) = 1, u0(x, y, z, t) = v0(x, y, z, t) = w0(x, y, z, t) = 1,

p0(x, y, z, t) = 1/γ ρ(x, y, z, 0) = α exp(−β(x2 + y2 + z2)),
u(x, y, z, 0) = v(x, y, z, 0) = w(x, y, z, 0) = p(x, y, z, 0) = 0
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whereγ is the isentropic constant for a perfect gas andα = 1, β = ln(2)/81. The boundary conditions are
periodic. The integration in time is performed from time0 to 100 with a time step of0.1. With this choice
and the convection speed equal to1, the initial condition is also the reference solution at the end. Figure 2
shows some 2D cuts of the convected pulse at 5 instances in time.

(a) t 0 (b) t 20 (c) t 50

(d) t 70 (e) t 100

Figure 2: Convected 3D density pulse at various moments in time (2D cut).

Figure 3 shows the accuracy in infinity norm as a function of the mesh distortion for Cartesian, i.e. zero
distortion, and orthogonal meshes. It can be seen that for these meshes, where the mapping is exact by a
constant Jacobian, there is limited influence of the distortion on the accuracy. Most probably this is due to
the reduced local resolution in the bigger elements.

Figure 4 show the accuracy in infinity norm as a function of the mesh distortion for Cartesian and for meshes
with a random node distribution. It can be seen that for these meshes, the accuracy deteriorates very rapidly
as a function of the distortion. For mesh distortions bigger than15%, the method became unstable. This
is probably due to the loss of conservation due to the error made in the volume of the element and the area
of the faces, which was a consequence of the approximation of the Jacobian by a constant and thus also
neglecting the gradients in the mapping.

The error made by the approximate mapping is fairy large, on the order ofO(10−1). This automatically
reflects in the overall accuracy of the method on these highly irregular meshes. Only for simulations with
very coarse meshes, the influence remains small.

5.2 Propagation of a pressure pulse

For the second test case, a similar Gaussian pulse is used as initial condition but this time for an acoustic
pulse. The Gaussian profile is used as an initial condition for the pressure and the density. The boundary
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Figure 3: Accuracy of density as a function of mesh distortion for Cartesian(0%) and orthogonal meshes.
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Figure 4: Accuracy of density as a function of mesh distortion for Cartesian(0%) and random meshes.
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conditions are characteristic non-reflecting boundary conditions. There is no mean flow. The pulse is propa-
gated using the same time step and meshes as in the first test case, but only until time30. As a reference, we
use the analytical solution [24]

p(x, t) =
α

2β
√

πβ

∫ ∞
0

ξ2 exp (−ξ2/4β) cos (c0tξ)J0(ξr)dξ (10)

wherer =
√

x2
1 + x2

2 + x2
3 is the radius andJ0(z) = sin z/z the Bessel function of the first kind and zero

order. The reference solution is calculated by numerically approximating the integral to sufficiently high
accuracy using the trapezoidal rule on the interval[0, 6] for ξ. Figure 5 shows the pressure field at three
moments in time. Figure6 shows the pressure as a function of the radius at the end time30.

(a) t 0 (b) t 15 (c) t 30

Figure 5: Propagation of 3D pressure pulse at various moments in time (2D cut).
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Figure 6: Analytical solution of pressure pulse at time 30

Figure 7 shows the accuracy in infinity norm as a function of the mesh distortion for Cartesian, i.e. zero
distortion, and orthogonal meshes. Also here, it can be seen that for these meshes, where the mapping is
exact by a constant Jacobian, there is limited influence of the distortion on the accuracy. The general trend
is somewhat higher errors by at most a factor 3. Most probably this is due to the reduced local resolution in
the bigger elements.
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Figure 7: Accuracy of pressure as a function of mesh distortion for Cartesian(0%) and orthogonal meshes.
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6 Conclusions

The effect of highly irregular meshes on the accuracy of the Quadrature-Free Discontinuous Galerkin Method
has been studied for two test cases: the convection of a Gaussian density pulse and the propagation of a Gaus-
sian pressure pulse. It is found that the method is very robust for variations in element size of orthogonal
meshes and that the accuracy only mildly deteriorates due to the local reduction in resolution in these irreg-
ularly spaced meshes.

The results on meshes with random node distributions clearly indicate that the mapping on irregularly shaped
elements cannot be approximated to a sufficient degree by using a constant Jacobian. Even for small distor-
tions of5%, the accuracy of the spatial scheme is lost. Variants of the DGM that use exact mappings have to
be used, which implies the need of an appropriate quadrature.
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Abstract 
This paper shows practical solutions for compression wave and for steady state oscillating flow, pressure 
driven in a pipe with a circular cross section. This paper also shows their applicable range and suitability 
through comparisons between the simplified solutions and strict analytical solutions, for the engineers and 
designers. The oscillating flow in a pipe has the boundary layer and the particle velocity profile due to the 
wall-viscosity. Analytical solutions for the profile are expressed by the hyper geometric functions, such as 
a Bessel function. Those strict but complicated solutions may become a stiff obstacle to treat much more 
complicated phenomena, such like the heat-fluid related oscillation problems. The practical formulas will 
contribute to simplify such matters. 
Pressure and flow velocity are directly treated in analytical solutions. Not only either of them but also flow 
rate may be chosen as an input and outputs by easy rearrangement of the formulas. This paper enables us 
to reduce computation time and analysis cost on not only duct acoustics but also water hammer and 
combustion instabilities. Of course, our formulas may contribute to designing of micro devices such as 
MEMS strongly influenced by wall-viscosity. 
 
 

1 Introduction 
 

1.1 Purpose of This Work 
The focus of this work is to extend our prior work. We have already obtained the analytical solutions for 
the compression wave and steady state oscillating flow in a pipe with a circular cross section. The 
solutions had been obtained using the unique and simple method. The detail of that will be reported in our 
other papers of ours, and one has been already contributed to the journal of applied acoustics. Many 
researchers have studied oscillating flow in a pipe. References [1-27] are noteworthy. The most of them 
show that theoretical treatments of time-dependent oscillating flows are the pressure-gradient-driven, or 
the mass-flow-driven. On the other hand, the authors treat the oscillating flow as directly pressure-driven 
phenomena. 
The oscillating flow has the boundary layer of flow profile, due to the wall viscosity that is the wall shear 
stress of laminar flow. The pressure loss of the oscillating flow in a pipe is a result of this phenomenon. 
The pressure loss shows frequency dependence because of frequency dependence of the wall viscosity. 
Applying the laminar flow theory on the friction loss, many researchers have been studying the oscillating 
flow. Our method of evaluating frictional loss is also based on laminar-flow theory. 
The analytical solutions we obtained are the unique and simple. One of the greatest advantages of our 
method is easy calculation of the followings; pressure and flow velocity at arbitrary cross-sections, phase 
velocity and spatial-absorption-coefficient. The analyses require the hyper geometric functions, such as a 
Bessel function. This is because they are based on cylindrical coordinate system. As long as the analysis is 
for the linear compression wave, our analysis method is very practical. However, there is an issue to be 
improved for the hyper geometric functions. Many programming languages for engineers (Matlab, 
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Mathematica, Maiple...) have various equipped-functions. However, if the accuracy of the functions were 
insufficient, the result would be incalculable. It is dependent on the language. In such a case, the users 
have to define the functions by themselves. In order to raise accuracy rather than the equipped function, 
usually much time and knowledge is required. Some load may be reduced if an approximate solution is 
used. Then, derivation and applicable range of the approximate solution were tried in this work. 
The wall-viscosity, which caused frictional loss, tends to be limited to a certain boundary from the surface 
of a wall as a frequency becomes high. Hence, the flow velocity profiles in a circular pipe and between 
parallel plates tend to be similar. This similarity was used to obtain the approximate. 
The goal of this work is to show practical formulas for the compression wave and for the steady state 
oscillating flow in a pipe with a circular cross section. Pressure and flow velocity are directly treated. Not 
only either of them but also flow rate can be chosen as an input and outputs by easy rearrangement of the 
formulas. This paper shows the applicable range and suitability through comparisons between the 
approximate solutions and the original analytical solutions. Moreover, those solutions have enabled us to 
greatly reduce computation time and costs, for the engineers and designers. 
 

1.2 Conventional Analysis Method 
 
Many researchers have studied the behavior of compression wave in a pipe, and reported a variety of 
solutions. References [1-27] are noteworthy. Some of analytical methods are mentioned below, in which 
the frequency dependent influence of wall-viscosity has been taken into account.  
Zielke [9] has shown that the method of characteristics, which is one-dimensional and computational 
analysis, can handle frequency dependent absorption. He related the wall-viscosity to the instantaneous 
mean flow velocity and to the weighted past velocity change. It requires a large amount of computation 
time and computer storage to simulate frequency dependent behavior. This is because evaluation of all the 
past velocity changes is required. Hence, the computational time increases exponentially with the number 
of time steps. Suzuki, Taketomi, and Sato [20] have improved the Zielke method without losing the 
accuracy. However, it seems to be complicated in spite of one-dimensional analysis. D’Souza and 
Oldenburger [7] derived the frequency transfer function for pressure and flow velocity at two cross 
sections. It is thought that their transfer function is comparatively in agreement with experimental results. 
Their method is one of the most elegant one-dimensional solutions for a simple line when both the 
pressure and the flow velocity are given.  
The one-dimensional analysis method cannot express the flow velocity profile. The detailed analysis on 
the profile under the incompressible condition was reported by Uchida [4]. His analytical solutions are 
expressed with the pressure gradient and the velocity profile. Recently, Das and Arakeri [24], and Ray, 
Ünsal, Durst, Ertunc, and Bayoumi [26] have reported the analysis solutions that extended Uchida's work. 
However, they cannot handle special wave phenomena because of assumption of incompressible fluid. 
One of the notable computational methods was reported by Brunelli [27] recently, which shows the 
numerical solution in time domain. His method under the compressible fluid condition enables us to take 
the frequency dependent absorption into account and to calculate two-dimensional velocity profiles. He 
calculated the transfer function between two cross sections, and compared it to the result of D’Souza and 
Oldenburger. Both are based on the substantially same equation of motion and equation of continuity, and 
the results of them are in agreement. 
Let us change a point of view. Most of researchers have chosen the pressure gradient or the time 
dependent flow rate as an excitation term to solve the equation of fluid motion. However, on compression 
wave in the industrial field, accurate measurement of the pressure gradient and the oscillating flow rate is 
difficult. D’Souza and Oldenburger directly treated pressure and flow velocity. Both are necessary inputs 
to calculate. Unfortunately, the problem is that accurate measurement of the oscillating flow velocity is 
not easy. It will cause increases in measurement costs. In the numerical method of Brunelli, either of 
pressure or velocity is necessary. However, his method seems to be very complicated, and it may cause an 
increase in computation costs. 
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2 Summary 
 

2.1 Cylindrical Model and Approximate Model 
 

 
Figure 1: cylindrical model and coordinates 

 

 
Figure 2: Cross Section of Approximate Model (for velocity profile) 

 
The physical model is axial symmetry shown in Figure 1. Hence, it is in cylindrical-coordinates system, 
and named the cylindrical model. (Refer to Figure 1, Cross-Sect.) On the other hand, Figure 2 shows the 
cross section of the approximate model. This model is used to obtain the approximation of the flow profile. 
Let x be in the axial direction, and let r be in the radial direction. Due to the axial symmetry, it is assumed 
that the pressure and the flow velocity are independent of the circumferential angle around the pipe axis. 
Their behavior is described using two-dimensional cylinder coordinates, x and r.  
The pressure p' is assumed to be uniform across the cross section. Based on this assumption, the x-
direction velocity is always much less than the r-direction. Let us consider only the x-direction 
components in the equations. Hence, the r-direction velocity is always much less than the x-direction and 
r-direction components are neglected. In other words, this is equivalent to the following assumptions. 

• Pressure, compression wave, uniformly propagates to the x-direction in one dimension between 
adjacent sections. 

• The history of the friction loss of the propagating wave is calculated with phase velocity and 
spatial absorption coefficient. 

• The phase velocity and the spatial absorption coefficient are uniform with respect to cross section 
because of the uniform pressure propagation. 

• The flow velocity profile is calculated based on uniform pressure. 
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Therefore the equations of motion and of continuity for steady state oscillating flow are expressed by Eq. 
1 and Eq. 2 respectively. The equation of continuity is rearranged on referring to the definition of the 
isentropic acoustic velocity c0 of fluid, Eq. 3. These equations are obtained by applying the perturbation 
method and by disregarding the sufficiently minute terms, where it is assumed that the steady state flow 
velocity u0 is zero or is much less than c0. Eulerian coordinate system is applied in this paper. 
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where ρ0 and ρ' are the density, µ0 is the viscosity. Subscript “ 0 ” and prime “ ' ” denote the time-averaged 
state and the oscillating state respectively.  
The equations mentioned above are for cylindrical model (Figure 1). When the approximate model (Figure 
2) is applied to analyze the flow profile, Eq. 1 is replaced by Eq. 4. 
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The compression viscosity term is omitted from the equation of motion, Eq. 1 and 4. However, the wave 
equation holds if the equations hold. This shows that the equations have not denied compressibility.  
 

2.2 General Solutions 
 
Let us consider the pressure-driven oscillating flow and sound (compression wave). Suppose that a 
reference signal of the pressure is given at the cross section located at x=0, and suppose that the signal is 
expressed by Eq. 5, where the phase velocity an and the spatial absorption coefficient βn are introduced. 
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Letters with square brackets [ ], such as p' [t, x], imply that it is a function of the variables represented in 
the brackets. The square brackets are omitted except for the case where there is a possibility of confusion. 
f1 denotes the frequency of the 1st Fourier coefficient, which implies the frequency resolution. Variable f 
is the frequency defined by Eq. 6. Absolute value |m| is a natural number or the replacement to natural 
number n is possible for it. The function shown in Eq. 7 is introduced as a kind of the unit function. This is 
because the convection term relevant to u0 is omitted in Eq. 1 ~ 4 and the solutions cannot have the 0th 
element mathematically. Subscripts n, m, and |m| imply that the variable is a function of them. Letters with 
hat “ ^ ” denote the Fourier coefficients in complex form, which is defined in Appendix-1. Subscript 
“x=0” implies that the variable is a value at the position. 
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2.2.1 Pressure and Flow Velocity 
 
Solving the equation of motion ( Eq. 1 or 4), we can obtained the general solutions for pressure and flow 
velocity. Eq. 8 and 9 express the general solutions at an arbitrary cross section. Eq. 8 expresses the 
pressure, which is assumed to be uniform with respect to the cross section. Eq. 9 expresses the flow 
velocity profile. K1 and K2 were non-dimensional coefficient. They are obtained by solving the equation of 
motion. However, an and βn are unknowns here yet.  
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Substituting Eq. 9 into Eq. 10, the velocity profile Eq. 9 is rewritten into the mean flow velocity Eq.12. 
This operation is done in order to avoid violation to the equation of one-dimensional continuity. 
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where φ is an arbitrary function of Y. Angle bracket < > denotes the average value over the cross section 
of the pipe. Y is the non-dimensional radius coordinate defined by 

Y r d≡ . (11) 

Then Eq. 9 becomes Eq. 12. 
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where another non-dimensional coefficient K3 shown in Eq. 12 were introduced. Detail discussion for non-
dimensional coefficients (K1, K2, and K3) are given in later section. 

 
2.2.2 Phase Velocity and Spatial Absorption Coefficient 
 
Substituting Eq. 12 into Eq. 2, and solving it, the phase velocity an and the spatial absorption coefficient βn 
are obtained. Eq. 13 and Eq. 14 are the general expression for an and βn. An is the non-dimensional phase 
velocity. Cn is the non-dimensional absorption coefficient, and Bn shown in Eq. 14 is the non-dimensional 
spatial absorption coefficient. These are given in next section. 
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2.2.3 Non-dimensional Coefficients 
 
Non-dimensional coefficients K1, K2, and K3 have been introduced in Eq. 9 and 12. Each of coefficients 
has particular meanings, shown below.. 

• [ ]1 1 ,K K m Y= : non-dimensional coefficient of velocity profile 

• [ ]2 2K K m= : non-dimensional coefficient of correction 

• [ ]3 3K K m= : non-dimensional coefficient of mean velocity 

These coefficients are all complex number. This means that they have information about the magnitude 
and phase lag. The products of K1 and K2 and of K2 and K3 also have particular meanings. These and some 
additional information about them are mentioned below. 
The products of the coefficients means 

• [ ] [ ]1 2 1 2,K K K m Y K m= : non-dimensional velocity profile 

• [ ] [ ]2 3 2 3K K K m K m= : non-dimensional mean velocity 

, magnitude (amplitude, modulus) is expressed by  

• [ ] [ ]1 2mod modK K : for non-dimensional velocity profile 

• [ ] [ ]2 3mod modK K : for non-dimensional mean velocity 

, and phase lag (phase difference, argument) from the phase of pressure is expressed by  

• [ ]1arg K− : for non-dimensional velocity profile 

• [ ]2arg K− : for non-dimensional mean velocity  

• [ ]3arg K− : for lag of non-dimensional mean velocity  

 
K1, K2, and K3 are used to express not only general solutions Eq. 9 and 10 but also an and βn. an and βn. are 
defined by non-dimensional numbers An, Bn and Cn. Furthermore, these three coefficients are expressed 
only by K3. They are expressed as follows: 
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3 3
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K n K n

A
K n K n

−
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 (15) 

n n nB A C=  (16) 
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2n
iC

K n K n
π  
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The phase velocity and the spatial absorption coefficient are evaluated using Eq. 13, 14, 15, 16, and 17. As 
shown in Eq. 15, there are two combinations for An and Cn. One is for the forward wave, which is 
transmitted in +x direction, and the other is for the backward wave. If the sign of An is given, the signs of 
other coefficients are determined automatically.  
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Moreover, the sign of An influences the phase of K2 because of the definition shown in Eq. 18. This means 
that the phase difference between pressure and velocity differs depending on the propagation direction. 
This represents an actual physical phenomenon well.  

. [ ] | | | |
2 0

| | 1 | |

1 1
2 2

m m

m m

i Bm
K m c i

a m f A m
β

π π

   
≡ − = −      

   
 (18) 

The signs of coefficients corresponding to the propagating direction are summarized in Table 1 and 2.  
 

dimensional non-dimensional 
 

a n βn An Bn Cn 

Eq. Eq. 13 Eq. 14 Eq. 15 Eq. 16 Eq. 17 

forward + + + + + 

backward - - - - + 

“+”: positive, “-”: negative 

Table 1: Signs of Coefficients to Transmission Direction 
 

K2  (Eq. 18) 

real part imaginary part  

m= ±n m= n m= -n 

forward  + - + 

backward - + - 

“+”: positive, “-”: negative 

Table 2: Signs of K2 to Direction of Propagation 

 

2.3 K1 and K3 for Cylindrical Model 
 
Non-dimensional coefficients of velocity profile and of mean velocity have to be obtained for each 
analytical model. Eq. 19 and 20 are obtained for cylindrical model, physical model. (refer to Figure 1) 
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Ωm is the non-dimensional frequency, defined by Eq. 21. Ωm is a function of m, which follows the rules 
shown in Eq. 6. 

[ ] ( )2
1

0
m

d m f
m

ν
Ω = Ω ≡  (21) 

ν0 is the kinematic viscosity defined by ν0≡µ0/ρ0. d is the inner diameter of the pipe, shown in Figure 1. 
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2.3.1 Simulation for Cylindrical Model 
 
Let us show the simulation results calculated using the analytical solutions mentioned above. The 
simulation model is shown in Figure 1, a straight pipe in which a periodic compression wave is 
transmitted. Suppose that a reference signal of the pressure is given at the cross section located at x=0. 
Fluid is air whose equilibrium pressure and equilibrium temperature are 0.1MPa and 300K respectively. 
The reference signal is a trapezoidal wave propagating in +x direction, whose complex amplitude is given 
by Eq. 22. pmag is the magnitude of the wave. Details of the analysis conditions are as follows: d=2mm, 
c0=347.4m/s, ν0=16.04mm2/s, pamp=1Pa, and f1=200Hz. The sign of An should be positive because of the 
direction of propagation. (Refer to Table 2.) 

( )
0

1 1
ˆ | , where 0.

m

m x magp i p m
mπ=

− + −
= ≠  (22) 

The reference signal of p' is shown in Figure 3. Figure 4 shows the spatial behavior from x=0 to x=2 [m] 
at t=0.001s. The simulation results show that the trapezoidal wave changes its waveform and attenuates as 
it propagates. In this case, such behavior is mainly caused by the remarkable absorption in a high 
frequency band. 
 

 
Figure 3: temporal behavior of reference signal p' 

(Ωn|n=1 = 49.88, f1=200Hz) 

 

 
Figure 4: spatial behavior of profile of u' at t=0.001s 

 

722 PROCEEDINGS OF ISMA2006



 

3 Analysis on Approximate Model 
 

3.1 Velocity Profile Between Parallel Plates 
 
Eq.22 is the analytical solution of K1 for the oscillating flow propagating between two parallel plates. The 
view of the cross section and coordinate are shown in Figure 2. In this case, the coordinate are given in 
Cartesian coordinate system. Hence, the equation of motion is expressed by Eq. 4. 
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π
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Figure 5 shows behavior of K1, non-dimensional coefficient of velocity profile, where it is calculated in 
the case of Ωn=10, 100, and 1000. Solid lines are the behavior in the case of the compression wave 
propagating in a circular pipe. Broken lines are the behavior between two parallel plates. Both cases are 
very similar for the sake of wall-viscosity. Especially, the results at Ωn=100 and 1000 show the good 
similarities. This is because influence of wall-viscosity tends to be limited to a certain boundary from the 
surface of a wall as Ωn becomes high. However, it implies that an approximation model is out of 
applicable range, when non-dimension frequency is low. 
 

 
Figure 5: magnitude and phase lag of K1 (Ωn=10) 

 

3.2 K3 for Approximate Model 
 
K3 for the approximate model is obtained by the same operation as the cylindrical model. The operation 
has to be done in proper coordinate system, cylindrical coordinate. Substituting Eq. 22 into Eq. 10, K3 is 
obtained. Then Eq. 22 becomes Eq. 23. 
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Figure 6 on K3 is the results of comparison of Eq. 23 to Eq. 20. Eq. 20 is K3 for the cylindrical model. In 
the figure, ”clyli” means “cylindrical model”, and “appr” meams “approximate model”. 
 

 
(a) magnitude                                             (b) phase lag 

Figure 6: magnitude and phase lag of K3 (forward wave) 

 

4 Comparison of Approximate Models to Cylindrical Model 
 
Let us show the comparison between cylindrical model and approximate model. The objects of 
comparison are as follows. 

• K2K3: non-dimensional mean velocity 

• An: non-dimensional phase velocity 

• Bn: non-dimensional spatial absorption coefficient 
These non-dimensional coefficients imply the one-dimensional characteristic. (refer to Eq. 8, 12, 13, and 
14) 
 

4.1 Non-dimensional mean velocity 
 
Non-dimensional mean velocity K2K3 is a complex number. This is separated into magnitude (amplitude, 
modulus) and phase lag, as shown in Eq. 12.These are calculated by  

• magnitude: mod[K2]mod[K3] 

• phase lag: -(arg[K2]+arg[K3]) 
and, the results for a forward wave are shown in Figure 7.  
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(a) magnitude: mod[K2]mod[K3]                  (b) phase lag: -(arg[K2]+arg[K3]) 

Figure 7: non-dimensional mean velocity (forward wave) 

 

4.2 Non-dimensional Phase Velocity and Spatial Absorption Coefficient 
 
The computation results of An, Bn, and Cn are shown in Fig. 8 and 9. 
 

 
Figure 8: non-dim. phase velocity An 
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Figure 9: non-dim. absorption coefficient Bn 

 

4.3 Simulation of Compression Wave 
 
Let us show the simulation results calculated using the cylindrical and approximate model. Conditions of 
the simulation are the same as the calculation of Figure 3 and 4. The reference signal of p' at x=0 is a 
trapezoidal wave propagating in +x direction, which is shown in Figure 3 (Ωn|n=1 = 49.88, f1=200Hz). Fluid 
is air whose equilibrium pressure and equilibrium temperature are 0.1MPa and 300K respectively. 
Fig. 10 and 11 are the results of one-dimensional analysis. Fig. 10 shows spatial behavior of p', and Fig. 
11 shows spatial behavior of <u'>, from x=0 to x=2m at t=0s. Solid lines are calculated by cylindrical 
model. Broken lines are calculated by approximate model. Both Figs. 10 and 11 are well in agreement. 
 

 
Figure 10: spatial behavior of p' at t=0s (forward wave) 
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Figure 11: spatial behavior of <u'> at t=0s (forward wave) 

 

 

5 Conclusions 
 
Results of comparison in Fig. 5, 7 ~ 11 show that applicable range of the approximate model. The range 
should be much greater than Ωn=10, in other words Ωn>>10. If Ωn is in the range, the approximation is 
well in agreement with the cylindrical model. On the other hand, If it is out of the range, the cylindrical 
model is desirable.  
When the equipped function in Malab was used, computation in cylindrical solution diverges at 
Ωn=6246*105. In the approximate solution, divergence occurred at Ωn=6423*105 (plus 177*105). The 
slight improvement in limit of divergence was achieved by using  the approximate solution without  hyper 
geometric functions. 
Table 3 shows the Summary of Practical Formulas, for cylindrical and approximate models.  
 

Model Name 
Equation 

of Motion 

General 

Solutions 
K1 K2 K3 

Cylindrical 
(Figure 1) 

Eq. 1 Eq. 19 Eq. 20 

Approximate 
(Figure 2) 

Eq. 4 

Eq. 8, 9 
Eq. 11 ~ 17 

Eq. 22 

Eq. 18 

Eq. 23 

Table 3: Summary of Practical Formulas 

 
The focus of this work was to extend our prior work. We have already obtained the analytical solutions for 
the compression wave and steady state oscillating flow in a pipe with a circular cross section. The 
solutions had been obtained using the unique and simple method. The goal of this work is to show the 
approximate solutions, given as practical formulas, for the compression wave (sound) and for the steady 
state oscillating flow in a pipe with a circular cross section. This paper shows the applicable range and 
suitability through comparisons between the approximate solutions and the original analytical solutions. 
Moreover, those solutions have enabled us to greatly reduce computation time and costs, for the engineers 
and designers. 
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APPENDIXES 
 

Appendix-1 
 
Suppose that an arbitrary function defined by  

[ ] [ ]0 0, where , , const., and ,t x t xϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ′ ′ ′= + = = = . (A1) 

The set of the periodic terms of φ is expressed on referring to the Fourier series as follows: 
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Rewriting Eq. A2 in the complex form by using the unit function defined by Eq. 6, we obtain Eq. A3, A4, 
and A5. Eq. A4 and A5 are equivalent to Fourier coefficients at x=0 and at an arbitrary point on the x-
coordinate respectively. 
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The magnitude (amplitude, modulus) and phase difference (argument) of each periodic component are 
derived from Eq. A4 and A5 instantaneously. They are shown in Eq. A6 and A7. Hence, the phase angle 
form of φ' is expressed by Eq. A8. 

[ ] 0 0ˆ ˆ ˆ ˆ ˆmod 2 2 | |n
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Appendix-2 
 

0F1[a, z] is a hyper geometric function defined by Eq. A9. There are some programming languages that we 
can calculate using the equipped function of 0F1. 

[ ] ( ) [ ]2
0 1 1, 2 2a

a aF a z z a I z z I z a−
+   ≡ + Γ    , (A9) 

where Ia and Ia+1 are the modified Bessel function and Γ is the Gamma function. The subscripts of Ia and 
Ia+1 represents the order of the Bessel function. 
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Abstract 
We propose an implementation of the hybrid approach based on Curle’s analogy, which formally 
describes the mechanism of sound generated by body-turbulence interaction. The acoustic propagation is 
carried out using an acoustic code based on the Boundary Element Method (BEM), in which scattering by 
arbitrary geometries can be computed, including impedance effects where needed. This was proved to give 
reliable results for cases where the body dimensions are fairly acoustically compact, and/or when the CFD 
model is accurate enough to capture the acoustical information over the turbulence-body interaction 
region. Difficulties arise however when the spatial extent of this region becomes comparable to, or larger 
than the acoustical wavelength, and when the flow data is provided by an incompressible model. A 
previous study has shown that a straightforward application of Curle's analogy to non-compact geometries, 
and in which acoustic source terms (in particular surface source terms) do not account for compressibility 
effects, can yield a poor estimation of the acoustical far-field. An innovative procedure is therefore 
developed and demonstrated on simplified cases. 

 

1 Introduction 
 

The problem of sound generation by turbulence interacting with solid surfaces was given its first formal 
treatment through Curle’s analogy [1]. This analogy considers the integral solution of Lighthill’s analogy 
[2], written in differential form 

ji

ij

i xx
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x
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t ∂∂
∂

=
∂

′∂
−

∂
′∂ 2

2

2
2
02

2 ρρ
 ( 1 ) 

where ( ) ijijjiij cpvvT σδρρ +′−′+≡ 2
0  is Lighthill’s tensor, v  is the fluid velocity, ijσ  is the viscous 

stress tensor, 0ρρρ −≡′  is the perturbation density chosen as acoustic variable, and 0ppp −≡′ . The 

indexed quantities 0c , 0ρ  and 0p  are the speed of sound, density and pressure in the quiescent and 
uniform medium taken as reference state in the propagation region. The density perturbation is caused by 
compressibility effects and non-isentropic effects. The pressure perturbation is related to momentum 
exchange, and also for isentropic flows to compressibility effects and density fluctuations through the 
definition of the speed of sound ( ) cstspc =′′≡ ρ2

0 . 
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The integral solution of the differential equation ( 1 ) is classically obtained making use of a Green’s 
function ( )yx ,, τtG , solution of the same inhomogeneous wave equation as ( 1 ), but where the right-

hand-side is replaced by a Dirac pulse emitted at the position y  and time τ : 
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where V  is the integration volume extending over the whole source region excluding the region occupied 
by the solid body, and V∂  is the boundary of this region,  comprising the body surface. The first integral 
in ( 2 ) represents the noise produced by the double divergence of Lighthill’s tensor in the bulk of the fluid 
contained in V , and the second integral represents the acoustic scattering of this incident sound over the 
boundaries. After a number of simplifications, discussed below, one obtains: 
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where the first term is equivalent to an acoustical quadrupole, and the second term represents an acoustical 
dipole. Adopting a free field Green’s function, Curle showed in [1] that at low Mach numbers 0cUM =  

and low Helmholtz numbers 02 cDfHe π=  – i.e. for a source acoustically compact, the ratio of the 

acoustic energies emitted by the quadrupolar and dipolar contributions scales as 2M . Neglecting the 
quadrupolar contribution is therefore justified at low-Mach numbers, which makes Curle’s analogy quite 
powerful in applications such as noise produced by side mirrors, antennas, landing gears or wind turbine 
blades exposed to atmospheric turbulence, at least up to the low frequencies associated to large-scale 
turbulent structures. The solution ( 3 ) can be implemented following a so-called hybrid approach: the 
flow field is resolved in a first stage, and the sound field is determined in a second step, using Lighthill’s 
tensor and the pressure fluctuations provided by the flow model in Eq. ( 3 ). This uncoupled way of 
processing of the flow data does naturally prescribe any acoustic feedback to the source flow region, 
where the density is usually assumed to be equal to the reference density 0ρ . Excluding situations where 
aero-acoustical resonance occurs, this approximation is usually quite reasonable at low Mach numbers. 
However, certain problems can arise that are related to the assumptions that were introduced to obtain 
Eq. ( 3 ). The first assumption, easily verified, considers the solid surface of the body to be steady, with a 
no-slip and no-penetration velocity boundary condition. The second hypothesis consists in neglecting the 
contribution of the viscous stresses to the net reaction force exerted by the body on the fluid. This 
hypothesis, discussed by Morfey [3], should be relevant in industrial applications where high-Reynolds 
flow separation dominates the force spectrum at the wall. The third assumption, which is seldom 
recognised as such in the literature, consists in considering that the flow model, used to provide Lighthill’s 
equivalent source tensor, accounts for compressibility effects over the surface of the body located in the 
source region. This crucial assumption is involved in the derivation of Eq. ( 3 ), allowing to substitute the 
scattering integral in Eq. ( 2 ) by the dipole source integral [4]. The present paper addresses the pertinence 
of this assumption, and proposes an alternative implementation of Curle’s analogy when it proves 
irrelevant, such as when an incompressible flow model is used to describe a non-compact equivalent 
source. 

 

2 Curle’s analogy using an incompressible flow model 
 

The issue shows up when the dimensions of the solid body in the source region become comparable to, or 
exceed the wavelength of the sound it produces. Two examples of such situation can be evoked. The first 
one concerns the high-frequency component of the broadband noise produced by a turbulent boundary 
layer developing over an airfoil and being convected past its trailing edge, known as trailing-edge noise 
[6]. The second example concerns the sound produced by turbulence developing in ducts. In both cases, 
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the region where turbulence interacts with the solid body extends over several acoustical wavelengths, and 
the acoustical scattering must be accounted for in the flow model. However, at low Mach numbers, 
incompressible flow simulations are often used to describe the source region. The density perturbations 
are in that case not contained within Lighthill’s tensor, which is approximated by: 

ijijji
inc

ijij pvvTT σδρ +′+≡≈ 0 , where the pressure perturbation, when evaluated at the wall, is now 

exclusively associated to the incompressible conversion of wall-normal momentum into pressure across 
the boundary layer. The pressure perturbations in the surface integral of Eq. ( 3 ) are fairly uninfluenced 
by compressibility effects at low Mach numbers [5]. Indeed, for isentropic flows at low Mach numbers, 
the compressible, acoustic component of the pressure perturbation is quite small compared to the pressure 
perturbation resulting from the conversion of wall-normal momentum across the unsteady turbulent 
boundary layer. If the incompressible Lighthill tensor is used in Eq. ( 2 ), Eq. ( 3 ) becomes (neglecting the 
viscous stress contribution and with a no-slip boundary condition at the wall): 
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where the acoustic scattering is explicitly calculated over the surface of the body. One way to alleviate the 
difficulty of evaluating the scattering over the body surface consists in using a Green’s function that is 
tailored to the body such that its normal derivative vanishes over the surface. This approach has been 
adopted for airfoil self-noise prediction, by using either a half-plane Green’s function or semi-analytical 
methods such as Schwarzchild’s technique [6], or using approximated compact Green’s functions for low-
Mach numbers [7]. In extended duct systems however, there exists only a very limited number of idealized 
cases where analytical Green’s functions can be obtained, and the scattering must be calculated 
numerically. The next section is devoted to the development of a specific implementation of Curle’s 
analogy to be used with incompressible flow data where the source and scattering effects of the body are 
decoupled, the latter being computed by the Boundary Element Method of the commercial software 
SYSNOISE Rev5.6. 

 

3 Boundary integral formulation of Curle’s analogy 
 

Boundary Integral Equations are usually written considering the acoustical pressure perturbation 
as unknown, and with the wave equation written in the frequency domain. Equation ( 1 ) is then 
written as a Helmholtz equation: 

Laa qpkp ˆˆˆ 22 =+∇  ( 5 ) 

where ti
aa ppc ωρ eˆ2

0 =′=′ , 0ck ω=  and jiijL xxTq ∂∂∂−= ˆˆ 2  with ti
ijij TT ωeˆ≡ . The Helmholtz 

equation ( 5 ) is resolved using the free field Green’s function in frequency domain rG rki π4e−=  (with 

yx −=r ), solution of ( )yx −−=+∇ d22 GkG . Combining Eq. ( 5 ) with the Helmholtz equation for 

the Green’s function, we obtain: 
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where the volume εV  has been subtracted from the volume V  (see Figure 1) because the acoustic field is 
to be evaluated over the surface of the body itself, and the singularity of the Green’s function kernel at 

xy =  must be excluded to perform the integrations by parts that follow. The point xy =  being not 
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contained in εVV \ , the second integral of ( 6 ) is identically zero. Integrating by parts the LHS of ( 6 ) 
yields: 
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The contribution of the last integral is evaluated for the limit of the exclusion volume (supposed 

spherical) dimension tending towards zero [8]: 
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where the factor ( )xC  is the normalized solid angle seen by the point x  in its exclusion volume εV , 
different from 1 when the point x  lies on the surface of the acoustic mesh. 
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Figure 1: integration volume, excluding the Green kernel singularity at yx = . 

The surface normal points outwards from the integration volume 
(reversed in BEM convention: the dotted normal vector points outwards from the solid body). 

Back-substituting ( 7 ) and ( 8 ) into Equation ( 6 ) gives:  
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Performing the same treatment for the remaining volume integral, we find: 
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where the sub-index L  has been introduced to indicate quantities that derive from Lighthill’s tensor, 
provided by a suitable flow model. 
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Introducing the decomposition haL ppp +≡ , where ap  is associated to an isentropic compression and 

hp  is the hydrodynamic component, Eq. ( 10 ) can be interpreted in two ways: 

1. The source description satisfies the isentropic, compressible flow equations. In that case, Equation 
( 10 ) becomes: 
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which is analogous to the classical Curle analogy: the surfaces wetted by turbulence act as pure sources, 
acoustic scattering is not to be evaluated over these surfaces. A subtle difference is however that Eq. ( 11 ) 
provides directly the total (hydrodynamic and compressible) pressure field, as a result of placing the 
listener in the flow field. The usual acoustic pressure perturbation is obtained by placing the listener in the 
quiescent and uniform medium that is generally considered in the propagation region. 
 
2. The source description is obtained by an incompressible flow model. The density fluctuations are 
not captured by the flow solution, and Eq. ( 10 ) becomes, assuming a steady surface where 0=∂∂ npa : 
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Remarkably, both formulations ( 11 ) and ( 12 ) appear as formally identical using the decomposition 

haL ppp += . The difference is that in Eq. ( 11 ), the total pressure Lp  is given as input from the flow 

description, and resolved over the body surface; while in Eq. ( 12 ), the hydrodynamic component hp  is 

given and the acoustic component ap  is resolved. A Boundary Element discretisation of the boundary 
integrals is implemented for the resolution of the acoustic pressure. 

The BEM approach consists in decomposing the continuous surface into small surface elements, where the 

continuous unknown field is approximated by a nodal expansion: ( ) ( )∑
=

=
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yy  where ip  is the 

value taken by the pressure field at the node i  of the element e . In matrix form, this yields at the 
collocation node k : 
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and kq  is the incident field emitted by the volumetric source of Equation ( 12 ). 

 

4 Preliminary results 
  

The first validation case concerns an external propagation problem, in which periodic forces applied to a 
sphere radiate in free field. In the present case, the frequency considered makes the sphere compact, such 
that the classical form of Curle’s analogy is implemented. The purpose is to validate quantitatively the 
amplitude of the sound field calculated from the BEM discretisation. Pressure fluctuations are spatially 
generated over the surface of the sphere with unit radius (2400 elements), following a cosine of the polar 
angle (see Figure 2). The sound pressure is obtained at a field point located on the z-axis, at a distance 
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equal to 1000 sphere radii. The frequency is 1 Hz, making the sphere effectively compact (1/340th of the 
wavelength). The differences of retarded time can therefore be neglected. The pressure is in far field 

( ) ( ) ikrrcFirp −= e4cos,, 0πθωωθ  where the net force N34π=F , placed at the centre of the 
sphere, is obtained by surface integration of the hydrodynamic pressure. 

We obtain a theoretical acoustical pressure 
amplitude equal to 6.16×10-6 Pa at the field point. 
The calculation yields an acoustical pressure 
amplitude of 6.15×10-6 Pa. The same correct result 
was obtained using the ‘incompressible dipole’ 
formulation ( 12 ). 

The second validation case concerns an 
internal acoustic propagation problem. Dipoles 
with unit amplitude have been applied over a 
frequency range from 10 to 50 Hz with 0.1 Hz 
interval, over one face at the extremity of a 
10 meters long duct, with a 1 m x 1 m square 
section.  

 
Figure 2: sphere with cosine dipole distribution. 

The problem is first solved using the ‘compressible dipole’ formulation ( 11 ) (with no volumetric source 
term), therefore assuming that the pressure data accounts for compressibility effects, and in particular for 
the acoustic scattering. The ‘incompressible dipole’ formulation ( 12 ) has been applied in a second step. 
The pressure is evaluated in both cases at a field point located at 2 m from the duct end opposite to the 
dipole B.C. face, on the duct centreline. The first two acoustical resonances, correspond to longitudinal 
modes at frequencies of 17 Hz and 34 Hz, are seen in Figure 3 and Figure 4 to be correctly captured using 
the ‘incompressible dipole’ formulation, while the ‘compressible dipole’ formulation yields results with 
no apparent resonance. 

 

 
 

Figure 3: duct resonances obtained with the incompressible dipole formulation (red curve), 
and absent using the compressible dipole formulation (blue curve). 
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Figure 4: second longitudinal duct mode obtained with the incompressible dipole formulation (lower 
figure), and using the compressible dipole formulation (upper figure). The pressure pattern exhibits 

only one reflection in the first case, and a resonant pressure field in the second case. 

 
The difference is due to the fact that according to the classical Curle analogy, the scattering is simply not 
computed over the parts of the boundary mesh where dipoles are generated from the flow data, on the 
assumption that the dipoles account themselves for the scattering. At the opposite, the source and 
scattering effects are decoupled in the formulation ( 13 ), so that the flow description should not capture 
acoustical effects, which are handled by the BEM solver. The situation is more ambiguous in cases where 
low-order compressible CFD simulation is used to model the source, such methods being known to 
capture localized acoustic propagation, but dissipate this information within a certain fraction or couple of 
wavelengths away from the source. Ad-hoc coupling schemes must be devised to account for the variety 
of cases depending on the effective compressibility achieved by the flow model. This is the subject of 
future developments. 

 

5 Conclusions and perspectives 
 

Curle’s aeroacoustical analogy has proved its usefulness in applications where the acoustical scattering is 
accounted for by the flow model, or when scattering can be neglected owing to acoustical compactness. A 
straightforward application of the classical form of this analogy is however inadequate when the sound-
generating body extends over several acoustical wavelengths and when the flow data accounts imperfectly 
for acoustical effects over its surface, such as when incompressible or low-order compressible CFD is 

AEROACOUSTICS AND FLOW NOISE 737



used to model the flow in the source region. An alternative form of Curle’s analogy has been developed 
and implemented in a Boundary Element Method, which decouples the roles of the body surface as a 
source and scattering entity. The method has been validated quantitatively and qualitatively, in the case of 
a compact source in free field and for an internal propagation problem, using arbitrary pressure 
fluctuations to model the source. Further validations are planned, which include realistic configurations 
where the flow data is provided through incompressible and low-order compressible Computational Fluid 
Dynamics simulations. 
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Abstract 
The present work is concerned with modeling high frequency vibration in a simple structure through 
Statistical Energy Analysis (SEA). The structure is the benchmark used in the Italian National Project 
“Novel methods for the analysis and control of vibro-acoustic systems”. The objective of this work is 
twofold: to test the sensitivity of the model response to different modeling criteria for a benchmark 
structure; to assess the importance of the subsystem damping related to the diffusivity of the vibro-
acoustic field in order to verify the relation between the kind of the vibrational field and the modal overlap 
factor. The study is performed with numerical tools and an extensive experimental activity, which includes 
also measurements on other structures similar to the benchmark. The results demonstrate that the modal 
overlap factor is not adequate to characterize completely the nature of the vibrational field and that 
damping doesn’t indefinitely improves the applicability of SEA. 
 
 

1 Introduction 
 
The present work describes a basic study performed to gain understanding into the applicability of 
Statistical Energy Analysis (SEA) [1-4] to structures with low modal overlap (typically mid-frequency 
structures) and to investigate the importance of subsystem damping related to the diffusivity of the 
vibrational field. As stated in the fundamentals of SEA, the criteria for a correct applicability of the 
method are fuzzy and related to set a lower frequency limit for its validity. The understanding of the 
relative importance of these criteria is crucial for a correct application of SEA as well as for the 
development of new modeling techniques that aim to create a more comprehensive approach to the 
modeling of mid-/high-frequency dynamics or to extend SEA validity towards the mid-frequency range. 
The structure used for this study is the benchmark used in the National Project “Novel methods for the 
analysis and control of vibro-acoustic systems” (2003-2005; project n. 2003095093), which was funded by 
the Italian Ministry for Education and Research. In the first part of the research a comparison of different 
modeling approaches was made. The objective was to improve the insight into the modelling of the joint, 
which is essential to describe correctly the parameters associated with the wave propagation and thus to 
predict the path of vibration transmission. In the second part of the research several sets of experimental 
measurements, made on the benchmark and similar structures with different damping treatments, were 
processed to analyze the relationship among the diffusivity of the vibrational field, the modal overlap 
factor and the variability of measured response. 
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2 Benchmark structure 
 

2.1 Description of the structure 
 
The benchmark structure is comprised of two aluminum plates assembled through a bolted joint, which is 
located in an intermediate position on one of the plates (fig. 1). The aluminum properties considered in 
this study are listed in table 1. 
 

Parameter Value 
Young modulus 7.0 E+9 [Pa] 
Poisson modulus 0.33 [-] 
Density 2700 [kg/m3]

Table 1: Aluminum characteristics 

 
The structure was initially considered divided into three plates, whose dimensions are listed in table 2. The 
angle between BE and BB is 120°, while the angle between BE and B is 60°. 
 

Plate code Length x Width [mm] Thickness [mm] 
BE 600x400 3 
BB 300x400 3 
B 400x400 3 

Table 2: Plate dimensions 

 

  
Figure 1: Benchmark under analysis (left) and sketch of the joint (right) 

 
The assembling was obtained with three bolted stirrups: two of them are bended to respect the required 
angles while the third is flat. The incident plate is positioned in the middle of the flat beam. The 
thicknesses and dimensions of the beams are showed in fig. 1. The bolts were evenly spaced with a 60 mm 
step on the B and BB plates and 80 mm step on the edge of the BE plate. The first and last bolts were half 
a step from the lateral edges. A single line of bolts was used to connect each plate to the joint. 
 

BE 
B 

BB 
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2.2 Experimental measurements 
 
To carry out the experimental measurements the structure was sprung to a metal frame through a system 
of springs so as to approximate the free-free condition. The excitation, a random signal generated by the 
data acquisition system, was applied to the first plate (BE) of the benchmark by means of an 
electromagnetic shaker positioned orthogonally to the plate itself. An impedance head with 2.2 g of mass 
under the force sensor was used in order to minimize the mass-effect at the driving-point. During the 
experimental data processing the effect of the residual mass was eliminated [5]. The output was measured 
with ultra-light accelerometers with mass of 0.65 g. Only out-of-the-plane accelerations were measured. 
The system was excited in the 1/3 octave bands from 100 Hz until 6300 Hz. For each plate 16 randomly 
spaced output points were used, while 3 excitation points were chosen in the BE plate (fig. 2). 
In the post-process phase an integral average was calculated over the frequency range of each 1/3 octave 
band, and an RMS average was calculated for each quantity on the acquisition and the excitation points in 
order to derive the corresponding SEA quantities. 

 

 
Figure 2: measurement points on benchmark (BE plate – left; B and BB plates – right) 

 
Since the aluminum plates had only the structural damping, which is very low, the tests were performed 
first on the undamped plates, and then after the application of a free-layer damping treatment. The 
characteristics of the damping layer are shown table 3. 
 

Parameter Value 
Young modulus 1.0 E+8 [Pa] 
Poisson modulus 0.49 [-] 

Density 1750 [kg/m3]
Thickness 2.6 [mm] 

Table 3: Characteristics of the damping layer 

 
The damping material was characterized experimentally to determine the overall damping effect produced 
after the application to the plates. An experimental approach was necessary as the manufacturer didn’t 
supply an adequate data sheet to be used for analytical methods. 
Most measurements techniques used for determining damping properties apply simple harmonic, transient 
or random loads to a specimen and measure the corresponding response. Differences in techniques relate 
to the point were loads are applied, the manner in which the loads are measured and controlled, the points 
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where the response is measured, the measurement frequencies [6]. Since the characterization is targeted on 
an application to a SEA model, a simplified approach was preferred, which is based on a Power Injection 
Method (PIM) integrated with inverse SEA. 
The plate BE was disconnected from the structure an mounted in free-free conditions. Since the system is 
comprised of a single plate there are no transfers of energy among subsystems and thus no Coupling Loss 
Factors (CLFs) to be modelled. In this specific case SEA equation can be simplified and the Internal Loss 
Factor (ILF) can be determined from eq. 1. 

 
><⋅⋅

= 2vM
Pinput

i ω
η  (1) 

 
The plate was excited with a shaker over the entire frequency range. Three excitation points and eight 
response points were used. The data were processed as described for the entire structure to derive the 
average values to be fed into eq. 1. Since this approach is capable to determine only the ILFs of flexural 
subsystems, the ILFs of the in-plane subsystems were obtained by scaling the experimental one by 1/3. 
The results are shown in fig. 3. 
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Figure 3: Internal Loss Factor for damped plates (flexural subsystem) 

 
The mass loading effect of the damping layer was included in the subsequent numerical models with the 
RKU approach, which allowed to determine the properties of an equivalent plate [7-9]. The results of 
properties of the equivalent plate are reported in table 4. 
 

Parameter Value 
Young modulus 6.965 E+10 [Pa]
Poisson modulus 0.3 [-] 

Density 4190 [kg/m3] 
Thickness 3.02 [mm] 

Table 4: Characteristics of the damping layer 

 
3 Numerical models 
 

3.1 SEA applicability conditions 
 
Preliminary to the creation of the numerical models of the benchmark, a check was made on the 
applicability conditions of the SEA. The MOF, number of modes per 1/3 octave band and the type of 
coupling among subsystems were verified. 
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In fig. 4 and fig. 5 the modes per band and the MOF of the benchmark structure in both test setups are 
respectively shown. It is evident that the undamped structure fails to meet the minimum requirement of 
MOF>1 over the entire frequency range, although the BE plate has more than 10 modes per band at 2000 
Hz. The damped structure has higher MOF values because of the damping treatment and thus it meets the 
above condition approximately from 1000 Hz for all the plates, while it has also an higher number of 
modes per band due to the different material properties determined with the RKU method. 
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Figure 4: modes per band for the flexural subsystems of the benchmark structure 
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Figure 5: MOF for the flexural subsystems of the benchmark structure 

 
The coupling among subsystems was evaluated with the method proposed by Fahy [10-12], which is based 
on the analysis of the kinetic energy peak in the indirectly excited subsystems. The method determines a 
non-dimensional parameter, which, above a fixed threshold identified by the authors, allows to state that 
two subsystems are weakly coupled. In case the parameter is below the limit, no statement can be made 
and the coupling of the subsystem is undefined. Since the parameter is evaluated on the basis of the 
experimental measurements, the coupling of subsystems can be assessed only among flexural subsystems. 
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The result for the damped and undamped benchmark structure are shown in fig.6 and fig. 7. It is evident 
that for the undamped structure the coupling is mostly uncertain, and extremely variable with frequency, 
while the damped structure has a more regular behaviour and there is a possible strong coupling among 
the B and BB flexural subsystems only at low frequencies. The latter behaviour agrees with the 
fundamental theory of SEA [3]. 
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Figure 6: Evaluation of coupling among flexural subsystems (benchmark structure; undamped case) 
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Figure 7: Evaluation of coupling among flexural subsystems (benchmark structure; damped case) 

 

3.2 Analytical models (undamped structure) 
 
According to the evaluation of the strength of coupling between subsystems (fig. 6 and 7), the model of 
the benchmark is made up of three flat and uniform plates and the joint. In fact the subsystems B and BB 
have a coefficient of coupling similar to the ones of B/BB with BE, and thus can be considered as two 
separate subsystems. 
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Several alternative models were created in relation to the schematization of the joint (fig. 8) and then they 
were solved with two commercial software (AutoSEA and FreeSEA). The models considered in this study 
are: 

• three plates (no beam in the joint) with offset, which reproduces the exact distance among the 
plate edges [model name: AS1]; 

• three plates, beam and offset. Three separate joints were created between the plates and the beam 
[model name: AS2]; 

• three plates, beam and offset. Subsystems linked by a single joint [model name: AS3]; 

• three plates and beam (no offset). Subsystems linked by a single joint [model name: AS4 and FS]. 
 

 
Figure 8: Joint of the benchmark structure (enclosed with a  red line) 

 
The results (fig. 9) show that the models give almost identical results (maximum difference below 1 dB), 
but that systematically overestimate the experimental modal energy. Similar results were obtained for the 
other subsystems. 
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Figure 9: Results of the analytical models (B flexural subsystem) 

 
Since the results suggest a lack of damping into the system, a non-conservative modelling of the joint was 
included in the model. In fact discontinuous joints (e.g. bolted or spot welded) are non-conservative 
because of the dissipation caused by the air pumping, especially at high frequencies [4]. The approach to 
include a non-conservative joint into an SEA model, which requires strictly conservative joints, was 
outlined by the authors in [13]. The method determines additional ILFs that must be summed to those of 
the subsystems adjoining the non-conservative joint in order to restore the correct energy levels in the 
subsystems. 
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Although a specific characterization for this type of joint (thickness of stirrups and distance between bolts) 
was not available, the data were empirically derived from another bolted joint through a similitude 
transformation. The approach, far from being theoretically correct, aims to identify the order of magnitude 
of the joint dissipation and to verify if this could be the reason of the discrepancy among experimental and 
numerical results. 
The similitude was performed taking into account the relationship that exists between distance of two 
consecutive bolts and the dissipation [4], which was approximated as linear. In addition the characterized 
joint [13] had dissipation only on one side, while in the benchmark each line of bolts can dissipate on two 
sides of a plate, thus the dissipative effects were doubled. Lastly, differences in the contact area between 
the plates and the stirrups were neglected. 
The additional ILFs were determined and included in the previous models. The results (fig. 10)show a 
fairly good agreement between the non-conservative models and the experimental data above 160 Hz. 
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Figure 10: Results of the analytical models (B flexural subsystem) 

 

3.3 Analytical models (damped structure) 
 
The same models with a conservative joint were run for the benchmark structure with the damping 
treatment. The results (fig. 11) show a good agreement among the numerical and experimental data. 
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Figure 11: Results of the analytical models (B flexural subsystem): 

damped structure and conservative joint. 
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3.4 Comments to the results 
 
The results indicate that, in the case of undamped structure, the accuracy of the structural modelling of the 
joint is negligible compared to its damping effect. Thus more attention should be paid to an accurate 
characterization of non-conservative joints, especially for lightly damped structures. 
In the case of damped structure, the effect of joint dissipation becomes negligible compared to the 
damping treatment. In case of heavy damping an accurate characterization of the damping layer is then 
crucial for the model. 
In both cases (damped and undamped structure) it seems that SEA is capable to deliver good results 
although some of the basic hypothesis are not fulfilled. 
 

4 Analysis of the vibrational field 
 

4.1 Theoretical background 
 
Modes are standing waves formed by interference between vibrational/acoustic waves travelling in 
different directions. If many resonant modes make substantial contributions to the vibration field in two- 
and three-dimensional subsystems in a given frequency band, it means that many travelling wave 
directions are present. 
One of the basic hypothesis for the applicability of  SEA is that the all wave directions are present with 
equal probability (diffuse field). In SEA applications the diffusivity of the field is evaluated with the MOF 
(eq. 2): 

 )()( ωωηω nMOF ⋅⋅=  (2) 

where ω is the circular frequency, η(ω) the damping and n(ω) the modal density. The combined effect of 
the number of modes and the subsystem damping should properly take into account the interaction of the 
modes, which increases proportionally with these two parameters. However the MOF gives an estimate of 
the diffusivity of the field, but in no way it evaluates the effective diffusivity. 
In order to obtain a parameter able to evaluate the nature of the vibrational field, an in-depth analysis of 
the experimental measures was performed. The attention was focused on the local mean square normal 
velocity since it is a parameter of the vibrational field and it is directly correlated to the energy distribution 
over the subsystem. 
The results of the analysis show that, in the case of flat plates, the spatial distribution of the local mean 
square normal vibrational velocity could be described with a log-normal distribution, since in each 
frequency band the set of values of all the output points for a specific subsystem satisfies the condition of 
the log-normal probability plot (fig. 12). The plot indicates if a set of values can be correctly represented 
by a specific distribution: the red line indicates the ideal distribution, so the more the values are close to 
this line the more they fit the distribution. 
As the aim is to characterize the uniformity of the vibrational field, it is straightforward to use the standard 
deviation of the set of values in each frequency band, calculated according to the log-normal distribution. 
In addition this parameter is insensitive to scaling of the square velocities with respect to the power input 
or to another parameter. In fact the mean and standard deviation of a log-normal distribution are evaluated 
on the data transferred in a logarithmic space. The division of all the data by a scaling factor results, in the 
logarithmic space, in a shift of the data set but not in a change of the relative distance: thus a scaling 
operation affects the mean value but not the standard deviation. Also for this reason the standard deviation 
is reputed a good candidate as an indicator of the field diffusivity. 
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Figure 12: Log-Normal probability plot for the BE, B and BB subsystems at 2000 Hz (undamped).  

 

4.2 Application to the benchmark 
 
The proposed evaluation method was applied to the benchmark structure in both configurations. The 
results are shown in fig. 13 and fig. 14, respectively for the undamped and damped case. 
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Figure 13: Standard deviation of the square velocities for the benchmark structure (undamped) 
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Figure 14: Standard deviation of the square velocities for the benchmark structure (damped) 

 
The results for the undamped structure show that the standard deviation has a steadily decreasing trend, 
and above 1000 Hz all the subsystems have very small values. Instead in the case of the damped structure, 
the standard deviation values oscillate mainly in the 0.3-0.5 range. 
On the basis of these results some considerations can be made: 

• although the undamped structure has a MOF always lower than the damped one (see fig. 5), it 
seems that it can reach a better level of uniformity of the vibrational field as frequency increases; 

• in the damped structure the damping layer allows to create better modal interaction at low 
frequencies, but, as frequency increases, damping seems to be in excess and the reverberant field 
seems to degrade. This is clear for the BE subsystem that above 3150 Hz has an increasing 
standard deviation (fig. 15). 
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Figure 15: Standard deviation of the square velocities for the BE plate 
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4.3 Application to other simple structures 
 
The same evaluation method was applied also to data sets derived from other simple structures in order to 
verify the findings of the benchmark. Two structures were considered, each one composed of two plates at 
90°, but with different joints: one spot welded (average spot distance 40 mm) and the other folded and 
bonded. The joints are shown in fig. 16. 
 

   
Figure 16: Spot welded joint (left), folded and bonded joint (right) 

 
All the plates were made of steel. Their dimensions are reported in table 5 and table 6. Both systems have 
only structural damping. 
 

Plate code Length x Width [mm] Thickness [mm] 
SE 500x580 1 
S 500x430 1 

Table 5: Structure with spot welded joint 

 
Plate code Length x Width [mm] Thickness [mm] 
LE 500x385 1 
L 500x365 1 

Table 6: Structure with folded and bonded joint  

 
For both structures the experimental setup was analogous to the benchmark. Twelve output points were 
identified on each plate and the larger plate was excited in three points. After the measurement the 
processing described in the previous section was made and the data sets were checked to fit the log-normal 
distribution. As for the benchmark structure the criterion was satisfied over the entire frequency range. 
The standard deviation for all the plates of both systems (fig. 17 and fig. 18) has the same trend of the 
undamped benchmark structure. Thus these results indirectly confirm that the increase of the standard 
deviation evidenced for the damped benchmark structure should be ascribed to an excessive damping. 

750 PROCEEDINGS OF ISMA2006



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

100 1000 10000

frequency [Hz]

st
an

da
rd

 d
ev

ia
tio

n 
[m

2 /s
2 ]

SE
S

 
Figure 17: Standard deviation of the square velocities for the structure with spot welded joint 
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Figure 18: Standard deviation of the square velocities for the structure with folded and bonded joint 

 

4.4 Comments to the results 
 
The complete set of results indicates that the MOF fails to individuate the conditions for a diffuse 
vibrational field. In fact the undamped benchmark structure (fig. 5) and the two additional structures never 
meet the condition of MOF lower than unit, which is the limit indicated in literature [2-3] to have a diffuse 
field, but clearly have a better uniformity of the response compared to the damped benchmark structure. 
The standard deviation of the band averaged square velocities proves to be a good indicator for the 
uniformity of the vibrational field, although the limited number of test structures analyzed up to now does 
not allow to define a quantitative limit to discriminate between a reverberant or non-reverberant field. 
For these different capacities to discriminate among the behaviour of the vibrational field, it is impossible 
to correlate MOF and standard deviation. However it is clear that also an upper limit to the MOF should 
be set, when an high MOF is achieved with extensive damping treatment. 
 

5 Conclusions 
 
This study has investigated the behavior of a simple structure with the objective to determine the 
sensitivity of the model response to alternative modeling criteria. The results indicated that an accurate 
characterization of the damping layer and/or of dissipative joints (in case they are present in the structure) 
has a major effect on the model response compared to more refined structural modeling of the joint. In 
addition the structure was used to perform a study on the kind of vibrational field existing in the 

APPLICATION OF (NEW) VIBROACOUSTIC METHODS TO COMPLEX SYSTEMS 751



subsystems. Since the analysis of the experimental data demonstrated that in each frequency band the 
values of all the output points fitted a log-normal distribution, its standard deviation was identified as a 
parameter capable to quantify the uniformity of the vibrational field. The results indicate that: 1) for the 
undamped structures the standard deviation steadily decreases with increasing frequency and it becomes 
very small although the MOF is lower than unit; 2) for the damped structure the standard deviation 
oscillates in a narrow range and, at high frequencies, for the largest subsystem –BE– it increases although 
the MOF increases monotonically and it is greater than unit. According to this evidence, the MOF factor is 
not an adequate parameter to evaluate the diffusivity of the vibrational field, since low number of modes 
and high damping can compensate each other, and high MOF values can be obtained with scarcely 
reverberant fields.  
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Abstract 
Statistical Energy Analysis (SEA) is the most acknowledged technique to solve high frequency problems. 
However, SEA can be able to provide reliable results only if particular conditions are satisfied. Thus, 
some basic hypotheses define the range of applicability of the method. The coefficients of the SEA 
equations depend on the coupling loss factor (CLF), internal loss factor (ILF) and modal densities. 
Theoretical relationships allow to predict the CLFs and ILFs of simple subsystems, but very often the 
theoretical estimate of these parameters is incorrect and their values may be rather obtained 
experimentally. In this paper mathematical relationships representing the basic hypotheses involving the 
SEA parameters are presented, and their ability to provide a significant a priori evaluation of the SEA 
efficiency is tested on the case of a benchmark made of three coupled plates. The energy in the system is 
experimentally determined, and this result is compared with that of a SEA model: the compliance with the 
hypotheses is checked. 
 

1 Introduction 
 
Classical numerical techniques, such FEM and BEM, allow to predict the response of dynamic systems at 
low and medium frequency ranges. On the contrary, they are not appropriate to solve high-frequency 
dynamic problems, because very often the computational burden grows up to unacceptable limits, and 
because the response sensitivity to uncertainties in the physical and geometrical parameters of the system 
increases with frequency, leading the predicted response to become meaningless. In this case a statistical 
approach would be undoubtedly more appropriate [1-6]. 
In this framework, the Statistical Energy Analysis (SEA) is, at present, the most useful tool for solving 
high-frequency  problems. SEA consists of breaking up a complex mechanical system into a set of modal 
subsystems and writing down a new set of linear algebraic equations expressing the power balance 
relationships among them. The SEA equations are based on the hypothesis that the energy flow 
transmitted between the modal subsystems is proportional to the difference of their mechanical modal 
energies. 
Some basic hypotheses are established to provide conditions under which a particular problem can be 
correctly or conveniently studied by the SEA equations. These hypotheses are here reconsidered to define 
the field of applicability of  SEA when computing the energies of the benchmark subsystems, establishing 
in which frequency ranges the SEA model can be considered appropriate. 
 

2 The balance equations of SEA 
 
The solution of SEA is obtained by dividing the considered system into subsystems representing groups of 
‘‘similar’’ modes. A group of modes is an energy storage and the modes of one group should be 
‘‘similar’’: it happens if they are equally forced by the external sources, equally coupled with the modes of 
the other subsystems and similarly damped. In this case they have almost the same energy. The energy 
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flows into each subsystems from the external sources and is balanced by the dissipated power and the 
power transferred to the other modal groups. 
The governing equations of the method are valid for two groups of modes only under particular 
hypotheses: a list of these hypotheses is presented. 
- All the modes of a subsystem must be similar (i.e. they must have almost the same energy, damping, 

coupling with the other subsystems and they must be almost excited by the same input power). 
- The subsystems coupling must be conservative. 
- The eigenfrequencies must be uniformly probable in the frequency range. 
- The force distribution exciting the subsystems must be random and not-correlated. 
- The interactions between the subsystems must be weak. 
Under these hypotheses, the SEA equations of a system divided into M subsystems, can be written as 
follows: 

  (1) (
1

M

i,inj i i ij i ji j
j , j i

P E E
= ≠

=ωη +ω η −η∑ )E

E

where i is the index of the subsystem, �i and �ij are the internal loss factors (ILF) and the coupling loss 
factors (CLF), respectively, and Pi,inj is the power injected into subsystem i. Equations (1) represent the 
energy balance between the M subsystems: i ,d i iP =ωη  is the power dissipated in subsystem i and 

 is the power transmitted from subsystem i to subsystem j. (ij ij i ji jP E=ω η −η )E

The solution of the linear system (1) provides the energy stored in each subsystem. 
Three important parameters are used in the SEA method: 

- the modal density of the subsystem, ( ) ( ) ω∆ω=ω /Nn , is the number of modes in the unit frequency 
band. 

- the modal overlap factor (MOF) is defined as follows: 
 ( ) ( ) ( )m nω =ω ω η ω  (2) 

� is the loss factor. 

- the injected power is the mean power entering into a subsystem from an external source. The mean 
power injected in a point can be expressed by the following general expression: 

 { } { }21 1Re Re
2 2

*
injP F V F= = M*  (3) 

F, V* and M* are the force, the complex conjugate velocity and the mobility at the driving point, 
respectively. Similar equation are used when acoustic or fluid-dynamic loads are considered. 
 

3 SEA hypotheses 
 
In a previous paper [7] a list of the basic hypotheses of SEA were presented and, when possible, they were 
translated into mathematical relationships. In this section the most important and meaningful of them are 
summarized. 
 

3.1 All the modes of a modal group must have almost the same modal energy 
 
This hypothesis corresponds to impose that the exchange of energy between close modes of a subsystem is 
high. It happens when the response has an almost flat frequency spectrum, i.e. when the MOF is high or 
the wave field is diffuse. The expression translating mathematically this assumption can be written as: 
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 ( ) 1>>ωm  (4) 

In fact, the condition of diffuse wave field is well performed by a high modal density n(f) or, more 
generally, by a high MOF. 
 
3.2 All the modes of a modal group must receive almost the same injected 
power 
 
This condition is verified when a load generates the same input power on each mode of a system, e.g. a 
rain-on-the-roof  excitation, or, in general, when the power injected into a subsystem is almost constant in 
each frequency band. In fact, if the input power is constant for each resonant mode in the band, it implies 
that the input power is constant in the band. Since the injected power is shown in equations (3), this 
hypothesis can be translated by the following condition: 

 { } ( ) 00 =
∂

∂
→=

∂
∂

ω
ω

ω ω

nRe
x

*
DP

n
M  (5) 

 
3.3 The eigenfrequencies of a group of modes should be uniformly distributed 
on a frequency band 
 
This hypothesis means that, in each frequency band, the modal density should be constant [5], i.e.: 

 
( ) 0=

∂
∂

ω
ωn

 (6) 

However, in conventional SEA, this hypothesis is mainly used to simplify the derivations of SEA 
equations. Namely, the hypothesis is not a ‘hard’ assumption but rather a ‘soft’ one. Recent works on SEA 
have actually revealed that the statistical distributions of eigenfrequenceis are more appropriately 
described by non uniform distributions. 
 

3.4 The interaction between subsystems must be weak 
 
In complex systems, the energy flow between two subsystems is given by the difference of the modal 
“uncoupled” energies of these subsystems (Lyon e De Jong [5], Hodges and Woodhouse [3]). 
“Uncoupled” means that a modal group can be considered alone, without interaction with the other 
subsystems. The use of the uncoupled energies does not allow to describe some particular problems when 
three or more subsystems are coupled together and only one is excited. However, under a weak coupling 
condition, the energies stored in the modal groups coincide with the uncoupled energies. One method 
proposed to judge whether the interaction between two subsystems is weak should imply that each 
subsystem has an ILF much greater than all the CLFs of the subsystems connected with it [8]. Therefore 
this condition may be written as: 

 1i j

i i

η
η

<<  (7)  

This point is quite critical, and certainly other ways to translate this hypothesis can be stated. However, at 
present, in the lack of other accepted rules, equation (7) is the only one we can write with some 
confidence. 
All the relationships discussed in the previous sections are summarized in table 1. 
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1 ( ) 1m ω >>  

2
( ) 0=
ω
ω

d
nd

 

3
( )
( ) 1<<
ωη

ωη

ii

ij

Table 1: SEA hypotheses 

 

4 The test article 3P 
 
The considered benchmark is a model made of three thin aluminum plates having the following 
characteristics : Poisson modulus 0.33, material density 2700kg/m3, Young modulus 70 GPa. 
The three rectangular plates are rigidly coupled together and their dimensions are, respectively: first plate 
600 mm × 400 mm, second plate 300 mm × 400 mm and third plate 400 mm × 400 mm (fig. 1). 
The thickness of each plate is 3 mm. The angle between the first and the second plate is 120° while the 
angle between the first and the third plate is 60°. The assembling is obtained by bolted stirrups (fig. 1). 
A sketch of the joint is shown in fig. 2. Three small aluminum beams are used: two of them are bended to 
respect the required angles while the third is flat. All of them have holes to insert the bolts. 
Since the aluminum plates have a very low damping, the tests were performed first on the naked plates, 
and then they were covered by a layer of damping material having a thickness of 2.6 mm. The 
characteristics of the damping layer are: Young modulus 0.1GPa, material density 1750 Kg/m3. 
 

    
Figura 1: Benchmark used for the experiments 

 
The plates are suspended by three soft springs connected at the plates’ corners. The stiffness of the springs 
is chosen to obtain very low frequencies for the rigid body motions (lower than 3 Hz) (fig. 3). The system 
is driven by white random noise in the range (0 − 20 kHz) at 9 different points: 3 points on each plate. 
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Figura 2: Sketch of the joint 

 

    
Figura 3: Experimental setup 

 
 

5 The experimental activity 
 
Two tests were initially carried out, measuring the acceleration of both the naked and damped plates at 61 
different points by a set of accelerometers. 
A third test was carried out using a Laser Scanner Doppler, but the accelerometer measurements were 
preferred, because the velocity amplitudes had a worse signal to noise ratio than the accelerations and the 
coherence of the velocity measurements on the damped plates was unacceptable. 
At the drive points a force transducer was located. Thus, the injected power at each drive point can be 
calculated by the real part of the integral of the cross spectral density between force and velocity [8-11]. 
The measurement of acceleration and force at the drive points is critical and must be carefully performed 
to determine accurately the injected power, Pinj . In fact, Pinj depends on the real part of the mobility at the 
driving point which is always a positive quantity: 

 { } { }*
DPinj FVFP MRe

2
1Re

2
1 2* ==  (1) 

Figure 4 shows the measurement chain. 
A sample rate of 30kHz and an acquisition length of 20s were selected. The analysis is carried out in the 
band 0-8000Hz. 
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The following relationships are used to calculate the global energy of the three plates by the auto spectral 
density of the accelerations: 

  (2) 
2

, ,

1

2
, 1

1
/ 1, 2,3 24, 12, 16

j

i j k

N

j k i a
i

E h S S d j N N N
ω

= ω

=ρ ∆ ω ω = = = =∑ ∫ 2 3

where j is the index of the plate, k the index of the load (e.g. E1,3 is the energy of the first plate when the 
third plate is excited), while i is the index of the measurement point (velocity or acceleration);  is the 
surface area in the neighbourhood of the measurement point i, 

iS∆
ρ  the material density, h the thickness of 

the plates and Nj the number of measurement points on the j-th plate.  
 

 
Figure 4: the measurement chain 

 
The power injected into the plates is computed by the cross spectral density between force and 
acceleration at the drive points as follows: 

 
2

,

1

3

1

1 Re / 1, 2,3
3 i jj f a

i
P S j d j

ω

= ω

⎧ ⎫⎪ ⎪= ω ω⎨ ⎬
⎪ ⎪⎩ ⎭

∑ ∫ =  (3) 

where j is the index of the plate and i  the index of the drive point. The interval ( 2ω - ) is the considered 
frequency band. 

1ω
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Figure 5: the injected powers into the naked structure 

 
The results shown in this section depend on the measured acceleration of the naked and damped 
structures. By equation (3) the powers injected into the three plates are calculated and their graphs are 
shown in figure (5) and (6). The integrals are calculated on third octave bands. Figure (7), (8) and (9) 
show the energies calculated by equation (2). 
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Figure 6: the injected powers into the damped structure 

 

   
Figure 7: the first plate energies 

 

APPLICATION OF (NEW) VIBROACOUSTIC METHODS TO COMPLEX SYSTEMS 761



   
Figure 8: the second plate energies 

 

   
Figure 9: the third plate energies 

 
 

6 Numerical results, comparisons and comments 
 
In this section the range of validity of the SEA model is established by verifying the hypotheses shown in 
table 1, and the energies provided by the program AutoSEA and those obtained by the measurements are 
compared.  
The modal density n(f) and the MOFs are calculated by analytical relationships. Since the substructures 
are plates, the modal densities are constant for each frequency and are respectively: n1=0.0261, n2=0.0174, 
n3=0.013. The MOFs are shown in figures 10. 
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Figure 10: a) naked benchmark, b) damped benchmark 

 
SEA is very sensitive to the ILFs, because the use of incorrect values lead to very meaningless results. 
Unfortunately it is generally difficult to determine their values. In this work two sets of ILFs are used to 
compare the numerical results with the measurements. The first one is identified by a Power Injection 

762 PROCEEDINGS OF ISMA2006



Method (PIM), determining values that are frequency dependent. To avoid such frequency dependence 
that is not available without an experimental PIM, a second set was determined by a frequency average of 
the previous PIM results. 
The CLFs and the constant ILFs  are plotted in fig.11.  
 

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

100 1000 10000

[Hz]

Lo
ss

 F
ac

to
rs

eta 11
eta 33
eta 22
eta 23
eta 21
eta 31
eta 32
eta 13
eta 12

a) 

0.0001

0.001

0.01

0.1

1

100 1000 10000

[Hz]
Lo

ss
 F

ac
to

rs

eta 22
eta 11
eta 33
eta 23
eta 21
eta 31
eta 32
eta 13
eta 12

b) 
Figure 11: a) naked benchmark, b) damped benchmark 

Reconsidering table 1, the hypotheses 2 and 3 (constant modal density and weak coupling conditions) are 
always respected (see fig. 11 and the constancy of the modal density). On the contrary, the hypothesis 1 
(mof >> 1) is respected only beyond 5000Hz for the naked structure and 3000Hz for the damped one. 
Figures 12 and 13 show the comparison between the measured energies, the AutoSEA energies obtained 
by the constant ILFs and the AutoSEA energies obtained by the PIM ILFs. The minimum considered 
frequency is 1000Hz because, below such frequency, the mof does not respect the required hypothesis. 
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Figure 11: naked benchmark energies: measured energies -•-, the AutoSEA energies (constant ILFs) 

-∆- and the AutoSEA energies (PIM ILFs) -×- 
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Figure 12: damped benchmark energies: measured energies -•-, the AutoSEA energies (constant 

ILFs) -∆- and the AutoSEA energies (PIM ILFs) -×- 
 
It is obvious that the use of the PIM ILFs, better describing the damping of the structure, involves better 
results than the use of the approximated constant ILFs. 
In general the best results are reached for the energies Eii. In fact, it can be proved that, if a subsystem is 
loaded, the stored energy is less influenced by the energy flow than the stored energy of a not forced 
subsystem which receives the energy from the other substructures [7]. 
A consideration can be done about the difficulty of identifying good ILFs for the damped structure. In 
fact, the energies of the naked structure are predicted better than the energies of the damped structure. This 
happens in general, but it is more evident for the constant ILFs case. 
Therefore, the higher mof values of the damped structure (a good condition for the respect of the 
hypotheses) is not sufficient to compensate the errors involved by the uncertainties on the ILFs. 
Since the hypotheses 2 and 3 are always respected, the improvement of the AutoSEA solution at high 
frequencies (when it happens) must be attributed to the higher mof values. 
As a general conclusion, it can be stressed that the respect of the SEA hypotheses is important to reach a 
good agreement between the predictions and the actual energies. Unfortunately, these conditions are not 
sufficient to reach the success if the SEA parameters are badly identified. Figures 11 and 12 show that the 
analytical prediction of the CLFs permits to have a good agreement between the measurements and the 
numerical solution when the ILFs are carefully identified.  
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7 Conclusions 
 
SEA, like any theoretical model, is founded on a set of hypotheses that must be respected so that the 
investigated system can be well described by the model. 
In this paper the possibility of defining ‘a priory’, i.e. before developing the model, whether SEA is able to 
represent efficiently a particular system is investigated. The system considered here is a benchmark made 
of three aluminum plates joined together along a common edge. Through relationships, determined in a 
previous work [7], expressing mathematically the SEA hypotheses, it is possible to define the frequency 
bounds over which SEA can be considered valid. This estimate is then verified by comparing the energies 
determined by the AutoSEA code and experimental results. 
The results put in evidence that the respect of the hypotheses is a necessary but  not a sufficient condition 
to prove the method efficiency. In fact, the SEA solution is very sensitive to the uncertainty of the SEA 
coefficients, particularly CLFs and ILFs, that can be valued in different ways. While the CLFs are quite 
often determined by theoretical relationships, the ILFs are imposed through ‘a priori’ assessments that are 
not derived by a model, but rather based on a “poor” knowledge of the material properties. This makes the 
estimate of the ILFs the most critical point for determining a reliable SEA model 
Thus, one can finally state that a SEA model can be considered efficient provided that both the following 
statements are satisfied: 
- the hypotheses are verified; 
- the coupling and internal loss factors are correctly determined or estimated.  
-  
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Abstract 
In this paper an experimental analysis on the energy transmission in vibrating structures is considered. The 
Statistical Energy Analysis (SEA) is, at present, the most acknowledged theory for the solution of high 
frequency vibroacoustic problems. The coefficients of the SEA equations depend on the coupling loss 
factor (CLF), the internal loss factor (ILF) and the modal densities. For complex systems, the values of 
such parameters cannot be provided by analytical relationships and it is rather necessary to determine 
them  experimentally to provide a reliable solution. In this paper the case of three coupled plates is 
considered with the aim of determining the SEA parameters (CLF, etc). By forcing the system with a 
white random excitation, the acceleration of the structures is measured and the energy stored on each plate 
is determined. The solution of an inverse problem provides the searched SEA parameters. These values 
are compared with those obtained  by a SEA based method, and the SEA results are compared with 
experimental data. 
 
 

1 Introduction 
 
Modeling and solving vibration and vibroacoustic problems at high frequencies is still a hard task, that 
does not have yet a definite answer. Nowadays the whole transport industry (especially automotive and 
aeronautical) turns its attention to a new philosophy of design aimed to obtain, since the initial phase of 
the project, an acceptable level of noise and vibration. 
When the frequency of interest increases, the corresponding wavelengths become smaller and smaller, 
implying a very fine mesh and a large number of degrees of freedom, often unbearable for the actual 
computers. Although one can think that the technological advances in computers can soon overcome this 
limitation so that this is only a fictitious, or temporary, drawback, actually the problem is more complex. 
The high frequency dynamic problems are strongly affected by the natural uncertainties in any of the 
physical, geometrical and joint parameters of the system, i.e. the response is highly sensitive to small 
variations of any of these parameters. Therefore the deterministic solution of a high frequency dynamic 
problem is in practice meaningless. This aspect of the problem was already clear when Lyon and 
Maidanik in 1962 proposed a statistical analysis of the problem and called it Statistical Energy Analysis 
(SEA) [1, 2]. 
SEA is a statistical approach that yields the mean energy of a population of similar structures with small 
uncertainties in any of the system parameters and not the dynamic response of a single sample.  
The originality of the SEA model is related to the proportionality between the exchanged power and the 
difference of the stored energies in the SEA modal subsystems. This is proved strictly only for two single 
degree of freedom oscillators coupled together by a conservative joint [1]. Under some particular 
hypotheses it is possible to extend the validity of this model to describe the energy transmitted between 
two multimodal systems. In this case a set of linear equations rules the exchange of energy: the input 
terms are the powers injected into the subsystems, the variables are the energies of each subsystem and the 
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coefficients are the coupling loss factors (CLF) and the internal loss factors (ILF). The CLFs can be 
calculated by theoretical relationships or by the solution of an inverse problem. If the injected power and 
the stored energies are known (e.g. by classical methods, such as FEM or BEM, or by measurements), 
these coefficients can be identified. This technique is known as Power Injection Method (PIM) [3-6] . 
Aim of this paper is to analyze the PIM efficiency in improving the SEA results, performing a 
comparison among the measured energies of a benchmark and those computed by a SEA program and 
by a PIM application.  
 

2 The test article 3P 
 
The considered benchmark is a model made of three thin aluminum plates having the following 
characteristics : Poisson modulus 0.33, material density 2700kg/m3, Young modulus 70 GPa. 
The three rectangular plates are rigidly coupled together and their dimensions are, respectively: first plate 
600 mm × 400 mm, second plate 300 mm × 400 mm and third plate 400 mm × 400 mm (fig. 1). 
The thickness of each plate is 3 mm. The angle between the first and the second plate is 120° while the 
angle between the first and the third plate is 60°. The assembling is obtained by bolted stirrups (fig. 1). 
A sketch of the joint is shown in fig. 2. Three small aluminum beams are used: two of them are bended to 
respect the required angles while the third is flat. All of them have holes to insert the bolts. 
Since the aluminum plates have a very low damping, the tests were performed first on the naked plates, 
and then they were covered by a layer of damping material having a thickness of 2.6 mm. The 
characteristics of the damping layer are: Young modulus 0.1GPa, material density 1750 Kg/m3. 
 

    
Figura 1: Benchmark used for the experiments 

 
The plates are suspended by three soft springs connected at the plates’ corners. The stiffness of the springs 
is chosen to obtain very low frequencies for the rigid body motions (lower than 3 Hz) (fig. 3). The system 
is driven by white random noise in the range (0 − 20 kHz) at 9 different points: 3 points on each plate. 
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Figura 2: Sketch of the joint 

 

    
Figura 3: Experimental setup 

 
 

3 The experimental activity 
 
Two tests were initially carried out, measuring the acceleration of both the naked and damped plates at 61 
different points by a set of accelerometers. 
A third test was carried out using a Laser Scanner Doppler, but the accelerometer measurements were 
preferred, because the velocity amplitudes had a worse signal to noise ratio than the accelerations and the 
coherence of the velocity measurements on the damped plates was unacceptable. 
At the drive points a force transducer was located. Thus, the injected power at each drive point can be 
calculated by the real part of the integral of the cross spectral density between force and velocity [5, 6, 8]. 
The measurement of acceleration and force at the drive points is critical and must be carefully performed 
to determine accurately the injected power, Pinj . In fact, Pinj depends on the real part of the mobility at the 
driving point which is always a positive quantity [2, 7]: 

 { } { }*
DPinj FVFP MRe

2
1Re

2
1 2* ==  (1) 

Figure 4 shows the measurement chain. 
A sample rate of 30kHz and an acquisition length of 20s were selected. The analysis is carried out in the 
band 0-8000Hz. 
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The following relationships are used to calculate the global energy of the three plates by the auto spectral 
density of the accelerations: 

  (2) 
2

, ,

1

2
, 1

1
/ 1, 2,3 24, 12, 16

j

i j k

N

j k i a
i

E h S S d j N N N
ω

= ω

=ρ ∆ ω ω = = = =∑ ∫ 2 3

where j is the index of the plate, k the index of the load (e.g. E1,3 is the energy of the first plate when the 
third plate is excited), while i is the index of the measurement point (velocity or acceleration);  is the 
surface area in the neighbourhood of the measurement point i, 

iS∆
ρ  the material density, h the thickness of 

the plates and Nj the number of measurement points on the j-th plate.  
 

 
Figure 4: the measurement chain 

 
The power injected into the plates is computed by the cross spectral density between force and 
acceleration at the drive points as follows: 

 
2

,

1

3

1

1 Re / 1, 2,3
3 i jj f a

i
P S j d j

ω

= ω

⎧ ⎫⎪ ⎪= ω ω⎨ ⎬
⎪ ⎪⎩ ⎭

∑ ∫ =  (3) 

where j is the index of the plate and i  the index of the drive point. The interval ( 2ω - ) is the considered 
frequency band. 

1ω
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Figure 5: the injected powers into the naked structure 

 
The results shown in this section depend on the measured acceleration of the naked and damped 
structures. By equation (3) the powers injected into the three plates are calculated and their graphs are 
shown in figure (5) and (6). The integrals are calculated on third octave bands. Figure (7), (8) and (9) 
show the energies calculated by equation (2). 
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Figure 6: the injected powers into the damped structure 

 

   
Figure 7: the first plate energies 
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Figure 8: the second plate energies 

 

   
Figure 9: the third plate energies 

 

4 The PIM theory 
 
The SEA equations can be written as follows: 

 [ ]=ωP Eη  (4) 

where: 
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∑
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The solution is obtained by inverting the matrix [η]. 
The variables appearing in equation (4) are global variables, implying that the response and the 
coefficients are averaged in frequency, space and on the ensemble. 
Equation (4) can be also used to state an inverse problem by considering the energy as a known variable in 
order to estimate the CLFs and the ILFs. 
The injected power and the energies can be calculated by classical numerical methods (FE, BE) or 
determined by measurements. Consequently, the matrix [η] can be identified by a suitable procedure. This 
technique is known as Power Injection Method (PIM). 
Each subsystem is excited one at a time: thus M equations (4) may be written, each one corresponding to a 
single experiment: 
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Ei,j indicates the energy of the plate i when the load is applied to the plate j. 

This M equations may be combined to obtain the following set of M×M linear algebraic equations: 
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The CLFs and the ILFs can be obtained by inverting the energies matrix in equation (7) and solving the 
following system: 

 [ ]

1

,2,1,

,22,21,2

,12,11,1

2

1

00

00
00

1

−

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

ω
=

MMMM

M

M

M EEE

EEE
EEE

P

P
P

η  (8) 

Let us consider three coupled subsystems, which is an example similar to our test case. The SEA 
equations (4) can be written as follows: 
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If each subsystem is forced separately, during three different experiments, the injected power and the 
stored energies can be measured. These measurements can be averaged in frequency bands and in space.  
Equation (8) can be specialized in this case as follows: 

 

1

3,32,31,3

3,22,21,2

3,12,11,1

3

2

1

3332313231

2323222121

1312131211

00
00
00

1
−

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

ω
=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

η+η+ηη−η−
η−η+η+ηη−
η−η−η+η+η

EEE
EEE
EEE

P
P

P
 (10) 

and the CLFs and the ILFs can be directly determined. 
These are the classical equations currently available in the literature of the PIM. 
Since the numerical determination of the loss factors by equation (10) is ill-conditioned because of the 
inversion of the energy matrix, it can often lead to an inconsistent estimation of negative values of the loss 
factors. Therefore, to overcome such problem, here the loss factors are calculated by the following linear 
set of equations [4]: 
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This equation is equivalent to equation (7), but it is proved that the computation of the loss factors by this 
approach provides better results than the solution of equation (10). 
 

5 PIM results on the test case 
 
A PIM was performed to evaluate the ILFs and CLFs of the benchmark. The starting data were the 
measured energies and the injected powers. By using equation (11) the SEA parameters are computed. 
As stated above the PIM can fail at some frequency bands because of the ill-conditioning of the energy 
matrix. For the benchmark considered in this paper, good results are obtained starting from 1250Hz. In 
fact, before this frequency, some SEA coefficients assume non physical values. Figure 13 and 14 show the 
loss factors resulting from the PIM and a quiet good agreement can be observed by comparing these 
figures to fig. 11. 
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Figure 13: PIM results (naked structure) 
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Loss Factors (damped structure)
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Figure 14: PIM results (damped structure) 
 
 

6 SEA results and comparison 
 
In this section the energies computed by the measured accelerations are compared with the energies 
predicted by AutoSEA2 (the SEA code by ESI) when, obviously, the same load is applied.  
Figure 10 shows the AutoSEA2 model of the benchmark, while figure 11 shows the coupling loss factors 
(CLF) of the naked and damped structures provided by the analytical relationships of AutoSEA2. 
 

 

Figure 10: the AutoSEA model 
 

Note that the CLFs are independent, in the SEA theory, on the internal loss factors and that the ILFs are 
data imposed by the analyzer, because theoretical relationships to determine them are not available. 
Therefore, the ILFs used in the following are those identified by the PIM procedure. Figures 12 shows the 
modal overlap factor (mof) of the naked and damped structures, respectively, calculated by AutoSEA2 
when using the identified ILFs. 
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Figure 11: CLF of the structures 
 

a) b) 

Figure 12: Mof of the structure: a) naked, b) damped 
 
One of the hypotheses for the SEA to be efficient states that: mof>>1. Figures 12 show that this condition 
is respected only after 5000Hz for the naked structure and after 2000Hz for the damped one. 
Two different AutoSEA2 results are considered in the comparison of the energies: 
- the first uses the ILFs and the CLFs obtained by the PIM (PIM energies). 
- the second uses the ILFs determined by the PIM and the analytical CLFs computed by AutoSEA (let us 
call these solutions AutoSEA energies); 
The first comparison is trivial, and the relative results are not shown. The second test is much more 
significant. We recall that Eij is the energy of substructure i when substructure j is excited. 
A good agreement for the energies E11, E22 and E33 of the naked and damped structures is shown in figures 
15 and 18. On the contrary, the comparison of the cross-energies (fig. 16, 17, 19, 20) is not equally good 
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and, oddly, this disagreement is sometimes larger at high frequencies and for high ILFs values where the 
SEA theory is expected to provide better results. 
The occurrence of this limit can be attributed to a strong coupling of the substructures affecting the CLFs. 
 

 
Figure 15: Comparison of the naked structure energy (E11, E22, E33) 

 

 
Figure 16: Comparison of the naked structure energy (E12, E21, E13) 

 

 
Figure 17: Comparison of the naked structure energy (E31, E23, E32) 

 

 

Figure 17: Comparison of the damped structure energy (E11, E22, E33) 
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Figure 18: Comparison of the damped structure energy (E12, E21, E13) 

 

 
Figure 19: Comparison of the damped structure energy (E13, E23, E32) 

 
 

7 Conclusions 
 
In this paper a structural benchmark, excited by a broad band random load, is analyzed to estimate 
whether SEA is able to predict well its vibration energy. 
An experiment was performed to measure the energies of the benchmark plates excited by a white noise. 
These data were used to compute, by PIM, the SEA parameters (ILFs and CLFs). 
AutoSEA2, a software implementing the SEA, was used to calculate the energies of the system when load 
conditions equal to those used during the measurements, are applied to the structure. 
The measurements, the AutoSEA2 results and the energies obtained by considering the identified CLFs 
and the ILFs (PIM solution) are compared. 
Figures 15-19 show that the use of the SEA parameters identified by the PIM characterize correctly the 
structure: over a given frequency, when the inverse problem can be considered well-conditioned, the PIM 
energies overlap the measure energies. A second point that deserves a comment is that the use of the ILFs 
identified by PIM together with the theoretical CLFs provides results very close to the measured values. 
Although PIM is limited by the ill-conditioning of the energy matrix, it allows to upgrade the SEA model 
to obtain good results also when the SEA use is dissuaded. In fact, the prediction of the energies of the 
benchmark has a good agreement with the measurements also in frequency ranges where the mof values 
are low. 
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Abstract 
This paper presents a review of the scaling procedure defined and applied for the predictive vibroacoustic 
responses. Large part of the most interesting results was obtained in the activities planned for a national 
research project, where a common benchmark was assembled. The scaling procedure, now named ASMA 
(Asymptotical Scaled Modal Analysis), allows representing the original system by using a reduced modal 
base and a scaled domain so that the computational efforts can be significantly reduced. Here, the most 
important results obtained applying ASMA to several test cases will be recalled, paying also attention to 
the proper formal definition of the overall procedure. Fundamental aim of the present paper is the 
theoretical review of the ASMA methodology and the discussion of some numerical results on a standard 
vibroacoustic configuration. 
 

1 Introduction 
The search for bridge methods between the deterministic approaches and the energy methods for the 
prediction of the vibroacoustic responses has been one of the fundamental research lines in the 
engineering field. This is certified by the number of papers appeared in the last decade on the subject and 
the conferences specifically centred on this topic. 
The deterministic approaches are fundamentally local: they predict the response in time (frequency) and 
space. It is not worth to note that the costs of the deterministic approaches are associated to the simulation 
of the given wavelength by using a discrete number of points. The energy methods are global: they predict 
square estimators of the response in time (frequency) and averaging over the space domain. The Finite 
Element Approach (FEA) is the standard deterministic technique, while Statistical Energy Analysis (SEA) 
is the leading energy method, ref.[1, 2]. 
The Energy Distribution Approach (EDA) represents among the most important theoretical and numerical 
tools appeared in recent times, ref.[3,4,5]. By using the global modes of the system under investigation, 
EDA allows defining all the relevant energies and powers as used in energy methods. 
EDA is just the expected theoretical frame in which the cited link between the deterministic modal 
methods and the energy ones was found. Further, EDA is able to evaluate the Energy influence 
Coefficients (EIC): these under some conditions can be used to evaluate the coupling loss factors, the 
standard SEA parameters, ref.[6]. 
The FEA is still investigated for getting the high frequency response (the response of a given system at 
high values of the modal overlap factors), ref.[6,7,8,9,10]. A scaling procedure was tailored in order to get 
the same energy representation by using a reduced modal base; this can be done (i) for reducing the 
computational costs for given frequency representation, or (ii) for increasing the frequency representation 
at the same computational costs. 
An acceptable justification of the scaling procedure was found by using SEA approach, but only with 
EDA (and EIC) it was possible to properly frame all the relevant parameters, ref.[11]. 
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The results obtained for several assemblies demonstrated that the scaling procedure, named Asymptotical 
Scaled Modal Analysis (ASMA), was able to predict the response in SEA sense by using a scaled model 
with standard Finite Element Approach (FEA) and model. 
 

2 The National Research Project PRIN2003 
Fundamental advances were performed inside a national research project PRIN2003. This project was 
selected and funded in 2003 and it has been concluded in 2005. The proposal was submitted by University 
of Rome “La Sapienza” in collaboration with Universities of Florence and Naples “Federico II”.  
The themes developed in that project were just those aforementioned in the introduction. An interesting 
benchmark was set among the partners, concerning a three plate assembly, on which all the standard and 
innovative predictive methods to be assessed had to work. 
The results of the standard finite element method and those coming from the adoption of a scaled model 
were already presented at ISMA2004, ref.[10]. At that time, three levels of average of the results were 
defined in order to arrive to the same quality of the predictions in output from the energy methods. 
The experimental database, assembled by the University of Rome “La Sapienza” and made available to all 
the partners, was extensively used for validation purposes. Starting from the numerical and experimental 
(auto and cross) spectral densities of force and acceleration, the cited averages were performed and aimed 
to get an assessment of the validity of the scaled finite element model. The results were really 
encouraging.  
Further, in the same project there is the possibility to better analyze the theoretical problems related to the 
definition of the ASMA. As anticipated, the first formal justification was found by using EDA.  
EDA represents the state of the art of the predictive tools to be applied in structural dynamics and the 
internal acoustics, together with the well known standards as FEA and SEA.  
ASMA can be now considered a useful tool for reducing the computational cost associated with 
deterministic methods when predicting the high frequency vibroacoustic response. 
 

3 Summary of the ASMA approach by using EDA 
This paragraph has been extracted from ref.[11] and added here for sake of completeness. In ASMA a 
scaled model of the original system is analysed.  
The given original model is geometrically scaled by multiplying the side dimensions of the original model 
by the factor σ<1, so that an FE model becomes correspondingly smaller and the modal density decreases.  
In particular the natural frequencies of the model scale as (for plates): 

j
2

j ωσ=ω −   (1) 

where the overbar denotes a scaled quantity; ωj is the j-th natural frequency. The model is also scaled 
dynamically, to retain similar modal characteristics.  For example, the damping loss factor is increased by 
the factor ε (ε<1) so that: 

j
1

j ηε=η −   (2) 

At this stage, we also assume that the forcing function is the same for both the original and scaled 
structures. In the EDA approach, the energy response is defined in terms of the following parameters 
which depend on the modal properties of the system ref.[1].  First, the original and the scaled parameters  
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depend on the mode shapes within subsystem r. The coordinate x is the position vector in a one, two or 
three-dimensional structure and ρ(x) is the mass density. Secondly, and more importantly, are the auto and 
cross-modal frequency response operators, ref.[1].  
The auto modal frequency operators in the original and scaled systems are: 
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and the cross modal (original and scaled) frequency response operators are: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) 1

28

22
kk

2
jj

8

22
k

2
j

24
kkjj

2
kj

122
kk

2
jj

22
k

2
jkkjj

2
kjjk

122
kk

2
jj

22
k

2
jkkjj

2
kjjk

16
      

16

16

−

−

−















εσ

ωη+ωη
+

σ

ω−ω

εσσ

ωη+ωηω+ω

Ω
π

=





 ωη+ωη+ω−ωωη+ωηω+ω

Ω
π

=Γ





 ωη+ωη+ω−ωωη+ωηω+ω

Ω
π

=Γ

 (5) 

The term Ω represents a generic frequency band over which excitation is applied. The cross modal terms 
are not yet scaled since the quantities involved are different functions of σ and ε. Thus it is mandatory to 
work with approximations for these terms. For the large terms, which broadly represent the interaction of 
two modes which overlap, one gets: 
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It should be noted that the scaled large terms are equal to the jjΓ , Eq.(4). For the small terms (broadly, 
modes which do not overlap) one gets: 
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The small coupling terms do not follow the scaling rule of σ2ε.  

It has to be underlined that the scaling coefficients are both less than unit value: in this case σ2 ε−1 can be a 
good estimate of σ2ε . It can be shown that the best approximation is obtained when selecting ε = σ. In this 
case the small terms for the coupling are an acceptable first order approximation around unit value.  

It is trivial to note that for ε=σ=1 one gets the original system. Furthermore, for the response of a single 
subsystem and/or the directly excited subsystem drawn from a generic assembly, any choice for σ could 
be used. It is useful to underline again that approximations for the small modal coupling terms are solely 
responsible for ASMA not being an exact translation of the energy content at high frequencies.  
The original and scaled power inputs in the s-th subsystem are: 
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It has to be noted that the spatial distribution of the excitation acting in a frequency band has to be 
considered; in ref.[1], the loading was assumed to be proportional to mass density with zero cross-spectral 
density and given auto-spectral density, Sf.  
The original and scaled kinetic energies for the r-th subsystem are: 
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while the original and scaled mean square velocities become:  
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The mean square excitation in a band δω can be generically written as follows, ( ) ( )δωρω= xSF
2
1

f
2 .  

For the configurations herein introduced and analyzed in the next paragraphs, the same loading function 
has been assumed for both the original and scaled assembly expansions. This leads to an auto spectral 
density, σ-2 Sf(ω) in the scaled system.  
Therefore, the scaled and original responses in the present loading condition can be summarized as: 
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It is useful to underline again that EDA is an exact approach: some simplifications for the evaluation of 
the modal frequency operators, Γjk can be fruitfully applied, ref.[3,4,5].  
ASMA has to be considered an approximate form of EDA aimed to a reduction of the original modal base.  

4 The Response of a Plate and a Reverberant Room 
The formal definition of ASMA was checked by considering similar coupled subsystems: two flexural 
plate, four in-line rods, two flexural beams, etc, 
One of the points to be analysed is related to non-similar coupled subsystems, that is systems in which the 
modal densities work with different frequency behaviour. The classical plate coupled with a reverberant 
room is a common vibroacoustic model that includes this effect. In fact, these are the modal densities: 
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It is well known that, the structural modal density for the flexural wave travelling in a plate is a constant 
value, while the acoustical one depends on the square of the excitation frequency. 

4.1 Standard Finite Element Models 
The model under analysis is one of the simplest one concerning the structural acoustic coupling. The 
structural model consists of a simple flexural plate. The material is homogenous, isotropic and the plate is 
simply supported along the edges (zeroed displacements and allowed rotations). The volume is fully 
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reverberant (six rigid walls), LVx LVy and LVz and the internal fluid has density ρ0 and speed of sound c0. 
Fig.1 reports both the models: the plate has been translated in the negative x direction only for the sake of 
representation. Tab.1 reports a summary of the main parameters. 
 

Figure 1 :  Finite Element Model of the Plate and the Reverberant Room 

 
 

 Plate Volume 
Side length (x) 1.4 m
Side length (y) 0.6 m 1.0 m
Side length (z) 0.2 m 0.7 m

Thickness 6 10-4 m
Mass density 2700 kg m-3 1.125 kg m-3

Elasticity modulus 7.1 1010 Pa 5.2 105 Pa
Damping loss factors 0.02 0.01

Table 1: Main Dimensions 

 
The finite element model was assembled by using the meshes reported in Tab.2. The plate and the volume 
were meshed in order to model the relative wavelengths up to 3500 Hz, Fig.2. Fig.3 reports the 
distribution of the uncoupled natural frequencies.  
 

 Plate Volume
Mesh (x)  29 
Mesh (y) 61 21 
Mesh (z) 21 15 

Total nodes 1281 9135 
Total degrees of freedom 33330 

Table 2: Original Meshes 

 
The coupled model was assembled by using the capability of the MSC/NASTRAN of connecting non-
coincident meshes for the structural acoustic coupling (ACMODL card with DIFF option).  
A direct frequency response is analysed by considering a known mechanical force acting in three random 
excitation points and acquiring the response in 3 points over the plate and three positions inside the 
volume. This procedure allows averaging over 9 values of both velocity and pressure outputs. 
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Figure 2 :  Wavelengths vs. Frequency Figure 3 :  Uncoupled natural frequencies 
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4.2 Scaled Finite Element Models 
The first scaled model was simply assembled by using the same original meshes (Tab.2) and by 
multiplying the dimensions for σ, the scaling parameter. The thickness of the plate is kept, while the 
original damping loss factors for the plate and the volume (ηS and ηV respectively) were both divided by 
σ. By using the Eq.(11) it is simple to get that: 
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The scaled modal densities and modal overlap factors will be (Figures 4 and 5): 
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The application of the scaling procedure inside the EDA, as it was presented in the third paragraph, cannot 
be applied to the present configuration. In fact, the plate natural frequencies scale with σ-2, while the 
acoustic ones with σ-1. Nevertheless, the modal density of the acoustic volume is so high that the 
hypothesis presented in Eq.(1) could be retained. It is evident that further theoretical investigations are 
needed, also thinking to a possible definition of the global (structural-acoustic) modes in terms of 
uncoupled structural or acoustic modes. 

Original and Scaled (σ=0.5) Items 
Figure 4 (left): Modal Densities - Figure 5 (right): Modal Overlap factors 
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In any case, the results are robust and consistent with the overall approach. 

5 Results 
The original and scaled structural and acoustic responses are in Fig.6 and Fig.7, respectively. 

Figure 6 :  Coupled Structural Frequency Response: σ=0.5, ηS=0.02, ηV=0.01, ∆f=5 Hz 
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Figure 7 :  Coupled Acoustic Frequency Response: σ=0.5, ηS=0.02, ηV=0.01, ∆f=5 Hz 
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ASMA is not able to replace exactly the low frequency range response, where this latter is dominated by 
the well resonating mode shapes.  
For increasing excitation frequencies, that is for increasing values of the modal overlap factor, ASMA is 
always more and more reliable in predicting the responses for both the elastic plate and the reverberant 
volume. For this reason a representation in frequency bands is more adequate for the scaled responses, 
Figures 8 and 9; the curves have been obtained by using the mobile average option automatically 
performed inside excel sheet. In Figures 8 and 9, the standard SEA predictions are also included. The 
adoption of refined models for the radiation efficiency largely improves the prediction on the acoustic 
response. Here, a simplified one was assumed, ref.[2]. 
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It is not worth to note that in this case the applicability of the scaling procedure was shown without any 
reduction of the computational cost since the original mesh was kept. 

  Figure 8 :  Structural Response: σ=0.5, ηS=0.02, ηV=0.01; 200 Hz freq. bands  
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  Figure 9 : Acoustic Response: σ=0.5, ηS=0.02, ηV=0.01; 200 Hz freq. bands  
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The second step was to use coarser meshes. In this case both the structural and acoustic meshes were built 
with the half of the original elements, Figures 10 and 11. 

 Plate Volume
Mesh (x)  15 
Mesh (y) 31 11 
Mesh (z) 11 8 

Total nodes 341 1320 
Total degrees of freedom 5425 

Table 3: Coarse Mesh 
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Figure 10 : Coarse Scaled Model - Structural Response: σ=0.5, ηS=0.02, ηV=0.01, ∆f=5 Hz 
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  Figure 11 :  Coarse Scaled Model - Acoustic Response: σ=0.5, ηS=0.02, ηV=0.01, ∆f=5 Hz 
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Figures 12 and 13 report the original and scaled responses in frequency bands. 
It has to be noted that if the CPU time for getting the original response (33330 degrees of freedom) is 1 
second, the scaled model (5425 degrees of freedom) runs in 0.05 seconds: a reduction of 1/20 of the 
computational cost.  
For the sake of completeness, the scaling procedure has been also applied to a standard SEA two degrees 
of freedom model, Figures 14 and 15.   
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  Figure 12 :  Coarse Scaled Model - Structural Response: σ=0.5, ηS=0.02, ηV=0.01; 200 Hz freq. bands  
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  Figure 13 :  Coarse Scaled Model - Acoustic Response: σ=0.5, ηS=0.02, ηV=0; 200 Hz freq. bands  
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6 Concluding Remarks 
Some advances have been herein presented concerning the scaling procedure when aimed to the 
estimation of structural acoustic response. It was analysed the possibility to use ASMA (Asymptotical 
Scaled Modal Analysis) applied to a standard finite element model for modelling a classical problem: the 
response of a plate coupled with a reverberant room.  
The predictive models were assembled by using the simple rules depicted by the scaling procedure and the 
recovering of the results is straightforward. The application of ASMA to vibroacoustic model needs 
further theoretical investigations but the results demonstrated that ASMA can be fruitfully adopted for the 
estimation of the structural acoustic response by using low-cost FEA models.  
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List of Symbols 
c0 fluid speed of sound 
E module of elasticity 
LPy plate dimension in the y direction 
LPz plate dimension in the z direction 
LVx volume dimension in the x direction 
LVy volume dimension in the y direction 
LVy volume dimension in the z direction 
nP plate modal density [sec/rad] 
nV volume modal density [sec/rad] 
P(r)

IN input power in the r-th subsystem 
T(r) energy of the r-th subsystem 
V volume of the reverberant roon (V=LVx LVy LVy) 

 

Γij modal frequency operators 

ε scaling coefficient 

φi(x) i-th mode 

ηj damping loss factor of the j-th mode 

ηP plate loss factor  

Original and Scaled (σ=0.5) SEA Responses 
Figure 14 (left): Structural Responses - Figure 15 (right): Acoustic Responses 
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ηV volume loss factor  

µP plate modal overlap factor 

µV volume modal overlap factor 

ν Poisson module 

ρ(x) mass density 

ρ0 fluid mass density 

σ scaling coefficient 

ω excitation circular frequency 

ωj  j-th natural frequency 

ψ(r)
ij space operator for the r-th subsystem for the i-th and j-th modes 
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Abstract
The mid-frequency field is a hybrid domain for which assembled structures exhibit simultaneously low- and
high-frequency behaviours, depending on the material and geometrical properties of the different subsys-
tems. Thus, dealing with the mid-frequency field requires simulation methods which are able to account the
differences of behaviour of the different subsystems.
A hybrid formulation that is able to correctly predict the vibro-acoustic response of a mid-frequency structure
is presented in this paper, it is named the FE-SIF. This formulation is based on the coupling of two different
formulations, the Finite Elements (FEM) for the low frequency behaving sub parts and the Smooth Integral
Formulation (SIF) applied to the high frequency subsystems. The FEM-SIF hybrid method enables to cor-
rectly predict the deterministic response of the low frequency parts which is not affected by randomness, and
the smooth trend of the contributions of the high frequency parts.
The method therefore provides a relevant solution to the mid-frequency problem. The effectiveness of the
formulation is demonstrated in the article with a numericalapplication to a 2-dimensional structure.

1 Introduction

There is nowadays a strong need for developing predictive methods suitable for the vibro-acoustical analysis
of complex structures in the mid-frequency field. The automotive industry, due to the complexity of the
structures involved and the importance of minimizing vibratory levels for comfort reasons, is particularly
interested in obtaining such methods.
The vibro-acoustics problematic is usually divided in three separate domains, according to the frequency
range. First, the low-frequency field is identified as the domain for which the investigations are mainly fo-
cused on the structure-borne contributions. In this frequency domain, the finite element method (FEM) [1]
and classical direct and indirect boundary element methods(BEM) [2, 3] yield effective numerical solutions.
Second, the high-frequency field is the domain for which the air-borne contribution is predominant and for
which the classical simulation tools involve a huge number of degrees of freedom. Employing these formula-
tions leads to high computing time and thus, alternative formulations such as the Statistical Energy Analysis
(SEA) are generally employed in the high-frequency domain [4, 5, 6]. The Energy Flow Methods (EFM) are
a different approach to the vibro-acoustical analysis in the high-frequency range. They are derived from a
local energy balance leading to a constitutive relationship analogous to the heat conduction equations. The
numerical cost for solving the thermal problem is reduced compared to the wave based approach. Many ap-
plications of these methods were proposed in the past [7, 8, 9, 10, 11]. However, the main drawback of this
approach concerns the validity of its theoretical background when dealing with two and three dimensional
systems [12, 13].
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In the mid nineties, Viktorovitch et al. developed a novel formulation [14, 15], the Smooth Integral Formu-
lation (SIF), valid on the whole frequency domain but whose practical application was the high-frequency
field. The fundamental idea of this work relied on the assumption that the dynamic behaviour of any me-
chanical system is intrinsically random, and the influence of this randomness grows with the frequency. The
analytical formulation is based on the dynamic boundary integral equations. These integral equations are
multiplied by well-chosen variables, in order to obtain a formulation governing the cross product of the kine-
matic variables. Gaussian randomness is then introduced tothe geometrical parameters of the structures and
the stochastic expectations of the terms in the new integralequations are taken into account. Some assump-
tions are introduced to limit the number of high order momentunknowns. Finally, the unknowns of the new
formulation are the second order stochastic moments of the boundary kinematic variables.

The vibro-acoustics community is currently confronted to develop formulations for the so-called mid-frequency
domain. This frequency field is usually defined as the domain for which a complex vibrating structure may
be divided into two different parts which have a deterministic "low-frequency" behaviour, and parts which
present a "high-frequency" behaviour. This combination ofhigh- and low-frequency behaviour implies that
the structure-borne contribution may not be neglected, as in a SEA model, but, on the other hand, the classi-
cal low-frequency predictive tools are ineffective for modelling the "high-frequency" part.
For treating this specific problematic, different leads were investigated. One of them is the structural SEA
[16] which aims at treating the structure-borne contribution of a car from a few hundred Hertz upwards, by
means of the SEA. For this purpose, the authors developed a methodology for defining in a reliable way the
subsystems of a structure without violating the basic assumptions of the SEA.
Lately, Langley and Shorter [17, 18] developed a hybrid method. This method is based on a partitioning of
the system into a deterministic part and a random part. The former is modelled with FE, whereas the latter
is described in terms of a direct field originated from the deterministic subsystem, and a reverberant field
described by a SEA formulation. In other respects, Vlahopoulos et al. [19, 20, 21, 22] developed a hybrid
methodology coupling the classical FEM with the heat analogy energy flow formulation.

In the first section of this paper the fundamental equations of the SIF are reminded, and a numerical applica-
tion illustrating the effectiveness of the formulation fora 2D acoustical domain is presented. In the second
section, a simplification of the SIF is proposed for high-frequency applications, and numerical application is
performed. In the third section, a really mid-frequency formulation is proposed. SIF theory is coupled to FE
formulation to properly solve mid-frequency structures; FE theory is used to model the LF subsystems. This
new formulation is able to predict the deterministic behaviour of the LF subsystems, localizing all the peaks
of the strong oscillating part of the structure response, and it gives a smooth response for the HF subsystems.

2 The Smooth Integral Formulation

In this paper, the formulations are developed for second order differential governing equations. This is not a
restriction of the formulation, they can be extended to the fourth order governing equations [14, 15].
In this section, the general boundary integral representation is reminded. The formulation is very general
and stands for one- two and three-dimensional problems. Theintegral representation for a homogeneous,
isotropic and linear mechanical system of domainΩ and smooth boundary∂Ω, subjected to a harmonic
loadingf , may be written:

c · u(ξ) =

∫

Ωf

f(x) · G(x, ξ)dΩ

+

∫

∂Ω

(

u(x) · Tn(G(x, ξ)) − Tn(u(x)) · G(x, ξ)
)

d∂Ω (1)
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The integral representation is completed with the following boundary conditions:
{

u(x) = û(x) on ∂Ωu

Tn(u(x)) = T̂n(u(x)) on ∂ΩT
and

{

c = 1
2 ξ ∈ ∂Ωu

c = 0 ξ ∈ ∂ΩT

whereu(x) is the kinematic unknown (e.g. pressure, displacement),Tn is homogeneous to a first order dif-
ferential order operator,G denotes the Green kernel,∂Ωu and∂ΩT constitute a partition of∂Ω.
A randomness is then applied to the locations of the loading and the boundary of the structure. These two
new random parameters are respectively denoted byΩ̃f and ∂Ω̃. Accordingly, the partition of the boundary
becomes∂Ω̃ = ∂Ω̃T ∪ ∂Ω̃u.

2.1 The Random Formulation

Trying to solve the previous integral equation (1) over a wide frequency range is unrealistic, due to the
high computational time which is required in the high frequencies. It is also well known that the sensitivity
of the response of a mechanical system to small perturbations of its geometrical and/or material properties
increases with the frequency. Taking into account the statements above, the authors developed in the past
a random integral formulation suitable for high-frequencyinvestigations [14, 15]. The general idea of the
formulation was based on the introduction of randomness to the description of the geometry of the structure.
This randomness does not affect the predictions in the low-frequency field, on the other hand, the response
is extremely sensitive to any structural perturbation in the high frequencies. Development of the formulation
In this section, the major steps of the random formulation are shortly summarized.

1. The initial stage for obtaining the statistical description is the boundary formulation given by equation
(1).

2. The locations of the loading and the boundary of the structure are then randomized. These two new
random parameters are respectively denoted byΩ̃f and ∂Ω̃. Accordingly, the partition of the bound-
ary defined in section becomes∂Ω̃ = ∂Ω̃u + ∂Ω̃T .

3. The goal of this work is to derive an integral representation whose unknowns are the expectations of
the cross product of the force and displacement unknowns. Therefore, for any point̃ξ ∈ ∂Ω̃, the right-
and left-hand sides of the integral equations are multiplied by the conjugate of the random boundary
unknown at the same spatial position.

4. The collocation method is employed which enables the transformation of the integral equations into a
discrete set of equations.∂Ω̃u and∂Ω̃T are respectively divided intoNu andNT elements.

5. The expectations of the equations are finally considered.They are represented by〈−〉.

6. To solve theNu + NT equations some statistical assumptions for limiting the number of unknowns
were defined. These assumptions rule the correlation of the different variables appearing in the equa-
tions above. They are based on a physical interpretation of the integral equations. The assumptions
deals with the statistical behaviour of the different sources, the random behaviour of the force and
displacement variables of isolated and complex structures.

Finally, one obtainsNu + NT boundary element equations, whereNu andNT are the number of boundary
elements defined∂Ω̃u and∂Ω̃T . For the complete development of the SIF formulation refersto [14, 15].
The fundamental equation of the formulation for an isolatedsystem may be written:

• x̃iT ∈ ∂Ω̃iT , iT ∈ [1, NT ]:

1

2
〈|u(x̃iT )|2〉 =

〈

u∗(x̃iT )

∫

Ω̃f

f(y) · G(y, x̃iT ) dΩ
〉
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+〈u∗(x̃iT )〉

NT
∑

nT =1
nT 6=iT

〈u(x̃nT
)〉

〈

∫

∂Ω̃nT

Tn(G(x, x̃iT )) d∂Ω
〉

−〈u∗(x̃iT )〉

NT
∑

nT =1

〈

∫

∂Ω̃nT

T̂n(u(x)) · G(x, x̃iT ) d∂Ω
〉

+〈u∗(x̃iT )〉

Nu
∑

nu=1

〈

∫

∂Ω̃nu

û(x) · Tn(G(x, x̃iT )) d∂Ω
〉

−〈u∗(x̃iT )〉

Nu
∑

nu=1

〈Tn(u(x̃nu))〉
〈

∫

∂Ω̃nu

G(x, x̃iT ) d∂Ω
〉

+〈|u(x̃iT )|2〉
〈

∫

∂Ω̃iT

Tn(G(x, x̃iT )) d∂Ω
〉

(2)

• x̃iu ∈ ∂Ω̃iu , iu ∈ [1, Nu] :

1

2
〈T ∗

n(u(x̃iu))〉 · û(x̃iu) =
〈

T ∗
n(u(x̃iu)) ·

∫

Ω̃f

f(y) · G(y, x̃iu) dΩ
〉

+〈T ∗
n(u(x̃iu))〉

NT
∑

nT =1

〈u(x̃nT
)〉

〈

∫

∂Ω̃nT

Tn(G(x, x̃iu)) d∂Ω
〉

−〈T ∗
n(u(x̃iu))〉

NT
∑

nT =1

〈

∫

∂Ω̃nT

T̂n(u(x)) · G(x, x̃iu) d∂Ω
〉

+〈T ∗
n(u(x̃iu))〉

Nu
∑

nu=1

〈

∫

∂Ω̃nu

û(x) · Tn(G(x, x̃iu)) d∂Ω
〉

−〈T ∗
n(u(x̃iu))〉

Nu
∑

nu=1
nu 6=iu

〈Tn(u(x̃nu))〉
〈

∫

∂Ω̃nu

G(x, x̃iu) d∂Ω
〉

−〈|Tn(u(x̃iu))|2〉
〈

∫

∂Ω̃iu

G(x, x̃iu) d∂Ω
〉

(3)

Equations (2) and (3) are the fundamental relationships of the Smooth Integral Formulation. Studying these
equations one can observe that the number of unknowns is equal to 3(Nu + NT ). These unknowns are:

- First order moments:〈u(x̃nT
)〉 and〈Tn(u(x̃nu))〉

- Second order moments:〈|u(x̃nT
)|2〉 and〈|Tn(u(x̃nu))|2〉

- Expectation of kinematic variable multiplied by the contribution of the primary source:〈u∗(x̃nT
) ·

∫

Ω̃f
f(y) · G(y, x̃nT

) dΩ〉 and〈T ∗
n(u(x̃nu)) ·

∫

Ω̃f
f(y) · G(y, x̃nu) dΩ〉

In order to obtain a consistent set of equations,2(Nu + NT ) supplementary equations are added to the
formulation. These(Nu+NT ) equations are the expectation of the basic equation evaluated inξ = x̃i ∈ ∂Ω̃i,
i = 1, ...., Nu + NT . The remaining equations come from the basic equation multiplied by the conjugate of
the contribution of the external force

∫

Ω̃f
f∗(y) ·G∗(y, x̃i) dΩ, evaluated inξ = x̃i ∈ ∂Ω̃i, i = 1, 2, ...., Nu +

NT .
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Figure 1: Acoustic 2D domain.

2.2 Application of SIF

As an example, the SIF is applied in this paper to a square 2D domain characterized by Helmholtz equation,
figure 1. The boundaries of the domain are divided intoN elements.F0 is the external excitation acting on
the structure which is supposed to have rigid boundaries:

∂p(i)

∂n
= 0 for i = 1 : N

Randomness is introduced in the description of boundary locations and also on the external source location.
The mechanical and geometrical properties of the structureare given in table 1, properties which have been
selected in such a manner that the membrane presents a mid- high-frequency behaviour in the frequency
range of interest.

Side Length [m] Sound speed [m/s]ρ [(kg/m3)] η (%)

Acoustic Domain 1 50.5 10.5 0.03

Table 1: Acoustic 2D domain: geometrical and physical properties of the acoustic domain.

Figure 2 represent the frequency variations of the expectation of the square modulus of the pressure at two
distinct boundary locations.
The observation of the curves represented in figure 2 highlights some important elements concerning the
effectiveness of the random formulation. At first, one can globally state that the influence of the randomness
increases with frequency. The SIF curves give a precise representation of the modal behaviour in the low-
frequency range. On the other hand, the high-frequency behaviour of the random formulation simulation
is smooth and only delivers information on the general trendof the frequency variation of the boundary
unknowns.

3 The Smooth Integral Formulation for High-frequency applications

For practical use, the SIF is not meant for low-frequency simulations due to the introduction of uncertain-
ties which is useless in the low-frequency range. When restricting the investigations to the high-frequency
domain, the number of unknowns can be reduced. Indeed, in thehigh-frequency field, the expectations of
the kinematic variables converge to zero. This is due to the fact that these unknowns rapidly oscillate around
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Figure 2: Acoustic 2D domain: frequency variation of the second order moments of two boundary unknowns,
comparison of the deterministic result with the SIF predictions.
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Figure 3: High-frequency application of SIF: frequency variation of the second order moment of a boundary
unknown, comparison of the deterministic result with the SIF predictions.

zero when the frequency is high. Therefore, it is not necessary to calculate these first order moments, which
may be fixed to zero when high-frequency investigations are performed. This enables to decrease the number
of unknowns. As an example, when considering isolated systems, it can be deduced from equations (2) and
(3), that getting rid of the first order moments leads to writing a set of equations containing2(Nu + NT )
unknowns instead of3(Nu + NT ). The simplified SIF was verified for the acoustic domain, table 1. Figure
3 highlights the frequency variation of the pressure at a boundary location. As expected, the SIF response is
smooth and effectively gives the correct trend of the response in the high-frequency field. On the other hand,
not taking into account the first order moments leads to removing the peaks which were predicted before by
the SIF in the low-frequency field, and the results become inaccurate in this domain.

4 FEM-SIF hybrid formulation for mid-frequency analysis

In the mid-frequency range a system is comprised by both longand short members. Two main obstacles can
be identified in predicting the frequency response of such a structure:

1. When an energy approach (SEA or EFEA) is utilized, the results will be incorrect in the mid-frequency
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range since the assumptions for high modal density are violated by the existence of short members. It
is expected that the energy stored in the short members will be underestimated.

2. If a discrete solution (FEM or BEM) is used, the presence oflong members requires a large number of
elements in the model and consequently lot of computationalresources.

The basic idea of the work presented in this paper is to utilize a hybrid formulation based on SIF to model
the contribution belonging to the long members of the structure, while a FE formulation will be used to
introduce the short members resonant contribution. The FE has been chosen to couple with SIF because it is
a discrete method like SIF and boundary conditions at junctions with SIF can be easily introduced to model
the exchange of energy between long and short members. The method presented in this paper considers the
excitation applied on short members.

4.1 Development of a mid-frequency formulation

To develop the formulation a structure comprised of two subsystems is considered, a random part (long), and
a deterministic part (short). This is not a restriction of the formulation, it can be extended to more complex
structures.
The idea is to develop an hybrid formulation which couples a deterministic formulation with a statistical
formulation to account for all the aspects of mid-frequencyrange. Two major consideration are presented:

1. As explained in the previous section, the first order moments of random subsystems are neglected.

2. No randomness is introduced to the description of the low frequency behaving subsystems, since
the response of a low-frequency behaving system is not influenced by the randomness present on its
boundaries. But the unknowns of the deterministic part are still random variables even if their boundary
location is deterministic. This is due to the fact that the response of the deterministic part is directly
influenced by the contribution coming from the statistical part of the structure, which is a random
contribution. So we cannot treat the unknowns of the deterministic part as deterministic variables, and
we also have to consider the correlation among them.

The random part, which is sensitive to uncertainties in its physical properties in the frequency range of
analysis will be modelled using SIF formulation. The other part of the structure, which exhibits a deter-
ministic behaviour should be modelled using finite elements(FE), properly modified to fit with the random
formulation.

4.2 FEM-SIF formulation

The deterministic subsystem is described by means of a FEM formulation. Considering the contribution
of all the elements in terms of mass and stiffness matrices (damping is introduced in the Young modulus),
and using a harmonic external excitation, it is possible to obtain the general FEM formulation for the whole
subsystem, as follows:

AFEM · uFEM = Fext and AFEM = [K − ω2 · M ], (4)

uFEM is the vector of unknowns at nodes,AFEM is the dynamic matrix, andFext is the vector of external forces,
which are applied on nodes. The external excitations on the boundaries of the deterministic subsystem can be
expressed as functions of the boundary unknowns. For each node of the FE model it is possible to write the
equilibrium equations as classical nodal equations. If we use a classical beam formulation for FE description
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of subsystems [23], and consider a nodei connecting two linear elements, we can write from equation (4)
the equilibrium equations for that node:

aii−1 · ui−1 + bii−1 · θi−1 + aii · ui + bii · θi + aii+1 · ui+1 + bii+1 · θi+1 = Ti (5)

cii−1 · ui−1 + dii−1 · θi−1 + cii · ui + dii · θi + cii+1 · ui+1 + dii+1 · θi+1 = Mi (6)

Equation (5) is the equilibrium equation at nodei when it is subjected to external shear excitation,Ti, and (6)
is the equilibrium for bending excitation,Mi. The external forcesTi, Mi are supposed to be deterministic
quantities. Coefficientsaij , bij , cij anddij are the elements of matrixAFEM: aij andbij respectively for
displacement and slope of nodej in the shear equation of nodei, while cij anddij in the bending equation.
The coupling conditions between the beam and the acousticaldomain are expressed at nodal locations on the
coupling surface:

∂pi

∂n
= ρω2ui

We should also consider that the FEM subsystem is deterministic, so its unknowns are not uncorrelated to
each other. This can be easily proved if we consider a structure made of two coupled rods. One rod is
HF behaving in the frequency range of analysis, while the other is LF behaviour and its response is not
affected by uncertainties. For the complete formulation see [24, 25]. Both rod are modelled with SIF, but
the conclusions that are here reported are valid for any deterministic subsystem coupled to a random subsys-
tem, independently from the formulation used in the analysis. A deterministic description is introduced for
boundary locations of rod 1, points0, the coupling point, andx1. Only the first order moment equations of
rod 1 are here reported:

0 =
〈∂w(x1)

∂x

〉

G1(x1 − x1) −
〈∂w(1)(0)

∂x

〉

G1(x1 − 0) +
〈

w(1)(0)
〉∂G1(x1 − 0)

∂x
(7)

0 =
〈∂w(x1)

∂x

〉

G1(0 − x1) −
〈∂w(1)(0)

∂x

〉

G1(0 − 0) +
〈

w(1)(0)
〉(∂G1(0 − 0)

∂x
− 1

)

(8)

We observe that the expectations of the Green Kernels, whichare random parameter in a random subsystem,
have been replaced by the deterministic fundamental solutions. This is due to the fact that the spatial points
for which these kernels are evaluated are deterministic.
Finally, from equations (7) and (8) one can easily prove thatthe unknowns are strongly correlated. Indeed,
one can write:

〈

∂w(1)(x1)

∂x

〉

= −
〈

w(1)(0)
〉

∂G1(x1 − 0)
∂x

G1(x1 − 0)
−

∂G1(0 − 0)
∂x − 1

G1(0 − 0)

G1(x1 − x1)
G1(x1 − 0)

−
G1(0 − x1)
G1(0 − 0)

(9)

Equation (9) highlights that the two boundary unknowns respectively expressed at point0 andx1 are corre-
lated. They are indeed linked via a deterministic coefficient.

The aim is now to rewrite equations (5-6) in order to obtain a Finite Element formulation (FE) which can be
coupled with SIF. In terms of equations this means that we need to obtain a FE formulation which unknowns
are the expectation of the second order moments of the nodal variables.
A procedure analogous to the one introduced in section 2.1, to derive SIF equations from random BEM, is
used. For each node the corresponding equilibrium equation, for instance (5), is multiplied by the conjugate
of the nodal unknown at the same spatial position.2n second order equations are obtained. For nodei, we
can use eq. (5), then multiplying byu∗

i and getting the expectation, we obtain:

aii−1 · 〈ui−1 · u
∗
i 〉 + bii−1 · 〈θi−1 · u

∗
i 〉 + aii · 〈|ui|

2〉 + bii〈·θi · u
∗
i 〉

+aii+1 · 〈ui+1 · u
∗
i 〉 + bii+1 · 〈θi+1 · u

∗
i 〉 = Ti · 〈u

∗
i 〉 (10)
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and multiplying (6) byθ∗i :

cii−1 · 〈ui−1 · θ
∗
i 〉 + dii−1 · 〈θi−1 · θ

∗
i 〉 + cii · 〈ui · θ

∗
i 〉 + dii · 〈|θi|

2〉

+cii+1 · 〈ui+1 · θ
∗
i 〉 + dii+1 · 〈θi+1 · θ

∗
i 〉 = Mi · 〈θ

∗
i 〉 (11)

The unknowns that we want to evaluate are the second order unknowns〈|ui|
2〉, 〈|θi|

2〉, but to do that we need
to account also of〈ui−1 ·u

∗
i 〉 and〈θi−1 ·u

∗
i 〉, and others in equations (10-11). This leads to a great number of

second order unknowns and so other equations have to be addedto obtain a consistent set. These equations
are obtained multiplying the nodal equations, eq. (5-6) by the conjugate of the unknowns of nodes which are
close to the considered one in terms of spatial locations. For instance multiplying the shear equation at node
i, (5), for the displacement at nodei + 1 we obtain:

aii−1 · 〈ui−1 · u
∗
i+1〉 + bii−1 · 〈θi−1 · u

∗
i+1〉 + aii · 〈ui · u

∗
i+1〉 + bii〈·θi · u

∗
i+1〉

+aii+1 · 〈|ui+1|
2〉 + bii+1 · 〈θi+1 · u

∗
i+1〉 = Ti · 〈u

∗
i+1〉. (12)

It is important to notice that even though the formulation ofFE results more complicated after the adaptation
to SIF, the coefficients which belong to the dynamical matrixof FEM formulation,aij , bij, cij anddij are
not changed, so they can be obtained from a classical commercial FEM solver.

For the random part, the acoustical domain, a SIF formulation for a generic subsystem coupled to an ex-
ternally excited subsystem is used. The entire boundary∂Ω̃ is divided intoN elements, while the coupled
boundary∂Ωc is identified byxc ∈ [na, nb] with ∂Ωc ∈ ∂Ω̃. The first order moments are suppressed from
the formulation.

• x̃i ∈ ∂Ω̃, x̃i ∈ [1, N ], x̃i /∈ [na, nb]:

1

2
〈|u(x̃i)|

2〉 =

nb
∑

xc=na

〈

u∗(x̃i) · u(xc) ·

∫

∂Ωc

Tn(G(x, x̃i)) d∂Ω
〉

−

nb
∑

xc=na

〈

u∗(x̃i) · Tn(u(xc)) ·

∫

∂Ωc

G(x, x̃i) d∂Ω
〉

+
〈

|u(x̃i)|
2
〉

·

∫

∂Ω̃i

Tn(G(x, x̃i)) d∂Ω

−〈u∗(x̃i) · Tn(u(x̃i))〉 ·

∫

∂Ω̃i

G(x, x̃i) d∂Ω (13)

• xi ∈ ∂Ωc, xi ∈ [na, nb]:

1

2
〈|u(xi)|

2〉 =

nb
∑

xc=na
xc 6=xi

〈

u∗(xi) · u(xc) ·

∫

∂Ωc

Tn(G(x, xi)) d∂Ω
〉

−

nb
∑

xc=na
xc 6=xi

〈

u∗(xi) · Tn(u(xc)) ·

∫

∂Ωc

G(x, xi) d∂Ω
〉

+
〈

|u(xi)|
2
〉

·

∫

∂Ωi

Tn(G(x, xi)) d∂Ω

−〈u∗(xi) · Tn(u(xi))〉 ·

∫

∂Ωi

G(x, xi) d∂Ω (14)

APPLICATION OF (NEW) VIBROACOUSTIC METHODS TO COMPLEX SYSTEMS 801



and

1

2
〈u(xi) · T

∗
n(u(xi))〉 =

nb
∑

xc=na
xc 6=xi

〈

T ∗
n(u(xi)) · u(xc) ·

∫

∂Ωc

Tn(G(x, xi)) d∂Ω
〉

−

nb
∑

xc=na
xc 6=xi

〈

T ∗
n(u(xi)) · Tn(u(xc)) ·

∫

∂Ωc

G(x, xi) d∂Ω
〉

+
〈

u(xi) · T
∗
n(u(xi))

〉

·

∫

∂Ωi

Tn(G(x, xi)) d∂Ω

−〈
∣

∣Tn(u(xi))
2
∣

∣〉 ·

∫

∂Ωi

G(x, xi) d∂Ω (15)

Equations (13-15) are the general SIF equations obtained from (2-3) suppressing the FOM contributions.

4.3 Numerical application of FEM-SIF theory

A numerical application of the FEM-SIF formulation to a structure made of an acoustic domain coupled
with a beam, figure 4, is presented in this paper. The beam is supposed to be LF behaving. It is a clamped-
clamped beam, coupled with one side of the membrane, and it isexcited by a bending moment,M0, and
shear,T0. The membrane is supposed to be HF and its boundary locationswhich are not coupled with the
beam, are affected from randomness. The physical properties of the structure, which have been tuned to
have an effective mid-frequency behaviour, are reported intables 2 and 3. The frequency variations of the

FEM beam

SIF acoustic domain

Coupling conditions

Random boundary 

conditions

Deterministic boundary 
conditions

00

0

2

Figure 4: Mid-frequency structure: acoustic random domaincoupled with a deterministic beam.

Side Length [m] Sound speed [m/s]ρ [(kg/m3)] η (%)

Acoustic Domain 1 100.5 10.5 0.02

Table 2: Mid-frequency structure: geometrical and physical properties of the Acoustic domain.

second order moment at pointP0 andP2 which are inside the acoustical domain are illustrated by figure 5.
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Length [m] Young modulus [N/m2] Section area [m2] ρ [(kg/m3)] Iz [m4] η (%)

Beam 1 2.1· 10−11 2.5· 10−2 7800 3.25· 10−6 0.02

Table 3: Mid-frequency structure: Geometrical and physical properties of the beam.

We obtain a smooth contribution for the unknowns of the random membrane, and a detailed description of
the contribution of the deterministic beam. Figure 5 illustrates that coupling FEM and SIF theory to model a
mid-frequency behaving structure leads to relevant results. From figure 5 we can notice also that the FEM-
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Figure 5: FEM-SIF formulation for mid-frequency application: Frequency variation of the second order
moments at points and inside the domain, comparison of the deterministic result with the SIF predictions.

SIF formulation requires a less refined mesh than classical FEM-BEM method. Thus the formulation of the
hybrid method can be regarded as more complex than classicaltechniques, but it presents a benefit in terms
of number of elements required to obtain relevant results.
These results are very important because they prove that SIFtheory can be coupled to a deterministic tech-
nique to predict the dynamic behaviour of a mid-frequency structure. This hybrid technique appears like an
efficient approach to treat structure-borne mid-frequencyproblem.

5 Conclusions

The development of a hybrid formulation suitable for mid-frequency application is presented. The formula-
tion couples SIF and FEM to be able to model both the deterministic and the statistical contributions which
are present in a mid-frequency structure. For this purpose,it was assumed that:

• the mid-frequency range is the domain within which a structure is constituted of two parts, one with a
low-frequency behaviour, the second with a high-frequencybehaviour.

• the properties of a structure are intrinsically uncertain.This global uncertainty plays no role in the
low-frequency field, on the other hand it has a large effect onthe high-frequency responses.

The entire formulation is developed starting from a classical fluid-structure formulation based on FEM-
BEM. The SIF was used to model the HF subsystem of the structure, and uncertainties were introduced in the
description of the geometry of the random subsystem. Then the number of unknowns of SIF formulation was
reduced, because it was demonstrated that for an application to a high-frequency system it is not necessary
to calculate the first order moments, which may be fixed to zero.
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The FE, properly modified to be coupled with SIF variables, isused for the LF part.
It was finally shown, that the mid-frequency field could be efficiently analysed by coupling the SIF with a FE
approach. The entire formulation was derived for a structure made of two subsystems. This novel formulation
was applied to a simple mid-frequency structure, a 2D acoustical domain coupled with a beam. The results
show the effectiveness of the hybrid formulation: the deterministic peaks in the frequency response are
perfectly described while the HF response is smoothed. Thisproves that the SIF formulation is a consistent
formulation for vibro-acoustic analysis of uncertain structures, and its formulation can be coupled efficiently
with a deterministic formulation for mid-frequency investigations obtaining an hybrid method.
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Application of the complex envelope vectorization to a 
benchmark made of three coupled plates  
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Abstract 
The complex envelope vectorization (CEV) is an alternative technique to SEA and other recent energy 
methods developed to study high frequency problems. Notwithstanding the large efforts devoted to this 
topic for many years, there is not yet an appropriate technique to tackle it efficiently. In the framework of 
an Italian research project “Novel methods for the analysis and control of vibro-acoustic systems” the 
University of Naples and the University of Rome have by their own developed two methods (ASMA and 
CEV, respectively) that have been applied quite successfully to a benchmark made of three plates coupled 
together, providing quite interesting results. In this paper the CEV method is described and a critical 
analysis is carried out on the limits and advantages of this procedure. Although it is shown that CEV can 
be efficiently applied in principle to systems characterized by a relevant damping, the application of the 
method to the considered benchmark shows that the quality of results is very attractive even when a 
standard structural damping is considered. Thus, one can now begin to look at CEV as a promising 
approach to the solution of vibro-acoustic problems. 
 
 

1 Introduction 
 
The complex envelope vectorization (CEV) is an evolution of the complex envelope displacement analysis 
(CEDA) [1], an approach developed by the authors to solve high frequency vibroacoustic problems.  
CEDA was proven to be successful for one-dimensional structures and CEV generalizes this approach to 
complex structures and three-dimensional vibroacoustic cavities [2,3]. 
An appropriate transformation maps the high frequency structural response into a complex envelope 
function characterized by a low wavenumber content. The related computational cost is remarkably 
reduced compared with traditional techniques as finite or boundary element methods.  
Unlike most of the methods developed for high frequency vibration, for example Statistical Energy 
Analysis (SEA), CEV is not an energy based technique and, in principle, it is possible to keep the local 
information on the vibration field along the structure. 
The extension of CEDA to higher dimensional problems, such as two-dimensional structures and three-
dimensional vibroacoustic cavities, was obtained by the CEV (Complex Envelope Vectorization) [2,3]. 
CEV uses a discrete formulation of any dynamic problem (a vibrating structure or a vibroacoustic cavity) 
so that, instead of a two- or three-dimensional field variable, the response of the system is described by a 
vector. This vector can be regarded as the discrete counterpart of a one-dimensional variable to which the 
standard definitions and rules used in the one-dimensional CEDA can be applied.  
In this paper a general presentation of the CEV procedure is proposed. Then, a critical analysis of the 
method is developed. Finally, a CEV application to a benchmark made of three plates coupled together is 
presented. This benchmark, used by four research units involved in an Italian project PRIN, is considered 
a significant test because it presents several elements of complexity. 
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2 Low frequency mapping of high frequency vibration  
 

2.1 Background 
 

The CEV formulation associates to the physical displacement ),,( zyxu  defined, in general, over a three-
dimensional physical domain, the same variable defined over a one-dimensional domain I. A dummy 
abscissa s is introduced along this domain. In figure 1 an example of vectorization of a plate response is 
presented in which the surface plate displacement produces a function depending on the single variable s. 

 
Figure 1: Vectorization approach 

 
This approach allows to readapt CEDA, originally formulated for one-dimensional systems, to the analysis 
of two and three-dimensional structures still keeping the capability of describing the high frequency 
structural response with a very low computational effort. 

In CEV a set of complex envelope signals )(ru
←

is produced from u, each one characterized by a narrow 
wavenumber spectrum around the k axis origin. The spectrum of )(su  is indeed filtered by a set of narrow 
spectral windows. The positive spectrum +U of  u(s)  can be intended as a superposition of several spectra 

)(rU +  each of them accounting only for a spectral window approximately centered around ki with a small 
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bandwidth ∆i. If  )(rU  is shifted toward the origin by the quantity ki, the spectrum )(rU
←

 is borne. Its 

maximum wavenumber is now approximately ∆i/2, implying that its spatial domain counterpart )()( su r
←

 is 
a slowly oscillating signal (figure 2). Since this variable, that is the i-th CEV solution component, does not 
have anymore a symmetric wavenumber spectrum, it is not, in general, a real signal but rather a complex 

signal. CEV uses )()( su r
←

as dynamic variables. For each of them an equation of motion is written and 

solved numerically with a procedure that saves computational time. In fact )()( su r
←

 is a smooth function 
in space and does need a fine discretization.  

 

 
 

Figure 2: Original and shifted spectral window 

The formal definition of the variables )()( su r
←

 starts by defining the filter )(rW (k) 

⎩
⎨
⎧ ∆≤−

=
elsewhere0

2/for1
)()( iir kk

kW  

and the r-th envelope signal is obtained by applying this filter to the spectrum of the physical signal. Then, 
by inverse Fourier transforming the total results, one obtains: 

{ })()()( )(1)(
rr

rr kkUkkWsu ++= −
←

F  

With an appropriate choice of the filters' bandwidth ∆i the previous considerations lead to: 

∑∑
=

←

=

++ −==
P

i
r

r
P

i

r kkUkUkU
1

)(

1

)()( )()()(  

where P is the number of used filters. Figure 3 shows this result in pictorial form.  
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Figure 3: Application of the set of filters to the physical displacement 
 
The original real signal u(s) is obtained by rebuilding the complete spectrum (both negative and positive 
contributions) that, due to the spectral symmetry, is: 

)()()( *)()( kUkUkU −+= ++  

Its inverse Fourier transform leads to: u(s) =  u+(s) + u+*(s),   where * denotes complex-conjugate. Thus, 
one finally has: 

⎭
⎬
⎫

⎩
⎨
⎧

= ∑
=

←P

i

skjr resusu
1

)( )(Re2)(                                                (1) 

The transformation of variables on which CEV relies can be stated also in a matrix form. Accordingly to 
the previous strategy, vectors u and p can be produced by sampling the continuous functions u(s) and p(s) 
at n values of the dummy variable s: 

( ) ( ) ( )[ ]
( ) ( ) ( )[ ]Tn

T
n

spspsp

sususu

...,,

...,,

21

21

=

=

p

u
 

Thus, the operations needed to produce the complex envelope from the physical displacement are: Fourier 
transform, filtering and shifting. 
All of them have their matrix representation. F, W(r) and S(r) denote Fourier transform, filtering and 
shifting matrix, respectively.  
Thus: 

uF)WFSu (r)1(r))( ( −
←

=r = E(r) u 

   

 W6 W5 W4 W3 W2 W1 

W1  

LOW FREQUENCY SOLUTION  N. 1 

….. ….. 

W6  

LOW FREQUENCY SOLUTION  N. 6 

    

 FORWARD SHIFTING 
 

  MOVE THE SOLUTIONS 

 AT THE RIGTH WN-

+
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where E(r) is the r-th envelope matrix. Note that E(r) is not invertible because )(r
←

u only contains a partial 

information on u: in fact, )( r
←

u  is obtained from u by a filter that means the signal information is lost 

except within the selected frequency bandwidth. Therefore, from )(r
←

u it not possible to recover u . The 

whole set of )(r
←

u is needed indeed to reproduce u. 

 

2.2 CEV equations  
 

The discrete equation of the problem, forced by a harmonic force of radiant frequency 0ω  is: 

[ ] puApuKM =⇒=+− 2
0ω                                        (2) 

where M and K are mass and stiffness matrices, respectively. 
The explicit form of Equation (2) is: 

∑ =
k

kkhk pua  

This equation can be turned into a continuous form substituting in it u(s) and  p(s): 

)()(),( spdusa
I

=⎮⌡
⌠ σσσ                                                  (3) 

where the kernel of the previous integral transform ( )σ,sa  replaces the matrix A. 

If one assumes: 

)s(a),s(a σσ −=                                                         (4) 

the previous integral is leaded to a convolution form. This is the case considered in previous presentations 
of CEV, that proved to be reliable, even if it holds strictly, (i) for systems of large extent in which the 
effect of the boundaries is negligible, and (ii) for homogeneous systems. 
When the convolution-like condition (equation (4)) holds, the Fourier transform of equation (3) with 
respect to s, the application of the filter W(r)  and the shift of the windowed spectrum toward the origin by 
the quantity kr, produces: 

)()()()(),( )()(
r

r
rrr

r
r kkWkkPkkukkWkkA ++=+++ σ                         (5) 

Turning back to the space domain, one simply obtains: 

                                               ∫ )()()( )()()()( spduesa r

I

rskjr r
←←

−−
←

=− σσσ σ  

Reconsidering its discrete counterpart, one can write: 
 

)(

1

)()(
)(

r
n

N

m

r
n

nmlkj
nm

r

puea r
←

=

←
−∆−

←

=∑  

that, with obvious meaning of the symbols. reads 

)()()( rrr
←←←

=puA                                                               (6) 
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This equation provides the rule to build up the envelope matrix )(r
←

A , starting from the physical matrix A. 
Its elements are: 

)()( hklkj
khkh

r reaa −∆−
←

=                                                         (7) 

and, in matrix form:    

                                                                     
←

A (r) = S(r)
 A S(r)*                                                                                           (8) 

being S*  the complex-conjugate of  S. 

The known term )(r
←

p  is obtained from the physical load p by Fourier transform, cutting off the 
components prescribed by the filter W(r), and shifting the spectrum by kr. The inverse Fourier transform 

returns )(r
←

p . Of course, the physical solution can be recast again by using equation (1). 

It must be remarked that equations (6) must be solved for each of the filters applied, and, repeating this 
operation for each filtered equation, the physical displacement is recovered by combining the set of 
envelope responses by using equation (4). 
It is finally worthwhile to point out that the matrix dimensions are still equal to those of equation (2). 
Because of the smooth nature of the envelope solution this results in an unnecessary over-sampling of the 
solution domain. Thus, once the envelope formulation is obtained, the matrix size must be suitably 
reduced to reach the computational advantage the new variable permits. 
 

2.3 Undersampling 
 
The envelope problem (6) can be dimensionally reduced. In fact, it is neither reasonable nor useful it 
keeps the same size of the physical problem. The envelope vector has components that are smooth in 
space and  that  can be described  with a substantial  saving  of points. The matrices can be reduced to size  
m x m (m << n) by partitioning the original matrices into square sub-matrices replacing each sub-matrix 

with a single value obtained by averaging its elements. Formally the solution vector 
←

u  can be recovered 

from a reduced vector  red

←

u  through an expansion matrix R, so that 
←

u = R red

←

u                                                                     (9) 
(The superscript (r) used for the filters are here omitted for the sake of simplicity). R is a suitable 
rectangular matrix, with less columns than rows. Such matrix can be obtained in different ways as later 
explained. 

The equations for red

←

u  is determined using equation (2) and (9): 

                                                               
←

A  R red

←

u  =  
←

p  

By pre-multiplying now by the pseudo-inverse R+ of  R to obtain a square problem, one has: 

                  R+
←

A  R red

←

u  =  R+ 
←

p               i.e.              R+
←

A  R red

←

u  =  red

←

p                                          (10)   

Thus, letting R+
←

A R= red
←

A , one can write: 

                      red
←

A  red

←

u  =  red

←

p                                                             (11)      
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Note that it is R+ R = I, while R R+ ≠ I .      
About the choice of R, considering that the CEV solution provides a smooth vector, typically the Shannon 
expansion matrix would be appropriate but its use would be computationally very heavy so that a different 
choice is preferable. For example, for a 4 × 4 matrix, the expansion matrix R can be defined as: 
 

                                                                         

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

10
10
01
01

R  

whose pseudo-inverse is simply given by R+ = RT m/n. The operation R+ 
←

A  R =  red
←

A  implies a partition 
of the original matrix into square sub-matrices, replacing each sub-matrix with a single value obtained by 
averaging its elements. 
 

2.4  The drawbacks of the proposed procedure 
                                                      
So far we described the CEV algorithm. As mentioned in the introduction, the approach provides the space 
solution for each excitation frequency at a low computational cost because the required mesh is much 
more coarse than the one required by the physical equation. Generally the results are in good agreement 
with the physical solution presented in vector form, i.e. in a one-dimensional representation using the 
dummy variable s. In figure 4, the CEV solution is compared with the physical vectorized solution for a 
particular frequency, showing a very good match between them. 

 
   Figure 4: Comparison between the physical (blue) and CEV (green) vectorized solutions 

 
However, such good agreement fails sometimes. Thus, it is obvious that some pitfall exists that does not 
permit to be totally confident with the method. In fact, although the overall response is in average well 
kept, the local error is not negligible. 
Some reasons can explain such problem. 
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* The convolution-like condition. 
Actually the convolution like-condition is strictly valid for infinite homogeneous structures, as simply 
verified analytically, but becomes unfaithful close to the structure borders. Of course, real systems have 
always finite dimensions, but this limitation is not too heavy and seems to be important only at low 
frequencies, where large wavelengths are involved. As observed numerically, the result is always 
inaccurate at frequencies involving the first 2-3 modes only. Over this frequency this limitation does not 
seem to have an important influence.  
* Mistuning of CEV 
The numerical results show that in general, although on average the trend of the physical solution is well 
matched by CEV, at the resonance frequencies the predicted spatial trend can be completely wrong. These 
results have their counterpart in the prediction of the FRF that shows how on average the predicted 
frequency trend is correct, while locally non negligible errors can be introduced. Direct inspection of the 
figures reveal that the predicted resonance peaks fail. This problem is briefly indicated as CEV mistuning. 
This problem leads to consider more in depth the nature of the examined technique. In particular a 
fundamental question arise: does CEV preserve the information on the resonant behaviour of the system? 
The question relates to the eiegnfrequencies and eigenvectors transformation induced by the new used 
equation (6), replacing the physical equation of motion (2). 

Substitution of ∑
=

=
N

j
jjc

1
ψu  in equation (1) provides jc as: 

)( 22 ωω −
=

j

T
j

jc
pψ

 

where jψ  are the eigenvectors and jω  the associated eigenvalues of the homogeneous problem (2). Thus: 

∑
= −

=
N

j j

T
j

1
22 )( ωω

pψ
u jψ  

Similarly, for the r-th window of the CEV problem: 

∑
=

←

←←
←

−−
=

N

j r
j

rTr
j

(r)

1 22)(

)()(

)( ωω

pψ
u )(r

j

←

ψ  

where j

←

ψ  are the eigenvectors and j

←

ω  the eigenvalues of the homogeneous problem (6). 

Comparison between the two last expressions suggests that if the set of the eigenvalues is not the same for 
the physical and CEV problem, the mistuning problem occurs. In fact if the CEV equations modify the 
eigenvlues of the problem, the capability of prediction of resonant phenomena is lost. 
Note that the vectors of the physical problem are transformed into complex envelope vectors by the linear 
transformation E(r). This implies, from theorems of linear algebra, that the eigenvalues are preserved and 
the eigenvectors are transform by E(r). However, this is not true anymore if the reduction operation is 
performed. In fact, in this case, the matrix dimensions of the problem are reduced, and consequently the 
number of the eigenvalues. Thus, any chance of matching the physical and CEV eigenvalues is definitely 
lost.  
However, although for each filtered CEV component, the number of the eigenvalues is lower than that of 
the physical matrix, the CEV problem is solved for many spectral windows. This introduces a 
compensation mechanism that allows a rebalance of the total number of eigenvalues produced by the 
whole CEV solution that is comparable with that of the physical problem. 
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* The use of finite Fourier transforms, leading to leakage in the filtering process, and the characteristic 
response of the envelope vectorized displacement 
As mentioned before, the filtering process plays an important role in the CEV procedure. In fact, by the 
CEV, a low wavenumber problem is solved at each step. This is made possible because, at each step, the 
applied filter cuts off any high frequency component from the frequency spectrum of the solution. 
Although this is the main goal of the filtering operation, and although the theory explains how to handle 
the equation of motion to produce this effect, a direct inspection of the spectrum of the CEV solution 
shows that, in most of the cases, that spectrum is not confined within the desired filter bandwidth, but 
rather it spreads out. The presence of this spread has some important effects when considering the partial 
solution obtained for each filter, although it does not affect too much the total solution.  
Looking at the frequency spectrum of a point load that is flat in the wavenumber domain, we observe that 
the filtered spectrum is not sharply rectangular, presenting indeed two nonzero vanishing 'tails' outside the 
filter bandwidth, due to the use of a finite number of points, i.e. of a truncated signal. This could cause 
serious problems especially, as in the tested cases, in absence of any dissipation effect. In fact, in this case, 
a very large response of the system outside the filter bandwidth can be excited even with a very small 
energy of the load spectrum. The consequence of the spread is a windowed response that is not strictly 
confined in the filter bandwidth. However, since the total solution is obtained by summing the 
contributions of adjacent filters, due to the different phases of the partial filtered responses, in practice the 
global effect is reduced. 
The above arguments, especially those related to the mistuning of the natural frequencies and the out-of-
filter spread indicate that the critical weakness of CEV is mostly ascribed to the eigensolutions of the 
envelope operator. In practice it could be stressed that the CEV acts correctly on the forced part of the 
problem but it is not equally efficient to tackle the homogeneous part of the solution. 
It is worthwhile to resume the main points of the previous considerations: 
- under the assumption that the CEV solution is smooth and obtained as an extension of one dimensional 
case, i.e. by cancelling the negative part of the force wave spectrum (Hilbert transform) and shifting the 
positive spectrum to the origin, it is not possible to determine a general invertible transformation that 
keeps the eigenvalues of the original problem and provides smooth eigenvectors; 
- the envelope operator works appropriately on the forced part of the problem, i.e. it makes the correct job 
for the force, but it fails for the homogeneous part in correspondence to the CEV eigenvalues. It does not 
mean necessarily that the method always fails, and several cases analyzed show that a good solution is 
obtained for complex structures and acoustic cavities; 
- whenever the eigenvalues and eigenvectors of the problem do not play an important role, the CEV 
provides very good solutions. 
The last point indicates in which cases CEV can be considered a totally successful procedure. In fact, 
ideally it is necessary that the modes of the system have a negligible role on the solution, and this is 
possible when: 
- the damping of the system is relatively high; 
- a direct field is preponderant with respect to the reverberant field; 
-a high frequency problem (the ratio between a typical dimension of the structure with respect to the 
considered exciting wavelength is high) with an acceptable damping is considered; 
- an external acoustic problem (no modes) is considered. 
 

3 Results  
 
In figure 4 it was shown the kind of results the method can provide. Of course it is possible to recast the 
physical envelope solution in a two-dimensional plot. However, we prefer to present the results 
differently, highlighting the frequency (wavenumber) response of the solution. Actually this is the 
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common output of most vibroacoustic codes. In all the graphs presented below, the frequency response is 
averaged on the whole set of points.  
After the analysis of simple cases that showed the CEV approach could provide acceptable results whose 
quality is at least comparable with other techniques proposed for vibroacoustic analysis, the attention was 
addressed toward more complex cases. 
First of all a program in Matlab was completely written, using data derived directly from a finite element 
code (ANSYS).  In other words, the mass and stiffness matrices obtained from the F.E. code are copied 
into the Matlab workspace and all the operations, including the vectorization process and the 
undersampling operation are performed in this ambient. The program compares the results (response) of 
the finite element code with those of CEV. 
Several cases of increasing complexity were analyzed: a simple cavity with an internal point source and 
bending panel, a bending plate, a foam used for automotive insulation and, finally, a set of three plates 
coupled together. The last one is the benchmark used from the whole group involved in the PRIN research 
that can be considered a quite significant test from a vibroacoustic point of view. 
In figure 5, the case of a square cavity (1x1 m) is presented. It is assumed that the damping factor of the 
system is 0.01. The finite element code is solved using a grid 64x64. Since for the acoustic problem each 
node has a single degree freedom (the pressure), the total number of degrees of freedom is 4096. The CEV 
problem was solved by reducing the grid by two, obtaining a total number of degrees of freedom equal to 
1024. Although it is clearly confirmed that the eigenvalues of the CEV problem do not match well those 
of the original problem, the trend is very well described and the quality of results is acceptable. 
A second more interesting case refers to a bending plate whose dimensions are 1 x 1 x 0.002 m. The 
damping coefficient of the bending plate is assumed to be 0.01. As in the previous case the original grid of 
the finite element code is 64x64: since in the present case the FE nodes have 3 degrees of  freedom per 
node, the  total number of  degrees of  freedom is 12288. With  the  CEV, the number of degrees of 
freedom was reduced to 384, and the results of the flexural displacement is presented in figure 6 that 
enlightens the physical solution, the maxima and minima of  the CEV solution and the moving average of 
the CEV solution. 

 
     Figure 5: Comparison between the acoustic pressure of the physical and CEV solutions  
                     (acoustic cavity) 
 
 
This graph provides a clear indication of the kind of results that can be achieved by the CEV approach. 
The reduction rate is 32, the computation time is noticeably reduced and the agreement is outstanding for 
the general use of such analysis. Consider, moreover, that the damping used is quite small, and, as 
previously stated, this is not the ideal condition for the use of CEV.   
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To test whether a significant damping improves the quality of CEV, a test was performed on a foam used 
by automotive industries for isolation purposes. In figure 7 such result is presented. 
The dimensions of the foam panel are 1 x 1 x 0.05 m, and the number of degrees of freedom used and the 
reduction performed is the same as in the case presented above. On the contrary the damping now is much 
more high, i.e. 0.17. As expected, in this case the results match perfectly, confirming that the weak 
element in the CEV procedure is the homogeneous solution. In fact, in this case the damping is so high 
that the effect of the modes is negligible. Thus, here prevails the forced solution, on which the CEV is 
totally efficient, while the homogeneous solution does not play any significant role. 

 
        Figure 6: Comparison between the flexural displacement of the physical and CEV 
                           solutions (bending plate). Blue: physical solution; black: maxima and 
                           minima of the CEV solution; red: moving average of the CEV solution. 
 

 
                Figure 7: Comparison between the flexural displacement of the physical and CEV 
                                 solutions (foam plate) 
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                                          Figure 8: Benchmark used for the experiments 
 
The final and most significant test was performed on the benchmark, made of three plates assembled 
together as shown in figure 8. The considered structure consists in three rectangular aluminium plates 
rigidly coupled together. The dimensions of the plates are: first plate (BE) 600x400 mm, second plate 
(BB) 300x400 mm, third plate (B) 400x400 mm. The thickness of all the plates is 3 mm.  The angle 
between the first and the second plate is 120°, while the angle between the first and the third plate is 60°. 
The assembling is obtained by bolted stirrups.  Three small aluminum beams are used: two of them are 
bent to respect the required angles while the third is flat. All of them have holes to insert the stirrups. 
To compare the results between the CEV and the physical solution, a simple FE scheme of the benchmark 
was used. The joint was modelled as a line, where the three plates are clamped, without considering the 
stirrups and their thickness. Moreover, when considering the damped structure, the damping was spread 
on the plates without introducing any lumped damping to the joint. The structure is assumed to be excited 
by a concentrated force acting on the smallest plate B. 
Figures 9 presents the comparison between the space average response of plate 1 when a very low 
damping is present on the three plates (0.0001), while figures 10-12 show the same responses of the plates 
for a higher damping (0.04). The degrees of freedom used for in the finite element code were 32226, while 
those used in CEV were 786, with a reduction ratio of 41. 

 
Figure 9: Comparison between the FEM and CEV space average response of plate 1 

                               (damping 0.0001) 
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              Figure 10: Comparison between the FEM and CEV space average response of plate 1 
                                 (damping 0.04) 

 
               Figure 11: Comparison between the FEM and CEV space average response of plate 2 
                                  (damping 0.04) 

 
                 Figure 12: Comparison between the FEM and CEV space average response of plate 3 
                                   (damping 0.04) 

APPLICATION OF (NEW) VIBROACOUSTIC METHODS TO COMPLEX SYSTEMS 819



By observing these figures, one can stress again that the average trend of the response is well kept for any 
value of damping (low or high). However, while the CEV results for a very low damping do not match 
well the resonance frequencies of the physical system, those obtained for a higher damping are much more 
better, confirming the statements made above on the positive effect of damping. 
 

4 Concluding remarks  
 
Modelling high frequency vibroacoustic problems is still a challenge since the sixties when the first basic 
paper on Statistical Energy Analysis was published by Lyon and Maidanik . Pushed by the increased need 
of comfort in transport Industry, from the nineties new efforts were devoted to this subject, with new 
interesting developments and advances in SEA (e.g. [4,5])  and with innovative methods, e.g WIA [6], 
vibration conductivity [7,8,9,10], energy mobility [11]. 
In such context the complex envelope displacement analysis is the only one that does not take advantage 
of an energy formulation, but rather it transforms the physical equation of motion into a new one, 
characterized by a new field variable that has a low wave number content so that it can be solved suitably 
by a coarse numerical mesh. Beyond this advantage, the method can account correctly for the physical 
boundary conditions of the problem, without the introduction of troublesome coupling coefficients and the 
need to estimate the input power to the system. 
Notwithstanding these interesting features, the method presents theoretical limitations that were discussed 
in this paper. However, the method is quite successful when the modal behaviour of the system is not too 
relevant, i.e. for an external problem, for structures whose damping is not too small, and at high 
frequencies where the modal overlap is significant. However, the quality of results it provides are quite 
reasonably even when the above conditions are not strictly verified, so that it seems that can one can look 
at the CEV as a convenient tool to analyze high frequency problems.  
As a final point it is worthwhile to stress that this procedure could offer more appealing results if 
geometrical and physical uncertainties are introduced into the system, as it is necessary when dealing with 
high frequency problems. In this case a meaningful result can be obtained only by performing frequency 
averages: so far we didn't introduce any of these ingredients, but it is expected that the method can manage 
conveniently uncertainties and random excitations, leading to more reliable results. 
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Abstract

In this paper, the exploitation of local variations of energy density and power flow to detect structural
damages is considered. The presence of defaults deteriorates the mechanism of dissipation of energy in a
structure, because of increase in modal damping ratio in the vicinity of these defaults. As damage affects
damping  more  than  it  does  for  structural  stiffness,  it  may  be  a  potential  parameter  that  may  help
distinguish damaged structures from those that are not.
Changes  in damping properties  are in  general  due to  local  modifications of  structural  characteristics;
consequently, variations in power flow and energy density of structures may be exploited to elaborate a
method  for  detecting  and  locating  defaults  that  may  have  occurred  in  the  structure,  The  proposed
procedure has been validated on several numerical test cases.

1     Introduction

The area of damage detection using vibratory measurements receives still a considerable attention. Several
techniques  based  on  a  temporal  and/or  frequencies  data  analyses  have  been  developed.  The  primary
function of these techniques is to exploit the modification of modal properties as a result of these damages
in order to detect and locate them.
Damage  [1]  may  affect  structural  damping  more  than  it  may  do  for  stiffness.  However,  such  based
methods will always from lack of accuracy as consistent measurement of damping is very difficult. J C
Banks and S. Hambric [ 2 ] show that evaluation of energy level and flow direction could possibly lead to
a sensitive and effective indicator of the mechanical status thus of integrity of the structure; moreover, a
recently developed material  process for measuring energy and power quantities has somehow reduced
consequent errors due to accuracy of measured data.
Energy flow (or power flow) is a vector quantity representative rate and way the energy flows in a given
structure letting us thus know how energy dissipates. While this can be evaluated at low frequencies using
finite element method, but at medium and high frequencies, it becomes prohibitive because of important
data-processing  costs  generated  implied  by  the  too  refining  discretisation  of  the  structure.  Thermal
analogy based FEA has been recently considered for the prediction of structural dynamical behaviour at
medium and high frequencies ranges. The exploitation of the flow of energy in the field of detection and
localization of  structural defaults is studied here. The advantage of this method is its simple use compared
to other methods of energy flow calculation.
The present work is a continuation of a previous one [3], where only energy flow of bending waves were
taken  into  account.  Here,  the  main  objective  is  to  generalise  the  method  to  the  cases  of  a  complex
dynamical  behaviour  that  may  from a  multi-excitation  :  cases  of  combined  (lateral,  longitudinal  and
torsional) waves dynamical behaviour with the inclusion of joints elements for an assembled. 
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2     Energy Flow Analysis method

The  first  law of  thermodynamics  is  the  basis  for  the  governing  equation  of  mechanical  power  flow
analysis. In the derivation, a time averaged mechanical vibrational power is assumed to flow through a
structure similar  to the conduction of heat in solid.  Equation for transient mechanical  power flow [4]
writes as

∂ 〈w 〉
∂ t

=∇ 〈 q 〉 pdiss                                                                              (1)

where 〈w 〉 is  a  time averaged energy density, 〈q 〉 the  time averaged power  flow, pdiss the  time
averaged internal power dissipation and t the time. The power dissipation is given by the equation

pdiss=〈w 〉                                                                                                (2)

where  is an energy dissipation proportionality constant. The power flow is hypothesized [5] as 

〈q 〉=∇  〈w〉                                                                                    (3)

where  ,  are vibration conduction coefficients. Therefore the governing equation for power flow in
terms of the time averaged energy density becomes

∂ 〈w 〉
∂ t

=∇ ∇ 〈 w〉〈 w〉                                                                (4)

For steady state conditions, the time derivative term is zero and equation (4) becomes

∇  ∇  〈w 〉〈w 〉=0                                                                       (5)

where = , =cg/ , =cg , cg is the group velocity of a particular wave-type,  is
an internal loss factor and  the frequency of the applied load.

2.1     Beams structures

For one-dimensional, steady state power flow, equation (5) becomes


d 2 〈w〉

dx2 〈w 〉=0                                                                                (6)

• For bending wave, the group velocity is

                                 cg=c F =22 B
 

1
4                                                                                    (7)

where B=E I is the beam flexural stiffness, E the elastic modulus of the material, I the
beam’s moment of inertia and  the mass of the beam per unit length.

• For longitudinal wave, the velocity is

                                  cg=c L= E / m                                                                                        (8)

where m is the mass density.
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• For torsional wave, the group velocity is

                                  cg=cT =G / m                                                                                        (9)

2.2     Plates structures

For two-dimensional, steady state power flow, equation (5) becomes

 ∂2

∂ x2  ∂2

∂ y 2〈w 〉〈w 〉=0                                                             (10)

• For flexural wave, the group velocity is

                                 cg=c F p=2 2 E h2

1212 m


1
4

                                                                  (11)

             where h is the plate thickness and  the Poisson's ratio.

• For in-plane longitudinal wave, the group velocity is

                                  cg=c L p= K
m h                                                                                     (12)

              where K= E h
12 is the extensional stiffness of the plate.

• For in-plane shear wave, the group velocity is

                                   cg=c S p= G
m

                                                                                      (13)

              where G= E
2 1 is the shear modulus.

3      Energy flow finite element method

The principal advantage of the energy flow analysis method is its potential to analyse complex structures
for which exact analytical solution for equation (5) does not exist. In  these cases, this equation can be
solved using the finite element method, since the equation governing the time averaged mechanical power
flow and heat conduction with convection loss are similar. This governing equation can than be solved
using  the  thermal  capability  of  many  existing  finite  element  packages.  The  theoretical  basis  for  this
analogy is presented herein and the methodology is known as the energy flow finite element method
(EFFEM) or power  flow finite element method (PFFEM).
The methodology is developed further herein for application to beam and plate members in which there is
propagation of more than one type of waves and structural joints to link between them. The analogy is
based upon the following analogies between heat transfer and power flow problems.
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Power Flow Problem Heat Transfer Problem

Mechanical power flow Heat flow

Internal power loss Convective heat loss

Mechanical power input Heat addition

Structural joint conductance Thermal conductance

Table 1: Power and heat analogies

In what follows, the interest will be focused on the determination of elementary properties analogues to
thermal properties usable in computation of power flow in plate and beam like members. The form of the
equation governing steady state heat transfer problem with convection losses is

∇2 k T=0                                                                                           (14)

where k is the thermal conductivity, T is the temperature,
=H S TT f                                                                                       (15)

is  the  convective  heat  loss  function, H is  the  convective  heat  transfer  coefficient, S is  the  cross
section and T f is the temperature of the medium, in power flow problems it must set T f = 0 .

From equations (2), (6), (10), (14) and (15), the power properties of plate and beam elements for any wave
type is obtained as follow [4]

k =
c g

2


                                                                                                   (16)

and 
H = Lelt                                                                                              (17)

where Lelt is an elementary length of the beam or plate members.

Heat input is equal to the mechanical power input which is calculated from the driving point impedance
[4] :

Prms=
1
2
∣F∣2 Re1

z                                                                                 (18)

where F is the magnitude of the applied force, z is the driving point impedance of the considered
structure.
The mechanical conductance of the joint element is analogous to the thermal conductance and is similarly
defined as [5]

k c=
〈q 〉net

〈W 〉                                                                                             (19)

where 〈q 〉net is a net mechanical power flux transmitted across the joint and 〈W 〉=cg 〈 w〉 is the time
averaged energy density potential change across the joint. The conductance of the joint element is then
derived [5] as

k c=


22
=


1

                                                                        (20)

where  and  are transmission and reflection coefficient of the joint, respectively.
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4      Structural damage localisation

The presence of damage deteriorates the energy dissipation mechanism in a structure because of increase
in  damping rate in the vicinity of this default. According to  D. Zonta [6], many experience shows that the
variations of damping measured between cracked and uncracked structures are in the order of 100 %,
hence damping represents a very sensitive parameter to discriminate damaged structures from undamaged
ones.
The  changes  in  dissipations  properties  are  in  general  due  to  local  modifications  of  structural
characteristics. Thus, we can consider the use of the variations in energy flow of these structures to detect
and locate the defaults.

The  following  indicator  G ,  representing  the  variation  rate  of  the  energy  gradient  between  the
undamaged structure and damaged, is introduced :

G =
∣GwUGw D∣

GwU
                                                                                 (21)

where GwU =∇ wU , Gw D =∇ wD , wU is a time averaged energy density of undamaged structure
(numerical model) and wD is a time averaged energy density of damaged one.

5      Numerical simulations

The simulation of the damaged structures is made by operating local changes on the structural damping
characteristics, the finite element models resulting are structures with a damping coefficient twice larger
for the supposed elements containing the defaults. In the following test cases, we consider four structures
of the beam and plate types with different waves types propagation and structural joints linking members,
and we intentionally modified the damping rates of some their elements to simulate the damages.
For  each  test  case,  we  carry  out  the  calculation  of  the  vibratory  quantities  analogous  to  the  thermal
quantities  with  MATLAB  environment.  After  the  calculation  of  power  and  energy  density  of  these
structures with the finite element software CALFEM,  we use equation (21) to determinate elements that
are likely to be damaged.

5.1     Embedded beam structure

Figure 1: Finite element model of the Str.1

Structural proprieties:

E = 209 GN/m2 ,  = 0.3 , m = 7800 kg/m3 ,  = 0.02 , S = 0.0252 m2 ,
F x =F y = 500 N , Lelt = 0.1 m , total length of beam = 1.5 m , f = 1.2 kHz .

Damaged elements:  N° 4 and N° 12.
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After  choosing  the  appropriate  excitation  frequency  (for  practical  reasons,  avoid  taking  the  natural
frequencies), here f = 1.2 kHz, we calculate the vibratory quantities equivalent to their thermal analogues
for the two cases (undamaged and damaged cases), we do that for all the waves-types considered (in this
case, bending and longitudinal waves) by using the equations (16), (17) and (18), and let us introduce
these results into the thermal codes of the finite element software. We obtain the following plots of power
flow:  

Figure 2: Power flow plots of the Str.1 for respectively
the longitudinal and bending waves

Note that the magnitude of the flexural power flow is greater than that of traction-compression, because
the dominant response in beam is the bending. Form the two plots in the figure 2, we can obtain the total
power flow in the embed beam,

Figure 3: Total power flow plot of the Str.1

For figures 2 and 3, we can see the fluctuations of the power flow curves in  vicinity  of the damaged
elements, for this reason the use of the variation rate of the energy gradient between the undamaged and
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damaged  structures  (equation  21),  can  probably  predict  the  location  of  the  damaged  elements.  The
following figure show that,

Figure 4: Variation rate of energy gradient histogram of the Str.1

According to  the figure 4, the damaged elements are well localized, the result obtained in this case is
good.

5.2     Two dimensional frame structure

Structural proprieties:

E = 71 Gpa ,  = 0.33 , m = 2796 kg/m3 ,

 = 0.06 , S = 0.0252 m2 , F x =F y = 500 N ,

Lelt = 0.5 m , f = 0.9 kHz .

Damaged elements:  N° 5, N° 17, N° 25 and N° 35.

Figure 5: Finite  e lement model of the Str.2
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Following  the  same  procedure  as  for  the  preceding  numerical  test,  knowing  that  f = 0,9  kHz,  and
exploiting  the  equations  (16),  (17),  (18),  (20)  and  (21),  we  lead  to  the  histogram  of  the  figure  6,
representative of the variation rates of the energy gradient for each element. Note that the connections
between beams members is modelled by mechanical conductance who transmit, reflect and convert power,
represented in figure 5 by the black points.

Figure 6: Variation rate of energy gradient histogram of the Str.2

According to the figure 6, we can distinguish the damaged elements from those which are not it, in spite of
the influence of the junctions effects on the results obtained (especially for element 5), this result is more
realistic than if we consider perfect links between beams members.

5.3     Embedded plate structure

Figure 7: Finite element model of the Str.3
Structural proprieties:

E = 71 Gpa ,  = 0.33 , m = 2796 kg/m3 ,  = 0.06 , F x =F z = 500 N , f = 1.5 kHz ,

   Length = 1.2 m  ,  Width = 0.5 m  ,  Thickness = 0.02 m  ,  Mesh: 24 x 10 QUAD elements.
Damaged elements:  N° 65, N° 105 and N° 182.
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The excitation frequency used in this analysis is f = 1.5 kHz. From the expressions (16), (17) and (18), we
determines  the dynamic quantities  equivalent  to the thermal  quantities,  the injection of them into the
thermal codes of CALFEM finite element software obtain the powers and the energies gradients of the
waves-types considered in this case, for finally calculating the variation rate of the total energy gradient
for each element of the plate with the equation (21). The results obtained are represented in figure 8.

The  three  damaged  elements  are  well
highlighted in the histogram because of the high
values  of  their G .  It  is  also  noted  that  the
elements in the vicinity of the infected elements
are  influenced  by  the  dissipation  of  energy
generated by the damages. For this test case the
results obtained are very good since they reflect
reality.

5.4     Three dimensional Plate-Beam frame structure

Figure 9:       Finite element model of the Str.4

Figure 8: Variation rate  of energy gradient 
histogram of the Str.3
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Structural proprieties:

E = 2.074⋅1011 pa ,  = 0.3 , m = 7860 kg/m3 ,  = 0.02 , F z = 500 N , f = 1 kHz .

        Plate:      Length = 3 m  ,  Width = 3 m  ,  Thickness = 0.2 m  ,  Mesh: 10 x 10 QUAD elements.

        Beam:  Lelt = 0.2 m , S = 0.0252 m2 .

Damaged elements:  N° 33, N° 75, N° 106 and N° 129.

In this last case and always following the same procedure as previous tests cases, we obtain the histograms
relatives to beam and plate elements represented respectively in figures 10 and 11.
From the two histograms in figure 10 and 11, we can speculate on the health of the structure, we see that
the elements having a significant value of the variation rate of the energy gradient are well the damaged
elements, therefore the results obtained with this method are satisfactory.

6      conclusion

A energy  based  method  for  detecting  and  localising  structural  defaults  is  proposed  :  it  exploits  the
variation of energy densities of all forms of vibrational waves that may take place. Energy quantities are
estimated using  the Energy Flow Analysis (EFA). This latter is particularly used to study the vibratory
behaviour of the structures at medium and high frequencies ranges where finite element method is not
exploitable. The estimation of the variation of energy gradient between real structure and finite element
model  is  the  principal  concept  used  in  this  study,  since  the  gradient  of  energy  is  very  sensitive  to
dissipation proprieties changes  caused by structural defaults.
The results obtained with this method are satisfactory. As all vibrations waves types that may take place in
the structure have been taken into account, the method is more general use that it is the preceding form
that  works  only  for  lateral  waves  like  behaviour,  Moreover,  structures  comprising  junctions  between
structural members may be analysed. Though the choice of only one excitation frequency constitutes a
weakness of this method, to avoid the errors coming from the bad choice of the excitation frequencies, it is
necessary to use an appreciable number of them and to make the average for the results obtained.
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Figure 10: Variation rate  of energy gradient 
histogram of beams elements of the Str.4

Figure 11: Variation rate  of energy gradient 
histogram of plates e lements of the Str.4
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Abstract 
Structural Health Monitoring (SHM) has diverse potential applications, and many groups work in the 

development of tools and techniques for monitoring structural performance. These systems use arrays of 

sensors and can be integrated with remote or local computers. There are several different approaches that 

can be used to obtain information about the existence, location and extension of faults by non destructive 

tests. In this paper an experimental technique is proposed for damage location based on an observability 

grammian matrix. The dynamic properties of the structure are identified through experimental data using 

the eigensystem realization algorithm (ERA). Experimental tests were carried out in a structure through 

varying the mass of some elements. Output signals were obtained using accelerometers. 

 

1 Introduction 
 

The aim of a Structural Health Monitoring (SHM) procedure is to improve reliability and to reduce life-

cycle costs of systems. There are several advantages of new SHM procedures over traditional inspection 

cycles, such as reduced down-time, elimination of component inspections and the potential to prevent 

failure during operation. Aerospace structures are often targeted for SHM, since damage can lead to 

catastrophic and expensive failures, and airframes have regular costly inspections [1]. 

 

Different approaches for SHM have been proposed for damage location, each one with advantages and 

drawbacks. Most of the methods take advantage of the dynamical behaviour of the structure [2,3]. Up to 

now, there is no acknowledged best technique for general applications. Methods that have been developed 

tend to be case dependent. In this paper an experimental approach using observability grammian matrices, 

which can be easily implemented for practical applications, is proposed for cases where a mathematical 

model is not available. 

 

Controllability and observability grammian matrices have been applied frequently for optimal placement 

of actuators and sensors in smart structures. The concepts of observability and controllability were 

introduced by Kalman et al. [4]. An approximate approach that uses the size of the grammian matrices 

was applied to determine the optimal actuator and sensor location for a vibrating system [5,6,7]. The 

orthogonal projection of structural modes onto the intersection subspace of the controllable and observable 

subspaces corresponding to an actuator/sensor pair was used as a criterion to find the optimal placement of 

sensors and actuators for a large structure [8]. The angles between the left eigenvectors of the dynamic 

matrix and of the input matrix was also used as a measure of modal controllability [9]. The transmission 

zeros and singular values of the Hankel matrix was proposed as a new criterion for optimal placement of 

sensor/actuator [10,11]. 
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This work presents a practical application of damage detection using observability grammian matrices, as 

previously proposed by Bueno et al. [12]. This technique allows the identification of damage using a 

simple algorithm and can be easily implemented. The feasibility of the method is demonstrated by 

experimental application in a beam-like structure. 

 

2 Damage Detection Approach Using Grammian Matrices 
 

This technique is based on computing the observability grammian matrix of the system. It is a non-model 

based approach, so the dynamic properties must be experimentally determined. There are different 

identification methods available in the literature, as for instance, the parameter identification method by 

polynomial functions [13]; complex exponential [10]; and eigensystem realization algorithms (ERA) [14]. 

In this paper, these matrices are determined through ERA algorithm. 

 

2.1 Identification of Structural Matrices through ERA Algorithm 
 

The usual approach for SHM is to take appropriate measurements of the dynamic behavior of the system 

for the intact structure, and, so, periodically to verify the variation of these information. Clearly the faults 

must excite the modes that are monitored sufficiently. The signal-processing stage is very important; in 

addition to the elimination of high frequencies and noise, the signal must also enable the frequencies of 

interest to be accuracy extracted. After the data-processing stage is completed, the filtered measurements 

are used in the modal identification algorithm.  

Figure 1 is a schematic picture of the identification procedure. The output signal was obtained with an 
acceleration transducer.  

 

 

 

Figure 1 – Experimental identification of modal parameters.  

 

The purpose of the identification algorithm ERA is to determine the state representation of the system 
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where x, y and u are respectively the state, output and control vectors. The impulse response Y is given by 

vector y
m 

= [y
m
(0)       y

m 
(T)       y

m 
(2T) … y

m
(kT)];, where kT is the sampling instant and y

m 
is a vector of dimension 

n representing the filtered acceleration
 
signal that is monitored on-line to check the state of health of the 

system. The λ
i 
modes found through the measured signals are the modes of the state matrix A.  Figure 2 

describes the identification algorithm ERA, which is based on the construction of two Hankel matrices, H1
 

and H2 [15]. 

 

 The first step of this process includes the choice of the parameters, i.e., the sampling period, T, the 

dimension nd
 
of the state representation (A, B, C, D), the dimension nr of the Hankel matrices H1 and H2 

that are considered squares in this case, and the distribution parameters ni and nj
 
of the matrices H1

 
and H2, 

which allow the variations of the time span of the window in the identification procedure.  

filter 
Identification 

(ERA) 

Acceleration Filtered 

Acceleration 
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The next step deals with the construction of the Hankel matrices H1
 
and H2. The hij elements of the Hankel 

matrices are measurements that have been organized in terms of the selected identification parameters. For 

a given set of parameters, the construction of the two matrices is almost identical, the only difference 

being the position of H2
 
being offset by one sample compared to H1. For example, if the first sample used 

for calculating H1
 
is ym (0), then the first sample used for H2

 
will be ym (T). 

 

 

Figure 2 – Description of the Eigensystem Realization Algorithm (ERA). 

 

The notation used in the text below is:  

 

y
m 

= [y
m
(0)   y

m 
(T)  …  y

m
(nT)] = [y(1)   y(2) …   y(n+1)] = filtered acceleration 

 

For k =1, 2 and with the notations given, the Hankel matrices H1and H2
 
are obtained as follows:  
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Remarks:  

 

- The Hk
 
matrices depend on the parameters T, nr, ni

 
and nj.  

- If ni 
= nj 

then H1
 
and H2

 
are symmetrical.  

- If ni 
= nj 

= 1, adjacent data are used.  

Choice of identification parameters  

Construction of the Hankel matrices H1 and H2 

Singular value decomposition of H1 : eq.(3) 

Computation of discrete state representation  

(F,G,H)  

Computation of continuous state representation  
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-The parameters nr, ni 
and nj 

must be chosen so that (nr-1)(ni+nj) ≤ n-1 where n represents the number of 
samples.  

- For a value of nr, the parameters ni 
and nj 

allow the width of the observation window Fo 
equal to nr 

(ni+nj) to be increased. So, if nr =100 and ni = nj =1, this means that the identification has been done using 

the first 200 samples. If, on the other hand, nr = 100 and ni 
= nj 

= 2, this means that one sample out of two 

is used by the identification procedure and that the last sample used is the 400th. In both cases, the 

identification procedure uses 200 samples, the difference being that in the first case it is the first 200 

samples, whereas in the second it considers one sample out of two up to the 400th. 

 

The state, control and output matrices F, G and H respectively of the discrete system are computed using 

matrices H1
 
and H2. Decomposition of H1

 
into singular values yields the diagonal matrix S, which contains 

the singular values of H1
 
arranged in descending order, and the matrices U and V containing the left and 

right singular vectors respectively. The identification parameter nd
 
is therefore used to select the nd

 
highest 

singular values. One obtains the matrix Snd
 
containing the nd

 
highest singular values and the matrices of 

associated singular vectors Und
 
and Vnd

 
from which the matrices (F, G, H) of the state representation of the 

discrete system are derived as  

 

T

1 USVH =                                                                       (3) 

T

nd

21

nd VSG =                                                                        (4) 

21

ndndSUH =                                                                       (5) 

21

ndnd2

T

nd

21

nd

−−

= SVHUSF                                                            (6) 

 

Once the matrices F, G and H have been computed, the continuous system (A, B, C) is obtained using the 

discrete to continuous transformation. 

 

2.2 Observability Grammian Approach 
 

Controllability and observability are structural properties that carry useful information for structural 

testing and control, yet are often overlooked by structural engineers [11]. A structure is controllable if the 

installed actuators excite all the structural modes of interest. It is observable if the installed sensors detect 

the motion of all the modes of interest. This information, although essential in many applications, is too 

limited; it answers the question of excitation or detection in terms of yes or no. The quantitative answer is 

supplied by the controllability and observability of each mode. This paper explores these properties for 

proposing a novel approach for structural health monitoring. 

 

Controllability and observability properties of a linear time-invariant system can be heuristically described 

as follows. The system dynamics described by the state variable x(t) is excited by the input u(t) and 

measured by the output y(t). However, the input may not be able to excite all states (or, equivalently, 

move it in an arbitrary direction), and not all states are represented at the output (or, equivalently, the 

system state cannot be recovered from a record of the output measurements). If the input excites all states, 

the system is controllable. If all the states are represented in the output, the system is observable. 

 

Observability, as a coupling between the states and the output, involves the system matrix A and the 

output matrix C. A linear system, or the pair (A,C), is observable at t0 if the state x(t0) can be determined 

from the output y(t), t Є [t0, t1], where t1 > t0 is some finite time. If this statement is true for all initial 

moments t0 and all initial states x(t0), the system is completely observable. Otherwise, the system, or the 

pair (A,C), is unobservable. 
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There are many criteria to determine system observability [16,17]. A linear time-invariant system (A, B, 

C, D) with r outputs is completely observable if and only if the rN x N matrix of 
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has rank N = size(A). 

 

The above criterion, although simple, has two serious drawbacks. First, it answers the observability 

question only in terms of yes or no. Second, it is useful only for a system of small dimension. Assume, for 

example, that the system is of dimension N = 100. In order to answer the observability question one has to 

find powers of A up to 99. Finding A
99

 for a 100x100 matrix is a numerical task that easily results in 

numerical overflow. 

 

An alternative approach uses grammians to determine the system properties. Grammians express the 

observability properties qualitatively, and avoid numerical difficulties. The observability grammian is 

defined as [16] 
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Alternatively, it can be determined from the following system of differential equations 

 

CCAWWAW TT

ooo ++=)(t&                                                         (9) 

 

For a stable system, the stationary solutions of the above equations are obtained by assuming oW& = 0. In 

this case, the grammian vector is determined from the following Lyapunov equation 
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For a stable A, the grammian Wo is positive definite. Denoting the jth sensor observability matrix of the 

healthy structure by ||Wshj|| = trace(Wo), and the jth sensor observability matrix of the damaged structure 

by ||Wsdj||. The jth sensor index to characterize structural damage is defined as the weighted difference 

between the jth sensor of the healthy and damaged structure. The sensor index reflects the impact of that 

specific structural damage on the jth sensor 
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3 Experimental Application 
 

Experimental tests were carried out in a beam structure, as shown in Fig. (3). The properties of the beam 

are given in table 1. Tests were performed by exciting the structure with an impact hammer, Fig. 4d. The 

output signals were measured with an accelerometer, model 352C22 PCB Piezotronics®. The 

measurements were obtained five times for each case of damage to verify the repeatability of the results. 

In these experiments the software SignalCalc ACE
®
 II was used to realize the data acquisition. The 

parameters of the system were identified by using the Eigensystem Realization Algorithm (ERA). Three 

different cases of damage were simulated by adding additional mass on the free-end of beam. 

 

Accelerometer

Hammer

Beam

Conditioning

   Amplifier

ACE

Signals Generator 

Acquisition

   System 

Damage

Position

 
Figure 3 – Disposition of the experimental setup. 

 

Table 1. Beam properties and dimensions. 

Young Modulus (GPa) 210 

Area of  transversal session (mm
2
) 185 

Length L (mm) 420 

Density (Kg/m
3
) 7800 

 

Figure 4a shows the beam structure and the equipment used to confirm the potential of the proposed 

approach. In figure 4b, one can see that the damage was considered close of the sensor were the signal has 

been monitored. Figure 4c shows the masses that were added in the structure to simulate damages, 
respectively, 32g, 16g, and 4g.  
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(a) Beam structure and equipments used in the experimental tests 

   

   
(b) Position of the damages (c) Three cases of damages (masses 

1, 2 and 3) 

(d) Impact hammer and 

accelerometer 

   

Figure 4 – Details of the experimental setup. 

 

Figures 5 to 9 show the signals in time domain, respectively, the input excitation, the output for the intact 

structure, and the outputs for all three cases of damages. Using these signals the system matrices were 

identified by ERA for each case. Figures 10 to 12 show the frequency response functions before and after 

the damage was introduced. 

 

 

Figure 5 – Excitation in the structure through impact hammer. 
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Figure 6 – Response of the system for the intact structure. 

 

 

Figure 7 –Response of the system for the damage case 1. 

 

 

Figure 8 – Response of the system for the damage case 2. 
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Figure 9 – Response of the system for the damage case 3. 

 

 

Figure 10 – Experimental Frequency Response Function for the intact structure and damage case 1 
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Figure 11 – Experimental Frequency Response Function for the intact structure and damage case 2. 

 

 

Figure 12 – Experimental Frequency Response Function for the intact structure and damage case 3. 

 

Using the grammian sensor indices, equation (11), all damage cases were experimentally identified. 

Figures 13 to 15 show the sensor indices calculated for all three cases of damages for the intact and the 

damaged structure. One can see that the damage location was correctly identified in all three cases. 
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Figure 13 – SHM – Sensor indexes for case 1, additional mass = 32g. 

 

 

Figure 14 – SHM – Sensor indexes for case 2, additional mass = 16g. 

 

 

Figure 15 – SHM – Sensor indexes for case 3, additional mass = 4g. 

 

Final Remarks 
 

Advances in the instrumentation area, new material and advanced techniques in the last years have had a 

great impact in new damage location systems. SHM is needed for an intelligent maintenance procedure, 

where the structure is repaired only if it is really necessary. In this way, the methodology using 

observability grammian matrices is an important approach that may be considered for damage 

characterization. Since it is easily used, on-line monitoring can be implemented simultaneously at many 
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different points. This work used accelerometers to obtain the output signals; however, other transducers 

can be equally used. 

 

In practical situations, the number of sensors is limited, so, the damage is identified by region.  It is also 

worth to define a threshold value to specify initial damages. This value should be taken from experience or 

using simulated data, in order to avoid that noises or variation in operational conditions can be 

misinterpreted as damage occurrence. 

 

Acknowledgements 
 

The authors acknowledge the support of the Research Foundation of the State of São Paulo (FAPESP-

Brazil). 

 

References 
 

[1] Hall S.R. and T.J. Conquest, 1999, “The Total Data Integrity Initiative—Structural Health 

Monitoring, The Next Generation”. Proceedings of the USAF ASIP, 1999. 2nd ed. 

[2] Friswell, M. I., and Penny, J. E., 1997, “The Practical Limits of Damage Detection and Location 

using Vibration Data”. Proceedings, 11
th
 VPI&SU Symposium on Structural Dynamics and Control, 

Blacksburg, VA, 1-10. 

[3] Doebling, S.W., Farrar, C.R. and Prime, M.B. (1998). A summary review of vibration-based damage 

identification methods . The Shock and Vibration Digest, 30(2), 91-105 . 

[4] Kalman, R. E., Ho, Y. C. and Narenda, K. S., 1962, “Controllability of Linear Dynamics System”, 

Contribution to Differential Equations 1(2), 189-213. 

[5] Arbel, A., 1981, “Controllability Measures and Actuator Placement in Oscillatory Systems”, 

International Journal of Control 33(3), 565-574. 

[6] Bruant, I. and Proslier, L., “Optimal Location of Actuators and Sensors in Active Vibration Control”, 

Journal of Intelligent Material Systems and Structures, vol. 16, no. , pp. 197-206, 2005.  

[7]  Jha, A. K. and Inman, D. J., “Optimal Sizes and Placements of Piezoelectric Actuators and Sensors 

for an Inflated Torus”, Journal of Intelligent Material Systems and Structures, vol. 14, no. , pp. 563-

576, 2005 

[8] Maghami, P. G. and Joshi, S. M., 1993a, “Sensor/actuator Placement for Flexible Space Structures”, 

IEEE Transactions on Aerospace and Electronic Systems 29(2), 345-351. 

[9] Maghami, P. G. and Joshi, S. M., 1993b, “Sensor-actuator Placement for Flexible Structures with 

Actuator Dynamics”, Journal of Guidance, Control and Dynamics 16(2), 301-307. 

[10] Maia, N., Silva, J., et al., 1996, “Theoretical and Experimental Modal Analysis”. Research Studies 

Press Ltd., Baldock, Hertfordshire, England. 

[11] Gawronski, W., 1998, “Dynamics and Control of Structures”, A Modal Approach, 1. Ed. New York, 

Springer Verlag. 

[12] Bueno, D. D., Marqui, C. R., Lopes Jr., V. and Brennan, M. J., 2006, “Structural Damage Location 

Using Observability Grammian Matrices”. In: Ninth International Conference on Recent Advances in 

Structural Dynamics, 2006, Southampton. RASD2006. 

[13] Daniel, G. B., Morais, T. S. and Melo, G. P., 2005, “Technique of Parameters and Inputs 

Identification in Mechanical Systems”. In: 18th International Congress of Mechanical Engineering, 

Ouro Preto, MG, Brazil. 

[14]  Juang, J. and Minh, Q. P., 2001, “ Identification and Control of Mechanical System”. Cambridge 

University Press, ISBN 0521783550. 

846 PROCEEDINGS OF ISMA2006



[15] Heniche, A., Kamwa, I., Grondin, R., 2005 “Torsional-mode identification turbogenerators with 

application to PSS tuning”, International Conference on Power Systems Transients, in Montreal, 

Canada on june 19-23, paper Nº IPST05 – 222. 

[16] Kailath, T., 1980, “Linear System”, Prentice Hall, Englewood Cliffs, NJ. 

[17] Zhou, K., 1995, “Robust and Optimal Control”, Prentice Hall, Englewood Hills, NJ. 

[18] W. Heylen, S. Lammens, P. Sas, Modal Analysis Theory and Testing, Katholieke Universiteit 

Leuven, Departement Werktuigkunde, Leuven (1997). 

DAMAGE MONITORING AND IDENTIFICATION 847



848 PROCEEDINGS OF ISMA2006



Vibration based SHM : comparison of the performance
of modal features vs features extracted from spatial
filters under changing environmental conditions

A. Deraemaeker
ULB, Active Structures Laboratory,
50 av Franklin Roosevelt, CP 165/42, B-1050 Brussels, Belgium
e-mail: aderaema@ulb.ac.be

E. Reynders, G. De Roeck
K.U.Leuven, Department of Civil Engineering,
Kasteelpark Arenberg 40, B-3001, Heverlee, Belgium

J. Kullaa
Helsinki Polytechnic Stadia, Department of Mechanical and Production Engineering
P.O. Box 4021, FIN-00099 City of Helsinki, Finland

Abstract
One critical issue in vibration based SHM is to be able to differentiate the effects of variability inherent
to the system and its environment from a potential damage to be detected. In this paper, using a
numerical model of a bridge subject to changing environment, we study the damage detection problem
using (i) the eigenproperties of the system extracted by means of stochastic subspace identification,
and (ii) peak indicators extracted from the output of spatial filters. Both techniques use ambient
(output-only) vibrations. In a first step, sensitivity of the features to the environment is studied. In a
second step, based on long term monitoring of the undamaged structure under changing environmental
conditions, factor analysis is applied to the two different kinds of features in order to remove the effects
of environment. A comparison of the performance of the different features is presented.

1 Introduction

Structural Health Monitoring (SHM) problems have occupied many scientific communities for the
last two decades. The problem is to be to be able to detect, locate and assess the extent of damage
in a structure so that its remaining life can be known and possibly extended. As an alternative to the
current local inspection methods, global vibration based methods have been widely developed over
the years. For the monitoring of bridges, actual and future trends in this domain are the use of vibra-
tion signals under ambient, unknown excitation due to wind or traffic (output-only data), and the use
of very large arrays of sensors (towards the concept of ”smart dust”). Full automation of the damage
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detection procedure is necessary for remote (i.e. web-based) monitoring applications.

The general methodology for detecting damage in structures is to extract meaningful features from the
measured data. The features are monitored in order to detect changes due to damage. With the current
trends of vibration based SHM, this problem is further complicated by the ”output-only” nature of
the data, the very large amount of information to be processed (due to the large sensor arrays), as
well as the impact of environment which can cause changes in the monitored features of an order of
magnitude equal or greater than the damage to be detected.

This paper aims at addressing these three issues. We will therefore focus on methods using output-
only data. In order to overcome the problems linked to the very large amount of data, we propose to
use spatial filtering techniques [1]. The main focus of this paper is on the effect and the removal of
the environment. Two complementary approaches can be used for this purpose. The first one consists
in extracting features which are strongly sensitive to damage but not very sensitive to the variability
of the system and its environment. The second one consists in using a model of the impact of the
environment on the features of interest in order to remove it from the extracted features. Emphasis is
put on the possibility of full automation of the process, as stated earlier.

Eigenfrequencies are classically used for damage detection. It is well known however that these fea-
tures are often more sensitive to the environment than to the damage to be detected. On the other
hand, mode shapes are less sensitive to the environment but the drawbacks are that the computational
time is high when large sensor arrays are used, and that the identification is not, up to now, fully auto-
mated. In order to overcome these problems, it was proposed in [2] to use the appearance of spurious
peaks in the outputs of modal filters as feature for damage detection. It was shown that this feature is
very sensitive to a local damage scenario, but not very sensitive to global changes due for example to
environment. In addition, modal identification needs to be performed only at the beginning of the life
of the structure, and the computation of the peak indicators is very fast and totally automatic. These
advantages make it a very suitable alternative to modal identification techniques for damage detection.

In the second approach where one seeks to remove the effect of environment on the extracted features,
three approaches can be used. The first one consists in direct modelling of the impact of environment
on the dynamical characteristics of a structure. This is a difficult task, because on one hand, there
may be many factors which need to be taken into account, and on the other hand, the types of models
(types of constitutive equations, parameters of these constitutive equations) to be used is generally
unknown. One alternative is to identify models on the basis of measurements on a real structure.
The models are aimed at representing accurately the relationship between measured dynamic features
and measured environmental variables. They do not however have a real physical meaning (they
only model an input-output relationship, so that the model and its parameters are not derived from
physical laws). This restricts their use for the structure on which they have been identified. In practical
applications, authors have limited their studies to the modelling of the relationship between the first
eigenfrequencies and one environmental variable (temperature). Examples of such are : the use of
an AR (auto-regressive) model for the Z24 Bridge [3], the use of SVM (support vector machine)
for the Ting Kau Bridge [4], or the use of a linear filter for the Alamosa Canyon bridge [5]. A
major difficulty of the method is to determine where and which environmental factors to measure.
In order to overcome this drawback, a last set of methods seeks to remove the variability due to
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environment without measuring the environmental factors. These methods rely on a decomposition
of the covariance matrix of the features monitored over a long period of time with changing (but
unmeasured) environmental conditions [6, 7, 8, 9].

In this paper, we compare the performance of traditional modal features with the new features based
on modal filtering for damage detection. After reviewing the procedures for feature extraction, we
present the method of factor analysis [6] adopted in this study for the removal of environmental ef-
fects. Statistical process control based on Shewhart-T control charts is adopted as a tool to determine
whether the structure has deviated from the undamaged condition. The last section is devoted to the
numerical example of a bridge subject to changing environment and damage.

2 Feature extraction

2.1 Output-only modal analysis

A first approach for feature extraction is based on the concept of black-box modelling of dynamical
structures. At first, the relevant outputs of a structure under ambient loading (caused by wind, traffic,
...) are measured for some time. Afterwards, with these data an output-only black-box model of the
structure is determined using system identification techniques. At last, the modal parameters of the
structure under test are derived from a modal analysis of this black-box model.

One of the fastest and most accurate methods for output-only modal analysis is based on stochastic
subspace identification (SSI) [10]. With this SSI method, a black-box stochastic state-space model for
the structure is identified [11]:

xk+1 = Axk + wk

yk = Cxk + vk

in which A and C are the system matrices to be identified, yk is the vector with measured outputs
at time k, xk is the state vector at time k and wk and vk are the vectors containing the system noise
and measurement noise, respectively. The system noise represents the influence of the unmeasured
forces on the state vector. Both the system and measurement noise vectors are assumed to be white
noise vectors. After the identification has been performed, the modal parameters of the structure can
be easily calculated from a modal analysis of this stochastic state-space model, as indicated in [10].

A problem with all parametric system identification methods for modal analysis is the determination
of the model order. For this reason, a so-called stabilization diagram is constructed which plots
the eigenfrequencies corresponding to the system poles of the identified model for increasing model
orders [10]. With such a stabilization diagram, the true system modes can be separated from spurious
modes because the true modes must appear at all model orders (starting from a sufficiently high model
order), so that for the true system modes, the same eigenfrequencies are present at all model orders of
the stabilization diagram.

For vibration monitoring, an automatic output-only modal analysis procedure is desirable. However,
no such procedure is available at the moment. The problem is the separation of the real system poles
from the spurious poles in the stabilization diagram. For this step, only semi-automatic procedures
are available. A simple semi-automatic procedure, that is used to process the data presented in this
paper, consists of performing one manual pole picking step and then, for the next data sets, of looking
for the poles in the stabilization diagram that lie the closest to the picked ones. This procedure is
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only semi-automatic due to the variation of the real natural frequencies of the structure (caused by
temperature, ...) on one hand and due to the unpredictable behavior of the spurious poles on the other
hand.

2.2 Features extracted from spatial filtering

A second approach for feature extraction is based on the concept of spatial filtering and peak indicators
[12]. It is briefly summarized here below.

2.2.1 Modal filtering

ë2

ë1

ën

+

+
+

linear combiner

. .
.

y1

y

yn

y2structure

f

sensor array

sensor

Figure 1: Representation of the spatial filter using n discrete sensors and a linear combiner.

Let us consider a structure equipped with an array of n sensors (Fig.1). Spatial filtering consists
in combining linearly the outputs of the network of sensors into one single output according to y =
∑

αiyi. Upon proper selection of αi, various meaningful outputs may be constructed, as, for example,
modal filters. The idea behind modal filtering is to configure the linear combiner such that it is
orthogonal to all N modes of a structure in a frequency band of interest except mode l. The modal
filter is then said to be tuned to mode l and all the contributions from the other modes will be removed
from the signal. This is illustrated in Fig. 2 where the square root of the power spectral density (PSD)
of such a modal filter is represented, for a structure excited with a white noise spectrum. Because of
spatial aliasing, there are some restrictions on the frequency band where modal filters can be built, for
a given size of the sensor array.

The coefficients of the linear combiner can be either computed from a known model of the structure,
or directly computed from experimental measurements (FRFs, or identified mode shapes). For more
details on the determination of the modal filter coefficients, the reader should refer to [13, 14, 1]. Note
that the coefficients of the modal filter are independent of the excitation type and location. In previous
studies [2, 12], the effect of damage on modal filters was studied. It was shown that a local damage
produces spurious peaks in the frequency domain output of modal filters (Fig. 3a), whereas for global
changes to the structure (i.e. due to environment), the peak of the modal filter is shifted but the shape
remains unchanged (Fig. 3b). The appearance of new peaks was therefore proposed as a feature for
damage detection.
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Figure 2: PSD
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2 of the output of modal filter tuned to mode 1, the structure is excited with a white
noise input spectrum
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Figure 3: Modal filter tuned to mode 1. a) Effect of damage, b) Effect of environment

2.2.2 Feature extraction

Each frequency point of the PSD
1

2 of a modal filter can be used as a feature for damage detection.
In practice however, this leads to a too large amount of features so that there is a need for data
reduction. It is proposed to use a peak indicator, which reduces the amount of features to nf x
ne where nf is the number of modal filters considered and ne is the number of eigenfrequencies in
the frequency bandwidth of the modal filter. The computation of this indicator follows the method
presented in [15], where a discrete formulation is proposed. Here we use different notations and a
continuous formulation. The entire frequency bandwidth is divided in frequency bands [f1, f2] around
each natural frequency of the structure (the bandwidth is given in % of the natural frequency, typical
values are 10 or 20 %). The following mean and variances are computed :
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• The frequency center (FC) =

∫ f2

f1
fs(f)df

∫ f2

f1
s(f)df

• The root variance frequency (RVF) =





∫ f2

f1
(f − FC)2 s(f)df

∫ f2

f1
s(f)df





1

2

f1

s(f)

f2

The peak indicator is given by :

Ipeak =
RV F

√
3

FC(f2 − f1)
(1)

It has the following properties :

• if s(f) is a Dirac function, Ipeak = 0

• if s(f) = C , Ipeak = 1

• A drop in Ipeak corresponds to the appearance of a peak.

2.2.3 Pre-processing of the modal filters for feature extraction

In order for the peak indicator to be more sensitive (increase of signal-to-noise ratio), we use a tech-
nique called ”second derivative matched filtering” [16]. Let x(ω) be the signal to be filtered and f(Ω)
be the filtering function. The filtered signal is given by :

y(ω) =

∫

∞

−∞

f(Ω)x(ω + Ω)dΩ (2)

In order to remove background noise, the second derivative is computed :

y′′(ω) =

∫

∞

−∞

f(Ω)x′′(ω + Ω)dΩ =

∫

∞

−∞

f ′′(Ω− ω)x(Ω)dΩ (3)

This last expression shows that it is only necessary to derive the filtering function, which is much
less sensitive to the noise than deriving the signal itself. On the other hand, the filtering function
needs to be twice differentiable. Although the philosophy of matched filtering is to have a filtering
function equal to the equation of the peak to be detected, this choice is not adopted here (due to the
complicated expression of the second derivative). Instead, a simpler and typical choice for such a
function is a Gaussian distribution. There is in fact an analogy of this method with wavelet analysis
where the so-called ”mexican-hat” corresponds to the second derivative of the Gaussian [17]. The
scaling factor in wavelet analysis is analog to the standard deviation of the Gaussian. An optimal
choice of this factor allows to remove efficiently the noise in the initial signal. One example of second
derivative matched filtering is given in Fig. 4. The filtered signal has a flat spectrum due to the second
derivative and the peaks are enhanced by the filtering which makes Ipeak more sensitive.

2.2.4 Further processing of features

In order to perform damage detection, features sensitive to damage should be selected. In the example
of Fig. 3, one sees that the peak indicator for peak number 1 is not sensitive to damage since the peak
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Figure 4: Effect of Gaussian second derivative filtering using a ”mexican hat” function :
a) Original signal, b) Filtered signal

is already present in the undamaged filter. Therefore the number of features retained for damage de-
tection is nf x (ne−1). In the case where two peaks are very close in frequency, the frequency bands
corresponding to these natural frequencies are merged, which reduces the number of features without
affecting the efficiency of the peak detection (the peak indicator will be sensitive to the appearance of
one, or the other, or both peaks).

There are two main advantages to this approach : (i) the number of sensors can be greatly reduced due
to the spatial filtering, which reduces the amount of data, (ii) the feature extraction is very fast and
fully automatic. It is therefore particularly well suited for remote web-based damage detection.

3 Factor analysis

Factor analysis is a statistical multivariate method to describe the covariance relationship among the
measured variables in terms of a few underlying but unobservable, random quantities, factors [18].

In structural health monitoring, the environmental quantities have an influence on several measured
variables and make them correlated. If the environmental quantities are not measured, they can be
considered to be unobservable factors. The objective is to eliminate the effects of the factors from the
data resulting in uncorrelated variables that can be used in damage detection [6].

The orthogonal factor analysis model is shown in Fig. 5. Mathematically it is written as

x = Λξ + ε (4)

where x is a p× 1 vector of the measured variables, Λ is a p×m matrix of factor loadings (m < p),
ξ is an m× 1 vector of unobservable factors, and ε is a p× 1 vector of unique factors.

The assumptions of the orthogonal factor model are [18] that the factors are mutually independent,
normally distributed with zero mean and unit variance: ξ ∼ N (0, I). The vector of unique factors
ε is normally distributed with zero means and a diagonal covariance matrix Ψ: ε ∼ N (0,Ψ). The
diagonality of Ψ is one of the key assumptions in factor analysis. Moreover, the factors ξ and unique
factors ε are mutually independent.
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The orthogonal factor model implies a covariance structure for x [18]:

Σ = ΛΛ
T + Ψ (5)

where Σ = E(xx
T ).

The objective in this study is to estimate the unique factors ε from the measured variables x. The
number m of underlying factors is generally unknown and must be estimated. Factor analysis is an
iterative procedure, in which the factor loading matrix Λ is sought. Then the factor scores ξ̂ are
estimated [19, 20], and finally the unique factors are computed by

ε̂ = x−Λξ̂ (6)

These unique factor estimates are then used in damage identification preferably after the principal
component analysis [20].
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Figure 5: Orthogonal factor model.

4 Statistical Process Control

Control charts [21] are used here for damage detection. They are a tool of statistical quality control
to detect if the process is out of control. It plots the quality characteristic as a function of the sample
number. The chart has lower and upper control limits, which are computed from those samples only
when the process is assumed to be in control. When unusual sources of variability are present, sample
statistics will plot outside the control limits. In that occasion an alarm is triggered. There exist
different control charts, differing on their plotted statistics. Several univariate and multivariate control
charts for damage detection were studied in [22].

In this paper the features for damage detection are the largest principal components of all of the unique
factors. The number of principal components was determined using the criterion that they explained
at least 99.9% of the variation in the features of all samples.

The multivariate control chart used in this study is the Shewhart T control chart [21], where the plotted
characteristic is:

T 2 = n(x̄− ¯̄x)TS
−1(x̄− ¯̄x) (7)
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where x̄ is the subgroup average, ¯̄x is the process average, which is the mean of the subgroup averages
when the process is in control, and S is the matrix consisting of the grand average of the subgroup
variances and covariances. The upper control limit is

UCL =
p(m + 1)(n− 1)

mn−m− p + 1
Fα,p,mn−m−p+1 (8)

where p is the dimension of the variable, n is the subgroup size, m is the number of subgroups when
the process is assumed to be in control, and Fα,p,mn−m−p+1 denotes the α percentage point of the F

distribution with p and mn−m− p + 1 degrees of freedom.

5 Numerical example

5.1 Presentation of the structure

The structure considered is a three-span bridge similar to the one presented in [8, 12] (Fig 6). The
motion is restricted to in plane vibrations. It is made of two materials : steel and concrete. The Young’s
modulus of these materials is assumed to be temperature dependant (Fig 7). During the monitoring,
the structure is subject to gradients of temperature. The reference temperature (right hand side) varies
from -15 to +45◦C, whereas it varies from -15 to 0◦C on the left hand side (a linear interpolation is
assumed between the left and right end temperatures). The system is excited by a uniform pressure
acting on the first span of the bridge (see Fig 6). The pressure is assumed to be a band limited white
noise excitation (0-100 Hz, containing the first 10 mode shapes of the structure).

Concrete Concrete

10%

30% 20%
Uniform pressure

T=-15 to 0°C

T=-15 to 45°C

Damage
Damage Damage

Figure 6: Three-span bridge subject to different temperature gradients and damage
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a) b)

Figure 7: Temperature dependence for the Young’s Modulus of the two materials :
a) Steel, b) Concrete

5.2 Computation of the response of the bridge

The bridge is discretized with 32 Euler Bernoulli finite elements and the response is computed in the
time domain. A total of 29 accelerometers are placed, one at each node of the finite element model
(except boundary conditions). The time domain response (100s at a sampling rate of 1000 Hz) for
each accelerometer is computed for different values of reference temperature ranging from -15 to
+45◦C by step of .25◦C (240 samples). The same computations are repeated after the structure has
been damaged (samples 241-480). The damage consists in stiffness reductions of 10%, 30 % and 20
% located as shown on Fig 6.

5.3 Feature extraction, factor analysis and statistical process control

Based on the 480 sets (undamaged and damaged) of time domain responses with data from the 29
accelerometers, two kinds of feature extraction are performed as explained in section 2: output-only
modal analysis using stochastic subspace identification (10 eigenfrequencies and mode shapes for
each case), and extraction of peak indicators from the output of the first 9 modal filters. In this second
case, a total of 61 features are extracted from the measurements (taking into account the merging of
closely spaced eigenfrequencies 3 and 4, and 7 and 8).

The features are then processed in the following manner :

1. A principal component analysis is performed and the first principal components which describe
99 % of the variation in the data are kept.

2. Samples 1 through 160 are assumed to be in control, and T 2 is computed using equation (7)
and the principal components retained in step 1. A subgroupsize of 4 is used which results in a
reduction of the number of samples from 480 to 120 (undamaged and damaged).

3. The upper control limit is computed using equation (8), with α = .999 and the Shewhart-T
control chart is plotted.

4. Factor analysis is performed using 1 out of 2 samples ([1:2:240]) from the undamaged structure,
which spans the whole temperature range without including all the samples.
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5. Steps 1-3 are repeated for the data after factor analysis.

In Figures 8 through 11, the control charts are presented for the following features:

• the first 10 eigenfrequencies identified using stochastic subspace identification : 10 features.

• mode shapes 1 through 5 extracted using stochastic subspace identification. The mode shapes
are normalized with respect to the output of the first accelerometer (out of 29), which results in
28 features for each mode shape : 140 features.

• mode shapes 6 through 10 extracted using stochastic subspace identification. The mode shapes
are normalized with respect to the output of the first accelerometer (out of 29), which results in
28 features for each mode shape : 140 features.

• Peak indicators extracted from the output of modal filters : 61 features.

T 2 is represented for both the undamaged and the damaged case as a function of the temperature (from
-15◦C to 45◦C), together with the upper control limit.

a) b)

In control

UCL

In control

UCL

Figure 8: Shewhart-T control chart for the 10 first eigenfrequencies extracted using stochastic sub-
space identification a) Raw data, b) After removal of environmental effects (factor analysis)

a) b)

In control

UCL

In control

UCL

Figure 9: Shewhart-T control chart for mode shapes 1-5 extracted using stochastic subspace identifi-
cation a) Raw data, b) After removal of environmental effects (factor analysis)
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a) b)

In control

UCL

In control

UCL

Figure 10: Shewhart-T control chart for mode shapes 6-10 extracted using stochastic subspace identi-
fication a) Raw data, b) After removal of environmental effects (factor analysis)

a) b)

In control

UCL

In control

UCL

Figure 11: Shewhart-T control chart for the 61 features extracted from modal filters. a) Raw data, b)
After removal of environmental effects (factor analysis)

The figures show that :

(i) The effects of environment are very pronounced on the eigenfrequencies for which it is impos-
sible to differentiate the damaged state from the undamaged state.

(ii) This effect is much smaller when using mode shapes. For the control limits however, the F-
distribution does not seem to be very well suited, since although the damaged state can be
differentiated from the undamaged state, false alarms arise even for the in control data.

(iii) For the peak indicators extracted from modal filters, the effect of environment is also very small,
and there are false alarms only for the data which is not in control. From that point of view, this
indicator seems to be superior to all the others if nothing is done in order to remove the effects
of environment.

(iv) In all cases, factor analysis is efficient in order to remove the effects of environment. A few
false alarms still arise for the case of mode shapes 6-10.
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(v) Sensitivity of damage after factor analysis can be compared using the statistics value at dam-
aged state: Frequencies (10 features) 80; mode shapes 1-5 (140 features) 4000; mode shapes
6-10 (140 features) 30 000; peaks from modal filters (61 features) 50 000. High frequency mode
shapes are therefore better suited for damage detection than eigenfrequencies, and features ex-
tracted from modal features are even more sensitive than all of the other features compared in
this paper.

6 Conclusion

In this paper, we have studied the problem of output-only vibration based damage detection under
changing environmental conditions. Two types of features extracted from ambient vibration data have
been analyzed : (i) the widely used eigenfrequencies and mode shapes which have been identified
using subspace identification and (ii) peak indicators extracted from the output of modal filters. In
order to detect damage, statistical process control using Shewhart-T multivariate control chart and
principal component analysis have been used. In a last step, based on long term monitoring of the
undamaged structure, a statistical model of the effect of environment has been built using factor anal-
ysis. This model allows post-processing of the features extracted from the ambient vibration data in
order to remove the effect of environment. The methodology has been applied to a numerical model
of a bridge simulated in the time domain. The bridge is made of different materials whose properties
have different variations with respect to temperature. It is subjected to a wide range of temperature
gradients, and also to damage. The numerical results have shown that if nothing is done in order to re-
move the effects of environment, eigenfrequencies cannot be used in order to detect damage, whereas
mode shapes and peaks from modal filters could be used. On the other hand, if factor analysis is
used to remove the effects of environment, all the features considered are able to differentiate between
the damaged and the undamaged case. The features can be ranked in terms of increasing sensitivity:
the least sensitive features are the eigenfrequencies, followed by the low frequency mode shapes, the
higher frequency mode shapes and the features extracted from modal filters (most sensitive).

This work represents a first comparative study. Many other aspects need to be studied, namely (i) the
influence of noise on the damage level which can be detected, (ii) the computational time associated
with the different methods, (iii) the possibility of automation of the feature extraction process. With
respect to point (i), it is likely that this will be very dependant on the type (color) of noise, therefore
experimental campaigns are better suited for such a study than numerical investigations. This is the
subject of ongoing work in the framework of the ESF Eurocores S3HM projet (http://www.s3hm.be).
Concerning points (ii) and (iii), peak indicators are much faster to compute, and also require the
transmission of a smaller amount of data. In addition, the process can be fully automated. These
aspects need to be further studied, but it seems that this new feature is very attractive for automatic
remote damage detection of civil engineering structures.
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Abstract 
This paper describes the determination of location of damage due to corrosion in RC beams using 
modal testing. Experimental modal analysis was performed on a control beam and the beam with 
induced accelerated corrosion. The location of damage due to corrosion was determined using an 
indicator. The indicator λ4 was obtained by rearranging the equation for free transverse vibration of a 
uniform beam, and applying the fourth order centered finite-divided difference formula to the regressed 
mode shape data. The equation is an egienvalue problem, and the value of λ4 would be a constant. 
Differences in the values of this indicator indicated stiffness changes, and the affected region indicated 
the general area of damage, the exact location being around the center of the region. The proposed 
algorithm on the mode shape could form the basis of a technique for structural health monitoring of 
damaged reinforced concrete structures. This investigation provided a useful insight on the use of 
modal analysis to detect corrosion damage in the appraisal and assessment of structural concrete 
elements. 
 

1 Introduction 
 
The design life span of structures has been known to be shortened by deterioration as a result of 
reinforcement corrosion. From an examination by Wallbank [1] on two hundred concrete highway 
bridges, it was found that twenty-five (25) of them had minor blemishes, one-hundred-fourteen (114) 
were classed as being fair, and sixty-one (61) of them were categorised as being in a poor state. 
Corrosion of reinforcement was found to be the primary reason for this deterioration. Other research 
work like the study done by the Transport Research Laboratory, UK [2] showed that severe general 
corrosion could cause a complete breakdown of the bond between concrete and the reinforcement; and 
Yoshihiro et al.[3] found that a reduction in stiffness and load carrying capacity occurred in corrosion 
damaged beams. Further studies on general as well as localized reinforcement corrosion of RC beams 
by using modal analysis were also conducted by Amir [4], and Choi [5]. This study detects the 
corrosion damage and examines the reduction in strength of the deteriorated beams as a result of 
reinforcement corrosion by experimental modal analysis. Modal tests on the beams were conducted to 
obtain the modal parameters and a local stiffness indicator, λ4, was utilized to determine the location 
of corrosion damage. This approach was used by Ismail [6] and Ismail and Razak [7] and was found to 
be successful in locating cracks and honeycombs in RC beams. 
 
 
2 Experimental Programme 
 
Two reinforced concrete beams were cast. The dimensions of the test beams were 2400 x 250 x 150 
mm and the beams were designed for singly reinforcement concrete without links. The concrete cover 
for the bottom surface was 15 mm and the side cover was 20 mm. One acted as control and one was 
subjected to accelerated corrosion of two-hundred (280) days, referred to as major corrosion. The 
technique adopted to induce corrosion in the reinforcement was the accelerated galvanostatic corrosion 
method subjected to the centre of the beam only as described by Tan [8] and by Choi et al. [9]. This is 
shown in Fig.1. The reinforcement was coated with epoxy except for a 25 mm length in the middle of 
the beam as shown in Fig.2. 
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Figure 1 Corrosion acceleration of the beam specimen 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2 The coating of reinforcement bars 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3 Corroded test beam 
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Figure 4 Corrosion estimation using CANIN half-cell method 
 
 
 
Signs of corrosion, cracking and crack pattern were recorded through visual inspection. Longitudinal 
crack widths on the side of the beam were measured using a crack microscope. Modal tests were 
performed on all the beams prior to load testing to failure to ascertain the load carrying capacity. The 
extent and severity of the damage on one of the corroded beams is illustrated in Fig.3. 
 
A CANIN half-cell technique was implemented to estimate the corrosion in the concrete. A higher 
value for the voltage indicates a possibility of the occurrence of corrosion. Figure 4 shows that a 
localized corrosion occurred at the center region of the corroded beam. 
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2.1 Modal test 
 
Modal test was performed using the transfer function technique on the RC beams, which were simply 
supported on concrete blocks. An accelerometer was used to pick up the response of the test beam 
under forced excitation. The excitation resulting from the input force was measured using a force 
transducer. The RC beams were randomly excited using white noise signal input to a shaker, which 
was permanently placed at the quarter span for all test beams. The accelerometer was moved from one 
coordinate point to another to pick up a total of fifty-six response signals along the length of the beam. 
The transfer functions were acquired through a signal analyser. Initially, the transfer function spectrum 
within a 5 kHz frequency span was obtained in order to locate roughly the resonant frequency peaks of 
all the flexural modes within the band. Subsequently, zooming within a 100Hz span of the resonant 
frequency peak of a particular mode was carried out. The measurements were made using a block size 
of 400 lines thus giving a resolution of 0.25Hz per spectral line. 
 
A dual-channel analyzer was used to acquire the signals and to obtain the frequency response functions 
(FRF) from the response and the excitation force. By using modal analysis software, the curve fitting 
process was performed on the transfer function spectrums obtained to extract the modal parameters i.e. 
natural frequency, mode shape and damping. A total of six normal bending modes were acquired in 
this manner. Figure 5 shows the modal testing set-up and Fig 6 shows the measurement locations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5 Modal testing set-up 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6 Measurement locations 
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3 Results and Discussion 
 
The results obtained from the two beams were compared. The control beam provided the reference 
readings, which formed the basis of the comparison of the modal parameters as described below. 
Results from the other beam, which was subjected to corrosion was considered as the defect readings. 
 
 
3.1 Modal test results 
 
From the analysis of the wideband frequency testing, good modal measurements caould be obtained for 
modes 1, 2, 3, 6, 7, and 8. Hence, only these six modes would be analyzed. The modal parameter was 
identified for both the corroded and control beams. These modal parameters (natural frequency, 
damping and mode shape) were obtained by processing the measurement data using these modal values 
are shown in Table 1. 
 
Table 1 Natural Frequencies and damping 

 
 Corroded Beam Control Beam 

Mode Frequency Damping Frequency Damping 
 (Hz) (%) (Hz) (%) 

Mode 1 68.53 8.82 68.83 8.96 
Mode 2 471.36 1.37 457.32 2.25 
Mode 3 799.77 1.28 786.41 0.86 
Mode 6 2151.11 0.91 2092.11 0.75 
Mode 7 2617.06 0.64 2569.64 0.76 
Mode 8 3115.02 1.06 3048.18 0.80 

 
There was a significant drop of natural frequency (up to 67 Hz) observed in the control beam compared 
to the corroded (or defect) beam. The shift of natural frequency was higher for the higher modes. 
However, in terms of percentage, the drop of frequency was quite consistent which was between 1.5% 
to 3%. Damping for the higher modes was higher compared to the lower modes. However, the 
comparison of damping between the two beams was not conclusive and did not show any obvious 
trend. 
 
 
3.2 Local stiffness indicator 
 

For an Euler beam the equation 04
4

4

=− y
dx

yd
λ  and can be rearranged as 

y
y iv)(

4 =λ . The values of 

λ4, which may be referred to as the local stiffness indicator (LSI) drawn as bar charts for an 
undamaged beam, remain constant along the length of the beam. Any changes to the natural 
frequencies or flexural stiffness due to occurrences of damage in the beam will show changes in the 
value of λ4. For the beams with defects, it was approximated that the generalized equation applies. 
 
To determine the location of damage, the indicator λ4 was used to determine the general region of the 
defects. In addition, curve-fitting technique employing the Chebyshev series rationals was performed 
on the experimental mode shape to prepare the data before applying the fourth order centered finite-
divided difference formula. This was done so that random errors could be eliminated. Then, the value 
of λ4 was obtained. The curve fitting technique on to the mode shape data was also found to be fairly 
successful in highlighting points of high residuals from the curve around the region of the damage.  
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Mode 2 
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Mode 4 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 7. Location of damage for beam with corrosion 
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Figure 7 shows the plots of λ4 for the control beam and beam with major corrosion for mode 1, mode 
2, mode 3, and mode 4 after curve fitting was done to the mode shape data. 
 
For mode 1 the indicator was unable to differentiate between the results for the control beam and the 
defect beam; so also was the case for mode 3. While for mode 1 both control beam and defect beam 
results showed very little changes; for mode 3 both control beam and defect beam results appeared to 
be similar and showed slight changes in the indicator values. 
 
For mode 2 the indicator was clearly able to differentiate between the results for the control beam and 
the defect beam. While the plot for the control beam remained generally low and flat, changes in the 
values of the indicator were clearly seen around the region of the corrosion. Similarly for mode 4 the 
indicator was able to differentiate between the two results although less distinctly. While there were 
indications of small changes for the control beam, the results for the defect beam showed changes 
slightly out of the corroded region. 
 
 
4 Conclusions 
 
There was a significant drop of natural frequency observed in the control beam compared to the 
corroded beam. The higher shift of natural frequency for the higher modes was consistent with the 
investigation conducted by Proulx et al. [10]. In terms of percentage, the drop of frequency was quite 
consistent which was between 1.5% to 3%. Damping for the higher modes was higher compared to the 
lower modes. However, the comparison of damping between the two beams was not conclusive and 
did not show any obvious trend. This is in line with findings of previous investigators [11,12]. The 
success in the use of the local stiffness indicator as a tool to locate corrosion damage in RC beams 
promised to offer a simple method of health monitoring of concrete structures. 
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Abstract
The scope of this study is to identify and correct a faulty sensor using solely the measurement data. The
method uses training data from the full undamaged sensor set on the structure to build a correlation model
between the sensors. This correlation model is used to detect, isolate, and correct the faulty sensor. Signals
from the faulty sensor can be reconstructed using those of the healthy sensors. The method is based on the
missing data analysis using the time history data, e.g. accelerations, without a feature extraction process.
This straightforward approach makes it possible to distinguish the sensor fault from the structural damage.
Experimental multichannel acceleration measurements were used to verify the proposed method. Different
sensor faults were studied by modifying one of the sensor signals. It is anticipated that more structures in
the future are equipped with a sensor array having numerous sensors. This fact makes the proposed
method valuable and available for practical applications.

1 Introduction

Structures equipped with sensors are becoming common due to the development of the sensor technology
and different applications that exploit the sensor information. Vibration-based structural health monitoring
is heavily based on the measurement data recorded during a long period. It is most important to detect
possible sensor faults to maintain the reliability of the system. Monitoring systems typically include
several sensors in order to obtain the mode shapes for damage detection or to capture the damage location.
Moreover, to eliminate the effects of environmental or operational influences, it is necessary to identify
features that are mutually correlated. The same concept of correlation can be used to detect sensor
malfunction or failure, to identify the faulty sensor, and to correct the sensor signal. These topics are
discussed in this paper.
Structural damage can be detected from changes in the monitored damage-sensitive features. These
features  are  extracted  from  the  measurement  time  histories  and  are  assumed  to  be  characteristic  of  the
structure. Their changes are interpreted as an indication of damage. The features also change due to
variability in the environmental or operational conditions. In addition, a faulty sensor would also influence
the features and make damage detection difficult and unreliable. The effects of the environmental or
operational changes on the features can be eliminated using latent variable models [1], but the influence of
a faulty sensor should also be considered.
Identification and reconstruction of a faulty sensor has been studied e.g. by Dunia et al. [2] and by
Kerchen et al. [3] using the principal component analysis (PCA). In this paper, a more straightforward
method is introduced, which uses the measurement time histories directly without the feature extraction
process. This approach has the following advantages. First, the feature extraction introduces an additional
effort and a possible source of error in data processing. Particularly, using the PCA, the selection of the
number of principal components may not be straightforward. Second, it may be difficult to distinguish
between the sensor fault and structural damage from features that are often global characteristics of the

873



structure. In contrast, a sensor fault is probably more detectable in the time signals than a structural
damage. Third, a straightforward method is easy to understand and approve.
It  is  assumed  as  in  [3]  that  the  number  of  sensors  is  higher  than  the  number  of  excited  modes.  If  the
number  of  active  modes  is  larger  than  the  number  of  sensors,  there  is  a  lack  of  correlation  between
sensors. Therefore, the time signals must be filtered to a limited frequency bandwidth.
This paper focuses on identifying and reconstructing a faulty sensor using the correlation of the sensors.
The missing data model is derived, which can be used for detection, identification, and reconstruction of a
faulty  sensor.  It  is  assumed  here  that  one  sensor  only  is  faulty  at  a  time.  Different  fault  types,  bias,
complete failure, drifting, and precision degradation [2] are studied using experimental acceleration data
and modifying one sensor signal to represent the faulty sensor. Also the effects of the environment and
minor damage are present.

2 Missing data analysis

In the measurement some variables may be missing or incorrectly measured. These variables can be
reproduced using the missing data concept. The method uses correlation between the variables. The model
is created using the training data with all variables correctly measured. The data can be time signals or
static features. The missing data model is derived in the following.
It is assumed that the data x are multinormally distributed:

),(~x N (1)

where m and S are the mean vector and covariance matrix, respectively.
If some data are missing, they can be reproduced using the measured variables. Each observation is
divided into observed variables v and missing variables u.
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The distribution (1) can be written in the following form:
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where mu and mv are the mean vectors, and Su and Sv are the covariance matrices of the missing and
observed components, respectively. Suv and Svu are the covariance matrices between the missing and
observed components. All submatrices are obtained by partitioning m and S of the training data. The
distribution of the missing variable u is then a conditional probability of the measured variables v and can
be computed using the Bayes’ rule:
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where c1 is a constant. This conditional distribution is also normal and is fully defined by its mean and
variance. They are derived after some manipulations resulting in a very simple closed-form solution. In
order to derive these parameters, the distribution in Equation 4 must be written as a distribution of u by
completing the square on the exponent with respect to u. First, noticing that as v is constant in this
distribution, the second term in the exponent is a constant and the distribution becomes:

( ) ( )úû
ù

êë
é ---= - xxvu 1

2 2
1exp)|( Tcp

(5)

where c2 is a constant. The objective is to write Equation 5 in the form
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where c3 is a constant and )|( vum E= and )|( vuVar=  are to be defined. It is therefore sufficient to
study the exponent only. The inverse of the covariance matrix is derived next. Define this inverse as a
block matrix
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where a, b, c, and d are submatrices of proper dimensions. The last equality is due to the symmetry of the
covariance matrix. To find the inverse of the block matrix, the definition of the inverse matrix is used:

I=-1 (8)
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where I is the identity matrix. This is a system of four equations with four unknown variables and can be
solved. The solution is shown in detail. The first two equations are

0ba
Iba

=+
=+

vuv

vuu

(10)

Solving for the submatrix b from the latter equation and substituting into the first gives
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The third and fourth equations are

Idc
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They are solved similarly resulting in
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It can be shown that Tbc = . Let us now develop the exponent in Equation 5:
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where c4 is a constant. The exponent is now in the squared form (6) and the parameters of the normal
distribution can be obtained:
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This final result can also be found in [5] without derivation. The application of the missing data analysis to
sensor fault detection, identification, and reconstruction is discussed in the following sections.

3 Sensor fault detection

The first step in the sensor monitoring is fault detection. The correlation model is built using the training
data from the full undamaged sensor set. Then, each sensor is removed in turn and the signal is estimated
using those of the remaining sensors. The estimated signal is then subtracted from the true sensor signal
and the resulting residual is used for fault detection. Each residual is normalised according to the training
data, because the magnitude of the residuals are generally different due to different level of correlation.
The number of variables is equal to the number of sensors. This number is usually too large for a statistical
analysis and a dimensionality reduction is made using the principal component analysis (PCA) to the
whole data range including the training data and the test data. If one variable of the test data has deviation
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from the normal variability, the largest principal component would be in this direction in the
multidimensional space. The largest principal value is finally used to design the control chart to detect
sensor fault. For different types of sensor faults, the best fault indicator depends on whether the fault
affects the mean value or the variance.
The missing data analysis is applied in sensor fault detection using the following procedure.
1. Define the training data with no sensor faults.
2. Estimate mean m and covariance matrix S of the training data.
3. Select sensor and set it as a missing variable u.
4. Form matrices mu, mv, Su, Sv, Suv, and Svu by partitioning m and S.
5. Compute the mean (and variance) of u|v for each sample using Equations 16.
6. Compute the residual )( vuur E-= .
7. Return to 3 until the residuals of all sensors has been evaluated.
8. Scale each residual according to the residual of the training data.
9. Define the in-control samples with no sensor faults.
10. Perform a dimensionality reduction using the principal component analysis.
11. Perform a statistical analysis using control charts.
12. If the control chart signals, it is an indication of sensor fault. Move on to fault isolation and reconstruction.

The variance of u|v can  be  used  to  determine  the  confidence  limits,  but  it  is  not  used  here,  because  a
further dimensionality reduction is performed using the PCA and new control limits are set for the new
features.

4 Faulty sensor isolation

Once a sensor fault is detected, the faulty sensor must be identified. It is assumed that one sensor only is
faulty. The algorithm is as follows.
One sensor is removed in turn and a model is built according to the training samples of the remaining
sensors. If the faulty sensor is present, the test data should give large residuals. On the other hand, if the
faulty sensor is missing, the residual would be at the same level as for the training data. The residuals are
scaled according to the mean residual of the training data. Then the minimum rms value of the scaled
residuals indicates the faulty sensor. The faulty sensor is the missing sensor in the data set with the
minimum rms value.
The algorithm has an outer loop and an inner loop resulting in a higher computation time. While in
structural health monitoring the largest residual from the full sensor set may indicate the damage location,
the same approach cannot be used here. As one sensor gives faulty information, it also affects the residual
of other sensors due to the mutual correlation. As a consequence it may result in an erroneous
identification.
The missing data concept is applied to sensor identification using the following procedure.
1. Define the training data with no sensor faults.
2. Set i = 1.
3. Select sensor i and remove it from the data.
4. Estimate mean m and covariance matrix S of the training data without sensor i.
5. Select sensor j ¹ i and set it as a missing variable u.
6. Form matrices mu, mv, Su, Sv, Suv, and Svu by partitioning m and S.
7. Compute the mean (and variance) of u|v for each sample using Equations 16.
8. Compute the residual )( vuur E-= .
9. Return to 5 until the residuals of all sensors has been evaluated.
10. Scale each residual according to the residual of the training data.
11. Compute a single rmsi value of all residuals.
12. Next i. Return to 3 until all sensors have been evaluated.
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13. The lowest rmsi value indicates the faulty sensor i.
14. Move on to sensor correction.

5 Sensor correction

The sensor correction can be made once the faulty sensor has been isolated. The procedure is very similar
to that in fault detection except that the faulty sensor is only studied. The model is built using the training
data from all sensors without fault. The faulty sensor signal is obtained by removing the sensor from the
set and estimating the signal using the remaining sensors. The procedure is as follows.
1. Define the training data with no sensor faults.
2. Estimate mean m and covariance matrix S of the training data.
3. Set the faulty sensor as a missing variable u.
4. Form matrices mu, mv, Su, Sv, Suv, and Svu by partitioning m and S.
5. Compute )( vuE  for each sample using Equations 16. It is the reconstructed sensor signal.

6 Experimental results

Sensor faults were investigated with a monitoring system built in the laboratory. The structure was a
wooden bridge model shown in Figure 1. The total mass of the structure was 36 kg. A random excitation
signal was generated with an electrodynamic shaker to excite the vertical, transverse, and torsional modes.
Fifteen Kistler 8712A5M1 piezo-electric accelerometers were used for the response measurements. They
were located at three different longitudinal positions, each containing five accelerometers: vertical and
transverse accelerations were measured at both top flanges but transverse acceleration at one of the bottom
flanges only.

Figure 1: Wooden bridge.
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The modal parameters were identified from the output-only data, which resulted in 20 natural modes
below 100 Hz.  As this  number was larger  than the number of  sensors,  there would have been a  lack of
correlation. Therefore, the signals were low-pass filtered below 50 Hz. In this frequency range, the
structure contained 14 natural modes.
The environmental effects in the laboratory were not anticipated, but it was noticed that the identified
features of the bridge varied significantly. Because the structure was made of wood, it was assumed that
the variation of the modal properties was mostly due to temperature and humidity variations. Before
damage, the healthy structure was monitored to study the variation of the modal parameters due to
environmental effects.
Five artificial damage scenarios were introduced by adding point masses to the structure. The point masses
were attached on the top flange, 600 mm left from the midspan. The added mass was very small compared
to the total weight of the structure, even the highest mass increase was only half percent of the total mass.
Nonetheless, all these changes could be detected with the health monitoring system [4].
In order to study the sensor fault identification, the training data and the test data were selected. The
training data were three subsequent measurements from the undamaged structure (12226 samples per
channel). The test data were a measurement with an added mass of size 197 g (4076 samples per channel).
Also the environmental effects were different to those of the training data. The test data were scaled
according to the training data resulting in equal rms values for both data sets. The relative magnitude
between sensors was not changed. Samples 5001–10000 were used to build the model, whereas samples
1–5000 were used as in-control samples to design the control charts.
Different fault types in different sensors are studied in the following sections. The fault types were bias,
complete failure, drifting, and precision degradation [2]. In sensor fault detection, the missing data
analysis resulted in residual accelerations for each sensor. They were first scaled according to the residuals
in the training data. The dimensionality of the feature vector was 15, and further dimensionality reduction
was made using the PCA. The largest principal value was then used in sensor fault detection using control
charts.  Once  a  fault  was  detected,  further  procedures  were  performed  to  identify  and  correct  the  faulty
sensor.

6.1 No sensor fault

First, the test data without a faulty sensor is studied. This analysis is made to study the effect of the added
mass and the environmental changes to the model. The Hotelling T control chart [6] to detect sensor
failure is shown in Figure 2. Notice the logarithmic scale. It can be seen that the chart shows no indication
of abnormal operation and it can be concluded that all sensors are working.
The effect of the added mass was detected with the structural health monitoring system using the modal
parameters as features. The influences of the environment were eliminated using the factor analysis [4].
Neither of these variations was visible in the sensor fault detection validating the proposed approach in
distinguishing between the sensor fault and structural damage or environmental changes.
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Figure 2: Control chart without sensor fault.

6.2 Bias

Bias gives values that are shifted by a constant from the true value. In the test data the signal of the faulty
sensor 3 was biased by a value of 0.01. The standard deviation of the sensor signal was 0.02. The control
chart for the fault detection is shown left in Figure 3 (notice the logarithmic scale) and the faulty sensor
identification is shown right in Figure 3 plotting the rms value of the residuals for each sensor. The sensor
fault was perfectly detected and the faulty sensor was correctly identified by the minimum residual.
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Figure 3: Left: Control chart for the biased data of sensor 3. Right: Faulty sensor isolation (square).

6.3 Complete failure

In the complete failure the sensor gives a constant value. In the test data the signal of the faulty sensor 13
was given a value of 0.01. The control chart for the fault detection is shown left in Figure 4 and the faulty
sensor identification is shown right in Figure 4. The sensor fault could be detected using the S chart [6]
monitoring the change in variance. Notice the logarithmic scale. Also the faulty sensor was correctly
identified.
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Figure 4: Left: Control chart for the complete failure of sensor 13. Right: Faulty sensor isolation (square).

6.4 Drifting

Drifting of the sensor 1 was simulated by adding a linearly varying value to the test data. The value varied
from 0 to 0.1 in the measurement range. The control chart for the fault detection is shown left in Figure 5
and the faulty sensor identification is shown right in Figure 5. The sensor fault was perfectly detected.
Notice the logarithmic scale. Also the faulty sensor was correctly identified.
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Figure 5: Left: Control chart for the drifting sensor 1. Right: Faulty sensor isolation (square).

6.5 Precision degradation

For the precision degradation the signal of sensor 4 was multiplied by a random value between 0.5 and
1.5. This resulted in a change in variance and the S chart was the best indicator to detect the sensor failure
and is shown in Figure 6 left. The faulty sensor identification is shown right in Figure 5. The sensor fault
was perfectly detected. Notice the logarithmic scale. Also the faulty sensor was correctly identified. The
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rms values for sensors 4, 5, and 6 were close to each other and made sensor identification difficult.
Particularly, when sensor 5 was faulty, sensor 4 was incorrectly identified as the faulty sensor. However,
fault detection caused no difficulties.
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Figure 6: Left: Control chart for sensor 4 with precision degradation. Right: Faulty sensor isolation (square).

6.6 Sensor correction

Sensor 3 with bias studied in section 6.2 was reconstructed. The true signal (blue) and the estimated signal
(red)  are  shown  in  Figure  7,  in  which  it  is  difficult  to  see  much  difference  between  those  two.  It  was
therefore possible to reconstruct a sensor when enough redundancy existed in the measured data.
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Figure 7: Correction of sensor 3. Left: Whole range. Right: Detail. Blue line: true signal; red line: estimated signal.
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6.7 Failure in fault detection, isolation, and reconstruction

The previous sections showed successful cases in sensor fault detection, isolation, and reconstruction. In
the following, a case with erroneous results is discussed.
Sensor 14 was modified by the same amount of precision degradation as in Section 6.5. The results are
shown in Figure 8. The sensor fault was not detected and the faulty sensor was incorrectly identified as
sensor 15. The rms value for sensor 14 was only the third lowest. In sensor reconstruction (Figure 8 right)
it can be seen that for sensor 14 there is not enough correlation resulting in poor reconstruction. The
problem would probably have not existed if more sensors had been used for a larger redundancy.
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Figure 8: Left: Control chart for sensor 14 with precision degradation. Right: Sensor correction, detail. Blue line: true
signal; red line: estimated signal.

7 Conclusion

A straightforward method for sensor fault detection, identification, and correction was introduced. All
steps were based on the missing data analysis using the correlation of the variables to estimate the
removed sensor. The method was validated using experimental vibration data. If the sensor set provided
enough  correlation,  the  results  were  excellent.  For  some  sensors,  however,  this  was  not  the  case  and
erroneous results were obtained: a) no fault was detected; b) a fault was detected but an incorrect sensor
was identified. In these cases the reconstruction was also inaccurate. The number of sensors (15) was close
to the number of modes (14), which probably caused lack of correlation. The results would probably have
been better if more sensors had been used or if the frequency bandwidth had been reduced.
It was assumed that a single sensor only was faulty. The method can be further developed to allow more
faulty sensors. Also, the faulty sensor isolation may be too slow in practice with several sensors, and a
faster method should be developed.
It is anticipated that in the future more structures are equipped with a sensor array having numerous
sensors. This fact makes the proposed method valuable and available for practical applications.
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Abstract 
In this paper, the vibration signals taken experimentally from a typical 4-cylinder IC engine are analyzed.  
An LMS Pimento analyzer is used along with appropriate sensors (accelerometer and tachometer). 
Different points were chosen for acceleration (velocity) pick-up (e.g., points adjacent to each cylinder, a 
point on the cylinder head and another on the engine mount). Valve maladjustment and ignition failure 
were introduced and the effects were investigated. The test results of healthy/faulty engines were recorded 
and then processed and analyzed in time-frequency domain. The results showed that correlations could be 
found between engine performance and the output signal spectra, STFT (Short Time Fourier Transform), 
and CWT (Continuous Wavelet Transform) patterns.  These facts demonstrate the possibility of using 
vibration signals for engine monitoring and diagnosis. 
 
 

1 Introduction 
 
Excessive vibration may cause severe problems in machines incorporating moving parts such as 
reciprocating engines. Nevertheless, the vibration level may also indicate the health condition of the 
engine and its components.  This notion, in general, has formed the basis of different methods developed 
for condition monitoring and machinery diagnostics.  However, very little work has been published on 
vibration-based monitoring of IC (Internal Combustion) engines.  
The analysis of vibration signals associated with combustion engines is complicated due to the complexity 
of the engines and different sources of vibrations. The fault detection is yet a research challenge and may 
not lead to clear recognition of various defects in combustion process and mechanical linkages.  
 Several studies have been conducted on simple mechanical parts such as gears and rolling bearings.  A 
variety of different signal processing tools are also applied.  However, there are very few investigations 
for complex mechanical system such as IC engines containing several parts.  A study of the Fourier 
spectra for a 5-cylinder diesel engine is made by Rades and his research team [1] and some very general 
implications are reported.  Vibration-based diagnosis of an engine was also conducted by Steven H. [2] 
using Time-domain Modal Analysis (TMA).  Some defects on the crankshaft (in two different cases) were 
modeled and analyzed. Ding Hong and Gui Xiuwen [3] introduced two concepts of 'sensitive feature' and 
sensitive distance' for fault detection in automobile engines using vibration signals taken from the engine 
block.  An expert system approach was utilized.  Jian-Da Wu and Chao-Qin Chuang [4] processed the 
engine  noise/ vibration signals using a visual dot pattern method.  Some other diagnosis methods  have 
also been used in recent years, namely, intelligent order analysis [5], continuous wavelet for acoustic-
vibration diagnosis of engine and cooling system [6], an expert fuzzy system for fault detection of spark 
ignition and valve system [7], and genetic algorithm for valves fault detection [8]. 
The engine vibration signal is inherently a transient one even in engine steady operation. The time-
frequency analyses are thus preferred when processing such signals in order to identify the variation of the 
signal in different frequencies.  Attempts are made, in this paper, to analyze the signals taken from an 
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internal combustion engine in some operating conditions. The signals are processed with time-frequency 
domain techniques and each time the results are analyzed to detect the motor health conditions. 
 
 

2  Test Procedure 
 
The engine, which has been tested here, is a simple petrol engine, 4-cylinder 4-stroke with eight valves. 
Vibration pickup is made by an accelerometer (type DJB 2784) mounted at points on the engine block.  A 
tachometer pointing to a reflective tape placed on the crankshaft pulley generates pulses indicating the 
engine speed. All measurements (signal records) are made from a fixed reference position/time point over 
the engine.  This way we could discriminate the defects through the operating order of the cylinders. The 
reference point is always set at the ignition state of cylinder 1, in each test.  The combustion order in the 
tested engine is 1-3-4-2, therefore at this original point; for instance, cylinder 3 is at the bottom dead 
position or the start of the compression process. Since the engine is a 4-stroke type, a complete crankshaft 
revolution (720 degrees) represents a full thermodynamic cycle.   
The engine speed in the tests is the idle speed, 900 rpm (+-10%).  Figure 1 shows the cylinder 
ignition/operating order.  Figure 2 shows the pistons positions, location of the reference point, and position 
of the sensors.  It should be mentioned that the crankshaft rpm has been the base and fundamental (first) 
harmonic (1x) considered over all the experiments. The signals taken from vibration and tacho sensors are 
fed through the cables into the data logger/ analyzer and then to the computer for further processing. 
 
 

 
Figure 1: Operating order of (engine) cylinders 
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Figure 2: Test setup and instrumentation 

 
 

3 Time Synchronous Averaging (TSA) 
 
As explained before, the vibration signature is accompanied with a corresponding tacho signal. Using the 
tacho pulses, the engine vibration signal is spitted into the pieces corresponding to pairs of crankshaft 
revolutions. We call it partitioning. Then, 'interpolation' is used within each piece of signal to make all 
such pieces (partitions) having same sample points. The next step is 'time-domain averaging' over all 
revolution pairs obtained. This reduces noise and more importantly, a base revolution signal is obtained 
for either healthy or faulty engine cases for proper comparison, signal processing and diagnostics. Plots of 
two signals, which are the outcome of this pre-processing phase, are presented in figures 3 and 4. 
 
 

 
Figure 3: Signal time trace for revolution-pair of healthy engine after TSA 
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Figure 4: Signal time trace for revolution-pair after TSA, faulty case with cylinder 1 off 

 
 
In time domain averaging, the auto-spectrum is:                                                                                                               

                   MM
a

AAxx GNGG 1+=                                                              (1)  
where GAA is the deterministic part and GMM the noise portion of the signal.  Auto spectrum produces a 
real spectrum from the output of Fourier transform. Since the FT gives a complex value which refers to 
power spectrum or rms spectrum. The Gmm noise decreases with number of averages. Each time the 
number of averages increases 10 times the noise level reduces by 10 db [9], i.e.: 
Reduction=Log Na 10  
Thee steps in time-averaging process and triggering are demonstrated schematically in figure 5. 
 

  

 
Figure 5: The time-averaging process 

 
 

 
 
 
 
 
 

4 Vibration Signal Processing 
 
In this step, processing techniques are applied to the vibration signals to detect specific engine faults.  Two 
time-frequency domain methods, which are usually used, for transient and unsteady signal, have been 
applied here: STFT (Short Time Fourier Transform) and CWT (Continuous Wavelet Transform). 
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4.1 STFT methods 
 
STFT was developed to separate steady components contained in an unsteady signal; the FFT/DFT can 
virtually apply to these components.  The signal s(t) is separated into different parts by a window gb 
where index b indicates the time location of the window (and thus the time location of the corresponding 
spectrum).  Each series of spectrum each one related to a time index, form a time-frequency description of 
the signal.  The width, shape and (transition steps) are taken constants the choices of which should be 
determined before starting the analysis.  Different shapes have been used in the window from which two 
common ones are used here.  
STFT provides a certain/fixed precision both in the time and frequency domains. By definition, it is the 
Fourier transform of the signal with the window applied onto it at variable time points 'b', as follows. 

(2)                                       >=<−= ∫
∞

∞−

−−
fb

btfj
b gsdtebtgtss ,

)(2* ,)()( π 

in which  
(3)                                                          )(2

, )()( btfj
fb ebtgtg −−= π  

  
This relation can be interpreted as the inner product (<>) of the signal s(t) and the window function g(t),  
'b' being the time-shift parameter, 'f' the frequency and 't' the time. The inner product of two functions f (t) 
and h(t) is defined as the time integral (from ∞− to ∞+ ) of their products, taking the complex conjugate 
of the second one. The real time functions can be transformed into complex ones by Hilbert transform. 
(The result is a scalar). In summery, the STFT is a real time-frequency tool that maps the signal onto a 
two-dimensional plot with time and frequency coordinates. 
In [10], the STFT have been used successfully to detect valve faults and the faulty valve in the engine has 
been recognized. In the present investigation, time-frequency methods are being utilized for engine 
ignition analysis. A combustion fault (no ignition in one cylinder) is detected here with the application 
CWT and further statistical measures.  During the tests, the spark plug wire of cylinder 1 was pulled out 
first, and then the wire of cylinder 2 was disconnected. In each case, the vibration signals taken from the 
cylinder block along with the tacho signal was partitioned first, and then averaged using TSA (Figures 3 
and 4).  
Noting the reference point for the tacho record and the ignition order, the angle corresponding to the 
ignition in each cylinder is tabulated below (table 1). It must be mentioned that the spark ignition is 
advanced slightly before the TDC (Top Dead Center). Therefore, the figures in the table are approximate 
values.  

  

 Cylinder 
No.  1  2 3 3 

Degree of 
combustion 

 

0 or 
720 540 180 360 

Table 1: Angles of Ignition operation of engine cylinders 
Running a computer code written for this analysis, the STFT spectrum was obtained.  The two plots of 
Figures 6, 7 and 8 show the results for the healthy and faulty engines (two cases), respectively. 
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Figure 8: Signal STFT of faulty engine (after TSA), cylinder 2 ignition off 

 
 

 
The following preliminary results can be realized using the above plots. 
Figure 6, 7 and 8 corresponding to the cases of engine health and defects (cyl. 1 shut off and cyl. 2 shut 
off) are the STFT results with Kaiser window. These spectra are presented for a revolution pair of the 
crankshaft (720 deg) which is equivalent to 0.158 seconds for healthy case and 0.116 s in faulty case. 
Looking into figure 6, eight zones can be recognized indicating the operation of eight valves.  All eight 
valves operate over the full crankshaft revolution (720 degs). Each time two valves function almost 

Figure 6: Signal STFT of the healthy 
engine after TSA 

Figure 7: Signal STFT of the faulty engine (after 
TSA) cylinder 1 ignition off 
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simultaneously (according to table 2) and four regions in the STFT plots are expected. However, since a 
valve opens and closes at two instants eight zones appear in the plots. Changing the Kaiser window to 
Hanning in the STFT will reveal this content more clearly (Figure 9). 
 
 

valves function 
step 1 2 3 4 

Type 
of Valves 

 

Ex. 3 
& 

Int. 1 

Ex. 1 
& 

Int. 2 

Ex. 4 
& 

Int. 3 

Ex. 2 
& 

Int. 4 
 Table 2: Simultaneous functions of two valves 

(Ex. = Exhaust valve, Int. = Intake valve) 
                                  
 
In spectrum plot 7 where the spark wire of cylinder 1 is pulled out (no ignition in cyl. 1), the difference is 
quite visible compared to the healthy case. From t=0 to t=0.02 which is approximately equivalent to 
crankshaft angle=zero to 125 degrees, the STFT plot shows some variations.  Noting the contents of table 
1, this period corresponds to the ignition/ combustion in cylinder 1 which is now off.  The related drop of 
signal amplitude has thus shown up in a wide rage of frequencies in the spectrum.  This fact is similarly 
demonstrated in figure 8 within t=0 to t=0.083 (0 to 515 degrees) where cylinder 2 is off.  The effect is 
maintained over the spectrum to the end.  These are more visible in figures 9 and 10 in which the Hanning 
time window has been used. 
A deeper study of the results (spectra) shows that the vibration levels in faulty cases do not differ from the 
healthy case.  In contrast, in a previous investigation by the authors [10], a difference was noticed. There, 
in the spectrum of the healthy engine, the vibration level attributed to all valves are the same, while a 
significant increase (+50%) of the level is observed compared to the levels in healthy condition. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
4.2 Continuous Wavelet Transform (CWT) 
 
CWT employs a main wavelet function ψ  both in frequency and time domain. From the main wavelet, a 
series of functions are generated by scaling (with a parameter a) and shifting (with another parameter b) 
defined as follows [6] 

(4)                                                   ∫
+∞

∞−

−
>=<

−
= absdt

a
bttsabaS ,

*2
1

,)()(),( ψψ  

where 

Figure 9: Signal STFT of healthy engine (after TSA) 
STFT with Hanning Window 

Figure 10: Signal STFT of engine with cylinder 1 off, STFT 
with Hanning window  
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(5)                                                                    ]/)[(2
1

, abtaab −=
− ψψ 

 
The transform is introduced by the inner product of the signal and some wavelets, ψ  denotes the wavelet, 
b the time-shift parameter, a, the scaling parameter, and t the time variable.   
The spectra plots computed with this transform follows.  Morlet wavelet has been used for CWT in all the 
plots.  Figure 11 shows the healthy case of the engine.  Plots corresponding to the two faulty cases of 
ignition-off in cylinder 1 and cylinder 2 are illustrated in figures 12 and 13.  To this end, no visible 
difference is noticed comparing these plots. However, distinction can be made by further processing of the 
results as explained in the next section. 
 

  
  
  
  
  
  
  
  

Figure 11: The CWT of the signal (after TSA) 
for healthy engine 

Figure 12: The CWT of the signal (after TSA) 
for engine with cylinder 1 ignition off 
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Figure 13: CWT of signal (after TSA) for engine with cylinder 2 ignition off 

 
 
5 Discriminator index 

 
Since the difference between CWT patterns could not be realized visually, some quantitative tools must be 
introduced to discriminate these results/plots. To make such quantitative distinction between healthy and 
faulty signals the FDR is used; a statistical measure adopted from image processing literature [11].  
CWT is applied on all pieces of signals for different revolution pairs of the crankshaft (after TS thus 
having same number of samples).  Therefore, we have a series of CWT plots; the same number as the 
revolution pairs existing in the healthy/ faulty signal record. The average values and variances are 
calculated for the CWT results at the same time and scale points.  This is done for healthy and faulty cases 
separately.  Using the following formula, the FDR of the two series of the signals can then be calculated 

 
(6)   

 
Where 
 

Nμ : average value of the same points in CWTs of the revolution pairs of  healthy case 
Fμ : average value of the same points in CWTs of the revolution pairs of  faulty case 
2
Nσ : variance of the same points in CWTs of the revolution pairs of  healthy case 
2
Fσ  : variance of the same points in CWTs of the revolution pairs of  faulty case 

 
Calculating (6) for all CWT points, the plots of FDR values versus time and scale are shown in figures 14 
and 15.  The peaks values here indicate the points where significant differences exist between healthy and 
faulty cases. From figure 14, there are to maxima at the sides of the spectrum corresponding to zero and 
720 degrees of shaft revolution. These are actually the angles where combustion occurs in one cylinder. 
This is also demonstrated in figure 15 for healthy engine and the cases where combustion in two cylinders 
are off. The peak appearing here is at 540 degrees as it was expected. 
 

22

2)(

FN

FNFDR
σσ
μμ
+
−

=
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Figure 14:  FDR diagram for comparison of two cases: healthy vs. cylinder 1 off 

 
  

  
 

Figure 15:  FDR diagram for comparison of two cases: healthy vs. cylinder 2 off 
  

6 Discussion and Conclusion 
 
Engine faults can be detected by processing of vibration signatures taken from engine block.  Faults in 
valves and also combustion failure in cylinders were investigated here. Time synchronous averaging 
(TSA) and taking a specific piece of signal record corresponding to a pair of engine revolution is good 
choice which fairly represents a series of signals indicating healthy (or faulty) conditions.  Applying the 
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STFT can reveal the existing defects by screening the time frame they affect the engine operating cycle.   
CWT was also used here to recognize the combustion failure in cylinders. However, the time-frequency 
patterns can not always be discriminated visually. Therefore, a quantitative index (FDR) was introduced to 
make clear distinction between healthy/ faulty conditions. This way the faults were quantified such that 
the results could be further entered into the AI methods for automatic diagnostics. The results were 
satisfactory in the simple cases studied here. Further research, of course, should be made to develop 
methods for different engine faults and multi-fault occurrences.  
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Abstract 
The assessment of the primary stability of cementless implants still remains a subjective factor in total hip 
replacement (THR) and, as a consequence, the excessive press-fitting of a THR component can be the 
cause of intra-operative fractures. Objective information about the stability of implant-bone structures can 
be obtained using methods based on vibration analysis. After extensive in vitro studies, a per-operative 
protocol was designed to detect the insertion endpoint and/or to assess the stability of custom made hip 
prostheses. The experiments were performed on cementless hip stems and on hybrid hip stems that were 
partially cemented distally. This paper presents the frequency response function evolution during the hip 
stem insertion in the femur, in per-operative conditions. 
 
 

1 Introduction 
 
The initial stability seems to be very important for any prosthetic implant, but the objective assessment of 
this parameter for cementless hip stems remains a challenge. Surgeons rely mainly on experience to 
evaluate the extent of stem stability and the insertion end point. Excessive press-fitting of a total hip 
replacement component (Figure 1) can cause intra-operative fractures with an incidence of up to 30% in 
revision cases [1].  

 
Figure 1: Total Hip Replacement (THR) 
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In 1932 Lippmann used auscultatory percussion for the examination of clavicle fractures [2]. Since then, 
more sophisticated methods based on vibration analysis have been successfully used to determine bone 
mechanical properties in vitro as well as in vivo [3, 4, 5, 6, 7], to monitor fracture healing [8, 9, 10], to 
quantify the fixation of dental implants [11, 12, 13], and to assess the mechanical properties of the hip 
stem/femur structure. A limited number of studies prove the feasibility of detecting several forms of 
loosening with vibration analysis, in vitro and in vivo [14, 15, 16, 17, 18, 19]. 
In a previous study [20], it was confirmed that the imperfections in the connection between a THR 
prosthetic stem and a femur can most sensitively be detected by observing shifts in the resonance 
frequency of the higher vibration modes of the femur/prosthesis system. This observation is in accordance 
with the work of Qi et al who state that the most sensitive frequency band for observing defects in the 
femur/prosthesis connection is above 2500 Hz [21]. An experimental study [22] performed on artificial 
human femora (Sawbone® nr. 3306, Left Large Composite Femur, www.sawbones.com) has shown that 
the evolution of the frequency response function (FRF) can be used to detect the insertion end point as 
well.  
This paper presents the per-operative protocol derived from the previous in vitro studies and the first 
results obtained in a pilot experimental study performed in per-operative conditions. 
 
 

2 Materials and methods 
 
The per-operative protocol was mainly designed to detect the insertion endpoint and to assess the stability 
of cementless custom made hip prostheses (Advanced Custom Made Implants, Leuven, Belgium). The 
surgeon inserts the implant in the femoral canal through hammer blows. After each blow, the FRF of the 
implant-bone structure is measured directly on the prosthesis neck in the range 0-12.5 kHz. The FRF 
change indicates the evolution of the stiffness of the implant-bone structure and, as a consequence, the 
evolution of the implant stability. The hammering is stopped when the FRF graph does not change 
noticeably anymore. Extra blows will not improve the prosthesis stability but will increase the fracture 
risk. 
 

 
Figure 2: Experimental setup 

a. hip stem 
b. stinger and clamping system 

c. impedance head 
d. shaker 
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The prosthesis neck is attached to a shaker (Bruel & Kjaer model 4810) using a stinger provided with a 
clamping system. The excitation is realized through white noise in the range 0-12.5 kHz. In an earlier 
version, the input force was measured with a force cell mounted between the shaker and the stinger. The 
response acceleration was measured using an accelerometer attached to the prosthesis neck with 
orthopaedic wax.  
However, during a test on a cadaver, it was observed that is very difficult to maintain a correct position of 
the accelerometer on the prosthesis neck and, in order to reduce the subjective factors, the accelerometer 
and the force cell were replaced by an impedance head (PCB Piezotronics model nr 288D01) which 
measures the input force and the response acceleration in the same point. The final setup is shown in 
Figure 2. 
The FRF was measured and recorded by a Pimento vibration analyser (LMS International) connected to a 
portable computer provided with the appropriate software (Pimento 5.2, LMS International). The vibration 
analyser generates the excitation signal which is amplified and sent to the shaker. The vibration analyser, 
the portable computer and the amplifier were installed in the surgical theatre but outside the so-called 
laminar flow area (Figure 3). 
  
 

Figure 3: Measuring hardware (left) and surgical theatre (right) 

a. portable computer 
b. vibration analyser Pimento 

c. power amplifier 
 
  
The per-operative protocol presented above was adapted to assess the stability of custom made hybrid hip 
stems (Advanced Custom Made Implants, Leuven, Belgium) that were partially cemented distally.  
In a first stage, the surgeon inserts the stem completely in the femur without cement, for a trial reduction 
of the artificial joint. In a later stage, the stem is removed, cement is introduced in the distal part of the 
femoral canal, the stem is re-introduced and after the cement has fully cured, the implant is supposed to be 
well fixed. The FRF is measured in both stages using the same method as in the cementless stems case 
(Figure 4). 
Volunteer patients were included in this study after informed consent and approval by the institutional 
review board. 
To analyse the differences between the FRF graphs, the Pearson’s product moment correlation coefficient 
and the normalised cross correlation function were used. 
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Figure 4: Hip stem insertion 
Left: cementless; Right: partially cemented 

 
 

3 Results 
 

3.1 Partially cemented stems 
 
Nine cases of partially cemented prostheses were studied. In seven cases (77.8%) an important difference 
was observed between the FRF graph corresponding to the cementless stage and the FRF graph 
corresponding to the cemented stage, in frequency and amplitude. Two typical examples are shown in fig. 
5 and 6.  
 
 

 

Figure 5: Partially cemented stem completely inserted in the femur (example case 1) 
FRF graphs for two stages: without cement (black) and cemented (red) 
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Figure 6: Partially cemented stem completely inserted in the femur (example case 2) 
FRF graphs for two stages: without cement (black) and cemented (red) 

 
In the other two cases, although an amplitude alteration could be noticed, the resonance frequencies did 
not substantially change. Fig. 7 shows one of those two cases.  
For all nine cases, the FRF was measured in the second stage after the hardening process of the cement 
had ended. 
 

 

Figure 7: Partially cemented stem completely inserted in femur (example case 3) 
FRF graphs for two stages: without cement (black) and cemented (red) 

 
In order to analyse the FRF evolution for the case presented in fig. 7, the normalised cross correlation 
function was calculated (fig. 8). 
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Figure 8: Normalised cross correlation function calculated for the FRF graphs represented in fig. 7 
a: the whole graph; b: detail 

 
 
In all cases the highest FRF peaks were found above 4000-5000 Hz. 
 

(a) 

(b) 
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3.2 Cementless stems 
 
Eleven cases of cementless stems were studied and a typical example is presented in figure. 9. Figures 9a-
c show the FRFs calculated for two successive insertion stages. Stage 0 corresponds to the FRF calculated 
after the stem was introduced in the femur by hand, stage 1 corresponds to the FRF calculated after the 
first hammer blow series, stage 2 after the second hammer blow series and so on. The surgeon needed 4 
stages (0…3) to completely insert the stem in this case. 
The evolution of Pearson’s correlation coefficient calculated for two successive FRFs is represented in fig. 
9d. The normalised cross correlation function was also calculated for the same successive FRF pairs and 
presented in fig. 9e. The evolution of maximum values of cross correlation function can be observed in 
fig. 9f. 
  

  

  

  

Figure 9: Cementless stem (example case 1) 
a-c: FRF graphs for successive insertion steps;  

d: Pearson’s correlation coefficients calculated for the FRF pairs represented in fig. 9 a-c  
e: Normalised cross correlation functions calculated for the FRF pairs represented in fig. 9 a-c 

f: Maximum values of the cross correlation functions represented in fig. 9 e 

(a) (b) 

(c) (d) 

(e) (f) 

DAMAGE MONITORING AND IDENTIFICATION 903



 
A similar example with five insertion stages is presented in figure 10.   

  

  

  

 

Figure 10: Cementless stem (example case 2) 
a-d: FRF graphs for successive insertion steps;  

e: Pearson’s correlation coefficients calculated for the FRF pairs represented in fig. 10 a-d  
f: Normalised cross correlation functions calculated for the FRF pairs represented in fig. 10 b-d 

g: Maximum values of the cross correlation functions represented in fig. 10 f 

(a) (b) 

(c) (d) 

(e) (f) 

(g) 
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The final Pearson’s correlation coefficients calculated for all the eleven cementless cases are shown in 
table 1. 

Case No. 
Pearson's 
coefficient 

1 0.997

2 0.999

3 0.992

4 0.999

5 0.999

6 0.998

7 0.955

8 0.998

9 0.964

10 0.994

11 0.999

Average 0.990

Table 1: The Pearson’s correlation coefficients calculated between the FRFs corresponding to the 
final two insertion steps  

 

4 Discussion 
 

4.1 General 
 
The structures analysed in this study are composed by stinger, hip stem and femur. Since during the 
insertion process the single variable element is the connection between the stem and the femur, a logical 
conclusion would be that the resonance frequencies of the studied structures are influenced only by this 
variable. 
An FRF shift to the right indicates an increasing stiffness [23] of the stem-bone connection, thus an 
increasing stability of the implant. If the FRF does not change between two successive insertion stages, 
then the mechanical properties of the structure did not change by the additional hammer blows, thus the 
stem-bone connection is stable and the insertion end point is reached.  
During the operation, the surgeon corroborated the information obtained by direct visual and tactile 
observation, with the information furnished by vibration analysis, to take the optimal decisions. The 
validity of the per-operative protocols should be assessed by an appropriate post-operative follow-up of 
the patients. In an ongoing clinical study, part of project OT/03/31, migration of the stems is followed up 
by Roentgen Stereophotogrammetric Analysis (RSA) and bone remodelling is followed up by Dual energy 
X-Ray Absorptiometry (DXA). Conventional follow-up by clinical examination, radiographs and 
standardised questionnaires is also part of the protocol.  
The Pearson’s correlation coefficient was used to compare the similarity of two FRF graphs. Due to the 
fact that there is no linear dependence of one graph with respect to the other, the two graphs are identical 
if the correlation coefficient is 1. 
The normalised cross correlation function between the current FRF graph and the previous FRF graph was 
used to assess the direction and the magnitude of the FRF graph shift. The abscissa of the maximum value 
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of the cross correlation function indicates the displacement direction. A positive value means that the 
current FRF graph shifted to the right with respect to the previous FRF graph. The maximum value of the 
cross correlation function indicates the similarity of the two FRF graphs. When two graphs are identical, 
the cross correlation function becomes the autocorrelation function and its normalised maximum has the 
coordinates x=0 and y=1.  
 

4.2 Partially cemented stems  
 
For a partially cemented stem, the distal part is made thinner than the corresponding femoral cavity to 
allow the necessary space for the cement layer between the implant and the bone. The proximal part of the 
stem is designed to have direct contact with the bone and fills completely the corresponding cavity.  
In the first stage, the stems are introduced in the femur without cement and, as a consequence, they are 
well fixed only in the proximal part. The stability of the same implants should increase in the second stage 
because the distal part is fixed in cement. In seven cases the FRFs indeed shifted to the right indicating an 
increased stiffness, i.e. an increased stability. An important change of the FRF graph shape was also 
observed, which indicates an important change of vibration modes.  
In two cases the FRF change was not very important and the resonance frequencies corresponding to the 
highest FRF peaks did not substantially increase. The interpretation could be that the implant stability did 
not considerably change after cementation. Probably the stems were already quite well fixed in non 
cemented stage. An analysis using the cross correlation function (fig. 8) shows that the FRF graph shifted 
slightly to the right after cementation, thus the stability did improve somewhat. 
The FRF graphs corresponding to the non cemented and cemented stages could be used in further studies 
as a reference for distal loosening and, respectively, well fixed hip stems. 
  

4.3  Cementless stems 
 
In a previous in vitro study [22,24] the criterion of Pearson’s correlation coefficient R=(0.99 +/- 0.01) 
between the FRFs of successive insertion stages was used as a quantitative threshold to stop the 
cementless stem insertion process. In per-operative conditions, the correlation coefficient between the last 
two FRFs was above 0.99 when the surgeon stopped the insertion, in nine of eleven cases (Table 1). In the 
other two cases, when the surgeon decided to stop the insertion because of suspected bone fragility, the 
final correlation coefficient reached lower values (0.955 and 0.964). 
Although the FRF evolution is a good indication concerning the stability evolution, in some cases the FRF 
graph changes are complex and difficult to evaluate directly (fig. 9b).  However, the cross correlation 
function graphs presented in fig. 9f and fig. 10g indicate a general displacement of the FRF to the right 
after each insertion stage, excepting the last one when the FRF graph did not change noticeably its shape 
nor position. The final FRF graphs are not an absolute indication of stability, but represent important 
information concerning the best stability that could be obtained in each case for its particular 
characteristics (stem geometry, bone quality etc.). 
    
 

5 Conclusions and future work 
 
The presented study shows that vibration analysis can be used to detect the insertion end point and to 
assess the implant stability in THR as a per-operative method.  
During the insertion procedure, the change of boundary conditions and implant stability between different 
stages are reflected by the FRF evolution and the most sensitive frequency band is above 4 kHz. 
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Custom made hip stems are designed to fit and fill as much as possible the femoral cavity to obtain a good 
stability and their geometry is variable depending on the patient’s femur characteristics. This variability 
complicates the comparison between the stabilities of different stems and the establishment of a general 
scale to evaluate the stability and the further evolution of custom hip implants. However, the follow-up of 
patients as part of an ongoing clinical study, and the analysis of a large number of FRF graphs could allow 
a classification depending on the stem geometry, femur properties and implant-bone contact 
characteristics.  
 
 

Acknowledgements 
 
This research was partially funded by a grant from the K.U.Leuven research council (OT/03/31). 
Custom made hip prostheses provided by courtesy of Advanced Custom Made Implants S.A./N.V.  
 
 

References 
 
[1] R. M. Meek, D. S. Garbuz, B. A. Masri, N. V. Greidanus, C. P. Duncan, Intraoperative fracture of 

the femur in revision total hip arthroplasty with a diaphyseal fitting stem, J Bone Joint Surg [Am] 
2004, 86A(3):480-5. 

[2] Lippmann R K. The use of auscultatory percussion for the examination of fractures, J. Bone Jt Surg. 
1932; 14, 118. 

[3] Lowet G, Van Audekercke R, Van Der Perre G,   Geusens P, Dequeker J, Lammens J. The relation 
between resonant frequencies and torsional stiffness of long bones in vitro.  Validation of a simple 
beam model., J. Biomechanics 1993; 26, pp. 689-696. 

[4] Lowet G, Van Der Perre G. Ultrasound velocity measurement in long bones: measurement method 
and simulation of ultrasound wave propagation 1996; J. Biomechanics 29: 1255-1262. 

[5] Nokes LDM. The use of low-frequency vibration measurement in orthopaedics 1999; Proc. Instn. 
Mech. Engrs. 213H: 271-290. 

[6] Van Der Perre G, Lowet G. In vivo assessment of bone mechanical properties by vibration and 
ultrasonic wave propagation. Bone 1996; 18: 29S-35S. 

[7] Roberts SG, Hutchinson TM, Arnaud SB, Kiratli BJ, Martin RB, Steele CR. Noninvasive 
determination of bone mechanical properties using vibration response: A refined model and 
validation in vivo. Journal of Biomechanics 1996; 29(1): 91-98. 

[8] Van der Perre G. In: Monitoring of  Fracture Healing by Vibration Analysis and Other Mechanical 
Methods 1985; (Eds. G. Van der Perre and A. Borgwardt-Christensen), Proceedings of the Specialists 
Consensus Meeting, Leuven, (Amersfoort, Leuven, Belgium). 

[9] Nikiforidis G, Bezerianos A, Dimarogonas A, Sutherland C. Monitoring of fracture healing by 
lateral and axial vibration analysis. J. Biomechanics 1990; 23:323-330. 

[10] Nakatsuchi Y, Tsuchikane A, Nomura A. Assessment of fracture healing in the tibia using the 
impulse response method. Journal of orthopaedic trauma 1996; 10 (1): 50-62. 

[11] Meredith N, Shagaldi F, Alleyne D, Sennerby L, Cawley P. The application of resonance frequency 
measurements to study the stability of titanium implants during healing in the rabbit tibia. Clinical 
oral implant research 1997; 8: 234-243. 

DAMAGE MONITORING AND IDENTIFICATION 907



 
[12] Pattijn V, Van Lierde C, Van der Perre G, Naert I, Vander Sloten J. The resonance frequencies and 

mode shapes of dental implants: Rigid body behaviour versus bending behaviour. A numerical 
approach. Journal of Biomechanics 2006; 39 (5): 939-947. 

[13] Huang HM, Chiu CL, Yeh CY, Lee SY. Factors influencing the resonance frequency of dental 
implants. Journal of Oral and Maxillofacial Surgery 2003; 61 (10): 1184-1188. 

[14] Van der Perre G. Dynamic analysis of human bones. In: Functional Behaviour of Orthopedic 
Biomaterials 1984; Vol I: P. Ducheyne and G.W. Hastings, Eds., CRC Press, Boca Raton, 99-159. 

[15] Rosenstein AD, McCoy GF, Bulstrode CJ, McLardy-Smith PD, Cunningham JL, Turner-Smith AR. 
The differentiation of loose and secure femoral implants in total hip replacement using a vibrational 
technique: an anatomical and pilot clinical study.  Proc. Instn. Mech. Engrs. 1989; 203: 77-81. 

[16] Collier RJ, Donarski RJ, Worley AJ, Lay A. The use of externally applied mechanical vibrations to 
assess both fractures and hip prosthesis In: Micromovement in Orthopaedics, A.R. Turner-Smith, 
Ed., University Press 1993, Oxford, 151-163. 

[17] Li PLS, Jones NB, Gregg PJ. Loosening of total hip arthroplasty; diagnosis by vibration analysis. J 
Bone Joint Surg 1995; 77: 640-644. 

[18] Li PLS, Jones NB, Gregg PJ. Vibration analysis in the detection of total hip prosthetic loosening. 
Med. Eng. Phys. 1996; 18: 596-600. 

[19] Georgiou AP, Cunningham JL, Accurate diagnosis of hip prosthesis loosening using a vibrational 
technique. Clinical Biomechanics 2001; 16: 315-323. 

[20] Jaecques S.V.N. Pastrav C. Vegehan E. Van der Perre G. Analysis of the fixation quality of 
cementless hip prostheses using a vibrational technique, Proceedings of ISMA2004 International 
Conference on Noise and Vibration Engineering, September 20 - 22, 2004, Eds. P. Sas and M. De 
Munck, K.U. Leuven, Belgium, ISBN 90-73802-82-2, pp. 443-456. 

[21] Qi G, Mouchon WP, Tan TE, How much can a vibrational diagnostic tool reveal in total hip 
arthroplasty loosening?  Clinical Biomechanics  2003; 18: 444-458. 

[22] Pastrav L.C. Jaecques S.V.N. Deloge G. Mulier M. Van Der Perre G. A system for intra-operative 
manufacturing and stability testing of hip prostheses, Proceedings of XIIIth international conference 
on New technologies and products in machines manufacturing and technologies (TEHNOMUS XIII), 
May 6-7, 2005, University “Stefan cel Mare”, Suceava, Romania, Published by University of 
Suceava, Ed. I. Dumitru, ISBN 973-666-154-7, pp. 505-510. 

[23] W. Heylen, S. Lammens, P. Sas, Modal Analysis Theory and Testing, Katholieke Universiteit 
Leuven, Departement Werktuigkunde, Leuven (1997). 

[24] Jaecques S. Pastrav L. Mulier M. Van der Perre G. Determination of THR stem insertion endpoint by 
vibrational analysis, in: R. Cabral, M. Cassiano Neves, C. Camilo, Eds., Transactions of the EORS, 
Vol. 15, 2005, p. 92, ISBN:90-9018444-9, published by Soc. Portuguesa de Ortopedia e 
Traumatologia. 

908 PROCEEDINGS OF ISMA2006



 
A Study on the Correlation between PZT and MFC 
Resonance Peaks and Damage Detection Frequency 
Intervals Using the Impedance Method 
 
Daniel M. Peairs, Pablo A. Tarazaga and Daniel J. Inman 
 
Center for Intelligent Material Systems and Structures 
Virginia Polytechnic Institute and State University 
310 Durham Hall (Mail code 0261) 
Blacksburg, VA 24061-0261, USA 

 
 
Abstract 
 
Impedance-based structural health monitoring uses collocated piezoelectric transducers to 
locally excite a structure at high frequencies. The response of the structure is measured by the 
same transducer. Changes in this response indicate damage. Frequency range selection for 
monitoring with impedance-based structural health monitoring has, in the past, been done by 
trial and error methods, or been selected after analysis by engineers familiar with the method. 
For future applications it is desirable to be able to automatically select frequency ranges, 
perhaps even before installing the system. In this study, analysis of the measurement change 
through a damage metric is examined and related to characteristics of the measurement. 
Specifically, an outlier detection framework was used to statistically evaluate the sensing 
ability of the transducers at various frequency ranges. The variation in undamaged 
measurements is compared to the amount of change in the measurement upon various levels 
of damage. Testing was performed with both solid piezoceramic transducers and macro-fiber 
composite (MFC) piezoelectric devices of different sizes bonded to aluminum and fiber 
reinforced composite structures. The results indicate that frequency ranges containing a 
resonance of the actuator are more suited for structural health monitoring. 
 
 
1  Introduction 
 
The ability of piezoelectric materials to act as sensors and actuators has led to the 
development of structural health monitoring (SHM) systems that rely on the local and active 
interrogation of a structure. One such system is electromechanical impedance-based structural 
health monitoring. Impedance-based SHM is a developing method for monitoring structures. 
The basic concept of the impedance method is to use high frequency vibrations (30-300 kHz) 
to monitor the local area of a structure for changes in structural impedance. These changes 
would indicate damage or imminent damage.  This is possible using piezoelectric 
sensor/actuators bonded to the structure, causing their electrical impedance to be directly 
related to the structure’s mechanical impedance. The electrical response is analyzed where, 
since the presence of damage causes the response of the system to change, damage is shown 
as a phase shift or magnitude change in the measured response. 
 

Although, a significant body of research has been developed about impedance-base SHM, the 
technique is still not developed enough to be a “plug-n-play”, “slap-on” or automatically 
installed, monitoring system. The method still generally requires personnel familiar with 
impedance-based structural health monitoring to select parameters of the system to be able to 
reliably detect small amounts of damage on a structure.  The research presented in this paper 
addresses the frequency range selection of impedance measurements used for SHM. Two 
experimental structures are used to examine frequency range selection.  The frequency ranges 
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with resonances of the actuator are compared to frequency ranges without.  The results 
indicate that the ranges with the sensor/actuator resonances are better for monitoring with the 
impedance-based method. 
 
 
2  Principles of Impedance-based Structural Health Monitoring 
 
The impedance-based health monitoring method is made possible through the use of 
piezoelectric patches (most often lead zirconate titanate, PZT) bonded to the structure that act 
as both sensors and actuators on the system.  When a piezoelectric is stressed it produces an 
electric charge.  Conversely when an electric field is applied the piezoelectric produces a 
mechanical strain.  The patch is driven by a sinusoidal voltage sweep.  Since the patch is 
bonded to the structure, the structure is deformed along with it and produces a local dynamic 
response to the vibration.  The area that one patch can excite depends on the structure 
configuration and material.  The response of the system is transferred back from the 
piezoelectric patch as an electrical response.  The electrical response is then analyzed where, 
since the presence of damage causes the response of the system to change, damage is shown 
as a phase shift or magnitude change in the impedance.  A more detailed explanation of the 
technique can be found in the references [1-4]. 
 

Impedance-based SHM has been tested successfully on many laboratory structures [4-7], as 
well as a few in situ applications [8,9]. The impedance method has many advantages 
compared to global vibration based and other damage detection methods.  The principal 
advantages of the impedance approach compared to other techniques are the following [4]:  
 

- The technique is not based on any model, and thus can be easily applied to complex 
structures.  

- The technique uses small non-intrusive actuators to monitor inaccessible locations.  
- The sensor (PZT) exhibits excellent features under normal working conditions, has a 

large range of linearity, fast response, light weight, high conversion efficiency and 
long term stability.  

- The technique, because of high frequency, is very sensitive to local minor changes.  
- The measured data can be easily interpreted.  
- The technique can be implemented for on-line health monitoring. 
- Low excitation forces (usually less than 1 V) produce power requirements in the 

range of microwatts, making the method an ideal candidate to be run by a self 
powered system. 

 

Typically, the impedance method uses a damage metric to summarize and quantify the 
comparison of the frequency response functions from the impedance measurements.  
Common damage metrics include the root mean square deviation (RMSD), 1- the cross 
correlation coefficient and damage metrics related to these. In this study the cross correlation 
coefficient is used, however the procedures could be applied to other damage metrics. 
 

In a monitoring framework, if the damage metric is larger than a user specified level, then the 
structure is said to be damaged.  This level can be set using the method of outlier detection. If 
the data comes from a normal distribution and the number of measurements is large, a simple 
Z statistic may be used. Also, if the data comes from a non-skewed distribution, the t-statistic 
can be used even for small data sets (population variance unknown).  Alternatively, some 
researchers have concluded that the damage sensitive features in SHM systems will follow an 
extreme value distribution [10]. In this case, several different procedures may be used, 
including: the Box-Cox transformation for transforming Weibull data to a normal distribution, 
the Wilcoxon test, or tests on the median.  The probability (p-value) of a measurement may 
also be calculated if the population distribution is known.  Todd et al. [11] concluded that 
outlier detection methods, or more specifically, the frequency of outliers, while good for 
detecting damage, are not a good method of classifying levels of damage since the percentage 
of outliers saturates quickly once the structure is damaged. 
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Several past studies have examined the selection of appropriate frequency ranges for 
impedance-based SHM. A suitable frequency range depends on the structure being used and 
type of damage to be detected. The frequency range selected should have many peaks, since 
this indicates that there is a large amount of structural information. [4,5]. Often several 
frequency ranges that show many peaks are monitored. Historically, the frequency range has 
been determined through trial and error. Gyekenyesi et al. [12] performed a good study on 
frequency range selection for impedance measurements that identified frequency ranges with 
low variability.  Unfortunately, the sensitivity to damage of each frequency range was not 
taken into account. They also did not associate the regions with the best response to features 
of the impedance measurement so that future researchers would not need to perform the same 
study as theirs. Simmers [13] has reported results of sensitivity tests for frequency range 
selection.  In several studies, corrosion damage was simulated on structures using small 
amounts of wax and the frequency ranges with the highest sensitivity were selected for 
monitoring.  In one study of induced corrosion, the variation of the frequency range was taken 
into account as well by subtracting a confidence interval from the damage metric.  Resulting 
positive values deemed the frequency range acceptable for monitoring.  The detection trend 
was not consistent for different sensors and proximities to the damage nor was detectability 
related to features of the impedance measurement. 
 

In addition to having high peak density and low noise, in order to ensure that damage can be 
“seen”, the wavelength of the excitation signal must be smaller than the characteristic length 
of the damage [14]. However, at frequency ranges high enough to produce wavelengths that 
can detect small amounts of damage, the characteristics of the sensor/actuator itself may have 
an effect on the ability to detect damage.  Specifically, resonances of the piezoelectric 
sensor/actuator often cause large peaks in the impedance signature, as well as an increase in 
modal density near the resonance, which may affect the sensing abilities at those frequencies. 
 
 
3  Experimental Investigation 
 
In order to investigate the effect of the active sensor resonances on sensing ability, 
experiments were performed on two structures, an aluminum beam, and a composite boom.  
The composite was expected to exhibit higher damping and thus a more localized sensing area.  
PZT’s were used as actuators in the aluminum beam experiment and macro-fiber composites 
(MFC), which could conform to a curved shape, were used in the composite boom 
experiments.  
 
 
3.1  Aluminum Beam Experiment 
 
In the first experiment, two different sized PZT patches were attached to opposing sides of a 
121.92 x 3.175 x .635 cm aluminum beam as seen in Fig. 1.  The dimensions of PZT 1 and 
PZT 2 measure 1.27 x 2.54 cm and 3.83 x 2.54 cm respectively.  Both PZT’s are Piezo 
Systems, Inc. material  PSI - 5H4E, 0.267 mm thick, bonded to the base structure with 
cyanoacrylate, with copper tape protruding from underneath to provide for electrical 
connection. Before bonding, the impedance of each PZT was measured in its free condition 
from 0.1 to 200 kHz in 20 Hz intervals.  Electrical connection was made by attaching copper 
tape with conductive adhesive to both electrodes of the PZT. The resulting impedances are 
shown in Fig. 2.  
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a. b.

Figure 1. a) PZT 1,  b)  PZT 2 (attached to same end, opposite side of beam). 
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Figure 2. Impedance response of unbonded PZTs. 

 
Once the PZTs were bonded, a series of baseline measurements were made over a period of 
several days with each PZT again from 0.1 to 200 kHz in 20 Hz steps. A 12 gram magnet was 
then attached to each side of the beam (25 g total), as a simulation of damage, approximately 
70.5 cm from the end with the PZTs and the impedance measured in the damage state. 
 

In order to determine how well different frequency ranges for each PZT can detect the 
damage, the baseline data was averaged to form a single baseline impedance measurement.  
The data was then analyzed in 8 kHz intervals.  Each baseline measurement was compared to 
the average baseline using the maximum cross correlation between the baseline and damaged 
measurement for that frequency range as a damage indicator.  The correlation was subtracted 
from 1 to make the comparison consistent with other damage metrics (increasing damage 
causes an increase in the metric).   This damage metric is insensitive to shifting and scaling of 
the measurements, making it idea for comparing measurements between two PZTs and at 
different frequency ranges.  The damage metrics for all baseline measurements were then 
averaged and the standard deviation calculated for each frequency range. For this test the 
damage metric values were assumed to be normally distributed.  A plot of the average 
baseline damage metric and standard deviations for each PZT is shown in Fig. 3 and 4.  
 

0 5 10 15 20 25 30
-0.02

-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

frequency range

avg damage metric for baseline PZT 1

0 5 10 15 20 25 30
-0.01

-0.005

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

frequency range

avg damage metric for baseline PZT 2

 
Figure 3. PZT 1 baseline damage metric. Figure 4. PZT 2 baseline damage metric. 
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The metrics for the damaged case were then calculated and compared to the baseline metrics 
using hypothesis testing for outlier analysis.  To test if the mean of the new sample is larger 
than the mean of the baseline the following hypothesis test is constructed:  
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00

:
:

μμ
μμ

≥
=

H
H

 

 
where μ is the sample mean and μ0 is the population mean, in this case, the mean of the 
baseline damage metric. The test statistic, Z0, was calculated for each frequency range using 
the following equation, 

 

n
XZ
σ

μ0
0

−
=  

 
where X  is the sample mean and n is the number of samples.  In this case, X  is the value of 
the damaged metric, n is 1 since only one sample is being compared, and μ0 and σ are the 
baseline mean and standard deviation.  This tests whether the mean of the new measurement 
is the same or greater (using a one sided test) than the mean of the baseline measurements 
based on a given confidence level. If H0 is true the probability is at least 1-α that the test 
statistic, Z0 is less than Zα.  In this example α is chosen to be 0.01 so that if Z0 is less than 2.33, 
there is a 99% probability that the mean of population has not changed. Again, in this study, 
the distribution of damage metrics for a PZT at a given frequency range is assumed to be 
normal and the baseline measurements are assumed to accurately represent the mean and 
deviation of the population.  For testing on an actual structure, extreme value distributions 
(Weibull, Gumbel or Frechet) may be a better candidate distribution. However, since this 
study only aims to compare the ability of two PZT’s to sense damage on the same structure, 
the more common normal distribution was used.  
 

The resulting Z0 values, along with the average baseline measurements and unbonded 
measurements for PZTs 1 and 2 are shown in Fig. 5. As can be seen in the first two plots of 
the baseline impedance signatures with unbonded impedance signatures, the resonance 
frequencies of the PZT do not change significantly when bonded.  Focusing on plot c., as 
expected it is shown that the impedance signatures are much more sensitive at low 
frequencies to the added mass than at high frequencies. In addition, the large PZT does a 
better job at detecting the damage than the smaller, since it can more effectively excite the 
beam.  Also, comparing the height of the Z statistic at different frequencies seems to indicate 
the PZT resonances have a diminishing effect on the sensing ability of the large PZT. Plot d. 
compares the sensing ability of the PZTs at each frequency range. Although, the larger PZT 
does a better job of sensing the damage than the smaller PZT, at a few frequencies, the small 
PZT does just as well, or better than the large PZT.  This is indicated by the ratio of the Z 
statistic being equal to or larger than 1.0. These frequencies seem to occur in most cases just 
after the peaks in the small PZT unbonded response. The PZT resonances are not clearly 
visible in the bonded response, however, a small shift to higher frequencies is expected due to 
the stiffening effects of bonding. The optimum testing frequencies occur where the PZT 
resonance is expected to be. 
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Figure 5 a. Baseline and unbonded impedance of PZT 2.  b. Baseline and unbonded impedance of PZT 
1.   c. Z staistic for PZT 1 and 2 for added mass.  d. Ratio of Z statistics for added mass. 

 
A second test was carried out to further investigate the sensing ability of the two PZTs. In 
order to reduce the low frequency sensing ability of each PZT, an additional baseline 
measurements was made with increased mass variability.  A small mass of approximately 2 g 
was attached to the beam for one of the baseline measurements.  In addition, the damage was 
changed from an added mass to a 1 mm wide quarter width cut. The average damage metric 
for PZT 1 with the increased mass variability is shown in Fig. 6.  The increase in variability is 
mostly in the lower frequency ranges.  This highlights one of the benefits of high frequency 
methods, that they are less sensitive to boundary condition changes.  
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Figure 6. Average baseline for PZT 1 (small) with increased mass variability. 

 
Results from this experiment are shown in Fig. 7.  Again, baseline and unbonded 
measurements are included for reference.  It can be seen again that lower frequencies are not 
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as responsive to the damage in this case because of the added mass variability.  In addition, 
the small PZT is relatively more sensitive than in the previous case.  The higher frequencies, 
however, react similarly to the damage. Again, the data indicates that the regions just after the 
unbonded PZT resonances should have the best sensing ability as test frequency ranges.  This 
emphasizes the importance of investigating the entire frequency range of impedance-based 
SHM as opposed to just randomly choosing a frequency range. However, frequencies without 
a PZT resonance can still detect damage, and may be more efficient at detecting far away 
damage because of the greater excitation ability at resonance.   
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Figure 7. a. Baseline and unbonded impedance of PZT 2.  b. Baseline and unbonded impedance of PZT 
1.   c. Z statistic for PZT 1 for quarter width cut and magnet.  d. Ratio of Z statistics. 

 
3.2  Composite Boom Experiment 
 
The second structure examined is a composite boom for use in a space reflector. It is 
envisioned that such structures could be made by inflating and then rigidizing them once they 
have reached orbit. The specific boom used in this study is a thermoplastic resin system 
rigidizeable boom provided by ILC Dover Inc. 
 

Previous work has investigated the impedance method’s ability to monitor composites. Pohl 
et al. [15] induced damage on carbon fiber reinforced polymers and detected it by monitoring 
changes in the impedance peaks. Identification of delamination in composites was done by 
Bois and Hochard [16] using the impedance method. Research by Grisso et al. [17,18] shows 
the feasibility of detecting cracks in cross-ply graphite/epoxy composites using PZT and the 
impedance method. Some preliminary work has also been presented in Tarazaga et al. [19] 
concerning an inflatable rigidizable boom where damage was simulated by mass loading and 
the impedance method was used to detect changes. 
 

Commercially available Macro-Fiber Composite (MFC) [20] piezocomposite devices are used 
as transducer elements in this study. Piezoelectric composite devices, such as active fiber 
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composites (AFC) [21] or MFC, are flexible and conformable.  This permits them to be 
integrated easily into or on curved structures.  They also have high actuation performance and 
durability, compared with monolithic piezoceramic plates or wafers, and possess orthotropic 
mechanical and piezoelectric properties, which can be useful in optimizing their structural 
actuation and sensing performance [22]. MFC piezoelectric composite actuators have also 
been successfully integrated within space rigidized composite booms in several previous 
studies at NASA Langley Research Center [23-25]. 
 

Two sizes of MFC devices are used. The ability of the impedance method to detect actual 
perforations in the structure such as those caused by impacting meteorites or orbital debris 
(MMOD) is assessed. These perforations potentially could occur in pairs, i.e., with an initial 
entry hole and a path-dependant exit hole.  Previous investigations have looked at detecting 
and assessing the size of hole damage and location from the collocated sensors [26], where as, 
the current investigation focuses on frequency range selection. 
 

The experiments were conducted using an untapered, cylindrical, inflatable-rigidizable 
composite boom. The boom structure consisted of two 0/90 carbon fiber plies consolidated 
with a proprietary space-rigidizeable thermoplastic resin system. All testing was performed at 
room temperature where the thermoplastic resin system is below its designed glass transition 
temperature, and the structure is in its rigid phase.  The boom was 1.73 m long by 97.8 mm in 
outer diameter.  Net wall thickness was 0.61 mm though this varied significantly. Holes in the 
boom already existed in some locations where the fiber tows did not form a close mesh. 
 

The boom was suspended from the ceiling to provide a free-free mechanical boundary 
configuration. Two commercially manufactured MFC actuators (Smart Material Corporation, 
Sarasota, FL) were installed near one end of the boom on opposite sides of the structure using 
epoxy.  All electrical impedance measurements were taken using an HP 4194A impedance 
analyzer. The experimental setup, including the arrangement and dimensions of the MFC 
devices, is shown in Fig. 8. 
 

Simulated micrometeorite damage was applied to the structure by hand-drilling holes of 
various diameters into the boom wall. The holes were applied in pairs to simulate MMOD 
strikes with entry and possible exit perforations. Hole diameters ranged from 0.79 mm  to 
4.76 mm , and were drilled in three regions of the structure: at the midpoint of the beam, at ¼ 
the length of the beam away from the sensors, and at the end of the beam farthest from the 
sensors.  Fig. 9 shows the regions chosen for the test.  
 

a)   

b)    c)  

   

Figure 8. (a) Suspended boom configuration and HP 4194A Impedance analyzer used for testing and 
(b) close up pictures of large MFC (109 mm x 73.7 mm) used as collocated sensor/actuator (c) close 
up picture of small MFC (31.8 mm x 25.4 mm) used as collocated sensor/actuators.  

916 PROCEEDINGS OF ISMA2006



1 2 3 
 

 
Figure 9. Boom Schematic. 

A series of at least 12 baselines consisting of 12400 frequency points each were made with 
each MFC over a frequency range of 0.1 kHz to 248.08 kHz (20 Hz steps). A sample 
impedance measurement for each sensor is shown in 10. The baselines were taken over 
several days to account for the possibility of variations caused by fluctuations in the 
laboratory temperature and relative humidity. The measurements were all taken in sets of 
three consecutive measurements by an automated control program for the impedance analyzer.   
 

The data is divided into 31 frequency ranges consisting of 401 data points for analysis.  Each 
frequency range is 8 kHz wide.  Throughout the analysis each frequency range is treated 
independently.  In addition, a new set of baseline data was measured before damage was 
introduced at a new location.  This generates 186 data sets for the current testing.  The 
baseline measurements are averaged at each frequency range.  The damage metric is then 
calculated for each baseline measurement by comparing it to the average baseline.  The mean 
and standard deviation of the damage metrics for each frequency range is calculated.  
Examples of the average baseline damage metric for the large and small MFC’s are shown in 
Fig. 11 and 12. The level of the average baseline damage metric was consistent for each set of 
baseline measurements made for each damage location. Additionally, higher baseline metrics 
also have higher variability.  
 

As simulated MMOD damage is applied to the boom, the damage metric for each succeeding 
measurement is calculated and then compared to the average baseline measurement.  Example 
trends in damage metrics with increasing hole diameter are shown for the large MFCs 
response in Figure 13.  Metrics shown are for the 128.1 to 136.1 kHz frequency range and the 
192.1 to 200.1 kHz frequency range.   
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Figure 10. Sample baseline impedance measurements (real part) for large 
and small MFC on composite boom. 
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Figure 11.  Average baseline damage metric for large MFC, with baseline 
measurement shown for comparison. 

Figure 12.  Average baseline damage metric for small MFC, with baseline 
measurement shown for comparison.

 
 
 
The damage metrics were analyzed using the same method as was used on the aluminum 
beam testing.  In this case though, since multiple measurements were made for one damage 
level, the number of degrees of freedom in the test statistic was increased to three. This may 
be too large of an increase because the assumption of independent data is questionable since 
the measurements were made consecutively in groups of three. Taking the data consecutively 
causes each measurement in a group of three to be acquired with approximately the same 
environmental conditions (temperature and humidity) compared to the overall environmental 
variability. This causes clustering which causes the confidence intervals of the data to be too 
narrow [27] and ultimately the test statistic to indicate damage more strongly than is actually 
measured. These effects can be corrected by reducing the degrees of freedom in the calculated 
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test statistic. Since the actual degrees of freedom is not known the number of degrees of 
freedom are conservatively kept at 1 for the calculation of the test statistic.  Variance of the 
sample being tested is assumed to be the same as the variance of the baseline measurements.  
This allows inferences to be made using a single population’s characteristics rather than two 
different populations.   
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Figure 13.  Damage metric of large MFC at 128-136 kHz and 192-200 kHz, for 
increasing levels of damage at the midpoint of the boom.

 
 

The frequency ranges that contain resonances of the MFC sensor are more sensitive to the 
damage than frequency ranges that are flat.  Also, the largest increases in damage metric from 
one damage level to the next are for the largest holes.  This may indicate that the damage 
metric is sensitive to the total area of the damage rather than just diameter of the hole.  It 
should also be noted that the frequency ranges that increase more for the large damage also 
increase more for the smaller damage. In general, the higher frequencies that are sensitive to 
damage have a greater distinction between the levels of damage.  Finally, several frequency 
ranges indicate damage when in fact there is none.  If the mean value of the test statistic for 
the data with no damage is larger than the test statistic for 99 percent of the baseline data (99 
percent on-sided confidence interval) then that frequency range is assumed to be unusable for 
damage detection in this study. The undamaged measurements indicate such an interval has 
too high a likelihood of false positives. 
 

This study had relatively high rates of false positives, indicating that the variance of the data 
was estimated too narrowly.  A primary cause of this is most likely again the assumption of 
independence of each data point. However, since the same assumptions were made for each 
frequency range, the results can still be compared across frequency ranges. If waiting for a 
relatively larger damage size is acceptable, the threshold level may be increased, thus 
reducing the number of false positives, and the more sensitive frequency ranges may be used. 
Complete results for each frequency range and damage location are shown in Fig. 14 and 15 
for the small and large MFC’s respectively.  
 

It is interesting to observe that for the large MFC the test statistic actually increases on 
average as the damage location moves further away from the sensor location.  This is due to 
differences in the variability of the baseline damage metric.  Since separate sets of baseline 
measurements were used for each damage location, the variability changed for each set of 
damage location.  This indicates that the data is non-stationary.  Since stationarity is a relative 
term, this is not an indication of any problem with the impedance method; only that in the 
future data should be taken for a longer period of time.  Additional variability is also thrown 
into the analysis since the amounts of damage for different nominal values of damage can not 
be exactly reproduced. Regardless, the frequency range to frequency range comparisons 
within each damage location still remain valid, which is the primary concern of this study. 

 

DAMAGE MONITORING AND IDENTIFICATION 919



   100                         40100                         80100                        120100                        160100                        200100                        240100      
101

10
2

103

10
4

R
ea

l I
m

pe
da

nc
e

   100                         40100                         80100                        120100                        160100                        200100                        240100      
0

10

20

30

40

50

Frequency (Hz)

D
is

ta
nc

e 
fro

m
 M

ea
n/

S
TD Damage near to MFC

   100                         40100                         80100                        120100                        160100                        200100                        240100      
0

10

20

30

40

50

Frequency (Hz)

D
is

ta
nc

e 
fro

m
 M

ea
n/

S
TD Damage at middle location

   100                         40100                         80100                        120100                        160100                        200100                        240100      
0

10

20

30

40

50

Frequency (Hz)

D
is

ta
nc

e 
fro

m
 M

ea
n/

S
TD Damage far from MFC

baseline real impedance

none
0.79
1.6
2.4
3.2

Hole Dia. (mm)

none
0.79
1.6
2.4
3.2

Hole Dia. (mm)

none
0.79
1.6
2.4
3.2

Hole Dia. (mm)

 
 Figure 14.  Damage metrics of each frequency range for the small MFC at each damage 

location.  
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Figure 15.  Damage metrics of each frequency range for the large MFC at each damage 
location. 

Since it is already clear which frequency ranges are better predictors of damage, comparing 
the large MFC to the small MFC is not as useful for determining frequency ranges in this 
experiment compared to the aluminum beam experiment.  One interesting observation though 

920 PROCEEDINGS OF ISMA2006



is that at the frequency ranges where the small MFC could identify damage, the test statistic 
was significantly higher for near field damage than the test statistic of the large MFC.  The 
large MFC did a better job of identifying far field damage. 
 
 
4  Conclusions 
 
The aim of this paper is to address the issue of which frequency ranges are best for structural 
health monitoring using the impedance method. In the past, the ranges are generally selected 
by trial and error, which often involves inducing a removable amount of simulated damage. 
Sensitivity analysis of frequency ranges has been performed by few previous researchers; 
however, since the results have not been compared to features in the impedance measurement, 
the study would need to be performed for each new structure tested.   
 

Several experiments on two very different types of structures where used to examine the 
frequency range selection for impedance-based SHM. The frequency ranges that include the 
resonances of the sensor/actuators are, in general, more suitable frequency ranges to monitor 
for damage identification. This corroborates with testing at frequency ranges with high modal 
density. Their variation is less than frequency ranges without a PZT or MFC resonance, but 
are more responsive to damage.  The actuator resonances can be predicted through models 
such as the Liang’s impedance model, or by measuring the response before bonding. The 
large MFC attached to the composite boom has the clearest results in this series of tests.  The 
resonant peaks in the unbonded condition are spaced at a regular interval and also show up 
clearly in the bonded response.  In cases where the actuator resonances are not as evident 
once bonded, the results indicate the PZT resonance still affect the sensing ability, though to a 
lesser extent. 
 

The experiments also highlight the advantages of monitoring at high frequency ranges.  In the 
aluminum beam experiment the damage metric is sensitive to damage at high frequency 
ranges even with changing conditions, in this case mass variability.  Also with the composite 
boom, the higher frequency ranges were more effective at distinguishing various levels of 
damage.   
 

Frequency range selection was not studied in the presence of large temperature range 
variations.  Unlike adding a mass to induce increased variability, this would change properties 
not just of the structure, but also of the sensor actuator.  This potentially could cause a shift in 
the PZT or MFC resonant peak.  If such was the case, then even though this test suggests that 
frequency ranges with peaks due to the sensor/actuator do have better sensing ability, these 
ranges may need to be avoided. This, however, would need additional testing than what was 
performed in this study to be verified.  Other potential investigations could include size of 
frequency range and number of points in a frequency range. 
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Abstract 
The present paper aims to explore damage assessment in the masonry structures at an early stage by 
vibration measurements. Two replicates of historical constructions were built in virgin state: one arch with 
1.5 m span and one shear wall with 1.0 m2. Afterwards, progressive damage was applied and sequential 
modal identification analysis was performed at each damage stage, aiming to find adequate 
correspondence between dynamic behavior and internal crack growth. Accelerations and strains in many 
points were record in the replicates. Eigen frequencies, mode shapes and modal strains were derived from 
the dynamic measurements. Environmental effects of the temperature and relative humidity on the 
dynamic response were studied. A first updating process was performed on the results of the undamaged 
arch to tune a finite element model. Moreover, the tests were repeated with added masses to scale the 
mode shapes. Finally, a brief analysis of the results of the several damage scenarios are presented in the 
paper 
 

1 Introduction 

Preservation of the architectural heritage is considered a fundamental issue in the cultural life of modern 
societies. Modern requirements for an intervention include reversibility, unobtrusiveness, minimum repair 
and respect of the original construction, as well the obvious functional and structural requirements.  
In the process of preservation of ancient masonry structures, damage evaluation and monitoring 
procedures are particularly attractive, due to the modern context of minimum repair and observational 
methods, with iterative and step-by-step approaches. High-priority issues related to damage assessment 
and monitoring are global non-contact inspection techniques, improved sensor technology, data 
management, diagnostics (decision making and simulation), improved global dynamic (modal) analysis, 
self-diagnosing / self-healing materials, and improved prediction of early degradation. 
It is known for a long time that service loads, environmental and accidental actions may cause damage to 
the structural systems. In this issue the long life maintenance plays an important roll. Regular inspections 
and condition assessment of engineering structures allow programmed repair works and economic 
management of the infrastructures, with significant attenuation on the costs. Relating these aspects to the 
historical constructions area, maintenance is even more essential because of their cultural importance of 
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these constructions, the safety of visitors, potential seismic risk and the accumulation of physical, 
chemical and mechanical damage through the time. 
Alterations of geometrical dimensions, boundary conditions and mass, and the degradation of the 
mechanical properties of the materials, including physical damage, or the simultaneously occurrence of all 
these phenomena, affect the dynamic behavior of the structures, i.e. change the resonant frequencies, 
mode shapes, damping coefficients and the quantities derived from the basic modal parameters, see [1]. If 
the environmental influence (temperature, moisture, etc) is evaluated and separated from the dynamic 
response of the structure, see [2], the damage occurrence can be globally detected. After detection, next 
task is to localize the damage and its extension with more detail. Finally, its consequences for the 
construction should be evaluated. As far as concerned to masonry constructions, there are few references 
in literature dedicated to damage identification based on vibration signatures. 

2 Damage Identification Process 

The present paper tries to deal with the problem of damage identification by using Global and Local 
damage identification techniques. It is advantageous to have two categories of damage assessment 
methods: (a) the vibration based damage identification methods, currently defined as Global methods, 
because they do not give sufficiently accurate information about the extent of the damage, but they can 
alert its presence and define the precise location of it (e.g. [3]); and (b) the methods based on visual 
inspections through or experimental tests like acoustic or ultrasonic methods, magnetic field methods, 
radiograph, eddy-current methods and thermal field methods ( e.g. [4]), also called as Local methods. The 
last ones need the preceding global approach (Global methods) to detect and localize the damage, and 
then, if the possible location of damage is accessible in the structure, they can describe the damage in an 
accurate way. 
From another point of view, to study more carefully the damage identification problem, in [5] is 
underlined the importance of using exact taxonomy for the precise definition of what constitutes a fault, a 
damage and a defect in a structure. The authors proposed the following definitions: 

• Fault is a state when the structure can no longer operate satisfactorily, caused by an unacceptable 
reduction in the quality for user requirements; 

• Damage is when the structure is no longer operating in its ideal condition, but can still function 
satisfactorily; 

• Defect is inherent in the material and statistically all materials have some unknown amount of 
defects. This means that the structure can operate in its ideal condition even if the materials 
contain defects. 

The definition above allows a hierarchical relationship: defects can leads to damage and damage leads to 
fault. This relationship can be used to establish a state when the presence of several damages scenarios 
means that the structures can no longer operating in a satisfactory manner.  
In the literature of vibration based damage identification methods it is common by assume that damage is 
directly related to a decrease of stiffness and not to any change of the mass. The next step of the 
methodology for damage identification is to define a classification for the methods and actions used in the 
process of monitoring and accessing the damage. The first historic classification was presented in [6] 
where four levels of damage assessment (classical definition) were established: 

• Detection (Level 1): the method gives a qualitative indication that damage might be present in the 
structure; 

• Localization (Level 2): the method gives information about the probable position of the damage; 

• Assessment (Level 3): the method gives an estimate of extent of the damage; 

• Prediction (Level 4): the method offers information about the safety of the structure, estimating 
the residual operating life. 
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Each presented level is connected in a hierarchical way, because to pass for the following level it is 
necessary to know the previous one. It is also stressed that the term damage identification is the 
conjunction of one ore more presented levels. 
More recently, in [5] a classification with one inter-mediate level is proposed leading to the following 
levels: 

• Detection (Level 1): the method gives a qualitative indication that damage might be present in the 
structure; 

• Localization (Level 2): the method gives information about the probable position of the damage; 

• Classification (new Level 3): the method gives information about the type of dam-age; 

• Assessment (new Level 4, the classical Level 3): the method gives an estimate of the extent of the 
damage; 

• Prediction (new Level 5, the classical Level 4): the method offers information about the safety of 
the structure, estimating the residual operating life. 

In author’s opinion, the introduction of the third level is vital for effective identification of Level 5 
(classical Level 4) and possibly for Level 4 (classical Level 3), since information about the characteristics 
of damage is necessary to predict the residual operating life time of the structure. Also, all the first four 
levels need structural observation while the last one can be estimated by numerical analysis.  
The Global vibration methods can be divided by Linear or Nonlinear depending on which type of behavior 
is assumed after the damage occurrence. If during the dynamic test the crack is assumed to remain open, 
the response is linear and the method is classified as Linear. In this last classification, the damage can be 
only associated with changes in boundary conditions, material properties (loss of stiffness) or changes in 
geometry. On the contrary, the Nonlinear methods take into account the changing stiffness according with 
the oscillating amplitudes for the simulation of the crack breathing, i.e. when the crack is closed there is a 
restoration of the original stiffness, see Figure 1. The Linear methods are often founded in literature. They 
can also be divided as Model Based or Non-model Based methods, depending whether or not they use 
numerical models for the damage identification. 

 
(a) 

 
(b) 

 
(c) 

Figure 1: Crack breathing of a cantilever beam: (a) crack closed with restoration of the initial stiffness; 
(b) transitory stage; and (c) crack open with minimum stiffness 

Related to the last issue, in the present work it is assumed that the modal identification can be accurately 
performed with linear modal analyses at very low ambient excitation level. Cracks breathing effects will 
not occur or they will be small. 

3 Vibration based Damage Identification Methods 

There is not yet one methodology which gives accurate damage identification through all the presented 
levels of damage assessment and for all type of structural systems. So, it is still a challenge for the next 
decades [7]. In literature it exists a number of papers which summarize the principal developments in this 
field (see [1]; [3], [7]; [8] and [9]). 

4 Application to Masonry Constructions 

As previously mentioned, there are few references in literature where damage identification based on 
dynamic response is applied to masonry structures. The first attempt at the University of Minho to 
establish a relation between the damage progress and the dynamic response of a masonry building was 
done on a real scale rubble stone masonry structure (see Figure 2), built in the “Laboratório Nacional de 
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Engenharia Civil” (LNEC), at Lisbon. This structure was tested in the LNEC shake table, under the EU 
RP within the 5th EU framework program, ECOLEADER – Enhancing Seismic Resistance and Durability 
of Natural Stone Masonry. 
In the works of ECOLEADER Project several and progressive damage scenarios were induced in the 
shaking tests. At each scenario, a modal identification was performed with operational modal analysis 
techniques for further comparison between each damage scenario and the virgin stage of the structure. The 
results of this study are presented elsewhere [10]. The natural frequencies decreased significantly during 
the several damage scenarios, see Table 1, but the relation between the dynamic response and the crack 
pattern was difficult to analyze. Furthermore it was decided to study simpler models and two masonry 
replicates were constructed in the Laboratory of University of Minho, which is the main focus of the 
present paper. 

 
 

Damage A and B 

 
 

Damage C 

 
 

Damage D 

 
 

Damage E 
(a) (b) 

Figure 2: Masonry mock-up: (a) general view and the first three numerical mode shapes; 
and (b) the progress of the crack pattern along the several damage stage 

Damage Stage Mode Shape A B C D E 
1st  15.05 12.28 10.60 7.55 4.62 
2nd  19.79 13.97 12.29 9.60 6.13 
3rd  20.50 18.30 16.63 12.96 8.71 
4th  26.57 21.27 17.60 13.83 12.80 
5th  28.91 25.94 19.56 17.58 13.61 
6th  36.85 32.87 28.06 23.82 15.40 
7th  39.73 33.69 32.06 28.99 21.64 

Table 1: Frequencies decreasing along the damage scenarios 

5 Tests of the Masonry Replicates in Laboratory 

The two replicates of ancient masonry arches and walls were built with clay bricks and poor mortar joints, 
see Figure 3. Progressive and controlled damage was applied by static loads. On each model it was 
intended to reach multiple damage levels (several cracks). Between each stage, modal identification 
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analysis using output-only (ambient or natural vibration) techniques was done, where the ambient 
temperature and humidity were also recorded, to evaluate small environmental changes on the dynamic 
response of the specimen. The modal identification tests at each load stage/damage scenario were 
performed by two different excitation conditions: natural ambient noise present in the laboratory and 
random excitation in space and time, induced by an impact hammer (2.5 kg of mass). The produced 
impact forces were about 5% of the mass of the models. 

 
(a) 

 
(b) 

1.08m

1.
1m

0.
55

m

0.54m

 
(c) 

 
(d) 

Figure 3: Masonry replicates: (a) and (b) the arch model; and (c) and (d) the wall model 

5.1 Test Planning and Analysis Procedures 

For each model several damage scenarios were induced by static loads on the specimen (see Figure 3). 
Figure 5 shows the response of the models during the subsequent static tests and some crack patterns in 
the specimen. Following each stage it was possible to observe the decrease of the stiffness. The maximum 
crack openings were 0.05 and 1.20 mm for the arch and wall models, respectively. Between each stage, at 
unloading, it was difficult to visually observe the cracks. 
On each model, both accelerations and strains were recorded. The acceleration response of the arch was 
measured in twenty-two points, equally distributed along the two longitudinal edges of the vault and in the 
arch plane directions. The response of the wall was measured in a regular net of thirty-five points and in 
the out of plane direction. The strains in both models were measured with quarter bridge configurations 
and they were disposed in a way to measure the curvature mode shapes. The mesh of sensors was kept 
rather close to have better resolution in the higher mode shapes. Thus, the maximum distance between 
sensors was 20 cm, approximately 1/8 of their maximum dimension. 
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Figure 4: Arch model damage scenarios: (a) static test; and (b) one crack with 0.05 mm width 
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Figure 5: Wall model damage scenarios: (a) static test; and (b) one crack with 1.20 mm width 

The acquisition system was composed by 8 uniaxial piezoelectric accelerometers, with a bandwidth 
ranging from 0.15 to 1000 Hz (5%), a dynamic range ±0.5 g and a sensitivity of 10 V/g, and several strain 
gauges of 120 Ω resistance. They were connected to a data acquisition system with 16 bit A/D converter, 
and anti-aliasing filters for both strains and accelerations. 
In the analysis of each model, the modal parameter estimation was done with Stochastic Sub-space 
Identification (SSI) techniques. These techniques are suited for systems under natural (ambient or 
operational) conditions, and they are based on the assumption that the excitations are reasonably random 
in time and in the physical space of the structure [11], [12].  
For the damage identification process a selected group of damage detection methods presented in 
literature, see [1] and [13], will be used to validate their performance for Levels 1 and 2. The selected 
methods will be the Damage Index Method and the Direct Stiffness Calculation applied to shell alike 
structures.  
In a second and more detailed phase, model updating techniques presented in [14] will be performed. This 
belongs to another group of damage assessment methods, where a finite element model is calibrated for 
every damage stage by minimizing the differences between calculated and measured modal parameters. 

5.2 Preliminary Results 

At the moment only some data from the extensive test campaign was analyzed. In this paper some 
preliminary results will be reported: (a) comparison between the results of different SSI techniques applied 
to the arch reference tests in the undamaged condition, (b) the influence of the ambient temperature and 
the humidity in the laboratory, (c) first attempt of model updating, (d) results from the tests with added 
masses to scaled the modes shapes and (d) the evolution of the natural frequencies between the several 
damage scenarios. 

5.2.1 Comparison between Different SSI Techniques 

The SSI techniques selected were the Principal Component method available in the ARTeMIS Extractor 
software [15] and the SSI/Ref method in the MACEC tool implemented in MatLab by the Catholic 
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University of Leuven [16]. The results were accurate and are satisfactory for both analyses. Seven mode 
shapes were easily estimated with ambient and randomly distributed impact tests. Figure 6 shows the 
estimated mode shapes by the two softwares. 

 Ambient Excitation Randomly distributed impact excitation 
 ARTeMIS MACEC ARTeMIS MACEC 
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Figure 6: Mode shape configurations for all the analyses in virgin stage 
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Table 2 summarizes the results comparing the frequencies values and the mode shapes configuration 
through the Modal Assurance Criterion (MAC) values. It is stressed that the results are highly accurate for 
frequencies and modal displacements, as the error between the resonant frequency values is less than 2% 
and the MAC values are greater than 0.94. The damping values were depending on the excitation 
mechanism, but an average value of 0.6% can be observed for all modes and all analyses. Furthermore, the 
damping will be not used for the damage detection analysis. 

Ambient Excitation Randomly Distributed Impact Excitation 
ARTeMIS MACEC Error ARTeMIS MACEC Error Modes 

Hz Hz % MAC Hz Hz % MAC 

1 35.33 35.35 0.05 0.97 35.23 35.23 0.01 0.97 
2 66.61 66.67 0.09 0.94 66.56 66.43 0.19 0.95 
3 72.05 72.27 0.31 0.94 71.22 71.24 0.02 0.94 
4 125.25 125.20 0.04 0.78 124.05 124.05 <0.01 0.98 
5 139.73 139.83 0.07 0.97 138.92 138.92 <0.01 0.99 
6 173.65 173.73 0.04 0.95 172.55 172.38 0.10 0.95 
7 193.41 197.09 1.90 0.96 195.95 196.83 0.44 0.95 

Table 2: Results comparison between different SSI analyses 

As strains were measured on 11 points in the extrados and intrados of one median line along the arch, it 
was also possible to estimate the curvature mode shapes of the specimen. The curvatures were only 
possible to estimate with accuracy in the case of randomly distributed impact excitation tests, because with 
ambient vibration excitation the signal to noise ratio was too small. 
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Figure 7: Curvature mode shapes estimated by the two techniques along the normalized arch length: 
(a) and (b) estimated with ARTeMIS; and (c) and (d) estimated with MACEC 

In the left side of Figure 7 is possible to observe the modal curvatures with the same normalization of the 
modal displacements (i.e. the maximum real value of the modal displacement is equal to 1) and at the right 
side the modal curvatures normalized to the maximum real value of the modal curvatures. In Figure 7b 
and d the symmetry or anti-symmetry of the modal curvatures along the arch is stressed. The modal 
curvatures will be valuable quantities for subsequent damage analysis, since if the Euler-Bernoulli 
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hypothesis is assumed, the bending stiffness and also the normal stiffness are directly related to the 
curvatures and the average strains in the arch, respectively.  

5.2.2 Temperature and Humidity Effects in the Laboratory 

To investigate the possible environmental influence of the temperature in the laboratory and also relative 
air humidity, a series of tests was performed to evaluate the influence of those parameters. Due to daily 
variations of heating and ventilation in the laboratory it was observed that the temperature could change 
3ºC in one hour (the approximate time of one entire group of test setups per specimen). Therefore, an 
induced temperature variation with some heating devices positioned close to the arch was performed 
(see Figure 8a). 
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Figure 8: Temperature test in the arch model: (a) test apparatus; and (b) relative frequency variation 
according to the ambient temperature 

Ambient and surface temperatures and relative air humidity percentage values were recorded. Figure 8b 
and Table 3 present the results. It is observed that the environmental effects on the dynamic response can 
be neglected. These tests also show the reliability and repetitivity of the frequency measurements 
according to CV values which are lower than 0.28%. 

Environmental Parameters Resonant frequencies [Hz] 
Test Ambient 

[ºC] 
Surface 

[ºC] 
Humidity 

[%] 1st  2nd  3rd  4th  5th  6th  7th  

1 15.20 16.00 43.10 35.18 65.98 70.76 123.86 138.43 172.52 195.76 
2 16.10 16.20 45.00 35.14 66.43 70.97 124.15 138.54 172.39 196.62 
3 16.70 16.80 46.00 35.02 66.26 70.82 124.03 138.38 172.41 196.04 
4 17.00 17.70 46.80 35.02 66.25 70.69 123.69 138.27 171.72 195.24 
5 15.10 16.80 46.60 35.00 66.38 70.58 123.69 138.07 171.56 195.19 
6 14.60 16.60 46.00 34.97 66.15 70.63 123.96 138.37 171.73 196.47 
7 14.10 16.50 46.20 35.02 66.06 70.71 124.01 138.34 172.31 196.39 
8 13.40 15.80 46.00 35.00 66.03 70.86 124.10 138.37 172.92 195.95 
9 15.30 16.10 48.70 35.13 66.39 70.97 123.84 138.47 172.76 196.18 
x  15.28 16.50 46.04 35.05 66.21 70.78 123.92 138.36 172.26 195.98 
σ 1.18 0.57 1.49 0.07 0.17 0.14 0.17 0.13 0.48 0.51 

CV 7.70% 3.47% 3.23% 0.21% 0.25% 0.20% 0.14% 0.10% 0.28% 0.26% 

Table 3: Results form the temperature and humidity tests 

5.2.3 Preliminary Model Updating 

Before any attempt to identify damage, model updating techniques was applied to the arch to assess the 
dynamic behavior in its undamaged condition. This task was also done to be a first approach in the 
understanding of the arch behavior. A nonlinear least square method implemented in MatLab was used to 
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minimize the objective function π, composed by the residuals formed with calculated and experimental 
frequencies and mode shapes, given by: 
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where m denotes the number of eigen frequencies/eigen modes to take in to account, n denotes the number 
of measured degrees of freedom and W is a weighting diagonal matrix, which introduces the uncertainties 
in the measurements, similar to what is proposed in [17], by 

( )[ ] 1
21 ,...,, −= mCVCVCVdiagW                                                            (2) 

where CV is the coefficient of variation (CVi = σi / fi ) calculated with the standard variation obtained from 
the several tests setups on the system identification analysis. 
In Equation (1) both experimental and numerical mode shapes are normalized in a way that the maximum 
real value of the model displacement is equal to 1. 
The selection of the optimization parameters was done taking into account the geometrical survey of the 
arch and the unknown material properties of the masonry, where the possible orthotropic behavior was 
accounted for. The values considered for the parameters are presented in Table 4. One conclusion emerged 
from the optimization analysis is the fact that the arch response is very sensitive to the geometry. 
Therefore, closed constrains were applied to the geometrical parameters, to avoid unrealistic results for the 
final values.  

Updating  
Parameters 

Initial  
Values 

Lower 
Bound 

Upper  
Bound 

Final 
Values Difference 

Ey [GPa] 3.9000 0.1950 6.4740 3.8000 -0.1000 
P2x [m] -0.7625 -0.7549 -0.7701 -0.7620 0.0005 
P4x [m] 0.7625 0.7549 0.7701 0.7677 0.0052 
P3z [m] 0.7625 0.7549 0.7701 0.7699 0.0074 
P6x [m] -0.7650 -0.7574 -0.7727 -0.7709 -0.0059 
P8x [m] 0.7650 0.7574 0.7727 0.7712 0.0062 
P7z [m] 0.7650 0.7574 0.7727 0.7574 -0.0077 
Thick [m] 0.0480 0.0408 0.0504 0.0498 0.0018 
Ex/Ey 1.2000 0.1200 2.2800 1.0781 -0.1219 
Width [m] 0.4500 0.4455 0.4545 0.4545 0.0045 

Table 4: Optimization parameters and the initial, the restrictions and final values 
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Figure 9: Results from the optimization analysis 

Figure 9 presents the final results from the optimization process, where the first 4 eigen frequencies and 
4 eigen modes were included in the objective function. On the figure it is possible to observe the MAC 
matrix, the Normalized Modal Difference (NMD), the comparison with the measured and calculated 
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Ex 
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frequencies, the residuals history along the optimization process and the 4 numerical mode shapes 
compared to the experimental ones. 
Table 5 and Figure 10 present the calculated results for the first 7 mode shapes calculated with the 
optimized parameters presented in Table 4. In terms of frequencies the maximum error is around 8 % for 
the 6th mode (not included in the objective function). Also high error of 4 and 5% can be founded for the 
4th and 5th modes. Concerning the mode shapes (MAC values) there is a good correlation between the 
experimental and the numerical modal displacements, although the MAC values are less that 0.8 (or NMD 
values are greater than 0.5) for modes 6 and 7.  

Mode Exp. Freq. 
[Hz] 

σ 
[Hz] 

CV 
[%] 

FEM Freq. 
[Hz] 

Error 
[%] MAC NMD 

1st  35.23 0.12 0.33 34.50 2.09 1.00 0.06 
2nd  66.43 0.36 0.54 65.27 1.74 0.82 0.47 
3rd  71.24 0.21 0.29 70.80 0.62 0.98 0.14 
4th  124.05 0.70 0.57 129.13 4.09 0.93 0.28 
5th  138.92 0.85 0.61 131.56 5.30 0.95 0.24 
6th  172.38 0.92 0.53 186.77 8.35 0.62 0.78 
7th  196.83 1.21 0.62 191.54 2.69 0.67 0.70 

Table 5: Comparison between experimental and optimized results 

 
Mode 1 
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Mode 3 

 
Mode 4 
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Mode 6 
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Figure 10: Numerical mode shapes (top and lateral views) 

The results of this first optimization analysis show that still a better representative of the arch is needed to 
improve the correspondence between the experimental and the numerical results. Therefore, the Direct 
Stiffness Calculation (DSC) method presented in [13] will be used to calculate the stiffness distribution 
along the arch, taking into account the measured curvatures. According to the DSC results, new strategies 
for the choice of optimization parameters will be followed to obtain even better results. 

5.2.4  Mass Scaled Modes 

Because some damage identification methods need mass scaled modes and the system identification was 
done with output-only techniques, the method suggested by [18] was followed to scale the mode shapes.  
Two tests were performed, see Figure 11, with approximately 5 and 10% off added masses, uniformly 
distributed along the arch. The masses were materialized by adding bricks to the top of the arch with 
plasticine between them to avoid noise contamination in the signals. 
The method developed in [18] calculates the scale factors assuming that the shifts in frequencies are small 
and the modes shapes do not change significantly with the added masses. Therefore, the scale factors can 
be calculated by the following expression: 
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where ωi are the frequencies and ΔM the added mass matrix according to the added masses in the 
structure. 

 
(a) 

 
(b) 

Figure 11: Tests for scaling the mode shapes: (a) and (b) with 5 and 10% of added masses, respectively 

The results of this technique are presented in Table 6 and they are compared with the scale factors 
obtained by the FE model presented in the previous section. The differences between the calculated values 
and the experimental tests are rather small (CV less than 10%). Although, significant errors can be found 
between numerical and experimental results, especially for higher modes, those with lower MAC values in 
the optimization analysis. If the results from the model updating analysis will improve by the application 
of the DSC method, possibly the results from the scaled modes would also improve. Nevertheless, the 
scale values obtained by the experimental tests seem to be acceptable. 

Ambient Excitation Randomly Distributed Impact Excitation Mode 
Shape FEM 5%  

Mass 
Error 
[%] 

10% 
Mass 

Error 
[%] 

5%   
Mass 

Error 
[%] 10%  Mass Error 

[%] 
1 0.1180 0.0969 17.8 0.1022 13.4 0.1147 2.8 0.1109 6.0 
2 0.1802 0.2025 12.4 0.2132 18.3 0.2333 29.5 0.2316 28.5 
3 0.2284 0.2592 13.5 0.2433 6.5 0.2357 3.2 0.2235 2.1 
4 0.2569 0.1492 41.9 0.1447 43.7 0.1352 47.4 0.1371 46.6 
5 0.2577 0.2161 16.1 0.2016 21.8 0.1826 29.1 0.1783 30.8 
6 0.2990 0.1134 62.1 0.1367 54.3 0.1213 59.4 0.1240 58.5 
7 0.1980 0.0588 70.3 0.2641 33.4 0.1709 13.7 0.1822 8.0 

Table 6: Comparison with the numerical results 

5.2.5 Evolution of Frequencies at Increasing Damage Level 

Table 7 and Table 8 present the frequency results for the arch and the wall models for the consecutive 
damage tests, and Figure 12 presents the relative changes. Observing only the frequency results, it seems 
that the modal properties of the masonry specimens are sensitive to the damage progress. Figure 12 shows 
a sequential decreasing of the frequencies, with residual values in the last scenario between 0.75 and 0.90 
compared to the reference values. Concerning the type of structures analyzed, this result seems to be 
promising, because other tests in literature report about smaller changes of the frequencies values, see [1]. 
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Damage Scenario Mode Reference 
Test I II III IV V VI VII 

1 35.44 35.55 35.47 35.13 33.71 33.19 31.46 28.09 
2 66.84 67.50 67.23 67.10 65.67 64.88 63.06 58.59 
3 72.09 71.84 71.66 71.25 69.33 68.58 65.67 62.62 
4 125.63 125.70 125.70 125.99 124.33 123.76 122.10 119.28 
5 140.17 140.20 139.71 139.38 136.74 136.17 130.16 126.81 
6 173.83 174.10 174.76 173.99 172.48 170.73 167.85 156.41 
7 193.30 197.50 195.85 198.75 192.26 185.67 186.22 180.38 

Table 7: Frequency results for the arch model through the different damage scenarios in Hz 

Damage Scenario Mode Reference 
Test XXVI XXVII XXVII XXIX XXX 

1 3.53 3.40 3.41 3.39 3.00 2.81 
2 12.65 12.52 12.44 11.72 10.80 9.24 
3 18.62 18.31 18.22 17.57 16.74 16.00 
4 35.44 35.17 35.34 34.58 33.14 32.84 

Table 8: Frequency results for the arch model through the different damage scenarios in Hz 
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Figure 12: Relative values for the frequencies compared to the virgin state: (a) arch; and (b) wall models 

In the case of the arch model a nonlinear relation can be established between the decrease of relative static 
stiffness of the unload branch and the relative decrease of the eigen frequencies, as can be observed in 
Figure 13. 
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Figure 13: Stiffness decrease along the several damage scenarios 

However, the results need to be further analyzed and the other modal quantities will give a better 
understanding about the damage progress in the structure and the efficiency of the vibrations based 
methods when applied to masonry structures. Special attention will be paid to the derivative quantities, 
such as the measured modal curvatures, because they are directly related to the local bending stiffness of 
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the structure. The damage identification task will be also take into account the tridimensional mode shapes 
and the fact that the masonry structures can, some-how, be well modeled as shell structures with out-of-
plane mode shapes. 

6 Preliminary Conclusions and Future Work 

In the paper, a new approach for the damage identification process by using Global and Local methods in 
masonry structures was outlined. Vibration analysis is presented as a potential candidate for Global 
identification at Levels 1 and 2. 
Two experiments on simple masonry structures are set up. The results of the system identification 
techniques show good accordance between the two SSI techniques. Any of the two implementations can 
be satisfactorily used for the estimation of the modal quantities of the several damage scenarios. 
With the environmental tests in the laboratory it was possible to conclude that a normal variation of 
temperature and relative air humidity do not change the dynamic response of the specimen. Therefore, 
those tests assure the reliability and repetitivity of the tests. 
The results emerged form the first optimization analysis show high sensitivity of the arch to the geometry. 
The correspondence between the numerical and the experimental results is acceptable but still some 
improvement will be applied in order to get even better results. 
In order to be able to used damage identification methods that require scaled modes, also added masses 
tests were preformed in the specimen to calculate scale factors. The results are acceptable, although some 
differences were found between the measured and the numerical scale factors. 
The preliminary results from the damage scenarios show that the modal properties of the simple masonry 
specimens are sensitive to the induced damage. In terms of frequency results, the low frequency values 
significantly decrease at progressing damage, more then reported for similar structures in literature. If this 
observation is confirmed with real case studies, such as buildings, bridges or towers, the vibration based 
damage identification techniques applied to similar masonry constructions can be a useful tool for the 
preservation of ancient masonry structures. However, the results of the experimental campaign need to be 
carefully further analyzed. 
The next phase of the analysis should be the application of direct methods, such as Damage Index Method 
and the Direct Stiffness Calculation. In a second phase, model updating techniques will be applied. 
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Abstract 
The goal of this research is to develop a computational model for interpreting time series data and 

extracting useful information for structural health monitoring.  

Damage detection is treated as a pattern classification problem. Artificial neural networks are employed 

for structural health monitoring thanks to their strong capabilities of pattern recognition and classification, 

data interpretation and function approximation. 

A modal-based damage detection algorithm for the structural health monitoring of a reinforced panel is 

presented. Two neural networks have been designed: one to identify the damage location and one to 

recognize its extent from the measured modal properties. The results show that the system is able to 

identify the damage presence, level and location with a very high percentage of successful classification. 

 

 

1 Introduction 
 

The structural health monitoring is an important issue because the safety and the usability of structures is 

of great important for the entire society. Structural health monitoring can help to ensure the safety of 

deteriorated structures, contributes to optimize inspection and monitoring strategies of civil engineering 

structures such as highway bridges or buildings and drives the regular maintenance, due its regular usage 

over time, of aeronautical structures. This new field of engineering research has attracted great interest 

among the civil, mechanical and aerospace engineering communities. Structural Health Monitoring 

(SHM) is the field of engineering research in which researchers develop techniques that are used to 

monitor the health of structure by assessing structural damage extent and location. 

Current damage-detection methods are either visual or localized experimental methods such as acoustic or 

ultrasonic methods, magnetic field methods, radiograph, eddy-current methods and thermal field methods. 

The fault of this local techniques is that often require that the existence and approximate location of 

damage be known. In order to use these local techniques, damaged members usually have to be accessed, 

which means that barriers must be removed and structural use must be limited or completely restricted. 

Subjected to these limitation, these experimental methods can detect damage on or near the surface of the 

structure. The need for global damage detection methods that can be applied to complex structures has led 

to the development of vibration based damage detection algorithms that can relate change in the structural 

dynamics to damage occurrence. Global SHM techniques use low frequency methods to assess damage 

extent and location of the entire structure. Unlike local SHM techniques, approximate damage location 

does not need to be known, and access to members being tested is not required. These new techniques are 

based on the premise that damage induces measurable changes in the system dynamic features. 

The basic idea behind this technology is that modal parameters (frequencies, mode shapes and modal 

damping) are functions of the physical properties of the structure (mass, damping and stiffness). 

Therefore, changes in the physical properties, such as reductions in stiffness resulting from the onset of 

cracks or loosening of a connection, will cause detectable changes in the modal properties. Because 

changes in modal properties or properties derived from these quantities are being used as indicators of 
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damage, the process of modal-based damage detection eventually reduces to some form of a pattern 

recognition problem. 

Artificial neural networks (ANNs) are a promising computation tool for structural damage detection due to 

their strong capabilities of pattern recognition and classification, data interpretation, function 

approximation etc. ANNs also exhibit considerable tolerance of noisy, partially incomplete and partially 

faulty data. The self-organization and learning capabilities of ANNs eliminate the need to explicitly 

extract the cause and effect relationship between the system response and the damage pattern. In recent 

years, the applications of ANNs to structural damage identification problems have attracted increasing 

attention of the scientific community [1–5]. 

In this paper a complex ANN, composed by two ANN’s in cascade, is designed and trained to identify 

both the presence and the severity of damage on a typical aeronautical structure. The different damages, as 

position and extension, are modeled in the FE model of structure and several numerical analyses are 

performed in order to extract the ANN input database. The ANN is learned and validated with very good 

results. 

 

2 Artificial Neural Networks (ANN) 
 

Artificial neural networks, also known as connectionist networks, parallel distributed processors, etc. are 

inspired by information processing in the human brain [6-7]. A typical neural network consists of several 

layers of processing elements or neurons as shown in Figure 1. 

 

 

Figure 1: Typical scheme of an ANN 

 

The stimulus is presented to the network in the input layer. The response of the network is provided in the 

output layer, and the intermediate layers are called the hidden layers. The information presented in the 

input layer propagates throughout the network.  

Neurons are the building blocks and smallest processing elements of a neural network, consisting of a set 

of input connections, a linear combiner, and an activation function. Each neuron performs a simple 

computation on information received from neurons in the previous layer and passes the result to neurons 

in the next layer. The influence of a neuron in one layer on a neuron in the next layer depends on weights 

associated with the connection between them. Learning is achieved by rules that adjust the connection 

weights and the knowledge learned by a neural network is distributed across many neurons and stored in 

Input Neurons  Hidden Neurons 

1° layer 

Hidden Neurons 

n° layer 

Output Neurons  
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these weights. As the network “learns” new information, the connection weights change and the 

knowledge acquired will be superimposed on the same set of connections. Therefore artificial neural 

networks offer great potential for modelling non-linear, adaptive, dynamic systems. 

Artificial neural networks learn from their environment similar to biological systems via an iterative 

process that adjust the strength of the network connections. The strength of the connections or weights 

comprises the network parameter vector w. The adjustments to the network parameter vector follow a set 

of rules that are called the learning algorithm. The choice of learning algorithm is determined by the 

network functionality while the choice of learning process depends on how the network interacts with its 

environment. The most popular algorithm used for adjusting the network parameter vector, known as 

back-propagation of error algorithm, shown in Figure 2. 
 

 

Figure 2: Typical scheme of Back-propagation algorithm 

 

3 Extraction of damage parameters and database construction 
 

The proposed damage identification strategy is designed to identify damage location and damage 

extension independently. Two ANN’s, one for the location (ANN-Location) and one for the extension 

(ANN-Extension), are defined and implemented and for each of them a database of input/output vectors is 

constructed. 

The input to both ANN’s are a function of modal parameters (natural frequencies and modal shapes) and 

are given by the following formulas [8-10]: 
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FFC is the Fractional Frequency Change for the i th mode, where fui and fdi are the frequencies of the i th 

mode of the structure in undamaged and damaged states respectively; 
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NFCR is the normalized frequency change ratio for the i th mode and is the number of modes with 

measured natural frequencies;  
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DSI is the damage signature index, defined as the ratio of change in modal vector and change in modal 

eigenvalue, where {Φui } and {Φdi } are the modal vector values of the i th mode in undamaged and 

damaged states respectively. The FFC and NFCR parameters are derived from natural frequencies and 

therefore cannot discriminate between two symmetric damage locations, while DSI allows this 

classification and furthermore, it depends on damage location only, not on extent [18]. They can be 

incomplete. When only a few modal vector values at K locations are obtained, the vector DSIi comprises K 

entries. If only one modal value is available, DSIi becomes a scalar quantity. 

The input vector to the ANN-Location is constituted of NFCRi (with i = 1 to n, n is the selected number of 

natural frequencies) and DSIj(k) (with j = 1 to m, m is the number of selected normal modes for k DOFs) 

and its dimension is given by n+mk. The output vector is represented by all potential damage locations 

with a binary vector, in which the value 1 represents the damaged location. 

The input vector to the ANN-Extension is made of the FFCi parameters (with i = 1 to n, n is the selected 

number of natural frequencies), while the output is represented by the damage severity classes through a 

binary vector in which the value 1 is associated to the current damage class. 

 

4 Structural numerical model  
 

The proposed damage detection approach has been applied, as first step, to a numerical case in order to 

evaluate its goodness and reliability for a known structure with known damages. An aluminium plate, 

stiffened with four aluminium T-beams and clamped in the four edges, has been considered. A FEM 

model, shown in figure 3 has been generated. 

The considered damages consist of a cut on the flange of the T-beams; a single damage was made for each 

analysis and three damage severity classes have been arranged accordingly to the deep of the cut; the 

severity of damage increased with the depth of the cut. The damages were simulated removing some 

structural model elements from the flange of the T-beam. 

The natural frequencies, in 0-1000 Hz range, have been calculated for both integral and damaged 

structure, in order to evaluate the ANN input vector given by (1), (2) and (3). In particular, the first 10 

natural frequencies (n = 10) and the first mode in four symmetric points of the plate (m = 1 and k = 4) 

have been considered. 

 

Figure 3: Plate FEM model 
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In table 1, the structure characteristics (geometry, material), and the FEM model features are reported. 

 

Plate’s geometric properties 

- length: 60,.96 cm; 

- depth: 60,96 cm; 

- thickness: 1,5 mm; 

Geometric properties of the 

section of the “T” beam 

- length: 38,1 cm; 

- depth: 38,1 cm; 

- thickness: 3,17 mm; 

Material  properties 

- ;/107 210 mNE ⋅=  

- ;/2700 3mKg=ρ  

- ;33.0=ν  

FEM model characteristics 
- plate: 4096 elements CQUAD 4; 

- beam: - 448 elements CQUAD 4; 

 

Table 1: Structure characteristics 
 

5 Analysis and Results 
 

As described in the previous paragraphs, two ANN’s, one for the location (ANN-Location) and one for the 

extension (ANN-Extension), have been designed. Based on the number of selected input and output, 

several architectures have been implemented. A three layers ANN has been considered and the back-

propagation algorithm was chosen for the training phase. 

A large number of damages were simulated in order to build up a wide database to use both for the ANN 

learning and validation. 55 different damage position were simulated and for 20 of them 3 degrees of 

damage severity (20 x 3). 

 

 Global Database 55 damages + undamaged plate 

Learning database 29 damages + undamaged plate ANN-Location 

Validation database 26 damages 

 Global Database 60 damages + undamaged plate 

Learning database 24 damages + undamaged plate ANN-Extension 

Validation database 36 damages 

 

Table 2: Database distribution 
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5.1 ANN for damage location identification 

 

As aforementioned, the parameters used for the identification of the damage position are of two different 

typologies:  

• NFCR (2) cannot discriminate between two symmetric damage locations; 

• DSI (3) allows this last classification. 

Looking at the investigated structure (fig.4), it is evident its double symmetry, in other words there are 4 

symmetric regions and in each of them, 4 no-symmetric regions. The possible damage locations are 

globally 16 (4 x 4). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4: Plate identification grid 

 

The followed approach considers two ANN’s, one for the identification of the no-symmetric region (red 

and smaller numbers) and one for the identification of symmetric regions (blue and bigger number);  

In table 3 are reported the dimension of the ANN’s. 

 

ANN location 

no-symmetric 

Input:      10 

Hidden:   8 

Output:   4 

Input:    NCFR for 10 modes 

 

Output: no-symmetric regions 

ANN location 

symmetric 

Input:      4 

Hidden:   5 

Output:   4 

Input:    DSI (1 mode for 4 points) 

 

Output: symmetric regions 

 

Table 3: ANN’s-Location dimensions 
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The outputs of both ANN’s are elaborated in order to have a unique output that indicates the exact position 

of the damage. In fig. 5 is showed an example of a final ANN-location output where the 1 value identifies 

the region in which is located the damage. 

 

0 0 0 0 

0 0 0 0 

0 0 0 0 

1 0 0 0 

 

Figure 5: Example of final ANN-location output 
 

As mentioned, the developed algorithm has been tested by means of the numerical simulation of different 

damage positions. The ANN’s have been trained with 30 cases of damages and the validation has been 

performed on 26 cases, not included in the training phase. In Tab.4 the results in terms of correct and false 

recognition are reported: 24 damages are identified correctly, while 2 are positioned in adjacent sectors. 

The identification of the each damage position has been carried out with 92% of success.  

 

Validation database 26 damages  

Simulation results 
24 damages: true region 

2 damages: adjacent region 

 

Table 4: ANN-Location results 

 

5.2 ANN for damage extension identification 

 

The parameters used for the extension identification of the damage are FFC (1) for the first 10 mode; three 

degrees of damage severity are considered, consequently the ANN has the architecture reported in table 5. 

 

ANN-extension 

Input:      10 

Hidden:   6 

Output:   3 

Input:    FFC for 10 modes 

 

Output: severity degree 

 

Table 5: ANN-Extension dimensions 

 

The ANN’s have been trained with 25 cases of damages and the validation has been performed on 36 

cases, not included in the training phase. In Tab.5 the results in terms of correct and false recognition are 
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reported: 33 damages are identified correctly, while in 3 cases the damage is simulated more severe than 

the true case. 

The identification of the each damage extension has been carried out with 91% of success. 

 

Validation database 36 damages  

Simulation results 
33 damages: exact classification 

3 damages: bigger damage 

 

Table 6: ANN-Extension results 

 

Conclusions 

 

In this paper a procedure for the structural health monitoring via a vibration based damage detection 

algorithm is presented. It aims at relating changes in structural dynamics to damage occurrence in terms of 

damage position and extension identifications. The proposed method is able to quantify evidence of 

damage levels by means of the modal parameters extraction and a neural network classifier. A neural 

network has been designed and its reliability has been numerically tested. 

From the performed numerical simulation, the algorithm shows promising results. The feature extraction 

process based on the modal characteristics seems to be sensitive to localized damage well simulated in the 

different regions of the structure. The uncertainty associated with the idealization of boundary conditions 

in structural FE model implemented for modal analysis can be an important constraint which could 

increase the difficulty in identifying limited damage using modal-based damage detection algorithms.  
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Abstract
The characterization of uncertainty in the damping forces in a vibrating structure is of significant interest in structural
dynamics. The most common approach is to use a viscous damping matrix with uncertain coefficients. Viscous
damping is not the only damping model within the scope of linear analysis. Any model which makes the energy
dissipation functional non-negative is a possible candidate for a valid damping model. There can be many functional
forms which can be used as damping models. In this paper two approaches are proposed to quantify such ‘model-form
uncertainty’ associated with the use of the viscous damping model (not only the model parameters). The first approach
is based on an ensemble of equivalent damping functions and the second approach is based on random matrix theory.
The results obtained from the two methods are compared using numerical examples. It was observed that the random
matrix theory can be used to quantify damping model uncertainty.

1 Introduction

Uncertainties are unavoidable in the description of real-life engineering systems. The quantification of uncertainties
plays a crucial role in establishing the credibility of a numerical model. Uncertainties can be broadly divided into
two categories. The first type is due to the inherent variability in the system parameters. This type of uncertainty is
often referred to as aleatoric uncertainty. If enough samples are present, it is possible to characterize the variability
using well established statistical methods and consequently the probably density functions (pdf) of the parameters can
be obtained. The second type of uncertainty is due to the lack of knowledge regarding a system, often referred to
as epistemic uncertainty or model uncertainty. This kind of uncertainty generally arise in the modelling of complex
physical phenomenon such as damping. Quantification of uncertainties associated with the damping forces is difficult
because, unlike inertia and stiffness forces, it is not in general clear what are the state variables that govern the damping
forces. The most common approach is to use ‘viscous damping’ where the instantaneous generalized velocities are the
only relevant state variables. Several studies exist where viscous damping coefficients are assumed to be random
variables. Considering randomness in the viscous damping parameters will however not address the fundamental
uncertainty that arises due to the use of viscous damping model itself. Viscous damping by no means the only damping
model within the scope of linear analysis. Any model which makes the energy dissipation functional non-negative is
a possible candidate for a valid damping model. Therefore, to avoid any ‘model biases’, in this study we have used
possibly the most general linear damping model expressed by the following convolution integral

Fd(t) =
∫ t

−∞
G(t− τ) u̇(τ) dτ (1)

where u(t) ∈ Rn is the vector of generalized coordinates with t ∈ R+ denotes time, G(t̂) ∈ Rn×n is the kernel function
matrix and t̂ is a generalized time. This model was used by Biot [1] in the context of viscoelastic materials and later
used by several authors [2–9] in structural dynamics applications. In the special case when G(t − τ) = C δ(t − τ),
where δ(t) is the Dirac-delta function, equation (1) reduces to the case of viscous damping.

The most common method to model damping in multiple-degree-of-freedom linear systems is to assume the so called
viscous damping. Many researches have proposed methods to identify viscous damping matrix from experimental
measurements (see Pilkey and Inman [10] for a survey). Although these methods allow one to obtain the viscous
damping matrix with reasonable degree of confidence, it does not address the fundamental question whether the viscous
damping model itself is the correct damping model to be used for the given system. This paper is devoted to quantify
such ‘model-form uncertainty’ associated with the use of the viscous damping model.

949



The equation of motion of lumped parameter linear systems with n degrees-of-freedom with general damping of the
form (1) can be expressed as

Mü(t) +
∫ t

0

G(t− τ) u̇(τ) dτ + Ku(t) = f(t) (2)

Here f(t) ∈ Rn is the vector of applied forcing, M ∈ Rn×n is the mass matrix, K ∈ Rn×n is the stiffness matrix.
The mass and the stiffness matrices are symmetric and positive definite matrices and can be obtained using the finite
element method [11]. It is in general difficult to obtain the matrix of the damping kernel functions from experimental
measurements. Therefore, the uncertainty in damping arises from the functional form of the elements of G(t̂) and not
only in the parameters of a particular function.

In this paper we are primarily interested in the frequency response function (FRF) of system (2). The previous study
by Adhikari and Woodhouse [12, 13] show that even when the non-viscous effect is strong, a viscous damping matrix
with proper parameters may represent the FRF well provided the overall damping is light. Because in majority of
aircraft and automotive structures the damping is light (typically less than 5%), in this paper we consider the possibility
of quantifying the uncertainty arising due to damping model-form using a random viscous damping matrix. More
precisely, here the idea is to quantify uncertainty arising due to different functional form in G(t̂) by a constant random
matrix C ∈ Rn×n. That is, we want to ‘replace’ equation (2) with uncertain functional forms in G(t̂) by a viscously
damped system

Mü(t) + Cu̇(t) + Ku(t) = f(t) (3)

with a random C ∈ Rn×n matrix. If a random viscous damping matrix C can indeed capture the damping model-
form uncertainty, then it would significantly help the damping modelling process. This paper is specifically focused
on the uncertainty in damping. But it should be remembered that there can be significant uncertainty in the elements
of the mass and stiffness matrices also. The uncertainty in the mass and stiffness matrices can be usually treated
independency from the damping and a complete discussion is beyond the scope of this paper. Readers are instead
refereed to the review papers [14–16] for further discussions.

Two approaches are proposed and compared in this paper. The first approach is based on an ensemble of equivalent
damping functions and the second approach is based on random matrix theory. In the first approach in section 2,
different equivalent functional forms of G(t̂) are derived and their parameters are selected. The collection of these
different equivalent functional forms are then assumed to form the random sample space. Under these settings, the
selection of any one model (such as the viscous model) can be regarded as a random event in the sample space of the
admissible functions. In the second approach in section 3, the viscous damping matrix C is considered to be a random
matrix whose distribution is obtained using the maximum entropy principle [17, 18]. The results obtained from the two
methods are compared using numerical examples.

2 Sample space of damping models

It is well recognized that in general a physically realistic model of damping will not be viscous. Damping models in
which the dissipative forces depend on any quantity other than the instantaneous generalized velocities are non-viscous
damping models. Mathematically, any causal model which makes the energy dissipation functional non-negative is a
possible candidate for a non-viscous damping model. Clearly a wide range of choice is possible, either based on the
physics of the problem, or by a priori selecting a model and fitting its parameters from experiments.

Equation (1) is very general and for any engineering applications some specific form of G(t̂) have to be assumed. A
wide variety of mathematical expressions could be used for the kernel functions G(t̂). A physically realistic damping
kernel function must model energy dissipation in the system. This restricts the forms of the kernel function that may
be used. This condition implies that the rate of energy dissipation given by

D(t) =
1
2

u̇(t)T

∫ t

−∞
G(t− τ)u̇(τ)dτ, (4)

should be non-negative. We consider the simple case in which just one relaxation function is used. In that case the
general form of the kernel function in equation (1) reduces to

G(t̂) = C g(t̂) (5)

where g(t̂) is some damping function and C is a non-negative definite coefficient matrix. The admissible form of g(t̂)
is restricted by the condition of non-negative energy loss given in equation (4). The damping model in equation (5)

950 PROCEEDINGS OF ISMA2006



is physically realistic if the real part of the Fourier transform of the kernel function is non-negative within the driving
frequency range, that is <[G(iω)] ≥ 0, ∀ω. This can be easily shown. Rewriting equation (4) in the frequency domain
and using (5), the rate of energy dissipation can be expressed as

D(iω) =
ω2

2
<

{
ū∗

T

CūG(iω)
}

(6)

where <(•) represents the real part of (•) and D(iω), G(iω) and ū are the Fourier transforms of D(t), g(t) and u(t)
respectively. For a physically realistic model of damping we must have

D(iω) ≥ 0

or
ω2

2
<

{
ū∗

T

Cū G(iω)
}
≥ 0

or <{G(iω)} ≥ 0

(7)

since for a real value of driving frequency ω2 ≥ 0 and ū can be chosen in a way that <
{
ū∗

T

Cū
}
≥ 0 as C is

non-negative definite. Some of the damping functions used in the literature are shown in Table 1. If multiple kernel

Table 1: A summary of non-viscous damping functions in the Laplace domain where the Laplace variable s = iω.

Model Damping function Author and year of publication
Number

1 G(s) =
∑n

k=1

aks

s + bk
Biot [19] - 1955

2 G(s) =
E1s

α − E0bs
β

1 + bsβ
(0 < α, β < 1) Bagley and Torvik [20] - 1983

3 sG(s) = G∞
[
1 +

∑
k αk

s2 + 2ξkωks

s2 + 2ξkωks + ω2
k

]
Golla and Hughes [21] - 1985

and McTavish and Hughes [22] - 1993

4 G(s) = 1 +
∑n

k=1

∆ks

s + βk
Lesieutre and Mingori [23] - 1990

5 G(s) = c
1− e−st0

st0
Adhikari [24] - 1998

6 G(s) =
c

st0

1 + 2(st0/π)2 − e−st0

1 + 2(st0/π)2
Adhikari [24] - 1998

7 G(s) = c es2/4µ

[
1− erf

(
s

2
√

µ

)]
Adhikari and Woodhouse [12] - 2001

functions are used, then we may have

G(t̂) =
n∑

j=1

C(j) g(j)(t̂) (8)

where n denotes the number of different kernel function used in the study. Rewriting equation (8) in the frequency
domain we have

G(iω) =
n∑

k=1

C(j) G(j)(iω) (9)

where G(iω) and G(j)(iω) are the Fourier transforms of G(t̂) and g(j)(t̂) respectively. Extending the analysis proposed
here we can say that a sufficient condition for equation (8) to be a valid damping model is <{

G(j)(iω)
} ≥ 0,∀j. From

this discussion we therefore have the following general condition:

Condition: For a physically realistic model of damping the real part of the fourier transform of the damping kernel
function matrix must be non-negative definite within the driving frequency range, that is <[G(iω)] ≥ 0,∀ω

2.1 First-order equivalent damping models

The condition derived in the previous subsection completely defines the sample space of the damping matrices in linear
structural dynamics. Clearly many functions will satisfy this condition. Here we consider following eight types of
kernel functions which belong to the sample space of the admissible damping functions:
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MODEL 1: Exponential model

g(1)(t̂) = µ1 exp[−µ1t̂]; G(1)(s) =
µ1

s + µ1
(10)

MODEL 2: Gaussian model

g(2)(t̂) = 2
√

µ2

π
exp[−µ2t̂

2]; G(2)(s) = es2/4µ2

[
1− erf

(
s

2
√

µ2

)]
(11)

MODEL 3: Step function model

g(3)(t̂) =
{

1/µ3 (0 < t̂ < µ3)
0 (t̂ > µ3)

; G(3)(s) =
1− e−sµ3

sµ3
(12)

MODEL 4: Cosine model

g(4)(t̂) =





1
µ4

[
1 + cos

(
πt̂

µ4

)]
(0 < t̂ < µ4)

0 (t̂ > µ4)
; G(4)(s) =

1
sµ4

1 + 2(sµ4/π)2 − e−sµ4

1 + 2(sµ4/π)2
(13)

MODELS 5-8: Multiple exponential model

g(5,···8)(t̂) =
m∑

j=1

µ̃j exp[−µ̃j t̂]; G(5,···8)(s) =
m∑

j=1

µ̃j

s + µ̃j
; m = 2, 4, 8, 16 (14)

Here µi and µ̃ii = 1, · · · , 4 are real and positive constants. All the functions have already been scaled so as to
have unit area when integrated to infinity, that is

∫∞
0

g(j)(t̂) dt̂ = 1. This makes them directly comparable with
the viscous model, in which the corresponding damping function would be a unit delta function, g(0)(t̂) = δ(t̂), and
the coefficient matrix C̄ would be the usual damping matrix. This normalization however still does not provide a
convenient equivalence between the damping models. In order to make the damping models ‘nominally identical’ we
further normalize the damping functions to make any probabilistic equivalence between models meaningful.

We define the characteristic time constant θj for each damping function, via the first moment of g(j)(t̂) as

θj =
∫ ∞

0

t̂ g(j)(t̂) dt̂ (15)

Characterization of non-viscous damping using the moments of the damping kernel function was proposed by Adhikari
and Woodhouse [25]. For the eight damping models considered here, evaluation of the integral in equation (15) results

θ1 =
1
µ1

, θ2 =
1√
πµ2

, θ3 =
µ3

2
, θ4 =

(
π2 − 4

)
µ4

2π2 and θ5,···8 =
m∑

j=1

1
µ̃j

; m = 2, 4, 8, 16 (16)

We call these damping models as the ‘first-order equivalent damping models’ because their first-order moments are
equal. For viscous damping θ0 = 0. The characteristic time constant of a damping function gives a convenient
measure of ‘width’: if it is close to zero the damping behaviour will be near-viscous, and vice versa. To establish an
equivalence between the eight damping models we can choose that they have the same time constant, so that

1
µ1

=
1√
πµ2

=
µ3

2
=

(
π2 − 4

)
µ4

2π2 =
m∑

j=1

1
µ̃j

(17)

Because the first four models have only one parameter, this equation is sufficient to obtain the parameters uniquely. For
multiple exponential models 5-8, we assume that the constants are random positive numbers such that equation (17) is
satisfied. These eight models are plotted in figure 1 for two values of θj . The damping kernel functions in figure 1(a) is
more close to the viscous damping than the ones in figure 1(b). Here these eight damping models are assumed to form
the compete sample space of damping models.

3 Random damping matrix

The main difficulty in the quantification of model-form uncertainty is that it is not possible to consider any uncertain
parameters. This is because of the fact that there is no ‘fixed function’ and consequently no parameters to fit a probabil-
ity density function. In this situation the non-parametric approach [17, 26–28] provided by the random matrix theory
is useful.
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Figure 1: Eight models for the damping kernel functions.

3.1 Brief review of matrix variate distributions

Random matrices were introduced by Wishart [29] in the late 1920s in the context of multivariate statistics. However,
random matrix theory (RMT) was not used in other branches until 1950s when Wigner [30] published his works on
the eigenvalues of random matrices arising in high-energy physics. Using an asymptotic theory for large dimensional
matrices, Wigner was able to bypass the Schrödinger equation and explain the statistics of measured atomic energy
levels in terms of the limiting eigenvalues of these random matrices. Since then research on random matrices has
continued to attract interest in multivariate statistics, physics, number theory and more recently in mechanical and
electrical engineering. We refer the readers to the books by Mezzadri and Snaith [31], Tulino and Verdú [32], Eaton
[33], Muirhead [34] and Mehta [35] for history and applications Random Matrix Theory.

The probability density function of a random matrix can be defined in a manner similar to that of a random variable or
random vector. If A is an n × m real random matrix, the matrix variate probability density function of A ∈ Rn×m,
denoted as pA(A), is a mapping from the space of n×m real matrices to the real line, i.e., pA(A) : Rn×m → R. Here
we define four types of random matrices which are relevant to this study.

Definition 1. Gaussian random matrix: The random matrix X ∈ Rn,p is said to have a matrix variate Gaussian
distribution with mean matrix M ∈ Rn,p and covariance matrix Σ⊗Ψ, where Σ ∈ R+

n and Ψ ∈ R+
p provided the pdf

of X is given by

pX (X) = (2π)−np/2 |Σ|−p/2 |Ψ|−n/2 etr
{
−1

2
Σ−1(X−M)Ψ−1(X−M)T

}
(18)

This distribution is usually denoted as X ∼ Nn,p (M,Σ⊗Ψ).

Definition 2. Wishart matrix: A n×n symmetric positive definite random matrix S is said to have a Wishart distribution
with parameters p ≥ n and Σ ∈ R+

n , if its pdf is given by

pS (S) =
{

2
1
2 np Γn

(
1
2
p

)
|Σ| 12 p

}−1

|S| 12 (p−n−1)etr
{
−1

2
Σ−1S

}
(19)

This distribution is usually denoted as S ∼ Wn(p,Σ).

Definition 3. Matrix variate gamma distribution: A n × n symmetric positive definite matrix random W is said to
have a matrix variate gamma distribution with parameters a and Ψ ∈ R+

n , if its pdf is given by

pW (W) =
{

Γn (a) |Ψ|−a
}−1

|W|a− 1
2 (n+1) etr {−ΨW} ; <(a) >

1
2
(n− 1) (20)

This distribution is usually denoted as W ∼ Gn(a,Ψ). The matrix variate gamma distribution was used by Soize
[17, 18, 26, 27, 36–38] for the random system matrices of linear dynamical systems.

Definition 4. Inverted Wishart matrix: A n×n symmetric positive definite matrix random V is said to have an inverted
Wishart distribution with parameters m and Ψ ∈ R+

n , if its pdf is given by

pV (V) =
2−

1
2 (m−n−1)n|Ψ| 12 (m−n−1)

Γn

(
1
2 (m− n− 1)

) |V|m/2
etr

{−V−1Ψ
}

; m > 2n, Ψ > 0. (21)
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This distribution is usually denoted as V ∼ IWn(m,Ψ).

In Eqs. (19)–(21), the function Γn (a) is the multivariate gamma function, which can be expressed in terms of products
of the univariate gamma functions as

Γn (a) = π
1
4 n(n−1)

n∏

k=1

Γ
[
a− 1

2
(k − 1)

]
; for <(a) >

1
2
(n− 1) (22)

The multivariate gamma function plays a key role in the random matrix method proposed in this paper. See Appendix
A for a proof of (22) and related mathematical methods. For more details on the matrix variate distributions we refer to
the books by Tulino and Verdú [32], Gupta and Nagar [39], Eaton [33], Muirhead [34] and references therein. Among
the four types of random matrices introduced above, the distributions given by Eqs. (19)–(21) always result symmetric
and positive definite matrices. Therefore, they can be possible candidates to model the random system matrices arising
in probabilistic structural mechanics.

3.2 Wishart model for random damping matrix

In this section an information theoretic approach is taken to obtain the matrix variate distributions of the random
viscous damping matrix C. First we look at the information available to us and then consider the constraints the matrix
variate distributions must satisfy in order to be physically realistic. Once these steps are completed, the matrix variate
distribution will be obtained using the maximum entropy method. In a series of papers Soize [17, 18, 26, 27, 36–38]
used this approach to obtain the probability density function of the system matrices.

Suppose that the mean of C is given by C. This information is likely to be available, for example, using the determin-
istic finite element method or experimental modal identification method. However, there are uncertainties associated
with the damping model so that C is actually a random matrix. The distribution of C should be such that it is (a)
symmetric, and (b) non-negative definite. Suppose the matrix variate density function of C ∈ Rn×n is given by
pC (C) : Rn×n → R. We therefore have the following information and constrains to obtain pC (C):

∫

C>0

pC (C) dC = 1 (normalization) (23)

and E [C] =
∫

C>0

C pC (C) dC = C (the mean matrix) (24)

The mean matrix C is symmetric and non-negative definite and the integrals appearing in these equations are n(n+1)/2
dimensional. The maximum entropy method [40] can be used to obtain the probability density function of the random
system matrices. Udwadia [41, 42] used an entropy based method to obtain the probability density functions of the
mass, stiffness and damping constants of a single-degree-of-freedom oscillator. For multiple-degree-of-freedom sys-
tems, using the maximum entropy method Soize [17, 18, 26, 27, 36–38] obtained the matrix variate gamma distribution
for the system matrices given by Eq. (20). Note that the damping matrix needs to be positive definite only. There is no
need for it to be invertible as long as the moments of the the frequency response function (FRF) matrix

H(ω) = D−1(ω) =
[−ω2M + iωC + K

]−1
(25)

exist.

In order to extend the maximum entropy method to random matrices, first note that the entropy associated with the
matrix variate probability density function pC (C) can be expressed as

S (
pC

)
= −

∫

C>0

pC (C) ln
{
pC (C)

}
dC (26)

Using this, together with the constrains in Eqs. (23) and (24) we construct the Lagrangian [40]

L (
pC

)
= −

∫

C>0

pC (C) ln
{
pC (C)

}
dC− (λ0 − 1)

(∫

C>0

pC (C) dC− 1
)

− Trace
(
Λ1

[∫

C>0

C pC (C) dC−C
])

(27)
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The scalar λ0 ∈ R and the symmetric matrix Λ1 ∈ Rn×n are the unknown Lagrange multiplies which need to be
determined. Using the variational calculus it can be shown that the optimal condition is given by

∂L (
pC

)

∂pC
= 0 (28)

or − (
1 + ln

{
pC (C)

})− (λ0 − 1)− Trace (Λ1C) = 0 (29)

or − ln
{
pC (C)

}
= λ0 + Trace (Λ1C) (30)

or pC (C) = exp {−λ0} etr {−Λ1C} (31)

Using the matrix calculus [43–46], the Lagrange multipliers λ0 and Λ1 can be obtained exactly by substituting pC (C)
from Eq. (31) into the constraint equations (23) and (24). After some algebra (see Appendix B for the details) it can be
shown that

pC (C) =
rnr

∣∣C
∣∣−r

Γn(r)
etr

{
−rC

−1C
}

, where r =
1
2
(n + 1) (32)

This distribution can be viewed as the matrix variate generalization of the single-degree-of-freedom case [41]. If we
consider the special case when C is an one dimensional (n = 1) matrix (that is a scalar, say C), then from Eq. (32)
we obtain pC (C) = exp

(−C/C
)
/C. This implies that C becomes an exponentially distributed random variable –

which is well known [40] that if we know only the mean of a random variable, then the maximum entropy distribution
of that random variable becomes exponential. Therefore, the distribution in Eq. (32) can be viewed as the matrix
generalization of the familiar exponential distribution.

Comparing Eq. (32) with the Wishart distribution in Eq. (19) it can be shown (see Eqs. (B.11) and (B.12) for the
details) that C has the Wishart distribution with parameters p = n + 1 and Σ = C/(n + 1). Therefore, we have the
following fundamental result regarding the uncertainty modelling of linear structural dynamic systems:

Theorem 1. If only the mean of the damping matrix is available, say C, then the maximum-entropy pdf of C follows
the Wishart distribution with parameters (n + 1) and C/(n + 1), that is C ∼ Wn

(
n + 1,C/(n + 1)

)
.

This distribution is the maximally uncertain distribution of the damping matrix. Next we investigate if the Wishart
distribution can be used quantify damping model uncertainty.

4 Numerical example

There is a major difference in emphasis between this study and other related studies on uncertainty in damping reported
in the literature. Most of the reported analysis assume from the outset that the system is viscously damped and then
characterize the uncertainty in the dynamic response due to the uncertainty in the viscous damping parameters. Here,
we wish to investigate how much one can achieve by considering a Wishart random matrix model for the viscous
damping matrix when the actual system is non-viscously damped, as one must expect to be the case for most practical
systems. It is far from clear in practice what kind of non-viscous damping behaviour a system might exhibit. We defer
that question for the moment, and instead study by simulation a system which can have eight different non-viscous
damping models as introduced in subsection 2.1. These damping models are considered to form a sample space as in
any random event. It is true that eight samples are far from satisfactory to form a statistical ensemble. However, the aim
of this study is to get an initial estimation of the uncertainty arising due to random damping models. If the approach
gives promising results, it can be extended to include more damping models to obtain further realistic results.

A system consisting of a linear array of spring-mass oscillators and dampers. This simple system gives us a useful
basis to carry out numerical investigations. Figure 2 shows the model systems with n masses, each of mass mu,
are connected by springs of stiffness ku. Certain of the masses of the system shown in figure 2(a) have dissipative
elements connecting them to the ground. In this case the damping force depends only on the absolute motion of the
individual masses. Such damping will be described as ‘locally reacting’. For the system shown in figure 2(b), by
contrast, dissipative elements are connected between certain adjacent pairs of masses. In this case the damping force
depends on the relative motion of the two adjacent masses, and will be called ‘non-locally reacting’.

For the system with locally reacting damping shown in figure 2(a), C̄ = c̄I where c is a constant and Ī is a block
identity matrix which is non-zero only between the s-th and (s + l)-th entries along the diagonal, so that ‘s’ denotes
the first damped mass and (s + l) the last one. For the system with non-locally reacting damping shown in figure 2(b),
C̄ has a similar pattern to the stiffness matrix, but non-zero only for terms relating to the block between s and (s + l).
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Figure 2: Linear array of n spring-mass oscillators, n = 35, mu = 1 Kg, ku = 4× 103N/m.

For the numerical calculations considered here, we have taken n = 35, s = 6 and (s + l) = 28. For the purpose
of numerical examples, the values mu = 1 kg, ku = 4 × 105 N/m have been used. The resulting undamped natural
frequencies then range from near zero to approximately 200 Hz. For damping models, the value c = 27 has been
used, and various values of the time constant θj have been tested. These are conveniently expressed as a fraction of the
period of the highest undamped natural frequency:

θ = γTmin (33)

When γ is small compared with unity the damping behaviour can be expected to be essentially viscous, but when γ is
of order unity non-viscous effects should become significant.

We are principally interested in the mean and standard deviation of the amplitude of the frequency response function.
For numerical calculations frequency-range up to 160Hz is selected in this study. Two vales of γ, one small and the
other relatively large, are selected. The values of the real part of G(iω) within the frequency range considered are
shown in figure 3. Note that when γ = 1.0, model 4 become physically unrealistic between 60-80 Hz and model 3
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Figure 3: Real part of G(iω) for the eight damping models.

become physically unrealistic between 50-100 Hz as <[G(iω)] become negative. We still keep these models in our
ensemble as they represent ‘modelling errors’.

4.1 Results for Small γ

When γ = 0.02 all damping models show near-viscous behaviour. First consider the system shown in figure 2(a) with
locally reacting damping. Figure 4 shows the mean and standard deviation of the amplitude of the FRF obtained using
eight damping models. Both the driving-point-FRF at mass 11 and cross FRF between mass 11 and 24 are shown
in the figure. In the same figures, the mean and standard deviation of the amplitude of the FRF obtained using the
proposed Wishart damping matrix are also shown. The mean obtained from both approaches agree well with each
other. Because all damping models show near-viscous behaviour, the standard deviation obtained from the ensemble
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(a) driving-point-FRF
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Figure 4: Comparison of the mean and standard deviation of the amplitude of the FRF obtained using eight damping
models and proposed Wishart damping matrix; locally reacting damping, γ = 0.1.

of damping models is quite small, especially in the low-frequency range. As a result, the standard deviation obtained
from the Wishart damping matrix do not agree very well to that obtained from the ensemble of damping models in the
low-frequency range. However, there is a good agreement in the high frequency range.

Now we consider the system shown in figure 2(b) with the alternative non-locally reacting damping. Figure 5 shows the
mean and standard deviation of the amplitude of the FRF obtained using eight damping models. Both the driving-point-
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Figure 5: Comparison of the mean and standard deviation of the amplitude of the FRF obtained using eight damping
models and proposed Wishart damping matrix; non-locally reacting damping, γ = 0.1.

FRF and cross FRF are shown in the figure. In the same figures, the mean and standard deviation of the amplitude
of the FRF obtained using the proposed Wishart damping matrix are also shown. Like the previous case, the mean
obtained from both approaches agree well with each other. The standard deviation obtained from the Wishart damping
matrix agree well to that obtained from the ensemble of damping models in the low-frequency range.

4.2 Results for Larger γ

When γ is larger the non-viscous damping models depart from the viscous damping model, each in its own way. We
again consider the system shown in figure 2(a) with locally reacting damping. Figure 6 shows the mean and standard
deviation of the amplitude of the FRF obtained using eight damping models. Both the driving-point-FRF at mass 11
and cross FRF between mass 11 and 24 are shown in the figure. In the same figures, the mean and standard deviation
of the amplitude of the FRF obtained using the proposed Wishart damping matrix are also shown. Like the case in the
previous subsection, the mean obtained from both approaches agree well with each other. Because all damping models
depart from viscous behaviour, the standard deviation obtained from the ensemble of damping models is relatively
higher, especially in the high-frequency range. The standard deviation obtained from the Wishart damping matrix
agree well to that obtained from the ensemble of damping models across the frequency range.
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Figure 6: Comparison of the mean and standard deviation of the amplitude of the FRF obtained using eight damping
models and proposed Wishart damping matrix; locally reacting damping, γ = 1.0.

Finally consider the system shown in figure 2(b) with the alternative non-locally reacting damping. Figure 7 shows the
mean and standard deviation of the amplitude of the FRF obtained using eight damping models. Both the driving-point-
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Figure 7: Comparison of the mean and standard deviation of the amplitude of the FRF obtained using eight damping
models and proposed Wishart damping matrix; non-locally reacting damping, γ = 1.0.

FRF and cross FRF are shown in the figure. In the same figures, the mean and standard deviation of the amplitude
of the FRF obtained using the proposed Wishart damping matrix are also shown. Like the previous case, the mean
obtained from both approaches agree well with each other. The standard deviation obtained from the Wishart damping
matrix agree well to that obtained from the ensemble of damping models in the low-frequency range. The agreement
is acceptable in the high-frequency range also.

4.3 Summary of results

• If the damping functions are strongly non-viscous then the proposed Wishart random damping matrix can predict
the model-form uncertainty reasonably well, especially in the low frequency range. The discrepancy in standard
deviation in the high frequency may be attributed to the fact that two out of eight damping models become
non-physical in the higher frequency range.

• When the damping functions are near viscous then the proposed Wishart random damping matrix can predict
the model-form uncertainty reasonably well, especially in the high frequency range. This is due to the fact that
for near-viscous functions the standard deviation of the amplitude of the FRF is very small in the low-frequency
region.

• The Wishart random matrix prediction of the model-form uncertainty is better for the non-locally damped system.
The results for the four cases considered here are summarized in Table 2.
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Table 2: A summary of the prediction of the model-form uncertainty using Wishart random damping matrix

γ-values Locally reacting dampers Non-locally reacting dampers
Low: γ = 0.1 Good in the high-frequency range Good in the low-frequency range

(see figure 4) (see figure 5)
High: γ = 1.0 Acceptable across the high-frequency range Good across the low-frequency range

(see figure 6) (see figure 7)

5 Conclusions and outlook

In aim of this paper is to quantify uncertainty in damping modeling in linear dynamical systems. It is considered that in
general the damping models are non-viscous and can be expressed by convolution integrals over some kernel functions.
The conditions the kernel functions must satisfy for the damping to be physically realistic has been derived. Two novel
approaches to quantify uncertainty arising due to the possibility of different damping models have been proposed. The
first approach is based on an ensemble of equivalent damping functions and the second approach is based on random
matrix theory. In the first approach different equivalent functional forms of are derived and their parameters are selected
using a new concept of ‘first-order equivalent damping models’. The collection of these different equivalent functional
forms are then assumed to form the random sample space so that the selection of any one model (such as the viscous
model) can be regarded as a random event in the space of the admissible functions. In the second approach the viscous
damping matrix is considered to be a random Wishart matrix. The results obtained from the two methods are compared
using numerical examples.

Numerical experiments have been carried out with a wide range of parameter values and different damping models.
The main features of the results have been illustrated by two representative parameter values. It was observed that
If the damping functions are strongly non-viscous then the proposed Wishart random damping matrix can be used to
predict the model-form uncertainty reasonably well.
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A The Multivariate Gamma Function and Matrix Variate Laplace Trans-
forms

The multivariate gamma function Γn (a) is defined as

Γn (a) =
∫

X>0

etr {−X} |X|a− 1
2 (n+1)

dX (A.1)

Here <(a) > 1
2 (n − 1) and the integral in Eq. (A.1) is over the space of n × n symmetric positive definite matrices.

Therefore, Eq. (A.1) represents a n(n+1)/2 dimensional integral. Fortunately this integral can be evaluated exactly in
closed-form [39], which forms the basis of the analytical results given in the paper. Because X is a symmetric positive
definite matrix we can factor it as

X = TTT (A.2)

where T is a lower triangular matrix with tii > 0, ∀i. The Jacobian of the matrix transformation in Eq. (A.2) can be
obtained from Theorem 1.28 in Mathai [43] as

dX = 2n
n∏

i=1

tn−i+1
ii dT (A.3)

Due to the factorization in Eq. (A.2), we also have

Trace (X) = Trace
(
TTT

)
=

n∑

j≤i

t2ij (A.4)

|X| =
∣∣TTT

∣∣ =
∣∣T2

∣∣ =
n∏

i=1

t2ii (A.5)

Substituting Eqs. (A.3)–(A.5) in the integral (A.1) one has

Γn (a) = 2n

∫ ∫
−∞<tij<∞

tii>0

· · ·
∫

n(n+1) terms
exp


−

n∑

j≤i

t2ij




n∏

i=1

(
t2ii

)a− 1
2 (n+1)

n∏

i=1

tn−i+1
ii dtij

= 2n

∫ ∫
−∞<tij<∞

tii>0

· · ·
∫

n(n+1) terms

n∏

j≤i

exp
(−t2ij

) n∏

i=1

(
t2ii

)a− 1
2 (i)

dtij

(A.6)

Separating the integrals involving the diagonal and off-diagonal terms and breaking 2n into products of n twos, Eq.
(A.6) can be rewritten as

Γn (a) =




n∏

j≤i

∫

−∞<tij<∞
· · ·

∫

n(n−1) terms
exp

(−t2ij
)

dtij




×
[

n∏

i=1

2
∫

tii>0

· · ·
∫

n terms
exp

(−t2ii
) (

t2ii
)a− 1

2 (i)
dtii

]
(A.7)

Eq. (A.7) is now products of simple one dimensional integrals which can be evaluated easily [47] to obtain

Γn (a) = π
1
4 n(n−1)

n∏

i=1

Γ
[
a− 1

2
(i− 1)

]
(A.8)

The second term directly follows from the definition of the univariate gamma function [48]. Next we introduce the
concept of the matrix variate Laplace transform [39] below:

Definition 5. Matrix variate Laplace transform: Let f(X) be a function of a n× n symmetric positive definite matrix
X and Z = Zr + iZi, be a n× n symmetric complex matrix. Then the matrix variate Laplace transform F(Z) of f(X)
is defined as

F(Z) = L {f(X)} =
∫

X>0

etr {−ZX} f(X) dX (A.9)

where the integral is assumed to absolutely convergent in the right half plane <(Z) = Zr > 0.
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We consider the following usefful Laplace transform

L
{
|X|a−(n+1)/2

}
=

∫

X>0

etr {−ZX} |X|a−(n+1)/2
dX (A.10)

for <(a) > 1
2 (n − 1). Suppose X = Z−1/2YZ−1/2 so that dX = |Z|− 1

2 (n+1)
dY (see Chapter 1 in Mathai [43]).

Substituting X into Eq. (A.10) we have

L
{
|X|a−(n+1)/2

}
=

∫

Y>0

etr {−Y}
∣∣∣Z−1/2YZ−1/2

∣∣∣
a−(n+1)/2

|Z|− 1
2 (n+1)

dY

= |Z|−a
∫

Y>0

etr {−Y} |Y|a−(n+1)/2
dY

(A.11)

Using the the definition of the multivariate gamma function in Eq. (A.1), we have

L
{
|X|a−(n+1)/2

}
=

∫

X>0

etr {−ZX} |X|a−(n+1)/2
dX = |Z|−a Γn (a) (A.12)

This expression is simply the matrix generalization of the well known scalar (n = 1) case (see reference [49] for
example) L

{
tm−1

}
= Γ(m)

sm . Equation (A.12) turns out to be very useful as can be seen in the next two appendices.

B Proof of Theorem 1

The main task is to obtain the expressions for the Lagrange multipliers λ0 ∈ R and Λ1 ∈ Rn appearing in Eq. (31).
Substituting pC (C) from Eq. (31) into the normalization condition in (23) we have

∫

C>0

exp {−λ0} etr {−Λ1C} dC = 1 or exp {λ0} =
∫

C>0

etr {−Λ1C} dC (B.1)

The last integral can be evaluated exactly in closed-form using the Laplace transform (A.12) by substituting a =
1
2 (n + 1) as

exp {λ0} = |Λ1|−(n+1)/2 Γn

(
1
2
(n + 1)

)
= |Λ1|−r Γn (r) (B.2)

where r = 1
2 (n + 1) as defined in Eq. (32). Substituting exp {λ0} from Eq. (B.2) in the expressions of the pdf in Eq.

(31) we have
pC (C) = {Γn (r)}−1 |Λ1|r etr {−Λ1C} (B.3)

Now we need to obtain the matrix Λ1 from the second constraint equation (24). In order to avoid the direct evaluation
of this integral, we will obtain the mean corresponding to the distribution in Eq. (B.3) using the characteristic function.
The matrix variate characteristic function of C can be defined as

φC (Ω) = E [etr {iΩC}] =
∫

C>0

etr {iΩC} pC (C) dC (B.4)

where Ω is a symmetric matrix. Substituting the expression of the pdf from Eq. (B.3) into the preceding equation we
have

φC (Ω) = {Γn (r)}−1 |Λ1|r
∫

C>0

etr {− (Λ1 − iΩ) C} |C|r− 1
2 (n+1)

dC (B.5)

Again, this integral can be evaluated exactly in closed-form using the Laplace transform (A.12) by substituting Z =
Λ1 − iΩ and a = r as

φC (Ω) = |Λ1|r |Λ1 − iΩ|−r =
∣∣I− iΩΛ−1

1

∣∣−r
(B.6)

Therefore, the cumulant generating function

ln φC (Ω) = −r ln
∣∣I− iΩΛ−1

1

∣∣ = r
(
iΩΛ−1

1 + [iΩΛ−1
1 ]2 + · · · ) (B.7)

The mean of C can be obtained as

E [C] =
∂ ln φC
∂(iΩ)

|Ω=O = rΛ−1
1 (B.8)
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Comparing this with Eq. (24) we have
rΛ−1

1 = C or Λ1 = rC
−1

(B.9)

Equations (B.2) and (B.9) define both the unknown constants in the pdf of C. Substituting Λ1 in Eq. (B.3) we have

pC (C) = {Γn (r)}−1
∣∣∣rC−1

∣∣∣
r

etr
{
−rC

−1C
}

= rnr {Γn(r)}−1 ∣∣C
∣∣−r

etr
{
−rC

−1C
}

(B.10)

which proves the theorem.

To compare this pdf with the expression of the Wishart distribution in Eq. (19), substitute the expression of r =
(

n+1
2

)
in Eq. (B.10) to obtain

pC =
(

n + 1
2

)n(n+1
2 ) {

Γn

(
n + 1

2

)}−1 ∣∣C
∣∣−(n+1

2 ) etr
{
−

(
n + 1

2

)
C
−1C

}
(B.11)

This expression can be rearranged as

pC = (2)
−n(n+1)

2

{
Γn

(
n + 1

2

)}−1 ∣∣∣∣
(

C
n + 1

)∣∣∣∣
−(n+1

2 )
|C| 12{(n+1)−(n+1)} etr

{
−1

2

(
C

n + 1

)−1

C

}
(B.12)

Comparing Eq. (B.12) with the Wishart distribution in Eq. (19) it can be observed that C has the Wishart distribution
with parameters p = n + 1 and Σ = C/(n + 1).

Nomenclature

f(t) forcing vector
M, C and K mass, damping and stiffness matrices respectively
u(t) response vector
Z a n× n symmetric complex matrix
Γn (a) multivariate gamma function
ω excitation frequency
φ(•) characteristic function of of (•)
i unit imaginary number, i =

√−1
m,Ψ scalar and matrix parameters of the inverted Wishart distribution
n number of degrees of freedom
p,Σ scalar and matrix parameters of the Wishart distribution
(•)T matrix transposition
C space of complex numbers
R space of real numbers
R+

n space n× n real positive definite matrices
Rn space n× 1 real vector
Rn×m space n×m real matrices
|•| determinant of a matrix
etr {•} exp {Trace (•)}
E [(•)] mathematical expectation operator
⊗ Kronecker product (see[50])
∼ distributed as
Trace (•) sum of the diagonal elements of a matrix
p(•) (X) probability density function of (•) in (matrix) variable X
L {(•)} Laplace transform of (•)
FRF Frequency Response Function
pdf probably density function
RMT Random Matrix Theory
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Hysteretic behaviour of tape-spring actuators: Influence
on the deployment of an hexapod
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Abstract
This paper focuses on a deployable telescope based on an hexapod equipped with tape-spring coiling devices.
It aims at understanding the effects of parameters uncertainties on the deployment. Stability during the de-
ployment can be better investigated if localized nonlinearities are identified. The deployment analysis starts
with the establishment of a single degree of freedom (DOF) force-deflection model for a single deployable
coiling device, the parameters being identified experimentally. In a second step, this actuator model is imple-
mented in a simplified bipod model similar to a planar three-DOF mechanism giving a first approach of the
deployment behaviour. Therefore, the two coiling devices are modeled asparallel phenomenological mod-
els. In the last part, six actuators models are used to perform a complete model of the deployable hexapod.
Finally, the hexapod response is predicted by modifying the restoring force of one of the six actuators.

1 Introduction

A number of significant technology developments for deployable structures are being studied and developed
for many future space programs. Deployable space structures offer several advantages like lightweight and
minimum stored volume during launch, but, once in space, they have to be deployed with the accuracy
required by optical applications. A lot of concepts based on various technologies are designed and present
different deployment accuracies and dynamic behaviors: inflatable structures [1], membranes structures,
tape-spring hinges, tensegrity structures... After the deployment stage, these structures have to be corrected,
for example with mechanical actuators to allow image acquisition and the use of adaptive optics to reach the
full performance of the instrument. It can also be used to compensate for the positioning uncertainties of a
deployable structure while they are included in compliant limits.

Alcatel Alénia Space designed a deployable telescope in order to stow the secondary mirror during launch
and to self-deploy it in orbit [2]. The structure is based on an hexapod whose legs are six deployable rolled
tape-spring. When the stowing mechanism is released, the six legs will be ableto autonomously bring the
M2 mirror in its final position by reaching their full length configuration (see Figure 1).

Figure 1: Stowed and deployed configurations
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A tape-spring is a thin curved metallic strip able to remain itself in its straight configuration. Such an ability
is used in the well-known carpenter’s tape-measures and its bending momenthas been fully investigated
[3] [4] [5]. Thus, the specific tape-spring coiling devices used in the hexapod achieve the role of a linear
actuator for deployment [6]. In a previous investigation [7], the deployment repeatability of the hexapod
has been measured with a 10µm accuracy by using photogrammetry over a series of 23 deployments, the
maximal translational and rotational deviations are 240µm and 820µrad in the final deployed position
for a full deployment of 40 cm. Unlike tests of deployment repeatability reveal good performances, the
deployment process of the structure is not perfectly smooth because there are slight differences of tensions in
the coiling devices, imperfections in the parts machining and positioning. With the identification of localized
nonlinearities, the stability of the deployment can be better investigated.

This paper focuses on the deployment modeling. To obtain a reliable dissipative model, the main stage
consists in testing principal components and translating experimental information into a model. Thus, the
first part of this paper is devoted to the experimental identification of the coiling device. Harmonic force-
deflection loops are recorded for different deflection amplitudes and forcing frequencies. The predominant
phenomena brought into play is highlighted. In the second part, tests permit updating the parameters of
a dynamic model of friction. Measured hysteresis characteristics of the linear actuator are used to define
a restoring force model named the generalized Dahl’s model. Consequently, the dynamic model is firstly
applied on each leg of a planar bipod in order to give a first approach onthe deployment modeling. The
originality of this investigation is that the deployment modeling is performed by using restoring force models
in parallel. In the last part, a deployable hexapod model is developped in order to have a better understanding
of the behaviour of the structure deployment.

2 Experimental characterization of the linear actuator

Linear actuators contain a rotating roll module with a spiral groove in order toguide the tape-spring (see
Figure 2). The coiling of the strip induces a flattening of the natural curvedsection. Because of the stress
generated by the elastic deformation, the tape-spring tends naturally to go out to recover its curved section.
Inside the roll module, the hub has an additional internal coil-spring which helps the self-deployment when
the locking device is released.

Figure 2: Tape-spring coiling device

Such a linear actuator is characterized by two main phenomena : An energy supplied by the deformation
of the tape-spring. This concerns the transition zone between the flattenedsection and the naturally curved
section of the tape-spring. An energy dissipation because of radial friction of the tape-spring at the entry
of the groove. Instead of fastidiously modeling these two phenomena, the strategy adopted is to consider
the actuator as a whole system and to measure the restoring force for different operating conditions. Figure
3 shows the experimental set-up used for this characterization: the hub ofthe spool is fixed on a frame
allowing the change of the unrolled tape-spring length and the spool is freeto rotate. The unrolled end of
the tape-spring is connected to a load sensor and sine excited in displacement thanks to an electro-dynamic
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Figure 3: Experimental set-up

shaker. The forced displacement is measured by using a laser sensor with a one-micrometer accuracy. Force-
deflection loops are recorded for several forcing frequencies andunrolled strip lengths. They exhibit a non-
linear hysteresis behaviour. Magnitude order of the differential loads isaround 0.1 N. The system supplies
a restoring force due to the stored strain energy of the rolled tape-spring. Figure 4b shows that the path
is anti-clockwise direction : the self-unrolling-load provided by the tape-spring is lower than the necessary
load to roll it on the hub. Both measured loads are positive because the stripis preloaded. During all the
deflection tests, the strip is subjected to compression.
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Figure 4: a) Hysteresis loop at 1 Hz b) Different loop deflections at 0.2 Hz

Whatever the range of deflection, it appears that the unrolled and rolled forces remain quite constant (see
Figure 4a). It can be assumed that deformed transition area providing strain energy, is constant and does not
depend on the deployed length considering that the part of tape-spring rolled in the spiral groove is clamped.

It should be noticed that efforts have a very low level. Consequently even at 3Hz, dynamic effects have
to be taken into account. This point may raise the question of the way to overcomethe problem of phenom-
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Figure 5: Effective stiffness for different forcing frequencies

ena differentiation. Dry friction, but also viscous friction provided by theinternal roller bearing supporting
the axis of the hub, have to be evaluated regarding the other types of forces. Fortunately, the use of classical
formula deduced from such hysteretic behaviour, like effective horizontal stiffnessKeff , can provide reli-
able trends. Influence of the hub inertia has been subtracted to the measured forces.Keff is based on the
extrema of force and displacement [8].

Keff =
Fmax − Fmin

Xmax − Xmin
(1)

Measured effective stiffness, plotted on Figure 5 versus deflection amplitudes for different sets of forcing
frequencies, does not depend on the frequency. Accordingly, this noting sets off the role of the rolling
bearing and prove that major dissipated effects are dry friction due to the flange spiral groove-strip contact.
Thus, the linear actuator is equivalent to a stick-slip system. It should be noticed that the future space version
will not contain any liquid lubricated element.

3 Identification of a dynamic model of friction

The simplest friction model is the Coulomb friction model. Static friction models only have a static depen-
dency on velocity. The Coulomb’s theory is able to model kinetic friction, but the transition from static to
kinetic friction is unrealistic as the discontinuity at zero displacement implies an infinite rate of change of
force which is not physically reasonable. Thus, the model suffices forlarge amplitude sliding friction but
gives an incomplete description of the frictional behavior at low amplitude. In1976 [9], Dahl proposed a
dynamic model to avoid discontinuity. It is best described as a position dependent friction model rather than
velocity dependent model. The generalized Dahl model, developed by Al Majid [10], is a more general
restoring force model based upon the Dahl’s model. It is described by thefollowing first order differential
equation:

Ṙ = β.u̇. |h − R.sgn(u̇)|µ (2)

where R is the restoring force,u̇ the deflection velocity of the tape-spring length,β a parameter that adjusts
the shape of the friction slope function,µ a constant acting on the orientation of the loop. The hysteretic
behaviour is captured by defining the function h :

h =
(hu − hl) + (hu + hl).sign(u̇)

2
(3)
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Figure 6: Measured and simulated force-deflection loops of the linear actuator

wherehu andhl represent respectively the upper and lower boundaries of the loop. In the classical Dahl’s
model,hu andhl are constants. The main interest in the generalized Dahl’s model is that it describes the
behaviour through asymptotes curves [11]. Experimental tests, presented in section 2, permit updating the
parameters of such a phenomenological model. It appears thathu andhl are straight lines (dashed lines on
Figure 6). Equations of both upper and lower boundaries are identified thanks to the least squares method.
µ is oneβ is identified by comparing theoretical and experimental dissipated energy, i.e. loop areas. Figure
6 compares steady state measured and simulated force-deflection loops. The numerical loop is obtained by
using a step-by-step time integration method with an initial force of 2.9 N corresponding to the prestress of
the tape-spring.

4 Modeling a planar bipod deployment

In order to combine the effect of several actuators whose behaviour isobtained thanks to the generalized
Dahl’s model, a first model of an in-plane bipod mechanism is developed. Figure 7 presents the 3 DOF
mechanism made of two linear actuators representing two legs linked by one bar representing the platform.

Figure 7: Description of the closed three-bar mechanism
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Dynamics is described considering the following parameters: the mass of the platform m of weight P and
inertiaI, two restoring forcesR1 andR2 related to the generalized Dahl’s model and two torsional stiffnesses,
Kf1 andKf2. These two stiffnesses change with the deployed lengths∆l1 and∆l2 and are governed by the
following formula:

Kf =
E.Ixx

(∆l + sin(α0).L0/2)
(4)

whereE.Ixx is the flexural rigidity modulus of the tape-spring and the set (α0, L0) represents the initial an-
gle and the deployed length of the stowed geometry. The two end stops are modeled by adding longitudinal
stiffnesses (K1 andK2) and damping values (C1 andC2) when the maximal deployed length is reached. It
is performed thanks to an error functionerf in order to avoid a discontinuity (see Eq. 5 and 6):

K =
Ki

2
.(1 + (erf(σ.(δ − δlim)))) (5)

C =
Ci

2
.(1 + (erf(σ.(δ − δlim)))) (6)

with i = 1,2.
The deployment of such a bipod is governed by the following set of three non-linear second-order differential
equations:

mü = −P − R1.sin(α1) − R2.sin(α2) − (K1 + K2).u − sinθ.(l1.K1 − l2.K2)

− (C1 + C2).u̇ − cosθ.θ̇.(l1.C1 − l2.C2)

mv̈ = R1.cos(α1) − R2.cos(α2)

Iθ̈ = Kf1
.(Π/2 − α1 + θ + α0) − Kf2

.(Π/2 − α2 + θ + α0)

+ R1.sin(α1).cos(θ).l1 − R2.sin(α2).cos(θ).l2

+ R1.cos(α1).sin(θ).l1 + R2.cos(α2).sin(θ).l2

− (l1.K1 − l2.K2).cos(θ) − (l21.K1 − l22.K2).sin(θ).cos(θ)

(7)

The platform equations of motion are integrated by using the classical fourth-order Runge-Kutta algorithm.
Solving these equations permit linking applied efforts to the motion of the platform.

Figure 8a shows the elevation of the platform center of inertia. The velocity of the vertical motion increases
during the deployment. A perturbed elevation with light deviation on an actuatoreffort (1.10−3N less than the
initial force value) is sufficient to generate a tilt motion that can’t be neglected during the elevation. Thanks
to the end stops, both legs will reach their final position but not at the same time inducing a transient time for
the deployed platform. Amplitude of the resulting tilt angle is about 1.5◦. This value, not negligible in the
field of optical application, emphasizes the necessity to further investigate theconsequences of the actuator
mounting. It can be noticed that the sign of the effort deviation (+1.10−3N or -1.10−3N) have no influence
because the mechanism is symmetric. The use of two generalized Dahl’s model inparallel highlights the
high sensitivity of the bipod, and the resulting perturbed motion of the platformis mainly a tilt displacement.

It is of interest to have a look at the birth of a jerk phenomenon. Figure 8b illustrates a tilt replenishment
that occurs when acting simultaneously on a greater initial restoring force on a leg and a greater velocity
of deployment on the other one. This perturbation is simply performed by modifying the parameters of the
generalized Dahl’s model. It should be noticed that the lower asymptote slopeacts on the velocity while the
initial value of the restoring force represents the stored effort.

5 Modeling the hexapod deployment

Thanks to the previous proposed model on a symmetric planar bipod, the tape-spring hexapod is modeled
as a Gough-Stewart parallel robot, composed of a platform linked to the base through six deployable actu-
ators. Each leg is composed of a prismatic joint, a passive spherical joint and a universal joint making the
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Figure 8: Deployment of the bipod. a) Vertical motion b) Tiltwith a perturbed behaviour

connections with the platform and the base respectively. Coiling devices are described as a combination of
six phenomenological models used in parallel thanks to the generalized Dahl’s model. Nevertheless, when
applied on an hexapod structure, the direct dynamics cannot be easily solved analytically because of the
coupling between legs. Therefore, the model of the hexapod is solved byusing a step by step time inte-
grating method and implemented on a multi-body software. Output parameters areCartesian and angular
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Figure 9: Elevation of the platform hexapod

coordinates of the platform,∆x, ∆y, ∆z, ∆α, ∆β and∆γ (α, β andγ are respectively the rotation angles
around the x, y, and z axis). All tape-springs reach their full length configuration by using stop ends modeled
with a spring and a damper as previously explained. After deployment, the platform stabilizes itself in the
final lengths of the tape-springs. Of course, the dynamic behaviour of the deployed structure mainly depends
on these springs and dampers but it is out of field of the present study which focus concern the maximum
deviations obtained during the deployment stage when the platform reachesits final position for the first
time. In order to investigate the deployment dynamics of the platform, one of the actuators provides a lower
effort of 1.10−3N compared to the others one. Figure 9 shows that the elevation of the centerof inertia of the
platform spends 38 seconds and does not suffer from this perturbation.

Nevertheless, Figure 10a depicts induced lateral deviations of the hexapod. While the tilt motion does not
appear significant during the elevation, the maximal lateral deviation∆x raises 22µm. Above all these
deviations, it is relevant to notice the apparition of a twist motion (Figure 10(b)) that the planar bipod model
was not able to predict. The amplitude of this torsional effect reaches 0.38◦ for 1.10−3N of disparity in the
leg efforts.

When comparing two lateral deviation responses of the platform for opposite effort variations applied on a
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Figure 10: Perturbed deployment of the hexapod for 1E-3 N less on a leg. a) Lateral deviation b) Twist motion

Figure 11: Twist response of the platform hexapod for different level of perturbations

leg (-2.10−3N and 2.10−3N), maximal deviations are respectively 44µm and 47µm. Thus, unlike the planar
bipod model, the behaviour of the hexapod depends on the sign of the perturbation. In one case, an actuator
effort is lower than the other ones. In the second case, the perturbed actuator provides a higher effort.
Figure 11 shows that the amplitude response of the hexapod is linear when only one leg is subjected to small
perturbations.

This modeling brings first information about the deployment dynamics and the influence of the mounting
of the actuators. Only one leg has been perturbed. It should be interesting to study the effects of several
perturbed legs in order to investigate the birth of critical conditions and how some effort deviations can be
compensated by faster velocity of deployment.

6 Conclusion

An experimental identification of a tape-spring coiling device is performed to highlight phenomena brought
into play in a single unit. It reveals that dry friction provided by the tape-spring in the hub is predominant.
The establishment of a generalized Dahl’s model makes easier the modeling ofthe tape-spring actuators. The
analysis of the deployment stage, being more complex with identified nonlinearity, starts with considerations
for a planar bipod with two deployable actuators including hysteresis. Thenit is followed by the modeling of
multi-unit hexapod to analyze the effect of disparities in actuators during deployment. Although the model is
empirical, it is consistent with stick-slip actuators behaviour thanks to the use of a phenomenological model.
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Accordingly, it provides insight into the expected dynamic behaviour of thestructure during deployment.
Finally, the hexapod raises its final position thanks to end stops. The least disparity of stored efforts in the
actuators induce deviations compared to the ideal platform trajectory. These observations with only one
perturbed leg are a first approach to better understand the micro-dynamics of the deployment and will be
extended to several perturbed legs. Because of the high number of legs, a jerked motion could appear with
an appropriate combination between velocity of deployment and restoring force.
Once the behaviour of tape-spring linear-actuators is better understood, future prospects will be oriented
on ways to define maximum admissible deviations for assuming a satisfactory dynamic stability during
deployment.
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Abstract
The objective of this paper is to compare the Masing and modified Dahl model efficiency regarding the
prediction of the hysteretic behavior of a belt tensioner used for automotive engines. A first experimental
study with deflection imposed on the tensioner is carried out to identify hysteresis loop parameters for the
two models. The models are then implemented in the general motion equations modelingthe behavior of a
belt - tensioner - mass system. The comparison beteen numerical and experimental results show that these
two models perform satisfactorily and that the modified Dahl model is a little more efficient.

1 Introduction

The hysteretic behavior of components permits efficient passive controlof mechanical systems but makes
response prediction delicate due to their high non linearity [1, 2]. Vestroniand Noori in [2] and Visintin in
[3] established an overview of hysteresis models. Rheological models andrestoring force models are the two
main categories widely used in mechanical engineering to predict those components behavior. The former
provide damping and stiffness parameters, while the latter provide a restoring force to be introduced in the
second member of the equations.

Here, the Masing model [4, 5] and the modified Dahl model [6, 7] are respectively the rheological and
restoring force models selected for the current analysis. The classicalMasing model composed of a spring
parallel to a spring - dry friction system is modified in this study by adding a viscous damping element.
The modified Dahl model originates from the Dahl and Duhem models and is based on a first differential
equation that provides the time derivative of the restoring force from the velocity of the deflection and from
the envelop curves of the hysteresis loop. The Masing model is governedby a non-smooth differential equa-
tion containing a multi-valued function while the Dahl model is governed by a smooth nonlinear dynamic
equation. Consequently, the numerical integration schemes have to take into account these two typical char-
acteristics to obtain a convergence. The efficiency of these two hysteresis models have to be tested to predict
the hysteretic behavior of a belt tensioner.

Tensioners used in belt drive systems act as passive controllers by maintaining nominal tension in the slack
span and reducing transverse vibration levels, see [8].

Satisfying technological challenges often leads to complicated design solutionfor tensioners, and involve
considerably nonlinear behavior mainly due to stick-slip motion see for example[9, 10].

The Masing and modified Dalh models are described in detail in Section 2 and then applied to a belt tensioner
of an automotive engine in Section 3, where an initial experimental set-up is used for identifying the model
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parameters. Section 4 concerns the numerical and experimental investigations performed on a belt-tensioner-
mass system in which tensioner behavior is either predicted by the two models studied. This section permits
comparing the predicted and measured harmonic responses in order to discuss the models efficiencies.

2 The Models

In this section, two models describing the hysteretic behavior of a one degree of freedom mechanical system
are presented. The behavior of the mechanical system studied can be analyzed via the progression of the
restoring force versus the deflection.

The objective is to find the relation between a restoring forceF and a deflectionu. It is assumed that after a
transient phase[0, t0], the pair(u(t),F(t)) belongs to a periodic curve called hysteresis loop.

The modified Dahl model (see Section 2.1) and the Masing model with viscous damping (see Section 2.2)
are used in the present investigation for modeling such behavior.

2.1 Theory of modified Dahl model

2.1.1 Modified Dahl model

The model governed by Eq. (1) is presented and used in [6, 7] or in [11]; in this last reference, Eq. (1) was
used to simulate the behavior of a belt tensioner.

∀t ∈ [t0, tf ], Ḟ(t) =

{

Λu̇(t) sign
(

hu(u(t))−F(t)
) ∣

∣hu(u(t))−F(t)
∣

∣

µ
, if u̇(t) ≥ 0,

−Λu̇(t) sign
(

hl(u(t))−F(t)
) ∣

∣hl(u(t))−F(t)
∣

∣

µ
, if u̇(t) ≤ 0.

(1)

In this study, the authors consider the simple case wherehu andhl are of polynomial form. Leta, b, d ande
be real numbers, it is assumed that, for anyu ∈ R,

hu(u) = au+ b, hl(u) = du+ e. (2)

2.1.2 Analysis of hysteresis and identification of parameters hu, hl, µ and Λ.

ParameterΛ characterizes the transient velocity betweenhu andhl while exponentµ plays a predominant
role in the loop orientation.

F

u

hu

hl

Figure 1: The force-deflection loopΓ for the modified Dahl model.
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For a general case,µ belongs toR+, as the analytical expression ofF is not known and the identification of
hu, hl, Λ andµ is not possible. However,hu andhl remain asymptotes of the hysteresis loop which makes
their determination possible. The analytical determination ofΛ andµ is not possible, but they are identified
by successive comparisons between measured and predicted loops untilsatisfactory concordance is obtained.

2.2 Theory of the Masing model

Multivalued friction models have been studied in [12] and in the survey [13]. Numerous works have founded
on the Masing model (without damping) (see for example [5]). More elastoplastic models with finite numbers
of degrees of freedom are presented in [14, 4].

2.2.1 Description of the Masing Model with viscous damping

k

k0

α

us ut u

F

f0

f1

f

c

Figure 2: The Masing model with viscous damping.

The Masing model is often used in the case of elastoplastic behavior. It is composed of two springs and a
dry friction element (St-Venant element) connected together, where parametersk andk0 are the stiffnesses
of the two springs andα the threshold of the dry friction element. A viscous damping elementc is added
in the previous model, as shown in Fig. 2, its reaction force is notedf1. The aim is to establish a relation
between loadF and deflectionu. Letus andut be the deflections of springk and the dry friction element,f
andf0 the forces exerted by springsk andk0, andl andl0 the spring free lengths.

1

-1

x

y

σ

(a) The graphσ

1
-1

x

y

β

(b) The graphβ

Figure 3: The two used multivalued maximal monotone graphs.
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Considering the graph of the multivalued operatorσ (see Fig. 3(a)) and its inverse graphβ (see Fig. 3(b)),
we obtain:

β(x) =























∅ if x ∈]−∞,−1[∪]1,+∞[,

{0} if x ∈]− 1, 1[,

R− if x = −1,

R+ if x = 1.

(3)

The graphsβ andσ are maximal monotone (see for example [15]). The maximal monotone graphsσ andβ
are sub-differentials of proper semi-continuous convex functions|x| andψ[−1,1] defined by

∀x ∈ R, ψ[−1,1](x) =

{

0 if x ∈ [−1, 1],

+∞ if x 6∈ [−1, 1].
(4)

Setting

w = us − l, (5a)

F0 = k0l0, (5b)

η =
α

k
. (5c)

First, several equations similar to those presented in [4] are recalled. Theconstitutive law of the dry friction
element is given by

f =

{

τ with τ ∈ [−α, α], if u̇t = 0,

−αSign(u̇t) , if u̇t 6= 0.
(6)

Then, by using the multivalued operatorσ defined by (??) (see Fig. 3(a)), it is possible to write (6) in the
form of the following differential inclusion:f ∈ −ασ (u̇t). By considering the constitutive laws of the
springs, the dry friction element and the viscous damping element provide thefollowing forces:

f0 = −k0(u− l0), (7a)

f = −k(us − l), (7b)

f ∈ −ασ (u̇t) , (7c)

f1 = −cu̇. (7d)

The system equilibrium leads to

f + f0 + f1 + F = 0, (7e)

and the geometrical relation gives

us + ut = u. (7f)

By consideringw, F0, η, defined by Eq. (5),w0 = w(t0) ∈ [−η, η] andβ defined by (3), it can be proved
that system (7) is equivalent to

ẇ + β

(

w

η

)

∋ u̇, (8a)

w(t0) = w0, (8b)

F = kw + k0u+ cu̇−F0. (8c)

978 PROCEEDINGS OF ISMA2006



2.2.2 Analysis of hysteresis and parameter identification.

As in [4], it is assumed that functionF , defined by Eq. (8c), is also periodic; under this assumption, it is
proved that the loop(u,F) permits determining mechanical parameters of the Masing model with viscous
damping.

Eq. (8c) can be rewritten as

Fep(t) = kw(t) + k0u(t)−F0, (9a)

Fv(t) = cu̇(t), (9b)

F(t) = Fep(t) + Fv(t). (9c)

The termsFep andFv correspond to the elastoplastic part and to the viscous part of the model respectively.

It is now assumed that
u is τ -periodic; (10a)

there existsτ1, τ2 andτ3 = τ1 + τ , such thatu is strictly increasing on[τ1, τ2]

and strictly decreasing on[τ2, τ3];

(10b)

u ∈ C2([t0, tf ]), (10c)

and setting
umin = min(u), umax = max(u). (11)

If no damping is considered, thenFv is nil and we can prove under assumption (10a), as in [4], that the pair
(u,F) versus time plots a hysteresis loop. This loop represents a clockwise oriented parallelogram ast is
increasing on the interval[t0, tf ]. A direct correspondence exists between the six parallelogram parameters
and the six system parametersumin, umax, k0, k, α andF0, thus permitting their identification.

On the other hand, when damping is considered, the pair(u,F) does not plot a hysteresis loop, in the
classical sense of [3]. Indeed, the pair

(

u,Fep
)

plots a hysteresis loop called the dry skeleton. However,
since the second termFv depends on the deflection history, the pair(u,Fv) does not draw a hysteresis loop.
Moreover, withc 6= 0, the identification of the mechanical parameters is still possible due to geometrical
data of the loop .

The loop studied(u(t),F(t)) for t belonging to[t0, tf ] is symmetric and only the upper half part of this curve
is studied, as in [4]. In this last part[τ1, τ2], u is strictly increasing and there is a bijectionψ+ such that, for
any t ∈ [τ1, τ2], t = ψ+(u(t)); moreover,u(τ1) = umin andu(τ2) = umax. By consideringG+ = u̇oψ+,
we obtain

∀t ∈ [τ1, τ2], u̇(t) = G+(u(t)), (12)

and Eq. (9) can be rewritten as

∀u ∈ [umin, umax], Fv(u) = cG+(u), (13)

and
∀u ∈ [umin, umax], F(u) = Fep(u) + Fv(u), (14)

where
Fep(u) = kw(u) + k0u−F0, (15)

wherew depends only onu via the differential inclusion (8a).
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If the deflection amplitude is large enough, then it existsτ4 ∈ [τ1, τ2] so that

w(τ1) = −η, w(τ4) = η. (16)

Henceforth, we consider

tA = τ1, tB = τ4, tC = τ2, (17a)

uA = u(τ1), uB = u(τ4), uC = u(τ2), (17b)

FA = F(uA), FB = F(uB), FC = F(uC). (17c)

On the interval[τ1, τ4], the dry friction element sticks and the model sketched in Fig. 2 is identical to the
association of a spring with stiffnessk + k0 and a damping viscous element. After computation, thanks to
Eq. (16), we obtain

∀u ∈ [uA, uB], F(u) = (k + k0)u−F0 − k(uA + η) + cG+(u). (18a)

On the contrary, on the interval[τ4, τ2], the dry friction element slips and the model sketched on Fig. 2 is
identical to the association of a spring with stiffnessk0 and a damping viscous element. After computation,
we obtain

∀u ∈ [uB, uC ], F(u) = k0u+ kη −F0 + cG+(u). (18b)

A

B C

D

u

F

Figure 4: The force-deflection loopΓ for the Masing model with viscous damping (solid line), the dry
skeleton (dot-dashed line), and the cornersA,B, C andD.

By using Eqs. (18), the shape of the loop(u,F) is given in the Fig. 4, where the dry skeleton corresponds to
the pair(u,Fep). CornersA andC represent slip stick state change whereas the cornersB andD represent
stick slip state change.

Foru = uA, u̇ is equal to zero and thenG+(uA) is equal to zero; thus, Eqs. (18) gives

FA = (k + k0)uA −F0 − k(uA + η). (19a)

and

FC = k0uC + kη −F0. (19b)

With Eq. (18a), foru = uA andu = uB, we obtain

uB − uA = 2η. (19c)
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By definition,

uA = umin, uC = umax. (19d)

Let p+
B andp−B be the right and left derivatives ofF according tou at pointuB; According to Eq. (18) and

sinceu is of classC1:

p+
B = k0 + cG′+(uB). (20a)

p−B = k + k0 + cG′+(uB). (20b)

Thanks to assumption (10c),G′+ is continuous inuB and we obtain

p−B − p+
B = k. (21)

Moreover,

PointB is the unique point of the upper part of the loop(u,F)

where the derivative is not continuous. (22)

Similarly, on the decreasing part of the loop, the same approach is developed. We consider, ifu is strictly
decreasing,t = ψ−(u(t)) and we obtain

∀u ∈ [uD, uC ], F(u) = (k + k0)u−F0 − k(uC − η)− cG−(u). (23a)

∀u ∈ [uA, uD], F(u) = k0u− kη −F0 − cG−(u). (23b)

As in [4], the following equations remain true and permit parameter identification:

umin = uA, (24a)

umax = uC , (24b)

k = p−B − p+
B, (24c)

α =
k

2
(uB − uA), (24d)

k0 =
FC −FA − 2α

uC − uA
, (24e)

F0 = k0uA − α−FA. (24f)

These equations are obtained by Eqs. (19) and (21).

However, the value ofc must be determined. A similar method to that of [11] is used to estimate the value of
Λ for µ = 1. By equaling the calculated and measured energies dissipated by the viscous damping element,
i.e. the inside area of the loops(u, cu̇), we can write Eq. (9) as:

F − (kw + k0u−F0) = F − Fep = Fv = cu̇ = cG+,

or thanks to Eqs. (18) and (23),

∀u ∈ [uA, uB], F(u)− ((k + k0)u−F0 − k(uA + η)) = cG+(u), (25a)

∀u ∈ [uB, uC ], F(u)− (k0u+ kη −F0) = cG+(u), (25b)

∀u ∈ [uD, uC ], F(u)− ((k + k0)u−F0 − k(uC − η)) = −cG−(u), (25c)

∀u ∈ [uA, uD], F(u)− (k0u− kη −F0) = −cG−(u). (25d)
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Figure 5: Tensioner schemes and pictures: (a-b).

The two functionsG+ andG− are known and the energy dissipatedE has the following expression:

E = c

∫ umax

umin

G+(u)− G−(u)du = c







∫ tC

tA
u increasing

u̇2(t)dt−

∫ tA

tC
u decreasing

u̇2(t)dt






. (26)

If u is defined by
∀t, u(t) = x0 + x1 sin(Ωt+ φ), (27)

Eq. (26) yields
E = πx2

1Ωc. (28)

The value of dampingc is determined for pulsationΩ. In Section 4, the value ofc will be used, but pulsation
Ω0 will be equal toΩ. It is now assumed that the shape of the loop(u,F) does not depend on pulsationΩ0.
In Section 4, valuec0 will be used:

c0 =
Ω

Ω0
c, (29)

wherec is given by (28).

3 Experimental investigation and parameter identification

The tensioner is composed of three parts, see Fig. 5: Part 1 is a solid (Idler pulley) that rotates around axis
∆ = (AB) of part 2; part 2 is the tensioner armABC, that rotates around the fixed axis∆′ of part 3, bolted
to the reference part 4 (i.e an engine for automotive applications). All the parts are considered as rigid bodies.
The pin joint of axis∆′ between parts 2 and 3 includes a torsion spring and friction components thatcause
dry and lubricated contact forces, and a moment between parts 2 and 3. The phenomena involved result in
highly non linear behavior of the joint.

An experimental set up has been designed for identifying the belt tensioner model parameters. The idler
pulley is removed and segmentAB is connected to a rigid bar that subjects a vertical alternative displacement
on pointA. The vertical components of pointA, displacementu(t), and of forceF are considered positive
when oriented toward the ground, since in use, the tensioner is always preloaded. ForceF remains positive.

The displacements are measured using laser optical sensors, while the forces are measured with load cells.
Data acquisition is performed simultaneously with a sample frequencyfsto = 5000 Hz. The measurements
can be filtered to remove measurement noise.

3.1 Experimental set-up for identifying the parameters of th e models

An alternative vertical displacement is imposed on pointA, defined by Eq. (27), with

Ω = 9.4 rad/s, φ = 4.8 rad, x0 = 5.4 10−4 m, x1 = 5.2 10−4 m. (30)
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Figure 6: Measured loop(u,F), small deflection amplitude.

After a transient state (start from initial position), a steady hysteretic loop isobserved as shown on Fig. 6
and the measured forceF versus time is periodic.

In [11], the authors have shown that the Dahl modified model parameters are dependent onx0 and to a lesser
extent onΩ. This dependency is not considered here: The values ofx0 andx1, given by Eq. (30), have been
chosen so that themax(u)−min(u) range, observed on Fig. 6 should be similar to that observed in Section
4. Moreover, it is supposed that the characteristics of the models studied depend on themax(u) −min(u)
range but do not depend on frequency forcingΩ.

3.2 Identification of the model parameters

3.2.1 Modified Dahl model

In order to identify the parameters defininghu andhl, the method of Section 2.1.2 is used: as in [11], we
use the fact thathu andhl represent the upper and lower envelop curves of the hysteretic loopΓ to which
the pair(u(t),F(t)) belongs whent describes[t0, tf ]. For the next development it is considered thatu is
defined by Eqs. (27) and (30).

From the analysis of the measured loop represented in Fig. 6, the envelop curveshu andhl can be considered
as straight lines and therefore the values ofa, b, d ande are determined using the mean squares approximation
method (see Fig. 7):

a = 7.146 104 N/m, b = 9.596 102 N, d = 5.322 104 N/m, e = 3.972 102 N. (31)
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Figure 7: Identification of the envelop curveshu (dot-dashed line) andhl (dashed line), measured loop (solid
line).
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In order to use the modified Dahl model, the initial conditions(t0,F0) are determined by choosing an
arbitrary point of the loop:

t0 = 1.988 10−1 s, F0 = 1.009 103 N. (32)

Moreover, using the results of Section 2.1.2 and after several numericaliterations, the optimal values of
parametersΛ andµ are determined:

Λ = 117355, µ = 0, 37. (33)

3.2.2 Masing model with viscous damping

In order to identify the parameters of the Masing model with viscous damping i.e.{umin, umax, k, k0, α,F0, c},
the results of section 2.2.2 are applied to the experimental loop represented on Fig. 6.
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D

Figure 8: Predicted (Masing model with viscous damping, dashed line) and measured (solid line) loops and
the cornersA,B, C andD.

As shown on Fig. 8, the numerical values ofuA, uB, uC ,FA,FC , p−B, andp+
B are determined, and thanks to

Eqs. (24) and (28) we obtain the following:

umin = 2 10−5 m, umax = 1.05 10−3 m, (34a)

k = 4.84 105 N/m, k0 = 2.34 105 N/m, α = 1.63 102 N, F0 = −5.73 102 N. (34b)

c = 1.93 104 Ns/m. (34c)

As in Section 3.2.1, the initial conditions(t0, w0 = w(t0)) are determined choosing an arbitrary point of the
loop:

t0 = 1.55 10−2 s, w(t0) = −3.24 10−4 m. (35)

3.3 Comparison of the results obtained with the modified Dahl and Masing models
and with the experiment

The previous identification permits predicting the force for an imposed deflection; Numerical and analytical
computations were performed for the modified Dahl model and the Masing model.

The force deflection loopu 7→ F is plotted on Fig. 9. By comparing the force deflection loops, it appears
that the stick slip state transition is modeled differently. Indeed, for the Dahl model, the stick slip transition
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Figure 9: Identification part: loadF versus deflectionumeasured (solid line) and predicted with the modified
Dahl model (dashed line) and with the Masing model (dot-dashed line).

is continuous through it is not for the slip stick transition. This is the contrary for the Masing model with
viscous damping. In addition, the higher the viscous damping, the smoother theslip stick transition will be.

Both experimental and numerical results are presented in Figs.?? and 9. Good agreement can be observed
between the two theoretical models and also between each model and the experiment performed to validate
the models used and their identification.

4 Comparison, validation and prediction

In the previous section, the Modified Dahl and Masing models were formulated for the belt tensioner. The
tensioner is now a part of a mechanical system subjected to a variable load excitation. The purpose is to test
the models efficiency considering a multi-degree of freedom system and anexperimental investigation. Each
tensioner model is implemented in the system motion equations that are solved numerically The predicted
and measured results are compared.

4.1 Equations of motion for the system

4.1.1 System description

The dynamic system considered is composed of the previously studied tensioner, a poly-V belt and a mass
(see Fig. 10). The tensioner base is fixed on a rigid frame. Its idler pulley of massm2 has a belt wrapped
around it. The two adjacent belt spans are joined at their other end and connected to a massm1. The massm1

is excited by the imposed forcef generated by an electro-dynamic shaker (see Figs. 10). Two Displacements
u1 andu2 (see Fig. ??) of the two masses are measured with laser-optical displacement sensors.The
transmitted forcef is measured with a piezo-electric load sensor, and the belt tension is measured with an
S-shape load sensor. In this two degrees of freedom system, massm1 is used both for the tensioner preload
and for the system dynamics.

4.1.2 System equations

Let u1 andu2 be the vertical displacements of masses1 and2, along thex axis, both positive oriented
downward. As in section 3,F is the force exerted by the tensioner, it is positive oriented upward. Forcef is
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Figure 10: Experimental set-up: Belt-tensioner-mass system.

positive oriented downward. LetT/2 be the tension in each belt span. Due to the ratio between the radius of
the pulley and the belt span lengths, it is assumed that tensionT is oriented vertically.

The gravity constant is noted asg and equations governing the complete system are given by:

• The belt behavior law, by considering the belt as a spring-damper of stiffnessK and equivalent viscous
dampingC:

T (t) = K(u1(t)− u2(t)) + C (u̇1(t)− u̇2(t)) + T0, (36a)

whereT0 is related to the initial belt tension.

• The dynamic equilibrium of the tensioner pulley projected along the vertical axis x, by neglecting
effects on the horizontal axis:

m2ü2(t) = T (t)−F(t) +m2g. (36b)

• The dynamic equilibrium of the lower mass projected along the vertical axisx, by neglecting effects
on the horizontal axis:

m1ü1(t) = −T (t) + f(t) +m1g. (36c)

• Initial data att0 for u1 andu2:

u1(t0) = u1,0, u̇1(t0) = u̇1,0, u2(t0) = u2,0, u̇2(t0) = u̇2,0. (36d)

• The relation between forceF and displacementu2 is written formally as:

F = Φ(u2), (36e)

whereΦ is an operator.

Belt stiffnessK and dampingC are obtained by using an experimental model analysis non presented here.
The parameter values of the system are fixed:

m1 = 73.84 kg, m2 = 0.15 kg, K = 560000 N/m, C = 160 Ns/m, g = 9.81 m/s2. (37)

The initial conditions are chosen arbitrarily

t0 = 1, 6 10−3, u1,0 = 0, u̇1,0 = 0, u2,0 = 0, u̇2,0 = 0, (38)
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Figure 11: Measured curvesT (a),u1 (b, solid line) andu2 (b, dot-dashed line) versus time (on time interval
[3, 3.3]).

4.1.3 Application of the modified Dahl model

Applying the modified Dahl model for the tensioner implemented in the system, consists in replacingu by
u2 in Eqs. (1):

Ḟ(t) =

{

Λu̇2(t)sign
(

hu(u2(t))−F(t)
) ∣

∣hu(u2(t))−F(t)
∣

∣

µ
, if u̇2(t) ≥ 0,

−Λu̇2(t)sign
(

hl(u2(t))−F(t)
) ∣

∣hl(u2(t))−F(t)
∣

∣

µ
, if u̇2(t) ≤ 0,

(39)

F(t0) = F0. (40)

Finally, it is necessary to solve the system formed by Eqs. (36a), (36b),(36c), (39) and initial conditions
(36d) and (40). It is admitted thatu1, u2, T andF exist and are unique.

4.1.4 Application of the Masing model with viscous damping

For the Masing model with viscous damping, replacingu by u2 transforms Eq. (8) in:

ẇ + β

(

w

η

)

∋ u̇2, on [t0, tf ] (41a)

w(t0) = w0, (41b)

F = kw + k0u2 + cu̇2 −F0, on [t0, tf ]. (41c)

Finally, we obtain the system of Eqs. (36a), (36b), (36c), (41a), (41c), and initial conditions (36d) and (41b).
These equations are written as a differential inclusion of the first order studied in [4, 15].

4.2 Predicted and measured responses

In this section, the predicted and measured responses of the multi degreesof freedom system are presented
and compared (see Figs. 11). No transient phase is observed for the measured responses.

The value of forceF is reached using Eq.(36b) which gives

T (t)−F(t) = m2(ü2(t)− g).
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and sincem2 defined by (37) is negligible compared tom1, it leads to:

T (t) ≈ F(t). (42)

The two theoretical models give satisfactory results. The short time deviation∆t is due to the unknown
initial conditions. For the same reason, there are also shifts∆u1 and∆u2 between the experimental and
computed curvesu1 andu2; ∆u1 and∆u2 are determined so that the mean values ofu1 andu2 are nil.
Finally, displacement shifts∆u1, ∆u2 and∆t are introduced in the model and functionF is plotted versus
the deflectionu2 (see Fig. 12).
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Figure 12: Validation part: forceF versus deflectionu2 predicted with the modified Dahl model (dashed
line) and with the Masing model (dot-dashed line), and measured (solid line).

4.3 Global behavior

The comparisons of the results on Fig. 12 shows that there is a small difference between the measured and
predicted loops. This is probably due to the fact that the mechanical parameters of the two models studied
depend on themax(u2) − min(u1) displacement range. According to Section 3.1, the parameters of the
modified Dahl and Masing models with viscous damping depend onu2 and the analysis can be improved.
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Figure 13: Prediction part: Amplitude|max(T )−min(T )| versus pulsationΩ for several values off1 for
the experiment (a), the modified Dahl model (b) and the Masing model with viscous damping (c) forf1

defined by (43c) (solid curves) and forf1 defined by (44) (dot-dashed curves), withf1 increasing in the
direction of the arrow.

Finally some values of|max(T )−min(T )| versus forcing pulsationΩ are measured for several values off1
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(and withf0 andφ fixed). For each value ofΩ, c0 is defined by (29). We choose

t0 = 17 s, tf = 20 s, h = 10−5 s, (43a)

f0 = 0, φ = 0, (43b)

f1 ∈ [13, 27, 41, 54, 67, 79, 90, 100, 110, 120], (43c)

Ω ∈ [10, 125] (with 116 values arranged linearly). (43d)

Measured and predicted responses are plotted in Fig. 13. The computed frequency response represented in
this figure is obtained after a series of calculations in the time domain: each pointof a frequency response
curve corresponds to the tension fluctuation amplitude calculated when steady state is reached for a given
frequency and excitation amplitude. The dot-dashed curves correspond to the predicted results obtained for
higher excitation force amplitudes not obtained experimentally:

f1 ∈ [140, 160, 200, 230, 260, 300]. (44)

It can be observed experimentally that even if the excitation force amplitude increases, the resulting belt
tension variation is bounded within a frequency range. This phenomenon ispredicted better if the tensioner
is modeled with the modified Dahl model rather than with the Masing model with viscous damping.

The system behavior observed in Figs. 13 is similar to that described in [16,17] For small forcing amplitudes,
the tensioner is stuck. For high forcing amplitudes, it mainly slips.

5 Conclusion

This paper has described in detail two different models usually used to reproduce hysteretic behavior.

It has been shown that the stick-slip behavior exhibited of a belt tensionercan be modeled either by the
Masing model or the modified Dahl model.

Model parameters have been identified experimentally with an imposed deflection and a low forcing fre-
quency. The numerical and experimental investigations carried out on a belt-tensioner-mass system in a
larger forcing frequency range have shown that the use of these two models is satisfactory in the time history
and frequency domains.

It should be noted that particular attention must be given to the use of the numerical schemes in order to
make the predicted responses reliable.
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Abstract 
The focus in this paper is directed toward to the investigation into hybrid metal-polymer-ceramic 

damping coatings. Sandwiched coating’s layers have been manufactured by advanced technology based 
on combination of thermal flame spraying of foamy aluminum or its alloy and viscous-elastic polymeric 
(polyamide) layers, including 1-4 wt.% reinforcing additives of carbon nanotubes. Technological aspects 
of manufacturing are being discussed in terms of vibration damping properties and strength of the 
materials. The CNT-reinforced material is formed as a constrained-layer damping coating system (CLD) 
showing the greatest range over which damping have excellent energy absorbing/damping properties over 
bulk materials. Modal loss factors obtained at 60-80% partial-coverage of tested specimens was higher 
than that of maximum damping obtained in the case of 100% specimen coverage. FEM-based computer 
modeling was used to predict the damping of multilayer materials by a strain energy method. An effective 
damping design involves selecting a proper combination of coverage area, relative thickness and stiffness 
values of the CLD configuration. The coating could be recommended for applications in sliding and 
rolling bearing units, low-speed and light-weight gearing drives and other machine parts. 
 

1 Introduction 
 
To increase efficiency, aerospace components have to run at higher rotational speeds and temperatures [1]. 
For the next generation of transportation we need lightweight, cost-effective and reliable materials that 
absorb vibrations and heating. Vibration and noise of mechanical system can be reduced by active, 
passive, and semi-active methods. In most cases, the vibrations need to be isolated or dissipated by using 
isolator or damping materials [1-3]. Passive damping as a technology has been dominant in the aerospace 
industry. 
In terms of understanding the limitation of current materials, it is no longer appropriate to select materials 
based on their generic polymer type alone. There are three types of materials available for engineering of 
damping structures: metals, polymers and ceramics [1, 2]. Damping and integrity often have opposite 
requirements. Materials could be particularly integrated in a multi-layer sandwich structure. High damping 
and increased stiffness of a damping sandwich is the best option, but it is difficult to achieve due to 
requirement of adhesion between the layers.  
Nanoparticle-reinforced composite materials are advanced materials that offer higher damping and almost 
the same stiffness when compared with conventional structural materials such as metals or polymers. A 
novel concept of nanoparticle-based vibration damping [4] shows the effect that molecule-level 
mechanism can have on the damping. Carbon nanotubes can be particularly treated as a simple nanoscale 
spring or combinations of damping springs due to C-C bonding [4-6] with some advanced energy 
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dissipation mechanisms. It gives a possibility to multiply the damping performance by billions of 
nanotube-based dampers for the next generation engineering materials providing enhanced strength, 
dynamics and vibroacoustic characteristics over broader frequency and temperature ranges. Thus, an 
objective of this work is to validate manufacturing design concepts for two carbon nanotube-reinforced 
multi-layer coating structures. 
 

2 Experimental details 
 

2.1 Materials 
 
Constrained layer damping (CLD) design concept is based on polymeric layer, which is deposited in 
confined space between adjacent layers of other materials: metals or ceramics. Aluminum, aluminum 
oxide particles and polyamide granular particle powders have been respectively used for CLD design. 
Aluminum alloy powders have granules size of 50-80 µm, 94% Al, 4%Cu and 2% Si. Al2O3 particle 
mixtures were prepared by mixing 98 wt.% aluminum oxide powder with particle diameter of 50 µm, 
purity of 99.7% and 2 wt.% aluminum oxide nanopowder with diameter 40-47 nm and specific surface 
area of 40-45 m2/g supplied by Sigma-Aldrich Ltd. The materials were dried for 2-3 hours in vacuum.  
Thermal flame spraying of coating structures were applied as a candidate manufacturing technology for 
advanced CNT-reinforced sandwich materials. The technology [18-27] has a benefit of particle 
management and manufacturing possibilities for nano to mesoscale-structured materials in many 
applications, including multilayer metal-ceramics-polymer coatings. In comparison with plasma spraying 
the technology, it offers significant cost benefits at wide range of functional properties.  
Scanning electron microscope (SEM) is used to evaluate the nanotube dispersion and orientation in the 
polymeric matrix. CNT orientation was controlled by pressure rates at extrusion. A detailed study of 
microstructure of razor blade-cut fractured regions of the specimen was carried out by conventional TEM 
using selected area diffraction (SAD) performed on a 200 kV microscope with a point resolution of less 
than 0.5 nm equipped with an EDS at room temperature which caused fracture.  
The overall processing sequence for the sprayed nanostructured coatings is layer by layer design of 
sandwich illustrated in Fig. 1. Heating gas was butane and distance of spraying was 120-130 mm. 
Available powders of the materials were mixed and reconstituted into sprayable size agglomerates onto 
metal substrate of vibrating beam. Produced layers (fig. 2) have some amount of carbon nanotubes and 
increased amount of mostly closed pores (table 1) for the benefits of acoustic noise adsorption and 
structural vibration damping.  
 
 
 
 
 
 
 
 
 
 

Figure 1:  Layer-by-layer design of CLD sandwich 
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Figure 2:  Reinforced ceramic layers 

 

Air consumption for 
spraying, m³/min 

Speed of particle flow in 
thermal jet, m/s 

Relative volume of  meso to 
nanoscale particles, % 

Pores, % 

0,10 85 34 20-29 

0,15 105 36 18-22 

0,20 120 46 17-24 

0,25 135 40 15-23 

0,30 140 42 14-22 

0,35 150 48 16-24 

0,40 160 <50 15-21 

0,45 160 <50 11-16 

0,50 160 <50 12-18 

 
Table 1: Structural properties of sandwich coatings  

 

2.2 Testing procedure 
 
A vibration damping test procedure has been initially used and the test procedure was based on a 
sandwiched specimen simulating a hollow panel of Ti-6Al-4V. Loss factor were determined at standard 
vibration shaker tests with clamped specimen (fig. 3). Resonance frequencies, the mode shape and 
damping at each mode were determined by laser vibrometry at standard vibration shaker tests. Schematic 
diagram of the test rig included a clamped sample fixer, electro-dynamic exciter and sensors. The 
clamping block is fixed so that friction losses and extraneous damping is minimized. The data acquisition 
and control of the electro-dynamic system is based on the Computer System. The resonance frequency is 
determined from peaks on a frequency response curve for each of the experimental methods.  

 
Figure 3:  Experimental setup 
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This section briefly considers some of the relevant theory with regard to the response of single degree of 
freedom non-linear systems to shock loads. Consider the symmetric Duffing oscillator 

)sin(3
3 αω −=+++ tXykykycym &&&                                                            (1) 

substituting a trial soution Ysin(ωt) and applying a little trignometry gives 
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Equating the coefficients of sin(ωt) and cos(ωt), retaining only the fundamental components, yields the 
equations 
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Squaring and adding the these equations yields 
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For a given X and ω, the displacement response Y is obtained by solving equation (4). This equation is 
essentially cubic in Y2. As complex roots occur in conjugate pairs, Eg. (4) will either have one or three real 
solutions, the complex solutions are disregarded as unphysical. 
It can be shown that the frequency domain representation of a half-sine shock of duration T and maximum 
amplitude A, is given by as follows 
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Plots of the time and frequency domain representations are presented in Figure 4. Frequency responses of 
an undamped system based on model A1 subjected to shocks of various amplitude and duration of 100 µs 
are shown in Figure 4. The non-linear jump phenomenon can be seen very clearly as the amplitude 
increases. 

hardening system, k3 = 0.8k softening system, k3 = -0.8k 
Figure 4: Frequency response of non-linear system (m=0.041 kg, k varies 27.7-29.2 MN/m over 

frequency range) 
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3 Results and discussion  
 

3.1 VIBRATIONS 
 
The first twelve natural frequencies of clamped specimen as determined by computational simulations in 
ABAQUS are compared to mathematical predictions from Classical Plate Theory (first five frequencies) 
and test data for the uncoated and coated plates in Tables 2. Damping factors are presented in Table 3. The 
mesh in the finite element model was fine enough to provide results within 2-3% of the theoretical values 
for both uncoated and CLD sandwich coated plates. Thus, it is probably safe to assume the other seven 
modes determined by the finite element model are fairly accurate representations of the modes predicted 
by theory.  
Frequency was varied from 20 to 8,000 Hz for all samples. For the uncoated plate, twelve natural 
frequencies were identified in the considered range. The variation between the resonance frequencies 
found in test and those predicted by the finite element model was within 5%, with a few exceptions.  
Variation was found between test runs, as well. These variations can be attributed to several factors, the 
primary one being the boundary condition created by the clamed specimen. The type and size of clamp 
fixer used, and the torque applied in tightening the vibrating beam made a significant difference in the 
resonance frequencies obtained.   
Comparing the results obtained from laser vibrometry, it would be noted that adding the just metal-
ceramics coating caused a decrease in resonance frequencies of 5 to 16% from the uncoated titanium plate; 
the more CLD polymeric coating has resulted to an additional 2 to 6% decrease below the former coated 
specimen. Results were not as consistent with the sine sweep method; in some cases, increasing a number 
of layers caused the resonance frequency to increase. The magnitudes of the changes between the metal-
ceramics coated and uncoated plate resonance frequencies were much lower in the sine sweep 
characterization than they were when determined by vibrometry. While in the vibrometry, the increases 
were 5% or more, the magnitude of the change in the sine sweep method was less than 3% for 1 of the 10 
modes (table 2). The frequency changes between methods were much more comparable going from the 
metal-ceramics coated to the CLD coated specimen, see Table 2.  

 

Mode 
# 

ω, Simple Material 
(Hz) 

ω, Ceramic Coated Plate 
(Hz) 

% 
Diff 

ω, Polymer Coated Plate 
(Hz) 

% 
Diff 

1 76 88 15.8 90 2.3 

2 206 224 8.7 238 6.3 

3 490 544 11.0 568 4.4 

4 706 756 7.1 784 3.7 

5 758 818 7.9 856 4.6 

6 1,324 1,470 11.0 1,544 5.0 

7 1,404 1,576 12.3 1,626 3.2 

8 1,634 1,770 8.3 1,856 4.8 

9 1,804 1,892 4.9 1,960 3.6 

10 2,308 2,604 12.8 2,658 2.1 

 
Table 2:  Resonance frequencies obtained by laser vibrometry 
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Mode Shaker Table Acceleration (g/s) Sweep Rate (Hz/min) ωr Velocity, mm/s Q 

1  1  50  192  269  121  

2  1  50  496  12.4  1,323  

2  10  100  494  52.7  492  

3  1  100  1,200 127  368  

4  1 50  1,651 31.2  143  

4  10  100  1,639 41.2  157  

5  1  50  1,786 25.9  588  

5  10  100  1,778 161  216  

 
Table 3:  Damping values, CLD sandwich coated specimen, sine sweep 

 
Results in Table 3 present the damping ratio, ζ, as determined by the software simulations that has been 
converted to the quality factor, Q, one of the preferred method of measurement. As expected, the CLD 
coating caused an increase in the damping ratio, and the polymer layer had more of an effect than the 
metal-ceramics one. Damping increased between the metal-ceramics and CLD sandwich coated specimens 
for 10 of the 12 modes measured; 6 of the 10 increases were better than 25%.  When going from the 
metal-ceramics to the CLD sandwich coating, damping increased for every one of the 10 modes; 8 of these 
were better than 20%, and 6 were better than 40%. Q values cannot be compared between modes, as Q is 
dependent on strain, and the strain is different between modes for the same applied force. 
 

3.2 Mode Shapes  
 
The vibrometry images are not finally true mode shapes, in that vibrometry is not measuring displacement, 
but velocity of samples. In the vibrometry images, the colors represent magnitudes of velocity. Thus, there 
is not a direct correlation between the computer plots and the two-dimensional vibrometry images.    
In figs. 5 and 6 it is seen the first eight modes of the metal-ceramics coated plate, as viewed by 
vibrometry. Nodal lines are not always apparent and in few images, the node lines appear as thin almost 
white bands. For example, in the first torsion image in Fig. 6, the shape is twisting about the center line 
running vertically through the plate (which appears in white in the image). If the left half is displaced 
above the plane, the right half is below. This displacement is not evident from the image; the image only 
shows that the areas nearest the center line (in green) have the same magnitude of velocity, and the areas 
of the plate in the free corners (in red) have equivalent velocity magnitudes. By comparing the images in 
Figs. 6 and 7 to the corresponding modes in Figs. 5, it can be observed that for even images (those whose 
mode shapes are symmetric about a center line), nodes appear as dark bands. Examples are first chord-
wise bend, third bend, and third chord-wise bend. For odd images (those whose mode shapes are anti-
symmetric about a center line), the node lines can be found by bisecting the low velocity region.  
Examples are second bend and second chord-wise bend.  
The best way to compare vibrometry to the finite element mode shapes is by observing the three-
dimensional vibrometry images. Fig. 8 is three-dimensional images of the second bending and two-stripe 
modes for the CLD sandwich coated plate. In both images, the dark bands are node lines. In Fig. 8, the red 
area has a lower velocity magnitude than the green. These images display similar shapes to those in Figs. 6 
and 7. Green areas in the images have a lower relative velocity magnitude compared to the red areas. In 
the second bend mode, white or lighter green bands are node lines. The thin coated plate in second bend is 
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missing a red band across the middle of the plate that appears in the other two second bend images. This is 
likely the result of an uneven coating, which could cause uneven stress across the plate. For the two-stripe 
mode, the dark areas between the red and green are areas of zero velocity and zero displacement (node 
lines) for the uncoated and thin coated plates; the node lines appear in white in the image for the thick 
coated plate. There is no significant change in the mode shapes between the thin and thick plates.  
 

       

2
nd

 Bend, 490 Hz    1
st
 Chordwise Bend, 706 Hz 

Figure 5:  Modes 5 through 6, metal-ceramics coated plate, viewed by holography.  
 

     

2
nd

 Torsion, 754 Hz     2
nd

 chordwise bend, 1324 Hz 
Figure 6:  First four modes, CLD sandwich coated plate, viewed by vibrometry 

 

        

3
rd

 Bend, 1404 Hz      3
rd

 Chordwise Bend, 1634 Hz 
Figure 7:  Modes 4 through 8, CLD sandwich coated plate, viewed by vibrometry 
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Figure 8:  Second bending mode, CLD sandwich coated plate 

   
 

Coverage area Modes 

0% 40% 60% 80% 100% 

1-2 0,2 0,38 0,34 0,32 0,33 

3-4 0,21 0,32 0,42 0,49 0,43 

5-6 0,18 0,31 0,42 0,45 0,32 

7-8 0,23 0,33 0,29 0,33 0,24 

9-10 0,17 0,21 0,24 0,27 0,19 

 
Table 4: Comparison of damping factor and coverage area 

 
In each modal point, an increase of damping level is achieved due to coating design. When area of 
specimen coverage is about 80% of total area, increased damping levels were achieved in the frequency 
range (table 4). This effect can be explained by a non-linear contact between surfaces of damping structure 
and the plates. Thus, an optimal stress-strain relation should be achieved in the selected design. For any 
given sample, damping is not a constant at all frequencies, nor is it a linear function of frequency. 
Damping appears to be related to mode shape. The bending modes have the lowest Q values (greatest 
damping), and the torsion modes have the highest Q values.  
 

Conclusion  
 
The use of thermal spraying technology permitted an efficient integration of multidisciplinary engineering 
efforts to produce finely structured damping metal-polymer-ceramics sandwiched coating that is unique in 
microstructure, superior in properties and readily technology transferable into an industry. Manufacturing 
design concepts for the coating materials are a viable perspective for damping members in transportation 
(aerospace, automotive).  
The key to the improved properties is the production of a uniform gradient layer microstructure, which 
imparts improved toughness and vibration damping levels to the coating. In some cases the polymer grade 
was not strictly defined and the desire to present comparative data did not take into account the upper 
operating temperature limit of the polymer. 
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Abstract 
In this paper a procedure for quality acceptance of low-noise railway wheels is presented. The low-noise 
feature is obtained by applying a constrained layer damping through the use of a viscoelastic polymer and 
a pre-formed constraining plate. 
The proposed procedure is based on the analysis of the vibration amplitude in resonance conditions and 
does not use any acoustical measurement, whose use is particularly not advised in industrial workshops. 
Frequencies to be considered have been chosen with both the analysis of the sound power emitted by the 
wheel in a semi-anechoic chamber and the analysis of all acoustic frequency responses measured during 
type tests. 
The methodology, verified on a reduced set of damped wheels, has shown a sufficient sensibility and 
proved to be potentially able to highlight the changes in the vibroacoustics characteristics of wheels due to 
the intrinsic repeatability of the application of the damping panel. 
 

1 Introduction 
 
The problem of noise has become central for railways, a transportation mode that is nevertheless 
characterized by the lowest environmental impact. 
The excitation source for rolling noise, that is certainly the most important component for electric train in 
a particularly wide range of speed (approximately between 50 km/h and 250 km/h), is due to the combined 
wheel and rail roughnesses. This roughness is not simply the energy sum of wheel and rail roughnesses 
considered separately (and uncorrelated) but is modified by the contact patch filter as the contact area has 
finite dimensions that reduce the overall excitation at the higher frequencies (i.e. at the shorter 
wavelengths). 
As pointed out at European level, the highest priority is currently the reduction of wheel roughness where 
it is dominating on rail roughness, i.e. for freight wagons with cast iron brake blocks. Researches and 
simulations lead to an estimation of a reduction of around 8÷10 dB of the night equivalent noise level by 
using sintered or synthetic blocks or by modifying the wagons to accommodate any type of disc braking. 
Passenger rolling stock started their migration to disc braking in the ‘70s and it can be said that all 
vehicles material are now disc braked. Also motor units, as high power locomotives or Electrical Multiple 
Units, have special mechanical arrangements (brake discs mounted on the wheel web) that, although 
originally designed for space reasons and braking performances, have also limited to a minimum the 
wheel roughness. 
As a result, for low-roughness disc braked wheels it is not straightforward to assign only to the wheel or 
only to the rail the origin of the noise pollution. Studies and models validated during the last 10÷15 years 
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show that the relative importance of the wheel and of the rail can considerably change from case to case. 
As falling in the competence of a wheel manufacturer, Lucchini Sidermeccanica (formerly Lucchini CRS) 
started, in the mid ‘90s, a series of activities that allowed to develop some solutions for both the block 
braked wheels and the disc braked wheels sectors. For the latter, Lucchini Sidermeccanica has developed a 
treatment, named Syope, that is based on the constrained layer damping technique [1]. 
It is in fact clear that the noise generation is due to the wheel and rail surface vibrations that are excited by 
the extremely high contact stiffnesses also for wheel and rail roughnesses not visible to the naked eye. The 
Syope treatment aims at reducing wheel vibrations, and therefore the emitted noise, under unchanghed 
excitation conditions. 
As shown in many circumstances, for example in the use on the Italian high speed train ETR500 [2, 3], on 
the narrow-gauge Circumvesuviana railway in Naples [4] or on the Ferrovia Merano-Malles [5], such 
treatment proved to be safe and durable, but also showed high acoustic performances with an almost 
negligible extra cost in the Total Life Cycle Cost of the vehicle and without any additional maintenance 
burden. Moreover, it can be applied to any wheel mounted on a wheelset with disc braking as it has been 
certified that the treatment has no structural influence. 
After prototyping, the treatment has become a mass-produced item; it has been applied, for example, on 
Czech Republic Pendolino and will also be mounted on new Cisalpino and Trenitalia tilting trains 
currently under manufacturing. The Syope will also be mounted, as a retrofit, on the whole fleet of 
Circumvesuviana. 
The application of the treatment to the wheel web is made by rolling a steel disc preliminarily covered 
with the adhesive damping polymer and pre-formed. Obviously the results of the this manufacturing 
process vary, as those of any other process, in a statistical way. It was therefore fundamental to guarantee 
the characteristics of the application (uniformity of the panel adhesion) and the corresponding acoustical 
properties (noise reduction) by the definition of an acceptance procedure with adequate simplicity, 
robustness and significance. 
This paper shows the results obtained by the definition, the tuning and the application of the acceptance 
procedure of the Syope treatment to be applied in the mounting workshop (and not in the laboratory). 
 

2 Preliminary considerations 
 
Mechanical tests and acceptance criteria are normally defined during the commissioning phase of a 
wheelset. Obviously some tests are performed on samples (for example the analysis of the chemical 
composition of some heats) or on a particularly small set of samples in the case of complex, long or 
expensive analyses (for example, full scale fatigue tests). 
In the vibroacoustics field, also considering the persistent absence of specific standards, univocal 
evaluation and acceptance procedures on treated (or untreated) wheel have not been defined yet. 
For example, Lucchini Sidermeccanica installed in its laboratories a semi-anechoic chamber fulfilling the 
requirements of ISO 3744 standard, that nevertheless is not required by any standard on design, 
manufacturing or operation of railway wheels. Lucchini is probably, therefore, the only manufacturer that 
is able to make a set of experimental evaluations on the acoustic “efficacy” of a new design wheel. 
As a standard, Lucchini measures, with an internal protocol, the sound power emitted by the wheel during 
an impact test with an instrumented hammer; such sound power spectrum allows to evaluate the vibration 
modes which are more responsible of the emitted noise in the lab. It is worth to highlight that rolling 
introduces a further and often prevailing source of damping, whose entity is not known to the wheel 
manufacturer; nevertheless, through this test it is possible to make sure that the treatments applied on the 
wheel lead to a sufficient damping, hopefully greater than the rolling damping. 
The sound power test, to be performed on a single wheel and that therefore is a type test, is so long, 
complicated and needs a special environment that it is not even possible to think about its possible use in 
production to describe the variance of the behaviour obtained during the normal manufacturing of treated 
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wheels. From this considerations arises the need to measure the real performance of a wheel after the 
application of the treatment with an acceptance test to be made on the entire batch or on a sufficient 
number of wheels defined by a sampling plan. 
This acceptance test must fulfil the typical requisites of process tests: it should be relatively unaffected by 
external factors, it should be meaningful (observability criterion), it should be relatively easy to be used by 
personnel with low training, it should give simple and univocal results. 
These requests led to discarding the option of acoustic tests in the workshop, even if they would have had 
the maximum meaning, as it is not easy to get there a sufficient level of cleanliness and low background 
noise to use measurement microphones. It was therefore necessary to make use of an indirect 
measurement of the acoustic behaviour by means of the measurements of the vibration behaviour, 
obviously ensuring the meaningful of the obtained results. 
 

3 Measurements needed for the procedure 
 
The optimal test that satisfies all the mentioned criteria is a single inertance (acceleration/force) frequency 
response function. This type of measurement is possible with sensors which are sufficiently rugged to be 
used in an industrial environment, is relatively insensible (with some precautions on boundary conditions 
on wheel constraints) to disturbances and is sufficiently simple to be adopted systematically on a great 
number of wheels. With the considerations described hereinafter, it proved to be a good candidate to 
replace similar acoustical tests. 
The set up and tuning of the procedure needed numerous preliminary tests that are described here with 
reference to a wheel of diameter 890 mm with a symmetric (straight) web. The conclusions reached are 
therefore general but the results obtained here are clearly relevant only to this specific wheel. 
The wheel, shown in Figure 1, is freely suspended with its axis vertical to get the usual free-free excitation 
and response conditions. It was observed that the highest rigid frequency of the wheel on the support is at 
approximately 50 Hz, well below the frequency range of emission of the wheel. 
 

   
Figure 1: Sound power measurement setup in the semi-anechoic chamber (left). Excitation and 

response positions (right). 

The wheel has been excited with an instrumented hammer varying the angular position between an arc of 
measurement microphones, evenly spaced on an angle of 90° and numbered starting from the one on the 
wheel axis, and the excitation section. Angular positions of  0°, 30°, 45°, 60°, 90° and 150° have been 
considered. This choice comes from a preliminary set of measurements specifically made to verify the 
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excitability and acoustic response conditions of the wheel, including the possible symmetries and  
antisymmetries of the acoustic field and of the vibration response of the wheel. 
Always with reference to Figure 1, several excitation conditions were considered, i.e. radial at the centre 
of the wheel tread (R), axial just under the maximum wear groove (A), and in the area used for turning on 
the lathe (M). Response were measured in terms of sound pressures in the aforementioned positions and in 
terms of accelerations only in radial and axial directions (arad and aax respectively), as the circumferential 
direction is not excited and that in the literature it is considered relatively unimportant for noise emission. 
For limits on the available number of acquisition channels (eight), tests were made in two distinct phases: 

a) excitation with instrumented hammer and response of the 7 measurement microphones. The 4 
most important microphones were therefore selected; 

b) excitation with the instrumented hammer and response of a triaxial accelerometer + the 4 
microphones previously selected. 

Obviously in case of a larger availability of transducers and channels it would be possible to make all the 
measurements simultaneously; in that case 20 channels (1 for the hammer, 7 for the microphones and 12 
for the axial/radial accelerometers) would be needed. The set of FRF obtained in two times is nevertheless 
meaningful as they are normalized to the measured input. 
 

4 Description and application of the procedure 
 
The measurement procedure has been formalized in a document delivered to Lucchini Sidermeccanica 
including some short operational rules. Instead of including the synthetic protocol, it is preferred here to 
define the steps and to describe the results obtained on the practical case that helped to the tune the 
procedure. 
 

4.1 Determination of the excitation direction 
 
Although it is conceivable to use for the type test all the excitation directions previously mentioned, and 
even others at different angles due to the specific wheel geometry (chamfers, fillets, etc.), it is evident that 
the acceptance test will be possible only with a monoaxial excitation impulse. 
In the case described here, the wheel section with the straight web resulted in higher importance of the 
excitations in axial (A) and turning (M) directions. In particular, the axial input position has been chosen 
below the maximum wear groove as this area is available also at the end of the useful wheel life, allowing 
further checks of the efficacy of the damping treatment. 
Wheel tread geometry is such that both (A) and (M) inputs are able to excite flexural and torsional 
eigenmodes of the tread area, while (A) excites more global flexural eigenmodes affecting the whole tread 
/ web / hub complex. 
It was therefore decided to use excitation (A) as the only excitation to be used for all subsequent analyses. 
What said must be obviously revised case by case depending on the geometry and on the peculiarities in 
the vibroacoustic response of each specific wheel. 
 

4.2 Collection of a sufficient number of vibroacoustic FRFs 
 
Although it is possible, as aforementioned, to measure the entire set of frequency responses 
simultaneously, from a logical point of view it is preferable to analyse the microphone responses first. 
The choice of the set of measurements is justified by considerations on processing and on observability 
(deviations) of the results. First of all, it is necessary to note (Figure 2) that acoustic FRFs are generally 
affected by a higher background noise level compared to the corresponding vibration FRFs. This is due 
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both to a low noise emission of the wheel in some directions and to the position of the semi-anechoic 
chamber which is close to other manufacturing departments. This leads to the conclusion that trying to get 
a level of detail much higher than that offered by the chosen 7 microphones evenly spaced on 90° can be 
illusory. 

 
Figure 2: Left: microphone/hammer FRF for axial excitation with a relative angle of 0° (microphone 

#5, 60° wrt to the vertical axis). Right: point FRF for axial excitation 

 
About the number of excitation positions on the circumference to be used for a complete characterization 
of the sound emission, in the case under study it was possible to make use of geometric symmetry of the 
wheel. During some preliminary analyses two symmetric positions (90° and 270°) were used; once the 
symmetry in the acoustic response of the wheel was verified, such duplication was removed introducing 
other previously non considered point. 
 

4.3 Identification of most important frequencies and of the optimal response 
 
The vibration response of the wheel is dominated, also in the case of relatively high damping, by its modal 
behaviour. The acoustic response is strictly derived from it but it is affected also by the fluid-structure 
coupling and by the following combination of the sound pressure fields originating from the different 
portions of the wheel. As an example, in the wheel under test the microphone placed on the wheel axis 
(mic #1) always showed levels much lower than the others and, on the basis of previously mentioned 
considerations, was excluded by the selected set of microphones for signal/noise reasons. 
The frequencies of interest are clearly all those that can contribute in some way to find out possible non 
conformities in the application of the damping treatment. As it can be easily argued from Figure 2, the 
number of eigenmodes that can be extracted from vibration FRFs is very high (greater than 25) but some 
of them have levels that may be critical for their identification during an acceptance test; moreover, they 
risk to be linked to local conditions that are poorly representative of the behaviour in service of the wheel. 
To identify the frequencies of interest, a combined approach based only on acoustic FRFs was used as 
follows: 

a) use of the total normalized sound power (given by the sum of |FRF|2 multiplied by the relevant 
areas), identifying the frequencies relative to the peaks in the sound power function that contribute 
to a relevant portion (90%÷95%) of the sound power normalized to the input; 

b) use of the entire set of acoustic FRFs as follows: 
1. selection of the peaks in the FRFs that are due to eigenfrequencies and pick of the amplitude 

in resonance conditions. For high damping responses, it is advisable to select the frequencies 
by using an energy criterion including only those peaks that contribute to a relevant portion 
(90%÷95%) of the energy of the acoustic response for the case of a flat spectrum excitation; 

2. filling of a matrix containing the amplitude of the modes identified for each FRF; 
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3. reduction of the matrix discarding the values that appear only in some FRFs and vice versa 
retaining the frequencies that appear in all the FRFs. At the end of the reduction, the set of 
frequencies to be considered is identified. 

 
The set of frequencies to be used in the remaining part of the procedure is obtained by considering the sets 
of frequencies found at step a) and b3). If the frequencies found at step b3) are not fully included in the 
frequencies at step a), reintegrate the reduced matrix found at step b3) inserting the corresponding 
frequencies. 
The advantage of using a combination of methods a) and b) is that while with the first the global response 
is taken in consideration, thereby guaranteeing the maximum physical meaning, with the second it is 
possible to observe the behaviour at each frequency. It is in fact possible that some responses have peaks 
with high amplitude that cancel out for phase reasons in the global sound power, losing the corresponding 
frequency. 
As an example, Figure 3 shows the normalized sound power for the wheel considered as an application of 
the procedure and an example of the identification of peaks in a single acoustic FRF. Part of the full 
matrix of amplitudes for each frequency and each input/output combination obtained by the automatic 
extraction process (95% of the energy of each acoustic FRF) is shown in Figure 4. It is evident that some 
frequencies are more representative in terms of appearance and in terms of relative amplitude of the peaks 
at those frequencies, this implying that the response is not dominated by a specific mode but that vice 
versa all the modes are almost equally represented in the response. 
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Figure 3: Left: normalized emitted sound power for axial excitation. Right: example of automatic 
identification of peaks on an acoustic FRF (axial excitation at 30°, mic #5) using the 95% energy 

criterion. 

 
Figure 4: Matrix of the amplitude at each resonance frequency in the full set of acoustic FRFs. In 
the rightmost columns the standard deviation (of data expressed in dB) and the number of empty 

spaces (“vuoti”) are shown. 
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The full matrix is reduced by using criteria of numerousness of the frequencies and uniformity of 
amplitudes leading to the final matrix shown in Figure 5. 
 

 
Figure 5: Reduced matrix of amplitudes at each resonance frequency in the full set of acoustic 

FRFs. In the rightmost column the average amplitude is shown. 

 
The acoustic FRF that contains all the frequencies identified as important, that has the maximum mean 
value and the minimum dispersion of amplitude values is defined as “optimal” and represents the sound 
pressure / force transfer function that can be retained as most representative of the vibroacoustic behaviour 
of the wheel. In the case of the wheel under test, the optimal FRF is the one shown in Figure 3, where 
almost all the peaks are present in a particularly limited amplitude range. 
Although this result is not directly implemented in the acceptance test protocol, it was fundamental to 
choose the frequencies of interest and it can help if it is desired to check with a single acoustic 
measurement the overall efficacy of the treatment. Obviously it requires a specific environment, not 
compatible with manufacturing departments, and the criterion based exclusively on vibration FRF 
described in the following paragraph was preferred. Nevertheless, the position where the accelerometer 
was placed during vibration tests corresponds to that of “optimal” excitation. Using in fact the point FRF 
and the related transfer functions, it is possible to estimate the contribution of any input to the “optimal” 
response. 
As a confirmation of the validity of the proposed approach, the application of the criterion of the 
normalized sound power led to the identification of 5 important frequencies, while the extension to the 
analysis of all FRFs led to the reintroduction of two other important frequencies (at 508 Hz and 4611 Hz 
respectively) that were not evident in the normalized sound power. 
 

4.4 Identification of the equivalent vibration test 
 
Once the accelerometer is placed in the point described above, it is possible to collect the vibration FRFs 
exciting the wheel in the points used for the vibroacoustic characterization obtaining a set of amplitudes in 
resonance conditions at the identified set of important frequencies. For the wheel under test the 
experimental FRFs are shown in Figure 6, where two undamped wheels, five damped wheels and one 
wheel with only one panel are compared. 

DAMPING 1007



 

 
Figure 6: Vibration FRFs for the wheel under study (left) and close-up around the peak at 525 Hz 
(right). Upper curves are relative to two undamped wheels from different batches; mid curves are 
relative to the wheel with only one panel; lower curves are relative to five damped wheels. Some 

measurements are duplicated to check repeatability. 

 
The amplitudes in resonance conditions can be plotted as in Figure 7. Amplitudes are particularly 
repeatable for point FRF (30° angle with the arc of microphones), except for an untreated wheel that had 
some peculiarities that influenced high frequency results. 
With an angle of 15° between the hammer and the accelerometer great dispersions are observed at 2684 
Hz (Figure 8), while with an angle of 30° the dispersions are at 988 Hz (Figure 9). These dispersions can 
be easily justified by observing the eigenmodes at the corresponding frequencies that suggest, for future 
tests, to avoid to put the accelerometers at angular positions that are an integer fraction of the 
circumference. 
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Figure 7: peaks amplitude of point FRFs for untreated wheels, one panel, two panels (in descending 

order) 
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Figure 8: peaks amplitude of FRFs with an angle accelerometer / hammer of 15° (left). Eigenmode 

calculated with undamped FEA at 2694 Hz. 
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Figure 9: peaks amplitude of FRFs with an angle accelerometer / hammer of 30° (left). Eigenmode 

calculated with undamped FEA at 992 Hz. 

 

5 Conclusions and further developments 
 
A methodology to perform vibration measurements aimed at the acceptance test of damped wheel was 
developed and presented. It was proved that, suitably using type tests conducted in a semi-anechoic 
chamber, it is not strictly necessary to make acoustic tests but that a simple vibration test can give all the 
information needed to assess the quality of the application of the damping treatment. 
It is not possible at the moment to define completely the acceptance criteria that shall be evaluated on the 
basis of the following considerations: 
1) amplitudes in resonance conditions should vary slightly from wheel to wheel, at least at the final set of 

frequencies selected; 
2) it could be interesting to verify the behaviour at some eigenfrequencies of the untreated wheel that are 

completely missing in the damped wheel and that could be indicative of the quality of the application 
of the treatment; 

3) a specific weighting function will probably need to be defined that takes into account the difference to 
the average response and the average values (possibly in an inversely proportional way); 

4) both the average values and the acceptability levels shall be defined dynamically and shall be updated 
on the basis of historical data. 
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Abstract 
This paper illustrates a class of mechanical systems exhibiting a damping mechanism based on fractional 
derivatives. In particular it is shown how a set of small oscillators of appropriate characteristics attached to 
an oscillator of larger mass produces an effect that globally can amount to a fractional derivative 
dissipation mechanism. More precisely the fractional derivative model depends on the choice of frequency 
distribution selected within the set of the attached small oscillators. On this basis a general theory that 
provides a link between fractional damping and damping induced by a slave system attached to a primary 
structure is presented. 
 

1 Conventional dissipation models: viscous and hysteretic damping 
 
Viscous and hysteretic damping are simple models to include dissipation effects in mechanical and 
structural systems.  
Taking the Fourier transform of the equation of motion of a single degree of freedom system: 
 

( )[ ] FXCjKM =++− ωωω 2  

with mass M and stiffness K, the dissipation effect is here represented by the term ( )ωωCj . It is formally 
the analogous of a viscous damping except the coefficient C can be frequency dependent. The 
case constC =)(ω , i.e. the damping coefficient is frequency independent, represents the viscous damping 

model, while the case ( )
ω
ηω KC =  represents the hysteretic damping model, and η  is the hysteretic loss 

factor. 

For harmonic motion, tXx ωsin0= , the viscous force xCF &=  produces a dissipated work per cycle 

cycW (i.e. in the period 
ω
π2

 ) represented by: 

 

( ) ωπω CXdxFWcyc
2
0⎮⌡

⌠ ==                                                 (1) 

 

Other cases in which the damping coefficient C is frequency dependent can be obtained by the previous 
formula substituting for C the desired frequency dependent coefficient ( )ωeqC . For example, the 
hysteretic damping produces: 
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( ) ηπω KXdxFWcyc
2
0⎮⌡

⌠ ==  

making the work dissipated in a cycle frequency independent. 

 
Figure 1: Frequency dependency of the dissipated work per cycle 

Figure 1 shows the dependency of the work dissipated per cycle vs the excitation frequency, illustrating 
the trend of the hysteretic as well as of the viscous damping, both represented by straight lines. The next 
sections consider the chance of more complicated dependency of cycW  on the frequency (represented by 
the dotted curve in figure 1), as the fractional derivative damping and providing for it simple physical 
models.  
 

2 Fractional damping and its basic properties 
 
The concept of fractional derivative of a function x(t) is borne from the consideration of the formal 
property of the Fourier transformℑ : 

( ) { } { } ⎮⌡
⌠=ℑℑ=

⎭
⎬
⎫

⎩
⎨
⎧

ℑ
+∞

∞−

− dtetxxxj
td
xd tjωα
α

α

ω )(  

where t is time and ω the radiant frequency. In the classical Fourier transform theory, α is an integer 
number. Extending this formal property to any real number α, one can state by definition: 

( ) { }{ }xj
td
xd

ℑℑ= − α
α

α

ω1  

providing, in general, a meaning for the derivative of non-integer order α of the function x. 
With this mathematical tool, the description of dissipation effects in mechanical systems becomes richer 
including the concept of fractional damping. An oscillator of mass M and stiffness K can be damped 
through a mechanism mathematically described adding a fractional derivative to the equation of motion: 

F
td

xdKx
td
xdM =++ α

α

µ2

2

                                                   (2) 

Viscous 

Hysteretic 

⎮⌡
⌠ dxF  

Non conventional 
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The fractional derivative term represents a force that dissipates energy and it appears in time domain 
equation of motion as a real quantity. Considering indeed a harmonic motion tXx ωsin0= , the 
dissipated work per cycle cycW  is determined by the simple expression: 

2
sin)( 2

0
παωµπ αXdxxFWcyc =⎮⌡

⌠=  

Looking at the expression (1) one can conclude that the equivalent viscous damping frequency dependent 
coefficient is in this case: 

2
sin)( 1 παωµω α−=eqC  

 

3 Fractional damping induced by a continuous set of parallel 
resonators 
 
In figure 3 the system considered in this section is depicted. A set of resonators, having individual natural 
frequencies Nii ...2,1, =ω , are connected in parallel to a common principal structure. They are just a 
particular case of the slave system considered in the previous section. 
 

 
Figure 3 Schematic illustration of the slave system consisting of a set of parallel resonators  

 
The system does not exhibit any energy dissipation mechanism. If the number N of oscillators is large, 
ideally infinite, but with constant total mass, the attached oscillators produce a continuous distribution. 
The equations of the motion of the system are: 

( )

( )⎪
⎪
⎩

⎪⎪
⎨

⎧

=−−

=−⎮⌡
⌠++

0),()()(),(

0),()()()()(
1

0

txtxktxm

dtxtxktxKtxM

M

MMMM

ξξξ

ξξξ

&&

&&

                             (3) 

 

where MM xKM ,,  are the mass, stiffness and displacement of the master structure, respectively;  xkm ,,  
the same quantities referred to any single oscillator of the attached slave set. The dummy variable ξ  
allows to account for the continuous distribution of the oscillators. 
Several papers show that the distribution of oscillators represented in figure 2, for an infinite N, produces a 
damping effect on the principal mass [1-7]. This means that the impulse response of the master oscillator 
is progressively damped: the energy initially given to the principal structure moves to the slave oscillators 

SET OF RESONATORS

PRINCIPAL STRUCTURE

DAMPING 1013



in an irreversible fashion. As discussed in several recent papers, this irreversible effect, in general, does 
not hold any longer for a finite N [2,8-9]. 
To this aim, consider that from the second of equations (3), the displacement of the continuous set of 
resonators in terms of the master response can be determined by the convolution integral: 

( ) ( ) ττξωττξωξ dttHxtx
t

nMn ⎮⌡
⌠ −−=

0

)(sin)()(),(  

where H is the Heaviside function. Introducing this expression into the first of (6): 

0)()(sin)()()(

)()()()(

0

3
1

0

1

0

=⎮
⌡

⌠
−−⎮⌡

⌠

−⎮⌡
⌠++

t

nnM

MMMM

ddttHmx

dktxtxKtxM

τξτξωτξωτ

ξξ&&

 

an integral-differential equation in terms of Mx  is determined.  More concisely, letting: 

( ) ( ) ( ) )()()(ˆ,sin)(, 3
1

0

1

0

tItHtIdtmtIdkk =⎮⌡
⌠=⎮⌡

⌠= ξξωξωξξ          (4) 

the previous equation takes the simpler form: 

[ ] 0)()()()()()( =∗−++ tHtItxtxkKtxM MMMM&&                                      (5) 

where I is the kernel of the integral part of the previous equation.  
Let investigate more in depth the effect of the slave system on the master, being this effect represented by 
the term [ ])()()( tHtItxM ∗ .  

The Fourier transform ℑ of )(ˆ tI  is: 

{ } { } { }HII ℑ∗ℑ=ℑ ˆ                                                                (6) 

Thus, the first convolution term is: 

{ }

( ) ( )[ ] ξξωδξωδξωπ

ξξωξω

dmj

ddttemI tj

)()()(
2

)(sin)(

3
1

0

3
1

0

−Ω++Ω⎮⌡
⌠−

=⎮⌡
⌠

⎮⌡
⌠=ℑ

+∞

∞−

Ω−

 

With the variable replacement ξξωω dd )(′= , it yields: 

{ } ( ) ( )[ ] ωωδωδ
ω

ωπ d
m

jI −Ω++Ω′⎮⌡
⌠−=ℑ

31

02
 

The distribution )(ξω can be written as the solution of the equation )(ωω f=′ , selecting arbitrarily the 
function  f.  The previous integral produces the expression: 

{ } ( ) [ ]

{ } elsewhere0

)1();0(for 
2

2

=ℑ

∈Ω⎥
⎦

⎤
⎢
⎣

⎡
Ω

Ω
Ω−=ℑ

I
f

mjI ωωπ
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The second convolution term in equation (6) is: 
 

{ } ( )
Ω

+Ω=ℑ
j

H 1
2
1 δ  

Therefore: 
 

{ }=ℑ Î ( ) ( )( )⎮⌡
⌠

Ω−
+⎥

⎦

⎤
⎢
⎣

⎡
Ω

Ω
Ω−

+∞

∞−

ζ
ζζ
ζππ d

f
m

f
mj

32

24
                       (7) 

 

This expression provides the frequency domain counterpart of the term [ ])()()( tHtItxM ∗− in equation 

(5), that is { }IX M
ˆℑ⋅− . This physically means that the effect of the set of oscillators introduces in the 

master motion a frequency dependent viscous damping related to the presence of an imaginary part 

in { }Îℑ , i.e. ( )ω
ωπ
f

mCeq

2

4
= .  The real part corresponds indeed to a reactive part of the impedance that 

is generally not very important, for small m, compared to the inertial and stiffness effects intrinsically 
related to the master oscillator. 
In this case the work dissipated in a cycle is: 
 

( ) ( )ω
ωπω
f

XmdxFWcyc

32
2
0 4⎮⌡

⌠ ==  

 

4 Quasi-fractional damping by a discrete set of conservative 
resonators 
 
The equation of motion takes a different form in the case of a finite set of N resonators, since integrals 

over ξ are now substituted by summation. Thus, Eq. (5) is still valid provided that ∑
=

=
N

i
ikk

1

 and I(t) is 

replaced by its discrete counterpart ∑
=

=
N

i
ii tm

N
ts

1

3 sin1)( ωω :  

 

[ ] 0)()()()()()( =∗−++ tHtstxtxkKtxM MMMM&&                                     (8) 

 
The properties of the solutions of equations (5) and (8) are different because of the different kernels I(t) 
and s(t) appearing. However, the two kernels have a close trend until the difference between them is small. 
This means they are close within a limited time window [ ]∗t,0  explicitly evaluated in [8]. Therefore, 
equation (8) matches the solution of equation (5) and the motion of the principal structure with attached N 
oscillators behaves, in the assigned time window, as in the case of the continuous distribution. For this 
reason, the case on N finite oscillators without damping produces a quasi-fractional effect: this means the 
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response of the master attached to the slave mimics that of the fractionally damped oscillator but within 
the time window [ ]∗t,0 . 

 

5 Numerical Case 
 
Considering equation (3), and given a finite set of slave oscillators characterized by a total mass m<<M it 
is possible to neglect the reactive part of equation (7). Therefore, the added impedance to the master 
because of the presence of the set is 

( )⎥⎦
⎤

⎢
⎣

⎡
Ω

Ω
−=

f
mZ

2

4
)( πω                                                       (9) 

Assuming a frequency distribution of the layer ω(ξ) = ξβ the term f(Ω) becomes 

β
β

β
1

)(
−

Ω=Ωf                                                                          (10) 

and  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
Ω

−=

+

β
πω

β
β 1

4
)( mZ                                                            (11) 

A relationship between the coefficient α and µ from equation 2 and the coefficient β is established, so that 
the fractional damping match the pseudo damping induced by the layer, one obtains: 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

+
=

+
−

β
β

β
πµ

β
βα

1

Re
4

12 jmand                                                  (12) 

 
The proposed model of fractional damping equates the pseudo damping induced by the layer for a time 
smaller than the return time i.e. t<t*. 
It is important to notice that the fractional damping term in equation (2) generate a reactive part 
proportional to the mass layer. This reactive part is generally negligible (if the mass of the layer is small), 
and has the same sign of the neglected reactive term of equation (7), so that it generally improve the 
agreement between the response of the layer and the one from the model. 
A layer constituted by 400 oscillator characterized by a frequency distribution ω(ξ) = ξ-2 where 0.4<ξ<1.4 
(Figure 4) is analyzed and it’s dynamic characteristics are compared with those of the equivalent 
fractionally damped system. The natural frequency of the master system is 1Hz and its mass M = 1Kg. 
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Figure 3 Frequency distribution of the layer  

 
Figure 4 shows the comparison between the free vibrations of the master degree of freedom, once excited 
by an impulse. The total mass of the layer is 5% of that of the master mass. The results highlight how, for 
t<t*, there is a perfect match between the damping of the two models. Moreover, it is possible to estimate 
a-posteriori the error due to the neglected reactive parts of the models, in fact, the error between the 
natural frequency between the two models differ for less than 0.8% assuring that the neglected terms have 
a small impact on the solution.  

 

Figure 4: Time response of the master system 

 
The effectiveness of the pseudo damping induced by finite set of slave oscillators depends on the relation 
between the frequency distribution of the layer and the frequency of the master. Moreover, figure 6a 
shows how as the frequency of the master falls out of the range of natural frequency of the layer, the 
pseudo damping drop quickly to zero. In fact, in these conditions, the energy transfer between the master 
and the layer becomes ineffective.  
Figure 6a shows also how the fractional damping model is able to describe correctly a frequency 
depending damping coefficient.  
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Figure 6b shows the influence of the neglected terms on the pseudo damping. These terms are all 
dependent on the total mass of the layer. As the mass increases, both the solution of the system with the 
set of oscillators and the fractionally damped system tend to exhibit a damping lower than theoretical one 
(equation 9). 
 

(a) (b)

Figure 5: dependency of the pseudo damping coefficient from the natural frequency of the master 
(a), the total mass of the layer (b). 

 

6 Conclusions 
 
In this paper a link between a fractional derivative term in the equation of motion of a one degree of 
freedom system, and the pseudo damping induced by a finite set of slave oscillator attached to it is 
established. 
In particular it is shown how a set of small oscillators of appropriate characteristics attached to an 
oscillator of larger mass produces an effect that globally can amount to dissipation mechanism, if time 
lower than the return time is considered. Moreover, the induced dissipation mechanism can be 
appropriately modeled by a fractional derivative. 
If a frequency distribution of the slave oscillator has the form ω(ξ) = ξβ , it is also possible to analytically 
derive the expression of the fractional derivative exponent α and the coefficient µ. A numerical experiment 
presents and confirms the proposed models. 
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Abstract  
 
Numerical evaluations obtained for vibrations in isotropic, orthotropic and composite laminated plates 
have been used to determine the efficient displacement field for economic analysis of vibrations in 
laminated composite plate. The numerical method developed follows a semi-analytical approach with 
analytical field applied in longitudinal direction and layer-wise displacement field employed in transverse 
direction. Identification of elastic properties of laminated plates from the measured eigenfrequencies has 
been performed. Elastic constants of laminates have been determined by using an identification procedure 
based on experiment design, and multi-level theoretical approach.  

 
1 Introduction 
  
Structures composed of laminated materials are among the most important structures used in modern 
engineering and especially in the aerospace industry. Such lightweight and highly reinforced structures are 
also being increasingly used in civil, mechanical and transportation engineering applications. The rapid 
increase in the industrial use of these structures has necessitated the development of new analytical and 
numerical tools that are suitable for the analysis and study of the mechanical behavior of such structures. 
The determination of stiffness parameters for complex materials such as fibre-reinforced composites is 
much more complicated than for isotropic materials since composites are anisotropic and non-
homogeneous. In the meantime many different approaches were produced for identification of the physical 
parameters directly characterising structural behaviour. During recent years investigations for developing 
a new technique for material identification, the so-called mixed numerical-experimental technique, have 
been conducted [1-4].  

 
 
2   Some aspects of the identification and optimization of construction 

parameters  
 
We will consider some constructions for which it is necessary to build an adequate numerical scheme 
(N.S.) and on this basis to conduct the optimization of certain parameters. Let us consider set M that has N 
elements. On M are set the criteria of adequacy. These criteria are usually deviations of some experimental 
values from the corresponding values obtained on the basis of N.S. Designate the criterion of adequacy by 
K. It is set on M. Then  

( )[ ] α=Μ∈mmK ,min   . 
 
It is natural to select, so that K(m) takes a minimum value on m. But often m is most complicated for 
application and least flexible and universal. We will consider, for example, the process of distribution of 
vibrations in a  elaborate design. If we consider  N.S., which examines every part of construction as  a 
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three-dimensional body, without even mentioning the difficulties in solving fairly accurately the dynamic 
tasks  for every component, then it is necessary to take into account their interaction. An error in the 
calculation of even one of the component elements introduces large distortions in all the calculations. That 
is why in practice the method of discretisation, traditional methods of structural mechanics and the method 
of finite elements are used. Moreover , we need to mention  methods, where the calculation  of some 
heterogeneous construction is replaced  by the appropriate homogeneous construction. One of the often-
applied methods that is considered in this study is N.S. of the discrete-continuum type. Often the 
construction can be represented as a beam, plate or shell with concentrated masses. In this work the area of 
contact between the continue and discrete elements has a dimension that is one order higher than usual. 
For example, let us consider the thin-walled element not with concentrated masses  with added massive 
hard bodies. It is necessary to note, that in general selection of some components as absolutely hard, and 
others as deformable is very problematic. After the selection  of N.S.  a question arises about its optimum 
and its adequacy.  

Let m be some N.S., which is described by the following set of parameters:  
 Parameters unchanging in the process of optimization: geometrical, mechanical.  Some of these 
parameters can be  with a set of random distributions. These are stochastic external influences or 
stochastic distributions of physical-mechanical properties of materials. Possibly, the discrete analogue of 
both the external influences and internal properties must be obtained. We will designate the set of these 
parameters by E1. We will describe the discrete analogue for the set of the inner  parameters by E2. We 
will describe the set of all parameters by E ( 21 EEE += ). The task of optimization and the task of 
identification takes a similar form: on the subset of Es to find such a set of real numbers of ,,...,, 21 Nλλλ  
so that:  

  Y - solution of the system of equations  
 

( ) 0, =sEYL       (1) 

that describes the stress-strain state. The task is to find such elements iλ of Ei, so that:  
( ) min⇒Φ Y       (2) 

 
Here Φ is either functional of optimum or functional of adequacies.  
 
3   Some aspects of identifying the parameters of laminated elements  

 
We will consider the discrete-continuum N.S., that contains the thin-walled laminated elements of Ks , 
s=1,2,...,N . We will represent excitation as a set of the discrete type 6- measured vectors, where every 
vector shows itself as an alternative set of power or kinematics factors:  
 

( )zzyyxxzzyyxxi MMMPUPUPUG ∨∨∨∨∨∨= ϕϕϕ ,,,,,  

 
These vectors iG  are excitation from the side of the absolutely rigid bodies fastened on the thin-walled 
stratified elements. Vectors of iG  form the matrix of the [ ]G dimension of 6×p  . Now we will consider 
some discretisation D of the initial element A. To obtain the discrete analogue of A it is necessary to 
discretise each of the thin-walled elements.  Its N.S. would contain the complete number of parameters of 

N
CCC λλλ ,...,, 21 . Let us now consider the part of these parameters Ni

C
i

C
i

C λλλ ,...,, 21  that change during 
optimization.  Now the task of parametric optimization of A can be formulated thus:   
 
 

( ) min⇒Φ ∈Dk kλλ ; ( ) φλ φλ NiiDki k
,...,2,1==Ψ ∈ ; ( ) ξλ ξλ NiiDki k

,...,2,1=<Ξ ∈ ,    (3) 

 
here D is the set of parameters of NΓΓΓ ,...,, 21 of the elements Ai , ii ξφ ,  are some numbers.   
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We will consider in more detail the discretisation of the laminated thin-walled element of A . The 
parameters of ,,...,, 21 RNλλλ are parameters that describe the geometrical form of A: amount and thickness 

of the layers, mechanical properties of the materials of the layers. Their amount is limited. For composite 
materials it is often necessary to determine the mechanical properties from the structure of the materials. 
In such case some of the parameters of 

RNλλλ ,...,, 21  will be derived from a great number of primary 

parameters of ,,...,, 21 PNηηη , which characterize the  mechanical properties  of fibers, the structure of 

composition material and some features of the process  of polymerization. It should be noted that D is not 
directly dependent on all the aggregate of parameters of 

RNλλλ ,...,, 21 ,  only on their  combinations. It is 

actually possible to consider only optimization on the parameters 
CNννν ,...,, 21  which  on 

RNλλλ ,...,, 21 . 

If we consider the set accordingly:  
 

Ο∈Μ∈Ι∈ iii νλη ,,  

 
then the surjectiv reflection of ΒΑ,  will take place  
 

Ο→Μ→Ι
Α B

      (4) 

 
The actual calculation and consequently the optimization will be conducted in the set of Ο , far narrower 
than Μ , and even  more than  Ι .  N.S. which uses hypotheses for the entire package of the laminated 
elements will especially demonstrate this narrowing. The scheme of the condensed modeling of the 
sandwich element is presented in the fig.1.  
 
 
 

Fig.1a. Heterogeneous 
3-dimension model 
 

 
 

⇒
 

 
Fig.1b. Heterogeneous  
2-dimension model 
 

 
 

⇒
 

 
 
Fig.1c. Homoge-
neous  2-dim. 
model 
 

The variety of NS and its interaction with the testing methods and experimental modeling conditions are 
presented in fig.2.   
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Fig.2. 
 

4   Experimental Design 
 

Figure 3 shows the experimental set up for the damping measurement in the composite layer 
sandwich beam system. 

 
Figure 3. Experimental set up for damping measurements of sandwich beam 
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In the experiment the beam was excited with white noise by a shaker mounted at the middle. The 
excitation and responses were measured by a force transducer and an accelerometer, respectively. The 
experimental Bruel&Kjaer PULSE system analyzes the signals using dual FFT. To balance the mass of the 
accelerometer loaded at one end of the beam, we added an identical mass at the other end. The density of 
the sandwich material was 278 kg/m3 and the mass of the beam A was 27.33 g. For such a light structure a 
general purpose accelerometer is not applicable, because the effect of mass loading is significant. The 
B&K PULSE system was used to analyze the signals with the Dual FFT mode and the damping ratio was 
determined directly. 

 Configuration of sandwich beams are (Tab.1) 
 

Intact 
beams 

Length (mm) Width 
(mm) 

Core thickness 
(mm) 

Face sheet thickness 
(mm) 

BeamA 609.6 25.4 6.35 0.33 
Beam B 609.6 25.4 6.35 0.66 
Beam C 609.6 25.4 12.7 0.33 

Tab. 1. Configurations of  beams 

Mechanical properties are:  

Core material (honeycomb polymer filled structure): compressive modulus – 1.076(Gpa); tensile modulus 
– 3.96; flexural modulus – 1.020; shear modulus – 0.638. Face material (fiber composite material): tensile 
modulus – 26 (Gpa); flexural modulus §����VKHDU�PRGXOXV�§������ 
 
5  Theoretical-experimental comparison 
 
Tymoshenko-beam model for laminated beam was applied. The identification scheme for these cases is 
presented in fig.4 

 
Fig.4 

 
The details of clamp condition influence, discrete elements – beam interaction and sandwich vibration 
modeling may be found in [5,6] and in [7].  

Figure 5 compares the experimental and theoretical reacceptance frequency response functions (FRF) 
of beams with single and double-layer face sheets. Double-layer face sheets add 13% more mass to the 
beams. 

 

 
Fig.5a. Experimental FRFs of beams A and B 
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Fig.5a. Theoretical FRFs of beams A 
and B 
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Figure 6 compares the receptance frequency response functions in beams A and C.  
 

 
Fig.6a. Experimental receptance FRFs of 

beams  A and C 

 

 
Fig.6b. Theoretical receptance FRFs of beams 

A and C 

 
 
The density of the core is 156 kg/m3. Note that a core, which is twice as thick, adds 56% more mass to the 
beam. Then the natural frequencies are shifted substantially to lower frequencies.  
 For the elastic module identification the procedure was applied by comparing the elastic energy of 
the two beams: one of them – non-uniform, and other – uniform. Two methods were applied: analytical 
and approximation [5,6]. Figure 7 presents the theoretically found elasticity constants (E,G) for the 
Tymoshenko-beam analogue of sample B. A small variance in values is caused by the different elastic 
energy components taken into account in both cases. In the approximation method the transverse energy 
component  

∫
V

zzzz dV)( δεσ  

(see [5,6]) is taken into account.  
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Fig.7a. Analytical approach  
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Fig.7b. Approximation approach 

 
Theoretical and experimental damping properties for the beams A,B,C  are shown In fig.8. For the 
theoretical prediction the changing length of one-half bending wave length L was chosen. By experiment 
the frequency range was varied.  
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Fig. 8b. Experimental comparison of damping 
ratio in beams A and B. 

 

 
 

Fig.8a. Theoretical damping 
prediction of beams A,B,C for 
various one-half bending wave 

length EL by approximation 
approach. 

 
 

Fig. 8c. Experimental comparison of damping ratio 
in beam A and beam C. 

 
For the damping evaluation the approximation method was applied [5,6]. The scheme of this method is 
presented in fig.9. 
 

 
Fig.9 

 

 Discussion  
The first peak in FRF in Fig. 5a, 6a is caused by the beam’s solid state vibration in elastic clamp. The 
peaks of small amplitude respond to the antisymmetrical vibrations  of the beams. They are small because 
the beam is excited in the middle. The difference between the theoretical and experimental results may be 
explained by: 1) the values of the elastic modules and densities are not exactly known; 2) at higher 
frequencies the dynamic behavior of beams is more complete than the Tymoshenko beam behavior (as 
may be seen [4,5]; 3) in the theoretical case the influence of elastic clamp of the beam is not discussed; 4) 
the elastic properties of beam materials are not symmetrical and not linear and frequency independent. 
This entire question as well as the details of elastic modulus identification should be discussed in the next 
papers. 
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Conclusions  

The present paper is the first attempt at proposing a novel procedure to derive stiffness parameters from 
forced vibrating sandwich plates. The main advantage of the present method is that it does not rely on 
strong assumptions on the model of the plate. The key feature is that the raw models can be applied at 
different vibration conditions of the plate by a suitable analytical ore approximation method. In the future 
the extension of the present approach to sandwich plates will be performed in order to test various 
experimental conditions.  
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Abstract 
Traditionally, mode based techniques are used for prediction of sound and vibrations. This is motivated by 
the possibility of using reduced modal models instead of very detailed FE models. For highly damped, 
composite structures the effect of reduced model size on the accuracy of predicted sound and vibration 
levels is often not known. Problems connected with application of modal methods towards highly damped 
materials, systems and multilayer treatments using conventional modal vibration theory have recently 
been highlighted by the authors. In the present paper a simple, damped Oberst beam example is presented, 
not hitherto satisfactorily treated by modal techniques. It is pointed out that the contact forces at internal 
interfaces between different materials have to be treated in order for a modal solution to be found. It is 
also shown that non-physical tractions at free unloaded boundary surfaces have to be eliminated. 
 
 

1 Introduction 
 
Real structures may in engineering terms be characterized as being built-up, composite, and having 
piecewise continuous material properties; that is, being continuous within each separate, constituent part. 
Of importance for a composite structure is that the contact forces at an interface between parts must be 
continuous when crossing the interface from one side to the other. Excluding interfacial sliding, the 
displacements (vibrations) have to be continuous everywhere in rigidly connected structures. 
These facts, together with the necessity of “correct” representation of material damping and other types of 
damping possibly occurring, may have important implications for mode based methods used to simulate 
and predict vibrations in highly damped structures. 
Traditionally, modal techniques are used for simulation of vibrations in all kinds of complex structures. 
The motivation for using modal techniques is, almost exclusively, the possibility of using strongly reduced 
(in terms of the number of equations) simulation models instead of hugely detailed FE models (for a 
whole car, typically of the order of some 106 equations), [1], [2]. Accurate and reliable modal 
approximation methods are thus of great practical interest, especially for low noise and high comfort 
designs where high damping materials and multilayer sound insulation and absorption treatments are 
included. 
The effect of reduced model size, inherent in modal methods, on the accuracy and quality of predicted 
noise and vibration levels, is often not known for highly damped or complex built-up structures. Very few 
techniques seem to exist, by which structural damping may be predicted and simulated based on 
measurable and well-defined, constitutive properties of materials and structural parts. 
Commonly used modal models for simulation of damped structural vibrations are, in many practically 
important cases, not strictly convergent1 and thus are not possible to use as reliable prediction tools. 
Directly connected to this is the fact that dynamic stress fields may, in only special cases concerning the 

                                                      
1 In a strict “mean square” sense, when the number of modes increases without bound. 
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damping, be obtained from strains derived by differentiation of a modal series. It may be also noted that 
conventional2 modal methods, which are based on a differentiation of modal displacement series to obtain 
strains, cannot exactly simulate the vanishing contact forces on unloaded free boundaries of generally 
damped structures. Nor can they fulfill continuity of the contact forces (tractions) at interfaces between 
parts with different damping properties. A theoretical background is provided in [14]. 
The interest and need for highly-damped materials and multilayer treatments, cf. [3], is growing rapidly. 
Unfortunately, there exists no generic, theoretically well-grounded, modal expansion technique for 
prediction of highly damped vibrations of built-up, composite components from known constituent 
material properties. This is contrary to the much simpler case of a linear, generally damped homogeneous 
solid, [4]-[6]. 
The state of the art, concerning vibration damping and modal models for built up structures, is more or 
less a “trial and error process”. This approach is related to prescribed, [7], [8], or empirically estimated 
modal damping coefficients, [9], and to curve fitting of measured data taken from analysis of prototypes or 
previous generation systems. 
 

2 Conventional Modal Methods 
 

The three dimensional (3D), frequency domain, vibration field ( , )s=u u x 3 of a vibrating structure 
occupying a spatial region Ω  can be expanded in a convergent modal series. A truncated version, Nu , of 
this series 

( )

1
( ) ( )

N
m

N m
m

c
=

≈ ≡ ⋅∑u u u w x  ∈Ωx     (1) 

may be used as an approximation to the true field u . 

The ( )mw  are then “traditional”, elastic, continuous, normal modes corresponding to an elastic, 
generalized Hooke material matrix field, ( )=H H x , a mass density field, ( )ρ ρ= x , and the specific 
geometry of the structure4. The modes may be approximated by FE technique to an accuracy whatever 
needed and suitable. 

Convergent modal expansions of this kind are possible for all real world 3D displacement fields u . But 
even though the series is convergent, and may be used if the correct coefficient functionals ( )mc u  are 
known, it is not always easy and straightforward to compute and predict these coefficients from known 
material properties, geometries and specified excitations. Having a good approximation of the modes 

( )mw , 1,2,....,m N=  and using hybrid modal technique, [10], the coefficients in the generic model, 
equation (1), may be estimated by curve fitting to vibration responses measured during a specific 
excitation. Such hybrid techniques are often very useful (e.g., in damping estimation, cf. [11]) but they are 
of course not predictive and require measurement of a large number of vibration spectra on a prototype 
structure or a finished design. 

                                                      
2 Displacement formulation with continuous, piecewise continuously differentiable, elastic modes combined with 
excitation on boundaries or via body forces. 
3 Laplace transform of displacement u  at x  with Laplace variable s iα ω= + , 2 fω π=  where f  is the 

vibration frequency in Hz. The field ( , )s=u u x  has complex valued components ( , )k ku u s= x , 1,2,3k = . 
4 the coefficients mc  are defined ( )( , ) /m

m mc aρ≡ u w  where ( ) ( )( , )m m
ma ρ= w w  and 

( , ) dρ ρ
Ω

≡ ⋅ Ω∫v w v w  for complex v  and real fields w . 
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It may then be shown, cf. [4], [12] and [14], that the technique for computation of modal coefficients 
applied in conventional modal analysis, based on FE modeling, fails in the general case when the damping 
is high. This turns out to be true whether the structure is continuous or built-up. The failure is due to, cf. 
[14], possible discontinuous contact forces at interfaces between different materials and / or non-physical 
boundary tractions. 
 
Linear, but otherwise general, material properties may be simulated by a complex modulus matrix 
ˆ ( ) ( , )sΔ= +H H x H x . The point and frequency dependent matrix ( , )sΔH x , [5], [6], represents an 

augmentation of the generalized Hookean elasticity matrix field ( )H x  and the augmentation ( , )sΔH x  
accounts for damping and unrelaxed stiffness (real part).  
 
The failure of the conventional modal techniques to predict correct and accurate modal coefficients can be 
shown to disappear when  
 

( , ) ( ) ( )s d sΔ = ⋅H x H x      (2) 

 
( , )sΔH x  is proportional5 to the Hookean elasticity field ( )H x . For an isotropic material with damping the 

condition (2) is satisfied only if the complex shear modulus G  and the complex Lamè modulus λ  fulfill 
the relationship 
 

/ 1 / 1 ( )G G d sλ λ− = − =      (3) 

 

where G  and λ  are the corresponding elastic moduli. The complex, frequency dependent, function ( )d s  
is then defined as the damping function, [5], [6], of a proportionally damped isotropic material. 
 
When the assumption shown in equation (2) is fulfilled, which corresponds to a special case of material 
damping, the non-physical forces vanish and on neglecting “small terms” is thus obtained, for each 
m N≤ ,  the uncoupled equation 

 
2 2 ( )(1 ( )) ( ) m T

m m ma s d s cω⎡ ⎤+ + ⋅ =⎣ ⎦ u U F     (4) 

 

Here F  denotes the global, FE-force vector and F  its spectrum. The mω  are angular, undamped, natural 
frequencies while the ma  are normalization constants (usually normalized to unity for all m ). The vectors 

( )mU  are the global displacement vectors corresponding to the ( )mw . 

 
In case the damping is assumed to be viscous and “modal” the traditional FE equation for computation of 
the modal coordinate ( )m mc c= u  is given by the uncoupled, equation 

 

                                                      
5 with the same complex factor ( )d s  in all parts 
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2 2 ( )2 ( ) m T
m m m m ma s s cς ω ω⎡ ⎤+ ⋅ + ⋅ =⎣ ⎦ u U F     (5) 

 

It is noted that equation (5), for a certain m , may be obtained from equation (4) if ( )d s  is replaced by 
2 /m ms ς ω⋅  which for s iω=  equals (2 / )m m iς ω ω⋅ . 

 

On using equation (5) in common practice, the damping ratios mς  have to be determined experimentally 
or otherwise by experience, i.e. guessed, for each mode of a new, never tested, design. True prediction, 
based on such modal models, are thus not possible. 
 

3 High damping applications 
 
In order to highlight problems associated with the application of modal methods towards highly damped 
materials, structures and multilayer treatments, the dynamic vibration response of two highly damped 
Oberst beam configurations [3] have been simulated using both conventional modal and advanced direct 
finite element approaches. The composite multilayer system in this case consisted of a cantilever sandwich 
beam in the form of a two layer plate strip comprised of a thin layer of steel supporting an about four 
times thicker layer of the viscoelastic material (VEM) under study. The dimensions of the viscoelastic 
damping layer were 200mm x 8mm x 3.4mm while the steel strip, clamped at one end, had the dimensions 
210mm x 8mm x 0.8 mm. 
 
The complex shear modulus (at 25°C) for the VEM studied in [3] is shown in Figure 1. As is evident from 
the data shown, this material, at the actual temperature, has a very high damping (here represented by the 
imaginary part, the loss modulus) and also a large storage modulus (real part). The storage modulus 
contains unrelaxed stiffness which affects the frequencies of resonance peaks of the two layer test beam. 
 

3.1 Plate strip with viscoelastic damping layer 
 
A numerical analysis of the two layer test plate has been carried out using finite element modeling and 
material damping estimated from the beam test data reported in [3]. Both layers were modeled as isotropic 
and homogeneous but with material damping in the VEM layer only. The steel was thus undamped while 
the constitutive properties of the VEM was modeled by an elastic (undamped, real) Lamè modulus λ  
combined with the complex shear modulus ( )G f  

 

( ) ( ) (1 ( ))GG f G G f G d fΔ= + ≡ ⋅ +      (6) 

 

shown in Figure 1. The damping is represented by the complex, frequency dependent term ( )G fΔ  while 
G  is a real, low frequency (close to zero) reference modulus corresponding to the real, constant and fully 
relaxed modulus of the solid viscoelastic material. 
 
The loss factor, frequently used in noise and vibration as a damping measure, corresponding to the 
complex shear modulus, is given by 
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Im( ( ))
Re( ( ))G

G f
G G f

η Δ

Δ

=
+

     (7) 

 
In the computations, the steel layer with the attached VEM layer was clamped at one end, and excited 
using off-axis mechanical excitation (to excite both bending and torsional motion) applied over a small 
surface at the other end of the beam. 
 

 
Figure 1:  Complex shear modulus ( )G f  for the viscoelastic material at 25 °C.  

Data from [3]. Imaginary part dashed curve. 
 
 
For the finite element representation of the damping material, 4 quadratic continuum elements were used 
through the material thickness to ensure a correct representation of the shear distribution in the 
viscoelastic layer. Additionally, 8 elements in width, and 40 in length were used for the VEM layer. 
 
Two quadratic elastic continuum finite elements through the thickness of the steel strip, 8 in width and 42 
in length were used in the analysis. 
 
The numerical test configuration, with one end fixed, is evident from Figures 2 and 3, where also the real 
and imaginary parts of the complex vertical deformations (vibration in z direction) of the damped 
sandwich beam at 500 Hz are presented. The deformation pattern represents a coupling of bending and 
torsion, which is a direct consequence of the off-axis loading. 
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The real part of the in-phase motion of the resultant complex deformation is shown in Figure 2. The out-
of-phase deformation, is shown in Figure 3, and is associated with the imaginary part (loss modulus) of 
the complex shear modulus of the VEM layer. 
 
The vertical vibration response, at the excited end of the sandwich beam, is shown in Figure 4 as a 
function of the vibration frequency. As can be seen the vibration response of the composite beam is highly 
damped (broad resonance peaks) due to the high loss factor of the VEM layer. 
It is evident from Figure 4 that the analysis using the conventional modal techniques described previously 
(dashed curve) are not capable of an accurate simulation of the true vibration response; here represented 
by the FE reference curve (heavy dots) in this simple example. For comparison purposes, the reference 
curve was generated using direct FE computation solving the FE equations of motion frequency by 
frequency, without modal expansion. 
 
The complex, highly damped structure under consideration here is representative of a typical damped 
automotive floorpan, which in spite of the simplicity of this Oberst beam configuration, illustrates 
shortcomings when applying conventional modal methods to heavily damped multilayer structures. 
Conventional modal techniques, thus, in many important cases, have serious drawbacks when used as 
predictive tools for structures comprising high damping materials.  
 
 

 
Fig. 2:  Damped sandwich (Oberst) beam – real part of computed FE response at 500 Hz.  

Distributed unit force excitation spectrum. 
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The explanation for bad predictions in the considered example is as follows. For isotropic materials of the 
type discussed here (with real, constant Lamè modulus λ ), problems may occur when the damping is 
non-proportional and the complex factor 
 

1 ( )( ) 1
(1 ) 1 ( )G

d sh s
d s
λυ

υ
⎧ ⎫+

= −⎨ ⎬+ +⎩ ⎭
     (8) 

 

is different from zero and its absolute value not small enough. The magnitude of the factor h  has to be 
small, in all structural parts, for the conventional modal method to work well. Here /(1 ) 0.3θ υ υ≡ + ≈  
for the VEM and the factor h  is thus not possible to neglect for the VEM layer as /G GΔ  is large for all 
but very low frequencies. For the backing steel plate 0.24θ ≈  but combined with an extremely small 
damping and the factor h  for the steel may thus be neglected and put to zero. 

 

 
Fig. 3:  Damped sandwich (Oberst) beam – imaginary part of computed FE response at excited at 500 Hz. 

Distributed unit force excitation spectrum. 
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Fig. 4:  Composite, two layer Oberst plate strip. Vibration response at excited end – magnitude of  

response as function of frequency. Direct FE computation (dotted) and  
conventional modal method (dashed). 

 
 

3.2 Viscoelastic layer only 
 
A corresponding analysis of a single, homogeneous VEM layer, without the backing steel plate, has also 
been performed to serve as an example suitable for comparison of a convergent, [4], modal method with 
the conventional method discussed above. As reference data is used results from a corresponding direct FE 
computation. The FE mesh (defined by geometry, type and number of elements) used for the single layer 
VEM cantilever plate strip was the same as the one used for the VEM layer in the damped sandwich, 
Oberst configuration discussed above. 
 
In Figure 5 the result of the direct FE computations (stars) are compared to the results using the 
convergent modal method proposed in [4] (solid) and the conventional modal method (dashed). As can be 
seen the convergent modal method agrees extremely well with the FE curve while the conventional modal 
method differs in both level and frequency of the highly damped resonance peaks. 
 
Also in this highly damped, but otherwise very simple, homogeneous case the conventional modal method 
does not work well. It is thus, even in this case, not possible to use the conventional method to predict 
correct approximations of the modal coefficients in equation (1). 
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The reason for the difference in the case with the single VEM layer is the non zero surface tractions on the 
free boundaries, which appear in the conventional modal model due to a large magnitude of the h -factor 
for the VEM. 
 
 
 

 
Fig. 5: Viscoelastic material only. Vibration response at excited end – magnitude of response as 
 function of frequency. Direct FE computation (stars), convergent modal method, [4], (solid) and 

conventional modal method (dashed). 
 
 

4 Conclusions 
 
From the “beam” examples above it is concluded that conventional FE techniques may predict incorrect 
approximations of the modal coefficients ( )mc u  when damping is substantial somewhere in the structure, 
whether it being built up or homogeneous. 
 
Traditional modal techniques are therefore not reliable when predictions should be performed for new 
designs comprising high damping materials. 
 
To make possible further progress towards more reliable modal prediction methods, “virtual” development 
processes and “virtual” prototypes, [1], [2], the shortcomings of existing modal methods, concerning high 
damping and discontinuous properties, have to be solved or in some way avoided. 
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Abstract 
Elastomeric joints appearing in many industrial applications are often modeled through a single linear 
spring with a unique dashpot in parallel to take some damping into account. Nevertheless, this simple 
viscoelastic model, known as Kelvin-Voigt model, does not accurately and fully represent the frequency 
dependent characteristics of the isolator in a frequency range. A fact that, in the long run, affects the 
simulation results for a whole structure. 
The present work compares the predicted vibration behaviour of a suspended mass mounted upon four 
rubber bushings modeled through viscoelastic models of different number of springs and dashpots. The 
frequency dependent behaviour of the isolators is experimentally characterized and the parameters of the 
models are fitted from these results. It is concluded that a generalized model of 5 parameters improves the 
prediction of the transfer function in a frequency range when compared to simpler models. 
 
 

1 Introduction 
 
Elastomeric mounts have long been used to isolate structures from unwanted vibrations, as they can be 
designed so that desired stiffness characteristics are achieved in all directions for proper vibration 
isolation. Correct and accurate models of elastic elements (i.e. engine mounts, suspension elements) are 
necessary when the influence of the elastic components in the overall response of a structure has to be 
evaluated (as could be the estimation of natural frequencies and transfer functions). 
Nevertheless, design engineers usually have little information or experience to guide them in the process 
of defining the elastic elements of their models. Elastomeric joints are often modeled through a single 
linear spring. Damping, if considered, is most of the times represented by a unique dashpot in parallel to 
the spring. In the absence of other data, the values of the parameters used in the design stage are either 
estimated from quasi-static elastic characteristics or provided so that known vibroacoustic performance is 
reproduced (the value of a natural frequency and the amplitude of the FRF at that frequency most of the 
times [1-3]). 
Viscoelastic models have become very popular to model the frequency-dependent behaviour of rubber 
bushings. Viscoelastic models are built from springs and dashpots, elements available in multibody and/or 
finite element codes and to whom users are familiar. Quite simple models arise from the linear 
viscoelasticity as early as in the 60s or 70s [4-6], such as the Kelvin-Voigt model (spring and dashpot 
connected in parallel) and the 3-parameter Maxwell model (also Known as the Zener model, see section 2 
for further information).  
However, the simplest viscoelastic models do not accurately and fully represent observed frequency 
dependent characteristics of isolators in a given frequency range, what can, in the long run, affect the 
simulation results for a whole structure. The Kelvin-Voigt model, the most popular among designers, can 
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not be tuned for both the stiffness and loss angle except in a single frequency value or a very small range. 
The Zener model is a bit more complex and provides a better approximation to the behaviour of an isolator 
in a frequency range. But more generalised models are needed if an accurate representation is desired. 
These models involve several chains of spring-dashpot elements and a greater number of parameters, 
fitted from experimental tests conducted on the components. 
The aim of the present work is to highlight the necessity of addressing a generalised model for the elastic 
elements supporting a suspended mass if its vibroacustic behaviour is to be satisfactorily reproduced in a 
frequency range of 0-50Hz (where various resonant frequencies appear). The frequency dependent 
behaviour of the isolators is experimentally characterised and the parameters of the different models 
considered (Kelvin-Voigt, Zener and generalised models) are fitted from the test results, so that the model 
represents the frequency dependent stiffness of the isolator in the different directions. Predicted and 
experimental FRF results are compared for the suspended mass, concluding that a generalised model of 
only two chains improves the predictions of the transfer functions as to justify the increase in the number 
of parameters. 
Finally, it should be noted that the viscoelastic models discussed here do not take the amplitude-dependent 
behaviour that is characteristic of filled rubbers into account. This dependency might be of significance if 
the material is heavily filled looking for other properties, such as hardness or abrasion resistance or even 
higher damping. The filler causes the dynamic properties (stiffness and damping) of the isolator to change 
with the applied excitation amplitude, an effect that may not always be neglected, and that viscoelastic 
models completely ignore. In the cases where the amplitude dependency becomes critical and must be 
considered, viscoelastic models do not correctly reflect the behaviour of the rubber material and some 
other models or methodologies must be addressed [7-10]. 
 

2 Characterizing the dynamic behaviour of elastic elements: simple 
viscoelastic models 
 
Because rubbers are not perfectly elastic, the strain during cyclic (harmonic) deformation always lags 
slightly behind the stress. Therefore, and if the dynamic behaviour of rubber elements is assumed to be 
fully linear, the application of a sinusoidal excitation results in a sinusoidal response of the same 
frequency but shifted a phase angle δ. 
An important consequence of the phase difference between displacement and force in harmonic 
deformation of rubber elements is that part of the energy input is not recovered at the end of the cycle. If 
displacement and force are plotted one against the other they produce an elliptical hysteresis loop. It is the 
phase shift δ the one that provides a measure of the damping or hysteretical energy losses within the 
rubber element subjected to cyclic excitation. 

Assume that a harmonic displacement of amplitude 0d  is applied to the rubber element. The force is out 
of phase an angle δ: 

 j  j(  j0
0 0

0
e     e     e+= ⇒ = → = =t t ) FFd d F F K

d d
ω ω δ δ  (1) 

Equation (1) shows that the stiffness becomes complex when hysteretic damping exists, as it is the case of 
rubber elements.  
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In Equation (2) *K  represents the magnitude of the dynamic complex stiffness and η is called the loss 

factor (where δ, the phase shift, is known as the loss angle). Nevertheless, in rubber elements *K  and the 

loss angle δ (or 1K  and 2K ) are dependent on frequency, meaning that no constant values exist for the 
whole frequency range. The complex stiffness of the bushings is, thus, considered to be frequency-

dependent: ( )*K ω .  

The dynamic behaviour of a rubber bushing is characterized once the dynamic stiffness, in magnitude and 
loss angle, is accurately reproduced in the frequency range of interest. Even if not all of them fully 
represent the behaviour of the isolators, simple viscoelastic models have traditionally been used when 
trying to simulate the frequency-dependent dynamic characteristics of rubber elements. The energy losses 
introduced by the bushings are, thus, modeled via viscous damping instead of hysteretic damping (see 
Nashif [1] for a more detailed discussion on the differences between both damping mechanisms). 
Simple viscoelastic models are built from springs and dashpots, connected in series and/or in parallel, 
addressing a frequency-dependent behaviour that can be associated to a complex stiffness. Table 1 
summarizes the different models, their parameters and the expression of the complex stiffness provided by 
them. Table 1 also includes the hysteretic model that directly introduces the idea of a complex dynamic 
stiffness and that would be the more suitable to represent the characteristics of a rubber bushing. 
Note that even though the parameters of the models in Table 1 are constant, the complex stiffness becomes 
frequency dependent and approaches the hysteretic behaviour characteristic of rubber elements when a 
generalized model is considered. Compared to the response of a single spring, the models in Table 1 
provide some damping (ignored in the case of the spring of constant stiffness), although not all of them 
correctly and fully reproduce observed loss angle of rubber isolators. This is especially true in the case of 
the Kelvin-Voigt model, where the loss angle increases linearly starting from zero (Figure 1). 
The Zener model adds a spring in series to the dashpot, leading to a more realistic representation of the 
complex stiffness (Figure 2). At low frequencies only the spring of value 0K  is working and, therefore, 
the magnitude of the stiffness takes its value; at high values the limit for the magnitude is given by the 
sum of the characteristics of both springs, as if the dashpot was not working at all. As for the loss angle, it 
reaches a maximum at a frequency depending on the values of the parameters of the model. 
 

Kelvin-Voigt model|K*|

Hz  

Kelvin-Voigt modelLoss angle

Hz  

Figure 1: Predicted dynamic stiffness of the Kelvin-Voigt model 

 
Finally, a generalized model provides a good fitting to observed dynamic characteristics of rubber mounts 
(Figure 3). As the number of spring-dashpot chains increases (and so does the number of parameters to be 
tuned) a better representation of the complex stiffness might be achieved. 
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Name Schematic representation of model Parameters Dynamic stiffness 
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Table 1: Hysteretic model and viscoelastic models 

Zener model|K*|

Hz  

Zener modelLoss angle

Hz  
Figure 2: Predicted dynamic stiffness of the Zener model 

1042 PROCEEDINGS OF ISMA2006



 
Generalised-3 model|K*|

Hz  

Generalised-3 modelLoss angle

Hz  
Figure 3: Predicted dynamic stiffness of a generalized model 

 

3 Description of the application case 
 
Figure 4 shows the suspended mass studied here, consisting in a steel block of 18 kg and 0,13m length. 
The block is mounted upon four rubber bushings (Figure 5), located in a way that the angle between their 
axis and the vertical is 45º. These rubber bushings are compounded of natural rubber. 
 

          
Figure 4: a) picture of the suspended mass; b) schematic representation. 

 

 
Figure 5: Photograph of the rubber isolators supporting the mass. 

 
The axial and shear dynamic stiffness of the bushings have been measured by applying a sinusoidal 
displacement of different amplitude values in the desired direction. The results for the axial dynamic 
stiffness (magnitude and loss angle) can be seen in Figure 6. The stiffness increases slightly with 
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frequency; although in the range considered the dependence on the frequency is not strong. The damping 
or loss angle is more sensitive to frequency than the magnitude of the stiffness, but for the frequency range 
in which the measurements have been conducted, the variations follow a similar pattern resulting in a 
slowly increasing damping as frequency is raised. 
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Figure 6: Magnitude (N/mm) and loss angle (degrees) of the axial dynamic stiffness of the bushings 

 
The dynamic behaviour of the bushings also shows a slight amplitude dependency that is characteristics of 
rubber elements. This effect is associated with the breakdown of interactions within the filler and between 
the filler and the rubber matrix. 
Nevertheless, this amplitude effect is not reproduced by the viscoelastic models adopted to characterize 
the complex stiffness of the bushings. As the dependence is not high and the excitation that will be applied 
to the mass is small, it will be considered that the rubber elements are not highly strained and, thus, the 
properties measured at a displacement value of 0,1mm will only be taken into account. 
 

4 Simulation results and discussion 
 
No further discussion is needed to confirm that the steel block is much more rigid than the elastic elements 
supporting it and that, in the frequency range considered here (0-50Hz), the deformation of the block can 
be neglected. This leads to a simple model of the system, composed of a rigid body (the block) and the 
spring-dashpots sets that represent the dynamic stiffness of the elastic elements (see Figure 7).  

Mass, inertia

*
axialK *

axialK
*
axialK

*
shearK *

shearK

*
shearK *

shearK
*
shearK

*
shearK

 
Figure 7: schematic representation of the whole model of the suspended mass 
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In Figure 7 each rectangular block *
axialK  and *

shearK  represents the set of springs-dashpots that reproduce 
the axial and shear dynamic stiffness of the rubber bushings supporting the mass. There are four elastic 
elements (see section 2) and each element is characterized by its axial and shear dynamic stiffness. No 
torsion or bending is considered in the elements. The mass and inertias of the block are provided to the 
center of gravity to the rigid body. 
 

4.1 Calibration of the different models. Parameter fitting procedure 
 
The viscoelastic models listed in Table 1 are characterized by a set of parameters that need to be 
determined so that the selected model fits measured dynamic complex stiffness of the rubber bushing in 
axial and shear directions (one model is built in each direction). The aim of the fitting procedure is to get a 
model with the same stiffness (in magnitude) and loss angle properties as the tested mounts for a given 
frequency range. 
The fitting procedure can be viewed as a minimization of the error of the component model compared to 
experimental data. For this purpose the relative error function (8) is proposed: 

 
2 2

re,test re,num im,test im,num
2 2

N re,test im,test

(K K ) (K K )
error

K K

− + −
=

+
∑  (8) 

 

where test,reK  and test,imK  represent the real and imaginary parts of the measured complex stiffness and 

num,reK  and num,imK  the real and imaginary terms of the simulated complex stiffness (dependent on the 
parameters of the model, according to Table 1). 
When the error is minimized with regards to model parameters, a best fit of the simulated complex 
stiffness to the measured one is obtained in a least square sense. 
Table 2 summarizes the values of the parameters of the different models that provide the best fit to 
measured axial and shear complex stiffness of the rubber bushings in the 0-50Hz frequency range 
considered. And Figure 8 to Figure 10 show the complex stiffness predictions of the different viscoelastic 
models compared to experimental measurements. It can be seen that not all the models provide a good fit 
to measured characteristics of the elastic elements in all the frequency range. 
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Shear stiffness 
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Table 2: Values of the parameters of the different models ( iK  in N/m ; iC  in Ns/m) 
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Figure 8: Experimental vs. prediction of the complex axial stiffness with the Kelvin-Voigt model 
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Figure 9: Experimental vs. prediction of the complex axial stiffness with the Zener model 

Generalised-2 model
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Figure 10: Experimental vs. prediction of the complex axial stiffness with a generalized model of two 
chains 

 
The magnitude is satisfactorily reproduced by all the models. But when it comes to the loss angle, the 
simpler combinations of springs and dashpots (Kelvin-Voigt and Zener) are not able to reproduce the 
measured behaviour except in specific frequency values. In most of the frequency range the loss angle is 
either underestimated or overestimated. It is necessary to include an additional chain of spring and dashpot 
to satisfactorily reproduce the measured loss angle. 
Of course, more sophisticated generalized models with higher number of parameters could be used, 
though the generalized model of two chains seems to tune the measured dynamic stiffness accurately 
enough. A more complex model would unnecessarily increase the number of parameters and the 
complexity of the global simulation with no remarkable benefits in the prediction of the frequency 
response functions. 
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4.2 Estimation of frequency response functions 
 
The whole model for the suspended mass with the elastic elements is built in Abaqus. As shown in Figure 
7 the supporting bushings are considered through simple viscoelastic models in axial and shear directions. 
Simulations are carried out changing the viscoelastic models (Kelvin-Voigt, Zener and Gereralised-2) to 
predict frequency response functions of the suspended mass. Simulations results are compared to 
experimental measurements conducted in the laboratory. 
The mass is excited with a shaker in vertical direction (points 15 in Figure 11). Response is measured with 
accelerometers located in point 6, rendering the frequency response function in vertical direction. 
 

           
Figure 11: Excitation and response points 

 
The predictions of the frequency response function in point 6 in vertical direction are compared to the 
experimental result in Figure 12. Simulations are conducted using the popular Kelvin-Voigt model (which 
is the classical option in most applications) and the Zener model to characterize the complex stiffness of 
rubber elements. 
Figure 12 shows that in neither of the cases a satisfactory result is obtained. Natural frequencies of the 
model are satisfactorily predicted, but the amplitude of the FRF is always overestimated in the case of the 
simulation with Kelvin-Voigt models. The introduction of the additional spring that leads to the Zener 
model seems to improve the results, although now the amplitude at the second resonance is 
underestimated. 
Obtained results are coherent with the estimation of the complex axial and shear stiffness provided by 
either the Kelvin-Voigt or the Zener model. Both viscoelastic models satisfactorily reproduce the 
magnitude of the complex stiffness (Figure 8 and Figure 9), which leads to a good estimation of the 
natural frequencies of the suspended mass. Nevertheless, the Kelvin-Voigt model underestimates the loss 
angle up to 35 Hz, thus introducing a smaller damping to the system that the one that exist in the real case. 
Similarly, the estimation of loss angle provided by the Zener model does not fit the real behaviour in the 
0-35Hz frequency range. Between 10 and 35Hz the opposite situation occurs: the loss angle is 
overestimated, leading to a higher damping introduced in the system. 
Finally, the generalized model of only two chains (5 parameters) leads to a better prediction of the 
frequency response function (Figure 13), especially when it is compared to that of the system with the 
Kelvin-Voigt approximation for the supporting elements. In fact, results are satisfactory, even though 
differences exist between the predicted and the measured FRFs.  
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Figure 12: Predicted FRF in vertical direction. Kelvin-Voigt and Zener models addressed for 

rubber isolators 
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Figure 13: Predicted FRF in vertical direction. Kelvin-Voigt and the 2-chain generalized model 

addressed for bushings 

 
The differences appreciated might be due to the shaker (see Figure 11), whose contribution to the dynamic 
response of the system has not been taken into account at all. The first two peaks of the FRF are correctly 
predicted, the frequency shift between prediction and measurement for the first peak being around 1,5Hz 
only.  
It is at higher frequencies where the results do not match. Once again, the difference between simulation 
and measurement for the third resonant frequency is not more than 1,5Hz. But the amplitude of this peak 
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is overestimated as if some damping inherent to the system was not being taken into account when 
performing the simulations.  
It is expected that the influence of the shaker becomes more important as the frequency increases. 
However, simulations have been conducted ignoring the existence of the shaker that applies the excitation, 
when the shaker might be influencing the results. 
 

5 Concluding remarks 
 
The influence that a correct representation of the complex dynamic stiffness of rubber isolators has in the 
prediction of the frequency response functions of a system has been investigated through an application 
case (a suspended mass).  
Viscoelastic models are the usual approach to characterize the dynamic, frequency-dependent behaviour 
of rubber elements and, among them, the Kelvin-Voigt model (spring and dashpot connected in parallel) is 
the popular choice. Nevertheless, the Kelvin-Voigt model is not able to accurately reproduce the measured 
dynamic stiffness of a rubber bushing in a frequency range. The predicted loss angle increases linearly 
with frequency (starting from zero), which does not match measured characteristic. So, the model can be 
tuned from measurement for a single frequency, but the estimation of the loss angle will be poor in the rest 
of the frequency range selected. Due to this inaccurate estimation of the damping introduced by rubber 
elements at the different frequencies, the prediction of FRFs in the suspended mass is not either 
satisfactory, especially in the amplitude of the peaks. 
More sophisticated viscoelastic models are required to correctly tune the measured dynamic stiffness of 
the isolators, both the magnitude and the loss angle. Introduction of a spring in series with the dashpot (the 
Zener model) improves the estimation of the loss angle, widening the range of frequencies in which the 
FRFs might be satisfactorily predicted. 
But it is a generalized model of only two chains (5 parameters) the one that leads to a very good fit of the 
frequency-dependent behaviour of the rubber bushings supporting the mass. As a consequence, the 
predicted FRF shows very good resemblance to measurements. Discrepancies that exist between 
measurements and simulations in the amplitude of the last peak are thought to be due to the influence of 
the shaker that has not been introduced in the simulation. 
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Abstract:

This paper describes part of a research programme that sought to provide a lightweight material that could 
be applied for structural damping applications. In particular this paper describes the findings of a study 
into a range of novel visco-elastic, open-celled foam materials with either positive or negative Poisson’s 
ratio (i.e. auxetic). It was hypothesised that auxetic materials may offer additional strain energy 
dissipating mechanisms, leading to more effective structural damping than that offered by the 
conventional constrained or free-layer technologies that use materials with a positive Poisson’s ratio. The 
materials fabricated for this study were able to provide significant damping when applied to thin steel 
plate and it was shown that the Poisson’s ratio can affect the levels of damping obtained. The structural
damping advantages attributed to materials with both negative and positive Poisson’s ratio are discussed
together with the strain energy dissipating mechanisms considered to be invoked. The study showed that
substantial structural damping could be attributable to changes in thickness resonant effects controlled by 
the through-plane wave velocity and the applied foam layer thickness. Peak (thickness effect) damping 
occurs at λ/4 and odd multiples off λ/4 (i.e. (2n+1)λ/4) resonant frequencies and the Poisson’s ratio is 
shown to control the through-plane wave velocity in this case. That in turn modifies the thickness resonant 
frequency and the frequency at which peak damping occurs but the actual level of peak damping remains 
the same. Thickness effect damping can be very efficient over a narrow band of frequencies but any 
weight advantages over conventional damping materials will depend very much on the frequency range 
for which damping is required. It is suggested that control of the Poisson’s ratio may be beneficial in 
certain circumstances in allowing similar damping performance but in a thinner layer.

1 Introduction

Most effective structural damping technologies involve the use of applied viscoelastic polymers. The most 
popular techniques are those that use either free or constrained-layer damping both of which exploit the 
dissipative losses associated with cyclic, extensional or shear strains imparted to the viscoelastic layer by 
the vibrating structure. The dynamic physical properties of the polymers used in each case are quite 
different but they are bespoke to particular operational temperatures and frequencies. Unfortunately, both 
of these technologies imply additional weight, most effective free-layer damping is typically twice the 
thickness of the substrate and constrained-layer damping involves the use of a high modulus constraining 
layer, often steel. As a result applied viscoelastic damping can add up to 30% to the weight of vibrating 
structure which in many cases may be unacceptable. This study sought to investigate alternate damping 
technologies that may be able to exploit different or additional strain energy dissipating mechanisms that 
could provide more weight-effective structural damping. With that in mind the purpose of the paper is 
present the findings of a study into the potential use of auxetic materials for lightweight, structural 
damping.
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2 Auxetic Materials Study

It is pertinent in the first instance to explain a little about the fabrication and mechanical behaviour of 
auxetic materials. The term auxetic (or re-entrant) generally refers to materials that have a negative 
Poisson’s ratio and have the unusual mechanical behaviour of increasing in width under the application of 
uni-directional tensile forces or decreasing in width under uni-directional compressive forces. As part of 
this research programme, Bolton University carried out investigations [1] into the fabrication and 
understanding of auxetic foams. Auxetic behaviour in a foam is induced by selecting an open-cell, skeletal 
(rectilinear), thermoplastic foam and compressing it in 1, 2 or 3 dimensions down to ~0.34 (or more) of its 
original volume. The act of compressing the foam forces the cells to fold in on one another (i.e. it is in a 
re-entrant state). While still under compression, the foam is then heated to near melt temperatures and 
allowed to cool before the compressive forces are removed. The result is a converted foam, wherein
auxetic behaviour is observed when tensile and compressive forces are applied. Figure 1 illustrates the 
cellular form of a typical foam before and after conversion. The picture on the left hand side shows a 
conventional open-celled foam before conversion where the cells have a quite well defined geometric 
shape and size. The right hand picture shows the same foam after conversion where the cells are now 
compressed and are in a re-entrant state. 

The mechanical behaviour is best demonstrated graphically and Figure 2 illustrates the various 
displacements of the converted and unconverted foam, recorded using video extensometry. The large 
amplitude sine-wave (dark blue) is the displacement in the X direction and the direction of the applied
tensile load, whilst the other displacements are measured on the edge of the test pieces in the Y and Z
directions. As can be seen, the Y and Z displacements for the unconverted foam are in anti-phase with the 
X direction displacements. This would be expected of a conventional material with positive Poisson’s 
ratio when, as the foam expands or compresses under X direction loading, the walls compress or expand in 
sympathy. On the other hand, the second picture illustrates what happens when the same foam is 
converted to give a negative Poisson’s ratio and hence auxetic behaviour. In this case the X direction 
displacements are in phase with the Y and Z displacements, indicating that the converted foam expands in 
the X & Y directions when extended in the Z direction.

Bolton University investigated a wide range of thermo-plastic polyurethane foams in a variety of 
converted states. The findings are presented in full in [1] but a summary of the findings is presented below.
The polyurethane foams were converted using 1, 2, and 3 dimensional (more generally referred to as uni-
axial, bi-axial and tri-axial) compression. Under tri-axial compression the cells exhibited buckling in all 
three directions as shown in Figure 1 where the standard un-converted foam is shown alongside. In 
standard form (i.e. unconverted) the foams are slightly anisotropic, but, after tri-axial conversion, they 
exhibited auxetic behaviour and resulted in materials with reduced anisotropy (i.e. the Young’s moduli 
converge). Under bi-axial compression the foam exhibited pore elongation in the Z direction but buckling 
in the X and Y. The material was anisotropic, with an effective Young’s modulus that was higher in the Z 
direction and auxetic behaviour was observed. Finally under uni-axial compression there was pore 
elongation in the Z direction, with little or no buckling and then only under the highest compression 
(~0.7). A high degree of anisotropy under tensile conversion was noted but there was little evidence of 
auxetic behaviour under either compressive or tensile conversion.
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Figure 1 Polyurethane foam before and after conversion (0.7 compression)

Figure 2 Typical displacements for unconverted and converted foam

It was considered that the ability to expand (or contract) in this way (and of course its control) under 
tensile and compressive forces may offer additional strain energy dissipating mechanisms. Practically, the
fabrication method for the polyurethane auxetic foams looked promising but those tested by Bolton 
University had a very low loss modulus (i.e. the product of the compressive modulus and loss factor) that 
was certainly too small for an effective free-layer damping mechanism. However, in the first instance an 
investigation was undertaken to see how those materials could be modified to provide the preferred 
mechanical properties for effective structural damping. The Bolton University research indicated that only 
the tri-axial and bi-axial conversion resulted in useful auxetic materials. However, from a practical point 
of view, it was considered that the tri-axial conversion would be least amenable to fabrication of the 
auxetic sheets or tiles that would be necessary for the application to plate or beam-like structures. Thus a 
simpler approach was adopted whereby a number of polyurethane foam types were converted using the bi-
axial method.

The foams selected for this treatment were “commercial off the shelf” items and obtained from Sydney 
Heath and Son Ltd. Four low-density (~30kgm-3), reticulated foams were obtained (SV03, SR10, RR20 
and QR40) which although of similar density, had pore distributions of 3, 10, 20, and 40ppi (pores per 
inch) respectively. Although for brevity this paper will concentrate on the SR10 series, two samples of 
each foam type were subjected to bi-axial compression:  one was constrained to 0.5 of its original volume, 
while the other was constrained to 0.66 of its original volume. Both were then subjected to heat 
conversion. The result was a foam specimen measuring ~300mm x 50mm x 50mm. Although all the 
foams converted in this way exhibited auxetic behaviour, it was dominant in one direction only. This was 
also found in the Bolton University study where similar bi-axial conversion of foams of this type resulted 
in an anisotropic material. In that study, effective Young’s modulus Ey and Ex were the same but Ez (see 
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Figure 3) was considerably higher. Poisson’s ratio (nu) on the other hand varied from ~-0.2 for nuzx, nuzy 
and nuxy to ~0 for nuxz, nuyz and nuyx.  

Figure 3 Typical Young’s modulus and Poisson’s ratio for bi-axial converted foam

3 The damping study

Each of the converted foams was bonded to a 1mm thick, 50mm wide steel beam to characterise its 
damping performance. Generally, a good free-layer damping material will have a high loss modulus (i.e. 
the product of the in-plane modulus and viscoelastic loss factor will be high) and be around twice as thick 
as the substrate. This has been demonstrated by early researchers such as Ross, Kerwin and Ungar [2]. 
Bearing in mind that these foams are anisotropic, two tests were conducted on each foam specimen, one 
with the foam attached to emphasise the auxetic behaviour (y-x) as shown in Figure 4 and one with the 
foam rotated through 900 about the y axis to minimise any auxetic effects (y-z). At the same time the 
modulus in the y direction (the in-plane modulus) and its loss factor will remain the same in each case.
Thus any additional structural damping to the steel beam may be considered to be due to additional strain 
energy dissipating mechanisms not defined in the Ross, Kerwin and Ungar free-layer model. Finally, in an 
attempt to increase the loss modulus (and by implication the structural damping) of the beams, the SV10 
converted foam was modified further by (a) converting it at a higher temperature (1600C as opposed to 
1500C) and (b) infusing it with a viscoelastic epoxy resin. Effectively, it is dipped in liquid resin and 
removed. This process coats the skeletal framework of the foam with a layer of viscoelastic resin when it 
is subsequently allowed to cure. Obviously this increases the density of the foam, but both the open cell
nature and auxetic behaviour are retained. 

The damping results for this study are shown in Figure 5. The 50mm thick foams were attached to the
1mm thick steel beam using a double-sided adhesive tape. This technique was used mainly to allow 
retrieval of the foam in a state suitable to allow its re-attachment in a different alignment or for further 
modification. The damping was initially assessed for two of the beam modal frequencies at ~150Hz and 
1600Hz with the level of damping being inferred from the quality factor “Q”. All of the foam types 
provided some useful damping at both frequencies over and above that of the bare beam (i.e. with only the 
double-sided adhesive tape applied). For all foams the damping was greater at low frequency than at high
but somewhat contrary to expectations, the foams for which the auxetic effects were emphasised (y-x 
series) more often than not provided lower damping than those foams with more conventional behaviour
(y-z series). It was only when the foams were infused with the viscoelastic resin that the trend was 
reversed and higher levels of damping were obtained.
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Figure 4 Foam alignment on the steel beam

Loss factors 5mm foam on 1mm steel
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Figure 5 Damping of beams (Loss Factors) when coated with auxetic foams.

The changes in damping performance and its relatively high levels at low frequencies are not easily 
explained. The foam was applied to a thin steel plate in order to study any enhancements to the effective 
free-layer damping as a result of negative Poisson’s ratio. Taking an example of the SV10 (converted 
foam), simple measurements have established that the extensional modulus in the y direction is ~ 0.05MPa
with a loss factor of ~0.15. Using Kerwin and Ungar’s predictive model for extensional damping implies 
that when that foam is applied to 1mm thick steel, a maximum loss factor of only 0.015 may be obtained. 
It is now considered unlikely that free-layer damping mechanisms are playing any part in the structural 
damping seen at these frequencies. Also, although the foam specimens were rotated through 900, to 
identify any changes due to their anisotropic behaviour, it was considered possible that under flexure the 
foam expands slightly in the y-z direction rather than in the y-x direction.  However, it is unlikely that this 
type of strain mechanism would account for the variation in damping seen in this case. Another possible 
explanation for the increased damping is that it is due to the fact that the loss modulus of the foam, which 
can be inferred from the measurements, appears higher with this alignment. The actual natural frequency 
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Z
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Y              
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of the steel beam increased slightly when clad with the auxetic foam and increased a little more when it 
was rotated. In each case the foam is increasing the bending stiffness of the beam. This would normally 
imply a change in the foam extensional modulus along the length of the beam i.e. in the Y direction in 
figure 4. It is difficult to see how this might occur by merely rotating the foam through 900 since the Y 
direction Young’s modulus should not change. Obviously the damping mechanisms for this combination 
are not trivial and need further investigation. 

Since the foams under investigation are thick and have a very low modulus, it is highly possible that
thickness-effect damping (a strain energy dissipating mechanism not normally experienced in thinner, 
high modulus, homogeneous free-layer damping layers) is being invoked. Under these circumstances, 
Kerwin & Ungar [3] have shown that substantial structural damping can be attributable to changes in 
thickness resonant effects controlled by the through-plane wave velocity and the applied foam layer 
thickness. Peak (thickness effect) damping occurs at the λ/4 and odd multiples off λ/4 (i.e. (2n+1)λ/4) 
resonant frequencies. Although such effects have been observed in viscoelastic granular media [4], this is 
believed to be the first time that it has been observed for flexural waves using a homogeneous layer.
Bolton University’s research indicates that bi-axially compressed auxetic foams are anisotropic and 
therefore rotating the foam through 900 would change the through-plane modulus and hence the wave 
velocity. This would imply a shifting of the frequency at which maximum thickness-effect damping 
occurs and explain why it is possible to obtain different levels of damping in the two directions.  It would 
also explain the significantly lower levels of damping at higher frequency. Thickness effect damping can
be very efficient over a limited band of frequencies but any weight advantages over conventional damping 
materials will depend very much on the frequency range for which damping is required. It has been shown
[3] that the loss factor η(f) due to thickness effect damping is given by:

η f( )
γ f( )

1 γ f( )
2

+







sinh 2 Im k f( )( )⋅ h⋅( )
2 Im k f( )( )⋅ h⋅




sin 2 Re k f( )( )⋅ h⋅( )
2 Re k f( )( )⋅ h⋅




−


sinh 2 Im k f( )( )⋅ h⋅( )
2 Im k f( )( )⋅ h⋅




sin 2 Re k f( )( )⋅ h⋅( )
2 Re k f( )( )⋅ h⋅




+ 2 µ⋅ cos Re k f( )( ) h⋅( )2 sinh Im k f( )( ) h⋅( )2
+( )⋅−



⋅:=

Where:

µ δ
t

ρeff h⋅
⋅:=

  (Mass ratio)

k f( ) 2 π⋅
f

ceff f( )
⋅





:=
 (Complex wave number)

f – frequency Hz    h – foam thickness ρeff – foam density    ceff(f) – wave velocity

γ(f) – foam loss factor t – substrate thickness δ – substrate density

A typical prediction, assuming the foam modulus and loss factor values mentioned earlier, yields the 
structural loss factors shown in Figure 6. The frequency at which peak damping occurs is critically 
dependant on the through-plane modulus and hence wave velocity. Ideally one would use the dynamic 
mechanical properties of the foam matrix polymer to predict the loss factors more accurately at all 
frequencies, but that data is rarely available for most commercial foams. However, all the relevant features 
are seen and are similar to the data measured, i.e. high loss factors in the 150Hz area and low levels 
around 1600Hz.
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Figure 6 Example of thickness effect damping for 50mm thick foam on 1mm thick steel

As mentioned earlier, the structural damping invoked by the foam samples was difficult to explain. 
However, if we consider the fact that the Poisson’s ratio has changed on rotation, it is interesting to 
examine how variation in the Poisson’s ratio (and of course its effect on the foam shear modulus) can have 
profound effects on the thickness effect damping. To see how changes in the foams Poisson’s ratio can 
affect the wave velocity and hence position of peak damping it is necessary to look at the effect of 
Poisson’s ratio on the plate modulus as this determines the wave velocity. The wave velocity c(σ) (ceff in
previous equation) is determined by:

C σ( ) M σ( )
ρ

:=
  

M σ( ) K σ( ) 4
G σ( )

3
⋅+:=

K σ( ) E
G σ( )

3 3 G σ( )⋅ E−( )⋅
⋅:=

 
G σ( ) E

2 1 σ+( )⋅
:=

Where M(σ) – is the foam plate modulus K(σ) – is the foam bulk modulus

G(σ) – is the foam shear modulus E – is the foam compressive modulus

ρ – is the foam density σ – Poisson’s ratio

Thus for a given Young’s modulus, the Poisson’s ratio can affect the shear modulus, bulk modulus, plate 
modulus and ultimately the wave velocity. Figure 7 shows how the wave velocity can vary with changes 
in Poisson’s ratio and Figure 8 the resulting modification to the structural damping when a 50mm thick 
layer of the foam is applied to 1mm thick steel plate. It is stressed again that these predictions do not use 
the actual dynamic mechanical data of the foam (i.e. the frequency sensitive nature of the polymers 
modulus and loss factor). However, Figure 8 shows how, through thickness effects, it is possible to obtain 
higher levels of damping than those due to a free-layer and how it is possible to see large variation in loss 
factor as a result of changes to Poisson’s ratio.  The wave velocity modifies the thickness resonant 
frequency i.e. the frequency at which peak damping occurs but the actual level of peak damping remains 
the same. Thickness effect damping can be very efficient but generally over a narrow band of frequencies. 
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4 Conclusions

A study has been made of the ability of auxetic behaviour in foam materials to provide benefits to 
structural damping when applied to a steel substrate. The initial hypothesis that foam materials with a 
negative Poisson’s ratio may provide additional strain energy dissipating mechanisms was not proven in 
this case, although the study was only able to concentrate on low modulus foams. However, the 
importance of thickness effects as an efficient damping mechanism, particularly with the thick, low 
modulus foams examined here, was highlighted by this study and the ability of changes to the Poisson’s 
ratio to modify the performance was shown. The effect of change to the foam’s Poisson’s ratio was to shift
the frequency at which peak damping occurred but not the actual level of damping achievable. It is 
difficult to say that use of an auxetic foam is beneficial as similar changes to the damping can be invoked 
by changing the foam thickness or by altering its wave velocity via changes to the void fraction or the 
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polymer density and dynamic mechanical properties. Any weight savings to be gained will be dependent 
on the frequencies of interest. Thus damping frequencies in the low hundreds of Hz would require a thick 
foam layer and there would be little or no weight advantage over the conventional technologies. Damping 
at frequencies in the low kHz on the other hand would require a foam coating only one tenth of the 
thickness and a more weight effective coating may result, However, the mass ratio of coating to substrate 
is now reduced and it may not be possible to obtain such high peak levels of damping.
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Abstract 

The classic work of Zener for predicting thermoelastic damping is largely restricted to simple beam-like 
structures. For more complex structures it is necessary to use the Finite Element Method (FEM) to predict 
the damping, based on the fundamental equations of thermoelasticity. The main disadvantages of the FEM 
are that: i) solving the coupled thermoelastic problem can be numerically expensive; and ii) it does not 
provide much physical insight into the problem. This paper considers an alternative method based on a 
modal approach in which mechanical deformation and temperature are expressed using conventional 
structural and thermal modes. The damping is found to be dependent on the coupling between the thermal 
and structural modes, which in turn are dependent on both the spatial and frequency considerations. A 
simple solid beam is used to illustrate the concept. The damping prediction shows reasonable agreement 
with results obtained using the fully-coupled FEM.  
 

Introduction 

Micro-electro-mechanical systems (MEMS) have been developed so as to miniaturise and integrate 
technologies that ultimately have low power requirements, smaller physical size and low cost. 
Thermoelastic damping (TED) is a fundamental physical mechanism that limits the performance of the 
mechanical structures used in many resonating MEMS devices, imposing an upper limit on the Q factor 
governing the energy dissipated. It is worth noting that several other damping mechanisms can cause 
dissipation in MEMS resonators, such as gas damping and anchor loss.  However, the contributions from 
these damping sources can be minimized by reducing the gas pressure and careful design.  

The phenomenon of thermoelastic dissipation was discussed first by Zener in the 1930s with reference to 
reeds and beams [1]. In essence, TED occurs when the vibration induces alternating tensile and 
compressive strains on opposing sides of the neutral axis, generating temperature gradients across the 
cross section. These temperature gradients are responsible for irreversible heat flows from hot to cold 
regions, in an attempt to re-establish thermal equilibrium. Since heat flow is irrecoverable, energy is lost. 
This loss is greatest when the period of vibration is of the same order as the thermal time constant.  

For simple beam structures, Zener developed an approximate analytical result for the Q factor which has 
been shown to yield good agreement with experimental measurements [2,3]. Wong et al [4] have extended 
Zener’s analysis to the case of thin, uniform rings. However, it is difficult to apply Zener’s approach to 
predict the Q factor for more complex structures.  For more general structures, the Finite Element Method 
(FEM) can be used to solve the coupled thermo-elastic equations [3]. Two disadvantages of this approach 
are: i) that solving the coupled thermo-elastic problem can be numerically expensive; and ii) it does not 
provide a great deal of physical insight into the problem. This paper presents a general method for 
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calculating the thermoelastic dissipation in resonant structures which provides insight into the interactions 
between the mechanical strain and thermal gradients.  This method uses the structural modes of the pure 
mechanical vibration and the thermal modes of the pure thermal conductivity problem.  The method is 
demonstrated for the simple case of a beam. 

 
Governing Thermo-Elastic Equations 
 
The starting point for predicting thermo-elastic damping is the equations governing the coupled thermo-
elastic problem. These are formed by considering the constitutive relations for an isotropic material, 
together with force balance and energy conservation.  
 
The general elastic equation for force balance in a material is given by [3]: 
 

σ.
t
uρ

2

∇=
∂
∂ , (1)

 
where ρ is the material density, u is the generalised displacement vector, and σ  is the stress tensor. Using 
the constitutive stress-strain equations for an isotropic material, including thermal effects, it can be shown 
that: 
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where  is the stiffness matrix, α is the coefficient of thermal expansion., xi is the i’th generalised 
coordinate, ν is Poisson’s ratio, and T is the temperature. Using the definition of strain in terms of 
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1ε  and equation (2), it can be shown that the governing equation for 

mechanical deformation is given by [3]: 
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The variables µ and λ are Lamè coefficients given by 
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ν21
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ν1
Eλ , where E is the 

elastic modulus.  
 
To develop the equation for the internal energy of the solid, we use thermal dynamics results derived from 
energy conservation theory. The change dE in the internal energy is equal to the energy loss from a 
volume of material and is equal to the integral of the emittance, ξ over a closed surface bounding that 
volume of material. i.e.  
 

∫∫ ∇→=
volumearea

)Ad.ξ.(Ad.ξ
dt
dE vvvv

. (4)

 
Using Boltzman’s transport equation, the relationship between energy emittance and temperature is given 
by: 

 )T(κξ ∇−=
v

, (5)
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where κ denotes the thermal conductivity of the material.  
 
Since the energy change is attributed to heat flow only, the internal energy is equal to the heat acquired by 
the material which can be expressed in terms of the entropy S as: 
 

dt
dST

dt
dQ

dt
dE

== . (6)

 
Expressing equation (4) using relations (5) and (6) and using the constitutive equation for entropy, 
Fourier’s Law is obtained.  Expressing this equation in terms of displacement gives [3]:  
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Equations (2) and (7) are the coupled thermoelastic equations. For simplicity, we let 
)ν21(

Eαβ
−
−

= , which 

governs the magnitude of the thermo-elastic coupling terms. Equations (2) and (7) can then be expressed 
as follows: 
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Assuming that the coupled thermo-elastic response is harmonic, the mechanical deformation u and 
temperature T can be expressed as: 
 

st
0euu = , (10)

st
0eTT = , (11)

 
where s is a complex variable. Using these equations in equations (8) and (9) gives: 
 

0Tβ)u()µλ(uµuρs 000
2

0
2 =∇+∇∇+−∇− , (12)

0uTβssTρcTκ 0init00
2 =∇−−∇ . (13)

 
To predict the thermo-elastic damping it is necessary to determine the complex roots s which satisfy 
equations (12) and (13) - these roots are then used to determine the Q factor.  Although it is possible to 
solve these coupled equations using the FEM, for the reasons mentioned in the Introduction, a modal 
approach is used here.  
 
 
Modal Approach 
 
The basis of the modal approach is to express the mechanical deformation of the beam as a summation 
over the conventional structural modes and the temperature distribution as summation over the thermal 
modes.  i.e.: 
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where ju  and  are the displacement and temperature “mode shapes” associated with the uncoupled 
pure elastic and pure thermal problem, i.e. they satisfy 
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In equation (16), , where  is the undamped natural frequency of the i’th pure structural 

mode. Note that the pure structural response is oscillatory. In equation (17),
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(18)

where the integrations are over the volume of the structure.  
 
To develop modal equations, equations (14) and (15) are substituted into equations (12) and (13). Using 
equations (16) and (17), premultiplying the result of equation (12) by T

ku  and integrating over the volume 
of the structure, and using equation (18) gives: 
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where k =1,2,…., N. 
 
Similarly, premultiplying the result of equation (13) by  and integrating over the volume of the 
structure, and using equation (18) gives: 

lT

 

0
τ
1sρcγdVuTTβsα
l

l

N

1i
i

V
liniti =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−∇∑ ∫

=

, (20)

 
where l =1,2,…., M. 
 
Equations (19) and (20) provide (N+M) equations in terms of the (N+M) unknowns, iα (i=1,2,….N), 

jγ (i=1,2,….,M) that govern the damped vibration problem.  The integrals dVuT il∇∫  and ∫ ∇ dVTu j
T
k  

govern the coupling between the temperature and strain fields. iu∇  is the volumetric strain distribution of 
the i’th structural mode and  is the temperature gradient distribution of the j’th thermal mode.  jT∇
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Equations (19) and (20) can be solved numerically to determine the complex roots s, which govern the 
damping. To achieve this, equations (19) and (20) are expressed in the following matrix form: 
 

0
γ
α

AA
AA

2221

1211 =⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
, (21)

 
where A11 is a diagonal matrix whose ii’th entry is ( )2

ni
2 ωsρ +  (i=1,2,…,N), A22 is a diagonal matrix 

whose jj’th entry is ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−

jτ
1sρc (j=1,2,….,M), A12 is an NxM matrix whose ij’th entry is dVTuβ j

V

T
i ∇− ∫ , 

and A21 is an MxN matrix whose ji’th entry is ∫ ∇
V

ijinit dVu.TTβs . 

 
For a system with one structural and one thermal mode, N=1, M=1, equation (21) can be expressed as: 
 

( )
0

γ
α

τ
1sρcdVu.TTβs

dVTuβωsρ

1

1

1V
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1
V

T
1

2
ni

2

=⎥
⎦

⎤
⎢
⎣

⎡

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−∇

∇−+

∫

∫
. (22)

 
Equation (22) can be solved relatively easily to obtain the three complex roots s.  In this case two of the 
roots will form a complex conjugate pair, whilst the other root will be real. The complex conjugate roots 
define damped oscillation, whilst the real root corresponds to an exponential decay. The Q factor for the 
damped oscillation is given by [3,5]: 
 

)SRe(2
)SIm(

Q
complex

complex−
= . (23)

 
Equation (22) is based on using one structural mode and one thermal mode.  By using a perturbation 
approach it can be shown that the Q factor associated with one structural mode and multiple (M) thermal 
modes can be expressed as: 
 

∑
=

− =
M

1j j

1
total Q

1Q .  (24)

 
where Qj is the Q factor corresponding to the j’ th thermal mode, obtained using equations (22) and (23).  
 
 
Boundary Conditions 
 
It is important to realize that for the proposed modal approach to be consistent with the fully-coupled 
thermo-elastic problem, the boundary conditions used must be consistent.  In the work presented here, this 
is achieved by constraining the temperature at the boundaries to be equal to the ambient temperature. i.e.: 
T=0 on all surfaces. This thermal boundary condition ensures that the stress on the boundaries is consistent 
with the “free” and “fixed” boundary conditions used in the pure structural problem.   
 
Integrating dVTu j

V

T
k∇∫  by parts and applying the chosen thermal boundary condition gives:  
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dVTu j
V

T
k∇∫  = ∫∫ ∇−⋅

V
ij

Surface
j

T
i dVuTdSnTu  = dVuT i

V
j∇− ∫ . (25)

 
Because temperatures at all surfaces are zeros, the surface integrals give zeros. Therefore, the integral 

∫ ∇ dVTu j
T
k  is the negative of dVuT il∇∫  for the chosen thermal boundary conditions. This relationship 

was used to verify the accuracy of numerical Integration performed in Modal calculation.  
 
Numerical Example 
 
The thermo-elastic damping of an elastically and thermally isotropic silicon beam of length m, 
width of m, and thickness of m with both ends clamped is considered.  Table 1 
summarises the material properties of the beam used.  

510036.6 −×
610036.6 −× 610622.3 −×

 
 

Silicon Parameter Value 
Young’s Modulus, E 130 GPa 
Density, ρ 2330 kg/m3 
Poisson Ratio, ν 0.28 
Specific Heat, Cv  700 J/(kg•K) 
Thermal Conductivity, κ 156 W/(m•K) 
Coefficient of thermal expansion, α 2.62 ppm/K 
Ambient Temperature, T0  300 K 

Table 1:  Material properties 
 
Equations (16) and (17) were solved separately using COMSOL™ Multiphysics to determine respectively 
the natural frequencies and mode shapes of the pure structural modes and the time constants and mode 
shapes of pure thermal modes.  Figures 1 and 2 show results for the pure structural and pure thermal 
modes obtained. The Q factor (assuming a single structural mode and multiple thermal modes) is obtained 
using equations (22), (23) and (24).  In these calculations, only the “odd” thermal modes (see Figure 2) are 
included because the structural mode (see Figure 1) considered is “even”, ensuring that 0=∇∫ dVuT il ,  

as seen in Figure 2.  
 

 
 

Figure 1: A plot of the pure structural mode considered in the numerical example. 
 

   

 
Odd Mode (1) Even Mode(2) Odd Mode(3)  

 
Figure 2: Plots of the first 3 thermal modes used in the numerical example 
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It is useful to note that the undamped natural frequency of the first pure structural mode is 1.202 x 107 Hz. 
 
An initial study of mesh density was carried out to determine how many elements are needed to obtained 
converged results for the Q factor. It is reasonable to assume that the numerical results will be more 
accurate when the density of the mesh is increased, but calculation time must also be considered. For all of 
the results obtained, the same mesh was used: approximately 1700 elements and 2700 nodes.  No more 
than four significant digits were kept for these calculations.  
 
We now consider the effect of using different numbers of thermal modes in the solution, see Figure 3. The 
solid line shows a plot of Q-1 as the number of thermal modes used in equation (24) is increased (The time 
constants of the thermal modes ranged from 5.77 x 10-9 s for the first mode to 1.18 x 10-9 s for the 25th odd 
mode.). For the case considered it can be seen that only a small change in Q-1 is observed as an increasing 
number of thermal modes are added to the series. The dotted line shows the results obtained by solving the 
fully-coupled thermo-elastic problem (equations (12) and (13)) using the FEM (Fully coupled analysis). 
The difference between the fully-coupled thermo-elastic analysis and the Modal approach prediction can 
be seen to be less than 5% when 25 thermal modes are used. When 15 thermal modes are used, the 
difference between the Modal and Fully Coupled solutions is ~6.2% and there is little change in the 
accuracy when more than 15 thermal modes are used.   
 
 

0.00E+00
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1.00E-05

1.50E-05

2.00E-05

2.50E-05

3.00E-05

0 5 10 15 20 25 30

No. of Thermal Mode

1/
Q

Fully Coupled Analysis Modal Analysis
 

Figure 3:  shows the variation of Q with an increasing number of thermal modes 
 

 
Figure 3 indicates that the results obtained using the Modal approach are in reasonable agreement with 
those obtained using Fully coupled analysis.  
 
To check the validity of the modal approach, the calculations were repeated for a number of different 
beams. The beams considered each have a width to length ratio of 1:10. This ratio was used to give a 
similar number of mesh elements in both perpendicular and longitudinal directions of the beam [3] and to 
ensure that the width of the beam is sufficiently small comparing to the length (thin beam)   Keeping the 
aspect ratio constant, the length and width of the beam were varied to give beams with a range of natural 
frequencies. In the Modal approach, one structural mode and 15 thermal modes are considered for each 
beam considered. Figure 4 shows a plot of Q for different clamped-clamped beams calculated using the 
Modal approach and the fully-coupled thermoelastic problem solved using the FEM (Fully coupled 
analysis). The calculated Q values are plotted as a function of frequency.  
 
There is reasonable agreement between the trends predicted by the fully coupled analysis and the modal 
approach.  At high frequencies the modal approach and the fully coupled analysis are in very good 
agreement. However, at lower frequencies the modal approach overestimates Q compared to the fully 
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coupled Analysis. Possible reasons for the discrepancy include the use of too few thermal modes or too 
few structural modes in the analysis, and potential improvements could be made by including an increased 
number of structural and thermal modes. This is the subject of continuing work.  
 

 
Figure 4:  shows the variation of Q factor with frequency for a solid beam with both ends clamped  

 
 
The hypothesis relating to the number of thermal modes can be investigated by comparing the calculated 
thermal distribution obtained using the Modal approach with that obtained using the Fully Coupled 
Approach. This is achieved here by using the thermal MAC, i.e.  
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where TModal and TCoupled are the thermal distributions calculated using the modal approach and the fully 
coupled analysis respectively.  The thermal MAC has been calculated for the two beams indicated in 
Figure 4, using only the dominant thermal mode, which is odd-mode 3 in Figure 2, and the first structural 
mode, as shown in Figure 1.  For Beam 1 the thermal MAC is 0.67, whilst for Beam 2 it is 0.61.  These 
results indicate that the thermal distribution for Beam 2 is less well represented by the dominant thermal 
mode than Beam 1, suggesting that more thermal modes need to be included in the Modal approach for 
Beam 2 than for Beam 1. In both cases, the relatively low MAC value (~0.6) indicates that the use of a 
single thermal mode is quite inadequate. 
 
The hypothesis relating to the number of structural modes can be verified by comparing the strain 
distribution (in the direction of deformation) obtained using the Modal approach with that obtained using 
the Fully Coupled Approach. This is achieved here by using the structural MAC, i.e.  
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where εModal and εCoupled are the strain distributions in the direction of deformation calculated using the 
Modal approach  and the Fully coupled analysis respectively.  For Beam 1 the structural MAC is 0.92, 
whilst for Beam 2 it is 0.90, based on the use of a single pure structural mode.  These results similarly 
indicate that the strain distribution for Beam 2 is less well represented by the dominant structural mode 
than for Beam 1. Although the structural MAC values (~0.9) are significantly higher than the thermal 
MAC values (~0.6) it is nevertheless likely that more structural modes need to be included in the Modal 
approach.  
 
Conclusion 
 
A Modal approach for predicting the Q factor of thermo-elastic structures has been presented.  Preliminary 
results indicate a reasonable level of agreement between the Modal approach and solving the fully-coupled 
thermo-elastic problem using the FEM.  For larger beams, with lower natural frequencies, it was found 
that the Modal approach tends to over-estimate the Q factor.  One feasible explanation for this is that an 
insufficient number of thermal and structural modes were included in the calculations for the Modal 
approach. Further work is currently being performed to quantify any improvements gained by increasing 
the number of structural and thermal modes in the calculations.  
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Abstract. 
This contribution deals with approaches to the problem of rubber to metal devices dynamic behaviour 
characterization; which were undertaken by the authors. To take in account the peculiar properties of rub-
ber, in terms of non-linearity, viscoelasticity as well as frequency, temperature and static strain depend-
ence, a numerical analysis was developed, where materials constitutive equations modelling is operated by 
a neural network, working directly on numerical data supplied by experimentation. The proposed method 
avoids the implementation of finite elements models, recurring to discrete models based on a multi-body, 
particle-based approach: several models of such a kind have been taken into account, from discrete con-
centrated parameters models to a chosen hybrid particle based model, where local stiffness is computed 
directly by the continuum constitutive equations. Simulative results where then compared with experimen-
tal data. 

1 Research Aim 

This research focuses on the design oriented numerical characterization of rubber-to-metal devices, such 
as engine mountings, adaptive journal boxes and vibrations dampers in general, whose peculiar mechani-
cal behaviour is to be explained by the dynamic properties of the elastomeric materials of which they are 
made up. As commonly known, these show viscoelastic behaviour, causing hysteresis and internal self 
heating phenomena during load-unload cycles [1] and also strong non-linearity [2,3]; moreover, their 
Young and shear moduli are greatly sensitive to frequency of excitation [1], temperature [1] and static pre-
strain [4], as exemplified by fig. 1. 

 

 
fig. 1: experimental behaviour of an elastomeric compound: it is evident the hysteretic behaviour during load-unload cycles (a), 

the dependence on static pre-strain (b) and on frequency, deformation and temperature (c) (measures by the authors). 

a) 

b) 

c) 
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The behaviour of the aforementioned materials as well as components has been experimentally character-
ized by the authors as it is explained in [5]. 
Several approaches have been proposed by many authors in the field of the numerical simulation of rubber 
components dynamics, the majority of which make use of finite elements modelling [6]. Although these 
methods can potentially be applied at academic level to solve very specific problems, they could hardly be 
adopted by technicians in industry due to their high complexity. Moreover, in most cases, these ap-
proaches allow considering few particular aspects in the definition of material behaviour and the overall 
properties of materials can hardly be taken into account at the same time.  
The method here described is intended to offer a light approach to the problem which allow considering 
all the aforementioned aspects concerning the behaviour of materials (non-linearity, frequency-
temperature dependence, pre-strain effects), paying attention to the needs emerged in the field of the de-
sign of vibration damping devices for automotive applications. To reach this objective a modelling tool 
making use of a particle-based approach has been adopted, finding inspiration into modelling issues pro-
posed by several authors in the field of woven cloth draping simulation [7]. This kind of approach in rub-
ber modelling is also mentioned by other authors [8]. 
The method and results presented in this paper relate to the application of a purely mechanical model, 
without taking into account, at this stage of the research, thermal aspects. A possible thermo-mechanical 
approach was proposed by the authors in [9], but adopting a different modelling technique.  

2 Models 

As mentioned, the final goal of this study was a predictive model able to describe the behaviour of rubber 
to metal devices, therefore a campaign of implementation and testing of various models, both from litera-
ture on the subject and autonomously created, took place: whenever an implementation was feasible a test 
program was created and its results compared with experimental evidence. 
In order to simulate the viscoelastic behaviour of elastomers standard models proposed by rheology [10] 
have been taken into account: starting from the well known Kelvin-Voigt one, which uses a mechanical 
analogy, to the rubber chain approach these models have been adapted within a discrete modelling ap-
proach to realize a concentrated parameters particle based modelling technique. Similar approaches are 
proposed also by other authors [11]. 
First attempts were based on a network of mass particles, where the peculiarity of the various approaches 
was given primarily by the kind of link: whether the link was made a Kelvin Voigt connection (Kelvin 
Voigt models) or a spring with a complex stiffness (Particle-Link models). 
Another subset of the models was then given by the geometrical disposition of links, distinguishing “edges 
only” models, where links occurred only along principal directions of the solid body, “full diagonal”, 
where links resided on principal planes, and “cross diagonal” where links where spread in no particular 
directions. 
Notwithstanding this range of models simulating bending stiffness with an acceptable approximation still 
represented a major issue, therefore a superimposition of particle based and finite volume models, labelled 
“hybrid approach”, was proposed, implemented and compared with experimental results. 

2.1 The Kelvin Voigt Models 
Although the Kelvin Voigt approach could be seen as a good trade off between experimental consistency 
and mathematical simplification, estimating the correct stiffness to use could be difficult, due to the simul-
taneous and non-linear dependency on frequency and on amplitude, moreover, such a simplified approach 
is unable to describe in detail the rubber component deformed configuration. 
One first attempt to solve this limitation was the introduction of a particle-based network where mass par-
ticles were connected by Kelvin-Voigt elements, made up of two springs and a dumper, thus achieving a 
more detailed simulation, as well as a more feasible three-dimensional implementation. 
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fig. 2: Particle-based Kelvin-Voigt model 

While this approach, shown in fig. 2, greatly improved the coherency with experimental results in most 
common tests, its calibration became even more difficult and unreliable, due to the aforementioned nonlin-
earities, leading to a quick dismissal of the same in favour of simpler models, where Kelvin-Voigt ele-
ments were replaced by single springs with complex stiffness, encapsulating both the elastic and the 
viscous contribution. 

2.2 The Particle-Link Model 
The idea of a network where particles of given mass are linked by viscoelastic elements of no dimension 
represents the basic foundation of every model that was considered thereafter because of the simple design 
that allows for a straightforward implementation of and renders both simulation and testing feasible. 

 
fig. 3: the particle-link model 

Such tests underlined mixed results for what concern the effectiveness of this approach: while axial stiff-
ness of slim geometries is in accordance with both experimental data and theory, bending test pointed out 
major weaknesses, such as the model incapability of generating a reaction torque due to the links hinge-
like connection to the bodies involved. 
Therefore, various links layout were designed with the aim to generate suitable reaction torques, like the 
one depicted in fig. 4, but in most cases a correct estimate of the various stiffness factors, needed to simu-
late a proper flexible contribution using a straight spring analogy, could not be found. In fact, while esti-
mating axial stiffness from experimental evidence can be quite easy, a general method to transpose 
bending stiffness into links which can act only axially, however laid out, is still unreliable and leads to an 
unpredictable behaviour of the model. 
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fig. 4: full diagonal link model 

2.3 The Hybrid Concept 
This limitation pointed out the necessity of introducing a wider element, in order to use the stiffness of a 
solid body, known by theory and experimental tests, as the base for the attribution of the viscoelastic 
properties of each link: such element was therefore sought trying to take advantage of both the finite vol-
ume approach and the particle based schema. 
The base structure of the hybrid model resulting is the cell: a structured group of eight nodules, belonging 
to rigid bodies or coincident with particles, twelve elastic links between nodules, four for each dimension, 
and the volume delimited by them, which represent a portion of the elastomer under analysis. 

σ,τ 
 

E,G,υ 

 
fig. 5: the hybrid cell model and its application to a thin square prismatic elastomer 

The layout of such a structure can be made clearer looking at fig. 5 where an example is given in which a 
square prismatic elastomer connects two metal plates: the elastomer is split into cells, whose nodules are 
molten into rigid bodies if rigidly connected to metal plates, while become particles with three degrees of 
freedom otherwise. 
Only bodies, whether particles or rigid restrains, have mass and degrees of freedom, while links are 
viewed as springs with no mass connected to nodules via hinges and the volume element is merely a col-
lection of surfaces, defined by nodules positions, needed to transpose constitutive equation in a particle 
network environment. 
Both link forces and cell stresses are considered acting on nodules only, and then reduced to the bary-
centre of the parent body: this structure therefore grants us a straightforward solution of the dynamic equi-
librium, having a number of resultant forces and torques equal to the number of degrees of freedom 
involved. 

Stiffness 
 

XX 
YY 
ZZ 
YZ 
XY 
XY 
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3 Hybrid Model Elements 

3.1 The Link Elements 
The proposed hybrid model is particle-based, which means that the very foundation of its elemental unit is 
the nodule, therefore the viscoelastic behaviour of the particle network can be given linking every particle 
with its neighbours through a spring element. The stiffness of the latter has been expressed as a complex 
number, whose real part is responsible of the elastic behaviour while the imaginary part represents viscous 
phenomena. 
Such a network of springs connecting mass particles is a powerful tool for estimating the dynamic behav-
iour of the elastomer, but still poses the major issue of a proper characterization of such elements, in fact 
both links and cell simultaneously contribute to the overall stiffness of an element, acting in parallel; is 
therefore necessary to introduce a criterion for assigning suitable stiffness values for links and cells 
strongly linked to experimental data result. 
Strict analytic relations between the continuous mechanics and the particle structure were found and stud-
ied, but their implementation revealed both unfeasible and unreliable if not under particular circumstances; 
so a simplification was adopted thanks to a mechanical analogy between the axial traction and a parallel 
connection of springs, as can be seen in fig. 6. 

 
fig. 6: the spring analogy 

A ratio coefficient, named α, is therefore defined as the fraction of the total axial stiffness of the cell which 
is due to the contribution of the sole links involved: with a somehow drastic simplification the overall 
equivalent stiffness along one axis is given by analogy with the solid element, as seen in (1), and the stiff-
ness of each link can be easily determined. 
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 (1) 

A first set of tests pointed out that the simulation is quicker and more reliable if α is greater than zero and 
less than 0.1: the contribution of the link system, in fact, can be seen as a way to smooth the numerical 
solution of the problem and to compensate for those cases where the volume approach alone would lead to 
erroneous solutions, as is hereinafter explained in detail. 

3.2 The Volume Element 
Bearing in mind that the aim was a feasible and simple model, the relation between nodules position and 
volume alteration has been defined in the simplest way that seemed suitable: therefore using a simplified 
mathematical approach under the which the three vectors connecting the midpoint of each face with its 
opposite represent the base of a finite volume, as can be seen in fig. 7. 
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fig. 7: the volume definition 

These three vectors, hereafter mathematically defined, are not necessarily perpendicular, nor unary, al-
though they define the base of cell quantities definitions, as the surface on a given face or the shear angles: 
all the geometrical entities needed for stress status calculation are completely defined by these vectors. 
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The x, y, z notation is herein used to make the set of equations easily readable, however, when referring to 
the X, Y, Z axes in the cell, it is important to carefully consider their definition: the X axis in one cell 
could be different to the same X axis in the contiguous one, and again be different from the same X axis of 
the same cell on the next iteration of the solver algorithm. 
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The cell is considered subject to the basic linear elastic constitutive equation, as shown in (4), while de-
formations are estimated as differences between the actual and the undeformed configuration (identified 
by the |0 notation). Additionally, the E and G moduli herein used are considered properties of the cell as a 
whole and come directly from the modulus of the complex Young and Shear moduli estimated from ex-
perimental data, as explained hereinafter. 
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3.3 Combining the Elements 
Once the stress status of the cell volume is evaluated, it is integrated on each face and its overall contribu-
tion is split among the nodules delimiting the face itself, to avoid an overestimation of stiffness, however, 
the contribution already given by parallel links needs to be subtracted. 
On the opposite side, the elastic reaction of the perpendicular links is added to take into account the fact 
that those links opposed the necking down phenomena of the cell. An example is given in (5) were the 
reaction on the YZ face of a cell subject to a uniaxial stress status along the X axis is shown using the 
aforementioned nomenclature. 
To take advantage of the two-sided nature of the model, the link contribution which is subtracted, as is 
clearly noticeable in (5), does not equals the link reaction, having the same stiffness term, but a different 
elongation (one evaluated using the base vectors of the cells, the other using the actual deformation of the 
link). 
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Far from being a useless complication of the calculus this approach can be described as a workaround that 
extend the simplified finite volume system to those situation where a detailed finite elements analysis 
should be traditionally needed, such as symmetric deformation families, as well as cases where a numeri-
cal resolution would be unstable due to the nonlinearities of the bending stiffness. 
It is to be noticed, in fact, that for each configuration of the three base vectors infinite configurations of 
nodules position exist, therefore limited displacements of the nodules could lead to equivalent configura-
tion of the volume, but greatly deforming the links they connect, as displayed in fig. 8. 
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fig. 8: deformed configuration with equivalent volume desciption 

4 Stiffness Characterization 

4.1 Multi Dimensional Interpolation 
As is well known the main issue in dealing with elastomers dynamic behaviour is the stiffness dependence 
on a vast amount of parameters, such as temperature, static load, frequency of excitation and even defor-
mation itself. What has been since here presented, therefore, could be just a rough model easy to imple-
ment, unless a way could be found to take into account most of these parameters while assigning an 
elasticity value to a cell. 
A key role is therefore played by the model characterization, which cannot be limited to a static set of 
stiffness values, but needs to be dynamically adapted to each working condition a simulation would lead 
to. Nevertheless, such behaviour cannot be reduced to an oversimplified parametric curve, but should rely 
on experimental values from tests on the physical compound under scrutiny. 
However such tests, for obvious reasons, cannot be undertaken in every possible configuration, nor should 
each instance of the model require a particular test geometry or the model development would be totally 
useless, therefore the need of a way to estimate values for the complex Young and shear moduli, in any set 
of working conditions, starting from sparse and disarrayed data on a sample of standard geometry. 
To achieve this, a multi-dimensional interpolation system was created in the form of a peculiar neural 
network based on the use of a "Local Fuzzy Neurone" (LFN) [12]: one "hidden" layer of neurones with 
Gaussian activation function (the so-called receptive field) with multi inputs and a single output. This kind 
of networks gives is capable of a multi-dimensional approximation with minimal oscillation and behaves 
as a filter for any noise as well. The single-layer structure was chosen to simplify the learning as far as 
possible. 

4.2 Probing into Materials 
To test such approach cylindrical samples of various rubber compounds were dynamically tested using an 
electrodynamic shaker in different temperature and pre-strain condition as well as at various levels and 
frequencies of deformation [5]. 
For each test a sinusoidal vibration was imposed along the specimen axis in a controlled working condi-
tion, then stress and-deformation were measured and a complex value of the Young modulus was esti-
mated. An analogous set of test was then carried on to get a shear modulus estimate as well. The results of 
these test campaign were gathered into a database of experimental data which became the learning layer of 
the LFN interpolator. 
An example of the application of the LFN interpolation to the experimental data database can be seen in 
fig. 9, where a particular compound behaviour was investigated at a fixed temperature and preload condi-
tion (interpolation in given by the red surface, while experimental points found in the database at that 
fixed working conditions are displayed by blue points) 
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fig. 9: an example of the neural network results (temperature and preload were given) 

4.3 The Deformation Dependence 
While static pre-strain, frequency of vibration and working temperature can be seen as fixed parameters of 
the simulation, the non-linearity of elasticity against deformation poses the problem of determining which 
deformation level, among the many, could be chosen as an overall deformation index. 
The critical aim is finding a method of comparing the uniaxial stress state, used during experimental test-
ing on a sample of standard geometry, with the unknown stress state of a cell, therefore an analogy be-
tween the elastic energy of the two configurations is supposed and the equivalent deformation is defined 
as the first principal deformation that a uniaxial stress status with the same energy would have. 
Supposing to estimate the energy through the squares of the principal deformations, the equivalent defor-
mation has been defined as in (6), which, under uniaxial stress status gives the deformation along the 
stress direction, while, under any other stress status, gives an estimates easily defined using the invariants 
J of the deformation matrix, without recurring to an heavy directly calculus of the principal deformations 
directions. 
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Using the definition reported in (6) a deformation index can be computed for each cell starting from any 
stress status, allowing a proper LFN interpolation of the compound behaviour in the actual working condi-
tion of the elastomer simulated. 

5 Simulation results 

5.1 Simulation Workflow 
To simulate the dynamic behaviour of an elastomer a software simulator, based on the proposed model, 
has been implemented. The solid geometry under analysis is meshed in a network of particles and cells: 
the degrees of freedom of such system, being the particles positions, fully represent the deformed configu-
ration of the simulated device, while the application of the aforementioned elastic relations gives the con-
sequent forces acting on nodules. 
Assuming the device under scrutiny subject to a set of harmonic forces and torques sharing the same fre-
quency, the imposed loads are converted into complex numbers and applied to bodies of the model. Then, 
a numerical method, such as the Newton Raphson algorithm, searches for a set of values of bodies posi-
tion and orientation for which elastic reactions (given by the model application) equal the external load 
imposed on each particle as well as on each unrestrained rigid body. 
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Such algorithm is obviously a numerical iterative process: in every step of the iteration the stiffness of 
each elastic element is computed using both the geometric configuration related to the step as well as the 
complex elastic and shear moduli interpolated by the LFN network using the working condition that can 
be inferred from that step configuration. This is done to take into account the relevant non-linear depend-
encies, while recurring to a simple dynamic equilibrium resolution. 

5.2 Verification against theoretical studies 
A first testing of the model has been the simulation of simple elements of known behaviour, as the canti-
lever beam, in order to locate any peculiar characteristic the hybrid model would display and to under-
stand whether the network connection of cells was still in line with the theoretical models. 
As an example of such verification, result of traction and bending tests are shown in fig. 10, along with the 
particle network used to simulate a prismatic beam, which is here displayed in its deformed configuration. 
The necking down effect is clearly noticeable and, notwithstanding a quite gross discretization, well ap-
proximates the expected behaviour. 
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fig. 10: simulated cantilever results for a traction and bending test, respectively 

Looking at the graphs in fig. 10 a general overestimation, although limited, of stiffness is revealed, but can 
be easily justified by considering the aforementioned necking down effect, closer to the real behaviour 
than to the De Saint Venant condition: while the theoretical formula should be applied far from the faces 
subjects to the acting forces, our simulation takes them into account due to the rigid body modelization. 
This contribution is made clear analyzing a central portion of the beam, as reported in fig. 11: the overall 
stiffness of various portions symmetrical to the cantilever midplane is compared to the theoretical De 
Saint Venant case. As can be seen nearly half of the deviation is found only in the very terminal sections 
while other portions of the beam present a deviation form the ideal value unrelated to their position. 
The cause of this could be explained by considering that the two end planes, in the model, are considered 
connected to a rigid body (i.e. glued to a metal surface), therefore their section cannot be subject to a free 
necking down phenomenon. The effect of this restrains, of immediate understanding in the traction case, 
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affects every other cases as well, offering a more realistic representation of the rubber to metal interfaces 
involved. 

Deviation of simulated tensile stiffness from the theorical value
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fig. 11: tensile stiffness dependence on distance from the endplane 

5.3 Validation of the model against experimental results 
Due to the great diffusion and critical role, the validation campaign was conducted on devices common to 
the automotive field, as the journal box whose particle-based representation could be found hereafter. 
Such device was already subject to a previous study with a different particle-based model, which gave less 
satisfactory results, and was therefore chosen as a suitable candidate for a simulation campaign. 

    
fig. 12: geometry approximation of a journal box device (a) and view of the particle based network associated (b) 

For each axis tests at different vibration amplitude were undertaken with a sinusoidal oscillation of fre-
quency ranging from 30 to 300 Hz and then choosing the particular deformation levels that best approxi-
mates the load imposed in the simulation. A complex stiffness value was then calculated and compared to 
the experimental curve, as reported in fig. 13, where results of the previous model (labelled EVA old, 
against the actual model internally called EVA 3.2) can also be found. 
The material calibration was done, as said before, vibrating a cylindrical sample of the same compound in 
different conditions and directly storing the stiffness data for each condition in the compound database. As 
can be seen from the diagrams in fig. 13 the studied compound stiffness is not particularly sensible to de-
formation: far from being a common case among rubber compounds this material was nonetheless used 
due to its strategic importance to the industrial partner of this research. 
While discrepancies can be noticed, proper considerations should be made both on the rough geometrical 
approximation used and on the uncertainty associated with the tests on the actual device, moreover, rela-
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tive deviation between the experimental result and the simulated ones is closer to the deviation usually 
expected from most commercial finite elements analysis software. 

 

 

 
fig. 13: comparison between experimental (continuous lines) and simulated (dots) stiffness along the X,Y and Z axes. 

Another relevant simulation has been undertaken to investigate the behaviour of the model in cases where 
the elastomer part of the device was split into independent tokens, as in the mirror configuration of a cou-
ple of bushing that can be seen in fig. 14. 
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fig. 14: a bushing device tested in mirror configuration 

These results, shown in fig. 15, reveal that experimentally evaluated stiffness is less then 6% along the Y 
axis, while less the 3% in the Z one, while the X axis was not taken into account due to a problem with the 
mounting fixture used, which imposed, along that axis, a static deformation, which could be neither pre-
dicted nor measured. 

 
fig. 15: overall stiffness of the mirror configuration along the Y and Z axes 

6 Results 

Although not fully satisfactory, the results of the validation campaign underlined the capability of the pro-
posed model, which can lead to a good approximation of rubber to metal devices behaviour even with a 
rough geometrical definition, mainly thanks to a fast way of resolving the dynamic equilibrium on the 
nodules and the use of stiffness values interpolated “on the spot” from experimental data. 
A first improvement could be achieved through a new test campaign on compound samples, with a more 
suitable fixture and a bigger variety of mixtures, as to increase calibration accuracy; a new validation 
campaign could also be proposed, using a load controlled testing equipment and with a different set of tes-
ted devices, as to avoid mechanical resonances on fixtures and decrease result uncertainties. 
A further field of research which could be explored to improve the proposed approach is the development 
of a thermal model to superimpose on the mechanical one, in order to simulate the internal heating phe-
nomena that occur during vibrations. Such a superimposition would be made feasible thanks to the particle 
based methodology: temperature could be viewed as concentrated on nodules while links could be respon-
sible of conduction and cells of convection: the resulting temperature would then be used to query the 
LFN interpolator to gain a better estimate of the cell stiffness. 
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Abstract 
The European research project „AEROSAFE“ was designed to test a new aluminium mesh or, more 
specifically, a new aluminium honeycomb structure (to increase the in-flight safety of fuel tanks by means 
of new fire prevention properties and the reduction of the sloshing effects of the fuel of aeroplanes. This 
project deals with the measurement and the analysis of sloshing effects in fuel tanks of aeroplanes. This 
report includes the design and the construction of a suitable test device, the performed vibration tests and 
the evaluation of the test data. 
 
 
 
 
 
 
 
 

Figure 1: eXess-material 

 
 

1 Design of the test device 
At the beginning stage various design solutions were discussed regarding the realization of suitable 
vibration excitation of the fuel tank. Based on different proposals potential solutions were discussed and the 
advantages and disadvantages of the individual solutions were assessed. Requirements, which were 
essential for achieving significant results, are as follows: 

1.1 Requirements 

• Proof of sloshing effects in longitudinal and latitudinal 
directions of the fuel tank.  

 
 
 
 
 
 
 

                              Figure 2: Rotational axis 
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• Proof of sloshing effects for rotationals around the z-axis. 
 
 
 

 

 

 

  Figure 3: Horiz. rotational 

 
• Variation of the connection stiffnesses for the realization of various resonance frequencies 
• Realization of low resonance frequencies between < 0.5 Hz and ca. 10 Hz 
• Measurements with accelerometers: 

1. fuel tank including eXess-material: Acceleration sensors on the fuel tank only. 
2. fuel tank without eXess-material: Acceleration sensors on the fuel tank 

structure and on the fuel inside. 
• Supporting of the fuel tank at its centre of gravity (rotationalal axis). 

• Excitation of the fuel tank by means of rotating unbalances or appropriated electrodynamic shakers. 

 
The design of the test device was based on the presented requirements and on the technical equipment 
available in the “Labor für Struktur- und Schwingungsanalyse” at the Fachhochschule Bielefeld. 

1.2 Configuration of the test device frame 

Vibration investigations with rotating masses require a high stiffness of the test device frame in order to 
avoid vibrations of the test device and of the test equipment. 
To realize a stiff test equipment the mechanical engineering-system of the Schüco International AG was 
selected. This aluminium mechanical system enables an adequate construction of the test device. The 
following figure shows the fundamental design of the test device frame. 
 
For the documentation of the sloshing effects of the fuel, all measurements were performed with half filled 
fuel tanks. As the static loads of the tank and of the added components are beard by the rotational axis, the 
excitation of sloshing effects in the frequency range of interest was possible. Figure 4 shows the design of 
the test device, for the excitation of the tank rotation around the x-axis. For the dimension of the rotational 
axis a maximum mass force of 600 N was considered. 
To excite the sloshing effects resulting from rotation around the z-axis (see   Figure 3), the test device was 
rebuilt. The Figure 4 shows the design of the test device and represent the essential substructures and 
components. 
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        Figure 4: Test device (CAD-drawing, view 1) 

2 Excitation of the vibrations 
For the documentation and verification of the sloshing effects, it is necessary to realize the excitation in a 
comparatively low frequency range. Significant sloshing effects were expected in the frequency range of 
0.3 to 8 Hz. The sloshing effects above 5 Hz are negligible under realistic conditions. 

2.1 Selection of exciters 

Different types of exciters have been discussed at the beginning of the project. The excitation of the 
vibrations by means of electro-dynamic shakers enables the harmonic excitation over a wide frequency 
range from 0-3000 Hz. As the frequency range of 0.3 – 5 Hz is mainly of interests, the amplitudes of up to 
50 mm require electro-dynamic exciters with a stroke of up to 100 mm. These exciters do not fulfill the 
dynamic requirements (large co-vibrating masses and mass moment of inertia) and are very expensive. 
The excitation by means of unbalanced masses enables an easy and reliable excitation of the fuel tank. The 
mass is positioned with the distance re to the drive shaft. The unbalanced excitation enables the simple 
adjusting of the excitation frequency by means of the engine speed regulation. Different configurations 
have been considered for the design of the unbalanced masses. The following Figure 5 shows three 
different kinds of unbalanced excitations and serves for a solution finding. The advantage of the two 
counter-rotating unbalanced masses is the cancellation of the horizontal forces of both unbalanced masses. 
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          Figure 5: Types of unbalanced excitations 
 
The rotation of the fuel tank around the z-axis is also realised with two counter-rotating unbalanced masses. 
These masses were placed opposite on both side walls of the fuel tank. 

2.2 Mechanical construction of the unbalanced excitation 
 Figure 6 shows the design of the unbalanced excitation on the fuel tank structure. Represented is the 
selected servo motor, which realizes the closed-loop speed control in connection with a servo-control unit. 
The represented servo motor includes a planetary gear. The gear motor combines both mechanical and 
electronic parts into a compact unit. The selected gear motor is more reliable and cheaper than traditional 
motor/ gearhead assemblies. With regard to the fuel tank structure the used gear motor has the advantage of 
small dimensions and a small co-vibrating mass. The synchronization of the counter-rotating unbalanced 
masses is realized with a mechanical connection via timing belt. 
Alternatively the possibility exists, to activate the two shaft drives with two separate, coupled servo motors. 
For technical reasons and because of the simple mechanical construction, the synchronization with a timing 
belt was preferred. 

Vertical excetation with a central unbalance  
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Vertical stimulation with two counterroting unbalanced masses
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Stimulation with two counterrotated unbalanced masses for a horizontal
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 Figure 6: Unbalanced plates with drive unit 

3 Test results 
First of all the measurement uncertainties by means of repetition measurements are determined applying 
the fuel tank without fuel and without the eXess-material. The measurement uncertainties u of the 
repetition measurements offer information about the reliability of the determined resonance frequencies. 
During the repetition measurements small modifications occurred resulting from small variations of the test 
setup, which influenced the test conditions. This concerns especially the clamping device of the bending 
spring (for example: air gap, warping of the bending rod and slight deviation of the clamping length). Three 
test series were performed to identify the measurement uncertainties. 
The calculation of the mean value deviation based on a statistical security of 68.3%. 

3.1 Tank equipped with eXess-material 

The envelope of the maximum vibration amplitudes between 0.4 and 8 Hz was applied for the comparison, 
evaluation and interpretation of both measurements without and including the eXess-material. The 
acceleration diagram (Figure 15) shows the effective maximum values of the acceleration. The Figure 14 
shows the envelope of the maximum effective amplitudes, when exciting the fuel tank without eXess-
material. For a clear and easy to evaluate presentation a direct representation of the effective amplitudes (in 
mm) in correlation to the excitation frequencies seems suitable. In order to be able to link the effectively 
measured amplitudes to the varying sloshing effects, the measurements of the tank without eXess-material 
were additionally controlled by means of a window in the tank (Figure 7). 

Servo-Gearmotor 

Rotational plate 

Unbalance mass 

Rotation direction 

Pillow block bearing 

unit 
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   Figure 7: Window for optical control 

 
The Figure 8 shows the standardized envelopes of the measured effective amplitudes in mm and provides 
information of the essential sloshing effects. Concerning the amplitude curves the following frequencies are 
essential for the assessment of sloshing effects: 
For a final evaluation of the reduction of sloshing effects the percentage deviation of the effective 
amplitudes of both comparison measurements is shown in Figure 8. The average percentage deviation, 
which refers to the entire band of measured frequencies shows approximately 48% reduction of sloshing 
effects, when using eXess-material. This value, however, is not suitable for an objective evaluation of the 
reduction of the sloshing effects and is mentioned only for the sake of completeness. 
As a measure for the reduction of the sloshing effects the percentage deviation of the amplitudes 
established in both measuring series at the above-mentioned critical “slosh frequencies” needs to be 
demonstrated. The maximum reduction of the sloshing effects resulting from the presented measurements 
amounts 68%. Figure 8 presents an overview of the percentage reduction vs. the entire frequency range as 
well as the reduction at the critical “slosh frequencies” (indicated by circles). 
The small difference of the vibration amplitudes of both reference measurements near 1 Hz is caused by the 
normal mode vibration of the complete tank system. Here the liquid shows very small relative motion 
without or including eXess-material and can therefore not be influenced by the eXess-material. 
 
The increased vibration amplitudes between 0.8 and 0.9 Hz including the eXess-material result from elastic 
motion of the eXess-material including the co-vibrating fuel mass (indicated by ellipse). 
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Figure 8: Deviations of the comparison measurements 

3.2 Proposal for improvement 

The applied eXess-material combined with the co-vibrating fuel mass allows flexible motion of the eXess-
material inside the fuel tank. To avoid this effect, the installation of eXess-material in a compact form 
(cylinder tubes) and with prestress, was investigated. Following structural modifications were tested: 

• Pre-pressed eXess-material 
• Pre-pressed eXess-rolls 
• Vertical positioned PET-structure 
• PVC-tubes 

The integration of the eXess-material in kind of large-volume and geometrically adapted eXess-rolls 
increases the stiffness of the eXess-material. Figure 9 shows the positioning of the aligned eXess-rolls 
inside of the fuel tank. The presented integration of these aligned eXess-rolls is possible for new fuel tanks 
only. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

     Figure 9: Tank with pre-pressed eXess-rolls 
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     Figure 10: eXess-cylinder reels and eXess-rolls inside 
          the fuel tank 

 
Figure 10 shows the fuel tank with integrated eXess-material in kind of the original eXess-cylinder reels 
and the aligned eXess-rolls. In comparison to the conventional eXess-cylinder reels allow the pre-pressed 
eXess-rolls a small reduction of the mass value of approx. 180 g (0.3% reduced volume proportion of the 
eXess-material). The honeycomb structure of this eXess-material remains preserved by using the aligned 
eXess-rolls. The measured vibration amplitudes of the configuration including the pre-pressed eXess- 
cylinder reels serves as a reference for the investigation of the improved reduction of the sloshing effect for 
the rotation of the fuel tank around the vertical z-axis and the horizontal x-axis. Figure 11 shows the 
percentage deviation of the test results. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 11: Interpretation of the test results 
 
Based on the planned integration of the eXess-material into large aeroplane fuel tanks and tanks of tank 
lorries, individual test structures of filling materials were tested. Only the reduction of the fluid motion 
serves as an criteria for the assessment of the different material characteristics of the test structures (PET- 

eXess-rolls 
(310 mm x Ø 90 mm) 

eXess-cylinder reels 
( 35 mm x Ø 25 mm) 
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and PVC-plastic structures). The geometrical characteristics (grid distance and grid size) of the individual 
test structures are serving for the comparison of the individual test structures in reference to the eXess-
material. The tested structures are shown and described in the following section. 
Figure 12 shows the PET-grid structure with 12 mm grid distance. In reference to the reduction of the 
liquid movement the grid structure was integrated inside the fuel tank in horizontal and vertical alignment. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 12: PET-grid structure with 12 mm grid distance 

 
For the investigation of the sloshing effects with integrated PET-grid structure (Figure 12) the vibration 
amplitudes and over the complete frequency range were measured. 
 
A further increase of the structure size resp. the subdivision of the fuel tank was realized with single 40 mm 
PVC-tubes. Figure 13 shows the investigated installation variant resp. the alignment of the stacked system 
of PVC-tubes. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

          Figure 13: Realized system of stacked PVC-tubes  
inside the fuel tank 

12 mm 

70 mm 

40 mm 
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3.3 Representation of the total measurement results 

Figure 14 shows the measured amplitudes of all measured tank configurations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 14: Comparison of the vibration amplitudes / mm/N 

Figure 15 shows the acceleration values of all measured tank configurations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 15: comparison of the measured acceleration values / m/s²  
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Figure 51: Percentage deviation of the vibration amplitudes (all test series) 
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4 Summary 
The measurement results represent information about the response of the liquid (water) at the respectively 
adjusted resonance frequency in the frequency range from 0.4 to 8.0 Hz. The following summary serves for 
the interpretation of the investigations in reference to the sloshing effects without and including the eXess-
material and further anti-sloshing materials. The reproducibility of the individual test series respectively the 
individual measurement results was realized by means of three repetition measurements per test series. The 
essential sloshing effects in the frequency range from 0.7 to 1.5 Hz resonance frequency could by analyzed 
with an optical inspection of the liquid motion. 
 
The measured vibration amplitudes at the individual resonance frequencies represent the influence of the 
internal liquid motion with the tank filling of 16 l (50 %) water. Figure 11 shows the reduction of the 
vibration amplitudes applying the eXess-material. Here, the vibration amplitudes of the tank without and 
including eXess-material are presented vs. the measured frequency range. The diagram gives an overview 
about the percentage deviation respectively the percentage decrease of the vibration amplitudes. A clear 
reduction of the vibration amplitudes can be recognized at the resonance frequencies of 0.7 and 1.5 Hz. The 
relatively high peak at 1.0 Hz results from the normal mode vibration of the complete tank system 
including a very slight visible movement of the liquid in the fuel tank without sloshing effects. 
 
The unexpected enlarged vibration amplitudes at 0.8 and 0.9 Hz results from an approximate total co-
vibration of the liquid in the fuel tank including the eXess-material. The liquid is hindered at motion 
resulting from the stiffness of the eXess-material, but resulting from the limited stiffness of the eXess-
material the fuel mass is nearly co-vibrating like a total mass. This estimation is based on the measurement 
results of the integrated pre-pressed eXess-cylinder rolls. A further reduction of the vibration amplitudes to 
83 % and 72 % at 0.7, 1.0 and 1.5 Hz (sloshing frequencies) could be obtained by modified filling of the 
fuel tank with pre-pressed eXess-material with higher internal stiffness of the eXess-material. 
 
Additional measurements with new anti-sloshing materials were tested for the illustration of the described 
effect. The measurements including new integrated test structures (PET-grid structure and PVC-tubes) 
served exclusively for the assessment of the reduction of the sloshing effects (respectively the liquid 
motion). The test structures can be only valued in reference to its geometric characteristics. Figure 14 
shows the identical vibration amplitudes of the measurements with integrated individual test structures in 
reference to the measurements with pre-pressed eXess-cylinder rolls in the frequency range from 0.7 to 1.3 
Hz resonance frequency. Based on these measurement results it is meaningful to adjust the structure of the 
eXess-material acc. to the volume of individual fuel tanks (tank lorries, aeroplane fuel tanks). 
 
The enlarged amplitudes in the frequency range from 0.9 to 1.4 Hz (Figure 14 and Figure 15) including the 
vertical integrated PET-grid structure and horizontal integrated PET-grid structure with separating foils 
(grey and light blue lines, Fig. 14 and Fig. 15) and with integrated PVC-tubes (brown line, Fig. 14) shows 
the co-vibrating liquid as a total mass. This estimation results from the comparison with the measurements 
of a co-vibrating total mass (resulting from a measurement of a tank filled with sand; there results are not 
presented here). The low amplitudes in reference to the measurements with integrated PET-structure 
without separating foils and eXess-material result from an internal movement of the liquid. 
 

The optical estimation and documentation of the liquid motion inside of the fuel tank is integrated in the 
PowerPoint-presentation of the FH-Bielefeld. 
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Abstract 
The viscous damping model is a well established model, widely used both for free and forced vibrations, 
though particularly suited for the free response analysis. On the other hand, the hysteretic damping model 
has only been used when studying forced structural vibrations. Its simplicity and accuracy are its main 
advantages, but one easily encounters real difficulties - from the mathematical point of view - when 
dealing with free responses. 
In a recent paper, the problem of modelling the free response of a single degree-of-freedom using 
hysteretic damping has been addressed by the authors, who proposed a solution capable of circumventing 
the mathematical inconsistencies. 
In this paper the authors propose a more general approach, which encompasses both damping models, a 
kind of unified approach. Solutions for the single degree-of-freedom system are explored and discussed. 
 
 

1 Introduction 
 
To introduce the hysteretic damping model, textbooks normally start with the dynamic equilibrium 
equation for the more conventional viscously damped case, which, for the single-degree-of-freedom case 
with an applied force f(t), is given by: 
 

( )mx cx kx f t+ + =                                                                     (1) 

 

When the excitation is a harmonic force of frequency ω, it can be easily proven that for each vibration 
cycle the system dissipates – through its viscous damper – a quantity of energy directly proportional to the 
excitation frequency. However, experimental evidence from tests performed on a large variety of materials 
show that damping due to internal friction (material hysteresis) is nearly independent of the forcing 
frequency [1]. In order to model such behaviour, an equivalent viscous coefficient is defined as h ω , 
where h is the hysteretic damping coefficient, although its units are those of a stiffness. Therefore, 
equation (1), for harmonic excitation and hysteretic damping, becomes: 
 

      i thmx x kx F e ω

ω
+ + =                                                                  (2) 

 
and as x i xω= , it turns out that 
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(1 ) i tmx k i x F e ωη+ + =                                                               (3) 

 

where η is the hysteretic damping ratio. Eq. (3) is often written in the more compact form: 
 

* i tmx k x F e ω+ =                                                                        (4) 

 
with * (1 )k k iη= + , i.e., we now have a complex stiffness. Its real part represents the stiffness itself and 
the imaginary part represents the dissipation, which is in quadrature with the displacement and in phase 
with the velocity. 
Formulations (2) and (3) are of course equivalent for harmonic excitation and both lead to the conclusion 
that the dissipated energy per cycle is independent of the excitation frequency, which was the objective in 
the first place. Nevertheless, one could have postulated eq. (3) without necessarily deducing it from (2). 
Whereas eq. (2) has an implicit equivalence to the viscous damping model, eq. (3) can be stated simply by 
assuming that the stiffness is complex, i.e., that it contains an associated dissipative component. In other 
words, eqs. (2) and (3) may be seen as completely independent of each other, as already mentioned long 
ago by Soroka [2]. This may seem a priori quite irrelevant, but in fact it has two major consequences: the 
first one is that if one postulates that the system has a complex stiffness, one may write the equilibrium 
equation for any kind of excitation, not only a harmonic one: 
 

* (mx k x f t)+ =                                                                     (5) 

 
The second consequence is even more important: as it is known, the complete solution of eq. (2) is 
constituted by the homogeneous solution plus the particular integral; whereas the latter is straightforward 
to compute, the former is rather problematic, as 
 

0hmx x kx
ω

+ + =                                                                     (6) 

 

involves the forcing frequency ω, which does not make any physical sense, as eq. (6) represents a free 
vibration decay, thus without any excitation frequency! This does not happen for the homogeneous 
version of (5). Crandall [3] even refers to equations like (2) and (6) as “non-equations”, as they mix time 
and frequency domains and alerts for the dangers of their interpretation. He has also shown that this model 
violates the principle of causality, which states that if a system is at rest before some action takes place on 
it, than the response given by the model has to be zero for any time before that action. This has also been 
confirmed later by other authors, namely Gaul et al. [4], who proved the non-causal behaviour in a more 
sophisticated way, applying the inverse Fast Fourier Transform to the frequency response function to 
obtain the impulse response function, through a special application of the theory of residues. They verified 
the existence of a non-zero response of the system at the instant of the application of a Dirac impulse, even 
though such a response (which they named a “precursor”) was very small. 
As a consequence of the mentioned non-causal behaviour, the constant hysteretic damping model has only 
been used along the years for describing the dynamic response in steady-state vibration. Recently, the 
authors have proposed a different - though less orthodox – physical interpretation that allows to solve the 
free vibration case with constant hysteretic damping [5], i.e., to find a physically meaningful solution, in 
good agreement with experimental results, that can circumvent the non-causality problem. As one wishes 
to solve 
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*mx k x 0+ =                                                                     (7) 

 
and k* is complex, the solution has necessarily to be complex. Well, what the authors state in [5] is that 
the physical solution – the response x(t) – is in fact complex, although in reality one can only observe and 
measure its real part. To obtain the solution (and to be consistent with the idea), one must now apply 
complex initial conditions in displacement and velocity, from which – once more – one can only measure 
their real parts. 
That the solution of eq. (7) has to be complex is not a novelty, it is obvious. But to admit complex 
solutions to real physical problems was not well accepted [6]. The new proposed alternative was also 
proven by the authors [7] to work well in the more conventional viscous damping model, i.e., if one 
supposes a complex response as the solution for the free viscously damped system and apply complex 
initial conditions, the final solution still is the one everybody knows. 
In what follows, the authors will use the same approach to develop the more general case when one has 
together both viscous and hysteretic damping.   
 

2 Theoretical development 
 
Conceiving a single degree-of-freedom whose behaviour could be modelled in terms of energy dissipation 
as a combination of both viscous and hysteretic damping, the dynamic equilibrium equation in free 
vibration would be given by: 
 

(1 ) 0mx cx k i xη+ + + =                                                                     (8) 

 
the solution of which would be: 
 

( ) stx t Ce=                                                                               (9) 

 
where C is a complex constant (in general) and s is the Laplace variable. Substituting back in (8), one 
obtains the corresponding algebraic equation: 
 

2 (1 ) 0ms cs k iη+ + + =                                                                     (10) 

 

Dividing everything by m and introducing the well-known viscous damping factor (2 )nc mξ ω= , where 

nω  is the undamped natural frequency, eq. (10) turns into: 

 
2 22 (1 )n ns s iξω ω η+ + + = 0                                                                     (11) 

 
whose solutions are: 
 

2 1n ns iξω ω ξ η= − ± − −                                                                     (12) 
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If  eq. (12) is written as  
 

(n n )s a ibξω ω= − ± −                                                                     (13) 

 
where a and b are real numbers, after some manipulations one can work out their values: 
 

( ) ( )22 21 1

2
a

2ξ ξ η− − + − +
=                                                          (14) 

( )22 21 1

2
b

2ξ ξ η− + − +
=                                                         (15) 

 
Note that for the pure hysteretic damping case a and b are those obtained by the authors in [5] and that 
have already been known for a long time by other authors (e.g., [2], [8], [9]). 
The solution of eq. (8) is therefore given by: 
 

( ) ( )( ) ( )
1 2( ) n n n na ib t a ib tx t C e C eξω ω ξω ω− + − − − −= +                                                  (16) 

 
or 

( ) ( )
1 2( ) n n na t ib t a t ib tx t C e e C e e nξ ω ω ξ ω ω− − − − += +                                                    (17) 

 
Note that eq. (17) is the general solution of eq. (8), a linear combination of both results found out from the 
solutions of the second order algebraic differential equation (10). However, any of the terms on the r.h.s. 
of (17) by itself is also a solution of the differential equation. In this case, as one has complex constants, it 
means to have four unknowns and therefore one would need four initial conditions. It is true that one must 
apply here complex initial conditions, but in fact one can only measure the real part of them. This means 
that one can only effectively apply two initial conditions to evaluate four unknowns. Therefore, one must 
put one of the constants to zero. This is not necessary to impose in the pure viscously damped case, but it 
could be done if necessary [7]. In [5], when dealing with pure hysteretic damping, it is imposed that the 
constant be zero, not only for the reason just pointed out, but also because it was associated to a time 
growing term that did not reflect the time decaying one is looking for. Here, constant is the only one 
clearly associated to a free decay and so one can also put to zero. If instead, one puts = 0, then one 
would only have a free decay when 

1C

2C

1C 2C
aξ > . Thus, by putting to zero one ends up with the pure free 

decay case (purely dissipative) and also with only two unknowns to evaluate. Denoting  simply by C, 
1C

2C

 
( )( ) na t ib tx t C e e nξ ω ω− +=                                                                     (18) 

 
where C is a complex constant (C ). Re( ) Im( )C i C= +

Contrarily to what Miklestad [10] suggests for the hysteretic damping case, here one does not impose the 
response x(t) to be real. Moreover, it is not correct to do so, as noted by Caughey [6], as the real part of 
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(18) would not verify the homogeneous equation (8). This means that in this general damping model (as 
for the hysteretic model [7]) the free response (18) must be considered effectively complex, although – 
and once more – one knows that only the real part is observable. 

Therefore, to evaluate C one must consider complex initial conditions. So, for 0t = , 

 

0

0

(0) Im( (0))
(0) Im( (0))

x x i x
x v i x

= +

= +
                                                                    (19) 

 

Where 0x  and  are the measured (real) parts of the complex initial displacement and velocity, 
respectively. From eq. (18), 

0v

 

                         ( ) ( )( ) ( ) na t ib t
n nx t C a ib e e nξ ω ωξ ω ω − += − + +                                                (20) 

 
Applying the initial conditions (19) to eqs. (18) and (20), it follows that: 
 

 0Re( )C x=                                                                      (21-a) 

 Im( ) Im( (0))C x=                      (21-b) 

                0 0( ) Im(n nv a x b )Cξ ω ω= − + −      (21-c) 

 0Im( (0)) ( ) Im( )n nx b x a Cω ξ ω= − +   (21-d) 

 
Clearly, Im(C) cannot be calculated from (21-b), as one does not know ; however, one can do it 
using (21-c), and so one obtains: 

Im( (0))x

 

 
0

0

Re( )
( )

Im( ) n

n

C x
v a

C
b
ξ ω
ω

0x
=

+ +
= −

                         (22) 

 
In fact, though not measurable, imaginary parts of the initial displacements and velocity can be determined 
from (21-b) and (21-d). Therefore, the free response is given by 
 

   ( )0 0
0

( )( ) na t ib tn

n

v a xx t x i e e
b

nξ ω ωξ ω
ω

− +⎛ ⎞+ +
= −⎜ ⎟
⎝ ⎠

                                              (23) 

 
from which one can only observe and measure the real part: 

 

   ( ) ( ) 0 0
0

( )Re ( ) cos sinna t n
n

n

v a x
nx t e x b t b t

b
ξ ω ξ ω

ω
ω

− + ⎛ ⎞+ +
= +⎜ ⎟

⎝ ⎠
ω                        (24) 

or 
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( ) (( )Re ( ) sinna t
nx t e X b tξ ω )ω φ− += +                                               (25) 

 

with 
2

2 0 0
0

( ) n

n

v a xX x
b
ξ ω
ω

⎛ ⎞+ +
= + ⎜ ⎟

⎝ ⎠
and 0

0 0
tan

( )
n

n

x b
v a x

ω
φ

ξ ω
=

+ +
. 

 
One has therefore achieved a result that represents the free response of a purely dissipative system with 
both viscous and hysteretic damping. 
 

3 Some results 
 

3.1 Logarithmic decrement 
 
It is clear that eq. (25) coincides with the pure viscously damped response, in which 0a =  and 

21b ξ= −  (see eqs. (14) and (15)). It also coincides with the pure hysteretic damped response, in which 

21 1
2

a
η− + +

=  and 
21 1

2
b

η+ +
= (see [5]). Likewise the hysteretic case [5], one can also define 

the logarithmic decrement for the present model, as the natural logarithm of the decay rate (ratio between 
two consecutive amplitudes): 
 

( )
( )

( )

( ) ( )
1

Re ( ) ( )ln ln ( ) 2
Re ( )

n i

n i d

a t
i

n da t T
i

x t e aa T
x t be

ξ ω

ξ ω
ξδ ξ

− +

− + +
+

ω π +
= = = + =           (26) 

 

where  is the damped natural period. Once again, eq. (26) reproduces the viscous and hysteretic 
damping results on their own. In this more general model, one needs an extra experimental test to evaluate 
both damping factors, 

dT

ξ and η . One can, for instance, perform a quasi-static traction-compression test to 
estimate η  and then obtain ξ  from the logarithmic decrement, using (26). 

 

3.2 The impulse response function 
 
Let us calculate the response of a single degree-of-freedom system to a Dirac impulse. Following the 
proposal in this paper, one simply has to apply expressions (23) and (24) where the physical (measurable) 
quantities are the usual ones for a Dirac impulse, i.e., for 0t = , 

 

0

0

0
1

x

v
m

=

=
             (27) 

 
So, from (23), the impulse response function is given by: 
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   ( )1( ) n na t ib t

n
h t i e e

mb
ξ ω ω

ω
− +⎛ ⎞

= −⎜ ⎟
⎝ ⎠

                   (28) 

 

and the measurable part is the real part of (28): 
 

   ( ) ( )1Re ( ) sinna t
n

n
h t e b t

mb
ξ ω ω

ω
− +⎛ ⎞

= ⎜ ⎟
⎝ ⎠

                   (29) 

 
The response to an arbitrary input is given by the convolution integral 
 

   
0

( ) ( ) ( )
t

x t f h t dτ τ τ= −∫                     (30) 

 

Therefore, and considering a real force, the response will be given by: 
 
 

   ( ) ( ) ( )
0

1Re ( ) ( ) sin ( )n
t a t

n
n

x t f e b t
mb

ξ ω τ dτ ω τ
ω

− + −= −∫ τ          (31) 

 
 

3.3 The damped natural frequency 
 
For the viscously damped case it is a well-known result that the damped natural frequency is given by: 
 

   ( )21d nω ω ξ= −                      (32) 

 
where it is clear that the damped natural frequency is smaller than the undamped one. For the 
hysteretically damped case [5], the damped natural frequency is given by d b nω ω= , i.e., 

 

   
21 1

2d
η

nω ω
+ +

=                      (33) 

 
from which one concludes that the damped natural frequency is higher than the undamped one, a result 
that is apparently against our physical intuition simply because our mind is so biased by the viscously 
damped case. Myklestad [10] states that such a result makes no sense as it is against physical evidence. 
However, it is certainly very difficult to have such a clear evidence, as b is nearly equal to 1. For instance, 
even a big damping factor such as 50% leads to 1.03b ≈ , i.e., an increase of only 3% in the undamped 
natural frequency. In the large majority of situations the hysteretic damping factor is quite small and the 
damped natural frequency is virtually equal to the undamped one. 
Now, with both viscous and hysteretic damping, the damped natural frequency is given by: 
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which is more difficult to analyse. In this case a graph of the parameter b may help in our analysis. In 
Figure 1, a plot of b against ξ  and η , with 0 1ξ< <  and 0 1η< <  illustrates the variation of b.  

 

 
Figure 1: plot of parameter b against ξ  and η . 

 
As it can be observed from figure 1, the lines of constant ξ  tend to grow with η , i.e., for a given ξ , b 
increases with an increase of η . Such a tendency is higher for higher values of ξ . On the other hand, for 
each value of η  (look at the lines of constant η ) there is a decrease in b when ξ  increases. For a system 
with equal contributions of both viscous and hysteretic damping, b decreases from 1 (when 0ξ η= = ) to 
approximately 0.7 (when 1ξ η= = ). For instance, if 0.3ξ η= = , 0.97b = . Once again, in the large 
majority of practical situations, the damped natural frequency will be virtually equal to the undamped one. 
The only result here that may be considered rather peculiar is that if one has a pure viscously damped 
system with 1ξ = , which does not oscillate because it has critical damping, it starts oscillating if one adds 
hysteretic damping! And the more one adds, the higher the frequency. But this is the extreme case. As 
long as ξ  remains smaller than 1 everything makes sense. 

 

4 Conclusions 
 
A more general damping model that includes both the viscous and the hysteretic damping was proposed 
here. The development of the theoretical formulation is based upon a concept that was introduced by the 
authors recently, which permitted to find a solution for the free vibration with hysteretic damping, which 
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is that the response of the physical system is effectively complex, although one can only observe and 
measure its real part. Another authors’ work has also shown that such a concept could also be applied to 
the classic viscous case. Therefore, the generalization presented here is a natural corollary of those two. 
Some simple results for the single-degree-of-freedom were presented and discussed. 
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Abstract 
We investigate the reduction of vibration through the use of a granular material in a vibration system with 
a single degree of freedom excited in forced vibration by foundation motion. To clarify the mechanism of 
damping by the granular material, we propose a new concept of “equivalent added mass” in granular 
material. We also produce a vibration model in which the granular material container also serves as the 
mass part, and we use a hydraulic shaker to excite this vibration model to forced acceleration of the base 
part. We measure the damping characteristics of the granular material while varying the magnitude of the 
foundation acceleration. We also investigate the effects of varying the mass and diameter of the granular 
material. We then discuss the relationship between the magnitude of the “equivalent added mass” and the 
damping characteristics as determined from our experimental results. 

 
1 Introduction 
 
The damping characteristics of dampers made with granular materials have been studied in theory [1][2]. 
Here, the discrete element method (DEM) is used to calculate the vibration behavior of a single degree of 
freedom vibration system, and the damping characteristics of granular material are discussed. The validity 
of these calculations is also checked experimentally. 
On the other hand, examples of reports on the trial use of granular material dampers in actual products 
include magnetic resonance imaging (MRI) equipment and mono-link connectors for rolling stock. 
In MRI equipment, it has been reported that a large noise reduction effect can be obtained by placing a 
pipe filled with granular material in between a coil and a bobbin [3]. 
It has also been reported that a damping effect of about 10 dB can be obtained by using a granular material 
to fill a mono-link connector used to link a bolsterless truck to the rolling stock body [4]. 
In this report, we propose using the equivalent added mass of a granular material to gain an overall grasp 
of the action of granular material and to clarify the damping mechanism of the granular material. We also 
produce a single degree of freedom model in which the granular material can be enclosed, and we perform 
vibration tests to experimentally evaluate the damping characteristics of granular material. In these tests, 
we investigated the damping characteristics in terms of the relationship between the mass and diameter of 
the granular material and the foundation acceleration vibration. Next, we considered how these damping 
characteristics are related to the equivalent added mass of the granular material. 
 
2 Derivation of the equivalent added mass and damping ratio of a  
granular materials 
 
2.1 Equivalent added mass of a granular material 
 
There do not appear to have been any previous studies into how the mass of a granular material is added to 
the mass of the primary vibration system. If the granular material does not move at all, then the mass of 
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the granular material behaves as a mass added directly to the primary vibration system. On the other hand, 
if the granular material moves freely, then it might not act as added mass. Based on these considerations, it 
seems that evaluating the added mass of granular material should lead to an overall grasp of the movement 
of the granular material, thereby facilitating considering of the granular material’s damping mechanism. 
Part of the mass of granular material’s mass acts as mass added to the primary vibration system. This will 
be referred to as “equivalent added mass” in the following. We investigated a technique for determining 
the equivalent added mass. 
Figure 1 shows a vibration system with a single degree of freedom which includes granular material with a 
total mass of m. Of this total mass of granular material, part behaves as added mass (denoted by meq), and 
the rest (m-meq) constitutes a freely moving mass. In this figure, the added mass is represented by a 
rectangular block to imply that it is fixed to the primary system, while the remainder (m-meq) is 
represented by a number of circles to show that they are able to move freely and independently. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1: Vibration model 
                               
 
If the relative displacement x between the mass part and the base part is expressed as follows: 

bm xxx −=  
)sin( φω −= tXx  

then the internal force fi can be obtained from the relative displacement x as follows: 

kxxcf i += &  

The mass of the single degree of freedom vibration system is (M+meq), and its equation of motion is 

0)( =+++ kxxcxmM meq &&&  

From equations (3) and (4), the internal force fi is equal to 

meqi xmMf &&)( +−=  

Here, the acceleration mx&&  of the mass part is expressed as 

)sin( θφω −−= tAx mm&&  
 
 

xb xm
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M

mk

c

xb xm

meq

M

mk
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k
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xb Displacement of foundation
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m
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xm Displacement of mass part
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and the phase difference θ  between the relative displacement and the acceleration of the mass part is 
obtained as follows based on equations (2), (3), (5) and (6): 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
= −

meq AmM
kX

)(
cos 1θ  

Thus, from equations (5), (6) and (7), the internal force fi is given by 
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The relationship between the internal force fi and the relative displacement x is expressed as follows: 
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Here, we will consider the hysteresis curve of (fi-kx) and x. The term (fi-kx) is the damping force, and the 
resulting hysteresis curve is an uninclined ellipse. This property can be used to determine an unknown 
equivalent added mass meq by assuming that the equivalent added mass meq is such that the hysteresis 
curve of (fi-kx) and x has zero inclination. 
 
2.2 Damping ratio of granular material 
 
The magnitude of the damping caused by the granular material (damping effect) was evaluated by using 
the area Wf of the hysteresis curve to obtain the damping ratio from the following equation: 

                      
kmM

c

eq

eq

)(2 +
=ζ                      

where 

2X
W

c f
eq πω
=  

 
 
3 Test apparatus and method 
 
The test apparatus is shown in Fig. 2, and its specifications are shown in Table 1. At the center of the 
figure there is a container for the granular material. This container forms the mass part of the primary 
vibration system. Meanwhile, two plates (beams) are fixed at either end of the highly rigid base. The 
granular material container is screwed into place at the center of the beams. The two beams thus act as 
springs supporting the granular material container (mass part). 
For this test, we prepared granular materials with diameters of 1 mm, 3 mm, 5 mm, 6 mm, 8 mm, 10 mm 
and 12.5 mm. The test was repeated with each type of granular material enclosed inside the granular 
material container. These granular materials were all made of lead particles. 
A hydraulic shaker was used to apply a horizontal forced displacement load to the base part. Steady 
vibration was applied at the natural frequency (54 Hz) of the test apparatus (primary vibration system), 

（7）

（8）

（9）

（10）

（11）
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and two accelerometers attached to the granular material container and the base part were used to 
simultaneously measure their respective accelerations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
             

(a) Top view                              (b) Front view 
 

   Fig. 2: Schematic diagram of experimental device 
 
 
 
                 
 
 
 
 
 

Table 1: Specification of experimental device 
 
 
4 Vibration tests 
 
4.1 Relationship between damping ratio and total mass of granular material 
 
With the total mass of granular material enclosed inside the granular material container varied from 1 kg 
to 8 kg in 1 kg increments, we investigated how the damping ratio varied with the mass of granular 
material. Meanwhile, the foundation acceleration was varied from 0.5 m/s2 to 3.0 m/s2 in 0.5 m/s2 
increments. 
Figure 3 shows the relationship between the total mass of granular material and the damping ratio of the 
granular material when the granular material has a diameter of 6 mm. The total mass of granular material 
is shown on the horizontal axis, and the damping ratio is shown on the vertical axis. This figure shows the 
typical results obtained at foundation accelerations of 0.5 m/s2, 1.0 m/s2, 1.5 m/s2 and 2.0 m/s2. In each 
case, the damping ratio generally tends to increase with the total mass of granular material. However, a 
closer examination of this behavior reveals that the damping ratio exhibits a strong tendency to increase 
when the total mass of granular material is small, but reaches a peak damping ratio at a certain total mass, 
beyond which the damping ratio decreases slightly. 
In this report we will refer to the mass at which the damping ratio peaks as the “optimum mass”. Note that 
similar damping ratio behavior was exhibited by granular materials of all diameters. 
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          Fig. 3: Relationship between damping ratio and total mass of granular materials  

(diameter : 6 mm) 
 
4.2 Relationship between damping ratio and diameter of granular material 
 
We investigated how the damping ratio varies when the diameter of the granular material was varied. 
Figure 4 shows the test results, with the diameter of the granular material on the horizontal axis and the 
damping ratio on the vertical axis. This figure shows the typical results obtained at foundation 
accelerations of 0.5 m/s2, 1.0 m/s2, 1.5 m/s2 and 2.0 m/s2. 
Apart from diameters of 10 mm and 5 mm where the damping ratio was unusually large, it can be seen 
that the damping ratio at the optimum mass tends to increase slightly as the diameter of the granular 
material increases. It can also be seen that this trend does not change as the foundation acceleration 
changes. 
The reason why unusually large results were obtained at diameters of 10 mm and 5 mm is still being 
looked into, but may have something to do with the fact that the granular material container had an 
internal depth dimension of 20 mm, which is just large enough for two 10 mm particles or four 5 mm 
particles to fit side by side. 
 
 
 
 
 
 
 
 
 
 
 
 
    Fig. 4: Relationship between damping ratio at optimum mass and diameter of granular material 
 
4.3 Relationship between the damping ratio of the granular material and the 
foundation acceleration 
 
Figure 5 summarizes the effects of the foundation acceleration on the damping ratio at the optimum mass 
based on the results shown in Fig. 4. This figure shows the typical results obtained at diameters of 1 mm, 6 
mm and 10 mm. 
As you can see, the damping ratio at the optimum mass becomes proportionally larger as the foundation 
acceleration increases. It is also clear that this trend does not change when the diameter of the granular 
material is changed. 
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       Fig. 5: Relationship between damping ratio at optimum mass and foundation acceleration 
 
4.4 Relationship between optimum mass of granular material and foundation 
acceleration 
 
On the other hand, Fig. 6 shows how the foundation acceleration affects the optimum mass. As this figure 
shows, the optimum mass also tends to increase as the foundation acceleration increases. However, it can 
be seen that this increasing trend also differs depending on the diameter of the granular material. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 6: Relationship between optimum mass and foundation acceleration 
 
5 Motion of granular material 
 
5.1 Relationship between equivalent added mass and total mass of granular 
material 
 
Figure 7 shows the relationship between the foundation acceleration and (m-meq) when the granular 
material has a diameter of 6 mm. As mentioned above, (m-meq) is the difference between the total mass 
and equivalent added mass of the granular material. In other words, it represents the part of the granular 
material that moves differently to the primary system. We will refer to this mass as “moving mass” below. 
In this figure, the total mass m of granular material is shown on the horizontal axis, and the moving mass 
(m-meq) is shown on the vertical axis. The results shown here were obtained at foundation accelerations of 
0.5 m/s2, 1.0 m/s2, 1.5 m/s2 and 2.0 m/s2. The figure also contains an additional line indicating the 
relationship m = (m-meq). Since this additional line corresponds to the situation where the total mass of 
granular material is equal to the moving mass, a test result that lies on this line indicates a situation where 
the granular material consists entirely of moving mass (i.e., it can all be assumed to have moved). 
In the region where the total mass m is small, the moving mass (m-meq) increases with the total mass. 
However, this increasing trend soon reaches a limit, after which the moving mass (m-meq) remains more or 
less constant or decreases slightly with further increases in total mass. 
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We will now consider the effects of the foundation acceleration. For each total mass m, it can be seen that 
increasing the foundation acceleration caused some degree of increase in the moving mass (m-meq). With a 
large foundation acceleration, it is only natural that the moving mass (i.e., the “moving” part of the mass) 
should increase. To consider this effect in more detail, we will look at the results for a total mass of 2 kg or 
less. At foundation accelerations of 0.5 m/s2 and 1.0 m/s2, the results for a total mass of 1 kg lie on the 
additional line. This means that the granular material acts entirely as moving mass (i.e., it moves) as long 
as its total mass is no more than about 1 kg. As the foundation acceleration increases to 1.5 m/s2 and 2.0 
m/s2, all the granular material moves even when the total mass is around 2 kg. This result is also to be 
expected, since a larger foundation acceleration causes the peak of moving mass to shift to the right. 
Next, we will consider the results for a total mass of more than 2 kg. In this region, the moving mass 
(m-meq) remains flat as the total mass m increases as mentioned above, and the difference from the 
additional line increases. This trend hardly changes at all regardless of the magnitude of the foundation 
acceleration. The difference between the additional line and the moving mass (m-meq) is the equivalent 
added mass of the granular material. In other words, when a large quantity of granular material is enclosed 
inside the granular material container, most of it acts as added mass that moves in the same way as the 
primary system. In simple terms, one could perhaps consider that no matter how much the amount of 
granular material is increased, most of it behaves as added mass and thus the addition of granular material 
makes no contribution to damping. 
To examine whether or not this is a valid argument, we will return to Fig. 6. When the diameter of the 
granular material was 6 mm, the optimum mass — i.e., the total mass of granular material for which the 
damping ratio is maximized — was 4–5 kg, although it varied slightly with the foundation acceleration. 
On the other hand, from the results of Fig. 7, the maximum value of the moving mass (m-meq) was about 2 
kg. Together, these results mean that the equivalent added mass (the part of the mass that does not move 
with respect to the primary system) contributes to the increased damping. In other words, these results 
contradict the above assumption that the added mass does not contribute to increased damping. 
So far, we have assumed in this discussion that the granular material performs translational movement 
when it moves separately from the primary system. When the granular material performs translational 
movement relative to the primary system, it becomes moving mass rather than added mass. However, 
when the rotational movement of the granular material is considered here, the granular material may 
behave as added mass. Also, the vibration energy of the primary system is converted into rotational 
movement energy in the granular material, thereby increasing the damping. 
By this reasoning, our current understanding is that the region bounded by the additional line in Fig. 7 and 
the moving mass (m-meq) at each foundation acceleration corresponds to the movement whereby the mass 
of the granular material becomes added mass, or in other words, where its movement consists of rotation 
or staying still. Considering that this rotational movement might be causing a significant increase in 
damping, we are now observing the movement of the granular material. 
 
 
 
 
 
 
 
 
 
 
 
 
 
              Fig. 7: Relationship between “m-meq” and total mass of granular materials  

(diameter : 6 mm) 
 

0.0

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

0 1 2 3 4 5 6 7 8

Total mass of granular materials : m (kg)

m
 - 

m
eq

 (k
g) 0.5m/s^2

1.0m/s^2
1.5m/s^2
2.0m/s^2

0.5 m/s2

1.0 m/s2

1.5 m/s2

2.0 m/s2m
 –

m
eq

(k
g)

0.0

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

0 1 2 3 4 5 6 7 8

Total mass of granular materials : m (kg)

m
 - 

m
eq

 (k
g) 0.5m/s^2

1.0m/s^2
1.5m/s^2
2.0m/s^2

0.5 m/s2

1.0 m/s2

1.5 m/s2

2.0 m/s2

0.0

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

0 1 2 3 4 5 6 7 8

Total mass of granular materials : m (kg)

m
 - 

m
eq

 (k
g) 0.5m/s^2

1.0m/s^2
1.5m/s^2
2.0m/s^2

0.5 m/s2

1.0 m/s2

1.5 m/s2

2.0 m/s2m
 –

m
eq

(k
g)

DAMPING 1113



5.2 Relationship between the position of the optimum mass of granular material 
and the total mass 
 
To summarize the experimental results, we combined the results of Fig. 7 with the optimum mass results 
using the presentation method of Fig. 8, where the horizontal axis represents the foundation acceleration 
and the moving mass (m-meq) is indicated by the depth of shading. The white circles in this figure show 
the optimum mass (the total mass of granular material at which the greatest damping ratio is obtained). 
For example, the optimum mass at a foundation acceleration of 1 m/s2 is 4 kg, which is indicated by a 
white circle at the coordinates (foundation acceleration, optimum mass) = (1 m/s2, 4 kg). From the depth 
of shading at the position of this white circle, it is found that the moving mass (m-meq) is approximately 
0.9 kg. This means that the optimum mass of 4 kg comprises a moving mass of 0.9 kg and an equivalent 
added mass of 3.1 kg (equal to 4 kg - 0.9 kg). Thus, as mentioned above, it can be understood that the 
equivalent added mass contributes to damping. In this figure, we will follow a line of constant foundation 
acceleration from left to right (in the direction of increasing total mass). From the relationship of the depth 
of intensity, it can be seen that as the total mass of granular material increases, the moving mass (m-meq) 
first increases, then decreases, and then increases again. It can also be seen that the white circle indicating 
the optimum mass position lies in the region where the moving mass is decreasing. Or to put it another 
way, the damping ratio reaches a maximum value as the equivalent added mass (the mass that does not 
move relative to the primary system) increases. It is considered that the effects of rotational movement of 
the granular material on the damping ratio should also be studied with regard to this phenomenon. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 8: Relationship between point of optimum mass of granular materials and “m-meq” 
(diameter : 6 mm) 
 

 
6 Conclusion 
 
We have performed experiments to examine the damping characteristics of granular material, and we have 
investigated how these characteristics are affected by the total mass and diameter of the granular material, 
and by the magnitude of the foundation acceleration. We have proposed a method for determining the 
equivalent added mass of granular material by using the hysteresis curve of the internal force and relative 
displacement. From our experimental values of the damping ratio and equivalent added mass, we have 
made the following findings: 
(1) As the total mass of granular material increases, the damping ratio increases first of all, but then 
remains more or less constant with a slight tendency to decrease. This suggests the existence of a total 
mass of granular material at which the damping ratio is maximized (referred to as the optimum mass in 
this report). 
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(2) As the diameter of the granular material increases, the damping ratio at the optimum mass tends to 
increase somewhat. 
(3) As the foundation acceleration increases, the damping ratio at the optimum mass increases 
proportionately. 
(4) As the foundation acceleration increases, the optimum mass also increases. 
(5) The mass of granular material can be broadly divided into “equivalent added mass” which does not 
move relative to the primary system, and “moving mass” which does. We have shown that the equivalent 
added mass affects the damping characteristics. 
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Abstract 
 
This paper addresses the modeling of assembled combustion engine parts. Here multiple flange 
connections are found that contribute to the stiffness and damping characteristics. By example of a four 
cylinder combustion engine a finite element modeling technique will be introduced which focuses on a 
suitable and proper representation of the flange regions between crankcase and crankshaft main bearing 
cap. Especially, a numerical method will be presented and applied that accounts for the nonlinear damping 
and stiffness characteristics of the system. The numerical analysis results will be compared to 
experimental data in order to prove the effectiveness of the method. 
 
 

1 Introduction 
 
Combustion engine assemblies comprise multiple flange connections that contribute to the stiffness and 
damping characteristics of the assembled engine parts and thus influence the dynamic behavior of the 
system. The underlying phenomena in the flange region must be well understood, and appropriate 
modeling techniques must be readily available in order to allow for the numerical simulation of the forced 
vibrations of the system. 
By example of a four cylinder combustion engine a finite element (FE) modeling technique will be 
introduced which focuses on a suitable and proper representation of the flange regions between crankcase 
and crankshaft main bearing cap. The presented modeling technique enables the determination of the 
displacements in the flange connection interfaces by means of a modal description. Since the quality of the 
modal description strongly depends on highly accurate FE models of the individual constitutive engine 
parts, experimental modal analysis and computational model updating will be applied to obtain sufficient 
fidelity. 
The assembled engine parts are subjected to harmonic external excitation, leading to small relative 
displacements between the crankcase and the main bearing cap of the engine. These displacements as well 
as the surface roughness and the varying normal pressure distribution over the flange connection interfaces 
induce micro slip effects that result in nonlinear damping and stiffness characteristics of the assembly. 
Especially, a numerical method will be presented that accounts for the nonlinear damping and stiffness 
characteristics of the system. Since the method is based on a harmonic balance approach, it provides a 
harmonic linearization of the nonlinear contact and friction forces emerging from the flange connection. 
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The linearized contact and friction forces along with the modal description of the single engine parts are 
used to compute the forced response of the free/free assembly. 
The numerical analysis results will be compared to experimental data in order to prove the effectiveness of 
the method. For the acquisition of the corresponding experimental forced response data of the assembly, a 
stepped sine measurement technique will be applied with closed-loop control of the excitation force 
satisfying the assumptions of the underlying harmonic balance approach. 
 

2 Theory 
 

2.1 Modal description of the assembled engine parts 
 
The elastic engine parts, the crankcase and the crankshaft main bearing cap, are discretized using the FE 
method. The FE models are subjected to a modal reduction to generate a modal description of the linear 
elastic engine parts. The modal description consists of the natural frequencies k ,j0ω  and the free vibration 
mode shapes k ,jû  determined with a FE analysis as well as the damping values j, kD  extracted from an 
experimental modal analysis with the indices j  and k  denoting the mode shape number and the engine 
part, respectively, with 1=k  indicating the crankcase and 2=k  the main bearing cap. Assuming that the 
excitation forces are harmonic with the angular excitation frequency Ω , the system response will be 
harmonic as well, if linear elastic behavior is assumed. Because of simplicity, in the following the 
complex notation is used to describe the forces and displacements. Hence, the excitation forces read 

( ) t  i
EE e  ̂ t Ωff = , (1) 

the modal coordinates are given by 

( ) t  ie  ˆ  t Ωqq =   (2) 

and the physical displacements by 

( ) t  ie  ˆ  t Ωww = . (3) 

The dynamic stiffness matrix kÂ  containing the modal description of one elastic body (mode shapes 
normalized to unit modal mass) is defined by 

( )
kjj 0

 
j k D   2 i      ˆ ΩωΩω +−= 22

0diagA . (4) 

To compose the assembly consisting of the crankcase coupled with the main bearing cap, the modal 
descriptions of the two bodies are assembled in the dynamic stiffness matrix of the system 

( ) ˆ  ˆ kAdiagA =  (5) 

and the vectors containing the modal coordinates and the excitation forces are assembled as well 

⎥
⎥
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1

2
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E

E
E ˆ

ˆ
 ˆ   ,

ˆ
ˆ

 ˆ
f
f

f
q
q

q . (6) 

Now, the N  ,... 1,  j =  free vibration mode shapes describing the deformation of the crankcase and the main 
bearing cap have to be arranged in the modal transformation matrix X  of the assembly 

( ) ˆ  ,... ,ˆ ,ˆ  ,... ,ˆ  ,N , ,N , 221111 uuuuX = . (7) 

Finally, a contact force vector Cf̂  is introduced to account for the structural couplings between the 
crankcase and the main bearing cap leading to an equation determining the vibration response of the 
assembly in the frequency domain in terms of modal (or generalized) coordinates 

.  ˆ    ˆ     ˆ ˆ
C

T
CE

T
E fXfXqA +=  (8) 
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2.2 Modeling of the flank contacts and flange connections 
 
The coupling of the crankcase and the main bearing cap consists of four interfaces, two bolt connections 
and two flank contacts (the side flanks of the crankshaft main bearing cap are assembled with oversize 
leading to compression between crankshaft main bearing cap and crank case) as shown in figure 1. 
 

 
Figure 1: Bolt connections and flank contacts between the crankcase and the main bearing cap 

 
The contact interfaces between the engine parts can be described as surfaces where two bodies get in 
contact. For the modeling of the contact behavior, the contact surfaces are discretized with contact 
elements and contact nodes, and at the center of the contact surfaces control points iK  are defined 
containing the information of the global motion of the contact surfaces in terms of generalized 
coordinates. Assuming that the elastic deformations in the contact surfaces are small, the motion of the 
discrete contact nodes can be approximated by the motion of the control points applying rigid body 
kinematics. 
To analyze the relative motion between contact nodes lying at the same position on opposite contact 
surfaces in the crankcase-main bearing cap assembly, a point contact model is used which is described in 
detail in [3] and [4]. The surface roughness is included in the point contact model by means of the 
cumulative height distribution with respect of the height of the asperities as described in [5], and is known 
as the Abbott curve. The cumulative height distribution can be interpreted as the percentage contact area 
when two rough surfaces are pressed together with an average contact normal force NF . A measurement 
of a rough surface profile and the corresponding Abbott curve are shown in figures 2a and 2b, 
respectively. The percentage contact area like that presented in figure 2b can be approximated analytically 
by a third-order polynomial. The integral of this polynomial can be considered as a description for the 
nonlinear force-displacement relation in the normal contact direction between opposite contact nodes and 
accounts for a non-constant normal pressure distribution in the contact surfaces. 
Depending on the relative displacements occurring between opposite contact nodes in the normal and 
tangential directions, micro-slip effects due to the following mechanisms can be modeled in the contact 
surfaces: 
 
1. The contact elements within one contact surface experience different relative displacement amplitudes 

and, consequently, while some contact elements slide, others subjected to smaller relative 
displacements still stick. 

2. A non-constant pressure distribution in the contact surface due to surface roughness leads to different 
contact normal forces for the contact elements which will cause different slip loads, and, thus, slipping 
and sticking zones exist in one contact surface. 
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Figure 2: Roughness of surfaces: a) measured surface profile; b) percentage contact area of a) 

 
Note that micro-slip effects represent the main damping mechanism for the flank contacts and the 
connection flanges of the crankcase-main bearing cap assembly. 
The relative displacements Cŵ  in the connection flanges and the flank contacts are determined in terms 
of the generalized coordinates 

qXRqXw ˆ   -   ˆ -   ˆ CICC == , (9) 

with the modal matrix X  defined in equation (7) and the Matrix CIR  transforming the displacements 
from the global coordinate system [ ]IIII z ;y ;x ;O  to the coordinate systems [ ]CCCC z ;y ;x ;O  attached 
to the control points in the contact surfaces of the flank contacts and connection flanges, respectively. The 
contact and friction forces in the contact surfaces are nonlinearly dependent on the relative displacements 
and on the contact parameters of the point contact model: the global normal contact stiffness Nc , the 
global tangential contact stiffness Tc , the average contact normal force NF  , the average surface 
roughness ZR  and the friction coefficient μ .  
 

2.3 Frequency response of the assembled engine parts 
 
Applying the harmonic balance method, the nonlinear force/displacement relations in normal and 
tangential directions of the contact surfaces are linearized harmonically yielding complex contact stiffness 
and damping coefficients. These stiffness and damping coefficients are assembled in the complex stiffness 
matrix CK̂  and together with equation (9) a description of the harmonically linearized contact and 
friction forces is obtained 

qXRKwKf ˆ    ˆ-   ˆ  ˆ  ˆ CICCCC == . (10) 

Keeping in mind that T
CI

TT
C    RXX =  and inserting equation (10) in equation (8) results in the relation  

[ ] ET
ECICT

CI
T  ̂  ˆ   ˆ    ˆ fXqXRKRXA =+ .  (11) 

Solving equation (11) iteratively with a damped Newton method, the forced frequency response of 
arbitrary points lying on the crankcase-main bearing cap assembly can be determined.  
 

3 Example 
 

3.1 Component Model Validation 
 
Initial FE models were available for crank case (figure 3) and crankshaft main bearing cap (figure 4). 
These models were utilized for test planning at first. 

1120 PROCEEDINGS OF ISMA2006



 

  
 Figure 3: Solid model of crank case Figure 4: Solid model of crankshaft 
  main bearing cap 
 
Then roving hammer modal tests with multiple references were performed under free/free boundary 
conditions (bungee cords), and modal parameters were identified subsequently. For the crank case 23 
mode shapes could be identified in the investigated frequency range up to 4 kHz, and for the crankshaft 
main bearing cap three mode shapes were obtained up to 8 kHz. The quality of the identified data was 
very good. 
For the crank case and the crankshaft main bearing cap the correlation before and after validation are 
shown in tables 1 and 2. For the crank case the model mass was adjusted to the weighed mass of the test 
item, and the Young’s modulus was modified utilizing computational model updating techniques. For the 
crankshaft main bearing cap only the model mass was adjusted. All in one the initial correlations are 
already very satisfactory (high MAC values, small frequency deviations). The validation could therefore – 
in this case – only fine tune the results. 
 

State Number of 
Test Modes 
Available 

Number of 
Test Modes 

Paired 

Mean 
Frequency 
Deviation 

[Hz] 

Maximum 
Frequency 
Deviation 

[Hz] 

Mean MAC 
Value 

 
[%] 

Minimal 
MAC Value

 
[%] 

Initial 23 23 1.74 3.07 94.18 72.72 
Validated 23 23 -0.26 -2.72 93.95 70.91 

Table 1: Correlation results for crank case 
 

State Number of 
Test Modes 
Available 

Number of 
Test Modes 

Paired 

Mean 
Frequency 
Deviation 

[Hz] 

Maximum 
Frequency 
Deviation 

[Hz] 

Mean MAC 
Value 

 
[%] 

Minimal 
MAC Value

 
[%] 

Initial 3 3 -4.13 -5.68 97.47 95.33 
Validated 3 3 -2.95 -4.49 97.48 95.35 

Table 2: Correlation results for crankshaft main bearing cap 
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3.2 Interfaces 
 
For the interfaces of the crankshaft main bearing cap to the crank case, the model shown in figure 5 was 
applied. The connection was modeled via rigid elements coupling the individual nodes of the joint faces. 
The bolts were modeled as beams while the nominal diameter of the bolts was applied. The bolts were 
then as well connected via rigid elements. The flank contacts were not explicitly modeled at this stage. 
 

 
Figure 5: Initial model of bolted interface 

 
After test planning, a roving hammer modal test with multiple references was performed under free/free 
boundary conditions (bungee cords), and modal parameters were identified subsequently. For the 
assembly 27 mode shapes could be identified in the investigated frequency range up to 4 kHz. The quality 
of the identified data was very good except for a small frequency band around 1500 Hz. Here, tilting of 
the crankshaft main bearing cap occurs. 
 

 
Figure 6: Detail of measured frequency responses for assembly 

 

crankshaft main 
bearing cap 

cross section visualized 
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Figure 6 above shows a detail of the measured frequency responses (all measured degrees of freedom) in 
the disturbed frequency range for one of the references. Here, clear nonlinear effects can be observed (non 
symmetric peaks, shifting of individual resonance frequencies) especially for the measurement degrees of 
freedom on the crankshaft main bearing cap itself. The main cause of the nonlinearity is assumed in tilting 
induced friction in the flank contact regions. 
To verify that the friction between the crankshaft main bearing cap and crank case is the cause for the 
nonlinearity, a second modal test was performed. Here, the flanks of the crankshaft main bearing cap were 
reduced to allow for clearance between the two parts. The test was performed in analogy to the first test, 
and 26 mode shapes could be identified in the investigated frequency range up to 4 kHz (one less). The 
quality of the identified data was very good in general. It was found that no more nonlinear behavior was 
present in the data. Furthermore the frequency of the tilting mode of the crankshaft main bearing cap is 
reduced significantly, indicating that friction induced stiffness is missing. 
In order to classify the nonlinearity, and to obtain data for comparison with analytical data, step sine tests 
were performed. For these tests the excitation forces were controlled within a defined band around the 
target excitation force, and data was acquired for the configurations without and with friction between 
crankshaft main bearing cap and crank case. Figure 7 shows the test setup and figure 8 displays the 
measurement degrees of freedom on the crankshaft main bearing cap. 
 

  
 Figure 7: Test setup with modal exciter Figure 8: Crankshaft main bearing cap 
 
The basic principle of the step sine test is outlined in the following: At first the frequency band and the 
required frequency resolution are defined. If closed loop control is to be applied, a control channel is 
selected (here, the channel of the excitation force is taken for subsequent correlation with analytical data 
coming from harmonic balance calculations). The control itself is performed within a selected tolerance 
band around the ideal level (here, excitation force amplitude level), while the control is done within every 
single iteration step. The drawback of rather long measurement times is compensated by various 
advantages allowing for a dedicated analysis of the nonlinearity. Especially the defined excitation of the 
system at every frequency line, and the acquisition of data under steady state conditions (no transient 
effects) are to be named. 
For the assembly the following frequency ranges were investigated. One holds a global mode of the 
system, the other one the local tilting mode of the crankshaft main bearing cap. Figure 9 and figure 10 
show the measured spectra of the excitation force. It can be seen that the force level can be controlled very 
well. 
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1) Assembly with friction 

1a) 1190 Hz … 1220 Hz (0.25 Hz resolution) force amplitude 1,5 N ± 3% 
    7,5 N  ± 3% 
    15,0 N  ± 3% 

1b) 1460 Hz … 1560 Hz (0.25 Hz resolution) force amplitude 1,5 N ± 3% 
    7,5 N  ± 3% 
    15,0 N  ± 3% 
    18,0 N  ± 3% 
 
2) Assembly without friction 

2a) 1190 Hz … 1220 Hz (0.25 Hz resolution) force amplitude 1,5 N ± 3% 
    7,5 N  ± 3% 
    15,0 N  ± 3% 

2b) 1350 Hz … 1400 Hz (0.25 Hz resolution) force amplitude 1,5 N ± 3% 
    7,5 N  ± 3% 
    15,0 N  ± 3% 
    18,0 N  ± 3% 
 

 
Figure 9: Force spectra – with friction 

 

 
Figure 10: Force spectra – without friction 
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Figures 11 to 14 below by example show the acceleration spectra at the top of crankshaft main bearing cap 
in normal (axial) direction. For the global mode (ranges 1a/2a) a weak damping nonlinearity can be 
observed. With increasing force amplitude level the damping increases. Also a slight decrease of stiffness 
is present. 
 

  
 Figure 11: Range 1a: Figure 12: Range 1b:  
 Acceleration spectra with friction Acceleration spectra with friction 
 

  
 Figure 13: Range 2a: Figure 14: Range 2b: 
 Acceleration spectra without friction Acceleration spectra without friction 
 
For the local mode (ranges 1b/2b) in general a damping nonlinearity can be observed. However, here the 
damping decreases with increasing force amplitude level. Also, the decrease of stiffness is present again. 
For the assembly with friction this effect can clearly be seen – the resonance frequency drops by about 
5.5 Hz from the lowest to the highest force amplitude level (for the assembly without friction the drop is 
less than 1 Hz). 
All in one the following conclusions can be drawn: 
1) The resonance frequency increases for the assembly with friction by 2.5 Hz for the first range; for the 

second range the increase is about 125 to 130 Hz (depending on the force amplitude level). This 
indicates that the friction leads to a significant increase of stiffness for the tilting mode of the 
crankshaft main bearing cap. 

2) The overall damping level is higher for the assembly with friction than for the assembly without 
friction. 
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Before modeling the flank contacts in order to account for the nonlinear friction effects, the bolt 
connection is investigated alone. This is accomplished by focusing on the data of the assembly without 
friction at first. Here, no (or negligible) additional friction effects are present. Table 3 shows the 
correlation results for the bolt connection model according to figure 5. The maximum frequency deviation 
of 6.51 Hz occurs for the tilting mode of the crankshaft main bearing cap. Obviously the selected 
modeling strategy is to stiff and needs to be revised. 
 

State Number of 
Test Modes 
Available 

Number of 
Test Modes 

Paired 

Mean 
Frequency 
Deviation 

[Hz] 

Maximum 
Frequency 
Deviation 

[Hz] 

Mean MAC 
Value 

 
[%] 

Minimal 
MAC Value

 
[%] 

Initial 26 22 0.28 6.51 91.72 72.22 

Table 3: Initial correlation for assembly without friction 
 
Two alternative variants for the bolt connection were developed: 
 
Variant 1 (Figure 15) 

• connection of crankshaft main bearing cap to crank case via coincident nodes and rigid elements 
• modeling of bolt as solid model 
• connection of bolt via coincident nodes and rigid elements (RBE2) 
 
Variant 2 (Figure 16) 

• connection of crankshaft main bearing cap to crank case via coincident nodes and rigid elements 
• modeling of bolt as lumped mass 
• connection of bolt mass via constraint element (RBE3) 
 

       
 Figure 15: Variant 1 Figure 16: Variant 2 
 
Table 4 shows the correlation results for variants 1 and 2. For both variants excellent correlation results 
can be achieved. Especially for the tilting mode of the crankshaft main bearing cap, the frequency 
deviations are in both cases smaller than 2 %. Thus the two variants are equally suited for modeling the 
bolt connection. 
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State Number of 
Test Modes 
Available 

Number of 
Test Modes 

Paired 

Mean 
Frequency 
Deviation 

[Hz] 

Maximum 
Frequency 
Deviation 

[Hz] 

Mean MAC 
Value 

 
[%] 

Minimal 
MAC Value

 
[%] 

Variant 1 26 24 -0.29 -2.80 95.21 87.54 
Variant 2 26 24 -0.36 -2.81 95.42 87.18 

Table 4: Correlation for assembly without friction - variants 

 
It was noted that test modes 19 and 20 could not be paired with MAC values greater than 70 % for either 
of the two variants. A closer look at these test modes shows that they are very closely spaced in the FE 
analysis (frequency deviation of about 3.6 % for corresponding analysis modes). A new correlation 
utilizing subspace pairing techniques (see also [6]), that allow for the correlation of linear combinations of 
mode shapes, finally yields a correlation of all 26 test modes. The MAC values of the formerly not paired 
modes increase to over 85 %, and the frequency deviations are less that 1 Hz. 
After adequate modeling of the bolt connection, the friction at the flanks contacts shall now be taken into 
account. To accomplish this, the data from the step sine test are utilized. The analytical calculation of the 
corresponding frequency response functions is done in two different ways: one based on linearized 
calculation (harmonic balance), one based on a linear FE model. 
For the first option, the calculation of the analytical frequency response functions is performed as outlined in 
section 2. Among others this allows for the direct analysis of different force levels. The analysis itself is 
conducted with the validated models of the components and the interface variant 2. For the second option, a 
linear FE model – also based on the validated FE models and interface variant 2 – is used. To account for the 
contact, linear springs are added in the contact area. The spring stiffnesses are set to values extracted from the 
linearized calculation using harmonic balance. Damping is introduced via individual modal damping of the 
mode shapes, and the different force levels can be accounted for by different spring stiffness and/or damping 
values. For practical applications, however, the selection of these parameters a priori may be difficult. 
Figure 17 shows a comparison between test and analysis results for the excitation position for both 
investigated frequency ranges. In figures 18 and 19 the three normal (axial) measurement degrees of 
freedom on the crankshaft main bearing cap are presented. All in one a good agreement between test and 
analysis can be obtained. The linearized analysis, however, slightly overestimates the degree of 
nonlinearity. Both analysis options yet allow for the correct inclusion of the additional stiffness due to 
friction (second frequency range). Thus they are both equally suited for modeling the nonlinear stiffening 
effects in flank contact region. 
 

 
Figure 17: Frequency responses at excitation point 

linear FE analysis 
shaker test 1.5 N 

linear FE analysis 
shaker test 1.5 N 

harmonic balance analysis 
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Figure 18: Frequency responses on crankshaft main bearing cap – frequency range 1 

 

 
Figure 19: Frequency responses on crankshaft main bearing cap – frequency range 2 

 

linear FE analysis 
shaker test 1.5 N 

linear FE analysis 
shaker test 1.5 N 

linear FE analysis 
shaker test 1.5 N 

linear FE analysis 
shaker test 1.5 N 

harmonic balance analysis 

linear FE analysis 
shaker test 1.5 N 

harmonic balance analysis 
linear FE analysis 
shaker test 1.5 N 

harmonic balance analysis 

linear FE analysis 
shaker test 1.5 N 

harmonic balance analysis 
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4 Summary 
 
This paper highlighted the modeling of assembled combustion engine parts. Here multiple flange 
connections are found that contribute to the stiffness and damping characteristics. By example of a four 
cylinder combustion engine a FE modeling technique was introduced which focuses on a suitable and 
proper representation of the flange regions between crankcase and crankshaft main bearing cap. 
The coupling of the crankcase and the main bearing cap consists of four interfaces, two bolt connections 
and two flank contacts. It could be shown, that the bolt connections can be modeled adequately using 
linear FE models. For the flank contacts, however, friction effects are present, that have to be accounted 
for. 
To represent the friction at the flank contacts, two different approaches were applied. One is based on 
linear FE models with additional springs to capture the friction induced stiffness. The other is based on a 
special numerical procedure founded on the harmonic balance method, capable of modeling nonlinear 
damping and stiffness characteristics of the system. 
Both approaches were compared to experimental data, and the effectiveness of the methods was shown. 
Especially, the numerical procedure based on the harmonic balance method is capable of directly 
forecasting the forced response of the system under different loading conditions. For the method based on 
linear FE models, the different loading conditions must be taken into account by adjusting spring 
stiffnesses and damping individually. 
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Abstract
In this paper we briefly present the force-based theory of plane dynamics of multibody systems with uni-
lateral contacts. The theory is already widely used for simulating local contact properties (coefficient of
restitution, friction, roughness, etc) and we show that it is also well suited for simulating detailed multi-
contact situations of (geometrically) rough contacting surfaces.
Under real-life conditions the outstanding contact asperities are quickly worn away. To include the wear at
dynamical loads and to achieve a more realistic contact shape a wear model is introduced. The wear model
bases on the local loss of mechanical energy. The numerical simulations show that after several re-shapings
(i.e. wear) a dynamically stable steady state contact shape can be found.
Coefficient of friction was measured at the rim of a wheel (rotating body). Via the multiple-contact dynamics
of rough contact surfaces with the wear-in numerical analysis the experimentally observed change in the
measured coefficient of friction of up to 30% for only slightly altered experimental conditions is successfully
explained.

1 Introduction

In this research Pfeiffer and Glocker [1, 2] event-driven formulation is used; their work presents a mathe-
matically clear and physically consistent basis for plane contact dynamics and is superior to the classical
approach in its uniform way of solving the stick-slip, detachment and impact events. There is also no need to
adapt the number of generalized coordinates at any time. The strength of the formulation is in its simplicity
and generality of use. Pfeiffer and Glocker introduced a new friction decomposition that avoids singularities
in the presence of dependent coordinates and can also handle over-constrained systems. They also intro-
duced, for the first time, the impact law with friction as a linear complementary problem [2].
The friction decomposition presented in [1, 2] is quite cumbersome because it uses four unilateral primitives
for one friction curve; however, a more advance decomposition which uses only two unilateral primitives
was presented by Rossmann et al. [3] and extended to spatial friction as a nonlinear complementarity prob-
lem [4, 5]. Further extensions towards spatial systems can be found in [6, 7, 8].

This work is organized as follows: in the second section of this research the formulation [1, 2] of multibody
plane dynamics with unilateral contacts is adapted to bodies with arbitrary body shapes. The third section
presents the local loss of mechanical energy and its role in defining the wear of contacting rough surfaces
under dynamic loads. The fourth section presents a numerical example with run-in wear. In addition, an
explanation for the apparent change of the coefficient of friction for disk-shaped bodies is given. The last
section presents the conclusions.
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2 Multibody dynamics with unilateral contacts as a linear comple-
mentarity problem

For the sake of completeness this section gives a brief review of the mathematical modeling of multibody
dynamics with unilateral contacts as presented by Glocker and Pfeiffer [1, 2]. The methods are presented for
linear contacts (plain dynamics), but with some modifications they can also be used for plane contacts (3D
spatial dynamics) [4, 7, 5, 6, 8, 9].

The equations of motion for a multibody system with f degrees of freedom (including only bilateral contacts)
can be written as:

M q̈ − h = 0 ∈ Rf , (1)

where M is the mass matrix, q is the vector of generalized coordinates and h is the vector of generalized
active forces. If there is a set of i ∈ IN contact forces then the equations of motion will be:

M q̈ − h =
∑
i∈IN

QC
i ∈ Rf , (2)

where QC
i are the generalized, non-conservative active forces.

Note that the contacts forces change the number of degrees of freedom. A priory it is not known which
degrees of freedom disappear; this problem is usually solved by looking at all the possible solutions and
finding the one that is physically consistent. If there are nN possible contact points with a stick-slip transition
or detachment, then there are 3nN possible solutions [2]. It is clear that the search for a physically consistent
combination is time-consuming. Furthermore, for numerical simulations it is quite unsuitable to change the
minimum number of coordinates during each time-step.
The event-driven integration method, using a LCP formulation to solve the contact problem solves this
problem in an elegant way, and the number of generalized coordinates is constant at all times and equal to
the number of degrees of freedom of the system without unilateral contacts, see Equation (2).

The real contact forces are linked with the generalized contact forces via the Jacobian matrix. In Figure 1
two bodies are shown, the centres of gravity being denoted by A and B. The normal contact force F A,N at
point CA on the body A as a generalized contact force is:

QC
A,N =

(
∂ IrCA

∂ q

)T

F A,N = JT
CA

· InA · λN, (3)

where JT
CA

is the Jacobian matrix of IrCA . JT
CA

can be written as:

JCA = JA + JRA, (4)

where JA is defined by rA and JRA by the relative vector rCA and the angle ϕA [10]. Furthermore, by using
the Jacobian matrix, the relative contact acceleration Ir̈CA = Ir̈A + Ir̈CA is:

Ir̈CA = JCA q̈ + j̄CA , (5)

where j̄CA is the vector of missing velocity and position dependent values and is defined as:

j̄CA = j̄A + j̄RA. (6)

where j̄A is defined by rA and j̄RA by the relative vector rCA and the angle ϕA [10].

Further, by including the normal force at point B QC
N becomes:

QC
N =

(
JT

CA InA + JT
CB InB

)
λN = wN λN. (7)
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wN includes the kinematical properties of the contact, λN is the amplitude of the force and I denotes the
inertial frame.

By using a similar notation for the tangential force (index T), Equation (2) is rewritten as:

M q̈ − h−
∑
i∈IN

(wN λN + wT λT)i = 0 ∈ Rf . (8)

Or by using matrix notation:

WN = {wNi}, WT = {wTi}, i ∈ IN, (9)

the equations of motion are:

M q̈ − h−
(

WN WT
) (

λN
λT

)
= 0 ∈ Rf . (10)

Figure 1: Contact forces.

The contact situations are solved in two steps: in the first, the non-smooth impact with friction is solved (see
section 2.2); in the second the stick-slip or detachment situation is solved (see section 2.1). While the impact
is solved in the impulse-domain, the stick-slip or detachment is solved in the force-domain.

All the possible contact points IG are organized in four sets during each time-step :

IG = {1, 2, . . . , nG}
IS = {i ∈ IG ; gN = 0} nS elements,
IN = {i ∈ IS ; ġN = 0} nN elements,
IH = {i ∈ IN ; ġT = 0} nH elements.

(11)

The set IS contains all the closed contacts, the set IN contains only the contacts with vanishing relative normal
velocities (stick-slip or detachment), and the set IH contains the possibly sticking contacts. The number of
elements in the sets can change during each time-step.

2.1 Stick-slip transition or detachment

First, the stick-slip transition or detachment problem is solved on an impact-free set IN. The equations of
motion (10) and the relative contact accelerations g̈ are [1, 2, 11]:

M q̈ − h−
(

WN + W G µG WH
) (

λN
λH

)
= 0 ∈ Rf , (12)

(
g̈N
g̈H

)
=

(
W T

N
W T

H

)
q̈ +

(
wN
wH

)
∈ RnN+nH . (13)
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The index N denotes the normal direction, and the index H denotes the tangential direction of the possibly
sticking set IH. The new index G denotes the sliding contacts (the tangential force is known) of the set IN\IH
and the µG diagonal matrix of friction coefficients. The additional nN +nH equations that are needed to solve
the Equations (12) and (13) are represented by the complementarity conditions in the normal and tangential
directions, details are given in [2].

2.2 Impact with friction

While the stick-slip or detachment transition is solved in the force-acceleration domain, the impact is solved
in the impulse-velocity domain. Some common assumptions for rigid-body impacts are made: the duration
of the impact is infinitely short, the wave effects are not taken into account, during the impact all positions
and orientations, and all the non-impulsive forces and torques remain constant. The impact is divided into
two phases: the compression phase (time interval: tA − tC) and the expansion phase (time interval: tC − tE).
In this work Poisson’s impact law is used.

For impacts the contacts of the set IS are taken into account.

2.2.1 Compression phase

The index C is used for the compression phase. By integrating the equation of motion (10) an impulse-
domain equation is built [2]:

M (q̇C − q̇A)−
(

WN WT
) (

ΛNC
ΛTC

)
= 0 ∈ Rf . (14)

The relative contact velocities are:(
ġNC
ġTC

)
=

(
W T

N
W T

T

)
(q̇C − q̇A) +

(
ġNA
ġTA

)
∈ R2 nS . (15)

ΛNC and ΛTC are the contact impulses during the compression phase, and A and C represent the beginning
and the end of the compression.
Similarly, as before, for the missing 2 nS equations complementarity conditions in the normal and tangential
directions can be found, details are given in [2].

2.2.2 Expansion phase

The expansion phase starts from the end of the compression phase and is resolved in a similar way to the
compression, except that some attention needs to be paid to the impenetrability conditions and, optionally,
to the reversibility of the tangential contact [2].

3 Wear model under dynamic loads

A random surface roughness has very few asperities bearing mechanical load. In a real slider, asperities
bearing high mechanical load deform or quickly wear, forcing other asperities to support the load. Effects
of wear will be included via Slavič and Boltežar’s surface recession wear model [12] which is in accordance
with Archard’s wear law [13] where mechanical wear bases on loss of mechanical energy W (s) at the
contacting surfaces, see Figure 2.

The wear rate rW is defined in terms of the maximum loss of mechanical energy of each body:

rW (s) =
W (s)

Max(W )
. (16)
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Figure 2: Two bodies in dynamical contact and the loss of mechanical energy (shaded).

The actual wear (reshaping) amplitude u(s) of the contacting surfaces is:

u(s) = uMax rW (s), (17)

where uMax is the maximum change of shape (a measure of the size of the wear particle) between two
simulations. The direction of reshaping is to the inside of the body, according to the normal contact vector,
see Figure 1.
To achieve the steady-state contact-surface-shape usually several re-shapings need to be done. After each
re-shaping the simulation needs to be run again to determine the loss of mechanical energy W (s) at the
current contact shapes.

The loss of mechanical energy during impact situations (for stick-slip the procedures are very similar) is
simply the sum of compression and expansion impulses.

The compression impulse is defined as (A denotes the start of compression and C the end of compression):

WC = ġAC IC, (18)

where:
IC = In ΛNC + It ΛTC (19)

is the impulse during the compression phase and:

ġAC =
ġA + ġC

2
. (20)

is the averaged relative contact velocity.

The loss of mechanical energy at expansion is similar, except that the indexes are: C is replaced with E, to
denote the end of compression; and A is replaced with C, to denote the start of expansion.

4 Numerical examples

4.1 Mathematical model

Sliding pin on a round and rotating surface is studied here, see Figure 3. The 2 degrees of freedom are:
translational degree of freedom r and the rotational degree of freedom ϕ, where each has a spring-damper
element. The symbols s and v define the starting positions of the pin.
For a similar system Leine et al. [14] proved that the model can have non-uniqueness and even non-existence
of solutions for arbitrary small critical friction coefficient which depends on the mass ratios of the system.
Despite the fact that the system presented here differs from [14] it can be estimated the critical friction
coefficient to be well above here used 0.125.

The set of generalized coordinates:

q =
(

r
ϕ

)
. (21)
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Figure 3: Mathematical model.

The set of dependent coordinates:

d =

 xp
yp
α

 =

 s + 1
2 a sinϕ

v − 1
2 a cos ϕ + r
2 π f t

 , (22)

where xp and yp are the absolute coordinates of the pin’s centre of gravity, a is the length of the pin and f
is the rotating frequency in Hz. For the dependent coordinates the associated Jacobian vectors (used to build
the Jacobian matrix (4)) are:

Jxp =
∂xp

∂q
=

(
0 1

2 a cos ϕ
)
, (23)

Jyp =
∂yp

∂q
=

(
1 1

2 a sinϕ
)
, (24)

Jα =
∂α

∂q
=

(
0 0

)
. (25)

And the associated coordinates that are used to build up the vector j (6):

jxp = −1
2

a ϕ̇2 sinϕ (26)

jyp =
1
2

a ϕ̇2 cos ϕ (27)

jα = 0. (28)

The mass matrix M and the vector of active forces h:

M =
(

m 1
2 am sinϕ

1
2 am sinϕ 1

4 a2 m cos2 ϕ + 1
4 a2 m sin2 ϕ + Jzz

)
, (29)

h =
(

−1
2 am cos ϕ ϕ̇2 − p kϕ − kr r − cr ṙ

−kϕ ϕ− cϕ ϕ̇

)
. (30)

Where a,m and Jzz are the length, mass and the mass moment of inertia of the pin, respectively. Further-
more, kr, dr and kϕ, dϕ are the stiffness and the damping parameters for the r and ϕ directions, respectively.
Finally, p is the parameter that defines the pre-stress in the spring in the r direction at r = 0.

The simulation parameters are:
a = 0.001 m, s = 0 m, v = 0.01200116 m, cϕ = 2.12 10−5 Nms/rad, cr = 4.32 10−2 Ns/m, p =
9.40 10−6 m, f = 4 Hz, kϕ = 0.0791 Nm/rad, kr = 329.9 kN/m.
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Additionally, the width and the depth of the pin are equal to a, and the radius of the rotating body is R =
0.011 m, see Figure 3. The density of the pin is ρ = 1650 kg/m3. The mass parameters are calculated
according to the current shapes, which changes after reshaping.

The used contact parameters are as follows µ = 0.125, εN = 0.5, εT = 0.5, ν = 0,
where µ is the coefficient of friction and εN and εT are the coefficients of restitution in the normal and
tangential directions. ν is used for the reversibility in the tangential direction [2].

Simulation parameters. The largest natural frequency (fr,0 = 210 kHz and fϕ,0 = 103 kHz) defines the
time-step of the simulation; however, it was observed that the non-smooth impact situations are more critical
and the maximum time-step used in this simulation is therefore T = 10−9 s. Because of the interpenetration
between bodies is limited to 2.5 · 10−8 m the actual time-step can be shorter.
The total time of the simulation, 10−3 s, corresponds to a relative displacement between the pin and the
rotating body of 0.27 mm.

The roughness of the contacting surfaces. The roughness is added to the curvature of the contacting surfaces
(i.e., the discrete points are randomized in the radial direction). The randomization should be in accordance
with [15, 16], which have found that the average change of slope between two consecutive points is, on
average, 10-15°. The maximum change of slope was limited to 15°.
The simulated roughness of the pin is Rz = 1.25 µm, and that of the rotating body is Rz = 2.5 µm. The arch
of the pin is described by 100 discrete points, which corresponds approximately to the distance between two
points: 10 µm. A similar division between the discrete points is used for the rotating body. The roughness of
these two bodies is shown in Figure 4.

4.2 Run-in period (wear)

During the run-in period the outstanding peaks of the initial roughness are quickly worn away.
In Figure 5a) the loss of mechanical energy at the contact points of the initial roughness is shown; it is
obvious that only a few contact points take all of the load.
In the next simulation step the contact surface of the initial simulation is re-shaped according to the wear-rate
function rW (16). The maximum used change of body shape is uMax = 0.15 µm.
The reshaping is not expected to alter the overall roughness properties significantly. After five re-shaping
steps the loss of mechanical energy at the contact surface is more uniform, see Figure 5b).
The time histories and phase plots of r and ϕ after five re-shaping steps are shown in Figures 6 and 7,
respectively. The effect of roughness can be clearly identified.

a) b)
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Figure 4: a) Pin and the rotating body. b) Detail of contacting asperities (moved apart). Scale ratio: x/y =
1/50.
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Figure 5: Loss of mechanical energy: a) at the initially rough contact surfaces, b) at rough contact surfaces
after five mechanical-energy-loss-based re-shaping steps.
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Figure 7: a) time history of ϕ, b) phase plot of ϕ.

4.3 Influences on the measured coordinate system

With an experiment we observed a strong influence of the parameter s in Figure 3 on the measured COF
µxy = Fx/Fy, where the measured coordinate system corresponds to the inertial one (xy), see Figure 3. We
observed a change of s = ±0.4 mm to alter the measured COF up to 30%.
At first it seemed very strange that a change of only 0.4 mm for a radius of rotation of 11 mm changed the
COF by up to 30%. One possibility was that the contact dynamics had changed (e.g., continuous sliding to
stick-slip or vice versa).

Simple smooth contact model. We found a simple geometrical explanation depicted in Figure 8 as appropri-
ate. The contact forces (the coordinate system nt) are measured as:

Fx = FN cos φ + FT sinφ Fy = FN sinφ− FT cos φ. (31)
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From the measured contact forces the coefficient of friction is defined as:

µxy,G =
Fx

Fy
= cot(φ− φµ), (32)

where the frictional force is defined by FT = FN µ = FN tanφµ. It follows that for a constant friction
parameter µ (or ϕµ) the measured COF will change according to the angle ϕ.

The measured COF µxy,G as a function of the translation parameter s would, using this simple model, be
measured as shown with dashed line in Figure 9.

The advanced rough-contact model. In the advanced model depicted in Figures 3 and 4 the parameter s
denotes the position of the centre of mass of the pin. The concurred contact situations are much more com-
plicated, and at each contact situation the angle ϕ depends on the local roughness of the rough surfaces in
contact.
By comparing the COF of the advanced contact model µxy with the simple model µxy,G the conclusions are
comparable, see Figure 9.
A detailed analysis would reveal that during the simulation approximately 700 thousand contact situations
between the pin and the rotating body occurred. The histogram of the contact angles of the simulation with
the pin at s = +0.4 mm (Figure 10) reveals that the contact angles are nearly normally distributed and the
average contact angle of all the contact situations ϕ = 87.81 °. Despite the fact that the COF (µ = 0.125) is
constant the measured COF µxy decreases because of the angle ϕ.

A detailed analysis of the advanced model revealed only continuous sliding and no stick-slip vibrations.

Figure 8: Contact coordinate system (nt) and the measured coordinate system (xy). Note: cos φ = s/R.

DAMPING 1139



88 89 90 91 92
0.08

0.1

0.12

0.14

0.16

φ [◦]

—
µ

x
y
,
-
-
-
µ

x
y
,
G

[]

Figure 9: Comparison of the measured COF: - - - µxy,G simple model and — µxy advanced model. The
actual COF is µ = 0.125.

85 90 95 100
0

20000

40000

60000

80000

100000

φ [◦]

N
u
m

b
er

o
f
co

n
ta

ct
p
o
in

ts

φ =87.81◦

Figure 10: Histogram of contact angles of the advanced model at s = +0.4 mm.

1140 PROCEEDINGS OF ISMA2006



5 Conclusions

We used multibody dynamics theory to simulate dynamics of bodies with rough surfaces. Via an energy
based wear model wear-in effects were included and resulted in homogenous distribution of dynamic contact
loads. Presented methods open new opportunities for analyzing influence of detailed contact geometry on
the dynamics of mechanical systems.

As an example of application we explained somehow mysterious experimental results of friction. Measuring
coefficient of friction we observed high changes in friction at relative small changes of measuring parameters.
If small changes produce large changes the reasons would usually be addressed to nonlinear, stick-slip, or
similar effects. Studying contact geometry we found linear response and uniform sliding is sufficient to
explain the experimental observation. Numerical simulation with rough contact surfaces showed that also at
multiple concurrent contacts the contact-geometry explanation is valid.
We conclude that only with a perfectly centered friction tip a correct COF can be measured. A slightly
misaligned measuring tip can result in large measurement errors; e.g., for a 2°misalignment an error of
approximately 30% would be expected.
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Abstract 
The dry-friction influence on the properties of mechanical system is of permanent interest. The paper deals 
with kinematically excited single DOF oscillatory system, incorporating both viscous damping and dry-
friction. By means of simulation the combined viscous damping and dry-friction force influence on system 
properties will be analysed, e.g. the influence on the acceleration transmissibility course. Based on 
comparison of field measurements and simulation research of models of different complexity a suitable 
model will be developed and analysed. These results will be used also for simulation analysis under 
random kinematical excitation. Reasonable agreement between simulation results and real experimental 
data from field tests has been attained, which illustrates the suitability of this approach in engineering 
practice. Moreover an approach to dry-friction force value optimisation will be shown, giving the designer 
a further mean for vibration control systems optimisation. 

 

1 Introduction 
 
In vehicle systems dynamics research multibody systems analysis is often used. The dynamics of various 
sub-systems is usually described by a set of masses, linear stiffnesses and viscous dampers. Standard 
simulations methods are used to assess the vehicle subsystems behaviour, under harmonic and random 
excitation, especially at vehicle – seated human body interface. The typical variables are those associated 
with vibratory acceleration and sometimes also with relative displacements (strokes), however rarely with 
exerted forces. But the dynamics of technical systems is far more complicated and number of non-
linearities is encountered in practice. These could be from mathematical point of view classified as: 
A) A class of oscillatory systems with continuous type of non-linearity. The mathematical solution is 
essentially time-invariant and can be treated by sophisticated analytical methods. This approach is not of 
concern in this paper, however was extensively exploited by authors in [19]. 
B) A class of oscillatory systems with discontinuous type of non-linearity (dry-friction, impacts, free-
play, etc.). The mathematical solution depends on some control variable value, i.e. a different describing 
equation has to be used in each distinct state. The classical analytical solution poses some mathematical 
difficulties, especially when equidistantly sampled real data have to be compared with simulation results. 
The standard approximate analytical approach is to use the harmonic balance method, described by [5]. In 
numerical simulation methods the common stiff ordinary differential equations (ODE) solvers are 
sometimes not suitable, so other robust methods have to be used. Switching between two mutually 
exclusive solutions, each having own time-scale, usually brings in this case the best result [7, 18, 14].  
In analysis and simulation of vehicle systems dynamics the standard approach is not to account for friction 
influence or to neglect its influence. This approach may sometimes lead to false conclusions or inadequate 
prediction of real systems performance, especially under random and/or transient excitation. Hence it is 
worthwhile to consider ways of inclusion of this phenomenon into systems simulation for better 
assessment of systems performance. 
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In this contribution this approach will be illustrated in horizontal seat suspension dynamics analysis, as 
pursued within the European VIBSEAT Project funded by the European Commission (Contract 
No. G3RD-CT-2002-00827). It is believed that the further described approach is of generic nature and 
could have a broader impact in dynamic systems simulation, especially in those where the main 
descriptive variable is vibratory acceleration. 

 

2 Dry-friction description 
 
Dry friction is omnipresent in mechanical systems and concern of scientific research for long time [2, 6]. 
The first systematic scientific work on this issue is attributed to Coulomb in 1785, however already 
Leonardo da Vinci around 1500 was analysing the basic friction laws, as did latter Euler [6]. Despite of 
long standing research the mathematical description of this phenomenon is still not fully understood and 
its simulation description is by no means simple. The phenomenon is not always reproducible, as its extent 
depends on surfaces state, surfaces lubrication, asperities, temperature, normal force magnitude, relative 
velocity, etc. [2, 3, 6, 13]. Various classifications are used to describe the hitherto developed models. One 
classification distinguishes between the so-called static and dynamic friction models: 
The static models are based on the relation of the friction force Ff in respect to sliding surfaces relative 
velocity vr in phenomenological way. 
The dynamic friction models are far more complicated [3, 12, 13]. They cater for time-delayed friction 
force, friction hysteresis in bi-directional motion and limit cycles in the closed loop. They also cater for 
description of the surfaces contact mechanics [16], etc. The best hitherto developed models are [3, 13]:  

- The Dahl model [4]; 
- The LuGre model; 
- The Leuven model; 
- The Petrov-Ewins model [3]. 

All these dynamic models assume detailed knowledge of constitutive phenomena used in the respective 
model at the sliding surfaces. These models are mentioned for sake of completeness only. 

Another classification is following [1]: 
- The macro (or phenomenological) approach, assuming single dissipative force acting on the sliding 

surfaces interface. This approach is rather simple and requires knowledge of small number of 
characteristic variables only. This is actually another way of the static friction model definition. 

- The micro approach, taking into account detailed knowledge of sliding surfaces roughness, asperities, 
adhesive phenomena, lubrication etc. It is more appropriate for very high normal forces, as for 
example encountered in friction joints [1, 14]. It requires a rather detailed knowledge of a number of 
variables, to be laboriously measured under reproducible conditions. Fulfilment of these pre-requisites 
is hardly possible in vehicle systems dynamic analysis with inherent multitude of operating 
conditions, loading, operating environments etc., hence this approach is not viable.  

Here the phenomenological approach will be followed, i.e. the static friction model approach [11, 13, 17], 
which shows good technical applicability. Basic mathematical description of Coulomb friction is by the 
relay function, or signum function: 

( )rfkf sign vFF = ,     (1) 

where Ff is the resulting friction force with varying direction, Ffk is the kinetic friction force (Coulomb 
friction force) and vr is the relative velocity of the sliding surfaces. 
A) The Coulomb model involves a proportional dependence of the Coulomb friction force Ffk on the 
normal loading force FN [3, 16], which is usually assumed to be constant: 

Nkfk FμF = ,      (2) 
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where μk is the kinetic friction coefficient. 
  

 
Figure 1: Friction force Ff courses as function of the relative velocity vr 

 
The friction force at zero relative velocity cannot be determined, i.e. the friction force Ff for vr = 0 can 
have any value in the interval (–Ffk, +Ffk). Signum function is often [7, 9, 12, 17] mathematically 
described as: 

( )
0for1

0for1
sign

r

r

r

<−

>+
=

v

v
v .     (3) 

Note that the sign function has no limit for vr = 0 and is neither differentiable for vr = 0, hence is not a 
“neat” continuous function in classical analytical sense. However this can be circumvent when using some 
recent approaches of the so-called non-classical analysis [11]. 
B) In reality a larger force is needed to start the sliding motion. For overcoming the adhesion at zero 
relative velocity a larger force is required (Ffs > Ffk), than when the two surfaces are continuously slipping 
on each other with non-zero slipping velocity vr [3]. The friction force at vr = 0 has to be described as a 
function of a limit force FL, external to the dry-friction interface. The limit force FL is obtained by 
analysing the force balance across the sliding surfaces interface and has to be compared to the static 
friction force value Ffs:  

if FL ≤ Ffs ⇒ vr = 0.       (4) 

If this condition is met the system is in standstill in the so-called stick state, indicated in Figure 1 by the 
vertical line segment. If at a certain time instant the adhesion force Ffs is exceeded by the external force FL 
the oscillatory systems starts abruptly to move and the relative velocity vr attains some non-zero value. 
Further on the Eq. (1) is valid until vr eventually decreases to zero and the system stops again. This 
start-sliding-stop movement (stick-slip movement) leads to non-unique solution of equations describing 
the motion and pose mathematical difficulties [8, 9, 12, 17]. In analogy, the static friction coefficient μs is 
defined as μs = Ffs/FN. 

C) Any technical oscillatory system has some limitations on its stroke (relative displacement amplitude) 
due to real structure design features. The relative displacement amplitude xra is limited by structure design 
constraints to a maximal value xrM. If at any time instant xra ≥ xrM the structure is hard hit and impact 
phenomena with high acceleration peaks would occur leading to possible chaotic behaviour [20]. In 
practical systems measures are taken to avoid this situation and soften the end-stop impact.  
 

3 Dry-friction modelling 
 
For further analysis let assume a horizontally situated single DOF oscillatory system, as depicted in 
Figure 2, including a friction element. This model is assumingly a good representation of a horizontal 
suspension system of a modern driver’s seat. The oscillatory system will be subjected to kinematic 
excitation by displacement u(t) or acceleration au(t) = )(tu&& . This is a so-called mixed-mode dissipative 
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system [4], as both a linear viscous damper with damping coefficient b is present, as well as dry-friction 
force Ff is acting on the sliding surfaces interfaces.  
 

 
Figure 2: Schematic diagram of the analysed oscillatory system 

 
The equation of motion in the sliding mode, xr = x – u being the relative displacement is: 

( )tFFkxxm =++ dr&& ,              (5) 

where m – mass, k – stiffness, the relative displacement xr = x – u.  
The general excitation force F(t) is defined as: 

( ) kuubtF += & ,             (6a) 

and Fd representing the mixed mode damping force defined as:  

( ) fkrrd sign FxxbF && += ,             (6b) 
 
with a constraint:    xra < xrM,            (6c) 
where uu &,  are the kinematic excitation displacement and velocity, respectively, rr xv &=  is the relative 
velocity across sliding surfaces. The situation for vr = 0 is not described by the above equations. 
The analysis of this system (and in general a generic system alike) could be based on: 

i. An approximate analytical one, based on the harmonic balance method approach. 
ii. Simulation one employing contemporary simulation software. The simulation approach enables to 

use either the signum function approach, described by Eqs. (1) and (2) or a more physically 
sophisticated approach using the limit force analysis in line of Eq. (4). The merits of both 
approaches have to be thoroughly assessed in context of this specific case. 

iii. The first rigorous attempt to computer simulation of dry-friction influence in dynamical systems, 
using a block approach, was suggested by Karnopp [8]. He introduces a region of small relative 
velocity vr around zero, indicated by the line segment in Figure 1. Outside of this region the 
Coulomb approach is valid, whereas in within this region Ff is determined by other forces acting 
in the system in such a way that the Ff remains within the region, until a breakaway force (i.e. the 
static friction force in the introduced notion) is surpassed. Then he illustrates the advantages of 
this approach on various examples using the bond graph approach and so devising a set of 
appropriate conditions.  

A/ The original harmonic balance method [5] assumes a harmonic excitation by force of amplitude F0 
and analyses the response displacement x with amplitude x0 and variable angular frequency ω. The method 
is fully explained in standard textbooks – e.g. [3, 8, 17]. Its standard application leads to a formula: 

( )
( )2

0

2

0

0

1
1

ωω
K

kF
ωx

−

−
= ,     (7a) 

with a non-dimensional factor:          
0

fk4
F
F

π
K ⋅= , where mkω =2

0 .          (7b) 
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The driving force amplitude maF 0rms0 2= , where a0rms is an effective (RMS) value of base acceleration: 

)()sin()( u0
2 tatωuωtu =−=&& .                 (7c) 

Expression (7a) is approximate and valid only for harmonic excitation and K < 1, i.e. for F0 > 4/π⋅Ffk. 
There is a singularity for ω = ω0, similarly as for undamped SDOF oscillator, hence oscillations for ω = ω0 
are non-stationary and their amplitude grows linearly [17] until limit at xrM is reached. For F0 < Ffk no 
movement is possible at all. If K ≥ 1 the term under the square root is not real and the formula cannot be 
used. It is seen that the value K = 1 has a discriminative effect on application of this formula. It has to be 
stressed that the harmonic balance method is not suitable for assessing system performance under random 
excitation.  
B) In using the standard signum function according to Eq. (3) the damping force description of Eq. (6b) 

is used, assuming non-zero relative velocity vr:  

For vr ≠ 0:        ( )[ ] )(sign rfkrrr tumxFxbkxxm &&&&&& −=+++ .    (8) 

For vr = 0 the sign function is set to zero. Analysis for vr = 0 is completely neglected. A “smoothed” 
continuous function is sometimes used instead the signum function - the discontinuous sign function is 
substituted by a continuous function, which is approximating the sign function with a required degree of 
accuracy [11, 12]: 

( ) ( ) ( ) ( )
r

r
rrrr 1

erftanharctan2sign
vc

vcvcvcvcπv
⋅+

⋅
≈⋅≈⋅≈⋅≈ .   (9) 

Constant c in each of the functions describes the numerical “match” between the sign function and the 
respective continuous function used for approximation. A value of c ≥ 1000 suffices and the difference to 
the analytical solution is less than 1 % [11]. It is suggested that the last formula is better from the point of 
computational speed in attaining the same level of accuracy. This approach circumvents the problem of 
solving Eq. (8) with the discontinuous signum function by introducing a continuous function with 
arbitrary large derivation at zero crossing. The last formula of Eq. (9) was used and a simulation program 
in MATLAB/Simulink has been developed, results were illustrated, e.g. in [16, 19]. 
C) If a more exact description of the friction process is sought the slip-stick has to be accounted for. 
In this approach a ε-neighbourhood around zero has to be specified, within which the system is supposed 
to be in a standstill, i.e. vr = 0 [7]. Then two fundamental conditions have to be distinguished: 

 i. For |vr| ≠ 0 Eq. (8) is valid too, as well as the constraint xra < xrM. 
ii. When the |vr| ≠ 0 to vr = 0 transient occurs the movement stops and the force balance condition 

across friction interface, i.e. |FL| versus Ffs or Ffk, has to be tested, while: 

rL kxxmF += && .       (10) 

The set of mode discriminating conditions can be expanded further to the approach described in [16] into a 
more subtle set of conditions, assuming the oscillatory system is already in motion: 
1. |vr| > ε , i.e. Eq. (8) holds and no state change occurs. 
2. |vr| ≤ ε AND concurrently |FL| > Ffk. The oscillatory system passes the |vr| ≤ ε neighbourhood and 

furthers its movement without stopping. Eq. (8) holds and no state change occurs. 
3. |vr| ≤ ε AND concurrently |FL| < Ffk. The oscillatory systems stops abruptly and state change occurs. 

The adhesive forces take over control of the friction. The system is in relative standstill (vr = 0) and 
from this time instant on force-balance according to Eq. (10) has to be tested in a loop.  

4. As soon as the force-balance condition: |FL| ≥ Ffs is not met the system starts to move abruptly again. 
A state change occurs, |vr| > ε and the kinetic friction forces take over. Further on the condition No. 1 
testing repeats.  

5. If the oscillatory system starts from rest the condition |FL| ≥ Ffs has to be met first, before any relative 
movement is possible.  
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The operation for evaluation of condition |vr| < ε  is called “variable zero-crossing” and is facilitated in the 
MATLAB/Simulink by specific procedures [18]. The main difficulty for equidistantly paced numerical 
systems, in contrary to analytical considerations, is the need of precise determination of the time instant, 
when the zero-crossing occurs, or when |vr| < ε, while the value of ε has to be assessed independently. 
The MATLAB standard stiff differential equation solvers with variable time increment are not applicable 
for this case, except the sampled data set would be re-interpolated in the same way. Another approach is to 
develop a fixed equidistant step ordinary differential equations solver, which specifically caters for 
determining the |vr| < ε, condition within the given fixed time increment ∆t. This was the case here. 
Another problem, associated with zero-crossing detection, is the numerical stability of the method utilising 
the signum function in the vicinity of the zero-crossing point. It has been observed, that the numerical 
solution exhibits parasitic oscillations. The error appears in the response acceleration and not in the 
relative displacement, i.e. it can be left unnoticed. Hence the non-linearity introduced by the signum 
function requires a special attention. This is illustrated in Figure 3 for the same random input acceleration 
excitation (a0rms = 0.35 m�s-2). Note the false oscillations when in reality the system is sticking. The 
consequence of this is a markedly different RMS acceleration value obtained by evaluating the output 
signal from the model with limit force analysis in comparison to the signum approach. This is the principal 
drawback of the signum method application for oscillatory systems with higher friction, irrespectively 
whether the discrete approach (Eq. (3)) or continuous approach (Eq. (9)) is used. The discrepancies occur 
mainly in cases when the ratio of F0 to Ffk is just above unity and the vr is low and often changing the sign.  
Based on these considerations a model of the oscillatory system of Figure 2 has been developed, catering 
for the slip-stick phenomenon and employing both the static and kinetic friction values. The model can 
handle reality-like random base horizontal excitation acceleration course, as illustrated in Figure 3, where 
the courses of the response acceleration signal ax(t) are plotted. 

 
 

 
Figure 3: Comparison of the experimental (dashed) and simulation (solid) ax(t) signals 

top – excitation signal – x-direction random acceleration au(t), 
middle – friction model accounting for the slip-stick transients, 

bottom – simple friction model with the signum function 
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Assuming a constant excitation acceleration RMS value (of stationary random nature with assumed 
normal amplitude distribution) a question arises how perform the various hitherto developed simulation 
models when the dry friction is varied by some technical means. Based on experience gained within the 
project with acceleration signals measured in field conditions on real driver’s seats the value of μk can be 
as high as 0.10 as described in [15]. Due to random nature of the signal and non-linear character of the 
oscillatory system the classical methods of transfer properties calculation using the frequency response 
function cannot be used. Instead the broadband ratio Tx of response acceleration RMS value to the 
excitation RMS value for constant excitation acceleration RMS value a0rms = 0.35 m�s-2 is calculated: 

{ }
{ }u

x
x RMS

RMS
a
aT = .      (11) 

In Figure 4 the transmissibility Tx courses are depicted – the left figure corresponds to an oscillatory 
system without viscous damping, whereas in the right figure a viscous damping with damping coefficient 
of 500 Ns/m has been assumed. The simulated oscillatory system has following parameters: m = 88.4 kg, 
k = 11.5 kN/m, i.e. ω0 = 11.4 rad/s. In the left figure also the course for the frictionless SDOF oscillatory 
system (thin line) is included.  

 

 
a) 

 
b) 

Figure 4: Comparison of Tx obtained by the signum model (dashed); 
continuous signum approximation (dotted) and the slip-stick model (solid):  

a) b = 0 Ns/m, b) b = 500 Ns/m;  
thin line indicates course for the frictionless SDOF model  

 

4 Simulation results interpretation 
 
Following conclusions can be drawn from these figures: 
1. As already noted the signum approach and in the same way the continuous signum approximation are 

not correct for higher friction values, as the transmissibility in respect to increased friction would grow 
beyond limits, irrespectively of the fact that for higher friction the oscillatory system would get stuck 
most (or even all) the simulation time (operational time) and move as a rigid body. This is correctly 
indicated by the introduced slip-stick model, as for the given acceleration RMS value the Tx approaches 
unity with increased friction. This is specifically so for µk ≥ 0.08, where both simple models fail, as 
seen also from Figure 3.  

2. Both models perform equally for the low friction region, say, for given RMS acceleration value for 
µk ≤ 0.015. In this region the influence of viscous damping is decisive and effectively damps the 
oscillations. Low value of dry-friction would not be sufficient to control the oscillations and the 
transmissibility Tx would grew beyond acceptable limits. 
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3. For given acceleration value a0rms there is a rather narrow band of optimal kinetic friction coefficient 
values, for which the vibration suppression is best. This band is nearly the same for the system without 
viscous damping (Figure 4a) as for the system with viscous damping (Figure 4b).  

4. If low friction case is assumed the mixed mode oscillatory system (i.e. system with both viscous damper 
and dry-friction) performs marginally better than the standard frictionless SDOF oscillatory system. The 
improvement in performance introducing an optimally designed level of friction is approx. 8 % (see the 
minimum in Figure 4b). Hence for low friction case using an idealised SDOF oscillatory system for 
vibration mitigation analysis brings slightly worst predictions as could be assumed in reality, hence 
being on the “safer side” of the stipulated design criteria. However this conclusion remains valid only if 
the low friction value can be maintained throughout the system operation life. 

5. From Figure 4b it is seen that the engineering “rule of thumb” approach to decrease the friction 
influence to lowest possible level for a oscillatory system with a linear viscous damper is sound. 
However, assuming stationary narrow-band random excitation with a given RMS value and stable 
friction influence Figure 4a suggest that in fact no viscous damper is really necessary and still an 
optimum in performance may be attained. This brings about some economic advantages. It can be 
shown [20] that even occasional large shocks need not induce chaotic oscillations of the oscillatory 
system. Hence a suspension system without a shock absorber could be a practically viable solution.  

6. The sample excitation value corresponds to field measurements obtained for a lorry travelling on a 
standard road. If lower or higher excitation acceleration values are experienced in a specific case the 
course of Tx can be re-calculated, bringing generically the same shape, albeit the minimum would be 
shifted to higher values µk and the onset of the sticking may begin at a different value of µk than here.  

 

5 Conclusion 
 
In the contribution three simulation models of a SDOF oscillatory system with combined linear viscous 
damping and damping exerted by friction are described. The first model uses a signum function 
approximation of dry-friction force description, whereas the second model uses a continuous 
approximation of the signum function, circumventing the discontinuity of the first model around zero 
relative velocity. None of them covers the slip-stick phenomena at zero relative velocity of sliding 
surfaces occurring in reality.  
The slip-stick transients around zero relative velocity are physically correctly treated by the third model 
with limit force analysis for vr = 0 and so evoked switching between two describing equations. 
The possibility of false oscillations occurring for higher dry-friction force values due to numerical 
peculiarities of the first two models is indicated. These false oscillations would completely distort the 
oscillatory mass acceleration course, and hence markedly influence the vibration transmissibility course, 
calculated as the ratio of respective RMS values. So the third approach, despite of its computational 
complexity, is physically correct, rather general in its nature and hence applicable to analysis of realistic 
oscillatory systems with wide range of dry-friction influence, subjected to either harmonic or random 
excitation by stationary acceleration.  
The example illustrates the usefulness of the above approach to SDOF system analysis with viscous 
damping and dry-friction. It enables partially optimise the system performance. As dry-friction in 
technical oscillatory systems cannot be completely eliminated the illustrated approach can furnish more 
reliable realistic systems performance predictions than a simplified SDOF system would. It has been also 
indicated that if the dry-friction is low the prediction of vibration mitigation by analysis of a frictionless 
SDOF oscillatory system is on the “safe side”, i.e. slightly more conservative than a system with low dry- 
friction would really exhibit.  

Introduced approach is of generic nature and can be used for oscillatory systems simulation, especially if 
vibratory acceleration is the sought variable and random excitation is anticipated.  
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Abstract 
Dynamic performances and durability of an absorber based on the surface dissipation (colloidal damper) 
are experimentally investigated. Dynamic contact angle hysteresis induces the energy loss, which occurs 
when water is forced to penetrate and then naturally exudes from a nano-porous silica gel, modified to 
become water-repellent. Being oil-free, the colloidal damper might be considered as an environment-
friendly application of nanotechnology in the field of mechanical engineering. Test rig represents a 
compression-decompression chamber, which allows dynamic and endurance experiments under a certain 
temperature (-10~50 0C) and frequency (0~10 Hz), selected according with specific applications (vehicle 
suspensions, anti-seismic dampers, etc). Influence of the temperature, piston frequency, pre-pressurization 
and maximum applied pressure on the energy loss is found for different types of silica gels. Endurance 
tests are performed and measures to increase the durability of the colloidal damper are discussed. 
 
 

1 Introduction 
 
Solid-liquid interfaces can be used to generate and dissipate surface energies, especially by taking 
advantage of the molecular interactions in lyophobic systems, i.e., systems in which the liquid does not 
wet the associated solid [4, 8]. Such systems can act to store, release or transform the mechanical energy. 
For instance (Fig.1), the thermo-mechanical behavior of some hydrophobized silica gels, in association 
with water and aqueous solutions, has been used to build efficient innovative colloidal dampers [1, 2, 5-8]. 
Other systems can work as springs [3] or thermal machines in appropriate thermodynamic cycles [1, 4]. 
Such mechanical devices are still under research, but one can reasonably expect future progress and 
practical applications due to their high efficiency, compactness and environment-friendly features. In a 
possible design solution of the colloidal damper (Fig.1), a cylinder-piston structure is used to 
accommodate the colloid, which is consisted of micro-grains of hydrophobized silica gel and water or 
aqueous solutions (e.g., antifreeze solutions of water and glycerin). Other colloids are also possible [1, 5], 
but the proposed combination is convenient from the ecological standpoint, since both the silica gel 
(artificial sand with nano-porous architecture) and the liquid (water and glycerin) are environment-friendly. 
Basic silica gel is hydrophilic, i.e., it is wetted by the water, and for this reason in most applications silica 
gel is used as water absorbent. As opposite, here the silica gel is modified (hydrophobized) to become 
water-repellent, by linear chains of alkyls CmH2m+1 or fluorocarbon polymers CmF2m+1 (m = 1~18). Thus, 
the outer surfaces of the silica gel micro-grains (Fig.1), and also the inner surfaces of the nano-pores, of 
variable radius r, is hydrophobized by methods described in [2], and consequently become not-wetted by 
water, nor glycerin. At compression (Fig.1), water is forced to penetrate the nano-pores and the external 
pressure p works against the Laplace-Washburn capillary pressure, which tends to push-out the water: 

rp /cos2 θσ−= . (1)

Here,  σ  is the surface tension and θ  is the contact angle, which after hydrophobization becomes higher 
than 900. 
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Figure 1: Schematic view of the colloidal damper, a device based on the surface dissipation principle 
 
Mechanical energy is cyclically dissipated by forcing the liquid to penetrate the nano-pores space at 
compression, followed at decompression by a natural exudation, due to the liquid-repellent surface (Fig.1). 
Infinitesimal variation of the dissipated energy dE  equals the infinitesimal variation of the piston work, 

dVpdW ⋅−= , where )/(4 2DFp π=  is the external pressure and 4/2 dSDdV ⋅= π  is the volume change 
at a small stroke variation dS . Introducing the pressure from Eq. (1) into the expression of the work 
variation, and considering the relation between the surface and volume change, rdVd /2=Ω , one finds:  

θσ cos⋅Ω⋅=⋅−== ddVpdWdE . (2)

Since θσ cos⋅Ω⋅d  is the surface work change, colloidal damper occurs as a system able to transform the 
volume work, i.e., the energy of shock and vibration, into the surface work, and for this reason the 
mechanism of energy loss is called surface dissipation [8]. Under the circumstances that the geometrical 
and chemical heterogeneities of the solid surface are able to produce a dynamic hysteresis in the contact 
angle, during a complete compression-decompression cycle (Fig.5.b), the energy loss becomes: 

)cos(cos adE θθσ −∆Ω⋅= . (3)

Here, aθ  ( dθ ) is the adsorption (desorption) contact angle, which occurs at the compression 
(decompression), during the increase (reduction) of the contact surface 0>Ωd  ( 0<Ωd ). Although the 
contact angle hysteresis is similar to other types of hysteresis, the phenomenon is not fully understood [8]. 
However, on the appropriate silica gel surface, the difference da θθ −  may be of several tens of degrees, 
and the dissipated energy produced by such hysteresis (Eq. (3)) occurs as the difference of the piston work, 
or in other words, as the difference of the piston kinetic energy, during compression and decompression.  
Consequently, the dissipated energy can be calculated as the product between the frontal area of the piston 
and the area of the colloidal damper cycle in a pressure-stroke coordinate system (Fig.5.b): 

∫ ⋅−=
max

0

2

)]()([
4

S

dc dSSpSpDE π . 
(4)

Here, cp  ( dp ) is the compression (decompression) pressure and one observes that the energy loss is 
maximized for πθ =a  and 2/πθ =d  (Eq. (3)). Although this new kind of dissipation could be attractive 
for many applications, and although the subject continues to be theoretically & experimentally addressed 
by Eroshenko et al., [1-4], and also by Suciu et al., [5-8], such mechanical devices are still under research. 
However, some practical aspects need to be clarified in order to transform the colloidal damper into a real 
application. Accordingly, in this work, the influence of the environmental temperature changes during the 
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alternation of the annual seasons (summer-winter) on the colloidal damper performances and the 
durability of such an absorber are experimentally investigated. Test rig is a compression-decompression 
chamber, which allows dynamic and endurance experiments under a certain temperature (-10~50 0C) and 
frequency (0~10 Hz), selected according with specific applications (vehicle suspensions, anti-seismic 
dampers, etc). Influence of the temperature, piston frequency, pre-pressurization and maximum applied 
pressure on the energy loss is found for different types of silica gels. Endurance tests are performed and 
measures to increase the durability of the colloidal damper are proposed. 
 
 

2 Experimental approach 
2.1 Test rig 
Figure 2 presents the colloidal damper test rig and its attached loading & measurement equipment. In fact, 
the test rig represents a compression-decompression chamber, located inside of the high-pressure cylinder. 
Colloid is introduced into the test chamber, which is closed by the thread plugs and high-pressure gauge. 
Periodical movement of the piston (diameter, D = 20 mm) assures a cyclical compression-decompression. 
Copper gaskets, O ring and V packing are used to seal the test chamber, in which can be created a 
maximum pressure of 120 MPa. Low-pressure cylinder, with a diameter 80=haD  mm, represents a 
hydraulic amplifier of the pump pressure with the factor, 2)/( DDha = 16. Static tests, i.e., experiments at 
low piston velocities (below 10 mm/s), are performed by employing a hand-pump. Dynamic tests at 
frequencies up to 10 Hz, i.e., experiments at high piston velocities (up to 400 mm/s), are carried out by 
using a motor-operated pump assisted by a controller. Frequency range is selected according with specific 
applications: vehicle suspensions, anti-seismic dampers, etc. In order to prevent the occurrence of the 
piston dead-stroke the test chamber is firstly pre-pressurized and then dynamic experiments are conducted 
for a given maximum pressure. With the purpose to experimentally simulate the influence of the 
environmental temperature changes during the alternation of the annual seasons (summer-winter), the test 
rig can be introduced inside of an incubator, which allows temperature adjustment in the range -10~50 0C. 
Variation of the pressure p (high-pressure gauge), piston stroke S (displacement sensor), and temperature 
T (thermocouples and digital thermometer) is recorded in time. Eliminating the time between pressure and 
stroke, the colloidal damper hysteresis is found as a function )(Spp =  (see for instance Fig.5). 
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c. Photo of the test rig 
Figure 2: Colloidal damper test rig and its attached loading & measurement equipment 

 
From recorded (Fig.2.b) data (Figs.5, 7) one calculates the colloidal damper dissipated energy E (Eq. (4)). 
 

2.2 Materials 
 
2.2.1 Water and aqueous solutions 
A brief review of the water physical properties relative to the colloidal damper concept is given by [5]. 
The most important parameter involved in surface dissipation is the water surface tension σ  = 72.8mN/m, 
at 20 0C. Considering pure water as the working liquid, the lower limit of the colloidal damper operation 
range of temperatures is 0 0C, since below this limit water behaves as a solid phase (ice). However, using 
solutions of water and antifreeze agent, e.g., glycerin, the colloidal damper working range of temperatures 
can be extended until -47 0C (Fig.3.a). Glycerin surface tension (63.4mN/m, at 20 0C) is lower and for this 
reason the surface tension of the resulting aqueous solution is lower than water surface tension (Fig.3.b). 
Note that a glycerin concentration over 67% does not produce further decreasing of the freezing point. 
 
 
 
 
 
 
 
 
 
 

Figure 3: Variation of the freezing point and the surface tension of water-glycerin antifreeze 
solutions against the glycerin volume concentration 
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2.2.2 Silica gel 
 
 
 
 
 
 
                                                                                                                  Figure 4: Abbreviation of the 

hydrophobic coating tail 
 

3 Experimental results 
 

3.1 Influence of the working frequency, pre-pressurization, maximum applied 
pressure and length of the hydrophobic tail on the colloidal damper energy loss 
 
All the results shown in this paragraph were obtained for water against 4 g of silica gel, at room 
temperature (T =200C). Figure 5 presents, for C4H silica gel, the influence of the working frequency (f = 
0.25, 5, 10Hz), pre-pressurization (p0 = 8, 12 MPa) and maximum applied pressure (20~60MPa) on the 
colloidal damper hysteresis. Only the true hysteresis, i.e., the hysteresis which remained unchanged at 
repeated tests was recorded. Tests at low working frequency (f = 0.25Hz) can be considered as under 
quasi-static conditions. Using Eq. (4) for the hysteresis shown in Fig. 5, the variation of the colloidal 
damper dissipated energy versus pressure is obtained for different types of silica gels (Figs. 6.a, 6.b), for 
different working frequencies (Figs. 6.c, 6.d), and for different pre-pressurizations (Figs. 6.e, 6.f). 
 
 
 
 
 
 
 
 

a. C4H silica gel (f = 0.25Hz, p0 = 8 MPa)                b. C4H silica gel (f = 0.25Hz, p0 = 12 MPa) 
 
 
 
 
 
 
 
 
 

c. C4H silica gel (f = 5Hz, p0 = 8 MPa)                       d. C4H silica gel (f = 5Hz, p0 = 12 MPa) 
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water-repellent, by linear chains of alkyls CmH2m+1 or 
fluorocarbon polymers CmF2m+1 (m = 1~18). Hydrophobic coating 
tail (Fig. 4) is abbreviated as CmX (m = 1, 4, 8 and 18; X = H, F) 
and the same abbreviation is used to denominate the silica gel. 
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e. C4H silica gel (f = 10Hz, p0 = 8 MPa)                      f. C4H silica gel (f = 10Hz, p0 = 12 MPa) 
Figure 5: Tests for C4H silica gel under different working conditions of pressure and frequency 

 
Pre-pressure p0 is applied before starting the dynamic tests, and it simulates the pre-loading produced by 
the mass of a certain vehicle, when the colloidal damper is used for vehicles suspensions, or a certain 
structure, when the colloidal damper is inserted into an anti-seismic system. Applied pre-pressure has 
almost no effect on the static hysteresis (f = 0.25Hz), but considerably affects the dynamic hysteresis (f = 5, 
10Hz), in the sense that pre-pressure augmentation decreases the dissipated energy (Figs. 6.e, 6.f). This 
can be explained by the fact that water partially penetrates the large pores of silica gel during the colloid 
pre-pressurization, which means that the available pore volume (stroke) decreases. As effect, a reduction 
of the hysteresis area (dissipated energy) might be expected. 
 
 
 
 
 
 
 
 
 
 

a. Coating influence (f = 5 Hz, p0 = 12 MPa)                 b. Coating influence (f = 10 Hz, p0 = 12 MPa) 
 
 
 
 
 
 
 
 
 
 

c. Frequency influence for C8H (p0 = 8 MPa)               d. Frequency influence for C18H (p0 = 8 MPa) 
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e. Pre-pressurization influence for C4H (f = 10 Hz)       f. Pre-pressurization influence for C8H (f = 10 Hz) 
 

Figure 6: Variation of the energy loss versus silica gel type, working frequency and pre-pressure 
 
Recorded hysteresis becomes larger as the frequency increases and its shape becomes rounded. This can 
be partially explained by the structural influence, i.e., by the effect of the friction force, which occurs at 
the relative movement between piston-cylinder and piston-seals; obviously, the friction increases with the 
augmentation of the frequency (piston speed). On the other hand, it is known that while random vibrations 
tend to reduce the adsorption angle aθ  and to increase the desorption angle dθ , a non-random motion 
tends to increase the adsorption and to reduce the desorption contact angles [8]. Accordingly, one expects 
an increased contact angle hysteresis da θθ −  during dynamic tests (Figs.5.c~5.f) relative to the static tests 
(Figs.5.a, 5.b), and this explains why a larger energy loss is found at frequency augmentation (Figs. 6.c, 
6.d). While the maximum dissipated energy in static tests is obtained for C4H coating [5~8], the maximum 
energy loss in dynamic experiments is found for C8H coating (Figs. 6.a, 6.b). Consequently, the optimum 
hydrophobic layer, which maximizes the dissipated energy, is obtained for C4H~C8H coating range. 
However, further tests are necessary to check this conclusion for silica gels with different architectures. 
 

3.2 Influence of the environmental temperature changes on the colloidal damper 
performances 
 
Influence of the environmental temperature changes on the colloidal damper performances was 
investigated for 4 g of silica gel C8F against water (Fig.7.a) and against antifreeze aqueous solution of 
water and 30% glycerin (Fig.7.b). Selected temperature in the range -10~50 0C was maintained constant 
during a certain test. All the results were obtained at 30MPa maximum applied pressure and low working 
frequency (f = 0.25Hz), i.e., under quasi-static conditions.  
 
 
 
 
 
 
 
 

a. Colloid: C8F & water                                       b. Colloid: C8F & antifreeze solution 
Figure 7: Hysteresis modification at the variation of the environmental temperature 
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Figure 8: Variation of the dissipated energy 

versus the environmental temperature 
 
Additionally, since the spring of the vehicle suspension is connected in parallel with the damper, the 
piston blockage induces the spring obstruction and consequently the absorbed energy becomes nil, too. In 
order to prevent the blockage phenomenon, antifreeze aqueous solutions of water and glycerin can be used 
(Fig.7.b), and in such a case, although the dissipated energy drastically decreases (Fig.8), the working 
range of the colloidal damper can be extended in the domain of negative temperatures. Concerning the 
reduced damping capabilities at low temperatures, one supposes that the road might be covered by snow 
and ice during winter, and for this reason the vehicle travel speed is usually diminished. Consequently, the 
energy of vibration is also somewhat smaller than in normal traffic conditions, and as a result the need for 
dissipation is reduced. In the case of antifreeze solution, the peak of the energy loss is recorded in the 
temperature range 25~30 0C; it is prominent compared with that obtained for water. 
 

3.3 Endurance tests and measures to increase the colloidal damper durability 
 
Firstly, endurance tests are performed under the circumstances that the colloid is directly introduced inside 
of the high-pressure cylinder (Fig.2). Figure 9.a illustrates the temperature variation of the test-chamber 
during 3 hours working period of the colloidal damper. During the first 160 minutes, a temperature rise 
from 20 to 51 0C was recorded, but after that the temperature remained constant. Although, the correction 
of the colloidal damper hysteresis with the temperature variation can be performed (Paragraph 3.2), during 
the endurance tests the hysteresis was always recorded to the same temperature of 20 0C. Thus, Fig.9.b 
illustrates the variation of the colloidal damper hysteresis against the number of working cycles, from 10 
to 100,000 cycles. After the first 10 cycles a stable hysteresis (true hysteresis) is expected to be recorded. 
 
 
 
 
 
 
 
 
 
       a. Temperature variation during endurance tests                   b. Endurance tests (without filter) 

Figure 9: Endurance tests (colloid directly introduced inside of the high-pressure cylinder) 
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obtains the variation of the colloidal damper 
dissipated energy versus environmental temperature 
for water and antifreeze aqueous solution (Fig.8). In 
the case of water (Fig.7.a), the hysteresis becomes 
narrower at the temperature reduction, i.e., the 
maximum available stroke decreases. Since this is 
accompanied by a reduction of the desorption 
contact angle dθ , the energy loss appears as almost 
unaffected by the temperature variation (Fig. 8). 
However, one small peak occurs at 4 0C and it might 
be related to the maximum dilatation of the water; a 
second small peak is recorded in the temperature 
range 25~35 0C. When water transforms into ice, the 
piston is blocked and the energy loss becomes nil.
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One observes that the colloidal damper hysteresis becomes smaller with the number of working cycles and 
this effect is induced by the colloid leakage at the V packing used to seal the test chamber (Fig.2). Since 
the clearance between piston and cylinder, prescribed by the seals makers (hundreds of µm), is one order 
of magnitude larger than the diameter of the silica gel particles (tens of µm), a few layers of silica gel 
grains can be presented inside of the gap, producing during a long period of working damage by abrasive 
wear of the seals and even of the piston surface. A possible solution to prevent the seals damage is 
presented by Fig. 10. 
 
 
 
 
 
 
 
 
 
 
Figure 10: Modification of the test rig 

 
 
 
 
 
 
 
 
 

a. Endurance tests (filter orifices: 10 µm)                      b. Endurance tests (filter orifices: 5 µm) 
Figure 11: Endurance tests (colloid introduced inside of a tank which is separated by a filter from 

the high-pressure cylinder, in which only water is supplied) 
 
This can be explained by the increased size of the filter orifices, induced by the material deformation 
under high-pressurization; as a result, the filter allows silica gel grains larger than 10µm to pass. On the 
other hand, although the mean diameter of the silica gel particles is 20µm, according to the measured 
particles size distribution, about 5% of the grains are smaller than 10µm. However, a filter with orifices of 
5µm (Fig.11.b) was much more efficient since the endurance tests revealed a stable and almost 
undiminished hysteresis up to 100,000 working cycles. In order to evaluate the efficiency of the filtration 
under the colloidal damper durability, Tab.1 shows the ratio of the dissipated energy calculated at 100,000 
working cycles ( 100000E ) relative to the energy loss determined at 10 cycles ( 10E ). 
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Table 1: Evaluation of the efficiency of filtration on the colloidal damper durability 
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Thus, colloid is introduced inside of an additional tank and 
a filter is used to separate it by the high-pressure cylinder
(Fig.10). To avoid the penetration of silica gel particles 
inside of the high-pressure cylinder, which is supplied only 
with water, the filter orifices (10µm and 5µm) are selected 
to be smaller than the mean diameter of the silica gel 
grains (20µm). In order to check the effectiveness of this 
idea, as a possible measure to increase the durability of the 
seals in particular and of the colloidal damper in general,
tests of endurance were performed for filter orifices of 
10µm (Fig. 11.a) and 5µm (Fig.11.b). Comparison of Figs. 
9.b, 11.a and 11.b reveals that a filter with orifices of 
10µm is only partially effective, since small silica gel 
particles are able to pass the filter inside the high-pressure 
cylinder, and finally to escape at the seals. 
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Based on data shown by Tab.1, one concludes that using a filter with orifices of 5µm the endurance tests 
might be continued until 107 working cycles, which corresponds to a vehicle travel distance of about 
100,000km, i.e., the usual durability of an oil damper destined to suspension use. 
 
 
 
 
 
 
 
 
 
Figure 12: Influence of the mean silica gel grain size 
 
Thus, employing silica gel particles with a diameter larger than the clearance between piston and cylinder, 
the silica gel grains cannot penetrate inside of the gap, consequently, the seals and the piston should be 
protected against damage by abrasive wear. However, this countermeasure remains to be verified by 
further experiments. 
 
 

4 Conclusions 
 
1. Colloidal damper represents an environment-friendly application of nanotechnology in the field of 

mechanical engineering. Such absorber occurs as a system able to transform the volume work (energy 
of shock and vibration) into the surface work of a solid-liquid boundary. Colloidal damper energy loss 
can be explained by the surface energy variation due to the contact angle hysteresis on a rough and 
chemically heterogeneous surface. 

2. In this work, micro-grains of silica gel with a nano-porous architecture produce a colloidal suspension 
in an aqueous antifreeze solution of water and glycerin. In order to become water repellent, silica gel 
is hydrophobized (modified) by linear chains of alkyls CmH2m+1 or fluorocarbon polymers CmF2m+1 (m 
= 1~18). 

3. Applied pre-pressure decreases the dissipated energy since the water partially penetrates the large 
pores of silica gel during the colloidal pre-pressurization; this means that the available pore volume 
decreases, and as a result, reduction of the hysteresis area might be expected. This effect accentuates 
at the augmentation of the working frequency. 

4. Recorded hysteresis becomes larger as the frequency increases and its shape becomes rounded. This 
can be explained by the influence of the friction force which occurs at the relative motion between 
piston-cylinder and piston-seals; obviously, the friction effect increases at high frequencies (high 
piston speeds). Supplementary, this finding agrees with the known fact that a non-random motion 
tends to increase the adsorption contact angle and to reduce the desorption contact angle, i.e., to 
amplify the dynamic contact angle hysteresis. 

5. While the maximum energy loss in static tests is obtained for C4H hydrophobic layer, the maximum 
dissipation in dynamic tests is found for C8H coating. Consequently, the optimum hydrophobic layer, 
which maximizes the dissipated energy, is obtained for C4H~C8H coating range. However, further 
tests are necessary to check this conclusion for silica gels with different architectures. 

Figure 12 illustrates the hysteresis obtained 
for silica gels which have the same pore 
diameter, but different mean particle 
diameters, i.e., 20µm and 40µm. Based on 
the observation that the average particle 
diameter has almost no influence on the 
colloidal damper dissipation (Fig. 12), a 
correct statement under the condition that the 
total pore volume remains unchanged [6], 
one might suggest another possible way to 
increase the seals endurance, and as a result, 
the colloidal damper durability. 
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6. In the case of water, the hysteresis becomes narrower at the temperature reduction, i.e., the maximum 
available stroke decreases. Since this is accompanied by a reduction of desorption contact angle, the 
energy loss appears as almost unaffected by the temperature variation. However, one small peak 
occurs at 4 0C and it might be related to the maximum dilatation of the water; a second small peak is 
recorded in the temperature range 25~35 0C. When water transforms into ice, the piston is blocked and 
the energy loss becomes nil; since the spring of the vehicle suspension is also obstructed, the absorbed 
energy becomes nil, too. 

7. Using antifreeze solutions the blockage of the piston and the spring is prevented and the working 
range of the colloidal damper can be extended in the domain of negative temperatures. Although the 
energy loss drastically decreases, during winter the vehicle travel speed is usually diminished relative 
to the normal traffic conditions; as a result, the need for shock and vibration dissipation is also 
reduced. In the case of antifreeze solution, the peak of the energy loss is recorded in the temperature 
range 25~30 0C; it is prominent compared with that obtained for water. 

8. When the colloid is directly introduced inside of the high-pressure cylinder, the recorded hysteresis 
becomes smaller with the number of working cycles and this effect is induced by the colloid leakage 
at the packing used to seal the test chamber. Since the clearance between piston and cylinder, 
prescribed by the seals makers, is one order of magnitude larger than the diameter of the silica gel 
particles, a few layers of silica gel grains can be presented inside of the gap, producing during a long 
period of working damage by abrasive wear of the seals and even of the piston surface. 

9. Two possible solutions to prevent the seals damage and to increase the durability of the colloidal 
damper are proposed. 

9-a. Colloid is introduced inside of an additional tank and a filter is used to separate the tank by 
the high-pressure cylinder, in which only water is supplied. To avoid the penetration of silica gel 
particles inside of the high-pressure cylinder, the filter orifices are selected to be smaller than the 
diameter of the silica gel grains. This solution was experimentally proved to be efficient, if the 
filter orifices were correctly selected (about 4 times smaller than the mean size of silica gel grains). 
9-b. Employing silica gel particles with a diameter larger than the clearance between piston and 
cylinder, the silica gel grains cannot penetrate inside of the gap and as a result, the seal and the 
piston should be protected against damage by abrasive wear. However, this countermeasure 
remains to be verified by further experiments. 
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1029

Influence of the number of parameters of a rubber isolator viscoelastic model on the predicted
dynamic behaviour of a suspended mass
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1097

Experimental Study on Vibration Reduction System with Granular Materials
T. Sato, M. Tanishima, A. Ban, Tokyo Denki University, Japan
K. Tanaka, Saitama University, Japan

1107



TABLE OF CONTENTS xiii

Modeling of Assembled Combustion Engine Parts under Considertation of Micro Slip Effects in the
Connection Flanges
C. Schedlinski, ICS Engineering GmbH, Germany
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2921

OMAX Operational Modal Analysis in presence of exogeneous inputs
Session OMAX

Office floor vibrations: modal parameter identification and vibration monitoring
R. Cantieni, rci dynamics, Switzerland

2937



TABLE OF CONTENTS xxv

Load spectrum estimation from output-only measurements applied to a spray boom model
K. Engelen, H. Ramon, J. Anthonis, Katholieke Universiteit Leuven, Belgium

2949

Challenges in operational modal analysis of suspension bridges
K.A. Grimmelsman, A.E. Aktan, Drexel University, United States of America

2961

OMAX – A Combined Experimental-Operational Modal Analysis Approach
P. Guillaume, Vrije Universiteit Brussel, Belgium
T. De Troyer, Erasmushogeschool Brussel, Belgium
C. Devriendt, G. De Sitter, Vrije Universiteit Brussel, Belgium

2985

A Comparison of Experimental, Operational, and Combined Experimental-Operational Parameter
Estimation Techniques
T. Lauwagie, R. Van Assche, J. Van der Straeten, W. Heylen, Katholieke Universiteit Leuven, Bel-
gium

2997

Identification of damage in brittle materials using mode shapes obtained with a laser scanner
A. Petreli, H. Sol, P. Guillaume, Vrije Universiteit Brussel, Belgium

3007

Continuous-time operational modal analysis
R. Pintelon, P. Guillaume, J. Schoukens, Vrije Universiteit Brussel, Belgium

3021

Reference-based combined deterministic-stochastic subspace identification for operational modal
analysis with deterministic inputs
E. Reynders, G. De Roeck, Katholieke Universiteit Leuven, Belgium

3035

Operational modal analysis of time varying systems using an exogenous multi-sine excitation
S. Vanlanduit, R. Pintelon, Vrije Universiteit Brussel, Belgium
T. De Troyer, Erasmushogeschool Brussel, Belgium
P. Guillaume, Vrije Universiteit Brussel, Belgium

3047

Operational modal analysis
Session OMA

Modal Parameter Identification From Operative Responses
A. Agneni, G. Coppotelli, University of Rome “La Sapienza”, Italy

3061

A Low Order Frequency Domain Algorithm for Operational Modal Analysis
S. Chauhan, R. Martell, D.L. Brown, R.J. Allemang, University of Cincinnati, United States of
America

3071

Considerations in the Application of Spatial Domain Algorithms to Operational Modal Analysis
S. Chauhan, R. Martell, D.L. Brown, R.J. Allemang, University of Cincinnati, United States of
America

3087

Modal Parameter Identification and Correlation of a Launch-Vehicle Interstage Using “Output-
Only” Experimental Data
G. Coppotelli, F. Mastroddi, G.M. Polli, University of Rome “La Sapienza”, Italy
L. Cospite, Avio S.p.A. - Propulsione Aerospaziale, Italy

3103

Structural Dynamics of a Mobile Substation during Transport
C. Devriendt, P. Guillaume, Vrije Universiteit Brussel, Belgium
J. Lopez-Roldan, Pauwels Contracting, Belgium

3117



xxvi PROCEEDINGS OF ISMA2006

Using Enhanced Frequency Domain Decomposition as a Robust Technique to Harmonic Excitation
in Operational Modal Analysis
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R. Pirk, L.C.S. Góes, Aerospace Technological General Command, Brazil

4669

A boundary integral method for noise shielding analysis in non-conventional aircraft configurations
A. Randazzo, Trinity College of Dublin, Ireland
U. Iemma, University of ”Roma Tre”, Italy
H.J. Rice, Trinity College of Dublin, Ireland

4685

Vibration of a coated plate with absorbing material produced by an acoustic source. Theoretical-
experimental correlation
X. Sagartzazu, J.M. Pagalday, A. Ugarte, S. Villodas, Ikerlan S. Coop., Spain
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Output-only modal identification of Luiz I Bridge before 
and after rehabilitation 
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Abstract 
Luiz I Bridge is a double deck metallic arch bridge over Douro river at the city of Porto, in Portugal, built 
in 1885 by Eiffel’s former engineer Theophile Seyrig. Recently, the local authorities decided to use the 
upper deck of this bridge to install a line of the new light metro of Porto, which required the development 
of significant rehabilitation works, involving the modification of the upper deck and the replacement and 
strengthening of a significant number of structural components, due to the important level of deterioration 
observed. This paper describes the experimental work developed before and after rehabilitation, aiming 
the accurate modal identification of the bridge at two different stages. The data collected in the second test 
was analysed using three different output-only modal identification techniques: Peak-Picking, PolyMax 
and covariance driven Stochastic Subspace Identification (SSI-COV). 
 
 

1 Introduction 
 
Luiz I Bridge is a 172m tied metallic arch bridge over Douro river at the city of Porto, in Portugal, built in 
1885 by Eiffel’s former engineer Theophile Seyrig, one year after the conclusion of Garabit Viaduct, the 
well known Eiffel´s bridge, which was then the longest arch span in the world with 165m. Luiz I Bridge 
carried one roadway above and another suspended along the line of the tie beneath, linking the cities of 
Porto and Gaia. 
 

 
Figure 1: General view of the Luiz I Bridge 

 
Recently, the local authorities decided to use the upper deck of this bridge to install a line of the new light 
metro of Porto, which required the development of significant rehabilitation works, involving the 
modification of the upper deck and the replacement and strengthening of a significant number of structural 
components, due to the important level of deterioration observed. 
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In this context, the Laboratory of Vibrations and Monitoring (VIBEST, www.fe.up.pt/vibest) of the Civil 
Engineering Department of the Faculty of Engineering of the University of Porto (FEUP) performed two 
ambient vibration tests of the bridge, before and after the rehabilitation works, with the aim of accurately 
identifying the most relevant dynamic structural properties and correlate them with the values provided by 
finite element modelling. 
These tests were based on the use of a set of tri-axial seismographs duly synchronized and the achieved 
databases were processed using different powerful methods of Output-Only Modal Identification. 
This paper describes the experimental work developed and shows how the modal properties (natural 
frequencies and mode shapes) have changed as consequence of the rehabilitation works. As the two tests 
have a time delay of about 8 years, it is also interesting to observe the impact of the technological 
improvements of measurement equipment, as well as of output-only identification techniques on the 
quality of the results. 
 

2 Description of the bridge 
 
Luiz I Bridge is composed by a hinged metallic arch supporting two different decks: one at the top of the 
arch and another one at the level of the respective supports.  
The arch spans 172m between abutments and rises 45.1m. It has a variable thickness, between 16.7m near 
the supports and 7.1m at midspan, and presents a parabolic geometry both in vertical and plan views. 
The upper deck is 391.25m long and 5m height, and it is supported by the arch, at midspan and at two 
intermediate sections, by 5 piers and the abutments. The two columns that transfer the vertical loads of the 
upper deck to the arch are monolithically connected to both structural elements. The connection between 
the deck and the other columns and the abutments is materialised by roller supports. 
Three of the piers over the banks are metallic, shaped like truncated pyramids, and erected from masonry 
bases, while the remaining two are masonry piers. 
The lower deck has a height of 3.25m and is suspended from the arch by four ties. Further details of the 
bridge can be found in ref. [1]. 

 
Figure 2: Geometric characterization of Luiz I Bridge 

 
The works of rehabilitation and retrofitting that allowed the integration of the upper deck of the bridge in 
Porto light metro network were developed during two years and involved the following main operations 
[2]: 

• Demolition of the existing concrete pavement of the upper deck and of the corresponding 
supporting steel grid; 

• Construction of the new steel grid that transfers the new loads motivated by the metro to the main 
beams of the upper deck; 
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• Replacement of the lateral cantilever parts of the upper deck, to allow an enlargement of 2m;   

• Reinforcement of some bars of the main beams of the upper deck, of the columns between the 
upper deck and the arch, of the suspension ties and of some diagonals of the arch; 

• Replacement of deteriorated elements; 

• Cleaning and painting of all elements. 
     

3 Description of the ambient vibration tests 
 
The first ambient vibration test, before the rehabilitation, was developed in 1998 using 4 tri-axial 16-bit 
strong motion recorders. These devices are essentially constituted by very sensitive internal force balance 
accelerometers, analogue to digital (A/D) converters, batteries that enable autonomy for one day of tests 
and memories to record all the acquired data. The definition of the acquisition timetable is performed 
connecting each unit to a portable computer. This measurement equipment is very practical because the 
use of electrical cables connecting the units is avoided, which minimizes the labour associated with the 
preparation of the dynamic test. 
In the last 8 years this equipment was upgraded by replacing the 16-bit A/D converters by 18-bit A/D 
converters and using GPS sensors to continuously update the time of the seismographs internal clocks and 
so improve the time synchronization between units. Figure 3 shows a picture of one of the four 
seismographs used in the second test. 
 

 

            

Figure 3: Measurement equipment 

 
The two ambient vibration tests were developed without disturbing the normal use of the bridge, the 
observed accelerations being mainly induced by the wind, by the roadway traffic or by the metro passing 
over the upper deck, during the second test performed in 2006. 
In both ambient vibration tests of the upper deck, two recorders served as references, permanently located 
at section 15 (Figure 4), at both sides of the deck (upstream and downstream), while the other two scanned 
the bridge deck in 17 consecutive setups, measuring the acceleration along the 3 orthogonal directions, at 
both sides of the sections represented in Figure 4. 
During the ambient vibration test of the lower deck, the reference sensors of the upper deck kept their 
positions, an additional reference having been introduced at section 22 (upstream), while the remaining 
seismograph was used as moving sensor along the lower deck. In the first test, measurements were just 
made at the sections in correspondence with the suspension ties, whereas in the second one the 
measurements took place at the sections marked in Figure 4 (upstream). Three additional measurements 
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were performed at the downstream side. However, it was concluded that there are no important torsion 
modes of the lower deck in the analysed frequency range.  
For each setup, time series of 6 and 16 minutes were collected, respectively in the first and second tests. 
The sampling frequency was 50 Hz in the first test and 100 Hz in the second one. These values were 
imposed by the filters of the acquisition equipment and are much higher than the necessary, as the most 
relevant natural frequencies of the bridge are below 10 Hz.  
 

 
Figure 4: Instrumented sections 

 
Figure 5 represents time series of vertical acceleration recorded simultaneously at sections 15 (reference) 
and 17 (located at the middle of the longest span). In these time series, 6 passages of the metro can be 
identified, three of them being from Gaia to Porto (the ones where the peak of the vertical acceleration in 
section 15 appears earlier than the peak of the vertical acceleration at section 17) and the other three from 
Porto to Gaia.   
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Figure 5: Time series of vertical accelerations 

 
The recorded maximum value of vertical acceleration was of about 0.15g. However, it is important to note 
that this value includes significant high frequency contributions and so it is not critical in terms of 
pedestrian comfort. 
 

4 Identification of modal parameters 
 

4.1 Modal parameters before rehabilitation 
 
The analysis of the data collected during the first ambient vibration test was performed using the Peak-
Picking method [3]. In principle, this identification algorithm is not appropriate to separate modes with 
closely spaced natural frequencies. Therefore, in order to distinguish the contribution of close modes of 
vibration of different types, three pre-combined signals were evaluated for each section: the half-sum of 
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vertical accelerations, to better identify vertical bending modes, the half-difference of vertical 
accelerations, that emphasizes the contribution of torsion modes, and the average of transversal 
accelerations, to identify lateral bending modes. Inspection of these combined signals showed that there 
are no significant torsion modes in the frequency range of interest. The details of this analysis are 
described in ref. [4], the main results being summarized in Figure 6 (identification of natural frequencies 
using average normalized power density functions - ANPSD) and Figure 7 (identification of mode 
shapes). In the representation of the mode shapes, the marks are associated with the identified modal 
ordinates, and the lines with the mode shapes calculated using a numerical model developed before the 
rehabilitation. Both the vertical and the transversal movements are represented over a lateral view of the 
bridge. 
 

    ANPSD – Transversal acceleration 
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Figure 6: Identification of the natural frequencies before the rehabilitation  
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Figure 7: Mode shapes identified before the rehabilitation  
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4.2 Modal parameters after rehabilitation 
 
4.2.1 Peak-Picking 
 
In a first instance, the data collected during the second ambient vibration test was analyzed using also the 
Peak-Picking method. Figure 8 presents the obtained average normalized power spectra. These spectra 
were evaluated considering separately the half-sum of vertical and transversal accelerations at the upper 
and at the lower decks. The frequency resolution used is equal to the one used in the spectra of the first 
test, which was approximately 0.024Hz. However, the longer time of acquisition used in the second test 
(16 minutes instead of 6 minutes) allowed to perform more averages.      
Inspection of these spectra shows that the natural frequencies associated with vertical bending modes are 
evidenced either by the time series collected in the upper or in the lower deck, which means that these 
modes have a global nature, while several natural frequencies associated with lateral modes are just local, 
as they involve movements of just one of the decks. 
 

ANPSD – Transversal acceleration 
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Figure 8: Identification of the natural frequencies after the rehabilitation (PP method) 

 
The most relevant mode shapes estimated by the application of the Peak-Picking to this second database 
are presented in Figure 9. The lateral modes are represented in a top view (upper deck – blue line; lower 
deck – rose line) and the vertical in lateral view.  
It’s worth noting that, in this second test, it was possible to identify a higher number of modes with better 
quality, which stems from the use of better measurement equipment and the acquisition of longer time 
series. 
Observation of the results obtained shows that there are modes with almost coincident natural frequencies:  
f = 1.611Hz (lateral mode) and f = 1.636Hz (vertical mode); f = 2.368Hz (lateral mode) and f = 2.393Hz 
(vertical mode). By the application of the PP method, it is impossible to say that these modes are in fact 
different modes, because the outputs of PP method are operational deflection shapes. In fact, when there 
are two closely spaced modes, the operational deflection shape has the influence of the two modes. So, a 
3D plot of the deflection shapes associated with such natural frequencies shows a coupling of lateral and 
vertical movements. 
In an attempt to clarify this aspect, more sophisticated modal identification methods, that have the ability 
to separate modes with closely spaced natural frequencies, were applied. 
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f = 0.732 Hz -  1st Lateral bending mode 

 

f = 0.952 Hz -  2nd Lateral bending mode 

 

f = 1.416 Hz -  3rd Lateral bending mode 

 
f = 1.611 Hz -  4th Lateral bending mode 

 

f = 1.636 Hz -  1st Vertical bending mode 

 

f = 1.758 Hz -  5th Lateral bending mode 

 

f = 2.026 Hz -  6th Lateral bending mode 

 

f = 2.148 Hz -  7nd Lateral bending mode 

 

f = 2.368 Hz -  8nd Lateral bending mode 

f = 2.393 Hz -  2nd Vertical bending mode 

 

f = 2.856 Hz -  3rd Vertical bending mode 

 

f = 3.125 Hz -  4th Vertical bending mode 

 
f = 3.247 Hz -  5th Vertical bending mode 

 

  

Figure 9: Mode shapes identified after the rehabilitation (PP method)  

 
4.2.2 PolyMax 
 
The PolyMax method was first developed to be used in the context of input-output modal identification 
tests. Recently, it was adapted for ambient vibration tests. In this version of the method, a frequency 
domain parametric model is fitted to the spectra of the measured structural responses. 
This method is basically developed in two steps: in a first instance an optimization problem leads to a 
stabilization diagram containing frequency, damping and operational reference factors; in a second step 
the mode shapes are found from the resolution of a least-squares problem, based on the user selection of 
stable poles. A detailed description of this method can be found in ref. [5]. 
This output-only modal identification algorithm was applied to the data collected in the Luiz I bridge 
using the Tesl.Lab software developed by LMS International [6]. 
The bases of the method are cross spectra between signals measured simultaneously at different locations. 
These are traditionally evaluated using the modified Welch’s periodogram method [7] (this algorithm was 
used in the application of the Peak-Picking method), which employs Hanning windows, the consequence 
being the appearance of bias in the damping estimates. Alternatively, the cross spectra can be calculated 
from the Discrete Fourier Transform of the cross correlation functions windowed by exponential 
functions, these have the advantage of being compatible with the modal model and so the introduced 
damping can be corrected later on. 
The calculated spectra are organized in spectral matrices that have l lines and r columns, l being the 
number of degrees of freedom measured in each setup and r the number of degrees of freedom selected for 
references. In the present study, 4 references were used in the setups developed in the upper deck: lateral, 
longitudinal, upstream vertical and downstream vertical accelerations at section 15. In the setups where 
measurements were performed at the lower deck, the lateral acceleration at section 22 was used as an 
additional reference to allow the identification of the lateral mode shapes that only involve movements of 
the lower deck. Two examples of calculated cross spectra are represented in Figure 10 (the first one is 
associated with lateral accelerations and the second with vertical accelerations).    
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Figure 10: Calculated cross spectra associated with lateral (left) and vertical (right) accelerations 

 
For each setup, the calculated spectral matrix is used to produce a stabilization diagram that allows the 
identification of the natural frequencies and modal damping coefficients. Figure 11 shows one of the 26 
stabilization diagrams, associated with the setup where measurements were performed at section 24 
(Figure 4). In this stabilization diagram, the most relevant alignments with sable poles are selected and the 
identified natural frequencies and modal damping coefficients are presented at the left side of the picture. 
The analysis of the stabilization diagram confirms that this method was able to identify the two pairs of 
modes with closely spaced natural frequencies (indicated in the picture with the red and black boxes). 
 

 
Figure 11: Stabilization Diagram of the 25th setup (PolyMax) 

 
Following this procedure, the data of each setup originates a set of modal parameters. To have the global 
picture of the mode shapes, a procedure was adopted to find the correspondence between the modal 
parameters identified in the different setups. This is not straightforward, since it can happens that not all 
the modes are identified in all the setups and because, in the modes with close natural frequencies, the 
frequencies can change their relative order along the setups. 
In the present application, the paring of the modal parameters identified in the 26 setups was developed 
considering the modal parameters identified in one representative setup as target values. Then, in all the 
other setups the poles with natural frequencies in the vicinity of the target values that presented higher 
MAC values were chosen. The MAC coefficients were calculated using the reference degrees of freedom. 
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Figure 12 presents the evolution of the natural frequencies of the most relevant identified modes along the 
26 setups. A zoom of the graphic around 2.4 Hz is also presented in that Figure, in order to show that the 
relative order of the closely spaced natural frequencies changes along the setups. It is also interesting to 
observe that some natural frequencies only appear after the 18th setup. These natural frequencies are 
associated with local modes of the lower deck and so, they are only evidenced when measurements are 
performed at points of this deck. 
The final estimates of the natural frequencies (values presented in Figure 12) and of the modal damping 
coefficient (Table 1, section 4.3) are the averages of the values provided by each setup that were 
associated using the described procedure. 
The global configurations of the mode shapes are obtained concatenating together the components 
identified in each setup, which are related between each other through the ordinates at the reference 
sensors. Figure 13 presents some of the identified mode shapes. In particular, the mode shapes of the pairs 
with closely spaced frequencies are represented to show that this identification technique was able to 
completely separate the modes.  
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Figure 12: Variation of the natural frequencies along the measurement setups  

 
The results provided by the PolyMax method are very good. However, the application to the data collected 
in the Luiz I bridge was very time consuming, as many stabilization diagrams had to be analyzed.  This 
happened because only four seismographs were available and so many setups had to be performed.  
To avoid the cumbersome operation of analyzing 26 stabilization diagrams, it is possible to perform a 
single analysis using a matrix that contains the spectra matrices of all the setups. This procedure was 
followed with success in reference [9] and was previously studied in reference [10]. However, it is not 
implemented in the Lab.Test yet.  
Therefore, the use of a single analysis will be presented in the next section, but using the SSI-COV output-
only identification method, whose implementation in MatLab was previously developed at FEUP [11].  
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Figure 13: Some of the mode shapes identified by the PolyMax method 

 
4.2.3 SSI-COV 
 
The covariance driven Stochastic Subspace Identification method (SSI-COV) performs the identification 
of a stochastic state space model based on correlations. From the identified model, the estimation of 
natural frequencies, modal damping coefficients and mode shapes is straightforward. All the details of this 
identification algorithm are explained in reference [12].   
In the presence of several setups, this method is normally applied independently to each setup and then 
final estimates of the modal parameters are obtained using the procedure described in the previous section. 
As an alternative, all the modal parameters can be identified in a single analysis. 
To perform a single analysis, the correlation matrices of each setup with dimension l by r (l – number of 
measured degrees of freedom, r – number of reference degrees of freedom) are stacked in a large matrix 
with dimension n.l by r (n – number of setups). Following the standard procedure of the SSI-COV 
method, the correlation matrices evaluated at different time instants are organized in a Toeplitz matrix 
with dimension n.l.i by r.i (i – one half of the maximum time lag of the correlation functions). Then, the 
matrices of the state space model are obtained from the outputs of the singular value decomposition of the 
Toeplitz matrix. This mathematical operation is the critical step of this method, because the application to 
a very large matrix can lead to memory problems. 
This single analysis produces mode shapes with n.l components, that include n estimates for the reference 
degrees of freedom and one estimate for the degrees of freedom measured by the moving sensors. The 
modal ordinates of this last group of degrees of freedom are scaled using the redundant estimates of the 
references [10].   
Due to memory limitations, the data of Luiz I bridge was analyzed applying the described procedure to 
two groups of data: the setups developed at the upper deck and the setups developed at the lower one. 
Figure 14 shows the stabilization diagram provided by the analysis of the first group of data, that involved 

1174 PROCEEDINGS OF ISMA2006



the singular value decomposition of a matrix with dimensions 10880x320 (n = 17, l = 8, r = 4 and  
i = 80). In this very “clean” single diagram it is possible to identify all the natural frequencies of the bridge 
associated with global modes.  The last two columns of Table 1 present the other identified natural 
frequencies, as well as the estimates of modal damping coefficients.  
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Figure 14: Stabilization diagram of the setups developed in the upper deck (SSI-COV) 

 

4.3 Summary of results 
 
The modal parameters identified, before and after rehabilitation, using the several modal identification 
techniques, are summarized in Table 1, which also indicates the type of the corresponding mode shape 
(L-lateral; V-vertical).  

 
Before rehabilitation  After rehabilitation 

PP PP PolyMax SSI-COV Mode 
Frequencies (Hz) Freq. (Hz) Freq. (Hz) Damp. (%) Freq. (Hz) Damp. (%)

1L 0.757 0.732 0.741 2.45 0.730 3.73 
2L 0.903 0.952 0.952 0.52 0.953 0.82 
3L 1.343 1.416 1.420 0.97 1.421 1.17 
4L 1.660 1.611 1.620 0.81 1.620 0.80 
5V 1.636 1.636 1.642 1.74 1.645 1.90 
6L 2.124 1.758 1.757 0.67 1.755 0.88 
7L - 2.026 2.032 1.28 2.034 2.72 
8L - 2.148 2.133 0.83 2.140 0.61 
9L - 2.368 2.398 0.81 2.397 0.83 

10V 2.295 2.393 2.398 0.49 2.402 0.69 
11V - 2.856 2.844 0.48 2.846 0.84 
12V - 3.125 3.130 0.46 3.144 1.29 
13V 3.125 3.247 3.258 0.96 3.245 0.63 
14V 3.369 - 3.592 0.70 3.589 0.59 

Table 1: Identified natural frequencies and modal damping ratios 
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The results provided by the application of the three different output-only identification techniques to the 
data collected in the second ambient vibration test show a good agreement, especially in terms of natural 
frequencies. There are some discrepancies in the modal damping coefficients, that are acceptable 
considering the uncertainty always associated to the estimates of these parameters. The modal damping 
coefficients of the local lateral modes of the lower deck present significantly higher values, which may 
possibly stem from the behavior of the concrete pavement. 
The comparison of natural frequencies before and after rehabilitation shows that the mode shapes 
predominantly dependent on the stiffness of the arch (eg. 2L, 3L, 10V, 13V) suffered an increase of the 
natural frequencies, whereas the natural frequencies of the mode shapes more dependent on the stiffness of 
the upper deck (eg. 4L, 6L) decreased. 
The observed modifications are probably due to the following aspects: 

• The modification of the upper deck led to a mass reduction; 

• The elimination of the concrete pavement of the upper deck produced a reduction in its stiffness; 

• The stiffness of the arch was not substantially changed. 

• The cleaning of the bearings that allow longitudinal movements may have contributed to reduce 
the friction and so reduce the natural frequencies of the modes with more significant longitudinal 
components (eg. 5V).  

 

5 Conclusions 
 
The paper refers two different ambient vibration test campaigns developed at Luiz I bridge in 1998 and 
2006, before and after the rehabilitation works that took place recently, in order to integrate this centenary 
bridge in the network of the new light metro of Porto. 
In both cases, the application of output-only modal identification methods enabled the accurate 
identification of a significant number of lateral and vertical modes of vibration in the frequency range 
0-4Hz using the conventional Peak-Picking method. However, the technological improvement of the 
measurement equipment employed, the acquisition of longer time series and the application of new and 
more powerful stochastic modal identification techniques (PolyMax and SSI-COV) in the second test, 
allowed the identification of a higher number of modes with higher quality, as well as the separation of 
closely spaced modes and modal damping estimation. 
Comparison of identified natural frequencies, before and after rehabilitation, reveals some slight changes, 
which are understandable taking into account the type of modifications introduced at the rehabilitation 
works. 
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Abstract 
This work, based on the adoption of separate and decoupled mechanical models for the vehicle and the 
bridge to be analysed in the time domain, aims at developing two different iteration strategies, one on the 
whole time history (procedure WTH) and the other on the single time-step (procedure STS). The former 
can be easily applied with any commercial code and might deal with slight non linearity; the latter, still 
under implementation, can be further developed to include the effects of any non linearity in both the 
structure and the vehicle. Parametric studies are performed, making use of the WTH procedure, on a 3D 
model of a reinforced concrete simply supported bridge 30.3 m long, and two travelling vehicles modelled 
as 7-degrees of freedom (DOFs) systems; the effect of road roughness, vehicle mass, speed and frequency 
are considered. Moreover, the precision and rate of convergence of the WTH procedure are investigated: 
while appealing for its generality, a theoretical proof of its convergence properties is in fact missing.  
 

1 Introduction 
 
The problem of the dynamic interaction between a travelling vehicle and a bridge has a twofold aspect. 
From the point of view of Codes, the characterization of live load on bridges requires not only the 
determination of the expected value of load, in terms of amplitude, space distribution and probability of 
occurrence, but also the determination of an amplification factor, accounting for the dynamic nature of the 
load applied on the bridge. From the point of view of design and maintenance of bridges, moreover, it 
must be considered that the bridge deterioration depends on the number and amplitude of load cycles 
actually applied; it becomes important to evaluate the excursions produced by the travelling system on 
some bridge response parameters, especially in the case where a bridge designed in the past must sustain a 
heavy traffic load that was not considered in the original design. 
Furthermore, it must be considered that the dynamic interaction between the bridge and the travelling 
vehicle is also important for the comfort of the vehicle passengers. In this respect it can be observed that 
from the view point of the structural engineer, when is the bridge mainly at concern, the structure 
modelling is usually more refined than the vehicle modelling, often treated as a moving mass or force. On 
the opposite side, from the view point of the mechanical engineer, often the opposite holds true: the 
vehicle modelling is usually more refined than the bridge modelling. The optimal modelling approach, 
with respect to the goals of the study, would be to achieve a comparable refinement for both the bridge 
and vehicle. 
One of the first solutions, proposed by Blejwas et al [1], for the bridge-vehicle interaction problem was the 
adoption of Lagrange multipliers to couple mathematically the motion of the vehicle and the structure, 
relying on an analytical solution where the modelling of both the bridge and the vehicle is quite rough. 
Yang and Lin [2] proposed to eliminate the interaction forces from the two sets of the motion equations 
through a substructuring procedure based on a dynamic condensation method. In this way, only the 
equations of the structure are actually assembled and solved, by adopting modified bridge elements 
including the moving vehicle. Tan et al. [3] accounted for the dynamic interaction by solving, with a step-
by-step procedure, a unique system of equations including the bridge, the vehicle and the roughness effect; 
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a numerical method was adopted to account for the non-linearity of the system. A similar approach was 
followed by Henchi et al. [4]; however, a significant reduction in the computational effort was introduced 
by using a modal approach to describe the structure. The modal approach restricts the adoption of this 
method to linear structural behaviour. A similar approach was extended to a 3D dynamic analysis by Kim 
et al. [5]. A different approach was followed by Wang and Huang [6] and Dietz et al. [7]. The equations of 
motion of the two systems are solved separately with a step-by-step procedure and an iteration is 
performed at each time step or at prefixed instants until the interaction force between the vehicle and the 
bridge reaches a unique value. An approach in the frequency domain was proposed by Green and 
Cebon [8]. The method involves convolution of the vehicle load with modal responses of the bridge; the 
convolution integral is solved by transformation to frequency domain using a FFT. An iterative procedure 
is adopted to include the dynamic interaction between the bridge and the numerical model of the vehicle. 
The counterpart of this approach in the time domain was first proposed by Hawk and Ghali [9]: bridge and 
vehicle are considered as separate structures, connected only at the time-dependent contact points; 
roughness effects are not accounted for. The bridge is subjected to the contact forces of the vehicle and the 
vehicle to “ground motion” displacement: an iterative procedure is performed on the whole time history. 
More recently, the same approach was followed by Pan and Li [10] but without performing any iteration; 
with a simple modelling for both the bridge and the vehicle, but accounting for the roughness, they 
adopted the so-called dynamic nodal loading (DNL) method as a simple way to check a more refined 
approach accounting for the coupling of the two systems. Finally the single case of a bridge crossed by a 
truck has been treated numerically with a great accuracy by Kwasniewski et al. [11], making use of a 3D-
mesh based on 8-node brick elements for both the bridge and the truck, no longer modelled as a multibody 
system; the interaction problem is tackled with the contact algorithm of the FE code. However, the 
numerical models developed in this way are not general, strictly tied to the physics of the particular bridge 
and truck at study and require a careful choice of many relevant parameters.  
Aim of this work is to achieve a sufficiently precise modelling of both the bridge and the vehicle, but 
leaving a certain degree of generality to the modelling approach, so that many cases can be analysed with 
a relatively simple variation of some parameters of interest. For this reason a separate description and 
analysis of both the bridge and the vehicle has been adopted. The 3D bridge model is derived making use 
of a standard commercial code and adopts finite elements based on structural theories (beam and shell 
elements); the vehicle model follows the proposal of Henchi et al. [4]. Through a change of parameters the 
latter can easily describe a large class of existing vehicles. The roughness profile of the road, that plays a 
major role in the dynamic interaction, is derived from a power spectral density (PSD) function.  
Within this modelling framework, two different numerical procedures in the time domain are herein 
proposed, sharing several hypotheses. The vehicle is moving longitudinally on the bridge at constant 
velocity along a straight direction. The interaction (contact) forces are vertical. Inputs to the vehicle are 
prescribed displacements at its wheels, sum of pavement roughness and bridge deflection; the output 
contact forces are applied to the 3D bridge model. Both procedures are iterative and adopt the same 
algorithm to recognize the bridge nodes that, subjected to the contact forces, interact with the vehicle. The 
procedure WTH, following the works presented in [8] and [9], is based on an iteration performed over the 
whole time-history and relies on a general purpose FE code for the structure. Interface programs have 
been ad hoc developed: (a) to convert the output forces at the wheels into forces acting at the appropriate 
position on the bridge; (b) to sum the deflection of the appropriate point of the bridge to the pavement 
roughness; (c) to determine the prescribed displacement time-history at each wheel of the vehicle. The 
bridge and the vehicle are separately analyzed, the former subjected to the time history of contact forces, 
the latter subjected to the time history of prescribed displacements. Convergence checks are performed on 
contact forces at each wheel and involve the rms values of each force during the whole time history. The 
procedure STS iterates within the integration step and is still under implementation in an ad hoc developed 
code that needs the stiffness and mass matrix of the structure as input data. Iteration is performed at each 
time step; the convergence check involves the contact force change from an iteration to the next one. In 
the following the modelling aspects regarding the roughness, the vehicle and the bridge will be presented; 
the two numerical procedures will be briefly described and the results obtained with the procedure WTH 
will be presented and discussed. 
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2 Pavement roughness  
 
The roughness profile of the bridge pavement in the longitudinal direction, to be summed to the bridge 
deflection, is generated by assigning random phases to amplitudes respecting a given PSD function of the 
roughness. The variation of the roughness profile in the transverse direction of the bridge is not accounted 
for in this work. Two different PSD functions have been implemented in the procedures and compared; 
one is from the Eurocode1 (EC1) [12] and the other was proposed by Marcondes et al. [13]. The spectrum 
recommended by EC1 [12] in Annex B, in accordance with ISO [14], is:  
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In (1) the parameter Ω0 [rad m-1] is a reference cyclic frequency, and Φ(Ω0) [m3 rad-1] is the value of the 
spectrum at the reference frequency. The EC1-ISO spectrum is a straight line in a logarithmic plot. The 
values of the parameters suggested by EC1 for a very good to good (A-B) and a good to medium (B-C) 
pavement are listed in the first two rows of Table 1; class A pavements correspond to a newly paved 
highway. 
 

set Φ(Ω0) [cm3 rad-1] Ω0 [rad m-1] n 

EC1  A-B 2 1 2.0 

EC1  B-C 8 1 2.0 

Cantieni - A 24 1 2.4 

Cantieni - B 2.3 1 1.9 

Table 1 EC1-PSD parameters proposed by EC1 [12] and reported by Cantieni [15]. 

 
The EC1-ISO spectrum has a vertical asymptote as Ω→0, thus it is not able to model roughness harmonic 
components with long wavelengths. A comparison of the experimental data with the EC1 spectrum was 
performed by Cantieni [15]. The experimental data concerned a naturally aged pavement (A in Table 1), 
that for Swiss standards slightly exceeds the limit permitted for main roads, and a good pavement (B in 
Table 1). The parameters of Equation (1) obtained with a fitting procedure and reported in [15] are listed 
in the last two rows of Table 1. In the case of pavement B, the data contain frequencies as low as 0.2rad m-1; 
however, they can be fitted to a straight line in a logarithmic plot only up to Ωmin= 0.5x10-1rad m-1 (fmin= 
0.08 cyc m-1).  
The spectrum proposed by Marcondes et al. [13] includes the possibility of modelling harmonic 
components with long wavelengths, since it consists of two functions connected at a discontinuity 
frequency equal to f1= 0.005208 cyc in-1 (0.205 cyc m-1): 
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In equation (2) A1, A2, and k are constant parameters, p is a positive exponent, q is a negative exponent and 
f0 is the asymptotic frequency. According to [13], in the case of asphalt pavement, the range of the data 
collected  is included within two curves, both represented by equation (2), but with different sets of 
parameters, respectively 1 and 2, listed in Table 2.  
In Figure 1a the functions recommended by EC1-ISO, adopting the parameters listed in the first two rows 
of Table 1, are compared with the PSD function proposed by Marcondes et al. [13], using the two sets of 
parameters listed in Table 2. Two more EC1-type PSD functions are included, with parameters estimated 
from the experimental data collected in Cantieni [15] and listed in the last two rows of Table 1. From the 
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comparison of Cantieni’s pavement A with the PSD spectrum named EC1 B-C, it can be inferred that the 
latter can be considered a lower limit for main roads. PSD spectrum named EC1 A-B compares well with 
Cantieni pavement B. 
 

set A1 [in3 cyc-1] k  p A2 [in3 cyc-1] f0 [cyc in-1] q 

1 1.8 63000 2.0 1.4 x 10-4 4.6 x 10-3 -1.1 

2 5.7 240000 2.2 7.7 x 10-4 5.2 x 10-3 -0.5 

Table 2 PSD parameters proposed in [13] for asphalt pavement. 

 
Figure 1b illustrates two roughness profiles, one generated from the EC1-ISO PSD function with the A-B 
parameters (fmin=0.08 cyc m-1, fmax=4 cyc m-1), and the other generated from the PSD proposed by 
Marcondes et al. [13] adopting the set 1 of parameters in Table 2 (fmin=0.002 cyc in-1=0.0787cyc m-1, 
fmax=0.1 cyc in-1=3.937 cyc m-1). The measured pavement profiles tend to show more regular patterns, as 
pointed out by Li et al. [16].  
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Figure 1: Pavement roughness: (a) PSD functions; (b) roughness profiles 

 

3 Vehicle models 
 
A 3D model of the vehicles [4] is adopted in this work. At the present stage, the procedure WTH can 
consider two-axle vehicles, travelling at a constant velocity c, adopting the 7-DOFs model illustrated in 
Figure 2; the vehicle dimensions are L and B in the longitudinal and transverse direction respectively (Fig. 
2a). The vehicle is modelled as a rigid body, of mass M and moment of inertia about the longitudinal and 
transverse axis of the vehicle equal to JA and JB respectively. The possible eccentricity of the centre of 
gravity in the transverse direction (Fig. 2b) is at present neglected (a3 = a4). The rigid body is connected to 
the four wheels (having mass mr,i, accounting also for the unsprung mass) through a spring-dashpot system 
(of constants ks,i, cs,i) simulating the mechanical properties of the suspensions. Finally, the wheel masses 
are connected to the ground through another spring-dashpot system, reproducing the mechanical 
properties of the tires (of constants kr,i, cr,i). The vertical translations ur,i of each mass mr,i add four DOFs 
to the vehicle model. No independent DOFs have been considered at the contact point between the wheel 
and the road; the value of these displacements will be prescribed in the numerical procedures.  
The coordinates vector q of the vehicle contains the vertical displacement uM and rotations about the 
transverse and the longitudinal axis (pitch or θ; roll or ϕ), and the vertical displacement of the four wheels 
ur,i (Figs. 2b and c): 

 [ ]4,3,2,1, rrrrM
T uuuuu ϕϑ=q  (3) 

(a) (b)
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Figure 2: The 7- DOF models for two axle vehicles: (a) top view; (b) transverse direction; (c) 
longitudinal direction. 

 
The equations of motion of the vehicle are derived from the Lagrange formulation, in an inertial reference 
system translating horizontally at the (constant) velocity of the vehicle: 
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The kinetic energy T, the potential energy V and the Rayleigh function of the system are given in the 
following equations (5) to (7) respectively: 
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In equations (6) and (7) jsu ,∆  and jru ,∆  are the elongations of the springs in the suspension system and 
in the springs modelling the wheels; their value is given by: 

 1,311, rms uaauu −−+=∆ ϕθ          2,322, rms uaauu −−−=∆ ϕθ  (8a,b) 

 3,423, rms uaauu −+−=∆ ϕθ          4,414, rms uaauu −++=∆ ϕθ  (8c,d) 

 jcjrjr uuu ,,, −=∆  (9) 

(a) 

(b) (c) 
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In equation (9) uc,j is the known displacement at the contact point between the wheel and the bridge, sum, 
at the point of coordinates (xj, yj= yj,0 + ct), of the pavement roughness r(yj) and of the bridge slab 
deflection ub(xj, yj, t). Having determined ∆ur,j and their first time derivatives, the contact forces 
transmitted by the vehicle to the bridge can be computed, sum of the spring and the damper contributions. 
In the numerical tests two different vehicle models have been considered, that are a 3D extension of the 
2D models presented respectively by Green and Cebon [8] and by Drosner [17]. The second model is the 
idealization of a Saurer 4DF 4x2 truck used in experimental tests by Cantieni [15]. In the following, the 
two models will be named GC and EMPA respectively; their mechanical characteristics are listed in the 
Appendix, considering active leaf springs. To model locked leaf springs the stiffness of active leaf springs 
is multiplied by 10000, obtaining for the EMPA vehicle natural frequencies that coincide with the ones 
reported in [15]. The natural frequencies of the two models, with active and locked leaf springs, together 
with a brief description of the corresponding mode, are listed in Table 3. 
 

Green-Cebon vehicle EMPA vehicle 

Mode description Active leaf 
springs 

Locked leaf 
springs 

Mode 
description 

Active leaf 
springs 

Locked leaf 
springs 

pitch  1.59 3.51 pitch +heave 1.56 3.12 
roll 1.62 3.58 pitch +heave 1.60 3.47 
heave, sprung mass and 
wheel masses move in the 
same direction 

3.18 6.75 roll 2.31 4.42 

axle hop with equal 
displacement of the front 
right and back left wheels 

23.87 1067.86 roll + front 
axle 9.04 384.76 

axle hop + pitch 23.89 1082.58 front axle hop 9.05 406.89 
axle hop+ roll 23.89 1083.17 rear axle hop 11.47 586.53 
heave, sprung mass and 
wheel masses move in the 
opposite direction 

23.93 1125.58 roll + rear axle 11.49 606.72 

Table 3: Natural frequencies [Hz] of the GC and EMPA vehicle models. 

 
4 The bridge at study 
 
The bridge at study in this work is a reinforced concrete (RC) highway viaduct of six simply-supported 
spans. In our study only a single span is modelled, since the six are all equal. The span at study, 
schematically depicted in Fig. 3, is composed of: (a) a slab, 30.3 m long, 15.48 m wide and having 
thickness of 0.25 cm, slightly decreasing towards the two sides; (b) three longitudinal prestressed RC 
beams, 30.3 m long, one at the centre of the slab and the others two symmetrically disposed; (c) two 
longitudinal RC beams, at the two sides of the slab; (d) and two transverse RC beams, at the two ends of 
the slab, of length 15.48 m, equal to the width of the slab.  
The span is supported on six elastomeric bearings (500x600 mm; rubber thickness is 38 mm), one below 
each end of the longitudinal prestressed beams. The Young’s modulus of the slab is E = 29.4 GPa; the 
prestressed concrete has a higher modulus, E = 39.2 GPa. The presence of a layer of sand and bitumen and 
of a layer of asphalt and sand contributes to the dead load with 1.62 kN/m2. 
A finite element model of the bridge span has been developed, on the base of the approximate cross-
section depicted in Fig. 4. Rectangular shell elements of uniform thickness have been adopted for the slab, 
thus neglecting the thickness variation taking place at the sides; the whole slab is described by 540 
elements, each 0.86m wide and 1.01m long. 
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Figure 3: Overall view of the bridge span at study. 

 
Beam elements have been adopted for all the beams, both longitudinal and transverse, accounting for the 
different position (along the vertical direction) between the centreline of the beams and the centreline of 
the slab, and maintaining the same spacing of the slab mesh. The horizontal bearings deformability is 
accounted for in the model, consistently with the findings of Kim et al. [18]; as it will be shown, the 
bearings deformability has a great influence on the modal analysis of the bridge. The vertical 
deformability of the bearings, however, is at present neglected.  
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Figure 4: Cross-section of the bridge span. 

 
A modal analysis has been performed on the numerical bridge model. The results, in terms of modal 
frequencies and periods, are listed in Table 4. The first three modes are connected to the bearings 
deformability. The first two, at a very close frequency value, represent a rigid body of the bridge over the 
bearings; the first one is in the transverse direction and the second one in the longitudinal direction. The 
third mode is the rotation around the vertical axis at the centre of the slab.  
 

Mode 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

Freq.[Hz] 1.234 1.244 1.883 3.117 3.342 4.796 8.334 9.454 9.587 12.10 12.57 13.25 13.53 13.95

Period [s] 0.811 0.804 0.531 0.321 0.299 0.209 0.120 0.106 0.104 0.083 0.080 0.075 0.074 0.072

Table 4: Results of the modal analysis of the numerical bridge model. 

 
The first mode involving the bridge deformability is the fourth one, at a period of 0.32 s; the modal shape 
resembles that of a simply supported beam and is depicted in Fig. 5a. Figures 5 b,c,d show the modal 
shapes for the fifth, sixth and seventh mode respectively; it can be observed that the modal shapes reflect 
the symmetry properties of both the bridge and the numerical model.  
The equations of motion of the bridge can be written in the standard form as: 

 ( )tsssssss Qqkqcqm =++ &&&  (10) 

where ms, cs and ks are the structure mass, damping and stiffness matrix respectively; qs and Qs are the 
nodal coordinates and load vector.  
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Figure 5: Modal shapes of the numerical model of the bridge; (a), (b), (c), (d): 4th, 5th, 6th, 7th mode. 

 

5 Description of the procedure WTH 
 
In this procedure the bridge and the vehicle are analysed separately over the whole time history, with the 
advantage of relying on general purpose computer codes for the bridge modelling and analysis. In 
principle both analyses could model non linear behaviour of the bridge and the vehicle, but it must be 
investigated in which cases the iteration algorithm can assure convergence. 
It is assumed that the position of the vehicle in the transverse x direction remains unchanged during its 
motion; the choice of this position is left to the analyst. The bridge is analysed under the time-dependent 
forces transmitted by the wheels: these vary for both the position in the longitudinal y direction and the 
intensity. In turn, input to the vehicle are the time histories of displacements and velocities at the contact 
points with the bridge. These are assumed to be equal to the sum of the bridge deflection and the 
roughness profile. The numerical procedure therefore requires an exchange of data between the bridge and 
the vehicle system through an interface program. The interface program must deal with two basic 
operations: 
1. based on the adoption of proper shape functions, the output contact forces at the wheels must be 

converted into forces acting on the bridge, at selected instants and at the appropriate nodes; 
2. the prescribed displacement and velocity time-history at each wheel of the vehicle must be obtained 

summing to the pavement roughness the deflections, selected at the proper time, of the appropriate 
position on the bridge. An interpolation process is necessary to determine these values from the nodal 
displacements. 

The preliminary steps of the procedure involve the creation of the FE model of the bridge and of the 
roughness profile, as shown in the previous paragraphs. The first approximation of the motion of the 

(a) 

(c) (d)

(b)
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vehicle is obtained considering a translation on a rigid uneven pavement, having the prescribed roughness 
profile, thus neglecting the bridge dynamic deflection; static bridge deflection could be added to the 
pavement roughness profile. The pavement length is longer than the bridge, so that the vehicle has proper 
initial conditions when it starts crossing the bridge. 
 

   

Vehicle module: 
determination of vehicle motion and forces Fk+1

Interface module: 
Contact forces Qk at the bridge nodes

FE code: 
bridge response 

Interface module: 
Displacements along vehicle trajectory

k =1 

erri<toli 
i = 1,4 

NO 

k = k+1 

STOP YES 

 

Figure 6: Iteration algorithm of procedure WTH  

 
The iteration procedure is described schematically in the flow chart in Figure 6. The dynamic analysis of 
the bridge response due to forces transmitted by the wheels is alternated with the dynamic analysis of the 
vehicle motion due to the sum of roughness profile and bridge displacements. In the present 
implementation, the former is performed making use of a modal superposition approach; aiming at a 
nonlinear analysis a direct step by step method could be equally used. The latter is based on a direct 
integration of the motion equations, adopting the Newmark method of the average acceleration. When 
stopped at the first iteration, the procedure WTH coincides with the so-called DNL method in [10]. 

Convergence checks are performed on the values assumed by contact forces at each wheel of the vehicle 
during the whole time history. At each iteration k and for each wheel a vector Ri is assembled, having 
dimension equal to the number N of time steps adopted to integrate the vehicle equations of motion. The 
vector Ri is defined as: 
 ( ) ( ) 411 ,..ik

i
k

ii =−= −FFR  (11) 

As a measure of the error on the i-th wheel, the root mean square of the vector Ri is assumed: 

 4,..11

1

2
, == ∑

=
iR

N
err

N

j
jii  (12) 

The error must be smaller than a tolerance toli equal to a fraction α of the static load Pi acting on each 
wheel: 

 41,..iPtolerr iii =⋅=≤ α  (13) 
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6 Description of the procedure STS 
 
As it was already stated, there is no theoretical proof of the convergence for the numerical procedure 
named WTH. For this reason a second procedure, named STS, has been devised and is currently under 
development and implementation. Furthermore, this procedure is sufficiently general to be extended to the 
case of non linear behaviour for the bridge or the vehicle. As in the procedure WTH, separate systems are 
considered for the bridge and the vehicle; each of them, implemented in a separate module of a computer 
code, has its own structural matrices and equations of motion. An interface module allows the exchange of 
data (forces and displacements) between the two system modules.  
The bridge is analysed under the forces transmitted by the vehicle; its equations of motion, given by (10), 
are written in incremental form and directly integrated making use of a step-by-step procedure within the 
Newmark’s method, without adopting any modal reduction. In this case, a damping matrix is needed; the 
simplest choice is to adopt a Rayleigh damping, leading, for the first two normal modes, to the same 
damping ratio adopted in procedure WTH. With a more refined choice, as proposed by Fogazzi and 
Perotti [19], a banded damping matrix could be derived so that the modal damping ratios coincide, for the 
normal modes considered, with those adopted by procedure WTH. The deflection of the bridge under the 
dead load can be computed before starting the dynamic analysis; the increment of displacements produced 
by the moving vehicle are then measured from the static configuration.  
The equations of motion for the vehicle, subjected to a prescribed input motion at the base of the four 
wheels, are based on Equation (4) and are identical to those of procedure WTH; a direct integration based 
on a step-by-step procedure is performed in this case too. Since the numerical integration for the two 
systems is performed at the same time, the time step must be chosen so that the requirements for stability 
and precision of the algorithm are satisfied for both the systems.  
As in the procedure WTH, the vehicle moves on a rigid roughness profile before entering the bridge. 
When the vehicle is on the bridge, the solution in terms of contact forces and bridge displacements is 
sought at the end of each time step. The iteration process is thus performed keeping the vehicle in its final 
position; the values of displacement and velocities of the bridge at the end of the previous time step will 
be assumed as first attempt values (iteration j=1) for the motion at the vehicle base. At the time k∆t the 
following steps must be performed: 
1. Vehicle module: for j=1 the vehicle position at the end of time step is determined. The equations of 

motions are solved, for the prescribed displacement and velocities c,jj,c , uu &∆∆  (9) at the contact 
points. For each time step, these are the sum of a constant part due to the pavement roughness, and of 
a variable part, due to the bridge response. The latter, for j=1, has the value obtained at the end of the 
previous step, at time (k -1)∆t. The contact forces k

jF  transmitted by the vehicle are determined. 

2. Interface module: the contact forces are transformed in nodal forces increments at the bridge nodes 
directly affected by the vehicle motion: k

j
k
j QF ∆→ . 

3. Bridge module: the bridge response due to nodal forces increments is determined, as nodal 
displacement and velocities increments: jsjs qq ,, , &∆∆  

4. Interface module: the velocities and displacement increments of the bridge points affected by the 
vehicle motion are determined as 11 ++ ∆∆ c,jj,c , uu & . 

The iteration process is then repeated up to point 2. After point 2 a convergence check is performed on the 
value of the nodal forces increment. When the norm of the vector k

jQ∆  is smaller than a prefixed value 
the iteration process is stopped, the relevant variables are updated and a new time step can be performed.  
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7 Results 
 

7.1 Validation example 
 
The case of constant moving forces has been considered in order to check the procedure WTH. At the first 
iteration, in absence of both roughness and bumps, the vehicle transmits only its self-weight to the bridge 
through its wheels. Subsequently, at the end of the first iteration, the bridge deflection is due to the 
constant travelling forces transmitted by the wheels. Two cases were compared, assuming the bridge 
bearings to be rigid: the case WTH-1, that considers the GC vehicle travelling at the centre of the roadway 
at a speed c = 10 ms-1 and the case WTH-2, that considers the same vehicle but with parameters a1 and a2 
fictitiously set to 0 m and 2 m respectively, so that the sprung mass M loads only the front wheels and a 
close approximation to the case of a single moving force is obtained; the vehicle speed is unchanged.  
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Figure 7: Midspan deflection of the bridge (constant travelling forces). 

 
The numerical results are compared with the analytical solution of Fryba [20] for a moving force, 
travelling at a constant speed along a simply supported beam whose length is equal to the span of the 
bridge. In the analytical solution, the force, moving at the velocity of the vehicle, is equal to its total 
weight and the beam’s flexural stiffness, EJ=6.08x107 kN m2, is equal to the stiffness of the bridge cross-
section. In Figure 7 the midspan deflections of the bridge are compared: the analytical beam model 
overestimates the flexural stiffness of the bridge, however both the analytical and the WTH-2 numerical 
solutions show oscillations corresponding to the first flexural frequency of the bridge; in the case WTH-1 
the axle spacing frequency, fa=c/(a1+a2)=5Hz, attenuates such oscillations. 
 

7.2 Discussion of results 
 
The results here presented are obtained with the procedure WTH. The model of the bridge on rubber 
bearings described at paragraph 4 is considered, including up to 90 modes (f90=78.96 Hz), with a uniform 
damping ratio equal to 2%. In the following, with the vehicle at the centre of the roadway, the influence of 
roughness, mass, speed of the vehicle and behaviour of the suspension system are investigated, assuming 
in all the analyses the tolerance equal to toli=0.002Pi and the position of the vehicle at the roadway centre.  
To assess the influence of roughness, the bridge motion is analysed for a single type of vehicle and a 
unique value of its speed. Only the roughness profile is varied, considering the EC1 A-B and B-C 
roughness spectra listed in Table 1, the Marcondes spectrum with set 1 parameters listed in Table 2, the 
case of a perfectly smooth pavement and the presence of a bump, with maximum height 16 mm and length 
78 cm, modelled with half-sinusoidal shape, placed at the entrance of the vehicle on the bridge span.  
Only one iteration is needed for the EMPA vehicle with active leaf springs travelling at a speed of 10 ms-1, 
in case of a smooth pavement, while for all the other aforementioned pavements only two iterations are 
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needed to converge. Figure 8 compares the midspan deflections of the bridge obtained with procedure 
WTH (Fig. 8a) with the ones obtained considering only one iteration (Fig. 8b) as in the DNL method. In 
absence of iterations the oscillations are slightly overestimated. 
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Figure 8: Effect of roughness, midspan deflection of the bridge: 

a) procedure WTH; b) procedure WTH without iterations. 
 

In Figure 9, the forces transmitted by the front wheels with the roughness profiles EC1 B-C and EC1 A-B 
are compared. Due to the symmetry of the problem, the time history of the left and right wheel contact 
forces overlap; the greater excursion of forces intensity in case of good to medium pavement can be 
observed. 
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Figure 9: Forces transmitted by the front wheels, EMPA vehicle, active leaf springs, c=10 m s-1: 

a) EC1 B-C roughness profile; b) EC1 A-B roughness profile. 
 

With the same vehicle model and roughness profiles, the effect of the speed of the vehicle is illustrated in 
Figure 10. Three different velocities are considered, i.e. 10, 20, 30 m s-1 (36, 72 and 108 km/h). The 
midspan deflections of the bridge are plotted versus time in the case of a smooth pavement (Fig. 10a) and 
in the case of roughness profile EC1 B-C (Fig. 10b). If the pavement is smooth, the increase of the 
velocity of the vehicle causes a slight increase of the maximum displacement; the opposite is true in case 
of roughness profile EC1 B-C. In the latter case, at a speed of 10 m s-1, the maximum deflection occurs 
when the vehicle is almost at the midspan of the bridge; increasing the speed, the maximum deflection of 
the bridge occurs when the vehicle has passed the midspan. Only two iterations at most are needed to 
achieve convergence. In fact, the frequency ratio )2/(1 LcT=α , where T1 is the first bending period of the 
bridge and L its span, is at most equal to 0.158 at the highest speed considered; this contributes to explain 
why a reduced interaction occurs between the bridge and the vehicle. The presence of roughness produces 
a free oscillation of the bridge of larger amplitude, with the contribution of higher modes. 

(a) (b)

(a) (b)
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Figure 10: Effect of speed vehicle, midspan deflection of the bridge:  

EMPA vehicle, active leaf springs: a) smooth pavement; b) EC1 B-C roughness profile. 
 

The effect of changing the type of vehicle (EMPA or GC) and the influence of stiffening, for each vehicle, 
the springs of the suspension system, is investigated keeping fixed the velocity of the vehicle (30 m s-1) 
and considering a perfectly smooth pavement. In Figure 11a the midspan deflection of the bridge vs. time 
is shown. For the EMPA vehicle, the stiffening of the leaf springs has no influence on the bridge midspan 
deflection, while in the case of the GC vehicle a slight effect can be detected. For both vehicles contact 
forces show a higher frequency content when the suspension system is “locked”. 
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Figure 11: Effect of vehicle type:  a) Midspan deflection of the bridge; b) convergence behaviour.  

 
In Figure 11b the convergence behaviour of the 4 cases considered in Figure 11a is analysed; for each case 
the maximum error, max(erri/Pi), i=1,4 is plotted vs. the iteration number. Only a limited number of 
iterations is needed. Stiffening the suspension system causes an increase in the number of iterations 
needed to reach the prescribed tolerance. The mass ratio (total mass of the vehicle divided by total mass of 
the bridge) is equal to 2.45 x 10-2 for the EMPA vehicle and to 5.84 x 10-2 for the GC vehicle. Due to its 
larger mass, the GC vehicle needs a higher number of iterations than the EMPA vehicle to achieve 
convergence. The error keeps decreasing for the EMPA vehicle and for the GC vehicle with active leaf 
springs. 
 

8 Conclusions 
 
Two different iteration procedures in time domain, based on the adoption of separate and decoupled 
mechanical models for the vehicle and the bridge, have been presented. The procedure WTH iterates on 
the whole time history and the procedure STS on the single time-step.  

(a) (b)

(a) (b)
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A preliminary investigation of the procedure WTH has been performed. The effect of speed, mass of the 
vehicle and roughness profile are investigated. The numerical analyses confirm that the roughness profile 
has important effects. A fast convergence is assured in many cases of practical interest. The convergence 
properties of the procedure depend on the parameters influencing the dynamic interaction between the 
bridge and the vehicle, i.e. the ratio between the vehicle and bridge masses and the stiffness of the 
suspension system. The performance of the procedure WTH appears very good for the cases at study; 
these, even though limited to one bridge and two vehicles, encompass a 3D modelling for both the 
elements and are an important benchmark for the proposed procedure. 
Further studies will address in a more complete way the convergence properties of procedure WTH; the 
comparison with the procedure STS will be helpful, especially if non linear behaviour of the vehicle is 
included, with special reference to leaf springs behaviour, as pointed out in [15]. It is of interest to extend 
the analyses: (a) to multiple vehicles, with more than two axles as those listed in EC1 [12], to study in 
greater detail fatigue actions on bridges; (b) to real roughness profiles; (c) to account for the vertical 
deformability of rubber bearings.  
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Appendix  
 
Parameters for the Green-Cebon vehicle model: 
a1 = a2 = 1. m   B= 1.70 m 
M (sprung mass) = 36 t  mr,1= mr,4 (rear wheels) = 1 t  mr,2= mr,3 (front wheels) = 1 t 
JB (rolling) = 100 t m2  JA (pitching) = 144 t m2 
ks,1= ks,4 (rear leaf springs) = 4500 kN m-1  ks,2= ks,3 (front leaf springs) = 4500 kN m-1 

kr,1= kr,4 (rear wheels) = 18000 kN m-1   kr,2= kr,3 (front wheels) = 18000 kN m-1 
cs,1 = cs,4 (rear leaf springs) = 36 t s-1   cs,2= cs,3 (front leaf springs) = 36 t s-1 
cr,1 = cr,4 (rear wheels) = 36 t s-1    cr,2=cr,3 (front wheels) = 36 t s-1 
 
Parameters for the EMPA vehicle model: 
a1 =  3.221 m   a2 = 1.079 m    B = 1.70 m 
M (sprung mass) = 14.780 t mr,1= mr,4 (rear wheels) = 0.6 t  mr,2= mr,3 (front wheels) = 0.4 t 
JB (rolling) = 5 t m2  JA (pitching) = 51.4 t m2 
ks,1 = ks,4 (rear leaf springs) = 735 kN m-1  ks,2 = ks,3 (front leaf springs) = 215 kN m-1 

kr,1 = kr,4 (rear wheels) = 2362 kN m-1   kr,2 = kr,3 (front wheels) = 1071 kN m-1 
cs,1 = cs,4 (rear leaf springs) = 17.009 t s-1   cs,2 = cs,3 (front leaf springs) = 17.009 t s-1 
cr,1 = cr,4 (rear wheels) = 3.765 t s-1   cr,2 = cr,3 (front wheels) = 1.780 t s-1 
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Abstract 
 
The reduction of inadmissible vertical vibrations in railway bridges under resonant conditions due to the 
circulation of High Speed trains by means of Fluid Viscous Dampers is the main topic of this research. An 
orthotropic finite element model is used to simulate the deck dynamic behaviour and modes other than the 
flexural plane ones which contribution may not be neglected in multi-track and skewed bridges are 
accounted for. The aim of the investigation is to prove that the resonant response of the bridge may be 
drastically reduced with this type of devices and to provide some insight regarding the selection of the 
optimal retrofit design. First, the optimal parameters for the dampers which minimise the bridge deck 
dynamic response associated to a certain mode are obtained in closed form under harmonic excitation. 
Afterwards the adequacy of these optimal expressions to real bridges subjected to railway traffic is 
demonstrated over a wide range of circulating velocities. Finally the bare and optimally retrofitted bridge 
performances are compared and the effectiveness of the proposed solution is shown. 
 

1 Introduction 
 
The dynamic performance of railway bridges due to the passing of High-Speed trains has become an issue 
of main concern for many scientists and engineers in the last decades. The main reason is the extensive 
construction of new High-Speed lines and the use of old lines for higher operating train velocities. Higher 
design velocities may lead to resonant phenomena, especially in short simply supported bridges. In a 
railway bridge, resonance occurs when the time interval between two axles of the train passing over a 
certain section of the bridge is a multiple of one of its natural periods. As the train velocity approaches the 
resonant one, a dynamic amplification of the structural response may be expected and in particular 
inadmissible vertical accelerations occur on the bridge deck that may cause passengers discomfort, a 
reduction of the service life of the bridge, ballast deconsolidation, and the subsequent risk of derailment.  
Therefore, it becomes essential to reduce the excessive vibration in such bridges under the circulation of 
trains. For this purpose, the possibility of increasing the overall structure damping with passive energy 
dissipation devices is evaluated. In particular, the retrofit with linear Fluid Viscous Dampers (FVDs) to be 
installed underneath the bridge deck using an auxiliary steel structure was already proposed by the authors 
in the recent past [1]. As it was demonstrated, the inclusion of these devices enabled the structure to 
dissipate enough energy to reduce the bridge dynamic amplification below acceptable performance levels. 
Despite the fact that vibration control systems have been applied to reduce the dynamic response of 
structures since the 1960s, only a few authors have addressed the practical application of this technology 
to bridges under the action of moving vehicles. In reference [1] a description of the works published in the 
recent past in this regard was included. 
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The authors’ contributions as of today concerning this issue were based on two-dimensional models of the 
bridge. Therefore, only flexural modes contributions were accounted for and conclusions were limited to 
non-skewed single-track bridges. Under this circumstances, a three dimensional study is needed in order to 
realistically prove the proposed retrofitting system efficiency when three-dimensional modes of the deck 
may not be neglected. This is typical in bridges with close flexural-torsional first natural frequencies, 
under eccentric traffic or in skewed configurations. As short simply supported bridges (12 m – 25 m span) 
may experiment quite high deck vertical accelerations under resonance conditions, and since these 
structures are build in many practical situations by means of prestressed concrete slabs, T-beam decks and 
slabs stiffened with ribs among other typologies which dynamic behaviour is quite close to be orthotropic, 
an orthotropic plate model has been programmed based on the Linear Varying Curvature triangular plate 
finite element (Felippa [2], Clough and Tocher [3]) and will be used for this purpose. 
The dynamic behaviour of plates under moving loads has been addressed by many researchers following 
an analytical approach (see Fryba [4], Zhu and Law [5], Yagiz and Sakman [6]) as well as a numerical 
approach (Humar [7], Taheri [8] among others) but to the authors knowledge, none of these contributions 
fully study the resonant phenomena of modes of the bridge deck other than the flexural ones under the 
circulations of load trains. This aspect has been addressed by Wu and Yang [9] and Ju and Lin [10] but in 
their works the bridge deck was modelled as a three dimensional beam and not as a plate. 
 

2 Proposed retrofit configuration 
 
The proposed dissipative system, consists of (i) a set of auxiliary simply supported beams which, in 
typical applications, will be placed underneath the bridge deck and (ii) a set of FVDs linking the vertical 
motion of the slab and that of the auxiliary longitudinal elements. 

 
Figure 1: Proposed retrofitting system in a concrete slab and girders deck 

Figure 1 shows a possible configuration of the retrofitting system installed in a double-track railway 
bridge with a concrete slab and girders deck typology. Each damper links the vertical motion of the lower 
side of the slab and the lower flange inner side of an auxiliary beam with rectangular hollow cross-section. 
The auxiliary beams are simply supported on the abutments at the outermost sections of the bridge. 
 

3 Problem formulation and governing parameters 
 

3.1 Partial Differential Equation (PDE) of motion of a rectangular SSFF 
orthotropic plate subjected to moving loads 

 
The PDE of motion of a rectangular orthotropic plate, being the principal directions coincident with the x- 
and y- axes, simply supported on the edges x = 0 and x = L and free on y = 0 and y = b (SSFF) subjected to 
transverse loads moving along the straight line y = yP may be expressed as (see Huffington [11]) 
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( )
4 4 4 2

4 2 2 4 22 , ,x y
w w w wD H D m q x y t

x x y y t
∂ ∂ ∂ ∂

+ + + =
∂ ∂ ∂ ∂ ∂

        (1) 

being w(x,y,t) the transverse displacement of any point (x,y) of the plate at time t positive in the z = x × y 
direction, m  the mass density of the plate per unit of area, q(x,y,t) the distributed load per unit of area at 
time t positive if directed along z and the orthotropy constants being given by 

( )
3

12 1
x

x
x y

E hD
ν ν

=
−

  
( )

3

12 1
y

y
x y

E h
D

ν ν
=

−
 

1 22 xy yxH D D D D= + + +    3 6xy yx xyD D G h= =    1 x yD Dν=     (2) 

where E, ν and G stand for the Elastic modulus, Poisson’s ratio and Shear modulus in the principal 
directions of orthotropy x- and y- respectively and h is the plate thickness. If (i) the deformed shape of the 
plate is expressed by modal superposition as 

( ) ( ) ( )
1 1

, , ,
m nN N

ij ij
i j

w x y t t x yξ
= =

= Φ∑∑            (3) 

where each pair ij defines a mode shape normalised for unit maximum deflection and being ξij the modal 
amplitude associated to the mode Φij ; (ii) the loads are represented by Dirac Delta functions acting at x = 
Vt-dk and y = yP, where V is the train speed and dk is the distance from the kth load to the beginning of the 
bridge at t=0 

( ) ( )( ) ( )
1

, ,
PN

k k
k k P

k

d d Lq x y t H t H t P x Vt d y y
V V

δ δ
=

⎛ ⎞+⎛ ⎞ ⎛ ⎞= − − − − − − −⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

∑     (4) 

where NP is the total number of axle loads, Pk is the value of the kth load and H(t-t0) is the Heaviside unit 
function acting at time t0; and (iii) as the modes of rectangular plates with SSFF boundary conditions are 
not strictly orthogonal (see Blevins [12]), from now on Φij are supposed to be approximated by orthogonal 
beam mode shapes products following the Rayleigh method. If (i)-(iii) applies, introducing Equations (3) 
and (4) into Equation (1), multiplying by the mnth mode shape and integrating over the area of the plate, 
the mnth modal uncoupled amplitude DE is obtained. In addition, if damping associated to mode mnth is 
introduced the damped modal equation of motion is expressed as 

( ) ( ) ( ) ( )22 mn
mn mn mn mn mn mn

mn

f t
t t t

M
ξ ζ ω ξ ω ξ+ + =           (5) 

being fmn and Mmn the mnth modal force and modal mass respectively 

( ) ( )
1

,
PN

k k
mn k mn k P

k

d d Lf t H t H t P x Vt d y y
V V=

⎛ ⎞+⎛ ⎞ ⎛ ⎞= − − − − Φ = − =⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

∑       (6) 

( )2

0 0

,
L b

mn mnM m x y dy dx= Φ∫ ∫              (7) 

where over-dots indicate differentiation with respect to time and ωmn is the mnth circular frequency in 
rad/s which may be obtained for this particular boundary conditions from the frequency equations (see 
Warburton [13]). 
 

3.2 Modal DEs of motion of the retrofitted plate 
 
Let be considered now the inclusion of the auxiliary beams and the connexion of these elements to the 
orthotropic plate through the FVDs. If a distribution of FVDs is installed connecting points of the slab 
aligned along B B

Dy y=  with corresponding sections of an auxiliary beam aligned along B
Dy  as well as it is 

DYNAMIC BEHAVIOR OF CIVIL STRUCTURES 1197



shown in Figure 2a, Equation (5) may be suitably modified in order to include the dampers forces. On the 
other hand a similar modal equation for the auxiliary beam only subjected to the FVDs forces may be 
obtained as in [1]. The resulting DEs for the mnth mode of the slab and the lth mode of the auxiliary beam 
can then be expressed as follows 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
m

2

,
1

2

,
1

,
1 1
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d d Lf t H t H t P Vt d y
M V V

ξ
=

=

⎛ ⎞+⎛ ⎞ ⎛ ⎞= − − − − Φ −⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

∑

∑

  (8) 

In Equation (8) superscripts and subscripts B and b indicate magnitudes associated with the slab and 
auxiliary beam respectively. Also, ND is the total number of FVDs, and CDk is the constant of the kth 
damper. The location of the kth damper is designated by B

Dkx  along the XB axis of the slab, and with b
Dkx  

along the Xb axis of the auxiliary beam. Finally, wrel,k(t) is the relative vertical displacement of 
corresponding sections of the beam and the slab. From Equation (8) it can be seen that when the modal 
system of equations is written in matrix form, the load term associated to the forces exerted by the FVDs 
gives rise, in general, to a full damping matrix and hence a coupled system of differential equations. 

 
Figure 2: (a) Retrofitted plate scheme and nomenclature (b) equivalent damper assuming one modal 

contribution for the auxiliary beam and the slab 

 

3.3 Nondimensional formulation of the retrofitted system under harmonic 
excitation 

 
As the attention of this paper is focussed on the reduction of the resonant response of the slab, the system 
shown in Figure 2a will be first analysed under the action of a harmonically time varying force. This kind 
of excitation captures the essential features of the system response at resonance. 
If the plate mode shapes are approximated using the Rayleigh method as the product of beam functions 
having the boundary conditions of the plate in the x- and y- directions, in the SSFF case, each mode shape 
may be written as the product of two functions ( ) ( ) ( ),B B B B B B B

mn m nx y X x Y yΦ = . 
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Let´s assume that only one mode of the slab undergoes resonance when excited by the train of moving 
loads and that this mode is composed by one half sine wave in the x-direction, that is m=1 

1
1sin

B
B
m

B

xX
L
π

=

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
              (9) 

for any B
nY . If the slab and auxiliary beam mid-span sections coincide, the slab will tend to excite the 

movement of the beam through a symmetric distribution of damper forces and the beam may then be 
analysed in a first approach by taking into account the sole contribution of its first bending mode. The 
assumption of considering only one mode contribution for each element at resonance will be numerically 
verified later. From now on, equal lengths and vertical alignment of the auxiliary beam and the slab so that 
LB = Lb = L and B b

Dk Dk Dkx x x= =  for k = 1, 2, ... ND is assumed. In this particular situation any number of 
FVDs distributed along B

Dy  can easily be transformed into a single equivalent FVD at the mid-span 
longitudinal coordinate as in Figure 2b with an equivalent constant  

2

1
sin

DN
Dk

D Dk
k

xC C
L

π
=

⎛ ⎞= ⎜ ⎟
⎝ ⎠

∑               (10) 

Under these circumstances, being the complete system subjected to a harmonically varying force applied 
at x = L/2, B B

Py y= , dynamic behaviour of the slab governed by one mode with one half sine wave in the 
x- direction and of the auxiliary beam governed by its first flexural mode correspond to that of a two DOF 
system as the one shown in Figure 3b where the DOFs 1

B
nψ  and 1

bξ  are the modal amplitudes of the slab 

and auxiliary beam respectively once applied the variable transformation ( ) ( ) ( )1 1
B B B B
n n D nt Y y tψ ξ= . The 

variable 1
B
nψ  is then the vertical displacement of the damper connexion point between the damper and the 

slab. 

 
Figure 3: (a) Slab and auxiliary beam linked by means of equivalent FVD subjected to harmonic 

excitation (b) two DOF equivalent system 

being 

( )
1

1 2

B
B n
n B B

n D

M

Y y
=M                (11) 

The nondimensional system of coupled equations governing the dynamics of the two DOF system is 
presented in Equation (12) in matrix form 

DYNAMIC BEHAVIOR OF CIVIL STRUCTURES 1199



( )
( ) ( )

( )
0

21 1 1 1
1 1 2 1

1 1 1 1

cos
1 0 1 0

2
0 0

0

B B
n P fB B B B

B Bn n D D n n B B B
n nb b b b n n D

D D

P Y y t

Y y

ω
ψ ζ ζ ζ ψ ψ

ω ω
µ η µξ ζ ζ ηµ ζ ξ ξ

⎛ ⎞−
⎜ ⎟⎛ ⎞ ⎡ ⎤⎛ ⎞ ⎛ ⎞+ −⎡ ⎤ ⎡ ⎤

+ + = ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎢ ⎥ ⎢ ⎥− +⎣ ⎦ ⎣ ⎦⎝ ⎠ ⎣ ⎦⎝ ⎠ ⎝ ⎠ ⎜ ⎟⎜ ⎟
⎝ ⎠

M (12) 

being 

1 1
b B

nη ω ω=       1
B

f nω ωΩ =       1 1
b B

nMµ = M      ( )1 12 B B
D D n nCζ ω= M      (13) 

where 1
B
nω  and 1

bω  are the slab and auxiliary beam circular frequencies; 1
B
nζ  and 1

bζ  the corresponding 

damping ratios and 1
B
nM  and 1

bM  the modal masses; Also P0 and ωf  are the amplitude and forcing 
frequency of the excitation respectively.

 If resonance is induced by a train of a large number of loads (as it is the case with High-Speed trains), the 
maximum response will occur in the steady-state vibration stage. Therefore, the homogeneous or transient 
solution of Equation (12) is neglected, and only the steady-state response of the two DOF system is 
analysed. The forced or steady-state solution may be obtained as 

 

( )
( )
( )

0
121

1
1

0

B B
n PB

n B B B
f fb n n D

P Y y
i Y y

ψ
ω ω

ξ
−

⎛ ⎞
⎜ ⎟−⎛ ⎞

= − + + ⋅ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎜ ⎟⎜ ⎟

⎝ ⎠

M C K M
          

(14) 

where 1
B
nψ  and 1

bξ  are complex amplitudes and M, C and K the mass, damping and stiffness modal 
matrices from Equation (12). The modulus of 1

B
nψ  and 1

bξ  leads to the amplitude of the response. In order 
to obtain a dimensionless representation, two modal amplifications are defined by dividing these 
amplitudes by the plate static deflection caused by the concentrated load P0 at its application point 

( ) ( )( )( )
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n P n n D n
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PY y Y y
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0 1 1
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b

B B B B B B
n P n n D n

A
PY y Y y

ξ

ω
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M
   (15a,b) 

After some algebraic manipulation, the amplifications are solved 
 

( ) ( )2 22 2 2 2
1

1 2 2 2

4

4

b
DB

nA
E F

ζ ηµ ζ µ ηΩ + + −Ω
=

+ Ω
    1 2 2 2

2
4

b DA
E F

ζΩ
=

+ Ω
      (16a,b) 

( )( ) ( )( )( )2 2 2 2 2
1 11 4 B b

D n D DE µ η ζ ζ ζ ζ ηµ ζ= −Ω −Ω + Ω − + +        (16c) 

( )( ) ( )( )2 2 2
1 11 b B

D n DF ζ ηµ ζ µ ζ ζ η= −Ω + + + −Ω          (16d) 

The slab modal acceleration is also of great interest because of its relation to ballast stability. In the steady 
state the amplitude of the deck acceleration 1

B
na  is 

( )
( )

2 20 1
1 1 2

1

B BB
n PB B n

n n f B B B
n n D

Y yP Aa
Y y

ξ ω= = Ω
M

            (17) 

Equations (16 a,c,d) show that the amplification of the slab response, 1
B
nA  associated to a certain mode 1n, 

depends on the following six parameters: Ω, η, µ, ζD, 1
B
nζ  and 1

bζ . Additionally, from Equation (17) it can 
be seen that the modal acceleration of the slab is inversely proportional to the modal mass 1

B
nM . The 

behaviour of the system in terms of these parameters is analysed in detail in the following section. 
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3.4 Parametric plots 
 

Once the problem formulation has been presented, a few plots of the bridge slab amplification versus Ω in 
terms of the governing parameters are included in order to fully understand how the slab response is 
affected by them. This same procedure was employed in the two dimensional analysis performed by the 
authors [1] and the conclusions derived from it may be extrapolated to the tree-dimensional case as it will 
be shown. In all the plots in Figure 4 except for 4f, the structural damping ratios of the slab and the 
auxiliary beam are 2% and 0.5% respectively. 
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Figure 4: 1

B
nA versus Ω for different values of η, µ, ζD, and 1

bζ  

 
Figures 4a-b show the dynamic amplification of the slab associated to mode 1n for different values of the 
supplemental damping ratio ζD. In both graphs, the mass ratio µ equals 0.1. When the damper constant 
equals zero, there is no interaction between the slab and the auxiliary beam and the former modal 
amplitude corresponds to the response of a single DOF system subjected to a sinusoidal excitation. In such 

case the maximum amplification occurs at resonance, i.e. when ( )2

11 2 B
nζΩ = − . As the damper constant 

CD increases and so does ζD, the maximum response decreases and the value of Ω for which resonance 
occurs (ΩR in what follows) shifts sideways depending on the value of the frequency ratio; if η is greater 
than one, as in Figure 4a, ΩR increases, and if η is lower than one as in Figure 4b, ΩR decreases. The 
maximum resonant amplification reduces monotonically with ζD until a minimum value is reached, and 
increases again if the damper constant keeps increasing. Consequently, for a certain value of η (i.e. for a 
particular auxiliary beam, because the slab may be regarded as a fixed input to the problem) there is a 
value of the damper constant which leads to the minimum value of the maximum, or resonant response; 
this minimum maximum occurs at a forcing frequency ratio which value depends on η. 
For the sake of brevity the remaining figures are not commented in detail but the main conclusions 
extracted from the parametric analysis are: (i) once the geometry and mass of the auxiliary beam are 
selected so that η and µ are defined, there is an optimum value of the damper constant which leads to the 
minimum maximum of the response of the slab in a certain mode, (ii) for the effectiveness of the 
retrofitting system, η should be greater than one, (iii) there are not optimal values of η and µ, or in other 
words, the dissipation capacity of the system increases with increasing values of any of these two 
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parameters. The design strategy should be to select the smallest auxiliary beam such that with its 
associated optimal damper provides enough energy dissipation to achieve the desired bridge performance. 
Finally, as the nondimensional ratios defined in (13) depend on 1

B
nM  and as this parameter is a function of 

the plate modal amplitude at the equivalent damper position in y-, the plate response depends on the 
equivalent damper location in the y- direction. Figure 5 shows the bridge amplification associated to six 
particular modes: m=1, n=[1,6] versus Ω and B

Dy b . 
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Figure 5: 1

B
nA  versus Ω and damper position in y- B

Dy b  for n = [1,6] 

The maximum bridge response happens when ( ) 0B B
n DY y =  because in that case the damper is attached to 

the slab at a node (point of null amplitude) hence no energy is dissipated in the FVD. The modal 
amplitude at resonance tends to 25 which equals the peak value in Figure 4a because the same numerical 
values of the parameters have been used to create the plots. The closer the damper position is to the 
maximum modal amplitude the more effective the retrofitting will be when it comes to reducing the 
resonant response in a certain mode of the bridge. All the plots included in Figure 5, correspond to the 
following values of the nondimensional parameters: 

1 0.02B
nζ = , 1 0.005bζ = , 1.9η = , ( )( )2

0.1 B B
n DY yµ =  and ( )( )2

0.11 B B
D n DY yζ =  

 

4 Retrofitting system optimisation 
 

In this section, the optimal value of the supplemental damping ζD is presented. From the works of the 
European Rail Research Institute [14] it can be concluded that damping ratios in modern railway bridges 
are usually small, of the order of 1% or 2%, or even smaller in composite or metallic bridges. Therefore, 
in most practical cases an approximated solution to the problem can be obtained by assuming that 
structural damping is negligible in comparison with the energy dissipation introduced by the external 
FVD. This hypothesis allows a closed form expression of the optimal value of ζD to be derived. The 
subsequent numerical examples will prove the soundness of this approach. Figure 6 shows the bridge 
amplification associated to any mode 1n versus the nondimensional excitation frequency Ω for several 
values of the external damping ratio ζD (a) considering structural damping in both slab and auxiliary beam 
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and (b) neglecting it. When structural damping is neglected, the bridge modal amplification at the Ω 
corresponding to the minimum maximum is independent of the external damping ζD. 
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Figure 6: 1
B
nA  vs. Ω for several values of ζD. (a) 1 10.02 0.005B b

nζ ζ= =  (b) 1 1 0B b
nζ ζ= =  

 
From this last condition it is possible to obtain closed form expressions of the optimal value of the external 
FVD damping ratio that minimises the bridge amplification 

1, nD Aζ ∗  and the maximum bridge vertical 

acceleration 
1, nD aζ ∗  

( )
1

2

, 2 2 2 2 3 2

1

4 6 2 2 3nD A

η µ
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µ µ µη µ η µ η
∗

−
=

+ + + + +    
( )

1

2

, 2 2 2 2 4 3 4

1

4 2 6 3 2nD a

η µ
ζ

µ µη µ η µ η µ η
∗

−
=

+ + + + +
(18a,b) 

Substituting the damping ratios given by Equations (18a) and (18b) into the definition of Dζ  defined in 
Equation (13), the associated optimal damper constants are obtained when structural damping is neglected. 
Equations (18) along with Equation (13) provide optimum equivalent dampers for a particular auxiliary 
beam. These dampers are related to a particular longitudinal distribution of FVDs assuming that the slab 
behaviour is governed by just one mode with a half sine wave in the longitudinal direction m=1 and the 
auxiliary beam is governed just by its first flexural mode. The optimal distribution of FVDs along the 
beam has not been analysed in this paper and should be studied as part of a future research. 
 

5 Numerical evaluation 
 
In this section the proposed design methodology is evaluated for its application in a multi-track simply 
supported bridge traversed by High-Speed trains. The optimal dampers are selected applying Equations 
(18a-b) and the retrofit adequacy for the suppression of the bridge resonant response is proven. 
 

5.1 Case study and bridge deck numerical model 
 
The railway bridge under consideration is shown in Figure 7 and consists of a 16 m length per 12 m width 
and 0.3 m thickness concrete slab supported by 10 concrete girders. 
Table 1 gathers the main features of the real bridge as well as the orthotropic constants used in the 
numerical model. In Table 1 A stands for the girders cross section area and Ix, Iy and J for the x-, y- and 
polar moments of inertia respectively; α stands for the skew angle and m for the total mass per unit length 
of the bridge. 
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Figure 7: Bridge deck cross section 

 
Girders properties Slab properties Orthotropic constants 

A (mm2) 4 105 L (m) 16 Dx (N m) 3.03486 109 
Ix (mm4) 4.93 1010 b (m) 12 Dy (N m) 5.81745 107 
Iy (mm4) 1.18 1010 bball (m) 10.25 D1 (N m) 1.16349 107 
J (mm4) 3 1010 h (m) 0.3 D2 (N m) 1.16349 107 
dgirders(m) 1.2 m (kg/m) 28766 Dxy (N m) 3.05093 108 
G (MPa) 10342.14 α 0º Dyx (N.m) 4.65396·107 

Table 1: Bridge deck main features and numerical model orthotropic constants 

 
The numerical model programmed by the authors specifically for this application, simulates the slab and 
original deck girders by means of Linear Varying Curvature 12 DOF triangular plate finite elements  with 
orthotropic behaviour. Two type of triangular elements with different mass densities and organized in 
longitudinal stripes have been used in order to distribute the rails, sleepers and ballast masses over the 
central portion of the slab (from y=1.25m to y=10.75m). On the other hand, the auxiliary beams are 
modelled as two-dimensional Euler-Bernoulli beams and the FVDs which are supposed to be pure (no 
added stiffness) and linear, are included in the overall damping matrix coupling the velocities of the slab 
and auxiliary beams vertical degrees of freedom. 
The first natural frequencies and mode shapes of the deck obtained from the FE model are gathered in 
Figure 8. Table 2 shows a comparison between the natural frequencies obtained with the finite element 
model (considering a uniform distribution of the non structural masses and using different FE masses) and 
the analytical values (see Warburton [13]) with a uniform distribution of masses. When the first two 
columns in Table 2 are compared, the adequacy of the finite element model is evident. Also, the relevance 
of a non uniform mass distribution when it comes to the computation of slab torsion frequencies is 
obvious as well when comparing the data in the second and third columns. 
 

Mode Analytical unif ρ FE model unif ρ FE model not unif ρ 
f11 (Hz) 6.9030 6.9029 6.8686 
f12 (Hz) 7.6696 7.6694 8.0727 
f13 (Hz) 10.4963 10.4965 11.2309 
f14 (Hz) 16.4084 16.4109 17.3179 
f15 (Hz) 25.9192 25.9297 26.7498 
f21 (Hz) 27.6139 27.6121 27.0833 
f22 (Hz) 28.3775 28.3739 29.0785 
f23 (Hz) 30.9356 30.9339 32.6823 

Table 2: Bridge deck numerical and analytical natural frequencies 
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Figure 8: First eight mode shapes of the bridge deck computed with the FE model 

 

5.2 Unretrofitted bridge performance under railway traffic 
 
In first place, the dynamic response of the unretrofitted bridge is evaluated under the High Speed Load 
Model A trains from Eurocode 1 [15] travelling along one track at speeds varying from 40 to 117 m/s by 
modal superposition, accounting for the first 7 modes so that modal contributions up to 30 Hz are 
accounted for.  A 2% damping ratio is associated to every mode as similar values have been obtained in 
experimental campaigns performed in this type of bridges. The equations of motion in modal space are 
numerically integrated by the Newmark-β linear acceleration method. Figure 9 shows the maximum deck 
vertical acceleration at (xB=L/2, yB=0 m) versus V/d (Hz) being d the train axle characteristic distance. 
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Figure 9: Maximum unretrofitted deck vertical acceleration at (xB = L/2, yB=0 m) 
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The unretrofitted bridge experiments four resonant situations in the considered speed range. The peaks for 
which V/d equals 4.07 Hz and 2.67 Hz correspond to a second and third resonant states of the first torsion 
mode (f12 = 8.073 Hz). On the other hand the peaks for which V/d equals 3.41 Hz and 2.26 Hz are 
associated to a second and third resonant states of the first bending mode of the bridge (f11 = 6.869 hz). 
The maximum deck vertical acceleration reaches 8 m/s2 under the circulation of the A10 train at 110 m/s 
(396 km/h) and it corresponds to a second resonance of the torsion mode m,n=1,2. 
 

5.3 Retrofitted bridge performance. Separate modal contributions 
 
In this section the dynamic behaviour of the retrofitted bridge deck is analysed assuming that just one 
mode contributes to the response. The objective is to show the adequacy of the optimal dampers 
expressions (18a-b) under a realistic train excitation. As for the retrofit, two identical steel auxiliary beams 
are considered underneath the slab at yB=1.25 m and yB=10.75 m with rectangular hollow cross-section, 
being Lb=LB=L and Eb=2.1·1011 N/m2. Each beam width and thickness vary linear and quadratically with 
the height hb respectively so that a certain hb totally defines the beam geometry (see the procedure 
followed in [1] by the authors). 0.5%b

nζ =  for the auxiliary beams modes is assumed. Along each beam, 
three dampers are installed at xB=xb=[0.25L, 0.5L, 0.75L]. 
 The two most relevant modes are evaluated separately: the fundamental flexural mode (m,n=1,1) and 
the first torsional mode (m,n=1,2). Table 3 gathers the bridge modal parameters, auxiliary beams 
properties as well as the dampers constants for the optimum dampers associated to the beams under 
consideration for minimising both the displacement and the acceleration of the bridge slab in both modes. 
From the table, in mode m,n=1,1 optimal external damping ratios of 6.67% and 6.24% are computed 
applying Equations (18a-b) for minimising the maximum slab vertical displacement and acceleration 
respectively and quite similar numerical optima (6.81% and 5.18%) are obtained as well. 
 

Slab mode m,n=1,1 / Auxiliary beam mode l=1 Mode m,n=1,2 / Auxiliary beam mode l=1 
Bridge slab Auxiliary beams Bridge slab Auxiliary beams 

( )11
Bf Hz  6.8686 Number, 

h(m) 2, 1.2 ( )12
Bf Hz  8.0727 Number, h(m) 2, 1.2 

( )11
BM kg  230130.88 A(m2) 8.46 10-2 ( )12

BM kg  76710.29 A(m2) 8.46 10-2 

( )1
B B

DY y  1 Iy(m4) 16.33 10-3 ( )2
B B

DY y  0.8 Iy(m4) 16.33 10-3 

11
Bζ  0.02 ( )1,

b
EQf Hz  13.946 12

Bζ  0.02 ( )1,
b
EQf Hz  13.946 

1
bζ  0.005 ( )1,

b
EQM kg  10623.48 1

bζ  0.005 ( )1,
b

EQM kg  10623.48 
Analytical optimal ζD Real optimal damp Analytical optimal ζD Real optimal damp 

( )
11, %D Aζ ∗  6.67 ( )

11

,
, %real

D Aζ ∗  6.81 ( )
12, %D Aζ ∗  7.61 ( )

12

,
, %real

D Aζ ∗  6.99 
( )

11, %D aζ ∗  6.24 ( )
11

,
, %real

D aζ ∗  5.18 ( )
12, %D aζ ∗  7.07 ( )

12

,
, %real

D aζ ∗  6.44 

11,Di AC∗ (Ns/m) 330591.59 11

,
,
real

Di AC∗ (Ns/m) 338000 12,Di AC∗ (Ns/m) 236226.48 12

,
,
real

Di AC∗ (Ns/m) 217000 

11,Di aC∗ (Ns/m) 309927.77 11

,
,
real

Di aC∗ (Ns/m) 257000 12,Di aC∗ (Ns/m) 219472.96 12

,
,
real

Di aC∗ (Ns/m) 200000 

Table 3: Auxiliary beams and optimal dampers properties for m,n=1,1 and m,n=2,2 

 
Figure 10 shows the maximum displacement (a) and acceleration (b) due exclusively to the slab first 
bending mode vs. the circulating velocity of train A10 for different values of the external damping. In 
thick black line, the analytical optimal curve has been plotted as well and the fitting is evident. 
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Figure 10: Maximum (a) 11

Bw , (b) 11
Ba  (c) 12

Bw  (d) 12
Ba at (xB = L/2, yB=0 m). 

 
Figures 10c,d show the slab maximum response due to exclusively the first torsional mode. The analytical 
optimal curves have been plotted as well and the adequacy of the solution is consistent. As it has been 
remarked in Table 2 in this case the real optimal damping ratios 6.99% and 6.44% are quite close to the 
analytical ones 7.61% and 7.07% for the maximum displacement and acceleration respectively. 
 

5.4 Overall retrofitted bridge performance 
 
Finally, a retrofit alternative leading to an acceptable performance of the bridge slab in terms of maximum 
acceleration (amax < 3.5 m/s2 as per Eurocode [16]) is designed. As it was shown in the previous section, if 
the bridge behaviour were governed but just one modal contribution, the design strategy for the minimum 
retrofitting cost should be to select the minimum set of auxiliary beams that when associated to their 
optimal dampers reduced the slab response below acceptable levels. This same procedure applies to the 
real case in which several mode contributions affect the slab response. Nevertheless, the maximum bridge 
acceleration for a certain train velocity will approximately be equal to 

2

max 1
1

nN
B B

i
i

a a
=

≈ ∑               (19) 

by the Square Root of the Sum of Squares (SRSS) combination so obviously modal responses should be 
lowered below the target response values in order for the bridge total response to be acceptable. After a 
few iterations, an admissible alternative may be found as the one presented in what follows. Figure 11 
shows the bridge response in terms of accelerations, displacements and bending moments as well as the 
most unfavourable damper axial forces and the maximum normal stress in the auxiliary beam closest to 
the train circulation path; the response which has been calculated accounting for the first 7 modes of the 
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bridge and 3 modes for each auxiliary beam is obtained for the unretrofitted case and two retrofitted 
situations: one with an equivalent auxiliary beam h=1.3 m associated to the analytical optimal damping 
calculated from mode m,n=1,1 and the other one with the optimal damping from mode m,n=1,2. Both 
retrofits are quite similar but what should be stressed at this point is that the maximum response of the 
bare bridge may be lowered to admissible performance levels without exceeding the bearing capacity of 
the dampers, nor the maximum normal stress in the auxiliary beams or the maximum admissible punching 
load (around 100 kN for this type of slabs) transmitted to the slab at the dampers connections. 
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Figure 11: Bare vs. retrofitted bridge comparative performance accounting for 7 modes of the 

bridge and 3 modes of each auxiliary beam 

6 Conclusions 
 
The dynamic performance of simply supported bridges modelled as simply supported rectangular 
orthotropic plates under moving loads has been evaluated when retrofitted with FVDs. The proposed 
retrofitting system consists of a simply supported set of auxiliary beams placed underneath the slab and a 
set of FVDs linking the vertical movement of both systems. 
This is the second contribution of the authors regarding this topic and the main objective was to prove the 
effectiveness of the proposed retrofitting system when the bridge three dimensional modal contributions 
cannot be neglected as it is the case of bridges with close flexural-torsional first natural frequencies, under 
eccentric traffic or in skewed configurations. From the investigations presented herein it is concluded that 
(i) the resonant vibrations that may appear in simply supported bridges when subjected to moving loads 
can be drastically reduced with the retrofit design proposed herein; (ii) for a particular auxiliary beam, 
there exists an optimum value of the FVD constants that minimises the bridge response associated to an 
individual modal contribution; the optimal constants for minimising the displacement are slightly different 
from the optimal ones for minimising the acceleration; (iii) the retrofit strategy should be to select the 
smallest auxiliary beam such that, when associated with its corresponding optimal FVDs, leads to the 
desired system performance; (iv) analytical expressions for the optimal damper constants are provided 
which lead to quite accurate results as long as the maximum response of the bridge in the range of 
evaluated velocities occurs at resonance. 
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Abstract 

The paper presents a case study of a real floor structure on the sixth level of a multi-storey office building. 
‘Global’ modes of vertical floor vibration were identified experimentally. In the ‘global’ modes the whole 
or large part of the floor area move with little bending of floor elements such as slab and beams. Detailed 
post-test Multi-input-multi-output analysis of the frequency response function data revealed the presence 
of the ‘global’ mode having the lowest frequency of all floor vertical modes, and the lowest magnitudes in 
the frequency response functions. It should be mentioned that similar modes were not identified on the 
lower (third and fourth) tested levels of the same building. This is probably because of the lower 
magnitude of ‘global’ vertical movement at these lower levels due to shorter and less axially deformable 
columns. Numerical investigation of this behaviour is presented by several finite element models of the 
tested building, indicating how this behaviour can be analytically studied.  
 
 

1 Introduction 
 
In the past few decades economical and technological advances have made vibration serviceability often 
the dominant design criterion for floors in multi-storey buildings. Dynamic behaviour in the vertical 
direction of steel-concrete composite floors, made of normal or light weight concrete, is particularly 
important. This is because of the long spans which are usually required, particularly in open plan offices 
and car parks. In these open-plan applications there are usually minimal non-structural elements present, 
which can be useful in the sense of additional stiffness and damping for prevention of unwanted vertical 
vibrations of such structures. Also, current design procedures require only one floor level to be considered, 
typically by considering only a part of the whole floor (beam, panel or bay) when checking vibration 
serviceability under, say, human induced excitation. This may result in incorrect estimation of the stiffness 
and mass and consequently unreliable assessment of floor vibration performance. Therefore, inclusion of 
the whole floor in vibration assessment with precise interpretation of the boundary conditions could be 
very important. This means that ‘global treatment’ of the whole floor structure is becoming important 
because it enables a more correct interpretation of the boundary conditions and better modelling of mass 
and stiffness distribution. In a multi-storey building context the ‘global treatment’ could also mean 
inclusion of more than one floor level in the modelling of the floors at higher level to take into account 
increased axial deformability of long supporting columns. 
Recent development of the methods of experimental investigation brings out possibilities to exploit high 
quality modal testing of large and full-scale real-life floors. Modal testing based on the multi-input-multi-
output (MIMO) approach, using a series of light and portable electro dynamic shakers, enables better 
distribution of excitation of a large floor structure with more energy concentrated in the specific frequency 
range. This, coupled with the availability of low-noise and highly-sensitive accelerometers provides a new 
opportunity to measure so far seldom seen aspects of floor vibration behaviour such as ‘global’ modes. 
Those opportunities are particularly important if relatively large building floors are considered which are 
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difficult to be excited by other conventional techniques, such as instrumented sledge hammer or a single-
shaker excitation. 
 
 

2 Structural description 
 
The focus of the investigation was a modern seven-storey office building. The building’s steel frame 
structure had columns in a 9.0 m x 8.0 m grid (Figure 1). The building is founded on piles in clay about 
15 m long. The building itself has two stiff areas located around stairs and lifts close to the east and west 
façades (hatched areas in Figure 1). The perimeters of these two areas were glass walls and within them 
some brick walls existed as well. The atrium was placed in the central part of the building (the ‘Void’ in 
Figure 1) and its perimeter was also full-height glazed. The non-structural partition walls on this floor 
were built of medium-density-fiber (MDF) boards and plaster boards in different areas of the floor. Also, 
some full-height partition walls were made of glass to carve out meeting rooms and isolated offices in this 
otherwise open-plan floor. The floor-to-floor height was 3.4 m. On the top two floors of this seven-storey 
building were some reinforced concrete (RC) edge beams and the floor plan was slightly reduced. 
 
 

 
Figure 1: Structural layout of the floor 

 
 
Spanning between the columns, the main vertical structural elements were main beams positioned along 
the orthogonal axes marked in Figure 1. The main beams were cellular with maximal overall depth of 
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485 mm. Between them, in just one direction, were placed secondary beams spaced at about 3.0 m and 
forming the main supporting system for the slab. 
 
 

60+60=120
325 Ex Ey

[ mm ] H=100 mm

325 325

 
 

Figure 2: Orthotropic composite slab and corresponding constant thickness slab 

 
 
The floor slab itself was a steel-concrete composite slab with in-situ cast lightweight concrete. The overall 
depth of the slab was 120 mm. With different stiffnesses in two orthogonal directions it behaved as an 
orthotropic slab with its strong and weak characteristics. The main, more stiff, direction was mainly 
oriented along the North-South direction, as marked in Figure 1, while the less stiff direction was mainly 
along East-West direction. This type of orthotropic slab can be modelled in a finite element package as a 
constant thickness element with different stiffnesses in two orthogonal directions, as described in later 
sections. There was a 125 mm deep raised access floor structure placed on the floor. Underneath the main 
beams was a ceiling with its supporting substructure and overall depth of 105 mm. All these elements 
formed a floor structure with an overall thickness of 835 mm. 
 
 

 
Figure 3: Typical office arrangement 
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3 Experimental investigation of structure 
 
In three consecutive days three different floor levels were tested in this building: the third, fourth and the 
sixth floors. The testing was carried out overnight when the floors were unoccupied (Figure 3). In this 
paper, the testing of the sixth floor is presented. 
 

3.1 Experimental setup 
 
A test grid of 79 points was used for the MIMO based modal testing (Figure 4). Test points were 
approximately equidistant. These covered the main beam intersections, their midpoints and midpoints of 
the slab panel between the main beams. 
 
 

 
Figure 4: Response measurement grid and boundary 

 
 
Boundary points were assumed along the inside edges of the previously mentioned East and West more 
stiff hatched areas (Figure 1) and along the façade walls as well. MIMO modal testing was carried out by 
exciting the structure with four APS Dynamics long-stroke electro dynamic shakers. The two larger 
(model-400 delivers 445 N harmonic force amplitude) shakers were paced in south floor area, while the 
two smaller (model-113 with 133 N harmonic force amplitude) were used for excitation the north part of 
the floor. All shakers were driven simultaneously by four uncorrelated random signals generated by the 
dynamic signal analyser, Data Physics DP730. This 24-channel signal analyser was used for simultaneous 
acquisition of signals picked up by highly sensitive Endevco 7754-1000 accelerometers having resolution 
of less then 10 mg. Typical accelerometer and shaker setups are shown in Figure 5. 
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Figure 5: Long-stroke APS Dynamics shaker and accelerometer setup during test 

 
 

3.2 Data analysis 
 
The MIMO test was performed in the frequency range of interest up to 20 Hz. The measured excitation 
and response yielded four columns of the FRF matrix which correspond to each of the four input force 
(shaker) excitation points. The effects of extraneous noise were reduced by averaging. One typical column 
of the FRF matrix is presented in Figure 6.  
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Figure 6 FRF measurements corresponding with a single reference point 
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The most significant frequency range is 2-10 Hz which was the reason to focus on this frequency range in 
Figure 6. In this figure, particular attention is drawn to the frequency region 4.5-5.0 Hz. There are clear 
indications of the existence of a mode of vibration having the lowest natural frequency and lower FRF 
magnitude compared with more significant modes in the higher frequency range 5.0-10.0 Hz. 
An FRF curve fitting was carried out using ME’scope VES software [6]. All four reference points were 
used in conjunction with global a estimation procedure in the frequency domain. 
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Figure 7: FRF magnitudes and typical phase zoomed between 4-6 Hz 

 
Small peaks in the FRFs, corresponding to these lowest modes of vibration around 4.5-5.0 Hz, indicated 
the large modal masses of the corresponding modes. The parameter identification procedure which was 
performed resulted in modal characteristics of the first four modes which are summarized in Table 1. 
 
 

 Natural frequency [Hz] Viscous damping ratio [%] 
Mode-1 4.60 1.1 
Mode-2 4.90 1.8 
Mode-3 5.50 2.2 
Mode-4 6.40 2.1 

Table 1: Summary first four estimated modes 

 
Mode shapes which correspond to these modes were determined as well and they are presented in Figure 
8. As it can been seen from this figure, the first two modes are characterized by a significant ‘global’ 
behaviour, as opposed to local bending of the slab between the main beams and columns which is 
nominally expected for a floor mode shape. This means that whole building is moving up and down and 
the columns are engaged axially. Actually, these first two modes are combinations of the ‘global’ and 
‘local‘ behavior, while in the third and fourth mode are predominantly ‘local‘ bending behavior of the 
slab. 
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Mode 1: 4.6 Hz 

 
Mode 2: 4.9 Hz 

 
Mode 3: 5.5 Hz 

 
Mode 4: 6.4 Hz 

Figure 8: Experimentally determined mode shapes 
 
It should be mentioned that the estimated modes are complex with a significant level of complexity. This 
phenomenon is illustrated in Figure 9, which displays the modal complexity plots for the first two 
estimated modes. This may indicate a low signal-to-noise ratio in the FRF measurements, a certain level of 
nonlinearity (due to friction and rattling, for example) in the tested system or a non-proportional 
distribution of damping. All these could be a consequence of the sheer size of the floor and the presence of 
the service installations underneath the floor, influence of the partition walls, etc. 
 
 

 
Mode 1 @ 4.6 Hz 

 
Mode 2 @ 4.9 Hz 

Figure 9: Modal complexity plots for the first two measured modes 

 
 
Finally, it is interesting to investigate the Auto Modal Assurance Criterion (Auto-MAC) matrix using only 
the estimated modes. It is given by equation (1), [5]. 
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Vectors 
xφ  and 

pφ are mode shapes vectors which correspond to the mode shapes x  and p . The 

numerical values of the MAC matrix are tabulated in Table 2. Off-diagonal terms, which should be zero 
for an ideal case [2], were sufficiently small validating the orthogonality of the experimental modes. 
 

 Mode-1 Mode-2 Mode-3 Mode-4 
Mode-1 1.00 0.215 0.003 0.022 

Mode-2 0.215 1.00 0.063 0.066 

Mode-3 0.003 0.063 1.00 0.216 

Mode-4 0.022 0.066 0.216 1.00 

Table 2: Experimentally mode shapes MAC-matrix  
 

4 Numerical analysis of the building 
 
In addition to the experimental investigation of the office building floor, its numerical modelling was also 
carried out. Two different finite element (FE) models are presented to demonstrate general ability of FE 
modelling to predict the measured modes and their shapes. 
 

4.1 Basic FE model 
 
A basic FE model of the floor was created by employing best engineering judgment. Apart from the actual 
floor structure comprising the steel work and composite deck, the model incorporated the columns above 
and below the floor with the aim to simulate realistically the boundary conditions of the main girders. The 
brick and surrounding glass walls were incorporated into the model as well as shell and spring elements, 
respectively. 
 
 

N

 
Mode 1 @ 5.50 Hz 

N

 
Mode 2 @ 6.05 Hz 

N

 
Mode 3 @ 6.15 Hz 

N

 
Mode 4 @ 6.40 Hz 

Figure 10: Basic FE model of the floor – first four modes of vertical vibrations 
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Figure 10 presents the first four modes of the floor. All modes are characterized just by ‘local’ slab and 
beam bending behavior. This happened as the FE model could not reflect ‘global’ building behavior 
considering that masses and stiffness of the lower floors were not included. 
 
 

4.2 Improved FE model 
 
To get mode shapes which include global building behavior, an FE model with additional elements was 
created. In this model columns were extended to the pile supports which were included in the model as 
well. 
 

N

 
Mode 1 @ 4.90 Hz 

 
Mode 1 @ 4.90 Hz 

N

 
Mode 2 @ 4.95  Hz 

 
Mode 2 @ 4.95  Hz 

N

 
Mode 3 @ 5.0 Hz 

 
Mode 3 @ 5.0 Hz 

N

 
Mode 4 @ 5.05 Hz 

 

Mode 4 @ 5.05 Hz 

Figure 11: Improved FE model of the floor - first four modes of vertical vibrations 
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Masses of the lower and upper floors were incorporated in the model as concentrated masses at the 
columns’ positions according to the tributary areas around each column. Masses correspond to the 
assumed total dead load of 3.10 kN/m2. As it can be seen in Figure 11, the first four mode shapes 
determined by this model include ‘global’ and ‘local’ building/slab behavior. Because of the system’s 
configuration and global mass and stiffness distribution the first four modes were calculated in the 
frequency range 4.90-5.05 Hz. They were very closed and of mixed ‘global-local’ nature, as shown in 
Figure 11.  
 
 

5 Conclusions 
 
Vertical floor vibrations of higher floors in steel buildings with composite floors, beside ‘local’ slab 
bending behavior, can exhibit ‘global’ behavior as well. This means that motion of the whole building 
participates in the few lowest modes having considerable modal mass and relatively low natural 
frequency. These modes may also include a mixture of the ‘global’ and ‘local’ behavior. Presented model 
with columns extended to included piles and added concentrated masses at other floor levels, is able to 
predict this effect reasonably well. 
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Abstract 
Recent improvement of mechanical characteristics of structural materials and fast development of the 
finite element (FE) based computational structural analysis are resulting in innovative solutions in 
footbridge design. When doing research into dynamic analysis of these structures, their dynamic 
properties are required and are usually obtained from an FE model. However, because of structural 
complexity, the FE modelling of footbridges is often prone to errors due to modelling uncertainty. The 
best and quite often the only way to evaluate the reliability of the FE modelling is to involve modal testing 
and FE model updating of footbridge structure with the aim to match test results. Using this approach, a 
complex and rather unique Fink truss structure of Royal Victoria Dock Bridge in London was analysed. 
Eleven measured modes of vibration were identified via an ambient vibration survey and then compared 
with their counterparts from an initial FE model developed by best engineering judgment. In this initial FE 
model the maximum difference between two paired natural frequencies was 29%. In a subsequent 
updating exercise it was found that uncertainties in main beam and crosshead geometry, as well as the 
inherent simplicity of the fully symmetric FE model, were the main source of the modelling error. 
 
 

1 Introduction 
 
An FE model of a footbridge developed in the design stage to check its vibration serviceability predicts 
the modal properties (natural frequencies and mode shapes) with certain error. This is often due to 
modelling uncertainties due to the presence of non-structural elements (balustrade, decking solution 
featuring asphalt or timber, etc.), not well defined boundary conditions, varying and not ascertain material 
properties and all other inevitable discrepancies between the designed and as-built full-scale structure. An 
effective way to learn about the actual dynamic behaviour of an as-built footbridge is to combine 
analytical and experimental approach consisting of FE modelling, modal testing and FE model updating of 
an existing structure. These three analysis steps were carried out on the Royal Victoria Dock Bridge 
(RVDB) in London (Figure 1). This footbridge is a unique fink truss structure [1] with complex dynamic 
behaviour, primarily characterized by high density of vibration modes. Because of this, the structure 
presented a challenge for both numerical and experimental analyses. Results of both types of analysis are 
presented and discussed in this paper. 
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(b)(a) 

Figure 1: (a) Royal Victoria Dock Bridge. (b) Footbridge deck. 

 

2 Description of footbridge structure 
 
The RVDB is situated in East London and provides pedestrians with direct access from a nearby 
residential area to the Docklands Light Railway. The governing design criterion was to ensure minimal 
resistance of the footbridge structure to the wind, bearing in mind that the Docklands has been 
transforming into a modern yachting basin [2]. The footbridge spanning 127.5 m was elevated 14 m above 
the water level by means of trestle legs. Access to the bridge at both river banks is via lift towers visible in 
Figure 1a. These are free standing structures with independent foundations and no influence on both static 
and dynamic properties of the footbridge. In addition to the standard footpath, there is an alternative 
option of crossing the bridge in a passenger car (gondola) that slides along a cable situated under the 
bridge deck. 
The structural system is a unique inverted cable-stayed Fink truss [1] presenting innovative departure from 
conventional arrangements of cable-stayed bridges. The bridge deck consists of five identical aerofoil 
panel beams (main beams) with ‘whale-back’ shape reflecting the bending moment diagram (Figure 2). 
The main beam section is formed of 15 mm thick and 2 m spaced diaphragms which were connected with 
longitudinal L profile stiffeners comprising the frame clad in steel plates (Figure 2). The 25.5 m long sprit 
cantilevers at both ends of the bridge are hollow girders stiffened by longitudinal and transversal stiffeners 
(Figure 3). The two neighbouring main beam panels are connected by a crosshead. The same connection 
exists between the main beams and sprits at main masts at both ends of the bridge (Figure 4). The 
connection is made by pairs of steel spigots which run through tubular holes in the crosshead and partly 
through the main beams and the sprits. The relative rotation and displacement between the spigot bar and 
the main beam are constrained by secure key wedges. Additionally, all prefabricated elements are hold 
together with horizontal high-strength steel cables. To simplify the construction, the main beams, sprits, 
crossheads, trestle legs and tapering tubular masts are all prefabricated sections that could be assembled 
easily as a ‘kit of parts’ on site without welds and bolds as can be seen in Figure 4 [2]. 
 

 
Figure 2: Main Beam. 
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Figure 3: Sprit. 

 

 
Figure 4: Construction detail (after Statham [2]). 
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3 Initial FE model 
 
The FE model of the RVDB was developed using the ANSYS FE code [3]. The aim was to obtain an 
initial 3D model, based on technical data available (mainly drawings) and best engineering judgment, 
which would help to get first insight into structural dynamic behaviour and our ability to predict it. 
The key modelling assumptions were: 

• The bridge is a symmetric structure with longitudinal and transverse axes of symmetry. 

• The crossheads, sprits, masts and trestle legs were all modelled using 3D BEAM4 elements with 
the appropriate axial, bending and torsional stiffness. 

• The main beams were also modelled as BEAM4 elements. Since the depth of the cross section 
varies along the beam, the main beam was divided into 12 elements of constant height each. The 
stiffness of the cross section was calculated by taking into account only the main body of the 
beam, i.e. without contribution of deck girders (Figure 2). 

• The spigots that connect the main beams as well as main beams and sprits were modelled as 
BEAM4 elements. These elements are much less stiff than those they connect due to their small 
cross section (Figure 4) and that is how they were modelled. 

• All cables were modelled as LINK8 elements. These are 3D spar elements that can be prestressed 
by specifying the initial strain due to the axial force. 

• The modulus of elasticity of horizontal cables was reduced according to Ernst formula [4] due to 
sagging effects. For the same reason the modulus of elasticity of all stay cables were reduced to 
95% of their initial value. 

• Supports at the ends of the trestle lags were modelled as fixed. 
The initial FE model developed is shown in Figure 5. 
 

 
Figure 5: Initial FE model. 

 
Modal analysis of the RVDB was conducted by taking into account geometrical stiffness matrices for 
structural elements carrying axial forces [5]. In this way geometrical nonlinearities due to tensile forces in 
cables and compression forces in masts and trestle legs were introduced into the analysis. The modes of 
vibration of the deck are presented in Table 1. The modes in which vibration of the masts was dominant 
while the deck movement was negligible are not presented here. This is due to the fact that only vibration 
modes of the deck were measured, as will be explained in the next section. 
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Mode 
# 

f 
[Hz] 

Description Mode 
# 

f 
[Hz] 

Description 

1 0.37  
1Hfem

11 2.45 

 
3Vfem

2 0.96 
 

2Hfem

12 2.54 

 
4Vfem

3 1.12 

 
1Vfem

13 2.63 

 
3Tfem

4 1.13  
3Hfem

14 2.69 

 
5Vfem

5 1.25 
 

4Hfem

15 2.69 

 
4Tfem

6 1.54  
1Tfem

16 2.81 

 
6Vfem

8 1.61 
 

2Tfem

17 3.16 
 

5Tfem

9 2.02  
5Hfem

20 3.98 

 
7Vfem

10 2.42 

 
2Vfem

21 4.03 

 
8Vfem

Table 1: Modes of vibration as obtained in an initial FEM. 
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In Table 1 H, V and T letters denote predominantly horizontal, vertical and torsional modes respectively, 
which are preceded by the corresponding mode number. The ‘fem’ in the index denotes the finite element 
method being the source of the calculated mode. 
 

4 Ambient Vibration Survey (AVS) 
 
The aim of the AVS was to identify the lowest modes of vibration of the footbridge. For this purpose a test 
grid consisting of 50 test points was chosen (Figure 6) with 25 points along each side of the deck. 
 

 
 

Figure 6: Test grid. 

 
Five uniaxial Kinematrics force-balanced accelerometers with a nominal sensitivity of 5 V/g and one 
triaxial accelerometer with nominal sensitivity of 10 V/g were used for the response measurements. Two 
uniaxial accelerometers placed at test points 13 and 16 (Figure 6) were used as reference transducers for 
the vertical direction, while another two transducers of the same type served as references for the 
horizontal lateral direction at the same test points. The remaining two accelerometers (one uniaxial and 
one triaxial) were used as roving transducers. They were moved sequentially along the bridge starting with 
the first pair of test points (1, 26) and finishing with the pair (25, 50). This allowed vertical and horizontal 
lateral bending and torsional modes to be identified. In this way 25 sets of data, each lasting 614 s, were 
acquired. This was done by using a 16 channel Kinematrics VSS-3000 data acquisition system. The 
records were sampled with frequency of 40 Hz. Typical acceleration time histories at reference point 16 
for the lateral and vertical directions are shown in Figure 7a and b, respectively. Their auto spectral 
densities are shown in Figure 7c and d, respectively. 
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Figure 7: Acceleration time history @TP16 measured in the (a) lateral direction and (b) vertical 

direction. Auto spectral density for (c) lateral and (d) vertical acceleration. 

 
The time domain acceleration data were then analysed in the ARTeMIS software [6]. For this purpose the 
peak picking method was employed. The modal properties of the lowest vibration modes are presented in 
Table 2. As typical for AVS, the damping estimates were not particularly reliable since they were quite 
sensitive to signal processing parameters selected (such as the number of averages). The estimated modes 
in the horizontal lateral direction are shown in Figure 8 while vertical and torsional mode shapes are 
presented in Figure 9. 
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Mode # Frequency [Hz] Damping ratio [%] Description 

1 0.39 1.73 1Hexp

2 1.07 0.41 1Vexp

3 1.27 0.84 2Hexp

4 1.59 0.47 3Hexp

5 1.79 0.49 4Hexp

6 1.82-2.45 0.40 2Vexp

7 2.58 0.38 5Hexp

8 2.65 0.26 3Vexp

9 2.74 0.28 1Texp

10 3.07 0.27 2Texp

11 3.56 0.66 4Vexp

Table 2: Natural frequencies and damping ratios for measured modes of vibration. 

 

1H :   f=0.39Hz    =1.73%   (Mode 1)exp ζ 2H :   f=1.27Hz    =0.84%   (Mode 3)ζexp

3H :   f=1.59Hz    =0.47%   (Mode 4)ζexp 4H :   f=1.79Hz    =0.49%   (Mode 5)ζexp

5H :   f=2.58Hz    =0.38%   (Mode 7)ζexp

 
Figure 8: Experimentally estimated mode shapes in the horizontal lateral direction. 
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1V :   f=1.07Hz    =0.41%   (Mode 2)exp ζ 2V :   f=1.82-2.45Hz    =0.40%   (Mode 6)ζexp

4V :   f=3.56Hz    =0.66%   (Mode 11)ζexp

1T :   f=2.74Hz    =0.28%   (Mode 9)ζexp 2T :   f=3.07Hz    =0.27%   (Mode 10)ζexp

3V :   f=2.65Hz    =0.26%   (Mode 8)ζexp

 
Figure 9: Experimentally estimated vertical and torsional mode shapes. 

 
The five identified horizontal lateral modes (Figure 8) are present as peaks at least in one of the spectra 
calculated for the two reference points. It can be seen that only the first two frequencies are visible in 
Figure 7c. This is because the third mode has a very small amplitude at TP16 since it mainly involves 
movement of the ends of the bridge deck. On the other hand, modes 4H and 5H cannot be seen in the 
spectrum in Figure 7c because they have near zero amplitude at TP16. 
All vertical modes identified are present as peaks in the spectrum shown in Figure 7d. However, mode 3V 
is hardly visible due to small movement at the reference point. The estimation of the second vertical mode 
(2V) was difficult because a set of similar modes that appear around of 2 Hz (Figure 7d). These modes 
generally look like mode 2V shown in Figure 9 with slight variations in shape for the end part of the 
bridge (spigots). Also, most of these modes involve a certain degree of horizontal movement as well 
(Figure 7c). 
The two torsional modes identified are present in the spectra for both horizontal and vertical acceleration 
(Figure 7c and d), as would be expected. 
An interesting feature of the structure investigated was that there appeared slight variations in the 
movement of the spigots in otherwise similar modes, such as in modes 4H and 5H (Figure 8). Also, 
spigots often behaved as quite independent parts of the structure (see for example mode 1T in Figure 9) 
suggesting their somewhat dynamically ‘weak’ connection with the main beam. 
 

5 Correlation between Measured and Initial FE model 
 
Of the eleven measured eleven modes of vibration of the footbridge deck, ten had their obvious 
counterparts in the initial FE model which was quite encouraging. These counterparts appeared among the 
first 21 FE modes. Among these 21 modes, a number of localised modes appeared. These were related to 
vibration of masts where vibration of deck was not involved. Modes 1Hexp and 1Hfem as well as 3Hexp and 
3Hfem clearly correspond to each other with frequency error of 5.1% and 28.9%, respectively (Table 3).  
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 Experimental model Finite element model 

Exp. Mode Frequency [Hz] Damping [%] Initial frequency Tuned frequency 

1H 0.39 1.73 0.37 (-5.1%) 0.38 (-2.6%) 
1V 1.07 0.41 1.12 (4.7%) 1.07 (0.0%) 
2H 1.27 0.84 1.25 (-1.6%) 1.28 (0.8%) 
3H 1.59 0.47 1.13 (-28.9%) 1.11 (-30.2%) 
4H 1.79 0.49 - - 
2V 1.82-2.45 0.40 2.42 (0.0%) 2.25 (0.0%) 
5H 2.58 0.38 2.02 (-21.7%) 2.10 (-18.6%) 
3V 2.63 0.26 2.45-2.81 (0.0%) 2.44-2.79 (0.0%) 
1T 2.74 0.28 2.63 (-4.0%) 2.62 (-4.4%) 
2T 3.07 0.27 2.69 (-12.4%) 2.66 (-13.3%) 
4V 3.56 0.66 4.03 (13.2%) 3.63 (2.0%) 

Table 3: Natural frequencies in different models. 

 
However, mode 3Hexp in the experimental model lacks symmetry and therefore cannot be realistically 
simulated by the FE model in which the symmetry is preserved, as is the case with the initial FE model. 
Modes 2Hfem and 4Hfem were similar in shapes. However, mode 2Hfem engaged larger deck movement and 
had 2.5 higher modal mass than mode 4Hfem. These arguments suggested that it would probably be easier 
to excite and experimentally identify mode 4Hfem. This is the reason, in addition to more similar mode 
shapes, that this mode is paired with the second experimental mode 2Hexp. The frequency error is only 
1.6%. Finally, the fourth and fifth experimental modes were similar in shape. Their existence might be a 
consequence of splitting of mode 5Hfem into two, due to asymmetry of the as-built footbridge. 
Regarding the vertical modes, it can be seen that the first FE mode is equivalent to its measured 
counterpart, with the frequency error being 4.7%. The second FE mode is in the frequency range expected 
for 2Vexp experimental mode. Higher modes in the FE model: 3Vfem, 4Vfem, 5Vfem and 6Vfem are again 
either symmetric or anti-symmetric and are all potentially comparable with mode 3Vexp. Modes 4Vexp and 
8Vfem have clearly comparable shapes where five beams inside the main span vibrate locally. The 
difference between natural frequencies of these two modes is 13.2%. 
Finally, two torsional modes measured, 1Texp and 2Texp, had their counterparts in modes 3Tfem and 4Tfem, 
respectively (natural frequency errors of 4.0 and 12.4% respectively). However, although this was 
encouraging, the FE model developed was not fully appropriate for simulating the torsional behaviour of 
the structure, having in mind that the main girder was modelled as beam element. The two FE modes 
(1Tfem and 2Tfem) in which the main masts moved most were not estimated via measurements. 
 

6 Manual Updating 
 
The manual FE model updating was conducted with the aim to improve the correlation between the FE 
and measured modes due to their nature and strict material and construction control. The mechanical 
properties of the cables were the most reliable parameter in the model. A sensitivity study found that the 
changes in the parameters describing the (very complex) geometry of the main beam and crossheads were 
those to which the modal properties were most sensitive. For this reason, the bending stiffness of the main 
beam and the crosshead mass were adopted as uncertain updating parameters for the manual tuning (by 
trial and error) of the FE model to experimental results. 
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The most efficient way to reduce the vertical FE frequencies was to increase the mass of the crosshead. 
The increase was physically plausible due to the complex crosshead geometry featuring many steel 
stiffeners. Simultaneously, and as would be expected, the increase of the crosshead mass caused reduction 
in horizontal frequencies as well. The deck girders with longitudinal wood decking made of planks 
provide additional stiffness for the horizontal modes which was neglected when calculating the initial 
cross section properties. Therefore, increasing horizontal stiffness of the main beam by 30% led to 
improved matching of the horizontal natural frequencies. It was also appeared that the vertical stiffness of 
the main beam was overestimated, so its decreasing yielded better correlation with the measured vertical 
frequencies. The frequencies of vibration modes obtained in the final FE model are presented in Table 3, 
together with the frequency error given in brackets. 
It is worth mentioning that the influence of geometrical nonlinearities (due to axial forces) on the 
structural natural frequencies is not significant, since this would change the frequencies of (mostly 
horizontal) modes by up to 5%. A similar order of error was found if the modulus of elasticity for cables 
was not reduced according to Ernst formula. This small influence of geometrical nonlinearities in the 
footbridge investigated is due to short length of the cables and the fact that the bridge structural system is 
more a truss than a cable stayed system. 
It is also interesting to note that unusual shape of first vertical mode (Figure 9) is likely to be due to the 
interaction between cables and the deck frequencies. This interaction can clearly be seen when the cables 
are presented by more than one element in the modal analysis leading to some cable modes coupled with 
the decking mode(s). However, in this case the comparison between experimental and FE modes becomes 
more difficult because of large number of local cable modes that appear as a result. 
 

7 Conclusions 
 
A very complex and unusual structure of Royal Victoria Dock Bridge was tested in an ambient vibration 
survey exercise. Eleven modes of vibration were successfully identified. 
As to the FE modelling and model updating, the following can be concluded: 

• Further improvement of the FE model via better simulation of local behaviour that contributes to 
asymmetry of modes is required. 

• Improvement in the simulation of torsional modes is also required. 

• Stiffness and mass of the elements used to model the main beams and crossheads proved to be most 
sensitive and uncertain modelling parameters which adjustment led to improved correlation between 
the test and analysis. 

• The effects of geometrical nonlinearity appear not to be significant on this type and size of the 
structure. 
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Abstract 
The main purpose of this paper is to investigate the influence of the interaction on the dynamic behaviour 
of a simply supported single span railway concrete viaduct for which measurement results are available, 
taking into account the railway track. We compare the computed acceleration response of the track-bridge 
system with and without interaction considering the dynamic characteristics of the real moving vehicles 
and taking into account the available modal identification and the acceleration response measurements 
carried out during the field tests. 
Furthermore, this paper analyse the dynamic behaviour of the railway track and viaduct under the action 
of high speed vehicles according to EN1990. The moving vehicles are modelled as a series of two degree 
of freedom mass-spring–damper systems at the axle location The track modelling consists of beam 
elements for the rails and a series of springs and dampers for the ballast and the sleepers. 
 

1 Introduction 
 
The dynamic response of railway bridges when subjected to moving vehicles has been a topic of research 
with increasing interest in the field of the bridge engineering. In the last years many scientist and 
engineers have studied the implementation of the high speed train in several countries. In some European 
countries there is an effort of re-evaluation of existing railway bridges for the increasing train speeds and 
interoperability conditions.  
A large number of the existing bridges are classified as short span, up to 20 m, or medium span, up to 30 
m. In these types of bridges the dynamic behavior is an important issue, since the displacements and the 
accelerations can be significantly amplified when the resonance speed is reached. As a consequence, the 
evaluation of the dynamic response is important to define maintenance procedures or, even, to decide 
about the strengthening or replacement of the bridges.  
However, the evaluation of the dynamic response of those bridges can become complex task, since the 
influence of some parameters is not yet well defined, such as: 

• the boundary conditions of the bridge deck, specially the continuity of the rail track over the 
supports and the soil-structure interaction for short bridges; 
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• the behavior of the ballast: its contribution to the structural dynamic behavior and the maximum 
accelerations allowed to ensure low maintenance and appropriate safety levels; 

• the overall damping, including non-structural damping, such that a realistic resonant response of 
the bridge during the passage of the train can be predicted; 

• the methodology for the load modeling: moving loads versus train-track-structure interaction 
scheme; 

The real influence of the above aspects, or conditions, can be evaluated only when measurement data is 
available, to compare with the numerical results. The investigation that has been done recently by the 
authors focus on the dynamic behavior of simply supported single span railway concrete viaducts for 
which measurements were carried out and results were obtained [1,2,3], and on the numerical modeling of 
the track/bridge system when the moving loads model and the train-track-structure interaction model are 
considered . 
The main purpose of this paper is to show how the bridge response predicted by the train/bridge 
interaction model compares with the response obtained by the moving loads model. This is also an issue 
that the specialist’s committee D214 of the European Research Institute (ERRI) points out in [4].  
In order to analyze the behavior of the bridge when the ballasted track dynamic model is also taken into 
account, we use three different track models already proposed by other authors [4,5,6]. These models 
include vertical spring, dampers and masses which are interposed between the vehicle and the structure. 
For the vehicle a simplified 2-DOF model is used.  
 

2 Dynamic models of the railway ballasted track 
 

2.1 General 
 
The railway ballasted track model is made of several elements which represent the rails, the sleepers, the 
connections between rails and sleepers, and the ballast. The rails are an important component in the track 
structure, since they transfer the wheel loads and distribute them over the sleepers and supports, guide the 
wheels in the lateral direction, provide a smooth running surface and distribute acceleration and braking 
forces over the supports. In Europe the typical rail used in the high speeds lines is the flat-bottom rail, 
UIC60. 
The connections rail-sleeper are materialized by fastenings and rail pads. This system provides the transfer 
of the rail forces to the sleepers, damps the vibrations and impacts caused by the moving traffic and retains 
the track gauge and rail inclination within certain tolerances. 
The sleepers are elements positioned just below the rails usually made of timber or concrete. They provide 
support for the rail, sustain rail forces and transfer them as uniformly as possible to the ballast. They 
preserve track gauge and rail inclination and provide adequate electrical insulation between both rails. The 
sleepers must be resistant against mechanical and weathering influences over a long period.  
Finally, the ballast bed consists of a layer of a coarse-sized, non cohesive, granular material. Traditionally 
angular, crushed, hard stones and rocks have been considered good ballast materials. The interlocking of 
ballast grains and their confined condition inside the ballast bed permit the load distributing function and 
is damping. They also provide the lateral and longitudinal support of the track, as well as the draining 
effect. The thickness of the ballast bed should allow the sub grade to be loaded as uniformly as possible. 
The usual depth for the ballast is about 0.3 meters measured from the underside of the sleeper. 
In the early studies, the models of the ballasted track were developed in order to investigate the train/track 
interaction problem. A review of these studies is presented in [7]. In the 1900’s Timoshenko published 
papers on the strength of rails; later on, Inglis, was active in this issue. In [8] and [9] are presented an 
overview of existing tracks models in the field of train/track interaction. The main purpose of these studies 
in the time domain was to evaluate the deflections of the track and the vertical displacements of the 
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vehicles, while the contact force wheel/rail is evaluated in the calculations. Complete models of the 
vehicles and the effects of the wheel and rail irregularities are also investigated. 
A large variety of ballasted track models has been investigated, from simple 2D model, where a single rail 
is modeled as an infinite Bernoulli-Euler or Timoshenko beam resting on supports defined by springs, 
dampers and point masses, to more complex 3D models, where both rails are taken into account and 
bending and shear deformation of the sleepers are included. In these models, the ballast bed is included 
through vertical spring and damper elements. Some of these models consider the mass of the ballast as a 
point mass located below each sleeper and its value is taken relative to the amount of stiffness and 
damping. Furthermore, shear springs and dampers may interconnect these masses [10]. The values for the 
mechanical properties of the track components, such as mass, inertia and elasticity, are mentioned as an 
essential input for dynamic track behavior and, of course, for the study of the interaction between train and 
track. 
Since the investigation focus on the comparison of the numerical results with the dynamic response 
obtained from field measurements regarding the influence of the ballast track on the vertical vibrations of 
the railway bridges, only the 2D tracks models were consider, neglecting unimportant torsion effects. 
 

2.2 Models and parameters 
 
Three different models of ballasted tracks are presented in Figures 1, 2 and 3 from [5], [6], and [4]. In 
Model I the rails are considered as infinite long beams with in-plane and out-of-plane flexural stiffness as 
well as axial stiffness. The linear springs and dampers on the vertical and longitudinal directions represent 
the ballast. These three models are included in the finite element model of the bridge, which is acted by 
moving loads or vehicle models representing real trains. The model parameters remain constant along the 
track, despite some deviations due to construction and maintenance works. In the other two models, Model 
II and Model III, the connections between rail and sleeper are included as linear springs and viscous 
dampers acting in parallel. Their elastic and damping properties are mainly determined by the properties 
of the material and the manufacturing processes. The sleepers are included as rigid bodies with point mass. 
The ballast bed is included as discrete linear springs and viscous dampers. In Model III the mass of the 
ballast is included as point mass instead of distributed mass, and springs and dampers are used to simulate 
the connection between bridge and ballast [4]. The values of the mechanical properties for each model are 
included in Table 1 to Table 3. 

Cbv
Kbv

Rails

Ballast

Bridge

Kbh

Cbh

 
Figure 1: Ballasted track Model I [5]. 

 
Figure 2: Ballasted track Model II [6]. 
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Figure 3: Ballasted track Model III [4]. 

 
Parameters of the track model I Notation Value Units 

Rail UIC60 
Young Modulus rE  210E+09 N/m2 
Density rρ  7850 kg/m3 
Flexural moment of inertia rI  3055E-08 m4 
Sectional area rA  76.9E-04 m2 

Ballast 
Per unit of length Vertical stiffness  bvK  104E+03 N/m 
Per unit of length Vertical damping bvC  50E+03 N.s/m 
Per unit of length Horizontal stiffness bhK  104E+03 N/m 
Per unit of length Horizontal damping bhC  50E+03 N.s/m 

Table 1: Properties of track Model I [5]. 

 
Parameters of the track model II Notation Value Units 

Rail UIC60 
Young Modulus rE  210E+09 N/m2 
Density rρ  7850 kg/m3 
Flexural moment of inertia rI  3055E-08 m4 
Sectional area rA  76.9E-04 m2 

Connection rail/sleeper 
Vertical stiffness rpK

 300E+06 N/m 

Vertical damping rpC
 80E+03 N.s/m 

Sleeper 
Mass sM  300 kg 

Length between sleepers sd  0.60 m 
Ballast 

Vertical stiffness bK  120E+06 N/m 

Vertical damping bC  114E+03 N.s/m 
Table 2: Properties of track Model II [6]. 
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Parameters of the track model III Notation Value Units 

Rail UIC60 
Young Modulus rE  210E+09 N/m2 
Density rρ  7850 kg/m3 
Flexural moment of inertia rI  3055E-08 m4 
Sectional area rA  76.9E-04 m2 

Connection rail/sleeper 
Vertical stiffness rpK

 500E+06 N/m 

Vertical damping rpC
 200E+03 N.s/m 

Sleeper 
Mass sM  290 kg 

Length between sleepers sd  0.60 m 
Ballast 

Vertical stiffness ballast/sleeper bsK  538E+06 N/m 

Vertical damping ballast/sleeper bsC  120E+03 N.s/m 

Mass bM  412 kg 

Vertical stiffness bridge/ballast bbK  1000E+06 N/m 

Vertical damping bridge/ballast bbC  50E+03 N.s/m 
Table 3: Properties of track Model III [4]. 

 

3 Considerations about the dynamic analysis 
 
3.1.1 Modeling the train action on the structure 
 
The present study considers two methodologies for the dynamic load evaluation: i)the moving loads model 
(Figure 4b) and ii)the interaction model (Figure 4c). In this figure, the upper and lower beam elements 
model the rail and the bridge deck, respectively, which are interconnected by the ballasted track model. 
Since the train considered corresponds to a conventional train, each bogie has two axles represented by 
two forces in the moving loads model. For the interaction model, a 2-DOF vehicle is considered. The 
vehicle model is defined by a sprung mass model with one node associated at each of the two concentrated 
masses (Figure 4c). The stiffness and damping of the suspension, denoted by vk  and vC , respectively, 
correspond to the primary suspension of the train vehicle. The mass of the wheel is denoted by wM  and 
the mass lumped from the car body by vM , which is assumed to be equal to a quarter of the mass of the 
car body and bogie mass. kD  represent the characteristic length of the carriage. The train crosses the 
bridge at a constant speed iv . 

 
3.1.2 Solution of the equilibrium equations 
 
The software ADINA is used to compute the dynamic response, which can be obtained by direct time 
integration of the system of the dynamic equilibrium differential equations using the Newmark method or 
the Wilson-θ method. For these algorithms the time step may be selected independently of numerical 
stability considerations.  
According to [12], for the determination of the maximum deck acceleration, the frequencies in the 
dynamic analysis should be considered up to a maximum of: i) 30 Hz ; ii)1.5 times the frequency of the 
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first mode shape of the structural element being considered, including at least the first three mode shapes. 
For that reason, in railway dynamic problems, in addition to being unconditionally stable, only low mode 
response is of interest. Therefore, it is desirable that the integration scheme possesses the capability of 
numerical dissipation to damp out the spurious participation of the higher modes. Both the Wilson θ 
method and the Newmark method, restricted to parameter values of 1 2γ >  and ( )20.25 1 2β γ≥ × + , 
where the amount of dissipation, for a fixed time step tΔ , is increased by increasing γ , possess this 
advantage.  
The dissipative properties of the Newmark algorithm are considered to be less efficient then those of the 
Wilson-θ method, since the lower modes are strongly affected. The Wilson-θ method, with 1.4θ = , is 
highly dissipative at the highest modes, unconditionally stable and accurate when nt T 0.01Δ ≤ , where nT  
is the lowest vibration period to take into account in the structural response analysis, [13]. Considering this 
conclusions, the dynamic response of the bridge was computed with the Wilson-θ method. 
Concerning the damping, the Rayleigh matrix was used, that is, C M Kα β= ⋅ + ⋅ , with constants α  and 
β  compatible with the measurements at the first and third eigenfrequencies of the bridge. 

 

 
Figure 4: The train: a) Plan view; b) Moving load model; c) Vehicle interaction model. 

 

4 Analysis of a railway bridge 
 

4.1 Description of the bridge 
 
The bridge deck is a prestressed concrete 23.5 meters length simply supported slab with a slightly variable 
depth and a mass per unit length of about 21 Ton/m. The geometrical characteristics are shown in Figure 
5.  
The bearing supports, two at each end, as shown in Figure 6, are made of steel pots filled with elastomeer. 
There is no continuity of the slab over the supports to the abutments, except the one materialized by the 
ballast track, see Figure 7. 
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Figure 5: Structural layout of the bridge. 

 

Figure 6: Bearings supports. Figure 7: View of the railway track over the bridge. 

 

4.2 Numerical model 
 
A numerical model was developed with the purpose of comparing the computed dynamic characteristics, 
modes, frequencies and damping, with those obtained from measurements. Although the structural layout 
used for the bridge design corresponds to a simply supported bridge, the measurements showed that the 
bridge behaves as a simply supported slab with some flexural stiffness at the supports. Therefore, the 
numerical model includes a spring of stiffness railK  over the supports at the level of the rails (see Fig. 8) 
simulating the continuity of the rail track, and a spring of stiffness sK  at the level of the bearing supports, 
simulating the slip resistance.  
Since, in this model, only the rail axial stiffness can be estimated from the rail characteristics, and no 
information can be obtained for the slip resistance of the supports, this stiffness sK  was considered equal 
to railK , which can be estimated by 

r r
rail

s

E AK
4d

=                                                                        (1) 

where rE , rA  and sd  correspond, respectively, to the Youngs modulus, section area and length between 
sleepers, with values given in Table 1. Using these values, s railK K 670 MN / m= = . 

Support

Bridge

Ballast
Rail

Krail

Ks

 
Figure 8: Model of the support. 
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The concrete properties used in the computations are the specific weight, 2
c 25 kN / mγ =  and the Youngs 

modulus cE 54.6 GPa= . For the ballast, the specific weight 2
b 20 kN / mγ =  was considered. The values 

of the first four natural frequencies of the model, 1F 4.40 Hz= , 2F 13.70 Hz= , 3F 16.00 Hz=  and 

4F 28.75 Hz= , are in good agreement with those from free vibration measurements, immediately after 
the train leaves the bridge.  
However, if larger amplitudes are considered, as it happens when the bridge is loaded during train 
passages, the agreement is poorer due to the non-linear behavior of the support flexural stiffness 
included in the model [1]. Moreover, if the mass of the vehicles on the bridge is also taken into account, 
the first frequency will further decrease1.  
In order to adjust the model parameters to the measured response during forced vibrations, and taking 
into account the conclusions above, a lower modulus of elasticity was considered, cE 40 GPa= , 
corresponding to the first natural frequency of the bridge of approximately 4.0 Hz . 

 

4.3 Dynamic response due to train passages using the moving loads model 
 
The main purpose is to analyze the vibration of the bridge with and without consideration of the track 
models and compare it with the response obtained from the measurements. The results are obtained 
separately for the moving loads model and for the model including interaction between train and 
bridge. Two different trains are considered for the comparison: (i) a single locomotive type 1116 and 
(ii) an ICE train with seven vehicles – power car type 1044 and six carriages type 2094.  
 
4.3.1 Analysis of the locomotive type 1116 
 

The locomotive data for the moving forces model, according the Figure 4, is 1D 3.0 m= , 2D 6.90 m=  
and the force corresponding to each axle is F 210.925 kN= . The speed of the locomotive, 130 km/h , 
was measured independently with a speedometer when it passed over the bridge. 

Response of the bridge at mid-span with the ballast track 
model III
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Figure 9: Comparison between numeric and measured response of the bridge, 

 with the track Model III, during the passage of the locomotive. 

 

                                                      
1 When the mass of the locomotive type 1116 is included as a uniformly distributed structural mass, the decrease of the 
eigenfrequency is about 7%. 
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Since the results calculated for the bridge considering the moving load model and each of the track models 
are similar to those computed without the track model, only the comparison between the measured and the 
computed acceleration at the mid-span of the bridge with the ballast track model III are represented in 
Figure 9. Analyzing the evolution of the time histories, it is obvious that, during the passage of the 
locomotive, the numeric response fit the measurements quite well, but, after that, for free vibrations only 
the amplitudes are similar. 
Indeed, in the calculations the first eigenfrequency of the structure, 4.0 Hz , remains constant for the 
entire duration of the response. The measurements, however, reveal that for the initial time, up to about 
1.4 s , when the locomotive is on the bridge, the first frequency match quite well the 4.0 Hz  but, after the 
passage of the vehicle, an increase on the value of the frequency is observed, confirming that there is some 
influence of the vehicle mass and of the non-linear increase of the stiffness for lower amplitudes of 
vibration. During the free vibrations the measured first frequency of the bridge increases to the above 
referred value of 4.40 Hz .  

Concerning the damping, the value obtained from the measurements, 0.05ξ = , is used and corresponds to 
the amplitude variation that can be observed in the free vibration part of the time history. 
In the time domain, the values calculated for the bridge considering the track models are similar to those 
obtained without the track model. Using a frequency domain representation, however, it can be seen that 
the use of the ballast track model suppresses the contribution of the response frequency components in the 
range 20-30 Hz, acting as a low pass filter (Figure 10). From this point of view the track model III is the 
most efficient in filtering the higher frequencies. 

FRF of the accelerations of the bridge at mid-span due to locomotive 1116 - Moving forces 
model
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Figure 10: Frequency domain representation of the response acceleration of the bridge mid-span section 
taking for all the three ballast track models. 

 
Unlike the case of the ICE analyzed hereafter, the values of the stiffness and damping of the primary 
suspension of the locomotive are not known. Therefore no comparison between the numerical results, 
using interaction, and the measurements is presented. Indeed, a preliminary study using assumed values 
for those parameters was done, which showed that the values for the primary suspension decisively 
influence the results. 
 
4.3.2 Analysis of the ICE train 
 
The available measurements include the acceleration response to the passage of the ICE train with seven 
vehicles, at a speed of 140 km / h . According to Figure 4 the data of intermediate carriage of this train can 
be briefly described with the following parameters: 1D 2.50 m= , 2D 15.18 m=  and kD 26.40 m= . 
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Concerning the forces applied by axle, the power car is characterized by F 204.05 kN=  and the 
intermediates carriages by F 127.53 kN= . 

Response of the bridge at mid-span with the ballast track 
model III
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Figure 11: Comparison between numeric and measured response of the bridge, 

 with a track model III, subject to the passage of the ICE549 train at a speed of 140km/h. 

 
The Figure 11 compares the measured and the computed accelerations at the mid-span of the bridge for 
the cases where the ballast track model III was used. The represented times histories show the goodness of 
fit between the numeric response and the measurements. The damping 0.05ξ = , for the first eigenmode, 
seems to fit quite well.  
Since the results in time domain obtained from the model of the bridge with and without any track model 
are similar only the result with the track model III is presented. However, if the comparison is made in the 
frequency domain, it is concluded once again that the ballast track Models I, II and III suppress the 
contribution of the higher frequencies, this fact is emphasized when analyzing the frequency response 
accelerations at the mid-span of the bridge taking into account the train-track-bridge interaction model 
with different systems (see Figure 12). 

FRF of the accelerations of the bridges at mid-span due to IC549 - interaction model
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Figure 12: Comparison between the FRF of the accelerations of the bridge, 

with all the ballast track models for the ICE549 train under a speed of 140km/h. 
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4.4 Interaction model versus moving loads model 
 
4.4.1 Description of the dynamic analysis 
 
In order to investigate the influence of the interaction on the dynamic behavior, the same bridge described 
in Figure 5 was considered. The static deflection at the mid span of this bridge due to the Load Model 712 
[11] equals 23.04mmδ =  and the length/deflection ratio is L 1020δ = . Concerning the damping, the 
Rayleigh matrix was used, C M Kα β= ⋅ + ⋅ , with constants 0.235α =  and 3.640E 04β = − , which 
correspond to a damping ratio, for the first frequency of the bridge of about 1% . It was decided to use this 
value instead of the measured one since it is recommended in eurocode 1 [11] for prestressed concrete 
railway bridges with span higher than 20 m .  

When a dynamic analysis is made, a series of speeds up to the maximum design speed must be considered. 
The maximum design speed is 1,2 times the maximum live speed at the site. Calculations were made for 
speeds in the interval [140, 300]km/h with a step of about 5km/h. A smaller step was adopted around the 
resonant speeds. 
 
4.4.2 The High Speed train ICE2  
 
The high speed train ICE2 consists of a total of 14 carriages including two power cars located in the front 
and in the rear end of the train. According to Figure 4, the data for the carriages are 1D 3.00 m= , 

2D 8.46 m= , kD 26.40 m=  and F 112.0 kN= . For the power cars F 195.0 kN= . 

The passage of successive loads with uniform spacing, which in this case is 26.40 m , can excite the 
structure in resonance. This occurs when critical speed is reached, which can be calculated as follows: 

k
cri. 0

Dv n ,  i 1,2,3,......,n
i

= × =                                                       (2) 

For i 1= , kD 26.40 m=  and 0n 2.70 Hz=  the critical speed is 257 km / h≈ . 

 
4.4.3 Results for the moving loads model 
 
Considering the moving loads model and the bridge model without and with each of the three track ballast 
models, the displacements and accelerations were computed and the maximum values plotted against the 
speed. As we can see in Figure 13 and Figure 14, the responses of the bridge are very similar for all the 
modeling situations.  
The effect of the ballast track models can be shown in Figure 15, for the speed of 140 km / h , where the 
representation of the accelerations at the mid span of the bridge is made in the frequency domain. The 
contribution of the frequencies in the range 10-30 Hz is suppressed when a track model is used. From this 
point of view and for this case study, all the track models have the same behavior in filtering the higher 
frequencies. 

The Figure 15, also allows the conclusion that the use of the Wilson-θ method for the time integration 
leads to a good result in damping out the spurious participation of the higher modes, that is, the 
contribution of the frequency components above 30 Hz  is very low [12].  

 

                                                      
2 The Load Model 71 is a static load pattern proposed by the Eurocode 1 [11] for the design of railway bridges. 
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Displacements at mid span for moving loads

0.0E+00

1.0E-02

2.0E-02

3.0E-02

4.0E-02

5.0E-02

6.0E-02

140 160 180 200 220 240 260 280 300

Speed (km/h)

D
is

pl
ac

em
en

t (
m

)

Without track model

Track model I

Track model II

Track model III

 
Figure 13: Maximum displacements at mid span considering the moving force model. 

Acceleractions at mid span for moving loads
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Figure 14: Maximum accelerations at mid span considering the moving force model. 

1.00E-06

1.00E-05

1.00E-04

1.00E-03

1.00E-02

1.00E-01

1.00E+00
0.0 10.0 20.0 30.0 40.0 50.0 60.0 70.0 80.0 90.0 100.0

Frequency (Hz)

A
m

pl
itu

de

Without track model

Track model I

 
Figure 15: Comparison of the accelerations of the bridge with a track model I and without track model in 
frequency domain during the passage of the ICE2 train at a speed of 140km/h, for the moving load model. 
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4.4.4 Results for the interaction model 
 
Considering now the results obtained when the vehicle/bridge or vehicle/track/bridge interaction is 
present, the maximum values of the displacement and acceleration response are represented in Figure 16 
and Figure 17, respectively. The resonance speed is reached at about the same value as before, but the 
maximum values of displacement and acceleration obtained with these models are much lower than those 
obtained with the moving loads model. The maximum displacement is 3.60 cm , obtained for the 
vehicle/track/bridge interaction models II and III. The maximum displacement obtained with the model 
without ballast track is 3,4 cm. 

Considering the response accelerations, all the models furnish identical results. Out of the resonance 
situation the vehicle/bridge model, without track, shows modest higher values than the other models. One 
possible explanation for this is the possible enhancement of energy dissipation mechanisms at low 
amplitudes of vibration due to the longitudinal distribution effects of the vehicle loads through the ballast 
layer. 

Since the results for the three track models are quite similar, only the response in frequency domain for the 
model III is represented in Figure 18 and compared with the modeling situation without ballast. The 
results for this situation show a greater contribution of high frequency components, in accordance with the 
conclusions obtained when the moving force model is used (compare Figures 15 and 18).  
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Figure 16: Maximum displacements at mid span considering the interaction model. 
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Figure 17: Maximum accelerations at mid span considering the interaction model. 
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Figure 18: Comparison of the accelerations of the bridge with a track model III and without track model in 

frequency domain during the passage of the ICE2 train at a speed of 140km/h, for the interaction model. 

 

When comparing the results obtained from the two different loading models, the maximum response 
accelerations and displacements for the interaction model are about 33%  lower than the equivalent results 
for the moving loads model.  

 

5 CONCLUSIONS 
 
The main purposes of this investigation were: at first, the calibration of the structural model of one simply 
supported medium span concrete bridge, for which former work was done [1,2,3] and measurements of the 
acceleration response under real traffic were available; second, the study of the same bridge in a design 
situation, using eurocode 1[11] recommendations and the loads corresponding to the high speed train 
ICE2. For all studied situations three types of ballasted track models were considered and two different 
methodologies for the load modeling were used: the vehicle/track/bridge interaction methodology and the 
moving loads methodology.  

The performed calibration confirmed that the non-linear effects at the supports together with the variation 
of the mass during the passage of the trains were responsible for the variation of, at least, the first 
eigenfrequency. When the bridge is being loaded during the train passage, the first frequency can be 
considered to be about 4,0 Hz and when the very low amplitudes of vibration of the unloaded structure are 
used for the modal identification the first eingenfrequency increases about 30% [2]. This conclusion was 
of major importance for the comparison of the measured and the computed response during the train 
passage. 
According to the results obtained for the acceleration in the frequency domain, it can be concluded that the 
use of the Wilson-θ  method in railway problems shows to be suitable in filtering the high frequency 
components. The results reveal a good numerical dissipation of the spurious participation of the higher 
modes. 

The response of the system track/bridge when subject to the moving loads model shows that the different 
track models do not influence the maximum displacements and accelerations. The results obtained for the 
response accelerations in the frequency domain show that those models act as a filter in the high frequency 
components. 
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The response of the system vehicle/track/bridge interaction model shows that the track models do not 
influence the maximum accelerations at the resonance speed. However, for out of resonance situations, the 
system vehicle/track/bridge interaction shows lower values, than the system vehicle/bridge interaction, 
that it could be due it to the longitudinal distribution of the effects of the vehicle through the ballast track 
as an energy dissipation of the bridge under the action of the moving train at lower speeds or lower 
amplitudes of vibrations. Analyzing the response of the system vehicle/track/bridge in frequency domain 
in terms of acceleration shows that system as more contribution of higher frequencies than the system 
track/ballast. But once again the ballast track model as a good behavior in filtering this higher frequencies. 
Comparing the results obtained for the maximum displacements and accelerations at the mid span for the 
two different methodologies, interaction model and moving load model, it can be concluded that the use of 
the interaction model results in 33%  lower displacements and accelerations. Therefore, the inclusion of 
the inertia effects of the moving vehicles contributes decisively to the reduction of the peak response. 
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Abstract 
During the last four decades floor systems used in housing and office-buildings in the Netherlands were 

mostly made of stone-like materials, and can be characterized as heavy. In recent years, in light of 

sustainable building methods, the trend is to reduce the use of materials and thus build lighter. Lightweight 

floor structures are however often found to be more susceptible to vibrations than heavier floor structures. 

The vibrations are caused by dynamic actions such as walking persons or vibrating machines such as a 

washing machine.  

This paper focuses on a beam as a representation for a floor system, supported by hinges with variable 

rotational and translational springs. The influences of the parameters involved are described. An analytical 

approach is used which results in an new approximation formula that can be used in practice. The 

analytical results are compared to the results found in literature and from numerical calculations. Finally 

design recommendations are given for the design of lightweight floor systems. 

 

 

1 Introduction  
 

Traditionally floor systems used in housing and office-buildings in the Netherlands were made of stone-

like materials. These floor systems, which can be characterized as heavy, normally posed little problems 

concerning vibrations. In recent years, in light of sustainable building methods, the trend is to reduce the 

use of materials and thus build lighter. Lightweight structures are however often found to be susceptible to 

vibrations. The vibrations are caused by dynamic actions such as walking persons or vibrating machines 

such as a washing machine. When one of the natural frequencies of the floor system, usually the first, is 

close to the frequency of excitation, problems can occur. Usually it is found that the higher the first natural 

frequency, the better the performance.  

 

The vibration behavior of beams for several boundary conditions is well described in literature [2]. The 

cases discussed are mostly those with free or completely fixed end conditions. Hibbeler [1] discussed the 

case of a prismatic beam with rotational spring supports and presented a formula that could numerically be 

solved.  

 

This paper discusses the case of a prismatic beam with rotational spring end supports and presents an 

approximation formula to find the first natural frequency. This allows for greater possibilities for analysis 

of the discussed case. Also a parametric study will be presented that will show the influence of relevant 

parameters on the natural frequency and recommendations for the design of lightweight floor systems will 

be given.  
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2 Analytical model  
 

Medium and light weight floorsystems that have been developed in the past mostly have a principle 

direction for the loadbearing. This allows for a lightweight floor system to be regarded as a single span 

beam supported at both ends. In the engineering practice it is often assumed the supports are free hinges. 

However in most cases this is not true because the support is partly fixed as schematized in Figure 1.  
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Figure 1, Scheme of structure 

Where: 

L  [m]  : Length of the beam between the supports 

EI  [Nm2]   : Bending stiffness of the beam 

ρA  [kg/m’]  : Mass per unit length, acting as a distributed load 

C1, C2  [Nm/rad] : Rotational stiffness of left and right support respectively 

 

2.1 Exact solution for the natural frequency 
 

The exact solution for the natural frequency of the beam with rotational spring supports can be found by 

solving the differential equation (1) and application of the boundary conditions. 

The differential equation [2] governing this structure is: 

 

4 2

4 2
0

y y
EI A

x t
ρ

∂ ∂
+ =

∂ ∂
 (1) 

with y = deflection of the beam, t = time 

The deflection of a beam in the first natural mode can be written as: 

 

 ( , ) ( )( cos sin )y x t Y x E t F tω ω= +  (2) 

 

with Y(x) decribes the deflection of the beam as a function of x, ω = angular velocity in rad/s and E and F 

are constants. Introducing the parameter β as a measure for the frequency given by, 

 

 
4 2 ( / )     β ω ρ= A EI  (3) 

β   [rad1/2/m] measure for the natural frequency  

ω   [rad/s]  angular velocity     

ρ  [kg/m3]  mass       

A  [m2]  area of section     

E  [N/m2]  Young’s modulus of elasticity   

I  [m4]  moment of inertia.    
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equation (1) combined with equation (2) and (3) results in: 

 

4
4

4
0

d Y
Y

dx
β− =  (4) 

 

Equation (4) can be solved for β, by letting Y taking the form 

 

 ( ) sin cos sinh coshY x A x B x C x D xβ β β β= + + +  (5) 

 

The constants A, B, C and D can be determined by using the boundary conditions for the case under 

consideration. Hibbeler [Hibbeler, 1975] introduced two parameters, u1 and u2, to group the parameters 

that influence the boundary conditions. 

 

 
-1 -11 2

1 2rad , rad
C L C L

u u
EI EI

= =  (6) 

 

Using these, the boundary conditions can be written as follows. 

 

At x = 0    

   (7) 

 

At x = L 

  (8) 

 

Combining (5), (7) and (8) and substituting R=βL, an equation depending on only 3 variables is found 

with R [rad1/2] as a measure for the natural frequency 

 

   

2

1 1

1 2 2 1 2 2

-u sinh( )cos( )+2 sinh( )sin( )+u cosh(R)sin( )

- u u cosh( )cos( )+u cosh( )sin( )+u u -u cos( )sinh( )=0

R R R R R R R R

R R R R R R R R
 (9) 

 

Equation (9) has only one unknown variable, R, which has to be solved for. However this unknown is not 

explicit so it cannot be solved analytically. More than one value of R can be found for a combination of 

parameters, represented by u1 and u2, representing the different modes of vibration. Using numerical 

methods values for R can be found.  

It should also be noted that Equation (9) is of a different form than found by Hibbeler, but it should result 

in the same values of R. 

 

Equation (9) is graphically shown in Figure 2. It can be seen that for the same combination of values of u1 

and u2 more values of R are valid. This of course is correct as these values describe different harmonics or 

higher natural frequencies. 
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Figure 2, Graphical representation of equation (9) 

 

 

2.2 Approximation function 
 

In this paper the focus is primarily on the first natural frequency. In practice the first natural frequency is 

the most important for analyzing floor systems, as this will generally be in the range of the excitation 

frequency that is below 7 Hz. Higher order frequencies are of less importance. Though the exact solution 

of (9) will result in accurate values for the first natural frequency, it is not adequate for practical use as one 

has to use numerical techniques to find a solution. A solution that results in a formula that gives the first 

natural frequency explicitly is desired. As stated above this cannot be achieved analytically, but it proves 

possible to find a very accurate approximation function where R is indeed explicit. The approximation 

function for R, called R� will be taken in the form of  

 
1 2

1 1 2 2 1 2 5
( , )

3 1 2 4 1 2

( ) ( )

( ) ( ) 1
u u

S u u S u u S
R

S u u S u u

+ + +
=

+ + +
�  (10) 

 

This function results in generally the same type of graph as with the exact formula. This function has an 

adequate ability to fit the curve of Figure 2 by choosing adequate values for the five constants, S1 to S5. 

These constants can be found by examining the limit cases as will be shown below. In this approximation 

function five constants have to be determined. As switching the left and the right side of the structure, 

resulting in swapping u1 and u2, should yield the same value for R� the constants for u1 and u2 of the same 

order have to be equal and thus are grouped together. 

 

The first constant to be solved is S5 and can be solved by examining the limit case where u1=u2=0. This 

reduces (10) to 
1 2(u =u =0)R� = S5. Numerically solving (9) for u1=u2=0, results in the value S5=π, which is 

obvious as this represents the case of an unrestrained beam. The quotient S1 / S3 can be found by 
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examining the limit state where u1 =0 and u2 → ∞, which represent a beam fixed at one end and freely 

supported at the other end. Solving (9) numerically for this case, (10) reduces to 

 

 
1 2

1
( 0; )

3

3.92660u u

S
R

S
= →∞ = =�  (11) 

 

Expressing S1 as a function of S3 and assign u1=0 we can rewrite (10) as follows: 

 

 
1 2

3 2
( 0, )

3 2

3.92660 ( )

( ) 1
u u

S u
R

S u

π
=

+
=

+
�  (12) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3, R and R�  for different values of S3 

 

Equation (12) will be correct for the extreme values of u2 =0 and u2→ ∞, combined with u1 =0 regardless 

of the value chosen for S3, but has also to be optimal for all values of u2 in between. This can be done by 

choosing strategically a value for u2 where equations (9) and (12) have to be equal. The graphs of these to 

equations, using different values for S3 are shown in Figure 3. The value chosen for u2 to calculate S3 is a 

value where the difference, ∆R, between (9) and (12) is the largest. The range for suitable values of u2 is 
shown in Figure 3 by the dashed vertical lines. The value for u2 of 7 proves to result in the best 

approximation. After numerically solving (9) for u2 = 7 we obtain, 

 

 
1 2

3
( 0; 7) 3 1

3

3.92660 (7)
3.59933           0.19981,   0.78457

(7) 1
u u

S
R S S

S

π
= =

+
= = ⇒ = =

+
�  (13) 

 

It can be shown that S2 and S4 can be found by examining the limit case were u1 = u2 → ∞. The resulting 

approximation function is: 

 

 1 2 1 2

1 2 1 2

0.78457( ) 0.15976( )

0.19981( ) 0.03377( ) 1

u u u u
R

u u u u

π+ + +
=

+ + +
�  (14) 
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u2 
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R 

1 2(u =0,u )R�  
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2.3 Validation of approximation function 
 

The derived approximation function (14) has a deviation compared to the exact solution, given implicitly 

by equation (9). In this section we will show the distribution of this deviation, ∆R, and express it in 

percent. ∆R at given values of u1 and u2 is defined by: 

 

 

2 2

1 2 1 2

2

1 2

( , ) ( , )
100%

( , )

R u u R u u
R

R u u

−
∆ =

�

i
�

 (15) 

 

We can now use the solution found by (9) for R and R� given by the approximation function (14) with 

equation (15). This results in an equation depending on only three variables, being ∆R, u1 and u2. This 

equation is plotted in Figure 4. It can be seen from this figure that the maximum error is about 0.07% and 

this occurs only for small values of u1 and u2 between 0 and 10. For larger values the error reduces to 0%, 

which of course should be the case as we determined the constants S1 through S5 by using the limit cases. 

It can also be seen from the error distribution that the values chosen to determine constants S1 and S3 were 

correct as the maximum positive error equals the maximum negative one. 

 

 

Figure 4, Distribution of deviation according to (15) for approximation formula (14)  

 

 

3 Results 
 

The first eigen frequency can be found combining equations (3), (14) and fe = ω/(2π): 

 

 1 2

2

( , , , )

2
     [Hz]

2

L EI C C

e

R EI
f

L Aπ ρ
=
�

 (16) 

 

 

1u

2u

R∆

1254 PROCEEDINGS OF ISMA2006



�R depends on 4 parameters that can be described by u1 and u2. For the purpose of comparison of the result 

with the available results in literature the material and geometrical properties are chosen in such a way as 

to obtain the same values for u1 and u2 as used by Hibbeler.  

For further validation a simple numeric model has been made in the finite element program Ansys. 

 

Table 1, Validation of approximation formula (Extreme combinations, C1=0…∞, C2 = 0 or ∞). 

       Zegers Hibbeler Ansys 

ρA EI L C1 C2  u1 u2 fe fe fe 

400 7,00E+06 8 0 0  0 0 3,247 3,248 3,247 

400 7,00E+06 8 875000  0  1 0 3,523 3,524 3,525 

400 7,00E+06 8 8750000 0 10 0 4,418 4,419 4,418 

400 7,00E+06 8 87500000 0 100 0 4,976 4,975 4,976 

400 7,00E+06 8 ∞ 0 ∞ 0 5,072 5,076 5,071 

400 7,00E+06 8 ∞ ∞ ∞ ∞ 7,363 7,360 7,358 

 

Table 2, Validation of approximation formula(Intermediate combination of C1 and C2 values). 

       Zegers Hibbeler Ansys 

ρA EI L C1 C2  u1 u2 fe fe fe 

400 7,00E+06 8 875000 875000 1 1 3,798 3,129 3,8 

400 7,00E+06 8 875000 8750000 1 10 4,704 7,463 4,702 

400 7,00E+06 8 875000 87500000 1 100 5,277 5,484 5,275 

400 7,00E+06 8 8750000 8750000 10 10 5,685 8,967 5,681 

400 7,00E+06 8 87500000 87500000 100 100 7,088 6,588 7,087 

400 7,00E+06 8 8750000 ∞ 10 ∞ 6,461 6,456 6,457 

400 7,00E+06 8 87500000 ∞ 100 ∞ 7,223 7,221 7,222 

 

As can be seen from table 1 and 2 the results obtained from the approximation formula, (9), and the results 

from Ansys correspond very well. The maximum difference that can be found is 0,004 Hz. Also for most 

values equation (9) corresponds very well with the results found by Hibbeler. Only in the case of u1 and u2 

being small, i.e. less then 100, and both being greater than zero, a significant difference can be found. 

Further analysis of the results shows that Hibbeler’s function has an asymptote at certain values. This 

influences the results significantly. The approximation formula presented in this paper doesn’t show this 

behaviour and can be considered valid for the whole frequency range. 

 

3.1 Practical results 
 

A range of values of practical relevance for the parameters involved has been determined. Graphs can be 

made showing the influence on the first natural frequency of two parameters while choosing a constant 

value for the other parameters. A total of five parameters define the system. 
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Table 3, Validation of approximation formula. 

Parameter unit description 

L  [m] Length of the beam between the supports 

EI  [Nm2]  Bending stiffness of the beam 

ρA  [kg/m’] Mass per unit length 

C1, C2  [Nm/rad] Rotational stiffness of left and right support 

respectively 

 

For this parameter study for each parameter a range of values is determined that are of interest in building 

practice. The focus of this research is on office and housing buildings. The range of the parameters is 

characteristic for these types of buildings. Each of these ranges is discussed below. 

 

3.2 Parameter L 
The parameter L describes the length of the single span of the floor system. Typical spans in buildings are 

ranging from a minimal of 5 meters to a maximum of 14 meters.  

 

3.3 Parameter ρA 
This parameter describes the mass per unit length. Traditionally wooden floors are the lightest (ca 50 

kg/m2) in normal practice while concrete slab floors are the heaviest, traditionally up to a thickness of 300 

mm which corresponds with 750 kg/m2. Depending on the use of additional materials this can be increased 

by roughly 250 kg/m2. Considering a beam with a width of one meter this results in a minimum value of 

ρA of 50 kg/m’ up to 1000 kg/m’. 

 

3.4 Parameter EI 
This parameter describes the stiffness of the floor system. The required stiffness depends on the 

requirements for maximal deflection allowed for the floor. The weight of the floor system combined with 

the live load determines the loading of the system, defined as q. The live load can vary between 175 kg/m2 

up to 400 kg/m2 for the regarded buildings. The criterium for the maximum deflection umax = 0.004 * L. 

 

The deflection under a distributed load is given by: 

 

4

max

5
0.004*

384
= <

qL
u L

EI
 (17) 

Solving for EI results in: 

 

3
35

3.255
384*0.004

> =
qL

EI qL  (18) 

 

The distributed load, q, which is a combination of the weight and the live load ranges from 225 kg/m2 up 

to 1400 kg/m2, or 2.25 – 14 kN/m2. Combined with the already defined range for parameter L, this results 

in the range for the stiffness of 0.9 kNm2 to 12500 kNm2 

 

3.5 Parameter C1 and C2 
These parameters describe the amount of rotation stiffness of the supports. The extremes for these 

parameters are unconstrained or fixed. The unconstrained condition corresponds to a value of 0 while the 

fixed condition corresponds with a value of ∞. The completely fixed condition will not be practical to 

achieve, and further examination of the influence of this parameter learns that a maximum value for C = 

108 Nm/rad gives nearly the same results as a completely fixed support. 
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3.6 Graphical results and discussion 
 

In Figure 5 the effect every combination of two parameters has on the first natural frequency is shown. For 

each graph the other parameters are taken constant and the value is the average of the range chosen in the 

previous paragraphs for that parameter. This results in the center of the graph being at the same level for 

each graph, so the relative effect of the parameters can be examined.  

 

Figure 5, Natural frequency, fe, depending on two parameters with the others constant 
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In the Figure 5 some interesting points can be found. The first point to be discussed is graph (f). In this 

graph the effect of the spring stiffness of the supports on the natural frequency is shown. This graphs 

shows that already for relatively small values for the spring stiffnesses the natural frequency becomes 

constant. You only have to design a support with a small stiffness to reduce the first natural frequency 

considerably. This effect is even stronger on lightweight floor systems. The second point to be mentioned 

is related to the first point and is shown in graph (g). For smaller spans the absolute effect on the natural 

frequency of the spring stiffness is greater than for larger spans. Thirdly it is mentioned that the beam 

stiffness has a larger effect on a beam on lower masses than on higher masses as can be seen in graph (b). 

Lastly it should be mentioned that the length of the span has the biggest influence on the natural 

frequency. But if you keep this parameter constant, the mass has the second greatest impact. 

 

4 Conclusions 
 

- An accurate approximation function for the first natural frequency of a beam with rotational 

spring supports has been derived 

- Lightweight floor systems benefit more from rotational spring stiffness at the supports than 

heavier floors.  

- The majority of the possible increase of the natural frequency, due to rotational springs, can be 

obtained already by designing supports with relatively small rotational spring stiffness. 

- Lightweight floors benefit more from higher stiffness than heavier floors. 
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Abstract 

Mechanical joints have significant influence on the response of compound structures due to their localized 
non-linear stiffness and damping effects. Considerable efforts have been expended to assign appropriate 
parameters for the joints in assembled structures such that the overall model represents the dynamical 
behavior accurately. Recently a nonlinear generic element model for bolted lap joints and interfaces is 
proposed by the first author representing the dominant physics involved in the joint such as micro/macro-
slip. The joint generic element parameters are identified by minimizing the difference between the model 
response and the observed behavior of the structure.  Due to the difficulty arising from the nonlinear 
nature of the involved inverse problem, the response surface methodology (RSM) is employed in 
optimization procedure which does not require sensitivity analysis in extracting joint parameters from 
measured responses. The RSM is a collection of procedures including design of experiments (DOE), 
model selection and fitting, and optimization on the fitted model. Based on the nature of the objective 
function a quadratic polynomial function form is adopted for the Response Surface Approximation (RSA). 
The RSA is built from DOE and model fitting. The proposed method is demonstrated using an actual test 
case in which the joint parameters of a beam like structure with a single bolted lap joint are identified 
using RSM. It is demonstrated that the response surface method achieves the optimum solution much 
faster and with less computational efforts compared to the other non-sensitivity based models methods. 
 
Introduction 

Mechanical Joints are integral parts of every practical structure and have a significant effect on its 
dynamic behavior. Recently a nonlinear generic element model for bolted lap joints and interfaces is 
proposed [1] to reproduce the basic physics associated with the joint interface such as frictional slip, and 
slapping. Determination of the parameters of the presented model based on physical test results can be 
considered as nonlinear system identification. Nonlinear system identification is an integral part of the 
verification and validation (V&V) process. Verification refers to solving the equations correctly, i.e., 
performing the computations in a mathematically correct manner, whereas validation refers to solving the 
correct equations, i.e., formulating a mathematical model and selecting the coefficients such that physical 
phenomenon of interest is described to an adequate level of fidelity [2].  
There are two common approaches used in identification of the joint parameters. The first approach 
employs non-parametric identification method which the joint flexibility and damping are modeled using 
added terms such as an equivalent excitation force to produces the same effect [3-6]. The second approach 
in modeling the joints, that has been investigated in this paper, employs parametric models to represent the 
dynamic behavior of the joint.  Gaul and Lenz [7] used an advanced lumped parameter model that is 
identified by experimental investigations for an isolated bolted joint. Song et.al. [8-9] have used the three-
dimensional adjusted Iwan beam element to simulate the nonlinear dynamic behavior of bolted joints. 
They have identified the joint parameters from measured structural responses by using neural networks. 
Ahmadian et.al. [10] have modeled the joint using a nonlinear spring to represent the softening 
phenomenon of the joint. They used the method of multiple scales to predict frequency response functions 
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of the structure.  Parameters of the joint have been identified so that the differences between calculated 
and measured frequency response are minimized. 
In this paper, joint parameterization procedure introduced in [1] has been implemented in a model. The 
resulting model includes six parameters which are determined in identification procedure. To overcome 
the difficulty arising from the non-linear model identification, an objective function has been defined 
forming the difference between magnitude experimental and analytical FRF data and it is minimized using 
response surface method. In recent years, the response surface method (RSM) [11] has been employed by 
many authors to solve design optimization problems in the area of multidisciplinary design optimization 
but for researches in finite element model updating one can refer to [12] , [13].  The dynamic response of 
the presented model is obtained by incremental harmonic balance method. The proposed identification 
procedure is demonstrated using an experimental case study.  
 
 
The jointed structure and its qualitative solution  

Figure (1) shows the structure that has been investigated in this study. As it is depicted in figure (2), the 
structure consists of two free-free steel beams jointed together using a single lap bolted joint. Preload of 
the bolted joint and the level of excitation force, can cause variety of structural behaviors ranging from 
linear to nonlinear responses motions. As demonstrated in figure (2) each part of beam is modeled using 
twelve Euler-Bernoulli beam elements, the lap joint part is modeled by a generic element and tip mass is 
represented by a lumped mass model. Linear stiffness, mass and damping matrixes of the generic joint are 
[1]:  
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where, wk and kθ  are two positive independent parameters of  generic stiffness matrix, m  is the element 
mass, J is its moment of inertia, eL  is the length of element and  wc and cθ  are two positive independent 
parameters which form the generic damping matrix. 

 

 
Figure 1: The jointed structure. 

 

 
Figure 2: Finite element model of the jointed structure. 
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The linear static force-displacement relations in a deformed element can be defined using wk and kθ : 
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In the nonlinear case the force-displacement functions are defined using non-linear constitutive relations 
[1]: 
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The equations of Motion of assembled structure according to aforementioned model are as follow: 
 

                                                 
2

2 ( ( )) ( )L NL
d q dqM C K K q q f t
dt dt

+ + + =                                             (4) 

 
where M  is the structure mass matrix, C  is the structure damping matrix, LK  is the linear part and 

( )NLK q  is the nonlinear part of the structure stiffness matrix, q is the vector of displacements and ( )f t  is 
the vector of applied external forces. The nonlinearity in the system has cubic form, therefore entries of 
nonlinear stiffness term, ( )

ijNLK q  are of the following format: 

 

                                                               
1 1

( )
ij

n n

NL ijkl k l
k l

K q K q q
= =

= ∑∑                                                          (5) 

 
The external force is assumed a simple harmonic loading, i.e. 0( ) sin( )f t f tω= . If a new dimensionless 
time variable tτ ω=  is introduced into equation (4) then it converts to: 
 

                                                  
2

2
2 ( ( )) sin( )L NL

d q dqM C K K q q f
d d

ω ω τ
τ τ

+ + + =                                  (6) 

 
In the following qualitative solution for equation (6) is obtained using incremental harmonic balance 
method (IHB). The first step of the IHB method is the incremental procedure; let 0jq , and 0ω denote a 
state of vibration. The neighboring state can be expressed by adding the corresponding increments as: 
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                                                             0 0, j j jq q qω ω ω= + Δ = + Δ                                                     (7) 
 
where 1,2,3,....,j n= .  Substituting expansions of (7) into (6) and neglecting the Higher-order terms, one 
obtains the following linearized equation in matrix form: 
 

                           
2
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in which: 
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and R is a residual vector that goes to zero when the solution is reached. The second step of the IHB 
method is the harmonic balance procedure. Due to cubic nonlinearity in stiffness matrix, odd numbered 
harmonies of the excitation frequency exist in the steady state response as the following form: 
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Equations (10) and (11) can be written as the following matrix form: 
 
                                                                 0 ,jq SA q S A= Δ = Δ                                                              (12) 
 
where: 
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Substituting Equations (12) Into Equation (8) and using the Galerkin procedure over the one cycle, the 
following set of linear equations in terms of AΔ  and ωΔ  obtain: 
 
                                       2

0 0 0( ( 3 )) (2 )NM C K K A R M C Aω ω ω ω+ + + Δ = − Δ +                                (17) 
 
where: 
 
                                                              2

0 0( ( ))NR F M C K K Aω ω= − + + +                                        (18) 
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2 2 2 2

0
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, , , ( )T T T T
L N NLM S MSd C S CSd K S K Sd K S K q Sd

π π π π

τ τ τ τ= = = =∫ ∫ ∫ ∫               (19) 

 
The solution procedure of Equation (17) begins with an initial solution (in general, from a corresponding 
known linear solution). Then nonlinear frequency-amplitude response is obtained point-by-point by 
incrementing frequency ω  or one component of the amplitude vector A  . As it is mentioned in Reference 
[14], the illustrated method may fail to converge at sharp picks. It has been demonstrated in [14] if the 
incremental arc-length method is used, the method will overcome the difficulties in obtaining the solution 
around sharp response peaks. 
 
Model Identification  
 
Identification of the model can be considered as an optimization problem to find the parameters of the 
model that minimized the objective function. As mentioned earlier, the level of excitation force can cause 
both of linear and nonlinear responses motions. Therefore the structure is excited using two different 
levels of sinusoidal forces at frequencies around the first and second modes to record the linear and 
nonlinear frequency response curves of the structure. The linear response curves are measured using a 
sinusoidal excitation with the amplitude of 44 mN while the amplitude of excitation force for measuring 
the nonlinear response curve is increased to 130 mN. The response curves are shown in figures (3) and (4) 
and will be used to identify the generic parameters. Figure (5) shows the test setup for measuring the 
dynamic response of the assembled structure containing a bolted lap joint in the middle. Each part of the 
structure is suspended as a bifilar pendulum to simulate the free-free boundary condition in lateral 
vibrations. A B&K 4810 mini-shaker is used to excite the structure at one end (point A). The applied force 
is measured using a B&K 8100 force transducer and the response at point B is measured by a DJB A/120/V 
accelerometer. Points A and B are shown in figure (1). 
 

 
Figure 3: Linear and nonlinear frequency response of the structure around the first mode. 

 
Figure 4: Linear and nonlinear frequency response of the structure around the second mode. 
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Figure 5:The test set up. 

 
Model of joint has 6 unknown parameters ( , , , , ,w w wN Nk k c c k kθ θ θ ) to be identified using experimental 
results. Using the obtained test results, the model identification performed in two stages. In the first stage 
the linear parameters are obtained using the observed linear behaviour. Next the nonlinear frequency 
responses are employed to identify the nonlinear parameters.   
       

Identification of Linear model based on Sensitivity method 
 
Base on experimental observations, it is assumed that damping in the model is mostly contributed by the 
nonlinear mechanisms in the joint. Therefore just two parameters wk  and θk  remain to be identified using 
the three measured natural frequencies of the linear system. Linearized eigen-sensitivity method has been 
implemented to identify these parameters. It should be noted that the initial values of parameters are set as 
for a beam element, i.e. 3

0 /12 LEIK w =  and LEIK /0 =θ . The objective function has been constructed 
using the norm of the difference between eigen-values of the actual system and the eigen- values estimated 
using the model. The change in objective function from its initial value during the identification procedure 
is shown in figure (6). As depicted in the figure (6), identification procedure shows the effectiveness of 
selected parameters in modeling the joint, as a result of which the objective function reduces to 99.9% of 
its initial. The corresponding changes in the joint parameters wk  and θk  are shown in figure (6) and Table 
(2) which indicate a 5.4% reduction in θk  and a 67.1% reduction in wk  from their initial values. Table (1) 
tabulates the measured natural frequencies and the identified model predictions of these frequencies before 
and after updating.  
 

Updated 
Model 

Measured  

88.18 88.18 Mode (1) 
262.0 262.0 Mode (2) 
513.5 513.5 Mode (3) 

Table (1): Measured and updated model predicted natural frequencies. 
 
 

Change % Updated Value Initial Value Parameters 
67.1% 3.5929e06 1.0986e07 

wk  
5.4 % 1601.2 1692.8 

θk  
Table (2):  Joint parameters before and after updating.   
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Figure 6: Changes in objective function and the joint parameters during identification process. 

 
 
Nonlinear model identification Based on RSM Method: 

 
In RSM, the first step is to find a suitable approximation for the true functional relationship between the 
true response function and a set of independent variables. This procedure is called Response Surface 
Approximation (RSAs) and play a crucial rule in RSM. It should be mentioned that the RSA can be 
applied in two ways. The first is to build an empirical model from experimental data and second one is to 
approximate a complicated function with a combination of much simpler functions. A complex 
function y can be approximated by a response surface f with n  independent variables (or parameters): 
 
                                                                   ε+= ,.....),( 21 xxfy                                                              (20) 

 
where ε  is the difference between the approximated and exact value of y . And ix  are the normalized 
independent parameters to attain a better numerical condition. The approximation function f usually 
employed from a polynomial whose coefficient can be determined by the least square method. If the 
response is well modeled by a linear function of the independent variable, then the approximation model 
can be considered as a first order model, otherwise if there is curvature in the system, then a polynomial of 
higher order degree must be used as the second order:  
 

                                         2
0

1 1

k k

i i ii i ij i j
i i i j

i j

f x x x xβ β β β
= =

<

= + + +∑ ∑ ∑∑                                (21) 

 
where sβ are the coefficient to be determined and there are 2/)2)(1( ++ nn coefficient. A successful 
application of RSA is greatly dictated by a proper choice of sampling points in design space, i.e., design of 
experiment.  A central composite design (CCD) [11] is the most popular class of designs used for fitting 
this model. Generally, the CCD consists of n2  factorial points, n2  axial points and one center point, for a 
total of design points 122 ++ nn with n  being the number of design variables and it is suitable to fit the 
second order model. It should be mentioned that n2 has been used to fit a first order model. Figure (7) 
shows the CCD for the case of 3 design variables.  
 

θ
K

w
K

functionObjective
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Figure 7: Central Composite designs for the case of 3 design variable [11]. 

 
Several objective functions for identification of the nonlinear model have been tested. In among the 
different objective functions, it has been concluded that the following objective function is the most 
effective and smoothest function: 
 

                                                           
1

( ) ( )
N

xj j aj j
j

F α ω α ω
=

= −∑                                                   (22) 

                        
 

where vectors ( )xj jα ω  and ( )aj jα ω  are measured and predicted receptances at jω . In formation of the 
objective function only points with large amplitude are selected as nonlinearity has no effect on the points 
of FRF curves that are almost 80% away left to the peak point. According to figure (9) variation of wNk , 

wc  do not affect the objective function when it is formed using the points close to the first resonance 
frequency and only two parameters Nkθ  and cθ  remain to match these set of experimental observations. 
Figure (10) shows the objective function versus these parameters. Therefore just two parameters Nkθ  and 
cθ  has been implemented in the first mode for approximation of the objective function (22) using RSAs. 
The initial values of these parameters are 1 007 0.09n nk e and cθ θ= = . Because of the fact that good RSA 
results are usually valid only within certain distance around the center design points, move limits should 
be imposed [11] on the identification procedure to ensure a better curve fitting results for RSAs. In each 
step of RSAs, the obtained parameters are the center design points and by indicating the move limits 
according to [12], they can be defined as coded variables like: 
 

                                                             0 0
1 2

1 2

,
i i

N N
i i

k k c cx x
d d

θ θ θ θ− −
= =                                                  (23) 

 
where 1x  and 2x  are the coded variables that are demonstrated in figure (8) for the composite central 

design ( 2α = [11]), 0
i
Nkθ and 0

icθ represent the parameters at ith iteration and 1
id , 2

id  are move limits in ith 
iteration step that can be determined as the method illustrated in [12].  

 
Figure 8: Central composite design for case of 2 design parameters.   
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Figure 9: The variation of objective function versus wNk , wc  at first mode. 
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Figure 10: Objective function versus Nkθ , θc  at first mode.. 

 
At initial point a first order model has been fitted by least squares. The fitted model has been evaluated by 
Mini-Tab software at this point and the results show a good agreement between the first order model and 
objective function in the defined region.  Figure (11) plots the objective function at each step along the 
steepest descent for the first order model. The results of Mini-Tab, in new points of each iteration along 
the optimization procedure show that the second order model must be used in continuation. The change in 
objective function from its initial value during the identification procedure is shown in figure (12). As 
depicted in the figure (12), the objective function reduces to 65.6% of its initial value. The corresponding 
changes in the joint parameters Nkθ  and cθ  are shown in figure (13) and figure (14) which indicate 344% 
addition in Nkθ  and 40.6% reduction in cθ  from their initial values.  
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Figure 11: Changes of objective function along the steepest decent path (matching first mode). 
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Figure 12: Changes of objective function in matching first mode. 

 

 
Figure 13: Changes of Nkθ  during the identification procedure (matching first mode). 
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Figure 14: Changes of  cθ  during the identification procedure (matching first mode). 

 
Figure (15) shows the model frequency response predictions in vicinity of the first mode obtained using 
nonlinear identified parameters of the joint. The experimental measured responses are also demonstrated 
in this figure. The results show very good agreement with these parameters that are used in our model.  
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Figure 15: Frequency responses around the first mode predicted (solid line) and measured (circles). 

 
Next the parameters wNk  and wc are identified by matching the second mode. The initial value of these 
parameters are 4 15wNk e= and 1.0wc = . Again the Mini-Tab software has been used to evaluate either 
of linear or quadratic surfaces should be used for the fitting to the objective function. A linear model has 
been selected in the initial point and the quadratic model for other point along the iterations. Figure (16) 
shows the objective function at each step along the steepest descent for the first order model. As shown in 
figure (17), the objective function reduces to 86% of its initial value. The corresponding changes in the 
joint parameters wNk  and wc  are shown in figure (18) and figure (19) which indicate 86.5% increase in 

wNk  and 5.3% increase in wc  from their initial values. 
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Figure 16: Changes of objective function along the steepest decent path (matching second mode). 
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Figure 17: Changes of objective function in matching second mode. 
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Figure18: Changes of wNk  in the second mode during the identification procedure. 
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Figure 19: Changes of  wc   in the second mode during the identification procedure. 

Figure (20) shows the model frequency response predictions in vicinity of the second mode obtained using 
nonlinear identified parameters. The experimental measured responses are also demonstrated in this 
figure. The results show very good agreement with these parameters that is used in our model.  
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Figure 20: Frequency responses around the second mode, predicted (solid line) and measured (circles). 

 
 
Table (3) tabulates the identified parameters of the joint model. 
 
 

cθ  wc  Nkθ  wNk  θk  wk  Parameters 
0.064 1.05 4.45e07 7.46e015 3.5929e06 1601.2  

Table (3):  identified joint parameters. 
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Conclusion  
 
A nonlinear generic element model is employed to model a joint in a compound structure and to predict its 
behaviour under different loading conditions. The parameters of the generic element are identified by 
matching the measured responses of the structure. Nonlinearity in a joint arises in higher levels of loading; 
the linear and nonlinear structure responses are measured using two different loading amplitudes and these 
observations are used to identify the linear and nonlinear parameters of the model. The nonlinear 
parameters are obtained by minimizing the error in prediction of observed behavior. By implementing a 
RSM procedure in optimization process, parameters of the system are identified. The identified model is 
in with good agreement with the experimental model.  
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Abstract
The use of damping augmentation concepts is spreading, thus motivating the need for design and validation
methodologies. The frequency and temperature dependence of viscoelastic materials pose the challenge of
correlating the response at multiple operating conditions. The fact that each mode is affected differently by
the viscoelastic treatments is another difficulty. The paper first presents test results, at multiple temperatures,
on a structure representative of a windshield with a damped joint. Then after a short reminder of numerical
methodologies used to obtain response predictions, issues with the use of pole frequency and damping ratio
for model correlation are illustrated.

1 Introduction

Devices using viscoelastic materials are often considered to enhance damping levels in vibrating structures
in automotive, aerospace and energy applications. These designs often include parameters such as viscoelas-
tic material thickness, position or properties that can vary over wide parametric ranges and only lead to
good performance in relatively narrow operating ranges. Finding an efficient operating point thus requires
parametric models where the treatment properties can easily be varied. Model validation is particularly im-
portant and yet challenging since temperature and frequency dependence need to be taken into account and
each mode is affected differently by the treatment.

PSA Peugeot-Citroen has developed new concepts for windshield vibration damping trough the joints rather
than using the traditional approach of damping material selection for the laminated glass. The experiment
described in section 2 and used to illustrate this paper was motivated by the need to validate the joint models
in such concepts. The test analysis correlation presented in the section is relatively good but poses many
questions which the rest of the study addresses.

Section 3 summarizes procedures used to model the frequency and temperature dependence of viscoelastic
materials and choices typically made to mesh viscoelastic treatments. Model reduction techniques, which
are necessary to deal with the computational challenge posed by the proper representation of viscoelastic
behavior, are then addressed.

Section 4 first recalls the equations associated with spectral decompositions. It is then shown that poles
and modulus cannot be directly related in the considered applications. Since pole damping and frequencies
remains the easiest correlation objective for damping validation, one proposes to use modal filters to extract
modes. This works reasonably well for separated modes in both test and analysis but fails in tests when
the modal density increases. Attempts to use output error identification techniques were found to give un-
reliable results in the same frequency range. The study then concludes by showing, using simple numerical
illustration, that indeed there are unicity and bias problems with identification procedures.
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2 Experiment representative of windshield joints

2.1 Test configuration

Two test cases are considered in this study. A structure dynamically representative of a windshield with a
500 × 400 × 0.5 mm panel glued onto a aluminum frame shown in figure 2. The glue is a SMACTANE 50
band of section 10× 4 mm (see figure 5 for properties). A ”simplified” test corresponding to a cut of the full
model is shown in figure 2. The joint is placed on a 2 mm plate that is representative of panel thicknesses
found for windshield connection surfaces.

Figure 1: Test representative of a windshield glued onto its frame. Half model and photo of the test setup.

Cadre

Plaque

Joint
Feuillure

Figure 2: Simplified slice test.

The aluminum frames and plate were carefully manufactured to limit initial correlation errors to the effects
in the joint model. The components where tested before being connected by the joint and initial correlation
gave good results with less than 2 % error on predicted modal frequencies.

The tests where performed in an environmental chamber allowing a precise temperature control. 49 point
where used for the slice and 223 for the frame. The optical scanner was placed in the chamber while the single
point Polytech vibrometer was kept outside. Free-free conditions where approximated using bungee cords,
which added some damping but also gave a temperature dependent static position which implied optical
realignment. The slice was tested at 15, 25 and 35 C, the frame was also tested at 5 C. Data acquisition with a
Photon system and scanner alignment where automatically controlled using a custom MATLAB application.
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2.2 Test/analysis correlation

Figure 3 illustrates the good level of correlation found. Overall levels are well matched over the whole
frequency band. The blue and green curves in the computed transfer are obtained with 2% and 0.2% loss
factors in the frame respectively. The spread gives an idea of the how much of the difference in correlation
could be due to external effects. In reality the bungee cords probably contribute most of the damping not due
to the joint, but this contribution was not properly characterized.
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Figure 3: Test and analysis sample transfers and sum of transfers at 5 and 35 C (frame test)

Figure 4 gives a correlation for the first eight modes. These modes are not in the range where the treatment
becomes really efficient but pole identification in that range was not possible for reasons that will be discussed
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in later sections.

The general correlation is deemed to be quite good although the temperature trends are never reproduced
exactly. Two FEM predictions are obtained using two separate material characterizations. This gives an idea
of the difficulty of ensuring that the simulation is performed using characteristics that are close to those of
the actual material. The significantly higher test damping on the first mode is attributed to dissipation in the
bungee cords.

100 120 140 160 180 200 220
0

0.5

1

1.5

2

2.5

270 280 290 300 310
0

0.5

1

1.5

2

400 420 440 460
0

0.5

1

1.5

2

 

 FEM
1

FEM
2

TEST

100 120 140 160 180 200 220
0

0.5

1

1.5

2

2.5

3

270 280 290 300 310
0

0.5

1

1.5

2

2.5

3

400 420 440 460
0

0.5

1

1.5

2

2.5

 

 
FEM

1
FEM

2

TEST

Figure 4: Pole correlation at 5, 15, 25, 35 C for the frame model and test.

3 Representing viscoelastic materials in dynamic models

3.1 Modeling issues

This section summarizes the main modeling issues pertinent in this study. More details can be found in
Ref.[1]. For a selection of materials, indexed m, and using the fact that element stiffness depend linearly on
the considered moduli, one can represent the dynamic stiffness matrix of a viscoelastic structure as a linear
combination of constant matrices

[Z(Em, s)] = Ms2 +Ke +
∑
m

Λm(s, T, σ0)
Λm0

Kvm(Λm0) (1)

Possibly all moduli could be independent. In most applications, the stiffness is however dominated by either
shear or compression. In free layers or support blocks, compression is dominant and the behavior of the
damping device is dictated by the equivalent stiffness kv = Eh (compression modulus times height for
free layer treatments). In constrained layer damping or shear struts, the viscoelastic stiffness is given by
kv = GS/h with G the shear modulus, S the viscoelastic surface and h its thickness. In design phases a
nominal value of G is used with a constant loss factor (typically 1) [2]. One then assembles the matrices for
the elastic Ke and viscoelastic Kv parts and considers the parameterized dynamics stiffness given by

[Z(kv, s)] =
[
Ms2 +Ke + kv

kv0
[Kv]

]
(2)
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In validation phases, one assumes that either shear of compression dominates and considers the frequency
dependence of either the shear or Young’s modulus and generally approximates the true variation of the other
components using a constant real Poisson’s ratio. Note that effects linked to the near incompressibility of
some viscoelastic materials are known to have strong influence, but proper material characterization is then
also very difficult.

Figure 5 for example shows the nomogram of the material used in the experiments. This figure assumes
the validity of the frequency temperature superposition principle where the modulus is assumed to be a
function of the reduced frequency ωα(T ) rather than a function of two independent variables ω and T . This
principle is reasonably verified in many material tests and thus commonly used. It is also the only acceptable
approach to extrapolate material properties in frequency ranges above 1 kHz where no dynamic material
analyzer exists.
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Figure 5: Nomogram for Smactane 50 material (www.smac.fr).

In most damping enhancement applications, viscoelastic materials are used in conjunctions with metals.
Bending of the viscolastic layers is thus rarely dominant so that volume elements can be used appropri-
ately to represent the strain energy. For classical free layer configurations, one can show that the com-
posite model and a shell/volume model give nearly identical predictions. For constrained layer damping,
shell/volume/shell models are appropriate even though the aspect ratio of the volumes elements used for the
intermediate viscoelastic layer is out of normally accepted ranges [3, 1].

3.2 Solving for responses : reduction and parametric studies

To simulate the dynamic response it is not useful and rarely possible from a numerical cost standpoint to
use direct frequency response computations by factoring (1). Model reduction methods (modal analysis,
substructuring, component mode synthesis, ...) seek an approximate solution within a restricted subspace.
One thus assumes

{q}N×1 = [T ]N×NR{qR}NR×1 (3)

and seek solution of the full model forced response equation whose projection on the dual subspace T T is
zero (this congruent transformation corresponds to a Ritz-Galerkin analysis). Transfer functions are thus
approximated by

[H(s)] = [c] (Z(s))−1 [b] ≈ [cT ]
[
T TZ(s)T

]−1[
T T b

]
(4)

One can note that for a non-singular transformation T (when {q} = [T ]{qR} is bijective) the input u /
output y relation is preserved. One says that the transfer functions are objective quantities (they are physical
quantities that are uniquely defined) while DOFs q are generally not objective.
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Classical bases used for model reduction combine modes and static responses to characteristic loads [4].
Bases containing free modes and static responses to applied loads {b}

[T ] =

[
[φ1 . . . φNM ]

[
[K]−1[b]−

∑NR
j=1

[c]{φj}{φj}T [b]
ω2

j

]]
(5)

have been used component mode synthesis (component model reduction to prior to a coupled system pre-
diction) by Rubin [5], MacNeal [6], and many others. In the case of damped structures, this has lead to the
Modal Strain Energy method [7].

Damped modes can be considered as elastic models with an external damping load. Static correction for the
effects of damping loads can then be incorporated. The first order correction given by

[T ] =
[
[T0]

[
[K]−1

0 [Kvi[φ1:NM ]]
]]

(6)

has been shown to much more accurate prediction than a simple modal base in numerous occasion [3, 8, 4]
and is used for simulations performed here. Other multi-model approaches are discussed [9] and used in
some of the simulations presented here.

4 Using poles for correlation

4.1 Spectral decomposition theory

In analysis complex modes are classically defined as non trivial solutions of the homogeneous frequency
response problem. That is left {ψjL} and right {ψjR} modeshapes associated with unique poles λj that
verify the generalized non linear eigenvalue problem associated with a viscoelastic model

[Z(λj , G(λj))]{ψjR} = {0} and {ψjL}T [Z(λj)] = {0}. (7)

For analytic representations of the modulus, one can generally rewrite (7) as a higher order (quadratic or
more), but linear, problem. The use of analytical representations of G however requires the solution of
an inverse problem to fit the raw modulus measurement which is an error prone process. Direct uses of the
complex modulus measurements is preferred by the authors but this too may be subject to bias in the dynamic
material testing process [10].

Under the very unrestrictive assumption that the moduli are analytic functions, one knows that Z(s) and its
inverse are also analytic so that near a given isolated λj one has

[Z(s)]−1 =
{ψjR}{ψjL}T

αj (s− λj)
+O(1) (8)

where the normalization coefficient αj depends on the choice of a norm when solving (7) and is determined
by

αj = {ψjL}T

[
∂[Z(s)]

∂s

∣∣∣∣
λj

]
{ψjR} (9)

For symmetric Z(s), the left and right complex modes are equal. For the particular case of a model of a fixed
hysteretic damping ratio Z(s) = Ms2 +K + iB, one normally verifies that rigid body modes are in the null
space of [B], and can normalize complex modes such that ψT

j [M ]ψk = δjk so that the transfer is given by

H(s)−
∑ cφjRBφ

T
jRBb

s2
=

NM∑
j=RB+1

{cψjR}
{
ψT

jLb
}

s2 − λ2
j

=
NM∑

j=RB+1

{cψjR}
{
ψT

jLb
}

2λj(s− λj)
+
{cψjR}

{
ψT

jLb
}

−2λj(s+ λj)
(10)
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This model is not physical in the sense than poles with negative imaginary parts are unstable (−λj rather than
λ̄j). This implies that the static computations biased. Physically the complex modulus for negative values
of ω should be the conjugate of that for positive values of ω and the loss factor should be zero at ω = 0. A
modal synthesis that is consistent with this hypothesis would thus use

H(s) =
∑ RRB

s2
+ [c][Kflex]−1[b] +

NM∑
j=RB+1

s2Rj

2λ3
j (s− λj)

+
s2R̄j

2λ̄3
j (s− λ̄j)

(11)

with Rj = {cψjR}
{
ψT

jLb
}

. The later formula is also consistent for a model with both viscous and hysteretic
damping.

These spectral decompositions being unique can be used in both test and analysis to characterize damping
levels associated with specific modes. In simple well controlled configurations, one can directly relate the
complex modulus and the pole damping. This is in particular used for the Oberst beam testing methodology
and its variants [11, 12]. For more complex structures, the correlation is not straight forward as will be
illustrated next.

Figure 6 shows the location of poles when a constant complex modulus is varied in the on the edges of the
design square given by E = [4MPa − 8MPa] and η = [.5, 1.3]. The figure clearly indicates a non-linear
relation between the modulus value and the pole.

The first two modes (7,8) cross so that proper tracking is nearly impossible. For the heavily damped modes
(13,14) and the lightly damped one (9) the mapping is fairly regular so that one could reasonably relate an
experimentally measured pole and the associated modulus. There are however other poles with light damping
in the same range so that extracting the poles of the heavily damped modes may not be possible. For more
intricate relations, poles (10,11), there is no unique value of the modulus leading to a single pole.
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Figure 6: Pole tracking for a square variation of modulus and loss factor (slice model).

For test or when using frequency dependent moduli, the poles cannot be determined from an eigenvalue
problem but must be deduced from particular transfers that are either measured or computed. Figure 7
illustrates a computation where four modes are active. One of the modes is particularly difficult to track
since it heavily damped and its frequency passes the frequency of a less heavily damped mode.

4.2 Extracting poles from test or analysis transfers

While pole correlation may not be the perfect tool is remains one of the first criteria for a quantitative
correlation of damping predictions. Extracting these values is thus deemed critical. This section illustrates
the use of modal filters for this extraction but also shows its limits.
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Modal filters [13, 14] can be used to combine measurements into responses where one particular mode is
more specifically excited or observed. The idea behind this methodology is the dual for observation of what
modal appropriation is to excitation with multiple shakers [15]. In the present case modes are not known,
but one can use the normal modes of a reference elastic structure (with some reference modulus of each of
the viscoelastic materials) to build the modal filters. Figure 7 clearly shows in this simulation that the peaks
are perfectly separated by this approach.
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Figure 7: Sum of the imaginary part of transfers (left) and modal filters (right) (frame model).

When applied to test data, the modal filter results are quite good for the first modes as shown in figure 8.
In higher frequencies results become poor. The reason for this is illustrated by the test auto-MACS shown
in figure 9. This figure clearly indicate that only the first modes are well separated in shape (later there
a significant off-diagonal terms for modes that are close in frequency). These are limitations of the test
configuration but illustrate the fact that, in this application, one was interested in predicting and validating
predictions in a much broader range than what is usually considered for modal analysis.
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For analysis, modal filters can be used to estimate damping levels more efficiently since one can use both
input and output filtering. Figure 10 illustrates the gradual rise of damping with frequency in the considered
application which is the basis of the proposed design.
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Figure 10: Pole tracking for the frame model.

4.3 Identification limits for highly damped and close modes

The preceding section showed that heavy damping and close frequencies posed a significant challenge. This
was also found to induce difficulties in identification procedures. This section points fundamental reasons
for this fact.

In practical cases, parameters estimation is performed using data from a restricted frequency band. Given an
estimated model order, one solves the non-linear output-error minimization problem [16]
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([Rn], λn) = ArgMin
[Rn],Λn

ωmax∑
ωmin

∥∥∥∥∥∥Ht(ωs)−
Im(λn)<ωmax∑
Im(λn)>ωmin

Rn

jωs − λn
+

R̄n

jωs − λ̄n
− F +

G

ω2
s

∥∥∥∥∥∥
2
 , (12)

where F and G are the high and low frequency residuals and the mode residues have the form discussed in
section 4.

When damping is high and poles relatively close, the conditioning of this problem deteriorates rapidly which
induces a lack of precision on damping estimates. To illustrate this point, one uses the simple 8 DOF test
shown in figure 11. All masses are set to 1 Kg, exept for DOF 7 and 8, were masses are set to 10 Kg.
Stiffness, shown on the figure 11, are respectively k1=1e4 N.m−1, k2=1e5 N.m−1, and k3=5e7 N.m−1.
Viscous damping d will vary from 1 to 25 N.m−1.s. Frequencies ωn and damping ratios ζn for the extreme
values of d are given in the table of figure 11. Free-free sine mode-shapes have been applied to computed
complex mode to simulate measurements. Hence, the simulated frequency response function H between an
input b and an output ck is given by

Hk(s) =
8∑

n=1

(
{ck}[ψn][ψn]T {b}

(s− λn)
+
{ck}

[
ψ̄n
][
ψ̄n
]T {b}(

s− λ̄n
) )

. (13)

with {ck} = {sin(πk) ... sin(nπk)}, k ∈ [0, 1], {b} = {0 1 0 ...0}T and λn = ωn

(
j −

√
1− ζ2

)
.

For each viscous damping coefficient d, a state space model is assembled. Frequencies, damping ratios and
complex modes and FRF are computed and used as measurements in this illustration.
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k1,d/2

k1,dk1,d

10k1,dk1,d

k1,2d

d=1 N.m−1.s d=25 N.m−1.s
Frequency (Hz) Damping (%)

90.6901 0.48685
97.4868 0.6817
152.2651 0.27863
234.6602 0.46333
245.9542 0.4266
329.7354 0.10011
375.0836 0.2902
811.8541 0.014084

Frequency (Hz) Damping (%)
91.9862 8.2824
95.5752 15.139

151.8816 5.5511
232.7833 9.3533
244.6676 8.4768
329.4132 1.8795
373.5898 5.8432
811.8329 0.28087

A. Connectivity between B - Frequencies and damping ratios
the 8 DOF of the model for extrema values of viscous damping d

Figure 11: Numerical test case

For identification, one considers the 200-280Hz band which contains the fourth and fith modes (see ta-
ble11.B). For given values of poles 4 and 5 exact damping (d = 17) is used and the frequency is varied in a
[-8% ; 8%] range. Since the poles are given, the minimization of (12) is a linear least squares problem that
gives the residues.

Figure 12 shows a map of the objective function for the range of frequency values. One first notes the
presence of two local minima meaning that the output error minimization problem (12) has non-unique
solutions. Further studies have shown that this split is observed for high damping compared to separation.
This condition can be evaluated using the modal overlap criterion [17] : for 2 modes j and k, when 2ζjωj ≈
|ωj − ωk| then damping can be considered high compared to frequency separation.
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Figure 12: Log(Min(J)) for F4 and F5 within [-8% ; 8%]

Figure 13 overlays the analytical pole value, the frequency at which the minimum of the cost function is
observed when the pole frequency is varied for the exact damping ratio, the uncertainty range defined as the
range of frequencies for which the cost is less than 2% higher than the minimum.
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Figure 13: True pole VS found poles. Pole locations for the cost function J within [Min(J) Min(J)*1.02] is
also presented

These illustrations clearly indicate that when damping increases the level of bias and uncertainty in the output
error solution augments drastically. Modal extraction is thus fundamentally difficult in such situations.
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5 Conclusion

This study has shown that modeling techniques for structures containing viscoelastic materials are well
mastered and lead to reasonable test/analysis correlation. Material characterizations that properly include
frequency and temperature dependence remain a key difficulty and in most situations one cannot expect to
find a simple relation between a pole and the modulus value at the associated frequency. Pole extraction is
further made more difficult by the presence of damping. Modal filter techniques have been found to help
but fail when the modal density increases. Finally identification techniques have been shown to have unicity
and bias problems in the same situation. Many questions are thus left unanswered and will be the object of
further study.
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[8] Bobillot, A., Méthodes de réduction pour le recalage. Application au cas d’Ariane 5, Ph.D. thesis,
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Abstract
For motion systems such as cam-follower mechanisms and loads driven by servo motors, this paper consid-

ers the design of system inputs that are continuous up to their M -th derivative and minimize some design

criterion subject to user-defined constraints. This problem is tackled by optimizing a piecewise-linear, con-

tinuous parametrization (based on a large number of second-order B-splines) of the M -th derivative of the

trajectory, which guarantees the continuity up to derivative M . As an application, the system input of a linear

dynamic system is optimized to reduce the residual vibrations. Both non-robust and robust solutions of the

resulting linear optimization problem are presented. For high-speed applications a trade-off in the degree of

continuity at the boundaries is shown: for robustness against small plant perturbations this degree needs to be

low, while for robustness against unmodeled higher dynamics this degree needs to be large. The numerical

optimization results furthermore confirm and outperform earlier results for the considered benchmark.

1 Introduction

Designing system inputs is an important issue in the control of motion systems, for example in the reduction

of follower residual vibrations in cam design. By taking certain a priori knowledge of the motion system

dynamics into account, the system input can be shaped such that the motion output of the system behaves

in a satisfactory manner. Several approaches towards system input design to reduce system vibration are

presented in literature. Roughly speaking, these approaches can be categorized in two main classes, (i) filter

design and (ii) input design.

The design of a filter is independent of the chosen reference trajectory for the motion output, denoted here

as motion reference. Therefore filter design is a general technique: any motion reference can be convolved

with the designed filter to create the appropriate system input. Most filter design methods however need

an accurate model of the motion system, while robustness regarding unmodeled dynamics and uncertain or

slightly changing system parameters is difficult to incorporate in the design. Singer and Seering [3] explicitly

include robustness against uncertain system parameters in the filter design by analytically calculating a series

of positive impulses to reduce system vibration. A drawback of this method is that a short move-time penalty

is incurred (the length of the filter). This move-time penalty can be reduced by also allowing negative

impulses, as shown by Singhose et al. [5], but actuator overcurrenting, which is not present if only positive

impulses are used, and high-mode excitation can occur.

Contrary to filter design methods, input design depends on the chosen motion reference: a new system in-

put has to be calculated for every different motion reference. Different approaches towards input design

have been proposed. Kanzaki and Itao [2] select a polynomial trajectory for the motion output, based on

user-defined specifications (boundary constraints and the characteristics of the residual vibration) and subse-

quently calculate the system input analytically. Srinivasan and Ge [6] use Berstein-Bézier harmonic curves

to analytically design motion outputs, locally insensitive to parameter variations. To the authors’ knowledge

1287



Kwakernaak and Smit [1] were the first to formulate the input design as a numerical optimization problem.

The jerk of the system input is parameterized and optimized with respect to some optimization criterion,

subject to constraints on velocity and acceleration. Similarly, Chew and Chuang [4] parameterize the in-

put acceleration as a polynomial and optimize the coefficients by minimizing the residual vibrations over a

range of speeds. The framework presented hereafter is an input design method and generalizes the work of

Kwakernaak and Smit.

The outline of the paper is as follows: Sec. 2 discusses the spline-based parametrization of the optimal system

input. Section 3 shows how the optimal system input design is formulated as a linear optimization problem.

In Sec. 4 the benchmark of Kanzaki and Itao [2] is tackled using the spline-based framework. First the

system and the system’s equations are given, then non-robust solutions are presented. Section 5 introduces a

strategy to ensure robustness. Section 6 states the conclusions.

2 Parametrization of the optimal system input

2.1 General problem statement

The problem considered here is to design a trajectory

θ(τ) : [0, τ∗] → [θmin, θmax] (1)

that is continuous up to its M -th derivative with respect to τ :

θ(τ) ∈ CM
[0,τ∗]; θ(τ) /∈ CM+1

[0,τ∗], (2)

and complies with boundary constraints on the position

θ(0) = 0; θ(τ∗) = 1; (3)

as well as boundary conditions on the higher derivatives 1 ≤ m ≤ MBC ≤ M :

θ(m)(0) = 0; θ(m)(τ∗) = 0, (4)

where MBC ∈ N is a user-defined constant. τ∗ denotes the nondimensionalized time during which the

motion has to be accomplished. The constants τ∗ and 1 in (1)–(3) can be used without loss of generality:

through nondimensionalization, many trajectory design problems can be formulated in this form.

There are, of course, many trajectories θ(τ) that comply with (2), (3) and (4). This freedom can be exploited

to design the trajectory so as to minimize some performance criterion, as well as to impose additional con-

straints. That is, the trajectory is found as the numerical solution of an optimization problem. This requires

to adopt a parametrization for θ(τ), as discussed in Sec. 2.2.

2.2 Parametrization of the optimal system input

One of the key features of the framework is the parametrization of θ(τ). θ(τ) is parametrized in an indirect

manner by adopting a piecewise-linear, continuous parametrization for its M -th derivative θ(M)(τ), shown

in Fig. 1. We assume that the available knot locations τk are equidistant1 :

τk = k ·∆ = k ·
τ∗

K
, k = 0 . . . K,

1This assumption is made for reasons of convenience. The framework is however still valid if the available knot locations are

not equidistant.
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τ1 τK

τ

θ(M)(τ)

τ0

∆

Figure 1: B-spline parametrization of θ(M)(τ). ∆ = τ∗/K, where K + 1 denotes the number of available

knots.

τ

τ0

1

τk+1τkτk−1

β0(τ) βk(τ) βK(τ)

τ1 τK−1 τK

Figure 2: The hat functions β0(τ), βk(τ) (1 ≤ k < K) and βK(τ).

where K + 1 denotes the number of available knot locations. Given its piecewise-linear parametrization,

θ(M)(τ) itself is continuous, while its first derivative θ(M+1)(τ) is not, and hence it satisfies (2). If K is

chosen to be big, say K = 1024 or K = 2048, this parametrization becomes more and more general in

the sense that it becomes a more and more accurate representation of any function that satisfies (2). It is

a generalization of the work of Kwakernaak and Smit [1], who restrict M to be 2 and consider very small

values of K (typically K = 30).

Given its piecewise-linear parametrization, θ(M)(τ) is completely determined by its values at the knot loca-

tions τk. In fact, θ(M)(τ) can be written as

θ(M)(τ) =

K∑

k=0

θ(M)(τk) · βk(τ), (5)

where βk(τ) denotes a B-spline of order 2, the so-called hat function, depicted in Fig. 2. A mathematical

description of the hat-function is provided in Appendix A.

Equation (5) implies that θ(M)(τ) can be expressed as a linear combination of base functions βk(τ), with

coefficients that are given by θ(M)(τk). Since these base functions are B-splines of order two, the locations τk

can be considered as spline knots or knot locations. In order to obtain θ(τ) itself, (5) needs to be integrated M
times. This implies that M integration constants Cm, m = 1 . . . M are required to unambiguously determine

θ(τ). Hence the number of independent parameters that determines θ(τ) equals K + 1 + M :

• K + 1 values θ(M)(τk), k = 0 . . . K;

• M integration constants Cm, m = 1 . . . M .

These independent parameters are determined by numerically solving an optimization problem, of which a

basic version is outlined in Sec. 3.
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3 Basic optimization problem

In the previous section, the K + 1 + M independent variables (optimization variables) are identified to be:

• K + 1 values θ(M)(τk), k = 0 . . . K;

• M integration constants Cm, m = 1 . . . M .

Given that K is necessarily high to obtain a general parametrization, the number of optimization variables

is high as well. Special measures are therefore needed to keep this problem numerically tractable. The

approach chosen here is to only consider performance criteria and additional constraints that result in a

linear optimization problem, for which very efficient numerical algorithms exist that are guaranteed to find

the global optimum even if the number of variables is large, as is the case here. A linear program is an

optimization problem in which a linear goal function is minimized subject to linear equality and inequality

constraints.

3.1 Optimization variables

In order to formulate the optimization problem, we consider a set of optimization variables that is larger

than the strictly minimal set of K + 1 + M variables just discussed. That is, the following set of variables,

gathered in the optimization variable vector x ∈ R
(M+1)(K+1) is used:

x =




θ(M)(τ0) · · · θ(M)(τK)

︸ ︷︷ ︸

K+1

| · · · | θ(0)(τ0) · · · θ(0)(τK)
︸ ︷︷ ︸

K+1






T

, (6)

where (·)T denotes a matrix transpose. The optimization variable x hence consists of the position θ(τ)
and all its derivatives up to the M -th derivative2, evaluated at each of the considered knot locations τk,

k = 0 . . . K. It is straightforward to show that, in order to impose that the elements of x be each others exact

derivatives/integrals, the following set of MK linear equality constraints has to be imposed:

G · x = 0,

where the matrix

G ∈ R
(MK)×(M+1)(K+1)

follows from elementary calculus. Note that the (M +1)(K +1) optimization variables have to satisfy MK
linear equality constraints, which results in K + 1 + M independent optimization variables. This is exactly

the number of independent variables identified in Sec. 2.2.

3.2 Optimization criterion

As already explained, the basic version of the optimization problem only considers performance criteria that

give rise to linear programs. Two important criteria that are widely used and that give rise to a linear program

are:

1. The infinity norm || · ||∞, defined as

||Ax− b||∞ = max
i
|aT

i x− bi|, (7)

where ai denotes the i-th row of the m× n matrix A, x ∈ R
n, b ∈ R

m and bi is the i-th value in b.

2Forward or backward finite differences can be used to determine the M + 1-th derivative from the M -th derivative.
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2. The one norm || · ||1, defined as

||Ax− b||1 =

m∑

i=1

|aT
i x− bi|, (8)

where ai denotes the i-th row of the m× n matrix A, x ∈ R
n, b ∈ R

m and bi is the i-th value in b.

Using techniques from linear programming [7], it can be shown that both the infinity norm and the one norm

can be formulated as a linear program in x (Appendix B) and an auxiliary, scalar variable w (for the infinity

norm) or an auxiliary set of n scalar variables vi, where i is an integer that satisfies 1 ≤ i ≤ n (for the one

norm).

3.3 Constraints

In the basic framework proposed here, only linear equality and inequality constraints are considered, so as

to obtain a linear program. A non-restrictive list of constraints that comply with this requirement is given

below:

• Precision point: at a user-specified time instant τ̃k, a user-specified value d̃ is imposed on the m-th

derivative of θ(τ):
θ(m)(τ̃k) = d̃, 0 ≤ m ≤ M + 1.

Boundary constraints on θ(τ) and its derivatives are a special case of a precision point, where τ̃k equals

either 0 or τ∗.

• Bound constraint: at user-specified time instants τk = k∆, k ∈ N, 0 ≤ k1 ≤ k ≤ k2 ≤ K, user-

specified lower bounds l̃k and upper bounds ũk are imposed on the m-th derivative of θ(τ):

l̃k ≤ θ(m)(τk) ≤ ũk, 0 ≤ m ≤ M + 1, 0 ≤ k1 ≤ k ≤ k2 ≤ K.

Using bound constraints on the system input, overcurrenting can be avoided in a straightforward man-

ner.

3.4 Resulting Optimization Problem

The resulting optimization problem is:

minimize ||θ
(M+1)
[0,K] (τ)||∞

subject to θ(mi)( ˜τk,i) = d̃i ∀i; 0 ≤ mi ≤ M + 1

l̃k,j ≤ θ(mj)(τk,j) ≤ ũk,j ∀j; 0 ≤ mj ≤ M + 1,
0 ≤ k1,j ≤ kj ≤ k2,j ≤ K.

(9)

3.5 Numerical solution

Currently, the optimization problem is modeled in matlab and solved using MOSEK, a commercial code for

solving convex programs. Generally, it is important that the numerical algorithm exploits the sparsity of the

matrices involved, in order to increase the computational efficiency. For the examples presented hereafter

(Sec. 4), the required CPU time is in the order of a few CPU seconds on a Pentium IV centrino 2GHz

processor with 1GB RAM.
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(a) Cam-follower mecha-

nism with flexible cam-

follower.

(b) Response y(t) (solid line) of the cam-follower

mechanism with flexible cam-follower to the system

input u(t) (dashed line).

Figure 3: Cam-follower. Reproduced from [2]

4 Case-study: input design for a cam-follower system

The case-study considered here is the cam-follower system introduced by Kanzaki and Itao [2] and rep-

resented in Fig. 3(a). It is a simplified representation of a typehead driving system to allow fine printing

alignment of a high-speed mechanical teleprinter. The goal of the case-study is to design cam profiles such

that the transient or residual typehead vibrations are reduced in such a way that the reduction is not affected

by variation of the characteristics of the typehead driving system or the cam speed. The system is repre-

sented by a one-degree-of-freedom system as shown in Fig. 3(a), since the second natural frequency of the

system is much larger than the first. Mass m [kg] represents the equivalent mass of the typehead and of the

transmission system, which includes linkages, belts and pulleys. Stiffnesses kf [N/m] and ks [N/m] are,

respectively, the equivalent stiffness of the transmission system and stiffness of a restoring spring. The vis-

cous damping coefficient c [Ns/m] is due to bearings and guides. To maintain a linear system description,

Coulomb friction and backlash are neglected in the system.

4.1 System and system equations

The equation of motion for the system shown in Fig. 3(a) is

m · ÿ(t) + c · ẏ(t) + (kf + ks) · y(t) = kf · u(t), (10)

where

u(t) : [0, t1] → [0, hc]

y(t) : [0, t1] → [0, h].

The cam profile determines the system input u(t), whereas the follower motion y(t) constitutes the motion

output. After the end of the rise portion of the cam (t ≥ t1, see Fig. 3(b)), the output y(t) is a free oscillation

with viscous damping. A good measure of the amplitude of this residual vibration is the amplitude A1h of

its exponential envelope at t = t1 (Fig. 3(b)).

After nondimensionalization, we obtain

γ̈(τ) + 2ζ(2πλ) · γ̇(τ) + (2πλ)2 · γ(τ) = (2πλ)2 · θ(τ),

1292 PROCEEDINGS OF ISMA2006



where

τ =
t

t1
, t ∈ [0, t1] ⇒ τ∗ = 1;

γ(τ) =
y(τ · t1)

h
;

θ(τ) =
u(τ · t1)

hc

=
u(τ · t1)

h
·

kf

ks + kf

,

and ω2
0 = (kf + ks)/m, ζ = c/(2mω0), λ = t1/t0 and t0 = 2π/ω0. In this case, ω0 equals 0.3808 rad/s

(the natural period of the follower t0 = 2π/ω0 was measured to be t0 = 16.5s [2]). The corresponding

nondimensionalized, continuous-time state-space model equals:

[
χ̈(τ)
χ̇(τ)

]

=

[
−2ζ · (2πλ) −(2πλ)2

1 0

]

·

[
χ̇(τ)
χ(τ)

]

+

[
(2πλ)2

0

]

· θ(τ)

γ(τ) =
[

0 1
]
·

[
χ̇(τ)
χ(τ)

]

+
[

0
]
· θ(τ).

Here θ(τ) is the nondimensionalized system input, γ(τ) = χ(τ) the nondimensionalized motion output and

λ = t1/t0 the system’s dimensionless resonance frequency.

4.2 Non-robust design

The objective in the non-robust design is to extinguish the residual vibration for the nominal system (with

parameters λn and ζn). The nominal, non-robust design is repeated for 3 × 2 × 4 = 24 different settings of

the optimization:

• 3 different values of λn: λn = [1.5, 2.0, 2.5];

• with and without damping: ζn = [0.00, 0.05];

• 4 different sets of boundary constraints:







MBC = 1 : θ(0) = 0, θ(1) = 1, θ(1)(0) = 0, θ(1)(1) = 0,

MBC = 2 : θ(0) = 0, θ(1) = 1, θ(i)(0) = 0, θ(i)(1) = 0, i = 1, 2

MBC = 3 : θ(0) = 0, θ(1) = 1, θ(i)(0) = 0, θ(i)(1) = 0, i = 1, 2, 3

MBC = 4 : θ(0) = 0, θ(1) = 1, θ(i)(0) = 0, θ(i)(1) = 0, i = 1, 2, 3, 4.

All optimization problems, both non-robust and robust, are calculated using the following general settings:

• Cost function: the infinity norm: ||θ
(M+1)
[0,K] (τk)||∞.

• Continuity M = 4: the derivative of the jerk is optimized as a piecewise-linear continuous function.

• Number of points K = 512: this implies a nondimensionalized sample-period ∆τ = 1/512.

To extinguish the residual vibration it is necessary that A1(λn, ζn) = 0, where A1(λ, ζ) is given by (11):

A1(λ, ζ) =
1

sin(δ)

√

[γ(1) − 1]2 + 2cos(δ)[γ(1) − 1]

[
γ̇(1)

2πλ

]

+

[
γ̇(1)

2πλ

]2

, (11)

and δ denotes the arc cosine of ζ . From (11) it follows that a necessary and sufficient condition for A1 = 0
is that {

γ(1) = 1
γ̇(1) = 0.

(12)
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Figure 4: Non-robust design. Optimized input θ(τ) (solid line) and output γ(τ) (dashed line) for λn = 2,

ζn = 0.05 and MBC = 2.

Because the system is described by linear dynamics, constraints (12) are linear in the optimization variable

x. Extending the basic, linear optimization problem of Sec. 3 with the constraints (12) therefore still results

in a linear program.

Figure 4 shows a typical result from the optimization problem for λn = 2, ζn = 0.05 and MBC = 2. Fig. 4(a)

shows the optimal system input and the motion output; the other figures show the velocity (Fig. 4(b)), ac-

celeration (Fig. 4(c)), jerk (Fig. 4(d)), ping (Fig. 4(e)) and the derivative of the ping (Fig. 4(f)). In this case

the optimization results in a spline with only two knots. From Fig. 4(a) and 4(b) it is clear that the residual

vibration is extinguished since γ(1) = 1 and γ̇(1) = 0.

To check the robustness of the optimal system input against variations of the system parameters λn and

ζn the motion output and the amplitude of the residual vibration are calculated for systems with perturbed

parameters: (λ,ζ) 6= (λn,ζn). Figure 5 shows the amount of residual vibrations, measured by A1 for λ
ranging from 1 tot 10 for the 24 different optimized system inputs presented above. Several conclusions can

be drawn from these results. (i) For every optimization, the residual vibration is extinguished for the nominal

system: in every plot the amplitude A1 drops to 0 for λ = λn. (ii) All curves have a clear roll-off at higher

values of λ which is desirable since this ensures robustness against unmodeled higher dynamics. (iii) Higher

values of MBC give rise to a faster roll-off; this is intuitive since a higher value of MBC leads to a smoother

input; hence higher modes will be less excited. (iv) As a drawback, inputs with a higher MBC value are, for

small values of λ (λ = 1.5 and λ = 2.0), less robust against small plant perturbations: for λ ∈ [λn; 3.5]
Fig. 4(a), 4(b), 4(c) and 4(d) clearly show a larger ”bump” in the A1 curve for the smoother inputs. Similar

results are obtained for robustness against changing damping (ζ 6= ζn).

The rather counterintuitive fact that a larger MBC value results in worse behavior for higher cam speeds

(smaller values of λ) has already been reported in [4] and [6]. This implies that one must be very cautious

when applying general rules of thumb (controlling initial and terminal conditions on velocity, acceleration,

jerk, . . . ) to high-speed cam design. High-speed cam design is defined here as optimal input design for

λ-values between 1 and 2.
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Figure 5: Robustness of non-robust design. Residual vibration for λn = [1.5, 2.0, 2.5], ζn = [0.00, 0.05] and

MBC = 1 (solid line), MBC = 2 (dashed line), MBC = 3 (dash-dotted line), MBC = 4 (dotted line).

In the approach developed by Kanzaki and Itao [2], the motion reference is a user-specified polynomial

and the system input is analytically calculated so as to obtain the specified motion output. Kanzaki and

Itao prove that in the undamped case the residual vibration is extinguished at (several) λi, related to the

polynomial chosen as the motion reference, but independent of the chosen λn . Extinction of the residual

vibration at λi 6= λn doesn’t appear if the system is damped. Figures 5(a), 5(c) and 5(e) show that this

behavior also appears for the optimized splines. However, since no a priori specified polynomial is imposed

as desired motion output, there is no control over the position of these λi values.

5 Robust design

To increase robustness, a natural extension of the non-robust design is to constrain (see Sec. 5.1) or minimize

the residual vibrations over some range of λ and/or ζ . From (11) it is clear that A2
1(λ, ζ) is a quadratic

function of the optimization variable x. Here, an approximation for A1 is used in terms of γ(1) and γ̇(1)
to maintain a linear program. The robust approach is used to optimize the system input for a system with

parameters (λn, ζn) = (1.8, 0.1). Robustness is demanded in a range of λ ∈ [1.6; 2], while ζ is kept

to its nominal value. Boundary constraints are only imposed on the position: θ(0) = 0 and θ(1) = 1
(MBC = 0). These settings allows us to compare the optimal system input to the dynamically compensated

Bézier harmonic motion with second order robustness (developed in [6]).

Section 5.1 presents the linear approximation used to constrain A1 which results in a sufficient, but not
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a necessary condition on γ(1) and γ̇(1) to constrain A1. Section 5.2 presents the results for the robust

approach and shows that they outperform the analytical results by Srinivasan and Ge.

5.1 Constraining A1

An exact constraint on A1 for a pair (λi, ζi) has the form:

A1(λi, ζi) ≤ ǫ. (13)

From (11) it can be shown that in order to guarantee (13) it is sufficient that:







|γ(1) − 1| ≤
ǫ

η∣
∣
∣
∣

γ̇(1)

2πλi

∣
∣
∣
∣

≤
ǫ

η
,

(14)

where γ(1) and γ̇(1) are the end position and velocity for the system with system parameters (λi, ζi) and η
is given by (15) (for a proof, see appendix C).

η =
1

sin(δ)

√

(2 + 2 cos(δ). (15)

For every considered (λi, ζi) combination, (14) constitutes an inequality constraint, linear in the optimiza-

tion variables. Therefore, adding (14), for every considered (λi, ζi) combination, to the basic optimization

problem of Sec. 3 still results in a linear program.

In this case λi ∈ Λ = [1.6 : 0.01 : 2], while all ζi are equal to ζn. Hence 41 constraints of the general

form (14) are added to the basic optimization problem.

5.2 Results

Figure 5.2 shows a trade-off curve: the minimized infinity norm ||θ(5)(τ)||∞ is shown as a function of the

demanded level of robustness ǫ. The trade-off curve clearly shows two knees (indicated A and B). Knee A

is a sharp knee and is located at ǫ ≈ 0.004, knee B is less pronounced and is located at ǫ ≈ 0.04. A sharp

knee implies a strong trade-off at this point: the marginal cost (the increase of ||θ(5)(τ)||∞) of increasing the

robustness (decreasing ǫ) is large.
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Figure 6: Robust design for λi ∈ Λ = [1.6 : 0.01 : 2]: trade-off between ǫ and ||θ(5)(τ)||∞. The dots ’o’

indicate the ǫ-values selected in Table 1 and Fig. 7 and 8.
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ǫ ||θ(5)(τ)||∞ ||θ(4)(τ)||∞ degree knots

0.08 0 0 3 0

0.05 0 42.5706 4 0

0.02 299.3260 201.1033 5 0

0.0035 2257.8446 839.0881 5 2

Table 1: Robust design for λi ∈ Λ = [1.6 : 0.01 : 2]: numerical results for constraining A1 with ǫ =
[0.08, 0.05, 0.02, 0.0035].
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Figure 7: Robust design for λi ∈ Λ = [1.6 : 0.01 : 2]: optimized input trajectories for constraining A1 with

ǫ = 0.08 (solid line), ǫ = 0.05 (dashed line), ǫ = 0.02 (dash-dotted line) and ǫ = 0.0035 (dotted line).

To examine the behavior at knees A and B results are presented here for four particular problem instances:

ǫ ∈ [0.08, 0.05, 0.02, 0.0035]. For these four optimization problems, Table 1 contains the numerical

results, while Fig. 7 shows the optimized input trajectories and Fig. 8(a) and 8(b) the residual vibrations.

Figure 7 and Table 1 show what happens with the optimal system input as the required robustness increases

(i.e. ǫ decreases from 0.08 to 0.0035). For ǫ = 0.08 the minimized infinity norm ||θ(5)(τ)||∞ = 0. In

addition, the fourth derivative of the optimal system input ||θ(4)(τ)||∞ = 0 too. This implies that to ensure a

level of robustness ǫ = 0.08, a third degree polynomial is sufficient. When ǫ is decreased to 0.05, the mini-

mized cost remains ||θ(5)(τ)||∞ = 0. The fourth derivative however has a constant non-zero value; hence to

ensure the required robustness ǫ = 0.05, a fourth degree polynomial is necessary. For ǫ = 0.02 the optimal

system input becomes a fifth degree polynomial, with a constant, non-zero fifth derivative ||θ(5)(τ)||∞ 6= 0.

Finally, for ǫ = 0.0035, the optimal system input becomes a spline with two knots. This result generalizes

as follows: knee B marks the transition from a fourth degree to a fifth degree polynomial, whereas knee A

marks the transition from a fifth degree polynomial to a spline with two knots.

The robustness against small plant perturbations (λ ∈ [1.5; 2.1]) is shown in Fig. 8(b). Evidently, for a

smaller ǫ the robustness is better in the interval λ ∈ [1.6; 2], considered in the optimization. As a drawback,

the robustness against unmodeled higher dynamics is worse: for lower values of ǫ, the residual vibrations at
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Figure 8: Robust design for λi ∈ Λ = [1.6 : 0.01 : 2]: residual vibration for for constraining A1 with

ǫ = 0.08 (solid line), ǫ = 0.05 (dashed line), ǫ = 0.02 (dash-dotted line) and ǫ = 0.0035 (dotted line).

higher values of λ in Fig. 8(a) are shifted upwards. The reason for this behavior can be found in Fig. 7(d), 7(e)

and 7(f): while all four optimal system inputs have the same degree of continuity at the boundaries (MBC =
0), the spline clearly shows larger amplitudes for the higher derivatives. This results in an optimal system

input that is less smooth, and therefore more prone to exciting unmodeled higher dynamics.

At a certain point, while further decreasing ǫ, the constraint on A1 becomes too tight and the resulting

problem is infeasible. For this benchmark the limit case is ǫ = 0.0007; i.e. for ǫ < 0.0007 the optimization

is infeasible. For ǫ = 0.0007 Fig. 9(a) and 9(b) compare the residual vibrations of the optimal system input

to residual vibrations of the 2nd order Bernstein Bézier harmonic (designed in [6]). The approach presented

in [6] is to increase robustness by imposing ∂kA1(λ, ζ)/∂λk = 0 at λ = λn, for k = 1, . . . , n. The 2nd

order Bernstein Bézier harmonic is calculated with k = 1, 2. Figure 9(a) shows that around the nominal

λ value 1.8, the optimal system input and the Bézier harmonic give rise to little or no residual vibrations3 .

For higher λ, the optimal system input shows a much faster roll-off. The reason can be found in Fig. 10,

which compares the optimal system input to the 2nd order Bernstein Bézier harmonic. The higher derivatives

(Fig. 10(c), 10(d), 10(e) and 10(f)) of the optimal system input all have lower maximal amplitudes compared

to the Bernstein Bézier harmonic. Since the level of continuity at the boundaries is the same (MBC = 0),

the lower amplitudes guarantee a smoother input, which results in a system input that excites higher modes

to a lesser extent. It is therefore concluded that the spline-based optimal system input perform better than

the Bernstein Bézier harmonic curves proposed in [6]. This is mainly due to the fact that the spline-based

parametrization is more general.

6 Conclusions

The spline-based framework proposed here proves to be an efficient and versatile tool in the design of system

inputs for motion systems. Problems such as overcurrenting, which occur when negative impulses are used

to shape the system input [5], can be dealt with in a straightforward manner: user-defined bound constraints

can be added to the optimization problem to guarantee an input without overcurrenting.

For the considered benchmark non-robust and robust solutions are presented. Using the results of the non-

robust design the importance of the degree of continuity at the boundaries (MBC ) is shown. A higher degree

3REMARK: the A1-curve of the 2nd order Bernstein Bézier doesn’t become exactly 0 at λ = 1.8 in Fig. 9(b), as it should. This

may be due to the finite precision of the coefficients published in [6].
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Figure 9: Robust design for λi ∈ Λ = [1.6 : 0.01 : 2]: residual vibration for constraining A1 with ǫ = 0.0007
(solid line) and for 2nd order Bézier harmonic (dashed line), reproduced from [6].
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Figure 10: Robust design: λi ∈ Λ = [1.6 : 0.01 : 2]. Optimal system inputs for constraining A1 with

ǫ = 0.0007 (solid line) and for 2nd order Bézier harmonic (dashed line), reproduced from [6].

of continuity gives rise to a faster high-frequency roll-off, which implies more robustness against unmodeled

higher dynamics. However for high-speed applications a lower degree of continuity is shown to be better.

The results published here confirm the results of [4] and [6].

A constraint on the residual vibrations over a discrete set of system parameters is proposed as an approach to

increase robustness. A clear trade-off is present between increased robustness and increased higher deriva-

tives. The cost for increased robustness for system parameters close to the nominal values is a decrease in

robustness against unmodeled higher dynamics. However, compared to the Bernstein Bézier harmonic curves
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proposed in [6], the optimal system input still shows more robustness against unmodeled higher dynamics

and a similar robustness against small plant perturbations.
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A The hat function

In the case of equidistant knot locations τk, the hat function is defined by (1 ≤ k < K)

βk(τ) =







0 τ ≤ τk−1
τ−τk−1

∆ τk−1 ≤ τ ≤ τk
−τ+τk

∆ + 1 τk ≤ τ ≤ τk+1

0 τ ≥ τk+1

.

β0 is defined as

β0(τ) =







0 τ ≤ 0
−τ
∆ + 1 0 ≤ τ ≤ ∆
0 τ ≥ ∆

.

βK is defined as

βk(τ) =







0 τ ≤ τK−1
τ−τK−1

∆ τK−1 ≤ τ ≤ τK

0 τ ≥ τK

.
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B Infinity and one norm minimization

• The infinity norm minimization (also known as Chebyshev or minimax minimization):

minimize ||Ax− b||∞ = max
i
|aT

i x− bi| ,

where x ∈ R
n, is equivalent to the following linear program:

minimize w
subject to −w ≤ aT

i x− bi ≤ w, ∀i, 1 ≤ i ≤ m

where ai denotes the i-th row of the m × n matrix A, x ∈ R
n, b ∈ R

m, bi is the i-th value in b and

w ∈ R.

• The one norm minimization:

minimize ||Ax− b||1 =

m∑

i=1

|aT
i x− bi|,

where x ∈ R
n, is equivalent to the following linear program:

minimize

m∑

i=1

vi

subject to −vi ≤ aT
i x− bi ≤ vi, ∀i, 1 ≤ i ≤ m,

where ai denotes the i-th row of the m× n matrix A, x ∈ R
n, b, v ∈ R

m and bi, vi the i-th value in b,

resp. v.

C An approximation for A1(λi, ζi) ≤ ǫ

In this section it is proven that constraints (14) form a sufficient, but not necessary condition for (13).

Proof: If both inequality constraints in (14) hold then from (11) it is clear that:

A1 ≤
1

sin(δ)

√
(

ǫ

η

)2

+ 2cos(δ)

(
ǫ

η

)2

+

(
ǫ

η

)2

=
ǫ

η

1

sin(δ)

√

2 + 2 cos(δ). (16)

With η defined as in (15), this implies the original constraint (13): the linear approximation is sufficient.

When the original constraint holds, the linear constraints (14) do not necessary hold: for example when

A1 = ǫ and γ̇(1) = 0, the position γ(1) can be easily calculated to be:

|γ(1) − 1| =
ǫ

1/ sin(δ)
≥

ǫ

η
.

This proves that the linear approximation is not necessary.
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Abstract
In many technical applications elastic bodies are coupled through extended contact interfaces by means
of bolted joints forming an elastic structure. The housing of an internal combustion engine built up of the
crankcase, the oil pan, the cylinder head and various covers can be regarded as a practical example for
an elastic mechanical structure. To understand the influence of extended friction contacts on the dynamic
behaviour of elastic structures, the forced vibrations of a test structure consisting of two elastic half tubes
joint together in two bolted flanges will be analysed. The contact interfaces in the flanges can be considered as
dry and extended friction contacts. Since the test structure is loaded with a harmonic external force, relative
displacements occur in the contact interfaces. Depending on the normal pressure distribution and magnitude
as well as on the contact surface characteristics these relative displacements lead to microslip effects affecting
the dynamic behaviour of the test structure. A calculation method accounting for these effects is presented
and experimentally validated by comparing measured and calculated frequency response functions (FRF) of
the test structure.

1 Introduction

In the acoustical and dynamical design and layout optimization of housing assemblies of internal combus-
tion engines various CAE-tools are used in order to accelerate the development process. The sound excitation
resulting from the cranktrain, the valve train and the piston group for example is determined applying multi-
body simulation (MBS). The excitation transfer through the crankshaft and camshaft bearings to the engine
housing is then realized with hydrodynamic contact algorithms considering the oilfilm-structure interaction.
The combustion induced gas forces as well as the excitation originated by the piston-group can be applied
to the engine housing by special boundary conditions. While the excitation transfer to the engine housing is
well described, the modelling of the structure borne noise transfer between the coupled engine housing parts
– the crankcase, the oilpan, the cylinder head and the clutch housing – still represents a source of uncertain-
ties leading to difficulties in the prediction and optimization of the radiated noise and the global vibration
of an assembled engine housing, see [1] and [2]. This is mainly due to the complex coupling conditions in
the bolted flanges between the elastic engine housing parts forming the mechanical structure of the engine
housing assembly. In fact the bolted flanges can be regarded as dry and extended friction contacts with rough
contact surfaces.

To perform a dynamic analysis by means of the MBS or using the finite element method (FEM) for a mechan-
ical structure including friction contacts is a complex task because of the strong non-linearity of the contact
behaviour. Application examples and modeling proposals for MBS and FEM approaches can be found in the
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Lower half tube

Upper half tube

Figure 1: Test structure connected with bolt fastenings and unconnected half tubes

litrature, see [3], [4] and [5], but the analysis of the non-linear forced response leads to an enormous increase
of computation time and required memory since the stationary response has to be calculated with transient
solution procedures for a large number of degrees of freedom.

The scope of this paper is to present a contact model and a calculation method to be able to analyse the forced
vibrations of an arbitrary mechanical structure built up of elastic bodies interconnected through dry and
extended friction contacts with rough contact interfaces in a computation time saving way while maintaining
an adequate accuracy of the produced results. The test structure shown in Fig. 1 has been desigend to study the
influence extended friction contacts exert on the stiffness and damping properties of mechanical structures.
The test structure consists of two linear elastic bodies, an upper and a lower half tube, coupled by two
extended bolted flanges. Due to the non-linear contact behaviour of the flanges the entire test structure shows
non-linear dynamic characteristics.

Because of the complex geometry the two half tubes are discretized with the FEM. In order to save compu-
tation time and required memory, the number of degrees of freedom describing the dynamic behaviour of
the half tubes is reduced by a modal condensation, see [6] and [7]. The modal description resulting from the
finite element analysis contains eigenfrequencies and eigenvectors which are compared with experimental
data using the modal assurance criterion (MAC) described in [8] and the eigenfrequency deviation. This
approach assures that uncertainties in the calculation model that are related to the modal description of the
half tubes can be detected and, if necessary, the underlying finite element models can be adjusted by updat-
ing the mass and the stiffness properties. Furthermore, the modal damping ratios can be estimated from the
experimental data of the half tubes.

To model the coupling between the half tubes in the bolted flanges the non-linear contact behavior in the ex-
tended friction contacts must be approximated by a suitable contact model. Various publications and practical
examples regarding the mathematical modeling and the solution methods for treating mechanical structures
with friction contacts can be found in [9], [10], [11] and [12]. For the bolted flanges in the test structure a
three-dimensional contact model presented in [13] and described in detail in [14], is used. The contact model
accounts for contact interface roughness and an equivalent normal pressure distribution due to roughness de-
scribed by the cumulative height distribution as suggested in [15]. Owing to the non-linearity of the contact
behavior, the contact interfaces are discretized. The discrete contact points are loaded with a static normal

1304 PROCEEDINGS OF ISMA2006



force resulting from the clamping load of the bolt fastenings in the flange connections and with a harmonic
external excitation force. The harmonic external load yields coinciding contatct points to perform small rel-
ative displacements in normal and tangential directions. Hence, due to these relative displacements as well
as the normal pressure distribution, areas with sticking and sliding contact points can exist simultaneously in
the contact interfaces. This effect, called microslip, can be described with the contact model and represents
the main damping mechanism in extended, dry and rough contact interfaces. The contact and friction forces
calculated with the contact model depend non-linearily on the relative displacements and the contact param-
eters – tangential contact stiffness, normal contact stiffnesses and friction coefficient. Assuming harmonic
relative displacements, the contact and friction forces in the contact interfaces can be linearized using the
Harmonic Balance Method (HBM).

The dynamic behavior of the entire test structure is obtained by combining the modal descriptions of the
half tubes with the linearized contact and friction forces and the harmonic external forces. The non-linear
equations describing the test structure are solved iteratively with the damped Newton-Method.

The experimental validation of the calculation method is carried out by the analysis of the forced vibrations
of the freely supported test structure subjected to an external load and comparing the calculated and measured
frequency response functions (FRF) .

2 Dynamic Behaviour of Linear Elastic Bodies

The first step in a vibration analysis of an elastic body is to determine its free vibrations. Therefore, the
stiffness and mass properties of the geometric complex half tubes are approximated by a finite element
discretization and a linear elastic material description containing three parameters, Young‘s modulusE,
Poisson‘s ratioν and densityρ. Then, the undamped free vibrations can be extracted from the homogenous
differential equation

M i ü i (x, t) + K i u i (x, t) = 0, x ∈ Rn, n ≤ 3, (1)

wherei = 1,2 is a numbering index for the half tubes,u i (x, t) denotes the displacement vector depending
on the locationx and timet and M i and K i are the mass and the stiffness matrices of the finite element
models representing the half tubes.

2.1 Free Vibrations and Modal Description

For the solution of equation (1) a harmonic displacement vectorui (x, t) = ûi (x) e j ω0 it is defined to
separate the time from the location variables. The resulting undamped eigenvalue problem depending only
on the loacationx

[K i − ω2
0 i M i]ûi (x) = 0 (2)

yields then natural frequenciesω0 i j and eigenvectorŝui j in the frequency range of interest, where
j =1, ... ,n . The eigenvectors describing thefree vibration mode shapesof the half tubes are then placed
in the columns of themodal matrix

X i = [ûi 1 · · · , ûi n]. (3)

With the modal matrix the displacement vector is expressed by a superposition of thegeneralisedor modal
degrees of freedomq i (t)

ui (x, t) = X i qi (t) . (4)

If mass normalised mode shapes are assumed, applying the modal transformation from (4) to equation (1)
and premultiplying with the transpose of the modal matrixXT

i results in a system ofn decoupled ordinary
differential equations

I q̈i + diag (ω2
0 i j)qi = 0, (5)
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whereI is an n× n identity matrix obtained from the matrix productXT
i M i X i = I and diag (ω2

0 i j) is
then-dimensionalspectral matrixdefined by the matrix productXT

i K i X i .

The calculated modal data set (natural eigenfrequencies and mode shapes) depends on the material param-
eters assigned to the finite element models of the half tubes. Furthermore, the contact model describing the
coupling of the half tubes is based on the modal description of the relative displacements of coinciding con-
tact nodes in the contact interfaces. Thus, calculated and measured modal data sets are compared in order to
discover deviations. Then, if required, the material parameters of the underlying finite element models can be
adjusted to augment the correlation of the calculated and measured modal data sets. This approach allows to
increase the confidence in the determined modal description of the half tubes and to assure that inaccuracies
in the contact model owing to incorrectly calculated relative displacements can be minimized.

2.2 Comparison of Measured and Calculated Modal Data

To measure them natural eigenfrequenciesω
e

0 i k and mode shapeŝu
e

i k of the uncoupled half tubes, an
experimental modal analysis (EMA) is carried out, wherek =1, ... ,m. The measured and calculated mode
shapes are then compared by means of theModal Assurance Criterion(MAC). The MAC value

MAC
(
û

e

i k , ûi j

)
=

∣∣∣ûeT
i k ûi j

∣∣∣2[
ûeT

i k ûe

i k

] [
ûT

i j ûi j

] × 100 [%] (6)

is limited by0 and100% and can treat real as well as complex mode shapes. The measured and calculated
mode shapes,̂u

e

i k and ûi j are correlated, if their MAC value is close to100% and uncorrelated if their
MAC value is small. Given data sets ofm measured andn calculated mode shapes, the MAC yields an
m × n matrix from which thecorrelated mode pairs(CMPs) are conspicuous by their high values. For the
CMPs the deviation of the natural frequencies obtained from EMA (ω

e

0 i k) and finite element anlysis (FEA)
(ω0 i k) is given by

Dev =
ω0 i j − ω

e

0 i k

ω
e

0 i k

× 100 [%] , (7)

where frequency deviations lying in a margin of±5% are admissible. For the upper and lower half tube, see
Fig. 1, the first 9 CMPs are shown in the tables Tab.1 and Tab.2. For both half tubes the MAC values found in
the correlation tables are mostly higher than90% with the exception of mode shape 7 for the upper and mode
shapes 6 and 8 for the lower half tube. The MAC values of these mode shapes still exceed70% and could
be augmented by providing additional measurement degrees of freedom for the EMA. This states that the
free vibration mode shapes are well approximated by the underlying finite element models. The frequency
deviations of the upper half tube are scattering around zero in a band between -1.05% and1.92%. For the
lower half tube the frequency deviations are remaining always positive and vary in a band between0.86%
and5.10% showing a small overestimation of the stiffness by the underlying finite element model. Since the
frequency deviations for both half tubes do not clearly exceed the fixed margin of±5%, a further adjustment
of their stiffness and mass properties is not necessary.

2.3 Description of Material Damping

Apart from the correlation of measured and calculated modal data sets, the material damping of the half
tubes is determined from the EMA results. The material damping for the CMPs with the indexj =1, ... ,m
is extracted directly from the frequency response functions (FRF) recorded during the EMA using the half
power method and is then expressed in terms of modal damping ratiosξi j . For the remaining calculated
mode shapes not correlated with experimental data (indexj = (m+1), ... ,n), the modal damping ratios are
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Table 1: Correlation table of the upper half tube.
CMP EMA Mode-No. FEA Mode-No. EMA [Hz] FEA [Hz] Dev [%] MAC [%]

1 1 1 158.36 157.94 -0.27 99.92
2 2 2 331.61 336.83 1.57 99.55
3 3 3 404.49 410.17 1.41 99.16
4 4 4 496.87 491.67 -1.05 99.67
5 5 5 643.11 643.17 0.01 99.60
6 6 6 1106.34 1127.80 1.92 95.97
7 7 7 1169.22 1168.20 -0.09 76.64
8 8 8 1214.21 1221.43 0.59 92.22
9 9 9 1290.92 1280.32 -0.82 99.52

Table 2: Correlation table of the lower half tube.
CMP EMA Mode-No. FEA Mode-No. EMA [Hz] FEA [Hz] Dev [%] MAC [%]

1 1 1 141.76 144.27 1.77 96.20
2 2 2 303.44 318.92 5.10 99.11
3 3 3 351.13 365.79 4.17 98.55
4 4 4 453.09 458.20 1.13 99.74
5 5 5 570.59 584.74 2.48 99.69
6 6 6 1003.38 1036.69 3.32 87.61
7 7 7 1027.02 1062.60 3.46 97.17
8 8 8 1170.04 1180.12 0.86 72.81
9 9 9 1192.92 1208.32 1.29 98.67

estimated indirectly assuming a proportional, frequency dependent damping behaviour. The modal damping
ratiosξi j assigned to these mode shapes are determined by the relation

ξi j =
1
2

(
αi

ω0 i j
+ βi ω0 i j

)
, (8)

where the constantsαi andβi can be obtained from the EMA results of the half tubes. This proceeding
is necessary, because in most cases the number of experimentally extracted mode shapes for correlation
tasks is smaller than the number of calculated mode shapes for an adequate approximation of the physical
displacements. The damping coefficientsdi j of the mode shapes are derived from the modal damping ratios
ξi j by di j = 2 ξi j ω0 i j and are then collected in ann-dimensional damping matrix

di = diag (2 ξi j ω0 i j) , (9)

for which the relationdi = XT
i D i X i holds, if proportional damping is assumed (D i = αi M i +βi K i).

The modal description of the half tubes shown in equation (5) can now be extended by the material damping
term developed in equation (9) and reads

I q̈i + diag (2 ξi j ω0 i j) q̇i + diag (ω2
0 i j)qi = 0 . (10)

3 Forced Vibrations of Linear Elastic Structures

The forced vibration analysis requires an assumption concerning the characteristic of the forces exciting
the elastic structure under consideration. The angular frequency of the main engine loadings of an internal
combustion engine like the combustion induced gas forces and the inertia forces of the rotating and oscil-
lating cranktrain parts is a multiple of the angular velocity of the crankshaft described by the engine order.
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Therefore, the assumption of a harmonic excitation force holds, if emphasis is put on one dominant loading
mechanism the gas forces for instance. The test structure focussed in this paper, is loaded by an electro-
dynamical shaker providing a discrete sinusoidal excitation force with fixed and controlled amplitude and
frequency. For this type of loading the assumption of a harmonic and monofrequent excitation force holds.
Hence, theexcitation force vectorfE, i (t) is given by

fE, i (t) = f̂E, i e
j Ω t (11)

and the modal degrees of freedom by
qi (t) = q̂i e

j Ω t . (12)

Inserting equation (12) in equation (10) and considering the excitation force from equation (11) leads to a
description of the forced vibrations of a single elastic body

Âi q̂i = XT
E, i f̂E, i , (13)

with the complexdynamic stiffness matrix

Âi = diag (ω2
0 i j − Ω2 + j 2 ξi j ω0 i jΩ) , (14)

the angular excitation frequencyΩ and thegeneralised excitation force vectorXT
E, i f̂E, i.

To model an elastic structure, ageneralised contact force vectorXT
K f̂K is introduced representing the struc-

tural coupling between the two elastic half tubes described by equation (13). Generally, the description of
an assembled elastic structure with chain character resulting from the connection ofi = 1, . . . , N elastic
bodies reads

Â q̂ = XT
E f̂E + XT

K f̂K , (15)

with the complex dynamic stiffness matrix of the assembled elastic structure

Â = diag
(
Âi

)
, (16)

the vector of the generalised degrees of freedom

q̂ =
[
q̂T

1 , · · · , q̂T
N

]T
, (17)

the excitation force vector
f̂E =

[
f̂T
E, 1 , · · · , f̂T

E, N

]T
, (18)

and the modal matrices of the assembled elastic structure

XT
E = diag(XT

E, i), XT
K =



−XK, 1 XK, 2 0 . . . 0
0 −XK, 2 XK, 3 . . . 0
...

...
... ...

...
...

...
...

...
...

0 0 . . . −XK, N−1 XK, N



T

(19)

which transform the excitation and contact force vector to the subspace defined by the generalised degrees
of freedom.

It is assumed that a structural coupling described by the contact force vectorf̂K in the li = 1i , . . . ,Mi

contact surfaces between the contacting elastic bodiesl1 andl2 is related to the contact stiffness matrixK̂K

and to the relative displacementsûK . This is summarized for the entire elastic structure by

f̂K = K̂K ûK , (20)
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with the contact force and relative displacement vectors

f̂K =
[
f̂T
K, 11

, . . . , f̂T
K, M1

, . . . , f̂T
K, 1i

, . . . , f̂T
K, Mi

]T
,

ûK =
[
ûT

K, 11
, . . . , ûT

K, M1
, . . . , ûT

K, 1i
, . . . , ûT

K, Mi

]T (21)

and the contact stiffness matrix
K̂K = diag(K̂Kli

) . (22)

Note, the submatricesXK, i contained in the block matrixXT
K in equation (19) have to be assembled with

the li = 1i , . . . ,Mi eigenvectors describing the motion of the contact surfaces in the structural coupling.

Writing the vector of the relative displacements in terms of the generalised degrees of freedom

ûK = XK q̂ (23)

and inserting equations (20) and (23) in equation (15) results in the system description of an elastic structure
with contacts in terms of the generalised degrees of freedom(

Â + XT
K K̂K XK

)
q̂ = XT

E f̂E . (24)

Solving this set of linear equations, the complex displacements of every node on the elastic structure can be
determined by

û = Xq̂ , (25)

with the matrixX for the transformation from the generalised degrees of freedom to the physical degrees of
freedom forN bodies contained in the elastic structure

X = [X1 . . . XN ] , (26)

and the vector of the physical displacements

û =
[
ûT

1 , . . . , ûT
N

]T
. (27)

The test structure shown in Fig. 1 consists of an upper and a lower half tube coupled through two connection
flanges by bolt fastenings. The test structure is modeled according to equation (24), where the matrices and
vectors have to be adjusted. The test structure is affected by the nonlinear behavior of the extended friction
contacts which will be modeled in the next section.

4 Modeling of Extended Friction Contacts

The contact stiffness matrix̂KK of the test structure depends nonlinearily on the generalized relative dis-
placements in the connection flanges which represent two extended friction contacts. Because of the nonlin-
ear contact behavior and the three-dimensional motion of the contacting surfaces, the contact interfaces are
discretized.

4.1 Discretization of Extended Friction Contacts

The test structure consists ofN = 2 elastic bodies, wherei = 1, 2 indicates the upper and the lower half tube,
respectively. To discretize the connection flanges, the contact interfacesy

+
andy

−
, see Fig. 2, are splitted

into 10 contact surfaces, respectively. This yields to a total number ofMi = 20 contact surfaces for both
half tubes, with the numbering indices of the contact surfacesli = 1i , . . . , Mi . The contact surfacesli are

DYNAMIC MODELLING 1309



Contact interface y-

Contact interface y+

yI

xI

zI
OI

Contact interface y-

Contact surface  li

xKli

yKli

zKli

Kli

Figure 2: Discretized contact interface

modeled without the through holes for the connection bolts and contain points defined at the center of the
respective surfaces, see Fig. 2. The center pointsKli carry the information of the three-dimensional motion

of the contact surfaces. The local coordinate systems
[
Kli ; xKli

; yKli
; zKli

]
attached to the center points

describe the position and the orientation of the contact surfaces with respect to the global coordinate system
[OI ; xI ; yI ; zI ]. For the test structure the orientations of global and local coordinate systems are identical.
In the unloaded state, the center pointsKl1 andKl2 of opposite contact surfaces coincide and will perfrom
relative displacements when the test structure is loaded. For the calculation of the relative displacements
vectorûK of the test structure, the matrixXT

K in equation (19) reduces to

XT
K = [−XK, 1 XK, 2]

T , (28)

with the submatrices

XK, 1 =
[
XK11

. . . XKM1

]
, XK, 2 =

[
XK12

. . . XKM2

]
(29)

which include the description of the three-dimensional motion of theli = 1i , . . . ,Mi contact surfaces with
i = 1, 2 for the two half tubes. Then, the vector of the relative displacements is expressed in terms of the
generalised degrees of freedom

ûK = ûK, 2 − ûK, 1 =
(
XK, 2 − XK, 1

)
q̂ . (30)

4.2 Point Contact Model

The point contact model applied to model the contact behavior in the contact surfaces of the test structure
is described in [9] and [14] and is succesfully in use for the analysis of bladed disk assemblies contain-
ing contact surfaces of shrouded turbine blades, see [13], and between underplatform dampers and turbine
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blades, see [16]. To model the nonlinear contact problem characterized by dry friction and microslip effects,
the contact surfaces have to be discretized, see Fig. 3, where the width and height of the contact elements is
given by

∆ b0 =
b0

nx

, ∆ h0 =
h0

ny

(31)

with nx andny denoting the number of contact elements inx- andy- direction.

xKli

yKli

zKli

K
li

P

yKP

xKP
h0

b0

Db0

Dh0

Figure 3: Discretized contact surface

Assuming that the elastic deformation of the contact surface is small, the relative displacement vector

ûP =
[
ûx ûy ûz

]T
P

with respect to pointP can be approximated by

ûP = TKP ûKli
, (32)

with the vectorûKli
=
[
ûx ûy ûz ϕ̂x ϕ̂y ϕ̂z

]T
K

of the generalized relative displacements of the
center points known from equation (30) and the transformation matrix

TKP =

 1 0 0 0 0 yKP

0 1 0 0 0 −xKP

0 0 1 −yKP xKP 0

 . (33)

For a given monofrequent harmonic excitation applied to the test structure, the contact pointP will perform
monofrequent harmonic displacements in thex- andy-directions of the contact surface as well as the coin-
ciding pointP ′ lying on the opposite contacting body, see Fig. 4 b . Superposing the relative displacements
in thex- andy-directions will result in an elliptical trajectory of pointP . PointM will follow the motion
of P on the dashed curve shown in Fig. 4 b which is composed of parts where pointM is sliding and points
whereM sticks. The point contact model consists of a friction contact described by the constant friction
coefficientµ at pointM , the nonlinear point contact normal and tangential stiffnesses,∆cN and∆cT and
the point contact normal and friction forces,∆FN and∆FT , see Fig. 4 a. The point contact normal force
∆FN is given by

∆FN =
FN

nx ny
. (34)

Generally, real contact surfaces always show some unevenness, waviness and roughness due to the manu-
facturing process. The surface roughness is included in the point contact model by means of the measured
cumulative height distribution of the contact surfaces with respect to the height of the asperities see [15],
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Figure 4: Point Contact Model: a) contact model side view ; b) tangential contact

and is known as theAbbott curve. The cumulative height distribution can be interpreted as the percentage
contact area when two rough surfaces are pressed together loaded with the normal forceFN . A measure-
ment of a rough surface profile and the corresponding Abbott curve are shown in Fig. 5. Assuming that the
peak-to-valley height of the surface is approximately equal to the average surface roughnessRZ , the percent-
age contact area like that presented in Fig. 5 can be analytically approximated by a third-order polynomial.
According to [14] the point contact tangential stiffnesses∆cT is assumed to be proprotional to the real con-
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Figure 5: Roughness of surfaces: a) measured surface profile ; b) Abbott curve of a)

tact area and depends on the point contact normal force∆FN . If two rough surfaces are pressed together, the
contact problem can be reduced to one rough elastic surface contacting a smooth rigid surface introducing an
equivalent surface roughness. During the contact of the surfaces, the percentage contact area increases with
the normal force because of the asperity distribution and follows the Abbott curve until all asperities have
undergone an elastic deformation and full contact has been established. In this case the point contact normal
and tangential stiffnesses reach their limit values∆cN0 and∆cT0 called the global point contact normal
and tangential stiffness. If the contacting surfaces are assumed to stick completely (µ → ∞) what means
that no relative displacements can occur neither in normal nor in tangential directions, this extreme situa-
tion gives the opportunity to estimate the global normal and tangential stifnessescN0 andcT0. Assuming an
elastic structure with fully constrained contact interfaces, the frequency response function (FRF) produced
with a finite element analysis (FEA) can be approximated by the FRF obtained with the calculation method
presented in this paper. To achieve a sufficient approximation the parameterscN0 andcT0 are adjusted in a
parameter variation until the resonance frequencies and amplitudes overlap closely with those found in the

1312 PROCEEDINGS OF ISMA2006



FEA. Then the values for the point contact normal and tangential stiffnesses can be calculated by

∆cN0 =
cN0

nx ny
, ∆cT0 =

cT0

nx ny
. (35)

Experimental results of the force-displacement relationship in the normal direction and an identification of
the increasing tangential contact stiffness with higher normal forces can be found in [17]. With the described
point contact model, microslip effects can be modeled and this allows to account for the situation encountered
in the contact interfaces of the test structure which is characterized by the following mechanisms leading to
microslip effects:

1. The contact elements within one contact surface experience different relative displacement amplitudes
and, consequently, while some contact elements slide, others subjected to smaller relative displace-
ments still stick.

2. A non-constant normal pressure distribution in the contact surface due to surface roughness leads to
different point contact normal forces for the contact elements which will cause different slip loads and
thus, slipping and sticking zones exist within one conatct surface.

4.3 Description of Contact and Friction Forces

For the test structure as well as for applications regarding internal combustion engine housings, it is assumed
that the periodic excitation can be approximated by one dominant fundamental harmonic while higher har-
monics are neglected. Furthermore, the periodic contact and friction forces in the normal and tangential
directions of the contact surface are linearized assuming monofrequent harmonic displacements applying the
Harmonic Balance Method (HBM), see [14] and [9]. The complex point contact normal and friction forces
∆f̂P with respect to a pointP lying on the contact surface can be approximated with the complex point
contact stiffness matrix∆K̂P and the complex relative displacement vectorûP ∆F̂Tx

∆F̂Ty

∆F̂N


P︸ ︷︷ ︸

∆f̂
P

=

 ∆K̂x 0 0
0 ∆K̂y 0
0 0 ∆K̂z


︸ ︷︷ ︸

∆K̂
P

 ûx

ûy

ûz


P︸ ︷︷ ︸

û
P

. (36)

The complex point contact stiffnesses

∆K̂m = ∆cm + iΩ∆bm , m = x, y, z , (37)

are composed of a real part∆cm representing the point contact stiffness coefficient, and an imaginary part
∆bm describing the point contact damping coefficient. For the harmonic linearization of the normal point
contact a harmonic relative displacement

uz = uG + uA cos(Ωt) (38)

is assumed, with the equilibrium positionuG that accounts for the average normal forceFN pressing the
contacting surfaces together and the amplitudeuA. Thus, the harmonically linearized point contact normal
stiffnesses∆cz depend onuG anduA. Since damping in thez-direction is not modeled the point contact
normal damping coefficient∆bz is zero.

For the harmonic linearization of the point contact forces in thex- andy-directions harmonic relative dis-
placements

ux = uxA cos(Ω t)
uy = uyA cos(Ω t)

. (39)
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are assumed. Then, the point contact stiffnesses∆cTx and∆cTy as well as the point contact damping co-
efficients∆bTx and∆bTy depend on the amplitudes of the assumed harmonic relative displacementsuxA ,
uyA . A detailed description of the harmonic linearization of the contact and friction forces and the calculation
of the point contact stiffness and damping coefficients can be found in [14] pp 89-98.

The contact forces and moments with respect to the center pointKli of one contact surface can be determined
by summation of the point contact forces∆f̂P with respect to all contact elements (nx ny)

f̂K =
nx ny∑
r=1

TT
KP

∆f̂P (40)

with f̂K =
[
F̂x F̂y F̂z M̂

(K)
x M̂

(K)
y M̂

(K)
z

]T
and the transformation matrixTKP known from

equation (33). Inserting equations (32) and (36) in equation (40) and comparing with equation (20) yields
the complex contact stiffness matrix for one contact surfaceli

K̂Kli
=

nx ny∑
r=1

TT
KP

∆K̂P TKP . (41)

With the relative motion of the center pointKli known from equation (30) and the resulting forces and
moments determined by equation (40) a diagonal stiffness matrix can be defined for the contact surfaceli

K̂Kli
= diag

(
K̂x K̂y K̂z K̂ϕx K̂ϕy K̂ϕz

)
Kli

(42)

containing the complex stiffnesses

K̂m =
F̂m

ûmK

, K̂ϕmK
=

M̂
(K)
m

ϕ̂mK

, m = x, y, z . (43)

Determining the complex diagonal stiffness matricesK̂Kli
according to equation (42) for each of theli =

1i, . . . , Mi contact surfaces and assembling these matrices according to equation (22) results in a diagonal
siffness matrixK̂K representing the structural couplings through extended friction contacts. The structural
couplings involve six degrees of freedom for each contact surface. Inserting the stiffness matrixK̂K in
equation (24) leads to nonlinear system equations that are solved iteratively with a damped Newton method.

5 Comparison of Measurement and Calculations

To verify the presented calculation method, an experimental setup is used with a freely supported test struc-
ture. The clamping load of the connection bolts provides the average normal forceFN in the contact in-
terfaces between the two half tubes. A constant clamping load for all connections bolts can be assured by
an ultrasonic tightening procedure, reducing the clamping load deviation to±5% from the target value of
FC = 7.0 kN. The test structure is harmonically excited inz-direction by a grounded shaker attached at point
Ep by a stringer connection. The shaker provides a fixed and controlled force amplitudefE = 1.0 N at each
frequency increment and a steady state vibration is attended in order to avoid transient signal components
influencing the measurements of the frequency response functions (FRF) which are carried out inz-direction
perpendicular to the contact interfaces at the measurement points Mp shown in Fig. 6. The contact interfaces
as shown in Fig. 2 are splitted into10 equally shaped contact surfaces respectively. The geometry of each
contact surface is defined by:b0 = 50 mm, h0 = 27 mm. The contact surfaces are discretized as shown
in Fig. 3 by: nx = 50 andny = 27. The contact parameters describing the rough contact surfaces are:
cN0 = 3.0 · 109 N/m, cT0 = 4.5 · 108 N/m, FN = 35.5 N, µ = 0.5 andRZ = 5.0µm and the shape of the
cumultative height distribution approximated by a third-order polynomial. The contact parameters remain
constant for all contact elements and contact surfaces throughout the calculation. The dynamical behaviour
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Figure 6: Test structure with measurement positions Mp and attachment point Ep

a) b)

Figure 7: Frequency response function and phase angle inz-direction vs excitation frequency forFN =
35.5 N: a) at measurement point Mp7 ; b) at measurement point Mp6

of the uncoupled half tubes is described by the first 120 free vibration mode shapes covering a frequency
range from 0Hz to 12000 Hz. The first elastic mode shape is the torsional mode shape lying at 152 Hz for the
upper and at 138Hz for the lower half tube. The first bending mode is found at 643 Hz for the upper and at
571 Hz for the lower half tube. In Fig. 7 and 8, the FRFs inz-direction are shown for the measurement point
Mp3, Mp4 and Mp6 lying on the upper and Mp7 on the lower half tube. The purpose of the eccentric exci-
tation of the test structure at Ep is to observe in particular the torsional resonance frequency at 2100 Hz. For
the torsional resonance amplitude and frequency a quantitatively sufficient approximation of the measured
data by the calculation results is obtained with the applied contact parameters. The qualitative agreement of
measured and calculated data in the considered frequency range of 1900 Hz to 2200 Hz is discrete. This is
due to the assumption that the contact parameters are constant for all contact elements in all contact sur-
faces. This assumption holds for friction contacts with small dimensions with respect to the coupled elastic
bodies as is clearly shown in [9], [13], [14] and [16]. Considering the structural couplings in the extended
friction contacts of the test structure, attention has to be paid to the variation of the contact parameters such
as the average surface roughness, the normal pressure distribution and the shape of the cumultative height
distribution throughout the length of the contact interfaces. Therefore, the following improvements will be
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a) b)

Figure 8: Frequency response function and phase angle inz-dircetion vs excitation frequency forFN =
35.5 N: a) at measurement point Mp4 ; b) at measurement point Mp3

introduced: theRZ values and the shapes of the cumultative height distribution will be estimated separatly
for each contact surface in the contact interfaces. Furthermore, the pressure distribution in the contact sur-
faces will be modeled as a function of the contact element location inx- andy- directions with respect to the
center of the through hole. Finally, a finer discretization of the contact interfaces, see Fig. 2 , with 20 instead
of 10 contact surfaces will be tested to account for a more accurate approximation of the global deformation
of the contact interfaces.

6 Conclusions

A calculation method has been presented that accounts for rough contact interfaces between elastic bodies
by means of a discrete point contact model including dry friction and microslip effects. The contact stiff-
nesses in normal and tangential directions depend nonlinearily on the relative displacements in the contact
interfaces. To linearize the arising normal and tangential contact forces the Harmonic Balance Method is
used and the dynamics of the assembled elastic bodies is described by the modal description. An experiment
with a freely supported test structure consisting of two half tubes coupled in two extended contact inter-
faces through bolt connections has been used to verify the calculation method. The measurements show a
quantitatively sufficient and a discrete qualitative agreement with the calculation results. Steps for a further
improvement of the qualitative and quantitative agreement between measurements and calculation results
have been suggested.
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Abstract
EDF is in charge of a large industrial fleet of electric power stations. Because of ageing and strong envi-
ronmental conditions, unexpected vibration problems can appear on machines like pumps or electric motors.
These problems have to be fixed rapidly (by structural modifications) in order to avoid electricity shortages.
Stiffness or mass additions are often used to solve the problem when only a few modes of the defective struc-
ture are involved in the faulty behaviour. However, the use of such modifications is sometimes irrelevant. In
such cases, damping modifications could be an efficient alternative to reduce the amplitude of in operation
vibrations. This work deals with the estimation of the influence of modifications including viscoelastic mate-
rials on the dynamic behaviour of a structure. Current structural modification methods basics and reduction
methods of complex problems are first presented. Then some numerical results of prediction of the effect of
damping modification are shown through a mock up example.

1 Introduction

EDF is in charge of a large industrial fleet of electric power stations. Because of ageing and strong en-
vironmental conditions, unexpected vibration problems can appear on machines. Harmonic or wideband
excitations can in fact cause troubles. In the first case, mass or stiffness additions can fix problems rapidly
[1]. In the second one, such a method is in general irrelevant and damping modifications could be a good
alternative. Thus this work deals with the estimation of the influence of modifications including viscoelastic
material on the dynamic behaviour of a structure.

In many cases, no tuned F.E. model of the target structure exists, and time allowed to the study is to short to
build one. One must then deal with an experimental model of the structure to be cured.

Structural modification has been a major topic in modal analysis for several years until the beginning of the
1990s. In the way to overlay problems where only limited action on the structure is allowed, several authors
have dealt with hybrid coupling of a numerical model on one side and experimental model on the other side
but restricted to mass and stiffness additions. In this paper is raised the question of hybrid coupling problem
between an experimental model of a structure, only known by its first modes and a given numerical model
of a modification including viscoelastic material (high damped modification).

The method used to derive the dynamical behaviour of the modified structure proceed as follow:

• an experimental modal analysis is performed on the initial structure

• these experimental data are then extended on to a crude un-updated model (local model)

• a numerical model of viscoelastic dampers is designed

• a hybrid coupling between the extended experimental model of the structure and the numerical model
of dampers is performed in such a way that normal modes, damping and frequency response of the
modified structure are calculated.
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Throughout a mock up example, some well-known numerical results on sub-structuring, on the effect of
modal truncation and on the importance of the contribution of high-frequency modes or residual flexibility
are exhibited. Methods of estimation of residual flexibility from experimental data as well as innovative
reflections on the use of not complex but normal modes to characterize the mechanical behaviour of the
treated structure are presented.

2 State-of-the-art

2.1 Dynamic sub-structuring

Considering two structures without any load, one can writen equation 1.

ZB
CC ZB

CI 0
ZB

IC ZB
II + ZM

II ZM
IC

0 ZM
IC ZM

CC


qB
C

qI

qM
C

 =


0

fB
I + fM

I

0

 (1)

Reduce the problem on a particular subspace is in many cases interesting in such way we obtain equation 2.

{q}N×1 = [T ]N×Ng{q}Ng×1 (2)

Each sub-structure is then described by a few generalised degrees of freedom (DOF) {q}Ng×1 with Ng <<
N . The choice of the subpace is a very important point. Free and fixed interface methods are the two major
methods to reduce a problem on a subspace. MacNeal [2] and Craig & Bampton [3] methods are respectively
ambassadors of those methods. The first one uses a base [TMN ] (equation 3) composed of:

• a truncated base of Nfree eigenvectors with interface DOF free

• a base with NA attachment modes (displacements of DOF for a static unitary load input on interface
DOF)

[TMN ] =


[
[φfree]C
[φfree]I

]
Nfree︸ ︷︷ ︸

[
[KCC ] [KCI ]
[KIC ] [KII ]

]−1 [
[0]
[Id]

]
NA︸ ︷︷ ︸

free interface modes attachment modes

 (3)

Craig & Bampton base is made of:

• a truncated base of Nfixed eigenvectors with interface DOF fixed

• a base with NC constraint modes (Guyan condensation)

[TC&B] =


[
[φfixed]C

[0]I

]
Nfixed︸ ︷︷ ︸

[
−[KCC ]−1[KCI ]

[Id]

]
NC︸ ︷︷ ︸

fixed interface modes constraint modes

 (4)
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2.2 Structural dynamic modification (SDM)

In the particular case of structural modification, experimental data from a structure are considered. Only
partial data are then available to describe the mechanical behaviour of the structure. In order to couple the
basic strcuture and the modification one need properly expand experimental data (from mesured DOF) to
interfacing DOF. The different steps of the method are then presented.

1. expansion bases building

• with static modes

Using static modes related to mesured DOF to expand displacements from instrumented DOF
may appear natural at first sight. It is however irrelevant. Static modes actually introduce very
local deformation. The reduction bases takes the form of equation 5

[TIt] = [K]−1[CtL]T (5)

• with normal modes

Using normal modes is often insuffisant except in the case of using a tuned FE model. But in
many cases no tuned FE model is available.

• with interface modes

Interface modes are in fact the best way to build the expansion bases [1]. In order to give a
smootly characteristic to the notion of static modes one would rather solve the reduced problem
of the equation 6.

(−ω2
g [TIt]T [M ][TIt] + [TIt]T [K][TIt]){φg} = {0} (6)

and obtain the expansion bases of equation 7

[T ] = [TIt][{φ1
g}...{φ

Ng
g }] (7)

The static modes bases [TIt] can include different DOF sets. Static reduction on measured and
interface DOF is the best choice according to [1].

2. experimental data expansion

Once the expansion bases is built one will solve the least square problem related to equation 8

{ηred} = ArgMin
η

(
‖ {qtest} − [C][T ] {η} ‖2

[X]

)
(8)

Experimental data are now extended to the whole local model [φLg] = [T ]{ηred} and so to the interface
DOF [φIg] = [TI ]{ηred}.
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3. coupling

Thus coupling can be written like the equation 9

[
ZB+M

]
=

[(
−ω2 [Id] + jω

[
ΓB

]
+

[
ΩB

]2
)

0
0 0

]
+

[[
φB

I

]T [
ZM

II

] [
φB

I

] [
φB

I

]T [
ZM

IC

][
ZM

CI

] [
φB

I

] [
ZM

CC

] ]
(9)

In our case hysteretic damping hypothesis set us to use a complex rigidity matrix for the modification
sub-structure. For the initital structure, identified damping characteristics are critical damping ratios
ξ, thus damping is modeled by a viscous damping matrix [CB]ii = 2ω0iξi.

4. optimum expansion bases a posteriori choice

The choice of the optimal size of [φLg] is a critical point. In [1], two indicators based on strain and
kinetic energy of the modification are defined. They are based on the comparaison of displacements
of the interface for the coupled problem obtained by a static manner in one hand and a dynamic one in
the other.

2.3 Solve complex eigenvalues problem

Solving eigenvalues problem directly is often unreasonable because of the size of the considered problem.
One actually uses approximations using subspace methods (model reduction). Dynamic rigidity of equation
10 is then considered.

[Z] = −ω2[M ] + [K] + i[B] (10)

2.3.1 Model reduction

Classical bases used in modal analysis and dynamic sub-structuring are made of free eigenvectors and terms
related to imposed loading [b] (attachment modes [K]−1[b]). One can complete the bases with correction
modes which take into account the damping effect of the free eigenvectors on the structure [4] [5] (equation
11).

[K]−1[B][φ1:N ] (11)

The reduction base takes thus the form of the equation 12.

[T ] =
[
[φ1:N ] [K]−1[b] [K]−1[B][φ1:N ]

]
(12)

2.3.2 Residue based iteration method

In [4] is described a residue based iteration method which allows very good estimates and great time savings.
Using a subsapce [Tn] Ritz approximations takes the form of equation 13.
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{qn(s)} = [Tn]
[
[φ1:N ] [K]−1[b] [K]−1[B][φ1:N ]

]
[TnT .b]{u(s)} (13)

At a given frequency s, an energy error estimator is thus given by equation 14.

{Rn
d (s)} = [K0]−1

(
Z{qn(s)} − {F (s)}

)
(14)

From this displacement residue, one can then calculate its stain energy ‖ {Rn
d (s)} ‖K0

and check the con-
vergence thanks to the criterion of equation 15.

εn =
‖ {Rn

d (s)} ‖K0

‖ {qn(s)} ‖K0

(15)

While the criterion is over a given tolerance the corresponding residue is added to the base (equation 16).

[Tn+1] =
[
Tn {Rn

d (s)}
]

(16)

3 Application

3.1 The mock up example

3.1.1 Geometric and Modal Characteristics

The mock up example has been chosen because its mechanical behaviour correspond to a type of vibration
problems intresting for EDF. The oval-shaped modes at low frequencies motivated this choice. It consists
in a cylinder welded on to a circular plate which is bolt screwed on to a square plate. Figure 1 shows the
corresponding Finite Elements Model (FEM), instrumented and driving points configuration.

Figure 1: FEM of the mock up example

Table 1 presents the geometrical characteristics of the structure.

In appendice A, identified modes are presented in the table 4 and one can see on the figure 7 the good
accurency of the FEM.

DYNAMIC MODELLING 1323



cylinder diameter 60 cm
height 80 cm

thickness 0.5 cm
ears height 15 cm

width 10 cm
thickness 0.4 cm

circular plate diameter 82 cm
thickness 0.5 cm

square plate width 120 cm
thickness 1 cm

mass 255 kg

Table 1: Geometric characteristics

3.1.2 Modification

The modification is made up by a stiff ring and viscoelastic dampers. Figure 2 is an example of what
could be the modification. It shows the hybrid coupling between the experimental mesh and the FEM of a
modification.

Figure 2: Example of hybrid couling

The damping devices are made of viscoelastic material and steel plates. Some authors ([8] for aeronauti-
cal domain and [9] for building) depict different designs of such damping devices. Viscoelastic materials
considered there are homogenous isotropic polymeric materials. [10] is a good reference for representing
constitutive laws of viscoelastic materials.

In this article, the behaviour of viscoelastic materials is averaged on a frequency band. Let us consider an
average Young modulus between 4.5 × 105 and 2 × 107Pa and an average loss factor η = 1. The sizing
parameter for viscoelastic dampers is the equivalent axial stiffness which actually correspond to the shear
stiffness of the viscoelastic panel given by k = GS

τ where G is the shear modulus, S and τ the surface and
the thickness of the viscoelastic material.

The optimization of the viscoelastic dampers is not trivial. Damping of oval-shaped modes depends on
position and equivalent axial stiffness of the dampers. One has thus to compare characteristics of available
materials and possible configurations.

Using 9 dampers allows the modification to be supported by itself. Figure 3 shows how damping and fre-
quency of different modes can change with the equivalent axial stiffness of dampers.
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Figure 3: Evolution of damping and frequency of different modes for 4.5× 105 < k < 2× 107N.m−1.

3.1.3 Reference

Reduction model methods often allow to find out a good estimate to eigenvalues problems. Many methods
have been devised for the construction of real projection bases. One will refer to the literature on conden-
sation [6] and Component Mode Synthesis [7]. Reduction bases usually considered combine normal modes
and static corrections defined in section 2.3.1.

Figure 4 shows Frequency Response Functions (frf) for different reduction bases. On the left-side plot
one can see effects of using truncated bases in a light damped case (structure before being modified). On the
right-side one can see that using correction modes in addition of normal modes is efficient. Correction modes
take into account the effect of damping on normal modes. Even with a real base one is able to compute high
damped frf. Moreover computing direct frf is 60-time longer than with projection on a real base in our case.

Figure 4: frf for different reduction bases before and after the modification

Frf computed with normal and correction modes are thus used in following sections as a reference to judge the
ability of Structural Dynamic Modification method (SDM) to predict eigenvalues, corresponding damping
ratios and frf from experimental data.

3.2 Damping prediction

In next sections a local model is introduced. It is a un-updated model which is used to extend experimental
data from measured DOF to interface DOF. In the paper the local model has been computed from the initial
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model and some transformations have been computed to change its mechanical behaviour. Thus the link
between the circular and squared plates makes the local model different from the initial model. In spite of a
4-screw link, local model considers a perfect constraint link. That makes the local model stiffer and easier to
model than the initial model.

The different steps (described in section 2.2) of the SDM are recalled in figure 5 .

Figure 5: SDM step by step

3.2.1 Numerical

From numericaly simulated data the method is run. First results of prediction show how the method is able
to give a good estimate of damping. Table 2 gives frequency and damping prediction for first modes with
an equivalent axial stiffness k = 9 × 105N.m−1. One can see the efficiency of the modification to damp
oval-shaped modes. A minimum damping ratio of 6.69 % is achieved within the affected modes. Moreover
it shows that SDM methods are able to predict not only natural frequencies (max. 5-% error) but damping
ratios. Damping ratios are predicted with a maximum 30-% error which is a good prediction given that the
initial damping ratio is light (0.5% ) and modified structure’s very high.

In appendice B, figure 8 shows how frequency and damping prediction depend on the size of [φLg]. Such
a plot reveals some stable bands which give a good estimate of prediction. Error estimators built in [1] to
select the best band will be developped .

Figure 6 shows frf computed from predicted complex modes for different equivalent axial stiffness of the
dampers. Effects of viscoelastic dampers are very positive.
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mode shape initial structure modified structure
T =

[
φ1:40 K−1Bφ1:40

]
SDM prediction

f(Hz) ξ(%) f(Hz) ξ(%) f(Hz) ξ(%)
pumping 15.16 0.5 13.81 0.85 13.91 0.82
tilting 1 22.73 0.5 18.18 2.15 18.25 2.05
tilting 2 23.58 0.5 19.57 1.28 19.61 1.19

2-lobe-oval 1 53.88 0.5 63.25 12.98 63.86 14.42
2-lobe-oval 2 59.07 0.5 73.79 22.41 74.87 22.32
3-lobe-oval 1 114.41 0.5 120.1 6.69 119.0 6.43
3-lobe-oval 2 118.3 0.5 133.0 10.70 134.3 13.29

Table 2: Eigenvalues and corresponding damping of the initial structure and of the modified structure (refer-
ence and predictino)

Figure 6: Frf before and after modification for different stiffness

3.2.2 Experimental

From experimental modal analysis data, prediction using the SDM was computed. Table 3 gives frequencies
and damping ratios of the first modes for the initial structure on one hand (experimental modal analysis data)
and for the modified structure (SDM prediction) on the other. A 9.5× 105N.m−1-equivalent-axial stiffness
for the viscoelastic dampers have been used to compute those results.
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mode shape initial structure modified structure
experimental modal analysis SDM prediction
f(Hz) ξ(%) f(Hz) ξ(%)

pumping 17.1 0.7 15.99 1.20
tilting 1 23.06 1.60 16.66 2.02
tilting 2 23.06 1.60 19.79 3.15

2-lobe-oval 1 45.43 0.36 61.26 20.15
2-lobe-oval 2 49.38 0.30 64.1 21.61
3-lobe-oval 1 104.97 0.23 110.2 5.60
3-lobe-oval 2 107.40 0.21 127.2 15.27

Table 3: Frequencies and damping ratios of initial (from experimental modal analysis) and modified (from
SDM prediction) structures

4 Conclusion

Major techniques used in Structural Dynamic Modification methods have been presented in the paper. They
have been extended to complex eigenvalues problem. It is thus now possible to predict effects of very high
damped modifications on a only-experimental-known structure. A mock up example with a mechanical
behaviour similar to some EDF problems has been built. Fisrt numerical results of prediction using SDM
have been presented.

Dynamic behaviour of the modified structure is well estimated. Errors on frequency and damping prediction
are low. Predict frf from complex modes is a good way to save computing time.

The paper shows the ability of SDM methods to predict effects of a high damping modification on a structure.
First numerical results presented in the paper are encouraging. Nevertheless some parameters have to be
studied. For example the choice of the size of the expansion base is sometimes difficult. And indicators built
in [1] to estimate the quality of the expansion over the interface are quite unstable in very high damped cases.

An experimental modal analysis have been conducted and the modification will be realized very soon to
provide confirmation of our experimental prediction.
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[1] M. Corus, Amélioration des méthodes de modification structurale par utilisation de techniques dexpan-
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A Identified modes

pompage bascule 1& 2 ovalisation 2 lobes
17.1 Hz at 0.7% 23.06 Hz at 1.6% 45.43 Hz at 0.36%

ovalisation 2 lobes ovalisation 3 lobes
49.38 Hz at 0.3% 104.97 Hz at 0.23% 107.40 Hz at 0.21%

Table 4: Modal characteristics

Figure 7: MAC between experimental (φTEST ) and FEM (φFEM ) modes
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B Prediction of natural frequency and damping ratio

Figure 8: Frequency and damping ratio of the first 2-lobe-oval-shaped mode vs. size of [φLg]
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Abstract
A model reduction method is proposed to determine modal parameters of a fluid-loaded structure. Based on a
matrix-free formulation of rational Krylov projection, a reduced order model for the fluid-loaded structure is
constructed from forced responses at selected interpolation frequencies. Due to the small size of the reduced
order model, eigenpairs of the associated eigenvalue problem are available at a very low computational cost.
Resonance frequencies, modal damping ratios, and mode shapes of the original system are recovered from
the eigenpairs of the reduced order model and the forced responses at the interpolation frequencies. Criteria
based on modal damping ratio and condition number of dynamic stiffness matrix are proposed to filter out
the non-physical modes introduced in the model reduction process. Numerical efficiency of the method is
demonstrated on a water-loaded plate clamped in a baffle.

1 Introduction

The problem of determining resonance frequencies, modal damping ratios, and mode shapes for a fluid-
loaded structure is of significant practical interest. Among many possible solution strategies, state-space
methods provide a systematical approach to determine the modal parameters by recasting the original system
into a generalized eigenvalue problem (GEP). The kernel of the methods is the removal of implicit frequency
dependence in the acoustic impedance matrix. Giordano and Koopmann [1] use a polynomial fit based on the
surface velocities to approximate the acoustic impedance matrix. Cunefare and De Rosa [2] propose a simple
modification by using an impedance definition based on the surface displacements. The modification reduces
the order of the system equations and improves the computational efficiency and the numerical performance.
Recent work by Li [3] shows that a power series expansion or a least-square fit of the frequency-dependent
term in the Rayleigh integral also leads to a polynomial with constant coefficient matrices. Once the implicit
frequency dependence is removed, the acoustic and structural matrices are coupled into a canonical state-
space form and a GEP is formulated.

This paper develops a model reduction method to determine modal parameters of a fluid-loaded structure.
The main idea is to approximate the original system with a high-fidelity reduced order model (ROM), which
preserves the original eigen-information in the frequency band of interest. A matrix-free formulation of ratio-
nal Krylov projection [4] is employed to construct the ROM from forced responses at selected interpolation
frequencies. Implicit frequency dependence in the acoustic impedance matrix is automatically removed and
thereby a GEP with reduced order is derived. For a fluid-loaded structure with a large number of structural
degrees of freedom (DOFs), the ROM eigenvalue problem is of a much smaller size than the GEP derived
by the earlier state-space methods [1–3]. Resonance frequencies, modal damping ratios, and mode shapes
of the original system are then recovered from the ROM eigenpairs and the forced responses at the interpo-
lation frequencies. Some non-physical modes are introduced by the model reduction process. Criteria based
on modal damping ratio and condition number of the dynamic stiffness matrix are used to discriminate the
true modes from the non-physical ones. Numerical efficiency of the present method is demonstrated on a
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water-loaded plate clamped in a baffle.

2 Coupled structural acoustic model

Consider a fluid-loaded structure modeled by finite elements. The dynamics of the structural component is
governed by [

K− ω2M
]
xs = Fu−GSp (1)

where K and M are the structural stiffness and mass matrices; ω is the radian frequency; xs is the structural
displacement vector; F is the external load patterns; u is the load spectra; G is a matrix mapping the interface
DOFs to the structural DOFs; matrix S =

∫
S NTNdS; N is the matrix of interpolation functions; p is the

surface acoustic pressure vector. The acoustic domain is modeled by boundary elements. Discretization of
the surface Helmholtz integration equation in the case of 3D vibrating bodies or the Rayleigh integral in the
case of a planar vibrating surface extending over an infinite half-space leads to

p = Zvn, (2)

where Z is the acoustic impedance matrix; vn is the surface normal velocity vector. For the time-harmonic
excitation, the surface normal velocity is related to the structural displacement by

vn = iωGTxs. (3)

Substituting Eqs. (2) and (3) into Eq. (1) leads to the coupled structural acoustic system
[
K + iωGSZGT − ω2M

]
xs = Fu. (4)

It should be noted that the coupled system contains the frequency-dependent acoustic impedance matrix. Ex-
isting eigensolvers for linear systems can not directly applied to the nonlinear eigenvalue problem associate
with Eq. (4).

2.1 ROM construction

The earlier state-space methods [1–3] depend on a polynomial fit to remove the implicit frequency depen-
dence in the acoustic impedance matrix. The resulting system is recasted into a GEP by a state-space formu-
lation. The GEP is of size several times larger than the original system, making it computationally expensive
to solve for a system with a large number of structural DOFs. In this paper, a linear time-invariant (LTI)
system with reduced order is sought to relieve the computational difficulty. The main idea is that if the dy-
namic behavior of a nonlinear system can be reproduced with sufficient accuracy by a LTI system, then the
eigenpairs of the nonlinear system can be recovered from the LTI system and its high-fidelity ROM. Suppose
one of such LTI systems is available and its transfer function is given by

H(ω) = CH
[
A− ω2E

]−1 B, (5)

where A is the system matrix; E is the description matrix; B and C are the input and output matrices.
The LTI system usually has too many DOFs to be solved efficiently, therefore, a projection-based model
reduction method is applied to the system. According to the rational Krylov projection [5], the left and right
projection subspaces are defined by

⋃
ωi∈S1

{[
A− ω2

i E
]−H C

}
⊆ colsp {W} , (6)

⋃
ωj∈S2

{[
A− ω2

j E
]−1 B

}
⊆ colsp {V} , (7)

1334 PROCEEDINGS OF ISMA2006



where the disjoint sets S1 and S2 contain the interpolation frequencies used to generate the projection sub-
spaces; superscript H denotes the Hermitian transpose; colsp denotes the subspace spanned by column
vectors. Projecting the LTI system onto the above subspaces results in

Ĥ(ω) = ĈH
[
Â− ω2Ê

]−1
B̂, (8)

where

Â = WHAV, Ê = WHEV, (9)

B̂ = WHB, Ĉ = VHC, (10)

are the system, description, input and output matrices of the ROM; Ĥ interpolates the original transfer
function H at the frequencies in S1 ∪ S2. It should be noted that the LTI system is not explicitly available,
therefore, the ROM can not be constructed by Eqs. (9) and (10) directly.

To overcome the above difficulty, a matrix-free formulation of rational Krylov projection [4] is employed
to reduce the original system in the frequency band of interest. Denote Wi the left projection subspace
corresponding to the interpolation frequency ωi in set S1 and Vj the right projection subspace corresponding
to the interpolation frequency ωj in set S2. The (i, j) blocks of the ROM system and description matrices
are

Âij = WH
i AVj=

ω2
i H(ωi)− ω2

jH(ωj)
ω2

i − ω2
j

,

Êij = WH
i EVj=

H(ωi)−H(ωj)
ω2

i − ω2
j

,

(11)

and the ith and jth blocks of the ROM input and output matrices are

B̂i = WH
i B = H(ωi), ĈH

j = CHVj = H(ωj). (12)

Once the transfer functions at the selected interpolation frequencies, H(ωi)ωi∈S1 and H(ωj)ωj∈S2 , are
known, the ROM can be constructed by Eqs. (11) and (12). Since the ROM is of a much smaller size
than the original system, the ROM eigenvalue problem can be solved at a low computational cost.

2.2 Modal parameter identification

To identify the modal parameters of the nonlinear system, the transfer function of the LTI system is chosen
to be

H(ω) = FH
[
K + iωGSZGT − ω2M

]−1
F. (13)

Other transfer functions can also be defined as long as they capture the dynamics of the original nonlinear
system somewhat. Constructing the ROM according to Eq. (11) leads to the ROM eigenvalue problem

Âψ = Ω2Êψ, (14)

where Ω is the ROM eigenvalue; ψ is the corresponding eigenvector. If the ROM is appropriately con-
structed, the eigenvalue of the nonlinear system is well approximated by the ROM eigenvalue Ω and the
eigenvector of the nonlinear system is recovered by

φ = [X1 X2 · · ·Xj · · · ]ψ, (15)

where
Xj =

[
K + iωjGSZGT − ω2

j M
]−1

F, ωj ∈ S2. (16)

It should be noted that the recovered eigenpair can only approximate the original eigenpair in the specified
frequency band, depending on the choice of the interpolation frequencies and the load patterns. All the
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out-of-band modes should be discarded because of the large approximation error. Moreover, the true mode
should have a reasonable modal damping ratio (e.g. less than unity [2]). In practice, the above criteria can
only filter out some obvious non-physical modes. The remaining modes need to be double-checked by the
condition number of the dynamic stiffness matrix

D(Ω) = K + iΩGSZGT − Ω2M. (17)

A large condition number means a nearly singular matrix at Ω, therefore, the ROM eigenvalue provides
a good approximation of the true eigenvalue. After the true modes in the frequency band of interest are
identified, the resonance frequencies and modal damping ratios are obtained by

fn = Re {Ω/2π} , ζn =
Im {Ω}
Re {Ω} . (18)

3 Numerical examples

A benchmark example of a water-loaded plate clamped in a baffle is presented to illustrate numerical effi-
ciency of the method. The dimensions of the plate are 0.350m×0.500m×0.005m. The structural material
has a density 7800 kg/m3, Young’s modulus 200 GPa, and a Poisson’s ratio 0.3. The water has a density
1000 kg/m3 and sound speed 1500 m/s. The water-loaded modes were solved with an iterative technique and
the first twenty resonance frequencies and modal damping ratios were tabulated in Ref. [8]. In this paper,
interest lies in estimating the modal parameters of the first four water-loaded modes. To this end, the plate is
modeled by Mindlin plate elements and a 12× 12 mesh is used for both finite element and Rayleigh integral
surface discretization, resulting in a numerical model with 363 DOFs.

In the numerical computation, the first four in vacuo modes of the clamped plate are first solved for reference.
It is shown in Table 1 that the largest difference between the in vacuo resonance frequencies obtained from
different methods are less than 3%. The load patterns consist of five randomly generated vectors. Six
interpolation frequencies are evenly distributed in the frequency band (80-450) Hz. The ROM constructed
using Eq. (11) is of order 15. If one uses the earlier state-space methods to solve the same problem with a
4-term polynomial approximation for the acoustic impedance matrix, the orders of the resulting state-space
equations are at least 1089, much larger than the ROM size.

ROM State-space method [3] Iterative method [8]
Mode fn (Hz)

ζn (%)
fn (Hz)

ζn (%)
fn (Hz)

ζn (%)
index Vacuum Water Vacuum Water Vacuum Water

1 276.0 94.2 1.693 276.0 95.3 1.690 275.2 94.6 1.681
2 441.1 206.4 0.022 441.1 206.4 0.024 440.0 202.4 0.011
3 675.0 339.7 0.057 675.0 329.8 0.042 663.8 329.5 0.034
4 731.4 399.7 0.933 731.4 395.0 0.644 715.2 371.2 0.839

Table 1: The first four resonance frequencies and modal damping ratios of a clamped plate with water loading
on both sides.

The ROM eigenvalue problem is solved and the complex resonance frequencies are plotted in Figure 1.
There are four modes locating in the interpolated frequency band, which are labeled as the circles. The cor-
responding modal parameters are compared with results from Refs. [3] and [8] in Table 1. Good agreement
is observed in the resonance frequencies, while the modal damping ratios are agreed within the same magni-
tude. The mode shapes are recovered from the ROM by Eq. (15). Figure 2 shows the first two water-loaded
mode shapes normalized by the maximum normal displacement. It is observed that the fluid loading has
little influence on the mode shapes, as shown in Figure 3. The contour plots for the condition number of the
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Figure 1: Distribution of the complex resonance frequencies for the ROM of order 15.
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Figure 2: The normalized water-loaded mode shape: (a) the first mode; (b) the second mode.
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Figure 3: Mode shape difference between the in vacuo and the water-loaded mode: (a) the first mode; (b) the
second mode.
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dynamic stiffness matrix in the vicinity of the eigenvalues of the first four water-loaded modes are shown in
Figure 4. The resonance frequencies and modal damping ratios recovered from the ROM are located in the
high condition number regions, indicating the accuracy of the eigenvalues obtained by the model reduction
method.
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Figure 4: Contour plot for the logarithm of the condition number of the dynamic stiffness matrix in the
vicinity of the eigenvalues of (a) the first mode, (b) the second mode, (c) the third mode, and (d) the fourth
mode; black circles denote the resonance frequencies and modal damping ratios recovered from the ROM.

4 Conclusions

A model reduction method has been developed for determining modal parameters of a fluid-loaded structure.
The main idea is to approximate the original system with a high-fidelity ROM, which preserves the original
eigen-information in the frequency band of interest. A matrix-free formulation of rational Krylov projec-
tion is employed to construct the ROM from the forced responses at the selected interpolation frequencies.
Frequency dependency of the acoustic impedance matrix in the coupled structural acoustic system is auto-
matically removed. For a fluid-loaded structure with a large number of structural DOFs, the ROM eigenvalue
problem is usually of a much smaller size than those obtained by the earlier state-space methods, making it
computationally efficient in eigenvalue solution. Resonance frequencies, modal damping ratios, and mode
shapes of the original system are readily recovered from the ROM eigenpairs and the interpolated forced
responses. Some non-physical modes are introduced by the model reduction process, which are effectively
filtered out by the modal damping ratio and the condition number tests. Modal parameter identification of a
water-loaded plate clamped in a baffle demonstrates the numerical efficiency of the present method.
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Abstract 
The vibration modelling of piping systems is relevant to many engineering applications. Although there 
are many prediction techniques available, at present a fundamental weakness can undermine all of them; 
this weakness arises from inadequate modelling of joints due to uncertainty in joint properties. An 
approach to joint parameter estimation from vibration measurements, which makes use of wave models of 
piping systems, has been proposed previously. In order for this approach to be successful, measurements 
of the reflection and transmission properties of the joint in question are required. In a previous paper, an 
approach to determining the reflection and transmission coefficients of a joint in a finite piping system 
was described. Here, measurements are made on a right-angled bend in a finite pipe undergoing axial 
excitation, in order to demonstrate the procedure, highlight when it can and cannot be applied, and bring to 
light some of the difficulties inherent in making the measurements. 
 
 

1 Introduction 
 
Piping systems are used to convey fluids in many fields of engineering such as refineries, ships and 
exhaust systems for internal combustion engines. Unintentionally, they also act as waveguides, conveying 
vibrational energy away from the source of excitation via wave propagation in both the pipe walls and the 
fluid. Sound radiation from the pipe walls and, more generally, the infrastructure to which the pipe is 
connected is an annoyance and can become a health and safety issue. Orifice noise at the inlet and outlet 
of piping systems can present a problem, most notably by compromising stealth on naval vessels. Many 
piping installations occur in safety critical applications where structural integrity is paramount. Dynamic 
modelling of piping systems will often be required to determine typical in-operation stress cycles for 
fatigue predictions, and such a model may also be used in combination with vibration measurements to 
estimate changes in the system with time. 
Currently available prediction techniques for vibration achieve different compromises between the 
conflicting demands of accuracy and complexity. In the case of piping systems, there is no ideal technique 
and there is a strong case for developing continuous models to accommodate more complex 
configurations. Improved techniques are required that can model built-up piping networks whilst retaining 
a physical insight into vibration behaviour. Irrespective of the method adopted, however, modelling can be 
undermined by uncertainty in the parameters of the structural model, particularly in the joints. Piping 
systems comprise many joints in the form of flanges, hangers, pumps and changes in section. 
Dynamically, these joints contribute stiffness, inertia and damping and can dramatically alter the response 
of the system. Frequently, the inertia is modelled explicitly but the joint is assumed to be perfectly rigid. 
Damping can be chosen for reasons of convenience by a complex Young's modulus, measured modal 
damping values, or omitted altogether. Alternatively, joint properties can be estimated from vibration 
measurements. 
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The joint properties can be parametrically determined in a number of ways. One possibility, and that 
which motivates the work described here, is to measure the reflection and transmission coefficients for the 
joint in question and to then use a wave model to infer the dynamic characteristics of the joint. Measuring 
reflection and transmission coefficients on a system in which only one wave type is present is a relatively 
simple matter, particularly if the system can be considered to be semi-infinite either side of the joint. 
However, when the system is finite and there is more than one wave type present, the situation becomes 
more complex. 
In a previous paper [1], an approach to determining the reflection and transmission coefficients of a joint 
in a finite piping system was described, with particular reference to a right angled bend, in which both 
axial and flexural waves could be present. In order to demonstrate the procedure, and highlight some of 
the inherent difficulties, measurements were made on a right-angled bend in a finite pipe undergoing 
flexural excitation. This paper extends that work and presents experimental results for axial excitation, for 
which slightly different problems emerge. For the sake of completeness, the theoretical framework and the 
measurement approach are also included here. 
 

2 Theoretical framework 
 
In this section, a simple wave model of a finite pipe with a right-angled bend is described. Using the 
model, the vibration behaviour of the pipe can be understood for specific types of excitation. In particular, 
the effects of the bend and the pipe ends can be seen explicitly. The model informs the way in which the 
measurements are made and analysed, in particular how the effects of the pipe ends may be dealt with. 
Excitation is assumed to be in the plane of the bend so that, at low frequencies (below the cut-on 
frequency for the n=2 ovalling mode), only axial and in-plane flexural waves propagate. 
 

2.1 Equations of motion and wavenumber solutions 
 
At low frequencies (well below the pipe ring frequency), the transverse displacement w(x,t) in both arms 
of the bend satisfies the Euler-Bernoulli beam equation 

 

4 2

4 2 0w wEI A
x t

ρ∂ ∂
+ =

∂ ∂  (1) 

where EI is the bending stiffness of the pipe section and ρΑ is the mass per unit length. For time harmonic 
vibration at frequency ω, for a thin-walled cylindrical pipe, this gives wavenumber solutions 

 24
2

2
bk

Ea
ρ ω=  (2) 

resulting in both propagating and evanescent (nearfield) waves, where a is the pipe radius and the explicit 
time dependence eiωt is suppressed for clarity. 
Axial motion, u(x,t), satisfies the equation for longitudinal waves in a thin rod 

 
2 2

2 2 0u uE
x t

ρ∂ ∂
−

∂ ∂
=  (3) 

giving propagating waves with wavenumber 
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 lk
E
ρω=  (4) 

 

2.2 Wave propagation, transmission and reflection 
 
Waves can propagate in each arm of the pipe in both positive and negative x-directions. Considering 
motion in the plane of the bend only, at some point in the system the vector of positive-going wave 
amplitudes, a+, can be written as: 

 
P

N

w
w
u

+

+

+

⎡ ⎤
⎢= ⎢
⎢ ⎥⎣ ⎦

+a ⎥
⎥  (5) 

where the subscripts P and N denote the propagating and nearfield components of the flexural waves. After 
propagation over a distance lx, the wave amplitudes become x x

+S a  where 

  (6) 
0 0

0
0 0

b x

b x

l x

ik l

k l
x

ik l

e
e

e

−

−

−

⎡ ⎤
⎢= ⎢
⎢ ⎥⎣ ⎦

S 0 ⎥
⎥

is the propagation matrix for flexural and axial waves. Similar expressions hold for the propagation of 
negative-going waves. These propagation relations can be used to relate wave amplitudes at various 
positions within the system. 
For in-plane excitation, when a wave (either in-plane flexural or axial) arrives at the pipe bend, three 
reflected waves and three transmitted waves are generated: two in-plane flexural waves (one propagating 
and one nearfield) and an axial wave. Similarly, waves propagating outwards from the bend will be 
reflected from the rest of the structure and hence contribute to the incident waves. 
 

a+

a-
bb +-

Apipe

Bpipe

 
 

Figure 1:  Wave amplitudes at the bend 

 
With reference to Figure 1, the wave amplitudes, here defined at the bend, are related by 
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  (7) aa ab

ba bb

− +

+

⎡ ⎤ ⎡ ⎤⎡ ⎤
=⎢ ⎥ ⎢ ⎥⎢ ⎥
⎣ ⎦⎣ ⎦ ⎣ ⎦

R Ta a
T Rb b−

where R and T are the 3x3 reflection and transmission matrices at the bend. From a theoretical point of 
view, the reflection and transmission matrices for the pipe bend can be found by considering continuity 
and equilibrium at the bend. 
At this stage of this study, a simple model of a pipe bend was used for comparison with the measurements, 
in which the connection at the bend was assumed to be a massless, rigid point connection [2,3]. Power 
reflection and transmission coefficients for an axial wave incident upon the joint as predicted by this 
model are shown in Figure 2. The dimensions and material properties of the modelled pipe are the same as 
those used in the experiments described in section 3.  
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Figure 2:  Power reflection & transmission coefficients for an axial incident wave 

 

2.3 System of wave amplitude equations 
 
Consider the pipe arrangement shown in Figure 3. The figure shows a right-angled bend with vectors of 
positive- and negative-going wave amplitudes in each pipe arm. A generalized excitation in the plane of 
the bend is applied at point P in the figure. This injects waves with amplitudes q+ and q- as shown. 
Propagation, reflection, transmission and excitation equations can be written systematically to relate the 
wave amplitudes at the various locations. In matrix form, these equations can be assembled to give 

 

3

1 2

1 2

2

3

1

aa ba

ab bb

eb

ea

+ +

−

+

−

+

− −

− ⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥− − ⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥− −

=⎢ ⎥ ⎢ ⎥⎢ − ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥−
⎢ ⎥ ⎢ ⎥⎢ ⎥

−⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

I 0 0 0 S 0 a q
R S I 0 T S 0 0 a 0
T S 0 I R S 0 0 b 0
0 0 R S I 0 0 b 0
0 0 0 0 I R S c 0
0 S 0 0 0 I c q

 (8) 

where R and T are the reflection and transmission matrices at the pipe bend (subscripts a,b) and the 
effective pipe ends (subscripts ea,eb) which include effects of the rest of the pipe structure, S1, S2 and S3 
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are propagation matrices for waves in the travelling a distance l1, l2 and l3 respectively, and I and 0 are 3x3 
identity and null matrices respectively. 
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Figure 3:  System of wave amplitudes 

 
2.4 Measurement considerations 
 
From a measurement perspective, in order to determine the reflection and transmission properties of the 
bend, the following steps must be performed: excitation of the structure; measurement of vibration at 
various locations within the structure; evaluation of wave amplitudes; and finally estimation of the 
reflection and transmission matrices. If the measurements are made sufficiently far from the bend that the 
nearfield components of the waves can be ignored and if the damping is light enough so that the wave 
attenuation can be assumed to be negligible, the reflection/transmission coefficient matrix in equation (7) 
will have 16 unknowns (neglecting the components of the matrix associated with nearfield terms). One 
complete set of wave measurements either side of the bend will result in four simultaneous equations 
relating wave amplitudes so, in the most general case, four independent sets of measurements, solved 
simultaneously, would be required to determine the full complement of reflection and transmission 
coefficients. Given that, in this case, both flexural and axial waves will be present, the four sets would 
normally comprise measurements made with each of flexural and axial excitation on each side of the bend. 
However, in specific cases, it is possible to reduce the number of measurements required and/or the 
complexity of the analysis. 
For the case of the right-angled bend considered here, symmetry immediately reduces the number of 
unknown coefficients from 16 to 8, and hence the number of independent sets of measurements required 
can be halved to 2. In the most simple case, when the pipe arms can be considered semi-infinite, or are 
anechoically terminated, for excitation of pipe A, equation (8) reduces to 

 
1

1
1

1

aa

ab

− − +

− + +

⎡ ⎤ ⎡ ⎤⎡ ⎤
=⎢ ⎥ ⎢ ⎥⎢ ⎥
⎣ ⎦ ⎣ ⎦⎣ ⎦

RS a a
TS b a

 (9) 

because . Apart from the presence of the propagation matrix, S− += =b c 0 1, due to the wave a+ being 
defined at the excitation point rather than the pipe bend, this equation is identical to equation (7). Two 
independent sets of measurements are still required but, provided that for each set, the excitation only 
excites one wavetype, the equations need not be solved simultaneously. This is because if the ends of the 
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pipe are anechoic, for excitation of pipe A, the wave vector a+ is a result of the excitation only and not a 
summation of the excitation and all the waves reflected back from the end of pipe A, i.e. . + +=a q

Returning to the case when the pipe ends are not anechoic, the expressions for each of the wave 
amplitudes given equation (8) can be reformulated as an infinite series (representing the summation of all 
the waves reflected and re-reflected from the rest of the pipe structure or pipe ‘ends’, and the bend). The 
wave amplitude  can be expressed as +a

  (10a) ( 3 3 1 1 3 3 .....ea aa ea
+ = + + +a I S R S S R S S R S q) +

( )1− + +

and  and as −a +b

  and (10b) ( )1
1 3 3 1 3 3 2 2... ...aa aa ea aa e ba eb ab
− − += + + + + +S a R R S R S S R S R S T S R S T q

  (10c) 1 3 3 1 3 3 ...ba ea aa ea= + + +S b T I S R S S R S R S q

This problem can be reduced to the case where the pipe ‘ends’ are anechoic, and the effect of the 
additional reflections removed, if an estimate of the leading terms in equations (10a-c) can be made. If the 
pipe ends are only weakly reflecting, the leading term dominates, with the remaining terms contributing 
increasingly-rapid (resulting from the propagation terms, S), low amplitude (from the magnitude of R) 
oscillations with frequency around the leading term. Assuming that the excitation term, , and the joint 
reflection and transmission coefficients vary slowly and smoothly with frequency, the wave amplitude 
data which would have been obtained, had the pipe ends been anechoic, can be extracted by frequency 
averaging the measured data, i.e. the terms required to solve for the reflection and transmission 
coefficients equation (9). Thus the coefficients in equation (9) can be found as for the anechoic case, with 
a minimum number of measurements. 

+q

Returning to equation (10), for slowly varying Rea, the lowest frequency of unwanted oscillations can be 
found from the term . For flexural incident waves, from equation (6), the wave amplitude oscillates as 

, and for axial incident waves as . It is immediately evident that the larger the distance l

2
3S

32 bik le− 32 lik le−
3, 

from the excitation point to the pipe end, the more rapid the oscillations with frequency. The remaining 
terms in equation (10) contribute ever more rapidly varying oscillations. Frequency averaging the data at 
each frequency over a frequency band in which  changes by 2π will remove their influence provided 

the leading amplitude terms, , ,  do not vary significantly over this frequency range. For 
flexural incident waves the oscillation ‘wavelength’ changes with frequency as the wave is dispersive; for 
axial incident waves it does not. 

32 bk l
+q aa

+q R aa
+q T

 

3 Experimental measurements 
 
3.1.1 Experimental setup and procedure 
 
Measurements were made in the laboratory on a right-angled pipe bend. The experimental arrangement 
consisted of two 4m lengths of copper pipe (28mm O/D, 0.9mm wall thickness) connected together with a 
soldered 90 degree elbow, and suspended freely. In order to minimize unwanted reflections, the rig was 
configured so that it had both flexural and axial anechoic terminations at each end. This was achieved by 
using foam wedges in sand boxes for the flexural waves and steel plates for the axial waves, a similar 
approach to that described previously by Brennan et al [3]. The experimental arrangement is shown in 
Figure 4. 
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Figure 4:  Experimental Arrangement 

(accelerometers aligned for flexural wave measurements) 

 
An instrumented hammer was used to excite the pipe, and a number of different transducer configurations 
were used to make the measurements. In order to be able to determine the axial and flexural waves in both 
pipe arms simultaneously for one hammer hit, a large number of transducers would have been required. 
For practical reasons this was not possible, so it was decided to measure the axial and flexural waves on 
each side of the pipe bend independently. For all the measurements, three pairs of accelerometers were 
used, located either side of the pipe, sufficiently far from the pipe ends, the pipe bend, and the excitation 
point, so that nearfield effects were small. Pairs were used to compensate for the fact that the transducers 
were not located on the neutral axis; three sets (not equispaced for the flexural wave measurements) were 
used to decompose the waves, to avoid the singularity that is associated with a pair of transducers being 
spaced a half wavelength (or an integer number of half wavelengths) apart. The configurations allowed 
either the axial (accelerometers aligned axially) or the flexural (accelerometers aligned radially, as 
depicted in Figure 4) waves in one arm of the pipe to be determined for any single hammer hit. It was 
anticipated that, by configuring the accelerometers in this way, axial motion would not significantly 
influence the flexural wave measurements and flexural motion would not significantly influence the axial 
wave measurements, so the wavetypes could be measured independently [5]. Although the magnitudes of 
the hammer hits varied between tests, it was considered that the direction of the excitation was sufficiently 
repeatable to perform the measurements in this way. Tests have been carried out exciting each arm of the 
pipe in flexure and the results reported previously [1]. In this paper, the results for axial excitation are 
presented. 
 

4 Results and comparison with theory 
 
Measurements were made up to 2.5kHz, above which higher order pipe modes were found to cut on. 
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4.1 Axial wave measurements 
 
For the axial wave measurements, the transducer pairs were all spaced 25cm apart (total separation 50cm), 
allowing a least squares wave decomposition to be undertaken using all three transducer pairs. The 
wavespeed for axial waves in this case was sufficiently high that no half-wavelength singularities would 
be encountered in the frequency range of interest. 
Figure 5 shows the magnitude of the outgoing and returning axial waves in each arm of the pipe. As 
expected, the wave with the largest amplitude is the incident wave in arm 1 (the excited arm) of the piping 
system. The wave with the next largest amplitude is the reflected wave in arm 1, as predicted by the 
simple wave model. The transmitted wave and the end-reflected wave in arm 2 are smaller and have 
similar amplitudes, suggesting that the anechoic terminations are not very effective. The presence of the 
oscillations in the magnitude of the incident wave in arm 1 support this. 
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Figure 5:  Axial wave amplitudes in each pipe arm 
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Figure 6:  Axial wave phases (normalized by distance wave travelled) 
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Examination of the phase of the decomposed waves is more revealing. Figure 6 shows the unwrapped 
phase for the axial waves, each normalized by the minimum distance the wave has travelled from the 
excitation point. Given that these waves travel as axial waves throughout the pipe system, this normalized, 
unwrapped phase should be of the same magnitude as the wavenumber for axial waves (also shown in the 
figure). For all of the waves, with the exception of the transmitted wave in arm 2, the unwrapped phase is 
as expected, confirming that axial waves are indeed being measured and the dominant contribution is from 
the first return, even when the magnitude of the signals is small (as in the case of the end reflected wave in 
arm 2). The unwrapped phase of the transmitted wave in arm 2, in fact, corresponds to a wave having 
travelled to the end of arm 2, being reflected back & reflecting again from the pipe elbow (each time as an 
axial wave). That this wave dominates over the first transmitted wave is unexpected. 
 

4.2 Flexural wave measurements 
 
For the flexural wave measurements the transducers were spaced 20cm and 30cm apart (total separation 
50cm), thus allowing a least squares wave decomposition to be undertaken using all three transducer pairs, 
and avoiding half-wavelength singularities. 
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Figure 7:  Flexural wave amplitudes in each pipe arm 

 
Figure 7 depicts the magnitude of the outgoing and returning flexural waves in each arm of the pipe. As 
before, least squares wave decomposition was used to calculate the results. Here the wave with the largest 
amplitude is the wave transmitted into arm 2. This is as expected as the transmission coefficient for 
transmitted flexural waves/incident axial waves was found from the model to be sizeable. As for the axial 
waves, the pipe ends are not perfectly anechoic for flexural waves as the end-reflected waves in both pipe 
arms are not insignificant. However, for the most part, above 500Hz, they are small compared with the 
wave transmitted to arm 2 and smaller than the wave reflected from the pipe bend in arm 1. 
Examination of the phase of the flexural waves (not shown) revealed that, as expected, the measured 
transmitted wave in arm 2 is dominated by an axial wave travelling from the excitation point to the pipe 
elbow, and then a flexural wave travelling directly from there to the measurement location on arm 2. The 
phase of the reflected flexural wave in arm 1 suggested that it was not dominated by the wave directly 
reflected from the pipe elbow, but a wave which had travelled to the end of arm 2 and back to the elbow as 
an axial wave before becoming a flexural wave in arm 1 from the elbow to the measurement location. Had 
the anechoic terminations for axial waves been more effective, this would not have been the case. It was 
not possible to infer the dominant path of the two end reflected waves with any certainty. 
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4.3 Determining the reflection and transmission coefficients 
 
Inspection of the magnitude and phase of the decomposed waves enables a judgement to be made as to 
whether the ‘averaging’ approach described in section 2.4 can be applied in order to estimate the reflection 
and transmission coefficients, or whether a full matrix inversion is required. 
Considering the axial waves, the reflected wave is evidently dominated by the first arrival, whilst the 
transmitted wave, in this case, is not. Conversely, considering the flexural waves, the transmitted wave is 
dominated by the first arrival, whereas the reflected wave is not. The reflected axial wave and the 
transmitted flexural wave will therefore lend themselves to the averaging approach described above. The 
reflected flexural wave and the transmitted axial wave, in this case, are not dominated by the first arrivals, 
and the assumption of weakly reflecting pipe ends cannot be applied. This is not surprising, as the 
predictions shown in figure 2 indicate that these two waves account for most of the energy scattered from 
the pipe elbow, with the reflected flexural wave and the transmitted axial wave making very little 
contribution.  
For the reflected axial wave and the transmitted flexural wave, the power associated with each of the 
waves was calculated [3] and the power reflection and transmission coefficients for flexural waves 
impinging on the pipe bend were determined. The calculations were performed first assuming that the pipe 
ends were completely anechoic for both wavetypes and then using the frequency averaging procedure 
described in the previous section. Figures 8 and 9 depict the results, along with the predictions shown in 
figure 2. 
The graphs show that the coefficients derived from the raw measurements are oscillatory in nature, with 
very large oscillations; higher frequency oscillations are superimposed upon lower frequency ones. This is 
as expected as discussed in the previous sections. The frequency averaging process removes most of the 
oscillations. Below about 500Hz the raw data is noisy, and this is improved by the averaging process. 
Above about 2200Hz, the averaging process is less reliable as data at frequencies above 2500Hz (when 
higher order pipe modes cut on) are being used in the averaging process. Comparing the frequency 
averaged data with the theoretical results, although the magnitudes differ somewhat, the overall trends 
have been reproduced. At this stage, it is not clear the extent to which the differences between the 
theoretical and experimental results can be attributed to the limitations of the model. More sophisticated 
models are of course possible, for example in which the joint is considered to be finite [6], or in which 
mass and stiffness are added to the joint, but comparison with these is the subject of future work and 
outside the scope of this paper. 
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Figure 8:  Power reflection coefficient (axial/axial) 
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Figure 9:  Power transmission coefficient (flexural/axial) 

 
 
5 Conclusions 
 
In this paper, a number of approaches to measuring the reflection and transmission coefficients of a joint 
in a finite piping system have been described. In particular, an averaging procedure, which can be used 
when the reflections from the rest of the piping system are small, is discussed. The theoretical framework 
underpinning this procedure has been examined, and a simple wave modelling approach included. To 
illustrate the method, experiments were conducted on a right-angled bend in a finite copper pipe; the 
results of these experiments are presented here. One end of the pipe was excited axially and the flexural 
and axial waves in each arm of the pipe measured independently. Reflection and transmission coefficients 
of the joint were determined both assuming that there were no reflections from the pipe ends, and using 
the proposed averaging procedure when the magnitude of the reflections is small. The results were also 
compared with theoretical predictions from a simple wave model of the joint. It was found that, when 
applied appropriately, the averaging process reduced the effect of unwanted reflections considerably. 
Comparison with the theoretical model of the joint was encouraging, but revealed some differences which 
will be the subject of future work. 
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Abstract 
The paper considers the problem of dynamic, infinite dimension, modeling of a transmission. An accurate 
Laplace transfer function matrix of the system that consists of flexible shafts connected by, rigid or 
flexible, gears is found. The first step is deriving the transfer functions for a single uniform link. The 
building blocks of those transfer functions are time delays, representing the wave motion, and low order 
rational expressions, representing the boundary phenomena. The next step is combining these individual 
transfer functions into a model for a multilink flexible transmission. This is done by making use of the 
natural feedback between neighboring links in the system. The outcome is a generalized, infinite 
dimension, dynamic model with a generalized state vector. The explicit and highly structured form of the 
transfer functions, allows physical insight into the system, which is lacking in finite dimension 
approximations, and exact calculation of natural frequencies. It also enables the construction of exact 
simulation schemes built from standard blocks, and the application of simple, dedicated control laws.  

 

1 Introduction 
 

Modeling of the angular motion of flexible shafts and gears transmissions, shown schematically in Figure 
1, is a well known problem. The dynamics of such systems is governed by both shaft and gear flexibility. 
A model for the gear flexibility, first suggested by Tuplin �[1], consists of an infinitesimal gear mesh 
spring-damper element that is positioned in series with the gear transmission error excitation �[2]- �[3]. This 
model is widely used for gear modeling �[2]-�[6] and is adopted in this work as well. 

In order to accurately model the system, in addition to modeling the gears flexibility it is required to 
model the flexible shafts and their supports (boundary conditions). The dynamics of these elements is 
governed by the wave equation �[4], �[7] - �[8]. In �[4] a continuous model for the gears and shafts, based on 
modal approach, was suggested. However, since the system has infinitely many modes, the solution 
consists of infinite series. In order to use such a model, numerical approximations, such as truncating the 
high frequency modes, are necessary. Another method is to use a finite element approximation to model 
the continuous system, �[8], �[15]. The accuracy of such a solution depends upon the number of elements 
used. In �[15] an accurate model for a uniform shaft with multiple lumped elements is presented, and used 
to numerically find the natural frequencies and mode shapes of the shaft. 

The use of transfer functions to model flexible structures is not a new idea, and results for some cases have 
been reported �[17] – �[20]. The problem is often expressed in terms of Green’s function of the system, as 
the transfer function is a Laplace transform of that function �[18]. In some cases, e.g. �[19], the results are in 
the spirit of the modal approach and the transfer functions are given as an infinite series of modal terms. In 
other cases, e.g. �[17], closed form expressions where derived only for a free-free system. A general 
method, applicable to a wide range of systems, is presented in �[20]. This method is based on a matrix 
exponent in the s domain. 

In this paper, the use of the continuous, infinite dimension, accurate, Laplace transfer functions to model 
the shafts and boundary conditions is suggested. The paper uses some of the methods presented in �[10] - 
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��[12] to calculate the MIMO transfer function matrix of the flexible transmission. These functions are easy 
to use for simulation and analysis purposes without the need to use finite dimension approximations. From 
a physical point of view, the transfer functions correspond to the wave approach �[7] - �[9]. 

The derivation begins by presenting some results for a single shaft system. Next these results are extended 
to multi-link flexible transmissions, using the feedback approach. The obtained model is an infinite 
dimension transfer function relating the angle at any point along the transmission to the input and load 
external torques. All other quantities such as angular velocity and internal moments, stress and strain are 
immediately available from the angle information. The special structure of the model enables the design of 
dedicated control schemes that are shown and analyzed.    
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Figure 1: flexible, multi-link, transmission 

 

2 Modeling of a single link 
 

The results in this section are given for the type of flexible link existing in transmissions, i.e. flexible 
shafts, however they apply to other systems governed by the wave equation, such as strings and rods in 
tension. Consider the system in Figure 2 showing a uniform rod of length L subjected to a lumped torque 
moment M(t) at the point x=x0. 
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Figure 2: The flexible system 

 

Assuming no internal damping, the system is governed by the wave equation [4]. 
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where Ip is the shaft polar moment of inertia, � is the link density, G is the shear elasticity modulus and the 
wave propagation velocity in the link is  c = (G/�� )1/2. Two inertias, J1 and J2 are connected to the link at 
the ends and K1, K2, D1 and D2, if exist, are the springs and dampers connecting the link to a fixed frame 
(skyhooks). The boundary conditions are therefore 
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This general setting includes all linear boundary conditions of interest. For example, in a free end all the 
coefficients are identically zero and a fixed end is obtained when K � �. 

Using Laplace transform on the partial differential equation (1) converts it to an ordinary differential 
equation in x. Solving this equation leads to the general transfer function from the input moment Min(s), 
acting at x = x0, to the torsion angle at any point x along the link �[10]-�[11]. 
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Table 1 lists some specific transfer functions that are used in the next sections. Notice the reciprocity 
existing in these expressions, e.g. the transfer function from a moment acting at x0 = 0   to the torsion angle 
at x1 = L is identical to that for x0 = L and x1 = 0. The boundary conditions are represented by Ri, which are 
dynamic reflection coefficients �[12]. For example for a free end Ri = 1 and for a fixed end Ri = -1. The 
velocity transfer function is similar, without the s in the denominator. 
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Table 1: Single link transfer functions 

 

3 Modeling of multi-link flexible transmission 
 

3.1 General theory 
 

In this section we extend the results of the previous section from single to multiple links is the feedback 
approach that makes use of the natural feedback existing in the system. Consider the first two links in 
Figure 1. The first link rotates J21 by an angle �2(0) and as a result, the second link applies a restoring 
torque M2 on the first link and so on, as shown in Figure 3. This should not be confused with feedback 
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existing within the link, where a wave generated by a torque acting at any point along the link is reflected 
from the boundary conditions to the actuation point. 

 

Link 1 Link 2
)0(2�

2M

 
Figure 3: Natural feedback between links 1 and 2 

 

The first step in deriving the system Laplace transfer function is to separate each link from the system and 
replace its interaction with its neighbors by the reactions at its ends. Then, using superposition of the 
responses to reactions and external (input) moments in the link, the Laplace transfer function for any point 
along each link is computed. Finally, the transfer function of the whole system is obtained. 

Consider a multi-link flexible transmission consisting of n flexible shafts, connected by flexible 
transmissions, as in Figure 1. The i-th link of such a system is shown in Figure 4. Each link may also be 
connected to the environment by dampers, representing the effect of the bearings, and, at least 
theoretically, by skyhook springs. 
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Figure 4: Reactions on link i 

 

We make the standard assumption that the only flexibility of the gear pair is in the meshing teeth �[2]-�[6], 
and further assume that the transmission is free of backlash. Following the approach in �[3]-�[4], the 
nonlinear flexibility of the meshing teeth and the time varying behavior are modeled by a displacement 
excitation ei(t), as shown in Figure 5, where ki, ci are the time average of the mesh stiffness and damping. 
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Figure 5: Transmission flexibility model 
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Using Newton’s second law, with uniform positive direction for all the angles, we calculate the force in 
the spring - damper element as a result of the gears rotation 

� �iiiiiiiii erlrkscsF ���� ��� )0()()()( 1,112,1 ��  (5) 

This force generates moments acting on the gears inertia as follows 
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Where the subscript 1, denotes the left (input) end of the shaft and 2, the right (output) end of link i.  Ni = 
ri-1,2 / ri,1, is the transmission ratio between links i and i – 1. The angle along the i-th link is a superposition 
of the response to the reactions acting at its ends. 
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Defining Mi � Mi,1 and combining equations (6) and (8) we have the moment equation 
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The arguments of the transfer function that multiplies Mi+1 in (9) were reversed, using the reciprocity 
property. The transfer functions Gi(x0i,x1i) are listed in Table 1, and Ri,1 and Ri,2 represent the inertia of the 
gears connected to the shaft and the bearing damping. The solution for the rigid gears case is given by 
substituting ei = 0,and ��ik . 

Having the individual transfer functions and the connectivity between them, we are now in a position to 
derive the Laplace transfer function of the full system in Figure 1. Equations (8)-(12) may be written in a 
general form as 

)()()()()()( sesEsusQszsP fff ��  (13) 

)(),()(),(),( susxVszsxRsxy f ��  (14) 

where the input, u � �2, the generalized state vector, z � �n-1, the displacement excitation,  
e� �n-1, the output, y � �n and the system matrices, are given by 

u = [Min  Mload]
T (15) 

� �Tnn MMMMz 132 �� �  (16) 

e = [e2  e3  …  en]
T (17) 
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Equations (13)-(14) are in a familiar form that often appears in modeling of dynamic systems. Equation 
(13) is the generalized state equation, representing the system dynamics. Pf(s) models the internal 
dynamics and Qf(s) and Ef(s) are the dynamic input matrices. Notice that all of these quantities are 
independent of the locations of the measurements xi. Equation (14) is the dynamic output equation. If only 
some pre-specified angles are of interest, Rf(x,s) and Vf(x,s) reduce to the relevant rows of the full matrices 
in (22)-(23). The transfer functions, from u(s) and e(s) to y(s), are given by  

� � � � )()()(),()()()()(),(),( 11 sesEsPsxRsusVsQsPsxRsxy fffffff
�� ���  (24) 

Equation (24) indicates that the system poles are the solution of the characteristic equation 

� � 0)(det �sPf  (25) 

 For conservative systems (Di,{1,2}  = 0) all the poles are on the imaginary axis, and the natural frequencies 
are calculated from det(Pf(i%))= 0. 

 

3.2 Special cases 
 

Input moment to load side angle – In this case we wish to calculate the transfer function from an input 
moment acting on the first link, Min, to �n,2, the angle at the load side, for e(s) = 0 and no load moment, i.e. 
Mload = 0. The output matrix Rf(x,s) reduces in this case to its last row, where only the last component is 
nonzero. Consequently, only the (1,n-1) component of Pf

-1(s) has to be calculated. From the structure of 
Pf(s) it follows that the transfer function is given as 
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where N = ' Ni is the overall transmission ratio. The ‘closed loop’ (in the sense of internal feedbacks) 
transfer function (26) has the forward path in its numerator, and a sum of combined paths in the 
denominator, which is in accordance with Mason’s rule for multi-feedback schemes. 

Two link system - Consider the simplest transmission, consisting of two shafts connected by a single gear 
pair. We wish to find explicit expressions for the angles of both shafts for the flexible and rigid gear case.  

In this simplified case, the model matrices reduce to the scalars Pf(s) = 2G , � �)0,()( 221 lGasQ f ��  (the 

first and last row coincide) and 1,2/1 rE �� . Hence, equation (13) may be written as 
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Substituting into equation (14) we obtain 
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The solution for the rigid gears case, which is given in �[14], is recovered by substituting  
e2 = 0,and ��2k . The result is the removal of the last terms in the numerator and the denominator of 
both expressions in equation (28). 

 

4 Simulation 
 

One of the advantages of the transfer function modeling approach is that it enables the construction of 
simple and efficient simulation schemes for the accurate, infinite dimension, model of the entire 
transmission. Starting on a single link level, notice that treating the denominator of the transfer function 
(3) as a result of an internal feedback in a system consisting of rational transfer functions (based on Ri(s)) 
and delays. This is demonstrated in Figure 6 for G(0,l). Since rational transfer functions and delays are 
standard blocks in numerical solvers such as Matlab – Simulink, the scheme can be easily implemented. 
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Figure 6:  A simulation scheme for G(0,l) 
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The implicit form of equations (9)-(10) is convenient for analysis and lead to the generalized state 
equation (13). For simulation purposes an explicit expression for the moment Mi is required, which is 
immediate from (9) as.  
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Figure 7: Generic, single link block diagram 
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Figure 8: 4 links block diagram 

 

Equation (29), together with its output equation, (8), may be represented by the block diagram in Figure 7. 
Notice that Gi(0,0) is a bi-causal (delay wise) transfer function hence its inverse can be realized. To 
represent a system of n links, n-1 single-link models are connected in that manner to each other. For the 
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first link M1 =Min, and for the last link Mn+1 = Mload. A block diagram for a four link system is shown in 
Figure 8, where each grey block represents the grey area in Figure 7. The feedback nature of the 
aggregated system is emphasized by Figure 8, where each link is subjected to torques from the 
neighboring links. The block diagram may be adapted for the rigid transmission case by setting ei = 0 and 
ki��, which is equivalent to removing the green (dashed) lines and blocks from Figures 7 and 8. Thus the 
scheme is applicable to any combination of flexible gears and rigid gears. 

 

5 Feedback Control 
 

5.1 Single link system  
 

In general one may wish to control either the angular position of the load or its angular velocity. Each one 
of these cases requires a separate treatment due to the different physical implications. We consider in this 
work only the latter case, i.e. angular velocity control. Consequently it is assumed that there is no skyhook 
spring at the actuating point. We begin by considering the control of a single link. This case was 
investigated in detail in [10-13], and in this subsection we quote the main results. Consider the control law  

),0()()()( ssHsTsM r %% ��  (30) 

where �r(s) is the velocity command. The loop is closed with �(0) for two reasons. First it is more likely 
to be available for measurement. Secondly, it was shown that only a collocated feedback can stabilize the 
system. Recalling that the transfer function from the torque to the angular velocity at x = 0 is similar to the 
one to the angular displacement, except for the integrator, the closed loop characteristic function in that 
case is 
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By choosing the controller as 
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the delay is eliminated from the characteristic function and the closed loop transfer function from the 
command to the load velocity at x = L is 
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Choosing ��� 2DT  maintains the steady state gain and the transfer function becomes 
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Several interesting conclusions can now be drawn. 

1. The control law is local. It depends only on the material and cross section properties of the shaft and 
on the boundary conditions at the actuating end. It is independent of the rod length and the boundary 
conditions at the other end.  

2. The control law can be interpreted as modifying the reflection coefficient R1(s) at the actuating end so 
that it is equal to zero, thus making that point a sink for the wave. 

3. In the typical case of free actuating end the controller is simply a constant rate feedback. 

4. The inner loop transfer function does not depend on the boundary conditions at the actuating end. Its 
rational part is independent of the length L, which affects only the delay. 
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5. The resulting transfer function is equivalent to that of a lumped parameter system (J2, D2) under 
constant rate feedback �, where the input torque action is delayed. 

When the system under consideration is a full transmission consisting of several shafts and gear pairs the 
situation is of course more complex. One has first to identify the physical situation, namely the available 
measurements. In case only the velocity of the actuation is measured, the control law has to be in the form 
(30). The first two properties suggest that it is a reasonable choice even if more measurements are 
available. 

From a wave approach the situation is as follows. In a single link, the sink at x=0 absorbs the entire wave 
when it arrives, eliminating all motion in the link at once. In a gear, or in general multi-link, systems, 
every time the wave reaches a discontinuity point, typically a gear, part of it moves ahead while another 
part is reflected back. As a result the wave may exist in areas that do not include the actuation point. 
However, since part of the wave still reaches the absorber, energy is pumped out of the system, and the 
amplitude of the remaining wave diminishes asymptotically. This is demonstrated in example 2 in the next 
section.  

 

6 Examples 
 

Example 1: Consider the gear system in Figure 9, consisting of three flexible shafts, with lengths 0.21, 
0.14, 0.14 m, diameters 0.025, 0.05,0.05 m,  density 7800 kg/m3 and shear modulus 7.95�1010 Pa. The two 
gear pairs are identical with d1=0.047 m, d2=0.094 m, J1=1.15�10-3 kg�m2 and J2=2.3�10-3 kg�m2. The 
actuator inertia is 5.75�10-3 kg�m2 and load inertia is 0.023 kg�m2. The gears flexibility was modeled by k2 
= 200�106 and k3 = 300�106 N/m. The first 10 natural frequencies, calculated from equation (25) were 
compared to results obtained by using lumped approximation, assuming the shafts are rigid and finite 
element models. The results are displayed in Table 2. The same procedure was repeated when all the 
shafts are 5 times longer and the results of that case are given in Table 3.  

J21 J22

J31

+Min

d12

d21

J11

Link 1

Link 2

Link 3

J12

k2

d22

d31

d1

d2

d3

k3

J32

 
Figure 9: 3 link transmission in Example 1 

 

For the short shafts the lumped model gives a fairly good approximation of the first 5 natural frequencies. 
When the shafts are longer though, the lumped model becomes inadequate. It completely misses the 3-rd 
natural frequency and the accuracy for the 4-th and 5-th frequencies is poor. 

As expected, the accuracy of the finite elements model increases with the number of elements and 
decreases for the higher frequencies. Similar to the lumped model, the finite elements model, with the 
same number of elements, provides less accurate estimates for the longer shafts.  

The transfer function model suggested in this paper gives any required number of natural frequencies, in 
any practical frequency range, with absolute accuracy up to numerical issues. It is worth noting that the 
transfer function model give also the exact full frequency response function (FRF) of the system with no 
additional computational effort. 
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Exact Lumped 10 Elements 20 Elements 30 Elements 

2.1360e+003 2.1335e+003 
(-0.117%) 

2.1360e+003 
(0.000%) 

2.1360e+003 
(0.000%) 

2.1360e+003 
(0.000%) 

4.3441e+003 4.3288e+003 
(-0.352%) 

4.3442e+003 
(0.002%) 

4.3441e+003 
(0.000%) 

4.3441e+003 
(0.000%) 

1.2737e+004 1.2586e+004 
(-1.186%) 

1.2741e+004 
(0.031%) 

1.2738e+004 
(0.008%) 

1.2737e+004 
(0.000%) 

1.9768e+004 1.9350e+004 
(-2.115%) 

1.9775e+004 
(0.035%) 

1.9770e+004 
(0.010%) 

1.9769e+004 
(0.005%) 

2.5640e+004 2.4432e+004 
(-4.711%) 

2.5661e+004 
(0.082%) 

2.5644e+004 
(0.016%) 

2.5641e+004 
(0.004%) 

4.8088e+004 - 4.9329e+004 
(2.581%) 

4.8397e+004 
(0.643%) 

4.8225e+004 
(0.285%) 

7.4000e+004 - 7.5901e+004 
(2.569%) 

7.4620e+004 
(0.838%) 

7.4303e+004 
(0.409%) 

7.7619e+004 - 8.5031e+004 
(9.549%) 

7.8894e+004 
(1.643%) 

7.8118e+004 
(0.643%) 

9.5681e+004 - 1.0549e+005 
(10.252%) 

9.8154e+004 
(2.585%) 

9.6777e+004 
(1.145%) 

1.4339e+005 - 1.5918e+005 
(11.012%) 

1.4932e+005 
(4.136%) 

1.4683e+005 
(2.399%) 

 

Table 2: Natural frequencies [rad/s] 

 

Exact Lumped 10 Elements 20 Elements 30 Elements 

9.6912e+002 9.6220e+002 
(-0.714%) 

9.6915e+002 
(0.003%) 

9.6912e+002 
(0.000%) 

9.6912e+002 
(0.000%) 

2.0034e+003 1.9692e+003 
(-1.707%) 

2.0039e+003 
(0.025%) 

2.0035e+003 
(0.005%) 

2.0035e+003 
(0.005%) 

5.9190e+003 5.3330e+003 
(-9.900%) 

5.9446e+003 
(0.433%) 

5.9239e+003 
(0.083%) 

5.9210e+003 
(0.034%) 

9.7330e+003 
- 

9.9802e+003 
(2.540%) 

9.7943e+003 
(0.630%) 

9.7602e+003 
(0.279%) 

1.2537e+004 1.4355e+004 
(14.501%) 

1.2913e+004 
(2.999%) 

1.2620e+004 
(0.662%) 

1.2574e+004 
(0.295%) 

1.5137e+004 1.5715e+004 
(3.818%) 

1.5605e+004 
(3.092%) 

1.5246e+004 
(0.720%) 

1.5185e+004 
(0.317%) 

1.8776e+004 - 1.9598e+004 
(4.378%) 

1.9010e+004 
(1.246%) 

1.8882e+004 
(0.565%) 

1.9443e+004 - 2.1289e+004 
(9.494%) 

1.9886e+004 
(2.278%) 

1.9635e+004 
(0.988%) 

2.1973e+004 - 2.2933e+004 
(4.369%) 

2.2274e+004 
(1.370%) 

2.2101e+004 
(0.583%) 

2.8776e+004 - 3.3120e+004 
(15.096%) 

3.0449e+004 
(5.814%) 

2.9518e+004 
(2.579%) 

 

Table 3: Natural frequencies for long shafts [rad/s] 
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Example 2: Consider a two link system consisting of two flexible shafts with lengths 3.0, 1.0 m, diameter 
0.025 m, density 7800 kg/m3 and shear modulus 7.95�1010 Pa, a single gear pair with d1 = d2 = 0.07 m, J1 =  
J2 = 4.6�10-4 kg�m2 and bearing damping of 0.5 N�s/rad. The gears flexibility was modeled by k = 300�106 
N/m. The actuator inertia and damping are negligible. The load inertia is 4.6�10-4 kg�m2 and the load 
damping is 0.5 N�s/rad. 

The system time response was simulated twice, in open loop and using the collocated controller in (32). 
The results are shown in Figure 10. It is evident that the controller considerably reduces the oscillations. 
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Figure 10: Time response of the System in Example 2 

 solid – with controller, dotted – open loop 

 

7 Conclusion 
 

A new method for a simple and exact continuous (infinite dimension) modeling of a flexible transmission 
is proposed. The method applies to any number of gear pairs and is built in a modular fashion from the 
single link transfer functions. The models were derived by considering the full, infinite dimension models 
of the shafts, and by representing the gears as either rigid or flexible. The basic units in building the 
equations of motion of the overall system are the links, consisting of a shaft connected to two inertias. The 
generalized state vector consists then of the reaction moments between the links. As a result, the 
generalized state vector has a dimension of n-1, where n is the number of links.  

The gears were assumed to be rigid inertias except for the meshing teeth that were represented by spring-
damper and deflection excitation. By increasing the gear flexibility to infinity, the models for flexible 
gears converge to those for rigid gears. The proposed model is general enough to include several other 
cases such as a change in the shaft diameter, or a spring damper connection instead of gears. Mixed kinds 
of connections between the links may also be represented by connecting the appropriate single link 
models.  
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An immediate application of the transfer function model is the calculation of the exact natural frequencies, 
and frequency response function, of the system. The natural feedback built into the model makes it a 
useful tool for time domain simulation. A generic link model may be created and the system modeled by 
connecting several such models using simulation tools such as Matlab – Simulink.  
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Modelling the Control Strategies for Riding a Motorcycle
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Abstract
Motorcycle rider-control to accomplish a simple lane-change manoeuvre is modelled, combining symbolic
representation of vehicle equations of motion with optimal control representing the human rider. A sim-
plified motorcycle is considered for which the non-linear equations of motions are derived, leading to a
discrete-time simulation of the motorcycle’s motion. Linear approximations to the non-linear equations of
motions are calculated for each iteration step, allowing significant angles of roll in particular to be consid-
ered. Furthermore, a detailed tyre model considering a toriodal-profile tyre with appropriate force-generating
characteristics is applied, completing the extension of previous models to allow for non-small angles for the
degrees of freedom. The motorcycle dynamics are coupled with an optimal controller representative of a
human rider, thus allowing path following to be modelled, based on previously published works.

1 Introduction

The ability of a human rider to master the inherently unstable single-track bicycle has been of interest from
the viewpoint of both idle curiosity and scientific understanding for as long as the bicycle has existed. The
ability of a human rider not only to stabilise a bicycle but also to be able to actively guide the trajectory is a
testament to the ability of an appropriate control system to deal with complicated and unstable systems.

Early studies, using simplified motorcycle models, concentrated on inherent modes of instability that were
progressively developed to include more detailed physical parameters. The models concentrated on straight-
running and steady cornering and therefore were not suitable for analysing manoeuvre performance. The
rider plays a very active role in the manoeuvre performance of single-track vehicles, and so useful simula-
tion models therefore require a suitably representative rider-model to be included.

Several authors have investigated the control techniques applied by riders for manoeuvring, notably [1] and
[2]. More recently computational simulations of car drivers have become common, employing elements of
visual preview in order to plan for and accomplish a set manoeuvre [3]. [4] used a target roll angle to be input
to the model, with the motorcycle controller applying a steer torque to the handlebars in order to generate
the required roll angle and hence cornering radius.

Recently, optimal control theory has been implemented for the control of a wide variety of systems, and
lends itself particularly well to the representation of a human controller. Human operators absorb informa-
tion from a number of sources and, with a goal in mind with regard to the system he/she is controlling, make
judgements of required control inputs based on the sensory information available. The manner in which
these judgements are made is difficult to quantify simply, and as such has made the task of modelling a hu-
man controller through simple, classical control algorithms such as Proportional plus Integral plus Derivative
(PID) control a less than satisfactory solution.
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[5] developed the Optimal Manoeuvre Method with a combined rider-motorcycle model set the task of
performing a manoeuvre in the minimum of time using road geometry preview, and the twin-track opti-
mal control model of [6] has already been adapted to the case of a single-track vehicle in [7] and [8]. Both
models included roll freedom of the rider’s upper body; the former passively, the latter actively as a control
input. The results suggested, in agreement with earlier findings in [9], that the primary control method is
through steer torque, with the influence of rider lean torque an order of magnitude less important than steer
torque, and that the distance of preview required in the task of riding a motorcycle is notably greater than for
driving a car. The application of the model to an iterative path following exercise yielded good results for
a single lane-change manoeuvre. In all cases, the use of optimal control generated inputs that realistically
reflected those used by a motorcycle rider to guide the trajectory of the motorcycle.

The work presented here has aimed to replicate the results of [7] using symbolic software to generate the
equations of motion of the motorcycle which are then coupled with the optimal controller. Linear approxi-
mations to the non-linear equations of motion are made at each step of the simulation, together with a more
advanced tyre model [10]. Both modifications allow the model to operate at non-small angles, a consid-
eration that is particularly important for the lean of the motorcycle. This model is currently being used as
a basis for more advanced rider-control models aimed at advancing the current levels of motorcycle-rider
simulation.

2 Equations of Motion

The development of the optimal preview motorcycle model can be split broadly into three areas; modelling
the dynamics of the motorcycle, secondly of the road information shift register process, and thirdly of the
optimal control part. The motorcycle dynamics and the road shift register are combined together and the
optimal controller is then applied to generate an optimal system control input [6].

2.1 Motorcycle

The motorcycle is modelled as a simple four-body model comprising rear frame with rider rigidly attached,
front frame including handlebars and fittings, front wheel, and rear wheel (Figure 1). The front frame attaches
to the rear frame via a revolute joint inclined through the steering inclination angle, the wheels similarly at-
tach via revolute joints along their spin axes. The motorcycle is fully defined by the position of the rear
frame centre of mass projected vertically down to the ground plane with displacements in the x-, y- and z-
coordinates, rotations of yaw ψ and roll φ, and rotation of the front frame about the steer head through the
steer angle δ. The tyres are modelled with toroidal profile, with their lateral forces being generated via a
simplified version of the Magic Tyre Formula, with an appropriate relaxation length included for their lateral
force generation. No suspension deflections, aerodynamic forces or rider body movements are included in
the presented simulations.

2.2 Tyres

The representation of the tyres used in this model and the calculation of tyre forces represents a useful step
forward, compared with other contemporary models and over the simple disc-wheel approach used previ-
ously.

The tyre model used is based on work in [10] and represents a toroidal-section tyre with approximations
to the Magic Tyre Formula to generate realistic tyre forces with considerably less complex calculations than
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with the full Magic Formula. Symbolic software was used to model the tyre properties and hence generate
symbolically the expressions required to calculate the tyre forces. The code was first written for a rear tyre
as in [10] to ensure agreement. Figure 2 shows the lateral tyre forces against slip angle for a range of camber
angles from 0 to 50 degrees.

The extension of the code to the front wheel required additional parameters to account for the more com-
plicated rotation of the wheel spin axis when roll and steer about a non-vertical steer axis are combined,
with different angles rotation studied based on typical manoeuvre steer angles. Because of the geometry of a
typical motorcycle, introduction of a steer angle affects both the slip angle of the tyre to the ground and the
camber angle of the wheel.

By generating the tyre forces using this approach a more realistic representation of the real motorcycle is
obtained, capable of high angles of lean in a much more appropriate manner than a simple disc wheel.

2.3 Linearisation

The dynamics of the motorcycle were developed using a symbolic software program, Maple, following La-
grangian theory. Basic data corresponding to the model such as degrees of freedom and general matrices
referenced throughout the code were input and then used to define the positions and velocities, both linearly
and rotationally, of the bodies, leading to calculation of the kinetic and potential energies of the system.
Defining the forces applied to the system and utilising the velocities of the bodies allows the virtual power
of the system to be calculated. Using the theory of Lagrange leads to the equations of motion for the system
that can then be used to formulate the mass, damping and stiffness matrices that are common to the solution
of linear dynamics problems.

Initial models were linearised for small angles of yaw, roll and steer about a steady state by introducing
the approximations sin(a) = a and cos(a) = 1 where a is a generic state angle. If the motion of the motorcycle
is considered to be always within these small angles such that the approximations are appropriate then the
equations of motion are time-invariant. For straight-line stability analysis such approximations are accept-
able.

For manoeuvre simulation, the limitations of small angles, in particular roll, to the motorcycle-rider model
are clearly significant, and render such models poor for real-world situations. To broaden the applicability
of such models it is a requirement to allow for more significant angles to be permissable. Linearisations of
non-linear systems is a well-know technique within dynamics, and has therefore been applied to the mo-
torcycle model. Accordingly, a more advanced tyre model with realistic tyre forces at significant angles of
slip and camber has been introduced. The validity of the now linearised model is limited to small deviations
about the point of linearisation. Since the states, in particular the roll angle, change significantly during
motion, it is necessary to re-evaluate the linearised model as the motion of the motorcycle progresses. For
motion simulation therefore the coding re-evaluates the Equations of Motion (EOMs) as the motion of the
motorcycle progresses. The changes in numerical values of angles should be smooth and progressive, and
so any linearisation made will be valid for a small period of time until the states deviate significantly from
the values when the linearisation was made, by which time the EOMs should have been re-calculated. The
motion is therefore modelled by using a series of continuously re-evaluated linearised models.
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3 Rider Modelling

With the modelling of the motorcycle dynamics covered, attention turns to the modelling of the rider’s con-
trol actions to obtain a suitable motorcycle-rider model. This modelling takes the form of a road preview
with optimal control based on work methods presented in [6] and [7].

3.1 Road Preview Shift

To replicate realistically the manner in which a human driver operates, there needs to be some represen-
tation of the driver looking at the road ahead, registering the information and updating this information as
motion continues, achieved through use of a shift register matrix approach. The road information is stored
as lateral positions of the road at discrete points along the path, and at the start of the simulation the first n
road information points are loaded, where n is the number of preview points selected. A shift-register matrix
then updates the road information with each step of the simulation, with a second vector to input the new
information point at the limit of the preview. The structure of the appropriate matrices are of the form:

Ar =




0 1 0 0 ... 0
0 0 1 0 ... 0
..................
0 0 0 0 ... 1
0 0 0 0 ... 0




and Br =




0
0
...
0
1




(1)

At each step of the simulation, the road information points will be shifted by one with the Ar matrix, and the
Br matrix will add the new preview point information to the system.

3.2 Combined Vehicle/Preview System

With state-space representations for both the vehicle dynamics and the road information now available, the
two systems can be combined into a single model, having the following structure:

[
xv(k + 1)
yv(k + 1)

]
=

[
Av 0
0 Ar

] [
xv(k)
yr(k)

]
+

[
Bv

0

]
u(k) +

[
0

Br

]
yri(k) (2)

where the model is represented in discrete-time format: xv represents the vehicle states, yr the road informa-
tion. Av and Bv are the state-space matrices corresponding to the dynamic response of the motorcycle. This
combined model can therefore be used as a representation of a human controller, who will utilise information
about both the vehicle behaviour and the road path ahead of the vehicle. The The model is also still in the
form of a standard state-space model and can therefore theoretically be solved in a conventional manner.

3.3 Optimal Control Theory

An optimal controller is a mathematical means of generating a controlling input to a system that will min-
imise a cost-function defined by the user. The cost function is generated by placing a weighting factor on
both system states and the control inputs. In essence, the system’s performance can be tailored as desired by
the user to balance system accuracy against energy input.
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Appropriate selection matrices can be used such that only specific system states or control inputs are ac-
counted for in generating the cost in the event that not all states/control inputs are considered important to
the control task. For a general discrete-time system, one has

x(k + 1) = f [x(k), u(k), k] (3)

y(k + 1) = Φ[x(k), u(k), k] (4)

which is then formulated into the discrete state-space equations of motion as

x(k + 1) = A(k)x(k) + B(k)u(k) (5)

y(k + 1) = C(k)x(k) + D(k)u(k) (6)

where x(k) denotes the system state vector, y(k) the output vector and u(k) the input vector, all at the kth itera-
tion step. Due to constraints within a system relating to physical properties, the minimum cost and therefore
theoretical optimal solution may not be a feasible option for that system, and therefore some constraint must
be placed upon the calculation of the optimal gains to account for the physical constraints. These are in-
cluded by appending the equations of motion into the cost function, multiplied by an appropriate factor, the
Lagrangian multiplier vector λ(k) . The cost function, combining costs on system states, system input and
the dynamics of the system is given by

J = θ[x(k), k]N0 +
N−1∑

k=0

Φ[x(k), u(k), k]− λT (k + 1)[x(k + 1)− f(x(k), u(k), k)] (7)

The optimum solution is obtained by minisation of the cost function. The method of perturbations is em-
ployed, introducing the concept of small variations in the state and input vectors:

x(k) = x(k) + ∆δ(k) (8)

u(k) = u(k) + ∆η(k) (9)

The system is optimised when the cost function is minimised, and, with the perturbation expression substi-
tuted into the cost function, this is achieved by setting

lim
∆→0

∂J

∂∆
= 0 and lim

∆→0

∂2J

∂2∆
> 0 (10)

This approach, shown in greater detail in [12], leads to the Euler matrix:

[
x(k + 1)
λ(k + 1)

]
=

[
A + BR−1BT A−T Q −BR−1BT A−T

−A−T Q A−T

] [
x(k)
λ(k)

]
(11)

where A and B are the system state-space matrices of the combined vehicle/preview system (2), and Q and
R are the cost matrices for system states and control input respectively. Both Q and R are diagonal matrices,
with the elements on the diagonal corresponding to the weightings on the states and control inputs, q1 q2 ...
qi and r1, r2 ... rj respectively, with i the number of weighted states and j the number of weighted control in-
puts in the cost function. Here, q1 is the weighting applied to the lateral path error of the the motorcycle from
the intended path. The solution to (11), to find λ(k) and hence the optimal controller input, can be obtained
by either of two methods: a numerical method or the analytical eigenvalue-eigenvector method. The former
approach utilises an iterative procedure, forming an Algebraic Ricatti Equation (ARE) which is solved to
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obtain λ(k) and hence u(k). In forming the numerical method, the Ricatti equation is obtained by making the
substitution λ(k) = P (k)x(k). The solution method requires multiple iterations to find convergence of the
matrix P(k) before proceeding to calculate the input gain, and as such can be a computationally demanding
approach.

For the analytical method, the eigenvalues are obtained from the Euler matrix, and are symmetrically dis-
tributed in the complex z-plane, with half stable and half unstable. It can be shown [12] that if these are
arranged into a matrix of size 2n x 2n

T =

[
T11 T12

T21 T22

]

where n is the dimension of the system and each sub-matrix Tij is of dimension n x n, then the solution P(k)
to the Ricatti equation in the numerical method can be obtained simply as P = T21T

−1
11 . Hence, the optimal

input is obtained by

u(k) = −R−1BT Px(k) (12)

This latter method is more appropriate for the simulation of a complex system, and has therefore been
adopted for this application.

3.4 Optimal Gains

A necessary condition for the analytical method presented previously is for the system state matrix A to be
non-singular. For the case of the motorcycle dynamics alone, this condition is satisfied. However, when the
road preview is appended to the state-space representation of the motorcycle-rider, the augmented system
state matrix becomes singular. The problem is still solvable, but requires manipulation developed in [6].

Essentially, this requires that the state-space representation of the combined motorcycle-preview model is
partitioned into smaller sub-matrices that represent the motorcycle dynamics and the road preview sepa-
rately. i.e

K →
[

K1 K2

]
and P →

[
P11 P12

P21 P22

]
(13)

where the subscript 1 relates to the motorcycle dynamics and the subscript 2 to the road preview, and the
sub-matrices have the same dimensions as those in (2). The matrix Av in (2) is singular, and so for the case
with no preview included the analytical method can be used to solve the optimal control problem without
difficulty. Manipulation of the ARE, shown in detail in [6], shows that by solving first the non-preview case
to obtain K1 and P11 the matrix P12 can be obtained, and that with these matrices it is then possible to obtain
K2, the element of the optimal preview gain relating to the previewed road path.
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4 Results

Early verification of the stability results from [13] gave confidence in the dynamics of the vehicle model,
while results from [6] and [7] gave confidence in the correct coding of the optimal preview section of the
model. Tyre forces against lateral slip for a range of camber angles were obtained for a non-steered wheel
and gave agreement with results in [10].

The tyre forces were calculated for a range of camber angles from 0 to 50 degrees, and at each stage for
sideslip velocities from -6 m/s to +6 m/s with forward velocity of 20 m/s. The results generated by the
Maple code correlated with those of [10] and are presented in Figure 2.
With the introduction of a steer angle, the characteristic shape of the tyre force curves were unchanged.
However, naturally the introduction of a steer angle increased lateral forces in the direction of the turn. The
increase in lateral force with steer angle was not linear, as the angular rotation of the front frame about the
steer head (steer angle) is not the same as the rotation of the tyre in the ground plane due to the inclined
steer axis: for zero lean angle, a steer angle of 0.03 rad increased the normalised lateral force from 0 to
approximately 0.3, and a steer angle of 0.06 rad gave a normalised lateral force of approximately 0.5.

The optimal preview model consists broadly of two parts: calculating control gains based on the behaviour of
the motorcycle at the current instant in time (state gain) and control gains based on the riders view of the ap-
proaching road (preview gain). The steer control torque is then calculated by multiplication of the gains with
the corresponding measurements (vehicle states and previewed road lateral deviation respectively). These
gains have been calculated for the motorcycle performing an ISO-standard single lane change manoeuvre at
speeds of 10 m/s, 40 m/s and 70 m/s. A similar manoeuvre was modelled in [7] for the same forward speeds.
Comparison of the findings would therefore give confidence in the modelling used here.

The optimal state gains are presented in Figure 3 for the three speeds considered, where it is seen that
the most important state for the path following task is the yaw angle, ψ. This is not an unexpected result; any
change in the yaw angle of the motorcycle will have an influence on the entire visual preview as the rider’s
optical preview will be rotated with the motorcycle. Similar results were observed in [8], where in agreement
with the findings here it was seen that both the magnitude and the relative importance of the yaw angle gain
increases with an increase in forward speed.

The optimal preview gains are presented in Figure 4, where comparison with the results in [7] shows very
similar results. The referenced paper concerned a model with both steer torque control and rider upper body
lean as control inputs, with the findings of the referenced paper suggesting that rider upper body lean played
only a minor role compared with the steer torque control. Removing the upper body lean torque as a control
input may therefore be justified without significantly affecting the results. [7] also removed the upper body
lean torque as a control input with insignificant impact upon the resulting gains.

For the three forward speeds shown, the broad trend for the preview gains are the same as in the refer-
enced paper. As would be expected, as the speed increases it is observed that the rider is required to use
preview information to a distance further ahead of him. For all speeds presented, the gains for the road infor-
mation in the very close visual preview are low, which may suggest that the road information at a very short
distance ahead of the rider is unimportant for the control task. For all speeds, the preview gains then rise to
a peak, suggesting that road information in his middle preview distance is important, before tailing off in the
far distance. It might be more useful to consider the preview gains as a function of preview time in order to
draw more general observations. Figure 5 presents the preview gains against preview time for each of the
three forward speeds considered, from which it is apparent that irrespective of forward velocity the preview
time required for control remains broadly the same. For the values of control and error weightings used, the
most important information is contained within approximately the first 4 s of the rider’s visual preview, and
that preview more than 5 s is of little importance. Of particular note is the negative gains that are present
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at all three speeds in approximately the first 0.2 s of preview information. It is this negative gain that is
responsible for the counter steer to initiate a manoueuvre, and as may be expected this characteristic was not
evident in [6], in which a twin-track car was modelled.

The observations for the optimal preview gains presented thus far are for one particular value of control
and error weightings, with q1=100. The value of q1, the weighting on the lateral path deviation error, was
increased to 1000, and for this value the same results were plotted as before. The increase in the weight-
ing on q1 would imply that less accurate path tracking is acceptable for the path following performance,
and so it would be expected that the gains would be less, and this was indeed the case. Also of note was
that for more tightly controlled manoeuvres the preview time window of importance to the manoeuvre task
reduced as tracking error weighting increased. For q1=1000, the significant portion of preview was within
approximately the first 6 s, whereas for q1=100 this was to 10 s. This result is perhaps not unexpected; if
accurate path following were required, then it is the position of the motorcycle relative to the path that is
of importance. It would be expected that the important road path information is that directly ahead of the
motorcycle where it is immediately about to move to. For more relaxed manoeuvres, it is the distant target
that takes precedence over the immediate target, and so the bias of important road information moves further
ahead of the rider.

With reference to the preview times, the results presented here find qualitative agreement with research
work on driver preview by [14]. In this paper, a simple on-screen driving simulator was employed to assess
which parts of the preview road information were required for accurate driving, and to monitor the drivers’
eye fixation points while driving. Results showed that the most frequent point of eye fixation was 0.68 s
ahead of the vehicle at a forward speed of 16.9 m/s, with the frequency of fixation ahead of and before this
point dropping away to zero, suggesting a preview point 0.68 s ahead of the driver to be the most important
point. As discussed above, the required accuracy of path tracking has a bearing upon the preview time. The
preview gains calculated for q1=1000, a value which gave accurate path following, showed peaks at approx-
imately 0.6 s and 1.3 s for speeds of 10 m/s and 40m/s respectively. Land & Horwood found that accurate
position-in-lane was achieved when only the near-distance was visible, and again at the speed of 16.9 m/s
the position-in-lane information was found to come from 0.53 s ahead of the driver. This would seem to
agree with the findings here that tight control, implying accurate path following, places a higher precedence
on the near-distance preview, resulting in reduction in required preview time and higher gain values for the
near-distance preview.

The model itself was simulated over a test manoeuvre, in this instance an ISO-standard single lane change,
consisting of a 3.5 m lateral lane change. The motorcycle was run at 40 m/s and with lateral error weighting
q1 set at 10, 100 and 1000. Figure 6 shows the path following for q1=100, a result which gives the loosest
control and hence greatest corner cutting. The characteristics of the manoeuvre can be seen, with the initial
counter steer to initiate the turn, a relatively significant degree of corner-cutting for the loose control, and
finally with a return to steady straight running accurately following the straight path once the manoeuvre is
complete. For q1=1000, the path tracking accuracy is such that the intended path is masked by the actual
path followed. As before, these findings correlate with those found by [7].
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5 Conclusions

The work outlined in this paper is ongoing research work and will continue to be developed. However, even
from the work already completed, it is apparent that the optimal control approach is an entirely suitable
means of representing the task of riding a motorcycle.

The modelling work currently only represents a simplified motorcycle model, though in due course this
will be expanded to a more detailed model. Using the symbolic software approach used, additional degrees
of freedom to cover frame flexibilities and suspension compliances are straight-forward to include, and an
increase of the control inputs to include rider body weight movement should equally be possible. Different
riding styles however may lead to some uncertainties for the latter, as different riders may control their body
movements in different ways dependent upon numerous factors.

Further work will also aim to investigate the rate of applied control. Current optimal control models in-
vestigate the control requirements, but do not consider the ability of the human controller in applying these
control inputs. The rate at which a rider is capable of applying control inputs can have a major bearing upon
controllability and so is seen as an important area to persue. This area of control theory is currently under
study at the University of Nottingham and it is anticipated that this area of research can be applied to the
motorcycle-rider model.
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Figure 1: Simplified four-body motorcycle model
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Abstract 
This paper presents a theoretical study of active structural acoustic control on a double panel vibroacoustic 
system. The system consists of two vibrating panels, which are structurally and acoustically coupled via 
elastic mounts and the air in the cavity between the panels. The “source” panel is excited by an acoustic 
plane wave, while the “radiating” panel radiates sound into free-field. A mathematical model for the 
problem has been developed, which considers the fully coupled configuration. Two decentralised MIMO 
feedback strategies for the control of the low frequency noise transmission, active damping and active 
mass, have been investigated and contrasted. Simulations of the sound transmission through the controlled 
system have been performed, and the results discussed. 
 

1 Introduction 
 
This paper is focused on the problem of noise transmission through double walled partitions. These are 
common structures in many engineering systems, especially transportation vehicles like, for example, 
aeroplanes, cars, helicopters or trains. They provide good sound insulation at higher frequencies, above the 
characteristic mass-air-mass resonance [1]. Below the mass-air-mass resonant frequency their sound 
insulation is rather poor. In fact, the transmission of sound is characterized by well-separated resonances 
which are related to the weakly coupled modes of the two plates, as well as the fully coupled modes of the 
plate-cavity-plate and plate-mounts-plate subsystems [2]. Normally the resonant response can be 
controlled by passive methods such as addition of a sound absorbing material to the cavity or visco-elastic 
material application on the plates [1]. In some cases mass or stiffening treatments can also be used to shift 
the resonant frequencies to more appropriate bands. Nevertheless, all these treatments imply an increase of 
weight and cost of the double panel structure or tend to be less effective in the low audio frequency range.  
Another solution to the low frequency noise transmission problem is Active Structural Acoustic Control 
[3] (ASAC). Active control could reduce the sound transmission in the lower frequency range, whilst 
higher frequency passive sound transmission loss is provided by the passive sound transmission properties 
of the double panel.  
Active structural acoustic control systems can be divided into two groups: feed-forward and feedback 
control systems. In the feed-forward control approach there is a basic requirement: a reference signal 
correlated to the primary disturbance should be known far enough in advance [4,5]. Normally, this is 
possible for tonal disturbances, while it is rather difficult for random disturbances. In particular it is very 
difficult to implement when disturbances have both time and space random distribution (for example, 
diffuse sound fields or turbulent boundary layer excitation). In such cases, a feedback control system 
should be used. The control of broadband random disturbances acting on distributed systems requires 
Multiple Input Multiple Output (MIMO) feedback control. Fully coupled (centralised) MIMO systems 
require a reliable model of the response functions between all control sensors and actuators [6,7], and thus 
are difficult to implement in practice. However, Petitjean and Legrain have shown that, considering a thin 
panel with a 5x3 array of piezoelectric patch sensor-actuator pairs, a decentralised MIMO control gives 
results comparable to those of a fully coupled MIMO control system [8]. A decentralised MIMO velocity 
feedback system is unconditionally stable if sensors and actuators are dual and collocated [9,10], as for 
example with collocated ideal point force actuator and ideal velocity sensor pair [11]. However, there is a 
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problem related to the fact that point actuators cannot act without reacting on another body. For that 
reason strain actuators or proof mass inertial actuators are often used in decentralised MIMO control 
systems, although they do not guarantee the collocation and duality properties [12-18]. 
The aim of this work is to study the physics of two different decentralised MIMO feedback strategies 
using idealised skyhook control forces. The control is realised with collocated ideal point force actuators 
and velocity/acceleration sensors on the radiating panel of the system. The first control strategy uses 
velocity signals collected from velocity sensors which are inverted and fed back to skyhook force 
actuators in such a way as to generate active damping effect. The second control strategy uses 
accelerations obtained from accelerometers which are inverted and fed back to skyhook force actuators in 
such a way as to generate active mass effect. 
The paper is divided into five sections. Section 2 presents the double panel system considered in this 
study. Also the mathematical model, which has been developed in order to simulate the sound 
transmission, is briefly described. A short description of passive sound transmission is given in Section 3, 
as well as the comparison between the simulation results and those from a basic analytical model [1]. 
Section 4 is focused on the two decentralised MIMO control strategies. Simulation results are presented 
and compared with reference to the sound transmission ratio and the kinetic energy of the radiating panel 
which approximate respectively the far field and near field sound radiation per unit incident acoustic 
wave. Overall conclusions are given in Section 5. 
 

2 Model Problem 
 
The system considered in this study consists of two panels, which are structurally and acoustically coupled 
respectively via elastic mounts and the air in the cavity between the panels (Figure 1). The source panel is 
excited by an acoustic plane wave, while the radiating panel radiates sound into free-field. The source 
panel is assumed to be simply supported along the four edges. It is modelled as a 414×314×1 mm 
aluminium panel, which represents a section of the outer skin of a typical transportation vehicle. In order 
to excite all the vibration modes of the source panel, the acoustic plane wave excitation has azimuthal and 
elevation angles of 45º and 45º, respectively. The radiating panel is modelled as a plate with free boundary 
conditions along the four edges, although structurally connected to the source panel by means of four 
rubber mounts. The radiating panel has the same x and y dimensions as the source panel, but it is made of 
a honeycomb polymer material with 3 mm thickness. These properties have been chosen so as to emulate 
a typical trim panel of vehicles. The physical properties of the modelled double panel configuration are 
summarised in Table 1. 

 
Figure 1: Smart double panel with an array of sixteen decentralised control units 
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Table 1: Physical properties of the double panel system 

 
As shown in Figure 1, the radiating panel is equipped with a 4×4 array of collocated ideal skyhook point 
force actuators and velocity/acceleration sensors which can be used to generate direct velocity/acceleration 
feedback loops on the radiating panel. The 4×4 array of sensors and actuators have been equally spaced 
along the x and y directions so that the distances between actuators/sensors or the distance between the 
edge of the plate and perimeter actuators/sensors are the same. 
The mathematical model used for this study assumes that the system is divided into three elements: the 
source panel, the radiating panel and the structure-borne and airborne transmission paths. The structure-
borne transmission path gives the sound transmission via the elastic mounts, while the airborne path gives 
the sound transmission via the air confined between the radiating and the source panels. The response of 
each of these elements is evaluated using point and transfer mobility or impedance functions. The air 
coupling of the panels is calculated using transfer impedances between a finite number of elements on the 
surface of the panels. The excitation of the source panel by the incident acoustic wave and the radiated 
sound power from the radiating panel are also calculated by assuming that two panels are divided into the 
same number of elements. This number is obtained by choosing element dimensions to be lx,e=lx/(4M) and 
ly,e=ly/(4N)  where M and N are higher structural modal orders used in calculations. The coupling via the 
elastic mounts is modelled as visco-elastic out of plane force, so that point impedances can be used to 
model this coupling at the mount locations. A detailed description of the fully coupled model used in this 
study can be found in references [2,19]. 
 
 
 
 
 

Source panel Radiating panel 
Parameter  Value Parameter  Value 

Length xl  0.414 m Length xl  0.414 m 

Width yl
 0.314 m Width yl  0.314 m 

Thickness sh  0.001 m Thickness rh  0.003 m 

Mass density sρ  2720 kg/m3 Mass density rρ  255 kg/m3 

Young’s modulus sE  71·1010 N/m2 Young’s modulus rE  15·1010 Pa 

Poisson’s ratio sν  0.33 Poisson’s ratio rν  0.3 

Loss factor sη  0.01 Loss factor rη  0.03 

Elastic mounts Air cavity 
Parameter  Value Parameter  Value 

Diameter mφ  0.01 m Length xl  0.414 m 

Height mh  0.03 m Width yl  0.314 m 

Position x xm lx  5%, 95% Depth ch  0.03 m 

Position y ym ly  5%, 95% Air density airρ  1.19  kg/m3 

Young’s modulus mE  1.5·106 Pa Speed of sound airc  343 m/s 

Loss factor mη  0.05 

 

Modal damping ratio cζ  0.05 
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3 Passive sound transmission 
 
A detailed parametric study of passive sound transmission of the double panel system considered in this 
paper has been presented in a previous work [20], and a brief summary is presented here, in order to 
highlight the most important results.  
First, the low frequency sound transmission index, below the characteristic mass-air-mass resonant 
frequency is rather high. It is characterized by well separated resonances which are controlled by 
(naturally low) damping levels of the system. Second, the sound transmission index above the mass-air-
mass resonance is governed by a typical mass law, thus the ratio of the incident to the radiated sound 
power tends to go down as the frequency increases. This behaviour was described by Fahy [1], who 
studied unbounded double partitions excited by normal acoustic plane wave and showed that the natural 
frequency of mass-air-mass resonant mode is given by: 
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 where d is the distance between the partitions, while 1m  and 2m  are surface densities of the source and 
the radiating panel respectively. The sound transmission ratio above the mass-air-mass resonant frequency 
descends with a rate of 18 dB per octave band, following the law: 
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which is valid up to a critical frequency: 
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Above the critical frequency cω  the minima of the sound transmission ratio descend with rate of 12 dB 
per octave band, following the equation: 
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For the model problem analysed within this study, the simulated dependence of the sound transmission 
ratio upon frequency is depicted on Figure 2 for three different materials of the radiating panel. A light 
honeycomb panel, an aluminium panel and a steel panel have been considered for the radiating plate. The 
bending stiffnesses of the three panels have been kept constant by changing their thicknesses. Simulation 
results are presented by frequency plots using thin lines, while predictions using Equations (2-4) are 
plotted using thick lines on left hand side plot of Figure 2. Also the mass-air-mass resonant frequency, 
calculated using Equation (1) for each variation is highlighted by vertical dash-dotted lines, while the 
mass-air-mass resonant frequencies obtained by simulations are indicated by arrows. 
The mathematical model used for simulations is more detailed then the model used to obtain Equations (1-
4). For example, it counts for plates of finite size with defined boundary conditions, stiffness and 
structural damping properties of the plates, as well as the mounting system stiffness and damping. Also, it 
is excited using an oblique plane wave instead of a normal one. Despite that, at the frequencies above the 
mass-air-mass resonance, the simulation results follow the basic trend predicted by Equations (2-4). The 
locations of the mass-air-mass resonance are also very well predicted.  
The simulation results illustrate well the two properties mentioned before: a high passive sound 
transmission below the mass-air-mass resonance, which is associated with lightly damped resonant 
response of the double panel, and the passive sound transmission that decreases above the mass-air-mass 
resonant frequency, which is related to the mass law that controls the sound transmission ratio. 
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Figure 2: Sound transmission ratio in narrow frequency bands (left plot) and in third octave bands 

(right plot) for three different radiating panels: honeycomb radiating panel (black solid line), 
aluminium radiating panel (blue dashed line) and steel radiating panel (green dotted line). The three 

radiating panels have the same bending stiffness of 33.6 Nm. 

 
Considering now the sound transmission ratio dependence upon the mass of the radiating plate shown on 
the left hand side plot of the Figure 2, it can be noted that it is more desirable to have heavier panels for a 
higher transmission loss. It is also notable that resonant frequencies of the modes shift to lower 
frequencies due to increased mass of the radiating plate. In fact, as shown in Figure 3 the sound power 
transmission ratio integrated from 10 Hz to 3 kHz falls significantly with increase of the radiating panel 
mass. For specific applications, such as for example, aeronautical applications, the mass of the sound 
insulating system is restricted by light-weight structure requirements, which limit the sound insulation 
quality for such applications.  
The right hand side plot on Figure 2 shows the sound transmission index in third octave frequency bands. 
It can be noted that, the bands at which the most of the sound power is radiated are those bands which 
contain the resonant frequency of the lowest mode and the mass-air-mass resonant frequency of the 
coupled double panel system. The corresponding modes are depicted on Figure 4 (designated as A and C). 
It can be seen that both of the modes are characterised by a volumetric vibration. The volumetric 
component of the mode A is given by the flexible (1,1) mode of the source and radiating panel plus the 
even rigid body mode of the radiating panel. The volumetric component of the mode C is mostly due to 
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Figure 3: Effect of the radiating panel total mass on the sound transmission ratio averaged from 10 

Hz to 3 kHz. Black (left hand side) bar - honeycomb radiating panel with mass of 0.1 kg, blue 
(middle) bar - aluminium radiating panel with mass of 0.63 kg, green (right hand side) – steel 

radiating panel with mass of 1.27 kg.  

 

A 

B

C 
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Figure 4: Scaled deflection shapes of the two panels at the 1st (type A), 5th (type B), and 23rd (type C), 

resonant frequency of the coupled system. 

 
the rigid body motion of the radiating panel, which is a characteristic property of a mass-air-mass resonant 
“breathing” mode. Regardless of the nature of volumetric motion, such modes radiate sound efficiently, in 
contrast to, for example, mode B which, as indicated by Figure 2, combines the rocking and the flexible 
(1,2) mode and undergoes mostly non-volumetric motion that causes a destructive self-interference with 
respect to the sound radiated in a far field. 
Two different decentralised feedback strategies are contrasted and discussed for the control of the sound 
transmission in the following sections of this paper. The active damping approach is aimed to reduce the 
resonant response of the radiating plate at low frequencies. It is a strategy well studied on single panels, 
which, by use of MIMO decentralised velocity feedback control loops, has shown the capability to 
significantly reduce the resonant response of panels. The second approach uses MIMO decentralised 
acceleration feedback loops with the aim to artificially increase the mass of the radiating plate, which, as 
indicated by above analysis of the passive sound transmission, could be beneficial for the sound 
transmission reduction. At the same time the real mass remains the same which is a requirement for the 
lightweight applications. 
 

4 MIMO feedback control using skyhook control forces 
 

4.1 Velocity feedback control – active damping 
 
The control system consists of 16 negative velocity feedback control loops, each of them containing a 
velocity sensor and an ideal skyhook point force actuator. The control system is located on the radiating 
panel, as shown by Figure 1, since previous studies have shown that the radiating panel control gives the 
best results [20]. Simulation results of the controlled double panel sound transmission are presented on 
Figure 5. So far only the sound power transmission ratio has been considered for the assessment of sound 
transmissibility. However, it must be emphasised, that the sound transmission ratio is capable of 
describing the sound levels only in far fields. If there is the possibility that a listener could be situated in 
the proximity of the radiating plate, noise levels can be different to those predicted by the sound 
transmission ratio values. This is mostly due to contributions of non-volumetric modes, such as, for 
example, mode B depicted in Figure 4. Although such modes are not capable of radiating sound in the far 
field due to the destructive self-interference, they still can create significant pressure levels in the near 
field. Therefore the total kinetic energy plot of the radiating plate is presented together with the sound 
transmission ratio plot in Figure 5, as an additional estimate valid for the near field sound levels [21]. 
The left hand side plots in Figure 5 show that if the feedback gains are increased from zero, then the 
resonant response of the system tends to decrease, as indicated by blue (dashed) lines. This is due to active 
damping created by the control system. If the feedback gain is further increased, the motion of the 
radiating plate is efficiently restricted by the sixteen control units, especially at the frequency bands 
controlled by lower order modes, as shown by green (dotted) line. At higher frequencies the control action 
is not that successful due to the finite number of the control units in the array, which may lie on or close to 
the nodal lines of the modes. 

f=84Hzf=41Hz f=445Hz

BA C
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Figure 5: Total kinetic energy of the radiating panel and sound transmission ratio (left hand side 
plots) and corresponding reductions in third octave bands (right hand side plots) with no control 

(black solid lines) and with three different velocity feedback gains: g=1.7 Ns/m (blue dashed lines), 
g=625 Ns/m (green dotted lines) and g=105 Ns/m (red dash-dotted lines). 

 
In fact, if the feedback gains are increased to very high values (red dash-dotted lines), then the high 
frequency sound transmission ratio and the kinetic energy of the radiating panel increase with respect to 
the non-controlled case. This can be explained by taking into account the fact that, for very high feedback 
gains, the actuators efficiently drive velocities to zero at control locations. This action virtually pins the 
radiating panel at control locations and practically creates a new boundary condition [13,14]. According to 
the new boundary conditions, a new set of lightly damped modes is produced, which resonate at higher 
frequencies, and which have even higher radiation efficiency [13,14].  
The right hand side plots show the reductions in the kinetic energy and sound transmission ratio, generated 
by the control system, in third octave bands. The highest reductions are created at the bands that contain 
the two large resonances (type A and C) of the double panel, as one might expect with active damping. 
Also, at frequencies above approx. 800 Hz, an increase (negative reduction values on right hand side plots 
of Figure 5) in sound transmission ratio and kinetic energy is created by the control system due to the 
pinning effect described above. 
In the case of an active feedback damping control system, the actuating force and sensed velocities are 
power conjugated. Therefore such a system has a dissipative nature, so with respect to stability issues it is 
usually a robust system that, providing that sensor and actuator are dual and collocated, is bound to be 
unconditionally stable. Bode and Nyquist plot of sensor-actuator Frequency Response Function (FRF), of 
an open single feedback loop are plotted on Figure 6. The FRF is minimum phase, thus no negative real 
part can be noticed on Nyquist plot.  
Unfortunately, this is true only for the ideal skyhook actuators, that are useful in analysis, but do not exist 
in reality. In reality it is necessary to react off another structure, for example to use inertial actuators with 
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a proof mass, or to use strain actuators. None of these arrangements generally guarantee the duality and 
collocation properties of sensor-actuator pairs and therefore no unconditional stability can be expected for 
practical feedback loops, especially when realistic sensors, usually accelerometers, are used in conjunction 
with other necessary equipment that introduces its own frequency response function and signal noise. 
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Figure 6: Open loop frequency response function for the velocity feedback control: Bode plot (left 

hand side), and Nyquist plot (right hand side). 

 

4.2 Acceleration feedback control – active mass 
 
The same MIMO feedback control system is used as in the previous subsection, but the error signals are 
now formed using accelerations measured by accelerometers. In such a case an active mass is generated 
on the radiating panel by the feedback loops. To support this statement, the sound transmission ratio of the 
double panel system is plotted on Figure 7 for three different cases. First, a simulation has been performed 
using the light honeycomb radiating panel with no action by the control system. This result is plotted by a 
blue (solid) line. Second, a simulation with a steel radiating panel of smaller thickness is performed in 
order to simulate the effect of increased mass while having the same bending stiffness (green dashed line), 
again without any action of the control system. Third, a simulation is performed with the action of the 
decentralised MIMO system with 16 acceleration feedback loops, on the honeycomb radiating panel (the 
same one as in the first case), having the feedback gains equal to 1/16 of the difference in total mass of the 
honeycomb and steel radiating panels. It is interesting to note that in this case the feedback gains are 
expressed in kilograms. Thus each control unit delivers an artificial mass of approximately 73 grams to the 
radiating panel. The sound transmission ratio in that case is depicted by red dotted lines. It can be seen that 
the two sound transmission ratio curves plotted against frequency almost perfectly overlap up to 
approximately 300 Hz. At higher frequencies the mismatch between the two curves becomes higher 
because the control system localises the active mass effects at the control points rather then uniformly 
distributing it over the panel surface. As the frequency increases, the sound transmission ratio tends to be 
similar to the one of the uncontrolled system. This indicates that desirable effects of having heavier plates, 
which provide less sound transmitted through the partition, could be obtained by using an active mass 
control approach that adds artificial mass to the plate, by means of negative acceleration feedback loops. 
This is accomplished without adding any real mass, apart from the mass added by placing the actuators 
and sensors on the structure. Another attraction could be that such a system uses signals obtained from 
accelerometers without an integration circuit which is normally needed to obtain velocities of points of a 
structure in realistic active damping control on distributed systems. 
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Figure 7: Sound transmission ratio of the double panel with honeycomb radiating panel and with no 
control (blue solid line), with steel radiating panel and with no control (greed dashed line), and with 

honeycomb radiating panel with acceleration feedback control (red dotted lines). Feedback gains 
have been chosen so as to emulate the steel radiating panel 

 
Figure 8, left hand side plots, shows the variation in the radiating panel kinetic energy and the sound 
transmission ratio, plotted against frequency, for cases without any control and with active mass control 
using three different feedback gains. Right hand side plots again show the reductions in third octave bands 
for the same three feedback gains.  
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Figure 8: Total kinetic energy of the radiating panel and sound transmission ratio (left hand side 
plots) and corresponding reductions in third octave bands (right hand side plots) with no control 
(black solid lines) and with three different acceleration feedback gains: g=0.026 kg (blue dashed 

lines),  g=0.75 kg (green dotted lines) and g=103 kg (red dash-dotted lines). 
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In this case the reductions are no longer obtained by damping the resonant response of the double panel 
system. In contrast, the low frequency resonances are shifted to lower frequencies (blue dashed line) so 
that lower values of near and far field sound levels are produced. If the feedback gains are further 
increased, then the first resonance of the system disappears from hearing range, and large reductions are 
obtained again at frequency bands controlled by low order modes, while at higher frequencies the 
reductions are not that large. In fact there is an increase of the sound transmission at frequencies above 
approx. 800 Hz for very large control gains. The reasons for this are exactly the same as in the case of 
active damping, that is, the control system produces a pinning effect on the radiating panel.  
Considering now the stability of the active mass feedback loops it is important to notice two facts. First, 
the error signal and the actuating force are not power conjugated as it was the case with active damping. 
Therefore, control robustness which is related to active damping systems is likely to vanish in realistic 
applications. Second, the ideal skyhook force and the acceleration sensor used within this study are still 
collocated; therefore unconditional stability can be expected, as illustrated on Figure 9, which shows a 
sensor-actuator open loop FRF Bode and Nyquist plots. Although the FRF is no longer strictly positive 
real, the phase is contained within range from 0º to 180º, which indicates that although there are negative 
real parts of the FRF, still it can not, under any arbitrarily high gain, encircle the Nyquist point -1+0·j. 
Thus, for ideal collocated skyhook actuators and accelerometer sensors, unconditional stability may still 
be expected, but probably in case of realistic sensors and actuators it would be sensitive to effects that are 
not considered within this model, such as for example, signal noise, sensor actuator realistic dynamics, 
and non-perfect collocation of transducers etc. which degrade the control robustness.  
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Figure 9: Open loop frequency response function for the acceleration feedback control: Bode plots 

(left hand side), and Nyquist plot (right hand side). 

 

4.3 Comparison between the active damping and the active mass control 
strategies 
 
The pinning effect described above poses a constraint on the maximal value of the feedback gain, because 
of the increase in sound transmission ratio and kinetic energy at higher frequencies. On the other hand it is 
desirable to use a very high feedback gains to control the sound radiation at low frequencies. These two 
contrasted requirements lead to the possibility of having an optimal feedback gain value [13]. Figure 10 
shows the radiating plate total kinetic energy (left hand side plot) and the sound transmission ratio (right 
hand side plot) averaged in the frequency range from 10 Hz to 3 kHz, and normalised to the values with 
no control, plotted against the feedback gain. It can be seen that indeed there is an optimal value for both 
active mass and active damping feedback gains, which provide the best overall reductions for the 
normalised kinetic energy and sound transmission ratio.  
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Figure 10: Normalised kinetic energy of the radiating panel (left hand side) and sound transmission 
ratio (right hand side) plotted against the feedback gain for the two feedback control approaches: 

active damping (green solid lines) and active mass (red dashed lines). 
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Figure 11: Maximum reductions of the kinetic energy (left hand side plot) and sound transmission 
ratio (right hand side plot) for the two feedback control approaches: active damping (green/right 

bars) and active mass (red/left bars), with respect to the number of the decentralised control units. 

 
These values are the acceleration feedback gain of 0.75kg and the velocity feedback gain of 625 Ns/m. 
Also, it is notable that at very high gain levels both strategies give approximately the same reductions due 
to the pinning action of the control forces. Maximum reductions obtained by active damping are somewhat 
higher then those obtained by the active mass strategy. In order to investigate this outcome, simulations 
have been performed with different numbers of decentralised control loops and the reductions with 
optimal gain have been determined. As shown on Figure 11, the two strategies give quite similar results 
with small advantage for active mass control. 
The maximum frequency of high controllability tends to rise with number of feedback loops implemented. 
For example, Figure 12 shows values of optimal gain for the two control strategies calculated for narrow 
band (upper plot) and for third octave band (lower plot) frequency (step-like curves in the upper plot result 
from the fact that only fifty discrete gain values have been used in the simulations). Considering the active 
mass strategy (red lines), the optimal control gain seems to follow a specific law, decreasing 
monotonically with frequency up to a cut-off frequency which tends to rise with the number of control 
loops. Considering now the active damping control (green lines), it is notable that at lower bands the 
optimal gain is exactly the highest gain used in the simulations. This means that the number of control 
units is high enough to virtually stop the motion of a low order mode simply by pinning the plate at 
control locations. This effect applies up to a certain cut-off frequency, above which the optimal gain tends 
to go down, rather abruptly. That cut-off frequency also rises with number of control units. For example, if 
only 9 sensor actuator pairs are used, then the feedback gain above approximately 100 Hz should be 
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reduced. On the other hand, if 49 feedback loops are used, then the maximal feedback gain of 100000 
Ns/m is applicable up to 1 kHz with no reduction in control performance. 
Returning now to the active mass optimal gain law, the frequency dependent optimal gain can be 
expressed as: 

)(log20log10 NKgopt +−= ω  (5)

where K depends upon the number of control units N, and gives the vertical shift of the control gain law. 
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Figure 12: Optimal feedback gain values for the two feedback control systems: active damping 

(green lines) and active mass (red lines) plotted in narrow frequency bands (left hand side plot) and 
in third octave bands (right hand side plot) for five different numbers of control units: a) 9 control 

units (faint lines), b) 16 control units (dash-dotted lines) c) 25 control units (dotted lines) d) 36 
control unites (dashed lines) and e) 49 control units (solid lines). 
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Simulations have been performed using the control gain law in Equation (5) for the active mass strategy 
and the optimal gains shown on the upper plot of Figure 12 for the active damping strategy. The resulting 
total kinetic energy of the radiating panel and the sound transmission ratio for the two control strategies 
are contrasted on Figure 13. Now reductions with active mass are higher at all the frequencies, especially 
when sound transmission ratio reductions are considered. Active mass control in this case is actually 
achieved by means of shifting the original (non-controlled) minima of the sound transmission ratio. The 
resulting system behaves like a sort of a double plate system with frequency-dependent mass of the 
radiating panel. Since the feedback gain is now frequency variable, it is possible for any frequency to 
place (shift) a minimum of sound transmission ratio at exactly that frequency. The increase in the sound 
transmission at the higher frequency bands (Figures 5,8), which was generated with frequency 
independent gain law, now completely vanishes since the feedback gain has optimal value at each 
frequency, for either control strategies. It is however, again emphasised that active damping optimal gain 
law is irregular, while active mass optimal gain follows the rather simple Equation 5.  
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Figure 13: Total kinetic energy of the radiating panel and sound transmission ratio (left hand side 
plots) and corresponding reductions in third octave bands (right hand side plots) with no control 
(black solid lines), with active damping using the optimal gain for each frequency (green dashed 

lines), and with active mass using the gain law given by Equation 5 (red dotted lines). Decentralised 
MIMO control system comprises 16 sensor-actuator pairs. 
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Equation (5) can be rearranged such that the optimal gain law can be expressed in the following form: 
( )

2

1010
ω

NK

optg = . (6)

Since for acceleration feedback the control signal is given by: 

gwc ⋅−= && , (7)

where w&& is  the acceleration at the control point, then, when the optimal feedback gain law in Equation (6) 
is implemented, the control loops are set to generate positive displacement feedback loops: 

( ) ( )
wwc

NKNK
1010

2 1010 =
−

=
ω
&&

, (8)

where w is the displacement of the radiating panel at a control location. 
 

5 Conclusions 
 
In this paper a theoretical analysis of a smart double panel system for active structural acoustic control is 
presented. The passive response of the system has shown large sound transmissibility of the partition at 
the low frequencies below the mass-air-mass resonance. A decentralised MIMO velocity feedback system 
has been investigated as a possible solution to the low frequency sound transmission. Skyhook force 
actuators acting on the radiating panel of the double panel system have been used. The error signal is 
formed by using ideal sensors located on the radiating panel and collocated with actuators. The control 
effects of a 4x4 regular array of decentralised control units have been considered, with respect to two 
different types of the error signals. The two error signals have been formed using either velocity sensors or 
accelerometers, and the resulting control strategies, active damping and active mass, have been contrasted. 
When frequency independent gains are implemented, the two control strategies give comparable results, 
both in reduction of the sound transmission ratio and the radiating panel kinetic energy. However, the 
control mechanism of the two strategies is different. While active damping strategy gives large reductions 
by controlling resonant response, the active mass strategy shifts the response curves (kinetic energy and 
sound transmission ratio) down to lower frequencies. Both approaches produce the pinning effect for very 
large feedback gain values, so that an optimal gain value exist for the control of sound transmission across 
broad frequency bands. Moreover, if the feedback gain law is introduced, in such a manner that for each 
narrow frequency band an optimal value is chosen, then the active mass approach shows comparatively 
better performance. The active mass optimal feedback gain follows a simple law: it is proportional to 

21 ω . 

Analysis of the sensor-actuator open loop frequency response functions shows unconditional stability for 
both approaches. However, due to its dissipative character, it is expected that in realistic applications the 
active damping approach could be more robust. 
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Abstract 
An experimental investigation into the effectiveness of Magnetorheological Tuned Liquid Column 
Dampers (MRTLCDs) for the reduction of structural accelerations in a cantilevered (SDOF) structure 
subjected to sinusoidal and random excitation is carried out. A tall, slender annular pipe is used to model 
the tubular tower of a flexible structure and a pre-determined steel weight was placed at the top of the tube 
in order to deliver the required fundamental natural frequency. An MR fluid, which possesses a relatively 
low viscosity and density, is used as the residing liquid in the MRTLCD. The response of the structure-
MRTLCD system to sinusoidal and random excitations with various magnetic flux densities applied 
transversely to the fluid flow in the MRTLCD is investigated. The advantages of MRTLCDs and the 
practicality of utilising MR fluids in TLCDs are examined and concluded upon.  
 
 

1 Introduction 
 
The abatement of vibrations induced within long-period civil engineering structures using Tuned Liquid 
Column Dampers (TLCDs) have been studied extensively ever since an initial study into the subject was 
made in 1989 [1]. TLCDs are attractive for vibration control as they are consistent over a wide range of 
excitation levels, prove highly efficient in respect to volumetric efficiency compared to other liquid 
dampers and also because TLCDs are self-contained, with no auxiliary equipment, personnel or power 
required to operate and maintain it.  The use of TLCDs in mitigating vibrations within civil engineering 
structures has also been extensively studied [2-7]. The tuning ratio of the MRTLCD is defined as the ratio 
of the natural frequency of the MRTLCD to the natural frequency of the structure. The influence of the 
tuning ratio on the performance of the TLCD has been studied [8-10] and it was found that it has a large 
impact on the performance of a TLCD. The coefficient of head loss in the TLCD may be changed by 
varying the orifice opening within the horizontal pipe in the TLCD. Appropriate changes in the orifice 
opening optimize the damping effect of the TLCD in relation to varying excitations and structural natural 
frequencies. An active tuned liquid column damper (ATLCD) may be described as a TLCD connected to 
the structure with an actuator. The control of ATLCDs in wind excited towers has been studied by 
adopting a control algorithm that analyses the dynamic structural response [11]. The algorithm producs a 
feedback control force, which drives the TLCD to counter the structural response. It was concluded that 
the ATLCD can significantly reduce the wind induced acceleration response of towers. 
Over fifty years ago, it was discovered that magnetorheological (MR) suspensions possess the ability to 
reversibly change from free flowing, linear viscous liquids to semi-solids having a controllable yield 
strength within milliseconds of being exposed to a magnetic field [12]. MR fluids are suspensions of 
micron sized, magnetically polarizable particles in a carrier medium such as ethanol. The volume fraction 
of the particles is usually between 20% and 60%. The polarization induced in the suspended particles by 
the external magnetic field results in columnar structures forming in a direction parallel to the magnetic 
field. The application of MR fluids in civil engineering structures have been conducted by [13-18]. It was 
shown that a variable orifice within a TLCD can greatly enhance the performance of the structure-TLCD 
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system [19].  The formation of columnar structures in the MRTLCD as a result of a magnetic field will act 
like an instantaneously variable orifice to an extent and restrict flow in the MRTLCD, allowing semi-
active control of the structure-MRTLCD system. 
When used in conjunction with TLCDs, the semi-active MRTLCD theoretically combines the benefits of 
active and passive control methods by using sensors to produce an optimum damping effect. A change in 
field applied to the horizontal tube in the MRTLCD imparts a controllable yield stress on the liquid 
flowing in the locality and hence allows for a degree of control of the MRTLCD. A semi-active optimal 
control method for non-linear multi-degree-of-freedom systems with MRTLCD under wind excitation, 
which combines the benefits of active and passive control methods was developed [20]. The semi-active 
MRTLCD installed at the top floor of a 50-storey building driven by a proposed optimal control strategy 
has been theoretically investigated [21]. Significant response reduction in terms of displacement, 
interstory drift and acceleration, in comparison with that obtained by using a passive TLCD, were 
recorded. The MRTLCDs investigated by [20-21] both utilize the passive damping properties of the 
residing MR fluid and assume a continuous power supply to allow the operation of the semi-active control 
methods developed. The passive damping properties of an MRTLCD installed on a SDOF structure were 
investigated [22]. It was found that with an appropriate MR fluid residing within the TLCD, reductions in 
the passive response of a SDOF structure with MRTLCD installed are similar to TLCDs with water when 
compared to the structure without MRTLCD. In times of power failure, it is possible for MRTLCDs to be 
relied upon to provide high levels of damping to the structural system. Whilst theoretical investigations 
into the operation of the MRTLCD have been undertaken, an experimental investigation into the 
implementation and potential real life use of an MRTLCD with applied field has not been undertaken. 
This paper investigates the change in the damping response of structure-MRTLCD systems with applied 
magnetic field perpendicular with the direction of fluid flow. The MR fluid tested was a low viscosity MR 
fluid, custom designed by Liquids Research LTD (Wales). MRTLCDs with and without orifice in the 
horizontal section were constructed. The response of the structure-MRTLCD system to a sinusoidal base 
excitation and random excitation is investigated.  
 
 

2 Experimental investigation 
 

2.1 Model structure 
 
A tall, slender aluminium annular pipe was used to model the tubular tower of a flexible structure and a 
pre-determined steel weight was placed at the top of the tube in order to deliver the required fundamental 
natural frequency. The lumped mass at the top of the structure consisted of metal strips with a thick, clear 
acrylic sheet placed under the MRTLCD. The underlying acrylic sheet guaranteed no secondary magnetic 
effects developing around the MRTLCD. The mass at the top of the structure, the Youngs modulus, the 
second moment of area, the external diameter and the length of the tower were 6.2kg, 6.9x1010 Nm-2, 
2.7x10-9 m4, 0.02m and 1m, respectively. The model with attached MRTLCD can be seen in Fig. (1). A 
frequency generator was used as an input to the shaker in order to generate pre-defined excitations into the 
structure. Accelerometers were placed at the point of load application and at the peak of the structure, as 
been concluded that accelerometers provide the most effective response data for control of structures [11]. 
A force transducer was also placed at the point of excitation. The OROS data acquisition system was used 
to provide fast simultaneous data acquisition and digitisation of the multiple channel analog inputs used in 
the experiments. NVGate, the OROS noise and vibration software platform, controlled the analysis and 
measurements carried out by the OROS data acquisition system. 
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Figure 1: Experimental structure-MRTLCD system 

 
From an applied initial peak displacement of 50mm, the fundamental natural frequency and equivalent 
damping ratio for the undamped structure were obtained. The equivalent viscous damping and natural 
frequency of the undamped structure obtained from the free vibration tests are 0.96 % and 9.486 rad/s, 
respectively.  Tests with increasing applied excitation were performed to prove that the structure behaved 
linearily.  
 

2.2 MRTLCD 
 
The MRTLCD was constructed using clear acrylic sheets and fastened permanently to the thick acrylic 
sheet at the top of the structure. The secure connection guaranteed the transfer of the shear force generated 
from the MRTLCD into the structure. A theoretical natural frequency of the structure without MRTLCD 
(9.466 radians per second) was obtained by modeling the structure without MRTLCD as a uniform beam 
with a lumped mass at the top. For the experimental tests undertaken on the structure, the MRTLCD was 
tuned to the natural frequency of the structure subject to the condition that the displacement of the liquid 
should be less than (L-B)/2. This condition ensures that the free surface of the liquid does not enter the 
horizontal pipe. Optimum tuning ratios for certain mass ratio cases and various natural damping values of 
the structure have been suggested [8-10]. The natural frequency of the MRTLCD is given by ωl=√(2g/L) 
where L is the length of the liquid column and g is taken as 9.81 m/s/s. The MRTLCD had a 20mm square 
cross section and the horizontal section was 160mm. The tuning ratio and the ratio of the length of the 
horizontal part of the MRTLCD to the length of the liquid column (α) were 96.9% and 0.63, respectively. 
Two MRTLCDs, one without orifice and one with a 10mm square opening in the horizontal tube, were 
constructed. The coils of the MRTLCD with orifice were spaced 10mm closer together, therefore enabling 
a higher magnetic field to be applied to the MRTLCD. 
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2.3 Magnetic coils 
 
To create an adequate magnetic flux in the vicinity of the flowing liquid, two magnetic coils on each side 
of the horizontal tube were used to provide an a sufficient magnetic flux density. The objective of the 
design of the magnetic coils was to guide and focus magnetic flux into a region of active magnetic fluid, 
e.g. the central region of the horizontal tube in the MRTLCD. The set up of the coils was such as to 
establish a transverse magnetoresitance to the flow of liquid. The coil set consisted of 4800 windings of a 
0.3mm wire wrapped around a soft iron core of length 25mm and diameter 7mm. The resistance of the 
circuit was 101.8ohms. The coils were connected to two coupled power supplies that could input up to 70 
volts into the magnetic circuit. The Tesla unit measures the concentration of a magnetic field, i.e. the 
number of field lines per square metre. The effective working range of the magnetic flux at the center 
point of the liquid in the MRTLCD without orifice, between the two coils, excluding losses in the liquid, 
was between 0  - 0.04 Tesla for the MRTLCD without orifice and 0 – 0.2 Tesla for the MRTLCD with 
orifice. These calculations are based on superposition, where the field at the center point between the coils 
is calculated assuming no magnetic losses to the fluid. The coils were mechanically connected to the 
MRTLCD so as to impose no additional damping in the structure. Free vibration tests confirmed the coils 
added no additional damping.  
 

2.4 MR fluid 
 
In most commercial MR fluids, a variety of proprietary additives are added to discourage gravitational 
settling and promote particle suspension, enhance lubricity and modify viscosity. As the viscosity and 
density of currently employed MR fluids are too high to use in practical applications of MRTLCDs, it was 
necessary to obtain an MR fluid with relatively low viscosity and density values. The ultimate strength of 
an MR fluid depends on the square of the saturation magnetization of the suspended particles, however the 
shear forces that the MR fluid is required to generate an orifice like effect in the MRTLCD in this paper 
are far lower than those required in a traditional MR fluid piston damper. The density of the custom MR 
fluid used in the testing was 2.49(g/ml). The MR fluid was 70% by weight magnetically active, less than 
30% by weight carrier fluid and less than 30% by weight dispersants added.  
 

3 Forced vibration tests 
 

3.1 Influence of applied direct current on MRTLCD without orifice 
 
The structure-MRTLCD system was first tested over a predefined frequency range with no magnetic field 
applied. At each frequency the acceleration and force measurements were taken when the structure-
MRTLCD had reached a steady state response. The mass ratio, μ (the ratio of the mass of the MRTLCD to 
the mass of the structure), was 3.96%. Different constant magnetic fields were applied to the MRTLCD 
while the structure-MRTLCD was sinusoidally excited over a frequency range, which encompassed the 
fundamental mode of vibration. In this section no orifice was used in the horizontal part of the MRTLCD. 
A schematic cross section of the application of the magnetic field in this section is displayed in Fig. (2). 
The value of X1, T and r were 29mm, 25mm and 7mm, respectively. Fig. (3) shows the acceleration 
response of the undamped structure and the structure-MRTLCD due to various magnetic fields applied. 
The excitation force, which was kept constant throughout the various tests, was applied 0.33m from the 
base of the 1m structure. In the legend, the T refers to Tesla and 0T refers to the structure-MRTLCD 
system with no field appled. As the variation of the response of the damped structure with magnetic field 
is primarily of interest, the peak structure without MRTLCD response is not included. The response of the 
structure with MRTLCD and no magnetic field applied is 25% less than the response of the structure 
without MRTLCD (3.8 m/s/s).  There are changes in the structure-MRTLCD response when the magnetic 
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field is applied, however when no orifice is present these changes are not substantial. The main effect of 
the magnetic field in this case is to alter the location of the double peaked responses of the structure-
MRTLCD in the frequency domain. With the optimal variation of the magnetic field, the structure-
MRTLCD response is displayed in Fig. (4). The total response of the structure-MRTLCD with optimally 
applied magnetic fields is 27.6%, which represents only a small improvement in performance from the 
case where no magnetic field was applied.  

 
Figure 2: Schematic of the cross section of the horizontal section of the MRTLCD without orifice 

 

 
Figure 3: Forced vibration response 

 
Figure 4: Forced vibration response 
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3.2 Influence of applied direct current on MRTLCD with orifice 
 
The same steps as indicated in section 3.1 were repeated for the MRTLCD with orifice. A schematic cross 
section of the application of the magnetic field in this section is displayed in Fig. (5). The value of X2 was 
17mm. Fig. (6) plots the response of the undamped structure and the structure-MRTLCD with various 
magnetic fields applied. When the MRTLCD is used without an applied magnetic field the response of the 
system is 29% less than that of the undamped structure. It can be seen that the response of the system is 
reduced with increasing magnetic field until 0.0509 Tesla is applied. With subsequent increases in the 
magnetic field, the system response is gradually increased from the level attained with 0.0509 Tesla. 
Subsequent tests were performed at smaller magnetic flux intervals around 0.0509 Tesla and the three best 
results can be seen in Fig. (7). Again, the double peaked response of the system is varied along the 
frequency domain. The total response reduction at resonance implementing a magnetic field of 0.0695 
Tesla is 35.7%. 
 

 
Figure 5: Schematic of the cross section of the horizontal section of the MRTLCD with orifice 

 
 

 
Figure 6: Forced vibration response 
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Figure 7: Forced vibration response 

 
 

3.3 Response of MRTLCD to white noise excitation 
 
3.3.1 White noise excitation applied at 0.33m from the base 
 
A white noise excitation was applied to the structure at a distance of 0.33m from the base of the structure. 
The frequency range of the white noise excitation applied to the structure was from 0-1000 rad/sec. A 
white noise excitation was applied to the structure-MRTLCD for 14 different cases of applied magnetic 
field up to the point where there was no visible movement of the MR fluid in the MRTLCD. Figs. (8)-(10) 
display various response peaks in the frequency response spectrum using six representative magnetic 
fields from the original 14. The transfer ratio, |Hx(ω)|, which is the FFT of the tip acceleration divided by 
the FFT of the acceleration at the loading point, is plotted on the y-axis.  
 
 

 
Figure 8: Forced vibration response-frequency range 0-30 rad/sec 
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Figure 9: Forced vibration response-frequency range 120-200 rad/sec 

 
Variation of the magnetic field in the horizontal pipe of the MRTLCD had an effect on the structure-
MRTLCD across all the excited modes in the frequency spectrum. In Fig. 8 at the peaks at 1.25 rad/sec, 
9.85 rad/sec and 23.8 rad/sec, the reduction from the response of the structure-MRTLCD system with 0 
Tesla is 23%, 4% and 19%, respectively. In Fig. 9 at the peaks at 130 rad/sec, 159 rad/sec and 192 rad/sec, 
the reduction from the response of the structure-MRTLCD system with 0 Tesla applied is 15%, 0% and 
21%, respectively. Fig. 10 is plotted in log scale as the peak response of the structure-MRTLCD system is 
contained within. In Fig. 10 at the peaks at 1.25 rad/sec, 9.85 rad/sec and 23.8 rad/sec, the reduction from 
the response of the structure-MRTLCD system with 0 Tesla is 38% and 32%, respectively. Thus, the non-
linear effect of the MRTLCD has a greater effect on the broadbanded response than that of the sinusoidal 
excitation and the effect of varying the magnetic field on the MRTLCD influences the structure-MRTLCD 
response across all frequencies. The root-mean-square values of the transfer ratio for each of the tests are 
given in table 1. There is a significant reduction in the response from the structure without MRTLCD for 
all the cases where there is an MRTLCD with current. On average across all the frequencies, the case 
without applied field is the most efficient, however additional performance can be gained by varying the 
applied field to an optimum value when specific modes are excited.  
 
 

 
Figure 10: Forced vibration response-frequency range 235-450 rad/sec 
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3.3.2 White noise excitation applied at 0.66m from the base 
 
A white noise excitation was next applied to the structure at a distance of 0.66m from the base of the 
structure. The results can be viewed in Figs. (11)-(13). Reductions in the response of the structure of 53% 
and 36% are evident in the two large peak responses at 158rad/s and 378 rad/s.  
 

 
Figure 11: Response of upper load excitation 

 

 
Figure 12: Acceleration response for first peak 
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Figure 13: Acceleration response for first peak 

 
Variation of the magnetic field in the horizontal pipe of the MRTLCD had an effect on the structure-
MRTLCD across all the excited modes in the frequency spectrum. In Fig. 11, which shows the first peak 
in the frequency response spectrum, the reduction from the response of the structure-MRTLCD system 
with 0 Tesla is 17.5%. In Fig. 12 at the next peak in the frequency response spectrum, the reduction from 
the response of the structure-MRTLCD system with 0 Tesla is 5%. In Fig. 13 at the peaks at 
approximately 104 rad/sec and 146 rad/sec, the reduction from the response of the structure-MRTLCD 
system with 0 Tesla is 0% and 22%, respectively. Thus, by varying the applied magnetic field from 0T to 
0.03171T (which is around the field needed to inhibit any visible motion of the MR fluid within the 
MRTLCD) additional performance gains can be obtained by using the MRTLCD. The root-mean-square 
values of the transfer ratio for sections are given in table 1. In this case, an applied field of 31.7 x10-3 is the 
most efficient across all frequencies.  
 
 
 
4 Conclusion 
 
In this paper an attempt has been made to introduce and demonstrate the practicality of the MRTLCD. An 
experimental apparatus was constructed which was capable of inputting predefined excitations at specific 
amplitudes and frequencies to any point along the model structure. An MRTLCD was designed and 
constructed such that two solenoid coils could produce a magnetic field in a transverse direction to the 
fluid flow. In all structure-MRTLCD cases, the structural response was greatly decreased compared to that 
of the structure without MRTLCD. It was observed that additional performance can be gained by varying 
the applied field to an optimum value when specific modes are excited. The influence of the magnetic 
field was found to be greater for broad-banded excitations than for sinusoidal excitations. When slender 
structures are excited by a wind excitation, MRTLCDs can be used to effectively dampen excited modes 
across all frequencies. The forced vibration response tests indicate that under a semi-active control 
strategy, MRTLCDs may be practically implemented to reduce induced high amplitude structural 
vibrations in structures in a manner where the control forces are applied instantaneously at low magnetic 
fields. 
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RMS 
of |Hx(ω)| 
for 0.33m 
excitation 
from base 

Structure 
without 
MRTLCD 

0T 4.7T 
10-3

6.9T 
10-3

10.3T 
10-3

13.4T 
10-3

15.5T 
10-3

18.0T 
10-3

20.7T 
10-3

22.6T 
10-3

26.6T 
10-3

 3.108 1.9530 2.0592 2.1188 1.9530 2.1019 2.0826 2.0740 2.1110 2.1221 2.0946
  29.7T 

10-3
31.2T 
10-3

34.8T 
10-3

36.4 
10-3

      

  2.0892 2.1485 2.0054 2.0790       
RMS 
of |Hx(ω)| 
for 0.66m 
excitation 
from base 

Structure 
without 
MRTLCD 

0T 1.84T 
10-3

4.09T 
10-3

7.88T 
10-3

10.94T
10-3

13.4T 
10-3

15.5T 
10-3

18.4T 
10-3

21.29T
10-3

25.1T 
10-3

 12.98 8.9542 8.3606 8.5825 8.6707 8.7465 8.6757 8.5029 8.5638 8.4720 8.4397
  27.0T 

10-3
29.3T 
10-3

31.7T 
10-3

34.59 
10-3

37.47 
10-3

     

  8.6973 8.7079 7.7843 8.5336 8.6845      
 

Table 1: RMS values 
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Abstract 
Due in part to the difficulties encountered when characterising structure borne sound sources, a potentially 
significant contributor to overall product noise is often overlooked.  A simple useable method for structure 
borne source characterisation would therefore be very valuable.  For structure borne sound a source would 
generally be characterised by the mobility and free velocity at its connection points.  These quantities can 
be difficult to measure accurately or representatively and generally require the physical separation of 
source and receiver which may be difficult or not realistic in some cases.  This paper is concerned with the 
development of an in-situ method which allows mobilities and free velocities to be found from 
measurements on a source and receiver in a coupled state.  The feasibility of the method is explored and 
the results from some preliminary experiments are presented.  
 
 

1 Introduction 
 
With knowledge of the mobility of a source and receiver and the free velocity of the source, the structure 
borne sound output of a coupled source-receiver system can in principle be quantified.  However, such a 
procedure depends largely on the quality of the mobility and free velocity data available. 
If we consider a lightweight IC engine (source) connected at four points to a sub-frame (receiver), a matrix 
of 576 mobilities would be required to fully describe all possible degrees of freedom and the relationships 
between them for the engine alone.  Other works [1], [2] have shown that the amount of mobility data can 
be reduced drastically based on certain assumptions but there still remains the problem of how to obtain 
even this reduced data set accurately or representatively.   
In general the source and receiver would be characterised independently by separating the source and 
receiver to allow measurement of their mobilities.  Similarly the source must also be allowed to operate in 
a free (e.g. suspended elastically) or blocked condition to obtain the free velocity or blocked force 
respectively, the latter being rarely used.   
For mobility measurement there is no real inconvenience if the source and receiver are already separate 
but in real world situations this is often not the case and of greater concern is that by measuring source and 
receiver mobilities independently realistic mount conditions may not be fully accounted for.   
The measurement of source free velocity poses an even greater problem.  For example, if we consider 
again a lightweight IC engine with mass as little as 15kg a truly free operating condition will be difficult 
to achieve.  Even greater difficulty will be encountered when trying to replicate realistic operating 
conditions such as loading when freely suspended in this way.   
In-situ methods potentially provide an antidote to some of the problems encountered with the ‘classic’ 
method whilst introducing new problems of their own.  In this paper a novel method is proposed for 
obtaining free velocity and mobility data from measurements in-situ.  The method requires the existence 
or introduction of elastic mounts at the source and receivers coupling points.  These mounts should be of 
negligible mass to meet the assumption that the internal forces and couples do not vary across them.  Two 
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sets of in-situ measurements may then allow the identification of source and receiver mobilities and a 
further test will provide the source free velocity.  Some preliminary findings from some simple 
simulations and experiments are presented. 
        
 

2 In-Situ Characterisation Method 
 

2.1 Background 
 
Beginning with an ideal system and a simple model the feasibility of the in-situ approach may be 
validated.  If we consider one excited beam connected at two points to a receiver beam, each connection 
via an ideal spring and dashpot system, the interaction between the two beams may be simulated 
computationally.   
As shown in [3] the mobilities of such a structure may be determined providing the impedance of the 
connections are known. However as stated, the inevitable uncertainty in mount impedance renders such a 
procedure unfeasible in many cases.  This is shown to be the case in figure 1 where two simulated beams 
(source beam 0.7×0.025×0.006m and receiver beam 1.0×0.04×0.008m) were coupled via a theoretical 
spring and damper.  By sub-structuring, the mobility of the receiver beam was calculated exactly from 
knowledge of the mount stiffness.  The same calculation was then performed with both mount impedances 
subject to a 10% error. 
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Figure 1: Black = Beam mobility from theory and red = mobility calculated from simulated coupled 
velocities and a 10% error in mount properties. 
 
Figure 1 illustrates the strong dependence of the estimated mobility on mount impedance when using this 
method. In reality a 10-20% error in the stated mount impedance is not unreasonable.  Furthermore, the 
dynamic properties of a resilient mount will change when loaded by the mass of the source, in which case 
two previously identical mounts may become quite different when incorporated in to a source-receiver 
assembly. 
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Hence, with any such method, the real issue is one of characterising the mount when incorporated into a 
source-receiver system, i.e. one of obtaining in situ properties.  Similarly, this is also a key problem when 
trying to obtain representative source and receiver mobilities by independent measurement. These factors 
provide further incentive to obtain an in situ method of measurement. 
 

2.2 New method – Mount Properties Unknown 
 
2.2.1 Basic Method 
It has been demonstrated, Pavic [3], that equation (1) can reveal the mobilities and of a source and 
receiver respectively with no knowledge of the resilient mount properties at their connections, the only 
assumption being one of force transmissibility across the mounts.  For a general case where the source and 
receiver are connected by mounts at N points, each point allowing for D degrees of freedom,   
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Where,  and  represent the forces (or moments) applied by hammer or shaker to the source and 

receiver respectively and ,   are the velocities (or angular velocities) of the source and receiver due to 
excitation on the source side, 

0sF 0rF

sv rv
 For both situations D×N independent excitations have  .״ ,or receiver side ,׳

to be applied; the easiest way is to apply a single excitation at one connection point in the direction of one 
of the degrees of freedom. In each measurement all the response velocities are measured and placed into 
the corresponding vectors. The vectors of loads and velocities of all D×N measurements are then stacked 
together into square matrices. 
    

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2:  General source-receiver system connected at N points by resilient mounts. Clarifying notation 
used, subscripts s, r, N and dashes 
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If we consider equation (1) in terms of what one would generally measure directly, i.e. acceleration, , and 
force, , it is clear that (1) can be rewritten in terms of transfer functions (

v&
F sNsN Fjv ω/&  or equivalently 

) which may prove more convenient and help to improve SNR by removing noise at the output or 
input by means of a H1 or H2 estimate respectively.  If we consider excitation of the source for a two 
point connected system, referring to Figure (2) we define (with the superscripts on the velocity dropped 
for clarity), 

sNsN Fv /
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Thus if required, allowing equation (1) for source mobility, to be rewritten as (3). 
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With the mobilities of the source and receiver known, the free velocity may be found simply from a single 
measurement of source and receiver velocity during normal source operation in the coupled state, from, 

{ } { } [ ][ ] { }rrssfs vMMvv 1−+=  (4)
Here {} denote vectors and [] matrices. The length of vectors is DN, implying that the size of matrices is 
DN×DN. The way the elements of vectors and matrices are arranged is not of concern providing mutual 
compatibility is respected. 
Thus, source and receiver mobilities and source free velocity can all be found from in-situ measurement 
providing there is some elastic media at the connection points.  This resilient mount may already be part of 
the source-receiver system’s construction but if not it will often be possible to insert a mount for the 
purposes of the test. 
 
2.2.2 Trial Method with Moment mobility included 
 
Numerous methods for the determination of moment mobilities have been published, for example [4] and 
[5], see also [6] for a history of different measurement techniques.  Unfortunately a large proportion of the 
techniques available for the determination of moment mobility are difficult to apply to real engineering 
problems especially when an in situ method is used.  Proposed here is a theoretically simple approach for 
measuring moment mobilities in keeping with the current in-situ technique.        
If we consider the same procedure as outlined in §2.2.1 applied to two flexural beams connected at two 
points by resilient mounts, only, in addition to the force, applying also a moment and measuring the 
response at each connection point via a lever as shown in figure 3. 
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Figure 3:  Application of a small lever to allow measurement of moment mobility.  Diagram to 
demonstrate experimental set up and clarify notation.    
 
The force and moment acting on the beam through the lever are given respectively by, 
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Where  is the force applied to the beam resulting from the force applied to the lever , providing the 
levers centre of gravity is at a distance c which is half the lever length, L, from the lever-beam coupling 
point or pivot.  Π  is the moment applied to the beam which depends upon the distance, d, between pivot 
and applied force and the position of the levers centre of gravity, c.  The acceleration at the centre of 
gravity , moment of inertia 

F 0F

cv& I , angular acceleration, α , and lever mass, m, must also be taken into 
account.  Figure 3 is included to show these terms more clearly.  
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From equations (6) it is clear that one needs only to measure the accelerations  ,  and the applied 
force to satisfy equation (1) and to determine the mobilities  ,  and cross mobilities , 
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3 Uncertainty 
 

3.1 General  
 
Measurements on large structures or in noisy environments can lead to poor signal to noise ratios.  The 
tests performed to date and computer simulations have suggested that although the new method may be 
slightly more susceptible to noise than the direct method it is still feasible.  The results shown in §4.1 use 
the H1 transfer function to improve SNR but no force or response window was used.   
The mass of the resilient mount (assumed zero in the method) is the only simplifying assumption which 
may pose a problem.  However, for the case of a small lightweight mount inserted between source and 
receiver in order to apply the method, the assumption seems valid.  Adverse effects due to mounts with 
non-negligible mass is discussed in §3.5. 
It appears that one of the most significant difficulties associated with the method will arise due to non 
ideal placement of accelerometers or point of excitation.  This problem unfortunately becomes more 
difficult to ‘fix’ when more degrees of freedom are considered.  However, this is also the case with 
standard mobility measurements to some extent, and as the in-situ method does not rely on a point contact 
assumption it is believed that with suitable experimental techniques the in-situ method will yield more 
representative mobility data than the standard method, although this is yet to be validated.             
 

3.2  Accelerometer/Excitation Position Errors 
 
When measuring the mobility of decoupled structures one can generally apply a force at the same point as 
the accelerometer from the opposite side of the mount.  This will never be the case with the in-situ method 
presented here.  Demonstrated below is the effect on the directly measured mobility of the receiver beam 
discussed earlier §2.1 resulting from non-ideal accelerometer placement and/or excitation position as 
required by the method.     
For each arrangement either the accelerometer and/or the excitation is located at a point which is a 
compromise as would be the case when applying the in-situ method.    
If we consider Figure 4: (a) the non-ideal excitation position is apparent from the extra resonances, even 
from a seemingly small offset (1% beam length).   In (b) the unavoidable human/experimental error causes 
the differences between the mobilities.  Although excitation was targeted at a marked central point, this 
was clearly not achieved.  This error is amplified by the accelerometers edge location where any rotation 
of the beam about its longest axis will manifest itself most significantly.  
For the case (c) where the accelerometer is in the ideal location and the excitation position is off-centre 
good agreement between the ideal and compromised measurement is achieved.  Hence, for the case of a 
beam; with suitable experimental technique, errors of this type can be minimized.  This suggests that with 
some modification the technique could also be used to correct for placement errors on more complex 
structures, for example by using accelerometer pairs and/or averaging.  This also raises the important issue 
of point contact which is generally accepted as a necessary simplifying assumption in the ‘classic’ method. 
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a) Accelerometer 
centered excitation 
10mm along centre 
line 

b) Accelerometer off 
centre, excitation 
centered. 

c) Accelerometer 
centered excitation 
10mm off centre. 

 
Figure 4: Beam point mobilities, black line = desired and red line = compromise. The non-ideal 
excitation/accelerometer position is described by the beam diagrams beside each plot. 
 

3.3 Point Contact, Assumptions and Validation 
 
In reality it is unlikely that a usable mount point will meet the point contact assumption which would 
normally be relied upon in practice.  With in-situ methods there is no assumption of point contact as the 
whole ‘mounting point’ contact area will be coupled to its counterpart as it would be in reality, albeit in 
this case through a resilient mount.  This creates some difficulty in validating in-situ techniques as one 
should not necessarily strive to achieve a perfect fit with directly measured mobility data or theory.  A true 
or convincing validation may be achieved through the comparison of the structure borne sound predicted 
by the two methods with respect to the directly measured SB sound output.  This is however a final aim of 
the work and such a test has not been performed at this time.    
At this stage it is more appropriate to compare the mobility found using the method with some effective 
mobility.  Shown in figure 5 are three mobility plots for the same mount point on a large electric motor.  
The point mobilities clearly vary significantly across the mount.  Consequently significant errors may 
occur due to difficulties in predicting source and receiver mount behavior when coupled.    
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Figure 5: Variation in point mobility for a single connection point on a large electric motor.  
 
For the same motor the mobility of each connection point for all degrees of freedom will be measured 
directly and the same for a representative receiver structure.  This mobility data will also be derived using 
the in-situ method.  Similarly the free velocity of the motor will be found using both techniques.  This will 
allow an assessment of the validity and feasibility of the method with respect to real engineering 
problems.  For example, predicting the coupled velocity (without the resilient connection) using mobility 
and free velocity data from both methods with comparison to the directly measured coupled velocity.   
 

3.4 Cost of Neglecting Moment Mobility 
 
Due to complications when measuring moment mobilities in real situations they are often neglected for 
simplicity.  Whilst for some cases this is acceptable, very commonly the failure to include moments results 
in flawed structure-borne sound power predictions.  If we consider 2 plates connected at four points by 
mounts that transmit rotations in addition to translations, shown in figure 6, the adverse effects due to the 
simplification of neglecting rotations can be demonstrated clearly.   
 
 
 
 
 
 
 
 
 

1414 PROCEEDINGS OF ISMA2006



 
 
 
 
 
 
 

 
Figure 6: Schematic of source and receiver plates joined by resilient mounts with a central inertial 
member.  The dimensions of the plates and properties of the mounts, mass/stiffness/damping, are given. 
 
If we consider the RMS velocity of the receiver plate due to unit force and moment (point) excitation of 
the source calculated both with and without the inclusion of moments in the mobility matrices figure (7).  
This relates to the case of a real source operating whilst coupled to a receiver, only the forces and 
moments are more controlled than those resulting from real source operation.  In each case the plots show 
the receiver velocity with and without the inclusion of moments in the computation, in red and black 
respectively.  Also shown is the difference in dB (ref 10log10(v1/v2) where v1 and v2 are the RMS 
velocities including and excluding moments respectively).      
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Figure 7: RMS velocity of receiver plate resulting from point and moment excitation of the source.  Black 
line includes moments and red line neglects, shown below each plot is the corresponding difference in dB. 
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Hence, for completeness the method proposed here must also prove to be effective in cases where 
moments are to be included.    
 

3.5 Implications of primary assumption: Non-Negligible Resilient Mount Mass 
 
In principal the method allows the mobilities of a source-receiver system to be found with no knowledge 
of the resilient mounts at the connections providing the mass of this mount is small.  Potentially, the 
method may also be applied in a situation where the mass of the resilient mount is not small, for example, 
where a resilient mount already exists as part of the S-R systems construction, such as automotive 
applications where mounts are heavy sometimes oil filled dampers.  In such cases the force either side of 
the mount will not be equal, if found to cause significant errors a means of correction may be required to 
improve mobility predictions.  No such correction has been made at present, however shown in figure (8) 
is a mobility plot for the source plate shown in figure (6) connected at 4 points by spring-mass-spring to a 
receiver plate. 
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Figure 8: Mobility of source plate, black line = exact and red line = derived from the method.  The figure 
shows the error caused by mount mass; the dashed line corresponds to the mounts resonant frequency.  
 
Either side of the mount resonance the error due to mount mass is observable; approximately in the range 
400-600Hz, the error outside this range is negligible.  The method is clearly sensitive to situations where 
the primary assumption is contravened, however even for a fairly large mount mass such as the situation 
presented the error is small.  The same applies to moment mobilities.   
Individually, the errors and issues discussed do not invalidate the method.  The concern is that when all 
sources of error are combined in a real measurement situation this may not be the case.  Shown in §4 are 
mobility plots for a beam derived from the method and compared to theory for validation.       
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4 Results 
 

4.1 Initial findings from beam tests. 
 
Referring to figure 9 it can be seen that 2 steel beams were connected via a resilient cylindrical mount.  
This mount type was used to prevent the transmission of rotations and more importantly to approximate a 
point contact. 
 

 Source
 
 
 
 
 
 
Figure 9: Schematic of 2 steel beams (described in §2.1) coupled by cylindrical resilient mounts for 
feasibility tests of the in-situ method. 
 
Using the procedure detailed in §2.2.1 and equation 3 the mobility of the beams were found.  The H1 
transfer function was used to improve SNR but no force or response window was used.  The beams were 
supported externally by foam to approximate free-free beams and the mobilities calculated from theory, 
for comparison, were for free-free beams of the same dimensions. 

Receiver

Excellent agreement is seen between theory and the predicted mobilities for both point and transfer 
mobilities, shown in figure 10 for the receiver beam, below.  Similar agreement was seen for the source 
beam, however due to the source beams dimensions, errors of the type described in §3.2 were more 
difficult to avoid.  Results for the receiver beam only are shown, as what one labels a source or receiver in 
the method is arbitrary. 
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Figure 10: Black line = Beam mobilities calculated from theory and red line = beam mobilities, found 
using the in-situ method described for the receiver beam. 
  

4.2 Moment Mobility 
 
The application of the method, §2.2.2, including moments and rotations unfortunately has not displayed 
the same agreement with theory at this time.  The measurement of moment mobility is rather delicate and 
not well suited to fast engineering methods, however as discussed, by neglecting moments significant 
errors dominating all those discussed in §3 are possible.  It is therefore a primary aim of the work to 
develop the method for all degrees of freedom.         
 

5 Conclusions 
 
The feasibility of a novel method for the determination of source and receiver mobilities in-situ has been 
explored and some preliminary experimental findings shown.  The method clearly has potential and with 
further development and validation could potentially provide a useful alternative to direct mobility/free 
velocity measurement.  Furthermore, the method may allow measurements, previously impossible or 
difficult when using the conventional method, to be made in-situ.  It is hoped that realistic mount 
conditions will be accounted for in the method resulting in more representative system mobilities.  The 
source free velocity measurement should also be improved as effects on source operation such as loading 
can be included more easily.  Validation of the method on a representative or real structure is still required 
to assess the applicability of the method to real world engineering problems.         
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Abstract 
In this paper a concept CAE approach to efficiently modify the properties of beam-like sections and joint 
connections of a vehicle body is presented. Negative concept modifications in the beams and in the joints 
are analyzed using reduced models. Standard beam elements are used to implement the modifications in 
the beam-like section, where the joint modifications are considered through Guyan superelements. 
Examples are presented for beam thickness and joint stiffness modifications, but one can consider any 
properties: it will be shown that by adding beams to the beam model and by applying Guyan 
superelements to the joint model one thus obtains a much smaller models for fast modification analysis. 
The proposed approach is then demonstrated on an industrial vehicle model to quickly and accurately 
optimise the low-medium frequency behaviour. 
 
 

1 Introduction 
 
In order to achieve a true “Design Right First Time” which leads to shorter time-to-market and reduced 
costs as compared to conventional “Test Analyze & Fix”, one must apply predictive Computer-Aided-
Engineering (CAE) methods in all stages of the design process. A major challenge and ongoing revolution 
in digital product development consists of achieving an “Analysis leads Design” process, in which an 
upfront engineering analysis phase essentially precedes the detailed (geometrical) design (CAD and CAE) 
and in which CAE supports concept analysis to define the design requirements in order to meet the 
functional performance targets. 
For this purpose, the authors have developed a concept CAE approach, also known as simplified 
modelling, which uses approximations that reduce the size and complexity of the large FE model. The 
concept models are characterized by subdividing the structure into beam-like and joint-like components as 
shown in Figure 1. The properties of the beam-like structures are obtained directly from the refined FE 
model, and then represented by equivalent beam elements. Similarly, the stiffness characteristics of the 
body joints (between the beam-components) are derived from the FE model, and the joints are represented 
by small-sized static superelements (system matrices). 
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Figure 1: Example of process for creating finite element concept models: Beam (---) and Joint (∆) 
representations.  

An overview of positive beam and joint modification analysis scenarios is presented in Section 2. Sections 
3 and 4 present the negative modification approaches for beam-like sections and joint connections. Up till 
now, the procedures have been implemented for the Nastran [1] FE solver, but these can be developed also 
for other solvers in a straightforward manner. An industrial application on a racing vehicle chassis, for 
which modifications and optimisations are performed, is presented in Section 5. The paper is concluded in 
Section 6. 
 

2 Positive modifications 
 
In this section positive beam and joint modifications will be presented. The positive modification analysis 
has already been performed in [2] but the procedure and results will be briefly explained here. The 
primary structural members are beam-like structures with a length much greater than the characteristic 
dimensions of the cross-sectional area. These primary beam members, typically modeled with shell 
elements, determine the vehicle’s fundamental eigenfrequencies. A beam modification analysis tool has 
been developed to efficiently modify and optimize the fundamental vehicle dynamics. For each primary 
beam member cross-section, the equivalent beam properties are computed and then taken as equivalent 
representation of the primary beam member (more details can be found in [2]). When an equivalent beam 
layout has been obtained, the beams can be re-scaled and added to the original model in a beam positive 
modification analysis framework. As example modifications for the beam-like members, shell thickness 
modifications are considered in this paper. Three methods exist to apply positive modifications to the 
beam member. One can directly modify the original FE model or one can add beams to the original FE 
model or to a reduced modal model. In this last method one has to create a reduced modal model, on the 
beam center nodes (i.e. the nodes in the geometrical center of the beam cross-section), scale the equivalent 
beam properties and apply these beams between the beam center nodes. All three methods have been 
tested in [2] for a shell thickness modification of 50% on the sample beam in Figure 2. It can be seen [2] 
that the fundamental (first 6) modes are accurately predicted by adding (appropriately scaled) equivalent 
beams to the reduced modal model at 100% of the nominal properties. 

 
Figure 2: Cylindrical beam (left) and joint (right) modeled with shell elements. 

Complementary to the beam modification analysis tool, a joint modification analysis tool has been 
developed to modify the stiffness of joints between primary structural members in a vehicle. Guyan 
reduction [3] is used to compute a static superelement that contains stiffness relations between the end 
points of the joint (i.e. the beam center nodes). A similar reduction of the mass matrix is not considered in 

1422 PROCEEDINGS OF ISMA2006



this paper. In the joint model the stiffness modification is applied by adding the scaled stiffness matrix 
between the end points of the joint to the reduced modal model of the joint. In analogy with the beam 
positive modification analysis, one can distinguish three methods to perform the positive modification 
analysis at joint. One can modify the shell stiffness (Young’s modulus) in the original FE model, or one can 
apply static Guyan superelements to the original FE model or to the reduced modal model. In fact, for a 
stiffness modification range up to 50%, it has been verified in [2] that the Guyan superelements are 
statically equivalent to the original modifications, and that also the low and medium frequency range (up 
to 700 Hz) are accurately predicted.  
Therefore, by adding beams to the reduced models and by applying Guyan superelements to the joint 
models, one thus obtains a much smaller model with an easy parameterization without loss of accuracy. 
 

3 Negative modifications at beams 
 
In analogy with positive modification, one can consider negative concept modifications. As before, shell 
thickness modifications are considered. For beam members, three methods for negative modifications are 
distinguished: 

A. Modify the original FE model: Create a property group for the beam member and change 
(decrease) its properties (conventional method). 

B. Add beams with negative properties to the reduced modal model (or to the original FE 
model): Scale the equivalent beams to accurately represent the negative modifications in the 
original model. Add the scaled beams to the reduced modal model (or to the original FE model). It 
will be explained below that this method is not applicable for beams.  

C. Add beams with positive properties to the modified reduced modal model: First modify the 
original FE model by decreasing the beam properties as in Method A. For this modified FE model, 
create a reduced modal model from the normal modes solution (“modified reduced modal 
model”). Scale the equivalent beams (obtained from the nominal, non-modified FE model) and 
add the scaled beams to the modified reduced modal model. 

Method A. is the conventional method, but it is quite tedious and time-consuming to manually modify the 
FE model properties. Method B. is interesting but not applicable, because it is not allowed to define 
negative values in beam properties (e.g. Nastran card PBEAM). Method C. is an efficient method because 
the beam modification is easily applied on a small-sized reduced modal model, for which the structural 
analysis results are quickly obtained. By first decreasing the beam properties, and then applying beam 
modifications on the modified reduced modal model, one can explore the negative modification range 
(w.r.t. the nominal FE model) through positive additions (of equivalent beams to the modified reduced 
modal model). 
Accurate results are obtained with Method C. Figure 3 shows the comparison of Method A. with Method 
C.. The comparison is made between the original FE model at 100% (i.e. nominal properties) and the 
reduced modal model at 70% of nominal properties, to which beams with positive properties at 30% are 
added. It can be seen that the fundamental (first 6) modes are accurately predicted by adding equivalent 
beams to the reduced modal model. Here, no deformations in beam-member cross-sectional areas occur, 
so that beam modifications are applicable in this range. 
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Figure 3: Comparison of Method A. (original FE model at 100%) with Method C. (Add beams to 
reduced modal model) in terms of eigenfrequency (left) and MAC value (right). The fundamental 
modes (1 till 6) are accurately predicted with 0.8% maximum error in eigenfrequency difference. 

 

4 Negative modifications at joints 
 
Complementary to the beam modification analysis tool, a negative modification analysis is applied to the 
joint model. As modification, the joint stiffness (Young’s modulus) is considered. Again, three methods 
can be distinguished. 

A. Modify the original FE model: create property group for the joint connection and change 
(decrease) its properties (conventional method). 

B. Add the Guyan superelement with negative properties to the reduced modal model (or to the 
original FE model): Scale the joint superelement to accurately represent the negative 
modifications in the original model. Add the scaled joint superelement to the reduced modal 
model (or to the original FE model). 

C. Add joint superelement with positive properties to the modified reduced modal model (or to 
the original FE model): modify the original FE model as in Method A. and create the modified 
reduced modal model from the normal mode solution. Scale the joint superelement and add the 
scaled superelement to the modified reduced modal model (or to the modified original FE model). 

Method A. is the conventional, time-consuming method. Methods B. and C. are more desirable methods 
for industrial concept modifications: it is quite simple to modify the joint properties in the modal model by 
using the Nastran card “PARAM, CK2”, in which one can specify the multiplication coefficient of the 
stiffness matrix of the joint. In this Nastran card, it is also allowed to use negative multiplication 
coefficients, therefore starting from a nominal model at N% of the properties, one can add negative 
stiffness with the aim to decrease the global stiffness properties of the joint.  
All three methods have been tested for their capability to predict negative concept modifications to the 
stiffness (Young’s modulus) of joints. Method B. has been compared to Method A. in terms of FRF 
amplitude. The comparisons are made between the original FE model with shell modification at 100-30% 
and the reduced modal model at 100% to which Guyan superelement with negative properties at 30% is 
added. It can be seen [4] that the Guyan superelements are statically equivalent to the modified original FE 
models, and that also the low and medium frequency range (up to 650 Hz) is accurately predicted. 
Accurate results are also obtained with Method C.; Figure 4 shows the comparison of Method A. with 
Method C. The comparison is made between the original FE model at 100% and the reduced modal model 
at 70% to which a Guyan superelement with positive properties at 30% is added. It can be seen that the 
reduced modal model is statically equivalent to the modified original FE model, and that also the low and 
medium frequency range (up to 700 Hz) is accurately predicted. The main interest is that the joint 
modifications are accurate in the range of global vehicle modes (below 100 Hz). 
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Figure 4: Comparisons of Method A. (original FE model at 100%) with Method C. (add Guyan 

superelements to modified reduced modal model). The reduced model is statically equivalent to the 
modified original FE model. 

 

5 Practical implementation 
 
In this section, positive and negative modifications are applied to the beams and joints in a racing car 
chassis. The FE model (4391 nodes, 6012 elements) is shown in Figure 5 (left). 
 

 
Figure 5: Racing car chassis: FE model (left) and the 30 equivalent beams computed for the primary 

beam members (right). 

 
Using the procedure in Section 2 and in [2], equivalent beams have been computed for all primary beam 
members of the racing car body. When equivalent beams are computed on symmetric locations in the FE 
model, it is ensured that also the equivalent beams are symmetric. Thirty equivalent beams have thus been 
made; see Figure 5 (right). In a beam concept modification framework, one should realize that each design 
modification typically has a substantial cost involved. Designers should therefore select a limited subset of 
beams to be modified, while making sure to achieve the design objective. This means that the beams must 
be selected for which a thickness increase has the highest effect on the objective function. For this 
purpose, a design sensitivity analysis (DSA) [2] has been performed on the reduced modal model (defined 
on the wire frame nodes in Figure 7), by iteratively adding 10% equivalent beam thickness to each of the 
30 beam locations, and assessing the effect on the objective function “maximize Fsum.”, the sum of the first 
six natural frequencies. The results are displayed in the DSA coefficient plot in Figure 6. 
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Figure 6: DSA coefficient bar chart: change of the objective function Fsum (vertical) that results from 

adding 10% equivalent thickness to each of the 30 beam locations (horizontal) 

In [2] positive concept modifications of beams and joints are applied with the aim to maximize Fsum. As an 
example, the beam thickness properties and the joint stiffness properties are modified. The nine most 
suitable beam locations (with highest positive DSA coefficients, i.e. beam numbers 1, 2, 4, 5, 16, 26, 28, 
29, 30, see Figure 6) to increase the beam thickness have been selected. Two additional locations (3, 6) 
were selected for layout purposes, so that two 3-beam joints (J1 and J2) could be created. The validation 
of positive beam and joint modifications applied to the reduced modal model at 100% of the nominal 
properties is performed in [2] using the beam and joint layout in Figure 7; the comparison [2] in terms of 
FRF amplitude between the modified original FE model and the reduced modal model, when equivalent 
beams and joints are added with a value of 50% w.r.t. the nominal FE model, clearly validate the accuracy 
of the proposed method. 
On the other side, in a negative concept modification one has to select the beam locations with the lowest 
negative DSA coefficients (i.e. the highest-magnitude negative values), as decreasing their stiffness will 
lead to an increase of the objective function. The seven locations (number 7, 8, 9, 17, 18, 22, and 23, see 
Figure 7) to decrease the beam thickness have been selected from the DSA coefficient plot in Figure 6. 

 
Figure 7: Reduced modal model on wire frame nodes: in blue, the 9 beam locations with highest 

positive DSA coefficients and the two selected beams to model the two 3-beam joints; in red, the 7 
beam locations with lowest negative DSA coefficients. 

 

5.1 Validation of negative modifications 
 
In this Section the accuracy of negative modifications is verified using the 7 beams with negative DSA 
coefficient (layout in Figure 7). In analogy with Sections 2 and 3, four methods for a negative beam and 
joint modification analysis are distinguished: 

A. Modify the original FE model: Create property groups for beam-like structures and joints in the 
FE model and change (decrease) the thickness of the beams and/or the Young’s modulus of the 
joints. 
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B. Add beams with negative properties to the reduced modal model: Scale the equivalent beams 
to accurately represent the negative modifications in the original model. Add the scaled beams to 
the reduced modal model of the car. 

C. Add joint model with negative properties to the reduced modal model: Scale the joint 
superelement to accurately represent the negative modifications in the original model. Add the 
scaled joint superelement to the reduced modal model of the car racing chassis. 

D. Add beam model with positive properties to the modified reduced modal model: modify the 
original FE model as in Method A and create the modified reduced modal model from the normal 
mode solution. Scale the equivalent beams and add the scaled beams to the modified reduced 
modal model of the car chassis. 

As before, Method A. is the conventional method, it is inefficient because of the manual interaction that is 
required to modify the FE model properties, and the necessary full FE model computation to assess the 
effect of modifications. Method B. is interesting, but one cannot apply negative properties to finite 
element representations of beams, so that this method is not applicable (more details are given in [4]). 
Methods C. and D. are applicable and have been performed. Methods C. and D. are efficient methods 
because the beam and joint modifications are easily applied on a small-sized reduced modal model, for 
which the structural analysis results are quickly obtained. Therefore, these are desirable methods for 
industrial concept modifications.  
Method A and Method C are compared in terms of FRF accuracy. The modifications involve the two 3-
beam joints (J1 and J2) in Figure 7. The comparisons are made between the original FE model with joint 
modifications at 100-30% and the reduced modal model at 100%, to which joint superelements with 
negative properties at 30% are added. It can be seen in [4] that the comparisons between the FRF curve of 
the original model at 100% and FRF curve of the original models at 100-30% show that no substantial 
concept modifications occur with 30% of joint modifications. Therefore, for this car chassis model, these 
joint modifications have no influence in the global dynamic performance and the reduced model 
accurately underlines such behavior. This underlines that the effect of local joint modifications to global 
vehicle modes is very much application-dependent.  
The accuracy of Method D is assessed in the following. Method A. and Method D. are compared in terms 
of eigenfrequency, MAC values and FRF amplitude. The comparisons are made between the original FE 
model at 70+30% and the modified reduced modal model at 70% (obtained at joint stiffness properties of 
70% w.r.t. the nominal properties) to which the 7 beams (number 7, 8, 9, 17, 18, 22, and 23) with positive 
properties at 30% are added. It can be seen that the fundamental (first six) modes are accurately predicted 
by adding equivalent beams to the reduced modal model. Higher modes introduce deformations of the 
cylinder cross sectional area; these modes are not accurately predicted with equivalent beams. In 
particular, in the natural frequency comparisons (Figure 8, left), the relative eigenfrequency difference is 
always less than 3.0%, which confirms the accuracy of Method C. Also in the MAC comparisons (Figure 
8, right) the results are good: the diagonal values are 0.98 or higher. The FRF comparison in Figure 9 
shows that Method A and Method D overlap up to 50 Hz. For higher frequencies, the FRF amplitude 
obtained with Method D (on the reduced modal model) are shifted a little downward in the frequency 
domain. 
Overall, it can be said that a maximum error of 3.0% is acceptable in comparison with the advantages that 
one can achieve using the reduced modal model, namely the little effort in time computation and in the 
modification procedure. It is the author’s opinion that the presented approach can be used for concept 
CAE purposes: to obtain fast design directions from the results of the concept modifications. The FRF 
computation times have been compared on a representative PC using Windows XP. Method D. (18s) is 
much more efficient than Method A. (53s). For more detailed vehicle body models, these reduction factors 
will be much higher. In the next section, an example optimization study is presented, to illustrate the 
benefits of the presented procedure in the concept design process.  
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Figure 8: Comparison of Method A (original FE model at 100%) with Method D (Add beams to 

reduced modal model) in terms of eigenfrequency (left) and MAC value (right). The fundamental 
modes (1 till 6) are accurately predicted with 3% maximum error in the relative eigenfrequency 

difference. 

 
Figure 9: Comparisons of Method A (original FE model at 100%) with Method D (add beam model 

to reduced modal model). The two curves overlap up to 50 Hz. 

 

5.2 Optimizations 
 

To further improve the objective function Fsum, an optimization case must be defined [5][6] on the reduced 
modal model with added beams and joints (See Section 4.1, Method D.). The optimization (CASE 1) has 
been performed with the seven beams with negative DSA coefficients, the two joints and the eleven beams 
with positive DSA coefficients. Symmetric beams and joints are modified simultaneously, with allowable 
ranges between 0 and 80% modification for the 2 joints and 11 beams with positive DSA coefficient, and 
with allowable ranges between 0 and 30% modification for the 7 beams with negative DSA coefficients. 
The beam and joint modifications are added to the reduced modal model of the car chassis at 70% of the 
nominal properties, allowing at the maximum to obtain a model at 150% of the nominal properties in the 
locations of beams with positive DSA coefficients and at 100% of the nominal properties in the locations 
of beam with negative DSA coefficient (the accuracy of the 2 joints and the 11 beams with positive DSA 
coefficients applied to the modified reduced modal model at 70% of the nominal properties in this 
modification range has been verified in [4]). Comparing the optimized objective values in [2] (obtained 
using the 11 beams and 2 joints with positive DSA coefficient) and in CASE 1 (Table 1), the objective 
value of CASE 1 is clearly the highest, therefore the beams with negative DSA coefficient play an 
important role in the determination of the maximum objective function; more specifically, the optimized 
objective value with 11 beams and 2 joints in [2] was 525.91Hz, while in CASE 1 it is 530.15 Hz. More 
details can be found in [4]. 

1428 PROCEEDINGS OF ISMA2006



 

Objective f1 f2 f3 f4 f5 f6 Fsum

Nominal 54.599 55.116 87.480 98.445 102.10 116.65 514.39 

Modify 10% and 80% 55.044 57.985 89.075 99.428 104.61 116.77 522.93 

Optimized (CASE 1) 55.351 57.867 89.982 99.862 107.23 119.85 530.15 

Table 1: Objective Results: Nominal (original model at 70% of the nominal properties); Modify 
10% and 80%(reduced modal model at 70% with added joints and beams with positive DSA coeff. 

at 80% and beams with negative DSA coeff. at 10%); After optimization. 

 

6 Conclusions 
 
In dynamic analysis of flexible structures, it is often required to reduce the order of FE models to achieve 
accurate eigensolutions (of modified designs) in a reasonable amount of CPU time. In this paper, a 
concept CAE approach to analyze and optimize the global bending and torsional behavior of a vehicle 
body have been presented. Concept modifications in the body beam-like sections and in the joint 
connections are analyzed using the reduced modal model. Negative beam and joint modifications as well 
as positive modifications have been applied to a racing car chassis to improve the fundamental vehicle 
dynamics. After a sensitivity analysis to find the most suitable modification locations, an optimization 
case has been defined to determine the size of the modifications. The reduced models of beam and joint 
accurately reproduced the low-medium frequency behavior of the original models, both with positive 
modifications (assessed in [2]) and with negative modifications, assessed in this paper. It can be concluded 
that the presented beam and joint modification approaches are accurate and efficient to obtain concept 
design directions, when compared to the conventional modifications on full FE models. 
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Abstract 
 
The project this paper deals with concerns finding a new approach to the study of environmental noise 
pollution with the purpose to present solutions in a more comprehensible and accessible way, to increase 
public participation to this matter. A 3D model of the area of interest is created using either LI.D.A.R. data 
or a pair of stereo photos, to extract from it images with the purpose of giving a quick and comprehensible 
shot on how an area could change with the insertion of barriers, allowing the prediction of the solution 
with a lower environmental impact. The resulting 3D model is imported into Predictor and a noise map is 
created: both are put on software that allows a user fly-through, to have a 3D environment in which the 
user is free to “go around” and have a sort of immersion in the manner of noise pollution.  
The final objective of this work is to have a high quality of data concerning the noise map as that given by 
Predictor, but allowing a much easier understanding of the outcomes for the general uninformed public. 
 
 

1 - Introduction 
 
The first question an urban planner asks to himself is: how am I going to communicate my ideas to the 
clients and especially to the general public?  
The answer is the visual representations of the real world. 
In the past, plans and sections have been used predominately but, as it could be easily comprehensible, to 
understand such plans an expertise in the area was a necessary requirement. 
Public participation is a key component in environmental planning and design. Unfortunately, too often 
planners and designers are not equipped with effective tools and visualization methods to generate 
meaningful public input. 
In urban and landscape planning it is determinant to understand how an area is going to appear after a 
specific development in order to foresee the consequent visual and environmental impact caused by the 
addition of elements and by the altering of the surroundings. 
The images below give a quick and comprehensible overview on how an area could change with the 
insertion of barriers, made of different materials, permitting to calculate the solution with a lower 
environmental impact. 
This kind of solution allows one to: 
• present a noise map to the general public in a more user-friendly way; 
• understand how the interested area is going to appear after the installation  of noise barriers; 
• predict the shadows generated by various kinds of noise barriers during different hours of the day. 
It is a very important issue to make the politicians and the common people aware of the changes planned 
for an area making an understandable visual representation of the outcomes proposed: those unskilled with 
the planning papers may not fully figure out the improvements that they represent and may find it not easy 
to realize how new developments would ‘fit’ into the environment.  
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Example of displaying noise map on the 3D model of the area 
 
Stanley King and his co-authors (King et al., 1989) suggest that visualization is the key to effective public 
participation because it is the only common language to which all participants technical and non-technical 
can relate “Visualization provides a focus for a community's discussion of design ideas; it guides 
community members through the design process, it raises their design awareness and facilitates better 
communication”. 
Therefore it is easy to understand that it is crucial to develop new solutions to visualize the outcomes of 
proposed changes, in order to allow the inhabitants of an area to understand how the improvements will 
have an effect on the area they live in both visually and environmentally. 
 
1.1 - Where we have been 
 
There are lots of traditional analog visualization techniques to display ideas in urban and landscape 
planning such as plans, sections, sketches, perspective drawings, photomontages, and physical models; 
physical models and sketches are the eldest being invented by humans. Even if the perspective view has 
been invented around 465 BC in Greece (GEYER 1994), it became a common tool in architecture for the 
presentation of the final design in the Renaissance with Giotto. 
Humphrey Repton (1803) is considered an early pioneer in visualisation: indeed he focuses (“Red books”) 
on the representation of proposed modifications in the landscape in perspective view comparing the 
existing situation with his proposal.  
His innovative technique was based on showing two slides (pictures above), the first regarding the actual 
situation and the other displaying the proposed changes in the landscape view: the two drawings were 
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hinged at the bottom so that the slide depicting the proposed improvement could be flipped up to cover 
only those parts of the slide illustrating the existing situation that were to be changed. 

 
 

 
Comparison between actual and future situation by Humphrey Repton 
 
His idea is still utilized according to the technology improvements because, as he suggested, this provided 
a more effective way than maps or plans to help also the uninformed people to visualize the effects of 
proposed changes. 
Some years later, between 1858 and 1861, Olmsted proposed a variation of this technique for designing 
Central Park (Beveridge & Schuyler 1983). 
Since many years, the analog photomontage is a common technique for representing a proposal and it 
developed into the digital photomontage in the ‘90 (Lange 1990).  
Moreover static models have been built to represent new buildings or changes to an area since several 
hundreds of years. In our time they have been gradually replaced by model simulation techniques 
combined with video animations, a development largely driven by the Berkeley Environmental Simulation 
Laboratory in the 80’s, which can allow dynamic simulations of a wide range of manners and scenarios 
from the road traffic to the disasters preventions. 
 
1.2 - Where we are now 
 
In order to achieve a certain degree of realism in representing a landscape it is necessary to represent some 
elements(such as terrain, vegetation, buildings and atmosphere) which have different importance 
concerning the type of area in question and could potentially act as a major obstacle for realizing an 
illustration with a high degree of realism (Lange 1999). 
In the case of terrain representation it is nowadays possible to get digital terrain data through remote 
sensing (Quick Bird and Ikonos) and have a highly realistic visualization of the land with aerial 
orthophotos, which are sometimes already available now at a resolution of 10 cm. 
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Terrain with shaded relief                                             Terrain with satellite image 

   
Terrain with orthophoto                                                Photograph of real landscape 
 
Regarding vegetation, it is really difficult to be represented because of the great complexity and variety of 
the flora elements such as leaves, flowers, twigs, etc. and it is usually done by applying textures on 
polygon-based modeling of the geometry of the vegetation, with a consequent increasing of the rendering 
time. 
An important step to obtain a realistic virtual environment is the integration of buildings and artifacts, but 
it is quite laborious. 
There are different techniques to achieve this result some of which are really interesting, such as the semi-
automated generation of 3D objects of the built environment through a terrestrial 3D laser scanning that 
provides a point cloud with numerous data. 
The last aspect, not for importance, that has to be counted during the creation of a virtual environment is 
the representation of light and atmosphere. 
 
1.3 - Where I want to go 
 
As I have outlined above, it is crucial to find an efficient way to communicate one’s own thoughts and 
plans especially to the uninformed people. 
The project this paper deals with concerns finding a new approach to display results (such as study of 
environmental noise pollution) and proposed changes (such as noise barriers) for a chosen area. 
The purpose of the work is to present solutions to this problem in a more comprehensible and user-
friendly way, in order to increase public participation to this matter.  
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The best way to achieve this outcome is, in my opinion, to create a 3D model of the area at issue, trying to 
make it as much realistic as possible, and make it compatible with a Geographical Information System 
software, in order to permit further elaboration about environmental management, traffic management and 
so on. This purpose can be reached using either LIDAR data or a pair of stereo images. 
Once the 3D model is generated, it is possible to add to it some features such as textures to buildings and 
trees to make it more realistic; as the picture below shows clearly, some images can be extracted from the 
reproduction of the area with the purpose of giving a quick and comprehensible shot on the changing 
occurring with the insertion of barriers. Moreover it permits to forecast the solution with a lower 
environmental impact and the shadows generated by various types of noise barriers in different hours of 
the day.  
The keystone of the project is to increase public participation and to display in a very understandable way 
different kind of results. 
How is it possible to have such an outcome? 
The best method is to consent the user a fly-through, with the purpose of having a 3D environment in 
which the user is free to “go around” and he is, in this way, embedded in the environment and problem the 
planner is displaying. 

  
Picture of a building                                                      3D model of the building 
 
I think the best approach to achieve those goals is to display the results with Google Earth. 
I chose this software for different reasons: 

• it is extremely popular; 
• it is free to download; 
• it is really easy to use. 
It is very important to point out that this software I’m using to display results to the general public is free 
because it doesn’t discriminate against any users; therefore everyone is allowed to check the outcomes I’d 
like to show without buying any specialistic software. 
For example it is like publish something on the web as a PDF document that can be opened with the free 
Acrobat Reader, instead of a paper that could be opened only with proprietary software. 
It is important to point out that it is quite easy to layer and make understandable abstract phenomena over 
a detailed and realistic model, allowing non expert users to recognize specific elements, position and so on 
and to associate for instance environmental noise distribution within the represented area. 
Visualization offers a method for seeing the unseen. It enriches the process of scientific discovery and 
fosters profound and unexpected insights. In many fields it is already revolutionizing the way scientists do 
science. In the specific, my work deals with the displaying of noise maps. 
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2 - Flow chart 
 

QUICKBIRDLIDAR or  
Stereo Images Orthophoto 

REGION BASED SEGMENTATION 

ABOVE GROUND GROUNDELEVATION

BUILDING DIGITAL SURFACE MODEL DETECTION 

PREDICTOR

GOOGLE
EARTH 

 
This flow chart gives a one shot overview about how I can meet my target: create a 3D environment and 
use it to display some environmental topics (for instance noise pollution) making them comprehensible by 
allowing the user to wander around and have a sort of direct involvement in the matter in question. 
The task to make the general public aware of the environmental noise situation is fundamental, in 
fulfillment of the COUNCIL DIRECTIVE 90/313/EEC Article 1 “The object of this Directive is to ensure 
freedom of access to, and dissemination of, information on the environment held by public authorities and 
to set out the basic terms and conditions on which such information should be made available” and Article 
2 “For the purposes of this Directive:  
a) “information relating to the environment” shall mean any available information in written, visual, 
aural or data-base form on the state of water, air, soil, fauna, flora, land and natural sites, and on 
activities (including those which give rise to nuisances such as noise) or measures adversely affecting, or 
likely so to affect these, and on activities or measures designed to protect these, including administrative 
measures and environmental management programs;  
b) “public authorities” shall mean any public administration at national, regional or local level with 
responsibilities, and possessing information, relating to the environment with the exception of bodies 
acting in a judicial or legislative capacity.” 
And also in fulfillment of the DIRECTIVE 2002/49/EC, Article 8, point 7:” Member States shall ensure 
that the public is consulted about proposals for action plans, given early and effective opportunities to 
participate in the preparation and review of the action plans, that the results of that participation are 
taken into account and that the public is informed on the decisions taken. Reasonable time-frames shall be 
provided allowing sufficient time for each stage of public participation.” 
How am I going to display the results to the general public in a comprehensible and user-friendly way? 
Let’s have a quick pan to explain the flow chart and have an idea about hoe I intend to reach that goal. 
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3 - Creation of a D.S.M. (Digital Surface Model) 
 

First of all it is necessary to acquire a 3D model of the area of 
interest and this can be obtained from the data accessible 
thanks to the recent development of the remote sensing 
technologies and the improvement of the capabilities of 
satellites such as Quick bird and Ikonos. In that way is possible 
to get high resolutions orthophotos, in order to have a detailed 
background of the area to add to the 3D model, which is 
realized through airborne laser scanning mapping systems 
integrated with GPS (LiDAR) or pair of stereo images. 
LIDAR is one of the most important recent innovations in 
landscape detection and terrain modeling because its data are 
really accurate both in height and range measurements and also 
because it allows to quickly obtain information of earth 
resource and environment. 
The laser may be mounted on light airplanes or helicopters and 
can provide samples terrain using overlapping, several hundred 
meter wide swath measuring elevation every 1-3 meters with 
reported vertical accuracy 15 cm in bare areas.  

The return pulse is converted from photons to electrical impulses and collected by a high-speed data 
recorder. Then it is quite easy to deduce the distance from the time intervals from transmission to 
collection with the help of ground/aircraft GPS receivers and the on-board Inertial Measurement Unit 
(IMU) that constantly records the attitude (pitch, roll, and heading) of the aircraft.  

 
Example of LIDAR output 
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The LIDAR process of acquirement outputs large amounts of data that is represented as massive clouds of 
(x, y, z) points that define every object or detail larger than 1 meter: those data are then elaborated and 
smoothed to obtain acceptable contours with algorithms, having a 3D model of the area as a result. 
The main problem of this outcome is that it includes ground point data and surface point data all together 
and so it lacks differentiation between points measured on the terrain itself and points measured on man-
made or natural objects (buildings, roads, trees etc.). 
It means that to make it useful it is necessary to separate the points which represent the ground (Digital 
Terrain Model) from the ones which represent all the things (buildings, trees, etc. etc.) that are above the 
surface.  
It is very important to extract the DTM (Digital Terrain Model) from this clouds of points, in order to 
achieve all the further elaboration which lead to the final result of distinguish the ground object from the 
above ground objects.   The process of eliminating the above ground features from the DTM could be 
achieved using LIDAR Analyst, an extension of ArcGIS. 
After few steps related to cleaning the model from buildings, trees, shrubs, cars, etc. using algorithms with 
different tasks, such as detect the edges and fill in the areas that were defined as non-ground, a bare earth 
model is obtained to best represent the topography. 
In order to extract the buildings footprints from LIDAR data it is possible to use a method that place side 
by side fused information extracted from DSM and orthophotos: this technique, based on object-oriented 
image segmentation, takes into account not only the spectral characteristics of a single pixel but those of 
the surrounding (contextual) pixels in the image segmentation phase.  
 

 

1438 PROCEEDINGS OF ISMA2006



Object-oriented classification software assumes that related pixels are actually part of objects, and assigns 
properties and relationships to the whole object rather than individual pixels (Wikipedia, 2005). 
Moreover to achieve an accurate result it is very important to analyze with the proper software the spatial 
context of the object under exam because, as it is easy to understand, a concrete parking lot and a concrete 
rooftop have a similar spectral signature, however the spatial context of each target is different (the 
concrete parking lot may have a gravel sidewalk, green grass, trees, or other feature along the edges).  
It could be performed using either the orthophotos or the fused information from the orthophotos and 
LIDAR data.  
The last phase of this process is to obtain accurate buildings heights, as they are an essential input for 3-D 
city models.  
It can be achieved in some steps: 

• Classify the building according to the roof slope: flat roof, desk roof, gable roof and hip roof. 
Obviously the highest section of the sloped roof building is the ridge line of the roof, while the highest 
section of the flat roof building is the flat roof top. 

• Remove roof objects, which can affect the accuracy of the buildings heights, using the zonal 
majority which consists on classifying a zone or an object by the majority of the pixels within the building 
polygon. In this process a binary image of the DSM slope is obtained by categorizing it into two classes: 
less than or equal to 20 degrees (0) and greater than 20 degrees (1). 
 

 
Outcome of the process of buildings extraction 

 
 

EDSVS 1439



4 - Noise map 
 
Once the buildings are recognized and separated from the ground, the two groups of different objects are 
imported into ArcGIS and converted to shapefiles to allow further elaborations, such as the creation of the 
noise maps with Predictor. 
This software allows full topographical information to be easily imported and it is equipped with different 
calculation methods, in fulfillment of European Commission directives such as Environmental Noise 
Directive (2002/49/EC) in accordance with Guidelines on Revised Interim Computation Methods 
(2003/613/EC) and the European Commission’s Assessment of Exposure to Noise Working Group’s Good 
Practice Guide, and fulfillment of the IPPC Directive (96/61/EEC). 
As the traffic data are for the different periods of the day collected, they are imported into the software and 
linked to every roads displayed on it. 
A 3D ground model of the area can be easily imported with all ground level heights and it is possible to 
add all the necessary items, such as buildings and noise barriers, on top of the ground model.  
Moreover noise receiver points can be automatically placed at a defined distance from buildings or other 
objects in the model. 
The result of calculations (day, evening, night and compound periods) can be displayed graphically and 
source, receiver and attenuation levels for each source-receiver combination can be viewed to evaluate the 
quality of the calculations and as a help to determine how to reduce noise levels. 
Noise mapping typically involves the presentation of simple acoustic parameters, possibly combined with 
demographic factors such as population or house prices. 
The task is often quite demanding, both in terms of computer capability and time. Accurate models can 
take several days or even weeks to calculate, so getting the input data right is important, as is the ability to 
speed up calculations. 

 
Noise map 
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Noise map displayed on a 3D environment with Predictor 

 

 5 - Google Earth 
 
The noise map achieved with Predictor and the 3D model obtained from the elaboration of LIDAR’s data 
are put in a program that allows translating them into the mean I’m using to display results to the general 
public: Google Earth. 
This software is really flexible and allows a user fly-through, with the purpose of having a 3D 
environment in which the user is free to “go around” and have, in this way, a sort of immersion in the 
manner of noise pollution.  
As I said before, I chose Google Earth to visualize the noise maps because is freeware software and so 
there won’t be any discrimination between users and everyone interested in it will be able to watch and 
experiment the results shared. 
This is a crucial point of my solution as it totally fulfills what it is stated in the DIRECTIVE 2002/49/EC, 
Article 9:”Information to the public” 
1) Member States shall ensure that the strategic noise maps they have made, and where appropriate 
adopted, and the action plans they have drawn up are made available and disseminated to the public in 
accordance with relevant Community legislation, in particular Council Directive 90/313/EEC of 7 June 
1990 on the freedom of access to information on the environment (1), and in conformity with Annexes IV 
and V to this Directive, including by means of available information technologies. 
2) This information shall be clear, comprehensible and accessible. A summary setting out the most 
important points shall be provided.”…as the outcomes I would like to display can be accessible to 
everyone. 
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Moreover this program allows a very easy navigation into the 3D environment displayed because of the 
intuitive commands which it is provided with. 
As it is shown in the picture below, a noise map of the area can be displayed and changed in transparency, 
in order not to hide the orthophoto cast on the ground and maintain a good level of similarity to reality. 
Moreover textures can be added on the facades on the buildings, increasing greatly the feeling to have a 
walk inside the city. 

 
Goggle Earth with the area displayed on the web page on the bottom 
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One of its most interesting features is that it is possible to add as many information points as it’d be 
necessary in order to display every kind of information: in fact those points can be placed around on the 
environment and be linked to a pop-up board or to a website displayed on the bottom (as it is shown in the 
picture). 
This allows me to add further information to each hot spot on the area and to underline some peculiarities 
of the place or some changing on it, as the variation of the environmental noise level due to the insertion 
of a noise barrier and the consequent visual impact caused by the added object. 

   
Examples of different solutions in terms of noise barriers 
 
It is important to highlight the possibility of proposing different solutions in terms of noise barriers for 
each spot with the help of some 3D modeling dedicated programs and choose between several kinds of 
material.  Moreover it allows me to forecast the shadows cast by the barriers during every hours of the day 
and every day of the year. 
Therefore the visual impact of each solution can be easily estimated in this way and can be shown to the 
general public putting the different proposed solutions on a web site with links to the information point on 
Google Earth.   Furthermore a noise map can be calculated in order to display the acoustic benefits due to 
each kind of alternative barriers designed to the quarter under examination. There is not need to say that 
also those results can be added both on the website and on Google Earth. 
At the moment I am evaluating the possibility to display the virtual environment with other technologies, 
such as VRML or Java, in parallel with Google Earth to increase the level of immersion and similarity to 
reality of it. 
 

6 - Further improvements 
 
The improvements I am planning to do to my project in the next future range over a wide variety of 
aspects. 
First of all I want to improve the visual quality of the virtual environment in order to achieve a higher 
resemblance to the real one. That could be done: 

• With better textures for the buildings; 

• Adding trees and other objects like cars, bins, benches, etc. ; 

• Working with lights and shadows. 
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Then another outcome I plan to achieve is to produce a 3D noise map to be inserted in the virtual 
environment and to link each point of it to a sound, in order to obtain a complete virtual experience of the 
area under exam and its environmental noise. 
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Abstract 
As alternative to the well known finite element method (FEM) the recently developed wave based 

technique (WBT) has proven to be a computationally efficient tool for steady-state acoustic analysis. To 

overcome the moderate geometrical complexity restriction of WBT a hybrid coupling method between 

FEM and WBT has been developed. This coupling approach benefits from the advantages of both methods 

combining the flexibility of FEM for complex geometries and of the computational efficiency of WBT.  

This paper describes the extensions necessary for the 3D hybrid coupling method originally developed for 

2D problems. Specifically, the characteristic of the coupling matrices for the direct coupling method of 

FEM and WBT is described. First results of application examples considering different boundary 

conditions are discussed. The results of the hybrid coupled method are validated by results of pure WBT 

simulation and by measurements. 

 

 

1 Introduction 
 

The finite element method (FEM) is the most commonly used deterministic prediction method for the 

analysis of steady-state acoustic problems [1]. Due to a discretization of the acoustic problem domain into 

(small) elements, the FEM can tackle problems of arbitrary geometrical complexity. However, the FEM is 

restricted to problems in the low-frequency range due to the increasing model size and computational 

efforts with increasing frequency in order to keep the FE approximation errors within reasonable bounds.  

 

The recently developed wave based technique (WBT) has proven to be a computationally more efficient 

deterministic prediction method, as compared to the FEM [2]. The WBT is based on an indirect Trefftz 

approach, in that the approximation solution satisfies the governing domain equations and violates only 

the boundary conditions. The resulting numerical models are much smaller in terms of number of elements 

and nodes (degrees of freedom - DOFs) than corresponding FE models. Combined with a superior 

convergence rate, the small model size makes the WBT applicable for analyses at higher frequencies as 

compared to the low-frequency application range of the FEM. However, in order to fully exploit WBT’s 

computational efficiency, the problem at hand should have a moderate geometrical complexity. 

 

To overcome this drawback of the WBT, hybrid couplings between the FEM and the WBT have been 

developed. These WBT-HFEMs combine the flexibility of the FEM for modelling problems of arbitrary 

geometry with the computational efficiency of the WBT. Whereas an indirect hybrid coupling strategy 
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using an auxiliary frame between the FE and WBT subdomains has been described in [4], [5]. This paper 

focuses on a direct hybrid coupling approach between the FEM and the WBT.  

 

The direct hybrid coupling approach for two-dimensional problems has been described in [3]. On the 

results of validations for two-dimensional problems the decision was made to extend the direct coupling 

approach for the three-dimensional case. In this paper the extension to three-dimensional problems for the 

direct hybrid approach is explained. Performance of the WBT-HFEMs with those of FEM and WBT are 

compared by using a three-dimensional validation example. 

 

 

2 Problem Definition 
 

Consider a three-dimensional (3D) interior steady-state acoustic problem involving a 3D acoustic cavity 

Ω  surrounded by a boundary Γ  (Figure 1). The homogeneous Helmholtz equation 

 

 ( ) ( )2 0,    k p∆ + = ∀ ∈Ωr r  (1) 

 

governs the steady-state pressure ( ) ( ), ,p p x y z=r  in Ω , with 
2 2 2 2 2 2x y z∆ = ∂ ∂ + ∂ ∂ + ∂ ∂  the 

Laplace operator, k cω=  the acoustic wave number, ω  the circular frequency, ρ  the ambient fluid 

density and 1j = −  the unit imaginary number. The boundary Γ  consists of three parts 

( )p v Z
Γ = Γ Γ Γ∪ ∪ , where the following boundary conditions are imposed 
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Figure 1: Bounded 3D acoustic problem 
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3 Hybrid WBT – FEM Theory 
 

3.1 Review of the finite element method 
 

The FEM discretizes the acoustic cavity Ω  into a large number of non-overlapping elements. 

Each element eΩ  is surrounded by the element boundary eΓ . This boundary is composed of four 

parts ( )e e e e e

p v Z i
Γ = Γ Γ Γ Γ∪ ∪ ∪ , which are the intersections of eΓ  with the problem boundaries 

( ,e e

p pΓ = Γ Γ∩  ,e e

v vΓ = Γ Γ∩  e e

Z ZΓ = Γ Γ∩ ) and the common interface e

iΓ  between two adjacent 

elements. 

 

A linear combination of simple (polynomial) shape functions Na approximates the exact solution 

p within each element 
eΩ as follows 

 

 ( ) ( ) ( ) ( ) e

1

ˆ ,    
an

e e

a a

a

p p N p
=

≈ = = ∀ ∈Ω∑r r r N r p r  (3) 

 

The contribution factors e

ap , stored in the element vector ep , form the unknown degrees of 

freedom (DOF’s). Approximation p̂  satisfies a priori the essential boundary conditions along e

pΓ  

and the inter-element pressure continuity between two adjacent elements along 
e

iΓ . Errors on the 

Helmholtz equation (1) and the mixed and natural boundary conditions (2) are forced to zero by a 

weighted residual formulation. Application of partial integration and the divergence theorem, 

transforms the weighted residual formulation into its weak form 

 

( ) ( )( )2 ˆ
ˆ ˆ 0

e e e e
v Z i

T e

n i

p
W p k Wp d j Wv d j W d j Wv d

Z
ρω ρω ρω

Ω Γ Γ Γ

− ∇ ∇ + Ω − Γ − Γ − Γ =∫ ∫ ∫ ∫ . (4) 

 

W  represents a weighting function and e

i
v  the unknown interface velocity. Following a Galerkin 

approach, the weighting functions are chosen to be a linear combination of the same basis 

functions 
a

N as used for the pressure approximation (3) 

 

 ( ) ( ) ( ) e

1

,    
an

e e

a a

a

W N c
=

= = ∀ ∈Ω∑r r N r c r  (5) 

 

where e

a
c  represent arbitrary, nodal contribution factors. 

 

In an assembly of all element models into one global FE model the terms resulting from inter-

element velocity continuity on e

iΓ  cancel out each other. Substitution of the approximation 

expansion (3) and the weighting function expansion into the weak form of the weighted residual 

formulation (4) yields the following FE model  
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 ( )2

n
j jω ω ω− + + = −M C K p v  (6) 

 

with                           
2

1
d

c
Ω

= Ω∫
T

M N N                    
1

Z

d
Z

ρ
Γ

= Γ∫
T

C N N  

                                  ( ) ( )d
Ω

= ∇ ∇ Ω∫
T

K N N    and   

v

T

n nv dρ
Γ

= Γ∫v N . 

 

3.2 Review of the wave based technique 
 

In the WBT the problem domain Ω  is partitioned into a small number of (large) convex 

subdomains. This technique expresses the pressure field in each subdomain as a linear 

combination of Trefftz basis functions 
a

Φ , which satisfy the homogeneous Helmholtz equation 

within the subdomain, but may violate the boundary conditions [2] 

 

  ( ) ( ) ( ) ( )
1

ˆ ,    
an

a a

a

p p q
=

≈ = Φ = ∀ ∈Ω∑r r r Φ r q r . (7) 

 

The DOF's are the unknown contribution factors 
a

q , which are stored in q . The Trefftz basis 

functions 
a

Φ  are selected from the following set of propagating and evanescent wave functions 

 

 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

cos cos

cos cos

cos cos

rs

tu

vw

jk z

rs rx sy

jk y

tu tx uz

jk x

vw vy wz

k x k y e

k x e k z

e k y k z

−

−

−

Φ =

Φ =

Φ =

r

r

r

    (8) 

 

with 

 

 

2 2 2

2 2 2

2 2 2

,  ,  ,    for 0,1, ,    and s 0,1, ,

,  ,  ,    for t 0,1, ,    and u 0,1, ,

,  ,  ,    for v 0,1, ,  

rx sy rs rx sy r s

x y

tx tu tx uz uz t u

x z

vw vy wz vy wz v

y z

r s
k k k k k k r n n

L L

t u
k k k k k k n n

L L

v w
k k k k k k n

L L

π π

π π

π π

= = = ± − − = =

= = ± − − = = =

= ± − − = = =

… …

… …

…   and w 0,1, , wn= …

(9) 

 

where the wave number components depend on the dimensions xL , yL  and zL  of a rectangular 

bounding box, which encloses the considered subdomain Ω . The integer numbers rn , sn , tn , un , 

vn  and wn  are limited from above by following truncational numbers n•  
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 s t u v wr

x y x z y z

n n n n nn k
T

L L L L L L π
≈ ≈ ≈ ≈ ≈ ≥  (10) 

 

with a user defined truncation parameter T . 
 

The approximation errors at the boundaries are enforced to zero in an integral sense applying the 

following weighted residual formulation  

 

( )
ˆ ˆ ˆ

ˆ 0

p v Z

n

j W j p j p p
p p d W v d W d

n n n Zρω ρω ρω
Γ Γ Γ

   ∂ ∂ ∂
− − Γ + − Γ + − Γ =   

∂ ∂ ∂   
∫ ∫ ∫  (11) 

 

where W  is a weighting function. Following a Galerkin approach, W  is chosen to be a linear combination 

of the same Trefftz basis functions aΦ  (8) as used for the pressure approximation (7) 

 

  ( ) ( ) ( )
1

,    
an

a a

a

W d
=

= Φ = ∀ ∈Ω∑r r Φ r d r  (12) 

 

where ad  represent arbitrary contribution factors. 

 

Substitution of the pressure approximation (7) and the weighting function expansion in the weighted 

residual formulation (11) results in the following WB model 

 

 ( )p v Z p v+ + ⋅ = +A A A q b b  (13) 

 

with              

p

T

p

j
d

nρω
Γ

∂
= − Γ

∂∫
Φ

A Φ ,                             

p

T

v

j
d

nρω
Γ

∂
= Γ

∂∫
Φ

A Φ , 

                     

Z

T

Z

j
d

n Zρω
Γ

 ∂
= − Γ 

∂ 
∫

Φ Φ
A Φ , 

                      

p

T

p

j
pd

nρω
Γ

∂
= − Γ

∂∫
Φ

b ,                              

p

T

v nv d

Γ

= Γ∫b Φ . 

 

3.3 Hybrid Finite Element – Wave Based Technique 
 

In order to combine the strengths of the FEM and the WBT, a hybrid coupling approach is proposed. The 

key idea of such a hybrid FE-WB approach is to model large, homogeneous, geometrically simple 

subdomains with the WBT, while the FEM is employed to model the geometrically more complex 
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regions. As a result, the considered hybrid models contain less DOF’s than the equivalent pure FE models. 

At the hybrid interface iΓ  between the regions modeled with the FEM and those modeled with the WBT, 

pressure continuity and normal velocity continuity conditions are weakly enforced. At subdomain level, 

the acoustic problems are well-posed if at each subdomain boundary point one boundary condition is 

imposed. In order to comply with this requirement, pressure continuity is imposed as a boundary condition 

on the associated WBT subdomains along iΓ  and normal velocity continuity is imposed as a boundary 

condition on the associated FE subdomains along iΓ  

 

    on WBFE
i

FE WB

ppj j

n nρω ρω

∂∂
= − Γ

∂ ∂
   and      on 

WB FE i
p p= Γ . (14) 

 

To impose these continuity conditions in an indirect coupling approach [4], [5] an auxiliary frame with 

associated frame DOF’s is introduced. In a direct coupling approach, no additional DOF’s are needed, and 

the continuity conditions are imposed directly on the approximation fields of the FEM and the WBT. 

 

WBT

FEM

 

Figure 2: Hybrid 3D acoustic problem  

 

Along the hybrid interface 
i

Γ , velocity continuity is imposed. This results in an additional term in the 

weighted residual formulation (4)   

 

 
ˆ

i

WB

WB

p
W d

n
Γ

∂
− Γ

∂∫⋯ . (15) 

 

The novel weighted residual formulation leads to the following FE part of the hybrid model 

 

 ( )2 j jω ω ω− + + + = −1 1 1

1 12 2 n1M C K p Q q v  (16) 

 

with 

i
WB

d
n

Γ

∂
= Γ

∂∫
T

12

Φ
Q N  (17) 

 

where 12Q  represents the coupling matrix between FE and WB. 
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To impose pressure continuity along the interface 
i

Γ , the weighted residual formulation (11) of the WB 

part of the hybrid model is extended with the following term  

 

 ( )ˆ ˆ

i

WB FE

WB

j W
p p d

nρω
Γ

∂
− − Γ

∂∫⋯ . (18) 

 

This modified weighted residual formulation results in the following WB part of the hybrid model 

 

 ( )2 2 2 2 2 21 1 2 2p v Z p v
+ + + ⋅ + ⋅ = +A A A C q Q p b b  (19) 

 

with  21

i

T

WB

j
d

nρω
Γ

∂
= Γ

∂∫
Φ

Q N    and   2

i

T

WB

j
d

nρω
Γ

∂
= − Γ

∂∫
Φ

C Φ   (20) 

 

where 12Q  represents the coupling matrix between WB and FE and 2C  represents the WB model back-

coupling matrix. The complete hybrid FE-WB model is given by  

 

 

2

12 1 1

21 2 2 2 2 2 2

n

p v Z

j jω ω ω − ⋅ + ⋅ + −   
=     

+ + +      

1 1 1
M C K Q p v

Q A A A C q b
. (21) 

 

Solution of (21) for the DOF’s yields the nodal FE pressures 1p  and the WBT wave function contribution 

factors 2q . 

 

 

4 Numerical validation example 
 

In order to validate the novel direct hybrid method, a simple bounded 3D acoustic problem is 

considered, see Figure 3. The used model has the following dimensions: [ ]1.1xL m= , [ ]1.0yL m=  

and [ ]0.6zL m= . The air in the cavity characterized with density ( )31.225 kg mρ  =    and speed 

of sound [ ]( )340c m s= . The considered response point is inside the wave based part of the 

hybrid model. 
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Figure 3: 3D Problem definition with normal velocity as boundary condition with 

 one response point P1 

 

A normal velocity excitation [ ]( )0.01 0.025 
n

v j m s= −  as boundary condition is imposed. Three 

types of models are considered, see Figure 4:  

 

(i) pure FE models with linear quadrilateral elements,  

(ii) pure WBT model with 3 WBT domains, and 

(iii) hybrid FE-WB models, which are derived from the pure FE models by replacing a 

large number of FE with a small number of WB subdomains, coupled in a direct way. 

 

 

Figure 4: Different 3D model versions: finite Element model (left), wave based model (middle) and 

hybrid FE-WB model (right) 
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The finite element model was calculated with MSC/NASTRAN, the pure wave based model and the 

hybrid FE-WB model were calculated with the ACC Wave Based Software tool [6], [7]. 

 

It is common practice to predict the pressure response at a discrete position for a broad frequency range. 

This paragraph considers such a pressure spectrum analysis for the position which is in the wave based 

part of the hybrid model. The position of the response point is shown in Figure 3. 

 

Figure 5 plots the pressure amplitude spectrum predictions at the response point inside the acoustic cavity 

(see Figure 3). Pressure predictions are shown for a FE model (with 6552 DOF’s), a direct coupled hybrid 

FE-WB (with 2730 FE DOF’s and 54 WB DOF’s) model and a WB model with 3 WB domains (with 162 

to 186 WB DOF’s per domain) in a frequency range from 1Hz to 500Hz with a resolution of 1Hz.  
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Figure 5: Pressure spectrum prediction for 3D acoustic problem  

 

 

The pressure spectrum analysis illustrates that the first validation of the implementation of the direct 

approach is correct. The comparison of the different pressure spectrums further shows, that the direct FE-

WB approach is able to provide similar approximation results than the finite element and the wave based 

method. The reason for the frequency shift between the results of the different approaches is the difference 

in the volume of the models (between FEM and WBT) and because of the mesh refinement of the FEM 

and hybrid FE-WB model. 

 

 

5 Conclusions and future work 
 

This paper discusses a direct hybrid coupling approach between the FEM and the WBT in three 

dimensional space, which is a promising alternative for the FEM. The resulting hybrid approach benefits 

from the advantageous features of both methods, which are the high geometrical flexibility of the FEM 

and the high computational efficiency of the WBT. This paper reviews the theory on the FEM and WBT 

and provides a theoretical foundation for the new direct hybrid approach. 

The first results for the three-dimensional validation example shows that the direct hybrid approach yield 

prediction results of similar accuracy as pure FEM or WBT. The direct hybrid approach, discussed in this 
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paper, results in smaller numerical models, as compared to the FEM and makes modeling easier as 

compared to the WBT. In the near future, the hybrid FE-WBT method will be validated for more complex 

three-dimensional engineering problems like car cavities. 
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Energy ratio approach for SEA model path identification 
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Abstract 
Statistical Energy Analysis (SEA) is a methodology  for solving vibro-acoustic problems in the medium-
high frequency range to reduce at minimum the computational effort required to analyse any complex 
system. A typical SEA system is described by using an energy balance equations set, which can be 
inverted to determine the energy associated to the subsystems modelling the structure, but no indication 
can be obtained concerning the preferential paths along which energy is transferred. This information 
would be extremely useful to identify and design the most efficient control techniques able to reduce 
interior noise in a closed environment.  
Contrary to existing techniques, the approach followed herein is based on the detection of the main energy 
transmission paths by taking into account the actual direction of Energy Flow (power flows from 
subsystem with higher modal energy density to subsystem with lower modal energy density). To this 
purpose, the original SEA system is transformed into an equivalent suitable digraph with a number of 
nodes equal to the SEA subsystems and connections with weight factors reflecting the actual energy flow 
ratio coming out from each node.  
A path identification algorithm based on Eppstein shortest path detection method has been developed in 
Matlab environment to extrapolate all possible paths in the global system, and to classify the main paths 
according to the total energy transferred to a referenced subsystem along the path. 
The technique has been applied within Friendcopter European Project to the SEA model of Agusta A109 
helicopter mock-up.    
 
 

1 Introduction 
 
Large efforts have been recently devoted to the improvement of vibro-acoustic comfort in complex 
vehicles as helicopters. Beside the experimental approaches, the definition and development of reliable 
numerical procedures allowing for efficient design choices even in the preliminary planning phase would 
be valuable to reduce the production cost. To this purpose, one of the main topics within European project 
FRIENDCOPTER was the development of design tools for the identification of the power flow 
mechanisms in a helicopter structure, by focusing on the transfer path characteristics, to select the most 
convenient technical solutions able to reduce the interior noise. 
The algorithm capable of  identifying the principal paths along which energy is transferred, is based on a 
numerical model of the entire structural system able to accurately predict its energy distribution due to a 
defined excitation field. From many theoretical and experimental studies [1-6] the inadequacy of 
deterministic approach in modelling the vibro-acoustic behaviour of structural system in a frequency range 
where a large number of modes are involved in the system response has been strongly highlighted. 
Moreover, the variance related to small changes in the structural parameters due to the unavoidable 
manufacturing tolerances determines up to 15 dB of noise difference in nominally identical helicopters. 
Since these structural differences can not be predicted and introduced in a deterministic model (FEM, 
BEM), the above described variance can be accounted for by using an approach based on spatial and 
frequency statistical information. The most reliable methodology based on a statistical approach is SEA 
(Statistical Energy Analysis) which transcends local details to focus on macro properties (subsystems) and 
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which can be applied when the modal overlap factor is higher enough for the statistical information to be 
significant and reliable.  
At authors knowledge, the following algorithms are at the moment available for the identification of the 
dominant energy paths within a complex structure:  

• Energy backtracking from receiver to source [7]. The technique examines in a selected frequency 
range the energy contributions arriving at the receiving subsystem, then it does reiterate the 
process by selecting as new receiving subsystem the main contributor to the previous referenced 
subsystem. The procedure is completed when the source subsystem is reached. The main 
disadvantages are related to the high computational cost, to the difficulty in identifying the 
principal path when the energy contributions to a subsystem are very close to each other and, 
finally, to the lack of information concerning the energy flowing along the actual path. However, 
the algorithm allows for the flow energy direction to be accounted for. 

• Craik method [8].  This technique is based on the knowledge of the Coupling Loss Factor (CLF) 
to Total Loss Factor (TLF) ratio. The contribution along a specified path from source (S) to 
receiver (T) can be expressed as, 

z

zT

a

ab

s

saSp
TSE

η
η

η
η

η
η

ω
K

Π
=−                                                      (1) 

where the CLFs employed are the off-diagonal terms of the SEA system solving matrix, while the 
TLFs  are the diagonal terms of the same matrix. The method allows for a path to pass through a 
specific subsystem as many time as required since the flow energy direction is not considered at 
all (positive flow from subsystem with higher modal energy toward subsystem with lower modal 
energy). Another disadvantage is related to the power flow contribution of each identified path, 
because for a complex system each path carries only a very small amount of the entire system 
power flow. The path identification and classification can not be easily implemented.          

Starting from the above mentioned approaches, a new algorithm is herein proposed to combine their 
strengths while removing the disadvantages. This approach has been defined as Energy Flow Ratio Path 
Detection. 
This document is structured as it follows: in the second chapter the basic equations and concepts 
concerning the SEA methodology are recalled; the third chapter describes how an SEA model can be 
translated into an equivalent mathematical structure called digraph by making use of the same hypothesis 
SEA is based on; in the fourth chapter a short description of the selected algorithm (Eppstein) for the 
principal paths research is reported; the fifth chapter deals with the paths interaction with the specific SEA 
model subsystems in order to define the energy supplied by a certain path to a subsystem; in the sixth 
chapter the flow diagram of the developed algorithm is described; finally, the results of the analysis 
performed on Agusta A109 mock-up SEA model are presented in chapter 7. 
 

2 Statistical Energy Analysis Modeling 
 
SEA methodology allows for the calculation of the vibration energy stored in complex systems constituted 
by both structural and acoustic subsystems. A subsystem represents a group of similar modes in a section 
of the system which can be macroscopically well distinguished from other parts of the system (an acoustic 
cavity – a reinforced panel – a frame). SEA is based on the energy conservation principle applied to each 
subsystem, so that a global system balance equation can be defined for the entire system. To this purpose, 
the mechanisms driving the exchange of energy between connected subsystems is expressed throughout 
the CLF, dependent on the physical properties of the interacting subsystems and on the geometry of the 
connecting junction. In each subsystem energy can be dissipated according to relation (e is the modal 
energy density): 

sssssdiss een ωηηω ==Π ~                                                              (2) 
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or it can be transferred to another subsystem by the following coupling law 

( )rssrsssrtra eeen −==Π ωηηω ~                                                        (3) 

By applying the energy balance equation, the following matrix expression can be derived for the global 
system 
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ηηη                                                                     (5) 

A typical SEA system constituted by 5 subsystems is reported in Figure 1 
 

 
Figure 1: Example of 5 subsystems SEA model 

 

3 From SEA Model To a Digraph 
 
An oriented graph, or direct graph, named digraph, is a particular mathematical structure constituted by a 
set of nodes and by oriented connections between the nodes, called arcs. In particular, a digraph D is a 
structure of the shape  

UQD ,=  
in which Q is the set of nodes and U  is the subset of arcs included in the QxQ Cartesian product set. Then, 
a digraph can be studied by starting from its adjacency matrix U. The latest is a (NxN) matrix, where N is 
the number of nodes, whose element U(m,n) is null if no arc connects the nodes m and n, while is different 
from zero if the arc does exist. The value associated to U(m,n) will be the cost of the arc itself in the 
weighted digraph. A digraph can also have a graphical representation as shown in the Figure 2 below in 
which a 4 nodes and 6 arcs digraph is depicted. 
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Figure 2: Digraph graphical representation 

 
In this section the approach used to represent an SEA model as an acyclic digraph (in which a path is not 
allowed to pass more than once in a same node) is explained. As reported in the previous section, SEA is a 
method to describe the energy conservation principle by using peculiar hypothesis concerning the power 
flow representation. Each SEA subsystem can be seen as a node receiving energy from other subsystems 
having a higher modal energy and providing energy to subsystem with a lower modal energy (Figure 3) 
 

 
Figure 3: SEA subsystem energy exchange rules 

 
As a consequence, the SEA loss factor matrix can be seen as the adjacency matrix of a digraph in which 
the nodes are the SEA subsystems and the arcs are the elements of this matrix. By introducing another 
virtual subsystem (dissipative subsystem) connected to all the other subsystems throughout arcs directed 
inwardly in relation to the dissipative subsystem, also the diagonal terms of the matrix can be considered 
as arcs of the digraph in an expanded adjacency matrix. The global energy balance condition can 
consequently be accounted for, even in the digraph.  
By keeping the SEA matrix as it is, for each couple of interacting subsystems two connecting arcs would 
be created in both directions, so that cyclic paths would be permitted. By considering the SEA statement 
regulating the total energy flow between subsystems, according to the  modal energy content, 

nm ee ≥                                                                              (6) 

a new adjacency matrix can be derived by removing all terms U(m,n) for which em<en. The cost assigned 
to each arc can be redefined so that the path cost (sum of all consecutive arcs composing the path itself) 
represents the amount of energy flowing along that path. The balance equation for subsystem m can be 
written as: 

m

j

mout
j

i

min
i Π=Π=Π ∑∑ ,,                                                             (7) 
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where i relates to all arcs entering subsystem m, while j refers to all arcs coming out from the same 
subsystem. By defining the cost of an arc coming out from subsystem m as 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

j
jm r

Logc 1
10,                                                                    (8) 

where rj is the fraction of the total energy exiting node m throughout arc j 

m

m
jout

jr
Π

Π
= ,                                                                          (9) 

the cost along path p can be expressed as   

∑ ⎟
⎠
⎞⎜

⎝
⎛Π−==

j
jjjpp rLogcc 10,                                                         (10) 

and the term in the bracket is equal to the fraction of power supplied to subsystem S (the source 
subsystem) that arrive to subsystem T (the terminal subsystem) along the path p. In order to determine the 
adjacency matrix as exposed, first of all the evaluation of the modal energy e must be performed 
throughout the SEA system. In the next figure a digraph equivalent to the SEA system of figure 1 is shown 
 

 
Figure 4: Equivalent digraph 

 

4 K-Shortest Path Algorithm 
 
Once the SEA model is associated to an equivalent digraph, the determination of the principal paths of 
energy transmission turns out to be the problem of the determination of k minimum paths (namely the 
identification of the k paths having minimal lengths in connecting the initial node to a terminal node) in a  
digraph, a problem well studied in mathematics.  The exploration of the SEA digraph makes use of the 
algorithm of Eppstein for the determination of k minimum paths which presents the following 
characteristics: 

• To determine, for every terminal node T, the k minimum paths that connect to a unique source 
node S, the algorithm employs a computational time equal to: 

( )knnmO ++ log  

where m is the number of the arc, n the number of vertices, and k the number of paths to detect. 
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• To determine, for all of the nodes of the digraph, the k minimum paths that connect them to a 
unique source nodes S, the computational time is equal to 

( )nknnmO ++ log  

• In an acyclic digraph, to determine the k-shortest path from a source S to a terminal T  the time 
needed for the Eppstein algorithm is  

( )kO  

In addition, the algorithm allows to explore digraph with: 
a)  Arcs that have the same starting and ending nodes; 
b)  More than one arc that link the same two nodes; 
c)  Paths that pass through the same nodes more than one time; 
d)  Arcs with negative costs (but without negative cycles). 
The Eppstein algorithm uses the Frederickson’s algorithm to determine the minimum elements in a heap-
ordered tree. For further detail on Eppstein algorithm see [9]. 
 

5 Digraph Coupling Factor Between Paths and Subsystems 
 
To define the power flow between a path p and a specific SEA subsystem A, consider all subsystems i 
along the path supplying energy to the target subsystem A (Figure 5) 
 

 
Figure 5: Power supply between a path and a target subsystem A 

 
Each of these subsystems supplies the target subsystem A with a power given by 

( )AiiAiA ee −=Π ωη                                                                  (11) 

this power is due to all of the paths that, leaving from all SEA subsystems q in which the power enter, 
arrive at subsystem i.  These paths are responsible for all of the power entry in subsystem i, power that can 
be expressed through the following relationship (where the paths going from q to i are indicated with the 
superscript q→i) 

∑∑
→−Π=Π

j

c

q q
in
i

iq
j10                                                              (12) 

1462 PROCEEDINGS OF ISMA2006



 
Figure 6: Flow Chart of Energy Flow Ratio Detection 

 
The first summation refers to all of the SEA subsystems q in which the power enters, the second 
summation refers to all of the paths that connect subsystems q to subsystem i throughout path j. Each of 
these paths (through the definition of the cost of the path) supplies a contribution to the power entry to 
node i given by 

iq
jc

j
in

ji

→−Π=Π 10,                                                                    (13) 

The fraction of the power supplied from subsystem i to target subsystem A due to the path beginning in q 
and ending in i will be equal to the fraction of the power supplied to i through the same path 

iq
jc

qin
i

iAiqj
iA

→−→ Π
Π
Π

=Π 10,                                                             (14) 

Since the complete path p is composed from a first part starting in q and ending in i and from a second part 
beginning in i and ending in the dissipative subsystem, and since the following relation (directly derived 
from the definition of the cost of the path and from the definition of the fictitious dissipative subsystem) 
must be satisfied  

110 =∑
→− edissipativi
jc                                                                  (15) 

the power transferred to subsystem A across node i from the complete path p can be expressed through the 
following relationship 
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In this formulation kia is defined as the digraph coupling coefficient between subsystem i and the target 
subsystem A. Obviously, the total power transferred from path p to A can be obtained by summing the 
contributions from all the subsystems crossed by path p supplying power to subsystem A 

∑−Π=Π
i

iA
c

q
p
A kp10                                                                (17) 

 

6 Energy Flow Ratio Path Detection 
 
As a consequence of what exposed in the previous paragraphs, the determination of the main paths of 
power transmission in a complex vibro-acoustic system modelled through the SEA methodology follows 
the flow chart depicted in figure 6. In terms of computational cost, the most onerous phase results the sixth 
as is evident in the following table which reports the time employed by an Intel Pentium IV computer of 
2.4 GHz with 512 Mb of RAM to perform the analysis hereafter described. The code was developed 
within MATLAB environment and it was run under Windows 2003 SP3 by using the CLF matrix coming 
from the SEA model of the A109 Mock-up provided by Agusta. 
 

Energy Flow Ratio Detection’s CPU Time 

Phase Number Phase CPU Time [s] 

1-4 Pre-processing Time SEA-DiGraph 67,31 

5 Eppstein k-shortest paths search time 7,51 

6 Post-Processing time 972,94 

Total analysis time 1043,30 

Table I: Energy Flow Ratio Detection on A109 mock-up at 4 KHz (100000 path) 

 

7 A109 Mock-Up Energy-Flow Path Analysis 
 
The developed algorithm, after being applied to some simple cases to verify its reliability (the SEA system 
from Figure 1 and a reinforced curved panel), was utilized to determine the principal paths of energy 
transmission for the A109 mock-up at a frequency of 4KHz. The A109 mock-up SEA model is reported in 
the following figure and consists of 1340 SEA subsystems 
 

 
Figure 7: SEA model of A109 mock-up (Courtesy of AGUSTA) 
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The above described analysis was performed by acquiring in Excel format the Coupling Loss Factor 
matrix coming from AutoSEA2 code. The subsystems through which the mechanical power simulating the 
A109 gearbox excitation is transferred to the structure are the four fixed struts and the anti-torque plate,  
showed in the following Table 
 

ID Power Input Subsystems 

1 Forward right strut 

2 Forward left strut 

3 Backward right strut 

4 Backward left strut 

 
5 Anti-torque plate 

Table II: Power input on A109 mock-up 

 
The target subsystems (subsystems in which acoustic power must be reduced) were the passenger’s cabin 
cavity and the pilot’s cabin cavity.  The following figures report the contribution from various paths 
expressed as percentage of the total energy supplied to the target subsystems, as evaluated by the proposed 
algorithm, when power is supplied throughout either the anti-torque plate (extensional mode) or the 
forward right strut (extensional mode). 
 

 
Figure 8: Energy Flow Ratio Path Detection: power input on anti-torque plate 

 

 
Figure 9: Energy Flow Ratio Path Detection: power input on forward right strut 
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The main transmission paths are listed in the following figures (10-11), sorted out according to their 
power contribution to the target subsystems, along with the crossed subsystems for each of them. This 
information is extremely useful to identify the strategy and location of control systems to be applied to 
reduce the power level within the target subsystems.  
 

 
Figure 10: Main paths to pilot's cabin (left) and to passengers' cabin (right): power input on anti-

torque plate 

 

 
Figure 11: Main paths to pilot's cabin (left) and to passengers' cabin (right): power input on 

forward right strut 
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In the previous Figures the SEA subsystems are listed according to the Italian names attributed to them in 
the SEA model. The main path contributing to the interior noise in the pilots’ cabin when power is 
supplied via the anti-torque system is constituted by the following subsystems:  

• Extensional modes of anti- torque plate (boomerang-E) 

• Shear modes of roof plate (cpaptetetto-S) 

• Flexural modes of roof plate (cpaptetetto-F) 

• Acoustic modes of passengers’ cabin (cavità cabina passeggeri) 
As reported in the Figure 10, this path is responsible for the 4.3% of the total energy inside the pilots’ 
cabin. By considering also the second path in order of importance, it can be seen that up to the 8.5% of the 
total energy is transmitted to the target subsystem throughout the coupling between the roof plate and the 
passenger cabin (as highlighted in Figure 8 as well). This result appears as being quite reasonable, 
providing evidence of the correctness of the procedure.  
The same consideration can be derived for the excitation coming from the forward right strut, for which 
the main path, contributing for almost the 10% of the total energy in the pilots’ cabin, is composed by the 
following subsystems: 

• Extensional modes of forward right strut (attacco asta trasmissione anteriore dx-E) 

• Flexural modes of roof plate (cpaptetetto-F) 

• Acoustic modes of passengers’ cabin (cavità cabina passeggeri) 
In this case also, the result appears as logical enough to support the reliability of the procedure. 
The large number of paths providing a significant contribution to the target subsystems is a consequence 
of the characteristics of the investigated system, where the number of structural subsystems directly 
connected to the pilots’ and passengers’ cabins is quite high.  
An improvement of the procedure to obtain a better identification of the control strategy for the reduction 
of energy transfer to the cabins would be the application of the proposed algorithm to a “modified” system 
where only the structural component are taken into account, while considering the cabins as virtual 
external systems. This approach is now under investigation in order to achieve the total energy transmitted 
to the enclosed cavity from a global structural path. 
 

8 Conclusions and Further Developments 
 
In this paper an innovative method for the identification of the main transmission paths within complex 
structures modelled by SEA methodology is described. The algorithm is implemented within Matlab 
environment and applied to the SEA model of Agusta A109 mock-up. The potentiality and accuracy of the 
method are underlined along with the advantages in respect of other methods.  
Further improvements of the procedure are now under investigation to extrapolate the global structural 
path contribution to enclosed acoustic cavity multi-connected to structural components. The availability of 
the proposed procedure will be extremely useful for the design of active and passive strategies for the 
reduction of interior noise in helicopters. Based on this methodology an optimization procedure will be 
developed to provide a complete design tool for noise attenuation in complex vibro-acoustic systems. 
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Abstract
The paper presents some preliminary results of active control strategies aimed at reducing the transmission of
structure-borne noise to the cabin structure on a AgustaWestland A109 helicopter mockup. The experiments
were performed on a full-scale mockup consisting of a gearbox housing connected to the fuselage via two
front and two rear struts and an anti-torque plate. The mockup is provided with two electric motors that
appropriately drive the gearbox at the nominal rotating speed. A suitable aerodynamic brake is attached to
the rotor must in order to reproduce the load effect of the rotor blades. Peaks at the gear meshing frequencies
reveal amplitudes very close to those acquired during in-flight measurements. Rear gearbox struts and the
anti-torque plate were equipped with piezoelectric actuators and some control algorithms were designed and
implemented to change the transfer function at the connection between the gearbox and the cabin. Vibration
and acoustic results inside the cabin are presented and critical issues of the adopted solutions are discussed.

1 Introduction

Roughly speaking, the noise sources of a helicopter can be divided into two main groups: noise arising
aerodynamically (airborne noise) and noise arising mechanically (structure-borne noise) [1].

Airborne noise includes turbulent boundary-layer-induced noise, main and tail rotor noise and jet engines
noise. The turbulent boundary layer generates a fluctuating pressure that causes large random excitations
of the fuselage skin with consequent large sound levels into the cabin (broadband noise). The propeller
blades rotating through the air generates deterministic noise (narrowband noise) correlated to the rotational
speed of the propeller with very distinctive tones corresponding to the blade-passage frequency and its higher
harmonics. The high speed and high temperature jet gases turbulent flow from the engines causes random
and broadband noise especially during takeoff, cruise climb and thrust reversing of landing manoeuvres.

Structure-borne noise is originated by the vibration of the airframe that radiates noise into the cabin. Intense
structural excitations are generated by the vibration of the gearbox and propulsion system. They are trans-
mitted to the helicopter fuselage via mount elements that have to be statically as stiff as possible to support
the gearbox/engine at the most severe flight conditions. This static stiffness is in contrast with the goal of
isolating the two connected parts in order to reduce the gearbox/engine vibration transmitted by the mount
element.

The noise sources listed above collaborate to generate a cabin interior noise spectrum having large amplitude-
low frequency rotor harmonics, random broadband noise and large amplitude-high frequency structure-borne
distinctive tones. The low frequency tones typically fall in the range from 20 to 200 Hz and arise from the
main and tail rotor harmonics. They are not really annoying to passengers and crew members because of the
natural attenuation of human ear at low frequency. On the contrary, high frequency tones (typically above
500 Hz) fall into a region where the human ear is highly sensitive. They interfere with the speech and are
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often 10 to 20 dB higher than the broadband noise spectrum. Therefore they are generally considered the
most irritating component of noise in a typical middle-size helicopter cabin.

Overall reduction of interior noise levels can be obtained by adopting two distinct approaches: passive and
active approach. The most common passive means are soundproofing of the helicopter cabin and resonance
absorbers. Cabin soundproofing can be obtained by increasing the damping of the fuselage panels and/or
improving the sound transmission loss by double panel partitioning with fibreglass blankets and absorbing
materials. Resonance absorbers minimize local vibration in the attachment points between the mount ele-
ments and the fuselage skin. The first solution involves a significant weight increase, especially for noise
reduction in the so-called low- and mid-frequency range. Passive absorbers can be tuned only at a fixed
frequency and require perfect matching between the tuning frequency and the disturbance tone.

Active control reduction of noise levels resulting from mechanical vibrations can be alternatively adopted
for the attenuation of low/mid-frequency broadband disturbances with small weight and space penalties
[2]. Active control of interior noise in aerospace vehicles can be divided into two main categories: acoustic
control systems, aimed at reducing the cabin noise directly, and vibration control systems, arranged to reduce
either the vibration transmission from the airframe to the fuselage or the noise transmission and radiation by
the fuselage walls.

The first approach, denominated active noise control (ANC), uses acoustic sensors (microphones) and acous-
tic sources (loudspeakers) inside the enclosure. The loudspeakers are driven to create a control acoustic field
that destructively interferes with the acoustic field into the cabin. ANC techniques are very effective because
they operate directly on the undesired sound field providing local and global quieting, but they have some
drawbacks. Minimization of sound in a relatively big cavity typically requires a large number of error sen-
sors and secondary sources. Thus the control system is almost always bulky, invasive and costly. Moreover
the acoustic controller is very sensitive to changes in the physical and geometrical parameters of the acoustic
field of the cabin, such as changes of temperature and pressurization, and movement of the passengers. The
way the transfer functions between the sensors and actuators are affected by those factors is very difficult to
predict and track. For these reasons, ANC strategies will not be further investigated.

Active vibration control (AVC) systems employ structural actuators operating onto selected structural parts
in such a way to suppress the vibration of the fuselage skin [3]. They can be generally classified as source
vibration controllers and transmitting path vibration controllers. The first category includes control systems
acting directly on the sound-radiating cabin panels by improving the sound transmission loss of the fuselage
wall. The second class includes active systems operating on the control of the gearbox-to-airframe and/or
engine-to-airframe transmission of structural vibration. The context is formally an active vibration isolation
problem. As said above, a dominant source of structure-borne interior noise is gear meshing in the main
rotor gearbox. The gearbox-to-airframe connecting elements represent the main path along which the vibra-
tion is transmitted to the airframe and is efficiently coupled with the noise radiation into the cabin. Since
these connecting elements have to carry the in-flight quasi-static load of the helicopter, the introduction of
elastomeric isolators in correspondence of the junctions would certainly affect the dynamic stability of the
main rotor. An attractive solution which maintains the required static stiffness and provides the expected
compliant properties can be obtained by using active elements constituted by the passive structural mount
element supplied with actuators fighting against the vibration transmission.

This paper presents some preliminary results of active control strategies aimed at reducing the transmis-
sion of structure-borne noise to the cabin structure on a full-scale AgustaWestland A109 helicopter mockup.
Some vibration and acoustic results inside the cabin are presented and critical issues of the adopted solutions
are discussed. The active control systems described here were focused on reducing tonal components corre-
sponding to selected gear mesh tones. The control algorithms were designed and implemented to change the
transfer function at the connection points between the gearbox and the cabin.
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Figure 1: AgustaWestland A109 helicopter mockup: gearbox housing and aerodynamic brake.

Figure 2: Left rear gearbox strut equipped with surface-bonded piezoelectric patches.

2 A109 mockup and control hardware

The exploitation of active control systems aimed at reducing the noise level inside the cabin of a helicopter
must be extensively validated in advance due to the high cost of an in-flight test campaign. The activity
described in this paper is related to this preliminary evaluation on a test-bed very similar to an actual heli-
copter, at least as far as the structural impedances and vibration and noise paths of interest is concerned. The
experiments were performed on a full-scale A109 helicopter mockup. The mockup is actually a fuselage
of a A109 model, grounded on three points (used for ground movement on a carriage) and lacking of many
devices such as main and tail rotors and turbines. However it is equipped with the actual gearbox housing
connected to the fuselage via two front and two rear struts and an anti-torque plate. The cabin is lacking of
internal equipments and passive treatements usually installed to reduce noise. Being the helicopter grounded
on three point, classical ground test cannot be carried out. Nonetheless the attention is here focused on a rel-
atively high frequency range (500-2000 Hz) where the effects of the rigid suspension system are negligible.
The mockup is provided with two electric motors appropriately driving the gearbox at the nominal rotating
speed. A suitable aerodynamic brake was attached to the rotor must in order to reproduce the load effect of
the rotor blades (Figure 1).

Rear gearbox struts and the anti-torque plate were equipped with pairs of piezoelectric patch actuators of
different dimensions (Figure 2 and Figure 3). The patches of each pair were bonded simmetrically onto the
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Figure 3: Left side of the anti-torque plate equipped with surface-bonded piezoelectric patches.

opposite sides of the structural element. The error signals for the control systems were obtained from PCB
Piezotronics accelerometers installed at the mounting points between the gearbox and the cabin roof panel.
Before arriving to the piezoceramic patches, the control signals generated by the control PC were low-pass
filtered by eigth pole Butterworth filters to smooth the quantizied voltages. Finally, the control voltages were
amplified to provide adequate driven power by a home-made amplifier based on PA85 Apex components
(maximum control voltage 150 V). The accelerometers were connected to a 478A16 PCB signal conditioning
device and then low-pass filtered to prevent aliasing. The digital controllers were implemented on a general
purpose Athlon 2 GHz computer running a hard real-time operating system [4]. The PC was equipped with
two National Instruments 12-bit I/O boards for analog-to-digital and digital-to-analog operations. Since the
goal of this work was to carry out preliminary evaluation of active control strategies on a helicopter mockup,
any attempt to miniaturize the hardware components was considered beyond the scope of this research.
Therefore, only available off-the-shelf hardware components were used for the demonstration tests.

3 Active control techniques

Active control systems are based on three main architectures: feedforward control, where a coherent refer-
ence disturbance input is available; feedback control, where the controller attempts to cancel the disturbance
without the benefit of a reference input; hybrid feedback/feedforward control, where the controller structure
is a combination of the feedforward and feedback architectures. The most widely used vibration control
methods can be classified as optimal feedback control, classical feedback control and adaptive feedforward
control. The selection of the candidates for the active reduction of helicopter cabin noise is really hard due
to the large number of different techniques belonging to each category. The choices adopted here were in-
fluenced by the physics of the plant to be controlled (beam-like or plate-like flexible structures) and by an
accurate evaluation of the solutions adopted in the active noise and vibration control (ANVC) literature for
the dynamic systems under study. The following issues were considered:

(i) When the tonal disturbance entering the system is measurable, an optimal feedforward controller can
be designed. However, the plant response is typically not known with perfect precision, nor even
completely constant over time. Therefore, some form of feedback is required to attain maximum
performance. This can be achieved with adaptive feedforward algorithms or hybrid techniques.

(ii) Controllers designed upon an analytical model of the structure lack of robustness and often lead to
poor closed-loop performance. Modelling errors and actual dynamics of measurement and control
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devices strongly affect gain and phase margins. Controllers based on experimentally identified models
have more chance to be robust and effective.

(iii) Single-input-single-output control systems are typically unable to observe and control all vibration
frequencies within a relatively wide bandwidth. Multiple actuators and sensors are required to obtain
satisfactory global attenuation levels.

4 FXLMS control of the gearbox rear struts

The physical configuration and the kind of excitation of interest entering the gearbox struts are highly suit-
able to the application of a feedforward control scheme. In fact the primary disturbance arises from rotating
machinery, such that it is harmonic with distinctive tones corresponding to the meshing of the gears. More-
over the propagation path is down a waveguide where the disturbance at any given point is a function of the
disturbance at an upstream point some time previously. Therefore the disturbance entering the structure can
be used as a reference for the control signal generation. Feedforward controllers rely on the availability of
a causal reference signal unaffected by any control input and well correlated with the impending primary
disturbance. Conventional feedforward control systems operate in an open loop fashion with a frequency
or impulse response having fixed characteristics. Nevertheless they may not give satisfactory performances
when the input signal and/or the system response vary with time or the physical plant is not perfectly known.
Therefore many of the electronic systems used in feedforward control systems adjust or tune the coefficients
of the controller in order to make it adaptive. The most popular adaptive control technique used in ANVC
systems is the normalized filtered-X least-mean-square (FXLMS) algorithm [5]. It is appropriate for systems
characterized by both broadband and narrowband disturbances, its architecture allows fast implementation,
it is robust in the presence of uncertainties in the physical modelling and variable amplitude primary distur-
bances, and it is relatively simple to set up and tune in a real-world environment. There are many versions
of the FXLMS algorithm. The most common is based on finite impulse response (FIR) digital filters and
uses the normalized least mean square (LMS) algorithm to adjust the weights of the filters. The filtered-X
algorithm is inherently stable and has a very simple structure. This version was selected as a good candidate
for active reduction of the gearbox-to-airframe vibration transmission through the rear struts of the A109
mockup. Since the reference signal for the FXLMS controller was obtained from an accelerometer sensor
on the gearbox, the controller required bandpass filters to help isolate targeted tones from the extraneous
broadband noise.

Each rear strut was equipped with four pairs of piezoeletric patches (see Figure 2), located approximately
at 25% (lower position), 33%, 50% and 67% (upper position) of the beam length. In this configuration 8
independent piezoceramic actuators for each strut were available for control purposes. A study was carried
out to investigate an appropriate solution having minimum processing complexity and power requirements.
Actuator grouping was first investigated. Each pair was considered as a single actuator and the corresponding
patches were driven in-phase or out-of-phase to produce longitudinal or flexural waves. In this way the
control channels can be reduced to 4 but the control performance becomes more and more specific to a given
direction of primary disturbance. Previous work on vibration control of helicopter struts had shown that the
control force required to cancel travelling waves on finite beams can vary strongly with actuator position
and impedance of the primary source. Assuming a high impedance primary source due to a massive and
stiff structure such as the helicopter main drive and gearbox, less force is required for active control when
the actuators are far from the source. Therefore a test configuration using only 4 independent piezoceramics
actuators at positions of 25% and 33% was selected. Vibrations results for this configuration will be presented
here. Error sensors for control can be positioned on the strut itself or on the receiving structure to which the
strut is attached. In the first case, if all the wave types of interest could be detected by accelerometers and
suppressed by the control system, then the fuselage cabin would be isolated from the disturbance coming
from the gearbox. Since the vibration of the receiving structure is actually of concern, the best results
would be obtained by measuring the quantity to be attenuated. Therefore two error sensor accelerometers
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Figure 4: FXLMS control scheme.

were installed at the connecting points between the strut and the fuselage cabin. One accelerometer was
positioned outside the cabin on the lower connecting elements to measure longitudinal vibration and one
accelerometer was installed inside the cabin at the mounting point between the strut and the roof panel
to measure vibration normal to the roof. Other configurations and cost functions to be minimized by the
control system are currently under study. Since the effect of the control sources of one strut on the other
strut can be considered very small, two identical de-coupled FXLMS controllers were implemented. In this
way each controller operates on the mated trasmission path. Off-line tests were first performed to estimate
the secondary-path transfer functions and the appropriate value of the FIR filter order for the realization of
such functions. In this preliminary activity, single tonal disturbance component at 1780 Hz was considered
for active rejection. A careful study was carried out to design suitable band-pass filters to isolate the target
tone from the signal acquired by the reference accelerometer mounted on the gearbox. Inverse Chebyshev
band-pass filters were selected since they provide flat response within the bandwidth of interest with limited
group-delay nonlinearity. Sixth order filters were designed, centered at the frequency of the selected tonal
disturbance with 10 Hz band pass amplitude to accomodate small disturbance frequency shifts. The final
scheme of the controller is shown in Figure 4. In this sketch x(n) is the reference signal obtained from the
accelerometer installed on the gearbox. Blocks P (z), S(z) and W (z) represent the discrete-time transfer
functions of the physical plant, the secondary-path and the controller, respectively. S(z) is a 4 × 2 matrix
containing the estimated impulse response functions from each actuator to each error sensor. W (z) is a
vector of four elements containing the FIR filtering of the common reference signal to the corresponding
control output. x′(n) is the filtered reference signal to be sent to the LMS adaptation algorithm. d(n),
y(n) and e(n) are the disturbance signal, the control signal vector and the error signal vector, respectively.
Figure 4 shows also the block representing the band-pass filters designed to isolate the target tone. Stability,
convergence speed and performances of the FXLMS algorithm are governed by the order of the FIR filters,
the LMS convergence coefficient and the reference signal power. To optimize the speed of convergence
as well as maintaining the desired steady-state closed-loop performance in an independent way from the
reference signal power, the LMS convergence coefficient was normalized with respect to the controller FIR
filter order and the power of the filtered reference signal. A sampling rate of 8 KHz was used. FIR filters of
350 and 150 weights were used for the secondary paths and for the controller, respectively.

Vibration results of the FXLMS control can be seen in Figure 5. It shows the open (red line) and closed-loop
(blue line) frequency spectrum of the error signals inside the cabin directly at the mounting points of the
gearbox struts (left and right side). The autospectrum shows that the performance was satisfactory. The
controller was able to completely reject the selected tonal disturbance at 1780 Hz whose amplitude was
lowered down to the level of the broadband noise. Frequency plots of the control voltages (not shown here)
showed that control energy was concentrated only around the target tone. Control voltages never reached the
saturation limit of 150 V. For the case considered here, the peak-to-peak value of the control voltages was
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Figure 5: Vibration reduction at the error sensor inside the cabin using FXLMS control on the rear gearbox
struts.

134 V for both struts.

5 GPC control of the anti-torque plate

Generalized predictive control (GPC) reveals many suitable properties according to the issues outlined in
Section 3. It was originally developed for chemical industrial automation [6][7]. However, with an appro-
priate interpretation of its parameters, GPC can be applied to a wide variety of dynamical systems, including
vibrating structures [8]. The concept under predictive control is to derive a faithful prediction of the system
response at a fixed time in the future and to design the control inputs such that this prediction is similar as
much as possible to a desired behavior [6]. In vibration applications, the desired output is zero. Predic-
tions over a certain horizon may be obtained by extending ahead an appropriate discrete-time model of the
structural dynamics. The constraint that the predicted vibration response is closed to zero may be expressed
by minimizing a cost function containing future vibration outputs at some selected points of the structure.
Many predictive techniques are available in the literature. Two main factors distinguish the different types
of predictive controllers: the structure of the model and the form of the cost function. The GPC formulation
used here [8] relies on an autoregressive with exogenous input (ARX) model [9] and minimizes a cost func-
tional including both the output predictions and a weighting of the control variables. The control penalty
factor allows to limit control activity and prevent actuator saturation. The formulation of GPC adopted here
can be found in Ref. [8]. The GPC algorithm has a classical feedback architecture. Therefore, it is able
to regulate vibrations with no need of a reference signal. This is particularly useful when dealing with dif-
fuse and broadband noise sources, like turbulent boundary layer, or transient disturbance during manouevres
and gusts. Reduction of stationary deterministic tones due to mechanical rotating elements, like gearbox
mechanisms, would be enanched by adopting a feedforward scheme. GPC can be appropriately extended to
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Figure 6: Vibration reduction at error sensor using GPC control on the anti-torque plate.

include the disturbance signal, provided that a suitable measurement of it is available. An alternative way to
enhance feedback GPC performance without explicitly adding a feedforward part is to perform system iden-
tification in the presence of the unknown external disturbance that induces structural vibration. Disturbance
information can be recovered if the model order is increased enough to incorporate disturbance dynamics.
Such approach is called internal noise model. In this way the predictive feedback controller incorporates
an embedded feedforward path. This version was selected as a good candidate for active reduction of the
gearbox-to-airframe vibration transmission through the anti-torque plate of the A109 mockup.

24 piezoelectric actuators were installed on the anti-torque plate in order to perform active vibration control.
The piezoelectric patches were placed on both wings of the plate as shown in Figure 3. In each point two
actuators have been glued: one on the top side and one on the bottom side of the structural element. A fully
coupled control configuration with 24 independent piezoceramic actuators would require significant signal
processing, especially for the high frequency tones considered. We therefore investigated a configuration
with actuator grouping. The mated patches on the top and bottom side at each location along the plate were
grouped to form a single actuator and driven out-of-phase. In this way 12 couples of piezoceramic actuators
were available on the plate to control vibration in the out-of-plane direction. In this preliminary activity, two
tonal disturbance components at 1600 Hz and 1780 Hz were considered for active rejection using only the
actuators located on the right side of the anti-torque plate. Two error sensor accelerometers were installed at
the mounting points between the plate and the roof panel to measure vibration normal to the roof. Stability
and performances of the GPC algorithm are governed by the order of the ARX model, the value of the
prediction horizon and the control penalty factor. As a rule of thumb the order of the ARX model should be
selected 2 or 3 times the assumed order of the structural system to take account for noisy input/output data.
In the present study, it was selected to be 100. The prediction horizon should have a minimum value closed to
the rise-time of the plant. This will aid in regulation by giving the predictive controller sufficient information
about where the plant output is heading. The prediction horizon has no maximum value, even if setting it
beyond the system settling-time will yield little benefit. Due to its affinity with the ARX model order, the
prediction horizon was always set equal to the ARX model order in the experimental tests presented below.
The penalty factor should be adjusted to balance performance demands, robustness and actuator authority.
Reducing it increases control authority and global performance, but eventually drives the system unstable.
Although a simulation may help in finding an approximate range, it is typically set experimentally by trail
and error. The value adopted in this experimental study (0.001) was determined with regard to the level of
input and output voltage signals. A sampling rate of 6.25 KHz was used.

Vibration results of the GPC control can be seen in Figure 6. The narrowband spectral plot shows the open
(light solid line) and closed-loop (heavy solid line) frequency spectrum of the error signal at one mounting
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Figure 7: Beamforming arrangement.

point of the anti-torque plate. Very similar performance was achieved on the other connection. The controller
was able to completely reject the tonal disturbance at 1600 Hz whose amplitude was lowered down to the
level of the broadband noise. The 1780 Hz gear mesh frequency was reduced of nearly 10 dB on both
connecting points. Some preliminary analysis of the noise reduction inside the cabin was performed by
B&K using a beamforming technique (see Figure 7). Beamforming is a noise source location method based
on measurements with a planar array of microphones at an intermediate distance from the source. The
beamforming calculations can then basically resolve the relative contributions from different directions to
the sound field seen by the array. Figure 8 shows the beamforming pressure map at 1.6 KHz of the ceiling
without active control. Figure 9 shows the beamforming pressure map at 1.6 KHz of the ceiling with active
control.

6 Conclusions

The goal of this preliminary study was to investigate the viability and effectiveness of two active control
strategies to reduce the transmission to the helicopter airframe of the gear-meshing vibration. Some test
configurations and results were presented on a full-scale AgustaWestland A109 mockup. The active control
systems were focused on reducing two tonal components corresponding to selected gear mesh tones. To
this aim the rear gearbox struts and the anti-torque plate were equipped with pairs of piezoceramic actuators
and two control strategies (FXLMS and GPC algorithms) were designed and implemented. The vibration
transmission performance showed that the accelerations at the connecting points between the gearbox and
the fuselage were satisfactorily reduced. Preliminary acoustic analysis showed promising results. Alternative
sensor configurations and cost function to be minimized by the control system will be investigated in the near
future to improve noise reduction inside the cabin.
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Figure 8: Map of the intensity of the roof panel using beamforming without active control.

Figure 9: Map of the intensity of the roof panel using beamforming without active control.
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Abstract 
Accurate prediction of low to medium frequency surface vibration and sound radiation behavior of foam 
materials, requires improved means of estimating the dynamic elastic and damping properties of the foam. 
This need arises due to the geometric anisotropy in the foam cell microstructure, where the foam cells and 
struts are elongated in the rise and injection flow directions of the manufacturing process. To reach 
acceptable levels of accuracy, this inherent anisotropy needs to be correctly represented in the acoustical 
numerical simulation methodology. The present paper presents a methodology built on a hybrid 
combination of experimental deformation and strain field mapping, and physically based porous material 
acoustic Finite Element (FE) simulation modeling, allowing for the anisotropic dynamic elastic 
coefficients and damping properties of the foam to be correctly estimated. This new methodology of 
model-based porous material characterization is demonstrated here for a simplified seismic mass 
configuration. 
 

1 Introduction 
 
Foam materials are commonly introduced as lightweight, means to control noise and vibration in many 
applications. In manufactured porous foam materials acoustic trim components; there exists an inherent 
geometric anisotropy in the foam cell microstructure. The foam cells and struts are elongated in the rise 
and injection flow directions of the manufacturing process. The density, elastic and damping properties of 
the foam can then be considered to be highly dependent upon manufacturing process techniques, along 
with the polymer chemical formulations. For a balanced cost and acoustic performance optimization of 
these materials in the product development cycle, it is important that this inherent anisotropy is correctly 
represented in the acoustical numerical simulation methodology. Such an enhanced methodology has the 
potential of leading to improved NVH (Noise, Vibration, and Harshness) analysis during the development 
lifecycle of an acoustic sound package, allowing a better balance between acoustic performance and a 
minimization of material usage to be achieved. 
 

 

2 Modeling 
 
In the case of general NVH aspects, many system properties are as yet difficult to simulate accurately. The 
reasons for this are many; e.g. scatter in physical/material properties, frequency dependent constitutive 
material models, etc. Furthermore, the physical modeling of the dynamic behaviour of an anisotropic foam 
vibration response is as yet an open question. To determine and validate physical foam material models as 
well as analysis methods requires a combined experimental and numerical approach, the three main steps 
required to reach a validated material model are: 
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• Characterisation: Static and dynamic experiments as well as finite element models are used to 
determine the elastic, viscoelastic properties (moduli) and the acoustic properties of the 
anisotropic material. This is typically performed in a seismic mass setup, involving in vacuo 
measurements, and in a static flow rig. 

 

• Material modelling: A constitutive, frequency dependent model of the anisotropic foam material is 
established, based on the determined moduli. This model includes the elastic and viscoelastic 
response of the material. 

 

• Validation: The foam material model is used in finite element simulations, typically for a 
sandwich configuration, conducted using a finite element model and compared to experimental 
result. 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 1 Microscopic photography of the tested melamine foam with possible principle cells orientation 
 
 

3 Static characterisation 
 
This step involves three parts; first the fully relaxed static moduli are measured using static compression. 
CCD cameras are then used, enabling the full field mapping of the deformation under static loading. These 
data are then used to fit a material modulus matrix via finite element simulations using a model 
representing the set up and applied loading [1], [2]. 
 

3.1 Fully relaxed elastic moduli estimation 
 
The stress relaxation of the foam samples under a constant strain was determined through measurements 
using a static load cell, [12]. The recorded force was found to be highly time dependent due to relaxation 
of the polymer in the solid frame. The pressure applied (force/surface area) is shown as a function of time 
in Figure 2. 
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Figure 2 Recorded pressure (force/surface area) over time 

 
From these data, static moduli were initially estimated through a fractional Maxwell model as discussed in 
[12], in which the stress appears as a non-integer order derivative of the strain. These approximate values 
were then used as starting points for the generally orthotropic model attempted here. 
 
The microstructure of the foam under consideration is shown in Figure 1. As may be inferred from Figure 
1, and confirmed by the data shown in Figure 2, the sample tested is found to be anisotropic, but with 
almost equal moduli in two different directions (15% difference). This proximity suggests that for some 
properly chosen material system orientation, a transversally isotropic (possibly orthotropic) material 
model might be found. Furthermore, it should be mentioned that a variation in the measured moduli for 
the z-direction was within +/- 10% between different samples. 

 
3.2 Deformation field mapping under static loading 
 
In addition to the measured elastic moduli, also the deformation fields at the free surfaces of the samples 
were determined through speckle interferometry, [12] where also the measurement procedure is described 
in some detail. The 3D deformation of the structure under different loading conditions were recorded 
using CCD cameras, one picture frame half hour. A typical deformation is shown in Figure 3. 
 

4 Material system determination 
 
As discussed briefly above, the initially estimated moduli indicated a possibly transversely isotropic 
(orthotropic) material. To find the full material modulus matrix an inverse estimation was performed using 
a finite element model of the setup, [12], varying the modulus matrix used for the simulation until a 
satisfactory least square fit of the predicted deformation fields as compared to the interferometry maps. 
Nine different moduli and three orientation angles were used to find a least squares match between the 
measured and predicted fields at two orthogonal surfaces. In Figure 4 typical the results from the 
simulated deformation, using the estimated material modulus matrix, are shown together with the 

[N/m2] 
[N/m2] 

[N/m2] 
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measured speckle interferometry maps at the final step of the measurement sequence. The modulus matrix 
thus estimated was viewed as a representative estimate for the tested samples. As such it may be used in a 
validation of a dynamic model of the same set of samples. 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Figure 3 Deformation, at one face of the sample, in three directions (from speckle interferometry 
measurements) due to compression in one direction. 
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Figure 4 Simulated and measured static deformation fields, load in y-direction, using modulus matrix with 
best fit. a) deformation in x, b) deformation in y, c) deformation in z. 
 

The material coordinate system is shown together with the body coordinate system used for the 
simulations in Figure 5. Note that the inclination found resembles the cell orientation previously 
discussed, Figure 1. 
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Figure 5 Material coordinate system, rotations are in degrees. 

 
The elastic moduli thus found, expressed in the material coordinate system, are shown in equation (1). 
 

3

40 33 37 0 0 0
89 131 0 0 0

300 0 0 0
10  [Pa]

26 0 0
21 0

26symm

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥

×⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

                                    (1) 

 
 

5 Conclusion and further work 
 
The research presented in this paper is a work in progress, concerned with the determination of 
constitutive models for elasticity and dynamic behaviour in polymer foams. The goal is to derive models 
useful in numerical prediction methods and to demonstrate those in typical applications. The results from a 
static and dynamic characterisation performed, suggest that a transversely isotropic (orthotropic) material 
model with proper principal material directions is a valid representation of a real foam. 
 
Static moduli have been estimated through a inverse procedure, these will be used to acquire the dynamic 
moduli and, once these are found, the full model will be available. It is planned to have the complete 
model ready at the time of the conference presentation. 
 
The principal relevant new notions of this article are: 
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-To apply a coherent and integrated set of experimental and numerical methods to characterize the 
anisotropic, fully-relaxed static and dynamic foam elastic properties. 
 
-The validation of these materials models applied in numerical analysis methods based on viscoelastic 
principles for simulating the linear vibration response of flexible foam materials. The current research is a 
step towards a design methodology for soft foam materials alleviating this lack of proper design tools. 
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Abstract 
Increasing acoustic comfort inside the helicopter is demanded especially by VIP customer. Noise 
reduction is a big challenge, due to the high acoustic levels generated by the main sources (gearbox, 
engines, rotors, hydraulic and oil pumps) and requires the synergy of all available technologies. 
A mock-up built using a real helicopter is used like test-bench in order to apply and to validate noise and 
vibration reduction systems. In parallel, a SEA analytical model has been developed to reproduce the test 
results both in term of noise transfer path and of acoustic levels in running condition. The validated digital 
mock-up in “bare” configuration will be then used to compare several trimmed configurations to select 
only the most promising to be tested, saving time and costs required by experimental tests. 
 
 

1 Introduction 
 
The increased civil market of helicopters demanded, especially by VIP customers, more and more comfort 
inside a helicopter cabin. The EC Project Friendcopter has the scope as suggested by the acronym to have 
a more friendly and acceptable helicopter for what concern the exterior and interior noise. One of the 
workprogrammes is devoted to implement active and passive technologies with the scope to reduce the 
interior noise in a helicopter cabin at least to achieve the acoustic level of a propeller aircraft. In order to 
evaluate and then to apply the available technologies on a real helicopter, experimental and analytical 
activities have been planned. The work which is the subject of this paper is part of the strategy applied on 
A109 helicopter. 
 

2 Validation of single components 
 
A preliminary activity was performed to check that material parameters were correctly assigned to SEA 
subsystems. The main subsystems used to model the helicopter body were identified as flat and singly 
curved panel. Depending on the design choice and the location on the helicopter, the panels could be in 
aluminium (isotropic) or in composite material such as a sandwich and eventually reinforced by stiffeners. 
FEA models of these simple subsystems were developed using I-DEAS pre-processor and keeping the 
mesh density very fine, with at least six elements for wavelength, such to reproduce correctly the 
deformed geometrical shape up to the maximum investigated frequency range which was in our case 6.3 
kHz. 
The natural modes of the panels were computed by MSC-NASTRAN and then the outputs were processed 
by a suitable Fortran90 code in order to get the number of modes falling into each third octave band. 
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  Figure 1: FEA model of singly curved with ribs        Figure 2: SEA model of singly curved with ribs 

 
In parallel SEA models of the panel was quickly created and their modal density in third octave band were 
derived. 
The comparison between FEM and SEA approach mode count shows good agreement, especially from 1 
kHz. Only some discrepancies appears in medium frequency range from about 250 to 630 Hz where the 
modal density is low and the results are affected by the boundary condition (free, clamped or hinged). This 
happens mainly for the panel showing higher stiffness (i.e. ribbed isotropic or sandwich). 
 

   
Figure 3: FEA and SEA mode count for     Figure 4: Comparison of FEA and SEA for                          

singly curved aluminium panel                    singly curved sandwich panel  

 
 

3 Statistical energy analysis model 
 

3.1 Model features 
 
The mock-up FE model of the A109 MK II was used as reference to create the related SEA model in bare 
configuration. The helicopter body is a typical aerospace structure composed mainly by aluminium panel, 
bulkhead, ribs and few sandwich panels. Windows are made in plexiglass materials. 
Figure 5 shows the full SEA model. Main gearbox (MGB) is not included in the modelling being its 
attachment points the main mechanical power input points into the frame. 
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Figure 5: SEA model of the mock-up                 Figure 6: Interior cavities of the mock-up 

 
 
The structural model is composed by 429 panels and 5 beams. Each panels support three different waves 
extensional, shear and flexural whereas each beam support four different waves axial, two bending and 
torsional. 
The acoustic model is composed by 27 interior cavities and 6 exterior cavities (Figure 6). The interior ones 
are response cavities and the exterior ones are to assign external acoustic boundary conditions. Each cavity 
support just one acoustical wave. The more relevant cavity are related to the cockpit and passenger 
compartment. 
The total number of degrees of freedom of the vibroacoustic model equals to 1340. 
As well known, the SEA subsystems are interconnected by junction so that the power can flow through the 
subsystems freely generating the vibratory and acoustic environment. Junctions were created mainly using 
the automated feature of the AutoSEA 2 program [1] but some has been reviewed or created manually. 
This is typically done to simulate the presence of a gasket so the direct transfer of energy along the 
interface is strongly attenuated like for the door, or to connect point geometrically not coincident (i.e. it is 
used to connect the anti torque plate to the roof). 
 

3.2 Evaluation of the damping loss factor 
 
Damping loss factor (shortly DLF) plays a fundamental role in the energy dissipation of SEA subsystem. 
The power dissipated by a subsystem is directly proportional to the damping loss factor and the energy 
level as shown in the following expression [2]: 
 

EWd ⋅⋅= ηω                                                                     (1) 

 

where ω is the circular frequency. 
The correct evaluation of DLF is very important especially for the structure-borne noise path as 
consequence it affect strongly the capability to obtain a good prediction when this propagation path is the 
dominant one. 
There are some ways to perform measurement of damping mainly based on the decay ratio and on the 
inject power estimation. Measurement performed were finalised to get this parameter for some test panels 
in bare condition. 
Some panel was elastically suspended and acoustically excited by a loudspeaker driven by a signal 
generator with a white noise filtered to supply energy only in one third octave band alternatively. 
Accelerometer was placed on the panel surface. Switching on and then off the loudspeaker the time 
history of the vibration measured by the sensor is obtained and then the decay ratio was extracted.  The 
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damping can be easily obtained from the T60 (time necessary for a decay of 60 dB) using the hereafter 
equation: 
 

60

2.2
Tf ⋅

=η                                                                     (2) 

 
 

 
Figure 7: DLF of the roof sandwich panel       Figure 8: Trend of T60 of the cavity acoustic 

damping 
 

3.3 Effect of the acoustic leakage 
 
The presence of holes putting in communication different cavities is very important for the correct 
evaluation of the airborne noise propagation path. It is well known that holes affect greatly the 
transmission loss property of bare and trimmed walls. 
Generally, the importance of the holes is related to their dimensions and to the frequency range. Large 
holes allows noise propagation along all frequency range whereas small holes (slits) affect mainly high 
frequency range. 
 
For all these reasons the holes present in the mock-up were included into the model. Only the geometrical 
parameters (shape and depth) and position are required by the software to take them into account. 
 

3.4 Validation of the vibro-acoustic model 
 
The validation of the SEA model consists in the comparison with experimental results so that it will be 
suitable for the simulation of the cabin interior noise with or without the trim. 
 
LMS was involved in a Transfer Path Analysis on the mock-up (Figure 9) having the main goals to find 
out the most critical noise paths and to get the operating loads as well. 
 
For the evaluation of the operational loads the main gearbox has been removed and the transfer matrix of 
the TF (transfer functions) between all MGB’s attachment points was measured. Then combining the 
inverse of the matrix with the operational accelerations the forces were extracted. 
Some values of the forces are visibly higher compared to the corresponding symmetric values, as shown in 
Figure 10 and Figure 11, due to some troubles in the measurement process.  
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Figure 9: Mockup of the helicopter at the laboratory 

 
Being the evaluation of the input power still in phase of evaluation, it was possible only to apply the forces 
to the SEA model. This way to proceed is quite critical because the dynamical load is converted by the 
software into input power on the base of the impedance of the subsystem onto which the load is applied; 
as consequence, if the local impedance is not correctly reproduced in the model, the input powers can 
differ significantly from the effective ones. 
 
 

   Figure 10: Axial forces through the struts        Figure 11: Forces through the anti-torque plate  

 
The first trial (Figure 12) with the original set of forces gives interior SPL spectrum higher (cyan curve) 
than the measured one (blue curve) for the reasons explained above. Then the forces were reviewed in 
order to apply a most confident values forcing the symmetry so that the trend of the SPL spectra becomes 
more similar (red curve) to the experimental one. 
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Figure 12: Interior averaged SPL spectra with original SEA model 

 
The gap between the two curves could be related to forces values still higher compared to the real one or 
to a bad attachment devices model. Then SEA model impedance at input subsystems has been compared 
with the experimental ones and related geometrical parameters have been tuned in order to have the 
compliance. The agreement between simulation and test was improved a lot as shown in Figure 12. Using 
the corrected force set the results seem to be satisfying. 
 

 
Figure 13: Interior averaged SPL spectra with reviewed SEA model 

 
An additional check will be performed using directly the input powers that will be supplied by LMS after 
post-processing phase completion. By this way it will be not necessary to run the SEA model again but the 
sound pressure level in the passenger compartment could be computed using the following expression: 
 

∑
=

⋅=
N

j
jjTot WATFp

1

2
                                                                    (3) 

 
where each acoustic transfer function (ATFj) is multiplied to the related input power (Wj) and then 
summed to get the global level acoustic level using superposition. The acoustic transfer function can be 
easily obtained by SEA model. 
 
After the validation the model will be available in the next phase for the investigation of trimmed 
configurations. The most promising materials detected in the Friendcopter project will be collected in a 
database with related physical properties needed to the simulation into SEA “foam” material module. 
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Several different packages could be quickly simulated in order to consider only the best ones to be really 
tested on the helicopter saving time and costs. 
 

4 Conclusions 
 
This paper describes the integration of the simulation in the soundproofing package design in order to 
reduce both the time and the costs in the prototyping phase on the helicopter. 
 
A very simple SEA subsystems (flat and curved panels with/without ribs) were analysed and validated 
before to start with the more complex SEA model of the full helicopter mock-up. 
The mock-up SEA model was developed taking into account all details as much as possible. A total of 
1340 degrees of freedom for the total solving system was obtained. Damping properties of the structural 
and acoustic subsystems were measured using vibration decay and reverberation time techniques in order 
to get values more confident than default values. The holes present in the mock-up were carefully 
modelled due to their importance in term of acoustic leakage especially starting from the medium 
frequency range. 
 
Transfer path analysis was performed by LMS on the mock-up in order to detect the most critical transfer 
paths, rank the sources, get the input loads to be used in the simulation and the interior noise for validation 
purposes. 
The TF measurements combined with the operational vibrations supplied the dynamical loads. Some 
discrepancies were found so that a critical review of the forces was necessary. 
The first computation of interior noise using test forces confirmed that the local impedance of the input 
SEA subsystem was critical to have the right input powers. A review of the model input subsystem 
parameters on the base of the experimental impedances was performed to tune the model. 
After these adjustments good agreement between simulated and tested interior noise level have been 
found. 
 
The validated mock-up SEA model will be then used for the simulation of several trim configurations in 
order to detect the most promising to be tested in flight condition. This way will allow to save time and 
cost in the prototyping phase. 
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Abstract 
A hybrid modelling technique is presented that uses test data measured on an industrial test-bench to 
characterize the acoustic behaviour of a helicopter�s gearbox in operating conditions. Experimental data, 
including both acoustic and vibrations, are acquired on a dedicated gearbox test-bench where the boundary 
conditions can be controlled on a very limited extent. The proposed approach uses inverse technique to 
compute the gearbox surface velocities leading to the identification of hot spots on the gearbox surface 
and paving the way to noise source localization. Direct boundary element technique is then used to 
propagate back the pressures and simulate the gearbox acoustic performance in different operating 
conditions. 
 
 

1 Introduction 
 
A trend is currently being observed in the aerospace industry that aims at positioning the helicopter as a 
valid alternative to aircraft in regional civil transportation. The traffic congestion of most airports makes 
such as the helicopter can take good profit of its peculiarities and offer a very valuable solution to the 
increased society needs in terms of mobility and transportation capacity without endangering a fully 
sustainable development. However, some technical challenges are still to be tackled in order to make 
rotorcraft competitive in the regional transportation market. Helicopters have been mostly designed and 
developed for very specific types of missions including military, monitoring and rescues, emergency, civil 
protection, etc., where focus is on high performance in critical operating conditions more than on 
passenger comfort. This has made such as helicopters are very complex machines that make massive use 
of advanced technology in the fields of avionics, armament control and flight performances, but their 
current design is not yet suitably addressing the typical requirements of civil transportation. The next level 
technical challenge is then to include new design parameters such as vibro-acoustic comfort and 
environmental impact in the design process of a modern rotorcraft.   
The development of a quieter helicopter requires a systematic study of the NVH behaviour, with special 
attention to the helicopter operating conditions. In this respect, experimental techniques such as Transfer 
Path Analysis and Acoustic Intensity are in use in the automotive industry that help identify relevant noise 
sources and provide hints for design improvements. However, Acoustic Intensity is of problematic 
application in helicopter gearbox testing, as it would require controlled test conditions. Unfortunately test-
benches capable of operating a helicopter gearbox are not always compatible with noise testing 
requirements, therefore sub-optimal test conditions apply that may endanger data quality. In such case, 
hybrid modelling can help improve accuracy in the estimation of the source strength. 
This paper presents a hybrid modelling technique that allows using test data (both acoustic and vibrations) 
measured in an industrial test-bench to characterize the vibro-acoustic behaviour of the helicopter gearbox 
in operating conditions. The proposed approach uses inverse technique to compute the gearbox surface 
velocities and propagates back the pressures to finally compute the gearbox acoustic power for different 
operating conditions.   
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Test data are acquired from a helicopter gearbox test-bench, which allows operating the gearbox in a 
variety of different regimes well corresponding to the real operating conditions encountered during flight. 
The test activity includes also a dedicated experimental acoustic analysis of the mixing system merging 
the power of the two jet engines. The results of this analysis allow identifying the noise generation 
mechanism and pave the way to design modifications and improved vibro-acoustic comfort.  
 

2 Experimental Test Campaign 
 

2.1 Data acquisition 
 
A test campaign is carried out on a dedicated gearbox test-bench. The test-bench is able to run the 
helicopter gearbox under simulated running conditions. This includes the possibility to rotate the gearbox 
at the nominal RPM, while variable loading conditions are applied through dynamic braking system acting 
on the rotor mast. 
 

 
Figure 1 – Test set-up with a view on the gearbox mixing system 

 
The test article is a complete helicopter gearbox in a dynamic configuration that reproduces exactly a real 
helicopter�s assembly (Figure 1). This consists of four rods connecting the gearbox casing to the 
helicopter�s frame, and one anti-torque plate hosting the gearbox case. Two electrical engines located 
outside the test room rotate the gearbox and are able to provide up to 110% of the full jet engine power. A 
specially designed mixing system, located on the backside of the gearbox, is in charge of merging the 
input power of the two engines and transmits it to the gearbox gearings and the tail rotor. A cinematic 
chain starting form the mixing system activates the tail rotor and completes the test-bench, which perfectly 
reproduces real operating conditions.  
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Figure 2: the microphone measurement grids 

 
The tests consisted of rotating the gearbox at nominal speed and measure sound pressure levels over four 
microphone grids placed at 70 cm distance of form the gearbox surface (Figure 2). Given the large number 
of measurement locations, a multi-patch testing technique is used that allows roving a 10 microphone line-
array over several locations and running the test-bench at the same testing conditions, until the measuring 
grid is covered. Three reference microphones, located respectively in front of the test-bench, on the left 
side and on the backside, are left at a fixed position during the whole acquisition process. Finally a number 
of accelerometers are mounted on the gearbox surface in correspondence of the gearbox satellite carrier, 
the anti-torque bar, and the mixing system (Figure 3). 

 

 
Figure 3: Accelerometers location on the gearbox surface 
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The test bench is driven according to a numerically controlled program that consists of running-up the 
gearbox from 0 RPM up to nominal speed (in about 10 seconds) than holding on at nominal speed for 
about 20 seconds, finally running-down the gearbox until the rotational speed is again zero. The program 
is repeated for tree different load conditions, namely 50%, 75 % and 100% of the maximum engine power. 
Time data are acquired and cross-power spectra are computed for all grid points with respect to a reference 
sensor. 

2.2 Test data analysis and processing 
 
A spectral analysis is carried out on the time signals recorded on the test-bench and allows identifying and 
selecting a number of spectral noise components exhibiting the highest amplitude. This is performed both 
on acoustic and vibration signals and shows good spectral correlation in the two type of data. The next 
step is a dedicated labelling exercise that consists of correlating each of the relevant frequency tones 
selected in the noise spectra, with the gearbox component that, according to design parameters (number of 
teeth, gear rpm, gear ratios, etc.) and operating rpm regimes, correspond to the given tonal component.  
This analysis results into a table linking frequency tones recorded in the experimental data with the 
gearbox component responsible for that noise tone (Table 1: noise component labelling, frequency values 
and design parameters are altered because of data confidentiality).  

Table 1: noise component labelling 

component Component n. Component name teeth Rpm f.rot main f. (gear) 

gearbox 1 Gear tacho dyno 39 4236 90 1355 

gearbox 2 Hydraulic pump gear 39 4240 94 1359 

gearbox 3 Hydraulic pump gear 51 4241 95 1852 

gearbox 4 Gleason gear 99 1549 52 1852 

gearbox 5 Planetary gear 154     842 

gearbox 6 Satellite gear (rotation) 68 1251 48 842 

gearbox 6 Satellite gear (revolution) 68 414 61   
gearbox 7 Solar gear 73 1552 55 842 

gearbox 8 Main rotor   415 36   
gearbox 9 Gleason gear 55 4415 103 1852 

mixer 10 Input gear 73 6047 131 4342 

mixer 11 Idle gear 88 4569 107 4342 

mixer 12 Central gear 91 4417 105 4342 

Rear rotor 13 Gear box r.c. 80 2117 67 1700 

Rear rotor 14 shaft r.c.   2117 67   
Rear rotor 15 Second gear box r.c. 50 5921 131 1700 

fan 16 Cooling fan   6049 133   
Rear rotor 17 Command gear r.c. 80 4418 106 3468 

Rear rotor 18 Feedback gear r.c. 68 5921 131 3468 

 
This is done in order to identify the gearbox components that are responsible for the noise generation at a 
given frequency. Such analysis is beyond the scope of the present paper and will not be reported in detail. 
However, it is significant to refer that the spectral analysis and a TPA model combining gearbox noise 
with operating measurements taken in the helicopter cabin, show that one of the most critical frequencies 
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is the so-called gearbox meshing frequency (Figure 4). The inverse BEM model will therefore focus on 
this frequency to the aim of identifying the source location originating such a noise component. 

0.00 5200.00 Hz
X-Axis

30.00 

135.00 

dBPa

0.00 

1.00 

Am
pl

itu
de

1820.00 

102.10 

F frequency_spectr back:32

 
Figure 4: Noise spectrum, microphone on the backside (mixing system) 

 
Looking at the noise maps plotted on the field point mesh (i.e. the software graphic representation of the 
microphone measurement grid), a peculiar noise pattern is observed that requires further investigation. A 
number of vertical lines on the measurement grid show up with higher amplitude (Figure 5). This pattern, 
very clear on the left side grid, does not have any physical justification and is probably induced by the 
multi-patch testing technique adopted in the experimental phase.  
 

 
Figure 5: Noise mapping on the field point mesh: measured (left) vs. computed (right) field. 
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A closer analysis on the tacho trace highlights that the measured RPM signal is not perfectly stable and 
that the test-bench allows for RPM fluctuations resulting in about 5 Hz frequency shift of the shaft rotation 
tone (Figure 6, right). The fact that the data acquisition is performed in the narrow-band regime (1 Hz 
frequency resolution) and that the linear array of microphone is moved over the measuring grid, makes it 
such as some inconsistency is to be reported on the data recorded in successive runs. This occurrence is 
intrinsic to the industrial test-bench and it hampers a correct implementation of a BEM model hence it 
must be suitably addressed. 
Since the assumption of constant RPM does not hold anymore, a different processing approach is followed 
that consists of identifying on each time signals all time segments that show a constant and stable RPM 
value (Figure 6, left). Among all the time segments identified on each time trace, one segment is selected 
that allow gathering a set of spectra RPM-consistent over the entire measuring grid. 
 

 
Figure 6: Frequency shifts generated by small RPM fluctuations of the gearbox test-bench. 

 

 
Figure 7: Reconstructed signals: critical frequency peaks match.  
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In few locations this was unfortunately not possible, so a synthesis approach has been used that consists of 
extracting a correct amplitude and phase information from run-up time data and synthesizing the signal at 
a given RPM consistent with all other experimental data. A full description of this process is available in 
[1]. Figure 7 shows the results of this dedicated processing for a number of microphone signals that 
exhibits a consistent value of the gearbox meshing frequency. 

 

3 Linear acoustics and inverse numerical acoustics 
 

3.1 Linear Acoustics 
 
An exhaustive formulation of inverse numerical acoustic can be found in literature [[2][3][4]], however in 
the following a succinct description is provided of the most relevant concepts such as the Acoustic 
Transfer Matrix (ATM) relating the field pressure pf and surface normal velocities.  
The general equations describing the acoustic propagation in an elastic means are the equation stating the 
principle of conservation of mass and momentum. In the hypothesis of linear behaviour and for small 
pressure perturbations regimes, these equations can be simplified in a �linearized� form: the wave 
equation, governing time domain acoustics and the Helmholtz equation, governing frequency domain 
acoustics.   
An acoustic system can be represented by three elements: a source, a transmission path and a target 
location. If such a system is linear, a linear input output relationship can be established between the 
mechanical surface vibrations generating sound waves (input) and the sound pressure at a number of 
locations in space (output). These locations are discrete and are generated by �discretization� of the 
continuous domain, which is an engineering process consisting of the subdivision of the vibrating surfaces 
into a finite number of patches or vibration panels. The input-output relationship can then be formulated 
as: 

  { Pr } [ ] { }Sound essure AcousticTransfer Matrix SurfaceVelocities= i  (1) 

where {Sound Pressure} is a column vector containing the sound pressures at the different locations, 
{Surface Velocities} is a column vector containing the structural velocities of the vibrating panels and 
[Acoustic Transfer Matrix] is the system matrix relating input and outputs. In particular, the surface 
velocities of the vibrating panels are the normal component of the structural velocities, since only the 
normal component concurs to the generation of sound waves. If   is the surface velocities column vector 
(where index ns denotes the normal components of structural velocities) and p is the sound pressure level 
at a single microphone location, the matrix relationship becomes: 

 { ( )} { ( )}nsp ATV T vω ω= ⋅ −   (2) 

where ω denotes the frequency dependence.  
The Acoustic Transfer Vector concept (ATV) also referred to as acoustic contribution vectors or acoustic 
sensitivity, is a set of Acoustic Transfer Functions relating the normal vibration velocities of a number of 
discrete panels, to the sound pressure at a single microphone location (Figure 8). The matrix ATM 
depends only on system parameters such as geometry of the vibrating surfaces, microphones positions, 
etc. 
 

3.2 Inverse Numerical Acoustics 
 
Inverse Numerical Acoustics is a computation techniques based on the Acoustic Transfer Vector concept 
that allows inverting the direct propagation problem (from source to target) and solve the inverse problem 
(from target to source).  
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Figure 8: the ATV Matrix concept 

 
In Inverse Numerical Acoustics, the input output relationship between field point pressure and normal 
structural velocity is given by:  

( ) { ( )} { ( )}T
nsp ATV vω ω ω= −     (3) 

or, in matrix form and for multiple field points: 

 
  { ( ) [ ( ) ] { ( )}T

nsp ATV vω ω ω= i   (4) 
 
This relation can be inverted and used to back calculate the normal structural velocity on the radiating 
surface from the measured acoustic pressure levels measured in a grid of field points: 

 

  1{ ( )} {[ ( ) ]} { ( )}T
nsv ATV pω ω ω−= i   (5) 

 
This formulation allows using the ATV principle for acoustic source localization and quantification and it 
is of particular interest when the source is not accessible for physical testing (rotating or moving 
machineries, weight or temperature limitations).  The inversion of the input output relationship is obtained 
computing the inverse of the Acoustic Transfer Matrix. This is done using Singular Value Decomposition 
and the L-shape regularization curve to select tolerance and accuracy for the inversion. The boundary 
conditions for a boundary element model are hence obtained thought the inversion of the ATM matrix, 
using experimental pressure values. As the number of nodes of a BE model is usually much higher than 
the dimension of the vector p this leads typically to an ill-posed and ill-conditioned problem [4]. The 
solution is optimized through a procedure based on Truncated Singular Value Decomposition (minimal 
norm solution). 

p(ω)=atv(ω)vn(ω) 
 

atv(ω) 
 

vn(ω) 
 

p(ω)=? 
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4 Inverse BEM of the helicopter gearbox 
 

4.1 Gearbox Model: simulation results 
 
The above-described method is applied to the helicopter gearbox. First the ATVs are calculated (Figure 9, 
Figure 10). Then the boundary conditions are applied to the model. This step consists of imposing the 
surface velocities in correspondence of the mesh points where the accelerometers were placed together 
with the sound pressure values measured on the microphone grids surrounding the gearbox. 

 
Figure 9: the ATVs on the gearbox surface: back side 

 
Figure 10: the ATVs on the gearbox surface: front side 
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Before inverting the ATV matrix the L-shape stabilization curve is computed and a tolerance of 0.01 is 
selected that determines the max number of singular values to be used for the inversion (Figure 11). 
Usually a number of iterations are required to find the optimal value of tolerance. 

 
Figure 11: the L-shape regularization curve for the inverse model 

Finally, the surface velocities are calculated according to eq. 5. The result is that the surface velocities 
(Figure 12 and Figure 13) show two clear hot spots in correspondence of the mixing system and the 
connections of the anti-torque bar.  

 
   

Figure 12: gearbox surface velocities at meshing frequency: back view and side view) 
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Figure 13: gearbox surface velocities at meshing frequency: side view 

 
This correlates very well with the pressure measurements. Figure 14 shows that the pressure maps plotted 
on the measuring grids confirms that the high noise level recorded on the back panel is generated by the 
mixing system. Surface velocities allow computing the gearbox sound power emitted at different operating 
conditions. 

 
Figure 14: gearbox surface velocities and grid pressures (meshing frequency)). 
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5 Conclusions 
 
A boundary element model is developed to characterize the vibroacoustic behavior of a helicopter 
gearbox. Experimental sound pressure data are used as the input of an inverse problem aimed at 
computing surface normal velocities. A dedicated data processing approach is applied to correct data 
inconsistencies originating from the adopted testing technique and from sub-optimal acoustic boundary 
conditions affecting the industrial test-bench. A consistent set of experimental data is successfully 
reconstituted using selected time segments and noise synthesis technique. 

The computed normal velocities allow identifying hot spots on the gearbox surface that are potential 
targets for design improvements. In particular, at the gearbox meshing frequency, noise sources are clearly 
localized on the gearbox mixing system that is responsible for highly effective noise propagation. The 
sound pressure levels measured on the back microphone grid correlates very well with the surface 
velocities for that frequency 
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Abstract 
An experimental Transfer Path Analyse is for the first time applied to the helicopter Agusta A109. The 
objective is to assess the noise contribution of the helicopter gearbox to the overall cabin noise level and to 
simulate a number of realistic noise reduction scenarios, including active noise control, in view of 
achieving a sensible cabin noise reduction. Issues related to the application of a standard automotive 
technique to a more complex system such as a helicopter gearbox are discussed with special focus on test 
data completeness and model validation. The analysis focuses on the connecting points between the 
gearbox and the helicopters frame and shows that noise comfort improvement can be achieved with active 
control systems acting on the anti-torque plate hosting the gearbox. 
  
 

1 Introduction 
 
Noise levels recorded in helicopters’ cabin are severely affected by the strength and vicinity of noise 
sources. The jet engines, the gearbox and the rotors can be considered as separated sources - whose 
spectral content is strongly tonal and rpm dependant - exciting simultaneously the cabin’s acoustic cavity. 
Under the hypothesis of linear behaviour, the total sound pressure level measurable in the cabin can be 
considered as the summation of a number of partial pressure contributions, each generated by one source 
acting separately. The mechanism responsible for transferring the mechanical energy from each sources to 
the target location can be either structure borne - via the mechanical joints connecting the gearbox to the 
helicopter’s frame - or airborne - via the sound propagation in the air.  
Analysis techniques such as Transfer Path Analysis have been largely applied in the automotive industry 
that allows identifying the main transmission paths and their relative contribution to the total sound 
pressure level at target location. From a theoretical standpoint there is not reason why TPA should be 
limited to cars. An helicopter is a more complex system then a car, but this actually implies that there may 
be more noise sources, hence more transfer paths, with a direct impact on the size and the completeness of 
the complex stiffness matrix and therefore on the reliability of the matrix inversion process (conditioning 
number).  
An experimental TPA approach is hereby applied for the first time to the helicopter Agusta A109, to 
assess noise source contribution to the cabin noise and to simulate a number of realistic noise reduction 
scenarios. Issues related to the application of a standard automotive technique to a more complex system 
are discussed with special focus on test data completeness and model validation.  
Data collected through a number of experimental tests carried out both on the ground and in-flying 
conditions on the helicopter Agusta A109 are used to implement a numerical TPA model. The model 
points out the most critical transfer paths and paves the way to a number of simulations that allows 
predicting the noise reduction achievable in the helicopter cabin for a given reduction of the source 
strength and as result of structural modifications. The analysis focuses on the connecting points between 
the gearbox and the helicopters frame and shows that noise comfort improvement can be achieved with 
active control systems acting on the anti-torque plate hosting the gearbox.) 
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2 The Transfer Path Analysis Technique 
 
TPA is an experimental analysis technique that allows identifying the most relevant transfer mechanisms 
of the vibroacoustic energy from the generating sources to a number of target locations. These transfer 
mechanisms are also referred to as energy paths and once identified, can be ranked and separately 
analyzed. The technique makes intensive use of measured test data in the view of experimentally 
modelling and reconstructing a number of sources, Transfer Functions and target levels. Dedicated test 
techniques are often required to provide not-easy-to-measure data such as operating loads. The general 
theory underlining the TPA and some of the most used dedicated testing techniques will be briefly 
reviewed in the following paragraphs. 
 

2.1 TPA Theory in brief 
 
A consolidated technical approach often encountered in literature ([1][2][3]) makes use of three basic 
elements to describe any vibroacoustic propagation phenomena: the source, the transmission path or 
vibroacoustic system and the receiver location or system response (Figure 1).   
The source is the location where the generating mechanism for the vibroacoustic energy takes place. In 
cars this namely refers to the engine and the gearbox as sources of mechanical vibrations, tail pipe 
exhaust, tyres and vibrating trim panels as sources of acoustic loads.  
The transmission path relates how the energy generated by the sources reaches the target locations. The 
transmission can be either structural – structure borne TPA – if a structural link between source and target 
locations allows transmitting vibrations, or acoustical – airborne TPA – if the transmission is realized by 
pure acoustic propagation.  
Finally the target location or the receiver is the place where the effects of the vibroacoustic excitation are 
recorded (system response) and is the target location for any noise and or vibration reduction action. Such 
an action is ultimately meant to improve the vibroacoustic comfort for the users (e.g. vehicle’s driver and 
passengers). 

 
Figure 1: FRF-based model of vibroacoustic system 

The basic methodology uses a Frequency Response Functions (FRF) model description of the vibro-
acoustical system, which relates a loading or excitation vector { })(ωs   to the target response vector 
{ })(ωt   by mean of an FRF matrix   ( )[ ]ωH  
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 ( ){ } ( ) ( ){ }.t H sω ω ω=     (1) 

where s (or the source) can be a force,  { } ( ){ }ωω fs =)( or a volume velocity  { } ( ){ }ωω Qs =)( depending 
on whether structural or airborne path are respectively considered. Likewise the sources, responses can be 
respectively either accelerations { } ( ){ }ωω xt !!=)( or pressures{ } ( ){ }ωω pt =)(   . 

In a real mechanical system, several sources and targets locations can be defined. TPA considers sources 
and targets as two different subsystems connected to each other by means of a number of more or less stiff 
connections (e.g. the engine mounts) forming the so-called transfer paths. 
If the system is composed of N transfer paths, then the total target response can be written as the sum of 
the partial responses from the individual paths. 
       

 ( ) ( )
( ) ( )

1
.

N

i
i i

T
t s

S
ω

ω ω
ω=

= ∑  (2) 

{ }( )t ω   is the target response which can be a function of frequency or rpm, 
( )
( )i

T
S
ω
ω

 is the frequency 

response function between the target and the applied source (force or volume velocity) for transfer path i,  
( )is ω is the operational force or volume velocity at transfer path i. 

Operational forces have to be used for a structural path.  Volume velocities are needed for airborne path 
analysis. 
TPA technique requires FRFs for all transfer paths at the target locations. These are normally measured 
after disassembling the sources from the structure in order to eliminate source coupling of the FRFs. Each 
direction at a given location constitutes a separate structural transfer path, hence FRFs have to be 
measured in all directions.  
Hammer impact, or shaker excitation can be used as artificial source when measuring FRFs. The response 
can be acoustical or a mechanical. Airborne transfer paths are typically measured in a reciprocal way. The 
excitation is realized by a volume velocity source at the receiver location while the response is measured 
with a microphone at the source location. 
 

2.2 Structure borne TPA of the Helicopter A109 
 
In case of transmission of the vibroacoustic energy from mechanical sources to acoustic target, the terms 
of Eq. 1.1 are respectively forces and pressure, thus Eq. 1.2 can be rewritten as  

 ( ) ( )
( ) ( )ω
ω
ωω i

N

1i i

f
F
Pp .∑

=

=  (3) 

or in matrix form  

 { } ( ) { }.p H fω =    (4) 

which indicates that the total pressure at target location is calculated as sum of the partial contributions of 
each single transfer paths. 
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In the case under study single reference TPA approach has been used. This consists of considering only 
one coherent excitation as the prevailing one. This was indeed the case for the Helicopter A109, where 
focus was on the evaluation of the impact of the gearbox on the vibroacoustic comfort in the cabin of the 
helicopter. 
 
2.2.1 The test mock-up 
 
A helicopter A109 was made available for testing at the Politecnico of Milano (Figure 2). The test mock-
up consists on the helicopter body after removal of part of the tail and the tail rotor. The acoustic boundary 
conditions are corresponding to the so-called body-in-white conditions (i.e. helicopter structures without 
internal lining, landing gear, rotor blades and jet engines.  
 

 
Figure 2: the A109 helicopter mock-up 

 
In order to simulate the aerodynamic drag generated by the rotor blades, two small ad-hoc blades were 
realized with punched metal sheets, suitably shaped and mounted on the rotor shaft (Figure 3).  
 

 
Figure 3: Simulation of aerodynamic loading (drag) with ad-hoc blades  

Z 

Y

X
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Two electrical motors drive the rotor and are able to reproduce the nominal RPM regimes of the gearbox 
in operating conditions, albeit an optimization process was needed to achieve the best compromise 
between the aerodynamic drag and the two motors mechanical power. The optimization consisted of 
modifying the blades’ shape and the blades’ distance from the rotor shaft, until the mock-up was able to 
simulate the aerodynamic drag and the max achievable RPM of the real helicopter in operating conditions.  
For all the tests a global coordinate system was defined: z-axis perpendicular to the helicopter roof, y-axis 
parallel to the helicopter symmetry axis and x-axis consequently fixed (Figure 2, left ). 

 
Figure 4: TPA scheme of the A109 gearbox 

 
The gearbox is mounted on to the helicopter roof through 4 bars - further referred as struts - and one anti-
torque plate. Each strut is connected to the helicopter structures by specially designed spherical joints that 
only allow axial force transmission along the struts; the rotational degrees of freedom are therefore 
neglected.  The anti-torque plate, also referred to as boomerang, is rigidly connected to the helicopter roof 
by 4 bolds. All these connections are assumed to be the starting points for the 8 transmission paths used by 
the operating forces to contribute to the acoustic pressure level in cabin (Figure 4).   
 
2.2.2 The vibroacoustic reciprocity  
 

To measure the vibroacoustic FRF’s ( ) ( )ωω iFP   in the A109 mock-up, the vibroacoustic reciprocity 
property was enforced. This states that the matrix ( )[ ]ωH  is symmetric and can be formulated as follows: 

 
0 0j i

j i

i jQ F

P X
F Q

= =

  
= −        !

!!
!  (6) 

where 

jQ! is the Volume Velocity of the acoustic source at the location j ( )23 sm , jP  is the acoustic pressure at 

the location j ( )Pa , iF  is the force acting at the location i ( )N , and iX!!  is the measured acceleration at the 

location i ( )2sm  . 

x 2 

x 2 
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Figure 5: The reciprocity property 

As a result, the reciprocity property makes it possible to excite at target location with a volume velocity 
source and measure acceleration at source location. The resulting FRFs are equal to the ones measured 
acquiring pressures at target locations and exciting with a force at source location (Figure 5). 

 
2.2.3 Operating loads  
 
Operating loads are the dynamic loads acting on the system under analysis in working conditions. These 
loads are required for a structural transfer path analysis.  In case of an airborne source analysis, operating 
volume velocities and accelerations are required.  
Operating forces can be directly measured from experiments or derived indirectly from other physical 
quantities using the following analytical procedures. 
 
2.2.4 Complex dynamic stiffness vs. matrix inversion method. 
 

In cases mounts are used to isolate the target from the source, operational forces can be determined 
indirectly using the complex dynamic stiffness of the mounts and the operational displacements at either 
side of the mount during operation.  The method is based on the following equation: 

 ( ) ( )( ( ) ( ))i s tf K X Xω ω ω ω= −  (7) 

( )if ω  is the operational force at transfer path i, ( )K ω  is the complex dynamic stiffness as function of 
frequencyω , ( )tX ω  is the displacement at the mount connection at the target side ( )if ω , ( )sX ω is the 
displacement at the mount connection at the source side. 
As no mounts are used to connect the gearbox the helicopter roof, this method is not applicable on the case 
under discussion and another technique must be applied to identify the operational forces. 
In case subsystems are linked through rigid connections, the dynamic stiffness method yields inaccurate 
results.  This also occurs for mounts whose stiffness is much larger than for the rest of the structure such 
as only minimal relative displacements are measurable under normal operating conditions. 
In these cases a matrix of FRFs needs to be acquired. FRFs are measured between the structural 
(accelerations) or acoustical responses due to force excitation at all transfer paths. The resulting FRF 
matrix is then inverted and combined with operational measurements of the structural responses. This 
allows obtaining an estimate for the operating forces. 

 { } ( ) { }1
.f G xω

−
 =   !!  (8) 

or in matrix form 
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In order to avoid numerical problems in the matrix inversion, singular value decomposition methods can 
be used. The number of responses (M) should at least be equal to the number of input forces to be 
estimated (N), in order to have a unique solution for the operational forces.  
However, the set of equations can be over determined by taking more response measurements at the target 
side (M > N). This can be achieved adding extra measurements points (3 digit labels in Figure 7) at 
locations other than the main transfer path locations but very near to them (2 digit labels in Figure 7). This 
allows obtaining a better least square estimate and results in more accurate computation of the operating 
forces.  
The matrix inversion was performed for the two cases of main paths only and main paths plus all the 
additional measurements points (secondary paths). The resulting FRF matrix showed a slightly better 
conditioning number in the second case. However, for both cases except for the very low frequency range, 
the FRF matrix is well invertible and the computed operational forces accurate.  
In the application case under analysis, hammer test technique was applied to acquire a sufficient number 
of structural FRFs on the mock-up. The structure exhibits a linear behaviour responding with overlapping 
FRFs to different input strengths with a quite satisfactory fulfilment of the reciprocity property. 

 
Figure 6: Direct FRF and constant dynamic stiffness curves. 

 
The measured direct FRF (Figure 6) shows the validity of the test results.  
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Figure 7: Transmission paths: main paths (2 digit labels), secondary paths (3-digit labels). 

 
Figure 8: Matrix conditioning number vs. frequency. Main paths only (left) and with additional 

secondary paths (right). 

 
3 Noise Transmission Paths on the A109 mock-up. 
 
The spectral analysis of the computed operational loads combined with a spectral analysis of the sound 
pressure levels measured in the helicopter mock-up cabin during simulated operating conditions leads to 
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the identification of a number of critical frequency tones that show a very efficient noise transmission 
mechanism in the helicopter cabin. 
Out of a list of critical frequencies, 3 main tones are hereby identified that are responsible for generating 
the largest contribution to the cabin noise spectrum (Figure 9). These tones correspond to the rotor shaft 
rotation and two of the gearbox meshing frequencies (one being related to the Gleason gear). The noise 
path analysis will then focus on those frequencies only. 
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Figure 9: Operational force. Path 60 direction Z 

 
Looking at the different paths, the operational load spectra shows that path 60 (corresponding to the rear 
right strut) in the Z directions exhibits the highest levels and provides the major contribution to the cabin 
noise at the identified critical frequencies. Sorting out all path contributions, it appears that the paths 42 
(boomerang), 50 and 60 (respectively rear left and rear right struts) all in the Z direction, are the main 
contributing transmission paths for the rotor shaft tone  
Figure 10). 
Paths 31, 32, 41 and 42, all in the X direction are the main contributors to the main gearbox meshing 
frequency ( 
Figure 11). Those paths corresponds the gearbox anti-torque plate and the X direction corresponds to the 
boomerang plane. 
Similarly to main gearbox meshing frequency, also for the meshing tone related to the Gleason gear, the 
paths which contribute the most to the cabin noise are path 42 X and 42 Y. These transmission paths 
correspond also to the boomerang.  
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This means that the any action aiming at reducing cabin noise recorded at those frequencies should focus 
on the anti-torque plate; more specifically the in-plane forces must be suitably controlled to achieve any 
relevant noise reduction result. 
 

 
 

Figure 10: transmission path, rotor shaft frequency 

 

 
 

Figure 11: transmission path, gearbox meshing frequency 
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4 Simulation of achievable cabin noise reductions. 
 
Once the main noise transmission paths contributing to the cabin noise are identified for the most critical 
noise frequency, the TPA model can be used to simulate the noise reduction that can be achieved if 
structural modifications would be implemented on the helicopter structure or on the gearbox. 
Two simulation scenarios are thus presented. One consists of introducing a modification in the TPA 
models; this can be easily done by editing the FRF of a selected transmission path and, e.g., zeroing the 
FRF amplitude in correspondence of the selected frequency. This is equivalent to simulating an active 
noise control system that induces a modification in the FRF of a specific transmission path. A second one 
consists of simulating a source modification that results into a frequency shift of q selected critical 
frequency. This corresponds to simulating a design modification in the gearbox resulting into q shift of the 
meshing frequency. The TPA model is then run again to compute a new set of partial pressure 
contributions to the interior cabin noise. 
In order to select the best target frequency to be treated by the noise reduction simulation, a simple 
spectral analysis is carried out that shows the effect of zeroing the cumulatively the previously identified 
critical tones and compute the rms noise reduction that results from that action. Figure 12 shows that 
suppressing the main gearbox meshing frequency tone results into 5 dB(A) SPL reduction  (Figure 12, 
left) as the SPL decreases form 111 dB(A) (dark green bar) to 106 dB(A) (light green bar). 

 
Figure 12: Noise reduction cumulative effect after suppression of 2 noise tonal critical components.  

 
Figure 13: Noise reduction cumulative effect after suppression of 5 noise tonal critical components. 

The suppression of the rotor shaft frequency does not give much more reduction (yellow bar), yet 
suppressing the 5 highest tones results into 1dB(A) more noise reduction (Figure 13). 
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The first simulation scenario is implemented by zeroing the gearbox meshing frequency tone for the most 
relevant transmission paths. Figure 14 (left side) shows the editing of the FRF and the resulting SPL 
reduction (right side). In Figure 15 the vector representation of SPL in cabin is reported corresponding to 
the modification of the FRF relatively to the most critical transfer paths. Figure 16, shows that controlling 
the main 4 critical path a reduction of more than 5 dB(A) can be reached. 
 

 
Figure 14: FRF modification at the meshing frequency: original (red) vs. modified (blue). 

 

 
Figure 15: SPL vector representation for FRF modifications at different path. 

 

 
Figure 16: SPL reductions corresponding to the FRF modifications at different path. 
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The second scenario consists of simulating a modification at source level. The source is the gearbox; the 
target frequency is again the meshing tone. The objective is to simulate the effects of a design 
modification of the gearbox that would results into a frequency shift for the Gleason gear meshing tone 
and for the correlated shaft rotation frequency of the hydraulic pump mounted on the gearbox casing. Any 
variation in the Gleason gear design parameters (gear diameter, number of teethes, RPM, etc.) will result 
in a change of the meshing frequency. This implies that all the operational accelerations will be reduced at 
that frequency. 
10 dB reduction in all the operational accelerations results into a remarkably lower SPL. The results of the 
simulation are shown in Figure 17 in vector form and in Figure 15, where a reduction of 5 dB(A) can be 
observed (yellow bar).  

 

 
 

Figure 17: SPL vector representation for source modifications at meshing frequency 

 

 
Figure 18: SPL reductions corresponding to a source modification at meshing frequency. 

 

5 Conclusions 
 
An experimental Transfer Path Analysis is performed on the helicopter Agusta A109, under the 
assumption that the gearbox is the main source affecting vibroacoustic comfort in cabin. Experiential data 
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are collected on a helicopter mock-up that makes it easier to access and modify the experimental set-up. 
The mock up is a “body in white” helicopter and can reproduce real operating conditions both in terms of 
RPM regimes and NVH operational loads.  
The experimental TPA model consists of structural-acoustical FRFs measured on the mock-up in 
reciprocal way, structural FRFs on 8 joints connecting the gearbox to the helicopters frame and 2 sets of 
operational accelerations measured respectively on the ground and in flight conditions. Matrix inversion 
method is applied to compute operational loads. 
A paths analysis allows pointing out a subset of critical frequency tones that are transmitted into the 
helicopter cabin and a sub-set of transmission paths contributing the most to the cabin noise. 
Two simulation scenarios are finally presented that allows predicting the noise reduction achievable in the 
helicopter cabin for a given reduction of the source strength and as result of structural modifications in the 
transmission paths. The analysis focuses on the gearbox as main source and on the connecting points 
between the gearbox and the helicopters frame as principal transmission paths. The results show that noise 
comfort improvement can be achieved with active control systems acting on the anti-torque plate hosting 
the gearbox. 
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Abstract 
A brief review of Flight Flutter Testing, its current status and some future challenges, is made particularly 
with reference to data analysis issues. A number of improvements to the interpretation of stability plots 
and the Flutter Margin are made, employing Backwards Least Squares and statistics of Least Squares 
estimators. Some initial results on a simulated binary flutter system show that the performance of the 
proposed methods is encouraging. 

 
 
1 Introduction 
 
Flutter is potentially the most disastrous of all aeroelastic phenomena and there have been many instances 
of structural failure from resulting unstable oscillations [1-3]. 

The current approach for airworthiness certification is shown in figure 1 and is a combination of analyses 
and tests to prove analytical results. The most costly test is the final flight flutter test due to the cost of 
flight hours. If flutter predictions could be more reliable, including those from the analysis of the flight 
test data, then the number of flight test points, and possibly number of prototype aircraft, could be 
significantly reduced. 

 
Figure 1: Airworthiness Certification Process 

 
Although the first recorded flutter incident was the Handley Page 0/400 bomber in 1916, it was not until 
the mid 1930s that Von Schlippe introduced the concept of a dedicated flight flutter test. Since then, flight 
flutter testing [4, 5] has matured to become a critical stage in the certification process [1] providing the 
final validation of the analytical predictions. All aircraft must be demonstrated to be flutter free throughout 
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the entire flight envelope, plus an additional safety margin (typically 15%). A similar process must also be 
undertaken for the clearance of new types, or combinations of stores on military aircraft. 

The current approach to flutter clearance has changed little over the past half century. The final proof for 
the aircraft to be flutter free is achieved during flight flutter testing which, as can be seen in figure 2, 
systematically expands the flight envelope for increasing speeds over a range of altitudes. At each flight 
test point, three separate procedures are performed: 

• The aircraft is excited in some manner and the vibration response measured. 

• The data are curve-fitted using system identification methods and the modal parameters estimated. 

• The decision is made to progress to the next flight test point. 

 

 
Figure 2: A Typical Flight Clearance Envelope 

 
Flight flutter testing is very expensive, time consuming, and often undertaken at a time critical part of an 
aircraft’s development programme. The design flight envelope must be cleared as swiftly as possible so 
that the rest of the flight testing (systems, etc.) may be completed. However, at no time must safety be 
compromised. Compared to ground testing, it is often difficult to excite the aircraft with an adequate 
amount of energy, resulting in data with poor signal / noise ratios due to atmospheric turbulence 
corrupting the data. Consequently, the quality of the resulting curve-fits becomes worse, leading to less 
confidence in the estimated parameters and thus the speed increments between flight test points must be 
relatively small. The number of flight test points considered is often large. Although the test hardware, 
computational equipment and analysis techniques used for flight flutter testing have improved with time, 
aircraft have also become progressively more complex in construction, geometry, flexibility and 
aerodynamic improvements have led to thinner wings on fighter type aircraft. 

Also, the influence of non-linear effects is becoming greater although the industry bases most of its 
analysis on linear aerodynamic and structural models that cannot predict such phenomena as Limit Cycle 
Oscillations (LCO). Consequently, no reduction in the time required to clear the flight flutter envelope has 
materialized despite the considerable improvements in technology. Meanwhile, costs have increased 
dramatically. Henshaw, McKiernon and Mairs [6] state that 75% of effort for flutter clearance is in the 
modeling and analysis stage, and this result in 25% of the costs. The other 25% of the total effort is 
devoted to the validation and qualification phases with an associated 75% of the total cost. 
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2 Current Status 
 
The last decade has seen a dramatic rise in the interest in modeling and prediction of non-linear aeroelastic 
effects that can arise due to structural, aerodynamic and control non-linearities. There has also been much 
interest in identifying non-linear structural models and also predicting flutter boundaries using coupled 
CFD / structures codes. Other work has considered the analysis of measured flight test data in order to 
determine flutter boundaries. However, these new developments have not found their way, as yet, to 
becoming standard use in industry and there is still an overriding reliance upon linear models.  

 
2.1 Excitation Signals and Devices 
 
One of the key difficulties with flight flutter testing is the noisy environment that it is performed in.  
Although there have been many cases where stick raps or simply turbulence has been used as an excitation 
signal, some form of excitation device must be used if good quality data is to be obtained. It is very 
difficult to obtain estimates of the modal properties if the data is poor, and this is ever more the case if 
non-linear identification is attempted. Since the invention of the slotted rotating cylinder flutter vane [7-9] 
in the early 1990s, no further advances in excitation technology have been made apart from the suggestion 
of a contra-rotating propeller driven device for stores [10]. When ground testing an aircraft, it is 
considered better to use multi-shaker technology in order to excite close difficult modes, so surely multi-
exciter technology should be used in flight. A number of issues are raised as to how to achieve this. One 
possibility is to use a variety of different exciters (inertial masses, FCS, vanes) placed around the aircraft 
[11, 12], or to use a number of aerodynamic vanes for instance attached to combinations of stores. The 
positioning of both the exciters and transducers should be optimized using theoretical models before 
starting the test. A possibility for an aircraft with engines or external stores would be to install a flutter 
suppression system [13] working with the control surfaces.  

The type of excitation signal should also be considered. When the conventional linear or logarithmic chirp 
(fast swept-sine) excitation is used, the time data between modes is effectively wasted.  Some work has 
been undertaken to develop both chirp [14] and random signals [15, 16] that will give consistently good 
signal to noise ratios with effective crest factors. It would be of interest to implement some of these 
methods on real aircraft in order to see how well the estimated parameters compare to those obtained 
using more conventional approaches [17]. There is still a need to develop a device for applying random 
signals in flight apart from the FCS. 

 
2.2 Modal Parameter Identification Methods for Flight Flutter Testing 
 
There is a wide range of different modal parameter identification methods [18] that have been used for 
flight flutter testing in order to identify natural frequencies and damping ratios from the test data. These 
techniques have varied in sophistication from a simple half power points analysis [9] to multiple input – 
multiple output maximum likelihood algorithms [19]. The modal filter approach has been the only recent 
innovation in this area [20]. All these methods have been used in a form that assumes that the system is at 
a constant flight condition and is linear. Surprisingly it is unusual to make use of the mode shapes [21] 
which benefits the mode tracking procedures. Also, there has been little consideration [19, 21] of the 
differences between a conventional modal test on the ground and a test performed in flight. The major 
difference is the presence of significant process noise acting through the aircraft structure in the form of 
turbulence. This corruption affects the data in a different way compared to that of the small amounts of 
measurement noise encountered on a ground test. Further work is required to investigate the reported 
improvements in using parameter estimation methods that take this into account. 

Recent studies have investigated the use of using some form of on-line estimator [17, 22] to track changes 
in the modal parameters as the aircraft changes between flight conditions. The current vogue is for time-
frequency methods such as wavelets [23-25] or short term Fourier transforms [26], however, an on-line 
time domain method is just as suitable. If it were possible to track accurately on-line frequency and 
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damping estimates, then this would be a key advance in extending the gap between different flight test 
points. Taking the view that reaching a test point is a good indication that most (but unfortunately not all) 
flutters will not occur, then an exciter could be used continuously (the methodology does not work so well 
for turbulent input [27]) to excite the aircraft as the flight envelope is expanded. 

An extension of the multi-shaker test is to apply force appropriation in flight. The burst appropriation 
approach could also be used to identify non-proportional damping and non-linearities. 

 
2.3 Flutter Prediction Based Upon Flutter Test Data 
 
One of the most critical decisions during any flight test programme is the decision to move onto the next 
flight test point. Traditionally this has been achieved by tracking and extrapolating the damping values and 
determining whether stability is maintained. Methods such as the flutter margin and the envelope function 
[28, 29] can be employed to use the estimated frequency and damping values to predict the flutter speed.  
A notable recent development is the use of the µ robustness methodology [30] to predict the flutter speed, 
along with methods based upon neural networks [31], time domain methods [32, 33] and others [34, 35]. 
These approaches can be combined with the on-line identification methods to produce an on-line estimate 
of the critical speed that again can aid an increased gap between test points. 

The above approaches are suitable for the analysis of linear systems, but cannot be used reliably when 
there are non-linearities of whatever form. Procedures need to be developed to analyze data from the 
earliest flight test points in order to establish what non-linearities exist and whereabouts on the structure 
they occur. These non-linear models could then be used to predict points of instability and also non-linear 
phenomena such as LCO. 

 
3 Future Requirements 
 
Key areas where future work is required in flight flutter testing are: 

• Development of statistical confidence bounds on the estimates of the flutter boundaries 

• Identification of all types of non-linearity (aerodynamic, control and structure) from flight flutter test 
data for inclusion into non-linear aeroelastic models 

• Efficient real time on-line identification algorithms for flutter boundary prediction 

• Improved excitation devices and signals. 

 
4 Least Squares Complex Exponential Method 
 
Most of the time domain methods either directly employ the Least Squares solution or use it as a major 
part of the technique as the data estimates are actually curve fitted to the true values by reducing or 
minimizing the error / bias in the estimates [36]. Least Squares Complex Exponential (LSCE) is the 
extension of Prony’s method to Single Input-Multiple Output (SIMO) difference equation model case [37] 
and Polyreference [38] is the Multiple Input-Multiple Output (MIMO) version. 

The decay response model can be shown in difference equation form as  

1 2 21 2 2M jj j j j M
y a y a y a y ε

− − −
+ + + + =L        (1) 

where    yj = Output response vector from all the measurement stations, and 

jε  = Noise vector containing terms from all measurement stations 

The procedure to develop LSCE algorithm starts with writing the autoregressive SIMO difference 
equation model decay response as shown in equation (1) in matrix form so that 
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where n is the number of data points and M is the number of modes. In compact form this becomes 

truthy φθ ε= +            (3) 

and the Least Squares solution is found as 

( ) 1T T yθ φ φ φ
−

=           (4) 

The values of ai parameters as obtained from θ  are then combined in the form of a homogeneous 
characteristic polynomial equation with µ  such that 

2 2 1
1 2 1 2 0M M

M Ma a aµ µ µ−
−+ + + + =L         (5) 

Solving the equation (5) for its roots gives the complex M different complex conjugates pairs of 
eigenvalues. For jth mode, it has a solution of the form 

j j djt i t
j e ζ ω ωµ − ∆ ± ∆=           (6) 

Hence, the natural frequencies and damping ratios for the jth mode can be found from 

( ) ( )2 21
ln arg( )j j jt

ω µ µ= +
∆

         (7) 
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j
j

j j
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ζ

µ µ

−
=

+

         (8) 

Using Least Squares as the fundamental element of the algorithm, LSCE gives biased estimates if noise is 
present and thus overspecified mathematical models must be used. Techniques such as stability plots then 
have to be applied in order to reduce the bias; however, this then leads to the problem of distinguished 
system from spurious modes. 

 
5 Backwards Least Squares Complex Exponential Method 
 
In the previous section, the difference equation model (equation (1)) for the system under the decay 
response to an impulse excitation was presented in the forward order. This approach can be reversed and 
the response data can be modeled in the backward direction as well [39] so that 

1 21 2M bjj j j M
y b y b y ε

+ +
+ + + =L         (9) 

where subscript b stands for the backwards approach while all other notations are same as in LSCE. 
Writing equation (9) into matrix form leads to 

b b bb
y φ θ ε= +           (10) 

Using the least squares solution, the estimates of the backwards difference equation coefficients bi are 

( ) 1T T
b b bb b

yθ φ φ φ
−

=           (11) 

The relationship between the coefficients of both the approaches (with the assumption of usual decay 
response model difference equation and no noise corruption [39]) can be shown as 

1 2 2 1 22 2 1 2 2 1M Mj M j M j M j j
y b y b y b y b y−− − + − + −

=− − − − −L        (12) 

FLITE EUREKA 2 1527



with 2 1 2 2
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Equation (10), which is backwards difference equation, predicts the output value at a particular instant of 
time j with respect to its future values instead of using the previous information. 

The procedure for computing the modal parameter estimates remains the same as bi coefficients from a 
characteristic polynomial as ai parameters do in LSCE method, providing the eigenvalues by its root 
solving. The natural frequency estimates, thus obtained, are the same as in LSCE, but the damping ratios 
appear with opposite signs, which means that the poles of the backwards model have to be transformed by 
changing the sign of estimated damping ratios. By doing this, the system poles will be inside the unit 
circle as in LSCE method [39]. When there is no error or noise in the response data, the same estimates 
will result from both of the methods. 

The BLSCE method usually produces a negative bias in the damping ratio estimates unlike the LSCE 
approach which tends to give a positive bias on the damping values. The main benefit of using the BLSCE 
technique in parameter estimation is that almost all of the spurious modes are found with negative 
damping values, whereas the LSCE spurious poles appear to have positive dampings [39]. 

 
6 Flutter Margin Method 
 
Flutter prediction from test data is traditionally performed either by extrapolating the damping ratios 
curves in the VG plots or with the flutter margin method.  The latter method has been found to be more 
reliable; however, both of these approaches require the test data to be reasonably close to the flutter. Other 
approaches are the envelope function [27, 40] and also the recent work by Lind et al on the Flutterometer 
[30, 41]. 

Flutter margin method was originally formulated for a binary mode flutter [42] which is the case for most 
aeroelastic  instabilities even for large systems. The method can be extended and implemented on larger 
systems as well by considering all the possible combinations of modes that might interact with each other 
to cause flutter. Some examples of such applications can be found in references [43], [44]. As the flutter 
margin depends on natural frequency variations as well as the damping ratios [28], so its prediction curve 
follows much more predictable path as compared with the VG plot.  

Upon knowing the flutter margin values up to the last test point, the coefficients of flutter prediction 
polynomial can be determined which is of quadratic nature. This curve fit can be used to extrapolate the 
flutter margin beyond the last test point and predict the flutter onset speed, which is the point in air speed 
where flutter margin becomes zero. 

For a binary flutter system, the eigenvalues are in the form 

1,2 1 1 3,4 3 4;          i iγ α β γ α β= ± = ±         (13) 

1 1 1 2 2 2

2
1 1 2 2

where   &   

                 &    ; 1
id d d i i

α ζ ω α ζ ω

β ω β ω ω ω ζ

= − = −

= = = −
 

This implies that the characteristic equation will become a quartic polynomial such that 
4 3 2

4 3 2 1 0 0b s b s b s b s b+ + + + =          (14) 

where 4 1;b = ( )3 1 22 ;b α α= − + 2 2 2 2
2 1 2 1 2 1 24 ;b α α α α β β= + + + +  

( )2 2 2 2
1 1 2 1 2 2 1 2 12 &b α α α β α α α β= − + + + 2 2 2 2 2 2 2 2

0 1 2 1 2 2 1 1 2b α α α β α β β β= + + +  

Using the Routh-Hurwitz stability criteria in slightly modified form 
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as b4 = 1, so 
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Therefore, the stability criteria, F (flutter margin) can be represented by the above equation as 
22

2 2 1
0

32 2
b b b

F b
b

    = − − −         
         (17) 

or in modified form 
22 2 2 22 2 2 2 2 2 2 2

2 1 2 1 2 1 2 1 2 1 2 1 2 1
1 2

2 1

4 2
2 2 2 2 2 2 2 2

F
β β α α β β α α α α β β α α

α α
α α

            + + − − +        = − + − + + − +                +                  
 (18) 

The flutter margin value at each test point can be found from the equation (18) using α  and β  values of 
the two modes. If F is positive, then the system is stable and the critical speed is reached when F = 0. 

As the values of Flutter margin tend to show quadratic behaviour with the airspeed at different test points; 
a quadratic curve fit can be used to predict the flutter onset speed. This can be done by finding the 
coefficients of the quadratic equation from previous data using least squares solution. 

2
2 1 0F B V B V B= + +           (19) 

Once the coefficients are known, the Flutter Prediction curve can be plotted against airspeed. The point in 
x-axis where the curve crosses zero is known as the Flutter Onset Speed. 

 
7 Statistics on LSCE / BLSCE Estimates 
 
As the system identification process is based on data measurement and signal processing, therefore, it has 
some noise associated to the response data both in the form of input or process noise and measurement 
noise. The former is due to air turbulence or some other random excitations while the latter is due to 
instrumentation errors, etc. 

No matter what type of noise there is, Least Squares method leads to a bias in modal parameters estimates 
when the response data is corrupted with noise [5]. The main reason for this bias is the input-output 
correlation, i.e., the output values depend upon the previous output and input values. Therefore, the biased 
estimates of the data result in biased modal parameters estimates with the damping ratios being more 
sensitive to this effect than any other modal parameter [45]. 

The y term from the equation (4) can be eliminated using equation (3) as 

( ) 1T T
Truthθ θ φ φ φ ε

−
= +           (20) 

The covariance matrix, whose diagonal values are the variances of ai parameters, is obtained as 

( )( ) ( ) ( )1 1T TT T T
truth truthDθ θ θ θ θ φ φ φ εε φ φ φ

− −
= − − =       (21) 

( ) ( )1 1T T TDθ φ φ φ φ φ φ
− −

⇒ = Σ          (22) 

where ( )TE εε∑ = , is the expected value of the residual term. 

If the noise is assumed to be ‘white’ with Gaussian distribution and zero mean value, then 
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( ) 2TE Iεε σΣ = =           (23) 

where 2σ  represents the variance of the noise signal 

( ) 1 2TD Iθ φ φ σ
−

=           (24) 

( ) ( )var diag Dθθ⇒ =           (25) 

Hence, the variance of each element of θ  (or ai parameters) can be identified by the corresponding 
diagonal values of Dθ . But, to assess the accuracy level of modal parameters estimates, this is not 
sufficient information. Therefore, further consideration into the problem is required using eigenvalue 
perturbation theory. 

For this, let us define a square matrix A, which is a sparse Hessenberg representation of the ai parameters 
such that 

( )2 2

2

2 1

1

0 0
1 0

0 0 1
M M

M

M

a
aA

a
×

−

− 
 −=  
 − 

L
L

M M O M          (26) 

The eigenvalues and right eigenvectors of matrix A are required to be found, and these will be used in 
eigenvalue perturbation expressions. If the matrix A has non-degenerate eigenvalues, 1 2 2M, , ,λ λ λL  then 
each eigenvalue iλ  has a corresponding eigenvector xi as 

1 1 1

2 2 2

2 2 2

1 2 2

1 2 2
1 2 2

1 2 2M M M

M

M
M

M

x x x
x x xx ,x , ,x

x x x

     
     

= = =     
     
     

LM M M        (27) 

Writing in matrix form with each column as eigenvector of the corresponding eigenvalue yields 

1 2 2MX x x x=   L           (28) 

Eigenvalues can also be shown in the form of a diagonal matrix as 

1

2

2

0 0
0 0

0 0 M

λ
λ

λ

 
 Λ =  
  

L
L

M M O M
L

         (29) 

The eigenvectors xi are the right eigenvectors of the corresponding eigenvalues iλ  as  

( ) 0i iA I xλ− =            (30) 

In order to proceed with the application of eigenvalue perturbation theory in the work, the left eigenvector 
of matrix A also needs to be determined [46]. A left eigenvector yi is defined as a row vector such that 

( ) 0TT
i i

A I yλ− =           (31) 

So the left eigenvector of matrix A for its corresponding eigenvalue can be obtained by taking the 
transpose of the right eigenvector of the corresponding eigenvalue of the transpose of matrix A.  Each left 
eigenvector can be represented as 

1 1 1

2 2 2

2 2 2

1 2 2

1 2 2
1 2 2

1 2 2M M M

T T T
M

M
M

M

y y y
y y yy ,y , , y

y y y

     
     

= = =     
     
     

LM M M        (32) 
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and the matrix form of left eigenvectors is 

1

2

2M

y
yY

y

 
 

=  
 
  

M            (33) 

Considering that matrix A is subjected to a small perturbation, N = η∆ , (where η  is scalar quantity and ∆  
is such that 2 1∆ = ) and using the function theory [47], equation (30) is modified as 

( ) ( ) ( ) ( )A x xη η λ η η+ ∆ =          (34) 

where x and λ  are functions of η  and differentiable with respect to it around the origin with the condition 
λ (0) = λ  and x(0) = x. 

Now differentiating equation (34) with respect to η  and setting η  = 0, yields 

( ) ( ) ( ) ( ) ( ) ( )0 0 0
0 0 0

d x d d xd
A x x

d d d d
η λ η ηη

η η λ η
η η η η
= = =

+ ∆ = = = + =    (35) 

( ) ( ) ( )0 0 0Ax x x xλ λ′ ′ ′⇒ + ∆ = +         (36) 

Pre-multiplying both the sides with yH and taking the absolute values, equation (36) leads to 

( )0H Hy x y xλ ′∆ =           (37) 

( )0
H

ii
i H

ii

y x

y x
λ

∆
′ =           (38) 

Therefore, the sensitivity of ith eigenvalue subjected to a small perturbation N = η∆  can be shown in terms 
of its corresponding left and right eigenvectors. 

If the perturbation on each element of matrix A is represented by the term ijη  of the matrix N (same order 
as A), then the resulting change in k th eigenvalue kλ  represented by chain rule expansion is  

11 12 2 2
11 12 2 2

k k k
k M , M

M , M

d d d d
λ λ λ

λ η η η
η η η

    ∂ ∂ ∂
= + + +       ∂ ∂ ∂     

L      (39) 

Now from equation (38) with the consideration of individual perturbation terms, it can be inferred that 
H

ki jkk
H

ij kk

y x

y x
λ
η

∂
=

∂
           (40) 

where yik is the ith element of kth left eigenvector and xjk is the j th element of k th right eigenvector. So it can 
be written in the summation form as 

i k

H
k j T

k ij kH
ij kk

y x
d J

y x
λ η η= =∑          (41) 

Now in order to find the modified or perturbed eigenvalue of matrix A, expanding the above expression 
using Taylor’s series expansion and keeping the terms up to 1st order only yields 

( ) ( ) ( )( )0 00 0k k k ;  = 0λ η λ η λ η η η′= = + −        (42) 

( ) ( )0 T
kJλ η λ η⇒ = +           (43) 

So all the perturbed eigenvalues can now be shown in vector form as 

( )0 Jλ λ η− =            (44) 
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where J is the matrix of perturbation terms of corresponding eigenvalues computed by equation (40). 

If η  is known then the perturbed eigenvalues λ  and ( )0λ λ− can be found, which are required for the 
matrix J. So the covariance matrix for eigenvalues is 

( ) ( )0 0
H T HD J Jλ λ λ λ λ ηη= − − =         (45) 

As η  is the vector of error terms in calculating the ai parameters, therefore, the diagonal values of the 
matrix Dλ  are the variances of eigenvalues and are represented by 

( )2 T H
d E J Jλσ ηη=           (46) 

( )2 T H
d JE Jλσ ηη=           (47) 

As the covariance matrix Dθ  contains the diagonal elements as the error terms η , therefore 

( ) ( )1 2 TTD I Eθ φ φ σ ηη
−

= =          (48) 

( ) 12 2T H
d J IJλσ φ φ σ

−
⇒ =          (49) 

( )
2 1

2
T Hd J Jλσ

φ φ
σ

−
⇒ =           (50) 

The diagonal terms of the matrix in equation (50) represent the sensitivity of each eigenvalue and also the 
sensitivity of each mode of the system due to noise in the data. In a real flight test, the variance of noise 

2σ  is not known, but it could be measured before the test, assuming that it does not change. The 
eigenvalues estimates having the lowest variances can be judged in this way; thus, provid ing the 
information about which of the eigenvalues have accurately been estimated [48]. 

Now, the variances of eigenvalues are known, next step is to find the variances of natural frequencies and 
damping ratios due to the noise / perturbation. 

As the eigenvalues of a system are given as  

( )ln j
j dt

λ
γ =            (51) 

or 
( )( )ln

( )
dt

λ ε
γ ε =           (52) 

Therefore, applying Maclaurin series expansion and ignoring the 2nd and higher order terms yields 

( )( )1
(0) ln 0j j j jd d

dt
γ ε γ λ ε λ+ = +         (53) 

1 j
j

j

d
d

dt

λ
γ

λ

 
⇒ =   

 
          (54) 

Now the change in eigenvalue itself is a complex number, therefore, its real and imaginary parts lead to 
the change in natural frequencies and damping ratios. 

j j jγ α β= ±            (55) 

where 2& 1j j j j j jα ω ζ β ω ζ= − = −  

j j jd d dγ α β= ±           (56) 

1532 PROCEEDINGS OF ISMA2006



j j j j jd d dα ω ζ ζ ω= − −           (57) 

( )1
j j j j

j

d d dω ω ζ α
ζ

= − +          (58) 

2

2

1

1

j j
j j j

j j j

d d d
ζ ω

β α ζ
ζ ζ ζ

   −   = − −
   −   

       (59) 

2
21

1j j
j j j j

j j

d d d
ζ ζ

ζ α ζ β
ω ζ

 −
= − + −  

 
       (60) 

As noise is assumed to be white and uncorrelated, the variance of natural frequencies and damping ratios 
can be found by using the variance of noise [49]. For n different measurement signals, the associated noise 
signals are such that 

( ) ( )
( )
( )

2 2 1 2

0

0

T
ll l l

T
l m

l

E E I ; l , , ,n

E l m

E

ε ε ε σ

ε ε

ε

= = =

= ≠

=

L

       (61) 

1
l

N

j l j
l

d dω ε ω
=

= ∑           (62) 

1
l

N

j l j
l

d dζ ε ζ
=

= ∑           (63) 

( )2

1 1
l m

N N

j l j l j
l m

E d E d dω ε ω ε ω
= =

    =    
    

∑ ∑        (64) 

( ) ( )( )2

1 1

;
l m

N N

j l m j j
m l

E d E d d l mω ε ε ω ω
= =

= =∑∑        (65) 

( ) ( )22

1
l

N

j l j
l

var d I dω σ ω
=

= ∑          (66) 

Equation (66) gives the variance on natural frequencies. Similarly, the variance on the damping ratios is 

( ) ( )22

1
l

N

j l j
l

var d I dζ σ ζ
=

= ∑          (67) 

Hence, the variances of natural frequencies and damping ratios can be determined based on the variance of 
noise in measurement data. 

 
8 Statistics on Flutter Margin / Predicted Flutter Speed 
 
The accuracy of the flutter margin computation directly depends on the accuracy of the measured data, 
especially, the decay rate data, which is the most difficult to measure accurately. If the response data is 
noisy, then it has some impact on the parameter estimates, resulting in biased values; therefore, this bias is 
also induced in the flutter margin results and thus the predicted flutter speed. The amount of the bias can 
be assessed by finding the variance on the flutter margin values and the predicted flutter speeds. 
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Small changes in coefficients of the characteristic polynomial and the flutter margin value due to 
perturbation are given as 

( )3 1 22db d dα α= − +           (68) 

( )2 1 1 2 2 1 2 2 1 1 1 2 22 2 4 2 2db d d d d d dα α α α α α α α β β β β= + + + + +      (69) 

( )2 2 2 22 2 2 2 21 2 1 1 2 2 1 1 1 2 1 2 1 1 2 2 1 2 2 1 1db d d d d d d d dα α α α α α α α α α β α α β β β α α β β= − + + + + + + +   (70) 

( )2 2 2 2 2 2 2 220 1 2 1 1 2 2 1 2 1 1 2 2 2 1 2 2 1 1 1 2 1 1 2 2db d d d d d d d dα α α α α α α β α α β β α β α α β β β β β β β β= + + + + + + +   (71) 

2 1 1
2 2 0 2 1 32

3 3 3

1 1 1
2

2 2 2
b b b

dF b db db db db db
b b b

     = − − − − −             
     (72) 

If the change in flutter margin value is known, it can be used to determine the variance on its value at a 
particular test point by adopting the same procedure as for natural frequencies and damping ratios. 

1

N

l l
l

dF dFε
=

= ∑            (73) 

( )22

1

( )
N

l
l

var F I dFσ
=

= ∑           (75) 

Knowing the variance on the flutter margin, the 95% confidence bounds can be set for each test point. 
This band can be extrapolated in the same way the as flutter prediction curve until the point where flutter 
occurs. Thus, the 95% confidence bounds on the predicted flutter speed are determined as a result. 

 
9 Simulation Setup 
 
The aeroelastic system used for simulation and application of different techniques in the present work is a 
binary flutter system (2 DOF) as shown below. 

 

 
Figure 3: Binary Flutter System 

 
As shown in the figure 3, a rectangular wing of high aspect ratio with span s , the cord length c and 
thickness t (negligibly small) represents the flutter system. The wing, pivoted at its root, has two degrees 
of freedom, i.e., bending γ  and torsion θ . 

The aeroelastic equation of motion for the system, excited by some external forcing function, is given in 
its classic form as  

2Aq VB D q V C D q F ( t )ρ ρ   + + + + =   
ii i

       (76) 

The analytical model of the system provides a useful test case for the methods investigated in this paper, 
including the frequency and damping characteristics against airspeed. The flutter speed for the chosen 
structural parameters was found to be 46 m/s. 
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 Figure 4: Damping Ratio and Natural Frequency Variations with Air Speed 
 
It can be seen from figure 4 that the damping ratio of the torsional mode gradually gets to zero at the 
flutter speed whereas the bending mode has its damping ratio increasing with the speed. 

 
10 Application of Statistics on Modal Parameter Estimation 
 
The test speed is set at 33 m/sec which is well be low the flutter speed margin of the system as usually 
required by the airworthiness regulations. The system was excited by an impulse signal and the decay 
response data was recorded with a sampling rate of 0.04s. The decay response model of the system can be 
formulated for modal parameter estimation and flutter prediction as described in previous sections. 

 
10.1 Variability of Parameter Estimates 
 
As an initial check on the variability of the estimated modal parameters, the 95% confidence bounds of the 
ai parameters were determined, and then every combination of these bounds was used to determine the 
frequencies and dampings. There are 22M (M stands for number of modes) possible combinations of the 
95% confidence bounds of ai parameters. Each of these combinations has to be added to the last column of 
the sparse Hessenberg matrix A to form 22M different perturbation cases. The natural frequencies and 
damping ratios estimated in each case are plotted against each other. This procedure can be applied to any 
model order and noise level to see the effects of noise and overspecification on the estimated results. 

 

  
Figure 5: BLSCE Variability Plot-0% Noise Figure 6: LSCE Variability Plot -0% Noise 
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Figure 7: BLSCE Variability -5% Noise Figure 8: LSCE Variability -5% Noise 

 
Figures 5 to 8 show the variability of the modal parameters with an overspecified model of 5th order. The 
plots for different noise cases display the effect of noise to the estimated results of natural frequencies and 
damping ratios. Figures 5 and 6 show the difference between the LSCE and BLSCE approach. With no 
noise, all the spurious modes appear with negative damping ratios in the BLSCE plot. In figures 7 and 8, it 
was noticed that the first two modes, being the real system modes apparently have larger scatter as 
compared with the others, but these modes have lower variances as shown in tables 1 and 2. The scatter on 
the other two modes is low but their variance values are higher than the first two modes (see table 1 and 
2). The last mode is widely scattered in both frequency and damping estimates, therefore, it can be 
identified as a spurious mode from the plots. Modal parameters variability plots with different 
overspecified model orders (3 to 7) and noise cases (1% to 10% noise / signal ratio) were obtained and a 
general fact was noted from the plots that estimated results mainly depend on the amount of the noise in 
the data as the scatter gets bigger when noise is increased. 

The same plots were obtained with the estimated results from Monte Carlo simulations (30 tests 
performed using different model orders and noise sequences with the same statistical characteristics) so as 
to compare the two approaches. Results from the BLSCE based estimated cases are plotted below. 

 

  
Figure 9: Monte Carlo Variability -1% Noise Figure 10: Monte Carlo Variability -10% Noise 

 
It can seen from figures 9 and 10 that the system modes appear to have low scatter when noise is low, but 
when the noise level is increased to 10%, there are some instances where these modes, show unstable 
behaviour as the damping ratio values approach -1 (see figure 10). All the spurious modes present a 
scattered behaviour with the last mode being the most unstable of all as it is not only scattered in damping 
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estimates but also in frequency estimates as well. Hence, the results from the two approaches largely 
match each other. 

Variances of both LSCE and BLSCE natural frequency and damping ratio estimates of all the modes for 
different noise cases and model orders were calculated and tabulated to show the relationship between the 
stability plots and the variance of system modal parameters. 

 

Model order 2 5 6 7 

Noise Level (%) 1 5 10 1 5 10 1 5 10 1 5 10 

2.85e-08 8.21e-07 1.12e-09 7.87e-09 6.51e-09 6.71e-09 3.08e-09 2.41e-09 8.20e-09 6.64e-09 8.81e-09 7.39e-09 

9.61e-09 2.92e-08 2.43e-09 4.05e-08 1.26e-07 9.68e-08 1.94e-10 5.04e-09 2.70e-10 1.01e-08 1.54e-08 5.42e-09 

* * * 2.34e-07 8.95e-07 4.69e-07 3.23e-08 2.48e-08 5.17e-08 1.95e-07 1.57e-07 1.97e-07 

* * * 1.50e-05 3.29e-05 2.49e-06 4.27e-08 4.61e-08 2.88e-08 5.06e-08 6.31e-08 2.27e-07 

* * * --- --- --- 5.09e-06 4.30e-06 5.28e-06 1.89e-06 1.58e-06 3.06e-06 

* * * * * * --- --- --- 4.11e-06 1.95e-05 2.63e-05 

Variance on 
Natural 

Frequencies 

* * * * * * * * * --- 6.32e-03 9.08e-03 

3.59e-12 5.09e-08 5.13e-07 1.78e-09 2.89e-09 4.28e-09 5.46e-10 1.97e-10 5.71e-10 9.58e-10 3.63e-10 6.25e-10 

1.58e-08 3.44e-07 9.89e-07 4.54e-10 6.35e-10 1.46e-10 8.92e-10 3.34e-10 1.13e-09 8.32e-11 6.61e-10 1.58e-09 

* * * 1.73e-09 8.65e-09 7.70e-09 4.26e-11 1.57e-11 4.76e-11 4.38e-09 2.38e-09 1.47e-10 

* * * 2.24e-08 2.25e-08 3.04e-07 1.04e-09 3.65e-10 6.27e-10 1.98e-08 2.41e-08 4.47e-08 

* * * --- --- --- 1.18e-07 1.78e-07 3.12e-07 1.33e-11 7.05e-09 2.29e-08 

* * * * * * --- --- --- 3.07e-07 2.70e-07 2.81e-07 

Variance on 
Damping Ratios 

* * * * * * * * * --- 3.29e-05 5.26e-05 

Table 1: Variances for BLSCE Modal Parameters 
 
In the table, a ‘*’ means empty box while a ‘---’ means no variance was possible to be calculated in that 
case. From table 1, it can be seen that for a given model order, the variances of all the frequencies and 
dampings generally increase with the amount of noise in the data except for a few cases. For example, 
with model order 2 and 10% noise, the frequency estimates exhibit lower variances as compared to those 
of 1% and 5% noise cases whereas the damping estimates show higher variances. Therefore, it can be said 
that with higher noise level, the amount of variances is higher than those in lower noise cases. This is in 
line with the theory as the modal parameters variance is directly related to the variance of the noise signal.  

Moreover, for the same noise case with increasing model order, these variances tend to reduce in almost 
all of the cases; for example, the variance of the first mode’s frequency in model order 2 with 1% noise 
decreases from 2.85e-08 to 6.64e-09 in model order 6 with same the same noise. However, in few of the 
cases, this trend does not hold; such as in model order 2 with 1% noise case, the damping ratio variance of 
the first mode is the lowest of all the model orders with the same noise level. By large, it can be said that 
for the same noise level, the trend of drop in modal parameter variances with the increasing model order 
holds. 

These results also contain the information about the order of the modal parameters appearing with the 
lowest variances, as already discussed, the real system modes appear with the lowest variances. Since, the 
true order the binary flutter system is known, we have to look for the order of the two modes with the 
lowest variance values in each case. With only a few exceptions, up to the model order 5, all the cases 
have the first two modes with lowest variance values. The order of the lowest damping and frequency 
variances matches up to this model order, but in most cases of 6th and higher model orders it does happen 
so. This is why overspecification of the model order has to be chosen carefully because spurious modes 
tend to settle down when unnecessary overspecification is used for modal parameter estimation. 
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Model order 2 5 6 7 

Noise Level (%) 1 5 10 1 5 10 1 5 10 1 5 10 

3.72e-08 9.50e-07 2.99e-10 4.32e-09 1.26e-08 1.11e-08 1.11e-08 1.62e-08 1.83e-08 8.16e-09 3.64e-09 1.45e-08 

1.47e-08 1.27e-07 6.46e-09 7.29e-08 1.25e-07 9.19e-08 5.84e-08 1.31e-08 3.28e-08 5.59e-08 3.12e-08 2.64e-08 

* * * 4.91e-07 8.55e-07 1.15e-06 3.83e-08 5.33e-11 1.76e-09 8.80e-07 1.04e-06 3.81e-07 

* * * 1.30e-05 7.63e-06 2.78e-06 2.17e-08 5.30e-08 5.23e-08 1.12e-08 2.92e-09 1.66e-07 

* * * --- 1.45e-04 1.16e-04 3.92e-06 4.30e-06 9.21e-06 3.78e-05 1.53e-05 3.07e-06 

* * * * * * --- --- --- 3.62e-06 2.63e-08 1.98e-07 

Variance on 
Natural 

Frequencies 

* * * * * * * * * --- --- 9.66e-03 

3.19e-10 5.34e-08 4.63e-07 2.21e-09 3.76e-09 5.59e-09 5.23e-09 3.62e-09 4.93e-09 1.77e-09 1.68e-09 7.75e-10 

1.75e-08 3.88e-07 1.11e-06 1.59e-10 2.31e-10 3.04e-10 5.76e-10 8.53e-10 3.48e-10 3.99e-11 1.88e-10 6.12e-09 

* * * 1.99e-09 1.37e-07 7.47e-08 1.78e-09 1.14e-09 1.40e-09 4.64e-11 6.12e-10 5.46e-09 

* * * 1.45e-07 6.05e-07 3.49e-07 9.42e-09 2.86e-09 1.06e-09 7.19e-08 4.83e-08 3.73e-08 

* * * --- 4.34e-08 9.28e-08 6.33e-07 9.28e-07 5.70e-07 4.93e-07 7.35e-07 2.43e-08 

* * * * * * --- --- --- 9.83e-07 1.50e-06 1.41e-06 

Variance on 
Damping Ratios 

* * * * * * * * * --- --- 5.51e-05 

Table 2: Variances for LSCE Modal Parameters 
 
Table 2 shows the variances of natural frequencies and damping ratios estimated by LSCE method. Most 
of the results are similar to those obtained using BLSCE technique as the drop in variance values for the 
same noise level with increasing model order is generally found here as well. Also the first the two modes 
appear with the lowest variances up to the model order 5 for both frequencies and dampings. For model 
order 6 and above, the trend does not hold at all as in case of BLSCE results shown in table 1. 

In order to further extend the reliability of the method, Monte Carlo simulations were performed to find 
the variance of the modal parameters. 30 tests for different noise cases and model orders were carried out 
and the results of the natural frequencies and damping ratios were recorded. Then performing statistical 
analysis, the variance of both the modal parameters were determined and comparison with the results is 
also presented in tabular form. 

 
Model order 2 5 6 

Noise Level (%) 1 5 10 1 5 10 1 5 10 

1.45e -06 1.07e -04 1.75e -03 2.88e -08 1.13e -06 4.18e -06 3.59e -03 1.08e -02 8.81e-03 

5.85e -08 1.76e -07 2.95e -06 3.22e -09 3.55e -03 1.06e -02 5.41e -01 9.44e -01 9.02e -01 

* * * 6.4e-01 1.32e+00 1.17e+00 2.52e -09 7.37e -02 1.28e -01 

* * * 6.54e -01 7.84e -01 8.62e -01 1.49e -02 1.95e -02 2.03e -02 

* * * 1.11e+01 1.36e+01 2.01e+01 1.72e -02 9.63e -03 1.30e -02 

Variance on 
Natural 

Frequencies 

* * * * * * 6.60e -03 5.55e -03 7.90e -03 

1.98e -06 6.48e -04 6.77e -03 6.46e -09 1.70e -07 1.19e -06 9.13e -02 1.74e -01 1.72e -01 

2.91e -09 8.15e -08 7.23e -07 2.05e -10 2.53e -02 2.77e -02 1.10e -01 2.55e -01 2.45e -01 

* * * 1.25e -01 1.59e -01 1.75e -01 1.42e -10 1.23e -01 9.54-02 

* * * 1.48e -04 6.08e -02 6.13e -02 1.21e -04 1.63e -04 2.99e -02 

* * * 1.20e -01 1.79e -01 1.35e -01 7.24e -05 5.01e -05 4.97e -05 

Variance on 
Damping Ratios 

* * * * * * 6.75e -06 6.23e -06 5.82e -06 

Table 3: Monte Carlo variances for BLSCE Modal Parameters 
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Model order 2 5 6 

Noise Level (%) 1 5 10 1 5 10 1 5 10 

4.06e -05 3.93e -04 8.69e -03 5.40e -08 1.32e -06 5.19e -06 1.34e -02 1.84e -02 2.16e -02 

9.33e -08 2.27e -06 1.06e -05 4.93e -09 1.20e -07 4.94e -07 7.68e -01 1.09e -02 7.51e -01 

* * * 7.21e -01 5.69e -01 1.02e+00 3.41e -04 1.09e -02 3.28e -02 

* * * 7.99e -01 6.19e -01 9.57e -01 1.09e -02 1.26e -02 1.62e -02 

* * * 2.35e+01 4.47e+01 9.22e+00 1.62e -02 1.33e -02 1.30e -02 

Variance on 
Natural 

Frequencies 

* * * * * * 6.03e -03 9.05e -03 8.92e -03 

1.59e -06 3.84e -04 4.32e -02 1.23e -08 3.20e -07 1.51e -06 1.16e -01 1.28e -01 1.38e -01 

3.53e -09 1.01e -07 4.52e -07 1.94e -10 3.31e -09 1.38e -08 1.84e -01 1.68e -01 1.96e -01 

* * * 1.58e -01 8.83e -02 1.83e -01 6.26e -02 3.24e -02 9.05e -02 

* * * 8.87e-02 2.15e -04 3.17e -02 1.63e -04 1.43e -04 1.29e -04 

* * * 1.58e -01 1.24e -01 1.61e -01 3.99e -05 7.47e -05 3.74e -05 

Variance on 
Damping Ratios 

* * * * * * 6.86e -06 7.05e -06 8.64e -06 

Table 4: Monte Carlo variances for LSCE Modal Parameters 
 
Tables 3 and 4 show the variances of natural frequencies and damping ratios obtained from Monte Carlo 
simulations. These results displayed a similar trend as was presented in tables 1 and 2. The variances of 
both the parameters not only follow the same trend, i.e., drop in variance values with increasing model 
order for each noise case, but also the top two modes have the lowest variances up to the model order 5. 
For the model order 6, the variance of the parameters are not only high as compared to those for lower 
model orders, but also, these appear with the highest variance values when compared with the other modes 
of the same case. Thus the results of the Monte Carlo simulation support the discussion made on the 
results of frequency and damping variances obtained from the statistics on parameter estimation. 

Tables 1 and 2 verify the results of the plots shown in figures 7 and 8. For model order 5 and higher, 
especially, with 1% and 5% noise cases, the last mode generally appears to be unstable because no 
variance value for the last mode was possible to be calculated. This is because the eigenvalues of this 
mode do not appear as a complex conjugate pair and therefore, it can be identified as a spurious mode and 
can be ignored when the natural frequencies and damping ratios variances are computed. This result was 
even further verified with the Monte Carlo simulations as for model order 5 (see tables 3 and 4), variances 
for the last mode , especially for frequencies, are far too high as compared with those of all the other 
modes. 

 
10.2 Improved Interpretation of Stability Plots 
 
The results for the natural frequencies and damping ratios were obtained using both the LSCE and BLSCE 
methods for different noise cases. The effect of noise was reduced by using an overspecified model order 
and then the real system modes were identified with the help of stability plots where all the estimated 
frequencies were plotted against the model order. The criterion for a particular mode to be stable is when 
its frequency and damping values are within a certain limit of the previous values, it will be partially 
stable if any of the frequency or damping values appears to be outside that limit. When none of the values 
appear to be within the limit, the mode is unstable in that case. 

In both the LSCE and BLSCE methods, the results were superimposed with the FRFs of the response data 
as to verify the stability of the system modes. The results for 1% and 10% noise cases are presented here. 
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Figure 11: BLSCE Stability Plot (1% noise) Figure 12: BLSCE Stability Plot (10% noise) 

  

  
Figure 13: LSCE Stability Plot (1% noise) Figure 14: LSCE Stability Plot (10% noise) 

 
As evident from figures 11 and 12, the spurious modes in BLSCE based stability plots have disappeared 
because of the negative damping values. On the other hand, the LSCE results show that with mode l order 
6 and higher, some of spurious modes also tend to stabilize as shown in figures 13 and 14. This is evident 
when using an overspecified model of 10th order, where at least two spurious modes display such 
behaviour. This trend of stabilized spurious modes with higher order overspecification carries the risk of 
wrong selecting the wrong modes. Therefore, BLSCE based stability plots can be very useful in a real 
flight test if all the modes are identified and stability of the system is ensured at that particular test point. 

In order to see the relationship between the variances of the modal parameter estimates and the stability 
plots, the order of the real system modes was tracked during the formation of the stability plots. The true 
values of the modal parameters for the binary flutter system are known from the mathematical model. 
Therefore, these values of natural frequencies were used to identify the real system modes from the 
estimated results by comparing the estimated natural frequencies for different overspecified models and 
noise cases with each of the true values. The reason for using the natural frequencies as the selection 
criteria is that the frequencies are less sensitive to noise compared with the damping ratios. Thus, in this 
way, the order of the identified real system modes was determined for all overspecified model order and 
noise cases and is tabulated below. 
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Overspecified 
Model Order 

3 4 5 6 7 8 9 10 

Noise Level (%) 1 5 10 1 5 10 1 5 10 1 5 10 1 5 10 1 5 10 1 5 10 1 5 10 

LSCE 

Order of 1st 
System Mode 

1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 

Order of 2nd 
System Mode 

2 2 2 2 2 2 2 2 2 3 3 3 3 3 3 4 4 4 4 4 4 4 4 4 

BLSCE 

Order of 1st 
System Mode 

1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 

Order of 2nd 
System Mode 

2 2 2 2 2 2 2 2 2 3 3 3 3 3 3 4 4 4 4 4 4 4 4 4 

Table 5: Order of the Identified System Modes  
 
Table 5 provides useful information about the stable modes with respect to the stability plots as it shows 
that the top two modes have been identified as real system modes as per set criteria  in most of the cases. 
These first two modes stabilize up to the model order 5, but for 6th and higher model orders with all 
different noise cases, they tend to show varying results as some of the spurious modes stabilize ahead of 
the system modes. Therefore, a careful selection of the right overspecified model order will lead to better 
identification of system modes. 

It was noticed from tables 1 through 4 that the maximum overspecified model order is 5 for the two modes 
of lowest variances with their order (i.e., 1 and 2) matching in both modal parameters. This is in line with 
the stability plots results (figure 13 and 14) and the table for system modes order (table 5). In addition to 
the stability plots, the variance on frequency and damping estimates can be used to provide useful 
information regarding the identification of real system modes from spurious ones as these modes have 
lower variance on their respective modal parameters as compared to those of spurious modes. This result 
provides an additional confidence criterion for modal parameter estimation to extract system modes. 

 
11 Application of Statistics to Flutter Prediction 
 
Having the system modes identified with the help of stability plots and statistical confidence bounds, the 
flutter prediction is possible using both the flutter margin method and damping extrapolation. 

Tests were run for different noise cases to determine the flutter margin values at each test point and these 
results were plotted against the airspeed. In each case, the model was run at increasing airspeeds, starting 
from 5 m/sec with an increment of 5 m/sec, up to the speed where the predicted flutter speed was within 
its 20 % margin. In each case, the flutter speed was predicted along with a band of 95% confidence 
bounds on the predicted flutter speed as described in section 8. 

In addition to the flutter margin  method, damping extrapolation was also used to predict flutter onset and 
establish statistical confidence bounds on the predicted flutter speed. For this purpose, damping estimates 
of the system modes were plotted against the air speed for all the test points. Then a quadratic curve fit 
was used to extrapolate the damping curves and predict the flutter onset speed. The procedure for finding 
the 95% confidence band on the predicted flutter speed using this technique was the same as the flutter 
margin method. At each test point, the variances and 95% confidence bounds of the damping ratio 
estimates were determined, which then produced the confidence band on the predicted flutter speed using 
the same curve fit approach. 

Results in the form of plots and tables for both the flutter margin and damping extrapolation are presented 
for analysis and discussion. Bands on the predicted flutter speeds have been determined using both the 
methods and comparison has been made to show the effectiveness of the methods.  
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Figure 15: Flutter Prediction with Model Order 2 & 

1% noise (Flutter Margin) 
Figure 16: Flutter Prediction with Model Order 2 & 

10% noise (Flutter Margin) 

  
Figure 17: Flutter Prediction with Model Order 2 & 

1% noise (Damping Extrapolation) 
Figure 18: Flutter Prediction with Model Order 2 & 

10% noise (Damping Extrapolation) 

 
The figures 15 and 16 show the results from the flutter margin method when applied to predict flutter 
speed with 1% and 10% noise cases for model order 2. The effect of noise on the predicted flutter speed is 
evident from the figures by looking at the 95% confidence band. The amount of the confidence bounds 
and hence the confidence band for 10% noise case is higher than the ones in 1% noise case. Moreover, the 
accuracy of the predicted flutter speed with respect to theoretical flutter speed (46 m/s) also suffers in 10% 
noise case. The error in predicted flutter speed increases from 4.75% in 1% noise (43.85 m/s) case to 
10.33% in 10% noise case (41.25 m/s). Therefore, it can be said that flutter speed prediction heavily 
depends upon the noise in the response data. 

The quadratic curve fit of the damping estimates as shown in the figures 17 and 18 look similar to the 
damping ratio variation plot in figure 4 drawn from the mathematical model of the system. It is apparent 
from the two figures that this method also shows the same trend of decreasing accuracy in flutter 
prediction with increasing noise, but, the predicted flutter speed even in the case of no noise (69.42 m/s) is 
much higher than the theoretical flutter speed (46 m/s). This finding highlights the shortcoming of the 
damping extrapolation method as there is no perfect curve fit for this method and in a real flight test, the 
actual flutter speed is not known beforehand. Therefore, an over prediction of the flutter onset may lead to 
serious structural failure when the flight envelope is further expanded based on these results. 

Results for predicted flutter speeds and their 95% confidence bands for different noise cases and model 
orders show the comparison of both methods effectiveness. The amount of error on the predicted flutter 
speed in each case with respect to its theoretical value is presented here. 
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Predicted Flutter Speed 
(m/sec) 

Error in Prediction  

(%) 
95% Confidence Bands 

(m/sec) Model 

Order 
Noise 

Level (%) Flutter 
Margin 

Damping 
Extrapolation 

Flutter 
Margin 

Damping 
Extrapolation 

Flutter 
Margin 

Damping 
Extrapolation 

1 43.81 68.35 4.75 48.50 0.40 0.33 

5 38.98 71.09 15.23 54.45 0.65 5.33 2 

10 41.24 92.30 10.33 100.47 1.01 25.42 
1 44.81 69.38 2.58 50.73 0.28 0.03 

5 44.34 69.41 3.60 50.80 0.28 0.02 3 

10 43.28 69.88 5.90 51.82 0.25 0.01 
1 44.82 69.48 2.56 50.95 1.39 -0.58 

5 44.68 69.72 2.86 51.47 1.46 -0.59 4 

10 44.44 70.00 3.39 52.08 1.53 -0.59 
1 44.81 69.50 2.58 51.00 0.44 -0.29 

5 44.56 69.91 3.12 51.88 0.45 -0.29 5 

10 44.06 70.63 4.21 53.45 0.46 -0.29 
1 44.81 69.47 2.58 50.93 1.16 -0.33 

5 44.59 69.69 3.06 51.41 1.21 -0.34 6 

10 44.15 70.02 4.01 52.12 1.26 -0.34 
Table 6: Predicted Flutter Speeds and 95% Confidence Bands 

 
From table  6, it can be observed that in case of the flutter margin results, for a given model order and 
increasing noise in the data, not only the predicted speeds generally appear with bigger confidence bands 
but also, the error on the flutter prediction is also increased. Thus, the results are less accurate with higher 
noise values. As far as damping extrapolation is concerned, the results are over-predicted for every case 
due to the order of the curve fit applied to extrapolate the damping ratios. The amount of error on the 
results follows the same trend as in the case of flutter margin, but the confidence band values become 
negative when 4th or higher model order is chosen. This again indicates unsuitability of the damping 
extrapolation technique to determine statistical confidence bounds on flutter prediction process. 

Another finding from table  6, with respect to confidence band values determined by flutter margin method 
is that model order 3 for any given noise case tends to narrow down the confidence band on predicted 
flutter speed as compared to that of model order 2. The similar trend is found when model order is 
increased from 4 to 5. However, this trend does not hold for all the cases. 

Monte Carlo simulation results for flutter prediction both with flutter margin method and damping 
extrapolation have been obtained to verify the results obtained from the variance based confidence 
bounds. 

 

Predicted Flutter Speed 
(m/sec) 

Error in Prediction 
(%) 

95% Confidence Bands 
(m/sec) Model 

Order 
Noise 

Level (%) Flutter 
Margin 

Damping 
Extrapolation 

Flutter 
Margin 

Damping 
Extrapolation 

Flutter 
Margin 

Damping 
Extrapolation 

2 1 43.96 69.62 4.43 51.26 0.19 0.26 

3 1 41.80 144.85 9.11 214.50 0.02 -1.17 
Table 7: Predicted Flutter Speeds and 95% Confidence Bands (Monte Carlo Simulations)  
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Table 7 shows the variation of flutter speed from its true value in the same way as was shown in table 6. 
The error in predicted flutter with model order 3 for the damping extrapolation is almost three times 
higher than the theoretical value and also the confidence band appear with negative sign as was found in 
table 6. In flutter margin based results, the accuracy of flutter speed with model order 3 decreases as 
compared to that of model order 2 (from 4.43% to 9.11% error) while the results for confidence bands 
almost follow a similar trend of reducing the confidence band with overspecified model order. 

 
12 Conclusions 
 
An overview of the current status of flight flutter testing and some future challenges has been made.  
Some improvements in the interpretation of stability plots, through the use of Backwards Least Squares 
and Least Squares statistics, and also the Flutter Margin, using Least Squares statistics, have been 
demonstrated.  Initial results show that these methods are encouraging and their application on full size 
aircraft data sets should be examined. 
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Abstract 
A static artificial neural network is developed to predict limit cycle oscillation (LCO) amplitude levels and 
frequency of external store configurations on a fighter aircraft.  This work is similar to previous networks 
generated by the authors with the inclusion of continuous analytic descriptors of the aeroelastic modes and 
the flutter eigenvectors.  The current work however uses the analytic descriptors of three normal modes, 
and allows the neural network to determine the effect of the coupling modes.  In addition, asymmetric 
external store configurations are examined in this neural network, similar only by the missile 
configurations on the wingtips.  A neural network with two layers, one with 41 nodes and the second with 
17 nodes, is used for the prediction of the two outputs, LCO amplitude and LCO frequency.  The 
methodology for the calculating the descriptors is presented, as is a comparison of the analytic and flight 
test descriptors.  In addition, sample network input training data is provided.  The results of the neural 
network using the analytic descriptors show a capability to predict trends for both the LCO onset speeds 
and the overall amplitude levels.  This neural network was also capable of predicting an observed trend of 
LCO amplitude levels decreasing partially or completely after a certain airspeed. 
 
 

1 Introduction 
 
Non-linear aeroelastic response in the form of Limit Cycle Oscillations (LCO) is a common occurrence on 
certain fighter aircraft, primarily when carrying external stores.  Although moderate LCO amplitudes are 
not structurally critical to the aircraft, it can interfere with the operational suitability of the aircraft’s 
mission due in part to the transferred oscillation to the pilot.  Limit cycle oscillations are prevalent on the 
F-16 for external store configurations that are predicted to be aeroelastically unstable using linear flutter 
analyses.  The linear flutter solution is useful in identifying the LCO sensitive external store 
configurations, and can accurately predict the frequency of the instability.  In addition, previous studies1,2 
have shown that the classical flutter analyses are adequate to identify the modal composition of the LCO 
instability.  However, linear flutter analyses are not capable of predicting the onset speeds and amplitude 
levels of LCO.  A description of LCO, the relationship to classic flutter analysis, and some background are 
provided in Reference [3].  In this article, LCO is described as sustained periodic oscillations that stabilize 
in amplitude for a given flight condition.  As flight conditions change with increasing Mach or dynamic 
pressure, especially in the transonic region, the sustained oscillations can continue to grow in amplitude, 
sometimes to unacceptably high levels.  In addition, once past the transonic region, generally around 0.95 
Mach, the LCO can also diminish in amplitude, which has been deemed “non-typical LCO2.”  Several 
analytic methods4, , , ,5 6 7 8 have been investigated to predict the amplitude levels of LCO on the F-16.  These 
methods include semi-empirical methods based on shock induced trailing edge separation, time-domain 
computational fluid dynamics, and a transonic small-disturbance approach.  Although these methods have 
shown success in predicting LCO, they have not been practical to run on the large number of external 
store configurations that must be analyzed.  Typical flutter and LCO analyses for the F-16 give an 
indication of potentially critical configurations.  Flight testing is accomplished for some of the 
configurations predicted to be unstable to determine the magnitude of the LCO response.  The flight test 
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results have shown several consistent trends of LCO, and correlation to the linear flutter analyses.  
However, as flight testing is becoming more difficult to achieve due to availability of assets and costs, 
new methods are being examined to reduce the amount of testing while still being able to accurately 
determine the flutter and LCO characteristics for the increasing number of new external store 
configurations. 
Recently, the use of artificial neural networks9,10 has been explored to predict LCO onset speeds and 
amplitude levels for the F-16.  Denegri and Johnson used both a static and a dynamic neural network with 
some success to predict typical LCO.  One limitation of these networks was the use of discrete, subjective 
inputs based on visual inspection of the coupling free vibration mode shapes.  Maxwell and Dawson11 
developed a method to quantify the bending and torsional characteristics of the flutter mode-shapes, 
allowing an extension of the work performed by Denegri and Johnson using continuously varying 
descriptors based on the dynamic characteristics of the wing.  In addition, the authors in earlier work 
developed a static artificial neural network in the form of a multi-layer perceptron to determine its 
capability to predict non-linear aeroelastic responses, specifically the LCO amplitude level and frequency 
for symmetric external store configurations12. 
Dawson and Maxwell have shown that asymmetric external store configurations can be more 
aeroelastically critical than some symmetric store configurations13.  Due to the increased number of 
modeshapes used in a full-span analysis for asymmetric external store configurations, and the non-
intuitive coupling of the asymmetric modes, the problem of deducing the most aeroelastically critical store 
configuration is compounded greatly.  It is shown that the neural network can assist in the complex 
problem of determining whether asymmetric external store configurations are a significant aeroelastic 
problem.   
The inputs into this neural network incorporate linear flutter analysis results, but do not include the store-
type discrete inputs used by Denegri and Johnson.  These discrete inputs are replaced by numeric analytic 
descriptors of the coupling flutter eigenvectors.  Several network sizes are investigated using flutter flight 
test results for multiple asymmetric external store configurations with significantly different mass 
properties of the stores.  It is shown that this method is able to predict with some success the LCO 
amplitude levels for a subset of data. 
 

2 Neural Network Approach 
 
The purpose of an Artificial Neural Network (ANN) is to attempt to simulate the brain’s behavior of 
learning and adaptation.  A neural network is the interconnection of nodes and applied weighting factors 
that are mapped from an input to an output.  The layers of nodes between the input and output are referred 
to as hidden layers since the functions are performed autonomously, invisible to the user.  A network may 
contain an unlimited number of hidden layers, but typically no more than two are required14.  The nodes, 
or perceptrons, are comprised of a summing junction and a function to modify the summed signal.  If the 
function is nonlinear, then the ANN has the ability to map linear combinations of inputs into nonlinear 
results.  Typical nonlinear functions for an ANN include exponential, logarithmic sigmoids, and 
hyperbolic tangents.  The output layers are more likely to be limited or unlimited linear functions.  The 
ability of ANNs to predict nonlinear system behavior makes them an optimal choice for the prediction of 
LCO.  Figure 1 shows a small, two input, single output ANN.   
 

Input 2

Input 1 
 
 

Figure 1.  Two input, single output neural network. 
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The static neural network design of Denegri and Johnson was again chosen for this work to determine if 
the elimination of the discrete and subjective modal descriptors would improve upon the prediction 
capability of the ANN for asymmetric external store configurations.  The static network is designed to 
simply feed forward input sets one at a time and provide a prediction without any inherent knowledge of 
past inputs or outputs.  The ANN is trained using flight test data and both linear flutter analysis data and 
functions of the flutter eigenvector.  The network is given an input vector, and a response is measured and 
compared to the desired response.  This error signal is then fed back through the network by 
backpropagation to train the network.  The networks were batch trained using the Levenberg-Marquardt15 
algorithm, which uses the first derivative of the network errors to update the weights according to:  

 [ ] eJIJJWW TT
kk

1
1

−

+ +−= μ  (1) 

where W  are the weights,  is the Jacobian matrix, J I  is the identity matrix, e  is the error vector, and μ  
is a weighting factor (less than 1) that is decreased proportionally to  as the solution approaches a 
minimum.  Training continues until the average mean squared-error falls below a preset value.  The LCO 
data collected from flight tests for seventeen external store configurations is used as shown in Table 1.   

e

In this work, the ANN is designed in the form of a multi-layer network as shown in Figure 2.  This 
consists of an input layer, two hidden layers, and an output layer. The inputs are modified by the input 
weights, then directed through the summing nodes into the nonlinear logarithmic sigmoid (logsig) 
function.  The outputs of the logsig nodes are then weighted, summed and then fed into a second nonlinear 
function, the hyperbolic tangent (tanh) layer.  The process is repeated for a final time through symmetric 
saturated linear (satlins) output nodes.  The tanh and satlins functions both have the property of limited 
outputs to the range [-1, 1], while the logsig function is bounded to the limited outputs to the range of [0, 
1].  The three node functions, the tangent sigmoid, the logarithmic sigmoid and the symmetric saturated 
linear function are shown in Figure 3.   
Initial networks were trained with various combinations of nonlinear functions.  Networks with tanh 
functions in the two hidden layers were evaluated, as were networks with two logsig functions, and a tanh 
function for layer one with a logsig function for layer two.  Results showed that the logsig nonlinear 
function for the first layer and the tanh function for the second layer had the best correlation for 
reproducing the LCO amplitude levels for the test cases.  The two tanh layers, similar to the work by 
Denegri and Johnson, also showed good results, but the best predictive capability for this work came from 
using the two different nonlinear functions. 
 

Station 1 
Wingtip missile 

         Station 2 
            Underwing missile 

Station 3 
Weapon 

Station 4  

 

Config 
Suspension 
equipment 

 
Store 

Suspension
equipment

Suspension 
equipment 

 
Store 

Suspension
equipment

 
Store 

Fuel 
state 

1a Launcher None Pylon B Launcher Missile 1 Pylon C Store 1 Full
2a Launcher None Pylon B Launcher Missile 1 Pylon C Store 1 Full 
3 Launcher None Pylon B Launcher Missile 2 Pylon C Store 2 Full 
4 Launcher None Pylon B Launcher Missile 2 Pylon C Store 2 Full 
5 Launcher None Pylon B Launcher Missile 1 Pylon C Store 3 Empty 
6 Launcher None Pylon B Launcher Missile 1 Pylon C Store 3 Half 
7 Launcher None Pylon B Launcher Missile 2 Pylon C Store 4 Empty 
8 Launcher None Pylon A Launcher Missile 1 Pylon C Store 1 Half 
9 Launcher None Pylon B Launcher Missile 2 Pylon C Store 5 Empty 

10 Launcher None Pylon B Launcher Missile 1 Pylon C Store 5 Half 
11 Launcher None Pylon B Launcher Missile 1 Pylon C Store 1 Full 
12 Launcher None Pylon B Launcher Missile 1 Pylon C Store 1 Full 
13 Launcher None Pylon A Launcher Missile 1 Pylon C Store 1 Half 
14 Launcher None Pylon B Launcher Missile 1 Pylon C Store 1 Full 
15 Launcher None Pylon B Launcher Missile 1 Pylon C Store 1 Full 
16 Launcher None Pylon A Launcher Missile 1 Pylon C Store 1 Full 
17 Launcher None Pylon B Launcher Missile 2 Pylon C Store 1 Full 

a Network test configuration.  
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Station 9 
Wingtip missile 

         Station 8 
            Underwing missile 

 Station 7 
Weapon 

Station 6  
 

Config 
(cont) 

Suspension 
equipment 

 
Store 

Suspension
equipment

Suspension 
equipment 

 
Store 

Suspension
equipment

 
Store 

Fuel 
state 

1a Launcher Missile 1 Pylon A Launcher None Pylon C Store 2 Full
2a Launcher Missile 1 Pylon A Launcher None Pylon C Store 8 Full 
3 Launcher Missile 1 Pylon A Launcher None Pylon C Store 9 Full 
4 Launcher Missile 1 Pylon A Launcher None Pylon C Store 1 Full 
5 Launcher Missile 1 Pylon B Launcher Missile 2 Pylon C Store 3 Empty 
6 Launcher Missile 1 Pylon B Launcher Missile 2 Pylon C None Half 
7 Launcher Missile 1 Pylon B Launcher Missile 1 Pylon C Store 1 Empty 
8 Launcher Missile 1 Pylon B Launcher Missile 2 Pylon C Store 5 Half 
9 Launcher Missile 1 Pylon B Launcher None Pylon C None Empty 

10 Launcher Missile 1 Pylon B Launcher Missile 2 Pylon C None Half 
11 Launcher Missile 1 Pylon A Launcher None Pylon C Store 10 Full 
12 Launcher Missile 1 Pylon A Launcher None Pylon C Store 5 Full 
13 Launcher Missile 1 Pylon B Launcher Missile 2 Pylon C Store 7 Half 
14 Launcher Missile 1 Pylon A Launcher None Pylon C Store 7 Full 
15 Launcher Missile 1 Pylon A Launcher Missile 2 Pylon C Store 7 Full 
16 Launcher Missile 1 Pylon A Launcher None Pylon C Store 7 Full 
17 Launcher Missile 1 Pylon A Launcher None Pylon C Store 7 Full 

a Network test configuration.  

Table 1.  Neural network external store configurations. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2.  Artificial neural network form. 

 
 
 

2.1 General 
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Figure 3.  Neural network non-linear transfer functions. 
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The structure of the network and the number of nodes necessary to successfully represent the underlying 
non-linear function are not easily determined.  The network must be large enough to fully absorb all 
training data and allow reasonable interpolation and extrapolation, yet be small enough to be manageable.  
On the other hand, networks that are too large or trained to very small mean squared-error values tend to 
memorize the training data and are of little use for generalizing a function.  Based on findings from 
Denegri and Johnson9, several initial network sizes were considered.  The final network size was 
determined by judging the lowest mean squared error of the test cases.  It was decided that a two-layer 
network of size (41, 17) produced the lowest error, and is used for the work presented here.   
 

3 Wingtip Motion Characterization 
 
The natural mode shapes are important components for the prediction of aeroelastic instability on the F-
16.  In particular, the node line of the wing is a key indicator as to what type of LCO can be expected.  
The methodology of Maxwell and Dawson quantifies the motion of the wingtip launchers as a 
characterization of the complex mode shapes.  In order to make such a comparison more accessible, one 
can examine the motion of the wingtip as a representation of the complex modeshape11.  This can be done 
by drawing a line between two points on the wingtip launcher and extending it infinitely in both 
directions.  The forward and aft accelerometer locations, as shown in Figure 4, are convenient for this 
purpose and will be used here.  This line through the launcher will intersect the imaginary extension of the 
undeflected launcher during a cycle of oscillation.  The spatial location where this line intersects the mid-
plane of the undeflected wingtip launcher is then defined as the intersection point, α.  The intersection 
point axis is defined as the imaginary line extending through the mid-plane of the undeflected launcher 
where the aft accelerometer on the wingtip launcher is located at 1 and the forward accelerometer is 
located at 0.  A deflected state that intersects mid-way between these locations would have an intersection 
point at 0.5.  A horizontal wingtip deflection state, as in a pure wing bending mode, would have an 
intersection point at infinity.  See Fig. 5 for an illustration of these examples.  This characterization of the 
modeshapes is similar to the discrete descriptors used by Denegri and Johnson.  However, instead of 
subjective and non-exact inputs into the neural network, continuous descriptors are now used that indicate 
the exact location of the launcher node line.  Figure 6 shows F 16 aeroelastic coupling modeshapes for 
typical LCO sensitive configurations, and the corresponding values for the intersection point, α.   

FORWARD 
ACCELEROMETERAFT

ACCELEROMETER

FORWARD
ATTACH 
POINT 

VIEW A 

(STATIONS 2 & 8) 

WING TIP (STATIONS 1 & 9) 

BOTTOM  VIEW 

SEE VIEW A 

 
 
 
 
 
 
 
 

Figure 4.  F-16 accelerometer instrumentation (Stations 1, 2, 8, and 9). 

The complex eigenvector provides both a displacement and a phase angle.  Considering only vertical 
translations, if the two displacements are not in-phase, that is, if they are non-synchronous, then the point 
of intersection will move relative to the undeflected state as the wing progresses through an oscillation 
cycle.  The intersection point movement can then be plotted with the abscissa as the oscillation cyclic 
angle and the ordinate as the location of the intersection point.  A flat (horizontal) curve on this plot is 
indicative of synchronous motion. 
Using the definitions described above for the intersection point, its axis, and its motion, all natural modes 
are thus represented as horizontal lines.  Wing bending would be represented by a line at infinity, while 
wing torsion would be shown as a line between 0 and 1.  For the F 16, wing bending does not typically 
result in a completely horizontal launcher position so the values are finite. 
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α ≅ 0.5

α = 0.0

α = 1.0

α = ∞

Fwd Accel Aft Accel

1 0 Intersection point axis 

Fwd Accel Aft Accel

Intersection point axis 

node line

Aft Wing Bending

First Wing Bending First Wing Torsion

Forward Wing Bending

α = 1.2 α = -0.5

α = -1.6 α = 0.3

   
 

Figure 5.  Intersection point, α, on wingtip Figure 6.  Typical intersection point values for 
launcher. wing bending and torsion modes. 

 
At non-zero airspeeds, the curves become more interesting, as shown in Figure 7.  The asymptotes 
indicate that the wingtip launcher has reached a horizontal position.  The intersection curve repeats itself 
once during a single oscillation cycle of the wing (360°), tracing the same path during the upward motion 
of the wing as it does during the downward motion.  The slope of the nearly linear portion of the curve is 
indicative of the fluttering characteristic of the wing, with a positive slope indicating instability.  Since the 
beginning of the oscillation cycle is arbitrarily defined, the plots are shifted such that the asymptotes 
representing a horizontal launcher position are aligned allowing for an easier visual comparison between 
the curves.  The curves for this analysis are defined by plotting α throughout an oscillation cycle, and can 
be described by a tangent with several parameters: 
 )tan(* γβαα ++= x  (2) 

While the parameters α*, β, and γ are chosen to make the curve fit possible, they also quantify the physical 
characteristics.  The parameter, α*, represents the mean intersection value over the course of a cycle.  If 0º 
phase angle is defined as the point in the cycle where the deformed launcher is horizontal, then α* is the 
value of α at 90º oscillation cycle angle and represents a location that is the focus of the motion.  The 
galloping nature of the mode is represented by the synchronicity parameter, β, with a value of 0 
designating a stationary (or natural) mode and a positive value indicating instability.  The phase shift 
parameter, γ, represents the phase difference between the position given by the complex eigenvector and 
the horizontal position.  Figure 7 shows the synchronicity parameter plot of the unstable flutter mode 
becoming more unstable as Mach number is increased.  The deformation of the critical flutter mode shown 
in this figure is examined for six Mach numbers at 5,000 ft density conditions.  For these analyses, the 
density and Mach number are specified and held constant and the critical mode is evaluated at the velocity 
that is consistent with these matched conditions.  The deformation characteristics of the computed 
complex eigenmode is then examined as it transitions from stable to unstable in the vicinity of zero 
damping.  Figures 8 and 9 show the calculated variations of the mean intersection point values and the 
synchronicity parameter over a Mach range.  It is these analytical variations over a range of Mach and 
airspeed that provide the neural network different values to be used in the calculation of LCO magnitudes.  
Measured wingtip acceleration responses from flight test data was also calculated to determine if the 
motion in flight is similar to the calculated variables.  The synchronicity parameter calculated from the 
measured accelerometer response data at discrete test points (representing the unstable mode) is shown 
below in Figures 10 and 11 for two asymmetric flight test configurations.  Figures 12 and 13 show the 
analytical synchronicity parameter for the same two configurations.  The flight test data shows the 
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variation in the synchronicity parameter with variation in normal force due to gravity, NzW, meaning 
when the aircraft is in a symmetrical wind-up turn.  Only 1 G data is calculated and shown in Figures 12 
and 13.  Although there is not an exact correlation of the data, the trends of the synchronicity parameter 
for the unstable mode are followed.  In addition, the magnitude of the synchronicity parameters for 
configuration “A” is smaller than configuration “B”, as is predicted by the analysis.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7.  Intersection point plot for the unstable flutter mode at various Mach numbers. 

 

 

 
 
 
 
 
 
 
 

Figure 8.  Mean intersection point versus Figure 9.  Synchronicity parameter versus  
Mach number. Mach number. 
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Figure 10.  Synchronicity parameter for sample  Figure 11. Synchronicity parameter for sample 
configuration “A”, empty tip launcher wing. configuration “B”, empty tip launcher wing. 
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Figure 12.  Analytical Synchronicity parameter for configuration “A”. 
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Figure 13.  Analytical Synchronicity parameter for configuration “B”. 
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4 Network analysis and results 
 
Based on the analytical results described above, the dynamic characteristics of the aircraft store 
configuration are represented as inputs to the ANN by the quantized free vibration mode shapes and 
frequencies and the flutter eigenvector modal shapes and frequencies that comprise the flutter mechanism 
predicted by linear analysis.  This is done in an effort to ensure the applicability of the method to store 
configurations that have not been flight-tested.  The aerodynamic characteristics are represented to the 
ANN by the linear analysis flutter speed and frequency and by the quantized representation of the wingtip 
motion through the flutter eigenvector parameters described earlier.  In this manner, all of the fundamental 
inertial, elastic, and aerodynamic characteristics of the aeroelastic system are represented.  Known LCO 
response level and response frequency are used for output training.  All input data was provided using the 
flight test data at the test points for the configurations in Table 1.  Twenty-nine inputs were given for each 
flight conditions, with LCO frequency and amplitude as outputs.  The data includes three normal modes of 
the flutter analysis, modes two through four.  These modes include the unstable mode and the coupling 
mode, though the network is not given the specific information.  Three modes were included as input data 
to the neural network as previous investigations have shown that for asymmetric configurations, a third 
mode is significantly involved in the flutter mechanism.  Also, since the configurations are asymmetric, 
both parameterized data is given for both wings.  All input data was normalized to span the range [-1, 1], 
consequently the outputs fall within that range as well and have to be scaled back to physical values.  
Configurations 1 and 2 of Table 1 were used as the test cases, and the network was trained on the 
remaining 15 configurations.  It was decided to use the maximum LCO amplitude levels at each test point, 
whether the aircraft was in straight and level conditions, or in a wind-up-turn.  In addition, it is important 
to note that the networks are trained using constant amplitude response data.  Therefore, they seek to 
predict a constant amplitude response.  Zero amplitude response in either the flight test training data or the 
network output implies either no response or damped response.  In order to avoid associating an 
oscillatory frequency with zero amplitude, a minimum amplitude of 0.01 was assigned for zero response 
values.  All the data could not be presented here, but Table 2 shows the input data for two configurations.  
The static neural network used for all the results below was a two-layer network with 41 nodes in the first 
layer going through a logarithmic transfer function, 17 nodes in the second layer going through a 
hyperbolic tangent function, and a two layer output going through a symmetric saturated linear expression.  
This is similar to previous networks attempted by the author, however the test case and flight test data 
with stores at stations 3 and 7 with a mass of over 2,000 pounds were eliminated.  Since there were only 
two sets of flight test data with stores with the mass over 2,000 pounds, it was determined that the network 
did not have sufficient training data to predict the magnitude levels of the LCO accurately.  Training the 
ANN would converge in seven to ten epochs, reaching the desired mean squared error by using the 
Levenberg-Marquardt algorithm.  The outputs are the predicted LCO amplitudes and frequencies for test 
configurations 1 and 2 from Table 1, and are shown in Figures 14 – 17. 
The LCO amplitude predicted for test case 1 in Figure 14 shows that the ANN predicts the trends of the 
increasing LCO and then the decreasing magnitude in the transonic range for both the 10,000 and 5,000 
feet conditions simulated.  The absolute maximum magnitude of the LCO at 10,000 is not exactly 
predicted, however, the maximum amplitude is accurately predicted for the 5,000 feet simulation.  The 
onset of the predicted LCO is accurately predicted for the 10,000 feet simulated test conditions for 
configuration 1, however, at 5,000 feet, the LCO onset is predicted earlier than the test results.   
The ANN LCO frequency shown in Figure 15 has a large error compared to the flight test LCO frequency.  
It is uncertain, but this error could be due to mode swapping in the flutter mode tracking, however, this has 
not been investigated.   
Figure 16 shows the predicted LCO amplitude for test configuration 2.  The trends and amplitudes of the 
LCO show excellent correlation to the flight test results for all six altitudes.  There are mimimal 
discrepancies, however, and this shows that the network can predict the magnitudes of the LCO for 
various flight conditions using only linear analysis inputs.  The predicted LCO frequency shown in Figure 
17 also shows good correlation to the flight tested frequency of the LCO instability.  This may indicate 
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that the error in the LCO frequency for configuration 1 is related to the quality of the LCO magnitude 
prediction. 
 

5 Conclusions 
 
The goal of using this neural network approach was to show the feasibility of using the continuous 
analytic modal and flutter eigenvector descriptors, providing a better insight into the expected LCO 
amplitude levels for asymmetric configurations on the F-16.  No attempt was made to explain the physics 
or non-linearities involved in the LCO phenomenon.  The ANN is presented as a tool to predict the LCO 
onset speeds and amplitude levels based on historical flight test data and analysis results.  It was shown 
that the flight test parameters used in the neural network do follow the trends of the analysis, but the 
absolute magnitude of the parameters did not match.  However, given that a correlation exists, the network 
was able to use the parametric modeshape descriptors to predict reasonable LCO values.  The network 
training data consisting of the maximum LCO amplitude levels found in flight, whether in 1-g or elevated-
g, showed good correlation, though future work may differentiate between the inferred angles of attack of 
the aircraft during LCO.  Use of the flutter eigenvector descriptors has been shown to improve the static 
neural network predictions of LCO amplitudes for the F-16 compared to the subjective and non-varying 
inputs used by Denegri and Johnson.  Elimination of discrete inputs into the network, as well as increased 
fidelity of the descriptions of the coupling modeshapes have also contributed to the better prediction 
results for this and previous neural networks generated by the authors.  The ANN results showed good 
correlation to the trends and magnitudes of both typical and non-typical LCO. 
The use of the three normal modes (modes two through four in frequency order) in the neural network was 
based upon previous research that showed these three modes typically had high modal participation in the 
aeroelastic instability for single wingtip missile configurations.  The previous work by the authors only 
included the two coupling modes for symmetric external store configurations, leaving little discernible 
data for the neural network, that is, the two modes were either stable or unstable.  The data included for 
the asymmetric configurations can show either wing unstable or stable for any of the three modes included 
in this data set.  Incorporation of the first eight flexible modes may make the neural network system more 
robust, as the network may have to put more weight on the input modal data.   
Use of this static network approach is expected to significantly assist in the prediction of expected LCO 
amplitude levels for asymmetric external store configurations.  Although there have been a significant 
number of asymmetric external store flutter flight tests recently, due to the many variations of the coupling 
modeshapes, it is difficult to discern the expected LCO amplitude levels by visual inspection of the 
analytical results and inferred analogy to previous flight test results.  Certification of flight is based on 
ensuring that the LCO does not pass a certain value, thus being able to predict the maximum amplitude of 
the LCO is the ultimate goal.  Use of the predictions from this neural network can provide additional 
insight, possibly reducing the number of flight tested configurations to determine the magnitude of the 
non-linear aeroelastic instability.   
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Independent Inputs 
Analysis Results 

Flight 
Conditions 

Mode 2 Mode 3 Mode 4 (KTAS) (Hz) 
Mach 
No. 

Alt. 
(ft) 

STA1 
α 

STA9 
α 

ω0 
(Hz) 

STA1 
α 

STA9 
α 

ω0 
(Hz) 

STA1 
α 

STA9 
α 

ω0 
(Hz) 

Vf 
g=0.0 

Vf 
g=0.01 

ωf 
g=0.0 

0.75 2000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 566 594 6.16 

0.80 2000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 566 594 6.16 

0.85 2000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 566 594 6.16 

0.90 2000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 566 594 6.16 

0.94 2000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 566 594 6.16 

0.70 5000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 609 639 6.14 

0.75 5000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 609 639 6.14 

0.80 5000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 609 639 6.14 

0.85 5000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 609 639 6.14 

0.90 5000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 609 639 6.14 

0.97 5000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 609 639 6.14 

0.65 10000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 647 677 6.14 

0.70 10000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 647 677 6.14 

0.75 10000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 647 677 6.14 

0.80 10000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 647 677 6.14 

0.85 10000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 647 677 6.14 

0.90 10000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 647 677 6.14 

0.95 10000 8.908 0.554 5.10 -0.095 -0.234 5.93 0.807 -0.778 6.46 647 677 6.14 

0.70 2000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 659 732 7.87 

0.75 2000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 659 732 7.87 

0.80 2000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 659 732 7.87 

0.85 2000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 659 732 7.87 

0.90 2000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 659 732 7.87 

0.95 2000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 659 732 7.87 

0.70 5000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 678 752 7.87 

0.75 5000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 678 752 7.87 

0.80 5000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 678 752 7.87 

0.85 5000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 678 752 7.87 

0.90 5000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 678 752 7.87 

0.95 5000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 678 752 7.87 

0.98 5000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 678 752 7.87 

0.70 10000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 688 740 7.87 

0.75 10000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 688 740 7.87 

0.80 10000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 688 740 7.87 

0.85 10000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 688 740 7.87 

0.90 10000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 688 740 7.87 

0.95 10000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 688 740 7.87 

0.98 10000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 688 740 7.87 

1.05 10000 8.369 0.503 4.87 -9.728 1.069 6.16 0.261 0.582 7.58 688 740 7.87 

Table 2.  Neural network training data for two configurations. 
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Dependent Inputs 
Analysis Results 

Mode 2 Mode 3 Mode 4 
Outputs 

STA1 
α* 

STA1 
β 

STA9 
α* 

STA9 
β 

ω  
(Ηz) 

STA1 
α* 

STA1 
β 

STA9 
α* 

STA9 
β 

ω  
(Ηz)

STA1 
α* 

STA1 
β 

STA9 
α* 

STA9 
β 

ω  
(Ηz) 

LCO 
Amp.

LCO 
freq 
(Hz)

39.76 -0.19 0.42 0.03 5.2 0.17 -0.01 0.74 0.07 6.0 0.53 0.14 -0.32 -0.04 6.3 6.0 0.6 

17.11 -0.31 0.40 0.03 5.2 0.22 -0.05 0.26 0.08 6.0 0.48 0.20 -0.19 -0.06 6.2 6.0 0.6 

-29.67 -0.28 0.38 0.02 5.2 0.26 -0.14 0.05 0.11 6.1 0.43 0.29 -0.07 -0.10 6.2 6.0 0.7 

-21.53 -0.22 0.35 0.01 5.2 0.28 -0.20 -0.01 0.13 6.1 0.40 0.38 0.04 -0.15 6.1 6.0 0.9 

-11.10 -0.25 0.33 -0.01 5.2 0.29 -0.24 0.01 0.15 6.1 0.37 0.45 0.15 -0.19 6.1 6.4 0.6 

26.48 -0.09 0.45 0.03 5.1 0.10 0.01 -2.11 0.02 6.0 0.61 0.08 -0.46 -0.03 6.3 6.2 0.3 

33.82 -0.13 0.44 0.03 5.2 0.14 0.01 1.40 0.09 6.0 0.57 0.11 -0.38 -0.04 6.3 6.1 0.4 

39.61 -0.22 0.42 0.02 5.2 0.19 -0.01 0.64 0.06 6.0 0.52 0.14 -0.28 -0.05 6.3 6.1 0.5 

2.14 -0.32 0.40 0.02 5.2 0.24 -0.05 0.24 0.07 6.1 0.46 0.21 -0.14 -0.07 6.2 6.0 0.4 

-21.74 -0.28 0.37 0.01 5.2 0.28 -0.13 0.08 0.10 6.1 0.41 0.31 0.00 -0.12 6.1 6.2 1.3 

-3.52 -0.32 0.35 -0.02 5.3 0.34 0.46 0.20 -0.20 6.1 0.31 -0.21 0.05 0.13 6.1 6.3 1.1 

18.04 -0.05 0.48 0.02 5.1 0.04 0.01 -0.72 -0.01 6.0 0.68 0.05 -0.57 -0.02 6.4 6.2 0.2 

20.94 -0.06 0.47 0.02 5.1 0.06 0.01 -1.05 -0.01 6.0 0.65 0.06 -0.53 -0.02 6.4 6.2 0.3 

25.07 -0.08 0.46 0.02 5.1 0.09 0.01 -2.20 0.00 6.0 0.62 0.08 -0.47 -0.03 6.3 6.2 0.3 

30.81 -0.12 0.44 0.02 5.2 0.13 0.02 3.95 0.07 6.0 0.58 0.09 -0.40 -0.03 6.3 6.2 0.4 

35.63 -0.19 0.43 0.02 5.2 0.17 0.02 0.94 0.04 6.0 0.54 0.12 -0.30 -0.04 6.3 6.2 0.3 

13.05 -0.31 0.41 0.01 5.2 0.23 0.01 0.41 0.04 6.0 0.48 0.17 -0.16 -0.06 6.2 6.0 1 

-8.64 -0.30 0.39 0.00 5.2 0.29 -0.06 0.18 0.07 6.1 0.41 0.28 0.03 -0.11 6.1 6.3 1.6 

14.56 -0.04 0.36 0.04 4.9 -6.04 0.13 1.02 0.01 6.1 0.35 0.03 0.69 -0.01 7.6 7.4 0.01

15.27 -0.04 0.34 0.03 4.9 -5.55 0.15 1.00 0.00 6.1 0.36 0.02 0.77 -0.02 7.6 7.3 0.01

15.79 -0.03 0.31 0.03 4.9 -5.00 0.16 0.97 0.00 6.0 0.38 0.00 0.65 -0.04 7.6 7.3 0.01

15.88 -0.03 0.28 0.02 5.0 -4.39 0.18 0.94 0.00 6.0 0.39 -0.03 -0.03 -0.03 7.6 7.2 0.01

14.99 -0.01 0.24 0.00 5.0 -3.72 0.21 0.89 -0.01 6.0 0.41 -0.07 0.05 -0.01 7.6 7.2 0.01

11.64 -0.01 0.20 -0.05 5.0 -3.04 0.25 0.82 -0.04 6.0 0.41 -0.12 0.08 0.00 7.6 7.4 0.01

13.92 -0.03 0.38 0.03 4.9 -6.29 0.12 1.02 0.00 6.1 0.34 0.03 0.66 -0.01 7.6 7.2 0.01

14.55 -0.03 0.36 0.03 4.9 -5.82 0.14 1.01 0.00 6.1 0.35 0.03 0.72 -0.01 7.6 7.3 0.01

15.01 -0.03 0.33 0.03 4.9 -5.27 0.15 0.99 0.00 6.1 0.37 0.02 0.84 -0.02 7.6 7.3 0.01

15.11 -0.02 0.30 0.02 5.0 -4.66 0.17 0.96 0.00 6.0 0.39 0.00 0.40 -0.04 7.6 7.3 0.01

14.41 -0.02 0.27 0.00 5.0 -3.97 0.19 0.91 -0.01 6.0 0.40 -0.04 -0.15 -0.02 7.6 7.3 0.01

11.67 -0.02 0.24 -0.04 5.0 -3.24 0.23 0.84 -0.04 6.0 0.41 -0.07 0.00 0.00 7.6 7.3 0.01

5.25 -0.14 0.24 -0.09 5.0 -2.84 0.10 0.79 -0.07 6.0 0.42 -0.10 0.01 0.00 7.7 7.4 0.01

12.99 -0.03 0.40 0.03 4.9 -6.71 0.11 1.03 0.00 6.1 0.32 0.03 0.63 -0.01 7.6 7.5 0.01

13.50 -0.03 0.38 0.03 4.9 -6.26 0.12 1.02 0.00 6.1 0.34 0.04 0.66 -0.01 7.6 7.5 0.01

13.88 -0.02 0.36 0.03 4.9 -5.73 0.13 1.00 0.00 6.1 0.35 0.03 0.72 -0.01 7.6 7.4 0.01

13.98 -0.02 0.34 0.02 4.9 -5.12 0.15 0.98 0.00 6.1 0.37 0.03 0.87 -0.02 7.6 7.2 0.01

13.50 -0.02 0.31 0.01 4.9 -4.41 0.17 0.94 -0.01 6.0 0.39 0.01 1.53 -0.03 7.6 7.3 0.01

11.55 -0.02 0.29 -0.03 5.0 -3.61 0.21 0.88 -0.03 6.0 0.41 -0.01 -0.85 0.01 7.6 7.5 0.01

5.73 -0.14 0.29 -0.06 5.0 -3.17 0.10 0.84 -0.07 6.0 0.42 -0.03 -0.26 0.02 7.7 7.5 0.01

-8.31 -0.33 0.29 -0.01 5.1 -2.03 0.48 0.82 -0.11 6.0 0.42 -0.02 -0.22 0.00 7.8 7.3 0.01

Table 2 (continued).  Neural network training data for two configurations. 
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 Figure 14.  Predicted neural network and flight test LCO amplitudes for Configuration 1. 
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 Figure 15.  Predicted neural network and flight test LCO frequencies for Configuration 1. 
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 Figure 16.  Predicted neural network and flight test LCO amplitudes for Configuration 2. 
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 Figure 17.  Predicted neural network and flight test LCO frequencies for Configuration 2. 
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Recursive subspace identification for in-flight modal analy-
sis of airplanes
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Abstract
In this paper recursive subspace identification algorithms are applied to track the modal parameters of air-
planes on-line during test flights. The ability to track changes in the damping ratios and the influence of the
forgetting factor are studied through simulations.

1 Introduction

The development of new aircraft requires a careful exploration of the dynamical behavior of the structure
subject to vibration and aero-elastic forces. This is achieved via a combination of ground and in-flight tests.
The objective of the in-flight tests is to determine the structural dynamic state for selected flight configura-
tions (constant speed and attitude) and to validate the aero-elastic model in flight.
Linear system identification is an important tool in this experimental modal analysis. A linear model for the
airplane is estimated based on the available observations. From the model, modal characteristics as resonance
frequencies, damping ratios and mode shapes are extracted. Subspace identification algorithms allow for a
fast and robust identification of multi-input multi-output (MIMO) systems by using projections of subspaces
spanned by the rows of block Hankel matrices containing input and output measurements.
Because test flights are expensive, a fast analysis of the test data is very important. Until now, off-line
processing of the data is performed. A batch of data samples is collected and used to estimate the model
parameters. While processing the data, the pilot has to wait for instructions. On-line and in-flight exploita-
tion of the data would allow a more direct exploration of the flight domain, with improved confidence and
reduced costs.
In this paper, recently proposed recursive subspace identification algorithms [12–14] are applied for on-line
tracking of the modal parameters of the airplane. At every time instant, the estimates of the parameters are
updated. Besides the faster processing of the data, a recursive algorithm also reduces the constraints on the
amount of data that can be processed so that more sensors can be used. Moreover, it can be used to detect
changes in the dynamics of the linear model, e.g. the on-set of flutter, which happens when the damping of
some mode becomes too small. It is also able to cope with time varying characteristics resulting from flight
test conditions.
Several types of data sets are available from flight tests. Some consist only of output data, when only the
excitations by e.g. wind and turbulence, which are not measured, are used. For these, the recursive stochastic

∗Dr. Katrien De Cock is a postdoctoral researcher at the K.U.Leuven, Belgium.
†Dr. Guillaume Mercère is an assistant professor at the Laboratoire d’Automatique et d’Informatique Industrielle, Poitiers,

France.
‡Dr. Bart De Moor is a full professor at the K.U.Leuven, Belgium.
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subspace identification algorithm in [5] can be applied. In other data sets, known excitations (e.g. from the
fly-by-wire control system) and unknown excitations are present. In this paper, we deal with the latter kind
of data. The recently proposed recursive subspace identification methods by Mercère et al. [12–14], which
are suited for these data types, are applied to data from test flights and the results are shown. The ability
to track changes in the damping (slowly varying damping coefficients as well as abrupt changes) and the
influence of the forgetting factor are studied on simulated data.
The remainder of this paper is organized as follows. In Section 2 the identification problem is formulated.
In Section 3 subspace identification algorithms are briefly described. Recursive versions of subspace identi-
fication are discussed in Section 4. Section 5 contains simulation examples and Section 6 applications of the
methods to data from flight tests. Section 7 gives conclusions and describes our future work.

2 Problem formulation

In this paper, discrete time, linear time-invariant models with the following state space representation are
considered{

xk+1 = Axk + Buk + wk ,
yk = Cxk + Duk + vk ,

with E
[(

wp

vp

)(
wT

q vT
q

)]
=
(

Q S
ST R

)
δpq ≥ 0 ,

where uk ∈ Rm and yk ∈ Rl are the observations at time instant k of respectively the m inputs and l outputs
of the process, E denotes the expected value operator and δpq the Kronecker delta. The vector xk ∈ Rn is the
state vector of the process at discrete time instant k and contains the numerical values of n states. vk ∈ Rl

and wk ∈ Rn are unobserved vector signals, usually called the measurement, respectively process noise.
It is assumed that they are zero mean, stationary, white noise vector sequences. The matrix pair {A,C} is
assumed to be observable, which implies that all modes in the system can be observed in the output yk and
can thus be identified. The matrix pair {A, [ B Q1/2 ]} is assumed to be controllable, which in its turn
implies that all modes of the system can be excited by either the deterministic input uk and/or the stochastic
input wk.
In modal analysis applications, the modal parameters are extracted from the state space model. First, an
eigenvalue decomposition is applied to the dynamical system matrix A: A = ΨΛΨ−1, where Ψ ∈ Cn×n is
the eigenvector matrix and Λ ∈ Cn×n is the diagonal eigenvalue matrix (assuming A to be diagonalizable).
The matrix Λ contains the n discrete-time eigenvalues µi, of which the complex conjugated pairs contribute
to the vibration modes. They are related to the continuous-time eigenvalues λi as µi = eλiTs where Ts is the
sampling time (sampling frequency fs = 1

Ts
). The resonance frequencies fi and damping ratios ζi can then

be found from λi, λ
∗
i = −ζifi ± j

√
(1− ζ2

i ) fi.
In this paper the resonance frequencies fi and damping ratios ζi are tracked on-line, given the input and
output measurements uk and yk. A subspace identification algorithm is used to obtain an initial model,
which is then updated every time a new input-output measurement is made.

3 Subspace identification for modal analysis

Subspace identification algorithms have gained increasing attention in the modal analysis community over
the last few years, see for instance [1, 3, 8, 17]. This is due to their inherent numerical robustness and their
ability to deal with large numbers of inputs and outputs. In contrast to classical predictor error methods,
where a costly, often nonlinear optimization has to be performed, subspace identification techniques derive
models for linear systems solely by applying well-conditioned operations like LQ and singular value decom-
positions on block Hankel data matrices.
Block Hankel matrices with input and output data are the basic starting blocks for subspace identification
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algorithms. Input block Hankel matrices are defined as follows

U =



u1 u2 u3 · · · uj

u2 u3 u4 · · · uj+1
...

...
... · · ·

...
ui ui+1 ui+2 · · · ui+j−1

ui+1 ui+2 ui+3 · · · ui+j

ui+2 ui+3 ui+4 · · · ui+j+1
...

...
... · · ·

...
u2i u2i+1 u2i+2 · · · u2i+j−1


=
(

Up

Uf

)
,

where the number of block rows i in Up and Uf is a user-defined index, which is large enough, i.e. il ≥ n,
the number of columns j is typically equal to s − 2i + 1, where s is the number of available data samples.
The subscript ‘p’ stands for ‘past’ and the subscript ‘f ’ for ‘future’. The output block Hankel matrices Y ,
Yp, Yf are defined in a similar way.
The MOESP algorithms [21, 23–25], on which most recursive subspace identification methods are based,
start from the so called past and future data equations [26]

Yp = ΓiXp + HiUp + Np

Yf = ΓiXf + HiUf + Nf ,

where Γi =
(
CT (CA)T · · · (CAi−1)T

)T ∈ Rli×n is the extended observability matrix, Xp (respec-
tively Xf ) is a past (respectively future) state sequence, Hi is the block Toeplitz matrix of the (unknown)
impulse response from u to y and Np (respectively Nf ) a particular combination of the past (respectively fu-
ture) block Hankel matrices of the perturbations v and w. For simultaneously removing the term HiUf from
Yf and decorrelating the noise, it is proposed to consider the following quantity: YfΠU⊥

f
Ξp, where Ξp is an

instrumental variable composed by past input (and output) data and where1 ΠU⊥
f

= Ij − UT
f (UfUT

f )†Uf .
Indeed, it can be proved that, under particular rank and excitation conditions [21]

lim
s→∞

1
s
YfΠU⊥

f
Ξp = lim

s→∞

1
s
ΓiXfΠU⊥

f
Ξp ,

with s the number of data points. This data compression can be efficiently computed by means of the
following LQ decomposition2 Uf

Ξp

Yf

 =

L11 0 0
L21 L22 0
L31 L32 L33

QT
1

QT
2

QT
3

 (1)

since lims→∞
1
s spancol {L32} = spancol {Γi}. The estimation of the observability matrix is then realized by

considering the following SVD

L32 =
(
U1 U2

)(S1 0
0 S2

)(
V1 V2

)T
,

where U1 ∈ Ril×n, S1 ∈ Rn×n and V1 ∈ Rj×n. An estimate for the matrices A and C, up to a similarity
transformation, can then be obtained as follows: Ĉ is equal to the first l rows of U1 and Â is equal to U1

†U1,
with U1 and U1 shorthand notations for U1 with its last, respectively first l lines removed. This MOESP

scheme is named PI MOESP when Ξp = Up and PO MOESP when Ξp =
(
UT

p Y T
p

)T [21].

1•† denotes the Moore-Penrose pseudo-inverse of the matrix •.
2The LQ decomposition of a matrix A is the transpose of the QR decomposition of AT .
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4 Recursive subspace identification

As introduced previously, one of the reasons for the success of subspace model identification (SMI) tech-
niques lies in the direct correspondence between geometric operations on matrices constructed from input-
output data and their implementation in terms of well known, stable and reliable algorithms from the field of
numerical linear algebra. However, most of the available batch SMI techniques are based on tools such as
the SVD which are not suitable for online implementation due to their computational complexity. Several re-
cursive subspace identification algorithms have been proposed during the last years [2,5,7,10,12,14,16,22]
to avoid the use of such burdensome tools. More precisely, most recent recursive algorithms circumvent
this problem by considering the similarities between recursive subspace identification and adaptive signal
processing techniques for direction of arrival estimation [9], such as the projection approximation subspace
tracking technique [27] and the propagator method [15].
Because we are concerned with the recursive estimation of the resonance frequencies and the damping ratios,
we will concentrate on the estimation of the matrices A and C and will not deal with the estimation of B and
D. Therefore, only the extended observability matrix Γi needs to estimated recursively from the updates of
the input-output data u and y. To this purpose, consider the block Hankel matrices Up, Uf , Yp and Yf and
assume that, at time s + 1, new data samples ys+1 and us+1 are acquired. Then, each of the block Hankel
matrices is modified by the addition of a column

up,s+1 =
(
uT

j+1 · · · uT
i+j

)T ∈ Rmi×1 yp,s+1 =
(
yT

j+1 · · · yT
i+j

)T ∈ Rli×1

uf,s+1 =
(
uT

i+j+1 · · · uT
2i+j

)T ∈ Rmi×1 yf,s+1 =
(
yT

i+j+1 · · · yT
2i+j

)T ∈ Rli×1 .

Then, it is easy to show that

yp,s+1 = Γixj+1 + Hiup,s+1 + np,s+1

yf,s+1 = Γixi+j+1 + Hiuf,s+1 + nf,s+1 ,

where the past and future stacked noise vectors are defined in the same way as, e.g. up,s+1 and uf,s+1.
Recursive subspace identification algorithms consist, as their batch counterparts, of two steps. First, the data
compression phase is updated. This can be done by updating the LQ decomposition (1) by means of Givens
rotations [6], as described in [10, 12]. Second, the column space of Γi is updated. This is usually done by
solving a minimization problem [5, 7, 10, 12, 16] in order to avoid an SVD.
Two recursive subspace identification methods are considered in more detail in the following. The first
method, named RPM2, is described in Section 4.1. The second one, called EIVPM [13], is given in Sec-
tion 4.2.

4.1 RPM2

The first idea in this algorithm is to update the LQ factorization (see Equation (1)) of the PI/PO schemes by
means of Givens rotations. For that purpose, assume that, at time s+1, a new set of input-output data vectors
becomes available. Then, a new column is added to the data matrices and the decomposition must be written
as Uf uf,s+1

Ξp ξp,s+1

Yf yf,s+1

 =

L11,s 0 0 uf,s+1

L21,s L22,s 0 ξp,s+1

L31,s L32,s L33,s yf,s+1




Q1,s 0
Q2,s 0
Q3,s 0
0 1

 ,

where ξp,s+1 = up,s+1 for PI MOESP and ξp,s+1 =
(
uT

p,s+1 yT
p,s+1

)T for PO MOESP. Givens rotations are
then used twice to update this factorization. They are first applied in order to zero out the elements of vector
uf,s+1, bringing the L factor to the formL11,s+1 0 0 0

L21,s+1 L22,s 0 z̄p,s+1

L31,s+1 L32,s L33,s z̄f,s+1

 .
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Subsequently, the elements of z̄p,s+1 are zeroed in a similar way, to giveL11,s+1 0 0 0
L21,s+1 L22,s+1 0 0
L31,s+1 L32,s+1 L33,s ¯̄zf,s+1

 .

Then it is easy to show that the “square” of block L32,s+1 can be written as [10, 12]

L32,s+1L
T
32,s+1 = L32,sL

T
32,s + z̄f,s+1z̄T

f,s+1 − ¯̄zf,s+1¯̄zT
f,s+1 .

Thus, in this case, the subspace estimate at time s + 1 is related to the one at time s via the combination
of an update and a downdate. Furthermore, by denoting Rzf

= E
{

z̄f,s+1z̄T
f,s+1 − ¯̄zf,s+1¯̄zT

f,s+1

}
, it holds

that [11]
Rzf

= ΓiE
{
xi+j+1x

T
i+j+1

}
ΓT

i = ΓiRxΓT
i .

The second step of this recursive subspace method consists in the online update of the observability matrix.
In this paper, the focus will be on algorithms based on the propagator concept [15]. More precisely, under
the assumption that the pair {A,C} is observable, since Γi ∈ Rli×n with li > n, the extended observability
matrix has n linearly independent rows, which can be gathered in a submatrix Γi1 . Then, the complement
Γi2 , i.e. the matrix consisting of the rows of Γi that are not in Γi1 , can be expressed as a linear combination
of the n rows in Γi1 . So, there is a unique linear operator P ∈ Rn×(li−n), named propagator [15], such that

Γi2 = P T Γi1 . Furthermore, it is easy to verify that Γi =
(

In

P T

)
Γi1 . Thus, since rank {Γi1} = n,

spancol {Γi} = spancol

{(
In

P T

)}
. (2)

Equation (2) implies that it is possible to estimate the observability matrix (in a particular basis) by estimating
the propagator. For that purpose, consider the following partitions:

z̄f,s+1 =
(

z̄f1,s+1

z̄f2,s+1

)
and ¯̄zf,s+1 =

(
¯̄zf1,s+1

¯̄zf2,s+1

)
,

where z̄f1,s+1 ∈ Rn×1 (respectively ¯̄zf1,s+1) and z̄f2,s+1 ∈ R(li−n)×1 (respectively ¯̄zf2,s+1) are the com-
ponents of z̄f,s+1 (respectively ¯̄zf,s+1) corresponding to Γi1 and Γi2 . Then, it is straightforward to show
that3

P̂ T =
(
Rz̄f2

z̄f1
−R¯̄zf2

¯̄zf1

)(
Rz̄f1

−R¯̄zf1

)−1
.

This estimated matrix corresponds to the optimum of the following cost function

J(P ) = E
∥∥z̄f2 − P T z̄f1

∥∥2 −E
∥∥¯̄zf2 − P T ¯̄zf1

∥∥2
,

the minimization of which is given by the following recursive algorithm4

Lf,s+1 =
1
λ

(
L

f,s
−

L
f,s

z̄f1,s+1z̄T
f1,s+1Lf,s

λ + z̄T
f1,s+1Lf,s

z̄f1,s+1

)

L
f,s+1

= Lf,s+1 +
Lf,s+1

¯̄zf1,s+1¯̄zT
f1,s+1Lf,s+1

1− ¯̄zT
f1,s+1Lf,s+1

¯̄zf1,s+1

P T
s+1 = P T

s +
(
z̄f2,s+1 − P T

s z̄f1,s+1

)
z̄T
f1,s+1Lf,s+1

−
(
¯̄zf2,s+1 − P T

s
¯̄zf1,s+1

)
¯̄zT
f1,s+1Lf,s+1

.

3The following notation is used for covariance matrices: E
�
abT

	
= Rab, with Raa = Ra.

4λ is a forgetting factor introduced to weight the past information.
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4.2 EIVPM

In order to improve the computational complexity of the previous method (see Subsection 6.3 for a case
study and [11] for a theoretical analysis), it is proposed hereafter to introduce another recursive subspace
algorithm. Although also based on the propagator approach, the developed method rests on the recursive
update of the LQ factorization of an other MOESP scheme: ordinary MOESP [24]. On the contrary to the
PI/PO MOESP schemes, the ordinary MOESP identification method only uses the following data equation

Yf = ΓiXf + HiUf + Nf ,

but leads to consistent estimates of the observability matrix if w = 0 and v is a white Gaussian noise [24].
Even if this assumption seems to be too restrictive in the practical framework considered in this paper, the
update of the ordinary MOESP LQ factorization will decrease the global computational load of the recursive
algorithm and, as proved in [14], the noise treatment can be considered in the propagator estimation step by
introducing instrumental variables.
Thus, consider the following classical LQ decomposition of the Ordinary MOESP [24](

Uf

Yf

)
=
(

L11,s 0
L21,s L22,s

)(
Q1,s

Q2,s

)
.

When a new input-output couple is acquired, this decomposition can be updated as(
Uf uf,s+1

Yf yf,s+1

)
=
(

L11,s 0 uf,s+1

L21,s L22,s yf,s+1

)Q1,s 0
Q2,s 0
0 1

 .

A sequence of Givens rotations [6] can then be used to annihilate the stacked input vector uf,s+1 and bring
back the L factor to the following block lower triangular form(

L11,s+1 0 0
L21,s+1 L22,s+1 zf,s+1

)
.

Then, it is possible to prove that [12] zf,s+1 = (Γixi+j+1 + nf,s+1) T , where T is a square non-singular
matrix.
Once the vector zf,s+1 is estimated, under the assumption that the system is observable, the estimation of
the extended observability matrix can be realized, as in subsection 4.1, by estimating the propagator. Indeed,
after an initial reorganization such that the first n rows of Γi are linearly independent, the following partition
of the observation vector zf,s+1 can be introduced

zf,s+1 =
(

In

P T

)
Γi1xi+j+1 + nf,s+1 =

(
zf1,s+1

zf2,s+1

)
} ∈ Rn×1

} ∈ R(li−n)×1

where zf1,s+1 and zf2,s+1 are the components of zf,s+1 corresponding respectively to the n rows of Γi1 and
li − n rows of Γi2 = P T Γi1 (the same symbols are used before and after the reorganization, for the sake
of simplicity). In the ideal noise-free case, it is easy to show that zf2 = P T zf1 . In the presence of noise,
this relation holds no longer. An estimate of P can however be obtained by minimizing the following cost
function

V (P ) = E‖zf2 − P T zf1‖2, (3)

the uniqueness of P̂ being ensured by the convexity of this criterion, which, in turn, can be guaranteed
by suitable persistency of excitation assumptions [14]. Unfortunately, the LS solution of the optimization
problem defined by (3) leads to a biased estimate, even when the residual vector is spatially and temporally
white [12]. This difficulty can be circumvented by introducing an instrumental variable ξ ∈ Rγ×1 (γ ≥ n)
in (3), assumed to be uncorrelated with the noise but sufficiently correlated with the state vector x, and by
defining the new cost function

VIV (P ) = E‖zf2ξ
T − P T zf1ξ

T ‖2
F .
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Several algorithms have been developed to minimize this criterion depending on the number of instruments.
In this paper, the EIVPM algorithm is considered due to its implementation straightforwardness and its low
computational cost. This technique requires to construct an instrumental variable such that γ > n. By
assuming that the input is sufficiently “rich” [14] so that Rzf1

ξ is full rank, the asymptotic least squares
estimate of the propagator is given by

P̂ T = Rzf2
ξR

†
zf1

ξ . (4)

Then, a recursive version of (4) can be obtained by adapting the overdetermined instrumental variable tech-
nique first proposed in [4]. The resulting algorithm is given by

gs+1 =
(
Rzf2,sξsξs+1 zf2,s+1

)
Λs+1 =

(
−ξT

s+1ξs+1 λ
λ 0

)
qs+1 = Rzf1,sξsξs+1

Ψs+1 =
(
qs+1 zf1,s+1

)
Ks+1 = (Λs+1 + ΨT

s+1MsΨs+1)
−1

ΨT
s+1Ms

P T
s+1 = P T

s + (gs+1 − P T
s Ψs+1)Ks+1

Rzf1,s+1ξs+1 = λRzf1,sξs + zf1,s+1ξ
T
s+1

Rzf2,s+1ξs+1 = λRzf2,sξs + zf2,s+1ξ
T
s+1

Ms+1 =
1
λ2

(Ms −MsΨs+1Ks+1) ,

where 0 < λ ≤ 1 is a forgetting factor and Ms+1 = (Rzf1,s+1ξs+1R
T
zf1,s+1ξs+1

)−1.

5 Simulation examples

In this section, some properties of the recursive algorithms are studied by use of simulations. We start from
a fourth order model with one input and one output. Its system matrices are equal to

A =


0.67 0.67 0 0
−0.67 0.67 0 0

0 0 −0.67 −0.67
0 0 0.67 −0.67

 , B =


0.6598
1.9698
4.3171
−2.6436

 ,

C =
(
−0.5749 1.0751 −0.5225 0.1830

)
, D = −0.7139 .

(5)

The measurement and process noise are respectively equal to wk = Kek and vk = Gek, where

K =

−0.1027
0.5501
0.3545
−0.5133

 , G = 0.9706 and ek is white Gaussian noise with variance σ2
e . (6)

There are two vibration modes. The first mode has eigenfrequency equal to f1 = 4.0094Hz and damping
ratio ζ1 = 6.8472%, while the second mode has eigenfrequency f2 = 12.0031Hz and damping ratio ζ2 =
2.2872%. The sampling frequency is equal to fs = 32 Hz and we simulate three minutes.
In Section 5.1 we simulate time-varying damping ratios and examine the tracking capabilities of the recursive
subspace algorithms. In Section 5.2 we look at the effects of an overestimation of the model order.
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(a) Estimating a linearly varying damping ζ2. (b) Estimating an abruptly varying damping ζ2.

Figure 1: The estimated dampings for Case 1: noiseless simulation (σe = 0) and estimation with forgetting factor
λ = 0.999. The green dashed lines represent the correct values, the black dots the results obtained with RPM2, the
magenta plus signs show the results of EIVPM.

5.1 Tracking a time-varying damping ratio

In this section the tracking capabilities of the recursive algorithms that were discussed in Section 4.1 and
Section 4.2, are evaluated. The parameters used in the estimation are the following: the model order is n = 4
and i = 8. The PO MOESP scheme is used in the RPM2 algorithm and the instrumental variable in EIVPM
is chosen as ξs =

(
uT

p,s yT
p,s

)T . To initialize the recursive algorithms, the first 47 simulated data points (less
than two seconds) are used to identify a model with the non-recursive subspace algorithm com stat [18].
Two types of time-varying dampings are considered: first, a linearly varying damping (ζ2 goes from 2.2872%
to 0.2% between 30s and 90s) and second, an abrupt drop of the damping ratio (ζ2 drops from 2.2872% to
0.2% at 30s). A decreasing damping is a not uncommon phenomenon during in-flight tests and usually a
reason for concern.
Four scenarios are simulated, in which the noise variance σ2

e and the forgetting factor λ are varied.
Case 1: σ2

e = 0 and λ = 0.999
This is the noiseless, purely deterministic case, with a forgetting factor λ close to one. The frequencies
are estimated perfectly and the estimated dampings are shown in Figure 1. There is a delay in tracking
the varying damping ratios, which is due to the large forgetting factor. Indeed, the larger λ, the slower
the algorithms forget past data.

Case 2: σ2
e = 0 and λ = 0.9

The forgetting factor in the identification algorithms is decreased to 0.9. This means that the past data
become less important compared to Case 1. Consequently, the algorithms are much more able to track
the changes. This can be seen in Figure 2.

Case 3: σ2
e = 10 and λ = 0.9

The process and measurement noise sources wk = Kek and vk = Gek are introduced, where ek has
variance σ2

e = 10. Using the ‘small’ forgetting factor λ = 0.9, leads to very bad estimates for the
damping ratios, as is shown in Figure 3.

Case 4: σ2
e = 10 and λ = 0.999

Increasing the forgetting factor to λ = 0.999, gives much better damping estimates when σ2
e = 10,

which can be seen Figure 4. Note that estimating the constant damping ratio ζ1 has become more
difficult than in the noiseless case. The frequencies, on the other hand, are estimated very well.

It is clear from this example that there is a trade-off in the choice of the estimation parameters. Decreasing
the forgetting factor makes the recursive algorithms react faster, but also makes them more sensitive to noise,
which influences the damping ratio estimates very much.
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(a) Estimating a linearly varying damping ζ2. (b) Estimating an abruptly varying damping ζ2.

Figure 2: The estimated dampings for Case 2: noiseless simulation (σe = 0) and estimation with forgetting factor
λ = 0.9. The green dashed lines represent the correct values, the black dots the results obtained with RPM2, the
magenta plus signs show the results of EIVPM.

Figure 3: The estimated frequencies and dampings for Case 3: noisy simulation (σe = 10) and estimation with
forgetting factor λ = 0.9. The left column shows the results for a linearly varying damping ζ2, the right column for
an abrupt change of ζ2. On top, the frequencies are given, the bottom figures show the damping ratios. The green
dashed lines represent the correct values, the black dots the results obtained with RPM2, the magenta plus signs show
the results of EIVPM.

5.2 Overestimation of the model order

In the previous section, we assumed that the order of the system was known. In practice, however, this is
often not the case. For the in-flight data, we have to choose an order which is large enough to incorporate all
important vibration modes. Therefore, the influence of overestimating the model order is studied.
The same fourth order system as in Section 5.1 is simulated, but without time-varying damping. The system
matrices are given in (5) and (6) and we simulate with σ2

e = 10. The estimation parameters are chosen
as follows: n = 6, i = 12 and the first 71 data points are used for the initialization. Since there is no
time-variance in the simulated system, we take the forgetting factor λ = 1. The estimated frequencies and
damping ratios are shown in Figure 5. By choosing n = 6, we are able to identify three modes. However,
only frequencies and dampings are computed from poles of the identified discrete-time system that appear
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Figure 4: The estimated frequencies and dampings for Case 4: noisy simulation (σe = 10) and estimation with
forgetting factor λ = 0.999. The left column shows the results for a linearly varying damping ζ2, the right column
for an abrupt change of ζ2. On top, the frequencies are given, the bottom figures show the damping ratios. The green
dashed lines represent the correct values, the black dots the results obtained with RPM2, the magenta plus signs show
the results of EIVPM.

as complex conjugate pairs within the unit circle. That explains why at many time points, less than three
frequencies and dampings per identification method can be seen.
The true ‘physical’ frequencies and damping ratios are estimated very well by both methods. As observed
in [11], the variance of the ‘non-physical’ estimated poles is larger than that of the ‘physical’ poles. This will
be used to introduce a new kind of stabilization diagram in Section 6.

6 Applying recursive algorithms to in-flight data

In this section, the recursive algorithms of Section 4 are applied to measurements on airplanes during flight
tests. In Section 6.1 the data are described, in Section 6.2 the identification results are given and in Section 6.3
we discuss the computational speed of the applied identification algorithms.

6.1 Description of the data

The FliTE consortium (see Acknowledgments) provided a dataset of in-flight tests executed an a real aircraft.
Data were acquired at five different flight conditions (#1, #2, #3, #4, #5). The excitation signal, applied by
the pilot, was a narrow band 0–60Hz white noise. Responses were acquired through twelve accelerometers
at a 256Hz sampling frequency. For more information on the data, we refer to [19, 20], where other (non-
recursive) identification methods were applied to the same dataset.
The data are preprocessed in the following way. The data are lowpass filtered and downsampled with a
factor 8 because all relevant information is available below 16Hz. In that way, the sampling frequency
becomes 32Hz. We discard noisy output signals, whose coherence with the input is too small. For flight
points #1, #2 and #4, the fifth and seventh output are not taken into account, while for flight points #3 and
#5, outputs one, three, five and seven are discarded.
The parameters in the identification methods are chosen as follows: n = 16 and i = 4. Because the flight
points represent time-invariant conditions, the forgetting factor was taken equal to λ = 1 (no forgetting).
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Figure 5: The estimated frequencies (top) and damping ratios (bottom) when the order of the model (n = 6) is larger
than the true system order (n = 4). The yellow dashed lines represent the correct values, the black dots the results
obtained with RPM2, the magenta plus signs show the results of EIVPM.

The PO MOESP scheme is used in the RPM2 algorithm and the instrumental variable in EIVPM is chosen as
ξs =

(
uT

p,s yT
p,s

)T . For flight points #1, #2 and #4, where 10 outputs are available, 95 data points are used
to initialize the model with the non-recursive algorithm com stat, while for flight points #3 and #5, with
8 outputs, 79 data points are used for the initialization. At every time step the models obtained with the two
recursive methods RPM2 and EIVPM are updated. Their results are compared to the results obtained with
the non-recursive algorithm com stat, which estimates a new model every 32 data points, i.e. once every
second. It uses all available measurements up to that point to estimate a new model.

6.2 Identification results

Figure 6: The estimated frequencies (top) and dampings (bottom) for flight point #1. The black dots represent the
results obtained with RPM2, the magenta plus signs show the results of EIVPM and the blue circles those of the non-
recursive com stat.

For all five flight points models were identified recursively. The modal frequencies and damping ratios
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Figure 7: The stabilization diagram for flight point #1. The black dots represent the results obtained with RPM2, the
magenta plus signs show the results of EIVPM and the blue circles those of the non-recursive com stat. The green
dashed line represents the FRF of the input and fourth output.

obtained from the data in flight point #1 are shown in Figure 6 as a function of time. Many frequency and
damping estimates converge in time. Some estimates disappear after some time, while others show a higher
variance than the converging estimates over time. Both effects are due to the overestimation of the model
order, as explained in Section 5.2. Following the terminology often used in vibration mode analysis, the
converging modes can be called ‘physical modes’, while the others are ‘mathematical modes’. Furthermore,
we introduce here a new type of stabilization diagram, where the x-axis is frequency and the y-axis is not the
model order, as in common stabilization diagrams (see e.g. [19, 20]), but time. In Figure 7 the stabilization
diagram for the first flight point is shown. The green dashed line represents a non-parametric estimate of the
transfer function (FRF) from the input to the fourth output.
The final values of the stabilized, ‘physical’ frequencies and damping ratios for the five flight points are
given in Table 1. Note that the damping ratios corresponding to some stabilized frequencies did not stabilize.
The results for these modes were not included in Table 1. The frequencies and damping ratios obtained are
similar to those reported in [19, 20].
Several observations can be made:

• The stabilization diagrams of the non-recursive algorithm com stat are more difficult to interpret
than those of the recursive algorithms.

flight point #1 flight point #2 flight point #3 flight point #4 flight point #5

f (Hz) ζ (%) f (Hz) ζ (%) f (Hz) ζ (%) f (Hz) ζ (%) f (Hz) ζ (%)

RPM2 6.0116 3.5815 5.9581 4.5295 6.6710 1.8541 6.1739 14.3069 6.6265 2.6188
6.6235 3.7528 6.7232 2.9545 6.7756 7.3267 6.6669 5.8640 6.7398 5.7286
6.9564 3.6494 6.8227 5.0781 7.4701 12.7308 6.7506 1.2581 7.0437 21.0211
8.5265 10.4214 7.4480 22.5484 11.4220 3.6722 9.1797 12.8608 11.0306 4.1329

11.1040 4.7235 11.1762 7.5918 12.3259 3.1036 10.8343 8.6058 11.5147 1.8748
11.7505 3.4432 11.6339 4.7289 11.5777 3.9094 12.5687 3.3231

EIVPM 6.5891 4.0818 6.8084 2.8753 6.6045 5.1471 6.5380 4.9126 6.5654 6.3881
6.9411 2.3670 11.3809 3.5252 6.7449 1.6147 6.7656 1.2370 6.6689 2.0430
9.4888 11.3808 11.5954 5.4129 10.9731 5.7992 10.9263 5.7984 11.4863 5.1401

11.3188 4.1065 11.5553 3.0436 11.6006 3.9410 12.5857 2.9964
11.6613 4.4686 12.7096 3.0437

Table 1: The estimated frequencies (f ) and damping ratios (ζ) for all flight points using two recursive subspace
identification methods RPM2 and EIVPM.
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• Algorithm RPM2 tends to give more stabilized modes than EIVPM. In flight point #2, e.g., EIVPM
only finds three stabilized modes, while RPM2 finds six.

• Not every mode is detected in each flight point. For example, algorithm RPM2 finds a mode around
6Hz in flight points #1, #2 and #4, but not in flight points #3 and #5.

• Damping ratio estimates corresponding to the same frequency sometimes differ much from flight point
to flight point. For example, in flight point #3 the mode with frequency around 6.7Hz, identified by
RPM2, has damping ratio 7.33%, while in flight point #4 it is only 1.26%.

• It is not always easy to decide which mode in one flight point corresponds to which in another flight
point. It would be advantageous to track the frequencies and dampings in between the different flight
points. This is exactly the aim of future in-flight tests, when also data will be measured during the
transition from one flight point to the following.

6.3 Computational speed

In Figure 8 we show the time needed to process 96 new data points as a function of time. Note that com stat
only updates the model every 32 points, while EIVPM and RPM2 do this every time a new data point is avail-
able. Therefore, the blue circles in Figure 8 represent the computation cost for 3 updates of the com stat
model and for 96 updates of the other two models. The computation time for com stat increases linearly
with time (i.e. with the number of data points used for the identification). On the other hand, the time needed
to update the models by means of the recursive methods, remains constant.
It is clear from Figure 8 that the data can be processed in real-time. For com stat it might become more
difficult when longer data sequences are given. In this case, memory problems could arise too. A solution
for these problems could be to use a sliding window that discards the data points that lie furthest in the past.
The recursive algorithms EIVPM and RPM2 do not have these problems.

Figure 8: The time needed to process 96 new data points as a function of time. The black squares represent the time
needed by RPM2 for 96 model updates, the magenta diamonds the computation time for 96 updates by EIVPM and the
blue circles the time needed for 3 identifications by the non-recursive com stat.

7 Conclusions and future work

In this paper two recent recursive subspace identification algorithms are studied. Simulation examples show
that the algorithms are able to track changing damping ratios, provided that for noisy measurements the
forgetting factor is chosen large enough (not much forgetting). The algorithms are also applied to in-flight
measurements on an airplane. Using measurements from five flight points, several modes (eigenfrequencies
and damping ratios) of the airplane are identified. The computation time is short enough to apply the methods
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on-line.
However, several issues need to be looked at in the future. The entire dataset was used to decide which
outputs could be discarded. This is not possible when working on-line. It will be investigated if keeping the
data from the noisy outputs deteriorates the identification results much. We also used the whole dataset to
decimate the data (lowpass filtering followed by downsampling). This must be done on-line too.
In the near future measurements from the transition in between flight points will become available. The
methods described in this paper, will be applied to these data. By tracking the modal parameters, it should be
much easier to decide which frequencies and dampings correspond to the same modes in the different flight
points.
It would be interesting to have a recursive subspace identification algorithm based on the propagator concept,
for the purely stochastic identification problem, i.e. one without measured input. When the input applied by
the pilot falls away, one should be able to switch to the stochastic method and keep tracking the modal
parameters.
It would also be very useful to have confidence bounds on the identified modal frequencies and damping
ratios. To the best of our knowledge they do not even exist for non-recursive subspace algorithms.
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Abstract
One of the most demanding applications of modal analysis is flight flutter testing. The classical approach
is to expand the flight envelope of an airplane by performing a vibration test at constant flight conditions,
curve-fit the data to estimate the resonance frequencies and damping ratios, and then to plot these estimates
against flight speed. The damping values are then extrapolated in order to determine whether it is safe to
proceed to the next flight test point. The modal parameter estimation algorithm must thus be fast, able to
handle very noisy data and yield accurate estimates of the damping ratios. The extrapolation process can
be greatly enhanced through the use of statistical uncertainty bounds on the poles estimates. However, the
derivation of these bounds requires additional calculations and thus time. In this contribution, a new tech-
nique to calculate uncertainty bounds will be discussed, tested and evaluated. Special attention will be paid
to the calculation of uncertainty bounds on estimates resulting from poly-reference frequency-domain least-
squares based estimators. These algorithms allow to determine the uncertainties with only minor additional
calculations. This fast approach can be of great importance for future on-line flight flutter testing.

1 Introduction

One approach to improve future flight flutter testing is the development of better and faster algorithms.
Currently, in-flight tests determine for every combination of speed and altitude the frequency and damping
ratio of the dominant modes. If the vibration is stable, the pilot can proceed to the next flight test point,
but with extreme caution. The evolution of damping with speed is followed, but the extrapolation to higher
speeds is not very reliable. The damping can vary rapidly if a flutter instability is encountered. Flight tests
are thus dangerous and time-consuming which explains the need for a continuous effort to enhance existing
algorithms. In the context of the EUREKA FLiTE2 project, new fast poly-reference (total) least-squares
based frequency-domain estimators have been developed and stabilization charts constructed [1, 2].

In this contribution, a fast way to calculate the confidence intervals of the frequency and damping ratio esti-
mates is provided. The reliability of the estimate could help to predict oncoming instabilities enhancing the
safety of flight tests. The classical way to calculate confidence intervals is through Monte Carlo simulations
or using the Bootstrap method [3]. Both methods require a statistical determination of the variance of the
estimates and thus are very time consuming. These algorithms are therefore not appropriate for use in flight
flutter testing.

The Maximum Likelihood (ML) estimator is a possible alternative because it yields the variances of the es-
timates with only minor additional calculations. It is proven in [4] that the inverse of the Fisher information
matrix –which is available in the estimation process– equals the covariance matrix of the denominator co-
efficients. Another advantage of the ML estimator is that the covariance matrix will reach the Cramér-Rao
lower bounds if it has converged. The major drawback of the ML estimator is that it requires a non-linear
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optimization of the cost function. This iterative approach leads to a higher computation time which restricts
the use for flight flutter testing.

The approach used in this contribution is based on a sensitivity analysis. Starting from the poly-reference
least-squares (LS) cost function, the influence of a perturbation on the measured frequency response function
(FRF) on the estimated coefficients is determined. Making intensive use of the specific structure of the
matrices in the normal equations, a fast algorithm is obtained. The accuracy of this approach is proven for
both uncorrelated and correlated noise in the single-input (SIMO) case. The multiple-input implementation
is not discussed in this paper but can be derived accordingly. The extension to total-least-squares (TLS)
estimators is an issue for future research. The main difficulty there is to determine the influence of the
Frobenius norm constraint on the variance of the estimates.

In Section 2 the developed estimation algorithms are briefly reviewed. Section 3 elaborates on the developed
algorithm. The results of performed simulations are presented next in Section 4. Finally, some conclusions
are drawn.

2 Frequency-domain modal parameter estimation

2.1 Poly-reference transfer function modeling

Many multivariable transfer function models are available [5]. In this paper, a poly-reference implementation
based on a right matrix-fraction description, will be considered. The relationship between No outputs and
Ni inputs can be modeled in the frequency domain

H(Ωk, θ) = N(Ωk, θ)D−1(Ωk, θ) (1)

with N ∈ CNo×Ni the numerator matrix polynomial and D ∈ CNi×Ni the denominator matrix polynomial,
defined by

N(Ωk, θ) =
∑n

j=0 Nj Ωj
k

D(Ωk, θ) =
∑n

j=0 Dj Ωj
k

(2)

The matrix coefficients Nj and Dj are the parameters to be estimated. These coefficients are grouped to-
gether in one parameter matrix θ.

In general, the polynomial order n of the denominator and numerator can differ. The number of identifiable
modes equals n Ni for complex coefficients and 1

2 n Ni in the case of real-valued coefficients.

Several choices are possible for the polynomial basis function Ωk. For a discrete-time domain model, Ωk

is given by exp (−i ωk Ts) (z-domain) with Ts the sampling period and the index k denoting the frequency
line. For the continuous-time domain, possible choices are Ωk = i ωk (Laplace domain) or orthogonal
polynomials, e.g. Forsythe and Chebyshev polynomials. Only the z-domain formulation is considered in
this paper.

2.2 Modal parameter estimation based on frequency response measurements

The linearized (weighted) least-squares equation error is given by

ε(Ωk) = W (Ωk)(N(Ωk)−H(Ωk) D(Ωk)) (3)

with H(Ωk) ∈ CNo×Ni the measured frequency response function matrix. W (Ωk) is a diagonal frequency-
dependent weighting matrix. As (3) is linear-in-the-parameters, it can be rewritten as

ε = J θ (4)
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with J = ∂
∂ θ ε(θ, H) the Jacobian matrix, which is independent of the parameters to be estimated and with

ε = [εT
1 . . . εT

No
]T and εo ∈ C1×Ni . (.)T denotes the matrix transpose. The Jacobian matrix can be written as

J =


Γ1 0 · · · 0 Υ1

0 Γ2 · · · 0 Υ2
...

...
. . .

...
...

0 0 · · · ΓNo ΥNo

 (5)

with

θ =


η1
...

ηNo

δ

 ηo =

 No 0
...

No n

 δ =

 D0
...

Dn

 (6)

Γo =


Wo(Ω1)

[
Ω0

1 Ω1
1 . . . Ωn

1

]
...

Wo(ΩNf
)
[

Ω0
Nf

. . . Ωn
Nf

]
 (7)

Υo =


−Wo(Ω1)

[
Ω0

1 Ω1
1 . . . Ωn

1

]
⊗Ho(Ω1)

...

−Wo(ΩNf
)
[

Ω0
Nf

. . . Ωn
Nf

]
⊗Ho(ΩNf

)

 (8)

with ⊗ the Kronecker product operator and Nf the number of spectral lines. In [6] it is shown that the size
of the Jacobian matrix can be reduced by formulating the normal equations

JHJ θ =


R1 · · · 0 S1
...

. . .
...

0 RNo SNo

SH
1 · · · SH

No

∑No
o=1 To

 θ ≈ 0 (9)

with Ro = ΓH
o Γo, So = ΓH

o Υo and To = ΥH
o Υo. Elimination of the numerator coefficients

ηo = −R−1
o Soδ (10)

results in the so called reduced normal equations
No∑
o=1

(
To − SH

o R−1
o So

)
δ = Mδ (11)

The problem boils down to solving M δ ≈ 0 with M a square (n + 1)Ni matrix.

The LS solution of δ is found by fixing one of the coefficients, e.g. the highest order coefficient, to the
identity matrix INi

δ =
[
−[M(1 : nNi)]−1[M(1 : nNi, nNi + 1 : (n + 1)Ni)]

INi

]
(12)

The TLS approach constrains the Frobenius norm of the coefficients to the identity matrix

θHθ = INi (13)

The solution is then given by the Ni eigenvectors V corresponding to the Ni smallest eigenvalues λ found
by solving the eigenvalue problem

MV = λV (14)

It is proven in [6] that the LS or TLS solutions for δ obtained by solving the compact problem (11) are the
same as obtained by solving the full problem (9) with the same constraint. Once the denominator coefficients
are determined, back substitution in (10) is used to derive the numerator coefficients. The next step is then
to calculate the poles and residues.
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2.3 Improvement of the estimation algorithms

If noise information is available, an important improvement in efficiency can be obtained [1]. The covariance
matrix of the measured FRF is given by

CovH,o(Ωk) = E
[
∆HH

o ∆Ho

]
(15)

with ∆Ho = (Ho − E{Ho}) the noise contribution and where (.)H denotes the Hermitian transpose. The
covariance matrix of the Jacobian matrix can be derived as only the Υ matrices contain the measured data.

The Generalized Total Least Squares (GTLS) estimator right multiplies the TLS cost function with the square
root of the covariance matrix and then calculates a generalized eigenvalue decomposition. A further improve-
ment can be obtained by weighing iteratively with an estimate of the ’optimal’ ML weighting. The diagonal
weighting matrix W (Ωk) is composed of scalar values per output o defined by

Wo(Ωk) =
(
tr
(
DH(Ωk)CovH,o(Ωk)D(Ωk)

))− 1
2 (16)

Wo(Ωk) is calculated using the denominator coefficients D(Ωk, θ) estimated in the previous iteration step.
The enhanced parameter estimates are then used to calculate a new weighting, resulting in new estimates,
and so on. This weighting applied to a (T)LS estimator is called the Iterative Quadratic Maximum Likelihood
(IQML) estimator, if applied to a GTLS estimator it is referred to as the Bootstrapped Total Least Squares
(BTLS) estimator [7]. A shown in [1], two iterations generally suffice to realize a significant improvement.

3 Confidence intervals

In order to calculate confidence intervals on the frequency and damping ratio estimates, their variances
are needed. The approach described hereafter is formulated for an estimator using real coefficients. The
extrapolation to a complex formulated estimator is straightforward. In a first step, the covariance matrix of
the coefficients estimates is determined. This matrix is given by

Covθ = E(∆θ ∆θH) (17)

In a next step, the covariance matrix on the z-domain poles can be obtained using [8, 9]. The last step is then
to calculate the variances on the damping ratios and frequencies (in the Laplace domain). In order to lighten
a bit the equations, only one input will be considered.

3.1 Estimated parameter covariance matrix

Starting from (3), an expression for the covariance matrix of the estimated coefficients can be obtained. If

J =
∂

∂ θ
ε(θ, H)

GH =
∂

∂ H
ε(θ, H)

K = JHJ

∆H = (H − E{H})

the covariance matrix can be written as

Covθ = E(∆θ ∆θH) = E
[
K−1JHGH∆H∆HHGH

HJK−1
]

(18)

The proof of (18) is given extensively in [10] and is not repeated here.
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3.2 Fast implementation

The derivative of (3) w.r.t. H equals the denominator coefficients D, identical for every output as D is not
dependent on the output. GH is thus a block diagonal matrix with entries D. If the covariance matrix of the
measured FRFs CovH is known, (18) reduces to

Covθ = K−1JHQJK−1 (19)

with Q given by GHCovHGH
H . In the single-input case as is considered in this contribution, Q is diagonal.

In the multivariable case, Q is a block diagonal matrix.

A fast calculation of (19) can be obtained making intensive use of the specific structure of the matrices.
Furthermore, as only the variances on the damping ratio and frequency are needed, it suffices to calculate the
covariance matrix of the denominator coefficients.

Covδ = ∆δ∆δH (20)

Thus only the lower nNi rows of K−1JH , corresponding to δ, are needed. K is given by

K = JHJ =


R1 · · · 0 S1
...

. . .
...

0 RNo SNo

SH
1 · · · SH

No

∑No
o=1 To

 (21)

with Ro = ΓH
o Γo, So = ΓH

o Υo and To = ΥH
o Υo. Using the matrix inversion lemma for block matrices

proven in [5], the lower rows of K can be easily inverted

K−1
l = K−1(end-nNi+1:end,:) = M−1

[
−SH

1 R−1
1 − SH

2 R−1
2 . . . − SH

No
R−1

No
INiNf

]
(22)

with M as given by (11)

M−1 =

[
No∑
o=1

(
To − SH

o R−1
o So

)]−1

(23)

K−1
l JH can then be reduced to

K−1
l JH = M−1

[
−SH

1 R−1
1 ΓH

1 + ΥH
1 . . . − SH

No
R−1

No
ΓH

No
+ ΥH

No

]
(24)

= M−1 [P1 P2 . . . PNo ] (25)

with
Po = ΥH

o

(
INf

− ΓoR
−1
o ΓH

o

)
(26)

The covariance matrix of the denominator coefficients is now given by

Covδ = M−1 [P1 P2 . . . PNo ]Q [P1 P2 . . . PNo ]
H M−1 (27)

Note that the Ni rows and columns of Covδ corresponding to the constrained coefficient chosen in (12) do
not need to be calculated. These rows and columns should be constrained to zero.

As Q is a diagonal matrix, (27) boils down to a summation over the outputs o

Covδ = M−1

(
No∑
o=1

PoQoP
H
o

)
M−1 (28)

PoQoP
H
o is in turn a summation over the frequency lines

PoQoP
H
o = ΥH

o

(
INf

− ΓoR
−1
o ΓH

o

)
Qo

(
INf

− ΓoR
−1
o ΓH

o

)
Υo (29)

=
Nf∑
k=1

ΥH
o,k

(
1− Γo,kR

−1
o ΓH

o,k

)
Υo,kQo,k (30)

As K, M , Γ, Υ and D are known from the estimation algorithm, the covariance matrix Covδ can be calcu-
lated in a fast way.
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Figure 1: Wireframe model of test aeroplane

pole 1 pole 2 pole 3 pole 4 pole 5 pole 6 pole7
σ2

ζ MC 4.5011e-004 3.3764e-004 7.1628e-004 5.9798e-004 4.4483e-004 7.8193e-004 3.2297e-003
σ2

ζ est. 1 3.4177e-004 4.0845e-004 1.3876e-003 1.6508e-003 4.6188e-004 2.4283e-003 2.0104e-002
σ2

ζ est. 2 3.0776e-004 3.7283e-004 1.4166e-003 1.7217e-003 3.8051e-004 2.1017e-003 2.0204e-002
σ2

ζ est. 3 3.1959e-004 3.9776e-004 1.3504e-003 1.9339e-003 3.7995e-004 1.6958e-003 1.4682e-002
σ2

ζ est. 4 3.0120e-004 3.2998e-004 1.2976e-003 1.5277e-003 4.1937e-004 1.9213e-003 1.4374e-002

Table 1: Damping ratio standard deviation estimates

3.3 Variance on poles estimates

Once the covariance matrix of the denominator coefficients is known, the variances on the (z-domain) poles
can be derived using the approach described in [8]. The results are then converted to the frequency domain
poles and to the damping ratios and frequencies.

4 Simulations

4.1 Ground vibration testing

The simulation FRF under test is a seventh-order transfer function, based on ground vibration tests (GVT)
on a small, piston-engined aeroplane. Figure 1 shows the first bending mode of the aeroplane. The data set
consists of one burst-random input signal and six output signals were selected from 278 measured acceler-
ations. First, an FRF is synthesized using the PolyMAX estimator. The seven most dominant modes are
selected within a limited band of 165 equally distributed frequencies. This ’exact’ FRF is then contaminated
with an additive complex noise source. The process is repeated to calculate the mean and the variance of the
poles estimates.

A first simulation was set up to validate the calculated variances on the frequencies and the damping ratios.
500 disturbed data sets were generated by adding complex noise inverse proportional to the frequency to the
exact FRF. Figure 2 shows the exact and the contaminated FRF for one output, and the noise level. Then
the poles were calculated using the PolyMAX estimator with model order 16. The mean and the standard
deviation of the estimated damping ratio and frequency estimates were determined and compared to the
standard deviations calculated directly. The results are shown in Table 1 for the damping ratios and Table 2
for the frequencies. It is clear that the direct approach accurately calculates the standard deviations. It is of
great importance that the reference standard deviations of the correct poles are selected from the estimates.
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Figure 2: Simulated test data with uncorrelated noise

pole 1 pole 2 pole 3 pole 4 pole 5 pole 6 pole7
σ2

f MC 3.6888e-003 2.7211e-003 8.3045e-003 7.7176e-003 8.3340e-003 2.5209e-002 1.1546e-001
σ2

f est. 1 2.9804e-003 3.3164e-003 1.4582e-002 2.0680e-002 7.2352e-003 7.4208e-002 6.2507e-001
σ2

f est. 2 2.5521e-003 3.1048e-003 1.6427e-002 2.2003e-002 6.1769e-003 5.8579e-002 6.7046e-001
σ2

f est. 3 2.6865e-003 3.4161e-003 1.3897e-002 2.3295e-002 6.0393e-003 4.7495e-002 4.2403e-001
σ2

f est. 4 2.5298e-003 2.8364e-003 1.4880e-002 1.9922e-002 6.9892e-003 4.8033e-002 4.2079e-001

Table 2: Frequency standard deviation estimates

If a wrong pole is selected (e.g. because the noise level is too high) the calculated standard deviations will
be too large. Table 3 shows the directly derived standard deviation together with the corresponding pole
estimate. It can be seen that the correct poles were used to validate the direct approach. Note also that the
relative uncertainty on the estimated frequencies (less than 0.08%) is much smaller than that on the estimated
damping ratios (less than 9%).

In practice, also correlated noise sources exist. A second simulation was run to determine the effect of
correlated noise to the direct calculated variances. The exact FRFs were additionally contaminated with
noise proportional to the magnitude of the FRF. Again 500 sets were generated and estimated with the
PolyMAX estimator. Again the PolyMAX estimator with model order 16 was used to estimate the different
data sets. The results are summarized in Table 4. It can be seen that the estimates match closely. The direct
approach to calculate the variances is robust to both correlated and uncorrelated noise sources.

pole 1 pole 2 pole 3 pole 4 pole 5 pole 6 pole 7
ζ exact 0.004757 0.005344 0.013131 0.009416 0.011642 0.012872 0.016906

ζ est. 0.0048733 0.0053909 0.013396 0.0098289 0.011654 0.012336 0.019867
σζ MC 4.3868e-005 7.6145e-005 1.7415e-004 1.8673e-004 1.2921e-004 1.7794e-004 8.0628e-004
σζ est. 1.2348e-004 1.5247e-004 6.0958e-004 7.1982e-004 2.3145e-004 1.0588e-003 5.1166e-003
f exact 8.30549 9.14921 12.733 13.2051 18.1804 27.8606 28.2917

f est. 8.30518 9.14897 12.7324 13.2045 18.1805 27.8542 28.3238
σf MC 4.1433e-004 6.1752e-004 2.0997e-003 2.6469e-003 2.5299e-003 5.0910e-003 2.2076e-002
σf est. 6.5016e-004 1.1143e-003 8.3148e-003 1.0395e-002 3.2917e-003 2.2792e-002 1.5308e-001

Table 3: Damping ratio and frequency estimates and standard deviations for uncorrelated noise
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pole 1 pole 2 pole 3 pole 4 pole 5 pole 6 pole 7
ζ exact 0.004757 0.005344 0.013131 0.009416 0.011642 0.012872 0.016906

ζ est. 0.0049367 0.0054619 0.013661 0.010206 0.011615 0.011703 0.023781
σζ MC 4.5011e-004 3.3764e-004 7.1628e-004 5.9798e-004 4.4483e-004 7.8193e-004 3.2297e-003
σζ est. 3.4177e-004 4.0845e-004 1.3876e-003 1.6508e-003 4.6188e-004 2.4283e-003 2.0104e-002
f exact 8.30549 9.14921 12.733 13.2051 18.1804 27.8606 28.2917

f est. 8.30473 9.14932 12.7298 13.2011 18.1806 27.843 28.3676
σf MC 3.6888e-003 2.7211e-003 8.3045e-003 7.7176e-003 8.3340e-003 2.5209e-002 1.1546e-001
σf est. 2.9804e-003 3.3164e-003 1.4582e-002 2.0680e-002 7.2352e-003 7.4208e-002 6.2507e-001

Table 4: Damping ratio and frequency estimates and standard deviations for correlated noise

σ2
ζ σ2

f

phys. pole 3.0120e-004 2.5298e-003
phys. pole 3.2998e-004 2.8364e-003
phys. pole 1.2976e-003 1.4880e-002
phys. pole 1.5277e-003 1.9922e-002
phys. pole 4.1937e-004 6.9892e-003
phys. pole 1.9213e-003 4.8033e-002
phys. pole 1.4374e-002 4.2080e-001
mat. pole 4.1470e-002 1.3389e+000
mat. pole 5.5317e-002 1.3360e+000
mat. pole 5.9089e-002 9.8281e-001
mat. pole 6.5339e-002 1.3381e+000
mat. pole 6.6048e-002 1.5235e+000
mat. pole 1.2343e-001 1.1435e+000
mat. pole 8.2882e-001 3.5623e+001

Table 5: Standard deviation of physical and mathematical poles

4.2 Stabilization diagrams

A possible application of the direct calculation of the variances on the poles estimates is in the construction
of stabilization diagrams. It is expected that the variance of a physical pole is lower than the variance of a
mathematical pole, which tend to scatter around if the model order is varied. Table 5 shows the standard
deviation of the frequency and the damping ratio for all selected poles. Poles that are obviously not physical
(as e.g. the complex conjugates) are not displayed. It can be seen easily that the standard deviation of the
damping ratio and the frequency is always smaller for the physical poles compared to the mathematical ones.
This can be used as an extra indication in the construction of stabilization charts.

4.3 Iterative Quadratic Maximum Likelihood Estimator

The direct approach can also be applied to the IQML estimator. Table 6 shows a comparison for two poles
between the PolyMAX and the IQML estimator with the IQML limited to two iterations (one intial esti-
mate and one update with the weighting calculated using the denominator coefficients derived in the initial
estimate). The standard deviation seems slightly smaller for the IQML estimator, but the match with the
statistical standard deviation is equally good for both estimators.

5 Conclusions

A fast way to calculate the variances on the poles estimates has been derived for poly-reference least-squares
based frequency-domain estimators. The approach has been validated using FRF’s based on ground vibration
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LS IQML LS IQML
ζ exact 0.004757 0.004757 0.009416 0.009416

ζ est. 0.0048733 0.0047589 0.0098289 0.0094216
σζ MC 4.3868e-005 2.1497e-005 1.8673e-004 2.3306e-004
σζ est. 1.0060e-004 1.5546e-005 7.5021e-004 3.4726e-004
f exact 8.30549 8.30549 13.2051 13.2051

f est. 8.30518 8.30549 13.2045 13.2054
σf MC 4.1433e-004 1.7340e-004 2.6469e-003 2.1902e-003
σf est. 7.5010e-004 6.1503e-005 9.9058e-003 2.3813e-003

Table 6: Damping ratio and frequency estimates and standard deviations for LS and IQML estimators

test data. The use of these variances could be beneficial for safer flight flutter testing, but also for the
construction of clearer stabilization charts.
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Abstract 
Classical nonlinear system identification algorithms consist of two main steps. In the first step, the 
considered system is excited at an operating amplitude, where its dynamic behaviour is assumed to be 
linear. On the basis of the measured excitation and system responses, linear system parameters are 
estimated. In the second step, nonlinear system parameters are evaluated. Unfortunately, the behaviour of 
a wide class of mechanical systems is not linear around any operating point while exciting force 
measurements are frequently difficult or even impossible to carry out. Therefore the field of applications 
of the classical nonlinear system identification methods is rather limited. 
The paper concerns the method combining restoring force, boundary perturbation and direct parameter 
estimation techniques that can be used for the purposes of parameter identification of nonlinear systems 
working under immeasurable operational loads. The results of method application to parameter 
identification of the Skytruck airplane landing gear are presented. 
 
 

1 Introduction 
 

Each real mechanical structure is nonlinear to some degree. Typical sources of nonlinearities are 
geometric nonlinearities [12, 16] resulting from considerable structure deformations, physical 
nonlinearities [12, 25] related to nonlinear material properties, nonlinear damping forces [1] deriving from 
energy dissipation phenomena (e. g. dry, internal friction), nonlinear boundary conditions [2, 12] related to 
appearance of clearances and structural nonlinearities arising from application of structural elements of 
discrete nonlinear characteristics, such as springs and absorbers. 

In general, nonlinear systems do not follow the superposition principle and exhibit complex 
phenomena unusual for linear systems, such as jumps, self-induced and chaotic vibrations, changes in 
natural frequencies resulting from changes in amplitudes, co-existence of many stable equilibrium 
positions. In view of this properties, classical identification methods can’t be used for the purposes of 
nonlinear system identification. It is also impossible to formulate general identification method applicable 
to all nonlinear systems in all instances. 

For many years linearization methods were the only methods used for the purposes of nonlinear 
system identification. The most frequently used methods were the equivalent [23] and stochastic [27] 
linearization. In the following years the concept of nonlinear normal modes was introduced [21, 24, 26, 
29], for weakly nonlinear systems perturbation theory was developed [13, 17, 19]. Later publications [5, 6, 
20] were dedicated to identification of strongly nonlinear systems. Recently, the researchers take interest 
in making use of nonlinear system properties instead of avoiding or ignoring them [18, 22, 28]. More 
frequently the machines and mechanical systems are designed for work in nonlinear ranges of dynamic 
characteristics taking advantage of phenomena characteristic for nonlinear systems. 
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2 Nonlinear system identification methods 
 

The first research into nonlinear system identification methods goes back to the seventies [11, 15]. 
Later works consider identification of single degree-of-freedom systems with various types of 
nonlinearities. Multiple degree-of-freedom identification methods are relatively new, since they have been 
elaborated over last 15 years. 
Independently of the applied identification method, the nonlinear system identification can be considered 
as a complex process consisted of nonlinearity detection, determination of the nonlinearity location, type 
and functional form, model parameters estimation as well as verification and validation of the estimated 
model. 
 
2.1 Classical methods 
 

Classical nonlinear system identification procedures consist of two main stages. In the first step, linear 
system parameters are estimated by exciting the system at an operating amplitude where the system 
dynamic behaviour is nominally linear. In the second step, on the basis of nominally linear parameters 
estimated in the first step, estimation of nonlinear system parameters is performed. Classical nonlinear 
system identification methods can be classified according to the following categories: 

− linearization methods, 
− time domain methods, 
− frequency domain methods, 
− modal methods, 
− time – frequency analysis methods, 
− methods based on neural networks, 
− wavelet transform methods, 
− structural model updating. 
 
The above classification is certainly not exhaustive and the additional categories can be introduced. For 
instance it is possible to make distinction between parametric and nonparametric methods, single and 
multiple input, single and multi degree-of-freedom methods, etc. 

Classical nonlinear system identification procedures require an input measurement or input estimate, 
which can be treated as an essential disadvantage. In many mechanical systems measurement of exciting 
forces (e.g. tire – road or wheel – rail contact forces) is difficult or impossible to carry out. Moreover, a 
behaviour of a large variety of mechanical systems is not linear in a broad enough frequency range around 
any operating point. 
 
2.2 Identification of nonlinear system parameters on the basis of measured 
system response. 
 

Proposed in [10] method of nonlinear system parameters identification on the basis of measured 
system responses requires neither input measurement / estimate nor linear system behaviour in a broad 
frequency range around operating point. The method algorithm combines the restoring force, boundary 
perturbation and direct parameter estimation techniques (figure 1). 

On the contrary to classical methods, in the considered approach, linear system parameters are 
estimated based on the system dynamic motion equations with nonlinear restoring forces eliminated 
beforehand. In the next algorithm step, by the use of the direct parameter estimation method, nominally 
linear system parameters are estimated. 
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Figure 1: Algorithm of method of nonlinear system parameters identification on the basis of 

measured system responses. 

  
RESTORING 
FORCE  
METHOD 

Determination of force linear component 

 
DIRECT 
PARAMETER 
ESTIMATION 

Estimation of nominally linear system 
parameters

Nonlinear restoring force estimation on the 
basis of measured system responses 

 
BOUNDARY 
PERTURBATION 
METHOD Formulation of an additional (‘missing’) 

dynamic motion equation 

Introduction of an additional mass 

 
In case when the exciting force remains unknown, the number of unknown system parameters is 

greater than the number of system dynamic motion equations that can be formulated. Therefore, as a result 
of direct parameter estimation, only ratios of parameters can be obtained. In order to determine absolute 
values of nominally linear system parameters the boundary perturbation method is used. In this approach, 
mass (inertia) is added to a particular degree-of-freedom, which makes it possible to formulate an 
additional ‘missing’ dynamic motion equation. 

Presented above method of nonlinear system parameters identification on the basis of measured 
system responses is a convenient parameter identification method for strongly nonlinear systems working 
under operational loads, the measurement of which is difficult or impossible to carry out. 
 
2.2.1 Restoring force method 
 

Restoring force method algorithm for single degree-of-freedom systems was formulated by Masri and 
Caughey in 1979 [15]. In the following years the modified algorithms of the method were developed. This 
variations are referred to as force – state mapping [7, 8] and local restoring force method [9]. 

The method is based on the dynamic motion equation specified by the Newton’s second law: 
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where: M: (effective) system mass, {u(t)}: exciting force vector, {x(t)}, { }: displacement and velocity 

of the mass M, : vector of internal restoring forces, depending on vibration 
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( )tx
•

( ){ } ( )
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠

⎞
⎜
⎝

⎛
⎭
⎬
⎫

⎩
⎨
⎧•

txtxf ,

FLITE EUREKA 2 1591



Since {f} depends only on {x(t)} and { (t)}, it can be represented by a surface over the (x, ) phase 
plane: 
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x
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x
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In practice the measurements of vibration accelerations { (t)} are performed while vibration velocities 

{ (t)} and displacements {x(t)} are determined by numerical time-domain integration of vibration 

accelerations { (t)}. If the measurements are taken at time intervals 

••

x
•

x
••

x ( ) titi Δ−= 1 , the equation (2) can 
be written in the following form: 
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At each instant i = 1, …, N the triplet  is specified. The first two values indicate the 

point in the phase plane while the third value specifies the distance between this point and the restoring 
force surface. 
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Masri and Caughey [15] proposed the method consisting in restoring force modelling by the use of the 
Chebyshev series: 
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where: Ti(x): Chebyshev polynomial of the ith order. 
Wordem and Tomlinson [31] proved that application of Chebyshev polynomials in the form of: 
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to restoring force approximation makes it possible to obtain more exact solution than in case of model (4) 
application. 
 For hysteretic systems, the internal restoring force does not depend entirely on system position in the 
phase plane. As an example the Bouc – Wen model [4, 30] describing a broad range of hysteresis 
characteristics can be considered: 
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In this case the Chebyshev polynomials method can not be used since the system internal restoring force is 

a function not only of {x} and { } but also {z}, which means that a force surface over a phase plane is 
multivalued. 

•

x

In [3, 14] the authors proposed to represent the hysteretic restoring force by the following equation: 
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In such a case, the restoring force first derivative { } is represented by the surface over the plane (f, ). 
•

f
•

x
 

3 Application of the method of nonlinear system parameter 
identification on the basis of measured responses to parameter 
identification of the Skytruck airplane landing gear. 
 

The research was carried out for the M28 Skytruck (model 05) airplane, produced in the Polish Air 
Plant (PZL) in Mielec. The M28 Skytruck model 05 (figure 2) is a twin-engine monoplane with twin 
vertical tails. It is equipped with a tricycle non-retractable landing gear with a steerable nose wheel to 
provide for operation from short, unprepared runways. 

Acceleration measurements were taken on the airplane landing gear by the use of two tree-axial 
piezoelectric sensors placed on the spindle (sensor 1, ‘lower’) and above the absorber on the airplane body 
(sensor 2, ‘upper’). Vibration acceleration time histories measured during two flights with different 
airplane masses were recorded with the SCADAS III analyzer of dynamic signals. The airplane was 
weighed after each flight in order to provide mass values necessary for the purposes of verification of 
analysis results. 
 

c)  
 
 
 

a) 
 
 
 
 

b) 
 

Figure 2: a, b: M28 Skytruck model 05 and c) elements of its landing gear. 
 

Table 1 contains basic information on measurement conditions in the individual flights. 
 

 Sampling 
frequency [Hz] Number of samples Airplane mass after 

flight [kg] 

Flight 1 (M2 – ΔM2) 200 46336 6930 

Flight 2 (M2) 200 124160 7200 

Table 1: Measurement conditions in individual flights. 
 

The analysis was carried out for fragments of characteristics of vibration accelerations recorded in 
vertical direction (along the centre line of absorber), resulting from operational loads acting on the 
airplane during ride over the apron after landing (figure 3). 
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Figure 3: Analyzed fragments of vibration accelerations recorded in the considered flights. 
 

 For 1/3 of the airplane the model [10] presented in the figure 4 was assumed. 
 
 
 
 
 
 
 
 
 
 

Figure 4: Assumed model of the half of the airplane. 
 
Dynamic motion equations formulated for the M1 and M2 masses are as follows: 
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Rearranged dynamic motion equation for the sprung mass M2: 
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expresses relation between acceleration of the sprung mass M2 and relative velocity or relative 
displacement between masses M1 and M2. Graphical representation of these relations allows the damping 
or stiffness restoring force, respectively, in the elements of landing gear to be characterized. 

M1: unsprung mass, 
M2: sprung mass, 
K1: stiffness in tire, 
K2: stiffness in suspension, 
C1: damping in tire, 
C2: damping in suspension, 
x1: displacement of the M1, 
x2: displacement of the M2, 

Elements of landing gear 
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xb: displacement of the tire patch, 
N1: nonlinear force in suspension, 
N2: nonlinear force in tire. 
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Therefore measured vibration accelerations were integrated off-line in time domain (in Matlab 
environment) to estimate vibration velocities and displacements in the considered measurement pointes. 
Before each integration, constant components were removed from the analyzed signals. 

On the basis of relations between acceleration of the sprung mass and relative velocity as well as 
acceleration of the sprung mass and relative displacement between considered measurement points, 
detection of presence of nonlinear damping and stiffness forces was performed. In the figure 5 there are 
presented nonlinear damping and stiffness characteristics identified in the frequency range 9 – 11 [Hz]. 
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Figure 5: Nonlinear a) damping b) stiffness restoring forces identified for the frequency band  9 – 11 
[Hz]. 

 
Nonlinear damping and stiffness restoring forces (figure 5) were modelled by the use of function in 

the form of [10]: 
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Parameters of model (10) assumed for nonlinear stiffness characteristic are as follows: a = -100, b = 130, 
c = 0, d = 12,2. Comparison of measured and estimated stiffness force fn1 and the estimation error defined 
as a difference between these forces are presented in the figure 6. 
For nonlinear damping characteristic, model (10) of the following parameters was assumed: a = -100, 
b = 130, c = 120, d = 3,5. In the figure 7 there are presented identified and estimated damping 
characteristics fn2 for frequency range 9 – 11 [Hz] as well as the estimation error. 
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Figure 6: a) stiffness force identified in measurement data (···) and estimated (***), b) estimation 
error. 

 
Figure 7: Damping force a) reconstructed on the basis of the measurement data (···) and estimated 

(***), b) estimation error. 
 
It should be stressed that since the mass M2 remains unknown, nonlinear restoring force estimates fn1 and 
fn2 are determined to within a scale factor of M2. 
Dynamic motion equation of the mass M2 with estimates of nonlinear restoring forces subtracted: 
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can be used as a basis for estimation of linear system parameters by the use of the conventional direct 
parameter estimation technique. The equations formulated for the considered airplane by means of the 
direct parameter estimation technique are as follows: 
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where: {T21(jω)}: transmissibility function between the sprung mass M2 and unsprung mass M1 (with 
nonlinear restoring forces subtructed), X1(jω): Fourier transform of x1(t), X2(jω): Fourier transform of x2(t), 
Nf: number of spectral lines of useful data, T21(0): transmissibility function evaluated at zero frequency. 
Since in practice the exact airplane mass M2 remains unknown, direct parameter estimation method 
provides two equations with three unknowns - M2, K2 and K3. In other words, at this stage only ratios of 
linear parameters with respect to the mass M2 are available. 
In order to provide an additional ‘missing’ dynamic motion equation, boundary perturbation method can 
be used. The method consists in introducing an additional mass ΔM2 altering dynamic behaviour of the 
considered system (linear system natural frequencies) and retaking measurements for such a modified 
system. An additional ‘missing’ equation is as follows: 
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where: ( ){ }ωjT '
21 : transmissibility function between the sprung mass (M2+ΔM2) and unsprung mass M1 

(with damping ignored), : number of spectral lines of useful data. '
fN

Since at this stage three equations with three unknowns can be formulated, it is possible to estimate the 
absolute values of demanded linear parameters. 

In case of the considered data measured on the Skytruck landing gear, the nonlinear restoring curve 
fit provides one equation (11), static stiffness calculation the second equation (13) and mass perturbation 
method the third equation required to estimate absolute values of the desired parameters. 

In the figure 8 there is presented transmissibility function T21 between displacements of the sprung 
mass M2 and unsprung mass M1 estimated for data registered during the second flight with nonlinear 
restoring forces subtracted. 
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Figure 8: Estimated transmissibility function T21 (for airplane mass M2). 
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Computations were carried out by the use of the VIOMA (Virtual In-Operation Modal Analysis) toolbox 
dedicated for Matlab (figure 9). Assumed signal processing parameters are gathered in the table 2. 

 
Figure 9: Transmissibility function estimation in the VIOMA toolbox. 

 
 Overlap Window type Sampling frequency [Hz] FRF estimator 
T21 (M2) 30% Flattop 200 H1

T21’ (M2 - ΔM2) 30% Flattop 200 H1
 

Table 2: Signal processing parameters for estimation of transmissibility functions T21 and T21’. 
 
Since the magnitude of the estimated transmissibility function approaches 0,7 as the frequency approaches 
0 [Hz], on the basis of the equation (13), the following relation between K2 and K3 is obtained: 
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Substituting this value into equation (12), the relation between K2, sprung mass M2 and transmissibility 
function T21 at the frequency ω can be written in the following form: 
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Taking into account that K3 = 0,428K2, equation (14) expressing relation between K2, modified sprung 
mass (M2 – ΔM2) and transmissibility function at the frequency ω’ has the form of: '
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 Transmissibility function '  between displacements of the sprung mass (M21T 2 – ΔM2) and unsprung 
mass M1 was estimated on the basis of data registered during the first flight by the use of the VIOMA 
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toolbox (figure 9). Comparison of estimated transmissibility functions T21 and  is shown in the figure 
10. 

'
21T

 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 10: Estimated transmissibility functions. 
 
There is a clear difference between transmissibility functions in both cases – higher mass of the airplane 
(T21) shifts resonances towards lower frequencies. Identified corresponding ‘peaks’ of both 
transmissibility functions are marked in the figure 11. 
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Figure 11: ‘Peaks’ of the estimated transmissibility functions. 
 
For the values of frequencies and magnitudes corresponding to identified ‘peaks’ of estimated 
transmissibility functions T21 and  (table 3) computations of parameters of the airplane landing gear 
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was used for the purposes of the verification of estimation results. Table 3 contains estimated parameters 
of the Skytruck landing gear elements as well as the M2 estimation error. 
 

Parameters of transmissibility functions Estimated parameters Estimation 
error Peaks 

ω [Hz] T21(ω) ω' [Hz] ( )ω'
21T  M2 [kg] K2 [N/m] K3 [N/m] Err [%] 

Peak 1 10,1563 0,8271 10,9375 0,3368 1832,323 1021,490 417,4829 94 
Peak 2 13,2813 0,4900 16,4063 0,2212 3670,507 1500,136 6406,167 11 
Peak 3 15,6250 0,4715 19,5313 0,2002 3040,319 1242,578 5027,412 30 

Table 3: Parameters of estimated transmissibility functions, estimated model parameters and 
estimation error. 

 
Values of parameters estimated for peaks 2 and 3 are reasonable and close to each other, while results 
obtained for the first peak are burdened with inadmissible errors. Such a situation conforms to 
expectations - since the 2DOF model of airplane wheel suspension was assumed (figure 4), only 
computations carried out for two peaks should provide valid results. 
 

4 Conclusions and final remarks 
 

The paper concerns the method combining restoring force, boundary perturbation and direct 
parameter estimation techniques that can be used for the purposes of parameter identification of nonlinear 
systems working under immeasurable operational loads. As an example of method application the analysis 
of data measured on the Skytruck airplane landing gear was performed. Obtained results of parameters 
estimation proved that the approach presented in the paper provides reasonable estimates of the vehicle 
system mass and stiffness parameters. 

Carried out research proved that the method is sensitive to accuracy of peak frequency estimates. In 
case of heavily damped systems, such as cars, airplanes or rail coaches, it is difficult to identify the exact 
location of the peaks. Therefore results of analysis of data measured on real vehicles are always burdened 
with errors resulting from inaccuracies in frequency estimates. 

In the near future the method will be applied to analysis of data obtained by simulation of the 
Skytruck airplane suspension dynamic behaviour in the Matlab – Simulink environment (figure 12) and 
for data measured on the test stand modelling the vehicle suspension with changeable characteristics of 
damping elements. The further research will also aim at verifying the influence of the introduced 
additional mass ΔM2 value as well as the influence of the accuracy of nonlinear restoring force modelling 
on the accuracy of estimated suspension parameters. 
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Figure 12: Scheme of computations for data simulated in the Matlab – Simulink environment. 
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Abstract
This paper reports on experimental investigations of the subsonic stall flutter of a wing in a wind tunnel.
Stall flutter (also know as Dynamic Stall) is a LCO phenomenonoccurring when all or part of the flow over
a wing separates and re-attaches at least once during a full oscillation period. In order to investigate the
aeroelastic effects of the nonlinearity introduced by the boundary layer growth and flow separation and the
ensuing stall-induced LCO, a wind tunnel model of a wing undergoing stall flutter is designed, built and
tested. The model is a rectangular wing with constant cross-section free to move in the pitch and plunge
directions, restrained by torsional and linear springs respectively. The motion of the wing is measured using
laser displacement probes. Two types of stall flutter are observed and measured: 1. Non-symmetric stall
flutter, where the flow separates over one side of the wing only, and 2. Symmetric stall flutter, where the flow
separates over both sides of the wing (deep stall). The bifurcation behaviour of the wing is very complex and
both types of LCO can be observed during a single response history.

1 Introduction

Over the past decade there has been a pronounced increase in research concerning nonlinear aeroelasticity.
It has been known for quite some time that aircraft contain a number of nonlinearities that can significantly
affect their dynamic behaviour. These nonlinearities giverise to phenomena such as Limit Cycle Oscillations
(LCOs) that cannot occur if the system is linear. Consequently, it is impossible to model and predict such
behaviour using a linear analysis.

When considering aeroelastic systems subjected to nonlinear aerodynamic forces, it is important to determine
whether the systems are prone to dynamic instabilities suchas LCOs caused by the nonlinearity. Such
oscillations can and do occur both in the subsonic (usually involving stall) and in the transonic flow regime
(usually as a result of a shock wave moving on a control surface). The prediction of LCO occurrence is
considered a very important area of research in modern aeroelasticity. Therefore, stall flutter has received a
significant deal of attention by aeronautic engineers during the last half of century. When part or all of the
flow over the wing separates, a high level of vibration ensues, which can potentially damage the aircraft of
wind tunnel model. This LCO phenomenon is referred to as stall flutter or dynamic stall.

To predict stall flutter, accurate unsteady aerodynamic models are required. However, since viscous effects
are crucial for the occurrence of stall, the unsteady aerodynamic forces for oscillating airfoils in separated
flow are very difficult to simulate. Thus the analytical description of stall flutter is still elusive. Neither test
nor analysis alone can yield a satisfactory theory of the phenomenon. So far, the usual approach to solving
stall flutter problems is semi-empirical and semi-analytical.

For numerical stall flutter analysis, Ericsson and Reding [1] introduced the moving-wall or leading edge jet
effect by pointing out that an upward pitching airfoil creates fuller, even jet-like boundary layer profiles which
therefore delay dynamic stall. In this quasisteady analytic method, the stall flutter boundaries are predicted by
exploiting static experimental data. Compared with the full-scale flutter boundary of a space-shuttle vehicle,
the quasi-analytical results were quite accurate. However, this method only yielded acceptable results at low
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oscillation amplitudes and frequencies. The approach was improved by taking into account the effect of the
‘spilled’ leading edge vortex [2].

In order to inhibit or eliminate the oscillations of a helicopter blade, Ham [3] investigated a general theory
for unsteady aerodynamics of a wing experiencing angle of attack changes during stall. The analytical theory
could be applied to the prediction of a stall-induced load; the load might be acted on an airfoil which performs
a pitch oscillation or experiences a sudden onset of flow .

Experimentally, to obtain insight into the aerodynamics oflow amplitude oscillation, Carta and Lorber [4]
established a mechanism to describe stall flutter. The aerodynamic damping of a single degree of freedom
torsional oscillation was calculated for a two dimensionalairfoil. When the airfoil reached the stall region,
an initial small amplitude oscillation grew up to a high amplitude limit cycle oscillation. Later [5], they
created a small amplitude pitching wing model mounted at sweep angles of 0, 15 and 30 degrees from the
side wall of a wind tunnel. The unsteady surface pressure measurement was carried out with 112 miniature
transducers distributed among 5 spanwise positions. For the unswept wing, negative damping occurred only
at small angles of attack. However, for a 30 degree sweep angle, stall was observed almost over the entire
span.

Dunn and Dugundji [6] created a three-dimensional cantilevered Graphite/Epoxy wing with a NACA0012
airfoil section for a nonlinear, stalled, aeroelastic investigation. Experimental results showed that the lift
coefficient hysteresis loop and frequency were in fair agreement with theory, but the moment coefficient
hysteresis loop was not. Limit cycle amplitudes were obtained, and the LCO onset speed was observed to
decrease with increased angle of attack.

Ahmed and Chandrasekhara carried out a flow reattachment study of an oscillating airfoil undergoing dy-
namic stall [7]. Their studies showed a clear continuous progress of dynamic stall and re-attachment. As the
airfoil angle of attack increased, part of the attached flow started to separate at 8.9 degrees. At 11.15 degrees,
there was only a local area of attached flow at around the quarter-chord. For 20 degrees, all of the flow was
separated from the surface of the wing.

Until now, stall flutter research has mostly concentrated onexperimental wing models with prescribed mo-
tion. There were very few studies were the model was allowed to oscillated freely in its degrees of free-
dom. While prescribed motion studies are important for the investigation of the occurrence of stall and
re-attachment under controlled conditions, they are not suitable for the study of self-excited stall flutter os-
cillations.

The objective of the present work is to develop a rectangularwing model free to move in two degrees
of freedom and to observe the onset and development of self-excited stall flutter. Of interest here is the
bifurcation behaviour of the model, all the limit cycles possible at given airspeeds and the development
of these limit cycles as the airspeed is increased. A description of the experimental set-up is given in the
following section; analysis and discussion is presented inthe results section.

1.1 Wing model

The experiments were carried out in the Goldstein Laboratory of the University of Manchester, at Barton
Aerodrome. The tunnel used is an open type wind tunnel with a removable nozzle and has a rectangular cross
section with smoothed edges; the maximum speed is 50 m/sec. The working section has a cross-sectional
area of 1.35m×0.95m.

The model is a rectangular wing with NACA0012 airfoil section, 900mm span, 300mm chord and an aspect
ratio of 3, as shown in figure 1(a). In order to reduce the structural weight and satisfy the requirement for
spare room to fit devices inside, the wing was designed to be hollow. The skin was made by rolling a 1mm-
thick aluminum sheet; four wooden ribs were placed at equal distances along the span and connected by a
square tube shaft. The wing was fitted with end-plates to reduce the influence of tip vortices and constrain
the flow to be approximately two-dimensional.
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(a) Wing (b) Support Structure

Figure 1: Experimental model

1.2 Support mechanism

The support mechanism was designed to allow pitch and plungemotion of the wing model without friction
and with known structural stiffness. Restoring force is provided by two pairs of compression springs and a
pair of torsion springs. One or both degrees of freedom can belocked down. As shown in figure 1(b), the
support structure is fixed on a steel platform placed under the tunnel. The platform is not completely rigid
but its natural frequencies are much higher than the oscillation frequencies of the wing model and can be
filtered out.

1.2.1 Springs

The torsional springs were chosen such that the wing model will undergo static divergence at airspeeds higher
than 10m/s. Divergence is necessary for stall flutter to be a possibility. Additionally, it was desired to keep
the pitch oscillation frequency low, around 1Hz. The stiffness of the torsion springs is 4519N/mm in torque;
that of the compression springs is 1.23N/mm in rate. Springsof different stiffness can be used to change the
divergence speed and oscillation frequencies.

1.3 Instrumentation

Two LK series long range laser displacement sensors were used for displacement measurements. The sensors
were fixed on the ceiling of the working section at the mid-span position, 600mm above the wing model.
They were placed at two different chordwise positions. One of the sensors measured the displacement at
51mm from the leading edge; the other measured the displacement at 71mm from trailing edge. From these
measurements, the pitch and plunge motion of the wing could be reconstructed. The laser controllers were
connected to a data acquisition device to transfer the readings to a laptop computer. The motion of the wing
was also recorded using a digital camera.

1.4 Wind tunnel setup

The experimental apparatus consisted of the wing model, thesupport mechanism, measurement mechanism
and the subsonic wind tunnel, assembled as shown in figure 2. Only the wing and end-plates were placed
inside the tunnel. Wool tufts were placed on the upper surface of the model as a means of quick flow
visualization to verify the occurrence of stall.
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Figure 2: 3D wing model in the wind tunnel

2 Experimental Results

Static and dynamic tests of the wing model were carried out atairspeeds from 7m/s to 30m/s. The maximum
airspeed was limited to 30m/s for safety reasons.

2.1 Flow visualization

The flow separation phenomenon was visualized with an array of fine woollen tufts attached to the upper
surface of the model. These tufts were stuck on the skin with tape and were free to respond to the local
airflow. When the flow was attached, the tufts were straight and parallel to the wing surface as shown in the
left photo of figure 3. Under stall conditions, as shown in theright photo of figure 3, the tufts separated from
the wing surface and vibrated at high frequency under the influence of the local separated flow.

Figure 3: Wing model in the wind tunnel showing movement of wool tufts (left: attached flow, right: sepa-
rated flow)
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2.2 Dynamic test

The key objective of this study was to observe Limit Cycle Oscillations associated with the unsteady flowfield
around a stalled airfoil. The wing was allowed to move freelyin both pitch and plunge and the amplitude of
oscillations was measured and analyzed at different airspeeds. Oscillations were started by moving the wing
away from its equilibrium condition and then letting it go. Various values of initial conditions were used and
the subsequent motion was observed and categorized. Some sample time responses are presented to show all
the types of motion the wing is capable of.

2.2.1 Decaying oscillations (7-10.5m/s)
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Figure 4: Decay after initial excitation at low wind speeds

Figure 4 illustrates decaying responses obtained at wind speeds of 7m/s, 9m/s and 10.5m/s respectively. The
left column of graphs shows pitch responses and the right column plunge responses. It can be seen that the
damping rate is approximately constant at these airspeeds as the motions always take around 2 seconds to
disappear. Notice the very large initial plunge displacement (40 degrees) designed to ensure that the wing
gets into the stalled flow regime. Up to and including 10.5m/sthe oscillations were always decaying; no
LCOs were encountered.

FLITE EUREKA 2 1607



0 2 4 6 8 10

−2

0

2

4

6

x 10
−3 V=11.5m/s Test 1

P
lu

ng
e

0 2 4 6 8 10

−30

−20

−10

0

10

20

30

V=11.5m/s Test 1

P
itc

h

0 2 4 6 8 10

−1

0

1

2

3

4

5

6

x 10
−3 V=11.5m/s Test 2

P
lu

ng
e

0 2 4 6 8 10
−40

−30

−20

−10

0

10

20

30

V=11.5m/s Test 2

P
itc

h

Figure 5: Decay and LCO coexisting at 11.5 m/s

2.2.2 Decay and small amplitude LCO (11-12.5m/s)

At airspeeds between 11m/s and 12.5m/s the wing can undergo both decaying oscillations and LCOs. Fig-
ure 5 shows the responses obtained from two tests at 11.5m/s.Test 1 (top row) resulted in decaying vibrations
while Test 2 resulted in a small amplitude LCO in the positivepitch direction. The only difference between
the two tests was the initial condition. Notice that both decay to zero and LCO occur 2.3s after the start of
the motion. Decaying motion stops occurring at airspeeds higher than 12.5m/s.

2.2.3 Small amplitude LCO (13-15.5m/s)

From 13m/s to 15.5m/s, the only possible motion is the small amplitude LCO in the positive pitch direction
encountered already in the previous airspeed range. Figure6 shows this LCO occurring at 13m/s (top row)
and 15.5m/s (bottom row). Notice that at 15.5m/s the LCO is stabilized slightly later than at 13m/s, which
seems to suggest that a new attractor is starting to become important. The other main difference between
the two airspeeds is that the amplitude of the LCO in plunge increases significantly (almost doubles from 13
to 15.5m/s) but the pitch amplitude increases more slowly. Having said that, it is clear that both amplitudes
have increased significantly from their values at 11.5m/s (figure 5).

It should be mentioned here that, in theory, there should be no preferred direction for the small amplitude
LCO. In other words it should occur both in the positive as well as the negative pitch directions. However,
the airfoil is not perfectly symmetrical and the equilibrium angle of attack is not exactly zero. Consequently,
the wing prefers to oscillate in the positive pitch direction, irrespective of the initial condition.
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Figure 6: Small amplitude LCO at 13m/s and 15.5m/s

2.2.4 Intermittent small and large amplitude LCO (16-20m/s )

In the 16-20m/s speed range, the small amplitude LCO in the negative direction becomes an increasingly
strong attractor. Due to the lack of symmetry, the wing neveroscillates around the negative LCO only. It
oscillates mostly around the positive small LCO and intermittently moves to the negative LCO for half a
period. Thus, the wing is in fact oscillating either around the small positive limit cycle or around a large,
symmetrical limit cycle with twice the amplitude. Figure 7 shows that the excursions into the large amplitude
LCO become more frequent with increasing airspeed. At 16.5m/s it only happens twice in 10 seconds, at
18m/s it happens four times and at 20m/s the wing spends half the time around the large amplitude LCO.

It should also be mentioned that in this airspeed range the wing does not require an initial disturbance in
order to start oscillating. The natural turbulence of the wind tunnel is enough to send it into LCOs. This is
due to the fact that the wing is statically diverged. Even a small disturbance can cause the pitch to increase
until stall is encountered.

2.2.5 Large amplitude LCO (20-30m/s)

At airspeeds higher than 20m/s the only possible motion is the large amplitude LCO that started appearing
in the previous airspeed range. Figure 8 shows large amplitude LCOs occurring at 20.5m/s and 28m/s. The
limit cycle amplitude in both pitch and plunge increases with airspeed. Additionally, the figure shows clearly
that the LCO frequency increases with airspeed. As with the previous speed range, the wing does not require
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Figure 7: Positive and negative LCOs coexisting at higher wind speed

an initial excitation but will enter into LCOs on its own using the wind tunnel turbulence. The maximum
pitch amplitude of the limit cycles at 30m/s is nearly 45 degrees, which is why no testing took place above
that airspeed.

2.3 Bifurcation diagrams

The bifurcation behaviour presented in section 2.2 can be summarized using bifurcation diagrams. These plot
the maximum and minimum values of a LCO response at differentairspeeds. Effectively, they are collapsed
Poincaré diagrams. Figure 9 shows the bifurcation diagrams in pitch and plunge.

Looking at figure 9(a), it is obvious that at airspeeds less than 10m/s there are no LCOs. However, the
equilibrium pitch angle increases with airspeed until it reaches almost 10 degrees at 10m/s. This is a clear
indication that the wing is not perfectly symmetric, as mentioned earlier.

In the 11-20m/s speed range the small amplitude LCO is clearly visible, although at airspeeds higher than
16m/s excursions into the large amplitude LCO can be seen. Finally, at airspeeds greater than 20m/s the
large amplitude LCO is clearly visible. An interesting feature for this LCO is that it is much more symmetric
in pitch than in plunge (c.f. figure 9(b)).
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Figure 8: Large amplitude LCOs

2.4 Frequency variation

The main features that describe a limit cycle oscillation are its amplitude and its frequency. As all the LCOs
encountered in this study are period-1 (i.e. are made up of one loop in the phase-plane), their frequency can
be calculated easily by measuring the time between consecutive zero crossings. It should be mentioned at
this point that the frequency is never constant over an entire response time history. It varies from period to
period, usually by a small amount. In the case of intermittent large and small amplitude LCOs, the frequency
can vary significantly from period to period.

Figure 10 shows averaged response frequency values obtained at various airspeeds. It can be seen that the
frequency of the decaying response is approximately 1Hz, the frequency of the small amplitude LCO is
around 2Hz and constant with airspeed while the frequency ofthe large amplitude LCO starts at 3Hz and
quickly increases to almost 4.5Hz.

3 Qualitative justification of results

The bifurcation behaviour of the stall flutter model is quitecomplex. There are three competing attractors: a
focal point, a positive small amplitude limit cycle and a negative small amplitude limit cycle. Essentially the
focal point is dividing the two LCOs. As the airspeed increases the focal point becomes completely unstable
and the two LCOs merge into one large amplitude limit cycle. Figure 11 shows phase-plane representations
of some LCOs in pitch. The LCOs at 17m/s, 20.5m/s and 28m/s areplotted. Additionally, the negative
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(a) Pitch (b) Plunge

Figure 9: Bifurcation diagrams

Figure 10: Response frequency variation with airspeed

version of the small amplitude LCO at 17m/s is shown. It can beclearly seen that the large amplitude LCO
is effectively a fusion of the two small amplitude ones.

There are two physical phenomena that are responsible for this behaviour: static divergence and stall. When
static divergence occurs the lift force is higher than the structural restoring force. Therefore the pitch angle
keeps increasing until stall occurs. The ensuing loss of lift means that the structural restoring force is now
higher than the lift and pushes the wing back down towards zero pitch angle. However, when the pitch angle
becomes sufficiently small the flow re-attaches over the wingand static divergence happens again. This is the
driving mechanism behind the small amplitude limit cycle oscillation and, in the case of perfect symmetry,
can happen both in the positive and in the negative pitch directions.

As the airspeed is increased the stall phenomenon becomes more powerful, i.e. the loss of lift is higher and
more sudden. This is equivalent to the airfoil receiving a strong nose-down impulse. If the impulse is strong
enough, the wing pitch will become negative. The re-attached flow will cause divergence but in the negative
pitch direction so that the subsequent stall will occur at high negative values of pitch. The loss of lift will
now result at a strong nose-up impulse which will send to wingback towards positive pitch values. This is
the physical mechanism behind the high amplitude LCOs.
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The intermittence observed at airspeeds between 16 and 20m/s is due to the fact that flow re-attachment
does not always occur at the same angle of attack. While stalloccurs consistently at the same conditions,
re-attachment is much less predictable. Therefore, at airspeeds where the impulse due to the loss of lift is
of medium strength, the ensuing motion depends on when re-attachment will occur. If re-attachment occurs
early then the wing will re-diverge at a positive pitch angle. If it occurs late then the wing will first move
to negative angles and then diverge so that a period of the large amplitude LCO will be completed. This
phenomenon also causes the variations in frequency from period to period mentioned in section 2.4
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Figure 11: Phase-plane description of LCOs at different airspeeds

4 Conclusion and further work

A two degree of freedom aeroelastic wing model was designed and built in order to investigate the phe-
nomenon of stall flutter. The wing was free to move in its degrees of freedom so that all the periodic
oscillations observed were self-excited. Dynamic tests atvarious airspeeds showed that the wing was capa-
ble of two types of limit cycle oscillation: a. A small amplitude LCO where the flow separates only on one
side of the wing, b. A large amplitude LCO where the flow separates on both sides of the wing. At some
airspeed ranges both types of LCO are possible. The LCOs can be explained in terms of the interaction of
static divergence and stall.

During the next stage of this project appropriate pressure transducers will be placed on the wing’s surface
in order to measure the pressure distribution around the airfoil and to pinpoint the exact occurrence of stall
and re-attachment. By correlating these with the wing’s motion the sensitivity of the various LCOs to re-
attachment will be established.
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Abstract
The stabilization diagrams, used in modal analysis, rely onthe intuitive notion of a spurious pole. In this
paper, we give a definition of a spurious pole, based on the most powerful unfalsified model (MPUM) of
the data, i.e., on an exact model for the data. The poles of theMPUM are by definition physical and a pole
that is not physical is by definition spurious. Our definitiondoes not make assumptions about the data, apart
from the basic postulation of the linear time-invariant model class. In this sense it is unprejudiced. Since the
MPUM can be constructed from the data, one can compute the physical poles and thus answer the question
in the title. If, however, one knows a priori that the data correspond to a noise corrupted trajectory of a true
data generating system or that there is an unobserved process noise acting on the true system, one should use
this knowledge. In this case, the MPUM concept has to be modified to allow for approximation. Methods for
approximate system identification and model reduction are reviewed and applied for spurious pole detection
of simulated data.

1 Introduction

In modal analysis, it is a common practice to draw what is called a stabilization diagram and identify a model
for the observed data by visually selecting certain poles from the diagram. Empirical observations suggest
that the stabilization diagram gives a good indication for deciding which of the model poles correspond to
poles of the true system. These poles, called physical poles, tend to stabilize on the diagram. The extra poles,
resulting from the fact that the model order is selected higher than the true system order are called spurious
poles and do not stabilize on the diagram. Techniques for automatic detection of the physical and spurious
poles are of high interest in modal analysis.

The separation of the identified poles into physical and spurious ones, however, is rather speculative. First,
the observed data might not be generated by a linear time-invariant (LTI) system, so that one might not be
able to properly talk about physical poles and as a consequence about spurious poles. Second, if the data
happen to be (or are very close of being) generated by an LTI system of a low (compared to the data length)
order, it is the total behavior of the model (with contribution of all poles) that approximates the given data,
so it is not justified to keep some of the poles and discard the others. For poorly identified physical poles,
the spurious poles might carry equally important information about the true system. This is manifested in
model reduction techniques, such as the balanced model reduction method [6] that use the full order model
to arrive at a good reduced order model and do not simply select some of the poles.

Despite the loose connection between physical poles and poles of a true data generating system, the stabi-
lization diagrams are a successful and very much used technique. One possible explanation for this is that
they are good heuristics for model order selection. The problem of deciding when a pole is spurious is re-
lated toorder selectionandmodel reduction. All subspace identification methods, see, e.g., [7], implicitly do
order selection and subsequently model reduction by computing the singular value decomposition of certain
matrices derived from data and counting the number of singular values that are larger than a given tolerance.

Another method that is related to the detection of spurious poles appeared in the signal processing literature.
In [2], Kumaresan and Tufts argue that identifying a large order model from the extended Yule-Walker
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equations and reducing that model gives better result than identifying directly a low order model from the
extended Yule-Walker equations. Choosing a high model order includes spurious poles in the model, which
need to be eliminated on the reduction step. The method of Kumaresan and Tufts is based on the fact that
when the least norm solution of the extended Yule-Walker equations is chosen, the spurious poles are outside
the unit circle while the physical poles (for a stable true system) tend to be inside the unit circle. Thus the
separation problem reduces to the one of picking the stable poles of the identified high order model.

Another commonly used method for order selection is to plot the misfit versus model complexity trade-
off curve and (visually) select the order corresponding to the corner of the curve. The order is a measure
of the model complexity and the misfit refers to the lack of fit (in some sense) between the data and the
model. When used in combination with a maximum likelihood identification method, the trade-off curve
has a natural candidate for the misfit measure: the objectivefunction being minimized by the maximum
likelihood method.

In this paper, we put forward a definition for the notions of physical and spurious poles and apply

• the method of Kung [3], which is based on balanced model reduction,

• the stochastic subspace identification method of [7, Chapter 3],

• the method of Kumaresan and Tufts [2], and

• the maximum likelihood method combined with order selection from the misfit–complexity trade-off
curve,

as alternatives to the stabilization diagram method for detection of spurious poles.

2 Model class: autonomous LTI systems

Let L be the discrete-time LTI model class and letσ be the shift operator(σw)(t) := w(t +1). If we need
to specify the number of variablesw := dim(w) of a trajectoryw of the modelB, we writeB ∈L w. Two
common representations of a modelB ∈L are the constant coefficients difference equation

R0σ0w+R1σ1w+ · · ·+Rlσlw = 0 (1)

and an input/state/output representation

w = Πcol(u,y), σx = Ax+Bu, y = Cx+Du, (2)

whereΠ is a permutation matrix. The polynomial matrix

R(ξ ) := R0ξ 0+R1ξ 1 + · · ·+Rlξ l ∈R
g×w[ξ ]

and the tuple of matrices(A,B,C,D,Π) are parameters of the model. The notationsB(R) andBi/s/o(A,B,C,D)
stand for the systems defined by (1) and (2), respectively, i.e.,

B(R) = {w∈ (Rw)N | (1) holds} and Bi/s/o(A,B,C,D,Π) = {w∈ (Rw)N | (2) holds}.

The integerl is called thelag of the difference equation (1) and the integern is called theorder of the
state space representation (2). For a givenB ∈ L , the smallest lagl(B) and ordern(B) of a difference
equation and state space representation are by definition independent of the representations and are called
the lag and the order of the systemB. The difference equation representationB(R) = B is called minimal
if the degree of the representation is equal to the lag of the systemB, i.e., degree(R) = l(B). The state space
representationBi/s/o(A,B,C,D,Π) = B is called minimal if dim(A) = n(B).

The representationsB(R) = B andBi/s/o(A,B,C,D,Π) = B of a systemB ∈L are not unique due to
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• equivalence transformations:

B(R) = B(UR), for any unimodular matrixU

and

Bi/s/o(A,B,C,D,Π) = Bi/s/o(VAV−1
,VB,CV−1

,D,Π), for any nonsingular matrixV.

• non-minimality of the representations.

In addition, the state space representationBi/s/o(A,B,C,D,Π) is not unique due to nonuniqueness in the
choice of the input/output partition, i.e., the choice of the permutation matrixΠ. In this paper, however,
we consider the subclassL p

0 of the LTI model classL p consisting of autonomous systems (the subscript 0
stands for “no inputs”), so that the input/output partitioning issue does not occur.

The difference equation and state space representations for an autonomous systemB ∈ L0 specialize to,
respectively,

P0σ0y+P1σ1y+ · · ·+Plσly = 0, where P(ξ ) :=
l

∑
i=0

Riξ i ∈R
p×p[ξ ], det

(

P(ξ )
)

6= 0 (3)

and
σx = Ax, y = Cx. (4)

B(P) denotes the system defined by (3) andB(A,C) denotes the system defined by (4).

The zeros of the characteristic equation det(P(ξ )) = 0 of (3) determine the asymptotic behavior (growth,
oscillation, or decay) of the modelB(P) and are calledpolesof the system. Note that although the parame-
ter P is not unique, the poles ofB(P) are invariant of the representation. We denote byλ (B) the set of the
poles ofB, i.e.,

λ (B) := {z∈ C | det
(

P(z)
)

= 0}, where P is any polynomial matrix, such thatB(P) = B.

If a state space representationB(A,C) is minimal, then the set of eigenvalues ofA coincides with the set of
poles ofB(A,C). If, however, the order of the representationB = B(A,C) is higher than the order of the
systemB, then there are eigenvalues ofA that do not correspond to poles. Such eigenvalues do not have
effect onB and can be arbitrary complex numbers.

The complexity of a general LTI systemB ∈ L w, can be measured by the number of inputsm(B), the
lag l(B), and the ordern(B). The model class of LTI systems (withw variables) ofbounded complexity
— m(B) ≤ m, l(B) ≤ l, n(B) ≤ n, wherem, l, andn are given integers — is denoted byL

w,n
m,l . For an

autonomous systemB ∈L
p
0 , m(B) = 0, so that the complexity specification is given only by the lag and

the order. Note that,l(B)≤ n(B) for anyB ∈L , andl(B) = n(B), for any single-output system.

A trajectoryw∈ (Rw)N of the systemB ∈L w ⊆ (Rw)N is an infinite time series
(

w(1), . . . ,w(t), . . .
)

. The
restriction ofw to the interval[t1, t2] is denoted byw|[t1,t2]:=

(

w(t1), . . . ,w(t2)
)

and the restriction of the
system behaviorB to the interval[t1, t2] is denoted byB|[t1,t2]:= {w|[t1,t2] | w∈B }.

3 Spurious poles: definition using exact modeling

By definition, a pole is physical if and only if it is not spurious. Thus, instead of talking about spurious poles,
we can equivalently talk about physical poles. This turns out to be more convenient.

Intuitively, a pole is physical with respect to datayd if it is a pole of atrue data generating system̄B ∈L0

for yd. The difficulty in making this intuitive idea precise is in specifying the meaning of the statement
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“B̄ ∈ L0 is a data generating system foryd”. The classical approaches to define this statement are to
introduce process or measurement noise in the description of the model class and adopt a stochastic setting.
Using measurement noise, the true data generating system isthe output error model

yd = ȳ+ ỹ, where ȳ∈ B̄ ∈L0 and ỹ∼N(0,σ2I), (5)

i.e., the data are assumed to be a noise corrupted trajectoryof B̄, where the noise is zero mean, Gaussian,
with covariance matrix known up to a scaling factor. Using the process noise, the true data generating system
is an ARMA model. In this case,̄B is augmented with an inpute that is a white Gaussian process, and it is
assumed that col(yd,ed) ∈ B̄ for some noise realizationed.

There are two basic problems with the classical approach.

1. One has toassumea priori that a true data generating system̄B (i.e., an output error or ARMA model)
exists. In practice, such assumptions need not hold, so a notion of an approximated data generating
system is needed.

2. Even whenB̄ exists, typically it is not computable from the data. The theory ensures that the result of
a “good” (i.e., consistent) identification method converges toB̄ asymptotically as the number of data
points increases. The model̄B, however, is attained exactly only when an infinite amount ofdata are
available.

We use a deterministic approach. The system̄B ∈ L0 is defined as the most powerful unfalsified model
(MPUM) for yd [8], which makes no assumptions about the data and allows to construct a modelB̄ for any
finite time seriesyd ∈ (Rp)T .

Definition 1 (Most powerful unfalsified model). Consider a time seriesyd ∈ (Rp)T . The systemBmpum(yd)
is called the MPUM ofyd in the model classL p

0 if

1. Bmpum(yd) is unfalsified byyd, i.e.,yd ∈Bmpum(yd),

2. Bmpum(yd) is in the model class, i.e.,Bmpum(yd) ∈L
p
0 , and

3. any other unfalsified model in the model class is less powerful, i.e.,

yd ∈B ∈L
p
0 =⇒ Bmpum(yd)⊆B.

It can be shown that the MPUM exists and is unique. Moreover, algorithms for computing it have been
developed; see [8, 7, 5, 4].

With a “true data generating system̄B for yd” defined to be the MPUMBmpum(yd) of yd, the intuitive notion
of a spurious pole leads to the following definition.

Definition 2 (Physical poles). Consider a time seriesyd ∈ (Rp)T . The polesλ
(

Bmpum(yd)
)

of the MPUM
of yd are called physical with respect to the datayd. Any z∈ C, such thatz 6∈ λ

(

Bmpum(yd)
)

, is called a
spurious pole.

Clearly, by computing the MPUM, we can answer the basic question “When is a pole spurious?” Next we
discuss the question:

Assuming that there is a true data generating systemB̄ for yd, i.e.,yd∈ B̄, under want conditions
the MPUMBmpum(yd) of yd coincides withB̄?

The conditions turn out to be restrictive, so the notion of anMPUM is modified in Section 5 to allow for an
approximation.
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4 Recovering the data generating system from exact data

In the general case when the true data generating systemB̄ is in L w (rather than inL p
0 as considered in

the previous section), a key condition for̄B = Bmpum(wd) turns out to be the persistency of excitation of an
input component of the datawd. The time seriesud =

(

ud(1), . . . ,ud(T)
)

is persistently exciting of orderL if
the Hankel matrix

HL(ud) :=















ud(1) ud(2) ud(3) · · · ud(T−L+1)
ud(2) ud(3) ud(4) · · · ud(T−L+2)
ud(3) ud(4) ud(5) · · · ud(T−L+3)

.

.

.
.
.
.

.

.

.
.
.
.

ud(L) ud(L+1) ud(L+2) · · · ud(T)















.

is of full row rank.

Theorem 1([9]). If the systemB ∈L
w,n
m,l and the time series wd ∈ (Rw)T satisfy the following identifiability

conditions:

1. wd ∈B|[1,T],

2. B is controllable, and

3. an input component ud of wd is persistently exciting of orderl(B)+1+n(B),

thenB = Bmpum(wd).

The first condition is the most restrictive one: it requires the data to be exact. In practice, the data are almost
never exact, because

• it is likely to be generated by a more complex system than any LTI systems of bounded complexity
(cf., the model classL w,n

m,l ),

• there are unobserved inputs that act on the system (cf., the process noise in the ARMA model),

• there are measurement noises (cf., the measurement noise inthe output error model (5)).

The second condition of the theorem is more restrictive thanit might look at first. For example, autonomous
models do not satisfy it. The third condition is the least restrictive but its verification requires prior knowledge
(l(B) andn(B)) about the true data generating system.

Next we modify the result for the case at hand: autonomous model class.

Theorem 2. If the systemB ∈ L
p,n
0,l and the time series yd ∈ (Rp)T satisfy the following identifiability

conditions:

1. yd ∈B|[1,T], and

2. yd is persistently exciting of ordern(B),

thenB = Bmpum(yd).
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Proof. In the infinite time case (T = ∞) Bmpum(yd) = span(yd,σyd, . . . ,σ tyd, . . .). On one hand, sinceB is
LTI and by assumption 1, we have

yd ∈B =⇒ span(yd,σyd, . . . ,σ tyd, . . .) = Bmpum(yd)⊆B.

On the other hand, by assumption 2, we have

dim
(

yd,σyd, . . . ,σ tyd,) . . .
)

≥ n(B) =⇒ Bmpum(yd)⊇B.

Therefore,B = Bmpum(yd).

In the finite horizon case,Bmpum(yd) = colspan
(

HL(yd)
)

, for all L ≥ l. By the LTI assumption and by
assumption 1,

yd ∈B|[1,T] =⇒ colspan
(

Hn(yd)
)

= Bmpum(yd)|[1,n]⊆B|[1,n].

By assumption 2,
dim(Hn(yd))≥ n(B)|[1,n] =⇒ Bmpum(yd)|[1,n]⊇B|[1,n].

Therefore,B|[1,n]= Bmpum(yd)|[1,n]. But B is an autonomous system of ordern, so that dim(B) = n.
Therefore,B = Bmpum(yd).

In Theorem 2, we again assume that the data are exact so the comments made for Theorem 1 hold also for the
modified result. Next, we show a numerical illustration of the result in the exact case and the implication of
the presence of a (small) perturbation of the data. Then we consider methods for approximate identification
and show their performance on the data in the example.

5 Simulation example and the approximation issue

Consider an exact data generating system̄B ∈L 1
0,4 and a trajectoryyd ∈ R

250 of that system that is persis-
tently exciting of order 4. The poles of̄B are 0.8556±0.4674j and 0.8980±0.3797j. Figure 1 shows the
corresponding modes. The MPUM ofyd, computed by Algorithm 8.1 of [4], is the systemB(P), where

P(ξ ) = 0.1278ξ 0−0.4716ξ 1 +0.7037ξ 2−0.4961ξ 3 +0.1414ξ 4
.

The assumptions of Theorem 2 are satisfied and indeed the poles of the MPUMB(P) are the poles{0.8556±
0.4674j, 0.8980±0.3797j } of B̄.
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Figure 1: Physical modes in the example.

Next, we perturb the exact datayd by a zero mean white Gaussian noise with standard deviation 0.05. The
perturbed data are no longer exact for the true data generating system but the signal-to-noise (SNR) ratio
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is high. The MPUM for the perturbed data fit the signaland the noise and is not equal to the true data
generating system. Due to the high SNR ratio, however, it is relatively close to it.

Note that for noisy datayd, the order of the MPUMBmpum(yd) is high (n(Bmpum(yd)) = T), while the true
data generating system̄B is by assumption in a model classL0,l of bounded complexity. If we know the
parameterl, we could find an approximation̂B of Bmpum(yd) in L0,l. The optimal approximating system

B̂
∗ = arg min

B̂∈L0,l

‖Bmpum(yd)− B̂‖

satisfies the inequality
‖B̂∗− B̄‖ ≤ ‖Bmpum(yd)− B̄‖,

i.e., in the‖ · ‖-distance sense,̂B∗ is a better approximation of̄B thanBmpum(yd).

The question occurs of how to infer from the data only what is the parameterl. Equivalently, how to infer
from the data what is the right model class. This question hasbeen addressed in different communities under
different names: it is called order selection in system identification, hyper parameter estimation in machine
learning, and is closely related to the choice of the regularization parameter in numerical linear algebra.
Correspondingly, different algorithms for model selection are derived: the Akaike information criterion, the
cross-validation, and the L-curve, are a few examples.

Surprisingly in modal analysis, it is generally not recognized that the spurious pole detection problem ad-
dresses precisely the same issue and the stabilization diagrams are actually a method for selection of the
model class. Next, we illustrate on the simulation example,described above, the following techniques for
model selection:

1. a stabilization diagram using a covariance-driven stochastic subspace identification method,

2. the pole separation method of Kumaresan and Tufts,

3. the singular value analysis in Kung’s algorithm,

4. the principal angle analysis in output-only subspace identification, and

5. the trade-off curve, used with a maximum likelihood method.

Our aim is to show the performance of a few alternatives to thestabilization diagrams. We are not exhaustive
in covering the various available methods for model selection, e.g., we do not consider the well known Akaike
information criterion and the cross-validation method. A more complete comparison of model selection
methods on real-life data is a topic for further research.

5.1 A stabilization diagram

Given an identification method and datayd, a set of models of orders 1, 2, 3, . . . are identified and the
modal frequencies (which are related to the poles’ angles),are plotted against the model order. Typically,
the horizontal axis represents the frequency and the vertical axis represents the model order. Thus, going
upwards the diagram, one observes an increasing number of poles, corresponding to the increasing number
of modes of the identified systems. Some of the poles “stabilize” in the sense that their frequencies do
not change much, while some of the poles fluctuate. Accordingto a heuristic rule behind the stabilization
diagram, the former are physical and the latter are spuriouspoles.

Figure 2 shows the stabilization diagram, obtain using a covariance-driven stochastic subspace identification
method1, for the perturbed data in the simulation example. The vertical dotted lines correspond to the modes

1The authors are thankful to Bart Peeters from LMS, Leuven forproviding the necessary software for plotting the stabilization
diagram.
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that stabilize. The method detects 6 stabilizing modes, corresponding to frequencies 0.0225Hz, 0.0638Hz,
0.0797Hz, 0.0866Hz, 0.1116Hz, and 0.1358Hz. The ones at 0.0638Hz and 0.0797Hz correspond to the
physical modes, however, the other four are spurious.
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Figure 2: Stabilization diagram for the example. “◦” pole that does not stabilize, “v” pole that stabilize in
frequency only, “s” pole that stabilize in frequency and mode shape (however note that in this example the
mode shape is a scalar because the system is single output).

5.2 The pole separation method of Kumaresan and Tufts

The model classL 1
0,l with distinct poles corresponds to the “sum of damped exponentials” model class,

considered by Kumaresan and Tufts [2]. The aim of the method,presented in [2], is to recover the data
generating system̄B from the datayd, without knowing its lagl or equivalently its ordern.

If the datayd were exact, then rank
(

HL(yd)
)

≤n, for all L, because by assumptionyd satisfies an autonomous
LTI system of ordern. Moreover, assuming thatyd is persistently exciting of orderl, rank

(

HL(yd)
)

= n,
for all L ≥ l. Consider the first timeL = l+ 1 whenHL(yd) becomes rank deficient and let the rows ofP̂
form a basis for its left null space, i.e.,

P̂Hl+1(yd) = 0.

Let B(P) = B̄ be a difference equation representation of the true data generating systemB̄ and let

P =
[

P0 P1 · · · Pl
]

, where P(ξ ) =:
l

∑
i=0

Piξ i
.

Due to the persistency of excitation assumption

rowspan(P̂) = rowspan(P).
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Therefore, with

P̂(ξ ) :=
l

∑
i=0

P̂iξ i
, where P̂ =:

[

P̂0 P̂1 · · · P̂l
]

, P̂i ∈ R
p×p

we have thatB(P̂) = B(P) = B̄ and

λ
(

B(P̂)
)

= λ
(

B(P)
)

.

In the scalar casep= 1, if P andP̂ are normalizedP0 = 1 andP̂0 = 1, moreover we have thatP = P̂.

With L > l+1, the Hankel matrixHL(yd) has a left kernel of dimensionLp−n. Let the rows ofP̂ form a
basis for that space. Assume for simplicity thatn = lp. (This assumption holds always in the scalar case
and generically in the multivariable case.) Then there is a change of basis matrixT, such that

TP̂ =













P0 P1 · · · Pl 0 · · · 0

0 P0 P1 · · · Pl
. . .

.

.

.

.

.

.
. . .

. . .
. . .

. . . 0
0 · · · 0 P0 P1 · · · Pl













.

In a polynomial notation
P̂(ξ ) = S(ξ )P(ξ ),

where degree(S(ξ )) = L−l−1, so that

λ
(

B(P̂)
)

= λ
(

B(P)
)

∪λ
(

B(S)
)

.

DefineB̂ = B(P̂) to be the identified model. It contains the poles ofB (physical poles) and theL−l−1
zeros ofS(spurious poles).

The choice ofS (and therefore the choice of the spurious poles) depends on the identification method being
used. For example, in the scalar case we are looking for a nontrivial solution P̂ ∈ R

1×L of the system
P̂HL(yd) = 0. In [2], the normalization̂P0 = 1 is used and theleast normsolution of the resulting system of
equations is chosen. The least norm solution is shown to havethe property that the spurious poles are outside
the unit circle. Moreover, their exact locations depend only onL andT and not onyd.

The fact that the spurious poles corresponding to the least norm solutionP̂ are outside the unit circle is used
to separate them from the physical poles. The physical polesof a stable systemB̄ are inside the unit circle
and can be distinguished from the spurious poles. Figure 3 shows the poles plot of a 20th order system
identified by the method of Kumaresan and Tufts. The poles aremarked by crosses, the zeros by circles, and
the four poles ofB̄ by squares. The only identified poles that are stable are the physical poles, so that they
can be detected by the method of Kumaresan and Tufts.

5.3 The singular value analysis in Kung’s algorithm

Kung’s algorithm [3] is a realization algorithm: it computes a state space representation of a system from its
impulse response. Algorithms for impulse response realization, however, can be used for autonomous system
identification by a trivial substitution, so Kung’s algorithm is applicable in the setting of our simulation
example.

A feature that makes Kung’s algorithm extremely popular in system identification and signal processing
is that it allows to compute very good approximate models in the case when the data are not exact. The
reason for this is that in the infinite time case (T = ∞) Kung’s algorithm corresponds to the balanced model
reduction method, which is known to be a very effective heuristic for model reduction. In the finite time
case, Kung’s algorithm performsfinite-timebalanced model reduction. In many cases, finite-time balanced
model reduction is virtually as good as its infinite-time counterpart.
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Figure 3: Poles plot for the system identified by the method ofKumaresan and Tufts.
× — poles of the identified system,� — physical poles.

In Kung’s algorithm, the order selection is done on the basisof the singular values of the Hankel matrix
HL(yd), where the parameterL is chosen large enough compared to the lag of the true data generating
system. (For example,L can be chosen, so thatHL(yd) is nearly square.) Figure 4, right, shows the singular
values plot ofH20(yd). The first four singular values are much larger than the remaining singular values,
which indicates that there is a very good approximate model of ordern = 4. Computing an approximate
model in the model classL 1

0,4 by Kung’s method, we obtain an approximation of the true poles, which is
correct up to the 4th digit.

Balanced model reduction has been used for spurious poles detection in [1].

5.4 The principal angle analysis in output-only subspace id entification

Similar to the order selection in Kung’s algorithm, in output-only subspace identification the system order
is chosen from what are called principal angles (between thesubspaces spanned by the past and the future
data). Figure 4, left, shows the principal angles computed by the N4SID method when evoked with the data
in the example. Four of the principal angles are close to 0◦, while the others are close to 90◦. This is again
an indication that there is a very good model of ordern= 4.

5.5 The misfit–complexity trade-off in a maximum likelihood identification

Finally, we consider an optimization-based identificationmethod that is the maximum likelihood method
in the output error model (5). In this case, an indication fora relevant model class is given by the misfit–
complexity trade-off curve. This curve shows the fitting error (misfit) of the identified model and the data as
a function of the model order and typically has an “L” shape. Agood model class is indicated by the corner:
it indicates a simple model that fits still well the data. Figure 5 shows the misfit–complexity trade-off curve
for the data in the example. The order of the true data generating system is easy to infer from the curve:
models of order 4 or higher achieve virtually the same fit and models of order less than 4 have significantly

1624 PROCEEDINGS OF ISMA2006



0 2 4 6 8 10 12 14 16 18 20
0

50

100

150

200

250

300

350

i

si
ng

ul
ar

va
lu

es
,s i

1 2 3 4 5 6 7 8 9 10
0

10

20

30

40

50

60

70

80

90

n(B̂)

de
gr

ee
s

Figure 4: Left: Singular values ofH20(yd). Right: Principal angles in output-only subspace identification.

higher misfit with the data. Therefore, the simplest model that fits well the data is of order 4, which is the
true system’s order.
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Figure 5: Order selection from the misfit–complexity trade-off curve.

6 Conclusions

A basic presumption used in spurious poles detection methods, based on stabilization diagrams, is that as
the model order increases, the estimation accuracy improves. This presumption is not universally valid. It
depends on

1. the identification method being used, and

2. how much the model order is increased.

For example, for the Yule-Walker estimation method it is a well known rule-of-thumb that the approximation
accuracy is highest for model order about 2/3 the data length, which is typically much more than the intended
model order. Therefore, a subsequent model reduction step is needed. For the maximum likelihood methods,
however, the increased number of parameters is likely to deteriorate the results due to the increased number
of tunable parameters and the resulting increased danger ofconvergence to a local minimum.

Once a model of complexity higher than intended is estimated, the next step is to perform model reduction
in order to obtain a model of certain desired lower complexity. Model reduction is as hard as the identifica-
tion step itself; optimal model reduction as optimal approximate system identification, in general, requires
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a nonconvex optimization. In addition, it is not a priori clear why the two step procedure (first identify a
high order model and then do model reduction) should be superior over the direct procedure. In fact, from
an optimization point of view, the direct identification of an optimal low complexity model can not be out-
performed. An advantage of the two step procedure, however,is the existence of effective heuristic methods
for performing the two steps separately. This is exploited in the methods of Kumaresan and Tufts, Kung, and
the subspace identification methods.
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Abstract 
At the end of the development cycle, a new aircraft is certified by means of in-flight flutter tests. These 

tests consist of flying the aircraft at different airspeeds and measuring the accelerations at a limited 

number of locations on the aircraft structure. The scope is to open the flight domain by verifying that the 

aircraft does not suffer from aero-elastic instabilities such as flutter. 

In this paper, some modern frequency-domain modal parameter estimation methods are applied to in-flight 

data of a large aircraft. Traditional sine sweep excitation was applied at the control surfaces. However, 

during the test the aircraft passed through a turbulent zone. The sweep excitation was immediately 

stopped, but the on-board data acquisition system continued to record the aircraft vibration response. After 

quitting the turbulent zone, the sweep test was reinitiated. The present data thus allows for a comparison 

between artificial and natural excitation. More specifically, aspects such as data pre-processing, easiness 

of the parameter extraction process and the accuracy of the results are investigated. 

 

 

1 Introduction 
 

The development cycle of a new aircraft consists of several modelling and testing stages: structural finite 

element (FE) modelling, ground vibration testing (GVT), computational fluid dynamics (CFD) modelling, 

wind tunnel testing, and in-flight tests. These flight (vibration) tests allow the validation of the analytical 

models under various real flight conditions and, more important, allow to assess the aero-elastic 

interaction, as a function of airspeed and altitude, between the structure and the aerodynamic forces as 

they may lead to a sudden unstable behaviour known as flutter. Flutter shows up in the vibration signals as 

apparent negative damping and corresponding sudden increase of the vibration amplitudes. For economic 

and safety reasons (i.e. to avoid a loss of the aircraft), it is evidently avoided that an aircraft goes into 

flutter during an in-flight test, but it has to be certified that it has sufficient flutter margin when flying at 

the different points of the flight envelope where it is designed for. To determine this margin, typically, the 

trends of eigenfrequencies and damping ratios of the critical modes as a function of airspeed are carefully 

studied. This explains the need to perform a modal analysis during the flight. More background 

information on flight flutter testing can be found in [1][2]. 

When exciting the aircraft artificially during the flight, a reference signal representative for the force input 

is typically recorded, Frequency Response Functions (FRFs) can be estimated and classical modal analysis 

can be applied. Exciting the aircraft during flight is possible e.g. by installing rotating vanes at the wing 

tips or by adding a broadband signal to the control surface signal. Recently, there was an increased interest 
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in using natural turbulences as excitation. It is practically impossible to measure this ambient excitation 

and, by consequence, the outputs (i.e. aircraft responses) are the only information that can be passed to the 

system identification algorithms. In this case one speaks of Operational Modal Analysis. 

The paper is organized as follows. In Section 2, a short overview of poly-reference frequency-domain 

modal parameter estimation methods is given. Section 3 introduces the in-flight aircraft vibration data that 

will be used to illustrate the concepts of this paper. The data combines natural turbulence and artificial 

sine sweep excitation at the same flight conditions. Section 4 is the main part of the paper and discusses 

the application of classical modal analysis, the influence of sweep data pre-processing on the estimation 

results, and the application of Operational Modal Analysis. Also the classical and Operational Modal 

Analysis results will be compared. 

 

2 Frequency-domain modal parameter estimation 
 

The “poly-reference” frequency-domain system identification methods [3] considered in this paper 

identify following so-called right matrix-fraction model: 
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where ml
H

×∈ω C)(  is the Frequency Response Function (FRF) matrix that is estimated in a non-

parametric way from the measured vibration data (see also Section 4.1.2); [ ] ml
r

×∈β R  are the numerator 

matrix polynomial coefficients; [ ] mm
r

×∈α R  are the denominator matrix polynomial coefficients; l  is the 

number of outputs; m  is the number of inputs; p  is the model order. Note that a so-called z -domain 

model (i.e. a frequency-domain model that is derived from a discrete-time model) is used in (1), with 

)exp( tjz ∆ω=  and t∆  being the sampling time. 

In modal parameter estimation applications of frequency-domain system identification, the right matrix 

fraction model (1) is, after identification, converted to a modal model: 
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where n  is the number of modes (it relates to the right matrix-fraction model order p  as pmn =2 ); *•  is 

the complex conjugate of a matrix; { } l
iv C∈  are the mode shapes; mT

il C>∈<  are the so-called 

participation factors and iλ  are the poles, which are occurring in complex-conjugated pairs and are 

related to the eigenfrequencies iω  and damping ratios iξ  as follows: 

 iiiiii j ωξ−±ωξ−=λλ 2* 1,  (3) 

 

Different procedures exist to identify a right matrix fraction model from measured FRFs. Equation (1) can 

be written down for all values ω  of the frequency axis of the FRFs. Basically, the unknown model 

coefficients [ ] [ ]rr βα ,  can be found as the Least-Squares (LS) solution of these equations after 

linearization. The PolyMAX algorithm is such a LS implementation which has been memory and time 

optimized and uses a particular parameter constraint. More details about the PolyMAX method can be 

found in [4][5]. Mainly due its user-friendliness (the method yields extremely clear stabilization 

diagrams), PolyMAX is considered as an important breakthrough in modal parameter estimation. 

Instead of solving a LS problem with a particular parameter constraint, it is also possible to constrain the 

Frobenius norm of the coefficients to the identity matrix. This leads to the poly-reference Total Least 

Squares (TLS) approach. 

Theoretically, deterministic methods are less suited for highly noisy data such as flutter test 

measurements. Therefore, stochastic poly-reference frequency-domain estimators were recently derived 

[6]. If noise information is available, an important improvement in efficiency can be obtained [7] by using 

the covariance matrix of the measured FRFs. 
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The Generalized Total Least Squares (GTLS) estimator right multiplies the TLS cost function with the 

square root of the covariance matrix and then calculates a generalized eigenvalue decomposition. 

A further improvement can be obtained by weighing iteratively with an estimate of the “optimal” 

Maximum Likelihood (ML) weighting. The weighting term involves, next to noise information, the 

denominator coefficients [ ]rα  estimated in the previous iteration step. The enhanced parameter estimates 

are then used to calculate a new weighting, resulting in new estimates, and so on. This weighting applied 

to a (T)LS estimator is called the Iterative Quadratic Maximum Likelihood (IQML) estimator, if applied to 

a GTLS estimator it is referred to as the Bootstrapped Total Least Squares (BTLS) estimator [8]. As 

shown in [7], two iterations (i.e. one initial estimate and one update with the weighting calculated using 

the denominator coefficients derived in the initial estimate) generally suffice to realize a significant 

improvement. It is important to note that the IQML-estimator can be formulated in a Least-Squares and 

Total-Least-Squares sense. 

More details about the methods can be found in [6][7][9]. All these deterministic and stochastic estimators 

will be applied to in-flight aircraft data in Section 4.1 and Section 4.2. 

 

3 In-flight vibration data: an interesting experiment 
 

In this paper, some real in-flight vibration data is used to verify the effectiveness of the proposed 

algorithms. A large aircraft was excited by injecting a sine sweep signal in the outer aileron control 

signals. However, during the test the aircraft passed through a turbulent zone. The sweep excitation was 

immediately stopped, but the on-board data acquisition system continued to record the aircraft vibration 

response. After quitting the turbulent zone, the sweep test was reinitiated. The present data thus allows for 

a comparison between artificial and natural excitation. As inputs, either the sine sweep generator signal or 

the angles at the control surfaces can be taken, the outputs are acceleration response measurements at 

various locations at the airplane: fuselage, engines, wings, tail plane, fin … Upon indication by the aircraft 

manufacturer, data from 19 accelerometers were analysed. Some time histories are represented in Figure 

1. For confidentiality reasons, no absolute quantities are given in this paper. The aircraft response due to 

turbulences has the same order of magnitude as the responses due to control surface excitation. At the tail, 

the turbulence response is even larger as, during the control surface excitation test, the wing input does not 

seem to excite the tail very well. This is confirmed when looking at the FRFs and coherences in Figure 2. 

These are computed by using only data from the 2
nd

 sweep (after passing the turbulent zone). The 

generator signal was considered as reference signal. At tail plane and especially the fin, the coherence is 

very low at a large part of the frequency band of interest. 

Also represented in Figure 2 are the transfer functions between the generator signal and the control surface 

angles. The amplitude is very flat in the frequency range of interest, providing the motivation to use the 

generator signal as reference. Both transfer functions have opposite phase, indicating that an anti-

symmetric sweep was applied (i.e. excitation at both wings in opposite phase). Note that, in principle, only 

the anti-symmetric wing bending modes will be present in the estimated FRFs. It is easy to show that these 

FRFs referencing to a single generator signal which was sent in opposite phase to both wing control 

surfaces equals: 

 21 wingwing HHH −=  (4) 

where XwingH  represents the FRFs referencing to wing “X” excitation. 

Figure 3 compares the spectra estimated during the turbulent zone with the FRFs at the 2
nd

 sweep. 

Roughly the same dynamics (e.g. location of resonances) are observed when comparing power and cross 

spectra with the FRFs. This provides an intuitive justification for the application of Operational Modal 

Analysis (Section 4.2). 
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Figure 1: In-flight vibration data. (Top) input reference signals (angles at control surface); (Bottom) 

typical responses due to control surface and turbulence excitation; (Bottom-Left) wing tip response; 

(Bottom-Right) tail plane and fin response. 
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Figure 2: FRFs (full – red) and coherences (dashed – green): wing tip – tail plane – fin. The 4
th

 

picture represents the two transfer functions between sweep generator signals and actually 

measured control surface angles. 
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Figure 3: FRF (full – red) versus spectra (dashed – green): fuselage – wing tip – tail plane response. 

 

 

4 Modal parameter estimation 
 

In this section, the in-flight airplane modal parameters are estimated from the data introduced in Section 3. 

Section 4.1 applies FRF-based modal parameter estimation to the sweep excitation part of the data; 

Section 4.2 applies cross-spectra based modal parameter estimation to the turbulence part of the data; and, 

finally, both results are compared in Section 4.3. 

 

4.1 Classical modal analysis applied to sweep FRF data 
 

4.1.1 PolyMAX 
 

As starting point for assessing the stochastic frequency-domain estimators, the PolyMAX method is 

applied to 19 aircraft FRFs. The non-parametric FRFs are computed as the well-known H1-estimate based 

on cross and power spectra obtained using Welch's averaged periodogram method with block size N/2 (see 

also Section 4.1.2 for a comparison with other block sizes), an overlap of 80% and applying a Hanning 

window. 

The PolyMAX stabilization diagram is shown in Figure 4, clearly revealing the main feature of PolyMAX: 

the diagram is extremely clear, making it very easy to select the physical poles. Evidently, this is very 

relevant for the time-critical process of parameter estimation during flight. The six clearest modes that can 

be found in Figure 4 are considered as reference modes throughout this paper. Figure 5 confronts the 

measured FRFs with the FRFs synthesized from the estimated modal parameters; i.e. left hand side of (2) 

versus right-hand side of (2). The good correspondence indicates that the major dynamic characteristics 

have been extracted from the data. 

FLITE EUREKA 2 1631



 

Figure 4: Stabilization diagram obtained by applying PolyMAX to in-flight aircraft data pre-

processed to FRFs. 
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Figure 5: Measured (full – red) versus synthesized FRFs (dashed – green): right wing tip – left wing 

tip – tail plane. 

 

 

4.1.2 Influence of pre-processing 
 

As in in-flight modal analysis, the accuracy of the estimated eigenfrequencies and mainly the damping 

ratios is of utmost importance, it is worth investigating the influence of the data pre-processing on the 

estimated modal parameters. 

While keeping the other pre-processing parameters (overlap, window type) constant, the block size is 

varied. Four different block sizes are used to estimate the FRFs: N, N/2, N/4, N/8. Again, PolyMAX was 

applied to the 4 datasets. The results are represented in Figure 6. Whereas the frequency variations remain 

small (±2%), the damping ratios dramatically (+200%) increase with decreasing block size. This is due to 

the relatively larger impact of the Hanning window. It is well-known that such a window leads to biased 

damping estimates (damping ratios too high), but it remains interesting to observe the impact in this 

particular case. 
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At first sight, a solution could be to take the block size as large as possible. However, a disadvantage of a 

large block size (e.g. N) is that not many averages can be computed and, hence, the FRFs are more 

affected by noise, which will make the mode extraction more difficult and again lead to biased estimates. 

As stated before, a disadvantage of a small blocksize is that the data will be more affected by the Hanning 

window and, hence, the estimated damping ratios will be biased. In [9], a workaround for this trade-off 

between noise and leakage effects is proposed. The idea is to first estimate the FRFs using a large block 

size, so suffering less from leakage and Hanning window bias, but suffering more from noise. The noise is 

reduced in a 2
nd

 step by converting the FRFs to Impulse Response Functions (IRFs). The noise, appearing 

mainly in the higher time samples of the IRFs, is then reduced by applying a rectangular window. So the 

higher time samples are simply ignored. A new FRF can than be obtained by applying a DFT to the first 

IRF samples. This new FRF has a less fine frequency resolution, but noise effects are suppressed. In [9], it 

is furthermore demonstrated that the use of a rectangular window leads to biased participation factors, 

while the other modal parameters remain unchanged. However, a closed-form expression exists for this 

bias so that it can be easily removed.  

The benefit of this approach is illustrated in Figure 7. The small block size FRFs (N/8) clearly suffer from 

biased damping ratios (modal peaks affected by Hanning window), the large block size FRFs (N) suffer 

from noise. The reduced resolution FRFs (after applying a rectangular window to the IRFs) overcomes 

both problems. 

Another approach to reduce the noise levels and leakage when estimating FRFs is proposed in [10]. Rather 

than applying a rectangular window to the IRFs, an exponential window is used. In this case the damping 

ratios need to be corrected (similar to the application of an exponential window in impact testing) instead 

of the participation factors. 

Another idea is to use the so-called frequency-averaging technique: a DFT of the entire time segment is 

computed and afterwards the erratic spectrum is smoothed by averaging over a number of spectral lines. 

The benefits of this frequency-averaging technique in case of flutter testing have been demonstrated in 

[11]. 

 

 

 

Figure 6: Relative eigenfrequencies and damping ratios for 6 modes identified from FRFs estimated 

with 4 different block sizes: N, N/2, N/4, N/8. All values are scaled to the values at block size N. 
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Figure 7: Comparison between FRFs obtained using different non-parametric estimation 

parameters. (Full – Blue) small block size N/8. (Dotted – Red) large block size N. (Dashed – Green) 

large block sized N + rectangular window applied to IRF. 

 

 

4.1.3 Comparison between FRF-based frequency-domain estimators 
 

Using the same FRF dataset (block size N/2, overlap 80%, Hanning window) and a fixed maximum model 

size (i.e. 32), the different frequency-domain estimators introduced in Section 2 are here compared with 

each other. The stabilization diagrams of the different methods are represented in Figure 8. 

PolyMAX and PolyTLS (Poly-reference Total Least Squares) are deterministic non-iterative estimators. 

The other 4 are stochastic estimators, in which the variances of the FRFs (computed from the coherences) 

are used in the estimation as well. PolyGTLS (Poly-reference Generalized Total Least Squares) is still a 

non-iterative estimator. The other 3 estimators PolyBTLS, PolyIQML-LS and PolyIQML-TLS 

complement the initial estimates of respectively PolyGTLS, PolyMAX and PolyTLS with 1 iteration. 

The difference between the LS-based and TLS-based estimators is clear. The stabilization diagrams for the 

PolyMAX and PolyIQML-LS are much easier to interpret than the TLS-based diagrams. The generalized 

eigenvalue decomposition of the PolyGTLS and PolyBTLS estimators does not seem to improve nor 

deteriorate the clarity of the stabilization diagram compared to the TLS estimator. The PolyTLS, 

PolyGTLS and PolyIQML-TLS have a lot of non-stabilizing poles. 

The performance of the PolyIQML-LS estimator is promising for modal analysis applications as it 

combines nearly consistent estimates (the solution converges to the ML estimate) with the nice 

stabilization properties of a Least-Squares estimator. 

Figure 9 represents the estimated values of the 6 reference modes identified at model order 32 of all 6 

frequency-domain estimators of which the stabilization diagram is shown in Figure 8. Also the estimation 

results provided by the aircraft manufacturer are shown as the reference values (labelled as “Ref”). These 

reference values were obtained by applying the in-house (Laplace-domain) frequency-domain method to 

similar (in terms of blocksize, window, overlap length) FRFs. The differences in frequency values 

between the different methods are within ±3%, whereas the damping ratios vary within as much as ±45 %. 
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 PolyIQML-LS PolyIQML-TLS 

Figure 8: Stabilization diagrams of different frequency-domain estimators. The background FRF is 

a typical synthesized FRF based on the maximum model order 32. 
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Figure 9: Relative eigenfrequencies and damping ratios for 6 modes identified using 1+6 different 

methods. All values are scaled by the values provided by the aircraft manufacturer (labelled as 

“Ref” in the graphs) 

 

 

4.2 Operational modal analysis applied to turbulence response spectra 
 

In this section, the modal parameters will be extracted from spectra which are estimated based on the 

turbulence-only part of the signals (Figure 1). A leakage-free and Hanning-window free pre-processing 

method is used to estimate the power and cross spectra. The weighted correlogram approach was adopted: 

correlations with positive time lags are computed from the time data; an exponential window is applied to 

reduce leakage and the influence of the noisier higher time lag correlation samples; and finally the DFT of 

the windowed correlation samples is taken. An exponential window is compatible with the modal model 

and therefore, the pole estimates can be corrected for the application of such a window. More details about 

this pre-processing and the comparison with the more classical Welch's averaged periodogram estimate 

(involving Hanning windows) can be found in [9][12][13]. 

The spectra were estimated with the same frequency resolution as the FRFs in Section 4.1. The 

exponential window factor applied to the auto- and cross-correlation equals 1% and 3 channels were 

selected as references for the computation of the cross spectra: an acceleration at the left wing tip, the right 

wing tip and the tail plane. 

 

4.2.1 PolyMAX 
 

Again, as starting point for assessing the stochastic frequency-domain estimators, the PolyMAX method is 

applied to 19x3 turbulence response cross spectra. Also in this case the PolyMAX stabilization diagram is 

very clear (Figure 10). Figure 11 confronts the measured spectra with the spectra synthesized from the 

estimated modal parameters. The good correspondence indicates that the major dynamic characteristics 

have been extracted from the data. 
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Figure 10: Stabilization diagram obtained by applying PolyMAX to in-flight aircraft data pre-

processed to power and cross spectra. 
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Figure 11: Measured (full – red) versus synthesized spectra (dashed – green): right wing tip – left 

wing tip – tail plane. 

 

 

4.2.2 Comparison between spectrum-based frequency-domain estimators 
 

In this section, the earlier introduced frequency-domain estimators are applied to the turbulence-only 

spectra. The stabilization diagrams of the different methods are represented in Figure 12. The maximum 

order of the denominator polynomial of the right matrix-fraction model is 12. As there are 3 references, 

the maximum number of poles is 36 (or 18 complex conjugated pairs), which is close to the model order 

assumed in the single-reference FRF case of Section 4.1, which was 32. 

Although less horizontal lines are available in the stabilization diagrams, similar conclusions can be drawn 

as in the FRF case: PolyMAX and PolyIQML-LS yield the clearest diagrams. PolyIQML-LS is a 

stochastic estimator that requires an additional iteration step and makes use of the noise information 

(variance of the spectrum estimates). 
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Figure 12: Stabilization diagrams of different frequency-domain estimators. The background 

spectrum is a typical synthesized spectrum based on the maximum model order 18. 
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4.3 Comparison between sweep and turbulence results 
 

In this section the modal analysis results of both excitation types are compared: sweep versus turbulence. 

The comparison is restricted to the PolyMAX results, but similar conclusions can be drawn using other 

estimators. Table 1 compares the eigenfrequencies and damping ratios. Again, the differences are 

computed with respect to the values provided by the aircraft manufacturer (evidently these values are also 

estimated from experimental data, so they cannot be considered as “true” values). The eigenfrequencies 

are in good agreement; also the operational frequencies compare well with the input-output frequencies. 

The damping ratio differences are larger. Also, in general, the turbulence excitation damping ratios are 

lower than the sweep data damping ratios. 

Figure 13 compares the FRF-based mode shapes with the output-only mode shapes. Except for the 5
th
 

mode, the mode shapes identified at 19 sensor locations agree very well. 

 

 

Sweep data – FRF PolyMAX Turbulence data – OMA PolyMAX 

Mode Relative frequency 

difference [%] 

Relative damping 

ratio difference [%] 

Relative frequency 

difference [%] 

Relative damping 

ratio difference [%] 

1 2 5 -2 -35 

2 0 -43 -1 -34 

3 0 27 2 5 

4 1 -21 1 -43 

5 0 0 1 -21 

6 1 -17 2 -64 

Table 1: Comparison of modal parameters identified from FRFs (sweep excitation) and spectra 

(turbulence excitation). Relative differences with respect to results provided by the aircraft 

manufacturer are considered. 

 

 

Figure 13: MAC between sweep and turbulence modes. 
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5 Conclusions 
 

In this paper, some modern frequency-domain modal parameter estimation methods were applied to in-

flight data of a large aircraft. The data was very interesting in the sense that in a short time interval both 

traditional sine sweep excitation applied at the control surfaces and natural turbulence excitation were 

available. It was observed that the same modes could be extracted when applying Operational Modal 

Analysis to the turbulence spectra as in the case of classical modal analysis applied to the sweep FRFs. 

When comparing different frequency-domain estimators, it is observed that the new poly-reference 

stochastic frequency-domain TLS estimators have the advantage that noise information is taken into 

account but they provide stabilization diagrams that are more difficult to interpret. The Frobenius norm 

constraint prohibits the use of the sign of the damping to construct clear stabilization charts. The poly-

reference IQML Least-Squares estimator with particular parameter constraint combines a nice 

stabilization diagram and noise-corrected solutions. This estimator can be an interesting alternative for the 

PolyMAX estimator if noise information is available. 

In this paper also a non-parametric FRF estimation method was applied that overcomes the typical trade-

off between leakage and noise when processing random or single sweep data. 

A final conclusion is that, despite the fact that the damping ratios are very critical parameters for flutter 

analysis, it was observed that rather large uncertainties are associated with this modal parameter. 

Depending on the data pre-processing, parameter estimation method and the used data (sweep versus 

turbulence) relatively large differences in damping ratios were found. 
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Abstract 
The paper presents a method for modal analysis of mechanical structures for systems with varying   
parameters. Such a case can be observed, for in-flight test of airplane if some flight parameters are 
changed. Due to these reasons model parameters which depend on aeroelastic properties of a system 
varying and system is no stationary. Proposed approach is based on system response measurements 
(acceleration) and filtering of measured signals with use of wavelet based filter. The Morlet type of 
wavelet function in applied to separate particular modes of the structure.   A possibility of decoupling of 
natural modes in vibration structures by using Morlet wavelet is proved. The MATLAB package 
implementation of the algorithm is shown. Implemented software has been tested on simulated and 
experimental data. Successful application to real system modal analysis is discussed on example of the 
airplane in-flight test. 
 

1 Introduction 
 
Flight flutter testing procedure is based on vibration measurements during a flight. The vibrations are 
excited with ambient excitations but  sometimes using dedicated device for generation additional 
excitations forces. A measure of flutter is modal damping parameter for given vibration mode, which 
should be lower then given value (flutter margin) [Cooper]. Due to aeroelastic feedback in the airplane 
structure, modal parameters are changing with change of flight conditions like speed, altitude, etc. If  the 
structure modal parameters are varying during measurements system is nonstationary and classical modal 
analysis procedure for modal parameters estimation are not directly applicable. In classical approaches 
modal parameters of a system can be estimated based on time history of responses, frequency response 
functions (FRF) or regressive models of signals [Heylen et al. 1995, Ewins 1986]. All these methods use 
relationships between certain possible to measure signal characteristics and modal model parameters. 
Many different methods of modal parameters identification have been described in [Uhl 1997] but 
applicability of methods is strongly limited. In most cases process stationarity is required, modal 
parameters can not be change during measurements. If these conditions are not satisfied, results of 
analysis can be incorrect. The example of incorrect results of FRF estimation based on acceleration 
measurements are shown in figure 1. The plot shows power spectrum density of response for non – 
stationary 2 - dof system. It can be observe three maxima, but the system has only two degrees of freedom 
and two maxima should be visible. The scalogram (figure 2) shows clearly how natural frequencies of the 
system are changing. The idea of proposed method introduce extra filtering of measured signal using 
wavelets based filter to minimize influence of nonstationarity of the system on estimation procedure. The 
part of signal which has no big changes in their structure is use for modal parameters estimation.  
Several methods for identification of LTV (Linear Time - Varying) systems are known. In paper [Bogacz 
2004] recursive method of modal model identification is described. The RLS (Recursive Least Square) 
algorithm has been used to real – time modal parameter estimation. Zhang et al. [2003] applied a Gabor 
transform for identification of natural frequency, damping ratio and mode shapes for system in non – 
stationary states. A parametric Functional Series based on time – dependent autoregressive moving 
average (TARMA) for modal parameters estimation has been described in [Petsounis, Fassois. 2000]. 
Theoretical background of non – stationary modal analysis and analytical solution of eigendecompositoin 
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problem for these kinds of systems can be found in [Liu 1999]. Modal damping can be identified directly 
from measured signals using Morlet wavelet. [Staszewski 1997, Klepka, Uhl 2002]. 

 
Figure 1. Power spectral density of the 
nonstationary signal using classical approach 

 
 
Figure 2. Scalogram of  non stationary signal 

Proposed by authors method is based on time – frequency representation of measured response signals and 
decoupling of vibration modes using Morlet wavelet transform. 
The main idea of proposed method (figure 3) is based on a choice of signal samples for model parameters 
estimation to avoid problems with parameters change during estimation process (eg. two intervals for 
signal from fig.2). Based on wavelet transform time interval in which system can be treated as stationary 
can be chosen relatively easy. The procedure can be automated.  

Signal acquisition  

Wavelets 
transform of the 

signal

Signal filtering for 
chosen signal 

interval

Modal model 
parameters 
estimation 

Choice of the next 
signal sample  

Display results 

 
.Figure 3. Scheme of proposed method of nonstationary system modal analysis 
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To be applicable for flight flutter testing the procedure should be implemented in real time. At first quality 
of the method has been tested using simulated data. The Matlab software is used for simulation and testing 
of the method. In the second step  real time implementation on DSP based hardware is discussed. 
 

2 Modal parameters of non – stationary systems  
 
Non – stationary mechanical system can be described by the state space model. In this case state space 
model has the following form: 
 

( ) ( ) ( ) ( ) ( ) ( ) ( )tCytztutBtytAty =+= ,&        (4) 
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M(t), D(t), K(t)∈ℜn×n  are respectively mass, damping and stiffness matrixes which depend on time, 
x(t)∈ℜn is a displacements vector and u(t) is input function. A matrix A(t)∈ℜ2n×2n is a system matrix, 
y(t)∈ℜ2n is a state variable vector, matrix C(t)∈ℜn×2n is an output influence matrix, z(t)×ℜn is a response 
vector and I∈ℜn×n is unit matrix. If the response and input of the system are measured with given 
sampling time, discrete – time representation of state – space model can be formulated [Liu 1997, Liu 
1999]: 

( ) ( ) ( ) ( ) ( )
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where: G(k)∈ℜ2n×2n, matrix H(k)∈ℜ2n×2n are not constant and in general their closed forms are unknown. 
Matrix G(k) is called discrete – time state transition matrix and depends on sampling time. The solution of 
equation (5) can be written in the form: 
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where G(k,k0) is the state transition matrix from the state at moment k0 to the state at moment k. If modal 
parameters are changing in time, the discrete – time space transition matrix is given by: 
 
( ) ( )( τkAkG exp= )           (7) 

 
Conducting an eigendecomposition on G matrix result in: 
 

( ) ( ) ( ) ( ).1 kVkkVkG −Λ=          (8) 
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where V(k) is instantaneous eigenvector matrix and Λ(k) is eigenvalue matrix. Since the elements of G(k) 
are real, the complex eigenvalues occur in complex conjugate pairs. Then elements of eigenvalue matrix 
can be written in the form: 
 

( ) ( ) ( )( )τωτδλ kjkk diii +−= exp         (9) 

 

where: - δi(k) are referred to i-th mode damping parameter and ωdi(k) are referred to i-th natural frequency 
of the system. In experimental modal analysis for flutter testing these two parameters should be estimate. 
Classical methods of modal parameters identification do not allow for variability of eigenvector and 
eigenvalue matrices. For this reason, classical form of FRF (Frequency Response Function) based method 
can not be used for nonstationary system investigation. Using properties of wavelet transform the new 
approach to transfer function and mode shapes estimation for non – stationary systems have been 
formulated [Feron et al. 1998]. In this approach time variation of system parameters is minimize using 
wavelets function by transformation ( ) )(, ωω jHtjH ≈ . The formula for wavelet based transfer function has 
a form:  
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Schematically the algorithm is shown on figure 4 
 

 
Fig. 4. Scheme of transfer function estimation for nonstationary data. 
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The method consists in preliminary data filtering using wavelet transform. Next, part of signal where 
correlation wavelet (for given scale parameter) and signal has maximum values is analyzed. Remaining 
part of the signal has a small amplitude (for given scale parameter) and can be omitted. This computation 
is repeating for every scale parameter (in given interval) where correlation of signal and wavelet is high. 
Thanks to local properties of wavelets and time – frequency representation of signal, modal parameters 
can be estimated in given time interval where signal can be treated as stationary. In the next step classical 
approach to modal analysis can be employed.  
 

3 Vibration modes decoupling using Morlet wavelet 
 
The Morlet wavelet can decouple natural modes of MDOF system into single modes combination. This is 
proved based on signal (fig. 5a) described by formula: 
 

( ) ( ) ( )tttx 20sine40sine -60t-80t +=          (11) 

 
Mathematically, using Morlet function (figure 5b), wavelet transform of given signal is defined as: 
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a)       b) 

 
Fig. 5 a) Time history of signal described by formula  (11) b) Example of Morlet function. 
 
In order to calculate wavelet coefficients, the convolution of the signal and Morlet function has been 
analytically solved: 
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Graphical interpretation of solution (13) is the scalogram of the signal (fig 6). Changing Morlet function 
parameters and using skeleton definition [Todorowska 2001], particular components of transformed signal 
have been reconstructed (fig 6). 
 

   
 
Fig. 6. Scalograms of the analytical signal. 
 
Reconstructed analyzed signal components are shown in the figure 7. 
a)        b) 

   
Fig. 7. Comparisons of skeletons of wavelet transform and signal components: a) 20Hz component, b) 

40Hz component. 
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It can be notice that Morlet wavelet can decouple particular components of signal with enough good 
precision. Every signal component can be analysed separately to estimate modal parameters of the 
structure.  
 

4 MODAL PARAMETERS IDENTIFICATION USING WAVELET 
TRANSFORM 

 
To validate proposed approach method, 2- dof system with varying modal parameters has been analysed. 
The scheme of the model is shown in figure 8.  As an excitation the white noise at mass 1 is employed. 
The system response on white noise excitation obtained using numerical simulation employing MATLAB 
software is shown in fig. 9. Both damping parameters of the model are changed by decreasing their values 
from 30 to 20 for c1 and from 20 to 10 for c2. At the same time (t= 600), value of stiffness k2 is changed 
from 3000 to 6000.  

 
Fig. 8.  Scheme of  2 dof system with varying 
parameters. 

 
Fig.9. System response Simulated using MATLAB 
software package. 

 
Natural frequencies and modal damping of the system variation profiles are presented in figure 10 for 
damping obtained from analytical formula and in figure 11 for natural frequency.  

 
Fig. 10. Time history of modal damping parameters 

 
Fig. 11. Time history of natural frequencies 

 
For simulated data for nonstationary system the method is applied to extract modal parameters of the 
system.  In table 1 are given obtained values of modal parameters. As can be notice from figure 12 the 
stabilization diagram obtained with using formulated approach is easier to interpret then stabilization 
diagram obtained using classical approach without wavelets filtering (fig 13). The VIOMA® Matlab 
Toolbox is applied for modal parameters estimation [Uhl, Kurowski 1998]. 
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Table 1. 
 

Real values of modal 
parameters (first part of 
signal) 

Real values of 
modal (second part 
of signal) 

Frequency Analysis with filtration 
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Analysis with filtration 
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1,64 5,01 2,26 2,26 1,61 6,44 1,64 5,77 2,26 2,24 

5,04 6,81 5,19 3,51 5,06 5,95 5,04 6,9 5,18 3,61 

 
Using filtered signals (with wavelet filters), mode shapes have been estimated. To compare mode shapes 
MAC (Modal Assurance Criteria) values have been used. Results of analysis are given in table 2. As can 
be observed the results are almost the same with original data. It proves applicability of formulated 
method for estimation of modal parameters of the system.  

 
Fig. 12. Stabilization diagram obtained using 
original signal 

 
Fig. 13. Stabilization diagram obtained using 
filtered signal for the first interval 

 
Table 2. 
 

Real values of modal parameters 
obtained analytically 

Analysis with wavelets based 
filter with center frequency of 
1,66 Hz  

Analysis with wavelets based 
filter with center frequency of 
5 Hz   
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1,64 5,01 1,64 5,77 1 - - - 

5,04 6,81 - - - 5,04 6,9 1 

 
Numerical experiment proved that wavelet transform can be used as a effective tool of modal analysis of 
non – stationary systems. High values of MAC coefficient means that mode shapes stay the same after 
wavelet filtering and identified modal parameters have correct values. In a case of 
in – operational modal analysis application of formulated procedure helps to detect physical modes for 
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nonstationary system. The modal damping parameters are less accurate estimated, but this fact is typical 
for stationary conditions, too. 
 

5 REAL - TIME MODAL ANALYSIS USING WAVELET TRANSFORM 
AND RLS ALGORITHM 
 
In many practical applications real time modal parameters identification is required. One of the example is 
flight flutter testing. In FLITE2 Eureka project the requirements of  real time damping estimation is 
formulated. Every one second the damping parameters should be estimated.   In this case fast algorithms 
for modal parameter estimation are necessary. On – line RLS (Recursive Least Square) algorithm is 
formulated and tested in [Bogacz 2004, Bogacz, Uhl et al. 2003] for flight flutter testing. But the 
algorithms not use signal filtering and decomposition before filtering. For some cases results can be 
incorrect. In presented method the wavelet based filtering is applied. After decoupling of signal using 
wavelet transform an order of autoregressive model of signal can be assume as two (for one particular 
mode second order system is considered). Second order system model equation is solved analytically to 
find poles of the system. Based on the solution one step method for poles extraction has been 
implemented.   
The first step in presented method verification a numerical experiment for 2 dof system with varying 
damping has been made (model is shown in the figure 8). The algorithm has been tested using fast 
prototyping methodology [Uhl et al. 2000]. The procedure including on – line RLS and on – line Wavelet 
Transform (WT) for modes decoupling – have been implemented and tested in Matlab/Simulink 
environment and next its real time implementation on DSP board has been verified. Because of relatively 
easy programming process, the dSPACE DSP board solution has been applied. C-code for procedure 
testing was generated automatically using RTW directly from SIMULINK environment.  

The system response and damping variation profiles assumed in described procedure test are shown in fig. 
15 and 16. 

Fig. 14. Using Maltab/Simulink environment for rapid prototyping of proposed method. 

                   
 

 DSP  Board 

Matlab/Simulink 
Results 

 
Fig.15. Simulated system response  

 
Fig. 16. Modal damping time profile for simulated 
model response 
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The results obtained using formulated method implemented on DSP board employing fast prototyping 
procedures are presented in fig 17 for first natural mode and figure 18 for second one. 

 
Fig. 17. Modal damping for the first mode 

 
Fig. 18. Modal damping for the second mode 

 
Time needed for procedure realization on DSP board was 65 ms for separate mode, which fits assumed 
requirements. As can be observed from obtained results, quality of modal damping is enough good for 
flutter assessment and can be applied for practical application 
The algorithm has been used for modal parameter estimation from flight test data for ISKRA airjet. The 
data in the form of recorded acceleration during flight with different speeds is shown in form of time 
history in the figure 19. The scalogram obtained using Morlet based wavelets procedure is shown in the 
figure 20.  

 
Fig.19 Time history of the signal recorded during a 
flight of the ISKRA airjet 

 
Fig.20. Scalogram of the signal from the figure 19 

 
Thew results of the on – line modal damping and natural frequencies estimations are shown in the figures 
21, 22,23 and 24. The blue line presented in plots are obtained with direct RLS algorithm []. But statistical 
properties of the results obtained with using wavelets transform filter are better, standard deviations are 
significantly smaller.  The results in a form of time plots of modal damping for first and second mode and 
of natural frequencies of the structure can be applied for flight flutter test. Knowing speed and altitude 
changes the classical flight flutter test results can be achieved.   

 
Fig.21 Modal damping variations for 27 Hz mode 

 
Fig.22 Modal damping variations for 47 Hz mode 
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Fig.23 Identified natural frequency variation  for 27 
Hz mode. 

 
Fig.24 Identified natural frequency variation  for 47 
Hz mode 

 
7 Conclusions 
 
The application of wavelets filtering reduced modal parameters identification errors which results from 
nonstationarity of a structure. Presented in-flight flutter test procedure gives possibility to reduce time of 
test and research effort in comparison with classical one. The results obtained with application of wavelts 
filtering and RLS identification procedure are enough good to be applied for testing of real structures and 
with quite good accuracy tracks changes of modal parameters of the system.  The procedure realized with 
application of DSP board is enough speedy to be applied during a flight.   
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Abstract
Flutter tests are a crucial phase of the flight test program ofa new aircraft. One of the main goals is to
prove the absence of unstable aeroelastic modes throughoutthe flight domain. This is achieved by applying
calibrated excitations to the aircraft structure. Undisturbed measurements are required for this operation.
Hence turbulent conditions are avoided as much as possible.
In the framework of a research program in collaboration withAirbus, a toolbox was developed by ONERA
for processing flight test data. In this article, we present the tool that was designed to detect the occurrence
of turbulence gusts during flight tests even when excitations are applied to the aircraft. This paper details
the structure and the implementation of this turbulence detector. It also describes an innovative and efficient
formulation of an adaptive bandstop filter.

1 Introduction

Flutter tests represent a major stage in the certification procedure of a new aircraft. The objectives are to
demonstrate the absence of unstable mode throughout the flight envelop and to check the compliance of the
aircraft actual behaviour with predicted aeroelastic models. This is achieved by applying calibrated excita-
tions to the aircraft structure for a set of predefined flight conditions that covers the whole flight envelop.
The structural modal parameters are estimated from the measurements of the aircraft responses. For the time
being, these tests require turbulence free data in order to obtain accurate estimates of the modal parameters.

For sine-weep excitations that last about 2 minutes, the risk is that turbulence gusts occur in the course of
the test and induce a deterioration of the quality of the datawhich might render the test useless. In such a
situation, the test has sometimes to be performed again which impinges the scheduling of flight tests and, of
course, increases the cost of the flight program.

In the framework of a research program called MEFAS in cooperation with Airbus in the years 1999- 2001,
a library of tools listed in table 1 was developed by ONERA forprocessing flight test data. Most of them are
devoted to the identification of the aircraft modal parameters [1]. They have been used for testing the four
latest aircraft of Airbus company.

In this article, we describe the tool named the “turbulence detector” that was developed for revealing the
occurrence of turbulence during the flight tests. It is designed to be efficient during excited flight phases
when the sine-weep excitation is applied to the aircraft. The goal is to provide the operator with a real-time
indicator of the level of turbulence affecting the test in progress so that he can eventually decide to stop the
test and wait for a quieter period to restart the test during the same flight. The indicator also allows him to
monitor the lessening of turbulence to determine the appropriate time for relaunching the test. This improved
handling of test conditions might result in a better qualityof the flight data and also in an eased organization
of the flight planning.

This paper is organized as followed. The first section is devoted to the presentation of the context and the
requirements for the turbulence detector. The second section describes the main lines of the solution that
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was developed. The following one provides a detailed description of the components that compose of the
turbulence detector. The last section concerns the evaluation of the tool on real flight test data.

Function name Operation performed

IdTrans, IdPulse, IdBrut Identification procedures [1]
polish Numerator refining
visu, visuglo Visualization of identification results
PtiRonds Monitoring the order determination [1]
PaveBleu Analysis of the identified model [1]

Izdatgoud Analysis of transfer estimation quality
Kalifes Identification quality by mode groups
Zefic Zefdec In-operation turbulence detection
Oclair Modal pairing between flight cases
cocktail Modal spatial filtering
Adream Time-frequency analysis and filtering

Table 1: Tools developed in the MEFAS project

2 Context and specifications

2.1 Definitions

Before specifying the problem to be solved, it is essential to define the difference betweenaerologic turbu-
lenceandaerodynamic noise.

In specific flight conditions especially at low and high speeds, the measurements are affected by a permanent
background noise due to the aerodynamic flow around the aircraft. The data processing techniques have to
make do with this disturbance in spite of a less favorable signal over noise ratio. The level of this noise is
not constant as it evolves with the flight conditions (speed,Mach number, ...).

What we try to detect is theaerologic turbulencewhich is caused by disturbances in the atmosphere the
aircraft is flying through. This turbulence occurs sporadically as wind gusts and areas of air agitation are
encountered by the aircraft.

This turbulence will evidently excite the structure of the aircraft. For the identification techniques currently
used for flutter tests, this might lead to erroneous estimation of the modal parameters especially the damping
ratios. Hence the objective is to detect the occurrence of air turbulence in the frequency band considered for
flutter analysis. This obviously constitutes a daring challenge as the sine-sweep solicitations administered to
the aircraft cover the same frequency range.

2.2 Requirements for the turbulence detector

This turbulence detection tool will be used in the telemetrycenter to monitor and manage the progression of
flight tests. Several requirements follow from this operational context:

• the detection must be performed in real time,

• it must rapid, a delay of a few seconds being allowed

• it must be reliable so that the ongoing test would not be stopped inappropriately

• it must adapt to various aerodynamic noise conditions

• no a priori knowledge on the aircraft aeroelastic model can be taken into account
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The detection concerns two types of flight situations:

• unexcited phases and more especially the stabilized phase previous to a flutter test

• sine-sweep tests over a specified frequency bandwidth

Pulse excitations are also used for flutter analysis. But, astheir duration is much shorter (about 10 seconds),
the likelihood of turbulence is smaller. The impact of turbulence is also less critical because less accuracy
is sought for the identified modal parameters for those tests. For these reasons, it was not required that the
detector operates for this type of tests.

2.3 Orientation of our development

At Airbus, this development was a first attempt to build an automatic turbulence detector. Therefore, the
tool presented in this article should be considered as a firststep to test the feasibility and the efficiency of
turbulence detection rather than a definitive solution.

The solution proposed here is only based on asignal processingapproach. The objective is to isolate the
contribution of turbulence oneachmeasurement. A result is then provided individually for each sensor on
the aircraft.

It is expected that the operational evaluation of this procedure together with physical considerations about
the aircraft structural behaviour and the nature of aerologic turbulence will enable us to develop in the future
a more integrated tool based on the automatic merging of the information from the most appropriate sensors
on the aircraft.

3 General presentation of the turbulence detector

3.1 Overall organization

Let denotez(t) a raw measurement issued by one of the accelerometers on the aircraft structure. The infor-
mation in this signal comes from several origins:

1. the response of the airplane to piloting commands

2. the response of the structure to the sweep excitation

3. various measurement errors due to the measurement deviceand associated processing.

4. the background aerodynamic noise

5. the response of the aircraft to possible turbulence gusts

The objective is to detect the single contribution of the turbulence. To achieve this goal, we will use features
that characterize these various contributions onz(t):

• Piloting actions on the aircraft only affect the low frequencies.

• Concerning the behaviour of the aircraft under solicitation, we can suppose that the instantaneous
frequency bandwidth of its response is in the neighbourhoodof the current frequency of the sweep
excitation.

• The measurement errors can be classified into systematic errors (bias, calibration inaccuracies, ...) and
random errors which can be assimilated to a noise.

• No specific knowledge is available for aerodynamic noise except that it evolves with the flight condi-
tions

• The aerologic turbulence generally occurs in gusts that canlast a few minutes. It solicits the aircraft
structure in the similar way to the excitation signal but over a larger bandwidth.
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z(t) : Accelerometer raw measurement
f(t) : Sweep instantaneous frequency
y(t) : Accelerometric agitation
v(t) : Disturbance signal
a(t) : Mean amplitude of disturbances
r(t) : Reference amplitude for ambient noise
d(t) : Turbulence indicator

Description of the blocks

H : Highpass filter
B : Adaptive bandstop filter
A : Averaging the signal amplitude
R : Update of the reference amplitude
D : Computation of turbulence indicator
V : Turbulence display interface

Figure 1: General organization of the turbulence detector

Based on these facts, we devised the detection procedure described in figure 1. It comprises two main steps.
The first one consists in elaborating what is called the “disturbance signal”v(t). This signal would ideally
only include the disturbances on the measurementz(t), i.e. the measurement and aerodynamic noises and
the turbulence. Then this signal is processed in a second phase to generate the “turbulence indicator”d(t)
which quantifies the likelihood of turbulence.

To obtain the disturbance signalv(t), we first eliminate the contribution of the piloting actionsas well as
the systematic errors on the measurement. This is accomplished by the highpass filterH. Its outputy(t) is
named the “accelerometric agitation”.

The following block B aims at discarding the response of the aircraft structure tothe sine-sweep excitation.
It is an adaptive bandstop filter with a center frequencyfc tuned to the current valuef(t) of the sine-sweep
signal. This filter attenuates the signal in a specified bandwidth b aboutfc. Of course, some of the turbulence
contribution will also be discarded. But, as mentioned above, we expect that, instantaneously, the turbulence
will excite the aircraft on a larger bandwidth than the sine-sweep input. Therefore, by carefully selecting the
value ofb, the disturbance signalv(t) retains a sufficient amount of the energy due to the turbulence.

In the second stage, the turbulence is detected by comparison with a reference signalr(t) which reflects the
intensity of the noise in the absence of turbulence. Severalsolutions were investigated to build the quantity
that would be the most relevant of the presence of turbulencein the signalv(t). In order to produce a reliable
detection, some kind of averaging is also necessary. A localmean energy of the signalv(t) proved to be the
most appropriate quantity. The signala(t) computed in the blockA of the diagram 1 is homogeneous to a
signal amplitude. It corresponds to the square root of the mean signal energy over a sliding time window of
durationTwin according to

a(t) =

√

1

Twin

∫ t

t−Twin

v2(τ) dτ (1)
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The initial value of the reference signal is defined in the same way by considering a window of a larger
durationTini at the beginning of the test.

r(Tini) =

√

1

Tini

∫ Tini

0

v2(τ) dτ (2)

Of course, it is essential that no turbulence occurs during this initialization phase. The value ofr(t) is
subsequently updated in order to refine this initial guess and to adapt to the evolution of noise conditions
during the flight. This is achieved by the lowpass filterR with a large time constant. This update operation
is modulated by the detected turbulence levelq(t) so that the reference amplitude does not increase unduly
when the disturbance signalv(t) is affected by turbulence.

The detection is simply achieved by analyzing the ratioq(t) = a(t)/r(t). At this stage, it is not easy nor
desirable to produce a binary result limited to two answers:turbulence or no turbulence. From an ergonomic
point of view, it is more convenient and pleasant for the operator to be able to sense the onset of turbulence
which often appears gradually rather than to switch abruptly from a quiet to a turbulent state. From a
detection point of view, it is also difficult to devise a reliable detection test on the values ofq(t) because a
trade-off between false and missed probabilities of detection has to be made.

Therefore, the outputd(t) of the turbulence detector is a degree of likelihood of the turbulence. Based on
first experiments with this method, we can define two thresholdsqmin andqmax. Aboveqmax, we can affirm
almost surely the presence of turbulence. Similarly, whenq(t) is lower thanqmin, the level of turbulence
can be considered as negligible. Thus the turbulence indicator signald(t) delivered by the detector takes its
values between 0 and 1 according to

d(t) =



















1 if q(t) ≥ qmax

0 if q(t) ≤ qmin

q(t)− qmin

qmax − qmin

otherwise

(3)

The last point concerns the presentation of this result to the operator. Instead of a conventional plot of the
values ofd(t), we proposed a color display evolving from the green to red asd(t) increases from 0 to 1. The
colormap associated to the values ofd(t) is depicted in figure 2. Such an interface is more intuitive and more
appropriate to attract the operator’s attention in the atmosphere of flight tests which is sometimes very tense.
Because of their appearance as colored stripes, these interfaces are dubbed “Bayadère1 stripes”.

0 0.2 0.4 0.6 0.8 1

Figure 2: Colormap for Bayadère stripes

3.2 Implementation of the turbulence detector

The turbulence detection tool was implemented in MATLAB r. Extensive use was made of the routines of
the Signal Processing toolbox [3]. The implementation was developed with two main objectives in mind:

• the flexibility to use this tool in various configurations

• the efficiency of the real-time processing

1Bayadère: a design of brightly colored stripes, mostly produced in India. The name is derived from the Bayadère dance.
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The term “flexibility” means that the turbulence tool is designed to process efficiently several measurements
in parallel withsimilar or different settings. This feature enables the operators to adapt the settings tothe
physical characteristics of each measurement and to the test being processed. In the development phase, it
also allows him to run concurrently several settings to find the most performant configuration. This tool must
also sufficiently fast to cope with the measurement samplingperiod of 128 Hz.

The detection tool is composed of two MATLAB r routines with the following calling syntax2:

zefpar = Zefic(fsamp, tuning) ;
[turbind, zefpar, intsig] = Zefdec(meas, fexcit, zefpar) ;

The routineZefic is an initialization procedure that is executed off-line before launching the real-time
functionZefdec. It performs the following operations:

• assign all the tuning parameters

• compute preliminary quantities in order to save time for thereal-time routineZefdec

The first argumentfsamp is the sampling frequency. The secondtuning is optional. It is a MATLAB r

structure that enables to modify all the settings which are defined by default values. The function output
zefpar gathers all the parameters necessary to perform the real-time detection.

The routineZefdec carries out recursively all the operations described in figure 1. It is able to process
several measurements in parallel making use of the efficientmatrix operations in MATLAB r. Hence, at each
sampling timetk, it is feeded with the current values of a vectormeas of nz measurementsz(tk) that will
be processed in parallel and with the valuefexcit of the frequency of the excitation signalf(tk). The
turbulence indicatord(tk) is computed in the vectorturbind for each measurement inmeas. The variable
zefpar is updated. The internal signals described in figure 1 are accessible in the structureintsig.

This routineZefdec comprises 3 successive time phases :

• thefirst measurementprocessing which essentially consists in initializing allthe internal arrays.

• theinitialization phasewhere the initial value of the reference noise levelr(t) is computed. Its duration
is Tini (equation 2).

• theactive phasewhere the whole detection scheme is operating.

The structure of these two routines thus offers wide possibilities of use. Several turbulence detectors with
different settings can be run concurrently by computing several sets of parameterszefparwith the function
Zefic. At each sampling time, the functionZefdec is then called several times with these different
variableszefpar. Of course, each call toZefdec can also process a bunch of several measurements.

4 Detailed description of the turbulence detector

In this section we detail the boxes of the diagram 1 by describing the method used for signal processing and
the implementation that was adopted.

4.1 Highpass filter

In this application, we are not much concerned by the signal distortion but mainly by the computational load.
So we opted for an elliptic Cauer filter [2, 3, 4, 5] because thefilter attenuation specifications can be met
with the lowest possible order.

The filter is specified by the passband and stopband edge frequenciesfp andfs and the associated attenuation
Rp andRs. The default values for these parameters were determined toattenuate the aircraft rigid dynamic

2The word “zef” is French slang for “win”. The suffix “ic” stands for “initial conditions” and “dec” for “detection”.
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and to preserve its aeroelastic response while trying at thesame time to minimize the order of the filter. We
adopted the following default values of the filter which produces a filter of order 3.

fs = 0.3 Hz Rs = 40 dB
fp = 1.0 Hz Rp = 0.2 dB

The numerator and denominator of the filter are computed in the routineZefic. The functionellipord
of the MATLAB r signal processing toolbox is used to determine the lowest order of the filter that meets
the specifications. The filter coefficients are computed by the functionellip. In the routineZefdec, the
measurements are processed by the functionfilter.

4.2 Adaptive bandstop filter

The block B in the diagram 1 is one of the crucial pieces of the turbulencedetector. Hence it deserves a
longer description.

f(t)

y(t) v(t)..1

0

B

B(s, f )

.c

i = 0? |10|f   f(t)

Figure 3: Description of the blockB

This block is organized as depicted in figure 3. The sub-blockB(s, fc) defines the actual adaptive bandstop
filter with a central frequency equal tofc. When the excitation frequency is equal to 0 which, by convention,
means that the sine-sweep excitation is not active, the output v(t) is switched directly to the agitation sig-
naly(t). Nevertheless the bandstop filterB(s, fc) is running and processing the data with the valuefc equal
to the initial frequencyfi of the sine-sweep. Although the output of the filter is not used, the purpose is to
eliminate the transient phase when the sine-sweep starts. At this moment, the output is switched to the filter
output and the central frequencyfc of the filterB is constantly updated by the current sweep frequencyf(t).
There is also a time period at the end of the sweep when the filter keeps on processing the data withfc equal
to the final frequency of the sweep. This time lag enables the structural modes in the neighbourhood of this
final frequency to damp down before switching back to the signal y(t).
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Figure 4: Specifications of the bandstop filter
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Similarly to the highpass filter, we used an elliptic formulation for the design ofB(s, fc) in order to get
an efficient attenuation with an order as low as possible. Instead of the usual specifications, we found it
more convenient to specify the filter by its ordernd and the specifications of itsstopband(central frequency
fc, bandwidth3 b, attenuationRs). The passband is only specified by its equiripple levelRp. As shown
in figure 4 which depicts the stopband specifications and the filter frequency responses for several values
of np = nd/2, the choice of the order enables to tune the trade-off between the filter selectivity and the
computational load with the same attenuation in the stopband.

fc
= 1

Zefic Zefdec

Filter
Discrete filter

Bandwith bsω

Analog lowpass Analog bandstop
Center freq. 

Figure 5: Design steps of the bandstop filter

For a given central frequencyfc, the filter is designed according to the analog prototyping procedure [2, 3, 4].
The steps of this procedure are depicted in figure 5:

1. an analog lowpass filter is designed with a stopbandedge pulsationωs equal to 1.

2. the filter is transformed into an analog bandstop filter with desired bandwidthb and center frequencyfc.

3. the analog filter is converted to a digital filter.

Our approach slightly differs from the conventional procedure4 because the prototype filter in the first step
is usually computed for acut-off pulsationωn equal to 1 instead ofωs. The purpose of this modification is
to preserve the characteristics of the stopband while the order of the filter is changed as depicted in figure 4.

This computation of the analog lowpass prototype can be carried out off-line in theZefic function. In the
second stepfc takes the values of the current sweep frequencyf(t). Hence the last two steps needs to be
performed at each sampling time in theZefdec function. Thus we need to find out an efficient way of
implementing these transformations.

As bandstop filters generally involve high order filter (twice the order of the analog lowpass prototype), a
state-space representation is a favourable filter description to avoid numerical problems encountered with
high order polynomials. Let(Ap, Bp, Cp, Dp) designate the state-space representation of the prototype
analog lowpass filter of ordernp.

The transformation into an analog bandstop filter with a central pulsationωc and a relative bandwidthb
is described by the following relations [3] where(Aa, Ba, Ca, Da) is a state-space representation of the
bandstop filter andIp the identity matrix of dimensionnp with np = nd / 2.

Aa =

[

ωc b A−1
p ωc Ip

−ωc Ip 0

]

Ba =

[

−ωc b A−1
p Bp

0

]

Ca =
[

Cp A−1
p 0

]

Da = Dp − Cp A−1
p Bp

(4)

The computation of the associated digital filter is accomplished by the bilinear Tustin transformation which
corresponds to the following operations [3] whereId is the identity matrix of dimensionnd

Ad = (Id −Aa / κ)−1 (Id + Aa / κ) Bd =

√

2

κ
(Id −Aa / κ)−1 Ba

Cd = Ca (Id −Aa / κ)−1

√

2

κ
Dd = Da +

1

κ
Ca (Id −Aa / κ)−1 Ba

(5)

3The bandwidth designates here the width of thestopband.
4The MATLAB r functionellipap which computes the analog lowpass filter prototype needs to be modified.
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The quantityκ is the frequency warping constant which is used to match the central frequencies of the analog
and digital filter. It is equal to

κ =
ωc

tan
ωc ∆t

2

with ωc = 2 π fc (6)

where∆t is the sampling period

The equations 4 and 5 involves two matrix inversions of sizenp andnd . We developed a much more efficient
implementation by merging these two operations into a single one which is mathematically equivalent and
which requires about the same amount of computation as the first transformation 4.

Let define an intermediate system(Ai, Bi, Ci, Di) by

Ai = b A−1
p / 2 Bi = −b A−1

p Bp / 2

Ci = Cp A−1
p Di = Dp − Cp A−1

p Bp

(7)

We also need the following quantities

tc = tan π fc ∆t sc = sin 2π fc∆t

F = Ip/sc −Ai G = F−1
(8)

The relations 4 and 5 can then be computed by

Ad =

[

G / tc − Ip G

−G Ip − tc G

]

Bd =

[

G Bi

−tc G Bi

]

Cd =
[

Ci G/ tc Ci G
]

Dd = Di + Ci G Bi

(9)

As the intermediate system 7 is independent offc, it can be computed beforehand in the routineZefic.
Hence in the real-time routineZefdec, only one matrix inversion of dimensionnp is performed when
computing the matrixG in 8.

But, instead of forming the state matrices 9 of the filter, an even more efficient implementation can be worked
out by directly updating the state and the output of the bandstop filter. LetXk denote the filter state vector
before the update at the time sampletk. This vector can be partitioned into two sub-vectorsX1, k andX2, k

of dimensionnp. It can easily be shown that the filter outputvk and its updated stateXk+1 can be computed
from the inputyk and the stateXk according to the Naussac formulation

X1, k+1 = −X1, k + ∆Xk

X2, k+1 = X2, k − tc ∆Xk

vk = Ci ∆Xk + Di yk

with ∆Xk = F \

(

X1, k

tc
+ X2, k + Bi yk

)

(10)

We adopted the following default settings forB(s, fc) which are discussed in subsection 5.1:

Attenuation in the stopband : -40 dB
Equiripple in the passband : 0.5 dB
Relative bandwidth : 0.4
Prototype filter order : 3
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4.3 Averaging the signal amplitude

In the discrete-time domain, the signala(tk) described in equation 1 can readily be computed by

ak = a(tk) =

√

√

√

√

1

nwin

nwin−1
∑

l=0

v2
k−l with vk−l = v(tk−l) and Twin = nwin ∆t (11)

In spite of its simplicity, the computation ofak by this formula proved to be expensive in computer time.
Actually, at each sampling time, two operations are to be performed:

• storing thenwin last valuesvl

• computing the amplitudeak

−
+

+
kS

ka

+

winn

2x

1/2x

k

wink−n    −1c

k−1c

c
wink−nkcc

kv

k−1S

Figure 6: Computation of the averaged signal amplitude

The figure 6 illustrates the much more efficient approach we implemented. From the disturbance signalvk,
we define the quantityck = v2

k/nwin. Thenwin last values of this variableck are stored in an array. In order
to minimize the flow of data in the computer memory, we used theconcept of circular buffer depicted in 6:
the new values ofck associated with thenz measurements replace the valuesck−nwin

in thesamememory
location.

The average valuesak are computed by a recursion which involves less computationthan the summation
in 11. Let defineSk by

Sk =
1

nwin

nwin−1
∑

l=0

v2
k−l =

nwin−1
∑

l=0

ck−l (12)

Then we obviously have

Sk = Sk−1 + ck − ck−nwin
and ak =

√

Sk (13)

For the initialization phase, i.e. whenk ≤ nwin, the recursion onSk simplifies to

Sk = Sk−1 + ck (14)

The default widthTwin was chosen equal to 2 seconds to be in accordance with the specification about the
acceptable delay for turbulence detection.
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4.4 Reference amplitude update

The initial valuer(Tini) of the reference amplituder(t) defined in equation 2 is computed by a procedure
similar to 14 but over a greater number ofnini samples. A default value of 5 seconds was retained forTini.

The signalr(t) is subsequently updated by a lowpass filter with a long time constant to adapt to the evolution
of the noise condition. Actually, the update is carried out on the averaged energy defined ase(t) = r(t)2 by
a first order filter. This operation is also modulated by the value of the detection signald(t). Then we have

ek = ek−1 + Kr (1− dk−1) (v2
k − ek−1) (15)

As the detection signaldk−1 takes its values between 0 and 1, no update occurs when some turbulence is
detected. The filter gainKr is taken equal to3 ∆t / Trep whereTrep is the filter 95 % settingly time. The
default value forTrep is set to 4 minutes.

4.5 Turbulence indicator

The value of the detection is directly obtained from the formula 3. For the thresholdsqmin andqmax, a first
evaluation on real flight data led us to retain the default values 1.1 and 2.

4.6 Turbulence display interface

The perception of the color by the human eye does not depend linearly upon the intensity of the colors in the
RGB code. The colormap adopted for the Bayadère stripes (figure 2) varies from green to yellow whend(t)
increases from 0 to 0.5 and from yellow to red for0.5 ≤ d(t) ≤ 1. The increase of the red intensity in
the first range ford(t) and the decrease of green intensity in the second range are computed by the following
function wherei(x) is the color intensity.

i(x) =
arctan(α x)

arctan(α)
with 0 ≤ x ≤ 1 (16)

For the coefficientα, the respective default values 1 and 3 were retained. The associated variation of intensity
are depicted in figure 7.

0 0.5 1
0

0.5

1

α = 1
α = 3

Figure 7: Evolution of color intensity

5 Evaluation on real flight data

The set of default settings described in the previous section was used for this evaluation. These values will
be refined by the experts at Airbus by processing numerous flight test data. They can probably adapted
more specifically to each measurement by taking into accountphysical considerations on the influence of
turbulence on the aircraft structure.
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In this section, we first discuss the critical tuning parameters of the detector. Then we present its performance
to detect turbulence on real flight data. The last point concerns the computational load which establishes how
many measurements can be processed in real-time.

5.1 Critical tuning parameters

The essential parameters for this filter are

• the specifications of the stopband and the order of the filterB(s, fc) in B
• the lengthTwin of the averaging window inA
• the two thresholdsqmin andqmax in D

For the bandstop filter described in subsection 4.2, an attenuation of -40 dB prove to be sufficient to remove
the contribution of the excitation for all the data processed. An order of 6 forB(s, fc) seems to be a nice
trade-off between the computational load, the filter selectivity and its responsiveness (about 3 s). The only
point that would require is a deeper analysis is the filter bandwidth b. We adopted a relative bandwidth with
a default value of 0.4 but an absolute bandwidth might as wellbe considered.

0 50 100 150 200
−1

−0.5

0

0.5

1

Figure 8: Filtered excitation signal

To demonstrate the efficiency of this adaptive filter, a double sine-sweep signal5 was processed. Figure 8
depicts the filtered excitation signal. The interval where the sine-sweep is applied, is delimited by the dashed
lines. Knowing that the sweep amplitude is equal to 1, it can be checked that the attenuation is equal to 40 dB
except for the short transition phases (about 3 seconds) at each end of the excited phase and, to a tiny extent,
at the sweep maximum frequency. It must however be noted thatthese transitions are sharply marked for the
excitation signal. Such abrupt changes do not occur on measurements.

The lengthTwin in the block A influences the smoothing on the disturbance signalv(t) and the respon-
siveness of the turbulence detector. The default value 2 s was chosen as a compromise between these two
considerations.

Finally the thresholdsqmin andqmax have a direct impact on the output of the turbulence detector. They also
condition the update of the reference signal. The default values were determined by the analysis of real flight
data.

5.2 Detection performance for unexcited flight phases

This flight is affected by two periods of turbulent conditions as depicted in figure 9. The first and longer
turbulent phase begins approximatively at time 20 s. It increases rather gradually and strengthens till 65 s
before settling down at time 80 s. It is followed by a short quiet phase until about 100 s from when turbulence

5The frequency of the sweep increases fromfi to fm then decreases back tofi.
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Figure 9: Turbulence detection during an unexcited flight test

persists till the end of the flight. Two sensors were considered for this analysis. The second one appears more
perturbed by the background noise.

In figure 9, the upper graphic represents the accelerometricagitationy(t) (see figure 1) associated with these
two measurements. Below, the green line is the averaged disturbance amplitudea(t) while the red line
represents the reference amplituder(t). Finally, at the bottom of the figure, the Bayadère stripes computed
with the signald(t) are drawn.

The long patches of red color on these stripes evidently demonstrate the capability of our tool to detect the
turbulence. They also reveal that the second measurement ismore sensitive to turbulence. But what is also
remarkable is the ability of the detector to return to a greenstate after a long turbulent period. This is due to
the freezing mechanism of the update of the reference amplituder(t) during turbulent conditions. The red
lines in figure 9 show thatr(t) remains constant during these periods.

5.3 Detection performance during sine-sweep excitations

The performance of the turbulence detector were also testedon a double sine-sweep test similar to the one
described in subsection 5.1. Two measurements were selected along the same axis as the application of the
excitation on the aircraft structure. This situation is more severe for the detector because the contribution of
the aircraft response to the excitation is more important.

It is difficult from only the visual analysis of the accelerometric agitationy(t) in figure 10 to distinguish the
effect of turbulence from the response of the aircraft when the excitation is active. This phase is delimited
by vertical dash lines in the figure.

The outputs of the adaptive bandstop filterv(t) which appear in yellow in the figure reveal the presence of a
gust during the second part of the excitation. The contribution of turbulence is much more important on the
second measurement as revealed by the Bayadère stripes. The results on this test demonstrate several facts:

• When no turbulence occurs, the adaptive filter is efficient tocancel out the contribution of the excita-
tion.
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Figure 10: Turbulence detection during a sine-sweep excitation.

• The detector is able to distinguish the turbulence from the aircraft response to sine-sweep excitations.

• Some measurements are more sensitive than others to turbulence.

• The update procedure of the reference amplituder(t) is also quite appropriate as shown by the first
measurement in figure 10.

5.4 Computational load

MATLAB r version 1 meas. 20 meas.

6.0 R12 22.6 27.4
7.2 R2006a 27.8 36.9

Table 2: Turbulence detector execution times (without graphics)

The detector was implemented in MATLAB r although this programming environment is not favorable to
rapid recursive computations. Table 2 gives the execution times on a SUNr SunBlade 1500 with a 1.1 GHz
clock rate for a test which lasts 240 s. It reveals that thoughthe durations are longer with the more recent
versions of the MATLAB r, this tool can easily operate in real-time. It has the capability to process several
measurements with the same settings or between 8 and 10 measurements with different settings. Table 3
reveals that the adaptive filter is the most time consuming block of the detector which justifies the careful
implementation we adopted.
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Detector block Computation ratio

H 9 %
B 30 %
A 13 %
R 7 %

Table 3: Distribution of the computational load (MATLAB r version 6)

6 Conclusion

In this article, we presented a turbulence detector able of isolating the contribution of turbulence on each
measurement even in the presence of a sine-sweep excitationapplied to the aircraft.

The initial goal of this development was to provide the operator with a tool that would help him to decide to
pursue or to stop the test in progress. Conversely, in the case of moderate turbulence levels, this tool could
also be used for the selection of the measurements for the identification by indicating those which are less
affected by turbulence.

Our next objective will be to develop a global indicator of the turbulence by merging the result of appropri-
ately selected measurements on the aircraft structure.
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Abstract
This article presents an extension of a flutter detection procedure based on the flutter margin commonly
used for flutter prediction. The flutter margin is a stability parameter based on the Routh’s criterion that
measures the interaction between two modes. A simplified aeroelastic model of a pitch-plunge wing section
is studied and time series are simulated for different flow velocities in order to illustrate the flutter behavior.
A CUSUM test, designed for monitoring the flutter margin variation, is applied to simulated measurement
with increasing velocities. The results show a good reaction with the flutter margin decrease and the flutter
onset can be detected.

1 Introduction

The aeroservoelastic flutter is a complex destructive instability phenomenon that considerably dictates the
safety standards in aeronautics [11]. The study of this phenomenon requires a deep exploration of the in-
teraction between the aerodynamic flow and the structure forces, formulated in the framework of the theory
of aeroelasticity [15]. The applications to aeronautics lead to the development of many softwares (Stars of
NASA [5]) based on the joint modeling of the structure and the fluid in order to compute structure displace-
ments subject to flow forces. These softwares offer an interesting alternative to the complicated experiments
for the identification of flutter behavior through the air velocity and the involved modes. It is classically
admitted that wing flutter mechanism results from the interaction of at least two vibration modes and notably
the bending-torsion coupling [1]; that is called "the binary flutter". Hence, many flutter investigations were
interested in the wing section theory, considering a two or three degree-of freedom (dof) aeroelastic model.
Figure 1 shows a two dof’s model called the pitch-plunge system (or bending-torsion system), extensively
used in the literature to test flutter monitoring techniques other than the typical damping monitoring which
remains sensitive to error and noise.

A pioneer alternative to damping monitoring was introduced by Zimmerman [12]. It is based on the flutter
margin parameter that uses both the modal frequency and damping, and has the advantage to decrease much
more gradually than the damping as instability is approached. Basically designed for the binary flutter
mechanism, the flutter margin has known many assesments and improvements. Bennett [16] proves the
efficiency of this technique to wind-tunnel data and proposes a simplified version using only frequencies.
An extension for three modes interaction called trinary flutter is given by Price [17] which is insensitive to
damping errors but very sensitive to frequency errors. A new flutter margin based on Jury’s stability criterion
[3] is developed for the discrete-time system and tested for nonstationary data; an extension to multimode
system is given in [4]. Comparison between flutter margin and other flutter prediction approaches can be
found in [13, 2].

The common approaches apply the flutter margin to predict the flutter boundaries in terms of air flow velocity
or dynamic pressure and that requires an identification procedure at many flight points, which can be com-
putationally expensive for large systems. Another flutter monitoring approach concerns the use of detection
algorithms based on monitoring small deviation in the modal parameters using a reference model [6]. Even
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Figure 1: Pitch-Plunge model

though performances of these algorithms depend on the quality of damping estimation, they always have a
much shorter response time than identification-based approaches. The present paper’s idea is to use a detec-
tion algorithm for monitoring the flutter margin variation in order to detect the flutter onset from simulated
aeroelastic data.

The paper is organized as follows. A description of the aeroelastic model used for the data simulation is firstly
given. Then, an analysis of the modal evolution following air velocity until instability is illustrated through
analytical and output-only subspace identification and the Zimmerman-Weisenburger’s flutter margin param-
eter is introduced. The last section is devoted to the integration of this flutter margin into a statistical damage
detection approach with the application of the CUSUM test.

2 Aeroelastic model

As the focus is on the study of a binary flutter mechanism, we have considered the common pitch-plunge
system [18, 14] shown in figure 1 to simulate aeroelastic data. The system represents a wing section and
is composed of a rigid airfoil suspended from a fixed object by a spring and the motion is limited to two
degree-of-freedoms: plunging h (vertical displacement) and pitching α (rotation as a change in the angle of
attack).

The aerodynamic loads in the structure are due to pressure and shear distribution in its surface and consist in
the lift force La (positive in the upward direction) and the pitching moment Ma (both applied on the center of
gravity in the one-quarter chord of the airfoil) that involve the plunge and the pitch motions. The governing
equations used to model the dynamics are:

maḧ + Sαα̈ + Chḣ + Khh = −La

Iαα̈ + Sαḧ + Cαα̇ + Kαα = Ma

(1)

where ma, Sα and Iα are the mass, static moment and the moment of inertia per unit span, Ch, Cα are
plunging and pitching damping coefficients, Kh, Kα are plunging and pitching stiffness coefficients. The
reader is referred to [19] for more details about the model.

An exact expression of the unsteady aerodynamic forces on an incompressible flow was determined with
linear potential theory of the wing section (Theodorsen 1935 [19]). It consists in the study of the air flow
around the wing shape which can be decomposed into a noncirculatory flow part when the air flow is parallel
to the structure and the circulatory flow part to take account of the discontinuity at the trailing edge of the

2
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wing (apparition of vortex). The noncirculatory part of the aerodynamic forces is:

LNC = ρπb2[ḧ + Uα̇− baα̈]

MNC = ρπb2[Uḣ + baḧ + U2α− (1/8 + a2)b2α̈]
(2)

The circulatory part is more complex to compute because the circulation is considered on an infinite bound
(application of the Kutta condition) and writes:

LC = 2ρπUbC(k)[Uα + ḣ + (1/2− a)bα̇]

MC = 2ρπUb2(a + 1/2)(C(k)− 1/2)[Uα + ḣ + (1/2− a)bα̇]
(3)

with ρ the fluid density per unit depth and U the air flow velocity. The function C(k) is called the
Theodorsen’s function and it relates the changes in the magnitude and phase of the unsteady aerodynamic
forces with the reduced frequency k = ωc̄

2U , where ω is the frequency of wing oscillation and c̄ is the wing
mean aerodynamic chord. The expression of the total aerodynamic charges is then:

La = LNC + LC

= ρπb2[ḧ + Uα̇− baα̈] + 2ρπUbC(k)[Uα + ḣ + (1/2− a)bα̇]
Ma = MNC + MC

= ρπb2[baḧ + (a− 1/2)Ubα̇− (1/8 + a2)b2α̈]

+ 2ρπUb2(a + 1/2)C(k)[Uα + ḣ + (1/2− a)bα̇]

(4)

For the sake of simplicity, an approximation of quasi-steady aerodynamic is commonly used and it consists
in:

• Setting the Theodorsen’s function C(k) to unity,

• Eliminating terms involving ḧ and α̈.

The quasi-steady aerodynamics hypothesis is applied to the paper’s model and it results from (1) and its
consequence in (4) the following expression of the aeroelastic system:(

ma Sα

Sα Iα

) (
ḧ
α̈

)
+

(
Ch 0
0 Cα

) (
ḣ
α̇

)
+

(
Kh 0
0 Kα

) (
h
α

)

= 2πρb

(
−[U2α + Uḣ + U(1− a)bα̇]

b[(a + 1/2)(U2α + Uḣ) + Ua(1/2− a)α̇]

) (5)

The numerical values of different parameters in (5) are taken from lab test bench experiments reported in
[18, 14].

3 Modal evolution with flow velocity

3.1 Model simulation

The fact that aerodynamic loads in (4) depends on plunge and pitch displacement and velocity illustrates an
energy transfer or coupling between the air flow and the wing. While no change occurs in the inertial forces,
the damping and elastic forces are modified with the aerodynamic contribution called the aerodynamically
induced forces. This aerodynamic contribution has a stabilizing effect until a certain air flow velocity where

3
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it causes the onset of flutter (dynamic instability). A preliminary computation of the flutter velocity can be
performed by following modal evolution of the aeroelastic model (5) when increasing flow velocity. Let’s

consider the state vector X =
[
h
α

]
and the following matrices:

M =
[
ma Sα

Sα Iα

]
, C =

[
Ch 0
0 Cα

]
,K =

[
Kh 0
0 Kα

]

D =
[
0 −2πρb
0 2π(a + 1/2)ρb2

]
, E =

[
−2πρb −2πρb2(1− a)

2π(a + 1/2)ρb2 2π(1/2− a)aρb3

]
The aeroelastic forces are supposed to be contaminated with an additive Gaussian white noise V and then
the model (5) writes:

MẌ + CẊ + KX = U2DX + UEẊ + V (6)

The state space representation of (6) writes:

Ż(t) = AZ(t) + W (t)
Y (t) = TZ(t)

(7)

with:

Z =
[
X

Ẋ

]
,W =

[
0

M−1V

]
, A =

[
0 I

−M−1(K − U2D) −M−1(C − UE)

]
,

T =
[
1 0 0 0
0 1 0 0

]
and Y (t) represents the continuous system output corresponding to simulated measurement.

In the state transition matrix A, we can notice the added damping and stiffness terms (called aerodynamic
damping and stiffness), proportional to the flow velocity U and its square U2. The natural wing modes are
then dependant of the aerodynamics and vary with the flow velocity; they are called "aeroelastic modes".

As the continuous state transition matrix A is known, an analytical computation can be done to determine
its eigenvalues λi, i = 1, 2 from which the modal frequencies and damping of the wing can be extracted for
each flow velocity U . Let βi = <(λi), ωi = =(λi), the modal frequency is fi = ωi

2π , and the modal damping
is di = − βi√

βi
2+ωi

2
.

The evolution of the two modal frequencies and damping with increasing flow velocity is plotted in Figure
2 and Figure 3 : the first is the plunge or bending mode and the second is the pitch or torsion mode. From
a certain velocity level, the coupling between the modal frequencies is clearly observed in Figure 2. This
coupling is also illustrated with the damping evolution in Figure 3, where the plunge mode damping is
decreased and the pitch is increased. Flutter occurs when one modal damping decreases close to zero at the
velocity Uflutter ' 11, 99m/s via the plunge mode. A detailed physical explanation of this binary flutter
mechanism is provided in [15].

3.2 The Zimmerman-Weisenburger flutter margin

The flutter margin techniques allow the prediction of the flutter speed based on the monitoring of some
stability criterion. The criterion analyzed in this paper is the Zimmerman-Weisenburger margin [12] which
is known to be a better stability indicator than the damping factor. It is based on the already mentioned
assumption of considering flutter as an unfavorable interaction between the two predominant dof’s of the

4
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Figure 2: Modal frequencies variation with air velocity

Figure 3: Modal damping variation with air velocity

system (h, α). More details about the development of this technique are given in the Appendix B. We will
limit herein to give the expression and apply it to the pitch-plunge system.

For λ1 = β1 ± iω1, λ2 = β2 ± iω2 the continuous eigenvalues of the system, define the flutter margin F as:

F = [
ω2

2 − ω1
2

2
+

β2
2 − β1

2

2
]
2

+ 4β1β2[(
ω2

2 + ω1
2

2
) + 2(

β2 + β1

2
)
2

]

− [(
β2 − β1

β2 + β1
)(

ω2
2 − ω1

2

2
) + 2(

β2 + β1

2
)
2

]
2 (8)

The condition of system stability is F > 0 and then the onset of flutter corresponds to F = 0. Figure 4 shows
that this condition is verified at the same velocity of damping decrease to zero. Moreover, the decrease of
the flutter margin with increased velocity is easier to predict than damping (quadratic in theory) and then the
flutter alarm can be set with a safe margin.

5
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Figure 4: Flutter margin variation with air velocity

4 Flutter margin monitoring

4.1 Output-only subspace identification

A subspace identification is applied to the discrete-time model corresponding to the model (7) outputs in
order to validate performances of the simulation. Details about the fundamentals of subspace identification
algorithms are given in [10]. The system eigenstructure is identified for the whole velocity range (from
U = 0 to 12 m/s) and the estimated modal frequencies, dampings and flutter margin are computed. Figure
5 and Figure 6 show the evolution of the estimated and true modal frequencies, dampings and flutter margin
with velocity. A good estimation is obtained for the different parameters especially for velocities larger than
U = 9 m/s. The simulated signals can be considered as eligible for tests of flutter onset detection. In
practice, the modal identification is known to be time consuming and its accuracy depends on the samples
signal size and the noise level. The use of detection algorithms for the flutter monitoring can be more
convenient than identification for an on-line procedure because of its shorter response time. In the following,
we explain a subspace-based detection test applied for monitoring flutter margin decrease.

4.2 Subspace-based residual for the flutter margin monitoring

In [6], a flutter detection algorithm has been proposed, based on statistical hypothesis testing of a damping
coefficient. In fact, this technique consists basically in monitoring changes in the nominal system eigen-
structure θ0 with a residual vector ζn(θ0) deduced from an output-only covariance-driven subspace-based
structural identification approach (more details are given in [8]) and defined as:

ζn(θ0) =
√

n vec(S(θ0)
T Ĥp+1,q) (9)

with Ĥp+1,q is the Hankel matrix built from the sensor measurement covariance matrices, S(θ0) is the left
kernel of the Hankel matrix (so that S(θ0)

T Ĥp+1,q = 0 for the nominal case), n is the size of signal samples
and vec is the column stacking operator. A scale-normalized residual ζ̄n(θ0) is considered:

ζ̄n(θ0) = ϑ(θ0)
T Σ(θ0)

−1ζn(θ0) (10)

6
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(a) (b)

Figure 5: a) Modal frequencies estimation, b) Modal damping estimation

Figure 6: Flutter margin estimation

with ϑ(θ0) is the residual sensitivity to modal changes and Σ(θ0) is the residual variance. The statistical test
is built on both ϑ(θ0) and Σ(θ0) to assess the significance of the changes w.r.t nominal case. From [8], it is
stated that a sensitivity analysis of residual through statistical tests allows to detect changes in the selected
parameter while taking account of uncertainties and noises.

In order to transform the problem from the eigenstructure to the flutter margin monitoring, we need to
modify the residual sensitivity and makes it dependent on F . The switch from a sensitivity related to the
eigenstructure ϑ(θ0) to a sensitivity related to the flutter margin F is performed by the multiplication with
Jacobian matrices. As the eigenstructure vector θ0 contains the discrete modes, a first Jacobian λdisc→λ is
required to move from discrete to continuous modes. Then, a second Jacobian λ→F is applied to move from
the continuous modes to the flutter margin F . Then, the sensitivity related to F writes:

ϑ(F0) = ϑ(θ0) λdisc→λ λ→F (11)

The flutter margin residual is then defined as:

ζ̄n(F0) = ϑ(F0)
T Σ(θ0)

−1ζn(θ0) (12)

The flutter margin expressed in (8) depends on two modes eigenvalues, so that for each pair λi, λi+1 (i =
1...m− 1, and m is the number of modes), the corresponding Jacobian block writes:

7
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λi,i+1→F =


∂βi

∂F
∂ωi
∂F

∂βi+1

∂F
∂ωi+1

∂F

 (13)

The general Jacobian matrix λ→F for m modes and r measurement (size of each mode shape) is:

λ→F =



∂β1

∂F 0 · · · 0
∂ω1
∂F 0 · · · 0
∂β2

∂F
∂β2

∂F 0 · · · 0
∂ω2
∂F

∂ω2
∂F 0 · · · 0

0 ∂β2

∂F
∂β2

∂F 0 · · · 0
· · ·
· · ·
· · ·
· · · ∂βm−1

∂F 0
· · · ∂ωm−1

∂F 0
0 · · · 0 ∂βm

∂F
∂βm

∂F

0 · · · 0 ∂ωm
∂F

∂ωm
∂F

0 I2mr



(14)

The Jacobian components computation for the pitch-plunge system is given in the Appendix C.

The sensitivity, variance and kernel matrices are computed once for a reference data. For each new config-
uration, the residual is determined using the reference matrices and a Hankel matrix from new data. The
residual in [8] is covariance-driven. For an online procedure, the residual should be data-driven, i.e. directly
computed from measurement data as follows [6, 9]:

ζ̄n(d0) =
n−p∑
k=q

Zk(d0)/
√

n

Zk(d0) = ϑ(d0)
T Σ(θ0)

−1 vec(S(θ0)
T Y +

k,p+1Y
−T
k,q )

(15)

with Y +
k,p+1 =

 Yk

· · ·
Yk+p

 , Y −k,q =

 Yk

· · ·
Yk−q+1


4.3 Flutter detection with CUSUM test

The on-line monitoring of flutter margin variation in the detection framework is based on statistical hypothe-
sis test on the residual. For the damage detection problem, a χ2-test is used to monitor the small deviation of
ζn(θ0) (computation of the likelihood ratio) and make decision about the significance of its difference from
zero. More specifically, the residual is supposed to have a Gaussian distribution with zero mean under the
safe configuration and a mean change algorithm is designed with an asymptotic local approach.

The flutter monitoring problem is considered as the flutter margin decreases below a fixed critical value. As
already applied for the damping [6] and the frequency coupling [9]; the statistical CUSUM test [7] is more
suitable to perform tests for increasing and decreasing flutter margin based on the cumulative sum control
chart.

The tests for a decreasing and increasing flutter margin are formulated respectively in (16) and (17):

8
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Figure 7: Cusum test for the flutter margin variation

S(−)
n = Σ̄−1/2

n−p∑
k=q

(Zk + νm)

T (−)
n = max

q≤k≤n−p
S

(−)
k

g−n = T (−)
n − S(−)

n , g−n ≥ γ

(16)

S(+)
n = Σ̄−1/2

n−p∑
k=q

(Zk − νm)

T (+)
n = max

q≤k≤n−p
S

(+)
k

g+
n = T (+)

n − S(+)
n , g+

n ≥ γ

(17)

where νm is the minimum magnitude of change in Zk and γ is the threshold for the decreasing and increasing
tests.

Both tests are run in parallel and the sum S
(+/−)
n and T

(+/−)
n are reset to zero at each test firing. A switch

to the other test is done at each test firing. In the following, we present an experience with simulated signals
of the aeroelastic model (5) that illustrates the performance of the CUSUM test for monitoring the flutter
margin parameter.

4.4 Application of the CUSUM test to the aeroelastic model

From the aeroelastic model (5) and given a white noise input, a simulated measurement database is built
for the following flow velocities U={1, 3, 5, 7, 9, 11, 11.5, 11.9 m/s} (the flutter velocity is already known
from modal analysis as Uflutter ' 11, 99 m/s). The reference configuration, where the residual sensitivity,
variance and left kernel are computed, is taken at U = 5 m/s (far enough from the flutter) for a samples
size n = 20000 points (an off-line step). Then, a samples size n = 10000 points is taken for each velocity
configuration and the CUSUM test is run. Test results for monitoring a drop in the flutter margin are shown
in figure 7. The test targets to determine the alarm time for a flutter margin below a critical value (fixed with
νm and γ). The reaction of the test can be clearly observed through the increase of statistic value g−n (red
lines) with increasing velocity especially from the velocity U = 11.5 m/s and the alarm time is launched
during the U = 11.5 m/s time series. Once the test fires, a switch to the increasing flutter margin test occurs
(blue lines) which has no reaction (because we are still in the critical flutter zone). The test threshold is
selected empirically from statistic values range so that the alarm time is detected with a safe margin from the
flutter velocity. Obviously an automatic threshold selection would be an interesting improvement.

9
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5 Conclusion

An aeroelastic model for a wing section is studied in this paper to analyze the flutter phenomenon resulting
from two modes interaction. Simulation model data were assessed with output-only subspace identification
and a progressive flutter onset is illustrated with increasing flow velocities. The flutter margin, a measure of
two modes interaction, is coupled with a subspace-based residual and used for a flutter detection procedure
with the CUSUM test. The test gives a good reaction as the flutter margin decreases and confirms the interest
of this indicator in flutter monitoring. In further works, improvements to the model will be considered with
multi-dof structure and turbulence modeling.
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A Nomenclature

a nondimentional distance from the midchord to the elastic axis
A, T continuous state transition matrix and observation matrix
b semichord of wing
Ch, Cα structural plunging and pitching damping coefficients
C(k) Theodorsen’s Function
c̄ the wing mean aerodynamic chord
di modal damping of ith mode
F the flutter margin
fi modal frequency of ith mode
g+
n , g−n cumulative sum test statistics

h vertical displacement of elastic axis
Ĥp+1,q the Hankel matrix
Iα moment of inertia
 the Jacobian matrix
k the reduced frequency
Kh,Kα structural plunging and pitching stiffness coefficients
La the lift force
LC ,MC circulatory part of aerodynamic forces
LNC ,MNC noncirculatory part of aerodynamic forces
m the number of modes
ma mass of the wing
Ma the pitching moment
n the size of signal samples
S the left kernel of the Hankel matrix
S+

n , S−n cumulative sums
Sα static moment
T+

n , T−n maximum value of S+
n , S−n

U air flow velocity
V Gaussian white noise
vec the column stacking operator
Y, Yk continuous and discrete measurement vectors
Y +

k,p+1, Y
−
k,q p future and q past measurement vectors stacked on top of each other

Z,W continuous state vector and state noise
α pitching motion of the wing
βi, ωi the real and imaginary part of the the ith mode
γ the threshold for test g+

n , g−n
ζn, ζ̄n the residual vector and the scale-normalized residual vector
θ0 the nominal system eigenstructure
ϑ the residual sensitivity
λdisc the discrete eigenvalues
λi the continuous eigenvalue of the ith mode
νm the minimum magnitude change
ρ fluid density per unit depth
Σ, Σ̄ the residual variance and the scale-normalized residual variance
ω the frequency of wing oscillation
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B Flutter margin

For the two dof’s system (1), the plunge motion can be expressed as:

h(t) =
4∑

j=1

h0je
λjt (18)

where h0j are constants and λj are the four roots that represent the continuous eignevalues of the system:
λ1 = β1 + iω1, λ2 = β2 + iω2, λ̄1 and λ̄2. The characteristic equation is expressed as follows:

λ4 + A3λ
3 + A2λ

2 + A1λ + A0 = 0 (19)

Then, the coefficients of this equation can be identified as:

A3 = −2(β1 + β2)

A2 = (β2
1 + ω2

1) + (β2
2 + ω2

2) + 4β1β2

A1 = −2[(β1(β2
2 + ω2

2) + β2(β2
1 + ω2

1)]

A0 = (β2
1 + ω2

1)(β
2
2 + ω2

2)

(20)

The flutter onset corresponds to the instability condition: β1 = 0 or β2 = 0. The routh’s stability criterion
leads to express this condition with the following relation:

(
A2

2
)2 −A0 − [

A2

2
− A1

A3
]2 = 0 (21)

The flutter margin is defined as F = (A2
2 )2 − A0 − [A2

2 − A1
A3

]2 with F = 0 at the flutter onset and F > 0
otherwise. Plugging (20) into (21) leads to the expression (8).

C Flutter margin Jacobian

We detail the calculation of the component ∂β1

∂F of the flutter margin Jacobian block. The other block com-
ponents ∂ω1

∂F , ∂β2

∂F and ∂ω2
∂F are computed in an analog manner. The flutter margin expression in (8) can be

written as:

(β2 + β1)2F = (β2 + β1)2[
ω2

2 − ω1
2

2
+

β2
2 − β1

2

2
]
2

+ 4β1β2(β2 + β1)2[(
ω2

2 + ω1
2

2
) + 2(

β2 + β1

2
)
2

]

− ([(β2 − β1)(
ω2

2 − ω1
2

2
) + 2(

β2 + β1

2
)
2

])2

(22)

(22) can be expressed as 5th order polynomial in β1:

β2 β5
1 +

14
4

β2
2 β4

1+[5β3
2 + 2(ω2

1 + ω2
2)β2] β3

1 + [
14
4

β2
2 + 4(ω2

1 + ω2
2)β

2
2)− F ] β2

1 + [β5
2 + 2(ω2

1 + ω2
2)β

3
2

+ 4(
ω2

2 − ω2
1

2
)2β2 − 2Fβ2] β1 − Fβ2

2 = 0
(23)

(23) is set as:
P (β1) = B5β

5
1 + B4β

4
1 + B3β

3
1 + B2β

2
1 + B1β1 + B0 = 0 (24)
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Then ∂β1

∂F is directly obtained with the partial derivative of P (β1) w.r.t F.

∂P (β1)
∂F

= 0

∂β1

∂F
=

(β1 + β2)2

5A5β4
1 + 4A4β3

1 + 2(A2 − F )β1 + A1 − 2Fβ2

(25)
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Abstract
This paper addresses the identification of random field models for elastic material properties of heteroge-
neous solids. The data used in the inversion are measured frequency-dependent phase velocities of elastic
waves travelling through heterogeneous specimens. The unknown field to be identified is parameterized by a
small set of dispersion parameters and spatial correlation lengths. A mathematical model of the mechanical
behaviour of the specimens is built to predict the measurements. The maximum likelihood principle is then
used to set up an optimization problem for the estimation of the parameters of the random field model.

1 Introduction

The numerical modelling of the macro-scale dynamical behaviour of structures made up of materials with
a complex and heterogeneous microstructure is a subject of great research interest. Typical applications
include, for instance, the seismological modelling of the interaction of seismic wavefields with geological
inhomogeneities to investigate wave attenuation and traveltime fluctuations [1]. In structural health moni-
toring, the propagation and scattering of ultrasound in heterogeneous concrete and composite materials is
studied to develop new techniques for characterizing damage [2]. In biomechanics, the characterization of
the microstructure of cortical bones from ultrasonic wave experiments is anticipated [3].

Much work on the mechanics of materials has focused on homogenisation, where so-called effective prop-
erties are determined that reflect in some global sense the dynamical response of specimens of the material
to external loads. These averaged properties are typically identified from classical laboratory tests (e.g.
compression tests on concrete cylinders), but may also be estimated from numerical simulations (see, for
instance, [4, 5]).

More recently, multi-scale approaches have been proposed to account for the micro-mechanical behaviour
of the materials. Adaptive modelling strategies have been proposed using a posteriori error estimates to
determine what level of sophistication (or, scale) is needed in different subdomains of the structures under
study (see, for instance, [6]).

A fundamental difficulty in connection with these last approaches is that, when a micro-scale model is set up
for a real case, it may be confronted to an imperfect knowledge of the three-dimensional field of local material
properties. Stochastic approaches have therefore been proposed, accommodating these data uncertainties by
modelling the fields of material properties by random fields (see, for instance, [7]).

Soize [8] has recently proposed a class of random field models, which, while verifying the necessary math-
ematical properties of probabilistic structural models, are parameterized only by a small set of dispersion
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parameters and spatial correlation lengths. Such models are well-adapted to their eventual experimental
identification: since only few parameters must be identified, a well-posed inverse problem is obtained even
when little experimental information is available.

This communication will focus on the experimental identification of probabilistic random field models of
this kind from measured elastic waves travelling through heterogeneous specimens. Chernov [9] has already
considered the identification of statistical medium characteristics from the spatial correlation of measured
phase fluctuations. Similarly, in the time domain, Kravtsov et al. [10] have considered their inversion from
measured traveltime variances. In this paper, it is proposed to base the identification on the fluctuations of
measured dispersion characteristics.

1.1 A model problem

This communication will confine itself to a simple theoretical example to illustrate the main ideas. It is
assumed that a collection of similar, but not perfectly identical, bars is under study. Each undeformed bar is
endowed with a local right-handed Cartesian reference frame (x, y, z) with origin o, wherein it occupies the
box-shaped region

Ω =
{
0 ≤ x ≤ L, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1

}
⊂ R3. (1)

The bars are made up of an imperfectly known material with a complex and heterogeneous microstructure.
At the left edge Γ(x = 0), all bars are supported by the same damper with impedance µ to absorb outgoing
waves.

The model problem consists in the construction and identification of a random field model for the local
material properties of the bars in such a way that a probabilistic structural model for these bars, built on
the basis of that random field model, is able to reproduce their macro-scale dynamical behaviour in a fixed
frequency band of analysis

B = [ωmin, ωmax], 0 < ωmin < ωmax. (2)

It should be stressed that the choice of B constitutes a key point of the methodology. The objective is
not to obtain a random field model reproducing the material properties of the bars at any desired micro-
scale. Rather, the goal is to obtain, by means of that random field model, a probabilistic structural model
reproducing the dynamical behaviour of the bars at least at the macro-scale fixed by B.

The material inhomogeneity affects both the amplitude and the phase of waves propagating in the bars. Gen-
erally, the random field model must therefore be identified so that both the amplitude and phase fluctuations
are modelled suitably. As a first step to the development of a more general methodology, this communication
considers only the phase fluctuations.

To obtain an experimental data set, measurements are performed on a representative subset of nR bars.
At the right edge Γ(x = 0), each bar is excited by the same time-dependent uniformly-distributed pres-
sure pulse pext(t), chosen so that all frequencies in B are excited. The response of each bar is measured
in two experimental degrees of freedom (DOFs): two sensors, located at the positions x1 = (x1, 0, 1)
and x2 = (x2, 0, 1) with ∆x = x2−x1, are used to measure the axial displacement component of the source-
generated wavefield. Let the corresponding observed responses be denoted by uobs

r (x1, t) and uobs
r (x2, t).

The time-domain data are transformed into the frequency domain by means of the Fourier transform to ob-
tain uobs

r (x1, ω) and uobs
r (x2, ω). Let φobs

r (ω) be the unwrapped phase shift between the two receivers, i.e.
the phase difference without artificial 2π-phase jumps [11]:

φobs
r (ω) = arg

uobs
r (x1, ω)

uobs
r (x2, ω)

(3)

The phase shift φobs
r (ω) is then postprocessed to a phase velocity as follows:

vobs
r (ω) =

ω∆x

φobs
r (ω)

(4)
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Generally, the observed wavefield is constituted of multiple forward and backward propagating waves re-
flected upon, and transmitted through, the heterogeneities. Hence, the velocity obtained in (4) does not
correspond to a single time-harmonic wave and must therefore be considered as only an apparant phase
velocity reflecting contributions of several waves.

If the bars under study were made up of a homogeneous linear elastic isotropic material with Young’s
modulus E and mass density ρ, then vobs

r (ω) would correspond to the non-dispersive compression wave
velocity vP =

√
E/ρ. In contrast, in heterogeneous bars, the material inhomogeneities cause dispersion

phenomena: the phase velocity depends on the relative scale of the wavelength and the characteristic size
of the heterogeneities (see, for instance, [12]). Therefore, the choice for this frequency domain analysis
seems to be reasonable: by decomposing the measured wavefield into a spectrum of steady state waves, the
frequencies that are sensitive to the material inhomogeneity can be identified and, subsequently, related to
the characteristic scale of the heterogeneities.

To predict the measurements, a one-dimensional probabilistic structural model of the bars is built. The
constituting material is modelled by a linear locally-isotropic visco-elastic material without memory. The
viscosity modulus and the mass density of all bars are modelled by homogeneous values. The Young’s mod-
ulus of the bars is modelled by a random field parameterized by a spatial correlation length and a dispersion
parameter. The thus obtained probabilistic model then allows defining a probability law for the possible
values of the measured phase velocities.

The goal of this article is the definition of a distance between that probability law and the measured phase
velocities in the data set. It is proposed to build this distance on the basis of the maximum likelihood
principle (see, for instance, [13, 14]). The minimization of the obtained distance then allows estimating the
parameters of the random field model. The article is organized as follows. The structure of the data set and
the probabilistic model are set up in section 2. Then, the distance is formulated in section 3. Computational
issues are discussed in section 4. Finally, an illustration is presented in section 5.

.

2 The data set and the probabilistic model

2.1 The data set

The data set is assumed to consist of time-sampled responses measured in the 2 sensors for nR different
bars. The time-sampled data are transformed into the frequency domain by means of the discrete Fourier
transform (DFT), to obtain:

{uobs
r (x1, ω`), uobs

r (x2, ω`) | 1 ≤ ` ≤ nF, 1 ≤ r ≤ nR} (5)

where {ω` | 1 ≤ ` ≤ nF} is the set of nF discrete frequencies in the frequency band under study B. The
measured phase velocity at the frequency ω` for the r-th bar is then:

vobs
r (ω`) =

ω`∆x

arg
(
uobs

r (x1, ω`)/uobs
r (x2, ω`)

) (6)

The data set obtained by this procedure is denoted by D and given the generic structure:

D = {vobs
r (ω`) | 1 ≤ ` ≤ nF, 1 ≤ r ≤ nR} ∈ RnF×nR (7)

2.2 The probabilistic model

The probabilistic model is built on the basis of a deterministic model for the dynamical analysis of the bars.
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2.2.1 The deterministic initial-boundary value problem

The deterministic initial-boundary value problem is formulated as finding the axial bar displacement u(x, t)
such that ∀x ∈ [0, L] and ∀t ∈ T :

∂

∂x

(
E(x)

∂u

∂x

)
+ η

∂3u

∂x2∂t
= ρ

∂2u

∂t2
in [0, L]× T , (8)

with the boundary conditions

σ[u] = pext(t) on Γ(x = L)× T , (9)

σ[u] = µu̇1 on Γ(x = 0)× T , (10)

and with the initial conditions

u(x, 0) = 0 in [0, L], (11)

u̇(x, 0) = 0 in [0, L]. (12)

The pressure pext(t) is assumed to be a square-integrable function on T . The homogeneous viscosity mod-
ulus η and mass density ρ, the impedance µ and the heterogeneous Young’s modulus E(x) are assumed to
verify the usual positivity properties.

2.2.2 The deterministic variational formulation

The space V ([0, L]) of admissible displacement fields is defined as:

V ([0, L]) =
{
v(x) ∈ H1([0, L], R)

}
(13)

The deterministic variational formulation consists of finding a function t 7→ u(x, t) with values in V ([0, L])
such that ∀w ∈ V ([0, L]) and ∀t ∈ T :

k(u, w) + d(u̇, w) + m(ü, w) = f(w; t) (14)

and the initial conditions (11)-(12) are verified. The bilinear forms of stiffness, damping and mass are defined
by:

k(w1, w2) =
∫ L

0
E(x)

∂w1

∂x

∂w2

∂x
dx (15)

d(w1, w2) =
∫ L

0
η
∂w1

∂x

∂w2

∂x
dx + µw1(0)w2(0) (16)

m(w1, w2) =
∫ L

0
ρw1w2dx (17)

The linear form representing the external force is defined by:

f(w; t) = pext(t)w(L) (18)

It can be shown (see, for instance, [15]) that the problem defined by (14) with (11)-(12) is well-posed [16]
in the sense that its solution exists, is unique and depends continuously on the data (initial conditions and
applied forces).
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2.2.3 The random field model

The probabilistic structural model is built on the basis of a random field model for the Young’s modulus.
Since the bar response depends non-linearly on the material properties, the complete system of marginal
laws of this random field must be defined and it is not sufficient to specify, for instance, only the second
order moments. Moreover, it must be defined so that the resulting probabilistic model fulfils the essential
mathematical properties of structural models. First, the sample paths of the random field must be a.s. strictly
positive functions. The probabilistic model then inherits the properties of the deterministic model and, in
view of paragraph 2.2.2, is a.s. well-posed. Second, the random field must be defined so that the random bar
response has finite mean energy.

It is now recalled how such a random field model is built along Soize [8]’s principle of construction. It is
assumed that the strictly positive mean value E(x) of the random field is known. The random field to be
defined is then written as follows:

E(x; `C, δ) = N(x; `C, δ)E(x) (19)

where the normalized random field N(x; `C, δ) is parameterized by a correlation length `C and a dispersion
parameter δ. Random field N(x; `C, δ) is written as a transformation of an underlying Gaussian random
field G(x; `C):

N(x; `C, δ) = h
(
G(x; `C); δ

)
(20)

where h(·; δ) is the transformation function.

The random field G(x; `C) is defined on the probability measure space (A, T , P ), indexed on R (for the
later construction of the probabilistic structural model of the bar, only the restriction of this random field
to the finite interval [0, L] is needed), valued in R, of the second order, mean-square continuous, station-
ary, Gaussian, centred and has unit standard deviation. The autocorrelation function ζ 7→ R(ζ; `C) =
E {G(x + ζ; `C)G(x; `C)} (where E {·} is the mathematical expectation) and the associated power spectral
density function S(κ; `C) are chosen as [8]:

R(ζ; `C) = sinc2

(
ζ

2`C

)
S(κ; `C) =

`C

π
4
(

κ`C

π

) (21)

where 4 is the triangle function:

4(0) = 1, 4(−τ) = 4(τ) and 4(τ) = 1− τ for τ ∈ [0, 1] (22)

It follows [8] from the choice (21) that G(x; `C) has a.s. continuous sample paths.

The function h(·; δ) is chosen such that ∀x, N(x; `C, δ) is a gamma random variable with mean 1 and standard
deviation δ. Hence, in view of the inverse probability transform:

h(·; δ) : R → R+
0 : u 7→ h(u; δ) = F−1

Γ

(
FN (u); δ

)
(23)

where FN and FΓ(·; δ) are the cumulative distribution functions of the normalized Gaussian random variable
and of the gamma random variable with mean 1 and standard deviation δ, respectively.

On the basis of the continuity of the sample paths of G(x; `C) and of the asymptotic properties of h(·; δ), it
can be shown [8] that N(x; `C, δ) has the following fundamental property:

E


(

sup
x∈[0,L]

∣∣∣∣N(x; `C, δ)−1
∣∣∣∣)2

 < +∞ (24)
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2.2.4 The stochastic variational formulation

The stochastic space of admissible random displacement fields is the vector space L0
(
A, V ([0, L])

)
of ran-

dom variables defined on (A, T , P ) with values in V ([0, L]).

The stochastic variational formulation consists of finding a random process t 7→ U(x, t; `C, δ) defined
on (A, T , P ), indexed on T and with values in V ([0, L] such that ∀W(x) ∈ L0

(
A, V ([0, L])

)
and ∀t ∈ T :

K(U, W; `C, δ) + c(U̇, W) + m(Ü, W) = f(W; t) a.s. (25)

with:

U(x, 0; `C, δ) = 0 a.s. (26)

U̇(x, 0; `C, δ) = 0 a.s. (27)

and in which the random bilinear form of stiffness is defined by:

K(w1, w2; `C, δ) =
∫ L

0
E(x; `C, δ)

∂w1

∂x
(x)

∂w2

∂x
(x)dx (28)

Since the sample paths of E(x; `C, δ) are a.s. strictly positive functions, the stochastic variational formulation
inherits the properties of the underlying deterministic variational formulation. It is a.s. well-posed [16], in
the sense that its solution exists, is unique and depends a.s. continuously on the data (initial conditions and
applied force).

On the basis of property (24), it can be shown (along the lines of a similar proof given in [17]) that the
solution U(x, t; `C, δ) has finite mean energy, i.e. ∀t ∈ T :

E

{∫ L

0
|U(x, t; `C, δ)|2 dx +

∫ L

0

∣∣∣∣∂U(x, t; `C, δ)
∂x

∣∣∣∣2 dx

}
< +∞ (29)

E

{∫ L

0

∣∣∣U̇(x, t; `C, δ)
∣∣∣2 dx

}
< +∞ (30)

2.2.5 The random phase velocities

The solution U(x, t; `C, δ) of the stochastic variational formulation is transformed into the frequency domain
to obtain a random process U(x, ω; `C, δ), defined on (A, T , P ), indexed on R and with values in H1([0, L], C).
Subsequently, analogously to (3)-(4), the random phase velocity is obtained as:

V(ω; `C, δ) =
ω∆x

arg
(
U(x1, ω; `C, δ)/U(x2, ω; `C, δ)

) (31)

where V(ω; `C, δ) is a stochastic process defined on (A, T , P ), indexed on R and with values in R.

The complete system of marginal laws of the stochastic process V(ω; `C, δ) is assumed to admit a system of
marginal probability density functions (PDFs). The n-th order marginal PDF is denoted by θ(n):

θ(n)(·, . . . , · | ω1, . . . , ωn; `C, δ) : Rn → R : (v1, . . . , vn) 7→ θ(n)(v1, . . . , vn | ω1, . . . , ωn; `C, δ) (32)

On assuming that V(ω; `C, δ) is of the second order, the correlation function g(ω1, ω2; `C, δ) of V(ω; `C, δ)
is defined by:

g(ω1, ω2; `C, δ) =
E {V(ω1; `C, δ)V(ω2; `C, δ)}

E
{
|V(ω1; `C, δ)|2

}
E
{
|V(ω2; `C, δ)|2

} (33)
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3 The probabilistic inverse problem

3.1 The maximum likelihood principle

The Maximum Likelihood Principle (MLP) is now briefly recalled. Let {xobs
r , . . . , xobs

nR
} be a set of samples

of a generic random variable X with values in R. Let the probability of the possible values of X be modelled
by a PDF ρ(x | p), parameterized by parameters p. The likelihood L(p) is then defined by [13, 14]:

L(p) =
nR∏
r=1

ρ(xobs
r | p) (34)

The MLP consists in identifying the parameter value p̂ at which L(p) attains its maximum as a function of p.
Intuitively, the MLP is a reasonable choice for an estimator: the parameters are identified for which the ob-
served sample is most likely. Moreover, the MLP has desirable optimality properties (see, for instance, [14]).

3.2 Restriction to the first- and second-order marginal laws

The objective of the inverse methodology has been defined in subsection 1.1 as identifying the random field
model for the material properties in such a way that the resulting probabilistic structural model is able to
reproduce the dynamical behaviour of the bars in the frequency band B. Generally, predictions of models
may differ from real observations not only due to ill-chosen data (e.g. material properties), but also due to
errors in the forward model (e.g. unmodelled non-linearities). Hence, the random field model to be identified
must reflect, in some sense to be defined, the combined influence of the data uncertainties and the modelling
errors.

Due to modelling errors, the probabilistic structural model (25) with (26)-(27), obtained by introducing
uncertainties only on the Young’s modulus, is expected to be unable to perfectly reproduce the dynami-
cal behaviour of the bars. Therefore, it seems to be reasonable to look for a distance between the model
predictions and the observations and, subsequently, to identify the model which minimizes that distance.

By analogy with (34), with reference to (7) and (32), this distance could be defined as minus the logarithm
of the likelihood of the parameters `C and δ of the random field model:

JnF(`C, δ) = − log L(`C, δ) = −
nR∑
r=1

log θ(nF)
(
vobs
r (ω1), . . . ; vobs

r (ωnF) | ω1, . . . , ωnF ; `C, δ
)

(35)

However, this approach does not seem useful in practice, due to a conceptual and a numerical difficulty.
The first difficulty is that, if nF is large, comparing the model predictions with the observations at all the
frequencies simultaneously amounts to employing a very stringent identification criterion: the probabilistic
model would be required to reproduce almost perfectly the dynamical behaviour of the specimens. Due to
modelling errors, the model is expected to be unable to do so. If nF is large, the observations are therefore
expected not to belong to the support of the nF-th order marginal PDF and the distance JnF is expected to
be infinite at all parameter values. The second difficulty is that, if nF is increased, the computational cost
associated to the numerical approximation of θ(nF) quickly becomes prohibitive.

To circumvent these difficulties, it is proposed to consider only the low-order marginal laws of the random
phase velocity, i.e. to disregard the high-order dependencies among realisations of the phase velocity at
different frequencies. Two distances J1 and J2 are proposed, respectively restricted to the first- and second-
order marginal laws. The distance between the predicted and observed phase velocities at each frequency, or
for each pair of frequencies, is defined on the basis of the likelihood function and a global distance over B is
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obtained by summation over the frequencies:

J1(`C, δ) =
−1
nF

nF∑
`=1

nR∑
r=1

log θ(1)
(
vobs
r (ω`) | ω`; `C, δ

)
(36)

J2(`C, δ) =
−1
n2

F

nF∑
k=1

nF∑
`=1

nR∑
r=1

log θ(2)
(
vobs
r (ωk), vobs

r (ω`) | ωk, ω`; `C, δ
)

(37)

The factors 1/nF and 1/n2
F allow J1 and J2 to remain bounded as nF tends to infinity. The logarithm has

the practical advantage that it strongly penalizes frequencies, or pairs of frequencies, at which the model is
not in good agreement with the observations. Moreover, if nR tends to infinity, the loglikelihood tends to
a relative entropy [18], which can be shown to be a suitable measure of the divergence between probability
laws (the reader is referred to, for instance, [19] for details on this point).

The distances J1 and J2 are expected not to suffer from the above-mentioned conceptual difficulty. Indeed,
J1 and J2 remain bounded if, only at each separate frequency, or only at each separate pair of frequencies,
the forward model is capable of adjusting the data (possibly differently at each frequency, or for each pair of
frequencies) to reproduce the observed phase velocities.

A priori, distance J2 seems to be more suitable than J1. The dependence of the phase velocity on the
frequency constitutes an essential characteristic of the wave propagation in the specimens (dispersion phe-
nomena, group velocity,...). Therefore, to obtain a representative structural model, it may not be appropriate
to use an identification criterion that completely neglects this dependence. Moreover, to identify a spatial
correlation length and a dispersion level representing, essentially, the material inhomogeneity, it seems de-
sirable that the employed distance is as sensitive as possible to these material characteristics. This point will
be further investigated in the numerical illustrations.

4 Numerical resolution

The numerical resolution of the stochastic variational formulation (25) with (26)-(27) necessitates the dis-
cretization of the space, the time and the random dimension.

4.1 Discretization of the space using the hp-version of the FEM

The hp-version of the Finite Element Method (FEM) is used to discretize the space (see, for instance, [20,
21]). The bar is meshed using 2-noded one-dimensional elements of equal length h. On each element, the
displacement field is approximated by a basis of Gauss-Lobatto (GL)-based polynomial shape functions of
degree p. The GL quadrature rule of order p is used to numerically approximate the elementary stiffness,
damping and mass matrices. Convergence is achieved by diminishing the element size and increasing the
polynomial order.

The main advantage of the hp-version of the FEM is its precision. The quality of the numerical solution of a
wave propagation problem by the FEM is known to depend significantly on the wavenumber k. Usually, some
fixed number of elements per wavelength is therefore used to obtain a sufficient accuracy. Unfortunately, for
constant kh, the errors of the FE solution increase quickly with the wavenumber k (the pollution effect). The
pollution effect is directly related to the dispersion error, i.e. the effect whereby the discretized model fails to
propagate waves at the correct speed, resulting in phase leads or lags in the numerical approximation. It has
been shown [22, 23] that, by increasing p, higher-order elements control the pollution and dispersion error
well.

The use of the GL-quadrature rule of order p results in underintegrated elementary mass matrices, even if the
mass density is homogeneous, and may result in underintegrated elementary stiffness matrices if the Young’s
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modulus is heterogeneous. It has been shown [24] that, for one-dimensional problems, these quadrature
errors do not affect the optimality of the numerical scheme, i.e. do not adversely affect the convergence rate,
on the condition that the material properties are sufficiently smooth functions of the position.

4.2 Discretization of the time using the Newmark integrator

The Newmark time integration algorithm in its central difference version is used (see, for instance, [25]).
The time step is adjusted so as to verify the Courant stability condition.

4.3 Discretization of the random dimension by Monte Carlo simulation

The random dimension is discretized by Monte Carlo simulation (see, for instance, [26]). A typical com-
putation of the distances J1 and J2 for a fixed value of `C and δ then proceeds as follows. First, a set of
discretized sample-paths of the random field G(x; `C) is generated by spectral representation (see, for in-
stance, [27]). Then, the corresponding set of sample paths of the random field E(x; `C, δ) is computed using
the transformation function h(·; δ) and (19). Subsequently, the FE model and the time integrator are used
to compute the corresponding set of realisations of the random wavefield U(x, t; `C, δ) and, analoguously
to (3)-(4), of the random phase velocity V(ω; `C, δ). Finally, the marginal PDFs θ(1) and θ(2) are estimated
using a numerical density estimator (see, for instance, [28]) and the distances J1 and J1 are obtained by
summation over the frequencies.

5 Illustration

5.1 Problem setting

This section presents several numerical results obtained with the above-presented probabilistic structural
model. First, the effect of the material inhomogeneity on the random phase velocity is investigated. Subse-
quently, the two distances are tested on an example featuring simulated data.

Consider the problem configuration given in subsection 1.1. Let the bar length L be equal to 50 m and the
two sensors be located at the positions x1 = 26 m and x1 = 38 m. Let B =]0, ωmax] be the frequency band
of interest, where ωmax = 2πfmax and fmax is 1000 Hz. Let T = [0, 1 s] be the time interval of analysis.
Finally, let the pressure pulse pext(t) be Gaussian

pext(t) = exp
(
−1

2
(t− τ)2

α2

)
, (38)

with τ=12E-4 s and α=6E-4 s. The numerical prediction model is built on the basis of the following char-
acteristics. The homogeneous mass density ρ and viscosity modulus η are taken 2500 kg/m3 and 2E8 Pa.s,
respectively. The mean value of the Young’s modulus E(x) is chosen to be homogeneous and equal to
E=27E9 Pa. The impedance µ of the damper is set to µ = ρ

√
E/ρ. The parameters of the FE discretiza-

tion are h = 0.5 m and p = 10. The time step of the Newmark integrator is chosen differently for each
heterogeneous bar so as to verify the stability condition. The Monte Carlo simulations are based on 200
samples.

5.2 The wave propagation in homogeneous and heterogeneous bars

Figure 1a compares the wavefront propagating in a homogeneous bar (with Young’s modulus set to E)
with the wavefronts propagating in several heterogeneous bars (realisations of a random heterogeneous bar
with `C = 2 m and δ = 0.2). In the homogeneous bar, the wavefield comprises a single pulse propagating
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Figure 1: (a) The axial velocity at t = 0.0103 s and (b) the phase velocity for a homogeous bar (thick green
line) and for 5 samples of a random heterogeneous bar with `C = 2 m and δ = 0.2 (thick red line and thin
grey lines).

from the right to the left edge. In contrast, in the heterogeneous bars, the direct wave is accompanied by
several minor waves reflected upon, and transmitted through, the heterogeneities.

Figure 1b shows the phase velocities obtained by postprocessing these wavefields following (3) and (4). The
phase velocity obtained from the sensors located on the homogeneous bar does not depend on the frequency
and is equal to the compression wave velocity vP =

√
E/ρ = 3286 m/s.

For the heterogeneous bars, the material inhomogeneity causes dispersion phenomena. At low frequencies
below about 400 Hz, the propagating waves interact strongly with the heterogeneities (back- and forward
scattering) and the phase velocity oscillates heavily. In contrast, at high frequencies, the ratio of the wave-
length and the characteristic size of the heterogeneities is smaller and the waves act, locally, as if they were
propagating through a homogeneous medium (forward scattering). The high-frequency phase velocity is
therefore a much more regular function of the frequency. Its value is strongly related to the average of the
local wave velocity between the two receivers.

5.3 The influence of the correlation length on the random phase velocity
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(b) `C = 5 m.

Figure 2: The power spectral density function S(κ; `C) of the random field G(x; `C) for (a) `C = 2 m
and (b) `C = 5 m.
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It is reasonably expected that the dispersion level δ of the random Young’s modulus is directly related to the
standard deviation of the random phase velocity. The effect of the correlation length `C is less intuitive. In
this subsection, the influence of `C on the random phase velocity is therefore investigated.

Figure 2 shows the power spectral density function S(κ; `C) of the random field G(x; `C) for `C = 2 m
and `C = 5 m. For `C = 5 m, the power of G(x; `C) is distributed over harmonics with wavelength larger
than 10 m (wavenumber smaller than π/`C). In contrast, for `C = 2 m, the power is distributed over a broader
range of harmonics with wavelength, this time, larger than 4 m.
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(a) `C = 2 m and δ = 0.2.
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(b) `C = 5 m and δ = 0.2.

Figure 3: The homogeneous Young’s modulus E (thick green line) and 5 sample paths of the random het-
erogeneous Young’s modulus E(x; `C, δ) (thick red line and thin grey lines) with (a) `C = 2 m and δ = 0.2
and (b) `C = 5 m and δ = 0.2.

Figure 3 shows several sample paths of the random field E(x; `C, δ) for `C = 2 m and δ = 0.2 and for `C =
5 m and δ = 0.2. The sample paths for `C = 2 m are observed to have a higher wavenumber content than
those for `C = 5 m, in that they oscillate more rapidly as a function of the position.
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(a) `C = 2 m and δ = 0.2.
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(b) `C = 5 m and δ = 0.2.

Figure 4: A sample path of the random axial velocity U̇(x, t; `C, δ) with (a) `C = 2 m and δ = 0.2
and (b) `C = 5 m and δ = 0.2.

Figure 4 shows a sample path of the random wavefront propagating in a random heterogeneous bar with `C =
2 m and δ = 0.2 and with `C = 5 m and δ = 0.2. The minor waves that accompany the initial pulse are
observed to have a higher wavenumber content for `C = 2 m than for `C = 5 m.

Figure 5 shows 50 sample paths of the random phase velocity V(ω; `C, δ) for `C = 2 m and δ = 0.2 and

GROUND VIBRATIONS 1695



0 200 400 600 800 1000
2000

2500

3000

3500

4000

Frequency [Hz]

Ph
as

e 
ve

lo
ci

ty
 [

m
/s

]

Inhomogeneous bar: sample path 1
Homogeneous bar

(a) `C = 2 m and δ = 0.2.
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(b) `C = 5 m and δ = 0.2.

Figure 5: The homogeneous compression wave velocity (thick green line) and 50 sample paths of the random
phase velocity V(ω; `C, δ) (thick red line and thin grey lines) with (a) `C = 2 m and δ = 0.2 and (b) `C = 5 m
and δ = 0.2.

for `C = 5 m and δ = 0.2. For `C = 2 m, the phase velocity is observed to oscillate heavily in the frequency
range below about 400 Hz. In contrast, for `C = 5 m, these heavy oscillations only occur at low frequencies
below about 200 Hz, or, equivalently, at smaller wavenumbers.

The results obtained in this subsection indicate that the wavenumber content of the random Young’s modu-
lus, controlled by `C, is directly related to the wavenumbers (hence, frequencies) at which the propagating
wavefield strongly interacts with the heterogeneities. In the time domain, these interactions result in minor
back- and forward propagating waves accompanying the initial pulse. In the frequency domain, the random
phase velocity oscillates strongly at these frequencies. At the `C-dependent high frequencies where there are
no such interactions, the random phase velocity behaves very regularly.

On the basis of these observations, it is expected that distance J2 is more sensitive to the effect of `C than
distance J1. Indeed, distance J2 accounts for the dependence of the random phase velocity among the
frequencies and is therefore sensitive to whether the phase velocity is oscillating or behaves very regularly
as a function of the frequency. This point constitutes a first argument in favour of distance J2.

5.4 Resolution of the probabilistic inverse problem

To test the two distances, a data set of form (7) is synthetically generated with the probabilistic structural
model. It consists of 5 sample paths (hence, nR = 5) of the random phase velocity V(ω; `C, δ) for `C = 2 m
and δ = 0.2.

Figure 6 shows the distances J1 and J2, applied to that data set. Both the distances attain a global minimum
at `C = 2 m and δ = 0.2. Hence, the probabilistic structural model with these parameters is optimal in the
sense of both the distances.

Whereas `C = 2 m and δ = 0.2 constitute the global minimum of J1, figure 6 shows a drawback of J1, in
that it has other local minima. This point constitutes a second argument in favour of distance J2.

6 Conclusions and directions for future work

This communication has investigated how random field models for the micro-structure of complex and het-
erogeneous materials can be identified from measured frequency-dependent phase velocities of elastic waves
travelling through heterogeneous specimens.
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Figure 6: The distances (a) J1(`C, δ) and (b) J2(`C, δ).

Two distances between the observed and modelled phase velocities have been formulated, respectively ac-
counting for the first- and the second-order marginal laws of the modelled random phase velocity. The
numerical illustrations have shown that the wavenumber content of the fluctuating material properties and,
hence, their spatial correlation is clearly reflected in the shape (oscillating or regular) of the random phase
velocities as a function of the frequency. Moreover, in a simple application, the distance restricted to the
first-order marginal law has shown multiple local minima. For these two reasons, the distance accounting for
the second-order marginal law should be favoured.

The numerical illustrations have focussed on investigating the influence of the correlation length of the
random field. An important complementary aspect to study is the effect of the autocorrelation function/power
spectral density function on the wave propagation.

The main direction for future work consists in the application of the proposed methodology on data sets
featuring real experimental data. Applications in the context of the dynamical testing of soils are envisaged.
Their objective would be to identify a spatial correlation length and a dispersion level characterizing the
three-dimensional fluctuations of the shear modulus.
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Abstract
Dynamic excitations in the built environment as caused by earthquakes, heavy traffic and pile driving may
result in structural damage, which is determined by the constitutive behaviour of building materials and foun-
dation soils under cyclic loading.
This paper presents a coupled finite element-boundary element approach for the calculation of the dynamic
response of structures due to dynamic excitations. Both thenon-linear constitutive behaviour and the dy-
namic interaction between the soil and the structure are accounted for. A time domain finite element formu-
lation is used for the structure, as the non-linear constitutive behaviour of the structural materials requires a
direct time integration procedure. The soil is assumed to belinear elastic and a boundary element method is
used to fully account for dynamic soil-structure interaction.
As both the finite and the boundary element method impose different conditions on the time integration step
for reasons of stability and accuracy, an iterative coupling scheme is proposed that allows for a different time
step in both subdomains. An interface relaxation techniqueis employed in order to speed up convergence.
Instead of selecting a constant value, an optimal relaxation parameter is computed using Aitken’s method,
resulting in a non-stationary Richardson iteration. The numerical behaviour of this scheme is studied in de-
tail.
The method is applied to the problem of a circular foundationresting on a linear elastic halfspace and to
the calculation of the response of a structure due to traffic induced vibrations, where the dynamic interaction
between the soil and the structure is fully accounted for.

1 Introduction

Repeated dynamic excitations in the built environment as caused by heavy traffic and pile driving may result
in structural damage, which is determined by the constitutive behaviour of building materials and foundation
soils under cyclic loading.

Recently, a numerical model for the prediction of traffic induced structural vibrations that fully accounts for
the dynamic soil-structure interaction has been developedand validated [26]. The model is limited to linear
structural behaviour as the analysis is performed in the frequency domain. In the case of structural damage,
however, a frequency domain technique is not applicable as superposition is not allowed due to the non-linear
constitutive behaviour. Therefore, a direct time integration procedure is required.

This paper presents a coupled finite element-boundary element approach in the time domain for the calcula-
tion of the structural response due to dynamic excitations as arising from traffic or pile driving. The structure
is modelled with finite elements while the soil domain is modelled with boundary elements. Both the non-
linear constitutive behaviour and the dynamic interactionbetween the soil and the structure are accounted
for.

As both the finite and the boundary element method impose different conditions on the time integration step
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for reasons of accuracy and convergence, an iterative coupling scheme is considered, allowing for a different
time step in both subdomains.

2 Variational formulation in the time domain

The equations of motion of a structure excited by an incidentwave field are elaborated (figure 1). Two sub-
structures are defined: the first is the generalised structure Ωb, which can have non-linear characteristics and
possibly contains a non-linear or non-homogeneous part of the soil. The second substructure is the linear
elastic unbounded soil domainΩext

s . Due to the semi-infinite extent of the soil domain, radiation conditions
have to be satisfied. The substructures are coupled through the boundaryΣbs between the generalised struc-
ture and the soil. The equilibrium of the structure is expressed in a weak sense by means of the principle of

Ωb

Γbt ∪ Γbu

Σbs

Ωext
s

Γ∞

Γst ∪ Γsu

Figure 1: Geometry of the subdomains.

virtual displacements. The sum of the virtual work performed by internal and inertial forces is equal to the
total virtual work of external forces [4]:

∫

Ωb

(σb(ub) : δεb + ρübδub ) dΩ =

∫

Γbs

δubρbbb dΩ +

∫

Γbt

δubt̄b dΣ +

∫

Σbs

δubtb dΣ (1)

whereub is the structural displacement vector,σb andεb are the internal stress and strain tensors,ρbbb is
the volume force acting onΩb andtb = σb · nb is the stress vector on a plane with outward unit normalnb.
Neumann conditionstb = t̄b are considered on the boundaryΓbt.

After the introduction of a finite element discretisation, aGalerkin approach results in the following finite
element equations:

[

Mb1b1 Mb1b2

Mb2b1 Mb2b2

]{

üb1(t)
üb2(t)

}

+

[

Kt
b1b1

Kt
b1b2

Kt
b2b1

Kt
b2b2

]{

ub1(t)
ub2(t)

}

=

{

fext
b1

(t)
fext
b2

(t)

}

+

{

0

Qb2
(t)

}

(2)

whereub2 are the degrees of freedom on the interfaceΣbs andub1 are the remaining degrees of freedom. A
tangential stiffness matrix is considered. The vector

Qb2
(t) =

∫

Σbs

NT
b2(x)tb(x, t) dΣ (3)
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represents the vector of soil-structure interaction forces, whereNb2(x) are the global finite element shape
functions related to the degrees of freedomub2 . A Newmark direct time integration method is employed for
the solution of equation (2). The time discretised equilibrium equation

[

K̃b1b1 K̃b1b2

K̃b2b1 K̃b2b2

]

{

u
nb+1
b1

u
nb+1
b2

}

=

{

f̃
nb+1
b1

f̃
nb+1
b2

}

+

{

0

Q
nb+1
b2

}

(4)

is solved iteratively for every time steptnb

b = (nb − 1)∆tb. The apparent stiffness matrix equals:
[

K̃b1b1 K̃b1b2

K̃b2b1 K̃b2b2

]

=

(

1

α(∆tb)2

[

Mb1b1 Mb1b2

Mb2b1 Mb2b2

]

+

[

Kt
b1b1

Kt
b1b2

Kt
b2b1

Kt
b2b2

])

(5)

and the apparent external load vector is equal to:
{

f̃
nb+1
b1

f̃
nb+1
b2

}

=

{

f ext
b1

f ext
b2

}

+

[

Mb1b1 Mb1b2

Mb2b1 Mb2b2

]

(

1

α(∆tb)2

{

u
nb

b1

u
nb

b2

}

+
1

α∆tb

{

u̇
nb

b1

u̇
nb

b2

}

+

(

1

2α
− 1

){

ü
nb

b1

ü
nb

b2

})

(6)

with α the Newmark parameter.

3 Boundary element method

The response of the soil domainΩext
s is computed by means of the boundary element method. For conve-

nience, it is assumed that the displacement degrees of freedom of the boundary element mesh correspond to
the degrees of freedomub2 of the structural finite element model, requiring conforming boundary and finite
element meshes on the interface. A classic time domain boundary element formulation is considered [5]:

T1uns
s = U1tns

s +

ns
∑

k=1

(

Uns−k+1tk
s −Tns−k+1uk

s

)

(7)

where the vectorsuns
s andtns

s collect the boundary displacements and tractions. A time discretisationtns
s =

(ns − 1)∆ts with a constant time step∆ts is considered. This discretisation can be different from the
time discretisation for the structure, in view of the iterative coupling scheme where the equilibrium of the
structure and the soil are evaluated at different time steps. The matricesTns andUns are referred to as the
influence matrices at time stepns. The second term on the right hand side of equation (7) is a convolutive
sum representing the influence of the response at previous time steps on the response at time stepns. For
brevity, this term is denoted ashns and equation (7) reduces to:

T1uns
s = U1tns

s + hns (8)

In order to couple the boundary and finite element domains, the boundary element traction discretisation is
introduced into equation (3), enforcing the equilibrium ofstresses on the boundaryΣbs:

Qns

b2
= −

∫

Σbs

NT
b2(x)Ns(x) dΣ tns

s (9)

whereNs(x) is the boundary element traction interpolation function. As a result, a transformation matrix
TQ can be defined that relates the boundary tractionsts to the corresponding finite element forcesQb2

as tns
s = TQQns

b2
. In order to facilitate the coupling of the boundary and finite element equations, this

transformation is introduced into the boundary element equation (8):

T1uns
s = Ŭ

1
Qns

b2
+ hns (10)
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with Ŭ
1

= U1TQ. The termhns is computed as:

hns =

ns
∑

k=1

(

Ŭ
ns−k+1

Qk
b2
−Tns−k+1uk

s

)

(11)

with Ŭ
k

= UkTQ.

4 FE-BE coupling

4.1 Direct domain coupling

In a direct coupling approach, the dynamic equilibrium equations for both subdomains are combined, result-
ing in a global coupled system of equations. The same time discretisation is considered for the finite and
boundary element domains. In a rather straightforward way,the boundary element equation (10) is evaluated
at tns+1

s :

Qns+1
b2

=
(

Ŭ
1
)

−1
(

T1uns+1
− hns+1

)

(12)

and introduced in the finite element equation (4):

(

[

K̃b1b1 K̃b1b2

K̃b2b1 K̃b2b2

]

+

[

0 0

0
(

Ŭ
1
)

−1
T1

]){

u
nb+1
b1

u
nb+1
b2

}

=

{

f̃
nb+1
b1

f̃
nb+1
b2

}

+

{

0
(

Ŭ
1
)

−1
hnb+1

}

(13)

Equation (13) represents the dynamic equilibrium of the coupled soil-structure interaction system in terms
of the structural degrees of freedom and can be solved with a classical finite element solver.

Direct coupling is the classical approach to couple finite and boundary elements [31, 33, 34], because of
its straightforward implementation in a finite element direct time integration scheme. However, the method

suffers from some disadvantages. First, the fully populated matrix
(

Ŭ
1
)

−1
strongly reduces the sparsity

of the system under consideration. As a result, the application of a sparse finite element solver is less
efficient, especially in the case where the number of interface degrees of freedom is large with respect to
the total number of degrees of freedom. Secondly, the same time discretisation should be employed in
both subdomains. This is an important disadvantage as the range of suitable time steps for the boundary
element domain is limited. For a three-dimensional elastodynamic problem, this range is considered to be
0.7lBE/Cp < ∆ts < 1.2lBE/Cp whereCp/lBE represents the time needed for a longitudinal wave with
a wave velocityCp to travel over a boundary element with a sizelBE. A smaller time step results in non-
causal, unstable boundary element equations while strong numerical damping is observed for a larger time
step [8]. For the finite element domain, the time step should result in an accurate solution and satisfy stability
conditions based on energy considerations [19]. These considerations often lead to incompatible time steps
in both subdomains.

4.2 Iterative coupling

As an alternative to a direct coupling approach, staggered and iterative solution procedures can be employed
where the equations for both subdomains are solved separately, avoiding the assembly and solution of a
global coupled system of equations. This approach shows some advantages over the direct coupling ap-
proach. First, the finite element equations for the structure remain symmetric and sparse while the boundary
element equations are not. Therefore, the use of a dedicatedsolver for each subdomain results in a reduced
computational effort.
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In a staggered solution approach [13, 14], the equations foreach subdomain are solved once for each time
step. For the first subdomain (e.g. the structure), the boundary conditions are estimated from previous time
steps. The solution is applied as a boundary condition to thesecond subdomain (e.g. the soil) in the same
time step. A suitable predictor operator and a sufficiently small time step are prerequisites for convergence.
Rizos et al. [27, 28] applied a staggered FE-BE method to compute the seismic response of foundations.
The unbounded soil domain is modelled using time domain boundary elements with higher order B-spline
fundamental solutions. O’Brien and Rizos [25] applied the methodology to the prediction of railway induced
vibrations. However, staggered solution methods require asufficiently small time step in order to achieve
convergence. The maximum time step depends on the mechanical behaviour of both subdomains and might
result in an unstable boundary element equation. Therefore, staggered solution procedures are not considered
in the present work.

In an iterative procedure, the equations for each subdomainare solved iteratively in each time step, updating
the boundary conditions at the interface between the subdomains until convergence is achieved. In order to
improve the convergence speed, a relaxation operator is often applied within the iterative procedure to the
predicted boundary conditions on the interface. Interfacerelaxation techniques for static FE-BE and BE-BE
coupling are discussed in detail by El-Gebeily et al. [9] andElleithy et al. [10, 11, 12].

An iterative solution approach for two-dimensional transient FE-BE coupling has been introduced by Soares
et al. [29]. An advantage over the direct and staggered approach is that different time steps can be employed
in each subdomain, which is beneficial for both stability andaccuracy. The resulting method is denoted as a
sequential Neumann-Dirichlet algorithm, since the finite element domain is solved with Neumann boundary
conditions on the interface, while the boundary element domain is solved with Dirichlet boundary condi-
tions on the interface. In order to speed up convergence, a boundary relaxation is applied to the boundary
displacements.

Hagen [17, 18] and Von Estorff and Hagen [32] extended this iterative method in the framework of fluid-
soil-structure interaction to allow for the coupling of multiple BE domains to a FE domain. Furthermore, a
relaxation of both boundary displacements and interactionforces is introduced. A parametric study has been
performed to study the optimal choice of the relaxation parameter [17].

In the present work, a similar iterative scheme is proposed.The original sequential Neumann-Dirichlet
algorithm of Soares et al. [29] is considered, as in the case of a dynamic soil-structure interaction problem
only one BE domain is coupled to a FE domain. A modified versionof the algorithm is applied where the
interaction forces instead of the interface displacementsare relaxed. This allows for a detailed study of the
convergence properties of the numerical scheme and resultsin an optimal choice for the relaxation parameter.

4.3 Sequential Neumann-Dirichlet algorithm

The sequential Neumann-Dirichlet algorithm is outlined intable 1 and is discussed in the following. As
different time steps are selected for the finite and boundaryelement domains, the equilibrium of both domains
is considered at timestnb+1

b andtns+1
s . Hence, the algorithm requires a time interpolation of the interface

forces and displacements, where it is assumed thattnb+1
b < tns+1

s . The interpolation scheme is similar to
the boundary element time interpolation, where a linear interpolation is used for the displacements and a
constant interpolation for the interaction forces (figure 2).

The equations for both subdomains are solved in a sequential, iterative way. First, the finite element equations
with Neumann boundary conditions on the soil-structure interface are considered for iteration stepk + 1:

[

K̃b1b1 K̃b1b2

K̃b2b1 K̃b2b2

]

{

u
nb+1
b1(k+1)

u
nb+1
b2(k+1)

}

=

{

f̃
nb+1
b1

f̃
nb+1
b2

}

+

{

0

Q
nb+1
b2(k)

}

(14)

whereQ
nb+1
b2(k) represents the soil-structure interaction force from the previous iterationk. For the first itera-

tion, Qnb+1
b2(k=0) = Q

nb

b2
. The displacementsunb+1

b1(k+1) on the interface are found through solution of equation
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1. Initialization
1.1ns ← 1 andnb ← 1

2. Time stepping procedure
2.1 Initial time step for the BE domain:ns ← 1 andt1s = ∆ts
2.2 Loop over all time steps:nb ← nb + 1
2.3 Whiletnb

b > tns
s : update the BE time step

2.3.1ns ← ns + 1 andtns
s = tns−1

s + ∆ts
2.3.2 Compute the BE interaction forces in the previous timestep

2.4 Iterative solution
2.4.1 Solve the FE problem with Neumann boundary conditionson the interfaceΣbs

2.4.2 Time extrapolation of the boundary displacements to time tns
s

2.4.3 Solution of the boundary element problem at timetns
s with Dirichlet conditions onΣbs

2.4.4 Time interpolation to obtain interaction forces at timetnb

b

2.4.5 Relaxation of interaction forces
2.4.6 Convergence check.

Table 1: Outline of the sequential Neumann-Dirichlet algorithm.

(14) (figure 2, step➀):

u
nb+1
b2(k+1) =

(

K̃b2b2 − K̃b2b1K̃
−1
b1b1

K̃b1b2

)

−1 (

f̃
nb+1
b2

− K̃b2b1K̃
−1
b1b1

f̃
nb+1
b1

+ Q
nb+1
b2(k)

)

(15)

The matrix(K̃b2b2−K̃b2b1K̃
−1
b1b1

K̃b1b2) is denoted as the Schur complement or discretised Stekolov-Poincarré
operatorSb2b2 and represents the condensation of the dynamic stiffness matrix of the finite element model on
the interface. As the evaluation of the Schur complement is computationally expensive, equation (15) is never
evaluated explicitly. The boundary displacements are found as the solution of equation (14) for which finite
element solvers are employed that account for the sparsity and symmetry of the system matrix. Nevertheless,
equation (15) is used in the analysis of the numerical behaviour of the algorithm under consideration.

The interface displacements are subsequently imposed as a Dirichlet boundary condition on the BE domain.
This requires an extrapolation of the boundary displacements to timetns+1

s (figure 2, step➁):

uns+1
b2(k+1) =

1

1− β

(

u
nb+1
b2(k+1) − βuns

b2

)

(16)

whereβ = (tns+1
s − tnb+1

b )/∆ts. The solution of the Dirichlet boundary problem is written as (figure 2, step
➂):

Qns+1
b2(k+1) =

(

Ŭ
1
)

−1 (

Tuns+1
b2(k+1) − hns+1

)

(17)

Again, the inverse
(

Ŭ
1
)

−1
of the soil flexibility is never actually computed, but equation (17) is usefull in

the study of the numerical behaviour of the iterative coupling algorithm.

Next, a constant time interpolation of the soil-structure interaction force fromtns+1
s to tnb+1

b is performed
(figure 2, step➃):

Q̄
nb+1
b2(k+1) = Qns+1

b2(k+1) (18)

where the bar indicates an unrelaxed interaction force. Theinteraction forces are finally relaxed by means of
a relaxation parameterω (figure 2, step➄):

Q
nb+1
b2(k+1) = ωQ̄

nb+1
b2(k+1) + (1− ω)Qnb+1

b2(k) (19)
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➀

➁

➂

➃

➄

t

t

Qb2

ub2

tns tns+1tnb
tnb+1

Q
nb+1
b2(k+1)

Q̄
nb+1
b2(k+1)

Q
nb+1
b2(k)

u
nb+1
b2(k+1)

u
nb+1
b2(k+2)

uns+1
b2(k+1)

uns+1
b2(k+2)

Qns+1
b2(k+1)

Figure 2: Force and displacement interpolation in the iterative sequential Neumann-Dirichlet algorithm.

The iterative procedure is performed until the boundary displacements and interaction forces converge. In
the case of a non-linear structure, these iterations are combined with the Newton-Raphson iteration for the
finite element equations.

4.3.1 Convergence properties

In order to study the numerical behaviour of the iterative coupling scheme, the interface displacementsu
nb+1
(k)

are eliminated from equations (14) to (18). The resulting evolutive equation is written as:

Q
nb+1
b2(k+1) = Q

nb+1
b2(k)

+ ω
(

Ŭ
1
)

−1
T1

[ (

1

1− β

(

S−1
b2b2

(

f̃
nb+1
b2

−K21K11f̃
nb+1
b1

)

−

(

T1
)

−1
hns+1

)

)

+
(

S−1
b2b2

+
(

T1
)

−1
Ŭ

1
)

Q
nb+1
b2(k)

]

(20)
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This evolutive equation is identified as a Richardson iteration. The convergence properties of the iterative
scheme mainly depend on the relaxation parameterω and on the spectral properties of the operator matrix:

A =
(

Ŭ
1
)

−1
T1
(

S−1
b2b2

+
(

T1
)

−1
Ŭ

1
)

(21)

The factor
(

Ŭ
1
)

−1
T1, which is the Schur complement of the boundary element domain, can be seen as a

preconditioner [23].

In the case where the relaxation parameterω is constant during the iteration, the Richardson iterationis
stationary. In the linear case, the scheme is stable if [30]:

0 < ω <
2

λmax (A)
(22)

whereλmax (A) is the largest eigenvalue of the matrixA. The parameterβ, the initial values of the interface
displacements and interaction forces, the external forcesand the vectorhns+1 have no influence on the
stability of the iterative scheme as these factors do not appear in the operator matrixA. In the case where no
relaxation is employed, i.e.ω = 1, the scheme is stable ifλmax () < 2.

An optimal choice for the relaxation parameterω in the stationary Richardson iteration is [30]:

ωopt =
2

λmax (A) + λmin (A)
(23)

in which case the maximum convergence rate

ρopt =
κ (A)− 1

κ (A) + 1
(24)

is achieved. κ (A) = λmax (A) /λmin (A) is the spectral condition number ofA and λmin (A) its the
smallest eigenvalue.

The computation of the optimal relaxation parameterωopt requires the extreme eigenvalues of the operator
matrix A. However, an (approximative) eigenvalue analysis is computationally very expensive and incom-
patible with a modular implementation of the iterative procedure where the structural stiffness and the soil
stiffness, both constituents of the matrixA, are computed in separate subroutines.

In practice, the relaxation parameter is empirically determined by trial and error. This can lead to a significant
increase in the number of iterations and the scheme risks to diverge when the stability condition (22) is not
satisfied. The value of the optimal relaxation parameter in equation (23) is problem dependent and is mainly
influenced by the ratio of the structural and soil stiffness.

4.3.2 Convergence acceleration

Aitken’s ∆2-method, initially proposed for the iterative computationof eigenvalues [1], offers an attractive
alternative for the calculation of the relaxation parameter ω. Many authors have applied (modified) versions
of the original algorithm to the iterative solution of vectorial, non-linear equations. According to a review
article by MacLeod [22], the implementations of Anderson [2] and Irons and Tuck [20] are the most efficient.
In the present work, the latter algorithm is considered.

The Aitkin-factorµnb+1
(k+1), defined as:

µnb+1
(k+1) = µnb+1

(k) +
(

µnb+1
(k) − 1

)

(

∆Q
nb+1
b2(k) −∆Q

nb+1
b2(k+1)

)T
∆Q

nb+1
b2(k+1)

(

∆Q
nb+1
b2(k) −∆Q

nb+1
b2(k+1)

)2 (25)
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with µnb+1
(1) = 0 and∆Q

nb+1
b2(k+1) = Q

nb+1
b2(k) − Q̄

nb+1
b2(k+1) is computed in every iteration step. The relaxation

parameter is found as

ωnb+1
(k+1) = 1− µnb+1

(k+1) (26)

and the relaxed solution yields:

Q
nb+1
b2(k+1) = ωnb+1

(k+1)Q̄
nb+1
b2(k+1) + (1− ωnb+1

(k+1))Q
nb+1
b2(k) (27)

Becauseµnb+1
(1) = 0, the first iteration is not accelerated. In the case of non-linear, incremental calculations,

Irons and Tuck [20] suggest to take the last value of the previous iteration as the start value for a new iteration.
In a dynamic calculation, the initial Aitkin-factorµnb+1

(1) is alternatively chosen as the factor from the last

iteration in the previous time step,µnb+1
(1)

= µnb

(imax)
instead ofµnb+1

(1)
= 0.

5 Numerical examples

In order to study the iterative coupling algorithm, two examples are studied. The first example is a structure
with a disk foundation on a linear elastic halfspace. A second example considers the response of a structure
due to traffic induced vibrations.

5.1 Structure with a disk foundation

Figure 3 shows the structure that consists of a massm = 87500 kg which is rigidly connected by a bar of
heighth = 2m to a massless rigid circular foundation with radiusa = 1 m. The soil domain is a halfspace
with a densityρ = 1750kg/m3, a shear wave velocityCs = 200 m/s, a Poisson’s ratioν = 1/3 and a
material damping ratioβ = 0.01. The structure is horizontally loaded fromt = 1 s tot = 2 s with a constant
load ofp(t) = 1 N. Only the horizontal degree of freedomux and the rotational degree of freedomϕy of the

p(t) m

ϕy

h

ux

a
E

Figure 3: Two degrees of freedom system with a circular foundation.

circular foundation are considered. The equation of motionof the structure is written as:
[

m 0
0 hm

]{

üx(t)
ϕ̈y(t)

}

=

{

p(t)
hp(t)

}

−

{

Qux(t)
Qϕy(t)

}

(28)

or, equivalently:

Mbbüb(t) = f ext
b (t) + Qb(t) (29)
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whereMbb is the mass matrix of the structure,f ext
b (t) collects the external loads on the structure andQb(t)

represents the soil-structure interaction forces.

Instead of computing the soil-structure interaction forces by means of the time domain boundary element
method, a hybrid domain method is considered [15, 35]. This hybrid domain method is based on a transfor-
mation of the soil flexiblity from the frequency to the time domain and results in an equation of the form (8).
Hence, the properties of the iterative coupling scheme derived in section (4.3) still apply.

The operator matrixA is computed by means of equation (21) and has two eigenvaluesλ1 = 1.0113 and
λ2 = 1.0463. The optimal relaxation parameter, computed by means of equation (23), equalsωopt =
2/(λ1 + λ2) = 0.9719. According to equation (22), the iterative coupling schemeis stable forω < 2/λ2 =
1.9114.

The structural response is computed by means of the Newmark direct time integration scheme with parame-
tersα = 0.25 andδ = 0.50, corresponding to the constant average acceleration method. A constant time
step∆ts = ∆tb = 0.005 s is selected for both the structure and the soil. The iterative coupling algorithm
is employed, where the relaxation parameterω results from the Aitken convergence acceleration. The relax-
ation parameter for the last iteration step in each time stepstaggeres around the optimal valueωopt (figure 4).
This example illustrates the usefulness of the numerical scheme: the Aitken relaxation parameter is a good
approximation of the optimal relaxation parameter, while no use has been made of the extreme eigenvalues
of the operator matrixA.
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Figure 4: (a) The number of iterationsimax and (b) the relaxation parameterωnb

imax
in the iterative coupling

scheme.

Figure 5 shows the structural response, that is dominated bythe rocking mode of the structure on the soil
at a resonance frequencyfres = 6.37 Hz. This result has been verified by means of a computation in the
frequency domain.

5.2 The response of a two-story building

The response of a two-story building due to the passage of a two-axle truck on a traffic plateau is considered.
Figure 6 shows a view of the road with the traffic plateau and the position of the building. The origin of the
Cartesian frame of reference is located in the centre of the traffic plateau, where they-axis is directed along
the road axis.

The dynamic road-soil interaction problem is decoupled from the dynamic soil-structure interaction problem,
an assumption that is valid if the distance between the source and the receiver is larger than the dominant
wavelength in the soil. The model proposed by Lombaert [21] is used for the calculation of the wave field
caused by the passage of the truck on the traffic plateau. Thisincident wave field is used as the input for the
reciever model. The subdomain formulation proposed by Aubry and Clouteau [3, 6] is used to reduce the
incident wave field to an equivalent external load on the structure.
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Figure 5: Time history of (a) the displacementux(t) and (b) the rotationϕy(t).
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Dynamic
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Figure 6: Problem outline.

The building has masonry walls with a Young’s modulusEm = 10500 MPa, a Poisson’s ratioνm = 0.20,
a densityρm = 1200 kg/m3 and a thicknesstw = 0.20m. The two concrete slabs in the building have a
Young’s modulusEc = 33300 MPa, a Poisson’s ratioνc = 0.20, a densityρc = 2500 kg/m3 and a thickness
ts = 0.20m. The slabs are simply supported, corresponding to hinged joints at the slab edges. The structure
has a strip foundation with a widthbf = 0.60m and a thicknesstb = 0.40m. The concrete of the strip
foundation has the same properties as the concrete of the slabs. The walls and the slabs are modelled using
4-node shell elements.

A non-linear constitutive behaviour is only considered forside wallA as stress concentrations are expected
around window openings. A tensile strengthftu = 0.1MPa and a compressive strengthfcu = 1.5MPa are
assumed, corresponding to a cohesionc = 0.20 MPa and an angle of internal frictionφ = 30o. A Drucker-
Prager approximation that maps the Mohr-Coulomb yield surface in the tensile meridian plane is used in
combination with an associative flow rule.

In order to reduce the size of the system of equations, an Irons-Guyan reduction [16] is applied. The degrees
of freedom of side wallA as well as the degrees of freedom on the soil-structure interface are selected as
master degrees of freedom. The degrees of freedom in the remaining part of the structure are defined as slave
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degrees of freedom.

As in the previous example, a hybrid method is employed to compute the soil-structure interaction forces
instead of using a time domain boundary element method.

The calculation of the structural response is preceded by a static non-linear analysis as no superposition of
the structural displacements under the gravity load and thedynamic response is allowed. However, the calcu-
lation of the dynamic soil-structure interaction forces isbased on the assumption of zero initial conditions on
the interfaceΣbs. Therefore, the gravity load is instantaneously applied tothe unloaded structure with zero
initial conditions. In a first calculation phase, inertial effects are neglected until the (quasi-static) structural
response converges to the static solution. Next, the external load corresponding to the incident wave field is
added to the gravity load and the inertial effects are accounted for. The transient structural response due to
the incident wave field is obtained. The structural responseis computed by means of the iterative coupling

Figure 7: Principal stresses in the wall due to the gravity load.

scheme. A time steptns
s = 0.01 s is selected for the boundary element domain, while an automatic time

stepping algorithm is used for the structure. The time step∆tnb
is determined by the response eigenvalue of

the non-linear finite element equations [19] and is allowed to vary between1× 10−4 s and0.1 s.

The principal stresses due to the gravity load are plotted infigure 7. The self-weight causes compression
of the wall, which is maximum in the centre of the ground floor.At the edges of the wall, the compressive
stresses are smaller. The load is carried by the side walls, that are stiffer as they do not contain window
openings. Furthermore, tension is present in the top corners of the wall. These stresses result in a downward
reaction force on the edges of the top slab. Yielding occurs at the top corners of the wall, as well as at some
window corners.
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Figure 8: (a) Vertical structural displacementuz(t), (b) vertical velocityvz(t) and (c) second principal stress
σ2(t) in point B.
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Figure 8a shows the vertical displacements in the point B (figure 6) during the passage of the truck over the
traffic plateau. The static vertical displacementustat

z equals−9.02mm. The dynamic componentuz(t) −
ustat

z is only a fraction of the static displacementustat
z . The vertical velocity in point B (figure 8b) shows a

peak valuevmax
z = 0.15mm/s, which is in correspondance to values observed in practice [7]. The second

principal stress in point B (figure 8c) has, equivalent to thevertical displacement, only a small variation of
the dynamic component with respect to the static value. However, progressively accumulating plastic strains
under repeated traffic loading could give rise to a growth of the plastic regions, even if the plastic strain
increment for one vehicle passage is small [24].

A comparison between figures 8a to 8c shows a low-frequent component in the velocity and displacement
history that is not present in the stress history. The low-frequency component is attributed to the rigid body
motion of the structure on the soil that does not deform the walls. The high frequency components result
from the quasi-static deformation of the building following the ground motion.

6 Conclusion

In this paper, an iterative coupled boundary-finite elementmethod for the dynamic response of structures
has been investigated. A time domain finite element formulation is used for the structure, as the non-linear
constitutive behaviour of the structural materials requires a direct time integration procedure. The soil is
assumed to be linear elastic and a boundary element method isused to fully account for dynamic soil-
structure interaction.

An iterative coupling scheme has been considered for the coupling of the boundary and finite element do-
mains, which has two main advantages over the direct coupling method: (1) a dedicated solver can be used
for the boundary and finite domains, and (2) a different time step can be employed for both domains. The iter-
ative coupling scheme is particularly suited for the use in non-linear computations, as the interface iterations
can be combined with the Newton-Raphson iteration for the structure.

In order to accelerate the convergence, an interface relaxation is employed. Instead of selecting a constant
relaxation parameter, an optimal relaxation parameter is approximated by means of Aitken’s method. As no
computationally expensive Schur complements or eigenvalues of the operator matrix have to be computed,
this method is applicable for large soil-structure interaction schemes.

The iterative coupling scheme with optimal relaxation has been applied to two numerical examples. In the
first example, the relaxation parameter obtained by Aitken’s method has been compared with the theoretically
optimal value, illustrating the usefullness of the numerical scheme. The second example considered traffic
induced vibrations in a two-story building.

In future work, the iterative coupling scheme will be applied to problems involving a large soil-structure
interface, e.g. the problem of a pile surrounded by a non-linear soil region. In that case, full use can be made
of all advantages of the iterative coupling scheme.
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Abstract
Numerical models to obtain ground vibrations induced by the passage of high-speed trains, based on finite
element method and boundary element method, have been developed in the last years. A few models have
been validated, comparing the numerical results and those obtained from experimental measurements. Most
of these models contain important simplifications, i.e; the ground properties and the surface geometry around
the track is not considered or close structures can not be taken into account. Other models only produce the
vertical displacements of the ground. In this paper, a three-dimensional boundary element model based
on time domain formulation to solve wave propagation problems is presented. The soil is assumed to be a
uniform half-space with viscoelastic properties. The geometry effects can be considered easily. The existence
of ballast with its actual geometry on the soil surface is taken into account. From the proposed numerical
model, ground vibrations induced by the passage of high-speed trains have been obtained. The influence
of the train speed has been studied. The numerical results obtained from the proposed model have been
compared with experimental results published in the literature. The agreement between both sets of results
is quite good.

1 Introduction

High speed trains are becoming a usual mean of transportation for intermediate distances in many countries.
New lines have been constructed in recent years. Factors such as: vibrations in the train, wave propaga-
tion in soil next to the track and dynamic effects in nearby constructions, are much more important in high
speed trains than in conventional ones. These effects require a deep analysis in order to maintain security
and comfort in the trains and to avoid problems in nearby constructions due to vibrations induced by waves
transmitted through the soil. Particularly serious would be situations in which the train speed may be higher
than that of the surface waves in the underneath soil. This possibility was completely unthinkable in con-
ventional trains but it is now something that should be taken into account when high speed trains operate at
locations with particularly soft soils or underground discontinuities that may result in relatively low surface
wave speed.
The study of these problems require of comprehensive models that take into account many factors related
to the characteristics of the train, the track, and the particular soil properties. Nearby structures should also
be modeled in case the effects on these structures are being analyzed. Different analytical, semi-analytical
or numerical methods have been developed in recent years. Numerical methods are intended to reproduce
more precisely the particular conditions of the problem taking into account the important dynamic interaction
effects. Finite Element Method (FEM) and Boundary Element Method (BEM) have been used for the study
the problem of high speed train passing taking into account propagation of waves in the soil and dynamic
soil-structure interaction [1][2]. The main differences between these models are based on the way in which
excitation and interaction effects are considered.
It is known that Boundary Elements are very well suited for dynamic soil-structure interaction problems.
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They are able to represent unbounded regions in a natural way due to the fact that the fundamental solution
and, therefore the solution of the problem at hand, satisfy the radiation conditions. In the case that a full
space fundamental solution is used for soil problems, the whole soil surface extending to infinity should be
represented. Nevertheless, the discretization can be truncated at a short distance from the zone of interest
without lost of accuracy [1]. These properties, in addition to the fact that, in most cases, propagating waves
produce deformations that can be assumed to be linear elastic or viscoelastic, make BEM an adequate tool
for the analysis of dynamic effects induced by high speed trains.
The study presented in this paper has been carried out using the time domain formulation of the BEM. As
opposite to frequency domain formulations, time domain analysis allows for an efficient and accurate solu-
tion of transient problems and permits to include non linear effects in the response of structures which are
connected to the soil. Time domain formulations of the BEM have been in the literature since the early eight-
ies [1][3][4]. In the present work, a three dimensional time domain formulation of the BEM with a full-space
fundamental solution is used. The formulation and numerical implementation follows the work of Marrero
and Doḿınguez [5][6]. Nine node quadrilateral and six node triangular quadratic elements are used. Piece-
wise linear and piecewise constant time interpolation are used for displacements and tractions, respectively.
Special attention is paid to stabilizing algorithms and element subdivision to improve efficiency, stability and
accuracy of the procedure. A decaying law for wave amplitude is introduced in order to represent internal
damping in the soil.
The soil is assumed to be a uniform viscoelastic half-space and its surface is discretaized in a zone around
the points of interest. The passing of a high speed Thalys train is assumed. Induced motion at several points
of the soil surface near the track is evaluated. The model is validated by comparison of the computed results
with actual values measured by other authors. The agreement between experimental and numerical values is
good.

2 Basic equations

Time domain formulation of the BEM for three-dimensional problems can be found in [1]. Element subdi-
vision and numerical stabilization techniques used in this paper in order to make the method more accurate
and stable can be found in [5][6].

3 Material damping

Including material damping is a rather easy task when frequency domain formulations of the BEM are used.
A viscous type energy dissipation mechanism can be introduced just by considering a complex value shear
modulus in the fundamental solution. On the contrary, the introduction of dissipation mechanism in time
domain formulations of the BEM has been more complicated. Wolf and Darbre [7] obtained a rather complex
fundamental solution by transforming the frequency domain fundamental solution including damping to the
time domain. Gaul and Shanz [8] developed a general time domain approach for viscoelastic problems
by doing a Laplace transformation in each time step. The resulting approach is time consuming model.
More recently, Jin et al. [9] presented a rather simple approximate procedure for two-dimensional problems
which is based on a decaying law for energy and displacement similar to that of the time harmonic response
of damped systems. That approach extended to 3-D problems is used in the present work. Detail of the
procedure based on the free vibration response of a single degree of freedom system, can be found in [9].

4 Boundary Element model

The soil under the track is assumed to be a uniform isotropic viscoelastic domain. Its surface is discretized
into quadrilateral quadratic nine node elements. In order to check the optimum element size and mesh
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Figure 1: Surface discretization of a length equivalent to 36 sleepers

Figure 2: Boundary element mesh for the proposed model

refinement required for an accurate representation of the soil motion several meshes were tested. Figure
1 shows a surface discretization of a length equivalent to 36 sleepers. Each sleeper is discretized into six
elements and an equal number is used for the space between two sleepers. This surface was loaded with
a vertical point load traveling at different speeds between 250 Km/h and 320 Km/h. The load was applied
with a distribution over several sleepers according to Krylov’s model [10]. Surface displacements at points
located at distances from 1 to 8 m were evaluated. Two symmetry axis of the problem were considered in
order to reduce the number of degrees of freedom of the problem. A less refined mesh is shown in Figure
2. In this case there are two elements to represent the area covered by three sleepers in a way such that each
row of five nodes follows the longitudinal axis of a sleeper. The rest of the elements in the discretization are
also bigger than in the case of Figure 1. The loading was the same as in that case. Results obtained with the
two meshes show a good agreement and permit to conclude that a level of refinement as that of the mesh in
Figure 2 is adequate for this type of problem.
Using elements of the type shown in Figure 2, a track length of 86.4 m was discretized as shown in Figure

3. The discretized surface shown in this figure has a width of 25m.
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Figure 3: Surface discretization of a length equivalent to 145 sleepers

5 Soil vibrations induced by a Thalys train passing

During 1997 the Structural Mechanics Group of the Catholic University of Leuven obtained a series of expe-
rimental results of soil induced vibrations due to the pass of a Thalys train at different speeds. Displacements
at the soil surface at distances going from 4 to72 m were measured. A series of these results were presented
by Degrande in [11].
In the present paper, results for the type of train and soil conditions of those experiments are computed
using the time domain BEM with the mesh shown in Figure 3, considering ballast effects. The soil is as-
sumed to be uniform linear elastic with internal material damping. The soil properties are as proposed by
Degrande and Schillemans [12] taking into account the measured values of P and S-wave speeds and the in-
ternal damping. It have been considered the following ballast properties:Cp = 193.6m/s, Cs = 111.8m/s,
CR = 102.6m/s, and an internal damping6%. Krylov’s loading distribution has been used to represent the
constant load transmitted by each train wheel. To do so, anEI = 12.76× 106N/m2 for the two rail beams
and a massm = 620kg/m for these two rails and the sleepers. The ballast stiffness is suppose to remain
constant with a valueks = 250MPa. Theβ coefficient controlling stability of the time domain BEM is set
equal to0.3 in relation to the biggest elements of the mesh.
Results obtained for the Thalys train corresponding to a train speedv = 315km/h are shown in Figure 4.
The first three plots represent the vertical velocity at a location on the soil-surface which is 4 m from the
track axis. One plot corresponds to the experimental values measured by Degrande and Schillemans [12],
the second to the values computed in this work using the BE model and the third, a comparison between the
two previous plots. The same representations can be seen the second and third rows of plots in Figure 4.
They correspond to points on the soil-surface at a distance to the track axis equal to 6 and 8m, respectively.
It can be seen from the Figure 4 that there is a rather good agreement between numerical and experimental

results. Both sets of results have rather close values of the amplitude and main frequency and show a similar
decaying law with the distance to the track. More results corresponding to different train velocities and other
locations will be presented in a forthcoming paper.
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6 Conclusion

A Boundary Element model for the analysis of transient vibrations produced in the soil by high speed train
passing has been presented in this paper. The approach is based on the time domain formulation of the
method. A limited region of the soil surface around the track is discretized into quadratic elements. The load
due to each wheel is represented using Krylov’s distribution. The model is able to represent the actual soil
surface geometry, the soil material damping, the existence of ballast and the effect of nearby constructions.
The approach is validated by comparing the obtained numerical results with those measured by Degrande
and Schillemans [12]. The agreement between numerical and experimental results is good.
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Figure 4: Experimental and numerical time history of the vertical velocity in the free field for the passage of
train with v=315 km/h
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Abstract
Earthquake events of moderate size may induce damage in structures in urban areas. For buildings designed
according to the capacity based philosophy, the damage resulting from an earthquake is distributed through-
out the structure, in regions specifically designed to dissipate energy (plastic hinges). After occurrence of the
earthquake, an ambient vibration test will reveal altered modal properties of the building, from which damage
can be identified by inverse modeling techniques. The aim of this study is to develop vibration based damage
assessment of buildings after a moderate earthquake for which the occurred damage is hardly detectable by
visual inspection. A typical building from the region north of the Sea of Marmara in Turkey is selected and
used subsequently for a numerical simulation. The building is analyzed with a finite element model and the
damaged regions are selected as the elements adjacent to the beam-column joints. The stiffness values of
these elements are decreased to simulate damage. The damage parameters are updated iteratively by mini-
mizing the differences between the modal properties from the FE-model and those identified on the damaged
building model. This paper deals with the sensitivity-based FE model updating method and its application
to damage detection. The extent of the decrease in the stiffnesses of the elements will be a good indication
for the severity and the location of the damage. The same procedure is repeated in the presence of noise in
order to investigate the sensitivity of the updating procedure to the presence of noise.

1 Introduction

The concern in the ability to monitor a structure and detect damage at the earliest possible stage is becoming
increasingly important throughout the civil, mechanical and aerospace engineering communities. Many
countries in Europe are located in seismically active areas. In the last century, earthquakes resulted in more
than 120,000 deaths in Italy alone and 239,000 deaths in Europe as a total. The monetary losses in the
same period are estimated to be 325 billion Euros in Europe [1]. The most catastrophic earthquakes in the
continent in the last century were certainly the Mw 7.4 Kocaeli and Mw 7.2 Duzce earthquakes [2, 3]. The
resulting media coverage and public awareness from these earthquakes have increased attention on the need
for testing and monitoring to ensure the safety of structures and to prevent the loss of lives. Measured modal
parameters such as frequencies and mode shapes are functions of the physical properties of the structure such
as mass, damping and stiffness. Therefore, reductions in stiffness values resulting from the onset of cracks
or loosening of a connection, will result in detectable changes in these modal properties.

The damage identification methods can be classified as model-based and non-model based. Model-based
methods assume that the monitored structure responds in some predetermined manner that can be accurately
discretized by finite element analysis, such as the response described by Euler-Bernoulli beam theory [6].
Damage identification by FE model updating belongs to the model-based damage identification methods.
An updated review on the subject can be found in [5]. An adequate FE model should be used that is able to
predict the observed changes. Structural damage is represented by a decrease in the stiffness of the individual
elements. In FE model updating, the element stiffness properties are adjusted such that the differences
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between the numerical and measured modal parameters are minimized [9].

Salawu [8] presents an excellent review on the use of modal frequency changes for damage detection. How-
ever, frequencies generally can not provide spatial information about structural changes. Therefore, mode
shape information should be used in order to detect the location of the structural damage. The damage iden-
tification method that will be used in this study is based on the modification of stiffness matrix to reproduce
as closely as possible the measured dynamic response. The method solves for the updated matrix by forming
a constrained optimization problem. The technique used is a sensitivity based update method, in which, a
first order Taylor series that minimizes an error function of the matrix perturbations is solved [10, 11, 12].
An detailed literature review on the topic is given in Hemez [13].

2 Theoretical background

Sensitivity-based FE model updating method directly compares eigenfrequencies and mode shapes. The
compared quantities can be expressed in a vector as:

v(α) = [λ1, ...., λmf
, φT

1 , ...., φT
mm

]T (1)

where,λi = ω2
i are the eigenvalues withλi = (2πνj)2 and eigenfrequencyνj , φi refers to the eigenvectors

of the model,mf denotes the number of identified eigenfrequencies that are used in the updating process and
ms is equal to the product of the number of identified mode shapesmm and the number of DOFs used for
modeφi. The residual vectorr is defined as the difference between the measured quantities and quantities
calculated from the model as shown:

r(α) =

[
rf (α)
rs(α)

]
rf : <n → <mf , rs : <n → <ms (2)

(3)

As the quantities are of different magnitudes, a weighted residual has to be taken into consideration for the
FE model updating:

r(α) = W(ṽ − v(α)) = W




λ̃1 − λ1
...

˜λmf
− λmf

φ̃1 − φ1
...

˜φmm − φmm




(4)

whereλ̃ are the measured eigenvalues,φ̃ are the measured eigenmodes,λ are the calculated eigenvalues,
φ are the calculated eigenmodes,W is the diagonal weighting matrix that scales the eigenvalues and the
maximum value of the mode shapes to the order of unity:

W = diag(1/λ̃1, . . . , 1/ ˜λmf
, ωφ, . . . , ωφ) (5)

Comparison of Eq. 5 with Eq. 4 shows that the weighted eigenfrequency residuals can be expressed as:

rf (α) =
λj(α)− λ̃j

λ̃j

with λj = (2πν2
j ) (6)

Originally, the mode shapes are normalized with respect to the mass matrix. The weighted mode shape
residualsrs(α) can be expressed as:

rs(α) =
φl

j(α)
φr

j(α)
− φ̃l

j

φ̃r
j

(7)
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wherel andr denote an arbitrary and a reference DOF of mode shapeφj (or φ̃j), respectively. If Eq. 7
is substituted in Eq. 4, the diagonal entries for the weighting matrix corresponding to mode shapesωφ are
obtained as:

ωφ =
(φl

j(α)φ̃r
j − φ̃l

jφ
r
j(α))

φr
j(α)φ̃r

j(φ
l
j(α)− φ̃l

j)
(8)

This factor may be changed to give less importance to the mode shapes with respect to the frequencies. As
stated above, the experimental eigenfrequencies are in general the most accurate experimental data that can
be obtained and because of their high sensitivity to the physical properties of the structure, they improve the
condition of the problem. Experimental mode shapes on the other hand, are much more noisy and reduce the
stability of the minimization problem. An appropriate weighting is therefore generally necessary. It should
be stated that the weight factors influence the result only in the case of over-determined systems when the
number of residuals is higher than the number of design variables. The model update is carried out by
minimizing the residual:

min
1
2
r(α)TWr(α) =

1
2
‖W 1

2 r(α)‖2 (9)

The value of each uncertain variableXe is determined from the multiplication of the initial value of the
variableXe

o and the dimensionless updating parameterαe as follows:

Xe = Xe
o(1− αe) (10)

The above-mentioned uncertain physical properties of the numerical model are the stiffness values in the FE
model updating problem. Damage results in a stiffness reduction in civil engineering structures. The updated
stiffness of an element of the model can be expressed as:

Ke = Ke
o(1− αe) (11)

The global stiffness matrix will then be:

K = Ku +
n∑

e=1

Ke
o(1− αe) (12)

whereKe
o andKe are the initial and updated element stiffness matrix, respectively;K is the global stiffness

matrix andKu is the stiffness matrix of the elements whose properties remain unchanged,n is the number
of elements that are updated.

The optimization algorithm used to minimize the objective function is a trust region Newton method which
is a sensitivity based iterative method [14]. The quadratic modelm(z) is defined by a truncated Taylor series
of f(α):

minz m(z) = fs + [∇fs]Tz +
1
2
zT [∇2fs]z (13)

such that‖z‖ ≤ ∆s wherez denotes a step vector fromα and wherefs,∇fs, and∇f(α∗) ≈ 0. The gradient
and the Hessian off(α) are:

∇f(α) =
k∑

j=1

rj(α)∇rj(α) = Jα(α)T r(α) (14)

∇2f(α) = Jα(α)TJα(α) +
k∑

j=1

rj(α)∇2rj(α) ≈ Jα(α)TJα(α) (15)

whereJα is the Jacobian matrix (or sensitivity matrix), which contains the partial derivatives of the residuals
rj with respect toα:

∆rj =
n∑

e=1

δrj

δαe
∆αe (16)
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or in full form:

[J]m×p =




δr1
δα1

δr1
δα2

δr1
δα3

. . . δr1
δαp

δr2
δα1

δr2
δα2

δr2
δα3

. . . δr2
δαp

δr3
δα1

δr3
δα2

δr3
δα3

. . . δr3
δαp

. . . . . . . . . . . . . . .
δrm
δα1

δrm
δα2

δrm
δα3

. . . δrm
δαp




(17)

wherem = mf + ms andp is the number of the updating parameters. The first partial derivative of each
frequency residualrf and mode shape residualrs with respect toα are:

δrf

δαe
=

1
λ̃j

δλj

δαe
(18)

δrs

δαe
=

1
φr

j

δφl
j

δαe
− φl

j

(φr
j)2

δφr
j

δαe
(19)

3 FE model updating of a reinforced concrete frame

The natural frequencies and mode shapes are directly related to the stiffness of a structure. Therefore, a drop
in natural frequencies or mode shapes will indicate a loss of stiffness which is a consequence of damage in
certain elements of the structure. As the number of elements to be updated increases, the ill posedness of the
model updating problem increase. Damage functions have been recommended for decreasing the number
of parameters to be updated in the FE model updating of a reinforced concrete beam structure by Teughels
et al. [15]. The principal idea in this methodology is that in order to prevent an ill-conditioned Jacobian
matrix due to a high number of updating variables, the distribution of the unknown physical property is
approximated by combining a limited set of damage functions. The updating parameters are then selected
as the factors by which each of the damage functions has to be multiplied before combining them. By
this methodology, not only the number of the updating parameters are reduced but also the ill posedness of
the optimization problem is prevented. However, in more complicated structures, the damage mechanisms
depend on engineering judgement and the use of damage functions may not be appropriate. As mentioned
above, in this study, the FE model updating problem is applied on a reinforced concrete frame structure
in which, the use of the damage functions is not appropriate. In the following subsections, the reinforced
concrete building type selected is explained first. The damage mechanisms of the reinforced concrete frames
are then discussed followed by the description of the damage scenario applied on the building.

3.1 Criteria for the choice of the building type considered and the description of
the building

The building considered is located in Bolu and is a moment resisting reinforced concrete frame system that
represents a typical residential building in the Marmara region isolated from other buildings at both sides.
The drawings of the building are taken from the curated depository of Turkish building data on the Kocaeli
Golcuk and Duzce Bolu earthquakes of 1999 maintained by Purdue University, University of Michigan and
University of Texas at Austin [16]. The building is a four storey structure with three bays in the strong
direction and two bays in the weak direction. The floor system is flat slab with beams. The building has
a typical storey height of 2.85 m and considered as regular in elevation. The dimensions of the columns
are typically 0.6 m x 0.25 m or 0.25 m x 0.6 m and the dimensions of the beams are 0.25 m x 0.5 m for
beams. The concrete design strength is 20 MPa. The building does not have a basement and is fixed at the
foundations. The infill walls are hollow clay tile brick infills typical to Turkey. The building was under
construction when the 1999Mw=7.4 Kocaeli andMw=7.1 Duzce earthquakes hit the region. After the 1999
earthquakes, it is reported that the reinforced concrete frame was moderately damaged, but no damage is
reported for the infill walls. Fig.1 shows the geometry of the building and the assumed sensor locations.
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Figure 1: The location of the response points of the reinforced concrete frame.

3.2 FE model of the reinforced concrete frame

The structure is modeled by the FE package program ANSYS [17] and is idealized as a 2 dimensional
structure taking into account the weights of the slabs in the transverse direction in the FE model. Eight beam
elements per beams and 6 beam elements for columns are generated for the FE model.

In the first stage, in order to obtain the natural frequencies and mode shapes of the system, modal analysis is
carried out by using the Block Lanczos extraction method with a sparse matrix solver. The mode shapes are
normalized to unity. This stage of the analysis gives the undamaged structure’s modal properties. The first
two mode shapes of the frame are shown in Figs. 2 to 3.

Figure 2: The first vibration mode of the reinforced concrete frame.

3.3 Damage scenario for the reinforced concrete frame

Typically, in modeling the response of reinforced concrete structures to earthquake loading, it is assumed
that the joint regions are rigid and the damage is limited to flexural yielding of beams, columns, slabs and
walls. If the beam-column joint regions are adequately designed, and if the reinforced concrete frame is
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Figure 3: The second vibration mode of the reinforced concrete frame.

designed appropriately according to the weak beam-strong column philosophy, then the plastic hinges will
form in beams close to the face of the columns. On the other hand, the joints are anticipated to fail by bond
slip or joint shear failure modes if the beam-column joint region does not have transverse reinforcement, the
development lengths of beam bars or column depth to beam bar diameter ratio are less than the recommended
values in codes and smooth bars are used for the beam longitudinal reinforcement. In this study, a damage
scenario is considered such that the joint region is assumed to be adequately detailed with closely spaced
stirrups and the frame is assumed to be designed according to the weak beam-strong column philosophy.
Consequently, the joints are assumed to remain rigid during seismic excitations and the plastic hinges are
expected to occur in the beams close to the beam-column joint regions spreading towards the point of contra-
flexure in the beams. Research [18] has shown that the damaged region in this case can not be represented
by two springs because cracking spreads over a finite region at the ends of the reinforced concrete girders.
For this type of scenario, the stiffnesses of the beam elements in the FE model close to the beam-column
joint regions are decreased. It is reasonable to assume that the stiffness at this cracked region is constant.
This is primarily due to the fact that the reinforcement layout will not change along the cracked zone length
provided this zone does not extend beyond the quarter span point. Fig. 4 shows the elements of the reinforced
concrete frame to which damage is simulated by reducing their stiffnesses. The stiffness reduction factors of
these elements are given in Table 1.

The first two mode shapes of the damaged reinforced concrete frame are shown in Figs. 5 and 6. In the rest
of the paper, the model of the damaged frame will be referred to as the model of the simulated experiment.

3.4 Analysis of results

The index MAC (Modal Assurance Criterion) indicates the correlation between two sets of mode shapes
[19]. MAC produces a matrix of inner products between the mode shape vectors as:

MAC(φi, φ̃j) =
|φiφ̃j |2

(φT
i φi)(φ̃j

T
φ̃j)

(20)

MAC matrix values change between 0 and 1. A MAC value close to 1 indicates a good correlation, and
a MAC value close to 0 indicates a poor correlation. All the analytical modes are correlated with all the
measured modes and the results are placed in a matrix. The MAC matrix is calculated for two cases. In
the first case, the correlation between the initial FE model and the damaged model is investigated. In the
second case, the reference FE model is updated and the correlation between the updated FE model and the
damaged model is again calculated. Fig. 7 shows that the relative eigenfrequency differences between the

1730 PROCEEDINGS OF ISMA2006



Table 1: Stiffness reduction factors for the 24 damaged elements.

Damage Scenario FEM Update Detected damage Actual damage
Material nr α α (yes/no) (yes/no)
1 0 NA NA NA
2 0.65 0.65 Yes Yes
3 0.50 0.50 Yes Yes
4 0.40 0.40 Yes Yes
5 0.30 0.30 Yes Yes
6 0.80 0.80 Yes Yes
7 0.90 0.90 Yes Yes
8 0.20 0.20 Yes Yes
9 0 ≈ 0 No No
10 0.50 0.50 Yes Yes
11 0.55 0.55 Yes Yes
12 0 ≈ 0 No No
13 0.10 0.10 Yes Yes
14 0.85 0.85 Yes Yes
15 0.70 0.70 Yes Yes
16 0 ≈ 0 No No
17 0 ≈ 0 No No
18 0.60 0.60 Yes Yes
19 0.40 0.40 Yes Yes
20 0.10 0.10 Yes Yes
21 0.15 0.15 Yes Yes
22 0.90 0.90 Yes Yes
23 0.60 0.60 Yes Yes
24 0.40 0.40 Yes Yes
25 0.30 0.30 Yes Yes
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Figure 4: The material numbers for the damaged elements in the FE model of the reinforced concrete frame.
Materials numbers 2 to 25 represent the damaged elements whose stiffnesses will be updated. Material
number 1 corresponds to the undamaged elements.

Figure 5: The first vibration mode of the damaged reinforced concrete frame.

numerical model and the simulated experimental model are substantially decreased after model updating.
Fig. 8 shows the comparison of the MAC values before and after model updating. The FE model updating
scheme used can accomplish the first three levels of damage identification, namely; detection, localization
and quantification, successfully.

Next, the FE model updating scheme is tested in the presence of noise. Two noise levels are considered
to simulate measurement errors. The first is moderate noise level in which random noise with normal dis-
tribution and0.5% standard deviation is applied to the eigenvalues. For the mode shapes, noise with1%
standard deviation relative to the maximum amplitude is applied. The second noise level simulates substan-
tially noisy measurements. Random noise with normal distribution and1.5% standard deviation is applied to
the eigenvalues in this case. For the mode shapes, noise with3% standard deviation relative to the maximum
amplitude is applied.
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Figure 6: The second vibration mode of the damaged reinforced concrete frame.
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Figure 7: Relative eigenfrequency differencesν−ν̃
ν [%] between numerical and simulated experimental modes

for the reinforced concrete building.

Figs. 9 and 10 show the relative eigenfrequency differences and the MAC values between the numerical
and the simulated experimental modes in the presence of moderate noise. The results show that the relative
differences in the eigenfrequencies and the MAC values are considerably improved after the FE model updat-
ing. Table 2 shows the detected and actual damage as well as the predicted stiffness reduction factors in the
presence of noise. The stiffness reduction factors are predicted very closely except for the damaged element
18. This may be most probably due to the fact that a relatively complicated damage pattern is assumed for
the damage scenario. Most damaged elements are adjacent to each other and the adjacent elements’ stiffness
reduction factors are assumed to be substantially different. However, overall results are again quite accurate.
The results show that the first three levels of damaged identification are again possible with the FE model
updating scheme in the presence of moderate noise.

The second case considered is the substantial noise in measurements. Table 3 shows the stiffness reduction
factors predicted. The results show that in the presence of substantial amount of noise, the model can under
or overestimate the stiffness reduction factors, but 19 out of 24 damage parameters are predicted relatively
accurately again even for the complex damage pattern adopted. Figs. 11, 12 also show that the MAC values
as well as the relative eigenfrequency differences are improved substantially after FE model updating.
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Table 2: Stiffness reduction factors predicted for the 24 damaged elements in the presence of random noise
with normal distribution and 0.5% standard deviation applied to the eigenvalues;1% standard deviation
relative to the maximum amplitude applied to the mode shapes.

Damage+noise FEM Update Detected damage Actual damage
Material nr α α (yes/no) (yes/no)
1 0 NA NA NA
2 0.65 0.65 Yes Yes
3 0.50 0.51 Yes Yes
4 0.40 0.42 Yes Yes
5 0.30 0.29 Yes Yes
6 0.80 0.76 Yes Yes
7 0.90 0.91 Yes Yes
8 0.20 0.23 Yes Yes
9 0 ≈ 0 No No
10 0.50 0.63 Yes Yes
11 0.55 0.55 Yes Yes
12 0 ≈ 0 No No
13 0.10 0.14 Yes Yes
14 0.85 0.83 Yes Yes
15 0.70 0.70 Yes Yes
16 0 ≈ 0 No No
17 0 0.07 Yes No
18 0.60 0.13 Yes Yes
19 0.40 0.44 Yes Yes
20 0.10 0.13 Yes Yes
21 0.15 0.098 Yes Yes
22 0.90 0.92 Yes Yes
23 0.60 0.60 Yes Yes
24 0.40 0.42 Yes Yes
25 0.30 0.25 Yes Yes
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Table 3: Stiffness reduction factors predicted for the 24 damaged elements in the presence of substantial
noise.

Damage+noise FEM Update Detected damage Actual damage
Material nr α α (yes/no) (yes/no)
1 0 NA NA NA
2 0.65 0.22 Yes Yes
3 0.50 0.49 Yes Yes
4 0.40 0.47 Yes Yes
5 0.30 0.31 Yes Yes
6 0.80 0.70 Yes Yes
7 0.90 0.93 Yes Yes
8 0.20 0.33 Yes Yes
9 0 0.07 No Yes
10 0.50 0.70 Yes Yes
11 0.55 0.66 Yes Yes
12 0 ≈ 0 No No
13 0.10 0.21 Yes Yes
14 0.85 0.82 Yes Yes
15 0.70 0.67 Yes Yes
16 0 ≈ 0 No No
17 0 0.25 Yes No
18 0.60 0.75 Yes Yes
19 0.40 0.49 No Yes
20 0.10 0.42 Yes Yes
21 0.15 0.37 Yes Yes
22 0.90 0.94 Yes Yes
23 0.60 0.52 Yes Yes
24 0.40 0.57 Yes Yes
25 0.30 0.064 Yes Yes
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Figure 8: The comparison of MAC values before and after model updating for the first four modes.
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Figure 9: Relative eigenfrequency differencesν−ν̃
ν [%] between numerical and simulated experimental modes

in the presence of moderate noise.

4 Conclusions

A FE model updating scheme using constrained optimization with a trust region algorithm is applied on a nu-
merical model of an actual residential building from Turkey. A damage scenario is applied on the reinforced
concrete frame such that the stiffnesses of the elements close to the beam-column joints are deliberately
decreased to simulate damage. A complex worst case damage scenario in which adjacent elements have
substantially different stiffness levels is considered. The initial FE model is then updated to tune the initial
modal parameters with the modal parameters from the numerical model in which the damage is simulated.
The results of the updating showed that the first three levels of damage identification as proposed by Rytter;
namely, damage detection, localization and quantification are successfully accomplished by the FE model
updating algorithm used. The relative eigenfrequency differences and the MAC values are substantially im-
proved after updating. The FE model updating algorithm is also tested in the presence of two noise levels
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Figure 10: MAC values between numerical and simulated experimental modes for the reinforced concrete
building in the presence of moderate noise.
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Figure 11: Relative eigenfrequency differencesν−ν̃
ν [%] between numerical and simulated experimental

modes for the reinforced concrete building in the presence of substantial noise.

which simulate moderate and substantial noise in measurements, respectively. In the presence of moderate
noise levels, damage is successfully detected and located in all elements. With the exception of one element,
all the 23 stiffness reduction factors are predicted quite accurately. The relative eigenfrequency differences
and the MAC values are considerably improved after model updating. In the presence of high amount of
noise, damage is detected and located correctly in all the damaged elements except for one element. The
majority of the stiffness reduction factors (19 out of 24) are predicted quite accurately. The MAC values and
the relative eigenfrequency differences are substantially improved after model updating. The results demon-
strate that a sensitivity based FE model updating using a trust region algorithm is promising for the detection
of damaged elements in actual multi-storey buildings.
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Figure 12: MAC values between numerical and simulated experimental modes for the reinforced concrete
building in the presence of substantial noise.
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Abstract
An efficient and modular numerical prediction model is presented to predict vibrations and re-radiated noise
in buildings due to metro trains. The approach comprises of three weakly coupled problems: the dynamic
vehicle-track-tunnel-soil interaction problem, the dynamic soil-structure interaction problem and the cal-
culation of the acoustic response inside the rooms. The three-dimensional dynamic tunnel-soil interaction
problem is solved with a subdomain formulation, using a finite element formulation for the tunnel and a
boundary element method for the soil. The periodicity of thetunnel and the soil in the longitudinal direc-
tion is exploited using the Floquet transform, limiting thediscretization effort to a single bounded reference
cell. The Craig-Bampton substructuring technique is used to efficiently incorporate a track in the tunnel.
The track-tunnel-soil interaction problem is solved in thefrequency-wavenumber domain and the wave field
radiated into the soil is computed. This incident wave field is used to solve the dynamic soil-structure in-
teraction problem on the receiver side and to determine the vibration levels in the structure. The receiver
side dynamic soil-structure interaction problem is solvedby means of a 3D boundary element method for
the soil coupled to a 3D finite element method for the structural. A weak coupling between the structural
and acoustic vibrations is accounted for and an acoustic spectral finite element method is used to predict
the acoustic response. To demonstrate the efficiency of the approach, the Bakerloo line tunnel of London
Underground has been modelled using the coupled periodic FE-BE approach. It is a deep bored segmented
tunnel, with a cast iron lining, embedded in the London clay.The response in the free-field due to a moving
vehicle on an uneven rail is predicted. Subsequently, the re-radiated noise in a hypothetic multi-story portal
frame office building is estimated. This numerical model enables to investigate the inherent physics of the
generation and propagation of vibrations and re-radiated noise in buildings from underground railways.

1 Introduction

Ground-borne vibrations induced by underground railways are a major environmental concern in urban ar-
eas. These vibrations propagate through the tunnel and the surrounding soil into nearby buildings, causing
annoyance to people. Humans in buildings are affected both by vibrations of the structure (1-80 Hz) and
through the re-radiated noise (1-200 Hz) from the walls and ceilings of the rooms. For the prediction of
ground-borne vibrations and re-radiated noise in buildings, a modular architecture is adopted, which con-
sists of the following subproblems: the dynamic vehicle-track-tunnel-soil interaction problem, the dynamic
soil-structure interaction problem, and finally the prediction of vibrations and primary re-radiated noise in
the structures. The first two subproblems can be assumed weakly coupled, if the distance between the source
and the receiver is much larger than the dominant wavelengths in the soil. The second and third subproblems
are weakly coupled too, as the mechanical impedance of the air inside the rooms is much smaller than the
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mechanical impedance of the building’s walls. This also reduces the computational effort for the second
subproblem.

In the first subproblem, the free field vibrations are predicted, by computing the contact force generated by
the wheel/track interaction and then solving the dynamic track-tunnel-soil interaction. The dynamic track-
tunnel-soil interaction problem is tackled using the coupled periodic FE-BE model developed within the
framework of CONVURT [1]. The Floquet transform is used to exploit the periodicity of the problem, which
allows to model wave propagation over multiples of wavelengths both in the longitudinal and transverse
directions of the tunnel, which would have been impossible with standard three-dimensional finite element
and boundary element formulations. A finite element method is used to model a periodic unit of the tunnel,
while a boundary element method is used to model the soil as a horizontally layered elastic half space
[2, 3]. This model has also been validated with a semi-analytical pipe-in-pipe model [4], where a simplified
problem of an invariant concrete tunnel embedded in a 3D homogeneous full space was considered. In the
coupled periodic FE-BE model, the track is efficiently incorporated using the Craig-Bampton substructuring
formulation. The dynamic track-tunnel-soil interaction problem is formulated in the frequency-wavenumber
domain and the wave field radiated into the soil is computed.

The numerical model can account for moving loads and variousexcitation mechanisms. In this paper random
excitation due to the rail unevenness is considered. The analytical formulation for the response to moving
loads is outlined in this paper.

Once the incident wave field in the soil has been determined, the dynamic response of a three-dimensional
building due to this incident wave field is computed. Similarly to the tunnel-soil interaction, a subdomain
formulation is employed where a finite element method is usedfor the structure and boundary element
formulation is used for the soil. The kinematics of the structure are described by its rigid and flexible modes.
The Craig-Bampton substructuring is used to differentiatebetween the foundation modes and their quasi-
static transmission into the building, and the modes of the superstructure on rigid base [5].

In the third subproblem, the computed structural displacements are used as a vibration input for the compu-
tation of ground-borne noise in the building’s enclosures.For typical room dimensions in office buildings or
family dwellings, the deterministic 3D methods can be used to solve the acoustic wave equation inside the
enclosure in the targeted frequency range. A spectral finiteelement method is applied to the acoustic prob-
lem, which, for the case of low wall absorption, can lead to a direct integral representation of the internal
sound pressure.

After a short overview of the methodology used for the three subproblems, a numerical example is presented,
where the vibrations and re-radiated noise are predicted ina portal frame office building due to the passage
of a train in the Bakerloo line tunnel of London Underground.The receiver model investigates the effect of
acoustic absorption parameters of the walls and the different dimensions of the room.

2 Dynamic vehicle-track-tunnel-soil interaction

Significant vibrations in buildings near railway tracks andsubway tunnels are attributed to moving trains.
Since the geometry of the track-tunnel-soil system is assumed to be periodic in the longitudinal direction, the
Floquet transformation can be used to derive an efficient strategy to compute the response to a moving load
in terms of the frequency content of the axle loads and the transfer function of the track-tunnel-soil system
in the frequency-wavenumber domain. The transfer functions of the track-tunnel-soil system are obtained
from the coupled periodic FE-BE model, which is an effectiveprediction tool that accounts for the complex
periodic geometry of the tunnel as well as the layering of a semi-infinite soil medium.
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2.1 Floquet transform

An infinite periodic structure can be analyzed using the Floquet transform method. If the spatial period is
L, then the positionx of any point in the problem domainΩ is decomposed asx = x̃ + nLey, wherex̃

is the position in the reference cellΩ̃ andn is the cell number. The Floquet transformationf̃(x̃, κ) of a
non-periodic functionf(x) = f(x̃ + nLey) defined on a domainΩ, that is periodic in the directioney with
periodL, transforms the distancenL between then-th cell and the reference cell̃Ω to the wave number
κ ∈ [−π/L, π/L] and is defined as [6]:

f̃(x̃, κ) =

+∞
∑

n=−∞

f(x̃ + nLey) exp (+inLκ) (1)

The complex functionf̃(x̃, κ) is periodic of the second kind with a periodL in the directioney since the
following condition holds for all̃x:

f̃(x̃ + Ley, κ) = exp (−iκL)f̃(x̃, κ) (2)

The inverse Floquet transform is defined as:

f(x̃ + nLey) =
L

2π

∫

+π/L

−π/L
f̃(x̃, κ) exp (−inLκ)dκ (3)

This definition will be used to synthesize the solution on theproblem domainΩ if it is known on the reference
cell Ω̃.

2.2 The response due to moving loads

In the fixed frame of reference, the distribution ofn vertical axle loads on the coupled track-tunnel-soil
system is written as the summation of the product of Dirac functions that determine the time-dependent
positionxS = {xS , yk + vt, zS}T and the time historygk(t) of thek-th axle load:

F(x, t) =

n
∑

k=1

δ(x− xS)δ(y − yk − vt)δ(z − zS)gk(t)ez (4)

yk is the initial position of thek-th axle that moves with the train speedv along they-axis andez denotes
the vertical unit vector.

A Fourier transformation is applied to equation (4) to obtain the representation in the frequency-spatial
domain:

F̂(x, ω) =
1

v

n
∑

k=1

gk

(y − yk

v

)

exp
[

− i
ω

v
(y − yk)

]

δ(x− xS)δ(z − zS)ez (5)

The responsêui(x, ω) in the frequency domain at the receiver pointx due tok-th axle load is written as the
superposition of the load distribution along the source line:

ûi(x, ω) =

∫

∞

−∞

F̂kz(x
′, ω)ĥzi(x

′,x, ω)dy′ (6)

whereF̂kz is the vertical component of thek-th axle load and̂hzi(x
′,x, ω) is the transfer function, expressing

the displacement atx in the ei direction due to a unit load applied atx′ in the ez direction. Substituting
equation (5) in equation (6) and omitting the dependence on the source coordinatesx′ andz′ gives:

ûi(x, ω) =
1

v

∫

∞

−∞

gk

(y′ − yk

v

)

exp
[

− i
ω

v
(y′ − yk)

]

ĥzi(y
′,x, ω)dy′ (7)

=

∫

∞

−∞

gk(τ)ĥzi(yk + vτ,x, ω) exp (−iωτ)dτ (8)
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The response due to a moving load on the track can therefore becalculated from the receptance of the track-
tunnel-soil system describing the displacement at a pointx due to a load at positionx′. In case of an invariant
or a periodic geometry, the expressions (7) and (8) can be further simplified.

In the case of a periodic geometry that has a spatial periodL, the Floquet transformation is used to obtain
the response to a moving load as [7, 8]:

ûi(x̃ + nLey, ω) =
1

2πv

∫

∞

−∞

ĝk(ω̃) exp
[

−i
(ω − ω̃

v

)

(nL− yk)
]

×
∫ L/2

−L/2

exp
[

− i
(ω − ω̃

v

)

ỹ′
] ˜̂
hzi(ỹ

′, x̃, κ0, ω) dỹ′ dω̃ (9)

where ˜̂
hzi(ỹ

′, x̃, κ0, ω) is the Floquet transform of the transfer functionĥzi(ỹ
′, x̃ + nLey, ω) andκ0 =

ky − 2mπ/L. A change of variables according toky = (ω − ω̃)/v yields:

ûi(x̃ + nLey, ω) =
1

2π

∫

∞

−∞

ĝk(ω − kyv) exp
[

−iky(nL− yk)
]

×
∫ L/2

−L/2

exp
[

− iky ỹ
′
] ˜̂
hzi(ỹ

′, x̃, κ0, ω) dỹ′ dky (10)

The transfer function˜̂hzi(ỹ
′, x̃, κ0, ω) and the frequency content of the axle loadĝk(ω) are needed to compute

the response from equation (9) or (10).

2.3 Transfer functions

The transfer functions are computed by means of the coupled periodic FE-BE model using the classical
domain decomposition approach based on the finite element method for the tunnel and the boundary element
method for the soil. The Floquet transform is used to exploitthe periodicity of geometry and to restrict the
problem domain to a single bounded reference cell.

As the reference cell of the tunnel is bounded, the displacement fieldũt(x̃, κ, ω) in the tunnel can be decom-
posed on a basis of functions̃ψm(x̃, κ):

ũt(x̃, κ, ω) =

N
∑

m=1

ψ̃m(x̃, κ)αm(κ, ω) (11)

whereψ̃m(x̃, κ) is the kinematical basis that obeys the periodicity condition of the second kind (equation
(2)).

The soil displacements̃us(x̃, κ, ω) can be written as the superposition of waves that are radiated by the
tunnel into the soil:

ũs(x̃, κ, ω) = ũsc(ũt)(x̃, κ, ω) =

M
∑

m=1

ũsc(ψ̃m)(x̃, κ, ω)αm(κ, ω) (12)

The weak or variational formulation of the problem results in the following system of equations in the
frequency-wavenumber domain [2, 3, 6, 9]:

[

Kt(κ)− ω2Mt(κ) + Ks(κ, ω)
]

α(κ, ω) = Ft(κ, ω) (13)

whereKt(κ) andMt(κ) are the projection of the finite element stiffness matrix andmass matrix of the
tunnel reference cell on the tunnel modesψ̃m(x̃, κ) (which are periodic of the second kind).Ks(κ, ω) is the
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dynamic stiffness matrix of the soil calculated with a periodic boundary element formulation with Green-
Floquet functions defined on the periodic structure with period L along the tunnel [6, 9, 2, 10].

The Craig-Bampton substructuring technique is used to efficiently incorporate a track in the tunnel, describ-
ing the kinematics of the track-tunnel system as a superposition of the track modes on a rigid base and the
quasi-static transmission of the free tunnel modes into thetrack. The advantage of this approach is that
the soil impedance only depends on the periodic tunnel modesand does not change when alternative track
structures are considered.

Equation (13) is solved to obtain the displacement field in the reference cell in the frequency-wavenumber
domain. When the displacements̃ut(x̃, κ, ω) and the stresses̃tt(x̃, κ, ω) on the tunnel-soil interface are
known, the wave field radiated into the soil is computed usingthe dynamic representation theorem in the
unbounded soil domain corresponding to the reference cell.This corresponds to the transfer function in the
frequency-wavenumber domain that are used in equation (9) or (10) to compute the incident wave field due
to a moving train. The displacement field in the frequency domain at any pointx in another cell is obtained
after evaluation of the inverse Floquet transform, according to equation (3).

2.4 Axle loads

There are various excitation mechanisms responsible for generating vibrations due to moving trains. The
models developed under CONVURT [1, 11] account for three excitation mechanisms: the unevenness ex-
citation due to wheel and rail roughness, the impact excitation due to rail joints and wheel flats, and the
parametric excitation due to sleeper periodicity. In this paper, only forces due to rail roughness are consid-
ered.

Roughness is the main generation source of vibrations from moving trains. The rail roughness is expressed
as a stochastic process characterized by a single-sided power spectral density (PSD)̃Sw/r(ky), written as a
function of the wavenumberky = ω/v = 2π/λy [12]:

S̃w/r(ky) = S̃w/r(ky0)

(

ky

ky0

)

−w

(14)

The parameters̃Sw/r(ky0) andw depend on the quality of the rail. For rail unevenness,ky0 = 1 rad/m
andw = 3.5 are commonly assumed. An artificial profileuw/r(y) is generated from the PSD-curve based

on the superposition of simple random processes with known statistical properties. The PSD̂Sw/r(ω) of

the unevenness in the frequency domain is found as1/vS̃w/r(−ω/v) and increases with the vehicle speed
proportional tov2.5, wherew = 3.5 in equation (14). Thus, an increase in speed is expected to give rise to
higher dynamic axle loads and higher vibration levels. For the simple case of vertical interaction between
the wheel and the rail, the contact forcesĝ(ω) at the train’s axles in the frequency domain, generated due to
an uneven profile are given as:

[Ĉv(ω) + Ĉt(ω)]ĝ(ω) = ûw/r(ω) (15)

whereûw/r(ω) is the relative displacement (roughness) between the wheeland the rail, whileĈv(ω) and

Ĉt(ω) are the compliance of the vehicle and the track, respectively. The frequency content of the rail
unevennesŝuw/r(ω) is calculated from the wavenumber domain representationũw/r(ky) of the unevenness
uw/r(y).

When the critical wave speed in the track-tunnel-soil system is much higher than the train speed, the track
receptance can be computed in the fixed frame of reference.
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3 Dynamic soil-structure interaction

A weak coupling between the incident wave field and the structure is assumed, meaning that the presence of
the building has no effect on the vibration generation mechanism and the free field displacements are applied
as an excitation on the coupled structure-soil model.

The decomposition method proposed by Aubry et al. [13] and Clouteau [14] is used to formulate the dynamic
soil-structure interaction problem. The finite structure is modeled in the frequency domain by a 3D structural
finite element method. The equation of motion of the buildingis:

([

Kss Ksb

Kbs Kbb + K̂
g
bb

]

− ω2

[

Mss Msb

Mbs Mbb

]){

ûs

ûb

}

=

{

0

f̂b

}

(16)

where the structural displacements are are separated to thedisplacement DOF of the foundation̂ub and the
remaining DOF of the superstructurêus. M andK denote the finite element mass and stiffness matrices,
andK̂

g
bb stands for the frequency dependent impedance matrix of the soil. The forcef̂b and the impedance of

the soil are computed using a 3D boundary element method [14]in the frequency domain, using the Green’s
functions of a layered half-space.

A Craig-Bampton [15] modal decomposition method is used in order to reduce computational costs. The
displacement vector of the foundation is written as a superposition of rigid and flexible foundation modes
Φb, while the displacement vector of the superstructure is decomposed into the quasi-static transmissionΦs

b

of the foundation modes to the superstructure and the flexible modesΦs of the superstructure with a clamped
base:

{

ûs

ûb

}

=

[

Φs Φs
b

0 Φb

]{

α̂s

α̂b

}

(17)

This substructuring method has the advantage that the foundation and the superstructure are decoupled. If
modifications are made to the building’s superstructure, the forces resulting from the incident wave field do
not have to be recomputed.

4 Re-radiated noise in structure

After determining the structural response of the building,the acoustic radiation problem can be now solved.
As the impedance of the radiating walls is much larger than that of the internal acoustic space, a weak
coupling between structural and acoustic vibrations is assumed. The acoustic pressure inside the room has
no effect on the vibration of the walls and the computed structural vibration velocity is applied as a boundary
condition in an acoustic boundary value problem.

The internal acoustic space is characterized by the speed ofsoundCa and the material density of the airρa.
The absorbing surfaces of the rooms are characterized by theacoustic impedanceZa, relating the acoustic
pressurêpa to the difference of normal structural and acoustic velocities v̂s andv̂a of the acoustic boundary
Γa:

p̂ = Za(v̂s − v̂a) (18)

At relative low frequencies, the acoustic impedance can be computed from the walls’ acoustic absorption
coefficientα, which gives the ratio of the absorbed and the incident acoustic energy when a normal incident
acoustic plane wave is reflected from the surface. The relation between the acoustic absorption coefficientα
and the wall’s impedanceZa can be approximated as:

Za = ρaCa
1 +

√
1− α

1−
√

1− α
(19)
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An acoustic spectral finite element method [16] is used to express the internal pressurêpa(x, ω) in terms of
the acoustic room modes:

p̂a(x, ω) =
∑

n

Ψn(x)β̂n(ω) (20)

whereΨn(x) denotes then-th acoustic mode of the shoe-box shaped interior domain with rigid boundary
conditions and̂βn(ω) is the corresponding modal coordinate. The application of the spectral finite element
method results in a system of linear equations for the acoustic modal coordinateŝβn:

(

Λ + iωD− ω2I
)

β̂ = iωF̂ (21)

whereΛ = diag
{

ω2
n

}

contains the eigenfrequencies of the acoustic domain,I is a unit matrix,

Dnm = ρaC
2
a

∫

Γa

ΨnΨm

Za
dΓ (22)

is the modal damping matrix related to the wall absorption, and

F̂n = ρaC
2
a

∫

Γa

Ψnv̂sdΓ (23)

denotes the modal load vector. For the case of constant wall absorption on the boundary, the elementDnm

can be expressed analytically. Moreover, the off-diagonalelements can be truncated with a relative small
error [17], resulting in a very fast algorithm for the acoustic computations. In this case the spectral finite
element method results in a direct boundary integral representation of the acoustic modal coordinates.

5 Numerical example

To demonstrate the efficiency of the approach, the tunnel on the Bakerloo line of London Underground is
modelled using a coupled periodic FE-BE approach. The free field response is predicted in the frequency
range 1-100 Hz, and subsequently the re-radiated noise in a hypothetic nearby multi-story portal frame office
building is estimated (figure 1).

uinc

pa vs

x

z

Figure 1: Problem outline.
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(a)

rp 1.88m

ri 1.829m

re 1.953 m

ts 0.022m

hb 0.102m

(b)

Figure 2: (a) Cross section of the metro tunnel on the Bakerloo line at Regent’s Park. (b) Finite element
model of the reference cell.

5.1 Problem outline

The Bakerloo line tunnel of London Underground is a deep bored tunnel with a cast iron lining and a single
track, embedded in London clay at a depth of 28 m. The tunnel has an internal radius of 1.83 m and a wall
thickness of 0.022 m (figure 2). There are six longitudinal stiffeners and one circumferential stiffener at an
interval of 0.508 m, resulting in a periodic structure. Dynamic soil characteristics have been determined by
in situ and laboratory testing [18]. For the numerical calculations, the tunnel is assumed to be embedded
in a layered soil consisting of a single shallow layer with a thickness of 5 m on top of a homogeneous half
space consisting of clay. The top layer has a shear wave velocity Cs = 275 m/s, a longitudinal wave velocity
Cp = 1964 m/s, a densityρs = 1980 kg/m3 and a material damping ratioβs = 0.042. The underlying
half space has a shear wave velocityCs = 220 m/s, a longitudinal wave velocityCp = 1571 m/s, a density
ρs = 1980 kg/m3 and a material damping ratioβs = 0.039.

The track is a non-ballasted concrete slab track with Bull head rail supported on hard wooded sleepers
nominally spaced at 0.95 m with cast iron chairs. Both ends ofa sleeper are concreted into the invert and
the space between the sleepers is filled with shingle. Resiliance is mainly provided by the timber sleepers,
as the rails are not supported by rail pads. The rails are modelled as Euler-Bernoulli beams and are attached
to the invert via a continuous elastic support. The smeared stiffness of the support is assumed ask̄tr =
41.1 × 106 N/m2, while a value of10.52 × 103 Ns/m2 is assumed for the distributed damping in the support
c̄tr.

The train consists of seven cars: a driving motor car, a trailer car, two non-driving motor cars, two trailer
cars and a driving motor car. The length of a motor car is 16.09m, while the length of the trailer car is 15.98
m. The bogie and axle distances on all cars are 10.34 m and 1.91m, respectively. The distance between the
first and the last axle of the train is 108.33 m. The wheels are of the monobloc type and have a diameter of
about 0.70 m. The tare mass of a motor car is 15330 kg, while thebogie mass is 6690 kg and the mass of
wheelset is 1210 kg. The tare mass of a trailer car is 10600 kg,while the bogie mass is 4170 kg and the mass
of a wheelset is 950 kg. For the computations, only the unsprung mass of the cars is considered to act on the
rails. The speed of the train is 13.8 m/s.

The portal frame office building has the dimensions15 m× 10 m× 9.6 m and is symmetrically placed on
the free surface above the tunnel. The finite element mesh of the modeled portal frame structure is shown
in figure 3. The three story superstructure is supported by a0.3 m thick reinforced concrete raft foundation.
The basic structure consists of a reinforced concrete portal frame structure containing vertical columns of
cross sectional dimensions0.3×0.3 m and horizontal beams of dimensions0.3×0.2 m. This frame structure
supports0.3 m thick horizontal slabs. The structure has a reinforced concrete central core which surrounds
the stair-case. The thickness of the core walls is0.15 m. The structural model is extended with the in-fill
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Figure 3: Finite element mesh of the office building.

walls of three rooms besides the core. Room 1 has dimensions5× 6× 3 m, and is located on the first floor,
behind the core wall; room 2, which has the dimensions, is located on the second floor; a smaller room 3 with
dimensions5 × 4 × 3 m is located on the first floor, besides the core. The masonry in-fill walls are0.06 m
thick. The finite element size is chosen as0.5 m, which is fine enough for computations up to100 Hz. A
constant hysteretic structural damping ofβs = 0.025 is assumed.

5.2 Incident wave field

The response due to a moving load in the free field is predictedusing equation (10). The transfer functions
in the frequency-wavenumber domain in the free field are computed from the coupled periodic FE-BE model
as described in subsection 2.3, while the frequency contentof the axle load̂g(ω) for the excitation due to rail
roughness is computed from equation (15).

The transfer function in the free field is computed using the coupled periodic FE-BE model. Figure 4 shows
track receptance and the transfer function in the free field at {−5 m,−7.5 m, 0 m} in the frequency domain.
80 periodic modes of the second kind are used for the computation, which include 60 free tunnel modes and
12 track modes on a rigid base.
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Figure 4: (a) Frequency content of the track receptance.(b)Vertical (blue) and horizontal (red) transfer
functions in the free field at{−5 m,−7.5 m, 0 m}.

The wheel-rail interaction and vibrations are investigated using an artificial roughness profile, generated
from the PSD curve. In this case, wheel-rail interaction is determined by the dynamic response of two
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components: the track and the wheels. The frequency response functions of the wheel and the track have
a significant influence on the wheel-rail interaction as can be seen from equation (15). Figure 5a shows
the PSD of the rail unevenness (solid line) with reference value S̃w/r(ky0) = 3.75 × 10−7 m3/rad, which
is used for generating the artificial roughness profileuw/r(y) as the superposition of cosine functions with
random phase angles in the interval[0, 2π] [19]. Superimposed on the same figure are the lower and upper
bounds of the PSD-curves of rail unevenness according to FRAtrack classes [20]. The frequency content of
the track unevennesŝuw/r(ω) is calculated from the wavenumber domain representation ofthe roughness

profile ũw/r(ky). The track compliancêCt(ω) is the same as shown in figure 4a. The vehicle compliance

matrix is equal to the diagonal matrix̂Cv(ω) = diag{−1/Muω
2} of order 28, whereMu is the unsprung

axle mass. Figure 5b shows the frequency content of the train-track interaction force at the front and real
axle of the metro train. The dominant frequency content liesaround the wheel-track resonance frequency.
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Figure 5: (a) PSD curve of the unevenness of the rail (solid line) and the upper and lower bounds (dashed
line) according to FRA track classes. (b) Axle load at the front (blue) and rear (red) axle of the metro train
for a speed of 13.8 m/s.
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Figure 6: (a) Time history and (b) frequency content of the vertical (blue) and horizontal (red) component of
the incident wave field in the soil at coordinates{−5 m,−7.5 m, 0 m}.

Figure 6 shows the horizontal (x) and vertical component of the free-field incident velocitycomputed in
the corner point of the building at coordinates{−5 m,−7.5 m, 0 m}. The dominating part of the frequency
content is between20 Hz and80 Hz with a peak at50 Hz, corresponding well to the frequency content of
the dynamic axle load.

5.3 The structural response

According to the Rubin criterium [21], all the modes up to1.5fmax have to be taken into account in the
modal superposition in order to have a kinematic base that issufficient up to a frequencyfmax. In the present
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(a)

mode 7,3.72 Hz mode 8,3.82 Hz mode 80,162.30 Hz

(b)

mode 2,6.65 Hz mode 4,11.93 Hz mode 200,98.27 Hz

Figure 7: (a) Quasi-static transmission of flexible foundation modes on the superstructure and (b) flexible
modes of the superstructure with clamped foundation.

study, all the foundation and superstructure modes up to200 Hz have been accounted for. A few modes are
displayed in figure 7. The lowest mode of the superstructure with a clamped base is at2.60 Hz, and only
12 modes of the superstructure have been found under20 Hz. These low frequency modes are the global
torsional and bending modes of the whole building. Above50 Hz, however, the modal density tends to be
very high and the high frequency modal shapes show local bending modes of the floor slabs and the core
walls. The number of superstructure and foundation modes increases linearly with frequency in the higher
frequency range. The total number of superstructure and foundation modes that is accounted for is equal to
482 and96, respectively.

In the following, the structural response of the office building to the passage of the metro is presented.
Figure 8 displays the structural velocities in two points (Q1 and Q2) of the building. The point Q1 is located
on the ground level, Q2 is located on the floor of room 1, both athorizontal coordinatesx = −3 m, y = 0 m.
The vibration levels in the point Q1 are very similar to the incident wave field, presented in figure 6. This
indicates that, in the present case, dynamic soil-structure interaction plays a negligible role in the vibration
transmission between the soil and the building. A significant vibration amplification can be observed between
the foundation and the first floor due to the first local bendingmodes of the floor slab in the frequency range
20− 30 Hz. The ground vibrations above70 Hz are not transmitted up to the first floor, which is an effect of
structural damping.

5.4 Acoustic response

The dimensions of room 1 and room 2 are5 m×6 m×2.8 m, while the size of room 3 is5 m×4 m×2.8 m.
The sound velocity is equal toCa = 343 m/s and the density of the air isρa = 1.225 kg/m3. The
absorption is assumed to be constant on the rooms’ surface and over the whole frequency range. Two
different absorption coefficients are considered for the three rooms:α = 0.03 stands for a strongly reflecting
room with uncovered concrete walls and an uncarpeted floor, while α = 0.15 is typical for an unfurnished,
carpeted room [22]. Using Sabine’s formula, the reverberation timetrev can be approximated from the room’s
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Figure 8: Frequency content of the vertical structural velocity in points Q1 (a) and Q2 (b).

volumeV , the surface areaA and the average absorption coefficientα as:

trev = γ
V

αA
, (24)

whereγ = 0.16 s/m. For the case of the larger rooms (room 1 and room 2), the absorption coefficients
α = 0.03 andα = 0.15 result in reverberation times of3.3 s and0.66 s, respectively, while for the case of
the smaller room 3 these reverberation times are3.68 s and0.73 s.

A modal base including all the acoustic modes up to200 Hz has been used for the spectral finite element
method. Referring to the frequency range of structural vibrations on the first floor, it is clear that the dominant
frequencies of the acoustic response will be determined by the first few acoustic modes.

In the following, transfer functions are presented which relate the sound pressure in an internal point of room
1 to the vertical rigid body motion of the foundation. The point Q3 is located aty = −0.5 m, x = −3.6 m,
z = 4.32 m, slightly shifted from the centre of room 1 in order to find the contribution of as many modes as
possible.
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Figure 9: (a) Time history and (b) frequency content of the transfer function between the vertical velocity
of the rigid foundation and the sound pressure in room 1 forα = 0 (green),α = 0.03 (blue) andα = 0.15
(red).

Figure 9 shows the transfer functions in the time and the frequency domain, for the case of both absorption
coefficients (in figure 9b, the unrealistic case ofα = 0 is also displayed). These transfer functions can
be used to give an estimate of the ground borne noise level in the building, if the velocity of the incident
wave field is known. The frequency domain functions show a constant trend above50 Hz. This implies that
the dominant frequency range of re-radiated sound does not differ from the frequency range of the incident
velocity. The first sharp peak in the frequency content appears around30 Hz. At this frequency, the first
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bending modes of the room’s walls excite the first horizontalacoustic modes of the room. The maximum
level of the frequency content is at the first vertical acoustic resonance. Above this frequency, a lot of very
sharp peaks are found corresponding to lower absorption. For the case ofα = 0.15, these peaks are damped
by approximately10 dB. Time histories of the transfer function are obtained by applying an inverse FFT and
reveal good correspondence with the reverberation times predicted by Sabine’s formula.
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Figure 10: (a) Time history and (b) one-third octave band spectra of the sound pressure in room 1 during the
passage of the train, withα = 0.03 (blue) andα = 0.15 (red).

Figure 10 shows the pressure response in room 1 during the passage of the train for the two absorption
coefficients. The dominant one-third octave bands are thosecontaining the room’s resonance frequencies at
28.6 Hz, 34.3 Hz, 57.2 Hz, 61.25 Hz and68.6 Hz. The maximum level is found in the25 Hz band. Due to
the frequency dependent sensitivity of the human ear, the observed noise is determined by the63 Hz peak.
The one-third octave band spectra show a difference of5 dB between the two wall absorptions above the first
acoustic resonance of the room. In the time histories, the difference in reverberation times is clearly visible.

The sound pressure levels due to the passage of the train in rooms 1 and 3, which have different dimensions,
are compared in figure 11. As the first eigenfrequencies of room 3 (at34.3 Hz, 42.85 Hz and61.3 Hz) are
distributed uniformly in the frequency scale, the one-third octave band spectra are more balanced between
31 Hz and80 Hz.
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Figure 11: One-third octave band spectra of the sound pressure response in (a) room 1, (b) room 3 during
the passage of the train for the case ofα = 0.03 (blue) andα = 0.15 (red).

6 Conclusions

A 3D numerical model has been presented that is capable of predicting subway induced vibrations and
re-radiated sound in buildings. The source model accounts for random excitations due to moving trains,
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complex periodic geometry of the track-tunnel-soil systemas well as the layering of the semi-infinite soil
medium. The receiver model considers the dynamic soil-structure interaction and sound radiation into
acoustic enclosures, which facilitates the study of various vibration and noise countermeasures.

In this paper, the Bakerloo line tunnel of London Underground has been modelled using the coupled periodic
FE-BE model and subsequently the structural and acoustic response in a hypothetic three-story portal frame
office building has been predicted in the frequency range1− 100 Hz.

The coupled periodic FE-BE model offers full modelling flexibility on a reference cell of the tunnel, which
is an important advantage with respect to full three-dimensional or invariant tunnel models. The Craig-
Bampton substructuring is used to efficiently incorporate the track inside the tunnel, which allows for the
parametric studies on the efficiency of vibration isolationmeasures in the tunnel. It has been demonstrated
that the frequency content of the free-field vibrations strongly depends on the wheel/rail interaction, which
is governed by the dynamic behaviour of the vehicle and the rail.

The dominant frequencies of the traffic induced acoustic response are basically determined by the first
acoustic resonances of the room. The effect of wall absorption on the sound pressure has been investigated,
and above the first acoustic resonance, a difference of5 dB has been found between typical wall absorptions
for concrete and carpeted walls. The room dimensions are found to importantly effect the sound pressure
level.
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A new physical approach to generate a seismic excitation
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Abstract
Predicting earthquakes is currently impossible. A great deal of research is conducted on the modelization
of earthquake faults to understand the origin of earthquakes and then try to predict seismic occurrence, but
detailed models of seismic source mechanisms are complex toestablish. In this paper, we focus on the
behavior of a subduction area: two tectonic plates are sliding on each other. Models are constructed by
assuming that the tectonic plates behave as homogeneous elastic bodies. The fault surface is then analyzed
as a friction interface between two elastic bodies.
Most of the models currently used to represent an earthquakefault are based on the simple Burridge-Knopoff
model. This model consists of an elastically coupled chain of masses in contact with a moving rough surface.
It is currently used because of its simplicity to represent the stick-slip phenomenon, which is often said to
be the source of earthquakes: each block is sticking until the shear force is high enough and allows it to slip.
Some more elaborated finite element models have been developed, but based solely on the stick-slip effect.
A new kind of friction instability is intoduced here by developing a new model.

1 Introduction

Most of the models currently used to represent an earthquakefault are based on the simple Burridge-Knopoff
model. This model consists of an elastically coupled chain of masses in contact with a moving rough surface.
It is currently used because of its simplicity to represent the stick-slip phenomenon, which is often said to
be the source of earthquakes: each block is sticking until the shear force is high enough and allows it to slip.
Some more elaborated finite element models have been developed, but based solely on the stick-slip effect.

We examine in this paper an other type of instability which appears at the contact between two elastic
bodies: the sprag-slip. This phenomenon is based on a connection between the horizontal and vertical
displacements of the system. It has already been studied in the case of braking systems and we try to
apply it in a geotechnical field. The sprag-slip instabilityresults in the formation of instable surface waves
propagating at the interface.

2 Presentation of the sprag-slip phenomenon

Contact with friction between two solids introduces two types of instability. The first is the classic stick-slip
which has already been presented above. A second type of instability which has not been the subject of
much study is the sprag-slip. The theory of sprag slip considers the geometric parameters of the system
as the source of instability. It consists of a coupling between the horizontal and vertical displacements of
the system. As a consequence, the system needs at least two degrees of freedom to enable sprag slip to occur.

The principle of sprag-slip can be illustrated with the mechanism in figure 1. We consider a rigid beamO′P
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Figure 1: Sprag-slip principle

pivoted atO′ and in contact with a moving surface(S) with angleθ. Taking moment aboutO′, we find:

F =
µfN

1− µf tan θ
(1)

whereN is the load at pointP andµf is the friction coefficient, so that whenµf = cotanθ, F becomes
infinite. If the connectionO′ was rigid, the friction force rose asµf approached cotanθ. In such a case,
the motion can become impossible, but if the pivot was flexible, stick-slip occurred. If we add a new rigid
structureO′O′′ as shown in figure 1,P can displace elastically in the direction of motion andθ′ increase
until cotanθ′ = µf : the sprag period. This results in a fall of the friction forceF : the slip period.

This instability phenomenon has already been studied in theLTDS laboratory by Chambrette [1], Sinou and
Jezequel [4], applied to brake systems. They suggested thatbrake noise was due to sprag-slip instability. In
this paper, we introduce this phenomenon in the contact between two tectonic plates.

3 Analytical development of sprag-slip

3.1 Equations of the system

We consider two elastic layers in frictional contact (figure2), representing two tectonic plates in a subduction
area. The upper layer is moving at constant speedW and pressed against the lower layer. A Coulomb friction
law is applied at the interface and we assume that the two surfaces are continually slipping.

u andv correspond respectively to the horizontal and vertical displacement and the stared variables are linked
to the lower layer. Equations of motion for the upper layer are written in fixed reference:

(λ + 2µ)
∂2u

∂x2
+ µ

∂2u

∂y2
+ (λ + µ)

∂2v

∂x∂y
= ρ

(

W 2 ∂2u

∂x2
+ 2W

∂2u

∂x∂t
+

∂2u

∂t2

)

(2)

(λ + 2µ)
∂2v

∂y2
+ µ

∂2v

∂x2
+ (λ + µ)

∂2u

∂x∂y
= ρ

(

W 2 ∂2v

∂x2
+ 2W

∂2v

∂x∂t
+

∂2v

∂t2

)

(3)

whereλ andµ are the Lame constants.

For the lower layer, equations are the same with stared variables andW = 0.

The boundary conditions can be written as follows:

u(x, h, t) = 0 u∗(x,−h∗, t) = 0
v(x, h, t) = δ ≤ 0 v∗(x,−h∗, t) = 0

(4)

and the steady-sliding boundary conditions along the interfacey = 0 are assumed to hold:
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Figure 3: Influence ofµf andν on the wave propagation speed

- unilateral contact:
v(x, 0, t) = v∗(x, 0, t)

σyy(x, 0, t) = σ∗

yy(x, 0, t) ≤ 0

- Coulomb friction law:
|σ∗

xy(x, 0, t)| = −µf |σ
∗

yy(x, 0, t)|

whereµf is the coefficient of friction.

In the following, the positive real constantscP andcS are the well-known velocities of propagation of plane
longitudinal and transversal waves, respectively:

cP =

√

λ + 2G

ρ
cS =

√

G

ρ
(5)

The resolution consists in determining the possible velocity c of the waves appearing at the interface.

3.2 Infinite layer on a rigid body

We consider here an elastic semi-infinite layer sliding on a rigid body. This problem was already studied by
Martins et al. [2]. Depending on the value of parameters, we can obtain a wave at the interface, which speed
depends on soil properties and on the friction coefficient. In figure 3, an unstable domain appears for friction
coefficient greater than unity. The corresponding values ofthe wave speed are illustrated on figures 4 and 5.
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Figure 6: Orbit of a particle near the interface forν = 0.3 andµ = 2

The unstable waves correspond to a value ofc which imaginary part is positive. Figure 6 corresponds to the
orbit of a particle near the interface, for parameters corresponding to the unstable domain: the amplitude of
the displacement grows exponentially.

4 Finite element model

To validate the results obtained with the previous analytical model, a finite element model is analyzed. We
construct a 2D finite element model of a rectangular soil block, as shown on figure 7. This block lies on a
rigid substratum, and we suppose that it is always slipping (FT = µfFN ).

A temporal resolution is conducted for various values of thefriction coefficient, by assuming that in the
initial state, the block is in slipping steady state and a perturbation is introduced by a punctual force at the
middle of the interface.

5 Construction of a new model

In this paper, we propose to develop a new mechanical model ofan earthquake fault based on finite elements.
The aim is to obtain a model capable of reproducing stick-slip and sprag-slip instabilities, but minimizing
the calculation cost of temporal resolution, i.e. as close to the Burridge-Knopoff structure as possible.
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Figure 9: Response forµf = 0.5
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We begin with a complete 2D finite element model of a rectangular soil element, same as in the previous
section. Successive reductions and simplifications are then conducted to obtain the new model proposed here
as an alternative to the Burridge-Knopoff model. The first reduction is a Guyan condensation on the nodes
near the interface (see figure 10). The second one consists ina reduction of node influence (figure 11).

These successive reductions leads to the definition of our model which is represented on figure 12. On this
representation, the circle corresponds to concentrated masses and the bars linking the masses illustrate the
coupling of degrees of freedom.

GROUND VIBRATIONS 1761



X

Figure 12: The 3S model
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Figure 13: Definition of the degrees of freedom

6 Waveguide approach

In this section, the instabilities of the 3S model are illustrated with the theory developped for the propagative
modes in waveguides. This theory allows the determination of instability domains and justify the frequencies
and wave lengths oberved in temoral resolutions.

The fundamental principle of the method is to use a mixed model to describe the motion of structures which
have a favored direction of propagationx.

We consider the same hypothesis as in the case of the preious analytical model :

• in directionx, an hypothesis of waveguide is introduced : the field is supposed to be in the form :

u(x, y, z, t) = u0(y, z)ei(ωt−kx) (6)

It illustrates the concept of propagative mode, whereu0(y, z) is the deformation of the mode andk is
the corresponding wave number.

• in the directionsx andy, the field is supposed to be stationary, in the formu0(y, z). This modal
deformation is determined with a finite element model.

We apply here the theory of propagative modes in waveguides on the 3S model. We consider then a spatial
period of the model, represented by the matrices of massM and stiffnessK, and which degrees of freedom
are defined in figure 13.

We noteX the elementary deformation of the model, and look for solutions in the form :

X(x, t) = X0.ei(ωt−kx) (7)

We note then :
Z = −ω2

M + iωC + K (8)

whereK, C andM are respectively the matices of mass, damping and stiffness.
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From now, we note respectively withL andR subscript the variables related to degrees of freedom of the
left and right face of the model. Thus, if we introduce the elements close to the system by the loadsF L and
F R associated respectively to the left and right elements, we have :

(

ZLL ZLR

ZRL ZRR

)

.

(

XL

XR

)

=

(

F L

F R

)

(9)

The hypothesis of waveguide consists then in determining coefficientsα such that :

{

XR = αXL

F R = −αF L + V R
(10)

(the negative sign in the load is linked to the reciprocity principle) with :

α = e−ik∆l











kR = Re(k) = −
arg(α)

∆l

kI = Im(k) =
ln(|α|)

∆l

(11)

where∆l is the width of the base element of the model.R represents the reaction of the support on the lower
node of the model, andV is a vector in which the friction is intoduced :

V =









1
−µf

0
0









(12)

By introducing these notations in equation 9, the system canbe written, after simplifiaction, in the form :
(

ZLL −I

ZRL − V .ZRL1. 0

)

.

(

XL

F L

)

= α

(

−ZLR 0

−ZRR + V .ZRR1. −I + V .[1000]

)

.

(

XL

F L

) (13)

whereZRR1. represents the first line of the matrixZRR. We have then to solve an eigenvalue problem.

An unstable wave is then caracterised by :

{

Re(k) > 0
Im(k) > 0

or

{

Re(k) < 0
Im(k) < 0

(14)

The unstable domain obtained in plane Frequency/Friction coefficient is represented in figure 14. In the
present case, we observe that for friction coefficients lower than 1, the system is stable. For friction coef-
ficient higher than 1, only some frequencies become unstable, while the analytical model doesn’t privilege
particular frequencies.

Moreover, the imaginary part of the wave numberk and the real part of the velocityc corresponding to the
unstable domain and represented in figure 15 show that a favored frequency appears at 15Hz. We can also
verify that the velocity of waves forµf = 2 and the frequancy of 15Hz is about 8000m/s, which corresponds
to the results obtained in the previous temporal resolutions.

Figures 16 and 17 illustrate more precisely the evolution ofk andc with the friction coefficient, in the case
of a frequancy of 15Hz.
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Figure 15: Evolution of the wave numberk and the velocityc in plane Frequency/Friction coefficient

7 Validation of the model

To validate this new model, different simulations are conducted. The first simulation aims at validate the
Gutenberg-Richter law. This law means that the number of events decreases exponentially with their mag-
nitude. A non-linear temporal resolution is realized, by using an explicit Newmark algorithm taking into
account the different phases of the motion: stick, sprag andslip. The figure 18 illustrates the results and
proves that the Gutenberg Richter law is globally respected, but with an excess of small events.

The second simulation consists in simulating a realistic case: it means that the imposed displacement has
a realistic velocity:∂X/∂t = 10−9m/s. Such a low velocity requires an adaptative integrationscheme:
two different time scale will be used for the stick periods (quasi-static resolution) and the slip periods (non-
linear temporal resolution). With this parameters, the model exhibits a realistic behavior concerning the
temporal repartition of earthquakes, as we can see in figure 19. The resolution corresponding to this figure
was conducted on a period of 3.5 years, and three majors earthquakes can be observed during this period.
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8 Conclusion

In this paper, a new mechanical model of an earthquake fault is proposed, taking into account a non classical
friction instability: the sprag-slip. The sprag-slip instability appears for a friction coefficient higher than
unity, but it doesn’t require a dynamic friction coefficientdifferent of the static one, contrary to the stick-
slip instability. The model proposed in this paper is based on the reduction of a finite element model with
conservation of the vertical degrees of freedom, contrary to the Burridge Knopoff model which has horizontal
degrees of freedom only. This model proposes thus a different approach of the source of earthquakes.
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J.-F. Collard, Université Catholique de Louvain, Belgium
P. Duysinx, Université de Liège, Belgium
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B. Paijmans, Katholieke Universiteit Leuven / Flanders Mechatronics Technology Center, Belgium
W. Desmet, H. Van Brussel, Katholieke Universiteit Leuven, Belgium

69

AMS2 - Control and optimisation
Session AMS2

Tracking Performances of Cascade and Sliding Mode Controllers with Application to a XY Milling
Table
Z. Jamaludin, H. Van Brussel, J. Swevers, Katholieke Universiteit Leuven, Belgium

81

Gain-scheduling control for mechatronic systems with position-dependent dynamics
B. Paijmans, Katholieke Universiteit Leuven / Flanders Mechatronics Technology Center, Belgium
W. Symens, Flanders Mechatronics Technology Center, Belgium
H. Van Brussel, J. Swevers, Katholieke Universiteit Leuven, Belgium

93

Optimal Attenuation of Known Periodic Disturbances: a Convex Control Design Approach
G. Pipeleers, B. Demeulenaere, J. De Schutter, J. Swevers, Katholieke Universiteit Leuven, Belgium

107

A new semi-active method for the damping of a piezoelectric structure
B. de Marneffe, M. Horodinca, A. Preumont, Université Libre de Bruxelles, Belgium
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A.M.R. Ribeiro, N.M.M. Maia, Instituto Superior Técnico, Portugal
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1097

Experimental Study on Vibration Reduction System with Granular Materials
T. Sato, M. Tanishima, A. Ban, Tokyo Denki University, Japan
K. Tanaka, Saitama University, Japan

1107



TABLE OF CONTENTS xiii

Modeling of Assembled Combustion Engine Parts under Considertation of Micro Slip Effects in the
Connection Flanges
C. Schedlinski, ICS Engineering GmbH, Germany
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L. Hazard, Université Libre de Bruxelles, Belgium

2251

Noise reduction of a laser printer using SEA and FEM
A. Mori, Nihon ESI K.K., Japan
T. Yamazaki, K. Kuroda, Kanagawa University, Japan
F. Kuratani, Wakayama University, Japan

2267

Modeling of structural sound transmission in train structures using hybrid FE-SEA and EFM anal-
ysis
U. Orrenius, L. Baurès, Bombardier Transportation, Sweden
V. Cotoni, ESI-US R&D, United States of America

2275

Application of the Fast Multipole Method to the Variational Boundary Element Method for Large
Acoustic Radiation Problems
S. Paquay, Open Engineering S.A., Belgium
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E. Wernholt, Linköpings universitet, Sweden
S. Hanssen, ABB Robotics, Sweden
J. Pettersson, ABB AB, Corporate Research, Sweden
S. Persson, ABB Robotics, Sweden
S. Sander-Tavallaey, ABB AB, Corporate Research, Sweden

3305

Experimental modal analysis using blind source separation techniques
F. Poncelet, G. Kerschen, J.-C. Golinval, Université de Liège, Belgium
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Effect of automobile operating condition on the subjective 
equivalence of steering wheel vibration and sound 

M. Ajovalasit, J. Giacomin 
School of Engineering and Design, Brunel University 
West London, Uxbridge, Middlesex, UB8 3PH, United Kingdom 
email: marco.ajovalasit@brunel.ac.uk

Abstract 
The research described in this study was performed to define curves of subjective equivalence between 
steering wheel rotational vibration and sound using stimuli from different automobile operating 
conditions. The steering wheel acceleration stimuli were summarised in terms of the unweighted and Wh 
weighted r.m.s. values, while the sound stimuli were summarised in terms of the unweighted sound 
pressure level in decibels, the A weighted sound pressure level in decibels, the Stevens Mark VI loudness 
in sones, the Stevens Mark VII loudness in sones and the Zwicker loudness in sones. The results suggest 
that both the statistical properties of the stimuli, and the choice of metric, effect the shape of the 
equivalence curve. No single combination of sound and vibration metric produced a family of curves 
which were separated by less than a single psychophysical just noticeable difference. 
 
 

1 Introduction 
 
The acceleration level and the spectral content of automobile steering wheel vibration depend on several 
factors including the nature of the road surface, the speed of the vehicle, the dynamic characteristics of the 
tyres, the nature of the engine, the design of the unibody, the design of the main suspension, the design of 
the steering mechanism and the vibration characteristics of the steering wheel. Vibration at the steering 
wheel can achieve root mean square (r.m.s.) acceleration levels of 5.0 m/s2 [1] and the spectral energy can 
reach frequencies of up to 300 Hz. Vibrational modes of the steering wheel and column can produce large 
resonant peaks in the steering wheel power spectrum at frequencies from 20 to 50 Hz [2]. The pressure 
level and the spectral content of the sound in the passenger cabin depend on many of the same factors as 
the steering vibration, with a large additional factor being the geometric and absorptive properties of the 
acoustical cavity of the cabin. Interior automobile sound levels are typically in the range from 60 to 106 
dB and are characterized by large frequency components from 20 to 1000 Hz, with little energy normally 
present above 5000 Hz [3]. For the steering wheel an interesting question is which of the stimuli reaching 
the driver, the vibration or the sound, is more unpleasant. Knowing the relative importance can help to 
establish which of the two requires greater attention during the vehicle development programme. 
Parizet et al. [4] have studied the human perception of combined vibration and sound for diesel-engined 
automobiles running at idle using a test rig which reproduced vertical direction seat vibration, fore-and-aft 
direction steering wheel vibration and interior sound. Measurements were recorded from two mid-sized 
automobiles equipped with 4-cylinder common rail diesel engines which had cubic capacities of 1.7 and 
2.1 litres. The test stimuli were 7 seconds in length and consisted of seat acceleration levels ranging from 
0.1 to 0.8 r.m.s m/s2, steering wheel ISO 5349-1 weighted [5] acceleration levels ranging from 0.7 to 3.0 
r.m.s. m/s2 and headphone applied A-weighted sound pressure levels ranging from 51 to 60 dB(A). In the 
experiment, 34 participants were asked to indicate which stimuli, the vibration or the sound, was felt to be 
the “more comfortable” in a paired-comparison format. Regression lines describing the combined 
perception of vibration and sound stimuli were produced. The vibration was found to have only a slight 
effect on the perception of sound, with high levels of vibration influencing the perception of low levels of 
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sound. The result was in agreement with those of Paulsen and Katsa [6] and Howarth and Griffin [7] for 
combined whole-body seat vibration and sound. 
Amman et al. have investigated the human subjective response to combined vibration and sound 
experienced when driving over an obstacle [8] and when driving over a coarse road surface [9]. In each 
experiment 24 participants were presented 62 pairs of simultaneous vibration and sound stimuli in a 
paired-comparison format, and were asked to select the stimulus that was “most preferred”. The 
experiments used an automobile simulator which reproduced seat vibration along six degrees-of-freedom, 
floor vibration along the vertical direction, steering wheel vibration along four degrees-of-freedom 
(vertical, lateral, fore-and-aft, and rotation) and binaural sound. The vibration test stimuli were band 
limited to the range from 3 to 100 Hz, whereas the sound stimuli contained spectral energy from 20 to 
16,000 Hz. Unlike past studies performed using railway [7] or aircraft [10] whole-body vibration and 
sound, Amman et al.’s results showed no evidence of interaction between the two stimuli. Regression 
lines describing the combined perception of vibration and sound were produced, with both stimuli being 
found to contribute almost equally. The sound was found to increase in relative importance in the case of 
the coarse road surface whereas the vibration was found to increase in relative importance in the case of 
the impact transient event. 
Giacomin and Fustes [11] investigated the human subjective equivalence between rotational steering 
wheel vibration and interior automobile sound in two experiments. Test stimuli used in the first 
experiment were scaled copies of a 15-second segment of time history which had been measured in an 
automobile when driving at a constant speed of 80 km/h over a coarse asphalt road surface. Test stimuli 
used in the second experiment were scaled copies of a 1-second time history segment obtained when 
driving at a constant speed of 20 km/h over a 1.0 cm square metal bar. The acceleration time histories 
were scaled to eight root mean square levels from 0.5 to 4.0 m/s2 and the sound pressure time histories 
were scaled to eight levels from 85 to 106 dB sound pressure level (SPL). In each experiment 20 
participants were presented 64 pairs of simultaneous vibration and sound in a simulator which reproduced 
a driving posture. The test participants were asked to indicate which stimuli, the vibration or the sound, 
was felt to be the ‘‘more unpleasant’’. Curves of subjective equivalence were produced and the human 
response to the vibration was found to increase in relative importance with respect to the sound in the case 
of the short duration, transient, square metal bar stimuli. 
An important scientific question which has not been fully addressed in the previous research is the 
question of which psychophysical metrics are the most efficient for representing each of the two stimuli. 
Intuitively, it can be expected that any quantifiable interrelation and interaction effects between vibration 
and sound will depend for their size and extent on the engineering metrics used to measure each 
individually. Measurement metrics introduce additional analytical transformations into the equivalence 
relationship, and thus should be chosen with care. In the case of the human perception of hand-arm 
vibration, both the unweighted acceleration and the Wh-weighted acceleration defined by the International 
Organization for Standardization ISO 5349-1 [5] are widely used to evaluate subjectively perceived 
intensity. In the case of the human perception of sound, the A-weighted sound pressure level defined by 
international specification IEC 60651 [12] and both the Stevens loudness and the Zwicker loudness 
defined by the International Organization for Standardization ISO 532 [13] are regularly used for the same 
purpose [14,15]. There are currently, however, no standard methods for evaluating the perception of the 
combined vibration and sound stimuli when simultaneously presented. 
The primary objective of the study described here was to define subjective equivalence relationships 
between rotational steering wheel vibration and sound for several automobile operating conditions. The 
secondary objective was the identification of optimal intensity metrics for estimating the human subjective 
response to combined vibration and sound stimuli by comparing the equivalence relationships which arise 
from the use of the most commonly applied methods. 
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2 Experiment 
 

2.1 Test facility 
 
All tests were performed using the steering wheel rig presented in Figure 1. The rotational system 
consisted of a 325 mm diameter aluminium wheel attached to a steel shaft which was mounted to bearings 
and connected to an electrodynamic shaker. Table 1 presents the main geometric dimensions of the rig, 
which were chosen based on data from a small European automobile. The seat was fully adjustable in 
terms of horizontal position and back-rest inclination as in the original vehicle. Rotational vibration was 
applied by means of a G&W V20 electrodynamic shaker and PA100 power amplifier. Steering wheel 
tangential acceleration was measured by means of an Entran EGAS-FS-25 accelerometer attached to the 
top left side of the wheel and an Entran MSC6 signal conditioning unit. Vibration control and data 
acquisition was performed by means of the LMS EMON software system [16], coupled to a DIFA 
SCADAS III electronic front-end unit. The EMON software permitted the fixing of safety cutoff limits 
which were set to 20.0 m/s2 peak acceleration. The rig has a first resonance frequency which is greater 
than 350 Hz. The safety features of the rig and the acceleration levels used conform to the health and 
safety recommendations outlined by British Standards Institution BS 7085 (1989) [17]. 
Calibration tests were performed using three participants and sinusoidal excitation at frequencies from 4.0 
to 250 Hz and amplitudes from 0.2 to 20.0 m/s2 r.m.s. A maximum total harmonic distortion (THD) of 
15% was found at 4 Hz and 20 m/s2. With both increasing frequency and decreasing amplitude the THD 
dropped to a minimum of 0.002% at 250 Hz and 0.2 m/s2. Fore-and-aft acceleration was found to be no 
greater than -50 dB with respect to the tangential acceleration. Sound reproduction was achieved by means 
of a B&K ZE0769 4 channel amplifier and Sennheiser HD 580 matched-impedance headphones. 
Frequency response for the headphones was linear over the frequency range from 20 to 20,000 Hz and the 
headphone maximum linear output was found to be greater than 114 dB sound pressure level. 
 
 
 
 
 
 
 
 
 
 
 
 Figure 1: Steering wheel rotational vibration test rig. Table 1: Geometric dimensions of the steering 

  wheel rotational vibration test rig. 

Geometric Parameter Value
Steering column angle (H18) 23 °

Steering wheel hub centre height above 
floor (H17)

710 mm

Seat H point height from floor (H30) 275 mm

Horizontal distance adjustable from H 
point to steering wheel hub centre (d = 
L11-L51)

390-550 mm

Steering wheel handle diameter 12.5 mm

Steering wheel diameter 325 mm

 

2.2 Test stimuli 
 
A set of four automotive test stimuli were chosen which had significantly different statistical properties. 
Figure 2 presents the steering wheel acceleration time histories and the power spectral densities of the four 
test stimuli, while Figure 3 presents the same quantities for the sound pressure time histories which were 
simultaneously recorded. Table 2 presents the summary of the global statistical properties of each test 
stimulus, together with those of the stimuli which were previously used by Giacomin and Fustes [11]. The 
steering wheel acceleration time histories were tangential direction stimuli at the 270 degree position 
along the wheel, while the sound pressure time histories were driver right ear stimuli. 
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Table 2: Global statistical properties of the four acceleration and sound stimuli used in the laboratory
 experiments and the two stimuli previously used by Giacomin and Fustes [11]. 

Operating contidion Vehicle / 
Engine 
speed

Type of stimuli Duration 
[s]

Main 
frequency 
range [Hz]

r.m.s. [m/s2] Skewness Kurtosis Crest 
factor

Sound 
pressure 

level [dB]

Skewness Kurtosis Crest 
factor

Country lane driving 80 km/h steady-state 
random 15 10-300 1.79 0.02 3.26 3.94 97.1 0.00 3.61 4.18

Coarse asphalt driving             
(Giacomin and Fustes, 2005) 80 km/h steady-state 

random 15 10-300 1.12 -0.02 3.04 3.81 91.8 0.02 2.91 3.65

 1.0 cm sqaure metal bar driving     
(Giacomin and Fustes, 2005) 40 km/h transient 1 10-60 1.28 0.67 14.36 8.99 97.3 0.14 12.39 6.51

Stone on road driving 20 km/h transient 1 10-60 0.72 -0.11 11.27 6.15 89.8 0.35 21.7 8.51

Diesel engine idle 740 rpm 
(idle)

weak amplitude-
modulation, 

m<0.5
15 18-30 0.35 -0.1 1.60 1.90 94.6 0.00 1.52 1.7

Diesel engine idle 800 rpm 
(idle)

strong amplitude-
modulation, 

m>0.5
15 20-33 0.21 -0.35 1.92 2.18 92.2 0.56 1.86 1.75

Vibration signal statistics Sound signal statistics

 
 
The first test stimulus was measured in an automobile when driving at a constant speed of 80 km/h over a 
country lane road surface. A 15-second segment of time history was used which had an r.m.s. acceleration 
level on 1.79 m/s2 and a sound pressure level of 97.1 dB. From the power spectral densities and the global 
statistical values it can be seen that the first stimulus can be broadly classified as a coloured, broad-band 
random vibration [18]. In particular, the skewness value of the acceleration and sound pressure signals are 
both close to 0.0 and the kurtosis values are close to 3.0, suggesting a Gaussian distributed process. The 
second test stimulus was measured in an automobile when driving at a constant speed of 20 km/h over a 
stone on the road. A 1-second segment of time history was used which began at the start of contact 
between the front tyres and the stone and which ended when the vibration had decayed after contact with 
the rear tyres. The r.m.s. acceleration level was 0.72 m/s2 and the sound pressure level was 89.8 dB. The 
second test stimulus can be broadly classified as a short duration impact transient. In particular, the 
skewness, kurtosis and crest factor values are much higher than those of a random process. 
The third test stimulus was measured in a common rail diesel-engined automobile which was at idle at 740 
rpm combusting a diesel fuel characterized by a cetane number of 50.4. A 15-second time history segment 
was used which had an r.m.s. level of 0.35 m/s2 and an amplitude modulation depth m [19] of 0.3 for the 
acceleration, and a pressure level of 94.6 dB and modulation depth of 0.4 for the sound. The fourth test 
stimulus was measured in a mechanical rotary distributor equipped diesel-engined automobile which was 
at idle at 800 rpm combusting the same diesel fuel. A 15-second time history segment was used which had 
an r.m.s. level of 0.21 m/s2 and modulation depth m of 0.8 for the acceleration, and a pressure level of 92.2 
dB and modulation depth of 0.6 for the sound. The third test stimulus provided a weakly modulated 
condition (m<0.5) while the fourth provided a strongly modulated condition (m>0.5) [19]. 
For the laboratory experiment, eight copies of each of the four acceleration time histories were constructed 
by rescaling the data such that the r.m.s. amplitudes were exactly 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5 and 4.0 
m/s2

 for the two driving conditions and 0.4, 0.5, 0.6, 0.75, 1.0, 1.25, 1.5, 1.75 m/s2 for the two idle 
conditions. Eight copies of each of the four sound pressure time histories were also constructed by 
rescaling to sound pressure levels of exactly 85, 88, 91, 94, 97, 100, 103 and 106 dB SPL for both the 
driving and the idle conditions. By arranging all possible combinations of vibration and sound, a total of 
64 pairs were produced for each of the four conditions. A check of stimuli reproduction accuracy was 
performed with 10 participants under test posture and grip strength. Tangential acceleration was measured 
at the wheel using the ENTRAN EGAS-FS-25 accelerometer while the sound achieved at each ear was 
measured using a B&K type 4101 binaural probe microphone. For each participant 10 applications of each 
stimuli pair were performed and the response measurements averaged. The maximum r.m.s. acceleration 
error was found to be 15 percent while the mean r.m.s. error was 5 percent. The maximum difference in 
sound pressure level was 4 dB, while the mean difference was less than 1 dB.  
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Figure 2: Acceleration time histories and power spectral densities of the four test stimuli. 

 (a) Country lane steering wheel tangential acceleration (80 km/h). 
 (b) Stone on road steering wheel tangential acceleration (20 km/h). 
 (c) Diesel engine idle weak modulation (m<0.5) steering wheel tangential acceleration. 
 (d) Diesel engine idle strong modulation (m>0.5) steering wheel tangential acceleration. 
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 Figure 3:
  
  
  
  
 

 Sound pressure time histories and power spectral densities of the four test stimuli. 

(a) Country lane interior sound at driver’s right ear (80 km/h). 
(b) Stone on road interior sound at driver’s right ear (20 km/h). 
(c) Diesel engine idle weak modulation (m<0.5) interior sound at driver’s right ear. 
(d) Diesel engine idle strong modulation (m>0.5) interior sound at driver’s right ear. 
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2.3 Test protocol 
 
Four experiments were performed. Each involved 64 stimuli pairs of combined steering wheel vibration 
and binaural sound. Experiment 1 reproduced stimuli from the country lane road surface, experiment 2 
reproduced stimuli from the stone-on-road obstacle, experiment 3 reproduced stimuli from the common 
rail diesel engine idle, while experiment 4 reproduced stimuli from the mechanical rotary pump diesel 
engine idle. To minimise fatigue and learning effects the order of presentation of the combined test stimuli 
was randomized for each participant. Except for the stimuli type and the total time duration, all other 
aspects of the four experiments were identical. Total time from when the test participant entered the 
laboratory to when he or she completed all testing was 38 minutes for experiments 1, 3 and 4 and 30 
minutes for experiment 2. Room temperature was from 20 to 25° centigrade during all tests. 
Twenty university students and staff participated in each experiment. Upon arriving in the laboratory each 
was issued an information and consent form. Age, gender, height, and weight data were then collected, 
and the participant was requested to state whether he or she had any physical or mental condition which 
might effect the perception of either vibration or sound, and whether he or she had smoked, or ingested 
coffee, within the 2 hours previous to arriving in the laboratory. No participant from the four groups 
declared any condition which might effect his or her perception of vibration or sound, and none declared 
having smoked or ingested coffee prior to arriving in the laboratory. The physical characteristics of the 
four groups of test participants are summarised in Table 3. 
Before commencing testing each participant was asked to remove any articles of heavy clothing such as 
coats, and to remove watches and jewellery. He or she was then asked to adjust the seat so as to achieve a 
realistic driving posture and to put on the headphones and to grip the steering wheel using both hands, 
applying the grip strength that would be used when driving on a winding country road. The participant 
was then asked to close his or her eyes so as to avoid visual cues which might affect perception and to 
indicate verbally, after every combined stimuli, which of the two he or she felt was the ”more unpleasant”. 
Two preliminary tests (whose data were not analyzed) were performed so as to familiarize the participant 
with the procedure. One involved vibration and sound stimuli which were near the maximum possible 
values (3.5 m/s2 and 103 dB) while the other involved stimuli which were near the minimum (0.5 m/s2 and 
88 dB). The facility and protocol were reviewed and found to meet University guidelines for good 
research practice. 
 

Age [years] Weight [kg] Height [m]
Experiment 1 (country lane)          
(n=20, m=15, f=5)

Mean (SD) 
Minimum 
Maximum

29.6 (6.8)         
22.0             
47.0

78.40 (16.8)     
47.0           
104.0

1.71 (0.1)      
1.50          
1.86

Experiment 2 (stone on road)                 
(n=20, m=15, f=5) 

Mean (SD) 
Minimum 
Maximum

29.8 (6.1)         
22.0             
45.0

75.4 (16.1)      
48.0           
98.0

1.72 (0.1)      
1.55          
1.80

Experiment 3 (diesel engine idle - 
weak modulation)                            
(n=20, m=14, f=6 ) 

Mean (SD) 
Minimum 
Maximum

27.1 (4.7)         
20.0             
42.0

71.0 (17.7)      
45.0           

110.0

1.72 (0.1)      
1.50          
1.88

Experiment 4 (diesel engine idle - 
strong modulation)                        
(n=20, m=15, f=5 ) 

Mean (SD) 
Minimum 
Maximum

30.1 (8.0)         
22.0             
55.0

74.4 (15.5)      
44.5           

100.0

1.70 (0.1)      
1.52          
1.90

Table 3: Physical characteristics of the four groups of test participants involved in the laboratory 
 experiments. 

 
 
 
 
 
 
 
 
 
 
 

3 Results 
 
The steering wheel acceleration time histories used in the four experiments described above and in the two 
previous experiments reported by Giacomin and Fustes [11] were analysed to determine the unweighted 
and Wh frequency weighted r.m.s. values. The sound pressure time histories were also analysed to 
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determine the unweighted sound pressure level in decibels, the A-weighted sound pressure level in 
decibels, the Stevens Mark VI loudness in sones [20], the Stevens Mark VII loudness in sones [21] and the 
Zwicker loudness in sones [22]. All vibration and sound the metrics were calculated using the LMS Cada-
X 3.5 E software [16], which contains a Wh frequency weighting which is based on ISO standard 5349-1, 
an acoustical A-weighting which is based on IEC 60651, and both Stevens and Zwicker loudness methods 
which are based on ISO standard 532. In the case of the Zwicker loudness the LMS software 
implementation also includes temporal masking effects [22]. All Stevens and Zwicker loudness metrics 
were calculated based on one third octave analysis and a diffuse field assumption. 
The calculation results were collected into ten datasets defined by all possible combinations of the two 
vibration metrics and the five sound metrics. For each of the ten datasets a Gaussian distribution model 
was then fitted at each r.m.s. acceleration amplitude in the dataset and used to estimate the 50th percentile 
preferences of sound as the “more unpleasant” stimuli. Table 4 presents the subjective equivalence values 
of sound for each of the acceleration stimuli for all six automobile operating conditions. Data are not 
provided for several acceleration amplitudes because at the amplitudes in question the statistical 
distributions deviated substantially from a Gaussian assumption due to the near-complete preference for 
one stimulus over the other. 
In Table 4 each row is relative to one of the six test stimuli while the columns contain the corresponding 
vibration and the sound metrics. It can be seen that the numerical values of each column occupy different 
numerical intervals. For example, the use of the Wh frequency weighting for the steering wheel 
acceleration time histories reduces the numerical range of the root-mean-square acceleration by 
approximately half, while the use of the Stevens or Zwicker loudness reduces the maximum numerical 
value of the sound metric by more than half with respect to the unweighted sound pressure level. The 
different numerical ranges occupied by the various metrics have obvious implications on any functional 
relationships which are to be determined from the data. 
Figure 4 presents the 10 sets of subjective equivalence curves which are obtained by plotting each of the 
five sound metrics as a function of each of the two vibration metrics. Each plot contains the subjective 
equivalence curves obtained for each of the six test stimuli. All data sets suggest monotonically increasing 
relationships, however differences appear among the data sets depending on which metrics are used. The 
use of some combinations of the vibration and sound metrics suggests a large change in the points of 
subjective equivalence with changes in the statistical properties of the stimuli (for example dB and 
unweighted r.m.s.), while other combinations appear less subject to variation (for example Stevens Mark 
VI and unweighted r.m.s.). Further, the achievement of a linear expression of subjective equivalence 
appears to be facilitated by the use of the Stevens and Zwicker loudness methods independent of the 
choice of the vibration metric. 
Tables 5 and 6 present the differences between the lowest and the highest subjective equivalence values 
among the six test stimuli curves found at each unweighted r.m.s. amplitude, and each Wh-weighted r.m.s. 
amplitude, respectively. The difference values are expressed both in the original units of the metric and as 
a percentage of the largest values found for the metric in the dataset. With the possible exception of the 
sound pressure level in unweighted units of decibels, most data in Tables 5 and 6 suggest the hypothesis 
that the use of the Wh frequency weighting increases the sensitivity of the subjective equivalence curve to 
the statistical properties of the stimuli (i.e. increases the sensitivity to the automobile operating condition). 
When expressed as a percentage of the maximum value found in the dataset, the data of Tables 5 and 6 
also suggest the hypothesis that the use of any of the three most complex loudness estimation procedures, 
i.e. the Stevens Mark VI, the Stevens Mark VII and the Zwicker methodologies, leads to increases in the 
relative differences between the subjective equivalence curves obtained from the different test stimuli. 
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able 4: Subjective equivalence values between steering wheel tangential acceleration and binaural 
sound for six automobile operating conditions. Each test involved 20 human participants (n=20). 

Operating contidion Unweighted 
vibration level   
[m/s2 r.m.s.]

Wh frequency-weighted 
vibration level          
[m/s2 r.m.s.]

Sound 
pressure 

level [dB]

A-weighted sound 
pressure level 

[dBA]

Stevens 
loudness Mark 

VI           
[sone]

Stevens 
loudness Mark 

VII           
[sone]

Zwicker 
loudness  

[sone]

0.5 0.28
1.0 0.56 90.3 62.3 15.5 13.3 11.2
1.5 0.84 97.9 69.9 25.9 26.2 20.1
2.0 1.12 101.3 73.3 33.2 35.3 25.5
2.5 1.41 105.5 77.6 45.7 50.6 34.8
3.0 1.69 105.6 77.7 45.8 51.2 35.0
3.5 1.97 106.0 78.0 47.2 53.0 36.0
4.0 2.25
0.5 0.18
1.0 0.37
1.5 0.55 91.0 68.9 22.5 28.3 23.4
2.0 0.74 94.8 72.7 29.0 38.0 30.1
2.5 0.92 97.5 75.4 34.8 46.9 35.8
3.0 1.11 98.6 76.5 37.8 51.8 38.5
3.5 1.29 100.8 78.7 43.8 61.3 43.8
4.0 1.48 103.0 80.9 51.1 73.0 50.1
0.5 0.21
1.0 0.41 88.8 58.8 16.6 13.0 12.5
1.5 0.62 92.7 62.7 22.0 18.8 17.0
2.0 0.83 98.0 68.0 32.0 29.5 24.8
2.5 1.04 99.0 69.0 34.5 32.7 26.6
3.0 1.24 99.2 69.1 35.0 33.2 26.9
3.5 1.45
4.0 1.66
0.5 0.32
1.0 0.64 91.0 61.0 19.0 17.2 11.4
1.5 0.96 93.1 63.1 21.1 17.5 11.6
2.0 1.28 97.9 67.8 30.0 27.0 16.8
2.5 1.60 99.4 69.3 33.3 31.0 18.7
3.0 1.92 99.5 69.4 33.5 31.2 18.8
3.5 2.24
4.0 2.56
0.4 0.26 89.6 47.4 9.3 3.2 3.3
0.5 0.32 94.8 52.5 13.3 5.5 5.0
0.6 0.38 94.6 52.5 13.3 5.5 5.0

0.75 0.48 97.0 54.8 15.7 7.1 6.1
1.0 0.64 101.0 58.8 21.6 11.4 8.2

1.25 0.80 102.0 59.9 23.5 13.0 8.8
1.5 0.96 103.0 60.8 25.1 14.3 9.4

1.75 1.12
0.4 0.24
0.5 0.30
0.6 0.36 90.8 55.6 11.3 6.2 6.1

0.75 0.44 92.5 56.9 12.8 7.4 7.1
1.0 0.59 99.8 64.2 21.8 15.0 12.5

1.25 0.74 100.3 65.0 23.0 16.3 13.0
1.5 0.89 100.8 65.4 23.8 16.9 13.7

1.75 1.04 101.2 65.5 24.4 17.4 13.8

oarse asphalt driving 
iacomin and Fustes, 

2005)

Country lane driving

Diesel engine idle 
(strong modulation)

Diesel engine idle 
(weak modulation)

tone on road driving

1.0 cm sqaure metal 
bar driving          

iacomin and Fustes, 
2005)

(G
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 Figure 4: Subjective equivalence between steering wheel tangential acceleration and binaural sound 
 for six automobile operating conditions. The 10 plots are all the combinations of the two 
 perceived vibration intensity metrics and the five perceived sound loudness metrics. 

m/s2

country lane coarse asphalt (Giacomin and Fustes, 2005)

stone on road 1.0 cm metal bar (Giacomin and Fustes, 2005)

diesel engine idle  (weak modulation, m<0.5) diesel engine idle  (strong modulation, m>0.5)
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Table 5: Difference values in units of perceived acoustical intensity between the lowest and the 
 highest subjective equivalence curves for each unweighted r.m.s. stimuli amplitude. Data in 
 parentheses are the percentage difference values normalized to the highest equivalence 
 sound value in the dataset. 

                                  Unweighted vibration level 
[m/s2 r.m.s.] 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4 Discussion 
 
The results obtained in the current investigation show that the relationship of subjective equivalence 
between steering wheel vibration and sound is dependent on the statistical properties of the two stimuli. 
As an example, the transient stimuli of the stone-on-road and the 1.0 cm metal bar driving conditions were 
found to produce equivalent sound values which were generally lower than the values obtained for the 
steady-state conditions. This occurred despite the fact that, theoretically, the stimuli should have been 
accurately quantified by the Zwicker loudness method due to its algorithms for both frequential and 
temporal auditory masking. 
The results obtained in the current investigation also suggest that the stimuli statistical differences 
associated with differences in automobile operating condition are important in psychophysical terms. As 
an example, the differences between the curves of subjective equivalence obtained using the different 
stimuli reached values of more than 5 dB when expressed in terms of the unweighted sound pressure level 
or the A-weighted sound pressure level. Such differences are larger than the well-known human just-
noticeable difference [23] value of approximately 1 dB needed to detect the smallest perceptible change in 
sound. When quantified using the Stephens or Zwicker loudness methods, differences of 3 to 32 sones 
occurred between the lowest and the highest subjective equivalence data points. These values are greater 
than the value of the just noticeable difference reported in the case of refrigerator noise [24] of 0.5 sone 
determined using the Zwicker loudness method, and are also greater than the maximum permissible sound 

ound pressure level [dB] 12.2 (11.5%) 12.0 (11.3%) 6.4 (6.1%) 8.0 (7.5%) 7.0 (6.6%) 5.3 (5.0%)

-weighted sound pressure level [dBA] 5.5 (6.7%) 9.2 (11.3%) 5.5 (6.8%) 8.6 (10.6%) 8.6 (10.6%) 0.7 (0.8%)

tevens Mark VI  loudness [sone] 6.3 (12.3%) 4.8 (9.4 %) 4.2 (8.2%) 12.4 (24.3%) 12.3 (24.1%) 3.5 (6.8%)

tevens Mark VII loudness  [sone] 5.8 (7.9%) 14.0 (19.2%) 11.0 (15.1%) 19.6 (26.9%) 20.6 (28.2%) 8.3 (11.3%)

icker loudness [sone] 4.3 (8.6%) 14.0 (28.0%) 13.3 (26.5%) 17.1 (34.0%) 19.7 (39.3%) 7.8 (15.5%)

Equivalence sound value

Table 6: Difference values in units of perceived acoustical intensity between the lowest and the 
 highest subjective equivalence curves for each Wh weighted r.m.s. stimuli amplitude. Data in 
 parentheses are the percentage difference values normalized to the highest equivalence 
 sound value in the dataset. 

                                  Wh weighted vibration level 
[m/s2 r.m.s.] 0.3 0.5 0.8 1 1.2 1.5 1.7 2

Sound pressure level [dB] 7.1 (6.7%) 10.0 (9.4%) 7.4 (7.0%) 5.8 (5.5%) 6.5 (6.1%) 6.1 (5.8%)

hted sound pressure level [dBA] 5.1 (6.3%) 13.5 (16.7%) 12.3 (15.2%) 11.0 (13.6%) 8.6 (10.6%) 8.3 (10.3%)

tevens Mark VI  loudness [sone] 3.9 (7.6%) 11.0 (21.5%) 13.8 (27.0%) 13.0 (25.4) 13.4 (26.2%) 12.4 (24.3%)

tevens Mark VII loudness  [sone] 7.8 (10.7%) 28.0 (38.4%) 31.8 (43.6%) 31.9 (43.7%) 21.2 (29.0%) 20.4 (27.9%)

ker loudness [sone] 7.9 (15.8%) 23.2 (46.3%) 24.6 (49.1%) 25.5 (50.9%) 16.7 (33.3%) 16.3 (32.5%)

A-weig

S

S

Zwic

Equivalence sound value
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quantisation error of from 0.8 to 6.4 sones (at amplitudes from 40 to 70 dB) which has been found to lead 
to severe reductions in speech intelligibility [25]. 
For the manufacturers of automobiles, automobile components and fuels, subjective equivalence 
relationships between vibration and sound can serve a useful purpose during product design since the 
relationship can be used as a background against which to plot the results from simulation or test of 
specific operational conditions. Equivalence curves can provide a simple ruler against which to judge the 
balance of the two stimuli. The distance of a specific operational condition from the curve of subjective 
equivalence, in units of perceived intensity, provides a simple measure of which of the two stimuli types is 
the most prominent. 
The possibility of using these relationships in such ways raises, however, questions regarding the 
invariance and accuracy of the equivalence relationship, and regarding the most convenient technical 
measurement methods to adopt. In the case of the vibration experienced by the driver due to the movement 
of the automotive steering wheel, the most commonly used metrics of perceived intensity are the 
unweighted and the Wh weighted root-mean-square acceleration. Neither measure is rigorously applicable 
to the task of perceived intensity estimation, but the Wh weighting has been shown to provide more 
accurate estimates [26] than its unweighted counterpart. In recent years proposals have been put forward 
for a new hand-arm frequency weighting derived from psychophysical test results with rotating steering 
wheels [1,27], but such developments are still in their infancy. In the case of sound, the research literature 
provides evidence that the use of the popular acoustical A-weighting underestimates the loudness of 
perceived sound due to its inability to represent the nonlinear response characteristics of the human ear 
[14]. In the automotive industry several studies [28] have raised uncertainty about the use of this metric 
for the subjective evaluation of the loudness of interior sound. Automotive research [15] has also 
suggested that Zwicker loudness correlates best with the subjective judgments of automobile interior 
sound.  
The current study has directly applied the most commonly used vibration and sound perceived intensity 
metrics to the task of defining subjective equivalence. The results suggest that both the statistical 
properties of the stimuli, and the choice of metric, effect the shape of the equivalence curve. No single 
combination of sound and vibration metric produced a family of curves which were separated by less than 
a single psychophysical just noticeable difference. Further, the results suggest an increased divergence of 
the curves when passing from unweighted for frequency weighted acceleration, and when passing to 
sound metrics characterised by increasing ability to correctly evaluate stimuli which produce either 
frequential or temporal auditory masking. 
 

5 Conclusions 
 
Subjective equivalence relationships between steering wheel vibration and sound have been developed for 
six automobile operating conditions by means of laboratory tests performed using a steering rotational 
vibration test rig. The relationships have been developed using ten different formats, determined by all 
possible combinations of two perceived vibration intensity metrics and five perceived sound intensity 
metrics. The results suggest that both the statistical properties of the stimuli, and the choice of metric, 
effect the shape of the equivalence curve. No single combination of sound and vibration metric produced a 
family of curves which were separated by less than a single psychophysical just noticeable difference. 
Further, the results suggest an increased divergence of the curves when passing from unweighted to 
frequency weighted acceleration, and when passing to sound metrics characterised by increasing ability to 
correctly evaluate stimuli which produce either frequential or temporal auditory masking. 
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Abstract
The underlying assumption of our research on musculoskeletal disorders assumes that pain in the low back
region, in absence of a diagnosed pathology, might be caused by abnormal biomechanical properties of the
sacroiliac joints. The main objective is the development of a medical apparatus for the assessment of these
properties by means of vibration analysis of the pelvic bones. A dynamic model of the human pelvis has been
built as a first step to establish a methodology for the identification of the sacroiliac joint properties starting
from the measured vibration. In parallel, a measurement technique to detect the bones’ vibration based
on ultrasound technology has been developed. This paper describes the establishment of the methodology
through modeling, experimentation, and the development of the apparatus.

1 Introduction

Musculoskeletal disorders, with Low Back Pain rating as the most common, have an important social and
economical impact in many countries around the world. A European statistics [1] indicates that 7.7 million
people who in 1999 were or had been professionally active in the European Union were diagnosed in that
year with work related health problems. More than half were cases of musculoskeletal disorders. This reality
is reflected in another social survey [2] which indicates that about one third of the European workers consider
themselves at risk for back disorders. As for the causes, a report published in Europe in 2005 [3] suggests that
lack of physical activity is the most emerging risk for musculoskeletal disorders in the work environment,
which implies a high risk of deterioration in sedentary societies.

The pathologies responsible for low back disorders are numerous and differ in their origin. The diagnosis
is very often based on the subjective interpretation of the reaction of the pelvic structure to manipulation,
which makes the consequent treatment susceptible to misdesign. In many cases no evident pathology can
even be found. The theory underlying this research project suggests that Low Back Pain symptomatology
is, in those cases where a pathology can not be diagnosed, the result of abnormal biomechanical properties
of the sacroiliac joints. The sacroiliac joints are the joints connecting the two iliac bones to the sacrum (Fig.
1). The main goal is the development of a medical apparatus for the objective assessment of the stiffness of
these joints.

A biodynamic model of the pelvic girdle has been built and experiments performed on human specimens to
provide data for its validation. The purpose of the model is to provide a baseline on which an identification
algorithm can be constructed. At the same time an ultrasound-based non-invasive vibration measurement
technique to be used on patients in vivo has been developed.

The investigation necessary for the establishment of the methodology for assessing the biomechanical prop-
erties of the sacroiliac joints is presented in this paper.
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2 The biodynamic model

The dynamic model of the pelvic girdle consists of three lumped masses with given rotational inertia prop-
erties representing the bones of the pelvis, and 12 linear springs representing its ligaments (Fig. 1). An idea
of the typical values is given in Table 1. As for the damping, the implemented model was designed on a case
by case basis according to the respective research question, and will be presented in the following sections.
With three translations and three rotations per rigid body, the model is defined by a total of 18 degrees of
freedom.

Figure 1: Anatomy of the human pelvis and its ligamentous system: anterior view (left) and posterior view
(right). Added to the figure is the spring configuration in the model. Springs 1 to 5 are implemented on both
left and right side, while springs 6 and 7 are unique. 1: iliolumbar ligament; 2: anterior sacroiliac ligament; 3:
sacrospinous ligament; 4: sacrotuberous ligament; 5: posterior sacroiliac ligament; 6: horizontal symphysis
pubis ligament; 7: vertical symphysis pubis ligament.

mili msac kss kst kil kas kps kph kpv

0.61 0.36 1.2e5 0.8e5 1.2e5 15e3 2e5 1e5 5e3

Table 1: Typical values of the physical parameters of the model. mili and msac: mass of the ilium (same value
left and right) and the sacrum in kg; kss, kst, kil, kas, kps, kph and kpv: stiffness coefficients of respectively
the sacrospinous, the sacrotuberous, the iliolumbar, the anterior sacroiliac, the posterior sacroiliac (for these
5 same values left and right), the horizontal symphysis pubis and the vertical symphysis pubis ligaments, in
N/m.

3 The identification algorithms

Two approaches have been investigated for the identification of the mechanical properties of the modeled
pelvic girdle: a first in modal domain, based on the sensitivity of the modal response to the model parameters
[4], and a second in frequency domain, based on the minimization of a cost function [5]. In both cases the
identification methods were verified on simulated data.
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3.1 In modal domain

The identification approach in modal domain was based on the matching of the first mode shape only [4].
The model was not connected to the environment and was not damped. Thirteen parameters with the highest
influence on the mode shape (ten stiffness coefficients and the mass of the three rigid bodies) were selected
as update parameters for the model, and were tuned in an iterative procedure until the model generated
response (13 independent displacement measurements at the first resonance: six on the ilia, one on the
sacrum) matched the ”experimental” response. The sensitivity of the displacement measurements to the 13
parameters were obtained by perturbation and used to estimate a new set of model parameters. The difference
from the target and the model generated response was evaluated at each iteration, as well as the sensitivity
matrix, until convergence was reached.

The sensitivity of the displacement at each measurement point has been calculated according to the formula:

∂d

∂p
=

∂c

∂p
+

∂θ

∂p
× ρ, (1)

where
∂d
∂p is the displacement sensitivity at the measurement point,
∂c
∂p the translation sensitivity at the center of mass of the corresponsing rigid body,
∂θ
∂p the rotation sensitivity of the corresponding rigid body,
ρ the connecting vector from the center of mass to the measurement point.

Results showed that the parameters to be identified could vary from -30% to 250% of the nominal values, and
still be successfully identified. However, the identification was only effective for noise-free measurements.

3.2 In frequency domain

The second method was developed to be effective for noisy measurements, and was implemented in fre-
quency domain [5]. The stiffness was introduced as before by twelve liner spring representing the ligaments.
The damping was thought as being introduced by the cartilage lining the contact surfaces of the joints and was
modeled with three parallel non-collinear dashpots per joint (for a total of 9) connecting the adjacent bones
(considered as parallel surfaces). The dashpots were designed to counteract relative velocity perpendicular
to the inner surface of the joints, and not parallel to them, since we believe that the intra-articular synovial
fluid allows for an almost friction-free gliding. Each group of three was assigned the same coefficient. The
displacements and excitations were simulated at seven points on the pelvis for frequencies between 0 Hz
and 300 Hz and with three frequency increments (df = 1.25, 2.5 and 5 Hz). Two separate noise sources (a
random positioning error of ± 2 mm and a random orientation error of ± 10◦ of the virtual sensor) have
been modeled and used to pollute the measurements. With the reciprocals not being considered (redundant
information), 28 Frequency Response Functions (FRFs) were at disposal.

The objective function to minimize was defined as the sum of the squared difference between the set of target
FRFs and the model generated FRFs at each frequency point (considering the real and the imaginary parts
separately), as given in (2):

J(p) =
∑

r

∑
k

a �(sr,k(p)− smr,k)2 + b �(sr,k(p)− smr,k)2 (2)

where
J(p) is the cost function,
p is the parameter set,
r is the measurement (single sine sweep) with r = 1..28,
k the frequency step (k = 1..60, 119 or 237) depending on the frequency increment,
a and b are weighting factors for the real and the imaginary parts,
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sr,k is the model displacement during measurement r at frequency step k,
smr,k the (simulated) measured displacement during measurement r at frequency step k.

The parameters used to minimize the cost function were eighteen (3 masses, 12 stiffness coefficients and 3
damping coefficients). The minimization of the objective function was obtained by a two-step routine, in
which first a subset of the parameters, and then the remaining subset, were optimized independently from
each other. The optimization was performed for parameter perturbations up to 40%, and for different ratios
a/b between real and imaginary part of the objective function. The influence of the two modeled noise
sources was investigated separately.

The best results were obtained with a ratio a/b of 0.1, and for parameter perturbations up to 30%. At higher
perturbation levels the identification was not effective. A frequency discretization of 2.5 Hz was sufficient
to provide satisfactory results while allowing for a faster convergence. The performance of the identification
method was similarly affected by the two noise sources.

4 Frequency dependence of mechanical properties

The dynamic model as introduced in section 2 foresees constant biomechanical properties. However lit-
erature reports that the response of ligaments under quasi-static tensile tests is a function of the speed at
which the strain or stress is applied [6]. This might suggest the presence of a frequency dependence of the
mechanical properties of the ligaments.

A simulation study was performed to investigate the influence that frequency dependent mechanical prop-
erties might have on the system identification when attempted by modal analysis tools assuming constant
mechanical properties [7]. In this study Frequency Response Functions were generated from a model show-
ing different level of linear frequency dependence in the stiffness and damping matrices and imported in
standard modal analysis tools for analysis.

The springs configuration was maintained from the previous study, while one dashpot was removed from
the pubic symphysis after kinematic analysis. The dashpots of each joint were assigned the same damping
coefficients, for a total of 3 damping parameters to identify. The model was therefore characterized by 18
parameters: the 3 masses, the 12 stiffness coefficients, and the 3 damping coefficients. To remove zero
frequency modes (rigid body modes), the diagonal terms of the stiffness matrix at the 6 DOFs of the sacrum
were increased by 1%, which corresponds to connecting the sacrum to the environment with springs 100
times less stiff than the joints. The response was generated by solving the equation of motion (3) in the
frequency range 0 to 550 Hz, with a frequency step of 0.05 Hz.

(−ω2M + jωC + jD + K + ωK ′)x = f , (3)

where ω is the frequency variable, M , K and C the original system mass, stiffness and damping matrices,
x the system response harmonic amplitude, and f the amplitude of the applied harmonic force.

D and K ′ are defined as:

D = fc C
ωmax

4
, (4)

K ′ = fk K
1

4 ωmax
. (5)

where ωmax represents the maximal frequency in the range of interest, and the factors fc and fk were chosen
between 0 and 1. At maximal frequency the stiffness and damping matrices are 25% bigger than at minimal
frequency. This linear frequency dependency has been chosen mild enough to avoid drastic changes in the
response of the system.

The tools used for this simulation study are ME’scopeVES 4.0 (Vibrant Technologies, Inc., USA) and Struc-
tural Dynamics Toolbox (SDT, www.sdtools.com). The performance was evaluated by comparing the theo-
retical modal parameters of the model and the ones resulting from the data analysis.

1784 PROCEEDINGS OF ISMA2006



The theoretical modal parameters were calculated in state space by solving the eigenproblem. The solution
was directly obtained for constant system matrices (fc = fk = 0), while a fixed point iteration scheme was
used to solve the eigenproblem for frequency dependent system matrices, as described in the next paragraph.

The state space matrices A and B were defined as:

Ai =
[ −M 0

0 K + K ′ωs,i

]
, (6)

Bi =

[
0 M

M C + D
ωs,i

]
, (7)

where ωs,i is the damped resonance frequency of mode s at the ith iteration step. The eigenproblem in
state-space was solved at each step i with the frequency dependent matrices as expressed in (6) and (7). The
absolute value of the imaginary part of the obtained pole λs,i+1 = −σs,i+1±jωs,i+1 was then used to update
the matrices Ai and Bi into Ai+1 and Bi+1, and the eigenproblem solved again. This iterative procedure
was performed until convergence was reached. In mathematical form:

solve (λs,i+1Bi + Ai) zs,i+1 = 0 for λs,i+1, zs,i+1, (8)

ωs,i+1 = |�(λs,i+1)| , (9)

σs,i+1 = −�(λs,i+1) , (10)

until
|ωs,i+1 − ωs,i|

ωs,i+1
< 10−6 and

|σs,i+1 − σs,i|
σs,i+1

< 10−6 . (11)

Here λs,i+1 = −σs,i+1± jωs,i+1 is the pole s of the system at the i+1th iteration step, and zi+1 is the mode
shape for mode s at the i + 1th iteration step. The cut-off value of 10−6 is the relative error in frequency
and damping factor and is deemed sufficiently small. The actual mode shape is the one associated with the
converged eigenvalue. The damping ratio was calculated from the converged λs, for each mode s:

ζs =
σs√

ω2
s + σ2

s

. (12)

Results showed that while resonance frequencies were well identified by the two modal analysis tools (with
relative errors lower than 1%), the damping proved to be more problematic (errors in the order of 10%). The
identification of the mode shapes was good, even though one modal analysis tool had difficulties identifying
mode shapes when their frequencies were close to each other.

5 The experimental work

5.1 On embalmed human specimens

An Experimental Modal Analysis was performed on an embalmed human pelvis consisting of the skeletal
structure and intact ligamentous system, provided by the Erasmus Medical Center in Rotterdam, The Nether-
lands [8]. The test has been performed with the pelvis laid in prone position with the anterior superior iliac
spines (SIAS) and the second lumbar vertebra supported by a layer of foam (Fig. 2). The excitation has been
introduced by impact hammer (PCB Piezotronics, Model 086C03) on three locations of the pelvis (externally
on each side in the center of the fossa iliaca, and on the midline of the second sacral vertebra). The response
of the bones was detected at 14 locations (five on each ilium, four on the sacrum) by a three-dimensional
accelerometer (PCB Piezotronics, Model 356B21) screwed on the bones, and recorded by an acquisition
systems (Spectral Dynamics Siglab Model DSP 20-42).

Analysis of the acquired Frequency Response Functions was performed with the STAR System (Spectral
Dynamics, v5.1). Three main resonances were identified at 17 Hz, 36 Hz and 187 Hz, with damping ratios
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Figure 2: The pelvis in prone position, with the attached accelerometer and the tip of the hammer.

of 8%, 5% and 3%. The visualization of the first two resonances suggested a strong component of (quasi)
rigid body motions. The residual motion of the first two resonances after numeric filtering of the rigid body
movements seemed not to indicate true vibration modes, and were more likely caused by numeric errors,
possibly due to non-linearities in the object fixture. The visualization of the third resonance clearly indicated
a pure symmetric vibration mode where the two ilia open and close with the two sacroiliac joints acting as
hinges (Fig. 3).

Figure 3: Identified vibration modes: (a) rigid body mode at 17 Hz; (b) rigid body mode at 36 Hz; (c)
vibration mode at 187 Hz.

5.2 On fresh-frozen human specimens

A series of Experimental Modal Analysis was performed on fresh-frozen specimens as well [9]. The hu-
man specimens were harvested short after death and prepared within the Department of Pharmacology and
Anatomy of the University Medical Center in Utrecht, The Netherlands. The excitation in this case was
in the form of sine sweeps introduced in the system by an electromechanical shaker (TIRA Model S 513
TV51110, amplifier TIRA Model BAA120 TV51110) and measured by an impedance head (PCB Piezotron-
ics Model PCB 288M25). The response of the system was measured by the same triaxial accelerometers
(PCB Piezotronics Model PCB 356B21), and again acquired by Siglab acquisition systems (Spectral Dy-
namics Model DSP 20-42).

The thawed human specimen was prepared and hung on a rigid frame by means of rubber bands, which were
attached to the pelvis through hooks screwed in four holes along the iliac crest (Fig. 4). Thirteen holes (five
per ilium and three in the sacrum) were drilled and screws were mounted at the desired sensor locations
and in what had to become a horizontal direction upon object fixture. Aluminum profiles were glued on the
screws heads to provide for an horizontal platform for the sensors (Fig. 4). One hole was drilled for shaker
attachment on the external side of the tuberosity of the left ischium. The vibration coming from the shaker
was transmitted to the pelvis through a plexiglas stinger, which was attached to the pelvis by means of a
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Figure 4: The pelvis hanging on rubber bands, with aluminum profiles for the attachment of the accelerom-
eters.

screw. Sine-sweeps were performed between 10 and 340 Hz, and the measured signals were processed with
ME’scopeVES 4.0 (Vibrant Technologies, Inc., USA).

Results showed four main resonances: at 80 Hz, 133 Hz, 226 Hz, and 244 Hz. The mode shape of the first
resonance appeared to be a (quasi) rigid body mode. The resonance was likely caused by the fixture, and did
not seem to represent a vibration mode of the pelvis.
The mode shape of the second resonance seemed to indicate an antisymmetric rotation of the upper part of
the iliac bones around a horizontal coronal axis, with the two halves of the pubic symphysis moving together
(Fig. 5(a)). The mode shape of the third resonance showed a symmetric opening-closing motion of the two
SIAS generated by a rotation around what could be a vertical axis, and an antisymmetric back and forth
gliding of the two pubic symphysis halves (Fig. 5(b)). The mode shape of the fourth resonance seemed
to indicate a symmetric inwards rotation of the two iliac bones, and a back and forth motion of the pubic
symphysis with opening and closing of the tuberi (Fig. 5(c)).

Figure 5: The three identified vibration mode shapes. The dashed lines represent the undeformed config-
uration, the solid lines the extreme positions during one vibration cycle. Arrows are added to simplify the
interpretation of the motion: (a) mode at 133 Hz; (b) mode at 226 Hz; (c) mode at 244 Hz.
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5.3 On rabbit knee ligaments

To investigate the presence of frequency dependence in animal ligaments, pilot dynamic tensile experiments
were performed on medial collateral ligament (MCL) complexes of rabbit knees. The MCL-complexes were
harvested from frozen rabbit posterior legs provided by a butcher.

An in-house set-up was constructed with an electromechanical shaker (TIRA Model S 513 TV51110, am-
plifier TIRA Model BAA120 TV51110), an impedance head (PCB Piezotronics Model PCB 288M25), the
ligament complex and a metal wire in vertical sequence. The metal wire was attached to the environment at
the top and passed through a hole in the upper bone part. The same connection was provided at the bottom
bone part, below which the metal wire was attached to the impedance head, screwed to the shaker platform
(Fig. 6). In physiologic conditions in vivo the axes of the femur and the tibia of rabbits lie with an angle of
about 70◦ with respect to each other. To avoid the construction of clamps designed to reproduce this angle
in the test set-up, the two holes on the upper and lower bone parts were aligned with the ligament axis in
physiologic configuration, so that the bone parts would automatically orient themselves under tension in the
correct direction. Sine sweeps were performed in the frequency range between 20 Hz and 300 Hz, with a

Figure 6: Dynamic tensile testing set-up with shaker at the bottom, impedance head, connector for the metal
wire, MCL-complex, wire and connection to the environment.

frequency increment of 2.5 Hz and for four different pre-strains (approximatively 2%, 3%, 4% and 5%). The
dynamic stiffness in frequency domain is normally obtained by dividing the measured force by the measured
displacement (converted from the acceleration signal), and includes also the inertia component due to the
acceleration of the lower mass (bone and connector). This inertia component had to be removed from the
measured force in the post-processing phase in order to obtain k(ω), since:

f = (−ω2m + k(ω))x, (13)

where f is the measured force, m the mass of bone and connector, and x the measured displacement. Analy-
sis of the complex k(ω) seems to indicate that the stiffness (real part) is constant along the frequency axis,
and that it increases with increasing pre-strain (Fig. 7 above). The imaginary part (providing indications on
the damping) on the contrary seems to suggest a slight linear relationship with the frequency, and it shows
values one order of magnitude smaller than the amplitude of the stiffness (Fig. 7 below).
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Figure 7: Real part (upper figure) and imaginary part (lower figure) of the complex stiffness k(ω) for the
four levels of prestrain: (a) 2%, (b) 3%, (c) 4%, and (d) 5%

5.4 Experiments in vivo

In the frame of this research a medical apparatus is under development for the introduction of vibration in
the pelvic system in vivo and the non-invasive detection of the dynamic response of the bones [10].

The measurement of the vibration of the bones is performed using a technique based on the time of flight
of ultrasound waves. The principle is as follows: an ultrasound transducer sends a sequence of short pulses
towards a structure, whose acoustic impedance is sufficient to reflect part of it. The reflected waves are
detected by the same transducer. The distance of the object from the transducer is estimated by multiplying
the time of flight necessary for the echoes to return, by the speed of sound in the surrounding medium
(soft tissue in this case). When the structure is in motion, the difference in recorded time of flights can be
converted in a distance-time plots, from which the vibration characteristics can be derived. By expanding
the apparatus to a two channel set-up, the synchronous measurement at two points vibrating at the same
frequency provides phase shift information.

The ultrasound measurement set-up consists of two single element ultrasound transducers (5 MHz immersion
transducer, Model A326S-SU-F25mm, Panametrics, R/D Tech Instruments Inc., USA, with amplifiers Model
5077 PR, Panametrics). The amplifiers are externally triggered by a pulse generator (Arbitrary Waveform
Generator, Model 33220 A, Agilent, USA) and the measured analog signals are digitized by means of a
digitizer (Model DP235, Acqiris, USA). Pulser and digitizer are phase synchronized by a 10 MHz clock
provided by the digitizer.

In a two-channel system validation [11], each transducer was programmed to send 2000 pulses with a pulse
repetition frequency of 5 kHz. The digitizer sampled 500 points of each echo signal with a sampling fre-
quency of 500 MHz. The detected echo waves of each transducer were correlated with the first received
echo to determine the time shifts, which were then converted in distance shifts. With that pulse repetition
frequency, a position point is plotted in the time scale each 0.2 ms. The phase shift between the two signals
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was obtained by computing a clean Fast Fourier Transform (FFT) of the two position-time plots obtained
synchronously and calculating the phase of the signals from the real and imaginary parts. The two-channel
system has been validated on a physical model.

A shortcut to perform a first set of pilot experiments in vivo can be taken by replacing the ultrasound trans-
ducer with an accelerometers pressed on the skin at points where the bone lies just underneath. This mea-
surement technique limits the number of points that can be measured and is restricted to subjects with a lean
body type. It has been used to gain insight in the nature of the dynamic response of the pelvis, but will not
substitute the ultrasound system.

Preliminary result show very flat response curves. An example of such a response can be seen in Fig. 8,
showing the transfer function between an excitation at the superior anterior iliac spine (the drive point has
also been measured) and a measurement at the superior posterior iliac spine of the same hip bone.
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Figure 8: Amplitude (upper figure) and phase (lower figure) of Frequency Response Functions measured in
vivo: (a) drive point response on the superior anterior iliac spine, (b) response function between the drive
point and the superior posterior iliac spine of the same hip bone.

6 Conclusions

The methodology for the objective assessment of the mechanical properties of the sacroiliac joints is still in
its preliminary phase and its applicability in vivo still has to be investigated and confirmed. Nevertheless the
knowledge gained in the process is important and can be of value in the frame of other research. A dynamic
model of the human pelvis has been constructed, and identification algorithms based on it have been tested on
simulations in modal and frequency domains. Experimental Modal Analysis on embalmed and fresh-frozen
human specimens and a preliminary investigation on the dynamic mechanical characteristics of ligaments
have been performed and have provided new important insight. These results, however preliminary, will
encourage future efforts in understanding the mechanics of Low Back Pain.
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Abstract 
This paper shows the experimental responses of five riders to roll and steer oscillations. The analysis is 
carried out to identify the properties of a rider multi-body model, which can be useful for simulation. The 
riders have different physiques and riding experience and are excited by means of the motorcycle riding 
simulator developed at DIM. A stepped sine testing is performed. The results of the steer tests are 
presented in terms of FRFs between the angular acceleration of the steer and the steering torque. A multi-
body model is used to fit the experimental data. The results of the roll tests are presented in terms of FRFs 
between the accelerations measured at three point of the body of the rider (head, shoulders, torso) and the 
acceleration of a point placed at a fixed distance from the oscillation axis. To clarify the dynamic response 
of the rider, a relative motion FRF is calculated as well: it is the ratio between the relative tangential 
acceleration and the acceleration at the same point caused only by the roll angular acceleration. 
 
 

1 Introduction 
 
The most important features of two-wheeled vehicles are handling, stability and comfort. They depend on 
the mechanical characteristics of the vehicle (e.g. steering system kinematics, mass distribution, tire 
properties) but also on the dynamic properties of the bodies of the rider and passenger, because the ratio 
between the mass of the passengers and the mass of the vehicle is not as small as in other kinds of 
vehicles. Hence, the rider influences the behavior of the vehicle not only through the voluntary control 
actions, but also through the passive behavior of his/her body, which responds to the motion imposed by 
the vehicle. This paper focuses on the passive behavior of the rider. 
The properties of the human body can be divided into rigid-body properties and multi-body/vibration 
properties. They have to be taken into account in the development of vehicle’s models for numerical 
simulation and in the analysis of experimental results. Rigid-body properties are calculated assuming that 
the human body behaves as a rigid body. These properties are the mass, the center of mass location and 
the moments of inertia. An extensive review of rigid-body properties can be found in [1]. 
The rigid-body properties of the human body are enough to perform many handling simulations [2] and to 
analyze the most important features of stability [3] and comfort [4]. Nevertheless, more detailed 
simulations require a multi-body model of the rider. In particular some papers present results that take into 
account the lateral mobility of the rider [5], but the impedance of the handle-bars caused by the rider is 
neglected (in other words the stability analysis is carried out assuming free handle-bars). In multi-body 
models the human body is represented by a system of rigid bodies (one for each limb) connected by joints, 
which simulate the articulations and have stiffness and damping properties [6]. The multi-body model of 
the rider possesses natural frequencies and damping properties that simulate the actual vibration properties 
of the human body. This paper deals with the measurement and identification of the vibration 
characteristics of motorcycle riders, in order to make possible the development of advanced multi-body 
models of the vehicle with the rider. 
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The measurement of the passive response of the rider’s body to forced oscillations of the handle-bars and 
of the whole motorcycle is particularly important because two-wheeled vehicles in motion are 
characterized by modes of vibration (weave, wobble), which in certain conditions become unstable [7][8]. 
Since the natural frequencies of these modes (2÷4 Hz for weave, 4÷10 Hz for wobble) are too high to be 
controlled by the rider’s voluntary actions (especially wobble), the passive effect of the rider body may 
represent an important source of stabilization. 
These phenomena are similar to the aircraft-pilot coupling (APC) problems, which have been found in 
some aircrafts [9][10] and have frequencies in the range 0.5÷3 Hz. APC problems are generated by the 
aircraft lateral and roll accelerations at the pilot’s position that influence the pilot control input through the 
inertial forces of the limbs of the pilot and the inceptor. 
The first part of this paper deals with the experimental study of the response of the rider to handle-bars 
oscillations in the range 0.5÷10 Hz. The second part of the paper focuses on the experimental study of the 
response of the rider’s body to roll oscillations of the whole motorcycle. 
 

2 Testing equipment 
 
The rider is excited by means of the motorcycle riding simulator developed by the Department of 
Mechanical Engineering (DIM) of Padova University for the study of safety and maneuverability of two 
wheeled vehicles. It consists of a serial kinematic chain (three mobile interlinked members) that moves a 
motorcycle mock-up and that generates motion cues during riding, see figure 1. The system permits three 
principal rotation of the rider (yaw, roll and pitch) and lateral displacement. The axes are driven by brush-
less servomotors, the rotations and velocities are measured by means of encoders. A servomotor is fitted to 
the steer axis and generates torques similar to the ones experienced by the rider on the road. 
 

 
Figure 1: Motorcycle riding simulator. 

 
For this particular research only the roll and the steer servomotors are used for exciting the body of the 
rider. A stepped-sine testing is used. The amplitude and frequency step are chosen at the beginning of the 
test. The control program for a defined testing interval generates a single frequency sine wave and then it 
passes to the subsequent frequency. 
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The steering torque is measured by a torsiometer mounted between the steer servomotor and the handle-
bars. During the tests, the steering system of the simulator was upgraded and consequently two different 
kinds of torsiometer were used. The first torsiometer was composed by a shaft equipped with strain gages 
that measured directly the torque. The shaft was coaxial with the servomotor axis. The present torsiometer 
uses a little bar (equipped with strain gages) mounted in radial direction that connects the servomotor shaft 
with the mobile plate fixed to the handle-bars. The rotation of the handle-bars is measured by a rotational 
potentiometer. 
 

3 Rider’s response to steer excitation 
 

3.1 Experimental results 
 
The tests are carried out according to the following procedure. The tester rides the motorcycle mock-up of 
the simulator and holds the handle-bars. The axes of the simulator are locked except the steer axis. The 
steer servomotor generates a stepped-sine excitation with constant amplitude (4°) and increasing 
frequency in the range 0.5÷8.5 Hz with increments of 0.5 Hz. Some testers with different physiques and 
riding experience participate in the research program, their features are summarized in table 1. 
 

Rider Height [cm] Mass [kg] Riding 
experience 

1 176 81 10 

2 169 56 2 

3 188 86 2 

4 177 74 6 

5 170 63 7 

Table 1: Riders’ characteristics 
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During the tests, the time records of the steering torque generated by the servomotor and the rotation of 
handle-bars are collected. Then, the frequency response function (FRF) is calculated: it is the ratio 
between the cross-spectrum of angular acceleration and steering torque and the auto-spectrum of the 
steering torque. 
The experimental results obtained with the same rider show good repeatability both in terms of amplitudes 
and phases of the FRFs. Figure 2 and 3 show three FRFs (amplitude and phase) of the same rider, obtained 
at different times and with the two different versions of the torsiometer. All the amplitude curves present 
the same shape with a resonance peak at 1.5-2 Hz, a minimum in the interval 4-6 Hz and then increasing 
values. The phases show high values (≈160°) at low frequencies, a minimum (40°) in the range 2-4 Hz, 
and then increasing values at high frequencies. 
 

0

0,5

1

1,5

2

2,5

3

3,5

0 2 4 6 8 10

Rider 2

Rider 5

FR
F 

am
pl

itu
de

 [1
/k

gm
2 ]

Frequency [Hz]
 

Figure 4: Steer test, amplitudes of the FRFs of 
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Figure 5: Steer test, phases of the FRFs of two 

riders. 
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It’s interesting to overlap the results obtained with different riders. All the amplitude plots present the 
same form with a peak, a minimum zone and then increasing values. The phase plots show high values at 
low frequencies, a minimum zone, and then increasing values at high frequencies. 
In figures 4-5 the experimental data that refer to the smaller riders are presented, they have the highest 
peak values (low values of the steering torque). The greatest differences between the riders of this group 
are in terms of phase at the high frequencies. A possible cause of these differences is the different riding 
experience of each rider: rider 2 has no-experience, rider 5 has a good experience. 
In figures 6-7 the experimental data that refer to the more robust riders are presented; they exert steering 
torques that, in resonance condition, are higher then the ones exerted by the riders of the other group. In 
the range of medium and high frequencies the differences between the two groups of riders are smaller. 
 

3.2 Identification 
 
Figure 8 shows a scheme of the multi-body model for the analysis of rider’s response to steer excitation. 
There are a fixed frame and six moving rigid bodies: the handle-bars, torso of the rider, left and right arms, 
left and right forearms. The articulations are simulated by means of joints, like in [6]. A spherical pair 
simulates the articulation of the shoulder, a revolute pair simulates the articulation of the elbow and a 
couple of revolute pairs simulates the articulation of the wrist. The waist rotation about an axis joining the 
pelvis with the head is simulated by means of a revolute pair. The hands are assumed to be firmly attached 
to the handle-bars. Finally there is the revolute pair of the steer. The system has 2 degree-of-freedom, the 
generalized coordinates are steer rotation sθ  and torso rotation tθ . The elastic and damping properties of 
the systems are represented by visco-elastic springs that connect the limbs and by a visco-elastic torsion 
spring that connects the torso with the frame. Torque sM  is generated by the servomotor about the steer 
axis. If large displacements are considered the system exhibits a non linear behavior, caused by non linear 
kinematic equations. 

steer axis

handle-bars

arm

forearm

elbow
(revolute)

wrist
(2 revolute)

torso

     waist
(revolute)

θs

θt

ct, kt

Ms  
Figure 8: Multi-body model of the rider-steer system. 
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The Lagrange equations of this system are: 

s el s visc s g s
s s

d T T Q Q Q M
dt θ θ − − −

⎛ ⎞∂ ∂
− = + + +⎜ ⎟∂ ∂⎝ ⎠

     (1) 

t el t visc t g t t t t
t t

d T T Q Q Q c k
dt

θ θ
θ θ − − −

⎛ ⎞∂ ∂
− = + + − −⎜ ⎟∂ ∂⎝ ⎠

    (2) 

In which T is the kinetic energy. The generalized torques associated with the generalized coordinate 
sθ are: the elastic and viscous torques of the visco-elastic springs ( s el s viscQ Q− −+ ), the gravity torque 

( s gQ − ) and torque sM , which acts directly on the steer axis. The generalized torques associated with 

generalized coordinate tθ  are: the elastic and viscous torques of the visco-elastic springs ( ), 

the gravity torque ( ) and the viscous and elastic torques of the torsion spring (
t el t viscQ Q− −+

t gQ − ,t t t tc kθ θ− − ), which 
act directly on the waist joint. 

steer axis Is

handle-bars

arm damping
and stiffness
ca , ka

forearm

torso

   waist axis It

θs

θt

ct, kt

Ms  
Figure 9: Simplified multi-body model of the rider-steer system. 

 
If only small oscillations are considered, the equations of motion can be linearized and become: 

( ) ( )s s cc t a s t a s t sI I c kθ θ θ θ θ θ+ = − − − − + M      (3) 

( ) ( )cc s t t a t s a t s t t t tI I c k c kθ θ θ θ θ θ θ+ = − − − − − − θ      (4) 

The moment of inertia sI includes the moment of inertia of the handle-bars and a share of the moment of 
inertia of the forearms. The moment of inertia tI  includes the moment of inertia of the torso and a share of 
the moment of inertia of the arms. ccI  is the cross-coupling moment of inertia that depends on the masses 
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of arms and forearms, it will be neglected with respect to sI  and tI . is an equivalent damping 
coefficient of arms, whereas  is an equivalent stiffness coefficient of the arms. The gravity forces are 
neglected since the axes of rotation are almost vertical. The linearized model can be represented by the 
scheme of figure 9. 
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Figure 10: Rider 3, optimum fitting of 
experimental results, amplitude. 
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Figure 11: Rider 3, optimum fitting of 
experimental results, phase. 
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Figure 12: Rider 1, optimum fitting of 
experimental results, amplitude. 
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Figure 13: Rider 1, optimum fitting of 
experimental results, phase. 
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Equation (3) and (4) are enough for linear analysis and can be easy implemented in a multi-body model of 
the motorcycle and rider for the analysis of stability. If a harmonic oscillation (with angular frequency ω ) 
is commanded by the steer servomotor, from equations (3) and (4) the analytical FRF between the steer 
angular acceleration and the steer torque can be derived: 

( )
( )

( )( )
( ) ( ) ( )( )

2 2

2 2 2

t a t a ts

s a a s a a t a t a t

I i c c k k

M i c k I i c k I i c c k k

ω ω ωθ ω
ω ω ω ω ω ω

− + + + +
= −

− + + − + + − + + + +
  (5) 

Equation (5) is useful for fitting experimental results and for identifying the biomechanical properties of 
the rider. 
Optimum fitting of experimental data is carried out by means of a Matlab code, which looks for the six 
biomechanical parameters ( , , , , ,s t a t a tI I c c k k ) that minimize (in the least-squares sense) the difference 
between the amplitude of the experimental FRF and the amplitude of the model FRF (equation 5). Results 
dealing with rider 3 are presented in figures 10 and 11. Even if the optimum fitting is carried out 
considering only the amplitude, the results are satisfactory both for the amplitude and the phase. Figures 
12 and 13 shows the results of optimum fitting for rider 1. 
Table 2 summarizes the values of the identified biomechanical parameters of some riders 
 

Rider 
sI  

(kgm2) 

tI  

(kgm2) 

ak  

(Nm/rad) 

tk  

(Nm/rad)

1ν  

(Hz) 
2ν  

(Hz) 
1ζ  

(%) 
2ζ  

(%) 

1 0.200 0.842 820 127 1.74 - 31 > 1 

2 0.261 0.592 809 100 1.71 10.7 15 70 

3 0.252 0.664 796 118 1.80 10.6 28 40 

4 0.193 0.810 1100 96 1.56 - 32 > 1 

5 0.150 0.736 783 102 1.70 12.6 12 92 

Table 2: Identified biomechanical parameters of some riders. 

 

Moment of inertia sI  is comprehensive of forearms and of handle-bars (≈0.12 kgm2). Natural frequencies 

1 2,ν ν  and damping ratios 1 2,ζ ζ are the modal parameters of the whole system. 

The identified parameters are compatible each other and with the data that are present in literature. In 
particular, if the ratios between the masses of the different subjects are taken into account, the values of 
moment of inertia tI  (about the waist axis) are similar to the one presented in [6]. Also the values of waist 
stiffness are very similar to the one presented in [6]. tk
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4 Rider’s response to roll excitation 
 

4.1 Experimental results 
 
The tests are carried out according to the following procedure. The tester rides the motorcycle mock-up of 
the simulator and holds the handle-bars, he is instructed to look at a fixed point during the test. The axes of 
the simulator are locked except the roll axis. The roll servomotor generates a sinusoidal motion with 
constant amplitude (1°) and frequency. Series of tests are performed in the frequency range 0.5÷7 Hz with 
increments of 0.25 Hz. The sequence of test frequencies is chosen randomly, to avoid voluntary reactions 
of the test rider. 
The measurement system includes four piezo-electric accelerometers. The first accelerometer is mounted 
at point  of the motorcycle mock-up at distance  from point  on the roll axis (see figure 14). It 
measures the tangential acceleration caused by the roll oscillation: 

1P 1h O

1ta 1OPα= ×       (6) 

in which α  is the angular acceleration. In component form: 

1ta 1hα=       (7) 

From the value of  the tangential acceleration of every point  belonging to the rigid plane rotating 
with angular acceleration 

1ta iP
α  around the roll axis can be calculated: 

1

1

t
i

ah
h

α = ih       (8) 

in which  is the distance of point  from the roll axis (see figure14). ih iP

φ

h1

P1 h2

P2

xf

yf

P3

P4

h3

h4

O
xm

ym

 
Figure 14: Scheme of roll excitation. 

P4

P3

P2

 
 

Figure 15: Positions of accelerometers. 
 

The second accelerometer is fixed to the torso of the rider near the waist (see figure 15) by means of a 
belt. The third accelerometer is fixed (by means of a belt) to the torso of the rider, below the shoulders 
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(see figure 15), it measures the tangential acceleration. The last accelerometer is mounted on the helmet 
and measures the tangential acceleration of the head (figure 15). 
The tangential accelerations in the points of the rider’s body depend both on the forced roll oscillation and 
on the passive response of the rider body. Actually, if a moving tern ( , ,m m mx y z ) that rolls with the 
motorcycle mock-up and has origin in point  on the roll axis is considered, the following equation 
holds: 

O

( ) 2 rel rel
i O i i ia a OP OP v aα ω ω ω= + × + × × + × + i     (9) 

In which ω is angular velocity,  relative velocity and rel
iv rel

ia  relative acceleration. The term  is zero, 

since point  is fixed. The term  is the radial component of acceleration and does not 
influence the tangential acceleration measured by the accelerometer. If the velocity of the rider’s body 
relative to the moving frame is assumed to have the tangential direction, the Coriolis term (

Oa
O ( iOPω ω× × )

2 relvω× ) is 
perpendicular to the tangential direction. Hence, the component in the tangential direction of equation (9) 
becomes: 

1

1

rel relt
ti i ti i ti

aa h a h
h

α= + = + a       (10) 

The last equation shows that the tangential component of the acceleration measured by the accelerometer 
on the rider’s body depends both on the forced roll acceleration and on the acceleration relative to the tern 
that moves with the motorcycle mock-up. 
In order to study the response of the rider’s body the following frequency response function (FRF) is 
introduced: 

1

1

ti
i

t
i

aFRF a h
h

=       (11) 

It is the ratio between the tangential component of the acceleration measured by the accelerometer at point 
 and the acceleration of the same point caused only by the roll angular acceleration. iP

The tests are carried with three riders, whose characteristics are summarized in table 1. 
Figures 16 and 17 show the amplitudes and phases of the FRFs calculated from the accelerations measured 
at the torso near the waist (FRF2). Even if the three riders have different physiques, the FRFs are rather 
similar. The largest amplitudes appear at low frequencies and there is a resonance at about 1 Hz, then the 
amplitudes decreases monotonically with frequency. The phase lag at low frequency is small (<45°) and 
increases when frequency increases. 
The FRFs calculated from the accelerations measured at the torso near the shoulders (FRF3) are 
represented in figures 18 and 19 and are similar for the three riders. If the plot of amplitudes (figure 18) is 
compared with figure 16 significant differences appear. Figure 18 shows a resonance at about 1 Hz, then 
the amplitude strongly decreases with frequency, with values in the range 0.1÷0.2. Hence, the passive 
response of the rider’s body to the roll excitation is characterized by a motion relative to the motorcycle 
mock-up, which tends to minimize the tangential acceleration. 
Figures 20 and 21 deal with the FRFs calculated from the accelerations measured at the head (FRF4). In 
this case larger differences between the testers appear. Perhaps the motion of the head is more influenced 
by the voluntary control of the rider. 
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Figure 16: Amplitudes of the FRF measured at 
the torso near the waist. 
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Figure 17: Phases of the FRF measured at the 

torso near the waist. 
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Figure 18: Amplitudes of the FRF measured at 
the torso near the shoulders. 
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Figure 19: Phases of the FRF measured at the 

torso near the shoulders. 

 
The amplitudes reach the maximum values at low frequency (below 2 Hz) and two peaks appear. Then for 
riders 1 and 3 the amplitudes decrease sharply and reach values lower than 0.1. Therefore, the rider’s head 
tends to stay firm in spite of the roll motion of the motorcycle mock-up. 
For the second rider the amplitude at high frequency does not decrease very sharply. The plot of phases 
(figure 21) shows for all the riders a phase lag that increases with frequency with a large rate. The plot of 
rider 2 shows a large phase variation above 5 Hz. 
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Figure 20: Amplitudes of the FRF measured at 
the head. 
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Figure 21: Phases of the FRF measured at the 
head. 

 

4.2 Analysis of results 
 
In order to have a better insight into the dynamic response of the rider’s body a new FRF is calculated: the 
relative motion frequency response function rFRF. It is the ratio between the relative tangential 
acceleration, which can be calculated from equation (10) and the acceleration of the same point that is 
caused only by the roll angular acceleration. 

1

1

1 1

1 1

1

t
ti irel

ti
i

t t
i i

aa h
a hrFRF FRFa ah h

h h

−

i= = = −    (12) 

Figures 22 and 23 show the amplitudes and phases of the relative motion FRFs for the points on the body 
of rider 3. 
The relative motion FRFs of the torso (rFRF2 and rFRF3) at low frequency have the smallest values and 
then increase with frequency reaching values in the range 1÷1.2 when the frequency is larger than 2 Hz. 
The relative motion FRF of the head (rFRF4) is small at low frequency, then shows a maximum at 1.25 Hz 
and reaches a constant value (≈ 1) above 2 Hz. The phases of the rFRFs show some variations in the low 
frequency range and then have a stable value between –150° and –190°. Therefore these plots show that 
above 2 Hz the relative acceleration, which is caused by the passive response of the rider’s body, is large 
and almost in opposition with the tangential acceleration caused by the roll motion of the motorcycle 
mock-up. Similar results can be obtained by analyzing the data of the other riders. 
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Figure 22: Amplitudes of the relative FRFs of 
rider 3. 
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Figure 23: Phases of the relative FRFs of rider 3.

 

5 Conclusions 
 
The motorcycle riding simulator of DIM is useful for studying man-machine interaction in safety 
conditions with a good repeatability of results. The passive response of some riders to steer excitation 
show a resonance peak at low frequency (2 Hz) and an increase of the response amplitude at about 6 Hz, 
which may influence the wobble instability. The passive response of riders to roll excitation shows a peak 
at very low frequency (about 1 Hz) and then decreasing values. Actually the rider’s motion relative to the 
motorcycle tends to minimize tangential accelerations. The experimental results obtained in the 
framework of this research will be used in a forthcoming paper that will deal with stability analysis of a 
motorcycle taking into account the impedance of the rider about the steer axis. 
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Abstract 
This paper experimentally identifies human whole-body models in structural vibration for a standing body 
in vertical and lateral directions. A simple single degree-of-freedom system test rig is designed for the 
identification purpose. Seventy individuals attend the tests by standing on the test rig. An impact is applied 
on the test rig in the vertical and lateral directions when it is empty and when an individual stands on the 
rig. Both accelerations and displacements are recorded and the corresponding frequency spectra show the 
resonance frequencies of the bar rig and the rig with a standing person. It is observed consistently from the 
measurements that the human occupied test rig has a higher resonance frequency than that of the bare test 
rig in the vertical direction and that two resonance frequencies are measured from the occupied rig in the 
lateral directions. These observations clearly indicate that a standing body acts as at least a single degree-
of-freedom system in both vertical and lateral directions. 
 
 

1 Introduction 
 
It has been identified at site and in laboratory that a seated (or standing) crowd or an individual acts as a 
mass-spring-damper in vertical vibrations, which can alter the dynamic behaviour of the structure where 
spectators are involved [1, 2]. It has been understood that stationary people interact with the structure 
where they sit or stand and attenuate structural responses induced by moving crowds [3, 4]. Experiments 
also showed that when individuals with mass between 60-85 kg jumping on a simply supported reinforced 
concrete beam with a modal mass of 120 kg did not alter the dynamic behaviour of the beam. This 
indicated that a jumping person could be considered as a load only on the beam [5]. This is because the 
jumper’s feet leave the structure after each jumping and the body does not vibrate together with the 
structure. This finding significantly simplified the analysis of structural vibration induced by people 
jumping [6].  
Attentions have been paid on the lateral vibration of a structure due to human actions on structures due to 
the unexpected lateral vibration of the London Millennium Footbridge [7]. As it is not clear what the body 
models should be in the lateral vibration of a structure, the published papers [8-13] relating to the lateral 
vibration of footbridges carefully investigated the lateral loading induced by the pedestrians without 
considering the body effect of pedestrians and spectators. There is little information available on the body 
models of pedestrians and spectators in lateral directions in the study of body biodynamics, although much 
is available in vertical directions [14-17]. The vertical vibration of a standing body was modeled as the 
axial vibration of a bar with two uniform sections [18]. The lateral vibration of a standing body can be 
modeled in a similar manner. 
Experiments are conducted by the authors to identify human-structure interaction and the body models of 
an individual when stationary, bouncing and walking on spot in both vertical and lateral directions in a 
vibrating environment respectively. For such identification, structural dynamics methods are used. Tests 
are carefully designed based on an understanding of the characteristics of a human body and of the model 
of human-structure interaction. This paper reports the experiments and results for a standing body in both 
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vertical and lateral directions. The design of the test rig and the tests are described in Section 2. The 
human-structure interaction tests are conducted and described in Section 3. A total of 70 individuals 
participate the interaction tests. The findings from the tests are also presented. Section 4 summarises the 
conclusions from this study. 
 

2 Design for identification tests 
 

2.1 Response spectra 
 

If a human body is considered as a single degree-of-freedom (SDOF) system with properties HM , HK  and 

HC  that denote the mass, stiffness and damping coefficient of the body for its fundamental mode. A SDOF 
structure system is used with the parameters SM , SK  and SC  that define the mass, stiffness and damping 
coefficient of the structure or the fundamental mode of the structure. Placing the SDOF body system on the 
SDOF structure system forms a two degree-of-freedom (TDOF) system as shown in Figure 1.  For 
obtaining response information of the TDOF, an accelerometer or a displacement transducer is placed on 
the base mass SM  and an excitation force ( )SP t  is also applied on the SDOF structure system (Figure 1). 
This reflects the actual situation that both the sensor and the force can normally and conveniently be applied 
on the structure where people act. 

                                 
                                                        Figure 1:  A damped TDOF system 
 
The equation of motion of the TDOF system shown in Figure 1 can be described by the following dynamic 
equation: 

( )
0

S S S H H S S H H S S

H H H H H H H H

M x C C C x K K K x P t
M x C C x K K x

+ − + −⎡ ⎤ ⎧ ⎫ ⎡ ⎤ ⎧ ⎫ ⎡ ⎤ ⎧ ⎫ ⎧ ⎫
+ + =⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − ⎩ ⎭⎣ ⎦ ⎩ ⎭ ⎣ ⎦ ⎩ ⎭ ⎣ ⎦ ⎩ ⎭

&& &

&& &
          (1) 

The Fourier Response Function (FRF) for acceleration of the base mass can be derived from equation 1 and 
given as follows: 

                                 ( ) ( ) ( )
( ) ( )

2 2

11 2 2
1

S

R E
A

M X Y

λ λ
λ

λ λ

+
=

+
                                                    (2) 

Where 

 ( )4 2 2 2 4 4 3 4( ) ( ) ( ) 2 ( )S S S S S S H S SR M M R E M M Eλ α ω λ β λ α ω λ λ α ω βξ λ α ω λ= − = = =    (3a,b) 

   ( ) ( ){ }2 4 4 2 2 2 2 41 1 4 ( )S S S H S SX M M Xλ α ω λ α β βξ ξ λ β α ω λ⎡ ⎤= − + + + + =⎣ ⎦                            (3c) 
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     ( ) ( ) ( ){ }2 4 2 2 42 1 ( )S S S H S H S SY M M Yλ αλ ω ξ α βξ λ β βξ ξ α ω λ⎡ ⎤= − + + + + =⎣ ⎦                       (3d) 

                                  ;      ;      H H

S S S

M
M

ω ωα β λ
ω ω

= = =                                                        (4) 

 

where α  is the mass ratio; β is the frequency ratio and λ  is the normalised frequency variable. The two 
normalised resonance frequencies, 1 1 /R R

Sλ ω ω=  and 2 2 /R R
Sλ ω ω= , can be obtained numerically from 

Equations 2-4 if they are observable. The advantage of studying the FRF is that the frequency 
characteristics of the TDOF human-structure system can be examined which helps for designing the 
identification tests and the test rigs. There are five parameters, α, β,  ξH, ξS  and MS, in Equation 2. In the 
equation, MS appears as a multiplier of the denominator, which only affects the amplitude of the function 
but not the solution of the normalised resonance frequency. A nominal damping ratio of the base system 
(structure), ξS, is given as 0.01 in this study as this value is in a reasonable range and variation around this 
value does not have significant effect on the resonance frequencies of the system. Therefore only the 
remaining three parameters need to be considered for the design of the test rig and tests. 
Eight typical cases are studied and the normalized resonance frequencies are given in Table 1 where 
variations of mass, frequency and damping ratios of the body to the structure are considered. It can be seen 
from Table 1 that 

• The damping ratio of a human body affects the values of the resonance frequencies of the human-
structure system. However, it affects the appearance of the spectra more significantly. 

• When Hξ = 0.1 the two normalized resonance frequencies can be calculated; When Hξ = 0.4 only 
one normalized resonance frequency can be calculated for the studied cases. 

• When Hξ = 0.4, only the second normalised resonance frequency of the human-structure system 
can be calculated for the cases of 0.5β =  and only the first normalized resonance frequency can 
be calculated for the case of 1.5β = . In other words, when the natural frequency of the body is 
lower than that of the structure, the second normalised resonance frequency can be calculated; when 
the natural frequency of the body is higher than that of the structure, the first normalized resonance 
frequency can be calculated. 

 
These analyses and observations coincide with what was observed from site measurements that only one of 
the two resonance frequencies were measured from a fully occupied grandstand and from a reinforced 
concrete beam with a standing person [1]. Thus the FRF analysis provides a basis for designing the test rig. 

 
α  β  0.1Hξ =  0.4Hξ =  

0.5 0.5 0.4582 1.076  1.045 

0.5 1.5 0.7720 2.025 0.7791  

1.5 0.5 0.4137 1.213  1.314 

1.5 1.5 0.5994 2.618 0.6022  

 
Table 1: Resonance frequencies for eight typical cases 

 

2.2 Design of test rigs 
 
A human body possesses a very high damping ratio between 30%-60% [14-17]. Following the observations 
in section 2.1, it can be deducted that only one of the two resonance frequencies can be measured for a 
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human-structure system. It is possible for designing the test rig to obtain one of the two resonance 
frequencies. If the natural frequency of a standing body is higher than that of the structure, the measured 
resonance frequency will be lower than the natural frequency of the structure. This may lead to a conclusion 
that a human body acts as an inertial mass, as the natural frequency of a structure will be smaller if a mass is 
added onto it. When the natural frequency of the body is lower than that of the structure, the measured 
resonance frequency of the human-structure system will be higher than the natural frequency of the 
structure. This will indicate that human body acts as a mass-spring-damper rather than a mass. Thus the 
natural frequency of the test rig should be designed to be higher than that of a human body. In order to 
identify the effect of a human body on a structure, the ratio of the body to the structure should not be too 
small. 
For conducting identification tests of human-structure interaction, the design of an appropriate test rig is a 
fundamental task. Initially a simple test structure was sought and six selection criteria were immediately 
apparent. The structure should have: 

• simple and well defined structural dynamic characteristics, ideally a SDOF system. 
• a simple means of supporting people in standing positions. 
• that the human body mass is in the same order as the structural mass. 
• that the natural frequency of the structure should be higher than that of a standing body. 
• that the parameters of the structure can be easily adjusted for accommodating possible different 

requirements. 
• that the rig should be placed directly on a solid floor with a height of no more than 300mm. Thus 

test subjects would not feel unsafe. 
 

Therefore, a SDOF test rig is developed which consists of a circular plate and three identical springs that 
support the plate. A base plate is placed underneath of the springs to create a flat surface for the springs. 
The circular plates have a diameter of 500mm. Several sets of springs and several circular plates with 
different thickness but the same diameter are also provided which allow to adjusting the parameters (mass 
and stiffness) of the test rig. The surface area of the circular plate is large enough to support a standing 
person. Figure 2 shows one of the two test rigs used in this study. It can be seen that it is a simple and an 
ideal SDOF system when it is used properly within its limits. 
 

 
Figure 2: Test rig 1 and the structural analyser 

 

3 Interaction tests 
 
The effect of a body at different activities in structural vibration or human-structure interaction can be 
experimentally and qualitatively identified by comparing the frequency spectra between the bare test rig and 
the rig occupied by an individual. Thus the tests of several human activities which can be safely performed 
on the test rig are conducted. 
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When the test rig is manufactured as shown in Figure 2, the test set-up is straightforward and simple. The 
quality of the vibration measurements and of the identification tests is ensured by that 

• An accelerometer and a displacement transducer are placed in the same direction for recording 
vibration of the rig with or without an individual. Therefore, the acceleration and displacement 
measurements taken and processed using different software packages can be compared. 

• For each test conducted, it is repeated at least once to examine that the test results are repeatable. 
• For each type of test, several individuals are tested 
 

In the experiments, a Structural Analyser Di-2203 and an ICP accelerometer model AC-8 with a magnetic 
head are used for acceleration measurements and two LVDT linear displacement transducers D5/500A are 
also used.  
In the identification tests, the mass of the rig is less than those of the individual participants. Therefore the 
interaction between the individuals and the test rig is particularly emphasised in comparison with those 
experienced in practice where the mass ratio of a crowd to a structure is much smaller.  
 

3.1 Natural frequencies of the test rigs 
 
Impact tests were conducted on the bare rig in the vertical and lateral directions. A rubber hammer was used 
to give an impact on the top plate. The brief excitation force was applied vertically at somewhere close to 
the centre of the plate, which would generate vertical vibration of the rig with little torsional vibration. 
When the force was applied horizontally on the edge of the top plate, the lateral vibration of the rig is 
produced 
Figures 3 and 4 show the vertical vibration records and frequency spectra of test rig 1 (Rig 1) from 
acceleration and displacement measurements respectively. It can be seen that both acceleration and 
displacement records provide almost the same resonance frequency of the test rig in the vertical direction. 
The similar tests are also applied in the lateral directions and the other test rig. The natural frequencies of 
the two test rigs in both vertical and lateral directions are listed in Table 2. As the steel rigs have small 
damping ratios, the resonance frequencies measured can be treated as the natural frequencies of the rigs. 
 

a) Acceleration-time history 
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b) Frequency spectrum for acceleration  

Figure 3: Acceleration measurements in vertical directions: Rig 1 

a) Displacement-time history 

b) Frequency spectrum for displacement 
Figure 4: Displacement measurements in vertical directions: Rig 1  
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Fundamental Frequency (Hz) 
 Plate Mass 

(kg) Vertical Lateral 

Rig 1 24.8 14.5 6.10 

Rig 2 44.4 13.8 9.50 

 

Table 2: Fundamental natural frequencies of the test rigs 
 
 

3.2 A standing body in the vertical direction 
 
Test Rig 1 was used for the interaction test of a standing body in the vertical directions. Individuals were 
invited to participate in the tests with no restriction of age, sex and weight. A total of 70 people (23 women 
and 47 men) attended individually in the tests. Before the experiments, the mass of each of the test subjects 
was measured using a digital scale. The height and age of each individual were asked and recorded. The test 
subjects have ages between 18 and 48 and body masses between 49.0 and 115 kg. 
Then individuals were told to stand still and naturally on the test rig with their own footwear. Figure 5 
shows an individual standing on the test rig. The standing person and the rig form a simple human-structure 
system. An impact using a rubber headed hammer is applied on the top plate of the rig to generate the 
vertical vibration of the human-structure system. 
Figures 6 and 7 provide acceleration and displacement records and corresponding frequency spectra 
respectively. Figure 8 show the resonance frequencies of all the 70 individuals obtained from acceleration 
and displacement measurements in comparison with the natural frequency of the test rig. 

 

 
Figure 5: A lady standing on Rig 1 
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a) Acceleration-time history  

b) Frequency spectrum 
Figure 6: Acceleration measurements in vertical directions: a woman standing on Rig 1 

 

a) Displacement-time history  
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b) Frequency spectrum 
Figure 7: Displacement measurements in vertical directions: a woman standing on Rig 1 

 

a) Resonance frequencies from acceleration measurements 

b) Resonance frequencies from displacement measurements 
                              

        Figure 8: Distribution of vertical resonance frequencies: 70 individuals on Rig 1 
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It can be seen and understood from the results obtained from Figures 6-8 that 

• All the 70 measured resonance frequencies of the body-rig system in the vertical directions are 
larger than that of the structure. The frequency increase indicates that the standing body does not 
act as a mass on the structure. If it is the case, the measured resonance frequency would be lower 
than that of the structure.  

• Comparing the vibration time histories and spectra of the bare rig and of the body occupied rig in 
Figures 3, 4, 6 and 7, it can be seen that the body-rig system has a larger damping ratio than that of 
the bare rig, indicating that the human body contributes significant damping into the human-
structure system. 

• There is only one resonance frequency can be obtained from both acceleration and displacement 
measurements, also indicating that the human-structure system possesses a large damping, as 
studied in Section 2. 

 
The observations from the tests of 70 standing individuals on a SDOF test rig show that a standing body 
acts as a spring-mass-damper in a vertical vibrating environment. The interaction between the human and 
the structure is emphasised in the tests as the body mass is at least twice of the structure mass and the 
natural frequency of a standing body is about a half of that of the structure. 

 

3.3 A standing body in the lateral direction 
 

The same test procedure is followed as described in section 3.2 to determine the human-structure interaction 
in the lateral directions. The test rig used in the vertical vibration tests is also used for the lateral vibration 
tests. In this case the accelerometer and displacement transducer are positioned on the side of the rig and 
parallel to the plane of the plate. An impact is applied on the opposite side of the rig to the transducers and 
the lateral vibrations of the top plate are generated.  
Figures 9 and 10 provide vibration records and corresponding frequency spectra for acceleration and 
displacement respectively. Figure 11 show the comparison between all the measured resonance frequencies 
of 70 individuals and the natural frequency of the test rig. 
 

a) Acceleration-time history 
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b) Frequency spectrum 

Figure 9: Acceleration measurements in lateral directions: a man standing on Rig 1 

a) Displacement-time history 
 

b) Frequency spectrum 
Figure 10: Displacement measurements in lateral directions: a man standing on Rig 1 
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a) Resonance frequencies from acceleration measurements 

b) Resonance frequencies from displacement measurements 
Figure 11: Distribution of lateral resonance frequencies for the 70 individuals on Rig 1 

 
It can be observed and understood from the tests and the results that: 

• The frequency spectra for acceleration and displacement (Figures 9b, 10b and 11) show clearly that 
there are two resonance frequencies. These observations are valid for most of the 70 participants. 

• Comparing the above frequency spectra with those of the bare test rig in the lateral direction and 
those of the human occupied rig in the vertical direction, it shows that 

o the standing body acts as a mass-spring-damper in the lateral directions;  
o the human body damping in the lateral directions is smaller than that in the vertical 

directions. 
• Figure 11 shows that the two resonance frequencies of the human-structure system are separated by 

the natural frequency of the test rig, i.e. 1 0 2
R Rf f f< < , where 1

Rf  and 2
Rf  are the first and second 

resonance frequencies of the human-rig system. 
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4 Conclusions 
 

 

A series of identification tests of human-structure interaction are conducted for a standing body on a SDOF 
test rig in both vertical and lateral directions. The test rigs are designed for such identification tests. 

The key conclusions obtained from this study are summarised as follows: 

• A standing body acts as at least a mass-spring-damper with a high damping ratio in a vertical 
vibrating environment. This is demonstrated by testing 70 individuals on a SDOF rig where the 
only measured resonance frequency of the body-rig system is higher than that of the bare rig.  

• A standing body acts as at least a mass-spring-damper in a lateral vibrating environment. This is 
demonstrated by testing 70 individuals on a SDOF rig where two resonance frequencies are 
presented in comparison to a single natural frequency of the test rig. The damping ratio of a 
standing body in the lateral direction is smaller than that in the vertical direction. 
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Abstract 
Comfort and quality have been an increasing concern for manufacturers of recreational vehicles.  

Advances in technology have given rise to more sophisticated and luxurious machines.  This has changed 

customer expectations from the current market.  To remain competitive the manufacturers must meet 

demands for comfort and quality that customers of the current market have come to expect. Operator 

vibration exposure is one area of concern. 

This paper utilizes sensory jury testing to characterize vibration levels perceived by the operator, with 

respect to levels measured using instrumentation.  The objective being, to develop a tool for the evaluation 

of vibration at the operator interfaces, to be used in the future development of vehicles. 

 

1 Introduction 
 

1.1 Motivation and Research Objectives 
 

Based on feedback from the current snowmobile and ATV market it is known that vibration levels at the 

operator interfaces for some machines are too high with regard to customer expectations.  This fact begs 

the question: How high is too high?  This question is the driving motivation for this research. 

Developing a model with which to evaluate the vibration, via the subjective and objective characterization 

of that vibration, is the goal of this work. 

 

2 Vibration and the Human Body 
 

2.1 Human Response to Vibration 
 

Vibration of the human body comes in many different forms originating from various sources that produce 

diverse human responses.  These responses can differ greatly from one another ranging from pleasure to 

pain or annoyance to nausea.  Vibration is an oscillatory motion that can take on various waveforms 

including sinusoidal, multi-sinusoidal, transient, shock and random waveforms.  This explains why the 

human response to vibration can vary so greatly for different machines.  For a complete review of human 

vibration response see [1]. 
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2.2 Human Response to Snowmobile and ATV Vibration 
 

Human vibration exposure characterization needs to be done for very specific situations.  In this study of 

snowmobile and ATV vibration, precautions were taken to be very specific in the assessment of the 

human vibration exposure.   

This study considered only vibration effects on operator comfort.  The study of interference with activities 

and health was omitted. 

This study omitted characterizing the vibration induced from ground inputs while operating the 

snowmobiles and ATVs.  Thus, any vibration originating from inputs due to the terrain was not 

considered.  This was controlled through the use of a smooth test track and jury instruction.  Specifically, 

only vibration induced by the engine and drivetrain components was considered.  In effect, this eliminated 

analysis of frequencies below ~15 Hz. 

All of the locations on snowmobiles and ATVs where vibration was transmitted to the operator were 

considered separately.  These included interfaces with the hands, buttocks, and feet.  Basicentric 

coordinate systems were established for each of these locations for the measurement of translational 

vibration.  These coordinate systems are defined in the ISO 2631 [2] and ISO 5349 [3], [4] standards.  

This study did not consider the effects of rotational vibration. 

This study made no attempt to quantify the way in which vibration discomfort is affected with respect to 

exposure time.  The effects of exposure time were controlled however, so that variability due to exposure 

time was eliminated.  

 

2.3 Equivalent Comfort Contours and Frequency Weighting Functions 
 

In an attempt to quantify vibration discomfort, several research efforts have been performed.  The most 

useful outcome of these studies has been the creation of equivalent comfort contours.  The contours define 

how comfort changes as a function of frequency.  These contours have been experimentally developed for 

the different axes and different locations for the transmission of vibration to the human body.  These 

contours were generally developed using a reference level of vibration at a reference frequency, e.g., 1 

m/s
2
 RMS at 10 Hz.  By varying the frequency of the vibration and collecting subjective assessments of 

the discomfort at each frequency the equivalent comfort contours were developed. 

Frequency weighting curves for comfort are formed from the inverse of the equivalent comfort contours.  

With a frequency weighting function, the magnitude of every frequency component can be weighted such 

that the weighted magnitude of each frequency reflects an appropriate comfort level.  Thus, the weighted 

acceleration magnitudes can be used as a measure of comfort. 

 

3 Subjective and Objective Vibration Evaluation 
 

3.1 Snowmobile and ATV Vibration Jury Testing 
 

In order to characterize the vibration to which the operators of snowmobiles and ATVs are exposed, a jury 

test to evaluate the vibration was performed.  Jurors were instructed to evaluate the vibration with respect 

to overall comfort.  The goal of the jury testing was to subjectively characterize the vibration felt by an 

operator at the three interfaces of the machine.  Those interfaces being the handlebars, seat, and running 

boards/foot wells.  
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3.1.1 Jury Assembly and Orientation 
 

The jury was composed mostly of employees working in the snowmobile and ATV industry.  This 

provided a jury that was educated in the goals of the project and insured proper motivation of the jury to 

yield good results.  At the same time, this jury was very representative of typical snowmobile and ATV 

consumers as many of them own their own machines.  For the snowmobile testing which was done in the 

winter season on snow covered ground, the jury consisted of 26 members.  For the ATV testing which was 

done in the summer season, the jury consisted of 32 members.   

Before any jury testing took place, the jury was taken through an orientation explaining the details of the 

jury testing.  A 1 to 10 rating scale method was used in this jury testing.  The rating scale method provided 

a simple effective way of evaluating the vibrations felt by the jurors while avoiding confusion and 

additional jury education.  In this study, a rating of 1 was attributed to very significant, uncomfortable 

vibration.  A rating of 10 was attributed to very insignificant, smooth vibration or a lack of vibration 

altogether.  Again, the jurors were instructed to assign a rating to the vibration felt at each location based 

on their overall impression of the vibration regarding comfort.   

The jury was also informed that the goals of the project were to characterize higher frequency vibration 

and excluded relatively low frequency vibration.  Consequently, they were instructed to ignore ride and 

handling of the machines and assess only engine and drivetrain induced vibration.  The jury was also 

instructed to make sure that ratings given were based only on the vibrations felt and not on other 

extraneous factors such as sound.  In addition, the jury was instructed to assess only the vibration 

experienced during the specified test condition.  For example, during a constant speed test only the 

vibrations felt while traveling at that constant speed were rated.  Any vibration felt during the acceleration 

up to that constant speed or the deceleration from that constant speed was not assessed.   

Operating conditions for the jury testing were kept simple to allow the jurors to concentrate and properly 

assess the vibration.  It was also recommended that the ratings for the hands, seat, and feet for a specific 

operating condition be picked by the juror while still performing that condition and kept in their head until 

they were able to report those ratings to the recorder at the end of the test.  This prevented the juror from 

having to try and remember the vibration they were just exposed to as it is easy to forget. 

 

3.1.2 Jury Testing Environment 
 

It was decided that vibration assessment of snowmobiles and ATVs should be done on actual machines 

operating in real operating environments and conditions.  Performing the jury testing in this manner 

allowed for assessment of the vibration to best simulate the use of the machines by consumers.  It kept 

most other extraneous factors the same and put the juror into the exact environment that these machines 

are typically used in. 

The test track used for the jury testing was also prepared to simulate real operating terrain, but with some 

minor simplifications.  Since the goals of the vibration assessment excluded low frequency vibration from 

ground inputs and the ride and handling provided by the suspension characteristics, the test track was 

selected to be a smooth flat section of ground.  For the testing of snowmobiles, the track was blanketed 

with a freshly groomed layer of snow.  For ATVs, the track was flat, packed ground with a sparse growth 

of short cut grass. 

 

3.1.3 Vibration Variation 
 

In order to characterize vibrations felt on snowmobiles and ATVs, the vibrations, to which the jury was 

exposed, needed to be varied.  This was accomplished in two ways.  First, several machines spanning the 

entire market were used in this study.  9 snowmobiles and 10 ATVs were used.  This provided variation of 

vibration due to differences in machines while simultaneously allowing evaluation of several models of 

current snowmobiles and ATVs.  Second, each machine was ridden by each juror for 5 different operating 

HUMAN VIBRATIONS 1823



conditions.  This provided variation in the vibration felt due to those different operating conditions.  The 5 

operating conditions consisted of 1 stationary condition and 4 moving conditions.  Data recorders were 

placed strategically at positions along the test track.  Immediately upon completion of each specific 

operating condition, the juror reported their three ratings for the hands, seat, and feet for the operating 

condition just completed on that particular machine. 

 

3.2 Machines and Operating Conditions 
 

As previously mentioned, the two jury testing studies each used 5 operating conditions per machine.  9 

machines were used in the snowmobile testing and 10 machines were used in the ATV testing.  The 

machines were numbered for unbiased reference.  The operating conditions are identified in the next 

section.  

 

3.2.1 Operating Conditions Used for Snowmobile and ATV Testing 
 

All conditions were performed in a straight path, no turning or maneuvering was involved.  All steady 

state conditions were performed for at least 20 seconds allowing the operator enough time to assess and 

properly rate the vibration. 

Snowmobile Testing Operating Conditions: 

1) Engine idling – Machine Stationary – Operator Seated 

2) 25 mph Constant Speed – Operator Seated 

3) 45 mph Constant Speed – Operator Seated 

4) 20 mph Constant Speed – Operator Standing 

5) Modest Acceleration from 15 mph to 45 mph - Operator Seated   

ATV Testing Operating Conditions: 

1) Engine idling – Machine Stationary 

2) 10 mph Constant Speed – 2 x 4 – HI (2
nd

 Gear for Manual) 

3) 15 mph Constant Speed – 4 x 4 – LOW (2
nd

 Gear for Manual) 

4) 25 mph Constant Speed – 2 x 4 – HI (4
th
 Gear for Manual) 

5) Slow Acceleration from 5 mph to 45 mph – 2 x 4 – HI (Gears 1-5 for Manual)  

 

3.3 Snowmobile and ATV Vibration Measurement 
 

Snowmobile and ATV vibration was measured on every machine for all corresponding operating 

conditions listed in the previous section.  Snowmobile and ATV vibration was measured with the 

machines operating on the same test track used during the respective jury testing.  All measurements were 

made while the author of this paper operated the machines. 

 

3.3.1 Accelerometer Mounting 
 

The vibration at the left hand of the operator was measured as the vibration of the left handle grip itself.  

The accelerometer was stud mounted through a hose clamp to an aluminum block machined to fit the 

curvature of the handlebar.  This assembly was then clamped to the left handle grip just outside the left 

hand of the operator.  Common ski style insulated gloves manufactured by Thinsulate
®
 were worn for 

snowmobile testing while no gloves were worn for ATV testing. 
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The whole-body vibration of the operator was measured as the vibration of the interface between the 

operator’s buttocks and the seat.  The accelerometer was mounted within a seat pad upon which the 

operator sat.  The pants worn by the operator were common insulated snow pants for snowmobile testing 

and blue jean shorts for ATV testing.  

The vibration at the left foot of the operator was measured as the vibration inside the operator’s boot 

between the operator’s sock, and the insole of the boot.  The accelerometer was mounted within a custom 

insole constructed from a computer mouse pad and placed inside the operator’s boot underneath the foot.  

The region of the custom made insole where the accelerometer was mounted corresponded to the region 

directly under the ball of the foot of the operator. 

Measuring the foot vibration this way offered a couple advantages over the alternative of mounting the 

accelerometer directly to the running boards/foot wells.  The first advantage stems from the construction 

of the stirrups and running boards, specifically on snowmobiles.  The running boards and stirrups of 

snowmobiles are constructed of relatively thin sheets of aluminum.  The foot plates within the stirrups are 

typically riveted or crimped in place.  These connections are not always rigid.  This, and the thin plate 

construction caused a potential for excessive rattling and/or plate mode vibration to be measured by a 

directly mounted accelerometer.  The second advantage was convenience.  Having the accelerometer in 

the boot allowed the experimenter to move from machine to machine without having to dismount and 

remount the foot accelerometer.   

Mounting the foot accelerometer in this fashion does have some implications for the measurements made 

and the findings of this study.  First, it must be noted that the measurements were made with the operator’s 

foot resting in a natural position with constant consistent contact with the supporting surface of the foot.  

Also, the numbers obtained from the foot vibration measurement are related to the footwear used for 

testing in this study. For this reason, it was decided to use footwear that was considered common for use 

with snowmobiles and ATVs and is documented here.  The boots worn by the operator during snowmobile 

testing were common men’s winter boots.  The particular pair worn was called Chieftain manufactured by 

Sorel
®
.  The boots worn by the operator during ATV testing were common men’s hiking boots.  The 

particular pair worn was called a McKinley style manufactured by Pacific Trail
®
. 

 

3.3.2 Data Acquisition and Testing Setup 
 

All vibration data was acquired with a sampling rate of 1280 Hz capturing frequencies out to 640 Hz.  An 

acquisition trigger was setup on one channel, this trigger initiated the acquisition system at the desired 

time triggered by the operator.  It also allowed identification of different regions of the continuous data 

stream corresponding to different operating conditions. 

The acquisition system used for data collection was the Digital Sensing System (DSS) by Larson Davis.  

The DSS assembled with a single ribbon cable, a single 3-channel DSIT and one tri-axial accelerometer 

can be seen in Figure 3.1. 

During snowmobile testing the DSS was packed inside an ordinary cooler isolated by foam.  The cooler 

offered an effective means of containing the DSS and associated hardware and keeping out snow.  

Contained inside the cooler was the DSS, a tablet PC, power supplies for both, and a DC to AC power 

inverter.  The tablet PC was interfaced directly to the DSS via an Ethernet cable and controlled the DSS 

using the Larson Davis WaveFront software.  The tablet PC and DSS were both powered by the inverter 

which was powered by a deep cycle battery external to the cooler.   

Maximum ambient temperatures while snowmobile testing never exceeded -15
 o

 F (-26
 o

 C), eliminating 

the need for any ventilation for the cooler.  The cooler was modified for ATV testing to allow ventilation 

for cooling purposes.  Internal support frames with isolation were constructed to hold the DSS and tablet 

PC suspended inside the cooler allowing air to pass over the external surfaces of the DSS and tablet PC.  

Intake and exhaust ventilation ports were created and cooling fans installed.  An intake air box was also 

constructed and outfitted with a filter to keep out dust.  A picture of the modified cooler and its internals 

can be seen in Figure 3.2.  The DSS support frame was mounted inside the cooler and the tablet PC 

support frame was placed on top of the DSS within the support frame of the DSS.   
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Ribbon cables were run from the DSS out of the cooler through an access hole to the DSITs which were 

contained in a backpack worn by the operator.  For snowmobile testing, the cooler and battery were pulled 

behind the snowmobile in a sled. This setup can be seen in Figure 3.4.  For ATV testing, the cooler and 

battery were strapped down to the cargo rack. This setup can be seen in Figure 3.5. 
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   Figure 3.1 – Larson Davis DSS                                         Figure 3.2 – DSS Containment 
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  Figure 3.4 – Snowmobile Testing Setup               Figure 3.5 – ATV Testing Setup 

 

4 Data Processing and Correlation 
 

4.1 Jury Data Processing 
 

In order to establish a verdict from the jury for each interface of each machine under each operating 

condition, the raw jury data had to be reduced and analyzed statistically.  To accomplish this, a test array 

was generated containing all of the ratings collected from the jury during all of the tests.  

 

4.1.1 Statistical analysis 
 

Each juror provided a vibration rating for each test.  This provided a sample population of ratings for each 

test. Basic statistics were performed on these sample populations.   A 99 % confidence interval for the 

mean of each original sample population was calculated based on the t-distribution [5].  This confidence 

interval was used as a basis for a criterion to determine outliers in each sample population.  The upper and 

lower outlier cutoffs for each population are defined in Equation (4.1) where x  is the sample mean.  This 

outlier cutoff criterion was chosen somewhat arbitrarily but seemed reasonable given preliminary 
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investigation of the data.  More importantly, this criterion was used consistently for all sample populations 

corresponding to each of the tests.  Once outliers were determined, they were omitted and the means of the 

sample populations for each test were recalculated.  These means were used as the verdict of the jury for 

each test.  The verdicts for all tests concerning each location (hands, seat, and feet) were then rescaled 

such that the worst verdict received a rating of 1 and the best verdict received a rating of 10 (see Section 

4.1.3).   

[ ])%99(*5.1 RangeIntervalConfidencexCutoffsOutlier ±=   (4.1) 

Calculation of the confidence interval relies on the assumption that the original sample comes from a 

normal distribution.  Use of the mean of the sample population with outliers removed to determine a 

verdict from the jury also becomes more powerful if the distribution of that trimmed sample population is 

known to be normal.   So, as suggested in [6], a test for normality was run on each original sample 

population and each trimmed population.  The normality test used was Lilliefor’s test for goodness of fit to 

a normal distribution run at a 1% significance level.  Lilliefor’s test is a variation of the Kolmogorov-

Smirnov (K-S) test for normality.  The tests are based on the use of the cumulative distribution function 

(CDF).   

Another statistical test that was performed was the 2-sample t-test run at a 10% significance level.  The 2 

sample t-test determines a statistically significant difference in means of two sample populations.  This 

allowed for the comparison between different machines for the same operating condition and interface 

location.  For example, Figure 4.2 shows the results from the jury during snowmobile testing for each of 

the 9 machines concerning hand vibration during the idling operating condition.  The horizontal bars 

spanning the tops of the vertical bars indicate that those machines spanned by the horizontal bars received 

verdicts from the jury that were not significantly different from each other.  This is helpful in 

categorization or “class” identification of the machines.  In Figure 4.2, snowmobile 9 is superior, 5, 4, 7, 

and 8 are average, and 2, 6, 1, and 3 are below average. 

 

4.1.2 Juror Data Normalization 
 

The jury testing in this study utilized a single rating scale used by all the jurors.  For the verdict 

determined from the ratings given by each member of the jury to have meaning, all the members of the 

jury are required to have used the scale in the same way.  It should not be immediately assumed that this 

was the case.  Not every juror’s interpretation and ultimate use of the scale was necessarily the same.   

For example, an “insensitive”  juror may use only the top half of the scale causing the worst case in his/her 

opinion to receive a rating of 5 and the best to receive a rating of ten.  In the other extreme you have a 

“sensitive” juror who only uses the lower half of the scale; nothing may seem better than a 5 to them.  It is 

clear that the data from these two jurors would not be in agreement.   

This variation in scale usage inevitably occurs in varying degrees across the entire jury. This doesn’t mean 

the jury is necessarily in disagreement.  The jury data can be normalized so that, in effect, every juror uses 

the scale identically.  This is done by considering a population made up of all the ratings given by a 

particular juror over all the tests.  For this study there are three of these populations per juror since the 

hands, seat, and feet are considered separately.  That population has its own mean value and standard 

deviation.  This is where the problem of scale usage amongst the jurors becomes clear.  The mean value of 

this population can be vastly different from juror to juror.  However it could be dangerously assumed that 

all are equal and presumably equal to approximately 5 or 6. 

The process of normalization forces the mean of each juror’s population to be equal to zero and have a 

unit standard deviation.  This is done by reassigning every single rating given by a juror to a normalized 

rating defined by Equation (4.2). Where jx  and js  are the sample mean and sample standard deviation 

for all the ratings given by that particular juror. 
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xRatingOriginal
RatingNormalized

−
=     (4.2) 

All jury data was normalized in this manner and the verdicts of the jury were determined as described in 

Section 4.1.1 for each test.  Before rescaling the verdicts of the jury, the results look like those in Figure 

4.1 spanning positive and negative values with zero being an average verdict.  Once rescaled, the 

normalized jury results span the original 1-10 rating scale and appear as in Figure 4.2. 

All the jury data was processed first without normalization and then with normalization for comparison.  

The juror by juror normalization improved the normality of the test populations dramatically.  For the 

snowmobile jury data, 100% of the test populations passed Lilliefor’s test up from only 80% before 

normalization.  For the ATV jury data, almost 90% of the test populations passed Lilliefor’s test up from 

only about 20% before normalization. 
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Figure 4.1 - Normalized Jury Results                                 Figure 4.2 - Rescaled Jury Results                                               

 

4.1.3 Jury Verdict Rescaling 
 

Both the original and normalized jury verdicts were rescaled to span the full 1-10 scale set for use in this 

study.  The rescaling was done to encompass all the tests in each of the three groups (hands, feet, and 

seat). After rescaling, the worst verdict in each group is a 1 while the best verdict is a 10, with all others 

falling in between, spaced proportional to their original spacing.  This is accomplished by first shifting all 

verdicts in a group by the same amount such that the lowest verdict is a zero.  Every verdict in the group is 

then multiplied by the same factor such that the highest verdict is 9, 1 is then added to every verdict to 

achieve the 1-10 scale.  Of course the implications of doing this are that these results obtained are specific 

to the machines and operating conditions tested in this study.  Such is the reason a wide range of machines 

spanning the entire market and a wide range of common operating conditions were chosen to conduct this 

study. 

 

4.2 Vibration Measurement Data Processing 
 

Acceleration time traces were acquired for each of the three orthogonal axes at the hand, seat, and feet 

locations for every machine and operating condition.  This data was processed in a couple of different 

ways to understand the characteristics of the vibration and how best to quantify it. 
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4.2.1 Preliminary Data Investigation 
 

In order to examine the behavior of the vibration studied, several quantities were calculated from each of 

the raw data streams.  First, the overall RMS acceleration, the crest factor, CF , the running RMS 

acceleration, and the maximum transient vibration value (MTVV) were calculated as defined by ISO 2631 

[2]. 

The calculation of these quantities showed that the vibration was fairly well behaved.  This suggested that 

the use of the overall RMS acceleration as a measure of vibration level would be appropriate.  To verify 

this, a preliminary investigation of general trends between the overall RMS accelerations and the jury 

verdicts was conducted. It was observed that the overall RMS accelerations did follow expected trends.   

 

4.2.2 Vibration Evaluation Metric 
 

Based on the preliminary investigation of the data, it was decided to use the overall RMS acceleration as 

the metric to evaluate the vibration values.  Since one number is desired per location (hand, seat, and foot), 

it was decided to use the vector sum overall RMS acceleration, RMSA , at each location calculated from the 

vector sum time trace, )(tA , as described by Equations (4.3) and (4.4) where xk , yk , and zk  are 

multiplying factors for each of the three axes. These allow more or less relative emphasis to be placed on 

one or two of the axes should the case arise where the importance of axes differ.  For this study xk , yk , 

and zk  were taken as unity.  The vector sum overall RMS acceleration may also be calculated 

alternatively by Equation (4.5) where RMSxa
2

, RMSya
2

, and RMSza
2

 are the squares of the X, Y and Z axis 

overall RMS accelerations.  Equations (4.4) and (4.5) are equivalent. 

 

222 ))(())(())(()( taktaktaktA zzyyxx ⋅+⋅+⋅=    (4.3) 

∫=
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      (4.4) 

RMSzzRMSyyRMSxxRMS akakakA
222222

⋅+⋅+⋅=    (4.5) 

 

4.2.3 Frequency Analysis 
 

To gain a further understanding of the nature of the vibration it was deemed necessary to perform a 

frequency analysis on all of the data.  It is again desirable to have one frequency spectrum per location 

(hand, seat, and foot) instead of three spectrums for each location.   

The magnitude frequency spectrum, )( fGα , was calculated from Equation (4.6), where )( fGxx , 

)( fGyy , and )( fGzz  are the autopower spectrums of the 3 orthogonal axes.  Notice that the X, Y, and Z 

autopower spectrums are not squared, as they already represent the squared value of their respective 

magnitudes.  This calculation is done on a frequency by frequency basis. 

 

)()()()( fGfGfGfG zzyyxx ++=α     (4.6) 

HUMAN VIBRATIONS 1829



 

From the preliminary assessment of the data, it was discovered that all data sets from the steady state 

operating conditions shared a common characteristic.  For the most part, every spectrum consisted of one 

dominant relatively narrow band frequency component with 1 or 2 similar subdominant frequency 

components.  All other frequencies were significantly lower in magnitude.  Figures 4.3 and 4.4 show 

typical magnitude spectrums for the foot location of one particular steady state operating condition on a 

snowmobile and an ATV respectively.   

Since almost all the frequency spectrums for steady state conditions exhibited the characteristics described 

above, it was decided to simply quote the amplitude and frequency of the three most dominant frequencies 

in each spectrum.  These values were easily tabulated for future reference.   

 

                               

Figure 4.3 - Typical Snowmobile Spectrum                        Figure 4.4 - Typical ATV Spectrum 

 

4.2.4 Frequency Weighting Functions 
 

The overall RMS acceleration, RMSA , was calculated and the frequency analysis described in Section 4.2.3 

was performed for both the raw (unweighted) time data and frequency weighted time data.  The data was 

filtered in the time domain using finite impulse response (FIR) filters. Several different frequency 

weighting functions were used specific to each measurement location.  This was done to allow 

investigation of which provided the best correlation of the vibration metric, RMSA , to the jury verdicts.  

The weighting function used for each case is listed in Table 4.1.  Frequency responses for two of the 

weighting functions in Table 4.1 are shown in Figures 4.5 and 4.6.  Information regarding some of the 

weighting functions can be found in the sighted references of Table 4.1.  

 

Machine Type Location Weighting Function Reference
None - Unweighted
Wh [3], [4]                               
Wh - Snow Mod
Mishoe [7]
Mishoe - Snow Mod
None - Unweighted
Wd / Wk [2]
None - Unweighted
Wd / Wk [2]
Miwa [8]
Miwa - Snow Mod
None - Unweighted
Wh [3], [4]                           
Wh - ATV Mod
Mishoe [7]
Mishoe - ATV Mod
None - Unweighted
Wd / Wk [2]
None - Unweighted
Wd / Wk [2]
Miwa [8]
Miwa - ATV Mod

Table 4.1 - Frequency Weighting Functions Used for the Calculation of ARMS

Hand

Seat

Foot

Snowmobile

ATV

Hand

Seat

Foot
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Figure 4.5 - Wh Frequency Response                                       Figure 4.6 - Miwa Frequency Response  

 

4.3 Subjective to Objective Data Correlation 
 

Correlations were run between the jury verdicts for each test and the vibration metric, RMSA , calculated for 

that test.  The jury verdicts were plotted versus RMSA  considering the hands, feet, and seat separately, 

these plots included all operating conditions and all machines.  It was clear that the idling condition had 

significantly different trends than for those operating conditions where the machine was moving.  This can 

be observed from the correlation plot in Figure 4.7. 

The data were then segregated into plots that included only moving operating conditions, i.e., all 

conditions except idling.  These data were further segregated into plots containing only one specific 

operating condition where each data point represented a different machine tested.  This was done first for 

snowmobiles and then for ATVs.  This was repeated for all the different weighting functions used when 

calculating RMSA .  Investigation of the many correlation plots suggested the use of a linear model to 

characterize the relationship between the RMSA  values and the verdicts of the jury.  The model takes the 

simple linear form of Equation (4.7) where 0β  and 1β  are the parameters to be determined from data 

points in the correlation plot. 

RMSARatingVibrationSubjective ⋅+= 10 ββ     (4.7) 
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Figure 4.7 - Correlation Plot 1                                   Figure 4.8 - Correlation Plot 2 
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Figure 4.9 - Correlation Plot 3                                   Figure 4.10 - Correlation Plot 4 

 

For each correlation plot, an ordinary least squares problem was posed.  Based on the linear regressions 

determined from the ordinary least squares analysis, all plots were investigated to determine those which 

correlated the best. 

After inspection of all the regressions created from the different weighting function processing, the best 

combinations were chosen to develop the recommended human vibration evaluation models.  For these 

chosen combinations, a constrained least squares linear regression analysis was performed.  In words, the 

constraint applied was that, at an RMSA  value of 0.75 of the minimum RMSA  value, from the set of 

experimental data points, the obtained regression line must be equal to 10.  This avoided a regression line 

that would predict a subjective vibration rating of less than 10 for a RMSA  value of zero.  For more 

information on the ordinary and constrained least squares linear regression problems see [5], [9], and [10]. 

The constrained least squares linear regression lines for the data in Figure 4.7 segregated into the idling 

condition, all moving conditions, and one particular moving condition can be seen in Figures 4.8, 4.9, and 

4.10 respectively.  In Figure 4.10, the ordinary least squares regression line has also been included to show 

that it would intercept the vertical axis at a value less than 10, illustrating the need for the constrained least 

squares regression. 

 

4.4 Human Vibration Exposure Evaluation Model and Parameters 
 

Using the constrained least squares linear regression lines, human vibration exposure evaluation models 

were developed for the hand, seat, and foot locations of snowmobiles and ATVs for various operating 

conditions.  Essentially these models allow a subjective assessment of the vibration levels on these 

vehicles from vibration measurements using instrumentation.  The simple linear form for the model, 

Equation (4.8), is the same for all cases.  Equation (4.8) is of course the same as Equation (4.7) used in the 

model development with the parameters 0β  and 1β  renamed as B and M  respectively. 

BAMRatingVibrationSubjective RMS +⋅=     (4.8) 

The recommended values for the parameters M and B  as developed from this study were provided to the 

sponsor for the various locations, machine types, and operating conditions studied.  Included also, were 

the frequency weighting functions, to be used on the vibration data for the calculation of the vibration 

metric RMSA .  The complete set of correlation plots containing the constrained least squares linear 

regressions used to develop these parameters were also provided to the sponsor. 
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4.5 Interpretation of Correlation and Model Parameter Results  
 

The results showed that out of all the weighting functions attempted for use, the omission of a weighting 

function altogether seemed in many cases to give the best correlation.  This was not an expected outcome 

and certainly illustrates the applicability of weighting functions with regard to the specific situation/testing 

environment from which they were developed.  Further investigation showed that the frequency content of 

vibration amongst these types of machines is encompassed by a fairly narrow frequency range deeming 

frequency weighting unnecessary in some cases. 

 

4.5.1 Operating Condition Variability 
 

As mentioned before, the idle condition varies significantly in its quantification from the other operating 

conditions.  The first conclusion might be that this happens due to the frequencies of vibration being much 

lower with the engine idling than during moving operating conditions.  However, none of the frequency 

weighting functions developed to equalize this frequency difference were observed to bring the idling 

condition data closer to moving operating conditions.  Furthermore, the idling condition was nearly the 

only condition for which the use of previously developed frequency weighting functions seemed to 

produce good correlation within itself. 

The difference in idling and moving operating condition quantification may be due to operator distraction.  

During every operating condition other than idling, the operator is required to direct and operate the 

machine safely.  Hence the operator is distracted with other things and their attention may not be as fixed 

on the vibration.  The idling scenario is the same as the experimental setup in the various research used to 

develop many of the weighting functions investigated in this study.  It seems reasonable that these 

weighting functions might work for the idling operating condition and not necessarily the other operating 

conditions.   

Another reason for the gap between the idling operating condition and the moving operating conditions 

might be the operator’s expectation.  Certainly the vibration expectation is different at idle than for some 

operating condition where the vehicle is moving.  This was seen amongst the moving operating conditions 

as well.  By separating the moving operating conditions into their specific categories, correlation was 

always observed to improve.  Thus, as expected, any decrease in the variability of the operating condition 

results in an increase in correlation results for the vibration levels observed.    

 

4.5.2 Hand and Foot Location Results 
 

Hand and foot location results seemed to correlated very well in general.  It was clear that for the high 

frequency vibrations experienced on snowmobiles and ATVs that the weighting filters defined by ISO 

2631 [2] were not appropriate for use when considering operator foot comfort.  Furthermore it is clear that 

foot vibration exposure of this nature needs to be considered a separate local vibration, and not a subset of 

whole body vibration.   

 

4.5.3 Seat Location Results  
 

As expected, the results from the use of weighting functions described by ISO 2631 [2] did not correlate 

well at all.  ISO 2631 [2] has weighting functions to be used for what is considered whole-body vibration.  

While whole-body vibration tends to be defined as vibration entering the body through the buttocks and/or 

feet, there are also frequency ranges to consider.  The important frequency range for whole-body vibration 

is not as high as the frequencies experienced from the engine and drive train of snowmobiles and ATVs 

even at idle engine speeds.  This is apparent from inspection of the ISO 2631 [2] weighting functions.  
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Therefore, ISO 2631 [2] should not be consulted when quantifying human vibration exposure specific to 

any concerns that coincide with the vibration considerations of this study, i.e., strictly high frequency 

vibration. 

Vibration at the seat was processed without any weighting function, for lack of any suggestions elsewhere 

in the literature for considering high frequency vibration of the buttocks.  Despite this, the correlations 

were fair after omitting a few outlying data points during the regression analysis.   

It should be noted that for frequencies considered in this study, the padded seats of snowmobiles and 

ATVs typically provide adequate isolation for the operator.  It is suspected that the ratings given by jurors 

for the seat location may have been influenced by the vibration of the hands and feet 

 

5 Recommendations and Concluding Remarks 
 

5.1 Evaluating Human Vibration Exposure 
 

This study has developed a model and associated parameters with which to evaluate the subjective 

response to the vibration of snowmobiles and ATVs.  This model can be used in place of the subjective 

jury testing that was performed during this study.  Use of the models simply requires a measurement of 

vibration, application of a specified frequency weighting function, and computation of RMSA .  From this, a 

prediction of the subjective vibration rating on a 1-10 scale can be generated from the model.    

It is recommended that when using the human vibration exposure evaluation models to place the majority 

of importance on the hand and foot vibration exposure locations.  Given the high frequencies of vibration 

characterized in this study and the generally compliant nature of the human buttocks and machine seats,  it 

may be appropriate to omit evaluating vibration exposure to the buttocks of the operator from the seat 

location altogether. 

 
5.2 Model Use Guidelines 
 

Use of the human vibration assessment model developed has various implications.  In order for the results 

of the model to be valid one must adhere strictly to the following guidelines: 

1) Vibration data must be acquired identically to that of the data in this study. 

  - Same mounting of accelerometers 

  - Same test track conditions 

  - Same operating conditions 

  - Same sampling parameters (preferably) 

2) Proper weighting functions and calculation parameters must be used. 

3) The model should not be use blindly.  Since many cases call for the processing of unweighted 

vibration data, it is important to check the frequency content of the data acquired to insure that it 

is similar to the data used to develop the model parameters.  This check is made possible by 

consulting data tables provided to the sponsor.  This is an underlying assumption of the model and 

should be verified.  

 

5.3 Concluding Remarks 
 

The flawless quantification of subjective opinion is certainly an impossible feat.  This study has shown 

however, that it is possible to develop a general quantification of subjective opinion.  It is inherent that the 

quantification developed will have errors and a general acceptance of these errors is necessary to move 
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forward.  If one is willing to accept a reasonable amount of error then these quantifications can become 

useful.  With an overall average correlation coefficient of -0.81 between all the regressions used to 

develop the model parameters it is stated with confidence that errors in the model parameters are 

reasonable. 

Model parameters have been developed for the evaluation of human vibration exposure from the operator 

interfaces of snowmobiles and ATVs for several common operating conditions.   These parameters used in 

the model have been shown to correlate well according to the research conducted in this study.  The 

proper use of the model in conjunction with other analyses can be used for future design and modification 

of snowmobiles and ATVs to better suit the comfort demands of the consumer with respect to vibration 

exposure. 
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Abstract 
 
Child restraint system (CRS) has great influence in crash-safety of children. Therefore, much further 
improvement of the safety of CRS is requested. The objectives in this study were clarifying the effect of 
CRS parameters and exploring the optimums for the crash-safety by using numerical simulation. The 
numerical simulation was carried out by coupling a crash simulation tool, MADYMO with a multi-
objective optimization tool, modeFRONTIER. The neck injury risks in frontal and side crashes were set as 
the objective functions to minimize.  
Firstly, significance analysis of the design parameters using dummy models was conducted. From the 
result, non-effective parameters were removed. Secondly, CRS optimization for the safety in both frontal 
and side crashes was performed using dummy models. Finally, using CRS with the optimal design, 
behaviors were compared between dummy models and 3-year-old finite element human model. 
 
 
1 Introduction 
 
Recently, increase numbers of injury and fatality of children in car accidents is a problem. Because 
wearing CRS is greatly effective for crash-safety, the number of fatality and severe injured of CRS users 
has decreased. However, the total numbers of injured has not decreased. Therefore further improvement of 
CRS is requested.[1] [2] 
Since repetition trials with configurations changing are needed, numerical simulations are more effective 
than experiments. Numerical models are constructed, and crash simulations are performed using the 
models. The objectives of this study are clarifying the effect of shapes and characteristics of CRS parts to 
children in car accidents, and proposing guidance using optimization algorithm for advancement of CRS 
safety in both frontal and side crashes. 
 

2 Simulation Models 
 

2.1 Dummy Models 
 
Figure 1 shows the child crash dummy models that are used in this paper. Hybrid III 3-year-old dummy 
model is modeling of hybrid III 3-year-old dummy, one of the dummies used best all over the world. Also, 
Q3 dummy model is modeling of Q3 dummy. Because these models consist of rigid bodies and 
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kinematical joints, these calculation cost is very low. However, these are modeling crash dummies instead 
of human. Therefore, the behaviors of the models have a possibility different from real human body.  
 
The models were validated by TNO Automotive, and it was considered as the models have enough 
adequacies for the dummies.[3] 
 

   
(a) Hybrid III 3-year-old dummy model        (b) Q3 Dummy Model 

Figure 1 : Child Crash Dummy Models 

 

2.2 3-year-old Finite Element Human Model 
 
3-year-old finite element human model is based on the 50th percentile FE occupant model, developed in 
HUMOS project. The 50th percentile human model has been specially developed for automotive impact 
applications. To ensure that all body parts, including the organs, were positioned correctly, the adult male 
model was digitized in a seated position. All major organs were included and contact interfaces were 
defined to represent the interaction of these organs with their environment. The material properties for the 
various components of the model were obtained from a literature review and additional test performed as 
part of the project.[3] The 3-year-old child model was developed by scaling the body dimension, joint 
characteristics and material properties. 
 
To evaluate the biofidelity of the child human model, behavior of the model was compared to corridor that 
was used development of Q3 dummy. Frontal thoracic impact test, neck flexion test and etc. were tested 
for validation. From the results, it was found that the model had enough adequacies.[4] 
 

 
(a) Soft Tissue    (b) Skeleton    (c) Organs 

Figure 2 :  3-year-old Finite Element Human Model 
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2.3 CRS Models 
 
The CRS model consists of rigid bodies as shown in Fig. 3. CRS used in frontal crash test has 3-point 
harness, and CRS used in side crash test has 5-point one. These CRS that were modeled in this study are 
commonly used and adaptable for children between 9kg to 18kg. Harness belts that contact child body is 
modeled by finite element. 
To calibrate this model, sled tests using crash dummies is conducted. Hybrid III 3-year-old dummy is used 
in the frontal crash test and P3 dummy is used in the side crash test. Resultant acceleration of head and 
thorax, displacement of head and CRS are compared by the experiments and simulations. The results of 
frontal and side crashes are shown in fig. 4 and fig. 5. These figures show the adequacies of the CRS 
model. 
 

 
Figure 3 : Rigid CRS Model with 5-point Harness 
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(a) Head Resultant Acceleration          (b) Thorax Resultant Acceleration         (c) Trajectories of Head and CRS 

Figure 4 : Results of CRS Calibration Tests in Frontal Crash 
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(a) Head Resultant Acceleration          (b) Thorax Resultant Acceleration         (c) Trajectories of Head and CRS 

Figure 5 : Results of CRS Calibration Tests in Side Crash 
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2.4 Condition of Simulations 
 
Sled test with ECE seat is simulated in this study. The child FE human model and a dummy model are 
positioned in the CRS and the acceleration pulse is applied to those models. In frontal crash, the 
acceleration pulse conforms to ECE-R44 regulation.[5] Hybrid III 3-year-old dummy model is used. 
In side crash, the acceleration pulse is measured by sled test. Q3 dummy model is seated in CRS. 
A crash analysis code, MADYMO is used. 
 

2.5 Comparison between Hybrid III 3YO and 3YO FE Child Model 
 
The behavior of 3yo FE model in crashes differs from dummy models. The kinematics of both models at 
50ms and 100ms in frontal crash simulation are shown in fig. 6. The difference is caused by mainly 
modeling of spines. Hybrid III 3yo has only lumbar and neck joints as spines, while 3yo FE model has all 
spine joints. From the difference of modeling, body of Hybrid III 3yo is inflected at lumber joint, while 
body of 3yo FE model is bended at whole body.  
 
Considering the validation results of child FE human model, we can indicate the possibilities that there is 
the different kinematics between children and child dummies by comparing the behavior between the child 
FE human model and a dummy model.[6] 
 

 
(a) 3-year-old FE human model       (b) Hybrid III 3yo dummy model 

Figure 6 : Kinematics of Both Models 
 

3 Optimization 
 
The shapes and characteristics of CRS are optimized to advance the crash-safety of CRS. The optimization 
is carried out by the following flows. 
Firstly, narrowing down the design parameters and objective functions is conducted to be more effective. 
Secondly, CRS optimization about safety in both frontal and side crashes is carried out using dummy 
models. Finally, the behavior of child is compared between dummy models and 3-year-old Human model 
using CRS that is assigned the optimal design. 
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3.1 Conditions of Optimization 
 
3.1.1 Objective Functions 
 
Table 1 shows traffic accident data of injured children under 6-year-old restrained by CRS from 1996 to 
2000 in Japan. According to this table, bulk of injured children using CRS is caused by frontal and side 
crashes. Therefore, injury risks of both frontal and side crashes should be targeted to minimize. Also, the 
damaged parts of most fatality and serious injured children with CRS are head and neck.[2] Therefore, 
head and neck injury criteria should be set to objective functions to minimize. 
 

Number of
Fatality

Number of
Severe
Injured

Number of
Minor
Injured

Number of
Casuality

Nubmer of
Fatality and

Severe Injured

Fatality and
Severe Injured

Rate [%]

Fatality
Rate[%]

Frontal Crash 7 43 2,955 3,005 50 1.66 0.23
Side Crash 5 17 1,416 1,438 22 1.53 0.35
Rear-end Crash 0 9 3,236 3,245 9 0.28 0
Multiple Crash 8 17 1,381 1,406 25 1.78 0.57
Total 20 86 8,988 9,094 106 Avarage 1.31 Avarage 0.29

 
Table 1 : Field Survey Data of Injured Children under 6 Restrained by CRS in Japan 

(ITARDA, 2001) 

 
Head Injury Criterion (HIC) and Normalized Neck Injury Criteria (Nij) in frontal crash, neck axial force 
and neck bending moment for sideways in side crash are set as objective functions. The objective of the 
multi-objective optimization is reduction of these values. 
 
The HIC and Nij Values are calculated according to the equation: 

2

1

2.5

2 1
2 1

115 max ( )
t

t
HIC t t adt

t t

⎧ ⎫⎡ ⎤⎪ ⎪= −⎨ ⎬⎢ ⎥−⎣ ⎦⎪ ⎪⎩ ⎭
∫                                               (1) 

a：Head Resultant Acceleration [m/s2]  

t2 - t1 = 15[ms]  
  

OCyz

zc yc

MFNij
F M

= +                                                                        (2) 

Fz :  force at the translation from head to neck  

Fzc :  critical force  
MOCy :  Total Moment  

Myc :  critical moment 

 
3.1.2 Design Parameters 
 
10 parameters are set as design parameters; mass of CRS base, angle of CRS seatback, angle of CRS side 
seat, height of CRS base, width of CRS seat, width of CRS side seat, initial strain of car belt and CRS 
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harness, friction coefficient of contact between child and CRS, between child and CRS harness. The side 
seat is head protection device for side crashes. 
 
3.1.3 Optimization Algorithm 
 
The multi-objective genetic algorithm is selected as optimization algorithm, because of its algorithm has 
good performance to search the global optimum at multi-peak and multi-objective problems. Genetic 
algorithm is an optimization algorithm that is simulated genetic evolution.[6] 
 

3.2 Significance Analysis 
 
Numbers of trials are needed for optimization. Narrowing down the design parameters and the objective 
functions makes the optimization efficiently. The simulations are conducted using dummy models instead 
of 3-year-old FE model, since the FE model requires high calculation cost.  
 
The significance of each design parameters is investigated. 128 designs are created using multiway layout, 
and all designs are simulated. Table 2 shows the efficiency of all design parameters. From this result, 
seatback angle, height of base part, and friction coefficient between dummy and harness have effect for 
safety in frontal crashes.  
Initial strain of car belt and CRS harness, width of side seat and friction coefficient between dummy and 
CRS are cut out from design parameters, because these contributions are less than 95% for all objective 
function.  
 
Next, the correlations of the design parameters or the objective functions are checked. As the result, a 
linear correlation between HIC and Nij, objective functions of frontal crash, is found as shown in fig. 7. 
Therefore HIC is cut out from objective functions. 
 

Initial Strain
of Car Belt

Initial Strain
of CRS Belt

Seatback
Angle

Side Seat
Angle

CRS
Width

Side Seat
Width

CRS Base
Height

CRS Base
Mass

Fric. Coef.
(Dummy and

CRS)

Fric. Coef.
(Dummy and

Harness)
HIC 31.73 33.55 96.72 29.76 18.79 0.00 97.98 71.60 29.43 99.90
Nij 59.61 87.47 96.70 36.28 99.12 0.00 99.90 96.14 57.86 93.33

Neck Moment 35.45 29.20 34.70 99.90 99.35 84.49 36.80 44.65 49.28 24.23
Neck Force 34.93 3.31 11.76 99.90 99.90 29.15 19.08 6.64 37.54 3.89

Front

Side

 
Table 2 : Significance of Design Parameters 
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Figure 7 : Correlations of HIC and Nij in Frontal Crash 
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3.3 Optimization using Dummy Models 
 
CRS optimization about safety in both frontal and side crashes using dummy models by genetic algorithm 
is conducted. 16 first designs are created at random by SOBOL sequence. The number of generations 
evolved by genetic algorithm is 20. A multi-objective optimization tool, modeFRONTIER is used. 
 
As the result, distribution of design against each objective function is shown in fig. 8. X-axis is Nij in 
frontal crashes, Y-axis is axial force of neck in side crash and the color of babble means bending moment 
of neck in side crash. In this figure, an orange big circle is the original design, and a blue big one is one of 
the optimal designs. The optimal design is selected to reduce all objective functions without weighting 
factors. Comparison of the between the original and the optimal design parameters are shown in table 3. 
Similarly, the objective functions of original and optimal design are shown in table 4.  
 
Fig. 9 shows the original and the optimal design. The optimal one’s features are closer width between side 
seat and head, lower gravity point of CRS and smaller angle of CRS seatback. 
 
Comparison of head resultant acceleration, neck axial force and neck bending moment in frontal crash 
between the original and the optimal designs are shown in fig. 10. Similarly, neck axial force and neck 
bending moment for sideways in side crash are shown in fig. 11. The same ones using 3yo child FE model 
are also shown in these figures. From the results, all peaks decreased and the peak pulse became narrow. It 
found that using multi-objective optimization algorithm makes CRS optimization for the safety in both 
frontal and side crashes possible. 
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Default Min Max Optimum
Fric. Coef. Between Child and CRS 0.30 0.20 0.40 0.25
Fric. Coef. Between Child and Harness 0.30 0.20 0.40 0.21
Base Mass [kg] 1.08 0.50 5.00 0.50
Base Height [m] 0.06 0.03 0.20 0.05
Seatback Angle [deg] 75 65 80 65
Side Seat Angle [deg] 0 -20 30 -15
Seatback Width [m] 0.16 0.13 0.18 0.13  

Table 3 : Design Parameters 
 

Original Optimal
Frontal Crash Nij 1.07 0.86

Neck Axial Force 330 182
Neck Bending Moment 15.7 8.3

Objective Function

Side Crash
 

Table 4 : Objective Functions 
 

 
(a) The Original Design                     (b) The Optimal Design 

Figure 9 : The Original and The Optimal Designs 
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Figure 10 : Comparison between Original and Optimal Designs in Frontal Crash 
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Figure 11 : Comparison between Original and Optimal Designs in Side Crash 
 

3.4 Comparison of Behavior between Dummy Models and 3YO FE Child Model 
 
3.4.1 Frontal Crash 
 
From the optimization result shown in fig. 10, it is found that the seatback angle is effective to injury risks 
of head and neck in frontal crash simulation. When the 3yo FE model is used, HIC decreases from 138 to 
129, and Nij also decreases from 0.28 to 0.24. 
However the effects are different between the child dummy model and the 3yo FE human model. With the 
dummy model, the peak timings of pulses are almost the same regardless of CRS designs. 3yo FE model, 
however, the timings are not the same. 
 
The effect of CRS seat back angle is focused, because it has great influence for risks in frontal crash. The 
behavior of a model with a design that the seat back angle is changed to 75 degrees, the original angle, is 
compared to the optimal one. The result of frontal crash is shown in fig. 12. It is shown a similar result to 
the optimization result. 
With a smaller angle of seat back, with the dummy model, a big trajectory of head is taken around the 
lumbar joint, and influence of the seatback angle on the timing isn't much. 
On the other hand, with the finite element human model, the whole of the body curves at first by the 
restraint system, and the head travels after that. Because of this, it found that peak timing became late by a 
seatback angle's becoming small. 
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Figure 12 : Effect of Seat Back Angle in Frontal Crash 
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3.4.2 Side Crash 
 
Side seats protect the head in side crash. Distance between left and right side seats of the optimal design is 
closer, and the angle is smaller than the original as shown in fig. 13.  
 
The result shown in fig. 14 of side crash using child models seated CRS with farther and closer side seats. 
It is found that force and moment of neck are greatly reduced, because head contacts the side seat in 
earlier timing and the crash impact is received by both head and body. 
When the 3yo FE model is used, although the peak timings of neck force and moment are not the same 
between the original and the optimal designs, the peak values are almost changeless. As this reason, the 
crash impact is not received well by both head and body, because of different behavior of the neck as 
shown in fig. 15.  

CRS Width

Side Seat Angle

Side Seat
 

(a) The Original Design        (b) The Optimal Design 

Figure 13 : The Original and The Optimal Designs 
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Figure 14 : Effect of Distance between Side Seat and Head of Child Dummy in Side Crash 

 

 
(a) 3yo FE Human Model              (b) Q3 Dummy Model 

Figure 15 : Behaviors of Both Models in Side Crash 
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4 Conclusions 
 
The following conclusions were drawn from this study: 
1. Using multi-objective optimization algorithm made optimization of child restraint system about 

safety in both frontal and side crashes possible. 
2. Investigating significances of the design parameters and correlations of the design parameters and 

objective functions, optimization can be more effective. 
3. It was found that the behaviors are different between child dummy models and 3-year-old finite 

element child human model. 
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Abstract 
The interest in vibrations phenomena analysis to prevent the risk of damage on civil structures, caused by 
excavation works for tunneling, quarrying and mining, has always been an issue of great actuality.  
 

The above-mentioned risk is estimated by the peak particle velocity (PPV) and the frequency content, but, 
in several cases, it can be more convenient to measure the peak particle acceleration. As a consequence, 
the seismicity monitoring is a decisive facet of damage prevention, so it is necessary to use a proper 
calibrated vibrations measuring chain to get reliable and repeatable results. 
 

This paper looks into preliminary results obtained by laboratory tests of a research program carried out to 
study the influence of different transducer mounting configurations on sensor responses both in time-
domain and frequency-domain; in particular the first experimental results show that the choice of 
seismometer coupling must be driven by the expected dominant frequency. 
 
 
1 Introduction 
 
The drill and blast technique is a regular occurrence in many man-made works and it is often considered 
an economical solution for engineering excavation. One of the most troublesome and controversial issues 
facing the mining, tunneling, quarrying and pipeline industries is undesired effects induced from blasting 
such as air blasts, throws and ground vibrations [1]. 
 

With regard to last ones, the National and International Standards define threshold limits concerning peak 
particle velocity; peak particle acceleration; maximum values of velocity pseudovector; frequency and 
amplitude range of seismic intensity; time characteristic (continuous and transient); number of transient 
events; structural reaction based on natural frequencies, mode shapes and modal damping; exposure times; 
influence of soil; type and conditions of structures.  
 

The reliable values of these parameters have to be measured with a proper instrumental procedure, i.e. ISO 
4866 [2] that establishes the basic guidelines for carrying out seismic phenomena measurements and 
processing data, with regard to evaluating vibration effects on buildings. Moreover, it is important to 
underline that this Standard lets the operator choose the type of sensors (geophones or accelerometers) and 
transducer mounting technique. 
 

Most of the Standards impose threshold limits for the maximum vertical component values, therefore 
laboratory tests were carried out to study the influence of different transducer mounting configurations on 
vertical components of peak particle acceleration. These data were recorded by sensors in terms of time 
and frequency domain. In some tests were also recorded longitudinal and transversal component values, 
but in limited number. 
 

In accordance with the research program, the preliminary laboratory tests were made with a measuring 
chain formed by screw anchorages and bronze or aluminium base plates. These two different 
configurations were chosen considering the problems associated to location of transducers, ruggedness of 
ground – sensor coupling, accessibility of the measurement stations, ambient temperature, amplitude range 
and frequency content of the seismic events. 
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2 Laboratory Tests 
 
The ground vibrations, generated by dropping a 0.91 kg metallic sphere on concrete floor from a height of 
1.20 m, were detected using calibrated measuring chain composed by two single-axial and two tri-axial 
ICP® accelerometers connected to Agilent E1432A digitizer plus DSP (Figure 1). The transducers were 
placed on the laboratory floor, along with two lines diverging 5° from the point of impact and located at 
different distances. The induced ground shaking was recorded and analyzed using “I-DEAS 8m3” 
software produced by MTS Systems Corporation.  
 
 

 
 

Figure 1: Agilent instrumental equipment 
 
 
The test was done taking into account the: 

1. representation of sensor – ground coupling technique like a single DOF spring–mass–damping 
system regulated by equation (1): 

 

0=++ kxxcxm &&&         (1) 
whose solutions are: 
 

( ) ( )tωBtωAetx tα sincos += −

      (2) 

( ) ( )tωBtωAeαωtx tα cossin
.

+= −

      (3) 

( ) ( )tωBtωAeωαtx tα sincos22
..

+−= −

     (4) 
 

where A and B are constant values defined by boundary conditions. 
2. ISO 4866 [2]; 
3. UNI ISO 5348 guidelines [3]; 
4. frequency content of vibrations induced by rounds; 
5. cheap and quick mounting configuration; 
6. adaptability to different ground surface contact; 
7. efficiency for wide temperature range; 
8. high abrasion and corrosion resistances. 

 

Therefore, the first of two transducer mounting configurations utilizes two different expansion screw 
anchorages; the second is based on two different spiking plates (made respectively of bronze and 
aluminium). Sonic velocity of the laboratory floor, made of concrete, is in the order of 3400 m/s. 
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The expansion screw anchorages were Berner Brass Fix and Fisher TA M fixings (Figure 2a). Those 
sensor coupling techniques are differing in: 
 

• mechanical anchorage design: Fisher TA M sleeve is expanded as a punctual anchorage; vice versa 
the expansion of Berner Bronze Fix sleeve fully engages the walls of the hole; 

• dimension: Berner Brass Fix is 8 mm in diameter and 6 cm in length, Fisher TA M is 10 mm in 
diameter and 9 cm in length; 

• material: Berner Brass Fix is made of brass and Fisher TA M is made of aluminium. 
 

The cylindrical plates (Figures 2b ÷ 2c) were characterized by high stiffness and the same dimensions (10 
cm in diameter and 5.5 cm in height), but differing in material (aluminium and bronze) and weight (1.2 kg 
vs. 4.2 kg). The contact of the plates with the ground was made using three spikes firmly screwed to one 
of the bases of plates. 
 
 

a)   b)   c)  
 

Figure 2: a) Berner Brass Fix (on the top), Fisher TA M (on the bottom); b) bronze plate; c) aluminium 
plate 

 
 
3 Influence of transducer mounting techniques on tests results 
 
3.1 Expansion screw anchorages 
 
As previously mentioned, four accelerometers were mounted on two Berner Brass Fix and two Fisher TA 
M, aligned on two lines diverging 5° from the impact point and at the distances of 2.00 m and 2.50 m from 
the seismic source. 
 

The results obtained from the tests (summarized in Tables 1 ÷ 2, Figures 3 and 6) show that the vertical 
component values seem to be independent by measuring equipment. Otherwise, the longitudinal and 
transversal values detected by Fisher TA M anchorages are from 2.6 to 4 times higher than the ones 
obtained by Berner Brass Fix systems. It must be underlined that the tests executed are substantially 
limited, so these comments have to be considered only as introductory remarks. As a result of this 
shortage of records, it seems necessary to realize further more tests, several of them with accelerometers 
placed at greater distances from seismic source.  
 

  Berner Brass Fix Fisher TA M 
D (m) Component n m (ms-2) v (%) n m (ms-2) v (%) 
2.00 V 10 22.86 28.00 10 26.25 17.00 
2.00 L 6 23.53 14.00 6 60.32 11.00 
2.00 T 6 9.02 4.00 6 27.23 6.00 
2.50 V 10 22.49 11.00 10 21.64 12.00 
2.50 L 4 13.24 71.00 4 43.63 5.00 
2.50 T 4 8.55 76.00 4 34.00 8.00 

D = distance; n = number of tests; m = the mean of values; v = variation coefficient 
 

Table 1: Peak particle acceleration values detected by the two coupling systems 
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Figure 3: Histograms of peak particle acceleration 
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Component D (m) R 
V 2.00 1.15 
L 2.00 2.56 
T 2.00 3.02 
V 2.50 0.96 
L 2.50 3.30 
T 2.50 3.98 

 
Table 2:  Ratio (R) between mean values of peak particle acceleration obtained at distance (D) by Fisher 

TA M and Berner Brass Fix 
 
 

Transversal peak particle acceleration component 

 
 

Longitudinal peak particle acceleration component 

 
 

Vertical peak particle acceleration component 

 
 

Figure 4: Time histories and frequency spectra recorded by Berner Brass Fix (red) and Fisher 
TA M (blue) 
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The comparison between time histories, obtained with Berner Brass Fix and Fisher TA M anchorage 
systems (Figure 4), shows that transversal and longitudinal components of Berner Brass Fix systems are 
characterized by lower damping and beating phenomena (sum of waves with similar frequency and same 
phase), while the vertical components recorded by the two systems are quite similar. 
 

The frequency spectra, calculated by FFT algorithm (Figure 4), show that frequency contents of 
longitudinal and transversal components, induced by seismic events recorded by the two coupling 
techniques, are similar up to 42 Hz and the peak frequency is nearly 800 Hz using Berner Brass Fix 
anchorages, while employing Fisher AT M the peak frequency is around 1200 Hz. On the other side, the 
FFT spectra of vertical components detected by the two systems are roughly similar. 
 

 

   
(Berner Brass Fix)     (Fisher TA M) 

 
Figure 5: Spectra before (blue) and after (red) improving tightening torque on vertical channels 

 
 

 
Figure 6: PPA vs distance. Expansion anchorage (on the left) and plate systems (on the right) 
 
 
The previous comments lead to suppose that the values of acceleration are influenced by mechanical 
behavior of bolting, in terms of spring modulus and damping characteristics, as verified by laboratory tests 
performed after having improved the tightening torque, whose results show the dependency of peak 
frequency values on torque wrench. In fact: 
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1. with Fisher TA M anchorages, the dominant frequency of longitudinal and transversal components 
increase but with Berner Brass Fix system decrease; 

2. the vertical component, measured with the two systems, seems to be unaffected by the level of torque 
(Figure 5). 

 
3.2 Spiking plates 
 
Some experiments were performed, likewise previously described, coupling four accelerometers to four 
spiking plates: two bronze plates and two aluminium plates were lined up along with the two lines before-
mentioned and located at the distances of 1.50 m, 2.00 m, 2.50 m and 3.00 m from the point of impact. 
 

The vertical components values are enough numerous at the distances of 1.50 m and 2.00 m while they are 
few at the distance of 2.50 m and 3.00 m (Tables 3 ÷ 4, Figures 6 ÷ 7). 
The longitudinal and transversal components were measured only at the distances of 1.50 m and 2.00 m 
and the results are fewer than values of vertical components. In this case, as above-mentioned, the number 
of the laboratory tests is limited and the transducer stations are too near the point of impact. Therefore, the 
following observations lead only to preliminary conclusions. The tests seem to be short for a complete 
description of seismicity propagation, it is important to execute several laboratory tests regarding 
higher number of measurements and greater distances from the point of impact. 
 

These results show the different behaviour of the two plates coupling configurations. In 
particular, at the same distance, the acceleration (vector, pseudovector and vertical, longitudinal 
and transversal component) detected by aluminium plate system is higher than the one recorded 
by the bronze configuration. Only at the distance of 2.50 m, the acceleration values obtained by 
bronze plates are higher than values detected by aluminium systems. 
 

Regarding the frequency contents of peak particle accelerations values, the frequency spectra (Figures 8 ÷ 
9) show that the frequency contents of the two coupling techniques are quite similar up to 100 Hz. Using 
bronze plates, the peak frequency values are nearly 360 Hz at the distance of 1.50 m and 2.00 m and range 
between 250 Hz and 300 Hz at the distance of 2.50 m and 3.00 m. 
 

Employing aluminium plates the peaks range between 420 Hz and 480 Hz at the distances from the source 
of 1.50 m and 2.00 m; on the other side, at the distances of 2.50 m and 3.00 m, the dominant frequencies 
are nearly 370 Hz. 
 

Bearing in mind the previous results, the two different plate systems seem to behave like a low-pass 
filters, in particular bronze plates produced frequency spectra characterized mainly by lower frequencies 
content than ones recorded using aluminium plate configuration. 
 
 

  Aluminium plates Bronze plates 
D (m) Component n m (ms-2) v (%) n m (ms-2) v (%) 
1.50 V 40 9.75 20.00 40 6.18 21.00 
1.50 L 16 2.98 21.00 26 2.07 21.00 
1.50 T 16 4.59 36.00 26 0.58 13.00 
2.00 V 40 6.57 42.00 33 6.27 27.00 
2.00 L 24 2.41 71.00 7 0.53 3.00 
2.00 T 24 1.18 33.00 7 0.90 1.00 
2.50 V 8 5.44 8.00 8 6.13 6.00 
3.00 V 8 4.84 3.00 8 4.08 11.00 

D = distance; n = number of tests; m = the mean of values; v = variation coefficient 
 

Table 3: Peak particle acceleration values detected by the two coupling systems 
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Figure 7: Histograms of peak particle values 
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Component D (m) R 
V 1.50 1.58 
L 1.50 1.44 
T 1.50 7.87 
V 2.00 1.05 
L 2.00 4.54 
T 2.00 1.31 
V 2.50 0.89 
V 3.00 1.19 

 
Table 4:  Ratio (R) between mean values of peak particle acceleration obtained at distance (D) obtained by 

aluminium and bronze plates 
 
 

 
 
Figure 8: Time histories and frequency spectra of vertical components obtained by aluminium 
plate (red) and bronze plate (blue) systems at the distances of 1.50 m and 2.00 m 
 
 

 
 
Figure 9: Time histories and frequency spectra of vertical components recorded by aluminium 
plate (red) and bronze plate (blue) systems at the distances of 2.50 m and 3.00 m 
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3.3 Numerical integration approaches 
 
The measurements of seismicity induced by man-made activities can be carried out recording both peak 
particle velocity and peak particle accelerations. The acceleration values must be often compared to 
threshold limits defined in terms of velocity by the Standards. Consequently, the accelerations have to be 
elaborated by software that applies numerical integration approaches in time-domain or frequency-
domain. 
 

The two integration methods are based on different procedure: 
1. Time-domain integration, based on equation (5): 
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2. Frequency-domain approach divides each frequency component by jω, obtaining velocity frequency 
content. 

 

To evaluate the two numerical approaches, a signal characterized by acceleration levels and sampling at 
12800 Hz was recorded (Figure 10a) and was elaborated applying the integration methods. The results 
(Table 5 and Figure 10b) show a marked difference that increases with high frequency: for example, the 
difference between the procedures is nearly 10 % at the frequency of 2200 Hz. 
 
 

a) b)  
 
Figure 10: a) Time history, sampling at 12800Hz; b) Time-domain (blue) and frequency-domain (red) 
integration spectra 
 
 
These results are the consequence of systematic algorithm errors (data acquisition setup, resolving power, 
etc.) that increase as signal frequency approaches to sampling frequency.  
 

Frequency 
(Hz) 

Frequency-domain  
integration result (m/s) 

Time-domain  
integration result (m/s) Difference 

1000 3.35·10-4 3.33·10-4 ≈ 0.5% 
2000 3.11·10-5 2.87·10-5 ≈ 7.7% 
2200 4.65·10-5 4.18·10-5 ≈ 10% 
3000 1.72·10-5 1.12·10-5 ≈ 35% 

 
Table 5: Some velocity results obtained by the two numerical integration approaches 
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4 Conclusions 
 
The forecast of ground vibrations induced from blasting is affected by several problems related to 
measurement procedure, sensor coupling technique and signal processing. The last one introduces 
additional systematic errors that can influence the evaluation of vibration levels. The sensor coupling 
technique must be driven by the expected dominant frequencies of seismicity. 
 

The preliminary experimental results, described in this paper, emphasize the necessity of defining the 
proper ways to measure the parameters characterizing vibration phenomena. In particular, the results show 
that seismometers coupled to expansion screw anchorages produce high peak particle acceleration values 
and high peak dominant frequency while transducers mounted on cylindrical plates detect low vibrations 
levels and low peak frequencies content, thus behaving like a low-pass filters. Considering the closely 
relationship between seismic expected frequency and transducer coupling technique, both expander screw 
anchorages and spiking plates are suited for great distance vibration measurements induced by blasting 
when the seismicity phenomena is dominated by low frequencies.  
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Abstract 
With dynamic testing, engineers describe different activities focused on the identification of some 
properties of vibrating structures. The acquisition of the necessary data, requires for the measurements on 
the component of inputs (excitation) and outputs (responses), commonly applying the necessary sensors 
directly on the test article. The used load cells and accelerometers, modify the mass and stiffness 
distributions and subsequently the eigen-properties of the structure. These errors become more evident 
when testing light weight structures. This paper shows the results of tests performed on a small car turbine 
with the purpose of identifying the blade mode shapes. The acquisitions were performed using standard 
accelerometer and two different contact-less systems. One being a particle velocity sensors, the other 
being a optical displacement transducer.  The paper shows how both the contact-less approaches can 
provide very good results even if the size of the turbine is very small and the blades are extremely light. 

 

1 Introduction 
 

Very frequently test data are biased by different systematic errors mostly due to the measurement chain 
and the adopted sensors. The most common problem is linked to the mass loading effect caused by the 
output transducers directly placed on the structure. The mass of these sensors, adds up with the structural 
mass modifying the system’s parameters and yielding to wrong estimates of structural eigen-frequencies.  
The mass loading effect is particularly evident when multi-patch measurements have to be performed, and 
due to the limitation of the acquisition system, sensors have to be moved along the structure, for example 
when the number of sensors is smaller of the number of measurements points. In these cases, it’s 
necessary to perform different measurements runs, each time relocating the sensors and subsequently 
changing the sensors mass distribution and the structure dynamic properties. Eventually the impact of the 
mass loading effect can be different for the different runs. This fact yields to data inconsistency that makes 
it more difficult performing the modal identification even if very specialized algorithms are used. The non 
consistent FRFs database leads to unclear stabilization diagrams, difficulties in the poles’ selections and 
misleading results [1] [2]. 

The problem statement can be formalized with a simple analytical formulation (1), where Z0 is the original 
dynamic stiffness of the test object, Zm is the modified stiffness after the mass mk addition: 

 
2

0 ωkm mZZ −=   (1) 

 

From (1) it’s evident that the addition of the mass mk reduces the dynamic stiffness of the structure and as 
a consequence, the eigen-frequencies extracted from these modified data will shift to lower frequencies 
values. Obviously the lower the mass of the test structure the more the mass loading effect is important. 
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From (1) is also clear that the mass loading effect becomes more important as the frequency  increases, 
and that the ratio between the local dynamic stiffness and the transducer mass have to be carefully 
considered. A transducer placed on a nodal line will not cause mass loading effect while it will strongly 
influence the measured data if placed on at anti-nodal locations [3]. 

The mass loading effect has been treated in the past, with several authors proposing analytical corrective 
approaches to reduce the errors generated by the sensors placements like [4] [5], but the usability of these 
methods is not always straightforward and their applicability is far from general. Even distribution of the 
sensors, use of dummy masses and so on are all approached that have been tested in the past with limited 
results.  

Eventually the only good and effective solution for eliminating the mass loading effect in lightweight 
structure measurements is using contact-less sensors, that in no way modify the system’s dynamic. Laser 
vibro-meters are one possible solution, they are used rather frequently, but their cost doesn’t makes them 
very common. Other contact-less are becoming available on the market, like the MircoFlown, or are being 
developed, like the optical fibres vibrometer.  

In the following paragraphs both those contact-less sensors will be described. The results of the modal 
analysis performed on the experimental data acquired with those transducers will be compared. These 
contact-less measurements and analysis are confronted with the ones obtained with a standard 
accelerometer based acquisition chain.  In this paper, the test object is a small turbine of a car turbocharger 
unit. 

 

2 Microflown USP sensor 
 

The Microflown USP [6] sensor consists of a miniaturized probe that allows measuring, in one point, 
simultaneously sound pressure and particle velocity. A very peculiar feature of the probe is the 
combination of the three very small particle velocity sensors oriented along three perpendicular directions. 
Particle velocity sensors use the working principles of the traditional hot wire anemometers. In fact, they 
consist of two short, thin and closely spaced wires made of silicon nitride coated with platinum, which are 
heated up to about 300°C by a DC current (Fig.1). The electric resistance of the wires is temperature 
dependant. An acoustic particle velocity signal in the perpendicular direction changes the temperature 
distribution instantaneously, because an impinging airflow will cause the upstream wire to be cooled down 
more than the downstream one. The difference in resistance is measured using a bridge that generates a 
signal proportional to the particle velocity. A very small condenser microphone combined with the three 
particle velocity sensors and completes the probe packaging and makes it very suited for noise testing. 

 

 
Fig. 1 Microflown USP probe, two silicon nitride wires of the particle velocity sensor 
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3 Optical Fibres Vibrometer 
 

The optical fibres vibrometer consists of a sensor head and a processing unit. The head is formed by a set 
of optical fibres protected by a steel stylus. Of these fibres, some are connected to a light source 
(transmitting fibres) while the remaining (receiving fibres) are linked to photo-detectors. The stylus 
(Fig.2) is placed in the proximity of the vibrating structure with its axis normal to the surface. The light, 
emitted by the transmitting fibres, is reflected by the moving surface and subsequently collected by the 
receiving fibres. The amount of light reaching the photo-detectors is proportional to the distance of the 
surface from the light source. The processing unit elaborate the signal from the detectors and delivers a 
signal that is proportional to the structure displacement or velocity. It’s possible to tailor the sensors range 
of measurement (from 100�m to 2cm) and resolution (from 3% to 0.05%) changing the characteristics 
(diameter, numerical aperture) the number of the fibres. The sensor is developed in cooperation with the 
A.P.E Research and it is not an industrial product yet. 

 

  
Fig.2: Optical Fibres vibrometer    Fig.3: FRF sum accelerometer (green) 

                                   vs microflown (red), plate test structure 

 

4 Modal test on a small turbine 
 

4.1 Accelerometer based testing  
 

The differences between the FRFs acquired with accelerometers and contact-less sensors can be 
highlighted already on a simple structure, like a rectangular plate,. Fig.3 compares the FRF sum for such 
simple case where the frequency shift toward lower frequencies of the “loaded” measurements is evident 
[7] especially at the higher frequency.  

The challenge is to exploit the techniques on much more complex cases, where for sure the loading effect 
is much more evident and the shear size of the test structure adds extra difficulties to a accelerometer 
based acquisition. For this exercise, the identification of the eigen-frequencies of the blade of a very small 
turbine of a car turbocharger (Fig.4) was selected. The test article is a nine blade radial turbine: the 
diameter of the turbine disc is 3.5 cm, the shaft is 10.8 cm long and the total weight is 56.6 g. Such 
physical parameters make it a very difficult task to obtain reliable results, even though the lightest 
accelerometers would be used.  

The problem of identifying the natural frequencies by a numerical approach didn’t yield to very 
satisfactory results mostly because the Finite Element Model (Fig.5) did not contain some geometrical and 
mass distribution asymmetries, that were present in the actual turbine (tiny geometrical differences in the 
blades dimensions and the balancing holes in the back of the turbine plate). From the numerical simulation 
tough, an important information was obtained: the first natural frequencies of the turbine blades lay well 
above the 20kHz (Fig.6) This represents a very big challenge for what concerns the excitation of the 
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structure in the modal testing . It’s is in fact very difficult to properly excite the structure with an impact 
hammer to such an high frequency range and obtain a sufficiently high level of signal for accelerometers. 
To minimize the mass loading effect problem the smallest available accelerometer (0.15g) and a micro-
hammer were used. The test technique was a standard modal testing with a multi-patch approach, 
consisting of different runs, one for each blade, maintaining fixed an accelerometer at the driving point 
location and moving the other at each run. For all the test, the turbine was placed vertically on a small 
foam bed with a hole of appropriate dimension to accommodate the shaft. 

 
FE Model

Y

Z

X

 
Fig.4: The tested turbine     Fig.5: The turbine FE model 

FEA 10 - 35553 Hz

Y

Z

X

  
Fig.6: A single blade mode, about 22 kHz   Fig.7: The used microaccelerometer 

 

Table 1 reports the lists of modes identified in this test. All modes are included in the frequency band 
between 20 and 26 kHZ while fig.8 shows three FRFs measured on blade 3, 6, 9 in the frequency band of 
interest. The identification algorithm identifies fifteen modes, some of which with very limited 
frequencies differences, though only nine, one for each blade were expected. This larger number of poles 
results from the inconsistency between the different measurement runs caused by the mass loading effect 
and frequency shifts that vary form one patch to another.  

Further inconsistency can be highlighted when considering the damping values. Certain modes exhibit 
much higher values than the others, due to the overlapping of slightly shifted resonance peaks and the 
subsequent function broadening. When all patches are put together, the sum of FRF exhibits several 
pseudo-double modes generated by the frequency shifts. Even very powerful identification algorithm, like 
for example, the PolyMAX, (fig.9 shows its stabilisation diagram), does not allow discriminating among 
real modes and the ones created by the adopted invasive test technique. Looking at the animation of the 
mode shapes is not helpful either because in this case modes are quite complex and very similar to each 
other. 
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Mode Frequency[kHz] Damping % Mode Frequency[kHz] Damping % 
1 21.927 0.09 9 24.3224.4953 0.05 

2 22.617 0.04 10 24.613 0.08 

3 22.687 0.04 11 24.770 0.98 

4 23.570 0.10 12 24.892 0.04 

5 23.698 0.23 13 25.156 0.07 

6 23.762 0.81 12 25.200 0.06 

7 23.921 0.04 15  0.08 

8 24.087 0.13 - - - 

 

Table 1: The natural frequencies and the damping values for the accelerometer test  
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Fig.8 Acquired FRFs blade 3, 6, 9   Fig.9: The stabilization diagram for the accelerometer based test 

 

 
4.2 Micro-flown based testing 
 

Similarly to the accelerometer based testing, also in the Microflown case the acquisition was conducted in 
multiple runs: one for each blade plus one for the driving point FRF (fig. 10) orienting the 3 dimensional 
probe accordingly. The test object was positioned on the foam, like in the previous test, keeping the 
Microflown sensor fixed and rotating the turbine after each run to measure the different blades. In these 
case, the FRFs were obtained without interfering during the acquisition with the free vibration of the test 
structure. The consistency of the database is directly evident when comparing the peaks of the acquired 
FRFs. Fig. 11 shows the data for blade 3, 6 and 9, where all the resonances appear in the different function 
at the same values as expected. Similarly to the previous case, Fig 12 shows the stabilization diagram for 
the PoliMAX identification tool. In this case it’s evident the cleanliness of the diagram and the lack of 
multiple modes. In the frequency band of interest only the foreseen 9 modes appear.  

Table 2 lists the identified modes frequencies and damping values. These latter are all clustered around a 
single value, specifically 0.02, compatible for such an all-metal little structure. 
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Fig.10: The Microflow sensors and the micro hammer 
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Fig.11 Acquired FRFs blade 3, 6, 9         Fig.12: The stabilization diagram for the Microflown based test 

 

Mode Frequency[kHz] Damping % Mode Frequency[kHz] Damping % 
1 21.974 0.02 6 24.237 0.02 

2 22.876 0.02 7 24.598 0.02 

3 23.762 0.02 8 24.980 0.02 

4 24.035 0.02 9 25.252 0.02 

5 24.157 0.02 - - - 
 

Table 2: The natural frequencies and the damping values for the Micro-flown test  

 

Both Microflown and Russian Accelerometers tests were conducted at LMS International Headquarters. 

 

4.3 Optical Fibre Vibrometer based testing 
 

Being the optical fibres vibrometer developed in Trieste, the remaining tests were carried out at APE 
Research with a slightly different experimental set up.  Also for optical sensor measurement, since at the 
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moment a single transducer head is available, multiple runs were performed to acquire the dynamic of the 
blade tips.  For the chosen fibre sizes and the nature of the light source, in order to work in one of the two 
linear range of the sensor, the distance between the stylus tip and the object is about 1 mm. This set up 
assures for the highest signal sensibility (about 1mV for 50�m displacement), but it also requires that the 
applied structure excitation doesn’t displace excessively the test structure,  altering the distance sensor-test 
object. For this reason the impact hammer excitation was substituted with a micro inertial shaker, this 
being developed simultaneously with the optical sensor. In this case the dynamic effect of the  added mass 
of the shaker can be easily accounted for since both a signal related to the injected force and the value of 
the added mass are available. Furthermore, this solution allows to excite the structure in an easy and 
controllable way from about 5Hz to 50KHz and above. Fig.13 shows the optical sensor and the prototype 
of the inertial shaker, while Fig.14 sows the typical measured tip blade responses. 
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Fig.13 Optical sensor and the micro shaker       Fig.14: Acquired FRFs blade 3, 6, 9 

 

It’s worth mentioning that, in this case, due to the set-up characteristics, the data were acquired with a 
stepped sine procedure. Due to the contact less nature of this sensors, the different runs look very 
consistent to each other and the stabilisation diagram is very similar to the one obtained with the 
Microflown sensor (Fig.12). Table 3 shows the natural frequencies and the damping values identified with 
the optical sensor. 

 

Mode Frequency[kHz] Damping % Mode Frequency[kHz] Damping % 
1 21.815 0.03 6 24.243 0.02 

2 22.874 0.03 7 24.612 0.03 

3 23.764 0.02 8 25.007 0.02 

4 24.051 0.02 9 25.251 0.02 

5 24.184 0.02 - - - 
 

Table 3: The natural frequencies and the damping values for the Optical Sensor test  

 

The modal parameters identified with this technique are very close to the ones identified with the 
Microflown sensor being the average difference less than 1% for the whole band of interest. 
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5 Conclusions 
 

This paper describes three alternative methods to acquire the data necessary to conduct modal testing. 
Specifically, two different contact-less sensors were used and compared to a more traditional 
accelerometer. The first ones showed an evident superiority in case of very small structures testing 
especially like the one adopted in this work especially for what concerns the consistency of the multi-
patch database and the easiness encountered in the modal identification phases. 

It’s is worth mentioning that the three sensors measure different quantities, acceleration for the Russian 
transducer, velocity for the Microflown, displacement for the Optical Fibre Vibrometer. For this reason, 
and for the differences between the adopted excitations (hammer for Russian accelerometer and 
Microflown, micro inertia shaker for Fibre Optic Sensor)  it is difficult if not impossible to overlap the 
different measurement and make a direct comparison Anyway, the advantage of using the contact-less 
approach becomes evident, for what concerns the data quality, comparing side by side the transfer 
functions, acquired with the different techniques, in the same frequency range like in fig.15.  
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Fig.15: Different measured data with the Russian accelerometer (L), the Microflown (C), the Fibre Optic sensor (R) 

 

For what concerns the consistency of the data and the quality of the identification phase Fig.16 compares 
the auto-MAC matrices of the modes derived from the accelerometer and optical acquisition. 

In both contact-less cases, either with the anemometrical or optical approach, very accurate modal models 
were extracted and the results were much more reliable and consistent than the data collected using 
traditional contact transducers techniques. 

A more accurate comparison between contact-less approaches will be carried out in the future trying to 
compare directly the same quantities, being possible to derive with sufficient accuracy the velocity from 
the optical fibres sensor, and adopting the same excitation and general acquisition set up.  

The reported test activity only deals with very small and very lightweight structures, in this respect the 
applicability of the contact-less sensor for modal testing of larger structure or geometrically more complex 
needs further experimental validation.  

In order to improve the capabilities the optical fibres velocimeter a multiple head, with 5 or more sensors 
is foreseen in the near future and to provide the adequate excitation for such application also the micro 
inertia shaker will be further developed. 
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Fig.16: AutoMac Matrices (L) accelerometer based 14 modes, (R) optical based 9 modes 
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Abstract 
Modular instrumentation is being widely used in noise and vibration measurement systems that demand 
higher channel counts and the wider dynamic range that 24-bit delta-sigma ADCs make available at lower 
costs. This is an overview of how flexible modular instrumentation employing the latest software 
technology can be used in making high precision noise and vibration measurements where higher 
sampling rates, higher channel counts, increased dynamic range, and distributed architectures are needed 
in smaller packages. An example where this is being used is in acoustic beam forming in aircraft pass by 
noise tests to measure and distinguish engine and airframe noise sources. 
 
 

1 Introduction 
 
NASA, Boeing and aerospace industry partners are flight testing new technologies to make aircraft quieter 
on take off and landing. They assess and test actual hardware at a test facility in Glasgow, Montana. In 
their early tests in 2001, they deployed an “acoustic camera” for flyover noise mapping as a part of their 
Quiet Technology Demonstrator (QTD). The goal of the Quiet Aircraft Technology project is to reduce 
perceived aircraft noise by 50% in 10 years and by 75% in 25 years using 1997 levels as the baseline [1]. 
Over the years, aircraft engine noise has been consistently reduced via various techniques. As a result, the 
noise generated by the landing gear and wings can be significant during approach and landing. On many 
new aircraft, the noise generated by the airframe is about the same as the noise from the engine at some 
overhead positions. Airframe noise, in addition to advanced operational procedures, has become a critical 
factor during approach and landing. 
Acoustic beam forming, in addition to testing quiet flight operation procedures, can be used in aircraft 
pass by noise tests to measure and distinguish engine and airframe noise sources. The use of phased arrays 
of microphones in the study of noise sources is being more widely used and should increase as the cost of 
instrumentation goes down. When properly used, arrays can be used to extract noise source distribution on 
full-scale and wind tunnel models [2]. 
With more channels, Boeing has been able to get higher resolution to distinguish noise sources. This 
information can be used to make design or operational changes. Their ultimate goal is to increase the 
channel count to over 1,000 channels. The flyover noise map with a phased array “acoustic camera” 
identifies opportunities for noise source reductions and distinguishes between engine and airframe 
sources. 
In the first stage of the project in 2001, Boeing deployed a system that could handle a microphone array up 
to 264 channels. They ran into channel bandwidth limitations in the total number of channels that their 
system architecture allowed. The system required a centralized data system architecture where all the 
chassis had to be co-located which required over 50 km of cable. In addition to channel and architecture 
limitations, they faced challenges including time delays when synchronizing instruments across multiple 
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chassis, significant cost per channel, and significant time required for data retrieval. They wanted to 
deploy a new system in the second stage of the project that would address these issues. 
In the second stage of the project which was completed in August of 2005, Boeing tested the Quiet 
Technology Demonstrator “2” (QTD2) which is based on the 777-300ER. In these tests, several advanced 
noise-reduction concepts were validated. These included chevrons on the engine exhaust ducts and new 
acoustic treatment for the engine inlet. They also tested noise-reducing aerodynamic fairings for the main 
landing gear (Figure 1). To test the system, they introduced a new instrumentation system that allowed 
them to increase the channel count to 448. This yielded higher resolution while only requiring 
approximately 5 km of microphone cable. They also were able to achieve a better than 2x reduction in cost 
per channel over their existing system while achieving significant improvement in capability. 
 

 
Figure 1: QTD2 engine and landing gear treatment 

 

2 System architecture 
 
High channel dynamic signal acquisition applications have some important issues to consider including 
data throughput, streaming to disk, data processing, display, and network activity. Depending on the 
requirements of the system, tradeoffs can be made to optimize one performance vector over another.   
To create a system that is scalable to 1,000 channels, the National Instruments system architecture uses 
multiple PC-based controllers and PXI (PCI eXtensions for Instrumentation) chassis. In this architecture, 
a master chassis controls timing and triggering while slave chassis distribute clocks, control local 
acquisition, and store data to disk. A host computer controls the configuration of all the PXI systems, 
provides the user interface for software setup and control, and receives all the data from each PXI system 
(Figure 2). 
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Figure 2: Architectural diagram of instrumentation 

Boeing used National Instruments PXI-665x timing and synchronization control modules to provide tight 
synchronization among modules in a single chassis and to extend timing and synchronization to multiple 
chassis. Using a combination of NI PXI-6653 master modules with NI PXI-6651 slave modules allowed 
all the PXI chassis to operate using the same clock. Cables distributed the timing and triggering signals 
throughout the system, allowing up to 200 meters of chassis separation while still maintaining tight 
synchronization among the dynamic signal acquisition devices. With this architecture, they could match 
all 448 channels spread over eight chassis within one degree of phase mismatch at 93 kHz. 
Boeing could transparently and remotely control the PXI systems with the PXI-8350 1U rack-mount, 
server-class controllers bundled with a fiber-optic MXI link, giving them the flexibility to distribute the 
dynamic signal acquisition devices in several clusters around the microphone array with the device 
controllers located in a trailer up to 200 meters away (Figure 3). 
Based on commercial off-the-shelf hardware, Serial ATA drives configured in RAID 0 installed in the 
PXI-8350 let them stream all channels directly to disk at the full sampling rate. This modular system gives 
them the framework to easily scale channels as needed to reach a higher channel count or to divide up the 
system for lower-channel-count applications. 
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Figure 3: Multiple PC controller rack 

The microphone array had a diameter of approximately 80 meters (Figure 4). The ability to distribute the 
data acquisition versus a centralized system cut the cable length needed from 50 km to closer to 5 km. 
The architecture of their previous system required a centralized data architecture that required the co-
location of all the chassis for synchronization, necessitating long cable runs from the microphones to the 
data acquisition system — about 20 km of cable per 100 channels of data acquisition. With this new 
system, not only were they able to improve capabilities of the individual acquisition channels, but they 
also achieved a 5:1 reduction in the amount of cable required and cut the cost of microphone systems by 
30:1 for flyover test applications.  
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Figure 4: Aerial overview of microphone array (courtesy of Boeing) 

 

3 Data acquisition 
 
For this application, Boeing was interested in a system that could be used for a broad range of applications 
from full-scale tests to scale-model tests in a wind tunnel. They were interested in a system that had higher 
sampling rates and increased dynamic range than their older system. As a result, they chose the PXI-4462 
data acquisition module. Each module has 4 simultaneously sampled input channels that digitize signals 
from DC to 92 kHz with anti-aliasing protection and differential inputs. The sampling rate can be adjusted 
anywhere between 1 kSamples/s to 204.8 kSamples/s. 
For full-scale tests, the frequency of interest would be no higher typically than 11.2 kHz, which does not 
require such a high sampling rate. In a wind tunnel test, with scale models as small as 1:20, the higher 
sampling rates are needed. The module provides IEPE conditioning for the microphones and uses 24-bit 
sigma-delta technology to deliver better than 118 dB of dynamic range. The IEPE (integrated current 
source) in the modules also allowed them significant reductions in the cost and complexity of their 
instrumentation for some of their applications. 
The system could also be broken up for lower channel count applications due to its modular nature  
(Figure 5). This would make it easier for them to deploy the instrumentation in other applications. 
Full- scale model tests normally occur at longer intervals. The versatility of having instrumentation that 
can be adjusted for varying channel counts makes it more cost effective. 
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Figure 5: PXI instrumentation in cases on the runway 

 

4 Software architecture 
 
Another important aspect of the performance and scalability of high channel count systems is the software 
architecture. The data acquisition configuration uses a master chassis to generate all the timing and 
triggering signals. These are distributed to the different slave chassis containing the acquisition devices. 
From a software perspective, the master chassis and all the slave chassis are controlled by a host computer 
responsible for the configuration, storage, and display of the test results. Ultimately, at the level of the host 
computer, the entire system is perceived as a single homogenous data acquisition system. The time 
domain signals acquired by this system are then consumed by a cluster of computers and processed to 
produce noise maps that are overlaid on a visual image of the airplane (Figure 6). 
The backbone of this architecture is a 1 Gigabit Ethernet network. The host computer uses a command-
based architecture to configure the master chassis as well as the slave chassis and to properly sequence the 
various operations that guarantee the tight synchronization across the entire system. At the level of each 
PXI chassis, the various devices appear as regular PCI boards, even if they are physically located 
200 meters away. National Instruments Measurements and Automation Explorer software allows the easy 
detection and configuration of all devices inside a single PXI chassis to ensure proper routing of the clock 
and triggering signals on the chassis backplane. 
The configuration of the entire system is managed at the level of the host computer by LabVIEW tools 
that allow generating, maintaining, and accessing configuration data. In high channel count systems, 
managing configuration information is a key aspect of robust software architecture. For smaller systems, 
the developer can get by many times with simple runtime configuration graphical user interfaces (GUIs) to 
pass configuration information directly to the portions of the initialization code in the application. For 
larger systems, though, simple configuration interfaces are not adequate on their own because the system 
is typically made up of a large number of channels distributed over a network of computers. The developer 
of these larger systems requires a method to generate, modify, and track configuration information in a 
way that is portable and scalable to make handling the configuration more efficient and usable at the 
various levels in the overall system. 
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Figure 6: Noise maps from tests on QTD2 (courtesy of Boeing) 

 
Also, to ensure the scalability of the distributed system, it is highly desirable to be able to make a quick 
modification to the configuration data to support new system configuration. Configuration files allow this 
type of flexibility and support the needs of the developer architecting larger distributed data acquisition 
applications. Since modifications can easily be applied to the configuration file in one location, the 
application code does not need to be changed to reflect the necessary updates. 
Boeing developed the data acquisition software for this system completely in LabVIEW. They were able 
to directly reuse or easily adapt code and designs from other Boeing developers and from the NI Web site. 
Even with the LabVIEW learning curve, one person developed the entire application in less than six 
months. 
By taking advantage of a carefully chosen software architecture and the modular nature of PXI systems, 
Boeing simplified the process of scaling the system. This was clearly demonstrated when, midway through 
development, they needed to add 128 channels to the system. It took only about two hours to scale the 
system from 320 to 448 channels — from unpacking and plugging in the input modules to making a two-
minute update to a configuration file. 
 

5 Looking into the future 
 
During a typical test cycle, the aircraft flew over the microphone array approximately every six minutes. 
The system was able to upload the previously acquired data and be ready to acquire more data within that 
window. During the test sequence, Boeing conducted more than 300 acquisition events, yielding 78 
minutes of flyover results — more than 1 TB of data. These impressive numbers are becoming more and 
more typical for high channel count systems for noise and vibration measurements. The desire to increase 
channel count and sample rate is continuously pushing bandwidth requirements. 
The system presented here was able to leverage PC-based technologies, including the PCI bus technology, 
to meet bandwidth requirements. The latest PC bus technology is now PCI Express, which delivers 
increased bandwidth and ease of use to enhance the widely adopted PCI bus. The PXI Systems Alliance 
(PXISA) updated the PXI specifications in August 2005 to incorporate PCI Express in PXI. PXI Express 
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enhances existing PXI products and systems by providing increased dedicated per-slot bandwidth, 
industry-best device synchronization, and software and hardware compatibility with existing systems. 
Bandwidth is one of the most notable advancements with PCI Express. Unlike PCI, which divides 
bandwidth among all devices on the bus, PCI Express provides each device with its own dedicated 
bandwidth. Multiple x1 (read “by one”) lanes can be grouped together into x4, x8, x16, and x32 
configurations to increase bandwidth to every slot. The same technology applies to PXI Express to deliver 
up to 2 GB/s per-slot dedicated bandwidth, which significantly increases the overall system bandwidth. In 
addition to increased throughput, PXI Express adds a 100 MHz differential system reference clock, 
differential star triggers, and differential signals for multichassis synchronization. Last but not least, PXI 
Express is software- and hardware-compatible with PXI modules and application software. This ensures 
that the investment made today in any PXI module is preserved when the system is expanded to include 
PXI Express in the future. 
PCI Express integration with PXI demonstrates the benefits of using standard PC technologies in high 
channel count measurement systems by delivering 45 times greater bandwidth performance and industry-
best device synchronization while preserving existing investment through software and hardware 
compatibility. 
 

6 Conclusion 
 
This paper presented how flexible modular instrumentation is being used in making demanding, high- 
precision noise measurements, which demonstrate advanced noise reduction concepts that are finding their 
way into new aircraft. Based on the improved results from the more detailed noise maps they were able to 
obtain, Boeing is planning on increasing the channel count for use in the upcoming QTD3 as a part of their 
commitment to further improvements on their aircraft. By careful design and implementation, Boeing was 
able to develop a high-end, low-cost data acquisition system with virtually unlimited channel expansion 
capability. This type of instrumentation helps them make good on their commitment to reduce noise 
emissions on their existing and new airplanes. This same type of distributed architecture can be used for 
making measurements on a variety of large structures where the sampling rates are often much lower.  
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Abstract 
In this paper the possible applications of vision techniques for modal analysis are presented. The following 
issues were investigated: 
a) automation geometry mapping and measurement points’ localization in the preliminary phase of modal 
experiment; 
b) vibration measurement of selected elements of a construction;  
c) executing a modal test.  
For this purpose procedures and algorithms were developed on the basis of vision-technique methods. 
Applying and developing passive 3-D vision techniques resulted in achieving 3-D structure of the 
construction. The passive techniques, as opposed to the active ones, carry out depth measurements based 
on supplied image-sequences from one or more cameras. Stereovision algorithms were developed and 
used, based on a single camera-image acquisition. The amplitude of vibrations was calculated for selected 
construction points. Each point was represented by a spatial marker. The markers were characterized by 
symmetrical spatial structure. Methodology and algorithms based on model and symmetry properties 
(some regularities) of measurement points were developed to compute the vibrations amplitude. 
Algorithms developed were implemented and tested in MATLAB programming environment. Necessary 
vision data were received from high-speed digital camera “X-Stream Vision” in the form of “avi” files that 
constituted input data for developed algorithms. 
 
 

1 Introduction 
 

Contemporary techniques of vibration measurements and modal parameters estimation are based on 
non-contact methods. There are two categories of systems in the field of vision techniques used for 3-D 
object geometry measurements: active and passive. The former make use of additional devices in depth 
measurements (e.g. lasers, LCD projectors) in order to generate structured light [5], [6]. The latter execute 
depth measurements based on provided image-sequences from one or more cameras. Non-contact 
techniques of signal registration have conformed to a new tendency in construction design and they meet 
all contemporary modal-analysis requirements. The basics of modal-analysis requirements can be 
classified as: test-accuracy increasing, increasing of frequency-bandwidth and measuring-points number, 
reducing testing-preparation time and result-analysis time, facilitating analyses and tests. These aspects are 
involved with: considering a non-linear dynamic construction model, producing new methods of structural 
characterization of modal model, CAT/CAD/CAE systems integration along with an automatic geometry 
mapping and measurement-points localization, synthesis of procedures for automatic calculations of mode 
shapes, etc. The phase of a preparation of modal experiment is one of the most time-consuming and 
laborious processes. 

The purpose of the research was developing and creating a vision system for reconstructing three-
dimensional structure of objects. The project included algorithms allowing for 3D reconstructions with the 
use of a single camera, matching the characteristics of the assigned objects by mans of images recorded by 
image-vision system and algorithms determining relative camera locations in individual motion phases. 
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Pinhole camera was applied to the research. In the adapted model P’ point is a projection of the real 
P point on an image plane Π and it is determined by means of matrix equation (1), where C is a 
transformation matrix of a camera of dimensions 3x4 (3), 
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for which K is internal parameters matrix (2), where f – camera focal length, α – pixel-shape coefficient,  β 
– pixel skewness coefficient, [u0, v0] – image center coordinates. Outer parameters matrix is composed of 
rotation matrix R and translation vector T. 

2 Methodology of objects’ three-dimensional shape reconstruction 
 

Proposed algorithm of image processing and objects’ three-dimensional shape reconstruction is 
enclosed in fig.1. Input data for the developed algorithm is a pair of images provided by two independent 
cameras, or images representing different moments of single camera motion. The algorithm includes the 
analysis and image processing and the reconstruction of 3-D shape of observed objects. 

The part accounted for image analysis consists of the following modules: 
• averaging filtration – carried out in order to clear the images of all interferences; 
• characteristic detection – determining characteristics of the observed objects; 
• points’ matching – determination of image-pair matching for individual images of the same 

object. 
The analysis of camera’s spatial location in the consecutive time moments is carried out subsequently 

Two cases are distinguished in this part: 
1. Vision-system is a spatially calibrated system – which means that the location of the camera is 

known at every moment, relatively to its former location (known parameters R and T); 
2. Vision-system is not spatially calibrated system – this case requires that the location of the camera 

is determined in relation to its farmer location. It is executed with the application of epipolar 
geometry issue. 
The last stage is final determination of 3-D points belonging to the observed objects (3D 

reconstruction). At this stage the analysis and implementation of two methods has been carried out, 
allowing for the obtaining the structure based on the pair of matched point sets. These are the methods [3], 
[4], [7]: 

• Stereovision – based on canonical camera set; 
• Triangulation – based on backward projection of 2D points into a three-dimensional space. 
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Fig.1 Proposed algorithm of object three-dimensional reconstruction 

 
2.1 Characteristics detection – Harris’s Detector 
 

Characteristic detection is provided by the data set carrying 2D information about recorded object. 
The application of Harris’s detector [2] allows for the expeditious determination of characteristics of the 
observed objects (edges or corners), with the application of simple image-processing operations. 

Hesjan matrix of M image of dimensions 2x2 designated on the basis of I image gradients is 
presented in the from of: 
 

∑
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

yx yyx

yxx

III
III

yxwM
,

2

2

),(      (4) 

 
The measure of corner occurrence is given by the equation: 

2))(()det( MtracekMR −=    (5) 
 

k – empirically matched constant (k=0.04 ÷ 0.06)  
 
Exchanging places between the expressions det(M) and trace(M), we yield the equation (6) in the form 
describing the measure of edge occurrence: 
 

2))(()det( MtracekMR −=    (6) 
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Figs. 2 Examples of determining objects’ characteristics, a) the measure of corner occurrence (5), b) the 
measure of edge occurrence (6) 

 

2.2 Matching of points 
The most essential element in terms of the problem of reconstruction is matching of the points. In 

the implemented system two methods of determining points’ matching are applied:  
• Normalized cross correlation coefficient: 
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• Sum of squared differences: 
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Methods NCC and SSD (fig. 3.) are the methods based on matching of regions. These methods can 

be easily implemented and yield relatively good results, yet they require that the scene, in which matching 
will be determined, include textured elements. Major problems emerged in case of constructions, whose 
areas were Lambert areas. 

 
a) b) 

  
Fig.3 Results of points’ matching obtained for: a) NCC, b) SSD 
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2.3 Epipolar geometry  
 

Epipolar geometry describes geometrical correlations between points occurring in individual 
images. In three-dimensional structure reconstruction epipolar geometry is used mainly in case of not-
calibrated vision system, in determining relative location of cameras. 

 
 

 
 

Fig.4 Geometrical interpretation of epipolar geometry 
 

Fig.4. presents geometrical interpretation of epipolar geometry. Epipolar plane – is a plane containing 
base line. Base line is a line that, after having been cut by image planes, forms the projection of epipolar 
lines (l and l’) on those planes. The points at which the base line is being cut by image planes are referred 
to as epipoles (e and e’). 
Epipolar geometry provides solutions of the three basic 3D reconstruction problems: 

1. Geometry matching. Given: coordinates of points in the first image x; Demanded: locations of 
the related points on the other image x’; 

2. Camera geometry (motion). Given: set of corresponded with each other points on images {xi <-
> x’i}, i=1,…,n; Demanded: camera matrices P and P’; 

3. Scene geometry (structure). Given: set of corresponded with each other points on images {xi <-
> x’i} and camera matrices P and P; Demanded: points’ locations in space 

 
 

2.4 Stereovision 
 

Stereovision deals with gathering information about 3D structure and distance in the scene based on 
two or more images originating form different points of space. 

Standard approach to stereovision involves the issue of two cameras in a canonical system. Camera 
in motion can be interpreted as stereovision „system”, in which the consecutive pairs of recorded frames 
are corresponding to the pairs of cameras in stereovision system. Researches on structure reconstruction 
with the application of this method require the additional correction of designated 3D points. 

 
 
2.5 Triangulation 
 

Triangulation is a generalization of stereovision developing the issue of three-dimensional 
reconstruction of objects that is based on a backward projection of points in 2D space by means of 
projection beams in 3D space. 

Given the 2D coordinates of matched image points (11), the issue of backward projection of these 
points into 3D space is described by matrix equation (10). In this equation matrix A has the form (12), 
whereas matrix X determines three-dimensional coordinates of the reconstructed points. 
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Fig. 5. Geometrical representation of triangulation 

 
Three-dimensional coordinates of reconstructed point are determined by the last column of matrix V – 
designated by SVD decomposition of vector A= U∑VT. 
 
 

2.6 Application of the presented methods into spatial structure reconstruction 
 

Input data for the algorithm of three-dimensional structure reconstruction are individual frames 
resulted from recorded object motion sequence. First stage is to carry out an image filtration in order to 
remove interference and to prepare for characteristics detection. Harris’s detector was used to designate 
characteristics of recorded objects (corners). Next step of reconstruction is determination of matching of 
point pairs coming form the individual frames of the same object. Given the set of correlated points form 
the individual images we can carry out the estimation of the essential matrix E. The matrix is determined 
with the use of decomposition of matched points into singular Kronecker product values. Based on 
designated essential matrix the rotation matrix R and translation vector T are obtained. Determined outer 
parameters R and T of the camera are then used for reconstruction of locations of recorded points into a 
3D space by means of triangulation algorithm. As a result of the presented procedure three-dimensional 
structure of the observed object is obtained.  
The example of structure reconstruction for simulation data is enclosed in fig.6. and fig.7. In the former 
case the examined structure was only subject to the translation along X-axis. In the latter case the object 
was additionally rotated around Y-axis. As it turns out in both cases the algorithms applied yielded correct 
points’ distribution in three-dimensional space. 
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Fig.6. Canonical case – displacement along X - axis. 
 
After carrying out the abovementioned iteration estimations for full recorded frame sequences a set of 
three-dimensional locations of distinctive points of observed objects has been obtained, which can serve as 
an entry point for determining vibrations of the observed structure. 
 
 

 
 

Fig.7.  General case of translation along X-axis and rotation around Y-axis 
 

INSTRUMENTATION 1885



3 Application of presented techniques into three-dimensional 
reconstruction of vibrations 
 

3.1 Rotation and estimation of transformation matrices  
 
For a given set of image correspondences we can recover (R, T), which fulfill the condition: 

[ ] Rt xE =       (13) 

As a first step the initial approximation of the essential matrix E has to be computed  
1. Computation of Kronecker’s tensor product: 

i
r

i
l

i xxa ⊗=  , ni ,,2,1 K=    (14) 

The i
lx  and i

rx  are image points in the first and the second image frame. 

Subsequently matrix [ ] 921 ℜ∈=
TnaaaA K is to be formed. 

2. SVD is derived of TVUA Σ= . E is defined to be ninth column of V. Nine elements of E are then 
rearranged to form square 3x3 matrix E. This matrix is not in the essential space. 

3. Singular value decomposition of the matrix E recovered from the data needs to be carried out in 
order to project onto essential space: 

TVUdiagE )0,1,1(=      (15) 

4. Now we can extract R and T from the essential matrix as: 
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3.2 Experimental determination of three-dimensional vibrations 
 
For the purpose of reconstruction of three-dimensional vibration distribution based on presented 
theoretical discussion an image sequence was recorded by measurement system depicted in fig.8. 
 

 
Fig.8. Measurement system applied for visual vibration measurement 

illumination 

X-Stream digital camera programming
environment 

Implemented image- 
processing algorithms  

‘*.avi’ files

Vision system

32kHz 
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As a result of the executed measurements a sequence of steel frame vibrations was recorded as shown in 
fig 9. Vibrations reconstruction is executed orderly for each pair of recorded frames. Gravity centres 
(centriods) for measurement points are designated. These centroids are the bases for further structure 
reconstruction and for vibrations estimation. For a given set of image points corresponded to one another 
an eight-step algorithm was applied for obtaining the essential matrix. 

1 2 3 4 5 6 7 8 9 10

 
Fig.9  Section of the examined frame and the points providing data for vibrations estimation. 
 
Making use of the essential matrix properties: 

[ ] Rt xE =       (18) 

we can yield: rotation matrix R and translation vector T. Having obtained the parameters R and T we carry 
out the reconstruction of three-dimensional location of the recorded points by means of triangulation 
algorithm. The results of the application of this approach are shown in fig. 10. 
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Fig.10.   3D reconstruction of the locations of examined object at a) 40 time points b) 100 time points 
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Fig. 11. Reconstruction of 3D vibration distribution at a selected time-moment. 
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Concluding remarks 
 
The executed experiments prove the possibility of applying vision systems for determining three-
dimensional structure and obtaining vibration characteristics. However the problem is not trivial. Despite 
the simplicity of the algorithm of obtaining essential matrix E, the specific application must be carefully 
scrutinized for the necessary multiplicity of measurement points and good algorithms’ conditioning. Other 
problems are associated with the accuracy of vibration amplitude estimation. Three-dimensional resolution 
of the applied vision system is also crucial in this method. The problem had been indicated by the authors 
in the previous articles [8], [9] concerning vibration determination in two-dimensional systems. In case of 
three-dimensional systems these problems can often result in significant errors. 
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Abstract 

Two complementary methods have been developed that are capable to determine the reflection coefficient 
of acoustic absorbing materials in situ. The methods are compared with a measurement in the Kundt’s 
tube. 
The first method is based on the measurement of the surface impedance [1], [2], [3]. Here a prototype 
device based on this method is presented that for calibration and impedance determination uses of a well 
defined sound source [9]. The surface impedance method proves to work best for materials with a not too 
high reflection coefficient [1]. 
A second (novel) method is developed for materials with a high reflection coefficient. It uses of a 
monopole sound source that is placed close by the acoustic reflecting material. A Microflown [8] is placed 
close to the monopole source in such way that its sensitive direction is aiming at the acoustic reflecting 
material and its non sensitive direction is aiming at the source. This way it is only measuring the ‘mirror 
source’: the reflected image of the monopole sound source. It is therefore called ‘the mirror source 
method’. From the transfer function between the reference velocity sensor inside the monopole source and 
the Microflown outside the source, the reflection coefficient can be determined. First results of this 
method are presented. 
The results of both methods are compared to a Kundt’s tube measurement. Traditionally this method 
works with two pressure transducers but it is also possible to use a combinational pressure and velocity 
transducer (the PU probe). This PU method is already reported in [1], [5], [6], [7]. The calibration should 
be very accurate to be able to measure highly reflective materials in a reliable way [5], [9]. In this paper an 
improved calibration procedure for this method is presented. 

1 Introduction 
The reflection coefficient of acoustic absorbing materials is often measured in a standing wave tube. With 
this (destructive) method only the normal reflection coefficient can be determined in a limited frequency 
bandwidth. A proven technique to determine the angle dependency of the reflection coefficient is 
described by Tamura [10]. This method, that is based on the measurement of two pressure ‘planes’, 
however requires an anechoic room, is time consuming (a single measurement takes several hours) and 
requires a large sample size (several square meters).  
In [1], [2], [3] it is shown that the surface impedance method, that is based on the measurement of the ratio 
of a sound pressure and particle velocity on the surface of the acoustic absorbing material, is fast (several 
seconds), works for all angles of incidence, can be performed on a small sample size and the method does 
not require an anechoic room. This makes it a candidate for an in situ measurement device. 
The surface impedance method however shows to be failing at highly reflecting surfaces. One main reason 
for this is that if the acoustic absorbing material is 100% reflecting, the surface velocity will be zero 
causing a poor signal to noise ratio.  
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A demonstration prototype of the ‘surface impedance method’ plus a calibration technique is developed 
and presented in this paper. 
For highly reflective acoustic materials a novel method is developed that uses of a known source that is 
positioned close to the surface of the material. A Microflown is positioned so that it the sensitive direction 
is aiming towards the acoustic material and its non sensitive direction is aiming towards the sound source. 
In this arrangement the Microflown measures only the ‘mirror source’. It is therefore called ‘the mirror 
source method’. 
The strength of the ‘mirror source’ that is measured by the Microflown is determined by the strength of 
the monopole source, reflection coefficient of the acoustic material and the distance. A prototype of the 
‘mirror source method’ is developed and presented in this paper. 

2 The PU based Kundt’s tube method 
One of the standard methods to determine the reflection coefficient of acoustic materials is the Kundt’s 
tube. This is a standing wave tube that is terminated with a sample of acoustic damping material at the end 
of the tube. There are several ways to determine the reflection coefficient of the material. These methods 
are based on the measurement of sound pressure at several places in the tube. 
In this paragraph the determination of the acoustic reflection coefficient in the Kundt’s tube with a PU 
probe (a combinational pressure and velocity transducer) is described. The PU method is described in [1], 
[5], [6], [7]. The calibration becomes critical for reflecting materials [5], [9]. Here an improved calibration 
method is presented. 

2.1 Theory 
A sound wave is generated by a loudspeaker at one side of a tube that is terminated by an acoustic sample 
with a rigid backing, see Figure 1,  

loudspeaker

PU probe

x

sample

 
Figure 1: A Kundt’s tube with a PU probe. 

The impedance (below the cut-off frequency) at a distance x from the sample in the tube is given by: 
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With R the complex frequency dependent reflection coefficient and k the acoustic wave number. So, if the 
sound pressure and particle velocity at a distance x from the sample surface is known, the reflection 
coefficient and surface impedance of that sample can be derived: 
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The acoustic absorption coefficient of the sample can be calculated by: 
2( ) 1 R( )α ω ω= −  (3) 

If the sample is removed, it can be derived that the impedance in the tube is given by: 

( ) cos( )
( ) sin( )s

p x kxZ i c
u x kx

ρ= = − ⋅ ⋅  (4) 

Because the pressure transducer is not located at exactly the same position as the velocity transducer, the 
following relation is more adequate: 
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Here is fp the frequency where the first minimum of Z is found and fu the first maximum. A measurement 
makes this more clear. 

2.2 Measurement 
The first step of the PU Kundt’s tube method is the reference measurement that is done with no sample at 
the end of the tube. In this case the PU probe is put airtight at the side of the tube and the tube is closed 
with a fully reflecting plate. The amplitude response of the transfer function (Zuncorrected=Spu/Suu) is shown 
in Figure 2 (black line). 
Then the tube is opened, an acoustic sample is placed in at the end and the tube is closed again. The 
amplitude response of the transfer function (Zuncorrected, sample=Spu/Suu) is shown in Figure 2 (grey line). 
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Figure 2: amplitude response of the uncorrected impedance. Black line: rigid termination, grey line 

response with an absorbing sample at the end of the tube. 

The frequency fu is found at the velocity minimum (so the maximum at 3263Hz) and fp the is found at the 
pressure minimum (that is the first minimum at 1494Hz). 
The measured impedance in the tube is shown in Figure 3. This response is similar to the free field 
response, so the response as if the probe was measuring a plane wave or in an anechoic room far from the 
source. At the frequencies fu and fp the response is measured not accurately. Therefore the response around 
these frequencies is estimated by interpolation. 
The normalized impedance of the sample is given by the ratio of the measured response of the sample in 
the tube (as shown in Figure 2, grey line) and the free field response (as shown in Figure 3). The result is 
given in Figure 4. 
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Figure 3 (left): The measured impedance in a tube. This response is similar to the free field 

response. At the frequencies fu and fp the response is estimated using interpolation. 

Figure 4 (right): Normalized impedance in the tube with an absorbing sample at the end. 

2.2.1 Phase response 
The phase response of the PU probe in the standing wave tube is shown in Figure 5. The black line shows 
the phase response of the PU probe with a rigid termination, the grey line shows the response when the 
absorbing sample is mounted at the end of the tube. 
First the phase response of the PU probe is determined as if the probe is used in the free field. The free 
field phase response is obtained by correcting the measured phase response in the impedance tube with the 
phase of the known standing wave in the tube. In the rigidly closed tube the phase of the sound field is ±90 
degrees, so in order to get the free field response, 90 degrees is added for frequencies up to fp. This is the 
frequency of the pressure minimum (at 1494Hz) and this is also the frequency where the tube response 
flips from -90 degrees to 90 degrees. In the frequency range from fp to fu (the velocity minimum at 
3263Hz) 90 degrees is subtracted. At frequencies higher than fu 90 degrees is added again. The phase 
response is not smooth around the frequencies fp and fu. Therefore, at these frequencies the phase is 
approximated by interpolation to get a better estimation. The result is shown in Figure 6. 
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Figure 5 (left): Phase response in the tube. Black line: rigid termination, grey line: with an acoustic 

sample at the end. 

Figure 6 (right): Corrected free field phase response of a PU probe. At the ‘flipping’ frequencies the 
response is obtained by interpolation. 

The ‘free field’ phase response (the phase response measured in a tube but corrected for the tube’s 
behavior, Figure 6) is used to correct the phase response of the absorbing sample in the tube (Figure 5, 
grey line): see Figure 7. Now the modulus (Figure 4) and the phase response (Figure 7) of the impedance 
due to the acoustic sample are known, the absorption coefficient can be calculated, see Figure 8. 
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Figure 7 (left): The corrected phase response of the acoustic sample in the tube. 

Figure 8 (right): Absorption coefficient measured in the Kundt’s tube. 

3 The surface impedance method 
In [1], [2], [3] it is shown that it is possible to measure the surface impedance with a PU probe. Both 
sound pressure and particle velocity are measured close to an acoustic damping material and from the ratio 
of both (the acoustic impedance, Z), the reflection coefficient is obtained. 
If the sound source is far from the acoustic sample and the PU probe, the reflection coefficient can simply 
be calculated with Eq. (2). However if the source is positioned relatively close to the surface, the sound 
waves are not plane anymore and one has to correct for their spherical character. This is also reported in 
[2], [3]. 
In [1], [2], [3] the calibration of the impedance probe is still an issue. In [9] a spherical loudspeaker is used 
for the accurate calibration of PU probes. With this ‘piston in a sphere’ calibration technique an amplitude 
accuracy of 0.2dB a phase accuracy of 0.5 degrees can be reached if the PU probe is mounted 27cm to 
70cm in front of the loudspeaker in an anechoic room. 

 
Figure 9: Setup of the surface impedance method. The red sphere is a loudspeaker that is used for 

proper calibration. The PU probe is placed at the end of the (40cm) rod. 

The ‘piston in a sphere’ calibration loudspeaker is incorporated in the surface impedance method so that a 
reliable calibration becomes feasible, see Figure 9. A time window technique is applied to make it possible 
to calibrate the PU probe in the field instead of in an anechoic room.  
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Inside the sphere a USB based two-channel data acquisition system, preamplifiers for the PU probe, a 
power amplifier to drive the loudspeaker and a USB based power converter is built in so that the set-up 
runs from a single USB input. 

3.1 Theory 
For the calibration of the PU probe, a special loudspeaker is designed that has a known acoustic 
impedance of a piston in a sphere [9]: 
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Where, ( )arcsin b aα = , a is the radius of the sphere, b is the radius of the loudspeaker and mP  is the 

Legendre function of order m, mh is the spherical Hankel function of the second kind and order m, and '
mh  

is its derivative. Eq. (6) is similar to the specific impedance of a point source (see Eq. (9)). To show the 
similarity, the ratio of the impedance of a loudspeaker built in a sphere and a true monopole is given for 
various distances in Figure 10. As can be seen, the difference is little. 
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Figure 10: A piston (diameter: 6.5cm) in a sphere (diameter 20.5cm) compared with a monopole at 

several distances. Left the amplitude response, right the phase response. 

In contrast to [9] the calibration is not done in an anechoic room but in a normal room. To eliminate room 
reflections a time window technique is applied. For that purpose from the measured response, an impulse 
response is determined by the inverse Fourier transformation. The impulse response is windowed so that 
reflections are cancelled. After this the windowed impulse response is transformed back to the frequency 
domain. This response is free of room reflections. Because only a small time window can be used, this 
method only works for higher (f>300Hz) frequencies. However because the PU probe is relatively close to 
the sound source, at these frequencies the probe is in the near field of the source.  Therefore room 
reflections appear not to influence the calibration.  
Once the PU probe is calibrated, the acoustic impedance can be measured by putting the probe close to the 
surface of the acoustic sample. With the measured impedance, the spherical reflection coefficient Rsphere 
can be derived. However, a spherical wave is reflected differently from a planar wave. The relation 
between the spherical and plane wave reflection coefficient is given by: 

(1 )sphere p pR R R F= + −  (7) 

Where F is the boundary loss function [2], [4], which is determined by the geometry of the problem and 
the impedance of the absorbing surface. Using an iterative procedure, the planar wave reflection 
coefficient is calculated. 
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3.2 Measurement 
The first step in the measurement method is the calibration. This is done in a normal room. The probe and 
source are kept as far as possible from reflecting surfaces. The rod as depicted in Figure 9 showed to have 
a structural transfer path that influenced the measurements. Therefore it was removed. The measured 
response is corrected with Eq. (6) to allow for the impedance of the sound source. After this the impulse 
response of the measurement is time windowed and transformed back to the frequency domain.  
The results are depicted in Figure 11. Grey line: amplitude response of the PU impedance probe without 
windowing; black line: amplitude response after time windowing. Figure 11 (right) shows the phase 
response.   
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Figure 11 (left): Amplitude response of the calibration measurement in a normal room. Grey line: 

raw data, black line: time windowed response. Right: phase response of the calibration 
measurement in a normal room. Grey line: raw data, black line: time windowed response. 

After calibration the probe is put close (6mm distance) to the acoustic damping material. The normal 
impedance is measured and from that the absorption coefficient is determined. Without any corrections the 
absorption is determined based on the spherical reflection coefficient. This result is shown in Figure 12, 
grey line. Based on Eq. (7) the planar reflection coefficient is calculated and based on that the plane wave 
absorption is determined. This is shown in Figure 12, black line. The blue line in Figure 12 represents the 
absorption based on the PU based Kundt’s tube technique. 
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Figure 12: grey line: absorption measured with the acoustic impedance method (plane wave model), 

black line: absorption measured with the acoustic impedance method including the model for 
spherical waves, blue line: absorption measured with PU based Kundt’s tube technique. 
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As can be seen in Figure 12, from 70Hz-300Hz onwards the absorption determined with the impedance 
method agrees fairly with the absorption determined in the PU based Kundt’s tube technique. For higher 
frequencies (f>3kHz) the PU based Kundt’s tube technique is not valid anymore. 

4 The mirror source method 
The mirror source method is developed to be able to measure highly reflective materials. For this method a 
monopole sound source with source strength Q is put close to an acoustic reflecting surface. A 
Microflown is placed close to the point source in such way that its sensitive direction is aiming at the 
mirror source and its non-sensitive direction is pointing towards the monopole sound source. It will 
therefore only ‘see’ the mirror source, see Figure 13. 

4.1 Theory 
The source strength of the mirror source Q’ equals the strength of the primary monopole source times the 
reflection coefficient. The sound pressure field of a monopole is given by: 

( )
4

ikrQp r i ck e
r

ρ
π

−=  (8) 

with Q the source strength in [m3s-1], and r the distance from the source.  
The acoustic impedance of a monopole is given by: 

1
p ikrZ c
u ikr

ρ= =
+

 (9) 

So the particle velocity that is measured at the position of the Microflown is given by: 
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The measured particle velocity is depending on the (frequency dependent and complex) reflection 
coefficient R, the distance r and the source strength Q.  
As a reference measurement the particle velocity is measured at a certain distance r1 from a fully reflecting 
surface. The ratio given by the measurement done in the close proximity (r2) of the acoustic sample and 
the reference measurement is given by: 
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So if the measurement distance is kept constant, the ratio of the two velocity measurements is a direct 
measure for the reflection coefficient. 

4.2 Measurement 
For the measurements a Microflown Technologies monopole sound source was used. This source consists 
of a driver loudspeaker mounted on a tube. The tube inner diameter is 45mm. At the end of the tube a 
velocity reference sensor is placed so that the volume velocity can be measured directly, see Figure 13. 
A ½” PU Microflown is mounted 40mm from the center of the monopole and oriented so that its non-
sensitive direction is facing towards the point source and its sensitive direction is facing towards the 
acoustic sample. The transfer function of the reference velocity probe and the Microflown is monitored 
when adjusting the PU probe. At the minimum of the transfer function, the PU probe is fixed. 
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Figure 13: Free field setup for the mirror source technique. Left the calibration measurement on a 

rigid surface, right the measurement of the acoustic sample. 

First the response is measured 50mm in front of a fully reflecting plate. For this reference measurement 
the transfer function between the measured velocity signal and the reference sensor is shown in Figure 14, 
black line. Then the measurement is repeated in front of 1m2 damping material. The measurement distance 
is similar to the reference measurement. This measurement is shown in Figure 14, grey line. 
The ratio of both measurements is a direct measure for the reflection coefficient, see Eq. (11). The 
obtained reflection coefficient is shown in Figure 15. The black line represents the absorption of the 
sample determined with the mirror source technique, the blue line represents the absorption determined 
with the PU based Kundt’s tube technique and the grey line represents the absorption determined with the 
surface impedance method. As can be seen, the measurements are in good agreement in a 100Hz-7kHz 
bandwidth. 

100 1k 10k
-40

-20

0

20

u/
Q

 [d
B]

Frequency [Hz]
 

Figure 14: Measurements with the mirror source technique. Black line: measurements in front of a 
rigid plate, grey line: measurement close to the damping material. 
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Figure 15 (right): Absorption coefficient. Black line: Mirror source technique, blue line PU based 

Kundt’s tube technique, grey line: surface impedance method. 

5 Discussion 
Due to the enhanced calibration method, the PU based Kundt’s tube technique can be used for highly 
reflecting materials in a 20Hz-3kHz bandwidth. So the accuracy of the Kundt’s tube measurement is very 
high. However the reproducibility is low(er) due to the (random) influence of mounting the sample in the 
tube. 
The calibration of the surface impedance method shows to be possible in an ordinary room with the 
‘piston in a sphere’ method. Also the absorption of the acoustic sample is measured in an ordinary room 
and it shows that the measured absorption is similar to the absorption of the PU based Kundt’s tube 
technique. Although the method is not very accurate for the lower frequencies, this method is applicable in 
a much wider frequency range than the Kundt’s tube method. 
The absorption based on the mirror source technique shows good agreement with the absorption measured 
with the other two methods. Although this is only one measurement on one type of material, the results are 
very promising.  
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Abstract 
In the vehicle development process, design decisions are increasingly based on virtual prototypes (for 
example using Finite Element (FE) models), as time-to-market must be reduced, while more and more 
variants must be designed and assessed. Substructuring and Component Mode Synthesis (CMS) methods 
are useful to speed up the time of local design modifications. Traditional CMS methods involve coupling 
the system matrices of each substructure along all interface degrees of freedom (DOFs). A Wave-Based 
Substructuring (WBS) approach has been developed, that aims to find a set of basis functions that describe 
the dynamic behavior of the coupling interfaces. The interface displacements in the assembled system are 
then written as a linear combination of these basis functions. As the number of basis functions is typically 
much lower than the number of interface DOFs, the procedure reduces the number of variables in the 
matrix equations and the size of the interface description. This greatly facilitates the model reduction 
procedure and results in faster structural and vibro-acoustic predictions. The WBS approach has been 
implemented in an integrated multi-attribute virtual simulation environment, where it complements the 
assembly definition and trimming functionality as it allows speeding up modification predictions and thus 
alleviates the computational burden of industrial vehicle optimization. This is demonstrated on the basis of 
three test cases taken from automotive industry.  
 

1 Introduction 
 
Fast assembly predictions become ever more important in the vehicle development process. Design 
decisions are more and more based on virtual prototypes, as time-to-market and development costs must 
be reduced. The additional trend of mass customization forces engineers to design a higher number of 
variants on a lower number of platforms. The Finite Element (FE) method is widely used to predict the 
vibro-acoustic vehicle performance. FE models can only be applied in the low and medium frequency 
range, due to the model sizes and subsequent computational costs that grow with frequency. To partially 
overcome this practical limit, extensive work has been performed on substructuring and Component Mode 
Synthesis (CMS) techniques [1][2][3][4]. The degrees of freedom (DOFs) of each substructure are 
expressed in terms of a limited number of component modes; the component models are then synthesized. 
Recently, Automated Multilevel Substructuring (AMLS) [5][6] has been developed. A vehicle body is 
recursively divided into dozens of levels of in total thousands of substructures, based on the mathematical 
structure of the FE models, rather than on the physical composition of the system. Each substructure is 
separately solved and the results are synthesized. When coupling multiple (levels of) reduced systems, the 
interface problem size becomes increasingly dominant.  
To further speed up the synthesis, the interface representation size between components must be reduced. 
This can be done by the condensation of the interface displacements as a linear combination of a limited 
set of interface basis functions (“waves”). As the required number of basis functions is typically much 
lower than the number of interface DOFs, faster assembly predictions are obtained. Previous papers have 
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reported on the use of component modes to derive the interface basis functions [7][8]. When one couples a 
very stiff component with a very flexible component, an obvious choice is to derive the interface basis 
functions from the component modes of the stiff component [9]. For components with similar modal 
densities the component modes are typically less suitable. In the Wave-Based Substructuring (WBS) [11] 
approach applied in this paper, one performs a single computation of the full assembly model to obtain the 
interface basis functions. This allows to accurately capture the interface dynamics, and with modification 
analysis and optimization in mind, a single full computation is not a large burden: an optimization may 
consist of numerous iterations involving hundreds of FE runs. In Wave-Based Substructuring, the single 
full run enables that the interface representation size is reduced, which facilitates the model reduction 
procedure of components and speeds up the assembly analysis, while the accuracy is maintained.  
Section 2 discusses the mathematical framework of the WBS approach, for the rigid and elastic coupling 
case. In the following sections, the WBS approach is demonstrated on three cases taken from automotive 
industry. Section 3 considers two structural analysis cases: the re-design of a vehicle’s B-pillars, and the 
modification analysis of coupling stiffness of a windscreen in a vehicle body-in-white (BIW). Section 4 
then considers a vibro-acoustic case: the modification of dynamic coupling stiffness of a windscreen in a 
vehicle trimmed body. The paper is concluded in Section 5. 
 

2 Theory 
 

2.1 WBS Assembly Procedure 
 
Consider an FE substructure in an assembled system. The DOFs x can be divided into interior DOFs xi and 
junction (coupling) DOFs xj. The system matrices (for the undamped case) are then partitioned into 
submatrices:  
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In this formulation, all junction nodes have 6 DOFs. The Wave-Based Substructuring approach restricts 
the junction DOFs xj, by expressing them as a linear combination of a set of N interface basis functions V, 
weighted with participation factors p: 

pVx j ⋅=      (2) 
By substituting Equation (2) in Equation (1), one obtains   
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When the number of basis functions N is less than the number of junction DOFs xj, this substitution 
reduces the size of the FE matrix equations compared to classical CMS techniques. One must then 
translate the equilibrium and continuity conditions in terms of the interface basis functions.  
 
As described in [11], for a rigid connection between two substructures a and b, the following equilibrium 
and continuity conditions apply: 

b
j

a
j xx =    and   0=+ b

j
a
j ff      (4) 

In a WBS framework, similar conditions apply on the participation factors p:  
ba pp =    and   0=+ b

j
a
j ff      (5) 
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An elastic connection between substructures a and b is applied with the following equilibrium and 
continuity condition (where the matrices K denote the coupling stiffness matrices between the junction 
DOFs of the substructures): 
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Following Equation (2), for substructures a and b, the junction DOFs are expressed as a linear 
combination of sets of interface basis functions Va and Vb, yielding  
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As the required number of basis functions is typically much lower than the number of interface DOFs, the 
WBS framework presented in this section results in a reduced-sized assembly definition, which allows 
faster assembly calculations.  

 

2.2 Model Reduction Procedure 
 
In general, a substructuring method contains a reduction step for at least one of the components. For 
example, in a vehicle optimization case which aims to reduce the acoustic radiation of a floor panel, one 
will be interested to apply a model reduction step on the remainder of the vehicle. This reduced-sized 
model of the remainder of the vehicle is then re-assembled with the FE representation of the floor panel, 
which enables much faster modifications and optimization on this floor panel.  
Such a reduction step involves reduction of the number of degrees of freedom of the substructure model, 
by representing the physical degrees of freedom of each substructure into a reduced number of so-called 
generalized coordinates. Numerous papers have reported on the selection of these generalized coordinates. 
All of them make use of the vibration normal modes of the substructures; they differ in the boundary 
conditions that are applied to the substructure, and in the selection of enrichment vectors to these normal 
modes. Two well-established examples are: 

• the Craig-Bampton fixed interface approach [1], where the normal modes are computed while the 
substructure is clamped at the connection interface, and where the enrichment vectors consist of 
constraint modes (which are the static deformation shapes of the substructure obtained by 
successively applying a unit displacement on one interface degree of freedom, while holding the 
remaining interface DOFs fixed, and repeating this for all interface DOFs).  

• MacNeal’s approach [10] uses the normal modes of the component in free-free conditions, and 
enrichment vectors that consist of residual flexibility modes (which are the static deformation 
shapes obtained by successively applying a unit force on one of the interface degrees of freedom, 
with a zero force on the remaining interface DOFs, and repeating this for all interface DOFs).  

In such reduction methods, the component modes are generally computed up to a frequency higher than 
the frequency range of interest for the assembly (a rule-of-thumb is to increase the frequency range for the 
component reduction with a factor 1.5 w.r.t. the frequency range of interest). The enrichment vectors are 
of vital importance to accurately represent the local flexibility at the connection interface, when the 
reduced modal model of the substructure is re-assembled to other substructures. In the above example 
methods, it becomes clear that the number of enrichment vectors that must be computed, strongly 
(linearly) depends on the number of interface degrees of freedom. This also holds for alternative 
formulations, see e.g. the overview in [2].  
Since the WBS approach (strongly) reduces the number of interface degrees of freedom in the assembly 
definition, a reduction procedure based on WBS will be much more efficient, since a much lower number 
of enrichment vectors need to be computed. A quantitative example of this benefit in the reduction 
procedure will be given in Section 3.1.   
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3 Structural Analysis 
 
As a general procedure, when building the FE model of a vehicle body, the panels are meshed from CAD 
data and assembled together using dedicated elements to represent the connections. Numerous spot welds 
are applied between the panels, predominantly in the BIW assembly process. Other connection methods in 
the vehicle assembly process involve the creation of seam welds, sealing connections, glue, etc. LMS 
Virtual.Lab is an integrated multi-attribute virtual assembly and simulation environment [14], in which all 
of these connections between components can be applied. The WBS approach is used in this environment 
to isolate certain FE components of interest, to create a reduced modal model of the remainder of the 
vehicle (with much lower computational workload than in a conventional reduction), and then create a 
reduced-sized assembly model to quickly evaluate the effect of local design iterations (on the isolated 
component) on global performance targets (in terms of eigenfrequency, noise level, ...).  
This section considers two structural analysis cases: the re-design of a vehicle’s B-pillars (involving WBS 
with rigid connection) and the modification analysis of coupling stiffness of a windscreen in a vehicle 
BIW (involving WBS with elastic connection). Section 4 then considers a vibro-acoustic application.  
 

3.1 B-Pillar Re-design 
 
In the first industrial application case, Wave-Based Substructuring is applied to speed up the re-design of 
the B-pillars in an industrial BIW model, for which the FE model (274.338 nodes, 209.328 elements) is 
shown in Figure 1 (left). The aim is to use WBS to re-design the dynamic characteristics of the b-pillars in 
the range 0-100Hz, so that a reduced modal model must be computed for the remainder of the vehicle (as 
shown in Figure 1 (right).  
In this industrial-sized example case, there are 1788 physical connection DOFs, a number of which have 
been defined at the spot weld level. Note that the WBS approach has been adapted for the substructuring 
of the FE body model (BIW or Trimmed Body) at the spot weld level [12][14]. The substructures are 
defined from a set of panels and the degrees of freedom of the spot weld interface are replaced by a set of 
basis functions - the waves.  
 

  

Figure 1: B-pillar re-design case: Body-in-White FE model (left), and WBS Reduced  
assembly model (right), in which the B-pillars are kept in FE representation, and  
a reduced modal model has been created for the remainder of the vehicle body. 
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In the frequency range up till 100Hz, only 35 wave degrees of freedom are required in the WBS assembly 
connection, whereas a conventional assembly would consider 1788 physical connection DOFs.  

• For the full FE model, the natural modes calculation up till 100Hz requires 1h42min of real CPU 
time.  

• For the modal reduction step for the remainder of the vehicle body,  
o The WBS reduction procedure – an adaptation of MacNeal’s approach [10] – requires 

2h28min to compute the natural component modes up till 150 Hz, as well as the 
enrichment vectors for the 35 wave degrees of freedom.  

o As a comparison, the reduction procedure (using the original approach of MacNeal [10]) 
has also been attempted – that is, to calculate the natural component modes up to 150 Hz 
as well as the enrichment vectors for all of the 1788 physical degrees of freedom. This 
calculation was not feasible on the workstation available for the job. The calculation of 
(only) half the required number of enrichment vectors was feasible, but required already 
much more time (more than 7 hours) – just to get halfway the set of enrichment vectors! 
Moreover, this calculation time increases more than linearly when the number of 
enrichment vectors is increased.  

• The WBS assembly structure (full FE b-pillars with reduced modal model for the remainder of the 
vehicle, as shown in Figure 1, right) calculates in 60s, so 100x faster than the full natural modes 
calculation for this model.  

• When comparing the results, it is clear that the WBS assembly structure is very accurate:  
o the relative eigenfrequency difference is less than 1.2 · 10-4 for all modes up till 100Hz 
o the MAC [15] is larger than 0.9998 for all modes up till 100Hz, see also Figure 2.  

The above quantification clearly illustrates that the WBS approach is beneficial for the reduction 
procedure. It obviously increases the efficiency and feasibility of this vital step. It thus enables the creation 
of the reduced-sized assembly model (the WBS assembly structure in Figure 1, right), which evaluates 
much faster than the full FE analysis model, with the same accuracy in the results.   
 

 

Figure 2: MAC to compare the modes of the full 
BIW (Figure 1, left) with the modes of the WBS-

reduced model (Figure 1, right). Clearly the 
results are very accurate.  
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Next, it will be verified whether one can obtain accurate modification predictions on the basis of this 
reduced-sized WBS assembly structure. As modification, the number of spot welds along the length of the 
b-pillars is drastically modified. The nominal design has been created in LMS Virtual.Lab [14], with 4 line 
connections with re-distributed spot weld properties (at an average spot weld distance). For the nominal 
design, 17 spot welds have been created along each line, as shown in Figure 3 (left). For the modified 
design, the number of spot welds along each line is drastically reduced to only 6 or 7 per connection line.  
 

 

Figure 3: B-pillar re-design: change the number of Hexa spot welds along 4 connection lines along 
the length of the b-pillars, using LMS Virtual.Lab [14].  In the nominal design (left), the average 

spot weld distance is 55mm, so that 17 spot welds are created along each line; in the modified design 
(right), the distance is increased to 150mm, so that only 6 to 7 spot welds are created along each line. 

 
For this modification,  

• Figure 4 compares the full FE analysis results for the nominal model, with the full FE analysis 
results for the model, in which the B-pillars have been modified as in Figure 3, left (so with 6 or 7 
spot welds, instead of 17 spot welds, along each line). Clearly the dynamics have changed as a 
result of the modification.  

• To assess the quality of the modification prediction with WBS, a comparison is made between the 
modes of the BIW with modified B-pillars (as in Figure 3, right), obtained from a full FE 
validation analysis of the modified model, and from a fast WBS-reduced analysis:   

o the relative eigenfrequency difference is less than 0.3 %for all modes up till 100Hz 
o the MAC [15] is larger than 0.98 for all modes up till 100Hz, see also Figure 5.  
o Figure 7 demonstrates the accuracy of WBS when used for a structural FRF calculation 

(frequency range up till 100Hz, with input at the engine mount, DOF +Z, and output at the 
driver seat rail, DOF +Z). The nominal FRF (for the model with 17 spot welds along each 
line (blue, dotted curve) is compared with the FRFs obtained with the modified models 
(with 6 or 7 spot welds along each line): the prediction with the WBS-reduced model 
(black, solid) and with a full FE modification analysis (red, dashed). It can be seen that the 
effects of the modification are substantial (the nominal curve clearly differs from the 
modified curves), and that the WBS-reduced modification prediction is very accurate 
when compared to the full FE modification prediction, for both amplitude and phase.  

From the above comparison, it can be seen that the modification prediction with the WBS-reduced 
assembly structure is very accurate. So despite drastic changes in the B-pillar design, WBS can be used to 
predict the modified BIW dynamics in a very accurate and efficient manner (recall that for this case, the 
WBS prediction is 100x faster than a full FE prediction of the B-pillar modification).  
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Figure 4: B-pillar re-design: MAC to compare 
the nominal modes (B-pillars as in Figure 3, left) 
with the modes obtained when the B-pillars are 
modified (Figure 3, right). Clearly the dynamics 

have changed as a result of the modification. 

Figure 5: B-pillar re-design: MAC to compare 
modes of the BIW with modified B-pillars (as in 
Figure 3, right), obtained from a full FE analysis 
and from a WBS-reduced analysis. Clearly the 

WBS results are very accurate.  

 

 
Figure 6: B-pillar re-design: FRF from engine mount (+Z) to seat rail (+Z) in the range 0-100Hz. 

For the nominal model (with 17 spot welds along each line), the blue, dotted curve is obtained. For 
the modified models (with 6 or 7 spot welds along each line),  the prediction with the WBS-reduced 

model (black, solid) is compared with the full FE modification prediction (red, dashed). The 
modification is substantial (the modified curves are different from the nominal curve), and the 

modification is accurately predicted with WBS (the modified curves clearly overlap) 

 
Of course, a variety of other modifications on the b-pillar can be considered, such as modifications of shell 
thickness, material properties (Young’s modulus, mass density), but also re-inforcements to locally 
strengthen the B-pillar, shape modification (cross section, morphing) and even shape optimization.  
Note that elsewhere in these proceedings, you can find the paper [16] which deals with the same b-pillar 
application model. This paper studies the effect of uncertain input parameters (spot welds, re-
inforcements, ...) on the static performance of the industrial vehicle model, by combining the fuzzy FE 
method with static substructuring based on Guyan reduction [17].  
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3.2 Windscreen-BIW Coupling 
 
Figure 7 shows the second industrial application case: the coupling of a windscreen in a vehicle body-in-
white (BIW). The connection between the windscreen and the vehicle BIW is realized with glue. The glue 
has been modeled using elastic springs defined between 149 pairs of nodes and for the translational DOFs 
only. A modification analysis is performed, multiplying the translational coupling stiffness with a factor 
ranging from 0.1 to 10. Such modifications have a substantial effect on the vehicle body dynamics. Figure 
8 shows a MAC [15] comparison (top view) in LMS Virtual.Lab [14] between the nominal 
BIW+windscreen assembly modes and the modes obtained when the elastic coupling stiffness is 
multiplied with 10. The dynamics have changed significantly: the MAC clearly deviates from unity for a 
large number of modes.  
 

 
  

Figure 7: BIW-Windscreen Coupling 

 

Figure 8: MAC to compare the nominal BIW+ 
windscreen modes with the modes obtained when 
the elastic coupling stiffness is multiplied with 10. 
Clearly the dynamics have changed as a result of 

the modification. 

 
It is assessed whether Wave-Based Substructuring can be used to obtain fast and accurate predictions in 
the above-mentioned modification range. 92 interface basis functions are obtained from the normal modes 
of the nominal BIW+windscreen assembly. As the number of basis functions is less than the number of 
junction DOFs (447), the WBS approach reduces the problem size. Figure 9 and Figure 10 compare the 
conventional assembly modes with the WBS predictions up to 150 Hz. Figure 9 shows that with a factor 
0.1, the MAC diagonal is larger than 0.8 for all modes, and the frequency difference remains below 0.5%. 
Likewise, Figure 10 shows that with a factor 10, the MAC diagonal is larger than 0.85 for all modes, while 
the frequency difference never exceeds 0.3%. So despite drastic changes in coupling stiffness, it can be 
concluded that WBS can be used to accurately and quickly predict the BIW+windscreen assembly 
dynamics. This example shows that a WBS assembly of reduced modal models can be used to efficiently 
perform sensitivity analyses to connector properties modifications. It gives very accurate results and, as 
reduced component models are used, the analyses are very fast. 
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Figure 9: BIW-Windscreen case, translational 
stiffness modification with a factor 0.1: WBS vs. 

full FE results, in terms of frequency (top), 
relative eigenfrequency difference (middle) and 

MAC diagonal (bottom). 

Figure 10: BIW-Windscreen case, translational 
stiffness modification with a factor 10: WBS vs. 

full FE results, in terms of frequency (top), 
relative eigenfrequency difference (middle) and 

MAC diagonal (bottom). 

 
 
 

4 Vibro-Acoustic Analysis 
 
In this section, Wave Based Substructuring has been applied to a vibro-acoustic analysis case, with the 
aim to reduce the interface description of a windshield to trimmed body connection. This coupling has 
dynamic stiffness as shown in Figure 11 (defined in the range [10,150]Hz, and varying between 0.2 and 5 
times the nominal stiffness value). Consider the acoustic cavity in Figure 12. The aim is to predict the 
Noise Transfer Function (NTF) between the structural input point (engine head mount) and a target 
pressure output point (front center microphone). 

 
Figure 11: Frequency dependent spring 
properties of trimmed body–windscreen 

connection. 

 

 
Figure 12: Problem outline: noise transfer 

function from structural input point  
to output microphone. 

 
For the structural part, two assembly models are created: 

• Conventional assembly of full FE body and windscreen. Acoustic Transfer Vectors (ATV) are 
used for the vibro-acoustic calculation [18]; 

• WBS assembly of reduced modal models of body and windscreen. Modal Acoustic Transfer 
Vectors (MATVs) are used for the vibro-acoustic calculation [18]. 
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For a given frequency, direct forced response analysis [13] is used to compute structural responses (for the 
full model) or modal responses (for the WBS assembly). The structural responses are then projected onto 
the acoustic mesh, and LMS Virtual.Lab [14] Acoustics can then be used to predict the microphone sound 
pressures p based on the LMS SYSNOISE [19] solver, using Equation (8a) for the full model and using 
Equation (8b) for the WBS assembly, so that the results can be compared.   

{ }{ }vATVp ∑=        (8a) 

{ } { } { } { }wswstbtb MRSPMATVMRSPMATVp ∑∑ +=   (8b) 
with v the structural normal velocity and MRSP the structural modal responses (vector of the modal 
participation factors). Subscripts tb and ws denote trimmed body and windscreen, respectively. On an SGI 
Onyx3 workstation (1600 MHz MIPS R14000, 2GB memory), the structural solution for the conventional 
assembly requires 423s, and for the reduced WBS assembly it is obtained in 88s. The model considered 
here has a coarse mesh; for a refined mesh, the gain in time would be even more important. The 
calculation time of the full model rapidly increases with the model size, while it stays approximately in the 
same range for the reduced assembly.  
OPTIMUS [20] is a commercial software package for process integration and design optimization. Using 
the process integration functionality, the above-mentioned computation process has been captured with the 
frequency as a variable. This allows to easily generate comparison results for discrete frequencies. Figure 
13 compares the results for the full FE assembly structure with the results of the reduced WBS assembly 
structure, for the range of discrete frequencies 10, 11, 12…, 150Hz.  It can be seen that the results are 
identical, as the curves are superimposed. It can be concluded that the reduced WBS assembly can be used 
to accurately and efficiently predict the full FE assembly results. 
To underline the industrial relevance to accurately model the dynamic stiffness, the acoustic pressure has 
also been predicted at the same discrete frequency lines with a constant nominal coupling stiffness (in 
Figure 11, this corresponds to a factor 1 in the entire range). Figure 13 compares the constant stiffness 
curve (for the full FE model) with the dynamic stiffness curves (for the full FE model and the WBS 
reduced model). Clearly the effect of frequency dependent coupling properties is important to accurately 
predict the acoustic pressure in the range above 60 Hz. 
 

 
Figure 13: Coupling of windscreen in trimmed body: pressure response obtained with dynamic 
stiffness for the full FE assembly (red, dashed) and the WBS assembly (thin black, solid) – the 

curves clearly overlap. For comparison, the pressure response obtained with constant stiffness is 
also shown for the full FE assembly (blue, dotted) – clearly a different curve. 
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5 Conclusions 
 
A Wave-Based Substructuring (WBS) approach has been developed to enable fast vehicle body 
optimization. An efficient assembly formulation is obtained by writing the interface displacements as a 
linear combination of interface basis functions. As the required number of basis functions is typically 
much lower than the number of interface DOFs, faster assembly predictions are obtained. Interface basis 
functions are obtained from a single normal modes solution of the full assembly model. These basis 
functions accurately capture the dynamics of the interface in the assembly, so that the interface DOFs can 
be expressed accurately in terms of these basis functions. Performing a single full analysis may sound 
counter-intuitive, as substructuring and condensation methods were originally developed to prevent having 
to perform a complete assembly analysis. However, in a modification analysis and optimization 
framework, one might have to perform hundreds of iterations. It is then most critical to speed up the time 
required for a single iteration, so that a single full computation that allows doing so is not a large 
computational burden. The WBS approach has been worked out for the rigid and elastic coupling case, 
and can be applied to efficiently and accurately assemble FE components and/or reduced modal models of 
components.  
It has been shown that the WBS predictions are very accurate when compared to the full FE predictions. 
Three industrial scenarios have been considered, involving both structural analysis and vibro-acoustic 
performance: the re-design of the B-pillars, the coupling of a windscreen in a vehicle body in white using 
linear elastic stiffness, and the coupling of a windscreen in a vehicle trimmed body model using dynamic 
stiffness properties. Results from the different analyses showed that the WBS approach yields very 
efficient and accurate predictions of elastic coupling stiffness modifications, even when drastic 
modifications are applied. Comparison of the computation time showed the benefits of combining modal 
reduction and Wave-Based Substructuring. A key benefit of the WBS approach is that it – by reducing the 
number of interface degrees of freedom – greatly facilitates the reduction procedure for components (as in 
such a reduction procedure, typically one must compute enrichment vectors – one for each interface 
degree of freedom between components). This benefit has been quantified on the basis of an industrial-
sized example case. For these industrial cases, it has been shown that the WBS results compare well with 
full FE predictions in a wide modification range in terms of accuracy and CPU time. This proves the 
validity of WBS for performing accurate and efficient optimization within the considered modification 
range.   
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Abstract 
 

The paper presents an application of coupling between Response Surface Methodology and Monte Carlo 
Simulation in the field of dynamic analysis of mechanical structures. The error introduced by using an 
approximated metamodel instead of the real model for the Monte Carlo Simulation is here analyzed and a 
solution is proposed to overcome the problem. 
 

1 Introduction 
 

The researcher who wants to study the influence of uncertainty of some design parameter on the dynamic 
response of a mechanical system, will find Monte Carlo Simulation (MCS) as an useful tool. Nevertheless, 
the goodness of results from this methodology is in contraposition with the large amount of experiments 
requested that would make its direct use unfeasible in many cases. A very easy and effective solution to 
overcome this problem has been found coupling Response Surface Method (RSM) and MCS: the RSM 
furnishes the relationship between input and output variables so that MCS can be applied to this 
metamodel with a little consume of time. The literature gives many examples of such an application. In 
particular, this paper deals with the dynamic analysis of a frame and a more complex model of airplane 
Skytruck M28. The aim of this work was to study the influence of the uncertainty of structural parameters 
on the dynamic response of the models, focusing the attention on the final results from MCS. 

The analysis starts from the Design Of Experiments (DOE) which sorts the parameters according to their 
level of influence on the response. In this important step the researcher many often has to reduce the 
problem, neglecting less important variables, then the metamodel will be built on a reduced space; it 
means that the future results from MCS will take into account this reduction and moderate error could 
appear. Here, different solutions are proposed to correct the amount of missing variance which is due to 
the low-influence parameters no longer considered in the response surface. 

 

2 Study of the frame 
 

A frame model has been considered as initial benchmark for its simplicity. The frame consists of four 
metal plates creating a symmetrical M structure (figure 1). The three vertical plates are clamped and two 
additional bars are present to increase the rigidity of the structure. The dynamic analysis shows the second 
normal mode being a bending mode for all of the plates. 

The study has been divided into four steps: optimization process, DOE, fitting and MCS. The optimization 
process reflects a problem of searching for the configuration of the structure leading to the best response, 
whilst the other steps represent the uncertainty analyses related to uncontrollable factors such as tolerance 
of manufacturing, variability of materials and so on. 
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It seems important to stress in advance that in this study the FE calculations substitute real experiments. In 
this approach, the response will not be affected by the random error, in fact, performing twice the FE 
calculations with the same data inputs would yield an identical result. It means that the output is not 
stochastic and the use of statistical tests would be inappropriate. 

 

                      

Figure 1: Frame model and second mode shape of the structure 

 

2.1 Optimization process 
 

The task of the optimization faced the problem of finding the structure configuration, in terms of assumed 
uncertain parameters, for which the second natural frequency of the frame achieved the maximum value. 
These parameters were the thicknesses of the four plates and the region of variability that came out, called 
region of operability, had the same bounds for all the thicknesses, i.e. 1mm as minimum value and 3mm as 
maximum (table 1). 
 

 Plate 1 Plate 2 Plate 3 Plate 4 

Upper bound [m] 0.003 0.003 0.003 0.003 

Lower bound [m] 0.001 0.001 0.001 0.001 

Optimization 
result [m] 

0.003 0.003 0.003 0.003 

Table 1: Operability region and optimization result 
 

The optimization process has been performed by using the steepest ascent method [1,2] that was able to 
catch the optimal point which is the configuration of the structure with the thickest plates. The starting 
point of the path was the central point of the region of operability, and after two modifications of the 
path’s direction, where the bounds of the region of operability were encountered, the optimum was 
reached (figure 2). 
 

Starting
point Maximum

 

Figure 2: Scheme of the steepest ascent path (all dimensions in [m]) 

 

Plate 1 

Plate 2 

Plate 3 

Plate 4 
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2.2 Preliminary screening experiment 
 

In this process we wanted to analyze the influence of all the parameters (i.e. the thickness of the plates, the 
Young’s modulus, Poisson’s ratio and mass density of the materials of plates and bars of the model) on the 
response. For this aim it was necessary to create a preliminary DOE. Many DOEs exist [1,2], according to 
different necessity, but when the number of variables is large, the researcher has to limit the quantity of 
experiments, looking for the best trade-off between the loss of information and benefit in term of cost and 
time.  

In presented case, although the model had few variables, we were interested in reducing the number of 
experiments for the screening experiment as much as possible. Then, a simple axial design has been 
considered, which is usually utilized in sensitivity analysis. In such a design each parameter is 
independently varied  one at a time along two levels, up and down the nominal. This design can give 
information about the linear and quadratic terms of the variable but no interaction among parameters can 
be explored. It follows that only a preliminary influence analysis may be exploited, but it is enough if 
either the gap between the most important variables and the others is substantial or there is not a strong 
interaction among the terms.  

Table 2 presents the nominal values and ranges of variability for all design parameters. Instead, the result 
of the analysis is presented on the Pareto plot in figure 3. Each bar of the histogram represents the  
percentage influence of each input parameter on the response. It seems evident the major weight of the 
thicknesses of the three plates on the response. This leaded to choose only these thicknesses as variables of 
the future response surface in spite of their percentage influence was less than 50%. It was a deliberate 
decision so to have a fair error caused by the neglected parameters. 

 

 Plate Bar 
 Nominal value Uncertainty Range Nominal 

value 
Uncertainty Range 

Thickness [m] 0.003 2% 0.001 - 0.003    

Young modulus [N/m2] 2.1 1011 2% 2.06 1011 - 2.14 1011 2.1 1011 2% 2.06 1011 - 2.14 1011 

Poisson’s ratio 0.3 2% 0.288 - 0.312 0.3 2% 0.288 - 0.312 

Mass density [Kg/m3] 7860 2% 7546 - 8174 7860 2% 7546 - 8174 

Table 2: Nominal values and amount of uncertainty of input parameters 
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82%
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Figure 3: Pareto plot of all frame input parameters 

 

2.3 Response surface 
 

In order to calculate the response surface, a Central Composite Design (CCD) [1,2,3], whose scheme is in 
figure 4, was built with center equal to the nominal configuration and unitary distance for the axial 
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observations (referring to coded variables). This design allowed to have a second order hyper-surface with 
the complete set of interaction terms.  

The RSM proposes many tests to check the adequacy of the regression, some of them are statistical but in 
this context, as already mentioned, they would be inappropriate because of the deterministic nature of FE 
calculations. However, the goodness of regression has been checked by the coefficient of multiple 
determination (R2 = 0.999) and the adjusted coefficient of multiple determination (Radj

2 = 0.991). Both 
these coefficients are very high and the plot of residual against the predicted response (figure 5) does not 
present anomalies. It should also be noticed the symmetry of this diagram, as consequence of the 
symmetry of the structure. 
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           Figure 4: CCD of the frame          Figure 5: Residuals against predicted response 

 

2.4 Monte Carlo Simulation 
 

In this step the simulations have been conducted both using the response surface and the FE model, then 
the results have been compared. Each variable has been considered stochastic with Gaussian probability 
density function. Their mean values were the foregoing nominal values, and three times standard deviation 
equaled half of the previous tabled range of variability. In this way the 99.7% of the observations would 
probably have remained inside the ranges of variability in table 2. 

An initial MCS with 5000 iterations had been launched to determine the necessary number of iterations for 
the calculations and it was found that the convergence of the standard deviation of the response was well 
assured as from 2000 observations (diagram on the left in figure 6). Then the number of iterations was 
reduced down to 3000 for all next MCS. 

 The results from MCS are summarized in table 3 and the right plot of figure 6. It is important to remark 
that the presented mean value and variance of the table are the mean over repeated simulations (only for 
RSM solutions). Instead, the figure 6 compares the reference histogram from FE calculations with those 
from RSM. It turns out that the use of response surface with three input variables (RSM-3var) gives an 
exact solution for the mean response, with respect to the reference result (FE-19var), but it shows 
moderate discrepancy of σ. This gap, obviously, is due to the reduction of the metamodel, missing 16 
variables. This is confirmed by the FE-3var case.  

In order to reduce this gap three different solutions may be considered: 

� to increase the number of controllable variables performing new FE calculations, 

� to increase the number of controllable variables using data from preliminary sensitivity analysis,  

� to create to separated response surface for the ‘high-influence’ and ‘low-influence’ variables. 

Discarding the first option, the second and third possibilities will be here discussed. 

Factorial points 

Axial points 

Central point 

Thickness 4 

Thickness 1 

Thickness 3 
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Figure 6: Convergence diagram of FE-19var and MCS histograms 

 

2.4.1 Variance Improvement 
 

As said before, the response surface was built on the CCD. This design may be enlarged by the 
experiments from the sensitivity analysis so to contemplate all 19 variables in the response surface. These 
new axial observations could not give information about the interaction among the variables, but could 
extend the fitting with linear and quadratic terms of other 16 variables until having a saturated design. 

Adding a corrective factor to the variance of the RSM–3var case could be another solution to improve the 
variance. This factor represents the variance of the 16 neglected parameters. This statement will be 
explained by the following example. 

Let’s assume for simplicity a phenomenon controlled by only two input variables where x1 is the most 
important variable and x2 the negligible one. The fitting of F(x1, x2), considering only x1 as controllable 
variable and fixing x2 at its nominal value x2n, will be Rs(x1) = Rs(x1, x2n).  

Indeed, it is always possible to write: 

F(x1, x2) ≈ Rs(x1) + Er(x2) 

where Er(x2) is a corrective function of Rs(x1) that takes into account the variability of x2 when x1 is fixed 
at x1n, and it represents the increment of F(x1, x2) with respect to the nominal point, varying only x2 (figure 
7), that is: 

Er(x2) = F(x1n, x2) – F(x1n, x2n) 

It follows that, if there is not strong correlation and interaction between x1, x2, the mean value and variance 
of F(x1, x2) is close to the sum respectively of the mean and variance of each of Rs(x1) and Er(x2). It is 
evident that no interaction between the two parameters can be here considered. 

E [F(x1, x2)] ≈ E [Rs(x1)] + E [Er(x2)] 

Var [F(x1, x2)] ≈ Var [Rs(x1)] + Var [Er(x2)] 

The function Er(x2) may be obtained from some additional experiments.  

In conclusion this process consists of splitting the response in two sub-functions not correlated between 
them: the first represents the effect on the response of the high-influent variables, the second of the low-
influent variables. 
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Figure 7: Representation of the values of the functions as solid lines  

 

About the model of the frame, the experiments in section 2.2 have been used for the evaluation of Er(x2) 
which can contain first and second order effects, but no interactions by virtue of the axial design. The 
figure 7 explains the modification of variance caused by these corrections. In this case, both solutions 
bring the same improvements, but there are some computational differences that could suggest applying 
the second solution (RSM2-19var) to the first one (RSM1-19var): 

� the high-influence surface can be modified without rebuilding the entire design (the same for the low-
influence surface) 

� it is possible to evaluate separately the variance of high and low-influence variables. 

Instead, the clear disadvantage of this methodology is the impossibility to investigate the interactions 
between a pair of high and low-influence variables 

 

 

 

 

 

 

 

 
 

                    Table 3: MSC results summary  

 

 
 

Figure 7: MCS histograms after correction methods 

 

 

 Mean [Hz] Standard dev [Hz] 

FE-19var 15.835 0.0699 

FE-3var 15.835 0.0595 

RSM-3var 15.834 0.0585 

RSM1-19var 15.835 0.0700 

RSM2-19var 15.834 0.0700 

F(x1n,x2n) 

Rs(x1P ,x2n) 

Er(x1n,x2P) 

F(x1P ,x2P) 

15.6 15.65 15.7 15.75 15.8 15.85 15.9 15.95 16 16.05 16.1
0

50

100

150

200

250

300

Response [Hz]

N
um

be
r 

of
 it

er
at

io
ns

 

 

FE-19var

RSM1-19var

RSM2-19var

P 

x2n 

x1n 

1918 PROCEEDINGS OF ISMA2006



3 Study of the Skytruck M28 
 

The study of Skytruck M28 proceeds in the same way of what has been done for the frame, except for the 
lack of the optimization process. In the current case there was only the necessity to observe how the 
variation of model parameters modified the dynamic response of the structure. These variations may 
represent either the uncertainty of material features or the variability of some loads in flying condition. To 
accomplish this task the response surface has been evaluated in the region of variability of the parameters 
and then MCS applied. 

 

3.1 Model description 
 

The FE model of the airplane has been prepared by PZL-Mielec [6] in MSC.Nastran software (figure 8).  

 

 

Figure 8: Model of Skytruck M28 

 

Main parts of the structure, i.e. fuselage, wings and stabilizers have been modeled using one-dimensional 
finite elements (CBEAM and CBAR) and concentrated mass components (CONM2). Concentrated masses 
also express the mass of pilots and all loads located in the airplane. Ailerons, rudders, elevators are more 
accurately modeled (with elements TRIA3 and CQUAD4) since this model had also been used for flutter 
analysis carried out within another research [7]. To keep together, particular parts of the airplane have 
been connected one another with multipoint constraints (RBE2). The main dimensions of the model: 
height 3.757m, length 13.037m, width 21.939m. The mass of the airplane is 6680kg. 

Skytruck M28 is equipped with searchlight SX-16 mounted under right wing and is covered by an 
aerodynamic fairing. The searchlight itself is modeled with concentrated mass element. 

As subject of dynamic analyses only the tenth natural frequency has been considered. It is connected with 
the first bending mode of the wings (figure 9) . 

 

3.2 Assumed uncertainties 
 

A number of different kinds of uncertainty have been analyzed during FE simulations. They can be 
divided into several groups, namely connected to: material properties, geometric features, mass of pilots, 
distribution of the onboard cargo, amount of the fuel in the tanks and anti-flutter masses located at the 
ends of the wings. Table 4 shows all the uncertain parameters taken into account and the applied 
probability distribution functions. 

 

Number of nodes 13727 

Number of finite elements 22721 

Number of defined materials 36 

Number of used multipoint constraints 498 
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Figure 9: Tenth normal mode of the model 

 

The number of uncertain parameters equals 378. 30 materials with varying properties have been modeled. 
Young’s modulus, Poisson’s ratio and mass density of mentioned materials could change their values. The 
thicknesses used in 41 different shell element properties could also vary. 274 nodes within the airplane 
model have also been characterized by varying values of concentrated masses. 

 

Young’s modulus Number: 30 

Poisson’s ratio Number: 30 
Material 

properties 
Mass density Number: 30 

Uncertainty: 10% PDF - normal 

Geometry 
properties 

Thickness Number: 41 Uncertainty: 10% PDF - normal 

Mass of pilots Number: 1 Uncertainty:140-200kg 

Loaded cargo Number: 11 

Uncertainty: 100% 

(i.e. value of mass for each 
given node can equal 0) 

Fuel Number: 8 

Uncertainty: up to 97% 

(i.e there is a restriction to 
keep a given minimal 

amount of fuel in each tank) 

Anti-flutter masses Number: 2 Uncertainty: 10% 

Mass of the searchlight Number: 1 Uncertainty: 10% 

PDF - 
uniform Mass 

distribution 

Other concentrated 
masses 

Number: 224 Uncertainty: 10% PDF - normal 

Table 4: Description of the input parameters with their associated uncertainty 

 

3.3 Preliminary screening experiment 
 

An initial preliminary analysis was performed to reduce the number of variables considered in the next 
fitting. But, whilst in the previous case the strong reduction of regressors has been done on purpose, here it 
was a necessity. In fact, the large number of parameters that could be analyzed was in contraposition with 
the amount of experiments that would have been required (in general, the RSM seldom allows more that 
fifteen controllable variables). 

In the same way, the screening experiment used an axial design where, once again, the axial distance has 
been chosen according to the level of uncertainty of the variable.  

The figure 10 shows the results from the study where the first five most parameters are marked: 
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1. E4: Young’s modulus of material of the wings 

2. M51278: Mass of fuel in the left additional tank  

3. M1278: Mass of fuel in the right additional tank 

4. M51320: Anti-flutter mass in the left wing 

5. M1320: Anti-flutter mass in the right wing 

These parameters have been used as input variables for the following regression.  

E4 M51278 M1278 M51320 M1320 E3 M51300 M1300 M83546 Ro15 M51290 M33546 E8 M51340 M1290 M51310 M51280 M51218 M1310 M1280

Parameter
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Figure 10: Pareto plot for the first twenty most influential variables 

 

3.4 Response surface 
 

It was decided to use a second order polynomial function with the complete set of iterations as response 
surface. The central composite design provided an efficient base for the fitting how it is showed by the R2 
and Radj

2 respectively equal to 0.999 and 0.998. On the other hand, the residual plot against the predicted 
response (figure 11) points out high values of residual in correspondence of axial points. It means that 
higher order response would be more appropriate, but we decided to accept this result because it was not 
worth to dedicate a lot of efforts in evaluating a perfect fitting that would have been used in Monte Carlo 
simulation. 
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Figure 11: Residuals against predicted response   

 

3.5 Monte Carlo Simulation 
 

MCS has been performed using the response surface (RSM-5var) and compared with the referential MCS 
FE-378var. The results from this comparison (table 5 and the histograms on the left in figure 12) point out 
that the mean value of the response is always well predicted, but there is a gap in the variance between the 
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FE simulation and the simulation using the RS. This follows from the approximation of the dynamic 
response introduced by the use of the metamodel (comparing FE-5var with RSM-5var) and by the effect 
of the reduction of the input variables (comparing FE-378var with FE-5var). If we wanted to reduce this 
gap we should better the goodness of the fitting or increase the number of regressors. 

 

 Mean value [Hz] Standard dev [Hz] 

FE-378var 3.9806 0.0750 

FE-5var 3.9810 0.0732 

RSM-5var 3.9829 0.0700 

RSM1-378var 3.9620 0.0713 

RSM2-378var 3.9810 0.0718 

Table 5: MCS results summary 

 

As it has been already done for the frame, we may improve the variance enlarging the number of input 
variables through the use of data from axial experiments of the preliminary analysis. Differently from the 
frame case, here the solution RSM2 (plot on the right in figure 12) seems to be more effective: besides the 
beneficial computational aspects stressed in section 2.4.1, better results can be observed. In fact, although 
the improvements in terms of variance are comparable, no shift of mean values follows. 
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Figure 12: Histograms of all MCS 

 

4 Conclusions 
 

In this paper the influence of uncertainty of structural features on the dynamic response of two models is 
analyzed by the coupling of metamodel and MCS. The RSM allows to evaluate the metamodel, finding a 
relationship between input and output variables. But a limited number of input parameters can be 
simultaneously taken into account in RSM, since an excessive number of experiments would be otherwise 
required; then, it is often necessary to select only the most important parameters. This reduction could 
cause a significant difference between the results form the MCS obtained using the metamodel and the 
real model. To decrease this gap the creation of a second response surface is proposed in order to consider 
the influence of the neglected parameters. Now, this second metamodel might be a poor approximation of 
the influence of the previously neglected variables on the response but it would require only few further 
experiments. However, low influence of the neglected variables on the response may justify the use of this 
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second simple regression and the correction in term of mean value and variance could be important, at 
least when there is not a strong interaction between the set of parameters with high influence and the other 
with low influence. This way to proceed seems to be quite effective, especially in case of applications with 
MCS where a perfect relationship input-output is not required.  
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Abstract 
 
The component mode transformation method is a novel approach, developed to analyze the dynamics of 
systems affected by uncertainties in their dynamic parameters. This method provides a reliable 
improvement of the computational performance of the original transformation method, which represents a 
practical tool to generally analyze systems with uncertain parameters. The uncertain parameters of the 
system are modeled by fuzzy numbers in contrast to random numbers used in stochastic approaches. As a 
result of this fuzzy arithmetical analysis, a quantification of the overall uncertainty of the system outputs, 
including a worst-case scenario, is provided. 
The component mode transformation method uses the component mode synthesis approach to drastically 
reduce the number of model evaluations required in the framework of the transformation method, so that a 
significant reduction of the overall computing time is obtained. 
As an example, the dynamic behavior of an automotive control unit, consisting of a constrained circuit 
board, is studied using both the original transformation method and the component mode transformation 
method. Finally, advantages and drawbacks of the proposed method are discussed. 
 

1 Introduction 
 
The study of a direct uncertain problem consists of the propagation of the uncertainties from the input 
parameter space through a model to obtain the quantification of the uncertainties in the required outputs. 
The transformation method, proposed by Hanss [1], describes the uncertain parameters as fuzzy numbers 
and provides a simple, but powerful method that is able to estimate uncertain fuzzy-valued outputs. The 
drawback of the transformation method is a high computational cost due to a high number of evaluations 
of the model. Moreover, the number of evaluations increases exponentially with the number of uncertain 
input parameters. 
In order to reduce the computational time, a reduction of the size of the model through the component 
mode synthesis method (CMS) is proposed. The component mode synthesis method, proposed by Hurty in 
1965 [2], has significant condensation advantages and is well suited for modeling and simulating large and 
complex systems. The basic approach of the CMS is to divide the system into k subsystems, and the ni, 
i=1…k, mode shapes of each subsystem are used in a Rayleigh-Ritz analysis to calculate approximate 

mode shapes of the overall system. In the CMS method, the reduced base contains ∑
=

=
k

i
im nN

1
 columns 

that correspond to the n substructures normal modes and Np attachment mode shapes, where p is the total 
number of interface degrees of freedom in the model. 
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The Component Mode Transformation Method (CMTM) [3], provides a consistent reduction of the time 
needed to evaluate each model, leading to a significant computational advantage. Unfortunately, this 
method does not change the scaling of the computational cost with respect to the number of uncertain 
input parameters. A high number of parameters (e.g. 100 parameters) is still going to lead to an 
overwhelming number of model evaluations, even if the models are reduced. 
In the following, a brief description of the component mode transformation method and a practical 
application is presented. The application shows the simulation and analysis of the dynamic behavior of an 
automotive component, i.e. a circuit board from a state-of-the-art engine control unit. The circuit board is 
simplified as a thin undamped plate clamped on two sides taking into account its real assembling state in 
the engine hood of the car. The effects of uncertainties in the positioning of two circuit component on this 
plate as well as uncertainties in the clamping of the plate, simulating the state of ‘nearly perfectly 
clamped’, are investigated. The uncertain parameters p and the fuzzy output q of the system are displayed 
in bold characters.  
 

2 The component mode transformation method 
 
A complicated engineering structure is usually characterized by several components connected with each 
other. The substructuring techniques allow the consideration of each sub part independently from the 
others. It provides a condensed model for each substructure, and therefore describes the whole system as a 
composition of the subparts in a compact way.  
A first advantage resulting from applying substructuring techniques to uncertain problems is the 
possibility to build reduced models of those parts of the system that are not uncertain, thus reducing the 
computational cost of each evaluation by reducing the numerical size of the model.  
A more relevant computational improvement results from the fact that, in order to use the transformation 
method, the number of required evaluations of the model is defined by the Cartesian product between the 
sampling vectors of the input intervals for each α-cut. If the uncertain parameters are geometrically 
inherent to different substructures, or if the overall structure can be divided into parts, where each part is 
characterized by a small/smaller number of uncertainties, it is possible to compute just few/fewer reduced 
models of each part. It is important to notice that the number of models of the overall structure that must 
be evaluated remains unchanged, nevertheless these models are reduced and their evaluation can be up to 
100 times faster than the evaluation of the original model. 
Another important consideration regards the fact that uncertainties in mechanical systems are often 
inherent to joints and constraints. In such cases, the uncertainties can be neglected while creating the 
reduced models of the substructures. They only have to be considered while evaluating the reduced model 
of the overall system.  
In its general formulation the CMTM requires five sequential steps to be outlined in the following, while 
figure 5 shows the flow chart of the proposed procedure: 
 

• Step 1: Definition and sampling of the parameter hyperspace. 

The input parameter hyperspace is sampled according to the transformation method in its general form or, 
when possible, to the reduced transformation method.  
 

• Step 2: Substructuring of the model. 

The uncertain model is sub-structured so that the smallest possible number of uncertain parameters 
characterizes a single substructure and the largest number of uncertain parameters occurs in the joints or 
the boundary conditions. 
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• Step 3: Application of the transformation method to the substructures 

Since the model of each substructure is uncertain, the transformation method is applied. Instead of a single 
crisp reduced model of the substructure, a set of reduced models is necessary to cover the portion of the 
parameter hyperspace inherent to that substructure. 
 

• Step 4: Assembling the crisp reduced model of the whole structure. 

Each crisp reduced model of the overall structure is characterized by a well-defined set of crisp parameters 
(see step 1, sampling of the parameter hyperspace). Therefore, the models of the substructures that are 
used in this step must be chosen accordingly. The uncertainties stemming from the joints and the boundary 
conditions need to be considered in this step.  
 

• Step 5: Solution and post-processing. 

Each crisp reduced model is solved, and the fuzzy outputs are reconstructed from the data obtained from 
the evaluations according to the formulation of the transformation method. 
In the first step, all models needed for the analysis are defined. The information is necessary to obtain the 
models needed for each substructure in step 3. Step 2 defines the substructures. In order to obtain a fast 
solution, it is important to divide the set of uncertain parameter among the substructures as good as 
possible. In fact, the number of models needed in this step depends on the number of fuzzy parameters 
inherent to each substructure. Moreover, the number of models grows exponentially with the number of 
uncertain parameters that characterize a single substructure. In step 3, the master nodes of the substructure 
must be selected. Step 4 and 5 are a straightforward application of the transformation method to the 
reduced model. 

 

Figure 1: Flow chart of the component mode transformation method 
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3 Study of the uncertain dynamics of an automotive control unit 
 

3.1 Description of the model 
 
As an example, the dynamic behavior of an automotive control unit, consisting of a constrained circuit 
board, is studied [4]. The circuit board under investigation is modeled in a simplified way as an undamped 
plate clamped on two sides (Figure 2a). This is done according to the real assembling situation. In fact, the 
board is fixed in slots on two sides with a thin layer of rubber between the unit and the slot (Figure 2b). 
The FE model consists of standard shell elements. The dimensions of the plate are given in Figure 1, the 
material data is given in Table 1. 
 

Thickness t = 1 mm Poisson’s ratio ν = 0.494 

Young’s modulus E = 2.80 1010 Pa Density ρ = 2420 kg/m3 

Table 1: Material data of the investigated plate. 

 
To approximate the electronic components located on such a board, two planar zones c are characterized 
by a different thickness, density and Young’s modulus: tc =2.5 mm, Ec = 3 1010 Pa and ρc= 2300 kg/m3. 
As the positioning of the electronic components varies between different models of the circuit board, the 
effect of their positioning (Figure 2a) on the dynamic behavior of the assembled board is investigated. The 
coordinates of the positioning establish a first set of uncertain input parameters. 
 

l1=0.02m 

l1
=0

.0
2m

 

x1 

x2 

y 2
 y 1

 

l=0.2m 

h=
0.

2m
 

Drive point 

c 

c 

 

Figure 2: a) Top view of the plate with the range of uncertainty in the positioning of the center of the 
two circuit element (grey), b) picture of a realization of the circuit board. 

 
A second set of uncertainties is due to the non-perfect clamping of two edges of the board, which complies 
better with the real assembling situation than a perfect constraint. Instead of fixed degrees of freedom in 
translational z-direction and the rotational degree of freedom about the y-axis, linear springs are added on 
the plate edges in these directions (Figure 3). By assuming the two constants of the springs, kuz and kroty, to 
be uncertain parameters of the system; the desired effect is obtained. In order to reduce the number of 
uncertain parameters in the model we assume kuz = α kroty. 
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Figure 3: Side view of the plate: linear springs in z-direction/about y-axis with spring constants kuz 

and kroty simulate support uncertainties. 

 
The numerical values used to describe the uncertain parameters are given below, the range of a fuzzy 
number x is given by: (lower bound, µ(x) = 0), mean value µ(x) = 1, (upper bound µ(x) = 0).  
 

• The x- and y-coordinates of the positioning of mass 1 (x1,y1) and mass 2 (x2,y2) are described by 4 
uncertain parameters: 
x1 = (0.04) 0.06 (0.8) m (symmetric, triangular fuzzy number),  
x2 = (0.12) 0.14 (0.16) m (symmetric, triangular fuzzy number), 
y1 = y2 = (0.04) 0.08 (0.12) m (symmetric, triangular fuzzy number). 

• The uncertain clamping of the board is described by 1 uncertain parameter:  
kuz = (107) 108 (109) N/m,  
kroty = 0.001· kuz = (104) 105 (106) N/m. 

 
The results obtained by the application of the standard transformation method to the system are compared 
with the results obtained by applying the component mode transformation method. One goal is to provide 
an estimation of the computational time gained by the CMTM versus the error of these results due to the 
reduction operated by the CMS. The investigated outputs of the analysis are the first 20 fuzzy eigenvalues 
of the system and a fuzzy FRF. 
 

3.2 Analysis 
 
The model consists of a board characterized by four uncertain parameters for the positioning of the 
electronic components with two parameters for each component. The general transformation method with 
the decomposition number m = 5 is applied for the fuzzy number representing these uncertain parameters. 
Another uncertain parameter is inherent to the boundary condition. 
 
Three different substructuring strategies are proposed and compared:  

• Case 1: 1 substructure - the board with 4 uncertain parameters. The uncertain constraint is only 
considered in the reduced model. 

• Case 2: 2 substructures - the board is cut into 2 parts, each with 2 uncertain parameters. The uncertain 
clamping conditions are only considered in the reduced model. 

• Case 3: 2 substructures - the board is cut into 2 parts, each with 3 uncertain parameters. Two uncertain 
parameters are related to the position of the electronic component, the third to the constraints. 

 
As a first step, it is possible to perform an analysis of the computational performance of the method in 
order to obtain an estimation of the expected computational gain. With a chosen substructuring strategy, 
the following analyses are performed using the modal value of all uncertain parameters: 

1. Extraction of the first 20 eigenvalues of the full system model, 

2. Creation of the reduced model of the substructures, 

3. Extraction of the first 20 eigenvalues of the reduced model. 

MADUSE 1929



 

 

Comparing the results of the solutions from 1) and 3), it is possible to estimate the error introduced by the 
reduction process. Moreover, by comparing the computational time of the three solutions, it is possible to 
retrieve the asymptotic computational gain Ga = Cf/C0. Cf is the time needed to obtain a solution with the 
reduced model, while C0 is the time needed for the evaluation of the model without substructuring. The 
asymptotic computational gain represents the maximum advantage derived from the application of the 
CMTM. In fact, Ga is the computational gain that can be obtained when the number of fuzzy parameters 
and/or membership levels is large, so that the computational time necessary to compute the reduced model 
of the substructures becomes negligible with respect to the time necessary to solve all the reduced models. 
It is also possible to estimate the expected overall gain G as the ratio between the time needed for the 
whole analysis performed with the CMTM and the time needed by the transformation method. The results 
from all substructuring strategies are listed in Table 2. 

 

 Case 1: Case 2: Case 3: 

Maximum error 0.1% 0.1% 0.1% 

Time for standard solution 3,00 3,00 3,00 

Total time for standard solution 13650,00 13650,00 13650,00 

Time for single model reduction 5,00 2,00 2,00 

No of reduced substructure models 2275,00 182,00 882,00 

Total time for reduction 11375,00 364,00 1764,00 

Time for the reduced evaluation 0,38 1,02 0,78 

No of required models 4549,00 4549,00 4549,00 

Total time for reduced models evaluation 1729,00 4641,00 3549,00 

Total time CMTM 13104,00 5005,00 5313,00 

Overall gain G 1,04 2,73 2,57 

Asymtotic gain Ga  7,89 2,94 3,85 

Table 2: Results from the preliminary analysis. 

 
The results allow the following conclusions: 

• The error on the output may be considered negligible. 
• For a single eigensolution, none of the proposed substructuring strategies provides any computational 

advantage. 
• The chosen problem is not very suitable for the CMTM, since it provides only a small computational 

advantage. 
• The maximum asymptotic computational gain Ga is obtained with the first strategy, while the 

maximum expected gain occurs for the second. Therefore, given the required outputs, strategy 2 is 
preferable. However, if the number of membership level increases, strategy 1 may become attractive. 

• Adopting the first strategy, the problem features few uncertain parameters. In fact, most of the 
computational time is spent computing the reduced models, while strategy 2 and 3 have an overall 
gain close to the asymptotic gain and therefore must be considered characterized by a high number of 
uncertain parameters1. 

 
The proposed example is characterized by a simple FE model, with few degrees of freedom; therefore, the 
overall advantage obtained by adopting substructuring technique is not relevant, i.e. the asymptotic gain is 
                                                      
1 In fact, the classification between a small and large number of parameters for the CMTM is a result of both the 
number of parameters and the adopted substructuring technique. 
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lower than 10. Moreover, the model consists of a single structure, characterized by several uncertain 
parameters, while there is only one parameter that can be considered only in the reduced model. As a 
consequence, in order to obtain a small amount of time spent for the reduction part, it is necessary to 
consider the board as two different substructures (strategy 2 and 3). This will cause an increase of the 
degrees of freedom of the reduced model, and therefore a decrease of the asymptotic gain Ga. 
 

3.3 Results 
 
Figures 4 and 5 present some eigenvalues of the system in the low, mid, and high frequency range of 
consideration. These show an overall increase of the uncertain amplitude around the mean value (µ(x) = 1) 
with increasing frequency. Moreover, the relative increase is not the same for each of the eigenfrequencies 
in fact, there is a relation between the mode shape of the plate at that frequency and the positioning of the 
circuit component that can affects the dynamic behavior of the plate either significantly or hardly at all.  
While the frequency increases, the “uncertain overlap” (i.e. the ratio between the average distance 
between two eigenvalues and their average uncertain range) between the modes increases as well. So that, 
as the frequency increases, it is not anymore possible to consider a specific dynamics of the system as 
representative of the class of dynamic behaviour of the several type/realization of the system. 

Figure 4: Fuzzy eigenvalues in the a) low and b) mid frequency range, computed using the 
transformation method (continuous line) and the CMTM (dashed line). 

 

 

Figure 5: Fuzzy eigenvalues in the high frequency range, computed using the transformation 
method (continuous line) and the CMTM (dashed line). 
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In other words, in a range of frequency with low uncertain overlap the standard crisp analysis is suitable 
for retrieving the dynamic behavior of the system (Figure 4a). In the range of frequency characterized by a 
consistent variation of the dynamic behavior of the system (Figure 4b) or by a large uncertain overlap, the 
uncertain analysis becomes necessary in order to study the dynamics of the system. Further increasing the 
frequency of the analysis further, the modal overlap becomes relevant and statistical energy methods, like 
SEA, become the most suitable, to obtain useful insights on the system dynamics. 
Figure 4 and 5 also show a comparison between the eigenvalues of the system obtained by the 
transformation method (dashed line) and the results from the component mode transformation method 
with the substructuring strategy 2. The results between the two satisfactory agree. Moreover, the error 
increases as the frequency increases. This is due to the natural increase of the sensitivity of the eigenvalues 
with the order of the considered mode. The error remains small not only with respect to the modal value of 
the eigenvalues, but also with respect to the uncertain range. Table 3 shows the percentage error between 
the two solutions for the nominal values and the uncertain range relative error, i.e. the ratio between the 
uncertain range of each eigenvalue (the interval for µ = 0) and the error between the reduced and the full 
solution for the modal value (µ = 1). 
 

Eigenvalue No. 1 2 3 4 5 6 7 8 9 10 

Error % 0 0 0 0 0 0 0 0 0 0 

Relative error % 0 0 0 0 0 0 0 0 0.001 0 

Eigenvalue No. 11 12 13 14 15 16 17 18 19 20 

Error % 0 0 0.01 0.02 0 0 0.01 0.01 0.02 0.03 

Relative error % 0.001 0.010 0.027 0.054 0.003 0.002 0.027 0.046  0.085 0.110 

 

Table 3: Results from the preliminary analysis. 

 

Figure 6: Fuzzy FRF of the circuit board in the frequency range 0 – 1000 Hz. 
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Figure 5 shows a frequency response function at the drive point (see Figure 1a) between 0 and 1000 Hz. 
The FRF for the modal values of the parameters is displayed by the dashed line. The figure also shows 
how the error induced by the performed reduction of the model is negligible with respect to the range of 
the uncertainty in the outputs. 
An interesting result obtained from the uncertainty analysis of the considered system is the effect of the 
uncertain eigenvectors on the FRF of the system. The drive point is in fact chosen to occur on a symmetry 
line, which is a nodal line for the nominal positioning of the circuits on the board. However, the 
transformation method solves several combinations of the position of the electronic components which are 
generally non-symmetric. While some of the nominal eigenvectors have a nodal line at the drive point, and 
do not show peaks in the FRF, the fuzzy eigenvectors do have fuzzy nodal lines and show peaks for all the 
eigenvalues. 
 

3.4 Conclusions 
 
A new method, the Component Mode Transformation Method is applied to the evaluation of the dynamic 
behavior of a circuit board of an automotive control unit. The CMTM couples the capabilities of the 
transformation method, which provides a reliable implementation of the fuzzy arithmetic for the solution 
of mechanical problems, with the computational advantages derived from the component mode synthesis. 
While the transformation method requires a large number of model evaluations, the number of reduced 
models of the substructures needed to describe the whole structure can be much lower. Thus, the 
component mode synthesis may provide a major reduction of the overall computational effort. However, 
the proposed application, as was to be expected after a preliminary analysis, does not show a consistent 
improement of the computational performance. The comparison between the solution and the 
computational time necessary to obtain it, shows that the error caused by the model reduction is negligible. 
The time necessary to compute these results is only 1 - 2.5 times lower than that of the transformation 
method. 
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Abstract
Component mode synthesis (CMS) is a well established methodfor the analysis of built-up structures. Un-
certainty can be introduced at component level, in physicalor modal coordinates. The fixed-interface (Craig-
Bampton) method is preferable for the numerical analysis ofmodels with uncertain properties, because of
the special structure of the global mass and stiffness matrices. This paper concerns the propagation of uncer-
tainties from component physical to component modal coordinates and subsequently to global coordinates.
Several assumptions and approximations to reduce the numerical cost are discussed. These include neglect-
ing uncertainties in modal properties, neglecting correlations and the use of perturbation methods. A possible
combination of probabilistic and possibilistic approaches is proposed. Variations in global eigenfrequencies
and the frequency response are calculated for a numerical example.

1 Introduction

Mechanical structures are often analysed using the finite element (FE) method [1], where deterministic mod-
els with one particular set of physical parameters are employed. However, the underlying assumption that
the input data is precisely known is in general not valid, because there are uncertainties about the parameters,
often until the last stage of the design cycle and even when the product is in service. Furthermore, every
manufacturing process naturally introduces some product variability, which is inevitable. In the past, these
effects were compensated for by the application of safety factors. However, with the increasing require-
ments towards product performance, advanced methods are needed that properly take these nondeterministic
aspects into account. Evidently, it is more important to predict the variation in the response than further
improving the accuracy of the deterministic FE model. The variation in input and response parameters can
be described by a possibilistic concept [2], giving an envelope to all possible parameter values, or by a
probabilistic concept [3], which also includes information on their probability of occurrence.

This work concerns the application of component mode synthesis (CMS) [4, 5] to structures with uncertain
properties. The CMS method is useful for the analysis of structures that are built-up of several components,
as is generally the case in industrial applications. The components are modelled individually and their dy-
namic models are assembled to produce a much smaller model ofthe whole structure. CMS can deal with
quantitatively and qualitatively different deterministic FE component models. This work addresses the prob-
lem of assembling several components with quantitatively and qualitatively different uncertain properties.
In the analysis of structures with uncertain properties, a deterministic problem often has to be solved re-
peatedly, which is numerically expensive. Therefore, model reduction by CMS is more important than in
other applications, because the benefits occur multiple times. Furthermore, CMS offers special approaches
to implement and understand the propagation of uncertainties in built-up models. In this context, advantages
of the fixed-interface CMS method can be exploited. Overall,CMS offers more physical insight into the
analysis of structures with uncertain properties than other methods.

The paper addresses three main points regarding CMS and uncertain properties. In Section 3.1, the influence
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of modal parameters on the propagation of uncertainties in CMS is investigated. Section 3.2 considers
the numerical cost of an analysis with uncertain propertiesand discusses a perturbation approach. Finally,
Section 3.3 concerns possibilistic and probabilistic approaches in CMS and their combination.

Following this introduction, a review of the fixed-interface CMS method, on which the paper is based, is
given. Section 3 describes the investigations and proposedmethods, as outlined before. Subsequently,
numerical examples are presented in Section 4. Finally, a discussion of the results and conclusions are given.

2 Component mode synthesis

Component mode synthesis (CMS) is a method to assemble numerical models of several components. The
static and dynamic behaviour of each component is describedin terms of a set of basis functions. These
include normal modes found from solving a component eigenvalue problem and static constraint or attach-
ment modes. The models are then assembled at the component level and the global eigenvalue problem of
the whole structure is solved. A reduction in size can be achieved by truncating higher frequency modes of
the components.

The basics of CMS were introduced in the 1960’s by Hurty [4] and Craig et al. [5]. A general review of
different CMS methods can be found in [6, 7]. This work will focus on the fixed-interface Craig-Bampton
method [5], which is briefly reviewed in the following.

2.1 Fixed-interface method with constraint modes

The undamped vibration equation of motion of a componentα is given by

Mαüα + Kαuα = f (1)

whereuα are the physical degrees of freedom andMα and Kα are the mass and stiffness matrices of
componentα, respectively.

The physical degrees of freedom can be partitioned into a setof interior degrees of freedomuI and a set
of boundary degrees of freedomuB . The boundary coordinates are those coordinates where two or more
components are joined together. Equation 1 can be written as

[
MII MIB

MBI MBB

] [
üI

üB

]
+

[
KII KIB

KBI KBB

] [
uI

uB

]
=

[
fI
fB

]
(2)

wherefB = 0 if the boundary is free anduB = 0 if the boundary is fixed. There are no forces acting on the
interior degrees of freedom (fI = 0).

2.1.1 Fixed-interface normal modes

The fixed-interface normal modes of a component are the natural modes of the component with boundary
degrees of freedom fixed. The size of the eigenvalue problem is therefore reduced by the number of boundary
degrees of freedom. It is governed by the elements of the massand stiffness matrices associated with the
interior degrees of freedom only and given as

(KII − λjMII)φIj
= 0 (3)

The fixed-interface normal modesφj are the columns of the normal mode matrixΦ, which can be divided
into a matrix with kept (k) and deleted (d) modes, respectively. The normal mode matrix is then

Φ =

[
ΦIk ΦId

0Bk 0Bd

]
(4)

where0Bk,0Bd relate to the degrees of freedom (DOF) of the fixed boundary.
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2.1.2 Constraint modes

Static constraint modes are defined with respect to the boundary degrees of freedom and denoted by the
subscriptc. A constraint mode is the static displacement of all nodes due to a unit displacement of one
boundary coordinate and with all other boundary coordinates c fixed. This can be written in matrix form as

[
KII KIc

KcI Kcc

] [
ΨIc

Icc

]
=

[
0Ic

Rcc

]
(5)

whereΨIc is a matrix of displacements of the interior degrees of freedom andIcc is an identity matrix.Rcc

are the force reactions at the nodes with described displacements and the interior nodes are force-free. The
constraint mode matrix follows as

Ψc =

[
−K−1

II KIc

Icc

]
(6)

2.1.3 Component modal space

In the fixed-interface CMS method, fixed normal modesΦ and static constraint modesΨc are combined in
the component mode matrixB. The constraint modes assure the compatibility of the components, improve
convergence and also yield the exact static solution. The component mode matrix of a componentα is then
defined as

Bα =
[

Φα
k Ψα

c

]
(7)

where the reduced normal mode matrix for kept modesΦk is used. The transformation from physical coor-
dinatesuα to component modal coordinatesqα is given by

uα = Bαqα =

[
uα

I

uα
B

]
=

[
ΦIk −K−1

II KIc

0 Icc

]α [
qα

k

qα
c

]
(8)

The interior physical coordinatesuI are transformed into modal coordinatesqk. The physical boundary
coordinatesuB are retained, but will be denoted as constraint coordinatesqc. The component modal mass
and stiffness matricesµ andκ are calculated by

µα = BαT MαBα and κα = BαT KαBα (9)

respectively and follow in the form

µα =

[
Ikk mkc

mT
kc mcc

]α

and κα =

[
Λkk 0

0 kcc

]α

(10)

whereIkk is the identity matrix if the normal modes are mass-normalised. The matrixmcc contains modal
constraint masses andmkc are coupling matrices between the modal coordinatesqk and the constraint coor-
dinatesqc. In the modal stiffness matrix,Λkk is a diagonal matrix of eigenvalues andkcc is the constraint
modal stiffness matrix.

2.1.4 Component synthesis

At the interface of componentsα andβ, the boundary condition of continuity of displacements, given by
uα

B = u
β
B , is transformed into modal space by Equation 8 to becomeqα

c = q
β
c . A transformation matrixS

to impose the coupling conditions can be derived in the form

q =




qα
k

qα
c

q
β
k

q
β
c


 =




I 0 0

0 0 I

0 I 0

0 0 I







qα
k

q
β
k

q
β
c


 = Sp (11)

MADUSE 1937



Level Coordinates Transformation

Component physical u u = Bq component mode matrix

Component modal q ,p q = Sp impose coupling conditions

Global modal y p = Ty global mode matrix

Table 1:Overview of coordinates and transformations in CMS.

wherep are linearly independent component modal coordinates. Thecomponent modal matrices are assem-
bled based on Equation 11 and the reduced global mass and stiffness matrices can be found in the form

MR =




Iα
kk 0 mα

kc

0 I
β
kk m

β
kc

mα
kc

T m
β
kc

T
mα

cc + m
β
cc


 KR =




Λα
kk 0 0

0 Λ
β
kk 0

0 0 kα
cc + k

β
cc


 (12)

Due to the simplicity of the transformation matrixS in the fixed-interface CMS method, the component
synthesis is straightforward and the global system matrices have the same structure as the component matri-
ces. The global matrices are reduced in size based on the number of modes deleted in the component mode
matrix B. The special structure of the global matrices, especially the fact that the component eigenvalues
appear uncoupled, has many advantageous also for uncertainty propagation, which will be the subject of
investigation in the following sections.

2.1.5 Physical modes and frequency response function

The free vibration equation of motion of the global system interms of coordinatesp is given by

MRp̈ + KRp = 0 (13)

The global eigenvaluesλRi
and eigenvectorsφRi

can now be obtained from the eigenvalue problem

(KR − λRi
MR) φRi

= 0 (14)

The transformation into global modal coordinatesy is given by

p = Ty (15)

whereT is the matrix of global eigenvectors. All coordinates and transformations are summarised in Table
1. The relation between global modal coordinatesy and physical coordinatesu can be expressed as

u = Vy ; V = BST (16)

Assuming time harmonic motionu = Ueiωt and forcesf = Feiωt, the accelerance matrixA in physical
coordinates can be derived as

U = AF = −ω2Vdiag

(
1

λRj
− ω2

)
VTF (17)
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Component
physical

Mass and stiffness parameters
M(p)α, K(p)α, M(p)β, K(p)β

Component
modal

Eigenvalues
Λα

kk , Λβ
kk

Constraint
stiffnesses
kα

cc, k
β
cc

Constraint and
coupling masses
mα

cc, m
α
kc, m

β
cc, m

β
kc

Normal and con-
straint modes
Bα, Bβ

Global
modal

Eigenvalues
λRi

(14)
Eigenvectors
φRi

(14)

Global
physical

FRF
A (17)

Modeshapes
V (16)

Figure 1:Outline of uncertainty propagation in the fixed-interface method of CMS.

3 Uncertainty and CMS

3.1 Influence of random parameters

Parametric uncertainty is assumed to be present in the physical mass and stiffness matrices of two compo-
nentsα andβ, denoted by a vectorp in the formM(p),K(p). The objective is to calculate the resulting
variation in the global eigenfrequenciesλRi

and the frequency responseA of the whole structure. The
CMS method is used to assemble the component models and reduce the size of the global matrices. The
propagation of uncertainties through the various coordinate systems will be examined to investigate the in-
fluence of individual parameters in the fixed-interface CMS method. In Figure 1, four coordinate levels, the
corresponding parameters and the path of uncertainty propagation are outlined.

At the component modal level, uncertainty exists in the keptcomponent eigenvalues and eigenvectors, calcu-
lated by Equation 3. Additionally, the terms associated with the static constraint modes are random as well.
Therefore, at component modal level, uncertainty is present in elements of the modal mass and stiffness
matrices and the component mode matrixB.

The global eigenvaluesλRi
and eigenvectorsφRi

are calculated from Equation 14, and therefore depend

on the component eigenvaluesΛα
kk, Λβ

kk, the constraint mass and stiffness matriceskα
cc + k

β
cc , mα

cc + m
β
cc

and the coupling mass matricesmα
kc, m

β
kc. In order to calculate the frequency response, the physicalmode

shapes are needed, which depend on the transformationV = BST. This also involves the component mode
matrixB.

In the following analysis, the error caused by neglecting component constraint terms on uncertainty propaga-
tion is investigated. In Table 2, four different simulationcases are defined. For the exact solution, randomness
in all component modal properties is considered. In caseA, randomness in the global mass matrixMR is
neglected and is replaced by its baseline matrix. In the nextcase, the random constraint terms in the global
stiffness matrix are neglected and replaced with their baseline values, leaving only the component eigen-
values as random variables. Finally, in casesC andD, the baseline component mode matrixB is used.
The results for all cases and a numerical example are presented in Section 4. The next two sections are
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Simulation Uncertainty considered in:

Exact global stiffness and mass matrices KR MR B

component mode matrices

A global stiffness matrix KR MR B

component mode matrix

B component eigenvalues K̃R MR B

component modal matrix (Λ, kcc)

C global stiffness and mass matrices KR MR B

D component eigenvalues K̃R MR B

(Λ, kcc)

x - baseline value of x

Table 2:Simulation cases for analysis: uncertainty is neglected invarious component modal properties.

concerned with the method of uncertainty propagation and the choice between probabilistic and possibilistic
approaches.

3.2 Numerical cost and perturbation analysis

The analysis of structures with uncertain properties usually requires that a deterministic problem is solved
repeatedly, which can become unfeasible due to the high numerical cost. Common approaches to reduce the
numerical cost are to reduce the size of the system and to use approximate methods to propagate uncertainties.

In CMS the structure is first divided into components and these smaller models are analysed independently.
Since the numerical cost of the eigenvalue problem depends nonlinearly on the size of the matrices involved,
this step is numerically much cheaper than the original problem. If higher modes in the component mode
matrix are truncated, the size of the global matrices and theglobal eigenvalue problem can be reduced. In
total, the numerical cost of solving a number of small component problems and one reduced global problem
will be much smaller than solving the original problem. In a repeated analysis, these effects become even
more significant.

In the context of calculations involving uncertain properties, the accuracy in the results that can be achieved
is limited by the level of uncertainty in the statistics of the input data. Therefore, exact or highly accurate
propagation methods are often unnecessary and approximatetechniques might be appropriate. If the vari-
ation of parameters about their baseline values is small, a perturbation approach gives reasonable results
at very little numerical cost. Although such an approach canbe used at any level of the numerical model,
a perturbation method from component modal to global modal properties will be discussed here. The local
modal/perturbational method presented in [8] makes use of the special structure of the global stiffness matrix
KR in the fixed-interface CMS method. It uses first order sensitivities of modal properties.

The rate of change of an eigenvalue with respect to some parameterpj can be calculated by [9]

∂λi

∂pj

= φT
i

(
∂K

∂pj

− λi
∂M

∂pj

)
φi (18)

whereM andK are the mass and stiffness matrix respectively andλi andφi are the baseline modal proper-
ties. In this specific case, the parameters of interest are the component eigenvalues, thereforepj = λc

j and it
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follows that
∂λRi

∂λc
j

= (φRi
)j(φRi

)j (19)

whereλRi
andλc

j are theith global andjth component eigenvalue respectively. The eigenvectorsφRi
are

arranged in the modal matrixT and(φRi
)j = Tji is thejth element of theith eigenvector.

The total change in theith global eigenvalue due to changes in all component eigenvalues is then

∆λRi
=

∑

j

T 2
ji∆λc

j (20)

The first order sensitivity of theith global eigenvector to a change in parameterpj is given by [9]

∂φi

∂pj
=

∑

k 6=i

−

φT
k

(
∂K

∂pj
− λi

∂M

∂pj

)
φi

(λk − λi)
φk (21)

The expression for the total change in theith eigenvector due to changes in all component eigenvalues can
then be derived as

∆φRi
=

∑

j


∑

k 6=i

(
−

TjkTji

(λRk
− λRi

)
φRk

)
∆λc

j


 (22)

3.3 Possibilistic and probabilistic analysis

All approaches presented previously can be applied in a possibilistic or probabilistic analysis. In general, it
depends on the available information about the input uncertainty and the objective of the analysis.

If input parameters are described in a possibilistic way by lower and upper limits, the range of global eigen-
frequencies and FRF envelopes of a structure can be calculated. A standard approach is the vertex method
[10], where combinations of all extreme values are considered. It is exact for monotonic problems, but
advanced techniques exist for non-monotonic problems [11]. If there aren uncertain parameters,2n deter-
ministic calculations are required and the range of variation is obtained from the minimum and maximum
results. In CMS, a vertex solution of smaller component models involves fewer deterministic solutions, but
if these are assembled at global level the number of combinations is the same as in the original problem.
However, if the interdependencies between component eigenvalues within one component are neglected, the
number of uncertain parameters corresponds to the overall number of component eigenvalues, which can
result in a very large number of vertex combinations. In thiscase, the perturbation approach described in the
previous section can be used to keep the numerical cost down.If interdependencies in a possibilistic analysis
are neglected, the results are conservative.

On the other hand a probabilistic approach can be chosen, if information about the distribution of uncertain
parameters is known. If the variations of spatially distributed properties are to be considered, a continuous
random field model [12] is appropriate physically. It modelsthe random variation of a parameter and also in-
cludes the spatial interdependencies between parameters at different locations. Since it is based on stochastic
concepts it is associated with a probabilistic approach. The most simple random field model is an isotropic
homogenous Gaussian field, where the variation of a parameter is described by a normal distribution and
the correlation between two locations depends only on the distance between them. If discretised on a finite
element mesh, random field models can be easily implemented in existing deterministic FE models.

The most common probabilistic method is Monte Carlo simulation [13], where the statistics of output quan-
tities are estimated from a sample. A good estimation of the variance of a normal distributed variable can be
obtained from a couple of hundreds of runs. In CMS, the sampling at component and global levels can be
done independently with different sample sizes. If the perturbation approach is adopted, the distribution of
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component and global parameters is the same due to linearity. Therefore, the mean and variance can also be
calculated directly. If the interdependencies between theeigenvalues within one component are neglected,
the statistics might often underestimate the real variance, because the likelihood of occurrence for certain
parameter combinations is lower.

The choice between a possibilistic and probabilistic approach is often problematical. The main criteria are
the available information about the uncertainty and the application of the results. The results of a possibilistic
method might be associated with a very low likelihood and therefore of little practical use in an application.
Probabilistic approaches also often suffer from the lack ofaccurate data and many assumptions have to be
made. In the context of this paper, the combination of possibilistic and probabilistic results is of interest.
It is possible that uncertain parameters in one component are given by lower and upper limits, and sample
statistics or distributions are known for others. It seems appropriate to first perform independent component
analyses and then combine the qualitatively different results at component modal level. Thereby two ap-
proaches are apparent. First, a distribution can be assumedfor the possibilistic results, which is fitted with a
chosen probability of exceedance to the lower and upper limits. On the other hand, the probabilistic results
can be transformed into a range by cutting off the distribution at a chosen probability. If the perturbation
method is applied, both approaches can be realised at littlenumerical cost. The vertex method seems appro-
priate, because it gives conservative results if interdependencies are neglected. The simple vertex method is
sufficient for the linear perturbation. Furthermore, a vertex analysis to estimate variations in global properties
does not suffer much from the low likelihood problem, if it isbased on statistical results at the component
level. Therefore, a general strategy to compute probabilistic results at component level and combine them
with possibilistic results at global level seems advantageous. This will also be investigated by a numerical
example in the next section.

4 Numerical example

The numerical example is a two component beam structure as shown in Figure 2. The components are rigidly
connected together and the other ends are clamped. Standardfinite element matrices for Euler-Bernoulli
beam theory [1], modelling transverse and rotational displacements, are used. Parameters are the bending
stiffnessEI and mass per unit lengthρA. The baseline values are given in Figure 2. Each component is
divided into10 identical beam elements over the lengthL.

In Figure 3, the baseline accelerance FRF is shown for the exact solution and a CMS approximation in which
only the first6 normal modes of each component are kept. The number of degrees of freedom of the global
system is therefore reduced from42 to 14. The approximation gives very good results for the baselineFRF
up to 50Hz, which includes the first10 eigenfrequencies. This frequency range will be of interestin the

 

Lα

Lβ

(EI)α, (ρA)α (EI)β , (ρA)β

L EI ρA E h
[m] [Nm2] [kg/m] [N/m2] [m]

componentα 1 1 1 1e8 0.01
componentβ 1 3.375 1.5 1e8 0.015

I = bh3

10 , A = bh

Figure 2:Two component beam structure and baseline properties.

1942 PROCEEDINGS OF ISMA2006



0 10 20 30 40 50 60

−20

−10

0

10

20

30

frequency [Hz]

F
R

F
 [d

B
 r

e 
1m

/N
s2 ]

CMS
Exact

Figure 3:Baseline accelerance FRF: exact solution and reduction to12 normal modes in CMS.

following simulations so that the approximation error fromthe model reduction can be neglected.

Uncertainty is introduced in the thicknessh and the Young’s modulusE of each component. The Young’s
modulus contributes linearly to the stiffness matrix, but the thicknessh appears in a cubic term in the bending
stiffness and a linear term in the mass per unit length.

First, the uncertainty is described in a possibilistic approach by an interval symmetric around the baseline
value and subsequently also in a probabilistic way by a normal distribution. The lower and upper limits
are linked to the standard deviation by the criterion that90% of the realisations of a probabilistic sample
lie within the possibilistic range. For all uncertain parameters, a coefficient of variation (COV) of5% is
chosen for the normal distribution, which corresponds to a range of±8.2% around the baseline value for the
possibilistic approach.

4.1 Possibilistic analysis

In this analysis, the Young’s modulusE and the thicknessh of each componentα andβ can vary by±8.2%
around the baseline value. They are assumed to be constant over the length of each component. There
are4 random variables in the whole structure and a vertex analysis with 24 = 16 deterministic solutions is
performed. For the CMS model, there are2 random variables in each component and22 = 4 vertex solutions
are obtained. When the components are assembled, there are atotal of42 combinations to consider, which is
the same number as for the whole structure. The lower and upper limits of variation of the eigenfrequencies
are found as the minimum and maximum values of the vertex combinations. A FRF envelope is obtained
from all vertex FRFs, where the magnitude over an eigenfrequency range is approximated by the maximum
value of any vertex FRF in this range.

If all normal modes are kept in the components, the results from CMS are exact. If higher component modes
are neglected, the approximation to the uncertain solutionis as good as the approximation to the baseline
solution, if the uncertainty is small.

The objective of this work is to investigate the influence of component modal parameters. Therefore, the
upper limit of global eigenfrequencies is computed for cases A andB as defined in Section 3. In Figure
4 the difference from the exact solution is shown for the first10 eigenfrequencies. It can be seen that the
approximation is inaccurate for the first two eigenfrequencies but improves for higher modes. In caseA,
where uncertainty in the global mass matrix is neglected, the eigenfrequencies are overestimated. However,
if the random stiffness constraint terms are neglected too and only the component eigenvalues are considered,
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Figure 4:Approximation error for the upper limit of global eigenfrequencies for casesA,B and perturbation.

the exact results are underestimated. The results for a perturbation from component to global eigenvalues
are shown as well and give good results. For the third and higher eigenfrequencies, the approximation error
introduced by neglecting all constraint terms in the mass and stiffness matrices is less than2%.

If the interdependence between component eigenvalues is neglected, the number of vertex combinations for
the second propagation step increases to2(nΛ), wherenΛ is the number of kept normal modes. In this case,
there are212 = 4096 combinations, which seems only feasible in connection withthe perturbation method.
If interdependencies between variables are neglected, theresults of the vertex analysis will be conservative.

In Figures 5, 6, 7, the accelerance FRF envelope is shown. In Figure 5 the exact solution is compared with
the results for casesA andB. The influence of the component mode matrixB, as defined in casesC and
D, is shown in Figure 6. Finally, the results based on the assumption that uncertainty is only included in the
component eigenvalues and a perturbation to global modal properties are shown in Figure 7. In general, the
difference between all cases is small except for low frequencies, which are governed by the constraint terms.
The mode matrixB has an effect on the magnitude of the FRF.
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Figure 5:FRF envelope: Exact solution and approximations from casesA andB.
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Figure 6:FRF envelope: Exact solution and approximations from casesC andD.

0 2 4 6 8 10 12 14 16

−5

0

5

10

15

20

25

30

35

frequency [Hz]

F
R

F
 [d

B
 r

e 
1m

/N
s2 ]

exact
D pert.
D pert. ind.

Figure 7:FRF envelope: Exact solution and approximations from caseD and perturbation.

4.2 Probabilistic analysis

For the probabilistic analysis, the thicknessh and Young’s modulusE are modelled by a one-dimensional
homogenous Gaussian random field with a COV of5% and correlation length0.5m. The random field is
discretised at element level so that there is a constant value for each finite element.

A Monte Carlo (MC) approach with500 deterministic runs is applied to estimate response statistics. For the
whole structure, the original problem is solved directly each run. In the CMS approach, first the component
models are solved independently and then the reduced globalproblem is solved. This is equivalent to the
case where independent samples for both components are calculated first and in a second stage results from
each sample are randomly combined to obtain a sample of global properties or the frequency response. The
number of Monte Carlo simulations can therefore differ between the component modal and global modal
samples. However, the results will be different, if the interdependencies between eigenvalues within one
component are neglected. The statistics of the variation will be underestimated, because the likelihood that
certain combinations of the component eigenvalues occur islower. In Figure 8 the approximated standard
variations are compared with the exact results for the first10 eigenfrequencies. The results show the same
tendencies as those described for the possibilistic analyses for casesA andB. The perturbation from com-
ponent eigenvalues to global eigenvalues was performed with and without considering the interdependencies
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Figure 8: Approximation error for standard deviation of global eigenfrequencies by casesA, B and
perturbation.

between component eigenvalues. The results clearly show the underestimation in the latter case.

In Figure 9, the10% and 90% percentiles for the FRF magnitude are shown for the exact FRFand the
perturbation approach. The results are reasonably good, but also show the influence of the interdependence
of component eigenvalues.

4.3 Combined probabilistic and possibilistic analysis

The combination of probabilistic and possibilistic results and approaches was proposed before. In this analy-
sis, first the statistics for component eigenvalues were obtained from500 sample runs. Subsequently, bounds
were introduced to limit the distributions corresponding to a probability of5% and95%. The vertex per-
turbation approach was then applied to all component eigenvalues to obtain possibilistic results for global
eigenvalues and the accelerance FRF envelope.
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Figure 9:Statistics of FRF: 10% and 90% percentiles for exact solution and approximation by caseD and
perturbation.
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In Figure 10, results for the proposed approach are comparedwith the vertex method applied to the whole
structure and to CMS as described in caseD before. Furthermore the results from200 Monte Carlo samples
on the whole structure are shown. The proposed method results in a FRF envelope based on statistical bounds
at component level. It gives considerable closer bounds to the FRF than the direct vertex methods.
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Figure 10: FRF envelops: solid - exact vertex, dotted - independent vertex, dashed - component MC and
global independent vertex; results from 200 MC samples.

5 Discussion

The implementation of the fixed-interface CMS method is easyand straightforwardly. It is also preferred for
the analysis of structures with uncertain properties, because the global mass and stiffness matrices possess
a special structure. The deterministic model reduction is useful to reduce the numerical cost. Uncertainty
can be introduced at the component level, either in physicalor modal coordinates. The propagation of
uncertainties from physical to component modal coordinates and from component modal to global modal
coordinates can be treated independently.

The global mass and stiffness matrices are governed by the component eigenvalues and constraint terms
which are associated with the constraint modes. The first point of this paper in Section 3.1 concerns the
question, whether uncertainty in certain component modal properties can be neglected. If uncertainty in
the constraint terms is neglected, only the component eigenvalues, which lie on the main diagonal of the
stiffness matrix, have to be considered. For the numerical example presented in Section 4, the uncertainty
in the constraint mass and stiffness matrices mainly affects the first two modes. For higher frequencies,
the approximation considering only uncertain component eigenvalues gives reasonable results with an error
less than2% for the global eigenfrequencies. However, it has to be notedthat neglecting the component
mode matrix, which is required to compute the FRF, introduces some error to the FRF magnitude. The
approximation to consider uncertainty only in component eigenvalues seems reasonable for a frequency
range where the lower limit is given by the influence of the constraint terms and the upper limit is given by
the deterministic model reduction in CMS by neglecting higher order components modes.

If this approximation is reasonable, the analysis can be simplified greatly. It implies that the global eigenval-
ues and eigenvectors depend only on the component eigenvalues, which can be described straightforwardly
by the perturbational relation discussed in Section 3.2. Itrelates changes in the global eigenvalues and eigen-
vectors to changes in the component eigenvalues. The required sensitivities are already given by terms in the
baseline eigenvector matrixT and no extra calculations are needed. The perturbation can be performed at
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very little cost and can be combined with probabilistic or possibilistic approaches, where a large number of
evaluations might be needed. The results for the perturbation approximation are very good for the example
presented. The linear relation also allows statistics to becomputed directly.

Uncertainty in component eigenfrequencies is also easy to quantify experimentally compared to mode shapes.
Frequency response measurements can be used to estimate thevariation in natural frequencies of a structure.
However, it is preferable to measure the FRF of components with free interfaces, because this boundary con-
dition can be easily realised. For this reason, research is ongoing into the transformation from free-interface
to fixed-interface modal properties for use in the fixed-interface CMS method.

A core strength of CMS is the ability to combine component models with qualitatively and quantitatively
different deterministic FE models. Similarly, different descriptions of uncertain properties can be combined
easily at component level. This holds true for the introduction of experimental data in component eigenvalues
as well as for the combination of probabilistic and possibilistic data. The available information about param-
eters in built-up structures varies from case to case and it is more appropriate to combine this information
at component level rather than at physical level. In Section3.3, the combination of a probabilistic analysis
at component level and a possibilistic perturbation to global properties is proposed. In the numerical exam-
ple, distributions are assumed to be known for physical properties but bounds on the FRF are then sought.
One approach is to perform a vertex analysis based on bounds of the physical parameters. In the proposed
approach, the bounds are introduced at component level, using the same criteria, and a vertex approach is
applied to them. The results in this case predict a much closer envelope to the uncertain FRF and compare
well to a sample of200 Monte Carlo simulations. This is because they are based on accurate statistical data
at component level and do not suffer as much from conservatism and low likelihood as the direct approach.
The possibilistic approach for the propagation from component to global modal properties is conservative
even if correlations are neglected.

In summary, neglecting uncertainty in component properties other than component eigenvalues simplifies
the analysis greatly and offers the application of various concepts and numerical techniques. In this context
a modal/perturbational relation from component to global properties is most advantageous. The two step
analysis of CMS offers the possibility to apply qualitatively different approaches at component and global
modal levels.

Further comments concern the use of random field models, characteristic constraint modes and uncertainty
in damping. The modelling of uncertainty in spatially continuous properties is meaningful physically by a
random field. Other assumptions model a spatially constant value of such properties, which however can
lead to wrong statistics. In a random field model, the correlation length parameter can be used to change
between total correlation or independence between locations, based on the discretisation of the field. In most
cases, such parameters are not known, but a parameter study yields more information than other models.

If the number of constraint degrees of freedom is very large,it is appropriate to reduce them in addition
to the truncation of higher component normal modes in order to reduce the deterministic model overall.
Characteristic constraint modes [14] are found by solving aconstraint eigenvalue problem and in general it
is sufficient to keep only the first few characteristic modes.In this case the constraint stiffnesses matrixkcc

takes a diagonal form, which also has possible benefits to including them in the uncertainty propagation.

If a system has proportional damping, it mainly affects the level of magnitude of the FRF. For the numerical
example, a modal damping ratio of3% has been used. If uncertainty in the damping is to be included, this
could be done independently of the eigenvalue and eigenvector analysis at little extra cost.

6 Conclusions

Component mode synthesis is a well established method for the deterministic analysis of built-up structures
and is well suited to the inclusion of uncertain properties.There are numerical advantages given by de-
terministic model reduction, a reduction in uncertain variables at component modal level and approximate
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propagation methods, all of which reduce the numerical costof the analysis. Further conceptual advantages
include the combination of several components with independent statistics and different qualitative and quan-
titative descriptions of their deterministic and uncertain properties. The introduction of experimental results
is straightforward as well as the combination of probabilistic and possibilistic approaches. Approximations
give reasonable results considering the level of uncertainty present in general in the input statistics.
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Abstract 
The objective of this paper is to apply the verification and validation methodology in order to assess the 
capability of finite element models to predict the natural frequencies of an acoustic windscreen, in 
presence of intra variability. In this case, variability of polymers’ elastic properties due to temperature 
variation leads to variability of the frequencies. For the verification stage, the main result is that the 
multilayer shell model approach is valid at low temperature, when polymers are relatively stiff. On the 
contrary, at high temperature, polymers are very flexible and shell models lead to significant errors 
because transverse shear effects are considerable. Finally, a solid finite element model is necessary. For 
the validation stage, two validation metrics are proposed. They assess respectively the mean value and the 
standard deviation of the frequencies. The solid finite element model leads to very satisfactory results for 
the mean value of the frequencies. The general trends of the experimentally observed intra variability are 
also well reproduced. Nevertheless, further investigations are necessary to improve the predictive 
capability of the numerical model that currently underestimates the experimental intra variability. 
 
 

1 Context and objectives of the study 
 
In the context of the European Research Training Network MADUSE (Modeling product vAriability and 
Data Uncertainty in Structural dynamics Engineering), Renault proposed the acoustic windscreen example 
as a test-case of industrial interest. An extensive study, based on experimental and numerical works, was 
carried out by Renault. A detailed description of the experimental and numerical study of the intra and 
inter variability of this acoustic windscreen is presented by Scionti and Lardeur [1]. The reader is invited 
to refer to this paper for complementary information. 
This paper deals with the methodology applied to develop predictive finite element models to study the 
vibration behavior of an acoustic windscreen in presence of variability. The verification and validation 
(V&V) procedure, whose main principles are recalled in section 2, has been used for this purpose. 
 

2 The verification and validation methodology 
 
The main objective of the V&V methodology is to progress in the development of predictive finite 
element models. Oberkampf, Trucano and Hirsch [2] published a very detailed review paper about V&V. 
The present section is highly inspired by this reference paper in which the authors stated: “How should 
confidence in modeling and simulation be critically assessed? Verification and validation (V&V) of 
computational simulations are the primary methods for building and quantifying this confidence”. In a 
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paper dedicated to the relation between uncertainties and V&V for mechanics models, Thacker [3] 
presented also this process for the “development of models that can be used to make engineering 
predictions with high confidence”.  
V&V is an approach in two steps highlighted in figure 1. Starting from the physical reality, two types of 
models are identified: a reference mechanical model and finite element models. Appropriate mechanical 
assumptions lead to the mechanical model used as a reference. This model contains all the mathematical 
equations describing the physical system. In mechanical applications, for instance, this model results from 
the partial derivative equations related to the equilibrium equations, from the constitutive laws and from 
all the initial or boundary conditions. Appropriate numerical choices lead to the finite element models that 
will provide the numerical solutions of the given mechanical model.  
Figure 1 shows that the verification phase deals with only numerical aspects. Indeed, the objective of the 
verification stage is to compare the highly accurate solution of the reference mechanical model with the 
numerical solutions determined with finite element models. In the best case, the highly accurate solution is 
exact and comes from analytical developments. In real-word applications, the analytical developments are 
rarely available and this highly accurate solution is numerically obtained with a very fine finite element 
model. The verification process concludes when a satisfactory convergence of a finite element model 
solution to the accurate solution of the reference mechanical model is achieved. Figure 1 also shows that 
the validation stage deals with the comparison between the numerical solutions of the finite element model 
identified during the verification phase and the physical reality. The validation test is satisfactory if the 
difference between the experimental results and the numerical results obtained with a sufficiently fine 
mesh is considered as acceptable. According to [2] and [3], the verification stage must be the first step of 
the V&V process, because the numerical and mechanical errors can sometimes compensate each other, 
giving the impression of correctness. This means that the use of only one finite element mesh is never 
sufficient to validate a numerical approach. Several mesh refinement levels are necessary. 
During the verification stage, one distinguishes between code verification and solution verification. Code 
verification leads to the identification of programming errors in the input and output data files, in the 
numerical algorithms, in the compilers and operating systems. Solution verification addresses the 
following sources of errors: insufficient spatial discretization, insufficient iterative convergence, computer 
round-off. In an industrial context with standard finite element software, one essential point of verification 
leads to the convergence study of the numerical model when the mesh is refined. The verification test is 
satisfactory if an acceptable convergence can be achieved. 
Validation is a complex process that needs the definition of an appropriate set of experiments. Oberkampf, 
Trucano and Hirsch [2] proposed some guidelines in order to define relevant validation experiments. 
Namely, one key point is that a validation experiment has to be jointly designed by the experimentalists 
and the code users. This allows the inherent synergism between numerical and experimental approaches. 
A validation experiment must be specifically designed to capture the essential physics of interest. For a 
complex system composed of multiple subsystems, a hierarchical approach to the V&V process is 
proposed in [2] and [3]. In the best case, the V&V process is repeated for each subsystem. 
One key point of V&V is the uncertainty and variability issue. A structure is defined by a certain number 
of physical parameters. A deterministic approach is relevant when the range of parameters values is very 
small and when the calculation is not extremely sensitive to these parameters. However, it is necessary to 
consider these uncertainties and variability when the range of parameters values is significant or when the 
calculation is sensitive to these parameters. Of course, on a numerical as well as experimental point of 
view, this leads to a set of trials, instead of a single one.  
Validation metric is also an important issue introduced in V&V. Validation metrics are used to 
quantitatively compare the results of the numerical calculations with the results of the validation 
experiments. A metric is a measure of the differences between numerical and experimental results. When 
the variability of some parameters is significant, the metrics used to compare the numerical and 
experimental results must also take this variability into account. 
An increasing number of papers were recently published on the V&V issue, namely applied to vibration or 
acoustics for automotive industry. Moeller, Thomas, Chen, Chandra and Lenk [4] proposed validation 
metrics for the assessment of Frequency Response Functions. Lardeur, Lacouture and Blain [5] 
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distinguished between mechanical and numerical aspects in order to develop predictive finite element 
modeling techniques for the vibration behavior of spot welded assemblies. V&V was also applied by 
Lardeur, Hettinger, Duffal, Jourda and Liénard [6] to develop predictive finite element modeling 
techniques for the vibration behavior of galvanized assemblies.  
 
 
 

 

 

 

 

Figure 1: Description of the verification and validation (V&V) process 

 

3 Description of the study  
 

3.1 Generalities  
 
For industrial examples, the final objective is developing finite element models with realistic boundary 
conditions. In particular, in reality, the windscreen is connected to the body by a glue-joint. However, we 
are interested here in the vibration behavior of the windscreen in free-free conditions. This first approach 
in free-free conditions enables the study of the intrinsic behavior of this component. It prevents the 
eventual perturbation due to the boundary conditions. Indeed, one knows that the boundary’s modeling is 
a very complicated issue and it is rather difficult identifying and reproducing the real boundary conditions 
used in an experimental test. Moreover, this study in free-free conditions is consistent with the idea that in 
V&V, a complex system has to be studied in a hierarchical way as proposed in [2] and [3].  
 

3.2 Description of the windscreen  
 
The tested windscreen and the way it is suspended in free-free conditions are shown in figure 2. The 
windscreen is a sandwich structure and the stacking sequence, described in figure 3, contains five layers. 
The external layers (numbers 1 and 5) are made of glass. The intermediate layers (numbers 2, 3 and 4) are 
made of appropriate polymers. A specific or “acoustic” polymer, which is very flexible and dissipative, is 
used for the layer 3. 
 

3.3 Mechanical quantities of interest 
 
As described in [1], the acoustic windscreen is affected by inter and intra variability. In this paper, we are 
only interested in intra variability. The variability of the windscreen dynamic behavior due to temperature 
changes is studied. The following temperature range is considered: 5°C to 33°C. Our objective is to assess 
the performances of finite element models within this temperature range. The global vibration behavior of 
the windscreen is described by natural frequencies, damping ratios, mode shapes and Frequency Response 
Functions. This paper focuses only on the frequencies. It is shown in [1] that the intra variability level of 
the frequencies is very high. Depending on the mode number, the variability level of the experimental 
frequency is between 10% and 40%. 

Mechanical 
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Validation 

Numerical choices 

Physical reality 

Reference 
mechanical model  

Finite element 
model 

Verification
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Figure 2: The windscreen in free-free conditions  

 

1234
5

 

Figure 3: The windscreen stacking sequence 

 

3.4 The reference mechanical model  
 
A key point in V&V is the choice of the reference mechanical model as described in section 2. In this 
study, this reference mechanical model is the linear solid elasticity theory. The choice of a linear theory is 
a point that can be discussed. Indeed, the polymer is a viscoelastic material and its mechanical behavior 
may depend on several parameters: amplitude, frequency, temperature. Temperature is directly taken into 
account: experimental as well as numerical tests are performed at 5°C, 10°C, 18°C, 25°C and 33°C. At 
each temperature, the elastic properties of the polymers are identified. The eventual non linear effects due 
to the frequency or amplitude are not taken into account at this stage of the research. 
 

4 Verification of windscreen finite element models 
 

4.1 Description of the verification tests 
 
In section 2, code verification and solution verification have been introduced. The standard Ansa [7] and 
MSC/Nastran finite element software [8] were used as follows: Ansa as the pre-processing software (CAD 
editing and mesh creation) and MSC/Nastran as the solver. Moreover, an experienced researcher 
performed the numerical simulations. Therefore, code verification is not useful here. As far as solution 
verification is concerned, the main source of errors is the insufficient spatial discretization. In particular, 
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one question is: can we reasonably model the windscreen with shell elements or is it necessary to develop 
solid models? The geometry of this component indicates that a shell approach should be convenient. 
However, because of the sandwich nature of the windscreen, and the high ratios between the elastic 
properties of the glass and the polymers, this question is really relevant. When the correct modeling 
approach, shell or solid, is selected, the most appropriate mesh refinement level has to be identified. The 
objective is to develop a just necessary model, sufficiently rich to guarantee the quality of the results, but 
with a number of elements as low as possible to reduce the computational cost. The most appropriate 
approach would be based on mesh error estimators and adaptive mesh. This is the optimal way in order to 
define just necessary numerical models. Unfortunately, at this moment, adaptive mesh procedures are not 
available in standard finite element tools. The convergence studies are performed by using a uniform 
refinement technique on the whole structure. For each developed model, the user imposes the mean value 
of the element size. Then, the mesh tool available in Ansa takes into account this information and, based 
on the meshes constraints, generates the user-required mesh by applying appropriate algorithms. This way 
the element size is quite uniform on the whole structure. 
 

4.2 Material properties 
 
The elastic properties of the materials were identified by the Renault Material Division. In a numerical 
modal analysis, one needs the elastic properties and the mass ratios of all the considered materials. In the 
temperature range of interest, the glass elastic properties and mass ratio are about stable. Mass ratio is also 
stable for the polymers. However, the polymer elastic properties depend on several parameters: 
temperature, frequency and amplitude. As described in section 3.4, the reference mechanical model 
assumes that the elastic behavior of the polymers only depends on temperature. Therefore, only the 
variations with temperature of the polymers elastic properties are considered here. For all temperature 
conditions, the ratio between the elastic property of the glass and the elastic properties of the polymers is 
higher than 100. This indicates that in all situations, the windscreen is really a sandwich type structure. At 
33°C, this ratio may achieve 10000. This ratio value is extremely high. 
 

4.3 Solid finite element models 
 
Because the mechanical model of reference is the linear solid elasticity theory, solid meshes are first 
developed in order to identify the highly accurate numerical solution and to study the influence of mesh 
refinement. One distinguishes the refinement level through the thickness and along the mean surface of the 
windscreen. All the meshes are essentially built with the first order CHEXA eight nodes elements. The 
meshes also contain few CPENTA six nodes elements. The mean element size along the mean surface 
varies between 5 mm and 45 mm. One or two elements per layer are considered, leading to five or ten 
elements through the thickness respectively. Finally, the coarsest and finest meshes contain about 5000 
and 350 000 nodes respectively. 
Two convergence analyses, the first one at 5°C and the second one at 33°C, are performed for the first 
twelve frequencies. The difference observed between the mesh that contains one element per layer and the 
mesh with two elements per layer is always less than 0.1%. As a conclusion, the number of elements per 
layer through the thickness has a negligible effect. The mesh with a 15 mm mean element size along the 
mean surface and one element per layer (solid_15_1) is needed to obtain a good convergence level, with 
an error less than 0.1%. This mesh, shown in figure 4, contains about 40 000 nodes and will be considered 
as a reference. In practice, a 0.5% error level is more reasonable. The solid_30_1 mesh is sufficient to 
achieve this error level. The main conclusion is that, at both temperatures, convergence is achieved with 
the solid approach. 
For the reference solid_15_1 mesh, a comparison between first order and second order finite elements is 
also performed. The refined models contain CHEXA twenty nodes elements and few CPENTA fifteen 
nodes elements. Differences less than 0.1% are observed between the first order model and the second 
order one.  
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All the obtained results are consistent and demonstrate that the solid approach leads to robust and stable 
models. One important remark concerns the aspect ratio, which is considered in the mesh tools as one of 
the mesh quality criteria. Because the polymer layers, and the acoustic polymer one in particular, are very 
thin, the aspect ratio is very high: it varies between 50 and 450. The stability and robustness of the results 
obtained with several meshes show that in this case, these aspect ratio high values do not lead to any 
numerical problem. 
 

 

Figure 4: The solid_15_1 finite element model 

 

4.4 Shell models and comparison with solid models 
 
4.4.1 Intrinsic difficulties of the multilayer shell theory  
 
As said before, on a geometrical point of view, a shell approach seems convenient. However, the 
windscreen is a sandwich structure. In this kind of structures, three types of mechanical phenomena exist: 
membrane, bending and transverse shear effects. All multilayer shell theories take into account membrane 
and bending effects. However, one can distinguish between the multilayer shell theory with or without 
transverse shear effects. The theory without transverse shear effects is sometimes called the thin shell 
theory. In the same way, the theory with transverse shear effects is sometimes called the thick shell theory. 
The multilayer shell theory without transverse shear effects can generally not be used for sandwich 
structures and may lead to severe errors. Indeed, the transverse shear effects are often very important in 
sandwich structures, even if the structure is geometrically thin. As a consequence, if one is interested in 
using a shell approach, only theories that include transverse shear effects are relevant.  
The use of multilayer shell finite elements leads to mechanical and numerical difficulties due to the 
transverse shear terms. For several decades, many research works have been carried out to develop 
accurate models. For example, Lardeur and Batoz [9] developed the Discrete Shear Triangular shell finite 
element with transverse shear effects, and treated several composite and sandwich structure examples. 
On a mechanical point of view, the first difficulty is the choice of the kinematical assumptions through the 
thickness. The classical choice is the Mindlin-Reissner assumption. The displacement components in a 
given point are u, v and w. The Mindlin-Reissner displacement field assumes linear u and v components 
through the thickness; w is considered as constant. For a composite or sandwich structure, this assumption 
is not consistent because it does not satisfy the transverse stress continuity conditions at the interface 
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between the different layers. Consequently, the distribution of the shear stresses through the thickness is 
not satisfactory and the transverse shear stiffness is not correctly evaluated. This leads to bad results, 
namely for structural vibration. This inaccuracy can be corrected by introducing the transverse shear 
correction factor often indicated as k. The initial transverse shear stiffness is multiplied by this factor to 
obtain an improved transverse shear stiffness. Several formulations are possible for the k factor. An 
efficient way is to first improve the shear stresses distribution through the thickness. A classical technique 
is the integration of the 3D equilibrium equations. The new shear stress field leads to an updated 
expression of the strain energy density. This one is compared with the initial strain energy density, based 
on the inconsistent displacement field. The ratio between these two energy densities leads to the 
calculation of the correction factor. This approach leads to the well known value k=5/6, in the 
homogeneous case. For sandwich structures, the value of the correction factor highly depends on the 
relative elastic properties of the different layers. Typically, for a sandwich structure, this value can be very 
small. Other multilayer shell theories with transverse shear effects were developed. For example, 
numerous authors developed more sophisticated displacement fields through the thickness. The so-called 
zig-zag approach, with a displacement field finely defined layer by layer, is one of the attempts in this 
direction. Up to now, these complicated theories have not been implemented in standard finite element 
software. The MSC/Nastran uses the theory explained above, with appropriate correction factors. 
On a numerical point of view, for several decades, many research works have been carried out to develop 
efficient shell finite elements with transverse shear effects. Indeed, many numerical problems had to be 
solved. The most important problem is the transverse shear locking phenomenon. Transverse shear 
locking leads to bad numerical results, especially when the plate under study tends to be thin. One method 
to solve this problem was the numerical reduced integration or the use of mixed elements. One drawback 
of these techniques is that they may lead to deformation modes that are associated with zero strain energy. 
This type of behavior is not physical and this problem is known as the spurious modes phenomenon. 
Again, different regularization techniques were developed to solve the spurious modes problem. Finally, 
the treatment of the θz rotation has also been a source of successive improvements in shell finite elements. 
In summary, when the multilayer shell theory chosen is of good quality and when the shell finite element 
does not suffer from any of the above-described problems, the multilayer shell finite element model can be 
able to correctly predict the behavior of a sandwich structure, compared with the solid elasticity theory. 
Anyway, even in the best case, the shell approach will always have some limitations. One objective of our 
study is to identify whether these limitations are achieved for the windscreen problem, when one uses the 
standard MSC/Nastran software. 
 
4.4.2 Shell versus solid finite element models 
 
The shell approach does not lead to any discretization through the thickness. Therefore, the convergence 
analysis only requires a mesh refinement along the mean surface of the windscreen. All the meshes are 
essentially built with the CQUAD4 four nodes elements. The meshes also contain few CTRIA three nodes 
elements. The mean element size varies between 5 mm and 45 mm. Finally, the coarsest and finest meshes 
contain about 800 and 60 000 nodes respectively. Two convergence analyses, the first one at 5°C and the 
second one at 33°C, are performed for the first twelve frequencies. At both temperatures, the shell_15 
mesh is needed to obtain a good convergence level, with an error less than 0.1%. This mesh contains about 
6500 nodes. A 0.5% error level is obtained with the shell_30 mesh. As a conclusion, at both temperatures, 
convergence is achieved with the shell approach. 
Figure 5 shows the frequencies errors obtained with the shell model, compared with the reference solid 
one, for the 5°C and 33°C temperature conditions. Of course, this comparison is carried out with the 
shell_15 and solid_15_1 meshes that satisfy the convergence conditions. At 5°C, the maximal error 
amongst the first twelve frequencies is only 0.5%. Moreover, the error is quite stable for all the modes. 
This demonstrates that in this case, the shell approach is quite satisfactory. This also clearly shows that, at 
least for the type of structures under study, the shell finite element approach implemented in the current 
version of MSC/Nastran does not suffer from any problem described in the section 4.4.1. At 33°C, the 
errors are much more significant. The error globally gets higher when the frequency increases. Indeed, for 
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mode 1 the error is only 0.8%, while the maximal error is about 6% for mode 12. The shell approach is not 
satisfactory anymore, even if it remains acceptable for the very first modes. 
It is interesting to observe that for a given component, depending on the environmental conditions, the 
most appropriate finite element model is not always the same. The verification process leads to the 
conclusion that at low temperature, a shell approach is valid while a solid approach is necessary at higher 
temperature. This is a consequence of the very large application domain considered here. 
As a conclusion, for the windscreen study, if one wants to use a unique finite element model for any 
temperature level, the solid model is required. 
The next section explains why shell models are accurate at low temperature but not at high temperature. 
 

5°C 33°C 

 

Figure 5: Comparison between the shell model and the solid model 

 

4.5 Mechanical interpretation 
 
By artificially multiplying the polymers modulus by a large factor, transverse shear effects in the 
windscreen can be eliminated. This technique allows quantifying the transverse shear effects at any 
temperature. These results are obtained with the reference solid_15_1 model. Figure 6 shows the 
transverse shear effect for the 5°C and 33°C cases. One observes that at 5°C, the transverse shear effect 
varies from 16% to 31%. At 33°C, the transverse shear effect varies from 21% to 48%. The comparison of 
the results reported in figures 5 and 6 allows identifying the relationship between the transverse shear 
effects level and the accuracy of the shell finite element models. Even if the reality is much more complex, 
one can conclude that for the studied structure, the shell models are generally accurate when transverse 
shear effects do not exceed 30%. 
The results presented in figure 6 can be interpreted thanks to the sandwich structures theory. The 
windscreen bending behavior essentially depends on the external glass layers. In the context of an intra 
variability study, the windscreen bending behavior is quite certain. On the contrary, the transverse shear 
effects are due to the intermediate polymer layers and they lead to a decrease of the windscreen stiffness. 
The consequence is that the transverse shear effects lead to a decrease of the natural frequencies, as 
indicated by the negative sign of the values in figure 6. The relative importance of bending and transverse 
shear effects depends on several parameters. For structural vibration, the two main parameters are on the 
one hand the ratio between the polymer and the glass rigidity, and on the other hand the complexity of the 
mode shape. Transverse shear effects increase when the ratio between the glass and the polymers rigidities 
raises. For the windscreen, the higher is the temperature the lower is the polymer rigidity. The mechanical 
consequence is that the transverse shear effects increase with temperature. For higher modes, this 
phenomenon is amplified. Indeed, the transverse shear effects are relatively higher when the complexity of 
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mode shapes increases. These mechanisms explain why on the one hand shear effects are more important 
at 33°C than at 5°C, while on the other hand, at a given temperature, transverse shear effects increase for 
higher modes. The consequence of this mechanical behavior is that shell models are accurate at low 
temperatures but they lead to significant errors when temperature and mode number increase. 
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Figure 6: Transverse shear effects in the windscreen  

 

5 Validation of windscreen finite element models 
 

5.1 Numerical versus experimental frequencies results 
 
For the validation phase, all the numerical results are obtained with the solid_15_1 model identified during 
the verification process. Figure 7 shows the experimental and numerical frequencies, for the first twelve 
modes at the five temperatures. The general trends experimentally observed are correctly reproduced with 
the numerical model. All the frequencies decrease progressively when the temperature increases. This 
monotonic behavior justifies a posteriori the study of only the two extreme temperatures during the 
verification phase. To go further in the comparison between the experimental and the numerical results, it 
is necessary to define the validation metrics. 
 

experimental                                                                       numerical 
 

 

Figure 7: Evolution of frequencies with temperature 
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5.2 Validation metrics 
 
As described in [2], one key point in V&V is the definition and use of validation metrics. The choice of 
the metrics defines the means used to measure the differences between the experimental and the numerical 
results. In presence of variability, a good finite element model must be able to correctly reproduce the 
mean behavior and the variability level. A natural way to do it is to consider the mean and standard 
deviation values of the quantities of interest, in this case the frequencies. We propose here two metrics: the 
Mean Value Metric (MVM) and the Standard Deviation Metric (SDM), given by: 
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=
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where 

numi )f(m  is the mean value of the numerical frequency fi when temperature varies; 

expi )f(m  is the mean value of the experimental frequency fi when temperature varies; 

numi )f(σ  is the standard deviation of the numerical frequency fi when temperature varies; 

expi )f(σ  is the standard deviation of the experimental frequency fi when temperature varies. 

The results obtained with these metrics are given in figure 8. The MVM curve shows that the numerical 
model is able to accurately predict the mean experimental results. The SDM curve highlights the fact that 
the standard deviation of all the frequencies of interest is underestimated by the numerical approach. This 
result is confirmed in figure 9, where the variability level in terms of frequency variation is represented for 
the first twelve frequencies. The general experimental trends are well reproduced by the numerical model. 
In particular, the intra variability is bigger for the higher modes than for the first ones. Nevertheless, the 
numerical variability level is systematically lower than the experimental one. This discrepancy is certainly 
due to the mechanical behavior of polymers. Indeed, this is a very difficult and complex issue. Polymers 
are viscoelastic materials rather than elastic ones, so that their mechanical behavior is non linear rather 
than linear. The choice of the reference mechanical model, in this case the linear theory of elasticity, must 
be questioned. More generally, on an experimental as well as numerical point of view, linear modal 
analysis leads to questions when polymer materials are involved. The initial stresses in the windscreen and 
their eventual effects on the vibration behavior have also to be investigated. 
 

 

Figure 8: Validation metrics 
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Figure 9: Experimental versus numerical intra variability  

 

6 Conclusion 
 
The verification and validation methodology is applied in order to assess the capability of finite element 
models to predict the natural frequencies of an acoustic windscreen, in presence of intra variability. In this 
case, variability of the polymers elastic properties due to temperature variations leads to variability of the 
frequencies. For the verification stage, the main result is that the multilayered shell model approach is 
valid at low temperature, when polymers are relatively stiff. On the contrary, at high temperature, 
polymers are very flexible and shell models lead to significant errors because transverse shear effects are 
considerable. Finally, a solid finite element model is necessary.  
For the validation stage, two validation metrics are proposed. They assess the mean value and standard 
deviation of the natural frequencies respectively. The solid finite element model leads to very satisfactory 
results for the mean value of the frequencies. The general trends of the intra variability experimentally 
observed are also well reproduced. Nevertheless, further investigations are necessary to improve the 
predictive capability of the numerical model that currently underestimates the experimental intra 
variability.  
As a perspective, the verification and validation process will also be applied to the windscreen example 
for the prediction of Frequency Response Functions.  
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Abstract
In a recent paper by the authors, it was demonstrated that the issue of bounds explosion due to dependency,
which is known to often arise when using interval arithmetic, limited the usefulness of interval-valued neural
networks for regression problems. Whilst these networks proved very capable at reducing the one step ahead
error in an NARX regression model of a pre-sliding friction process, when calculating the bounds on the
model predicted output they were found to diverge after a relatively small number of sample points. As
the model predicted output is generally of more interest than the one step ahead prediction, this work aims
to try to considerably increase the usefulness of uncertain-weighted neural networks via the extension of
the model predicted output prediction horizon. This will be achieved using affine arithmetic, an approach
which overcomes the dependency issues of interval arithmetic, and its extension, quadratic arithmetic. These
techniques will be demonstrated on a simple linear system.

1 Introduction

Recent work by the authors considered the idea of deliberately introducing uncertainty into computational
models in order to increase the robustness of the model and also to assess the propagation of uncertainty
through the models. [1] and [2] investigated regression models of a pre-sliding friction process using a NARX
neural network model and a radial basis function network model respectively. This work was extended in
[3] in order to investigate the possibility of replacing a nonlinear system within an uncertain linear one
which would be more robust to changes in the input excitation levels. Finally, the effects of bifurcation upon
uncertain nonlinear systems was investigated in [4].

Throughout the above work, the parameters of the various models were treated as interval-valued rather than
the crisp parameters. Interval arithmetic [5] was then utilised to assess the one-step ahead prediction perfor-
mance of the model with uncertain weights. However, when interval arithmetic was used to try to predict the
model predicted output (long range) performance of the models, it was observed that the prediction bounds
of the models diverged due to interval arithmetic’s inability to account for dependency between terms. When
calculating the recursive model predicted outputs using interval arithmetic the errors from one step are passed
to the next, and so on, due to the conservative nature of the algorithm. In the previous work, this problem was
resolved to some extent by using alternative methods for assessing the model predicted outputs; namely the
vertex method [6] or its generalisation, the transformation method [7]. The problems with these approaches
are that they do not contain the true solution (i.e. they provide an underestimate) and they can become in-
credibly computationally expensive as the number of uncertain parameters grow, especially in the case of the
transformation method.

The aim of this work is to assess the long range predictive capability of models with uncertain parameters
using more sophisticated alternatives to interval arithmetic which are significantly more computationally
efficient than the vertex and transformation methods. These alternatives are known as affine arithmetic and
its higher-order counterpart, termed quadratic arithmetic by the authors.
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The layout of the paper is as follows: Section Two introduces the linear system to be modelled and its
associated auto-regressive model. Section Three gives a brief outline of the arithmetics used to propagate
uncertainty through the model whilst Section Four compares the results from the various approaches. Some
conclusions are drawn in Section Five.

2 Linear system and ARX model

In order to provide a comparison between the prediction horizons relating to the model predicted outputs
of the various method it was though sufficient to consider a simple linear system. The system chosen for
analysis was the linear single degree of freedom (SDOF) oscillator described by the equation of motion

mÿ(t) + cẏ(t) + ky(t) = x(t) (1)

with mass, m = 1 kg, viscous damping parameter, c = 20 N/(m/s) and linear stiffness, k = 104 N/m.

Displacement time response data were simulated using a fourth-order Runge-Kutta scheme. A sampling
frequency of 1000 Hz was used and the input excitation was Gaussian white noise, low-pass filtered for
the purposes of integration stability. 5000 data points were recorded after an initial period of 5000 run-up
points were discarded in order to remove the system transients. An RMS excitation of 1N, before filtering,
was used corresponding to a 0.64N RMS excitation level, after filtering. Figure 1 shows the first 2s (2000
sample points) of the input force whilst Figure 2 shows the corresponding displacement response of the linear
system.
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Figure 1: Force input time history.

Once the displacement time response data were simulated it was possible to use this data along with the
input forcing data to construct an Auto-Regressive with eXogenous inputs (ARX) model of the system for
the purposes of benchmarking the various arithmetics. The simplest ARX representation of the system is
given by the linear difference equation

yi = a1yi−1 + a2yi−2 + b1xi−1 (2)

where yi = y(i∆t) are the displacement time samples and xi = x(i∆t) are the input force time samples for
a regular time sampling interval of ∆t and for i = 3, . . . , N (N is the total number of samples).

a1, a2 and b1 are the model parameters which are estimated using parameter estimation as follows. Each
equation of the form of Equation (2) is written in matrix form as
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yN
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(3)
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Figure 2: Displacement response time history.

or
{Y } = [A]{β}+ {ζ} (4)

where [A] is called the design matrix, {β} is the parameter vector and ζ are the residual vector containing
the output noise and an error component. A least-squares estimator finds the best set of parameter estimates
{β̂} by minimising the error function

J =
N∑

i=1

ζ2
i (5)

which is equivalent to solving the normal equations by

{β̂} =
(
[A]T [A]

)−1
[A]T {Ŷ } (6)

Equation (6) is generally transformed so that the columns of the design matrix are uncorrelated to avoid sin-
gularity problems. Due to the random nature of measurement errors, the parameter estimates will constitute
a random sample from a population of possible estimates. It is possible to calculate the standard deviation of
each parameter estimate in addition to its mean value. These standard deviation values will be used later to
form the uncertain parameter values.

Conducting the above procedure on the previously simulated data resulted in mean and standard deviation
estimates for a1, a2 and b1 as given in Table 1.

Parameter Mean Estimate Standard Deviation
a1 1.972 7.766× 10−4

a2 -0.982 7.750× 10−4

b1 8.948× 10−7 7.059× 10−9

Table 1: Parameter estimates identified from clean data.

3 Theory

In this section a brief background and expressions for the required operations are given for the three arith-
metics which will be used in the following section along with the transformation method which will be used
for benchmarking purposes.
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3.1 Interval arithmetic

Ramon Moore is credited with being the founding father of interval mathematics and his monograph [5] is
the standard reference.

An interval number, x, is an ordered pair of real numbers, [x, x], with x ≤ x (x is termed the lower bound
or infimum and x the upper bound or supremum). If x = x this is variously termed a degenerate, weak, thin
or point interval and is equivalent to a real number. The interval number, x, is also a set of real numbers, x,
such that x ≤ x ≤ x. This may all be written

x = {x ∈ R | x ≤ x ≤ x}. (7)

3.1.1 Basic operations of interval arithmetic

Let x and y be interval numbers such that x = [x, x] and y = [y, y]. The basic arithmetic operations which
will be required in this work are then defined as

x + y = [x, x] + [y, y] = [x + y, x + y], (8)

x− y = [x, x]− [y, y] = [x− y, x− y], (9)

x× y = [x, x]× [y, y] = [min{xy, xy, xy, xy},max{xy, xy, xy, xy}] (10)

Interval arithmetic has become an effective tool for obtaining guaranteed bounds on rounding errors and the
effects on a system’s output of uncertainties on the input parameters. However, in the latter case at least, the
major hurdle to wider applicability is interval arithmetic’s potential for overestimation of the ranges. One of
the reasons for this overestimation is that some of the algebraic laws which are valid for real numbers are
not valid for interval numbers. The breakdown of the distributivity and cancellation laws are examples of
a wider phenomenon relating to interval arithmetic termed dependency. The problem arises when variables
occur more than once in an interval expression and may lead to a gross overestimation of the true range,
especially in iterative processes. Interval arithmetic is not capable of recognising multiple occurrences of the
same variable and evaluates all the intervals as independent of each other. Dependency is the most common
reason for interval arithmetic being discarded as a means of propagation of uncertainties in many situations.

3.2 Affine arithmetic

Affine analysis has a more recent history than interval analysis, being first introduced in 1993 by Comba
and Stolfi [8] where it was applied to computer graphics problems such as surface intersections. The basic
idea of affine arithmetic is to keep track of dependency between operands and sub-formulae whilst retaining
much of the simplicity of interval arithmetic. The result is that, in most situations, and certainly those where
multiple iterations are necessary, affine arithmetic returns tighter bounds on the computed quantities than
those obtained via interval arithmetic.

In affine arithmetic, some partially uncertain parameter, x, is represented by an affine form x̂, which is a
first-order polynomial:

x̂ = x0 +
n∑

i=1

xiεi (11)

where xi are known real coefficients and εi are symbolic variables whose values are unknown but lie in
the range [−1, 1]. Each εi represents one of n independent sources of uncertainty whilst the corresponding
coefficient xi, termed partial deviation, gives the magnitude of that particular uncertainty. x0 is termed the
central value, for obvious reasons.
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It will be seen later that not all operations on affine forms result in an affine combination of the εi and it is
necessary to represent this solution as an affine approximation plus a new approximation error term. This
will take the form

x̂ = x0 +
n∑

i=1

xiεi + xerrεerr (12)

where εerr is a completely new noise symbol, independent of all εi and lying in the range [−1, 1], and xerr

is an upper bound on the absolute difference between the true function and the affine approximation over the
required range and will therefore always be non-negative.

It is often necessary, especially in the input and output of numerical programs and for comparison purposes,
to convert between affine forms and intervals and vice versa. This is a straightforward process. Consider an
affine form, with an approximation error:

x̂ = x0 +
n∑

i=1

xiεi + xerrεerr (13)

The minimum value represented by the above expression is simply the central value minus the absolute value
of all the partial deviations (including xerr) whilst the maximum value represented by the expression is the
central value plus the absolute value of all the partial deviations (including xerr). This may be converted into
an interval number, x = [x, x] where

x = x0 −
n∑

i=1

|xi| − xerr and x = x0 +
n∑

i=1

|xi|+ xerr (14)

It should be stated that conversion from affine to interval forms results in the loss of all information regarding
the interdependencies of parameters.

An interval number, x = [x, x], representing some quantity x may be converted into an equivalent affine
form x̂ = x0 + xnewεnew where

x0 =
x + x

2
xnew =

x− x

2
(15)

Note that the noise symbol εnew will be distinct from all other noise symbols as the interval x contains no
information regarding the source of uncertainty, only its overall width and the central value.

3.2.1 Basic operations of affine arithmetic

Let x̂ and ŷ be affine forms with approximation errors such that

x̂ = x0 +
n∑

i=1

xiεi + xerrεerrx and ŷ = y0 +
n∑

i=1

yiεi + yerrεerry (16)

Note the extra subscripts on the εerr terms are to make it clear that the two approximation error terms are
treated as being entirely independent of one another, although in reality they will both be derived from the
same set of εi, and therefore most likely related in some way.

If an operation is an affine function of real arguments x and y then the corresponding operation on the affine
forms x̂ and ŷ will result in an affine combination of the εi and the approximation errors. Addition and
subtraction are examples of such operations:

ẑ = x̂± ŷ = (x0 ± y0) +
n∑

i=1

(xi ± yi)εi + (xerr + yerr)εerrz (17)

Note that the εerr term in the above equation has a z subscript to indicate that this is a new noise symbol.
It should also be noted that the partial deviation associated with the approximation error is (xerr + yerr)
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irrespective of whether addition or subtraction is being performed. The reason for this is because the assumed
independent εerrx and εerry terms are combined in a new εerrz term whose partial deviation is guaranteed to
contain the addition or subtraction of the previous terms.

It is clear that most common mathematical operations may not be represented as affine combinations of
their arguments. This means that the corresponding operations on affine forms will not result in affine
combinations of the εi. The procedure for non-affine operations is to choose an affine function which gives
a good approximation to the true function over the desired range then an approximation error term is added
which is guaranteed to contain the maximum absolute difference between the affine function and the true
function. Arguably the most common of the non-affine operations is multiplication, z = x× y. Consider the
product of affine forms x̂ and ŷ where the arguments are given in equation (16):

z∗ = x̂× ŷ =

(
x0 +

n∑

i=1

xiεi + xerrεerrx

)
×

(
y0 +

n∑

i=1

yiεi + yerrεerry

)

= x0y0 +
n∑

i=1

(x0yi + xiy0) εi + x0yerrεerry + xerry0εerrx

+

(
n∑

i=1

xiεi + xerrεerrx

)
×

(
n∑

i=1

yiεi + yerrεerry

)
(18)

where ∗ denotes the exact expression. As stated previously, the aim is to approximate the above expression
by an affine expression, termed za, plus a new approximation error term, zerrεerrz :

ẑ = za + zerrεerrz (19)

where
zerr = max {|z∗ − za|} , ∀ε1, . . . , εnu , εerrx , εerry ∈ [−1, 1] (20)

and εerrz lies in the range [−1, 1]. A quick, conservative affine estimate was suggested by Comba and Stolfi
[8] for multiplication of two affine forms, without approximation errors. This may easily be extended to
include the case considered here, relating to the inclusion of approximation error terms in the operation
arguments. The resulting affine approximation is

za = x0y0 +
n∑

i=1

(x0yi + xiy0)εi (21)

and the approximation error partial deviation is given by

zerr = |x0| yerr + xerr |y0|+
(

n∑

i=1

|xi|+ xerr

)
×

(
n∑

i=1

|yi|+ yerr

)
(22)

This is indeed very quick to calculate and is guaranteed to bound the exact expression. However it is possible
to reduce the size of zerr by making two minor alterations which now gives the affine approximation, za

za =

(
x0y0 +

1
2

n∑

i=1

xiyi

)
+

n∑

i=1

(x0yi + xiy0)εi (23)

and the approximation error partial deviation becomes:

zerr = |x0| yerr + xerr |y0|+ 1
2

n∑

i=1

|xiyi|+
n∑

i=1

n∑

j=i+1

|(xiyj + xjyi)|

+

[(
n∑

i=1

|xi|+ xerr

)
× yerr

]
+

[
xerr ×

(
n∑

i=1

|yi|
)]

(24)

1968 PROCEEDINGS OF ISMA2006



As with interval arithmetic, the breakdown of the distributivity and cancellation laws for affine arithmetic are
examples of the dependency issue which arises when variables occur more than once in an affine expression.
However, the problem is usually much less serious for affine arithmetic and leads to smaller overestimation
of the true range than those suggested by interval arithmetic. This was precisely why affine analysis was
developed. That said, some of the techniques for lessening the overestimation effect in interval analysis are
also applicable to affine analysis. All knowledge should be taken advantage of and symbolic cancellation
should be employed where possible.

3.3 Quadratic arithmetic

Quadratic arithmetic is simply the name given by the authors to extending affine arithmetic so as to consider
second-order interactions in addition to affine expressions with the hope being that the extra computational
expense will be rewarded by tighter prediction bounds or, in the case of this paper, a longer prediction horizon
than those returned by either interval or affine arithmetic.

In quadratic arithmetic, some partially uncertain parameter, x, is represented by a quadratic form x̂, which
is a second-order polynomial:

x̂ = x0 +
n∑

i=1

xiεi +
n∑

i=1

n∑

j=i

xijεiεj + xerrεerr (25)

where xij are the new quadratic coefficients and xerr is the quadratic approximation error term which ac-
counts for third-order and above expressions. All other terms are the same as in the previous subsection.

Conversion between quadratic and interval forms is more complicated than between affine and interval forms.
It is necessary to evaluate the 2n vertices of the expression, the n× 2n−1 edge crossings and one intersection
point. Although this is undoubtedly more time-consuming than affine to interval conversion, it is significantly
faster than the transformation approach.

3.3.1 Basic operations of quadratic arithmetic

Let x̂ and ŷ be quadratic forms with approximation errors such that

x̂ = x0+
n∑

i=1

xiεi+
n∑

i=1

n∑

j=i

xijεiεj +xerrεerrx and ŷ = y0+
n∑

i=1

yiεi++
n∑

i=1

n∑

j=i

yijεiεj +yerrεerry (26)

Addition and subtraction are straightforward operations:

ẑ = x̂± ŷ = (x0 ± y0) +
n∑

i=1

(xi ± yi)εi +
n∑

i=1

n∑

j=i

(xij ± yij)εiεj + (xerr + yerr)εerrz (27)

The other operation which is required for the present work is multiplication of two quadratic forms. Consider
the product of quadratic forms x̂ and ŷ where the arguments are given in equation (26) and an expression of
the form

ẑ = zq + zerrεerrz (28)

is being sought, where zq is a quadratic expression and zerrεerrz is the approximation error term. Following
similar logic to that used to give a better approximation for affine multiplication in the previous subsection,
the expressions derived for quadratic multiplication were

zq = x̂× ŷ =


x0y0 +

1
2

n∑

i=1

n∑

j=i

xijyij


 +

n∑

i=1

(x0yi + xiy0) εi

+
n∑

i=1

n∑

j=i

(x0yij + xijy0) εiεj +
n∑

i=1

n∑

j=1

xiyjεiεj (29)
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and

zerr =


|x0|+

n∑

i=1

|xi|+
n∑

i=1

n∑

j=i

|xij |+ xerr


 yerr + xerr


|y0|+

n∑

i=1

|yi|+
n∑

i=1

n∑

j=i

|yij |



+
n∑

i=1

n∑

j=i

n∑

k=1

|(xijyk + xkyij)|+
n∑

i=1

n∑

j=i

|xij |
n∑

k=1

n∑

l=k

|ykl| − 1
2

n∑

i=1

n∑

j=i

|xij | |yij | (30)

3.4 Transformation method

Hanss introduced the transformation method [7] to estimate the responses of systems with uncertain input
parameters (represented using fuzzy numbers) based upon the concept of the α-cuts approach to fuzzy arith-
metic. The transformation method avoids the overestimation which arises when using an interval arithmetic
approach to fuzzy arithmetic. The transformation method is basically an extension of vertex propagation
[6]. Vertex propagation, as its name suggests, only calculates results at the extrema of the input uncertainty
ranges (this will only return the true output range if the output varies monotonically with respect to each
of the uncertain input parameters) whilst the transformation method also considers points within the input
ranges.

The transformation method was presented in both a reduced and a general form. The reduced method is only
marginally different from vertex propagation whilst the general form of the transformation method increases
the number of points to be propagated as the size of the intervals increase. For the purposes of this work each
uncertain parameter is divided into several points and all possible combinations of parameters are assessed
in a crisp manner. The output range is simply the minimum and maximum values over all assessments.

4 Results

In order to assess the relative long range predictive capabilities of the three arithmetics, the ARX model
of the linear system described in Section Two will be employed. It is anticipated that the findings will be
transferrable to more complex, nonlinear systems although the size of the prediction horizons will likely
differ.

The ARX model was converted into an uncertain model by letting the parameters a1, a2 and b1 be ranges,
as opposed to crisp mean estimates. These ranges are given by the relevant mean estimate ± three times
the corresponding standard deviation using the values given in Table 1. The parameters are assumed to
be independent of one another which may not be entirely true. If information relating to the relationships
between the uncertain ARX parameters were available this could be incorporated into the affine and quadratic
approaches but not the interval approach.

Before proceeding to the propagation of uncertainty through the model, it should be stated that, because
of the noise-free nature of the data, the ARX parameter standard deviations are relatively small and the
corresponding crisp model returns a low model-predicted output error of 0.85%. The error is given by

100
Nσ2

y

N∑

i=1

(yi − ŷi)2 (31)

where yi and ŷi are the ith target displacement sample and predicted displacement sample, respectively, N
is the total number of samples and σ2

y is the target output variance. Figure 3 shows the predicted output for
the crisp model plotted against the target signal confirming the low error.

Although this particular model appears in little need of reduction of the model predicted output error, the
purpose of the study was to investigate the prediction horizons of alternative arithmetics when the parameters
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Figure 3: Model predicted output for ARX model with crisp parameters.

are uncertain and, for that reason, will suffice. The first approach to be assessed is interval arithmetic with
the ARX parameters being represented as the intervals a1 = [1.9695, 1.9741], a2 = [−0.9840,−0.9793]
and b1 = [8.7358× 10−7, 9.1593× 10−7]. The basic operations of interval arithmetic given in Equations (8)
to (10) are implemented to calculate upper and lower bounds on the predicted response (ŷi, i = 3, . . . , N )
using 




ŷ3

ŷ4
...

ŷN





=




y2 y1 x2

ŷ3 y2 x3
...

...
...

ŷN−1 ŷN−2 xN−1








a1

a2

b1



 (32)

It should be noted that the predicted responses are used to calculate subsequent responses in the above
equation.

Figure 4 shows the resulting upper and lower bounds (red dashed lines) of the displacement predicted using
interval arithemtic. This is compared with the transformation method approach shown as a dotted blue line
(each uncertain parameter was divided into steps of 0.2 in the range -1 to +1 resulting in a total of 1331 crisp
calculations). A black solid line shows the target response. It is clear that the interval arithmetic only manages
to track the transformation method prediction for the first few sample points before rapidly diverging. In fact,
if the interval prediction widths (upper minus lower bound) are divided by their corresponding transformation
method widths it is found that the interval width exceeds the transformation method by greater than 10% by
only the 3rd prediction point. This arbitrary measure of 10% will be used to compare interval arithmetic to
the other methods.
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Figure 4: Interval arithmetic model predicted output compared to transformation method.
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Next the affine arithmetic approach will be assessed. The ARX parameters are now represented as affine
expressions a1 = 1.9718+0.0023ε1, a2 = −0.9816+0.0023ε2 and b1 = [8.9475×10−7+0.2118×10−7ε3].
The basic operations of affine arithmetic given in subsection 3.2.1 are implemented to calculate upper and
lower bounds on the predicted response. Figure 5 shows the resulting displacement bounds (green dashed
lines) predicted using affine arithmetic as the means of uncertainty propagation through the ARX model.
The blue dotted line and black solid line again show the transformation method prediction and the target
response respectively. It may be observed that the affine arithmetic is able to track the transformation method
predictions for longer than the interval arithmetic approach. Comparison of the affine and transformation
method widths show that the 10% threshold was exceeded by the 9th prediction point in the case of affine
arithmetic.
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Figure 5: Affine arithmetic model predicted output compared to transformation method.

Finally, the quadratic arithmetic approach will be assessed. The ARX parameters are again represented as
the same affine expressions as used in the affine approach. The difference lies in the use of the higher-order
arithmetic, as discussed in subsection 3.3, to calculate the upper and lower predicted bounds. Figure 6 shows
the resulting displacement bounds (magenta dashed lines) predicted using quadratic arithmetic as the means
of uncertainty propagation through the ARX model. The blue dotted line and black solid line again show the
transformation method prediction and the target response respectively. It may be observed that the quadratic
arithmetic is able to track the transformation method predictions for longer than the other two approaches.
Comparison of the quadratic and transformation method widths show that the 10% threshold was exceeded
by the 16th prediction point in the case of quadratic arithmetic.
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Figure 6: Quadratic arithmetic model predicted output compared to transformation method.

Figure 7 shows the results of the above three figures plotted together for comparison purposes.
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Figure 7: Interval, affine and quadratic arithmetic model predicted outputs compared to transformation
method.

5 Conclusions

Previous studies had highlighted the possibility of deliberately introducing uncertainty into computational
models for purposes of making the models more robust and also to ascertain how the model may behave in the
presence of uncertainty. One of the major problems with this approach relates to the mechanism for obtaining
the true range of the uncertain outputs when uncertain inputs are propagated through a model. Previously,
computationally intensive approaches such as the vertex and transformation methods were adopted but these
do not return guaranteed bounds. Guaranteed bounds are offered however by interval arithmetic but this
approach is known to suffer from bounds explosion due to dependency issues when iterative processes, such
as calculating a model predicted output, are considered.

In this paper, two alternative methods were investigated, namely affine arithmetic and its new, higher-order
extension, quadratic arithmetic. It was found that the affine approach was able to extend the prediction
horizon (defined using an arbitrary threshold) from only 3 prediction points, in the case of interval arithmetic,
to 9 prediction points. Quadratic arithmetic was capable of extending this further to 16 prediction points.

In some situations this level of prediction horizon may not be sufficient and a computationally intensive,
crisp-based approach, such as the transformation method, may have to be adopted. However, in many sit-
uations this increase in predictive capability may suffice for the system to acquire further data with which
to correct the model predicted output within the prediction horizon resulting in a computationally efficient,
robust model whose bounds do not diverge.
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Abstract 
In modern structural analysis, taking into account the variability of material and geometrical parameters is 
becoming of higher and higher interest. This led engineering researchers to develop and improve 
stochastic methods especially in Finite Element Analysis. Unfortunately, most of them show limitations 
concerning the computational time or the uncertainty level of random variables. These are unacceptable 
inconveniences for industrial problems. This article sets the basis for a structural dynamic method which 
purpose is the statistical moments computation of a dynamic output parameter (in this case the 
eigenfrequencies). It will exploit the well-known property of weak sensitivity of modal shapes to 
uncertainties in comparison with a considerable variation of eigenfrequencies. Two numerical examples 
are shown and the results are compared with a classic Monte Carlo Simulation technique. 
 

1 Introduction 
 
In the field of finite element analysis, dealing with variable quantities is becoming year after year the new 
challenge for mechanical engineers. The usefulness of the research on this field is undiscussed, because 
the deterministic case is often not sufficient to simulate the behaviour of a mechanical model. The classic 
Monte Carlo Simulation technique [1] is considered as the most robust but also the most expensive 
method in evaluating statistical parameters for mechanical quantities. Several improvements have been 
brought in order to reduce the huge number of associated calculations; among the most recent: the Line 
Sampling [2, 3] and the Subset Simulation techniques [4]. Other well-known methods are the perturbation 
method [5], the spectral approach [6], the design of experience [7] and the non-parametric method [8]. 
This is a really non-exhaustive scenario on the probabilistic methods in structural analysis. Other 
techniques like the possibility approach or the fuzzy theory are of great interest anyway [9, 10, 11]. But 
these methods (especially the Monte Carlo) are often associated to a significant number of runs of a finite 
element code. This may be unacceptable for huge industrial models where even just one calculation may 
have a large computational cost. Other limitations may be on the variability level of the input parameters 
or on the use of dedicated finite element codes not commonly used. In this context, an investigation on 
industrial purpose methods should take into account some constraints like: 1) a strictly limited number of 
finite elements runs; 2) no considerable limitations on the number of uncertain variables involved or on 
the uncertainty level; 3) an easy interface with most common industrial finite elements codes 
(MSC.Nastran, Abaqus, Ansys,…). 
Once again, all the listed methods share a common characteristic: they are based on statistical or 
mathematical assumptions, which can be the level of variability, the law’s form of variables, etc. What we 
propose is the analysis of a method based on a mechanical assumption that respects, in the limit of 
possibilities, the criteria listed above. A similar reasoning has been already investigated by Lardeur et al. 
with the MEGC [12, 13] with very satisfactory results on linear static analysis for truss structures, and 
Falsone et al. [14]. The scope of this article is to find a similar way in the dynamic analysis of Finite 
Element models. The basic assumption used is already known in dynamic analysis of linear systems [15, 
16] and attests the weak sensitivity of modal shapes to uncertainties in comparison with a considerable 
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variation of the associated eigenfrequencies. So, considering a certain variability of some mechanical 
parameters, we assume that modal shapes do not depend on it. The associated eigenfrequencies are 
obtained using the nominal eigenvector and the perturbed matrices by the Rayleigh’s quotient. This 
procedure leads to re-analysis technique where a new eigenfrequency is obtained from a perturbed system 
performing no additional analysis [17, 18]. 
 

2 The proposed method 
 
The deterministic eigenvalue problem for Finite Element dynamic analysis is constituted by the well-
known equation: 

0 0 0 0 0Φ = Λ ΦK M , (1)

where K  and M  are respectively the stiffness and mass matrices, 0Λ  the diagonal matrix of eigenvalues 
and 0Φ  the modal matrix. The subscript “0” will identify the nominal case later on, in which random 
variables assume their mean values. For the perturbed case, in which we consider the variability as a 
perturbation of parameters, quantities will be identified with the subscript “p”. So, simplifying the Eq. 1 
for a single mode and writing it considering some parameters as random variables we have: 

i i i
p p p p pφ λ φ=K M . (2)

In the perturbation theory of matrices [19], the perturbed characteristics matrices, eigenvalues and 
eigenvectors are written as: 

0p ε= + ∆K K K , (3)

0p ε= + ∆M M M , (4)

2 3
0 1 2 3 0...i i i i i i i

pλ λ ελ ε λ ε λ λ λ= + + + + = + ∆ , (5)

2 3
0 1 2 3 0...i i i i i i i

pφ φ εφ ε φ ε φ φ φ= + + + + = + ∆ , (6)

where the expressions for 1 2 3,  ,  i i iλ λ λ  and 1 2 3,  ,  i i iφ φ φ  are provided in [17]. The parameter ε  is a random 
centered and reduced variable. At this point, considering the expression of the Rayleigh quotient and     
Eq. 6, we can write: 

( ) ( )
( ) ( )

0 0

0 0

Ti i i i
pi

p Ti i i i
p

φ φ φ φ
λ

φ φ φ φ

+ ∆ + ∆
=

+ ∆ + ∆

K

M
. (7)

We are going to deal with the simplest case in which only the nominal eigenvector is retained in Eq. 7, 
reducing the equation to: 

0 0

0 0

iT i
pi

p iT i
p

φ φ
λ

φ φ
=

K
M

. (8)

Besides the uncertainty domain, this kind of assumption is already known in the optimization field. At this 
point the variability appears only in the characteristic matrices. In this paper, we assume that only the 
stiffness matrix will be considered as uncertain (introducing the uncertainty on the Young modulus for 
example). So, considering that the term at denominator is the deterministic modal mass of the i-th mode, 
the numerator term can be again developed using the expression of the deformation energy. So, Eq. 8 can 
be written in the following way: 
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, 

(9)

where the global deformation energy is expressed as a sum of elementary energies. In Eq. 9, n is the 
number of finite elements, and ,0

i
elemφ  and ,elem pK  are the elementary nominal eigenvector and the 

perturbed stiffness elementary matrix respectively (these two quantities are expressed in the global 
reference system). Storing and using the stiffness matrices in this format, helps to reduce the 
computational cost related to the calculation of the perturbed eigenvalues. In general we will consider that 
the random variables are constant on each finite element of the model. In this paper the Young modulus of 
each element will be a random variable following a Gaussian probability law. 
As results, the mean value and standard deviation of the natural frequencies are obtained by Monte Carlo 
Simulations applying Eq. 9, in which only one finite element eigenvalue problem resolution is required. 
This reference solution consists in solving the Eq. 2 a large number of times. For our scopes, ten thousand 
trials are sufficient to obtain precise statistical reference solutions. 
 

3 Preliminary study on numerical examples 
 

3.1 The stochastic mesh convergence 
 
Two examples will be presented: a simple cantilever beam (Fig. 1) and a four-story building model     
(Fig. 2). The first step is a numerical analysis for the convergence of natural frequencies when mesh is 
refined. We have to underline that a classical beam element with 2 nodes and 3 dof per node has been used 
for both examples. In this study we assume that the uncertain variables are all independent. Later on we 
will call “set” the set of beam elements that have the same random variable (the elements between two 
points in Fig. 2). The term “beam” will indicate a single finite element. For the cantilever beam, up to 100 
random variables have been considered, while for the four-story building model, one random variable per 
set has been chosen. For both structures, it can be numerically proved that once the deterministic mesh is 
determined, it can be used even for the stochastic case. The only requirement is the good convergence of 
the higher frequency of interest. So, for the cantilever beam, a 100 beam element mesh has been used, and 
8 beam element mesh per set for the four-story structure (96 beam elements in total). 
 
 

 
Figure 1: F.E. model for a classic cantilever beam 
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Figure 2: Four-story building F.E. model 

 
 

3.2 The modal stability assumption 
 
A study on the influence of the number of random variables has been performed (the cantilever beam 
example will be considered until the end of the paragraph). As already mentioned, the variable parameter 
is the material Young modulus. The extreme cases will be: the simplest case of only one random variable 
(all 100 beam elements share the same elasticity modulus); and the last case in which we consider 100 
random variables (each beam element has its own elasticity modulus). In both cases the random variable is 
considered constant over the entire element. Again, all random variables will be considered stochastically 
uncorrelated. On the cantilever beam example other intermediate numbers of random variables have been 
used, giving in total: 1, 2, 4, 20, 50 and 100 random variables. 
The principal characteristic of the modal stability procedure is to use a mechanical assumption instead of a 
mathematical one as other non-deterministic analysis methods. To validate this hypothesis, the cantilever 
beam will be investigated; the study has also been performed on the building structure, with equivalent 
results. As already seen, the scope is to use the stability of eigenvectors to some parameters’ variability to 
obtain the natural frequencies that, in opposite way, show a large dependency to this variability. To prove 
this, we compute the difference between the perturbed frequency and the nominal one. This difference is 
measured with a standard weighted error formula: 

0

0

100
i i
pi

i

f f
f

ε
−

= ⋅       1...5i = , (10)

where i denotes the mode number. The difference between the perturbed and the nominal eigenvectors is 
measured by the complement at unity of the Modal Assurance Criterion (MAC): 

( )1 100i iMACη = − ⋅         1...5i =  , 

( )
( )( )

2

0

0 0

iT i
pi

iT i iT i
p p

MAC
φ φ

φ φ φ φ
= . 

(11)

 

3 m 2.5 mset 1 

set 2 

set i 

… 

1978 PROCEEDINGS OF ISMA2006



Of course only one representation of the perturbed eigenvector is insufficient. That is the reason why in 
Fig. 3 the standard deviations of 1ε  and 1η  are calculated with 50 simulations. In Fig. 4 the same concept 
is repeated for 5ε  and 5η . 

It is visible from the vertical scale that the standard deviations of iε  are greater than the standard 
deviations of iη . This means that the eigenfrequencies show a great sensitivity to variation of the 
elasticity modulus, while natural modal shape does not. In conclusion, this study justifies the 
approximation in Eq. 8. Two important aspects are: the assumption is exact in the case of one random 
variable and the asymptotic tendency of ( )iσ η  to zero when the number of random variables increases. 
The first one is due to the fact that, if one multiplies the stiffness matrix by a factor, the modal shapes 
remain unchanged. The last one is due to the “compensation phenomenon” [12, 13]. This behavior may 
lead to a reduction of the output dispersion when the number of random variables involved raises. 
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Figure 3: Cantilever beam – difference to the nominal case for the first 
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Figure 4: Cantilever beam – difference to the nominal case for the fifth 

eigenfrequency and eigenvector 
 

 

4 Numerical applications 
 

4.1 The cantilever beam 
 
The first model proposed is a simple clamped-free beam. This academic case will show us some 
characteristics of this method and in particular its limitations. As for the validation of modal stability 
assumption, several cases have been tested in which the number of random variables used has been 
changed. The material elasticity modulus has been considered uncertain, assuming it follows a Gaussian 
law with 15% of coefficient of variation. The quantities we compare are: the natural frequencies mean 
value, the natural frequencies standard deviation and the probability density function. The trial-by-trial 
error histogram will be shown as well. There are two different types of results to show. The first one is the 
error on the stochastic estimators defined by: 
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i i
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m f m f
e i

m f
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 , 

100          = 1...5
i i

MSP MCSi
i

MCS

f f
e i

fσ

σ σ

σ

⎡ ⎤ ⎡ ⎤−⎣ ⎦ ⎣ ⎦= ⋅
⎡ ⎤⎣ ⎦

 , 

(12)

where i is the mode number and m
ie  and s

ie  are the percentage errors on mean value and standard 
deviation respectively. These are calculated by the proposed Modal Stability Procedure (MSP) and classic 
Monte Carlo Simulations (MCS). Ten thousand trials have been performed, and mean value and standard 
deviation obtained with classic discrete formulas. The second results are the standard deviation of the trial-
by-trial error, defined by: 

100           = 1...5
i i

i MSP MCS
error i

MCS

f f i
f

σ σ
⎛ ⎞−

= ⋅⎜ ⎟
⎝ ⎠

. (13)

The first errors (Eq. 12) estimate the quality of the stochastic moments while the second one (Eq. 13) 
estimates the difference between each frequency calculated by our procedure and the reference frequency. 
In Fig. 5 and 6 the trend of the errors described in the Eq. 12 are plotted increasing the number of random 
variables. Even if the error increases for a larger number of random variables, its maximum is about 1% 
for the mean value and 7% for the standard deviation. Another point to note is the overestimation of the 
mean value and the underestimation of the standard deviation. These results are really satisfactory 
considering that: only one eigenvalue problem must be solved, a large number of random variables are 
involved and a large coefficient of variation is considered. Moreover the histograms of trial-by-trial errors 
and the comparison of probability density functions are shown (in Fig. 8 and 9, only the first and the fifth 
modes are reported for the sake of conciseness).We can observe in Fig. 8 that the trial-by-trial error is 
always greater than zero for this example; this means that the Modal Stability Procedure overestimates the 
single perturbed frequency as well as the mean value. However the level of error remains very low, 
exceeding rarely 3%. We can also observe that the shape of the histogram varies when the number of 
random variables raises. This method tends to slightly increase its error (the histograms shift their mean 
value). However Fig. 7 shows that the method tends to be more stable: the standard deviation of the error, 
calculated with Eq. 13, decreases. 

In Fig. 9 we can observe the quality of the method in representing the probability density functions and the 
appearance of the compensation phenomenon (the decrease of dispersion versus the number of random 
variables). The Gaussian-like trend of probability density curves is a particular case, but not a rule. The 
behavior of a stochastic output probability density function is not always similar to the probability density 
law introduced in input. In Fig. 10 the compensation phenomenon is shown in a clearer way (the case of 
the first natural frequency is reported). 
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Figure 5: Cantilever beam – Modal Stability Procedure mean value error  
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Figure 6: Cantilever beam – Modal Stability Procedure standard deviation error 
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Figure 7: Cantilever beam – Modal Stability Procedure standard deviation 
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Figure 8: Cantilever beam – histograms of trial-by-trial errors of Modal Stability Procedure 
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Figure 9: Cantilever beam – probability density functions comparison of 
Modal Stability Procedure and Monte Carlo Simulations 
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Figure 10: The compensation phenomenon reproduced by the Modal Stability Procedure 

 
 

4.2 A beam truss structure 
 
In this second example a four-story truss structure is treated (Fig. 2). The model is constituted by 96 beam 
elements divided in 12 sets. The number of random variables chosen represents the case in which on each 
set we will consider only one random variable. Finally we have 12 random variables. Once again the 
Young modulus follows a Gaussian probability law. The objective is to have a more complicated structure 
but not yet an industrial case, in order to shift the study on a more realistic structure than a simple 
cantilever beam. Results in terms of mean value and standard deviation for the first five natural 
frequencies are reported in Table 1 for two different coefficients of variation (5% and 15%). The error is 
evaluated by Eq. 12 in which the reference solutions are obtained with 10 000 trials Monte Carlo 
Simulations. 
 

c.o.v. (E) = 5% 
Err(%) f1 f2 f3 f4 f5 

em 0.09 0.07 0.07 0.06 0.08 

eσ -0.24 -0.21 -0.25 -0.25 -0.32 
c.o.v. (E) = 15% 

Err(%) f1 f2 f3 f4 f5 

em 0.66 0.62 0.63 0.54 0.77 

eσ -2.24 -2.16 -2.61 -2.25 -3.74 
 

Table 1: Building structure – Modal Stability Procedure mean value 
and standard deviation error 

 
 
It is clear that this simple procedure leads to larger errors when the level of variability increases. Anyway 
the error level still remains acceptable. In fact the error does not exceed 1% on the mean value and 4% on 
the standard deviation, even for the largest value of the coefficient of variation. As well as observed in the 
cantilever beam example, the procedure overestimates the reference mean value and underestimates the 
reference standard deviation. In Fig. 11 the histograms of trial-by-trial errors are reported. Once again we 
observe a very low level of the error on a single trial (not exceeding 3%). The comparison of the 
probability density functions can be observed in Fig. 12. Even in this example, the probability density 
functions resemble to Gaussians as in the cantilever beam example. Anyway a weak asymmetry can be 
noted when the coefficient of variation of the input is 15%. 
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Figure 11: Building structure – histograms of trial-by-trial errors of the Modal Stability Procedure 
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Figure 12: Building structure – probability density functions comparison of 
Modal Stability Procedure and Monte Carlo Simulations 
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5 Conclusions 
 
A re-analysis method based procedure for the stochastic estimators of natural frequencies of an uncertain 
finite element model has been investigated. Using the mechanical assumption of modal stability to 
uncertainties, the nominal modal shape of a given dynamic mode is used to obtain the associated perturbed 
natural frequency by the Rayleigh quotient. The procedure shows satisfactory results in computing mean 
value, standard deviation and probability density function in comparison with Monte Carlo Simulations. 
The method is appropriate in particular for large finite element models by the fact that only one 
eigenproblem has to be solved. It has been shown that this method has limitations on several aspects, as 
the number of random variables involved and the level of uncertainty. However, for the two examples 
treated, even when a large number of random variables are involved and a large coefficient of variation is 
considered, the errors are small.  The maximal error was 1% for the frequencies mean values and 7% for 
the frequencies standard deviations. 
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Abstract 
 
For the dynamic behavior modeling of complicated structures, such as a full-scale automotive model, 
predictive techniques that employ several deterministic models in order to consider for variations in robust 
design are, in general, costly by industrial standards.  For example, the computational expense in 
designing for the robustness of an automotive component scales exponentially with the number of 
uncertainty parameters considered in manufacturing.  Moreover, it is ideally desired to develop a behavior 
profile based upon an indefinite number of uncertainty parameters.  Thus, this work looks at eliminating 
the need for deterministic modeling by utilizing Eigenvalue and Eigenvector sensitivities, calculated by 
Nastran design optimization solution SOL 200, for predicting dynamic responses to variations in specific 
uncertainty parameters.  The study will look at uncertainty variables for physical dimension for a 
simplified spot-welded automotive component.  Sensitivity-based behavioral predictions will be presented 
for a full range of input values and compared with the FE modeling of respective deterministic models. 
 
 
Introduction 
 
From late 2004 to late 2008 the Marie Curie Research Training Networks (RTN), under contract by the 
Sixth European Union Framework Programme for Research and Technological Development (FP6), has 
funded a coordinated research effort between nine European industrial and academic partners to advance 
development in numerical modeling methods of the dynamic behavior of structures.  Termed 'Modeling 
product variability and data uncertainty in structural dynamics engineering,' or MADUSE, it is this 
researcher's institution's contributions to the cooperative project that comprise the efforts presented herein. 
 

Due to attributed costs in a product's developmental phase, there exists an ever-increasing desire in 
industry to forego design of experiments (DOE) methodology with numerical methods.  There thus exists 
a greater need in the computational community to develop methods that can compete with today's budget-
conscious market, yet still offer the designer tools that can effectively circumvent the need for DOE in 
product development.  As the general goal of the MADUSE investigations, non-deterministic methods are 
being explored and developed in order to introduce aspects of uncertainty and variability to industrial 
automotive design.  The development of a non-deterministic predictive tool is a vital component in 
realizing a feasible alternative to the often costly traditional approach of deterministic modeling.   
 

In a traditional setting, deterministic finite element models (FEM) are implemented when design engineers 
are asked to define or predict dynamic responses of a structure.  This can be an expensive process when 
considering model variation from just the customer requirements alone (i.e. safety factors, product 
variants, etc.).  However, when also trying to consider for variations in manufacturing and robust design, 
the problem can grow exponentially in time and cost.  There exists a need to quickly and effectively 
identify areas of critical response for a complex structure subjected to various design variables.  To this 
end, the method presented in this paper suggests a sensitivities approach to predicting dynamic behavior of 
structures, whereabouts only a single nominal finite element model is required to predict dynamic 
responses for an arbitrary number of uncertainty parameters. 
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Background 
 
 

 
 

Figure 1: Specimen Model Dimensions 
 
 
The bulk of this work examines an opposed omega-channel section beam of the dimensions illustrated in 
Figure 1.  The structure in the above figure represents a slightly simplified automotive component at 
baseline configuration.  Initially, a possibilistic uncertainty quantification study [1] was performed to 
investigate the dynamic effects of selected uncertainty parameters on the baseline response profile.  
Experimental modal analyses were conducted on specimens of baseline configuration as well as test 
specimens modified to reflect uncertainty parameters of varying degree.  Hammer tests were performed on 
the elastically suspended specimen, and data was obtained by ten accelerometers arranged in a 
configuration verified by a modal assurance criterion scheme.  Modal matrices were constructed 
comparing nominal frequencies with that of modified specimens.  Separate FE models that correspond to 
each experimental configuration were solved using MSC/Nastran software, as well as additional 
configurations not achievable in experimentation due to time or cost constraints. 
 

Amplitudes of frequency response functions (FRF) reduced from both experimental data and FEM results 
were analyzed, and frequency domain assurance criterion (FDAC) values were obtained from the 
comparison of modified specimens with the baseline configuration.  The FDAC value allows for the 
comparison of different frequency response matrices on a frequency-by-frequency basis, where a simple 
single normalized value is returned to the observer.  Of the uncertainty parameters examined in this initial 
study, sheet thickness was found to have the most significant effect upon baseline dynamic structural 
response. 
 

The FEM response corresponded well with the respective experimental response. However, further 
improvement to the model was achieved by shifting the finite mass elements in such a way as to better 
represent the position of accelerometers during testing.  In addition, the mass element, itself, was 
displaced from the surface of the model to more accurately reflect the center of gravity of each individual 
accelerometer.  A multi-point constraint was employed to model the connection between the displaced 
mass and the model.  In MSC/Nastran, used for FEM simulation in this study, the RBE3 element affords 
the user several slave nodes for each master node.  In this way, displaced mass elements could be 
distributed about several surface elements.  Hypermesh was used for all model development. 
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Sensitivities-based Method Theory 
 
The problem of sensitivity analysis is to compute the derivatives of natural frequency with respect to 
structural parameters, or in our case uncertainty parameters.  In Nastran version 2004 , there is an intrinsic 
function within design optimization solution SOL 200 that will return the user a matrix of sensitivity 
coefficients based upon a user-defined design variable or set of variables, again specified by our chosen 
uncertainty parameters.  The sensitivity coefficient is defined [2] as 'the rate of change of a particular 
response quantity r with respect to a change in a design variable x or xr ∂∂ / .' 
 

If we let the response quantity r be the frequency fi of mode i, and let the design variable x be our 
uncertainty parameter given by vp, where p is the parameter descriptor, then from the above statement we 
have 
 

p

i

v
f

∂
∂

            (1). 

 

Now, if we assume the change in our uncertainty parameter, or ∆vp, to be given, we can find the respective 
change in frequency, ∆fi, from (1) as follows, 
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       (2). 

 

Our updated frequency, fi
*, can then be found from 

 

iii fff ∆+=*       (3). 
 

From basic theory we can define fi as 
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where ωi
2 is the Eigenvalue of mode i.  Then, from substituting (2) and (3) into (4) and rearranging, we 

find 
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where ωi
2* is our updated Eigenvalue, and n is equal to the total number of uncertainty parameters. 

 

Following the process of (1) to (3), we can define the updated normal mode, , as *φ
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where iφ  is the Eigenvector of mode i. 
 

The FRF have been calculated exploiting the modal displacement function with a normalized mass in 
order to define response, u, as follows [3]: 
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where ωr is the natural angular frequency of the mode number r, j is the response node direction, k is the 
load node direction, F is the applied force, m is the total number of modes, and 
 

rrrr mb ωζ=  
 

MADUSE 1991



where ζr is the modal damping for the mode r (expressed as a ratio with respect to the critical damping), 
and mr is the modal mass of mode r. 
 

Then, if we plug the updated Eigenvector and modal shape found in (5) and (6) into (7), we get an 
expression for an updated displacement, u*, 
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If ωr and br are both known, then we arrive at a closed solution for the modal response. 
 
Method Procedure 
 
The flow chart illustrated in Figure 2 represents the process involved in the implementation of the 
sensitivities-based predictive method, similarly described by the following.  Response profiles obtained 
according to the method proposed in this work first require there to be a readily available .f06 solution 
deck and punch file taken from output obtained by MSC/Nastran design optimization SOL 200 
calculations of a baseline FEM.  Sensitivity values, as well as other pertinent data, are extracted from the 
.f06 file and, with the nominal Nastran punch file, are utilized to create a new updated punch file based 
upon user-defined parameters.  Post-processing in-house applications can then convert the updated 
Nastran punch file into a format suitable for use by additional in-house FRF analysis software. 

 
 

FRF 

In-house Post-processing 

New Nastran Punch File Modal Damping Constraints

Sensitivities-based Response Solver

Uncertainty Parameter Values Baseline Nastran Punch File Baseline Nastran .f06 File 

 

Figure 2: Numerical Process for a Sensitivities-based FRF Solution 
 
 
Finite Element Model 
 
The finite element model employed to solve for the baseline response solution and used for validation of 
the sensitivities-based predicted responses, was composed of 27906 elements and 28440 nodes.  The 
surface of the specimen was modeled by CQUAD4 shell elements with an average element size of 2.5 
mm.  A modulus of elasticity of 2.1x105 Pa, a Poisson's ratio of 0.3, and a density of 7.7x10-9 m3/kg were 
used as material properties for steel and assigned to each shell element.  The Nastran CWELD element 
was chosen to model the ten spot welded joints.  The CWELD element allows the user to elastically model 
the junction of two arbitrary points defined only by weld diameter and material type.  The link is taken 
from the center of respective mesh elements rather than single node points.  The accelerometer masses 
were modeled by CONM2 elements connected to the surface of the component via rigid body RBE3 
elements as described above.  Figure 3 diagrams the placement of concentrated masses about the finite 
element model while also displaying the location of specific nodes of interest. 
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Figure 3: Finite Element Model 
 
 
Predicted Response Results 
 
The sensitivity study examined the effects of variation in sheet thickness on the modal response of a 
simplified automotive component.  The full range of thickness values investigated incorporate 0.5 mm to 
1.5 mm with a baseline value of 1.0 mm.  The maximum and minimum values were chosen specifically to 
explore the critical range, or the range in which the method's predictive capabilities remain within 
effective limits.  0.5 and 1.5 mm represent a ±50 percent deviation from nominal value and can be 
considered well outside probable manufacturing error.  Response profiles for all parameter variations 
investigated consider a frequency range of 0 - 1000 Hz. 
 

Results obtained using the sensitivities-based approach were compared to that of corresponding finite 
element models solved implicitly by Nastran.  MADUSE's initial possibilistic study [1] found the 
thickness of the sheet metal to be the most significant uncertainty parameter of those studied and looked at 
a thickness variation of ±0.10 mm.  At a ±0.10 mm model configuration, the average percent-error based 
upon frequencies found between sensitivities-based predictions and FEM results for each individual mode 
was 0.27 %.  In contrast, the largest error of any one mode, 3.31 %, was found at a thickness of 0.90 mm.  
However, at closer examination it becomes obvious that the prediction method appears to reflect a shift in 
the order of modes relative to the FEM results.  The same shift in mode order is apparent in the mode 
shapes, as well.  For example, Table 1 presents frequency responses for all non-rigid modes between the 
values of 0 and 1000 Hz at a sheet thickness of 0.90 mm.  The column labeled 'old freq.' corresponds to 
the frequencies of the baseline model, the column labeled 'new freq.' corresponds to results of the 
sensitivities-based method, and the column labeled 'FEM freq.' corresponds to the finite element solution.  
'∆ ratio' is defined by the difference in value of 'old freq.' from 'new freq.' over the difference in value of 
'FEM freq.' from 'new freq.'  The percent-error compares the predicted frequency value to the FEM value.  
Clearly, a shift in order of the 25th, 26th, 27th, and 28th predicted modes causes a miscorrelation in 
frequency values with finite element results. 
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FREQUENCIES: 
 

mode |  old freq.  |   new freq.  |   FEM freq.  |   ∆ ratio   |  % error 
----------------------------------------------------------------------- 
7  |    221.6573 |    200.2853 |    200.1781 |     0.995   |   0.05 % 
8  |    227.9197 |    205.9077 |    205.8025 |     0.995   |   0.05 % 
9  |    255.8641 |    230.5731 |    230.5155 |     0.998   |   0.02 % 
10 |    325.8313 |    293.2493 |    293.2409 |     1.000   |   0.00 % 
11 |    421.2784 |    392.2244 |    391.1943 |     0.966   |   0.26 % 
12 |    501.0522 |    456.4192 |    455.6136 |     0.982   |   0.18 % 
13 |    535.4722 |    486.8322 |    486.2649 |     0.988   |   0.12 % 
14 |    552.9358 |    499.2528 |    499.0435 |     0.996   |   0.04 % 
15 |    587.3810 |    530.1590 |    529.9305 |     0.996   |   0.04 % 
16 |    591.7992 |    534.2152 |    533.9882 |     0.996   |   0.04 % 
17 |    601.1903 |    543.2903 |    543.0427 |     0.996   |   0.05 % 
18 |    603.9529 |    544.6619 |    544.5592 |     0.998   |   0.02 % 
19 |    653.6169 |    588.4709 |    588.4095 |     0.999   |   0.01 % 
20 |    655.0677 |    589.9887 |    589.9055 |     0.999   |   0.01 % 
21 |    670.0172 |    604.4042 |    604.3037 |     0.998   |   0.02 % 
22 |    671.3768 |    605.3338 |    605.2753 |     0.999   |   0.01 % 
23 |    756.7481 |    682.3971 |    682.3655 |     1.000   |   0.00 % 
24 |    758.3354 |    683.9804 |    683.9236 |     0.999   |   0.01 % 
25 |    797.0504 |    778.3754 |    776.3206 |     0.901   |   0.26 % 
26 |    851.4966 |    802.9666 |    777.2663 |     0.654   |   3.31 % 
27 |    861.8361 |    777.2821 |    777.9515 |     1.008   |   0.09 % 
28 |    862.2407 |    777.7587 |    802.4658 |     1.413   |   3.08 % 
29 |    919.0624 |    827.1404 |    827.1600 |     1.000   |   0.00 % 
30 |    921.1312 |    828.8972 |    828.8386 |     0.999   |   0.01 % 
31 |    987.4618 |    890.9368 |    890.8890 |     1.000   |   0.01 % 
32 |    988.4382 |    891.6482 |    891.6600 |     1.000   |   0.00 % 

 

Table 1: Frequencies at a Sheet Thickness of 0.90 mm 
 
 

However, to confirm that the error is a product of mode order shift rather than mode change, the FRF at 
response nodes 914098 and 918123 are represented in Figures 4 and 5, respectively.  The figures illustrate 
the FRF for the x-direction response of each node.  From comparison, it can be seen that all modes of both 
FEM and sensitivities-based predictions coincide accordingly, thereby concluding that the differences in 
frequencies of Table 1 are predominantly a product of a shift in mode order while accuracy is nonetheless 
conserved.  This phenomenon is present in almost all responses obtained from sensitivities-based 
prediction.  At a ±0.10 mm variation, the sensitivities-based approach shows sound correlation with the 
FEM deterministic approach.   
 

At ±0.25 mm, the average percent-error was 1.86 %.  Mode order shift was present, especially at a 
thickness of 0.75 mm, and can be considered the main contributor to the average error.  Still, the error is 
within reasonable limits for an effective method.  At the maximum/minimum constraints, ±0.50 mm, an 
average percent-error of only 5.42 % was present.  Again, significant mode order shift, seen only at a sheet 
thickness of 0.50 mm for the frequency range observed, can be considered the predominant factor in the 
error calculation. 
 

At each incremental sheet thickness, sensitivities-based calculations were performed implementing both 
Eigenvalue and Eigenvector contributions to modal response individually as well as collectively.  In doing 
so, it could be determined which variable contributed most significantly to the accuracy of the outputted 
response.  Evident from the FRF plots of all thickness configurations, the Eigenvalues, themselves, appear 
to be of greatest importance to the accuracy of the results.  When only updated Eigenvalues are utilized, 
the predicted FRF response still shows relatively strong correlation with FEM results.  Still, the FRF plots 
of the combined contributions of both Eigenvalues and Eigenvectors give the most accurate depiction of 
modal response as verified by Nastran calculated results.  From a coupled contribution, better correlation 
specifically with anti-resonance peaks result.  However, a slight improvement in acceleration at resonant 
peaks is present, as well.  On the contrary, very little change from the baseline FRF is seen in results from 
solely updated Eigenvector contributions.  The above is exemplified in Figures 4 and 6. 
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Figure 4: x-Dir. FRF at Node 914098 for a 0.90 mm Sheet Thickness 
 
 
 
 

 
 

Figure 5: x-Dir FRF at Node 918123 for a 0.90 mm Sheet Thickness 
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Figure 6: x-Dir FRF's at Node 914098 for a 0.75 mm Sheet Thickness 
 
 
Conclusions 
 
The work performed in this paper presents a method for predicting the dynamic response of a finite 
element model modified from a baseline configuration.  It has been proposed that the response solution 
may be predicted based upon sensitivity coefficients, provided by numerical MSC/Nastran optimization 
SOL 200, and used for the purpose of non-deterministic studies, foregoing the need for multiple FEM's.  
The model variable modified in this study, sheet thickness, is representative of an uncertainty parameter, 
and thus, its range of modified values agrees in order with a possibilistic uncertainty approach.  The 
method is validated by FEM solutions of identically modified configurations which have been previously 
validated by experimental results. 
 

Computational time costs as compared to FE solutions are reduced by the sensitivities-based prediction 
method by at least three orders of magnitude while maintaining negligible losses in accuracy of results.  
Therefore, the objective of finding an inexpensive non-deterministic approach to robust design is realized. 
The results obtained from the simplified automotive component suggest that the method may be applied 
on a larger scale, such as a full automotive structural frame, while retaining the cost-effective advantages 
of design efficiency and computational time. 
 

Further study of the method should involve the exploration of additional uncertainty parameters.  Practical 
examples might include quantitative parameters such as the modulus of elasticity within the material 
properties or qualitative parameters such as the position of the spot welds about the model.  It would also 
be a valuable exercise to apply the predicted solutions to possibilistic sampling methods as an exhaustive 
study on the effective potential of the sensitivities-based method in non-deterministic application. 
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Abstract 
The European project MADUSE deals with the emerging problem of variability and uncertainty in the 
structural dynamics engineering. As to variability, the notions of intra and inter variability can be 
introduced to define 2 phenomena. The intra variability describes the differences of the dynamic response 
of a physical structure due to environmental changes. The inter variability refers to the variation of the 
dynamics of nominally identical systems due to unavoidable inaccuracies of the manufacturing process. 
Next to variability, the uncertainty is related to the lack of knowledge on the exact values of the properties 
to introduce in the numerical model during the product virtual design process. In this framework, the paper 
focuses the attention on the study of the dynamics of an acoustic windscreen. An experimental and a 
numerical study are carried out to verify whether the system is characterized by an intra/inter variability 
and to assess to which extent such behaviour may be predicted through numerical simulations. 
 
 

1 Introduction 
 
The study of variability and uncertainty is a topic of increasing interest in the automotive industry. The 
first experimental researches go back to the ‘80, when Wood and Joachim [1, 2] measured the acoustic 
response inside the cabin of nominally identical vehicles together with several vibro-acoustic transfer 
functions. The acquired data showed differences of the acoustic response up to 10-15 dB in the low 
frequency region 0-200 Hz. During the ‘90, Kompella and Bernhard [3, 4] carried out an extensive 
experimental campaign on 2 sets of nominally identical vehicles. Even in this case, differences up to 20 
dB were measured on the acoustic responses inside the cabin of identical vehicles. Next to this result, the 
acoustic response of a single vehicle, assumed as a reference, excited in different instants of time proved 
to be also characterised by a variability 2 to 4 times lower than that measured on nominally identical 
vehicles. These papers and many others paved the way to a great research effort aiming at understanding 
the cause of such variations in the vehicles as well as preventing them. 
Together with the efforts to experimentally measure this phenomenon, the numerical simulations are 
progressively contributing to develop new mathematical methods enabling the user to understand and 
avoid this critical behaviour since the very beginning phase of the virtual design process.  
In such framework, this paper focuses the attention on the experimental and numerical study of the 
dynamics of an automotive component, namely an acoustic windscreen. Before getting into the details of 
the research, it seems necessary reporting a very brief overview of the terms that will be used throughout 
the paper. Many more details will be readily available in the suggested literature. 
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1.1 Definitions and terminology 
 
So far, it does not exist in the scientific community a globally recognized terminology on the uncertainty 
and variability topics. Several expressions are introduced in conference and journal papers, but the use of 
them is not unambiguous. Nevertheless, in a recent past the need of unifying the terminology resulted in 
the publication of many papers facing the problem. Amongst them, Moens and Vandepitte [5] extend the 
uncertainty and variability definitions proposed by Oberkampf and al. [6] by introducing complementary 
adjectives to strengthen the relation between them. This results in the introduction of new definitions as: 
certain variability, uncertain variability and invariable uncertainty. Hanss and Willner [7] focus the 
attention on the uncertainty notion by introducing the unintentional uncertainties, which arise due to 
partial lack or complete absence of information, and intentional uncertainties, which are usually the 
consequence of simplification in the numerical model definition. 
In this paper the following 2 definitions are proposed: intra variability and inter variability. The former 
describes the differences of the dynamic response of a given physical structure due to environmental 
changes. The latter refers to the variation of the dynamics of nominally identical systems due to the 
unavoidable inaccuracies of the manufacturing process. In literature, the same 2 concepts are expressed 
with different terms. For instance, the intra variability is often defined as test-to-test-variability [8, 9] and 
the inter variability as variability [1, 3, 4] or scatter [1, 2].  
Being conscious that the definitions proposed in this paper may not be accepted by all the researchers, the 
authors will try to be as consistent as possible in the use of them throughout the paper and in all coming 
publications. 
 

1.2 The MADUSE research project 
 
This paper is developed in the framework of the European Research Training Network MADUSE 
(Modeling product vAriability and Data Uncertainty in Structural dynamics Engineering) financed by the 
European Commission within the 6th Framework Programme [10]. The network is made of 9 partners from 
both the academia and the industry. The represented countries are Austria, Belgium, France, Germany, 
Italy, Poland and United Kingdom. The industrial partners are LMS International (Belgium), Renault 
(France) and Centro Ricerche FIAT (Italy). The academic partners are the University of Innsbruck 
(Austria), the Catholic University of Leuven (Belgium), the University of Technology of Compiègne 
(France), the University of Cracow (Poland) and the University of Southampton (United Kingdom). 
The project objective is to research and develop methods to explicitly take into account design parameter 
uncertainty and actual product variability in the design process. The type and number of the uncertain 
parameters should be unlimited. The methods proposed by the research network should be applicable to 
any FE model regardless its size and the performances in terms of computational time should not exceed 
100 times the time needed for 1 conventional deterministic FE analysis run. 
Together with this technical objective, the MADUSE project aims at educating new young researchers 
thanks to the competences of the host institutions and the experienced researchers. 
Finally, the European Commission tends to support the researchers’ mobility throughout Europe in order 
to spread the scientific expertise amongst the different countries. More details on the project are available 
on EU Human Resources and Mobility website [10]. 
 

2 Acoustic windscreen structure  
 
In the last years, the automotive industry has relied upon glazing systems to improve the passengers’ 
safety in case of crash, to maximize the general NVH performances, to reduce vehicle’s weight and to 
create new catchy designs. Each of these objectives imposes a specific use and layout of the glazing 
systems and the final solution is always a compromise between the opposing requirements. For instance, 
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modern designs consist of increasing transparent areas so that windows and windscreen surfaces are 
progressively becoming wider than in the past. Next to it, the customer’s demand of higher comfort in the 
cabin requires these panels to contribute to dissipate some of the energy transmitted by the road, the 
powertrain and the aerodynamic loads to the cabin. The role played by the windscreen is very important 
because this component is one of the major panels that severely vibrate during the vehicle operational 
conditions. This vibration could generate a high structure-borne noise in the cabin through resonances at 
low frequencies, and wind noise and airborne noise due to coincident effect at high frequencies [11]. In 
order to reduce the negative interaction of the windscreen and the cabin dynamics, the most effective 
approach to design this component consists of a laminate structure where a thin polymer layer is placed in 
between 2 glass layers [12, 13].  
The use of such multilayer layout does not represent itself an innovation in vehicle design, since laminated 
windscreens have long served passive safety functions during vehicle collisions, due to the intermediate 
layer avoiding the windscreen breaking into hundreds of smaller and bigger swords as well as helping 
prevent passenger ejection [14]. 
Next to this passive safety role, the windscreen design should be such to improve the NVH performances. 
A possible solution consists of appropriately design the intermediate polymer layer so that the windscreen 
damping increases. This technology is known in literature as the damping treatment of laminated 
structure. These treatments are normally classified into 2 types: constrained and unconstrained. In 
unconstrained layer damping, a viscoelastic material is placed on an elastic base structure, so that energy 
dissipation occurs in extension. In constrained layer damping, an additional elastic layer, which has an 
elastic modulus much higher than the one of the damping layer, is placed on the damping layer so that the 
energy dissipation occurs in shearing [15].   
By using the constrained damping layout to improve the vehicle NVH performances, the windscreen 
design consists of a 5-layers structure (fig. 1). In this configuration, the external layers (1 and 5, blue in 
fig. 1) are made of glass, while the intermediate layer is itself a multilayer structure made of 2 different 
materials: a traditional PVB (Polyvinyl Butyl) (2 and 4, yellow in fig. 1) and a highly dissipating 
viscoelastic or “acoustic” polymer (3, orange in fig. 1). Through this constrained layer damping 
configuration, the intermediate layers’ materials are chosen such that a critical ratio between the Young 
modulus of the glass and that of the polymers exists beyond which part of the dynamic energy of the 
system is dissipated through the shear deformation of the viscoelastic layer. This way, forasmuch as the 
windscreen represents one of the most important vibrating panels of the cabin, the reduction of its 
vibration may contribute to a positive interaction with the acoustic cavity modes, resulting in an 
improvement of the internal comfort perceived by the passengers. 
 

1234
5

 
Figure 1: Windscreen multilayer structure 

 

The above-mentioned multilayer structure and the choice of viscoelastic materials cause the windscreen to 
be likely affected by both the intra and the inter variability. Indeed, there are several parameters, which 
vary with the environment and whose values may slightly change from one windscreen to another. For 
instance, the geometrical bend is obtained by the deformation due to the windscreen own weight at a 
certain temperature. This procedure, even if commonly applied in industry, does not guarantee an 
extremely high accuracy in the final shape and not negligible tolerances may be expected. Furthermore, 
the significant mechanical role played by the polymer must be underlined, so that its material and 
geometrical properties should be also taken into account as potential cause of variability. 
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3 The experimental test campaign 
 
Renault realizes an extensive experimental campaign to measure the intra and inter variability of the 
acoustic windscreen. A set of 3 nominally identical windscreens is tested at 5 temperatures inside a 
climatic chamber. The temperature range is set from 5°C up to 33°C. The test consists of an experimental 
modal analysis of the system in free-free conditions. Since the research is mainly focused on the dynamic 
behaviour of the windscreen at low frequencies, the range 0-200 Hz is considered, and a sampling 
frequency of 1024 Hz is fixed for the A/D conversion. The dynamics of the windscreen is measured 
through 16 piezoelectric accelerometers, which are fixed on the structure through a standard waxy (fig. 2). 
 

1 2 3 4

5 6 7 8 

9 10 11 12

13 14 15 16

  
Figure 2: Measurement points 

 
The system is excited by a standard impact hammer with a soft tip to introduce the energy mainly at the 
lowest frequencies. Three points are selected as excitation points (points 1, 7, 14 of figure 2) to improve 
the accuracy and reliability of the post-processing. By hitting the structure and measuring the acceleration 
of each windscreen at each temperature, a wide dataset of Frequency Response Functions (FRF), 
coherences and excitation autopowers is collected. In particular, a set of 16 (points) x 3 (excitations) x 3 
(windscreens) x 5 (temperatures) = 720 FRF is made available to identify the dynamics of the 3 systems 
under different environmental conditions. 
The procedure applied during the acquisition phase tries to minimise the inherent test disturbances and 
errors, which may lead to systematic errors in the measurements. The operator hitting the structure is 
concerned about the risk of externally introducing some degree of measurement uncertainty in the dataset 
so that specific care is taken to ensure the respect of an appropriate test procedure. It is proven that the 
uncertainties due to a lack of repeatability and reproducibility are both negligible compared to the intra 
and inter variability. 
 

4 The experimental results 
 
On one hand, the information related to the environmental changes provides the intra variability analysis 
of the windscreens. On the other, the availability of 3 measurements from 3 nominally identical 
windscreens at each temperature gives an idea of the inter variability as well as of the evolution of it with 
the temperature. It seems reasonable underlining that the low number of tested windscreens makes the 
inter variability investigation not exhaustive even if some general remarks and observations may be 
already stated on it. In the following paragraphs, the experimental intra and inter variability of the system 
dynamic response and of the estimated modal parameters are discussed. 
 

4.1 Experimental intra variability 
 
The temperature variation between 5°C and 33°C makes the elastic properties of the viscoelastic materials 
considerably vary, while the glass properties remain about stable. As a result, the ratio between the elastic 
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moduli of the external and the intermediate layers of the multilayer structure of the windscreen vary as a 
function of the temperature. This phenomenon is likely to change the system dynamics, since this ratio is 
responsible of the changes of the role played by the intermediate layers in the mechanics of the whole 
system. 
As this paragraph concerns the study of the windscreen intra variability, only the results of one windscreen 
as a function of the temperature are shown. The same conclusions and trends may then be extended to the 
other 2 windscreens. 
 
4.1.1 Frequency Response Functions 
 
A way of quantifying the intra variability of a system is comparing the FRF measured at a given point 
under different environmental conditions. In this case, we consider 5 temperatures so that for a given 
excitation point and a given response point a set of 5 FRF is available. Then, the largest difference 
between the 5 FRF amplitudes is identified and considered as a metric of the intra variability of the 
dynamic response of the system at that point. As previously stated, during the impact test, 16 response 
points are measured on the windscreen’s surface and 3 points are used to excite the structure. For brevity 
reasons, only the FRF related to the excitation point 1 and the response points 1 and 11 are presented in 
the following figures. Analogous trends occur on the FRF of the remaining points. Figure 3 shows the 
driving point FRF 1-1 (left) and the cross FRF 11-1 (right). On the figure, a red line indicates the largest 
intra variability level and the frequency at which it occurs.  
 

  
Figure 3: Intra variability of FRF 1-1 (left), FRF 11-1 (right) 

 

The plots show that both the driving point FRF and the cross FRF significantly vary as a function of the 
temperature. On the ensemble of the 16 response points, variations up to 32 dB are measured in 
correspondence of a frequency that is a function of the considered point. As a general remark, the intra 
variability increases with frequency and it seems to be rather low below 25 Hz.  
To interpret the physics behind such results, the role played by the intermediate layers should be recalled. 
As previously stated, the materials that may cause a sensitivity of the windscreen to temperature changes 
are certainly the viscoelastic polymers. When the system dynamics is strongly influenced by such 
materials and, therefore, by the intermediate layers, then some intra variability is expected. Such 
circumstance occurs at high temperature and high frequencies. Indeed, when temperature increases, the 
glass Young modulus remains about stable while the polymers’ moduli significantly decrease. In this case, 
the ratio between the moduli of the external and intermediate layers is such that the transverse shear 
effects in the polymer layers become dominant and the viscoelastic materials strongly affect the whole 
system dynamics. Second, when frequency increases, mode shapes become more complex. The mode 
shapes tend to be global for the first modes but rather local for higher modes. When the mode shapes are 
complex, the transverse shear stress effects considerably increase, and the intermediate layers drive the 
whole system dynamics.   
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4.1.2 Modal parameters 
 
The experimental modal analysis of the measured FRF allows identifying the modal parameters of the 
windscreens at the 5 temperatures. The post processing is carried out by using Lms CADA-X and Lms 
Test.Lab software. Amongst different alternatives to measure a given phenomenon, in this paper it is 
chosen to propose the following 2 metrics to quantify the intra variability of natural frequencies and 
damping ratios: 
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Figure 4 shows the results obtained by applying equation 1 on the estimated modal parameters at the 5 
temperatures. In particular, the frequency metric is plotted in blue, while the damping metric in red. 
 

 
Figure 4: Intra variability of the experimental modal parameters 

 

As it observed for the FRF, the first modes vary less than the higher modes and the intra variability of both 
natural frequencies and damping ratios increases on average with the frequency. On the ensemble of the 
first 12 identified modes, a mean frequency intra variability level of 25% is observed, with a peak value of 
about 40% for the 11th mode. With reference to the damping ratio, a variation up to 8% is calculated on the 
first 12 modes. However, due to the extremely high values of the estimated damping ratios (up to 10%), a 
certain degree of prudence in stating absolute conclusions is required since their reliability is strictly 
influenced by the accuracy of the estimation methods which decreases for highly damped systems. 
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4.2 Experimental inter variability 
 
The inter variability concerns the differences of nominally identical windscreens due to the manufacturing 
process, under the assumption that the systems are tested under the same environmental conditions. Since 
the dataset consists of 5 sets of measurements at 5 temperatures, such information may be also exploited to 
evaluate the evolution of the inter variability with the temperature. 
In the following paragraphs, the experimental inter variability of the FRF and the estimated modal 
parameters are discussed. As a general remark, the low number of tested windscreens does not allow 
absolute conclusions on the inter variability of the considered test case. Some trends are however 
highlighted, giving a first insight on such variability. 
 
4.2.1 Frequency Response Functions 
 
As previously shown for the intra variability of the FRF, not all the response points are here presented. 
Figures 5 and 6 report the inter variability of the FRF as a comparison of the dynamic responses of the 3 
tested windscreens in correspondence of points 1 (plot on the left hand-side of the figures) and 11 (plot on 
the right-hand side of the figure), in the case of an excitation on point 1. For brevity reasons, such 
comparisons are shown for only 2 out of the 5-tested temperature (5°C, 33°C). The red line indicates the 
largest inter variability level and the frequency at which it occurs. 
 

 

  
Figure 5: Inter variability of FRF 1-1 (left), FRF 11-1 (right) at 5°C 

 

  
Figure 6: Inter variability of FRF 1-1 (left), FRF 11-1 (right) at 33°C 

 

Figures 5, 6 show that the driving point FRF and the cross FRF of the 3 windscreens overlap quite well 
over the entire frequency band. However, amplitude differences from 2 up to 10 dB are still measured in 
correspondence of the anti-resonances. This result may be explained by considering that such frequencies 
are characterised by an extremely low value of the dynamic response of the structure and, in this case, the 
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measurement interferences may play an important role. The interesting result is the almost perfect overlap 
of the curves at the resonances, which represent the frequencies characterising the most the system 
dynamics. Finally, we observe that at 5°C (fig. 5) significant differences between the FRF of the 3 
windscreens occur even in correspondence of the resonances. This phenomenon is due to the low 
temperature at which the transducers experienced some inaccuracies. 
 
4.2.2 Modal parameters 
 
By post-processing the experimental data, the modal parameters of the 3 windscreens are identified. 
Rather than using the approach introduced for the intra variability metrics (eq. 1), where the differences 
between the maximum and the minimum values of the natural frequencies and damping ratio are used, the 
inter variability of the modal parameters is quantified by using the standard deviations of the measured 
quantities (eq. 2). Even if some inaccuracies are certainly introduced in the standard deviation calculation 
due to the low number of tested windscreens, these metrics are still valid to provide a first analysis of this 
phenomenon. Future extensive experimental tests may be planned to deepen the inter variability 
investigation. 
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Figure 7 shows the results of the previously introduced metrics (eq. 2) on the estimated modal parameters 
of the 3 windscreens at 2 out of the 5 tested temperatures (5°C, 33°C). The frequency metric is plotted in 
blue, while the damping metric in red. On each figure, a dotted line represents the mean value of each 
metric on the ensemble of the first 12 identified modes: 
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Figure 7: Inter variability of the experimental modal parameters - a) 5°C, b) 33°C 
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Even if some rather high values of inter variability are shown in figure 7-a, the authors believe that these 
values are mainly due to an overestimation of the variability due to the above introduced metrics, which 
are certainly influenced by the accuracy of the standard deviation calculated on the basis of only 3 test 
cases. On average, however, it seems that the mean inter variability of frequencies and damping ratios is 
lower than the intra variability. Concerning the evolution of the inter variability with temperature, the 
mean values introduced in equation 3 show a decreasing trend while increasing the temperature (fig. 8). 
 

 
Figure 8: Evolution of the mean values of the experimental inter variability 

 
5 Numerical simulations and comparison with experimental results 
 
The numerical simulations aim at verifying whether it is possible to numerically predict the intra and inter 
variability of the acoustic windscreen. The approach used in this research is based on a 2 phases 
procedure. First, a verification phase deals with the definition of the most appropriate finite element (FE) 
model to be used for the assigned purposes. Second, the validation phase compares the experimental 
results in terms of FRF and modal parameters with the simulated results obtained with the verified model. 
Further details on the extensive procedure used to select the most appropriate numerical model are 
available in reference [16], which integrates this paper on the acoustic windscreen. 
In the following paragraphs, a 5-layers FE model is be used. The mesh is made of solid elements for all 
the 5 layers. The material properties are introduced on the basis of dedicated experimental tests carried out 
by the Renault Material Division. These tests consist of dynamic viscoelastic analyses carried out on 
material specimens at different temperatures.  
 

5.1 Numerical intra variability 
 
The numerical intra variability is calculated by using the standard Nastran FE code. The real eigenvalue 
solution (SOL103) and the modal dynamic response solution (SOL111) are run to extract, respectively, the 
resonance frequencies and the FRF. At each temperature, the input file is up-to date with the appropriate 
material properties at that temperature.  
In the next paragraph the results regarding the frequencies and FRF simulations is reported. No 
probabilistic approach is developed; the numerical and experimental results are simply compared at each 
temperature. 
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5.1.1 Experimental versus numerical frequencies intra variability 
 
Figure 9 shows the comparison between the experimental and the numerical frequencies intra variability. 
The metric used for such calculation is the one introduced in equation 1. Even if the numerical model is 
not yet able to reproduce the entire experimental intra variability, around 2/3 of it are clearly predicted by 
the FE simulation. 
At this stage of the study, it seems that the major responsible of these remaining differences is the accurate 
information on the polymer elastic properties. The complexity of such point is given by the fact that on 
one side the numerical model is extremely sensitive to even small Young modulus changes and, on the 
other, the experimental viscoelastic tests of such material are extremely difficult. 
 

 
Figure 9: Experimental and numerical frequencies intra variability 

 

5.1.2 Experimental versus numerical FRF intra variability 
 
In this paragraph, the driving point FRF when exciting on point 1 (fig. 2) at the 5 temperatures are shown. 
The same observations may be extended to the remaining FRF. 

The simulations are carried out by using a modal approach (SOL111) and, therefore, the experimentally 
identified damping ratios are introduced in the FE model.  Figure 10 shows the experimental FRF (solid 
line) and the numerical ones (dotted line), for the 5 temperatures. A good correlation is observed at 5°C, 
10°C and 33°C. On contrary, the intermediate temperature corresponding to 18°C and 25°C show a worse 
fit of the numerical model with the experiments. Furthermore, in the frequency range up to 80-90 Hz the 
simulated FRF are generally better fitting the experimental ones. For frequencies above 100 Hz, the 
correlation normally degrades due to the difficulties of the numerical model to accurately reproduce the 
dynamics of highly damped systems. 
The increase of the damping with the frequency is explained by considering the increasing importance of 
the viscoelastic layers in the vibration of the whole system. Indeed, the higher is the frequency the more 
complex is the mode shape and therefore the higher is the intermediate layer contribution to the 
windscreen dynamics. Then, since these layers are the major responsible of the system damping, it seems 
clear the correlation between the frequency and the damping. 
Next to this, the fact that at 18°C and 25°C the FRF show a very flat shape above 100 Hz is due to the 
dissipative properties of the polymers whose loss factor is not linear with temperature. Indeed, as all the 
viscoelastic materials, the damping and the elastic properties are very sensitive to temperature changes 
around a critical value referred to as “glass transition temperature” Tg. Such temperature represents the 
threshold characterising the behaviour of the material. Below Tg the polymers behave as a glass materials 
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(stiff, brittle, fragile), above Tg they behave as a rubbers and in correspondence of it these materials show 
a peak of the damping and an inflection point of the elastic modulus curve. Since the Tg of the acoustic 
polymer used in the acoustic windscreen falls in the temperature range 18°C- 25°C, this explains on the 
one hand the flat shape of the FRF at 18°C and 25°C, and on the other hand the less accurate 
experimental-numerical correlation around this temperature. 
 

 a) 

 

b)

 
 c) 

 

d)

 
 e) 

 
Figure 10: Experimental and numerical FRFs 1/1 - a) 5°C, b) 10°C, c) 18°C, d) 25°C, e) 33°C 

 

5.2 Numerical inter variability 
 
The procedure used to numerically simulate the inter variability of the acoustic windscreen is next 
presented. This methodology is based on 3 distinct steps: Design of Experiments (DOE), Response 
Surface Model (RSM), Monte Carlo simulations. A probabilistic approach is used to evaluate the inter 
variability of the frequencies. 
In the following paragraphs, a discussion on the uncertain parameters that may cause the differences in the 
dynamics response of nominally identical windscreens is presented. These information are exploited to run 
several numerical simulations aiming at reproducing the experimental trends of the inter variability. An 
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absolute comparison between the experimental and the numerical results does not represent the objective 
of the paper, due to the limited number of tested windscreens. However, the numerical simulations show a 
procedure, which enables the understanding of the inter variability mechanism as well as the extension of 
the experimental test results. 
 
5.2.1 Uncertain parameters 
 
If m nominally identical systems are considered, there certainly is a high probability of identifying several 
differences amongst them. Geometrical tolerances and material properties differences are likely to be 
present due to the manufacturing process. The reliability of such process is directly related to the inter 
variability of the component and, for the vehicle manufacturers, to the final product quality. 
In the case of the acoustic windscreen, due to the multilayer geometry and to the use of 3 distinct 
materials, the following parameters are identified as potential cause of the inter variability: thickness of 
the 2 glass layers (layers 1-5), thickness of the 2 PVB layers (layers 2-4), thickness of the acoustic 
polymer layer (layer 3), windscreen bend, viscoelastic properties of each of the 3 materials (glass, PVB, 
acoustic polymer). 
Not all of the above-mentioned parameters are taken into account in this research. For instance, the glass 
properties are considered enough stable and well known so that they are assumed as certain variables. 
Their values are chosen in accordance to the results of dedicated tests carried out by Renault. At this stage 
of the research, amongst all the potential uncertain parameters, 4 of them are taken into account for the 
numerical simulations. 
To study the evolution of the inter variability with the temperature as it was experimentally done, all the 
inter variability calculations are repeated for the 5 temperature values. The parameters changed from one 
temperature to another are the viscoelastic properties of the sandwich intermediate layers, as it is done 
during the intra variability numerical simulations. 
 
5.2.2 Design of Experiments (DOE) - Response Surface Model (RSM) 
 
By defining an appropriate DOE on the 4 uncertain parameters, a set of 54 calculations is used to 
numerically identify the inter variability of the system’s natural frequencies.  In addition, to simulate the 
evolution of such variability with the temperature, these 54 calculations are repeated 5 times for the 5 
experimentally tested temperatures.  
The outputs of the generic j-th numerical simulation are: 
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[ ]jΦ  modal matrix of the j-th Nastran calculation, 

j
iφ
r

 real mode i-th ( Ni     to1= ) of the j-th Nastran calculation. 

These results are exploited to define the most appropriate response surface models, which speed up the 
Monte Carlo simulations.   
The response surface models are built in 2 phases. At first, 5 simple 2nd order models are defined to 
interpolate the natural frequencies obtained from the 5 sets of 54 simulations. The cross terms are not 
included since a quadratic model already fit the numerical results enough accurately.  
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The mathematical formulation of each model (for a given temperature) is: 

 2
4

1
,

4

1
, i

i
iki

i
ikkk FcFbaf ⋅+⋅+= ∑∑

==

 (5) 

where: 

kf  k-th natural frequency for a given temperature, 

iF  i-th uncertain parameter ( 4    to1=i ), 

ka  constant coefficient for the k-th natural frequency, 

ikb ,  coefficient of the linear terms for the k-th natural frequency, 

ikc ,   coefficient of the quadratic terms for the k-th natural frequency. 

Second, it is observed that the evolution of the N considered frequencies with the temperature is very 
gradual (with a negative correlation). Therefore, at each frequency it is possible to interpolate the 5 
simulated values to estimate their values for temperatures different from the simulated ones. At the end of 
this numerical procedure, one global response surface model is defined for each frequency. It enables the 
accurate estimation of the natural frequencies of the system, giving the 4 uncertain parameters and the 
temperature as inputs. 
 
5.2.3 Monte Carlo (MC) simulations 
 
The above-defined RSM is used to time efficiently evaluate several scenarios concerning the uncertain 
parameters. The following 2 cases are studied: uniform and normal probability density function (pdf). The 
uniform pdf is defined once the variation bounds of the uncertain parameter are given. The normal pdf is 
determined such that σ⋅= 6t , where t is the variation between the 2 bounds and σ  is the standard 
deviation. 
The Monte Carlo simulations rely upon an advanced MC algorithm. Rather than randomly selecting the 
input samples based on their pdf distributions, this algorithm divides the input variation ranges (bounded 
for the uniform pdf, infinite for the normal pdf) in equi-probable intervals. The sampling algorithm 
imposes, then, to not extract 2 samples from the same interval. The objective of such advanced method is 
a convergence of the MC algorithm faster than the traditional MC implementation. By using this advanced 
algorithm, several simulations are run under the 2 above-mentioned assumptions and the natural frequency 
distributions are therefore calculated. Such results enable identifying the variation range of the first 12 
natural frequencies for the normal and uniform pdf cases.  
 
5.2.4 Experimental versus numerical frequencies inter variability 
 
By using the metrics introduced in the equations 2 and 3 for the inter variability of the experimental 
natural frequencies, and by applying them on the numerical results, an estimation of the numerical inter 
variability of the natural frequencies is performed. Mean values of around 4-5% for normal distributed 
inputs, and of around 9-10% for uniform distributed inputs are calculated. 
On average, such mean variations are higher than the experimental ones (fig. 7). An interpretation of these 
differences relies on the low number of windscreens tested during the experimental campaign. Indeed, a 
set of 3 windscreens is not representative of the entire windscreen population. Therefore, the uncertain 
parameters variations introduced in the numerical simulations are likely to be much richer than the 
variations encountered on the 3 test cases. Under this point of view, it seems reasonable stating that the 
numerical results represent an extension of the experimental campaign.  
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The analysis of the evolution of the mean values of the numerical inter variability with the temperature 
seems to confirm the experimental trend (fig. 8). Figure 11 shows the comparison of the experimental and 
the numerical trends under the normal and uniform input pdf assumption. Globally, the mean value of the 
inter variability of the natural frequencies decreases while increasing the temperature. Future researches 
and experimental tests will aim at verifying these preliminary results and at deepening the understanding 
of the physical explanation of such observed phenomenon. 
 

 
Figure 11: Evolution of the mean values of the numerical and experimental inter variability 

 

6 Summary 
 
The paper focuses on the experimental and numerical study of the intra/inter variability of an acoustic 
windscreen. 
The experimental campaign proves that the system is extremely sensitive to temperature changes. FRF 
intra variabilities up to 30 dB are measured. The natural frequencies and the damping ratios show an intra 
variability up to, respectively, 40% and 10%. 
The experimental inter variability is identified by extending the tests to 3 nominally identical windscreens. 
Even if the low number of tested systems suggests some prudence, it seems that the inter variability is 
lower than the intra variability.  
On the numerical point of view, an appropriate 5-layers solid FE model is developed. The frequencies and 
FRF numerical intra variability is evaluated with this model. The numerical results prove to fit quite well 
the measured data.  
The numerical inter variability of frequencies is studied by applying a method consisting of 3 steps: 
Design of Experiments, Response Surface Models and Monte Carlo simulations. The first numerical 
results are encouraging and they confirm the decreasing experimental trend of the mean inter variability of 
natural frequencies while increasing the temperature.  
Future development of this research will aim at deepening the physical understanding of both the intra and 
inter variability and at refining the numerical procedures used to predict these phenomena. 
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Abstract
Automotive crash simulation is a topic characterized by a high level of complexity. It deals with nonlin-
ear dynamics, sophisticated models of materials and geometry, models of human occupants, as well as a
nearly unmanageable of possible boundary and initial conditions. In this complex field, uncertainty manage-
ment plays an essential role. The lack of information to adequately determine the pertinence of the model
assumptions, the inevitable geometrical and material differences between nominally identical cars and the
huge number of possible boundary and initial conditions give rise to uncertainties of different origin. These
uncertainties are reflected in model parameters of uncertain value, which have to be handled efficiently to
obtain a validation of the overall crash simulation. A very practical approach to the modeling and simulation
of uncertain systems is the numerical implementation of theuncertain parameters as fuzzy numbers, a special
class of fuzzy sets, and then, the use of fuzzy arithmetic based on the transformation method.

1 Introduction

A problem often encountered in the numerical simulation of real-world systems consists of the fact that
exact values for the parameters of the model are used, even though, in reality, the parameter values exhibit a
rather high degree of uncertainty. Those uncertainties arise due to imprecision or lack of information, due to
variability or scatter, or as a consequence of model simplification. In any case, the uncertainties are finally
reflected in uncertain model parameters and sometimes also in uncertain initial or boundary conditions.
Consequently, the results that are obtained for simulations which only use one specific set of values as the
most likely ones for the model parameters cannot be considered as representative for the whole spectrum of
possible model configurations. To incorporate the uncertainties in the simulation procedure of the models,
fuzzy arithmetic proves to be a promising approach [1]. In this novel concept of robustness analysis, the
uncertain parameters are described by fuzzy numbers in contrast to random numbers, which are used in
stochastic approaches. A fuzzy number is a special case of a fuzzy set, as introduced by L. A. Zadeh in 1965
[2], and complies perfectly with the human perception of quantifying uncertainty.

To be able to work with fuzzy numbers as a numerical representation of uncertain model parameters, the
Transformation Method [3, 4] can be used. This technique allows a complete inclusion of the uncertainty in-
formation in the model, and it shows how the uncertainties are propagated through the calculation procedure.
The Transformation Method avoids the possibly serious drawbacks of conventional fuzzy arithmetic, such as
the overestimation effect [1]. Moreover, it can be used to determine the degrees of influence of each fuzzy
parameter, i.e. the proportion to which the uncertainty of each model parameter contributes to the overall
uncertainty of the model output. Furthermore, due to the specific properties of the Transformation Method,
the method can be coupled to any existing software environment for system simulation and, in particular, to
any commercial finite element code.

As applications, the finite element simulations of two mechanical structures with uncertainties in the geom-
etry and material parameters are presented. In particular,the frequency response function of a planar car
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component given by the circuit board of an automotive control unit and the crash of the front bumper of a
vehicle are discussed in the presence of uncertain model parameters.

2 Fuzzy arithmetical concept

2.1 Fuzzy sets and fuzzy numbers

The theory of fuzzy sets was introduced by Zadeh [2] as an extension or generalization of classical set theory.
According to the formulation of G. Cantor (1845-1918), presented in the late nineteenth century, a classical
or so-called crisp setA, A ⊆ U , can be defined as a collection of objects or elementsx ∈ U , which are
characterized by some well-defined property. Hence, if an element shows this property, it belongs to the set
A, otherwise, it is excluded.

When, as an example, the continuous and non-countable universal setU of possible outside temperaturesx in
degrees Celsius is considered, classical set theory can be used to define the setA of ‘freezing temperatures’
by

A = {x ∈ U | x < 0} , (1)

or alternatively in terms of the characteristic function

µA(x) =

{
1 for x ≤ 0
0 for x > 0

, x ∈ U . (2)

Thus, the property ‘x is the freezing temperature’ allows a non-ambiguous definition of the setA, that is, it
allows a clear distinction between the elements that belongto A, and those which do not.

Classical set theory, however, reaches its limits when the property that determines the membership of an
element to a set is formulated in such a way that a clear distinction between either membership or exclusion
is no longer possible. As an extension of the example above, the following question can be considered: How
does the set̃A of ‘low temperatures’ look like? Even though the classification of temperatures is, of course,
very much dependent on the personal perception of ‘low temperature’, or ‘cold’, respectively, it is obvious
that a clear division of the universal set into elements thatdefinitely belong to the set, and those that are
completely excluded, does no longer make sense. The notion of a fuzzy property ‘x is a low temperature’ for
the setÃ necessitates an extension of classical set theory towards ageneralized set theory, where in addition
to membership and exclusion there is also the possibility for the provision of gradations between the two
groups. Against this background, so-called fuzzy sets can be introduced as a generalization of conventional
sets by allowing elements of a universal set not only to entirely belong or not to belong to a specific set,
but also to be contained in a set to a certain degree [2]. For the description of fuzzy sets, the characteristic
function µA of a crisp setA, whereµ(x) ∈ {0, 1}, can be generalized to a membership functionµ eA for a

fuzzy setÃ, whereµ(x) ∈ [0, 1].

A very promising application of the theory of fuzzy sets, which is rather different from the well-established
use of fuzzy set theory in fuzzy control, is the numerical implementation of uncertain model parameters as
fuzzy numbers. Basically, fuzzy numbers can be considered as a special class of fuzzy sets showing some
specific properties [5]. On this basis, closed intervals andcrisp numbers of the form

[a, b] = {x | a ≤ x ≤ b} and c = {x | x = c} , x ∈ R , (3)

can be considered as classical subsets of the universal setU = R which can also be expressed by

µ[a,b](x) =

{
1 for a ≤ x ≤ b
0 otherwise

and µc(x) =

{
1 for x = c
0 otherwise

, (4)

when using the membership functionµ(x) ∈ {0, 1}, x ∈ R (Figure 1). Fuzzy numbers, instead, are defined
as convex fuzzy sets over the universal setR with their membership functionsµ(x) ∈ [0, 1], whereµ(x) = 1
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is true only for one single valuex = x ∈ R, the so-called center value or nominal valuex. For example, a
fuzzy number̃p1 of quasi-Gaussian shape, expressed by the abbreviated notation [1]

p̃1 = gfn∗(x1, σl, σr) , (5)

can be defined by the membership function

µep1
(x) =





0 for x ≤ x1 − 3σl

exp
[
− (x− x1)2/(2σl2)

]
for x1 − 3σl < x < x1

exp
[
− (x− x1)2/(2σr2)

]
for x1 ≤ x < x1 + 3σr

0 for x ≥ x1 + 3σr

∀ x ∈ R . (6)

A fuzzy number̃p2 of triangular (linear) shape, expressed by the abbreviatednotation [1]

p̃2 = tfn(x2, αl, αr) , (7)

can be defined by the membership function

µep2
(x) =





0 for x ≤ x2 − αl

1 + (x− x2)/αl for x2 − αl < x < x2

1− (x− x2)/αr for x2 ≤ x < x2 + αr

0 for x ≥ x2 + αr

or (8)

µep2
(x) = min

{
max

[
0, 1 − (x2 − x)/αl

]
,max

[
0, 1− (x− x2)/αr

]}
∀ x ∈ R . (9)

σl σr αl αr

0

1

1√
e

x

µ(x)

a bc
x1

x2

Figure 1: Crisp numberc and closed interval[a, b] as well as quasi-Gaussian fuzzy numberp̃1 and triangular
fuzzy number̃p2 expressed by their membership functions.

2.2 The Transformation Method

For the evaluation of systems with uncertain, fuzzy-valuedmodel parameters, the Transformation Method
can be used, proving to be a practical implementation of fuzzy arithmetic. The method is available in a
general, a reduced and an extended form [3, 1]. Assuming the uncertain system to be characterized byn
fuzzy-valued model parameters̃pi, i = 1, 2, . . . , n, the major steps of the method can briefly described as
follows:
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In the first step, each fuzzy numberp̃i is discretized into a number of intervalsX
(j)
i = [a

(j)
i , b

(j)
i ], assigned to

the levelsµj , j = 0, 1, . . . ,m, of membership that result from subdividing the possible range of membership

equally spaced by∆µ = 1/m (Figure 2). In a second step, the input intervalsX
(j)
i , i = 1, 2, . . . , n, j =

0, 1, . . . ,m, are transformed to arrayŝX(j)
i that are obtained from the upper and lower interval bounds after

the application of a well-defined combinatorial scheme [1].Each of these arrays represents a specific sample
of possible parameter combinations and serves as an input parameter set to the problem to be evaluated. As a
result of the evaluation of the model for the input arraysX̂

(j)
i , output arrayŝZ(j) are obtained which are then

retransformed to the output intervalsZ(j) = [a(j), b(j)] for each membership levelµj and finally recomposed
to the fuzzy-valued output̃q of the system.

In addition to the simulation part of the Transformation Method described above, the analysis part of the
method can be used to quantify the influence of each fuzzy-valued input parameter̃pi on the overall fuzziness
of the model output̃q. For these purposes, the standardized mean gain factorsκi and the normalized degrees
of influenceρi have been introduced [1], quantifying in an absolute and in arelative character, respectively,
the effect of the uncertainty of theith model parameter̃pi on the overall uncertainty of the model outputq̃.

µepi
(xi)

µj

µj+1
∆µ

xi

0

1

p̃i

a
(j)
i b

(j)
iX

(j)
i

Figure 2: Decomposition of a fuzzy numberp̃i into intervals.

Among other advantages of the Transformation Method [1], its characteristic property of reducing fuzzy
arithmetic to multiple crisp-number operations entails that the Transformation Method can be implemented
without major problems into an existing software environment for system simulation. Expensive rewrit-
ing of the program code is not required. Instead, the steps ofdecomposition and transformation as well
as of retransformation and recomposition can preferably becoupled to an existing, commercial software
environment by a separate pre- and postprocessing tool. Forthis purpose, the program FAMOUS (Fuzzy
Arithmetical Modeling Of UncertainSystems) has been developed, which carries out the Transformation
Method and provides an interface to commercial finite element software.

3 Crash simulation in the presence of uncertainty

The object under consideration in this section is given by the front bumper of a vehicle (Figure 3) that
crashes against an inclined rigid wall, starting from a specific initial velocity. The model is characterized by
a number of geometry, material and interface parameters, three of which will be assumed to be uncertain in
the following: the interface friction factorf quantifying the friction between the bumper and the wall, the
impact angleϕ, i.e. the angle of inclination of the rigid wall with respectto the vertical (yaw) axis of the
vehicle, as well as the sheet thicknesst of the bumper.

To take into account the uncertain behavior of these parameters, the previously crisp values of these model
parameters are replaced by fuzzy numbers. Specifically, thethree uncertain parameters are assumed to be
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Figure 3: Front bumper of a vehicle.

represented by fuzzy numbers of triangular shape, as introduced in Eqs. (7) and (8). The uncertain parameters
can then be expressed in terms of

p̃i = tfn(x̄i, αli , αri
) , (10)

where again the tilde is intended to reflect their fuzzy-valued character. The nominal valuesx̄i of the trian-
gular fuzzy numbers̃pi, i = 1, 2, 3, as well as their left-hand and right-hand spreadsαli andαri

are set to
the values given in Table 1, leading to symmetric triangularfuzzy numbers for the parametersp̃1 andp̃3, and
to a single-sided triangular fuzzy number for the parameterp̃2.

Table 1: Fuzzy-valued model parametersp̃i, i = 1, 2, 3, with their center values̄xi as well as their left-hand
and right-hand spreads,αli andαri

.

Interface friction factor
p̃1 = f̃ x̄1 = f̄ = 0.5 αl1 = 0.2 αr1 = 0.2

Inclination angle of the
wall (impact angle)
p̃2 = ϕ̃ x̄2 = ϕ̄ = 0 ◦ αl2 = 0 ◦ αr2 = 10 ◦

Sheet thickness of bumper
p̃3 = t̃ x̄3 = t̄ = 2.0 mm αl3 = 0.2 mm αr3 = 0.2 mm

As meaningful output variables of the crash simulation in the presence of uncertainty, the accelerationã of
the cabin and the absorbed total energyẼ of the bumper, considered as virtually attached to the bumper, can
be considered. The dynamic behaviorã(t) andẼ(t) of these quantities in the course of the crash process is
calculated by means of the crash simulation software LS-DYNA in conjunction with the in-house program
package FAMOUS, which successfully extends the crash simulation software towards the inclusion of fuzzy-
valued parameters on the basis of the Transformation Method.

The acceleratioña is plotted against time in Figure 4 as a contour plot showing the nominal value of̃a at
µ = 1 in red, the upper and lower bounding lines of the overall uncertainty atµ = 0 in yellow, and the
contour lines for the in-between lying membership levelsµ = 1/3 andµ = 2/3 in green and blue.

As one can see from Figure 4, the characteristics of the cabinacceleration during the crash process is no-
ticeably influenced by the uncertainty that is assigned to the model parameters, and it exhibits a significantly
asymmetric shape. In the case of crisp parameters, where no uncertainty is considered to act upon the nom-
inal values (red line forµ = 1), the increase and decrease of the acceleration with time are significantly
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Figure 4: Contour plot of the cabin accelerationã(t) in the course of the crash process with uncertain model
parameters.

pronounced in the course of the crash process. These characteristics are, however, clearly less distinct as
soon as uncertainty is taken into account. Explicitly, the acceleration tends to exhibit smaller values in the
first 50-60 ms of the crash, where the bumper is stressed and issubject to deformation, and higher values
in the final 50-60 ms, where the bumper tends to straighten up again. Hence, in case of uncertain model
parameters, the acceleration of the cabin is expected to be of significantly smaller amount, but effective over
a longer period, in return.

The asymmetric shape of the fuzzy-valued accelerationã(t) motivates the conclusion that the uncertainty of
the acceleration is primarily caused by the uncertainty of the impact anglẽϕ, i.e. by the inclination angle
of the wall, and only secondarily by the uncertainty of the other model parameters,̃p1 = f̃ and p̃3 = t̃.
Remember that the uncertain impact angle has been defined by an asymmetric fuzzy number, while the
shapes of the fuzzy-valued friction factor and the sheet thickness have been defined as symmetric. This
observation is substantiated by the results of the fuzzy arithmetical sensitivity analysis of the crash in in
Figure 5, which is additionally provided in the framework ofthe Transformation Method. The standardized
mean gain factorsκi, i = 1, 2, 3, in Figure 5a quantify the absolute influence of the uncertainty of each
individual model parameter on the overall uncertainty of the output variablẽa and confirm the conclusion
that the uncertainty of the impact anglep̃2 = ϕ̃ is of predominant influence, while the sheet thicknessp̃3 = t̃
of the bumper ranges second, and the interface friction factor p̃1 = f̃ can be rated as negligible. This
conclusion is further supported and impressively illustrated by the relative measures of influence, i.e. the
degrees of influenceρi, i = 1, 2, 3, in Figure 5b, which give the percentage of influence for eachmodel
parameter at every timet of the crash. Furthermore, this meaningful finding of the dominant character of
the impact angle versus the structural parameters proves tobe in complete accordance with experimental
results obtained in the framework of a stochastic crash analysis [6]. As an absolute measure of influence,
the standardized mean gain factorsκi, i = 1, 2, 3, in Figure 5a also demonstrate how the uncertainty is
propagated through the system and how the overall uncertainty of ã evolves over time. In particular, it shows
that the acceleratioña is affected by the parametric uncertainty at most at about 70ms after the initial impact.

The absorbed energỹE is plotted against time in Figure 6. Like for the cabin acceleration, the absorbed
energy during the crash process is noticeably influenced by the uncertainty of the model parameters and
exhibits a significantly asymmetric shape. Obviously, the nominal parameter configuration represents a
sort of optimal configuration, which is capable of maximing the absorbed energy, fort ≈ 50 ms, and of
minimizing the plastic deformation of the bumper during thecrash process. Thus, the design of the nominal
bumper proves to be optimal.

As shown in Figure 7, the uncertainty of the impact angleϕ̃ again proves to be the predominant factor on the
uncertainty of the absorbed energy. All the conclusions drawn on the basis of the absolute and the relative
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Figure 5: Measures of influence for the model parametersp̃i on the uncertainty of the cabin acceleration
ã(t): (a) standardized mean gain factorsκi(t); (b) degrees of influenceρi(t)

measures of influence for the cabin acceleration are thus still valid in case of the absorbed energy in equal
measure.

0 50 100
0

0.5

1

1.5

2

2.5
x 10

3

Ẽ
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Figure 6: Contour plot of the absorbed energyẼ(t) in the course of the crash process with uncertain model
parameters.

Turning out to be a rather revealing result, the interestingconclusion can be drawn that whenever the crash
is expected to be not completely straight on, but at an (even only slightly) oblique angle, the sheet thickness
of the bumper is of significantly inferior influence, although the actual setting of this quantity has often been
defined on the basis of a preliminary structural optimization procedure. Hence, keeping in mind that perfectly
straight frontal crashes represent a strong idealization of reality, the usefulness of sophisticated preliminary
optimization procedures without the inclusion of uncertainties turns out to be rather questionable.

4 Conclusions

A fuzzy arithmetical approach for the modeling, simulationand analysis of systems with uncertain param-
eters has been presented. In this concept, the uncertain parameters are modeled by fuzzy numbers, and
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Figure 7: Measures of influence for the model parametersp̃i on the uncertainty of the absorbed total energy
Ẽ(t): (a) standardized mean gain factorsκi(t); (b) degrees of influenceρi(t)

the fuzzy-parameterized models are evaluated by the use of the Transformation Method in conjunction with
commercial finite element software. In addition to the provision of a worst-case scenario, fuzzy arithmetic
based on the Transformation Method allows the quantification of the individual influence of each uncertain
model parameter on the overall uncertainty of the system output. On this basis, revealing conclusions can be
drawn with respect to the necessity of design modifications or to the importance of preliminary identification
or optimization procedures for specific model parameters. Furthermore, against the background that in crash
analysis, uncertainties usually exhibit rather drastic effects on the predicted behavior of the structure, it is
strongly recommended in future to redirect the increasing computer power to the inclusion of uncertainties,
rather than to progress with a further refinement of the finiteelement models, providing a fake exactness that
is not resonable in most cases.
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Abstract
In automotive industry, design decisions are increasingly based on virtual prototypes, such as numerical
Finite Element (FE) models. This reduces the need for expensive physical prototypes, so that design cost
and time-to-market can be reduced. These FE models are deterministic, implicitly assuming that all design
parameters are precisely known and that the manufacturing process produces identical structures. This is
typically not valid. Uncertainty exists in the manufacturing process, in the physical and geometrical proper-
ties and in the environmental conditions. A single deterministic analysis is not sufficient to fully understand
their effect on the structural and vibro-acoustic performance. Including possibilistic models of design vari-
ables into the mechanical simulation process can lead to an improved design process so as to guarantee the
robustness of the design with a fuzzy approach. In this paper, the benefits of this approach are demonstrated
on an industrial windshield structure. Measurements of the dynamic response of the windshield have been
collected in free-free conditions for nominally identical windshields at different temperatures. A validated
FE model in the frequency range of interest has been used. Uncertainty in its physical and geometrical pa-
rameters has been obtained from test data and has been introduced in the numerical model in order to assess
the effects on the dynamic response. The outcome of the analysis consists of a possibilistic model of the fre-
quency response function, given the the uncertainty in the input parameters. This analysis not only provides a
better insight into the effects of uncertainty in the dynamic response prediction, but also provides sensitivity
measures of the design parameters on the final performance of the structure. In addition, guidelines to further
improve structural designs and manufacturing processes are also obtained.

1 Introduction

The use of Finite Element analyses in the early design stages gives the analysts valuable information on
their design in a virtual development environment. This information can be used to optimise the design
and increase the reliability of the model. Different techniques are available to achieve this goal and their
application is accomplished by the combination of user defined routines that fully automate the analysis
process.

These tools are indispensable components in today’s competent industrial world. While conducting various
analyses on different engineering structures, the problem of uncertainty emerges, awaiting the designer to
deal with it. The presence of uncertainty can be an inherent property of the design variable or may be caused
by a production process that is applied on the structures. Independently on the origin of the uncertainty, the
problem needs to be handled to gain a better insight on the behaviour of the system.

Inclusion of uncertainty into the engineering analysis can be accomplished by the use of probabilistic or
other non-deterministic tools. This study focuses on the application of a non-probabilistic technique, the
Fuzzy Finite Element (FFE) method, to analyse the effect of uncertainties on the system behaviour by using
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classical finite element analysis [1]. The method is basically an extension of the Interval Finite Element (IFE)
analysis. The aim of the IFE method is to calculate the range of the result of a classical deterministic FE
analysis taking into account that some uncertain model properties vary within an interval. The FFE method
analyses the influence on the IFE result of the interval widths defined on the uncertain model properties. The
fuzzy procedure as such becomes a tool for interval sensitivity analysis [2]. The fuzzy concept is applied to
represent parameter uncertainty in a numerical FE model.

In order to demonstrate the advantages of the FFE approach, this method has been applied to investigate the
effect of several real life uncertainties on the dynamic behaviour of a windshield model. Consequently, the
FFE method is used as the numerical analysis tool in the conducted analysis. One of the important aspects
of the study is the full automation of the analysis process with the combination of commercial packages and
user defined routines. In this context, Section 2 will briefly outline the characteristics of the windshield and
its uncertainties. Section 3 gives a brief outline of the fuzzy analysis method. Section 4 the integration of
commercial packages and user-defined routines that has been realized to produce the desired results. Section
5 shows the results of the analysis in terms of the FRF responses of the windshield model. The paper is
concluded in Section 6.

2 Application case

In order to demonstrate the effective application of the FFE method, a numerical model of an acoustic
windshield has been used. The considered acoustic windshield is a sandwich structure composed of 5 layers:
2 outer layers of glass, 2 intermediate layers of a standard polymer (also called PVB) and 1 inner layer of
an acoustic polymer (also called AP). The sandwich structure is represented in Figure 1. The function of the
acoustic polymer is to act as a damping element on frequencies that operate in the acoustic range within the
cavity of a vehicle.

Figure 1: Acoustic Windshield Finite Element Mesh

The physical characteristics of the windshield have
been accurately studied by Renault [3] [4] and
the dynamic characteristics of the windshield have
been measured in the framework of an extensive
experimental modal analysis campaign. Since the
polymer layers can be generally subject to vari-
ability in the material properties, the campaign (in
free-free conditions) has been carried out on three
nominally identical acoustic windshield at 5 dif-
ferent temperatures, representative of the operat-
ing conditions of the components. From the data
collected during the modal analysis campaign, a
characterisation of the inter and intra variability of
the dynamic response has been assessed by direct
exploitation of the Frequency Response Functions
(FRF) and by the estimation of the modal param-
eters [5][6]. In this context, the inter variability
refers to the variation of the observed parameters
among the three windshields at the same tempera-
ture (constant environment), while the intra variability refers to the variation of the dynamic response but
at different temperatures (changing environment). In particular, the evolution of the natural frequencies and
the modal damping coefficients as a function of the temperature and the nominally identical windshields
have been identified. The analysis of this data showed that a significant intra variability is present due to the
intermediate and inner polymer layers. As expected, the visco-elastic properties of the polymer layers are
particularly sensible to environmental changes, thus influencing the acoustic performance. More details on
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the modal analysis campaign can be found in [4].

Figure 2: Detail of the finite element layers of the windshield

The data collected during the experimental campaign has been used to validate the Finite Element model
of the windshield structure, which is used to predict the dynamic behaviour. Details on the validation and
verification process can be found in [3]. The objective of our analysis is to assess the effect of uncertainty
in various physical and geometrical properties of the windshield and predicting the possible variation of the
dynamic response under uncertainty. Thus the use of a verified and validated FE model is essential.

Using the data collected by Renault in its experimental campaign, a solid FE model of five layers has been
created (Figure 2). For this model a set of 5 uncertain parameters has been selected. Their nominal values
and ranges of variation are reported in Table 1 and Table 2. The nominal values for the Young’s modulus of
the PVB and AP polymer are reported at a reference temperature of 25oC.

Parameter Nominal Value
Young’s Modulus of the PVB 108 MPa
Young’s Modulus of the AP 7 MPa
Sandwich thickness 4.96 mm
Inner Polymer layers thickness 0.67 mm
Bend in the centre of the windshield 0.0 mm

Table 1: Nominal values

Parameter Interval of variation
Young’s Modulus of the PVB [20:800] MPa
Young’s Modulus of the AP [7:50] MPa
Sandwich thickness [4.94:4.98] mm
Inner Polymer layers thickness [0.60:0.76] mm
Bend in the centre of the windshield [-3.0:+3.0] mm

Table 2: Uncertain parameters

It is worth noting that the thicknesses of the polymer and sandwich layers are not split down to the thicknesses
of the single layers. So no hypothesis can be made on the single layer thickness but some observations
can be made on the limits of the glass thickness and thus of the polymer layers. An explanation of the
characterisation used is given in Section 4.1.
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3 The Fuzzy Finite Element method

3.1 Fuzzy Sets and Fuzzy FE Analysis

In order to enable the application of the fuzzy concept in the context of the Finite Element Analysis, a fuzzy
finite element (FFE) method has been developed [1, 7, 8, 9]. It is based on the concept of fuzzy sets as
defined by Zadeh [10] for the representation of uncertain model properties.

A fuzzy set can be interpreted as an extension of a classical set. Where a classical set clearly distinguishes
between members and non-members of the set, the fuzzy set introduces a degree of membership represented
by the membership function, as illustrated in Figure 3.

µx̃ (x)

X

µỹ (y)

Y

“ x̃ is around 50 ” “ ỹ is most probably above 50 ”

11
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45 5050 5555

Figure 3: Examples of fuzzy sets with their corresponding linguistic description

This concept allows membership values different from zero and one, which enables the representation of a
value that is only to a certain degree member of the set. The concept of fuzzy numbers is best suited to model
linguistic uncertainty in the model. It is well suited to incorporate all available subjective information, and it
does not attach any probabilistic meaning to the numerical representation.

The aim of the FFE analysis is to calculate the membership function of an output property of a finite element
calculation, based on the fuzzy descriptions of the input uncertainties. The FFE analysis does not give an
objective reliability measure as it is based on explicit subjective information. Therefore, it should be regarded
as a tool for early design validation and optimisation rather than an objective reliability analysis method.
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Figure 4: Scheme of the numerical procedure to perform a fuzzy FE analysis using 4 α-sublevels

The numerical procedure for the implementation of the FFE method is based on a general strategy for com-
puting the fuzzy result of operations on fuzzy operands, i.e., the α-sublevel technique. This technique subdi-
vides the membership range into a number of α-levels. At each level, the intersection with the membership
function of the input uncertainties results in an interval. Based on these input intervals for all uncertain pa-
rameters, an interval analysis can be performed. This results in an output interval at the considered α-level.
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The total fuzzy solution is assembled from the interval results at all sublevels. Figure 4 clarifies this proce-
dure for a function of two triangular fuzzy variables with 4 α-sublevels. Based on this description, it is clear
that the FFE method requires a reliable and efficient implementation of the corresponding interval FE(IFE)
problem.

3.2 Interval Frequency Response Function Analysis

An accurate and efficient hybrid procedure for the Interval Frequency Response Function analysis has been
developed by Moens [11, 12]. The method is based on an interval translation of the deterministic modal
superposition principle. The first step of the procedure consists of a global optimisation step, in which
the input uncertainty intervals of the FE model are translated to the exact intervals for the eigenvalues, the
modal stiffness and the modal mass parameters according to each of the considered modes of the structure,
thereby neutralising all conservatism in the system matrix assembly phase. With the intervals on these modal
parameters, an accurate calculation of the upper and lower FRF bounds is performed by an interval arithmetic
procedure. The final interval FRFs have been proved to contain only a very limited amount of conservatism.
A complete mathematical description of the method can be found in the mentioned references.

The computational cost of an interval FRF analysis using the hybrid procedure is mainly determined by the
first step of this procedure, as it requires six global optimisation procedures for each mode that is taken
into account in the modal superposition. Hence an efficient optimisation procedure taking into account
all uncertain input parameters is primordial. The method for the integration of parametrised geometrical
uncertainties and other FE property uncertainties is described in the following section.

4 Analysis case implementation

In order to conduct the analysis on the windshield model, a computational framework has been set up. The
numerical procedure for the implementation of the FFE method requires the evaluation of the dynamical
response of the structure at specific values of the input parameters, so that a FE modal analysis has to be
performed for each evaluation. To accomplish this task, an automation framework has been created that
modifies the FE model to take the variation of the input parameters into account, as will be explained in
Section 4.1.

4.1 Integration of uncertainties and the morphing scenario

This subsection gives a brief outline of the process to integrate the uncertain input parameters in the fuzzy
analysis. The input parameters of Tables 1 and 2 are used. The fuzzy FE method requires that a deterministic
analysis can be performed at any combination of parameter values within their given interval bounds. Un-
certainties on the geometrical parameters are integrated by using the Morpher module of LMS Virtual.Lab
[13]. In this phase, the FE model of the windshield is morphed using the input parameters that represent
the geometrical uncertainties. Simultaneously, the other model properties are also updated in the FE model.
The output of LMS Virtual.Lab (i.e. the morphed model) becomes the input of FUZZYFRF, the K.U.Leuven
software module to calculate a fuzzy FRF (see Section 4.3). The morph scenario that is used in the analysis
consists of two steps. The first step is to morph the inner layers (PVB, AP, PVB) such that their total thick-
ness equals the parameter value representing the thickness of the inner polymer layers (see Tables 1 and 2).
The second step is to morph the two glass layers such that the total thickness of the windshield equals the
corresponding parameter value. The details of the morphing process can be observed in Figure 5.
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Figure 5: Scheme of the morphing process

4.2 Mesh Morphing

This type of mesh transformation, called mesh morphing [14], consists of a change in the position of the
nodes belonging to a specified mesh, following a given expression. This expression can be mathematical,
such as a matrix, or geometrical, for example the definition of a target shape. The morphing technology -
available in LMS Virtual.Lab [13] - offers very interesting perspectives to apply such mesh modifications in
a user-friendly and application-oriented way [15] [16]. The most commonly used mesh morphing techniques
are freeform morphing and control based approach.

In free form morphing, a set of morphing tools acts directly on the mesh. The approach uses the concept
of control nodes, deformable nodes and fixed nodes. Fixed nodes determine the boundary of the area of the
deformable zone of the mesh. The deformable nodes correspond to the nodes that will be morphed. The
actual displacement of the deformable nodes is determined by the displacement of the control nodes. To
move the control nodes, several transformations can be applied including projection (to surfaces or lines),
translation, rotation, alignment and scaling.

In a control based approach, morphing operations are not carried out directly on the mesh of the existing FE
model. Instead, morphing is applied by means of control blocks. Each control block represents a volume
that envelops a small part of the existing FE mesh. By linking the location of the FE nodes inside each
control block to the location of the corners of the control block, morphing operations applied to the blocks
automatically define the geometry of the morphed FE model.

For the case considered in this paper, the first approach has been selected. The particular complexity of the
mesh made the use of control blocks less suitable. The morphing process had to be repeated a number of
times for each combination of the input parameters. The performance function needs to be evaluated for
each set of mesh morphing transformations, thus requiring each time a complete re-analysis.

4.3 Process Integration

In order to automate the whole procedure, a process integration set-up has been created. The integration has
been divided in two steps: first the integration of the mesh morphing/material updating process and then the
FFE analysis.

The first part was accomplished by using LMS Virtual.Lab [13] together with a Visual Basic Applica-
tion script, provided by the DS CATIA automation framework [17]. This block has been integrated in
the FUZZYFRF software module developed in-house at the PMA department of the Katholieke Univer-
siteit Leuven, providing the necessary problem definition, input/output files, results extraction and post-
processing [18].

An outline of the procedure is shown in Figure 6.
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Figure 6: Outline of the integration procedures for the FFE analysis and FE model updating.

5 Results

To illustrate the implementation, two analyses are performed on the windscreen. Each analysis calculates a
direct FRF in a direction perpendicular to the windscreen in a certain point.
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Figure 7: Comparison of FRF responses for vertex analysis and Monte Carlo samples

In the first analysis, the windscreen is subject to five interval uncertainties as defined in Table 2. The upper
bound on the response is calculated using the FRF envelope algorithm described in Section 3. The bounds
on the modal parameters are calculated using a vertex analysis. A vertex analysis evaluates the goal function
in every combination of the minima and maxima of the input intervals. For n parameters, it requires 2n goal
function evaluations. Because the goal functions are monotonous with respect to the input parameters, the
vertex analysis calculates the actual minima and maxima. Figure 7 shows the upper bound on the FRF (black
line) together with the 32 (25) vertex FRFs and 20 uniformly sampled Monte Carlo FRFs (grey lines). The
calculated upper bound on the response is a close but conservative approximation of the real upper bound.

In the second analysis, the windscreen is subject to only one uncertain parameter: the bending in the centre
of the windscreen. The other four uncertainties defined in the first analysis are held at their reference value
as defined in Table 1. The uncertainty on the bending is described by a fuzzy number with a triangular shape
function as illustrated in Figure 8. Again, the bounds on the modal parameters are calculated using the vertex
method. The fuzzy FRF in Figure 9 shows that, compared to the first analysis (Figure 7), the influence of the
bending on the response is rather limited: it can be seen that the amplitude uncertainty in the first response
peak of the FRF is very small. In the low frequency region, the influence is very small, but around 25 Hz, it
increases quite suddenly.
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Figure 8: Fuzzy input for the bend in the centre of the windshield

0 10 20 30 40 50 60 70 80

−6

−5

−4

−3

frequency [Hz]

lo
g 10

(F
R

F jk
)

de
gr

ee
 o

f m
em

be
rs

hi
p

0.0

0.2

0.4

0.6

0.8

1.0

Figure 9: Fuzzy FRF response for the fuzzy bend in the centre

6 Conclusions

In this paper, the dynamic behaviour of a windshield with geometrical and material uncertainties has been
analysed. Several observations have been made.

For the windshield, the geometric tolerances have been parametrised as shape design variables using mesh
morphing technology, which enabled to accurately assess their effect on the dynamic performance. The
entire process (mesh morphing, finite element analysis, fuzzy finite element analysis) has been captured in
an automated multi-platform framework.

In summary, the methodology outlined in this paper constitutes an effective general-purpose tool to assess
the effects of uncertainties on the structural dynamic response of a design at a reasonable computational cost.
It identifies the envelope conditions of operation and the sensitivity of the response to uncertainties on the
input parameters. Note that the number of variables and their selection is not limited to the present choice,
as they can be changed and increased in number, depending on the particular application. In fact, it is the
engineer who should ensure that all relevant tolerance and material parameter uncertainties are included in
the analysis.
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Abstract
In the present paper, a vibration based analytical method, for determining the elastic properties of isotropic 
rectangular plates has been assessed using cold rolled aluminum alloy (6082-T6) thin plate samples. The 
procedure, presented by the authors in a previous work, is based on the measurement of, at least, two of 
the first four resonant frequencies of the samples. It allows to obtain the elastic constants directly by using 
table sets numerically calculated. The uncertainty associated with the procedure are estimated and the 
results obtained are compared with reference values reported in literature. 

1Introduction

In the last decades, the use of dynamic test techniques for the elastic characterization of both isotropic and 
anisotropic materials has increased due to their non-destructive nature, simple operating procedures and 
superior precision over the static test methods [1-5]. One of the most well-assessed of test is represented 
by the dynamic resonance method. It relies on the measurement of the resonant frequencies to determine 
the elastic properties because the nature of the vibration depends on the elastic moduli of the sample tested 
as well as on its size and density. Obviously, accurate relations relating the natural frequencies to the 
elastic  properties  of  the  specimens  are  necessary  and  these  relations  can  be  obtained  analytically 
integrating the equation of motion in accordance with the prescribed boundary conditions. Unfortunately, 
this task can be carried out only for few simple cases, e.g. in the case of axial and torsional vibrations of 
an infinite length isotropic  circular  bar  with free  edge conditions  [6].  For finite length isotropic bars 
(circular or rectangular cross sections) and other simple geometries, such as circular thick plates, only 
approximate numerical solutions exist [7-10]. Such approximate numerical solutions formed the basis of 
the ASTM standards for the elastic characterization of isotropic materials [11-12]. Recently, in [13], the 
authors have proposed a procedure that allows to extend the dynamic resonance method to thin isotropic 
rectangular plate with free edges. This procedure requires the measurement of at least two of the first four 
natural frequencies in order to obtain the dynamic Young modulus and the Poisson ratio of the sample. It 
is based on suitable approximated frequency equations obtained by means of the Finite Element Method 
(FEM) and it was validated using natural frequencies retrieved from published papers. The basic aim of 
this study is a further assessment of the aforementioned procedure.  To this aim rectangular plates of 
different  aspect  ratio  have  been  accurately  cut  from  commercially  available  sheets  of  cold  rolled 
aluminum alloy (designation: Al6082-T6). This common material type has been chosen because of the 
well established knowledge of its elastic properties; in addition, the rolling process ensures a reasonable 
thickness uniformity, this last is of great concern when one is dealing with a dynamic test method. In order 
to  measure  the  resonant  frequencies,  an  experimental  apparatus  based  on  the  Impulse  Excitation 
Technique (IET) [14] is presented. It consists of an impulser for making the sample vibrate mechanically, 
a microphone placed near the surface of the sample to pick up its response, and an ordinary personal 
computer provided with a sound card and MATLAB® software. Finally, the results obtained have been 
compared with those reported in literature [1]. 
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2Summary of the procedure for determining the elastic properties

The applicability of a dynamic test method depends on a knowledge of the frequency equation relating the 
natural frequencies of a suitable test specimen to the dynamic elastic properties of the material of which it 
is made. In particular a frequency equation suitable for determining the elastic properties of the plate could 
be obtained by solving the following differential equation of motion 

02

2
22 =

∂
∂+∇∇

t
whwD ρ (1)

where w is the displacement field, D=Eh3/[12(1-ν2)] is the flexural stiffness of the plate, ρ is the density of 
the  material  and  h is  the  thickness.  Unfortunately,  it  is  not  possible  to  find  a  suitable  form for  the 
displacement  field  w that  simultaneously  satisfies  both  the  boundary  condition  and  the  differential 
equation of motion.  Therefore,  to  seek practical  solutions,  many researchers have resorted to  various 
approximate analytical methods. Classical analytical methods have been used in the past to deal with the 
flexural vibration of thin rectangular isotropic plates with different edge conditions, Warburton [15] used 
characteristic  beam  vibration  functions  in  Rayleigh’s  method  in  order  to  obtain,  for  any  boundary 
conditions  and for  each mode of vibration,  very useful,  simple and approximate  formulae expressing 
natural frequencies in terms of dimensions of the plate, density and elastic constants of the material. Such 
formulae assume the following form
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where  a is the length of the plate,  f is the natural frequency while  λ is a non-dimensional factor (the 
“frequency factor”) obtained using a table reported in [15] that, for a given aspect ratio a/b (where b is the 
width of the plate) depends only on ν if one or more edges of the plate are free. In principle, by inverting 
Eq. (2) one is able to determine the elastic properties if the natural frequencies, the dimensions and the 
mass of the plate are measured. Nevertheless, the accuracy of the frequency values calculated using of Eq. 
(2)  is  excellent  for  plates  without  free  edges,  otherwise  it  can  decrease  significantly.  Recently,  in  a 
previous  article  [13]  the  Finite  Element  Method  was  used  in  order  to  improve  the  accuracy  of  the 
Warburton formulas.  The case of thin rectangular plate with free edges was explored for various modes of 
flexural  vibration  and  for  different  a/b ratios  and  the  values  of  the  frequency factors  versus  ν were 
reported in the form of graphs for different values of a/b (i.e., 1.0, 1.5, 2.0 and 2.5). In the same article 
detailed tables have been reported in which the dependence of Poisson’s ratio upon the frequency factor is 
shown for  a/b equal to 1.0 and 1.456; however, the procedure that allows to obtain these data for any 
desired aspect ratio is presented as well. 
In Tab. 1 the first four modes of vibration of a rectangular isotropic steel thin plate (ν =0.3) with free 
edges are illustrated along with the modal designations (in brackets). It is worth noting that the sequence 
and precise details of mode shapes depend on the particular values of elastic constants and geometrical 
dimensions.  Nevertheless  their  knowledge  is  of  critical  concern  for  the  experimental  activities  (i.e., 
measurement of the natural frequencies). 

A knowledge of the corrected relations between λ and ν for each of the first four modes of vibration allow 
for the elastic characterization to be carried out: Poisson’s ratio can be determined by the frequency ratio 
f(h,k)/f(l,j) of two generic (h,k) and (l,j) resonant modes because of the frequency ratio f(h,k)/f(l,j) is equal to the 
frequency factors ratio λ(h,k)/λ(l,j) that depends only on ν ratio for a given value of a/b. It should be noted 
that only a division is required. The value of ν  could then be used to evaluate Young’s modulus. In fact, 
inverting Eq. (2) and introducing the mass m of the specimen, Young’s modulus is expressed as

( )
( )
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E ν
νλπ
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= (3)

where f is one of the two resonant frequencies considered.
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Table  1:  first  four  modal  shapes  for  rectangular  isotropic  steel  thin 
plates with different aspect ratio a/b (ν=0.3). 

a/b Mode I Mode II Mode III Mode IV

1.0

(1,1) ((0,2) – (2,0)) ((0,2) + (2,0)) (1,2)

1.5c

(1,1) (0,2) (1,2) (2,0)

2.0d

(0,2) (1,1) (1,2) (0,3)

2.5

(0,2) (1,1) (0,3) (1,2)
c: for ν<0.13 the modal sequence became: (0,2), (1,1), (2,0), (1,2) 
d: for ν<0.24 the modal sequence became: (0,2), (1,1), (0,3), (1,2)

3Experimental section

Test specimens

Rectangular plates with four different aspect ratio a/b (nominal values 1.0, 1.5, 2.0 and 2.5, respectively) 
have been accurately fabricated from a commercially available sheet of cold rolled Aluminum alloy 6082-
T6 with a nominal thickness of 1.00 mm. It is well known that within a single crystal the Young modulus 
depends  from the  considered  crystallographic  direction,  but  it  is  not  possible  to  observe  this  elastic 
anisotropy  when  randomly  oriented  polycrystalline  materials  like  aluminum  alloys  are  considered. 
However, for cold rolled metal sheets, like that analyzed in this paper, varying degrees of crystallographic 
texture are introduced during the fabrication and, as a consequence, an anisotropic behavior could be 
expected. For this reason two plates of each aspect ratio were carefully produced cutting the Aluminum 
sheets at 0o and at 90o with respect to the rolling direction as shown in Fig. 1. 

Figure 1: global and local axis systems

The same figure provides explanation about the global axis system (i.e., material orientation) and the local 
axis system (i.e., sample orientation). Before of proceeding with the identification of the elastic properties, 
measurements of dimensions and masses must be accomplished. The length and the width of the plates 
were measured using a standard caliper while the thicknesses were measured by means of a micrometer. 
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Measurements  were  performed in  different  locations  along the  sides  and  the  surface  of  the  plate.  A 
precision balance measured masses. Table 2 provides an overview of the measured quantities, including 
the aspect ratios for each plate. Standard deviations for a,  b and t measurements were never higher than 
0.02%, 0.02% and 0.2%, respectively.

Table 2: Dimensions and masses of the specimens

Sample

no. θc

Length, a  
(mm)

Width, b  
(mm)

Aspect ratio, a/b

nominal actuald

Thickness, h  
(mm)

Mass, m
(g)

S1 0° 101.49 101.28 1.000 1.002 (0.2%) 0.938 25.88
S2 0° 151.46 101.42 1.500 1.493 (0.5%) 0.936 38.67
S3 0° 201.45 101.47 2.000 1.985 (0.7%) 0.935 51.53
S4 0° 250.23 101.50 2.500 2.465 (1.4%) 0.936 63.93
S5 90° 101.42 101.37 1.000 1.000 (0.0%) 0.936 25.85
S6 90° 151.50 101.18 1.500 1.497 (0.2%) 0.940 38.71
S7 90° 201.55 101.16 2.000 1.992 (0.4%) 0.939 51.57
S8 90° 250.52 101.39 2.500 2.471 (1.2%) 0.937 63.93

c: orientation angle with respect to the rolling direction;
d: the number in bracket represents the difference with respect to the nominal value

Natural frequency measurement

The experimental equipment proposed in this paper relies on the IET to induce vibrations. It consists of an 
impulser  for  making  the  sample  vibrate  mechanically  (e.g.,  a  steel  ball  glued  to  a  polymer  rod),  a 
microphone,  placed near the  surface  of  the sample,  to  pick up its  response and an ordinary personal 
computer provided with a sound card. The dynamic response of the plate, detected by the microphone 
(Trust MC200 – frequency bandwidth from 50Hz to 14000 Hz), is addressed in the form of an electrical 
signal to the PC sound card (SB 16Bit/44100Hz). The signal is then analyzed and processed by a suitable 
program  written  in  MATLABTM (The  MathWorks,  Inc.)  environment  using  the  “Data  Acquisition 
Toolbox”. It transforms the sampled time functions into a frequency spectrum by a Fast Fourier Transform 
(FFT) algorithm and allows the identification of the natural frequencies. Besides, in order to guard against 
spectral  leakage,  the  signal  acquired  from  the  microphone  was  forced  to  zero  near  the  end  of  the 
measurement by means of an exponential window. To allow the plate to vibrate in a freely manner it could 
be supported along nodal lines using a compliant elastomeric material such as foam strips. However, in the 
present study plate specimens have been suspended using two vertical wires placed in the middle of the 
plate by means of an adhesive tape as shown in Fig. 2; in the same figure, a schematic representation of 
the test apparatus developed here is also reported. It is worth noting that plate suspension could affect the 
natural frequencies in a twofold manner: they decrease owing to the added mass and increase for the 
additional stiffness provided by the wires. In order to reduce these effects, light (with respect to the mass 
of the plate) and long strings were chosen. In Fig. 2 recommended in plane locations for placing the 
microphone are  also reported.  An experimental  verification,  carried out  at  different  relative  distances 
between the  microphone and the surface  of  the  sample  (i.e.  5÷20 mm),  has  also shown a  negligible 
frequency shift due to the acoustic impedance. Therefore, in all the tests conducted a relative out of plane 
distance of 20 mm was chosen for the microphone.  Hence, from a practical point of view, the operator 
introduces the dimensions and the mass of the specimen and strikes the plate. The program automatically 
identifies the natural frequencies and calculates the elastic constants by means of the procedure described 
in the previous section.
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Figure 2: Excitation and response locations used to detect the first 
four resonant frequencies

Measurements of plate dimensions and mass is straightforward, the impulse technique can be successfully 
accomplished with little experience, therefore, one can state that the measurement of the elastic properties 
by means of the present procedure could be carried out by a not experienced operator. Table 3 gives the 
mean values of the natural frequencies obtained experimentally by means of the test apparatus described 
above  and  that  were  used  for  elastic  properties  calculations.  Each  measurement  was  carried  out  by 
considering an acquisition time equal to 10s; using a sampling frequency equal to 44100Hz this means a 
resolution equal to Uf = 1 /( 3 ∆t) ≈ 0.06 Hz. No significant deviation were observed among the values of 
repeated measurements.

Table 3: Measured natural frequencies by IET (Hz)

S1 S2 S3 S4 S5 S6 S7 S8

f1 294.40 195.13 121.03 77.67 294.80 194.80 120.60 77.97
f2 429.50 213.57 145.07 117.20 432.30 212.80 144.90 116.10
f3 552.30 454.53 322.43 218.27 552.10 455.90 320.33 217.30
f4 766.50 498.17 336.47 254.00 768.40 503.30 335.07 250.10

4Results and discussion

Using the  measured  natural  frequencies  and  the  test  procedure  described  in  the  second  section  it  is 
possible to carry out the elastic characterization of the plate. To this aim one can choose a graphic or a 
numerical (with tables) approach, in the present paper the elastic properties were calculated using the 
second one. In particular, suitable tables obtained by means of FEA calculations (following the procedure 
reported in  [13])  were  implemented in  MATLAB that  performs numerical  interpolation.  However,  in 
order  to  obtain  the  elastic  properties,  the  sensitivity  of  ν to  the  changes  in  frequency  factor  ratio, 
represented from the slope of the curve considered, should be taken into account;  in particular, it plays a 
very important role in choosing suitable frequency ratios λ(h,k)/λ(l,j) to compute ν. Relatively flatter curves 
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propagate the experimental errors on frequency measurements less and are recommended. The values of 
Poisson’s ratio and Young’s modulus obtained using the chosen frequency ratios are shown in Tab. 4 
together with the associated combined expanded uncertainty calculated with a confidence level of 95% 
[16]. In particular  νij  represents Poisson’s ratio calculated using the frequency ratio  fi/fj, while  Eij  is the 
average of the two values calculated by means of Eq. 3 using (νij,  fi) and (νij,  fj), respectively. The elastic 
properties reported herein were calculated using table sets developed ad hoc for each of the actual aspect 
ratio (namely, the “actual table sets”). The differences between these values and those obtained using the 
“nominal table sets” are reported in brackets.

Table 4: Values obtained for Young’s modulus and Poisson’s ratio. 

1.0 S1 (0o) S5 (90o) 1.5 S2 (0o) S6 (90o)

ν31
0.342
( - )

0.344
( - ) ν42

0.335
(-9.6%)

0.365
(-3.1%)

ν32
0.349
( - )

0.340
( - ) ν32

0.361
(4.5%)

0.339
(2.1%)

ν43
0.342
( - )

0.343
( - ) ν41

0.351
(-1.9%)

0.365
(-0.6%)

ν 0.344 ±0.68% 0.342 ±0.09% ν 0.349 ±0.52% 0.356 ±0.42%

E32
68.6
( - )

68.8
( - ) E32

68.7
(0.7%)

68.5
(0.5%)

E31
69.2
( - )

68.5
( - ) E42

68.8
(0.9%)

68.5
(0.5%)

E43
69.1
( - )

68.6
( - ) E41

68.1
(-0.6%)

68.5
( - )

E(GPa) 69.0 ±0.47% 68.7 ±0.22% E(GPa) 68.5 ±0.24% 68.5 ±0.17%

2.0 S3 (0o) S7 (90o) 2.5 S4 (0o) S8 (90o)

ν21
0.360

(5.4%)
0.376

(2.7%) ν21
0.348

(10.5%)
0.318
(9.7%)

ν31
0.369

(6.2%)
0.369

(3.2%) ν41
0.353

(11.8%)
0.287

(14.6%)

ν42
0.355

(4.7%)
0.371

(2.4%) ν32
0.348

(9.07%)
0.342
(7.5%)

ν 0.362 ±0.58% 0.372 ±2.50% ν 0.350 ±0.98% 0.316 ±1.88%

E21
68.2

(0.9%)
68.9

(0.6%) E21
67.9

(1.5%)
68.0

(0.9%)

E31
68.1

(0.9%)
69.0

(0.6%) E41
67.8

(1.4%)
68.2

(0.9%)

E42
67.9

(0.7%)
68.7

(0.5%) E32
67.9

(1.1%)
69.2

(0.6%)

E(GPa) 68.1 ±0.36% 68.9 ±0.83% E(GPa) 67.9 ±0.34% 68.4 ±0.53%
The number in bracket represents the difference with respect to the elastic properties 
obtained using “nominal table sets”

As it can be seen, the reliability of the results is good as the overall uncertainties associated with the 
measurement of the elastic properties are low; further, the differences due to the use of nominal table sets 
instead of the actual ones should not be neglected. A proper numerical calibration is recommended when 
the aspect ratio differs from the nominal value, especially for larger values of a/b. 
In Table 5 the results obtained are summarized and compared with those reported in [1], where a mixed 
numerical-experimental technique was used. In particular, elastic properties of Al 6082 T6 square plate 
samples were continuously updated in a numerical model until the first five calculated frequencies match 
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the experimental  ones;  the final  set  of  elastic constants represents the identified parameters.  In [1],  a 
weakly directional dependency was found for material properties, and it was addressed to the effect of the 
rolling texture induced during fabrication. Such a directional dependency is not noticeable in Table 5; 
perhaps the effect of the various sources of uncertainties, including samples fabrication inaccuracy (e.g., 
planarity errors) shields this effect. In addition, the values reported in Table 5 point out an increase of ν 
for larger values of  a/b.  This effect could also be attributed to the out  of plane sample deformations 
induced during fabrication because they increase as the length of the plate increases. However, the slope 
of  νij=λ(h,k)/λ(l,j)  functions  increase  as  a/b increases;  this  means  that  the  same  experimental  errors  on 
frequency measurement have a greater impact on elastic properties calculation.

Table  5:  Comparison  between  the  present 
results and those obtained in [1]. 

θ ν ∆ν % E ∆E %
Ref. [1] 0.347 - 71.0 -

a/b=1.0 0o 0.344 -0.86 69.0 -2.82
90o 0.342 -1.44 68.6 -3.38

a/b=1.5 0o 0.349 0.58 68.5 -3.52
90o 0.356 2.59 68.5 -3.52

a/b=2.0 0o 0.361 4.03 68.0 -4.23
90o 0.372 7.20 68.9 -2.96

a/b=2.5 0o 0.350 0.86 67.9 -4.37
90o 0.315 -9.22 68.5 -3.52

Present, mean - 0.349 0.58 68.5 -3.52

5Conclusion

In the present paper a vibration based analytical methodology for determining the elastic properties of 
isotropic rectangular thin plate, previously presented by the authors, has been assessed. A comparison 
among the results obtained, by examining Aluminum Alloy 6082-T6 plate samples of different aspect 
ratios, with those reported in literature for the same material, allows to conclude that the methodology 
proposed is effective. 
A negligible difference was found among the values of Young’s modulus measured along two orthogonal 
directions by the proposed method; however this is not sufficient to affirm with certainty the absence of 
anisotropy. The effects of the geometrical uncertainties (e.g., the out of plane deformations induced on the 
plates during fabrication), not considered in the numerical model, could, for example, shield the results. 
The same causes could be responsible for the rising errors in Poisson’s ratio measurements for larger 
aspect ratios. In spite of this, future work will investigate the influence of samples fabrication error on 
elastic properties calculation.
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Abstract
To predict the effect of active control on aircraft or helicopter trim panels, made with honeycomb sandwich
composite, one approach consists in modeling the panel by Finite Element Method. FEM with shell elements
for the laminate and volume elements for the core is classically used in industry. The aim of the present study
is to determine the limits of the Shell-Volume-Shell model, in case of honeycomb core, through numerical
correlation with a very detailed three dimensional model. More precisely, the influence of glue stiffness by
numerical simulation has been considered, and the temperature influence has been observed through modal
tests inside a controlled environment chamber.

1 Introduction

Reducing noise transmission inside cabins is an important concern for the aircraft industry, to improve the
comfort of passengers. Usually trim panels are made of honeycomb sandwich composite. This material has
a high strength to weight ratio, but acoustical properties have to be improved by acoustic treatments. Passive
treatments are efficient for high frequencies, active sound and vibration control is a solution to reduce resid-
ual noise for low and medium frequencies. To predict the effect of active control on the trim panel, made
with sandwich composite, one approach consists in modeling the panel by Finite Element Method (FEM).

In the case of a honeycomb sandwich panel, building a proper FEM representation for material and geomet-
ric properties is itself a difficulty. The section 2 presents two FEM, with different levels of detail, built with
the Structural Dynamics Toolbox (SDT [1]) of Matlab software. Detailed 3D model that accounts for the
actual cell geometry (see Figure 1 (left)) has been considered, but it reaches rapidly very high DOF numbers.
This is acceptable for sample validations but could not be used for full panel predictions. Classically hon-
eycomb panels are thus represented using a shell, orthotropic volume, shell model (SVS). The properties of
the orthotropic volume used to represent the honeycomb are classically derived from mathematical manipu-
lations of a detailed 3D model [2] (section 2.1). To allow for a more detailed representation of glue effects,
a numerical procedure to derive equivalent orthotropic properties is introduced, section 2.2. The interest of
this approach is that it allows for arbitrary levels of detail in the 3D model of the honeycomb. It can thus be
used to extend classical homogenization methods to models with more details.

Core properties in the case of Nomex honeycomb are not well known and need to be derived from sample
tests. Through shape correlation of free-free beam modes, parameters of SVS, accounting for the glue, or
detailed 3D models can be updated by optimization of parameters which minimize the error between analysis
and test frequencies. The experimental setup is presented in section 3, and some partial results with the most
important conclusions, concerning the frequency dependence of material parameters, are given in section 4.2.
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The physical geometry and materials of the honeycomb structure are represented with what is deemed suf-
ficient accuracy, in the 3D FEM, to represent all physical phenomena of interest, in particular the stiffness
properties of glue. Section 4.1 shows that, within reasonable margins, glue properties have a visible impact
on the dynamics of the considered honeycomb and thus cannot be neglected. Many types of glue are also
known to be viscoelastic.

Tests, whose conclusions are detailed in sections 4.2 and 4.3, will demonstrate that viscoelastic effects are
indeed important for Nomex based samples that were considered. The dependence on frequency and tem-
perature cannot be neglected in the FEM for active control application.

In the future, the work presented here will be extended to applications with piezoelectric patches placed on
skins, the local 3D model will thus be used to validate the ability to represent local property transitions in a
SVS model.

2 Finite Element Model (FEM) of honeycomb sandwich accounting
for the glue

Figure 1: 3D and SVS models - exploded views.

The prediction of honeycomb sandwich behavior, through FEM that fit with reality, presents some difficulties
because of the complex core geometry and the unknown composite material properties. Indeed, honeycomb
core is strongly heterogeneous, but orthotropic due to the manufacturing process. However its modeling by
equivalent homogeneous layer in Shell-Volume-Shell (SVS) model (Figure 1, right), gives good results for
specific applications [3, 4]. The equivalent core properties for the FEM derive from analytical estimations,
first assessed by Kelsey [5] in 1958, and enriched by numerous researchers [6]. Regarding the Sound and
Vibration Active Control application, one wants to investigate the reliability of the SVS FEM. With this in-
tention, a very detailed three dimension (3D) FEM has been developed (Figure 1, left), to do predict which
effect are not represented by the classical SVS approach.

The proposed estimation, by numerical homogenization from basic material properties, includes the glue,
frequency, and temperature effects, to evaluate their influence on core parameters estimation. The numerical
approach consists in comparing arbitrary dynamic behaviors of SVS model to 3D model (section 2.2) and in
extracting the best equivalent homogeneous parameters.
Nevertheless, the basic material properties are rarely well known, and the material parameters have been
updated through tests (section 3).
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Geometric parameters
a length of alveole side (x dir.)
b length of alveole side
θ angle of alveole
t thickness of simple wall
t’ thickness of double wall

Figure 2: Definition of geometric parameters.

2.1 Existing methods for honeycomb properties estimation

With the objective of model parameters estimation for SVS FEM, one considers here the pure honeycomb
core material and not the entire sandwich structure. Fifteen existing theories for the material properties of
honeycomb estimation are reviewed and compared by Schwingshackl [6], based on Energy Method [2, 5],
on homogenization theory [7], and on Finite Element Method with ANSYS [8] or NASTRAN [4].

The expressions of the honeycomb material properties chosen as reference are Gibson and Ashby’s ones [2],
with the hypothesis of linear, elastic and isotropic constitutive material. The Nomex paper, basis of honey-
comb Nomex core, is a non woven sheet made of short aramid fibers (Nomex). It is calandrered before being
impregnated with phenolic resin, its isotropy is assumed because of the arbitrary distribution of short fibers.

The orthotropic material law depends on 9 independent material parameters Ecx ,Ecy ,Ecz , νcyx ,νczx , νczy ,
Gcxy , Gcxz , Gcyz . The orthotropic law [9] is given by:

εx

εy

εz

γyz

γxz

γxy

 =


1/Ecx −νcyx/Ecy −νczx/Ecz 0 0 0

−νcxy /Ecx 1/Ecy −νczy /Ecz 0 0 0
−νcxz /Ecx −νcyz /Ecy 1/Ecz 0 0 0

0 0 0 1/Gcyz 0 0
0 0 0 0 1/Gcxz 0
0 0 0 0 0 1/Gcxy




σx

σy

σz

τyz

τxz

τxy

 (1)

The four in-plane moduli are calculated by causing the hexagonal cell wall to bend under loads in x and y
directions [2]. The Young’s moduli, Ecx , Ecy , and shear modulus, Gcxy , are calculated by standard beam
theory, as the ratio of strain to stress. The Poisson’s ratio, νcyx , is deduced by the negative ratio of the strains
normal to, and parallel to, the loading direction.
The νczx , νczy , Poisson’s ratio are equal to the constitutive material one. And the out of plane Young’s modu-
lus, Ecz , is the constitutive material Young’s modulus referred to the effective area which support the normal
loading in z direction.

It has been shown [6], and confirmed by the present FEM approach, that the most influent material parameters
on the dynamic behavior are Gcxz and Gcyz for the core, and El for the laminate. Hence, only the out of
plane shear moduli expressions are presented here.
Exact analytical calculation of Gcxz or Gcyz is not possible due to the complexity of stress distribution in
a sheared honeycomb. Theorems of minimum potential energy and minimum complementary energy are
used to estimate the lower and upper bounds of the out-of-plane shear moduli, Gcxz and Gcyz . For the Gcyz
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modulus, lower and upper bounds are equal, therefore, the value of Gcyz is known:

Gcyz = G t
b

cosθ
a
b
+sinθ ,

Gc2z = Gcyz .

(2)

However, for Gcxz modulus, energy methods only give a range as function of constitutive material shear
modulus G and geometric parameters,

G (at′+btsinθ)2

bcosθ(a+bsinθ)(2at′+bt) ≤ Gcxz ≤ G at′+2btsin2θ
2bcosθ(a+bsinθ) ,

Gc1z = Gcxz .

(3)

The estimated core parameters by energy methods depend, only, on constitutive material parameters and cell
geometry. First, the basic material of honeycomb layer is considered as linear, elastic and isotropic, which
has not been confirmed by test/analysis correlation (section 4.2). Then, the glue layer is not represented by
the existing analytical approaches.

2.2 Finite Element Models developed with SDT

The use of the Structural Dynamic Toolbox of Matlab, to build the classical SVS and the very detailed 3D
FEM, makes the parametric studies easy to implement. The FEM approach with detailed geometry, (Figure
1 (left)), allows to evaluate the influence of geometric and constitutive material parameters, but also the
influence of the glue stiffness. Indeed the observation of honeycomb sample (Figure 3) shows that the glue
layer may not be neglected in the honeycomb modeling to represent well the reality.

Figure 3: Modeling of glue joint.

The classical Shell, orthotropic Volume, Shell (SVS) representation (Figure 1 (right)) is more reasonably
used for full panel predictions. Volume and Shell elements are connected by rigid links.
The core material parameters estimation assessed by Gibson and Ashby is enriched by numerical homog-
enization, based on periodic modes. The numerical homogenization of the core, honeycomb with glue, is
performed by non-linear optimization with objective function to match with the 3D detailed FEM dynamic
behavior with periodic boundary conditions, that means same DOF values at the beginning and the end of
the period (4). It amounts to releasing oneself from boundary conditions by considering an infinite beam.

φ(0, Ly) = φ(Lx, Ly),
φ(Lx, 0) = φ(Lx, Ly).

(4)

One has to notice that the periodic boundary conditions have no physical sense for the trim panels’ applica-
tion, but it allows to simulate the models for every wished frequency.
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Due to the periodicity, modal shapes are pure sine curve, and the two models, 3D and SVS, can be compared
on arbitrary configurations that cannot be tested. The modal analyses are projected on a common wireframe
to compare the mode shape of the two models. Then, a mode shape correlation is performed between SVS
ad 3D FEM for the first “mode” of different wavelength beams, to compare the mode frequencies, and the
equivalent shear modulus of honeycomb core Gc1z and Gc2z are updated.
The 3D/SVS models correlation has shown that, whatever the wavelength, that means whatever the fre-
quency, only one optimized equivalent core shear modulus G1z assumes the good correlation with less than
1% of error. The numerical homogenization allows to build a SVS model which matches to 3D modeling for
every frequency.

As a conclusion, the SVS FEM has been validated for periodic analysis. For the 3D model parameters,
ENomex, EGlue and tGlue, fixed to reference values, Gibson and Ashby and numerical homogenization
estimation of G1z are different:

G1zGibson&Ashby
= 30, 8 MPa,

G1znumhomogenization
= 29 MPa.

That was to be expected since the glue is included in core homogenization. This estimation has been vali-
dated in other configurations, and compared with experiments (section 4.2).

The comparisons of 3D and SVS models, in free-free conditions and for out of plane bending solicitations,
are presented on Figure 4, for the estimated homogenized parameter, G1zNumHomog. = 29 MPa, and on Figure
5, for Gibson & Ashby’s parameter G1z .
The 3D FEM and SVS FEM out of plane bending modes are almost perfectly correlated for G1zNumHomog.

(Figure 4), the MAC [10] is higher than 0.87 for the 23 first bending modes with a frequency error lower
than 1.5 %.
In comparison with the same 3D/SVS FEM correlation, for the value of G1z given by Gibson & Ashby
(Figure 5) the reduction of frequency error is visible.
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Correlation 3D/SVS FEM in Free−Free conditions − Bending Modes

3D FEM SVS FEM ∆ f/f3d MAC
freq. Hz freq. Hz % *100

1 196.34 1 196.22 -0.1 100
2 437.54 4 439.28 0.4 97
3 944.09 8 952 0.8 99
4 1189.4 10 1199.9 0.9 99
5 1429.2 12 1441.9 0.9 99
6 1666.1 14 1680.4 0.9 99
7 1900 15 1915.4 0.8 98
8 2132.4 17 2148.4 0.7 98
9 2363.2 19 2379.1 0.7 98
10 2593.3 20 2608.5 0.6 97
11 2822.4 23 2836.1 0.5 97
12 3051.4 24 3062.9 0.4 97
13 3279.6 27 3288.2 0.3 96
14 3508.1 29 3512.9 0.1 96
15 3735.9 30 3736.1 0.0 95
16 3964.4 32 3958.9 -0.1 95
17 4192.1 34 4180 -0.3 94
18 4420.8 37 4401.1 -0.4 93
19 4648.2 40 4620.1 -0.6 92
20 4877.6 42 4839.4 -0.8 91
21 5104.3 45 5055.6 -1.0 91
22 5557.5 51 5485.1 -1.3 89
23 5790.2 54 5702.1 -1.5 87

Figure 4: Correlation 3D/SVS FEM in free-free conditions - Bending modes - G1zNumHomog. = 29 MPa.
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Figure 5: Correlation 3D/SVS FEM in free-free conditions with Gibson & Ashby G1z = 30.785 MPa.

With one value of equivalent shear modulus G1z , of the Nomex based honeycomb included the glue, by nu-
merical homogenization, the SVS model is well correlated with the 3D model. The quality of the correlation
is good for periodic boundary conditions and for free-free boundary conditions. Therefore, the numerical
procedure is validated in the frequency range between 100 Hz and 6 kHz.

What about the correlation with experiments? Is the equivalent shear modulus, found by taking into account
the glue, a good parameter to describe the real dynamic behavior of honeycomb sandwich beam?
Modal tests on Aluminum/Nomex honeycomb beam have been carried out to answer to this question (section
3).

3 Honeycomb beam tests

Figure 6: Experimental setup and sensor on beam modeling. Figure 7: Acquisition chain.
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Geometric parameters Material parameters
Laminate hlam 0.6 mm ρlam 2.8 103kg/m3

(Aluminum) Elam 72.5 GPa
hh 20 mm ρh 1.38 103 kg/m3

Honeycomb core t ( t’=2.t ) 2.54 10−2 mm ( 5.08 10−2 mm ) Ehref
9 GPa

(Nomex) a, b, θ 2.75 mm, 2.75 mm, π/6 rad
Glue hglue = hlam/2 0.3 mm ρglue 103 kg/m3

(Hypothesis: epoxy) tglueref
0.1 mm Eglueref

5 GPa

Table 1: Definition of Aluminum-Nomex test beam parameters.

Modal tests on honeycomb beams have been carried out at the Soil, Structure and Material Mechanics Labo-
ratory (MSSMat) of Ecole Centrale Paris. 900mm long, 45mm large and 21mm thick honeycomb sandwich
beams have been tested in free-free conditions, inside a controlled environment chamber (5◦C, 25◦C, 45◦C)
and for the 0 - 4.5 kHz frequency band. The quality of measurements is good enough to be used for the
modal analysis to 3 kHz.

A shaker causes the beam to vibrate, using a force transducer screwed through the sandwich beam. The
signal sent to the structure is a white noise created by the analyzer (Photon by LDS-Dactron), amplified,
finally transformed and transmitted to the structure by the shaker (Bruel and Kjaer). The measure acquisition
is made with a laser vibrometer (Polytec) which measures the velocity of the beam at different reflecting
points in the direction of the laser.
To assure the free-free conditions, the beam is suspended by 3 elastic strings (Figure 6). In the fourth corner
the shaker rod crosses the honeycomb sandwich through a really fine hole.

Tests campaign have been carried out for different temperatures on Aluminum/Nomex beam, whose proper-
ties are given in Table 1, in both orthotropic directions.
The results and conclusions concerning the material properties correlation and the influence of temperature
are presented in sections 4.2 and 4.3.

4 Results

4.1 Prediction of the glue parameters influence

The 3D model has been built to find the limits of SVS model. Therefore a specific study of 3D model
has been made to simulate the behaviors that are not taken into account in the SVS representation. More
precisely, the influence of glue on honeycomb modeling has been evaluated through 3D FEM simulations
and is presented in this section.

Figure 8: parameterization and stress on glue element definition.
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Both EGlue and tGlue are influent parameters. The relevant parameters are the shear and bending stiffness
of the glue, which depend on EGlue and tGlue according to formulations (5) and (6). The stiffness is calcu-
lated for clamped beam and depends on geometric parameters, defined on Figure 8. Kshear and Kbend are
respectively stiffness on displacement x and angle θ :

Mb = Kbend.θ with Kbend =
Eglueat3glue

12hglue
, (5)

Fs = Kshear.x with Kshear = Egluea3tglue

4h3
glue

. (6)

The meshing procedure imposes hglue as equal to the half-thickness of the skin, and a as length honeycomb
cell side. The variable parameters are the Young’s modulus Eglue and the thickness of the wall of glue tglue

(Figure 8). Kbend and Kshear parameters are fixed to assume the real behavior of the glue. That means the
glue modeling has the same stiffness as the real glue volume (Figure 3).

As the geometry of the real glue volume is not regular, only plausible limits of stiffness can be given. Kbend

and Kshear ranges are evaluated by surrounding the real glue volume by parallelepipedic element. A typical
value of glue Young’s modulus is Eglue= 2 GPa. According to manufacturers data, epoxy adhesive Young’s
modulus Eglue is included in,

Egluemin
= 20MPa,

Egluemax = 5GPa.
(7)

The glue thickness must be higher than tcell−wall = 0.0254 mm (t′ on Figure 8) for our test beam. Concerning
tgluemax , it is chosen by observing the picture of glue joint (see Figure 3). The thickness of the skin is 0.6
mm, it is assumed to be a reasonable value for the upper bound of glue volume thickness,

tgluemin
= 0.0254mm,

tgluemax = 0.6mm.
(8)

The height hglue of the glue volume is lower than laminate thickness, 0.6 mm and higher than 0.2 mm.

With this approximate data, a realistic stiffness range of the glue can be determinated (Figure 10),

Kshearmin
= 3.30.105N/m,

Kshearmax = 7.22.107N/m,
(9)

Kbendmin
= 3.75.10−7N.m/rad,

Kbendmax = 4.12.10−1N.m/rad.
(10)

Figure 9 presents the result of the numerical study on the 900 millimeter-long sample beam, in free-free
conditions. The first eigenfrequency has been calculated for several values of shear and bending stiffness.
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KShear KBend(N.m/rad)
(N/m) 10−8 10−7 10−6 10−5 10−4 10−3 10−2 10−1 1 10

105 83.87 84.47 85.9 94.35 101.4 102.9 103.5 103.7 103.7 103.4
3.7 105 140.2 140.2 140.4 140.5 149.8 153.1 154.0 154.1 154.1 153.8
1.4 106 169 170.7 171.4 173.1 176.6 179.7 180.9 181.1 181.1 180.9
5.2 106 190.5 187.6 187.6 188.4 189.0 190.1 191.0 191.3 191.3 191.3
1.9 107 193.5 194.1 193.5 193.9 194.1 194.5 194.7 194.7 194.7
7.2 107 196.5 195.9 196 196.0 196.0 196.1 196.2 196.3 196.3
2.7 108 197.1 197.1 197.1 197.1 197.1 197.2 197.3 197.3
1 109 198.0 197.8 197.7 197.7 197.7 197.8 198.0 198.0

Frequency (Hz)

Figure 9: First eigenfrequency (Hz) for Aluminum-Nomex 900mm beam in free-free conditions as function
of KBend and KShear.

The reasonable areas for Kbend (10), Kshear (9) and Eglue (7), tglue (8) are plotted on Figure 10, respectively
in white and blue. Even in the restricted area, the glue has a big influence of the value of eigenfrequency.
Indeed for a Kbend fixed, the error on the frequency relative to experimental value ∆f/fTest is varying
between -42.2 and +12.7 %. Thus, it is important to take into account the glue layer in honeycomb sandwich
and to know the glue material values to have an accurate modeling approach.

Error on Frequency
for KBend = 10−4 N.m/rad

KShear ∆f/fT est ∆ f/mean(f)
N/m % %

105 -42.2 -42.1
3.7 105 -14.6 -14.5
1.4 106 0.66 0.81
5.2 106 7.72 7.87
1.9 107 10.5 10.7
7.2 107 11.7 11.9
2.7 108 12.4 12.5
1 109 12.7 12.9

Figure 10: Influence of Glue stiffness, KBend and KShear, on the first eigenfrequency in free-free conditions.

Due to the parametric study of honeycomb, the unknown FEM parameters can be found by test/analysis
correlation.

4.2 Updating and frequency dependence of models parameters

For a first approximation, and to start the homogenization of honeycomb core, reference value of ENomex

has been chosen, based on manufacturer database. But the Test/analysis correlation has proved that this
value is not the best for all modes, it turns out that minimizing the frequency error between 3D FEM modal
analysis and test for the all bending modes together is difficult for this Aluminum/Nomex honeycomb beam.
The same applies to Test/SVS FEM correlation. One value of G1z does not allow a good correlation of the
SVS FEM with test on beam for all frequencies.

Thus, the constitutive material parameter ENomex and the equivalent homogeneous core parameters G1z and
G2z have been updated frequency by frequency (Figure 11).
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Figure 11: Updated ENomex and equivalent shear modulus G1z for each Bending modes by Test/analysis
correlation.

The Test/Analysis correlation for each bending frequency, shows the dependence of ENomex and G1z (re-
spectively G2z) with the frequency. Both 3D and SVS models have the same frequency dependence behavior.

The equivalent shear modulus G1z of the homogenized honeycomb layer has been evaluated in to ways (Fig-
ure 11, right). First, by Gibson and Ashby’s method using the updated value of ENomex, which depends
on frequency, then, directly by Test/SVS model analysis correlation. The first method considers only the
frequency dependence of Nomex, constitutive material of the honeycomb, thus the glue parameters are fixed
and not taken into account. The second approach, by direct updating of the Honeycomb + Glue core, includes
the frequency dependence of both Nomex and Glue. The glue parameters have been, previously, updated for
the first mode (section 4.1), thus the values of G1z , estimated by the two methods, are the same for the first
eigenfrequency. However, for the next modes the estimated G1z curves are shifted, it is the result of the glue
effect.

Test/analysis correlations show the frequency dependence of the material parameters, but also the importance
of the glue layer in the modeling approach.

The frequency influence on updated parameters points out the fact that viscoelasticity of Nomex based hon-
eycomb cannot be neglected and a single set of parameters does not allow a correct fit for the whole range.
In the section 4.3, the viscoelastic behavior of the Nomex based honeycomb sandwich is proved by vibrating
experiments for different temperatures.

4.3 Influence of temperature of Nomex based honeycomb sandwich

Test/analysis correlations for 3D and SVS FEM have shown the frequency dependence of the material pa-
rameters; it is typical of viscoelastic behavior. Experiments in a controlled environment chamber have been
carried out by changing the temperature of the test.

The Frequency Responses plotted for three different temperatures, represented on Figure 12, are the result
of observations.
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Bending T=5◦C T=25◦C T=45◦C
Modes order ω ζ order ω ζ order ω ζ

Hz % Hz % Hz %
1 1 185 4.58∗ 1 175.5 0.49 1 174.3 0.84
2 3 423.3 0.99 3 414.8 0.47 3 412.8 0.56

3∗∗ 5 689.6 0.82 5 670.8 0.53 5 663.1 0.49
4 8 985.3 0.79 8 965.7 0.52 7 957.9 0.51
6 11 1536 1.09 10 1497 0.75 10 1477 0.72

7∗∗ 12 1793 0.73 11 1754 0.87 11 1726 0.22
8∗∗ 13 2062 1.08 12 2024 0.87 12 1987 0.82

∗ The error on measurement cannot assure the reliability of this value.
∗∗ Mixed bending and torsion modes.

Figure 12: Frequency Response and bending eigenfrequencies for 5◦C, 25◦C, 45◦C temperatures.

The temperature is really influential on the modes, which confirms the viscoelastic behavior of the honey-
comb sandwich beam. Both Nomex core or glue layers may have viscoelastic properties. The error in terms
of frequencies between the 45◦C test and the 5◦C test is around 2-6 %. This observation shows that it will be
necessary to take into account the viscoelasticity behavior of the core to estimate the equivalent core prop-
erties, and in the end to simulate the effect of active control on Nomex based honeycomb sandwich, with
sufficient accuracy.
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Figure 13: Evolution of bending eigenfrequen-
cies for different temperatures.
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Figure 14: Equivalent shear modulus G1z of
honeycomb+glue core as a function of frequency
and temperature.

The study has been focused on the bending. The deviation of the bending eigenfrequencies increases with
the frequency and inversely with the temperature (Figure 13). The estimation of homogenized core shear
modulus by test/analysis correlation and updating for each temperature, gives an idea of the viscoelastic
behavior of the Aluminum/Nomex honeycomb sandwich. The evolution of the equivalent shear modulus
G1z (Figure 14) looks like typical curves of viscoelastic materials [11]. No conclusion can be drawn about
the modal damping. Indeed, the modal damping presents such error (Table of Figure 12) that comes from
experiment and modal identification, that there is no need trying to compare with viscoelastic law.
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5 Conclusion

The three dimensions Finite Elements Model built with the Structural Dynamics Toolbox of Matlab allows
to simulate the influence of different parameters, such as the glue stiffness presented in this paper. The
equivalent material parameters of the classical Shell-Volume-Shell model can be derived from numerical
homogenization, by taking into account, in addition and in comparison with the existing method [6], for glue
and frequency effects.

The numerical analysis has predicted the influence of glue stiffness, and it turns out that the effects could
be important in the reasonable range of glue parameters. The numerical predictions have been validated by
test/analysis correlation. As a conclusion, to model properly honeycomb sandwich structures, it is necessary
to take into account the glue stiffness effect.

To update the models parameters, modal tests of honeycomb beams have been carried out. The test/analysis
correlation has pointed out the viscoelastic effects of Nomex and Glue. Indeed, the equivalent out of plane
shear moduli of the core, honeycomb and glue, depend on frequency and on temperature. To match with
the observed dynamic behaviors, the parameters updating must be made frequency by frequency. More-
over, tests in a controlled environment chamber have proved the influence of the temperature, its effect is
appreciable between 5◦C, 25◦C, so that the temperature is a parameter to consider in order to minimize the
error between active control simulation in laboratory and active control application on helicopter and aircraft.

The procedure of comparison between the detailed 3D and the classical SVS models set up to estimate the
core parameters will be extended to beam with piezoelectric patches bonded on the skin. The final aim being
to predict, as well as possible, the behavior of smart panel equipped with piezoelectric patches for active
control application.
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Abstract
The paper presents an experimental application of an inverse method leading to the identification of the
elastic and damping material properties of isotropic vibrating plates. The theory assumes that the searched
parameters can be extracted from curvature and deflection fields measured on the whole surface of the plate at
two particular instants of the vibrating motion. The experimental application consists in an original excitation
fixture, a particular adaptation of an optical full field measurement technique, a data preprocessing giving
the curvatures and deflection fields and finally in the identification process using the Virtual Fields Method
(VFM). The principle of the deflectometry technique used forthe measurements is presented. First results
of identification on acrylic plates are presented and compared to reference values. Results are discussed and
improvements of the method are proposed.

1 Introduction

The measurement of material elastic stiffness and damping parameters, essential for the prediction of the vi-
brating or vibro-acoustic behaviour of a large range of structures, is common in material testing laboratories.

The identification of the stiffness parameters is usually performed using tension, bending or torsion tests
on rectangular coupons leading to simple stress states thatcan be expressed as functions of the specimen
geometry and the applied load through a closed-form solution of the mechanical problem. Nevertheless,
these procedures exhibit certain drawbacks. First, experimental boundary conditions must comply with that
of the mechanical model, which is not always easy to achieve.Finally, only a small number of parameters
can be retrieved from a specific test because of the very simple stress state. As a result, several tests have
usually to be performed to identify the full set of material parameters, increasing the cost of the procedure.

The measurement of damping parameters is a more complex problem than stiffness because of all the para-
sitic dissipation that is usually added in a classical mechanical test.

An alternative to these methods was suggested by Grédiac etal. making use of the measurement of slope
fields at the surface of bent plates [1–3] and performing the identification through the so-called Virtual Fields
Method (VFM) which is a particular application of the principle of virtual work. The main advantage of this
technique is that stiffnesses are obtained directly (no iterations, no optimization scheme) and that restrictions
on specimen geometry and boundary conditions are less critical.

This paper presents the experimental implementation of an extension of the work by Grédiac et al. allowing
the extraction of damping param ters as well as stiffnesses with the virtual fields method applied to thin plates
in forced vibrations.
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2 Theory

The theory of the present application is completely reported in [4]. It is an extension of a previous study
[1, 2] where damping was not considered. It is assumed that the tested material is isotropic, homogeneous
and viscoelastic. The specimen is a thin plate clamped in onepoint on which a sine driving movement is
applied in the normal to plane direction. A sinusoidal elastodynamic vibration of the whole plate results of
this driving motion. Considering the linear elastic behaviour of the plate with viscous damping, its vibrating
response is harmonic with the same frequencyω. The complete description of the response of the plate
requires the knowledge of two fields: amplitude and phase. There is no chance to measure the latter, so the
description from two components of the movement is preferred: instantaneous deflections in phase and at
π/2 lag with the driving movement, respectively named real and imaginary parts of the response. Obviously,
these two representations, amplitude-phase and real-imaginary parts are equivalent.

In addition, considering the harmonic vibrating response,it can be shown that the dynamic bending moment
of the plate can be written as a function of the curvature vector {k} of the plate:
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where the isotropic bending stiffness componentsDxx, Dxy and the viscous damping componentsBxx, Bxy

are the four parameters to be identified.

Finally the theory of the method involves the choice of virtual field which act as filters performing the
extraction of the searched parameters from the measured fields. These virtual fields must be kinematically
compatible with the movement and in the present applicationthey must have a complex formulation with
real part different from imaginary part [4]. Using these preceding expressions, it can be shown [4] that the
four parameters are the solution of a linear system of four equations:

[H] · {D} = {U} (2)

where the unknown vector{D} contains the four parameters. Each component of vector{U} is obtained
by numerical integration over the plate of linear combinations of actual and virtual deflection fields. Each
components of the four by four matrix[H] is the result of numerical integration of linear combinations of
actual and virtual curvature fields of the plate [4].

3 Experimental fixture

3.1 Method

As presented in the preceding section, the application of the Virtual Fields Method to the present case re-
quires an excitation arrangement providing an inertial out-of-plane excitation of the plate which is free at
its boundaries and a measurement set-up based on an optical method providing the curvature fields and the
out-of-plane displacement fields on the whole surface of theplate. These measurements must be taken at
two particular times: in-phase and at pi/2 lag with the driving movement of the plate.
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3.2 Excitation arrangement

The plate must be driven by a sine movement in the out-of-plane direction providing an inertial excitation of
the whole plate. The use of an optical technique imposed limitations on rigid body displacements and relative
vibrational displacements of the plate. Direct mounting ofthe test plate on an electrodynamic shaker does not
match this goal. A dedicated experimental set up was designed for that purpose. Figure 1 shows an exploded
view of the excitation device. The tested plate is clamped atthe end of a rigid rod. An electrodynamic shaker
provides a sine axial force at the other end. A system of two steel parallel membranes ensures the guiding of
the axial movement and provides stiffness for limiting the movements of the plate-rod system. The plate is
clamped between the end of the rod and a rigid steel washer of the same external diameter, tightened by an
axial nut. The contact surfaces have been ground [5].

Shaker 

Flange 

Body Rod Plate 

Membranes 

Figure 1: Exploded view of the excitation device

3.3 Measurements of slope fields by deflectometry

To avoid noise problems on curvatures arising from a double differentiation of the measured displacement
fields, measurement of the slope field is preferred through deflectometry which is a non interferometric
technique in white light [3, 6]. A cross line grating is placed in front of the tested plate which must have a
mirror like reflective surface. The image of the grating on the surface of the plate is observed through a hole
in the center of the grating with a CCD camera. When the plate bends (under the effect of static or dynamic
loads), two local phenomena are present: variation of the deflection and variation of the local slope of the
plate. When the plate is deformed, the ray reflected by point M, that will be seen by a given pixel of the CCD
detector, comes from Q slightly shifted with respect to point P from where the ray comes when the plate is
undeformed (see Figure 2).

If the local slope varies bydα, the apparent displacement of the image of the grating will beδ = 2l ·dα where
l is the distance between the grating and the plate. It is important to note the out-of-plane displacement due
to the combination of the bending of the plate and the drivingmovement also affects the position of the point
but this displacement is small with respect tol in the present configuration and only the slope will affect the
grid shift. At first an image is taken at rest, and a second on the deformed plate. The reference grating serves
as a ruler and its images are analyzed using spatial phase-stepping which enables a refined evaluation of the
spatial phase. Using a preprocessing to separate the information in the two in-plane orthogonal directions of
the grating, the two components of slope fields can be measured simultaneously.

A 2π spatial phase variation corresponds to a shiftδ of the image equivalent to the grid pitchp. Therefore,
considering a small rotationdα, the sensitivitys, the relationship between the local plate slope variationdα
and the local spatial phase variationdφ can be written [6]:
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Figure 2: Deflectometry principle

dφ =
2π

p
· 2l · dα , ⇒ s =

dφ

dα
=

4π · l

p
(3)

In the present configuration the dimensions of the grid are500 × 500mm2 with a 2mm step. It is simply
printed on a plotter from a PostScript file and the plate-griddistance isl = 678 mm.

The images are taken using a1376 × 1024 pixel JAI CCD camera (8 bits, monochromatic) with a NIKKOR
zoom (28− 105 mm,1 : 3.5− 4.5D). Slope fields are obtained from spatial phase analysis of the subtracted
images taken at rest and in deformed condition using the ”Windowed Discrete Fourier Transform” (WDFT)
algorithm [7, 8].

The application of equation 3 to the arrangement gives approximatively 4.250 radian of spatial phase varia-
tion per milliradian of slope variation.

An evaluation of the phase noiseσφ is performed using two successive images of the plate at rest. It gives
σφ ≈ 2π/250 radian which correspond to a spatial resolutionσα = σφ/s ≈ 4.1µrd or 4.1µm perm.

As previously shown the identification method requires realand imaginary parts of the actual slope fields.
For that purpose, images of the grating reflected by the plateare taken at two particular times: in phase and at
π/2 lag with the driving movement. This is achieved by opening the shutter of the CCD camera and shooting
the image with the light of an electronic flash lighting the grating at the particular time. The synchronization
is performed through an accelerometer mounted on the driving rod in the axial direction. It provides a signal
which is used first to measure the amplitude of the driving movement and finally to synchronize the picture
taking.

A view of the complete experimental arrangement is presented in Figure 3.

4 Data processing

4.1 Full-field processing

As previously mentioned, kinematic slope fields issued fromspatial phase evaluation are used to provide
curvature fields through numerical differentiation and deflection fields using a numerical integration. The
slope fields can be seen on Figure 4 for80Hz and100Hz excitation frequencies. The first one is out of
resonance, the second is close to resonance. Each pair of images, real and imaginary parts referring to the
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Figure 3: View of the experimental setup

same kinematic field, are drawn using the same gray scale. Theblack and white colors refer respectively to
the minimum and maximum values.

The full size of the plate image taken by the camera covers1296 × 980 pixels. At first the phase maps are
unwrapped and then, only 1 pixel over 6 is kept (one independent information per pitch). To reduce the
measurement noise the slope fields are smoothed twice using a9× 9 pixel Gaussian window.

The out-of-plane deflection fields are computed by a simple trapezoidal numerical integration of the slope
fields using equations (4). If(x, y) are the coordinates of any point of the surface of the plate ina given
coordinate system and ifg(x, y) andh(x, y) are respectively the slope fields along thex andy directions,
these fields derive from the deflection fieldf(x, y) by:

g(x, y) =
∂f(x, y)

∂x
, h(x, y) =

∂f(x, y)

∂y

So the deflection field could be written as:

f(x, y) =

∫ x

x0

g(x, y)dx +

∫ y

y0

h(x0, y)dy + f(x0, y0) (4)

wheref(x0, y0) is the known deflection value at point(x0, y0)

In the present application the numerical integrations are carried out using a simple trapeze method and the
integration point(x0, y0) is taken at the clamping point which deflection is zero:f(x0, y0) = f(0, 0) = 0
(the deflection is the movement related to the plate deformation and adds up to the driving movement).

The third line of Figure 4 shows the deflection fields obtainedby integration from the related slope fields
above.

The curvatures fields can be expressed as the first partial derivatives of the slope fields as:

kappaxx = −
∂g(x, y)

∂x
, κyy = −

∂h(x, y)

∂y
, κss = −(

∂g(x, y)

∂y
+

∂h(x, y)

∂x
)

The differentiation scheme here uses finite differences. Since the measurement noise is amplified by differ-
entiation, the curvatures fields are again smoothed twice bya9× 9 spatial Gauss window.

The last three lines of Figure 4 show the curvature fields computed from the corresponding slope fields. It is
interesting to note that since at80Hz, the excitation is not close to a resonance, the vibrating movement is
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Figure 4: Experimental kinematic fields

mainly in phase with the driving motion and one can remark thesmall imaginary part of the response. On the
other hand, since the100Hz test is close to a resonance but not completely on the resonance, this induces a
dominant resonant mode both in real and imaginary parts. Theidentification is performed on these two sets
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of data, illustrating the fact that the method does not need aresonant response to work.

4.2 Identification

The chosen virtual fields must be kinematically admissible with the boundary conditions. In particular [4],
at the clamping point(x, y) = (0, 0) they must comply with:

w∗(0, 0) = 0 ,
∂w∗

∂x
(0, 0) = 0 ,

∂w∗

∂y
(0, 0) = 0 (5)

The intuitively chosen virtual fieldV F1:

w∗

1 = x2 + j · y2

verifies these conditions. In fact, as previously mentioned, the tested plate is clamped using a rigid washer
with internal-external diameters respectively10mm − 18mm. In this areaw(x, y) = 0 and∂w/∂x =
∂w/∂y = 0. The virtual fields should satisfy these conditions. However, since the external diameter2r is
such thatr << L andr << l whereL, l are the external dimensions of the tested plate, the virtualwork
provided byV F1 in the washer area have been neglected. In the future, this can be overcome by using
piecewise virtual fields [9]

A second intuitively chosen virtual fieldV F2 has been tested:

w∗

2 = (x2 + xy) + j · (y2 + xy)

The same remarks as above apply to this virtual field.

5 Results and discussion

5.1 Tested material

The tested specimen is an acrylic rectangular plate197× 159× 3 mm3. The reference elastic and damping
values come from tests performed by the authors on cantilever beams in free vibrations. The measured
frequency of the first mode of bending leads to the Young modulus and the viscous index is calculated from
the recorded time decay curve of the deflections of the testedbeams.

5.2 Results

As described previously, the four parametersDxx,Dxy, Bxx, Bxy have been identified using full-field mea-
surements and chosen virtual fieldsV F1 andV F2 [4].

From these results, the following material elastic constants and the material damping ratios can be calculated:

ν =
Dxy

Dxx

, E =
Dxx

(1− ν2)

βxx =
Bxx

Dxx

, βxy =
Bxy

Dxy
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VF1 VF2
Frequency E ν βxx βxy E ν βxx βxy

(Hz) (GPa) (10−4s) (10−4s) (GPa) (10−4s) (10−4s)
80 mean 4.69 0.31 1.11 1.16 4.69 0.31 1.12 1.19

var. coef. 0.2% 1.3% 4.5% 19% 0.2% 1.3% 4.4% 18%

90 mean 4.71 0.30 1.02 0.62 4.71 0.31 1.04 0.70
var. coef. 0.2% 0.5% 0.8% 7.4% 0.2% 0.5% 0.7% 6.5%

100 mean 4.71 0.30 1.08 0.98 4.71 0.30 1.08 0.98
var. coef. 0.1% 0.2% 1.9% 3.1% 0.1% 0.2% 1.9% 3.0%

Ref. (beam) 4.90 1.08 4.90 1.08

Table 1: Identified engineering constants and damping ratios

Table 1 presents the identified values and their coefficientsof variation (%) from the responses at three
excitation frequencies:80Hz which is out of resonance,90Hz and100Hz which are both close to two
different resonances.

Except for Poisson’s damping ratioβxy, the results are quite stable for the three frequencies and the two
virtual fields. One can remark that the coefficients of variation related to the elastic constants are particulary
low. The identified Young’s modulus are about4% from the beam test value and theβxx damping ratio
value are similar to the reference one whether the tests are performed close to resonance or not. Concerning
Poisson’s damping ratioβxy, the identified values are scattered and for the80Hz test the coefficients of
variation are high compared to theβxx ones. Considering the weak imaginary parts of the response on that
frequency, we can think that the signal to noise ratio becomes poor on that case. One way to overcome
this problem would be to capture two images still with aπ/2 lag but with the reference time shifted so as
to balance the signal in the two images. This operation corresponds to a rotation of the complex plane. In
parallel, a more rational method is on the way to chose virtual fields which minimize the influence of this
noise [10].

6 Conclusion

Previous studies have shown the principle of the Virtual Fields Method applied to vibrating plates and sim-
ulations have demonstrated its robustness. The present work proves the feasibility of the experimental ap-
plication. Identification of isotropic material parameters have been carried out on vibrating plates excited
at resonance and out of resonance. This last property can lead to an interesting method to investigate the
frequency dependence of material properties. Several improvements of the method are underway and the
extension of this approach to anisotropic plates is being studied.
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Abstract 
Materials with nonlinear dynamic properties and high damping properties have become more common to 
reduce shock and vibration loads of electronic equipment. The dynamic properties of such materials 
should be known for proper design and modelling work. Thus, a practical mathematical model with 
compatible material data is needed. However, reliable information on the dynamic properties of such 
materials is often difficult to find. This lack of information is even more evident with new materials and 
more demanding loading conditions. In this work, simplified dynamic testing and modelling methods were 
developed for practical design work and as a basis for future research. The experiments discussed in this 
paper were conducted on a cellular urethane material. On the basis of the results, the test set-up and the 
approach developed here are seen to be useful for practical engineering work and to have potential for 
more advanced future measurements and dynamic models. 
 
 

1 Introduction 
 
Mechanical shock and vibration loads of electronic equipment are important design factors for reliability 
of various products. Typically, the need is to protect the sensitive electronics and still have a product of 
small size and low weight. This could be achieved with the use of materials having high damping 
characteristics and suitable nonlinear dynamic properties. Not only the basic material, but small structural 
components used as shock and vibration isolators can play an important role in the local and global 
dynamical behaviour of equipment. However, reliable and accurate enough information on the dynamic 
properties of such materials is often difficult to obtain or it is not in a compatible form for the simulation 
tools in use. The lack of information is even more evident with new materials used in demanding high 
level loading conditions. Furthermore, the theoretical and experimental studies of the material properties 
of interest may be difficult to perform, because they can take a long time, advanced test equipment are not 
usually available, and they are relatively expensive. Such properties can depend on temperature, relative 
humidity, load history, strain rate, even size, and they can also change due to material aging. 
Nevertheless, the use of innovative designs and new materials would benefit from efficient early stage 
design evaluations. A process, which could rapidly produce practical and reliable data even for relatively 
simple design models could be of great interest for various applications. At the early stage of design, 
simplified design models and the ability to compare various designs and materials can save time and 
resources. In addition, it is beneficial to study and understand the main characteristics of the material in 
question, before developing more advanced and complex dynamic material models. Thus, one should be 
able to restrict the study to the most efficient methods and avoid too general approaches. In this work, 
simplified dynamical testing and modelling methods are developed for practical design work and as basis 
for future research. The experiments discussed in this paper were conducted on a cellular urethane 
material. 
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2 Objectives 
 
In general, the objectives of the conducted research work were: 

•  to develop and test a new test set-up for rapid material and component model verification 

•  to study the dynamical behaviour of a cellular urethane foam using the new test set-up 

•  to study the material’s response to tension/compression and shear under high level shock. 

•  to develop methods suitable for early stage design evaluation and comparison 

•  to have a basis for more advanced testing and mathematical models. 
With these objectives, a test set-up was built and experimental measured results were achieved for a 
selected cellular urethane foam material. 
 

3 Test method development process 
 
It is recognized that detailed testing and model development of soft materials with high strain rates is still 
a demanding task. The emphasis of this work was on fast, simple, and practical methods, with cost 
effectiveness in giving relevant results with reasonable accuracy. Furthermore, the tests were to be 
possible to conduct with commonly available and economical equipment.  
The final test method was developed through gradual steps, ensuring smooth entering into the problem 
area and the increasingly more detailed study of the chosen cellular urethane foam. The size of the test 
specimen was kept as close as possible to the dimensions of the applications of interest, in order to 
minimize unwanted scale and geometrical effects. In addition, the similar size of the test objects and actual 
product parts enables the use of the results almost directly e.g. for material and component comparison.  
 

3.1 Test method development phase one 
 
At the first phase of the research, various test methods and research approaches were evaluated. Finally, it 
was decided to start with a simple one degree of freedom system shown in figure 1. The test structure was 
designed on the basis of a recent new standard [1] and research studies of mechanical isolators [2]. Thus, 
the test equipment design, instrumentation and analysis process had a well set basis to start with even 
though the original applied standard had a more limited area of application. 

 
Figure 1: Principle of the basic test set-up with the main parameters 

2066 PROCEEDINGS OF ISMA2006



The test set-up was studied using various instrumentations and one of the most basic set-ups can be seen in 
figure 2. Here, the acceleration was measured from the base and from the test mass. The test specimens 
were inserted between the load mass and the shaker. Analysis was based on the measured acceleration 
signals at the input side (base) and the output side (load mass) of the test structure. 
 

 
Figure 2: The test set-up for the determination of the main parameters 

 
In principle, for a single degree of freedom system, one may use e.g. the simple approach given in formula 
(1) and figure 3, in order to describe the dissipation properties of the material with the use of loss factor . 

ω
ωη ∆==

Q
1

,                                                                    (1) 

where ω∆   is bandwidth at the "half power point" 

 ω      is resonant frequency 

 Q  (Quality factor) is a measure of the sharpness of the response curve. 
 

 
Figure 3: Parameters for a simple one degree of freedom system 
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However, this approach and formula (1) are typically used only if loss factor is less than 0.1. On the basis 
of the conducted measurements with the cellular urethane foam, the effective damping or energy 
dissipation value is higher than 0.1 and, therefore, the "half-power" method is not applicable in this 
particular case. In addition, the “half-power” method yields only one representative damping value, which 
is not dependent e.g. from the excitation frequency. As an alternative method, the dynamic properties 
(dynamic stiffness and loss factor) were estimated as a function of frequency and excitation amplitude, by 
using the indirect method (see figure 2) presented in standard ISO – 10846 [1]. 
Dynamic stiffness (kdyn) was determined by using the equation 2 

12

2

u
Fkdyn = ,                                                                    (2) 

where F2  is force measured from the output side 

 12u   is relative displacement of the mass. 

Loss factor (η) was determined by using the dynamic stiffness given in equation 3 

{ }
{ }dyn

dyn

k
k

Re
Im

=η ,                                                                    (3) 

where  { }dynkIm  is the imaginary part of the dynamical stiffness 

 { }dynkRe   is the real part of the dynamical stiffness. 

In addition, the analysis was also carried out in the time domain with the use of ( 12u - 2F ) graph, from 
which the effective stiffness and dissipation values can be estimated with simple graphical methods or by 
using integration and regression analysis. A similar hysteresis loop analysis was used as a basis for the 
evaluation of the dynamic stiffness from the shock table test.  
 

3.2 Test method development phase two 
 
At the second phase of the research, further studies were conducted in order to obtain results at higher 
excitation loads, and, for both tension and compressive shock loads. In addition, continuous stepped 
sinusoidal excitation was used in both directions and the temperature of the sample was measured (see 
figure 4).  
 

 
Figure 4: Cellular urethane foam pieces on the test mass with the thermocouple on the left 
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The test structure consisted of a mass, accelerometers, a thermocouple, and a layer of cellular urethane 
foam. Continuous sinusoidal excitation was generated with an electro-dynamic shaker, and a transient half 
sinusoidal excitation pulse was generated with a drop table. The drop height and the anvil material of the 
drop test table were varied during the measurements. 
A graph presenting the results obtained at phase two of the test method development is shown in figure 5, 
where the effective elastic modulus is given as a function of compression displacement. The results from 
the static, stepped sine and shock tests are collected. It is seen that these preliminary basic results are 
already useful for early stage design work and serve as a basis for further and more detailed studies. 
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Figure 5: Urethane foam pieces on the test mass and the thermocouple 

 
Some care has to be taken, especially, when evaluating the stepped sine results in figure 5. During the 
continuous sinusoidal tests, the temperature of the urethane foam changed due to internal friction and, 
therefore, the results are not directly comparable to the static and shock tests. The effect of the temperature 
rise of the urethane foam on the dynamical properties of the system can be evaluated better e.g. with tests 
conducted in a heat chamber. Nevertheless, the elastic modulus, as well as the stiffness and damping 
values for continuous sinusoidal excitation are used in most common dynamic models. Therefore, the 
results presented here are useful for preliminary direct material comparison and rough evaluation of the 
effective values. 
 

3.3 Test method development phase three 
 
During the phase three of the test method development, a new test set-up for material study and material 
model verification was developed (figures 6 and 7). The new test set-up was more stable and enabled 
controlling of the preload on the test specimen. The response and dynamical behaviour of the cellular 
urethane foam under shear and combined compression/tension were studied using sinusoidal excitation 
(figure 8) and shocks (figure 9). Although the shock tests were the primary interest of the work, the 
continuous sinusoidal tests shown in figure 8 were also conducted, in order to study the dynamic 
behaviour of the test set-up and to get more information on the basic characteristics of the material. 
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Figure 6: A new test set-up using a compact symmetrical test frame. The larger base plate is for 

mounting to a test machine and not part of the actual test set-up. 
 

 
Figure 7: Two urethane foam samples (long thin dark stripes) inside the test frame 

 
In figure 7, the wider colourless stripes are double sided adhesion tape attaching the moving center mass 
and the urethane foam together. Only the other side of the sample material had adhesive on it. Similar 
stripes were placed on the other half of the test frame. 
From the hysteresis loop obtained from a test and basic analysis of results, the effective stiffness and, 
eventually, the effective elastic modulus may be evaluated. The following simple analysis for the effective 
elastic modulus evaluation was used: 

A
hK

E dyn ⋅
= ,                                                                    (4) 

where h  is the thickness (1,14 mm) 
 Kdyn is dynamic stiffness (determined graphically) 

 A is area of the foam (four stripes). 
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Figure 8: An example of the results obtained from the stepped sine tests. The test results shown here 

are from four excitation amplitudes presented with four different colours 

Figure 9: An example of shock test results, where a strong hysteresis loop of the material is showing 

N

mm
0 0.1

-50

220

0

100

200

N

s
0 0.0210.01

-50

220

0

100

200

m
m

s
0 0.0210.01
0

0.1

20 m/s*s
40 m/s*s
60 m/s*S
80 m/s*s

N

mm

-0.025 0.025-0.02 -0.01 0 0.01 0.02
-70

70

0

MATERIAL CHARACTERISATION BASED ON DYNAMIC MEASUREMENTS 2071



In a corresponding way, effective damping can be evaluated from the hysteresis curve area. In figure 8, the 
“stiffness” nonlinearity of the material can be seen from the rotation of the hysteresis loop with the 
increase of the excitation amplitude. This corresponds to the lower effective stiffness at higher dynamic 
load levels. A similar analysis can be conducted for the hysteresis curve from the shock test table, in order 
to obtain effective values for instantaneous loads, such as those shown in figure 9. The somewhat distorted 
shape with the higher frequency components in figure 9 is evaluated to be due to the induced shock table 
and mounting vibrations. 
 

Discussion 
 
Small structural components such as joints and vibration isolators can play an important role in the local 
and global dynamical behaviour of equipment. An example of such a system was given in ref. [3]. 
However, the dynamic characteristics of these small parts and interfaces are often difficult and laborious 
to evaluate e.g. due to their size, manufacturing tolerances, and inherently nonlinear behaviour. Soft 
materials with strong energy dissipation characteristics at high strain rates are also a challenge to 
experimental models and testing. Nevertheless, the increasing need of simulation in mechanical design at 
different stages of product development process requires quantitative data on the dynamical characteristics 
of the modelled structure. Furthermore, experimental approach can reveal such phenomena that simulation 
tools are not yet capable of predicting. 
Complicated material models are often laborious to use and take time and computer resources. Sometimes, 
such material models are not compatible with the simulation tool in use. However, especially at the early 
stage of product development, one should be effective and cost-efficient. An example of a numerical 
simulation for a cellular phone drop test is given in ref. [4], where a rather detailed dynamical structural 
model was used, but the applied material models were relatively simple. Nevertheless, that analysis was 
able to yield quite promising overall results. However, with simplified models, the important issue is to be 
able to determine the most important effective material characteristics.  
The emphasis of this work was on fast, simple, and practical methods, which can yield results with 
reasonable accuracy. The tests were conducted using commonly available equipment at rather low costs. 
The test dimensioning was kept as close as possible to the dimensions of the applications of interest. This 
approach reduces questions on whether the test results apply to the real world applications. The similar 
size of the test objects and parts of the actual products enables more direct use of the results for material 
and component comparison.  

 
Summary 
 
In this work, a new test-set up was developed for characterization of material dynamic properties. The new 
test set-up enables high load levels as well as shear and tension/compression tests without reinstalling the 
material samples. The simple analysis method described here, producing effective stiffness and damping 
values, may give directly useful information for practical material modelling.  
The tests presented here were successful, but they still constitute only a short demonstrative use of the test 
set-up. For instance, during this work, there was only a limited possibility to produce high level controlled 
shocks of long enough duration. By varying more test parameters, more information can be generated for 
material model verification. In addition, in order to get statistically more reliable results, a larger number 
of test samples should be tested. Nevertheless, the test methodology presented here is simple and can 
provide rapid information for early stage design and comparison work. In addition, the procedure is seen 
to serve as a potential cost-effective basis for further, more rigorous studies. 
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Wave Propagation Modelling in Composite Plates

P. Kudela1, W. Ostachowicz1,2

1 Polish Academy of Sciences, Institute of Fluid-Flow Machinery,
Fiszera 14, 80-952 Gdansk, Poland
e-mail: pk@imp.gda.pl
2 Gdynia Maritime University, Faculty of Navigation,
Aleja Zjednoczenia 3, 81-345 Gdynia, Poland
e-mail: wieslaw@imp.gda.pl

Abstract
This paper presents results of a numerical simulation of the transverse elastic wave propagation in composite
plates. The problem has been solved by the use of the Spectral Element Method. The wave propagation
and scattering phenomena has been analysed from damage detection pointof view. In order to approximate
accurately A0 mode of the Lamb wave, numerical model based on Mindlin’s plate theory has been developed.
36- and 100-nodes spectral plate elements have been considered. Numerical calculations have been carried
out for various orientations of reinforcing fibres within the plate as well asfor various fibre volume fractions.
Also a procedure for calculation of theoretical group wave velocity has been presented.

1 Introduction

Among many methods used for modelling and analysis the elastic wave propagation phenomena, the most
important are: Finite Difference Method, Finite Element Method (FEM) and Boundary Element Method.
However these numerical methods are time-consuming and require large computational memory. In opposite
to this method, Finite Strip Element Method and Semi-Numerical Method [1] are efficient and require much
less storage space for necessary data. On the other hand there are limitations for their application for plate-
like structures with complex geometry. A method that incorporates the advantages of the Finite Element
Method and the Finite Difference Method is called Triangular Grid Method [2]. This method is based on the
dynamic equilibrium equations of computational cells formed among auxiliary triangular grids. The solution
is obtained by calculating alternately the nodal displacement and the central point stresses of the spatial grids.
The mentioned methods can be also combined [3].

Another approach is the Mass Spring Lattice Model [4], where inertia andstiffness properties are calculated
using lumped parameters. Recent developments in this area include a new Local Interaction Simulation
Approach [5]. This method uses no finite difference equation, but simulates wave propagation heuristically,
i.e. directly from physical phenomena and properties.

In the FFT-based Spectral Element Method used for wave propagation modelling by Doyle [6] the excitation
signal is transformed into a number of frequency components using the Fast Fourier Transformation. Next
as a part of a big frequency loop the dynamic stiffness matrix is generated and transformed. A solution is
found for each unit impulse at each frequency. This yields directly to the Frequency Response Function of
an analysed problem which is then transformed back to the time domain using the Inverse Fourier Transfor-
mation. It is proved that this technique is well suited for simple one-dimensionalproblems [7, 8, 9], but due
to the periodicity of the Fourier Transformation the method is inefficient when 2D or 3D problems must be
analysed. However, recently developed method, which uses localized Daubechies scaling functions as basis
for approximation of the spatial dimension, overcome this problem [10].
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The Spectral Element Method (SEM) as proposed by Patera [11] is much more versatile for the analysis of
elastic wave propagation in structures of complex geometry. The idea of SEMis very similar to the FEM
except specific approximation. The element interpolation nodes are placedat the zeros of an appropriate
family of orthogonal polynomials. A set of local shape functions consistingof Lagrange polynomials which
are spanned on these points is used. As a consequence of that, as well as with the use of Gauss-Lobatto-
Legendre integration rule, a diagonal mass matrix is obtained. In this way the cost of numerical calculation
is much less expensive than in the case of the classic finite element approach. Moreover, the numerical
error decreases faster than any power of 1/p (spectral convergence), where p is the order of the polynomial
expansion [12].

Due to advantages of the SEM like low memory cost, efficiency, fast convergence and ability of modelling
structures with complex geometry, the method has found an application in the fields of fluid dynamics [13],
heat transfer [14], acoustics [15], seismology [16], etc. Also the SEMcan be used effectively for modelling
elastic wave propagation in anisotropic media in high frequency regime [17].These features motivate to
build a numerical tool, which will be helpful in designing Structural Health Monitoring systems.

The aim of this paper is to show a potential of the Spectral Element Method in application to wave prop-
agation phenomena. Numerical simulations of transverse elastic wave propagation for the composite plate
confirm an accurate approximation of the A0 mode of the Lamb wave. The influence of various fibre volumes
fractions and orientation of fibres on wave propagation has been determined.

2 The idea of Spectral Element Method

The idea of the SEM is similar to the FEM as far as the discretization, element formulation and assembly is
concerned. The main distinction between the FEM and SEM stems from the type of shape functions used to
approximate the model equations. In FEM, the shape functions are usually formulated for one specific order
of the scheme (they are derived from Lagrange interpolants on regulargrids inside each element). They need
to be recomputed as the order of the FEM is modified. In SEM, the basis functions are hierarchical and follow
easier rules of formulation (for instance, they can be derived from Chebyshev or Legendre polynomials). As
the order is augmented, the former set of basis functions is simply augmented by a new set of polynomials
formulated from the previous set. Therefore, in SEM the order of approximation is user-dependent.

2.1 Anisotropic wave equation

In a heterogeneous elastic, anisotropic medium, the linear wave equation may be written as:

ρü = ∇σ + f

σ = C : ε

ε =
1

2

[

∇u + (∇u )T
]

(1)

whereu denotes the displacement vector,σ second-order stress tensor,ε second-order strain tensor,C the
fourth-order stiffness tensor,ρ the density, andf an external source force. A dot over a symbol denotes time
differentiation, a colon denotes the tensor product, and a superscriptT denotes the transpose.

Similar to FEM approach the equations of motion (1) may be rewritten in a variational or weak form:
∫

Ω

ρw · ü dΩ +

∫

Ω

∇w : C : ∇u dΩ =

∫

Ω

w · f dΩ +

∫

Γ

w · t dΩ (2)

wherew is an arbitrary test vector,Ω denotes region of interest,Γ denotes boundary on which traction
vanishes in the case of the free boundaries and on which absorbing conditions have to be implemented.
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2.2 Spectral element approximation

Mesh of the nonoverlaping spectral elements covering the domainΩ corresponding to equation (2) is gener-
ated analogous to the standard finite elements. Elements defined on the physical domainΩ are mapped to a
reference domainΛ = [−1, 1]D of the dimensionD. MappingFe : Λe → Ωe enables transformation from
the reference domain (local coordinate system) to the physical domain (global coordinate system) and vice
versa.

2.3 Definition of element nodes

The nodes of a spectral finite element are defined in the local coordinate system of the element as Gauss-
Lobatto-Legendre (GLL) points. These points are(N + 1) roots of the following polynomial expression:

(

1− ξ2
)

P
′

N (ξ) = 0 (3)

whereP
′

N (ξ) denotes the first derivative of the Legendre polynomial of degreeN . Therefore, coordinates of
the element nodes can be defined as a set:

(ξ1i1 , ξ
2
i2
, . . . , ξD

iD
), i1, i2, . . . , iD = 1, 2, . . . , N + 1 (4)

For instance, in 2-dimensional case (D = 2) and for 5-th order Legendre polynomial, these set of nodes in
the local coordinate system of the elementξ1ξ2 can be specified as:

(ξ1m, ξ
2
n), m, n = 1, 2, . . . , 6

ξ1, ξ2 ∈

(

−1,−

√

1

3
+

2

3
√

7
,−

√

1

3
− 2

3
√

7
,

√

1

3
+

2

3
√

7
,

√

1

3
− 2

3
√

7
, 1

)

(5)

2.4 Element shape functions

A set of shape functions can be built on the specified nodes to approximatethe geometry of the element and
also to approximate the displacements within the element. For this purpose discreteorthogonal Lagrange
interpolants are spanned on the specified nodes. Because the interior nodes are distributed at positions which
correspond to zeros of the orthogonal Legendre polynomials, highestinterpolation accuracy is achieved. The
displacement field within the element can be approximated as:

ue
N

(

ξ1, . . . , ξD
)

=

D(N+1)
∑

i=1

ψi(ξ
1, . . . , ξD) qe

N (ξ1i , . . . , ξ
D
i ) (6)

whereqe
N denotes nodal degrees of freedom,ψi denotes theN -th orderD-dimensional Lagrange interpolant.

Substituting polynomial approximation (6) for eq. (2) and using the GLL integration rule particular matrices
can be obtained. For example, considering the first integral in the eq. (2)at the element level we have:

∫

Ωe

ρw · ü dΩe =

D(N+1)
∑

i=1

ρ vi(ξ
1
i , . . . , ξ

D
i )ψi(ξ

1, . . . , ξD)ψi(ξ
1, . . . , ξD)Je

i q̈
e
N (ξ1i , . . . , ξ

D
i ) (7)

whereJe
i is the Jacobian associated with the mappingFe from the element domainΩe to the reference

domainΛ, vi are the weights calculated at the element nodes from the following formula:

vi(ξ
1
i , . . . , ξ

D
i ) =

2

N(N + 1)
[

PN(ξ1i , . . . , ξ
D
i )
]2 , i = 1, . . . , N + 1 (8)

In fact, eq. (7) represent an inertial termme q̈e associated with an element.
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2.5 Equations of motion

After assembly process a wave propagation modelling problem is reduced towell-known ordinary differen-
tial equations, which can be written in a matrix form as:

MQ̈ + KQ = F (9)

whereM is the global mass matrix,K is the global stiffness matrix, andF is a column matrix of the time
dependent forced signal. A discrete orthogonality for the shape functions leads to thediagonal form of the
mass matrixM, which allows a crucial reduction of the complexity and the cost of the algorithm [17]. In
this manner diagonal mass matrix is obtained naturally in opposite to mass matrix lumpingtechniques which
incorporate significant errors.

In the presence of no damping the equation of motion can be easily discretisedand solved in time domain by
applying the central difference time integration scheme.

3 2D composite spectral plate element

The derived spectral plate element model is based on the Mindlin’s plate theory. It is easy to show, that
in a frequency–thickness range up to 500 kHz*mm Mindlin’s theory guarantees accurate approximation
of A0 mode of the Lamb wave. For this purpose, procedure for calculatingtheoretical group wave speed
has been proposed (see appendix A). Figure 1 shows an example of group velocity dispersion curves for

fd [kHz*mm]

G
ro

up
sp

ee
d

[k
m

/s
]

0 500 1000 1500 2000 2500 3000 3500
0

1

2

3

4

5

6

Figure 1: Dispersion curves comparison: dashed curves – symmetric modes of the Lamb waves, thin dotted
curves – antisymmetric modes of the Lamb waves, thick square dotted curves –mathematical model.

aluminium plate obtained from Lamb equation solution and from the mathematical model. Dashed curves
represent symmetric modes of the Lamb wave, thin dotts are symmetric modes of the Lamb wave. Very
close to the theoretically calculated curves are thick square dotted curves derived from mathematical model.
Discrepancy between dispersion curves obtained from mathematical modeland A0 mode of the Lamb wave
at 3500 kHz*mm is about 40 km/s. Practically only fundamental modes of the Lamb wave are used, due
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to easier signal processing. The proposed model based on Mindlin’s plate theory is adequate for presented
application.

Two types of elements have been developed. The first is the 5-th order 36-nodes element, and the second is
the 9-th order 100-nodes element. Both elements have 3 degrees of freedom per node: transverse displace-
ment and two independent rotations.

4 Numerical simulations

4.1 Convergence test

The plate under consideration (figure 2) has the following dimensions: length 500 mm, width 500 mm, and
thickness 2 mm. The excitation source is a 100 kHz sinusoid modulated by Hanning window with 5 cycles.
Excitation point is marked on figure 2 by number 5 and remaining points indicate sensors. It is assumed that
the plate consists of 4 layers of epoxy matrix with reinforcing graphite fibres. Detailed material properties
are shown in table 1. The ply stacking sequence of the plate is [+45/-45/+45/-45]. The calculations have been
carried out for various mesh densities, as presented in table 2. Total time ofsimulation has been assumed as
0.7 ms.

200

500

5
0

0

1

5

2 3

4

2
0

0

Figure 2: Composite plate under investigation

Property Matrix-epoxy Fibers-graphite
Young’s modulus [GPa] 3.43 275.60
Poisson ratio 0.35 0.20
Density [kg/m3] 1250 1900

Table 1: Material properties

Using a procedure given in appendix A it has been found, that group velocity is changing from 1037.3 m/s to
1132.2 m/s depending on direction of propagation. This information enable calculation the averaged number
of nodes per wavelength (see table 2). Figure 3 shows comparison between displacement registered in sensor
number 1 for different mesh densities (only half time of the signal responseis presented). These results and
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Mesh size DOF dt [s]
nodes per

wavelength
Mean square

error
36-nodes element

30x30 68403 1.40e-7 3.15 0.0961
40x40 121203 1.40e-7 4.16 0.0187
50x50 189003 7.00e-8 5.20 0.0040

100-nodes element
20x20 98203 7.00e-8 3.74 0.0171
30x30 220323 4.67e-8 5.62 0.0000082
40x40 390963 3.50e-8 7.49 0

Table 2: Simulation parameters and errors

mean squared errors set together in table 2 indicate that the minimum number of grid points per wavelength
required for an accurate simulation is roughly 5. In order to assure stabilityof Spectral Element Method,
chosen values of time-step fulfil Courant condition in surplus. However,it has been found that the time-step
must be 10 times less than the time for the wave to travel adjacent grid points. Mean square errors have
been calculated regarding the solution for 40x40 mesh of 100-nodes element as a reference and using the
following formula:

ε = 1/n
n
∑

i=1

(Aref
i −Ai)

2, n = 5000 (10)

whereA are normalized amplitudes. Reference solution on very dense mesh has been used, because an exact
solution for considered case does not exist.
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Figure 3: Displacement comparison at sensor point 1: left) dotted line – 36-nodes 40x40 el., x line – 36-
nodes 50x50 el., dashed line – 100-nodes 40x40 el., right) dotted line – 100-nodes 20x20 el., squared line –
100-nodes 30x30 el., dashed line – 100-nodes 40x40 el.

4.2 Influence of composite material parameters on wave propa gation

The parameters of composite materials strongly influence on the velocity of propagating waves. Waves
in composite plates propagate in each direction with different velocities. Thatcan be plotted in the polar
coordinates as presented in figure 4. If a composite material contains more fibres, then waves propagate at
higher velocity. Also the shape of the group velocity surface is changing with volume fraction of the fibres,
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Figure 4: Group velocitycg [m/s] surfaces for a single layer of graphite/epoxy laminates (θ = 0◦, vol=0%,
20%, 40%, 60%, 80% and 100%)
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Figure 5: Group velocitycg [m/s] surfaces for a single layer of graphite/epoxy laminates (vol=50%,θ = 90◦

(—•—), 60◦ (—�— line), 45◦ (—�— line), 15◦(—x—) )
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not like in the isotropic case (inner circle - material of epoxy property, outer circle – material of graphite
fibres property).

The group velocity depends also on the orientation angle of the reinforcingfibres. Theoretical and numerical
calculations for single layer graphite-epoxy composite plate with constant volume fraction of fibres have
been investigated. The results show that the front of the propagating wave is retained, while elliptic-like
elongation is rotated according to the fibres orientation angle (figure 5).

4.3 Wave propagation in multilayer composite plate

Numerical simulation has been performed using the same material properties and the same ply stacking
sequence as for convergence test. The grid 30x30 100-nodes elements has been used. Some snapshots of the
propagating waves (at timet = 0.14, 0.21, 0.28, 0.35 ms) have been presented in figure 6. It can be seen
that due to the different orientation of the fibres in each layer the front ofpropagating wave is not circular
as in isotropic case. The fact that wave propagates in each direction at different speed is important from
damage detection point of view. Let us suppose that real composite elementwith embedded PZT transducers
distributed in the form of square grid is investigated. In such case it is possible to estimate wave speed at
the angle0◦, 45◦ and90◦ only. Next assumption is that one of the sensors at a timet = 0.9 ms registered
reflection from damage. In such placement of a sensor, it is not possibleto choose proper velocity in order
to estimate damage location. Group velocities differ from 1037.3 m/s to 1132.2 m/s (values from previous
paragraph), which give 93.4/2 cm and 101.9/2 cm. Therefore, the difference in damage location may be up
to 4.25 cm! In some cases such an error can not be accepted. For this reason it is better to use sensors in
omni-directional configuration working similar to radar.

It should be noticed that composite material properties are averaged and reduced to the neutral surface of the
plate. The question is, if the homogenization process is suitable? Is there a necessity for constructing a 3D
model? These questions are open.

5 Concluding remarks

In this paper a spectral plate finite element has been successfully developed and applied for the analysis of
elastic wave propagation in a composite plate. The method has been presentedfor various orientations and
relative volume fractions of reinforcing fibres. However, it has been noticed that certain instabilities may
arise for different time integration schemes which have been used for solving the equation of motion. In
order to overcome this problem a spatial sampling of the order of 5 grid points per minimum wavelength
must be used and time-step should be properly small.

Result of numerical calculations indicate that the velocities of the flexural waves in composite material are
functions of the relative volume fraction of reinforcing fibres as well as the direction of propagation. The
paper presents the simple formulas which have been used for calculation ofvelocities of the flexural waves
in composite materials.

Numerical simulations give insight into wave propagation behaviour in composites and provide notable in-
formation especially in the damage detection context. Due to the fact that wave incomposites propagate in
each direction with different velocity, omni-directional sensor placement ispreferred.

The question about homogenization process is open and this will be a subject of future research.

2082 PROCEEDINGS OF ISMA2006



(a) t = 0.14 ms (b) t = 0.21 ms

(c) t = 0.28 ms (d) t = 0.35 ms

Figure 6: Snapshots of the propagating waves in graphite/epoxy compositeplate with ply stacking sequence
[+45/-45/+45/-45] at some time stages
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A Group velocity calculation procedure

The group velocities can be calculated by means of the following procedure. Assuming wave propagation
solutions of the form:

w(x, y, t) = wo e−ikx cos θe−iky sin θ eiωt

α(x, y, t) = αo e−ikx cos θ e−iky sin θeiωt

β(x, y, t) = βo e−ikx cos θ e−iky sin θeiωt

(11)

wherewo, αo andβo are wave amplitudes, and substituting into the Mindlin equations of motion:
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gives:




H11(k) H12(ω, k) H13(k)
H21(k) H22(k) H23(ω, k)
H31(ω) H32(k) H33(k)









wo

αo

βo



 =





0
0
0



 (13)

The elements of matrixH are:

H11 = ikmA44 + iknA45

H12 = Iω2 −A44 − k2m2D11 − 2k2mnD16 − k2n2D66

H13 = −A45 − k2mnD12 − k2m2D16 − k2n2D26 − k2mnD66

H21 = ikmA45 + iknA55

H22 = H13

H23 = Iω2 −A55 − k2n2D22 − 2k2m2nD26 − k2m2D66

H31 = hρω2

H32 = ik3m3D11 + ik3mn2D12 + 3ik3m2nD16 + ik3n3D26 + 2ik3mn2D66

H33 = ik3m3nD12 + ik3m3D16 + ik3n3D22 + 3ik3mn2D26 + 2ik3m2nD66

(14)

wherei =
√
−1, mass inertiaI = 1

3

∑N
k=1 ρ

(

h3
k − h3

k−1

)

, ω = 2πf , m = cos θ, n = sin θ, andθ denotes
the angle between global and local material axes.A andD are composite constants, calculated assuming
homogenization [22]. Calculating determinant of matrixH the following relation is obtained:

a6k
6 + a4k

4 + a2k
2 + ao = 0, ai = ai(ω), i = 0, 2, 4, 6 (15)

There are six roots which correspond with three sets of mode pairs. The group velocities of the first real
propagating mode can be calculated numerically from:

cg =
dω

dk1
(16)
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Abstract
The elastic properties of the individual layers of layered materials can be derived from the resonant frequen-
cies of a set of test specimens comprising samples with different layer configurations [1]. Based on this, a
mixed numerical-experimental framework for the identification of the elastic properties of layered materials
has been formulated and a number of different identification routines were developed.
In this work, the elastic properties of an yttria-stabilised zirconia top coat of an air plasma sprayed thermal
barrier coating are identified with the different mixed numerical-experimental routines that were developed.
The obtained results are critically evaluated, and some recommendations on the use of the considered rou-
tines for the identification of coating properties are presented.

1 Introduction

Coated materials are becoming increasingly important for the production of high performance components
and constructions. In the aerospace and automotive industries, ceramic coatings are commonly used to shield
metallic components from high temperatures and corrosive environments.

The elastic properties of the coating materials are required to model the structural behaviour of the coated
component, and are crucial to predict the residual stresses in the coating layer. Predictions of the residual
stresses, which are induced by the thermal expansion coefficient mismatch between the substrate and coating,
are essential for preventing a delamination of the coating.

There are several techniques to produce ceramic coatings and every technique results in a particular type of
microstructure. The microstructure of an air plasma sprayed (APS) coating consists of a complex network
of splats, pores and cracks. This microstructure has a severe impact on the mechanical properties of the
coating; the elastic modulus of an APS coating can be up to twenty times lower than the elastic modulus
of the corresponding bulk material [2]. A characterisation of the coating material can, therefore, only be
performed on coated substrates and thus requires a identification routine for layered materials.

In this work, the elastic properties of an yttria-stabilised zirconia top coat (TC) of a air plasma sprayed ther-
mal barrier coating are determined by means of a resonant-based mixed numerical-experimental technique,
that was developed for the characterisation of layered materials

∗Now at IMEC, Kapeldreef 75, B-3001, Heverlee, Belgium.
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2 Resonant-Based Material Identification

2.1 Standardised Techniques

Resonant-based material identification methods are founded on the fundamental relation that exists between
the vibratory behaviour of a structure and the elastic material properties. These methods derive the elas-
tic properties of the material from the resonant frequencies of a test sample. The main advantage of the
resonant-based approach is that the material can be tested with free boundary conditions. This results in a
higher reproducibility of the obtained results [3] and makes it possible to perform the tests in a high temper-
ature furnace to determine the temperature dependence of the material properties [4]. The resonant-based
techniques are standardised by an ASTM [5] and a CEN [6] standard, which provide a set of analytical
equations relating the elastic properties of the material to the resonant frequencies of the test sample.

Unfortunately, the standardised resonant-based techniques are restricted to homogeneous isotropic materials.
The limiting factor in extending the resonant-based techniques to more complex materials is the use of ana-
lytical models to describe the vibratory behaviour of the test specimens. The limitations of the standardised
methods can be overcome by replacing the analytical vibration models with finite element models. Due to
the flexibility of the finite element method, this approach opens a whole new range of possibilities such as
the identification of orthotropic [7–9] and/or layered materials [10, 11].

2.2 Mixed Numerical-Experimental Techniques

Replacing the analytical formulas by finite element models complicates the implementation of the resonant-
based identification procedures. Finite element models allow the computation of the resonant frequencies
of a test specimen made out of a particular material. Unfortunately, the finite element formulation cannot
be reversed into a formulation that provides the material properties from the resonant frequencies of the
test samples. The material identification problem has to be solved in an inverse way: starting from a set
of trial values, the unknown material parameters are fine tuned in such a way that the finite element model
reproduces the measured resonant frequencies. Techniques based on this approach are commonly referred to
as Mixed Numerical-Experimental Techniques or MNETs [12]. Figure 1 provides the general flowchart of
the resonant-based MNET for the identification of the elastic properties of materials.
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Figure 1: The general flowchart of the resonant-based MNETs.
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The identification of the elastic properties starts with the computation of the numerical resonant frequencies
using a set of trial values for the unknown elastic parameters. The numerical and experimental frequencies
are compared, and the values of the unknown model parameters are corrected in order minimise the diffe-
rences between the two frequency sets. The improved material properties are inserted into the FE-model(s)
and a new iteration cycle is started. Once the numerical and experimental frequencies match, the procedure
is aborted, and the desired material properties can be found in the database of the FE-model. The MNET
procedure consists of five main components: a set of experiments, a set of numerical models, a correlation
analysis, a sensitivity analysis, and an optimisation problem.

2.2.1 Experimental Set-Up

The experimental part consists of measuring the length, width, thickness, mass and resonant frequencies
of the freely suspended test samples. The resonant frequencies of the test specimens are preferably mea-
sured in a contactless way. This can be achieved by exciting the test specimens with a computer-controlled
loudspeaker or a miniaturised hammer and by capturing the vibration response with a laser vibrometer or a
microphone. The measured vibration signal is digitised with a data acquisition card and stored by a com-
puter. Finally, the resonant frequencies are extracted from the time signals with a model parameter estimation
routine. Figure 2 shows the test set-up using a loudspeaker and laser vibrometer.

PC with a data acquisition card

Signal conditioning unit

Laser vibrometer

Loudspeaker

Figure 2: The experimental set-up of the resonant-based MNET procedure.

2.2.2 Numerical Modelling

The numerical part of the MNET computes the resonant frequencies of the test samples with a number of
finite element models (FE-models). These FE-models have to be as accurate as possible. With MNETs, the
elastic parameters are determined by updating the material parameters of the FE-models. Any inaccuracy
of the FE-models will have a negative influence on the values of the identified properties since the MNET
routine will compensate this inaccuracy by changing the values of the material parameters. Accurate FE-
models can only be obtained if the geometry of the samples is relatively simple and if the mesh of the models
is fine enough for the considered vibration modes. To limit the computation time, it is advisable to determine
the optimal mesh density with a convergence study.

2.2.3 Correlation Analysis

To identify the material properties, every numerical frequency has to be compared with the experimental
resonant frequency of the same vibration mode. For example, the frequency of the numerical torsional mode
has to be compared with the experimental torsional frequency. Unfortunately, the order of the numerical
modes depends on the elastic properties of the numerical model, e.g. an over- or underestimation of the shear
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modulus of a beam-shaped sample can change the position of the fundamental torsional mode with respect
to the flexural modes. The order of the modes of the finite element model is thus not necessarily the same
as the order of the experimental modes, therefore the frequencies cannot be compared sequentially. The
numerical and experimental modes can be correctly paired by means of a correlation analysis based on the
computation of the MAC matrix between the numerical modes and a set of reference mode shapes describing
the considered experimental modes [10].

2.2.4 Sensitivity Analysis

The aim of sensitivity analysis is to quantify the influence of the elastic material parameters on the resonant
frequencies of the specimens. Local sensitivity analysis techniques result in a number of sensitivity coef-
ficients (sij). Each sensitivity coefficient represents the rate of change of a particular resonant frequency
(fi) caused by a change of a specific elastic parameter (pj), and can thus be used to estimated the parameter
changes that are required to match the numerical resonant frequencies with the experimental frequencies. In
the case of finite element models, the sensitivity coefficients can easily be computed with the semi-analytical
approach [13, 14] which provides the following expression for the sensitivity coefficients.

∂fi

∂pj

pj

fi
=

pj

8π2f2
i

(
{Ψ}T

i

∆[K]
∆p

{Ψ}i

)
(1)

in which {Ψ}i is the mode shape vector of the considered mode, [K] is the stiffness matrix of the finite ele-
ment model and ∆ � represents a finite difference of the considered quantity. All the sensitivity coefficients
of the resonant frequencies of one particular sample can be grouped into a sensitivity matrix [S] as

[S] =
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∂f1

∂E1,1

E1,1

f1
· · · ∂f1
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· · ·
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(2)

where nf is the number of resonant frequencies that were measured on the considered sample, and nm is the
number of materials that have to be identified.

2.2.5 Optimisation

Using the sensitivity matrix, the effect of a change of the elastic parameters on the resonant frequencies of
the kth sample can be expressed as

{∆f}k = [S]k{∆p}, ∀k = 1, . . . , ns (3)

where ns represents the number of tested samples. These ns sets of equations can be combined into one
global set of equations as 

{∆f}1
{∆f}2

...
{∆f}ns

︸ ︷︷ ︸
{∆f}

=


[S]1
[S]2

...
[S]ns


︸ ︷︷ ︸

[S]

{∆p} (4)
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where {∆f} is the global frequency difference vector and [S] is the global sensitivity matrix. The parameter
corrections {∆p} are found by solving the system of equations (4) in a least-squares sense. To ensure a stable
convergence of the material parameters, it is advisable to limit the relative changes of the parameters during
each iteration. The optimal parameter corrections are thus obtained by solving the following optimisation
problem

minimise {∆p}T[S]T[W ][S]{∆p} − 2{∆f}T[W ][S]{∆p}
∆p

subject to ∆pi 6 ∆p ∀i = 1, . . . , 4× nm

∆pi > ∆p ∀i = 1, . . . , 4× nm

(5)

where [W ] is a diagonal weighting matrix for the responses, ∆p and ∆p are the upper and lower bounds of
the parameter changes, respectively. Experience has shown that limiting the parameter corrections during
every iteration step to 25% is a good compromise between convergence speed and stability [10].

2.3 Layered Material Identification

2.3.1 Identifiability of the Layer Properties

Using the classical lamination theory [15], it is possible to prove that the out-of-plane vibration modes of a
sample with orthotropic layers are predominantly controlled by four integrated stiffness coefficients, i.e. the
four independent bending stiffness coefficients D11, D22, D12, and D66, where

Dij =
1
3

nl∑
k=1

(
Qij

)
k
(z3

k − z3
k−1) (6)

in which Qij represents the reduced stiffness coefficients which are a function of E1, E2, G12, ν12, and the
material orientation, k indicates the index of the considered layer, nl represents the number of layers, and the
z values represent the positions of the layer interfaces in the thickness direction. From these four integrated
stiffness coefficients, only four independent material parameters can be derived. The resonant frequencies of
a single layered sample thus allows the identification of the elastic properties of one of the layers of the test
sample.

The identification of the nm materials that are used in the various layers of the laminate requires nm sets of
four integrated stiffness coefficients. In order to provide a unique solution, the relation between the elastic
layer properties and the integrated stiffnesses must vary from set to set. Equation (6) shows that this can
only be achieved by changing the thickness or the stacking of the layers, changing the size or shape of the
samples will not have any effect on the integrated stiffnesses. Since every layer configuration provides four
additional stiffness coefficients, the identification of the nm layer materials requires the resonant frequencies
of at least nm layer configurations.

The vibratory behaviour of isotropic materials is controlled by only two independent stiffness coefficients.
These two coefficients can provide the values of two independent material parameters, i.e. the elastic para-
meters of one material. This means that for isotropic materials the number of required layer configurations
also equals the number of materials that have to be identified. A detailed study of the identifiability of the
elastic properties of the materials of the individual layers of laminated materials can be found in [10].

2.3.2 The Identification Routines

Using the MNET approach in combination with the concept of layer configurations, two identification rou-
tines to determine the elastic properties of layered materials were developed: the single- and multi-orientation
routine.
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The single-orientation (SO) routine derives the elastic properties of the layers from the fundamental flexural
and torsional frequencies from a set of beam-shaped samples that all represent the same material orientation.
The routine is capable of identifying the apparent elastic (Ex) and shear (Gxy) modulus in the direction
parallel to the long-axis of the samples, and this for all the layer materials.

The multi-orientation (MO) routine derives the elastic properties of the layers from the fundamental flexural
and torsional frequencies of a set of beam-shaped samples that all represent a different material orientation.
The routine is capable of identifying the four principal elastic parameters (E1, E2, G12 and ν12) of all the
layer materials. Note that the four principal elastic parameters allow the computation of the apparent elastic
properties in an arbitrary orientation.

3 Identification of the Coating Properties

3.1 The Test Samples

To identify the coating properties, three plates with nominal dimensions of 150 mm×145 mm were machined
out of a 2 mm thick stainless steel sheet. The first plate was left uncoated, the other two plates were coated
with a 250 µm and 500 µm thick layer of top coat. These three test plates provided the following four test
configurations. The first test configuration gave a non-layered identification problem that provided a set of
reference values of the substrate properties. The last three test configurations gave layered identification
problems that provided the properties of both the substrate and the coating.

Configuration-1 Configuration-2

Configuration-3 Configuration-4

Substrate Top coat

Figure 3: The four considered test configurations.

Out of every plate, nine test beams were cut using a computer controlled laser cutting machine. The beams
had a nominal dimension of 40 mm×12 mm and were cut in three different directions: three beams parallel
to the rolling direction, three beams with an orientation of 45◦, and three beams perpendicular to the rolling
direction. Figure 4 gives on overview of the nine test beams that were cut out of every plate.

Rolling direction
45◦

90◦

Figure 4: The orientation of the test specimens.

3.2 The Substrate

The reference values of the substrate properties were identified from the fundamental flexural and torsional
frequencies of the uncoated beams (configuration-1) with both the single- and multi-orientation routine. The
substrate material exhibited an elastically anisotropic behaviour. The elastic modulus varied about 4.5 % in
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function of the material orientation, and was maximal for the direction perpendicular to the rolling direc-
tion. The difference between the minimal and maximal shear modulus was about 5 %, and Poisson’s ratio
varied about 12 % in function of the material orientation. The plots of figure 5 present the identified elastic
parameters in function of the material orientation.
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Figure 5: The elastic properties of the steel substrate.

3.3 The Coating

The elastic properties of the top coat were identified using two different approaches.

With the first approach, the coating properties were identified while the properties of the substrate were kept
fixed at the values identified on the uncoated specimens. This approach represents the case where a coating
with unknown properties has been applied to a substrate of which the elastic properties are known. The main
advantage of this approach is the stability of the identification procedure.

With the second approach, the coating properties were identified by simultaneously updating the properties
of both the substrate and coating material. This approach represents the situation were both the coating and
substrate properties are unknown. The main advantage of this approach is obviously the fact that it does not
require any a priori knowledge on the substrate properties.

3.3.1 The Test Specimens

The technician who cut the test beams from the initial plates made a mistake while cutting the specimens
with the 250 µm thick top coat layer. Instead of cutting three samples in every direction, he cut four samples
in the 0◦ direction and only two specimens in the 90◦ direction. The initial test plates also had a number
of small holes along the edges. Unfortunately, the technician did not notice these holes and cut a sample
(0◦ with 500 µm TC) from an area that comprised one of those suspension holes. Furthermore, during the
cutting process the coating of one the samples (90◦ with 500 µm TC) spalled off.

3.3.2 The First Identification Approach

Using the first identification approach, the properties of the top coat were identified from the layered samples
by only updating the coating properties. With the single-orientation routine, the coating properties were
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identified from the fundamental flexural and torsional frequencies of a single beam-shaped specimen. The
substrate properties were fixed to the values that were identified on the uncoated specimens in the considered
material orientation. With the multi-orientation routine, the coating properties were identified using all
the beam-shaped samples with the same nominal coating thickness, i.e. 250 µm or 500 µm. During the
identification, the substrate properties were fixed to the values that were obtained with the multi-orientation
routine on the uncoated specimens. Note that the MNET identification routine uses a weighted least-squares
cost-function (5). Since the number of samples (ns) varied from one direction to another, the least-squares
weighting coefficients were chosen in such a way that every material direction had the same importance.
Table 1 gives an overview of the weighting coefficients (wi) that were used in the multi-orientation routines.

Table 1: The weighting coefficients of the multi-orientation routines.

250 µm coating 500 µm coatingDir. [◦]
ns wi

∑
nswi ns wi

∑
nswi

0 4 0.75 3.00 2 1.50 3.00
45 3 1.00 3.00 3 1.00 3.00
90 2 1.50 3.00 2 1.50 3.00

Figure 6 presents the material parameters that were obtained with the first identification approach (test con-
figurations 2 and 3). The plots indicate that there was no significant variation of the properties as a function
of the material orientation, which indicates that the top coat was isotropic. The average difference between
the properties obtained with single- and multi-orientation routine is 6.2% for the elastic modulus, and 1.5%
for the shear modulus.
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Figure 6: The elastic properties of the YSZ8 top coat.

3.3.3 The Second Identification Approach

With the second identification approach, the properties of the top coat were identified by simultaneously
updating the substrate and the coating properties. This identification approach was applied on the samples
of the fourth test configuration of figure 3. With the single-orientation routine, the substrate and coating
properties were identified from the fundamental flexural and torsional frequencies of a sample set that com-
prised all the test beams with the same material orientation. With the multi-orientation routine, the substrate
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and coating properties were identified using all the coated beam-shaped samples in a single identification
routine. To ensure that every orientation of every layer configuration, i.e. 250 µm or 500 µm, had the same
importance, the weighting coefficients of table 1 were used to define the least-squares cost-function, and this
for both the single and multi-orientation routines.
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Figure 7: The elastic properties of the substrate.
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Figure 8: The elastic properties of the top coat.

Figures 7 and 8 compare the material properties of the second identification approach with the reference
properties. As shown by the plots, the single-orientation routine provided acceptable results. The average
difference between the identified and reference1 substrate properties was about 1.4 %, while the average
difference between the identified and reference2 coating properties was estimated at about 10 %.

For the multi-orientation routine there was a better correlation with the reference properties. For the substrate
1The properties obtained with the multi-orientation routine on the uncoated substrate samples are used as reference data for the

substrate material.
2The average of the properties obtained with the first identification approach using the multi-orientation routine are used as

reference data for the coating material.
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properties, there was an average difference of only 0.4 % between the identified and reference properties. For
the coating properties, there was an average difference of 1.5 % with the reference properties3.

3.4 Discussion

The material properties of the top coat were identified with both the single- and multi-orientation routine.
Two different situations were considered, i.e. a coating on a substrate with known properties and a coating
on a substrate with unknown properties.

Both routines are able to identify the elastic properties of the top coat. In the case where the substrate proper-
ties are known, the two routines are comparable, although the results of the multi-orientation routine appear
to have a lower spread than the results of the single-orientation routine. In the case where the substrate prop-
erties are unknown, the multi-orientation routine performs clearly better than the single orientation routine.

The considered top coat is isotropic, this implies that samples with a different orientations provide the same
information. So, in theory the single-orientation routine should be as powerful as the multi-orientation
routine. However, in practice the multi-orientation routine is superior to the single-orientation routine. This
is a direct result of the way the two procedures extract the elastic properties from the test data. The single-
orientation routine does not consider any link between the test data of the samples with a different orientation;
all the material directions are processed independently. The multi-orientation routine fits one material model
on the whole data set. In this way, it links the information of the different material orientations, and is able
to reduce the influence of the experimental errors by averaging them out over all the samples. The presented
test case illustrates clearly that, even in the case of isotropic coatings, it is advisable to machine samples in a
number of different material directions and identify the elastic properties with the multi-orientation routine,
especially in the situation where the substrate properties are unknown.

Note that the identification routines provided Poisson’s ratios that are close to zero. Although this result
is rather surprising, it is confirmed by a microstructural characterisation of the considered top coat [10].
The coating microstructure revealed a dense network of cracks. Due to these microcracks, the material
is segmented. Consequently, a deformation in one direction cannot cause a deformation in an orthogonal
direction, which means that there is no Poisson effect.

4 Conclusions

The elastic properties of an yttria-stabilised zirconia top coat of an air plasma sprayed thermal barrier coating
were identified using a two different mixed numerical-experimental routines. In the case the elastic properties
of the substrate were known, the MNET procedures were able to identify the coating properties from one
set of coated samples. In the case the elastic properties of the substrate were not know, the identification of
the coating properties required two sets of coated samples, i.e. two sets with a different coating thickness.
Although the considered top coat was isotropic, the best results were obtained with the multi-orientation
routine.
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Abstract
The work presented deals with a methodology to identify viscoelastic material parameters using a mixed
numerical/experimental procedure involving a single test. The identification is based on a non parametric
approach where viscoelastic material parameters are complex, frequency dependent, numbers. Numerical
part of this procedure is based on a specific finite element and a displacement weighted force residue, while
experimental data is a frequency response field.

The aim of this study concerns identification parameters influence on the procedure capabilities. Based
on simulated data, the study deals with sensitivity to noisy measured data and defines parameters bounds
allowing optimum identifications. Next, a real structure made from a PVC plate is handled to demonstrate
the procedure applicability with the chosen parameters.

1 Introduction

In the last two decades, transportation industries focused their attention on environmental aspects of their
vehicles, such as passengers comfort. In this goal, they tried to reduce noise level and consequently structure-
borne vibration and noise. Researches are still undergoing in this way in both solutions and applications [16].
Generally speaking, solutions can be classified in two categories, the active and the passive one. For active
solutions, a real-time control device is required, and it is often difficult for industrial structures. Passive
control is easier to use. Well known solutions such as additional mass or stiffness tuning are often used
but they only modify resonant frequencies which is an important drawback. Another solution consists in
decreasing vibro-acoustic response adding damping to the structure with viscoelastic materials for example.
This solution leads in the worst case to a reasonable additional mass for significant effects.

Several viscoelastic concepts based on polymer materials exist. Except the direct use of this material for
structures, such plate made from PVC or Polycarbonat for example, it could be involved as matrix base in
fiber reinforced composite material or in a multilayer composite as shown on figure 1 for a constrained layer.
In this last example, the generally metallic made constraining layer increases shear strain of the viscoelastic
one to improve its effect.

In the literature, several models were developed for viscoelastic materials [10, 13] that are frequency and
temperature dependent for example. The use of these models in Finite Element (FE) analysis process allows
to predict vibro-acoustic response of a structure. The main difficulty being the accuracy of viscoelastic
materials parameters used as input data of the finite element model.

In order to solve this problem, it is generally necessary for a complete characterization of orthotropic material
to use a mixed numerical/experimental method from a single test. Sought parameters are effectively highly
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Viscoelastic layer

Constraining layer

Structure

Figure 1: Principle of shear strain dissipation of constrained viscoelastic layer

sensitive to noise associated to several specimens or boundary conditions. Several works based on this
method were developed. Some of them were based on modal analysis [3] and damping informations were
obtained on a large frequency range using several test specimens of different sizes to modify their resonant
frequencies. But more recent works are directly based on frequency information [8, 11]. They are all based
on non contact measurements avoiding local mass modification and joint dissipation due to sensors. But
material parameters characterization for a full frequency range is still a matter of research. For example,
most of works such as [7] are principally done on shear modulus only. And reference [6], which proposed a
still in progress work, based on strains measurements associated to a virtual fields method is applied for only
some frequencies at present.

The work presented in this paper aims to propose a procedure for a complete viscoelastic material parameters
identification, i.e. the complex description of them with their dependence for a suitable frequency range. In
order to avoid any assumption on the viscoelastic material behaviour, a non-parametric identification of
material’s parameters is chosen. The numerical part of the mixed numerical/experimental procedure is based
on Finite Element Analysis (no limitation is associated to the test specimens shape). For the experimental
part clean measurements are realized to obtain a usable Frequency Response field. Indeed the proposed
procedure has no theoretical limitation, considered application is limited here to an isotropic case involving
a single layer of one material to validate our approach.

The text is decomposed as follow. In a first part we will remain a direct procedure to obtain a numerical
simulated field for a viscoelastic problem. Then, we will briefly recall the identification method, before dis-
cussing several aspects of its tuning parameters using simulated data. At last, an application on experimental
data coming from a PVC plate is presented.

2 Mechanical modeling

2.1 Continuum mechanics and viscoelasticity

The principle of virtual works with a Galerkin method, next to a Fourier transformation with ω the circular
frequency, leads to [2]

W ∗ =
∫

V
ε∗ : σdV −

∫
Sf

u∗fSdS −
∫

Su

u∗RdS +
∫

V
−ω2u∗ρudV = 0 (1)

∀ u∗ kinematically admissible. •∗ denotes virtual fields, W the mechanical work, ε the strain field, σ the
stress field, V the volume, S the surface, u the displacement, ü the acceleration, fS the force field applied
on surface Sf , R the reaction force applied on the surface Su and ρ the mass density. In small perturbations,
strain is defined as ε = 1

2

(
grad[u] + gradT[u]

)
.

When submitted to dynamic conditions, an energy loss appears in structures, coming from internal friction
inside the material. Viscoelasticity theory describes this phenomenon [13] and, in linear study, the relation
between stress σ and strain ε can be written as

σ(ω) = H(ω)ε(ω) (2)
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where H is the relaxation tensor. For an isotropic homogeneous material [1], two parameters are sufficient
to express this behaviour. For example

σ(ω) = 2G(ω)
[
ε(ω)− 1

3
tr (ε(ω))

]
+ K(ω)tr (ε(ω))

where K is the bulk modulus, and G is the shear modulus, linked to the classical material parameters E
(Young’s modulus) and ν (Poisson’s ratio) by K = E

3(1−2ν) and G = E
2(1+ν) . These complex modulus

could be expressed as

K(ω) = K ′(ω) + iK ′′(ω)
G(ω) = G′(ω) + iG′′(ω)

with i2 = −1, •′(ω) = <(•(ω)) the storage modulus, and •′′(ω) = =(•(ω)) the loss modulus characterized
by η•(ω) = •′′/•′ the loss factor. It is not easy to measure these values of damping because of the different
order value between the loss modulus and the storage modulus (loss modulus is usually lesser than storage
modulus).

2.2 Volumic shell finite element

Structures of interest with viscoelastic properties are generally made from thin or thick parts, and applications
are often sandwich composites. The Finite Element Analysis is adopted to find an approximate solution to
the previously described problem. Moreover, since it is highly desirable to have kinematic quantities on
surface, a volumic finite element is preferred to shell elements. In addition, such an element handles also in
an efficient way sandwich composites. For these reasons, a specific volumic finite element well suited for
shell modeling [9] is chosen.

Our element is based on an isoparametric brick element shown on figure 2 with 3 displacements at each node

z

x

y

middle face

upper face

lower face

ζ

η

ξ
H8 element 3 dof/node

Figure 2: Volumic shell H8 reference element

and classical trilinear interpolation functions Ni(ξ, η, ζ). Using these interpolations, the kinetic energy is
classical, leading to a standard mass matrix.

The three types of locking (and their effects) associated to a standard isoparametric single element through
the thickness, namely:

• a transverse shear locking (slows down convergence)

• a plane stress locking (leads to bad solution). This is due to the choice of a single element through
the thickness which involves constant interpolation of membrane strain εz since linear interpolation
function is used

• a normal strain locking (slows down convergence) which comes from discontinuities of normal direc-
tions between elements
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are overcome with three additional features. The transverse shear locking is avoided using a covariant shear
strain projection technique based on an Hellinger Reissner functionnal where the transverse shear contribu-
tion Πs is expressed in terms of strains (Assumed Natural Strain (ANS) method). The plane stress locking
disappears with a better approximation of εz which is enhanced with an additional degree of freedom (dof)
α defined at the element level. This is known as Enhanced Assumed Strain (EAS) [18]. The additional dof
is statically condensed at the element level to disappear at assembly stage. Finally, to avoid the normal strain
locking a geometry is defined by the middle surface and a thickness vector at each node. This modify the
expression of normal strain using the orthonormal system for its definition.

Additionally, like in classical shell element, it is necessary to introduce a shear correction factor k = 5
6 to

preserve shear energy when using the linear assumption of the deformed shape through the single element.
Then, the stress-strain relation (2) becomes

σ(ω) = Hε(ω)

with

H =


K + 4

3
G K − 2

3
G K − 2

3
G 0 0 0

K − 2
3
G K + 4

3
G K − 2

3
G 0 0 0

K − 2
3
G K − 2

3
G K + 4

3
G 0 0 0

0 0 0 G 0 0
0 0 0 0 kG 0
0 0 0 0 0 kG


To evaluate the accuracy of this element, we compared here natural frequencies for a PVC plate (studied in a
forthcoming section) between our model and a reference model. The reference model has been done with a
parabolic brick element (H20) and a refined mesh of 16200 elements (90x60x3), with three elements through
thickness for a good shear strain effects description while H8 meshing is only 518 elements (37x14x1). As
shown on figure 3, there is a good agreement between models.
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Figure 3: Natural frequencies comparison of H8 and H20 FE based models

2.3 Numerical kinematic field

In the finite element context, equation (1) leads to the global (and damped) equilibrium in the frequency
domain

MÜ + K(ω)U = Z(ω)U = F

where Z is the complex dynamic stiffness matrix depending on complex material parameters. The structural
FRF matrix H is defined as

U = H(ω)F = Z−1F (3)
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Another way for calculating FRF is the modal decomposition

H(ω) =
N∑

k=1

ψkψ
T
k

µk(λ2
k − ω2)

by introducing the modal basis (λ,ψ) defined by

(Mλ2 + K(ω))ψ(ω) = 0

where λk = ω2
k(1 + iηk) and µk = ψT

k Mψk. Since K depends on ω, an iterative solver should be used to
determine these (frequency-dependent) poles λ. However, when no specific parametric model is defined and
more than one material parameter is used, this last way could be more time consuming than the direct way
(3).

At this stage, it is important to make a distinction between the k-th resonant frequency ωrk and the nat-
ural frequency ωk. The resonant frequency corresponds to the frequency near the k-th natural frequency
where the magnitude of each FRF is maximum. The natural frequency is associated to the k-th normal
mode (computed from a numerical ”virtual” undamped system or measured by acquiring the shape in an
appropriated test). Consider, for example, a 2 dof hysteretically damped system having a mass and stiffness

matrix M =

[
1 0
0 1

]
and K = (1 + iη)

[
2 −1
−1 1

]
and a fundamental (circular) frequency given by

ω1 =
√

5−1
2 . Resonant frequencies of this system could be obtained analytically (after a Taylor development

approximation) for each displacement based FRF H ij as

• ω11
r1 = ω1 +

√
5−5
20 η2 + o(η3) for H11

• ω12
r1 = ω1 + 10−

√
5

20 η2 + o(η3) for H12 or H21

• ω22
r1 = ω1 + 11

√
5−25
20 η2 + o(η3) for H22

Thus, there is no spatial uniqueness of resonant frequencies. And even if resonant and natural frequencies
have close values in this example, this is observable in practice. The figure 4 shows the spatial distribution
of the experimental resonant frequency obtained from operational deflection shape (treated in section 5) in
the [1246-1266] Hz range for example. Missing points correspond to non realistic data localised in the FRF
noise, possibly at antiresonant position or near the edge.

 

 

1250

1255

1260

1265

Figure 4: Spatial distribution of experimental resonant frequencies for the PVC plate
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These observations on resonant frequencies, also done by [4] for a viscously damped model, are true for any
damping model. It should be concluded that it is not possible to easily obtain natural frequencies directly
from a frequency response model. In addition, when knowledge of the damping model is not assumed,
experimental modal analysis is not convenient, and it is not possible to identify natural frequencies by this
way.

3 Inverse procedure

Let’s focus now on an inverse procedure able to identify complex material parameters with their frequency
dependence. Because it is highly desirable to not assume an a priori damping behaviour, a non parametric
approach, i. e. the identification of frequency complex moduli, is adopted. Several works based on modal
analysis, such as [3], have been done to identify material parameters assuming resonant frequencies and
natural frequencies are equals. Because of frequency uniqueness discussed before, this way is not practical
for us. Consequently, our approach is based on the direct use of frequency measurements (FRF).

Our procedure [12] is based on the minimization of the objective function

J(p) =
1
2
R(p)T

(
WT

J WJ

)
R(p)

where p =

[
K
G

]
is the parameters vector, WJ a weighting matrix and R the residue defined as

R(p) = F− ZŪ (4)

where Ū corresponds to the measured columns of FRF matrix. Then, R has a meaning of a force residue,
which overcomes strong discontinuities near resonant frequencies of the numerical model. Minimizing J
with a Gauss-Newton method leads to the iterative resolution of

WJ
∂Rk

∂p
∆p = −WJ .Rk(p)

with ∂R
∂p = −∂Z

∂p Ū. Finally, the choice of the objective function weigthing matrix as WJ = H minimize the
noise measurement effects for parameters. This leads to the displacement weighted force method, with the
iterative formula

H
[
∂Z
∂p

Ū
]
∆p = U− Ū (5)

where
[

∂Z
∂p Ū

]
stands for a compact notation of

[
∂Z
∂K Ū ∂Z

∂GŪ
]

for two parameters K and G.

Two difficulties should be addressed now. The first one concerns the practical frequency range, while the
second concerns the spatial incompleteness of measured data.

Relation (5) is theoretically valid for any frequency of measurement but, from a numerical point of view, the
iterative matrix should be full rank to solving the system. This is not always true in dynamic, with noisy
data, near resonant frequencies for example. While in static identification, load configuration is chosen to
ensure that every material parameter to be identify works, this is not the case in dynamic testing near this
frequencies. This is easily understood if we take the example of the first torsional mode: the measured shape
involves practically only the shear modulus G at this frequency. So information at one frequency could
involve only one parameter. For this, the information at several frequencies in a predetermined frequency
range [ωp−q ωp+q] is collected to satisfy the rank criteria, while the parameters are assumed to be constant
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in this range, to form the augmented system

H(ωp−q)
∂Z(ωp−q)

∂p Ū(ωp−q)
...

H(ωp)
∂Z(ωp)

∂p Ū(ωp)
...

H(ωp+q)
∂Z(ωp+q)

∂p Ū(ωp+q)


∆p(ωp) =



U(ωp−q)− Ū(ωp−q)
...

U(ωp)− Ū(ωp)
...

U(ωp+q)− Ū(ωp+q)


(6)

giving parameters p at the central frequency ωp. Then considering several frequencies will help to reduced
random noise effects. A discussion on the range size is made on the following section.

Because Ū have Nm ×Nr size while U have a N ×Nr size (with Nm < N ), spatial incompleteness of the
data must be treated. It is chosen to introduce a restriction operator B to decimate unmeasured components
from U, and an operator T to expand the measured field Ū to be compatible with the dynamic stiffness
matrix Z. Equation (5) is modified in the following way

BH
[
∂Z
∂p

TŪ
]
∆p = BU− Ū

and equation (6) accordingly. The operator T is actually form from a classical dynamic condensation/expansion
method. It should be noted that the restriction involved in this formula certainly have an effect on the iterative
matrix rank.

4 Numerical performance evaluation

Experimental simulated data are used to evaluate the inverse proposed procedure. The necessary amount of
data to identify accurate parameters, in frequency and spatial domains, is evaluated prior tests. Discussions
are illustrated on a numerical example of a thick plate of 150x100x5 mm made from a constant properties
material (a complex Young’s modulus and a real Poisson’s ratio) . To ensure data validity, the computed
experimental data come from the H20 based model involving three elements through thickness presented
earlier. A single excitation is applied leading to only one measured field, or one experimental simulated
FRF (one reference). For the inverse problem, the FE model used the H8 element proposed with a 518
elements mesh (only one element through thickness). Data are assumed to be spacially compatible (i.e.
nodal correspondence between data from the 2 models).

4.1 Frequency range

As explained before, identification at a given frequency requires to take into account a frequency range
to identify parameters. This subsection concerns the additional informations quantity when increasing fre-
quency range. The minimum frequency range should be prefered since it is linked to the frequency resolution
associated to the identification.

For this purpose, parameters identification is performed at each chosen frequency for several frequency
ranges. Only out of plane displacements coming from one face of the plate are considered here (this choice
is discussed in the next subsection). Central frequency for each identification begin at 400 Hz ending at
2800Hz with a 200Hz frequency step. Frequency ranges start from 20 Hz up to 220Hz, increasing of 40 Hz
each time. Results are presented as 3D graph (2D plot with color associated to the third dimension). The
two axes correspond to central frequencies and frequency ranges respectively while color represents level of
observed value. The condition number represents the ratio of the largest to the lowest singular values. Large
condition numbers indicate a nearly singular matrix, disabling uniqueness of estimated parameters. Moduli
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are converted to a relative error to the reference value. For example, the absolute relative error associated to

Young’s modulus is

∣∣∣∣∣E
′−E

′
ref

E
′
ref

∣∣∣∣∣ where E
′

is the identified value and E
′
ref the reference value.

Results are shown on figures 5 (a) and (b) for Young’s modulus, and on figure 5 (c) for Poisson’s ratio.
Condition number of iteration matrix was also observed at the first iteration step for each case as shown on
figure 5 (d). As we can see, condition number is always bad for some particular frequencies, and identified
parameters are not satisfying in these cases. To improve identification, frequency range should have been
increased, as larger frequency ranges often lead to smaller condition number. For example, when identifying
at 1600 and 2800 Hz, error on Young’s modulus is around 20% for the smallest frequency ranges, while it
is lesser than 2% for the largest. This improvement goes with condition number decrease, respectively from
123 to 108 and from 54 to 44.
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Figure 5: Identification’s parameters evolution in regards of center frequencies and frequency ranges

These clearly indicate that frequency range to be considered at each identification must be at least 180Hz
which concerns a residue of 19 components for a 10 Hz resolution.

4.2 Spatial information

Measurements are not always possible on the entire structure and in all directions for the same test. To
discuss the number of dof to be considered in the identification procedure, four configurations were chosen:

• configuration a: all translational dof on both faces
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• configuration b: all translational dof on one face

• configuration c: only out of plane translation dof on one face

• configuration d: only 25 points out of plane translation dof on one face

An additional numerical noise is added to data for the method robustness evaluation. This noise has a zero
mean and unit standard deviation.

Results are computed with a 20% noise level and 200 Hz frequency ranges. Relative errors are presented on
figures 6 (a), (b), (c) and (d) for Young’s storage modulus, 7 (a), (b), (c) and (d) for Young’s loss modulus,
and 8 (a), (b), (c) and (d) for Poisson’s ratio, for the four configurations respectively. As expected, best results
are obtained from configuration a, which generally presents a better condition number. But configurations b
and c lead to globally similar and satisfying results for Young’s modulus, except for some frequencies where
error is up to 10%. Configuration d presents more unacceptable points. Results are worse for Poisson’s ratio
than for Young’s modulus for all configurations, due to a fewer sensitivity to this material parameter.
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(b) Configuration b
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(c) Configuration c
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(d) Configuration d

Figure 6: Identified Young’s storage modulus

To conclude this part, measurements on a single face of only out of plane translations gives satisfying results
whereas only 25 measurement points are not enough. This underline the need of a field measurement for
reliable identification.

5 Application to experimental data

An application to a real PVC plate, having dimensions used in the numerical evaluation, is conducted here.
The complete test setup shown on figure 9 is presented in reference [5]. Excitation is an impact realized on
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(d) Configuration d

Figure 7: Identified Young’s loss modulus

one face with an automated electro mechanical device. A force sensor, with a calibration correction for this
setting, measures the impact force. A vibrometer gives transverse velocities for each FE mesh nodes on the
other face. Planar scanning of this face overcomes difficulties of angle correction as it is applied in reference
[17]. The plate is suspended with rubbers bands to limit contacts or joint dissipation as for the excitation.

The identification is performed from initial static parameter values, identified in another test as E = 3.49 GPa
and ν = 0.38. Parameters are assumed to be constant over 200 Hz ranges. Results are presented on figures 10
(a), (b), (c) and (d). Young’s modulus identified parameters, ranging from 3.5 MPa static value to 4.3 MPa
at 3 kHz with an approximately 3.5 % loss factor seems realistic for a non parametric method. Poisson’s
ratio suffers from two absurd points and its frequency dependence seems less important than for the Young’s
modulus. It’s loss factor presents very small values as expected [15, 3, 14].

To evaluate the identified parameters quality, an experimental FRF and the simulated one are presented on
figure 11. The FRF computed with static parameters and a 3% loss factor for the Young’s modulus is also
shown. The gap between experimental and numerical FRF increases with frequency for this last one. This
underlines the importance of frequency dependent parameters . Using these parameters, a histogram of
normalized residue is presented on figure 12 to estimate noise level. Numerical data associated with it are
6.86% standard deviation.

6 Summary and conclusion

In the first part of this work, a methodology for a non parametric viscoelastic material parameters identi-
fication based on a mixed numerical/experimental procedure is recalled. It assumes that direct mechani-
cal (full-fields) measurements could be achieved on representative structures without frequency/temperature
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(d) Configuration d

Figure 8: Identified Poisson’s ratio

equivalence. It relies on a powerful, closed to the experiment, numerical model in conjunction with an ad-hoc
identification method. Then, a numerical study is conducted to evaluate the procedure’s parameters impact
on results. More precisely, results quality for several frequency ranges of interest and different choices of
measurements directions and locations is studied with noisy simulated data. The discussion shown that
measurements on one face in a single (transverse) direction are sufficient to obtain meaningful results when
considering a frequency range of approximately 200 Hz.

Then, an application to a plate made from an isotropic rigid PVC is chosen to demonstrate the capability
of the proposed methodology when using clean measurements at room temperature. To obtain them, an
automated excitation device and a scanning laser vibrometer are used. They are handled successfully in the
proposed procedure to demonstrate its applicability to a real experiment. Obtained results are realistic with
a Young’s modulus ranging from a 3.5 MPa static value to a 4.3 MPa at 3 kHz with an approximately 3.5 %
loss factor, and a Poisson’s ratio ranging from 0.38 to 0.36. Additionally, this example clearly demonstrates
the importance of the frequency dependent parameters by showing discrepancies between the FRF evaluated
for parameters static values and the experimental ones.

The use of FEA allows to apply this methodology on real structures having arbitrary shape, without limitation
to simple specimens. Perspective is to identify parameters from sandwich composites such as constrained
viscoelastic structure. Another aspect should be the comparison between the present identification and vis-
coelastic models. It would be interesting to find which one best fits identified parameters.
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Abstract 
Vibrations of a cross section of a pipe are composed of a multitude of sinusoidal deformations of orders 0, 
1, 2… The vibration waves related to orders higher than 1 can propagate only above a certain "cut-on" 
frequency which is different for each order. The cut on frequencies depend on several parameters one of 
which is the pipe thickness. The values of cut-on frequencies of an infinite pipe can be computed. 
The paper describes a method to identify the cut-on frequencies by measurement and to extract out of 
measured values the actual pipe thickness. The identification is done via a decomposition of vibration 
signals coming from an array of sensors into circumferential orders. To demonstrate the method the results 
of both numerical simulations and measurements are presented. 
 

 

1 Introduction 
 

The use of piping systems in various applications requiring permanent or regular surveillance (nuclear, 
chemical, oil processing) has stimulated the development of in-situ pipe diagnostic techniques. The main 
objective of these techniques is either to identify the presence of cracks or to assess the thickness which 
may reduce in time due to internal corrosion or erosion. 

The majority of diagnostic methods are local. Typically an external excitation is applied to the pipe, such 
as ultrasound, electromagnetic or acoustic, and the captured signal is then processed in a convenient way 
in order to extract the useful information from it. A large number of publications have been devoted to this 
subject starting from the thirties [1]. 

Basic ultrasound techniques identify local faults, [2-4], whereas more advanced techniques using guided 
waves allow identification at some distance from the sensors, [5-7]. Methods using eddy currents, [8-9], or 
magnetic flux leakage, [10-11], have proven to be efficient alternative to ultrasound ones. Classical  
acoustic techniques operating at lower frequencies are yet another alternative for detecting pipe leaks at 
distance, [12-13]. 

The method described herewith uses a novel approach for the identification of pipe thickness. It is based 
on the analysis of propagation of vibration waves of different orders in the pipe wall. Since wave 
propagation concerns the tube as a whole, the method is meant to provide surveillance of global pipe 
deterioration rather than a distinct fault localization. The current method is built on the extraction of so 
called cut-on pipe frequencies from raw measurements and on subsequent computation of pipe thickness. 
An alternative method of the same objective has been described in [14]. 

During vibration the pipe cross section deforms. Any deformation can be decomposed into harmonic 
components of integer circumferential orders n=0, 1, 2… To each order n there correspond a number, 
theoretically infinite, of distinct axial wavenumbers. These can be real, imaginary or complex thus 
representing propagating, evanescent or quasi-propagating waves respectively. The latter are similar to 
propagating waves but with a decaying amplitude. The global pipe motion in a general case will be a 
superposition of different waves. The knowledge of wave propagation in pipes will be used here to design 
a specific method for identifying the pipe thickness out of vibration responses. 
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2 Theory 
 

2.1 Vibration of pipe wall 
 

It has been found, [15-18], that only a few waves of orders n=0 and n=1 can propagate in fluid-filled pipes 
at lower frequencies, all other waves being of decaying type. Waves of orders n>1, called higher-order 
waves, can propagate only above a certain cut-on frequency fcn. This frequency, depending on pipe 
diameter and thickness as well as on wall parameters and fluid parameters, increases with wave order n. 
An approximate formula of fcn has been worked out in [19]: 
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where h - thickness, d – mean diameter, cp - sound speed in the pipe wall, ρf  and ρp -  mass density of the 
fluid and of the pipe wall respectively. 

Providing the pipe and fluid parameters are known, the pipe thickness can be worked out once the cut-on 
frequency(ies) have been identified. 

 

2.2 Identification procedure 
 

Within a pipe excited by a concentrated excitation, like a hammer shock, a lot of different vibration waves 
will be generated. The middle section of a pipe will be dominated by propagating waves. The waves 
belonging to orders equal or higher than n = 2 will propagate only above the corresponding cut-on 
frequencies. Thus in the middle section one can expect to find pulsation (n=0) and flexion (n=1) at low 
frequencies and increasingly more complex motion of the pipe wall as the frequency increases. 

Since the motion of the cross section of the pipe wall is a superposition of different circumferential orders, 
an array of transducers placed around the circumference can be used to separate the motions belonging to 
these orders. In order to avoid aliasing, Shannon’s theorem should be respected, i.e. the array size has to 
be at least twice the highest order which effectively appears in the motion.  

The identification of the pipe thickness can be then carried out in the following way: 

• Place equidistantly a series of vibration transducers in the middle of the pipe 

• Excite the pipe by shocks in order to create a large frequency band in the response 

• Decompose the vibration in Fourier series 

• Find out the frequencies at which order n ≥ 2 emerge 

• Compare these frequencies with formula (1) and find out the corresponding thickness  

The contribution of nth order to global vibration, xn, can be calculated using: 

�=

k
k

n
n

A

A
x

2

 
(2) 

with Ak being the amplitude of kth order. 

The order coefficient xn can be obtained by measurement in situ and subsequent data processing. The 
easiest way to accomplish such measurements is to measure the frequency transfer functions between the 
radial response at several points around the circumference and an excitation force at a single point. Due to 
reciprocity, a single response transducer can be used if the response and excitation points are swapped. 

The choice of the position of the measurement points is important. The array should be in the pipe area 
where propagation waves dominate, i.e. far from pipe ends and excitation position. 
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3 Feasibility analysis 
 

3.1 Experimental pipe 
 

The feasibility analysis was carried out in two steps. In the first step a numerical analysis was carried out 
simulating the true experimental analysis done in the second step. The pipe used was made of hard PVC  
the basic properties of which were measured: Young's modulus – 6.29 GPa, mass density – 1698 kg/m3. 
The Poisson's factor, being of little influence to the results, was assumed to be 0.35. The pipe thickness, 
outer diameter and length were h = 2.5 mm, do = 62.8 mm and l = 3 m respectively. 

Fig. 1 shows the dispersion diagram of the experimental pipe using the Flügge’s model of pipe wall, [20], 
and an analytical computation of wavenumbers described in [21]. Only real wavenumbers are displayed 
which correspond to propagating waves. The cut-on frequencies of orders ≥2 can be clearly seen. 
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Fig. 1. Dispersion diagram for  propagating waves of exper imental pipe 

 

The first cut-on frequencies of the pipe computed in an exact way and using the formula 1 are listed in the 
table below. The fluid in the pipe was taken to be air. One can see that the difference between the two sets 
of data is small, indicating that (1) can be indeed safely used for the computation of cut-on frequencies. 

order n = 2 n = 3 n = 4 n = 5 n = 6 

exact value 0.6749 1.9095 3.6620 5.9228 8.6886 

approximate, (1) 0.6746 1.9066 3.6500 5.8897 8.6157 

 

Table 1: Computed cut on frequencies of the exper imental pipe (in kHz). 

 

12 equidistant response points were defined around the circumference in the middle section, almost at the 
pipe centre. In the virtual experiment the response was computed at these points due to steady-state 
excitation at several excitation points located towards the pipe end. Impulse excitation was applied in real 
measurements in turn at each receiver point and the response was measured at the pipe end by a single 
accelerometer. The transfer function response excitation was then established in both experiments, in the 
latter by virtue of reciprocity. 
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3.2 Virtual experiment 
 

The computation of pipe response was carried out analytically. The computation model was identical to 
the real pipe in terms of geometry and material properties. However the boundary conditions, which were 
free-free  in reality were taken in the model as simply supported boundaries for the sake of simplicity. 

Fig. 2 shows the processed results given in terms of the order coefficient xn for the orders n = 2, 3 and 4. 

 

 

 

 

Fig. 2. Order  coefficient xn computed from the pipe model. Top: n = 2, middle: n = 3, bottom: n = 4. 
Red line indicates the first cut-on frequency of the order  concerned. 

 

It can be seen that the emergence of significant values of the xn coefficient matches well the values of the 
cut-on frequencies. This confirms that the identification method based on xn coefficient is potentially 
feasible. The interference between the waves is such that lower orders are better suitable for a precise 
identification of cut-on frequencies. 
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3.3 Real experiment 
 

The excitation was provided by a PCB 086C04 impulse force hammer while the response was measured 
by a PCB 333B32 piezo accelerometer. The data were acquired by a multichannel Oros system. 

Fig. 3 shows the xn coefficient obtained by measurement. 

 

 

 

 

Fig. 3. Order  coefficient xn obtained from the measurement. Top: n = 2, middle: n = 3, bottom: n = 4. 
Red line indicates the first cut-on frequency of the order  concerned. 

 

The results are judged to be quite satisfactory with the exception of that corresponding to the order  n = 4. 
While the two first cut-on frequencies correspond well to the measured order coefficient, the x4 coefficient 
does not match the theoretical cut-on frequency contrary to what the simulations have shown. While 
several causes may be responsible for the mismatch, the computation analysis has already shown that the 
higher orders, showing weak emergence, may be unsuitable for the detection of cut-on frequencies. 

MATERIAL CHARACTERISATION BASED ON DYNAMIC MEASUREMENTS 2117



4 Influence of pipe geometry 
 

The cut-on frequency formula (1) was obtained by considering the vibration of an infinite thin pipe. The 
developed method will work the better the longer is the pipe with respect to its diameter because the 
overall pipe behaviour will then be less influenced by boundary conditions and will be closer to that of an 
infinite pipe. It can be expected that the formula will fail if the pipe thickness is too large. 

An extensive parametric analysis based on finite element pipe modeling has been carried out in order to 
find in an empirical way the rules of the application of the developed approach in practice. Several pipe 
configuration were studied, ranging from simplest straight pipe ones to doubly-curved ones, all with 
different boundary conditions. 

An example of the parametric analysis of the n = 2 order regarding steel pipes is given in Table II. The 
results are presented in a non-dimensional way, as the ratio between the actual cut-on frequency and the 
theoretical one obtained from (1). 

 

f/fth          l/d          

   5 7 10 11,1 15,5 20 22,2 44,4 50 111,1 

  0,01 2,8419 1,7574 1,2463   1,0294   1,011  

  0,015 2,0194 1,3801 1,1114   1,0073   0,9976  

  0,022    1,0326 1,0065  0,9986 0,9964  0,9957 

  0,0242 1,4595 1,1429 1,0265   0,9823   0,9794  

h/d 0,03 1,3005 1,0775 0,9977   0,9695   0,9671  

  0,033    0,9891 0,9769  0,9731 0,9717  0,9717 

  0,05 1,0608 0,9682 0,9365   0,925   0,9236  

  0,0537    0,9349 0,9293  0,9273 0,9265  0,9265 

  0,066    0,904 0,9  0,8987 0,8978  0,8978 

  0,11    0,8019 0,8  0,7993 0,7988  0,7987 

 

Table 2. Normalised cut on frequency of n = 2 order . 

It follows that the approach can be used if the pipe length exceed its diameter by an order of magnitude. 

 

5 Conclusions 
 

A method has been conceived for experimental identification of global thickness of pipes in situ. The 
identification is done using the knowledge of cut-on frequencies of the pipe concerned which can be 
assessed by a suitable processing of measured data. 

The feasibility of the approach has been demonstrated by analytical modeling. It has been further validated 
by real measurements carried out in laboratory conditions. 
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Abstract 
A novel vibration experiment consisting of a free-free boundary condition, an electromagnetic excitation 
source, a vacuum chamber, and a laser vibrometer based surface measurement system has been developed 
that permits high levels of excitation on highly damped specimens with a minimal amount of unwanted 
systematic error.  While some of the aspects of this experiment are not unique, when combined with an 
processing technique that accounts for the nonlinearities present in the system, this experiment permits, for 
the first time, accurate measurement of strain dependent stiffness and damping properties of hard coatings 
at high strain levels.  This procedure has been demonstrated using a titanium beam that has been coated 
with a free-layer damping treatment of Magnesium Aluminate Spinel.  The results indicate that 
Magnesium Aluminate Spinel has both nonlinear stiffness and damping properties. The stiffness reaches a 
minimum value around 200 microstrain and the damping is a maximum that around 100 microstrain.    
 
 

1 Introduction 
 
High Cycle Fatigue (HCF) is a broad classification for a failure that occurs when a vibratory stress lower 
than that elastic limit is applied to a structure over a large number of cycles and results in the failure of a 
component.  In turbine engines, vibratory stress is a function of the rotational frequencies of engine 
components, aeromechanical loading, and the material properties of the components.  In 1992, the USAF 
Scientific Advisory Board concluded that High Cycle Fatigue (HCF) was the leading single cause of 
turbine engine failure.  In an effort to prevent high cycle fatigue of turbine engine blades, manufacturers 
have investigated several ways to reduce vibratory stress and increase a component’s ability to withstand 
these stresses.  Increasing the damping associated with a structure can decrease stress amplitudes and 
provide extended life.  While viscoelastic treatments such as constrained layer dampers offer a significant 
amount of damping, they are not well suited for the hostile environment of a turbine engine due to their 
strong temperature dependence.  Alternatively, so called hard coatings have received attention in recent 
years because they are relatively easy to apply, provide reasonable amounts of damping, and display 
reduced dependence on temperature.  Unfortunately, the stiffness and damping of materials in this class 
have been shown to have a nonlinear dependence on strain.  For this and other reasons, it is often difficult 
to find reliable and repeatable data that adequately captures the nonlinear, strain dependent nature of the 
stiffness and damping properties of hard coatings.     
 

2 Theory 
 

2.1 System Properties 
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In general, the amount of energy dissipated in a mechanical system can be represented by its system loss 
factor, ηsys, which is defined by equation (1). 

 
1

2
sys

sys
sys

D
U

η
π

=  (1) 

where Dsys and Usys are the energy dissipated and stored in the system per cycle respectively.  There are 
several sources of energy dissipation in a system. In the case of a vibrating beam, these include the fixture 
or boundary conditions, the interaction of the specimen with the fluid surrounding it, and the internal 
friction present in beam.  Therefore the system damping can be represented by equation (2). 

 sys f a bD D D D= + +  (2) 

Likewise, the stored energy in the system is a summation of the energy stored in the beam and the 
boundary.  This can be represented by equation  (3). 

 sys f bU U U= +  (3) 

Now substituting (2) and (3) into (1) we arrive at the following expression for the system loss factor for a 
bare beam, ηb. 
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+ +
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+
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The addition of a damping treatment will introduce contributions to both the stored energy and the energy 
dissipation.  The system loss factor for a coated beam can be written 
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f a b c

sys
f b c
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π

+ + +
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 (5) 

Equation (5) can also be written 
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π π

+ +
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+ + + +
 (6) 

Torvik [1] has shown that the contribution of the coating to the system loss factor of a coating can be 
found by measuring the system loss factor of a coated and an uncoated beam and then applying equation 
(7).  
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U U

ηη η→ = −
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 (7) 

In the development of equation (7), the contribution of the coating to the system loss factor is defined as  

 
1

2
c

coat sys
f b c

D
U U U

η
π→ =

+ +
 (8) 

Because the material properties of the coating will be determined by experimentally measuring two 
systems, coat sysη →  should be maximized otherwise the error associated with the method will be excessive.  

There are two obvious ways to maximize coat sysη →  in equation (7).  First, the difference between ηsys and 
ηb should be maximized.  This implies that the majority of the damping in the coated system should come 
from the coating.  The second way to maximize coat sysη →  is to maximize the ratio of strain energies.  
Realistically, for a given specimen, the amount of strain energy stored in the coating and the beam are not 
adjustable so it is best to try to minimize the strain energy stored in the boundary, Uf.   
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2.2 Experimental Method 
 
2.2.1 Setup 
   

Based on this analysis, an experimental procedure has been developed that maximizes coat sysη → .  
In order to ensure that the energy dissipation in the coated system was primarily due to the coating, it was 
decided that the experiment be conducted in a vacuum chamber, thereby eliminating Da.  The vacuum 
chamber used in this study was capable of achieving pressures of 40 mm 
Hg.  Additionally, it was decided that a free-free boundary condition 
should be used, thereby eliminating Df.  This also had the added benefit of 
eliminating Uf which increases the strain energy ratio.  The free-free 
boundary condition was achieved by suspending the beam vertically from 
the upper node of the first mode using fine gauge nylon string as seen in 
Figure 1.  A pair of nylon strings was also placed at the lower node of the 
beam to minimize unwanted rigid body motion.  By placing the support 
and guide wires at the nodal locations, they are held relatively motionless 
and do not contribute to the dynamics of the system.   

The free-free boundary condition complicates the excitation and 
measurement of the beam.  Beam excitation is achieved using an 
electromagnet driven by sinusoidal signal generated by a function 
generator and amplified by an MB Dynamics SL600VCF Power Amplifier.  
This system was developed by Runyon [2].  The current from the amplifier 
produces an oscillating magnetic field around the electromagnet that 
creates a couple on a pair of small permanent rare-earth magnets glued to 
the lower node of the beam specimen as shown in Figure 2.  By placing the 
magnets at the lower node of the beam, the magnets do not undergo significant translations and therefore 
do not enter into the dynamics of the beam.  Additionally, a finite element and analytical study of the 
beam/mass system has shown that slight mis-locations of the magnets do not cause a significant effect on 
the beam dynamics.   

 
Figure 2:  Electromagnetic Excitation 

 

Figure 1:  Free-free beam

Nodes
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Wires 

Guide 
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Beam excitation was measured using a single point Polytec OFV-303 Laser Doppler Vibrometer (LDV) 
capable of measuring velocities up to 10 m/s.  The ability of the LDV to measure velocities up to this limit 
is critical for capturing high strain data.   
 
2.2.2 Experimental Procedure 
 

It has been shown by a number of researchers  [3, 4, 5] that hard coatings such as Magnesium 
Aluminate Spinel have nonlinear material properties, that is, the stiffness and damping depend on the 
strain in the material.  Therefore, the experiment must be capable of capturing this behavior.  While both 
frequency and time domain based experimental techniques have been shown by Torvik and Patsias [4] to 
yield similar estimates of system loss factor for specimens with weakly nonlinear material properties, a 
time domain approach has been pursued in this research.  Frequency domain techniques generally apply an 
excitation signal whose amplitude is controlled such that the system response is held constant as the 
frequency of the excitation is swept through a given range.  For linear systems, this process only needs to 
be done for one level of system response.  However, for systems displaying amplitude dependent 
characteristics, the test must be conducted for several different response amplitudes in order to fully 
characterize the system.  In contrast, a time domain based approach uses the free decay of a system from a 
known state in order to find the stiffness and damping of the system.  If the system is linear, the entire 
decay will indicate constant values for the system stiffness and damping.  However, if the system is 
nonlinear, the single free decay signal will provide a continuously varying record of the system stiffness 
and damping for all amplitudes thereby providing much more information with much less effort.   

 
2.2.3 Data Processing 
 

A typical time domain based experiment records the free decay response of a system to an initial 
condition as a function of time and then uses the decay of the system to determine the damping present in 
the system.  The most commonly used technique is the log decrement method.  Figure 3 shows the free 
decay of a damped single degree of freedom system that was released from an initial displacement.   
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Figure 3:  Free Decay of a Damped Single Degree of Freedom System 
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This system can be described with the following differential equation of motion.  

 0mx cx kx+ + =  (9) 

The solution of this equation is  

 ( )cost
dx Xe tζω ω−=  (10) 

where X is the initial condition, x(0)=1, ζ is the damping ratio, ω is the undamped natural frequency and 
ωd is the damped natural frequency.  The log decrement, Λ, is calculated using successive peaks on the 
decay, shown as X1 and X2 in Figure 3.  These two peaks have amplitudes equal to: 

 1
tX Xe ζω−=  (11) 

 ( )
2

t TX Xe ζω− +=  (12) 

where 
2

d

T π
ω

= .  The log decrement is found by taking the natural logarithm of the ratio of these two 

quantities,  

 ( )
1

2

ln ln
t

t T

X Xe T
X Xe

ζω

ζω ζω
−

− +
Λ = = =  (13) 

Because the damped and undamped natural frequencies are related by 

 21dω ω ζ= −  (14) 

Equation (13) can also be written 

 
2 2
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1 1d

π π πζω ζω ζ
ω ω ζ ζ

⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟Λ = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 (15) 

For values of 0.25ζ < , this expression can be approximated using  

 2πζΛ ≅  (16) 

This method is extremely easy to use and provides a reasonable estimate of the damping present in a 
system.  For very lightly damped systems, X1 and X2 are very similar which can lead to an unacceptable 
amount of uncertainty in the calculation of the decrement.  In these cases, it is customary to use two non-
successive peaks.  In this case, equation (13) can be written 

 ( )
1ln ln

t

t nT
n

X Xe nT
X Xe

ζω

ζω ζω
−

− +
Λ = = =  (17) 

where n refers to the nth peak.  The implication is that regardless of whether successive or non-successive 
peaks are used, the same damping ratio will be predicted.  It is important to note, that this series of 
expressions was derived assuming a linear viscous damping model and it is not strictly applicable to 
systems not displaying linear viscous damping.  However, several authors have applied the log decrement 
method to systems displaying nonlinear energy dissipation mechanisms using a sliding window approach.  
For instance, a value for damping ratio, ζ, is calculated using n number of peaks and then a new damping 
ratio is evaluated using the next n number of peaks as shown in Figure 4.    The result of this sort of 
technique is a plot that shows how the damping ratio changes over time or, more importantly, how the 
damping ratio changes as a function of amplitude. 

While the n-peak log decrement method is straightforward and easy to implement, it is not without 
its faults.  First, it relies heavily on accurately identifying the exact peak of the oscillation.  In practice, the 
continuous motion of the system is discretized through the digital data acquisition process and the true 
peak is never precisely recorded.  The result is that there is an uncertainty associated with the decrement 
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calculation. In order to minimize this uncertainty, either the number of data points per cycle can be 
maximized thereby ensuring that the peak recorded value is closer to the true peak or the number of peaks 
used can be increased which has the tendency to minimize the impact of small measurement errors.  
Unfortunately, for a nonlinear system, using a large number of peaks to calculate the decrement tends to 
smooth the data and mask the dependence of the decrement on amplitude.  Another possibility is to use 
some sort of curve fitting routine to find an analytical model of each peak and then differentiate that curve 
to find the maximum.  However, the most convenient method is to apply the Hilbert Transform to the data. 
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Figure 4:  Application of Log Decrement Method to Nonlinear Damping 

The Hilbert Transform offers an alternate method to process time domain data.  This method is 
not nearly as old as the log decrement method having first been applied to vibration problems in 1984 by 
Simon and Tomlinson [6].  Since that time, over 150 articles have been published discussing the 
application of the Hilbert Transform to linear and non-linear vibration problems.  The Hilbert Transform 
[7] of a real valued function x(t) is defined by the integral transform  

 ( ) ( ) ( )1 x
H x t x t d

t
τ

τ
π τ

∞

−∞

= =⎡ ⎤⎣ ⎦ −∫  (18) 

The integral in (18) must be considered as a Cauchy principal value to avoid the singularity at τ=t.  By 
taking the Hilbert transform of a set of real valued experimental data, an imaginary component is 
produced.  The real and imaginary components form an analytical signal, ( ) ( ) ( )X t x t ix t= + .  Then by 
taking the modulus of the analytical signal, the instantaneous amplitude of the signal can be found as 
shown in Figure 5.  The instantaneous amplitude is often referred to as the envelope of the signal. 

 ( ) ( ) ( ) ( )2 2A t X t x t x t= = +  (19) 

ζ1 

                            ζ2 

                                                          ζ3 
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Figure 5:  Envelope of x(t) 

While a traditional peak finding method is useful, it only describes the decay of a signal by tracking the 
peaks of the signal and disregards the vast majority of the data.  By taking the Hilbert Transform of a 
signal x(t) with m number of data points, the envelope of x(t), A(t) will be described by m number of 
points, thereby drastically reducing the effect of an error in measurement of any one point.  Now that the 
A(t) has been found, the decrement can be found.  In this case, the decrement is formed from two points 
that are not peaks of x(t) but rather points on the A(t) curve, therefore the time constant is Δt rather than 
the period of oscillation. 

 ( )
1

2

ln ln
t

t t

X Xe t
X Xe

ζω

ζω ζω
−

− +Δ
Λ = = = Δ  (20) 

Alternatively, the loss factor of the system can be found according to the following relationship. 

 η
π
Λ

=  (21) 

The loss factor is generally associated with a complex modulus approach where the modulus can be 
written ( )* 1E E iη= + . 

The Hilbert Transform also allows the determination of the instantaneous frequency of x(t).  For 
linear systems, this is not of great importance as the frequency will remain fixed and can be easily 
evaluated by identifying the period of oscillation.  For nonlinear systems, the frequency depends on the 
amplitude.  In order to find the frequency, the phase of the analytical signal X(t) must first be found 
according to equation (22). 

 ( ) ( )
( )

1tan
x t

t
x t

ϕ − ⎛ ⎞
= ⎜ ⎟⎜ ⎟

⎝ ⎠
 (22) 

Next the instantaneous frequency, ω(t) can be found by taking the derivative of the phase.  Because ϕ(t) is 
a series of discrete data points, a finite difference technique must be used to evaluate the derivative.  
Equation (23) uses a simple first order backward difference to estimate the instantaneous frequency. 

 ( ) ( ) ( ) ( )1i i
i i

t t
t t

t
ϕ ϕ

ω ϕ −−
= =

Δ
 (23) 

The instantaneous frequency is an important quantity because is can be used to calculate the stiffness of 
the system.   For example, the differential equation of motion for a uniform, isotropic beam can be shown 
equal to: 
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( ) ( )2 4

2 4

, ,
0

w x t w x t
A EI

t x
ρ

∂ ∂
+ =
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 (24) 

where ρ, A, I, E are the density, cross sectional area, moment of inertia and modulus respectively.  
Because the Euler Bernoulli beam theory neglects shear deformation, it is applicable to long, slender 
beams.  Additionally, equation (24) requires that no externally applied axial loads are present, and that the 
rotary inertia and shear deformation can be neglected.  After performing a separation of variables of the 
form ( ) ( ) ( ),w x t X x T t= , equation (24) can be rewritten: 

 ( ) ( )2 0ivX x X xλ ′′− =  (25) 

where 

 
2

2 A
EI

ρ ωλ =  (26) 

By assuming a solution to equation (25) of the form Aeσx, the general solution can be calculated to be of 
the form 

 ( ) 1 2 3 4sin cos sinh coshX x a x a x a x a xβ β β β= + + +  (27) 

where β4=λ2.  In general, the determination of β and the constants of integration is accomplished through 
the boundary conditions.  For a free-free beam vibrating in its first mode of vibration, it can be shown that 
the characteristic equation is equal to equation (28) 

 cos cosh 1l lβ β =  (28) 

Equation (28) has many an infinite number of roots each corresponding to a different mode of vibration.  
For the first mode, βl=4.73004074.  Given this value for βl, the density, area, length, moment of inertia of 
the beam, and the instantaneous frequency from equation (23), the instantaneous value of the modulus can 
be found.   

 
2

4

AE
I

ρ ω
β

=  (29) 

Using equations (21) and (29), the damping and stiffness properties of a free-free beam vibrating 
in its first mode can be found.  If the beam system behaves linearly, then these properties will be constant.  
Otherwise, these values will vary with amplitude.  It is common to reference these properties to the peak 
strain in the beam.  The strain in the beam can be determined according to the following procedure: 

1. Obtain the velocity, v(xo, t),  from a Laser Doppler Vibrometer. 
2. Find the displacement, w(xo, t), using (30): 

 ( ) ( )
( )

,
, o

o

v x t
w x t

tω
=  (30) 

3. Find the mode shape of the beam, X(x), using the eigenvalue analysis techniques. 
4. Recognizing that the mode shape is a dimensionless, normalized representation of the 

displacement function, find the scaling constant, λ(t), required to appropriately scale the mode 
shape such that it matches the displacement at xo=0 for all time t using (31): 

 ( ) ( )
( )

,o

o

w x t
t

X x
λ =  (31) 

5. Recognize that the displacement function for the beam can be written: 
 ( ) ( ) ( ),w x t t X xλ=  (32) 

6. Calculate the curvature of the beam at xo, C(xo,t), according to the linearized equation for 
curvature (33):  

2128 PROCEEDINGS OF ISMA2006



 ( ) ( ) ( ) ( )2 2

2 2

,
,

o o

o

x x x x

w x t X x
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= =

∂ ∂
= =
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7. Calculate the strain at the outer fiber, 2
ty = , ε(xo, t), according (34): 

 ( ) ( ), ,
2o o
tx t C x tε =  (34) 

2.2.4 Extraction of Material Properties 
Now that the system level damping and stiffness properties can be correlated to the strain 

amplitude, the material properties of a surface coating can be pursued.  As alluded to in Section 2.1, the 
coating properties will be determined by taking experimental measurements of two systems, one 
consisting of a bare titanium beam and one consisting of an identical beam that has been coated with an 
extensional damping treatment.  Diagrams of these two beams are shown in Figure 6. 

 
Figure 6:  Cross Sections of Coated and Bare Beam Specimens 

There are several ways to extract the material properties of the coating from the coated beam.  For 
instance, a finite element program could be used in an inverse fashion to find the modulus required to 
yield the resonant frequency observed in the laboratory.  This has been done by Green [8].  Other ways to 
determine the material properties include the Symmetric Free-Layer beam technique described by Nashif 
and the Oberst beam technique [9].  Another method used for determination of the loss factor of a 
damping treatment include the Modal Strain Energy approach.  An alternative method to find the material 
properties of the beam and coating material was developed by Torvik [10].  Torvik applied Euler 
Bernoulli beam theory and assumed that the strain was linearly distributed through the thickness.  The 
strain at any point in the beam can be found from the displacement function according to  
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 (35) 

Now the strain energy stored in the beam and the coating can be estimated  
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Equations (38) and (42) can be combined to yield the total strain energy of the coated beam.  
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Now the kinetic energy of the coated beam for nth mode is, in terms of displacement 
( ) ( ) ( ), , cosnw n x t X x tω= ,  
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If the experimental mode shape is equal to the mode shape determined by Euler Bernoulli beam theory, 
then a Rayleigh quotient will yield the natural frequency for that mode.  Thus the ratio of the of strain and 
kinetic energies leads to the frequency for the beam-coating system, or 
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Repeating this procedure for the uncoated beam yields a similar equation 

2130 PROCEEDINGS OF ISMA2006



 

2

2 0

2

0

( )

3

L

b
b L

b
n

e x dx
E

X dx
ω

ρ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

∫

∫
 (49) 

Because the experimental frequencies, ωb and ωsys are known, equation (49) can be used to find the 
modulus of the beam and then a ratio of equations (48) and (49) permits the calculation of the modulus of 
the coating.   
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 (50) 

Simplifying equation (50) yields an expression that can be rearranged to yield an expression for Ec.   
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 (51) 

As was stated previously, because the stiffness of the coating is nonlinear, this equation must be repeated 
for each amplitude to determine the dependence of stiffness on the amplitude. 

By returning to the definition of the system loss factor, the loss factor of the coating can be 
isolated.  By definition, the loss factor of the coating is equal to 

 
1

2
c

c
c

D
U

η
π

=  (52) 

Using this definition in conjunction with equation (5) yields an equation that can be used to find the loss 
factor of the coating.     

 ( ) b f
c sys sys b

c

U U
U

η η η η
+

= + −  (53) 

Because this experiment utilizes a free-free boundary condition, no strain energy is stored in the boundary, 
therefore equation (53) can be written 

 ( ) b
c sys sys b

c

U
U

η η η η= + −  (54) 

Substituting equations (38) and (41) into (54) yields 
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which simplifies to  

 ( ) 3
21 1

b
c sys sys b

c
c

b

E

tE
t

η η η η= + −
⎡ ⎤⎛ ⎞
⎢ ⎥+ −⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 (56) 

To reiterate, the goal of this experiment is to identify the modulus and loss factor of a nonlinear coating 
material.  By measuring how the resonant frequencies and system loss factors of two beams, one coated 
and one uncoated, vary with strain amplitude, the modulus of the bare beam can be found using equation 
(30) or (54), the modulus of the coating can be found using equation (56), the loss factor of the bare beam 
material can be found using equation (22), and finally the loss factor of the coating can be found using 
(61).   
 

3 Results 
 

The procedure has been applied to a Ti-6Al-4V beam measuring 0.75 x 0.063 x 8.0 inches 
(19.08mm x 1.64mm x 202.60mm) coated on both sides with 0.006 inches (0.145mm) of Magnesium 
Aluminate Spinel, a plasma sprayed coating originally used as a thermal barrier coating.  The coating 
density was determined to be 0.09268 lb/in3 (2565 kg/m3).   

The beams were placed in a vacuum chamber operating at room temperature and a pressure of 40 
mmHg.  The beams were excited to a maximum response level by driving the electromagnet at the 
resonant frequency of the beams.  Once the steady state maximum response was established, the excitation 
was interrupted using a feature of the wave form generator that allows the output signal to be cut abruptly.  
Figure 7 shows the free decay of the bare beam.  Additionally, Figure 8 illustrates the envelope of the 
velocity, A(t), as well as the results of a piecewise exponential curve fitting routine that was used to 
smooth A(t).  The curve fitting routine was necessary to smooth the effects of the noise present in the 
envelope function.   
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Figure 7: Free decay of a bare beam 
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Figure 8:  Free decay of a bare beam 

The methods described in the previous sections were applied to determine the material properties of the 
coating.  Figure 9  illustrates how the modulus of the coating varies with strain.   
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Figure 9: Modulus of Magnesium Aluminate Spinel 

Figure 10 illustrates the loss factor, ηc, for Magnesium Aluminate Spinel, notice that it peaks at around 
100 microstrain.   
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Figure 10:  Loss Factor of Magnesium Aluminate Spinel 

 While the experimental procedure described above has been applied to Magnesium Aluminate 
Spinel, the results presented cannot be said to be representative of all applications of this material.  The 
particular coated specimen used for this work has been used for several experiments and it has not been 
confirmed that the material does not exhibit long term memory effects.  Additionally, it has been 
suggested that the properties of the material exhibit short term memory effects.  For instance, Patsias [8] 
has indicated that the material properties are somewhat dependent on the initial level of excitation.   
 

4 Conclusions 
 

The method presented appropriately considers the material nonlinearities present and accurately 
captures the dependence of the stiffness and damping on strain.  Future efforts will center on uncertainty 
estimation, refinement of the data processing codes, and the automation of the process.  Additionally, 
these techniques will be used to investigate long-term and short-term memory effects as well as 
temperature dependencies.   
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Abstract
The aim of this work is to present a damage identification method dedicated to truss and frame structures. The
core of the approach is the Virtual Distortion Method, which is a fast reanalysis method successfully applied
to damage identification. Loss of mass and stiffness are modelled by virtual distortions and modifications
of the parameters are calculated as a result of a sensitivity-based minimisation. In this paper we deal with a
steady-state problem i.e. low frequency, non-resonance harmonic excitation induces a static-like structural
response with virtual distortions (design variables) modelling parameter modifications.

1 Introduction

The presented approach to damage identification is a continuation of research done within the PiezoDia-
gnostics (PD) project [1]. The general purpose of the PD project was identification of corrosion (or damage
of considerable extent) in pipelines. Generation and detection of a global structural mode by piezo-actuators
and sensors was tested in the PD project. Perturbations of the mode due to various damage scenarios were
investigated. A software tool, based on the Virtual Distortion Method (VDM), was developed [2]. The tool
is able to perform damage identification via the solution of an inverse, dynamic problem in the time do-
main thanks to employing gradient-based optimisation. As VDM-based identification belongs to the class of
model updating methods, a well-calibrated FE model is required in order to produce meaningful results with
experimental data. In this paper, the possibility of carrying out the analogous damage identification in the
frequency domain is explored. The principal motivation for developing the new frequency-based approach
was the reduction of vast consumption of computational time, observed in the previous approach. In the first
step, a simplified dynamic problem with no damping is considered. A number of selected excitation frequen-
cies of low range (below 1 kHz) are the subject of analysis. The proposed approach has been implemented
in a software code [3]. Two structural models are used to show the effectiveness of the new software – truss
and beam. In both models, stiffness and mass reduction are considered as damage parameters. Experimental
verification of the approach using a 3D truss structure is on the way.

2 VDM for a steady-state problem

The use of VDM in dynamic damage identification was previously discussed in [4]-[6]. The considerations
concerned modifications of stiffness parameters of truss and frame-like structures in the time domain, in
which dynamic analysis using the VDM is numerically time consuming. In this paper an alternative approach
to damage identification in the frequency domain is discussed.
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2.1 Virtual distortions and modification parameters

The virtual distortion is an initial perturbation introduced to a finite element of an original structure sub-
jected to external excitation realised by the load component p0

k(t, ω) – modelling inertia modification or the
strain component ε0

α(t, ω) – modelling stiffness modification (t, ω denote time and frequency of excitation,
respectively).

For a truss finite element α, the deformation state is determined by just one strain component εα(t, ω).

Relation between virtual distortions ε0
α(t, ω), p0

k(t, ω) and the modified stiffness parameter µα = k̂EAα
kEAα

called modification parameter, is expressed by the formula (see [4]):

k̂EA
kEA

εα(t, ω) = εα(t, ω)− ε0
α(t, ω) or µα εα(t, ω) = εα(t, ω)− ε0

α(t, ω), (1)

Let us notice, that the modifications of both the Young’s modulus E as well as cross-section area A of an
element α can be modelled. Moreover, the updated strain εα(t, ω) depends on virtual distortions ε0

α(t, ω)
and p0

k(t, ω), thus the Eqn (1) is non-linear.

Any deformation state for a 2D-Beam finite element specifies 3 components (orthogonal base) obtained by
solving the eigenvalue problem of its stiffness matrix. On this element, the virtual distortions corresponding
to the 3 components are imposed. The virtual distortions have an oscillating form (presented in Fig. (1) for
amplitude values) with frequency of excitation ω. The relation between the modification parameters µα and

Figure 1: Basic virtual distortion states.

distortions come from the following postulate: The response of the modelled structure by virtual distortion
has to be identical to the modified response in the sense of the strain and stress fields. For 2D-Beam finite
element, the relations analogous to Eqn (1) are expressed by the equations:

µ(1)
α ε(e)

α (t, ω) = ε(e)
α (t, ω)− ε(e) 0

α (t, ω),

µ(2)
α κ(e)

α (t, ω) = κ(e)
α (t, ω)− κ(e) 0

α (t, ω), µ(3)
α χ(e)

α (t, ω) = χ(e)
α (t, ω)− χ(e) 0

α (t, ω). (2)

The first equation of the set (2) concerns axial stiffness (similarly to Eqn (1)) and the remaining ones de-
scribe bending states, where µ(2)

α = µ
(3)
α = k̂EJα

kEJα
is the ratio of a modified bending stiffness to the origi-

nal one. Further, we assume the modifications of cross-section area (µ(1)
α = Âα

Aα
) and moment of interia

(µ(2)
α = µ

(3)
α = Ĵα

Jα
) independently. For the whole structure, the vectors of strains and stiffness modification

parameters are built:

εα(t, ω) = {ε(e)
1 , κ

(e)
1 , χ

(e)
1 , . . . ε(e)

n , κ(e)
n , χ(e)

n }, (3)

µα = {µ(1)
1 , µ

(2)
1 , µ

(3)
1 , . . . µ(1)

n , µ(2)
n , µ(3)

n }. (4)

The vector of the virtual distortions have an analogous form to Eqn (3). Thus, the Eqn (2) can be expressed
concisely for the whole structure as:

µα εα(t, ω) = εα(t, ω)− ε0
α(t, ω). (5)

The second kind of the virtual distortion – force virtual distortion p0
k(t, ω) is supposed to model modifi-

cations of inertia. Contrary to stiffness distortions ε0
α(t, ω) assigned to element α, the interia distortions
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correspond to k degrees of freedom of the structure. These distortions p0
k depend on the predetermined

frequency ω of external excitation.

For a steady-state harmonic excitation, the virtual distortions can be written in the following form:

ε0
α(t, ω) = ε0

α(ω) sin(ω t), p0
k(t, ω) = p0

k(ω) sin(ω t), (6)

where ε0
α(ω) and p0

k(ω) are amplitudes of the generated virtual distortions.

For further considerations, let us introduce now the notion of unit distortions. Unit virtual distortion ε0
α(t, ω)

is an initial, oscillating strain imposed on finite element that would cause strain with unit amplitude in that
element taken out of structure. Analogously, force unit virtual distortion p0

k(t, ω) is an initial, oscillating
force. Onwards in all next equations, the amplitudes are used assuming the following notation:

ε0
α(ω) = ε0

α, p0
k(ω) = p0

k, (7)

where ω indicates the dependency on frequency.

2.2 Influence matrices

The crucial point for VDM calculations is the influence matrix containing amplitudes obtained for unit
distortions. For steady-state problems two influence matrices are generated: strain influence matrix Diβ(ω)
storing displacements generated for unit strain distortions ε0

β(ω) = 1 and inertia influence matrix Dik(ω)
storing displacements generated for unit force distortions p0

k(ω) = 1.

Knowing the virtual distortions ε0
α and p0

k and influence matrices, the updated response in displacements can
be calculated (without re-computing stiffness and mass matrices) as follows:

ui = uLi +Diβ ε
0
β +Dik p

0
k, (8)

where uLα denotes amplitudes of displacements of the original structure determined for the excitation fre-
quency ω. Thus the actual response ui depends on two virtual distortions ε0

α(ω) and p0
k(ω). Multiplying

Eqn (8) by LαQTQi, the updated strain can be calculated as follows:

εα = εLα +Bαβ ε
0
β +Bαk p

0
k, (9)

where:
εα = LαQTQi ui, Bαβ = LαQTQiDiβ, Bαk = LαQTQiDik, (10)

and LαQ – geometry matrix, TQi – matrix of transformation to the global coordinate system.

It is necessary to quickly calculate the quantities fA (e.g. displacement or strains), which correspond to the
measured responses fMA . To this end, the generalized influence matrices D̆Aα and D̆Ak are built utilizing
the initial matrices: Diβ , Dik,Bαβ , Bαk. Finally, the updated response of a selected quantity (e.g strain) is
determined in the following way:

fA = fLA + D̆Aα ε
0
α + D̆Ak p

0
k, (11)

where fLA denotes amplitudes of the requested responses of the original structure.
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3 Problem formulation

Generally, the equations of motion for a finite element model are expressed by well-known formula:

Mü(t) + Cu̇(t) + Ku(t) = f(t), (12)

where M, C and K are mass, damping and stiffness matrices, respectively and f(t) is the vector of external
forces. In further considerations the influence of damping will be neglected. The vectors of external load
and displacement for a steady-state problem are expressed as:

f(t) = f sin(ωt), u(t) = u sin(ωt). (13)

Taking into account the relations in Eqn (13), the equations of motions (12) for a steady-state problem for
the original structure and the modified one take the following form:

−ω2Mu + Ku = f , or − ω2Mu + TSε = f , (14)

−ω2M̂u + K̂u = f , or − ω2M̂u + TŜε = f , (15)

where ω – harmonic frequency, M̂ and K̂ – modified mass and stiffness matrix, T – transformation matrix.
The matrices S and Ŝ depend on length, axial EA and bending EJ stiffness of finite elements of the original
and modified structure, respectively. Now, we can write the equations of motion (mass and stiffness matrices
are intact) with imposed virtual distortions ε0

α and p0
k on finite elements:

−ω2Mu + TS(ε− ε0) = f + p0. (16)

To determine the virtual distortions p0
k, let us compare the Eqn (15) and Eqn (16):

−ω2 (M− M̂)u = p0. (17)

The difference Mij − M̂ij for beam structures can be expressed in the following way:

Mij − M̂ij = ∆Mij = (1− µAγ )
A

Mγ
ij + (1− µJγ )

J

Mγ
ij , (18)

where µAγ = Âγ
Aγ

, µJγ = Ĵγ
Jγ

are modification parameters for element γ. The mass matrix is decomposed into

matrix
A

Mγ
ij – depending on cross-section area Aγ and matrix

J

Mγ
ij – depending on moment of interia Jγ . Let

us notice that the following relation holds:

Mij =
∑
γ

A

Mγ
ij +

∑
γ

J

Mγ
ij . (19)

In order to determine the virtual distortions ε0
α, p0

k, let us substitute Eqn (9) to Eqn (5) and Eqn (8) to
Eqn (17), yielding:

[
δαβ − (1− µα)Bαβ − (1− µα)Bαk
−ω2∆MijDjβ δik − ω2∆MijDjk

] [
ε0
β

p0
k

]
=

[
(1− µα) εLα
ω2∆Miju

L
j

]
. (20)

The calculated virtual distortions ε0
α, p0

k (for assumed vector of stiffness parameters µα) from the set of
equation (20) are used to compute updated response fA corresponding to the measured one fMA . Further,
the vector of stiffness modification parameters µα is iteratively determined by minimisation of the proposed
objective function:

F (µα) =
∑
ω

∑

A

(
fA − fMA

)2
, (21)

using the gradient approach.

2140 PROCEEDINGS OF ISMA2006



4 Damage identification technique

In order to determine the control parameters µα, an iterative update of the modification parameters is pro-
posed:

µ(i+1)
α = µ(i)

α −∆F (i) ∇F (i)

∇F (i)
[∇F (i)

]T , (22)

where

∇F (i) =
∂F (i)

∂µ
(i)
α

=




∂F (i)

∂ε
(i)0
β

∂ε
(i)0
β

∂µ
(i)
α

∂F (i)

∂p
(i)0
k

∂p
(i)0
k

∂µ
(i)
α


 = 2

∑
ω

∑

A

(
fA − fMA

)


D̆Aβ

∂ε
(i)0
β

∂µ
(i)
α

D̆Ak
∂p

(i)0
k

∂µ
(i)
α


 , (23)

is the gradient of the objective function in i− th iteration. For reaching the optimum solution of the function

(21), the gradients
∂ε0β
∂µα

and ∂p0
k

∂µα
have to be calculated. To this end, let us differentiate the Eqn (20) with

respect to modification parameters µα:

[
δαβ − (1− µα)Bαβ − (1− µα)Bαk
−ω2∆MijDjβ δik − ω2∆MijDjk

] 


∂ε0β
∂µα
∂p0
k

∂µα


 =

[
−εα

ω2 ∂∆Mij

∂µα
uj

]
. (24)

Let us notice in Eqn (24) that the left-hand side matrix is the same as in Eqn (20), whereas the right-hand
side depends on updated displacements and strains.

5 Numerical examples

5.1 Cantilever beam

As an illustration of the discussed damage identification method, let us consider a simple cantilever beam
divided into 25 finite elements, shown in Fig. (2). The original parameters are identical in all finite elements:

• cross-section area A = 1 · 10−4m2,

• moment of interia J = 1.0417 · 10−12m4.
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A
22
J

µ  =0.6
221m

Figure 2: Tested 2D beam structure.

The harmonic excitation – bending moment and axial force – is applied to the free end of the cantilever and
expressed by the relations:

M = M0 sin (ωt) , P = P 0 sin (ωt) , (25)

with the amplitudes: M0 = 1 [Nm], P 0 = 100 [kN ] and the applied frequency ω = {50, 100, 220} [Hz]
(out of resonance). The measured data were numerically simulated for each frequency ω (all components of
strain responses εMα ). The results of inverse analysis are presented in Fig. (3) for cross-section modification
µAα , and in Fig. (4) – for the moment of inertia modification µJα.
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Figure 3: Identified cross-section areas after 500 iterations.
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Figure 4: Identified moments of inertia after 500 iterations.
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5.2 2D Truss structure

For the truss finite element, there is only one variable to be modelled, namely cross-section area modification
µAα = Â

A . Thus for the structure presented in Fig. (5), there are 20 unknown parameters µα. In Fig. (6),
the results of the frequency-domain approach (VDM-F) are compered with the outcome of the previously
described (see [2]) time-domain approach (VDM - time domain).
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Figure 5: Tested 2D truss structure
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Figure 6: Numerical results of the tested 2D truss structure

6 Experimental stand

The experimental stand of a simply supported 3D steel truss structure (70 elements) is presented in Fig. (7).
The harmonic excitation is realised by a piezo-actuator in the middle of the structure (see lower left corner
in Fig. (7b)). The response of the structure is measured by thin piezo-patch sensors glued on elements and
transmitted to oscilloscope. In the truss demonstrator, various damage scenarios due to replacing the initial
truss elements with other ones of different stiffness and mass will be investigated. The experiment is now at
the stage of matching model parameters to experimental responses.
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Figure 7: Experimental stand – 3D truss structure. (a) piezo-sensor, (b) general view.
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Abstract 
Following the growing demand for an open platform which allows the common development of SEA 
based computational algorithms, a JAVA tool called OpenSourceSEA has been developed. It is accessible 
via the internet (http://opensea.mub.tu-harburg.de). In the current paper, first the state of this software 
is described. Then the setup of an adequate SEA model for the computation of the sound transmission loss 
is considered. The implemented approaches are discussed and the computational results are verified by an 
element based approach as well as by applying the software package AutoSEA2. Additionally, the 
computations are compared with measured data. The regarded structural components are a plane isotropic 
panel and a structure consisting of a composite laminate. 
 

1 Introduction 
For high frequency computations of acoustical problems as well as for tasks concerned with the dynamic 
of structural components, the Statistical Energy Analysis (SEA) has become one of the established 
numerical methods [1][3]. Up to now, however, most developments have been carried out in universities 
as well as in industrial companies by specialists not exchanging any of their individual source codes or 
models. 
In view of this aspect, a non commercial platform called OpenSourceSEA has been set up by the authors 
and a group of interested researchers [2][15]. The objective of this project is to enable an international 
community to implement and exchange their concepts of the SEA. Launched in 2005, a systematically 
structured JAVA class library consisting of several interlinked packages has been developed. The object 
oriented approach has been adopted and each package is designed to describe a logical component of a 
SEA model. 
In particular, the implemented packages describe and handle various material models, structural properties 
and different types of SEA subsystems, such as plane plates which are defined by the bending wave type 
as well as by longitudinal and shear waves. Subsystems to be used in room acoustics are described in 
terms of compression waves. The energy exchange between subsystems is accomplished in a 
hierarchically structured “junction package”, where the computation of the necessary SEA coupling loss 
factors is achieved. Further packages handle signals for the assemblage of the frequency dependent SEA 
matrix as well as for the computation of load case vectors which serve to define the input power for the 
SEA model. 
The OpenSourceSEA server, where the library can be obtained from, is administered by the authors. The 
implemented framework is open for discussion and for the extension by all developers of the open source 
community. A HTML based documentation for the source code, including the relevant literature 
references, is also available. 
The current contribution is structured as follows. At the beginning, the models based on the SEA, which 
are generated by OpenSourceSEA and by AutoSEA2, are described [3][11]. Further on, the sound 
transmission loss calculations in the case of a coupled Finite Element/Boundary Element (FE/BE) 
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approach, implemented in the acoustic software SYSNOISE [5], is briefly addressed. The description of 
the tool OpenSourceSEA follows and the implemented concepts addressing the physics for the subsystem 
description, the material formulations, and the coupling paths are explained. After reporting on the test 
setup used for the corresponding transmission loss measurements, the investigated structural components 
are described. The final analysis is concerned with a comparison of the results obtained by employing the 
different methodologies. In detail, the parameters modal density, coupling loss factor, and sound 
transmission loss are considered. 
 

2 Methodologies 
In the following, the computational models for the calculation of the transmission loss used by the SEA 
tools and by a coupled FEM/BEM approach are explained. 
SEA: 

The computation of the transmission loss using AutoSEA2 and OpenSourceSEA has been performed 
based on the same subsystems. In both cases, the chosen SEA model is directly related to the experimental 
setup where two adjacent reverberation chambers, with a test specimen placed in an opening between the 
two chambers, are used (see Figure 1). By relating the sound pressure level (dB scale) of the diffuse sound 
field in the source room (Lp1) and the sound pressure level in the receiving room (Lp2), the transmission 
loss is computed by 

)/(10log1021 dspecimen AALpLpTL ⋅+−= . (2.1)

The logarithmic term on the right hand side poses as a correction accounting for the power dissipation 
inside the receiving chamber (equivalent absorption area of the receiving chamber: Ad = α⋅Acavity). For the 
SEA models defined in the present paper, this term is eliminated by choosing the absorption coefficient of 
the receiving chamber for all frequencies as α = Aspecimen/Acavity. The damping for the source cavity has 
been chosen to be 1 % over the whole frequency range. 
 
 
 
 
 
 
 

 

specimen

source reverberation
chamber

receiving reverberation
chamber

excitation

LpLp22LpLp11

Figure 1: Transmission loss model generated by OpenSourceSEA. 

The source and the receiving chamber are modeled by defining a cube shaped room of 4 m edge length, 
leading to a volume of 64 m3, a surface area of 96 m2, and a total edge length of 48 m. 
The energy transfer mechanisms employed for the sound transmission loss calculation include the two 
resonant coupling paths, which connect each of the acoustic cavities with the structural subsystem, as well 
as the non resonant path, which couples source and receiving rooms directly by incorporating the non 
resonant information from the structural subsystem. 
FEM/BEM: 
In the following, the transmission loss calculations based on an element approach are described briefly. 
Using an indirect BE formulation as, for instance, described in [6], the sound transmission is computed for 
31 plane acoustic wave sources which are distributed at random angles, leading to a diffuse acoustic field 
on the incident side of the structure. In particular, in the BE formulation an infinite rigid baffle is 
employed to represent the wall in which the panel structure has been placed. This way, the acoustic waves 
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are prevented from bypassing the panel (see Figure 2). By computing the sound energy, passing though 
the structure, the sound transmission loss is calculated. 
 
 
 
 
 
 

Figure 2: Transmission loss model using FEM (panel) and BEM (air). 

 

structure
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receiving 
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sources: 
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excitation 

While the calculation of the sound field has been carried out by a BE approach, the dynamics of the 
structure is incorporated by a FE model which is based on shell elements. The mesh size has been chosen 
such that it is ensured that even for the highest frequencies under investigation the rule “six elements per 
wave length” [5][6] is taken into account. In order to reduce the size of the coupled FE/BE system 
equations, a modal approach has been employed. After solving this linear system of equations, the ratio 
between the incident sound power generated by the acoustic sources and the sound power computed at a 
field point array (see Figure 2) determines the transmission loss [5][11]. 
 

3 Structure of OpenSourceSEA 
Modern SEA tools are usually based on the definition of several classes. The class structure of 
OpenSourceSEA has been developed by using the JAVA 5.0 runtime environment. In addition, the 
libraries “JSci”, “JLapack”, “SWT” and “JAVA3D”, established by the open source community 
[16][17][18][19], are incorporated in order to handle special tasks. 
At the current stage, the package “JSci” is incorporated for the computation of one and two dimensional 
integrals as well as for the treatment of complex numbers. The package “JLapack” is used in order to 
solve and analyze systems of linear equations, such as for the symmetric form of a set of SEA equations 
describing the energy balance between all subsystems or for the rearrangement of the stiffness matrices. 
In order to generate a three dimensional graphic representation of the SEA model, it is made use of the 
functionality provided by the “JAVA3D” library. For the two dimensional dialogs, the “SWT” package is 
employed. The class structure of the main package OpenSourceSEA is organized in several subpackages, 
each describing certain aspects of the model as shown in Figure 3. The external libraries used are shown 
on the same level as the main package. 
The main package OpenSourceSEA contains several classes, such as the description of the SEA model 
(class “model”), the definition of constants (class “constants”), and the description of an abstract container 
(class “container description”) used to store all types of objects which are handled by the “model”. 
 
 
 
 
 
 
 
 

 Library Package Class
Legend:

OpenSourceSEA

Analyt FormSystems

Properties

Sources Signals

Junctions Output2D Output3D

Geometry

constantsmodel container description

JLapack SWTJAVA 3DJSci

Materials

Figure 3: Package structure of OpenSourceSEA. 
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Each subpackage also consists of several classes. Figure 4 displays the classes which belong to each of the 
subpackages shown in Figure 3. The class structure has been conceptualized from the implemented source 
code in order to obtain a better overview. The implemented class structure can be easily obtained by 
generating the documentation from the source code. 
The subpackages “Output2D” and “Output3D” are not considered any further, since their task is only to 
handle the graphical output of the SEA model as well as the presentation of signals and user dialogs, but 
they are not used for the SEA computations. The hierarchical class structure of Figure 4 describes the 
direction of specialization from left to right (left side: parent classes, right side: child classes). 
In order to illustrate the logical concept of the implemented structure, a two dimensional subsystem is 
addressed next. The main parameters defining a general subsystem are the frequency dependent modal 
properties and the wave numbers. 
The specialization (child) of the two dimensional subsystem of interest used for the analysis here, is the 
class “2D bending wave”. In order to instantiate an object of this class type, a “2D property” object must 
be available. For the “2D property”, the child class “laminate property” can be chosen. Further on, several 
“solid material” objects (possible child classes: “ortho material” or “iso material”) must be setup and 
combined, in order to instantiate a “laminate property”. 
Similarly to the description above, the “junction” classes reference two or more subsystems and allow the 
calculation of the respective coupling loss factors. Here the “junctions” of interest are the classes “flatplate 
mass law” and “flat plate resonant”. After the subsystems and the couplings are defined, the power input 
to a subsystem is accomplished by creating a “power source” object and by referencing the respective 
specialization of a “system” object (e.g. class type “cavity” or “2D bending wave”). Further on, a 
“loadcase” object is created which may reference one or more “power sources” in order to define the 
complete right hand side for the set of linear SEA equations. 
 

ortho materialMaterials
fluid

iso material
solid material

material container

Properties uniform property
laminate property3D property

1D property
2D property

beam property
property container

Systems
2D system
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2D longitud. wavecavity
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load case container
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diffuse power source
point force

Signals data
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solid
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Figure 4: Class structure of the subpackages in OpenSourceSEA. 
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By instantiating the class “SEA equation” defined in the “Signals” subpackage, the “model” object is 
referenced and the right hand side vectors are obtained from the “load case container”. The constructor of 
the class “SEA equation” searches through the “system container” of the “model” to compute the damping 
parameter for the diagonals of the SEA matrix and, further on, the “junction container” is scanned in order 
to gather the coupling paths and to include them into the SEA matrices. Solving the SEA equations yields 
the energies of the subsystems which are passed to the regarding subsystems. 
Further subpackages, such as the “Geometry” subpackage which is used to describe the three dimensional 
presentation of the model, are shown in Figure 4. By connecting several “point” objects, a “curve” can be 
generated. From a closed curve, a “surface” can be created, and several surfaces can be combined to 
generate a “solid” object. The subpackage “Analytical Formulations” also allows the calculation of the 
sound transmission loss for infinitely extended plane and curved structures, using formulations given, for 
instance, by Beranek [11] and Koval [9]. 
 

3.1 Defining a SEA model in OpenSourceSEA 
To generate a SEA model using OpenSourceSEA, a script file has to be created, where all components of 
the SEA model are described. For each type of component, a “container” class is provided by the “model” 
class (see Figure 3 and Figure 4). All components are added to the respective containers and handled as 
interlinked components by the source code. An extraction from an executable JAVA script file to generate 
an OpenSourceSEA model, setup in the context of the current analysis, is shown in Figure 5. 

 

 
 
 
 
 
 
 

Figure 5: Generation of a SEA model in OpenSourceSEA. 

 
After the object “SEAmodel” has been created in the first step, all necessary components are created and 
added to the object “SEAmodel”. Lines 3-7 show the definition of a “signal1D” object consisting of 
“data1D” objects defining x and y axis values. By executing “SEAmodel.signals.addItem(…)” on line 5, 
the signal is appended to the “signal container” of the object “SEAmodel”. 
All objects, which can be added to the containers, possess a string for identification. Line 9 shows the 
generation of a fluid material with the identification string “Air” and its inclusion into the “material 
container” of the “SEAmodel”. 
The generation of a “property 3D” is shown in line 10. Note that the fluid “Air”, created in line 9, is 
referenced by the constructor call. Finally, in line 12, an “iso material” is defined by specifying the 
identification string, the material density, Young’s modulus and the Poisson ratio. Then the component is 
added to the “material container” of the “SEAmodel”. By regarding the code extraction in Figure 5, the 
procedure to generate an SEA model using OpenSourceSEA can be concluded. Finally, by creating the 
object “new ViewContainerTree(SEAmodel)” an interactive output window, as shown in Figure 6, is 
generated and all model properties can be displayed by inspection of the tree items and by using the menu 
bar of the window. The model properties are displayed either on the right hand side of the window, or a 
signal graph is created. 
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Figure 6: OpenSourceSEA tree perspective of the SEA model. 

 

4 Physical concepts used in OpenSourceSEA 
For the current analysis, the following sections briefly address the physical formulations used in 
OpenSourceSEA. 
 

4.1 Cavity subsystems 
The cavities are defined by the parameters “volume”, “surface area”, and “summed edge length”. The 
energy dissipation of the cavity is defined by referencing a “signal1D” object which can be used to specify 
the damping spectrum or to specify the absorption coefficient α. If an absorption spectrum has been 
specified, the damping parameters of the subsystem are calculated to assemble the SEA equations [7]. 
The cavity subsystems contain compression waves yielding a constant speed of sound. Therefore, the 
cavity wave number is merely a function of frequency. The modal density of the cavity is computed by 
including the geometrical properties of the cavity [3]. 
 

4.2 Material definition and 2D properties 
A material object is computed from the “material container” where isotropic as well as orthotropic 
materials are treated as child classes of the “solid material” class. All material properties defining the 
stiffness can be considered as a “signal1D” object which enables the incorporation of frequency dependent 
material parameters. However, in current analysis a frequency independent material behavior is assumed. 
The most important parameters obtained from the a “solid material” are the stiffness matrices Q, relating 
the stress σ and the strain ε, such that σ = Q ε. The Q matrix is computed as a function of frequency. It 
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also depends on the orientation of the two dimensional material formulation. For the computation of the 
bending and the extensional wave type, the determined 3x3 Q matrix is sufficient [10]. However, if the 
incorporation of transverse shear is demanded, a 6x6 Q matrix needs to be computed [8]. 
While the “solid material” classes define the material stiffness, the child classes for the “2D property” are 
implemented to compute the stiffness of the compound also including the information about the layer 
thicknesses and of material alignment. From this information, the computation of the 6x6 ABD matrix, 
which relates deformation and force vector for the material compound, is calculated [10]. 
The “2D property” classes used for the current investigation are the “uniform property” class referencing 
an isotropic material definition as well as the “laminate property” class. The latter handles a compound of 
several composite layers, where the material of each layer is based on an orthotropic material definition. 
 

4.3 Structural subsystems 
The structural subsystems considered here are defined by the “2D bending wave” class. The main 
parameters computed from these subsystems are the structural wave number and the modal density. The 
bending wave has a dispersive characteristic, leading to a frequency dependent wave speed. 
Depending on the particular type of the “2D property” referenced by the subsystem, the structural wave 
number depends significantly on the direction of the wave propagation. Therefore, the wave number is 
computed as a function of the frequency and the propagation angle [8]. However, to calculate the average 
structural wave number as needed for the SEA computation, the wave number integration over all angles 
is performed for the considered frequency range, and a normalization by the integration boundaries is 
carried out. Finally, the modal density of the flat plate is computed by using the structural wave number 
and by incorporating the geometrical subsystem data [3]. 
 

4.4 Coupling paths 
The two coupling paths - allowing the energy exchange inside the investigated SEA model - are the non 
resonant path associated with the class “flatplate masslaw” and the resonant path described by the class 
“flatplate resonant”. 
From the class “flatplate masslaw” the energy transfer between the source chamber and the receiving 
chamber is calculated by incorporating the information from the structural subsystem. In the first step the 
calculation of the transmission factor is performed [13]. Due to the characteristic of this formulation near 
the critical coincidence frequency (fc), empirical corrections motivated by [11] have been applied. In order 
to estimate the critical coincidence frequency, an iterative procedure is employed on the level of the “2D 
junction” class. Finally, the SEA coupling loss factor is computed from the transmission factor according 
to [7]. However, the formulation has been slightly modified by substituting the modal density calculated 
by the regarding cavity subsystem into the procedure. This ensures a consistent formulation with the 
reciprocity relationship which governs the energy flow in the reverse direction. 
The class “flatplate resonant” describes the resonant energy transfer between the structural subsystem and 
each of the two chambers. It is essential to know that only the resonant path is governed by the modal 
response of the structure. In order to obtain the resonant coupling loss factor, the radiation efficiency is 
calculated in the first step by regarding three formulations for the frequency regimes: f < fc, f ≈ fc and 
f > fc, as suggested in [7] and [14]. The formulation applied for frequencies above the coincidence 
frequency fc makes use of the structural and acoustic wave numbers, and is therefore more general than the 
standard formulation which is based on the coincidence frequency only. After the radiation efficiency has 
been computed, the SEA coupling loss factor is calculated [7]. For the reverse direction of the energy flow 
concerned with the cavity to structure coupling, the reciprocity theorem is employed. 
 

5 Transmission loss measurements and structural components 
The transmission loss measurements for the structural components have been performed by using a 
reverberation chamber and an anechoic room. The test specimen is built into a window placed between the 
chambers, as illustrated in Figure 7. 
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Figure 7: Setup for the transmission loss measurements. 

The volume of the reverberation chamber is 43 m3. This leads to a critical frequency (fcr≈3⋅c0/V1/3) of 
approximately 300 Hz for the specification of the lower frequency range where the assumption of a diffuse 
acoustic field is nearly valid. The measured absorption coefficient of the reverberation chamber amounts 
to α = 0.05-0.13 up to the 8 kHz frequency band. The loudspeaker excitation in the reverberation chamber 
is measured by using a rotating microphone. The test specimen has been placed into a window, facing the 
anechoic room. During the measurements, an intensity probe has been used to manually scan the sound 
energy passing through the test structure into the anechoic room. 
Figure 8 depicts the aluminum and the Carbon Fiber Reinforced Polymer (CFRP) structures under 
investigation. Both panels are built, in turn, into the transmission loss test stand. The support of their edges 
can be considered as being close to “simply supported”. 
 
 
 
 

 

 

 

Figure 8: Aluminum structure (left), CFRP structure (right). 

An overview of the dimensions and the material properties for both structures is given in Table 1. While 
the aluminum structure consists of a single isotropic material, the CFRP structure is built up from 10 plies 
and each layer consists of orthotropic material. All plies have a thickness of 0.000245 m and the material 
orientations are (45°,-45°,0°,0°,90°,90°,0°,0°,-45°,45°), where the 0° direction specifies the shorter edge 
of the panel. For the entire frequency range, the damping coefficient of the structural components is 
assumed to be 1 %.  
 

Table 1: Parameters for the investigated structures. 

 aluminum panel CFRP panel 
Young’s modulus 
[MPa] 71000 E1

142500 
E2, E3
7016 

Shear modulus 
[MPa] 26700 G12

3091 
G23,G31

2500 
Density [kg/m3] 2770 1602 
Thickness [m] 0.0033 0.00245 
Dimension [m] 0.9, 0.9 0.595, 1.25 
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6  Numerical and measured results 
The material parameters and the geometries used for the numerical analysis of the structural components 
have been described in the previous section. In the following, the verification and validation of the 
approaches implemented in OpenSourceSEA are presented. For verification, the new tool is compared to a 
coupled FE/BE approach as well as to an analysis based on AutoSEA2. The validation takes place by 
comparing the computed results with measured data. 
 

6.1 Modal density of the cavity subsystems 
In order to verify the OpenSourceSEA transmission loss model, not only the structural subsystems but also 
the acoustic subsystems need to be investigated. The parameters for the cavity subsystem are compared to 
the parameters obtained from an AutoSEA2 computation. Due to the fact that the source cavity and the 
receiving cavity are of identical size, it is sufficient to consider the source cavity only. 
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Figure 9: Modal density of the cavity subsystem. 

In Figure 9, the modal density obtained from AutoSEA2 and from OpenSourceSEA for the subsystem is 
depicted. The comparison shows a very good agreement. Small deviations can be observed only in the low 
frequency range, where the modal density estimated by AutoSEA2 is slightly higher. 
 

6.2 Modal density of the structural subsystems 
The modal densities calculated for the aluminum structure and for the CFRP structure are shown in Figure 
10 and Figure 11, respectively. Once more, the results from OpenSourceSEA are compared to those from 
AutoSEA2 and, additionally, to the values obtained from the FE models. In the case of the FEM, the 
modal density has been obtained by integrating the impedance at the point of excitation over frequency 
and by building an average of three driving point responses, as described in [12]. 
For the modal densities obtained from AutoSEA2 and from OpenSourceSEA an excellent agreement can 
be observed in both figures. The values obtained by the FE analysis show a more frequency dependent 
behavior which becomes rather stationary with increasing frequency. Due to the directional stiffening of 
the composite plies, the frequency dependence of the CFRP structure is more significant than the one of 
the isotropic structure. 
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Nevertheless, for both structures, the mean value of the modal density obtained by the FE analysis shows a 
quite good agreement with the results from the two SEA tools. The deviations can be explained with the 
fact that for the computations conducted in the SEA no modal analysis is performed. Instead, the modal 
density is calculated from the stiffness represented by the ABD matrix (see section 4.2) and by 
incorporating coarse geometrical information from the structural subsystems based on the surface area and 
on the perimeter of the structure. Consequently, the fluctuations observed from the FE approach cannot be 
expected in the case of the statistical approaches. 
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Figure 10: Modal density of the aluminum structure 
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Figure 11: Modal density of the CFRP structure. 
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6.3 Coupling paths  
Due to the fact that the coupling loss factor is a parameter which is unique to the application of the SEA, 
the verification of this parameter can be performed for the results from OpenSourceSEA and AutoSEA2 
only. For the aluminum structure and for the CFRP structure, the comparisons are shown in Figure 12 and 
Figure 13, respectively. 
The considered coupling paths include the non resonant coupling between the source cavity and the 
receiving cavity as well as the coupling path between the structural subsystem and each of the cavities. 
Since the coupling loss factor for the reverse direction is computed simply by using the reciprocity 
relationship, these graphs are not explicitly shown here. The non resonant paths show a decreasing 
behavior for the entire frequency range. At frequencies below the coincidence frequency, a perfect 
agreement between the two tools can be observed. For both structural components, the slope calculated 
above the coincidence frequency using OpenSourceSEA is slightly lower than in the case of AutoSEA2. 
However, due to the fact that above the coincidence frequency, the energy transfer path resulting from the 
resonant coupling is by far more important than the one resulting from the non resonant path, it can be 
expected that no significant deviation for the energy transfer will occur. 
The comparison between the coupling loss factor describing the resonant path between the structure and 
the receiving room shows again an excellent agreement in the entire frequency range. The shape and the 
peak for the coincidence region also correspond very well. 
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Figure 12: Coupling loss factor for the aluminum structure. 
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Figure 13: Coupling loss factor for the CFRP structure. 

 

6.4 Transmission loss 
Figure 14 and Figure 15 show the comparison of the transmission loss for the aluminum and for the CFRP 
structure, respectively. Once more, the results calculated by OpenSourceSEA are compared with the data 
computed by AutoSEA2 and by the coupled FEM/BEM approach. 
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Figure 14: Transmission loss of the aluminum structure. 
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Figure 15: Transmission loss of the CFRP structure. 

 
The transmission loss obtained from the measurements is also depicted. While the results from 
measurements and statistical energy approaches have been obtained for a third octave band analysis 
directly, the coupled FE/BE approach is based on a discrete frequency computation. Therefore the FE/BE 
results had to be frequency averaged in order to obtain a third octave band resolution. The respective 
computation has been performed by solving for six discrete frequencies in each of the frequency bands. 
For both structures, the graphs show a very good agreement of the computational methods employed. In 
the frequency range below the coincidence dip, the deviation amounts to a maximum of 0.7 dB when 
comparing the results obtained from OpenSourceSEA, AutoSEA2 and from the element based approach. 
The 4 kHz band is the highest frequency band analyzed for the element based approach, due to the 
computational limitations resulting from the mesh density. The coincidence dip is significantly 
overestimated by both SEA tools. This effect can be explained with the assumption of an infinitely 
extended structural component, on which the calculation of the radiation efficiency is based. This 
deviation is also observed in the comparison with the measured transmission loss. 
For the frequency range below the coincidence drop, the measurement results from both structural 
components show a slight and nearly constant deviation of the transmission loss compared to the 
OpenSourceSEA results. This deviation amounts to an average of approximately 1.5 dB and can be 
explained by effects occurring in the measurement setup. The main influence results from the boundary 
conditions of the measurement setup, where a rubber sealing has been applied in order to prevent sound 
from bypassing the test object (see Figure 8). This has an additional influence on the damping. Also, the 
structural damping assumed for the components plays a significant role for the energy transfer above the 
coincidence frequency, where the resonant energy transfer path becomes dominant. For all computations 
performed, the damping parameter has been assumed to be one percent, which seems to be too low for the 
structure built into the test stand.  
 

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2157



7 Conclusion 
The tool OpenSourceSEA has been established by the authors for the application and development of SEA 
based models as well as for the treatment of analytical approaches. For interested researchers and users it 
is available free of charge via the internet. Questions and remarks are welcome. 
During the course of this paper, the outlines of the software tool, its class structure using a JAVA package 
library, and representative examples have been presented. In particular, the results of two transmission 
loss calculations, namely for an aluminum and for a CFRP panel, have been compared not only to other 
computational tools but also to measurements. One of the other computational tools employed is also 
based on the SEA, while the second tool is a coupled FE/BE approach. In all cases, it has been shown that 
OpenSourceSEA yields results in excellent agreement with the equivalent models from other 
computational methods. Moreover, the comparison with the measurements has been very successful. 
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Abstract 
The SEA properties of a periodic structure are computed from the FE analysis of a single periodic cell. 
The periodic theory is used in conjunction with FE so that any geometry can be considered. Some efficient 
algorithms have been implemented to get the subsystems intrinsic properties (modal density, damping, and 
equivalent mass), as well as the coupling properties of the subsystem with acoustic subsystems (radiation 
and transmission). Comparisons with analytical results validate the method. 
 
 

1 Introduction 
 

Due to the high stiffness to mass ratio, periodically ribbed structures are commonly encountered in 
industrial designs and examples can be found in many industries in the naval (ship hull), aerospace (ribbed 
fuselage, honeycomb panels), and transportation (corrugated wall, extruded floor) areas. Numerical 
models of the dynamic behavior of such structures can be obtained with conventional finite element (FE) 
descriptions. It is however well known that the standard FE methods can not be used at high frequencies 
because of i) the prohibiting number of degrees of freedom required to capture the small wavelength of the 
deformation, and ii) the increasing sensitivity of the dynamic response to small perturbations which makes 
any deterministic approach inappropriate. The needs for statistical information and for model size 
reduction are addressed by the statistical energy analysis (SEA) approach [1] which considers some more 
global and averaged quantities as unknown: in an SEA prediction, a complex vibroacoustic system is 
partitioned in few subsystems (typically tens), and the unknown are the subsystems energy level, averaged 
over frequency band, space and ensemble of similar systems. 

It can sometimes prove difficult to obtain the SEA parameters of two-dimensional complex periodic 
subsystems. Some formulations exist for simple and cross-wise stiffened structures, where three types of 
SEA representations can be adopted [2], depending on the free wavelength as compared to the rib spacing. 
These formulas however hardly apply to more complex geometries. 

The goal of the current study is the use the periodic theory applied to two-dimensional structural 
dynamics to derive the input parameters of an SEA model of complex two-dimensional periodic structure. 
The periodic theory of structural vibrations initially developed by Mead [3], was studied by many authors 
including [4,5], and a comprehensive review is given in ref. [6]. There appears to be a large literature on 
the application of the periodic theory to structural dynamics, but its link with SEA has not been widely 
studied although some significant contributions can be found in refs. [2,7-11]. In these references, the 
periodicity is essentially one-dimensional and only the structural vibration is of interest. The focus in this 
study is on general two-dimensional systems, with interest in both the structural wave propagation and the 
coupling with the surrounding acoustic media (acoustic radiation and transmission properties). 

Since a generic approach is sought, finite elements are combined with the periodic theory to allow any 
geometry to be considered. The periodic theory is quickly reviewed in Section 2. The derivation of the 
SEA parameters intrinsic to a system, i.e. modal density, damping, and equivalent mass, is then described 
in Section 3. In Section 4, the computation of the radiation and transmission quantities involved in the 
coupling with acoustics is reported. Some validation examples are presented in Section 5. 
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2 Periodic theory of structural vibration 
 

The approach to the periodic theory developed in [4] for two-dimensional structures is adopted in 
what follows, and summarized here. Consider a periodic structure made of identical elements connected in 
a regular pattern. A periodic element (or cell) is extracted, and the cell’s degrees of freedom are 
partitioned into interior (I), edge (L, R, B, T) and corner (LB, RB, LT, TR) freedoms. The internal degrees 
of freedom are not connected to other periodic cells. The free harmonic vibration is analyzed by 
specifying a phase lag between the displacement degrees of freedom at the left, right, bottom and top 
edges: 

 ie x
R L

ε−=q q ,    . (1) ie y
T

ε−=q Bq

Similarly, the corner degrees of freedoms may be expressed in terms of left-bottom corner freedoms as 

 ie x
RB LB

ε−=q q ie y
LT LB

ε−=,    q q ,    ie x yi
RT

ε ε− −=q LBq . (2) 

The periodicity relations are here written in terms of the phase constants εx and εy, ranging between -π and 
 π. For a homogeneous structure, the free waves in the (x-y) plan of the structure take the form e-i(kxx+kyy), 
and the periodicity relations can be rewritten in terms of the wavenumber components kx and ky. The 
propagation lengths along a unit cell in the x and y directions are the cell’s side lengths lx and ly, so that the 
wavenumbers and phase constants are related via the congruence relations: εx ≡ kx lx (mod 2π) and εy ≡ ky ly 
(mod 2π). 

In the current study, the cell is described with finite elements so that the degrees of freedom refer to 
the nodal displacement and rotations. In order to apply Eqs. (1,2), it is then necessary that the nodes 
locations on opposite edges and corners are identical. In addition, care must be taken when defining the 
edge and corner degrees of freedom in the case of curved structures, as Eqs. (1,2) apply to the local 
degrees of freedoms. If all degrees of freedom are initially expressed in the global coordinate system, the 
proper rotation matrix can be used to convert from global into local rotated coordinates. The complete 
vector of local degrees of freedom of the cell is ordered as q=T[qI  qB  qT  qL  qR  qLB  qRB  qLT  qRT]. The 
equation of the undamped harmonic response of the cell at frequency ω can be written in terms of the 
corresponding real mass and stiffness matrices M, K, and the generalized force vector F: 

 { }2ω− + =M K q F . (3) 

The propagation relations in Eqs. (1,2) allow to reduce the description to the vector q’=T[qI  qB  qL  qLB], via 
the relationship: 
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The homogeneous version of Eq. (3) can be rewritten 

 { }H 2( , ) ( , ) 'x y x yε ε ω ε ε− + =R M K R q 0 , (5) 

where RH denote the complex conjugate transpose of R. Given a set of real values of phase constants 
(εx, εy), solving the eigenvalue problem of Eq. (5) yields the real solutions for ω  complying with the 
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propagation conditions. Many solutions arise for ω  since i) several waves can propagate under a given 
periodic condition, ii) the periodicity condition is defined modulo 2π. In what follows, the use of 
condensation algorithms is proposed to make the eigensolution faster. A number of approaches are then 
described for using the periodic eigensolutions to characterize some SEA parameters. 
 
 

3 Subsystem intrinsic properties 
 

In what follows, the multiple eigensolutions associated with each pair of phase constant are used to 
derive the averaged modal density, damping and velocity response of the periodic structure. In order to 
find all the periodic eigensolutions, the range to be covered by εx and εy is generally -π<εx<π and 0<εy<π 
as the eigensolution for the pair (-εx,-εy) equals the one for (εx,εy) thanks to the reversal property of the 
propagation direction. In the case of orthotropic structures, additional symmetry allows to further reduce 
the range to 0<εx<π. For each pair of phase constants, many eigensolutions can be extracted. In the current 
analysis, only the solutions with eigenvalue below a given circular frequency (typically the maximum 
frequency of interest time a multiplicative factor) are extracted, similarly with what would be done for a 
standard modal analysis.  

In what follows, the common assumption in SEA is made that the vibration field is diffuse: waves 
propagating in a frequency band are uncorrelated, and equally contribute to the total energy. This is in 
accordance with the need of ensemble-averaged quantities to characterize SEA subsystems.   

 

3.1 Modal density 
 
The modal density can be computed as the derivative with respect to frequency of the mode count 

(number of mode below a given frequency ω). According to ref. [5], the mode count of a periodic 
structure with Nx×Ny cells is obtained by computing the total area of phase constant surfaces lying below 
the frequency ω: 

 ( ) Nn ω
ω

∂=
∂

,      with      2
( , )

( )
n x y

x y
x y

n

N N
N

ω ε ε ω

ω
π <

⎛ ⎞
⎜=
⎜
⎝ ⎠

∑ ∫∫ d dε ε ⎟
⎟

. (6) 

In the integral, the values of εx and εy range from 0 to π. 
 

3.2 Damping loss factor 
 
The damping associated with the motion of the structure in a given frequency band is another key 

parameter in SEA. If the structure has a spatially uniform damping, then the damping loss factor to be 
used in the SEA equations is constant equal to the structural damping. Alternatively, if the structure 
exhibits an inhomogeneous damping distribution like typically encountered in laminates or ribbed panels, 
the damping loss factor becomes dependent of frequency as the structure undergoes different deformation 
field in each frequency band.  

For each wave propagating in a given frequency band, the damping can estimated by [12] 

 ( ) diss

( )
n P

T U
η

ω
=

+
, (7) 

where U and T are the strain and kinetic energies associated with the wave motion, and Pdiss is the power 
dissipated. n refers to the wave. In the finite element formulation, damping is usually introduced through 
the structural damping mechanism, so that the power dissipated is proportional to the strain energy. If the 
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damping distribution is not uniform across the cell, the power dissipated has to be split into each 
contribution, 

 diss 2 s s
s

P ωη= U∑ , (8) 

where Us is the strain energy associated with the wave motion of a component with damping loss factor ηs. 
The energies that appear in Eqs. (7,8) can be expressed in terms of the corresponding finite element mass 
and stiffness matrices and the wave shape given by the eigenvector ϕn to yield 

 
( )

{ }( )

H H

( )
H H 2

2 s n s n
n s

n n

η
η

ω
=

+

∑ φ R K R φ

φ R M K R φ
, (9) 

where Ks is the contribution of the sth component to the total stiffness matrix of the cell. Noting that ϕn is 
an eigenvector of Eq. (5) with eigenvalue ωn, the denominator can be written at the frequency ωn as two 
times the stiffness matrix term, with result that the wave damping loss factor is written 

 
( )

( )

H H

( )
H H

( )
s n s

n s
n

n n

η
η ω =

n∑ φ R K R φ

φ R KR φ
. (10) 

If mass-normalized eigenvectors are produced by the eigensolver, then the denominator reduces to ωn
2. 

Assuming that the waves propagating in a frequency band are uncorrelated, the total power dissipated 
and the total energy are the sum of each wave contributions. Further assuming that the waves equally 
contribute to the total energy, the magnitude of each wave can be determined. When mass-normalized 
eigenvectors are extracted, the waves magnitudes must be identical so that the numerator and denominator 
of Eq. (10) are summed to give the resonant damping loss factor of the periodic structure in a frequency 
band centered at ωc: 
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( )( )

H H

H H
( )

s n s
n s

c
n n

n

η
η ω

⎛ ⎞
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⎝=

∑ ∑

∑

φ R K R φ

φ R KR φ

n
⎠ . (11) 

The summations over n runs over the waves with propagating frequency in the frequency band of interest. 
 

3.3 Velocity distribution per unit energy 
 
The primary outputs from an SEA calculation are the powers exchanged between subsystems and the 

subsystems vibrational energy. However, from the energy, the modulus square velocity (or pressure for 
acoustic subsystems) can sometimes be post-processed, and might be of more interest to design engineers. 
Typically, for simple structural subsystems with spatially homogenous mass density, the kinetic energy is 
given by E = M<|v|2>/2, where M is the mass of the subsystem and <|v|2> is the spatial averaged of the 
modulus squared velocity. For resonant vibration, the total energy is twice the kinetic energy, so that the 
modulus squared velocity can be derived from the energy yielded by an SEA calculation. 

It is expected that the actual value of velocity squared, even when averaged over a frequency band, 
will depart from the spatial average in the vicinity of discontinuities such as edges, driving points, or 
coupling points. For a periodic structure like a ribbed plate, one expects the velocity distribution to be very 
inhomogeneous as the velocity response on a rib may be very different from the one on the skin. It is also 
expected that the distribution is frequency dependent because the structure undergoes different 
deformation in each frequency band. 

For the displacement field ϕn associated with a wave in a frequency band, the total time-averaged 
energy of a cell is given by 
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 { }(H H 21( )
4n nE ω ω= +φ R M K R φ) n , (12) 

which can be reduced to two times the mass term at the wave propagating frequency. The RMS velocity 
squared at a point x of the cell is ω2(|ϕn,x(x)|2+|ϕn,y(x)|2+|ϕn,z(x)|2)/2, where the translation in the three 
directions contribute. The velocity distribution per unit energy of the nth wave at the wave propagating 
frequency is then given by 

 ( )
22 2

, , ,2
, H H

( ) ( ) ( )
( , ) n x n y n z

RMS n n
n n

v ω
+ +

=
φ x φ x φ x

x
φ R MR φ

. (13) 

If mass-normalized eigenvectors are produced by the eigensolver, then the denominator reduces to 1. 
By virtue of the diffuse field assumption (energy equipartition and uncorrelation of waves), the total 

energy and modulus square velocity in a frequency band are the sums of the contribution of each wave 
propagating in the band. The RMS velocity squared per unit energy in a band centered at ωc is then 
obtained as 
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( )( )
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, , ,

2
H H

( ) ( ) ( )
( , )

n x n y n z
n

RMS c
n n

n

v ω
+ +

=
∑

∑

φ x φ x φ x
x

φ R MR φ
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where the sums run over the waves propagating in the frequency band of interest. 
 
 

4 Coupling with acoustics 
 
In this section, the acoustic radiation and transmission properties of a periodic structure are computed 

from the phase constant surfaces, solutions of Eq. (5). In all cases, the calculation makes use of the spatial 
Fourier transform of some vibration fields, and this is introduced in the first subsection below. 

 

4.1 Wavenumber transform and periodicity 
 

Consider the finite periodic structure made of Nx×Ny cells of dimensions lx×ly. The global coordinates 
over the whole structure are noted X, Y. For a point located in a cell at nx and ny cells of a reference cell, 
the global coordinates are expressed in terms of the local coordinates of the reference cell as X=x+nxlx, 
Y=y+nyly. For any displacement field with periodicity properties related to the phase constants (εx,εy), the 
displacement field in the cell at (nx,ny) is written in terms of the reference displacement field, u as [10] 

 ( , ) ( , )exp( )x x y yu X Y u x y in inε ε= − − . (15) 

If the displacement is assumed to be zero outside of the finite periodic structure (rigid baffle), the spatial 
Fourier transform of the field is written [13]: 

 

2

( , ) ( , )exp[ ( )]

1( , ) ( , )exp[ ( )]
4

N

x y x y
A

x y x y x

U k k u X Y i k X k Y dXdY

u X Y U k k i k X k Y dk dk
π

∞ ∞

−∞ −∞

= − +

= +

∫∫

∫ ∫ y

, (16a,b) 

where AN denotes the whole finite structure area. Substituting Eq. (15) into Eq. (16), the integral over the 
whole structure area can be split into NxNy integrals over the cells area A, and the integration variables 
changed from global to local. The modulus square of the Fourier transform is then obtained in terms of the 
Fourier transform of the field of the reference cell by 
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( , , )

1 cos( )
N kl

N kl
kl

ε
κ ε

ε
− +

=
− +

. (17) 

The function κ describes the effect of the finite size and of the periodicity on the wavenumber content of 
the unit cell’s vibration field. Its peaks at kl=-ε+2πn with n an integer, become more pronounced as N 
increases (the magnitude of the peaks is N2). Eventually, if the structure is made infinite, the function κ  
becomes an infinite series of delta functions (Comb function [13]) 
 

4.2 Acoustic radiation 
 
This section describes the computation of the averaged radiation efficiency used in SEA to describe 

the coupling of structures with surrounding fluids. Consider a finite periodic structure surrounded by a 
semi-infinite fluid along the surface area AN. The structure is assumed to be baffled by an infinite rigid 
plan, and the averaged radiation efficiency is derived from the radiation properties of each propagative 
wave. This is again using the diffuse field assumption (common in SEA) that the waves propagating in a 
system are uncorrelated and carry the same energy. 

The motion of a unit periodic cell due to a wave is described by the eigenvector ϕn solution of Eq. (5). 
This vector includes all the degrees of freedom, and since only the out-of-plane motion of the structure is 
coupled to the fluid, the vector is reduced to the out-of-plane degrees of freedom vector ϕn. Let nϕ  denote 
the corresponding out-of-plane displacement field of the complete periodic structure made of Nx×Ny cells. 
The radiation properties can be obtained from the self-radiation dynamic stiffness of the wave deformation 
of the complete surface looking into the fluid, 

  *
, ( , ) ( , )

N

rad n n n
A

D X Y p X Y dXdYϕ= ∫∫ , (18) 

where ( , )np x y  is the pressure field on the structure surface, due to the nth wave of unit amplitude. Thanks 
to the rigid baffle condition, the finite area integral can be extended to infinity, allowing the use of Fourier 
transform. The fluid wave dynamic stiffness relates the displacement wavenumber transform to the 
pressure wavenumber transforms by 

 . (19) ( , ) ( , ) ( , )n x y x y n x yP k k D k k k kφ=

If the radiating area is bare (no noise control treatment), then , where 
k=ω/c is the acoustic wavenumber, and ρ and c are the fluid density and sound velocity. The effect of a 
noise control treatment could be included in two ways in this analysis: i) the trim can be described by 
finite elements and thus be part of the wave eigensolution, the radiating surface being the outer surface of 
the trim, or ii) the trim can be included in the wave dynamic stiffness of Eq. (19) by using available 
wavenumber descriptions of the multilayered trims [14]. Such model yields a relation between the 
amplitude of displacement and stress along the structure and along the outer surface of the trim, for any 
given trace wavenumber. Note that the first solution requires the trim’s dynamics to be described in terms 
of a mass and a stiffness matrices (i.e., quadratic and constant functions of frequency). 

2 2 2 2 1/ 2( , , ) ( )x y x yD k k i k k kω ρω −= − −

Applying the inverse transform similar to Eq. (16b) to the pressure wavenumber transform of Eq. (19) 
yields the pressure spatial distribution along the structure. Substituting the resulting pressure field into Eq. 
(18), and inverting the summation order yields the radiation dynamic stiffness of the wave 

 2
, 2

1 | ( , ) | ( , )
4rad n n x y x y x yD k k D k k dk dkφ
π

∞ ∞

−∞ −∞

= ∫ ∫ , (20) 

where only the wave radiation stiffness and the wavenumber transform of the wave field over the whole 
structure are involved. 

The use of the Fourier transform makes the current computation strictly valid for flat radiating 
surfaces only. For curved structures, Eq. (19) is not rigorously valid, and the assumption is made that the 
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acoustic impedance of the plane surface is a good approximation if the curvature is not too small 
compared to the acoustic wavelength [15]. The structure is then unwrapped to its flat equivalent by 
conserving the area, and the radial motion is used in place of the out-of-plane one. For a ribbed structure, 
only the motion of the skin will be considered to compute the radiation stiffness. The radiation from the 
ribs can be expected to be small as i) they usually undergo less motion than the skin, ii) their area might be 
small compared to the skin, and iii) both sides of them radiate in the same medium, making them radiate 
inefficiently like a dipole. A plate with a hole will actually be modeled as a plate with a rigid baffle in 
place of the hole. 

The radiation efficiency of the wave is defined in terms of the time-averaged acoustic power radiated 
by the structure with the wave deformation field and the averaged mean square velocity of the structure 
undergoing the wave motion: . The power radiated can be derived from Eq. 

(20) by 

2
, , /( | | )rad n rad n ncA vσ ρ= Π < >

1
, 2 Re{ }rad n rad ni DωΠ = , , and the mean square velocity is 2 2 21

2
1| | | ( , ) |

N
n nA

N

v X
A

ω ϕ< >= ∫∫ Y dXdY . 

Using Eq. (17) in conjunction with Eq. (20), the radiation efficiency of a wave propagating along a finite 
Nx×Ny periodic structure can be obtained from the Fourier transform of the wave displacement field on the 
reference cell. 

By virtue of the diffuse field assumption (energy equipartition and uncorrelation of waves), the 
radiation efficiency used in SEA can be obtained by averaging the radiated power and mean square 
velocity over the waves. The resulting wave-averaged radiation efficiency actually corresponds to the 
radiation of an infinite windowed structure. In the special case of an orthotropic structure, the four waves 
with phase constant pairs (±εx, ±εy) propagate at the same frequency. By using the values εx = pπ/Nx and εy 
= qπ/Ny, with p and q integers ranging from 0 to Nx-1 and Ny-1, the combination of the displacement fields 
associated with the four waves yields a stationary “simply-supported” mode shape. Using these four terms 
in Eq. (20) yields the averaged radiation efficiency of the “simply-supported” mode shapes of the baffled 
periodic structure. In both cases, the calculation accounts for the finite size of the structure and assumes a 
rigid baffle outside of the structure. For a thin rectangular flat plate below the coincidence frequency, it is 
expected to see variations of +3 dB in the radiation efficiency from simply-supported to clamped 
boundary conditions [16] and a quick analysis using equations (62) of Chapter VI of Ref. [17] shows that 
below coincidence, the anechoic boundary condition radiates twice as less efficiently than the simply-
supported one. Effects of baffled versus unbaffled acoustic boundary conditions have been reported in 
[18] where the baffle is shown to enhance radiation.  
 

4.3 Acoustic transmission 
 

In this section, the acoustic transmission loss of a periodic structure is derived. A diffuse acoustic field 
is applied on one side of the structure, and the power radiated on the other side is computed. Two models 
of diffuse acoustic field have been useds: i) it can be described as a set of uncorrelated acoustic plane 
waves with the equal intensity, and incident on the structure at all angles; ii) a recent diffuse-field 
reciprocity result [19] can be used to get the blocked force from the radiation impedance (as computed by 
Eq. (20)). Only the first approach is demonstrated in this paper. 

Consider a structure with two faces (not necessarily coincident) with one face loaded by a diffuse 
acoustic field. For a given incidence defined by the angles θ and φ in spherical coordinates, the incident 
pressure on the face of the structure is p(x,y)=p0 exp(-jkpxx-jkpyy) where kp=k sinθ is the acoustic 
wavenumber trace on the structure and kpx=kpsinφ and kpy=kpcosφ. Since both the loading pressure and the 
structure are periodic, the dynamic response is spatially periodic and can be computed using Eq. (5) with a 
forcing term: 

 { }H 2 H( , ) ( , ) ' ( , )px py px py px pyk k k k k kω− + =R M K R q R (1)F , (21) 

where q’=T[qI  qB  qL  qLB] is the reduced vector of degree of freedom of a unit periodic cell, and F is the 
generalized force on the non-reduced degrees of freedom of the loaded face of the cell. The structural 
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damping can be introduced with a complex stiffness matrix. The blocked force is two times the pressure 
due to the incident wave, and it only applies on the out-of-plane degrees of freedoms. The entries of the 
vector F are thus the projection of the pressure 2 p(x,y) onto the FE shape functions associated with the 
out-of-plane degree of freedom at each node. Given the frequency ω and the real wavenumbers kpx and kpy, 
solving Eq. (21) yields the response of the complete set of degrees of freedom of a unit cell to the applied 
pressure field. 

From the response of the periodic cell, the power radiated can be estimated by substituting in Eq. (20) 
the wavenumber transform of the out-of-plane displacement field of the cell’s response. In this process, 
the wavenumber transform of the structure response is obtained from the response of a unit cell via Eq. 
(17), which accounts for the finite-size effect of the Nx×Ny structure. The power transmission coefficient 
for a given incidence is then obtained as ( , ) ( , ) / ( )P rad incτ θ φ θ φ θ= Π Π , where the power incident on the 
structure is given by 2

0( ) | | cos / 2inc NA p cθ θ ρΠ = . The diffuse-field transmission coefficient is obtained 
by averaging the incident and transmitted powers over all incidences, leading to [20]: 

 0 0
2

0

0

( , )sin

| | cos sin
2

lim

lim

rad

N

d d

pA d
c

θπ

θ

θ φ θ θ φ
τ

π θ θ
ρ

Π
=
∫ ∫

∫ θ
. (22) 

The integral over φ can be reduced to the interval [0, π/2] if the structure is orthotropic. For the diffuse-
field transmission coefficient, the incidence θ ranges from 0 to θlim = π/2, whereas for the field-incidence 
transmission coefficient often used in practice, the angular range is confined below θlim = 78o. 
 
 

5 Validation examples 
 

5.1 Honeycomb panel 
 

Consider an aluminum composite panel made of two isotropic skins and a regular hexagonal 
honeycomb core. The aluminum properties are ρ = 2700 kg/m3, E = 71 109 Pa, ν = 0.3296. The skins are 
0.6 mm thick. The core is 15 mm thick, made of hexagonal cells with a foil thickness of 0.0508 mm and a 
side length of 5.5 mm (this corresponds to a standard honeycomb with equivalent density of 28.8 kg/m3). 
In the periodic computations, the unit cell was made of a single hexagonal structure and was meshed with 
424 triangular shell elements and 232 nodes, as shown in Figure 1. Periodic boundary conditions were 
enforced along horizontal edges of both skins and along the vertical edges of the honeycomb core. 

The periodic equations were used to find the first few propagating waves in the composite. The 
eigensolutions of Eq. (5) were found and sorted for one direction as the skins and core exhibit an isotropic 
behavior. Reference results were obtained for the flexural waves by considering the equivalent elastic 
material for the honeycomb core [22] and applying Nilsson’s formula [21]. For the in-plane waves, no 
significant contribution of the core is expected, so that the reference results were computed according to 
the skins properties: ke=(ρ(1-ν2)/E)1/2ω and ks=(2ρ(1+ν)/E)1/2ω.  

The free wavenumbers are plotted as functions of frequency in Figure 1. The reference results are the 
solid line, the periodic theory ones the dots. A good agreement can be observed. As explained in detail in 
ref. [21], the two parallel lines are the extensional and shear waves. The larger wavenumber corresponds 
to a symmetric bending wave with in-phase flexural motion of the skins. This wave exhibits a transition 
from the bending of the complete thickness of the composite at low frequencies where the skins undergo 
expansion and compression, to the bending of each skin at high frequencies. Two waves cut on at about 17 
kHz. On of them is described by Nilsson’s formulation and corresponds to the asymmetric “breathing” 
bending wave with out-of-phase flexural motion of the skins. The second one is a higher order in-plane 
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wave with a mix of shear and extensional deformations where the skins of the panel have out-of-phase in-
plane motions. It is possible to visualize the deformation associated with the computed wave by looking at 
the corresponding eigensolution shape. 

101 102 103 104
10-1

10
0

10
1

10
2

W
av

en
um

be
r m

od
ul

us
 k

  (
m

-1
)

Frequency  (Hz)   
Figure 1:  Dispersion curves of the first five waves of a honeycomb sandwich panel. Dots: periodic theory; 

Solid lines: predictions according to [21]. 

 
The damping loss factor associated with the first wavetype was computed according to Eq. (10) for a 

set of damping distribution. The internal damping loss factor of the core is kept constant at ηc = 2%; the 
damping of the skins takes the values ηs = 5%, 3% and 1%. The predicted loss factors of the first wave are 
shown in Figure 2 as functions of frequency between 50 Hz and 20 kHz. Results according the Nilsson 
[21] are plotted as a reference. 
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Figure 2:  Predicted loss factor of the first wave propagating in a honeycomb sandwich panel. The damping of 

the core is constant, ηc = 2%. The damping of the skins is: •, ηs = 5%; ×, ηs = 3%;*, ηs = 1%. The results 
according to [21] are plotted with solid lines. 
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It can be seen that the damping loss factor is not constant; as explained in Ref. [23], it actually 
depends on which part of the composite undergoes the most deformation (and then contributes the most to 
the damping mechanism). At low frequencies, the wave motion is essentially governed by the extensional 
motion of the skins, and the resulting loss factor is closed to the skins loss factor. At mid frequency near 
10 kHz, the shear of the core governs the wave motion, and the damping loss factor gets close to the one 
of the core. At high frequencies, the predominant bending of the skins makes the wave damping go back 
to the skins damping value. The slight discrepancies observed at high frequencies are traced to the rigidity 
of the FE model of the cell (a finer mesh would be required as the wavelength of deformation becomes 
shorter). 

The transmission loss (TL = 10 log10(1/τ)) of the honeycomb composite was calculated for three 
incidence angles using Eqs. (21,22). The material damping was chosen to be 2% for both the skins and 
core, and the dimension of the panel 9.5 m × 16.5 m (which corresponds to 1000 × 1000 cells). As a 
comparison, the formulation by Moore and Lyon [24] was implemented, using the honeycomb core 
equivalent elastic properties. The transmission loss for the three incidence angles was computed for the 
third-octave-bands between 128 Hz and 8192 Hz. The predictions are plotted in Figure 3, where the 
periodic results are the black dotted curves and the reference results are the solid gray curves. Good 
agreement is obtained. 

The periodic theory was used to investigate the effect of the finite size of the panel on the transmission 
loss. For the incidence at π/6, the predictions obtained for two panels of smaller size are referenced (a) and 
(b) in Figure 3. It can be seen that the larger panel (about 8 acoustic wavelengths within the panel at 200 
Hz) shows good agreement with the infinite panel reference results in gray. As the size of the panel 
decreases, the low frequency transmission loss tends to become larger than the infinite panel one (with 
respectively 0.4 and 0.2 acoustic wavelengths within the panels (a) and (b) at 200 Hz). This behavior is in 
agreement with the explanations and predictions by Villot et al. [25]. 
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Figure 3:  Transmission loss of a 9.5 m × 16.5 m honeycomb sandwich panel for three wave incidences. Black: 
periodic theory. For the π/3 incidence, smaller panels have been considered (a) 0.48 m × 0.82 m, (b) 0.24 m × 

0.41 m; Gray: predictions according to [24] for a panel of infinite extend. 

 

5.2 Curved versus flat panel 
 
The effect of curvature on the modal density and sound radiation of a structure is now investigated for 

a 4 mm thick bare aluminum panel. The damping is 5%. All simulations are performed over the third 
octave bands between 64 to 4096 Hz. The meshes for the unit 0.4 m × 0.4 m flat and curved cells comprise 
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about 650 triangular shell elements, and 365 nodes. The curved panel is curved around the y-axis with a 
curvature radius of R = 2 m, and the resulting ring frequency is 432 Hz (ωring = (E/ρ)1/2/R). 

The modal densities of the flat and curved panels made of 20×20 cells are shown in Figure 4 as 
functions of frequency. The reference results from Ref. [8] are plotted in gray, while the current prediction 
according to Eq. (6) is in black. Good agreement is observed at low frequencies. At the ring frequency, 
some discrepancies appear as the analytical modal density tends to infinity. The underestimation of the 
modal density by the present approach at higher frequencies is traced to the rigidity of the finite element 
(the mesh employed here starts being too coarse for these frequencies). 

Regarding the acoustic properties of the panels, the coincidence frequency of the flat panel is 3000 
Hz, and the ring frequency of the curved panel is 432 Hz. It is thus expected to observe three regimes of 
acoustic radiation of the panels. i) Below the ring frequency, the stiffening effect of curvature should make 
the curved panel a more efficient radiator than the flat one; ii) Between the ring frequency and the critical 
frequency, the radiation of the curved and flat panels should be similar: the radiation efficiency is less than 
one and increases with frequency; iii) Above the critical frequency, the radiation efficiency is expected to 
be close to one. 
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Figure 4:  Modal density of the flat and curved panels as a function of frequency.Black line: prediction of the 

present formulation; Gray line: results from [8]. 

 
The radiation efficiencies of the flat and curved panels are shown in Figure 5 as functions of 

frequency. Two predictions are provided for the flat panel: the line with circles is the computed radiation 
efficiency averaged over the propagating waves in the panel (anechoic boundary conditions), while the 
line with cross signs is the radiation efficiency averaged over the modes of the simply-supported panel. 
The reference result from [26] for a simply-supported flat panel is plotted in gray. It can be seen that the 
periodic predictions with the wave-based average underestimate the radiation by about 3 dB below the 
coincidence frequency, while the periodic prediction with the mode-based average shows better agreement 
with the reference result. Both predictions yield the same values close to the coincidence frequency, as the 
effect of the boundary conditions on the radiation properties becomes unimportant. The reason, as 
explained above, is due to the boundary condition assumed in both calculations. The underestimation of 
the coincidence frequency by the current approach is traced to the same FE rigidity effect observed on the 
modal density. 

It is interesting to notice the trend of the predicted radiation efficiency of the curved structure. Below 
the ring frequency at 432 Hz, the stiffening effect of the curvature makes the curved panel a more efficient 
radiator than the flat one (about 15 dB difference can be observed). Above the ring frequency, the 
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propagation properties of the curved panel tend toward the one of the flat panel as curvature effect 
vanishes. It results in similar radiation efficiencies. 
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Figure 5:  Radiation efficiency of an 8m × 8m panel as a function of frequency. Black: predictions of the 
present formulation; •, anechoic flat panel; ×, simply supported flat panel; *, simply curved panel. Gray: 

result for a flat panel from [26] 

 
The wave-averaged radiation efficiency of the flat panel has been computed for three sizes of panel 

and is plotted in Figure 6 as a function of frequency. As a reference, the analytical formula from [26] has 
been plotted in gray, with a 3 dB decrease below the coincidence frequency to account for the difference 
with the simply-supported boundary condition in the periodic calculation.  
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Figure 6:  Radiation efficiency of a flat panel as a function of frequency. Black: prediction of the present 

formulation for panel of size: (a) 40m × 40m; (b) 8m × 8m; (c) 1.6m × 1.6m; Gray: result for flat panels from 
[26] modified for anechoic boundary conditions. 
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It can be seen that the periodic theory is able to accurately describe the variations of the radiation 
efficiency as function of the panel size. This finite-size effect is accounted for by the terms Nx and Ny in 
Eq. (17), relating the Fourier transform of the displacement field of a cell to the Fourier transform of the 
displacement field on the finite structure made of Nx×Ny cells. 
 

5.3 Double-wall partition 
 

Consider a double-wall partition typical of building construction: two faces separated by an air gap are 
connected at regular intervals by mechanical stubs. The transmission properties of this type of structure 
has been investigated in ref. [28] and this is used here as a validation case. The two 12.5 mm thick walls 
are made of isotropic gypsum board (ρ = 1200 kg/m3, E = 7.0 109 Pa, ν = 0.3). The stubs are located every 
0.6 m, and are made of a C-section beams of isotropic steel (ρ = 7800 kg/m3, E = 2.1 1011 Pa, ν = 0.3) with 
wall thickness 0.5 mm and height 50 mm. Both materials have no internal damping. The fluid between the 
two skins was ignored; this is not a limitation of the theory, and the description of the air gap could be 
included in the model with acoustic finite elements and the proper coupling with the shell structural 
elements. Similarly, acoustic treatments like trim could be included in the model using the adequate 
formulation for the elements and coupling. The finite element mesh of a periodic cell of the partition is 
shown in Figure 7. It is composed of 2100 triangular shell elements and 1147 nodes. 

The transmission loss for wave incident at 45 degrees was computed with Eqs. (21), for frequencies 
ranging from 0 to 800 Hz. The result is compared with the reference result from [28] in Figure 7. Good 
agreement can be seen, especially at the lowest frequencies where the predicted dynamic behavior is fairly 
robust to uncertainties in the details of the models. The small discrepancies at higher frequencies may be 
due to initial discrepancies in the models: in the semi-analytical formulation of Ref. [28], the stubs are 
described as equivalent translational and rotational stiffnesses with no rotation inertia (only translation 
inertia), while both rotation and translation inertia of the stubs are taken into account in the periodic finite 
element model of the cell. The analysis of the peaks and drop of transmission loss is given in Ref. [28]. 
Peaks of transmission loss are due to motion of the excited face that has nodes at the stubs location so that 
no force is transmitted to the radiating panel. Drops of the transmission loss are due to coincidence of the 
acoustic trace wavenumber with some symmetric motion wavenumbers of the partition, resulting in a high 
excitation level of the partition. 
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Figure 7:  Transmission loss of a double-wall partition for a wave incident at 45 o. Black line: prediction from 
the FE-based periodic theory; Gray line: predictions according to [28] from periodic theory based on an 

analytical description of the cell. 
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6 Conclusions 
 
By combining finite element and periodic theory, an approach has been developed to compute some 

input parameters to the SEA description of two-dimensional periodic structures. The use of finite elements 
together with periodic theory is not new, and the original contribution of this paper is in the specific 
application to SEA characterization. Starting from the finite element description of a single periodic cell, 
some phase constant surfaces are computed by specifying some periodic boundary conditions and solving 
an eigensolution problem. The eigensolutions are then used to derive some intrinsic properties of the 
structure as well as properties describing its coupling with acoustics. 

The subsystem intrinsic properties that were derived are the modal density, the damping loss factor 
(from the distribution of damping within the periodic cell), and the distribution of modulus square velocity 
per unit energy. Regarding the coupling with acoustics, the acoustic radiation and transmission have been 
derived using the wavenumber descriptions of the vibration fields. The finite-size effect is accounted for. 
The addition of noise control treatment can theoretically be added if the finite element description of the 
single periodic cell provided the trim can be described in terms of a mass and a stiffness matrix (quadratic 
and constant functions of frequency). Alternatively, the acoustic wave impedance used in the wavenumber 
formulation can be augmented to describe the trim. 

Among the remaining SEA parameters to be derived are the point and line coupling loss factors 
characterizing the coupling with neighboring structural subsystems. Another interesting feature would be 
to include the effect of pressurization on the quantities obtained in the paper. 
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Abstract 
Finite Element Models have been used for many years to predict the structural dynamic behaviour of aero-
engines and to influence their design accordingly. The potential savings anticipated by such methods can 
only be realised if predictions are reliable, incorrect predictions might mislead the designers with serious 
consequences. Currently, a reliable validation of an aero-engine assembly model is only feasible when the 
first engine prototype is ready for Modal Testing. This paper presents a methodology, based on sensitivity 
analysis, to reduce the validation of complex assembly models to the simpler task of validating a reduced 
number of its components. It also gives guidance for the selection of optimal laboratory configurations 
that provide the appropriate modal properties for the validation of such individual components. Significant 
improvements in the timescales and cost for the validation of assembly predictions can be easily foreseen. 
The proposed methodology is demonstrated on an aero-engine assembly. 
 
 

1 Introduction 
 
An appropriate structural dynamic response is key to any successful aero-engine design. The dynamic 
behaviour of an aero-engine is closely linked to critical areas such as safety, comfort, noise and integrity. 
Ever increasing requirements in these areas must be met while dealing with shrinking engine development 
lead times and rigid cost controls. 
Finite Element Model (FEM) predictions are extensively used during the development phase of a new 
engine to guide its design. However, no mathematical model can take into account all factors that 
influence the dynamic behaviour of an aero-engine. Sometimes current technology is incapable of 
modelling certain phenomena properly (e.g. non-linear effects); on other occasions it is simply impractical 
to model features that are assumed to have little effect on the overall accuracy expected from the 
predictions. A model is considered valid (or validated) if it is capable of representing the dynamic 
behaviour to the accuracy required for its intended use. Model validation is the process that ensures that a 
model is adequate for its intended use. 
The validation of any model prediction needs reference data to be assessed against. Reference data from 
an aero-engine structure will only be available by the time the first engine prototype is ready for Modal 
Testing. If the engine FEM is validated at this late stage, any important deviation of the predictions with 
respect to the reference data might mean that inappropriate design decisions have been taken. 
Both the engine and its corresponding model can be regarded as the combination of components that 
interface with each other. Only a few of these components will have a significant effect on the dynamic 
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behaviour of the whole structure. The individual validation of such components will ensure appropriate 
assembly predictions. An analytical validation strategy which follows this concept was first introduced by 
Lenoir et al [1] and Perinpanayagam [2]. 
This paper presents a methodology, which continues the work presented in [1] and [2], to prioritize the 
importance of individual components to assembly predictions. It also gives guidance for the selection of 
testing configurations that will provide appropriate data for the validation of such components. The 
objective is to reduce by an order of magnitude the timescales and costs currently required for the 
validation of assembly models. 
The methodology is demonstrated on a real industrial application. 
 

2 Case Study 
 
The methodology presented in this paper is demonstrated by validating the model predictions 
corresponding to the assembly of three aero-engine components. They correspond to the Rolls-Royce 
Trent 500 Combustor Outer Casing (COC), High Pressure / Low Pressure Turbine Casing (HPIPTC) and 
Low Pressure Turbine Casing (LPTC). Figure 1 (a) and (b) show the hardware and corresponding finite 
element model used for dynamic predictions, this model will be referred to as �design model�. In order to 
better represent the boundary conditions during engine operation, the requirements for the design model 
are to accurately predict the modal properties of the assembly when it is fixed at both ends (i.e. fixed-fixed 
configuration). 
 

 
         (a)                                             (b)                                                 (c) 

Figure 1. (a) Rolls-Royce Trent 500 component assembly; (b) design model; (c) super-model 

 
Under normal circumstances predictions would be validated against measured eigen data from a Modal 
Test on the assembled structure. However, measured eigen data of such an assembly is likely to be highly 
influenced by the dynamic properties of the interfaces between its components and from the components 
to the holding fixtures. The understanding of interface behaviour and its corresponding modelling is in 
practice a very complex task which lies outside the scope of this work. In order to simplify the case study 
presented, interface effects will be ignored. This assumption does not, however, affect the generality of the 
methodology proposed in this paper. If the interfaces were modelled, their importance could be prioritised 
and their models validated in suitable test configurations following the same principles applicable to any 
other structural component. 
The design model will therefore consider perfectly rigid connections between components and from 
components to the fixtures at both ends. This ideal configuration cannot be reproduced in practice, and 
consequently, reference data from Modal Testing will not be available. An alternative source of reliable 
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reference data for model validation must be sought. Fotsch [3] introduced the concept of using highly 
refined models, also referred to as super-models, as reference data for the validation of their less refined 
design model counterparts. The sheer refinement of these models, see Figure 1 (c), is regarded as a near 
guarantee of an accurate representation of the mass and stiffness distribution of the structure. This is the 
approach that will be considered in this paper, where super-models of the individual components are 
connected to each other through perfectly rigid interfaces. Table 1 shows the size of the finite element 
models (both individual components and assembly) corresponding to the design models and their super-
model equivalents. 
The first 10 eigenvalues (natural frequencies) and eigenvectors (modeshapes) predicted by the assembly 
design model (fixed at both ends) were correlated against those from the super-model (reference data). 
Results are presented in Table 2. Due to the axisymmetric nature of the design model (see Figure 1) all 
modes with nodal diameters exist as orthogonal pairs (two modes at the same natural frequency with 
identical, but rotated along the symmetry axis, spatial distribution). That is the reason why only the 
correlation of every other mode is shown on the table. According to Table 2, the design model of the 
assembly is in general less stiff (lower natural frequencies) than the equivalent super-model. This is 
somewhat unusual as in general coarse models generate over stiff predictions. This is an indication that 
erroneous spatial parameters are likely to be present in the design model. 
 

Total DOF Design Model Super-Model
COC ≈ 2,000 ≈ 250,000 

HPIPTC ≈ 2,500 ≈ 275,000 
LPTC ≈ 4,500 ≈ 475,000 

   

Assembly ≈ 9,000 ≈ 1,000,000 

Table 1: Finite Element model details 

 
Design Model

Mode No. 
Natural Frequency 

Error (%) 
MAC 
(%) 

1 -8.2 99.7 
3 -15.8 99.0 
5 -14.4 98.5 
7 2.4 97.2 
9 -16.6 86.3 

Table 2: Eigenvalue and eigenvector correlation of assembly design model predictions against 
super-model equivalent 
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               (a)                                                          (b) 

Figure 2. Assembly target mode for correlation; (a) isometric view; (b) front view 
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To better illustrate the proposed methodology for assembly model validation, a mode predicted by the 
design model whose initial natural frequency does not correlate well with the reference data (from the 
super-model) will be selected as the target for validation. This is the case for mode 9 (as predicted by the 
design model, see Figure 2) with an initial frequency error of approximately 17% and a MAC correlation 
of 0.86. 
 

3 Prioritization of Components for Validation 
 
Lenoir et al [1] presented a systematic approach for the identification of those components which are in 
most urgent need of validation. According to this method, all parameters in the assembly model (e.g. 
geometrical dimensions, material properties) over which there is uncertainty must be identified a priori. 
Normally, these parameters will be physically related to certain components in the assembly. Perturbations 
to those parameters are introduced in the model and their effect to assembly predictions evaluated using 
Craig-Bampton [4] reduction. Those components which contain the most sensitive parameters must be 
prioritised for validation. The success of this method is heavily dependant on the correct identification a 
priori of the uncertain parameters in the assembly. This will be very difficult in complicated cases, such as 
aero-engine assemblies, where there might be hundreds, if not thousands, of parameters subject to 
uncertainty. This method, however, introduces the concept of parameter perturbation as a mean to 
prioritise components for validation which will also be used in the methodology presented in this paper. 
The methodology presented assumes that for any given mode of a structure, the dynamic properties will be 
severely affected by perturbations to the mass and/or stiffness distribution of certain regions while they 
will remain unchanged if changes are introduced in other areas. For an accurate prediction of any mode it 
is essential that highly sensitive regions are accurately represented in the model. The challenge lies in the 
identification of such regions. 
For lightly damped structures, the prediction of modal properties can be assumed to be dependent only on 
the mass [M] and stiffness [K] matrices of the FEM according to equation (1). 
 

([K] � λ [M]) {Φ} = {0}                                                                (1) 
 
The mass and stiffness matrices of the FEM will have been generated from the combination of the mass 
[me] and stiffness [ke] matrices of all its finite elements. Again, the predicted modal properties are 
expected to be more sensitive to the correct definition of certain finite elements than to others. If those 
finite elements were identified, they could give an indication of the highly sensitive regions of the 
structure. 
In the case of linear elastic isotropic materials, most common in industry, the stiffness of any finite 
element is proportional to its Young�s modulus. It is assumed here that if a small perturbation of its 
Young�s modulus results in a significant change to the eigen data predictions, the correct definition of the 
stiffness distribution of such a finite element is important. In a similar way, the importance of a correct 
representation of the mass distribution of any given finite element can be evaluated by introducing a 
perturbation to its material density. 
First-order sensitivity of an eigenvalue prediction to changes in the Young�s modulus and density of a 
given finite element can be used to quantify the relevance of the correct definition of its stiffness and mass 
distributions respectively. The calculation of the first-order sensitivity for a non-repeated eigenvalue 
(multiplicity 1) with respect to any parameter change is defined by equation (2). 
 

∂λ
∂p = {Φ}T 

∂[K]
∂p  {Φ} � λ {Φ}T 

∂[M]
∂p  {Φ}                                                  (2) 
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If the parameter is the Young�s modulus of a given finite element equations (3) and (4) apply. 
 

{Φ}T 
∂[K]
∂Ee

 {Φ} = 
1
Ee

 {Φe}T [k e] {Φe}           (3)                        {Φ}T 
∂[M]
∂Ee

 {Φ} = 0                    (4) 

 
If the parameter is the material density, equations (5) and (6) apply. 
 

{Φ}T 
∂[K]
∂ρe

 {Φ} = 0                         (5)        {Φ}T 
∂[M]
∂ρe

 {Φ} = 
1
ρe

 {Φe}T [m e] {Φe}       (6) 

 
Combining equations (2) to (6), the sensitivity of a predicted non-repeated eigenvalue to changes in the 
Young�s modulus or density of one of the finite elements in the model is given by equations (7) and (8) 
respectively. 
 

∂λ
∂Ee

 = 
1
Ee

 {Φe}T [k e] {Φe}                  (7)                  
∂λ
∂ρe

 = - 
λ
ρe

 {Φe}T [m e] {Φe}               (8) 

 
Or in their normalised (unit-less) form: 
 

∂λ
∂Ee

 
Ee

λ  = 
1
λ {Φe}T [k e] {Φe}                (9)                  

∂λ
∂ρe

 
ρe

λ  = - {Φe}T [m e] {Φe}             (10) 

 
Equations (9) and (10) represent the strain and kinetic energy of the finite element for a given mode 
divided by the corresponding eigenvalue. They can be easily calculated explicitly from the initial model 
results saving the need of multiple FEM runs. 
Equations (2), (7), (8), (9) and (10) are only valid for non-repeated eigenvalues. However, most structures 
in the aero-engine industry are either axisymmetric or cyclic-symmetric. These structures are characterised 
by the presence of orthogonal paired modes with repeated eigenvalues (degenerate eigenvalue of 
multiplicity 2). The corresponding modeshapes are not fixed in space as, by definition, any linear 
combination of modeshapes with the same eigenvalue will also be a valid modeshape. Friswell [5] 
presented a method to calculate the first-order sensitivities for repeated eigenvalues. The sensitivity of a 
repeated eigenvalue to a general parameter change is the eigenvalue solution to equation (11). 
 

[ΓT (
∂[K]
∂p  - λ 

∂[M]
∂p ) Γ] [H] = 

∂λ
∂p [H]                                                   (11) 

 
For repeated eigenvalues of multiplicity 2, Γ is a set of any two linearly independent eigenvectors [Φ1 Φ2] 
associated with the degenerate eigenvalue. From a practical point of view, the two orthogonal modes as 
predicted by the FEM are normally selected. 
The solution to equation (11) will result in two sensitivity values for any parameter change. Physically this 
represents the split of modes when a non-symmetric perturbation is introduced to any axisymmetric or 
cyclic-symmetric structure. From a practical point of view it is only the highest of both resultant 
sensitivities which is most useful as it will be responsible for the biggest change in eigenvalue predictions 
due to a parameter perturbation. 
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Figure 3. Normalised eigenvalue sensitivity contour plot of assembly target mode to changes in; (a) 
Young’s modulus and (b) density of each finite element 

 
Equations (3), (4), (5), (6) and (11) can be used to calculate the sensitivities of repeated eigenvalues to 
changes in the Young�s modulus and density of any given finite element in the model. Let us consider 
mode 9, our target mode for validation. Figure 3 shows two contour plots that represent the normalised 
eigenvalue sensitivity to changes in the Young�s modulus and density of each finite element in the design 
model. 
These contour plots allow the easy identification of the regions in the model where the correct definition 
of the mass and stiffness distribution is critical for the accuracy of the predictions. Those components 
where high sensitivity regions are present should be considered for individual validation.  
According to Figure 3, the accuracy of the eigenvalue prediction corresponding to the target mode for 
validation (assembly mode 9 in fixed-fixed configuration) is highly dependent on the mass and stiffness 
distribution of a reduced region of the Low Pressure Turbine Casing (LPTC). There is no region in either 
the Combustor Outer Casing (COC) or the High Pressure / Low Pressure Turbine Casing (HPIPTC) where 
the accurate definition of the mass or stiffness distribution will have a relevant effect on the accuracy of 
the predictions. Therefore the validation of the whole assembly can be reduced to the validation of a 
reduced region of one of its components (LPTC) while the other two (COC and HPIPTC) do not need to 
be considered. A clear reduction in testing efforts can be easily anticipated using this approach. 
 

4 Configuration and Modal Property Selection for Component 
Validation 
 
The validation of individual component models must ensure that the high sensitivity regions for assembly 
predictions are properly defined. Figure 4 shows the modeshape of the LPTC as part of the assembly 
target mode for validation. Figure 5 shows the corresponding sensitivity distribution. 
The methodology presented assumes that if the sensitivity distribution of a component mode in a given 
laboratory configuration is similar to that of the component when part of the assembly, the correct 
prediction of such a laboratory mode will ensure accurate predictions of the component model when 
mounted on the assembly. 
It is, however, unlikely that a single mode in a given laboratory configuration will provide a sensitivity 
distribution (for both the mass and stiffness) which perfectly resembles that of the component as part of 
the assembly. In general, a component mode which is sensitive to the regions of interest will also be 
sensitive to other regions which, even though not relevant to the assembly predictions, might have a strong 
influence in the accuracy of the laboratory mode predictions. It would then be incorrect to attribute 
potential discrepancies of measurements with respect to predictions to the sole influence of the regions of 
interest. 
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Figure 4. Eigenvector of the LPTC as part of the assembly target mode for validation 
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Figure 5. Normalised eigenvalue sensitivity contour plot of the LPTC as part of the assembly target 
mode for validation; (a) Young’s modulus sensitivity; (b) density sensitivity 

 
The selection of modes (in selected laboratory configurations) for component model validation should 
ensure that their modal properties (i) are sensitive to the areas of interest for assembly predictions and (ii) 
provide enough information to isolate, and correct if necessary, the effect of other areas in the model 
which, even though not relevant for assembly predictions, might compromise the accuracy of the 
component model predictions under laboratory conditions. 
Mathematically, this is possible if the sensitivity distribution of the component when part of the assembly 
can be reproduced by a linear combination of the sensitivity distributions corresponding to the selection of 
component modes chosen for validation. In other words, if equation (12) can be solved. 
 

{s}target = [S] {c}                                                                   (12) 
 
Where {s}target is the target sensitivity vector. The elements of this vector are the assembly eigenvalue 
sensitivities to changes in the Young�s modulus and density of each finite element in the component 
model. Its dimensions are therefore 2.number finite elements * 1. Matrix [S] contains the sensitivity 
vectors for each of the component modes selected for validation. Its dimensions are therefore 2.number 
finite elements * number of component modes for validation. Vector {c} contains the coefficients for the 
linear combination. Its dimensions are number of component modes for validation * 1. 
This approach is similar to that outlined by Perinpanayagam [2] where the eigenvector and internal force 
distribution of the component as part of the assembly (instead of the sensitivity distribution) must be 
resembled by the component modal properties selected for validation. 
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Unless the number of component modes for validation is equal to 2.number of finite elements, which is 
very high in practice, matrix [S] will be rectangular. This means that only an approximate solution, {ĉ}, to 
equation (12) can be obtained using the pseudo-inverse of [S]. 
 

{ĉ} = ([S]T [S])-1 [S]T {s}target                                                        (13) 
 
As (13) gives only an approximate solution of (12), the linear combination of the selected modes for 
validation, equation (14), will only provide a sensitivity distribution {ŝ} which will resemble to a certain 
extent the target sensitivity {s}target. The sensitivity vector {ŝ} will be referred to as the projected 
sensitivity vector. 
 

{ŝ} = [S] {ĉ}                                                                     (14) 
 
The quality of any mode selection for component model validation can be evaluated using a MAC [6] 
correlation between target sensitivity vector {s}target and the corresponding projected vector {ŝ}. 
 

MAC ({s}target,{ŝ}) = 
({s}target

T {ŝ})2

({s}target
T {s}target) ({ŝ} {ŝ})                                         (15) 

 
MAC values, from equation (15), close to 1 will indicate that the selected modes are appropriate for 
component model validation. This is because a combination of their sensitivity distributions can reproduce 
that of the component when part of the assembly. MAC values close to 0 are indicative of a poor mode 
selection. 
The challenge now lies in the identification of a selection of component modes whose linear combination 
resembles the target sensitivity with MAC values, using equation (15), close to 1. Any mode in any 
laboratory configuration could be considered as part of the component mode selection. However, in order 
to optimise testing, a minimum number of easily measurable modes, but still capable of accurately 
resembling the target sensitivity distribution, should be sought. 
The presented methodology will be demonstrated with the selection of modes for the validation of the 
LPTC for the accurate prediction of the target assembly mode (mode 9 in fixed-fixed configuration). 
When components are tested in a laboratory environment, low frequency modes in a free-free 
configuration are by far the easiest and cheapest to measure in practice. Thus, this is the first configuration 
which should be considered for a selection of modes. Considering the LPTC target sensitivity distribution 
for assembly predictions (see Figure 5), an increasing number of free-free modes were included in the 
mode selection to calculate the projected sensitivity quality according to (13), (14) and (15). The X-axis in 
Figure 6 represents the free-free mode number up to which all modes where included in the mode 
selection while the Y-axis represents the MAC correlation (quality) of the mode selection. Please note that 
the increment in the number of modes included in the selection (X-axis) is 2. This is due to the 
axisymmetric nature of the components where modes come in orthogonal pairs. 
According to Figure 6, a high projection quality (0.98 out of 1) can be achieved if a reduced number of 
free-free modes are considered for validation (around 19). The addition of further modes will not have a 
significant effect on the projection quality. It is also clear that the quality of the projection does not 
increase smoothly with the number of modes used for validation. Quality improves in steps when certain 
modes are included for validation (e.g. 13 and 19). This is a clear indication of the very different effect 
that certain modes have in the projection quality. 

2182 PROCEEDINGS OF ISMA2006



Projection Quality

0.00

0.25

0.50

0.75

1.00

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59

No. of free-free modes

M
A

C

 
Figure 6. LPTC MAC correlation target sensitivity vs. projected sensitivity using increasing number 

of free-free modes 
 
Table 3 shows the individual contribution of each mode, according to (13), to the projection quality if all 
modes up to mode 19 were selected for validation (for easy interpretation, all contributions are 
normalised). Only three modes (13, 19 and to a lesser extent 9) have a significant effect in the projection 
quality. Moreover, if only those three modes were considered for validation, the quality of projection 
according to (13), (14) and (15) would be of 0.96, very similar to that achieved if all 19 modes were 
included (MAC of 0.98). This effectively means that the validation of the LPTC model could be reduced 
to the validation of those 3 easily achievable modes. 
 

Free-Free 
Mode No. Contribution  Free-Free 

Mode No. Contribution 

1 <0.01  11 <0.01 
3 0.01  13 1.00 
5 <0.01  15 <0.01 
7 <0.01  17 <0.01 
9 0.09  19 0.93 

Table 3: Normalised individual mode contribution if first 19 free-free modes are selected for 
validation 
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Figure 7. LPTC modeshape for free-free modes (a) 9; (b) 13 and (c) 19 
 
Figure 7 and Figure 8 show the modeshapes and sensitivity distributions for the free-free modes selected 
for validation (9, 13 and 19). Visual comparison shows that none of these modes is individually similar in 
either modeshape or sensitivity distribution to that of the component as part of the assembly (see Figure 
5). However their linear combination will resemble with high accuracy the required sensitivity 
distribution. This selection of modes (9, 13 and 19) for LPTC model validation will be referred to as 
Selection 1. 
As mentioned above, there are several combinations of modes which might be suitable for component 
model validation. Even though the validation of the component model using only 3 low-order free-free 
modes (Selection 1) might already look like close to an optimum test, an even more reduced test selection 
might still be possible. 
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Figure 8. Normalised eigenvalue sensitivity contour plot (changes to Young’s modulus on the left, 
density changes on the right) of LPTC free-free modes (a) 9; (b) 13 and (c) 19 

 
Following the same methodology presented above for mode selection, the first 49 free-free modes are now 
considered for validation (quality of 0.99 achieved). Their individual weights are presented in Table 4. 
It is clear that only mode 21 has a real significance in the projection quality. In fact if only this mode was 
considered for validation, the quality of projection according to (13), (14) and (15) would be 0.96 (similar 
to that achieved by Selection 1). This means that only a single free-free mode might be needed to validate 
the LPTC component model for assembly predictions. This selection (referred to as Selection 2) represents 
an ever more reduced test than the one were 3 modes were considered (Selection 1). 
Figure 9 shows the modeshape and sensitivity distribution for the selected free-free mode for validation in 
Selection 2 (mode 21). Visual comparison of the modeshape and sensitivity distribution of this mode with 
that of the component as part of the assembly (see Figure 5) shows high levels of similarity. This explains 
the fact that this mode is capable of achieving on its own such high projection quality (MAC of 0.96). 
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Free-Free 
Mode No. Contribution  Free-Free 

Mode No. Contribution 

1 <0.01  27 <0.01 
3 <0.01  29 <0.01 
5 <0.01  31 <0.01 
7 <0.01  33 <0.01 
9 <0.01  35 <0.01 
11 <0.01  37 <0.01 
13 0.01  39 <0.01 
15 <0.01  41 <0.01 
17 <0.01  43 <0.01 
19 <0.01  45 <0.01 
21 1.00  47 <0.01 
23 <0.01  49 <0.01 
25 <0.01    

Table 4: Normalised individual mode contribution if first 49 free-free modes are selected for 
validation 
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Figure 9. LPTC free-free mode 21 (a) modeshape; (b) normalised eigenvalue sensitivity contour plot 
(changes to Young’s modulus on the left, density changes on the right) 

 
Interestingly, there was not any significant improvement in the projection quality (see Figure 6) when 
mode 21 was included in the selection of free-free modes for correlation. This can be explained by the fact 
that a projection quality close to 1 had already been achieved when the first 19 modes were included in the 
mode selection. The big difference of introducing mode 21 in the selection of modes, which cannot be 
assessed using Figure 6, is that the high projection quality is now attributed to only one mode instead of 
the 3 previously required (9, 13 and 19). 
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Both Selection 1 (free-free modes 9, 13 and 19) and Selection 2 (free-free mode 21) represent highly 
optimized test configurations (approximate projection quality MAC of 0.96 in both cases). Any one of 
them should be capable of validating the LPTC component model for assembly predictions. 
 

5 Component Model Validation 
 
In order to demonstrate the suitability of the methodology proposed above, the LPTC component model 
will be validated using the two different mode selections proposed in the previous section. Modal 
parameter updating using the method proposed by Link et al [7] will be used to validate the component 
model. This iterative method is based on eigensensitivity calculations where the penalty function is 
defined by equation (16). 
 

J(p) = {∂Z}T [W] {∂Z} + {∂p}T [Wp] {∂p}                                           (16) 
 
Parameters for updating were selected considering the axisymmetric characteristics of the design model 
(see Figure 1). Finite elements of the model are grouped in axisymmetric rings (29 in total). The Young�s 
modulus and density of each ring in the model were selected as parameters for updating (2 * 29 
parameters in total). All parameters of the model and responses were given the same weight of 1. This 
means that [W] and [Wp] in equation (16) are identity matrices. Only eigenvalues were considered for 
updating purposes. 
As discussed in a previous section (see section Case Study), the dynamic properties predicted by the 
component super-model were used as reference data for validation. 
Table 5 shows the results of the model updating exercise when both Selection 1 and 2 were selected 
independently as target responses. Very good correlation was achieved for all modes in each selection 
after model updating. 
The updated LPTC design models using both selections were put back onto the assembly for updated 
predictions of the target mode (assembly mode 9 in fixed-fixed configuration). Table 6 shows the 
correlation of this mode before and after LPTC design models were validated. 
The outstanding correlation achieved (approximately 1% frequency error and MAC of 0.97) using both 
mode selections demonstrate that the methodology presented in this paper is capable of: 

• Prioritizing the component model (LPTC) whose validation is essential for accurate assembly 
predictions. The validation of additional components (COC and HPIPTC) would incur both cost 
and time penalties with no significant accuracy improvement. 

• Identifying a selection of easily measurable modal properties for individual component validation. 
This selection is not unique as demonstrated by the successful use of two different sets of modal 
properties for the validation of the LPTC design model. Validation using both selections resulted 
in very similar accuracy for assembly predictions (see Table 6) 

 

Selection. Mode 
Freq. Corr. 

Before Update 
(%) 

MAC 
Before Update 

(%) 

 Freq. Corr. 
After Update 

(%) 

MAC 
After Update (%) 

1 9 -14.1 99.9  0.8 99.9 
 13 -15.2 99.9  -0.2 99.9 
 19 -16.9 99.9  -0.94 99.9 
       

2 21 -19.1 99.0  -0.1 99.0 

Table 5: Eigenvalue correlation of LPTC design model predictions for test configuration mode 
Selections 1 and 2 before and after model update 
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Assembly 
Mode 
No. 

Freq. Corr. 
Before Update 

(%) 

MAC 
Before Update 

(%) 

 
Selection. 

Freq. Corr. 
After Update 

(%) 

MAC 
After Update 

(%) 
 1 0.4 97.0 9 -16.6 86.3  2 1.4 97.0 

Table 6: Target assembly mode correlation before and after LPTC design model update using mode 
Selections 1 and 2 

 

6 Conclusions 
 
Ever shrinking timescales for the development of new aero-engines is increasing the need for valid finite 
element models to be available as early as possible during the design phase. This normally implies that 
models for assembly predictions must be validated months ahead of the first engine prototype being 
assembled. 
A methodology has been presented in this paper to simplify the validation of assembly models to the 
validation of a reduced number of its components. The importance of the validation of each component is 
prioritized according to their potential impact on the accuracy of the assembly predictions. 
Rigid cost controls also call for an efficient use of testing resources for the validation of these components. 
A method has been presented to optimize the validation of individual components by selecting a reduced 
number of modal properties in easily achievable laboratory configurations (e.g. free-free) whose accurate 
prediction ensures valid models when part of the assembly. 
The methodology has been successfully demonstrated on a real industrial case. 
 

7 Nomenclature 
 
FEM   Finite Element Model 
COC   Combustor Outer Casing 
HPIPTC  High Pressure / Intermediate Pressure Turbine Casing 
LPTC  Low Pressure Turbine Casing 
DOF   Degree of freedom 
[K]   Global stiffness matrix 
[M]   Global mass matrix 
λ   Eigenvalue 
{Φ}   Eigenvector 
[ke]   Stiffness matrix of a single finite element 
[me]   Mass matrix of a single finite element 
{Φe}   Eigenvector components corresponding to a finite element DOFs 
p   General parameter 
E   Young�s modulus 
ρ   Density 
Γ   Subspace of eigenvectors with same eigenvalue 
[H]   Eigenvector rotation matrix 
{s}   Sensitivity vector 
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[S]   Component mode sensitivity matrix 
{c}   Linear combination coefficient vector 
MAC  Modal assurance criterion 
J(p)   Model updating penalty function 
{Z}   Response vector 
[W]   Response weight matrix 
[Wp]   Parameter weight matrix 
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Abstract
Recently, several high-order accurate methods have been developed for solving nonlinear equations govern-
ing in the high-frequency oscillations of a fluid column. If we assume that the value of Reynolds and Prandtl
numbers are high enough then it is possible to neglect the effect of Stokes Layer and it has been previously
shown that the calculated pressure profile obtained by solving three-dimensional axisymmetric compressible
NS (Navier-Stokes) equations is in good agreement with one-dimensional adiabatic model of Ilinskii. For
this particular flow which is the typical of engineering flows inside acoustical compressors, it is clear that
high-resolution simulation of NS equations in higher dimensions is quite expensive. For this reason, a quick
method based on the lax-wendroff scheme is used in this paper for solving the one-dimensional adiabatic
model. The numerical method used here is simpler in implementation than previous lagrangian and spectral
approaches and is considerably more efficient than three-dimensional solutions. The results agree well with
previous multi-dimensional solutions.

1 Introduction

Nonlinear oscillations of Newtonian fluids inside closed tubes has been a subject of great interest. A brief
review of the literature is given in Refs.[8, 1]. Much of the work is done on the one-dimensional model of gas
inside an axisymmetric tube undergoing harmonic oscillations. Ilinskiiet al.[1] developed a 1D model and
used a spectral method to determine pressure amplitude and nonlinear frequency shift. They considered an
ideal gas as the working fluid and assumed all compression and expansion processes to be isentropic. Chun
and Kim[2] used a fifth-order compact scheme to solve the one-dimensional model equations. They added
a simplified energy equation to the Ilinskii’s model assuming that the heat transfer generated within a cycle
is exactly equal to the work done on the system by viscous terms. Vanhille and Pozuelo[7] developed an
isentropic two-dimensional lagrangian model for a resonator with one end fixed and another moving with a
periodic velocity. They used finite difference schemes for solving the lagrangian equations. Ghasemi[8] used
the transformed compressible Navier-Stokes equations as the starting point to address all complexities of the
problem in different flow regimes. Then he used a 10th order compact scheme for spatial discretization, 4th
order classical Runge-Kutta scheme for temporal integration and a high-order compact filter for removing
spurious waves.

If we assume that the Reynolds and Prandtl numbers are high enough then it is possible to neglect the effect
of Stokes Layer and it has been previously shown that the calculated pressure profile obtained by solving
three-dimensional axisymmetric compressible NS equations[8] is in good agreement with one-dimensional
adiabatic model of Ilinskii[1]. For this particular flow which is the typical of engineering flows inside acous-
tical compressors, it is clear that high-resolution simulation of NS equations in higher dimensions is quite
expensive. For this reason, a quick method based on the Lax-Wendroff scheme[5] is used in this paper
for solving the one-dimensional adiabatic model. The numerical method used here is simpler in imple-
mentation than previous lagrangian and spectral approaches[7, 1] and is considerably more efficient than
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three-dimensional solutions[8].

2 System of Equations

For the general case of fluid motion in Cartesian Coordinates, the compressible Navier-Stokes equations can
be written as[3]:

ρ,t + (ρuj),j = 0

(ρui),t + (ρuiuj + Pδij),j = [µ(ui,j + uj,i −
2
3
δijuk,k)],j

(ρe),t + [(ρe + P )uj ],j = [µui(ui,j + uj,i −
2
3
δijuk,k)],j + (κT,j),j (1)

Whereρ, ui ande are density, velocity vector and internal energy respectively. Eq. (1) can be compacted as:

Ui,t + Fij,j = Gij,j (2)

WhereUi, Fij , andGij are velocity tensor, flux tensor and source tensor. They can be written using combined
vector-tensor notation below:

Ui =

 ρ
ρui

ρe



Fij =

 ρuj

ρuiuj + Pδij

(ρe + P )uj



Gij =

 0
µ(ui,j + uj,i − 2

3δijuk,k)
µui(ui,j + uj,i − 2

3δijuk,k + κT,j)

 (3)

The internal energye is related to velocity vectorui and the absolute pressureP by the following equation[3]:

ρe =
1
2
ρukuk +

P

γ − 1
(4)

2.1 One-Dimensional Equations

After expanding Eq. (2) forj = 1 andi = 1..2 we have:

∂ρ

∂t
+

∂(ρu)
∂x

= 0

∂(ρu)
∂t

+
∂(ρu2 + P )

∂x
= −ρatube +

∂

∂x
(µeff

∂u

∂x
)

P

P0
= (

ρ

ρ0
)γ (5)
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The third equation i.e. the ”Energy Equation” has been eliminated from Eqs. (2) assuming negligible heat
transfer during the process. Using Eqs. (5), we will have

∂U

∂t
+

∂F

∂x
= G1(U) +

∂

∂x
G2(U,x) (6)

Where,

U =

[
ρ

ρ u

]

F (U) =

[
ρ u

ρ u2 + P

]

G1 (U) =

[
0

−ρ atube

]

G2 (U,x ) =

 0

µeff
∂u
∂x


GI

2 (U ) =

[
0

µeff u

]
(7)

3 Obtaining Solution Tensor Using Taylor Series

The Taylor series for solution tensorUi can be expanded up to any order of accuracy desired as follows:

Ui(t + ∆t) = Ui(t) +
h∑

k=1

1
k!

∂kUi(t)
∂tk

∆tk (8)

According to Eq. (2),Ui,t can be written as:

Ui,t = −Fij,j + Gij,j (9)

The higher derivatives ofUi can be derived by differentiating Eq. (9) with respect to time. For example,

Ui,t,t = −(Fij,Uk
Uk,t),j + (Gij,Uk

Uk,t),j + (Gij,Uk,l
Uk,t,l),j (10)

WhereFij,Uk
, Gij,Uk

andGij,Uk,l
are the Jacobian tensors. It’s better to present a more general form for

such operations. Let’s assume thatΥ is a linear spatial differential operator. If thenth derivative ofUi with
respect to time can be written asU

(n)
i,t = Hnij (U,U,j) then(n + 1)th derivative ofUi can be written as:

U
(n+1)
i,t = Υ(Hnij,Uk

Uk,t + Hnij,Uk,l
Uk,t,l) (11)

Although Eq. (11) is recursive, it is considerably rigorous when you implement it using a symbolic processor.
With aid of today’s symbolic programming languages such as MAPLE this process is simple1.

1You can write a simple and concise routine that evaluatesU
(n+1)
i,t for arbitrary shape ofΥ andH according to Eq. (11). The

only thing that you should do is to copy the output of symbolic processor to your source code and change matrix indices according
to the programming language you use.
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4 The General Form of Lax- Wendroff Scheme

The original Lax- Wendroff scheme[5] works for hyperbolic system of conservation laws. Therefore source
terms including viscous and gravity terms have not been taken into account. The following method that uses
Jacobians of viscous fluxes (seeGij,Uk

andGij,Uk,l
in Eq. (10)) extends LW to more general case of viscous

flows with source terms. Each spatial derivative is replaced by its corresponding central difference over its
local index as will be described. Let us define recursive difference operator∆n

i such that:

∆n
i A(Tb,j) = A(

2n

εj
∆n+1

j+i/2nTb)−A(
2n

εj
∆n+1

j−i/2nTb) (12)

WhereA is a linear operator andTb is an arbitrary tensor. Spatial difference between two nodes in the ”j”
direction is represented byεj . Hence

εj = xji+1/2
− xji−1/2

(13)

Therefore any spatial derivative will be discretized according to the following equation;

(H),j =
1
εj

∆n
j H (14)

For example, using Eq. (12), Eq. (9) can be written as:

Ui,t =
1
εj

∆n=1
j (Gij − Fij) (15)

At this point, we summarize the general form of Lax-Wendroff scheme for arbitrary systems including Eq.
(2). In order to obtain solution using GLW (Generalized Lax-Wendroff Scheme) we should:

1. ObtainU
(n+1)
i,t according to Sec. (3). This process involves substitution of[U (0)

i,t , U
(1)
i,t , ..., U

(n)
i,t ] into

differential operatorΥ.

2. Do not extend previously derived expression forU
(n+1)
i,t . Use∆n

i to discretize spatial derivatives.∆n
i

will automatically discretizeU (n+1)
i,t over[xi−1, xi+1].

3. Substitute the discretized form of[U (1)
i,t , U

(2)
i,t , ..., U

(n)
i,t ] into Eq. (8) and obtainh order accurate solu-

tion in the time direction.

4. Each time derivativeU (n)
i,t requires evaluation of discretized form of spatial derivatives over[xi−1, xi+1].

Because we only have values at the beginning and the end of interval, we must invoke interpolation
methods for values betweenxi−1 andxi+1. We usep order polynomial interpolation so that

p = s− 1 (16)

Wheres is the order of spatial scheme. For central difference,s = 2 therefore we should use linear
interpolation for one-dimensional model.

5. Use one-side characteristic boundary conditions described in Sec. (5).

5 Characteristic Boundary Conditions

In this section we will derive two additional equations required to complete the system. These additional
equations are known as compatibility relations that are not strictly related to physics of problem. They are
made artificially and hence are known as numerical boundary conditions. There are different methods for
obtaining such boundary conditions. In steady state problems, theses complementary relations are usually
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obtained using interpolation of flow field variables within the flow field. Although such a boundary treatment
is not mathematically correct but it works in some steady state problems. Mathematically, the interpolation
of flow field variables at boundaries is wrong since flow field gradients indiscriminately become zero[3].
For unsteady flow fields such as nonlinear acoustic waves inside resonators, it’s essential to invoke accurate
methods. In this article, the well-known characteristic method is used to determine boundary conditions. The
method for determining B.C(s) using flow field characteristics can be used in higher dimensions without any
restriction (See Ref.[8] for more details). After expanding and rearranging Eq. (6) into a non-conservative
form, we will have:

U,t +

 u ρ

c2

ρ u


︸ ︷︷ ︸

A

U,x =

 0

−atube + µeff

ρ
∂2

∂x2 u

 = R (17)

Wherec is the local speed of soundc =
√

γP/ρ. Eq. (17) can be diagonalized using the left eigen-vectors
of matrixA . After determining eigen values ofA, we will have:

λ1 = u + c

λ2 = u− c (18)

In Eq. (18),λ1 andλ2 correspond to the right-going and left-going waves. The corresponding left eigen-
vectors are written as:

L =

[
1 ρ

c

1 −ρ
c

]
(19)

The first and the second raws of Eq. (19) correspond to the first and the second eigen value respectively.
Multiplying both sides of Eq. (17) withL yields:

W,t + ΛW,x = R

δW = LδU

R = LR

Λ = LA−1L−1 =

[
u + c 0

0 u− c

]
(20)

Therefore, at pointx = 0, all variables are updated using the left-going wave below:

ρ,t = c(ρ,x −
ρ

c
u,x)− ρ

c
(−atube +

µeff

ρ
u,x,x) (21)

While at pointx = L, variables are updated using the following right-going wave:

ρ,t = −c(ρ,x +
ρ

c
u,x) +

ρ

c
(−atube +

µeff

ρ
u,x,x) (22)
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6 Implementation

6.1 Semi-Implicit Form of 1D Equations

After expanding Taylor series (Eq. (8),h = 2) for U we obtain:

U(t + ∆t) = U(t) +
∂U

∂t
∆t +

1
2

∂2U

∂t2
∆t2 + O(∆t3) (23)

The first and the second time derivatives ofU can be obtained using Eqs. (9) and (10) respectively. Therefore,

∂U

∂t
= −∂F

∂x
+ G1(U) +

∂

∂x
G2(U,x) (24)

U,t,t = −(F,UU,t),x + G1,UU,t + (G2,U,xUx,t),x (25)

After applying Eq. (11) for spatial derivatives we will have:

U,t,t = −(AG1),x + BG1 −BF,x + BG2,x + (AF,x),x − (AG2,x),x

−(CF,x,x),x + (CG1,x),x + (CG2,x,x),x (26)

WhereA = F,U , B = G1,U , andC = G2,U,x .

6.2 Fully Discretized form of Temporal Derivatives

Using∆n
i operator given in Eq. (12), we can transfer Eq. (25) and Eq. (26) into difference forms. These

fully discretized forms are shown in the following equations.

U,t = − 1
2∆x

(Fi+1 − Fi−1) + G1i +
2

∆x2
[GI

i+3/4 −GI
i+1/4 −GI

i−1/4 + GI
i−3/4] (27)

U,t,t = −(AG1)i+1 − (AG1)i−1

2∆x
+ BiG1i −Bi

Fi+1 − Fi−1

2∆x
(28)

+
2Bi

∆x2
[GI

i+3/4 −GI
i+1/4 −GI

i−1/4 + GI
i−3/4] +

2Ai+1/2

∆x2
[Fi+3/4 − Fi+1/4]

−
2Ai−1/2

∆x2
[Fi−1/4 − Fi−3/4]−

8Ai+1/2

∆x3
[GI

i+7/8 −GI
i+5/8 −GI

i+3/8 + GI
i+1/8]

+
8Ai−1/2

∆x3
[GI

i−1/8 −GI
i−3/8 −GI

i−5/8 + GI
i−7/8]

−
8Ci+1/2

∆x3
[Fi+7/8 − Fi+5/8 − Fi+3/8 + Fi+1/8]

+
8Ci−1/2

∆x3
[Fi−1/8 − Fi−3/8 − Fi−5/8 + Fi−7/8]

+
2Ci+1/2

∆x2
[G1i+3/4 −G1i+1/4]−

2Ci−1/2

∆x2
[G1i−1/4 −G1i−3/4]

+
64Ci+1/2

∆x4
[GI

i+15/16 −GI
i+13/16 −GI

i+11/16 + GI
i+9/16 −GI

i+7/16 + GI
i+5/16 + GI

i+3/16 −GI
i+1/16

−
64Ci−1/2

∆x4
[GI

i−1/16 −GI
i−3/16 −GI

i−5/16 + GI
i−7/16 −GI

i−9/16 + GI
i−11/16 + GI

i−13/16 −GI
i−15/16
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6.3 Numerical Results of One-Dimensional Model

In order to assess the accuracy and efficiency of the current method, a 1D test problem originally proposed
by Ilinskii[1] is selected. Initial values and environmental constants are all listed in Tab. (1).

Table 1: Initial values and environmental constants for 1D simulation.
Parameter Dimension Value

Initial velocity (u0) m/s 0
Initial pressure (P0) KPa 306

The ratio of specific heats (γ) - 1.129
Length of the resonator (L) cm 20

Grid spacing (∆x) m 5.025e-4
Gas constant (R) KJ / Kg-K 81.49

Amplitude of forcing function (r) m 1.729e-5
Frequency of forcing function(ω0) Hz 2.406e+3

Effective damping(µeff ) Kg / m.s 0.2

The system of Eqs. (6) is selected as the governing equations for this problem. Fully discretized form of
temporal derivatives (Eqs. (27), (28)) together with characteristic BCs (Eqs. (21), (22)) are used to obtain
second-order accuracy in time and space. As shown in the Fig. (1), the stationary pressure profile ob-
tained using the current one-dimensional method is in excellent agreement with previous spectral solution of
Ilinskii[1] and three-dimensional axisymmetric DNS of Ghasemi[8]. As described before, this agreement is
a characteristic of high-Reynolds and high-Prandtl flows where the effect of Stokes layer is almost negligi-
ble. Lower values of Reynolds and Prandtl number for this type of flow generally lead to a vortical flow with
significant heat transfer.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.85

0.9

0.95

1

1.05

1.1

t/T

P
/P

0

Spectral (llinskii et al.[1]) 
DNS − 3D Full N−S (Ghasemi [8])
Current Solution 

Figure 1: A comparision between current method and previous solutions.
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The process of nonlinear pumping (see Ref.[6] for more details) is clearly shown in Fig. (2) where the
initial pressure profile which is a constant distribution ofP0 across the tube, gradually becomes saw-tooth
while its amplitude increases until it reaches to a stationary state. In this state, the pressure amplitudes are
no longer increasing. Instead, the total energy of oscillating flow is balanced with shock formation and
viscous dissipations within the shock. Therefore, the shock formation process is a kind of balance that
is necessary for this particular type of resonator, i.e, a cylindrical resonator. Recently, in an interesting
finding, it’s been shown that well-shaped geometries such as bulbs can effectively prevent the formation of
nonlinear pumping by increasing the amplitudes of pressure waves. By this way, high-amplitude pressure
waves remain inside the rosonator which can be used to produce efficient pumping and suction mechanisms
with many commercial motivations [6].
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P
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)

Time(sec)

Figure 2: Absolute pressure versus time, measured at x = 0. The system undergoes increasing fluctuations
until it reaches to a constant pattern (stationary state).

It should be noted that the assumption of isentropic compression and expansion with negligible heat transfer
is the building block of our one-dimensional model (Eqs. (6)). There are always some losses due to heat
transfer and/or other dissipating mechanisms. Because of these losses which are nonlinear in principle, the
DC component of pressure profile or the time-averaged value of pressure fluctuations gradually decreases
from its initial value. We should always remember that our model is unable to predict this decrease. For
the purpose of comparison, the current solution is compared to the one-dimensional model of Chun et al.[2]
which has a built-in model for heat balance. As shown in Fig. (3), the peak to peak value of pressure profiles
of both models are approximately equal while two solutions differ on the mean value.

7 Concluding Remarks

A quick method suitable for calculating one-dimensional acoustic fields generated inside oscillating closed
chambers is used and developed in this work. This method is appropriate for oscillating flows where the
thickness of Stokes layer is negligible. As expected, for this particular type of flow, the calculated pressure
profile is in good agreement with previous high-order and multi-dimensional solutions. With the given grid
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Figure 3: Absolute pressure during two cycles measured atx = 0.

dimensions (see Tab. (1)), the current method runs only for 3.12 Mins. over a single CPU machine (AMD
Athlon XP 1.83 GHz with 256 MB RAM) which reveals the superior efficiency of current approach.
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Abstract
This paper discusses the possibility to apply a novel numerical technique, i.e. Wave Based Method, to solve
steady–state acoustic problems within 2D non-convex with smooth concave parts. We find a domain criterion
which helps to analyse the convergence of the WBM solution. With the aid of our criterion one is able to
subdivide arbitrary 2D domains such that the number of subdomains is minimal, WBM may be applied in
each subdomain and the geometry is not altered, e.g. via polygonal approximation. Three examples, which
corroborate our theory, are also presented.

1 Introduction

The most popular numerical techniques to solve steady–state acoustic problems within a closed cavity are
element based methods (FEM, cf. [15], [4], [2], BEM, cf. [1], [5], [2]). In order to use finite elements
(FEM) one has to discretize the computational domain. On each small element certain shape function of
certain order has to be defined. Further, we are able to construct usually symmetric, frequency independent,
real, sparce matrix to solve linear algebraic system. There exist a lot of direct and iterative solvers which
deal with such systems. However, if the frequency increases in our model, then we have to increase the
discretization of the computational domain in order to achieve a proper accuracy of the numerical solution
of the problem. Such a procedure leads to extremely large matrices and, hence, the computatonal time and
memory requirements also increase. This is why finite element methods can be applied only in the cases of
low frequencies, i.e. up to 200Hz, where the computational domain has dimensions of a typical car.

The boundary element methods (BEM) are based on solving boundary integral equations. The main advan-
tage of this method is the reduction of the dimension of the problem. One has to discretize only the boundary
of the computational domain. This leads to rather small matrices which are, unfortunately, fully populated,
frequency dependent and complex. Hence, one has to apply special solvers to that linear algebraic system.
Moreover, the calculation of entries of such a matrix is a non–trivial task. This is a consequence of single
and double layer potentials presence in the integral equation. These potentials are singular, cf. [5]. Again,
if we would like to increase the frequency in our model, then we have to increase the discretization of the
boundary. Hence, the computational costs will increase.

There are several spectral methods, cf. [3], [8], which use global smooth functions (Fourier functions,
Chebyshev polynomials, Legendre polynomials, etc.) to approximate the solution of a given problem.

All these methods express the solution in terms of simple but approximating shape functions. The shape
functions do not satisfy any equation of a given problem. This is why we have to take a suffiecient amount of
the shape functions to achieve a proper accuracy. By the increasing of the frequency in the model the number
of the shape functions also increases. This leads to rather large matrices and, hence, to rather big amount of
memory and computational time.

Recently, a new numerical method for solving the steady–state acoustic problems has been developed. This

2201



method can be applied in the cases of frequencies up to 1kHz. It is based on the indirect Trefftz approach, i.e.
it does not use simple shape functions to approximate the solution but the exact solutions of the governing
differential equations, cf. [12]. This is why the method is called Wave Based Method (WBM), cf. [6], [7],
[9], [10]. The Wave Based Method, however, has some application restrictions. Theory, so far, allowed
to apply this method only in cases, where the domain may be subdivide into convex subdomains, cf. [6],
[7], [9], [10]. Unfortunately, numerous subdivision of the domain leads to ineffective procedure to get the
numerical solution of the problem. Another disadvantage is the fact that there is no theoretical convergence
proof of the WBM solution to the exact one in the case of concave domains, where the concave parts are
smooth. However, in the last time the hybridization of the wave based method and the finite element method
has been investigated, cf. [11], [13], [14]. This hybrid method may be applied to quite arbitrary geometries.

In this paper, we present the possibility to use pure WBM technique in some cases of concave domains
without any hybridization.

2 The Wave Based Method

As we mentioned before the Wave Based Method is based on the indirect Trefftz approach, cf. [12], i.e. the
approximation of the solution of the problem1

∆xu + κ2u = 0, in Ω ⊂ R
2, (1)

∂u

∂n
= v(x) on ∂Ω (2)

by wave functions exactly satisfying the Helmholtz equation (1). Note that we consider only 2D problems
in this analysis. In the domain Ω the homogeneous steady–state pressure u(x) is presented in the following
way

u(x) =

∞
∑

n=0

cnΦn(x). (3)

The functions Φn(x) are so–called acoustic wave functions which satisfy the homogeneous Helmholtz equa-
tion (1) and cn are some appropriate weights (DoF’s – Degrees of Freedom). In 2D case these functions are
defined as follows

Φn(x) =

{

Φn1
(x, y) = cos κx1

x e−iκy1
y

Φn2
(x, y) = cos κy2

y e−iκx2
x.

(4)

The components of the wave number (κxj
, κyj

) can be any possible real or complex numbers satisfying

κ2
xj

+ κ2
yj

= κ2. (5)

It means that we are able to define the wave functions in infinitely many ways. It is proposed to choose (in
2D) the following components of the wave number, cf. [6], [7]

(κx1
, κy1

) =

(

nπ

Lx
,±

√

κ2 −
(nπ

Lx

)2

)

(6)

(κx2
, κy2

) =





mπ

Ly
,±

√

κ2 −

(

mπ

Ly

)2



 , n,m ∈ N0. (7)

The parameters Lx and Ly represent the sizes of the smallest rectangle which circumscribes the given domain
Ω 2.

1
v(x) is assumed to be regular enough.

2The term “smallest rectangle” might be changed to just “a rectangle”, i.e. we are able to consider also rectangles which
circumscribe the given domain Ω, but which are not “the smallest” ones. We are already mentioned that the only restriction on the
wave functions is the condition (5).
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An approximation of the solution (3)

u(x) ≈
N
∑

n=0

cnΦn(x), N ∈ N0, (8)

satisfies the Helmholtz equation (1) exactly, no matter how the unknown constants cn look like. Therefore,
the determination of the cn depends only on the boundary condition (2). Obviously, the boundary condition
(2), in general, cannot be satisfied exactly. Thus, one proposes to satisfy it in an average integral sense. We
multiply both sides of (2) by a test function φ(x) and integrate over the boundary ∂Ω

∫

∂Ω

φ(x)
∂u

∂n
(x) dS =

∫

∂Ω

φ(x)v(x) dS. (9)

This is the so–called weighted residual formulation, cf. [6]. Inserting the truncated expansion (8) of the
series (3) into the latter expression we get the equation with respect to unknowns cn. In order to construct a
linear algebraic system we choose the test function φ(x) equal to Φj . Running the index j from 0 until N

we get N +1 equations for N +1 unknowns cn, n = 0, N . The corresponding linear algebraic system looks
as follows

Ac = b, (10)

where

Ajn :=

∫

∂Ω

Φj(x)
∂Φn

∂n
(x)dS (11)

and

bj :=

∫

∂Ω

Φj(x)v(x)dS, (12)

where j, n = 0, N . The matrix A is rather small3 and, hence, the system (10) can be solved relatively fast,
cf. [6], [7].

3 Classification of the problems

There are several restrictions on the use of the WBM technique. In particular, there seems to be a lack of
theoretical results on the applicability of the WBM to smooth non–convex domains. Only polygon– and
polyhedron–shaped domains were considered which clearly can be subdivided into several convex subdo-
mains, cf. [6], [7], [9]. The theory, so far, says nothing about the cases of domains with smooth concave
parts4. Of course, we are able to approximate such kind of domain with a polygon. But then we already cre-
ate some error into our solution via shape approximation. Fortunately, there are some non–convex domains
for which the WBM pressure field converges to the true solution, i.e. the pressure field in such non–convex
domain is homogeneous and it can be represented as a linear combination of the appropriate wave functions
which correspond to the circumscribed rectangular domain, cf. (4). In [6] it is already mentioned that such

3However, the main disadvantage is that A is fully populated. Yet, the components of A are complex valued and frequency
dependent.

4Here, we do not consider cases, when the computational domain Ω is non–convex and the boundary conditions on ∂Ω are
chosen in such a way that the pressure field by the construction is homogeneous, cf. [6]. In other words, the representation (3)
satisfies both the equation (1) and the condition (2). Let us consider a small example. Assume that we have to solve the equation

(1) in a rectangular domain Π and boundary conditions on ∂Π: ∂uΠ

∂n

˛

˛

˛

∂Π

= 1. One is able analytically find the solution uΠ. Now

inside the domain Π we construct some subdomain Ω in the way depicted in Fig.1a. On the boundary ∂Ω we define the boundary

condition ∂uΩ

∂n

˛

˛

˛

∂Ω

= ∂uΠ

∂n

˛

˛

˛

∂Ω

. Obviously, after solving the problem (1), (2) in Ω, the solution uΩ will be only some restriction of

uΠ, i.e. uΩ = uΠ|
Ω

.
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domains exist. But there was no detailed description what they are and how to classify them. In this paper,
we are filling this gap.

From now on we subdivide the class of the problems of type (1), (2) into three subclasses:

1. the computational domain Ω is convex;

2. the computational domain Ω is non–convex (concave) and concave parts5 of the boundary ∂Ω are
smooth. The angle between any two tangents of a connected concave segment of the boundary ∂Ω6 is
greater than or equal to π

2
. Here, we have to clarify which angle exactly we have to consider. Assume

for the moment that the tangent has two sides7: one of them sticks to the boundary, but another one is
“looking” outside. The angle of interest has to be measured between two “outside looking” sides of the
tangents, cf.Fig1b. For the sake of simplicity let us call such domains by “SL”–domains (“S”–smooth,
“L”–L–shaped);

3. the computational domain Ω can be subdivided into two or more parts which belong to the first or
second subclasses defined above, cf. Fig.1c.

PSfrag replacements

Ω

∂Ω

Π

(a)

PSfrag replacements
Ω

T1

T2

T3

α

α

(b)

PSfrag replacements

Ω

Π

(c)

Figure 1: (a) General concave domain circumscribed by a rectangle; (b) concave domain (second subclass); the angle α between

two tangents T1 and T2 is minimal and greater than π
2

; (c) domain of the third subclass.

We will focus only on the domains of the second subclass, cf. Fig.1b.

4 Convergence of the WBM solution

The proof of the convergence of the WBM solution of the problem (1), (2) in a domain of “SL”–type is
completely the same as in [6]. We only repeat all steps of the proof and apply them to the case what we are
interested in. Because these steps are not new, cf. [6], we only shortly show the main idea. The necessary
condition for the convergence of the WBM solution is that the normal numerical velocity on the boundary
∂Ω converges to the exact normal velocity, i.e.

lim
N→∞

N
∑

n=0

cn
∂Φn

∂n
(x) = v(x). (13)

5The number of the concave parts of ∂Ω and, hence, convex parts of ∂Ω is finite. This is to avoid the consideration of certain
computational domains with uncontrollable oscillating boundaries.

6For example, we do not look at the angle between the tangents T1 and T3, cf. Fig1b.
7One has to think about some board which has two wide sides.
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This condition is also sufficient, cf. [6]. The only thing we have to show is that there exists some appropriate
wave function set (or sets) {Φn}n which can approximate a homogeneous pressure field uΩ with an arbitrary
normal velocity on the boundary ∂Ω of the domain Ω. Obviously, if the domain Ω is just a rectangle, then
such a wave functions set {Φn}n exists and it looks exactly like it was written above, cf. (4), [6], [7],
[9]. Now, one wants to use this wave functions set to approximate a homogeneous pressure field uΩ. It
means that we have to show that the homogeneous pressure field uΩ can be extended to a homogeneous
pressure field in the smallest8 rectangular domain which circumsribes Ω. As it is done in [6] we construct

an additional domain D. This domain D is defined as (Π \ Ω) ∪

(

M
⋃

i=1

Ω ∩Πi

)

where Πi, i = 1, 2, 3, . . .

are gray rectangles, cf. Fig.2. Doing the same procedure as in [6], i.e. solving in each small rectangle initial

PSfrag replacements

Ω

D

Π1

Π2

Π

Figure 2: Extention of the homogeneous pressure field uΩ. Black arrows show the sides where the pressure and normal velocity
fields are given (for all gray rectangles); gray arrows show the sides where the pressure and normal velocity fields are determined.
Further this data is used to determine the appropriate information on the sides indicated with lightgray arrows (in each small white
rectangle). And so on until we reach the boundary of the domain Π.

value problem and getting homogeneous pressure field in each such a small rectangle and, hence, the global
homogeneous pressure field, we are able to conclude that there exists an extention uΠ of the homogeneous
pressure field uΩ

9. Obviously, uΠ is also homogeneous. The restriction of uΠ on Ω gives exactly uΩ.
Consequently, we can use the wave functions set of the circumscribing rectangle Π to approximate the
pressure field uΩ. This approximation is convergent since the wave functions set {Φn}n is complete, cf. [6].
In order to summarize these results we formulate a small proposition

Proposition 4.1 Consider the problem

∆xu + κ2u = 0 in Ω ⊂ R
d, d = 2, (14)

∂u

∂n
= v(x) on ∂Ω, (15)

where the domain Ω is concave and the concave parts of ∂Ω are smooth, cf. Fig.1b and Fig.2. Moreover, the
minimal angle between any two tangents, which belong to the same concave part of ∂Ω, is greater than or
equal to π

2
, then the WBM solution of such problem is homogeneous and convergent to the exact one, i.e. to

uΩ.

Remark 4.1 The condition on the minimal angle between two tangent lines was chosen in order to avoid the
case discussed in [6], i.e. we get certain inconsistency on boundaries of small rectangles Πi, i = 1, 2, 3, . . .,
cf. [6], Fig.3a.

8In general, this rectandular domain can be bigger.
9It is obvious that in the intersections of the domain Ω with any small gray rectangle Πi, cf. Fig.2, the solution uΩ coincides

with the solution uΠi
which is defined only in this small rectangle. Otherwise we would get non–uniqueness of the solution uΩ.

The proof is rather obvious.
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Remark 4.2 To illustrate how the rectangular covering has to be chosen for certain domain of “SL”–type (as
it is done in Fig.2) in order to show the convergency of WBM solution we do the following: we choose two
coverings, i.e. one of them leads to a contradiction and, hence, the convergence cannot be proven in general;
the other leads to the convergence of the WBM solution.
First, consider the domain depicted in Fig.3a and choose some arbitrary (convenient for us) rectangular cov-
ering, i.e. the sides of the rectangles are parallel to the axes of the Cartesian coordinate system. Such covering
leads to the contradiction: as we mentioned above we solve in each small rectangle initial value problem,
where the initial values and initial velocities are given. If we consider two gray rectangles depicted in Fig.3a,
then solving initial value problem in the left rectangle gives some certain values along the side denoted by
s. On the other hand, solving the initial value problem in the right rectangle also gives some certain values
along s. In general, these values do not coincide. As a consequence we cannot show convergence using such
a covering.
Second example considers the same domain Ω. We try to draw two tangents in such a way that the angle α

between these two tangents is the smallest one. Then we define our rectangles such that one side of them
is parallel to one of tangents what we have constructed10 . Solving the initial value problems in each such
rectangle we will not get any contradiction and the convergence of the WBM solution can be shown, cf.
Fig.3b.

PSfrag replacements

Ω

s

Π

(a)

PSfrag replacements

Ω

P1

P2

T1

T2

Π

(b)

Figure 3: (a) Wrong orientation of the rectangles; (b) correct orientation of the rectangles.

Remark 4.3 We also have to take care about the domains of “SL”–type which have several smooth concave
parts. Let us consider one example. Certain computational domain Ω is given, where ∂Ω has two smooth
concave parts, cf. Fig.4. Obviously, we are able to subdivide Ω into several subdomains and prove the
convergence of the WBM solutions in each subdomain using methodology described above, cf. Remark 4.2.
But we choose another way. For each concave part we define two separate coverings, where the orientation
of the small rectangles is different, cf. Fig.4. These two coverings define two disjoint rectangles Π1 and
Π2, where the solution uΩ can be extended. Further, one is able to extend the solution defined in Π2 up to
a rectangle Π2 ∪ Π3

11. Hence, one defines extended solution uΠ, where uΠ|Ω = uΩ. Consequently, the
convergence of the WBM solution in Ω can be shown.

5 Numerical results

In order to corrobarate the theory we present some simple 2D examples. We consider concave domain Ω
which can be circumscribed with a rectanle 1m× 1m. The boundary of this domain satisfies the requirements

10The correct covering of the rectangles is not unique. We are able to allow certain deviation in the orientation of the rectangles.
11The idea is rather simple.
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PSfrag replacements
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Π1

Π2

Π3

Π

Figure 4: The part of the possible covering of the concave domain of “SL” type

of the proposition 4.1, i.e. the minimal angle between any two tangents of the same concave part of ∂Ω is not
less than π

2
. Fig.5 presents two numerical solutions obtained using WBM (left) and FEM ( right). In order

to find WBM solution 24 (i.e. N = 5) wave functions were used. κ = 1.1899 and this corresponds to the
frequency f = 65 Hz.

(a) (b)

Figure 5: (a) WBM solution of the problem (1), (2) with the normal velocity v = 1 on the straight parts of ∂Ω, v = 0 on the

curved parts of ∂Ω; (b) FEM solution of the problem (1), (2) with the normal velocity v = 1 on the straight parts of ∂Ω, v = 0 on

the curved parts of ∂Ω.

Fig.6 presents the same domain Ω and two numerical solutions obtained using WBM (left) and FEM (right).
The boundary conditions in this case are the following: on the staight parts v = 0 and on the curved parts
v = 1, cf. Fig.6. As in the previous case to find WBM solution only 24 (i.e. N = 5) wave functions were
used.

Third 2D example presents two numerical solutions, namely WBM and FEM solutions, respectively. The do-
main Ω looks similar to the domain discussed in Remark 4.3. The rectangle Π has dimensions 1m× 2.1294m.
The wave number stays the same, i.e. κ = 1.1899. N in this case is equal to 13, i.e. 56 wave functions were
used.
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(a) (b)

Figure 6: (a) WBM solution of the problem (1), (2) with the normal velocity v = 0 on the straight parts of ∂Ω, v = 1 on the

curved parts of ∂Ω; (b) FEM solution of the problem (1), (2) with the normal velocity v = 0 on the straight parts of ∂Ω, v = 1 on

the curved parts of ∂Ω.

(a) (b)

Figure 7: (a) WBM solution of the problem (1), (2) with the normal velocity v = 1 on the right straight part of ∂Ω, v = 0

otherwise; (b) FEM solution of the problem (1), (2) with the normal velocity v = 1 on the right straight part of ∂Ω, v = 0

otherwise.

6 Conclusion

In this paper, we discussed the possibility to apply a novel numerical technique, i.e. Wave Based Method,
to solve steady–state acoustic problems within 2D non-convex domains with smooth concave parts. We
found the domain criterion which helps to analyse the convergence of the WBM solution. The proof of the
convergence, however, stays the same as it was done in [6]. As a result, we formulated a proposition 4.1. With
the aid of this proposition one is able to subdivide arbitrary 2D domains such that the number of subdomains
is minimal, WBM may be applied in each subdomain and the geometry is not altered, e.g. via polygonal
approximation. We also presented three examples which corroborate our theory. As a consequence, one is
able to apply the wave based technique to solve steady–state acoustic problems in much more complicated
domains.
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Abstract
This paper discusses the possibility to apply a novel numerical technique, i.e. Wave Based Method, to solve
steady–state acoustic problems in the case of an exterior 3D domain. Three examples, which corroborate our
theory, are also presented.

1 Introduction

In order to solve the Helmholtz equation under certain boundary conditions in certain exterior domain several
techniques can be applied. The most popular methods these days are FEM, BEM, IEM/FEM, etc. The finite
element methods can be applied only in the cases of closed domains. First, one has to introduce an artificial
boundary and define certain boundary conditions on that boundary, then this modified computational domain
can be discretized, the finite elements can be defined and the whole further FEM procedure can be applied.

The boundary element methods are based on solving boundary integral equations. The main advantage of
this method is the dimension reduction. But there are also certain inconveniences connected with these
methods require integration of singular functions, fully populated complex matrices, etc.

In order to apply infinite elements we first have to draw an artifitial boundary and apply finite element method
inside the closed subdomain. Another (exterior) subdomain we discretize and apply infinite element method
which uses some special elements. On the artificial boundary we impose coupling conditions between finite
and infinite elements. The infinite elements have certain properties which guarantee that the wave, approxi-
mated by these elements, goes out.

All these methods express the solution in terms of simple functions which do not necessarily solve the
investigated partial differential equation. This is why we have to take a sufficient amount of the shape
functions to achieve a proper accuracy. By the increasing of the frequency in the model the number of
the shape functions also increases. This leads to rather large matrices and, hence, to rather big amount of
memory and computational time requirements.

Recently, there was developed a new numerical method for solving the steady–state acoustic problems which
deals with frequencies up to 1kHz. It is based on the indirect Trefftz approach, i.e. it does not use simple
shape functions to approximate the solution, but the exact solutions of the governing differential equations,
cf. [13]. This is why the method is called Wave Based Method (WBM), i.e. each “wave” is the solution of
the homogeneous Helmholtz equation, cf. [3], [4], [7]. This allows to avoid extremely fine discretizations of
the domain.

This paper discusses the possibility to use WBM technique in the cases of 3D exterior domains. To approxi-
mate the solution of the Helmholtz equation written in spherical coordinate system in an exterior domain, we
use combination of spherical Hankel functions of the second kind and the spherical harmonics. The spherical
Hankel functions can be written analytically. Such an analytical representation helps to analize the behaviour
of the solution in case of unbounded domains.
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Several numerical examples which corroborate our theory are also presented.

2 The Main Principles of the Wave Based Method

To present the concept of the Wave Based Method in the case of an exterior domain Ω+ we start with the
classical WBM in the case of bounded computational domain Ω. One simple example may show the concept
of this method. Consider the homogeneous Helmholtz equation for a scalar function u, i.e.

∆xu + κ2u = 0 (1)

in a bounded open subset Ω ⊂ R
3 with the Neumann type boundary condition

∂u

∂n
= v (2)

on ∂Ω, where κ is the wave number. Now, we approximate the solution u of (1) by a truncated series, e.g.

u(x, y, z) ≈

Nn
∑

n=0

Nm
∑

m=0

cn,mΦn,m(x, y, z), Nn, Nm ∈ N0, (3)

where the functions Φn,m(x, y, z) solve the homogeneous Helmholtz equation (1) exactly, i.e.

Φn,m(x, y, z) = e−i(κx(n,m)x+κy(n,m)y+κz(n,m)z). (4)

The components (κx(n,m), κy(n,m), κz(n,m)) are complex valued numbers and satisfy the restriction

κ2
x(n,m) + κ2

y(n,m) + κ2
z(n,m) = κ2. (5)

It means that we are able to define the wave functions in infinitely many ways, and it is proposed to choose
the following components, cf. [8]

(κx1 , κy1 , κz1) =





nπ

Lx

,
mπ

Ly

,±

√

κ2 −

(

nπ

Lx

)2

−

(

mπ

Ly

)2


 , (6)

(κx2 , κy2 , κz2) =





nπ

Ly
,
mπ

Lz
,±

√

κ2 −

(

nπ

Ly

)2

−

(

mπ

Lz

)2


 , (7)

(κx3 , κy3 , κz3) =





nπ

Lx

,
mπ

Lz

,±

√

κ2 −

(

nπ

Lx

)2

−

(

mπ

Lz

)2


 , n,m ∈ N0. (8)

Thus, the wave functions set {Φn,m}n,m
can be rewritten as follows

Φn,m(x, y, z) =







Φ1
n,m(x, y, z) = cos κx1x cos κy1y e−iκz1z

Φ2
n,m(x, y, z) = cos κy2y cos κz2z e−iκx2x

Φ3
n,m(x, y, z) = cos κx3x cos κz3z e−iκy3y.

(9)

The parameters Lx, Ly and Lz represent the sizes of the smallest cuboid which circumscribes the given
domain Ω 1.

1The term “smallest cuboid” might be changed to just “cuboid”, i.e. we are able to consider also cuboids which circumscribe
given domain Ω and are not “the smallest” ones. We are already mentioned that the only restriction on the wave functions is the
condition (5).
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Approximation of the solution (3) satisfies the Helmholtz equation (1) exactly. And no matter how the
unknown constants cn,m look like. Therefore, the determination of cn,m depends only on the boundary
condition (2). Obviously, the boundary condition (2) cannot be satisfied exactly because the number of terms
in the expansion (3) is finite. Thus, one proposes to satisfy it in an average integral sense. We multiply both
sides of (2) by a test function ℵ and integrate over the boundary ∂Ω

∫

∂Ω

ℵ(x)
∂u

∂n
(x) dS =

∫

∂Ω

ℵ(x)v(x) dS. (10)

This is so–called weighted residual formulation, cf. [3]. Inserting the expansion (3) into the latter expression
we get the equation with respect to unknowns cn,m. In order to construct a linear algebraic system we choose
the test function ℵ equal to Φj,k. Running the indices j and k from 0 to Nn and Nm, respectively, we get
(Nn + 1)(Nm + 1) equations for (Nn + 1)(Nm + 1) unknowns cn,m, n = 0, Nn and m = 0, Nm. The
corresponding linear algebraic system looks as

Ac = b, (11)

where the components of the matrix A are appropriate surface integrals
∫

∂Ω

Φj,k(x)
∂Φn,m

∂n
(x)dS. The same

is valid for the components of the right hand side b of (11), i.e. the components are the surface integrals
∫

∂Ω

Φj,k(x)v(x)dS, j, n = 0, Nn and k,m = 0, Nm.

The matrix A is rather small2 and, hence, the system (11) can be solved relatively fast, cf. [3], [4].

Remark 2.1 We have to mention that the Wave Based Method can be applied also in the cases of Dirichlet,
Robin or mixed type boundary conditions, cf. [3] for the detailes.

3 WBM in an Unbounded 3D Domain

This section describes the applicability of the Wave Based Technique to solve the homogeneous Helmholtz
equation in the case of a 3D unbounded exterior domain Ω+. We consider the case when the computational
domain Ω+ has two parts, i.e. Ω

+
= Ωint ∪ Ωext, where Ωint represents some cavity, cf. Fig. 1. In each

subdomain of Ω+ one defines the following boundary value problems

PSfrag replacements
Ωint

Ωext

Γ

Figure 1: Interface Γ, 2D cut.

∆xuint + κ2uint = 0 in Ωint, (12)
∂uint

∂n
= gint on ∂Ωint \ Γr (13)

2However, the main disadvantage is that A is fully populated. Yet, the components of A are complex valued and frequency
dependent.
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and

∆xuext + κ2uext = 0 in Ωext, (14)

lim
r→∞

r

(

∂uext

∂r
+ iκuext

)

= 0. (15)

The Sommerfeld radiation condition has to be satisfied uniformly in both spherical angles.

Note that on the interface Γr the coupling conditions on uint and uext have to be defined, i.e.

uint|Γr
= uext|Γr

(16)

and
∂uint

∂nint

∣

∣

∣

∣

Γr

= −
∂uext

∂next

∣

∣

∣

∣

Γr

(17)

The main principles of the coupling can be found in [7].

Within a bounded subdomain Ωint we use the classical Wave Based Method to approximate the solution uint

in the way described above.

In an unbounded subdomain Ωext with a spherical interface to Ωint we approximate the solution uext by the
wave functions which solve the homogeneous Helmholtz equation (14) 3 and behave as an outgoing spherical
wave, i.e. it has to satisfy the Sommerfeld radiation condition at infinity (15).

We know, cf. [6] and [1], that in the spherical coordinate system(r, α, β)4 the general solution of the homo-
geneous Helmholtz equation can be written as follows

uext(r, α, β) =

∞
∑

n=0

n
∑

m=0

[

c(1)
n h(1)

n (κr) + c(2)
n h(2)

n (κr)
]

×

[

c(3)
m eimα + c(4)

m e−imα
]

×
[

c(5)
n,mPm

n (cos β) + c(6)
n,mQm

n (cos β)
]

, (18)

where h
(1)
n and h

(2)
n are the spherical Hankel functions of order n of the first and second kind, respectively;

Pm
n and Qm

n are the Legendre functions of the first and second kind, respectively. To simplify a little the
expression above we investigate the properties of the summation components. We know that any Legendre
function of the second kind Qm

n is unbounded at points −1, 1 for any n, m. Therefore, the only possibility

to get bounded solution uext is to set all c
(6)
n,m equal to zero.

Obviously, the solution uext has to satisfy “outgoing wave” property. Let us note that the spherical Hankel

functions h
(1,2)
n (κr) are similar to cos κr ± i sinκr and behave as 1

κr
e
±i

“

κr−
π(n+1)

2

”

for κr � 1, respec-

tively, cf. [1]. Thus, we conclude that the function h
(2)
n represents the “outgoing wave”. And, hence, all c

(1)
n

are set to zero. Clear, the Sommerfeld radiation condition (15) is thus satisfied. The final representation of
the solution uext might be expressed as follows

uext(r, α, β) =
∞
∑

n=0

n
∑

m=0

h(2)
n (κr)P m

n (cos β)
(

cc
n,m cos mα + cs

n,m sinmα
)

(19)

or

uext(r, α, β) =
∞
∑

n=0

n
∑

m=−n

cn,mh(2)
n (κr)Y m

n (β, α), (20)

3The equation (14) has to be transformed into spherical coordinates first.
4α is the azimuth, β is the zenith.
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where Y m
n (β, α) are the spherical harmonics, cf. [2], [5]. Now, if we assume that on the boundary Γr the

boundary condition
∂uext

∂n
= gr (21)

is given and the function gr(α, β) can be represented by

gr(α, β) =

∞
∑

n=0

n
∑

m=−n

c̃n,mY m
n (β, α), (22)

then the orthogonality properties of Y m
n (β, α) functions result in the following relationship between the

coefficients in the solution uext and the coefficients in (22)

cn,m = −
c̃n,m

∂h
(2)
n (κr)
∂r

∣

∣

∣

∣

Γr

. (23)

Hence, similarly to the classical WBM, the solution can be determined through the boundary condition (21).

To approximate the solution uext of the problem (14)–(15) in an exterior domain Ωext we take only truncated
part of the solution (19), namely, we consider the expression

uext(r, α, β) ≈
N

∑

n=0

n
∑

m=−n

cn,mΦn,m(r, α, β), (24)

where N ≥ 0 and the wave functions Φn,m are the following

Φn,m(r, α, β) = h(2)
n (κr)Y m

n (β, α), n,m = 1, 2, . . . , (25)

(26)

Because the functions in the summation (19) form the complete set of functions, cf. [9], [5], the solution
uext is well defined and the truncated series (24) converges for N → ∞. The unknowns cn,m have to be
determined using the boundary condition on the interface Γr by following the same idea described above, cf.
Section 2.

4 Numerical examples

To show that the idea above really works in practice we present three examples. Two of them are trivial.
Consider a 3D domain Ωext = {(r, α, β)| r ∈ (r0,∞), α ∈ [0, 2π], β ∈ [0, π]}, exterior to a spherical
boundary surface Γr0 of radius r0 = 1[m]. First, on the surface Γr0 we define the boundary condition of
Neumann type, i.e.

∂uext

∂r

∣

∣

∣

∣

r=r0

= −1. (27)

The analytical solution can easily be found, i.e.

uan
ext = −

[

(κr0 − i)e−iκr0

κr2
0

]−1

h
(2)
0 (κr) = −i

[

(κr0 − i)e−iκr0

κr2
0

]−1
e−iκr

r
. (28)

The results of the numerical simulation and of the analytical function are depicted in Fig. 2 Next, we define
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Figure 2: WBM (left) and analytical (right) solutions (real parts) of the problem (14)–(15) with the boundary condition ∂uext
∂r

= −1

on Γr0
. κ = 1.1899.

another boundary condition which depends on the angle β, i.e. ∂uext

∂n
= sin2 β. The analytical solution in

this case can be found by the following formula

uan
ext = −

2

3

[

∂h
(2)
0 (κr)

∂r

∣

∣

∣

∣

∣

r=r0

]−1

h
(2)
0 (κr)

+
1

3

[

∂h
(2)
2 (κr)

∂r

∣

∣

∣

∣

∣

r=r0

]−1

h
(2)
2 (κr)(3 cos2 β − 1). (29)

The results in this case are depicted in Fig. 3. We have to mention that the WBM solutions in the both

Figure 3: WBM (left) and analytical (right) solutions (real parts) of the problem (14)–(15) with the boundary condition ∂uext
∂r

=

sin
2 β on Γr0

. κ = 1.1899.

examples coinside exactly with the analytical ones, cf. Fig. 2 and 3.

The last example decribes the behaviour of the acoustic pressure produced by a bass loudspeaker with the
reflex tube. The loudspeaker has cylindrical geometry and its parameters are depicted in Fig. 4. The compu-
tational domain Ω in this case consists of the loudspeaker itself and certain surrounding area. Unfortunately,
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Mt 0.026 [m]
Kl 0.400 [m]
Kr 0.130 [m]
Rl 0.075 [m]
Rk 0.020 [m]
Rr 0.030 [m]
R 0.500 [m]

Reflex 
tube

Membrane
Cap

PSfrag replacements

r1

r2

Kr
Kl

Rr

Rl
Rk

Mt

R

Figure 4: The parameters of the bass loudspeaker and surrounding area (left), the loudspeaker itself (center) and scheme of the
bounded computational domain Ω (2D cut) (right)

we cannot apply the Wave Based Method directly to simulate the behaviour of the acoustic pressure func-
tion, i.e. the solution of the Helmholtz equation (1). The computational domain Ω is non–convex. Moreover,
the concave parts of the boundary ∂Ω are smooth. Therefore, we cannot subdivide Ω in such a way that
all subdomains would be convex. In [10] the applicability of the WBM in the case of non-convex domains
has been investigated. The theory, described there, allowed to subdivide Ω into three subdomains in such a
way that the WBM solution converges to the true one. We applied the classical Wave Based Method in two
subdomains which represent the loudspeaker, cf. Section 2. In the external to a spherical boundary domain
we applied the Wave Based Technique described in previous section, cf. Section 3. On the two artificial
interfaces we impose compatability conditions.

Ovbiously, the sound will be produced by the membrane oscillations. Therefore, exactly on this part of the
boundary ∂Ω (i.e. the part which represents the membrane) we have the inhomogeneous Neumann type
boundary condition, i.e.

∂u

∂n

∣

∣

∣

∣

on the membrane

= 〈n, κν〉 , (30)

where the vector ν represents the direction of the oscillations of the membrane and the vector n is the outer
normal to Ω. On the rest part of the boundary ∂Ω the boundary condition is homogeneous, i.e.

∂u

∂n

∣

∣

∣

∣

otherwise

= 0. (31)

All the detailes about the boundary conditions can be found in [12] or [11]. Let us remember that at the
infinity we impose the Sommerfeld radiation condition (15). The solution of the problem (1), (30) and (31)
are presented in Fig. 5 and 6 We have to note that the above presented result is similar to the result presented
in [12] or [11]. The only difference is that the computational domain in [12] or [11] is bounded and a certain
approximation of the Sommerfeld radiation condition at infinity on the artificially constructed boundary has
been used. Such a setup allowed to use the finite element method. Therefore, the result of third example and
the result in [12] or [11] can be compared only visually because the statements of the problems in both cases
are different, cf. [12] or [11].

5 Conclusion

In this paper, we discussed the possibility to apply a novel numerical technique, i.e. Wave Based Method,
to solve steady–state acoustic problems in the case of an unbounded 3D domain. The main principle of
the classical Wave Based Method, cf. [3], has been extended to the case of an external domain. We used
the spherical Hankel functions of second kind and the spherical harmonics to approximate the true solution
of the equation (1), which has been transformed into spherical coordinates first. Three examples, which
corroborate our theory, has been also presented.
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Figure 5: Numerical simulation (WBM) of the solution of the problem (1), (30) and (31), 2D cutted view, real part.

Figure 6: Numerical simulation (WBM) of the solution of the problem (1), (30) and (31), 3D view, real part.
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Abstract 
A Hybrid FE-SEA method was recently derived to rigorously couple the finite element and statistical 
energy analysis methods. The FE method is used to describe the components of a system that have a few 
modes (or a long free wavelength when compared to the dimensions), and that consequently exhibit a 
fairly robust dynamic behavior. Alternatively, the SEA method is used to describe the uncertain 
components (with many modes or short wavelength). The result yielded by the method is the dynamic 
response averaged over an ensemble of uncertain structures. Recently, the prediction of the ensemble 
mean has been completed by the ensemble variance, so that the deviation from the mean response can be 
computed. The theory underlying the Hybrid FE-SEA variance derives from a recently derived diffuse-
field reciprocity relation and was shown to be coherent with the variance theory developed in the context 
of SEA only. Numerical simulations are provided validating the new formulation. 
 
 

1 Introduction 
 

The Hybrid FE-SEA approach [1,2] has been developed to extend the prediction capabilities to 
systems with mid-frequency dynamics, characterized by the fact that some components of the systems 
exhibit a dynamic response typical from the low frequencies, while some other components exhibit high-
frequency dynamics. Examples of such systems are a compact structure in a large room, or a thin panel 
with stiffeners. Typically, the components of the first kind will have few modes in the frequency range of 
interest, and their dynamic properties will be robust to perturbations. These two features make those 
components appropriate for a deterministic description by finite elements (FE). Alternatively, the 
components of the second kind will have many sensitive modes, and will consequently better be described 
in a statistical way with statistical energy analysis (SEA). The Hybrid FE-SEA approach rigorously 
couples the FE and SEA descriptions, and yields the mean response of a system, taken over a collection of 
systems with random properties. Many validations of the approach against both experimental and 
numerical Monte Carlo data have been performed. During these validations, the observed variance across 
realistic ensembles of random structures was found to be highly dependent on frequency, and with large 
peak values, with consequence that the prediction of the mean might require the prediction of the variance 
to be meaningful. 

The variance of the response of systems at high frequency has been initially developed in the context 
of SEA by Lyon [3,4], and recently revised using new progress in random matrix theory [5-8]. The goal of 
the present study is to extend this SEA variance theory to the Hybrid FE-SEA method in order to access 
the variance prediction for the mid-frequency range. 

In what follows, Section 2 is a brief reminder of the SEA variance theory which forms the starting 
point of the Hybrid FE-SEA variance theory. The extension of the Hybrid FE-SEA prediction of the 
ensemble mean to the ensemble variance is described in Section 3, and numerical validations are provided 
in Section 4. Section 5 describes the case study using the completed Hybrid FE-SEA method. 
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2 Variance prediction in SEA 
 

2.1 Predicting the mean response with SEA 
 

The prediction of the high frequency response of a complex dynamic system is a difficult task for two 
reasons.  Firstly, the deformation of the system is of short wavelength, which means that very many 
degrees of freedom are required to model the response in detail, and secondly the response is sensitive to 
small changes in the properties of the system. The second point can lead to nominally identical items from 
the same production line having very different behavior, as clearly demonstrated for automotive structures 
by the experimental results of Bernhard and Kompella [9,10].  Both of the difficulties are addressed by 
Statistical Energy Analysis (SEA) [3], where an energy flow model is used in place of a detailed 
deterministic model of the system. The degrees of freedom are the vibrational and acoustic energy levels 
of various regions, or subsystems, of the structure. Relatively few subsystems are employed, typically tens 
or hundreds, which is several orders of magnitude less than the number of degrees of freedom required in 
a detailed deterministic model, thus avoiding the first difficulty. The second difficulty is addressed by 
certain averaging procedures which are implicit in SEA, and which imply that the computed energy levels 
represent ensemble mean values – for example the mean interior noise level in a fleet of vehicles from a 
production line.  There has been recent progress in extending SEA to the prediction of the variance of the 
subsystem energies [5-8] as described in the following section. 
 

2.2 Adding variance prediction to the SEA mean 
 
2.2.1 Variance of energy for a single SEA subsystem 
 

The key result that underpins the variance theory in SEA concerns the statistics of the response of a 
single uncoupled subsystem. The prediction of the variance of the vibrational energy of a single isolated 
subsystem has been the subject of research for many years.  In early work it was assumed that the natural 
frequencies of the subsystem form a Poisson point process [4], but more recently this has been extended to 
the case of natural frequencies governed by the Gaussian Orthogonal Ensemble (GOE) [11].  There is 
much numerical and experimental evidence that real systems conform to the GOE, and a full discussion of 
this issue can be found in references [12-14]. The relative variance of the energy E has been shown to be 
[5,6] 

 2
2

Var( ) 1 1( , )
E[ ] ( )

E r m 2E m m
αα
π π
−

= ≈ + , (1) 

where E[ ] denotes the expected value across the considered ensemble of random systems, m is the modal 
overlap of the system (density times circular frequency times damping), and α is a parameter describing 
the nature of the loading. 

The assumptions and approximations that underlie Eq. (1) are fully discussed in reference [5]: i) SEA 
provides a good estimate of the mean subsystem energies, so that the normal requirements of SEA (for 
example reverberant diffuse vibration field) are met; ii) the subsystem is sufficiently random to exhibit 
statistical overlap, so that GOE statistics apply to the natural frequencies. Justification for this is given in 
Refs. [5,6], but it is worth noting here that the “statistical overlap” condition means that the system must 
be sufficiently random for the standard deviation of random shifts in a particular natural frequency across 
the ensemble to exceed half the mean frequency spacing. This condition is likely to be met at higher 
frequencies where the modal spacing is small relative to any particular natural frequency, but is less likely 
to be met at low frequencies, where the subsystem behavior can be near deterministic [7]. 

The only “non-SEA” parameters that appear in Eq. (1) is the terms α, which is defined as α = 
E[an

2]/E[an]2, where an is the modulus squared generalized force associated with the nth mode. The 
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parameter α therefore depends upon the nature of the loading and the statistics of the subsystem mode 
shapes. Analytical expressions for α exist for point and distributed loads [15]. 
 
2.2.2 Variance of energy in a built-up system 

 
In SEA the system is represented as an assembly of subsystems, and the energy of the jth subsystem is 

written as Ej.  The external power input to this subsystem is denoted by Pin, j, and a consideration of power 
balance leads to a set of equations of the form [3] 

 in, ( / / )j j jk j j j k k
k

jE n E n E n Pωη ωη+ −∑ =

in

. (2) 

Here ηj is the subsystem loss factor, nj is the modal density, and ηjk is known as the coupling loss factor. 
The energy variable and power in Eq. (2) represent the ensemble average of the subsystem energy, taken 
over a collection of systems with random properties.  The SEA equations represented by Eq. (2) can be 
written in the following matrix form 

 0
ˆ =D E P , (3) 

where  is the ensemble mean modal energy in subsystem j.  The aim of the following analysis 
is to extend SEA by deriving an expression for the variance of the energy, and the starting point for this is 
to consider an exact relationship between the input power and the subsystem energies for a deterministic 
system. An exact relation between the power inputs and vibrational energies for a deterministic system can 
be derived in a form similar to Eq. (3) [16]. Now if the system of interest is random rather than 
deterministic, then a first order expansion can be applied to the terms of the deterministic relation to find 
that the expected value of the matrix that appears in the exact energy-power relationship is equal to the 
SEA matrix D

ˆ /j jE E n= j

ˆ
ks

0.  This result has significant implications regarding the structure of the random part of the 
energy-power matrix.  

If the random parts of the power and energy-power matrix are taken to be statistically independent, 
apart from the constraint imposed by the structure of the energy-power matrix, then it can be found by 
using the first order expansion that 

 , (4) 1 2 1 1 2
0, ran , 0, 0, ran ,

ˆVar( ) ( ) Var( ) [( ) ] Var( )j jk k jk js s
k k s k

E D P D D E D− − −

≠

= + −∑ ∑∑

where Var( ) represents the variance, and 1
0, jkD−  represents the jk entry of 1

0
−D .  Expressions are derived 

below for the variances that appear on the right hand side of Eq. (4), based on the results for the statistics 
of the response of a single subsystem.  It can be shown that under the weak coupling assumption (usual in 
SEA), 

 2 2 2 2
ran, in, ran, 0,Var( ) ( , ),        Var( ) ( , )k k k k ks ks ks kP P r m D D r mα α′ ′= = , (5a,b) 

where mk’ is the effective modal overlap based on the effective in-situ subsystem loss factor, and r2 is 
given in Eq. (1). The value of the parameter αk and αks can be evaluated from analytical formula [7,8,15]. 
Many validations of the presented SEA variance theory, both from experimental and numerical Monte 
Carlo studies, are reported in the same references. 
 

3 Variance prediction in Hybrid FE-SEA 
 

3.1 Problem & approach 
 
The previous section described a theory for predicting the variance of the harmonic response of 

complex built-up systems at high frequencies. By “systems at high frequencies”, it is meant that all 
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components of a system are in the high-frequency regime, characterized by high modal overlap and high 
statistical overlap. Typically, this would not occur in built-up structures made of beam and plates, where 
the beams are usually stiff and exhibit a low frequency behavior (or long wavelength). This limitation of 
the SEA method (and corresponding variance formulation) is often referred to as the mid-frequency 
problem. 

This problem has been solved using the Hybrid FE-SEA [2] approach to predict the ensemble-
averaged harmonic response of uncertain systems. This section describes the extension of the method to 
the prediction of the mid-frequency variance. 

 

3.2 Short-range variance: a perturbation approach 
 
In this section, the mean Hybrid equations are re-derived by combining a second order perturbation 

expansion of the system response with a diffuse field reciprocity relationship [1]. The same perturbation 
expansion is used to derive the variance. The present “short range” analysis considers only the case of 
forcing on the deterministic (FE) part of the system. The results are then incorporated into a SEA-variance 
description, which allows a complete extension of the prediction to the more general case, i.e. any number 
of subsystems, of any nature (deterministic or statistical), with any type of loading. 

 
3.2.1 Expansion of the dynamic stiffness matrix 
 

Consider a connection between some deterministic components (described with FE), and random 
components (described with SEA). Similarly to the expansion used in the previous section, the dynamic 
stiffness matrix of a random subsystem r can be written in the form Dr = Dr0 + Dr1, where Dr0 is the 
ensemble average and Dr1 is the (zero mean) random component. Assuming maximum disorder, it was 
shown [1] that Dr0 is equal to the direct field stiffness matrix (matrix obtained as if the subsystem was of 
infinite extend). With this notation, the dynamic stiffness of the connection between some SEA 
subsystems and an FE subsystem is written as 

 0 1 0,       r M
r r

= + = + 0r∑ ∑D D D D D D , (6) 

where DM is the dynamic stiffness matrix of the deterministic (FE) part of the system.  The inverse of the 
dynamic stiffness matrix can be written to second order in the form 

 1 1 1 1 1 1 1 1 1 1
0 1 2 1 0 1 0 2 0 1 0 1 0,     ,     r

r r s

− − − − − − − − − −= + + = − = 1
r s

−∑ ∑∑D D D D D D D D D D D D D D . (7) 

This expansion can be used to find the zero, first, and second order contributions to the cross-spectrum 
response of the deterministic part of the system Sqq, where q = D-1F, and F is the external force. The 
power input to subsystem r can also be expressed that way. 
 
3.2.2 The mean response and power input  

 
Following the analysis of the previous section, the mean response of the deterministic system is given 

by the sum of the zero order component and the ensemble averaged second order component.  Assuming 
that the reverberant forces arising from two subsystems r and s are uncorrelated, this is found to be 

 , (8) 1 *T *T T
0E[ ] E r r

r

− ⎧ ⎫⎡ ⎤= +⎨ ⎢ ⎥⎣ ⎦⎩ ⎭
∑qqS D FF f f D *

0
−

⎬

where the term fr is the boundary force arising from the random part of the dynamic stiffness matrix, 
which can be interpreted as the “reverberant” force applied to the deterministic system by subsystem r.   

The mean power input is similarly obtained as 
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∑
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where the summation runs over the indices i, j, k and n. 
Following Ref. [1], the following reciprocity relation is known to hold 

 *T
0

4 ˆE[ ] r
r r r

r

E
nπω

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

f f D , (10) 

where Er is the mean vibrational energy of subsystem r and nr is the modal density. The application of this 
result to Eq. (8) and Eq. (9) yields exactly the Hybrid FE-SEA equations of the mean response. 
  
3.2.3 The variance of response and power input 

 
In the expansion used above, the variance is actually determined by the first order component of the 

response.  For the deterministic part of the system this can be written in the form 

 
22 1 1*

0, 0, 0, 0,
4 ˆE ( ) =2 r

jj j jk jn r kn
r r

Eq D D D
nπω

− − ⎛ ⎞
⎡ ⎤ = ⎜ ⎟⎣ ⎦

⎝ ⎠
∑qqS , (11) 

where q0 = D0
-1 F, which is the zero order approximation to the displacement of the deterministic system. 

The reciprocity relation, Eq. (10), has been used in deriving this result, and also arguments akin to those 
invoked above have been employed. 

The first order component of the power input to subsystem r is obtained as 
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∑q D D D D D q q D q

q D D D q q D D D q

r −

[ ]

. (12) 

 

3.3 Long-range variance: complete prediction 
 
In this section, the complete theory of variance at mid frequency is derived based on two building 

blocks: i) the SEA variance theory which is valid when all subsystems are in the high-frequency regime, 
ii) the first-order expansion derived above which allows considering SEA subsystems coupled through FE 
junctions. The modifications to be done to the SEA variance theory to account for deterministic systems 
are described in what follows. They concern the way the variance of the coupling loss factors is estimated 
if a deterministic component (FE) connects some statistical subsystems (SEA), and the variance of power 
flowing from a driven deterministic component to the surrounding SEA subsystems. Eventually, an 
equation is given to obtain the variance of the response of the deterministic components once the variance 
of the energy of the statistical subsystems is known. 
 
3.3.1 Relative variance of the CLFs 

 

For the relative variance of the coupling loss factor ηrs, between two SEA subsystems r and s 
connected through an FE component, define the matrix   
(which is independent of s). The relative variance of the coupling loss factor is given by 

1 T* 1
0 0 0 0 0 0 0 0 0

ˆ ˆ ˆ ˆ ˆ ˆ4 4Rer r r r r r ri− − −= + −J D D D D D D D D D

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2225



 

T* 1
0 0 0,

,2
T* 1

0 0 0 0,
,

ˆ( )
relvar[ ] 1 2 ( , ) ˆ ˆ( )

r ij s ij
i j

rs rs r
r ij s ij

i j

D
r m

D
η α

− −

− −

⎡ ⎤
⎢ ⎥′= + ⎢ ⎥
⎢ ⎥
⎣ ⎦

∑

∑

D J D

D D D
, (13) 

where r2 is the function in Eq. (1) describing the relative variance of a single SEA subsystem. It is 
suggested that αrs = 3. This expression of the variance of the CLF has to be introduced into the SEA-
variance formulation Eq. (4) in place of Eq. (5b). 

 
3.3.2 Variance of the power input to random subsystems from forces on the 

deterministic system 
 

If a loading is applied to an FE component, define the matrix . The relative 
variance of the power into subsystem r arising from the forces on the deterministic system is 
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where , and it is suggested that α1
0 0

−=q D F r = 3. If an FE component is driven by an external force, this 
expression of the variance of the input power into the surrounding SEA subsystems has to be introduced in 
the SEA-variance formulation Eq. (4) in place of Eq. (5a). 

 
3.3.3 Variance of the response of the deterministic system 

 
Once the “updated” SEA-variance equations have been solved (yielding the variance of energies of the 

SEA subsystems), the variance of the response of the deterministic part of the system can be obtained 
from 

 ( )
2

2* 1 1* 2 1 T*
0 0 0, 0, 0, 0 0 0

4 4ˆ ˆVar[( ) ] 4 (2Var[ ] )r
ij i j ik jn r kn r r r ijr rr r
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n nπω ωπ
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⎝ ⎠ ⎝ ⎠
∑ ∑qqS D D D , (15) 

where the summation runs on the indices k and n. It can be seen that the variance of deterministic 
components depends on both the mean and variance of the surrounding statistical subsystems. If there is 
no loading on the deterministic components, q0 is zero and only the second term in Eq. (15) remains. 
 

4 Numerical validations 
 

In order to validate the Hybrid FE-SEA variance theory, some Monte Carlo simulations have been 
performed using some reference methods. The first test case below concerns three plates coupled to each 
other at some points, and a Rayleigh-Ritz approach is used to solve for the response of the randomized 
configurations. The second test concerns two plates coupled through a stiff beam with two brackets, and 
the response is obtained with the FE method. In both cases, the plates are randomized by adding some 
point masses at random locations. 

 

4.1 Three point-coupled plates 
 

The system shown in Figure 1 is composed of three simply-supported plates coupled at 3 points by 
infinitely rigid and massless springs. Only the out-of-plane motion of the plates is considered, i.e. the 
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membrane behavior is not included. Plate 1 in the middle is deterministic with area A1 = 1.2 m2 and 
thickness h1 = 5 mm, and plates 2 and 3 are random (not directly connected to each other) with 
respectively A2 = 9A1, h2 = h1/3 and A3 = 6.25A1, h3 = h1/4. All plates have the same damping loss factor 
equal to either 1% or 0.1%. The modal densities are respectively n1~0.0125 s, n2~0.34 s, and n3~0.31 s, 
which corresponds to about 12 modes of plate 1 below 150 Hz, 319 of plate 2 and 215 of plate 3. 400 
realizations have been considered in the Monte Carlo ensemble. The pure-tone energy response of the 
random plates and the velocity response at a point of the deterministic plate were computed over the 
frequency range [40, 200] Hz, with a point force applied either on the deterministic plate or on the random 
plate 2. 

 

 
Figure 1:  Three plates coupled at some points. The middle plate is deterministically described with FE (it has 

few modes / long wavelength). The top and bottom plates are described with SEA (they have many modes / 
short wavelength). 

 
For loading on the deterministic plate, the ensemble mean and relative variance of the auto-spectra of 

the velocity response (Sqq) at a point of the deterministic plate are shown in Figure 2 as functions of 
frequency. The two curves per diagram correspond to the two values of damping. The Hybrid prediction is 
plotted with a red line. The ensemble mean and relative variance of the energy of the random plates are 
shown in Figure 3 as functions of frequency. Good agreement can be observed between the reference 
Monte Carlo data and the Hybrid FE-SEA predictions of the mean and variance. In particular, the peaks 
and drops, typical of the low frequency dynamics of the middle plate, are well captured. 
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Figure 2: Left: Ensemble-averaged auto-spectrum of the velocity response at a point of the deterministic plate 

when the deterministic plate is driven by a point force. Right: Relative variance of the auto-spectrum of the 
velocity response at a point of the deterministic plate. The Monte Carlo results are plotted with blue lines, the 

Hybrid predictions with red lines. Two values of damping per diagram. 
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Figure 3: Left: Ensemble mean energy of the random plates versus frequency when the deterministic plate is 
driven by a point force. Right: Relative variance of the energy of the random plates. The Monte Carlo results 

are plotted with blue lines, the Hybrid predictions with red lines. Two values of damping per diagram. 

 
For loading on the random plate 2, the ensemble mean and relative variance of the auto-spectra of the 

velocity response at a point of the deterministic plate are shown in Figure 4 as functions of frequency. The 
ensemble mean and relative variance of energy of the random plates are shown in Figure 5 as functions of 
frequency. Here also, good agreement is obtained between Monte Carlo data and Hybrid predictions. 
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Figure 4: Left: Ensemble-averaged auto-spectrum of the velocity response at a point of the deterministic plate 
when the random plate 2 is driven by a point force. Right: Relative variance of the auto-spectrum of the 

velocity response at a point of the deterministic plate. The Monte Carlo results are plotted with blue lines, the 
Hybrid predictions with red lines. Two values of damping per diagram. 
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Figure 5: Left: Ensemble mean energy of the random plates when the random plate 2 is driven by a point 
force. Right: Relative variance of the energy of the random plates. The Monte Carlo results are plotted with 

blue lines, the Hybrid predictions with red lines. Two values of damping per diagram. 
 

4.2 Two-plates coupled through a beam 
 

A structure made of two panels connected through a rectangular hollow section beam and some 
brackets is considered now. Two models of the structure were built with the software package VA One 
[15], as shown in Figure 6. The reference Monte Carlo simulation was run using the detailed 
MSC/NASTRAN [17] FE models shown on the left-hand side. Randomization of the model was achieved 
by adding 10 lumped masses on each panel: the masses were added to the basic FE model using some 
CONM2 cards, and each mass was 2% of the mass of the bare panel. The detailed FE model is composed 
of CQUAD4 and CTRIA3 elements, with a total of 2677 degrees of freedom. A uniform damping value of 
2% was considered, and the response was computed for 125 samples over the frequency range [0, 1000] 
Hz, for loading on either a panel or the center beam. 

 

   
Figure 6:  Left: FE model of the structure for Monte Carlo analysis. Right: Hybrid FE-SEA model; the 
Hybrid line junctions are the four bold blue lines. For both models, the point force and point response 

locations are shown.  
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The Hybrid FE-SEA model of the structure is shown on the right-hand side of Figure 6. The bending 
behavior of the panels is described by two SEA subsystems; the beam, the membrane behavior of the 
panels, and the full motion of the panel near the connectors (in order to capture the near-field effects) are 
described with FE. The mesh for the panels away from the connector is very coarse since only the in-plane 
motion (with long wavelength) is described with FE. Four Hybrid line junctions couple SEA and FE 
descriptions. The lumped masses added in the Monte Carlo simulation were smeared out in the SEA 
description by multiplying the mass density of the panels material by 1.2 (since the lumped masses yield a 
20% mass increase); The FE part of the model is composed of CQUAD4 and CTRIA3 with 1383 degrees 
of freedom. 

For a point force applied on the beam (see Figure 6), the ensemble mean and ensemble variance of the 
space-averaged RMS velocity frequency response of each panel is shown in Figure 7. The response of 
each Monte Carlo realization is plotted in the left diagram in gray, the Monte Carlo mean is in blue and 
green, and the relative variance is plotted in the right diagram. The Hybrid predictions are plotted in red. 
The same quantities are shown in Figure 8 for the RMS velocity frequency response at the two points on 
the beam (see Figure 6). Good agreement between the prediction and the ensemble mean from the Monte 
Carlo simulation can be observed. In particular, the drops and peaks of the relative variance are 
reproduced by the theory: these features can be traced to the modal dynamics of the beam-brackets 
component, and a standard SEA-variance calculation would not be able to capture those. 
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Figure 7:  Space-averaged RMS velocity frequency response of the panels when a point force is applied to the 

beam. Left: each Monte Carlo realization is in gray; the ensemble means are in blue and green; Right: relative 
variance. The Hybrid predictions are in red. 
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Figure 8:  RMS velocity frequency response at two points of the beam when a point force is applied to the 

beam. Left: each Monte Carlo realization is in gray; the ensemble mean is in blue; Right: relative variance. 
The Hybrid predictions are in red. 

 
For a point force applied on one panel in the transverse direction, the ensemble mean and ensemble 

variance of the space-averaged RMS velocity frequency response of each panel is shown in Figure 9. The 
response of each Monte Carlo realization is plotted on the left diagram in gray, the Monte Carlo mean is in 
blue and green and the relative variance is plotted in the right diagrams. The hybrid predictions are plotted 
in red. The same quantities are shown in Figure 10 for the RMS velocity frequency response at the two 
points on the beam. 
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Figure 9:  Space-averaged RMS velocity frequency response of the panels when a point force is applied to a 

panel. Left: each Monte Carlo realization is in gray; the ensemble means are in blue and green; Right: relative 
variance. The Hybrid predictions are in red. 
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Figure 10:  RMS velocity frequency response at two points on the beam when a point force is applied to a 

panel. Left: each Monte Carlo realization is in gray; the ensemble mean is in blue; Right: relative variance. 
The Hybrid predictions are in red. 

 

Overall, these results validate the variance theory developed in the context of the Hybrid FE-SEA 
method. It is worth noting that in this theory, all the uncertainty is assumed to be localized in the 
subsystems with short wavelength (described by SEA), while the subsystems with long wavelength are 
perfectly deterministic (and described by FE). No specific information is needed regarding the nature of 
the uncertainty of the SEA subsystems, thanks to the universal statistics expected to occur when the 
systems are random enough. 
 

5 Stowage Bin Structure 
 
This section describes the use of the Hybrid FE-SEA predictions of the mean and variance response in 

the analysis of the structure-borne noise transmission from a aircraft fuselage attachment point to the 
panels of a stowage bin through a connecting frame. The stowage bin structure is shown in Figure 11a 
along with a Boeing 737 fuselage section. The bin and frame connecting the bin to the fuselage are shown 
in Figure 11b. The overall dimensions of the bin and frame are of the order of 65”×20”. The bin is made of 
two corrugated aluminum panels on the sides, a curved aluminum panel at the top, and a curved 
honeycomb sandwich panel at the bottom. The frame is of rectangular shape and made of aluminum 
beams with different cross sections. Small add-on brackets are used to attach the several rods and the bin, 
and they are three tie rods attached to the frame. 

Based on basic material and geometrical measurements, an approximate analysis of the dynamic 
properties of each component shows that i) the tie rod and frame are fairly stiff structures that are expected 
to have few modes in the frequency range of interest [50, 1800] Hz, ii) alternatively, the bin panels may 
have enough modes to be adequately described by SEA. Using the software package VA One [15], the 
Hybrid model shown in Figure 12 was created: the bin is described with four SEA subsystems, and the 
frame and tie rods are described with FE. The SEA model of the bin comprises five line junctions. The FE 
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model of the frame is made of independent components connected via rigid elements (CRIGD1). The 
elements are the four main beams, eight connection brackets, and the tie rod. All subsystems are modeled 
with CQUAD4 and CTRIA3 finite elements, apart from the tie rod and the four connection screws with 
the bin where CBAR were used. The complete model comprises 3783 nodes. The inbuilt FE solver in VA 
One (COSMIC Nastran) was used to extract the 116 modes below 1700 Hz. The FE frame is connected 
with the SEA panels of the bin through four Hybrid point junctions representing the actual physical 
connections between the bin and the frame. 

 

   
(a) (b) 

Figure 11:  Stowage bin assembly: (a) Stowage bin connected to the Boeing 737 fuselage section through a 
rectangular frame and some tie rods; (b) Stowage bin and frame as set up in the tests. 

 

        
Figure 12:  Hybrid FE-SEA model of the bin-frame-tie rod assembly. Left: two Hybrid point junctions are 
shown in blue (between the brackets of the frame as FE and the side and bottom panels of the bin as SEA). 

Right: Overall view with the loading locations and directions (three at the tip of the rod end). 
 
Both the frame and bin were tested in isolation in order to validate the component models. As the bin 

is described with SEA, the validation was done on the energy responses of the panels to “rain-on-the-roof” 
loading on each panel. The frame is described with FE, and the resulting validation was based on the 
natural frequencies. In both cases, the damping was identified from the experiment (using the decay rate 
method for the beam, and the half-power bandwidth method for the frame [3]). The complete frame-bin 
assembly was then tested as shown in Figure 11b, and the panels response to loading at the tip of the tie 
rod in three directions was compared with the Hybrid predictions. 

For the loading in three directions at the tip of the tie rod, the predicted and measured energy response 
of the four bin panels (panel mass times the averaged RMS velocity) are compared in Figure 13. The tie 
rod axis is along the Z direction. The responses are averaged over the sixteen 1/3rd octave bands from 50 to 
1600 Hz. It can be seen that the Hybrid model predicts the band-averaged energy response of bin within 
about 5 dB over most of the frequency range. In particular, it captures the main significant fluctuations of 
the response with frequency, and the difference between the panels. Some discrepancies can be seen at 
low frequencies for loading in the Y direction and at high frequencies for loading in the X direction. 
Considering the complexity of the structure and the amount of available information, those results are 
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extremely satisfactory (no CAD data was available; the Hybrid model was built based on basic 
geometrical and material measurements). 
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Figure 13:  Experimental (solid) and predicted (dotted) energy responses of the four panels of the bin, when 

loading at the end of the tie rod in three directions. 
 

Although the mean and variance relates to an ensemble of random systems, they can sometime be 
applied to the frequency statistics. The variance of the spatially averaged RMS response of the top panel to 
loading in the Y direction at the tip of the tie rod was computed and used to get the 90% confidence 
interval. The resulting bounds are shown in Figure 14 with dotted lines, and can be seen to encompass the 
measured fine-band data (rapidly fluctuating curve). 
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Figure 14:  Averaged RMS velocity response of the top panels of the bin, when loading at the end of the tie rod 

in the Y direction. Light color: measured fine-band response; Bold line: predicted mean response; Dotted 
lines: predicted 90% confidence interval. 

 

6 Conclusions 
 

The Hybrid FE-SEA method combines the finite element method with statistical energy analysis, 
allowing to introduce deterministic details in a standard SEA model or to introduce statistics in a standard 
FE model. In the FE-SEA partitioning, the components described with FE are deterministic, while the 
components described with SEA are random, and the method yields the response averaged over an 
ensemble of configurations of the random components. Not only does the partition of the descriptions 
appropriately fit the different types of dynamics, but it also makes the method computationally efficient as 
the components that would require a large number of deterministic descriptive degrees of freedom are 
described with SEA, and the ones that require few descriptive degrees of freedom are described with FE. 
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The method has been extended to predict the ensemble variance of the response. The new theory is 
based on the variance formulation developed for SEA only. This paper reports the initial investigation of 
the theory, and although some work remains to be done, the initial validation cases show very encouraging 
results. 
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Abstract 

Modelling the vibro-acoustic responses of vehicles in the mid to high frequency range is particularly 
difficult. This is due in part to the structural and acoustic responses of sections of a vehicle being highly 
sensitive to uncertainties arising from the assembly process and manufacturing tolerances. For example, 
the dynamic response of body panels can be greatly altered by small variations in spot welds. This leads to 
significant variation in interior noise levels of successive vehicles from a production line. This paper 
investigates the use of techniques for predicting the responses of structures with inherent uncertainties in 
the medium frequency range. The dynamic characteristics and responses of an ensemble of coupled plate 
structures are examined, where uncertainty is generated by adding small masses at random locations. A 
measure of the uncertainty is obtained by observing the variation in the natural frequencies of an ensemble 
member from their mean value across the ensemble. An ergodic hypothesis is used to compare the 
frequency averaged response of a single member in the ensemble with the ensemble averaged response. 
Finally, structure-borne sound pressure levels obtained experimentally are compared with results obtained 
from an SEA model. 

 

1 Introduction 

For a deterministic system, it is a relatively straightforward task to determine its dynamic response from a 
known excitation. However, for most practical engineering systems, there are degrees of uncertainty about 
the properties of the system. This uncertainty can cause a deterministic approximation of the response of 
the system to be unrepresentative of the actual case, as two samples of the same product may have vastly 
different responses. Kompella and Bernhard [1] observed this by measuring the frequency response 
functions (FRFs) across 98 identical vehicles. They found that across each measurement set, the FRFs 
differed by up to 20 dB. The variation in this case is in part attributed to local material property changes 
due to spot welding, and variation in the manufacturing tolerances and assembly process. 

Deterministic modelling methods such as finite element analysis (FEA) are also limited in the mid to high 
frequency range by the computational expense required to model a structure at these frequencies. For 
complex models, a very large number of degrees of freedom are required to accurately capture the short 
wavelength deformation at high frequencies. The computational time and power required to solve such a 
model is beyond the range of a current desktop computer. Deterministic methods are also unable to easily 
account for variation in structural parameters and material properties, which makes them impractical for 
modelling in the mid to high frequency range. The stochastic finite element method using Monte-Carlo 
simulations can account for structural uncertainty [2-4]. However, it is still restricted by the computational 
expense and the amount of information required to model joints between subsystems [3]. To reduce the 
computational effort, a number of methods have been recently proposed [5, 6]. Perturbation methods 
based on the finite element method are also often used [7, 8]. Including the second and higher order terms 
in the perturbation analysis is often necessary however this increases the time required to obtain solution. 
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An improved finite element method which only uses the mean, variance and covariance of the properties 
of the uncertainty has been developed to reduce the computation time and increase the accuracy of the 
results [8]. Fuzzy structure theory has been proposed by Soize [9, 10] to predict the FRF and responses of 
complex structural acoustic systems in the medium frequency range. In this technique, a complex structure 
is modelled in terms of a master structure to which minor subsystems are attached. The master structure 
represents the component of the system with properties that are exactly known and the minor subsystems 
represent the uncertainty inherent in the structure (fuzzy substructures).  

To overcome the computational expense and amount of detailed required, the dynamic responses of 
structures in the mid to high frequency ranges are generally modelled using energy methods such as 
Statistical Energy Analysis (SEA) [3, 11-14]. Energy flow methods relate the total energy in a subsystem 
to the input power of a subsystem by a matrix of energy influence coefficients [3], where these influence 
coefficients can be calculated experimentally or computationally. 

This paper investigates the vibro-acoustic responses of structures with uncertainty in the medium 
frequency range. The dynamic characteristics and responses of an ensemble of coupled plate structures is 
both computationally and experimentally examined, where uncertainty is generated by adding small 
masses at random locations. A measure of the uncertainty across the ensemble is obtained using a non-
dimensional parameter called the statistical overlap factor [15]. Statistical overlap occurs when there is 
sufficient random variation in an individual natural frequency of a system from its mean value across the 
ensemble. Using an ergodic hypothesis, the frequency averaged response of a single system in the 
ensemble is compared with the response at a single frequency averaged across the ensemble. The mean 
energy levels are also compared with those obtained from a Statistical Energy Analysis model. 

 

2 Background Methodologies 

2.1 Statistical Overlap Factor 

There are many causes of uncertainty which will affect the vibro-acoustic responses of an ensemble of 
nominally identical vehicles. The dynamic response is sensitive to any uncertainty in the system 
parameters, which may be due to variation in material parameters, geometry, manufacturing tolerances, 
assembly process, as well as any variation in operating conditions [12]. In addition, the vibro-acoustic 
responses become increasingly sensitive to any uncertainty in the system parameters as the frequency 
increases. Attempting to predict and then model all the various causes of uncertainty in a structure would 
be a very onerous if not impossible task. However if the uncertainty becomes large enough, then the 
response of the system under consideration becomes independent of the details of the uncertainty [12]. 
This would allow the responses of an ensemble of nominally identical structures to be predicted from only 
the gross properties, which would be the same for each member of the ensemble.  

A measure of a structure’s uncertainty can be obtained using a parameter known as the statistical overlap 
factor and is given by [15]:  

�
�2

�S       (1) 

where �  is the standard deviation of a particular natural frequency of a structure from its mean value 
measured across the ensemble, and �  is the mean spacing between the natural frequencies of the 
structure. Figure 1 shows the variation of natural frequencies between nominally identical vehicles, where 

n�  represents the thn  natural frequency and n�  is the mean thn  natural frequency measured across the 
ensemble.   

It has been suggested that when S is greater than 1, there is sufficient mixing between the modes and 
veering of the modes for the structure to be considered ‘uncertain enough’ [12]. Statistical overlap will 
usually increase with frequency because the sensitivity of a system to uncertainty increases with 
frequency. For small values of S (much lower than 1) the natural frequencies are distinct (in well defined 
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positions) and unaffected by structural uncertainty. However if S exceeds unity then the uncertainty will 
significantly shift these modes. When a structure has a sufficient statistical overlap, the probability density 
function of the spacings between successive resonant frequencies will follow a Rayleigh distribution, as 
shown in figure 2. A Rayleigh distribution is given by [16]: 

22 2/
2

)( cse
c
s

sp ��       (2) 

where p(s) is the probability density function and s is the spacing between successive natural frequencies. 

c is described in terms of the mean frequency spacing by �� /2�c . The Rayleigh distribution shows 
that there is a low probability of small frequency spacings, which is due to the tendency of modes to repel 
and thereby veer from each other. A Rayleigh distribution of the modal spacings of a system indicates that 
there is sufficient uncertainty in that system such that the structural response is independent of the 
properties of its uncertainty.  
 

 

  

 
Figure 1: Variation of natural frequencies between nominally identical vehicles 
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Figure 2: A Rayleigh distribution 
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2.2 Statistical Energy Analysis 

Statistical Energy Analysis (SEA) is a high frequency modelling method which utilises the property that 
the response of a structure can be independent of the specific type of uncertainty inherent in it [12]. SEA is 
a technique whereby a complete system is described in terms of energy flow between its various 
subsystems [13]. Unlike FEA, a complex structure is modelled using only a small number of degrees of 
freedom and only the gross system properties are used. The main SEA equation is based on a power 
balance for a particular subsystem and is given by [13, 14]: 

�
	





�

�


�

�
���

ij j

j

i

i
iijiii n

E

n
E

nEP ����        (3) 

where the terms iP , iE , i� , ij�  and in  respectively refer to the input power into subsystem i, energy in 

subsystem i, loss factor of subsystem i, coupling loss factor between subsystems i and j, and the modal 
density of subsystem i. The first term on the right hand side of equation (3) refers to the energy dissipated 
by subsystem i and the second term on the right hand side of the equation describes the energy flow 
between adjacent subsystems i and j.  

For the SEA equation to be valid, the excitation of the structure needs to be high in frequency and random, 
to ensure equal partition of energy between modes. The coupling between subsystems must also be weak 
so that no global mode dominates, and the modal overlap must be high to allow for good mixing between 
modes [14]. The use of SEA to model the mean energy levels of a system is considered reasonably 
accurate for statistical overlap factors of 1 or greater. The structural response determined using SEA is 
generally both frequency and ensemble averaged. Using an ergodic hypothesis, the frequency and spatially 
averaged mean energy levels of a structure obtained using SEA are compared with the energy levels 
averaged across an ensemble of nominally identical structures. This is described in more detail in the 
proceeding section. 

 

2.3 Ergodic Hypotheses 

The ergodic hypothesis states that if a structure has sufficient uncertainty, then the ensemble response of 
nominally identical structures is equal to the frequency averaged response of one member of this 
ensemble. This is mathematically represented by [14]: 

�
�
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�
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�
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where ie  is the kinetic energy density for subsystem i as a function of location x, frequency �  and any 

uncertainty across the ensemble p. The frequency band ��  required for averaging should be sufficiently 
wide to encompass three or more modes [14]. 

The ergodic hypothesis is practically very important to the automotive industry as it could allow the mean 
response of an ensemble of similar vehicles to be calculated from the frequency averaged response of a 
single vehicle. It could also be used to compare with and verify the mean energy levels predicted using 
SEA. 

 

3 Computational and Experimental Results 

3.1 Computational Results for a Coupled Plate Structure with Uncertainty 

To investigate implementation of the various aforementioned methods to a structure with uncertainties, a 
coupled plate structure consisting of two plates connected at right angles in an L-shape with small added 

2240 PROCEEDINGS OF ISMA2006



masses has been examined. An ensemble of L-shaped plates with uncertainty has been simulated by 
adding small masses at random locations on the plates. Due to the low damping properties of aluminium, a 
large number of modes can be obtained in the measured results.  

The modes of an L-shaped plate were computationally determined by using a finite element model, as 
shown in figure 3. The two aluminium plates were modelled by quad 8, plate elements of 10mm in length. 
Simply supported boundary conditions were applied to the four long edges with the remaining two edges 
left free. Twenty 3 gram masses have been randomly located, 10 across each plate. 50 different 
configurations of these masses have been solved. The natural frequencies of the L-shaped plate were 
determined in the frequency range up to 4000 Hz, which includes 380 modes. The frequency spacings 
between each successive mode were then obtained. The probability density function of the spacings 
between successive natural frequencies has been compared with a Rayleigh distribution calculated using 
the mean frequency spacing of the L-shaped plate. It is worthwhile to note that the mean frequency 
spacing does not vary significantly between each ensemble member. The mean and standard deviation of 
the natural frequencies across the ensemble have also been determined, allowing the statistical overlap 
factor to be calculated.  

It was found that for a modal range of 200 to 380 modes, the distribution of the spacings between 
successive natural frequencies followed a Rayleigh distribution, as shown in figure 4. The lower modes 
were discarded as they are in well defined positions and are therefore much less susceptible to the 
uncertainty in the plates. The results showing a Rayleigh distribution of modal spacings for a single plate 
loaded by masses has been previously reported [17]. Figure 5 presents the statistical overlap factor as a 
function of mode number. A trend line approximated by a second order polynomial which approaches 
unity is also shown. The statistical overlap factor shows a steady increase with mode number. The 
levelling off of the statistical overlap factor is attributed to the inertia of the masses increasing as 
frequency increases, to the degree that each mass is acting as a clamped point such that no further increase 
in statistical overlap factor will occur with increasing frequency. It is interesting to note that the Rayleigh 
distribution in figure 4 is clearly observed for a modal range occurring before the statistical overlap factor 
approached unity, implying that very little uncertainty in a system is required to result in a Rayleigh 
distribution. 

 

 
Figure 3: Finite element model of an L-shaped plate with masses attached at random locations 
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Figure 4: Probability density function of successive frequency spacings for modes 200 to 380 (dashed 
line) and a Rayleigh distribution of the mean frequency spacing (solid line) 
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Figure 5: Statistical overlap factor (solid line), trend line (dashed line) 
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3.2 Experimental Results for a Coupled Plate Structure with Uncertainty 

Experiments were conducted on an L-shaped plate with small added masses to validate the various 
methodologies and computational results. The L-shaped plate was constructed from two 2mm thick 
aluminium plates welded together at right angles. The simply supported boundary conditions were 
constructed using 0.9mm thick aluminium Z-sections. The top flange of the Z-section was screwed at 
regular intervals along the four long edges of the L-plate, and the lower flange of the Z-sections was 
clamped between concrete blocks. These Z-sections have been shown to give a good approximation of 
simply supported boundary conditions as they are stiff for in plane vibration but allow rotation of the plate 
edges [18]. The remaining two plate edges were left free, as shown in figure 6.  

Twenty 3 gram masses were attached to the two plates in random locations. A schematic diagram of the 
experimental set up is shown in figure 7. A shaker was used to excite the plate and was driven by random 
noise generated through a Pulse FFT analyser. The shaker was mounted vertically over the horizontal 
plane to simulate a point force excitation. A microphone was mounted behind the vertical plate, as shown 
in figure 7. The structural and acoustic responses were simultaneously measured. Frequency response 
functions were obtained between the force transducer at the shaker input and an accelerometer located on 
plate 2. The transfer path functions have been determined between the force transducer and the 
microphone [19]. The signals from both the accelerometer and force transducer passed through a charge 
conditioning amplifier before being sampled by the FFT analyser. 50 different configurations have been 
measured by randomising the locations of the small masses.  

Figure 8 presents the probability density function of the spacings between successive natural frequencies 
for modes 40 to 155, as well as a Rayleigh distribution of the mean frequency spacing for this modal 
range. The statistical overlap factor for the mass loaded L-shaped plate ensemble is given in figure 9. A 
linear trend line was shown to better approximate the statistical overlap factor. 

 

 

 

 

Figure 6: Photo showing the experimental set-up of the L-shaped plate with masses attached at 
random locations 
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The results obtained through experimental measurement have restrictions which are described in what 
follows. Firstly, as the frequency range increases, the damping in the plates, though very low, does cause 
each resonant peak to spread into its neighbouring one. In this case it was found that above 2500 Hz, it 
was impossible to distinguish the individual resonances as the modal density of the plates was so high that 
many resonances were merging together. It was however possible to determine the statistical overlap 
factor up to this frequency and obtain a meaningful spread of information. Another restriction to the 
experimental measurements is that not each of the resonant modes was observed for each randomised 
mass configuration. This has reduced the population size used for determining both the frequency spacing 
distribution and statistical overlap factor, increasing the error in both cases.  

Despite the two limitations mentioned above, the experimental results match well with the simulated 
results. The frequency spacing distribution shows a clear Rayleigh distribution below the expected 
statistical overlap factor of unity. Results for the statistical overlap factor suggest that the level of 
uncertainty in the practical situation increases more quickly than the simulated case, attributed to 
uncertainty inherent in the measurements for each ensemble member.  

 

 

 
 

 

Figure 7: A schematic experimental set-up for the L-shaped plate measurement 
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Figure 8: Probability density function of successive frequency spacings for modes 40-155 (dashed 

line) and a Rayleigh distribution of the mean frequency spacing (solid line) 
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Figure 9: Statistical overlap factor (solid line), trend line (dashed line) 
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3.3 Comparison of Frequency Averaging and Ensemble Averaging 

In an attempt to validate the ergodic hypothesis, response measurements taken from the L-shaped plate are 
used to compare the mean levels found by frequency averaging and ensemble averaging. Both structural 
and acoustic measurements were simultaneously taken. The frequency response function (FRF) was 
measured between two points on the structure. The excitation was random and the frequency range was 
measured up to 3.2 kHz. The frequency response function has been converted into a velocity squared 
response by integrating with respect to time and assuming a unit force input. The second measurement 
was of the transfer path between the excitation point and a microphone located behind the plate, as shown 
in figure 7. The transfer path measurement has been converted into an energy density response. A unit 
input force has been assumed. The ensemble averaging has been achieved by averaging the response 
measurement for each ensemble member at each discrete frequency [20]. The frequency averaged 
response of a single ensemble member was obtained by averaging the response within a fixed frequency 
bandwidth of 4% of the frequency range.  

From the experimentally measured FRFs, it was found that the frequency averaged result of the single 
ensemble member gives a close match to the ensemble averaged result for frequencies greater than 1600 
Hz (as shown in figure 10), which relates to a statistical overlap factor of 0.9 and greater. The frequency 
averaging band in this case is of a fixed bandwidth. It was found that the result was significantly improved 
for the low frequency range if the averaging bandwidth was set to be proportional to frequency. Using a 
proportional bandwidth of 4% allowed much of the detail in the region where the statistical overlap factor 
was low to be kept, but reduced the sensitivity to detail as the frequency increased.  

Similar results were found for the acoustic response measurements, as shown in figure 12. However in this 
case the averaging band needed to be wider (a 10% bandwidth was used). Ensemble averaged and 
frequency averaged results have also been calculated using FEA for the structural response. Very similar 
results were found in comparison to those determined experimentally as shown in figure 13, again a 4% 
proportional averaging bandwidth was used. 
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Figure 10: Ensemble averaged velocity at each frequency (solid line), frequency averaged velocity 

with a fixed averaging bandwidth of 4% of the frequency range (dashed line) 
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Figure 11: Ensemble averaged velocity at each frequency (solid line), frequency averaged velocity 

with a 4% proportional averaging bandwidth (dashed line) 

 

0 500 1000 1500 2000 2500 3000 3500
0

20

40

60

80

100

120

140

160

180

Frequency (Hz)

E
ne

rg
y 

D
en

si
ty

 L
ev

el
 (d

B
 re

 1
0-1

2  J
/m

3 )

 
Figure 12: Ensemble averaged acoustic energy density at each frequency (solid line), frequency 
averaged acoustic energy density with a 10% proportional averaging bandwidth (dashed line) 
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Figure 13: Ensemble averaged velocity at each frequency (solid line), frequency averaged velocity 

with a 4% proportional averaging bandwidth (dashed line) 

 

 

3.4 Averaged Results Compared With SEA Results 

The frequency averaged acoustic response obtained experimentally and shown in figure 12 is compared to 
the mean structure-borne acoustic response of an L-shaped plate calculated using SEA. A unit input force 
was applied to the SEA model. The SEA response was calculated using the PAM-VA One software [12, 
21-23], by means of the predefined properties of an aluminium plate. Figure 14 shows that the frequency 
averaged acoustic response converges towards the SEA prediction as frequency increases. SEA tends to 
slightly over predict the mean vibro-acoustic responses of the structure, although this is not the case in 
figure 14. This discrepancy is attributed to the fact that the experimental results were obtained out in a 
semi reverberant field whilst the SEA calculations assume an anechoic chamber.  
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Figure 14: Mean sound pressure level calculated experimentally (solid line), SEA prediction (dashed 

line) 

 

4 Conclusion 

Several statistical methodologies corresponding to the statistical overlap factor, probability density 
function of modal spacings and statistical energy analysis have been investigated both computationally 
and experimentally for an L-shaped plate. It was found that in the presence of structural uncertainty, the 
spacings between successive natural frequencies of a simple coupled plate followed a Rayleigh 
distribution, indicating that the response of the structure is independent of the properties of the 
uncertainty. Statistical energy analysis was then used to predict the mean energy levels of the structure. An 
ergodic hypothesis was employed which compared the mean response of an ensemble of structures at each 
frequency with the frequency averaged response of a single ensemble member. This paper summarises 
some of the results of an ongoing body of work into modelling structures with uncertainty in the mid 
frequency range.  
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Abstract
An Infinite Partition of Unity Method (IPUM) is implemented to analyse axisymmetric radiation applica-
tions. The formulation is based on the convected wave equation such that it takes into account the effect
of non-uniform flows on acoustic propagation. Convected IPUM has been developed to reach better perfor-
mances while analysing turbofans inlet noise applications. The paper describes the formulation and compares
the performance of the developed method with analytical solutions and results obtained with the commercial
software ActranTM .

1 Introduction

During the last few years, the acoustic quality has become a new design criteria, partly because of restrictive
standards and of the need for increased comfort for customers. This explains the trends towards computa-
tional methods to predict and minimise the noise of new products.

A common approach to simulate acoustic propagation is the Finite Element Method (FEM). This is an
efficient technique when the excitation frequency is kept moderate. The FEM is a deterministic approach
and meshes have to be generated such that the waves can be represented accurately by the shape functions.
This means that meshes are frequency dependent. In general, a rule of the thumb is considered : 6 to 10
elements are needed to approximate a wavelength. This rule is often used because it is practical. However, it
has been shown [1] that it is not valid for medium and high frequencies. Ihlenburg showed that the error (in
relative H1 semi-norm) of the acoustic finite element solution is composed of two terms : the interpolation
(1) and the pollution error (2).

ε|H1
= C1 (Kh)p
︸ ︷︷ ︸

(1)

+C2 K (Kh)p+1
︸ ︷︷ ︸

(2)

(Kh < 1) (1)

where h is the size of the mesh, p is the polynomial degree of the shape functions and K is the non-
dimensional wavenumber (K = 2pfL/c0), f being the excitation frequency, L a characteristic length of
the problem and c0, the speed of sound.

Equation 1 shows that keeping the term Kh constant while increasing the frequency is not sufficient to
ensure a constant error. The effect of this relation is that the mesh should contain more than the classic 6 to
10 elements per wavelength.

The Partition of Unity Method is explored in this paper in order to overcome this limitation. We are concerned
by convected acoustic propagation for radiating applications, like turbofan noise radiation.
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The influence of non uniform flow on acoustic propagation is taken into account in the formulation through
the convected wave equation. This equation is obtained by assuming a potential flow. Gamallo [2, 3] studied
convected propagation with the Partition of Unity Method considering a plane wave basis.

Dealing with radiating applications imposes to consider infinite domains. Infinite elements enable to mesh an
infinite domain with a finite number of elements but fail to provide accurate solution close to the boundary
conditions. Practically, the domain will be subdivided in an inner region and an outer one. An Infinite
Partition of Unity Method has been developed. The outer formulation is inspired by the Mapped Wave
Envelope Infinite Element (MWEIE) developed by Astley [4]. Astley et al. [5] proposed the use of Legendre
polynomials for the radial basis instead of the original Lagrange polynomials, Dreyer [7, 8] suggested the
use of Jacobi polynomials and Eversman [9] extended infinite elements to the convected case.

2 Formulation

The classical Helmholtz equation is not convenient as acoustic waves propagate within a flow. In this case,
the convected wave equation (eq. 2) has to be considered. It is obtained from the mass conservation law
and the momentum equation, by considering the assumptions of a compressible inviscid isentropic irrota-
tional flow. The convected wave equation is written in terms of potential (v = ∇φ) after decomposing each
flow quantities in a known steady mean part (represented by the subscript 0) and an unknown harmonic
perturbation (represented by the subscript a).

[

∇ · (ρ0∇φa)−∇ ·
(
ρ0
c02

v0 (v0 · ∇φa)

)]

−iω
[
ρ0
c02

(v0 · ∇φa) +∇ ·
(
ρ0
c02

v0φa

)]

+ω2
ρ0
c02

φa = 0 (2)

ρo is the steady mean density, v0 is the steady mean flow velocity and ω = 2πf .

The variational formulation is obtained by using a standard weighted residual procedure for equation 2 and
by integrating it by parts over the domain Ω; S being the boundary, W the weight function and V a Sobolev
space.

∫

Ω

(

(ρ0∇φa) · ∇W −∇W ·
(
ρ0
c02

v0 (v0 · ∇φa)

))

dΩ

+ iω

∫

Ω

(
ρ0
c02

(v0 · ∇φa)W −∇W ·
(
ρ0
c02

v0φa

))

dΩ

− ω2
∫

Ω

(
ρ0
c02

φaW

)

dΩ

=

∫

S

(

(Wρ0∇φa) · n−W
ρ0
c0

2
v0 (v0 · ∇φa) · n

)

dS

− iω

∫

S

(

W
ρ0
c02

v0φa · n
)

dS ∀W ∈ V (3)
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The matrix form of the convected formulation is given here after :

(

[K] + iω [C]− ω2 [M ]
)

{φa} = {F} (4)

The acoustic pressure pa is related to the acoustic potential φa through equation 5.

pa = −ρ (iωφa + v0 · ∇φa) (5)

3 Boundary conditions

The boundary conditions prescribed in this paper correspond to surface accelerations, modal prescriptions
and the Sommerfeld condition.

3.1 Surface acceleration

A vibrating surface can be simulated by prescribing the normal acceleration an through the following re-
lations, where un and vn are normal motion and velocity of the wall; f is the excitation frequency and
i =
√
−1.

vn = ∇φa · n (6)

vn = iωun + v0 · ∇un − unn · (n · ∇)v0 (7)

an = −ω2un (8)

As the flow along a vibrating wall can not have a normal component (v0 · n = 0), the acceleration boundary
condition becomes :

{F} =
∫

S

ρ0 −
an
ω2
(iωW − v0 · ∇W) dS +

∫

γ

(

n×Wρ0
an

ω2
v0

)

· dγ (9)

3.2 Modal prescription

Wave propagation in an infinite or semi-infinite duct with uniform flow along the duct axis can be seen as a
combination of the acoustic modes in the duct. Therefore, semi-infinite ducts can be represented by a modal
boundary condition (Fig.1). It is an interesting boundary condition in some applications such as mufflers,
HVAC systems, turbofan and by-pass. This decomposition allows to directly prescribe the amplitude of the
modes propagating in the duct.

Figure 1: Infinite duct modelisation (MBC : Modal Boundary Condition; TBC : Transmitted Boundary
Condition)
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The flow in the duct is uniform and oriented with the duct axis x, the natural boundary condition becomes :

{F} =
∫

SM

ρ0W

(

ikM0φa −
(

1−M2
0

) ∂φa
∂x

)

dS (10)

where M0 is the mach number of the uniform flow.

As the potential can be described as a combination of modes :

φa =
∞∑

j=1

(

A+j E
+
j +A−j E

−
j

)

(11)

∂φa
∂x

=
∞∑

j=1

(

−ik+xjA+j E+j +−ik−xjA−j E−j
)

(12)

A+j , A−j are respectively the known and unknown (reflected) amplitudes of the modes E+i , E−i and k±xj
denote the longitudinal wavenumbers. The infinite summation can be truncated, while associated modes are
evanescent above the cut-off frequency.

The system to solve becomes :

[ (
[K] + iω [C]− ω2 [M ]

)
− [B−]

[B−]
t − [D]

]{

{φa}
{A−}

}

=

[

[B+]
[D]

]

{
A+

}
(13)

with

[

B±lj

]

= iρ0
(

kM0 +
(

1−M2
0

)

k±xj

) ∫

SMBC

WlEjdS (14)

[Dqj ] = iρ0
(

kM0 +
(

1−M2
0

)

k−xj

) ∫

SMBC

EqEjdS (15)

3.3 Sommerfeld radiation condition

The Sommerfeld radiation condition ensures that energy propagates in an outward direction if the following
relation is respected :

r

{
∂p

∂r
+ ikp

}

→ 0 as r →∞ (16)

This relation will not be taken into account in the formulation as it will automatically be satisfied by the
choice of the shape functions.

4 Partition of Unity Method (PUM)

The Partition of Unity Method has been proposed by Melenk and Babuška [10]. The characteristic of this
method comes from the way the approximation subspace is defined. The approximation (Φa) of the field
(φa) is constructed on a mesh such as conventional finite element models. The partition of unity method is
based on the property (eq. 17) of partition of unity functions which enables the construction of a conforming
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space : Vh ∈ V . The approximation is given by equation 18 where Vjl are called enrichment functions or
local approximation space and ejl are the unknowns. Several degrees of freedom can be attached to a node.

nodes∑

j=1

Nj = 1 (17)

Φa =
nodes∑

j=1

Nj

dofs(j)
∑

l=1

Vjlejl (18)

Figure 2: Construction of the approximation

Classical FE results can be obtained by a particular version of the Partition of Unity Method. This is called
¿ degeneratedÀ PUM and noted FEM on figures. Indeed if the enrichment functions for all the nodes are
constant and equal to 1, the approximation becomes :

Φjl = Nj (x)
1∑

l=1

1ejl (19)

5 Infinite Partition of Unity Elements (IPUM)

Unbounded domains are decomposed into an inner and an outer region (respectively Ri and Ro). Both
regions are separated by an interface Γ. The inner region contains the geometry of the application and all the
sources. The flow in the outer region is assumed to be uniform and oriented along the x direction. The outer
region formulation becomes :

∫

V

(

∇W · ∇Φa −M2
0

∂W

∂x

∂Φa

∂x
+ ikM0

(

W
∂Φa

∂x
− ∂W

∂x
Φa

)

− ik2WΦa

)

dV = 0 (20)

Acoustic potential and weight functions are interpolated respectively by shape {Φa (x)} and weight {W (x)}
functions :

{

Φa (x) = {φa (x)} {e}
W (x) = {W (x)} {v} (21)

The approximation of the acoustic potential in the outer regions is based on specific shape functions which
take into account the decay and the oscillatory behaviour of the radiated waves. A typical infinite element
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Figure 3: Topology of an infinite element and its parent element : coordinates of node (1or2) is (x1, y1) and
node (1′or2′) is (x0, y0)

shape function Φaj
for a node (j) is composed by radial (R) and circumferential (T ) interpolant functions

and a wavelike factor
(

e−ikµ
)

.

Φaj
(x, ω) = Rj (x)Tj (x) e

−ikµ(x) (22)

Following the Wilcox-Atkinson expansion, the shape functions in global coordinates along an infinite edge
should have the form (with aj constant) :

Rj (x) =

(
a1
R

)

+

(
a2
R

)2

+ · · ·+
(
am
R

)m

(23)

An expansion of this type with m terms contains a radial basis for spherical Bessel functions up to and
including those of order (m − 1). A first order element (m = 1) is able to model accurately the radial
behaviour of an acoustic monopole, a second order element to model that of a dipole and so on. The radial
approximation is constructed at each node j with Legendre polynomials

(

Lm
j

)

of order m.

Rj (x) =
1− η

2
Lm
j (η) (24)

The phase function µ (x) is defined by :

µ (x) = Ψ (x)−Ψ1 (25)

Ψ(x) =
2Ψ1
1− η

(26)

Ψ1 =
1

1−M2
0

[−M0 (x1 − x0) +R1] (27)

R1 =
√

(x1 − x0)
2 +

(
1−M2

0

)
(y1 − y0)

2 (28)

with x0 and y0 the coordinates of source points and x1 and y1 the coordinates of nodes lying on the interface
Γ (Fig.3).
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Both radial and phase functions have been chosen such as their value at the interface equals 1. This way, the
continuity of the potential along the interface Γ is provided by the circumferential functions which are the
same as the component of the inner Partition of Unity shape functions along Γ.

The weighting functions (W ) are chosen to be the complex conjugates of the shape functions (Φ) following
a conjugated Galerkin scheme. This choice ensures the cancellation of wavelike terms

(

e±ikµ
)

in the infinite
integrals.

Wj (x, ω) = DRj (x)Tj (x) e
+ikµ(x) (29)

where D is the geometric factor chosen to satisfy the Sommerfeld condition at the infinity and conduct to
proper integrals for the infinite elements : q ≥ 3.

D =




R1

√

(x− xo)
2 +

(
1−M2

0

)
(y − yo)2





q

(30)

6 Results

This section illustrates the performances of the IPUFEM. Computed results are compared to analytical so-
lutions and/or linear FEM (¿degeneratedÀ PUM and Actran). Several applications are illustrated in this
paper :

• convected propagation in axisymmetric ducts,

• dipole radiation and

• the radiation of a rigid piston.

Convected radiation applications have not been considered yet.

Convergence curves compare relative errors (eq. 31) where pa and pc are, respectively, the analytic and
computed pressures.

εR = 100

√
∫
(pa − pc)

2

√
∫
(pa)

2
% (31)

6.1 Axisymmetric ducts

We consider the propagation of a wave in an hard walled infinite cylindrical duct of radius Rd = 0.5m.
The computational domain models a part of the duct which is 2m long. Modal and transmitted boundary
conditions simulate semi-infinite ducts at both ends of the computational domain (Fig.1).

The analytical pressure (pa) in a duct is given by the following modal decomposition :

pa (x, y, θ) =
∞∑

m=−∞

∞∑

n=1

Jm (kymny) e
imθ

(

a+mne
−ik+

xmnx + a−mne
+ik−xmnx

)

(32)

where Jm is the Bessel function of order m. The radial kymn and longitudinal k±xmn wavenumbers are
obtained by resolving equations 33.
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J ′m (kymnRd) = 0

k±xmn =
∓kM0 +

√

k2 +
(
1−M2

0

)
k2ymn

(
1−M2

0

) (33)

The performance of the convected IPUM is compared to linear FEM by simulating the propagation of the
first mode (n = 1) of the first axisymmetric order (m = 1). The excitation frequency is chosen equal to
600 Hz. This application has been analysed for the “no-flow” and convected case. The convected wave
propagation considers a uniform flow (M0 = 0.4) moving in the opposite direction of the wave. Figures
(Fig. 4) illustrate the distribution of the real part of the pressure in the duct.
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Figure 4: Real part of the pressure of the first mode : axisymetric orderm = 1, excitation frequency : 600Hz
(a) No flow (b) Mach number : M = 0.4

A convergence analysis was performed on this duct problem to compare the linear FEM with the Partition of
Unity using a quadratic enrichment

{
1;x2; y2

}
.

The convergence analysis was performes by varying the number of elements of the computational domain.
Both convergence curves are plotted on the same figure (Fig. 5) together with their convergence rate. As
predicted, the convergence rate of the PUM is better than for the linear FEM (Actran or ¿degeneratedÀ
IPUM) . We can see that the convergence rate of an enrichment of the second order corresponds to a third
order polynomial. Indeed, the Partition of Unity shape function is a combination of the enrichment and the
hat function. This leads to a complete third order polynomial. These conclusions stand for the convected
or the “no-flow” propagation. We can notice that the ¿degeneratedÀ PUM (called FEM on the figures)
gives the same results as the linear elements of Actran, the commercial simulation tool from Free Field
Technologies.

2258 PROCEEDINGS OF ISMA2006



10
2

10
3

10
4

10
−3

10
−2

10
−1

10
0

10
1

10
2

dofs

re
la

tiv
e 

er
ro

r [
%

]

FEM

PUM 22

h4

h2

Actran

(a)

10
2

10
3

10
4

10
−3

10
−2

10
−1

10
0

10
1

10
2

dofs

re
la

tiv
e 

er
re

or
 [%

]

FEM

PUM 22

h4

h2

(b)

Figure 5: Relative error (εr [%]) with respect to the number of degrees of freedom (dofs) : propagation of
the first mode, axisymetric order m = 1, excitation frequency 600Hz (a) “No-flow” (b) Mach number :
M = 0.4
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6.2 Multipole radiation

Multipole radiation is simulated by prescribing acceleration on a vibrating sphere. In this paper, the radius
of the sphere is rS = 1m and the interface Γ separating the infinite domain in an inner and an outer region
is a sphere of radius rΓ = 4m. The inner region is meshed by conventional Q4 while the outer region is
discretized by infinite elements of radial order IE = 5. The analytic pressure is given by equation 34 where
PN denotes the Legendre polynomial of order N , θ is the spherical polar angle, r is the spherical polar radius
and h(2)N the spherical Bessel function of the second kind.

p (x) =

(
ρ0c0
k

)

PN (cos (θ))
h
(2)
N (kr)

h
(2))
N (krS)

(34)

Monopole and dipole applications are investigated with an excitation frequency of 400Hz. Figure 6 illustrates
the distribution of the real part of the pressure. Infinite elements are drawn on the figure.
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Figure 6: Real part of the pressure (400Hz) (a) Monopole radiation (b) Dipole radiation

A convergence analysis (Fig.7) reveals the performance of the IPUM. This analysis has been obtained by
varying the number of elements in the radial and the circumferential directions. It can be seen that the IPUM
convergence rate is not better than the linear FEM one, even if the IPUM relative error is lower than linear
FEM. The same conclusions can be done while considering a radial order IE = 15 (Fig. 7(b)).

The results of the previous infinite application does not correspond to the expected performance as seen in
cavity applications. It has been decided to analyse an other infinite application for which the geometry does
not depend on the mesh, as it was the case when spherical surface have to be discretized.
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Figure 7: Relative error (εr [%]) computed within the inner region (Ri)with respect to the number of degrees
of freedom (dofs); excitation frequency 400Hz (a) Monopole radiation (b) Dipole radiation
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6.3 Vibrating rigid piston

A circular piston (R = 0.5m) vibrates in a semi-infinite domain with a uniform acceleration an = 1.
Figure 8 illustrates the piston (Sv), the infinite mesh and the absolute part of the pressure.
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Figure 8: Absolute part of the radiated pressure from a vibrating piston (400 Hz)

The analytic solution is given by equation 35

(x, ω) = −ρ0an
2π

∫

Sv

e−ik|x−xv|

|x− xv|
dSv (35)

where xv are the coordinates of points located on the vibrating piston.

The present analysis will compare linear FEM (1460 dofs) with IPUM (1332 dofs) with a quadratic enrich-
ment. Figure 9 represents a local relative difference

(
|pa(x)−pc(x)|

|pa(x)|

)

along the x axis for the piston vibrating at
400 Hz. It illustrates that the boundary condition is better represented by linear FEM while it is the contrary
far from the piston.
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This observation is also present on figures 10 . The analytical and computed non-dimensional pressure
(∣
∣
∣

pω
ρac0an

∣
∣
∣

)

are post-processed at four nodes (y = 0m;x = 0m, 0.5m, 1mand2m). The mesh is kept fixed
(1332 dofs for PUM; 1460 dofs for FEM) while varying the excitation frequency to keep the parameter kD
(D is the diameter of the cylinder) between 0 to 20. It can be seen that close to the boundary the IPUM
computed non-dimensional pressure does not match the analtycal one correctly. However it fits very well for
high distances even at high frequencies. The reason of this behaviour is still under investigation.

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2263



0 2 4 6 8 10 12 14 16 18 20
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

kD

no
nd

im
en

si
on

al
 p

re
ss

ur
e 

am
pl

itu
de

(a)

0 2 4 6 8 10 12 14 16 18 20
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

kD

no
nd

im
en

si
on

al
 p

re
ss

ur
e 

am
pl

itu
de

(b)

Figure 10: Non-dimensional computed (o) and analytical (∗) pressure (blue : x=0 m; green : x=0.5 m; black
: x=1 m; red : x=2m) (a) Linear FEM (b) IPUM
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7 Conclusions

This paper has presented an Infinite Partition of Unity formulation for the analysis of the axisymmetric con-
vected radiation. Polynomial enrichment functions were investigated. The formulation has been described
and some applications have been treated to evaluate the performance of the method.

The IPUM has shown interesting properties as it is used to simulate the propagation (convected or not) in
cavities. However, when dealing with unbounded domains, the performances are close to those of the linear
FEM. This is unexpected and has to be investigated before taking convected radiation into account.
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Abstract 
Office machines (printers, copy machines, fax, etc) are essential tools in both business and private scenes. 
The features required for these machines are high quality print images, high speed printing, small size, and 
low noise, etc. In recent years, the noise of office machines is especially undesirable.  
To reduce the noise of the office machines, many approaches have been used.  
Most of them are FEM and experimental modal analysis for vibration problems. Those approaches are 
effective, while they are difficult to be applied to the cases that connections among mechanical parts are 
weak and properties of parts are irregular. 
In this paper, SEA (statistical energy analysis) is applied for noise reduction  
of a laser beam printer. 
In our process using SEA, first, the laser printer was subdivided into some parts (SEA subsystems). 
Next, the experimental SEA(ESEA) was carried out to obtain the SEA parameters (CLFs and ILFs).  
After that, the acoustic contribution factor for each SEA subsystem was evaluated by using the sound 
measurement and the ESEA parameters. The factors indicate how vibration energy of each subsystem 
contributes to the sound power level at the evaluation positions. 
Then, the perturbation method was adopted in order to decide which SEA parameter should be changed to 
effectively reduce sound power level of the laser printer. By using this method, the CLFs between the two 
pairs of subsystems were extracted and it was shown that these CLFs should be reduced to smaller values. 
In order to verify the validity of the processing above, we modified some parts of the laser printer in order 
to reduce the values of the two CLFs extracted by the perturbation method. The experiment showed 4.1dB 
reduction of sound power level at target peak in the frequency domain. 
In conclusion, we reached the result that the combination of the SEA approach and the perturbation 
method is effective for noise reduction of a laser printer. This combination can be also applicable for noise 
reduction of the other kinds of office machines. 
Then we also confirmed the change of the CLFs due to the structural could be predicted by ‘PAM-VA 
One’. 
 
 

1 Introduction 
 
Recently, requirements for printing noise reduction of office machines are increasing.  
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Actually, at present there is no compulsory standard for a printing noise of office machines. But in Europe, 
there is an environmental standard called “Blue Angel” by the German environmental agency. This 
standard is voluntary, but has influence for manufacturers. 
 
 

 
Fig1:a test printer 

 
 
In an office, under some circumstances a copy machine is set up at O.A. zone, so it is isolated from 
persons. In this case, printing noise of a copy machine do NOT bother human sense. 
But a printer, especially a small one is usually set near a person, and it is sure that printing noise bothers 
human sense directly from so near. 
In this paper, SEA is applied to predict the whole view of vibration energy of LBP, and a perturbation 
method is applied to extract a target function. And to predict a change of loss factors in SEA, finite 
element analysis (FEM) is applied. 
 

2 Test Printer 
 
In this study, a laser printer is used (Fig.1).  
 

3 Measuring noise specification 
 
For the target parameter of this study, we employed a sound pressure level at the bystander position in 
ISO7779 (Acoustics -- Measurement of airborne noise emitted by information technology and 
telecommunications equipment). A bystander position is at one meter from a surface of  a measurement 
object horizontally, and a height is 1.5 meter from the ground, for four sides. To simplify, we employed an 
average of those 4 values. 
In noise measurement results, we could see some peaks in frequency domain. For this study, we decided a 
peak of 500Hz is a target of reduction. 
 

4 Experimental SEA analysis 
 

4.1 Subdivision 
 

In SEA, suitable subdivision is vital important. Accuracy of subdivision has big influence on 
accuracy of the result of SEA analysis.  
In previous study(1), we learned that the subdivision - each mechanical parts correspond to each 
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parts is suitable for office machines. Therefore, we employed this subdivision. 
For this printer, the number of subsystems is 10 as shown in Fig.3. A solid line connection 
between two subsystems means that there is reciprocal traffic of vibration power. 
 
 

1.right
frame

2.left 
frame 

3.gear 
box 

9.priority 
plate 

10.lift 
plate 

4.rear cover

8.base plate

7.center plate

6.laser scanner stay

5.laser scanner cover

 
Fig.2:Subdivision 

 
 

4.2 Building SEA model 
 

SEA model can be built both by physical experiment and by numerical calculation. For this study, 
we used experimental approach.  
To validate accuracy of SEA model, we compared the energy level predicted by SEA model, with 
measured energy. 
In Fig.3, we can see very good agreement between measured energy under excitation to 
subsystem #1, and predicted energy by SEA model. 
By these results, the SEA model that was made experimentally is a proper one. 
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(a) Subsystem #1 
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(b) Subsystem #6 

Fig.3:Comparison of Enegy level between Measured and predicted by SEA Model 

 
 

4.3 Identifying input power 
 
As a SEA model is accurate, identification of  vibrational input power is available. If  we can estimate 
energy of each subsystem, we can calculate P.  
 

P=ω LE                                                                                    (1) 
 
Where P is input power vector, ω  is the angular frequency of band center frequency, L is loss factor 
matrix, and E is subsystem energy vector. 
 
 

 
Fig.4:Power flow circuit of 500 Hz band in 1/3 octave band 
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4.4 A simplified acoustic modeling 
 
For studying noise reduce at 4 bystander positions, a simplified acoustic model is considered. Each 
subsystem makes a contribution to the averaged SPL at 4 bystander positions. The model is expressed as 
follows. 
 
 
 
 
                                                                                                                                                                      (2) 
 
 
 

Where E1j is vibration energy of subsystem#j when subsystem #1 is excited, jβ  is an acoustic contribution 
factor for each subsystem. If vibration energy level of subsystem#j is Ej, acoustic energy Eaj  caused by Ej 
is jj Eβ . 

In Figure.5, the contribution factor of  subsystem #6 is larger than the others at 500Hz band frequency. 
This means that subsystem#6 has comparative high acoustic radiation efficiency at 500Hz. In other words, 
for reducing printing noise, subsystem #6 should have less vibration energy at 500Hz. 
 

5 Countermeasure for a product 
 

5.1 Modification and measurement 
 
For reducing printing noise at 500Hz, 2 countermeasures were considered by a perturbation method. 
 

1. Decrease CLF 1-6 
2. Decrease CLF 2-6  
 
 

 
Fig.5 - Acoustic Contribution factor β  by 1/3 frequency band 

 

0.00E+00

1.00E-02

2.00E-02

3.00E-02

4.00E-02

5.00E-02

1 2 3 4 5 6 7 8

Element No.

B

400

500

630

800

1000

1250

1600

2000

2500

3150

4000

5000

β

⎥
⎥
⎥

⎦

⎤

⎢
⎢

⎢
⎢
⎢

⎣

⎡

=

⎥
⎥

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥

⎥
⎥
⎥

⎦

⎤

⎢
⎢

⎢
⎢
⎢

⎣

⎡

an

aj

a

n

j

nnnjn

iniji

nj

E

E

E

EEE

EEE

EEE

M

M

M

M

LL

MOM

MOM

LL 11

1

1

1111

β

β

β

⎥
⎥
⎥⎢⎥⎥⎢

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2271



CLF is expressed by a equation below. 
 

ij
igi

ij nc
L τ

π
η 22

=                                                                                    (3) 

 

here cgi is the group velocity of bending wave in th subsystem, L is the junction length, w is W i
the angular frequency of band center frequency, Si is a surface area of i th subsystem, ijτ  is the 
transmission efficiency and in  is the modal density of i th subsystem. 
For decreasing CLF 1-6 and CLF-2-6, countermeasures that decreasing junction length between 

.2 Confirmation by experiment 

 comparison of CLF 1-6 between a modified product and an original one is shown at Fig.6. These CLFs 

ied product is less than an original one at 500 Hz band. 

 
Fig.6 -  Comparison of CLF 1-6 between an original product and a modified one 

 

 Confirmation by numerical calculation 

eng For that purpose, we tried to calculate 

results of mechanical CAE as actual parts, FEM is necessary. 

subsystem #1 and subsystem #6, subsystem #2 and subsystem #6 were employed. Actually, we 
manufactured new parts, those have a larger square opening at the connection between 
subsystems, than original parts. 
As a result of a comparison noise measurement at the bystander positions, printing noise of a 
modified product was 4.1(dB) less than the original one at 500 Hz band in 1/3 octave band.  
 

5
 
A
were obtained experimentally. 
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6
 

 ineering process, “no manufacturing for trial” is desirable. In
CLFs by numerical calculation. To calculate CLFs, we used ‘PAM-VA One’. It is a software for FEM, 
SEA, and fully coupled FEM/SEA analysis. 
Only by results of SEA, actual shape of mechanical parts can NOT be designed, of course. For realizing 
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On ‘PAM-VA One’, FEM elements and SEA elements can exist in a same virtual model. 
 
 

 
Fig.7 Comparison of CLF 1-6 by ‘PAM-VA One’ between an original product and a modified one 
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Abstract 
 

A theory has been developed to rigorously combine FE and SEA approaches in the description of the 
dynamic behavior of complex vibro-acoustic systems. The new technology, called Hybrid FE-SEA, has 
been applied to analyze transmission of structural sound in train floor structures with focus on the 
transmission from the bogie and entrance floor regions. Certain input parameters to the hybrid model are 
derived using the Energy Flow Method (EFM).  After a short review of the underlying theory, the 
modeling and sub-structuring strategy is described. The benefits of the hybrid approach for vehicle 
structure-borne noise analysis are explored with reference to traditional SEA, full FE as well as EFM. 
Comparison between results from hybrid FE-SEA analysis and analytical models as well as measured data 
show good agreement. A discussion of candidate problems for application of hybrid FE-SEA analysis for 
railway vehicles as well as a discussion on meshing strategies for maximal computation efficiency is also 
provided. 

 

1 Introduction 

1.1 Background 
 

Analysis and control of structural transmission of sound is one of the key acoustic challenges for the 
transportation industry. To take effective measures to reduce the interior sound level both air and structure 
borne paths have to be accounted for and prediction models must correctly deal with both these paths to be 
practically useful.  

For railway cars structural transmission of sound generally dominates for Diesel vehicles and is often 
significant also for electrically driven cars. Computational methodology to assess the effects of noise 
control measures, like damping layers and structural modifications, are therefore highly needed. 

In spite of improved functionality of commercial SEA codes with extended libraries of coupling factors 
and much enhanced graphical interfaces, application of SEA as a predictive tool to assess the internal 
acoustic comfort in vehicles has as yet not been fully accepted in the transportation industry. One 
important reason is simply the incapability of the SEA method to fully cope with industrial prediction 
needs. A particular difficulty is the structural sound transmission. Assessing of input power from complex 
vibration sources, energetic transmission through chains of sub-structures encompassing wide ranges of 
modal densities and including complex joints that may be dissipative and finally radiation into a passenger 
compartment, are all tasks not easily dealt with by traditional predictive SEA.  

To overcome some of the difficulties mentioned above, methodologies incorporating deterministic Finite 
Elements models in combination with the statistical models have been suggested and are now in the 
process of maturing for industrial use. Here, two such concepts: Hybrid FE-SEA [1] and the Energy Flow 
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Method (EFM) [2][3] are discussed and applied to analyze structural sound in a double-decker train with 
focus on the transmission from the bogie to the entrance floor regions. The hybrid FE-SEA method offers 
a way to use deterministic (FE) and statistical (SEA) subsystems in the same calculation model by 
coupling them at their boundaries. The EFM method can be used to post process modal results from a 
standard FE analysis, and get SEA-related quantities such as power input from external loads, coupling 
loss factors (CLF) between components of a system, and modal density of components. Those quantities 
can be subsequently used to validate an SEA model or as input parameters to an SEA or hybrid FE-SEA 
model. The EFM method is conceptually similar to the Power Injection Method (PIM) [4] in which an 
SEA model is derived from a number of numerical experiments on an existing FE model. However, the 
EFM method has advantages with respect to robustness of the results.  

In all three methods, a complex mechanical system has to be split into subsystems (similarly to what is 
done in SEA). In relation to standard FE this sub-structuring constitutes an additional task, but the 
analyzer is rewarded by added insight into the physics of the response in the targeted mid and high 
frequency ranges.  

 

1.2 The Hybrid FE-SEA method 
 

The hybrid FE-SEA method is based on a computational invention allowing acousticians to create 
prediction models including both deterministic sub-systems, described by finite elements, and SEA 
subsystems for which the spatial and frequency average response is determined on a statistical basis. The 
method is summarized in reference [1]. The theory behind the method is described in references [5] and 
[6]. Reference [5] derives a reciprocity relationship, which offers an algorithm to compute the blocked 
force on a complex connection to a structural or acoustic subsystem, due to excitation by a 'diffuse 
reverberant field', from knowledge of the 'direct field' radiation impedance of the connection. Reference 
[6] then shows how this relationship can be combined with an energy balance equation to derive the 
coupled equations of motion for a FEA subsystem coupled to SEA subsystem. The coupled FEA/SEA 
method predicts the ensemble average response of a set of nominally identical systems and provides 
robust statistical response predictions that account for uncertainties in the properties of a system. Some 
validation examples are given in reference [7]. 

While EFM is based on a post processing of FE results (the whole model is described with FE), the 
hybrid approach fully couples FE and SEA so that the components with high modal density can be 
described with SEA and the ‘stiff’ components are described with FE. The related advantages for analysis 
of structural sound transmission are that : 

• It keeps a detailed deterministic description of the stiff components that have robust dynamic 
properties and that are potentially not ‘expensive’ to model with FE. 

• It provides potentially accurate estimates of structural input powers as the receiving structure can 
be described by FE, useful for calculation of drive point impedances. 

• It can provide a significant saving of computational time and memory consumption since the 
components with high modal density (i.e. short deformation wavelength) are described with SEA.  

• It implicitly introduces statistics into the prediction since the SEA model of the high modal 
density components provides an average description of the dynamics of the components.  

 
 

2 Hybrid models of floor dynamics 
 

The use of the hybrid method is demonstrated below with three case studies: (i) analysis of the coupling 
between interior and structural floors using a local model of the coupling element, (ii) prediction of the 
inner floor response to a point force applied at a bogie connection point and also (iii) calculation of point 
impedance at the point of excitation.  
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2.1 Calculation of coupling factors of joints 
 

For modeling of structure-borne noise transmission in real structures there is a need for procedures to 
model the coupling mechanisms of geometrically complex joints. For characterization of junctions 
between components that are well represented by models found in standard SEA libraries, the hybrid FE-
SEA method can be very useful.  

Below, the coupling provided by a mushroom shaped rubber isolator between the inner and structural floor 
is analyzed. These ‘mushrooms’ are used for vibration isolation of the 19 mm plywood inner floor, as 
shown in Figure 1. The structural floor is made of a 1 mm corrugated steel plate stiffened by transverse Z-
shaped beams. The isolators are placed directly on these beams with the floor resting on top. 

 

      
Figure 1 : Floating floor arrangement in a train carbody 

 

For the model the rubber element is modeled using FE solid elements and the inner and structural floors 
are represented by infinite isotropic and orthotropic panels respectively. The outer floor, including the 
transverse beams, is modeled as an orthotropic SEA subsystem using standard procedures for smearing 
ribs and corrugation onto equivalent orthotropic panels [8]. The inner floor is represented by an isotropic 
SEA plate. The panel mobilities are then determined as NsmYiso /10.8.4 5−=  and 

NsmYortho /10.85.5 4−= . The FE lay-out of the structural floor, as well as the first deformation modes of 
the isolator for the original case are shown in Figure 2.  

 

                      
 

Figure 2: View of a rubber isolator on a beam arrangement and its first modes determined by FE. 

 

Rubber isolators 

Modes 1 and 2: 452 Hz Mode 3: 771 Hz 

Modes 4 and 5: 821 Hz Mode 6 and 7: 839 Hz 
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A separate FE analysis using MSC Nastran [9] yields the static stiffness of the joint as k = 0.26 MN/m with 
the shear stiffness estimated at G = 1.73 MPa from the EPDM 8052 rubber at Shore grade 70. Poisons ratio 
was taken as ν=0.49. The calculated static stiffness can be compared to the dynamic stiffness measured at 
k= 0.3 MN/m [10]. 

The coupling loss factor between two infinite panels connected by equal spring elements can be 
determined as [11] 
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where ''
1m  and r denotes panel mass and number of point isolators per unit area respectively, whereas k is 

the stiffness of one isolator. Re{Y1}and Re{Y2} are the real parts of the point mobilities of the panels.  

Coupling loss factors calculated using the hybrid FE-SEA model for one isolator between the inner and 
outer floors are plotted in Figure 6. The software described in reference [11] was used. Two stiffness 
levels of rubber have been analyzed, E=5.16 MPa (original case) and E=51.6 MPa. The dashed curve is 
determined from Equation 1 with the static stiffness of the rubber mount taken from measurements. The 
analytical and the numerical results show good agreement. 
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Figure 3 : Hybrid CLF between two plates 

 

The modes displayed in Figure 2 do not modify the calculated CLFs as they induce only a very slight 
vertical displacement of the contact surface. However, the modes 3, 26 and 78, respectively at 771, 1800 
and 3000 Hz increases the CLF at the corresponding frequency bands, as their mode shapes involve large 
vertical translations of the contact surface as shown in Figure 4. 

 

    
Figure 4: Mode 3 (771 Hz), 26 (1800 Hz) and 78 (3000Hz) 
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Note that the CLFs are independent of the stiffness of the mount at low frequencies, where it is governed 
by the mobility of the plates. At higher frequencies the isolator stiffness will determine the CLF between 
the two plates. The transition between low and high frequency regime occurs at  

{ } { }
π2

ReRe 21 YY
kf

+
= ,      (2)  

i.e. 30=f Hz for the original case.  

 

2.2 Double Decker train structure 
 

Also a double Decker train structure made in steel as shown in Figure 5 was analyzed. The focus for the 
modeling work was the floor above the bogie as the floor vibration levels were initially too high. 

 

 

               
Figure 5: Drawing and picture of double Decker car structure. 

 

An important source is the periodic sleeper passing of the wheel sets. In Figure 6 excitation power 
spectrum is shown, estimated from operational vibration levels and shaker determined carbody mobilities. 
This spectrum shows a high degree of tonality below 0.2 kHz (sleeper passing excitation etc). Tonal 
excitation is common for vehicle structural sources, e.g. Diesel engine, compressor and gear tooth 
meshing noise and prediction methods should ideally be able to determine the transmission at a fairly 
narrow bandwidth.  

 

 
Figure 6: Excitation spectrum estimated from operational velocity levels at carbody bogie 
mountings and shaker determined carbody mobilities.  
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2.2.1 Hybrid FE-SEA model of floor in entrance region 
 

Consider the vestibule floor of the double-decker train. A hybrid FE-SEA model of the floor was made to 
predict the transmission of energy from the excitation at a connection point of the bolster beam to the 
inner floor. The software described in reference [13] was used. For this model no consideration of walls, 
windows, doors and roof was made. 

The first task when setting up a hybrid model is to define a sub-system partitioning similarly to the 
building of an SEA model. However, in addition to a pure SEA model, one here has the choice to model 
certain components with FE. The partitioning of the structure requires some engineering judgment. For 
SEA modeling automatic algorithms have recently been proposed [14] [15] but it is judged that such 
algorithms could not seamlessly be applied in a hybrid FE-SEA context, as the introduction of FE 
modifies the constraints of the modeling. A basis for the decision to use FE or a statistical representation 
for a certain subsystem is the deformation wavelength of free waves in the component. This wavelength 
information is directly available from a basic SEA model and can be used as follows: 

• Components with wavelength considerably smaller than their dimensions display a high 
modal density and exhibit significant sensitivity to perturbation. Such components are thus 
described with SEA. 

• Components with long wavelength as compared to their dimensions have few modes and 
their displacement fields can be described by rather few eigenvectors. They are thus 
described with FE. 

The wavelength of free flexural and in-plane wave of each subsystem of the floor is shown in Figure 7 as a 
function of frequency. The group of curves with short wavelength corresponds to the flexural motion of 
the floor panels. These panels are described with SEA, while the frame is kept as FE. The corresponding 
partitioning is shown in Figure 8.  

It must be noticed that the in-plane waves of the panels in Figure 7 (extension and shear waves) exhibits 
large wavelengths, and should consequently be described with FE if accounted for in the model. However, 
it is judged that in the current configuration the in-plane vibration fields do not significantly contribute to 
the structure-borne transmission via energy exchange. Accordingly, their significance in this context is 
mainly to transmit forces between the beam-like structures in the model. This transmission is accounted 
for via the impedance coupling at the edges between SEA and FE subsystems that is inherent in the 
Hybrid junction formulation, and therefore is the in-plane motion of the panels described with SEA in the 
model. It should be noted that this impedance coupling is determined at the center frequency of the 
frequency band analyzed which may induce errors at frequency bands with a strong modal behavior of the 
FE structure.  

 
Figure 7: Wavelengths of free flexural and in-plane waves in different floor components. Two 
distinct groups stand out, yielding a clear choice of sub-system description (i.e. FE or SEA).  
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Figure 8: Partitioning of the floor for hybrid FE-SEA analysis: the frame is kept as FE while the 
panels are described with SEA. 

 

As a check that the partitioning is relevant, the modes of the stiff part of the floor were computed. There 
are about 150 modes of the frame structure below 500 Hz, while more than 400 modes are present in the 
entire floor. The difference between these two values is due to the bending modes of the panels (described 
with SEA in the hybrid model). Example of a mode shape of the complete floor as compared to one 
calculated from the frame model are shown in Figure 9.  

 

  
Figure 9: Left: Mode shape of the entire floor, where the short wavelength deformation can be seen 
on the panels. Right: Mode shape of the frame structure with fairly large deformation length. 

 

In addition to the gain in computational time due to the reduced number of modes, there is a gain in 
memory because the degrees of freedom of the panels are removed in the hybrid model. As an example, in 
the models shown in Figure 8, the FE model has 14 317 nodes while the hybrid model has 9 509 nodes 
(and 16 SEA subsystems). This ratio is greater in the model of the entire entrance section, as shown in 
Figure 16, in which most of the walls, roof and windows are described with SEA. For this structure we 
have 54 735 nodes in the FE model without interiors (!) versus 17 086 in the hybrid model including 
interiors. 
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As only the stiff components are kept in the FE part of the hybrid model, the mesh could theoretically be 
coarsened to decrease computational time and memory usage. However, re-meshing is not supported 
within the software applied [13] and for the present analysis the original mesh was kept.  

The overall efficiency of a hybrid computation is also related to the computation of the coupling factors at 
hybrid junctions. The total computation gain is therefore hard to assess for a general case as it depends on 
many factors such as the number of hybrid junctions, the number of modes, the size of the FE subsystems, 
the ratio of number of FE systems changed to SEA over the ones kept as FE, the number of frequency 
point. More research is needed in this area. 

 

2.2.2 Local EFM model 
 

In addition to the hybrid junctions connecting SEA and FE components, a user-defined junction was used 
to model the direct coupling between the inner and outer floor through a number of rubber elements with 
different properties. The CLF associated with this user-defined junction was obtained from a local FE 
calculation where only the two floors and the connecting rubber elements were considered. The rubber 
joints were then modeled by beam elements. The FE results were post-processed using the EIC/EFM 
technique [3] as implemented in the software applied [13], and the CLF could be extracted to be used 
within the hybrid floor model. Alternatively, the method presented in section 2.1 could have been applied 
to determine the coupling between the floors. Also the modal density of the floors subsystems was 
extracted and used as a check of the SEA representations of rib-stiffened plate elements within the hybrid 
model.  
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Figure 10: Left: Vibration paths from the bolster beam to the inner floor. Black arrows indicate 
rigid junctions (welds) and green arrows indicate soft junctions (glue and rubber). Right: Power 
input to the inner floor from different floor components determined from EFM analysis.  

 

3 Experimental validation 
 

3.1 Shaker tests 
 

Shaker tests were carried out to validate the transmission model. Two sets of measurements were taken; 
one with the bolster beam detached from the carbody and one set with the bogie, including the bolster 
beam, mounted, see Figure 11. 
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Figure 11: Set-up of shaker validation measurements with bogie detached (left) and with the bogie 
mounted (right). In the latter case the yaw and anti-roll dampers were disconnected. 

 

3.2 Floor vibration levels 
The average floor vibration levels were measured twice: with and without the bolster beam attached to the 
carbody as shown in Figure 11. The spatial average vibration velocity was determined using the signal 
from at seven different accelerometer positions.  

 

                     
Figure 12: Instrumentation for floor vibration measurements with excitation as shown to the left in 
the figure above. 
 

In Figure 13 calculated results are shown together with those measured without the bogie attached. The 
calculation was made using the hybrid model displayed in Figure 8. Also the response level in the 0.4 kHz 
is illustrated in a color plot. The computation was made with a vertical force applied at a bolster beam 
attachment point. As this point is located off-centre, close to the door step, the predicted levels are higher 
at the right hand side of the floor as partitioned according to Figure 8. The correspondence between 
measured and calculated results is quite good, much better than that normally achieved using traditional 
SEA analysis. 
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Figure 13: Left: Floor velocity levels from measurements and hybrid computation with a vertical force at a 
bolster beam attachment point. Right: Color plot of floor panel vibration levels in the 1/3 octave at 400 Hz.  

 

3.3 Input impedance of bolster beam structure 
´ 

Another important parameter for structural sound analysis is the power input due to an external force 
loading. When the loaded structure is complex the input impedance that governs the input power is 
difficult to estimate with analytical models. To evaluate the capability of the hybrid model to capture the 
power input from the bogie, the response at the excitation point from a single vertical point force acting at 
the tip of the bolster beam was analyzed.  

Since it is observed that many modes of the floor are local bending modes of the panels, see Figure 9, it is 
likely that the main characteristics of the drive point impedance at the bolster beam tip will be well 
described by a hybrid model in which the panels are described by SEA and the frame is kept as FE as 
illustrated in Figure 8.  

The RMS acceleration at the drive point computed by the hybrid model is compared to the experimental 
results in the figure below. In addition to the measurement, results from using the full FE model of the 
floor. It can be seen that the full FE model and the hybrid FE-SEA model yield similar results, even 
though the hybrid response function is less ‘modal’ in appearance since the bending modes of the panels 
are now described  by SEA. The two predictions are in reasonable agreement with the test measurement in 
red. It is however disappointing that the peak predicted at about 60 Hz is actually not present in the 
measured response, possibly due to the boundary conditions imposed on the floor structure. 
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Figure 14: Left: Full FE and hybrid FE-SEA models of the floor. Right: drive point modulus 
acceleration at the bolster beam end. Red: experiment; Green: prediction by FE model; Blue: 
prediction by hybrid model. 

 

To diagnose the reasons for the fairly poor correspondence between measured and calculated results, a 
modal analysis of the bolster beam in isolation was performed. The four connection points with the frame 
were clamped (points connected to the structure with rigid mass less beams). Below 850 Hz 29 modes 
were extracted. The drive point RMS velocity response at the beam tip was calculated and agreed with the 
prediction obtained with the bolster beam connected to the rest of the floor frame. 

 

free
clamped

 
Figure 15: Pure-tone drive point mobility at the extremity of the bolster beam. Two boundary 

conditions are shown. 
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In addition, the boundary conditions were set free, and a new modal analysis of the bolster beam in 
isolation was performed. Six elastic modes were extracted below 360 Hz as shown below. The fine band 
drive point RMS velocity response is shown in Figure 15 for both the clamped and free boundary 
conditions. The response of the bolster beam alone with the four connection points clamped and the 
response of the bolster beam connected to the carbody frame are fairly similar. This suggests that the 
power input into the structure is dominated by the local dynamics of the bolster beam. 

Without further experimental data, it proved hard to diagnose what could cause the discrepancies between 
predicted and measured drive point impedance. The hybrid model is shown to give a prediction close to 
the full FE model. 

 

4 Further railway applications  
 

4.1 Modeling of full carbody end section 
 

The hybrid model of floor presented above was extended to also include the side and back walls, windows 
and the roof. The overall objective is to define a model that can be used to rank the acoustic power from 
various radiating interior surfaces: floor, wall window, and kick panel, and also assess the effects of 
design measures, like damping layer treatments. The method to determine what is described with FE and 
what is described with SEA is based on the estimation of the free wavelengths of individual components; 
is essentially the same method as used for the floor model. Certain parts of the floor were described by FE 
in order to capture the complex power input to those parts.  

 

 
Figure 16: Assembly of hybrid model of double-decker end section.  

 

4.2 Future prediction tasks 
  

For railway cars, a number of particular prediction tasks are identified for which the functionality of the 
hybrid FE-SEA methodology is believed to provide added value as compared to traditional SEA and FE 
analysis. Such prediction tasks include: 

• Interior sound level calculation for vehicles with substantial structural sound content. Typical 
sources are: bogie, diesel engines and pantographs. 

• Transmission path analysis: in particular air/structure-borne separation to determine dominant 
path for design guidance.  
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• Analysis of damping layer application on interior and structural panels. Transmission path 
analysis of radiating surfaces.  

In addition, certain sub-system analysis tasks are identified such as analysis of: 

• damping layer application to wheels, in particular effects on sound radiation,  
• interior breakout sound from exhaust systems. 
 
For some of the tasks suggested the radiation from vibrating structures to interior cavities, or to the outside 
environment, is very important. Such analysis must be made using an appropriate fluid-structure coupling 
model. Here, certain development needs for the software available [11] are identified, like more efficient 
and enhanced calculation routines for junctions between fluid SEA cavities and vibrating structures 
represented by FE, so-called hybrid area junctions [16].  

 

5 Concluding remarks on application of hybrid FE-SEA modeling  
 

Three hybrid FE-SEA models were made: one of the coupling between the structural and the interior floor 
due to a rubber element, one of the floor assemblies in the vestibule region and finally one of the end 
section of the carbody. The former two were solved and the results compared to analytically calculated 
and measured data. The CLF calculation highlights an application of hybrid FE-SEA modeling for which 
the dynamics of complex joints can be analyzed with moderate calculation effort. The results are 
compared to an analytical representation. For the complete floor structure analyzed the resulting velocity 
levels of the inner floor compare quite well to measured data from shaker measurements. The calculated 
input impedance at the bolster beam also compares reasonably well to measured data. 

All hybrid models were defined starting with existing FE models. No re-meshing was made. The modeling 
efforts are found to be moderate, but larger than for the EFM analysis as some parts of a structure had to 
be converted into SEA elements. 

The hybrid concept enables an extended frequency range as compared to FE or EFM which makes it 
useful for large structures like trains. Naturally, the model size depends on how large fraction of the 
original FE model that is kept. For the floor model the gain in this sense was negligible as the number of 
FE nodes was only reduced by approximately 30 % as compared to the original FE-model. The 
corresponding figure for the full end section model is roughly 70 %. With adequate coarsening of the FE 
mesh, these ratios could be improved further. Also, further savings will be evident when comparing the 
size of FE models of fully trimmed structures that may also include interior acoustic cavities, to equivalent 
hybrid models.  

Note that one main advantage of hybrid modeling in a vehicle application is related to that parametric 
studies of design changes of the sub-structures described with SEA, like trim and damping layer 
application to panels, can be made without re-solving the FE model. In view of that the EFM approach 
requires that all subsystems are described and solved using FE, both full FEM/BEM models and EFM 
models generally require more computational effort than hybrid FE-SEA models. 

A challenge in hybrid modeling is to find a good balance between FE and SEA sub-structures, and how to 
mesh the FE parts in a clever way. For the most of this study, an early version of the software was used 
[13] and the hybrid model was defined starting with the existing FE model. When doing so it is tempting 
to keep the mesh as is, in particular as the re- meshing functionality within the software is much limited. 
Another approach would be to start with an SEA model and introduce small chunks of FE where needed 
(power input, structural transmission). Also, use of the EFM for deriving certain CLFs can be effective to 
keep the FE fraction of a large model at a reasonable level while keeping a good physical representation of 
the sound transmission within the structure.   

In addition, it must be respected that converting en existing FE model into a hybrid model is somewhat 
time consuming and this effort must be motivated by the improved functionality of the hybrid model as 
compared to the original FE model. Clearly, for large hybrid models more experience in finding the right 
balance between FE and SEA subsystems is needed. 

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2287



6 References 
 

[1] R.S. Langley, P.J. Shorter, V. Cotoni, A hybrid FE-SEA method for the analysis of complex 
vibroacoustic systems, Proceedings of InterNoise 2005. 

[2] B. Mace, P. Shorter, Energy flow models from finite element analysis, Journal of Sound and 
Vibration,Vol. 233(3), pp 369-389. (2000). 

[3] Q. Zhang, C. Wang, D. Wang, M. Qian, W. Nack, P. Pamidi, Energy flow method for 
midfrequency vibration analysis, Proceedings SAE Noise and Vibration Conference, (2003).  

[4] L. Gagliardini, L. Houillon, L. Petrinelli, G. Borello, Virtual SEA: Mid-frequency structure-
borne noise modeling based on Finite Element Analysis. Proceedings SAE Noise and Vibration 
Conference, (2003). 

[5] P.J. Shorter and R.S. Langley, On the reciprocity relationship between direct field radiation 
and diffuse reverberant loading, Journal of the Acoustical Society of America, 117, 85-95, 
(2005). 

[6] P.J. Shorter and R.S. Langley, Vibro-acoustic analysis of complex systems, Journal of Sound 
and Vibration, Volume 288(3), pp. 669-699. (2005) 

[7]  P.J. Shorter, R.S. Langley and V. Cotoni, Numerical and experimental validation of the hybrid 
FE-SEA method, Proceedings of Novem (2005). 

[8] S.P. Timoshenko, Theory of plates and shells, second edition, p. 368-369, McGraw-Hill (1959) 

[9] MSC Nastran, © The Macneal-Schwindler corporation. 
[10] M. Wollström, Dynamic Stiffness of floating floor isolators C20 metro car, KTH, MWL. TRITA 

– FKT Report 1999:34, Stockholm, (1999). 
[11] Craik, R.J.M., Sound transmission through buildings using Statistical Energy Analysis, Gower 

House, Aldershot, England (1996). 
[12] VA One 2005.1, The ESI Group (2005). This software interfaces with MSC NastranTM 2005, 

MSC Software. 
[13] AutoSEA® SBNM, Users Guide, Theory and QA. The ESI Group (2004). This software 

interfaces with MSC Nastran TM 2005, MSC Software. 
[14] P. Bouvet et al, Analysis of structure borne noise transmission using Energy Flow Method and 

automatic SEA partitioning technique, Proceedings ISMA (2004). 
[15] N. Totaro, J.L. Guyader,  SEA sub-structuring using cluster analysis: The MIR index, Journal 

of Sound and Vibration, Volume 290,(1-2), p. 264-289.(2006) 

[16] V. Cotoni, P. Shorter, A. Charpentier, B. Gardner, Efficient models of the acoustic radiation 
and transmission properties of complex trimmed structures, Proceedings of InterNoise2005, 
(2005). 

 

2288 PROCEEDINGS OF ISMA2006



Application of the Fast Multipole Method

to the Variational Boundary Element Method

for Large Acoustic Radiation Problems

S. Paquay
Open Engineering SA
Rue des Chasseurs Ardennais 8, B-4031, Angleur, Belgium
e-mail: s.paquay@open-engineering.com

M. Géradin
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Abstract

The Fast Multipole Method (FMM) has been successfully implemented in the multiphysics simula-
tion software OOFELIE and applied to Variational Boundary Element Method (VBEM). The method allows
to address acoustic radiation and diffraction problems with very large wave number (several tens of thousand
unknowns on the radiation surface). It is demonstrated that the computation procedure is not only feasible
but also runs quite fast on ordinary computers.

1 Introduction

Several techniques can be used to simulate acoustic radiation problems. Among these, the finite element
method coupled with infinite elements [5] and the Boundary Element Method [1] are probably the two main
methods actually used in industrial simulation codes to take the far field into account.

With both methods, the solution of an acoustic radiation problem with large wave number (with a lot of wave
oscillations on the radiating surface) is quite difficult. With the BEM method in particular, in spite of its
advantages, the main difficulty lies in the fact that the resulting matrix system to be solved is fully populated.
Therefore, when dealing with large models, it is not possible to store the matrix system in memory on
classical computers. Even if the system could be stored in memory, the cost of a direct solution of the system
would be very high (N3 order). Therefore another approach is proposed.

Since it only implies matrix-vector products during the iteration process, the GMRES algorithm can be used
instead of a direct solution technique. The storage of the full matrix system can be avoided if the matrix-
vector products are built directly. However, the construction order of a matrix-vector product isN2 and the
presence of double surface integrals related to the variational BEM formulation does not help at all.

The use of the Fast Multipole Method (FMM) allows to drastically accelerate the computation procedure.
It is shown how the FMM has been implemented in the multiphysics simulation software OOFELIE [12]
and applied to the direct construction of the matrix-vector products for the GMRES solution. The FMM
uses the multipole translation theory and, by a binary spatial subdivision, it allows to reduce the order of
matrix-vector construction toN log N .
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Section 2 introduces the mathematical background. The FMM and its application in the context of the
Variational Boundary Element Method (VBEM) are described in section 3. Several examples are presented
in section 4 which show the performance of the method. Finally, further possible improvements to the FFM
implementation are briefly listed and discussed in the conclusion.

2 Mathematical background for FMM

2.1 Multipole expansion of a set of point sources

Let us consider a set ofNs acoustic point sources contained in a sphereSa of centrea and radiusRa. Their
positions are given by(x1, · · · ,xNs) and their intensities are given by(q1, · · · , qNs). The pressure field
generated at pointr by the source distribution may be written

p(r) =
Ns∑

l=1

qlG(r,xl) =
Ns∑

l=1

ql
exp−ik‖r−xl‖

4π‖r− xl‖ =
Ns∑

l=1

ql
−ikh0(k‖r− xl‖)

4π
(1)

For every point outsideSa, according to the multipole decomposition theory [4, 8], (1) can be rewritten as
an infinite series (h-expansion)

p(r) =
∞∑

n=0

n∑

m=−n

Cm
n hn(k‖r− a‖)Y m

n ((r− a)/‖r− a‖) (2)

with the coefficients

Cm
n =

Ns∑

l=1

ql
−ik(2n + 1)

4π
jn(k‖xl − a‖)Y −m

n (
xl − a
‖xl − a‖) (3)

Y m
n are spherical harmonic functions,hn andjn are spherical Bessel functions andk = ω/c0 is the wave

number.

The expansion (2) is exact for an infinite number of terms. In practice, the expansion will be always truncated
and will be governed by the following convergence law [6, 9]:For everyNp ≥ kRa,

|p(r)−
Np∑

n=0

n∑

m=−n

Cm
n hn(kd)Y m

n (d/d)| = O

(
(
Ra

d
)Np

)
(4)

with d = r − a, d = ‖d‖ andNp = number of multipoles. It means the number of multipoles has to be
taken≥ kRa.

Because theCm
n coefficient in (2) are independent from the observation pointr, the field can be efficiently

computed at field points sufficiently far fromSa. Unfortunately, when the evaluation points are mixed with
source locations as it is the case in the evaluation of BEM matrix system, the relation (2) is no longer
applicable and we have to introduce the multipole translation theory on which the FMM is based.

2.2 Multipole translation theory

Let us consider (figure 1) a distribution ofNs acoustic point sources located at points(x1, · · · ,xNs) and with
amplitudes(q1, · · · , qNs). They are located in the neighborhood of a pointa such that a sphereSa of centre
a and radiusRa contains all the point sources. Next, let us choose a pointb sufficiently far froma so that
a neighborhood (a sphereSb of centreb with radiusRb) exists and is disjoint fromSa. We setd = b − a,
d̂ = d/‖d‖.
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Figure 1: Expansion configuration

The field at pointr located in sphereSb is then given by [4, 8]

p(r) = lim
Np→∞




i

4π

∫

S1

MNp(s,d)φ̂a(s)︸ ︷︷ ︸
ψ̂b

expik(r−b)·s dS1


 (5)

with

MNp(s,d) =
Np∑

n=0

(2n + 1)inhn(k‖d‖)Pn(d̂ · s)

Pn(d̂ · s) =
n∑

m=−n

Y m
n (d̂)Y −m

n (s)

and

φ̂a(s) = − k

4π

Ns∑

l=1

ql expik(a−xl)·s (6)

Let us note that̂φa(s) only depends on the source point distribution and is called the far field signature of the
outer expansion.̂ψb is the far field signature of the inner expansion.

Equation (5) can be interpreted as follows:if φ̂a(s) is known for a source distribution around pointa, the
field generated at pointr near pointb (sufficiently far froma) can be evaluated by a ”simple” integration
on a unit sphere.

Note: the integral ∫

S1

f(s) dS1

corresponds to the integral of functionf over the unit sphereS1 centered in0 and with external normals. A
numerical integration scheme onS1 is given in [8].

Both following results are also important for the development of the FMM:

1. If there areNg sub-groups for whicĥφa1(s), · · · , φ̂aNg
(s) can be developed, thêφa expression for the

combination of all the sub-groups may then be written

φ̂a(s) = − k

4π

Ng∑

n=1

Nsn∑

l=1

qnl expik(a−xnl)·s

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2291



= − k

4π

Ng∑

n=1

Nsn∑

l=1

qnl expik(an−xnl)·s expik(a−an)·s

=
Ng∑

n=1

φ̂an(s) expik(a−an)·s (7)

The result (7) will be used in the upward approximation of the FMM algorithm.

2. Formula (5) is applicable to every pointr in the sphereSb. Then, it is obvious than it is also valid in
every sphereSb′ included inSb. The term to integrate in equation (5) can thus be transformed in the
following way:

ψ̂b expik(r−b)·s = ψ̂b expik(b′−b)·s expik(r−b′)·s

= ψ̂b′ expik(r−b′)·s (8)

with
ψ̂b′ = ψ̂b expik(b′−b) (9)

Result (9) will be used in the downward approximation of the FMM algorithm.

3 The FMM algorithm

3.1 Principle

The evaluation of the pressure field atNf points due to a set ofNs point sources is computationally expensive
with formula (1). If the evaluation points are sufficiently far from the point sources, one single h-expansion
can be built and fast computation of the response at numerous field points can be achieved using relation
(2). When the evaluation points and source points are mixed, it is no longer possible to use one single
expansion and the FMM algorithm is then used. To simplify the presentation, let us consider only the 2D
implementation since the extension to a 3D domain is straightforward.

The FMM algoritm proceeds in four steps as follows [3, 8].

3.1.1 Step 1: space subdivision

The procedure is initiated by including all the evaluation and source points in a square box. It is the refine-
ment level 0. The refinement levell + 1 is obtained recursively from refinement levell by subdividing each
box in four equal boxes. This procedure leads naturally to a binary tree structure.

Let us define the following attributes of boxes:

• The four boxes of levell + 1 are the children of the box of levell from which they are derived.
Conversely, the box of levell is the parent of the four child boxes of levell + 1.

• Two boxes are considered as near neighbors if they are at the same refinement level and if they have at
least one common point. Note that a box is a near neighbor of itself.

• Two boxes are well separated if they are at the same refinement level and they are not neighbors.

• To obtain well separated neighbors of a boxi, we first consider the near neighbors of its parent box.
From these boxes, we take the child boxes that are well separated from boxi.

The figure 2 shows a subdivision up to level 3. Near neighbors of P are labeled N when well separated
neighbors are labeled W.

2292 PROCEEDINGS OF ISMA2006



Figure 2: Subspace division

3.1.2 Step 2: Upward approximation

Starting at the finest level (figure 3), for each box containing one or several point sources, we build the outer
far field signature representation at the center of the box with equation (6). Then, all the contributions are
transmitted to their parents with equations (7) up to the refinement level 2.

Figure 3: Upward approximation

In practice, the outer far field signatures of several sub-groups are combined to build an outer far field
signature in larger groups. During this procedure, the number of far field directions has to increase in order
to achieve proper accuracy. It is the interpolation operation. The procedure is detailed in [7, 8].
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3.1.3 Step 3: Downward approximation

Starting from refinement level2 and for each box containing evaluation points, the far field signature of inner
expansion is built. Two contributions are added as shown on figure 4:
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Figure 4: Downward approximation

1. The first one is obtained from the contribution of well separated neighboor boxes. It is theψ̂b term in
(5).

2. The second one is obtained from the translation of the inner far field signature representation of the
parent box (equation (9)). This parent box contains all the far field contributions except the contribu-
tions of the well separated neighbor boxes. Note that there is no contribution from refinement level 1
at level2 since it is the coarsest one.

When the downward approximation is done, each box at the finest refinement level contains all the contribu-
tions except from those of the near neighbor boxes.

In practice, during the downward approximation, the far field signatures of inner expansion are translated
from boxes at levell to smaller ones at levell + 1. During this operation, the number of far field directions
has to decrease. It is the filtering operation. For more details, refer to [7, 8].

3.1.4 Step 4: Evaluation

At the finest level, for each box containing evaluation points, the far field contribution is computed with
equation (5) and the near field contribution (contribution of source points located in near neighbor boxes) is
added using a classical scheme (equation (1)).
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3.2 Application to VBEM

The matrix system resulting from a VBEM discretization takes the form [2, 8]

A1 −A2(k)︸ ︷︷ ︸

A(k)


p + ρfω2B(k)u = q (10)

with the following matrices computed in terms of the pressure and displacement shape functionsNp andNu

on the boundaryΣ

A1 =
[
1
2

∫

Σ
NT

p (x)Np(x)dΣx

]

A2(k) =

[∫

Σ

∫

Σ∗
NT

p (x)
∂G(x,y)

∂ny
Np(y)dΣydΣx

]

B(k) =
[∫

Σ

∫

Σ
NT

p (x)G(x,y) (ny ·Nu(y)) dΣydΣx

]

q =
[∫

Σ

∫

Ω
NT

p (x)b(y)G(x,y)dΩydΣx

]

Most of the time, the displacement fieldu and the source termq are known on the radiating surface and the
pressure fieldp is the unknown.

The direct construction of theB(k) u matrix product is directly applicable using the FMM algorithm by
noticing that it can be rewritten in the following form:

B(k)u =
∫

Σ

∫

Σ
NT

p (x)G(x,y) (ny ·Nu(y))udΣydΣx

or

B(k)u =
∫

Σ
NT

p (x)
[∫

Σ
G(x,y) (ny ·Nu(y))udΣy

]
dΣx

and the term into brackets can be efficiently computed using the FMM algorithm by considering that it can
be numerically integrated using integration points that can be assimilated to source points.

The direct construction of theA(k)p product for the GMRES iterative process can be also drastically accel-
erated. TheA1p computation is obvious and fast, while theA2(k)p term can be rewritten as follows:

A2(k)p =
∫

Σ

∫

Σ∗
NT

p (x)
∂G(x,y)

∂ny
Np(y)pdΣydΣx

or

A2(k)p =
∫

Σ
NT

p (x)

[∫

Σ∗

∂G(x,y)
∂ny

Np(y)pdΣy

]
dΣx

The Green function appears intoA2(k)p through its normal derivative. By making use of the differential
form

∂G(x,y)
∂ny

=
G(x,y + εny)−G(x,y − εny)

2ε
(11)

the contribution of an integration point (w weight,y location and contained in a box with centrea at the
finest level) to the outer far field signature (equation (6)) may be put in the form

φ̂a(s) = −w
k

4π

p(y)
2ε

(
expik(a−(y+εny))·s− expik(a−(y−εny))·s

)

= −w
k

4π

p(y)
2ε

expik(a−y)·s
(
exp−ikεny ·s− expikεny ·s

)

= −w
k

4π

p(y)
2ε

expik(a−y)·s (−2i sin(kεny · s))
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Whenε → 0,
−2i sin(kεny · s) = −2ikεny · s

leading the final result

φ̂a(s) = iw
k2

4π
p(y) (ny · s) expik(a−y)·s (12)

The algorithm may then easily be applied to compute the productA2(k)p by considering the modified outer
far field signature definition (12).

4 Examples

4.1 Oscillating sphere

4.1.1 Description

The first example is the computation of the sound pressure field generated by a rigid oscillating sphere. The
main interest of this simple test case lies in the availability of an analytical solution to validate the numer-
ical results [11]. The analytical solution for the oscillating rigid sphere of radiusa provides the following
expressions:

• The pressure field generated on the surface and in the external domain

p(r, θ) =
iρ0c0ka3

2 + 2ika− k2a2

(
1
r2

+
ik

r

)
v cos θ exp−ik(r−a)

whereθ is the angle between the direction of oscillation and the response point,v is the harmonic
velocity applied to the rigid sphere.

• The acoustic power radiated by the sphere

Pac = <
(

2πiρ0c0ka5(1 + ika)
3a2(2 + 2ika− k2a2)

v2

)
(13)

The computation has been performed for a sphere of radius1 m subject to harmonic motion with unit velocity.
The sphere radiates in air medium with the following properties:c0 = 340 m/s,ρ0 = 1.21 kg/m3.

The numerical simulation has been performed using three meshes with linear quadrilateral elements of dif-
ferent sizes, on a system with an Intel P4 3GHz processor and 2GB Ram.

4.1.2 Coarse mesh

The coarse mesh is made of 2400 quadrangular elements (2402 nodes). Assuming 6 elements per wavelength,
the mesh is thus approximatively suitable for a excitation frequency up to500 Hz. The computation has been
made with OOFELIE using first a classical direct resolution technique, and then the FMM algorithm with
GMRES solution for a set of three excitation frequencies. The computed radiated power is compared to the
analytical one (13).

The results in table 1 show that numerical results fit perfectly with analytical ones. The solution time with
the direct method is independent from the excitation frequency since the number of operations remains the
same. With the FMM algorithm, the CPU time grows with the excitation frequency. This is mainly due to
the fact that the number of multipoles (or directions to compute the far field signature) grows in order to
achieve the required accuracy. Even at 500 Hz , which is the worst case for the FMM algorithm, and despite
the small size of the problem, the solution is about 7 times faster than direct solution method.
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Direct FMM Exact
Frequency Pac CPU Time Pac CPU Time N.It. Pac

100 Hz 641.64 W 161 s 641.19 W 8.06 s 3 it. 641.59 W
300 Hz 857.97 W 161 s 858.16 W 10.04 s 4 it. 858 W
500 Hz 861.83 W 161 s 861.16 W 21.92 s 8 it. 861.16 W

Table 1: Power radiated by the oscillating sphere: coarse mesh

4.1.3 Medium size mesh

The medium size mesh is made of 5400 quadrangular elements (5402 nodes) and is suitable up to 800 Hz.
The computation is performed only for the maximum frequency (800 Hz) and the results are given in table 2.
The increasing size of the problem shows the interest to use the fast multipole method. The FMM algorithm
is now more than 23 times faster than the direct method.

Direct FMM Exact
Frequency Pac CPU Time Pac CPU Time N.It. Pac

800 Hz 858.41 W 843 s 858.67 W 35.79 s 6 it. 861.56 W

Table 2: Power radiated by the oscillating sphere: medium size mesh

On figure 5, the real part of the acoustic pressure field is visualized on the sphere and in the external domain
for illustration.

Figure 5: Real part of the acoustic pressure field on the sphere and in the external domain (800Hz)

4.1.4 Fine mesh

In this last case, the mesh numbers 15000 quadrangular elements (15002 nodes) and is suitable up to 1250 Hz.
Due to the number of pressure unknowns on the radiating surface, the direct method is no longer applicable
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since the full complex matrixA does not fit in computer memory (2 Gb). With the FMM algorithm, it is still
possible to solve the problem and with reasonable CPU time. The corresponding results are given in table 3.

FMM Exact
Frequency Pac CPU Time N.It. Pac

1250 Hz 867.75 W 251 s 16 it. 861.62 W

Table 3: Power radiated by the oscillating sphere: fine mesh

4.2 Plane wave diffraction by a submarine

In this more realistic application, the plane wave diffraction by a submarine is simulated (figure 6). Here, the

Figure 6: Submarine model

radiating surface is supposed to be fixed and we compute essentially the pressure generated on the surface by
a plane wave excitation. The submarine is about 37 meter long and is immersed in an infinite water acoustic
medium (c0 = 1500 m/s,ρ0 = 1000 kg/m3).

To achieve a quite high frequency range, the model is meshed with an average length of 10 cm. Considering
that 10 elements per wavelength are needed, the mesh will be suitable for a frequency up to 1500 Hz. Figure
7 gives an idea of the mesh refinement adopted for this analysis. The number of nodes generated on the

Figure 7: Part of submarine mesh

submarine surface to compute the acoustic pressure field is equal to 52,428 and the number of elements is
52,683.

The pressure field has been computed for a 1500 Hz plane wave excitation. Figures 8 and 9 show the real
part and the magnitude of acoustic pressure field respectively.
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Figure 8: Real part of the nodal fluid pressure on the submarine surface and in the external domain

The acoustic pressure on the submarine surface was obtained in 42 iterations and the corresponding CPU
time was about 58’ on a Intel P4 3GHz.

The computation was not feasible with a direct solution technique:

• The direct solution would require the storage in memory of a full complex matrix of sizeN ×N with
N =52,428 unknowns (2,748,695,184 complex values, 41 GBytes of memory, a size currently not
standard on classical computers).

• Supposing the amount of memory needed to store the full system were available, the CPU time to
perform a LU decomposition of the system can be estimated as follows.

The LU decomposition of a full complex matrix requires8N3/3 real floating point operations. An Intel
P4 3GHz processor performing one real floating point operation per clock cycle, 3 billions operations
can be done per second. 36 hours CPU time would be needed to perform the8N3/3 real operations.

The time spent for the construction ofA matrix should still be added to this 36 hours. Since the matrix
generation time is proportional toN2

elem, It can simply be extrapolated from the time of a smaller
example. For the submarine model with 52,683 elements, it would take slightly more than 8 hours,
giving a total estimated time of 44 hours to be compared to 58’ for the FMM solution.

5 Future work

Several further developments of the method are currently under way. Among these, one may mention:

• The generalization of the CHIEF algorithm [10] to preserve the uniqueness of the solution is currently
investigated and its integration in the FMM algorithm is under development. Indeed the density of
characteristic frequencies generating a singularity of the integral equation increases with frequency.
As the FMM algorithm allows to reach a quite high frequency range, the need to make use of the
CHIEF algorithm results from the fact that the probability to be in the neighborhood of a characteristic
frequency is quite high.
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Figure 9: Magnitude of the nodal fluid pressure on the submarine surface and in the external domain

• Presently, the pressure field computation in the external domain is done with the classical scheme:
when the pressure field and normal pressure derivative (tied to displacement field) are known on the
radiating surface, the pressure field at pointx in the external domain can be evaluated using the fol-
lowing integral equation [2, 8]:

p(x) =
∫

Σ
(G(x,y)

∂p(y)
∂ny

− p(y)
∂G(x,y)

∂ny
)dΣy + pinc(x) +

∫

Ω
b(y)G(x,y)dΩy (14)

with incident pressure fieldpinc (plane wave excitation) and distribution of acoustic sourcesb(y) .

For every evaluation point, we need to evaluate mainly one integral over the radiating surface, a quite
time consuming operation. The procedure must be repeated for every point and when the number
of external field points is high, the computation time for the external field evaluation can be disas-
trous. For the submarine example above, since the number of external points is very high (more than
200,000), the computation time for the external field point evaluation (10 hours) exceeds largely the
time spent to compute the solution on the radiating surface with the FMM algorithm (58’).

In the future, a method based on the multipole expansion theory will be developed to speed up drasti-
cally the external field point evaluation procedure.

6 Conclusion

With the current implementation of the FMM algorithm coupled with GMRES iterative solver in OOFELIE,
it is now possible to solve acoustic radiation or diffraction problems with several tens of thousand unknowns
on classical computers. It is shown that the computation procedure is both accurate and efficient.

For very large structures (such as the submarine case shown in the paper), the medium frequency range can
easily be reached. For smaller structures, higher frequency range is achievable.
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Abstract
This paper discusses the use of wave based prediction methods for the analysis of steady-state interior acous-
tic problems. Conventional element based prediction methods, such as the Finite Element Method (FEM),
are commonly used, but are restricted to low-frequency applications. The Wave Based Method (WBM) is an
alternative deterministic technique which is based on the indirect Trefftz approach. The WBM is computa-
tionally very efficient, allowing the analysis of problems at higher frequencies. The efficiency of the WBM
is most pronounced for problems of moderate geometrical complexity. A hybrid finite element-wave based
method combines the strengths of the two methods, namely, the high computational efficiency of the WBM
and the ability of the FEM to model problems of arbitrary geometrical complexity. Numerical validation
examples show the enhanced computational efficiency of the WBM for problems of moderate geometrical
complexity and of the hybrid method for real-life engineering problems.

1 Introduction

Ever increasing restrictive legal regulations regarding noise and vibration exposure as well as the customer’s
growing demand for comfort, force industrial designers to take into account the acoustic behaviour of their
products in the design optimization. Astime is moneyandless is more, Computer Aided Engineering (CAE)
tools have become an essential part in the product development process. The possibility of analyzing and
optimizing virtual prototypes has relaxed the need for very expensive and time consuming physical prototype
testing.

Both the Finite Element Method (FEM) and the Boundary Element Method (BEM) are well established
deterministic CAE tools which are commonly used for the analysis of steady-state acoustic problems.

The FEM [55] discretizes the problem domain into a large but finite number of small elements. Within
these elements, the acoustic pressure field is described in terms of simple, polynomial shape functions.
However, since these shape functions are no exact solutions of the governing differential equation, a very
fine discretization is required to suppress the associated pollution error [5] and to obtain reasonable prediction
accuracy. This requires the solution of very large numerical models, which, at high frequencies, is prohibited
due to the lack of sufficient computational resources. As a result, the FEM is limited to low-frequency
applications [19].

As compared to the FEM, which discretizes the entire problem domain into small elements, the BEM [52]
is based on a boundary integral formulation of the problem, such that only the boundary of the considered
domain has to be discretized. Within the applied boundary elements, some acoustic boundary variables
are expressed in terms of simple, polynomial shape functions. Enforcement of the boundary conditions
results in a small numerical model, as compared to FE models, which can be solved for the nodal values
at the discretized boundary. Once these nodal values are known, the field variables inside the domain may
be recovered by application of the boundary integration formulations in a second step. As compared to
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the fast assembly of frequency independent, real valued, sparse FE matrices, construction of the frequency
dependent, complex, densely populated BE matrices is very time consuming. In this way, the smaller model
size does not result in an enhanced computational efficiency, so that the practical use of the BEM is also
restricted to low-frequency applications [33].

Whereas the FEM, due to the domain partitioning into small elements, is more suited for the analysis of
interior problems, although there are several techniques which allow the analysis of problems in unbounded
media [21, 46], the BEM is more applicable to the latter class of problems, but can hardly compete with
the FEM for solving interior acoustic problems. However, some recent developments which increase the
computational efficiency of the BEM, such as the fast multi-pole BEM [18, 43], the wave boundary elements
[36] and the wave number independent BEM [7, 10, 27], may prove to make the BEM more competitive for
the analysis of interior problems.

In recent years, a vast amount of research efforts has been spent on the development of possible extensions
of the FEM in order to minimize or even eliminate the pollution error and, as a result, increase the practical
application range of the method to higher frequencies. Process optimization techniques, such as adaptive FE
refinement [5, 22, 40], reduced numerical integration [9, 20, 47, 53] and efficient numerical solvers [34, 42],
do not modify the basic FE formulations, but focuss on the optimization of the numerical processes in order
to obtain an enhanced computational efficiency.

Another way to reduce the computational efforts involved with solving large FE problems is by applying
domain decomposition techniques, such as Component Mode Synthesis (CMS) [11], Automated Multi-Level
Substructuring (AMLS) [4, 32] and Finite Element Tearing and Interconnecting (FETI) [12, 17]. Due to the
application of adivide and conquerstrategy, these domain decomposition techniques are perfectly suited for
implementation in a parallel computing environment.

Stabilized FE methods, such as the Galerkin Least Squares FEM (GLS-FEM) [23], the Galerkin Gradient
Least Squares FEM (G∇LS-FEM) [24] and the Quasi Stabilized FEM (QS-FEM) [1], reduce the pollution
error of the FEM by modifying the weak form of the integral problem formulation.

Instead of modifying the integral problem formulation to reduce the pollution error, the family of generalized
methods try to reduce the pollution error by introducing a priori known information about the solution in the
numerical FE scheme by enrichment of the conventional polynomial shape function basis. Two such methods
are the Partition-of-Unity FEM (PUFEM), in literature also referred to as the Generalized FEM (GFEM)
[44, 45], and the Element-Free Galerkin Method (EFGM) [2, 6]. The Ultra Weak Variational Formulation
(UWVF) [8, 26] also incorporates a priori known information of the solution in the numerical scheme but
embeds it into a novel variational formulation.

Another class of improved FEMs are the so-called multi-scale methods. These methods consider the solution
to be a superposition of a large scale and a fine scale component. The large scale component is usually
approximated with polynomials, while for the small scale component wave-like functions are applied. The
wave-like functions incorporate a priori known information about the solution. Methods which are classified
as multi-scale methods are the Discontinuous Enrichment Method (DEM) [15] and the related Discontinuous
Galerkin Method (DGM) [16]. Also the Variational Theory of Complex Rays (VTCR) [41] is considered as
a multi-scale method.

The Wave Based Method (WBM) [13] is an alternative deterministic prediction technique for the analysis of
steady-state interior acoustic problems. The method is based on an indirect Trefftz approach [48], in that the
dynamic response variables are described using wave functions which exactly satisfy the governing differ-
ential equation. In this way no approximation error is made inside the domain. However, the wave functions
may violate the boundary and continuity conditions. Enforcing the residual boundary and continuity errors
to zero in a weighted residual scheme yields a small matrix equation. Solution of this matrix equation results
in the contribution factors of the wave functions. Due to the small model size and the enhanced convergence
characteristics of the WBM, it has a superior numerical performance as compared to the FEM. As a result,
problems at higher frequencies can be addressed [14, 38, 39].
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In order to fully benefit from the WBM’s computational efficiency, the considered subdomains should have
a moderate geometrical complexity. Recently, a hybrid Finite Element-Wave Based Method (FE-WBM)
[37, 49] has been developed in order to tackle problems with more complex geometrical descriptions [50, 51].

This paper discusses the application of the WBM and the hybrid FE-WBM for 3D interior acoustic cavity
analysis. Section 2 starts of with a mathematical description of the problem at hand. Sections 3, 4 and 5
discuss the basic formulations of the FEM and the WBM. Section 6 illustrates the enhanced computational
performance of the WBM, as compared to the FEM, by means of a simple 3D interior cavity analysis.
Sections 7 and 8 introduce the hybrid FE-WB methodology and illustrate the potential of the hybrid approach
by means of two real-life validation examples.

2 Mathematical problem description

Consider a steady-state interior acoustic problem, as shown in figure 1. A closed boundary surrounds a
bounded fluid domainV , which is characterised by its speed of soundc and its ambient fluid densityρ0.
The fluid domain is excited by an acoustic volume velocity point sourceq at circular frequencyω. The time-
harmonic pressure response is given byp(r, t) = p(r, ω)ejωt with r =

[
x y z

]T
the position vector,

•T the transpose operator,j the imaginary unit
√
−1 and witht denoting the time. From here onwards, the

steady-state solutionp(r, ω) is abbreviated asp(r).

V

y
x

z

n

p

q
r

r
q

�s
�v

�Z

�p

Figure 1: An interior acoustic problem

Assuming that the system is linear, the fluid is inviscid and the process is adiabatic, the steady-state acoustic
pressurep(r) is governed by the Helmholtz equation

∇2p(r) + k2p(r) = −jρ0ωδ(r, rq)q (1)

with ∇2• =
∂2•
∂x2

+
∂2•
∂y2

+
∂2•
∂z2

the Laplacian operator,k = ω/c the acoustic wave number and withδ a

Dirac-delta function.

The boundary of the considered acoustic problem domainV is denoted as∂V = Ω and consists of two parts:
Ω = Ωa ∪Ωs.

• Ωa (= Ωv ∪ ΩZ ∪ Ωp) represents the part of the boundaryΩ at which one of the three following
acoustic boundary conditions applies:

– acoustic normal velocity boundary conditions atΩv, expressed as

r ∈ Ωv : Lv(p(r)) = v̄n(r) (2)

with Lv(•) the velocity operator

Lv(•) =
j

ρ0ω

∂•
∂n

(3)
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with
∂•
∂n

= nT ∇• the derivative in the normal direction,n =
[

nx ny nz

]T
the vector

normal to the fluid domainV and∇• =
[

∂•
∂x

∂•
∂y

∂•
∂z

]T

. v̄n(r) is the predefined normal

velocity.

– acoustic normal impedance boundary conditions atΩZ , expressed as

r ∈ ΩZ : Lv(p(r)) = p(r)/Z̄n(r) (4)

with Z̄n(r) the predefined normal impedance.

– acoustic pressure boundary conditions atΩp, expressed as

r ∈ Ωp : p(r) = p̄(r) (5)

with p̄(r) the predefined pressure.

• Ωs corresponds to that part of the boundary that coincides with a vibrating structure. The acoustic
pressure loading on the structural component is discarded and the presence of the structure is modelled
as an acoustic normal velocity boundary condition onto the fluid domainV . The boundary condition
is expressed as

r ∈ Ωs : Lv(p(r)) = ns
T njωwns(r) (6)

with ns the normal vector of the structural component and withwns(r) the steady-state normal dis-
placement of the structure.

The Helmholtz equation (1) together with the associated boundary conditions (2), (4), (5) and (6), defines a
unique pressure fieldp(r).

Once the pressure fieldp(r) is determined, other acoustic quantities can be derived.

• The acoustic particle velocity vectorv(r) is determined proportional to the gradient of the pressure
field

v(r) =
j

ρ0ω
∇p(r) (7)

• The active acoustic intensity vectorI(r) representing the flow of acoustic energy is

I(r) =
1
2
<(p(r) v∗(r)) (8)

with <(•) the real part and with•∗ the complex conjugate of•.

• The active acoustic powerW through a surfaceS is determined as the integral of the active acoustic
intensity through the considered surface and is calculated as

W =
∫∫

S
I(r) n dS (9)

with n the normal vector onS.

3 The finite element method

3.1 Basic formulations

In order to apply the FEM for interior acoustic problems, the considered acoustic cavityV is subdivided

into a number of non-overlapping FE domainsV e,

(
V =

ne⋃
e=1

V e with V i ∩ V j = ∅,∀i 6= j

)
, as shown in
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figure 2. In each element, a number ofne
fe nodes is defined at some particular locations in the element. The

total number of nodes in the discretization isnfe =
ne⋃

e=1

ne
fe. The boundaryΩe = ∂V e of each elementV e

is composed of five non-overlapping parts
(
Ωe = Ωe

p ∪Ωe
v ∪Ωe

Z ∪Ωe
s ∪Ωe

i

)
, namely those parts, which

are intersections of the element boundaryΩe with the problem boundary
(
Ωe

p = Ωe ∩Ωp , Ωe
v = Ωe ∩Ωv,

Ωe
s = Ωe ∩Ωs, Ωe

Z = Ωe ∩ΩZ), and the common interfaceΩe
i between two adjacent elements.

� �p vU U �Z U �s

V = VU e

e=1

ne

V
e

� �* *= U �
e e

� � � � �= U U U Up v Z i�s

e e ee ee

V

Figure 2: An interior acoustic problem and its FE discretization

Within each elementV e, the exact solution of the Helmholtz equation (1) is approximated by a linear com-
bination ofne

fe simple (polynomial) element shape functions

p(r) ' p̂(r) =
ne

fe∑
fe=1

pe
feN

e
fe(r) r ∈ Ve (10)

Based on the element shape functionsN e
fe, which are locally defined in one elementVe, some global shape

functionsNfe may be constructed, which are defined in the entire acoustic cavityV . In each elementVe

to which nodefe belongs, the global shape functionNfe is identical to the corresponding element shape
functionN e

fe, while it is zero in all other elements. In this way, a global pressure expansion may be defined
as

p(r) ' p̂(r) =
nfe∑

fe=1

pfeNfe(r) = Nfe(r) pfe r ∈ V (11)

The contribution factorspfe, stored in the(nfe × 1) column vectorpfe, are the unknown nodal degrees
of freedom (dofs). In general, the unknown dofs represent nodal pressure values. The associated shape
functionsNfe are stored in the (1× nfe) row vectorNfe.

Assume that the global pressure expansion (11) satisfies a priori both the pressure boundary conditions along
Ωp and the pressure continuity between two adjacent elements along their common interfaceΩe

i (conforming
elements). The pressure approximation violates the governing Helmholtz equation (1) within the acoustic
cavity V , the normal velocity boundary condition alongΩv, the impedance boundary condition alongΩZ ,
the normal velocity boundary conditions from the structural components alongΩs and the inter-element
velocity continuity between two adjacent elements onΩe

i . The involved residuals on these relations are
forced to zero in an integral sense by application of a weighted residual formulation. Contributions of the
enforcement of the inter-element velocity continuity cancel out each other in this formulation, yielding the
following weighted residual expression

−
∫

V
Wfe(r)

(
∇2p̂(r) + k2p̂(r) + jρ0ωδ(r, rq)q

)
d V

−
∫

Ωv

jρ0ωWfe(r) (Lv(p̂(r))− v̄n(r)) dΩ

−
∫

Ωs

jρ0ωWfe(r)
(
Lv(p̂(r))− ns

T njωwns(r)
)
dΩ

−
∫

ΩZ

jρ0ωWfe(r)
(
Lv(p̂(r))− p̂(r)

Z̄n(r)

)
dΩ = 0

(12)
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whereWfe represents a weighting function.

By application of integration by parts and the divergence theorem, (12) may be rewritten in its weak form

−ω2

∫
V

1
c2

Wfe(r) p̂(r)dV + jω

∫
ΩZ

ρ0

Z̄n(r)
Wfe(r) p̂(r)dΩ

+
∫

V
∇Wfe(r)∇p̂(r)dV − jω

∫
V

ρ0Wfe(r)δ(r, rq)qdV

+jω

∫
Ωv

ρ0Wfe(r)v̄n(r)dΩ + jω

∫
Ωs

ρ0Wfe(r)ns
T njωwns(r)dΩ = 0

(13)

For the sake of brevity, the position dependency of the matrices and the vectors will be omitted in their
notation.

Adopting a Galerkin approach in that the weighting functionsWfe are expanded as a linear combination of
the same shape functionsNfe and substituting expansion (11) in the weak form (13), yield a square matrix
equation [

−ω2Mfe + jωCfe + Kfe

]
pfe = qfe − vfe −wfe (14)

with Mfe the(nfe × nfe) acoustic mass matrix

Mfe =
∫

V

1
c2

Nfe
T NfedV (15)

with Cfe the(nfe × nfe) acoustic damping matrix

Cfe =
∫

ΩZ

ρ0

Z̄n
Nfe

T NfedΩ (16)

with Kfe the(nfe × nfe) acoustic stiffness matrix

Kfe =
∫

V
Bfe

T Bfe dV (17)

with Bfe defined as
Bfe = ∇ Nfe (18)

and withqfe, vfe andwfe the(nfe × 1) acoustic loading vectors

qfe = jω

∫
V

ρ0Nfe
T δ(r, rq)qdV (19)

vfe = jω

∫
Ωv

ρ0Nfe
T v̄ndΩ (20)

wfe = jω

∫
Ωs

ρ0Nfe
T ns

T njωwnsdΩ (21)

A more compact way of writing the FE matrix equation (14) is

Zfe pfe = ffe with
Zfe = −ω2Mfe + jωCfe + Kfe

ffe = (qfe − vfe −wfe)
(22)

The vectorpfe is the solution vector, collecting all unknown dofs, being the nodal pressure values. The
pressure boundary conditions alongΩp are taken into account by assigning the prescribed values directly to
the nodal dofs, such that these dofs are no longer unknowns of the FE model and can be condensed out of
the FE system matrixZfe. Zfe is sometimes referred to as the dynamic FE stiffness matrix.
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3.2 Errors involved with the use of the FEM

The accuracy of FE approximations based on Galerkin’s method is characterized by numerical interpolation
and pollution errors [5, 29]. Simple rules of thumb, stating to use a fixed number of elements per wave-
length, are able to keep the interpolation error within reasonable bounds. However, the pollution error is
not controlled using such simple rules of thumb. Therefore, Ihlenburg and Babuska [29, 30] introduce new
discretization rules in order to limit the pollution error.

Interpolation error
The interpolation error is an error introduced by the FE scheme and is due to the application of approximating
shape functions to fit the dynamic response. Therefore, it is also often referred to as the approximation error.

Consider a 1D acoustic problem. A tube of length4m is filled with air (c = 340m/s andρ0 = 1.225kg/m3)
and excited at one end (x = 0) with a unit normal velocity. At the other end (x = 4m) theρ0 c characteristic
normal impedance boundary condition is applied such that the solution consists of a propagating wave.
Figure 3 plots the exact solution (solid line) and the linear interpolated solution (solid line witho markers).
The difference between the two curves is a measure for the interpolation error.

In order to keep the interpolation error within reasonable bounds, the following relation should apply

θ =

(
k̃h̃

p

)p

= C (23)

with p the order of the polynomial shape functions,C a constant number,̃k = Lk with L a characteristic
problem dimension, and with̃h = h/L with h the element size. Application of this relation for linear1 finite
elements withC = 1, results in the rule of thumb which requires 6 linear elements per acoustic wavelength
λ

h <
λ

2 π
and fint <

c

2 π

1
h

(24)

For quadratic finite elements, about 4 elements per wavelength are required

h <
λ

π
and fint <

c

2 π

2
h

(25)

PSfrag
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Figure 3: Definition of the interpolation and the pollution error for linear FE

Pollution error
Apart from the interpolation error, the FE scheme also introduces a pollution error. This error is due to the

1None of the acoustic problems considered in this paper are non-linear problems. Therefore, the termlinear is applied to refer
to the (bi)linear definition of the FE shape functions and not to refer to the linearity of the considered problem.
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difference in wavelengths between the physical problem and the FE discretized problem. The dashed curve
on figure 3 represents a polluted solution.

At low frequencies, the interpolation error is dominant, but at higher frequencies, the pollution error becomes
predominant (see figure 4). Figure 5 shows the combined effect of the interpolation error and the pollution
error. In order to keep the pollution error within reasonable bounds, the following relation should apply

k̃ θ2 = C (26)

Application of this relation withC = 1 results, for linear finite elements, in

h <

√
λ3

(2 π)3 L
and fpol <

c

2 π
3

√
1

h2 L
(27)

and, for quadratic finite elements, in

h < 2 4

√
λ5

(2 π)5 L
and fpol <

c

2 π

5

√
24

h4 L
(28)

frequency (Hz)

er
ro

r

interpolation error

pollution error

Figure 4: Evolution of the interpolation and the pollution error with respect to frequency for a linear FE
mesh with constant mesh sizeh
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Figure 5: Combination of the interpolation and the pollution error for linear FE

4 The wave base method

The WBM is an alternative deterministic prediction technique for steady-state interior acoustic problems. In
general, five major steps are distinguished in the WB modelling procedure:

2310 PROCEEDINGS OF ISMA2006



1. partitioning of the considered problem domain into a number of convex subdomains

2. selection of a set of wave functions for each subdomain

3. construction of the WB system matrices via a weighted residual formulation of the boundary condi-
tions and the continuity conditions at the common subdomain interfaces

4. solution of the wave model, yielding the wave function contribution factors associated with each wave
function

5. postprocessing to derive the acoustic pressure fields and other relevant acoustic quantities from the
wave functions and their associated contribution factors

Each of these five steps is discussed in more detail in the next sections.

4.1 Multi-domain wave based modelling

A sufficient condition for the WBM approximations to converge towards the exact solution, is convexity
of the considered problem domain [13]. In a general acoustic problem, see figure 1, the acoustic problem
domainV may be non-convex so that an initial partitioning into a number of convex subdomains is required.
Subsequently, continuity conditions must be applied at the resulting interfaces in order to ensure continuity
of the solution at the interfaces.

4.1.1 Partitioning into convex subdomains

The non-convex fluid domainV is partitioned intoNV non-overlapping, convex subdomainsV (α) 2, V =
NV⋃
α=1

V (α), see figure 6.

V
( )�V

( )�

�I

( , )� �

�s

( )�
�v

( )�

�Z

( )�
�p

( )�

n
( )�

n
( )�

Figure 6: Acoustic domain partitioning

The boundary of a convex subdomainV (α) is denoted as∂V (α). Furthermore, the following notations are
introduced:

• Ω(α)
v = Ωv ∩ ∂V (α) indicates the part of the boundary of subdomainV (α) on which normal velocity

boundary conditions (2) are applied.

• Ω
(α)
Z = ΩZ∩∂V (α) indicates the part of the boundary of subdomainV (α) on which normal impedance

boundary conditions (4) are applied.

• Ω(α)
p = Ωp∩∂V (α) indicates the part of the boundary of subdomainV (α) on which pressure boundary

conditions (5) are applied.

2Indicesα andβ refer to acoustic subdomains.
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• Ω(α)
s = Ωs ∩ ∂V (α) indicates the part of the boundary of subdomainV (α) which belongs to the

fluid-structure interface. Equations (6) are applied on the interface.

• Ω
(α,β)
I = Ω

(β,α)
I = ∂V (α) ∩ ∂V (β) indicates the common interface between the boundary of sub-

domainV (α) and the boundary of subdomainV (β). The continuity conditions on this interface are
discussed in the next section. The union of all subdomain interfaces, in which subdomainV (α) is

involved, is denoted asΩ(α)
I =

NV⋃
β=1,β 6=α

Ω
(α,β)
I

Each acoustic subdomain boundary∂V (α) can thus be decomposed into five mutually exclusive parts,

∂V (α) = Ω(α)
v ∪Ω

(α)
Z ∪Ω(α)

p ∪Ω(α)
s ∪Ω

(α)
I (29)

4.1.2 Mathematical description of the continuity conditions

To ensure continuity over the acoustic interfacesΩ
(α,β)
I between the acoustic subdomainsV (α) andV (β),

continuity conditions must be applied at the interfaces. Two types of continuity conditions are considered in
the WB methodology.

Pressure and velocity continuity
Both pressure and normal velocity continuity are imposed at the interfaces:

pressure continuity:r ∈ Ω
(α,β)
I : p(α)(r) = p(β)(r) (30)

normal velocity continuity:r ∈ Ω
(α,β)
I : L(α)

v (p(α)(r)) = −L(β)
v (p(β)(r)) (31)

with L(α)
v (•) the velocity operator applied in subdomainV (α)

L(α)
v (•) =

j

ρ0ω

∂•
∂n(α)

(32)

The WBM adopts a direct coupling approach in order to couple the two subdomains. This implies that
the continuity conditions (30) and (31) are directly enforced on the acoustic quantities of the considered
subdomains, without introduction of auxiliary interface variables. In order for the problem to be well-posed,
one continuity condition is imposed on each subdomain. This means that, on the interfaceΩ

(α,β)
I between

the acoustic subdomainsV (α) andV (β), the pressurep(β)(r) is enforced as a pressure boundary condition

on subdomainV (α) alongΩ
(α,β)
Ip = Ω

(α,β)
I and the normal velocity−L(α)

v (p(α)(r)) is applied as a normal

velocity boundary condition on subdomainV (β) alongΩ
(β,α)
Iv = Ω

(β,α)
I , or vice versa. As a result

if Ω
(α,β)
Ip 6= ∅ then


Ω

(β,α)
Ip = ∅

Ω
(α,β)
Iv = ∅

Ω
(β,α)
Iv 6= ∅

or if Ω
(α,β)
Iv 6= ∅ then


Ω

(β,α)
Iv = ∅

Ω
(α,β)
Ip = ∅

Ω
(β,α)
Ip 6= ∅

with ∅ the empty set. Furthermore the following notations are introduced

Ω
(α)
Ip =

NV⋃
β=1,β 6=α

Ω
(α,β)
Ip and Ω

(α)
Iv =

NV⋃
β=1,β 6=α

Ω
(α,β)
Iv
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Equivalent normal velocity continuity
By taking a linear combination of the two conditions (30) and (31) and by the introduction of a pressure
scaling factorZ̄int, two new continuity conditions can be formulated:

r ∈ Ω
(α,β)
I : L(α)

v (p(α)(r))− 1
Z̄int

p(α)(r) = −L(β)
v (p(β)(r))− 1

Z̄int
p(β)(r) (33)

r ∈ Ω
(α,β)
I : L(β)

v (p(β)(r))− 1
Z̄int

p(β)(r) = −L(α)
v (p(α)(r))− 1

Z̄int
p(α)(r) (34)

The impedance coupling factor̄Zint is actually a relative weighting factor. For a large value, the normal
velocity component predominates the continuity conditions (33) and (34), while for a small value the pressure
component predominates. This kind of coupling is referred to asimpedanceor equivalent normal velocity
coupling withZ̄int being the impedance coupling value. The term equivalent normal velocity results from
the fact that relations (33) and (34) actually express continuity of an equivalent acoustic velocity quantity.
The equivalent velocity operators are defined as

L(α)
eq+(•) =

j

ρ0ω

∂•
∂n(α)

− 1
Z̄int

• (35)

and

L(α)
eq−(•) = − j

ρ0ω

∂•
∂n(α)

− 1
Z̄int

• (36)

With the operators (35) and (36), equations (33) and (34) can be reformulated as

r ∈ Ω
(α,β)
I : L(α)

eq+(p(α)(r)) = L(β)
eq−(p(β)(r)) (37)

r ∈ Ω
(α,β)
I : L(β)

eq+(p(β)(r)) = L(α)
eq−(p(α)(r)) (38)

In order for the partitioned problem to be well-posed, condition (37) is enforced as a normal velocity bound-
ary condition on subdomainV (α) alongΩ

(α,β)
Iz = Ω

(α,β)
I and the associated condition (38) is enforced as a

normal velocity boundary condition on subdomainV (β) alongΩ
(β,α)
Iz = Ω

(β,α)
I .

The following notation is introduced

Ω
(α)
Iz =

NV⋃
β=1,β 6=α

Ω
(α,β)
Iz (39)

This impedancecoupling approach [37] is designed to be more stable, as compared to thepressure and
velocitycoupling approach, due to the introduction of artificial damping into the numerical system [3]. The
approach is inspired by the Finite Element Tearing and Interconnecting method (FETI) [17] and the Ultra
Weak Variational Formulation (UWVF) [8], which apply a similar coupling approach.

4.2 Wave function selection

In contrast with the FEM, the WBM describes the field variables as an expansion of wave functions which
exactly satisfy the governing differential equations. In this way, only an approximation error is introduced
at the boundaries and the interfaces. Desmet [13] has shown that the proposed selection enables the field
variable expansions to converge towards the exact solution, provided that all subdomains are convex.
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The steady-state acoustic pressure fieldp(α)(r) in acoustic subdomainV (α) is approximated as solution
expansion̂p(α)(r)

p(α)(r) ' p̂(α)(r) =
n

(α)
w∑

w=1

pw
(α) Φ(α)

w (r) + p̂(α)
q (r)

= Φ(α)(r) pw
(α) + p̂(α)

q (r)

(40)

The wave function contributionsp(α)
w are the weighting factors for each of the selected wave functions.

Together they form the (n(α)
w × 1) vector of degrees of freedompw

(α). The corresponding known wave
functions are collected in the (1× n(α)

w ) row vectorΦ(α).

4.2.1 Homogeneous solution

Each acoustic wave functionΦ(α)
w (r) exactly satisfies the homogeneous Helmholtz equation. Three types of

wave functions are distinguished, the r-, the s- and the t-set

n
(α)
w∑

w=1

pw
(α)Φ(α)

w (r) =
n

(α)
wr∑

wr=1

pwr
(α)Φ(α)

wr
(r) +

n
(α)
ws∑

ws=1

pws
(α)Φ(α)

ws
(r) +

n
(α)
wt∑

wt=1

pwt
(α)Φ(α)

wt
(r) (41)

with n(α)
w = n(α)

wr
+ n(α)

ws
+ n(α)

wt
.

The wave functions are defined as

Φ(α)
w (r (x, y, z)) =


Φ(α)

wr
(x,y,z) = cos(k(α)

xwrx) cos(k(α)
ywry) e−jk

(α)
zwr z

Φ(α)
ws

(x,y,z) = cos(k(α)
xwsx) e−jk

(α)
ywsy cos(k(α)

zwsz)

Φ(α)
wt

(x,y,z) = e−jk
(α)
xwtx cos(k(α)

ywty) cos(k(α)
zwtz)

(42)

Since the only requirement for the wave functions (42) to be exact solutions of (1), the wave number com-
ponents in (42) have to obey(

k(α)
xwr

)2
+
(
k(α)

ywr

)2
+
(
k(α)

zwr

)2
=
(
k(α)

xws

)2
+
(
k(α)

yws

)2
+
(
k(α)

zws

)2
=(

k(α)
xwt

)2
+
(
k(α)

ywt

)2
+
(
k(α)

zwt

)2
= k2 (43)

with k = ω/c. As a result, an infinite number of wave functions (42) can be defined for expansion (40).
Desmet [13] proposes to select the following wave number components

(
k(α)

xwr
, k(α)

ywr
, k(α)

zwr

)
=

(
w

(α)
1 π

L
(α)
x

,
w

(α)
2 π

L
(α)
y

,±
√

k2 −
(
k

(α)
xwr

)2
−
(
k

(α)
ywr

)2
)

(44)

(
k(α)

xws
, k(α)

yws
, k(α)

zws

)
=

(
w

(α)
3 π

L
(α)
x

,±
√

k2 −
(
k

(α)
xws

)2
−
(
k

(α)
zws

)2
,
w

(α)
4 π

L
(α)
z

)
(45)

(
k(α)

xwt
, k(α)

ywt
, k(α)

zwt

)
=

(
±
√

k2 −
(
k

(α)
ywt

)2
−
(
k

(α)
zwt

)2
,
w5(α)π

Ly(α)

,
w6(α)π

Lz(α)

)
(46)

with w
(α)
1 , w

(α)
2 , w

(α)
3 , w

(α)
4 , w

(α)
5 andw

(α)
6 = 0, 1, 2, . . .. The dimensionsL(α)

x , L(α)
y andL(α)

z represent the
dimensions of the (smallest) bounding box, circumscribing the considered subdomain, see figure 7.

In order to visualize some typical wave function shapes, consider the cubic bounding box in figure 8
(Lx = Ly = Lz = 1m). For small values of the integer numbersw

(α)
1 , w

(α)
2 , w

(α)
3 , w

(α)
4 , w

(α)
5 andw

(α)
6
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Figure 7: Definition of a bounding box enclosing the subdomain.

and/or high frequencies, (some of) the corresponding wave number components (44), (45) and (46) are
real numbers. The corresponding wave functions have a harmonic behaviour in all three directions and are
bounded to the closed interval[−1, 1]. As an example, figure 9 plots the real part of

Φwr(x, y, z) = cos(π x) cos(π y)e−j
√

9.242−2π2 z (47)

in two perpendicular planes

z = 0.1m : Φwr(x, y, 0.1) = cos(π x) cos(π y)e−j
√

9.242−2π2 0.1

y = 0.1m : Φwr(x, 0.1, z) = cos(π x) cos(π 0.1)e−j
√

9.242−2π2 z

Figure 8: Cubic bounding box
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Figure 9: Wave function with real wave number components

For larger values of the integer numbersw
(α)
1 , w(α)

2 , w(α)
3 , w(α)

4 , w(α)
5 andw

(α)
6 and/or low frequencies, some

of the corresponding wave number components (44), (45) and (46), namely those that result from a square
root operation, may become imaginary numbers. The resulting wave functions have a harmonic behaviour
in two directions, but an exponentially decaying behaviour in the third direction. These functions may have
amplitudes which become substantially larger than 1. As an example, figure 10 shows the real part of

Φwr(x, y, z) = cos(2 π x) cos(3 π y)e−j
√

9.242−13π2 z (48)

which is a wave function, decaying in thez direction.
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Figure 10: Wave function with imaginary wave number components

4.2.2 Wave function truncation

In general, an infinite number of wave functions (42) can be constructed for expansion (40) obeying the
wave number selection criteria (44), (45) and (46). In order to apply the WB formulations into a numerical
scheme, the infinite function series has to be truncated to a finite sized wave function basis set.

A linear, frequency dependent truncation rule is suggested. In short, wave functions that have wave number
components smaller than, or about equal to the truncation factorN times the physical wave numberk, are
added to the wave function basis set. This results in upper bounds for the integer numbersw

(α)
1 , w

(α)
2 , w

(α)
3 ,

w
(α)
4 , w

(α)
5 andw

(α)
6 in expansions (44), (45) and (46).

• For the wave numbers obtained from (44) the truncation criteria are

w
(α)
1max

π

L
(α)
x

' Nk and
w

(α)
2max

π

L
(α)
y

' Nk (49)

yielding

w
(α)
1max

= CEIL

(
NkL

(α)
x

π

)
and w

(α)
2max

= CEIL

(
NkL

(α)
y

π

)
(50)

with CEIL (•) the ceiling function, which returns the integer just larger than the double precision
argument.

• For the wave numbers obtained from (45) the truncation criteria are

w
(α)
3max

π

L
(α)
x

' Nk and
w

(α)
4max

π

L
(α)
z

' Nk (51)

yielding

w
(α)
3max

= w
(α)
1max

and w
(α)
4max

= CEIL

(
NkL

(α)
z

π

)
(52)

• For the wave numbers obtained from (46) the truncation criteria are

w
(α)
5max

π

L
(α)
y

' Nk and
w

(α)
6max

π

L
(α)
z

' Nk (53)

yielding
w

(α)
5max

= w
(α)
2max

and w
(α)
6max

= w
(α)
4max

(54)
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The wave functions in the wave function basis set are thus the wave functions corresponding to the wave
number components resulting from the integer numbers

w
(α)
1 ∈ [0, w

(α)
1max

], w
(α)
2 ∈ [0, w

(α)
2max

], w
(α)
3 ∈ [0, w

(α)
3max

] (55)

w
(α)
4 ∈ [0, w

(α)
4max

], w
(α)
5 ∈ [0, w

(α)
5max

], w
(α)
6 ∈ [0, w

(α)
6max

]

In total, the resulting wave function basis set for subdomainV (α) consists of

n(α)
w = n(α)

wr
+ n(α)

ws
+ n(α)

wt
(56)

wave functions with

n(α)
wr

= 2(w1max + 1)(w2max + 1)

n(α)
ws

= 2(w3max + 1)(w4max + 1) (57)

n(α)
wt

= 2(w5max + 1)(w6max + 1)

Care must be taken when applying truncation rule described above for the analysis at (very) low frequencies.
For small acoustic wave numbersk, the upper bound integer valuesw

(α)
1max

, w(α)
2max

, w(α)
3max

, w(α)
4max

, w(α)
5max

and

w
(α)
6max

may all be small and, in extreme cases, all equal to 1. Substitution of the integers in expansions (44),
(45) and (46) results in a minimum number of 24 wave functions selected for each acoustic subdomain. In
general, this number of wave functions is not sufficient to accurately represent the pressure field inside the
subdomain. A higher number of wave functions is required. This higher number depends on the considered
problem and, so far, no rule has been established to determine it a priori.

4.2.3 Wave function scaling

As illustrated in section 4.2.1, some of the wave functions in the wave function basis set, are harmonic
functions in the three directions, see figure 9. These functions are restricted to the interval[−1, 1] in their

application region. However, wave functions resulting from larger values of the integer numbersw
(α)
1 , w

(α)
2 ,

w
(α)
3 , w

(α)
4 , w

(α)
5 andw

(α)
6 and/or low frequencies have a harmonic behaviour in two directions and an expo-

nential decaying behaviour in the third direction, see figure 10. These functions may become substantially
larger than 1.

From an implementation point of view, it is important for the numerical condition of the WB model that all
wave functions have amplitudes not larger than 1 [13]. Hence, for the practical implementation of the wave
models, some scaling factorsf (α)

zwr
, f (α)

yws
andf (α)

xwt
are introduced in the wave function definitions.

When the enclosing bounding box of the considered acoustic subdomainV (α) is defined by dimensionsL(α)
x ,

L(α)
y andL(α)

z , the following wave function scaling is introduced
Φ(α)

wr
(x,y,z) = cos(k(α)

xwrx) cos(k(α)
ywry) e

−jk
(α)
zwr

(
z−f

(α)
zwr L

(α)
z

)
Φ(α)

ws
(x,y,z) = cos(k(α)

xwsx) e
−jk

(α)
yws

(
y−f

(α)
yws L

(α)
y

)
cos(k(α)

zwsz)

Φ(α)
wt

(x,y,z) = e
−jk

(α)
xwt

(
x−f

(α)
xwt L

(α)
x

)
cos(k(α)

ywty) cos(k(α)
zwtz)

(58)

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2317



with the scaling factors defined as

f (α)
zwr

=

 1, if =
(
k(α)

zwr

)
> 0

0, if =
(
k(α)

zwr

)
≤ 0

f (α)
yws

=

 1, if =
(
k(α)

yws

)
> 0

0, if =
(
k(α)

yws

)
≤ 0

(59)

f (α)
xwt

=

 1, if =
(
k(α)

xwt

)
> 0

0, if =
(
k(α)

xwt

)
≤ 0

with =(•) denoting the imaginary part of•.
Figure 11 plots the same wave function as figure 10, but with a scaling factor introduced. The function is
given by

Φwr(x, y, z) = cos(2 π x) cos(3 π y)e−j
√

9.242−13π2 (z−1) (60)

and its amplitude is bounded to the closed interval[−1, 1].
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Figure 11: Scaled wave function with complex wave number components

4.2.4 Wave function linear dependency

Due to the specific selection rules for the wave number components (44), (45) and (46), the associated wave
functions may become linearly dependent in case that the frequency of interest coincides with one of the
eigenfrequencies of the bounding boxes of the considered problem subdomains. Linearly dependent wave
functions lead to a singular matrix equation. In order to overcome this problem, the dependent wave functions
have to be removed from the wave function basis set, prior to creation of the system matrices.

4.2.5 Particular solution

In (40) p̂(α)
q represents a particular solution resulting from the acoustic source termq(α) in the inhomogeneous

Helmholtz equation (1). It is the free-field solution of a point source.

p̂(α)
q (x, y, z) =

jρ0ωQ(α)

4π

e−jkr
(α)
q

r
(α)
q

(61)

with Q(α) the source strength

Q(α) =
∫

V (α)

q(α) dV (62)

2318 PROCEEDINGS OF ISMA2006



and with

r(α)
q =

√(
x− x

(α)
q

)2
+
(
y − y

(α)
q

)2
+
(
z − z

(α)
q

)2
(63)

4.3 Wave based model construction

With the use of the proposed pressure expansion (40), the Helmholtz equation (1) is always exactly satisfied,

irrespective of the values of thenW =
NV∑
α=1

n(α)
w unknown wave function contribution factorspw. Due to

the partitioning of the acoustic problem domainV into a number ofNV acoustic subdomainsV (α), with
α = 1 . . . NV , continuity conditions (30) and (31) or (33) and (34) along the subdomain interfacesΩ

(α,β)
I

must be taken into account, in addition to the problem boundary conditions (2), (4), (5) and (6). The unknown
wave function contribution factorspw are merely determined by these boundary and continuity conditions.

Since both the boundary conditions and the continuity conditions are defined at an infinite number of bound-
ary positions, while only finite sized prediction models are amenable to numerical implementation, the
boundary and the continuity conditions are, for each subdomain, transformed into a weighted residual for-
mulation.

4.3.1 Formulation of residuals

In order to apply a weighted residual formulation for the evaluation of the boundary and the continuity
conditions, some approximation errors are induced in the representations of the different conditions, yielding
the following residual error functions.

• residual error functions of the boundary conditions

r ∈ Ω(α)
v : R(α)

v (r) = L(α)
v (p̂(α)(r))− v̄n(r)

r ∈ Ω
(α)
Z : R

(α)
Z (r) = L(α)

v (p̂(α)(r))− p̂(α)(r)
Z̄n(r)

r ∈ Ω(α)
p : R(α)

p (r) = p̂(α)(r)− p̄(r)

r ∈ Ω(α)
s : R(α)

s (r) = L(α)
v (p̂(α)(r))− ns

T n(α)jωwns(r)

(64)

• residual error functions of thepressure and velocitycontinuity conditions

r ∈ Ω
(α,β)
Ip : R

(α,β)
Ip (r) = p̂(α)(r)− p̂(β)(r)

r ∈ Ω
(α,β)
Iv : R

(α,β)
Iv (r) = L(α)

v (p̂(α)(r)) + L(β)
v (p̂(β)(r))

(65)

• residual error functions of theimpedancecontinuity conditions

r ∈ Ω
(α,β)
Iz : R

(α,β)
Iz (r) = L(α)

eq+(p̂(α)(r))− L(β)
eq−(p̂(β)(r)) (66)

Similar error functions can be defined for allNV acoustic subdomains.
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4.3.2 Construction of the system matrices

For each subdomainV (α), the error functions (64) are orthogonalized with respect to a weighting func-
tion p̃(α) or its derivative. The weighted residual formulation, applying the introduced error functions, is
expressed as∫

Ω
(α)
v

p̃(α)(r) R(α)
v (r)dΩ +

∫
Ω

(α)
Z

p̃(α)(r) R
(α)
Z (r)dΩ +

∫
Ω

(α)
p

−L(α)
v (p̃(α)(r)) R(α)

p (r)dΩ

+
∫

Ω
(α)
s

p̃(α)(r) R(α)
s (r)dΩ +

NV∑
β=1,β 6=α

∫
Ω

(α)
Ip

−L(α)
v (p̃(α)(r)) R

(α,β)
Ip (r)dΩ

+
NV∑

β=1,β 6=α

∫
Ω

(α)
Iv

p̃(α)(r) R
(α,β)
Iv (r) dΩ +

NV∑
β=1,β 6=α

∫
Ω

(α,β)
Iz

p̃(α)(r) R
(α,β)
Iz (r)dΩ = 0

(67)

Applying a Galerkin weighting procedure, the weighting functionsp̃(α) are expanded in terms of the same
set of acoustic wave functions used in the pressure expansions (40)

p̃(α)(r) =
n

(α)
a∑

a=1

p̃a
(α)Φ(α)

a (r) = Φ(α)(r) p̃w
(α) (68)

From here onwards, the position dependency of the vectors is omitted in the notations for the sake of brevity.

Substitution of the pressure expansion (40) and the weighting function expansion (68) into the weighted
residual formulation (67) yields

p̃w
(α)T

[
C(α,1) pw

(1) + . . . + C(α,α−1) pw
(α−1) + A(α) pw

(α) + C(α,α+1) pw
(α+1) + . . .

+C(α,NV ) pw
(NV ) − f (α,1) − . . .− f (α,α−1) − f (α) − f (α,α+1) − . . .− f (α,NV )

]
= 0

(69)

where•T denotes the transpose.

The(n(α)
w × n(α)

w ) matrixA(α) is

A(α) = Av
(α) + AZ

(α) + Ap
(α) + AIp

(α) + AIv
(α) + AIz

(α) (70)

with

Av
(α) =

∫
Ω

(α)
v

j

ρ0ω
Φ(α)T n(α)T B(α)dΩ (71)

AZ
(α) =

∫
Ω

(α)
Z

(
j

ρ0ω
Φ(α)T n(α)T B(α) − 1

Z̄n
Φ(α)T Φ(α)

)
dΩ (72)

Ap
(α) = −

∫
Ω

(α)
p

j

ρ0ω
B(α)T n(α) Φ(α)dΩ (73)

AIp
(α) = −

∫
Ω

(α)
Ip

j

ρ0ω
B(α)T n(α) Φ(α)dΩ (74)

AIv
(α) =

∫
Ω

(α)
Iv

j

ρ0ω
Φ(α)T n(α)T B(α)dΩ (75)

AIz
(α) =

∫
Ω

(α)
Iz

(
j

ρ0ω
Φ(α)T n(α)T B(α) − 1

Z̄int
Φ(α)T Φ(α)

)
dΩ (76)
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with B(α) defined as a(3× n(α)
w ) matrix collecting the gradient components of the acoustic wave functions

Φ(α)

B(α) = ∇ Φ(α) (77)

The(n(α)
w × n(β)

w ) matrixC(α,β) is

C(α,β) =
∫

Ω
(α,β)
Ip

j

ρ0ω
B(α)T n(α) Φ(β)dΩ +

∫
Ω

(α,β)
Iv

j

ρ0ω
Φ(α)T n(β)T B(β)dΩ (78)

+
∫

Ω
(α,β)
Iz

(
j

ρ0ω
Φ(α)T n(α)T B(β) +

1
Z̄int

Φ(α)T Φ(β)

)
dΩ

and is a non-zero matrix only ifΩ(α,β)
I 6= ∅. In other words, there is only a non-zero coupling matrixC(α,β)

if acoustic subdomainV (α) is in direct contact with acoustic subdomainV (β).

The(n(α)
w × 1) vectorf (α) is

f (α) = fv
(α) + fZ

(α) + fp
(α) + fs

(α) + fIp
(α) − fIv

(α) + fIz
(α) (79)

with

fv
(α) =

∫
Ω

(α)
v

Φ(α)T

(
v̄n −

j

ρ0ω
n(α)T ∇ p̂(α)

q

)
dΩ (80)

fZ
(α) =

∫
Ω

(α)
Z

Φ(α)T

(
p̂
(α)
q

Z̄n
− j

ρ0ω
n(α)T ∇ p̂(α)

q

)
dΩ (81)

fp
(α) =

∫
Ω

(α)
p

j

ρ0ω
B(α)T n

(
p̂(α)

q − p̄
)

dΩ (82)

fIp
(α) =

∫
Ω

(α)
Ip

j

ρ0ω
B(α)T n p̂(α)

q dΩ (83)

fIv
(α) =

∫
Ω

(α)
Iv

Φ(α)T

(
j

ρ0ω
n(α)T ∇ p̂(α)

q

)
dΩ (84)

f
(α)
Iz =

∫
Ω

(α)
Iz

Φ(α)T

(
p̂
(α)
q

Z̄int
− j

ρ0ω
n(α)T ∇ p̂(α)

q

)
dΩ (85)

The(n(α)
w × 1) vectorf (α,β) is

f (α,β) = −
∫

Ω
(α,β)
Ip

j

ρ0ω
B(α)T n p̂(β)

q dΩ −
∫

Ω
(α,β)
Iv

Φ(α)T

(
j

ρ0ω
n(β)T ∇ p̂(β)

q

)
dΩ (86)

+
∫

Ω
(α,β)
Iz

Φ(α)T

(
− p̂

(β)
q

Z̄int
− j

ρ0ω
n(β)T ∇ p̂(β)

q

)
dΩ

and is a non-zero vector only ifΩ(α,β)
I 6= ∅.

Since the weighted residual formulation (67) should hold for any weighting functionp̃(α), the expressions
between the square brackets in equation (69) must be zero. This yields a set ofn(α)

w linear equations in the
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nW unknown wave function contribution factorspw

[
C(α,1) · · · C(α,α−1) A(α) C(α,α+1) · · · C(α,NV )

]


pw
(1)

...
pw

(α−1)

pw
(α)

pw
(α+1)

...
pw

(NV )


=



f (α,1)

...
f (α,α−1)

f (α)

f (α,α+1)

...
f (α,NV )


(87)

Combination of theNV matrix equations (87), one for each subdomain, yields the acoustic WB model,
consisting ofnW algebraic equations in thenW unknown wave function contribution factorspw

A(1) C(1,2) C(1,3) · · · C(1,NV )

C(2,1) A(2) C(2,3) · · · C(2,NV )

...

C(NV ,1) C(NV ,2) C(NV ,3) · · · A(NV )




pw

(1)

pw
(2)

pw
(3)

...
pw

(NV )

 =


b(1)

b(2)

b(3)

...
b(NV )

 (88)

with

b(α) = f (α) +
NV∑

β=1,β 6=α

f (α,β) (89)

The WB matrix equation is denoted in a condensed form as

A pw = b (90)

4.4 Solution of the wave based model

After partitioning into convex subdomains, selection of a converging set of wave functions and construction
of the WB model, the fourth step in the WB modelling process is solution of the WB matrix equation (90)
for thenW wave function contribution factorspw.

4.5 Postprocessing

The fifth and final step in the modelling process is backsubstitution of the resulting wave function contri-
bution factors into the pressure expansions (40), yielding an analytical description of the dynamic pressure
field p̂ in all subdomainsV (α). Evaluation of wave function expansions in response points located inside
the subdomains, yields the acoustic pressures at those locations. Higher-order variables, such as acoustic
velocities (7), intensities (8) and power distributions (9), can be easily obtained by derivation of the wave
function expansions.

• The acoustic velocity vector field̂v is determined proportional to the gradient of the pressure field

v̂ =
j

ρ0ω
(∇Φ pw + ∇p̂q) (91)

• The (active) acoustic intensity vector field̂I, representing the flow of acoustic energy, is determined
as

Î =
1
2
<
(

(Φ pw + p̂q)
(

j

ρ0ω
(∇Φ pw + ∇p̂q)

)∗)
(92)
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• The (active) acoustic power̂W through a surfaceS is determined as the integral of the acoustic inten-
sity through the considered surface and is calculated as

Ŵ =
∫∫

S

1
2
<
(

(Φ pw + p̂q)
(

j

ρ0ω
(∇Φ pw + ∇p̂q)

)∗)
n dS (93)

with n the normal vector onS.

Note that there is no loss of accuracy in the higher-order variables, since the derivatives of wave functions,
are wave functions themselves, with identical wavelengths as the primary wave functions.

5 Model properties

This section discusses and compares the main properties of the WBM and the FEM. An overview of the
comparison is given in table 1.

FEM WBM

degrees of freedom most commonly pressures wave function contributions
number of dofs many few
discretization domain discretization, refinement

is required for increasing fre-
quency

partitioning into convex subdo-
mains, fixed for all frequencies

approximation functions simple polynomials, not exact so-
lutions

wave functions, exact solutions

accuracy of derived vari-
ables

accuracy decrease same accuracy as primary vari-
ables

matrix properties sparse, banded structure, real and
frequency independent submatri-
ces, symmetric

full, complex, frequency depen-
dent, non-symmetric

geometric complexity high moderate
convergence rate medium high
computational load:
model construction

low high

computational load:
model solution

medium/high low

Table 1: A comparison between different deterministic numerical modelling techniques

Degrees of freedom
The degrees of freedom (dofs) in a FE model are the nodal values, being acoustic pressures most commonly.
In the WB methodology, the unknown wave function contributionspw form the dofs.

Problem discretization& approximation functions
The FEM requires a discretization of the problem domain into small elements. Within these elements approx-
imating shape functions, mostly simple polynomials, are used to describe the dynamic response variables.
In order to yield prediction results with reasonable accuracy, element sizes have to decrease with increasing
frequency, because wavelengths shorten. Construction of a WB model does not require a problem domain
discretization into small elements. The only prerequisite is a partitioning into convex subdomains. How-
ever, these subdomains can be large and their sizes are independent of frequency, since the wave functions,
which are used to describe the dynamic response variables inside the subdomains, are exact solutions of the
governing dynamic equations. With increasing frequencies, the number of wave functions is increased.
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Accuracy of derived variables
Due to the fact that the primary response variables (i.e. the pressure) in the FEM are most commonly
approximated with simple polynomial shape functions, the higher-order derived quantities (i.e. the acoustic
velocity, acoustic intensity and acoustic power) are less accurate than the primary ones. For the WBM, there
is no additional loss of accuracy because the derivatives of the wave functions are wave functions as well,
with identical wavelengths.

System matrix properties
The system matrices in the FEM are large and sparsely populated with real coefficients (except when complex
model properties are introduced). They have a banded structure, are symmetric and can be decomposed
into frequency independent submatrices. All of these properties allow computationally efficient storage and
solution of the FE system of equations. The WBM yields fully populated matrices with complex coefficients.
These matrices are much smaller than the system matrices of FE models for comparable problems, but the
WB matrices are frequency dependent and non-symmetric.

Problem geometric complexity
Because of the fine discretization of the FEM, it has almost no restrictions regarding the geometric com-
plexity of the considered problem domains. The only requirement regarding the problem domain geometry
for the WBM to converge, is convexity of the considered subdomains. However, since the WB subdomains
are large and have a relatively simple shape, problems with a complex geometry are hard to model, unless
a large number of subdomains are introduced. This would have a negative effect on the method’s computa-
tional efficiency.

Computational performance& frequency range applicability
Construction of the WB models results from tedious numerical integrations. Because the WB method, like
any Trefftz based method, yields ill-conditioned system matrices [25, 54], the numerical integrations must be
performed carefully, making sure that a sufficiently high accuracy in determining the matrix coefficients is
obtained. As a result, construction of the WB matrices is computationally more demanding than construction
of FE matrices, whose coefficients result from integrations of simple polynomial shape functions. However,
because of the large model, and resulting matrix size, of the FE models, as compared to the WB models,
solution of the FE models is computationally much more demanding than solution of the WB models. Also
the convergence rate of the WBM is higher than the convergence rate of the FEM.

The higher convergence rate, combined with the small model size, make it possible for the WBM to tackle
problems at higher frequencies than the element based methods, before the same restrictions regarding com-
putational resources come into play.

6 WBM: numerical example

6.1 Problem description

Figure 12 shows the cavity applied in the validation study reported on in this section. A rigid-walled cavity
is constructed with the dimensions of a typical station wagon car cabin. The inner dimensions are given in
figure 12. The air-filled cavity, with experimentally obtained fluid propertiesc = (346.149 + 0.346 j) m/s
andρ0 = 1.163 kg/m3, is surrounded with concrete wallsΩ0 with a thickness of10cm. In this way, the
walls may be considered acoustically rigid. The total weight of the whole set-up is approximately4000kg.
Two loudspeakers are positioned inside the cavity. The front loudspeaker is used to excite the system and
is considered in the numerical models as a normal velocity boundary excitation applied on a small surface
Ωv, corresponding to the loudspeaker membrane. The loudspeaker is positioned asymmetrical with respect
of the width of the cavity and adjacent to the front wall. The front wall of the cavity represents the fire wall
partition of a car, which is the structure in between the engine compartment and the interior car cavity. In
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this way, the loudspeaker excitation can be considered as the excitation due to the vibrating fire wall. The
second loudspeaker is not driven and is considered to be rigid in the numerical models.

Figure 12: Concrete car-like cavity, excited by two loudspeakers

To compare the performances of the WBM and the FEM, several models of the considered problem are
solved. The FE models are solved with theLMS/Sysnoise Rev5.6 solution code. The WBM routines are
implemented in aC++ code. All calculations are performed on a HP-C3000 UNIX workstation (400 MHz
single processor,2.5 Gb RAM memory, SPECint95= 31.8, SPECfp95= 52.4).

6.2 Model descriptions

6.2.1 Finite element models

Due to the finite volume of the loudspeakers, the cavity has a non-convex shape. The FEM has no problem in
modelling this non-convex cavity as it has to discretize the problem domain into a number of small elements
anyway. Several linear and quadratic acoustic FE models of the cavity have been constructed. The meshes
consist of 4-noded linear and 10-noded quadratic tetrahedral elements. Tables 2 and 3 list the number of
nodes and elements of the various models and the CPU times for solution of the FE matrix equation at
one single frequency(198Hz). tSkyline denotes the CPU time (ins) for solving with a direct Skyline
solver, whiletQMR denotes the CPU time (ins) for solving with an iterative QMR solver3. tSkyline is
frequency independent, whereastQMR is frequency dependent since the number of iterations needed for the
QMR solver to converge, is also frequency dependent. Note that the time for constructing the frequency
independent matrices is not taken into account. In this way, the CPU time is a measure of the variable
computational cost of the calculations. Furthermore,fint andfpol indicate the maximum frequency (upper
limit) at which the considered FE models are expected to yield prediction results of acceptable accuracy,
keeping respectively the interpolation error (23) and the pollution error (26) within reasonable bounds. For
the determination offpol a characteristic problem dimension ofL = 3m is used.

model ] nodes ] elements fint fpol tSkyline tQMR

[Hz] [Hz] [s] [s]
L1 1886 8719 145 71 1 0.8
L2 3301 16268 193 86 2.5 1.7
L3 10341 54750 238 98 20 7
L4 25890 141857 367 132 72 20
L5 72780 411613 521 166 1700 100

Table 2: Linear FE model information at198Hz

3The termination criterion value is taken10−9.
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model ] nodes ] elements fint fpol tSkyline tQMR

[Hz] [Hz] [s] [s]
Q1 13308 8719 289 161 32 8
Q2 24009 16268 386 202 242 16
Q3 77892 54750 476 239 2300 130
Q4 198409 141857 733 338 19295 237

Table 3: Quadratic FE model information at198Hz

6.2.2 Wave based models

Due to the non-convex shape of the considered cavity, an initial partitioning into convex subdomains is re-
quired. Figure 13 shows the partitioning intoNV = 17 acoustic subdomains. Both thepressure and velocity
and theimpedancecoupling conditions are applied to enforce continuity along the common interfaces.

Figure 13: Partitioning into convex subdomains

Applying various truncation factorsN , several WB models have been constructed. Figures 14 and 15 show,
respectively, the CPU times and the number of dofs of the various WBimpedancemodels. In contrast with
the FE model properties, where only the solution time for the QMR solver is frequency dependent, both the
WB model solution times and the number of dofs are frequency dependent. Figure 15 clearly shows the
dependency between the number of wave functions and the frequency, which is described by the truncation
rules (50), (52) and (54). The bulk part of the computational efforts is spent in constructing and solving
the model, representing about 75% and 25% of the total CPU time, respectively (see figure 16). Table 4
summarizes these results for the WB models at198Hz.

model N ] wave functions ] subdomains tZ [s] tPV [s]
W1 0.5 456 17 2.4 6
W2 1 636 17 4 10
W3 2 1076 17 14 34
W4 3 1646 17 51 127
W5 4 2722 17 194 447
W6 6 4756 17 963 1976

Table 4: WB model information at198Hz

tZ andtPV indicate the CPU times for WB models applying theimpedanceandpressure and velocityconti-
nuity conditions. The difference in CPU times is mainly due to the different numerical integration schemes
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PSfrag

frequency (Hz)

C
P

U
ti
m

e
(s

)

wave function creation

building WB model

solving WB model

postprocessing

50 100 150 200 250 300 350 400
0

20

40

60

80

100

120

140

160

180

200

Figure 16: WB model frequency dependent CPU time decompositionN = 2
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used in construction of the coefficient matrices. Thepressure and velocitycoupling requires a more rigourous
integration, and thus more integration points, in order to yield accurate results. This explains the increased
CPU time as compared to theimpedancecoupled models.

6.3 Response fields

Figure 17 shows the pressure amplitude contour plot of a plane through the centre of the front loudspeaker,
at 198Hz, predicted with the WBM. The applied WB model consists of 2722 wave functions, resulting
from the applied partitioning into 17 convex subdomains and with a truncation factorN = 4. Continuity is
enforced using theimpedancecoupling approach, with the coupling impedance chosen asZ̄int = ρ0 c.

140 dB

60 dB

100 dB

Figure 17: Pressure amplitude contour plot predicted with the WBM at198Hz
[
dB re 2.10−5Pa

]
The figure illustrates clearly that the applied continuity conditions are accurately represented, since the pres-
sure field is continuous over the subdomain interfaces. Also the rigid boundary conditions are correctly taken
into account, since the pressure contour lines are perpendicular to the rigid walls.

Figure 18 plots the real part of the acoustic velocity vector field near the front loudspeaker membrane. This
figure illustrates that the constant normal velocity boundary condition of, in this case,1m/s, is correctly
modelled.

Figure 18: Velocity vector plot (real part) near the front loudspeaker membrane predicted with the WBM at
198Hz

6.4 Convergence analysis

In order to compare the computational efficiency of the WBM with that of the FEM, a convergence analysis is
performed at three arbitrarily chosen frequencies in the low- and mid-frequency range, i.e. at100Hz, 160Hz
and250Hz. Table 5 lists the number of acoustic normal modes of the interior acoustic cavity occurring below
the selected frequencies.

The relative prediction accuracyε is defined as

ε =
nε∑

j=1

εj

nε
with εj =

∣∣∣∣pprediction[Pa] − preference[Pa]
preference[Pa]

∣∣∣∣ (94)
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frequency[Hz] ] normal modes
100 3
160 9
250 23

Table 5: Modal density information

with nε = 8 response points, distributed inside the cavity, see figure 19. The most detailed FE model (model
Q4) is used as reference model.

Figure 19: Distribution of 8 response points inside the cavity

Figures 20, 21 and 22 show the convergence results calculated at100Hz, 160Hz and250Hz, respectively.
The WBM results are represented by the solid lines with the4markers for thepressure and velocitycoupling
and with the♦ markers for theimpedancecoupling. The solid lines with theo markers represent linear FE
results, obtained by application of a direct Skyline solver, while the dashed lines with theo markers represent
linear FE results, obtained by application of an iterative QMR solver. The∗ markers indicate the results
coming from quadratic FE models obtained by a Skyline solver (solid line) and an iterative QMR solver
(dashed line).
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Figure 20: Pressure convergence curves at100Hz

These figures show that theimpedancecoupled models exhibit better convergence characteristics than the
pressure and velocitycoupled models. It is also clear that application of an iterative QMR solver has a
beneficial effect on the computational load for solving the FE models. The gain in CPU time is more apparent
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Figure 21: Pressure convergence curves at160Hz
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for quadratic FE models than for linear FE models. As expected, the quadratic FE models exhibit better
convergence properties than the linear FE models.

With increasing frequency, the accuracy of the linear FE predictions deteriorates, due to the interpolation and
the pollution errors. The WB predictions at160Hz are more accurate than the predictions at100Hz. This is
due to the truncation factorN and the partitioning into17 subdomains. At low frequencies, the considered
truncation factors do not yield enough wave functions to accurately represent the dynamic pressure field
inside the smaller acoustic subdomains. Once all subdomains contain a sufficient number of wave functions,
the level of accuracy is more or less constant with respect to frequency. Comparison of the160Hz results
with the250Hz results proves this. Unlike the FE models, the WB models at different frequencies have a
different number of degrees of freedom.

No convergence results are shown for frequencies above250Hz since, with the available hardware, it is not
possible to obtain a FE reference model of sufficient accuracy. In order to illustrate the behaviour of the
different numerical models at higher frequencies, the next section validates numerically predicted frequency
response functions with measurements.

6.5 Experimental validation: frequency response spectra

In order to validate the numerical models at higher frequencies, the numerical prediction results are com-
pared with measurements. The experiments are performed using a calibrated volume acceleration source
loudspeaker. The measured data are frequency response functions(FRFs), relating the acoustic pressure
p to the volume acceleration of the sourceQ̇. The measured FRFs need to be transformed into functions
relating the acoustic pressurep to the normal velocityv of the loudspeaker membrane, since this source
characterisation is applied in the numerical models. Since

Q̇ = jω Q ' jωS v (95)

with Q the source volume velocity andS the area of the loudspeaker membrane, the transformation is given
by

p

v
' jωS

p

Q̇
(96)

Figure 23 plots the predicted pressure frequency response function in point 5, see figure 19, calculated with
both the FEM (applying the fast QMR solver) and the WBM for a frequency range from10Hz up to400Hz
with a frequency resolution of2Hz. Figure 24 is a zoom of figure 23 of the frequency range from200Hz
up to 400Hz. The top figures compare the FE predictions obtained with model L3 (solid line) with the
measurements (dashed line). The middle figures compare the WB predictions obtained with model W2
(solid line) with the measurements and the bottom figures compare the prediction results from model Q2
with the measurements. The frequency response functions are calculated atnav = 196 frequency lines. The
involved computational loads are listed in table 6.tav indicates the average CPU time for analysis at one
single frequency and∆av denotes the average error in

[
dB re 2.10−5Pa

]
and is defined as

∆av =
1

nav

nav∑
j=1

∆j with ∆j = |preference[dB]− ppredicted[dB]| (97)

model tav [s] ∆av [dB]
L3 6.86 8.2
W2 4.94 4.4
Q2 19.85 4.2

Table 6: FRF model information

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2331



frequency [Hz]

F
R

F
[

P
a

m
/
s
]
(d

B
)

measurements
linear FEM, model L3

frequency [Hz]

F
R

F
[

P
a

m
/
s
]
(d

B
)

measurements
WBM imp-coupling, N = 1

frequency [Hz]

F
R

F
[

P
a

m
/
s
]
(d

B
)

quadratic

measurements
quadratic FEM, model Q2

0 50 100 150 200 250 300 350 400

0 50 100 150 200 250 300 350 400

0 50 100 150 200 250 300 350 400

60

80

100

120

140

60

80

100

120

140

60

80

100

120

140

Figure 23: Frequency response function from10Hz till 400Hz
[
dB re 2.10−5Pa

]

frequency [Hz]

F
R

F
[

P
a

m
/
s
]
(d

B
)

measurements

linear FEM, model L3

frequency [Hz]

F
R

F
[

P
a

m
/
s
]
(d

B
)

measurements

WBM imp-coupling, N = 1

frequency [Hz]

F
R

F
[

P
a

m
/
s
]
(d

B
)

measurements

quadratic FEM, model Q2

200 250 300 350 400

200 250 300 350 400

200 250 300 350 400

80

90

100

110

120

130

140

80

100

120

140

80

100

120

140

Figure 24: Frequency response function from200Hz till 400Hz
[
dB re 2.10−5Pa

]

2332 PROCEEDINGS OF ISMA2006



The FE and WB simulations shown in the top and middle figures have a similar computational load (i.e.
5 CPUs). In the low-frequency range (< 200Hz), both models yield good predictions. However, in the
higher frequency range (> 200Hz), the quality of the FE predictions deteriorates due to the interpolation
and pollution errors and the FEM overestimates the resonance frequencies. In order for the FEM to yield
prediction results of similar accuracy (i.e. an overall error of about4dB) as the WBM, which does not suffer
from interpolation and pollution errors, a more detailed FE model, namely model Q2, has to be applied.
The involved computational load increases because of the larger numerical FE model, but the resonance
frequencies are now predicted more accurately. It can be seen from table 6 that, in order to obtain similar
accuracy as with the WBM, the FEM requires about 4 times more CPU time.

7 The hybrid finite element - wave based method

7.1 Strengths and limitations of the FEM and the WBM

The small model size of the WBM, together with its high convergence rate, make it a less computationally
demanding method than the FEM, which creates opportunities for the WBM to tackle problems also in the
mid- and even high-frequency range, while the FEM is restricted to low-frequency applications. However,
because of the fine discretization of the FEM, it has almost no restrictions regarding the geometrical com-
plexity of the considered problem, while the WBM is restricted to problems with a moderate geometrical
complexity because of the recommended partitioning into large convex subdomains.

Van Hal [49] proposes to combine the strengths of the two methods in the development of a new hybrid
finite element-wave based (FE-WB) method [50, 51]. The novel method brings together the enhanced con-
vergence properties of the WBM and the ability of the FEM to model any geometry, without restrictions
on geometrical complexity. Applied to a general acoustic problem, large homogeneous acoustic domains
are modelled with the WBM, while the geometrically more complex regions are tackled with the FEM. The
saved computational resources, due to the enhanced convergence characteristics of the FE-WB method, as
compared to the conventional FEM, can be used in a model refinement of the involved FE part. As a result,
the refined hybrid models can be applied for predictions at higher frequencies, without loss of geometrical
flexibility. Figure 25 illustrates the proposed modelling strategy for the case of a 2D interior car cavity.

1. original FE mesh

2. computationally more efficient
hybrid FE-WB model

3. model refinement with saved
computational resources

Figure 25: Hybrid FE-WB modelling strategy

At the resulting interfaces between the FE and the WB model, continuity conditions are imposed. Van
Hal [49] and Pluymers [37] describe a framework for two different approaches to impose the continuity
conditions at the interfaces.

1. A direct coupling approach couples the FE dofs directly with the WB dofs by the direct enforcement
of the continuity conditions.

2. An indirect coupling approach introduces an auxiliary frame at the interface with related frame dofs
in order to couple the FE dofs with the frame dofs and the frame dofs with the WB dofs. In this way,
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the FE and the WB model are not directly coupled with each other.

Both approaches comprise a number of different coupling formulations differing in the choice of the enforced
continuity conditions.

7.2 Direct coupling approach

Consider an acoustic FE model consisting ofnfe nodal dofs and an acoustic WB model consisting ofnW

wave function contribution dofs. Figure 26 introduces the fundamental notations for adirecthybrid coupling
between the two models. The termdirect relates to the direct introduction of continuity conditions in both
the FE and WB model along the common interfaceΩH . These continuity conditions result in additional
terms in the weighted residual formulation of the FE model (12) and in the weighted residual formulations
of the WB model (67). Three differentdirect couplings are identified, mutually distinguished by the applied
continuity conditions

• adirect pressure and velocitycoupling

• adirect impedancecoupling

• adirect mixed impedance-pressurecoupling

�H

vw

pf e

pw

vf e

WB domain FE domain

Figure 26: The fundamental notations for adirect hybrid coupling

7.2.1 Direct pressure and velocity coupling

For adirect pressure and velocitycoupling, the applied continuity conditions between the FE model and the
WB model are formulated as(∀r ∈ ΩH)

vfe(r) = −vw(r)
pw(r) = pfe(r)

(98)

The interfaceΩH between the WB and the FE domain imposes a normal velocity boundary condition on the
FE domain and a pressure boundary condition on the WB domain. This distribution of boundary conditions
is proposed, since, in the FEM, it is more convenient to weakly enforce velocity boundary conditions, as
compared to pressure boundary conditions. In the FEM, pressure boundary conditions are essential boundary
conditions, which are enforced a priori. It is possible to enforce pressure boundary conditions in a weak
sense. However, as is discussed in section 7.3.1, a weak enforcement of the pressure boundary conditions
results in a FE stiffness back-coupling matrix which modifies the dynamic FE stiffness matrixZfe, such
that it influences the pollution behaviour of the FE part of the hybrid model and hence the associated natural
eigenfrequencies of the FE subdomain.

Due to the weak enforcement of the velocity boundary conditions on the FE part, the associated weighted
residual formulation (12) is extended with

−
∫

ΩH

jρ0ωWfe(r)
(
Lfe

v (p̂fe(r)) + Lw
v (p̂w(r))

)
dΩ (99)
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with velocity operatorsLfe
v (•) andLw

v (•) defined as

Lfe
v (•) =

j

ρ0ω

∂•
∂nfe

=
j

ρ0ω
nfe

T ∇• (100)

and

Lw
v (•) =

j

ρ0ω

∂•
∂nw

=
j

ρ0ω
nw

T ∇• (101)

with nfe = [nfex nfey nfez ]
T andnw = [nwx nwy nwz ]

T the normal vectors.

p̂fe and p̂w follow expansions (11) and (40), respectively. The WB weighted residual formulation (67) is
extended with ∫

ΩH

−Lw
v (p̃(r)) (p̂w(r)− p̂fe(r)) dΩ (102)

Application of the Galerkin procedure for the weighting functionsWfe and p̃, yields the following square
matrix equation inntot = nfe + nW unknowns[

Zfe Q
(pv)
fw

Q
(pv)
wf A + C

(pv)
b

]{
pfe

pw

}
=

{
ffe + f

(pv)
fw

b + c
(pv)
b

}
(103)

with Zfe andffe the FE system matrix and right-hand side vector (22), withA andb the WB system matrix

and right-hand side vector (90), withQ(pv)
fw a (nfe × nW ) coupling matrix defined as

Q
(pv)
fw =

∫
ΩH

Nfe
T nw

T B dΩ (104)

with Nfe a (1×nfe) vector collecting the FE shape functions andB a (3×nW ) matrix collecting the gradient

components of the WB wave functions, as defined in (77). Furthermore,Q
(pv)
wf represents a (nW × nfe)

coupling matrix defined as

Q
(pv)
wf =

∫
ΩH

j

ρ0ω
BT nw Nfe dΩ (105)

C
(pv)
b is a (nW × nW ) WB back-coupling matrix defined as

C
(pv)
b = −

∫
ΩH

j

ρ0ω
BT nw ΦdΩ (106)

with Φ a (1× nW ) vector collecting the WB wave functions.c
(pv)
b is a (nW × 1) WB back-coupling vector

defined as

c
(pv)
b =

∫
ΩH

j

ρ0ω
BT nw p̂q dΩ (107)

andf
(pv)
fw a (nfe × 1) loading vector on the FE model, resulting from an acoustic point sourceq located in

the WB model

f
(pv)
fw = −

∫
ΩH

Nfe
T nw

T ∇ p̂q dΩ (108)

7.2.2 Direct impedance coupling

For adirect impedancecoupling ordirect equivalent velocitycoupling, the applied continuity conditions
between the FE model and the WB model are formulated as(∀r ∈ ΩH)

vfe(r)− 1
Z̄

pfe(r) = −vw(r)− 1
Z̄

pw(r)

vw(r)− 1
Z̄

pw(r) = −vfe(r)− 1
Z̄

pfe(r)
(109)
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with Z̄ a coupling impedance value which can be chosen freely. Note that equations (109) are a linear
combination of equations (98).

It is shown in [37] that the introduction of artificial damping by means of the impedance coupling factorZ̄
results in more stable and computationally more efficient WB models. Furthermore, the particular selection
of the characteristic acoustic impedanceZ̄ = ρ0c provides good results when coupling two WB subdomains.
Therefore, the same selection criterion is applied for the hybrid impedance based couplings.

ΩH imposes an impedance boundary condition on both the FE and WB domain. The weighted residual
formulation of the FE model (12) is extended with

−
∫

ΩH

jρ0ωWfe(r)
(
Lfe

v (p̂fe(r))− 1
Z̄

p̂fe(r) + Lw
v (p̂w(r)) +

1
Z̄

p̂w(r)
)

dΩ (110)

and the WB weighted residual formulation (67) is extended with∫
ΩH

p̃(r)
(
Lw

v (p̂w(r))− 1
Z̄

p̂w(r) + Lfe
v (p̂fe(r)) +

1
Z̄

p̂fe(r)
)

dΩ (111)

Application of the Galerkin procedure for the weighting functionsWfe andp̃, yields a square matrix equation
similar to (103).

7.2.3 Direct mixed impedance-pressure coupling

For adirect mixed impedance-pressurecoupling, the applied continuity conditions between the FE model
and the WB model are formulated as(∀r ∈ ΩH)

vfe(r)− 1
Z̄

pfe(r) = −vw(r)− 1
Z̄

pw(r)

pw(r) = pfe(r)
(112)

These equations are also a linear combination of equations (98).

ΩH imposes an impedance boundary condition on the FE domain and a pressure boundary condition on the
WB domain. The weighted residual formulation of the FE model (12) is extended with (110) and the WB
weighted residual formulation (67) is extended with∫

ΩH

−Lw
v (p̃) (p̂w(r)− p̂fe(r)) dΩ (113)

Application of the Galerkin procedure for the weighting functionsWfe andp̃, yields a square matrix equation
similar to (103).

7.2.4 Solution of the coupled model

The three considereddirect coupling approaches all yield a similar matrix equation of the general form[
Sfe Qfw

Qwf Sw

]{
pfe

pw

}
=
{

sfe

sw

}
(114)

collectingntot = nfe + nW algebraic equations in thenfe nodal FE dofs and thenW wave function contri-
bution dofs.

Matrix Sfe is a typical FE system matrix. It is symmetric, sparsely populated and has a banded structure.
Matrix Sw results from the WB system matrix and the WB back-coupling matrices. It is a densely populated
matrix but, in general, it is much smaller than matrixSfe sincenW << nfe. The coupling matricesQfw
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andQwf are sparsely populated rectangular matrices due to the fact that only the FE nodal dofs located
at the interfaceΩH and the wave functions applied in the WB subdomains adjacent to the interface yield
non-zero matrix coefficients.

The specific shape of the submatrices in the general matrix form (114) allow an efficient solving of the
system of equations. A three-step solution procedure is applied.

1. First the FE nodal dofspfe are eliminated from the system of equations by application of a sparse
matrix solver. For (114) the procedure is as follows.

• From the top part of matrix equation (114) it follows that

pfe = Sfe
−1 (sfe −Qfw pw) (115)

with •−1 denoting the inverse of a square matrix.

• Substitution of (115) in the bottom part of matrix equation (114) yields(
−Qwf Sfe

−1 Qfw + Sw

)
pw = sw −Qwf Sfe

−1 sfe (116)

• Introduction of two sparse linear systems

Sfe H = Qfw (117)

and
Sfe h = sfe (118)

which can be solved efficiently forH andh with dedicated sparse solvers, allows (116) to be
rewritten as

(−Qwf H + Sw) pw = sw −Qwf h (119)

Note that equations (117) and (118) have identical left-hand side matrices, which allows both
systems to be solved at the same time, requiring only a singleLU decomposition.

2. In a second step, the remaining, dense, small matrix equation (119) is solved with a dense solver to
obtain the wave function contribution factorspw.

3. After solution of the dense system the FE nodal dofspfe are retrieved by simple matrix multiplica-
tions. From (115), (117) and (118) it follows that

pfe = −H pw + h (120)

7.3 Indirect coupling approach

This section discusses the use of anindirect hybrid coupling approach. Consider an acoustic FE model
consisting ofnfe nodal dofs and an acoustic WB model consisting ofnW wave function contribution dofs.
Figure 27 introduces the terminology used in anindirect hybrid coupling between the two models. The term
indirect refers to the fact that with this type of coupling, the FE and WB domain are not coupled directly to
each other, due to the introduction of an auxiliary frame at the interface locationΩH . On this auxiliary frame,
a frame field is defined and characterised by the frame degrees of freedom. Depending on the type ofindirect
frame coupling, the frame field can either be a frame pressure fieldpλ(r) or a frame normal velocity field
vλ(r). The frame pressure and the frame normal velocity fields can beequivalentquantities and, therefore,
may differ from the pressure and normal velocity fields, described by the FE and WB models at the frame
locationΩH .

On the frame,r ∈ ΩH , the frame field is approximated as a linear combination of frame functionsNλ(r).
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Figure 27: The terminology used in anindirect hybrid coupling

• In case of a frame pressure fieldpλ(r), the approximation expansion̂pλ(r) is

pλ(r) ' p̂λ(r) =
nλ∑

λ=1

pλNλ(r) = Nλ(r)pλ (121)

The contribution factorspλ, stored in the element vectorpλ, are the unknown frame dofs. The corre-
sponding frame functionsNλ are stored in the row vectorNλ.

• In case of a frame normal velocity fieldvλ(r), the approximation expansion̂vλ(r) is

vλ(r) ' v̂λ(r) =
nλ∑

λ=1

vλNλ(r) = Nλ(r)vλ (122)

The contribution factorsvλ, stored in the element vectorvλ, are the unknown frame dofs.

An indirectcoupling approach imposes the continuity conditions between the frame dofs and the FE dofs and
between the frame dofs and the WB dofs. In this way, there is no direct coupling between the FE domain and
the WB domain. The continuity conditions result in additional terms in the weighted residual formulation of
the FE model (12) and in the weighted residual formulation of the WB model (67). Four differentindirect
couplings are identified, mutually distinguished by the considered continuity conditions and frame variables.

• an indirect pressurecoupling via a pressure frame

• an indirect velocitycoupling via a velocity frame

• an indirect impedancecoupling via an equivalent velocity frame

• an indirect mixed impedance-pressurecoupling via an equivalent velocity frame

Van Hal [49] provides a profound study on the mathematical formulations of theindirect coupling approach
and indicates that the frame field can be seen as a Lagrangian multiplier field, linking the FE model with the
WB model.

7.3.1 Indirect pressure coupling

With an indirect pressurecoupling, the frame variable is chosen to be a frame pressurepλ. The applied
continuity conditions are formulated as(∀r ∈ ΩH)

pfe(r) = pλ(r) = pw(r)
vfe(r) = −vw(r)

(123)
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Pressure continuity is expressed between the FE domain and the frame and between the frame and the WB
domain. As a result, the weighted residual formulation of the FE model (12) is extended with

−
∫

ΩH

−Lfe
v (∂Wfe(r)) (p̂fe(r)− p̂λ(r)) dΩ (124)

with p̂fe andpλ the proposed expansions (11) and (121), respectively. The WB weighted residual formulation
(67) is extended with ∫

ΩH

−Lw
v (p̃(r)) (p̂w(r)− p̂λ(r)) dΩ (125)

with p̂λ the proposed expansion (40).

Furthermore, velocity continuity between the FE domain and the WB domain is imposed directly with the
additional weighted residual formulation on the frame∫

ΩH

p̃λ(r)
(
Lfe

v (p̂fe(r)) + Lw
v (p̂w(r))

)
dΩ = 0 (126)

with p̃λ(r) defined in a complementary way as frame weighting functions.

Application of the Galerkin procedure for the weighting functionsWfe, p̃ andp̃λ, yields the following square
matrix equation inntot = nfe + nλ + nW unknowns Zfe + K

(p)
b Q

(p)
fλ 0

Q
(p)
λf 0 Q

(p)
λw

0 Q
(p)
wλ A + C

(p)
b




pfe

pλ

pw

 =


ffe

f
(p)
λ

b + c
(p)
b

 (127)

with Zfe andffe the FE system matrix and right-hand side vector (22), withA andb the WB system matrix

and right-hand side vector (90),withK(p)
b a (nfe × nfe) back-coupling matrix defined as

K
(p)
b = −

∫
ΩH

Bfe
T nfe Nfe + Nfe

T nfe
T Bfe dΩ (128)

with Q
(p)
fλ a (nfe × nλ) coupling matrix defined as

Q
(p)
fλ =

∫
ΩH

Bfe
T nfe Nλ dΩ (129)

with Q
(p)
λf a (nλ × nfe) coupling matrix defined as

Q
(p)
λf =

∫
ΩH

Nλ
T nfe

T Bfe dΩ (130)

with Q
(p)
λw a (nλ × nW ) coupling matrix defined as

Q
(p)
λw =

∫
ΩH

Nλ
T nw

T B dΩ (131)

with Q
(p)
wλ a (nW × nλ) coupling matrix defined as

Q
(p)
wλ =

∫
ΩH

j

ρ0ω
BT nw Nλ dΩ (132)

with C
(p)
b a (nW × nW ) WB back-coupling matrix defined as

C
(p)
b = −

∫
ΩH

j

ρ0ω
BT nw ΦdΩ (133)
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with c
(p)
b a (nW × 1) WB back-coupling vector defined as

c
(p)
b =

∫
ΩH

j

ρ0ω
BT nw p̂q dΩ (134)

and withf
(p)
λ a (nλ × 1) loading vector, resulting from an acoustic point sourceq located in the WB model

f
(p)
λ = −

∫
ΩH

Nλ
T nw

T ∇ p̂q dΩ (135)

7.3.2 Indirect velocity coupling

With an indirect velocitycoupling, the frame variable is chosen to be a frame velocityvλ. The applied
continuity conditions are formulated as(∀r ∈ ΩH)

vfe(r) = vλ(r) = −vw(r)
pfe(r) = pw(r)

(136)

Normal velocity continuity is expressed between the FE domain and the frame and between the frame and
the WB domain. As a result, the weighted residual formulation of the FE model (12) is extended with

−
∫

ΩH

jρ0ωWfe(r)
(
Lfe

v (p̂fe)(r)− v̂λ(r)
)

dΩ (137)

with v̂λ the proposed expansion (122). The WB weighted residual formulation (67) is extended with∫
ΩH

p̃(r) (Lw
v (p̂w)(r) + v̂λ(r)) dΩ (138)

Furthermore, pressure continuity between the FE domain and the WB domain is imposed directly with the
additional weighted residual formulation on the frame∫

ΩH

ṽλ(r) (p̂fe(r)− p̂w(r)) dΩ = 0 (139)

with ṽλ(r) defined as the frame weighting functions.

Application of the Galerkin procedure for the weighting functionsWfe, p̃ and ṽλ, yields a square matrix
equation similar to (127).

7.3.3 Indirect impedance coupling

With an indirect impedancecoupling, or an equivalent velocity frame, the frame variable is chosen to be a
frame velocityvλ. This is an equivalent normal velocity and not the acoustic velocity as defined in the FE
and WB domains. The applied continuity conditions are formulated as(∀r ∈ ΩH)

vfe(r)− 1
Z̄

pfe(r) = vλ(r) = −vw(r)− 1
Z̄

pw(r)

Z̄vfe(r) + pfe(r) = −Z̄vw(r) + pw(r)
(140)

Equivalent normal velocity continuity is expressed between the FE domain and the frame and between the
frame and the WB domain. As a result, the weighted residual formulation of the FE model (12) is extended
with

−
∫

ΩH

jρ0ωWfe(r)
(
Lfe

v (p̂fe(r))− 1
Z̄

p̂fe(r)− v̂λ(r)
)

dΩ (141)
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The WB weighted residual formulation (67) is extended with∫
ΩH

p̃(r)
(
Lw

v (p̂w(r)) +
1
Z̄

p̂w(r) + v̂λ(r)
)

dΩ (142)

Furthermore, equivalent pressure continuity between the FE domain and the WB domain is imposed directly
with the additional weighted residual formulation on the frame∫

ΩH

ṽλ(r)
(
Z̄Lfe

v (p̂fe(r)) + p̂fe(r) + Z̄Lw
v (p̂w(r))− p̂w(r)

)
dΩ = 0 (143)

with ṽλ(r) defined as the frame weighting functions.

Application of the Galerkin procedure for the weighting functionsWfe, p̃ and ṽλ, yields a square matrix
equation similar to (127).

7.3.4 Indirect mixed impedance-pressure coupling

With an indirect mixed impedance-pressurecoupling, like for anindirect impedancecoupling, the frame
variable is chosen to be a frame velocityvλ. The applied continuity conditions are formulated as(∀r ∈ ΩH)

vfe(r)− 1
Z̄

pfe(r) = vλ(r) = −vw(r)− 1
Z̄

pw(r)

pfe(r) = pw(r)
(144)

Equivalent normal velocity continuity is expressed between the FE domain and the frame and between the
frame and the WB domain. As a result, the weighted residual formulation of the FE model (12) is extended
with (141). The WB weighted residual formulation (67) is extended with (142).

Furthermore, pressure continuity between the FE domain and the WB domain is imposed directly with the
additional weighted residual formulation on the frame∫

ΩH

ṽλ(r) (p̂fe(r)− p̂w(r)) dΩ (145)

with ṽλ(r) defined as the frame weighting functions.

Application of the Galerkin procedure for the weighting functionsWfe, p̃ and ṽλ, yields a square matrix
equation similar to (127).

7.3.5 Solution of coupled model

The four considered indirect frame coupling approaches all yield matrix equation of similar form Sfe Qfλ 0
Qλf 0 Qλw

0 Qwλ Sw


pfe

λ
pw

 =


sfe

sλ

sw

 (146)

collectingntot = nfe + nλ + nW algebraic equations in thenfe nodal FE dofs, thenλ frame function
contribution dofs and thenW wave function contribution dofs.

Matrix Sfe is a typical FE system matrix. It is symmetric, sparsely populated and has a banded structure.
Matrix Sw results from the WB system matrix and the WB back-coupling matrices. It is a densely populated
matrix but, in general, it is much smaller than matrixSfe sincenW << nfe. The coupling matricesQfλ

andQλf are sparsely populated rectangular (nλ < nfe) matrices due to the fact that only the FE nodal dofs
located at the interfaceΩH yield non-zero matrix coefficients. The coupling matricesQλw andQwλ are
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sparsely populated provided that there are several WB subdomains in the WB partitioning since only those
wave functions corresponding to WB subdomains adjacent to the coupling frame result in non-zero matrix
coefficients.

The specific shape of the submatrices in the general form (146), allow an efficient solving of the system of
equations. A three-step solution procedure is applied.

1. First the FE nodal dofspfe are eliminated from the system of equations by application of a sparse
matrix solver. For (146) the procedure is as follows.

• From the top part of matrix equation (146) it follows that

pfe = Sfe
−1 (sfe −Qfλ λ) (147)

• Substitution of (147) in the remaining middle and bottom part of matrix equation (146) yields[
−Qλf Sfe

−1 Qfλ Qλw

Qwλ Sw

]{
λ
pw

}
=
{

sλ −Qλf Sfe
−1 sfe

sw

}
(148)

• Introduction of two sparse linear systems

Sfe H = Qfλ (149)

and
Sfe h = sfe (150)

which can be solved efficiently with dedicated sparse solvers, allows (148) to be rewritten as[
−Qλf H Qλw

Qwλ Sw

]{
λ
pw

}
=
{

sλ −Qλf h
sw

}
(151)

2. In a second step, the remaining, small((nλ + nW )× (nλ + nW )) matrix equation (151) is solved with
a dense solver to obtain the frame function contribution factorsλ and the wave function contribution
factorspw.

3. After solving the dense system forλ andpw, the FE nodal dofspfe are retrieved by simple matrix
multiplications. From (147), (149) and (150) it follows that

pfe = −H λ + h (152)

7.3.6 Selection of frame functions

Depending on the type of frame variables (frame pressure or frame velocity), the applied frame functions
have to satisfy certain conditions. Functions in a frame pressure expansion need to satisfy the kinematic
admissibility and the stability conditions, while functions in a frame velocity expansion need to obey the
static admissibility conditions, the stability conditions and need to be able to represent a discontinuous nor-
mal velocity at the frame edges. For a more detailed discussion on these conditions, the reader is referred to
literature [37, 49].

Based on these requirements, two types of functions are considered.

Local, polynomial frame functions
The first type of functions are locally defined, polynomial functions. Their definition originates from the
FE modelling methodology. The problem domain, in this case the frame, is discretized into frame elements
with associated frame nodes. The response variables, in this case the frame pressure and frame velocity, are
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approximated using locally defined, simple polynomial functions. The weighting factors in the expansions
(121) and (122) are the frame nodal values.

The frameΩH is subdivided into a number of non-overlapping frame elementsΩf
H ,

ΩH =
nf⋃

f=1

Ωf
H

 with

Ωi
H ∩ Ωj

H = ∅, ∀i 6= j. Since the frame is coupled with a FE model, the frame elements are selected to
coincide geometrically with the edges of the adjacent finite elementsV e, see figure 28.

�H

vw

pf e

pw

vf e

WB domain FE domain

v
�

p
�

frame

� �H H= U
f =1

nf f V
e

� � �p v iU U U�Z

e e e e

�H

f

Figure 28: Definition of frame elements for local frame functions

Like in the FE methodology, locally defined functions are introduced within each frame element. These
frame functions are local, in the sense that they are non-zero only within the frame element to which they
are associated. For a frame pressure expansion, the family of Legendre polynomial basis functions complies
with all requirements. For a frame velocity expansion, hierarchic polynomials based on mid-side nodes are
appropriate. Both for the Legendre polynomial functions as for the mid-side node functions, polynomials of
arbitrary order may be applied.

Global, wave-like frame functions
Alternatively, the WB modelling methodology may be applied in the selection process of the frame functions.
Instead of using approximating frame functions, locally defined within small frame elements, the frame is
partitioned into a number of (convex) frame parts and within each frame part, global frame functions with
a wave-like behaviour are defined4. Since these wave-like frame functions resemble to some extent the
character of the eventual solution, no fine frame element discretization is required. However, for a frame
ΩH , defined in a 3D acoustic problem, the following conditions need to be satisfied.

• The frame needs to be partitioned into an assembly of flat frame-parts, such that a local Cartesian
coordinate system(xf

l , yf
l ) can be constructed for each frame-partf to define the frame functions, see

figure 29.

• Each flat frame-part has to be convex. Non-convex frame-parts are partitioned first into a number of
(convex) frame-parts.

For each convex frame-part, an enclosing rectangle is defined. Within the bounding rectangle, frame func-
tions are constructed in an identical way as the wave functions for a 2D acoustic WB domain [14]. The frame
variable, being either a frame pressure or a frame velocity, is expanded as (121) or (122), respectively, with
Nλ being the globally defined, wave-like frame functions. Frame functions selected in this way comply with
the required frame function conditions.

4These functions are referred to as global frame functions. Note, however, that they are onlyglobal within a single frame part.
They are notglobalwith respect to the entire frame, since their definition region is restricted to a single frame part.
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Figure 29: A frame consisting of 2 flat, convex frame-parts

8 Hybrid FE-WBM: numerical examples

This section reports on the numerical analysis of two real-life automotive applications. A first validation
case considers the acoustic analysis of the interior of a coupé car. The second validation case tackles the
interior cavity of a mono-volume car. Two of the hybrid methods are applied, namely thedirect mixed
impedance-pressureformulation and theindirect velocityformulation based on global frame functions. Their
performance is compared with that of the FEM.

8.1 Coup é car cavity

8.1.1 Problem description

Consider the interior acoustic cavity of a coupé car, shown in figure 30. The air-filled (c = 340 m/s,
ρ0 = 1.225 kg/m3) cavity is surrounded with acoustically rigid panels. The system is excited by an acoustic
point sourceQ with a free-field power of1W located near the right fire wall panel. The performances of the
FEM and the hybrid FE-WB method are compared for the analysis of this problem.

q

p

Figure 30: An interior couṕe car cavity

Figure 30 shows the full car cavity as it is modelled with FE. The FE models consist of 4-noded linear
tetrahedral elements and the solution code isMSC/Nastran2005. Figure 31 shows the same car cavity, but
with a large, homogeneous, geometrically simple volume extracted from it. The remaining outer shell is
the FE domain in the hybrid models, while the large simple volume inside is modelled using the WBM.
In the hybrid models, the volume fraction modelled with the WBM is54%, so about half of the volume is
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modelled with the WBM and half with the FEM. All calculations are performed on a Centrino Intel Pentium
M computer system (2.13GHz, 2Gb RAM) running a Windows XP-Professional operating system .

q

p

Figure 31: A hybrid FE-WB model of a coupé car cavity, only half of the FE part is shown

8.1.2 Numerical results

Contour plot
To illustrate that the continuity conditions are met, figure 32 shows the pressure contour plot of the real part
of the pressure at150Hz, calculated with thedirect mixed impedance-pressurecoupling. This figure clearly
illustrates that the pressure field is continuous over the coupling interfaceΩH . Furthermore, the rigid outer
panels are correctly taken into account, since the pressure contour lines are perpendicular to the rigid panels.

Figure 32: Contour plot of the real part of the pressure at150Hz, calculated with thedirect mixed
impedance-pressurecoupling

Frequency response spectrum
Figure 33 shows the amplitude of the pressure response spectrum for a pointp near the centre of the car
cavity, see figure 31, calculated with the FEM (top figure, solid line) and with the hybrid FE-WB method
applying thedirect mixed impedance-pressurecoupling (bottom figure, solid line). Both predictions are
compared with a FE reference calculation (dashed line). The FE model in the FEM calculation has the
same element size as the FE part in the hybrid calculation. This figure indicates that, in the low-frequency
range, both methods yield the same predictions. At higher frequencies, a shift in the resonance frequencies
is noticeable between the FEM predictions and the FE reference. This is because of the numerical pollution
in the FE model. The resonance frequencies are underestimated because lumped mass matrices are used.
[31, 35]. Between the hybrid predictions and the FE reference model, the shift is much smaller since, for the
hybrid model, the WB part does not suffer from pollution and the FE part is much smaller than with the pure
FE model.

Convergence analysis
To illustrate the enhanced convergence properties of the hybrid FE-WB method compared to the FEM, a
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Figure 33: Pressure response spectrum (amplitude) in pointp (top figure: FE predictions vs. reference /
bottom figure: hybrid FE-WB predictions vs. reference)

pressure convergence analysis is performed at275Hz for the pointp near the centre of the car cavity, see
figure 30. 16 normal acoustic modes are encountered below the considered frequency. Only thedirect mixed
impedance-pressurecoupling is applied, since theindirect coupling, even with global frame functions, is
unable to satisfy the stability conditions, due to the single WB subdomain being completely surrounded
with FE [37]. Tables 7 and 8 summarize the model information of the models applied in the convergence
analysis.fint andfpol indicate the upper limits of the frequency ranges for which the FE mesh is expected
to keep, respectively, the interpolation error (23) and the pollution error (26) within reasonable bounds. For
determination of the pollution error a characteristic lengthL = 4m is applied for the pure FE models, and
L = 1m for the hybrid FE models.

Figure 34 compares the convergence rates of the FEM and the hybrid method. All figures plot the relative

mesh size[m] ] FE dofs ] FE fint [Hz] fpol [Hz]
0.15 3493 16862 209 83
0.10 8902 45366 328 113
0.075 14690 76600 397 128
0.06 23956 128382 456 144
0.05 42790 230022 560 151
0.04 66544 369796 697 187
0.025 120541 618068 904 222
0.02 400370 2309292 1043 245

Table 7: FE model information at275Hz

mesh ] FE dofs ] FE fint fpol max.] wave
size[m] [Hz] [Hz] functions applied

0.15 3166 11602 231 142 510
0.10 5097 19844 314 174 1088
0.075 8852 37186 423 213 1088
0.05 22190 102074 521 244 1088
0.04 37767 181680 661 287 510

Table 8: Hybrid FE-WB model information at275Hz
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prediction accuracy (94) with respect to the CPU time. The most detailed FE model, element size =0.02m, is
taken as reference model. Each figure plots the FE convergence curve (dashed line), and the hybrid FE-WB
convergence curve obtained with a hybrid model of which the FE part has a fixed element size (cfr. the first
column of table 8) and of which the number of wave functions increases. This figure shows that
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Figure 34: Pressure convergence curves at275Hz

• with increasing number of wave functions, the accuracy of the hybrid models stagnates because of the
accuracy limit of the involved FE part, i.e. the convergence curves have an elbow shape.

• with refining of the FE part of the hybrid models, the accuracy improves.

• the convergence rate of the hybrid methods is higher than the convergence rate of the FE methods, as
long as the accuracy limit determined by the involved FE part, is not reached.

All the indicated CPU times for the frequency independent FE models include only the time for solving
the system, while the CPU times for the frequency dependent hybrid models include both the times for
assembling and solving the system of equations.

8.2 Mono-volume car cavity

In the previous section, it is not possible to apply theindirect coupling approach for the acoustic analysis of
the interior couṕe cavity. Because of the large hybrid interface area as compared to the single acoustic WB
subdomain it is not possible to satisfy the stability conditions [37]. In the following mono-volume car cavity,
a smaller frame area is involved, allowing application of theindirect coupling approach with global frame
functions.

8.2.1 Problem description

Consider the interior acoustic cavity of a mono-volume car, shown in figure 35. The air-filled (c = 340 m/s,
ρ0 = 1.225 kg/m3) cavity is surrounded by acoustically rigid panels. The system is excited by an acoustic
point sourceQ with a free-field power of1W , located at the right fire wall panel.
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Figure 35: An interior cavity of a mono-volume car

The performances of the FEM and the hybrid FE-WB method are compared for this validation case. Figure
35 shows the full car cavity as it is modelled with FE. The applied FE models consist of 4-noded linear
tetrahedral elements and the solution code isMSC/Nastran2005. Figure 36 shows a hybrid model of the
same car cavity. A large, geometrically simple, convex volume is now modelled with a single WB domain,
while the remaining fraction (11%) of the cavity, located near the fire wall panels, is modelled with FE. To
compare the computational performance of both methods, all calculations are performed on the same Intel
Pentium 4 computer system (3GHz, 1Gb RAM) running a Linux operating system.

WB domain

FE domain

q

�H

Figure 36: A hybrid FE-WB model of the interior cavity of a mono-volume car

8.2.2 Numerical results

Contour plot
To illustrate that the interface continuity conditions are met, figure 37 shows the pressure amplitude contour
plot at150Hz, calculated with thedirect mixed impedance-pressurecoupling. This figure illustrates that the
pressure field is continuous over the coupling interfaceΩH . Furthermore, the rigid outer panels are correctly
taken into account, since the pressure contour lines are perpendicular to the rigid panels.

Convergence analysis
In order to illustrate the enhanced convergence properties of the hybrid FE-WB method compared to the
FEM, and in order to compare the performance of thedirect mixed impedance-pressurecoupling and thein-
direct velocitycoupling with global frame functions, a pressure convergence analysis is performed at300Hz
for a point near the centre of the cavity. Table 9 gives an overview of the number of normal acoustic modes
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Figure 37: Contour plot of the pressure amplitude at150Hz, calculated with thedirect mixed
impedance-pressurecoupling

below300Hz. Table 10 and table 11 summarize the model information of the numerical models applied in
the convergence analysis.

frequency[Hz] ] normal modes
100 2
200 7
300 18

Table 9: Modal density information

mesh size[m] ] FE dofs ] FE fint [Hz] fpol [Hz]
0.15 4850 24362 223 87
0.10 11147 58280 283 102
0.06 36929 202254 495 149
0.05 54789 303276 462 142
0.04 95558 534066 611 171
0.035 135098 762070 646 173
0.0275 252216 1440912 949 230
0.02 509817 2927228 1021 241

Table 10: FE model information at300Hz (L = 4m)

mesh ] FE dofs ] FE fint fpol max] max]
size[m] [Hz] [Hz] wave frame

functions functions

0.15 591 2268 221 138 934 38
0.075 3399 16246 464 226 934 38
0.05 8056 40920 661 287 934 38
0.035 17311 90994 813 329 934 38
0.0275 31940 171740 962 368 934 38

Table 11: Hybrid FE-WB model information at300Hz (L = 1m)

Figures 38 compare the convergence rates of the FEM and the two hybrid couplings. All figures plot the
relative prediction accuracy (94) for the pressure amplitude of a single point near the centre of the cavity at
300Hz, with respect to the CPU time. The most detailed FE model, element size =0.02m, i.e. about 25
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elements per wavelength at300Hz, is taken as reference model for the convergence analysis. Each figure
plots the FE convergence curve (dashed line), and the hybrid FE-WB convergence curves obtained with
hybrid models of which the FE part has a fixed element size (cfr. the first column of table 11) and of which
the number of wave functions increases. The hybrid FE-WB curves have an elbow shape. These figures
show that
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Figure 38: Pressure convergence curves at300Hz

• for a fixed FE discretization, with increasing number of wave functions, the accuracy of the hybrid
models stagnates because of the accuracy limit of the involved FE part.

• prediction results become more accurate when refining the FE part of the hybrid models.

• the convergence rate of the hybrid methods is higher than the convergence rate of the FE methods, as
long as the accuracy limit of the involved FE part is not reached.

• thedirect mixed impedance-pressurecoupling and theindirect velocitycoupling yield similar conver-
gence curves.

All the indicated CPU times for the frequency independent FE models include only the time for solving
the system, while the CPU times for the frequency dependent hybrid models include both the times for
assembling and solving the system of equations.

To illustrate the potential of the hybrid FE-WB methods for tackling mid-frequency applications, figure 39
plots the FE (dashed lines) and hybriddirect mixed impedance-pressure(solid lines) convergence curves for
three frequencies (o:50Hz, �:100Hz and4:300Hz). The hybrid models have a fixed FE part with a mesh
size of0.0275m, while the number of wave functions increases. Table 12 summarizes the model information
of the applied hybrid models.N denotes the wave function truncation rule.n50, n100 andn300 denote
the total number of wave functions applied in the wave function expansions at50Hz, 100Hz and300Hz,
respectively. Figure 40 is a zoom of figure 39. The arrows indicate increasing frequencies. These figures
show that

• the hybriddirect mixed impedance-pressureapproach has a significantly higher convergence rate than
the FEM.
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Figure 40: Pressure convergence curves (dashed lines: FEM / solid lines: hybrid FE-WB)

N n50 n100 n300

1 32 112
2 32 66 288
3 54 112 586
4 66 166
6 112 288
8 166
12 288

Table 12: Hybrid FE-WB model information (FE element size =0.0275m)
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• with increasing frequency, the accuracy level of the FE predictions deteriorates, since the dashed lines
shift upwards with increasing frequency.

• with increasing frequency, the wave function truncation parameterN can decrease, while still yielding
accurate predictions. This behaviour illustrates the potential of the hybrid FE-WB method for tackling
problems in the mid- and high-frequency range. For the FEM, Bouillard and Ihlenburg [5, 28] have
shown that applying the rule of thumb of using a fixed number of elements per wavelength, see (23),
is only valid at low frequencies. At high frequencies, the pollution error (26) becomes dominant and
other rules need to be applied in order to keep the prediction errors within acceptable limits, see section
3.2.

As a result, in order to maintain reasonable prediction accuracy, FE model sizes have to increase more
than linearly with frequency, whereas hybrid FE-WB models exhibit a more moderate model size
growth.

Frequency response spectrum
Figure 41 shows the pressure response spectrum for a point near the centre of the car cavity, up to250Hz
and compares prediction results calculated with the FEM (mesh size0.075m) (top figure, solid line) and
with the hybrid FE-WB method (mesh size0.075m) applying thedirect mixed impedance-pressurecoupling
(bottom figure, solid line), with FE reference prediction results (mesh size0.04m) (dashed line). This figure
indicates that, in the low-frequency range, both methods yield the same prediction results.PSfrag
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Figure 41: Pressure amplitude response spectrum[Pa] (top figure: FE predictions vs. reference / bottom
figure: hybrid FE-WB predictions vs. reference)

In the higher frequency range (250Hz - 500Hz), see figure 42, a shift in the resonance frequencies is
apparent between the0.075m FE predictions and the FE reference. This is due to the numerical pollution in
the FE model. Between the hybrid predictions and the FE reference model, the shift is much smaller since,
for the hybrid model, the WB part does not suffer from pollution errors and the FE part, which does suffer
from pollution, is much smaller than with the pure FE model.

9 Conclusions

This paper discusses the application of the WBM and its hybrid variant for the analysis of steady-state interior
acoustic problems.
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Figure 42: Pressure amplitude response spectrum[Pa] (top figure: FE predictions vs. reference / bottom
figure: hybrid FE-WB predictions vs. reference)

The small model size of the WBM, together with the high convergence rate, make it a less computationally
demanding method than the FEM, which creates opportunities for the WBM to tackle problems at higher fre-
quencies, as compared to the low-frequency applicability of the FEM. However, in order to fully exploit the
enhanced computational efficiency of the WBM, the considered problem geometry should be one of mod-
erate complexity. A sufficient condition for the WBM approximations to converge is convexity of the WB
subdomains. Non-convex problem domains are partitioned into (large) convex subdomains, imposing conti-
nuity conditions at the resulting interfaces. Problems with a complex, non-convex geometrical description,
require a partitioning into a large number of (small) WB subdomains. Since the bulk part of the compu-
tational load of the WBM is determined by the construction time, i.e. the enforcement of boundary and
continuity conditions, such a lay-out does not fully benefit from the enhanced convergence characteristics.
As a result, the WBM is practically restricted to problems of moderate geometrical complexity. Application
of both the WBM and the FEM for the acoustic cavity analysis on a simplified car model, show the enhanced
performance of the WBM for such systems.

In order to be able to tackle problems with a more complex geometry, a hybrid FE-WB method is developed.
The hybrid approach combines the strengths of the two methods, namely the high computational efficiency
of the WBM and the ability of the FEM to model problems of arbitrary geometrical complexity. Applied
to an interior acoustic problem, large homogeneous acoustic domains are modelled with the WBM, while
the geometrically more complex regions are tackled with the FEM. At the resulting interfaces between the
FE and the WB model, continuity conditions are imposed in either a direct or an indirect way. Numerical
validation examples show the enhanced performance of the hybrid method as compared to the FEM for the
analysis of interior vehicle acoustics.
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Coupled vibro-acoustic analysis in 3D using a wave
expansion finite difference technique
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Abstract
The ”mid-frequency gap” or ”twilight zone” is what many authors refer to as the frequency band for
which there is yet no established efficient modelling tool in vibro-acoustic analysis. This band usually
extends from a few hundred hertz to about 1KHz depending on the particular application, between the
upper limit efficiency of traditional modelling techniques like finite elements, and the lower accuracy
limit of non-deterministic approaches like SEA.
The main challenge to alternative computational schemes, is to reduce the nodal density required
to model the wave propagation in the fluid region whilst being robust and well conditioned at the
same time. In this paper, a highly efficient wave expansion technique (introduced in ISMA25 [1]
and presented also in ISMA2004 [2]) is used to model the fluid region in combination with a standard
finite element approach for the structure. The technique is applied to a 3D conceptual car cabin model,
showing to be much more efficient than finite element procedures.

1 Introduction

As with most wave-related phenomena, modelling noise or audio in the interior of vehicles remains
largely an unsolved problem for commonly used numerical techniques. The computational require-
ments involved easily overwhelm average computational resources.

The maximum modelling frequency typically depends on the size of the problem and complexity of
the structure involved. For most full discrete domain techniques (like FEM) it is limited to 500Hz-
600Hz. This leaves a frequency gap of 400Hz-500Hz between discrete domain techniques and non-
deterministic methods like SEA or ray tracing, for which a low frequency limit of 1KHz is normally
accepted.

Whilst efficient tools are already available for modelling uncoupled structure displacements, it is the
propagation of acoustic waves within the enclosed space and its interaction with the structure that
renders this type of problem a very difficult one to tackle. In addition, the structure may not be as
simple as a single panel, but may have acoustic treatment or be made out of double panels with air
gaps in between.

Clearly, if accuracy was just the only drawback that needs to be overcome, this problem would have
been resolved some time ago. Indeed, many accurate alternative methods have been proposed over
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the last few years (see, e.g.). However as it turns out, robustness, conditioning, flexibility and sparsity
of final assembled system of equations are as important as the accuracy in order to determine whether
an alternative method is actually suitable for the job or not.

A wave expansion method, as introduced by Carutherset at. [3] is used here to model the fluid coupled
to a standard finite element approach modelling the structure displacements. In the next section, a
brief description on the formulation is given followed by results on a conceptual car cabin (CCC).
Discussion and conclusions are presented next along with future work.

2 Analysis

A brief overview of the formulation of the wave expansion method is presented below. For further
information the reader is referred to [4].

2.1 Numerical model of the fluid

The propagation of (time-harmonic) acoustic waves within the fluid domain satisfy the Helmholtz
equation

∇2p + k2p = 0, (1)

where∇ is Laplace’s operator andk is the wavenumber.

A convenient set of fundamental solutions of equation 1 is given by

γeιd·x, (2)

whered is an arbitrary unit vector oriented in the direction of propagation of theN th wave andγ is a
complex constant representing the strength of the wave.

For each nodal point in the mesh a template is constructed relating the pressure at the actual point
with that of theM neighbouring points. That is

p0 = hH+p, (3)

wherep0 is the pressure at the actual point,h =
∑N

j=1 γj eιkdj ·x0 andH = hM
i=1. Noteh is a(1×N)

row vector whilstH is a(M ×N) matrix.

By usingN > M , the pseudo-inverse operation denoted by ”+” in equation 3 is used to approximate
the pressure response locally whilst still ensuring that the expansion gives consistent results at all the
nodes in the template.

2.2 FE model of the structure

To model the structure a standard finite element method was used (see e.g. [5]). Assuming harmonic
motion of the formeιωt, the following equation of motion results

DU = (K− ω2M)U = f , (4)

whereM is the inertia matrix andK is the stiffness matrix.f is a column vector of equivalent nodal
forces andU is a column vector of nodal displacements.
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2.3 Coupling of fluid and structure

Consider an elastic structureΓ comprising a volume of fluidΩ. For simplicity we will assume the
structure is closed, i.e. the fluid is completely bounded by the structure.

Acoustic waves produced within the fluid volume will deform the structure making it to vibrate. Re-
flected waves are then produced by the resulting pressure along the fluid-structure interface. Reactive
forces will then cause the motion of the structure to change, c.f. fluid loading. The strength of this
vibro-acoustic coupling interaction is largely dependent on the geometry of the structure and the fluid
domain as well as on the fluid and structural material properties and on the frequency of the dynamic
disturbances.

The momentum conservation gives a relationship between the displacement of the structure and the
pressure driving the fluid

∂p
∂n

= ιωρ
∂U
∂t

= ω2ρU, (5)

where harmonic motion is assumed.ρ is the density of the fluid,ω is the angular frequency and vector
U represents the displacement degrees of freedom of the structure.

Equation 5 is effectively a Neumann condition for the fluid coupled to the structure. This results then
in a modified template (equation 3) [6]

p0 = h(H+
aug)Lp + h(H+

aug)R(ω2ρ)U (6)

The fluid loading acts as an external force upon the structure. For a shell-type structure the pressure-
related force is given by

f =
∫

Γse

(NT · p)dΓ, (7)

whereΓse are the plate elements in the shell discretisation,N is the matrix of shape functions gen-
erally expressed in a local element coordinate system(x′, y′, z′) andp is the pressure normal to the
surface.

The resulting force is then given by replacing equation 6 into equation 7. This slightly complicates
the formulation as the template vectorh has to be evaluated at the same integration points as the shape
functionN in the local element coordinates.

A simpler approach may be used by assuming surface element sizes are small compared with the
acoustic wavelength. Several option are here possible, like averaging the pressure at the nodes of
the element or using a smooth function (e.g. linear) for the pressure within the element or simply
using a collocation approach assuming point forces. In particular, for a triangular mesh using a point
collocation method we obtain

f = 4 · p, (8)

where4 is the area of the triangle andp is the normal pressure at the nodes of the element.

Assumingnf andns are the total number of fluid and structural degrees of freedom, respectively, the
resulting system of equations takes the form

(
K I1
I2 D

)(
p
U

)
=

(
pf

f

)
, (9)

whereK is the(nf × nf ) fluid stiffness matrix,I1 is a (nf × ns) matrix filled with ω2ρh(H+
aug)R

andI2 is a(ns × nf ) matrix containing the fluid loading terms.pf is the(nf × 1) vector containing
all the terms for the constrained fluid degrees of freedom.
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3 Test case description

To validate the proposed approach, a conceptual car cabin made of MDF panels 1” thick (figure 1)
was modelled.
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Figure 1: Dimensions of the cabin.

One of the side panels of the cabin is removable (side panel closer to the loudspeaker) to allow not
only access to the interior of the enclosure but also the possibility of add absorbent material inside
and/or change the material of the removable panel.

A 165mm loudspeaker mounted flat in the front panel of the enclosure was used as the excita-
tion source modelled as a M-S-D system using Thiele-Small parameters, withM = 0.01Kg, K=
1901.1N/m and C= 7.64Nm/s2. The driver provided a nearly flat response curve between 70Hz-
1KHz with a 6dB/decade roll off below 70Hz.

Two different meshes with 0.05m and 0.09m nodal spacing were used for comparison. Table 1 lists
the total number of nodes for each case.

mesh 1 mesh 2

nodes 1011 4669
ppw ( 1KHz) 4 6.8

Table 1: Properties of the meshes used

Note that due to the thickness of the panels, it is to expect a weak coupling between the fluid and the
structure. Indeed, if only the loudspeaker is coupled to the fluid and the structure is assumed as rigid,
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a good agreement is obtained between modelled and measured SPL by simply applying a small real
frequency-independent absorption coefficient. Figure 2 shows the SPL comparison between ANSYS
(for both mesh densities), measured and obtained with the proposed FD method (only for mesh 1).
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Figure 2: ANSYS (mesh 1: dot, mesh 2: dashed-dot) vs measured (solid) vs FD (dashed) SPL.

Given that the differences are not very significant at lower frequencies, only the SPL for frequencies
between 400Hz-1KHz are shown for clarity. Note that the error with ANSYS for both meshes is
significant as the frequency increases, whilst the FD method gives an accurate result up to 1KHz.

In order to assess the accuracy of the proposed approach for strong vibro-acoustic coupling problems,
the removable panel in the conceptual cabin was changed to a 1mm thick aluminium (E = 709,
ρ = 2770 andν = 0.33). Figure shows the results for ANSYS (mesh 1 and mesh 2) and the proposed
FD method (mesh 1).
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4 Conclusions

• The proposed method is shown to be much more accurate than FE techniques using comparable
computational resources.

• Formulation of the analysis is straightforward and based directly on solutions of the governing
equations for the fluid domain.

• The application of boundary conditions is very flexible. The fluid-structure condition can be
prescribed in different ways allowing a simpler approach whenever pressure can be assumed
smooth within the structure elements.

• The technique should naturally lend itself to efficient calculation of harmonic responses at
higher frequencies where non-modal approaches are appropriate.
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Abstract 
 
Acoustic design requires precise and reactive prediction tools. The numerical resolution of Helmholtz 
equation is efficient in the low frequency range, but reaches its limits at higher frequencies. The method 
proposed here is based on a light/sound analogy, and the resolution is based on Boundary Elements. 
Absorbing materials are characterized by diffuse absorption coefficients. The frequency based meshing 
criterion is relaxed: only the geometry must be considered. The resolution can be made every third-octave. 
Computation time is dramatically reduced. This energy method is dedicated to industrial acoustic issues in 
the mid and high frequency range, preferably with complex geometries, broadband and distributed 
sources. A successful comparison with measurements is presented, concerning the engine compartment of 
the Low-noise Urban Truck (LUT) prototype, developed by Renault Trucks for the PREDIT VPE 
(Véhicule Propre et Economique – Clean and Economical Vehicle) program. Other Industrial applications 
concerning the prediction of the efficiency of the shields around diesel engines are in progress. 
 

1 Introduction 
 
The prediction of acoustic shields efficiency is of great interest in machinery and vehicle noise control. 
Classical methods based on Helmoltz’s equation are quite accurate in low frequencies and for simple 
geometry, but they are limited for industrial problems by their computing time and their lack of 
robustness. To overcome these difficulties, several energy methods have been developed for both 
vibration and acoustic issues, based on energy variables rather than pressure and velocity. SEA is the most 
widely used in the industry, although it should be considered as a tool for energy path analysis rather than 
a prediction method for vibro-acoustic design. Analogies with thermal conduction have been derived, the 
use of finite elements improving accuracy [6]. However both theoretical and practical difficulties remain. 
The third family of energy methods is based on an analogy between acoustic propagation and light 
propagation. This analogy inspired both Ray-Tracing techniques and Energy-based Boundary Elements 
methods. The method proposed here uses standard finite elements solvers dedicated to radiation issues for 
solving acoustic propagation cases. 
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2 Acoustic-radiation analogy 
 

2.1 General 
 
In the context of more and more drastic noise requirement and increasing customers demand for lower 
noise annoyance, engine acoustic shields become essential for a wide range of vehicle [1]. Due to reduced 
development time, acoustic design must start in the early stage of industrial projects, requiring precise and 
reactive prediction tools.  
The most widely used computation methods perform a numerical resolution of Helmholtz equation, with a 
spatial discretization into Finite Elements or Boundary Elements. These methods are quite accurate in low 
and mid frequencies and for simple geometry, but they are limited for industrial problems by their 
computing time (related to the mesh requirements) and their lack of robustness (high sensitivity to 
geometry and frequency).  
To overcome these difficulties and to address high frequencies, several energy methods have been 
developed for both vibration and acoustic issues, based on energy variables rather than pressure and 
velocity.  
Statistical Energy Analysis SEA is the most widely used in the industry. This technique has already been 
used and adapted to predict engine encapsulation effects, or bogie encapsulation effect. Nevertheless, it 
should be considered as a tool for energy path analysis rather than a prediction method for vibro-acoustic 
detailed design.  
Analogies with thermal conduction have been derived, the use of finite elements improving accuracy [2]. 
However both theoretical and practical difficulties remain. 
The third family of energy methods is based on an analogy between acoustic propagation and light 
propagation. This analogy inspired both Ray-Tracing techniques and Energy-based Boundary Elements 
methods. The method proposed here uses standard finite elements solvers dedicated to radiation issues for 
solving acoustic propagation cases. For diesel engine encapsulation (trucks or railway rolling stock 
applications) the frequency range of interest is approximately from 300 Hz up to at least 5 kHz. 
 

2.2 Basic theory 
 
From Sabine diffuse field model to acoustic ray tracing techniques, the analogy with light propagation 
phenomena has been widely used to model high frequency sound propagation.  
The model proposed here uses surface boundary elements to describe sources, absorbing and reflecting 
surfaces. Based on energetic quantities and energy balance, the spirit of SEA is conserved, but unlike SEA 
the repartition of energy density can be predicted. Theoretical details can be found in references [5-9]. 
 
2.2.1 Equivalences 
 
The analogy is based on the equivalence between sound and light intensities: 

III soundlight

rrr
==           (1) 

Acoustic sources are represented by light sources, with an equivalent power (in Watt) imposed on the area 
of the elements representing the source. 
The incident intensity on boundary elements is partly reflected, and partly absorbed. Here again, the 
analogy between light and acoustic diffuse absorption coefficients is straightforward: 

soundlight αα =           (2) 
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The energy exchanged by a couple of boundary elements depends on their mutual “view factor”. This 
factor is only related to geometry (elements area, orientation, presence of obstacle between the 2 boundary 
elements). The concept of view factors can then be applied to both light and sound propagation: the view 
factor dFQP between “source” dSP and “receiver” dSQ is the fraction of power emitted by dSP and viewed 
by dSQ. In the absence of obstacle between dSP and dSQ, dFQP can be written: 

P

PQ

QP
QP dS

R
dF 2

coscos
r

π

θθ
=          (3) 

For a closed surface SP the global view factor respects the power balance: 

∫ =
PS

QPdF 1           (4) 

Surfaces dSP and dSQ can be at the same time “source” and “receiver” for each other. The reciprocal view 
factors dFQP and dFPQ are related by: 

PPQQQP dSdFdSdF =          (5) 

 
Figure 1 View factors 

 
2.2.2 Model assumptions 
 
The assumptions used are the following: 
Uncorrelated waves are assumed: interferences between waves are neglected. This assumption is valid for 
acoustic problems at high frequencies, with broadband sources and complex environments. 
Sources are described by their emitted power (direct analogy between acoustic and light power). Sound 
power is uniformly distributed on source surface and radiate diffusely in all directions. 
The incident field on each element is diffuse. 
Diffuse absorption at boundaries: if an element i receives a power wincident(i) from the other elements 
(either direct radiation from sources or reflected by other boundary elements) it will absorb part of the 
incident power: 

)((i)wabsorbed iwincidentiα=         (6) 

where αi is the absorption coefficient of the surface in diffuse field. 
Diffuse reflection: the element i will radiate uniformly  the reflected power defined by equation 7, 
according to their view factors to the other surfaces (as illustrated in Figure 2 2). 

)()-(1(i)wreflected iwincidentiα=         (7) 

dSP 

Pnr
θ

dSQ 

Qnr  

θQ 
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Figure 2 Diffuse reflection (Lambert’s Law) 

 
Radiated power: thermal radiation software also take into account a power wradiated(i) emitted by the 
element i at the temperature T(i): 

4
radiated )()()((i)w iTiSi σε=           (8) 

ε(i) is the emissivity of element i, σ=1.38 10-23 J K-1 is Boltzman constant, T(i) is the element 
temperature and S(i) the element surface. 
This radiated power, as well as the temperature T(i), has no equivalence in acoustics. Therefore it must be 
cancelled, either forcing the element temperature to 0 or setting ε to zero. 
Diffraction, transmission: to date, the methodology does not include diffraction effects and sound 
transmission through boundary elements. Nevertheless, the transmission effects can be introduced. The 
diffraction effects could also be introduced, but needs more research efforts [9]. 
As a result, the pressure level in shadow zone could be underestimated by the method. 
 
2.2.3 Power balance 
 
To derive the system of equations to be solved, the power balance is written on each boundary element. 
For thermal problems the power w(i) emitted by the element i is the sum of reflected power and radiated 
power: 

 )()1()()()(w(i) 4 iwiTiSi incidentiασε −+=          (9) 

The first right hand term of equation (9) corresponds to radiated power. In thermal problem, this term 
represents the light power naturally radiated by an element i at temperature Ti. There is no equivalent 
phenomenon in an acoustic problem: consequently, it must be cancelled. 
On the other end, the incident power wincident(i) is the sum of the powers w(j) emitted by the other elements 
j, weighted by the view factors Fji: 

∑
≠

=
ij

jiincident jwFiw )()(          (10) 

Introducing equation (10) in Equation (9) gives: 

∑
≠

−+=
ij

jii jwFiTiSi )()1()()()(w(i) 4 ασε        (11) 

One obtains a system of n equations (with n the number of boundary elements), with n unknowns being 
the powers emitted by each elements. 
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2.3 TMG resolution 
 
The first step is to compute the view factors Fij. A shadowing check must be processed to identify pairs of 
elements having obstructed views. The exact solution given by equation 12 is used to compute view 
factors between pairs of element with unobstructed views. 

∫∫==
AjAi

ji r
dAidAj

2
coscos1  Fji . Aj  Fij . Ai θθπ        (12) 

For element pairs partially shadowed by other elements, the Nusselt Sphere Technique is used. This 
technique is embedded in the IDEAS TMG software. 
The resolution of thermal problems involves both power and temperature computation. This can be done 
using Oppenheim’s method, featuring virtual twin elements to cope with the radiation term in equation 11. 
 

2.4 Matlab resolution 
 
For acoustic problems ε(i) is set to zero, and equation 11 becomes: 

∑
≠

−=
ij

jii jwF )()1(w(i) α           (13) 

This system can then be solved by a simple matrix inversion. 
For each frequency step f, a matrix M(f) is built according to equation (14), where I is the identity matrix 
and Ri(f)=1-αi(f) is the diffuse reflection coefficient. 

( ) ( ) jiiij FfRIfM −=          (14) 

The vector wi(f) (emitted power for element I at frequency step f) is obtained from multiplying the inverse 
matrix M-1(f) by the source vector wSi. In case of multiple load case (successive sources defined by groups 
of elements), the source vector wSi becomes a source matrix noted WSis and the solution is a matrix Wis of 
emitted powers, where the row index i is related to the element number and the column index s 
corresponds to the load case. 

( ) ( ) isijis WsfMfW *1−=          (15) 

Thus the inversion process, which is the most time consuming, is done just one time per frequency step, 
and multiple load cases are handled by matrix notation. 

The frequency dependence of the matrix Mij(f) (depending on the reflection coefficient Ri(f)=1-αi(f)), and 
possibly the frequency dependence of the source powers wsi(f), are handled by a loop in the program. 
In the present study, featuring 3151 elements, Matlab 7.0 performs 15 successive inversions (15 third 
octave bands), with 8 load cases within 10’30. 
Otherwise, the 120 load cases would have required 120 TMG computations (1h30mn each), with a long 
pre-process work, and without the possibility of frequency loops or matrix notation of multiple load case. 
Moreover the Matlab resolution avoids the problem of non-zero emissivity (minimum value for TMG: 10-

3) and simplifies specific post-treatment (power balance per group, Insertion Loss plots). 
Matlab resolution program has been validated by comparison with TMG results. 
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2.5 Post-processing of the results 
 
2.5.1 View factors 
 
The first step is to compute the view factors between each pair of elements. These view factors depend 
only on the geometry (elements size and orientation, presence of obstacles or not), and therefore it can be 
done one time and the result (the view factor matrix) can be used for all load cases (for each source and 
each frequency). 
TMG solver uses the Exact Contour Integral (based on equation 3) when the view between a pair of 
elements is not shadowed by other elements. In case of a partial shadowing the Nusselt sphere technique is 
used. The computation time can be reduced with Hemicube method, which uses OGL graphic resources. 
Each element normal must be oriented toward the “active face”, where it might receive and reflect waves. 
If both faces of an element are likely to be “illuminated” then the element should be duplicated. 
Relation (4) can be used to check the accuracy of view factor results: theoretically the sum of the view 
factors between one element and all other elements should equal 1. 
 
2.5.2 Power levels 
 
The incident power at each boundary element can be derived from the emitted power using equation (10). 
The absorbed and reflected powers can be derived from the incident power using equations (6) and (7). 
Any power balance can then be computed on groups of boundary elements, summing either absorbed 
powers, reflected powers or incident powers. This gives local information that can be useful for design 
optimisation: the power absorbed by a given shield, the power radiated through an aperture, the incident 
power at a possible location for absorbing material etc. 
The intensity level incident at a given location can also be computed from the incident power, and 
compared to the intensity or the pressure level measured at a given probe location. 
 
2.5.3 Insertion Loss 
 
The Insertion Loss is derived from the ratio between the source power and the power through the aperture: 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

apertures

source
computed w

w
sourcefIL log*.10),(        (16) 

2.5.4 Pressure levels 
 
The acoustic pressure can be estimated from the local intensity using acoustic field assumptions: 

• In the case of far-free-field or plane waves:   cIP 0
2 ρ=       (17) 

• In the case of diffuse field (Sabine theory): cIP 0
2 4ρ=      (18) 
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3 Boundary elements model 
 
The boundary elements should describe the geometry accurately enough, but no frequency criteria related 
to the wavelength is required, unlike standard finite element methods solving Helmholtz equation. 
 

3.1 Sources mesh 
 
In the case of LUT prototype, LMS Pre-acoustics software was used to mesh the engine (811 elements) 
and the engine mesh was distributed into six groups (engine faces) in order to simulate successively six 
engine sources (see Figure 3). Note that manufacturer’s definition of patches could also be used. 
The boundary condition for the sources is written in terms of emitted power on each element, proportional 
to its surface, and resulting in a unit power of 1 W/Hz for the whole group defining the engine face: 

∑
=

groupSource

jSurface
iSurface

_

)(
)(w(i)         (19) 

The gearbox (126 elements) was meshed from a rough geometry, with large element size (around 15 cm). 
It is considered here as a single source group. 
Sources element are also defined by their absorption coefficient, which is set here to zero. This means that 
the power incident on source elements (issued from the reflection on other elements) is fully reflected to 
the environment. The power balance for a source element is not modified: 

∑∑
=−+=

groupSource

reflectedincident

groupSource
jSurface

iSurfaceww
jSurface

iSurface

__
)(

)(
)(

)(w(i)    (20) 

 
Figure 3 Boundary elements mesh of the power train 
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3.2 Powertrain environment 
 
Several vehicle components might influence the noise propagation from the power train: 
• The acoustic shields 
• The thermal shield in front of the turbo-charger 
• The cooling unit 
• The air intake line 
• The exhaust line 
• The vehicle frame 
These components have been included in the Boundary Element Model (see Figure 4 to Figure 6). 
Source elements are drawn in red (engine and gearbox) on Figure 4. 
Perfectly reflecting elements are plotted in blue or cyan. A description of reflecting components is 
available on Figure 6. 
Shields elements are distributed in three groups according to the local thickness of the shield (Figure 5): 
• Yellow elements correspond to 30 mm thick cotton felt 
• Green elements correspond to 20 mm thick cotton felt 
• Pink elements correspond to 5 mm thick cotton felt 

 
Figure 4 Boundary elements mesh of the shielding – Right view  

Yellow: 30 mm thick cotton felt - Green: 20 mm - Pink: 5 mm 

Blue and cyan: reflecting components – Red: power train sources 
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Figure 5 Boundary element mesh of the shields – Rear view 

Yellow: 30 mm thick cotton felt - Green: 20 mm - Pink: 5 mm 

 

 
Figure 6 Boundary element mesh of the reflecting components – Rear view 

 

Air intake filtre 

Exhaust line 
Air intake line 

Vehicle frame 

Thermal shield 

Cooling unit 

Front grille 

Gearbox cross 
member
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3.3 Far field mesh 
 
The power radiated to the far field is computed on a cube of 15 m edge length (Figure 7). 
The ground is not meshed: its absorption is assumed to be null and therefore the entire incident power on 
the ground is assumed to be reflected to the far field. In the model this reflected power hits the lower half 
of the far field cube. Only the power reflected back to the engine compartment and then absorbed by the 
shields is neglected. 

 
Figure 7 Far field mesh for the computation of radiated power 

 

3.4 Boundary conditions 
 
3.4.1 Source power 
 
Element groups are used to define successive load case. The source matrix Wsis contains the source power 
applied to the element i during load case s. Height successive load cases are defined here. 
• load cases 1 to 6 : unit power source distributed on a single engine face (BACK, BOTT, FRONT, 
LEFT, RIGHT and then TOP) 
• load case 7: unit power source distributed on the whole gearbox, except the rear part for which no 
measurement is available to compare the result 
• load case 8 : unit power source distributed on the whole engine 
The source power on each element is computed in order to have uniform power flux: 

∑
∈

=

sgroupsourcej

is jeltsurface
ieltsurfaceWs

__
)_(

)_(
       (21) 
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3.4.2 Absorption coefficients 
 
The normal impedance Z=R+jX corresponding to cotton felt (2.4 kg/m²) are deduced from BIOT 
parameters measured by the LAUM during prior PREDIT project. 

Then the absorption coefficient at incidence angle α derives from equation (22). 

( ) θθ
θθα

222 cos1cos
cos4)(

XR
R

++
=        (22) 

The diffuse absorption coefficients can be deduced from the average versus the incidence angle α over 2π 
solid angle. Note: generally the integration versus α is limited to [0;78°] rather than [0;90°] to avoid the 
problem of grazing waves. 

∫=
2

0

sincos)(2
π

θ
θθθθαα d         (23) 

Diffuse absorption coefficients are drawn on Figure 8 for thicknesses 5 mm, 20 mm and 30 mm. 
Absorption coefficients for thicknesses 20 mm and 30 mm are rather close to each other and reach their 
maximal value (0.9) starting at 4000 Hz and 3000 Hz respectively. The absorption coefficient for 5 mm 
thickness is more or less one half of the other coefficients. 
The frequency dependence of these absorption coefficients are handled by a frequency loop in the 
program over 15 third-octave bands. 

 
Figure 8 Diffuse absorption coefficient of 2.4 kg/m² cotton felt computed from the impedance 

measured by the LAUM (Laboratoire d'Acoustique de l'Université du Maine) 

 

4 Results 
 

4.1 View factors 
 
The first step is to compute the view factors between each pair of elements.  
Relation (4) can be used to check the accuracy of view factor results. Theoretically the sum of the view 
factors between one element and all other elements should equal 1.  
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Figure 9 shows the sum of the view factors for the shields mesh. 
The results are close to 1 for most of the elements. However it is very low (0.06) for some elements whose 
“active face” mostly see “inactive faces” of the other elements. This must correspond to physical 
assumptions. Here the different shields are superposed at the junctions and therefore the boarder of one 
shield is hidden by the second shield and does not see the acoustic field. The element normal, defining its 
“active face”, must be oriented toward the acoustic field, where it might receive and reflect waves. If both 
faces of an element are likely to be “acoustically active” then the element should be duplicated. 

 
Figure 9 View factor sums on the shields elements 

 

4.2 Power balance 
 
The method is based on power balances among elements. One important validation of the resolution 
program consists in checking the general power balance given by equation (24). 

∑=
groups

absorbedSource WW          (24) 

The global power balance is exactly respected for each load case. 
Moreover, summing the power absorbed by groups of elements (shields, cube faces, eventually receivers) 
gives physical information on acoustic energy path. 
 

4.3 Insertion Losses 
 
4.3.1 Computed Insertion Losses 
 
The Insertion Loss is computed for each load case, from the ratio between the source power and the power 
absorbed by the exterior cube. 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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cube

source
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w
sourcefIL log*.10),(       (16) 
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4.3.2 Measured Insertion Losses 
 
Measured Insertion Losses are deduced from transfer function measured on the real truck (Figure 11). The 
methodology is described in references [3] and [4]. 
Third-octave quadratic transfer functions P²/Q’² are averaged over each engine faces, over the gearbox or 
the whole engine, and over 12 loudspeakers positions at 7.5m (see Figure 10). 
Two configurations are considered: with all the shields (computed configuration) and without any shield.  
The measured IL is then derived according to equation (25). 

⎟
⎟
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⎜
⎝
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=
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Figure 10 Reciprocal measurements of transfer functions 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 11 Low noise Urban Truck prototype in anechoic chamber (UTAC) during the measurement 
of transfer functions  

Loudspeaker 
at position 

left10m 

7.5 m

Left 10m 

Left 12m 

Right 10m 

Right 12m 

Left 14m Right 14m 

Left 16m Right 16m 

Left 18m Right 18m 

Left 04m Right 04m 

½ inch 
microphones 

on the 
powertrain

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2379



4.3.3 Comparison 
  
The Insertion losses given by equations (16) and (25) are not exactly equivalent:  
• the computed insertion loss (equation 16) derives from the overall output power,  
• the measured Insertion Loss (equation 25 derives from two lines of 6 points at 7.5m from the 
vehicle axle / 1.2 m from the ground. 
However the correlation is very encouraging, particularly at high frequencies and when considering large 
sources (spatial average). 
Figure 12 shows both computed and measured Insertion Losses for each engine face. The results match 
very well at high frequencies (above 1000 Hz), although the Insertion Loss for the top engine face is 
overestimated by 1 or 4 dB. This must be due to different spacing between the cab and the rear shield (4 
cm in the model, 10 cm on the truck).  
Discrepancies below 100 Hz could be explained by modal behavior or shields transparency (not taken into 
account in the model). 
Figure 13 shows analog results for the whole engine and the gearbox. At 800 Hz and above, the results 
match within 1 dB. 

 
Figure 12 Comparison of Insertion Losses per engine face 

Solid lines : computed I.L. /  Dashed lines : measured I.L. 

 
Figure 13 Comparison of Insertion Losses for the whole engine and the whole gearbox 

Solid lines : computed I.L. /  Dashed lines : measured I.L. 

0 500 1000 1500 2000 2500 3000 3500
Frequency (Hz) 

In
se

rti
on

 L
os

s 
(5

 d
B

/d
iv

is
io

n)
 

GBOX 
ENGINE

0 500 1000 1500 2000 2500 3000
Frequency (Hz)

In
se

rti
on

 L
os

s 
(5

 d
B/

di
vi

si
on

) 

BACK 
BOTT
FRON
LEFT 
RIGH 
TOPM 

2380 PROCEEDINGS OF ISMA2006



5 Conclusion 
 
This report presents the first validation on a real truck, of a new acoustic prediction method based on a 
thermal radiation analogy. A coarse boundary element mesh (3151 elements) is sufficient to describe the 
geometry. Sources are described by emitted powers and absorbing materials are characterized by classical 
diffuse absorption coefficients. Ideas TMG thermal software is used to compute the view factors. These 
results are then loaded in a Matlab program for an easier implementation of frequency loops and multiple 
load cases. A validation of this program has been performed by comparison with TMG results. 
The natural output of this computation method is the power absorbed and reflected by each element. 
Insertion Losses (I.L.) are then derived from power balance over element groups. The I.L. can be global 
(whole engine, whole gearbox) or local (engine faces, components). It characterizes the acoustic efficiency 
of the shields and can be used to predict engine and gearbox noise contribution during Pass By Noise tests. 
Experimental comparison of both local and global IL show very good matching above 800 Hz. 
Discrepancies below 800 Hz can be explained by modal behaviours, which is neglected in the model. 
Transparency phenomena may also occur on closed shield concepts and might be implemented in the 
method. Some differences can also be noticed between the model and the measured truck. 
The proposed computation method is reactive and precise and could be used as a design tool for industrial 
applications. Computation time is low (1 h 30 min for view factor computation using TMG, and 10 min 
for the Matlab resolution of the power balance, including 8 load cases and 15 frequency steps). 
An adequate boundary element mesh could be used both for classical BEM computation in low 
frequencies (up to 1000Hz) and for energy BEM computation in high frequencies (800 Hz and above). 
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Abstract
This paper presents a newly developed hybrid simulation technique for coupled structural-acoustic analysis,
which applies a wave based model for the acoustic cavity and a modally reduced finite element model for
the structural part. The resulting hybrid model benefits from the computational efficiency of the wave based
method, while retaining the finite element method’s ability to model the structural part of the problem in great
detail. Application of this approach to the analysis of a cavity-backed plate assembly shows the improved
computational efficiency as compared to classical finite element procedures and illustrates the potential of
the hybrid method as a powerful tool for the analysis of coupled structural-acoustic systems.

1 Introduction

The tightening of legal regulations on the human exposure to noise and vibrations and the ever-increasing
customer demands for better comfort force product designers to take the dynamic and acoustic properties
of their products into account throughout the entire design process. In the classical design process these
properties are studied by means of extensive measurement campaigns carried out on physical prototypes.
This approach to design optimisation is not only time-consuming but also very expensive, resulting in severe
limitations on the number of design possibilities which can be fully explored during the design process. In
order to reduce the number of physical prototypes and to shorten the product design cycle, a vast amount
of effort is put into the development of Computer Aided Engineering (CAE) techniques. During the past
decades, these techniques have become invaluable tools in many design processes, resulting in the application
of virtual prototypes for design optimisation in every stage of the design process.

For low-frequency applications deterministic simulation techniques, such as the Finite Element Method [1]
(FEM) and the Boundary Element Method [2] (BEM) are well established. At higher frequencies probabilis-
tic prediction techniques, such as Statistical Energy Analysis (SEA) [3], are often used.

The deterministic simulation techniques discretise the considered problem (or its boundary) into a finite
number of elements. Within these elements, the dynamic response variables are described by an expansion
of simple (polynomial) shape functions, which are not exact solutions of the governing differential equations.
As a result, as frequency increases, the prediction accuracy of the element based models decreases, mainly
due to two types of errors: interpolation and pollution errors [4]. Keeping these errors within acceptable
bounds requires the use of extremely dense problem discretisations, especially at higher frequencies. This
results in prohibitively large numerical models for real-life structural-acoustic problems. As a result, the
applicability of the element based techniques is limited to problems in the low-frequency range. One of
the major advantages of the element based methods is their ability to model any problem, regardless of its
geometrical complexity.

The SEA techniques divide the entire system into a limited number of components. The mathematical
expression of the power balance between the various subsystems provides the space- and frequency-averaged
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dynamic behaviour of each of the structural-acoustic system components. These methods are however based
on the assumption that all of the subsystems have a high modal overlap in the frequency range of interest,
which limits their use to high-frequency modelling.

In between the low-frequency application range of the deterministic element based techniques and the high-
frequency application range of the statistical methods, there exists a wide frequency-gap, the so-called mid-
frequency range, for which currently no adequate and mature prediction methods are available. Desmet
[5] provides an overview of some of the modelling techniques that are being investigated for analysis in
the mid-frequency range. One of these modelling techniques is the Wave Based Method (WBM) [6]. This
technique belongs to the family of so-called Trefftz methods [7] in that it applies globally defined wave
functions, which are exact solutions of the governing differential equations, instead of approximating shape
functions to describe the dynamic response variables. As a result, the use of very fine domain discretisations
at higher frequencies is no longer required. The size of the numerical models and the associated computa-
tional resources are substantially lower as compared to element based methods. Because of the enhanced
convergence properties, the WBM has proven to be applicable for low- as well as mid-frequency structural-
acoustic problems [8]. A sufficient condition for convergence of the applied wave function expansions is the
convexity of the considered problem domains. Non-convex domains have to be partitioned into a number of
(convex) subdomains. As a result, in order to fully benefit from the method’s computational efficiency, only
problems of moderate geometrical complexity are considered.

In recent years, the combination of the geometrical flexibility of the FEM with the enhanced convergence
properties of the WBM in a hybrid Wave Based-Finite Element (WB-FE) modelling technique has been
successfully explored for two dimensional (2D) [9] and three dimensional (3D) [10] uncoupled acoustic and
uncoupled structural problems [11]. Recently, this hybrid modelling approach has been successfully applied
to the direct coupling between a structural FE model and an acoustic WB model [12]. This extension allows
the analysis of structural-acoustic problems in which a complex structure is in contact with an acoustic
cavity of moderate geometrical complexity, while retaining the favourable convergence rate of the wave
based method. As a result, the method allows predictions to be made for fully coupled structural-acoustic
problems in the mid-frequency range. However, when direct physical coordinates are applied in the structural
FE part, a large percentage (30 to 50%) of the execution time is used for the solution of the sparse system of
FE equations. In this paper, the hybrid simulation technique is refined by reducing the number of dynamic
structural degrees of freedom (dofs) using modal reduction techniques. This results in smaller, diagonal
system matrices describing the dynamic behaviour of the structural part of the problem. As a result, the
solution times for the system equations in the hybrid Wave Based-Modal Finite Element(WB-MFE) method
is significantly reduced with respect to the hybrid WB-FE method, while retaining a similar level of accuracy.

The first section of the paper describes the mathematical formulation of a general coupled structural-acoustic
problem. Section 3 discusses the hybrid coupling between an acoustic WB model and a structural FE model
and the extension of this coupling to a hybrid coupling using modal reduction techniques for the structural
model. Section 4 illustrates the improved computational efficiency of the method as compared to classical
FE procedures through an application study of the interior acoustics of a rigid-walled cavity in contact with
a structural plate assembly.

2 Problem definition

The steady-state dynamic behaviour of a general 3D coupled structural-acoustic system, as shown in figure
1, is described by two physical variables: the acoustic pressurep(r) at a positionr(x, y, z) in the inter-
nal acoustic cavity and the combined dynamic in-plane (wx′(r′), wy′(r′)) and out-of-plane deformations
(wz′(r′), θx′(r′), θy′(r′)) at a positionr′(x′, y′) in the structural domainΩs. Thez′-axis of the local coordi-
nate frame(x′, y′, z′) is normal to the structure and points away from the acoustic cavity.
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Figure 1: A 3D coupled structural-acoustic problem

2.1 Acoustic pressure field

The acoustic cavityV is filled with air, with ambient fluid densityρa and speed of soundc. An acoustic
point sourceq at positionrq(xq, yq, zq) within the cavity excites the fluid at circular frequencyω. Under
the assumption that the fluid in the cavity exhibits linear, inviscid and adiabatic behaviour, the Helmholtz
equation governs the steady-state acoustic pressurep(r) inside the cavity [13]:

4p(r) + k2
a · p(r) = −jρaωq · δ(r, rq), r ∈ V (1)

with4 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 the Laplacian operator,k = ω
c the acoustic wave number,j =

√
−1 the imaginary

unit andδ a Dirac delta function.

Since the Helmholtz equation (1) is a second-order differential equation, one boundary condition needs to
be specified at each point of the boundary in order to obtain a well-posed problem. The boundaryΩa of the
acoustic domain consists of four non-overlapping parts, (Ωa = Ωp

⋃
Ωv
⋃

ΩZ
⋃

Ωs). On each of the first
three parts of the boundary,Ωp, Ωv andΩZ , acoustic pressure, acoustic normal velocity or normal impedance
boundary conditions are specified:

Pressure boundary conditionsonΩp: Rp(r) = p(r)− p̄(r) = 0
Normal velocity boundary conditionsonΩv: Rv(r) = j

ρaω
∂p(r)
∂n − v̄n(r) = 0

Normal impedance boundary conditionsonΩZ : RZ(r) = j
ρaω

∂p(r)
∂n − p(r)

Z̄n(r)
= 0

(2)

with ∂
∂n the normal derivative and̄p(r), v̄n(r) andZ̄n(r) prescribed values for the acoustic pressure, normal

velocity and normal impedance.

2.2 Structural vibrations

The partΩs of the boundary consists of a flexible plate assembly, made of a material with densityρs,
Young’s modulusE and Poisson ratioν. The structure is excited harmonically by a point forceF at position
r′F(x′F , y

′
F ). The dynamic deformations within the plates consist of two superimposed deformation fields:

the in-plane deformationswx′(r′) andwy′(r′) on the one hand and the out-of-plane displacements and ro-
tationswz′(r′), θx′(r′) andθy′(r′), on the other hand. The dynamic in-plane deformations are governed by
the coupled Navier equations [14]. Since the Helmholtz equation (1) assumes the acoustic medium to be in-
viscid, the acoustic pressure only directly influences the out-of-plane dynamic deformations of the structure.
Therefore the in-plane equations are not considered further. To describe the dynamic out-of-plane behaviour
various plate bending theories are available. The Kirchhoff thin plate bending theory [14] is the most widely
known, but the hybrid methodology applies equally well to other available plate bending theories, such as
for example the more general Reissner-Mindlin theory [15]. Without loss of generality, the plate bending
differential equations can be written as:
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(Lb − ω2Mb)


wz′(r′)
θx′(r′)
θy′(r′)

 =


fz′(r′)

0
0

 , r′ ∈ Ωs (3)

In this expression,Lb is a(3×3) matrix of differential operators, governing the elastic and damping forces in
the plate structure. The elements of the(3× 3) matrixMb represent the inertial parameters of the structure.
The term on the right hand side of (3) represents the distribution of the mechanically applied forces (per unit
area) on the structure.

The structural partial differential equation (3) needs to be complemented with appropriate boundary condi-
tions at each point on the edgeΓs of the structural domain. Two of the possible types of boundary conditions
are:

Kinematic boundary conditions onΓd: d(r′) = d̄(r′)
Mechanical boundary conditionsonΓt: T(r′) = T̄(r′)

(4)

with d(r′) andT(r′), respectively, the vector of out of plane deformations and boundary forces. Variables
of the form•̄ represent prescribed boundary values.

2.3 Structural-acoustic interactions

In a coupled structural-acoustic system, the acoustic pressure field and the structural displacements mutually
influence each other as follows:

• Influence of the structure on the acoustic pressure:The vibrations of the plate act as a normal
velocity excitation for the fluid in the cavity:

Rva(r) = jωw(r′)− j

ρaω

∂p(r)
∂n

= 0, r ∈ Ωs (5)

• Influence of the acoustic pressure on the structure:The acoustic pressure acts as a supplementary
load on the structure. Since this load only affects the out-of-plane bending deformation of the plates,
the structural-acoustic interaction translates into an additional load term in the bending differential
equations (3) which is proportional to the acoustic pressure on the ’wetted’ surface:

(Lb − ω2Mb)


wz′(r′)
θx′(r′)
θy′(r′)

 =


fz′(r′) + p(r′)

0
0

 , r′ ∈ Ωs (6)

3 Hybrid WB-MFE method for coupled interior structural-acoustic
problems

3.1 FEM for uncoupled structural vibrations

The hybrid FE-WB method combines an FE model of the structural part of the problem with an acoustic WB
model of the interior cavity. This section describes the basic concepts of the FEM for uncoupled structural
problems. Numerical errors inherent to the FEM discretisation process and model reduction based on the
projection of the structural responses on a base of structural normal modes are discussed.
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3.1.1 Basic concepts

The FEM is a well-known simulation technique to model the steady-state dynamic behaviour of complex
structures. The technique determines an approximate solution to the problem described by the plate bending
equations (3) and the imposed structural boundary conditions (4) by applying the following strategy:

• The entire problem domainΩs is discretised into a large, but finite number of small, non-overlapping
elements.

• The FEM approximates the exact solution for each of the structural displacement fields by a weighted
sum of simple (polynomial) shape functionsNi(r′). For each nodei in the FE discretisation there is an
associated shape functionNi(r′), which has a non-zero value in each element domain to which nodei
belongs, while it is zero in all other element domains. For the out of plane displacementswz′(r′), the
approximation is written as:

wz′(r′) ≈ ŵz′(r′) =
nk∑

n=1

Nn(r′)wz′,n = N ·wz′ (7)

with nk the number of nodal dofs in the FE model,wz′ the (nk × 1) vector of unknown weighting
coefficientswz′,n andN the (1×nk) vector of shape functionsNn,wz′(r′). For the other field variables,
similar expansions are applied. In general, the weighting factorsan,i in these expansions represent the
unknown nodal displacements and rotations. As a result, the kinematic boundary conditions can be
directly assigned to the corresponding dofs in the FE model.

• The polynomial shape functions do not fulfill the differential equation of the plate bending equations
(3) and they may violate the imposed mechanical boundary conditions (prescribed nodal boundary
loads). The approximation errors are minimised in an integral sense by application of a weighted
residual formulation:

∫
Ωs

w̃ ·Rb dΩ +
∫
Γs

w̃ ·Rbc dΓ = 0 (8)

with Rb andRbc the residuals on the plate bending equations and the mechanical boundary conditions
respectively and̃w arbitrary weighting functions. Applying a Galerkin formulation [1], these func-
tions are expressed as a linear combination of the same basis functions as used in the displacement
approximations (7).

• This results in a set of algebraic equations of the form:

(K + jωC− ω2M) · d = Z · d = fs (9)

with K, C andM the structural stiffness, damping and mass matrices,Z the structural dynamic stiff-
ness matrix,d the vector containing the unknown nodal structural deformations andfs the structural
loading vector, which contains contributions from the structural excitations and the dynamic boundary
conditions. Solution of (9) yields the deformation components in the nodes of the FE discretisation.

The dynamic stiffness matrixZ is large, symmetric and sparsely populated and can be decomposed into
frequency independent submatrices (K, C, M). These properties allow the use of very efficient solution
algorithms to compute the unknown nodal displacementsd. A major advantage of the FEM is its versatility
regarding geometrical complexity of the problem domain.
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3.1.2 Numerical errors associated with FEM modelling

Simple polynomial shape functions are typically used to describe the complex dynamic behaviour within the
elements. This concept limits the application range of the FEM. Application of a Galerkin weighted residual
approach using simple polynomials as basis functions introduces two types numerical errors: interpolation
and pollution errors [4]. Since most of the rules of thumb described in this section are inspired by error anal-
ysis applied to the FEM for acoustic problems, both rules for structural as well as acoustic FEM calculations
are given.

• Interpolation errors : Interpolation errors are often referred to as the approximation error and result
from the use of simple shape functions to describe the spatial variations of the dynamic variables. This
type of errors is the predominant source of errors in dynamic FEM calculations at low frequencies. A
rule of thumb states that a minimum number of finite elements are needed to accurately interpolate a
single wavelength of a dynamic variable (derived in [4] for acoustic FE calculations). The influence
of these errors for a structural bending or acoustic pressure FE formulation using polynomial basis
function of orderp can be approximated as:

θ =

(
k̃h̃

p

)p

= C (10)

with C a constant,p the order of the elements used,h̃ = h/L a measure for the FE mesh resolution
with h the average mesh size andL a characteristic problem dimension, and withk̃ = kiL with ki

either the acoustic wave numberka = 2π/λa with λa the acoustic wavelength or the structural bending
wave numberkb:

kb =
2π
λb

= 4

√
ρω212(1− ν2)

Et2
(11)

with λb the structural bending wavelength. Application of this expression withC = 1, results in the
use of at least 6 linear or 4 quadratic FE to interpolate a single wavelength:

Linear elements(p = 1): hint,i <
λi
2π , i = a, s

Acoustic FEM: fint,a <
c

2πh

Structural FEM: fint,s <
1

2πh2
4

√
Et2

12(1−ν2)ρ

Quadratic elements(p = 2): hint,i <
λi
π , i = a, s

Acoustic FEM: fint,a <
c

πh

Structural FEM: fint,s <
1

πh2
4

√
Et2

12(1−ν2)ρ

(12)

• Pollution errors : The numerical pollution errors result from the difference in calculated wavelengths
between the actual physical problem and its FEM discretisation. The simple rules of thumb based
on equation (10) are unable to control these errors at higher frequencies. Therefore, Ihlenburgh and
Babǔska [16, 17] introduce new discretisation rules to control the pollution errors in acoustic FEM
calculations:

k̃θ2 = C (13)

In the absence of an analogue rule for structural FEM models, Van Hal [18] proposes to use rule (13)
also for structural FEM calculations. This results in the following rules to control the pollution errors
(usingC = 1):
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Linear elements(p = 1): hpol,i <

√
λ3

i
(2π)3L

, i = a, s

Acoustic FEM: fpol,a <
c

2π
3

√
1

h2L

Structural FEM: fpol,s <
t

2π

√
E

(12(1−ν2)ρ)
3

√
1

h4L2

Quadratic elements(p = 2): hpol,i <
4

√
λ5

i
(2π)5L

, i = a, s

Acoustic FEM: fpol,a <
c

2π
5

√
24

h4L

Structural FEM: fpol,s <
t

2π

√
E

(12(1−ν2)ρ)
5

√
28

h8L2

(14)

Since physical wavelengths shorten with increasing frequency, application of these rules results in a rapid
increase of the model size and calculation times.

3.1.3 Modal reduction techniques

The application of the FEM for real-life engineering problems usually results in very large models, large
memory requirements and long calculation times. However, the model sizes and subsequent computational
efforts may be substantially reduced by using the modal reduction technique. In this approach, the structural
displacement field is written as a superposition of (some of) the normal modes of the considered system.
The weighting factors of the different modes, the modal participation factorsψi, i = 1...nm with nm the
number of modes in the modal base, become the new unknowns of the modal model instead of the nodal
displacement componentsd.

A modal solution procedure contains the following main steps:

• Calculation of undamped structural modes: The undamped modal base for an uncoupled structural
FEM model is obtained by elimination of the structural dofs on which kinematic boundary conditions
are imposed and by discarding the structural damping matrixC and forcing vectorfs in the FEM
model (9). The mode shapes are then obtained by solving the following eigenvalue problem:

KVm = ω2
mMVm, m = 1...nm (15)

with each of the (6nk × 1) eigenvectorsVm representing a mode shape and the associated eigenvalue
ω2

m the square of the natural frequency of that mode.

• Projection onto the modal base: Using the structural mode shapes, the dynamic structural displace-
ment vectord can be written as:

d =
nm∑

m=1

Vm · ψm = V ·Ψ (16)

with Ψ an (nm × 1) vector of unknown modal participation factorsψm andV an (6nk × nm) matrix
collecting thenm undamped structural modesVm.

Introduction of expansion (16) in the structural FEM model (9) and premultiplying both sides of the
equation with the transpose of the modal vector matrixVT results in the following modal model:

(K̃m + jωC̃m − ω2M̃m) ·Ψ = Z̃m ·Ψ = f̃s,m (17)
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where the (nm × 1) modal excitation vector and the (nm × nm) modal stiffness, mass and damping
matrices are:

f̃s,m = VT fs, K̃m = VTKV, M̃m = VTMV, C̃m = VTCV (18)

Since the modal vectors are orthogonal with respect to the stiffness and mass matrices,K̃m andM̃m

are diagonal matrices. If the modal vectors are scaled for unit modal mass, the modal mass matrix is
an (nm × nm) unit matrix and the diagonal of the modal stiffness matrix contains the eigenvalues for
eigenvalue problem (15). In case of a proportionally damped structure, the modal damping matrix is
also diagonal.

• Solution of the modal model and postprocessing: Solution of the reduced modal system of equations
for the contribution factorsψm for each frequency of interest and back-substitution of the modal ex-
pansion (16) in the field variable expansion (16) results in an approximation of the dynamic structural
deformations:

d(r′) ≈ N · d = N ·V ·Ψ (19)

A relatively small truncated set of modes is sufficient to describe the structural dynamics in the frequency
range of interest. A rule of thumb states that all modes with eigenfrequencies up to twice the maximum fre-
quency of interest need to be taken into account to obtain an accurate prediction of the steady-state dynamic
behaviour. Especially in the low- and mid-frequency range, where the modal densities are fairly low, this
results in a significant reduction of the number of structural degrees of freedom. Moreover, since the system
matrices become diagonal, the solution of the reduced system of equations (17) for each frequency of interest
requires very little computational effort.

3.2 WBM for uncoupled acoustic problems

The hybrid FE-WB method applies the WBM to model the dynamic behaviour of the fluid in the cavity. This
section describes the basic concepts of the WBM. The WBM, which is based on an indirect Trefftz approach
[7], partitions the entire problem domainV into a small number of large, convex subdomains. Within these
subdomains, the dynamic acoustic pressurep(r) is written as a weighted sum of wave functions, which
exactly satisfy the Helmholtz equation (1), but which may violate the imposed boundary conditions (2).
A weighted residual formulation is used to force the errors at the boundaries to zero in an integral sense.
Solution of the resulting system of algebraic equations yields the contributions of the wave functions in the
solution expansion.

3.2.1 Field variable approximation

The acoustic pressure fieldp(r) within a convex cavity is approximated by a finite solution expansionp̂(r):

p(r) ≈ p̂(r) =
na∑

a=1

Φa(r) · pa + p̂q(r) = Φ · pa + p̂q(r) (20)

with pa an (na × 1) vector of unknown wave function contributionspa andΦ an (1× na) vector collecting
the wave functionsΦa(r). p̂q(r) is a particular solution of the inhomogeneous Helmholtz equation (1):

p̂q(r) =
jρωq

4π
e−jkd(r,rq)

d(r, rq)
(21)

2390 PROCEEDINGS OF ISMA2006



with d(r, rq) =
√

(x− xq)2 + (y − yq)2 + (z − zq)2 the distance between a point at coordinatesr(x, y, z)
inside the cavity and the acoustic sourceq.

Desmet [6] proposes the use of a superposition of three types of wave functions (the so-calledr-, s- and
t-set) as basis functions to describe the homogeneous solution for the dynamic steady-state acoustic pressure
field:


Φr(r) = cos(kxrx). cos(kyry).e−jkzrz

Φs(r) = cos(kxsx).e−jkysy. cos(kzsz)
Φt(r) = e−jkxtx. cos(kyty). cos(kztz)

(22)

In order for the wave functions to be exact solutions of the homogeneous Helmholtz equation, the wave
number components in (22) need to satisfy:

k2
xi + k2

yi + k2
zi = k2

a (23)

Desmet [6] proves that a convergent set of wave functions is obtained if the following limited set is selected
from the infinite number of possible wave number sets which satisfy (23):


(kxr, kyr, kzr) =

(
a1π
Lx
, a2π

Ly
,±
√
k2

a − (a1π
Lx

)2 − (a2π
Ly

)2
)
, a1 = 0, 1, 2, . . . a2 = 0, 1, 2, . . .

(kxs, kys, kzs) =
(

a3π
Lx
,±
√
k2

a − (a3π
Lx

)2 − (a4π
Lz

)2, a4π
Lz

)
, a3 = 0, 1, 2, . . . a4 = 0, 1, 2, . . .

(kxt, kyt, kzt) =
(
±
√
k2

a − (a5π
Ly

)2 − (a6π
Lz

)2, a5π
Ly
, a6π

Lz

)
, a5 = 0, 1, 2, . . . a6 = 0, 1, 2, . . .

(24)

The lengthsLx, Ly andLz are the dimensions of the (smallest) rectangular bounding box, enclosing the
considered subdomain (as shown in figure 2).

Figure 2: Convex acoustic subdomainVi with bounding boxVbb

A numerical model with a finite number of dofs is constructed by defining an upper bound on parameters
a1 . . . a6 in Eq.(24) through application of a frequency dependent truncation rule:

na1

Lx
≈ na2

Ly
≈ na3

Lx
≈ na4

Lz
≈ na5

Ly
≈ na6

Lz
≥ N · k

π
(25)

Applying this truncation rule results in the use of all wave functions with wavelength larger than or equal to
1/N times the physical wavelength at each frequency of interest. Typical values for the truncation parameter
in coupled structural-acoustic calculations areN = 1 . . . 4.
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3.2.2 Wave based model

Since the pressure expansion (20) exactly satisfies the governing equation (1), the only error consists of the
violation of the imposed boundary conditions (2). In order to obtain a numerical model for thena wave
function contributions, this error is minimised in a weighted residual sense, by taking into account the three
different types of acoustic boundary error residuals in (2):

−
∫
Ωp

j

ρaω

∂p̃(r)
∂n

·Rp(r)dΩ +
∫
Ωv

p̃(r) ·Rv(r)dΩ +
∫
ΩZ

p̃(r) ·RZ(r)dΩ = 0 (26)

with p̃(r) arbitrary weighting functions. Applying a Galerkin approach, the latter functions are written in
terms of the same basis functions that are used in the field variable expansion (20). Introduction of the field
variable expansion (20) and the weighting functions into the residual formulation (26) yields a system ofna

equations in thena unknown wave function contributionspa.

Aaa · pa = fa (27)

Solution of this system for the unknown wave function contributionspa and substitution of these results
in (20) yields an approximation̂p(r) for the acoustic pressure response. The acoustic system matrixAaa

is fully populated with complex elements. Moreover, since the wave functions (22) explicitly depend on
the excitation frequencyω, the matrix coefficients need to be recalculated for every excitation frequency.
The system matrix cannot be decomposed into frequency-independent submatrices. The major advantage
of the WBM is the substantially smaller number of dofs required in comparison to the FEM. This property,
combined with the enhanced convergence properties of the method, make the WBM a computationally more
efficient simulation technique than the FEM and allow the WBM to be used for structural-acoustic analysis
in the mid-frequency range. The requirement of convexity of the wave based subdomains imposes, however,
a limitation to the practical applicability of the method for complex geometries.

In most real-life engineering problems the interior cavity cannot be approximated by an acoustic problem
domain which satisfies this condition. In the case of a concave problem geometry, the entire domain needs
to be partitioned into multiple convex subdomains. Along subdomain interfaces, coupling conditions need
to be applied to enforce continuity of the acoustic variables in the entire problem domain [10]. As the
geometrical complexity increases, a larger number of subdomains with smaller dimensions is needed to
model the problem domain accurately, resulting in a decrease in the efficiency of the method.

3.3 Hybrid coupling strategy

Table 1 summarises of the characteristic properties of the FEM and the WBM. This table shows that both
techniques are complementary. This forms the basis for the development of a hybrid modelling technique.

FEM WBM

model size large small
convergence rate medium high
frequency range low low, mid (and high)
geometrical high moderate

complexity

Table 1: Model properties of the FEM and the WBM

In many practical examples (e.g., vibro-acoustic modelling of a car body), a complex structure and a geomet-
rically simple acoustic cavity are in contact. If the structure consists of flat panels with simple geometrical
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shapes, the WBM can be used to predict structural responses. However, a wave based model of the structure
would consist of a large number of structural subdomains. As a result, the WBM’s computational efficiency
is not fully exploited. An FE model is far more suited for this kind of structural problems. The acoustic
cavity, on the other hand, can be modelled as a single (or a combination of a limited number of coupled) WB
subdomain(s) provided that the geometrical shape of the cavity is not too complicated. An FE discretisation
of the acoustic domain is possible but needs to be rather fine in the vicinity of the wetted surface, in order to
obtain an accurate vibro-acoustic coupling. This results for practical applications in a very large number of
acoustic FE dofs and unfeasibly long calculation times.

Figure 3: Direct hybrid FE-WB coupling approach

As proposed by the authors in [12], the structural vibrations and the acoustic pressure field can be directly
coupled in a hybrid WB-FE model by enforcing the velocity continuity conditions (5) on the acoustic model
and by introduction of the acoustic pressure loading term in the structural equations. Figure 3 represents
this direct coupling between the two physical domains. The hybrid WB-FE method uses the same field
variable expansions (19) and (20) as the uncoupled techniques to approximate the structural displacements
and acoustic pressure. Introduction of the expansions in the coupled equations yields a set of algebraic
expressions which directly relate the dofs of both physical domains to each other. The weighted residual
formulation for the FE domain is expanded to take into account the supplementary acoustic pressure loading
on the structure. The velocity continuity along the structural-acoustic interfaceΩs is taken into account in
the WBM weighted residual formulation (26) by adding the following term:

∫
Ωs

p̃(r) ·Rva(r)dΩ (28)

Combination of the residual formulations for both domains, application of a Galerkin approach and pro-
jection of the structural FEM model on a modal base yields the following matrix equation for the coupled
vibro-acoustic system in terms of the wave function contributionspa and the nodal structural displacement
componentsd:

[
Aaa + Caa jωCT

as

Cas Z

]
·
{

p
d

}
=

{
fa + fsa
fs + fas

}
(29)

with Z, Aaa, fs andfa the system matrices and loading vectors from the uncoupled structural (9) and acoustic
(27) models. The acoustic-structural and structural-acoustic coupling matricesCas andCT

as describe the
mutual vibro-acoustic interaction andCaa is the acoustic back-coupling matrix. The supplementary loading
termsfas andfsa result from the acoustic point sourceq in V .

Introduction of the modal expansion (16) of the displacement field into the coupled system of equations (29)
and pre-multiplication of the second equation with the transpose of the modal vector matrixVT results in
the following hybrid WB-MFE model:

[
Aaa + Caa jωC̃T

as,m

C̃as,m Z̃m

]
·
{

p
Ψ

}
=

{
fa + fsa

f̃s,m + f̃as,m

}
(30)
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with Z̃m and f̃s,m the modally projected dynamic stiffness matrix and structural forcing vector from (17),
C̃T

as,m andC̃T
as,m the modally projected acoustic-structural and structural-acoustic coupling matrices and

f̃as,m the modally projected structural-acoustic forcing vector due to the acoustic point sourceq:

C̃as,m = VTCas, f̃as,m = VT fas (31)

Whenever a part of the structure and an acoustic WB domain are in contact, all the dofs (wave functionsΦa

and structural modesVm) of both physical domains are coupled. This results in dense coupling matrices
C̃T

as,m and C̃T
as,m. As a result, the rows and columns for the entire system of equations (30) cannot be

reordered such that the diagonal structure of the modal dynamic stiffness matrixZ̃m can be exploited when
solving the full coupled model at once. To make optimal use of the properties of the submatrices in equation
(30) Van Hal [18] and Pluymers [10] propose a three-step solution sequence:

1. First the FE dofs are eliminated from the system of equations (30) by using the bottom equation to
write the modal contributionsΨ as a function of the wave function contributionsp:

Ψ = Z̃−1
m (f̃s,m + f̃as,m − C̃as,mp) (32)

with •−1 the inverse of a square matrix. Introduction of (32) in the top equation of (30) and regrouping
of the terms results in:

(Aaa + Caa − jωC̃T
as,mH)p = fa + fsa + h. (33)

The (na × na) matrixH and (na × 1) vectorh are obtained by solution of two diagonal systems:

Z̃mH = C̃as,m, Z̃mh = f̃s,m + f̃as,m (34)

2. Next, the remaining dense system of equations (33) is solved using a dense solution algorithm to obtain
the wave function contributionsp.

3. Finally, the modal contribution factorsΨ are retrieved through a simple matrix multiplication:

Ψ = −Hp + h (35)

4 Numerical validation

4.1 Model description

The performance of the hybrid WB-MFE methodology is validated through the analysis of the coupled
structural-acoustic problem shown in figure 4(a). The top boundary surfaces of a convex acoustic cavity
consists of an assembly of three flat rectangular plates. The remaining boundaries of the acoustic cavity are
perfectly rigid. The smallest rectangular bounding box enclosing the cavity has dimensionsLx × Ly × Lz=
1.5m× 0.9m× 1m. The cavity is filled with air with an ambient fluid densityρa = 1.1225 kg

m3 and a speed

of soundc = 340m
s . The three plates are made of steel (E = 210GPa,ν = 0.3,ρ = 7850 kg

m3 ) and they have
a thicknesst = 1.5mm. The system is excited using a structural point forceF = 100N , acting on the center
plate at coordinates (xF ,yF ,zF ) = (1m,0.6m,1m).
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(a) Problem definition (b) Post-processing points

Figure 4: Validation example: cavity backed steel plate assembly

4.2 Coupled structural-acoustic models

The validation example in figure 4(a) is modelled using both pure FE models and hybrid WB-MFE models.

4.2.1 Pure FE models

In order to study the convergence behaviour of the FEM both the structural plates and the acoustic cavity
are modelled using linear and quadratic FEM models. The linear models combine 4-noded quadrilateral
structural elements for the plates with 8-noded hexahedral elements for the acoustic cavity. The details of
the different linear models, used in the comparison are given in table 2.hmax is the length of the longest side
of a finite element in the discretisation andtsolve is the CPU time needed to solve the different models for
a single frequency.fint,a andfint,s indicate the upper frequencies for which the FE models include at least
6 elements per acoustic or structural wavelength (rule of thumb (12)).fpol,a andfpol,s are the maximum
frequencies up to which the acoustic and structural models yield accurate predictions according to the rules
of thumb in (14), taking into account numerical pollution effects. The quadratic FE models are built using
8-noded quadrilateral structural and 20-noded hexahedral acoustic models. Table 3 gives an overview of the
different quadratic models used in the comparison. MSC.Nastran2005r2 is used as FE solver.

dofss dofsa hmax fint,a fpol,a fint,s fpol,s tsolve

(= #nodes× 6) (= #nodes) [m] [Hz] [Hz] [Hz] [Hz] [s]
FE Lin 1 220× 6 = 1320 2200 0.1000 541 219 37.4 6.1 0.33
FE Lin 2 325× 6 = 1950 4225 0.0750 722 266 66.4 9 0.93
FE Lin 3 741× 6 = 4446 16302 0.0500 1082 348 149 16 8.5
FE Lin 4 1275× 6 = 7650 35700 0.0375 1443 422 266 23 40.6
FE Lin 5 1953× 6 = 11718 66402 0.0300 1804 490 415 31 114.6
FE Lin 6 2849× 6 = 17094 113960 0.0250 2165 553 598 39 348.9
FE Lin 7 4508× 6 = 27048 234416 0.0200 2706 642 934 53 2180.7
FE Lin 8 7808× 6 = 46848 523136 0.0150 3608 777 1661 77 18835.9

Table 2: Properties of the linear FE models
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dofss dofsa hmax fint,a fpol,a fint,s fpol,s tsolve

(= #nodes× 6) (= #nodes) [m] [Hz] [Hz] [Hz] [Hz] [s]
FE Quad 1 628× 6 = 3768 8260 0.1000 1082 548 149 38 3.8
FE Quad 2 937× 6 = 5622 16081 0.0750 1443 690 266 61 13.6
FE Quad 3 2165× 6 = 12990 63191 0.0500 2165 954 598 116 150.8
FE Quad 4 3749× 6 = 22494 139397 0.0375 2886 1201 1063 184 695.4
FE Quad 5 5765× 6 = 34590 260459 0.0300 3608 1436 1661 263 3408.9

FE Reference 13380× 6 = 80280 657348 0.0200 5411 1986 3737 504 /

Table 3: Properties of the quadratic FE models

4.2.2 Hybrid WB-MFE models

The hybrid models use the same structural parts as the pure FE descriptions. The acoustic cavity is modelled
using a single acoustic WB domain. By varying the truncation parameterN in (25), a single structural FE
model can be used to create several hybrid models with different numbers of acoustic WB dofs. All the
structural models in table 2 are used to construct equivalent hybrid models. The number of modal vectors
used in the structural base is determined according to the afore mentioned rule of thumb, taking into account
all structural modes up to twice the maximum frequency of interest. The routines to build and solve the
hybrid and the associated WB models are implemented in Matlab 7.0. All calculations are performed on a
3GHz Intel-based Linux-system with 1 gigabyte of RAM.

4.3 Numerical results

To illustrate that the hybrid WB-MFE method accurately describes the vibro-acoustic coupling effects be-
tween the steel plates and the internal acoustic cavity, figures 5(a) and 5(b) show a color map of the acoustic
pressure and structural displacement amplitude at150Hz obtained with a hybrid (right figure) and an FE
model (left figure). Both models use the same FE discretisation for the structure (linear FE model 7). In the
hybrid model, structural modes up to300Hz (84 in total) are used in the modal base. The number of acoustic
dofs in the FE model is 234416, while only 586 acoustic wave functions are used in the hybrid model. The
results show a good agreement between both models.

The calculation times given in figures 5(a) and 5(b) for the linear FEM calculations are solution times for
models in which both the structure and the acoustic cavity are modelled using direct physical coordinates.
The same reduction in number of structural dofs as in the hybrid WB-MFE method can be obtained by using
a modal base up to twice the frequency of interest for the structure. In figure 6, the average relative prediction
errorεav at50Hz and150Hz for the acoustic pressure , as defined in (36), in 20 response points, uniformly
distributed inside the acoustic cavity (see figure 4(b)), and the CPU time for solving the resulting system of
equations are compared using linear FE models 1,2,3,4 and 6 in table 2. The times for building the (reduced)
systems of equations and for calculating the uncoupled structural normal modes are neglected since these
operations need to be performed only once and the calculation time for these operations is negligible when a
large number of frequencies of interest are considered.

εav =
1
20

20∑
j=1

εj =
1
20

20∑
j=1

∣∣∣∣ p̂(rj)− pref (rj)
pref (rj)

∣∣∣∣ (36)

with p̂(rj) the calculated pressure response andpref (rj) a reference acoustic pressure at each of the response
locationsrj. The finest quadratic FE model is used to obtain the reference solution. The solid lines represent
the results for the direct models and the dashed lines are results using a modal structural model. The use of
modally reduced structural models does not result in a significant loss of prediction accuracy (corresponding
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(a) Acoustic pressure amplitude color map at150Hz[Pa]

(b) Structural displacement amplitude color map at150Hz[mm]

Figure 5: Color maps at150Hz for the FEM and the hybrid WB-MFE method

result points are at the same level). For the problem considered here, the reduction in number of dofs does
however not result in a reduction in calculation time. The solution times for the modal models are much
longer than for the direct calculations. The effect becomes more apparent for denser structural models,
where the solution sequence takes up to a factor10 longer. A likely explanation for this counterintuitive
observation can be found when looking at the structure of the coupling matrices resulting from the coupling
between a direct acoustic and a modal structural model. When both domains are modelled using direct
physical coordinates and matching meshes along the fluid-structure interaction surface are used, the coupling
equations in (5) and (6) link a single boundary acoustic dof to three structural dofs. This results in very
sparse coupling matrices. When using a modal base in the description of the structural deformation field,
each boundary acoustic dof interacts with each structural mode. For the problem at hand, where the entire
structure is in contact with the acoustic cavity, the structural-acoustic coupling matrices become very dense
and the bandwidth of the coupled system of equations increases significantly, resulting in a strong increase
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in computational efforts for solving the model. Consequently, all the calculation times used to study the
computational efficiency of the FEM in this article are obtained using a direct model for both the structure
and the acoustic cavity.
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Figure 6: Comparison between FE convergence curves using direct or modal approach for the structural
model

In order to compare the computational efficiency of the hybrid method and the FEM a convergence analysis
is performed. The acoustic pressure at50Hz and150Hz in the 20 response points in figure 4(b) is calculated
for all the models described in section 4.2. These results are plotted against the CPU times needed to solve
the different models. Only frequency dependent operations are taken into account in the calculation time.
For the FEM only the time needed to solve the system of equations is given. For the hybrid method the time
needed to build the WB system matrix and the hybrid coupling matrices as well as the time needed to solve
the system of equations are considered. The time to build the FE matrices and to calculate the structural
normal modes is not taken into account for the hybrid method nor for the FEM since this effort is frequency
independent and negligible when a large number of frequencies are considered.

Figure 7 compares the convergence rate of the different hybrid models with that of the FE models. Each
subfigure plots the global convergence curve for the linear FEM (o marker) and the prediction accuracy for
various hybrid models (∗ marker). The global curve for the FEM is obtained by simultaneously refining the
structural and acoustic meshes in the model. The individual convergence curves for the hybrid models are
calculated by combining a fixed structural model (using23 modes at50Hz and84 modes at150Hz) with an
increasing number of wave functions (ranging from6 till 586 acoustic dofs). The average structural FE mesh
dimensions in the different hybrid models are given in the captions of the subfigures. The convergence curves
show that, as the number of wave functions increases, the prediction accuracy of the hybrid models increases
steadily until some saturation is reached where the error remains constant. All the hybrid convergence
curves have an elbow shape. The saturation level is determined by the density of the structural FE mesh
and it is similar to the error for a pure FE model with the same structural part. The prediction accuracy
increases for both the FEM and the hybrid WB-MFE method when the structural FE model is refined. For
coarse structural models (see figure 7(a)), the hybrid calculations take approximately the same CPU time
as the linear FEM. For the finer structural models, the hybrid WB-MFE method converges much faster (up
to a factor≈ 100 for the model withh = 0.015m) to the same prediction accuracy as the corresponding
linear FE model. The convergence curves for the quadratic FEM are given to illustrate the possible gain in
computation accuracy when using quadratic rather than linear structural models in the hybrid method. The
possibilities of a hybrid coupling between acoustic WB models and quadratic structural FEM models (both
direct and modally reduced) will be explored in the future.
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(c) h = 0.015m, Structural model 8

Figure 7: Convergence curves for linear FEM, hybrid WB-MFEM and quadratic FEM for different structural
mesh sizeh in the hybrid models at50Hz (solid line) and150Hz (dashed line)

Figure 9 shows the pressure amplitude spectrum between0 and250Hz at a point inside the cavity, calculated
with FE and hybrid WB-MFE models using the structural models with mesh densityh = 0.03m (linear FE
model 5 in table 2). For the hybrid calculations, a truncation parameterN = 4 is used, resulting in a
model with a variable number of acoustic dofs. The evolution of the hybrid calculation time as a function
of frequency is given in figure 8. For the structure a modal base containing all modes up to500Hz, twice
the maximum frequency of interest, is used. This results in139 structural dofs. The results are compared
with a quadratic FEM reference solution (thick line) obtained with quadratic FE model 3 in table 3. All
the models yield the same predictions at low frequencies (up to100Hz). At higher frequencies, the linear
and hybrid model (both pure FE and hybrid FE-WB) exhibit a shift in some of the predicted resonance
frequencies. Due to the too coarse structural mesh used in the structural models, the predicted structural
wavelengths in the numerical model differ from the real physical bending wavelengths. The errors in the
predicted resonance frequencies are a direct result of numerical pollution errors. Since both predictions
suffer equally from dispersion it is concluded that the structural part of the model determines the dispersion
error in this example. At very high frequencies (above200Hz), the coarse models are no longer valid,
resulting in incorrect predictions. The FEM calculation take115s per frequency, while on average only24s
per frequency is needed to build and solve the hybrid model as indicated by the dashed line in figure 8. The
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higher computational efficiency of the hybrid WB-MFE method allows for faster prediction calculations or
further refinement of the model to obtain a higher prediction accuracy within the same calculation time. This
is illustrated in figure 9(c), which shows the pressure amplitude spectrum for a refined hybrid model with
approximately the same computational requirements for the calculation of the entire spectrum as the linear
FE model.
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Figure 8: Frequency dependent calculation time for building and solving the hybrid WB-MFE models

5 Conclusions

This paper describes a newly developed hybrid WB-MFE modelling technique for steady-state structural-
acoustic problems. In many coupled problems a complex structure interacts with a geometrically simple
acoustic cavity. The motivation for the hybrid approach is the combination of the advantages of both tech-
niques in a ’best of two worlds’-methodology. The complex structural part is described in great detail by the
geometrically versatile FEM. The application of the WBM for the acoustic part results in favourable con-
vergence properties. The hybrid method presented in this paper couples the structural FE and acoustic WB
models by directly enforcing the velocity continuity on the WB part and by directly imposing the acoustic
pressure loading on the structural FE part. The use of modal reduction techniques for the structural part
results in a significant gain in CPU time while maintaining a comparable level of prediction accuracy for
coupled structural-acoustic behaviour.

A comparison between the FEM and the hybrid WB-MFE method is made based on the structural-acoustic
analysis of a cavity-backed steel plate assembly. The results illustrate that the prediction accuracy of the
hybrid models increases as the number of wave functions increases, until saturation is reached and the pre-
diction error remains constant at a level similar to that of the direct linear FE predictions. The density of the
structural FE model determines the maximum prediction accuracy. Especially for denser structural meshes,
the hybrid method yields a higher accuracy in less computation time. These results illustrate the potential
of the hybrid WB-MFE method as a powerful tool for the prediction of the dynamic behaviour of real-life
coupled structural-acoustic systems.

Future research includes a further enhancement of the computational efficiency of the technique. Further-
more, the possibility of enforcing the structural-acoustic coupling in an indirect manner, the introduction
of damping materials along the fluid-structure interaction surface and the use of (both direct and modal)
higher-order structural FE models for the structural part of the problem will be explored.
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Figure 9: Acoustic pressure response spectrum
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Abstract
The Finite Element Method is a commonly used prediction method for dynamic simulations of plate bending
problems. A major disadvantage of this method is its practical frequency limitation in that the computational
loads become prohibitively large at higher frequencies. A newly developed Wave Based prediction technique
aims to relax this frequency limitation through an enhancedcomputational efficiency. This paper discusses
the application of the Wave Based Method for the particular case where stress singularities appear in one
or more corners of a polygonal plate domain. In this case the conventional set of field variable expansion
functions is extended with some special-purpose functionswhich incorporate the corner point singularities.
The beneficial convergence rate of the Wave Based Method as compared with the Finite Element Method is
verified for various validation examples.

1 Introduction

In recent years, the vibrational and acoustic behaviour of aproduct became a criterion of growing importance
in the product design process. This behaviour is often determined predominantly by the steady-state dynamic
deformations of the mechanical structure. In view of supporting design decisions through virtual prototyping,
it is important to have efficient numerical prediction techniques that are capable of making accurate structural
predictions.

Deterministic element based techniques, such as the FiniteElement Method (FEM) [1], are most commonly
used for dynamic simulations of mechanical structures. These methods are based on the discretisation of
the structure into small elemental domains. They express the dynamic field variables within each element
in terms of local, predefined shape functions, that only satisfy the Dirichlet boundary conditions and that
do not fulfil the governing differential equations. The solution is determined by restoring the constitutive
relations and Neumann boundary conditions in an integral sense. As a result, the number of elements and the
subsequent size of the models increase with increasing frequencies, such that the use of these deterministic
methods is practically limited to low-frequency applications.

Statistical prediction techniques form a second class of numerical methods. The SEA method [2] is the
prominent technique of this class. This method divides the structure into a number of subsystems, for which
only space- and frequency-averaged energy levels are predicted. The SEA method is only applicable if
each subsystem meets some conditions such as a high modal overlap, which limits the use of the statistical
methods to high-frequency applications. Between the upperfrequency limit of the deterministic techniques
and the lower limit of the statistical techniques, lies the so-called mid-frequency range, for which no mature
and efficient prediction techniques are available.

This paper proposes a Wave Based Method (WBM) that is based onthe indirect Trefftz method [3] for the
dynamic analysis of plate bending problems. Instead of dividing the problem domain into a large number of
elemental domains, the WBM divides the domain into large, convex subdomains. Within each subdomain
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the field variables are expressed in terms of global wave function expansions, which exactly satisfy the
governing dynamic equations. This implies that there is only an approximation involved in the boundary
and interface conditions. Consequently the system matrices are substantially smaller as compared with the
FEM. The smaller system matrices result in an enhanced computational efficiency, which allow the WBM to
become also applicable in the mid-frequency region.

In many plate bending problems stress singularities arise in the problem solution. For a polygonal plate
domain, the bending stresses often become singular in the corners. In general, it is difficult to achieve
accurate prediction results whenever singularities are present. Also for FE calculations it is difficult to reach
reliable results when the bending stresses become singulardue to a large pollution error invading the whole
domain [4][5]. Previous validations showed that the WBM suffers also from convergence problems when the
stresses become singular in a corner [6][7]. A possible solution to deal with these convergence problems is
to extend the set of basis functions with some additional functions. The latter functions, which will be called
’corner functions’, provide an accurate representation ofthe singular behaviour of the problem solution near
the corner point. For the hybrid Trefftz FEM, Jirousek already applied this approach to deal with corner
singularities for static plate bending problems [8]. For dynamic problems, Leissa presented a procedure for
determining the free vibration frequencies of sectorial plates [9]. The procedure is based on a Ritz method
where the conventional set of basis functions is extended with the corner functions from the associated static
problem. In this paper, the corner functions are used to resolve the convergence problems of the Trefftz-based
WBM.

2 Problem definition

The basic principle of the WBM is discussed briefly for a general, coplanar plate problem. In case that the
problem domain is non-convex, it must be divided in convex subdomains for convergence purposes, as shown
in figure 1. Both subdomains are excited by harmonic normal point forcesF1 andF2. According to the thin
plate theory [10], the steady-state out-of-plane displacementswzi (i = 1, 2) are governed by the following
differential equation:

∇4wzi(xi, yi)− k4
biwzi(xi, yi) =

Fi

Di
δ(xF i, yF i), (1)

where∇4 = ∂4

∂x4
i

+ 2 ∂4

∂x2
i
∂y2

i

+ ∂4

∂y4
i

. The plate bending wavenumberkbi and the plate bending stiffnessDi

are defined as

kbi = 4

√

ρihiω2

Di
and Di =

Eih
3
i

12(1 − ν2
i )

, (2)

with hi the plate thickness,Ei the elasticity modulus,νi the Poisson coefficient andρi the plate material
density related with subdomain(i).

Figure 1: A general non-convex plate problem.
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The following expressions represent the most commonly encountered boundary conditions at the plate
boundariesΓ(i)

s (= Γ
(i)
wθ

⋃

Γ
(i)
mQ

⋃

Γ
(i)
wm

⋃

Γc),

• kinematic boundary conditions: displacement and rotationare prescribed

Rwi(ri) = wzi(ri)− w̄zi(ri) = 0

Rθi(ri) = L
(i)
θ [wzi(ri)]− θ̄ni(ri) = 0 ri ∈ Γ

(i)
wθ,

(3)

• mechanical boundary conditions: bending moment and generalised shear force are prescribed

Rmi(ri) = L
(i)
m [wzi(ri)]− m̄ni(ri) = 0

RQi(ri) = L
(i)
Q [wzi(ri)]− Q̄ni(ri) = 0 ri ∈ Γ

(i)
mQ,

(4)

• mixed boundary conditions: displacement and bending moment are prescribed

Rwi(ri) = wzi(ri)− w̄zi(ri) = 0

Rmi(ri) = L
(i)
m [wzi(ri)]− m̄ni(ri) = 0 ri ∈ Γ

(i)
wm,

(5)

with w̄zi, θ̄ni, m̄ni andQ̄ni the prescribed values for, respectively, the displacement, the rotational displace-
ment, the bending moment and the generalised shear force.

Along the interfaceΓc between the two subdomains the force equilibrium and displacement compatibility
lead to the following four conditions:

Rmc(r1) = L
(1)
m [wz1(r1)]− L

(2)
m [wz2(r2)] = 0

RQc(r1) = L
(1)
Q [wz1(r1)] + L

(2)
Q [wz2(r2)] = 0 r1 ∈ Γc,

(6)

Rwc(r2) = wz2(r2)−wz1(r1) = 0

Rθc(r2) = L
(2)
θ [wz2(r2)] + L

(1)
θ [wz1(r2)] = 0 r2 ∈ Γc.

(7)

The differential operators for, respectively, the rotational displacement, bending moment and generalised
shear force are defined as follows,

L
(i)
θ = − ∂

∂ni
,

L
(i)
m = −Di

(

∂2

∂n2
i

+ νi
∂2

∂s2
i

)

,

L
(i)
Q = −Di

∂
∂ni

(

∂2

∂n2
i

+ (2− νi)
∂2

∂s2
i

)

,

(8)

whereni andsi are, respectively, the in-plane normal and in-plane tangential directions of the plate boundary.

3 Stress singularities

As mentioned in the introduction, stress singularities maycomplicate the prediction by standard numerical
methods. The bending stresses often become singular in the vicinity of an angular corner. This singularity
arises when the internal angle formed by the two edges of the corner exceeds a critical value. The critical
value depends on the boundary conditions applied along the two adjacent edges. This section discusses the
singular behaviour in the vicinity of a corner. The aim of this study is twofold. It allows to identify possible
corner singularities and to define some additional basis functions for the WBM to accurately represent the
singular behaviour. The stresses within a small vicinity ofthe corner are hardly affected by the boundary
conditions away from the corner point. Therefore it is reasonable to study the behaviour near a corner by
means of an infinite wedge domain, see figure 2. Provided that the internal angle and the radial boundary
conditions correspond to those of the corner in the originalproblem, the singular behaviour near the corner
will be identical in both problems. For the infinite wedge problem, an analytical solution for the out-of-
plane displacementwz is defined. This solution needs to satisfy (i) the dynamic equation, (ii) two regularity
conditions in the corner point and (iii) the radial boundaryconditions. Starting from the exact analytical
solution, the bending moments and their singular behaviourcan be evaluated.
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Figure 2: Infinite wedge domain.

3.1 Analytical solution

Assuming a separable functionwz and utilizing the polar coordinates as indicated in figure 2,yield the
following homogeneous solution,

wz =
∑

k

cos(λkθ)Rλk
(kbr) + sin(λ∗kθ)Rλ∗

k
(kbr), (9)

with
Rλ(kbr) = AλJλ(kbr) + BλYλ(kbr) + CλIλ(kbr) + DλKλ(kbr), λ = λk ∨ λ∗k (10)

and with Aλ, · · · ,Dλ 4 constants of integration and withJλ, Yλ, Iλ and Kλ the ordinary and modified
Bessel functions of the first and second kind. The eigenfunctions associated withλk describe the symmetric
bending with respect to the axisθ = 0; the ones associated withλ∗k are anti-symmetric with respect to this
axis. The eigenvaluesλk andλ∗k are solutions of the characteristic determinant arising from applying the
radial boundary conditions.

The four integration constants of each eigenfunction are determined by imposing independent equations for
r = ∞ andr = 0. The conditions at infinity do not influence the singular behaviour and are not considered
therefore. At the corner two regularity conditions are imposed,

wz(0, θ) = finite, (11)
∂wz

∂r
(0, θ) = finite. (12)

The regularity conditions lead to the following relations between the integration constants:

λ < 1

{

Bλ −
π
2 Dλ = 0,

Aλ + cos(λ−1)π
sin(λ−1)π Bλ + Cλ + π

2 sin(λ−1)π Dλ = 0.
(13)

λ > 1

{

Bλ = 0,
Dλ = 0,

(14)

Thus, imposing the two regularity conditions at the corner results in the following eigenfunctions:

λ < 1 Rλ = Aλ

(

Jλ(kbr)− CYλ(kbr)−
2

π
CKλ(kbr)

)

+Cλ

(

Iλ(kbr)− CYλ(kbr)−
2

π
CKλ(kbr)

)

(15)

λ > 1 Rλ = AλJλ(kbr) + CλIλ(kbr), (16)

with C = sin(λ−1)π
cos(λ−1)π+1 and withλ = λk ∨ λ∗k depending on whetherλ is associated with a symmetric or

anti-symmetric eigenfunction.
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3.2 Bending moment singularities

Now that an exact analytical solution (9) for the displacement field wz is defined, it is possible to evaluate
the bending moments in the vicinity of the corner point. The circumferential bending momentmθ is given
by,

mθ = −D

(

1

r

∂wz

∂r
+

1

r2

∂2wz

∂θ2
+ ν

∂2wz

∂r2

)

. (17)

Substituting the eigenfunctionRλ in this equation forλ > 1 and using the known Bessel functions rela-
tions [11] results in,

mθ =

(

Aλ

{

νk2
b

4
Jλ−2(kbr) +

kb

2r
Jλ−1(kbr)−

(

νk2
b

2
+

λ2

r2

)

Jλ(kbr)

−
kb

2r
Jλ+1(kbr) +

νk2
b

4
Jλ+2(kbr)

}

+Cλ

{

νk2
b

4
Iλ−2(kbr) +

kb

2r
Iλ−1(kbr) +

(

νk2
b

2
−

λ2

r2

)

Iλ(kbr)

+
kb

2r
Iλ+1(kbr) +

νk2
b

4
Iλ+2(kbr)

})

. (18)

Using the power series of the Bessel functions [11], the circumferential bending moment in the vicinity of
the corner point can be expressed as follows,

mθ|r=0 = lim
r→0

(

ν

Γ(λ− 1)
+

1

Γ(λ)
−

λ2

Γ(λ + 1)

)

rλ−2, λ > 1. (19)

Eq. (19) shows that the circumferential bending moment associated with the eigenfunctionRλ becomes
singular in the corner point whenλ < 2. The order of the singularity isλ− 2.

The same is done for eigenvaluesλ < 1. Substituting the eigenfunction (15) in the expression forthe bending
moment (17) and using the Bessel function relations and power series expansions leads to the following
expression for the bending moment,

mθ|r=0 = lim
r→0

(

2

sin λπ

1

Γ(1− λ)
+

1

sin λπ

1

Γ(−λ)

)

r−λ, λ < 1. (20)

In this case the bending moments are singular for the entire range ofλ, that is0 < λ < 1 and the order of
the singularity is−λ. In conclusion, it is shown that an eigenfunction will give rise to a singular bending
moment when its associated eigenvalueλ is smaller than two.

The order of the singularities in the radial bending moment and twisting moment are identical to that of the
circumferential bending moment.

3.3 Simply supported infinite wedge

The eigenvaluesλ are determined by the radial boundary conditions. However,it is only possible to define
an exact solution satisfying the radial boundary conditions if both radial edges are simply supported. In this
case, the following boundary conditions are applied,

wz(r,±
α

2
) = 0, (21)

mn(r,±
α

2
) = 0. (22)
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The eigenvalues result from applying the boundary conditions to the homogeneous solution (9) and solving
the resulting characteristic determinant,

λk = (2k − 1)
π

α
k = 1, 2, · · · , (23)

λ∗k =
2kπ

α
k = 1, 2, · · · . (24)

In the previous section it was demonstrated that the bendingmoments become singular if one of the eigen-
values becomes smaller than two. For the simply supported infinite wedge, this implies that singular bend-
ing moments occur whenever the internal angle exceedsπ/2. In this case, the first symmetric eigenvalue
λ1 = π/α becomes smaller than two, thereby invoking a singularity inthe bending moments. The anti-
symmetric eigenfunctions only introduce singularities when the internal angle exceedsπ. The eigenfunctions
and eigenvalues as defined here, form an exact analytical solution since they satisfy the dynamic equations,
the regularity conditions and the radial boundary conditions. Consequently, they represent the exact singular
behaviour around the corner and can be included as corner functions in the WBM.

It is interesting to compare the previously defined dynamic solution with the solution of the corresponding
static problem. For static plate problems, the analytical solutions were originally defined by Williams [12],

wz =
∑

s

rλs+1 {Aλs
cos(λs + 1)θ + Bλs

cos(λs − 1)θ}

+rλ∗

s+1 {Aλ∗

s
sin(λ∗s + 1)θ + Bλ∗

s
sin(λ∗s − 1)θ

}

, (25)

with Aλ andBλ arbitrary constants of integration andλs andλ∗s the static eigenvalues. The eigenvalues are
derived such that the radial boundary conditions alongθ = ±α

2 are satisfied. Eigenvalues with a negative real
part are excluded since they introduce a singularity in the slope ∂wz

∂r
, which is in violation with the second

regularity condition (12). For simply supported edges thisresults in,

λs =
(2s− 1)π

α
± 1 s = 1, 2, · · · , (26)

λ∗s =
2sπ

α
± 1 s = 0, 1, 2, · · · . (27)

An eigenvalueλs = 0 leads to the trivial solution except when the internal angleα equalsπ. Forλs = 1 the
system has a trivial solution except whenα equalsπ/2, π or 3π/2. For an internal angleα > π, there exists
an additional eigenvalue

λ′s = −
π

α
+ 1. (28)

Since the bending moments imply a second order derivative with respect tor, the moments around the corner
point behave asrλs−1 for a static problem. For the comparison between the bendingmoments of the static
and dynamic problem, the casesα < π andα > π are considered separately:

• If the interior angleα is smaller thanπ, the dynamic eigenvalues are all greater than one, so that
the dynamic eigenfunctions are defined as in Eq. (16). The dynamic bending moments behave as
rλk−2 in the direct vicinity of the corner, see Eq. (19). The staticbending moments behave asrλs−1.
Table 1 gives the smallest eigenvalues that invoke singularbending moments for both the static and
dynamic problem. It can be seen that the dynamic eigenvaluesλk correspond withλs +1, both for the
symmetric and anti-symmetric eigenfunctions. Thus, the static and dynamic bending moments have
the same asymptotic behaviour in the vicinity of the corner point.

• If the interior angleα is larger thanπ, there is an additional static eigenvalue (28). The associated
bending moments vary asrλ′

s−1. The first dynamic, symmetric eigenvalueπ/α becomes smaller than
one. Hence the associated eigenfunction takes the form of Eq. (15). As shown in (20), the dynamic
bending moments behave asr−λk . The static and dynamic bending moments associated with this
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symmetric anti-symmetric

static π
α
− 1 2π

α
− 1

dynamic π
α

2π
α

Table 1: Comparison of dynamic and static eigenvalues forα < π.

eigenvalue are equivalent ifλk = 1− λ′s, which is indeed the case. The smallest static eigenvalues of
Eq. (26) and Eq. (27) are compared with the remaining dynamiceigenvalues of Eq. (23) and Eq. (24)
in table 2. The anti-symmetric eigenvalues remain identical to those forα < π. For the symmetric
functions, the smallest static eigenvalue changes since the first value becomes negative and therefore
needs to be excluded. Comparing the bending moments for these functions shows that they are still
asymptotically identical in the vicinity of the corner.

symmetric anti-symmetric

static 3π
α
− 1 2π

α
− 1

dynamic 3π
α

2π
α

Table 2: Comparison of dynamic and static eigenvalues forα > π.

In summary, the asymptotic behaviour of the bending momentsin the vicinity of the corner is identical for
the static and dynamic solutions.

3.4 Other radial boundary conditions

When the two radial edges are not both simply supported, it isno longer possible to define an exact analytical
solution. This is a consequence of the fact that the solutionis not separable in variables. Leissa demonstrated
in [13] that the nodal patterns of sectorial plates do not consist of nodal radii or circles for other boundary
conditions than simply supported. For static problems, on the other hand, the analytical solutions for each
possible combination of radial boundary conditions are defined by Williams [12]. Leissa incorporates the
static eigenfunctions in a Ritz method to determine the freevibration frequencies of sectorial plates [9].
However, since the WBM is an indirect Trefftz method and thusrequires basis functions that a priori sat-
isfy the dynamic equations, it is impossible to incorporatethe Williams functions as basis functions. Only
functions consistent with Eq. (9) satisfy the homogeneous,dynamic plate equation and can be included as
basis functions in the WBM. The characteristic eigenvaluesλ that should follow from the radial boundary
conditions, will now be chosen such that the singular behaviour around the corner is asymptotically the same
as that of the corresponding static solution. As derived in the previous section for the simply supported case,
it is assumed that the static and dynamic solutions for othercombinations of radial boundary conditions have
also the same asymptotic behaviour around the corner point if,

λ = λs + 1. (29)

The eigenfunctions are defined as in Eq. (16). For the additional static eigenvalues as in Eq. (28), the bending
moments are asymptotically identical if,

λ = 1− λ′s. (30)

These dynamic eigenvalues will be smaller than one; the corresponding eigenfunctions are thus defined
according to Eq. (15). The resulting eigenfunctions satisfy the dynamic equation inherently. Although the
radial boundary conditions will not be satisfied, the singularities near the corner will be taken into account
in an asymptotically correct way.
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4 Basic concepts of the Wave Based Method

This section describes the basic principles of the WBM for a non-convex plate domain, as defined in section 2.
In contrast with the FEM, the WBM is an indirect Trefftz method. The WBM divides the plate domain into
a small number of subdomains. As long as the subdomains are convex, the convergence of the method is
ensured. Within each subdomain, the field variables are described with an expansion of basis functions which
satisfy the governing dynamic equations exactly. In this way, there is only an approximation error induced
in the boundary and interface conditions. Minimising this approximation error in an integral sense leads to
the solution of the system.

4.1 Field variable expansion

The steady-state displacementwzi in subdomain(i) is approximated as a solution expansion of two sets,

wzi ≈ ŵzi = ŵT
zi +

∑

ci

ŵC
zci. (31)

The first setŵT
zi comprises the conventional wave functions that are solutions of the dynamic equations.

This set forms a complete set, thereby ensuring convergenceto the exact result. However, when the bending
stresses become singular in a corner, a prohibitively high number of wave functions is needed. Enriching the
expansion with some additional functions that accurately represent the singular behaviour around that corner
can accelerate the convergence. Therefore, the set of wave functions is extended with a second setŵC

zci

that contains corner functions for each corner point(ci) of the considered subdomain(i) where the stresses
become singular. Each of these functions is defined in their proper coordinate system.

4.1.1 Wave functions

The first set of the solution expansion consists of the wave functions and is defined as follows,

ŵT
zi(ri) =

nbi
∑

b=1

wT
biΨbi(ri) + ŵF i(ri) = [Ψbi]{w

T
bi}+ ŵF i(ri), (32)

in which each wave functionΨbi satisfies the homogeneous part of the dynamic equation (1). The wave
functions that satisfy the homogeneous differential equation, are divided into two different sets as indicated
in table 3. The selection of the wavenumbersk

(i)
b,x andk

(i)
b,y is based on the dimensions(Lxi × Lyi) of the

preferably smallest rectangular box circumscribing subdomain (i), see figure 1. The first wavenumber,k
(i)
b,x

or k
(i)
b,y, is chosen such that an integer number of half wavelengths equals the length of the rectangular box

in the corresponding direction. The other component of the wavenumber is calculated from the structural
wavenumberkbi at the considered frequency. For the first set of wave functions, the functions associated
with the first wavenumber are cosine functions. For the second set, the functions associated with the first
wavenumber are sine functions. It has been proven by Desmet in [14] that the first set of wave functions
is capable of representing any displacement field provided that the domain is convex, and thus that the
convergence of the WBM is theoretically guaranteed. In caseof a non-convex plate domain, it must be
divided into convex subdomains to ensure convergence.

The number of bending wave functionsnbi that is included in expansion (32) is related to the excitation
frequency and the dimensions of the enclosing rectangular box,

nbi = 4(nb1i + 1) + 4(nb2i + 1) + 4nb3i + 4nb4i, (33)

with,
nb1i

Lxi
≈

nb2i

Lyi
≈

nb3i

Lxi
≈

nb4i

Lyi
≥ T1

kbi

π
, (34)
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with nb1i, nb2i, nb3i andnb4i integer truncation values and withT1 a user defined parameter. In this way the
largest wavenumber of the bending wave functions included in the model is at leastT1 times the structural
wavenumber at the considered frequency.

set wave functions wavenumbers

Ψb1i(xi, yi) = cos(k
(i)
b1,xxi) exp(−jk

(i)
b1,yyi) k

(i)
b1,x = b1π

Lxi
, k

(i)
b1,y =















±

√

k2
bi
−

(

b1π

Lxi

)2

±j

√

k2
bi

+

(

b1π

Lxi

)2

1 b1=0,1,···,nb1i

Ψb2i(xi, yi) = exp(−jk
(i)
b2,xxi) cos(k

(i)
b2,yyi) k

(i)
b2,y = b2π

Lyi
, k

(i)
b2,x =















±

√

k2
bi
−

(

b2π

Lyi

)2

±j

√

k2
bi

+

(

b2π

Lyi

)2

b2=0,1,···,nb2i

Ψb3i(xi, yi) = sin(k
(i)
b3,xxi) exp(−jk

(i)
b3,yyi) k

(i)
b3,x = b3π

Lxi
, k

(i)
b3,y =















±

√

k2
bi
−

(

b3π

Lxi

)2

±j

√

k2
bi

+

(

b3π

Lxi

)2

2 b3=1,···,nb3i

Ψb4i(xi, yi) = exp(−jk
(i)
b4,xxi) sin(k

(i)
b4,yyi) k

(i)
b4,y = b4π

Lyi
, k

(i)
b4,x =















±

√

k2
bi
−

(

b4π

Lyi

)2

±j

√

k2
bi

+

(

b4π

Lyi

)2

b4=1,···,nb4i

Table 3: Sets of wave functions.

FunctionŵF i is a particular solution function to take into account the inhomogeneous part of the dynamic
equation that arises from the external excitation applied on the plate. From all possible mathematical expres-
sions, the displacement of an infinite plate excited by a normal point force is selected,

ŵF i(ri) = −
jFi

8k2
biDi

[

H
(2)
0 (kbirF i)−H

(2)
0 (−jkbirF i)

]

(35)

with rF i =
√

(xi − xF i)2 + (yi − yF i)2, (36)

and whereH(2)
0 is the zero-order Hankel function of the second kind.

4.1.2 Corner functions

In the case of stress singularities, the set of wave functions is extended with a second set of corner functions.
For each corner(c) of the plate in which singular stresses occur, a number of corner functionsΥbc associated
with that corner are added,

ŵC
zci =

nc
∑

b=1

wC
bcΥ

(i)
bc (rc, θc) (37)

with nc the number of included corner functions for that corner and(i) the subdomain to which the corner
belongs. Each corner function is defined in a coordinate system with the corner as origin andθ related to the
bisecting line, see figure 3. In contrast with the wave functions, which are defined within one subdomain,
the corner functions are related to a corner and are not necessarily restricted to one subdomain. In case that
the corner point lies on a interface, and thus belongs to several subdomains, the functions associated with
that corner extent over the different subdomains adjacent to that corner. For example, cornerc2 in figure 3
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Figure 3: Definition of corner functions.

belongs to both subdomainΩs1 andΩs2. Thus the corner functions associated with this corner extend over
the two subdomains. For cornerc1 on the other hand, the corner functions are only defined in subdomain
Ωs1. The eigenvaluesλbc or λ∗bc of a corner function depend on the type of singularity and thus on the
boundary conditions along the adjacent edges and the interior angleαc of the corresponding corner. When
the eigenvalue is larger than one, the corner functions are defined as follows,

Υ
(i)
bc (rc, θc) =

{

cos λbcθcJλbc
(kbirc),

cos λbcθcIλbc
(kbirc),

{

sinλ∗bcθcJλ∗

bc
(kbirc),

sinλ∗bcθcIλ∗

bc
(kbirc).

(38)

When the characteristic value is smaller than one, the corner functions are defined as,

Υ
(i)
bc (rc, θc) =







cos λbcθc

(

Jλbc
(kbirc)− CbcYλbc

(kbirc)−
2
π
CbcKλbc

(kbirc)
)

,

cos λbcθc

(

Iλbc
(kbirc)− CbcYλbc

(kbirc)−
2
π
CbcKλbc

(kbirc)
)

,






sin λ∗bcθc

(

Jλ∗

bc
(kbirc)− C∗

bcYλ∗

bc
(kbirc)−

2
π
C∗

bcKλ∗

bc
(kbirc)

)

,

sin λ∗bcθc

(

Iλ∗

bc
(kbirc)− C∗

bcYλ∗

bc
(kbirc)−

2
π
C∗

bcKλ∗

bc
(kbirc)

)

,

(39)

with,

Cbc =
sin(λbc − 1)π

cos(λbc − 1)π + 1
and C∗

bc =
sin(λ∗bc − 1)π

cos(λ∗bc − 1)π + 1
. (40)

When both edges are simply supported, the exact analytical solution is available and the eigenvalues are
defined as in Eq. (23) and Eq. (24). For other combinations of boundary conditions, the eigenvalues are de-
termined from those of the corresponding static problem, asexplained in section 3.4. Since the only objective
of the corner functions is to accurately represent the singularities in the solution, only the eigenfunctions that
give rise to singularities need to be included in the model.

4.2 Evaluation of boundary and interface conditions

The field variable expansion (31) satisfies the governing dynamic equations (1) exactly, irrespective of the
unknown wave function contribution factorswT

bi and wC
bc. These contribution factors are determined by

minimising the approximation errors of the boundary and interface conditions through a weighted residual
formulation. The approximation errors on boundary and interface conditions of the two subdomains depicted
in figure1, are orthogonalised with respect to weighting functionsw̃z1 andw̃z2 respectively,

∫

Γ
(1)
wθ
∪Γ

(1)
wm

L
(1)
Q [w̃z1]Rw1dΓ +

∫

Γ
(1)
wθ

L(1)
m [w̃z1]Rθ1dΓ−

∫

Γ
(1)
wm∪Γ

(1)
mQ

L
(1)
θ [w̃z1]Rm1dΓ

−

∫

Γ
(1)
mQ

w̃z1RQ1dΓ−

∫

Γc

L
(1)
θ [w̃z1]RmcdΓ−

∫

Γc

w̃z1RQcdΓ = 0, (41)
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∫

Γ
(2)
wθ
∪Γ

(2)
wm

L
(2)
Q [w̃z2]Rw2dΓ +

∫

Γ
(2)
wθ

L(2)
m [w̃z2]Rθ2dΓ−

∫

Γ
(2)
wm∪Γ

(2)
mQ

L
(2)
θ [w̃z2]Rm2dΓ

−

∫

Γ
(2)
mQ

w̃z2RQ2dΓ +

∫

Γc

L
(2)
Q [w̃z2]RwcdΓ +

∫

Γc

L(2)
m [w̃z2]RθcdΓ = 0. (42)

As mentioned before, the corner functions are not necessarily restricted to one subdomain. In case that
a function is defined in two subdomains, it will not give rise to an approximation error over the interface
between the two subdomains since the continuity is a priori guaranteed. The corner function will therefore
be excluded from the residuals over that interface. The weighting functions are chosen in a similar way as
in the Galerkin weighting procedure. In this way a square system of equations in the unknown contribution
factorswT

bi andwC
bc is obtained.

4.3 Model properties

Both the FEM and the WBM are deterministic prediction techniques, however they are based on a completely
different concept. The FEM is based on the Rayleigh-Ritz principle, whereas the WBM is a Trefftz approach.
Compared with the FEM, the WBM has the following advantages:

- Compared to the FE models, the WB models are substantially smaller. Thanks to the smaller sys-
tem matrices and the subsequent smaller computational load, the WBM becomes applicable at higher
frequencies.

- The spatial derivatives of the wave functions are also wavefunctions, such that the derived variables
have the same spatial resolution as the primary variable. For the FEM, the derived variables are less
accurate since the basisfunctions are usually polynomial functions.

- To refine the WB models, an additional number of wave functions is included. This results in the
addition of a number of matrix elements while the original elements remain unaltered. For the FEM a
global model refinement requires a new model calculation.

The disadvantages of the WBM include the following:

- The WB system matrices are fully populated and contain complex valued elements. In addition, the
WB models suffer from a poor numerical condition. The ill-conditioning does not prevent the practical
convergence of the WBM but it requires that all computationsare performed with a high accuracy.

- It is not possible to decompose the WB models into frequencyindependent matrices, such that the
system matrix needs to be calculated at each frequency of interest.

- A major advantage of the FEM is that it is widely applicable.There are hardly any restrictions on the
geometric complexity of the problem. The application of theWBM, on the other hand, is restricted
to problems of only moderate geometric complexity to benefitfrom its enhanced computational effi-
ciency.

5 Validation examples

In this section the computational advantages of the WBM are demonstrated for two validation examples. For
convex problems, including only the wave functions of the first set that guarantee theoretical convergence,
see section 4.1.1, is optimal for the convergence rate [7]. It is shown here that this is not valid for non-
convex problems. Furthermore, the performance of the WBM iscompared with the FEM. This comparison
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is made both on accuracy as on computation time. All FE predictions are calculated using MSC/Nastran2004,
whereas the WBM is implemented in C++. The FE predictions include both a linear 4-noded and a quadratic
8-noded quadrilateral shell discretisation. All FE predictions use a direct solution method. For the computa-
tion time of the FEM only the direct solving time is included,since the FE models can be decomposed into
frequency independent matrices. For the WBM, on the other hand, the computation time includes both the
time needed for constructing the model as well as the time needed for solving the model. All calculations
were performed on a 3GHz Intel Pentium 4 processor running a Linux operation system.

5.1 U-shaped plate

A first example consists of a U-shaped plate. Since the problem domain is non-convex, it must be divided
into convex subdomains. The domain decomposition is indicated in figure 4. All the plate boundaries are
simply supported. The plate is made of aluminium (E = 70 · 109N/m2, ν = 0.3, ρ = 2790kg/m3)
and has a thickness of 0.002m. A unit normal point force is applied to the first subdomain at position
(xF , yF ) = (0.15m, 0.15m). The three response points are located atw1(0.5m, 0.1m), w2(0.6m, 0.35m)
andw3(0.2m, 0.65m).

Figure 4: U-shaped plate.

corner angle eigenfunction eigenvalue

c 270◦ Υ1,c = cos(λ1,cθ)
(

Jλ1,c
(kbr)− C1,cYλ1,c

(kbr)−
2
π
C1,cKλ1,c

(kbr)
)

λ1,c = 0.66667

Υ2,c = cos(λ1,cθ)
(

Iλ1,c
(kbr)− C1,cYλ1,c

(kbr)−
2
π
C1,cKλ1,c

(kbr)
)

Υ3,c = sin(λ∗1,cθ)Jλ∗

1,c
(kbr) λ∗1,c = 1.33333

Υ4,c = sin(λ∗1,cθ)Iλ∗

1,c
(kbr)

Table 4: Eigenfunctions and eigenvalues for the U-shaped plate (c=6,7).

In case that the radial edges are simply supported, the stresses in the corner points are evaluated by using the
exact analytical solutions of an infinite wedge. As stated insection 3.3, singularities can be expected if the
interior angle exceedsπ/2. For the U-shape, this implies that there will be singularities in the corners 6 and
7 and that convergence problems can be expected for the conventional WBM implementation without corner
functions. This is confirmed by figure 5. This figure shows the displacement in response pointw3 predicted
with the WBM with and without corner functions. The results are compared with the results of a FE model
with 408,153 degrees of freedom. The structural wavelengthλb equals 0.178m at 600Hz, where the largest
element size of the FE model is 0.0028m. The bottom figure gives the prediction of the WBM without corner
functions. The model includes wave functions of both sets and uses a truncation ruleT1 = 1.5. As expected,
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Figure 5: Frequency response function for response pointw3 (dashed: FE reference 408,153dofs / solid:
WBM CF set1+2(top), WBM set1+2 (bottom)).

the WBM suffers from convergence problems, which prevent convergence to the correct result at several
frequencies. In a second WB model, the set of wave functions is extended with some corner functions for
corners 6 and 7. The corner functions for each of these corners are summarised in table 4. The included wave
functions are identical to those of the first model. The prediction of the WB model with corner functions is
shown in the top figure. The WBM suffers no longer from any convergence problems and achieves a good
accuracy compared with the reference result.
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Figure 6: Convergence curves for the WBM (−×− set1 /− ◦ − CF set1 /−∇− CF set1+2).

frequency (Hz) ♯ wave functions set 1 ♯ wave functions set 2 ♯ corner functions
per subdomain per subdomain

100 112 104 8
265 176 168 8
391 212 204 8

Table 5: WB reference models for the U-shaped plate.
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Figure 6 plots the convergence rate of the WBM. The figure plots the relative prediction error on the dis-
placement as a function of the CPU time. The prediction erroris averaged over thenrp = 3 response points,

〈ǫ〉 =
1

nrp

nrp
∑

j=1

ǫj , (43)

with,

ǫj =
‖wz(rj)− wref

z (rj)‖

‖wref
z (rj)‖

. (44)

The results of three different WB models are included,

- only wave functions of the first set (set1),

- only wave functions of the first set and corner functions (CF set1),

- wave functions of both the first and second set and corner functions (CF set1+2).

As reference a WB model with wave functions of both sets and corner functions is used. The WB reference
model sizes are indicated in table 5. The accuracy of the conventional WBM (set1) is rather poor. The
models with corner functions on the other hand, achieve a good accuracy. However, it is also seen that
including Bessel functions in the expansion substantiallyincreases the computation time. Furthermore, it
seems that including the wave functions of the second set hasa beneficial effect on the convergence. This
result is in contrast with that of the convex plate, where thefunctions of the second set had no influence on
the convergence rate. As the WBM(CF set1+2)achieves the highest convergence rate, it has been used for
subsequent predictions.
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Figure 7: Convergence curves (− ×− WBM CF set1+2 /− ⋄ − FEM linear /− ◦ − FEM quadratic).

frequency (Hz) wavelengthλb (m) ♯ FE dofs element size (m)
100 0.436 3,387,759 0.0017
265 0.268 3,387,759 0.0017
391 0.221 3,387,759 0.0017

Table 6: FE reference models for the U-shaped plate.

The convergence rate of the WBM(CF set1+2)and FEM are compared in figure 7. These figures plot again
the averaged relative prediction error as a function of the CPU time. For the FEM, both the predictions of
a 4-noded linear and a 8-noded quadratic element discretisation are included and a quadratic FE model of
3,387,759 degrees of freedom is used as reference, see table6. For the WB predictions the WB reference
model is used, see table 5. The WBM has clearly an enhanced convergence rate compared with the FEM,
even if quadratic elements are used.
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5.2 Hexagonal plate

A second validation example consists of a hexagonal plate with a side length of0.5m and with a central
square cut out. The structure has a thickness of0.0005m and is made of aluminium (E = 70 · 109N/m2,
ν = 0.3, ρ = 2790kg/m3). All plate boundaries are clamped. Again the problem domain is non-convex
so that the domain must be divided into subdomains. Figure 8 shows the problem geometry and the subdo-
main division. The structure is excited by a unit normal point force applied at(xF , yF ) = (0.05m, 0.3m)
and the result will be calculated in the following response points, w1(−0.05m, 0.2m), w2(0.3m, 0.02m),
w3(0.06m,−0.3m) andw4(−0.3m,−0.06m).

Figure 8: Hexagonal plate.

Also in this example singular bending moments are expected in the corners. In absence of the exact analyt-
ical solutions for the dynamic problem, the eigenvalues of the corresponding static problem are used. The
characteristic equations for a static clamped-clamped infinite wedge are given by [12],

sinλsα = −λs sin α, (45)

sin λ∗sα = λ∗s sin α, (46)

for, respectively, the symmetric and anti-symmetric eigenfunctions. An eigenvalueλ = 0 yields the trivial
solution. An eigenvalueλ = 1 yields the trivial solution except when the internal angleα equals257, 45◦

or π. In general, the eigenvalues will be complex. But since onlythe real part of the eigenvalues introduces
singularities, only the real part will be considered. The non-linear equations (45) and (46) are solved in
Matlab using the Powell dogleg method described in [15]. Thecharacteristic equations indicate that singu-
larities can be expected if the internal angle exceedsπ. For the hexagonal plate there are thus four corners
where singularities occur,c = 7− 10. The dynamic eigenfunctions are deduced from the static eigenvalues
calculated from Eq. (45) and Eq. (46). Table 7 shows the corner functions which are added to a conventional
wave function expansion for each of the four corners. The influence of the corner functions on the prediction
results is shown in figure 9. This figure plots the predicted displacement in response pointw3. The WB
results are compared with an FE model of 348,564 degrees of freedom (element size 0.0056m,λb at 175Hz
0.165m). Both WB models contain wave functions of the first and second set (T1 = 1.5). The prediction
made by the WBM without corner functions (bottom figure) doesnot correspond well with the reference
solution. Extending the set of wave functions with corner functions (top figure) improves the convergence of
the WBM significantly and results in an accurate prediction.

Figure 10 compares the performance of the WBM and FEM. The figure gives the relative prediction error
averaged over thenrp = 4 response points, as a function of the computation time. Similar as for the U-shaped
plate, the WBM with wave functions of both sets and corner functions gives the most accurate predictions.
That is why only these WB models are included in the convergence analysis. The WB results are compared
with a WB reference model, see table 8 for the model details. For the FEM, both models with a linear and
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corner angle eigenfunction eigenvalue

c 270◦ Υ1,c = cos(λ1,cθ)
(
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2
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(kbr)
)
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)

Υ3,c = sin(λ∗1,cθ)
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)
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)
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2,c
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Υ8,c = sin(λ∗2,cθ)Iλ∗

2,c
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Table 7: Eigenfunctions and eigenvalues for the hexagonal plate (c=7-10).
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Figure 9: Frequency response function for response pointw3 (dashed: FE reference 348,564dofs / solid:
WBM CF set1+2 (top), WBM set1+2 (bottom)).

frequency (Hz) ♯ WF set 1 ♯ WF set 2 ♯ WF set 1 ♯ WF set 2 ♯ CF
domain 1+3 domain 1+3 domain 2+4 domain 2+4

145 392 376 552 536 32
225 680 664 480 464 32
379 880 864 616 600 32

Table 8: WB reference models for the hexagonal plate.
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frequency (Hz) wavelengthλb (m) ♯ FE dofs element size (m)
145 0.181 2,685,480 0.0046
225 0.145 2,685,480 0.0046
379 0.112 2,685,480 0.0046

Table 9: FE reference models for the hexagonal plate.

quadratic discretisation are included. The FE results are compared with a quadratic FE reference model of
2,685,480 degrees of freedom, see table 9. Figure 10 indicates that also for this example the WBM has an
enhanced convergence rate over both the linear and quadratic FEM.
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Figure 10: Convergence curves (−×− WBM CF set1+2 /− ⋄ − FEM linear /− ◦ − FEM quadratic).
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Figure 11: Frequency response function for response pointw3 (dashed: FE reference 348,564dofs / solid:
WBM CF set1+2 (top), FEM 56,220dofs (bottom)).

Figure 11 plots the predicted displacement in response point w3 in function of the frequency. The figure
shows the prediction made by the WBM(CF set1+2)and the FEM. Both results are compared with a ref-
erence solution that was predicted with a linear FE model of 348,564 degrees of freedom (element size
0.0056m,λb at 400Hz 0.109m). The WB model is calculated with a truncation parameterT1 = 1.5, leading
to a model of 360 (set 1) plus 328 (set 2) wave functions at 200Hz and 496 (set 1) plus 464 (set 2) wave
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functions at 400Hz. The number of corner functions is constant, i.e. 32. The WBM needs 1007 CPUseconds
to calculate the entire response function from 10Hz to 400Hz. Figure 11 only shows the part of the response
function between 200Hz and 400Hz, since below 200Hz both theFE and WB result correspond perfectly
with the reference solution. As indicated by the top figure, the WB prediction corresponds very well with
the reference solution over the entire frequency range. TheFE model consists of 56,220 degrees of freedom
(element size 0.014m) and needed 1493 CPUseconds to calculate the entire response function. At low fre-
quencies, there is a good correspondence between the FE and reference solutions. But starting from 250Hz
the FE results already suffer from dispersion errors such that some errors are induced in the prediction of the
resonance frequencies. This confirms the enhanced convergence rate of the WBM, which enables the WBM
to make accurate predictions up till higher frequencies than the FEM.

6 Conclusions and future research

The WBM is a novel numerical prediction technique with the potential to relax the frequency limitation of
the element based prediction techniques, such as the FEM. This paper discusses the application of the WBM
to plate bending with special focus on the treatment of stress singularities. Previous validations showed
that the WBM suffers from convergence problems when singularities arise in the problem solution. For a
polygonal plate domain, singularities can be expected in the plate corners if the interior angle exceeds a
critical value, which depends on the type of boundary conditions along the edges adjacent to the corner. This
paper proposes to extend the conventional set of wave functions with a number of corner functions that are
capable of representing exactly the stress singularities.The corner functions are defined as the homogeneous
solutions for an infinite wedge domain. However, it is only possible to define the exact solution if the two
radial edges are both simply supported. For other combinations of radial boundary conditions, a procedure
is presented to deduce the corner functions from Williams‘ static eigenfunctions. In this way the asymptotic
behaviour around the corner is still identical to that of theexact solution. This results in an enhanced WBM
that is capable of predicting accurate results, even when the solution becomes singular in one or more corners.

The potential of the enhanced WBM is demonstrated through two validations examples. In each example
the solution exhibits stress singularities, which cause the conventional WBM to suffer from convergence
problems. It was verified for the validation examples that extending the expansion of wave functions with
a few corner functions for each corner where singularities occur, indeed resolves the convergence problems
of the WBM. Furthermore, it was demonstrated that for non-convex problems the WBM that additionally
includes wave functions of the second set shows to have an increased convergence rate. The performance of
the WBM has also been compared with that of the FEM, where botha linear and quadratic discretisation are
included. In all cases the WBM exhibits an increased convergence rate over the FEM. As a result, the WBM
is capable of making accurate predictions up till higher frequencies than the FEM for a same computational
load. This indicates the potential of the WBM as an efficient mid-frequency technique.

The main drawback of the WBM is its inability to deal with geometrically complex structures. Since for
convergence purposes all subdomains have to be convex, a complex geometry requires a high number of
subdomains which will drastically decrease the convergence rate of the method. Therefore a hybrid ap-
proach [16][17] is being envisaged. In this approach, the WBM will be coupled together with the FEM to
combine the advantages of both methods. The WBM will be used to model the geometrically simple parts of
the structures in a very efficient way. The FEM, on the other hand, will be used to model the geometrically
more complex parts of the structure. This approach is especially appropriate for structures that exhibit a typ-
ical mid-frequency behaviour in the sense that some parts have already a short wavelength behaviour, while
others still have a long wavelength behaviour. With the hybrid WB-FE approach, the WBM will be used to
efficiently model the geometrically simple plate domains, that typically are still flexible in the mid-frequency
range. The stiff components, on the other hand, will be modelled by the FEM.
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Abstract
In the automotive industry, like in other transport industries, predicting noise during design cycle is a nec-
essary step. Well-known methods exist to answer this issue in low frequency domain. Among these, Fi-
nite Element Methods, adapted to closed domains, are quite easy to implement whereas Boundary Element
Methods are more adapted to infinite domains, but may induce singularity problems. In this article, a new
method based on the well-known elastodynamics Substructure Deletion Methodis presented. Analogies be-
tween acoustical and seismic problems are made to transpose the method. It consists in dividing a complex
unbounded problem into two easier ones to solve finite and infinite problems. Instead of considering a geo-
metrically complex structure, a prismatic bounding volume is first studied. Then aclassical Finite Element
computation is performed on the volume left between the box and the considered structure. The advantage
of this technique is that when testing and comparing several geometries contained in such a box, only one
boundary element calculation is needed. Efficiency of this method is discussed in the present document.

1 Introduction

In the automotive industry, evaluating the emitted noise is an important step duringunits dimensioning
or during the vehicle design cycle as vehicles have to respect the European legislation concerning noise.
Moreover, acoustics have become an important choice criteria when buying a car. To achieve this, two main
methods exist that is Finite Element Methods ([1], [2], [3], [4]) and Boundary Element Methods ([3], [5],
[6]). When dealing with radiation problems, Boundary Elements are usually employed. Since they may
induce singularity problem, they are not really easy to use whereas Finite Elements are. They are well
adapted to bounded media as this is impossible to discretize the infinity into finte cells.

The idea developped in this paper is to take advantage of both methods. The presented method is inspired
from the Substructure Deletion Method is described. The SDM was first presented by Dasgupta in the late
70’s [7], and developped in Civil Engineering [8], [9], [10]. In order to investigate the dynamic response
of a building embedded foundation under seismic loading, the non-excavated soil impedance matrix is first
calculated. Then the embedment region composed of the same material as the soil is studied. At last the
impedance matrices are combined according to the continuity and equilibrium assumptions to obtain the
impedance matrix of the embedded foundation.
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2 Theoretical formulation of the method

2.1 General formulation of a radiation problem in acoustics

A complex vibrating structure, as shown in Fig. 1, is considered. The acoustical radiation problem is
governed by the Helmholtz equation and conditions on the finite and infinite boundaries (cf Eq. 1).

Ω
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1

∂Ωc,2
1

∂Ωc,3
1

∂Ωa,1
2
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2
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Figure 1: General radiation problem presentation































∆p + k2p = 0 in Ω
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kp−
∂p

∂r
= O(r) Sommerfeld condition at infinity

(1)

In this article, only Neumann and Sommerfeld conditions will be considered as shown on the equation (1),
that is to say the normal velocities resulting from a frequency response ofthe structure are assumed to be
known.



















∆p + k2p = 0 in Ω
∂p

∂n
= q on∂Ω

kp−
∂p

∂r
= O(r) Sommerfeld condition at infinity

(2)

After having multiplied the Helmholtz equation by a test functionδp, the weak formulation (or integral
formulation) can be derived by applying the Green-Gauss theorem.

b(p, δp) = (q, δp)L2(Ω), ∀δp regular test function inΩ (3)
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Where:










b(p, δp) = −k2

∫∫∫

Ω
δp p dV +

∫∫∫

Ω
∇δp∇p dV

(q, δp)L2(Ω) =

∫∫

∂Ω
δp

∂p

∂n
dS

The functionb is a sesquilinear form whereas(·, ·) is a linear operator.

As it will be demonstrated in the next paragraphs, whatever Finite Element orBoundary Element methods
are used for the discretization, the integration leads to the following discretized equation:

p = A
∂p

∂n
(4)

The present method aims at calculating the admittance matrixA.
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Figure 2: Global problem division into two subdomains

As in elastodynamics, this is achieved by dividing theΩu domain into two domains as illustrated in Fig. 2,
whereΩ2 is an unbounded domain andΩ1 a bounded domain. The weak formulation (cf Eq. 3) can then
be decomposed on these two domains and the integral equation (Eq. 3) of thecomplex problem (Fig. 1)
becomes:

b(p1, δp) + b(p2, δp) = (q1, δp)L2(∂Ω1)) + (q2, δp)L2(Ω2)), ∀δp ∈ H1(Ω1) ∪ H1(Ω2) (5)

The most suitable discretization method is then chosen for each type of problem.

2.2 Exterior problem

A main advantage of Boundary Element methods is they are well adapted to infinite domain studies. Let’s
consider again the integral equation written on Eq. 3, substitutingΩ with Ω1. After applying a second time
Green theorem, the fundamental solutiong, called Green function, is introduced.g is the exact solution of
the following equation :

∆g + k2g = δ whereδ is the dirac function, (6)
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Hence, the boundary integral equation is obtained:

ci pi =

∫∫

∂Ω1

∂p

∂n
· g dS −

∫∫

∂Ω1

p ·
∂g

∂n
dS with: ci =



















1 P ∈ Ω1\∂Ω1

1

2
P regular point on∂Ω1

solid angle
4π

P singular point on∂Ω1

(7)

The discretization of this equation on∂Ω2 leads to :

G
∂p

∂n1
= Hp1 ⇔ −ρfω Gvn1

= Hp

where the elementary matrices are such as:



























Gα
ij =

∫∫

Σj

ϕα · gi dS

Hα
ij = H̄α

ij + ciδij

H̄α
ij =

∫∫

Σj

ϕα ·
∂gi

∂n
dS

(8)

δij is the kronecker symbol.

Finally, the following expression is derived:

p1 = A1vn1 (9)

2.3 Interior problem

In this case, the use of finite elements avoids the difficulties due to singularities encountered with boundary
elements. Moreover this discretization method is more adapted to bounded domains.

As in structural dynamics mass-like and stiffness-like matrices can be inferred from the variational formula-
tion described by Eq. 3 by introducing suitable shape functions. As a consequence the interior problem is
governed by:

(

K
f − ω2

M
f
)

p2 = Fvn2, with:































Kf
e =

∫∫∫

Ωe

[

∂N

∂n

]t [

∂N

∂n

]

dV

Mf
e =

1

c2

∫∫∫

Ωe

NN t dV

Fe = −ρfω

[
∫∫

∂Ωe

NntN t dS

]

n−t

(10)

To be compatible with the boundary integral formulation inΩ2, these matrices have to be reduced on the
domain boundary degrees of freedom. An exact condensation or a Guyan reduction is proceeded to obtain
the transformation matrixT such as:

Mred = T
t
M

f
T

Kred = T
t
K

f
T

Hence a similar expression as equation (9) can be derived :

[

Kred− ω2
Mred

]

p2 = Fvn2

⇔ p2 = A2vn1 (11)
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2.4 The Substructure Deletion Method

Since the FE and BE matrices have been calculated, only boundary conditions (given below Eq. 12) are
lacking to solve the problem. These conditions guarantee the compatibility and equilibrium between the two
problems described before.
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1 vn
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pb
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2

vn
b
1 + vn

b
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pa
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3

vn
a
2 = vn

a
3

pc
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3

vn
c
1 = vn

c
3

(12)

This leads to the following expression ofA = A3:

p3 =

[

A
a,a
3 A

a,c
3

A
c,a
3 A

c,c
3

]

vn3 (13)

with



































A
a,a
3 = A

a,a
2 − A

a,b
2

[

A
b,b
1 + A

b,b
2

]

−1
A

b,a
2

A
a,c
3 = A

a,b
2

[

A
b,b
1 + A

b,b
2

]

−1
A

b,c
1

A
c,a
3 = A

c,b
1

[

A
b,b
1 + A

b,b
2

]

−1
A

b,a
2

A
c,c
3 = A

c,c
1 − A

c,b
1

[

A
b,b
1 + A

b,b
2

]

−1
A

b,c
1

(14)

3 Application and results

3.1 Presentation of the studied models

(a) First model : straight edge (b) Second model : curved edge

Figure 3: Unbounded complex problems meshes

The Substructure Deletion Method is applied here on two-dimensional examples. The different models are
presented on figure 3. These problems are divided into two subproblems respectively illustrated on figures 4
and 5. The same mesh is used to solve the two unbounded problems.
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(a) First model : straight edge (b) Second model : curves edge

Figure 4: Bounded problems meshes

Figure 5: Common unbounded problem mesh

3.2 Results

Figures 7, 8 and 9 show the pressure level at different points on the wetted surface. Those points can be
located on figure 6. The results of only three representative nodes arepresented here.

SDM results are compared with BEM results. These were computed with the Matlab open source OpenBEM
routines. For all nodes, the Substructure Deletion Method shows a quite good agreement with BEM.

2
6

14

12

3

9

7 11 5

4
10

813

1

Figure 6: Visualization points
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(b) Second model : curved edge

Figure 7: Sound Pressure Level at node 2
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(b) Second model : curved edge

Figure 8: Sound Pressure Level at node 9

Even if some inaccuracies remains, qualitative behaviour is generally respected, and quantitative behaviour
is satisfying for a use during preliminary architectural studies
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(b) Second model : curved edge

Figure 9: Sound Pressure Level at node 14
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Number of
iterations

SDM (Matlab routines) BEM (Matlab routines)

CPU Time CPU Time

1
1 BEM computation : 2h30 1 BEM computation : 2h30
1 FEM and SDM computation : 3 min

Total : 2h33 Total : 2h30

10
1 BEM computation : 2h30 10 BEM computations : 102h30
10 FEM and SDM computations : 30
min

Total : 3h Total : 25h

Table 1: CPU Time depending on the number of iterations

4 Conclusion

In this article, a new method has been described. It consists in dividing a complex radiation problem into
two subproblems : a bounded one, solved thanks to Finite Elements, and a unbounded one studied here
with Boundary Elements. The application on an academical two-dimensional example shows quite good
agreement with reference BEM results. Since this method is to be used on simplified geometries during
prospecting phase, the results may be accurate enough to compare several architectural concepts. More, as
it is illustrated by the table 1, this method is adapted to optimization : the more numerous geometries to be
tested, the more CPU time may be gained by using the Substructure Deletion Method.

At last, if the Substructure Deletion Method shows good results on an academical case, its accuracy on an
industrial case remains to be demonstrated. If it is, this method should allow to conceive better and earlier.
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Abstract 
Wave motion in uniform structures in one direction can be modelled using the waveguide finite element 

(WFE) method. The transfer matrix of a section of a waveguide is found from the mass and stiffness 

matrices, which may be formed by conventional FE packages. The wave properties can be obtained from 

the eigenproblem resulting from applying a periodicity condition to the transfer matrix. Numerical issues 

in the WFE method are described in this paper. Numerical errors are categorised into three groups: (1) 

finite element discretisation errors, (2) round-off errors and (3) errors induced by numerical ill-

conditioning. The length of the finite element affects these errors. Methods including singular value 

decomposition are applied to improve numerical errors. Wave motion and numerical issues are illustrated 

and discussed for simple waveguides for which analytical solutions are available. 

 

 

1 Introduction 
 

Many structures can be regarded as uniform waveguides in one direction, so that the cross-section of the 

waveguides has the same physical and geometrical properties. The waveguide finite element (WFE) 

method can be used to analyse wave propagation in such structures (e.g. [1]). The method involves the 

reformulation of the dynamic stiffness matrix, which includes the mass and stiffness matrices of a small 

section of the structure. The mass and stiffness matrices may be derived from conventional FE packages 

such that existing element libraries can be fully employed. The transfer matrix is then formed from the 

dynamic stiffness matrix and a periodicity condition applied to give an eigenvalue problem. Structural 

wave motion is expressed in terms of the eigenvalues and eigenvectors of this matrix and these represent 

the wavenumbers and wave modes respectively. Since the method needs a finite element model of only 

one small section, the computational cost is small.  

However, several numerical difficulties may arise in practice and these are considered in this paper. In 

Section 2, the WFE method is reviewed. Zhong’s method [2] is introduced for improving matrix 

conditioning. Three approaches to calculate the group velocity are described. Section 3 concerns 

numerical errors and implementation. Errors are categorised into three groups: (1) finite element (FE) 

discretisation errors, (2) round-off errors and (3) errors induced by numerical ill-conditioning. The use of 

singular value decomposition (SVD) to reduce errors in the estimate of the eigenvectors is proposed. 

Section 4 contains numerical examples. Errors and the effect of the length of the finite element are 

considered. Some concluding remarks are then made. 

 

2 Review of the WFE method 
 

In this section the WFE method is briefly reviewed. The conditioning of the eigenvalue problem is 

introduced and methods for numerical estimation of the group velocity are described. 
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2.1 Finite element modelling of waveguides 
 

Consider a uniform structural waveguide. A section of axial length ∆  is cut from the structure. Following 
a conventional FE analysis, the equation of motion of the section of the waveguide can be expressed as 

 ( )2 jω ω− + + =M C K q f  (1) 

for time harmonic motion of the form j te ω , where M, K and C are the mass, stiffness and damping 

matrices respectively, f represents the loading vector and q is the vector of the nodal degrees of freedom 

(dofs). The dynamic stiffness matrix is then defined as 

 2 jω ω= − + +D M C K . (2) 

After removing internal dofs, equation (1) for the section can be written as [3] 

 
LL LR L L

RL RR R R

     
=     

     

D D q f

D D q f
 (3) 

where the subscripts L and R denote the left and right side of an element. When the section is uniform, the 

following relationships hold: 

 T T T, ,LL LL RR RR LR RL= = =D D D D D D  (4) 

and 

 sgn , sgnRRij LLij RLij LRij= ⋅ = ⋅D D D D  (5) 

where T⋅  indicates the transpose and the signs in equation (5) depend on whether the dofs at the element 
interface are symmetric or anti-symmetric [4]. 

 

2.2 Transfer matrix 
 

Suppose that no external force is applied to the structure, and the waveguide is divided into a number of 

identical sections. The transfer matrix can be defined on the basis of the continuity of displacements and 

the equilibrium of forces of adjacent elements as [5] 

 
L R

L R

   
=   −   

q q
T

f f
 (6) 

where T is the transfer matrix of the section. The transfer matrix can be formed from the elements of the 

dynamic stiffness matrix as [6] 

 
1 1

1 1

LR LL LR

RL RR LR LL RR LR

− −

− −

 −
=  

− + − 

D D D
T

D D D D D D
. (7) 

From a periodicity condition, free wave propagation over the element length ∆  is described in the form of 
an eigenproblem as 

 λ
   

=   
   

q q
T

f f
. (8) 

 

2.3 Eigenvalues and Eigenvectors 
 

The eigenvalues iλ  in equation (8) relate to wave propagation over the distance ∆  such that [5] 
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 ijk

i eλ − ∆=  (9) 

where ik  is the wavenumber for the ith wave component. The wavenumber can be a purely real, purely 

imaginary or a complex number, associated with propagating, evanescent (nearfield) and oscillating 

decaying waves respectively. The eigenvector corresponding to the eigenvalue in equation (8) can be 

expressed as 

 T T T

i i i
 =  Φ q f . (10) 

It should be noted that the eigenvector represents a wave mode and contains information about both the 

nodal displacements and internal forces. For uniform waveguides, there exist positive and negative going 

wave pairs in the form of ijk

i eλ ± ∆± =  and the eigenvalues and associated eigenvectors are ( ),i iλ +
Φ  and 

( )1 ,i iλ −
Φ . Positive-going waves are characterised from the modulus of the eigenvalues; 1iλ <  or if 

1iλ = , from the power flow, { }HRe 0>f q�  where H⋅  represents the complex conjugate transpose. 

 

2.4 Zhong’s method 
 

Numerical solutions of the eigenproblem for the transfer matrix (8) may be inaccurate because of ill-

conditioning. This occurs because there may be both very large and very small eigenvalues as well as the 

magnitudes of the some elements of the eigenvector of nodal displacements may differ from those of 

nodal forces by large amounts. Several methods have been proposed to overcome this problem [2,4,7]. 

Among them, Zhong’s method [2] is applied in this paper. The eigenvalue problem with improved 

conditioning has been derived for singular control problems which are analogous to periodic structure 

mechanics. 

When there are nearfield wave pairs Nk
e

± ∆
, the condition number of the transfer matrix may be roughly of 

the order of 
2 Nk

e
∆
. Zhong’s algorithm formulates the eigenvalue problem in the form of 1−+T T  rather 

than T  such that the condition number may be reduced to the order of  N Nk k
e e

∆ − ∆+ . In addition, Zhong’s 

method uses the relationships for the displacement vectors alone such that the range of magnitudes of the 

elements of the eigenvector is relatively small. For positive going waves, the following equation holds: 

 
RL LL RR LR

RL RL

λ
λ λ

− − −      
=      − −      

D D D 0 Dq q

0 D D 0q q
 (11) 

and a similar equation holds for negative going waves. The resulting eigenvalue problem is given as 

 
( ) ( )
( ) ( )

1 LR RL LL RRLR

LL RR LR RLRL λ λµ

 − − +      
=       + −−       

D D D D0 D q q

D D D DD 0 q q
 (12) 

where 1µ λ λ= + . For symmetric elements, both matrices are skew-symmetric since relationships (4) and 

(5) hold. The matrix on the right hand side involves ( ) ,LR RL−D D  ( )LL RR+D D  such that several matrix 

elements can be cancelled for symmetric elements. Equation (12) is a double eigenvalue problem for 1 µ , 
whose eigenvectors contain only the nodal displacement dofs.  

The original eigenvalues ,1i iλ λ  can be determined from the calculated eigenvalue 1 iµ  by solving the 

quadratic equation or by using a trigonometric function [8]. There are two independent eigenvectors 

1 2,φ φ  associated with the double eigenvalues 1,21 µ , which are given by 

 T T T

1,2 (1,2) (1,2)λ =  φ q q . (13) 

The original eigenvector associated with the specific eigenvalue iλ  can be found from a linear 
combination of 1φ  and 2φ , i.e.:  
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 T T T T T

1 1 2 2λ α α = = + φ q q φ φ . (14) 

Substituting equation (14) into equation (11) gives 

 
(1) (2)

1 2

(1) (2)

RL LL RR LR

RL RL

λ
α α

λ λλ

 − − − −       
+ =     −        

q qD D D D
0

q qD D
. (15) 

Taking the scalar product of H

1φ  leads to the relationship between 1α  and 2α  such that 

 

(1)H H

(1) (1)

(1)2

(2)1 H H

(1) (1)

(2)

RL LL RR LR

RL RL

RL LL RR LR

RL RL

λ
λ

λλα
α λ

λ
λλ

− − − −   
      −   = −

− − − −   
      −   

qD D D D
q q

qD D

qD D D D
q q

qD D

. (16) 

A similar result holds for the eigenvector associated with 1 iλ . There may be numerical difficulties when 
solving equation (16). In the next section, an alternative way is investigated using SVD. 

After finding the vector of displacements, the corresponding force eigenvector can be calculated from the 

first row of equation (8) as 

 ( )LL LRλ= +f D D q . (17) 

The original right eigenvector associated with iλ  is then 

 ( )
( )
( )

( )
( ) ( )

i i

i

i LL i LR i

λ λ
λ

λ λ λ
   

= =   +   

q q
Φ

f D D q
. (18) 

Similarly, the original left eigenvector can be obtained as 

 ( ) ( ) ( ) ( )
TT

1 1i i RR i LR iλ λ λ λ = +  
Ψ q D D q . (19) 

 

2.5 Group velocity 
 

The group velocity represents the energy flow velocity of waves. The group velocity for the ith wave is 

defined by (e.g. [9]) 

 gi

i

c
k

ω∂
=

∂
. (20) 

Once the eigenvalues and eigenvectors are known, the group velocity can be numerically calculated in 

several ways. 

Firstly, finite difference can be applied such that  

 
( )

( ) ( )

( ) ( )

1 1

1 1

n n
n

gi n n

i i

c
k k

ω ω+ −

+ −

−
=

−
 (21) 

where n-1, n, n+1 are consecutive frequency steps. Other definitions for equation (21) are possible. This is 

a simple method to calculate the group velocity from a first order approximation. 

Another way to calculate the group velocity is in terms of the power and energy [9] 

 ,gi i tot ic P E=  (22) 

where P is the time-averaged power through the cross-section of a waveguide and totE  is the total energy 

density. These values are given by  
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 { } { }
2

H H

, , , , ,

1
, Re , Re

4 4
tot i k i p i k i i i p i i iE E E E E

ω
= + = − =

∆ ∆
q Mq q Kq  (23) 

where ,k iE  and ,p iE  represent the kinetic and potential energy densities for the ith wave and 

 { } { }H H1
Re Im
2 2

i i i i iP
ω

= = −f q f q� . (24) 

The dissipated power follows from the imaginary part of K and/or the damping matrix C.  

In addition, the group velocity could be determined by differentiating the eigenproblem. The group 

velocity can be analytically expressed as  

 
21

2
gi

i i

c
k k

ω ω
ω

∂ ∂
= =

∂ ∂
 (25) 

and 2k ω∂ ∂  is found from the eigenvalue problem (8) such that  

 ( ){ }2 iλ
ω
∂

− =
∂

T I φ 0 . (26) 

Expanding equation (26), using equations (9) and premultiplying by the left eigenvector iψ  leads to 

 
2 2

0i
i i i

k
j λ

ω ω
∂∂ 

+ ∆ = ∂ ∂ 

T
ψ I φ . (27) 

Using the relationship for T  in equation (7), 2ω∂ ∂T  in equation (27) can be evaluated as 

     
1 1 1 1 1

2 1 1 1 1 1 1 1

LR LR LR LL LR LL LR LR LR

RL RR LR LL RR LR LR LR LL RR LR LL RR LR RR LR LR LR
ω

− − − − −

− − − − − − −

 − +∂
=  ∂ − + − − 

D M D D D M D M DT

M M D D D D M D D D D M M D D D M D
. (28) 

From the above equations the group velocity is given by 

 

( )2
2

i i i
gi

i i

j
c

λ
ω

ω

∆
= −

∂

∂

ψ Iφ

T
ψ φ

. (29) 

 

3 Numerical issues 
 

Numerical errors are first categorised into three groups and each group illustrated. Some suggestions for 

improving conditioning and reformulating the eigenproblem follow. In particular, SVD is applied to 

improve errors for the determination of the eigenvectors. 

 

3.1 Numerical errors 
 

Numerical errors are categorised into three groups: (1) FE discretisation errors, (2) round-off errors and 

(3) errors induced by numerical ill-conditioning. Each is briefly illustrated. 

 

3.1.1 FE discretisation error 
 

The WFE method starts from the mass and stiffness matrices of the section. When the structure is 

discretised using the FEM, FE discretisation errors occur. To represent the system motion accurately, 6 or 
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more FEs are generally needed for each wavelength [10]. In the WFE formulation, this criterion can be 

expressed as 

 1k∆ ≤ . (30) 

It should be noted that equation (30) should be satisfied both along the waveguide and over its cross-

section. It should also be noted that when k π∆ > , spatial aliasing errors will occur. 

 

3.1.2 Round-off errors in the dynamic stiffness matrix 
 

Numerical results may approach theoretical values as the length of element ∆  approaches zero. However, 
round-off errors may also arise for small ∆ . The inertia term 2ω M  may suffer from errors when the 

dynamic stiffness matrix 2ω= −D K M  is calculated at low frequencies. The criteria where the errors 

become large depends not only ω  but also ∆  because the mass and stiffness matrices are associated with 
∆ . In other word, the round-off errors occur where the stiffness of the section is dominant compared to 
the inertia. 

 

3.1.3 Errors caused by ill-conditioning 
 

Numerical errors occur through matrix operations when a matrix is ill-conditioned. Here, errors occurring 

in matrix inversion and the eigenvalue solution are considered. 

When a matrix A is inverted, the maximum resulting error can be estimated as ( )ε κ⋅ A , where ε  is the 
machine precision and κ  is the condition number, given by [11] 

 ( ) 1

max minκ σ σ−= =A A A  (31) 

where ⋅  is the matrix 2-norm, maxσ  and minσ  are the largest and smallest singular values. It should be 

noted that even if all the eigenvalues of A are of similar magnitude, a non-symmetric, non-real matrix A 

may be ill-conditioned. Typically when there are relatively large numbers on the off-diagonal terms, the 

problem of ill-conditioning is likely to occur. The pseudo matrix inverse (e.g. [11]) should be applied to 

improve errors when an ill-conditioned matrix is to be inverted.  

Errors occurring in eigenvalue solvers are next discussed. According to Gerschgorin’s theorem (e.g. [11]), 

upper error bounds of the calculated eigenvalues increase when there are large numbers on off-diagonal 

terms of an eigenproblem. The condition number of the eigenproblem could be an indicator of ill-

conditioning except when there are some eigenvalues equal or close to 0. In this paper, all calculations 

have been performed with MATLAB whose eigenvalue solver is based on Schur decomposition. The 

sensitivity of the calculated eigenvalue ( )is λ  may be assessed using the eigenvectors such that 

( ) ( ) ( )H
1i i is λ λ λ= ψ φ  with 1= =φ ψ . The eigenvalue iλ  may be perturbed by an amount ( )isε λ⋅ . 

In particular when the sensitivities of the eigenvalues are large, numerical estimation of two distinct but 

similar eigenvalues ,i jλ λ  may appear as repeated eigenvalues ' ',i jλ λ  as numerical artefacts [11]. Such 

examples using MATLAB can be found in [12].  

 

3.2 Reformulation of Zhong’s method 
 

Recall the conditioned eigenproblem (12). The equation can be written as general eigenvalue problems in 

the form of either 1 µ=Ax Bx  or µ =Ax Bx . One might be interested in several waves which have small 

wavenumbers. A limiting case is when a wave is at the cut-off frequency ( )0k →  such that 
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1 2µ λ λ= + → . In such cases, it is beneficial to take the form of 2µ −  rather than µ  such that the 
important eigenvalues are bounded by small values. The eigenvalue problem (12) may be formed as 

 
( ) ( )
( ) ( )

1

1
0.5 0.5

1

i LR RL LL RR iLR

i LL RR LR RL iRLλ λλ λ

−    − − +         − = −        + − − +          

q D D D D q0 D I 0

q D D D D qD 0 0 I
. (32) 

The pseudo matrix inverse may be applied for equation (32). It has been found that equation (32) is 

preferable for flexural wave problems for which both the translational and rotational dofs are important. 

For later convenience, the matrices of the eigenproblem are defined as 

 
( ) ( )
( ) ( )

1 0.5 ,
LR RL LL RRLR

s s

LL RR LR RLRL

−   − − +     
= − =       + −−      

D D D D0 D I 0
Z Z Z

D D D DD 0 0 I
. (33) 

 

3.3 SVD application for the determination of the eigenvectors 
 

The eigenvectors can be obtained from equations (14) and (16). However, both the denominator and the 

numerator of equation (16) may be small and hence numerical errors occur. Alternatively equation (15) 

can be written in another form as 

 
( ) ( )

( ) ( )

1 2 1

21 2

RL LL RR LR

RL RL

λ α
λ αλ λ

 − − − −   
=    −      

q qD D D D
0

D D q q
. (34) 

Equation (34) is now written as [ ]T1 2α α =Χ 0 , where Χ  is an 2n×  rectangular matrix. The problem is 

now to find out appropriate values of { }1 2α α  to project Χ  to a null vector such that SVD can be applied 

[11]. Performing SVD on Χ  gives H=Χ UσV  such that 

 
( )

T

111 12

221 22

0 0 0

0 0 0 0

v v

v v

σ
σ

  
=    ≈   

Χ U
�

�
. (35) 

Taking the second column of equation (35) and expanding Χ  to the original expression gives 

 
( ) ( )

( ) ( )

1 2 12

221 2

RL LL RR LR

RL RL

v

v

λ
λ λ λ

 − − − −   
≈    −      

q qD D D D
0

D D q q
 (36) 

such that { }1 2α α  in equation (34) is given by 

 2 1 22 12v vα α = . (37) 

The advantages of the SVD approach are: 

 (1) equation (35) can be derived from only one matrix multiplication while equation (16) needs two 

multiplications for both the denominator and numerator, so that errors in the calculated eigenvectors are 

smaller and, 

(2) the orders of 21 22,v v  are typically ( )1O  while the denominator and numerator in equation (16) may be 

close to zero such that numerical errors are improved. 

 

4 Error analysis for free wave propagation 
 

In this section free wave propagation in an Euler-Bernoulli beam and in a simply supported plate are 

calculated using the WFE method. Errors in the eigenvalues and eigenvectors are investigated. Proposed 
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SVD approach is applied for the determination of the eigenvalues and the accuracy of results evaluated. 

The accuracies of the various methods for estimating the group velocity are compared. 

 

4.1 Flexural waves in an Euler-Bernoulli beam 
 

Flexural waves in an Euler-Bernoulli beam are first considered. The beam supports four waves and the 

wavenumbers are Bk±  and Bjk±  where  

 4
Bk A EIρ ω=  (38) 

where EI  is the bending stiffness, ρ  is the mass density and A  is the cross-sectional area (e.g. [9]). The 

waves are associated with the propagating and nearfield, or evanescent, wave pairs.  

A two node beam element with a cubic shape function is considered. The mass and stiffness matrices for 

the Euler-Bernoulli beam (e.g. [10]) hence the dynamic stiffness matrix can be formed. For a numerical 

example, the properties of the beam are assumed to be 0.175EI = , 0.078Aρ =  in SI units. ∆  is selected 
as 2 mm. For the values stated here, both the original (8) and the conditioned eigenproblem (32) have been 

used to give the results in [8]. The results shown here are calculated from the conditioned eigenproblem. 

 

4.1.1 Error in the eigenvalues 
 

The calculated propagation constant is shown in figure 1. The abscissa represents ( )2Bk ∆  which is 

proportional to frequency. The calculated wavenumber shows good agreement with the analytical solution 

for small Bk ∆  but the discrepancy increases as frequency increases and the results completely break down 

around ( )2 50Bk ∆ ≈ . The relative error of the wavenumber is shown in figure 2. The error is a minimum at 

0.04Bk ∆ ≈  and increase for large Bk ∆  and small Bk ∆ . The cause of errors at large Bk ∆  is FE 

discretisation errors, together with the round-off errors at small Bk ∆  such that random fluctuation is 
observed. It should be noted that the frequency, where the round-off error become significant, depends on 

the element length ∆ . 

 

4.1.2 Error in the eigenvectors 
 

The error in the eigenvectors is evaluated using the time-averaged kinetic energy density kE . The 

analytical value is given by 

 
( )22 2 2

0 0
2

sin1
lim lim

4 4 4

B

k

B

kw A A
E A dx

t k

ρ ω ρ ω
ρ

∆

∆→ ∆→
−∆

∆∂
= − = =

∆ ∂ ∆∫  (39) 

and can be found numerically from equation (23). The relative error in kE  associated with the propagating 

wave is shown in figure 3. The proposed SVD approach (37) and the original approach (16) are compared. 

The results are reasonably accurate, say, for 210 1Bk− ≤ ∆ ≤ . For small Bk ∆ , where round-off errors 
increase, the error in the SVD approach is marginally smaller because of the reasons stated in Section 3.3.  

 

4.1.3 Error in the group velocity 
 

The group velocity is evaluated using the methods outlined previously. Figure 4 shows the relative errors 

in the various estimates of the group velocity from the analytical solution 2g Bc kω=  (e.g. [9]). 
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Regardless of the methods, results show small errors for the range of, say 210 1Bk− ≤ ∆ ≤ , where both the 

eigenvalues and eigenvectors are accurately calculated. The finite difference method shows a different 

behaviour to the others since this method is based on only the eigenvalues. This fact may be advantageous 

as the eigenvalues are likely to be more accurate than the eigenvectors [8]. The accuracy of the finite 

difference method is associated with the interval between consecutive frequency steps such that smaller 

frequency steps could improve the accuracy but very small steps would introduce further numerical 

problems. The power and energy relationship and the differentiation of the eigenproblem also show 

accurate results. The differentiation of the eigenproblem is likely to suffer from numerical errors because 

the method needs 1

LR

−
D  to be evaluated and a large number of matrix operations such that errors may 

accumulate. 
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Figure 1: Dispersion relationship, ―: ( )Re k∆ , – –: ( )Im k∆ , ····: analytical solution. 
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Figure 2: Relative error in the calculated wavenumber. 
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Figure 3: Relative errors in the calculated kE  using ―: the SVD approach (37), – –: the original 

approach (16). 
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Figure 4: Relative errors in the group velocity,  ―: finite difference, – –: power and energy 

relationship,  −·−: differentiation of the eigenproblem. 

 

4.2 Flexural waves in a simply supported plate strip 
 

Ill-conditioning is likely to increase for two- or three-dimensional structures as the size of the transfer 

matrix increases. Numerical results are shown for flexural waves in an isotropic, thin, simply supported 

plate strip. The width of the plate strip is yL  and the edges at 0, yy L=  are simply supported. Wave 

motion along the strip (in the x-direction) is considered. Wave modes have displacements proportional to 

( )sin yn y Lπ , where n is an integer. 

 

4.2.1 WFE formulation 
 

Flexural waves in the plate are considered. The plate strip model is formed as shown in figure 5. The mass 

and stiffness matrices are first derived using ANSYS 7.1. A four node, plane strain shell element (shell 63) 

was chosen. Since 1k∆ ≤  should be satisfied for both the x- and y-directions, 1x y∆ ∆ ≈  is preferable for 

an isotropic material. After removing the appropriate dofs associated with the boundary conditions, the 

eigenproblem is formed. The plate width 0.18yL = , the Young’s modulus 112.0 10E = ⋅ , the mass density 

7800ρ = , the Poisson’s ratio 0.30ν =  and the plate thickness 31.8 10h −= ⋅ , all in SI units. Three plate 

strip models, with 18, 36 and 90 FE elements across the width and for which 10,5,2x y∆ = ∆ = mm, are 

formed and numerical results are compared. 

 

 

 

 

Figure 5: Coordinates for the plate. 

 

4.2.2 Dispersion relationship 
 

The dispersion relationship using an 18 FE plate strip model ( 10x y mm∆ = ∆ = ) is shown in figure 6. The 

conditioned eigenvalue problem (32) is applied and both calculated and analytical results are plotted. 

Analytical wavenumbers are given by [13] 

x 

y x
∆  

Ly 

y
∆  
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 ( )
2

2 1,2,xn

y

h n
k n

D L

ρ π
ω

 
= ± − =  

 
�  (40) 

where ( )3 212 1D Eh ν= −  is the bending rigidity. The abscissa represents the non-dimensional frequency 

2 2

yL h Dπ ρ ωΩ =  and the cut-off frequencies occur at 2nΩ =  (n=1,2,3…) where 0xnk =  in equation 

(40). The ordinate shows the non-dimensional wavenumber x yk L π  and this parameter equals jn (purely 

imaginary) for the nth mode at 0ω = . Six wave modes cut on in the frequency range analysed. The WFE 

results agree well with the analytical solution on the whole. However, there are some discrepancies for 

higher wave modes where both x xk ∆  and 1y yk ∆ ≈  ( 1.05y yk ∆ ≈  for the 6th mode). At low frequencies, 

nearfield estimates become complex conjugates pairs R Ik k jk= ± −  with small Rk . These are numerical 

artefacts. The real parts of the complex conjugate pairs are suppressed for clarity. 

 

4.2.3 Error in the eigenvalues 
 

The relative errors of the calculated wavenumber associated with the n=1 mode is shown in Figure 7. The 

errors are investigated using the three FE models. The relative error becomes large where x xk ∆  becomes 

large ( )2.5x xk ∆ >  and around the cut-off frequency. On the whole, the error decreases as the number of 

finite elements increase because x xk ∆  is small and the cut-off frequency is calculated accurately. The 

round-off error of the inertia term is not clearly seen except for the 90 FE model as the wavenumber 

asymptotes to a non-zero imaginary wavenumber. A small peak around 33 10−Ω = ⋅  is associated with the 

repeated complex conjugate eigenvalues.  

 

4.2.4 The matrix condition number 
 

The matrix condition numbers for the 18 FE model are shown as functions of frequency in figures 8. The 

condition numbers of the conditioned (32) and the original eigenproblem (8) are shown. Figure 8 (a) 

shows the condition number of sZ  in equation (33) and LRD  in equation (3), these being the matrices that 

are inverted, and (b) those of the eigenproblem for Z  in equation (33) and for T  in equation (7). It can be 

seen that the conditioned eigenvalue problem has very small condition numbers. The original 

eigenproblem (8) is so poorly conditioned even for a 2 FE plate strip model [8] that the conditioned 

eigenvalue problem should be applied. For the conditioned eigenproblem, ( )κ Z  becomes relatively large 

at the cut-off frequencies as one set of the eigenvalues becomes zero but the number is still smaller than 

the original eigenproblem.  

Although decreasing element length ∆  improves FE discretisation errors, the condition number then 

increases. The condition numbers ( )sκ Z  are investigated for several plate strip models. The results for 

7.48Ω =  are shown in figure 9. The figures represent the number of FE associated with each plate strip 

model. As (1) x∆  becomes smaller, (2) the matrix size increases and, (3) the aspect ratio of FE elements 

increases, the condition number deteriorates. For this example, the relationship between the condition 

number and x∆  is approximately 

  ( ) 2

s xκ −∝ ∆Z  (41) 

for the same element aspect ratio. When ( )sκ Z  is large in figure 9, the associated ( )κ Z  is also large. 

With respect to FE modelling, x∆  and y∆  should be carefully chosen considering the compromise 

between FE discretisation errors and errors from ill-conditioning. 
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Figure 6: Dispersion relationship for the 18 FE plate strip model. ―: analytical solution, – –: WFE 

result. 
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Figure 7: Relative errors in the calculated wavenumber associated with the n=1 mode using ―: 18 

( )10x mm∆ = , – –: 36 ( )5x mm∆ = ,  −·−: 90  ( )2x mm∆ =  FE model. x y∆ = ∆ . 
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Figure 8: The condition numbers of (a) sZ (―) and LRD (– –), (b) Z (―) and T (– –), ―: the 

conditioned and  – –: the original eigenvalue problem. 
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Figure 9: Condition numbers of sZ  at 7.48Ω =  (1 kHz). 
x y

γ = ∆ ∆ . 

 

4.2.5 Error in the eigenvectors 
 

The accuracy of the shear force component is evaluated and taken to be representative of the accuracy of 

the eigenvectors for the n=1 mode. The analytical expression for the shear force per unit nodal 

displacement is [13] 

 ( ){ }2 22xz x x yw jDk k kτ ν= + −  (42) 

for time harmonic propagating waves. The relative errors in the calculated shear force using the 18 FE 

model are shown in figure 10 (a). The trend is similar to that of the wavenumbers shown in Figure 7. The 

SVD approach and the original method are compared but the two curves are almost identical. However, 

the SVD approach is better for models with more elements. Figures 10 (b), (c) show the relative errors of 

the eigenvectors using 36 and 90 FE plate strip models. The range of Ω  is changed for these figures for 
clarity. As the number of elements increases, the condition number deteriorates and the eigenvectors 

become less accurate. For the 36 FE model in figure (b), the SVD approach improves the accuracy 

especially at low frequencies. For the 90 FE model shown in figure (c), the errors tend to be less on the 

whole. However, it should be noted that the average level of error is large for the 90 FE model. This is 

because the ill-conditioning in the matrix to be inverted and the eigenproblem increase. It may be 

concluded from these investigations that although the SVD approach marginally improves errors 

especially at low frequencies, to solve the eigenvalue problem accurately is still a significant issue. 

 

4.2.6 Error in the group velocity 
 

The group velocity is calculated for the 18 FE model using the various methods. Figure 11 shows the 

relative errors in the calculated group velocity. The n=1 mode is evaluated specifically around the cut-off 

frequency and 37.5 10δ −Ω = ⋅  ( )1f Hzδ =  is chosen for the frequency increment. Although all relative 

errors become large near the cut-off frequency, the power and energy relationship and finite difference 

show reasonable accuracy. The results from differentiation of the eigenvalue problem show poor accuracy 

because of the ill-conditioning of LRD . 

Both the power and energy relationship and finite difference method have advantages and disadvantages 

in terms of accuracy and calculation cost. When both the eigenvalues and eigenvectors are accurately 

calculated, the power and energy relationship seems an appropriate method. However, the eigenvectors are 

less accurate than the eigenvalues such that the finite difference method can be more accurate. The 

problem is that a small frequency increment may be needed for accurate results around the cut-off 

frequencies and branches because the wavenumbers may change drastically. As long as the eigenvalues 

and eigenvectors are accurately obtained, the power and energy method might be preferable. 
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Figures 10: Relative errors in the calculated shear force component using (a) 18, (b) 36, (c) 90 FE 

plate strip model, ―: the SVD,   – –: original approach.  
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Figure 11: Relative errors in the calculated group velocity, ―: finite difference, – –: power and 

energy relationship,  −·−: differentiation of the eigenproblem  

 

5 Concluding remarks 
 

In this paper, numerical issues for the waveguide finite element (WFE) method have been discussed. 

Potential numerical errors have been first categorised and then investigated with relation to the accuracy 

of the eigenvalues and eigenvectors of simple waveguides. The element length ∆  is the important factor 
for determining numerical errors. The maximum value of ∆  is limited by FE discretisation errors but the 
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minimum may be determined by the matrix ill-conditioning for general structures. The value of ∆  should 
be appropriately determined with regard to the discussion concerning numerical errors. 

A SVD approach has been proposed to reduce numerical errors in the determination of the eigenvectors. 

Especially for frequencies where round-off errors increase, the SVD approach is effective. However, to 

calculate the eigenvalues and eigenvectors accurately is still a significant issue. Three methods for 

estimating the group velocity have been introduced and the accuracy has been investigated. 
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P. Fisette, Université Catholique de Louvain, Belgium
O. Brüls, Université de Liège, Belgium
J. Swevers, Katholieke Universiteit Leuven, Belgium

41

Concurrent simulation of mechatronic systems with variable mechanical configuration
M. da Silva, Katholieke Universiteit Leuven, Belgium
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J.-L. Guyader, INSA de Lyon, France

677

Vibro-acoustic interactions with mean flows. Coupling of Galbrun’s and Biot’s equations.
E. Redon, O. Andrianarison, R. Ohayon, I.S.A.T. Nevers, France

693

Influence of irregular grids on the accuracy of a Quadrature-Free Discontinuous Galerkin Method
for solving the LEE equations
Y. Reymen, M. Baelmans, W. Desmet, Katholieke Universiteit Leuven, Belgium

701

Practical Formulas for Oscillating Flow and Sound Traveling in Pipe
Y. Sato, H. Kanki, Kobe University, Japan

715

Application of a Boundary Element reformulation of an aeroacoustical analogy based on incom-
pressible flow data
C. Schram, M. Tournour, LMS International, Belgium

731

Application of (new) vibroacoustic methods to complex systems
Session AVM

Considerations on the Modelling of a Benchmark Structure and Applicability of Statistical Energy
Analysis
N. Baldanzini, P. Citti, M. Pierini, A. Scippa, Università degli Studi di Firenze, Italy
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G. Aridon, D. Rémond, A. Al Majid, INSA de Lyon, France
L. Blanchard, Alcatel Alénia Space, France
R. Dufour, INSA de Lyon, France

965

Rheological and restoring force models regarding belt tensioner dymamic behavior: prediction &
experiment.
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A. Feriani, Università degli Studi di Brescia, Italy
M.G. Mulas, Politecnico di Milano, Italy
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3315

Identification of a Nonlinear State Space Model for Control using a Feature Space Transformation
K. Smolders, M. Witters, J. Swevers, P. Sas, Katholieke Universiteit Leuven, Belgium

3331

Rigid Body Properties of An Actual Diesel Engine by Experimental Spatial Matrix Identification
Method
T. Uyama, YANMAR CO.,LTD., Japan
M. Okuma, A. Oyama, Tokyo Institute of Technology, Japan

3343

Morlet Wavelet–based Parameter Identification in Different Stimulation
L. Yue, X.Q. Liu, College of Mechanical and Electric Engineering Nanjing University of Aeronau-
tics & Astronautics, China

3357

Passive control of noise and vibration
Session PNVC

Noise reduction of handheld vacuum cleaners by geometric optimization of components
H. Ashrafi, M.J. Mahjoob, University of Tehran, Iran (Islamic Republic of)

3365

Static Analysis of a Quasi-Zero-Stiffness Vibration Isolator
A. Carrella, M.J. Brennan, T.P. Waters, University of Southampton, United Kingdom

3373

Novel Passive Vibration Isolators
A.I.J. Forrester, A.J. Keane, University of Southampton, United Kingdom

3381

Transmissibility of Forces in Multiple-Degree-of-Freedom Systems
N.M.M. Maia, M. Fontul, A.M.R. Ribeiro, Instituto Superior Técnico, Portugal
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Practical Guidelines for Optimising the Measurement of
Frequency Response and Coherence Functions with Dig-
ital Spectral Analysers

J. Antoni1, J. Schoukens2
1University of Technology of Compiègne, France
2Vrije Universiteit Brussel, Belgium
e-mail: antoni@utc.fr

Abstract
In modern digital spectral analysers, frequency response functions and related quantities such as the coher-
ence function are measured by means of the Weighted Overlapped Segment Averaging (WOSA) technique.
There are surprisingly very few results concerning the optimal setting of the parameters in WOSA and their
impact on the precision and accuracy of the measurements. In this paper, we provide the optimal window
shape and the optimal percentage of overlap to be used with WOSA, together with the bias and variance for-
mulae of frequency response and coherence functions in the general case. The distinction is made between
the H1, H2 and H3 estimators. These results are illustrated in the context of experimental modal analysis.

1 Introduction

The measurement of frequency response functions (FRF) has become an everyday task for many experi-
menters in the industry. Very efficient and robust algorithms exist in current digital spectral analysers that
make this task almost transparent to the user. However, the careful settings of their parameters still raises
some questions.

Frequency response functions (e.g. H1, H2, H3, etc) are implemented in digital spectral analysers by means
of the Weighted Overlapped Segment Averaging technique (WOSA), also known as Welch’s procedure,
which consists in dividing the signal into several – possibly overlapping – segments, weighting them with a
suitable window, and then Fourier transforming them before applying the estimator formula – see Fig.1 and
2. For instance, given an input signal x(t) and an output signal y(t) of length L, the H1 estimator of the FRF
between x(t) and y(t) is given by:

Ĥ(fk) =
∑M−1

i=0 Ywi (fk) X∗
wi

(fk)∑M−1
i=0 |Xwi (fk) |2

=
Ŝyx (fk)
Ŝxx (fk)

(1)

where

Ywi(fk) =
iR+N−1∑

t=iR

w(t− iR)y(n)e−j2πfkt, fk =
k

N
(2)

stands for the Fourier transform of segment i tapered by the N -long window w(t), and similarly for Xwi(fk),
and where M = b(L−N)/Rc+ 1 is the total number of segments to be averaged. The quantities Ŝyx (fk)
and Ŝxx (fk) in (1) stand for the estimated cross and auto spectra, respectively. Usually this mechanism is
relatively transparent to the user. Indeed, a typical spectral analyser will ask for the selection of:

• the frequency resolution, or equivalently the number of frequency lines, which amounts to setting the
segment length N ,
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Figure 1: Principle of the WOSA procedure.

N

R

wi(t) = w(t-iR)

θ = R/N

Figure 2: Illustration of overlap. The percentage of overlap is defined like 100(1− θ).

• the acquisition duration, or equivalently the number M of segments to average,

• the window type to use for tapering the segments and

• the percentage of overlap to apply between adjacent segments.

The first two settings depend directly on the precision and accuracy required by the user, and are normally
tuned accordingly. The last two settings are more problematic as their effects on the estimation quality is less
obvious. Indeed, the usage seems to recommend a Hanning window with 50% overlap, although no results
exist in the literature that support the rationale beyond this choice.

One objective of this paper is to provide the answer to the optimal window shape and the percentage of
overlap. The other objective is to provide the user with simple formulae to assess the improvement in
precision and accuracy implied by the usage of a proper window and overlap percentage. To our knowledge,
such formulae exist only for the case of no overlap ; yet even in that case, our results are found to be much
sharper than those classically reported in the specialised literature.

2 Classical results: limits of validity

The quantification of errors in FRF measurements involves the specification of the bias and of the variance
[2]. The bias is the expected difference between the estimated FRF and the true one, on the average. It is a
measure of precision. The variance indicates how much the estimated FRF fluctuates around its mean value
when the same experiment is repeated several times. It is a measure of accuracy (or stability).

Formulae for the bias and variance of FRF measurements are reported in classical references such as [1], [2]
and [3], and are still extensively used today. However one should remember that by the time these formulae
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were established, they were not intended to characterise the WOSA algorithm. For instance, the classical
formula

V ar{Ĥ(fk)} =
1
M
|H(fk)|2

1− γ2
yx(fk)

γ2
yx(fk)

(3)

with Sxx(fk) and Snn(fk) the input-signal and output-noise power spectra, respectively, γ2
yx(fk) their co-

herence function and M the number of segments, is only valid for 0% overlap and a rectangular window.
Moreover it deliberately ignores leakage errors and, as a consequence, V ar{H1} falsely equals zero when
the signal-to-noise ratio tends to infinity at frequency fk. A similar problem occurs in the classical formulae
for the bias.

Since the WOSA algorithm has now become the standard procedure in modern digital spectral analyser, there
is an obvious need to derive the corresponding variance and bias formulae, and in particular for the general
case of an arbitrary window and overlap percentage.

3 General results

This section provides the general expressions for the bias and variance of the H1, H2 and H3 estimators
of the FRF, and for the ordinary coherence function. For the sake of simplicity, each quantity is addressed
solely under the noise assumption where it is found optimal and likely to be used in practice – see Fig.3.
Namely,

• the H1(fk) = Ŝyx(fk)/Ŝxx(fk) estimator assumes measurement noise at the output only,

• the H2(fk) = Ŝyy(fk)/Ŝxy(fk) estimator assumes measurement noise at the input only,

• the H3(fk) = Ŝyz(fk)/Ŝxz(fk) estimator allows noise both at the input and the output by making use
of a third (reference) signal z(t) that is coherent with x(t) but uncorrelated with noise.

As for the ordinary coherence function γ2
yx(fk) = H1(fk)/H2(fk), its measurement is assumed without

noise neither at the input nor at the output. This is because the noise-free situation is the only one where
leakage errors are dominating, therefore leading to bias and variance significantly different from those given
by classical formulae.

The proofs of all the results reported here after are omitted because they are not the focus of the present
paper. They have been partly published elsewhere [4].

3.1 Notations

In order to propose concise expressions, let us introduce the window shape v(t) which is a continuous
function over the support set [0; 1] such that w(t) = v(t/N) for a N -long window. Let us also denote

R2v(τ) =
∫ 1−|τ |

0
v(|τ |+ t)v(t)dt (4)

its auto-correlation function and κ(τ) = R2v(τ)/R2v(0) its normalised version. Finally, let θ = R/N such
that 100(1− θ) is the percentage of overlap between two adjacent segments.
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Figure 3: Noise assumptions used in H1, H2 and H3.

With these notations and given a specific window shape, we now define the four correction factors:

C2
v (θ) = −κ′′(0)−2

M−1∑

i=1

(
1− i

M

)
κ′′(iθ)κ(iθ) (5)

D2
v(θ) = 1+2

M−1∑

i=1

(
1− i

M

)
κ(iθ)2 (6)

E2
v(θ) = κ′′(0)2 +2

M−1∑

i=1

(
1− i

M

)
κ′′(iθ)2 (7)

Note that C2
v (θ), D2

v(θ) and E2
v(θ) are explicit functions of the percentage of overlap and of the number M

of segments.

3.2 Main results

The bias and the variance expressions for an arbitrary window shape and an arbitrary percentage of overlap
are listed in table 1. It is instructive that all biases are found proportional to the curvature of κ(τ) at lag 0 (i.e.
C2

v (1) = −κ′′(0)), and are inversely proportional to the window length. Note that these formulae preclude
the rectangular window – for which κ′′(0) does not exist – which in any case must be avoided in WOSA [5].
It is also noteworthy that all variances of the FRF estimators expand into two terms: a first term proportional
to C2

v (θ)/(N2M) that accounts for leakage noise and a second term proportional to D2
v(θ)/M that accounts

for measurement noise. Only the second term is reported in classical formulae – e.g. see [2],[3]. This means
that classical formulae are not valid when the signal-to-noise ratio is large (e.g. at resonances). Moreover our
results include the exact correction factor D2

v(θ) for the case of non-zero overlap with an arbitrary window.

The same remarks apply to the bias and the variance of the coherence function, which are wrongly assigned
zero values in the classical literature under the noise-free assumption [2],[3].

3.3 Particular cases

The correction factors C2
v (θ), D2

v(θ) and E2
v(θ) that intervene in the computation of the bias and the variance

of the FRF can be somehow simplified in particular, but typical cases. Table 2 addresses the case of a Hanning
window with 0%, 50% and 67% overlap, and table 3 the case of a half-sine window. Such formulae can be
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Table 1: Bias and Variance formulae in the general case

H1 function
Assumption: output noise only

Bias: C2
v(1)

8π2N2 G′′(fk)

Variance: C2
v(θ)

4π2N2M
|G′(fk)|2 + D2

v(θ) ·
Snyny(fk)

M · Suu(fk)︸ ︷︷ ︸
V ar{H1(fk)|classical}∗

H2 function
Assumption: input noise only

Bias: C2
v(1)

8π2N2

(
G′′(fk) + 2 |G

′(fk)|2
G∗(fk)

)

Variance: C2
v(θ)

4π2N2M
|G′(fk)|2 + D2

v(θ) ·
Snxnx(fk)

M · Suu(fk)︸ ︷︷ ︸
V ar{H2(fk)|classical}∗

H3 function
Assumption: input and output noise

Bias: C2
v(1)

8π2N2 G′′(fk)
Variance: C2

v(θ)
4π2N2M

|G′(fk)|2 + D2
v(θ) · V ar{H3(fk)|classical}

Coherence function γ2
yx

Assumption: no noise

Bias: − C2
v(1)

8π2N2
|G′(fk)|2
|G(fk)|2

Variance: E2
v(θ)

4π2N4M
|G′(fk)|4
|G′(fk)|4

∗ also expressed like 1
M
|H(fk)|2 · 1−γ2

yx(fk)

γ2
yx(fk)

as in Eq.(3).

further simplified when the number M of segments becomes large since they all involve a factor (1+α/M),
α < 1, which tends to 1 in that case. For instance, C2

v (1
2) ' 10.97 for a Hanning window.

4 Guidelines for optimality

Having established the expressions of the bias and the variance of the FRF estimators in the general case,
we are now in position to investigate the question regarding the optimal window shape and the optimal
percentage of overlap.

4.1 The optimal window shape

It is seen from the results of the previous section that the immediate effect of the window shape is to change
the bias and the variance term due to leakage trough the correction factor C2

v (θ) (θ = 1 in the bias and
arbitrary in the variance). Therefore, the optimal window shape is that which, given a fixed window length,
minimises C2

v (θ). It can be shown that the solution is given by the so-called half-sine window

vopt(t) = sin (πt) , 0 ≤ t ≤ 1. (8)

This is consistent with the results of tables 2 and 3 where it was established that C2
v (θ|Hanning) >

C2
v (θ|Halfsine) for θ = 1, 1

2 , 1
3 . More specifically, the bias involved by the half-sine window is only

three forth (3/4) that involved by the Hanning window. About the same reduction applies to the variance due

MODAL TESTING AND FRF ESTIMATION 2455



Table 2: Correction factors in some particular cases
Hanning window

0% overlap:
(θ = 1)

C2
v (1) = 4

3π2 = 13.16
D2

v(1) = 1
E2

v(1) = 19
9 π4 = 173.17

50% overlap:
(θ = 1

2 )

C2
v (1

2) = 2
9π2(5 + 1

M ) = 10.97(1 + .2
M )

D2
v(

1
2) = 1

18(19− 1
M ) = 1.06(1− .05

M )
E2

v(1
2) = 8

3π4(1− 1
3M ) = 259.76(1− .33

M )

67% overlap:
(θ = 1

3 )

C2
v (1

3) = 10.50(1 + .27
M )

D2
v(

1
3) = 1.45(1− .31

M )
E2

v(1
3) = 218.52(1− .35

M )

Table 3: Correction factors in some particular cases
Half-sine window

0% overlap:
(θ = 1)

C2
v (1) = π2 = 9.87

D2
v(1) = 1

E2
v(1) = π4 = 97.41

50% overlap:
(θ = 1

2 )

C2
v (1

2) = π2 − 2(1− 1
M ) = 7.87(1 + .25

M )
D2

v(
1
2) = 1 + 2

π2 (1− 1
M ) = 1.20(1− .17

M )
E2

v(1
2) = π4 + 2π2(1− 1

M ) = 117.15(1− .17
M )

67% overlap:
(θ = 1

3 )

C2
v (1

3) = 9.61(1 + .13
M )

D2
v(

1
3) = 1.77(1− .45

M )
E2

v(1
3) = 136.17(1− .56

M )

to leakage up to 50% overlap, while the effect of the window shape becomes negligible from 67% overlap
onwards.

4.2 The optimal percentage of overlap

The immediate effect of allowing overlap between adjacent segments is to change the FRF variance – both
the variance term due to leakage and that due to measurement noise – through increasing the number M of
available segments. It can be shown that this procedure is efficient up to about 67% overlap, after which
adjacent segments become so much correlated that there is little to gain from increasing their number. For
instance, tables 2 and 3 show that from 0% to 67% overlap, the number of windows is roughly tripled whilst
the correction factors C2

v (θ) and D2
v(θ) are only slightly changed. For instance with a Hanning window, this

yields a reduction by 3.8 for the variance due to leakage and by 2 for the variance due to measurement noise.
With a half-sine window, the reduction is by 3 for the variance due to leakage and by 1.7 for the variance due
to measurement noise.

The optimal settings for the window shape and overlap are illustrated in Fig.4.

5 Practical results for modal analysis

Experimental modal analysis is one application where FRFs are intensively measured according to the pro-
cedure described in this paper. It is also a discipline where a fine control of the precision and accuracy of the
FRF measurements is required. Indeed, a well-designed modal analysis experiment will involve very large
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N

N2
3

Figure 4: Optimal settings of the window shape and overlap.

signal-to-noise ratios, so that leakage is likely to be the dominant source of error. In that case the general
formulae listed in table 1 should really be used in place of the classical formulae.

In order to give a clear demonstration of the usefulness of our results, let us consider the critical case where
the FRF of a lightly damped single-degree-of-freedom system is to be measured. As well-known, such a
system is without loss of generality since it forms the building block of more complex multiple-degrees-of-
freedom (lightly damped) systems. Let us denote by B3dB the 3-dB bandwidth of the system normalised
by the sampling frequency, and let us focus on the measurement errors at the resonance frequency where
accuracy and precision are usually found the most critical. The measurement errors therein can then be
characterised by the remarkably simple formulae reported in table 4, which are universally valid whether the
FRF is a dynamic flexibility, a mobility, or an inertance.

It is seen from table 4 that all leakage errors are found inversely proportional to the square of the window
length times the 3-dB bandwidth. In other words, leakage is controlled by the time-bandwidth product
NB3dB . As well-known, leakage errors are particularly critical at resonances. An interesting result however
is that the H2 estimator yields a zero bias (on the first order) at the resonance frequency. This is in accordance
with the usual observation that H2 outperforms H1 at resonances. However, the classical argument invoked
to explain this fact relies on the nature of the measurement noise: at resonances, the dominating noise lies
at the system input, which biases the H1 downwards and leaves the H2 unaffected. This argumentation does
not hold here since measurement noise was assumed negligible! What we have proved instead is that the bias
of H2 due to leakage is zero at the resonance frequency. This does not change the usual recommendation of
using H2 to estimate resonance amplitudes ; but it does change the actual reason for doing so.

Table 4: Measurement errors at the resonance frequency of a lightly damped single d.o.f system
H1 function

Relative Bias: C2
v (1)/ (NB3dB)2

Relative Variance: C2
v (θ)/

(
MN2B2

3dB

)
H2 function

Relative Bias: ∼ 0
Relative Variance: C2

v (θ)/
(
MN2B2

3dB

)
H3 function

Relative Bias: C2
v (1)/ (NB3dB)2

Relative Variance: C2
v (θ)/

(
MN2B2

3dB

)
Coherence function

Relative Bias: −C2
v (1)/ (NB3dB)2

Relative Variance: E2
v(θ)/

(
MN4B4

3dB

)

These results are now illustrated on simulations. The system is a one degree-of-freedom oscillator with unit
mass, natural frequency ω0 = .2π and damping ratio ζ = 0.01. It is excited by a random Gaussian noise of
unit variance and L = 214 values are sampled at rate Fs = 1. No additive noise was added. The parameters
for the WOSA estimation of the H1, H2 and coherence functions are:
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Figure 5: Comparison of experimental (continuous lines) and theoretical (dotted lines) bias and standard
deviation on the measured a) coherence function, b) H1 function and c) H2 function.

number of frequency lines: 213

window type: half-sine
window length: Nw = 210

percentage of overlap: 67%

The experimental bias and variance on the measured FRFs and coherence functions have been estimated by
repeating the same experiment one thousand time. They are compared with the theoretical formulae provided
in table 1. The results are reported in Fig.5. It is seen that the measured coherence function exhibits a notch
at the resonance location, which is fairly well approximated by the theoretical formula. The measured FRFs
also show maximum bias and standard deviation near the resonance, with the only exception of the H2

function whose bias suddenly drops at the exact resonance frequency. Note that the variance of the FRFs is
non-zero and quite significant at the resonance frequency, even though the signal-to-noise ratio is infinite.
This is perfectly accounted for by the formulae of table 1.

6 Conclusion

The aim of this paper was to provide some guidelines so as to optimally set the parameters used in measuring
frequency response functions and coherence functions with digital spectral analysers. One major result is
that a half-sine window and 67% overlap should be used whenever possible. Another important result is
that the H2 function has a significantly reduced bias at the exact resonance frequency, which is of practical
interest whenever resonance amplitudes have to be measured precisely. Finally, we have provided the general
formulae – and their simplified version in some particular cases – of the bias and variance of FRFs and
coherence estimators for an arbitrary window shape and an arbitrary percentage of overlap.
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Abstract 
 
In this paper, different modal analysis tools are investigated with respect to their applicability to test data 
from ground vibration tests (GVT) of large aircraft. Three different modal analysis methods are 
investigated. These are the Frequency Domain Direct Parameter Identification (FDPI), the Least-Squares 
Complex Exponential method (LSCE), and the Least-Squares Complex Frequency Domain method (LSCF 
or PolyMAX). Test data from GVT of a large aircraft usually have features like noise contamination and 
weak non-linearity of some modes. Thus, the influence on the results of experimental modal analysis of 
statistical errors (such as noise) and systematic errors (such as non-linearity) in the FRFs are investigated. 
Simulated FRFs of an analytical system contaminated with different levels of artificial noise are used to 
study the influence of statistical errors, whereas simulated non-linear FRFs obtained from an analytical 
system with a friction-type non-linearity is used to study the influence of systematic errors. In addition, the 
aforementioned modal analysis methods were applied to a dataset acquired during the GVT of the Airbus 
A380. The modal analysis results obtained with the different analysis methods are compared and 
evaluated based on the results of the analytical study of the influence of statistical and systematic errors. 
 

1 Introduction 
 
Ground vibration tests on aircraft prototypes are nowadays performed as a combination of the phase 
resonance method (sine-dwell testing) and phase separation techniques. The application of phase 
separation techniques has led to the requirement for reliable extraction of modal parameters such as 
eigenfrequencies, damping ratios, and mode shapes from a huge set of FRFs. Typically more than 500 
sensors are used for GVT of modern transport aircraft. The large number of sensors together with a 
relatively large number of different excitation points requires efficient data management to be provided by 
the analysis software. Furthermore, the measured signals may be contaminated with noise as a result of 
long cable distances from the sensor location to the data acquisition system. In addition, some of the 
aircraft modes may exhibit weakly non-linear behaviour, e.g. either due to local non-linear phenomena at 
joints or due to the hydraulic control systems running during the test, [1]. 
In the past, DLR applied LMS Cada-x to extract modal parameters from FRFs measured during GVT. In 
particular, FDPI was found to be a reliable tool for this purpose. In the course of software improvement, 
Cada-x was replaced by Test.Lab where FDPI is no longer available. The Test.Lab modal analysis tools 
therefore had to be checked for their applicability to test data obtained from GVT of large aircraft. This 
was achieved by a comprehensive study performed within DLR to compare the results of three different 
modal analysis tools. The computational efficiency of the software when applied to a recent GVT dataset 
was also one of the issues to be checked. The modal analysis tools investigated were the FDPI method 
implemented in LMS Cada-x and the two methods available in LMS Test.Lab, i.e. the Least-Squares 
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Complex Exponential method (LSCE or Polyreference) and the Least-Squares Complex Frequency 
Domain method (LSCF or PolyMAX). The dataset used for this comparative study was obtained from the 
Airbus A380 GVT, because it is believed that the large number of sensors of this dataset is representative 
for future GVTs.  
The influence of statistical errors such as noise contamination and systematic errors (e.g. due to stiffness- 
and damping non-linearities) were studied using an analytical 5 degree of freedom (DoF) system to assess 
the degree of accuracy which can be achieved for the modal parameters. Furthermore, the objective of this 
study was to derive basic rules to which modal analysis engineers can refer when problems come across 
such as high noise levels or non-linearity. These basic rules shall then indicate preferable tools which are 
considered to yield representative modal parameters, even in the case when the measured data reveals 
features which are not consistent with the assumption of linearity on which modal analysis tools are based. 
 

2 Outline of Different Modal Analysis Tools 
 
In the following, an outline of the theoretical background of the three modal analysis tools FDPI, LSCE, 
and LSCF will be described. Only some of the basic working principles will be presented for FDPI and 
LSCE. The LSCF theory will be presented in more detail as it is necessary for the discussion of the 
outcome of the studies performed in this paper. 
Even though the theoretical background of the methods is quite different, they all share a common 
procedure for modal analysis which can be summarized in three steps. The analysis bandwidth is selected 
in a first step, i.e. a frequency band is cut out of the whole measured frequency range. This frequency band 
is considered for modal analysis and comprises a reasonable number of resonance peaks so that the model 
order can be kept at an acceptable level. The model order, in this respect, is the order of the equation 
system used for modal parameter estimation. Complex poles (i.e. eigenfrequencies and damping ratios) are 
estimated in a second step by analyzing the FRFs of the active analysis bandwidth according to the 
working principles of the different modal analysis tools. In a third step, mode shape vectors and modal 
scaling constants (i.e. modal mass in case of real normal modes or modal “a” in case of complex modes) 
are identified for a subset of poles selected by the operator. This third step is usually done by curve-fitting 
the measured FRFs while utilizing the identified eigenfrequencies and damping ratios obtained from the 
second step. 
The identified poles usually comprise structural poles and computational poles, especially when the model 
order exceeds the (generally unknown) number of poles in the active analysis bandwidth. Structural poles 
represent structural resonances, whereas computational poles are a by-product of the specific identification 
algorithm and possibly noise on the data to be analyzed. The selection of meaningful poles for subsequent 
mode shape identification can be considered as the crucial step in modal analysis and is usually highly 
dependent on the experience of the operator. Tools have therefore been developed to support the selection 
of meaningful poles. The most commonly applied tool is the so-called stabilization diagram (e.g. see 
Figure 1). This is essentially a diagram in which identified poles are repeatedly plotted for different model 
orders used for parameter identification. Such a diagram provides quick visualization of the stability 
properties of identified poles. Structural poles are assumed to reappear with almost equal frequency and 
damping ratios, regardless of the model order. Computational poles do not have this stability property and 
may therefore be separated visually from the structural poles in the stabilization diagram. In principle, the 
stabilization diagrams work quite well, as long as the FRFs are consistent with the assumption of linearity, 
which real structures can only approximate. It was therefore the aim of the DLR study to find out how 
sensitive different modal analysis tools are with respect to weakly non-linear effects in the FRFs, because 
such effects are representative for data usually obtained from GVT of large aircraft structures. Such a 
study can effectively be carried out using simulated data where the effects of noise contamination and 
non-linear phenomena are known a priori. 
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2.1 Frequency Domain Direct Parameter Identification 
 
The Frequency Domain Direct Parameter Identification (FDPI, see [2], [3]) operates in the frequency 
domain. It belongs to the group of direct methods since physical system matrices are identified in a first 
step and the corresponding modal parameters are calculated in a second step. The baseline of the method 
is the frequency domain equation of motion from which an expression for the FRF matrix can be derived: 

 [ ] [ ] [ ] [ ]( ) 12( )H M j C K
−

Ω = −Ω + Ω + . (1) 

After some algebraic transformation, and equation can be derived which is suitable for the estimation of 
mass modified system matrices [ ]0A  and [ ]1A : 

 [ ] [ ] [ ]( )[ ] [ ]2
1 0 0( )I j A A H B−Ω + Ω + Ω = , (2) 

with: 

 [ ] [ ] [ ]1
1A M C−= , [ ] [ ] [ ]1

0A M K−= , and [ ] [ ] 1
0B M −= . (3) 

Solving the eigenvalue problem of the mass modified system matrices yields complex eigenvalues and 
eigenvectors from which eigenfrequencies, damping ratios, and mode shapes can be deduced. Modal 
scaling constants are identified subsequently by curve-fitting the measured FRFs. An interesting feature of 
FDPI is that real normal modes can be obtained directly by solving the undamped eigenvalue problem 
using only the mass modified stiffness matrix. This is an advantage over other modal analysis method, 
where real normal modes are usually derived from complex ones by imposing certain assumptions. 
 

2.2 Least-Squares Complex Exponential 
 
Even though the Least-Squares Complex Exponential method (LSCE, see [2] and [4]) uses FRFs as an 
input, it essentially operates in the time domain. This is achieved by computing impulse response 
functions (IRFs) from the FRFs by inverse Fourier transformation. The IRFs can be expressed by a 
superposition of complex exponential response terms: 

 
*

2
*

1 1

( ) r r r

N N
t t t

r r r
r r

h t c e c e c eλ λ λ

= =

= + =∑ ∑ . (4) 

Each of these complex exponential response terms represents a decaying transient modal response which 
is a product of a time-independent residue rc  and a time-dependent complex exponential function rteλ . 
The residues are local quantities and depend on the response and excitation DoFs. The complex 
exponential functions are global quantities and depend on the complex eigenvalues rλ  of the system. 
According to Prony’s method, the influence of the local quantities can be separated from the influence of 
the global quantities so that the system poles rλ  can be calculated from the roots of the following 
polynomial: 

 
2

2 2
0 1 2 2

0

0
N

N n
r r L r n r

n

z z z zα α α α α
=

+ + + + = =∑ , (5) 

where the substitutions r t
re zλ Δ =  and nt n t= ⋅ Δ  have been introduced. In this equation, nα  are 

polynomial coefficients which can be identified from the IRFs according to: 

 
2

0

0
N

n
n

nhα
=

=∑ , (6) 

with ( )n nh h t= . Equation (6) can be established using a different set of data points 1 2, , ,n n n Nh h h+ +  and, 
furthermore, one can use the new data points to considerably overlap with the previous set. Accordingly, 
an over-determined equation system can be generated from which the polynomial coefficients nα  can be 
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identified in a least-squares sense. Once the polynomial coefficients nα  are identified, the z-domain poles 
rz  can be obtained from the roots of equation (5), and subsequently, the system poles rλ  can be deduced 

by applying the reverse substitution 1 lnr rt zλ Δ= . After the system poles rλ  have been calculated, the 
mode shapes and modal scaling constants can be identified, either by curve-fitting the measured FRFs, or 
by curve-fitting the time domain impulse response functions. 
 

2.3 Least-Squares Complex Frequency Domain 
 
This method is commonly known as LSCF or as PolyMAX in the LMS Test.Lab environment, [5]. It uses 
a common denominator representation of the FRF matrix, where the FRFs are expressed by polynomial 
fractions with different numerator polynomials ( )ijB Ω  depending on the respective input DoF j  and the 
output DoF i  and a common denominator polynomial ( )A Ω  for each FRF ( )ijH Ω : 

 
( )

( )
( )

ij
ij

B
H

A
Ω

Ω =
Ω

. (7) 

LSCF identifies the complex polynomial coefficients of the common denominator polynomial ( )A Ω  and 
the different numerator polynomials ( )ijB Ω  from measured FRFs ( )ijH Ω . Instead of transforming the 
common denominator model (once it has been identified) into a modal model, LSCF extracts the poles of 
the system from the roots of the complex denominator polynomial ( ) 0A Ω = . Subsequently, mode shapes 
and scaling constants are identified from curve-fitting the FRFs while the poles identified beforehand are 
utilized. Here, only the extraction of poles shall be discussed. 

When taking into account that the FRFs are available at discrete equally spaced frequency points 
k kΩ = ΔΩ , 0,1, ,k K= … , and that these FRFs where obtained from time domain signals sampled at 

discrete time points spaced by the time increment tΔ , the z-domain variable kj t
kz e Ω Δ= , 0,1, ,k K= … , 

can be introduced in equation (7): 

 
( )

( )
( )

ij k
ij k

k

B z
H

A z
Ω = . (8) 

After some mathematical transformation, a weighted error ( )ij kE Ω can be established which defines the 
deviation of the analytical (synthesized) FRF from the experimental ones: 

 ( ) ( ) ( ) ( ) ( )ij k ij k k ij k ij kw E A z H B zΩ Ω = Ω − , (9) 

 ( )1
( )( ) ( ) ( ) ( )

ij kij k k ij k ij kwE A z H B zΩΩ = Ω − . (10) 

Practical weighting factors ( )ij kw Ω  are either equal to 1 or equal to the magnitude of the FRF 
( ) ( )ij k ij kw HΩ = Ω  at the respective frequency point kΩ  to give the frequency points near the resonances 

more importance in the identification process. The polynomials ( )kA z  and ( )ij kB z  are complex 
polynomial functions of the z-domain variable kz  with complex polynomial coefficients na  and ,ij nb : 

 2
0 1 2

0

( )
N

n N
k n k k k N k

n

A z a z a a z a z a z
=

= = + + + +∑ , (11) 

 2
, ,0 ,1 ,2 ,

0

( )
N

n N
ij k ij n k ij ij k ij k ij N k

n

B z b z b b z b z b z
=

= = + + + +∑ . (12) 

The order N  of the polynomials is the so-called model order and is related to the expected number of 
modes which have to be extracted from the FRFs of the current analysis bandwidth. When considering 
multiple FRFs from different response stations 1, ,i I= …  or respectively from different excitation 
positions 1, ,j J= …  then the following scalar error function can be established which summarizes the 
square errors between the analytical FRF of the common denominator model and the measured FRFs: 
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 { }( ) 2

1 1 0

( )
I J K

LSCF
ij k

i j k

Eε θ
= = =

= Ω∑∑∑ . (13) 

This error function is dependent on the parameter vector { }θ  which comprises the polynomial coefficients 
of the numerator polynomials and the denominator polynomial: 

 { }
{ }
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ijβ
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a
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⎨ ⎬
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. (14) 

The identification of the complex polynomial coefficients is achieved by minimizing the error function 
defined in equation (13). When approximating this mathematical optimization problem by a first order 
Taylor series, a gradient based parameter estimation algorithm can be applied which can be expressed by 
the following equation: 

 [ ]{ } { }0J θ = . (15) 

Here, [ ]J  is a Jacobian matrix (gradient matrix or sensitivity matrix) containing the first order partial 
derivatives of the error function { }( )LSCFε θ  with respect to the parameters comprised in { }θ . The content 
of the Jacobian matrix is presented in closed form in [5] but cannot be derived here. The equation system 
(15) is over-determined and can be solved more efficiently by pre-multiplication with the hermitian 
transposed Jacobian matrix: 

 [ ] [ ]{ } { }H 0J J θ = . (16) 

From the structure of the equation system (16) one can derive a relation between the numerator 
polynomial coefficients { }ijβ  and the denominator polynomial coefficients { }α  by simple algebraic 
elimination (the exact definition of the matrix ijT⎡ ⎤⎣ ⎦  is presented in [5] but cannot be derived here): 

 { } { }ij ijTβ α= ⎡ ⎤⎣ ⎦ . (17) 

Consequently, the parameters comprised in the parameter vector { }θ  can be expressed by the parameters 
{ }α  by using the relations of equation (17): 

 { }
{ }

{ } [ ]

{ }ij ijT

I

β
θ α

α

= =

⎧ ⎫ ⎡ ⎤
⎪ ⎪ ⎢ ⎥⎡ ⎤⎪ ⎪ ⎣ ⎦⎢ ⎥⎨ ⎬ ⎢ ⎥⎪ ⎪ ⎢ ⎥⎪ ⎪⎩ ⎭ ⎣ ⎦

. (18) 

Introducing the parameter relation stated in equation (18) into equation (16) leads to an order reduced 
equation system for the identification of the denominator polynomial coefficients { }α : 

 [ ]{ } { }0D α = . (19) 

In order to avoid the trivial solution of equation (19), i.e. all polynomial coefficients equal to zero, a 
constraint has to be introduced. For example, if the polynomial coefficient ia  is set to 1, then the i-th 
column of the coefficient matrix [ ]D  can be separated and brought to the right hand side of the equation: 
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. (20) 
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Even though the constraint can be applied to an arbitrary coefficient, ia , it can be shown that the 
introduction of this constraint has an interesting influence on the stability of the poles calculated from the 
roots of the denominator polynomial ( ) 0kA z = . It is common practice to use a model order N  which is 
typically larger than the assumed number of modes in the current analysis bandwidth. Consequently, more 
poles will be estimated than there are structural poles. The additional poles are called computational poles 
(or sometimes noise modes) and must be separated from the structural poles prior to mode shape 
estimation since they have no physical relevance. If the constraint is introduced on the first polynomial 
coefficient, i.e. 0 1a = , then all other coefficients na  can be calculated from equation (20). After the 
complex polynomial coefficients have been identified, the poles in the z-domain can be calculated by 
solving for the roots nz  of the complex polynomial: 

 2
0 1 2 0N

Na a z a z a z+ + + + = . (21) 

The system poles can be obtained from the z-domain poles nz  by the following reverse substitution: 

 
1

lnn nz
t

λ =
Δ

. (22) 

The structural poles obtained in this way (i.e. 0 1a = ) are stable, whereas all computational poles are 
unstable. Stability, in this respect, means that a pole must have positive damping. This stability effect does 
not occur when the constraint has been applied to another coefficient. 

The stability property of the system poles obtained with 0 1a =  is an interesting feature which offers the 
possibility to automatically remove unstable (computational) poles from the stabilization diagram. This 
can be considered as one of the big advantages of the LSCF method over other modal analysis methods. 
An example of this feature can be observed in Figure 1, where the FRFs of a 5-DoF system (see Figure 2) 
with 15% artificial noise on real- and imaginary part have been analyzed with an LSCF type method. The 
left hand side stabilization diagram shows all poles which have been calculated, whereas the unstable 
computational poles were automatically removed from the stabilization diagram on the right hand side. 

 
Figure 1: Stabilization diagram for 5-DoF oscillator with all poles identified (left hand side) and 

with unstable poles automatically removed (right hand side) 

It can clearly be seen from Figure 1 that the automatic removal of unstable poles yields clear stabilization 
diagrams from which the structural poles can be selected conveniently. This offers efficient experimental 
modal analysis and also a reduction of the variability with respect to different operators of the modal 
analysis results, because the choice of poles is significantly reduced so that the selection of possibly wrong 
poles can be minimized. After the poles nλ  have been identified, the mode shapes and modal scaling 
constants (modal mass in case of real normal modes or modal “a” in case of complex modes) can be 
obtained by curve-fitting the measured FRFs. 
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3 Sensitivity with respect to Statistical Errors 
 
During data acquisition there is always a certain amount of noise present which contaminates the 
measured signals. As long as the noise level is significantly lower than the level of the signals which shall 
be measured, it can be assumed that the influence of the noise on the modal analysis is negligible. 
However, in some cases the noise contamination can be significant. This can happen, for example, when 
long cables with poor electro-magnetic shielding are used to connect the sensors to the data acquisition 
system, or in the case of poor dynamic range setting of the A/D converter (underload of the digitizer) 
which can be a point of concern when the number of sensors is high.  
In order to study the influence of noise on the modal parameter estimation process, the FRFs of the 5-DoF 
system shown in Figure 2 shall be analyzed. The 5-DoF system shall have the eigenfrequencies, damping 
ratios, and modal masses as listed in Table 1. The real normal modes of the system are shown in Table 2. 

 
Figure 2: 5-DoF system 

Table 1: Eigenfrequencies, damping ratios, and modal masses of the 5-DoF system 
Mode Eigenfrequ. Damping mod. Mass

Number [Hz] [%] [kg m2]
1 26,06 2 2,52
2 36,84 2 1,97
3 51,47 2 0,90
4 56,21 2 1,09
5 62,60 2 1,05  

Table 2: Real normal modes of the 5-DoF system 

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5
DoF 1 0,7147 1,0000 -0,0911 -0,9230 -0,6083
DoF 2 0,7166 0,9999 -0,1493 1,0000 -0,1937
DoF 3 0,7981 0,2257 0,1554 -0,1518 1,0000
DoF 4 0,8518 -0,5166 1,0000 0,1231 -0,3936
DoF 5 1,0000 -0,8590 -0,5860 0,0196 -0,2041  

Different modal analysis methods were used to analyze the first column of the FRF matrix of the 5-DoF 
system (i.e. excitation at DoF 1, response at DoFs 1 to 5) with different levels of artificial noise, amongst 
1%, 2.5%, 5%, 10%, 15%, and 25%. The noise consists of uncorrelated white noise which has been added 
to the real- and the imaginary parts of the FRFs independently. The pure analytical FRFs which were 
contaminated with noise were calculated in the frequency range from 0 to 80 Hz with a frequency 
resolution of 0.1 Hz. Figure 3 shows the drive point FRF with a level of 10% and 25% additional noise to 
illustrate the effect of noise contamination. It can be seen that a noise level of 25% is rather excessive, 
whereas noise levels of approximately 10% (such as shown in Figure 3) can be considered representative 
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for the FRFs acquired during GVT of large aircraft (e.g. due to long cable distances and poor dynamic 
range settings of the A/D converter). 

 
Figure 3: Noise contaminated drive point FRF with 10% and 25% artificial noise 

As a first check, modal analysis was carried out on the analytical (simulated) FRFs without noise 
contamination using all three analysis methods (FDPI, LSCE, and LSCF). As expected, all methods 
identified the modal parameters from the FRFs with deviations in frequency and damping smaller than 
0.01%. 
Prior to the discussion of the accuracy of modal parameter extraction from noisy data, the influence of 
noise on the stabilization diagrams of the different methods will be discussed. Therefore, the stabilization 
diagrams obtained when analyzing the FRFs with 15% noise will be used to illustrate the effects of noise 
on the pole estimation. Figure 4 shows the stabilization diagram obtained with the Cada-x implementation 
of FDPI. It can be observed that the analysis bandwidth of 20 to 70 Hz does not yield stable poles for the 
higher modes due to the noise. In addition, the diagram looks somewhat fuzzy because of the 
computational poles which appear between the first and the second resonance peak. Nonetheless, after 
dividing the frequency range into a lower (20 to 45 Hz) and an upper (45 to 70 Hz) analysis bandwidth, all 
modes stabilized in the stabilization diagram and could therefore be extracted from the noise-contaminated 
FRFs. The computational poles between the first and the second resonance peak also appeared after the 
analysis bandwidth was narrowed down. The selection of meaningful poles for subsequent mode shape 
identification can thus not be done in an automated way. Instead one has to take a close look in order to 
avoid the selection of a wrong (computational) pole. 

 
Figure 4: Stabilization diagram obtained with FDPI for 15% artificial noise 

Figures 5 and 6 show the stabilization diagrams obtained with the Test.Lab implementation of LSCE and 
LSCF, respectively. Both methods can extract the modes out of the broad analysis bandwidth from 20 to 
70 Hz. Even though both methods achieved stability for all structural poles, additional stable 
(computational) poles can be observed in the LSCE stabilization diagram as a result of additional noise. 
These make the diagram look somewhat fuzzy. 
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Figure 5: Stabilization diagrams obtained with the Test.Lab implementation of LSCE 

 
Figure 6: Stabilization diagrams obtained with the Test.Lab implementation of LSCF 

In principle, LSCF estimates as many poles as LSCE. The advantage of LSCF is that only the structural 
poles have positive damping, whereas the computational poles appear with negative damping and can thus 
be removed automatically from the stabilization diagram. This is a very convenient feature, because it 
makes it easier to select (meaningful) poles from the stabilization diagram for subsequent mode shape 
identification. Moderate noise levels do not affect the visual appearance of the stabilization diagram of 
LSCF as a result of this feature. 
The errors of the identified eigenfrequencies and damping ratios of the different modes will be discussed 
next. The modal analysis was performed in a bandwidth from 20 to 70 Hz. This frequency range was 
analyzed in one step by LSCE and LSCF but had to be divided into two analysis bandwidths (20 to 45 Hz 
and 45 to 70 Hz) for FDPI. It is sufficient here to focus the discussion on the first three modes, because the 
results of the other two modes showed similar characteristics. It should be mentioned that the first two 
modes are excited quite well from the drive point (DoF 1), whereas mode 3 is poorly excited in this case. 
This is confirmed by the sum FRF (summation of all FRFs, red curve) and the mode indicator function 
(green curve) plotted in the stabilization diagrams of Figure 5. 
Modal analysis was performed using the FRFs contaminated with six different levels of artificial noise 
(1%, 2.5%, 5%, 10%, 15%, and 25%). The FRFs of each noise level were analyzed using three different 
methods (FDPI, LSCE, and LSCF). The eigenfrequency- and damping errors are plotted as functions of 
the noise level in order to visualize possible relations among the noise level and the frequency- and 
damping error. Figures 7 and 8 show the eigenfrequency- and damping errors of modes 1, 2, and 3. It can 
be seen that the eigenfrequencies can be extracted with relatively good accuracy with all three analysis 
methods, regardless of the noise level. Indeed, the largest eigenfrequency error is only -0.4% and was 
obtained with FDPI for the second mode at the highest noise level. The damping error is generally more 
pronounced and it can be seen that LSCF yields the poorest damping estimates. Damping is 
underestimated by LSCF and this situation becomes worse when the noise level is increased. This can be 
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observed from the damping errors plotted in Figures 7 and 8 for all three modes. It should be noted that 
the damping error associated with the poorly excited mode 3 is about -83% for the highest noise level 
which is far away from the damping estimates of LSCE and FDPI. 

 
Figure 7: Error of identified eigenfrequencies and damping ratios of modes 1 and 2  

for different noise levels 

 
Figure 8: Error of identified eigenfrequency and damping ratio of mode 3 for different noise levels 

The errors in the mode shapes were negligible and shall therefore not be discussed here. In fact, mode 
shapes are identified by curve-fitting the noisy FRFs in a least-squares sense, thereby eliminating the 
effect of white noise. In addition, mode shapes are relative quantities which are typically less sensitive to 
errors in the global damping estimate. Nonetheless, complex modes may appear more complex when 
damping was significantly over-estimated. Errors of the modal scaling constants (i.e. modal mass or modal 
“a”) with respect to noise levels were not considered. However, these quantities are also obtained from 
curve-fitting the FRFs and are generally much more sensitive to errors in the global damping estimates 
than to noise. One can refer to a rule of thumb which states that too high a damping estimate yields too 
low a modal mass and vice versa. As an illustration of this rule the curve-fit of the drive point FRF of the 
5-DoF system is shown Figure 9 with a relatively high level of noise (15%). An error of +50% was 
intentionally imposed on the damping ratio of mode 1 prior to curve-fitting. The curve-fit was performed 
in the frequency range from 20 to 70 Hz (no weighting) and it can be seen that the curve-fit at the 
resonance of mode 1 is not very good. Consequently, the modal mass was identified with an error of 
-26.6%. In addition, the modal mass was slightly complex after identification. Nonetheless, the real 
normal mode shape was still identified with acceptable accuracy, i.e. the maximum error of a vector 
component is -5.1% for the drive point DoF and the MAC value between the identified mode and the 
analytical mode was 99.96%. It should also be mentioned that the error in the damping estimate of the 
(well excited) mode 1 yields a significant error in the modal scaling constant of the poorly excited mode 3 
of +31.3%. Even in case of noise-free FRFs, the +50% error of the damping of mode 1 yields an error of 
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-20.8% in the modal mass of that mode, but more importantly, an error of +51.2% in the modal mass of 
the poorly excited mode 3. Thus, modal scaling constants of poorly excited modes cannot be considered 
reliable since they can be highly dependent on the damping estimates of other modes in the analysis 
bandwidth.  

    
Figure 9: Overall curve-fit of drive point FRF of 5-DoF system with 50% error on the damping 

ratio of the first real normal mode and zoomed curve-fit in the vicinity of the resonance of mode 1 

As a conclusion of the results of the study of the different modal analysis methods with respect to their 
sensitivity to statistical errors such as noise on the FRFs, it should be mentioned that in case of 
significantly noisy data it is sometimes worth to check the results of different methods against each other. 
More convenient methods are not necessarily more accurate in any case, even though one might get that 
impression from the clear stabilization diagrams. Even though eigenfrequencies and mode shapes can be 
extracted quite accurately from noisy FRFs, it has to be mentioned that the damping estimates are 
typically less accurate. The best way to check the quality of the damping estimates is from the quality of 
the curve-fit of the synthesized FRFs with the measured ones. 
When looking at the damping estimates from the LSCF analysis as a function of the noise levels it can be 
seen that also for well excited modes the damping estimates decrease with increasing noise levels. The 
reason for this effect can be found in the basic equation of the LSCF method which is shown in equation 
(20). In order to solve this equation in a least-squares sense, the matrix product 

H
D D⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦  must be 

inverted. It was found out that additional white noise improves the condition of that matrix product and 
thus stabilizes the identification of the complex polynomial coefficients ia . The effect of the additional 
noise can therefore be considered as a regularization which is applied to the identification problem. The 
disadvantages of regularization techniques are well known, namely, that they do not only stabilize an 
identification process, they can also affect the identification results if the influence of regularization is too 
strong. For LSCF it can be shown that the imaginary parts of the complex polynomial coefficients ia  
identified in equation (20) become small in case of strong regularization (i.e. large noise levels). It is not 
fully understood, however, why the real parts of the polynomial coefficients remain unaffected. 
Furthermore, it could not be established why smaller imaginary parts of the complex polynomial 
coefficients lead to decreasing damping levels of the system poles. From that point of view the study 
performed here can only state that the damping estimates of LSCF are affected by the noise levels of the 
FRFs. The damping levels decrease as the noise levels increase and this effect is much more pronounced 
for poorly excited modes.  

Larger errors must be expected for the modal scaling constants (modal mass or modal “a”) since the 
accuracy of these quantities is dependent on the less accurate damping estimates. In particular, the modal 
scaling constants of poorly excited modes are not reliable since they are affected by the damping estimates 
of other modes in the current analysis bandwidth as well. 
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4 Sensitivity with respect to Systematic Errors 
 
The influence of systematic errors will also be studied on the 5-DoF system shown in Figure 2. To this 
end, the linear arch spring between DoFs 3 and 5 is replaced by an elasto-slip non-linearity to introduce 
systematic deviations of the (non-linear) FRFs from the linear ones. The elasto-slip non-linearity is a 
combined stiffness and damping non-linearity whose equivalent mechanical system is shown in Figure 10. 
It consists of two springs, 0k  and 1k , and a friction element with the normal force Nf  and the coefficient 
of friction μ . In case of harmonic excitation, equivalent non-linear stiffness and damping parameters can 
be derived which are dependent on the physical parameters 0k , 1k , μ , and Nf , and on the magnitude of 
the relative displacement response 2 1u u uΔ = − . In this study, the physical parameters were adjusted in 
such a way that elasto-slip element has the same underlying linear stiffness (and zero underlying linear 
damping) as the arch spring which has been replaced. Consequently, the FRFs of very low excitation force 
levels are equal to the linear FRFs of the original 5-DoF system.  

 
Figure 10: Equivalent mechanical system of the elasto-slip non-linearity 

The comparison of the linear and the non-linear acceleration responses (not FRF) obtained at the drive 
point (DoF 1) when applying a constant excitation force amplitude of 6 N is shown in Figure 11. The non-
linear responses shown there were calculated using the (single) Harmonic Balance method. It can be seen 
that modes 1, 3, and 4 are almost unaffected by the non-linearity, whereas modes 2 and 5 have a combined 
stiffness- and damping non-linearity. Especially the damping of mode 2 seems to have significantly 
increased so that in the following the focus will be put on the identification of this mode. 

 
Figure 11: Comparison of linear and non-linear acceleration responses at the drive point 

The non-linear FRFs simulated with the 6 N excitation force level were contaminated with a moderate 
level of noise (15%). Subsequently they were imported into modal analysis software and analyzed using 
the three methods: FDPI, LSCE, and LSCF. In general, it can be noted that the stabilization diagrams in 
the case of non-linear data have multiple stable poles at the resonances of those modes which show non-
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linear behaviour. This can be observed in Figure 12, where the stabilization diagram obtained with an 
LSCF type of modal analysis tool is shown and which was obtained with the non-linear FRFs of the 
5-DoF system calculated with 6 N excitation force amplitude. The non-linear modes 2 and 5 have multiple 
stable poles which could not be removed automatically from the stabilization diagram. When all stable 
poles are retained for mode shape extraction, it can be shown that the stable poles of a certain resonance 
peak are associated with the same mode shape but have different damping ratios. This makes the selection 
of meaningful poles more complicated and it is best practice to select a pole which is located directly at 
the peak frequency, because this frequency is a good estimate for the resonance frequency of that mode at 
the current response level. The situation can be improved by imposing a low level of artificial noise on the 
FRFs. As long as the noise level is not too high it stabilizes the pole estimation in the sense of 
regularization. The identification of multiple stable poles can thus be avoided (at the cost of slightly 
different damping estimates when using LSCF). This important effect was exploited in case of the non-
linear 5-DoF system by introducing a moderate noise level of 15%. 

 
Figure 12: Stabilization diagram obtained with LSCF in case of non-linear FRFs without noise 

In the following study, emphasis will be given to the results obtained for mode 2 which is strongly 
affected by the non-linearity. It can be seen from Figure 11 that the non-linearity is only activated in 
narrow frequency bands around the resonances of some modes. Therefore, the influence of the analysis 
bandwidth on the modal parameter estimation was also investigated for each analysis method separately. 
The results of the modal analysis for mode 2 of the non-linear FRFs of the 5-DoF system are summarized 
in Table 3. It should be mentioned that the very narrow analysis bandwidth is actually smaller than the 
bandwidths typically used for modal analysis. Nonetheless, this very narrow bandwidth shall be used here 
to emphasize the effects which may occur when the bandwidth is narrowed down significantly. 

Table 3: Results of modal analysis for mode 2 of the non-linear 5-DoF system 

Bandwidth Freq. [Hz] Damp. [%] Freq. [Hz] Damp. [%] Freq. [Hz] Damp. [%]
1 to 80 35,34 3,69 34,75 3,74 -- --

20 to 45 35,09 4,06 34,54 4,10 35,29 4,25
31 to 45 34,70 3,76 34,46 3,55 35,01 4,56
33 to 40 34,21 3,48 34,89 1,70 34,64 4,65

LSCF LSCE FDPI

 

It can be seen from Table 3 that the increase of damping and the slightly lower eigenfrequency (compared 
with the linear system) was detected by all methods. When looking at the LSCF results, it can be seen that 
the eigenfrequency estimate shifts towards lower frequencies as the analysis bandwidth is narrowed down. 
The damping estimate of the LSCF method is relatively stable but is generally slightly lower than those of 
the other methods (except for the very narrow frequency band where LSCE underestimated the damping 
by far). The LSCE eigenfrequency and damping estimates are relatively independent of the analysis 
bandwidth. However, if the bandwidth becomes too narrow, LSCE is no longer suitable and results in a 
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totally wrong damping estimate in the case of the very narrow bandwidth. With FDPI it was not possible 
to extract mode 2 out of the broad analysis bandwidth from 1 to 80 Hz. From the remaining 
eigenfrequency and damping estimates it can be seen that the eigenfrequency shifts towards lower 
frequencies as the analysis bandwidth is narrowed down, whereas the damping estimate increases and is 
always higher than the other estimates. 
It should be mentioned that Table 3 summarizes the results of different modal analysis tools which all 
tried to fit a linear model to data from a non-linear structure. The results can thus only be equivalent modal 
parameters which more or less fit the non-linear data. A fundamental feature of non-linear systems is that 
they do not have constant eigenfrequencies and damping ratios. These quantities are dependent on the 
response level which develops during the measurements. The responses were calculated analytically and 
the drive point response is shown in Figure 11 as a function of frequency. When using the calculated 
responses to evaluate the actual response dependent stiffness and damping values, the actual non-linear 
modal stiffness and modal damping values can also be obtained as functions of frequency, from which the 
actual non-linear resonance frequencies and actual non-linear damping ratios can be derived. This is 
shown in Figure 13, where the actual non-linear resonance frequency and the actual non-linear damping 
ratio of mode 2 are plotted versus frequency. The non-linear resonance frequency was obtained from the 
square root of the quotient of the non-linear modal stiffness and the constant modal mass (non-linear 
Rayleigh quotient). The actual non-linear damping ratio was obtained from the superposition of the 
underlying linear modal damping and the additional response dependent non-linear modal damping. 
Modal coupling with other modes due to non-linearity can be observed in Figure 13 by the change of 
damping and resonance frequency of mode 2 when the excitation frequency approaches the resonance 
frequencies of other modes. 

 
Figure 13: Actual non-linear resonance frequency and damping ratio of mode 2 of the  

5-DoF system with elasto-slip non-linearity 

The largest response in the vicinity of the resonance of mode 2 of the 5-DoF system shown Figure 11 
occurs at 35 Hz. The actual non-linear resonance frequency at this point is 35.23 Hz and the corresponding 
viscous damping ratio is 3.51%, see Figure 13. These values shall be considered in the following as the 
“true” non-linear eigenfrequency and damping ratio of mode 2 (related to the 6 N excitation force level). 
When the modal analysis results summarized in Table 3 are compared with the “true” non-linear 
eigenfrequency and damping ratio, the quality of the modal analysis of the different methods can be 
assessed in terms of eigenfrequency- and damping ratio deviation, see Table 4. 

Table 4: Eigenfrequency- and damping ratio deviations of non-linear mode 2 

Bandwidth Freq. Dev. [%] Damp. Dev. [%] Freq. Dev. [%] Damp. Dev. [%] Freq. Dev. [%] Damp. Dev. [%]
1 to 80 0,33 5,13 -1,36 6,55 -- --
20 to 45 -0,40 15,67 -1,96 16,81 0,19 21,08
31 to 45 -1,48 7,12 -2,17 1,14 -0,60 29,91
33 to 40 -2,88 -0,85 -0,96 -51,57 -1,65 32,48

LSCE FDPILSCF
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It can be seen from Table 4 that the eigenfrequency estimates obtained with LSCF are quite good, even 
though they are dependent on the analysis bandwidth. The damping estimated by LSCF is mostly lower 
than that estimated by the other analysis methods. Nonetheless, it fits better the true non-linear damping 
than the other methods. LSCE underestimated the eigenfrequency in all cases. The damping estimate 
failed in the very narrow bandwidth case. The FDPI results are also dependent on the analysis bandwidth. 
The eigenfrequency decreases and the damping increases when the analysis bandwidth is narrowed down. 
The quality of the modal analysis of the non-linear FRFs can only be checked by the synthesis of FRFs 
with the identified modal parameters. This is shown in Figure 14 to Figure 16 for the 20 to 45 Hz 
bandwidth. The corresponding stabilization diagrams are shown on the left hand side and the FRF 
synthesis of the drive point FRF is shown on the right hand side. 
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Figure 14: Stabilization diagram and FRF synthesis obtained with LSCF for 20 to 45 Hz bandwidth 

It can be seen from Figure 14 that the LSCF stabilization diagram looks very clean. Due to the additional 
noise on the FRFs the detection of multiple stable poles at a resonance peak of a non-linear mode could be 
avoided so that two stable poles could be detected in the analysis bandwidth from 20 to 45 Hz. The curve-
fit for mode 1 is very good and for mode 2 still acceptable which indicates the quality of the damping 
estimate. 
The LSCE stabilization diagram shown in figure 15 looks quite messy due to the stable computational 
poles which appear not at the resonance peaks but somewhere between them. These stable computational 
poles are caused by noise on the FRFs and also by non-linearity. The curve-fit for mode 1 is very good 
and for mode 2 not as good as the LSCF curve-fit but still not bad. The quality of the damping estimate is 
therefore considered good but it appears that the eigenfrequency was estimated at a too low frequency. 
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Figure 15: Stabilization diagram and FRF synthesis obtained with LSCE for 20 to 45 Hz bandwidth 

The stabilization diagram obtained with FDPI also looks quite messy, see Figure 16, but this feature 
cannot be related to the noise level. In fact, the stabilization diagram already looked (somewhat less) 
messy when noise-free non-linear FRFs were analyzed. Nonetheless, FDPI detects two stable poles but the 
second pole stabilized at too high a frequency. This can be observed in the curve-fit where the resonance 
peak for mode 2 appears slightly shifted towards higher frequencies. Otherwise the curve-fit looks quite 
reasonable. 
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Figure 16: Stabilization diagram and FRF synthesis obtained with FDPI for 20 to 45 Hz bandwidth 

As a conclusion of the results of the study of the different modal analysis methods with respect to their 
sensitivity to systematic errors such as non-linear effects in the FRFs, it should be mentioned that even 
though modal analysis tools fit a linear model to non-linear data the results are quite acceptable. A 
dependency of the modal analysis results from the analysis bandwidth was detected and can possibly be 
used to indicate whether a certain mode is non-linear or not. 
The accuracy of the eigenfrequency estimates can be checked by the relative location of the poles to the 
peak frequencies. The damping estimates are generally less accurate than the eigenfrequency estimates but 
can be checked by the curve-fit of the synthesized FRFs with the measured ones. If the modal analysis 
results shall be used for finite element model validation, the damping ratios are typically not required but 
rather eigenfrequencies and mode shapes. The eigenfrequencies are relatively accurate and also the mode 
shapes can be extracted from curve-fitting the FRFs with relatively good accuracy (this was not discussed 
here). Concerning the errors in the modal scaling constants (modal mass or modal “a”), the same 
statement can be made as for the noise-contaminated FRFs: Larger errors must be expected for the modal 
scaling constants since the accuracy of these quantities is dependent on the less accurate damping 
estimates. Especially the modal scaling constants of poorly excited modes are not reliable since they are 
affected by the damping estimates of other modes in the current analysis bandwidth as well. 
It should also be mentioned here that only a small analytical system was investigated with a non-linearity 
which has softening stiffness and increasing damping characteristic. It can be expected (but it has not yet 
been proved) that the effects observed here appear in a similar way also for other types of non-linearities. 
 

5 Application to Dataset of a Large Aircraft Structure 
 
In this section, the suitability of the different modal analysis methods discussed above will be investigated 
with respect to the application to data of large aircraft structures. The dataset used for this purpose was 
acquired during the GVT of the Airbus A380-800 performed in January 2005, see Figure 17 and [6]. A 
total of 852 sensors were measured, of which 458 were used for modal analysis. FRFs were measured in a 
frequency range up to 30 Hz using swept-sine excitation with low sweep rates. This type of excitation 
signal ensures that sufficient energy is associated with each spectral line of the response spectra so that 
possible non-linearities can be detected from FRF measurements at different excitation force levels. 
The data acquired on the A380 show all the features discussed on the analytical 5-DoF system: a 
significant amount of noise, weakly non-linear behaviour of a few modes and, in addition, a large number 
of sensors and extremely high modal density. As an example for noise contamination and non-linearity, 
Figure 18 shows the normalized FRFs which were measured at different excitation force levels in the 
vicinity of the resonance of a control surface mode. A significant level of noise can be observed and a 
softening stiffness characteristic with damping levels increasing (note the shift of the eigenfrequency by 
-20% and the decrease of the amplitude by 60%). This type of non-linearity is similar to the one 
investigated on the 5-DoF system in section 4. 
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Figure 17: Ground vibration test of the Airbus A380 (copyright AIRBUS S.A.S.) 

 
Figure 18: Normalized FRF of a control surface mode measured at different excitation force levels 

The complete A380 dataset was analyzed with the LMS Cada-x implementation of FDPI during the GVT. 
Thus, the FDPI results are considered as the reference solution. Subsequently, the same dataset was 
analyzed using the LMS Test.Lab implementations of LSCE and PolyMAX (LSCF). From a data handling 
point of view it must be stated that all methods performed extremely well. Even though the number of 
sensors (and excitation points) is significantly high, all methods were numerically efficient. In order to 
check the accuracy of the methods, the results obtained with LSCF and LSCE were compared with the 
FDPI results. The eigenfrequency deviations of the LSCE and LSCF results of 112 modes are shown in 
Figure 19. The damping deviations are shown in Figure 20. Limits for the eigenfrequency deviation were 
set to ±1% and for the damping deviation to ±50% in order to indicate significant differences (note that a 
damping deviation of 50% still yields a reasonable curve-fit of the FRF according to Figure 9). 
The most important statement which can be made is that all modes identified with FDPI could also be 
identified using LSCF and LSCE. When looking at the LSCF results, it can be seen that 21 modes have a 
frequency deviation larger than ±1% and only 4 modes deviate more than ±5%. The deviation of damping 
is more pronounced. In total 27 modes deviate more than ±50% in damping. When looking at the LSCE 
results, it can again be seen that 21 modes have a frequency deviation larger than ±1%, whereas only 3 
modes deviate more than ±5%. 18 modes deviate more than ±50% in damping. 
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Figure 19: Deviations of the eigenfrequencies obtained with LSCE (PolR) and LSCF (PoMa) with 

respect to the eigenfrequencies obtained with FDPI 
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Figure 20: Deviations of the damping ratios obtained with LSCE (PolR) and LSCF (PoMa) with 

respect to the damping ratios obtained with FDPI 
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When comparing the results of the different modal analysis methods in terms of eigenfrequencies, no trend 
is observable regarding an over- or underestimation, see Figure 19. Most of the identified frequencies 
occur within the limits of ±1% eigenfrequency deviation. Only a few modes show significant deviation. 
There are two main aspects which are responsible for these larger deviations. First, the selection of the 
poles is strongly dependent on the operator in case of FDPI and LSCE. Moreover, the stabilization of 
poles may depend on the analysis bandwidth used for identification. One may also have a larger choice of 
pole candidates to select which can result in the selection of a computational pole instead of a structural 
pole, because sometimes computational poles may also yield acceptable curve-fits of the synthesized 
FRFs. The second reason is the presence of non-linearities which affect the interpretability of the 
stabilization diagrams. In fact, in most cases with large frequency deviation the control surface were 
involved and these modes are known to be weakly non-linear, see Figure 18. Depending on the analysis 
method and on the noise level, the selected poles may vary significantly. The identification processes 
using the different methods revealed that LSCF yields the most reliable and operator-independent 
eigenfrequencies. 
As mentioned before, all modes identified using the FDPI analysis method were also found using the 
Test.Lab implementations of LSCF and LSCE. Nevertheless, in some cases significant differences in 
terms of the MAC correlation were encountered. The main reasons for these deviations are local effects 
which appear in a different way depending on pole selected from the stabilization diagram. For some 
modes, only small parts of the aircraft vibrate in phase (local modes) while the rest of the structure 
vibrates out of phase. When correlating such modes via MAC, the result is worse in any case. 
It is conspicuous that LSCF tends to underestimate the damping, and this is also confirmed by the study 
performed in section 3. When comparing the FDPI identification results with those obtained with LSCF it 
can be concluded that 74 out of 112 damping parameters were underestimated. Furthermore, when 
comparing the LSCF results with those of LSCE it can be concluded that 79 damping parameters were 
underestimated by LSCF. It cannot be concluded here that the damping parameters identified by LSCF are 
wrong in general. The FRF synthesis should rather be used as the criterion to check the quality/accuracy of 
the damping estimates and these showed an excellent correlation with the measured FRFs in most cases. 
The highest eigenfrequency deviation which can be observed in Figure 19 is likely to be caused by the 
selection of a computational pole from the FDPI stabilization diagram. For example, mode 110 showed 
significant eigenfrequency deviation of both methods (LSCF and LSCE) with respect to the FDPI results. 
It is therefore more likely that the FDPI results are less accurate than the LSCE and LSCF results. This 
could be confirmed by looking at the stabilization diagrams around mode 110 (which cannot be shown 
here for reasons of confidentiality). The FDPI stabilization diagram looks totally confusing in this 
frequency range (which can be a result of noise, non-linearity, or insufficient excitation), whereas the 
LSCF stabilization diagram shows a single stable pole which slightly drifts towards lower frequencies as 
the model order is increased. This situation together with the condition that a resonance peak cannot be 
observed in the sum FRF (and also not in the mode indicator function) can make the selection of a 
meaningful pole from the stabilization diagram extremely difficult. The result is a mode whose 
eigenfrequency and damping ratio are highly sensitive to the skills of the operator. In such cases LSCF is 
the favourable modal analysis tool but it should be kept in mind that this analysis tool does not overcome 
all problems associated with meaningful pole selection. 
 

6 Summary 
 
Three different modal analysis methods have been discussed in the preceding sections which utilize 
different representations of the dynamic response function of mechanical structures for modal parameter 
identification. For example: 

• FDPI is derived from a state-space representation of an analytical system and identifies reduced 
physical system matrices from measured FRFs which are then utilized for analytical modal 
analysis, 
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• LSCE performs an inverse Fourier transform on the FRFs and utilizes a time domain 
representation of the system to extract the poles from impulse response functions, 

• LSCF fits a common denominator model to measured FRFs and calculates the system poles from 
the roots of the complex common denominator polynomial whose polynomial coefficients were 
identified beforehand from a classical gradient based parameter estimation algorithm. 

It can be expected that in some circumstances (i.e. data quality and consistency, presence of non-linearity) 
certain methods may be preferred over others. At the same time it is extremely difficult to assess from the 
basic equations which method performs better in certain conditions. 
From the results of the studies performed in sections 3 and 4 it can be concluded that LSCE and LSCF can 
be used for broadband modal analysis, whereas FDPI can sometimes not achieve stability for structural 
poles when the analysis bandwidth is too broad. FDPI is therefore better suited for narrow band modal 
analysis. The stabilization diagrams of LSCE are highly sensitive with respect to noise. Additional stable 
poles appear among the structural poles due to noise and make the stabilization diagrams look somewhat 
messy. LSCF provides clear stabilization diagrams also in the case of noise-contaminated FRFs. However, 
the damping estimates associated with the few stable poles decrease with increasing noise levels and this 
situation becomes worth for poorly excited modes. Since LSCF uses a gradient based parameter 
estimation algorithm, it is believed that an effect similar to regularization is the cause for this outcome. 
Eigenfrequencies can be identified from noisy FRFs (and also from non-linear FRFs) with relatively good 
accuracy. Damping ratios are less accurate and should always be checked by comparing the synthesized 
FRFs with the measured ones. In cases of non-linear FRFs, it was shown that multiple stable poles can 
appear at a single resonance peak of a mode which shows non-linear behaviour. These poles are associated 
with the same mode shape but appear with slightly different frequencies and different damping ratios. This 
effect makes the selection of meaningful poles difficult. The identification of multiple stable poles for a 
single resonance peak can be avoided by applying a low level of artificial white noise to the FRFs. Since 
the effect of noise is similar to regularization it can help to “stabilize” the pole estimation process. The 
estimates for eigenfrequencies and damping ratios can be dependent on the analysis bandwidth when using 
FDPI or LSCF. This effect can be exploited for the detection of non-linear modes and can be considered 
as a practical tool which is readily available in modal analysis software. It was also found out that mode 
shapes can be extracted from noisy and/or non-linear FRFs with relatively good accuracy. The modal 
scaling constants (modal mass or modal “a”) are sensitive to the damping estimates and are therefore less 
accurate. This applies in particular for modal scaling constants of poorly excited modes. 
The application of the different modal analysis methods to the A380 dataset in section 5 revealed (apart 
from the efficient data handling and the numerical efficiency which can be attributed to all of them) that 
all methods are suited for modal analysis of datasets obtained during the GVT of a large aircraft. Even 
though differences were detected between the results obtained with the different modal analysis tools, 
these differences could in most cases be explained by physical reasoning and helped to detect advantages 
and pitfalls in the application of modal analysis tools to datasets which exhibit features like noise, non-
linearity, and a large number of FRFs. It can be concluded that it is not sufficient to rely on the results 
obtained with a single modal analysis tool. The results obtained with different modal analysis tools should 
rather be checked against each other if the results of modal analysis are suspicious. 
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Abstract 
This paper discusses the development of an automatic test-planning algorithm to aid the design of modal 
tests. Essentially, the paper presents the amalgamation of two existing test planning techniques, the 
optimum excitation point calculations, such as the Optimum Drive Point (ODP) as given by ICATs 
documentation [9], and the more recent Min-MAC algorithm of Carne et al [1]. The resulting “OptiSet” 
technique provides an alternative to the commonly used Effective Independence (EI) calculation, which is 
occasionally found to cluster test points and which may run for many hours when used on large models. 
The OptiSet technique results in analytical AutoMAC matrices with no high-valued off-diagonal elements, 
using an optimal number of measurement DOFs. Numerical and actual experiments are used to 
demonstrate the effectiveness of the OptiSet technique. The paper also discusses the improvement in 
computational efficiency of the OptiSet technique over the EI method. 

 

1. Introduction 
When conducting a modal test, it is important to obtain modes independently of each other. For example, 
Figure 1 shows the modeshapes of two distinct modes of a free-free beam. If the beam was tested with 
three accelerometers in the positions marked with crosses, then modes A and B would appear identical; 
this is an example of “Spatial Aliasing”. Being unable to unambiguously identify the modes can make it 
virtually impossible to validate a Finite Element (FE) model of the structure being tested. Large FE 
models may have many millions of degrees of freedom (DOFs). Knowing which measurement DOFs 
ensure that spatial aliasing does not occur is very difficult and often leads to test engineers using many 
more measurement DOFs than are actually necessary. This paper discusses a novel method to 
simultaneously minimise the number of measurement DOFs and ensures that each measured mode can be 
identified uniquely. 
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Figure 1. Example of Spatial Aliasing 
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2. Literature Review - Test Planning 
Relevant research has been undertaken by Carne and Dohrmann[1], who propose three criteria for 
designing a modal test:  

1. Ensure correspondence between the Finite Element Model modeshapes and the measured 
modeshapes. To achieve this, one must be able to differentiate between the different modes.  

2. Ensure adequate excitation. 

3. Ensure that parameters, which need to be identified or estimated, are clearly observed in the measured 
data. 

Carne and Dohrmann also define two other important criteria from the point of view from the test 
engineer; Shape Visualisation and the Robustness of the design in the context of using an inaccurate 
tool, the Finite Element model. 

Detailed in [1] is the development of an algorithm which improves the visualisation and correspondence 
factors. The test engineer uses intuition to decide on a measurement set of DOFs that adequately covers 
the structure and any areas of special interest. This set is then increased by adding DOFs that lower the 
maximum off-diagonal element of the Auto – Modal Assurance Criterion (MAC) by the greatest amount. 
Two methods of adding the extra DOFs are described; the first is by tracking all the off-diagonal elements 
of the AutoMAC matrix, and the other is by tracking only a certain number of the elements, thus saving 
computational effort. The latter method is probably not necessary nowadays due to the advancement of 
processor speed and PC memory since 1995, which was when the research was undertaken. Improved 
visualisation is achieved by using triaxial sensors, allowing modeshapes to be visualised immediately 
without transformation of the data. 

There are many measurement set selection techniques based on the Effective Independence (EI) method, 
and these will be discussed in greater detail later. In particular, Kammer et al [2 3 4 5] have developed 
numerous techniques that overcome some of the inherent problems with EI. The EI method in its original 
form reduces from a full measurement set making it a very computationally large calculation. The 
techniques developed by Kammer et al solve this problem by utilising an expansion approach from a small 
initial set consisting of DOFs specified by the user. It also allows the user to include areas of dynamic 
importance. 

Another approach to achieve linear independence and adequate excitation is the QR-Decomposition of the 
full measurement set. The application of this technique is successfully demonstrated, using a car body as 
an example, by Schedlinski and Link [6]. 

In [7], Jarvis describes a measurement set location based on the Sii/Mii ratio, where Sii and Mii are the 
leading diagonal stiffness and mass terms, respectively. Low values of the ratio indicate a good DOF to 
retain in terms of describing the kinetic energy of the DOFs. This method ensures measurement at areas of 
high displacement/acceleration but does not necessarily serve to eliminate spatial aliasing.  

3. Measurement Set Selection Methods 
A number of techniques are used in order to select a measurement set of DOFs. Some test engineers might 
choose a structured grid of points that completely cover the structure, as this ensures that the mode 
animation displays the outline of the structure, making them aesthetically pleasing and simplifying the 
visualisation of the modeshape. However, this technique rarely ensures linearly independent modeshapes, 
thus causing problems when correlating the experimental data with the model. Another technique is to use 
experience to decide intuitively which points to measure. An experienced test planner may be able to 
observe a structure or look at the modeshapes in an FE solver and predict a good measurement set. 
However, this approach also often results in spatial aliasing. Another technique is to use the Effective 
Independence (EI) method. This method essentially uses a Predictor Matrix [A] and its associate [E] to 
eliminate successively those DOFs from the full measurement set which contribute least to the rank of [E]. 
There are disadvantages with this technique; due to its nature of reduction from a full measurement set, it 
requires inversions of large matrices, particularly at the outset of the calculation, making it lengthy and 
processor consumptive. Also it has the tendency to cluster points, especially when the tester attempts to 
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utilise over determination. The consequence of a clustered set is that it may be physically impossible to 
measure at closely spaced positions, this will be shown later. Below are the matrix formulae for the EI 
calculation as given in [8]: 

 [ ] [ ] [ ]Nxm
T
mxNmxmA φφ=   (1) 

 [ ] [ ] [ ] [ ]T
mxNmxmNxmNxN AE φφ 1−=  (2) 

 φ is a reducing set of eigenvectors, for m modes 

4. OptiSet Development 
An algorithm was developed in MATLAB in order to eliminate some, if not all, of the problems 
associated with many test planning methods. The four main objectives of developing the new method 
were: 

1. To Standardise Test Planning  
⇒ So any tester would get the same result for the same structure, i.e. repeatability of the test. 

2. To Reduce Testing Time and Resources 
⇒ Reduce the size of the measurement set in a Modal Test.  

3. To Eliminate Spatial Aliasing Between Different Modeshapes 
⇒ I.e. Improve the experimental AutoMAC by ensuring low off-diagonal elements. 

4.  Intelligently Plan the Test Using FE Data 
⇒ To ensure continuity between FE and test metrics; units, orientation, scaling, translation and node 

notation. 

The OptiSet algorithm takes the modal and geometry data from the Finite Element model and uses it as a 
predictive tool for the behaviour of a structure or component. This predictive tool can then be used to plan 
a modal test; this approach is acceptable provided that the test planner takes into account that there are 
probably errors with the FE model. It is often prudent to eliminate all data associated with nodes and 
elements internal to the structure. The reason for this is that one cannot measure the response or excite 
inside the material of a structure so there is no need to include all this extra data in the subsequent 
calculations.  

The OptiSet algorithm has been incorporated into a MATLAB Graphical User Interface (GUI) and the 
first action by the algorithm is to reduce the remaining DOFs to save computations later on. Firstly, this is 
done by the user specifying the modes of interest in the test and often means the exclusion of the data 
associated with rigid body modes and higher frequency modes. The user then highlights which degrees of 
freedom per node from the FE eigen data to retain. This will depend on the type of transducers used (e.g. 
single or triaxial) and if the user is only interested in modes in a certain plane. A function has been 
included to transform the eigen data from a global coordinate system to a local coordinate system. This 
was necessary as the FE model nearly always stores the data in a global Cartesian system. If, for example, 
the structure of interest was cylindrical, conical or spherical then accelerometers placed on the structure 
will generally not measure in an X, Y or Z direction. For example, a triaxial accelerometer placed on the 
outside of a cylindrical structure will measure in radial, tangential and axial directions so the test plan 
must be performed in these directions to eliminate spatial aliasing in the measured data. OptiSet currently 
includes the option to transform the FE eigen data to a cylindrical or spherical system, the method for 
transforming to a cylindrical system is shown below.  
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Figure 2. Co-ordinate Transformation Technique  

for Cylindrical Structures 

The user can then specify by what scaling factor they would like the measurement set reduced, the 
algorithm recommends a value based on what matrix sizes will remain after the reduction. If the user 
follows the recommendation, the resulting calculation will be relatively fast (less than 30 seconds) with no 
significant increase in the final analytical spatial aliasing or the number of measurement DOFs. In fact, 
this measurement set reduction technique has been found to improve the quality of the test plan. The 
method used to reduce the measurement set is very simple and is best illustrated with an example. If the 
user specifies to reduce the measurement set by a factor of three then two out of every three nodes from 
the model are eliminated from the calculation as shown below on a beam. 

 

 

Figure 3. Node Reduction in OptiSet 
 

A typical measurement set reduction is shown below on an annular structure, the MACE Retaining Nut 
(described later). It can be seen that even after there has been significant node reduction in the manner 
described above, there is an adequate covering of the structure with measurement points. 

   
 

Figure 4. Node Reduction of FE model 
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After the initial measurement set reduction modules, OptiSet performs the Optimum Drive Node (ODN) 
calculation. The calculation is dependent on the method of excitation to be used in the Modal Test. As an 
example, the ascending excitation locations (for not producing double hits) with modal hammer 
excitation as given by [8] and [9] are:  

 ODN(hammer) = NODP / ADDOFV (3) 

Where NODP is the Non-Optimum Driving Point and is given by: 

 { }rjMinjNODP ,)( φ=  (4) 

ADDOFV is the Average Driving DOF Velocity given by: 

 ∑
=

=
m

r

rjjADDOFV
1

2
,)(

ω
φ

  (5) 

Similarly, optimum shaker excitation calculations have been incorporated into the software. Shown below 
is an example of the contour method used in OptiSet to display the ranking of excitation locations. 

  
Figure 5. Ranking of Excitation Locations for a Hemisphere 

The objective of including the optimal excitation calculation was primarily to overcome the issue of 
double impacts when using a modal hammer. OptiSet further reduces the measurement set by only 
including those points ranked in the top half in terms of their ability to prevent double hits. 

The final stage is the main algorithm, which will only utilise the remaining significantly reduced 
measurement set. At the start of the algorithm, the user is asked to input some information. Firstly, the 
user can specify how many measurement locations they want in the final measurement set. This may be 
due to a limitation of measurement channels available, or conversely the user may wish to over-determine 
the response of the structure. The alternative to specifying a number of measurement locations is to 
specify an upper limit on the maximum off-diagonal element of the final analytical AutoMAC matrix 
(typically 10%). This will result in the minimum measurement locations required to meet the specified 
maximum allowable spatial aliasing. The final piece of information given by the user is how many 
alternative measurement sets is required at the end of the test plan. It is convenient to have more than one 
final measurement set as a particular measurement set may be inconvenient to use in reality. For example, 
a measurement location might be in a hole, slot or other inconvenient position. 

The OptiSet algorithm works by the procedure detailed in appendix 2, where a simple beam is used to aid 
understanding. After the initial user input, the main algorithm selects two initial nodes and retains the 
eigen data. The algorithm adds the node with lowest node number to the initial 2 and calculates the 
AutoMAC elements using the equation detailed below. OptiSet stores the maximum off-diagonal element 
and removes the node added to the initial two. OptiSet then adds the node with the next lowest node 
number to the initial two and again stores the maximum off-diagonal element.  
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After repeating this process for all the remaining nodes, OptiSet selects the node which reduced the 
maximum off-diagonal element by the most and permanently adds it to the initial two. This process is 
repeated, this time though with 3 initial nodes, then again with 4 initial nodes etc until the measurement 
set satisfies the requirements specified by the user, i.e. the number of measurement points is the same as 
requested by the user or, the maximum off-diagonal element of the AutoMAC matrix is below the target 
specified by the user. 

The main algorithm (excluding the user input) is repeated by the number of final measurement sets 
requested by the user. Each repeat is started with different initiation nodes, resulting in a unique 
measurement set for each repeat. 

As the philosophy with the OptiSet technique is to build from 2 or more nodes, there are no large matrix 
inversions as seen with many full set reduction techniques like the Effective Independence calculation. 

5. Results – Beam (600 DOF) 
An aluminum beam, dimensions 22 x 22 x 600 mm, was modeled in the Ansys FE package and the 
matching hardware was obtained. A modal test plan was carried out using the Effective Independence 
method on the FE data. Only translational modes in one direction were of interest, which would allow the 
test to be performed using single axis accelerometers along one surface. The EI test plan for the first 5 
modes yielded the accelerometer locations and the AutoMAC shown in Figure 6. The test plan took only a 
few seconds, but it can be seen that where over determination was attempted, clustering of the test points 
can be seen at the edges of the beams. The analytical AutoMAC shows a significant level of spatial 
aliasing.  
 

 
 

Figure 6. EI Test Plan Accelerometer Locations and AutoMAC 
 
An intuitive test plan approach was attempted; typically an intuitive approach would involve a grid like 
structure of measurement locations. Shown in Figure 7 are 5 theoretical equi-spaced accelerometer 
locations and the resulting analytical AutoMAC. It can be seen that analytical spatial aliasing has still 
occurred, in particular between modes 3 and 5. 
 
 
 
 

  
 
 
 

Figure 7. Intuitive Test Plan Measurement  
Locations and AutoMAC 
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An OptiSet test plan was used for the beam, a screen shot of the result for the ‘best’ measurement set can 
be seen in Figure 8. The ‘best’ being defined as the measurement set with the fewest measurement 
locations to meet the maximum off-diagonal limit. If two measurement sets have the same number of 
points, the measurement set which yields the lowest maximum off-diagonal element is deemed to be the 
best. The OptiSet algorithm found 6 points which gave an analytical AutoMAC of 7%. It took only 
seconds to run and there were 9 alternative measurement sets whose maximum off-diagonal elements were 
below 10%, however they contained more measurement locations.  
 
 

 
 

Figure 8. OptiSet Screen Shot for a Test Plan on a Beam 
 
A modal test was performed on the beam and the response was measured at the locations shown above. 
The experimental AutoMAC showed little spatial aliasing; all off-diagonal elements were below 15%. 
When the experimental AutoMAC is similar to the analytical AutoMAC, it gives a good indication that 
the FE modeshapes and the test modeshapes will correlate well. For the beam, the cross correlated MAC 
had no off-diagonal elements above 20%. 
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6. Results – Retaining Nut (72 Thousand DOF) 
The Retaining Nut is a component from the Modal Analysis Coupling Exercise (MACE) and is a structure 
which is cylindrical in nature. The test planning carried out in OptiSet utilised the coordinate system 
transformation as described earlier in order to eliminate spatial aliasing in the measurement directions and 
not in the FE Cartesian coordinate system. After viewing the FE modeshapes, it was apparent that not all 
the modes of interest were in a radial direction. The Figure below shows how some of the modes have 
axial motion. To account for this, the OptiSet test planning included data both in a radial and axial 
direction. This meant that the measurement sets produced by OptiSet required measurement in both the 
radial and axial direction, i.e. triaxial accelerometers placed on the outer surface of the ring with the radial 
and axial channels connected.  
 

   
 Mode 7 – 2267.8 Hz Mode 8 – 2267.9 Hz 
 

Figure 9. FE Retaining Nut Axial Modes  
 
The Figure below is a comparison between the Effective Independence and the OptiSet test planning 
techniques for the first 12 modes. The main advantage of OptiSet is the time saved. The EI method took 
20 minutes to produce 1 measurement set and OptiSet took 10 seconds and produced 3 measurement sets. 
Had the EI method produced a measurement set with inherent issues (i.e. clustered nodes or a node in a 
slot), then the test planner would have to wait another 20 minutes to produce another measurement set, 
which could just as likely be un-usable. Both techniques gave a measurement set with very little analytical 
spatial aliasing, however the OptiSet method also yielded a set with fewer measurement points. 
 
 

 Effective Independence OptiSet 
Runtime 20 Minutes (1 set) 10 Seconds (3 Sets) 

Number of 
Nodes 13 (non clustered) 8 (non clustered) 

Location of 
Nodes 

  

AutoMAC Off-diagonal elements < 20% Off-diagonal elements < 10% 

 
Figure 10. Comparison Between OptiSet and Effective  

Independence Techniques 
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A modal test was carried out on the Retaining Nut, with measurements being taken in the positions shown 
above as specified by OptiSet. The experimental AutoMAC using these locations is shown below, there 
is slight spatial aliasing between modes 5 and 10, though this is relatively good considering that only 16 
measurement DOFs were used. It is since been discovered that it is often beneficial to use OptiSet to 
predict the minimum measurement locations and then re-run the algorithm by specifying the number of 
measurement locations to be greater than the minimum, typically 50 % more. This over-determination 
usually further reduces any spatial aliasing and can somewhat compensate for any inadequate 
measurement locations. 
 

 
Figure 11. Experimental AutoMAC 

 
There seemed to be poor correlation between the FE and test modeshapes and led to the addition of 
another tool in OptiSet. This tool essentially aims to overcome correlation issues when dealing with axis-
symmetric structures. It was apparent when viewing modal animations that some of the test and FE modes 
were the same except one would be slightly rotated around the axis of the retaining nut. This led to poor 
MAC values, when in reality the modes were present and generally of the same shape. OptiSet was 
updated to rotate the test data in 10 degree increments about the axis of the cylindrical structure, find the 
new corresponding FE nodes, and recalculate the MAC values. A screen shot of this function can be seen 
below. 
 

 
 

Figure 12. OptiSet Screen Shot Highlighting  
Axis-Symmetric Correlation Tool 
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7. Conclusions 
The development of the OptiSet algorithm has successfully met the four main objectives specified at its 
conception. Test planning is now more standardised and repeatability for a test can be easily achieved. The 
time taken to plan and test a given structure has been significantly reduced and the amount of hardware 
required to do so has also decreased. Finally, spatial aliasing, both analytically and experimentally, is a lot 
less common with OptiSet than for previous testing methods. OptiSet also has the advantage of ensuring 
relatively good positions for exciting the structure. 

OptiSet has now been applied to structures with varying test difficulties and has out-performed former test 
planning methods for each. The OptiSet technique has now become the default method for modal test 
planning at AWE and will be further developed to improve its functionality. 

8. Further Work 
The option to include user selected nodes or areas of interest in the measurement set is being investigated. 
The inclusion of ‘undo’  and ‘redo’  buttons would be useful, as would a user’ s guide and a ‘help’  menu 
system 

One issue has arisen with the location of the origin when performing coordinate system transformations. 
For example, if the user was converting the eigen data to a spherical coordinate system, the code would 
automatically assume that the centre of the sphere is at the origin of the FE model. This is often not the 
case and the algorithm will have to be updated so that the centre of the coordinate system can be uniquely 
specified. A function to transfer the coordinate system into a conical system will also be incorporated into 
OptiSet. 

The main limitation with Optiset is the time taken to draw ‘heavy’  geometries to the screen. The term 
‘heavy’  means many nodes and elements. Methods to improve this situation are being investigated, such 
as only drawing the surfaces that are visible to the user in a particular view. This method of creating ‘light’  
geometries is employed by CAD and FE packages and makes them very fast at drawing the structure to 
the screen. A simple, short term solution would be to not draw the structure at all for ‘heavy’  models and 
rely only on the numerical data output from OptiSet. 
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10. Appendices 
Appendix 1. OptiSet Algorithm Process – Beam Example 
 
1. Internal nodal data eliminated from the data set prior to importing into OptiSet. 

2. Import FE geometry and eigen data. 

3. User specifies modes of interest and degrees of freedom per node. 

4. Perform coordinate system transformation if necessary. 

5. Reduce measurement set by a simple scaling factor. 

6. Rank remaining nodes by their ability to cleanly excite the structure – OptiSet eliminates the bottom 
half from the measurement set. 

7. User specifies desired number of measurement points (or AutoMAC maximum off-diagonal target), 
and degrees of freedom per node. 

8. OptiSet selects two initial nodes. Method of selecting initial nodes depends on the version of OptiSet 
used; can be random, user specified or highest ranked excitation nodes. 

 

9. OptiSet then adds node with lowest node number to the initial 2 - calculates and stores the maximum 
off-diagonal element of AutoMAC. 

 

10. OptiSet then adds node with the next lowest node number to the initial 2 - calculates and stores the 
maximum off-diagonal element of AutoMAC. 

 

11.  OptiSet continues the adding individual nodes to initial 2 until each has been sampled. OptiSet 
selects the node which lowered the off-diagonal element by the most. 

 

12. Optiset continues in this fashion till the measurement set satisfies user requirements, i.e. number of 
measurement points selected matches those requested by the user, or the maximum off-diagonal 
element of the AutoMAC is below the limit specified by the user. 

13. Steps 8-12 repeated depending on the number of final measurement sets requested by the user. For 
each repeat of step 8, a different initial 2 nodes are selected. 

Max off-diag = 87 % 

Max off-diag = 92 % 
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Abstract
Recently the frequency-domain poly-reference LSCF estimator (also known as the LMS PolyMAX esti-
mator) has introduced an important improvement in the field of modal analysis. The poly-reference LSCF
estimator produces very clear stabilisation diagrams and can deal with highly damped structures. In this
contribution the poly-reference LSCF estimator will be optimised for vibro-acoustic systems. In the first part
of the paper a recap of the theory of the LSCF estimator will be given as wellas the required generalisation
to cope with vibro-acoustic problems. In the second part of the paper, thetheoretical results will be validated
by means of an experiment.

1 Introduction

In recent years modal analysis has become one of the key technologies instructural dynamics analysis.
The need for better modal parameter estimators that could tackle highly dampedstructures and the need
for estimators that could be automated (and thus having clear stabilisation diagrams) resulted in a renewed
interest in the research concerning modal estimators.

A first major breakthrough was the development of the Maximum Likelihood Estimator (MLE) in combina-
tion with the Least-Squares Complex Frequency-domain estimator (LSCF)[5]. Although the MLE has some
superior properties (consistency, asymptotic efficiency and asymptotic normality[3]) which made estimations
with confidence intervals possible, it failed to convince the industry. The poly-reference Least-Squares Com-
plex Frequency-domain estimator (p-LSCF) (which isn’t consistent) on theother hand has some advantages
which make it an interesting estimator for general industrial applications [8, 9]. Its stabilisation diagrams
are much clearer compared to those of the classical estimators, it can tackle highly damped structures and
it is computational efficient. While the Least Squares Complex Exponential (LSCE)[1] estimator was the
”industry-standard” it nowadays is outperformed by the poly-reference LSCF estimator which is becoming
the new standard.

In this paper we will show that the current implementation of the p-LSCF can beoptimised for situations
where multiple FRF’s which differ some orders of magnitude are estimated together. This is for example the
case in vibro-acoustic systems.

In section 2 we will recapitulate the Least-Squares Complex Frequency-domain estimator (LSCF) and the
poly-reference Least-Squares Complex Frequency-domain estimator (p-LSCF) and we will optimise the p-
LSCF estimator. In section 3 an experiment will validate the theory.

2 Theory

In this section some theoretical aspects will be handled. In the first subsection the analytical modal model
is introduced. In the second subsection the least-squares complex frequency-domain estimator (LSCF) is
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introduced as a simple frequency domain estimator used for modal analysis. In the following subsection the
poly-reference variant (commercially known as the LMS PolyMAX estimator)is recapitulated. Finally, we
will optimise the poly-reference estimator for vibro-acoustic systems.

2.1 The analytical modal model

The equations of motion of a system withNm degrees of freedom can be written as a set of differential
equations.

M ÿ(t) + C ẏ(t) +K y(t) = f(t) (1)

with M , C andK ∈ R
Nm×Nm respectively the mass, damping and stiffness matrices,f(t) ∈ R

Nm×1 the
applied force andy(t) ∈ R

Nm×1 the structure’s displacement.

Applying the Laplace transform and neglecting the initial conditions, results in

(

M s2 + C s+K
)

Y (s) = F (s) (2)

By defining the dynamical stiffnessZ(s) = M s2+C s+K and the transfer function matrixH(s) = Z−1(s)
(2) can be written as

Y (s) = H(s)F (s) (3)

SinceH(s) = Z−1(s) one also can write

H(s) =
Zadj(s)

|Z(s)|
(4)

with Zadj(s) the adjoint matrix and|Z(s)| the characteristic equation which is a polynomial ins of order
2 ·Nm. It is obvious that the roots of the characteristic equation are the poles of the system.

It can be shown that the transfer function matrixH(s) also can be written in its modal form [7]

H(s) =

Nm
∑

r=1

(

Qr · ψr · ψ
T
r

s− λr
+
Q∗

r · ψ
∗
r · ψ

H
r

s− λ∗r

)

(5)

with Qr the modal scaling factor of moder, ψr ∈ C
Nm×1 the mode shape vector of moder andλr the pole

of moder. An alternative formulation is

H(s) = V · [s · I2·Nm − Λ]−1 · LT (6)

with

V = [ψ1 . . . ψr ψ∗1 . . . ψ
∗

r ]

Λ = diag(λ1, λ2, . . . , λNm , λ
∗

1, λ
∗

2, . . . , λ
∗

Nm
)

L = Q · [ψ1 . . . ψr ψ∗1 . . . ψ
∗

r ]

Q = diag(Q1, Q2, . . . , QNm , Q
∗

1, Q
∗

2, . . . , Q
∗

Nm
)

Note that from equation (5) it follows that whens = λr the transfer function matrix is of rank 1.
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2.2 The least-squares complex frequency-domain estimator (LSCF)

2.2.1 Experimental model

Equation (4) leads to the common-denominator model used in experimental modalanalysis which can be
expressed as

Ĥ(ω) =







N11(ω) · · · N1Ni
(ω)

...
. . .

...
NNo1(ω) · · · NNoNi

(ω)







D(ω)
(7)

with No the number of outputs andNi the number of inputs. Each FRF̂Hoi(ω) with outputo and inputi is
modelled as

Ĥoi(ω) =
Noi(ω)

D(ω)
(8)

or

Ĥk(ω) =
Nk(ω)

D(ω)
(9)

with k = (o− 1) ·Ni + i.

So each FRF has an individual numerator polynomialNk and all FRF’s have the same denominator polyno-
mialD(ω). The numerator polynomial can be written as

Nk(ω) =
n

∑

j=0

Ωj(ω) ·Bkj (10)

And the denominator polynomial can be written as

D(ω) =
n

∑

j=0

Ωj(ω) ·Aj (11)

The coefficientsBkj ∈ R andAj ∈ R are the parameters to be estimated. All the parameters are collected in
one vectorθ = [βT

1 ,β
T
2 , . . . ,β

T
No·Ni

,αT ]T with βk = [Bk0, Bk1, . . . , Bkn]T andα = [A0, A1, . . . , An]T .

For a discrete-time domain model (which leads to a better numerical condition compared to the continuous-
time domain models) the polynomial basis functions are usually given byΩj(ω) = e−i·ω·TS ·j with TS the
sampling period.

2.2.2 Equation error, cost function and Jacobian matrix

After linearisation in the parameters [4, 6], the least-squares equation error related to the model shown in
equation (9) becomes:

ǫLS
k (ωf ) = Nk(ωf )−D(ωf ) ·Hk(ωf ) (12)

Note that one now uses the measured FRF’sHk(ωf ) at the frequenciesωf with f = 1, . . . , Nf . The equation
errors of all frequency lines of a specific FRF can be collected into one vector:
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ǫLS
k =











ǫLS
k (ω1)

...
ǫLS
k (ωNf

)











(13)

The linear least-squares estimates are found by minimising the following cost-functionlLS :

lLS =

No·Ni
∑

k=1

Nf
∑

f=1

|ǫLS
k (ωf )|2

=

No·Ni
∑

k=1

Re
(

(

ǫLS
k

)H
· ǫLS

k

)

(14)

The next step to work out the minimising of (14) is to reformulate the equation error vectorǫLS
k using matrix

notations. This is possible because it is linear in the parameters. Note that we simplify the notation of the
polynomial basis functions and definezj

f = e−i·ωf ·TS ·j .

ǫLS
k =











ǫLS
k

(ω1)
ǫLS
k

(ω2)
...

ǫLS
k

(ωNf
)











=







1 z1

1
. . . zn

1
−Hk(ω1) −Hk(ω1) · z1

1
. . . −Hk(ω1) · zn

1

1 z1

2
. . . zn

2
−Hk(ω2) −Hk(ω2) · z1

2
. . . −Hk(ω2) · zn

2

...
...

. . .
...

...
...

. . .
...

1 z1

Nf
. . . zn

Nf
−Hk(ωNf

) −Hk(ωNf
) · z1

Nf
. . . −Hk(ωNf

) · zn
Nf






·







































Bk0

...
Bkn

A0

...
An







































=
[

Xk Yk

]

·

{

βk

α

}

(15)

=
[

Jk

]

·

{

βk

α

}

(16)

Combining equations (14) and (15) results in:

lLS =

No·Ni
∑

k=1

Re

(

[

βT
k αT

]

·

[

XH
k

Y H
k

]

·
[

Xk Yk

]

·

{

βk

α

})

=

No·Ni
∑

k=1

[

βT
k αT

]

· Re

([

XH
k ·Xk XH

k · Yk

Y H
k ·Xk Y H

k · Yk

])

·

{

βk

α

}

(17)

Now one can easily prove that (17) can be written as:

lLS = θT · Re(JH · J) · θ (18)

with

J =











X1 0 · · · 0 Y1

0 X2 · · · 0 Y2
...

...
.. .

...
...

0 0 0 XNo·Ni
YNo·Ni











(19)
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In the minimum of the cost function the derivatives of (19) with respect to theunknown parametersθ are
zero. This leads to the normal equations:

2 · Re
(

JH · J
)

· θ = 0 (20)

From equation (9) it follows that the common denominator model has one parameter which can be chosen.
[4] For example one can impose a constraint on the parameterα(n+ 1) by assumingα(n+ 1) = 1. Doing
this, (20) becomes:

2 · Re
(

J̃H · J̃
)

· θ = b (21)

To find the unknown parametersθ one has to solve (21). It is clear that the poles are given by the roots of
the denominatorD(ω). The participation factors and mode shapes can be obtained from a singular value
decomposition (SVD) of the residue matrix of the physical modes.

2.2.3 Remarks

The LSCF estimator is based on equation (4). A disadvantage of this approach is that it doesn’t force the
residu matrices to be of rank 1. This is why an SVD is needed to find the mode shapes and the participation
factors. This disadvantage is eliminated when using a polynomial matrix-fraction model.

The choice of the parameter constraint has an influence on the stabilisation diagram [2]. Using the constraint
α(n+ 1) = 1 facilitates the distinction between physical and mathematical poles.

Note that there exists a fast implementation of the LSCF which was written by Guillaume et al [6].

2.3 The poly-reference LSCF estimator

2.3.1 Experimental model

The relationship between outputo = 1, . . . , No and all inputs can be modelled in the frequency domain by
means of a right matrix-fraction description (RMFD) [4]:

Ĥo(ω) = No(ω) ·D−1(ω) (22)

with No(ω) ∈ C
1×Ni the numerator row-vector polynomial andD(ω) ∈ C

Ni×Ni the denominator matrix
polynomial defined by

No(ω) =
n

∑

j=0

Ωj(ω) ·Boj (23)

D(ω) =
n

∑

j=0

Ωj(ω) ·Aj (24)

The matrix coefficientsBoj andAj are the parameters to be estimated. All the parameters are collected in
one matrixθ = [βT

1 ,β
T
2 , . . . ,β

T
No
,αT ]T with

βo =



















Bo0

Bo1
...

Bon



















, α =



















A0

A1
...

An



















(25)
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For a discrete-time domain model (which leads to a better numerical condition compared to the continuous-
time domain models) the polynomial basis functions are usually given byΩj(ω) = e−i·ω·TS ·j with TS the
sampling period.

2.3.2 Equation error, cost function and Jacobian matrix

After linearisation in the parameters [6], the least-squares equation errorrelated to the model shown in
equation (22) becomes:

ǫLS
o (ωf ) = No(ωf )− Ho(ωf ) ·D(ωf ) (26)

Note that one now uses the measured FRF’sHo(ωf ) at the frequenciesωf with f = 1, . . . , Nf . The equation
errors of all frequency lines of a specific FRF can be collected into one matrix:

ǫLS
o =











ǫLS
o (ω1)

...
ǫLS
o (ωNf

)











(27)

The linear least-squares estimates are found by minimising the following cost-functionlLS :

lLS =

No
∑

o=1

Re
(

tr
(

(

ǫLS
o

)H
· ǫLS

o

))

(28)

The next step to work out the minimising of (28) is to reformulate the equation error vectorǫLS
k using matrix

notations. This is possible because it is linear in the parameters. Note that we simplify the notation of the
polynomial basis functions and definezj

f = e−i·j·ωf ·TS .

ǫLS
o =







ǫLS
o (ω1)

...
ǫLS

o (ωNf
)







=







(1 z1

1
. . . zn

1
) (1 z1

1
. . . zn

1
)⊗Ho(ω1)

(1 z1

2
. . . zn

2
) (1 z1

2
. . . zn

2
)⊗Ho(ω2)

...
...

. . .
...

...
...

. . .
...

(1 z1

Nf
. . . zn

Nf
(1 z1

2
. . . zn

2
)⊗Ho(ωNf

)






·







































Bo0

...
Bon

A0

...
An







































=
[

Xo Yo

]

·

{

βo

α

}

(29)

=
[

Jo

]

·

{

βo

α

}

(30)

Combining equations (28) and (29) results in:

lLS =

No
∑

k=1

tr

(

[

βT
o αT

]

· Re

([

XH
o

Y H
o

]

·
[

Xo Yo

]

)

·

{

βo

α

})

=

No
∑

k=1

tr

(

[

βT
k αT

]

· Re

([

XH
k ·Xk XH

k · Yk

Y H
k ·Xk Y H

k · Yk

])

·

{

βk

α

})

(31)

Now one can easily prove that (31) can be written as:

lLS = tr(θT · Re(JH · J) · θ) (32)
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with

J =











X1 0 · · · 0 Y1

0 X2 · · · 0 Y2
...

...
. . .

...
...

0 0 0 XNo YNo











(33)

In the minimum of the cost function the derivatives of (33) with respect to theunknown parametersθ are
zero. This leads to the normal equations:

2 · Re
(

JH · J
)

· θ = 0 (34)

From equation (22) it follows that the common denominator model has one parameter which can be chosen.
For example one can impose a constraint on the parameterα(n + 1) by assumingα(n + 1) = INi

. Doing
this, (20) becomes:

2 · Re
(

J̃H · J̃
)

· θ = b (35)

To find the unknown parametersθ one has to solve (35). The knowledge of the denominator matrix coeffi-
cients is enough to calculate the poles and the corresponding participation factors. The mode shapes can be
obtained using the Least-Squares Frequency Domain estimator (LSFD)[7].

2.4 The poly-reference LSCF estimator optimised for vibro-acoustic systems

If one uses the poly-reference LSCF estimator for modelling a vibro-acoustic system problems can occur.
For example if only structural excitations are used during the measurement as input signal the FRF between
the force and the acceleration at a certain point can be much bigger compared to the FRF between the same
force and a microphone. In general if the ”numerical values” of different FRF’s differ significantly, problems
can occur.

While equation (15) shows what goes wrong for the LSCF estimator, equation (29) shows the problem with
the p-LSCF estimator. From both equations it is clear that the Jacobian matrix willbecome ill conditioned
when the FRF’sHk (andHo) differ a lot. Note that this ill-conditioning even get worse for the normal equa-
tions (21) and (35). To estimate the parameters one has to calculate the inverse of ill-conditioned matrices
which results in bad estimates.

Nowadays the only weighting which is used for the LSCF and p-LSCF estimators applies to the equation
error at each output [6] and is mostly correlated to the quality of the measured FRF’s. For the LSCF this
results in:

ǫLS
k (ωf ) = Wk(ωf ) · (Nk(ωf ) −D(ωf ) ·Hk(ωf )) (36)

And for the p-LSCF this results in:

ǫLS
o (ωf ) = Wo(ωf ) · (No(ωf ) −Ho(ωf ) ·D(ωf )) (37)

with Wk(ωf ) andWo(ωf ) arbitrary weighting functions.

The solution to our problem is to rescale the FRF’s. Doing this, results in the following model for the
p-LSCF:
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γo · Ĥo(ω) = No(ω) ·D−1(ω) (38)

The corresponding equation error can be written as:

ǫLS
o (ωf ) = Wo(ωf ) · (No(ωf ) − γo ·Ho(ωf ) ·D(ωf )) (39)

3 Experiment

The rescaling technique has been tested with a simple experiment. The structure used for the experiments
was a box of dimensions1.24 × 0.36 × 0.30 m. Five surfaces of the box were made of wood while the
sixth surface was an aluminium plate (3 mm). The front of the structure has been excited by a hammer. The
vibration of the aluminium plate was measured by an accelerometer. In the cavitywe used one microphone
to measure the pressure. A picture of the setup is found in Figure 1.

 

Figure 1: Experimental setup

The unscaled measured FRF’s are found in figure 2. From figure 2 andfigure 3 one can conclude that the
modes at 132 Hz, 148 Hz and 300 Hz are coupled modes while the mode at 278Hz is a pure acoustic mode
and the mode at 382 Hz is a pure structural mode. Note that the FRF’s differalready with a factor 1000.

Some mode shapes are visualised in figure 3.

By rescaling the acoustic FRF to the same level of the structural FRF all the modes are represented in the
stabilisation diagram (see figure 4(a)).

By multiplying the structural FRF by a factor1050 the stabilisation diagram only finds the coupled and pure
structural modes. The acoustic mode at 278 Hz has been disappeared (see figure 4(b)).

By multiplying the acoustic FRF by a factor1050 the stabilisation diagram only finds the coupled and pure
acoustic modes. The structural mode at 382 Hz has been disappeared (see figure 4(c)).

4 Conclusions

In this paper we recapitulated the frequency-domain poly-reference LSCF estimator (also known as the
PolyMAX estimator) and its predecessor: the LSCF estimator. We showed thatthere is flaw when FRF’s
which differ some orders of magnitude are combined in one estimate. This is forexample the case for
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Figure 2: Measured FRF’s

experimental vibro-acoustic modal analysis. We showed this flaw can be eliminated by rescaling the FRF’s.
In the last part we showed by means of an experiment the consequencesof the flaw and we showed that the
rescaling technique optimises the estimates.
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(c) Stabilisation diagram of dominating acoustic FRF

Figure 4: Stabilisation diagrams
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Abstract 
The interior noise level has been an important design criterion lately in automotive industry. Most of the 
interior noise is generated by the vibrating parts of the vehicle body, mainly the doors. The vibration 
characteristics of the door panels are affected by the weatherstrip seals. The weatherstrip seals exhibit 
nonlinear behavior with changing frequency, compression amplitude, temperature and previous load 
history. These types of materials are very difficult to model and their effect must be studied 
experimentally. In the anticipation of these needs, we built a modal analysis testing system for 
determining the dynamic properties of a rear door of a commercial vehicle. Two different configurations 
are used to perform the experiments. In the first configuration, the door is hung from a supporting frame 
with elastic cords to simulate the free-free boundary conditions. In the second configuration, doors are 
mounted to the vehicle body that is supported by air springs. Frequency shifts and damping contribution of 
weatherstrip seals on the door is investigated by performing experiments with and without the seal using 
the second configuration. Additionally, having two different configurations for the same structure makes it 
possible to determine the effect of the boundary conditions on the dynamics of the rear door.  
 
 
1   Introduction 
 
Dynamic and acoustic behavior of vehicles is a crucial issue for the automotive industry with the 
increasing demand for better passenger comfort. Vibration may lead to passenger discomfort and interior 
noise. Interior noise can be classified as structure borne or airborne. Airborne noise is a result of the wind, 
sound radiation from the tires, engine and exhaust system of a vehicle. Previous studies state that the main 
reason of the low frequency structure borne noise is the vibrating panels enclosing the vehicle. Engine 
generates high amount of excitation in a wide range of frequency and vibration is transferred from the 
engine mounts to all around the structures passing through the rigidly connected parts. At low frequencies, 
excitation coming from the engine causes the panels such as; roof, floor, body side, dashboard, and doors 
to vibrate at their resonant frequencies. Consequently, vibrating panels cause a change in the sound 
pressure level inside and undesirable booming noise results in the passenger compartment. 
 

The vehicle door is one of the noise sources contributing to the overall panel vibrations. Boundary 
conditions and the weatherstrip seals affect the dynamics of the doors considerably. Automotive 
weatherstrip seals are mainly used to prevent water and dust entrance to the passenger compartment in all 
weather conditions and accommodate for the manufacturing variations. They are generally dual extrusion 
bulbs of sponge and dense rubber that can be attached to the door or to vehicle body. The seals can be held 
in place using various methods such as intermittent push pins, continuous carriers, flange mounts. The 
bulbs can have different shapes generally with a height of approximately 15-30 mm. The bulb wall 
thickness is typically a few millimeters to provide maximum sealing area at a low compression force [1]. 
A typical seal connection is shown in figure 1 and 2. As it can be seen from the figures, the seal strip runs 
all around the perimeter of the door. When the door is closed, it remains in contact with the opening panel 
through the hinges at the front side, the lock mechanism at the rear side and through the seal strip all 
around the door perimeter. The seal strip induces some residual stiffness and viscoelastic contribution to 
the door support conditions and prevents exterior noise and vibration to be transmitted to the interior of 
the car [2]. They exhibit nonlinear behavior with changing frequency, compression amplitude, temperature 

2507



and previous load history. Therefore their effect on door vibrations can be significant and should be 
studied to understand the overall vehicle dynamics. 
 

 
 
      Figure 1: Typical weatherstrip seal profile                     Figure 2: Seal section [1]         
 
Many researchers performed experiments in order to identify the dynamic characteristics of structures 
made of rubber. Lin et al. [3] presented a simple experimental method to evaluate the frequency dependent 
rubber mount stiffness and damping characteristics by using the structural damping formulations. Kren 
and Vriend [4] used dynamic indentation test method in order to determine viscoelastic properties of 
rubber. Stenti et al. performed nonlinear static and dynamic analysis by using commercial finite element 
code MSC/MARC with a simplified car door weatherstrip seal model. Compression Load Deflection          
( CLD ) behavior is obtained via static analysis and the effect of deformation amount of seal to the modes 
of the door is analyzed using dynamic analysis. Changes of vibration modes at different compression 
levels are investigated. It is observed that the frequency change in first modes is more than the frequency 
changes in other modes as the compression ratio increases [2]. In another study, a test structure which 
simulates the door and the body is constructed. Natural frequencies of the structure are obtained by the 
experiments performed, in the cases of with and without seals lying between the two frames. It was 
verified that the seal caused a frequency shift in the test structure. Simulations of the both cases are 
performed by finite element analysis and an equivalent spring coefficient is determined for the 
weatherstrip seal [5] . However, there are no studies about the dynamic effects of weatherstrip seals under 
the real operating conditions.  
 

In this study, two configurations are used to understand the effect of boundary conditions and weatherstrip 
seals. The following section describes the details of the experimental set-ups. 
 
2     Experimental Setup 
 
In order to determine the effect of weatherstrip seal and boundary conditions on the door dynamics, two 
different configurations are used to perform the modal analysis experiments. In the first configuration, the 
door is hung from a supporting frame with elastic cords to simulate the free-free boundary conditions. In 
the second one, doors are mounted to the vehicle body and the whole structure is suspended through air  
springs.  To observe the dynamics of the door on real boundary conditions, half of the vehicle body is used 
in the second configuration. Air springs with a low natural frequency are selected to satisfy the free-free 
condition. The two configurations are shown in figure 3. 
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Figure 3: Two configurations for experimental modal analysis of the door 
 
Frequency shifts and damping contribution of weatherstrip seals on the door is investigated by performing 
experiments with and without the seal using the second configuration. The effect of boundary conditions is 
observed by comparing the experiments in the first and the second configurations without the seal. 
 

The experimental set-up includes a laser doppler vibrometer (LDV) that is used to pick up signals without 
contacting the structure. The structure is excited at a wide frequency range by an electrodynamic shaker 
and the velocity data measured by LDV is collected through the use of a data acquisition system. The 
transfer functions that relate the excitation input to velocity output are measured at various locations of the 
structure and then transferred to a modal analysis software, ME’scopeVES, to extract the modal 
parameters. All the experiments are validated by performing an impact hammer test on the structure. 

 
3     Results and Discussion  
 
The change in first and second modes is observed in both configurations.  In the free-free boundary 
condition experiment, the first mode of the door is observed at 37.89 Hz. Then, experimental modal 
analysis of the same door is performed using the second configuration . The first mode is shifted to a 
frequency of 42.06 Hz in the existence of the weatherstrip seal. Finally weatherstrip seal is removed from 
all of the contacting surfaces. It was observed that the first mode was altered to 32.93 Hz in the absence of 
the weatherstrip seal. All of the experiments are repeated using an impact hammer and accelerometers. 
Similar results are obtained. 
 

Figure 4 illustrates the first mode shape of the rear door obtained from the experiments with first and 
second configuration in which the weatherstrip seal is removed. Therefore the only difference between 
these cases is boundary conditions which are hinge connections and locks. 
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                a)                                        b) 

 
 

Figure 4: Mode shape of the door a) hung freely b) on car without the seal 
 
Boundary conditions change the first natural frequency from 37.89 to 32.93 Hz. Due to hinge connections 
around the points 63 and 58 in the above figures; the motion of left and right corners of upper part 
disappears in figure 4b. Hence boundary conditions both alter the natural frequency and the mode shape. 
 

The effect of weatherstrip seal in door dynamics can be seen in figure 5. Frequency of the first mode drops 
considerably from 42.06 Hz to 32.93 Hz when the seal is removed. However the mode shape is similar. 
Seal behaves like a spring, hence increases the stiffness radically and affects the dynamics of the door 
considerably. 
 
       a)       b) 

 
 

Figure 5:  First Mode shape of the door on the car with real boundary conditions  
a) with the seal at 42.06 Hz b) without the seal at 32.93 Hz. 

… 
 
Frequency shift of the second mode is less than the first mode where it changes from 64.88 Hz to 61.44 Hz 
when the seal is removed as seen in figure 6. Previous studies indicate that the effect of seal decreases in 
higher frequencies [2], [5]. The small amplitude vibrations in right part of the door without the seal are 
probably damped out in the experiments with the effect of seal and therefore they disappeared. 
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         a)               b) 

 
 

Figure 6: Second Mode shape of the door on the car  
a) with the seal at 64.88 Hz. b) without the seal at 61.44 Hz. 

 
4     Conclusion 
 
It is observed that boundary conditions change both the frequency and mode shapes of the door. Motion 
near the lock is constrained in the second configuration, therefore the motion of the upper edges 
disappeared in the first mode with the second configuration. The weatherstrip seal has a significant 
contribution in the first mode than the second mode. It increases the stiffness and causes a shift in the 
frequency of the door considerably. The frequency of the first mode is altered from 42.06 Hz to 32.93 Hz 
in the absence of the weatherstrip seal. However, the frequency of the second mode is shifted from 64.88 
Hz to 61.44 Hz in the absence of the weatherstrip seal. It is observed that the existence of the weatherstrip 
seal influences the first mode much more than the second mode. Future work includes the finite element 
analysis of the whole system with massless springs instead of weatherstrip seal. By this way equivalent 
spring stiffness for the weatherstrip seal will be determined. 
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Abstract 
China has launched successfully Shenzhou manned spaceship, this paper introduces briefly the three 
modules of the Shenzhou manned spaceship and its functional subsystems, and then describes methods 
and techniques used to assure the success of the vibration test of large spacecraft structures and to validate 
the dynamic behavior of the spaceship structure. The vibration test technique developed in this paper 
involves the implementation of multi-points average vibration control, notching control, and the 
evaluation techniques of the dynamic characteristics of the structure, etc. The procedures and results 
analysis using these techniques for the Shenzhou manned spaceship structure is presented. 
 
 

1 Introduction 
 
China manned space project has begun from Sept. 21th, 1992. So far, China has launched six spaceships 
successfully, referred to as Shenzhou-1 (or SZ-1) to Shenzhou-6. SZ-1~4 spaceships are unmanned 
experimental units; SZ-5 and SZ-6 are manned spaceships. In the process of development of spaceships, 
the system level vibration tests are implemented on 2×200kN vibration shaker system in order to validate 
the dynamic behavior of the spaceship structure. 
The vibration test of spaceship structure has the following characteristics: 1) The mass and the size of the 
structure is big, and the center of gravity is high. The large mass affects the anti-resonance of the shaker. 
The big size makes it difficult to ensure the uniformity of the input vibration level. The high center of 
gravity may lead to the big cross vibration. 2) The structure is very complex, it consists of several 
subsystems, hundreds of components. The modal density of the structure is very high, which may lead to 
the considerable distortion of the input wave shape to the interface. 3) The test needs to simulate the 
dynamic interface conditions for the anti-resonance of the launch vehicle from the spaceship in order to 
make the vibration test input level more close to the real environment. Therefore the test condition is very 
complex which makes the vibration test control very difficult. 
 

2 Description of Shenzhou spaceship 
 

2.1 Main structure of Shenzhou spaceship 
 
Shenzhou spaceship consists of orbital cabin, return module, propulsion module, see figure 1. The total 
length is 8860mm, and the total weight is 7840kg. The orbital cabin and return module are the site where 
the astronaut works and lives. 
 
 
 

2513



 
Figure 1:  SZ spaceship  configuration 

 

2.1.1 Orbital cabin 
 
The orbital cabin is a seal one. Its shape is a cylinder with cone segments in both ends. The diameter of the 
cylinder is 2250mm, and total length is 2800mm. The forward flange interfaces with the attached segment, 
and the aft flange interfaces with the return module. There are seal ports in the wall of the cylinder. The 
astronaut can pass in and out through the ports. There are observation windows in the wall of the cabins, 
offering that the astronaut observes and takes pictures through the windows. There are propellant tanks 
and engine system in the outer wall of the cabins, supplying orbital keeping and attitude control with the 
power during the phase of flight. A couple of solar panels with the total area of 12.24m2 on the two sides 
of the spaceship, supplies orbital cabin with power after separation with the return module.  
 
2.1.2 Return module 
 
The return module locating in the middle of three cabins is a combination of cone and sphere. Its 
maximum diameter is 2517mm, and total length of 2500mm. There are two light ports, six mounting ports 
with antennas and one observation port with the optical aiming mirror in the sidewalls of the cone sector. 
There are the engine systems in the sidewall, used for attitude control during the phase of return. There are 
two parachute cabins with primary and backup parachutes in the sphere sector. The forward sector of the 
return module connects with the orbital cabin by the connection-separation mechanism, and there is a 
passage between the return module and the orbital cabin. The connection of gas, liquid and electric 
between the aft sector of the return module and the propulsion module is realized through the separation-
seal board component. There are two or three seats in the module.   
 
2.1.3 Propulsion module  
 
The propulsion module is a non-seal one. Its shape is a cylinder with a cone in the aft sector of the module, 
the total length of 2941mm; the maximum diameter of the cone sector is 2800mm. There are radiators and 
two solar panels with the total area of 24.48m2 in the outer wall of the cylindrical sector, supplying the 
orbital operation of the whole spaceship with power. There are 4×2500N transfer orbit engines in the aft 
sector of the module, and attitude control engines in the side wall of the module, supplying the whole 
spaceship flight with power. The forward end of the module connects with the large end of the return 
module through five flame plants, and the aft end connects with the launch vehicle by the lock-up belts. 
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2.2 Function subsystems of Shenzhou spaceship 
 
Shenzhou spaceship consists of thirteen subsystems, such as structure and mechanism, environment 
control and life support, thermal control, GNC, propulsion, measurement/control and communication, data 
management, power supply, return and landing, escaping and lifesaving, instruments and illumination, 
payload, and astronaut. There are 696 sets of various instruments and equipments, 74 softwares for 
Shenzhou spaceship operations. 
 
2.2.1 Structure and mechanism subsystem 
 
The three cabins of Shenzhou spaceship have been mentioned above. 
In order to demonstrate many functional actions, such as deployment, separation, unlock, ejection, 
docking, and so on, Shenzhou spaceship has several mechanisms, such as docking, connection-separation, 
port, solar panel deployment, seat buffer, and so on. 
 
2.2.2 Environment control and life support subsystem 
 
Pressure adjustment system controls the atmosphere ingredient and pressure in the cabins. 
Purifying devices filters and purifies the waste gases from the astronaut breath. 
Air conditioning/condensation dryer and fans adjust the atmosphere temperature and humidity in the 
cabins, and drive the atmosphere flow to uniform the temperature, humidity and atmosphere ingredient. 
Living support devices of the astronauts solve the storage and supply of the hygienic water, dining, 
relieving oneself, personal hygiene, and the waste collection for the astronauts. 
Fire alert and extinguishments devices ensure the safety of the astronauts and spaceship. 
Pressure emergency devices supply oxygen for astronauts while the pressure of the cabins decreases 
rapidly. 
 
2.2.3 Thermal control subsystem 
 
Liquid cooling loop passes through the whole spaceship, and the pump drives the cooling medium, to 
transfer the heat collected in the way. The all heat collected is transferred to the radiator in the aft 
spaceship through one heat exchanger, and be radiated to deep space by the radiator.  
Thermal control system consists of temperature sensors, pressure sensors, various valves, control units, 
and so on. In order to make the operational temperature of the devices onboard stable and the atmosphere 
temperature fluctuation of the astronaut life cabin less, according to the temperature data sent by the 
sensors, the medium flux can be adjusted automatically. 
Electric shutter adjusts the temperature of the orbital cabin independently. According to the temperature 
sent by the sensors of the cabin, the angle of the electric shutter vanes can be adjusted automatically. 
 
2.2.4 GNC subsystem 
 
GNC subsystem is in charge of all motion controls of the spaceship from the lift-off and return, such as the 
spaceship attitude control, orbit keeping, rendezvous and docking in space, orbit control during the phase 
of reentry.  
Automation control system consists of the navigation unit, the attitude measurement unit, computer and 
commander execution unit. GNC is charged with many control operation missions, such as orbit keeping, 
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attitude stabilization and control, transfer orbit, solar panels alignment with the Sun, reentry, and so on. 
Manual control system consists of displays, manual controller, control computer, execution units, and so 
on. In case of automation control system fails in function, the astronauts can operate manually the 
spaceship and return to the ground.  
If contingency happens to the manned spaceship in launching phase, the escaping and lifesaving system 
controlled by GNC will operate to make the orbital and return modules separate from propulsion module 
and takes astronauts return safely to the ground 
 
2.2.5 Propulsion subsystem 
 
There are 52 sets of engines totally: 16 sets of engines in the orbital cabin are used for orbit keeping and 
attitude control of the orbital cabin after the separation of the orbital cabin and the return module. 28 sets 
of engines in the propulsion module are used for orbit keeping and attitude control of the whole spaceship. 
8 sets of engines in the return module are used for attitude control and braking operation of the return 
module during the phase of return. 
 
2.2.6 Measurement/control and communication subsystem 
 
The measurement/control and communication subsystem is charged with tracking, measuring, data and 
image transferring, voice communication, video supervision for the astronauts, and so on. 
 
2.2.7 Data management subsystem 
 
The data management subsystem is used to collect the operation parameters of the spaceship at any 
moment, dealing with the data collected, and establishing related files and distributing them. The system 
receives the commands from the ground control center or the astronauts, and commands the subsystems 
work and finish the flight mission.    
 “Black boxes” of the spaceship data management mounted in the return module, are used to record the 
flight data. 
Three kinds of data for the data management system are as follows: the first are distributed to the 
instrument and illumination subsystem, for astronauts use. The second are distributed to the high speed 
data transfer transmitters onboard, and transmits the data to the Earth stations. The third are distributed to 
“black boxes”. 

 
2.2.8 Power supply 
 
Shenzhou manned spaceship is equipped with a lot of power supplies, such as main power supply, 
emergency power supply, reentry power supply, flame plant power supply, orbit parking power supply, 
and so on. 
 
2.2.9 Return and landing subsystem 
 
The return module adopts lifting control mode to reenter, in order to decrease maximum overload and 
reentry heat flux, and to increase the accuracy of the return and landing. 
Parachute system has five main functions, such as automation control, deceleration, landing buffer, 
drainage and the position mark of the parachute cabin. 
Work procedure of the return and landing subsystem: when the return module falls to 10km, the parachute 
system starts to work. At first, the leading parachute draws out the deceleration parachute; and then the 
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deceleration parachute separates with the return module, at the same time, and draws out the main 
parachute, and makes the flight speed of the return module down to 8 m/s or so; when the return module is 
down to 1m from the ground, the buffer engine ignites, and makes the speed down to less than 1.5 m/s, 
and to ensure the astronauts safety. 
 
2.2.10 Escaping and lifesaving subsystem 
 
If the launch vehicle or the spaceship fails to functions, but the failure cannot be eliminated, the escaping 
and lifesaving system is charged to help the astronauts escape during the pre-launch phase and the lift-off 
phase. Shenzhou spaceship adopts more safe lifesaving mode of the escaping tower. 
 
2.2.11 Instrument and illumination subsystem 
 
There are 2 sets of multi-functional LCD onboard, displaying all mission information, such as flight data, 
operational status of all subsystems, and the other information that the astronauts must know.  
There are more than two kinds of displays for the same data and status, in order that the astronauts acquire 
the spaceship information from the other display while one display device fails to function. 
In order to relieve the vision fatigue, there are special voice communication devices to be provided to 
astronauts. 
There are manual control devices on the instrument panel. The astronauts can operate such devices to 
transfer the commands to various executive devices, in order to steer and control the spaceship. 
 
2.2.12 Payload subsystem 
 
There are many experimental devices onboard, such as crystal growth furnace, protein crystal device, 
biology cell reactor, generic biology cultivation device, and so on. 
There are many space environment supervision detectors onboard, such as high energy proton, high 
energy electron, low energy particle, solid track, single particle event, electric potential, super soft X ray, 
X ray, atmosphere ingredient and density, and so on. 
There are radiation detectors onboard, such as solar constant, solar violet spectrum, the Earth radiation, 
and so on. 
There are some imaging devices onboard, such as medium-resolution imaging spectrometer, microwave 
remote sensor, and CCD camera. 
 
2.2.13 Astronaut subsystem 
 
Shenzhou manned spaceship can hold three astronauts. The astronaut subsystem consists of astronaut, 
space dress, space food, medicine monitoring and supporting devices, life provision, and personal 
lifesaving devices. The system is charged to monitor the astronaut physical status, ensuring the astronaut 
healthy. 
 

3 Vibration testing of Shenzhou spaceship 
 
The vibration test of whole spaceship system is much more complex than the subsystem test and the 
assembly test; it cannot be tested in the same simple way as the assembly test, because the cost of the 
whole spaceship is expansive. The characteristics of the whole spaceship have special requirements to the 
technique of test. 
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The sine sweep test is implemented on 2×200kN vibration shaker system (seen figure 2.) for whole 
Shenzhou spaceship system to verify the mechanical characteristics of spaceship structure. In order to 
assure the success of the vibration test of whole spaceship and to validate the dynamic behavior of the 
spaceship structure, various methods and techniques are used during the test. 

 
          Figure 2. SZ spaceship on the 2×200kN vibration shaker 
 

3.1 Multi-points input average control method 
 
The whole spaceship is mounted on the shaker table by the basin fixture, the vibration force is sent to the 
spaceship structure by the interface of the spaceship through the cone and the fixture. Because of the big 
size of the interface and the counteraction to the fixture of the spaceship with multi degrees of freedom, 
big size, and mass, it is difficult to make the vibration level at every point on the interface the same. 
Therefore, it will lead to over testing or under testing at some of the frequencies by using the single point 
control. Doing the more points average control can make the average value of the input points on the 
interface fulfill the requirements of the test, avoid the problems in the single point control and make the 
control more proper and real.  
To ensure the average value of various point inputs on the interface to meet the test requirements, four-
points input average control method was adopted. The extent of the average control can be calculated in 
the following formula: 

( ) ( )∑
=

=
4

14
1

i
iI fAfA                 (1) 

Ai(f) is the acceleration value at the point i,  AI(ƒ) is the average acceleration value and point I in 
fact is a virtual control point which does not exist. 
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3.2 Notching control method 
 
Two kinds of control methods in sine vibration test were used, including direct notching of test 
specification and response control.  
The control method of direct notching is to determine “valley” value by analyzing vibration coupling between 
spaceship and launch vehicle. The direct notching rules are as following: (a) response acceleration value in 
main vibration direction on the interface of two cabins is less than 6 times of the one on the interface of the 
spaceship-vehicle. (b) The dynamic load of the main structures is less than the load experienced in the static 
test. (c) The vibration level of test is less than the level of spaceship-vehicle coupling analysis. (d) The input 
vibration level to components is less than the level that appeared in the development test.  

The response control method is to ensure the value of important points of structure to not exceed the 
predicted value, so as to prevent the over-testing of the spaceship. This method limits the vibration 
response of the main structure and the key parts directly, to make it lower than the environment prediction 
parameter, because the main structure and these key assembly had passed the examination before the 
whole spaceship test, according to the indicated value of the environment, so that this method is more 
dependable. The environment prediction value can only be got by great amount of analysis of the ground 
test and the flight telemetric data, so that the environment prediction value is difficult to be determined 
when there is a lack of the real data. 
The response control plays a protection role during the spaceship vibration test. Four points response 
control method is adopted in the test. 
 

3.3 Compression velocity adjustment  
 
In order to make the vibration level of the shaker unchanged, the output voltage of the vibration controller must 
be changed in the sine sweep test. How to select the time constant of adjusting velocity that affects on the test 
control accuracy is important. 
Before the acceptance test of the spaceship, we use one fifth of the acceptance level test conditions to make 
suitable for the compression velocity, and select the compression velocity section by section. 
 

3.4 Structural characteristics verification 
 
The examination on the structure characteristics of the spaceship is one of the most important measures to 
judge whether the structure is still intact after the vibration test of the spaceship. The measure is, before 
and after the sine acceptance or qualification test, to excite the spaceship under the test condition at the 
lower level (one third of the acceptance test level or the qualification test level), and at the same time 
measure the response of each point on the satellite. In comparing the two response data before and after 
the test, its main inherent frequency and the resonance peak should not change obviously. The structure of 
the whole spaceship is judged as qualified when the change of the main resonance frequency is limited 
within 0.5Hz and the response value dose not change obviously. 
 

3.5 Results analysis of flight spaceship vibration tests 
 
Each flight spaceship needs to be conducted the dynamic environment tests of  acceptance level. Database has 
been established in the course of spaceship dynamic environment tests. The results of each test compared with 
the other previously, it was found that the consistency of data is very well. Vibration tests of the flight 
spaceship exposed some defects of the spaceship, and ensured the success to the manned flight of SZ-5 and SZ-
6 spaceships. 
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3.6 Vibration test facilities and test installation 
 

Technical parameters of vibration shaker as follows: 
 Maximum sine exciting force: 400kN. 
 Maximum random exciting force: 320kN (broad band). 
 Maximum stroke: 50mm (p-p) 

 Frequency range: 2～2000Hz. 

 352 data acquisition channels. 
 data acquisition and analysis for sine and random test 

The spaceship is mounted on the shaker table by the fixture that is used to transfer the exciting force 
provided by the shaker to the spaceship structure during the vibration test. The performance of the fixture 
affects directly the test results. Based on the capacity of the shaker system and the requirements of 
spaceship, the special fixture is designed for horizontal direction and vertical direction test.  
 

4 Conclusion 
 
SZ-5 and SZ-6 spaceships, carrying China’s first astronauts, were launched into space and landed on the 
ground safely. So it is proved that the vibration test of whole spaceship system is successful and the 
structure of Shenzhou spaceships is validated by the vibration test. 
 

References 
 

[1] Ke S. Q. ,et al.  Satellite Environment Engineering and Simulation Test（Vol. 1）（Vol.2）. 
Beijing： Space Press. (1993)，(1996). 

[2] Xu F.Q. ,et al. Satellite Engineering.  China Space Press. (2003) 
[3] Jing X.S. Development status and trend of spacecraft dynamic environment test. Spacecraft 

Environment Engineering, Vol.20 No.2, (2003) 
[4] Pietro Giordano. New Testing Standard for European Programs Testing. 5th International 

Symposium on Environmental Testing for Space Programmes, (2004) 

2520 PROCEEDINGS OF ISMA2006



Estimation of Powertrain Inertia Properties via an In-situ 
Method 
 
David Johnson, Jeffrey Van Karsen, Jason Blough, Mohan Rao 
Michigan Technological University, Houghton Michigan 

 

Tony Ge 

Ford Motor Company 

 

Abstract 

 

The objective of this paper is to develop a method that can be used to determine the rigid body dynamic 

properties of a powertrain while it remains in the vehicle.  The method relies on the Equation of Motion of 

a rigid body and uses the measured acceleration of the body, along with the measured and estimated forces 

applied to the body, to calculate the ten rigid body dynamic properties of the powertrain: mass; x, y, z 

which describe the position of the center of mass; the three moments of inertia, Ixx, Iyy, Izz; and the three 

products of inertia, Ixy, Ixz, Iyz. 

 

This paper will explain the procedure and theory behind the proposed method.  Results from using the 

method on both a Ford 500 powertrain, and a Test Mass that has dynamic characteristics similar to a front 

wheel drive powertrain are presented.  It is concluded from the test results that the method can be used to 

accurately estimate the rigid body dynamic characteristics of a powertrain in a vehicle. 

 

1  Nomenclature 
 

xα   Angular acceleration about the x-axis 

yα    Angular acceleration about the y-axis 

zα    Angular acceleration about the z-axis 

α   Angular acceleration vector 
P

xa   X-component of the acceleration of point P 

P

ya   Y-component of the acceleration of point P 

P

za   Z-component of the acceleration of point P 

Pa   Acceleration vector of point P 

A   Rigid body acceleration vector 

MA   Rigid body acceleration matrix 

xF   Force in the x-direction 

yF   Force in the y-direction 

zF   Force in the z-direction 

F   Vector of forces in x y and z directions 

F   Rigid body force vector 

cgH   Angular momentum about the center of mass 

A

xxI   Moment of inertia about the x-axis through point A 

A

yyI   Moment of inertia about the y-axis through point A 

A

zzI   Moment of inertia about the z-axis through point A 
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A

xyI   Product of inertia about the z-axis through point A 

A

xzI   Product of inertia about the y-axis through point A 

A

yzI   Product of inertia about the x-axis through point A 

AI   Inertial matrix about point A 

vI   Vector containing the 10 dynamic properties of a rigid body 

*K   Mount complex stiffness 

m   Mass 
A

xM   Moment about the x-axis through point A 

A

yM   Moment about the y-axis through point A 

A

zM   Moment about the z-axis through point A 

AM   Vector of the moments about point A 

AP /r   Position vector of point P relative to point A 

PT   Geometric transfer matrix constructed from the coordinates of point P 

cgv   Velocity vector of center of mass 

( )ωX   Displacement in the frequency domain 

( )ωX&&   Acceleration in the frequency domain 

APx /   Distance in x-direction from point A to point P 

APy /    Distance in y-direction from point A to point P 

APz /    Distance in z-direction from point A to point P 

ω   Frequency (radians/sec)  

ω   Angular velocity vector 

 

2  Introduction and Scope 

 

This method was developed to efficiently determine the rigid body dynamic properties of a powertrain 

while it is mounted in the vehicle.  The dynamic properties of the powertrain must be known to create an 

accurate model of a full vehicle.  The ten dynamic properties of any rigid body include: the mass; the x, y 

and z position of the center of mass; and the six unique components of the inertial tensor, the three 

moments of inertia, Ixx, Iyy, Izz,, and the three products of inertia, Ixy, Ixz, Iyz. 

 

To determine these inertia properties of a rigid body, the powertrain is excited by a shaker while the 

acceleration response of the powertrain is measured with accelerometers.  While the shaker forces are 

measured, the forces applied to the powertrain by the mounts are estimated from the relative acceleration 

across each mount, along with the knowledge of the dynamic stiffness of each of the mounts.  The 

dynamic properties are then estimated in a least squares sense from the relationship between the forces 

acting on the powertrain and the acceleration response of the powertrain. 

 

3  Method Formulation 
 

The proposed method is based on the Equation of Motion for a rigid body.  The dynamic properties of the 

body are directly related to the relationship between the forces acting on the body, and the acceleration 

response of the body; by exciting the powertrain with multiple inputs, the dynamic properties of the 

powertrain can be determined in a least squares sense from the relationship between the applied forces and 

resultant accelerations through the Equation of Motion for a rigid body. 
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3.1  Calculation of the Rigid Body Acceleration Vector 
 

The acceleration of a fixed point, P, relative to another fixed point, A, on a rigid body can be expressed in 

vector form as follows: 

 

( )APAPAP // rωωrαaa ××+×+=          (1) 

 

Assuming small rotations allows further simplification since the  
2ω  terms will be relatively small. 

 

APAP /rαaa ×+=       (2) 

 

By reversing the cross product terms, and changing r into a skew-symmetric matrix to perform the cross 

product, Equation 2 can be expressed in matrix form: 
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By stacking the translational acceleration of the reference point, A, on top of the angular acceleration of 

the body, the equation can be combined into a single matrix equation.  This equation will allow the 

calculation of the acceleration of any point, P, on a rigid body if the angular acceleration of the body, 

along with the acceleration of a reference point, A, is known: 
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This geometric transfer matrix, T, which relates the acceleration of one point to another, is then defined 

as: 
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The angular acceleration of a body is difficult to measure directly, but the acceleration of multiple points 

on a body can easily be measured with triaxial accelerometers.  These point accelerations, along with their 

respective geometric transfer matrices can be augmented to create an over-determined set of equations that 

can be used to solve for the rigid body acceleration about the reference point in a least squares sense. 
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3.2 Rigid Body Force Vector 
 

When the powertrain is excited, the forces and moments acting on it must be estimated.  The forces acting 

on the powertrain include both the input force from the shaker and the forces through the flexible mounts.  

The shaker force is measured at the input location with a load cell.  The forces through the mounts are 

calculated from the known complex stiffness of the mounts and the measured relative displacement across 

the mounts.  This requires that the mounts, or identical mounts, be tested separately to determine the 

mounts’ dynamic stiffness across the frequency range of the test. 
 

The relative displacement across the mounts can be calculated from the relative acceleration across the 

mounts.  The relative acceleration across the mounts can be estimated by placing accelerometers on each 

side of the mounts, subtracting the measurements from each other and integrating the result twice.  The 

force transmitted to the powertrain through each of the mounts can then be calculated by multiplying the 

relative displacement across each of the mounts by the complex stiffness of the mount: 

 

[ ]mountssideframemountssiderigidbodyMount ____

*

2

1
XXKF &&&& −=

ω
    (7) 

 

Once the forces from the mounts are known, the resultant forces and moments about the reference point 

can be summed.  The forces in each direction need simply to be added together to determine the resultant 

force vector , and the resultant moment vector is calculated by crossing each force with its position vector 

relative to the reference point.  Calculation of the rigid body force vector, F , which consists of the sum of 

the forces in the x, y, and z directions along with the sum of the moments about the x, y and z axis of the 

reference point, is done by utilizing the geometric transfer matrix, T.  This performs the summation and 

cross products in one simple matrix equation. 
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3.3 Rigid Body EOM 
 
The translational Equations of Motion, assuming small rotations, for a rigid body can be derived by taking 

the time derivative of the linear momentum equation and simplifying to: 

 

 

cgmaF =       (9) 
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Since the center of mass is unknown, it must be expressed relative to a known point using Equation (4) 
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Substituting this into Equation 9 yields: 
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This matrix equation represents the translational equations of motion for a rigid body, assuming small 

rotations. The rotational Equations of Motion of a rigid body can be derived by taking the time derivative 

of the angular momentum of a rigid body.  The angular momentum of a rigid body about its center of mass 

is: 

 

ωIH cgcg =       (12) 

 

Taking the time derivative and assuming small rotations yields the Equation of Motion for the rotation 

about the center of mass: 

 

 αIM cgcg =       (13) 

 

The only remaining problem is that the center of mass is unknown, therefore summing the moments about 

the center of mass is impossible.  The moments can, however, be summed about a reference point, A.  The 

resultant moment about the center of mass can be transferred to a reference point, A, by adding to it the 

moment about the reference point created by the resultant forces acting at the center of mass. 

 

FrMM ×+= AcgcgA /            (14) 

 

Equation 9 gives an alternative expression for the resultant forces acting on the center of mass in terms of 

the acceleration of the center of mass: 

 

cgAcgcgA marMM ×+= /                  (15) 

 

The acceleration of the center of mass relative to a reference point is then obtained from Equation 3 and 

the cross product is distributed: 

 

( )
αrrαIarM

αrarαIM

××−+×=

×−×+=

AcgAcgcgAAcgA

AcgAAcgcgA

mm

m

///

//
                      (16) 
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Using a skew-symmetric matrix to compute the cross product, the matrix coefficients of α can be 

combined and simplified. 
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This simplification reduces Equation 17 to: 

 

αIarM AAcg/AA m +×=  (3)     (18) 

 

Which can then be expressed as: 
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Thus the total rigid body equation of motion for a rigid body about a reference point, A, is the 

combination of Equations 11 and 19 into a single matrix equation: 
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3.4 Calculation of Inertial Properties from the EOM 
 

In order to solve for the contents of the inertial Matrix, I, the Equation of motion is rearranged so that I is 

a vector and A is a matrix: 

 

vMIAFIAF =⇒=          (21) 
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This forms a set of six equations with ten unknowns.  Since, in the frequency domain, the force and 

acceleration are, in general, complex quantities, the real and imaginary parts can be separated yielding 

twelve equations with ten unknowns: 
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These twelve equations are not linearly independent, so in order to solve for Iv additional equations must 

be generated. 
 

Both the acceleration and force are a function of frequency, with different acceleration and force values at 

each frequency line.  The inertial parameters, however, are constant.  Theoretically additional equations 

can be obtained by using the acceleration and force data from different frequency lines.  One problem with 

this approach is that the acceleration and force values of adjacent frequency lines are nearly identical, 

which means that frequency lines would have to be chosen sufficiently far apart in order to insure linearly 

independent equations. 
 

A better way to introduce more linearly independent equations is to use force and acceleration data from 

two or more different inputs.  These inputs should be located at different places and directions to ensure 

that they cause the rigid body to move in different directions.  Using different inputs to provide the 

independent equations also allows for the inertial properties to be solved for in a least squares sense at 

each frequency line.  Because the inertial properties do not change with frequency, the “flatness” of the 

results can be used to judge the stability of the results.  The resulting set of equations from multiple inputs 

is shown below: 
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Solving for Iv results in an intermediate result.  Recall that Iv contains the inertial properties about a 

reference point, A, not the center of mass,  The moments of inertia about the center of mass are calculated 

from the contents of Iv as follows: 
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It is worth noting that because in Iv the position of the center of mass is multiplied by the mass, any errors 

in the mass will contribute to errors in the position of the center of mass.  Also, because the moments of 

inertia about the center of mass are calculated using the mass and center of mass values, they will be 

influenced by the errors of both the mass and position of the center of mass, making them the least 

accurate of the estimated inertial parameters. 
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3.5 Reference Point Iteration 
 

It should be noted that the original reference point is arbitrarily chosen as a point from which it is easy to 

measure the location of all the other measurement points.  It should also be noted that if the center of mass 

is chosen as the reference point, then Iv becomes: 
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The errors in calculating the moments and products of inertia as well as the position of the center of mass 

are therefore minimized if the center of mass is chosen as the reference point.  After the location of the 

center of mass is calculated, the reference point can be shifted to it, and the calculations repeated.  This 

can be done in an iterative fashion until the location of the center of mass is calculated to be 

approximately zero.  This typically requires only 2-3 iterations. 
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Figure 1: Summary of proposed method 

 

4  Powertrain Testing 

 

The proposed method was used to test an actual powertrain in a Ford 500.  The results were compared to 

results obtained by Ford in a swing test performed on a version of the same model powertrain without 

fluids and many of the peripheral components installed. 

4.1 Mount Testing 

The first step in the testing of the powertrain was the removal of the three powertrain mounts for testing.  

Fixtures were constructed and the mounts tested in a MTS
®
 831.5 Elastomer Test Machine to determine 

their dynamic stiffness in all three directions.  This dynamic characterization of the mounts was done 

using a standard discrete stepped sine excitation technique.   
 

The mounts were tested at four different amplitude levels, 0.1 mm, 0.5 mm, 1 mm, and 2 mm, over a 

frequency range from 0-100 Hz.  The complex stiffness values used in the calculation of the inertial 

properties of the powertrain were taken from the 1 mm curve.   
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4.2 FRF Data Collection  
 

The powertrain was instrumented at a total of 10 locations, 6 to measure the acceleration on each side of 

the three mounts, with an additional 4 locations on the powertrain, to enable a least squares solution of the 

powertrain acceleration. 
 

 
Figure 2: Measurement point locations on the “bottom” of the powertrain 

 

The FRF’s were measured using LMS Cada-X software with a VXI data acquisition system, burst random 

excitation, a frequency range of 0-100 Hz, a blocksize of 1024, and 30 averages.  Two MB-50 shakers 

were used to run 3 MIMO tests which resulted in providing the acceleration response of the powertrain 

due to 6 different input locations.  The FRF’s were transferred to Matlab to perform the necessary 

calculations.  Before using the FRF’s in the calculation of the dynamic characteristics, the sign of each 

FRF recorded in a negative direction had to be made positive, so that all of the acceleration responses 

were in a positive direction.   

 

4.3 Rigid Body Force and Acceleration Vector Calculation 
 
The first step after acquiring the FRF’s is to determine the rigid body force and acceleration vectors due to 

each of the force inputs.  The rigid body force vector is the sum of the forces and moments acting on the 

powertrain; this consists of the shaker input force and the forces acting through the mounts.  The forces 

acting through each of the mounts was calculated using the acceleration on each side of the mounts, as 

well as the mounts’ measured dynamic stiffness. 
 

The measured acceleration of all of the powertrain points was used to solve for the rigid body acceleration 

vector in a least squares sense, by multiplying the vector of point accelerations by the pseudo-inverse of 

the augmented geometric transfer matrices. 
 

Before being used to estimate the dynamic properties, the accuracy of each of the rigid body acceleration 

vectors should be assessed.  A rough qualitative analysis can be done by simply looking at the acceleration 

vector to see if it makes sense; an input force applied in the x direction should excite a rigid body response 

in the x direction, and little to no response in the y and z directions.  The angular accelerations can also be 

checked in a similar fashion to make sure that they make sense; this can be an easy way to spot errors such 

as mislabeled point directions.   
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4.4 Sensitivity of the Rigid Body Acceleration Vector 

A general form for a least squares problem is, bAx ≅ , where x is the desired solution vector, A is a 

matrix, and b is a vector.  The sensitivity of the solution to errors in A and b depends on the condition 

number of A, and how close b is to the product Ax.  A suitable measure of the closeness of b to Ax, is to 

determine the angle between the two vectors.  Since b is equal to Ax plus a residual vector that is 

perpendicular to Ax, the angle between Ax and b can be defined as: 

 

 

2

2)cos(
b

Ax
=θ  (33) 

 

If A has a low condition number, and the angle between Ax and b is small, then the sensitivity of the least 

squares solution to variations in both A and b will be small.  In general a condition number that is lower 

than twenty is considered favorable.  In determining the rigid body acceleration vector, A consists of the 

augmented geometric transfer matrices and does not vary with frequency.  The angle will vary with 

frequency, because b, which consists of the acceleration responses, will vary as a function of frequency. 
 

A large condition number or a high angle indicates that the solution to the least squares problem is highly 

sensitive to small variations in the data, and should therefore be treated with caution.  Examining the 

condition number and angle of each of the rigid body acceleration vectors allows a bad measurement to be 

identified and removed from the analysis.  It can also provide insight as to at which frequencies the 

powertrain does and does not behave as a rigid body. 
 

Since the same geometric transfer matrices were used for each input, the condition number for all of the 

rigid body acceleration vectors is the same; it was 3.5 for this case, which is quite low.  The accuracy of 

the rigid body acceleration vectors should be high at all frequencies, except those at which the powertrain 

exhibits non-rigid body motion.  To improve the accuracy of the rigid body acceleration vector, FRF 

measurements with poor coherence should be dropped from the analysis. Including more than the 

minimum number of points in the measurement set allows this to be done. 
 

In the analysis of the powertrain data, none of the FRF measurements were dropped because of low 

coherence.  As can be seen in Figure 3, it was found that the angle for the rigid body acceleration vector 

due to Input 1 was quite high relative to the rest of the inputs.  Therefore the data from Input 1 was not 

included in the estimation of Iv. 
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Figure 3: Sensitivity of the rigid body acceleration estimation for the different inputs 
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4.5  Estimation of Iv 

After the rigid body force and acceleration vectors were determined and found to be of sufficient quality, 

they were used to estimate the inertial quantities.  The acceleration vectors were rearranged into matrices 

and Iv estimated in a least squares sense.  Since this was a least squares solution, the sensitivity of the 

answer needed to be evaluated, much like the sensitivity of the rigid body force vectors were evaluated.  

This time both the condition number and angle will vary with respect to frequency.  Figure 4 shows the 

condition number as well as the angle for the estimation of Iv for the powertrain as a function of 

frequency. 
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Figure 4: Sensitivity of Iv 

 
From this figure it appears that the frequencies at which the estimated inertial properties should be most 

accurate are at 25 Hz, from 35-40 Hz, and from 55-65 Hz.  It is worth noting that at frequencies less than 

20 Hz, where the rigid body modes of the powertrain lie, the expected error of the answer is relatively 

large.  The relatively high condition numbers in this frequency range are a result of the rigid body modes.  

The rigid body modes will cause the acceleration response of the powertrain to be similar, even when 

different inputs are used.  This means that the equations used to estimate the inertial properties will not be 

completely independent in this frequency range, causing the condition number to increase.  The rigid body 

modes will also cause the motion of the powertrain at these frequencies to be relatively large; this means 

that the rigid body force vector is heavily influenced by the forces transmitted through the mounts.  This 

seems to indicate that either the discrete sine characterization of the mounts doesn’t accurately describe 

how the mounts behave under operating conditions, or that the entire 6x6 stiffness matrix that describes 

the mounts’ behavior needs to be determined so that both the forces and moments that occur through the 

mounts can be estimated.  Above the frequency range of the rigid body modes, the rigid body force vector 

is dominated by the contributions of the input force, because of this, errors in determining the forces and 

moments through the mounts will only minimally affect the rigid body force vector, and therefore only 

minimally affect the estimation of the inertial properties.   
 

Theoretically the inertial characteristics of the powertrain should be constant, but measurement error, 

errors in calculating the forces through the mounts, and non-rigid body motion will cause the estimated 

values to fluctuate with frequency.  To best estimate the value of the inertial characteristics, it is suggested 

to use the frequency ranges in which the condition number and angle are small, as this should be the most 

accurate data.  Frequency ranges in which the value of a parameter appears stable should also be a good 

indicator that the result can be trusted.  The lower frequency values should probably be emphasized more 

heavily than the higher frequency values, because the higher the frequency the better chance of there being 
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non-rigid body motion of the powertrain.  This is especially true if the powertrain has additional 

components attached to it, as is typically the case when the powertrain is in the vehicle. 

 

The plot of mass vs. frequency, as well as the plots of the position of the center of mass can be used to 

pick the frequency, or frequency range over which the reference point iteration is used to minimize the 

values of x, y, and z, so that errors in the product and moment of inertia terms are minimized.  In the 

powertrain test, the x, y and z coordinates were minimized in the frequency range of 25-30 Hz.  After one 

or two reference point iterations, the position of the center of mass should be sufficiently minimized.  At 

this point the plots of the inertial properties can be examined to estimate their values. 
 

The value of each of the powertrain’s inertial parameters was estimated from the plots of the parameters; 

these values were compared to values obtained at Ford by performing a swing test with a stripped down 

version of the same model powertrain.  The differences in the powertrains tested, due to the presence and 

absence of engine fluids, as well as different components, implies that small differences in the estimated 

values should be expected.  However, a reasonable comparison of the results can still be made.  A 

comparison of the results from the two different methods is presented in Table 1.   

 

  

FRF 

method 

Ford 

swing test 

mass (kg) 268.7 259 

x (cm) 5.14 0 

y (cm) 5 0 

z (cm) -7.4 0 

Ixx (kg-m
2
) 21.5 20.39 

Iyy (kg-m
2
) 13.5 9.9 

Izz (kg-m
2
) 16.5 18.7 

Ixy (kg-m
2
) -0.5 -0.67 

Ixz (kg-m
2
) -2 -0.63 

Iyz (kg-m
2
) 4.3 3.84 

Table 1: Comparison of proposed method and swing test results 

 

It was found that all of the dynamic parameters were able to be predicted reasonably well.  The values 

with the greatest differences, z, Iyy, and Ixz can be explained from the effects of the exhaust, which was not 

present during the swing test.   

 

4.6 Summary of Results – Powertrain 
 
By observing the plots of the inertial parameters it can be seen that, overall the estimates are similar to 

those obtained by Ford.  Major variations from the expected values occur when different modes of the 

system cause the powertrain and its attachments to act as a non-rigid body.  The most accurate values of 

the parameters were found in the frequency ranges with the lowest condition number and angle, which 

was expected.  The parameters with the highest variation, and also the most affected by the shifting of the 

reference point, were the product of inertia terms, Ixy, Ixz, and Iyz.   
 

An analysis was also performed in which the coordinates of the measurement locations were assumed to 

have a random error of ±3cm.  One hundred iterations were performed, and the maximum variation of the 

different inertial parameters was noted; a variation in the estimated mass of ±1.5 kg, ±1.5 cm of variation 

in the position of the center of mass, and ±3 kg-m
2
 of variation in the moment and product of inertia terms 

was observed.  It should be noted that these values were the extreme variations, and that most of the 

iterations experienced considerably less variation.  Because of the very low condition numbers throughout 

the calculations, it was expected that the variation in the estimation of the inertial parameters due to errors 

in measuring the geometry would be small. 

 

Since the accuracy of the inertial properties was highest in the frequency ranges where the forces exerted 

on the powertrain through the mounts were minimal, sample mounts could be tested to determine mount 
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stiffness and mount to mount variability ignored.  This implies that neither the powertrain nor the mounts 

would have to be removed from the vehicle during testing.  Using the powertrain data, the mount stiffness’ 

were varied by ±10%, and the only noticeable shifts in the estimated inertial properties was in the 

frequency range of the rigid body modes; even at the rigid body mode dominated frequencies, the 

estimated mass only changed by ±10 kg, the positions of the center of mass changed by less than a 

centimeter, the moment of inertia terms changed only by 1 kg-m
2
, and the product of inertia terms 

changed by less than 0.1 kg-m
2
.  

 

If the mounts were sufficiently soft, it could be assumed that the mounts exerted no forces on the 

powertrain and the dynamic properties could be estimated solely from the real part of the FRF’s.  This was 

tried with the powertrain data, but the errors in all of the estimated parameters greatly increased, except 

for the position of the center of mass, which only shifted a small distance. 

 

5  Test Mass Testing 

 

The method presented was also used to determine the inertial characteristics of a test mass that was 

constructed such that its inertial characteristics would be similar to those of a front wheel drive automotive 

powertrain.  The supporting mounts had previously been characterized by John Holt as a part of his 

Masters thesis in 2003.  Since it was determined in section 4 that it was not necessary to have the exact 

stiffness of the mounts, this previously estimated stiffness data was used. 

5.1 Testing of the Test Mass 

The FRF’s were again measured using LMS Cada-X software attached to a VXI data acquisition system.  

Since it was already determined that the best results were obtained from the frequencies above the rigid 

body modes, where the acceleration response is small and the contribution to the rigid body force vector 

from the mount forces is minimal, a few sample FRF’s were acquired.  It was determined that the best 

frequency range for testing would be 30-80 Hz.  Burst random excitation with a frequency content 

restricted to the 30-80 Hz range was then used to excite the test mass; this insured that the effects of 

mount displacement due to the rigid body modes would be minimized.  Three MIMO tests were 

performed to capture the acceleration response due to 6 different inputs.  A total of 10 response locations 

were measured, 6 to capture the acceleration on each side of the mounts, and 4 additional locations on the 

body to help calculate the rigid body acceleration vector.   

 

 
Figure 5: Test Mass 
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5.2 Test Mass Rigid Body Acceleration Vector Estimation 

The condition number for the acceleration vectors, due to the geometry, before and after reference point 

iteration was 4.3 and 3.5, respectively.  In the testing on the test mss, multiple FRF measurements were 

discarded due to poor coherence. 

5.3 Test Mass Inertial Properties Estimation 

Figure 6 shows the condition number and angle for the least squares estimation of Iv for the test mass.  

Due to a lack of non-rigid body modes, the stability of the inertial characteristics of the test mass appear to 

be constant with frequency.  Figure 7 shows the estimation of the mass. 
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Figure 6: Sensitivity of Iv. 
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Figure 7: Estimation of the Test Mass’ mass 

 

An analytical model of the test mass was used to numerically estimate its inertial properties; these values 

are compared to the experimentally estimated values in Table 2. 
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  Experimental Analytical 

mass (kg) 265 259.5 

x (cm) -2.7 0 

y (cm) 0.1 0 

z (cm) -2 0 

Ixx (kg-m
2
) 8.6 9.133 

Iyy (kg-m
2
) 20.5 20.6 

Izz (kg-m
2
) 22 20.4 

Ixy (kg-m
2
) 0.2 0.15 

Ixz (kg-m
2
) -2.5 0.39 

Iyz (kg-m
2
) 0.6 -0.61 

Table 2: Comparison of Experimentally and Analytically estimated dynamic properties 

 

6  Summary  
 

In summary a method was developed based on the rigid body equation of motion that can be used to 

estimate the rigid body dynamic properties of a powertrain while mounted in the vehicle.  Results from 

tests on both a Ford 500 powertrain and a test mass indicate the method gives accurate estimations of the 

inertial properties.  It was seen that errors and variability of the estimations can be large if the body 

experiences local modes that cause it to act as a non-rigid body.  Further investigation into the robustness 

of this method is needed to determine effects of shaker/response locations, powertrain attachments, fluid 

presence, mount variability, and car boundary conditions.  Initial results indicate the method appears 

stable and accurate.  
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Abstract 
This paper deals with the dynamic behavior of Ariane 5 launcher during the flight. The studies performed for the 
production of Ariane 5, concerning the dynamic levels analyses, consist of a flight prediction and a measurements 
post flight analysis based on several sensors placed on the launcher. Studies are carried out to make the best use of 
flight data to improve the models representativeness. This paper concerns the definition of sensors (number, 
placement, orientation, etc.) allowing an efficient identification of the modal characteristics of the launcher. A robust 
design approach has been tested in order to take into account the modeling errors. The result is sub-optimal with 
respect to a theoretical approach without any error, but it is supposed to be robust to modeling discrepancies. A 
second algorithm is also proposed to assess the values of certain parameters (for instance the stiffness of certain 
components), taking into account flights measurements. A simple case has been treated to validate the feasibility. 
The sensor placement step has been performed for a booster ground test that should occur before the end of 2006. 
 
 
Acronyms 
CPC  Corps de Propulseur Chargé (part of EAP) 
DIAS  DIspositif ASsouplisseur 
EAP  Etage d’Accélération à Poudre (boosters) 
EfI  Effective Independence sensor placement methodology 
EPC  Etage Principal Cryotechnique 
ESC-A  Etage Supérieur Cryotechnique version A 
I/F  InterFace 
HM7b  Ariane 5 upper stage engine (ESC-A) 
KE  Kinetic Energy 
MPS  Moteur à Propergol Solide 
OdP  Oscillations de Pression (pressure oscillations) 
PSD  Power Spectral Density 
wrt  with respect to 

1 - Introduction 
 
In-flight system identification is an essential aspect of Ariane 5 launcher development and production. 
Ground tests are generally not fully representative of the actual behavior during flight taking into account 
of all the interactions ; one important problem is to anticipate the impact of the links between the stages 
(not only the local stiffness but also the damping brought by these components). 
This paper presents recent researches concerning the sensor placement process that has been defined in 
order to fulfill some precise objectives. Various types of measurement are performed on the launcher, 
including local strain assessment, acceleration or vibration. The study is here restricted to structural 
dynamic analysis. 
Sensor placement algorithms have been studied for long. An interesting one is the EfI methodology (see 
reference [2]).  The idea is to minimize the effect of measurement errors, using the Fisher information 
matrix. Other methods have been tested and compared to EfI, such as KE method for which sensors 
locations contain the largest kinetic energy ; EfI reveals to be more efficient. 
In this paper, we tried to take into account the uncertainties of the model used to implement the sensor 
placement, in order to gain confidence in tests that are difficult and costly for space applications. 
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Ariane 5 launcher definition. 

 
 

The launcher (A5E/CA version) is composed of a lower part including 
the EAP (solid propulsion boosters) and the EPC (central cryogenic 
stage) and of the upper part mainly composed of the ESC-A (upper 
cryogenic stage), the fairing and the payloads. 
The EAP is divided in several sub-systems. The MPS is the propulsive 
part of the booster ; the CPC includes the MPS and some equipment. 
The DIAS is the sub-system that ensures the link between the EAP and 
the EPC. The function of this device is to transmit the boosters thrust to 
the central core. A secondary function is to filter structural dynamic 
energy coming from the EAP towards the central core and in particular 
to the payloads that may be sensitive to such excitations. 
The flight duration (boosted phase) is about 1 500 sec. The EAP flight 
phase lasts about 140 s. The EPC engine (Vulcain) is ignited a few 
seconds before lift-off and has a time functioning of 530 s. Finally, the 
upper stage engine is ignited after EPC jettison and lasts 940 s. 
The EAP phase is the most severe one in terms of dynamic excitations. 
These excitations are of many kinds : external (acoustic phenomenon, 
wind, etc.) and internal (engine noise, separation shocks, etc.). 

DIAS 
ESC-A 

EAP 

EPC 

The development of Ariane 5 launcher is based on general specifications dealing with the main sizing 
aspects including : 

- general loads (static loads), 
- dynamic environment of the launcher. 

Concerning mechanical aspects, the sizing of the launcher was initially carried out using simulation tools. 
The objective was to quantify static and dynamic loads at the level of several interfaces defined on the 
launcher (for example between the lower and upper stages of the launcher). As ground tests are limited 
and partly representative, it is necessary to validate the specification with the help of flight measurements. 
Sensors are placed close to the above-mentioned interfaces, so that the loads levels can be checked taking 
into account the real behavior of the launcher during flight. A sensor definition plan has been made. 
 
 
One can see that the interest of flight measurements is linked to several needs : 

- validate the dynamic levels specified for each stage or equipment and for the payloads, 
- give data in order to enhance the models that are used for recurrent dynamic analysis. 

 
Concerning the studies of dynamic behavior, system level analyses of the launcher are made through 
« coupled load analysis » which take into account the interactions between the payload and the rest of the 
launcher. The representativeness of the models is determinant to have accurate previsions. The flight is 
divided into several load cases such as lift-off, EAP jettison, EPC shut-off, HM7b ignition, etc. The most 
critical flight phase is the atmospheric phase including lift-off (as mentioned above), lasting about 140 sec, 
at the end of which the EAP are jettisoned. Before separation, some sources of excitation appear inside the 
boosters due to perturbations of gas flow in the MPS. This excitation is characterized by pressure 
oscillations (∆p) applied to the internal surface of the MPS and finally create dynamic responses of the 
whole booster. These dynamic oscillations initiated in the boosters induce structural dynamic responses on 
all the structures of the launcher, including the payload, which is the feared impact. 
The methods developed and detailed below for this particular load case can be applied to some other ones, 
such as lift-off which is another sensitive phase for the launcher. 
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Some difficulties are related to sensor setting that will not be discussed here. The main parameters that 
have to be defined are : 

- the sampling frequency, this will depend on the frequency of the phenomenons that have to be 
measured, 

- the range of measured values, in order to avoid saturations. The quantification has been settled to 
256 bytes, 

- operational constraints. Practically, a sensor cannot be located anywhere on the launcher. Some 
particular positions have been adapted (close to the engines and nozzles, inside cryogenic tanks, 
etc.). 

 
Post-flight measurement analysis is undertaken after each flight in order to check the specifications. Now 
that a sufficient number of flights have been analyzed, statistics have been established and taken into 
account in renewed editions of the specifications. The upgrading of the Ariane 5 is managed through a 
program called ARTA (of which some tests are studied below). 

2 – General description of OdP load case 
 
Pressure oscillations (OdP) that appear during the EAP firing are due to a complex coupling between 
combustion and internal aerodynamics in the boosters combustion channels. Experience shows that this 
oscillatory behavior begins at one characteristic instant of combustion, starting from second half of the 
firing (ie 60 seconds for Ariane 5 EAP phase) and ending at the end of EAP phase. 
These oscillations are characterized by several “acoustic” modes, called so because they are due to 
reflection of pressure waves on the extreme end surfaces of the booster cavity. The first and second 
acoustic modes appear respectively at about 20 Hz and 40 Hz. The levels of the following modes are less 
important and not studied thoroughly. These frequencies figures are linked to the geometry of the booster 
and gas properties. 

1st mode       2nd mode    3rd mode 

∆p assessment vs frequency 
 

 
This excitation is characterized by a significant dispersion concerning the levels and frequency ranges. 
From one flight to another, the ∆p levels may differ noticeably. 
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In this paper, the study is focused on the second acoustic mode, which 
can be coupled with the first EAP structural mode whose frequency 
appears to be close to 40 Hz at the end of EAP flight phase. This 
coupling may lead to high dynamic levels if the associated damping is 
low. 
For this acoustic mode, the distribution of ∆p is in phase at the 
extremities of the combustion chamber. As they are applied to opposite 
surfaces, the resultant deformation of the 2nd acoustic mode is a 
“breathing mode”. The EAP alternatively lengthens and shortens. 
Lateral expansion of the EAP is also one of the effects of this 
excitation. 
For the modelization used for dynamic analyses of this load case, the 
∆p is supposed to have a sinus shape in function of the longitudinal 
coordinate. That means that the ∆p is equal to zero roughly at 0.25 and 
0.75 times the length of the EAP. 
As shown on the diagram above, the ∆p associated to the second mode 
is low in comparison with the ∆p of the first mode. Even so, due to 
potential couplings, the effects on the launcher may be significant. In 
fact, couplings between the 1st longitudinal mode of the EAP and the 
excitation are seen for each flight whereas couplings with other 
structures (located on the central core, such as the payloads in 
particular) are less frequent. 

V1 

V2 

V3 

V4 

V5 

V6 

V7 

As shown above, the EAP is subdivided into several cylinders (V1 to V7) to meet production constraints. 
For the second acoustic mode, the ∆p are mostly applied on V1, V7 and V4. The ∆p is supposed to be 
close to zero at V5-V6 and V2-V3 I/F levels. 
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3 – General logic of sensor placement 
 
As described above, the choice of sensors must be fit into a general logic corresponding to objectives at 
system or stage level. The subject that is studied here is the enhancement of the knowledge of the launcher 
characteristics. The final goal is to propose some modifications of the reference model, in order to 
improve the accuracy of dynamic response assessments. 
 
The process consists of the following steps, which require preliminary analyses to obtain satisfactory 
results : 
Step 1 – identification of important structural modes, 
Step 2 – sensor placement, 
Step 3 – calculation of some characteristic parameters, deduced from measurements. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 

Ariane 5 
simplified 
dynamic model 

Operational
constraints

Ariane 5 
complete reference 
dynamic model 

Uncertainties
to be applied on 

the dynamic model

Proposition of correction of the 
reference model 

Step 3 
Assessment of characteristics values 

defining the dynamic model of the launcher 

Flight measurements

Proposition of measurement plan applied 
on the Ariane 5 launcher 

Step 2 
Definition of sensor optimal placement

Step 1 
Identification of modes 

causing dynamic responses on the launcher 
Excitations

The Ariane 5 complete dynamic model (present reference model) is composed of several about 200 000 
degrees of freedom. The computation time of the modal base associated to one flight time is too long to be 
repeated several hundred times as it should be to define the optimal placement of sensors, as it is set out 
hereunder. The use of a simplified model of the launcher is imposed by the necessary high number of 
computations. Three models have been developed during Ariane 5 development : the complete one that is 
regularly updated and tends to be more and more detailed, an intermediate one (about six hundred degrees 
of freedom) and a very simple one (five nodes) that has been used to test the methods and set the first 
sensor placement. A simple model is inevitably restricted to one focused problem ; this is the case for the 
simpler one that is used only to check the behavior of the interaction between the EAP and the central core 
during the tail-off phase of EAP flight. 
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The dynamic model of the launcher is composed of many sub-systems and links. Each characteristic 
(thickness, stiffness, Young modulus, condensation rules, etc.) has an impact on the modal definition of 
the structure (frequencies, modal shapes, etc.). Obviously, even if ground tests are performed to quantify 
these figures, some uncertainties remain. The sensor placement algorithm that has been used is designed to 
take into account errors on the model characteristics. 
 
This process has been tested for two application cases : 

- for the launcher in flight condition, during the OdP phase. A simplified approach has been tested 
to validate the feasibility to restore stiffnesses of two components (see § 4.1 below), 

- for EAP firing ground tests foreseen at the end of 2006, steps 1 and 2 have been implemented (see 
§ 4.2). 

 
Step 2 algorithm 
The problem here is to optimize the choice of sensors, taking into account uncertainties on the parameters 
u (such as masses, geometry or stiffnesses) defining the dynamic system (u is a vector). In reference [1] 
this is presented as « Info-gap robustness analysis ». As for all optimization problems, a performance 
index P(s) has to be defined (s is a vector defining the set of sensors : placement and direction of 
measurement). The chosen figure of merit is here the observability of a selection of modes (see below). 
The idea is to exchange a reduction of observability of a chosen set of modes for an increase of robustness 
with respect to uncertainties. 
The robustness is defined by a single scalar parameter α (0 ≤ α ≤ 1) that sets the bounds of the range for 
each component of u, by the means of percentages (u* being the nominal value of u) : 
 

R(α,u*) = { u / | ui – ui
* | ≤ α.ui

* }, for i = 1,n (1) 
 

where R(α,u*) is the realizable parameter sets consistent with the uncertainty α, ui are the components of u 
(ui

* are the components of u*). 
 
First, the optimal nominal placement of sensors s must be determined, considering nominal values of the n 
components of u (ie α = 0). This leads to a performance Pnom. The solution for the sensors optimal 
placement, which maximizes the robustness α, is based on a scalar β that quantifies the reduction of 
performance (0 < β ≤ 1) : 
 

Max ( α*(s,β) ), Max wrt s (2) 
 

where α*(s,β) is defined by : 
 

α*(s,β) = Max (α / Min ( P(s) ≥ β.Pnom , with u within R(α,u*) ) ), Max wrt α and Min wrt u (3) 
 
The solution of the optimization problem (2) is difficult. A simplified solution has been searched in order 
to have a reasonable time of computation ; in particular, for a given set of sensors, the equation (3) is 
solved with the help of Monte-Carlo method (see Step 2 below). The resulting algorithm has been 
implemented (the goal is to find the maximum value of α) : 
 

Selection of the modes that will be treated by the algorithm Step 0 
Set the initial value of α : α = -∆α 

Step 1 Incrementation of α (α = α + ∆α) 
Step 2 Generation of N eigenbases, with a uniform dispersion of u consistent with (1) 
Step 3 Computation of the performance index, for each potential sensor position 
Step 4 Determination of the set of sensors related to the solution of equation (2) 

 If the performance index P(s) is greater than β.Pnom then go to Step 1 
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The determination of optimal sensors (step 3) is a good indicator of the robustness of the computed 
placement. If the choice of sensors evolves noticeably in function of α, it means that the selected modes 
are difficult to measure. The stability of the choice of sensors with respect to robustness parameter α is 
linked to an acceptable adequacy between the number of sensors and the modes that are studied. 
The chosen criterion is here the sum of modal displacements, for all the selected modes. This figure of 
merit quantifies qualitatively the observability of the modes. An eigenmode may be considered observable 
if at least one sensor gives significant level of response. Other criteria can be defined, such as 
distinguishability. 
 
Step 3 algorithm 
The goal is here to assess the values of certain parameters defining the dynamic model of the launcher 
(some components of the vector u defined in step 2 for which uncertainties exist), taking into account the 
flight measurements. As the resolution of this problem may require a large number of eigenbasis 
computations, here again a simplified model should be used. Finally, this analysis shall give some 
indications to correct the reference model that is utilized for development and production studies of Ariane 
5 launcher. Our methodology is based on classical control theory approach. 
 
The problem is to determine the formulations of mass matrix M(u) and stiffness matrix K(u) that 
minimize an error function based on measurements : 
 

Min ( L(x,p,u) ) (4) 
 
where : 
x(t) is the state vector of the dynamic system (positions of the nodes), x ∈ Rn 
p(t) is the Lagrangian parameter linked to the state equation of x p ∈ Rn 
u is the vector defining the uncertain parameters   u ∈ Rk 
 
The state equation of x is : M(u).d2x(t)/dt2 + K(u).x(t) – F(t) = 0 (5) 
with F(t) being the external force vector applied to the system  F ∈ Rn 
 
The function to be minimized is J(u). This function J(u) quantifies the difference between the measured 
accelerations and the computed ones with the state equation (5) : 
 

J(u) = 1/2 ∑j=1,m ∫[0 ; T] { dj
model(t) – dj(t) }2 dt (6) 

 
where : 
dj(t) is the displacement (at the node j), deduced from the accelerations utilizing temporal integrations over 
the interval [0 ; t]. The choice of the number and of the locations of nodes (the number of sensors 
parameters is m ≤ n) is the object of step 2. The results obtained here may be used to refine the definition 
of sensors. 
 
The resulting Lagrangian function, considering the function to be minimized and the state equation is : 

 
L(x,p,u) = J(u) + ∫[0 ; T] p(t).( M(u).d2x(t)/dt2 + K(u).x(t) – F(t) ) dt (7) 

 
The computation of partial derivatives of L(x,p,u) gives the means to calculate the optimal value of u 
minimizing the function J(u). One difficulty is the integration of the adjoint state p(t), which is set by final 
conditions ; this means reverse integration process. 
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4 – Optimal placement of sensors, application 

4.1 – Flight exploitation 
 
The procedure has been applied to a simplified model of the launcher representative of the behavior at the 
end of EAP flight (around 95 s after lift-off) with respect to the interactions between the EAP and the 
central core. The link between the two stages is made with a dedicated device whose function is to reduce 
the transfer of the structural dynamic energy created inside the EAP (pressure oscillations phenomenon) 
towards the central core (and especially to the payloads). The chosen solution was to filter these dynamic 
levels with the help of a low stiffness structure called DIAS (Dispositif Assouplisseur) made out of several 
layers of metallic and rubber shearing plates. As a result, the actual value of the stiffness is not precisely 
known. Moreover, this stiffness is function of the frequency of the excitation and ground tests are difficult 
to implement for the frequency range of the 2nd acoustic mode. Flight exploitation may be an interesting 
means to better assess the stiffness of the DIAS. 
Furthermore, the flexible material that links the nozzle to the EAP has an impact on the results. The nozzle 
is designed to be orientated in order to ensure the attitude control of the launcher. For the EAP, this device 
introduces a component with a low stiffness. Here again, the value of the dynamic stiffness of this device 
is not well quantified. 
 
The application of the algorithm defined in chapter 3 is implemented here to have a better assessment of 
the stiffness value of the DIAS and of the nozzle link for the frequency range associated to the second 
acoustic mode of EAP pressure oscillation excitation. 
 

X axis

Central core 
and EAP 2 

DIAS

EAP 
(CPC)

flexible link 
nozzle 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The model of the launcher is relevant with respect to 
the impact of the DIAS and the flexible link between 
the nozzle and the EAP. The central core and the 
second EAP are gathered in one single body ; this is 
justified by the difference in mass between one EAP 
(about 84 tons at this time of flight) and the total mass 
of the rest of the launcher (275 tons). Lateral behavior 
of each component is not simulated in this model. 
The model is reduced to five nodes (one for the nozzle, 
two for the EAP and two for the central body). This 
allows multiple simulations without restriction due to 
computation time. For both steps 2 and 3, it is 
necessary to compute a large number of modal basis. 
This aspect may be a drawback if the precision needed 
requires a more detailed model. 

Step 1 : Identification of important modes 
The computation of the eigenbasis shows the expected behavior of the model with respect to the real one 
in flight. Apart from the rigid body mode, the results obtained are consistent with what is seen in flight 
and give the following eigenvalues and eigenvectors : 

- The first mode (4 Hz) is related to the DIAS, with quasi-rigid behaviors of EAP (including the 
nozzle) and of central core. In flight, this mode is close to 3 Hz, but what is searched here is the 
dynamic stiffness of the DIAS for the second acoustic mode frequency range (around 40 Hz). The 
objective of the step 3 is to correct the value of DIAS stiffness, taking into account the 
measurements. 

- The second mode (26 Hz) is linked to the central core deformation. Of course, the actual modes of 
the central core are much more complex. 

- The third mode (37 Hz) is linked to the EAP deformation (longitudinal lengthening), which is the 
important mode that may cause high responses on the EAP and consequently on the central core. 
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One can notice from the computed deformation amplitudes, based on this simplified model, that 
the participation of the nozzle in this mode is relatively important, that is why the restitution of the 
stiffness of the flexible interface between the nozzle and the CPC (Corps de Propulseur Chargé, 
that is EAP tank) is made along with the one of the DIAS. 
The frequency of this mode, considering the EAP alone without the nozzle, is close to 42 Hz, 
which means that the nozzle (and the link with the central core) has an impact of about 10 %. The 
impact of the nozzle on this mode has been confirmed with the reference model of the launcher 
(complete model) during development studies. 

One can consider this model sufficiently representative of the behavior of the launcher in flight, for what 
is searched to be simulated. 
 
Step 2 : Definition of sensor optimal placement 
The algorithm defined in chapter 3 has been applied to this simple case. Potential positions have been 
defined on each component, using interpolations to compute the displacements outside of the nodes. The 
optimal positions obtained with the assumptions mentioned above are the following : 
 
 
 
 
 
 
 
 
 
 
 
 

The optimal placement of sensors shows that the nozzle 
is the best location to measure the modes. The two 
extremities of the EAP (without the nozzle) are the 
following best locations. This sensor placement is 
linked to the measurement of all the modes of the 
system (four modes for this application). One can see 
that the resulting positioning is well adapted to the 
measurement of the longitudinal mode of the EAP. 

2

3

1
 
For this implementation, the effect of uncertainties has been taken into account, following the step 2 
algorithm described in chapter 3. The assumption was that the definition parameters (masses of the 
components, stiffnesses of the DIAS and the nozzle link, longitudinal stiffnesses of the bodies) are 
dispersed with a uniform probability law (all variables are supposed to be independent). The placement is 
compliant with these uncertainties. The algorithm gives an assessment of the derivative of the criterion 
with respect to the dispersion of parameters : 0.35 % / %, which means that for an uncertainty of ± 10 % 
(assuming uniform probability law) of the parameter values (eg EAP mass or DIAS stiffness), the 
observability of the modes is globally reduced by 3.5 %. 
This derivative is certainly different for another case. Nevertheless, if this order of magnitude is respected, 
this means that the defined placement is robust and the choice of three sensors should be correct. 
 
Step 3 : Assessment of characteristic parameters 
The algorithm defined in chapter 3 has been tested, using a synthetic set of measurements. The objective is 
here to show the results obtained with a very simple case. Utilizing flight measurements is planned for 
future studies, with adaptation of the algorithm. 
The parameters defining the system are the following ones (vector u), the model is the one described 
above (5 nodes model) : 

- mass & stiffness of the central core (275 tons / 7.5 108 N/m) 
- mass & stiffness of the EAP (84 tons / 6 108 N/m) 
- mass of the nozzle & stiffness of the link (6 tons / 4 108 N/m) 
- stiffness of the DIAS (0.5 108 N/m) 

These values are indicative. The underlined values are uncertain and shall be corrected using 
measurements data. The values given above are supposed to be the real ones and will be restored with the 
help of the step 3 algorithm. The initial values of nozzle link and DIAS stiffnesses are respectively 3.6 108 
and 0.2 108. These values are close to the aimed ones. 
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The system has been excited in compliance with the second acoustic mode features, that is on the lower 
and upper ends of the EAP. The algorithm restored precisely the real values, as shown below : 
 

Stiffness (x108) 
N/m 

 0 5 10 15
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

DIAS stiffness
DIAS nominal
Nozzle link
Nozzle nominal

 Number of iteration of gradient computation 
 
For this application, less than 10 iterations were necessary to obtain the aimed results. This process will be 
tested for more complex conditions, using real (filtered) measurements. 

4.2 – EAP ground test application 
 

 
 

The test bench has been modeled taking into account 
recent modifications concerning other utilizations. The 
size of the complete model (including the EAP) is 
about 9 000 nodes. The EAP is linked to the bench as it 
would be with the launcher during flight. However, one 
important difference concerns the upper link which is 
made without the DIAS. A modified front skirt is used 
in order to measure the thrust level of the EAP (which 
is in fact one of the main objectives of the test). 
The step 2 has been implemented on this system in 
order to define the measurement plan. The 
corresponding time of flight is close to 120 seconds 
after EAP ignition. 

Ground tests are performed on the MPS in order to test slight modifications of the booster.  These tests are 
performed under a program called ARTA (Accompagnement de Recherche et de Technologie Ariane 5). 
A test has been carried out on November 4th 2004 (« ARTA3 » test) and a test is foreseen before the end 
of 2006 (« ARTA4 » test). 
 
The choice of the interesting modes is driven by the following potential influences that may be critical for 
Ariane 5 launcher : 

- the first lateral mode of the EAP that has an impact on the lateral behavior of the launcher and 
finally on the attitude control, this mode is linked to the DIAS characteristics, 

- lateral modes of the EAP may be coupled with other structures on the central core, 
- in the same way, the longitudinal mode of the EAP may be coupled with the central core and 

potentially with the payloads. 
 
The selection of modes has been made taking into account the difficulties encountered in flight. Certain 
modes are excited during some flight phases and may induce high dynamic responses, on the payloads in 
particular. Three modes have been chosen. 
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The first selected one (Mode 11) is involved in the low frequency range of modes that may have potential 
impact on the stability of the attitude control loop of the launcher. The second one (Mode 55) may be 
excited by the first acoustic mode at the end of EAP flight. Similarly, the third one (Mode 148) may be 
excited by the second acoustic mode. Those couplings can endanger the dynamic behavior during the 
flight. 
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CPC SUR BEAP ARTA3 - T0 + 113 s

ENERGIES DE DEFORMATION
CPN                           :    64. %
JAV                           :    24. %
DMP                           :     6. %
BANC ARTA3                    :     5. %
EMA                           :     1. %

ENERGIES CINETIQUES
CPN                           :    51. %
POUDRE                        :    21. %
EMA                           :    14. %
JAR                           :     2. %
JAV                           :     2. %
BANC ARTA3                    :     2. %

 
Mode 11 
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CPC SUR BEAP ARTA3 - T0 + 113 s

ENERGIES DE DEFORMATION
BANC ARTA3                    :    67. %
CPN                           :    15. %
DMP                           :    10. %
JAV                           :     7. %

ENERGIES CINETIQUES
BANC ARTA3                    :    62. %
CPN                           :    19. %
DMP                           :     7. %
POUDRE                        :     4. %
JAV                           :     3. %
EMA                           :     2. %

 
Mode 55 
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CPC SUR BEAP ARTA3 - T0 + 113 s

ENERGIES DE DEFORMATION
BANC ARTA3                    :    52. %
CPN                           :    22. %
EMA                           :    19. %
VERINSEMA                     :     3. %
DMP                           :     2. %
JAV                           :     2. %
JAR                           :     1. %

ENERGIES CINETIQUES
BANC ARTA3                    :    52. %
EMA                           :    29. %
CPN                           :    10. %
POUDRE                        :     4. %
DMP                           :     1. %
JAV                           :     1. %

 
Mode 148 

 
The optimal placement of sensors has been determined using the step 2 algorithm described in chapter 3. 
Three cases have been tested, corresponding to the optimal definition linked to the three modes mentioned 
above (number 11, 55, 148). 
 
Results 
The obtained results give precise locations considering the whole structure including the bench and the 
EAP. 
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CPC SUR BEAP ARTA3 - T0 + 113 s

ENERGIES DE DEFORMATION

ENERGIES CINETIQUES
BANC ARTA3                    :     0. %

 

measurement 
direction Y 
 
measurement 
direction X 

(1) 
(2)

(3)

(4) 

Optimal placement for Mode 11 
 
The optimal sensors (for which the observability is maximized) for mode 11 are sorted as follows : 
 
sensor direction of measurement location criterion 
(1) Y V2 / V3 I/F 0.120 10-3 
(2) Y Upper V1 0.090 10-3 
(3) Y 

X 
Lower V7 0.090 10-3 

0.070 10-3 
(4) X Bench 0.003 10-3 
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CPC SUR BEAP ARTA3 - T0 + 113 s

ENERGIES DE DEFORMATION

ENERGIES CINETIQUES
BANC ARTA3                    :     0. %

(3) 

(1)

(4) (2) 

measurement 
direction Y 
 
measurement 
direction X 

Optimal placement for Mode 55 
The optimal sensors (for which the observability is maximized) for mode 55 are sorted as follows : 
 
sensor direction of measurement location criterion 
(1) Y Upper V1 0.036 10-3 
(2) Y V5 0.024 10-3 
(3) X Bench 0.016 10-3 
(4) Y Bench 0.011 10-3 

 
For the mode 148, the JAR structure (lower part of the EAP) has been withdrawn from the selection 
because the associated deformations are mostly caused by local modal behaviors. 
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CPC SUR BEAP ARTA3 - T0 + 113 s

ENERGIES DE DEFORMATION

ENERGIES CINETIQUES
BANC ARTA3                    :     0. %

(1) (2)

(3) 
(4) 

(5)

measurement 
direction X 

Optimal placement for Mode 148 
 
The optimal sensors (for which the observability is maximized) for mode 148 are sorted as follows : 
 
sensor direction of measurement location criterion 
(1) X Bench 0.016 10-3 
(2) X Upper V1 0.012 10-3 
(3) X Bench 0.012 10-3 
(4) X Bench 0.008 10-3 
(5) X Upper V7 0.007 10-3 
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It appears that the couplings between the EAP and the bench are more significant than those linked to the 
lateral modes. 
 
Comparatively, the criterion associated to the mode 11 is significantly higher than the ones of the 
following modes (close to one order of magnitude). This is a general behavior of modal decomposition ; 
the modal deformations are lower as the frequency increases. If the algorithm is used with a criterion 
based on the sum of the modal deformations for several selected modes, the risk is to hide the impact of 
high frequency modes. One solution would be to weight some mode by factors in order to level the 
contributors. 
 
These placements have been implemented taking into account of the uncertainties, following the step 2 
algorithm. For this application, it appears that the proposed placement is robust to uncertainties. One can 
see that the optimal placement for the mode 148 (longitudinal lengthening of the EAP) leads to the 
conclusion that the deformations due to this mode can be seen also on the bench, which was not obvious. 

5 – Conclusion 
 
A sensor placement process is proposed in this paper, corresponding to development and production needs 
of Ariane 5 launcher. Several algorithms have been defined. The tests performed showed interesting 
results that will be enhanced in the future. 
 
The sensor placement is one of the important steps ; a robust approach (with respect to uncertainties on the 
main parameters defining the launcher) has been defined and tested on a very simple case. Prospects are 
envisioned to apply it to several load cases of Ariane 5 dynamic studies. This algorithm has been applied 
to an EAP ground test that will take place shortly. 
 
Assessing the value of certain parameters (the stiffness of the DIAS has been mentioned above as one 
representative example) would constitute a valuable gain in launcher knowledge. The methodology 
presented here may be used to have a complementary approach to ground tests. 
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Abstract
For validation and updating of Finite Element Models their accuracy is measured in relation to experimental
data (Experimental Modal Analysis vs. Computational Modal Analysis). A very fast method of obtaining
the Modal Parameters used for validating the Computational Modal Analysis results involves instrumented
hammer excitation of the structures. The frequencies and mode shapes can be obtained very accurately and
the two results can be used for improving the finite elements model. If the force and excitation signals have
very large DC components the use of the force window may raise some problems, such as the variation
of modal parameters. This article will investigate the effects of such problems on the estimated modal
parameters of a simple structure.

1 Introduction

This paper presents some of the influences caused by the sharp transients introduced by the force window
when applied to signals with DC offset from the point of view of the test engineer. The theory will be kept
to a minimum since it already is treated in many other papers and books, for example [1].
The Fast Fourier Transformation is the basis of spectrum analysis, the representation of a signal in the fre-
quency domain. When the FFT is used to measure the frequency content of data, the analysis is based on a
finite set of data (record) and the main assumption of the FFT is that this data is periodic. The finiteness of
the record may result in a truncated waveform with differences in the spectral characteristics compared to the
original continuous time signal. This can be caused by the sharp transitions artificially introduced into the
measured data. The sharp transitions are discontinuities and should be avoided. To minimize this effect, a
Window Function is usually applied to the measured signal in the time domain. This will make the endpoints
of the waveform meet and therefore result in a continuous waveform without sharp transitions. There are
different types of window functions available (e.g. Exponential, Hanning, Flat-Top, Force), each with their
own advantage and preferred application.
For Modal Analysis using hammer blows as excitation signals, the preferred windows are Force and Ex-
ponential. The Force window is used to eliminate the noise in the excitation signal after the blow (if used
properly, otherwise it can damage the results). The Exponential window will artificially bring the response
signal to zero in the acquisition time and make it appear periodic for the Fast Fourier Transformation. It
should be used if the signal decays too slowly. Any window will affect the results of the computation. If the
effects can be accounted for, it will make the interpretation of the results easier. For comparing the influence
of different offset values, the modal mass, modal damping and modal stiffness will be used.
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2 Theory

2.1 The Fourier transformation of an impulse

The unit impulse function can be thought of as a function that has the value of infinity at a certain time and
the value zero elsewhere [2]. This would constitute a perfect impulse. A real pulse made infinitely short in
time while maintaining its area or integral (thus giving an infinitely high peak) can also be regarded as an
impulse. The Fourier transformation of such a function would have the value of 1 for all frequencies. The
perfect impulse is not obtainable when making modal analysis therefore the FFT amplitude will decay over
the frequency but it can be considered flat up to a certain limit. This limit is set by the material of the impact
cap used, the material of the structure and the size of the hammer.
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Figure 1: An impulse realized using hammer excitation, time domain
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Figure 2: An impulse realized using hammer excitation, frequency domain

Such a typical impulse is presented in Figure 1 in time domain and in Figure 2 in the frequency domain.
For recording this signal one should use a pre-trigger delay in order to capture both the rising and the falling
slopes, this is important, otherwise the spectrum will be distorted. The spectrum of this impulse can be
considered flat up to200Hz.

2552 PROCEEDINGS OF ISMA2006



2.2 The Rectangular and the Force window

2.2.1 The Rectangular window

The simplest window is the Rectangular window. It doesn’t modify the signal since it always has unity gain.
It is only usable for signals which are periodic in the acquisition time, otherwise it will lead to errors. This
window was used for the impulse in Figure 1.

2.2.2 The Force Window

The Force window has unity gain for about one tenth of its duration, the rest is zero. This window is used to
eliminate the effects of the noise present on the force channel after the impact. Its length should be adjusted
so that it contains the entire hammer impulse. The force window may not always be necessary but it will
clean the signal when properly used. It can also be used with burst-random excitation. This window is
represented in Figure 3.
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Figure 3: A typical Force window

The double impacts are one of the problems when making the modal test with a hammer excitation. They
can be caused by the person performing the test or maybe the structure will react in such a way that it will
hit the hammer. The Force window should never be used to remove the effects of a double impact since it
will distort the frequency response function (FRF). If this is extrapolated to the sharp transients introduced
by the force window when the signal has a DC offset, than it is evident that the FRF will also be distorted.

3 Experimental investigations

3.1 Test setup

For this experiment a steel shaft was used. The shaft was suspended using rubber bands in order to simulate
free-freeconditions. A small IEPE accelerometer(10mV/m/s2) was glued to the surface and the shaft was
impacted with a modal hammer(2mV/N).A hard hammer tip was chosen in order to excite the structure
properly up to2500Hz.
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Figure 4: Impulse and response, notice the offset which is present in both time traces.
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Figure 5: The force window is applied. Notice the sharp transient introduced in the measurements.

A typical time record of an impulse and the corresponding answer is shown in Figure 4. The DC component
could be removed by using high-pass filter or AC coupling of the channels but this is not always available
or it just doesn’t work. For example, the data acquisition system will introduce the offset after it has been
removed by the filter. One could of course remove it by hand for every measurement but this means investing
time. If the force window will be applied to such a signal it will distort it. The distortion will be directly
proportional with the size of the offset, see Figure 5 and will affect the shape of the FRF considerably. The
amplitude of the resonance peak will be influenced as well. Experiments were made in order to establish
when the influence will be so big that the results are not usable. The FRF was calculated using 3 averages.
The offset is expressed in percent of the maximal force value which was500N .

3.2 Results and conclusions

A reference FRF was calculated using the signals presented in Figure 4 after removing the offset. This FRF
is presented in Figure 6 together with the same FRF calculated for 5 and 10 percent offset on the force
channel. There are obviously differences between figures the transfer functions and even at 5 percent offset.
However, around the resonance peaks, the curves have almost the same values. The transfer functions cannot
be used like this: curve fitting is mandatory before doing any model updating or comparing the results of two
different tests. This means the curves must be described using orthogonal polynoms, for example.
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Figure 6: FRF calculated with 0, 5 and 10 percent offset on the force channel and Force window.

The modal parameters (Modal Mass, Modal Stiffness and Modal Damping) for the four curves were es-
timated and are listed in Table 1 together with the differences between them. We assume the parameters
calculated with0% offset as correct. The complete description on how to calculate this parameters is pre-
sented in [3].
The same method and frequency interval was used for all the FRFs, therefore the only variable is the offset.
There are obviously differences between the parameters. However differences in the same order of magni-
tude are described as user-dependent results when using stability diagrams.
The next step is to synthesize the FRFs and compare them to the one without offset. The synthesized FRFs
are plotted in Figure 7 and for better clarity the area around the resonance peaks is zoomed and linearly
scaled. For the first resonance peak there are no differences in amplitude but the second one shows differ-
ences of around25% or 3dB. One could conclude that the sharp transients introduced by the force window
when applied to signals with DC offset will affect the higher frequencies of the FRF therefore this window
should not be used if DC offset is present and the high frequencies are of interest. The rigid body modes of
this structure are not interesting, but if they were, it would be quite difficult to tell their frequency. Below
300Hz the FRF is very distorted.
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Offset Frequency Modal Mass Modal Stiffness Modal Damping
% Hz kg N/m N · sec/m

0 952 25.8 924 · 106 78, 46
1920 7, 85 1140 · 106 34, 3

5% 952 26.3 (1.9%) 942 · 106 (0%) 79, 8 (1.7%)
1920 6, 16 (−21%) 896 · 106 (−21%) 26, 3 (−23%)

10% 952 26 (0.7%) 930 · 106 78, 8 (0.5%)
1920 6, 36 (−23.4%) 925 · 106 (−18.4%) 26, 3 (−23%)

Table 1: Comparison between the estimated modal parameters, difference expressed in percent
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Figure 7: Synthesized FRFs, the lower plot show the peaks scaled linearly for better clarity.
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Abstract
Productivity degrading vibration problems are traditional in metal cutting, in particular in internal turning,
when the boring bar is long and slender. The high levels of vibrations arise at the boring bar’s natural
frequencies corresponding to its fundamental bending modes. The vibrations are dominating at the boring
bar’s eigenfrequency in the cutting speed direction, since the cutting force has the largest component in this
direction. The negative effects of vibrations, e.g. poor surface finish, reduced tool life, high sound pressure
levels in the working environment etc., can be eliminated for instance by using passive tuned damper or
active control. The level of success implementing any of these methods is dependent on the knowledge of
the dynamic properties of tooling structure - the interface between the cutting tool or insert and the machine
tool - involved. Results from experimental modal analysis on the boring bar clamped in a lathe reveal
a rotation of the mode shapes with respect to the cutting speed and cutting depth direction. The paper
addresses boring bar mode shape rotation phenomenon and discusses its possible sources based on results
obtained from experimental modal analysis of two systems: boring bar with original boundary conditions
and boring bar with linearized boundary conditions in correlation with results obtained from corresponding
3-D finite element models.

1 Introduction

In metal cutting the internal turning operation remains to be one of the most cumbersome. In this operation
the cutting tool mounted on a boring bar cuts deep and precise geometries inside a workpiece. In order to
perform internal turning operations it is often required that the boring bar should have certain geometric
properties such as a large ratio between its length and diameter. During the cutting process the dynamic load
applied by the material deformation process to the boring bar with the large overhang may excite vibrations
of extremely high levels. Investigations in this area [6, 7] showed that vibrations develop at the frequency
related to the boring bar’s low-order eigenfrequency which has the mode shape in the cutting speed direction,
since the cutting force has the largest component in this direction.

In order to increase a productivity of an internal turning operation the high levels of vibrations can be sup-
pressed by using different techniques like passive control, where a vibration absorber is built into the boring
bar and is tuned to the frequency range of the first bending mode in the cutting speed direction [1, 8]. Another
method for vibration attenuation is active control, where an active boring bar with embedded actuator and
attached sensor is used to produce secondary ”anti-” vibrations to suppress vibrations in the cutting speed
direction nearby the tool tip [1, 4]. Therefore implementation of any of these methods requires information
about spatial dynamic properties of the system, i.e natural frequencies and mode shapes corresponding to the
low-order bending modes of the boring bar.
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The spatial dynamic properties of the boring bar discussed in this paper have previously been examined
using an analytical Euler-Bernoulli model, experimental modal analysis and an operating deflection shape
analysis [6]. The last two methods revealed rotations of the first bending modes regarding the cutting speed
and cutting depth direction, whereas the analytical approach showed rough eigenfrequencies estimates and
mode shapes oriented in the cutting speed and cutting depth directions. As a possible source of rotations the
boundary conditions, i.e. the clamping of the boring bar inside the clamping house were suggested.

In this paper the phenomenon of boring bar’s mode shape rotation is examined more precisely based on two
different clamping conditions. To verify proposed hypothesis, the boring bar was clamped using a linearized
clamping house, as well as a standard clamping house. The estimates of the spatial dynamic properties of the
boring bar were obtained using 3-D finite element models of the following systems: ”boring bar - linearized
clamping house” and ”boring bar - standard clamping house”. The results of the finite element analysis were
validated by estimates obtained from experimental modal analysis of the boring bar with the two different
clamping conditions.

The current paper is focused on verification of the hypothesis of boundary conditions as a source of rotations
of the boring bar mode shapes. The problem of building an accurate 3-D finite element model, which approx-
imates the actual boundary conditions as a contact between the surface of the boring bar, clamping bolts and
clamping house and allows to predict rotation phenomenon is also addressed in the paper. Such an accurate
3-D finite element model is of large value for instance in the design of active boring bars for the optimization
of the embedded actuator location in the boring bar. Thus, it is necessary to enable further improvements
of the vibration suppression performance of active boring bars. The knowledge about influence of clamping
(boundary) conditions on the rotation of the mode shapes is also important in industry e.g. for cutting data
prediction, repeatability of the clamping conditions and stability of the cutting process, which will affect the
productivity of the internal turning operation.

2 MATERIALS AND METHODS

The experimental setups used in the experimental modal analysis of the boring bar clamped in the linearized
and standard clamping house, physical properties of the boring bar material and the methods of identification
of the boring bar spatial dynamic properties are described in this section.

2.1 Physical properties of the boring bar material

The boring bar used in experiments and modeling is a standard boring bar S40T PDUNR15 F3 WIDAX. It is
made of 30CrNiMo8 material with following physical properties: Young’s elastic modulus E = 205 GPa,
density ρ = 7850 kg/m3, Poisson’s coefficient ν = 0.3.

2.2 Measurement Equipment and Experimental Setup

The experimental modal analysis was carried out on a MAZAK 250 Quickturn lathe. It has 18.5 kW spindle
power, a maximum machining diameter of 300 mm and 1007 mm between the centers. The following
equipment was used to carry out experimental modal analysis:

• 14 PCB 333A32 accelerometers

• 1 Ling Dynamic Systems shaker v201

• 1 Gearing & Watson Electronics shaker v4

• 2 Brüel & Kjǽr 8001 impedance heads
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• HP VXI E1432 front-end data acquisition unit

• PC with IDEAS Master Series version 6.

Experimental modal analysis was carried out on the boring bar clamped in the standard clamping house with
four bolts in the direction corresponding to the cutting speed direction. The boring bar was simultaneously
excited by two shakers via two impedance heads, which were placed at 100 mm from the clamped end of the
boring bar in the cutting speed direction and cutting depth direction respectively (see Fig. 1). Spatial motion
of the boring bar was measured by the accelerometers glued in the following order: two accelerometers were
placed in the cutting speed and cutting depth direction correspondingly at 10 mm from the clamped end of
the boring bar, the other two accelerometers were placed at the distance of 40 mm from the first ones and the
rest of accelerometers was equidistantly placed at 25 mm from each other. In total 14 accelerometers were
used: 7 in the cutting speed directetion and 7 in the cutting depth direction.

Figure 1: Experimental setup for the experimental modal analysis of the boring bar clamped in the clamping
house with four bolts.

Experimental modal analysis was also carried out on the boring bar with linearized boundary conditions.
This implies that the clamping house was modified, i.e. bolts were replaced with the steel wedges. The steel
wedges were glued to the boring bar to fill the space between the clamping house and boring bar, such that
boring bar’s cross section become circular in the place clamped by the clamping house. The new boring
bar was glued to the clamping house by epoxy glue, and tightened by bolts. The experimental setup for the
modal analysis of the linearized boring bar is identical to the setup of the boring bar clamped with four bolts
(see Fig. 1). The 14 acclerometers and 2 impedance heads were placed in the same manner. The boring bar
was also in this case simultaneously excited in the cutting speed and cutting depth directions by two shakers.

2.3 Experimental Modal Analysis

The experimental modal analysis was carried out with the help of time-domain polyreference least squares
complex exponential method, which allows to identify dynamic properties of the boring bar, i.e. natural
frequencies, mode shapes and damping ratios based on the Modal model [2]:

[H(f)] =
1
2π

N∑

n=1

Qn{ψ}n{ψ}T
n

jf − (−fnζn + jfn

√
1− ζ2

n)
+

Q∗
n{ψ∗}n{ψ∗}T

n

jf − (−fnζn − jfn

√
1− ζ2

n)
(1)
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Where N -number of degrees-of-freedom, [H(f)] is N × N receptance matrix, {ψ}n-N × 1 mode shape
vector, ζn-modal damping ratio, fn-undamped system’s eigenfrequency, Qn-modal scaling factor. The esti-
mate of receptance matrix is calculated based on the power spectral density and cross-power spectral density
estimates of the boring bar response signals and excitation force signals collected simultaneously.

The orthogonality of the extracted mode shapes {ψMA}k and {ψMA}l was checked using Modal Assurance
Criterion [2]:

MACkl =
|{ψMA}T

k {ψMA}l|2
({ψMA}T

k {ψMA}k)({ψMA}T
l {ψMA}l)

(2)

The Modal Assurance Criterion can also be used to provide a measure of correlation between experimentally-
measured mode shape {ψMA}k and numerically-calculated mode shape {ψFEM}l

MACkl =
|{ψMA}T

k {ψFEM}l|2
({ψMA}T

k {ψMA}k)({ψFEM}T
l {ψFEM}l)

(3)

2.4 Finite Element Analysis

The finite element method was used to calculate the spatial dynamic properties numerically, based on general
matrix equation of the dynamic equilibrium for an undamped system

[M ]{ẅ(t)}+ [K]{w(t)} = {0}, (4)

Where [M ] is the global mass matrix of the system, [K] is the global stiffness matrix of the system, {w(t)}
is time-dependent displacement vector. The advantage of the finite element method is that it allows to
approximate system with distributed parameters, i.e. with infinite number of degrees-of-freedom, by the
discrete system of elements with few degrees-of-freedom, which in total gives the system with large but
finite number of degrees-of-freedom. Thus the mode shapes can be estimated with considerably higher
resolution, which depends only on the element size, compared to the mode shapes extracted by experimental
modal analysis, where the resolution is limited by the amount and physical dimensions of sensors used.

As a basic finite element a tetrahedron was chosen to create a 3-D finite element model of the system ”boring
bar - clamping house”. The tetrahedron is the most convenient element to build a mesh which follows the
actual geometry of the boring bar and the clamping house with bolts. The tetrahedron with ten nodes and
quadratic shape functions was used to develop the finite element sub-model of the boring bar, because it
gives the most accurate estimation of the mode shapes. For simplicity the clamping house and clamping
bolts were modeled as one body. In the finite element sub-model of the clamping house the tetrahedron with
only four nodes and linear shape functions was used. This choice can be explained by the following facts:
the model of the clamping house is used only to approximate actual boundary conditions, and the lowest
natural frequency of the clamping house is significantly higher compared to the first natural frequencies of
the boring bar which are of interest. No displacements were allowed in the nodes of the clamping house
surface corresponding to the surface of the real clamping house attached to the turret. The general view of
the finite element model of the system ”boring bar - clamping house” is shown on Fig. 2. The following
notation for the coordinate system is used in Fig. 2: x - cutting depth direction, y - cutting speed direction,
z - feed direction.

For better visualization the finite element sub-models of the boring bar with standard and linearized boundary
conditions (in blue clolor) and clamping house (in green color) are shown from the front view using only
elements, without nodes and boundary conditions see Fig. 3 a), b) respectively.

The natural frequencies and mode shapes were extracted by using Lanczos iterative method with the use of
MSC.MARC software [3, 9].
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Figure 2: The 3-D finite element model of the system ”boring bar - clamping house”.
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Figure 3: The front view of the 3-D finite element model of the system ”boring bar - clamping house” with
a) standard boundary conditions b) linearized boundary conditions.

3 Results

The results of the spatial dynamic properties identification, i.e. natural frequencies, mode shapes and their
rotational angles relative the defined coordinate system, obtained both from the experimental modal analy-
sis and finite element analysis, are shown in this section first for the boring bar with standard boundary
conditions, and secondly with linearized boundary conditions. The mode shape vectors for every nodes
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of the finite element model of the boring bar were calculated, however in order to compare them with ex-
perimentally obtained ones only nodes corresponding to the positions of the attached accelerometers were
considered.

3.1 Boring bar with standard boundary conditions

The first two natural frequencies and rotational angles, i.e. deflection of the mode shapes from the cut-
ting depth direction, of the boring bar with standard boundary conditions estimated by experimental modal
analysis and calculated by finite element model are presented in the Table 1.

Model Mode 1 Mode 2
Frequency, [Hz] Angle between Frequency, [Hz] Angle between

mode shape and mode shape and
cutting depth direction, [◦] cutting depth direction, [◦]

Modal 524.110 -26.8 555.713 60.3
Finite Element 533.129 -23.9 558.256 67.5

Table 1: Calculated eigenfrequencies and estimated angles of mode shape rotation

The MAC - matrix for the modes 1 and 2 calculated according to Eq. 2 is:

[MAC]1 =

[
MACMA1,MA1 MACMA1,MA2

MACMA2,MA1 MACMA2,MA2

]
=

[
1.000 0.001
0.001 1.000

]
(5)

In order to compare the measured and predicted mode shapes a cross-MAC matrix was calculated, based on
Eq. 3.

[MAC]2 =

[
MACMA1,FEM1 MACMA1,FEM2

MACMA2,FEM1 MACMA2,FEM2

]
=

[
0.993 0.007
0.004 0.988

]
(6)

3.2 Boring bar with linearized boundary conditions

The first two natural frequencies and rotational angles, i.e. deflection of the mode shapes from the cutting
depth direction, of the boring bar with linearized boundary conditions estimated by experimental modal
analysis and calculated by finite element model are presented in the Table 2.

Model Mode 1 Mode 2
Frequency, [Hz] Angle between Frequency, [Hz] Angle between

mode shape and mode shape and
cutting depth direction, [◦] cutting depth direction, [◦]

Modal 574.065 -2.5 596.041 92.4
Finite Element 595.409 -1.1 606.625 89.1

Table 2: Calculated eigenfrequencies and estimated angles of mode shape rotation

The MAC - matrix for the modes 1 and 2 calculated according to Eq. 2 is:

[MAC]1 =

[
MACMA1,MA1 MACMA1,MA2

MACMA2,MA1 MACMA2,MA2

]
=

[
1.000 0.008
0.008 1.000

]
(7)
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Figure 4: First two mode shapes of the boring bar with standard boundary conditions a) component of
mode shape 1 in the cutting depth direction b) component of mode shape 1 in the cutting speed direction,
c) component of mode shape 2 in the cutting depth direction d) component of mode shape 2 in the cutting
speed direction estimated by experimental modal analysis and finite element model correspondingly.

In order to compare the measured and predicted mode shapes a cross-MAC matrix was calculated, based on
Eq. 3.

[MAC]2 =

[
MACMA1,FEM1 MACMA1,FEM2

MACMA2,FEM1 MACMA2,FEM2

]
=

[
0.998 0.006
0.005 0.994

]
(8)
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Figure 5: First two mode shapes of the boring bar with linearized boundary conditions a) component of
mode shape 1 in the cutting depth direction b) component of mode shape 1 in the cutting speed direction,
c) component of mode shape 2 in the cutting depth direction d) component of mode shape 2 in the cutting
speed direction estimated by experimental modal analysis and finite element model correspondingly.

4 Conclusions

The results of modal analysis carried out experimentally and numerically, show that the finite element analy-
sis is an appropriate tool to predict natural frequencies and mode shapes of the boring bar fastened in the
clamping house (see Table 1, 2). The experimental modal analysis of the boring bar with standard boundary
conditions indicates the rotation of the mode shape respective cutting depth direction (see Table 1 and Fig.
4). The rotation phenomenon was also possible to estimate by the finite element analysis of the 3-D finite
element model of the system ”boring bar - clamping house”, where the actual boundary conditions were ap-
proximated by the sub-model of the clamping house with bolts. The hypothesis of the boundary conditions,
i.e. non-rigid clamping of the boring bar in the clamping house, as a source of mode shapes rotation was
shown to be plausible by experimental and finite element analysis of the boring bar with linearized boundary
conditions and with standard boundary conditions (see Table 1, Table 2, Fig. 4 and Fig. 5).

The extracted rotational angles of the boring bar with standard boundary conditions, can be used e.g. for
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optimization of an actuator placement in the design of an active boring bar.

It can be noticed that there is a discrepancy in results estimated by experimental modal analysis and ones
calculated based on the finite element model both for boring bar with standard and linearized boundary con-
ditions, i.e. finite element model slightly overestimates natural frequencies and gives difference in rotational
angles. This can be explained by imperfection of geometrical model of the boring bar and clamping house
used in the finite element analysis, differences in material properties, measurements uncertainty. Also the
results can be improved by incorporating the effect of the mass loading of the boring bar by 14 accelerom-
eters and 2 impedance heads. Besides the incorporating the mass loading effect, further investigations of
the boundary conditions influence on the mode shape rotations are necessary, e.g. number of bolts used to
tighten the boring bar, torque moment applied for bolts, etc. This data is important for instance to obtain the
cutting data for stable turning and repeatable results in application different techniques of the controlling the
boring bar vibrations in industry.
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Abstract
The use of partly rigid beams for modelling welded joints has been used and accepted by many authors but
some major problems that encounter this type of parametrization, like the determination of the initial values
of the offsets, still haven’t been solved. A new method for subselecting the parameters and its corresponding
nominal values is presented in this paper. The novel aspect of this approach is that the procedure makes use
of the Fuzzy Finite Element method as a reliable tool for finding the best possible initial conditions of the
parameters before updating an FE model, aiming to cope with two of the main problems of model updating:
The undetermined problems occurring when the number of parameters outweigh the number of available test
data in one hand, and, avoiding the convergence of the solution to a local minimum on the other hand. The
method is applied to welded joints which are always a source of uncertainty and that are commonly used in
big automotive structures like the body frames of buses.
Keywords: model updating, interval finite elements method, fuzzy finite element method, welded joints,
offsets...

1 Introduction

An FE model of an automotive joint is generally defined as an intersection region of beam elements, this is
mainly due to the fact the use of shell elements in an FE model is very expensive computationally speaking.
In the case of welded joints, the use of coupled rotational springs is very commonly used, but in the case
of body frames of buses the stiffness of the joints is too high to consider the use of springs, so the joints
are considered to be rigid, the welding process introduces an extra stiffness that some how must be taken
into account. J. Wang and P. Sas [1] presented some models of mechanical joints which are suitable for FE
dynamic analysis, as well as their parameterisation based on experimental modal results.

The use of Finite Element model updating, is nowadays commonly accepted as a reliable tool to improve
the correlation between the experimental dynamic response of a structure and the corresponding predictions
of the analytical model. A considerable number of researchers have focused their work on generating and
testing different updating methods over the past25 years (see i.e. [2] and [3]). There are several possibili-
ties to classify the different algorithms based on whether they work in the frequency or modal domains and
whether they adjust the mass and stiffness matrices directly ”direct methods” or make parametric changes to
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the model ”indirect or parametric methods”. It has been proved that direct methods are not appropriate for
model updating because they are not able to provide physically meaningful results (e.g see [4]).

J.E. Mottershead et al. [5] applied the sensitivity method to update finite element models of welded joints.
They found out that careful parameterisation is critical in updating this particular type of joint. The use of
nodal offset was shown to result in an updated joint with a physical interpretation. Keeping the physical
meaning of the model, is one of the main objectives in model updating because a random change in the
parameters could lead to a model that matches the experimental results but which is far away from the real
structure.

The fuzzy finite element method for the calculation of frequency response functions (FRFs), developed by
D. Moens [6], combines the concept of fuzzy sets with the modal superposition principle. This method
calculates large scale sensitivities of the response of the structure to the uncertain input parameters.

2 FE Updating: The Eigensensitivity Approach

In this paper the method for Updating the FE model that will be followed is a sensitivity matrix based
approach, which minimises the difference between modal quantities (usually natural frequencies and less
often mode shapes) of the measured data and model predictions. This problem may be expressed as the
minimisation of a cost functionJ whose expression was formulated by M. Friswell [7] as:

J = εT .Wεε + α.δθWθθ.δθ (1)

Whereε = δz − Sj .δθ is the modal residual vector. The weighting matricesWεε andWθθ represent the
analysts confidence in the initial model parameter values and the accuracy of measured data respectively, the
parameterα controls the regularisation due to the initial parameter values andδθ represents the infinitesimal
variation of the parameters chosen during the parameterization process. In the expression of the modal
residual vectorε, δz = zm−zc is the difference between the measuredzm and computedzc modal parameter
vectors and andSj represents the sensitivity matrix consisting of the first derivatives of the modal quantities
with respect to the model parameters. The cost function of equation (1) is a non-linear function of the
parameters and the minimisation is solved using a truncated linear Taylor series and iteration. At each
iteration of the model updating procedure, the parameters are changed according to equation (2). In (3),
n represents the number of identified natural frequencies,d the number of parameters chosen during the
parameterization process andj denotes thejth iteration.

δθ =
[
ST .Wεε.S + α.Wεε

]
.ST Wεεδz (2)

δz ∈ Rn, δθ ∈ Rd, Sj ∈ Rn×d (3)

Sj
r =

δλj

δθr
= φT

j .

[
δK

δθr
− λj .

δM

δθr

]
.φj (4)

In equation (4) is given the expression of the sensitivity matrix. Whereλi = w2
j is thejth eigenvalue and

φj is thejth eigenvector. In [7] Friswell and Mottershead give more detail on the algorithms available for
model updating.
In this paper mode shapes will not be used for the updating studies, except for pairing individual modes.
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3 Presentation of the Problem

The Fuzzy Finite Element method (FFE) for the calculation of frequency response functions (FRFs), de-
veloped by D. Moens [6], combines the concept of fuzzy sets with the modal superposition principle. This
method calculates large scale sensitivities of the response of the structure to the uncertain input parameters.

The goal of this work is to implement the FFE method as part of the model updating procedure of welded
joints, where the parameters chosen for the updating are the offsets of the partly rigid beams used to model
the welded joints, as described in reference [8]. The implementation of the new approach will be at three
different levels:

• Large scale Sensitivity analysis.

• Subset selection of parameters.

• Definition of the initial values of the offsets, to be used in the updating process.

The conventional model updating procedure, shown in figure (1), generally presents two problematic aspects.
The first aspect is related to the risk of falling into unwanted local minimums of the cost function even in
case of convergency. This give rise to the question: what is the best possible combination of initial values
for the chosen parameters that could make the updated model closer to the real structure?

The second aspect is related to the fact that the sensitivity analysis is only correct in the surroundings of the
initial correctparameter values. A typical case is shown in figures (2), whereθ andλ represents respectively
the parameter and the eigenvalue.

Figure 1: The Model Updating Procedure

By focusing on point2 in figure (2), a classical conclusion following the conventional model updating pro-
cedure would be that since the sensitivity of the eigenvalue in the sorroundings of the parameter is very low,
this parameter can be neglected in the updating procedure. We see however that by simply chosing a different
initial value, i.e.1 or 3, our drawn conlcusions would have been different.

If we go further in this reasoning, we can think of another case (case2) shown in figures (3) and (4)by com-
paring these two figures we can draw some more interesting conclusions. If we had to choose between the
two parameters with initial values in point2, we would definitely go forCase 2.2, because here the slope in
point 2 is bigger than inCase 2.1, where it is almost zero. But, if we take a closer look to the global change

MODEL UPDATING AND CORRELATION 2569



Figure 2: Case 1 Figure 3: Case 2.1 Figure 4: Case 2.2

of the eigenvalue within the whole range of interest (along theθ axis), we see that, the change inCase 2.1is
bigger than inCase 2.2(δ1 >> δ2). So our first choice, based on the change of slope in point2 (as in the
conventional sensitivity approach) would have been wrong, while a selection made based on a detailed look
at a wider interval (Interval method) could lead us to a more realistic conclusion.

The proposed procedure in this paper is based on the use of the FFE method to obtain the best possible set
of parameters all along with their respective initial values, before starting the updating process.

4 Case-Study: Part of a Bus Body Frame

4.1 Experimental Structure

The structure that is going to be studied in this work is part of the lateral of the body frame of a bus. The bus
is a urban type. The structure is made up of different hollowed section steel beams. The tested structure is
shown in figure (5) and a description of the main characteristics of each joint beam is shown in figure (6).

Figure 5: The Experimental Structure Figure 6: Geometry of the Experimental
Structure:mm×mm×mm

The structure is subjected to several modal tests under free-free conditions in order to extract its dynamic
characteristics. The results of the experimental modal analysis are used as a reference in the modified model
updatig procedure. The structure is excited at different locations, but for the procedure only the point FRF
at node2, in thez direction (out of plane) will be used. Figure (7) shows the measured point FRF and its
synthetised counterpart, the curve fitting can be considered good enough to take the experimental results as
a starting point. The modal parameters extracted from the experimental modal analysis are used later for the
superposition with the analytical fuzzy results, some of the modes like modes1, 3, 5 to 8 and10 are in thez
direction while modes2 to 4 and mode9 are in plane modes for the structure.
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Figure 7: FRF experimental vs. synthesized

4.2 Modelling Considerations: Baseline FE model

All the elements used in the FE model are 3D beam elements with six DOF at each node. The FE model has
in total 69 elements and 65 nodes. Five kinds of different joint types were identified (see figure (6)). Each
joint is assumed to be symmetric in order to minimise the number of parameters employed in the study, ad is
modeled used the concept of partly rigid beams, as introduced by Ahmadian [8]. As it is shown in figure (8),
a beam of total lengthL is made partially rigid in proximity of the joints to which it is attached. The length
of the rigid part, namelya, is the parameter used in the updating procedure. For each joint, depending on
whether it is a horizontal, vertical or diagonal beam a different parameter is chosen.

Joint 01shown in figure (9) has three parametersah01, av01andad01and the same applies for the rest of the
five joints, making an overall of19parameters. Table (2) summarises the results from both the experimental
and the analytical study, and quantifies the error at each eigenvalue before the updating process. The error,
as in the subsequent tables, is calculated as(λExp − λAnal) /λExp.

In the updating procedure the focus will be on the modes showing the higher percentage of error (highlighted
in table (2)), assuring that the introduced variation in the updating parameters will not result in a deterioration
of the initial good performance of the model in the other modes.

Figure 8: Partly rigid beam Figure 9: Parameterisation of
Joint 01
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4.3 Description and Application of the Methodology

The alternative procedure for model updating introduced in this paper is made of three phases. In the first
phase, theSubset Selectionphase, the aim is to reduce the number of parameters used for the updating
procedure. It is very important to have less parameters than experimental results to avoid undetermined
systems in the updating process. In theInitial Valuephase, an optmisation is run with the aim to find the best
possible starting values for the lastModel Updatingphase.

4.3.1 Subset Selection

The IFE method is used for a preliminar large sensitivity analysis in order to assure, prior to the optmisation
phase, that the experimental measurements lays within the possible bounds of variation and the updating
process is capable of operating on all the interested peaks of the structure. For this analysis, the 19 identified
parameters have a zero intial values and a maximum variaton lenght corresponding to the FE model mesh
size, in proximity of the interested joints.

Figure 10: FRF experimental vs. synthesized

Figure (10) shows the results in terms of frequencies. It can be seen that the10experimental modes are inside
the bounds of variation resulting from the interval analysis. Some of the modes show very little dispersion
around the corresponding experimental frequency like modes1 and3 while modes like9 and10 experience
a wide variation for the different combinations of the parameters values.
Once the large sensitivity analysis has been performed, and having ensured that the experimental eigenvalues
are within the bounds of the output FRFs generated from the IFE analysis, the subset selection phase starts.
The numbers of available experimental results are10and we have identified19parameters for the updating.
The subset selection phase will reduces the parameters from19 to 6, by running19 independent analyses,
one for each parameter, to verify the influence of each chosen parameter on each mode of the structure. For
each analysis one parameter is centered around zero with a maximum variaton lenght corresponding to the
FE model mesh size in proximity of the correspondent joint.
We are implicitly assuming that the maximum influence on each of the modes is assured by the procedure.
The joint effect of the parameters will be evaluated in theInitial Valuephase, only for the selected subset.
In figures (11) and (12) two cases are shown related to mode8, which is one of the modes that have more
than5 % of error with respect to the experimental results. Parameterah02has definitely more influence on
mode8 than parameterav01, which in addition does not induce any relative change in none of the ten modes.
This reasoning make us to discard parameterav01. Parameterah02on the other hand, has a clear influence
on mode8 and it keeps the other modes unaltered; this makes parameterah02a good parameter candidate to
be chosen in the updating process. The best candidates however will be the parameters which will have the
most influence on the modes with the higher percentage error to the experimental results, leaving unhalterd
the initial good performance of the model in respect to the other modes. In table (2) are highlighted the
modes on which we will focus in the updating procedure. These are modes:1, 2, 4, 7 and8. At the end of
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Figure 11: mode8, parameterav01 Figure 12: mode8, parameterah02

the subset selection phase,6 out of 19 parameters have been selected as the best candidates for the updating
process. The selected subset, together with their initial values is shown in table (1).

4.3.2 Initial value selection

Using the selected subset as a whole, a first optimisation is performed in order to extract the bestα − level
which keeps the experimental eigenvalues inside the range of variation of the analytical ones. A second
optimisation is then performed independently on each parameter of the subset, using theα− level obtained
in the previous optimisation as a starting point. In this phase, by using asymmetric triangular membership
functions for the interested parameter and an appropriate rectangular membership function for the other
parameters, the procedure should lead to best initial value for each parameter, to be used in the updating
procedure.
Determination of the optimum α − level. In the first optimisation a triangular membership function is
used (see figure (13)). Fiveα − levels are used for the calculation. Starting from theα0 − level the
optimum would be to be able to reduce theα − levels up to the peak value assuring that the eigenvalues
of the analitical simulation converges through the experimental values. In this case the mean values of the
triangular membership functions would represent directly the best initial values for the updating process and
there would be non need in using the asymmetric triangular membership funtion of the second optimisation.
The results of the first optimisation process are shown in figure (17) where the envelope FRFs are shown
together with their relative membership value. An additional comment can be made on the amplitudes of the
various modes. As the experimental values in table (2) have been used as the damping factors, a good match
in the amplitude values is clearly visible.
In figure (16) more insight is given to the evolution of the bounds for each peak. Theα0.75 − level turned
to be the limit above which the analytical eigenvalues where crossing the experimental ones. The envelope
FRF relative to theα0.75 − level is shown in figure (18).

Determination of the initial values. The procedure, summarized in figure (15), emphasize the convenience
of using asymmetric triangular membership functions to identify the best possible initial values for the se-
lected subset of parameters. A total of14 independent analyses, two for each parameters, are performed.
In the first analysis the first parameter will show an asymmetric left triangular membership function with
theα0 − level corresponding to theα0.75 − level previously calculated; while all the other parameters will
show a rectangular membership function with a costant width also corresponding to the previously calcu-
latedα0 − level. The second analysis will have the first parameter showing an asymmetric right triangular
membership function with theα0− level corresponding to theα0.75− level previously calculated; while all
the other parameters will show a rectangular membership function with a costant width corresponding to the
previously calculatedα0 − level; and so on for the remaining parameters. Once the fourteen independent
fuzzy analysis are performed the final values are chosen according to the following criteria, highlighted in
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Figure 13: Triangular mem-
bership function

Figure 14: Procedure for the
determination of the initial
parameter values

Figure 15: Membership function families for the determination of the initial parameter values

figure (14):

• Selection of the optimumα− level of the left triangle for each parameter.

• Selection of the optimumα− level of the right triangle for each parameter.

• Extraction of the intersection interval.

• Picking the mean value of the previous interval as the initial value.

The result of the process is summarised in table (1), where the initial lengths of the offsets selected as
candidate parameters are shown.

4.3.3 Model Updating

The previously chosen subset with the corresponding calculated initial values are used in the final phase,
the updating process. The selected6 parameters together with the10 experimental modes are used for the
updating process. The results are shown in figure (19) and summarized in (2). It can be appreciated an im-
provement of modes1, 2, 4, 7 and8, that were highlighted previously as the goal of this procedure. Modes
3,5,6 have not been improved, but they have been kept in good agreement with the experimental results: less
than 5% of error. The final values obtained for the6 parameters, are shown in table (1).
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Figure 16: Evolution of the bounds with increasingα−levels in comparison with experimental eigenvaluests

Figure 17: Fuzzy analysis results with 6
parameters

Figure 18: Superposition of experimental
and fuzzy FRF’s withα0.75 − level

In the figures (20) and (21) two different situations are highlighted, both related to the typical situation of
lack of information on initial values of the updating parameters. In figure (20) it is shown that if we set
all parameter values to zero, the updating process is stopped after only four iterations, even if there is a
reduction of the error on the eigenvalues, the model has become non physical, because the length of some
of the parameters have become larger than the actual mesh size of the elements close to the updated joints.
In figure (21), it is shown on the other hand that if we choose random numbers as initial values for the six
parameters, the updating process diverges which means that clearly the target objective has been missed, and
that a bad choice of the initial values could cause the hole process to diverge.

It is clear that having good intial estimation of the parameters is crucial to success in having a correct updated

Figure 19: Evolution of the errors and the parameter values in the updating process.
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Figure 20: Example of divergency due to ran-
dom initial values

Figure 21: Example of non-physical model
due to nominal model with zero as initial val-
ues.

Parameter Name Inital values Final values
1 ah02 0 0.0943
2 av02 0.039 0.0464
3 ah04 0.039 -0.0105
4 av04 0.039 -0.0466
5 ah05 - 0.026 0.0325
6 av05 0.039 0.0265

Table 1: Selected Subset, Initial and Final values

finite element model of a real structure.

5 Conclusions

In this paper a new methodology has been described. The objective was to have the best possible initial
conditions before an updating process of a finite element model is performed, by using the fuzzy finite ele-
ment method. And taking advantage of the fact the fuzzy method allows larger variations of the parameters,
than the standard sensibility analysis. The improvement of the updating process is at three levels, the first of
them at the level of the sensitivity analysis, the second is at the level of the subset selection of the parameters
allowing the reduction of their number, so that a reasonable number of experimental eigenvalues can be used.
And the third level is the estimation fo the initial parameters, which has been proved to be crucial for the
success of the updating process, preventing from falling into non-physical models or parameters which do
not converge. The methodology has been applied to a real structure of the lateral of a bus made of welded
joints, in order to see its application in a realistic industrial field like the manufacturing of buses.

Before Updating After Updating
Mode λExp[Hz] λAnal[Hz] Error [%] λAnal[Hz] Error [%]

1 23.54 22.23 5.90 22.31 5.23
2 40.42 37.34 8.27 37.65 6.86
3 42.36 43.09 1.71 44.11 -4.13
4 47.71 50.30 5.16 48.59 -1.85
5 50.11 50.93 1.62 51.88 -3.54
6 67.46 67.48 0.03 68.88 -2.10
7 86.40 80.08 7.89 80.43 6.91
8 112.34 107.54 4.46 109.09 2.89
9 128.56 134.37 4.33 131.92 -2.61
10 143.26 137.76 3.99 139.95 2.31

Table 2: Differences between nominal and experimental modes
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The results of the work are encouraging but the methodology still needs to be improved, to have more accu-
rate initial values, and even, if applied iteratively, as an actual updating tool to that uses both the eigenvalues
and the FRFs of an experimental structure, subjected to modal testing. Other parameters like cross sec-
tion areas of the beams and their thicknesses should also be tested with the methodology to compare their
sensitivity to the one of the offsets parameters.

The intention of the authors is to apply the present methodology to other types of structures with different
materials and geometries to ensure that it works under different circumstances.
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Abstract 
The vibration behaviour of local ship structures like ship decks is highly influenced by residual stresses. 
Measurements have shown that differences of 50 % in natural frequencies due to welding stresses are 
possible. A detailed FE-modelling of the initial welding stresses is feasible, but leads to high 
computational costs and is time consuming. Therefore, a simplified model for the influence of welding 
stresses on the modal parameters is aimed. 
In this paper, it is shown that a good agreement of measurement and computation can be obtained by 
applying an updating model using eigenstrains. Due to the modelling based on eigenstrains, less updating 
parameters are necessary. For welded structures a high advantage over methods using “usual” updating 
parameters (density, stiffness …) was achieved. Furthermore, the model updating leads to a model that 
reflects the physical properties of the reality much better and the gained parameters can be used further for 
similar structures. 
 
 

1 Introduction 
The ship building industry is – among others – characterized by an increasing demand for comfort. This 
applies especially for cruise liners, but applies also for cargo ships. Therefore, the vibration behaviour is 
of increasing interest.  
Welding stresses have an essential influence on the dynamic behaviour of thin structures like ship decks. 
Despite this fact, welding stresses are mostly neglected during the design process of ships. The usually 
claimed frequency clearance of 20 % between natural frequencies and exciting frequencies does not 
ensure a resonance free operation because of the highly error affected computations. Although the 
determination of welding stresses by measurement or computation is possible, this remains a time 
consuming and difficult task. For these reasons a model updating approach was used to account for these 
effects. 
The objective of the research work was the achievement of a consistent updating parameter, i. e. an 
updating parameter that is able to reflect the physical changes of the ship deck properties due to welding. 
The investigations were based on an experimental modal analysis. The difference of natural frequencies 
showed to be up to 30 percent accompanied with high changes of the eigenvectors. For the purpose of 
updating, the residual stresses were modeled by using an eigenstrain model. The same eigenstrain was 
assigned to all welding seams as an updating parameter and was used to minimize the differences of the 
dynamical behaviour between measurement and computation. The differences in natural frequencies could 
be reduced to less than 3 percent for most modal shapes while the correlation of modal shapes was 
improved significantly.  
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2 Theory 
2.1 Welding stresses 
The residual stresses of a butt welded plate are caused by the shrinking of the welding seam. A typical 
ship building steel does not perform a phase transformation while the welding seam anneals. A 
characteristic residual stress distribution (longitudinal stresses) induced by welding resembles the stress 
distribution in Figure 1. There are high tension stresses across the welding seam. From the welding seam, 
these stresses decrease sharply and switch over to compression stresses. The unsupported plate builds up a 
free transverse elongation, so that the transverse stresses are negligible. 
According to Ueda [2], the residual stresses can be ascribed to a distribution of the longitudinal 
eigenstrains with constant, trapezoid distribution along the weld, decreasing rapidly at the end of the weld 
seam. In case of the unsupported plate, the transverse eigenstrains build up at a small degree at the ends of 
the weld. 
 

 
Figure 1: Typical residual stress distribution of a butt-welded plate (longitudinal stresses, from [1]) 

 

 
Figure 2: Eigenstrain distribution of a butt-welded plate (from [2]) 

 

2.2 Model updating 
The objective of model updating is the minimization of differences between the measurement and the 
result of the computation. For the investigated problem, differences in eigenfrequencies and eigenvectors 
shall be considered. In general, the problem can be described as a cost function J( )p  that has to be 
minimized: 

min)(J p
TT →∆∆+∆∆= pWpzWzp . (1) 

 p  vector of model parameters, 
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 W , pW  weighting matrices, 

 )(t pz-zz =∆  residual vector (difference of experimental and numerical data), 

 tz   vector of measurement data, 

 ( )z p   vector of numerical data. 

The second term T
p∆ ∆p W p  limits the computed value changes. For the case 0W =p , equation (1) 

represents the method of the weighted least square method. In general, the residual vector ( )z p is a non-
linear function of the parameters. Therefore, the solution is obtained by an iterative procedure. The 
minimization is done by a linearization of the parameter vector 

p
p
zpzpz ∆
∂
∂

+=
0

)()( 0
p

. (2) 

 0p   parameter vector at the linearization point, 

 ∆p = p- 0p  vector of the parameter changes, 

 
0

0
∂

=
∂ p

zG
p

 sensitivity matrix at the linearization point. 

The residual vector can now be expressed as 
pGzpz ∆−∆=∆ 00)( . (3) 

The essential condition of the minimum of the cost function 

J( ) 0∂
=

∂ i

p
p

 (4) 

leads to the parameter changes 

( ) 0
T
0

1
p0

T
0 zWGWWGGp ∆+=∆

− . (5) 

This system of equations has to be solved for all iteration steps. For this purpose, the sensitivity matrix has 
to be computed for every linearization point. As long as there are equal or more measurement data than 
parameters, a unique solution of the parameter changes can be obtained, provided that no rank deficiency 
occurs. It has to be emphasized that a bad conditioning of the sensitivity matrix leads to questionable 
results and physical infeasible parameter changes. 
For the presented work, differences in eigenvectors and natural frequencies  

⎥
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were used. 
For a meaningful formation of the residual vector, data of measurement and computation have to be 
correlated. Often, eigenvectors are changing their orders in the measurement and the computation. A 
widely used correlation measure is the MAC (Modal Assurance Criterion)-value 

( )
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T
tji

T
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2
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T
i
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xxxx
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The element MACij of the MAC matrix is a indicator of the correlation of the ith eigenvector of the 
computation and the jth eigenvector of the measurement. The MAC values range from 0 (eigenvectors are 
orthogonal) to 1 (eigenvectors are collinear). 
 

3 Implementation of the residual stresses 
With the intention of getting a model as consistent as possible, the implementation of residual stresses was 
aimed. For this purpose, residual stresses could be applied directly to the FE-model causing a high effort 
for modeling. Furthermore, the generation of a physical meaningful stress distribution is challenging.  
Therefore, a simplified eigenstrain model was used. In contrast to the eigenstrain distribution according to 
Ueda [2], a constant distribution of the residual strains was used (see Figure 3). After applying the 
eigenstrain distribution, a static computation is carried out to evaluate the corresponding residual stress 
distribution. 
An evaluation of different eigenstrain distributions in a meaningful range over the width (Figure 3, 
parameter II) and the height (Figure 3, parameter I) led to similar sensitivities of the natural frequencies 
and the eigenmodes. Therefore, the use of parameter I and parameter II for updating purposes results in a 
bad conditioned sensitivity matrix and imposes inappropriate parameter changes. That means, that in 
terms of the vibration behaviour only one parameter is needed to account for the effects of a weld seam. 
The residual stress distribution away from the weld seam does not show qualitative changes when varying 
parameter I or II. Indeed, residual stresses close to the weld reveal high qualitative changes. 
 

 
Figure 3: Eigenstrain distribution according to Ueda [2] and simplified eigenstrain distribution 

 

4 Results 
4.1 Model updating of a butt welded plate 
For evaluation of the proposed procedure, a simple, butt welded test plate was investigated. The 
measurements were carried out with a 6 mm thick square plate made out of steel. The 950 mm long and 
650 mm wide plate was cut lengthwise. After cutting, the plate was square butt welded from one side. 
The weld seam induced a considerable deformation, that was measured at 9 points (Figure 4). Therefore, 
the plate was modeled unshaped and shaped. Because the deformation had a high influence on the 
vibration behaviour, only the results of the shaped plate will be presented. For the modeling of the 
deformed geometry, the displacement of the 9 measured points was interpolated biquadratic over the plate 
area. 

Eigenstrain according to 
Ueda 

Chosen eigenstrain 
distribution 

Parameter I 

Parameter II 

Welding seam 
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Figure 4: Deformation of the butt welded plate 

 

 
Figure 5: Natural frequencies of the measurement (dashed) and of the FE-model dependent on the 

applied eigenstrain 

 
For the investigation of the butt welded plate, no updating algorithm was used. Instead, several 
computations with different eigenstrains were applied to the FE-model. The results can be seen in Figure 
5. The model neglecting the welding seam ( 0 0=ε ) shows big differences in natural frequencies. The first 
mode shows the largest difference in natural frequencies between measurement and computation 
(measurement: 14.3 Hz, computation: 31.6 Hz). The other modes possess notable differences. For an 
eigenstrain 3

0 4.4 10ε −= − ⋅ , the frequency differences of the first 7 modes are lower than 2.6 %. The 
lowest MAC value improved from 0.79 to 0.91. Bearing in mind that the deformation was only measured 
roughly at 9 points, these results are very good. 
The considerable increase in correlation of all modes due to the change of one parameter of the FE-model 
indicates the suitability and the consistency of the chosen updating parameter. 
 

4.2 Model updating of stiffened swedged ship decks 
A further updating was accomplished for the section of a ship deck shown in Figure 6. Earlier 
investigations of a similar structure at the University of Rostock [4] yielded high differences in natural 
frequencies and eigenmodes between measurement and computation. A stress relief annealing of the 
structure resulted in a much better consistence of measurement and computation.  
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Figure 6: Geometry of the ship deck 

 

 
Figure 7: Deformation of the top plate 

Because of the complicated natural modes of the structure, a very detailed modal analysis was carried out. 
The measurement setup consisted of 190 measurement points (144 evenly distributed on the top plate, 46 
on the frame). The fine measurement setup resulted in off-diagonal elements of the AutoMAC matrix 
smaller than 20 %. The first 20 eigenfrequencies were extracted.  
From previous investigations it was known that the predeformation of the structure will result in high 
frequency shifts of the residual stress affected structure. Therefore, a measurement of the deformation of 
the top plate was done at the 144 measurement points also used for the modal analysis. For the purpose of 
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FE-modeling, the measured deformation was interpolated and applied to the FE-mesh. The deformation is 
shown in Figure 7. 
The computed eigenfrequencies out of the first 6 modes that had a MAC value of more than 40 % are 
listed with the corresponding eigenfrequencies of the measurement in Table 1. Only 4 out of 6 modes 
could be correlated. The biggest frequency difference is 31 %. The MAC matrix (see Figure 8) was very 
scattered with many off-diagonal elements, indicating mode exchanges. It has to be remarked that the first 
eigenfrequency is imposed by the support of the structure by soft springs at the corners. The 
corresponding natural mode will not occur on an assembled ship deck and is of minor interest. 
 

Mode Nr. 

Measurement 

Mode Nr. 

FEA 

f meas 

[HZ] 

f FEM 

[HZ] 

∆f 

[%] 

MAC 

[%] 

1 1 10.68 9.82 -8.1 98.7 

3 3 22.74 29.72 30.7 41.9 

4 2 24.13 25.75 6.7 52.8 

8 6 31.08 35.50 14.2 72.8 

Table 1: Eigenfrequencies of the measurement as well as FE-results before updating 

 

 
Figure 8: MAC matrix of the ship deck before updating 

 
 
4.2.1 One updating parameter 
As a first approach the structure was updated using only one parameter. For this purpose, the same 
eigenstrain was applied to the 4 welding seams shown in Figure 6. For the first updating iteration, the 4 
modes shown in Table 1 were used. Because the correlation of the FE-model and the measurement 
increased rapidly, more modes were used for further updating steps. After 4 iterations, the updating was 
stopped.  
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As can be seen from the MAC matrix in Figure 9, the correlation has improved. The number of off-
diagonal elements was reduced very well. Overall, 16 out of 20 eigenmodes can be correlated. The natural 
frequencies of these modes are listed in Table 2. The modes have frequency differences of less than 3.5 % 
except for the Mode 9 (5.0 %) and Mode 15 (4.6 %). The MAC values have a magnitude of 66 % on 
average. As an example of a mode shape with a low correlation between measurement and computation, 
the mode number 7 may be reviewed (see Figure 10 and Figure 11). While the MAC value of 43 % 
indicates a bad correlation, the visual examination reveals the similarity of the modes.  
The shown natural mode number 7 points out the difficulty to produce an adequate model for the 
investigated problem. When investigating a residual stress free structure, modes similar to the shown one 
will occur at significant higher frequencies. Instead, modes with a more “global” character, affected by 
higher vibration amplitudes of the stiffeners will occur. Due to the weakening of the plate fields between 
the stiffeners caused by welding stresses, these parts have a very low stiffness. Therefore, already small 
changes in the stiffness – e.  g. due to minor modeling errors – have a high influence on the vibration 
behaviour of the residual stress affected structure. 
With respect to the fact that only one updating parameter was used, the results are very good. The 
eigenstrain of 3

0 2.40 10−ε = − ⋅  (width of eigenstrain area: 16 mm) is nearly equal to the eigenstrain 
3

0 2.35 10−ε = − ⋅  retrieved by updating a similar structure (see [3]). 

 

 
Figure 9: MAC matrix after updating with one parameter 

 

Natural modes of the FEM

N
at

ur
al

 m
od

es
 o

f t
he

 m
ea

su
re

m
en

t 

2586 PROCEEDINGS OF ISMA2006



 

 
Figure 10: Mode 7 of the measurement, 29.3 Hz 

 
Figure 11: Mode 7 of the FE-model, 30.1 Hz, 
MAC value 43 % 

 
4.2.2 Several updating parameters 
After updating the ship deck model with one parameter, a better correlation of measurement and 
computation was aimed. Therefore, a further updating using several parameters was worn out. For this 
purpose, the model updated with one parameter was used as base. For the 4 different weld seams, a 
longitudinal and a transverse eigenstrain were modeled. The sensitivities regarding to the first 10 natural 
modes for these parameters were computed. The “overall” sensitivities were computed as the sum of the 
squared sensitivities (see Table 3) and normalized by the largest value. As can be seen clearly, the 
parameters 2, 5, 6 and 8 have a minor influence on the vibration behaviour. These parameters lead to a bad 

Mode Nr. 

Measurement 

Mode Nr. 

FEA 

f meas 

[HZ] 

f FEM 

[HZ] 

∆f 

[%] 

MAC 

[%] 

1 1 10.68 10.82 1.3 98.8 

2 3 21.85 22.54 3.2 53.9 

3 2 22.74 22.13 -2.7 58.0 

4 4 24.13 23.70 -1.8 50.2 

6 6 28.25 28.97 2.5 85.1 

7 7 29.25 30.06 2.8 43.0 

8 8 31.08 30.84 -0.8 43.5 

9 9 32.63 34.25 5.0 64.7 

10 10 35.79 35.84 0.2 59.6 

11 11 36.22 37.37 3.2 45.1 

12 12 37.16 38.00 2.2 58.2 

13 13 39.35 39.31 -0.1 98.4 

15 14 44.07 42.04 -4.6 74.0 

16 15 45.35 45.09 -0.6 68.4 

17 16 45.87 46.89 2.2 79.8 

20 19 50.84 52.25 2.8 79.6 

Table 2: Natural frequencies of the welded structure and the FE-results after updating using 1 
parameter 
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conditioned sensitivity matrix, so that the further updating was carried out by using parameters 1, 3, 4   
and 7.  
 

Welding 
seam Parameter Nr. Sensitivity 

1 (longitudinal) 0.38 1 

2 (transversal) 1.43·10-7 

3 (longitudinal) 0.09 2 

4 (transversal) 0.04 

5 (longitudinal) 3.88·10-3 3 

6 (transversal) 7.74·10-6 

7 (longitudinal) 1.00 4 

8 (transversal) 7.26·10-5 

Table 3: Normalized “overall” sensitivities of the different updating parameters 

 
The frequency error (difference of the natural frequency from the measurement and the computation) of 
selected natural frequencies over the iteration steps is shown in Figure 12. The corresponding parameters, 
normalized by the eigenstrain of the updating using one parameter, can be found in Figure 13. The 
frequency error after iteration step 5 is the best retrieved by the updating. Further updating steps lead to 
worse results and to unfeasible high parameter changes due to the low sensitivity of parameter 4. For this 
reason, updating step 5 was picked as updating result. The MAC matrix is given in Figure 14, the 
corresponding frequencies and frequency errors are listed in Table 4.  
After updating, the average MAC value of the first 10 modes has improved from 62 % to 73 %. In 
contrast to the model updating using 1 parameter, 18 out of 20 modes have a MAC value bigger than 
40 %. The average MAC value of all modes is 57 %. 
Among the lowest 10 modes, the correlation of measurement and computation is very good. Exceptions 
are the MAC value of Mode 7 (49 %) and the frequency error of Mode 5 (22 %). 
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Figure 12: Frequency error of selected natural modes over the iteration steps of the model updating 
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Figure 13: Updating parameters normalized by the eigenstrain of the model updating using one 

parameter 

 
 

 
Figure 14: MAC matrix after updating using several parameters 
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5 Conclusions 
It has be shown that the influence of welding seams on thin structures can be modeled very good by 
eigenstrains. The unknown value of the eigenstrains can be evaluated by an updating approach. The 
approach yields good results even when using only one updating parameter for all weld seams. The 
knowledge of the deformation has to be presumed. 
The model updating using one parameter shows good results with respect to the aimed application area. 
While the natural modes are of minor interest in terms of ship construction, the lowest natural frequencies 
are of high interest. Because of the high consistency of the approach, the evaluated eigenstrains should be 
transferable to similar structures. Especially the difference of the eigenstrains of two similar updated 
structures of approximately 2 % supports this assumption. Therefore, the authors think that the approach 
can be used for the estimation of natural frequencies during early stages of ship design. 
Indeed, some further work has to be done to achieve this goal. A comprehensive set of characteristic 
deformation patterns found under shipyard conditions has to be retrieved. Furthermore, a bandwidth of 
eigenstrains, which are highly dependant on welding parameters, has to be evaluated. Supposed, these data 
are available, a computation of the anticipated natural frequencies is possible. Because of the high 
variations in production, the output will not be single natural frequencies, but bands of natural frequencies. 
The problem described above is explored as a part of an ongoing research project at the University of 
Rostock. 
Although the model updating using several parameters yields better results, the authors doubt the 
usefulness of this approach with respect to ship design purposes. Caused by the parallel arrangement of 
the welding seams, the residual stresses induced by different weld seams have a similar effect on the 
vibration behaviour. This leads to a bad conditioned sensitivity matrix and hereby to unrealistic stress 
distributions. As a result, eigenstrains determined by such a procedure are not transferable to similar 

Mode 

(measurement) 
FEA Nr. 

f meas 

[HZ] 

f FEM 

[HZ] 

∆f 

[%] 

MAC 

[%] 

1 1 10.68 10.74 0.5 98.8 

2 3 21.85 21.83 -0.1 62.7 

3 4 22.74 22.19 -2.4 64.5 

4 5 24.13 24.51 1.6 68.9 

5 2 26.78 20.96 -21.7 71.1 

6 7 28.25 28.50 0.9 78.5 

7 6 29.25 27.68 -5.4 49.0 

8 8 31.08 30.81 -0.9 75.1 

9 9 32.63 32.30 -1.0 85.1 

10 10 35.79 33.74 -5.7 77.0 

11 12 36.22 35.57 -1.8 48.7 

12 11 37.16 34.67 -6.7 47.4 

13 13 39.35 38.71 -1.6 97.2 

14 (16) (42.42) (45.03) (6.2) (38.0) 

15 14 44.07 41.72 -5.3 67.1 

Table 4: Eigenfrequencies of the welded structure and the FE-results after updating using several 
parameters 

2590 PROCEEDINGS OF ISMA2006



structures. For this reason, the attempt to retrieve a better correlation of computation and measurement by 
exploiting a model using more parameters was not done.  
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Using  Complex  Modes  for  Model  Updating  of  
Structures  with Non-Proportional Damping 

M. Link 
University of Kassel, Institute for Statics and Dynamics,  
Mönchebergstr. 7, 34109 Kassel, Germany 
 

Abstract 
The inverse sensitivity approach is most often used in computational model updating to adjust selected 
stiffness and mass parameters of large order finite element models by minimizing the test/analysis 
differences of natural frequencies and real modes. However, in the case of non-proportionally damped 
structures the experimental modal analysis yields complex eigenvalues and modes. One way to use these 
complex modal data for model updating is to extract the underlying real modes from the complex modes 
by approximate mathematical procedures, which, however, are prone to  unavoidable approximation 
errors. The straightforward way would be the direct utilization of the complex modal data in the updating 
process. In this case the analytical model to be updated would have to include a damping matrix which, 
however, is usually not known in physical finite element coordinates.  

In a previous paper [11] a method was presented allowing to include an analytical non-proportional 
damping matrix in the computational updating procedure. The method utilizes the factors of local 
substructure damping matrices as additional updating parameters (so-called Rayleigh factors) which 
results in a physical non-proportional damping matrix. The definition of the substructures is user’s choice 
and could, for example, be related to a local discrete damper or to a larger substructure with uniform 
damping. In contrast to the classical procedure the Rayleigh factors are not used in the objective function 
to be minimized but are fitted directly to the experimental modal damping ratios within each iteration step. 
The uncertain updating parameters are only related related to stiffness and mass properties. They are 
identified as usual by minimizing an objective function containing the test/analysis differences of the 
complex eigenvalues and modes. In the present paper the theory behind this approach is summarized and 
additional experiences with the method are reported from an application to a laboratory test structure  with 
a  local  damping device designed to generate non-proportional damping behaviour. The prediction quality 
of the updated model was checked by comparing not only the analytical and experimental modal data used 
in the objective function for computational parameter updating  but also by comparing the analytical and 
experimental frequency response functions which were not used  during the numerical updating process. 

1 Theoretical Background 

1.1 Introduction to Computational Model Updating  

We recall some of the basic principles of model updating as described in detail in text books like in refs. 
[1] - [4]. Computational updating procedures are aimed at fitting selected model parameters such that the 
test/analysis deviations are minimised. Using appropriate residuals (containing the test/analysis 
differences) the following objective function J can be derived: 

 J(p) = ΔzT W Δz + pT Wp p → min            (1) 

Where Δz denotes the residual vector containing the  test/analysis differences, and W and Wp are 
weighting matrices. 
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The minimisation of equation (1) yields the desired correction parameters p = [pi], i=1,2…pe= no. of 
correction parameters. The second term in equation (1) is used to constrain the parameter variation.  

The residuals Δz = zT - z(p) (zT: test data vector, z(p): corresponding analytical data vector) usually 
depend in a non-linear way on the  parameters. Thus the minimisation problem is also non-linear and must 
be solved iteratively. One way is to use the classical sensitivity approach (e.g. references [1] – [4]) where 
the analytical data vector is linearized  by a Taylor series expansion truncated after the first term which   
leads to: 

 Δz = Δz0 - G0 Δp            (2) 
with: 
p0 design parameter vector at linearization point (index “ 0”), 

Δp = p - p0 design parameter changes, 
  r 0 = z  T – z (p0) test/analysis differences (residual vector) at linearization point, for example, the 
differences                           between eigenfrequencies and/or mode shapes and/or frequency responses  

G0 = ∂z/∂p|p=p0 sensitivity matrix at linearization point. 

Introducing eq.(2)  into eq.(1) and constraining only the parameter changes yields the linear problem (3) 
which has to be solved for the parameter changes Δp in each iteration step for the actual linearisation 
point. 

 (G0
T  W G0 + Wp) Δp = G0

T  W r0                          (3) 
For Wp = 0 equation (3) represents a standard weighted least squares problem. 

The solution of eq.(3) yields the parameter changes Δp which are used to update the parameter vector in 
the next iteration step by  

 p(p0+Δp) = p(p0) + Δp  (4) 
 

1.2 Elastodynamic Model 

The analytical model to be updated in the present paper is defined by the Finite Element  eigenvalue 
equation    

 2( )λ + λ + =M C K 0ψ  (5a)  

where the system matrices M, K and C represent the mass, the stiffness and the damping matrix and λ and 
ψ denote the complex damped eigenvalue and eigenvector, respectively. This equation can be transformed 
to the state space (index s)  

 

 s( )λ + =A B 0ψ                                                             (5b) 

 

where A and B represent the system matrices and Ψs the eigenvector  in the state space, respectively: 

 

 s, ,⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥− λ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

C M K 0
A B

M 0 0 M
ψ

ψ
ψ

        (5c) 

 

In the most practical cases of subcritical damping the eigensolutions of eqs.(5) occur in conjugate complex 
pairs. For a n DOF system there are j= 1,…n eigenvalue pairs 
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λ j , λ j  =  −  ζ j ω j  ±  i ω j 1− ζ j
2    and eigenvectors  re im

j j j r, i= ±ψ ψ ψ ψ            (6a,b) 

 

The generalized modal system parameters, ai and bi ,  are calculated from 

 2T T
j j j j j ja = + λC Mψ ψ ψ ψ       and        2T T

j j j j j jb = − λK Mψ ψ ψ ψ .  (7a,b) 

The  eigenvalues are related to the generalized system parameters through 

 j j jb / aλ = − .   (8) 

The conjugate complex counterparts of the generalized system parameters, j ja and b , and of the 

eigenvalues, jλ , are obtained from equations (7) and (8) by replacing j j j jand by andλ λψ ψ . The 

eigenvectors are usually normalized such that the generalized system parameters  j ja and a are equal to 1. 
The generalized (modal) masses, mj , stiffnesses, kj , and dampings, cj, are obtained from 

 T
j j jm = Mψ ψ ,   T

j j jk = Kψ ψ  and    T
j j jc = Cψ ψ  .    (9a,b,c) 

The real and the imaginary parts of the eigenvalues are related to the generalized modal parameters by 

        
2

jre
j j j

j

c
m

λ = −ζ ω = −  , im 2
j j j j1λ = ω −ζ = ν  and j j jk m/ω = = 2 2re im

j j j( ) ( )λ + λ = λ       (10a,b,c) 

ζj denotes the damping ratio and j jandω υ are called the undamped und damped eigenfrequencies, 
respectively. For the undamped system, i.e. when  C = 0, relations (9) – (10) also hold if the complex 
eigenvectors Ψ are replaced by their real counterparts. However, it must be noted that in the case of a 
multi-DOF- system, n>1, the undamped eigenfrequencies in equation (10c) are not identical with the 
eigenfrequencies of the undamped system with C= 0 in eq.(5a) since the generalized masses and 
stiffnesses in equations  (9a,b) are different.  

1.3 Definition of Updating Parameters 

Starting point for model updating are the assumptions for those model parameters defining the type and 
the location of the erroneous parameters to be updated in the above system equations. The aim is to adjust 
the parameters αi , βj  and  γk  contained in the system matrices M(αi ), K(βj ) and D(γk). The minimization 
procedure of eqs. (1)-(3) requires an appropriate parameterization of these system matrices. The most 
widely used  parameterization concerning physical parameters like mass, material or beam cross section 
parameters  is given by: 

  
 A i i= + α∑K K K   ,    i = 1...nα      (11a) 

 A j j= + β∑M M M   ,    j = 1...nβ    (11b) 

 A k k= + γ∑C C C   ,   k = 1...nγ  (11c) 

with: 

KA, MA, CA                     initial analytical stiffness, mass and damping  matrices, 

pT = [.. αi ... βj .. γk..]         vector of unknown updating parameters, 

Ki , Mj , Ck                               given substructure matrices defining  location and type of parameter  uncertainties. 
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This parameterisation allows for modifying the mass, stiffness and damping parameters of selected 
substructures.  

In contrast to the stiffness and mass matrices which are based on highly developed theories the modelling 
of the damping behaviour of large complex structures is still on a very simplified level. This is the reason 
why most research and application of model updating techniques in the past was directed to updating 
stiffness and mass parameters related to the undamped Finite Element model although the basic numerical 
theory as outlined above can be adopted to the damped system equations as well and the numerical 
updating procedures would not differ in principle except that all quantities would be complex valued in the 
frequency domain.. 

1.4 Modelling the Physical Damping Matrix 

Updating of damping matrices related to large order FE models in physical FE- coordinates have only 
seldom been addressed up to now, in particular there is a lack of experience with large order practical 
applications like those reported in refs.[5] and [6]. The classical way to represent damping in large order 
FE models is its representation in the domain of the modal coordinates of the undamped FE model where 
each mode ϕj  can be assigned a modal damping value ζj  taken either directly from experimental modal 
analysis or from engineering judgement. This implies an approximation since the modal damping values 
are related to the undamped real modes of the  FE model which is only true if the modal damping matrix is 
a diagonal matrix, i.e. when the transformation of the damping matrix into the domain of the undamped 
modes Φ = [ ϕ1 … ϕj ...] by 

 ( )02T
j j jdiag m= ζ ωCΦ Φ , (j= 1,… no. of modes)  (12) 

yields a diagonal matrix. The simplest way to represent such a damping matrix in physical finite element 
coordinates is the well known concept of proportional damping, so called Rayleigh damping, where the 
damping matrix is assumed to be proportional to the mass and stiffness matrix: 

 M K= γ + γC M K    (13) 

Transforming this damping matrix to the modal coordinates of the undamped system acc. to eq.(12) 
always yields a diagonal matrix because the undamped modes are orthogonal with respect to M and K. 
The two Rayleigh factors, M Kandγ γ , can be adopted  to two modal damping values of the undamped 
eigenfrequencies of the structure. This concept can be extended to allow for the construction physical 
damping matrices, all of them fulfilling the orthogonality condition (12) for more than two damping 
values. For details see, for example, ref.[7]. The wish to construct damping matrices fulfilling the 
orthogonality condition is motivated by mathematical convenience but not from physical reasoning. For 
real complex structures with localized damping mechanisms and with closely spaced modes the 
decoupling assumption of eq.(12) does not hold any more. Therefore it would be desirable to construct a 
non- proportional physical damping matrix from damping ratios measured by experimental modal analysis 
based on the general case of non-proportional damping. In this paper the parameterization of the full 
damping matrix according to eq.(11c) was adopted 
 

 Mi i Kj j
i j

= γ + γ∑ ∑C M K    (i, j =1,…no. of  substructures)   (14) 

This parameterisation allows for modifying the damping parameters of selected substructures. For 
example,  a single concentrated damper applied at one particular DOF would be presented by just one non 
zero entry at that particular DOF in the submatrix.  It is obvious that this parameterization leads to a non-
proportional damping since the submatrices do not fulfil the orthogonality condition. Of course, the 
special case of eq.(13) can always be included.   

It can be shown that the first term in eq.(14) results from distributing velocity dependent distributed 
damping forces to the nodal points of substructure Mi . Such distributed damping forces may be  generated 
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on the surface of the substructure  when it is moving through a fluid. It can further be shown that the 
second term in eq.(14) results from the assumption of internal material damping which is defined  by the 
visco-elastic material law, D= +σ Eε E ε , where ε  denotes the strain rate. When it is further assumed 
that the viscosity matrix, DE , is proportional to the elasticity matrix E , i.e.  when D K= γE E , there is  the 
parameter Kγ  left  to describe internal damping related to substructure jK . 

With this kind of parameterization it would be formally straightforward to identify the unknown correction 
parameters γMi and  γKj, called Rayleigh factors in the following, together with the correction factors for 
the mass and stiffness substructures. In ref.[11] and in the present study we did not follow this approach 
because previous experience has revealed a non robust behaviour of the identification algorithm because 
the damping forces are very small compared to the elastic and the inertia forces so that the sensitivity of 
the modal data with respect to the damping ratios is small. Instead a completely different approach was 
used in [11] which is based on the requirement to fulfil the modal damping, eq.(9c), as close as possible 
during each iteration step. Introducing the parameterization of eq.(14) into eq.(9c)  yields the following 
linear relation between the damping ratios and the Rayleigh factors: 

 1 1
2 2

Mr
T T

j j r j j s j
j j j j

Kstest

m m

⎡ ⎤⎡ ⎤ ⎢ ⎥γ⎡ ⎤ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ς = =⎢ ⎥ ⎢ ⎥ω ω ⎢ ⎥⎢ ⎥ γ⎢ ⎥⎣ ⎦ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦

M K Qψ ψ ψ ψ γ... ... ...   (15) 

                                 (j= 1,… no. of measured modes, r,s= 1,… no. of Rayleigh factors) 

 

With the modal damping ratios ζj taken from the test the unknown Rayleigh factors can be calculated from 

 +Qγ = ς    (16) 

where Q+ denotes the pseudoinverse of Q to be applied if the number of Rayleigh factors is smaller than 
the number of measured modes (The opposite case, more Rayleigh factors than measured damping ratios 
must be excluded here). It should be noted that the matrix Q  is constructed from the modal data of the 
analytical model which is updated after each iteration step. The iteration starts from the undamped Finite 
Element model, i.e. an initial estimate of the damping matrix is not necessary. After having determined the 
damping matrix by eqs.(14) and (16) the identification of the unknown mass and stiffness correction 
parameters follows the principle of equations (1) – (4). 

  

1.5 Definition of the Test/Analysis Residuals 

The most widely applied approach in model updating is based on minimising the test/analysis differences 
of eigenfrequencies and mode shapes related to the undamped structure which is prone to the 
approximation of proportional damping as discussed before. In the present investigation we will 
concentrate on the eigenvalue and eigenvector residuals related to the non-proportionally damped finite 
element model of eqs.(5) with the properties summarized in eqs. (6) – (10). The linearised damped 
(complex) eigenvalue and eigenvector residuals are defined by the differences between measured (index 
M ) and analytical damped eigenvalues and eigenvectors at the linearisation point denoted by the index 0: 
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  (r= 1,.. no.of  modes)  (17) 

 

The index M denotes the measured quantities and the index c in ψc indicates that only the analytical 
eigenvector components at the measured DOFs are used. In order to make the mode shape residuals 
independent of the scaling the measured modes are scaled with the modal scale factor defined by 

Μ c Μ Μmsf /( )= Τ Τψ ψ ψ ψ . 

1.6 Calculation of Residual Vector  Sensitivities 

The  minimization procedure described in chapter 1.1 above requires the calculation of the sensitivity of 
the residual vectors with respect to the updating parameters in each iteration step which describes the 
linearization point (index “0”) acc. to eq.(2). The complex eigenvalue residuals  

 

 [ ]
0 0

0s i j  ,
    ... / ... ... ... ...λ α=α β=β

⎡ ⎤= ∂λ ∂λ = ∂λ ∂α ∂λ ∂β⎣ ⎦G     (18) 

 

can be calculated by differentiation of the damped eigenvalue equation (5b) in the state space and by 
substituting the parameterisation of eqs.(11a,b) which results in 

 

 T
k

K

∂λ
= −

∂α
Kψ ψ            and        2 T

j
j

∂λ
= − λ

∂β
Mψ ψ    (19a,b) 

 

for the sensitivities with respect to the i-th stiffness and the j-th mass parameter. ( ψ  = complex mode 
shape normalised to unit modal constant, a=1, in eq.(7a) ). The calculation of the linearised complex mode 
shape sensitivities 

 
0 0

c i c j  ,
... ... ...ψ α=α β=β

⎡ ⎤= ∂ ∂α ∂ ∂β⎣ ⎦G ψ ψ    (20)                 

involves a major numerical effort. The modal method of Fox and Kapoor [8] for calculating the 
sensitivities of the undamped eigenvectors is widely used due to its simplicity of implementation. It was 
adopted here for the calculation of the complex eigenvector sensitivies. It is based on expanding the 
gradients by a weighted sum of the eigenvector in the state space which yields the gradients with respect 
to the stiffness parameters: 
 

  1

0

=

∂
= λ − λ λ ≠ λ ≠

∂α

∂
= λ = λ =

∂α

∑ψ
ψ ψ ψ ψ ψ

ψ
ψ ψ

R
T

r r i r r r
ri

r r
i

/( ) for  ,  

for ,  

K
      (21)     
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The gradients with respect to the mass parameters follow from: 

 

2
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∂
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∑ψ
ψ ψ ψ ψ ψ

ψ
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r r j r r r
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T
r j r r

j

/( ) for  ,  

for ,  

M

M
   (22) 

Mathematically this expansion is exact if R= n modes are used. For R < n the expansion represents an 
approximation depending on the number of modal terms. Corrections to this approach have been 
investigated by several authors [9]. However, our own experience with many numerical simulations  
revealed the interesting result that not the number of modes in the above modal sums were important but 
that it was sufficient to include only those modes in the sum which were well correlated to the 
corresponding experimental modes. The above expressions look very similar to those for the undamped 
case in [8] but they differ in detail in particular in that they now are complex valued, of course, they 
include the special case of undamped real modes. To avoid calculating complex valued updating 
parameters  the sensitivity matrix and the corresponding residuals were separated with respect to their real 
and imaginary parts and rearranged to enforce real valued parameters according to: 

 0 0

0 0

re re

im im

re re

im im
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λ λ

λ λ

ψ ψ
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G

G rG
G

ε
ε
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ε

     (23) 

Since the sensitivity matrices are derived from the ( updated) analytical model they do not contain 
measurement errors which is an essential prerequisite for an unbiased estimate. It must be noted that the 
modal residuals have to be formed between paired mode shapes. The appropriate mode shape correlation 
is checked using the modal assurance criterion for complex modes, Μ Μ ΜMAC=( /( )Τ 2 Τ Τψ ψ) ψ ψ ψ ψ  which 
approaches one if the measured mode ψΜ  and the analytical mode  ψ  are fully correlated. Mode pairs 
with MAC values smaller than a certain threshold (for example MAC < 0.7) should not be included in the 
residuals.         

2 Applications 

2.1 Laboratory Test Structure 

In order to generate a structure with non-proportional damping the laboratory test structure shown in fig.1 
was designed. The structure consists of two aluminum beams (thickness 4 mm, width 40 mm)  fixed to the 
ground and coupled by a thin arch (thickness 0.5 mm, width 40 mm ). Six concentrated masses (each 
about 0.56 kg) were attached to the beams in order to generate 6 global modes. Due to the weak coupling 
the global modes occur in three pairs of close modes. The local damping effects were generated by a 
cantilever arm fixed to MDOF 3 as shown in figs.1 and 2. The vertical part of this beam could be 
submerged into a container filled with machine oil of high viscosity (thickness of the cantilever arm 2 mm, 
width 40 mm) so that viscous damping forces  were locally applied to the submerged part of the beam. 
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Fig. 1  Laboratory test structure with a damping device attached at mass no. 3 

 

2.2 Experimental Modal Analysis  

In order to study the effects of the oil damper tests were performed on the structure without and with oil 
damper. For the structure without the oil damper the experimental mode shapes did not show any 
complexity. The following natural frequencies and modal damping values of the structure without oil 
damper were measured: 

Natural frequencies:  fTest [Hz] =   [6.20    6.61   42.25   43.67  114.76  122.25]. 

Modal damping values :  ζ [%] = [0.21   0.40   0.30   0.19   0.17   0.19 ]. 

Local damping was then introduced by submerging the vertical part of the cantilever arm over a length of 
70 mm into the oil container as shown in figs. 1and 2. Two effects were expected: at first some of the oil 
mass was expected to be activated (mass effect) and secondly damping forces were expected to be 
generated at the submerged beam elements. The experimental modal analysis was performed with the 
multi input/multi output technique of ref. [10] using frequency response data from impulse hammer 
excitation at the six MDOFs shown in figs.1 and 2  and measuring the response simultaneously so that the 
full 6x6 frequency response matrix was available. The results of the experimental modal analysis showed 
very significant effects of the damping device, in particular  the complexity of  mode shapes no. 1 and 3 
became apparent.   

Measured (damped) eigenfrequencies [Hz]:           fTest  = [5.96    6.57   37.67   42.24  114.65  117.43] 

Comparing the measured eigenfrequencies of the structure with and without oil damper shows that the 
third and 6th frequency were reduced significantly whereas the other frequencies were not affected.  

Measured modal damping:                                   ζ [%] =  [4.29    0.36    3.97    0.19    0.16    0.35] 

The comparison with the damping values of the structure without oil damper shows that the damping of 
modes 1 and 3 was increased by a factor of more than 10 whereas the damping of the other modes was not 
affected significantly. Fig. 3 shows the measured mode shapes (only real parts are plotted).  
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Fig.2    Finite element model (70 beam elements, two rotational support springs, 209 DOFs) and 
location of measured  degrees of freedom (MDOFs 1- 6)   

 

2.3 Computational Model Updating of the structure with oil damper 

The dimensions and the finite element model generated from 70 beam elements and 6 concentrated masses  
resulting in 209 DOFs are shown in fig.2. In the initial model the density of the submerged cantilever arm 
was increased by a factor of 5 with respect to the nominal density to account for the moving oil mass. 

Initial  analytical eigenfrequencies (undamped) [Hz]: fini = [6.12    6.76   42.94   42.05  118.28  119.01] 

Test/analysis frequency deviations  

with respect to initial undamped model  [%]:                      [-2.65    -2.82  -12.28   0.44     -3.07     -1.33]             

Updating was performed using the measured complex eigenvalues and the complex mode shapes in the 
objective function to be minimized. The measured modal damping values were enforced to be constant as 
measured during each iteration step acc. to eq.(16). 

The following updating parameters were used: p1= stiffness of left beam, p2= stiffness of right beam, p3= 
stiffness of the horizontal cantilever arm, p4= stiffness of rotational support springs, p5= mass density of 
the horizontal cantilever arm which was found necessary to account for some unknown attachment mass 
and the moving mass of the oil. 

For the parameterisation of the damping matrix we used Rayleigh factors on the overall stiffness matrix, 
the stiffness matrix of the submerged part of the cantilever arm, the mass matrices of the left and the right 
beam, the arc and the mass matrix of the submerged part of the cantilever arm. With these 6 parameters it 
was possible to adapt the 6 Rayleigh parameters exactly to the measured damping values acc. to eq.(16). 
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The evolution of the updating over the iteration steps is shown in fig. 4. At iteration end the following 
parameter changes, expressed in percent of the initial stiffnesses and masses,  were obtained:   

p [%] =  [-1.84    -5.92   -30.76   1.81   47.31], see fig.4b.  The frequency deviations were reduced to 
below  +/-1% with the mean deviation approaching zero  and the MAC values of the updated complex 
modes and the experimental modes were better than 99% (see figs. 4a,c,d).  In contrast to the Rayleigh 
factors on the mass matrices the factors on the stiffness matrices change considerably over the iteration 
steps, which, however, did not deteriorate the good convergence behaviour (see figs.4e,f). The 
convergence behaviour was found to be stable so that it was not necessary to introduce the regularization 
matrix Wp in the objective function of eq.(1).   From these results it can be concluded, that with the theory 
presented  it was possible to identify the parameters of the mass, stiffness and damping matrix of the  209- 
DOF Finite Element model.  

2.4 Frequency Response Predictions 

In the present study parameter updating was based on minimizing complex modal data residuals which 
does not automatically ensure a good fit of the measured FRFs unless the mathematical model structure 
and the selected parameter set reflects the physics of the structure. However, it could be expected that the 
FRF predictions would also improve compared to using only undamped real normal modes since the 
experimental damping values are now included in the updating approach. To demonstrate the prediction 
quality of the updated model the measured  frequency response functions H33, H36,  H63 and H66 and the 
corresponding FRFs of the updated analytical model are compared in fig. 5 in the vicinity of the first two 
resonances (the first and the second subscript numbers denote the response DOFs and the reference DOFs, 
respectively, acc. to fig.1 and fig.2). The comparison shows that due to the extremely different modal 
damping values of the first two modes (4.29% for mode 1 at 5.96 Hz  and  0.36 % for mode 2 at 6.57  Hz) 
the response amplitudes are much smaller at DOF 3 (by more than a factor of 10) where the damping 
device was attached than at DOF 6. Exciting and measuring the structure at DOF 3 (driving point FRF 
H33) exhibits two close peaks whereas no peaks are visible for driving point FRF H66 at the first resonance 
at  5.96 Hz. The cross FRFs H36 and H63 show that mode 1 which is governed by the motion of the left 
beam can only be weakly excited at DOF 6 which is located on the right beam. The comparison of the 
predicted and the measured curves in fig. 5 and also the curves of the other DOFs which are not presented 
here shows good agreement. 

3 Conclusions 

In the present paper we report about  using complex experimental modal data to identify not only some 
selected mass and stiffness parameters assumed to be uncertain but also damping parameters, so-called 
Rayleigh factors, related to selected stiffness and mass substructures of the finite element model resulting 
in a non- proportional damping matrix. The definition of the substructures is user’s choice and could, for 
example, be related to a local discrete damper or to a larger substructure with uniform damping. The 
Rayleigh factors are fitted to the experimental modal damping ratios within each iteration step. The 
iteration starts from the undamped Finite Element model, i.e. an initial estimate of the damping matrix  is 
not necessary. The uncertain updating parameters related to stiffness and mass properties are identified by 
minimizing an objective function containing the test/analysis differences of the complex eigenvalues and 
modes. The theory was verified by using laboratory test data from a structure with a  local  damping 
device designed to generate non-proportional damping.  Comparisons of experimental and analytical  
frequency responses calculated with the updated model showed good agreement although the FRFs were 
not directly used in the objective function. Further investigations on the robustness of the approach in the 
presence of unavoidable experimental and structural idealisation errors are still necessary for further 
validating the presented approach.   
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Fig. 3   Measured mode shapes of the structure with oil damper 

 

 

 
 

Fig. 4   Evolution of updating results for system with oil damper    

(a) eigenfrequency deviations, (b) correction parameters, 

   (c) MAC values,     (d) mean frequency and MAC errors 

   

 mode 3   37.67 Hz                              mode 4    42.24

mode1   5.96 Hz                                  mode 2    6.57

mode 5    114.65 Hz                     mode 6    117.43 Hz 
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Fig. 4 (continued)  Evolution of updating results for system with oil damper    

  (e) Rayleigh factors on stiffness submatrices , (f) Rayleigh factors on mass submatrices 

   

 
 

 
Fig. 5   Measured (…..) and analytical model response ( ___ ) after parameter updating    

 

    (e)          (f)      
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Fig. 5 (continued)   Measured (…..) and analytical model response ( ___ ) after parameter updating    
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Abstract 
Variability in real structures, which could arise from manufacturing processes, and the modelling 
assumptions and limitations require the creation of a statistical model of the relationship between 
experimental and model predictions and the quantification of the uncertainty of this estimate. In this paper 
Markov-Chain Monte Carlo theory (MCMC) is discussed and applied to model updating in the case of 
multiple sets of experimental results by using frequency responses functions. The MCMC method allows 
the solution of complex problems in a unifying framework, by integrating over high dimensional 
probability distributions in order to make inferences about the model parameters. A simulated three 
degree-of-freedom system is used to illustrate some aspects of the method, allowing for practical 
assumptions to be tested on a simple example within the WINBUGS environment (Bayesian inference 
Using Gibbs Sampling). 
 
1 Introduction 
 
Model updating is usually performed by analysing the degree to which a finite element model adequately 
represents a single set of experimental data [1], [2]. The updated parameters should be justified physically 
and the quality of the final model should be assessed within the operating range. Robustness-to-
uncertainty, fidelity-to-data and confidence-in-prediction are aspects which give a measure of credibility 
for the updated structural model [3], [4].  
 
Variability in real structures, which could arise from manufacturing processes, and the modelling 
assumptions and limitations have an important effect when complicated joints and interfaces, such as 
welds and adhesively connected surfaces, are present in the actual structure. For such complex structures, 
predictions based on a single calibration of the model parameters cannot give a clear measure of 
confidence in the capability of an analytical model to represent the actual structure.  
 
The possibility of correction of a set of analytical models with randomized parameters based on a set of 
experimental results from a collection of nominally identical test pieces was presented in [5],[6] where a 
stochastic Monte-Carlo correlation and inverse uncertainty propagation was carried out on a simulated 
example and a benchmark structure with spot-welds.  
 
The three goals presented above are antagonistic and an estimate of the uncertainty leads to the necessity 
of creating a model of the relationship between experimental and model predictions. In this paper the 
Markov-Chain Monte Carlo theory (MCMC) [7],[8],  is discussed and applied to model updating in the 
case of multiple sets of experimental results by using frequency response functions. The MCMC method 
allows the solution of complex problems in a unifying framework, by integrating over high dimensional 
probability distributions in order to make inference about the model parameters.  
 
A simulated three degree-of-freedom system is used to illustrate some aspects of the method, allowing for 
practical assumptions to be tested on a simple example within the WINBUGS environment (Bayesian 
inference Using Gibbs Sampling) [10]. This software uses Gibbs sampling [11],[12],[13] and the 
Metropolis algorithm [14] to generate a Markov chain by sampling from the full conditional distributions. 
Different practical assumptions are analysed and an assessment of the consequences of wrongly chosen 
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updating parameters, model structure errors, noise effects, observability of the model errors through 
measurements locations and optimal frequency measurement points for the minimisation of model errors 
is carried out. 
 
2 Theory 
 
2.1 Bayesian Analysis 
 
Bayesian analysis provides a rational approach for the solution of complex problems, in particular to 
parameter estimation problems with an assumed correct model or in model selection problems. The 
learning process, based on data, is performed using Bayes’ theorem in a hypothesis space, where 
probabilities are assigned to each competing hypothesis regarding the problem under study. The parameter 
estimation problem is then solved by estimating the distribution of a random parameter within an 
ensemble of data sets and the prior information. 
 
The usual form of Bayes’ theorem is given by: 
 

)(
),()(

),(
IDp

IHDpIHp
IDHp ii

i =  (1)

 
where Hi – proposition asserting the truth of a hypothesis of interest 
           I   -  proposition representing our prior information 
           D  -  proposition representing data 
            ),( IHDp i - probability of obtaining data D, if Hi  and I are true (called the likelihood function ) 

            )( IHp i  - prior probability hypothesis 

            ),( IDHp i - posterior probability of Hi 

        ∑= ),()()( IHDpIHpIDp ii  - normalisation factor ensuring that ∑ = 1),( IDHp i  
      
   Equation (1) shows how the prior probability of a hypothesis iH  is updated to a posterior probability 

),( IDHp i  which includes all the information provided by the data D . The updating factor is the ratio 

of two terms and only the likelihood function (or sampling distribution) ),( IHDp i  depends explicitly 

on iH , the denominator )( IDp , called the prior predictive probability or the global likelihood, being 

independent of iH . 
 
2.2 Markov Chain Monte-Carlo Bayesian Inference 
 
Quantification of the uncertainty in model parameters when experimental data and model predictions in 
some output variables of interest, can be performed by using the Bayesian inference. The Bayesian 
solution requires integrals over the model parameter space and Markov Chain Monte Carlo (MCMC) 
algorithms form the basis of practical computation for probability distributions in several or many 
unknowns. The MCMC method estimates the required posterior distributions for high dimensional models 
by using sampler algorithms such as the Metropolis–Hastings or Gibbs approaches, which concentrate the 
sampling in regions with significant probability performing an efficient stochastic search in the model 
space.  
 
The models are constructed to assess the relationship between the response variables iy  and other 
characteristics expressed in variables jθ  usually called covariates. The explanatory variables are linked 
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with the response variables via a deterministic function. For independent model responses following a 
probabilistic rule )( θiyf  the joint distribution contains all the available information provided by the 
sample: 
 
 

∏=
i

iyfyf )()( θθ                                                                 (2) 

 
A Markov chain is a stochastic process { })()2()1( ,, tθθθ L  such that 

)(),( )()1()1()()1( tttt ff θθθθθ ++ =L  the parameter distribution θ  at time 1+t given all the preceding θ  

depends only on )(tθ  and )( )()1( ttf θθ +  is independent of the time step t . It can be shown that under 

certain conditions the distribution )(tθ  tends to an equilibrium independent of the initial estimates )0(θ [8] 
converging on a posterior distribution called the stationary distribution of the Markov chain. Assuming 
that the equilibrium distribution is the target distribution )( θyf , after  initialization )0(θ , the Gibbs 
sampler algorithm introduced by Geman and Geman [11] generates samples of θ  with a probability 
density which converges on the desired posterior target. The Gibbs sampler algorithm is a special case of a 
single component Metropolis-Hastings algorithm [12],[13],[14]. 
 
2.3 Stochastic Search Variable Selection 
 
In building a model for the estimation problem, a key aspect is that of the variables to be included. The 
Bayesian model selection using MCMC techniques explores the model space, tracing the best models and 
estimating their posterior probability based on the observed data and the prior probabilities. A possible 
two-step solution for a subset of predictors was developed by George and McCulloch [14]. The Stochastic 
Search Variable Selection (SSVS) method assigns a probability distribution on a set of models such that 
the most appropriate models are given the highest probability distribution and the approach is effective 
even for a large number of predictors and small number of observations [14]. The main feature of this 
approach is the assignment of a latent inclusion variable iδ  to every predictor. Suppose the adopted model 

is described by a set of predictors **
3

*
2

*
1 ,, qθθθθ K  from a larger set nθθθθ K321 ,, . The components 

iθ are modelled as a normal mixture: 
 

22

22

)0(1)1(

),0(),0()1()(

iiiii

iiiiiii

cwithPP

cNN

ττδδ

τδτδδθπ

<<=−==

+−=
                                                       (3) 

  
If 1=iδ  then iθ is distributed as a normal with mean zero and variance 2

iicτ where ic is a large constant 

pre-multiplying a small default variance 2
iτ  . If the inclusion of iθ  is not supported by the data, then the 

prior with the default variance ),0( 2
iN τ will be selected more often. The choice 1=iδ  corresponds to 

retaining the predictor iθ while  for 0=iδ the predictor is distributed around zero with a small variance, 
meaning that the data does not support the appearance of the predictor among the defining variables for 
the model. 
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3 Example  
 
If the model is described by using a finite element model, the global matrices are expressed as linear 
combinations of constant element or substructure matrices multiplied by the variable parameters and 
affecting all the terms in the substructure stiffness or mass matrix. For example a general parameterisation 
for the stiffness matrix may be written as, 
 

∑= e
jjx KxK )(                                 (4)

 
with similar decompositions for the mass or damping matrices. The choice of updating parameters and 
their type of variation (bounds and probability distributions), must be justified physically and requires 
experimental data that are not always accessible.  
 
Different measures for goodness-of-fit used in test-analysis correlation can be used for Bayesian 
estimation [15],[16]. In this paper the likelihood function is built using a root mean square error (RMS) 
between experimental and predicted frequency response functions: 
 

( ) ( )( )
{ }
{ }

2exp2

1 1
measurement point set

excitation point set

( ) ;
Nfreq Nfreq

k k k
k k

L y h hαβαβ
= =

α∈
β∈

θ = ε = ω − ω θ∑ ∑
                                  (5) 

 
where the sum the measured FRFs for a chosen set Nfreq of the frequency lines, at the excitation and 
measurement locations used in test. For variability studies, the sum in equation (5) is augmented to 
 
 

( ) ( )( )
{ }
{ }

2exp2
,,

1 1 1 1
measurement point set

excitation point set

( ) ;
Nsamples Nfreq Nsamples Nfreq

k k j kj
j k j k

L y h hαβαβ
= = = =

α∈
β∈

θ = ε = ω − ω θ∑ ∑ ∑ ∑  
              (6) 

 
When the information about the system is uncertain, the model prediction includes error components due 
to the measurement and statistical uncertainty in the model, generally these being uncorrelated. In the 
example discussed in this paper, only the errors due to the analytical model are discussed in order to assess 
different possible aspects in model updating. Each updating variable in each sample, varies according to a 
Gaussian law, expressed by: 
 

2

1);,(~
i

iiii kNk
σ

ττ =                                                 (7) 

 
The prior information for each mean and variance parameter iik σ,  is encoded in a probability distribution 
to be used with the likelihood term, equation (6) for Bayesian estimation using MCMC: 
 

)001.0,001.0(
);60.1,0.0(

Gamma
eNormalk

i

i

=
−=

τ
                                                (8) 

 
The example considered is the 3 degree-of-freedom system, shown in Figure 1. 
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Figure 1.  Three Degree-of-Freedom Mass-Spring Example. 

 
The nominal values of the parameters for the experimental system are: 0.1=im  kg ( 321 ,,i = ) 01.ki =  
N/m ( ,4,3=i ) and 036 .k =  N/m. The analysis random parameters have Gaussian distributions with 

mean values, 0.1521 === kkk  and standard deviations, 200521 .=== σσσ  N/m. For the analytical 

model, the erroneous parameters have the initial values 5.1521 === kkk N/m. A set of 10 systems are 
used for statistical inference. 
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Figure 2.  Frequency point sets in Case 1. 

 
 
The following cases are simulated: 
 
Case 1: Only the erroneous parameters are updated as in the ideal case of perfectly localized errors.  
Case 2: In the experimental model a spring connection: 6k  is not present, the analytical  model  presenting 
a connectivity error. The updating parameters remain the same as in Case 1.  
Case 3: The same as Case 1 except that all the springs are Gaussian random variables with standard 
deviations 20.0=iσ  N/m for 5,1K=i  and 6.06 =σ  N/m. 
 
 

MODEL UPDATING AND CORRELATION 2611



Case 1: 
This is an ideal case with all the errors contained in the analytical model located correctly and it will be 
used to evaluate the method’s performance. In order to obtain the most accurate prediction, an optimum 
subset of frequency lines should be determined within the acquired frequency range. The computational 
costs, and many factors influencing the relative accuracy with which the response can be measured, 
precludes the use of all the frequency range in the updating algorithm. In the case of real data, the noise 
impacts upon the results and different frequencies can dramatically alter the results, and each algorithm is 
affected by a combination of measurement and processing errors. 
 

 

Figure 3.  Mean parameter variation and pdf   in Case 1. 

 
 
 

 Experimental Updated Model 
Parameter Mean Std Mean Std 

k1 1.000 0.180 1.004(-0.36) 0.194(-7.77) 
k2 1.046 0.176 1.069(-2.17) 0.181(-2.84) 
k5 1.005 0.238 0.991(1.39) 0.257(-7.98) 

 

Table 1. Parameter Estimate in Case 1: h11 and h22 measured, frequency set A. 
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The finite element model is updated using the likelihood function, equation (1): 
• 2,21,1 , hh evaluated for set A consisting of  25 equally spaced frequency lines in the interval 

[ ] )(0.4,0.0
s

rad
;  

• 1,1h  for set A; 

• 2,21,1 , hh evaluated for set B consisting of 14 frequency lines avoiding the areas close to the 
resonances or anti-resonances; 

• 2,21,1 , hh evaluated for set C with 16 frequency lines in the areas close to the resonances. 
The location for each frequency set is shown in Fig. 2 for a nominal experimental model. The results for 
the mean and standard deviation obtained after updating in each case after 6000 iterations, are presented in 
Tables 1-4. The convergence history for each updated parameter and the final probability density 
functions when using set A and 2,21,1 , hh  are presented in Fig. 3.In this case, the estimated mean and 
standard deviation of the experimental sample are not exactly the same as the distribution that was used to 
produce them. The updated parameters converge upon the statistics of the experimental sample rather than 
the underlying distribution. The results are improved when using two frequency response functions due to 
increased information contained in the response functions. The errors for the mean values are reduced 
when using frequency lines avoiding the resonances (set B) as opposed to a equally spaced selected 
frequencies (set A) but both sets present standard deviations errors (increased for set B). Set C presents big 
errors for all the estimates showing that in general it is better to avoid frequencies located in the resonance 
or anti-resonance areas. The experimental sample is small, as encountered usually in industrial 
applications and it can be expected that if more experimental samples were available, the MCMC process 
would estimate better the model parameters. 
 
 

 Experimental Updated Model 
Parameter ean Std Mean Std 

k1 1.000 0.180 0.965(3.5) 0.207(-15.0) 
k2 1.046 0.176 1.104(-5.54) 0.158(10.22) 
k5 1.005 0.238 0.982(2.28) 0.259(-8.82) 

 

Table 2. Parameter Estimate in Case 1: h11 measured, frequency set A. 

 
 Experimental Updated Model 

Parameter Mean Std Mean Std 
k1 1.000 0.180 0.999(0.23) 0.197(-9.44) 
k2 1.046 0.176 1.044(0.19) 0.187(-6.25) 
k5 1.005 0.238 1.006(-0.10) 0.263(-10.50) 

 

Table 3. Parameter Estimate in Case 1: h11 and h22 measured, frequency set B. 

 
 Experimental Updated Model 

Parameter Mean Std Mean Std 
k1 1.000 0.180 1.384(-38.40) 0.398(-121.11) 
k2 1.046 0.176 1.261(-21.55) 0.202(-14.77) 
k5 1.005 0.238 0.878(12.63) 0.294(-23.52) 

 
Table 4. Parameter Estimate in Case 1: h11 and h22 measured, frequency set C. 
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Case  2 
 
The model correction is carried out in two phases, first by analyzing the structure of the analytical model 
and then by an estimation phase similar to that discussed for Case 1. The possibility of having a different 
structure of the analytical model is investigated by using the model selection procedure proposed by 
George and McCulloch [14]. In the Stochastic Search Variable Selection (SSVS) method, the relationship 
between the output variables and a set of predictor variables is described by a latent inclusion variable. 
Three different models are considered for comparison, each having a different structure by adding a spring 
connection k5, k6 or both, to a baseline system as shown in Table 5. The initial spring stiffnesses 
are 5.1521 === kkk N/m.  
 

Model Elements 
1 k1,k2,k3,k4,k5 
2 k1,k2,k3,k4,k6 
3 k1,k2,k3,k4,k5, k6 

 

Table 5.  Models used in SSVS. 

 
As previously, the frequency responses h11 and h22 are used in the likelihood function, equation (4). The 
probability of appearance for each model, named p, is defined as a categorical distribution, )3,...,1(=p  

and 1)(
3

1
=∑

=k
pP . A prior distribution for p is given by the inverse of the number of models containing 

each k. A link is created between the models and variables as described by (9): 
 

model 1 1 0
model 2 0 1
model 3 1 1

5 6k k

→ ⎛ ⎞
⎜ ⎟→ ⎜ ⎟
⎜ ⎟→ ⎝ ⎠
↑ ↑

                                                            (9) 

 
The variable parameters are defined by equation (3) as a normal mixture and the stochastic search will 
determine a posterior distribution for the inclusion variable which will define the model with the best 
structure. 
 
The results for a simulation with 5000 updates are presented in Figure 4, where the probability of 
occurrence for the first model, ranks it as having the most appropriate for the analysed data. In this case 
the connection represented by the spring k6 should not exist in the final analytical model ( model  1 is the 
most probable). 
 
Case 3 
 
Table 6 shows the results in this case. All of the stiffnesses are randomised and the estimated parameters 
incorporate all the variability presented by the experimental set. The two models come from different 
families with different statistical properties and both the mean and standard deviations are in error. The 
same type of result can be obtained when a localised error is not located prior to the updating process and 
consequently not included in the updating loop. 
 
 

2614 PROCEEDINGS OF ISMA2006



 
 

a) b) 

 
c) 

Figure 4.  Probability of  appearance for each model: a) convergence of the latent variable;   

b) detail of the convergence process; c) final probabilities, model 1 being the most probable one. 

 
 

 Experimental Updated Model 
Parameter Mean Std Mean Std 

k1 1.045 0.171 1.072(-2.58) 0.267(-56.14) 
k2 0.989 0.151 0.989(0.0) 0.166(-9.93) 
k5 0.906 0.183 0.885(2.31) 0.211(15.30) 

 

Table 6.  Parameter Estimate in Case 3.  

 
4       Conclusions 
 
In this paper a non-linear least squares analysis seen from a Bayesian perspective is used for model 
updating. The uncertainty about some model parameter or about the model structure is encoded based on 
prior information and used in a Bayesian inference for the determination of a posterior probability density 
function based on measured frequency response data. A simulated  example is used to demonstrate the 
potential of the method for applications related to real life applications. It is accepted nowadays that the 
structure of the model (the parameterisation used to describe the model dynamics) is the most important 
aspect related to the updating process. A two-stage methodology for variable selection and an analysis of 
measurement locations and frequency lines distribution are presented together with the effects on 
parameter estimation. 
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Updating of the Myriade Platform FE Model using 
Microvibration Test Data 
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2.2 Structural Configurations 
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2.3 FEM Modes 
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3 Microvibration Tests 
�

3.1 Reaction Wheel Excitation 
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3.2 Instrumentation 
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3.3 Response Time Histories and Spectra 
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4 Modal Identification 
�

4.1 Description of Method 
�
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4.2  Initial Comparison 
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6 Final Comparison and Validation 
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Abstract 
The paper investigates the Quadratic Compression Method (QCM) method for model updating and its 
noise filtering capabilities. The method uses a parametric setup with pre-specified principal sub-matrices 
multiplied by unknown scalar parameters. The optimal parameters are obtained by minimizing the error in 
a squared down version of the eigenvalue equation, thus with reduced computation. QCM is shown to 
belong to the class of Minimization of the Error in the Characteristic Equation (MECE), with a particular 
choice of the weighting matrix. Analysis of the propagation of the noise into the identified parameters 
reveals that QCM has desirable noise filtering properties. The paper presents also a weighted version of 
the method, called WQCM, which is motivated by further reducing the effect of measurement noise. In 
addition to the theoretical analysis, the superior robustness to noise properties of QCM and WQCM are 
demonstrated by simulations and experimentally. 

 

 

1 Introduction 
 

Accurate models are essential in analyzing systems under various excitations, boundary conditions and 
parameter changes.  Analytical models, obtained by Finite Element or any other method, inevitably 
deviate from the true model due to uncertainties in geometry, material properties, boundary conditions, 
etc.  Consequently natural frequencies and modeshapes that are extracted from the test results do not agree 
with the predicted values from the analytical model.  Model updating is the process of using the test 
results to correct the model so that it agrees, either completely or approximately, with the experimental 
data. In broader terms, it can be described as fusion of two sources of information, both inaccurate (the 
test results themselves contain errors resulting from measurement noise) and possibly incomplete, to 
obtain a better model.  

A wide variety of model updating methods have been suggested, and a comprehensive survey of them can 
be found in [1]. The starting point for most model updating methods is the eigenvalue equation that should 
be satisfied. The notion of satisfying the equation is not unique however and has three main 
interpretations. Sensitivity methods, e.g. [2, 4], aim at matching the solution of the equation, i.e. natural 
frequencies and modeshapes, with the experimental data. The dependence of the natural frequencies and 
mode shapes on the physical parameters is calculated either numerically or analytically.  
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In Reference Basis methods [4-9], perfect satisfaction of the eigenvalue equation, with the measured data, 
is required. With certain parameters that are assumed to be accurate, the minimal deviation of the free 
quantities from their analytical values is sought. The main advantage of the method is its mathematical 
and numerical convenience. The main disadvantages in its original formulations [4, 5] are that they do not 
account for any dependence on physical parameters, and therefore do not preserve the connectivity of the 
stiffness matrix. Various modifications of the method attempt to overcome those difficulties [6-9].    

A third approach is minimizing the equation error. This is the main characteristic in the class of methods 
known as Minimization of the Error in the Constitutive Equations (MECE). The approach is used also in 
other related problems such as expansion and error localization [10,11]. In physical terms, MECE methods 
minimize the difference between the static stiffness forces and the dynamic inertia forces [11]. The main 
difference between the various methods in this class, e.g. [10-13] is the weighting of the error (residual 
force) that is used for the minimization. 

The issue of measurement noise has been addressed explicitly in statistical terms in several works, e.g. 
[13, 14]. However, even in cases where there is no direct reference to noise, it appears indirectly through 
the use of Least Squares whose main role is noise reduction (Least Squares will not correct wrong or 
incomplete parameterization, nor any systematic error). However the different weighting matrices in 
MECE are usually selected based on other considerations.  

In this paper we investigate the noise suppression properties of the Quadratic Compression Method 
(QCM), which was first introduced in [15]. The method is based on minimization of the error in a squared 
down, symmetric, version of the eigenvalue equation, and as a result deals with matrices of lower 
dimensions. While the actual QCM algorithm is different, further analysis reveals that it can be interpreted 
as an MECE with a particular structure. The effective weighting matrix used in this method is shown to be 
closely related to the measurement noise, and consequently the method exhibits superior filtering 
properties. This fact is shown analytically and by means of simulations. The filtering properties are 
enhanced when using the Weighted QCM (WQCM) where the degrees of freedom offered by the 
weighting matrices are used to minimize the errors due to measurement noise.  

 

2 Preliminaries 
 

2.1 Problem statement  
 

The general problem that model updating attempts to solve can be stated as follows: let the ‘true’ system 
be defined as 

 n
TT RxtftxKtxM ��� )()()(�� , (1) 

where MT is the true mass matrix, KT is the true stiffness matrix, x(t) is the displacement vector, f(t) is any 
external force to the system, and n represents the number of degrees of freedom.  The absolute accurate 
system is non-linear, has infinite degrees of freedom, etc.  Thus ‘true’, refers to a system that is accurate 
enough for all practical purposes.  The analytical model is given by 

 n
AA RxtftxKtxM ��� )()()(�� , (2) 

where MA and KA are the analytical mass and stiffness matrices respectively obtained typically from a 
Finite Element model. In general MA� MT and KA� KT, however in many cases the model of the mass 
matrix is more accurate than that of the stiffness.  It is assumed in this paper that the error is only in the 
stiffness, i.e.  

 MMM TA �� , (3) 
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The result of a modal test is a subset of m<n experimental natural frequencies �Ei and experimental mode 

shapes �Xi. The modeshapes are measured only at nx�n dof’s that are arranged in the matrices mm
E R ��	  

and mn
X

xR ��
 ( nx=n if the analytical model is in reduced form, see section 2.2). 

 � �XmXXE Ei
diag ��
�	 .....,)( 1

2 ��   

Model updating procedures try to combine the analytical information (MA, KA) and the experimental 
results (	E, 
X) to obtain a model that is closer to (MT, KT).  Let k, k=1,…, p be scalar parameters of the 
stiffness and mass matrices,  arranged in the vector �Rp, and assume for simplicity that the nominal 
value is =0. In this work we consider the linear parameterization 

 ���
�

p

k
kkA PKK

1
)(  . (4) 

where Pk are given placeholder matrices. Physical parameters often affect K in a nonlinear way. In that 
case it is common to use an iterative scheme for the solution, with the following approximation at each 
stage 

 �
�
�

��
�

p

k
k

k
A

K
KK

1
)( 


 , (5) 

The results of this paper for constant Pk can therefore be applied to each iteration in the nonlinear case. 

 

2.2 Expansion/reduction and orthogonalization 
 

A preliminary step in QCM, as well as in many other model updating methods, is matching the 
dimensions of the measured modeshapes and the analytical model. This is achieved either by reducing the 
analytical model or expanding the measured modeshapes to the model dimension n. The results of this 
paper are independent of the matching approach and apply to both situations. If the model reduction is 
performed, the dimension n in the models (1) and (2), and in the placeholder matrices Pk , denotes the 
dimension after reduction. 

A variety of methods were suggested for expansion and reduction. Reduction can be performed using the 
classic Guyan's method [16] or the System Equivalent Reduction Expansion Process (SEREP) [17]. One 
group of expansion methods uses the entire analytical model for expansion, e.g. [10, 17]. Others use only 
the modal modeshapes [18-21] and some do not use the model at all. The expansion/reduction step is 
followed in most cases by orthogonalization of the modeshapes. In some methods this is a separate step, 
while in others the two steps are carried out simultaneously [19-21].  

In this paper it is assumed that both steps were carried out, and regardless of the expansion/reduction and 
orthogonalization method that was employed, at the end of this process 
X is replaced with 
E�Rn�m that 
satisfies 

 mE
T
E IM �

 . (6) 

The available information for model updating thus consists of 	E and 
E. 

 

2.3 Minimization of the Error in the Constitutive Eq uation – MECE 
 

It will be shown later that QCM can be interpreted as belonging to the family of methods called 
Minimization of the Error in the Constitutive Equation – MECE [12]. We therefore begin by presenting 
the general framework of those methods. The optimal set of parameters is determined by the following 
minimization problem  
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 ��
�

m

i
ii

T
iMECE ffJ

1
)()(min ���


 (7) 

where the residual force is defined as 

 � � iii MKf ��� 2)()( ��  (8) 

and �i are weighting matrices. Possible choices are �i=I, which is force minimization [11], and K-1, which 
is related to energy [12]. Defining 

 � � � �mdiagKVecY ����
	
 ,,,
~

,)()( 21
2

����  (9) 

where Vec denotes the operation of stacking the columns of a matrix into a single vector, the cost function 
(7) can then be written as 

 )(
~

)( � YYJ T
MECE �  (10) 

We conclude this sub-section by giving the explicit expression of Y for the linear parameterization (4).  

 
� �

rA

KMVecPVecY A

p

k
kk

��

���
�

�
�
�

�
��
�





	
 2

1
)(

 (11) 

where A�Rnm�p and r�Rnm are given by 

 � � � �

	


 Ap KMVecrPVecPVecPVecA ��� 2
21 ,)()()( �  (12) 

 

2.4 Weighted Least Squares and generalized inverses 
 

Consider the over-determinate Weighted Least Squares problem  

 )()(min zHxWzHxJ T
WLS

x
���  (13) 

where W is a symmetric positive semi-definite weighting matrix and H has full column rank. The well-
known solution is  

 WzHWHHx TT
WLS

1)( �� , (14) 

which exists as long as HTWH is positive definite. This happens when the columns of H are spanned by 
the eigenvectors of W that correspond to nonzero eigenvalues, thus W itself is not necessarily positive 
definite. Notice that (HTWH)-1HTW  is left inverse of a matrix H and a well-known result in linear algebra 
states that any left inverse can be written in that form. Hence every left inverse of A can be associated with 
Weighted Least Squares problem. Applying the general result (15) to MECE it follows that 

 rAAA TT
MECE ��

~
)

~
( 1��  (15) 

 

3 Quadratic Compression Method  
 

3.1 General statement of MECE methods 
 

To facilitate the discussion assume the ideal situation where the modal matrix is perfectly accurate and 
there exists a set of parameters * such that K(*)=KT. Substituting eq. (4) into the eigenvalue equation, 
we obtain  
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 (16) 

Expanding this equation and moving all the constant terms to the right-hand side results in 

 

	
 A

p

k
kk KMP ���

�1
. (17) 

Or, with A and r defined in (12) 

 rA � . (18) 

Seemingly, eq. (18) provides nm equations, however due to the symmetry of Pk, the number of 
independent equations is only nm-m(m-1)/2 (the point of redundancy in non-square equations due to the 
symmetry of some matrices is often overlooked. It was used, in a different context, in [7] and in [8]). In 
some approaches, this equation is an actual step of the algorithm while in others it is only a conceptual 
step.  In any event, any solution is given by (or can be thought of as given by)  =ALr, where AL is a left 
inverse of A. Obviously, in the ideal case the same results will be obtained for every choice of the left 
inverse, but when the modeshapes contain noise this is no longer true. What seems to be the most natural 
choice of a left inverse is the Penrose-Moore generalized inverse [22].  

 rAAA TT
RFM

1)( �� . (19) 

Comparing this to the general formula (15) it follows immediately that this solution corresponds to MECE 
with unity weight, i.e. Residual Force Minimization (RFM). 

  

3.2 The Quadratic Compression Method (QCM) 
 

The starting point of QCM is also eq. (17). However, instead of using it directly to form the linear set of 
equations, it is pre-multiplied by 
T to obtain 

 



	




	




A
T

A
TT

p

k
k

T
k

K

KMP

��

���
�1 . (20) 

Following the same procedure as before, this equation can be written as  

 bG �  (21) 

where pmRG ��
2

and 
2mRb� are given by 

 )(,)]()([ 1 

	



 A
T

p
TT KVecbPVecPVecG ��� �  (22) 

The QCM thus consists of the procedure (20)-(22). Eq. (21) is also a linear equation in , but its 
dimension is smaller than that of (20). The redundancy, which exists implicitly also in (18), is obvious 
here because all the matrices in (20) are symmetric, and the number of independent equations is 
d=m(m+1)/2. It is assumed throughout this paper that d>p, and the problem is over-determinate. Let 

2mdRS ��  be a selection matrix, consisting of zeros and ones that retains only the independent equations. 
Then (21) is replaced by  

 SbSG �  (23) 

with the solution 

 SbSGSGSG TTTT
QCM

1)( �� . (24) 

QCM minimizes the sum of squares of errors in (23), which is the sum of squares of the upper diagonal 
part of G. Neglecting to eliminate the dependent equations is equivalent to assigning double weighting to 
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the symmetric off diagonal terms.  That can be rectified also by using all the entries but giving the 
diagonal elements a double weight. For analysis purposes (clearly not for the actual calculation) this form 
is more convenient. Define  

 ),,,( 21 mWWWdiagW �� . (25) 

where Wi are m�m diagonal matrices given by 

 
�
�
�

�
�

�
ij
ij

jjWi 1
2

),( . (26) 

Then an alternative formula is 

 � � WbGWGG TT
QCM

1�
� . (27) 

 

3.3 QCM as a MECE 
 

Despite the indirect derivation, being a solution of (18), QCM must have the form QCM =ALr with a certain 
left inverse of A. Then, following the discussion in section 2.4 it must be a solution of an MECE 
optimization problem with a certain weight. To relate QCM to the MECE class of methods, we first recall 
the general formula 

 )()()( 213321 XVecXXXXXVec T ��   

where � is the Kronecker product. Applying this to the columns of G and to b leads to 

 � � � �rIbAIG T
m

T
m 

 ���� ,  (28) 

Hence from (27) 

 
� �� � � � � �

� � rWAAWA

rIWIAAIWIA

TT

T
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TT
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T
QCM

~~

)(

1

1

�
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����� 




 (29) 

where  

 � �T
m

TT WWWdiagW 





 ,,,
~

21 ��   (30) 

Though it might appear that the multiplication by 
T in QCM has reduced the available information, as 
long as the inverse in (24) or (29) exists, the solution is via a legitimate left inverse. Equivalently, QCM 
belongs to the MECE family of methods with  

 ����
�

m

j

T
jj

T
ii

T
ii W

1
����

�  (31) 

It is worth noting that eq. (16), from which the derivation started, holds in strict equality only under the 
specified conditions of absence of measurement noise and the existence of a set of parameters such that 
K(*)=KT. Under these circumstances all MECE methods, though resulting in different expressions, yield 
the same optimal value * because it leads to a minimum (zero) value of the cost function regardless of the 
weighting.  

 

3.4 A simplified case 
 

To see the difference between the methods consider the simplest case with one measured modeshape 
 , 
one parameter , and one principal sub-matrix P. Because 
  is a vector, there is no need for vectorization 
in this case, and  
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TT

A KbPGKMrPA ������ 22 ,,)(, .  

The RFM and the QCM solutions are given in this case as 

 
�


 )()( 212
A

TT
RFM KMPP �� � .  (32) 

 )()( 21 

�

 A
TT

QCM KP �� � . (33) 

These are two different expressions and they will generally yield different results. Direct substitution 
verifies that when the above stated assumptions hold, both RFM and QCM result in the same accurate 
parameter, i.e. RFM=QCM=*, and satisfy (16) that reduces to  

 
�

 AKMP �� 2 . (34) 

The rationale behind QCM, and its advantages over RFM when 
 contains noise are discussed in the next 
sections. 

  

4 Noise Propagation 
 

In the ideal case of perfect measurement all MECE methods yield the same solution. However, 
inaccuracies in model updating due to noise in the data are inevitable. Therefore, identification of a 
method that exhibits better robustness with respect to noise is of great interest to model updating.  This 
section compares QCM and other MECE methods in terms of their ability to update in the presence of 
noise. 

When the measured modeshapes contain noise they can be written as 

 xTX eT �� 

 , (35) 

where T selects the measured dof’s (T is the identity matrix if a reduced model is used) and ex is an 
additive noise. Let the generic function g(·) denote the expansion (if necessary) and orthogonalization 
process of the measured 
X. Then 

 eeTg TxTE ���� 


 )( , (36) 

where e�Rn�m is the error between the true and the processed measured modeshapes. It includes the effect 
of ex as well as other errors introduced by the orthogonalization. A key point in the subsequent analysis is 
that since the orthogonalization is nonlinear, e has different distribution than ex.  This is evident from the 
following relationship 
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 (37) 

Assuming that the error is small, the quadratic term in the last equation can be neglected, and (39) results 
in 

 0�� MeMe T
TT

T 

 . (38) 

This means that the linear part of the diagonal of eTM
T  is zero, which implies that ei does not have a first 
order component in the direction of 
Ti. Since 	  is diagonal we have also 
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Typically the natural frequency measurements are more accurate than those of the modeshapes. The 
overall error in the parameters is therefore dominated by the modeshape errors. To reflect that we make at 
this point the assumption that the measured natural frequencies are accurate, i.e. 	E=	T=	.  

The analysis of how the error propagates in RFM and QCM in the general case is rather complex. 
Therefore, a detailed explanation will be given next for the simplified case considered in sub-section 3.4. 
We keep the same assumptions, i.e. one measured modeshape, one parameter and K(*)=KT. The 
measured modeshape, on the other hand, contains this time noise.  

As a first step towards calculating the propagation of the error in 
  to an error in  in the two methods we 
calculate the partial derivatives of RFM and QCM with respect to 
. For the sake of brevity the details of 
the derivations are omitted, and only the final results are presented. 
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The Taylor’s series of RFM yields   
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The important conclusion from (42) is that the error in RFM is linear in the error e. Applying the same 
procedure to QCM we have  
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 (43) 

The linear term vanishes because in the scalar case the diagonal of eTK
T  is the entire expression. The 
dominant error term is quadratic in the error e, thus for relatively small levels of noise, the error is much 
smaller in QCM then it is in RFM.  A less fortunate consequence of this result is that, using statistical 
terms, the estimation of QCM is biased.  However, the gain in the reduced variance is more meaningful 
than the loss in bias, as is demonstrated in the examples in section 6. 

 

5 Weighted Quadratic Compression Method (WQCM) 
  
The case in the previous section points out the advantage of QCM over RFM, but due to its simple 
structure misses another distinction within QCM. Consider now the noisy version of the right hand side of 
eq. (20).  
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Looking at the diagonal elements, it appears that the linear terms in the noise are zero. Hence for low-level 
noise, and relatively small changes in the stiffness matrix, the diagonal terms have a much smaller error. 
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Recalling that the Least Squares solution minimizes the sum of all the squared errors, QCM has an 
advantage over RFM and other MECE methods since the “noise free” equations i) appear explicitly and ii ) 
are part of a smaller number of equations, thus have a larger relative weight.  

If the number of parameters is less than the number of measured modeshapes (the dimension of the 
diagonal) one may consider the possibility of using only those measurements since they provide enough 
accurate equations to make the problem over-determinate. Even if this is not the case, it is clear that being 
more accurate the diagonal equations deserve a larger weight. The mathematical machinery for that has 
already been established in section 3 where, due to the unrelated issue of symmetry, those equations were 
assigned a double weight. The Weighted Quadratic Compression Method is therefore given by 

 rVAAVA TT
WQCM

~
)

~
( 1��  (45) 

where  

 � �T
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Or equivalently, WQCM is a result of MECE with 
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!i=1 gives the standard QCM while !i"# approaches the case of considering only the diagonal elements.  

To obtain guidelines for selecting an appropriate value for !i we relate this result to classical estimation 
results. The accurate statistical analysis of the problem is complex and is a matter of future research (see 
also the remark below) so we use only qualitative reasoning. It is well known [22], that if the noise is 
Gaussian, the Minimum Squared Error (MSE) estimation is equivalent to Weighted Least Squares (WLS) 
with the weighting matrix selected as the inverse of the noise covariance matrix. Assume that the elements 
of the noise vector e are independent, with variances proportional to a value VAR. The errors in the off-
diagonal equations, which are linear in e, have a variance that is also proportional to VAR. The dominant 
error term in the diagonal equations is second order; hence its square is of order VAR2. Normalizing the 
covariance by dividing by VAR, the ‘optimal’ value of !i is in the order of VAR-1. It should be emphasized 
that this is only a crude estimate of the complex relationship between !i and the noise level.  

Remark: All MECE methods, including WQCM, are WLS estimators. Precise statistical analysis 
indicates that the optimal estimator is not WLS due to the following deviations from the standard setup. 
First notice that the error in the diagonal terms is quadratic in e, hence, regardless of the actual distribution 
of e, the mean of those terms is nonzero. Secondly, Eq. (20) with the noise effect can be written as  

 � � )()(0 erreAA �� ��� . (49) 

It is well known that in cases where the noise appears also in coefficient matrix WLS estimators are biased 
and clearly non-optimal. The process of adjusting the weighting matrix to the noise covariance that is 
suggested in this work, as well as the Bayesian approach in [13], are only sub-optimal at best. Eq. (49) 
explains also why the diagonal equations in QCM cannot be regarded as perfect, since while �r(e)$0 
there, �A(e)�0 and is not necessarily small.  
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6 Examples 
 

Consider the system shown in Figure 1. 

 
Figure 1:  Spring-mass system. 

The mass and stiffness matrices are given by  
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The nominal values for analytic model are m=10 and kAi=50, i=1,…,5. The 'measured' modeshape matrix 

X is full in the dof’s sense, but corrupted by the additive noise as in (35) with the normal distribution 

 ),0(~)(

2
2

mn
NLNe FT

ijx  
 



 

'F' stands for the Frobenius norm and NL is a parameter that will be used in the following examples for 
specifying the Noise Level. It is actually the ratio between the noise standard deviation and the RMS value 
of the elements of 
T. 
X is then orthogonalized according to [4] as  

 2/1)( �� X
T
XXE M



  

The performance criterion, for a case with p parameters and N simulation runs is the RMS error defined by 
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where k
* is the true value of the k-th parameter, and k,i is its updated value in the i-th run. The various 

cases in this section differ in the analytic model errors, the number of measurements and levels of noise. 

Case 1: This example demonstrates the special case with a single parameter and single modeshape and 
natural frequency. Let the true spring constants be 

  � �505050507050�Tik , 

i.e. only the second component of the spring-constant vector is incorrect in the analytical model. Choosing 
the variation in k2 as the updating parameter we have = k2 - 50, with *=20. The performance of QCM, 
RFM and REM (the energy based MECE method with �i = KA

-1) was compared by a large number 
(10,000) of simulations for every noise level NL. Figure 2 shows the error, as percentage of *, as a 
function of the noise level NL. The quadratic change in QCM and the linear change in RFM and REM are 
as predicted by (42) and (43). Also in accordance with the theory are the contributions of the bias and the 
standard deviation to the RMS error. For example, at NL=0.01 QCM has bias -1.8%, compared to +0.6% 
of RFM, but its standard deviation (SD) is only 1.4% compared to 17% of RFM. Overall, QCM has a 
smaller error than RFM in 95% of the runs. At NL=0.03, QCM has bias -17%, compared to +6% of RFM, 
but its SD is only 18% compared to 55% of RFM. In this case QCM was better 85% of the time. 
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Figure 2:  The estimation error (normalized) vs. noise level. 

 

Case 2: The true spring constants this time are  

  � �503050507050�Tik , 

i.e. changes of +20 in k2 (denoted as 1) and -20 in k5 (denoted as 2). The parameterization consists of the 
deviations of only these two constants. Table 1 contains the results for RFM, QCM and WQCM that was 
tuned with uniform � =1/NL2 for some noise levels. REM had similar results to RFM and is therefore 
omitted from this example. Each update is described by four values: mean, standard deviation, RMS error 
and the percentage of runs it produced the best result. The results indicate that in this case both QCM and 
WQCM perform much better than RFM. 

 

NL RFM QCM WQCM 

  + SD ERMS P  + SD ERMS P  + SD ERMS P 

0.01 20.00 + 1.04 

-19.97 + 0.88 

1.36 0.2% 19.97 + 0.16 

-20.06 + 0.29 

0.34 10% 19.98 + 0.03 

-20.06 + 0.05 

0.09 90% 

0.03 19.93 + 3.14 

-19.97 + 2.65 

4.11 2% 19.74 + 0.56 

-20.51 + 1.01 

1.29 24% 19.78 + 0.26 

-20.58 + 0.51 

0.84 74% 

0.05 19.84 + 5.23 

-19.87 + 4.42 

6.85 5% 19.32 + 1.14 

-21.51 + 2.14 

2.94 30% 19.39 + 0.74 

-21.64 + 1.52 

2.44 65% 

 

Table 1: The estimates of the parameters in case 2, their standard deviation (+), error (E) and 
the percentage of being the best estimate (P).  

 

Case 3: This case is identical with case 2, but with three measured modeshapes. The results for the same 
noise levels are given in Table 2. The updates are clearly more accurate, due to the larger number of 
measurements, but other then that they show the same tendency. The only noticeable change is that QCM 
becomes closer to RFM, probably because it processes now three 'exact measurements' and three 'noisy 
measurements', while in case 2 the ratio was two to one. 

Figure 3 shows the error as a function of the weight � , for all three noise levels. The error was normalized 
to its QCM value (� =1) to better see the weighting effect. It can be seen that the error reaches an almost 
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constant minimum value at a weight that is smaller than the approximation � =1/NL2, so our choice was on 
the safe side. Also it appears that the relative improvement is getting smaller as the noise level increases. 

It can be seen that in all cases the solutions of QCM and WQCM have some bias.  This is due to the fact 
that the error is quadratic and creates a shift in the mean.  However, the bias is small compared to the 
difference in the standard deviation.  It is clear from these results that QCM, and in particular WQCM, are 
superior to the RFM in terms of their robustness to noise. 

 

NL RFM QCM WQCM 

  + SD ERMS P  + SD ERMS P  + SD ERMS P 

0.01 19.98 + 0.72 

-20.00 + 0.14 

0.74 0.4% 19.99 + 0.48 

-20.00 + 0.11 

0.49 3% 19.97 + 0.04 

-20.00 + 0.01 

0.05 97% 

0.03 19.93 + 2.18 

-20.01 + 0.43 

2.22 3% 19.89 + 1.46 

-20.02 + 0.36 

1.51 12% 19.71 + 0.39 

-19.97 + 0.08 

0.50 85% 

0.05 19.76 + 3.54 

-20.05 + 0.72 

3.61 8% 19.70 + 2.52 

-20.04 + 0.62 

2.61 18% 19.18 + 1.12 

-19.92 + 0.22 

1.41 74% 

 

Table 2: The estimates of the parameters in case 3 (same notation as in Table 1) 
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Figure 3:  The estimation error (normalized) vs. the weighting parameter �  for different noise levels. 

 

7 Experiment 
 

The performance of QCM and other MECE method was tested experimentally with the system shown in 
schematically Figure 4 that consists of a clamped-free cantilever beam with an attached spring. The beam 
dimensions are 530.7�19.1�3.17 mm and its nominal density and Young’s modulus were taken as 
,-=2700 kg/m3 and 7.1�1010 N/m2 respectively. The test setup included also a spring that connected the 
beam to the steel base. The spring, with a constant of 3340 N/m, is located 25.4 cm from the clamped end 
of the cantilever beam. A PZT patch was used to excite the system and the measurements were taken with 
a laser vibrometer. SigLab DSP board was used for both excitation and data collection.  
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Figure 4:  Cantilever beam setup for model testing. 

 

 

Measurements were taken at ten points spread evenly along the far part of the beam, with a distance of 
2.54 cm between them, as shown in Figure 5 (measurements could not be taken at points close to the 
clamped section because of interference with the location of the PZT patch). Analysis of the ten FRFs 
yielded six natural frequencies (given in the first column of Table 5) and ten elements of each of the six 
modeshapes. The full vectors, required for the model updating, were obtained by the combined expansion 
and orthogonalization method in [21]. 

The analytical model consists of a Finite Element model modified to account for the additional spring that 
is incorporated into the experiment.  The model assumes a spring constant of 3000 N/mm (deliberately off 
the true value) at the seventh (measured from the free end) measurement point.  In reality the spring was 
offset from that particular point. One of the questions that the experiment should have answered was 
whether model updating techniques are able to observe this phenomenon and correct it.  

Four updating parameters were used. The first one is the beam's stiffness. This can be thought of as the 
Young’s modulus, but the change in stiffness can also be attributed to other factors such as the thickness.  
The other three are related to the spring. The second parameter is the spring constant at the nominal 
position and will be referred to as Modeled Spring. The third parameter is another lumped spring at the 
neighboring measurement point and is denoted as Shared Spring. Another parameter found to be useful in 
updating the stiffness matrix, is one that slightly changed the stiffness of elements of the stiffness matrix 
in the vicinity of the spring. It is referred to in Table 3 as the Surrounding Stiffness.  

Three updating methods were used: Residual Force Minimization (RFM), Quadratic Compression Method 
(QCM) and Weighted Quadratic Compression Method (WQCM). In each one of them we used only the 
first five natural frequencies and modeshapes, while keeping the sixth mode only for validation of the 
updated model.   

Table 4 lists the first six natural frequencies of the experiment, the initial finite element model, and the 
updated models by the RFM, QCM and WQCM methods. The last row shows the average of the absolute 
value percentage error. It can be seen that QCM and WQCM are superior to RFM, with a small advantage 
to WQCM. The only frequency that the RFM is able to update reasonably is the fourth one, while QCM 
and WQCM match all of them with reasonable accurately.  

As mentioned before, only five frequencies were used in the updating process and the sixth was left out to 
be used as a form of validation later.  It can clearly be seen from Table 4 that QCM matched the last 
frequency within 0.16 % of error, and WQCM almost exactly.  This adds confidence in the validity of the 
approach and its results.  
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Mode Test FEM  RFM  QCM  WQCM  

 
Frequency 

Hz 

Frequency 

Hz 

Error 

(%) 

Frequency 

Hz 

Error 

(%) 

Frequency 

Hz 

Error 

(%) 

Frequency 

Hz 

Error 

(%) 

1 18.40 18.43 0.14 20.35 10.58 18.40 0.01 18.53 0.72 

2 67.15 72.86 8.50 63.70 -5.14 67.29 0.21 67.15 0.00 

3 159.79 163.63 2.40 154.92 -3.05 158.38 -0.88 159.79 0.00 

4 292.03 323.53 10.79 292.40 0.13 294.50 0.84 294.96 1.00 

5 500.97 530.65 5.92 479.77 -4.23 492.00 -1.79 494.00 -1.39 

6 724.44 794.98 9.74 691.33 -4.57 723.28 -0.16 724.44 0.00 

Average   6.25  4.61  0.65  0.52 

 

Table 4. Natural frequencies and the percentage error in the experimental, analytic and updated models. 

 

8 Conclusion 
 

The Quadratic Compression Method (QCM) and its extension, the Weighted Quadratic Compression 
Method (WQCM), were analyzed in this paper. It was shown that these methods, though derived in an 
independent way, can be regarded as special cases of Minimization of the Error in the Characteristic 
Equation (MECE). From application point of view, an advantage of the method is that it involves 
calculation in a smaller dimension than other MECE methods. This reduced computation is mainly due to 
the compression step, but also due to the explicit acknowledgement of the redundancies existing in the set 
of equations to be solved. In high dimension systems, the difference between equations in the model 
dimension, and in measured modes dimension, as in QCM, is meaningful.  

The other main advantage of the method is in its robustness to noise. The paper points to the fact that after 
orthogonalization, the filtered measurement noise is orthogonal, via the mass and stiffness matrices, to the 
true modeshape. This observation is utilized in the analysis of noise propagation to show that QCM, and in 
particular WQCM, offer greater robustness to noise in the measured modeshapes, than other MECE 
methods. This is due to the fact that the dominant error term in some of the QCM equations is quadratic as 
compared to linear in standard MECE methods. Since modeshapes tend to be less accurate than natural 
frequencies, any improvement in robustness to their errors is translated immediately to more accurate 
updated models. 

The theoretical results were validated by simulations and their results agree with the derivation, and show 
the quadratic dependence of the updating error on the measurement error. The method was also tested 
experimentally, on a cantilever beam supported by a spring. The updated models using QCM and WQCM 
show better agreement with the test results, than the ones derived by other MECE methods.   
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Abstract 
Drivers of articulated dump trucks (ADTs) are exposed to whole body vibration levels that exceed the new 
EU whole body vibration legislation action values in most cases and sometimes the limit values. This 
paper presents a reduced order simulation model used to optimise the passive suspension systems of a 
forty ton ADT to reduce the vibration exposure of the driver. A 24 degree-of-freedom, three dimensional 
ADAMS/VIEW vehicle simulation model with linear parameters was developed and compared to 
experimental data as well as with simulation results from a more complex 50 degree-of-freedom 
ADAMS/CAR model. The ADAMS/VIEW model correlated in some aspects better with the experimental 
data than the higher order ADAMS/CAR model and was therefore used in the suspension system 
optimisation study. A road profile was generated from a spatial PSD (power spectral density) of a typical 
haul road. The weighted RMS (root mean squared) and VDV (vibration dose value) values were used as 
the objective function for the optimisation study. The optimisation was performed by four different 
algorithms and an improvement of 30% in ride comfort for the worst axis was achieved on the specified 
haul road. The improvement was realised by softening the struts and tires and hardening the cab mounts.  
The results were verified by simulating the optimised truck on different road surfaces and comparing the 
relative improvements with the original truck’s performance.  In all cases the optimised suspension 
resulted in reduce whole body vibration exposure of the driver. 
 

1 Introduction 
 
Articulated dump trucks (ADT’s) are used in the mining and construction industries to transport material 
(usually earth) over irregular terrain. The “articulation” refers to the steering mechanism of the truck, 
which allows the front section to yaw independently of the rear by means of two hydraulic rams. ADTs 
have various suspension systems that isolate the driver from inputs at the wheel/road interface, the engine 
and other sources of noise and vibration. These include the tires, the primary suspension, engine 
mountings, the cabin suspension and the seat suspension. In order to reduce the vibration level that a 
driver is exposed to, the transmissibility between the various inputs and the driver on the seat need to be 
optimised within given constraints, such as the load the vehicle needs to carry, the vehicle dynamics, the 
existing suspension layout and the available space. 
Until recently no legislation governing whole body vibration exposure existed, and suspension systems 
were designed to what was considered to be “reasonable” vibration exposure levels. Studies have shown 
that in certain cases suspension systems amplified the vibrations between 0-20Hz by as much as 4 times 
and as many as 45% of seats used in industry increase, rather than decrease, the base accelerations, mainly 
due to end-stop impacts [1]. Current research on the health risks of vibration exposure has led to a revision 
of legislation and the development of the Physical Agents (Vibration) Directive by the European Union, 
[2]. Included in this directive is an exposure action value (EAV) of 0.5m/s2 RMS (or 9.1m/s1.75 VDV) 
which determines what a “reasonable” level of exposure is over 8 hours; and an exposure limit value 
(ELV) of 1.15m/s2 RMS (or 21m/s1.75 VDV) which may not be exceeded over an eight-hour working day 
[3]. 
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Research has shown that human response to whole body vibration can cause discomfort, interference with 
activities and impaired health, [4]. The results of this in the short term are fatigue, loss of concentration 
and alertness [5] and can eventually lead to lower-back pain and musco-skeletal disorders. Lower back 
pain is the leading major cause of industrial disability in those younger than 45 years and accounts for 
20% of all work-place injuries. The total cost to industry a year in the US is estimated at $90 billion [1]. 
These disorders are mainly caused by vibration between 0.5Hz and 80Hz, while motion at frequencies 
below 0.5Hz is associated with motion sickness [6]. 
 

2 Modelling 
 
A reliable simulation model must include the vehicle, modelled as rigid or flexible bodies, the human on a 
seat and a road profile input. Often a simplified truck model could be used as a prototype for a more 
complex model [7]. The simplest vehicle ride model is the 2 degree-of-freedom (DOF) quarter car model. 
This model is useful to help understand basic concepts of suspension properties and vehicle vibrations [8], 
but it was reported that because of the diverse properties of large trucks, there is no sound basis for 
selecting a single model representative of the “average” truck. The attempts to generate a generic quarter-
truck model were not very successful with results varying up to 20% when compared with comprehensive, 
non-linear truck models [9]. 
Two- and/or three-dimensional models may be developed to more accurately simulate the ride of a truck. 
A number of models were investigated by [10] and [11]. Agreement between 2D (two-dimensional) and 
3D (three-dimensional) models are usually good in the region of the sprung mass modes and where roll 
modes are not significantly excited. It was concluded that where pitch/plane vibrations dominate the 2D 
model was adequate for ride studies. Measurements on different ADTs have shown that the roll mode is 
excited (and may even become the dominant motion) when travelling on an uneven haul road at high 
speed. A 3D model is thus required to model the truck accurately, but by making the correct assumptions 
the number of degrees of freedom may be reduced while still maintaining adequate accuracy. 
Some of the 2D and 3D models in literature that have been developed to model trucks were researched by 
Jiang et.al., [8]. In a study by Wu et.al. they found that linear components could give acceptable results 
[12], tandem suspensions could be modelled as mass-less beams [13], and the road could be modelled 
from a power spectral density distribution [14]. 
Prasad et.al. [15] stated in their article that it is widely accepted that poor tyre description is the main error 
in vibration prediction. Most researchers use Voigt-Kelvin (linear spring and viscous damper in parallel) 
to simulate tire behaviour. Usually characteristics of the stationary tires are used although they may differ 
from rolling tyres. A number of authors ([16] and [17]) showed that the Voigt-Kelvin representation is a 
suitable representation of the radial characteristics of a tyre. 
In modelling the human, one may choose between many different models. Biodynamic models have been 
obtained from the superposition of the bio-dynamic responses from different individuals. Most current 
models are little more than convenient simple discrete element mechanical systems, the parameters of 
which have been adjusted to fit average transmissibility (vibration through body) or impedance 
(transmission of vibration to the body) data. Ideally models should take into account the bending motions 
of the spine, the effects of body posture, the non-vertical motions of the head, the effect of non-vertical 
seat vibration, the effects of the backrest and the variation in motion at different points on the head. 
Models of the impedance of the body should allow for variations in the static mass of the body and the 
non-linearity evident with changing magnitudes of vibration [4]. These models, however, will have many 
degrees of freedom. The more degrees of freedom, the more accurate the model could be, but for 
optimisation studies a simplified model may be adequate. For the optimisation study an impedance model 
would be better suited. ISO 5982 1981, [18], prescribes a three degree-of-freedom vertical-impedance 
model, but a simple lumped parameter model was developed by Fairley and Griffin, [19], that gives 
satisfactory results up to 20Hz.  It was decided to use the simple lumped parameter model since it has the 
least degrees of freedom yet still gives acceptable accuracy up to 20Hz. Others, [15] and [20], also 
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developed similar models to [19] with acceptable results, even incorporating non-linear effects such as 
end-stops. 
 

2.1 Vehicle characteristics 
The front suspension of the truck consists of an A-frame structure (also called a banjo housing), that is 
connected to the front chassis via a flexible mount. The front axle is suspended from the front chassis via 
two struts. The front suspension struts are filled with a combination of oil and nitrogen under high 
pressure.  The nitrogen provides the required “spring” characteristics while the hydraulic oil provides the 
required “damping” characteristics. At the rear the mid and rear axle housings are connected to two 
walking beams via sandwich blocks. The walking beams are connected to the rear chassis via flexible 
pivot mounts. The bin is isolated from the rear chassis by six rubber shock pads. The pads are in essence 
bump stops. Four cab mounts are used to mount the cab to the front chassis of the vehicle. The air-
suspension seat isolates the driver from the cabin floor. 
The suspension stiffness, damping, mass and inertia properties of the various suspension systems used in 
the model were provided by the manufacturer. 
In order to complete an optimisation study the truck has to be accurately modelled so that when changes 
are made to the model it would reliably predict how the real truck would respond with similar changes. A 
number of assumptions could be made to simplify the model, reduce the number of calculations required 
and speed up the modelling process while still accurately simulating the real truck’s response. 
The following assumptions were applied while developing the model: 
• All components that are to be optimised are modelled with linear characteristics. 
• Only parts or assemblies with a mass of 200kg (about 0.7% of the empty truck) or more is 

considered (except for the human and seat).  
• The steering and drive-train kinematics are not included (except for mass and inertia properties) 
• Tires are modelled as Voigt-Kelvin (spring damper) systems. 
• The front suspension is modelled as a single (constrained) axle with struts. 
• The human on the seat is modelled as a simple lumped parameter model. 
• All structural components are considered to be rigid. 
 

2.2 Road profile 
Road profiles fit the general category of “broad band random signals” and, hence, can be described either 
by the profile itself or its statistical properties. One of the more useful representations is the Power 
Spectral Density (PSD) function [21]. 
As is the case with any random signal the elevation profile measured over a length of road can be 
decomposed by a Fourier transformation into a series of sine waves varying in their amplitudes and phase 
relationships. A plot of the amplitudes versus spatial frequency can be represented as a PSD. Spatial 
frequency is expressed as the “wave-number” with units of cycles/meter and is the inverse of the 
wavelength of the sine wave on which it is based. The displacement spectral densities of different road 
classes (smooth highway, gravel road, ploughed field) is recorded in literature ([11], [21] and [22]). 
It has been found that the relationship between spectral density and spatial frequency can be approximated 
by [11]: 

     n
uu SS −= ))(()(

0
0 κ

κκκ      ( 1 ) 

where  
κ  = wavenumber 
κ0 = datum wavenumber, 1/(2π) cycles/m 
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Su(κ) = displacement spectral density, m3/cycle  
Su(κo) = spectral density at κo, m3/cycle 
 
 Table 1: Values of Su(κo) and n for Spectral Density Functions for Various Surfaces [22] 

Description n Su(κo) in m3/cycle 

Smooth runway 3.8 4.3 x 10-11 
Rough runway 2.1 8.1 x 10-6 
Smooth highway 2.1 4.8 x 10-7 
Highway with gravel 2.1 4.4 x 10-6 
Pasture 1.6 3.0 x 10-4 
Ploughed field 1.6 6.5 x 10-4 

 
Typical spectral densities of road elevation profiles simply reflect the fact that deviations in the road 
surface are larger when the wave-number is large, but decreases as the wave-number is decreased. 
A rigid tread band model from [23] was used to take into account the spatial filtering of the ground profile 
by the tires (see Figure 1). This model assumes a point contact between the tire and the ground and, to 
determine the excitation path due to the unevenness of the ground, the road profile p(x) was replaced by 
the path u(x) of the centre of the tire tread band, which was assumed to be rigid. The path u(x) is 
expressed in terms of p(x) by the following equation: 
 

     22 ')'()( xRxxpxu −++=      ( 2 ) 

 
where R is the radius of the tire (undeformed) and x’ is such that the contact point S is at x+x’ (with 
|x’|<R). x’ is determined by assuming the angle between the normal force (which is parallel to the line SC 
joining the point of contact with the centre of the tire) and the vertical is equal to the slope of the ground 
profile at the point of contact S. 

 
Figure 1: Rigid tread band model [23] 
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2.3 Linearisation 
Suspension components are usually non-linear. The object of linearisation is to derive a linear model 
whose response will agree closely with that of the non-linear model. Although the responses of the linear 
and non-linear models will not agree exactly and may differ significantly under some conditions, there 
will generally be a set of inputs and initial conditions for which the agreement will be satisfactory [24]. 
Linearisation is carried out about an operating point and there are different ways to determine the linear 
model that suits the problem. If the range about the operating point is small, the gradient of the non-linear 
curve at the operating point is taken as the linearised equivalent. This may be done by replacing all non-
linear terms by the first two terms of their Taylor series expansion and ignoring the higher order terms. If 
the range about the operating point is larger it may be necessary to perform a curve fit using an 
optimisation technique such as least squares, alternatively more than one operating point may be 
considered. 
In real life the truck’s suspension often collides with the end-stops indicating large deflections. For the 
unloaded truck the extension-stops are hit more often, while for the loaded trucks the bump-stops are hit 
more often. The parameters were linearised (using the least squares curve fitting technique) over the entire 
range between bump/extension stops.  
 

2.4 ADAMS/VIEW Model 
 

               

Figure 2: ADAMS loaded model 
 
A three-dimensional 24 degree-of-freedom ride model was developed in ADAMS/ VIEW (see Figure 2) 
incorporating the assumptions discussed earlier. The truck does not have a drive-train or steering 
mechanism and each wheel is positioned on top of a vertical actuator. The actuators move up and down 
representing the input by the surface of the road. The wheels are free to lift off the actuator when the 
acceleration becomes too large. The human and seat was modelled as a lumped parameter system. The 
bump and rebound stops were modelled as contact forces. If a certain displacement is exceeded, spring 
and damper forces would increase exponentially, forcing the body back into the operating range. The load 
is fixed to the bin and the bin can only move vertically relatively to the rear chassis. None of the 
components are allowed to rotate about the vertical (z) axis. The degrees of freedom of the model are:  
• Vertical displacement of each wheel (6), 
• Angular displacement of the axles about the x-axis (3),  
• Vertical displacement of the axles (3),  
• Angular displacement of the walking beams about the y-axis (2),  
• Vertical displacement of the chassis (1),  
• Angular displacement of front and rear chasses about x-axis (2),  
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• Angular displacement of the chassis about the y-axis (1),  
• Vertical and angular displacement of the cab about the x- and y-axis (3), 
• Vertical displacement of the load-bin (1), 
• Vertical displacement of the seat and the human (2). 
 

2.5 Validation 
A comprehensive ADAMS/CAR model of the ADT was developed by the manufacturer. The 
ADAMS/CAR model is fairly complex, having 50 degrees-of-freedom and non-linear suspension 
parameters. The tires were not modelled as point contact Voigt-Kelvin as was the case with the 
ADAMS/VIEW model, but instead the F-Tire model (Flexible Ring Tire Model developed by [25]) was 
used.  The results obtained by the simplified model created in ADAMS/VIEW were compared with results 
obtained by the ADAMS/CAR model as well as with experimental results measured on a real truck.  
In order to validate the model it is important that the inputs into the model are the same as the inputs 
experienced by the truck. One scenario that was investigated consisted of a cosine-shaped bump 
constructed with a wavelength of 1.8m and a height of 0.3m. The truck attempted to drive over the bump 
at approximately 8km/h. 
 A comparison between the complex ADAMS/CAR model and a real truck had already been done. These 
results served as the basis for validation of the newly developed, reduced order ADAMS/VIEW model. To 
reproduce the inputs a spline of the displacement as a function of time was generated, compensating for 
the small change in velocity of the truck as it crossed the bump. The displacements were then reproduced 
by the actuators at the base of the wheels of the model.  
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Figure 3: Validation – Front chassis PSD, ADAMS/VIEW ‘– . –‘, top figure ADAMS/CAR ‘—‘,  

bottom figure Measured ‘—‘ 
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In Figure 3 the normalised PSDs of the acceleration data on the front chassis of the truck is shown. The 
top graph is a comparison between the two ADAMS models while the bottom graph is a comparison 
between the reduced order ADAMS/VIEW model and measured results from the real truck  It is clear 
from the graphs that the frequency content of both ADAMS models are the same, but their relative 
importance are not quite the same. The frequency of the main peak corresponds well with what was 
measured in the real truck, but the other frequencies were slightly too high, mainly due to the linearization 
and load condition of the truck (the frequencies would shift slightly to the left for the loaded truck). It can 
be seen that the reduced order ADAMS/VIEW model simulates the real truck’s response more closely 
than the more complex ADAMS/CAR model from the manufacturer. 
 

3 Optimisation 
 
The perception and influence of whole body vibration on humans is strongly dependent on the direction, 
magnitude and frequency of the vibration exposure. ISO 2631 [6] specifies a number of weighting curves 
(Wk and Wd filters, depending on the orientation of the person and the direction of vibration) that are used 
to weigh the contributions of the vibrations on the driver. The filtered vibration exposure level, measured 
as RMS or VDV, is used as a measure of the comfort of the truck.  
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Where aw(i) = ith sample of the weighted acceleration, N = total number of samples,  fs = sample rate 
The optimisation was performed on a truck traversing a typical haul road (described as a very bad dirt road 
in [11]) at 10m/s. By adjusting the stiffness and damping of each suspension components together (i.e. a 
10% increase in the stiffness of the front strut is accompanied by a 10% increase in damping of the strut 
and vice versa), the number of design variables could be halved. Six design variables were identified for 
optimisation, they were: 
• The front struts’ stiffness and damping, 
• The cab mounts’ stiffness and damping, 
• The tires’ stiffness and damping, 
• The rear-suspension’s sandwich blocks’ stiffness and damping, 
• The seat’s stiffness and damping, 
• The walking beams’ torsion springs’ stiffness and damping. 
Since the influence of the optimised suspension parameters on the handling of the vehicle was not 
investigated, it was decided to limit the search for an optimal solution to ±20% of the current linearised 
values.  The struts and seat, however, were allowed to be even softer (-40%) as research from literature 
showed that the rolling stiffness of the steering axle usually is much higher than required ([11] and [26]) 
and the seat does not contribute to the handling of the vehicle. The roll stiffness could also be increased 
later by adding a torsion bar to the front suspension. These limits were introduced as side constraints in the 
optimisation algorithms. 
 

3.1 Objective function 
The comfort of the truck is represented by the RMS or VDV values of the weighted vibration exposure of 
the driver. The lower these values are, the more comfortable the truck will be. The objective of the 
optimisation is thus to minimise the RMS or VDV measured at the seat/human interface. For the purpose 
of this optimisation study the RMS and VDV values of the weighted vibration data of all three axes were 
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calculated at the seat/human interface for different suspension setups as defined by the face centred cube 
central composite design (CCD) methodology from [27] and were recorded. Separate quadratic response 
surfaces (of the form given in equation (5)) were fitted to the recorded results of the RMS and VDV 
values for each axis. 
 

   ...)( 3322110 ++++= XbXbXbbXF   (Linear terms) 

   ...322331132112 ++++ XXbXXbXXb    (Interaction terms) 

   2
333

2
222

2
111 XbXbXb +++      (Quadratic terms) ( 5 ) 

Where Xi refers to the design variables and the coefficients (bij) are determined by a regression 
calculation (as explained in [27]). Only response surfaces that accounted for more than 90% of the 
variability in the trial data (R 2> 0.9) were considered.  
The response surfaces of all the axes were superimposed and the response surface of the axis with the 
highest exposure at the point of investigation was used as the objective function. The optimisation 
algorithms will thus be required to jump from the response surface of one axis to the response surface of 
another axis if the other axis becomes the worst axis at the point of investigation. For the optimisation 
study two objective functions are defined, one for the RMS and one for the VDV respectively, and they 
were optimised independently. 
 

3.2 Algorithms 
Four optimisation algorithms were used to minimise the objective functions for RMS and VDV 
respectively. They were: the DIRECT algorithm developed by Finkel [28], the fmincon function in Matlab 
[29], and the General Reduced Gradient (GRG) and Sequential Quadratic Programming (SQP) algorithms 
from ADAMS/Insight [30]. 
 

4 Results 
 
The optimisation procedure is summarised as three consecutive tasks. The first task is to investigate the 
influence of the design variables on the results. This is done by varying the design variables (suspension 
parameters) over the allowed range and determining the influence they have on the response. The second 
task is to apply the optimisation algorithms with the defined objective functions to obtain the suspension 
parameters that will provide the lowest vibration exposure on the driver. The third task is to verify the 
optimal solution by exposing the truck to different road inputs under different loading conditions using the 
optimised suspension characteristics. 
 

4.1 Sensitivity 
To determine the influence of a parameter on the response, all the parameters are kept constant while the 
parameter being investigated is varied over its allowed range. The Effect % is defined as the ratio of the 
change in response to the neutral (unchanged truck) response expressed as a percentage (see equation (6)). 
It will be negative for a parameter that causes a decrease in the response with an increase in stiffness.  

    %100
)(

)()(%_ ×
−

=
neutralExposure

softExposurestiffExposureEffect   (6) 

The simulation results obtained for different suspension setups as defined by the CCD methodology of the 
loaded and unloaded truck were combined, recorded and a quadratic response surface fitted to the results. 
The RMS response surface of the combined cycle had a coefficient of determination of R2 ≈ 0.96, that is, 
the regression model (response surface) accounted for 96% of the variability in the simulated data while 
the VDV response surface for the combined cycle had R2 ≈ 0.99. The sensitivity of the design variables to 
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the response could be determined from the response surface. It also meant that the response surface 
described the variability well enough to be used as the objective function in the optimisation of the RMS 
and VDV exposure levels as the R2 value for both exceeded 0.9. 
In Table 2 the influence of the parameters on the RMS in the direction of the main axes is recorded. The 
light-grey bars represent a negative Effect %, indicating that increasing the stiffness will reduce the 
exposure level. It was discovered that, for the combined cycle, the struts, cab mounts and tires have the 
largest influence on the responses. The combined cycle’s responses are a weighted combination of the 
results obtained from the loaded and unloaded truck. Optimising the combined results should give 
improvements for the loaded and unloaded truck, but will not necessarily be the optimal solution for either 
response.  
 
 Table 2: Influence of parameters of combined cycle on RMS 

 Factor  Effect % 
Strut 26.8 
Tires 14.2 
Cab Mount  -12.9 
Seat -1.5 
Sandwich Block 0.35 
Torsion Spring -0.2 

 Factor  Effect % 
Strut 14.6
Tires 10.1 
Cab Mount  -1.17 
Seat 0.51 
Sandwich Block 0.37 
Torsion Spring 0.07 

 Factor  Effect % 
Cab Mount  -112 
Tires 24.1
Sandwich Block 2.74 
Strut  -2.55 
Torsion Spring 1.26 
Seat 1.17 

RMS Vertical Vibration

RMS Lateral Vibration

RMS Longitudinal Vibration

 
 

4.2 Optimal parameters 
The objective functions (for RMS and VDV) of the combined loaded/unloaded cycle were optimised by 
using the different optimisation algorithms explained previously. The solutions indicate the relative 
stiffness of the optimal parameter to the current linearised parameter. Improvements for all the axes were 
achieved although the algorithms were only optimising the worst axis (mostly the lateral direction y-axis). 
All the algorithms produced similar improvements. Only the largest improvement is converted into a 
percentage. The grey blocks show for which algorithm the greatest improvement was achieved. It was 
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discovered that a 29.8% reduction in the RMS (and 27.4% reduction in VDV) is attainable within the 
given constraints for the worst axis. The RMS results are shown in Table 3. 
 
Table 3: Combined optimal suspension parameters for RMS exposure 

Optimisation 
Algorithm 

MATLAB ADAMS  

 Nominal DIRECT fmincon SQP GRG  

Strut 1 0.6* 0.6 0.6 0.6  

Cab Mount 1 1.18* 1.2 1.2 1.2  

Tires 1 0.8 0.8 0.8 0.8  

Sandwich Block 1 0.99 0.8 1 1  

Seat 1 0.9 0.85 1.04 1.05  

Torsion Spring 1 1 1.1 1.1 1.1  

RMS [m/s2] Improvement 

Vertical 0.137 0.082 0.079 0.080 0.080 42.3 % 

Lateral 0.279 0.198 0.197 0.196 0.196 29.8 % 

Longitudinal 0.117 0.069 0.077 0.069 0.069 41.3 % 
*A value of 0.6 means that the strut should be softer, the stiffness and damping should be 60% of the 
original, nominal values; a value of 1.18 means the cab mountings should be harder, the stiffness and 
damping should be 18% more  than the original, nominal values. 

 
Each loading condition and each road input would have a different optimal solution. It was, however, 
found that the following adjustments (from Table 3) gave the largest improvement in RMS and VDV for 
all axes: 
• Front struts (spring and damper) should be softened by 40% 
• Cab mounts should be stiffened by 20% 
• Tires should be softened by 20% 
• Sandwich blocks should remain as simulated 
• Seat should remain as simulated 
• Torsion springs should be stiffened by 10% 
The adjustments to the front struts, cab mounts and tires were limited by the side constraints discussed 
earlier. This corresponds well with results published by [8] who reported in his literature study that when 
optimizations were unconstrained, negative damping appears, showing that energy (active suspensions) 
are required for an optimal solution. 
 

4.3 Verification 
To verify the “optimal solution” the VDV and RMS exposures of the “optimal” truck were compared to 
the exposures of the original truck under different loading conditions and road surface inputs as described 
by [11], [22] and [31]. The trucks were simulated as travelling at a speed of 10m/s. The simulation results 
are recorded in Table 4 as a percentage improvement in exposure level. The “optimal” road represents the 
road surface that was used for the optimisation study. Positive entries indicate a reduction in exposure 
while negative entries indicate an increase in exposure level for the “optimal” setting. The bold entries 
indicate the worst-axis for the respective load condition and road surface of the original truck. The grey 
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blocks indicate the worst-axis for the respective load condition and road surface of the optimised truck. 
The “worst axis” columns indicate the direct percentage improvement between initial and final worst axes. 
Note that any axis could be the worst axis depending on the suspension and road surface. 
The vibration exposure levels of all the axes (and in particular the worst axes) were reduced for all the 
road types when the vibration exposure levels of the loaded and unloaded trucks were combined 
(combined model). 
 
Table 4: Improvement (expressed as %) with optimal parameters on different road surfaces 

Road RMS VDV 
 Seat 

Top Z 
Seat 

Top Y 
Seat 

Top X 
Worst 
axis 

Seat 
Top Z 

Seat 
Top Y 

Seat 
Top X 

Worst 
axis 

Good 89.1 99.7 77.7 97.2 68.0 99.4 76.2 91.4 
Poor 86.9 68.3 89.3 88.6 83.6 67.8 79.8 83.6 

Very Poor 47.5 72.9 83.9 83.2 34.7 79.3 70.5 57.8 
Optimal 36.7 26.9 44.7 26.9 33.6 30.0 50.2 30.0 

Ploughed Field 31.0 41.0 78.9 73.7 7.5 32.8 41.2 16.0 

Bold numbers indicate original suspension’s worst-axis; Grey blocks indicate optimised 
suspension’s worst-axis  

 

5 Conclusions 
 
The reduced order simulation and optimisation of the passive suspension systems of a forty ton articulated 
dump truck to reduce vibration exposure on the driver was presented. A 24 degree-of-freedom model, 
simplified by assumptions, was developed in ADAMS/VIEW and verified by comparing the results to 
measured results from a truck as well as simulated results from an independently developed 50 degree of 
freedom model. It was seen that the simplified, reduced order simulation model of an ADT could produce 
reliable results and could be used in the optimisation studies on driver comfort. Different road surfaces 
were generated from spatial-PSD measurements of similar road surfaces and it was seen that for specific 
loading conditions and road inputs, the vertical vibration may be exceeded by lateral and longitudinal 
vibrations. Four different optimisation algorithms converged to the same solution, showing that it is 
possible to significantly reduce the vibration exposure levels of the driver by changing the front struts, 
tires and cab mount parameters. Changing the other parameters only resulted in minor improvements. 
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Abstract 
 

The numerical simulation of contacting engine parts is a challenging target during the engine development 

process. Contrary demands like increasing use of light weight materials and tighter limits of admissible 

stress and strain increase the difficulty of designing low vibrating and low noise engines. The appropriate 

simulation tool has to meet conflicting demands in efficiency and accuracy, in addition. Moreover the 

prediction method must be capable to represent engines with arbitrary size and application area at all 

operating and loading conditions. Various excitation effects have to be covered. Besides the combustion, the 

excitation that results from impacts of body surfaces is an important source of structure borne noise and 

makes an accurate representation in a simulation methodology necessary. In addition to the vibro-acoustic 
excitation, these oil lubricated contacts between the surfaces mainly influences also friction and wear.  

This paper outlines a flexible multi-body dynamics simulation methodology that considers linear elastic 

bodies considering highly non-linear contacts. The contact models are both non-linear spring damper 

approaches and advanced mixed lubrication models that consider effects of mass, elasticity, surface 

roughness and hydrodynamics. The numerical integration of the resulting non-linear mathematical model is 

done in time domain.  

The first part of the paper discusses the mathematical formulation of the flexible multi-body simulation 

model. Both the representation of the linear elastic bodies and the highly non-linear contacts are outlined. In 

the second part, the paper focuses on the comparison of simulation results and measurement results to show 

the wide range of applications and the achievable result quality. In particular results on piston slap excitation, 

valve train and timing drive excitation, crankshaft motions, engine mount vibrations and structure borne 
noise simulation considering all excitation effects are considered.  

 

1 Introduction 
 

The efficiency in the acoustic development of new engines and power trains for modern vehicles can be 

significantly improved by capable prediction methods. The most important frequency range for the 

development process analysed is 0 to 5 kHz, where the for the significant engine noise relevant velocity 
levels occur.  

Deterministic (e. g. [3], [18], [19] and [20]) and statistical approaches [11] have been developed with 

different validity in the frequency range up to 10 kHz depending on the modal density. While deterministic 

models are used with sufficient quality and acceptable calculation effort up to 3.5 kHz, the statistic approach 

is limited by a lower boundary of about 1 kHz and requires former experimental results to be provided. 

Therefore, deterministic models based on Finite Element Method (FEM) have been used and combined with 
equations of multi-body dynamics (MBD) in order to refine the modelling of the reality.  
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A flexible multi-body system consists of several bodies representing the different components. The motion 

of each body is restricted by its contacts to other bodies. The mathematical representation of these contacts 

is done by joints. The equations describing the motion of the flexible multi-body system are derived from 

linear elasticity theory using a Floating Frame of Reference formulation. Most generally speaking, the 

resulting equation system is an implicit differential equation system including pure algebraic equations. 

Since the joints introduce non-linear functional relations, it is not possible to solve the equation system in 

the frequency domain as well as it is also not possible to derive the analytical solution in the time domain. 
Hence, an efficient time integration method has to be used.  

The paper summarises details of the mathematical formulation of the flexible MBD system in the first part. 

Finally, several validation results will outline the MBD being a powerful method for prediction of structure 

borne noise of internal combustion engines.  

 

2 Multi-body Dynamics 
 

In this section the mathematical simulation model in terms of the representative equations is discussed. 

Because of the complex structure of a multi-body system, the total system has to be broken down into 

coupled systems. On one hand bodies, e.g. piston, piston pin, connecting rod and liner, with linear elastic 

behavior have to be considered. On the other hand joint connections, e.g. lubricated regions, considering the 

non-linear forces, acting between the connected bodies have to be considered. The mathematical modeling 
of these sub-systems will be resumed in the following section.  

 

2.1 Bodies  
 

Focusing on the motions of any specific body, the motion can be separated into global (gross) motions and 

local vibration motions. In addition, translatorial and rotational motions need to be considered for both 

global and local motions. From a mathematical point of view these arguments result in specific degrees of 

freedom, that are used to describe the motions of a body. All motion components and its derivatives in time 

of any body can be collected in one vector z , reading  

( )TTTTT

B

T

B

T

B q,q,Ω,x,θ,xz &&= .                                             (1) 

In order to describe the global position and the global orientation of a component, global degrees of freedom 

have to be considered. 
3IR∈Bx and 

4IR∈Bθ  denote the global position and orientation coordinates, 

respectively. Rotations are parameterized by a 4-dimensional family of Euler parameters Bθ , [10]. 

3IR∈Ω  denote the three-dimensional angular velocities. 
3IR∈Bx&  denote the global velocity 

coordinates. Assuming a discretization with N  nodes (grid points), the elastic deformations of the total 

body can be separated in translatorial displacements and rotational distortion components. These 

deformation components are represented in the generalized displacement vector [ ]t
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The mathematical modeling of each body is based on Newton’s equation of momentum and Euler’s 

equation of angular momentum. This basis is well known in literature and can be found e. g. in [4]. 
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Transforming these fundamental equations into a body fixed coordinate system and introducing linear 

elastic structural properties, results in the classical equation of motion for linear systems, reading  

444 3444 21
&&&

f

rbAccgyrosext fffqKqDqM −+=⋅+⋅+⋅ .                                             (3) 

M , D  and K  denote the bodies mass, damping and stiffness matrix. As equation (3) is given in the 

bodies reference coordinate system, these structural matrices are time invariant and can be generated in a 

pre-processing step, ([1], [2], [12], [17]).  

The vector of external forces and moments extf  at the right hand side of equation (3) is a sum of exciting 

joint forces and moments ∗f  and external loads af   

∗+= fff aext .                                                                     (4) 

External loads (e.g. gas forces, valve train forces, output torque) are given functions in time domain 

determined from given measurement or precalculated data, [26]. The highly non-linear terms of excitation 

loads ∗f  are given by joints that connect one body to another (e. g. contact forces acting between a piston 

and liner resulting from solution of Reynolds equation). Various joint models for different applications will 

be outlined in the following section.  

The non-linear terms 
rbAccf  and 

gyrosf  consist of N  mass related components considering the inertia 

components that result from global motions of the body. The vectors result from the coordinate 

transformation of the equations of momentum and angular momentum into the bodies relative coordinate 

system. The vector 
rbAccf  contains the rigid body accelerations and reads  
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whereas  
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represents the gyroscopic terms considered for the total elastic body. 
i

m , 
i

c , 
i
ω  and 

i
I  denote the mass, 

the geometry vector, the vector of angular velocities and the inertia tensor of node i .  

From equation (3) both global motion quantities and local deformation are calculated in time domain, [14] 

and [5]. A unique separation of these quantities needs to be made sure. In order to obtain the separation of 

the overall results into gross motion and elastic quantities additional conditions need to be defined. Several 

strategies are provided for this purpose, see e. g. [14] and [5]. A set of reference conditions minimizing the 

square average of the relative displacements is used, which reads  
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The set of reference conditions (7) is based on the idea of minimizing the discrete weighted 
2L -norm of the 

displacements to ensure the distance to the linearization point remaining as small as possible in the 
2L -sense. As pointed out in [24] and [25], the linearization performed to the kinematics relation between 

strains and deformations that results in a linear stress tensor requires the elastic deformations to be as small 

as possible. The linearization is performed with respect to zero displacements. Hence, the origin of the 

moved reference frame has to be chosen in such a way that the displacements relative to the reference 

coordinate system are as small as possible. More details regarding this linearization aspect and the used 

floating frame of reference formulation can also be found in [5].  

 

2.2 Contact forces and moments  
 

For the computation of non-linear contact forces and moments ∗f  of each elastic body, a set of joint models, 

primarily designed for the simulation of the structural dynamics of internal combustion engines, will be 
discussed in this chapter. In this field, non-linear contact models need to be provided for  

• Piston – liner contacts  

• Radial slider bearings  

• Axial bearings  

• Engine mounts and 

• Rotational couplings of shafts.  

Basically, a wide range of joints is available. The simplest joint connection of two bodies can be done via 
spring – damper functions reading  

x∆∆xf &⋅+⋅= intint JoJo dk .                                                           (8) 

∆x  and x∆ &  denote the distance and its first derivative in time of the connected nodes. In the case of a linear 

spring damper model, the coefficients intJok  and intJod  are constant. For non-linear modelling, intJok  and 

intJod  are determined from the equations  

Bx

x

B

Jo
k

k
kk

∆









⋅=

0

0int                                                                 (9) 

and  

Bx

x

B

Jo
d

d
dd

∆









⋅=

0

0int .                                                             (10) 

The parameters 0k  and Bk  as well as 0d  and Bd  define the non-linear behaviour relative to a reference 

length Bx .  

This type of model can be applied to each of the above mentioned contacts. Due to the limitation of the 

simplified model, local effects as well as highly non-linear phenomena cannot be captured. For this purpose, 

higher sophisticated joint models have to be used for specific applications. Fast analytical approaches (e. g. 
according to [9] and [13]) can be used as well as more CPU time costly mathematical models.  
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Especially in case of oil film lubricated contacts the well known Reynolds equation is used for computing 

the hydrodynamic pressure distribution of the oil film in a lubrication region between two bodies. 

Depending on the application, both a simulation with (elasto-hydrodynamics) and without (hydrodynamics) 

consideration of the structural dynamics of the connected shell body can be performed. Even if 

elasto-hydrodynamic calculation is more expensive in terms of CPU time, the influence of dynamical 

interactions makes the consideration of the corresponding effects necessary. Typical applications of (elasto-) 

hydrodynamic contact algorithms are radial slider bearings and piston to liner contacts. The Reynolds 
equation for the radial slider bearing contact reads  
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whereas equation  
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can be used for representing the piston to liner contact, see e. g. [6], [14], [16], [21] and [22]. Both equations 

are solved for the hydrodynamic pressure p  in lubrication regions and for the fill ratio θ  in cavitation 

regions considering pressure boundary conditions at the geometry edges as well as at the position of oil 

supply (oil bores and oil grooves). The fill ratio describes the oil percentage in the gap between the two 

contacting bodies. As discussed in [22], θ  is within the interval (0,1] and enables a mass conservation 

calculation. h  is the clearance gap height. The oil film viscosity η  can be pressure dependent, obeying an 

exponential law, [16]. Shellu  and Journalu  as well as Linerw  and Pistonw   are the circumferential and axial 

velocity components of both connected bodies, that have to be considered in terms of boundary conditions 
according to Stoke´s stick condition.  

 

3 Simulation procedure  
 

The simulation procedure consists of three main steps: a pre-processing step, a simulation step and a 
post-processing step.  

In the first step, the geometry and the structural data of all engine components as well as all joint data are 

prepared and entered in the model.  

In the second step, the system of equations is solved in time domain. This system results from assembling all 

body equations within one equation system. With an increasing number of bodies in a model also the size of 

the resulting equation system describing this model rises. Since efficiency arguments are of importance with 

respect to the application, the special structure of the equation system is exploited when choosing 

appropriate numerical methods. The structure is related to the structure in the model. It yields a block 

diagonal system matrix with some off-diagonal entries, where each block corresponds to the equations for a 

particular body and the off-diagonal entries represent the couplings between the bodies introduced by the 

contact models. The time integration for the complete equation system is split and done separately for each 

body. The interaction between the different bodies is considered via coupling forces and moments. 

Moreover, the BDF method, is set up for a first order equation system derived from the second order 

equations of motion. The whole concept is explained in [14] in very detail.  

In the last step, result data of the time integration process can be extracted. Both detailed analyses of specific 
effects and global trend studies through 3D animations of the structural components can be done.  

 

4 Validation of the simulation methodology  
 

The simulation in time domain is carried out using the software AVL EXCITE, [3]. For this purpose, all 

model simulation data are defined within a pre-processing step. For each elastic body, this step includes the 
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generation of the geometry and the structural matrices, reduction (condensation) of the number of degrees of 

freedom and the determination of external loads from measurements or simulation results. Both optionally 
condensed 3D volume models (e. g. [1], [2] or [12]) and structured models, [17], are considered.  

In the following section, the paper focuses on the comparison of simulation results and measurement results. 

In particular results on piston slap excitation, valve train and timing drive excitation, crankshaft motions, 

engine mount vibrations and structure borne noise simulation considering all excitation effects will be 
discussed. 

 

4.1 PISTON SLAP EXCITATION TRANSFER TO THE ENGINE BLOCK SURFACE 
 

For the purpose of validation, calculations and measurements were carried out for a turbo charged 4 cylinder 

truck Diesel engine. The engine vibration was measured with several accelerometers installed on the engine 

block surface and at the cylinder liner. The left part of Figure 1 shows the positions of the accelerometers. 

The three marked accelerometers were positioned at the major thrust side of cylinder 4 at different heights in 

order to show the influence of the piston slap as well as of other excitation sources. Figure 2 depicts the 

measurement results in time and frequency domains at 2000 rpm, full load. The results on the cylinder liner 

(acc8), show the piston slap event 4 degrees crank-angle (CRA) after firing top dead center (FTDC) clearly. 

Strong vibrations can be observed in the period of 0 to 24 degrees CRA. The measured results on the block 

surface at positions acc10 and acc15 show less structural response to piston slap than those at acc8. 

Specifically, at acc15 the slap event is overwhelmed by other excitation sources (e. g. combustion, 

crankshaft, timing drive). Therefore, it appears that the response of this engine is not critically influenced by 
piston slap excitation.  

 

       

Figure 1: Left: Positions of accelerometers at the liner (acc8) and at the engine block surface (acc10, 

acc15) – cylinder no. 4, thrust side; Right: Calculation model considering 3D volume models for the 

engine block, the crankshaft and the piston. Connecting rods and the piston pin in cylinder 4 are 

represented by structured models  

 

In order to evaluate the transfer of the piston slap excitation through the engine block structure (first steps in 

this area can be found in [9]), a comparison between calculated and measured results is discussed in this 
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section. The investigations were done for an engine running condition of 2000 rpm, full load, considering 
hydrodynamic contact conditions between piston and liner according to equation (12).  

 

 

Figure 2: Measured structure accelerations for cylinder liner (acc8) and block (acc10, acc15) at 2000 

rpm, full load 

 

Figure 3: Comparison of measured and calculated accelerations at the cylinder liner (acc8) at 2000 

rpm, full load 

 

The combustion as well as the output torque are considered in terms of external forces and moments. The 

combustion pressure curve is taken from measurement data. The corresponding loads, integrated to nodal 

forces, are applied to the cylinder head, to the small ends of the connecting rods of cylinders 1, 2 and 3 and 

to the piston of cylinder 4. The output torque at the crankshaft is pre-calculated considering the crank train 

kinematics. For the sake of saving CPU time in the planed analyses, a 3D volumetric model of the piston is 

used only in cylinder 4. Cylinders 1 to 3 are equipped with simple piston masses guided in the cylinder 

symmetry, (see Figure 1). Consequently, the detailed elasto-hydrodynamic calculation is carried out in the 

contact between the piston skirt and the liner of the fourth cylinder according to equation (12). Furthermore, 

surface profiles of the contacting parts are prepared, considering deviations from nominal contours due to 
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manufacturing, thermal and assembly loads in the running engine. The necessary steps as well as the used 

surface profiles are discussed in [8]. Both the four big end and the small end bearings in cylinder 4 are 

represented by spring-damper functions according to equation (8). The five main bearings are represented 

by a hydrodynamic model that is outlined in [9]. For engine block and the crankshaft, 3D volumetric models 
are considered.  

In order to focus on the piston slap related excitations, results are evaluated at FTDC of the 4
th
 cylinder only. 

Figure 3 and Figure 4 show a comparison of measured and calculated acceleration results on the cylinder 

liner and on the engine block surface. At the cylinder liner (acc8), the calculated accelerations show good 

correlation with the measured data in both time and frequency domains. The accelerations due to piston slap 

and gas load oscillations can be clearly seen. The main differences between measured and calculated results 

occur in the amplitudes. The reason for this effect has been already described in [8]. It can be related to the 
amount of oil between piston and liner in FTDC being too high in the calculation.  

A comparison of measured and calculated accelerations on the engine block surface (acc10) is illustrated in 

Figure 4. The calculated acceleration results show good correlation with measurement data in time domain 

as well as in frequency domain. Both the events with respect to time and the magnitudes show a good 

correlation up to 36 CRA. A small time shift of about 2 CRA can be noticed. Although, this is subject of 

ongoing work, too, it can be mentioned that this time shift is in the same range as variations occurring with 

different engine cycles measured.  

The piston slap excited accelerations are not dominant compared to other sources in both figures. 

Furthermore, the vibrations due to gas load oscillations can be observed in the interval from 12 CRA before 
FTDC till FTDC.  

 

 

Figure 4: Comparison of measured and calculated accelerations at the block surface (acc10) at 2000 

rpm, full load 

 

4.2 VALVE TRAIN AND TIMING DRIVE EXCITATION  
 

In addition to the low-frequency dynamics determined by the engine orders, high frequency oscillations 

occur in the timing chain drives of passenger car engines. These are caused by polygon effects or meshing 

impacts, correspond to the meshing frequency and cause a narrow band excitation of the structure audible as 

a speed dependent whine noise. The high-frequency excitation is typically transferred to the engine at 

support positions of shafts, sprockets, guides and at the tensioner. The numerical simulation of this 
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excitation mechanism requires detailed models of chain and chain tensioner, [6]. Additionally the 

interaction between the sub-systems (e.g. chain drive and camshaft) must be considered by modeling the 

entire timing drive, [27]. Thus, camshafts as well as all driven valve trains are modelled and regarded as 

members of the entire multi-body representation. The resulting fully coupled model of the timing drive that 
is depicted in Figure 5, is a key point for correct reproduction of chain-drive/camshaft interactions.  

 

 

Figure 5: Timing drive components  

 

 

Figure 6: Comparison of measured and calculated intake transducer speed fluctuations in time (left) 

and order (right) domain  
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Structural excitation was investigated for a silent chain configuration, [23]. Figure 6 shows the comparison 

of measured and computed intake transducer speed fluctuations. The right part of the picture outlines the 

whole engine speed range whereas several specific engine speeds are outlined in the left part of the picture. 

Comparing both the whole engine speed range results and the time domain results of the specific engine 

speeds shows a good correlation of measured and calculated curves.  

 

4.3 CRANKSHAFT MOTION  
 

 

Figure 7: Measured and calculated accelerations of the crankshaft front end (pully) in three global 

engine directions at 1200 rpm 

 

This section outlines an analysis, that has been performed for an inline 6 cylinder diesel truck engine at an 
engine running condition of 1200 rpm.  

Structured models (connecting rods, crankshaft) as well as 3D volume models (engine block) were used for 

representing the separated engine components. The masses of the pistons are considered as additional 

masses in the connecting rod small ends. Engine mounts, big ends, axial bearings, main bearings and piston 
guidance were modelled via non-linear spring damper functions according to equation (8).  

In addition to the excitation and the interaction of the contacting bodies due to multi-body dynamics, several 

excitations are considered in terms of external force and moment components. The combustion as well as 

the output torque are represented by external forces and moments. The combustion pressure curve was taken 

from measurement data. The corresponding loads, integrated to nodal forces, are applied to the cylinder 

head and to the small ends of the 6 connecting rods. The piston side forces are calculated in a pre-processing 

step, [6], and are applied to the cylinder liner surface via external components, also. In addition, structural 

excitations resulting from the timing drive (injection drive) are applied to the engine block structure. For this 
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purpose, force components resulting from injectors, rockerarms, followers and cams as well as rockerarm / 
follower support, valve spring support are computed in a pre-processing step, [26].  

The main goal of this study was a comparison of measured and calculated crankshaft accelerations. Based 

on this comparison the validity of the presented multi-body simulation concept should be documented. 

Figure 7 shows measured and calculated accelerations of the crankshaft front end over one engine cycle. The 

curves are given relative to the three global engine directions crankshaft axis direction, thrust direction and 

cylinder axis direction. Measured and calculated result data show a good correlation in crankshaft axis 

direction as well as in cylinder axis direction. The differences in thrust direction result from an inaccurate 

main bearing modelling, that is done using joints according to equation (8). In general, both the global 
tendency and local phenomena are predicted from the simulation methodology with excellent accuracy.  

 

4.4 ENGINE MOUNT VIBRATIONS  
 

 

Figure 8: Comparison of measured and calculated accelerations [dB] in vertical direction of the 

engine front end mount for different engine orders  

 

A validation of the engine mount vibrations modelling has been done for a front-transverse configuration of 

a sport car. Calculated result data were again compared with measurement data. Both the measurements and 

the calculations were done quasi steady state at specific engine running conditions and transient over the 

whole speed range. The mathematical representation of the engine mount contact has been done according 

to [7]. Figure 8 depicts accelerations in vertical direction of engine front end mount for different engine 

orders.  

A general comparison of the separated curves outlines a good correlation both in absolute values and 

tendencies. Analyzing especially the second order comparison shows a difference of the calculated results 

compared to measurement. This effect results from an inaccurate representation of the connecting rods and 

the pistons masses within the multi-body model.  

MULTI-BODY DYNAMICS AND CONTROL 2673



4.5 STRUCTURE BORNE NOISE SIMULATION CONSIDERING ALL EXCITATION EFFECTS  
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Figure 9: Exploded view of the FEM models of engine parts of a truck engine, w/o crank train 

 

  

Comparison of measured (green) and calculated (red) 

normal vibration velocity levels at P 15  

Comparison of measured (green) and calculated (red) 

normal vibration velocity levels at P 16  

 
 

Figure 10: Observation points (measurement and calculation) and vibration velocity levels at engine 

surface 1/3 octave band of 1600 Hz at 2300 rpm, full load  

 

This section discusses a 6 cylinder truck Diesel engine that has been investigated for the purpose of 

validation. Figure 9 shows details of the engine model required in order to simulate structure borne noise up 
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to 3 kHz. The required FEM mesh density of the model depends on its modal behaviour in frequency 

domain. The higher the modal density of the structure parts in the analysed frequency range the smaller the 

maximum size of the FEM elements in the meshing. Automatic mesh generation accelerates the model build 

up significantly. For the vibro-acoustic simulation, the models of the crank train and the model of the engine 
are composed.  

The vibration simulation was carried out in time domain for different speed and load conditions. The 

structure excitation was pre-calculated and considers the following sources of noise excitation: the gas load 

in the cylinders, the timing drive impacts in the cylinder head (valve seats, camshaft bearings, etc.) and the 

piston slap impacts in the cylinder block. The simulation results give the engine surface vibrations in time 

domain (perpendicular to the engine surface) and are converted to frequency domain by means of Fast 

Fourier Transformation (FFT).  

Figure 10 shows typical simulation results up to 3 kHz at an engine running condition of 2300 rpm, full load. 

In the upper part of Figure 10 velocity levels of two surface points are plotted in frequency domain. Both 

observation points are situated at cylinder no. 5, one in the cylinder centre and one at the oil pan flange. The 

comparison with measured results underlines the quality of the simulation results. The lower part of Figure 

10 shows integral vibration levels in the third octave band of 1,6 kHz. Comparing the results of 

measurement and calculation, the quality of results that are possible for the prediction of absolute noise 

levels can be observed. This precision is presently in the range of about 3 dB and requires precise models for 
the structure and the excitation as mentioned in the previous part of the paper.  

 

5 Conclusion  
 

The paper outlines the mathematical background of the flexible multi-body dynamics simulation with 

special consideration of structure borne noise prediction of internal combustion engines and power units. 

The application of the calculation procedure is demonstrated with AVL EXCITE. Specific problems of 
mathematical modelling for these applications are discussed and solutions are shown. 

The validation examples shown in the paper confirm the quality of the introduced simulation methodology. 

Thus, a main progress in providing an integrated simulation tool for modern engine development process is 

shown, which is applicable not only to NVH targets but also to tasks where stress and durability results are 
required.  
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Abstract 
 

The main aim in engine development is to implement new, optimized engine concepts regarding function, 
design space, weight and costs in very short development times. The trend towards increasing power den-
sity by means of supercharging, high speeds and downsizing leads to higher load on crank train compo-
nents with a reduction of load reserves. Fail-safe design and optimization of these high-load components 
can be significantly promoted by the efficient use of transient simulation technologies based on MBS al-
gorithms using elastic structures. This paper demonstrates as a primary application the dynamic analysis 
of an AUDI AG V8 crank train based on a run-up simulation. The aim is to demonstrate the great potential 
of this method by showing interesting possibilities using optimization tools (e.g. FE-Design's TOSCA) to 
the acoustics simulation of the complete engine-gearbox assemblies. 

 

1  Introduction 
 

In order to make a reliable, significant prediction of dynamic behavior for the purpose of determining the 
strength of a crankshaft or con-rod, it is necessary to take various effects into account numerically. The 
crankshaft is an elastic component that may deform under load. The motion of the crankshaft or con-rod is 
characterized by major non-linear displacements. Other necessary elements are a dynamic oil-film model 
in order to realistically describe the coupling between the crankshaft and the crankcase as well as the con-
rod and the crankshaft. This is necessary because dynamic effects (resonances) can lead to problems in 
modern engines as a result of increasing speeds and reduced weight. The aim of a dynamic simulation 
should therefore be to identify such effects at an early stage and take suitable measures to eliminate them 
to the greatest possible extent. However, this requires a method that allows us to integrate all these dy-
namic effects into the fatigue simulation as well. The fatigue software FEMFAT developed at the Engi-
neering Center Steyr (ECS) – deployed by leading car manufacturers around the world – is used for this 
purpose. The computation is based on stress data coming from FEM analysis. 

Multi-body system simulation (MBS; MSC.ADAMS) is used for dynamic simulation (Figure 1) of a crank 
train (or camshaft). This method is very effective and offers the possibility to consider the crankshaft 
(camshaft or con-rod) elasticity by coupling the system with FEM structures (MBS/FEM composite struc-
tures) [1], [3], [4]. In the first step, the FEM solver (e.g. MSC.Nastran) computes a modally reduced sys-
tem (few degrees of freedom) of an existing FEM mesh (many degrees of freedom). The resulting set of 
eigenvectors consists of dynamic and static modes, that are required for coupling with MBS elements 
(body, joints, forces, etc.) [5]. With the aid of this modal base we can now correctly describe the behavior 
of the elastic component, e.g. the crankshaft, up to a defined maximum excitation frequency. The total 
deformation consists of a linear combination (superposition) of all modes. 

In the second step, that is based on the results of the modal reduction, the associated stress distributions 
(modal stresses) are computed for each of these modal forms (=characteristic displacement for each node). 
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These modal stresses are then the basis for the dynamic strength computation with FEMFAT and contain 
both static and dynamic characteristics. 

Build FE model of flexible body
� define interface points

Build FE model of flexible body
� define interface points

FE modal analysis
� component modes, component mode stresses

FE modal analysis
� component modes, component mode stresses

Import FE - structure into MBS
� connect flexible body to rigid bodies

Import FE - structure into MBS
� connect flexible body to rigid bodies

Solve hybride FE-MBS-EHD system
� output time series of modal response

Solve hybride FE-MBS-EHD system
� output time series of modal response

F
E

M
M

B
S

Import modal loads into FEMFAT
� modal stresses, time series modal response

Import modal loads into FEMFAT
� modal stresses, time series modal response

Multiaxial Fatigue Analysis in FEMFAT
� includes contribution of static and vibration loads

Multiaxial Fatigue Analysis in FEMFAT
� includes contribution of static and vibration loadsF

E
M

F
A

T
Build FE model of flexible body

� define interface points

Build FE model of flexible body
� define interface points

FE modal analysis
� component modes, component mode stresses

FE modal analysis
� component modes, component mode stresses

Import FE - structure into MBS
� connect flexible body to rigid bodies

Import FE - structure into MBS
� connect flexible body to rigid bodies

Solve hybride FE-MBS-EHD system
� output time series of modal response

Solve hybride FE-MBS-EHD system
� output time series of modal response

F
E

M
M

B
S

Import modal loads into FEMFAT
� modal stresses, time series modal response

Import modal loads into FEMFAT
� modal stresses, time series modal response

Multiaxial Fatigue Analysis in FEMFAT
� includes contribution of static and vibration loads

Multiaxial Fatigue Analysis in FEMFAT
� includes contribution of static and vibration loadsF

E
M

F
A

T

 

Figure 1: Basic dynamic simulation process 

 

With the aid of such a modal representation of the crankshaft it is possible to simulate an engine run-up, 
beginning from idle to maximum speed. The MBS model comprises rigid bodies and flexible structures. 
Furthermore, it is also possible to include all attachments such as torsion or pulley dampers, single- and 
dual-weighted flywheels or drive plates for torque converters (automatic gear), or even the complete pow-
ertrain or test-bed assembly in the simulation. The dynamic properties of the lubrication films in the crank 
gear are simulated with the aid of the elastohydrodynamic oil-film model developed at the ECS (FEMFAT 
EHD). In this highly efficient module, pressure distribution and resultant bearing forces and torques are 
computed for each bearing state. Oil film damping is part of the physical formulation and plays a major 
role in achieving a good correlation of simulation results and measurements [2]. 

With the aid of the MBS it is possible to simulate a transient engine run-up to detect all system resonances 
that occur. Campbell diagrams of relevant measured variables are used to obtain detailed information on 
possible dynamic effects (bending and/or torsional vibration, flywheel wobble, etc.). In addition, such a 
simulation also provides the history of the amplitudes (weighting factors) of the individual modes of the 
flexible structure. These so-called “modal coordinates” serve as load-time data for the final damage pre-
diction with FEMFAT, especially with the multiaxial module FEMFAT MAX on the basis of modal su-
perposition (Figure 2). 

The integrated simulation is capable of realistically simulating the dynamic effects in a crank train and 
producing reliable functionality and strength predictions. In addition, it is possible to identify the type of 
resonance (bending and/or torsion) as well as check and predict the effect of system resonance reduction 
measures. 

Another major advantage of this method, in addition to the excellent quality of the results, is the short 
computation time compared to competitive products, that allows to simulate a transient engine run-up. 

 

2  Crank train simulation 
 

Aggregate development is set in the area of conflict between customer wishes, legal requirements, and 
taking commercial aspects into account. Product development is accompanied by aggregate computation 
that is fully integrated into the product development process. Depending on the individual tasks and stages 
of the development process, various simulation tools are used with varying depths of modeling. By means 
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of validating and verifying the results of the simulation against actual readings, it is possible to "inter-
mesh" separate stages of product development. This ensures constant high quality of results and a good 
understanding of the system. 

 

 

 

Figure 2: Results of a dynamic simulation 
 

The wide range of methods in aggregate computation can be demonstrated by looking at the crankshaft. 
Very early in the development process, the basic design of the component is determined with the aid of 
parameter optimization tools. Torsional vibration tests provide the first information regarding strength be-
havior and dynamics. A final evaluation of strength and of component/system behavior, however, is only 
possible with the aid of three-dimensional multi-body simulations, taking flexible system components into 
account. 

The dynamic analysis of the crank train requires a detailed description of the system components in the 
MBS environment. The level of detailing, in turn, depends on the focus of the analyses. The key objec-
tives of the crank train simulation described here are: 

• Computation of dynamically computed bearing loads and other system forces 

• Strength analysis of the crankshaft with the aid of safety factors based on damage analyses 

• Examination of processes in the lubrication films of the main bearings, crankpin, etc. 

• Investigation of crankshaft dynamics (crankpin motion, flywheel wobbling, etc.) 

• Investigation of crank train dynamics (piston motion, con-rod load, etc.) 

 

2.1  Validation of the simulation process 
 

The system limits of modeling must be defined in such a way as to ensure realistic simulation of the actual 
crank train. The dynamic behavior of the torsional vibration damper, the lubrication film and crankcase 
bearing stiffnesses, and the gear-side connection of the crankshaft are key characteristics that need to be 
taken into account sufficiently in modeling. It may be necessary to determine these variables on the basis 
of further computations or measurements. 

The validity of the model is verified with the aid of measured variables. Experiences have shown, for ex-
ample, that torsional vibration behavior of the crank train usually occurs on the pulley hub and on the fly-
wheel. Comparing the resonances and amplitudes identified in the relevant engine orders with the results 
of the simulation provides a first indication of the quality of the simulation (Figure 3). 

Campbell Diagrams 

Fatigue Distribution 

Min. safety ver-
sus speed

Oilfilm parameters 
(lubrication gap, pressure distribu-
tion,….) 

MULTI-BODY DYNAMICS AND CONTROL 2679



 

Figure 3: Validation of the crankshaft simulation with torsional vibrations 

 

Crankshaft bending – caused by gas and inertia stresses – has a major influence on the dynamic behavior 
of the train. It is therefore also necessary to consider this variable when verifying the simulation model. In 
order to avoid time-consuming DMS measurements of the crankshaft, the influence of bending can be in-
vestigated, for example, by observing wobble at the pulley hub by measuring tilting movements of the pri-
mary-side dual-weighted flywheel. 

Strains in engine operation are measured during the component strength testing. For this purpose, strain 
gauges are applied at ten selected positions of the crankshaft (Figure 4). Five of these strain gauges react 
primarily to bending, the other five primarily to torsion. Comparing strains is a very sensitive criterion as 
it includes deformation under load (bending line of the crankshaft) including all dynamic influences. 
These deformations (strains) are key factors regarding to the stresses and are the basis for the fatigue com-
putation. 
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Figure 4: Verification of the 4.2 liter V8 engine 
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For a comparison with measurements, the appropriate positions of the strain gauges were localized in the 
crankshaft FEM model and transferred to the hybrid MBS model. Because it is not possible to evaluate 
strains (ε) directly in the MBS, they were determined as follows: 

 

( )
0

0

l

ltl −
≅ε                                                                           [1] 

 

Although an approximation, the error of the computed strain is small because of the main actuation direc-
tion of the strain gauges. Because the strain gauges were not temperature-compensated on the test shaft for 
reasons connected with the mode of measuring, only the difference between the envelopes was evaluated 
in order to eliminate temperature drift (increase in oil temperature due to increasing friction). The simu-
lated strains were evaluated in the same way. 
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Figure 5: Comparison of strain results simulation/measurements regarding bending load 

 

Figure 5 shows example results for strain gauges sensitive to bending. The correlation between the meas-
urement and the simulation is very good and shows that the detailed oil-film model is capable of correctly 
describing the dynamics. 

 

2.2  Crankshaft strength analysis 
 

A important aspect of the crankshaft investigation is strength analysis with the aid of safety factors (Fig-
ure 6). Material parameters, computed in component damage tests on single cranks are the basis of the 
safety factor evaluation. The causes of low safety factors are investigated with the help of the examination 
of modal stress and linearized system eigenforms discussed as mentioned in item 1. 
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2.3  Extended crank train model 
 

At high speeds, the interaction of the piston, con-rod and crankshaft creates highly dynamic system behav-
ior. The greatest crankpin motion can be expected on the crank furthest from the axial bearing. In order to 
improve crank train behavior, it is necessary to understand the dynamics in detail. The existing crank train 
model of an 8-cylinder aggregate was therefore extended. The previously rigid models of piston and con-
rod on cylinder 1 were replaced with flexible bodies (Figure 7). The small ends of the con-rod are radial 
connected to the crankpin and piston pin via the ECS - (E)HD bearing. This allows radial movement in the 
clearance areas. The axial movements are controlled by stiffness characteristics. Stiffness characteristics 
also simulate piston clearances in the secondary and tertiary direction. 
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Figure 6: Assessment of safety against endurance limit of the crankshaft  

 

 

Figure 7: Extended cranktrain model with flexible crankshaft, piston and con-rod 
 

2.4  Safety distribution in the con-rod 
 

By means of a flexible con-rod simulation in the extended crank train model, it is now possible to perform 
a damage analysis for this component during post-processing. The result shows a distinct asymmetry of 
safety factors on the surface at high speeds and unfavorable crank train configuration. Safety factors in the 
direction of travel (towards the torsional vibration damper) are significantly lower than on the opposite 
side. This suggests an additional bending load on the con-rod around the lateral axis of the crank train. The 
greatest bending of the con-rod is always found after top dead center (Figure 8, left). Deformations are 
strongly inflated in the diagram. 

After ignition, the load on the con-rod essentially results on combustion pressure. Then the con-rod bends 
against the direction of travel (away from the torsional vibration absorber). The superposition of the resul-
tant bending stress and compressive stress from the combustion process results in the highest load on the 
con-rod in the direction of travel. 
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After the gas exchange GOT, the con-rod bends in the direction of travel (towards the torsional vibration 
absorber). The greatest stress on the con-rod in the direction of travel exists again when bending stress is 
superposed with tensile loading caused by the inertia stresses that are now active. 

after ZOT

after GOT

+ =

Loading of the conrod by pressure
(ignition) and bending

Max. load (damage) on TSD-side,
little load on other side beacuse of
superposition

Loading of the conrod by tension
(inertia forces) and bending

Max. load (damage) on TSD-side

TSD

TSD

TSD-side

Min. safeties on TSD-side
of the conrod

+ =
 

Figure 8: Asymmetric safety distribution in the con-rod through increased dynamics at high speed 
(ZOT=ignition top dead center, GOT=gas exchange dead center, TSD=torsional vibration damper) 

 

2.5  Examinations on crank train dynamics 
 

On the basis of the examinations regarding the con-rod it becomes clear that the load on individual com-
ponents results from the interaction of individual components in the complete system. Con-rod stress is 
therefore determined by the movement of the piston, the movement of the crankpin, movement of the little 
eye on the bolt, but also by movement in the clearance areas. The question poses whether, for example, 
varying con-rod geometry has a positive or negative influence on system behavior. 

Figure 9 shows the effects of varying the con-rod on piston tilting in the tertiary direction and on relative 
tilting between the big end of the con-rod and the crankpin (secondary tilting = change of bearing surfaces 
of piston in the rotation plane of the crank gear, tertiary tilting = change of bearing surfaces of piston in 
axial direction of the crankshaft). The maximum values are displayed around one working cycle. You can 
see that varying con-rod geometry and the associated change of con-rod stiffness can be used to selec-
tively influence piston tilting. In addition, the changed crank gear properties also influence tilting in the 
relative clearance between the big end and the crankpin. 

Furthermore, the diagram demonstrates the influence of speed on crank train dynamics. At higher speeds, 
crank train dynamics increases almost exponentially. This can influence wear patterns and the functional 
behavior of the crank train and, in extreme cases, may lead to strength-related problems of individual 
components. In this case, design measures are absolutely necessary. 

Validation of the results computed with the aid of the extended crank train model is possible with the 
complex telemetric measurements on the con-rod. This involves computing con-rod loads in the fired gear 
train with the help of strain gauges including a suitable calibration test and comparing them with the com-
puted results. On the basis of this verified simulation it is possible to compute various system parameters. 
This enables profound insights into the overall behavior of the crank train. With the aid of this knowledge 
of movement, load and stress of individual components in the system, it is possible to perform selective 
optimization work. The aim is to optimize various aspects, e.g. of tribology, acoustics and strength. 

MULTI-BODY DYNAMICS AND CONTROL 2683



Auswertung nach ZOT

0

0.1

0.2

0.3

0.4

0.5

0.6

HDZ-Pleuel Pankl-Pleuel Pankl-Pleuel

Verschiebung des Kolbens [mm]

∆∆ ∆∆ K
ip

p
 p

ro
 A

rb
ei

ts
sp

ie
l [

g
ra

d
]

Kolbenkippung

Kippung im Spiel großes
Pleuelauge - Hubzapfen

(7600 U/min) (7600 U/min) (6200 U/min)

til
t a

ng
le

 p
er

 c
yc

le piston slapping

tilt angle, big end bearing

conrod variant 2

6000 rpm

conrod variant 2

>> 6000 rpm

conrod variant 1

>> 6000 rpm

piston slapping

tilt angle,

big end bearing

 

 

Figure 9: Influence of con-rod variation on crank gear dynamics 
 

3  Outlook 
 

The coupling of different simulation programs demonstrated here therefore allows various focal points of 
analysis in a realistic system environment, e.g. an analysis of system function or verification of component 
strength. On the basis of these examinations, system components can be varied as required. In the follow-
ing, the aim is to show how these components can be designed more efficiently in future with the aid of 
structural optimization. The extension of the method for acoustic simulation demonstrates further potential 
of the coupled multi-body simulation presented here. 

 

3.1  Structural optimization considering dynamic effects 
 

In order to shorten development time, it is necessary to define the component geometry early on in the 
conception phase. In the conventional development process, design is performed in an iterative process. At 
each stage of development, the structure is computed with regard to various stresses. The results of these 
analyses may be stress values or damage life variables, for example. The result of the computation, e.g. 
"increase fatigue", is then incorporated into the next stage of development by means of improvements of 
design. This loop is repeated until the given requirements, e.g. lifetime or economic efficiency, are 
achieved. Depending on the experience of the staff involved in development, the number of iterations re-
quired, and therefore the development time involved, can sometimes be relatively large. Selective struc-
tural optimization significantly reduces development time compared to manual design changes. FE-
Design's TOSCA optimization software is used in the application presented here.  

The MBS simulation (Figure 10) is added to the optimization loop in order to take into account dynamic 
effects during optimization. The fatigue value taken as optimization criteria are computed on a modal ba-
sis. The advantage of this method is that it constantly allows the consideration of the changing system be-
havior due to changes in geometry during the optimization process. 

 

3.1.1 Application on a V8 engine con-rod 
 

The con-rod transfers piston stroke into crankshaft rotation. The inertia stresses involved and the combus-
tion pressure applies a load on the crank train components. The performance of the engine as well as the 
acting mass-forces require minimal weight of all components, including the con-rods.  

The con-rod of the V8 engine from chapter 2 was used for the optimization demonstrated here. The crite-
rion of optimization was 10% less volume compared to the original con-rod, with damage staying the 
same. Production and assembly restrictions were not taken into account for this optimization.  
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Figure 10:  Optimization loop with consideration of dynamic effects 
 

In order to define the design space in the topological optimization, a violin-shaped con-rod envelope is 
drawn in which the free spaces can be analyzed (Figure 11). This shows the dimensions of the original 
con-rod (light colored lines). In order to exploit the available design space, the con-rod was widened to 
just before it touches the cylinder wall (dark colored lines). The basic con-rod created through this optimi-
zation was used into the crank train model from chapter 3.  

 

3.1.2 Result of optimization 
 

The computed result of optimization included the resultant dynamic boundary conditions from the MBS 
simulation. I.e., the stresses resulting from crankshaft rotation, e.g. the oscillating and rotating masses, 
were dynamically taking into account.  

 

 

 

 

 

 

 

Figure 11:  Definition of installation space for the optimization task 
 

The time of maximum load due to ignition pressure is several degrees after ZOT (cf. chapter 2 for load 
situation) according to the valve timing. The effect is that the result of optimization displays an asymmet-
ric form of the bars (Figure 12).  
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Bending load on the crankshaft results from the load on all con-rods in the working cycle. This leads to a 
movement of the crankpin that changes the load state of the con-rod under consideration. In order to allow 
for this situation, the structure forms a certain V shape on the longitudinal axis. 

Due to inertia stresses, we can observe a shortening of the crankshaft at high speeds. This movement su-
perposes with the general deformation of the con-rod and is also taken into account in the optimization. 

 

 

 

 

 

 

 

 

 

Figure 12: Resulting structure after  Figure 13: Fatigue life result of the dynamically 
 dynamic optimization  optimized structure 
 

Similar to the original structure, we identify a constriction in the middle section of the bar in the side view. 
The well-known double-T bar is beginning to show. This has a positive effect on oscillation behavior. 

A subsequent damage analysis with FEMFAT leads to the safety distribution displayed in Figure 13. This 
result was computed without any previous smoothing of the structure. The stresses shown in chapter 2 and 
the resultant minimal safety values in the direction of travel of the con-rod have been significantly im-
proved. The minimum safety factors that result in the optimized structure occur in local artificial notches 
created by the typical brick structure (voxel structure) characteristic of the topological optimization. 

The rough optimization result should be seen as a concept study. Fundamental changes over the original 
design are clearly visible. 

 

3.2  Acoustics simulation, sound emission 
 

A project conducted by the “engine dynamics simulation” working group of the German automobile in-
dustry pursued the ambitious goal of acoustics evaluation of an engine-transmission assembly using multi-
body simulation. 

This method is a consistent further development of the previous standard based purely on FEM. For this 
purpose, the above-mentioned working group provided the complete engine-transmission assembly in-
cluding crank train. Because of the special requirements, the assembly was adapted at the ECS for dy-
namic simulation by means of the MBS (MSC.ADAMS). Figure 14 shows the MBS model used for the 
dynamic simulation. The multi-body system was divided into individual rigid and elastic bodies, con-
nected with each other by joints, guides, constraints and force elements. 

Two different states (ignition, dragged) were simulated. 

 

3.2.1 Results 
 

The qualitative assessment of the methodology was based on an evaluation of a wide range of results for 
the working group, e.g. bearing loads (forces, torques) for different stationary speeds (3000 rpm, 5000 

improvement 

original optimization 
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rpm), accelerations at selected nodes, piston side forces, noise level, etc. Fig 15 presents some of the re-
sults, also in comparison with actual measurements. 

This method showed a quality of results and computing performance that were much better than 
expected. The method promises great development potential and will become an acoustics simu-
lation standard in the foreseeable future. 

 

 
Figure 14: MBS model of an R4 engine for the acoustics simulation 

 

 

 

 

 

 

 

 

 

 

 

Figure 15:  Results of the acoustics simulation 

 

It should be noted that FEM strength models can be used for this method of investigation. The 'local 
damping' principle [6] developed at ECS can also be applied. 

 

4 Summary 
 

This paper demonstrates the potential of the presented simulation method based on MBS/FEM composite 
structures especially for engine components. The advantages of using the strengths of the various software 
products, e.g. simulation of non-linearity’s including dynamic behavior in MBS, near-realistic description 
of rigidity by discretizing a component in FEM, and allowing the consideration of the oil-film properties 
by FEMFAT EHD, lead to a significant improvement of the quality of the computed results with regard to 
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engine dynamics, acoustics and fatigue. Especially, by observing the "complete engine system" it is possi-
ble to take the interaction of all components into account with a high level of precision. This helps to un-
derstand the system, as the analyses on the extended crank train model have shown. The integrated simula-
tion process, particularly with the integration of an optimization tool, usually leads to highly improved 
prototypes in the early stage of the component development process and further to a significant reduction 
of development time and costs. 

 

5 Symbols and indices 
 

ε ................ strain ( ) 

l(t) ............. distance to time t 

l0 ............... starting length (without load) 
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Abstract 
This work deals with the elastodynamic model of the geartrain that drives the cam-valve mechanisms of a 
motorbike engine timing system. The gear torsional vibrations are simulated by means of a lumped 
parameter model which takes into account the parametric excitation due to the time-varying meshing 
stiffness, the tooth separation phenomenon and the lubricant squeeze effect between approaching teeth. In 
order to get insight into the dynamics of the timing system, and to help the development of the geartrain 
elastodynamic model, several experimental tests were carried out. The experimental procedures are here 
illustrated together with the signal processing techniques. The comparison between numerical results and 
experimental measurements shows that the effectiveness of the model is satisfactorily assessed. The model 
can predict and interpret the actual dynamic behaviour of the system; therefore, it can be used as a tool for 
the design optimisation of the motorbike timing system. 
 

1 Introduction 
 
The efforts to reduce engine vibration and radiated noise, while improving durability and reliability of the 
system, have become increasingly important for the motorcycle industry due to more stringent 
requirements for higher performance, increased engine power, low fuel consumption and low cost. In 
order to optimize the engine performance, increasing attention is addressed to the control of the gas 
exchange cycle because of its influence on the mixture formation and the combustion process. From this 
point of view, a proper functioning of the engine valvetrain is crucial to reach high overall performance. It 
is therefore essential to assure accurate valve timing and to operate for valve vibration lowering, so as to 
optimise the engine combustion characteristics. 
In the case of the high speed engines, a geartrain is often adopted for transmitting power from the 
crankshaft to the camshafts, that is for driving the valvetrain system. One advantage of the geartrain is the 
more precise valve timing at high engine speeds, as compared with chain or belt transmissions. However, 
the presence of backlash in the geartrain strongly affects its dynamics and may lead to performance 
deterioration when valve timing is lost in case the rotational behaviour becomes unstable. Incorrect 
behaviour of the geartrain results in additional dynamic forces, reduced durability and stability, and 
becomes a source of noise as well as other undesirable phenomena (e.g. gear rattle). Therefore, the 
development of elastodynamic models for the geartrain vibration analysis is becoming more important in 
designing the engine timing system, in order to match durability and reliability with high-performances 
and lower vibrations. In fact, the models can provide the estimation of the actual dynamic forces, impacts, 
and mechanism performance and represent an integral tool of the engine design process. 
This work deals with the timing system of a Ducati motorbike engine. The motorbike is equipped with a 
fourcylinder ‘L’ engine having double overhead camshafts, desmodromic cam-valve mechanisms and four 
valves per cylinder. The engine timing system consists of a geartrain operating the desmodromic 
valvetrains by means of the two double overhead camshafts. In previous studies, the authors inspected the 
influence of the driving transmission on the dynamic behaviour of the cam-valve mechanisms, but in those 
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cases the engine was equipped with a belt transmission to drive the valvetrain [1–3]. Recently, in 
cooperation with DucatiCorse, a research activity dealing with a timing system that includes a geartrain 
has been initiated [4]. In order to get insight into the dynamics of the timing system, and to help the 
development a geartrain elastodynamic model, several experimental tests were carried out at the Ducati 
Laboratory. In addition, a non-linear lumped elastodynamic model of the geartrain has been developed 
with the aim to study and analyse the influence of the geartrain dynamics on the valve timing. 
In literature several papers deal with the dynamic modelling of gears: a review of mathematical models 
used in gear dynamics is given in [5] and a discussion about lumped parameter models, continuous system 
models and finite element models in gear dynamics is reported in [6]. A rotatory model for spur gear 
dynamics was developed in [7], where the possibility of tooth separation due to backlash was inspected. In 
addition, the calculation of the gear meshing stiffness is discussed in [8, 9]. 
In this paper, the elastodynamic behaviour of the motorbike timing system is simulated by means of a 
lumped parameter model which takes into account the mass distribution, the link elastic flexibilities, the 
damping, and the presence of several non-linearities such as backlash, tooth meshing stiffness, and 
lubricant squeeze effects. In particular, the gear pairs are considered as mounted on stiff bearings and the 
bending compliance of the geartrain is neglected (i.e. only the gear torsional vibrations are examined). 
Particular attention is dedicated to the meshing stiffness evaluation and to the tooth separation 
phenomenon: when the tooth separation is bigger than the backlash, the collision at the rear side of the 
meshing teeth is also considered. The desmodromic mechanisms that drive the valves are not fully 
included in the model. Their dynamic influence on the geartrain vibrations is here approximately taken 
into account by the correspondent inertial loads and torques acting on the camshafts. 
In order to validate the model parameters, several measurements were retrieved from experimental tests 
carried out at the Ducati test laboratory. In particular, two kinds of tests were carried out: the first dealt 
with a static analysis devoted to the experimental estimation of the geartrain meshing stiffnesses, whereas 
the second one concerned the measure of the angular velocity of the gears. The experimental procedures 
are here illustrated together with the signal processing technique that is applied to obtain the data. 
The comparison between the numerical results obtained from the simulation and the experimental 
measurements proves the effectiveness of the model. The results show that the model can be a very useful 
tool in order to predict and understand the actual dynamic behaviour of the geartrain, so as to be used in 
the design optimisation of the motorbike timing system. 
 

2 Description of the motorbike timing system 
 
The Ducati racing motorbike is equipped with a fourcylinder ‘L’ engine which has double overhead 
camshafts, desmodromic cam-follower mechanisms and four valves per cylinder. The general view of the 
timing system that transfers power from the crankshaft to the valves is shown in Fig. 1(a): it consists of a 
geartrain driving four camshafts, and sixteen desmodromic mechanisms. In particular, each of the two 
engine banks carries two camshafts, each equipped with four conjugate cams: one camshaft drives four 
intake valves whereas the other one is devoted to four exhaust valves.  
The schematic of the geartrain is shown in Fig. 2. It consists of twelve spur gears of involute tooth profile: 
the crankshaft pinion R0, the gear-wheel R1, the two pinions R1H and R1V which respectively drive the 
horizontal and the vertical bank, the idler gears R2H(V), R3H(V), and the four gears fitted to the camshafts, 
namely the gears R4H(V)E and R4H(V)I, where symbols E and I denote the exhaust and the intake camshaft, 
respectively. It is noteworthy that the three gears R1, R1H and R1V are fitted to the same gear-shaft. 
Figure 1(b) shows the schematic of the cam mechanism driving a single valve: the discs of a conjugate 
cam are each in contact with a rocker and the two rockers are in contact with the backlash adjuster, located 
at the tip of the valve. It is possible to identify two parts of the mechanism: one part, made up of one cam 
disc and the related rocker, provides valve positive acceleration, whereas the negative acceleration is 
provided by the other cam disc with the associated rocker (the positive direction is the valve opening 
direction). The coordinate ϕ indicates the angular position of the conjugate cam, and s=s(ϕ) is the valve 
displacement function. 
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Figure 1: (a) general view of the timing system; (b) cam mechanism driving a single valve 

 

 

Figure 2: schematic of the geartrain 
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3 Model description 
 

3.1 General description 
 
The model of the motorbike timing system has been developed with the aim to include the most important 
dynamic effects, as well as to get a rather simple model. Since the present study is mainly devoted to the 
analysis of the geartrain behaviour, several hypotheses are assumed for the model developing: they are 
here discussed. 
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Figure 3: (a) model of the geartrain; (b) model of a generic camshaft 

 
The geartrain dynamic behaviour is basically affected by the excitation due to the crankshaft dynamics, 
the parametric excitation due to the time-varying meshing, the impacts due to the tooth separation 
phenomenon, and the dynamics of the camshafts with the desmodromic mechanisms. Concerning the 
camshafts, only their torsional behaviour is considered; in addition, they are assumed to be mounted on 
rigid bearings. The presence of the desmodromic mechanisms operated by the sixteen conjugate cams is 
approximately taken into account by the corresponding inertial loads acting on each of them. On the other 
hand, the authors have already developed models of the desmodromic mechanism [2, 3, 10]; those models 
could be therefore combined with the present model in a further research work. Similarly, a model of the 
crankshaft could be connected to the timing system model in order to properly simulate the effects of the 
crankshaft dynamics; however, at the present stage of the model development, the crankshaft effects are 
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approximately introduced by imposing expected (or measured) crankshaft speed fluctuation to the 
crankshaft pinion. As regards the geartrain, only transversal plane dynamics is taken into account, because 
it consists of spur gears. In addition, the gears are considered as mounted on stiff bearings and the bending 
compliance of the geartrain is neglected, that is, only the gear torsional vibrations are examined. 
The model of the motorbike timing system is schematically shown in Figs. 3(a, b). It is a lumped 
parameter model that takes into account the mass moment of inertia of gears and shafts, the torsional shaft 
compliance, the damping effect, the parametric excitation due to the time-varying meshing stiffness and 
the possibility of tooth separation due to the presence of backlash between meshing teeth. The model 
consists of 27 degrees of freedom (dofs): 11 are related to the geartrain and the remaining 16 dofs are 
devoted to the four camshafts (four each). 

By referring to Fig. 3(a), the known model input is the coordinate θ0, representing the angular 
displacement of the crankshaft pinion R0. As above mentioned, a rotational motion law can be imposed to 
the pinion R0; for example, it can be driven by the experimentally measured angular displacement, if 
available. The angular displacement of the generic gear i is denoted as coordinate θi. A mass moment of 
inertia is associated to each gear coordinate. The torsional stiffness kT1 concerns the portion of the shaft 
between the gear-wheel R1 and the pinion R1H, whereas torsional stiffness kT2 is relative to the portion of 
the shaft between the pinions R1H and R1V. The disks reported in Fig. 3(a) correspond to the base cylinders 
of the gears, and the springs acting along the disk tangent line represent the meshing stiffness evaluated 
along the gear contact line. As an example, the stiffness k23H represent the meshing stiffness between the 
idler gears R2H and R3H. The possibility of tooth contact on both contact lines is included in the model, as 
well as the possibility of tooth separation due to the presence of backlash between meshing teeth: they will 
be discussed in Section 3.2.1. The parameters δ01, δ12H, δ12V, δ23H, δ23V, δ34V(E,I), and δ34H(E,I) refers to the 
amount of tooth backlash measured on the common normal between the profile of adjacent teeth of the 
related gear pair. 
The schematic of Fig. 3(a) only deals with the geartrain model; it terminates with the four coordinates 
θ4V(E,I) and θ4H(E,I) that are associated to the four gears R4V(E,I) and R4H(E,I) fitted on the corresponding 
camshafts. The geartrain model is connected to the camshaft models by the torsional stiffnesses k1V(E,I)  
and k1H(E,I). The model of a generic camshaft is shown in Fig. 3(b): it counts 4 dofs denoted as ϕi (i=1,…, 
4). In particular, each camshaft model coordinate is related to the corresponding conjugate cam. The 
torsional stiffness ki concerns the portion of the shaft between the (i–1)-th conjugate cam and the i-th one, 
with the exception of the parameter k1 that handles the torsional stiffness between the generic gear R4 and 
the first conjugate cam (i.e. the stiffness that links the gear model to the camshaft model). The torque Ti 
(i=1,…, 4) acting on the i-th conjugate cam denotes the inertial action due to the presence of the driven 
desmodromic mechanism: details on the Ti computation will be reported in Section 3.3. 
In order to globally consider the structural damping, as well as other damping effects, a viscous damper is 
associated with each stiffness. The dampers are not reported in Figs. 3(a, b) for the sake of simplicity. The 
damper coefficient is taken proportional to the corresponding stiffness; consequently, in the case of 
meshing dampers, the variability of the meshing stiffness affects the associated damper coefficient. In case 
there is no contact in a gear pair, the damper coefficient is computed in order to represent the lubricant 
squeeze effect (see Section 3.2.1). 
It is worth noting that the system is highly time-varying. In fact, several model parameters change during 
the geartrain motion, and backlashes are present. Consequently, the differential equations of motion are 
strongly non-linear: they are numerically integrated by using the software Simulink®. 
 

3.2 Gear meshing model and meshing stiffness 
 
3.2.1 Gear meshing model 
 

Figure 4(a) shows the model of a generic meshing gear pair of the geartrain. The symbols θ and M denote 
the angular displacement of the generic gear and the torque acting on it, respectively. The base circle of 
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the generic gear has radius ρ. There exist two tangent lines of the two basis circles: let Direct Contact Line 
(DCL) be the line of action when the torque Mi acting on the gear i has the same versus as the angular 
displacement θi, and Inverse Contact Line (ICL) be the line of action when the torque Mi reverses its 
versus. At the nominal position given in Fig. 4(b), the axis of a designated tooth of gear i coincides with 
the centreline OiOj, and the backlashes δ are equal at both side of this tooth with respect to corresponding 
teeth of gear j [Fig. 4(a)]. The backlash δ is measured on the common normal between the profiles of 
adjacent teeth. By denoting the mass moment of inertia of the generic gear as J, the meshing stiffness and 
the damping coefficient along DCL as kD and cD, and the meshing stiffness and the damping coefficient 
along ICL as kI and cI, the dynamic equations of gear pair during meshing appear as follows: 
 

iIDiii MFFJ ++−= )(ρθ       (1) 

jIDjjj MFFJ +−= )(ρθ       (2) 

 
where the meshing force acting on DCL is indicated as FD, whereas FI refers to the ICL. 
Those meshing forces are due to both elastic and viscous contribution. Due to the backlash, when the 
driving gear slows down, stops, or reverses direction, gear teeth may lose contact and impacts between 
teeth will occur. From the mathematical point of view, the backlash introduces non-linear terms into the 
Eqs. (1, 2); in particular: 
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where the damper coefficients cD and cI are taken proportional to the corresponding meshing stiffness. In 
case there is no contact, the elastic term becomes null, whereas the viscous term is still considered 
different from zero in order to take into account the lubricant squeeze effect. In particular, with reference 
to approaching cylindrical bodies of length b and neglecting the boundary edge effects, the damper 
coefficient c~ , can be evaluated according to [11]: 

 
2/3

2
12~ ⎟

⎠
⎞

⎜
⎝
⎛=

h
Rbc πµ         (7) 

 

where µ is the lubricant dynamic viscosity, h the instantaneous minimum film thickness, and R the 
effective curvature radius: 1/R=1/RA+1/RB (RA and RB are the curvature radii of the two approaching 
bodies). From the Eqs. (4, 5) it can be observed that, when the gear teeth are approaching along the DCL, 
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the damper coefficient c~ takes the Dc~ value, whereas it becomes Ic~  when the teeth are approaching along 
the ICL. It is worth noting that apart from the dependence on the lubricant film thickness, the parameter 
c~ is related to the effective radius of the two involute tooth profiles (that is variable along the contact 
line). 
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Figure 4: (a) schematic of a generic meshing gear pair; (b) meshing gears at the nominal position 

 
3.2.2 Meshing stiffness 
 
As above mentioned, among the excitations that affect the geartrain dynamic behaviour, one of the most 
important is due to the time-varying meshing. In fact, it is well known that for involute gears under normal 
operating conditions, the parametric excitation, caused by the periodic change in tooth stiffness due to the 
alternating engagement of single and double pairs of teeth, plays an important role. Several variable gear 
meshing stiffness models have been developed by a number of investigators (e.g. [8, 9]). The model 
adopted in this work agrees with [9]. In particular, let Ks be the stiffness of a single tooth pair, p be the 
pitch of the gear pair, and ε be the gear contact ratio, the stiffness Ks can be calculated by: 
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    (8) 

 

where x is the coordinate travelling along the contact arc εp, and Km is evaluated according to ISO 6336-1. 

The gears of the considered geartrain have contact ratio ε ≤ 2.0. Therefore, the number of meshing teeth 
pairs will alternate between one and two. The meshing stiffness of two meshed gears appears as shown in 
Fig. 5: when two gear pairs engage, the mesh stiffness is evaluated by parallel superposition of the 
corresponding tooth stiffness of the pairs in contact. The resulting meshing stiffness is periodic with 
respect to the pitch of the gear pair, that is, the fundamental frequency of the parametric excitation due to 
the time-varying meshing stiffness is the inverse of the time meshing period T=2π/(zΩ), where z is the 
number of teeth for the generic gear and Ω is its angular velocity. 
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In order to take into account the influence of both rim section and gear webs on the tooth meshing 
stiffness, a finite element analysis was performed with the aim of evaluating the torsional compliance of 
the gear body. By considering the generic gear pair made of the two gears i and j [see Fig. 4(a)], let Kij and 
kij* be the tooth meshing stiffness of the gear pair, calculated by neglecting and taking into account the 
torsional compliance of gear discs, respectively. By denoting as KD the torsional stiffness of the generic 
gear disc due to the rim section design and/or gear webs (reduced to the contact line), the tooth meshing 
stiffness kij* can be calculated by combining the stiffness Kij, KDi, and KDj as springs connected in series, 
that is: 
 

ijDjDiij KKKk
111

*
1

++=        (9) 

 
As well known, by dealing with the stiffness parameters it is impossible to avoid inaccuracy and 
imprecision throughout their preliminary computation. The inaccuracy of initial stiffness estimation is due 
to several reasons such as uncertainties on material physical properties, approximations in geometry 
modelling, and differences between assumed and real stress distribution. These causes may imply the 
computation of stiffness values that are very dissimilar from the actual ones. As a consequence, it is quite 
common that the stiffness values have to be adjusted with proper correction factors. 
In this work the meshing stiffness was preliminarily assessed on the basis of the Eqs. (8, 9); later, some 
tests have been carried out in order to experimentally evaluate the meshing stiffness of the gear pairs of 
the geartrain: they will be discussed in Section 4.1. 
 

 

Figure 5: tooth meshing stiffness 

 

3.3 The inertial contribution of the desmodromic mechanisms 
 
As described in Section 3.1, the presence of the desmodromic mechanisms operated by the geartrain is 
approximately taken into account by applying to the conjugate cams the corresponding inertial torques due 
to the inertial actions taking place on the cam-follower desmodromic mechanisms. 
With reference to Fig. 1(b), which shows the schematic of the cam mechanism driving a single valve, 
when the mechanism accelerates the inertial actions arising on its links can be reduced to a force F, having 
the direction of the valve motion, given by: 
 

ammmmF VANP )( +++−=       (10) 
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where mP and mN, are the mass moments of inertia of the rockers (positive and negative, respectively) 
reduced to the direction of the valve motion, mA is the mass of the backlash adjuster, mV is the valve mass, 
and a is the valve acceleration. The corresponding inertial torque T, i.e. the inertial force F reduced to the 
camshaft axis, can be written as: 
 

ϕ
ϕ

d
dsFT )(

=          (11) 

 

By denoting the conjugate cam angular velocity as Ω, the following expression holds: 
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The substitution of the Eq. (10) and Eq. (12) into the Eq. (11) leads to the inertial contribution of a single 
desmodromic mechanism: 
 

[ ]Ω+Ω+++−= )(')('')(')( 2 ϕϕϕ sssmmmmT VANP    (13) 

 

4 Experimental tests 
 
In order to validate the model parameters, as well as to get insight into the dynamics of the geartrain 
system, several experimental tests were carried out at the Ducati Laboratory. In particular, two kinds of 
tests were carried out: the first dealt with a static analysis devoted to the experimental estimation of the 
geartrain meshing stiffnesses, whereas the second one concerned the measure of the angular velocity of 
the gears.  
 

4.1 Experimental estimation of the meshing stiffness of the gear pairs 
 
The value of the meshing stiffness of the gear pairs, which was preliminarily calculated on the basis of the 
Eqs. (8, 9), has been validated on the basis of experimental tests carried out on the geartrain. 
The tests were performed by applying a torque to the crankshaft and measuring the corresponding rotation 
of the gears belonging to one bank. During the tests the exhaust camshaft of that bank was rigidly 
connected to its supports so that its rotation was permitted only next to the gear R4E. 
The torque was applied by means of the mechanical device shown in Fig. 6(a). It consists of a hydraulic 
cylinder yielding the hydraulic force F, and a linkage that provides the transmission of the torque M0 to the 
crankshaft. The lever AB is fixed to the rotor of the alternator that equips the crankshaft on the opposite 
side from the crankshaft pinion R0. In the course of the tests the hydraulic force F was measured by means 
of a load cell. Under the hypothesis of rigid links, once the link lengths (OA, AB) and inclinations (α1, α2, 
and α3) are known, the torque M0 can be calculated from the following equation: 
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Figure 6: (a) schematic of the experimental apparatus; (b) probe indicator arrangement 

 
In order to measure the rotation of a gear, a bar was fixed at the gear flank as shown in Fig. 6(b), and two 
probe indicators were employed (they were symmetrically positioned with respect to the gear axis and the 
probe direction was orthogonal to the bar). When a load is applied, the gear rotates and its axis translates 
due to bearing compliance; the displacements δA and δB measured by the probe indicators are therefore 
given by the following expressions:  
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where x and y measure the gear axis displacement along the horizontal and vertical axes, θ is the bar 
rotation, α0 is the initial inclination of the bar, and l is the distance between the gear axis and each probe. 
By subtracting the displacement δB from δA, the gear rotation θ can be isolated: 
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2
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l
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        (16) 

 
Two groups of tests were performed: firstly, the exhaust camshaft of the horizontal bank was fixed to its 
supports and the rotations of the gears R0, R1, R2H, R3H, and R4HE were measured; later, the exhaust 
camshaft of the vertical bank was rigidly fastened to its supports and the rotations of the gears R0, R1, R2V, 
R3V, and R4VE were collected. In this way, possible differences between the two banks could be detected 
(even if the gears of the two banks are nominally identical). The load F was applied starting from 10 to 
150 N with step of 10 N; after that, the system was unloaded with a decrement of 10 N. At each step the 
displacements measured by means of the probe indicators were collected and the gear rotations were 
computed. 
Figure 7 shows a typical result in terms of gear rotation versus the torque M0: the relationship is quite 
linear but a sort of hysteresis clearly appears; it is likely due to the effect of the friction forces acting on 
the system. In particular, it can be observed that at the start of the unload phase the gear rotation remains 
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about the same for some values of the torque (the friction forces are in opposition to the deformation 
restitution). Apart from that, the measures showed a good statistical confidence. 
 

 

Figure 7: typical result of gear rotation versus M0: (*) measured values; (–) least square line  

 
Once the gear rotations were collected, the meshing stiffness of each gear pair of the geartrain was 
calculated as follows. With reference to a generic meshing gear pair [see Fig. 4(b)], the equation of static 
equilibrium of the gear i can be obtained from Eq. (1) by setting 0=iθ  and 0=δ : 

 

( )0
i ij i i j j

i

M kρ θ ρ θ ρ
τ

= −        (17) 

 

where M0 is the torque applied to the crankshaft, τi is the kinematic transmission ratio between the generic 
gear i and the pinion R0, and kij is the stiffness between the gear i and the gear j. By substituting into Eq. 
(17) the slope m of the least square line that approximates the relationship between the gear rotation θ and 
the torque M0, the following expression becomes valid: 
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τ

= −        (18) 

 
Equation (18) makes it possible to calculate the generic meshing stiffness kij. However, it is worth 
mentioning that the rotations of the pinions R1H and R1V are not available because the pinions were not 
accessible during the experimental tests. In other words, the slopes m1H and m1V are unknown; that does 
not allow the computation of the meshing stiffnesses k12H and k12V. On the other hand, the torque acting on 
gear R1 can be expressed as follows [see Fig. 3(a)]: 
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where kT1 is the torsional stiffness of the shaft portion between the gear-wheel R1 and the pinion R1H, 
whereas the torsional stiffness kT2 is relative to the shaft portion between the pinions R1H and R1V. Once the 
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values of those torsional stiffnesses have been estimated (e.g. by means of a finite element analysis), the 
Eq. (19) makes it possible to retrieve the unknown slopes: 
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As a conclusion, by following the above described procedure, the meshing stiffness of all the gear pairs of 
the geartrain has been estimated by means of experimental measurements. The evaluated stiffnesses take 
into account both the tooth compliance and the gear body elasticity. The results have been employed to 
adjust the values computed as explained in Section 3.2.2. 
 

4.2 Measurement of the gear angular velocity 
 
The dynamic behaviour of the geartrain was deeply investigated at the Ducati Laboratory by conducting 
several experimental tests. In particular, the angular velocity of some gears was measured on a test bench 
where the motorbike engine worked in fired conditions. The measurements were obtained by variable 
reluctance sensors mounted close to the gears. Figure 8 shows the carter of the geartrain equipped with the 
magnetic sensors. The crankshaft pinion R0 was fitted with an incremental rotary encoder to measure its 
rotational speed and angular position. The encoder pulse train was employed for the angular sampling of 
the output signals of the magnetic pickups. The output signal of these sensors is an AC voltage signal 
having a waveform that approaches a sine wave (one complete wave occurs as each gear tooth passes the 
sensing area of the magnetic sensor). A typical waveform of a measured pickup signal is shown in Fig. 
9(a) over two crankshaft revolutions. 
 

 

Figure 8: the geartrain carter equipped with the 
magnetic sensors 

 

Figure 9: typical pickup signal (a) and its PMD 
divided by the gear tooth number (b) 

 

By denoting the crankshaft pinion angular position as θ, and the angular position of a generic gear as α, a 
very simple model of the output signal of the pickup next to the generic gear can be formulated as: 
 

])(cos[)( Φ+= θαθ zAx        (21) 
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where A is the signal amplitude (assumed as constant), Φ is its phase, and z is the gear tooth number. If τ 
stands for the kinematic transmission ratio between the generic gear and the pinion R0, and β(θ) represents 
the transmission error, Eq. (21) can be written as: 
 

])(cos[])(cos[)( Φ++=Φ++= θτθβτθθ bzAzAx    (22) 

 

where the function )()( θβθ zb =  embodies the signal phase modulation. In other words, the dynamic 
transmission ratio between a generic gear and the pinion R0 can be evaluated by means of the phase 
modulation derivative (PMD) of the fundamental harmonic of the corresponding pickup signal, that is: 
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Figure 9(b) shows the PMD of the pickup signal of Fig. 9(a) divided by the gear tooth number z. It can be 
noted that the low number of gear teeth prohibits the analysis to higher harmonics. 
 

5 Results and discussion 
 
The results presented in this Section concern two crankshaft speeds, which are denoted as regimes A and 
B, and are reported over two crankshaft revolutions (i.e. one engine cycle); the crankshaft speed at the 
regime B is the highest one. The results involve some gears of the vertical bank, namely the gears R2V, 
R3V, and R4VE (only the regime A will be shown for the last gear). The outcomes are shown in term of a 
comparison between the experimental and simulated gear angular velocity. In particular, the fluctuation of 
the transmission ratio between the generic gear and the pinion is presented and examined. 
 

 

Figure 10: experimental (•) and simulated (––) fluctuation of the transmission ratio. Gear R2V: (a) 
regime A; (b) regime B. Gear R3V: (c) regime A; (d) regime B. 
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Figures 10(a, b) show the comparison between experimental and numerical fluctuation of the transmission 
ratio of the gear R2V, whereas Figs, 10(c, d) are related to the gear R3V. The comparison shows that the 
model is able to predict quite well the dynamic behaviour of the geartrain system, even if some 
discrepancies exist. In particular, the amplitude and the phase of the numerical basic oscillations are 
generally in agreement with the experimental ones. On the contrary, the experimental signals show lower 
frequency content than the simulated results; however, it should be taken into account that the low number 
of gear teeth prohibits the experimental analysis to higher harmonics. The amplitude of the fluctuation 
increases with the crankshaft speed; in addition, for gear R3V it is higher than in the case of gear R2V. It is 
noteworthy that the model is able to reproduce all these phenomena.   
In order to relate the camshaft angular position and, consequently, the valve motion, to the crankshaft 
position, it is interesting investigate the behaviour of the gears fitted on the camshafts. Figure 11 shows 
the results obtained for the gear fitted on the exhaust camshaft of the vertical bank, i.e. the gear R4VE, at the 
regime A. It is notable that the deviation of transmission ratio from its kinematic value is higher for the 
gears closer to the camshafts. That remark reveals the high influence of the desmodromic mechanisms on 
the dynamic behaviour of the geartrain. The numerical oscillation amplitude is somewhat lower than the 
real one; in spite of this, the simulation perceives the increment of the fluctuation amplitude, if compared 
to the gears R3V and R2V. As a final remark, in the case the gear R4VE the underestimation of the 
transmission ratio fluctuation might be due to the approximate inclusion of dynamic effects of the cam-
valve mechanisms.  
 

 

Figure 11: gear R4VE (regime A): experimental (•) and simulated (––) transmission ratio fluctuation 

 

6 Conclusions 
 
An elastodynamic model of the geartrain that drives the valvetrain system of a fourcylinder ‘L’ engine of a 
Ducati racing motorbike is presented. The gear torsional vibrations are simulated by means of a lumped 
parameter model which takes into account the mass moment of inertia of gears and shafts, the torsional 
shaft compliance, the damping effect, the parametric excitation due to the time-varying meshing stiffness, 
the tooth separation phenomenon and the lubricant squeeze effect between approaching teeth. 
Several measurements were retrieved from experimental tests performed in cooperation with DucatiCorse. 
The purpose of the tests was to inspect the dynamics of the timing system as well as to help the 
development a geartrain elastodynamic model. In particular, two kinds of tests were carried out: the first 
dealt with a static analysis devoted to the experimental estimation of the geartrain meshing stiffnesses, 
whereas the second one concerned the measure of the angular velocity of the gears. The experimental 
procedures are illustrated in the paper together with some details concerning the employed signal 
processing technique. 
The comparison between the numerical results obtained from the simulation and the experimental 
measurements shows the effectiveness of the model. The results reveal that the model can be a very useful 
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tool in order to predict and understand the actual dynamic behaviour of the geartrain with respect to the 
valve timing. Therefore, the model can be used as a tool for the design optimisation of the motorbike 
timing system. As a concluding remark, it is worth mentioning that the results obtained for the competitive 
motorbike engine can also be utilized for common production engines, where conformity to vibration and 
noise standards must be fulfilled. 
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Abstract
The identification of nonlinear dynamic systems can be rendered significantly more parsimonious if the
nonlinearity present in the system is known. While there aremany successful non-parametric nonlinear
system identification methods, the resulting models do not describe the nonlinearity in physical terms and
are difficult to obtain due to the large number of candidate terms that must be examined. In this paper
an expert approach towards the characterization of nonlinearities in a dynamic system is presented. The
methodology is based on simulations of dynamic systems witha variety of commonly occurring nonlinear
functions. The responses of such systems to various types ofexcitation are analysed and rules are developed
as to what nonlinearity is likely to be present in a system given the dynamic characteristics of measured
responses.

Keywords: non-linear system identification, nonlinearity detection, cubic stiffness, piece-wise linear func-
tions, friction, hysteresis, quadratic damping

1 Introduction

The identification of dynamical systems is increasingly becoming a necessity in every branch of engineer-
ing that deals with vibrating structures. There is now a consensus that, despite highly evolved modelling
methodologies, the only way to estimate the true vibrational characteristics of a dynamic system is by sys-
tem identification. Linear system identification is a well developed subject to the point that, for example,
complete aircraft can be identified from Ground Vibration Tests. Non-linear system identification is still at
a preliminary stage, despite the large number of proposed methods. Such techniques include the NARMAX
model [1], various Hilbert-Transform-based approaches [2], Volterra Series [3] and Restoring Force Sur-
faces [4]. These methods have been subjected to extensive testing and theoretical extensions. However, none
of these widely used techniques have, as yet, been extended to be applicable to general non-linear systems.

In the last decade, there has been a switch from attempts to extend the validity of existing methods to the
development of new techniques. New approaches include Neural Networks [5], Wavelet-based methods [6],
Time-dependent Auto-Regressive Moving Average (TARMA) models [7], and direct identification methods
such as the CLI technique [8] and the Kalman-based approach [9]. Additionally, a new class of optimisation-
based methods has appeared in which the non-linear system ismodelled initially as a linear system that is
then iteratively expanded to include the non-linear characteristics. Such techniques are based on Minimum
Model Error Estimation [10], PSD approximation [11], Output Error Method [12]. Promising new spec-
tral approaches such as the Conditioned Reversed Path Method [13] and spatial techniques such as Proper
Orthogonal Decomposition [14] have also been proposed. Furthermore, the Associated Linear Equations
approach [15], based on linear, single-dimensional equivalents to the Volterra Kernels promises to eliminate
the multidimensionality problems associated with Volterra Series system identification methods.
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Most of the currently popular nonlinear system identification methods attempt to capture the nonlinearity
present in the system by means of a curve-fit of response data as a summation of basis functions. Depending
on the the method these basis functions can be polynomials (discrete, continuous, Chebyshev etc), Fourier
Series, Neural Networks and others. However, significantlymore appropriate and parsimonious models can
be obtained if the nonlinear function present in the system is known. In that case only the most suitable basis
functions can be included in the curve-fit. For example, if itis known that a system has freeplay stiffness, it
can be curve-fitted as a piecewise linear system, leading to afast and accurate identification.

The authors of this paper are in the process of developing an Expert System for the identification of nonlinear
dynamic systems [16, 17]. One of the major objectives of thisproject is the development of methods for the
characterization of the nonlinearity present in dynamic systems. The work presented here consists of the
systematic analysis of responses from a simulated system with a variety of nonlinear functions. The analysis
is performed using a number of different methods. The resultis a set of rules that can determine which
nonlinearity is present in a general dynamic system from itsresponse to certain types of excitation.

2 The simulated system

The system chosen for this study is a cantilever beam excitedby a single external force and with a single
nonlinearity acting somewhere along its length. The systemis shown graphically in figure 1.

y
1

x
1

y
2

x
2

y
3

x
3

f(t)L
1 g(y,dy/dt)

L
2

L

Figure 1: Simulated beam

The beam has lengthL and a square cross-section with widthW and heightH; it features three displacement
sensors at positionsx1, x2 andx3, an external excitation force at positionL1 and a nonlinear force at position
L2 which is a function of the local displacement and velocity,y(L2) andẏ(L2) respectively. This simulated
system was chosen because it features a single nonlinearitythat can affect all of the system states, as long as
it is not positioned on a modal node.

The beam is idealised as a superposition of linear modes. It is assumed that the nonlinearity does not affect
the mode shapes, which are obtained using simple beam theoryas

Φi(x) = −(cos kix− cosh kix) +
cos kiL + cosh kiL

sin kiL + sinh kiL
(sin kix− sinh kix) (1)
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wherekiL = [ 1.875 4.694 7.855 2π(2i − 1) ]. Using Lagrange’s equation the equations of motion
for the beam can be written in the form

Mq̈ + Cq̈ + Kq = Φ(L1)
T f(t) (2)

whereM, C andK are diagonal mass, stiffness and damping matrices,Φ is a column vector containing the
mode shapes andq are generalised co-ordinates such that

y(x, t) =
N

∑

i=1

Φi(x)qi(t) = Φ(x)Tq(t) (3)

The damping matrix is chosen as proportional to both the massand stiffness matrices. The nonlinear function
is therefore a function ofy(L2, t) and/orẏ(L2, t), i.e. a function of allqi and/orq̇i. The full equations of
motion are

Mq̈ + Cq̈ + Kq + Φ(L2)
T g(q, q̇) = Φ(L1)

T f(t) (4)

The dimensions of the beam are chosen such that its first threenatural frequencies are 1.9Hz, 11.8Hz and
32.9Hz. Five natural frequencies are retained in the expansion of equation 3 but only the first three are
excited in all the simulated experiments that follow.

3 Nonlinear functions

The nonlinear functions chosen for this project are the following:

1. Cubic stiffness

2. Bilinear or freeplay stiffness

3. Hysteretic stiffness

4. Friction

5. Quadratic damping

These functions were chosen because they appear to be the most frequently reported and studied structural
nonlinearities, especially in the aerospace sector. More functions will be explored during the rest of the
project.

The first two nonlinearities depend on displacement only (stiffness nonlinearities), hysteresis depends on
both displacement and velocity and the last two depend on velocity only (damping nonlinearities). Figure 2
shows the restoring forces of the five nonlinear functions. Cubic stiffness is given simply by

g(y) = Ky3 (5)

Bilinear or freeplay stiffness are given by

g(y) =







K2y + (K1 −K2)δ if y > δ
K1y if −δ ≤ y ≤ δ
K2y + (K2 −K1)δ if y < −δ

(6)
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(c) Hysteresis
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(e) Quadratic damping

Figure 2: Nonlinear Functions

The hysteretic stiffness studied here is a simple jump between two linear stiffness curves, given by

g(y, ẏ) =

{

K(y + δ) if ẏ ≥ δ
K(y − δ) if ẏ < δ

(7)

Such a nonlinearity can be obtained in worn geared bearings when there are gaps between the teeth of the
gears.

Coulomb friction is given by

g(ẏ) = −µsignẏ (8)

whereµ is the coefficient of friction and sign is the signum function. Finally, quadratic damping is given by

g(ẏ) = cẏ2signẏ (9)

wherec is a ‘damping’ coefficient.

4 Analysis methods

In this paper responses from the simulated beam of section 2 with each of the nonlinear functions of section 3
are analysed using three signal processing approaches. These approaches are

1. Short Time Fourier Transform (STFT) of response to slow chirp excitation

2. Step Sine tests
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Figure 3: STFTs of response of system with cubic stiffness, position 1

3. Higher Order curve-fit of the Step Sine responses

All of the above techniques are applied to data obtained fromtests of increasing excitation amplitudes. The
characteristics of the STFT, first order and higher order Frequency Response Functions (FRFs) and their
evolution with excitation amplitude are studied in order tocharacterize the effect of each nonlinear function
on the system response.

5 Cubic stiffness characteristics

Figure 3 shows the Short Time Fourier Transforms obtained from the beam with cubic stiffness system when
excited by a slow chirp. As mentioned already only the first three modes are excited. The two subfigures
correspond to different levels of excitation amplitude, level 1 being the lowest level and level 5 the highest.
In all cases the recording time is slightly longer than the excitation time leading to the vertical band of free
decay response on the right side of each graph.

The level 1 STFT shows that the main frequency component is the excitation frequency itself, ramping up
from 0.5Hz to 43Hz in 30s. There are local peaks when the excitation frequency coincides with any one of
the beam’s natural frequency. The 1st and 2nd mode resonanceare lightly damped and take a long time to die
away, causing the horizontal bands at these frequencies. When the excitation signal is turned off the system
decays at its natural frequencies, although the first mode does not appear very clearly. This type of response
is typical of linear systems and is an indication that at thisexcitation level the beam with cubic stiffness is
approximately linear.

The STFT for the level 5 data shows a significant qualitative difference to graph 3(a). During the mode 1
and mode 2 resonances higher frequency components are excited. The natural frequency of mode 1 is 1.9Hz
but when the excitation frequency has this value the STFT shows also 6Hz, 10Hz, 18Hz, 30Hz etc frequency
components; mode 2 at 11.8Hz is also excited. When the excitation frequency is equal to the mode 2 natural
frequency many higher frequency components are visible although the dominant higher component is the
3rd harmonic at around 36Hz. No higher components appear at the frequency of mode 3. This behaviour is
typical of nonlinear systems with stiffening nonlinearity. Higher harmonics are excited at integer multiples
of the excitation frequency; if one of these higher harmonics is near one of the system’s natural frequencies
then this frequency will resonate even if it is not being directly excited.
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Figure 4: FRFs of response of system with cubic stiffness, position 1

The STFT graphs for levels 2-4 (not presented here) show similar behaviours but with fewer harmonic
components. An additional interesting phenomenon that is obvious in figure 3(b) is that the frequency of
the higher harmonics is not constant. Instead it has a tendency to increase as resonance is approached and
decrease afterwards. This is again typical of a stiffening nonlinearity. As resonance is approached, the
response amplitude increases and with it the stiffness of the nonlinear spring also goes up. Therefore the
response frequency at all harmonics increases. Away from the resonance the response amplitude decreases
and so does the frequency of the harmonic components.

Figure 4 shows the first order FRFs of the response of the beam with cubic spring to a step sine test. In this
case 100 different excitation frequencies were used from 0.5 to 43Hz at 5 different excitation amplitudes.
Two different cubic springs were used, one with stiffnessK = 100 (see equation 5) and one withK = 1000.
The FRFs from all five levels are shown on each graph.

Figure 4(a) shows that as the excitation amplitude is increased the frequency of the first mode increases but
its amplitude is decreased. The frequency of the second modealso increases; its amplitude, despite having a
general downwards trend has a local maximum at level 3. This happens because at level 3 the 6th harmonic
component of mode 1 coincides exactly with the natural frequency of mode 2 thus causing it to vibrate more.
Mode 3 is unaffected by the excitation level. Again, this behaviour is typical of systems with stiffening
nonlinearity. Higher excitation levels cause higher response frequency which, in turn, cause lower response
amplitude.

Figure 4(b) displays a similar trend to figure 4(a) although,due to the higher nonlinear stiffness, the effect
is more pronounced. The frequency increase and amplitude decrease is more pronounced for both modes 1
and 2. Even mode 3 is affected slightly.

Figure 5 shows the results from a higher order curve-fit of thebeam’s step sine response. The system
responses were fitted with up to 6th order harmonics at all frequencies for excitation level 5. The figures plot
the amplitude of each harmonic against frequency and harmonic index. Again, the tests were repeated for
springs withK = 100 andK = 1000. Figure 5(a) for theK = 100 case shows that the dominant harmonic
is the 1st but, at the natural frequencies of the first two modes, 3rd and 5th order harmonics are present. For
theK = 1000 case, the amplitudes of the higher harmonics are higher and a3rd order harmonic is visible at
the frequency of mode 3.
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Figure 5: Higher harmonics of system with cubic stiffness, position 1
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Figure 6: STFTs of response of system with bilinear stiffness, position 1
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Figure 7: FRFs of response of system with bilinear stiffness, positions 1 and 3

6 Bilinear stiffness

The bilinear stiffness chosen for these tests has aδ region of 0.03m,K1 = 100N/m andK2 = 450N/m.
Figure 6 shows the STFTs of the responses of the beam with thisbilinear spring to a slow chirp excitation.
Figure 6(a) shows that the response of this system to low excitation is similar in nature to that of the cubic
beam at low excitation. All the characteristics of the graphdemonstrate that the system is approximately
linear at level 1. This happens because the responsey(L2) never or rarely exceeds the width of the bilinear
region,δ. At excitation level 2 (figure 6(b))δ is exceeded regularly and as a consequence there are clear
indications of nonlinearity. The major difference betweenthis plot and the equivalent plot for cubic stiffness
is that higher frequency components appear at almost all excitation frequencies, not just at the resonances.
Modes 2 and 3 are excited almost throughout the response timehistory. The tail end of the mode 1 response
is broken up at the resonance of mode 2 only to re-appear later. Additionally, some of the harmonics follow
trends at slopes both higher and lower than the excitation frequency diagonal.

Figure 6(c) shows that at higher excitation levels some of the characteristics of figure 6(b) are still evident but
at lower amplitudes. In other words as the excitation level is increased beyond level 2 the system becomes
less nonlinear. As the excitation amplitude increases, theresponse amplitude becomes much higher thanδ
so that the effect of the nonlinearity is diminished. At extreme excitation amplitudes the system reverts to
being approximately linear.

Figure 7 shows the FRFs obtained from the step sine tests of the beam with bilinear stiffness. At position
1 (figure 7(a)) there is a significant difference between the FRF for level 1 and all the other FRFs. Mode
1 effectively disappears, mode 2 increases both in frequency and in amplitude and mode 3 decreases in
frequency and in amplitude. Notice that there is very littledifference between the FRFs for levels 2 to 5.
This means that the major changes in the system behaviour occur between levels 1 and 2.

Figure 7(b) shows the FRFs at position 3, which is near a nodalline of mode 3; hence this mode does not
appear in the responses. In this graph, modes 1 and 2 decreaseboth in frequency and in amplitude. Addi-
tionally, numerous low amplitude higher harmonics can be observed. These occur because the discontinuity
in the restoring force can only be represented as an infinite Fourier series. The difference between the FRF
for level 2 and the higher level FRFs is more pronounced here than at position 1.

Finally, figure 8 shows the amplitudes of the higher order components of the step sine responses at excitation
level 2. Figure 8(a) shows the amplitudes at position 1 and 8(a) at position 3. One of the striking features of
both graphs is that they feature frequency components that contain all harmonics from 1 to 6. These occur
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Figure 8: Higher harmonics of system with bilinear stiffness, positions 1 and 3

away from the linear natural frequencies and are not necessarily the same at all measurement positions.
Additionally, there are 3rd and 5th order harmonics occurring at the linear natural frequencies.

7 Hysteretic stiffness

The hysteretic stiffness chosen for the present analysis has a gap ofδ = 0.03 (see equation 7) and stiffness
K = 450N/m. If δ was zero, i.e. the system was linear, the additional stiffnessK would change the natural
frequencies of the beam to 5Hz, 13Hz and 33Hz. The STFTs from the slow chirp test are shown in figure 9.

This nonlinearity is different to the previous two cases because the system that contains it does not behave
in an approximately linear manner, even at very low excitation amplitudes. Figure 9(a) shows the STFT of
the response at level 1; the main frequency component is the excitation frequency; however there is a clear
3rd order component at the resonance of mode 1. Additionally, there are low amplitude but distinguishable
frequency components at 5Hz and 25Hz throughout the time history. Notice also that the second mode
resonates at 8Hz (instead of 13Hz), the third at 18Hz (instead of 33Hz) and the first does not appear to
resonate at all.

Figure 9(b) shows that when the excitation level is increased higher harmonics appear as multiples of the
excitation frequency. These multiples can be termed ‘harmonic lines’. Figure 9(b) shows that there can be
a small amount of departure from the lines around resonances. The other striking feature of figure 9 is that
resonances occur at different frequencies. For example, the resonance of mode 3 increases from 25Hz at
level 1 to 33Hz at level 5.

Figure 10 shows the FRFs from the step sine tests at positions1 and 3. The main feature visible in these
FRFs is that the resonances move significantly in frequency.The jumps of the resonances are especially
pronounces between excitation levels 1 and 2. From level 2 onwards the frequency shifts are more gradual,
rather in the manner of cubic stiffness.

Figure 10(a) shows that the mode 2 resonance jumps from 8Hz to12Hz at level 2 and 13Hz at level 3 and
then stays there. Its amplitude increases significantly with excitation level. Similarly mode 3 jumps from
26Hz to 32Hz and then 33Hz. Its amplitude first decreases and then increases. Mode 1 does not appear at
all.

In figure 10(b) the general picture is similar but the specifics differ. Mode 1 appears only at excitation level
5. Mode 3 appears shifted down to 25Hz at level 1 and then disappears. The most impressive feature, though,
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Figure 9: STFTs of response of system with hysteretic stiffness, position 1
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Figure 10: FRFs of response of system with hysteretic stiffness, positions 1 and 3
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Figure 11: Higher harmonics of system with hysteretic stiffness, positions 1 and 3

is the behaviour of mode 2 which is appears as a tall peak at 8Hzat level 1, gradually replaced by a peak at
13Hz as the excitation level is increased. It is interestingthat the amplitude of the peak at 8Hz drops as the
amplitude of the peak at 13Hz increases.

The higher order amplitude graphs of figure 11 are significantly less eventful. They represent the level
5 excitation case and demonstrate some 3rd and some 5th ordercomponents at the mode 1 and mode 2
resonances (position 1) or just at the mode 1 resonance (position 2). Given the complexity of figures 9
and 10, the low number of harmonic components is interesting. This phenomenon means that at higher
frequencies the system response can be mostly described as afirst order sinusoid. Figure 10 in fact shows
that at frequencies higher than 10Hz the higher order harmonic lines have a low amplitude compared to that
of the first order line.

8 Friction

The friction coefficient chosen for these tests was quite high at 0.8. Coulomb friction is most significant at
low velocity, since its magnitude depends only on the sign, not on the magnitude of the velocity. As the
velocity increases other forms of damping become more important, e.g. the proportional damping included
in the beam model.

Figure 12 shows the STFTs of the slow chirp responses of the beam with friction model. The most prominent
harmonics occur at level 1. As the excitation level is increased the harmonics disappear and at level 5 the
response is approximately linear.

Figure 13 also shows that friction is only significant at verylow excitation amplitudes. The FRFs from the
step sine tests for levels 2 to 5 are identical. Only the FRF for level 1 is different; in this case mode 1 has a
very low amplitude but its frequency is much higher than at higher levels. Additionally, modes 2 and 3 have
lower amplitudes. The plots from positions 1 and 3 are similar.

Figure 14 shows the amplitudes of the higher order components at level 1. The graph obtained at position 1
(figure 14(b)) shows that there is a very substantial 3rd order component and a visible 5th order. At position
3 there are no significant higher orders. Additionally, the amplitude of the first order component decreases
markedly at frequencies higher than 15Hz. This phenomenon is also evident in figure 13(b).
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Figure 12: STFTs of response of system with friction, position 1
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Figure 13: FRFs of response of system with friction, positions 1 and 3
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Figure 14: Higher harmonics of system with friction, positions 1 and 3
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Figure 15: STFTs of response of system with quadratic damping, position 1

9 Quadratic damping

Quadratic damping is the most studied polynomial damping nonlinearity. As it is a hardening nonlinearity
(its slope increases with velocity), it has the tendency to be more significant at higher excitation amplitudes.
On the other hand, since it depends on a power of 2, it is more present at lower excitation amplitudes than
cubic stiffness for example, which disappears completely.

The STFTs of the response of the beam with quadratic damping to slow chirp excitation are shown in fig-
ure 15. At level 1 the response is almost linear but there is a visible 3rd order harmonic at the mode 2
resonance. Compared with figure 3(a), it can be seen that quadratic damping is more nonlinear than cubic
stiffness at low excitation amplitudes. Figure 15(b) showsthat, as the excitation level is increased, higher
order harmonics with higher amplitudes make their appearance. Additionally, mode 2 resonates before the
excitation frequency reaches the mode 2 natural frequency.A further difference between quadratic damping
and cubic stiffness is the fact that the response frequency does not depend on response amplitude. Therefore,
the higher harmonics stay firmly on the harmonic lines.

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2717



0 5 10 15 20 25 30 35 40 45
0

0.5

1

1.5

2

2.5

3

3.5
x 10

−3

Frequency (Hz)

N
or

m
al

iz
ed

 a
m

pl
itu

de
Position 1

Level 1
Level 2
Level 3
Level 4
Level 5

(a) Position 1

0 5 10 15 20 25 30 35 40 45
0

0.01

0.02

0.03

0.04

0.05

0.06

Frequency (Hz)

N
or

m
al

iz
ed

 a
m

pl
itu

de

Position 3

Level 1
Level 2
Level 3
Level 4
Level 5

(b) Position 3

Figure 16: FRFs of response of system with quadratic damping, positions 1 and 3
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Figure 17: Higher harmonics of system with quadratic damping, positions 1 and 3

Quadratic damping is unique among the nonlinearities considered here in that it does not affect the natural
frequencies of the linear modes of the system. This can be seen in figure 17 were the FRFs from the step
sine tests are plotted. The only effect of the increase in amplitude level is a decrease in response amplitude.

Finally, the higher order amplitude plots of figure 17 show that odd harmonics appear at all the resonances
and all measurement positions. It is interesting to note that, even though quadratic damping is a second order
function, it is actually odd and therefore only odd harmonics appear in figure 17.

10 Expert rules

The main objective of this research is to create a set of rulesby which the type of nonlinearity present in
a nonlinear dynamic system can be guessed from response data. The following rules only pertain to the
nonlinearities that have been studied in this paper. They are split into four groups; the first three refer to
one of the three types of diagram used in the previous section: STFTs of slow chirp responses, first order
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FRFs and higher order amplitude plots. The fourth group of rules concerns the general tendency of various
nonlinearities to become more or less prevalent at higher excitation levels.

1. STFTs of responses to slow chirp excitation

(a) The existence of higher harmonics denotes nonlinearity

(b) The resonance of linear modes when excited at frequencies lower than their natural frequency
also denotes nonlinearity

(c) A strong dependence of the frequency of the higher harmonics on response amplitude suggests
that the nonlinearity lies in the stiffness, i.e. depends ondisplacement.

(d) If the higher harmonics stay on the harmonic lines then the nonlinearity will lie in the damping,
i.e. depend on velocity.

(e) If there are both strong harmonic lines and a certain dependence of the frequency on response
amplitude then the nonlinearity will depend on both velocity and displacement (as in the case of
hysteretic stiffness)

2. First Order FRFs

(a) If the FRFs are not identical for all excitation levels then the system contains at least one nonlin-
earity

(b) If the frequencies of the linear modes vary consistentlywith excitation level then the nonlinearity
is likely to lie in the stiffness

(c) If the frequencies of the linear modes are completely unaffected by the excitation level and only
their amplitudes change then the nonlinearity is polynomial damping

(d) Sudden and big jumps in the frequencies and/or amplitudes of linear modes suggest a discontin-
uous nonlinearity

3. Higher order amplitude plots

(a) The existence of non-zero higher order components denotes nonlinearity

(b) If higher order components appear only at the resonancesof the linear modes the nonlinearity is
polynomial

(c) The existence of narrow bands of higher order componentsof all orders suggests a piecewise
linear stiffness nonlinearity

4. Effect of excitation amplitude on specific nonlinearities

(a) If the impact of the nonlinearity on the system’s response increases and then decreases with
excitation level but the effect is always stiffening then the nonlinearity is bilinear or freeplay

(b) If the impact of the nonlinearity decreases continuously with excitation amplitude then the non-
linearity is friction

(c) If the impact of the nonlinearity increases continuously with excitation amplitude then the non-
linearity can be any polynomial stiffness or damping function
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11 Conclusions

A simple simulated model of a vibrating cantilever beam withvarious types of nonlinearity has been studied
in order to derive some expert rules that can be used to guess the nonlinear function present in a system
from response data. The rules presented here should only be taken for granted when used in conjunction
with the nonlinearities tested for this work. Some of the rules are common knowledge but repeated here for
completeness (e.g. rules 1(a) and 1(b)). Some other rules (e.g. 1(c)-1(d)) are reasonably general and could
probably be used for most nonlinearities. Finally, some rules are specific to this work and more research is
needed in order to generalise them. Such rules are 2(c) and 4(a)-(c).

More nonlinearities must be studied in order to validate and/or improve the set of rules presented here. For
example, only hardening versions of cubic and bilinear stiffness have been considered. Softening versions of
these nonlinearities may have different properties which will require a completion or amendment of the rule
set. The rules themselves are to be integrated in an Expert System for the identification of nonlinear dynamic
systems.
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Abstract 
In this paper the identification of a laboratory structure is performed by means of well-assessed linear and 
non-linear techniques. The structure considered is a multi-storey building subjected to different levels of 
excitation, chosen with particular care so as to put in evidence differences between linear and non-linear 
behaviour and to allow a better estimation of the system parameters. A numerical linear model of the 
structure is performed by using a series of vertical beams also subjected to axial load. The non-linearity of 
the structure is due to a buffer mounted on a lower deck with a certain clearance, introducing a non-linear 
asymmetrical behaviour in case of high excitation levels. 
The inertance of the underlying linear system, identified by means on the Nonlinear Identification through 
Feedback of the Outputs method (NIFO), is compared with that obtained by applying the Stochastic 
Subspace Identification method (SSI) to the response with low excitation, and some suggestions to 
practically apply both methods are given. 
The experimental results comparison reported in this paper is highlighting the key advantage of NIFO 
with respect to other previously developed techniques: the capability of dealing with multi-degree-of-
freedom non-linear systems holding different types of non-linearities. 
 
 

1 Introduction 
 
Identification of non-linear dynamic systems has been deeply investigated in recent years and the number 
papers and journals is the witness of this interest among the researcher’s community and also for its 
industrial fall-down. 
A list of existing methodologies developed to improve the non-linear identification would be probably too 
huge for the target of this paper, whilst a recent up-to date article draws a complete fresco describing the 
state of the art of the researches in this field [1]. 
The number of methods developed is widespread and, generally, no one exists to be adopted whenever, for 
any type of non-linearity, system complexity or exciting force, in spite of the efforts recently spent on this 
subject. 
One of the most recently developed and promising methods, together with another novel method under 
development by the same authors [2], seems to be the NIFO technique, already cited and adopted [3] by 
the same authors for simple non-linear systems, up to now in the case of polynomial and symmetrical non-
linearities. 
At present stage, the NIFO method has already passed the phase of testing on simulated numerical 
systems, and is now under investigation for its application on real MDOF structures with concentrated 
non-linearities. 
This is the case presented in the paper, consisting in a scaled multi-storey building provided with a non-
linear buffer, which has been conceived by looking at the real building dampers, a possible solution often 
adopted to absorb building vibration energy in those regions with high seismic activity. 
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The asymmetric characteristic of the buffer contact we have realized, its intrinsic non-linearity and the 
MDOF system of this rig create an interesting miscellaneous of the typical elements which are often 
difficult to identify in non-linear dynamics.  
As well known from specific literature, the non-linearity identification can be obviously achieved at 
different levels, such as: presence, localisation, typology and quantification. Among these, the typology 
and quantification responses are the hardest matters and often can lead to failure in the identification 
process for real-world applications. The basic idea of NIFO method lies in the interpretation of non-
linearities as unmeasured internal forces, i.e. considering non-linearities as cause of distortion in the linear 
Frequency Response Function matrix. The method needs the measure of both the inputs and the outputs, 
and produces the FRF of the underlying linear system as well as the type and the parameter estimation of 
the non-linear contribution in a relatively short computing time. 
 

2 Model description 
 
The 5 DOFs model depicted in Fig. 1 was constructed with aluminum plates and steel beams, whose 
properties were selected on the basis of a preliminary Finite Element model, as summarised in table 1. 
Since the plate stiffness is considerable, each horizontal displacement xi is only associated to the flexural  

 
Figure 1: The multi-storey building 

 

Table 1: Structure properties 

plate beam element  

i mass  
(kg) 

width  
(mm) 

length  
(mm) 

thickness 
(mm) 

length  
(mm) 

cross sectional 
area (mm2) 

1 4.32 270 250 36 50 60×0.3 

2 2.14 270 250 12 30 60×0.3 

3 1.89 270 250 10 60 60×0.3 

4 1.82 270 250 10 60 60×0.3 

5 1.85 270 250 10 60 60×0.3 

x5 
m5 

x4 
m4 

x3 
m3 

x2 
m2 

x1 
m1 
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Figure 2: Experimental set-up (left) and non-linear element acting on the first floor (right) 

Buffer

 
Table 2: FEM natural frequencies 

mode 1 2 3 4 5 

frequency (Hz) 3.19 7.06 11.54 16.14 30.51 

 
Table 3: Experimental measurements 

file edi04_01 edi04_03 edi04_05 edi04_07 edi06_03 edi06_04 edi06_05 edi06_06

d (mm) 0.4 0.4 0.4 0.4 0.6 0.6 0.6 0.6 

excitation 
level 

(Vrms) 

 
1 

 
3 

 
5 

 
7 

 
3 

 
4 

 
5 

 
6 

max 
displacement 

(mm) 

 
0.27 

 
0.81 

 
1.01 

 
1.15 

 
0.79 

 
0.90 

 
1.12 

 
1.23 

 
 
stiffness of the vertical beams. According to this hypothesis, neglecting the mass of the vertical beams and 
considering their axial load (due to the mass of the plates), the Finite Element analysis produced results in 
table 2. The experimental set-up is shown in Fig. 2: the structure is excited by means of an electrodynamic 
shaker acting on the first floor and a buffer mounted on the lower deck with a certain clearance is also 
added, thus introducing a non-linear asymmetrical behaviour in case of high excitation levels. The 
acceleration of each floor (including the basis), the force applied by the shaker and the displacement of the 
first floor were measured, with different levels of excitation (band-limited white noise between 1 and 50 
Hz) and with two values of deadspace d , as reported in table 3. 
 

3  Subspace identification 
 
A lot of effort was recently spent in the framework of subspace identification with excellent results [4-5], 
by taking advantage from robust numerical techniques such as QR decomposition and Singular Value 
Decomposition and by using geometric tools such as the oblique projections of the row space of matrices.  
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Given a deterministic-stochastic state-space model with s measurements of the input u and of the output y 
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where  is the state vector, and kx kw kν are unmeasurable vector signals called process error and 
measurement error respectively, the subspace identification problem consists in estimating the model 
order n and the system matrices A, B, C and D up to within a similarity transformation. In the data-driven 
approach of the Stochastic Subspace Identification (SSI) [5] the input data are gathered in a block Hankel 
matrix 
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the subscript p denotes the “past” and the subscript f denotes the “future” and the number of block rows i 
is a user defined index, that should be large enough with respect to the maximum order of the system to be 
identified. The number of columns l is typically equal to 12 +− is , which implies that all given data are 
used. The output block Hankel matrices Y , Y12|0 −i p and Yf are defined in a similar manner by replacing u 
with y in Eqn 2 and both input and output data may be then collected in the block Hankel matrix 
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of Yf  along the row space of Uf on the row space of Wp and in performing the Singular Value 
Decomposition of the following weighted oblique projection  
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where is the projection on the orthogonal complement of the row space of the U⊥Π
fU f matrix involving a 

QR factorization. The choice of the model order n is one of the most delicate passages when using the 
subspace methods and different criteria are available in technical literature for this choice, mainly 
involving stabilisation diagrams for frequency, damping ratio and Modal Assurance Criterion [6] and 
accordingly U1 and S1 are defined. An estimate of the extended observability matrix 
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may be obtained as 21
11

ˆ SUi =Γ , from which one can finally have the system matrices A and C. 

A wide class of subspace algorithms, such as N4SID [7], MOESP [8] and CVA [9] require different left 
and right user defined weighting matrices for the oblique projection O  in Eqn 3. i
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Modal parameters are given by the eigenvalue decomposition of matrix A: 
  (4) 1−ΘΛΘ=A

In the case of underdamped modes the eigenvalues rλ  on the diagonal of Λ  appear in complex conjugate 
pairs and can be transformed into continuous system poles rµ  by the following equation:  

 )ln(1
rr t
λµ

∆
=  (5) 

t∆  being the sampling interval. Moreover, under the assumption of proportional damping, the system 
poles can be written as: 

 21i rrrrr ζωωζµ −±−=  

being rω the r-th natural frequency and rζ the r-th damping ratio. Finally the r-th mode shape at the 
sensor locations is given by the observed part of the r-th system eigenvector 

 rr Cϑγ =   (6) 

 

4 Linear identification results 
 

The SSI analysis was performed over the measurements with deadspace 4.0=d mm and with the lowest 
excitation level (1 Vrms), because only in this case the maximum measured displacement is lower than the 
deadspace. As shown in table 3, in all the other cases the first floor of the building is bumping against the 
buffer, thus introducing a non-linear dynamical behaviour. This is also evident by looking at Fig. 3, where 
the ordinary coherence between the measured force applied to the structure and the measured acceleration 
of its first floor is shown for the linear case ( 4.0=d mm and 1 Vrms) and a non-linear case ( d mm 
and 6 Vrms): it is well known that the reduction of coherence usually indicates the presence of non-linear 
effects. 

6.0=

 

Figure 3: Coherence between measured force and measured acceleration of the first floor (solid line linear 
case, dashed line non-linear case). 
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Figure 4: Mode shapes of the structure 
 

Table 4: Linear analysis 

 mode I mode II mode III mode IV mode V 

frequency (Hz) 2.7 6.1 10.3 14.7 26.8 

damping (%) 0.2 0.3 0.2 0.2 0.4 

 
 
Notice that, although most system identification procedures tend to associate the nominal linear properties 
with the lowest level input and output data (as in the present case), this does not hold anymore for some 
mechanical systems containing non-linearities (such as Coulomb damping forces) that are most severe for 
the lowest level of excitation. 
Modal parameters extracted by means of the linear analysis are summarised in table 4 for the five modes. 
The lower values of the natural frequencies in comparison with those computed by the preliminary FE 
model can be explained by the presence of extra masses with respect to the FE nominal configuration. 
In fact, a number of screws, needed to connect the vertical beams to the plates, the load cell and also the 
accelerometers modify the mass distribution of the structure and a possible up-dating of the FE model 
should consider these added masses together with the experimental mode shapes shown in Fig. 4. 
 

5 Nonlinear Identification through Feedback of the Outputs (NIFO) 
 
The equation of motion of a dynamical system with h degrees of freedom and with lumped non-linear 
springs and dampers can be expressed in the following form: 

   (7) ( ) ( ) ( ) ( ) ( )tftgLtKztzCtzM j

p

j
njjv =+++ ∑

=1
µ&&&

where M, Cv and K are the mass, viscous damping and stiffness matrices respectively,  is the 
generalised displacement vector and  the generalised force vector, both of dimension h, at time t. The 
non-linear term is expressed as the sum of p components, each of them depending on the scalar non-linear 
function  through a vector L

( )tz
( )tf

( )tg j nj, who indicates the location of the non-linear element. The class of each 
non-linearity is specified through the function ( )tg j , (e.g., Coulomb friction, clearance, quadratic 
damping, etc. ). The NIFO method, recently developed by [10], treats non-linearities like unmeasured 
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internal non-linear feedback forces, that together with the measured external input act on the underlying 
linear system to produce the measured output of the system, as shown by Eqn 7, rewritten in the following 
form: 

   (8) ( ) ( ) ( ) ( ) ( )tgLtftKztzCtzM j

p

j
njjv ∑

=

−=++
1
µ&&&

Taking Fourier transform a frequency domain version of the above equation is obtained 

   (9) ( ) ( ) ( ) ( )ωµωωωω j

p

j
njjv GLFZMCK ∑

=

−=−+
1

2i

with ( ) ( )[ ]tzZ ?=ω , ( ) [ tfF ?= ( )]ω  and G . ( ) ( )[ ]tg jj ?=ω

Premultiplying by , it is immediate to find following MIMO relationship ( ) ( 12i
−

−+= MCKH v ωωω )

 ( ) ( ) ( ) ( )[ ]
( )
( )

( )



















−

−
=

ω

ω
ω

µωµωωω

p

nppn

G

G
F

LHLHHZ
M

K
1

11    (10) 

which represents the basic formulation of the Nonlinear Identification through Feedback of the Outputs. 
Since non-linearities convert uncorrelated random noise into correlated noise, the matrices involved in 
Eqn 10 are ill-conditioned, this determining the need of numerical techniques to reduce the error 
propagation. An approach similar to that discussed in [11] may be used to solve for the non-linear 
parameters and the underlying linear FRFs simultaneously. Eqn 10 can be rewritten in a compact form: 

 ( ){ } ( )[ ] ( ) ( ){ }( ) 11 ×++×× = pNEpNNEN iioo
FHZ ωωω    (11) 

where N is the number of monitored outputs, No i is the number of nonzero inputs (usually Ni< No) and 
( )ωEH  is the “extended” Frequency Response Function matrix of the non-linear system. The “input” 

vector of the MIMO system is defined as 

 ( ) ( ) ( ) ( )[ ]TpE GGFF ωωωω −−= L1    (12) 

Then the classical “H1” procedure may be performed: 

 ( ){ } ( )[ ] ( ) ( ){ }( ) ( ){ } 111
ˆ

××++×× +=
oiioo NEpNEpNNEN FHZ ωηωωω    (13) 

being  and ( )ωẐ ( )ωηE  the measured output spectra and the noise vector respectively. It is worth noticing 
that in the NIFO formulation (Eqn 10) the presence of noise in the output automatically implies the 
presence of noise in the “input” vector ( )ωEF . This is due to the fact that this “input” vector also contains 
Fourier transforms of the internal feedback forces, which are non-linear functions of the output vector 

. ( )tz

By considering Navg different measurements an overdetermined set of linear equations is obtained: 

 [ ] ( )[ ] ( ) [ ]( ) [ ]
avgoavgiioavgo NNENpNEpNNENN H ××++×× Ξ+Ψ=Φ ω    (14) 

where 

 [ ] ( ){ } ( ){ } ( ){ }[ ]
avgavgo NNN ZZZ ωωω ˆˆˆ

21 K=Φ ×    (15) 
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    (16) [ ]( ) ( ){ } ( ){ } ( ){ }[ ]
avgavgi NEEENpNE FFF ωωω K21=Ψ ×+

    (17) [ ] ( ){ } ( ){ } ( ){ }[ ]
avgavgo NEEENNE ωηωηωη K21=Ξ ×

The best least-squares estimate of the ( )ωEH  matrix that minimises the sum of the squared errors on the 
outputs is obtained by: 

    (18) ( )[ ] ( ) [ ] [ ] ( )
+

+××+× ΨΦ= pNNENNpNNE iavgavgoio
H ωˆ

the symbol ‘+’ denoting the pseudoinverse matrix. 
 

6 Non-linear identification results 
 

The motion of the present vibrating structure can be described by 
 ( ) ( ) ( ) ( ) ( )tfzFLtKztzCtzM dnv =+++ 1&&&    (19) 

( )1zFd  being a scalar non-linear function of the displacement of the first floor, for example  

      ( )
( ) ( dzkzF
zF

cd

d

−=
=

11

1 0
) dz

dz
>
≤

1

1

for    
for       (20) 

where d is the asymmetrical deadspace (clearance), k is a piecewise stiffness term and the location vector 

is . The system is excited by a band-limited white noise between 1 and 50 Hz 
with different rms values.  

c
T

nL ]00001[=

Since the deadspace d was physically measured only with some approximation, parameter estimation was 
performed by NIFO with parameters summarised in table 5, first choosing Np 2= non-linear terms (of 
first and second degree), defined as  

      
( )
( ) ( )
( ) ( )21

1

0

jj

jj

j

dztg

dztg

tg

−=

−=

= ( )
( )
( ) NjNdtz

Njdtz

Njdtz

j

j

j

21   and  for    

1   and  for    

21   and  for    

1

1

1

≤≤+>

≤≤>

≤≤≤
  (21) 

where is a user defined deadspace term (jd Njdd Njj ≤≤= + 1for   

jd −

). The known positive displacement 

range  is divided into N equally spaced intervals (with  and ( )


1max z
t


 ,0 [ ]jd,1 00 =d 5=N ): 

system parameters jµ  are estimated by a spectral mean between 1 and 30 Hz and results are shown in Fig. 
5 (non-linear part of the stiffness curve). 
 

Table 5: NIFO parameters for all measurements 

Blocksize Overlap Averages  avgN

4096 from 71% to 87% 182 
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(a) (b) 

Figure 5: Estimated non-linear contribution to the stiffness curve for two positions of the buffer. 
Maximum excitation level (solid line), medium excitation level (dotted line), polynomial law with known 
deadspace and maximum excitation level (dashed line). 

 
 
The choice of “describing functions”, i.e. non-linear functions, as defined in Eqn 21 may be very useful in 
many situations where an initial characterisation of the non-linearity is needed. 
As shown in Fig. 5 the non-linear function is approximated by a set of non-linear describing functions, 
each of them gives a nonzero contribution only outside a user defined interval: the NIFO method detects 
the most important contributions and then this procedure could be repeated by adding different describing 
functions until satisfactory results are achieved. Clearly this is possible because the NIFO method can deal 
with many non-linear terms simultaneously, in contrast to previously developed methods, such as the 
Conditioned Reverse Path method (CRP), that requires a huge computational effort in constructing a set of 
uncorrelated response components [12-13]. 
A second NIFO analysis was also performed by considering a known deadspace, and to this purpose a 
polynomial law of degree 7 was adopted to fitting the non-linear stiffness contribution: 

 
( )
( ) ( ) j

j

j

dztg

tg

−=

=

1

0
       ( )

( )   for    
 for    

1

1

dtz
dtz

>
≤   (22) 

with 1 . 7≤≤ j
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Figure 6: NIFO estimated rms contributions to the non-linear force with 6.0=d mm and excitation 6 
Vrms. 

 
 

 
Figure 7: SSI estimated inertance in the linear case, 51H 4.0=d mm and excitation 1 Vrms (solid line), 
NIFO estimated inertance of the underlying linear system in the non-linear case, mm,  
excitation 6 Vrms and 

51H 6.0=d
10=p describing functions (dashed line). 
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Figure 8: Frequency dependent NIFO estimate of the strength of the second non-linear function 

 with mm and excitation 6 Vrms. ( ) ( ) dzdztg >−= 1
2

12 , 6.0=d

 
 
A satisfactory degree of agreement with the previous results is reached, as shown in Fig. 5 (dashed lines) 
for the maximum excitation level in both cases. The small negative part of the second stiffness curve (Fig. 
5b) is probably due to the fact that the true deadspace is larger than that approximately measured ( 6.0=d  
mm); the force contributions, in the same case, are shown in Fig. 6. 

In Fig. 7 the NIFO estimate of the  inertance of the underlying linear system is compared with the 
corresponding linear FRF obtained by SSI: a good agreement can be observed, except near system 
resonances, where the internal non-linear forces are highly correlated. A similar problem affects the NIFO 
estimates of the non-linear coefficients, as in the case shown in Fig. 8, and a spectral mean is needed. To 
overcome this problem the authors are currently developing a time domain procedure for identifying non-
linear vibrating structures [2], which is based on the use of subspace algorithms. 

51H

 

7 Concluding remarks 
 
Once passed the first stage of NIFO application to numerical and to simple non-linear systems [3], the 
authors have refined the method to reach valuable results in the case of more realistic structures: in this 
framework the paper presents the results obtained by the proposed method on a scaled multi-storey 
building showing a concentrated non-symmetric non-linearity represented by an elastic buffer. 
The experimental application proposed along the paper shows how the NIFO approach is suitable for the 
analysis of a mechanical system with a general set of non-linear terms, taking advantage from its 
capability of easily select the non-negligible terms and hence giving them an estimated weight to 
reconstruct the non-linear concentrated characteristic. 
The experimental results reported are highlighting some advantages of NIFO method with respect to the 
other previously developed techniques: its capability of treating multi-degree-of-freedom non-linear 
systems holding unknown type non-linearities and processing the data with a relatively short time-
consuming. 
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Abstract
The Hilbert transform is one of the most successful approaches to tracking the varying nature of vibration
of a large class of nonlinear systems thanks to the extraction of backbone curves from experimental data.
Because signals with multiple frequency components do not admit a well-behaved Hilbert transform, it is
inherently limited to the analysis of single-degree-of-freedom systems. In this study, the joint application of
the complexification-averaging method and the empirical mode decomposition enables us to develop a new
technique, the slow-flow model identification method. Through numerical and experimental applications,
we demonstrate that the proposed method is adequate for characterizing and identifying multi-degree-of-
freedom nonlinear systems.

1 Introduction

Nonlinear dynamics has been studied for a relatively long time, but the first contributions to the identification
of nonlinear structural models date back only to the 1970s. Since then, numerous methods have been de-
veloped because of the highly individualistic nature of nonlinear systems. A large number of these methods
were targeted at single-degree-of-freedom (SDOF) systems, but significant progress in the identification of
multi-degree-of-freedom (MDOF) lumped-parameter systems was realized during the last ten years. How-
ever, it is fair to say that there is no general analysis method that can be applied to all nonlinear systems in
all instances. For a review of the literature on the subject, the reader is invited to consult the monograph [1]
or the recent overview [2].

One of the most successful approaches to nonlinear system identification is the restoring force surface
method, introduced in the late 1970s by Masri and Caughey [3]. The technique is appealing in its sim-
plicity, the starting point being Newton’s second law. Another attractive technique, which uses the Hilbert
transform and the slow-flow dynamics for nonlinear system identification, dates back to the early 1990s.
SDOF systems were first studied in the ‘FREEVIB’ method [4], and the generalization to 2DOF systems
soon followed [5]. That procedure tracks the varying nature of vibration of a large class of nonlinear systems
thanks to the extraction of backbone curves from experimental data. Because multicomponent signals do not
admit a well-behaved Hilbert transform, the ‘FREEVIB’ method is best exploited for SDOF systems or for
single-mode resonance of MDOF systems. Alternative approaches for slow-flow-based identification were
developed, using, for instance, the wavelet [6] and Gabor [7] transforms.

Recognizing the limitation of the Hilbert transform for signals with multiple frequency components, Huang
et al. introduced the Hilbert-Huang transform (HHT) in 1998 in [8]. It decomposes signals in terms of
elemental components, termed intrinsic mode functions (IMFs), through what has been called the empirical
mode decomposition (EMD). Its capability to analyze nonlinear and nonstationary data, utilized in several
applications such as plasma diagnostics [9] and financial time series [10], makes it potentially superior to the

2735



Fourier and wavelet transforms. This is discussed in detail in the monograph [11]. Several applications of the
HHT to structural dynamics recently appeared, including damage detection [12], gearbox and roller bearings
fault diagnosis [13], aeroelastic flight data analysis [14], and nonlinear vibration characterization [15]. Yang
et al. also related the IMFs to the modal properties, providing a clear interpretation of the relationship of
HHT to linear dynamics [16, 17]. However, a complete analytical foundation is still lacking in the presence
of nonlinear effects.

As shown for the first time in [18], the lack of this fundamental understanding of the HHT in nonlinear
structural dynamics can be addressed by linking its outcome to the slow-flow dynamics of the system.
The slow-flow model is established by performing a partition between slow and fast dynamics using the
complexification-averaging (CxA) technique, resulting in a reduced dynamical system described by slowly-
varying amplitudes and phases. Moreover, these slowly-varying variables can be extracted directly from
experimental measurements using the Hilbert transform coupled with the EMD. The comparison between
experimental and analytical results forms the basis of a novel parameter estimation method, termed the slow-
flow model identification (SFMI) method. The SFMI method can be viewed as an effective generalization of
the FREEVIB approach to MDOF systems.

This paper is organized as follows. In the next section, the CxA method is briefly presented. In Section
3, the HHT and the concept of an IMF are introduced; their use for nonlinear signal characterization is
also detailed. The intimate relation between the CxA method and the HHT, which forms the basis of the
SFMI method, is discussed in Section 4. The SFMI method is then demonstrated using numerical and
experimental application examples in Sections 5 and 6, respectively. Finally, the method’s strengths as well
as its limitations are outlined in the conclusions of Section 7.

2 Modeling the Slow Flow of Nonlinear Systems: The CxA Method

The slow-flow model of a nonlinear system is established by partitioning its response in terms of slow and
fast components, assuming that such decomposition is possible. This is the case when the time series of
the dynamics are composed of a number of well separated dominant frequency components, which can
be regarded as the fast frequencies of the response; the slow dynamics then provide the slowly-varying
modulations of the fast-frequency components. The resulting equations govern the slow-flow variables,
namely amplitudes and phases, and describe a dynamical system which is a good approximation to the
original system under certain assumptions [19].

There are important motivations for studying the slow flow. One of them is that the slowly-varying ampli-
tudes and phases represent meaningful features of the response and offer a sharper and clearer character-
ization of the system dynamics than the original time series. One possible method for deriving the slow
dynamics of structural systems is the classical method of averaging [19]. In this study, a variant of this tech-
nique, the CxA method [20], is considered. There are basically four steps in the method: (i) complexification
of the equations of motion; (ii) partition of the dynamics into slow and fast components; (iii) averaging of
the fast-varying terms; and (iv) extraction of the slow-flow variables from the averaged system.

To illustrate the method, a damped Duffing oscillator

ẍ+ cẋ+ kx+ knlx
3 = 0 with x(0) = X, ẋ(0) = 0 (1)

is first treated. A complex change of variable, ψ(t) = ẋ(t)+ jωx(t), is performed, where ω is the frequency
which best describes the system response. Equation (1) becomes

ψ̇ − jω
ψ + ψ∗

2
+ c

ψ + ψ∗

2
+ k

ψ − ψ∗

2jω
+ knl

(
ψ − ψ∗

2jω

)3

= 0. (2)

The dynamics ψ(t) = ϕ(t)ejωt is decomposed into slow, ϕ(t), and fast, ejωt, components such that the
motion is approximated by a single frequency component with modulated amplitude and phase. By averaging
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out the fast-frequency component ejωt, equation (2) is transformed into

ϕ̇+
jωϕ

2
+
cϕ

2
− jkϕ

2ω
− 3jknl

8ω3
|ϕ|2ϕ = 0. (3)

Due to the averaging process, this complex-valued differential equation represents an approximation to the
original dynamics. We then proceed to the extraction of envelope and phase variables by expressing the
variable ϕ(t) in polar form, ϕ(t) = a(t)ejβ(t),

ȧ+ jaβ̇ +
jωa

2
+
ca

2
− jka

2ω
− 3jknla

3

8ω3
= 0. (4)

The real and imaginary parts of this equation are

ȧ+
ca

2
= 0, β̇ +

ω

2
− k

2ω
− 3knla

2

8ω3
= 0; a(0) = Xω, β(0) =

π

2
, (5)

respectively. Unlike equation (1), the equations describing the slow-flow dynamics may be solved analyti-
cally, giving

a(t) = Xωe−ct/2 and β(t) =
3knlX

2

8ωc
(1− e−ct)−

(
ω

2
− k

2ω

)

t+
π

2
. (6)

Therefore, equations (5) may be viewed as a set of approximate but simplified equations that govern the
essential dynamics of the system. The system response predicted by the CxA method is, in final form,

x(t) =
a(t)

ω
sin [ωt+ β(t)], (7)

which shows that the total phase variable is Φ = ωt+ β.

Because the primary focus of this paper is on MDOF nonlinear system identification, a 2DOF system is now
investigated with equations of motion given by

m1ẍ+ c1ẋ+ c12(ẋ− ẏ) + k1x+ k12(x− y) = 0,

m2ÿ + c12(ẏ − ẋ) + c2ẏ + k2y + k12(y − x) + knly
3 = 0. (8)

The system response should comprise two dominant fast components with frequencies ω1 and ω2. Four
complex variables are therefore introduced in this case,

ψ1 = ẋ1 + jω1x1, ψ2 = ẋ2 + jω2x2, ψ3 = ẏ1 + jω1y1, ψ4 = ẏ2 + jω2y2, (9)

such that x(t) = x1(t) + x2(t) and y(t) = y1(t) + y2(t). By substituting this ansatz into (8), applying
multiphase averaging [21] over the fast-frequency components and expressing the complex amplitudes in
polar form, the slow-flow model is derived (see [22] for the detailed computations).

Figure 1 shows the comparison between the system response predicted by the CxA method and the response
computed using numerical simulation of the original equations of motion (8) with k1 = k2 = k12 = m1 =
m2 = 1, knl = 2, c1 = c2 = 0.05, c12 = 0 and zero initial conditions except for x(0) = 1. Because
the nonlinear coefficient and the initial displacement are O(1) quantities, this is a strongly nonlinear system.
Satisfactory agreement between prediction and numerical simulation is observed throughout the responses
of the two oscillators. The good predictive capability of the CxA method for strongly nonlinear systems was
previously discussed in [23], despite the absence of proof of asymptotic validity [19].
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Figure 1: Approx. of the response of a 2DOF nonlinear system using the CxA method. (a) x(t); (b) y(t).

3 Characterization of a Multicomponent Signal: The HHT

The Hilbert transform of a time-domain signal x(t) can be viewed as the convolution of the original signal
with 1/t, emphasizing temporal locality of x(t). It characterizes the signal x(t) through the extraction of its
envelope A(t) and instantaneous phase Φ(t), x(t) = A(t) cos Φ(t). It is based on the analytic signal X(t)
defined as X(t) = x(t) + jH[x(t)] = A(t) exp[jΦ(t)] where j =

√
−1 is the imaginary constant. Notice,

at this point, the similarity of this complexification framework to the CxA process examined in the previous
section. This is the first indication of the relationship between the two methods, which will be discussed in
Section 4. It follows that

A(t) =
√

x(t)2 +H[x(t)]2 and Φ(t) = arctan (H[x(t)]/x(t)). (10)

The instantaneous frequency is the time derivative of the phase Φ(t). One intrinsic limitation of the method
is that it is only truly suitable for monocomponent signals, i.e., those possessing a single dominant harmonic
component.

The limitation of the Hilbert transform when applied to signals with multiple frequency components has been
recently addressed through a process known as empirical mode decomposition (EMD) [8]. The basic idea
of the EMD is to decompose the original signal in a sum of elemental components, termed intrinsic mode
functions (IMFs). To be amenable to the Hilbert transform, each IMF must satisfy two properties: (i) the
number of extrema and zero-crossings can differ by no more than one; and (ii) at any point, the mean value
of the envelope defined by the local maxima and the envelope defined by the local minima should be zero.
It follows that an IMF is a monochromatic signal, the amplitude and frequency of which can be modulated,
unlike harmonic functions. Moreover, the signal can be reconstructed as a linear superposition of its IMFs.
Taken collectively, the Hilbert spectra of the IMFs give a complete characterization of a multicomponent
signal in terms of amplitude and phase variables, or equivalently in terms of amplitudes and instantaneous
frequencies. The approach coupling the EMD with the Hilbert transform has been termed the Hilbert-Huang
Transform (HHT).

Given a signal x(t), the EMD algorithm seeks for its characteristic time scales, which are defined by the time
lapse between successive extrema [8]. A systematic means of extracting the different time scales, designated
the sifting process, is as follows: (i) identify all local extrema; (ii) interpolate the maxima and the minima by
spline approximations to produce the upper and lower envelopes, respectively; (iii) compute m(t), the mean
of the upper and lower envelopes; (iv) compute h(t) = x(t) − m(t); (v) if h(t) is not an IMF, restart the
procedure by treating h(t) as the signal.

The component h(t) is considered to be an IMF when the mean m(t) is globally smaller than a prescribed
fraction of the mode amplitude, defined as half the difference of the upper and lower envelopes. Because
overiterating for better local approximation may be detrimental to the main portions of the signal, larger
values of m(t) may be tolerated locally, as proposed by Rilling et al. [24].

Once the first IMF h1(t) has been computed, the second IMF can be extracted from the residue r1(t) =
x(t) − h1(t). By construction, the number of extrema in the residue decreases with the number of IMFs,
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Figure 2: Wavelet transform applied to signal y(t) in Figure 1(b).
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Figure 3: Application of the EMD to signal y(t) in Figure 1(b). (a) First IMF; (b) second IMF; (c) third IMF.
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Figure 4: Final outcome of the HHT applied to a two-component signal. (a) Envelope of the first IMF; (b)
envelope of the second IMF; (c) instantaneous frequency of the first IMF; (d) instantaneous frequency of the
second IMF
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and the iterative process stops when the residue after n iterations rn(t) becomes a monotonic function. By
summing up all the IMFs and the last residue, the complete signal decomposition is obtained:

x(t) =
n∑

k=1

hk(t) + rn(t). (11)

Because the EMD explores sequentially the different time scales in the data, going from the finest scale
(i.e., the highest-frequency component) to the coarsest scale (i.e., the lowest-frequency component), it is
characterized by an inherent multiresolution.

For illustration, the multicomponent signal y(t) in Figure 1(b) is considered. Figure 2 depicts the wavelet
transform of this signal, which reveals the presence of two dominant frequency components in the vicinity of
the natural frequencies of the linearized system. The application of the HHT begins with the decomposition
of the signal in terms of its IMFs using EMD. The 3 leading IMFs are displayed in Figure 3. The first 2 IMFs
are related to the fundamental frequency components and account for more than 99.5% of the total variance in
the signal, which confirms that y(t) can be approximated using a two-component signal. The last IMF can be
physically interpreted by considering its harmonic content; in particular, its characteristic frequency is equal
to 2 times that of the second IMF minus that of the first IMF. This is remarkable, because this component
was completely missed by the wavelet transform. The Hilbert transform can now be safely applied to each of
the IMFs. The final outcome of the HHT in terms of amplitude and instantaneous frequency of the first two
IMFs is shown in Figure 4. The respective contributions of the modes can be easily assessed from Figures
4(a) and (b); that is, both modes seem to participate evenly in the system response. Moreover, because
the instantaneous frequencies of both modes decrease with time, the hardening effect of the nonlinearity is
evident in Figures 4(c) and (d). Clearly, this represents meaningful structural information, which cannot be
obtained from the visual inspection of the time series.

In summary, the HHT represents an important addition to the structural dynamicist’s signal processing tool-
box. What makes the HHT so attractive is that it eliminates the need for an a priori defined functional basis,
as is generally required for traditional signal analysis techniques (e.g., the Fourier transform expresses a sig-
nal in terms of global harmonic basis functions, and the wavelet transform in terms of local basis functions).
Being purely data-driven, the HHT precisely determines the most appropriate empirical but adaptive basis.
This ability to adapt is crucial, given the individualistic nature of nonlinear systems. Another key feature of
the method is that, by utilizing the Hilbert transform, it operates at the scale of one oscillation and is, thus,
truly able to track local changes in signals.

4 The Intimate Relation between the CxA Method and the HHT

The proposed nonlinear system identification technique, termed the slow-flow model identification (SFMI)
method, integrates elements of the previously discussed CxA process and the HHT-based slow-flow reduction
of the dynamics. Before we proceed to describe the detailed tasks that need to be undertaken in order
to develop and test the SFMI method, it is necessary to establish a relationship between the theoretical
CxA approach and the computational HHT method. The missing link between these two seemingly distinct
approaches was first revealed in [18].

Both approaches share a common basis by expanding a multifrequency signal in terms of a series of simple,
monocomponent oscillatory modes, which are related to the dominant fast-frequency components of the
signal. On the one hand, the CxA method transforms the equations of motion of a nonlinear system into a
set of approximate equations that govern the slow flow. Two equations, one for the amplitude and one for
the phase, are derived for each modeled fast-frequency component, governing the slow modulation of that
fast harmonic. On the other hand, the HHT characterizes a signal through the amplitude and phase of the
elemental oscillatory components, the IMFs.
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Figure 5: Intimate relation between the theoretical CxA approach and the computational HHT method. Left
column: HHT results; right column: CxA results.

Hence, the link between the methods is clear: the slow-flow model derived using the CxA method corresponds
to the equations governing the amplitude and phase of the dominant IMFs computed from the signal by
applying the HHT; the CxA method therefore provides a rigorous theoretical framework for the HHT.

To illustrate the relation between both approaches, Figure 5 shows the comparison of the results of the CxA
and HHT methods applied to the response y(t) of system (8) with k1 = k2 = k12 = m1 = m2 = 1,
knl = 2, c1 = c2 = 0.05, c12 = 0 and zero initial conditions except for x(0) = 1. The four top plots
depict the temporal evolution of the envelopes of the modeled components in the CxA method, y1(t) and
y2(t), and of the IMFs, respectively. The four bottom plots depict the temporal evolution of the corresponding
instantaneous frequencies. An almost complete coincidence of the two sets of results is observed, confirming
the link between the two methods.

Based on this theoretical link, the SFMI method is formulated with the following steps:

1. Perform experimental measurements of the transient response of the tested system to obtain a set of
local time series at different sensing positions throughout the system.

2. Analyze each individual time series using the wavelet transform to identify the dominant frequency
components and their temporal evolution.

3. Apply the HHT to the measured time series.
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4. By comparing the wavelet spectrum to the individual plots of the instantaneous frequencies of the
extracted IMFs, determine the dominant IMFs of the structural response and categorize them in terms
of their characteristic time scales.

5. Based on the slow-flow model of the CxA method, perform a curve-fitting of the measured instanta-
neous frequencies and amplitudes of the IMFs using a classical linear least-squares procedure; doing
so, the physical parameters are identified.

6. Assess the accuracy of the identification process by comparing the measured and reconstructed time
series.

One key feature of the SFMI method is that it performs a multiscaled identification, because it employs
the characteristic time scales of the dominant dynamics at different phases (time windows) of the system
response at different sensing locations.

5 The Slow-Flow Model Identification Method: Numerical Results

To demonstrate the effectiveness of the SFMI method for characterization and parameter estimation of
MDOF nonlinear systems, the identification of the 2DOF system (8) is considered. Its slow-flow model
can be recast in matrix form

A
︷ ︸︸ ︷
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0 0 0 a1
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(12)
An estimation of the matrix A and the vector b can be obtained by direct application of the HHT, through
the computation of the envelopes ai and phases βi (and their first derivatives) of the measured IMFs. We
note that, if the mass matrix is unknown, the identified coefficients are therefore mass-normalized.

A careful inspection of equation (12) reveals that the elements of matrix A involving the term sin (β i − βj)
must be very small, which might corrupt the curve-fitting process. The reason is that the phase differences
(β3 − β1), (β2 − β4), (β1 − β3) and (β2 − β4) should be very close to 0 or ±π, because they correspond
to either the in-phase or anti-phase mode. The slow-flow model can therefore be rewritten by removing
those elements from matrix A, and the physical parameters contained in vector x can be identified in a
straightforward manner using the Moore-Penrose inverse

x = (AT
A)−1

A
T
b (13)

The response of system (8) is computed using Newmark’s algorithm for k1 = k2 = k12 = m1 = m2 = 1,
knl = 2, c1 = c2 = 0.05, c12 = 0 and two sets of initial conditions, x(0) = 0.5 and x(0) = 1, and all other
initial conditions set to zero. Because the extrema of the transient responses must be correctly identified in
the EMD, a fair number of data points per oscillation is required. In the present study, the sampling frequency
is set to 10 Hz. The system response for x(0) = 1 is displayed in Figure 1.

Parameter estimation is carried out using the SFMI method, and the results are listed in Table 1, respectively.
A satisfactory identification of the stiffness and damping parameters is realized. The remaining small errors
are attributed to the inherent approximations of the CxA process.
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k1 (N/m) k2 (N/m) k (N/m) knl (N/m3) c1 (Ns/m) c2 (Ns/m) c12 (Ns/m)
Exact values 1 1 1 2 0.05 0.05 0
Identification 0.995 0.983 1.000 2.143 0.044 0.047 0.003
x(0) = 0.5

Identification 1.001 0.976 1.006 2.107 0.047 0.048 0.001
x(0) = 1

Table 1: Parameter estimation results for system (8).

First mass

2nd mass

ball joints
�

��
B
B

BBM

Figure 6: Schematic of the experimental fixture.

6 The Slow-Flow Model Identification Method:
Experimental Demonstration

6.1 Description of the experimental fixture

To support the previous theoretical findings, experimental measurements were carried out using the fixture
depicted in Figure 6. This fixture realized the system described by equations

m1ẍ+ c1ẋ+ c12(ẋ− ẏ) + k1x+ k12(x− y) = 0

m2ÿ + c12(ẏ − ẋ) + c2ẏ + k12(y − x) + knly
3 = 0 (14)

and comprised two cars made of aluminum angle stock which were supported on a straight air track. The first
car (i.e, the left car in the upper picture in Figure 6) of mass m1 was grounded by means of a linear spring
k1, and the second car of mass m2 was connected to the first car by means of a linear coupling stiffness k12.
The leaf springs k1 and k12 were built to be identical. An essential cubic nonlinearity knl was realized by a
thin wire with no pretension, as detailed in [25]. A long-stroke electrodynamic shaker was used to excite the
first car.

The response of both oscillators was measured using accelerometers. Estimates of the corresponding dis-
placements were obtained by integrating twice the measured accelerations. The resulting signals were then
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Parameter Value
Stiffness k1 427.2 N/m

Coupling stiffness, k12 421.1 N/m
Cubic stiffness knl 5.77 106 N/m3

Damping c1 0.13 Ns/m
Damping c2 0.05 Ns/m

Table 2: Parameters of the experimental fixture identified using the stochastic subspace identification and
restoring force surface methods.

Parameter Value
Stiffness k1 447.3 N/m

Coupling stiffness, k12 402.9 N/m
Stiffness k2 4.4 N/m

Cubic stiffness knl 6.15 106 N/m3

Damping c1 0.39 Ns/m
Damping c2 0.35 Ns/m
Damping c12 0.01 Ns/m

Table 3: Parameters of the experimental fixture identified using the SFMI method.

high-pass filtered to remove the spurious components introduced by the integration procedure.

6.2 Separate identification of the system components

Before treating the system of coupled cars using the SFMI method, a separate identification of the different
components was carried out:

• The first car was disconnected from the second car, and linear modal analysis was performed on the dis-
connected first car using the stochastic subspace identification technique [26]. The natural frequency
and the viscous damping ratio were estimated to be 4.49 Hz and 0.42%, respectively. Because the
mass of the first car was known, the stiffness and damping parameters k1 and c1 were easily deduced
from this modal analysis. A similar procedure was undertaken to estimate coefficient k12.

• The second car was disconnected from the first car with the aim of estimating the nonlinear coefficient
knl. To this end, the restoring force surface method [3] was employed. Further details are available in
[22].

The values of the parameters identified using this two-step procedure are listed in Table 2.

Finally, the wire was disconnected, and a modal analysis of the coupled linear system was performed. The
natural frequencies predicted by the previously identified parameters overestimated the measured ones by
3%. To get a better match between measured and predicted frequencies, the estimate of the coupling stiff-
ness k12 was decreased to 395 N/m. Rigorously, however, one should introduce a detailed modeling of the
connection between the two cars which comprises ball joints (see Figure 6).

6.3 Nonlinear system identification using the SFMI method

The identification of the coupled nonlinear system is now undertaken using the 6-step procedure introduced
in Section 4.
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Figure 7: Measured displacement signals. (a) First car; (b) second car.
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Figure 8: EMD applied to the measured displacements. (a,b) First car; (c,d) second car

1 2 3 4 5
0

2

4

6

8

10

Time (s)

Fr
eq

ue
nc

y 
(H

z)
 −

 IM
F1

1 2 3 4 5
0

2

4

6

8

10

Time (s)

Fr
eq

ue
nc

y 
(H

z)
 −

 IM
F2

(a) (b)

Figure 9: Measured instantaneous frequencies of the first car. (a) First IMF; (b) second IMF.
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Figure 10: Measured phase differences. (a) Anti-phase mode: β1 − β3; (b) in-phase mode: β2 − β4.
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Figure 11: Comparison of the predicted and measured displacements. (a,c) First car; (b,d) second car.

The displacement signals computed from the measured accelerations are depicted in Figure 7; the partici-
pation of both the in-phase and anti-phase modes in the system response is evident. The wavelet transform
(not depicted herein) shows two dominant frequency components in the vicinity of the natural frequencies
of the underlying linear system. Processing the measured displacements through the EMD, one obtains the
dominant IMFs in Figure 8. The 2 leading IMFs account for 99.8 and 99.9% of the total variance of the
displacement of the first and second cars, respectively. The Hilbert transform is then applied sequentially
to each identified IMF. Figure 9 depicts the instantaneous frequencies of the IMFs of the first car. The fre-
quency of the in-phase mode decreases from 3.8 Hz at t = 0.5 s to 2.9 Hz at t = 5 s, which is an indication
of a strongly nonlinear system. We note that, due to the end effects of the EMD and the Hilbert transform,
the first half second of data is systematically discarded in what follows.

The next step in the nonlinear system identification process is the estimation of the system parameters 1. We
note that the measured phase differences β1 − β3 and β2 − β4 in Figure 10 are close to π and 0. Table 3
summarizes the results of the linear least-squares fitting, and the resulting parameters can be compared to
those obtained from the separate identification of the system components:

• The identified stiffnesses k1 and k12 differ from the values in Table 2 by a few percent. As discussed
in the previous section, a decrease in the value of k12 was expected due to the presence of ball joints
in the connection between the two cars.

1Prior to system identification, both cars were weighed. Their masses were found to be m1 = 0.632 kg and m2 = 0.558 kg.
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• The nonlinear coefficient is in close agreement with the value previously identified. Moreover, because
k2 takes a very small value, the SFMI method is able to retrieve that the nonlinearity is essential; that
is there is no linear spring in parallel with the nonlinear spring.

• Estimated damping is somewhat higher compared to that in Table 2.

The predicted and measured displacements are compared in Figure 11, which highlights the predictive capa-
bility of the identified model.

The SFMI method was also tested in [22] for another impulsive force with an amplitude reduced by 30%.
Despite some slight discrepancies, the identified parameters agree well with those in Table 3.

Because a strongly nonlinear system is investigated and because damping estimation is a difficult problem in
this fixture, all these results can be considered as satisfactory and demonstrate the effectiveness of the SFMI
method.

7 Concluding Remarks

This paper focuses on the relation between the theoretical CxA approach and the computational HHT with
the aim of bringing to light a better understanding of this time-frequency transform and developing a new
nonlinear system identification approach of rather general applicability in nonlinear structural dynamics. A
one-to-one relationship between the analytically realized slow-flow dynamics of the system and the IMFs
derived directly from the measured time series is demonstrated. Based on the theoretical link between the
two approaches, the SFMI method is proposed. This method has several interesting features:

• Because it is based on the HHT, the SFMI method fully embraces both the nonlinearity and nonstation-
arity of operating dynamical systems. Moreover, a multiscaled identification is performed, because the
method identifies the dominant characteristic time scales of the system response and establishes the
dimensionality of the dominant dynamics.

• The Hilbert transform gives sharper frequency and time resolutions compared to other time-frequency
decompositions. Another distinct advantage is that ridge extraction, which is necessary when using
the wavelet and Gabor transforms for nonlinear system identification is avoided.

• Due to its specific time-frequency representation, the SFMI method certainly offers a different perspec-
tive on the dynamics. For instance, the computation (and subsequent comparison) of the instantaneous
frequencies of the IMFs can reveal possible nonlinear resonant interactions between the system’s com-
ponents that might be embedded and, thus, hidden in the signal [27].

• The SFMI method is a ‘linear-in-the-parameters’ method and does not rely on nonlinear optimization
techniques, which greatly facilitates parameter estimation.

Mode mixing may potentially be an issue when using the HHT, especially in the case of noisy data and signals
with substantially different modal participations. Use of the HHT intermittency test or appropriate filtering
should resolve this difficulty. The fact that the slow-flow model of the dominant dynamics computed through
the CxA approach is an approximation of the true dynamics may also be seen as a limitation. However, the
predictive accuracy of the slow-flow model can be as good as desired by including the necessary number of
harmonic components in the ansatz.

In summary, the numerical and experimental application examples in this study show that the SFMI method
yields quite accurate results and offers an effective tool for parameter estimation of MDOF nonlinear dy-
namical structures.

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2747



Acknowledgments

G. Kerschen is supported by a grant from the Belgian National Fund for Scientific Research (FNRS) which
is gratefully acknowledged.

The authors are grateful to Patrick Flandrin for making his EMD code freely available at http://perso.ens-
lyon.fr/patrick.flandrin (see also [24]).

References

[1] Worden, K. and Tomlinson, G.R., 2001, Nonlinearity in Structural Dynamics: Detection, Identifica-
tion and Modelling, Institute of Physics Publishing, Bristol, Philadelphia.

[2] Kerschen, G., Worden, K., Vakakis, A.F. and Golinval, J.C., 2006, “Past, present and future of non-
linear system identification in structural dynamics,” Mechanical Systems and Signal Processing 20,
505-592.

[3] Masri, S.F. and Caughey, T.K., 1979, “A nonparametric identification technique for nonlinear dynamic
problems,” Journal of Applied Mechanics 46, 433-44.

[4] Feldman, M., 1994, “Nonlinear system vibration analysis using the Hilbert transform - I. Free vibra-
tion analysis method FREEVIB,” Mechanical Systems and Signal Processing 8, 119-127.

[5] Feldman, M., 1997, “Non-linear free vibration identification via the Hilbert transform,” Journal of
Sound and Vibration 208, 475-489.

[6] Garibaldi, L., Ruzzene, M., Fasana, A. and Piombo, B., 1998, “Identification of non-linear damping
mechanisms using the wavelet transform,” Mecanique Industrielle et Materiaux 51, 92-94.

[7] Bellizzi, S., Gullemain, P. and Kronland-Martinet, R., 2001, “Identification of coupled non-linear
modes from free vibration using time-frequency representation,” Journal of Sound and Vibration 243,
191-213.

[8] Huang, N.E., Shen, Z., Long, S.R., Wu, M.C., Shih, H.H., Zheng, Q., Yen, N.C., Tung, C.C. and
Liu, H.H., 1998, “The empirical mode decomposition and the Hilbert spectrum for nonlinear and
non-stationary time series analysis,” Proceedings of the Royal Society of London, Series A — Math-
ematical, Physical and Engineering Sciences 454, 903-995.

[9] Kakurin, A.M and Orlovsky, I.I., 2005, “Hilbert-Huang transform in MHD plasma diagnostics,”
Plasma Physics Reports 31, 1054-1063.

[10] Huang, N.E., Wu M.L., Qu W.D., Long, S.R. and Shen, S.S.P., 2003, “Applications of Hilbert-Huang
transform to non-stationary financial time series analysis,” Applied Stochastic Models in Business and
Industry 19, 245-268.

[11] Huang, N.E., Wu M.L., Qu W.D., Long, S.R. and Shen, S.S.P., Editors, 2003, Hilbert-Huang Trans-
form and Its Applications, World Scientific, Singapore.

[12] Yang, J.N., Lei, Y., Lin, S. and Huang, N., 2004, “Hilbert-Huang based approach for structural damage
detection”, Journal of Engineering Mechanics 130, 85-95.

[13] Yu, D., Cheng, J. and Yang, Y., 2005, “Application of EMD method and Hilbert spectrum to the fault
diagnosis of roller bearings,” Mechanical Systems and Signal Processing 19, 259270.

[14] Brenner, M. and Prazenica, C., 2005, “Aeroelastic flight data analysis with the Hilbert-Huang algo-
rithm,” AIAA Atmospheric Flight Mechanics Conference and Exhibit, San Francisco, 2005-5917.

2748 PROCEEDINGS OF ISMA2006



[15] Pai, F.P. and Hu, J., 2006, “Nonlinear vibration characterization by signal decomposition,” Proceed-
ings of the 24th International Modal Analysis Conference (IMAC), St. Louis.

[16] Yang, J.N., Lei, Y., Pan, S.W. and Huang, N., 2003, “System identification of linear structures based
on Hilbert-Huang spectral analysis; Part 1: Normal modes,” Earthquake Engineering and Structural
Dynamics 32, 1443-1467.

[17] Yang, J.N., Lei, Y., Pan, S.W. and Huang, N., 2003, “System identification of linear structures based
on Hilbert-Huang spectral analysis; Part 2: Complex modes,” Earthquake Engineering and Structural
Dynamics 32, 1533-1554.

[18] Kerschen, G., Vakakis, A.F., Lee, Y.S., McFarland, D.M. and Bergman, L.A., 2006, “Toward a funda-
mental understanding of the Hilbert-Huang Transform in nonlinear structural dynamics,” Proceedings
of the 24th International Modal Analysis Conference (IMAC), St-Louis.

[19] Sanders, J.A. and Verhulst, F., 1985, Averaging Methods in Nonlinear Dynamics Systems, Springer-
Verlag, New York.

[20] Manevitch, L.I., Complex representation of dynamics of coupled oscillators in Mathematical Models
of Nonlinear Excitations, Transfer Dynamics and Control in Condensed Systems, New York, Kluwer
Academic/Plenum Publishers, pp. 269-300, 1999.

[21] Lochak, P. and Meunier, C., 1988, Multiphase Averaging for Classical Systems with Applications to
Adiabatic Theorems, Springer Verlag, Berlin and New York.

[22] Kerschen, G., Vakakis, A.F., Lee, Y.S., McFarland, D.M. and Bergman, L.A., Toward a Fundamental
Understanding of the Hilbert-Huang Transform in Nonlinear Dynamics, Journal of Vibration and
Control, in review.

[23] Kerschen, G., Lee, Y.S., Vakakis, A.F., McFarland, D.M. and Bergman, L.A., 2006, “Irreversible
passive energy transfer in coupled oscillators with essential nonlinearity,” SIAM Journal on Applied
Mathematics 66, 648-679.

[24] Rilling, G., Flandrin, P. and Goncalves, P., 2003, “On empirical mode decomposition and its algo-
rithms,” IEEE-EURASIP Workshop on Nonlinear Signal and Image Processing NSIP-03, Grado.

[25] McFarland, D.M., Bergman, L.A. and Vakakis, A.F., 2005, “Experimental study of non-linear energy
pumping occurring at a single fast frequency,” International Journal of Non-linear Mechanics 40, 891-
899.

[26] Van Overschee, P. and DeMoor, B., 1996, Subspace Identification for Linear Systems: Theory, Imple-
mentation, Applications, Kluwer Academic Publishers, Boston.

[27] Georgiades, F., Vakakis, A.F. and Kerschen, G., 2006, “Broadband irreversible targeted energy trans-
fer from a linear dispersive rod to a lightweight essentially nonlinear end attachment,” International
Journal of Non-linear Mechanics, in press.

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2749



2750 PROCEEDINGS OF ISMA2006



Nonlinear Structure Analysis Using the Best Linear
Approximation

L. Lauwers, J. Schoukens, R. Pintelon and M. Enqvist
Vrije Universiteit Brussel, dep. ELEC, 
Pleinlaan 2, 1050 Brussels, Belgium
e-mail: lieve.lauwers@vub.ac.be

Abstract
In this paper, we propose a method to distinguish between some nonlinear system structures using the best
linear approximation (BLA) of the system in order to select an appropriate model structure. The main idea
of the method is to apply a Gaussian input signal and to vary the root mean square (rms) value and the
power spectrum of this signal. Depending on the resulting changes of the amplitude and phase
characteristics of the BLA, an appropriate model structure for the Device Under Test can be selected. A
theoretical analysis of the method is presented for some block-oriented structures.

1     Introduction 

Since most real-life systems are nonlinear, there is a tendency in system identification towards nonlinear
modelling. The selection of a nonlinear model structure is a critical first step in nonlinear identification.
However, due to the large amount of nonlinear model structures, it might be hard for the user to know
whether or not the selected model structure is appropriate for modelling the Device Under Test (DUT). In
case a wrong model structure is chosen, a lot of effort and time can be wasted.
This paper presents a method that gives the user some guidance in the selection of a nonlinear model
structure. It is based on the behaviour of the best linear approximation of the nonlinear system as a function
of the rms value and the power spectrum of the Gaussian input. 
The outline of this paper is as follows: First, the best linear approximation is defined for a given class of
excitation signals. Next, the nonlinear model structure selection method is described in detail. Furthermore,
the best linear approximation for four classes of nonlinear model structures is discussed and some
simulation results are presented. Finally, the proofs of the results are given in appendix.

2     Best Linear Approximation

The best linear approximation  of a nonlinear system is optimal in the sense that it minimizes the
mean square error between the true output and the modelled output for a particular class of stochastic
inputs:

, (1)

with  and  the measured input and output, respectively, and  the linear transfer function
model where  is the shift operator.
Using this framework, the DUT can be represented by the best linear approximation  followed by a
noise source  which represents the unmodelled nonlinear contributions in the system (see Fig. 1). These
nonlinear contributions depend on the particular realization of the input signal and they exhibit a stochastic
behaviour.

GBLA

GBLA  E y t( ) G q( )u t( )–( )2[ ]
G

arg min=

u t( ) y t( ) G q( )
q

GBLA
ys

2751



Figure 1: The best linear approximation of a nonlinear system (left) 
provides an alternative representation of the system (right).

The best linear approximation  is defined as

, (2)

where  is the cross power spectrum between the output  and the input  and  is the auto
power spectrum of the input (Theorem 1 in [2]). In practice,  can be estimated by averaging the
measured frequency response functions (FRF) for different input realizations. The best linear
approximations turn out to be particularly useful when the input is Gaussian or approximately Gaussian. A
special member of the class of approximately Gaussian excitation signals is a random phase multisine
which is defined as

, (3)

where both the amplitudes  and basis frequency  can be chosen by the user. The phases  are
independent random variables uniformly distributed over . Although in theory the number of
frequencies  should tend to infinity for a random multisine to become Gaussian, in practice  works
already very well for smoothly varying amplitude distributions  [1,2].
When an odd multisine (i.e., a random phase multisine where no even frequency lines are excited) is used,
the FRF measurements are not disturbed by the even nonlinearities.

3     Method

The main idea of the proposed structure analysis method is to vary in a first experiment the amplitude or
rms value of the Gaussian input signal, and in a second experiment the power spectrum while keeping the
rms value constant. Changing the rms value corresponds to a vertical shift in the power spectrum, while
changing the power spectrum means reshaping it by prefiltering the input signal without changing the rms
value. The latter is done by normalizing the power of the excitation signal after the filtering step. Then,
depending on the resulting change (a vertical shift or a shape change) of the best linear approximation of
the system, it is possible to distinguish between some nonlinear model structures. However, there is no
guarantee that there will be a change. The aim of this method is to give the user some guidance in the
choice of nonlinear model structures, not to make a complete and strict classification of nonlinear model
structures based on the behaviour of the best linear approximation.

4     Nonlinear Model Structures

In this section, the best linear approximation, as defined in (2), of some nonlinear model structures is
studied for Gaussian excitation signals. Here, only the results are presented while the proofs are given in the
appendix.
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4.1     Wiener-Hammerstein (WH)

A Wiener-Hammerstein system consists of a linear dynamic system , followed by a static nonlinear
system, and again a linear dynamic system  (Fig. 2). The signals  and  are the system input and
output, respectively;  and  are internal signals which are not measurable and  is a static
nonlinearity.

Figure 2: A Wiener-Hammerstein system.

Early results about the identification of Wiener-Hammerstein systems can be found in the literature [3,4].
More recent work is reported in [5,6,7].

The best linear approximation of a Wiener-Hammerstein system can be written as
, (4)

where , the best linear approximation of the static nonlinearity, is a scale factor that depends on the power
spectrum of  (rms value and colouring) [1,2,3,8,9]. As a result, different excitation levels of the input
signal give a shift in the amplitude of  for Wiener-Hammerstein systems, but no change in its phase.
This property is illustrated in Fig. 3 for a Wiener-Hammerstein system where  is a second order
Butterworth filter with cut-off frequency  (normalized with respect to the Nyquist frequency),

 is a second order Chebyshev filter with , and  is the static
nonlinearity. The input signal is a random odd multisine with a flat amplitude spectrum , ,
and  with respect to the Nyquist frequency. The rms values used are 10, 1 and 0.1. The
amplitude and phase characteristics of the best linear approximation are shown for different rms values of
this input signal.

Figure 3: The amplitude and phase of  for WH-systems
for rms values 10 (green), 1 (red) and 0.1 (blue).
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4.2     Block Structured Nonlinear Feedback Systems (NLFB)

In nonlinear feedback systems with a Wiener-Hammerstein structure in the feedback loop (Fig. 4), it can be
shown that changes of the input signal (rms and colouring) lead to shape changes of both the amplitude and
phase of  [10]. This corresponds to a pole displacement, which is consistent with system and control
theory.

Figure 4: A nonlinear feedback system.

To illustrate this property, the amplitude and phase characteristics of the best linear approximation of a
nonlinear feedback system are shown in Fig. 5 for different rms levels of the random odd multisine (2, 1
and 0.5). Here,  and  are second order Butterworth filters with cut-off frequency 
(normalized with respect to the Nyquist frequency),  is a first order highpass Chebyshev filter with

 and  is the static nonlinearity in the feedback loop.

Figure 5: The amplitude and phase of  for a NLFB system
for rms values 2 (green), 1 (red) and 0.5 (blue).

4.3     Wiener-Hammerstein-NFIR (WH-NFIR)

A Wiener-Hammerstein system where the static nonlinearity has been replaced by a dynamic nonlinearity
with a finite memory is called a Wiener-Hammerstein nonlinear finite impulse response (WH-NFIR)
system. In this case, the output  of the nonlinear element depends not only on the present input, but also
on a finite number of past inputs. Hence, such a system can be written as

, (5)

where  is a nonlinear function.
For this kind of model structure, two subclasses can be defined based on the type of nonlinearity. A
distinction can be made between an NFIRsum and a polyNFIR. In a WH-NFIRsum system, the dynamic
nonlinearity can be written as

, (6)

i.e., as a sum of nonlinear functions  that have only one argument. 
For these systems, like for NLFB systems, the best linear approximation changes in shape when the rms
value or the shape of the power spectrum of the input signal is varied. These results are proven in
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Appendices A.2 and B.2.

For a WH-polyNFIR system the dynamic nonlinearity consists of a monomial i.e., one term of a
polynomial

, (7)

where  is a constant. Varying the rms value of the input signal gives rise to a shift in the amplitude of
 of WH-polyNFIR systems, while the phase remains unchanged. Changing the shape of the power

spectrum results in shape changes of both the amplitude and phase characteristics of . These results
are proven in Appendices A.1 and B.1.

4.4     Summary

The results described above are summarized in the following table:

WH and WH-polyNFIR systems have the same amplitude and phase characteristics when changing the rms
value of the Gaussian input. Hence, by performing only one experiment in which the rms level of the input
signal is varied, no distinction can be made between these two systems. However, by changing the shape of
the power spectrum in a second experiment, it might be possible to distinguish them. Furthermore, there is
no difference in the characteristics of the best linear approximation for WH-NFIRsum and NLFB systems.
As a result, a WH-NFIRsum structure might be used as an approximate model structure to identify a NLFB
system, although it does not correspond to the true system structure.

5     Conclusion

A method based upon the best linear approximation for the distinction between some nonlinear model
structures has been presented, analysed theoretically, and illustrated by numerical examples. According to
the behaviour of their best linear approximation, model structures can be divided into different classes, in
which the structures show the same behaviour. If the behaviour of the Device Under Test corresponds to
one of the classes, all the structures in that class might be used to approximate the true system. Structures
outside that class show a different behaviour and are thus less appropriate to model the system. We were
able to distinguish three classes of nonlinear model structures with a different behaviour for the best linear
approximation: (1) Wiener-Hammerstein systems, (2) Wiener-Hammerstein-polyNFIR systems and (3) the
general class including Wiener-Hammerstein-NFIRsum systems and nonlinear feedback systems. 

Gaussian excitation signals

changing rms value changing shape power spectrum 

WH = =

WH-polyNFIR =

WH-NFIRsum

NLFB

Table 1: General behaviour of the best linear approximation of some nonlinear systems.
 stands for a shift,  denotes a frequency dependent change, and = means that nothing changes.
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Appendix
The best linear approximation of Wiener-Hammerstein systems (with a static nonlinearity) has already been
studied [1,2,9,11]. In this section, the resulting changes of the best linear approximation for the WH-NFIR
systems when changing the rms level or the shape of the power spectrum are proven theoretically. In
Appendix A the system consists only of the nonlinearity. This corresponds to a Wiener-Hammerstein
structure where , so that  and . In Appendix B the dynamic nonlinearity is
inserted into a Wiener-Hammerstein structure. 

G1 G2 1= = p u= q y=

2756 PROCEEDINGS OF ISMA2006



Appendix A: NFIR Systems

Here, the following generalization of Bussgang’s theorem for NFIR systems with Gaussian input signals
will be used. 
Theorem:
Let  be an NFIR system with a stationary Gaussian process  as input.
Assume that the expectations . Then it follows that

, (8)

where

 (9)

with the compact notation . Here,  is the cross-covariance function
between the output and the input, and  is the auto-covariance function of the input.
Proof: See [11].

Using the Z-transform, (8) can be written as  where .

From this equation it follows that the best linear approximation, in mean square error sense, of an NFIR
system with Gaussian input is the linear finite impulse response (FIR) model

. (10)

This relation will be used to characterize  of an NFIR system with a Gaussian input when the power
spectrum of the input is shifted or shaped. To be able to compare  before and after shaping the power
spectrum, the power of the input signal will be normalized after prefiltering in order to keep the rms level
unchanged.

A.1 polyNFIR: 

A.1.1 Changing rms
When the amplitude or rms level of the input signal  is multiplied by , the general formula (7) of a
polyNFIR system can be rewritten as

, (11)

where  is the rms value.
Using (9) and (11), the -coefficients before ( ) and after ( ) changing the rms value can be
calculated. It follows immediately that

 where  , (12)

and thus . As a result, the amplitude of  will shift by a scale factor , while the
phase remains unchanged when the rms value of the Gaussian input is altered.

A.1.2 Changing shape power spectrum
Assume now that coloured Gaussian noise is used to excite the system. The excitation signal  can then
be written as filtered white zero mean Gaussian noise  with variance :

, (13)

with  the impulse response of the colouring filter.
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Consider a polyNFIR system . The best linear approximation of this system will be

, (14)

where  and . Here,  denotes . 

If the input is white noise, these expressions reduce to  and . This example shows that
the -coefficients are, in general, not equal for white and coloured noise, since  depends on the
colour or the bandwidth of the input signal. Consequently, both the amplitude and phase of  change
when the power spectrum of the excitation signal is shaped.

A.1.3 Generalisation
It can be proven that the same properties for the best linear approximation hold for homogeneous
polynomials, i.e., polynomials where the degrees of all terms are equal. Also for these systems, varying the
rms level of the input results in a vertical shift of the amplitude, while the phase does not change and
modifying the bandwidth of the input signal leads to shape changes of both the amplitude and phase.

A.2 NFIRsum: 

A.2.1 Changing rms
For an NFIRsum system, every -coefficient depends on the partial derivative of a different function 
with respect to , i.e.,

(15)

with .

Furthermore, the arbitrary functions  are in general nonlinear which implies that . Thus,
in general every -coefficient shifts in a different way with respect to  when the rms value  is
varied. This can be illustrated with an example. Consider the NFIRsum system  and a
zero mean Gaussian input . For this system, the -coefficients are  and  and
thus these -coefficients change differently as functions of . This can be expressed in general as

 where  depends on  and is not the same for every . Consequently,

. (16)

To conclude, changing the rms value of the input signal results in a shape change of both the amplitude and
phase of  and thus . 

A.2.2 Changing shape power spectrum
By definition, , where  is the probability density function of one
component in the zero mean Gaussian input signal . Because linear filtered zero mean Gaussian noise is
still zero mean Gaussian, and the variance is preserved due to normalization, we have that the expected
value does not change. Every  is thus independent of the colouring of the input signal. In other words,
neither ’s amplitude nor its phase will vary when the shape of the power spectrum is changed.
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A.3 Results

The results which have been proven above are summarized in the following table:

Hence, the best linear approximations of polyNFIR and NFIRsum systems have different properties when
changing the power spectrum of the Gaussian excitation signal.

Appendix B: WH-NFIR Systems

Consider now a Wiener-Hammerstein system (Fig. 2) where the static nonlinearity is replaced by an NFIR
subsystem. The best linear approximation of such a WH-NFIR system for a Gaussian input is given by

, (17)

where  is the approximating FIR model of the NFIR system from  to  [9,11].

Relation (17) will be used to prove the resulting changes of  when the power spectrum of the
Gaussian input is varied. 

B.1 WH-polyNFIR

B.1.1 Changing rms
When the rms level  of the Gaussian input signal  is modified,  in (17) will change according to
the changes in . Since the equality  holds in this case, WH-polyNFIR systems have
the property that different values of  give a shift in the amplitude of  but no change in its phase. 

B.1.2 Changing shape power spectrum
If an excitation signal with the same rms value but a different bandwidth as the original signal  is
applied to the system, a signal with a different power spectrum (compared to the case when  is the input
signal) appears at the input of the polyNFIR. This is due to the filtering effect of the linear dynamic block

. Since the best linear approximation of a polyNFIR system  depends on the input’s power
spectrum, it follows that  of WH-polyNFIR systems changes in amplitude and phase when the
colouring of the input signal  is varied.

B.2 WH-NFIRsum

B.2.1 Changing rms
In Section A.2.1 we proved that a change in the rms value of the input signal leads to shape changes of both
the amplitude and phase of the best linear approximation for NFIRsum systems. As a result,  in (17)
will change accordingly so that the same property holds for WH-NFIRsum systems.

B.2.2 Changing shape power spectrum
The filter  will influence the system’s  when only the bandwidth of the input signal  is varied.
The reason for this is that  in general will produce a signal with a different rms value and colouring,

Gaussian excitation signals

changing rms value changing shape power spectrum 

polyNFIR =

NFIRsum = =

Table 2: General behaviour of the best linear approximation of some NFIR systems.
 stands for a shift,  denotes a frequency dependent change, and = means that nothing changes.
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depending on the bandwidth of . Since  of an NFIRsum system depends on the rms level of its
input (i.e., the output of ),  of WH-NFIRsum systems changes when the power spectrum of the
input signal  is modified.

u t( ) B z( )
G1 GBLA

u t( )

2760 PROCEEDINGS OF ISMA2006
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Abstract 
The industrial demand on good dynamical simulation models is increasing. Since most structures show 
some form of nonlinear behavior, linear models are not good enough to predict the true dynamical 
behavior. Therefore nonlinear characterization, localization and parameter estimation becomes important 
issues when building simulation models. This paper presents identification techniques for nonlinear 
systems based on both random and harmonic excitation signals. 
The identification technique based on random excitation builds on the well known reverse-path method 
developed by Julius S. Bendat. This method treats the nonlinearity as a feedback forcing term acting on an 
underlying linear system and the parameter estimation is performed in the frequency domain by using 
conventional MISO/MIMO techniques. Although this method provides a straightforward and systematic 
way of handling nonlinearities, it has been somewhat limited in use due to the complexity of creating 
uncorrelated inputs to the model. As is shown in this paper, the parameter estimation will not be improved 
with conditioned inputs and the nonlinear parameters and the underlying linear system can still be 
estimated with partially correlated inputs. 
This paper will also describe a parameter estimation method to be used with harmonic input signals. By 
using the principle of harmonic balance and multi-harmonic balance it is possible to estimate an analytical 
frequency response function of the studied nonlinear system. This frequency response function can, in 
conjunction with measured nonlinear transfer functions, be used to estimate the nonlinearity present in the 
system. This method is also applicable on nonlinear systems with memory, e.g. systems with hysteresis 
effects. 
The above mentioned methods are applied to multi-degree-of-freedom and single-degree-of-freedom 
systems with different types of nonlinearities. Also, techniques for locating nonlinearities are discussed. 
 

1 Introduction 
 
The overall aim with parameter estimation is to find suitable parameters to a mathematical model, based 
on measurements of the inputs and outputs of a system. The mathematical model can, for instance, be 
based on a beforehand known model structure. This is known as parametric modelling, which will be 
studied in this paper. Furthermore, the systems studied contain significant nonlinearities that must be 
included when creating the model, hence nonlinear parameter estimation. 
Systems used in engineering can generally be separated into two distinct groups; linear or nonlinear. A 
system, H , is said to be linear if it fulfills the principle of superposition: 

{ } { }xHcxcH ⋅=⋅                    (1) 

{ } { } { }2121 xHxHxxH +=+                   (2) 

A system which does not satisfy these properties is defined as nonlinear. Additionally, nonlinear systems 
can be classified into different groups as described in [1]. In this paper, two different types of non-
linearities will be discussed; zero-memory nonlinear systems and nonlinear systems with memory. 
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The next chapter will show how the frequency response functions can be used to identify and locate 
nonlinearities in a dynamic system. This will be followed by methods for parameter estimation with 
random noise signals in chapter 3, and next using sine excitation in chapter 4.     
 

2 Nonlinear effects on the Frequency Response Functions 
 
The frequency response functions can normally give sufficient information about a system. In structural 
dynamics it is often common to assume that there is an underlying linear system. By measuring the 
frequency response functions at different force amplitudes it is, in many cases, possible to identify the type 
of nonlinearity present as shown in Figure 2.1. For zero-memory nonlinear systems it is also possible to 
identify the type of nonlinearity with random noise signals as will be shown in Chapter 3. 
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Figure 2.1: Frequency Response Functions measured with an upward sine sweep. 

 
The nonlinear degree-of-freedoms can also be determined, from the frequency response functions, by 
using the fact that the nonlinearity usually only influence the system dynamics at high input amplitude. 
For example, consider a 2-dof system where a nonlinear element is connected from one dof to ground. 
Figure 2.2 shows the point-receptance measured at each degree-of-freedom. 
Notice that, for 22H , the anti-resonance remains at the same position in frequency since the system is close 
to linear at this very low response amplitude. The same behavior can not be seen for 11H  and thus, the 
nonlinear element must be connected to the second degree-of-freedom. 
Hence, the frequency response function can be used to find the nonlinear degree of freedoms as well as 
identify the type of nonlinearity present. This information will be necessary in the following chapters, 
where a known model structure is assumed. 
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Figure 2.2: Simulated point receptance for a two-degree-of-freedom system with a nonlinear 

element connected to the second dof. H11 above and H22 below. Notice that the anti-resonance is not 
moving for H22 since the nonlinear element is connected to the second dof. 

 

3 Parameter Estimation with Random Noise Signals 
 
This chapter will study a method based on using random noise signals as initially developed by Bendat 
[1]. This method uses a least-square method in the frequency domain to estimate parameters and is 
suitable to identify zero-memory nonlinear systems. The multiple-input-multiple-output theory, used in 
the method, will be initially reviewed in section 3.1, followed by an application to nonlinear systems in 
section 3.2 and finally two simulated examples in section 3.3.  
  

3.1 The MIMO Identification Technique 
 

Consider a general linear system, with N  input and M outputs, and noise on the measured outputs, as 
shown in Figure 3.1. 

 
Figure 3.1: A Multiple-Input-Multiple-Output Model with noise on the outputs.  

 
The H1-estimator for this system can be determined at each frequency as 

1−⋅= FFXF GGH                   (3) 

where XFG is the cross-spectral density matrix with size ( )NN × , and FFG is the auto-spectral density 
matrix with size ( )NM × . 

Next, the coherence function is defined. Generally, the ordinary coherence function is defined as the linear 
relationship between any two signals.  

+

+

+

H { }F { }X
... ...

1n

2n

Mn
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For a single-input-single-output model the use of the coherence function is straightforward but for a 
multiple input case, as shown in Figure 3.1, several ordinary coherence functions can be formulated, for 
instance the ordinary coherence between input p  and output q : 

ppqq

p

XXFF

qFX

pq GG

G

⋅
=

2

2γ                   (4) 

Equation (4) yields a frequency dependent real-valued scalar equal to unity when perfect linear 
relationships exist between two spectra. However, for a MIMO case, the ordinary coherence function 
between an output spectrum and an input spectrum can be misleading. Due to the influence of other 
inputs, this coherence function can be much less than unity even though a perfect linear relationship exists 
between all inputs and outputs. For this reason the multiple coherence function is more useful in a multiple 
input case.  
A multiple coherence function can be calculated for each output as 

XX

H
XFFFXF

m G
GGG ⋅⋅

=
−1

2γ                  (5) 

The size of XFG  will now be )1( N× and XXG will be scalar since only one output is selected. Thus, 
M number of multiple coherence functions can be calculated for the system shown in Figure 3.1. 
 

3.2 Using MIMO identification For Nonlinear Systems  
 
The MIMO identification technique can now be used to solve a nonlinear problem. Actually, there are 
several possible ways to formulate a nonlinear problem with MIMO-technique. For instance, consider 
duffing’s equation: 

fxpxkxcxm =⋅+⋅+⋅+⋅ 3&&&                  (6) 

In frequency domain this can be formulated as 

( ) FxpXB =⋅+⋅ 3F                    (7) 

where B  is the impedance of the linear system and ( ).F  is the Fourier transform. Note that in Equation 
(7), p  can be frequency dependent. Clearly, using the multiple input techniques from the previous section, 
this problem can be solved in, for instance, three different ways as shown in Figure 3.2 were 1−= BH .   
 

 
Figure 3.2: Three possible ways to solve Duffing’s equation with multiple input techniques; Force as 

output (left), displacement as output (middle), nonlinear function as output (right) 

 
In this paper, the applied force and the nonlinear feedback forces are used as input to the MIMO-model, 
since this formulation is easier to extend to a general nonlinear system as will be shown next. Various 
extensions to MDOF systems with several nonlinear elements have previously been done by, for instance, 
[2,3]. 
A general nonlinear system can be expressed as 

X

( )3xF

B

p

F F

( )3xF− pH ⋅

X X−

F

pB /

p/1

( )3xF
+ + +

H
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{ } { } { } { } { } { }[ ]xxNfxxx &&&& ,−=⋅+⋅+⋅ KCM                 (8) 

where N is a set of nonlinear restoring forces depending on either x or x& . In more detail, the nonlinear 
operator can be written as 

{ } { }[ ] { } { } { }( )xxgwpxxN mm

N

m
m

EL

&& ,,
1

⋅⋅=∑
=

                 (9) 

Thus, for each nonlinear component there is an unknown coefficient mp , a position vector { }mw  and a 
nonlinear function mg . Typical nonlinear functions are shown in Equation (10)-(11). The position vector is 
here used in the formulation since the nonlinear function might act on the relative output between two 
degrees-of-freedom, as will be determined by the elements location, for instance: 
 

{ } { }( )3xwg T
mm =  (Cubic hardening spring)             (10) 

{ } { }( )2xwg T
mm &=  (Quadratic damping)              (11) 

 
Equation (8) and (9) can be written in frequency domain as 

{ } { } { } { } { }( )( )xxgwpFX mm

N

i
m

EL

&,
1

F⋅⋅⋅−⋅= ∑
=

HH              (12) 

From the expression above a new modified force vector can be defined which includes the nonlinear 
restoring forces as shown in Equation (13). This force vector is then used as input to a MIMO-model. To 
avoid confusion with the force vector used in the previous section this vector is notated as{ }R . 

{ }

{ }

⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=

mr

r
F

R
M
1                   (13) 

In (13) each mr  is the Fourier-transform of a nonlinear function, i.e. 

{ } { }( )( )xxgr mm &,F−=                  (14) 

As will be shown later, several nonlinear functions can be used for a single nonlinear element. For 
instance when several polynoms are used to estimate a gap- or clearance-nonlinearity. 
Using this new modified force vector a set of transfer functions can be calculated using the equation for 
the H1-estimator as 

1−⋅= RRXRM GGH                  (15) 

 

 
Figure 3.3: A force vector with applied force and the restoring nonlinear forces is used as input to a 

MIMO-model. 

 

 
 { }XINPUT OUTPUT 

( ) 1×+ ELNN 1×M
( ) MNNsize EL ×+:

MH{ }R
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If the size of the matrices is defined as shown in Figure 3.3, the first column of the underlying linear 
system can be identified as the first column in MH . Thus, for a single force input the linear system can be 
extracted,{ }LH , and the nonlinear coefficients can, for each frequency, be calculated as 

{ } { }
( ) { }EL

ir
M

L
T

i
i Ni

Hw
p K2,1,1 1, ∈⋅

⋅
= +H               (16) 

( )1, +ir
MH  refer to a single element in matrix MH  at row r (force input) and column 1+i . 

Note that Equation (16) can easily be extended to a case where there is several force inputs. As can be 
seen in simulations, an applied force at each nonlinear dof will reduce the necessary simulation time 
considerably. 
With the method described above, the column that corresponds to the force input will always be estimated 
in the linear system. Thus, modal parameter estimation can be performed to determine the complete linear 
system. If two forces are applied, two columns in the linear system will be estimated and so forth. 
The force input and the nonlinear restoring forces may be partially correlated with each other and, after 
averaging, the matrix RRG  will be non-diagonal. This may introduce numerical instabilities when 
calculating the matrix inversion in Equation (15), particularly at the resonance. In general though, this 
error is very small and does not affect the result much. 
The conditioning method, described in [1], where a set of uncorrelated inputs is created will not improve 
the parameter estimation in this case. For all simulated systems tested, it has not been possible to see any 
difference between using partially correlated inputs and the conditioned version with uncorrelated inputs. 
This is an important observation since it simplifies the calculations considerably. 
The only advantage with using uncorrelated inputs is that the ordinary coherence can be calculated 
between the output and each input. These ordinary coherences will sum up to the multiple coherence and 
thus it is possible to see the significance of each nonlinear restoring force. This may be useful when 
searching for possible nonlinear functions and a method for calculating uncorrelated inputs is given below. 
A new set of inputs can be defined by a transformation as 

{ } { }RU ⋅= Φ                   (17) 

Multiplying with the complex conjugate and averaging yields 

[ ] { } { }( ) H
RR

H
UU RRG ΦGΦΦΦ ⋅⋅=⋅⋅⋅=               (18) 

Thus, if the matrix Φ is defined as described in [1], UUG  will be a diagonal matrix. 

Using this Φ -matrix the cross-correlation densities can also be calculated as 
H

XRXU ΦGG ⋅=                  (19) 

With UUG  and XUG available the ordinary coherences between a selected output and each input can be 
calculated with Equation (4). Using the notations in Figure 3.3 there will ELNN +  ordinary coherences 
for each output. 
 

3.3 Simulations 
 
The method derived in section 3.2 is here demonstrated on two nonlinear systems. First, a single-degree-
of-freedom with two nonlinear elements is used followed by a multi-degree-of-freedom system. 
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3.3.1 A SODF-system with a nonlinear spring and damper 
 
The test system used is shown in Figure 3.4 and consists of an underlying linear system with a cubic 
hardening spring and a quadratic damping element connected. The time response is simulated from this 
system using digital filters. Figure 3.5 shows several frequency response functions calculated with 
different force amplitudes.  

 
Figure 3.4: Test Case used in simulations. A single-degree of freedom system with two nonlinear 

elements. 521 eP =  and 1362 eP = . 
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Figure 3.5: Several FRF’s at different force amplitudes for the tested system. 

 
With increasing force, the frequency response functions will decrease in amplitude as well as moving 
upward in frequency due to the presence of a damping nonlinearity and a cubic hardening spring. As 
mentioned in previous section it is possible to use several nonlinear functions as input and, with equation 
(17)-(19), calculate a new set of uncorrelated inputs and then studying the ordinary coherences. However, 
this is not straightforward as the order in which the functions are defined and the amplitude of the 
response signal will affect the result. In this case, testing different combinations of Equation (20) will 
show that the cubic spring element and the quadratic damping element are most significant. 

{ } ( ){ }TvvvvxsignxxxFR 5332 −−⋅−⋅−−−=            (20) 

The position vector and the nonlinear functions are therefore defined as 

 { }12,1 =w  ( )( )3
11 xr F−=  ( )( )3

112 vvr ⋅−= F            (21) 

Using Equation (13)-(16), the nonlinear analysis can be performed and the result is shown in Figure 3.6. 
The linear system can be identified and the calculated average value of the nonlinear coefficients differ no 
more than ± 0.01% from the theoretical value. 
 

M=45 kg

F

3
2 xP ⋅
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vvP ⋅⋅1

1e6 N/m 

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2767



10 15 20 25 30 35 40

10-6

10-5

Frequency [Hz]

R
ec

ep
ta

nc
e 

[m
/N

]

True Linear FRF
Estimated Linear FRF
Raw FRF

10 15 20 25 30 35 40
102

104

106

108

1010

1012

1014

Frequency [Hz]

N
on

lin
ea

r C
oe

ffi
ci

en
ts

Cubic Spring Element
Quadratic Damping Element

 
Figure 3.6: Estimate of the underlying linear system and the nonlinear coefficients. 

 
3.3.2 A MDOF-system with a several nonlinear elements 
 
The next example consists of a mdof system with a cubic- and a quadratic-spring as shown below. 

 
Figure 3.7: Test System used in Simulations, 1641 eP = and 1062 eP =  

Using the same procedure as in section 3.3.1, the positions vector and the nonlinear functions for each 
nonlinear element is defined as  

{ }Tw 1101 −= , { }Tw 1012 −=                (22) 

{ } { }( )( )3

11 xwr TF−= , { } { } { } { }( )xwxwr TT
222 ⋅−= F              (23) 

The first column in the linear system and the nonlinear coefficients can then be solved with Equation (13)-
(16), and the result is shown in Figure 3.8. 
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Figure 3.8: The first column in the linear system and the nonlinear coefficients. 
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Figure 3.9: Multiple Coherence Functions 

 
Furthermore, the multiple coherence can be calculated for each output which is then compared with the 
multiple coherence function calculated for a conventional linear analysis (Figure 3.9). Notice that the 
multiple coherence is above 0.99 for all frequencies with the nonlinear analysis. 
 

4 Parameter Estimation With Harmonic Input 
 
The difference between broadband and narrow band excitation signals is the amount of energy associated 
with every single frequency point. In the case of a broadband signal, the energy associated with each 
specific frequency point is low. The result is a frequency response function which appears linearised 
around the resonance frequency. However, if sinusoidal excitation is used it is possible to obtain a good 
estimate of the frequency response function for the studied nonlinear system. This is illustrated in figure 
4.1.  
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Figure 4.1: Transfer function of a nonlinear SDOF system obtained by random noise and sinusoidal 

excitation, compared with an analytical transfer function calculated by harmonic balance. 

 The frequency response function obtained by harmonic excitation can, in conjunction with an analytical 
frequency response function, be used to estimate the nonlinearity present in the system. In this chapter, the 
principle and method of a parameter estimation procedure based on harmonic input will be discussed. The 
method is then tested on a nonlinear stick-slip system in section 4.2.  
 

4.1 Theoretical Background  
 
By exciting a nonlinear system with either a low or a high force, depending on the type of nonlinearity, the 
frequency response function of the underlying linear system can be estimated. This frequency response 
function can be used as basis to calculate an analytical nonlinear frequency response function of the 
studied system. The basic principle of this will be described by using a nonlinear single degree of freedom 
system with an arbitrary nonlinearity, see Figure 4.2.    
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Figure 4.2: Single degree of freedom system with an arbitrary nonlinearity 

 
The equation of motion for this system is: 

nlfFFkxxcxm −=++ &&&                 (24) 

nlfF  = displacement dependent force due to the nonlinearity.  

( ) tjeFtF ω
0=                   (25) 

When the system above is excited with a pure sinusoidal force, according to Equation (25), the system 
response will contain higher harmonics due to the nonlinearity. This response can be expressed with a 
Fourier expansion. 

( ) ∑
∞

=

=
1k

tjk
k extx ω                  (26) 

Differentiation of this equation yields: 

( ) ∑
∞

=

=
1k

tjk
k exjktx ωω&                  (27) 

( ) ∑
∞

=

−=
1

22

k

tjk
k exktx ωω&&                 (28) 

The nonlinear force can be expressed in a similar fashion: 

( ) ∑
∞

=

=
1k

tjk
nlknlf eFxF ω                  (29) 

Putting Equation (25)-(29) into Equation (24) and considering for example three harmonics [1 3 5], the 
system of equation becomes: 
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This system of equations can be rewritten in a more compact form: 
 

( )
( )
( ) 0525

039

0
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2

33
2

101
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=+++−
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As is evident, the bracketed expressions contain the impedance for each specific harmonic. So, the 
equation can be written as:  
 

0
0

0

555

333

1011

=+
=+

=+−

nl

nl

nl

FxZ
FxZ

FFxZ
                 (32) 

 
By using the frequency response function of the underlying linear system mentioned previously, the 
impedance of the system is estimated and an analytical frequency response function can be calculated 
using the method of harmonic balance. This presumes that the nonlinearity in the system is known. If the 
nonlinearity is not known, it can be estimated by fitting the analytical nonlinear frequency response 
function to a measured nonlinear frequency response function.  
All nonlinear functions is defined by a set of parameters, the first step is to find out which type of 
nonlinearity is present in the current system and select a suitable model for this nonlinearity, some 
examples of how this can be done were described in chapter 2. 
The parameters which define the nonlinear model can then be estimated by the method described in figure 
4.3.  The cost function used as error estimate is defined as 

2__ nonlinearanalyticnonlinearmeasured HH −=ε               (33) 

 

 
Figure 4.3: Flowchart of the parameter estimation procedure 

One benefit of this method, compared to random data based parameter estimation procedures, is the ability 
to use any nonlinear function, e.g. bilinear functions or functions with memory, instead of being forced to 
use only polynomial estimates. 
 
 

4.2 Simulations 
 
The method described previously will be illustrated by an example where parameter estimation is done on 
a nonlinear system with memory, a stick slip system. The nonlinear system used as a reference, i.e. the 
system the simulated measurements are performed on, is shown in Figure 4.4.  
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Figure 4.4: Nonlinear stick-slip system used as reference. 

 

The nonlinearity in this system is defined by two parameters: 

dk  - The stiffness during the stick-condition 

dF  - The force level where the system starts to slip 

Examples of frequency response functions obtained by swept-sine excitation at different force amplitudes 
are illustrated in Figure 4.5 
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Figure 4.5: FRFs from different excitation amplitudes. 

 
As shown in figure 4.5, the system has two different resonance frequencies. One at low levels of excitation 
and one at high levels, between these excitation levels the hysteretic effect in the system gives the best 
damping. At high levels of excitation the effects of the stick-slip nonlinearity is eliminated, due to the fact 
that the system is constantly in slip condition. Therefore the frequency response function at high levels of 
excitation can be used as an estimate of the underlying linear system and as input to the harmonic balance 
function. 
Since the nonlinear function is supposed to be unknown a more general hysteresis function is used in the 
estimation. A system with this hysteresis function is shown in Figure 4.6. 

F
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Figure 4.6: The assumed nonlinear system to be fitted to the reference system. 

 
The virgin-curve of the hysteresis function in this system is governed by Equation (34). 
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Where: 

dk  - The stiffness during stick-condition 

dF  - The force level where the system starts to slip 

N  - Determines the curvature 

The exponent N  in Equation (34) makes it far more flexible than a normal stick-slip function and thereby 
more adaptable to an arbitrary hysteresis function.   
Ten percent noise was added to the response of all time signals and the harmonic balance calculations 
were carried out using four harmonics [1 3 5 7]. The non-gradient search algorithm fminsearch in 
MATLAB® was used to find the desired parameters.  
 

4.3 Results 
 
The results from the simulation are displayed in table 4.1 

 

 dF  dk  N  
Reference Parameters 246.048 N 2.4e7 N/m  
Estimated Parameters 242.05 N 2.33e7 N/m 22.55 

Table 4.1: Reference and estimated parameters. 

 
Figure 4.7 shows a comparison between a reference hysteresis loop and the corresponding loop obtained 
by the estimated parameters of dk , dF  and N .  
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Figure 4.7: Comparison of the reference hysteresis loop and the loop obtained by the estimated 

parameters. 
 

Figure 4.8 shows frequency response functions from sine-sweep measurements at different force 
amplitudes done on the estimated system and compared with the reference system.  
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Figure 4.8: Comparison of frequency response functions from the reference and estimated system at 

different force amplitudes. 

 
The match between the reference system and the estimated system is good but not perfect. Since the 
function used in the reference and estimated system are not the same and due to the fact that ten percent 
noise was added to all response signals, the result obtained looks promising. Also several different 
simulations have been carried out, not presented in this paper, both at different force amplitudes and with 
different initial guesses. They have all converged towards the same solution. 
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5. Discussion and Conclusion 
 
Two methods of parameter estimation have been presented in this paper; with random noise and sinusoidal 
excitation. The method described in chapter 3 uses a least-square estimation in the frequency domain to 
find the parameters while the method in chapter 4 relies on the multi-harmonic-balance method and uses 
an optimizations routine to find suitable parameters. 
A major benefit with using random noise signals is that conventional and already established methods for 
linear systems are used such as MIMO-technique. The method can also easily be extended to multiple-
degree-of-freedoms with several nonlinear elements. However, with sine excitation and the harmonic-
balance concept a wider range of nonlinear problems can be solved, including nonlinearities with memory 
as shown in section 4.2.  
As demonstrated, both methods shows large potential in simulations and will therefore be further 
examined with experimental testing. 
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Abstract
In this paper, a comparison between two models for nonlinear systems is made. Both models have a state
space nature, but there are some differences in the identification approach and the model structure. The first
model that we will discuss is a discrete time model that uses input-output data for the identification. The
second model uses explicit measurements of the states of the system and some physical insight to model the
relationship between the states. The similarities and differences between the two models are discussed, and
their performance is compared utilizing data from an experimental setup.

1     Introduction

A choice can be made between numerous (black box) model structures when modelling a nonlinear system
(e.g. Wiener/Hammerstein/Wiener-Hammerstein models, LS-SVM,...) but most of them are dedicated to
single input single output (SISO) systems. Models using a state space approach, like Local Linear Models,
LPV’s, bilinear systems [1] have the advantage that the identification methods can easily be extended to the
multivariable case.
In this paper we will compare two nonlinear state space models. The structure of this paper is as follows:
First, we will explain the concept of Best Linear Approximation (BLA), which is used in the (common)
first step of the two methods described in this paper. Then, both nonlinear model structures and
identification methods will be explained. Finally, the performance of the two models is compared using
experimental data.

2     Best Linear Approximation

When building a nonlinear model for a system, it is always a good idea to start from a linear framework. As
it happens, most of the dynamic behaviour of a Device Under Test (DUT) can be described by a linear
model, for which numerous identification techniques are available. By adding nonlinear features in the
second phase of the identification procedure, the model performance can be enhanced. That is why both
identification methods that are the subject of this paper will begin by estimating a linear model and extend
it in order to grasp the nonlinear behaviour. The following question then arises: how to obtain a good linear
model for a nonlinear system? We will do this by determining the Best Linear Approximation (BLA) of the
system. The BLA is the best linear (nonparametric) model in least squares sense for a nonlinear system, for
a given class of input signals [2]. Restricting ourselves to the class of Gaussian signals, we can make use of
random phase multisines to determine the BLA. A multisine signal is a periodic signal, defined as the sum
of a number of harmonically related sines, with a user selected amplitude. The phase is chosen uniformly
distributed over . Several advantages pop up when utilizing these excitation signals. By putting the
even and some of the odd frequency lines to zero, the level of even and odd nonlinearities can be inspected
by looking at the unexcited lines, or so called detection lines, at the output. The excited lines are used to
compute the Frequency Response Function (FRF) of the system under test. A number of phase realizations
of the multisines can be applied to the DUT to determine the FRF for each of these experiments. By
averaging the FRF’s over the experiments, a nonparametric estimate of the BLA can be obtained [2]. Then,

0 2π),[
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the approximate linear model for the nonlinear DUT can be estimated based on the averaged FRF data.

3     Nonlinear Polynomial State Space Model

3.1     Model Structure

The first nonlinear model that we will discuss is based on the linear, discrete time state space equations.

(1)

In equation (1),  is the ( ) state vector,  the ( ) input vector and  the ( ) output
vector at time instant . , , , and  are the linear system matrices.
A graphical representation of this model is given in Figure 1.

Figure 1: Graphical representation discrete time state equations

In order to model nonlinear systems, the linear model is extended with multivariable nonlinear functions 
and :

(2)

Figure 2: Graphical representation of extended nonlinear state equation

The nonlinear functions  and  can take an arbitrary form. We will use a multivariable polynomial
expansion and define the nonlinear functions as a product of a coefficient matrix and a vector of monomials
(the time index  is omitted for notational simplicity).
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(3)

The vector of monomials is composed of all possible combinations of input components until a certain
degree. If there are  components of the vector of which the monomials are formed, and the degree of
nonlinearity is , the resulting monomial vector has length :

(4)

In other words, there is a combinatorial growth in the number of nonlinear parameters as the system order
 or input number  increases. To circumvent a huge number of parameters, a limited set of monomials

can be selected when high order models are fitted, for instance only the “pure” powers i.e., without cross
products between the components.

3.2     Identification

The identification problem associated with the model described in the previous section is nonlinear in the
parameters. Therefore, a nonlinear optimization has to be performed to obtain optimal parameter values.
For an optimization problem, it is advantageous to utilize good starting values. That is why the
identification process is split up in two parts: one part to obtain decent starting values and the second part
which consists of solving a nonlinear optimization problem minimizing the quadratic distance between the
modelled and measured output.

3.2.1. Starting Values

First we will determine the BLA of the system, as described in section 2. From this nonparametric model, a
linear parametric state space model is estimated using Frequency Domain Subspace Identification ([3],[4]).
This results in a linear model described by

(5)

The system matrices of this linear model can be used as starting values for parameters , ,  and  of
the nonlinear model described in equation (2). The initial values of parameters ,  and  from (3) are
set to zero. This way, the nonlinear model will perform at least as good as the best linear model.
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3.2.2. Nonlinear optimization

The formulation of the optimization problem is as follows: we use a Weighted Least Squares approach, formulated
in the time domain since this is the most appropriate domain to compute the nonlinear terms. The cost function to
minimize is defined as

(6)

The variances  can be obtained from the measured data, since we collected several periods of the periodic
signals that we used to excite the system. The cost function can be minimized with a Levenberg-Marquardt (L.M.)
algorithm, for which the Jacobian  (the matrix of derivatives of the model output to the parameters) is needed. To
compute the Jacobian, it is necessary to obtain initial values for the states. This can be seen in the following
example, where we compute the Jacobian for the elements of the system matrix 

(7)

where element  of  is denoted as . If we define

(8)

then it follows that:

(9)

where  is the vector of monomials in . The expressions for , ,  and  are
computed similarly. From these expressions, the following can be concluded:

• The calculation of the Jacobian has to be performed recursively: to calculate ,  is
needed.

• One also needs estimates of the states . To obtain these, the calculated states from the previous
iteration in the Levenberg-Marquardt loop are used.

A last issue that needs to be addressed before we can handle the optimization, is the rank deficiency of the Jacobian
, which is present due to the non-uniqueness of the state space representation. A similarity transformation

 leaves the input-output behaviour of the state space model unaffected. As a consequence, the
Jacobian  will not be of full rank. This rank deficiency of  can be taken care of by using a truncated Singular
Value Decomposition when computing the pseudo inverse of , [5].

When the Jacobian is available, the Levenberg-Marquardt algorithm can be started. The used stop criterion consists
of a minimal relative decrease of the cost function (e.g. ). After reaching this criterion, all the fitted models
(i.e., obtained after each successful L.M. step) are cross-validated on a second data set. The model with the lowest
(weighted) error in the validation set is selected. This way, overfitting on the estimation set is avoided.
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4     Nonlinear State Space Model with a Feature Space Transformation

4.1     Model Structure

The continuous time model structure proposed here is

(10)

Vector  with dimensions  is defined as a sigmoidal function of the states 

(11)

with

(12)

The advantage of these sigmoidal functions, which are very common in the neural network theory, is the “nice”
behaviour they show when extrapolating. Polynomial models tend to explode when they are used outside the
estimation range. The disadvantage is that more features thus parameters might be needed to describe (static)
nonlinear behaviour, depending on the type of nonlinearity.

4.2     Identification

In this approach it is assumed that the states  can be measured. Since periodic signals were used to excite the
system, the derivatives  don’t need to be measured since they can be obtained correctly in a numerical way. An
iterative scheme is then used to determine the model parameters. First, the BLA is determined between  and

. The residuals of this linear model are then used to estimate the sigmoidal features. The linear model is then
refined, and so on. The advantage of this grey box approach is that a priori information about the system can be
included. However, the drawback is the need for more sensors. Furthermore, not all states can always be measured
in practical situations, or be determined unambiguously.
More details about the identification procedure can be found in [6].

5     Experimental Results

Both models were used to model the behaviour of the quarter car set-up located at the department of PMA,
KULeuven [6]. This physical set-up is a scale model of a suspension of a car based on masses, springs and a
nonlinear semi-active damper. The road displacement of the wheel is considered as input, the force measured over
the damper as the output of the system.

Two odd multisines, consisting of 10 periods were applied to use for estimation purposes. The linear models were
fitted on the BLA computed from the two multisines while the nonlinear models were fitted on the first multisine
and cross validated with the second multisine. 

A filtered noise sequence with increasing amplitude over time was applied to the system for validation purposes.
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For the polynomial nonlinear model, a 5th order linear model was estimated. The monomial vectors associated
with  were composed of powers [2 3 4 5];  and  were set to zero. Without any precautions, this model
would need  parameters for the nonlinear state contributions only. By using a diagonal type of structure,
without cross products i.e., only monomials of type  contributing to , the number of nonlinear
parameters is reduced to . Together with the linear parameters this results in a total of 56 parameters.

The second nonlinear model starts from a 6th order linear model, and 18 features, resulting in a total of 133
parameters [6]. 

The validation results are shown in Table 1, by means of the Root Mean Square (RMS) values of the error signals
of the different models. Since the amplitude of the noise sequence exceeds the amplitude of the multisines used
during estimation, a distinction is made between the normal and extrapolating behaviour of the models. This can be
done by comparing the (piecewise) RMS level of the noise input sequence with the RMS level of the estimation
input data set (Figure 3, (a)). The first row in Table 1 indicates the RMS levels of the model errors for the whole
dataset i.e., including the region where the extrapolation takes place. The bottom row only takes into account the
normal, non-extrapolating behaviour, which is the fairest way to evaluate the model performances. In general, it is
not a good idea to use nonlinear models outside their estimation region, because the nonlinear characteristics must
have been “seen” in order to simulate the system’s behaviour accurately.

From these results we can conclude that the polynomial nonlinear model performs better than the model utilizing
the sigmoidal features. This is probably caused by the fact that prior knowledge was included in the construction of
the second model [6], which was not completely correct. The black box model has more flexibility to capture this
behaviour.

RMS Output Signal Polynomial Approach Sigmoidal Features Approach

Linear Model Nonlinear Model Linear Model Nonlinear Model

Validation 0.242 0.139 0.052 0.166 0.089

Validation
without

extrapolation
0.212 0.124 0.046 0.156 0.080

Table 1: Validation Results: RMS Values Model Error Signals
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Figure 3: Validation Results

6     Conclusion

In this paper we have compared two nonlinear state space models. The advantage of the nonlinear polynomial
model is that it does not need any prior knowledge about the system to model its input-output behaviour. At the
same time, this forms the drawback of this approach: the resulting model cannot be used to interpret the system’s
behaviour physically. Also sometimes it can be interesting to add prior knowledge to the model, in that case the
second approach is more suitable. In general, less parameters are then necessary; thus a lower variance on the
parameter values is obtained. However systematic errors might be introduced if wrong assumptions are made. We
can conclude that the user, before estimating a nonlinear model, should decide what he or she wishes to achieve. In
a simulation or MPC environment, a blackbox model is more suitable. When physical insight is needed, the grey
box approach is more appropriate, but in that case the black box approach can still be used to verify if the physical
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model captured the full behaviour.
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Abstract 
The demand for accurate and reliable positioning in industrial applications, especially in robotics and 
high-precision machines, has led to the increased use of Harmonic Drives. The unique performance 
features of harmonic drives, such as high reduction ratio and high torque capacity in a compact geometry, 
justify their widespread application. However, nonlinear torsional compliance and friction are the most 
fundamental problems in these components and accurate modelling of the dynamic behaviour is expected 
to improve the performance of the system. 
This paper offers a model for torsional compliance of harmonic drives. A statistical measure of variation is 
defined, by which the reliability of the estimated parameters for different operating conditions, as well as 
the accuracy and integrity of the proposed model, are quantified. The model performance is assessed by 
simulation to verify the experimental results. 
Two test setups have been developed and built, which are employed to evaluate experimentally the 
behaviour of the system. Each setup comprises a different type of harmonic drive, namely the high load 
torque and the low load torque harmonic drive. The results show an accurate match between the 
simulation torque obtained from the identified model and the measured torque from the experiment, which 
indicates the reliability of the proposed model. 
 
 

1 Introduction 
 
Invented by Walton Musser in 1955, primarily for aerospace applications, harmonic drives are high-ratio, 
compact torque transmission systems. As shown in Figure 1, this nascent mechanical transmission, 
occasionally labelled ‘strain-wave gearing’, employs a continuous deflection wave along a non-rigid gear, 
the so-called ‘flexspline’, to allow gradual engagement of gear teeth. Besides a thin-walled flexible cap 
with small external gear of the flexspline, a harmonic drive also contains two other important components, 
namely a wave-generator, which is a ball-bearing assembly with a rigid elliptical inner-race, and a 
circular-spline, a rigid ring with internal teeth machined along a slightly larger pitch diameter than that of 
the flexspline. When properly assembled, the wave-generator is nested inside the flexspline, causing the 
flexible gear-toothed circumference on the flexspline to adopt the elliptical profile of the wave-generator. 
While the wave-generator is rotated, the engagement of the external teeth of the flexspline to the internal 
teeth of the circular spline will cause highly reduced rotation of the circular spline. Through this 
unconventional mechanism, gear ratios up to 500:1 can be achieved in a single transmission step. 
Under ideal assumptions, a harmonic drive transmission is treated as a perfectly rigid gear reduction. 
However, due to the relatively low torsional stiffness of harmonic drives, a more detailed understanding of 
the transmission flexibility is often required for accurate modelling. As described in a manufacturer’s 
catalogue  [1], the typical shape of the stiffness curve consists of two characteristic properties: increasing 
stiffness with displacement and hysteresis loss. To capture this nonlinear stiffness behaviour, the 
manufacturers suggest using piecewise linear approximations ( [1], [2]) whereas several independent 
researchers ( [3], [4]) prefer a cubic polynomial approximation. The hysteresis loss in a harmonic drive is a 
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 [5]phenomenon more difficult to model than the stiffness, yet sometimes it is ignored. Taghirad  proposed 
an advanced hysteresis model of torsional stiffness in the flexspline. He assumed that the hysteresis 
mainly came from the structural damping of the flexspline. Seyfferth et al.  [6] offered to model the 
hysteresis as a combination of Coulomb friction and a weighted friction function, represented by a 
hyperbolic function to capture the pre-sliding friction behaviour. However, all researchers noted the 
inherent difficulties in finding an accurate model for the torsional stiffness of the harmonic drive, since the 
models do not incorporate the unique property of non-local memory hysteresis in pre-sliding motion 
( [7]  [8]  [9], , ) that is often observed in practice.  

 
Figure 1. Harmonic Drive components (reproduced from [Harmonic Drive, 1994]) 

 
This paper focuses both on aspects of model development and on parameter identification. Specifically, 
the proposed mechanical model allows for nonlinear torsional compliance, pre-sliding friction in the tooth 
engagement area giving rise to hysteresis effect, and macroscopic friction in the wave-generator and the 
motor. This model is relevant for dynamic identification and control purposes. 
In the following, section 2 formulates the detailed mechanical model of the system and discusses the 
existing torsional stiffness model. Section 3 discusses the identification of a torsional stiffness in low-
torque class of harmonic drive, while section 4 deals with the identification of a high-torque harmonic 
drive, which are then verified in the last part of the section. Finally, appropriate conclusions are drawn in 
section 5. 
 

2 Mechanical Model 
 
The goal of modelling the harmonic drive system is to accurately describe the most essential phenomena 
with the simplest representation. This modelling starts from the assumption that under normal operation 
the effect of individual gear teeth can be ignored. This assumption is made based on the fact that anywhere 
from ten to more than fifty teeth can be in contact between the circular spline and flexspline. 
Consequently, in order to capture the cumulative effects of gear tooth meshing, a model, which describes 
sliding on a single continuous inclined plane  [10], can be used. Based on this assumption, a harmonic 
drive model can be simplified by using translational motion model rather than rotational motion as shown 
in Figure 2. 
The model consists of some planes, which represent the wave generator and gear tooth geometry of the 
actual transmission, and a linear spring representing torsional stiffness of flexspline in radial direction. 
Assuming that the surface of each component model is infinitely long, this model can be used for all 
ranges of transmission operation. 
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Figure 2. Schematic translation representation of the harmonic drive 

 
Comparing the actual harmonic drive to the model, two analogies can be drawn. First, horizontal motion 
in the model corresponds to tangential movement of the harmonic drive components, while vertical 
motion corresponds to involute direction. Second, the slopes of two inclined planes in the top and the 
bottom of the model represents transmission ratio of the harmonic drive. 
In commercial catalogues, every harmonic drive is assigned a transmission ratio, N. Specifically, given a 
known rotation of any two of the three main parts of harmonic-drive as well as a value for N, the ideal 
rotation of the third part can be predicted by the equation: 

θWG = (N+1) θCS – N θFS        (1) 

where θWG is the rotation of the wave-generator, θCS is the rotation of the circular spline, and θFS is the 
rotation of the flexspline. 
The torsional stiffness of harmonic drives is represented by the nonlinear spring in combination with the 
frictional element between two inclined planes. The nonlinear spring has a hardening stiffness property, 
while the two inclined planes cause hysteresis losses.  

 [6]Specifically, Seyfferth et al.  mentioned that the hysteresis is attributed to the friction in the gear teeth 
meshing. In order to capture the behaviour of the hysteresis in the torsional stiffness of harmonic drives, 
they proposed to model the torsional stiffness of the harmonic drive as the sum of hardening spring, 
Tb(Δθ), and hysteresis function of torsion angle, Th(Δθ). 
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Figure 3. Hysteresis model of Seyfferth  [6]. 
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The nonlinear spring, Tb(Δθ), can be approximated by a third order polynomial function of the torsion 
angle: 

θθθ Δ⋅+Δ=Δ 1
3

3b a)(a)(T         (3) 

or a piecewise linear function of the torsion angle: 

⎩
⎨
⎧

>Δ⋅−Δ⋅
≤Δ

+Δ⋅=Δ
0000

0
1b ,)(signkk

,0
k)(T

θθθθθ
θθ

θθ      (4) 

where  Δθ is the relative angular motion between circular-spline, θCS, and wave generator, θWG, or 
flexspline, θFS, depending on which part is fixed. 
In particular, Seyfferth et al. estimated the hysteresis losses in the torsional stiffness as a combination of 
Coulomb friction and a weighted friction function (see Figure 3), represented by a hyperbolic function as: 

       (5) ))(tanh()]sgn(TT[T)(T hChh
∗∗∗ Δ−Δ⋅Δ−+=Δ θθγθθ &

where TC is the Coulomb torque, Th
* is the last reversal point of the hysteresis torque, and γ determines the 

shape of the hyperbolic curve. 
 
 

3 Torsional Stiffness in Wave-Drive® Component. 
 
In order to evaluate the torsional stiffness, we developed a test setup utilizing a low torque type of 
harmonic drive of WAVE-Drive® from Oechsler AG, which has transmission ratio of 50:1. The 
schematic of the setup is shown in Figure 4. The circular spline is fixed to the ground with a locked-load 
mechanism, while a shaker applies a low torque to the output shaft, which is connected to the flexspline, 
through small lever arm. A Bentley probe is utilized to sense the peripheral displacement, while a load cell 
measures the applied load from the shaker to the output shaft. The shaker command is prescribed by a 
low-frequency periodic function, thereby the hysteresis behaviour of the torsional stiffness can be 
observed comprehensively. The stiffness profile thus obtained is shown in Figure 5. 
Observing the hysteresis behaviour from the resulting torsional stiffness, we conclude that the shape of the 
hysteresis in the torsional stiffness, )(Th θΔ , is attributed to the (pre-sliding) friction behaviour during the 
relative motion between the teeth in the contact area, credited to the non-local memory property of the 
hysteresis. This unique property of hysteresis leads to the signature of pre-sliding friction behaviour  [7]. 
Therefore, in order to improve the performance of the model, we proposed to capture the hysteresis 
behaviour by using a parallel connection of Maxwell-slip elements, which can be used to model the 
friction behaviour in pre-sliding regime ( [7], [11]). Each elementary Maxwell-slip block is represented by 
two equations, as presented in Eqs. (6) and (7). If the elementary model sticks, it behaves like a linear 
spring, thus the elementary friction force, Th.n, can be modelled mathematically as: 

 θθ Δ⋅=Δ nn k)(T .h    (stick)      (6) 

with kn being the stiffness of each elementary model. The elementary model will slip if the friction force 
of each element reaches the maximum value of the force, Wn, that it can sustain. Beyond this point the 
elementary friction force equals the maximum force, Wn, obtained by solving following equation: 

 nn W)(T .h =Δθ     (slip)      (7) 

Therefore, the overall torsional stiffness model of the harmonic drive is proposed as a parallel connection 
between a piecewise linear and Maxwell-slip elements, as illustrated in Figure 6. 
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Figure 4. Torsional stiffness experiment for WAVE-drive® 

 

 
Figure 5. Measured stiffness curve of the WAVE-drive® 

 

 
 

Figure 6. The proposed torsional stiffness model. The left panel is the schematic diagram, the right 
panel is the mechanical representation of the model. 

 
In identifying the torsional stiffness of WAVE-drive® component, the torque and torsion measurement are 
done in a straightforward way. Ten thousand points of random excitation signal with cut-off frequency of 
5 Hz, at a 1000 Hz sampling rate, are used. The model described in Figure 6 is utilized for capturing the 
torsional stiffness behaviour of this transmission component. Four Maxwell-slip elements are used in this 
modelling. By means of least-square estimation, a set of parameters consisting of 3 parameters of the 
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piecewise linear spring (k0, k1 and θ0; see Eq. 4) and 4 pairs of Maxwell-slip parameters (κi and Wi) are 
optimized utilizing the MSE cost function described by: 

∑
=

−
⋅

=
N

1

2
2
T

)TT̂(
N
100)T̂(MSE

iσ
        (8) 

where T is the actual torque, σΤ
2 is its variance of y and the caret denotes an estimated quantity. 

This identification gives satisfactory result with MSE of 0.94% and maximum error (normalized to the 
standard deviation of the real torque) of 0.56. The identified parameters of the torsional stiffness are 
tabulated in Table 1, while estimated torque from the identification can be seen in Figure 7. The upper 
panel of the figure shows the actual friction torque together with the estimated one from the identified 
model. 
Subsequently, the measured stiffness profile as shown in Figure 5 that is obtained from periodic excitation 
will be used for validation test of the identification result. Figure 8 illustrates the resulting estimated 
torsional stiffness of the test setup. The error in the objective function MSE lies within 0.57% (0.018 Nm 
of maximum error), assuring the ability of the model to capture the stiffness profile. 
Identification performances for various models are presented in Figure 9, which depicts the MSE value as 
a function of the model used. Seyfferth’s model and the proposed model (HMS – Hysteresis Maxwell-
Slip) with different number of elementary blocks are compared in the figure. The numbers following HMS 
term in the horizontal axis of Figure 9 represent number of Maxwell-slip elements used in the model (1, 2, 
4, 6 and 10 elements), while the values at the top of the bars represent the maximum error in Nm. 

 

Table 1. The identified torsional stiffness parameters of the Wave-Drive®. 

[Nm/rad] κ1 κ2 κ3 κ4
 0.001 42.002 102.447 38.151 

[Nm] W1 W2 W3 W4
 0.335 0.018 0.005 0.032 

[Nm/rad] k1 k0 [rad] θ0
 37.725 59.863  1.3×10-4

 

 
Figure 7. Torsional stiffness identification result using combined piecewise linear and Maxwell-slip 

model. The upper panel shows the actual and modelled torque, while the lower one depicts the error 
of the model. This model give 0.94% MSE. 
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Figure 8. Estimated stiffness curve ofthe WAVE-drive 
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Figure 9. Quantitative performances of various models. 

 
 
 

4 Torsional Stiffness in the Pancake Harmonic Drive Component. 
 
The second setup uses a pancake harmonic drive with type of HDF40 from Harmonic-Drive® 
Technologies. This harmonic drive has a transmission ratio of 80:1 and the maximum output torque is 192 
Nm. The harmonic drive is driven by a DC motor type M19-S from ABB. This setup is equipped with two 
incremental encoders to measure the position on the input side and the output side after the reduction, 
while the current applied to the DC motor is measured in the servo amplifier. The encoder on the output 
side is connected to the shaft through timing belt transmission in order to increase the encoder sensitivity. 
These signals are processed and recorded by a dSPACE® data acquisition board. Figure 10 shows the 
schematic of the setup. 
For the purpose of torsional stiffness identification the output shaft, which in this setup is connected to the 
circular spline, is locked and mounted to the ground, while the DC motor applies torque to the input shaft. 
The current applied to the motor is assumed to be proportional to the motor torque and will be used to 
construct the torsional stiffness. 
 

NON-LINEARITIES: IDENTIFICATION AND MODELLING 2791



output 
encodeflexible 

coupling
rr 

disc

in
pu

t 
en

co
de

 
Figure 10. Schematic drawing of the Pancake Harmonic Drive setup. 

 
The input shaft connected to the wave-generator is driven by the motor, in which the torque balance can 
be written as: 

Tm = TI + Tf +T0 ,         (9) 
where Tm is the motor torque generated by the amplifier current, TI is the inertia torque from motor 
armature and shaft, Tf is the friction torque in the motor and T0 is the load torque driving the input shaft to 
the harmonic drive. 
The equation of motion for the input shaft can then be readily written as: 

0hbWG1 )1N/()],(T)(T[J τθθθθ =+ΔΔ+Δ+ &&&       (10) 

where J1 is the inertia of the wave-generator including the input shaft. 
The equation of motion of the output shaft is then, 

 0        (11) ),(T),(TJ CSCSFhCS2 =+ΔΔ+ θθθθθ &&&&

where TF represents the output bearing friction in the system. 

The angular displacement input of θWG is converted to the output side through the constant gear ratio, 
which in this work equals N+1, as the flexspline is fixed, the gear deformation being then: 

 CS
WG

1N
θ

θ
θ −

+
=Δ          (12) 

In order to measure the torque applied to the harmonic drive, the modelling of the DC motor has to be 
done satisfactorily. Mechanical modelling of the corresponding DC motor under the same condition has 
been performed and gives promising result  [12]. The motor torque was identified as a combination of 
inertia, load, viscous and friction torque, which was modelled by the advanced model of friction, namely 
the Generalized Maxwell-Slip (GMS) Error! Reference source not found.. As a measure of 
performance, the identification of the motor gives 0.38% mean square error (MSE), where this 
quantification value will also be used to measure the performance of the harmonic drive model in this 
paper. 
For the purpose of identification of torsional stiffness in the pancake harmonic drive component, a 
filtered-random signal with 1 Hz cut-off frequency, in order to minimize the influence of inertia, and 
1000Hz sampling frequency is input to the system for this identification. Ten thousand points (10 sec) of 
input and output are collected for training purpose. Equations (3) to (10) are utilized to identify the 
torsional stiffness behaviour of the pancake harmonic-drive. For constrained motion, where the output 
shaft is locked and mounted to the ground, the angular displacement output, θCS, is set to zero. 
By subtracting the torque applied to the motor from the estimated inertia and friction torque, utilizing the 
GMS model as described in  [13], the torque applied to the transmission unit, T0, can be obtained. The 
identification result is tabulated in Table 2. 
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Table 2. The identified torsional stiffness parameters of the pancake harmonic drive. 

[Nm/rad] κ1 κ2 κ3 κ4
 21.6979 22.8934 15.2077 65.1178 

[Nm] W1 W2 W3 W4
 0.1816 0.1988 0.0081 0.0076 

[Nm/rad] k1 k0 [rad] θ0
 3.7058 20.9116  0.2166 
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Figure 11. Measured stiffness curve of the Harmonic-drive. 
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Figure 12. Estimated stiffness curve of the Harmonic-drive. 

 
In order to verify the quality of the model structure and its parameters, another filtered random signal with 
different seed from the training set has been applied to the system. The measured stiffness profile can be 
seen in Figure 11, while Figure 12 shows the modelled stiffness profile of the system. Both figures 
qualitatively show good fit, with performances of 1.59% for the MSE and normalized maximum error of 
0.62. 
 
Model validation. In order to validate the modelling scheme, simulations of the system under 
unconstrained motion (unlocked load) are developed. All of the individual models obtained from previous 
identifications are combined and merged into one integrated model for assembled system. The integrated 
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system model uses the measured angular displacements of a typical experiment as an input to the 
simulation. As a measure of the model performance, the applied motor torque of the simulation is 
compared to that of the experiment. 
A known inertial load J2 is attached to the output shaft, and, for verification purpose, a low frequency 
periodic signal is applied to the system. Figure 13 and Figure 14 show a comparison between the real 
torque and the estimated torque when periodic signals are commanded to the system. Pure sinusoidal 
signals at 0.2 Hz and 1 Hz are prescribed to the system, respectively, equipped with low gain proportional 
feedback to avoid drift in the system. Note that the experimental signals are filtered by a fourth order 
Butterworth filter (with cut-off frequency 10% of its sampling rate) to minimize the torque ripples in the 
experiments. 
The upper panels of both figures show the displacement output measured in the output encoders, the 
middle panels show the actual torques and estimated torques, while the lower panels depict the error 
between the actual and estimated torques. The results in both figures show good match between the 
simulation and experiment of the motor torque. This indicates the ability of the simulation to predict the 
dynamic behaviour of the system. 
However, the estimated torque of low velocity experiment is less accurate compared to that of the high 
velocity, because the smaller velocity signal gives smaller signal-to-noise ratio. One possible source of 
noise in estimating the derivation of the angular displacement into velocity and/or acceleration signal can 
arise from numerical differentiation of the position encoder signal. However, it should be mentioned at the 
end that to have a more accurate model of this system requires a complex gear meshing mechanism 
modelling. 
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Figure 13. Comparison of torque applied to the motor for periodic input with 0.2 Hz fundamental 
frequency; dotted: experiment, solid: simulation. 
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Figure 14. Comparison of torque applied to the motor for periodic input with 1 Hz fundamental 
frequency; dotted: experiment, solid: simulation 

 
 

5 Discussion and Conclusion 
 
A systematic way to capture the dynamic behaviour of harmonic drive component is conducted by a 
parsimonious representation. A simple but accurate model for the torsional compliance has been 
established, where the optimization of the model is done by means of heuristic nonlinear regression. As a 
measure of the identification performance the MSE number is defined, by which the reliability and the 
accuracy of the model are quantified. 

From the result of torsional compliance modelling, a piecewise linear model together with non-local 
memory hysteresis, which is frequently used to capture pre-sliding friction behaviour, resolve the 
difficulties in determining the model of torsional stiffness in harmonic drive. Four elements of Maxwell-
slip model have proven to be adequate to capture the hysteresis in the corresponding torsional stiffness. 
This model has an important advantage since it solves the pre-sliding friction behaviour and it does not 
require memory stacks to recall the motion reversal. 
The modelling of the friction in the output side takes advantage of the high reduction ratio of the harmonic 
drive. Low velocity in the output shaft, which implies relatively constant Stribeck function, offers 
simplification of the friction model. Parallel connection of Maxwell-slip elements is shown to be adequate 
to mimic the behaviour of the friction in bearing output. 
The model performance is assessed by a simulation verifying the experimental results for assembled 
system under the unconstrained motion cases. The simulated torque of the system is developed and 
compared to the experimental result. An accurate match in the result indicates the reliability of the model 
for wide operating conditions. 
This proposed model has been utilized for control purposes of a system comprising harmonic drive 
element by deducing equivalent dynamic parameters and implemented to a gain scheduling controller 
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 [14]. However, it should be mentioned that the knowledge of this behaviour from the model can be 
exploited for other control strategies. 
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Abstract
Structural non-linearities are becoming of increasing importance in determining the performance of a range
of vibrating mechanical structures. As a consequence, the identification of systems with non-linearities is
starting to become a necessary part of vibration testing procedures. NL-RDM (Non-Linear Resonant De-
cay Method) is an approach for the identification of non-linear multi-degree of freedom systems in modal
space on a mode by mode basis, using an appropriated sine excitation to isolate modes or groups of modes.
However, the application of NL-RDM to a multi-degree of freedom system with a discontinuous free-play
non-linearity has not been attempted yet, except to treat itusing high order polynomial terms. The difficulty
of using NL-RDM when seeking a discontinuous free-play model lies in the choice of the so-called under-
lying linear model to be used in uncoupling the linear equations. In this paper, a simulated two degree of
freedom lumped parameter system with a free-play non-linearity

Keywords: model testing, free-play, non-linear resonant decay method, identification of non-linearties

1 Introduction

Non-linearity is generic, and linear behaviour is an exception in nature [1]. Many types of non-linearities ex-
ist, such as geometric non-linearity, inertial non-linearity, material behaviour non-linearity and non-linearity
due to damping dissipation and boundary conditions. Of the above non-linearities, free-play non-linearity is
one of the most important and general types that arises from vibro-impacts due to loose joints or contacts
with rigid constraints, clearances or imperfectly bonded elastic bodies. All these phenomena are unavoidable
and produce free-play type non-linearity, which possessesnon-smooth force-deflection characteristics and
presents itself in many fields such as aerospace, mechatronics and civil engineering. It is very important to
build an adequate mathematical model of the natural dynamical characteristics of systems with free-play,
because it can help to design out rivets and bolts that open and close under dynamic loading or internal parts
impacting upon each othe

Non-linear identification of dynamic systems is one great importance and receives considerable attention in
the literature. Many different approaches are being considered [2], such as by-passing non-linearity, time-
domain methods, frequency-domain methods, modal methods,time-frequency analysis, black-box mod-
elling, structural model updating and so on [1]. Among thesemethods, NL-RDM is an approach for the
identification of non-linear multi-degree of freedom systems in modal space, using an appropriated sine ex-
citation to isolate modes or groups of modes. In essence, it is a variant of force-state mapping and attempts
to identify directly the equations of motion of the non-linear system from its displacement and velocity re-
sponse to some known force input using a least squares approach to fit some mathematical model to the
measured response data [3]. The advantage of performing a least square fit to orthogonal functions is that
the fit does not have to be repeat
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In this paper, a simulated two degree of freedom lumped parameter system with a free-play non-linearity
is investigated. First, the underlying linear system is identified using conventional modal analysis to yield
the modal parameters, including modal mass, stiffness, damping and mode shape. The MMIF(Multivariate
Mode Indicator Function) produces the appropriation forceto be used as the excitation of the non-linear
system. The restoring force is fitted in several regions of the modal phase-space and the break point in the
free-play non-linearity is determined. The identified modal model is finally validated through a comparison
with the original physical space model.

2 Review of the NL-RDM

NL-RDM is an extension of the force appropriation approach,which is used for the identification of non-
linear dynamical systems. An appropriated force pattern with a single sine wave is applied as a burst to excite
a given mode of interest. Once the excitation ceases, the free decay of the system includes components from
any modes coupled by non-linear forces to the mode being excited. A curve fit to a limited subset of modes
can then be performed to yield any significant terms which couple the corresponding SDOF oscillators. The
process is outlined as follows

• Identification of the modal parameters of the underlying linear system, i.e. modal mass, stiffness,
damping and mode shape. These are identified using methods such as LSCE (Least Square Com-
plex Exponential method), LSCF (Least Squares Complex Frequency Domain method), PolyMAX or
Polyreference least squares complex frequency domain method or others [4, 5]. The main objective
at this stage is to get accurate mode shapes for the subsequent identification of the non-linear modal
parameters (i.e. the coefficients of the non-linear terms).

• Force appropriation [6, 7]. The MMIF, which employs the FRF (Frequency Response Functions)
measured during the linear identification stage, determines the appropriated excitation force. The MPI
(modal purity indicator), whose value is between zero and one, is used to judge the quality of each
normal mode.

• Excitation using a burst force. Force appropriation with sine waves, whose excitation frequency is
the natural frequency of the mode under consideration, is used to excite the non-linear system. The
amplitude of excitation is ramped up slowly from zero to the maximum level where it is kept for a
short time and then ramped down again to zero.

• Signal processing. Displacement, velocity and acceleration response data are collected and converted
to modal space using the modal matrix obtained during the linear identification stage. The non-linear
modal parameters are obtained by analysing the restoring force.

3 MDOF free-play system

For a MDOF dynamic system with a free-play non-linear stiffness, its2nd order non-linear differential equa-
tion can be expressed as follows

Mẍ + Cẋ + Kx + g(x) = f(t) (1)

whereM is the mass matrix,C is the damping matrix,K is the stiffness matrix,f(t) is a vector of excitation
forces andg is a vector of non-linear functions of the system displacement x, expressed as follows
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g =









...
gi(xi, xj)

...









(2)

where

gi(xi, xj) =







ki(xi + xj − d) xi + xj > d
0 |xi + xj| < d
ki(xi + xj − d) xi + xj < −d

(3)

d being the width of the free-play region andki being a constant ‘stiffness’. The restoring force is shown in
fig. 1. The points in the force-state space where the free-play function switches from 0 stiffness to stiffness
ki are called ‘break points’ in this paper. In the case of fig 1 there are two break points,(−d, 0) and(d, 0).

Figure 1: Freeplay non-linearity

Notice that, due to the shape of the free-play restoring force, a system containing free-play nonlinearity can
behave linearly if the excitation force is so low that the break points are never crossed or if the excitation force
is so high that the zero-stiffness region becomes negligible. Both of these cases can be used as ‘underlying
linear systems’ for the purposes of system identification with NL-RDM. However, the low amplitude case
may be hard to achieve because free-play tolerances are usually designed to be very small. Therefore, for the
present work, the underlying linear system is defined as a system that is excited with such high amplitude
that the effect of the free-play region goes unnoticed.

Suppose the mode shapes of the system are

Φ =







φ11 · · · φ1n

...
.. .

...
φn1 · · · φnn






(4)

The system differential function can be written as

ΦTMΦẍ + ΦTCΦẋ + ΦTKΦx + ΦTg(Φx) = ΦT f (5)

The above equation in modal space becomes
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ṗn






+ K̃







p1
...

pn






+ g̃(pi, pj) =







Q1
...

Qn






(6)

wherep = Φx. The so-called underlying linear system is made up only of the linear modal mass, damping
stiffness and excitation force terms, i.e.

M̃p̈ + C̃ṗ + K̃p = q (7)

4 Identification of the underlying linear system

4.1 PolyMax theory

PolyMAX is a polyreference version of the LSCF method, usinga so-called right matrix-faction model [8],
which needs FRFs as primary data and identifies a right matrix-fraction model

H(ω) = B(ω)A(ω)−1 (8)

whereω is the frequency,H(ω) ∈ C
l×m is the matrix containing the FRFs between allm inputs and alll

outputs.B(ω) ∈ C
l×m is the numerator matrix polynomial andA(ω) ∈ C

m×m is the denominator matrix
polynomial. For theoth row of the right matrix-fraction model, the numerator row-vector polynomial,Bo,
and the denominator matrix polynomial,Ao, are defined as

< Bo(ω) >=

P
∑

r=0

Ωr(ω) < βor >, [Ao(ω)] =

P
∑

r=0

Ωr(ω) [αr] (9)

whereΩr(ω) are the polynomial basis functions andP is the polynomial order. In the LSCF method, a
z-domain model is used (i.e. a frequency-domain model that isderived from a discrete- time model) and
consequently, the basis functions are (with∆t the sampling time)

Ωr(ω) = ejω∆tr (10)

The following non-linear least-squares (NLS) error equation

εNLS
o (ωk, θ) = wo(ωk)

(

Ho(ωk, θ)− Ĥo(ωk)
)

= wo(ωk)
(

Bo(ωk, βo)A
−1(ωk, α) − Ĥo(ωk)

)

(11)

can be used to identify the coefficientsθ, wherewo(ωk) is the scalar weighting function.

According to reference [8], a scalar cost function can be formulated as follows:

lLS(θ) =

l
∑

o=1

tr
{

(ELS
o (ωk))

H(ELS
o (ωk))

}

=

l
∑

l=1

tr

{

( βT
o αT )

(

XH
o

Y H
o

)

( Xo Yo )

(

βo

α

)}

= tr(θTJHJθ) (12)
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where

J =









X1 0 · · · 0 Y1

0 X2 · · · 0 Y2

· · ·
0 0 · · · Xl Yl









∈ C
lNf×(l+m)(P+1)

ELS
o (θ) =









εLS
o (ω1, θ)

εLS
o (ω2, θ)
· · ·

εLS
o (ωf , θ)









=
(

X0 Yo

)

(

βo

α

)

Xo =





wo(ω1)(Ω(ω1) · · ·Ω(ω1))
· · ·

wo(ωNf
)(Ω(ωNf

) · · ·Ω(ωNf
))



 ∈ C
Nf×(P+1)

Yo =





−wo(ω1)(Ω(ω1) · · ·Ω(ω1))⊗ Ĥo(ω1)
· · ·

wo(ωNf
)(Ω(ωNf

) · · ·Ω(ωNf
))⊗ Ĥo(ωNf

)



 ∈ C
Nf×(P+1)

and⊗ denotes the Kronecker product.

In the case of real-valued coefficientsθ, it can be shown that the expressionJT J can be substituted by its
real part, so

ℜ(JT J) =













R1 S1

R2 S2

Rl Sl

ST
1 ST

2 ST
l

∑l
o=1 To













∈ R
(l+m)(P+1)×(l+m)(P+1) (13)

in which the following notation is used

Ro = ℜ(XT
o Xo) ∈ R

(P+1)×(P+1)

So = ℜ(XT
o Yo) ∈ R

(P+1)×m(P+1)

To = ℜ(Y T
o Yo) ∈ R

(P+1)×m(P+1)

The cost function of eq. 12 is minimized by setting its derivatives with respect to the unknown polynomial
coefficientsθ equal to zero

∂lLS(θ)
∂βo

= 2 (Roβo + Soα) = 0 ∀ o = 1, 2, . . . , l
∂lLS(θ)

∂α
= 2

∑l
o=1

(

ST
o βo + Toα

)

= 0
(14)
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4.2 MMIF and MPI theory

The MMIF approach is based on the definition of modal tuning asforcing the ratio of the kinetic energy of
the in-phase response to the total response to be a minimum. In this case, to excite an undamped normal
mode, a force vector should be found such that the real part ofthe response is at a minimum compared to the
total response.

The norm of the real part of the response is given by

||Xr||2 = XrTWXr (15)

while the norm of the total response is given by

||Xr + iXi||2 = XrTWXr + XiTWXi (16)

where the superscriptsr andi refer to real and imaginary parts respectively andW is a weighting matrix
often taken as the mass matrix. If the estimate of the mass matrix is not known, as is generally the case
in a normal mode test,W is taken as the identity matrix. The cost function associated with the MMIF
minimization is

α =
||Xr||2

||Xr + Xi||2
(17)

The response can be expressed as

X = (A + iB)F = Xr + iXi (18)

where subscriptsi andr have been dropped for clarity. Using the identity weightingmatrix

α =
FTATAF

FTATAF + FTBTBF
(19)

If Eq. 19 is differentiated with respect toF and∂α/∂F set to zero to correspond to a minimum of the cost
function, it is found that

ATAF = α
(

ATA + BTB
)

(20)

This is a standard eigenvalue problem which can be solved at each frequency point to yield eigenvaluesα and
corresponding eigenvectorsF. A plot of each eigenvalue estimate against frequency will drop to a minimum
at the normal mode frequencies of the system, while the corresponding eigenvectors at these frequencies give
the force pattern that can be used to excite the normal modes in the best possible way.

The MPI is a method for evaluating numerically the degree to which a normal mode has been appropriated.
Consider the case where ane × 1 applied appropriated force vectorF results in ther × 1 response vector
given by

X = (A + iB)F (21)

The normal mode purity∆ is defined as

∆ = 1−

j=r
∑

j=1

|ℜ(xj)||xj |

|xj|2
(22)
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whereℜ denotes the real part. Generally, a value of MPI of more than 0.9 is considered to be good, more
than 0.95 is very good, and more than 0.99 is excellent [9].

5 NL-RDM identification in modal domain

For the identification of a system with discontinuous non-linearities such as free-play, the following three
steps are required. The relationship of the restoring forceagainst modal coordinate should be built first, as
shown in Fig. 2. Since the system parameters will change abruptly when applying an appropriated force
to the system, it is important to get a correct estimate of thebreak points. The restoring force surface can
be divided into several regions based on the number of break points present within the system, and the
parameters of the system can then be identified using the DPE (Direct Parameter Estimation) [7] method.

Figure 2: Restoring force surface against modal coordinates

5.1 Fit to the main region

The restoring force surface is drawn in the modal domain and the regions that need to be fitted are determined.
Note that these regions need not be very accurate, but must not cross the lines where the break points lie. The
restoring surface in Fig. 2 should be divided into three parts, these being’abcd’, ’cdef’ and’efgh’ or smaller
parts within these areas, ensuring that they do not cross over the boundary lines’cd’ and’ef ’ .

5.2 Determine the break points

A curve-fitting procedure is used in order to get a linear function for the different regions. For example, the
line AB is obtained in the’abcd’ region. By the same method, the lines BC and CD can also be obtained.
Since the break points are the crossing points between the two sets of lines, (AB, BC) and (BC, CD), points
B and C are the solutions of the two equations of the linear functions, i.e. AB=BC and BC=CD.

5.3 Identify the parameters in modal space

When |xi + xj | is less than the width of the free-play region,d, the system is uncoupled and its modal
stiffness can be written as

K̃ =







φ11 · · · φ1n

...
. . .

...
φn1 · · · φnn







T 





k11 · · · k1n

...
. . .

...
kn1 · · · knn













φ11 · · · φ1n

...
. . .

...
φn1 · · · φnn






(23)
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in the modal domain. The modal parameters can be identified using the DPE method.







xi(t1) ẋi(t1) · · · xj(t1) ẋj(t1)
...

...
...

...
...

xi(tn) ẋi(tn) · · · xj(tn) ẋj(tn)





















k̃i

c̃i

...
k̃j

c̃j















=







Qi

...
Qj






−







m̃i

. ..
m̃j













ẍi

...
ẍj






(24)

The stiffnessK in the physical domain can be estimated using equation 23 after the modal stiffness matrix
K̃ has been obtained. Based on the above, the stiffness of the free-play non-linearity in the central region
can also be deduced after the coupled modal stiffness matrixK̃c is identified, such that

K̃c =







φ11 · · · φ1n

...
. . .

...
φn1 · · · φnn







T 





k11 + g11 · · · k1n + g1n

...
. . .

...
kn1 + gn1 · · · knn + gnn













φ11 · · · φ1n

...
. . .

...
φn1 · · · φnn






(25)

Figure 3: Diagram of simulated 2-DoF system

Mass (kg) Damping (Ns/m) Stiffness (N/m) free-play
m1 = 1 c1 = 2 k1 = 0 d = 0.001 m
m2 = 1 c2 = 2 k2 = 10000 g = 20000 N/m

k3 = 20000

Table 1: System parameter

The stiffness matrix corresponding to the free-play non-linearity in the central region can then be easily
obtained using the following relationship

G = Kc −K (26)

6 Validation

A mathematical validation of the methodology described in the previous sections is now presented. The basis
of the validation is the a simulated 2-Degree of Freedom (DoF) system, as shown in Fig. 3. It is a coupled
mass-spring-damper arrangement with one free-play springattached to mass 1 and the wall and denoted by
g. The values of the parameters of the system are shown in Table1.

Using the PolyMAX method with the burst random signal as input, the change of the system parameters
(modal frequency, damping, mass and mode shape) with amplitude of the excitation force can be traced
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(a) Modal frequency against force (b) Modal damping against force

(c) Modal mass against force (d) Mode shape against force

Figure 4: Parameters-force relationship

(shown in figure 4). The system parameters are not constant when the amplitude is small, which shows that
the system is non-linear, but when the amplitude of the excitation force is over 200N, the parameters become
constant and the system is approximately linear. This forceamplitude is adopted for the identification of the
underlying linear system. Moreover, the linear parameterscan be clearly identified at this stage. The modal
frequencies are 22.5Hz and 31.7Hz, the modal dampings are 0.007 and 0.0053, the modal masses both have
a value of 2 and the mode shapes are [1 1] and [1 -1] respectively. The corresponding FRF, MMIF and MPI
are shown in Fig. 5 and 6, where the MPIs of the first and second mode are over 95%, so the identification is
of high quality

The appropriated excitation signal for mode 1 is a burst sinewave with frequency equal to that of the mode
1 natural frequency, as shown in Fig. 7(a). The displacementresponses of the underlying linear system in
the physical domain are shown in Fig. 7(b). The amplitude of the force must be over a certain value (11N)
in order to ensure that the displacement of mass 1 exceeds thebreak point. Fig. 7(c) shows that, when
the response amplitude of mass 1 is less than 1mm, the free-play non-linear stiffness does not work. But
when the response amplitude of mass 1 is over 1mm, the system response is changed because the free-play
non-linearity is activated.

Using mode 1 excitation, the resulting restoring force is shown in Fig. 8, where Fig. 8(a) plots the restoring
force surface of mass 1 against the two modal coordinates andFig. 8(b) displays the restoring force surface
of mass 1 against the mode 1 displacement and velocity. It is clear that there are three separate linear regions
(A, B, C). The values of break points between regions A and B, Band C can be calculated from the linear
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Figure 5: System FRFs Figure 6: System MMIF and MPI

equations describing the different regions. For region A, the curve-fitted linear equation is

y1 = 39669p1 − 19.5 (27)

For region B, the curve-fitted linear equation is

y1 = 198.1p1 + 0.0 (28)

For the region C, the curve-fitted linear equation is

y1 = 39678p1 + 19.7 (29)

wherey1 denotes here the restoring force of acting on mode 1. Using these equations, the positions of the
break points between regions A and B, B and C are evaluated as (−0.5 × 10−3,0,0) and (0.5 × 10−3,0,0),
in modal space. In the same way, the entire process is repeated under mode 2 excitation, and the identified
results are shown in Tables 2- 4. It can be seen that the matrices of the identified model are very close to
those of the true system.

Theoretical value Identified value
Damping Matrix Stiffness Matrix Damping Matrix Stiffness Matrix

[

4 0
0 4

] [

40000 0
0 80000

] [

4 0
0 4

] [

39635 4641
1148 79043

]

Table 2: True and identified values of system matrices in region A

Theoretical value Identified value
Damping Stiffness damping Stiffness
[

4 0
0 4

] [

20000 −20000
−20000 60000

] [

4 0
0 4

] [

19994 −19992
−20000 60000

]

Table 3: True and identified values of system matrices in region B
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(a) Excitation force (b) System response

(c) Relationship of the displacement between mass 1 and
two in physical domain

Figure 7: System response by exciting mode one

(a) Restoring force surface against the modal coordinates
of mass 1 and 2

(b) Restoring force surface against the modal coordinate
and velocity of mass 1

Figure 8: Relationship between restoring force and the modal coordinates using mode one exciting
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Theoretical value Identified value
Damping Stiffness damping Stiffness
[

4 0
0 4

] [

40000 0
0 80000

] [

4 0
0 4

] [

39625 4643
1150 79040

]

Table 4: True and identified system matrices in region C

The mode shapes areΦ =

[

1 1
1 −1

]

, so the identified uncoupled modal stiffness matrix of region B,

K̃ =

[

19994 −19992
−20000 60000

]

, can be used to calculate the stiffness in the physical domain using eq. 8,

giving

K =

[

10001 −10004
−10000 29996

]

(30)

From eq. 11 and the coupled stiffness matrixKc =

[

39625 4643
1150 79040

]

, the stiffness of the free-play non-

linearity can be estimated asg = 19040N/m, i.e. very close to the true value of 20000N/m.

7 Conclusions

This study has shown how the NL-RDM can be used in the identification of a non-linear discontinuous modal
model of a system with free-play non-linearity. Modal analysis is employed to identify the parameters of a
suitable underlying linear system. Force appropriation inthe form of burst sines of appropriate amplitudes
and frequencies is used to acquire the restoring force surface, which is then divided into several regions. A
linear curve-fitting procedure is used to identify the breakpoints of the free-play function and estimates of
the non-linear system parameters are obtained. Simulationis used to validate this method, which can be
extended to identify any structural non-linearity, continuous or discontinuous.
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Abstract
This paper discusses an experimental investigation of a dynamically buckledstructure. In the experiment, the
end of a beam with a narrow rectangular cross-section is oscillated by a motor that creates variable amplitude
and acceleration patterns. The dynamic shear force causes out-of-plane buckling above a critical value of
load. Continuously varying excitation frequencies and time-frequency distribution analysis has revealed the
buckling threshold. A tracking and scanning laser measurement set-up was developed to extract the in-plane
and angular deformations. Fast video photography was image processed to show interesting period doubling
and nonlinear behaviour. The experimental and identification procedures are described and analysed.

1 Introduction

This paper deals with the experiments where a thin beam bcukles under a sufficiently large dynamically
varying shear load, resulting rather large and complex vibrations. The experimental investigation of this
problem proves difficult since the oscillations must be be sufficiently large toproduce buckling, yet not too
large to avoid permanent plastic deformations, closed loop experinets must be performed. The observed
motion consists of combined torsion and bending during rotation and thus a single sensor cannot capture the
entire motion parameters. The buckling of a thin beam subject to shear forceis a well known phenomena in
static stability theory [6], but the post-buckled dynamics proves more difficult and indeed, only a few works
present experimental investigations of this problem (e.g. [3]).

The specific problem dealt with here concerns a beam that has a rectangular cross-section with its heighth

much greater than its widthw, the stiffness to bending is much greater when the shear load is directed in the
height direction than when it is directed in the width direction. Furthermore, when the shear load directed
in the height direction reaches a critical value, the resistance to torsion is substantially reduced and lateral
torsional buckling occurs as the beam twists and deforms out-of-plane witha tendency to transfer bending
to the plane of weakest resistance.x

[4] studied bending-torsional vibrations of a ribbon. In their experimentthe ribbon was free at one of its ends
and the other end was clamped to a translational shaker that excited motion oriented in the stiffest cross-
sectional bending direction. Their experiment and analysis focused on nearly planar vibrations, however,
they observed that at large amplitude excitations the beam would experiencesnap-through type buckling. [3]
studied nonlinear chaotic vibrations of a ribbon. In their experiment the ribbon was free at one of its ends
and the other end was clamped to a translational shaker that excited motion oriented in the weakest cross-
sectional bending direction. A somewhat stable symmetry-breaking steady state period-two subharmonic
solution was observed near the third natural frequency.

Despite some similarity with previous works, the different geometrical proportions and boundary condi-
tions, make the phenomena observed in these experiments quite different from those studied by either [4] or
[3]. In particular, the beam-mass system was designed in this study so that out-of-plane buckling occurs at
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Figure 1: Experimental system during calibration of the scanning laser tracking operation

frequencies which are distinct from the linear resonance frequenciesof the system.

Due to the large mass of the block, the dynamically induced shear force can exceed the magnitude for static
lateral torsional buckling. For high enough values of this shear force the beam and mass (block) exhibit
out-of-plane motion. Two main nonlinear modes of vibration were observed.One mode was characterized
by bending in the weakest cross-sectional bending direction coupled withtorsion of the block with its center
of mass moving out-of-plane. The other mode was characterized by an oscillating rotation of the block with
its center of mass remaining relatively fixed and with the beam experiencing mainly second mode bending
in its weakest cross-sectional plane with some associated torsion. Both modes were quite stable and rel-
atively periodic. Also, it was observed that these nonlinear deformationsoccurred when the input forcing
amplitude was almost imperceptible. This later observation is similar to that reportedby [3]. Moreover,
such behavior makes this phenomenon difficult to control in a closed-loop system where in control theory
terms, the system is in a non-controlable [5]. Some of the unique dynamics have been captured using a high-
speed camera. Having captured the dynamical response, a frame by frame data reduction and edge-detection
scheme have been programed to produce time, frequency and amplitude domain data. The limited resolution
of CCD-based camera, is no sufficient when accurate amplitude and frequency parameters are necessary. A
continuous scanning or tracking laser system has been used to obtain accurate and somewhat more informa-
tive results. The method of [2] where a non-synchronous canning motionof the laser produces information
about both the angular and lateral vibration, despite the laser measuring a single spot. Additionally, the
method of [1] has been employed to track a single material point despite the large motions that the system
experiences.

The theoretical and numerical study behind this work can be found in [7] and a comparison with test result
alongside with other aspects of this work can be found in [8].

An outline of this paper is as follows. Section 2 describes the experimental setup, and several scanning
laser based approaches with which several degree of freedom can be measured simultaneously. Section 3
discusses image processing based methods that exploit edge-detection and parametric models to retrieve the
spatial deformations of a dynamically buckled beam. Finally, section 4 provides some conclusions.

2 Experimental set-up

The experimental setup is shown schematically in Fig.1. In this figure, the shaft, driving the elastic beam,
the motor are shown. A position sensitive detector, which intercepts the laserbeam before it his the tip
mass, has been used for the identification of the x-y laser scanning dynamics. In order to perfectly track a
material point on the tip mass, some phase lead must be employed in the laser positioning circuit. Once this
calibration has been performed, the laser beam does not lag behind the shaft-encoder signal and is able to
track any point on the oscillating mass.
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Figure 2: Block diagram of the experimental system

The complete measurement system consisted of several additional modules as illustrated in Fig. 2.

A beam-mass system is attached to the shaft of a motor which was controlled to oscillate with a sinusoidal
rotation angleφ(t) with amplitudeφ0 and frequencyω, such that

φ(t) = φ0(t)sinωt (1)

A cylindrical steel bar of radius 10 mm and length 400 mm was attached to the end of the motor shaft as an
extension to allow more freedom of motion for the beam-mass system. This extension bar was supported by
two bearings, each of width 20 mm, which were placed at distances 210 mm and335 mm from the shaft’s
end which was clamped to the beam.

2.1 Laser based measurement set-up

An encoder measured the rotation angle of the motor’s shaft before its attachment to the extension bar and
a laser sensor was used to measure the velocity in the direction of the soft bending resistance (along the
motor axis). In most of the experiments, the laser beam was fixed in space. However, in some of the
experiments the laser beam was controlled to move along a circular arc so thatit tracked the motion of a
material point on the mass, the command signal emitted to the x-y optical tracker (see Fig.2) has been linked
to the angle reading from the shaft encoder and digital signal processor corrected the phase lag . In a third
mode of measurements, the laser beam was moved sinusoidally in a horizontal direction on the rigid tip mass
assuming near rigid body motion of the beam-mass system or so that it scanneddifferent material points in
order to separate effects of bending and torsion. For the large deformations and torsion angles that occur
during dynamic buckling the laser is not able to track a material point on the mass. Taking into account the
band pass of the motor, the sensitivity of the encoder and the characteristics of the controller, the range of
amplitudeφ0 < 2deg and frequencyω < 50Hz.

2.1.1 Measuring torsional vibration with continuous Laser-sensor sc anning

One of the methods used here for measuring the amplitude and frequency oftorsion of the beam employed
a continuous laser scan of the mass. Figure 3 shows a sketch of this laser scanning method. The laser beam
measures the velocity in the direction of the beam of the current point being illuminated on the surface. This
velocity component is influenced in a different manner by the translational and rotational motion of the mass.

For this method it is assumed that the mass experiences steady-state, quasi-periodic, two dimensional motion
which is dominated by a component with frequencyω. The distribution of the velocity of the surface,p(x)
is different for every point,x and when both types of motions that are illustrated in Fig.3 exist, the velocity
equals:

v(x, t) = p(x) sin(ωt + φ0) + A sin(ωt + β0) (2)
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Scanning Beam

x

Figure 3: Simultaneous measurement of translation (illustrated on the left) and torsion (on the right) using a
scanning laser sensor

Figure 4: PSD of laser measurement during a continuous scan

Hereφ0 andβ0 are arbitrary phase angles.

Since the tip mass is completely rigid at the frequency range on interest, Eq.(2)can be expressed as:

v(x, t) = γx sin(ωt + φ0) + A sin(ωt + β0) (3)

In order to separate between the angular (torsion) and translational (bending) motions, the laser beam
is moved (continuous scan) across the surface, in a periodic manner (asillustrated in Fig.3), but with a
frequencyΩ which is non-synchronous with the excitation frequency.

x = β sin(Ωt + δ0) + x0 (4)

Whereδ0 andx0 are constants. Making use of trigonometric identities, the angular and translational parts
become separated in what the laser sensor measures:

s(t) =
γβ

2
cos ((Ω− ω) t + α0 − δ0)−

−
γβ

2
cos ((Ω + ω) t + α0 + δ0)− (5)

− (A + γx0) sin (ωt + β0)

Evidently, the angular motion is shifted to two ’side bands’ having the frequency, Ω± ω, respectively. It can
also be noticed that the response at these shifted frequencies would have equal amplitudes and an opposite
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Figure 5: Measured and fitted laser response

phase. The measured response can be curve-fitted to find the amplitude ofangular vibrationsγ (despite the
fact that a linear sensor is being used) . Indeed, in an experiment that was conducted on the system depicted
in Fig.1, the laser was moved at a frequencyΩ = 10Hz while the beam was oscillating at a frequency of
aboutω = 30Hz. It is instructive to examine the power spectral density of the laser response during this
measurement.

Indeed, as was stated above, the two sidebands seem to have identical magnitude and additional terms (with
much smaller amplitudes) arise due to the imperfection in the sensing and control systems.

Since all the involved frequencies can be easily identified, a linear-in-parameter model can be curve-fitted to
the measured response, as shown in Fig.5.

It is clear from the above figure that the model fits very well to the measuredresponse and therefore the stage
of estimating the angular vibration amplitude can be carried out. For this example,it was found that the
angular amplitudes as estimated, independently from the two sidebands at are:14.8033 and 14.8075 Degrees
respectively. Indeed an excellent agreement with theory.

2.2 Seeking the frequencies at which dynamic buckling occurs

The specimen was designed so that this buckling occurs at frequencies which are different from the linear
resonance frequencies of the system. This was done as an attempt to ensure that significant out-of-plane
response was due to buckling and not merely coupling with linear modes of vibration. Also, it is necessary
to consider the limitations of the equipment that can produce a limited amount of power and in a confined
frequency range.

A quick method that was adopted here, produces a continuously varying frequency at a given amplitude. The
sinusoidal oscillation frequency is swept periodically between 0 and 45 Hzto detect any unique behavior
in this regime. A single frequency sweep was captured and the result is illustrated in Fig.6. This figure
(Fig.6), describes the laser measurement in tow ways. The top figure shows the raw vibration signal in the
time domain. Several points at which the amplitude has become large can be identified. The interpretation of
these time instances where the response became large can be found in the time-frequency distribution which
appears on the bottom part and in 3 dimensional form in Fig.7.

Te low frequency rise in amplitude stems from the crossing of the lowest bending mode, later the frequency
reaches1

2
of the next natural frequency and due to the period doubling behavior,it is sharply excited. Further

increase in the frequency of excitation until it reaches the vicinity of the second bending mode, torsional
vibrations of high amplitude consume most of the energy and the total response, close to the 25-20 seconds
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Figure 6: Laser measured response at a single material point while the excitation frequency is being swept

zone is compose dof several multiples of the excitation frequency. This map give deep insight into what
really happens upon buckling. The large bending vibrations were immediatelycoupled with bending to
produce this unique behavior.

3 Measuring the dynamics using image processing

As mentioned previously, a high speed digital video camera was used to photograph some of the experiments.
Although the camera is capable of taking up to 1000 frames per second (fps), the framing rate had to be
reduced to around 250 fps when using a large opening angle to photograph the entire beam-mass system.
Three post-buckling dynamic motions are shown in Figs.8,9,10, respectively.

The video for the Torsion I response shown in Fig.8 was processed using edge detection methods. Figure 11
illustrates a single phase of the edge detection and estimation of the deformation ina specific cross section
(shown as a line) of the beam.Naturally, by processing several subsequent frames, as shown in Fig.12 more
information can be retrieved.

By processing several frames, both time-related (time series) and space (deformations) as well as angular
displacement can be estimated. Considering a section through the beam, (e.g.Fig.11) one can observe that
the edge come closer together ones the twist angle becomes large. A simple geometric model which is
depicted Fig.13 has been used to estimate the instantaneous angle.

Figure 13 shows a sketch of the analysis of the edges of a cross-sectionof the beam. Each frame of the videos
was rotated by a fixed angle to ensure that the clamped edge of the beam wasvertical so that measurements
from the edge of the rotated picture would be parallel to thee2 axis. The distancesyB, yF from the edge of
the rotated frame to the back and front edges, respectively, of the beamare measured at the same deformed
axial locationx3 = z from the beam’s clamped end . Then, the locationy of the center line of the beam is
determined by the expression y=1

2
(yF + yB)

Using these values and the fact that the true distance between these edgesis H it is possible to obtain an
approximate value of the torsion angle using the formulaθ = sin−1

(

yF−yB

H

)

. Furthermore, since the mass
is nearly rigid this angle is considered to be the torsion angle at the beam’s endattached to the mass. The
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Figure 7: A 3 dimensional view of the laser response

Figure 8: Response at a post-buckled state, Torsion I:φ0 = 0.65 deg,ω = 35.0 Hz

Figure 9: Response at a post-buckled state, Torsion II:φ0 = 1.49 deg,ω = 25.5 Hz
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Figure 10: Response at a post-buckled state, Torsion I:φ0 = 0.65 deg,ω = 35.0 Hz

Figure 11: A single frame with edges detected

Figure 12: Several frames after edge detection showing the motion sequence
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Figure 13: Geometric model for angle estimation of by considering the distancebetween two edges

Figure 14: Several deformations of the vibrating beam in a dynamic post-buckled operating regime

data from this edge detection procedure is analyzed using ta parametric model to curve-fit the time response
of the data at a specified axial location. It has been observed, that the response is periodic and therefore a
Fourier series has been fitted to the response at every section (z) of the beam. Having fitted the response
amplitude and the phase angle at the frequency of several harmonic, the deformation can be drawn at several
time instances to produce an animated display of the response.

The advantage of the video-based edge detection scheme is that it provides the spatial deformations while
the continuous scanning method with the more accurate laser can provide this information at a single section.
Nevertheless, both methods seems to have produced valuable information withwhich a quantitative as well
as qualitative comparison with numerical and analytical models can be carriedout.

4 Conclusion

This paper shows a collection of measurement and data processing methodsthat can shade light on a rel-
atively complex phenomenon such as spatial post-buckling dynamics. The paper described briefly the ex-
perimental system, the calibration and the configuration of the computer controlled experiment. Later a
non-standard laser-based measurement technique has been described and it was shown that angular and lin-
ear vibrations can be separated with good accuracy once non-synchronous scanning is employed. Finally, a
fast video camera, based approach has been described. Altough the edge detection and curve-fitting methods
are rather standard, still the final result seems informative and d in some sense to the, more accurate laser
based measurements. The purpose of the experimental procedures wasto build some quantitative data with
which a numerical model can be verified. this comparison will be described elsewhere.
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Abstract
Identification as well as characterization of nonlinearities has been a topic of major interest specially for
testing personnel in most aircraft companies. Structural nonlinearities can arise in different situations and
due to several major sources, including but not limited to geometry and material. A special and important
class of nonlinear vibrating systems arise when the structure under test is parametrically excited. In this case
the excitation appears as a time varying coefficient in the system’s equation of motion. The major goal of this
paper is to present the results of an investigation carried out on a wing type structure specially designed and
built to investigate and better understand parametrically excited aircraft structures. It is shown that nonlinear
dynamic responses are observed from test results for different excitation levels. Particularly, for a given
test condition a very interesting phenomenon of transfer of energy between mode shapes, commonly called
modal interactions in the literature is experimentally observed.

1 Introduction

In the field environment, a given structure may be subjected to excitations of different nature. This is typically
the case of flight hardware, a satellite for example. During the flight, the satellite is subjected to contact
excitations arising from the connections with the launch vehicle and possibly acoustic excitations due to
internal noise generation mechanisms. A CD player mounted on the dash board of an automobile is another
good example of a system that may suffer from multiple excitations. In both cases, the structure needs to
survive to all forms of excitations and still operate accordingly, and obviously, this is a major concern of
design and test personnel involved with each particular product.

From the modelling viewpoint, if it is assumed that the structure under investigation presents a linear dynamic
behavior, governed by infinitesimal vibration amplitudes, then the analytical description of the structure
for forced vibrations is made through a set of nonhomogeneous linear ordinary differential equations with
constant coefficients. This is typically the description obtained when the classic finite element method is
used. In this case, all the excitations, forces and moments appear on the right hand side of the equations of
motion. However, in the event of high excitation amplitudes associated with higher flexibility presented by
nowadays structural assemblies the system may present nonlinear vibration behavior, and the assumption of
linearity fails to adequately describe its dynamic behavior.

In practice, all structures are essentially nonlinear, and in this case the mathematical models used to describe
the dynamics of the system are considerably more complex than the models used in the classical linear
theory. The type of the nonlinearity present, arising for example from geometry or material property will
reflect on differences exhibited by the equations of motion used to model the system´s dynamic behavior.
Particularly, one of these differences occurs in the presence of time varying coefficients on the left hand
side of the equation of motion, frequently in the term that describes the elastic forces. This term constitutes
the parametric excitation ([10], [1]) and due to this excitation mechanism, the structure may present large
vibration amplitudes. Important investigations have been performed on parametrically excited systems, and
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they can be divided in two classes, namely, single degrees of freedom and multiple degrees of freedom
systems. In the case of systems presenting multiple resonances the system undergoes anautoparametric
resonance conditionand in this case the phenomenon ofmodal interactioncan occur [9].

As stated above, autoparametric vibrations differ from the parametric case since they only manifest when
more than one mode shape participates in the system’s response. It is a unique phenomenon of nonlinear
systems and can involve two or more mode shapes, depending on the intensity of the nonlinear coupling
presented on the system and can only occur when the system presentsinternal resonances[5]. One of the
most comprehensive works devoted to the study of autoparametric vibrations in beam type structures is due
to Zaretsky & Crespo da Silva [12]. Analytical as well as experimental results show excellent agreement in
a situation where the system presents a1 : 1 (one to one) internal resonance condition. The analytical work
employed in this work is due to a previous work by Crespo da Silva & Glynn [2]. Several other important
works on autoparametric vibrations of beams such as developed by Nayfeh & Pai [11] and Lee & Chang [6]
have shown the importance of the autoparametric resonance condition in multi degrees of freedom systems.

Recently, Gomes da Silva [5] has extended the analysis of autoparametrically excited systems by applying
the theory to a specially built laboratory structure that resembles an aircraft wing. The structure was inspired
in the well succeeded Garteur structure [7] and it was idealized in such a way that it follows the main
characteristics of a real aircraft wing with suspended engines. The major goal is to study either numerically
and experimentally the physical characteristics of the autoparametric resonance as well as the requirements
for the occurrence of this important phenomenon.

The major goal of this article is to report and discuss some of the major achievements obtained in the work
developed by Gomes da Silva [5]. For that purpose, first a brief theoretical review on classical modal testing
and autoparametric vibrations will be presented. Then, numerically simulated results employing the finite
element method along with experimental results of linear and nonlinear vibration tests will be presented
and discussed. At the end, it is clearly shown that modal interaction do occur between mode shapes due to
the autoparametric internal resonance condition what reinforces the importance of this phenomenon in real
flexible structures.

2 Theory Review

The main goal of this section is to briefly review some important theoretical concepts that will be used
throughout the remaining sections of this article. Although it is difficult to conceive an analytical model that
may represent all classes of phenomena encountered in structural dynamics, it is believed that the following
equation is representative of most cases [5]

q̈n +ω2
nnqn = A+ εL (−B−C−D) (1)

written in generalized coordinates modes varying in then = 1,2. . .m range. Each term shown in Equation
(1) can be described as

• q̈n + ω2
nnqn are the inertia and stiffness terms (linear) andω2

nn is the undamped natural frequency
(constant) belonging to thenth mode shape.

• A =
A
∑

a=1
Ha

neiΩat represents the external harmonic excitation beingHn andΩa the amplitude and fre-

quency of this harmonic forcing term.

• B =
B
∑

b=1
Gb

nnq̇n |q̇n|(b−1) are dissipative forces that can be viscous, linear or nonlinear, andGnn is the

magnitude of such a force.
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• C = Nn(qn,qn+1, . . . ,qm, . . .) are conservative nonlinear forces, functions of first and second order
derivatives of generalized coordinates,(qn,qn+1, . . . ,qm, . . .).

• D =
D
∑

d=2
I (d−1)
nn eiΓ(d−1)tq(d−1)

n represent linear or nonlinear parametric excitations applied to the system,

with amplitudeIn and excitation frequency given asΓd.

This work is particularly interested in discussing the dynamic response of the system in the presence of
the parametric excitation term as described above. Careful examination of this term immediately reveals
that it has been described strictly in terms of the generalized displacementqd−1 which in turn, depending
on the value ofd can be linear or nonlinear. TheN functions appearing on the mathematical model bring
the nonlinear coupling terms to Equation (1), mostly due to stiffness terms. The presence of these terms
cause phenomena like saturation and modal interaction to occur. Under the assumption of small vibration
amplitudes, Equation (1) reduces to

q̈n + εLGnnq̇n +ω2
nnqn =

A

∑
a=1

Ha
neiΩat (2)

that is the elementary forced non conservative linear model. The classic modal analysis theory presents
Equation (2) in matrix form according to

[M]{ẍ}+[C]{ẋ}+[K]{x}=
A

∑
a=1

{Fa}eiΩat (3)

and this last equation represents the well known set of nonhomogeneous second order differential equations
used to describe the structure dynamics under periodic harmonic excitation. The symmetric mass and stiff-
ness matrices shown in this equation are usually obtained from a discretization process and in this case the
finite element method is widely employed and a Rayleigh proportional[C] matrix is usually adopted to model
the spatial energy dissipation over the structure [4].

When the system is subjected exclusively to a parametric excitation the lumped parameter model becomes
time varying, i.e., the left hand side of the equation of motion presents coefficients that are functions of time,
what essentially means that the excitation appears as a time varying modification of one of the system’s para-
meters [10]. The equation of motion of a system presenting this feature, and considering a linear parametric
excitation is obtained from Equation (1) and represented as

q̈+
(
ω2 + εLIeiΓt)q+ εL

B

∑
b=1

Gbq̇|q̇|(b−1) + εLN(q, q̇, q̈) = 0 (4)

and it can be easily seen that the well known Mathieu equation is obtained for the simpler linear version of
Equation (4). Parametrically excited systems can present high vibration levels when the excitation frequency
is related to one or more natural frequencies of the system through a number that is an integer or fraction of
a given natural frequency.

Autoparametric vibrations, the major focus of the present discussion have their own unique characteristics
since they occur exclusively when more than one natural mode shape participate in the system’s response,
and therefore, they are particular of multi degree of freedom structural systems [5]. In this case, the system
can be described in two parts. The first part consists of an externally excited oscillator while the second part
consists of a parametrically excited oscillator, where the parametric excitation arises from the motion of the
first oscillator. Mathematically,

q̈1 +ω2
11q1 + εL

B

∑
b=1

Gb
11q̇1 |q̇1|(b−1) + εLN1(q1,q2) = 0 (5)

q̈2 +ω2
22q2 + εL

B

∑
b=1

Gb
22q̇2 |q̇2|(b−1) + εLN2(q1,q2) = HeiΩt (6)
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whereNn represent additional forms of nonlinearities present in the system. According to Equations (5) and
(6) the generalized coordinateq2 is directly excited by an harmonic excitation as seen on the right hand side
of Equation (6) while Equation (7) is a homogeneous equation of motion for the generalized coordinateq1.
To clarify the nature of the autoparametric excitation, if it is assumedN1 = q1q2 andN1 = q2

1 and setting
B = 1, Equations (5) and (6) reduce to

q̈1 +
(
ω2

11+ εLq2
)

q1 + εLG11q̇1 = 0 (7)

q̈2 +ω2
22q2 + εLG22q̇2 + εLq2

1 = HeiΩt (8)

and the solution of Equation (6) for a resonant condition (Ω = ω22) can be written as

q2 = Q2ei(ω22t+β2) (9)

whereQ2 is the amplitude of the resulting motion in the generalized coordinates. While the solution given by
Equation (9) for Equation (8) is trivially obtained as a function of time,q2 become a parametric coefficient
on the left hand side of the homogenous Equation (7). In this case, the parametric excitation of the first
mode comes from the structure itself (from a resonant mode) and not from a external source [5]. In addition,
according to the literature a given structure exhibits a principal parametric resonance when the excitation
frequency equals approximately the double of the system’s natural frequency. Hence, if the conditionω22 =
2ω11 and if Ω = ω22 are met then the system described by Equations (7) and (8) presents a2 : 1 internal
resonance condition [3]. More generally, according to Nayfeh [9] a given flexible structure may present
internal autoparametric resonances when its natural frequenciesωn are commensurable or, mathematically
obey the following relationship

n

∑
i=1

kiωii ≈ 0, n≥ 2 (10)

whereki are negative or positive integers andωii are the system’s natural frequencies. As previously stated,
internal autoparametric resonances are responsible for modal interactions, i.e., energy exchange between
mode shapes. Due to this phenomenon, the vibratory energy from a main structure can be transferred to
secondary components (substructures) what can result in high amplitude motions and eventually failure of
the component. The results presented in this paper are mostly concerned to the modal interaction on a typical
laboratory wing structure specially built for the purpose of obtaining some physical insights from this energy
transfer mechanism.

3 Description of the Structure

The structure designed and built [5] to investigate the autoparametric vibration response is shown in Figure
1. It was idealized in such way that the major characteristics of a real aircraft wing (struts, ribs, pylons and
engines) are preserved. From the structural viewpoint the entire system was built using beam elements as
well as lumped masses. The ribs obey the Y-Clark profile since the prototype is intended to be used in wind
tunnel experiments in future investigations.

The structure was almost entirely built from ASTM A36 steel, except some parts (pylons and engines) that
were built from 2024 T6 aluminum and cast iron. An interesting geometric feature of this prototype is that
the position of the ribs can be varied along the length of the longitudinal beams. This feature allows the
choice of particular geometry configurations such that the value of the natural frequencies of interest can be
adjusted to meet the theoretical requirements for the appearance of autoparametric internal resonances, as
previously discussed.

Figure 2 depicts the Finite Element model that was built for the structure under test and used in the finite
element simulations in order to calculate the natural frequencies and mode shapes. The FE model employed
two elements, namely, the tri-dimensional Solid45 (eight nodes, three degrees of freedom per node), used in
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Figure 1: Multi degree of freedom laboratory structure

the discretization of the struts, ribs, engines, and the uniaxial Beam4 (six degrees of freedom per node), used
to model de pylons. In addition, all degrees of freedom in the fixture of the wing were suppressed in order
to properly simulate the wing attachment to the auxiliary base. Linear and angular displacements were also
restricted in the connection between the pylons and wing structure.

Figure 2: Finite element model of the test structure

4 Linear Tests

The main goal of this section is to present results obtained from modal tests carried out on the test structure
as well as compare the results from these tests with the results obtained from the FE numerical simulations.
The modal tests are referred here as linear tests since they aim to experimentally identify basic properties
of the structure that are discussed in the classic linear modal analysis theory. Figure 3 shows details of the
experimental test setup used during the tests [5]. The wing prototype is grounded to an auxiliary rigid base
through two stiff steel plates and four bolts as indicated in Figure 3. The excitation mechanism consists of an
electrodynamic vibration exciter (model MB Dynamics Modal 50A) that is connected to the structure through
a stinger. The stinger is directly connected to the wing through the engine at one of its ends and attached
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Figure 3: Detail of exciter mounting on modal tests on the test structure

to the exciter table through an impedance head (Bruel and Kjaer 8001 340 pC/N) at the opposite end. The
purpose of using the impedance head is to measure the structure’s driving point accelerance at the excitation
point. The exciter is attached to the structure at approximately45o angle as shown in order to properly
excite all mode shapes in the frequency range covered by the test. The wing vertical acceleration responses
were measured by eight identical miniature accelerometers (PCB ICP333B 100 mV/g) that were mounted
on the top of the transverse ribs, and two miniature accelerometers (PCB ICP U353B16 9.4 mV/g) that were
mounted on the engine structure, in perpendicular directions, as indicated in Figure 3. Aburst randomsignal
was used to drive the vibration exciter and the0−100Hz frequency range was covered during the test. A
total of 1601spectral lines were captured in the measured signals with a frequency resolution of625mHz.
Driving point (at the excitation location) and transfer FRF accelerances (for all measurement locations) were
measured and the signals were processed through the MTS-IDeas 10 modal testing software.

Figure 4 depicts results for a typical transfer accelerance FRF measured on wing. The measured result is
compared to the regenerated FRF that was obtained from the modal parameters identified from the experi-
mental through the polireference technique [8]. A good agreement is seen to occur between the experimental
and identified results. It is clearly seen that several natural frequencies are present in the frequency range
covered by the tests. Once all measured accelerance FRF are processed, the final results for the structure’s
first seven natural frequencies are summarized in Table 1. The results obtained through the FE simulations
are also present in this table, and a quick check on the results indicate a good correlation between the FE
model and the test results for lower natural frequencies. For the first mode shape, the difference between test
and theory is less than2%as indicated. Larger differences in the values of the natural frequencies are found
as the mode order increases. Table 1 also contains a brief description of the resulting mode shape for each
natural frequency. Figures 5 and 6 shows the FE and experimental results for the first two mode shapes of
the prototype which clearly shows a good agreement between numerical and experimental results for mode
shapes as well.
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Figure 4: Measured vs regenerated FRF

Predicted vs Experimental Natural Frequencies

Number Description Theoretical[Hz] Experimental[Hz] Difference%
1 0-n Bending Wing Y 3.473 3.534 1.75
2 Engine Lateral 10.082 10.505 4.19
3 Engine Vertical 11.563 11.076 -4.21
4 1-n Bending Wing Y 25.800 20.972 -18.71
5 1o Torsion Wing 32.874 20.812 -36.69
6 1o Bending/Torsion 66.388 41.565 -37.39
7 2o Torsion Wing 72.214 57.913 -19.80

Table 1: Comparison between FE predictions and measured values for the natural frequencies for the model

5 Nonlinear Tests

In order to investigate in sufficient depth the autoparametric vibration characteristics of the prototype involv-
ing the engine lateral and bending wing mode shapes, a series of tests were planned and conducted. Part of
these tests were dedicated to address important vibration characteristics during the transient regime and part
of the tests was performed considering the steady state response. Due to the large amount of data obtained
during these tests, only part of the results related to the steady state response will be shown in the present
article. The experiments were referred here asnonlinear testsince they aim to reveal the nonlinear modal
interaction between the two considered modes of the test structure due to the autoparametric excitation,
which is essentially a nonlinear phenomenon and can only be observed under special testing circumstances.
As previously stated in the theory section of this paper, particularly when Equation (10) was presented, a
commensurability relationship between two natural frequencies must occur so that the autoparametric phe-
nomenon can be observed. For the present study, the commensurability relationship occurs between the
second (engine lateral) and fourth (1− n bending wing) mode shapes whose frequencies are indicated in
Table 1. As a consequence, Equation (10) reduces to

2ω22−1ω44≈ 0 (11)
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Figure 5: FE prediction and experimental result for the first mode shape

what indicates that the natural frequencies corresponding to these mode shapes (ω22 = 10.505Hzandω44 =
20.972Hz) are commensurable in a2 : 1 relationship. This autoparametric internal resonance condition was
possible thanks to the possibility of adjustment of the ribs along the length of the wing that allowed a fine
tuning of the natural frequencies.

The nonlinear experiments used essentially the same setup employed during the modal tests, except that
in the present case the vibration exciter was positioned underneath the wing and it was attached to the rib
close to the auxiliary base (see Figure 3). The sinusoidal excitation was applied vertically to the rib through
a stinger and force transducer and the wing response was measured by ten accelerometers, eight of them
mounted on the top of the ribs (two in each rib) and two of them on the engine vertically and horizontally,
respectively. Sinusoidal excitation was used to drive the structure.

Two nonlinear steady state tests in closed loop were performed and they basically differ in terms of the
control parameter used. In the first test the excitation frequency was controlled during a slow sine sweep in
both ascending and descending directions. In this case, the magnitude of the force applied to the structure
by the vibration exciter was maintained approximately constant at5.0 N as the excitation frequency was
varied upward or downward. The results of this test are response-frequency curves, that show the resulting
vibration amplitude as a function of the excitation frequency during the sinusoidal sweep for a constant force
magnitude. In the second test the excitation frequency is maintained constant and the input force magnitude
is varied according to steps in the ascending and descending directions. The results obtained in this test are
given in terms of the response-amplitude curves, showing the vibration amplitude as a function of the input
force values. Both tests reveal unique characteristics of the autoparametric vibration, as it will be shown
next.
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Figure 6: FE prediction and experimental result for the second mode shape

The experimental results obtained in the first nonlinear test are shown in Figures 7 and 8. Figure7 shows the
results obtained when the structure is driven by a sinusoidal input force whose frequency is slowly increased
in a narrow frequency range,20−22 Hz while the input force is maintained at the constant level of5.0 N.
Starting from pointPi in the lower bound of the frequency range, it is seen that the structure’s response
remains stable up to approximately21.0 Hz where the response reaches the critical pointa shown in Figure
7. Above this frequency value the response gets into a unstable region through a bifurcation condition [10]
characterized by a jump up to pointb for the case of the engine lateral mode shape (ω22 = 10.505Hz) and
point f for the roll mode (ωrr = 31.402Hz). It should be pointed out at this point that the roll mode shape
was not reported in the modal identification results previously presented. In fact, this mode shape was seen to
occur in either the FE simulations and modal tests. However, it is a localized mode shape where the engine
presented a roll motion along its longitudinal axis and the resulting amplitude exhibited by the structure
when resonating at this natural frequency was much lower than the remaining mode shapes and although
it was excluded from the remaining analysis, once the slow sine sweep passed through the commensurable
natural frequency of the first bending mode shapeω22 = 20.972Hz the amplitude of the excitation force was
high enough to parametrically excite this roll mode shape, showing a2 : 1commensurability relationship with
respect to the second mode shape. Therefore, thef ghportion of the curve indicates the appearance of the roll
mode shape of the substructure pylon/engine that is autoparametrically excited. In thebcdportion indicated
the response magnitude decreases inbc and increases again in thecd part. As the excitation frequency
increases after pointd a new jump occurs and the stability of the response is reached again. Hence, thebcd
portion of the curve corresponds to the lateral engine mode shape being autoparametrically excited by the
motion of the commensurable first bending wing mode shapes according to the2 : 1order previously defined.
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Figure 7: Response-frequency experimental curve due to the ascending sinusoidal excitation frequency and
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When the behavior of both modes excited parametrically in Figure 7 are compared, some interesting obser-
vations can be made. First, as the excitation frequency sweeps up the stable response for both modes looses
stability at the same point, i.e., pointa, and once the unstable frequency range is covered stable response
levels are reached at the same bifurcation pointe. Second, the unstable frequency range is very narrow
(21.0−21.3 Hz), covering only0.3 Hz. However, the length of this unstable range can be affected by the
intensity of the autoparametric excitation, as observed in experiments with a single degree of freedom system
[5].

Figure 8 shows the results obtained in the same test except that the excitation frequency is swept in de-
scending values. Similarly to the first former case, the amplitude of the response remains stable up to the
bifurcation pointa where it looses stability and the engine lateral and engine roll mode shapes are autopara-
metrically excited. It can be immediately seen that the unstable region for both modes are quite different, a
result that was not observed in the former test. Despite the fact that the motion becomes unstable at the same
frequency for both modes (pointa), the stability is recovered at different points as indicated in Figure 8. For
the engine lateral mode shape (bcde) the instability covers the21.3−20.85 Hz frequency range or0.45 Hz,
while for the engine roll mode this unstable region is narrower,21.3−21.05Hz, covering0.25Hz.

The results obtained for the second nonlinear test are depicted in Figures 9 and 10. These results were
obtained for different levels of the input force applied to the prototype while the sinusoidal frequency was
maintained constant at21.15 Hz. This excitation frequency was chosen according to the result obtained in
Equation 11. Figure 9 shows the result obtained for the ascending direction of the input force amplitude. It
can be immediately seen that starting from pointPi the output response for both modes autoparametrically
excited remains stable up to the critical value of the input force, pointa or d. As far as the engine lateral
mode is concerned, it can be seen that a small increase of the input force causes the lost of stability on
the resulting motion, as indicated by thebc portion of the curve, and a violent and potentially dangerous
local motion of the engine/pylon substructure begins to occur. The motion presented by the roll engine and
first bending wing modes are seen to increase moderately as the input force is increased towards pointPf .
Finally, Figure 10 shows the response-amplitude curve obtained for descending values of the input force.
Very similar results were found in comparison to the previous test.

6 Concluding Remarks

This work presented results of an investigation concerning autoparametric excited systems. Some theoretical
aspects involving autoparametric vibrations were initially discussed and the importance of the phenomenon
could be theoretically stressed. An aircraft wing prototype structure was specially designed and built in order
to experimentally investigate the physical process involved in internal resonances autoparametrically excited.
Physically, most of the results presented here indicate that under some specific circumstances defined by the
commensurability between the system’s natural frequencies, the structure acts as a principal oscillator when
subjected by some external excitation. This oscillator, in turn, acts as a parametric exciter for specific sub-
structures, as it was the case of the engine/pylon subsystem, and the coupling between these oscillators
caused by structural nonlinearities can cause local modes to be excited at commensurable frequencies. It
is believed that the results obtained in this article present a significant contribution to a more clear under-
standing of the complexity of the dynamics revealed by certain structures when subjected to autoparametric
excitations.
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Abstract
Most signal processing techniques were originally designed to work in the stationary context. However, the
signals encountered in many fields are clearly non-stationary either by construction like man-made commu-
nication signals, or due to the time-varying geometry of the transmission path as in mechanics. The property
of non-stationarity seems at first glance inconvenient since it limits the effectiveness of the classical tech-
niques, unless it is exploited to design more advanced techniques. This paper shows how to make use of the
non-stationary but cyclic (cyclostationary) nature of the signals issuing from rotating machinery. It provides
the pre-treatments to be performed in presence of speed fluctuation in order to resample the vibration signals
with respect to the shaft angle instead of time and thus accentuate the property of cyclostationarity. It then
illustrates through examples how to exploit the extra information provided by cyclostationarity to effectively
perform signal separation and diagnostics of complex industrial systems.

1 Introduction

Vibrations issued from rotating machinery are the result of complex phenomenona. First of all, the rotating
nature leads, in angular domain, to periodical (engine), quasi-periodical (gears), or close to periodical (rolling
element bearing) excitations. In time domain, this periodicity becomes fuzzy due to speed fluctuation or is
totally destroyed when the speed is not maintained constant (ramp speed). Before coming to the sensor,
vibrations pass trough the structure that acts like a filter. Since the mechanical parts rotate, the signal paths
between the excitation sources and the sensor also vary. The macroscopic phenomenona also contribute
to introduce some randomness in the signal pathes. Therefore the signal is no longer stationary but non-
stationary. A first part highlights the properties of these signals, a second part shows how to exploit this
property and presents some examples.

2 From non stationarity to cyclostationarity

2.1 Definition of cyclostationarity

Signal processing tools are often used in the stationary context. Nevertheless, in domains like telecommuni-
cation, speech processing, and mechanic, this simplification hypothesis is not longer valid.

Figure1 shows an acceleration signal issued from a gearbox. It is possible to notice the presence of a periodic
shaped pattern in the signal. The period is indicated by the alternately black and white rectangles. This visible
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periodicity is linked with the existence of a basis cycle that exists in most mechanical systems and particularly
in rotating machinery. If the working parameters are constants (average speed, pressure, temperature, cycle
duration, ...), the signals will be cyclostationary. Mathematically, a signal is cyclostationary if its statistics
are periodic with a cyclic periodΘ. Each period or cycle can be considered as a realization of a random
process. In order to do so, each realization must begin at an identical angular position (same tooth in contact
for a gearbox). If these realizations are superposed, it is possible to compute an ensemble average (i.e. the
average amplitude for a given angleθ) as shown in figure2. This ensemble average enables us to extract the
“periodic part”mΘ

x (θ) of the signalx (θ) (order 1). If the latter exists, the signal is said cyclostationnary at
order 1 and verifies:

mΘ
x (θ) = E {x (θ)} = mΘ

x (θ + Θ) (1)

In practice, the cyclic periodΘ will be 720 degree for an engine, the angle necessary to have the same teeth
in contact in an gear box, ... The periodic part can be estimated by:

m̂Θ
x (θ) =

N−1∑

i=0

x (θ + iΘ) (2)

whereNΘ is the length of the signal,N the number of cycles present in the signal, and the hat denotes
estimation. The quantitŷmΘ

x is called the synchronous average.
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The signal used in figure1 has been chosen because the periodicity is obvious. In practice, the periodic part
can be hidden in noise. Therefore, the ensemble average is very usefull for the extraction of the periodic
pattern.

Some signals also present a periodic energy. For example, in an engine, a slight fluctuation occurs between
mechanical events instant. This variation creates an additive component with a periodic energy that charac-
terise the fluctuation around the periodic part. Such a signal is said cyclostationary at order 2 (periodicity of
its statistics at order 2) and verifies:

RΘ
x (θ, τ) = E

{
x∗

(
θ − τ

2

)
x

(
θ +

τ

2

)}
= RΘ

x (θ + Θ, τ) (3)

whereRΘ
x (θ, τ) is the autocorrelation function at angleθ for the lagτ associated with a cyclostationary

process of cyclic periodΘ. In practice is more interesting to study separately the influence of order 1 and
order 2 by using the covariance (cumulant of order 2). Indeed, statistics could have a different physical
interpretation and energy according to the order.

Cyclostationnarity concept could be extended to poly-periodic statistics (i.e. many cyclic periods appears),
the signal is then said polycyclostationnary. More details could be found in [1] [2].

2.2 Hardware and Software Angular (Re)Sampling

In order to take advantage of cyclostationarity, the signal must be sampled synchronously with the cyclic
phenomena (i.e. rotating shaft for mechanical ones, current for electrical ones). Three methods will be
presented.

2.3 Computed order tracking

In computed order tracking, the signal of interrest and an optical encoder signal are recorded according to
time. The next steps are done by computer software. The encoder signal pulse time of arrival is computed by
using a trigger and an edge detector. Angular position is deduced by fitting a second order polynomial (i.e.
assuming that there is a constant acceleration). Next, interpolation enable us to reconstruct the acceleration
against the angle.

It is also possible to use digital counters that measure directly the optical encoder instantaneous period.

2.4 Direct angular sampling

Angular sampling consists of recording directly the data at constant shaft angle increments. Therefore, the
sampling and the Nyquist frequencies vary against time and need to be controlled by the shaft speed. Figure
3 shows the principle of angular sampling.

2.5 Angular resampling without optical encoder

The previous methods require an optical encoder but sometimes, such a signal is not present. This method
estimates the angular position from an acceleration signal itself. For example, in a gearbox, it is possible
to exploit the meshing frequency (i.e. use the teeth contacts like an optical encoder) to estimate the shaft
position and to synchronise the signal to the gearbox shaft position.

More information could be found in [3] and the other papers cited inside this reference.
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Figure 3:Principle of angular sampling

3 Cyclostationarity by examples

3.1 Gear box and rolling elements bearings

3.1.1 Gear separation

Despite the different periods of rotation of each shaft of a gearbox:Θ1, · · · ,Θn, multistage gearbox signals
are not polycyclostationary. In fact, each of these periods have a common periodΘc which corresponds to the
time to have the same teeth in contact. Except for the periodic partmΘc

x (θ), each periodic partmΘi
x (θ) could

not be estimated correctly because there is a finite number of periodΘj into the periodΘi (i.e. the ensemble
average will not destroyed the information coming for other periods but just attenuate it). Nevertheless, this
information could be useful for diagnosis.

Figure4 illustrates the use of synchronous averaging for diagnostics. The signal comes from a one-stage
gearbox with a spalling defect which grows progressively. Each curve corresponds to a daily acquisition.
Figure4(a) shows the periodic part according to the common period. The defect on the first gear can be
visually detected at day 11 and is totally masked by a pattern associated to the second gear. It is possible to
estimate the periodic pattern associated to the second gear (with the tricks seen before) and to remove it from
mΘc

x (θ) (see figure4(b)). Therefore the defect could be seen sooner.

3.1.2 Gear-Rolling elements bearing separation

Gearbox monitoring also implies rolling elements bearing monitoring. Unfortunately, the gear signals are
often more energetic than the rolling elements bearing signals. Therefore, it is necessary to separate these
two sources before diagnostics.

Defective rolling element bearings produce a series of shocks. Since, the rolling elements slip, the shocks
frequency is not an integer multiple of the rotation frequency. Due to the random character of the slip, the
rolling elements bearing signal is not periodic. The separation algorithm takes advantage of the predictable
nature of the gear signal by opposition of the random (unpredictable) nature of the rolling element bearing
signal to achieve separation.

The gear-bearing separation principle is illustrated by figure5(a). The algorithm named Self Adaptive Noise
Cancellation tries to predict the signalx (n) by using a combination of the past valuesx (n−∆). The filter
is obtained by minimizing the squared prediction error|x (n)− x̂ (n)|2 (wherex̂ (n) is the predicted signal).
Since the rolling element bearing contribution is unpredictable, the prediction filter only takes account of the
periodic part relative to the gearbox. Once, the entire signal is processed, and the filter is correctly estimated,
the latter can be used to separate the periodic part (cyclostationary at order 1) of the signal and the rolling
element bearing signal.
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Figure 4:Exploitation of the cycles at order 1

Figure5(b)shows the decomposition made by the SANC algorithm.

More information could be found in [4] and the other papers cited inside this reference.

3.2 Wigner-Ville Spectrum

The quantity

Wx(θ, f) =
∫

Sx(α, f)ej2παθ dα (4)

=
∞∑

τ=−∞
Rx(θ, τ)e−j2πfτ ,

defines a valid time-frequency energy distribution for cyclostationary signals (surface-wise energy distribu-
tion) known as theWigner-Ville spectrum. As a matter of fact, the Wigner-Villespectrumis related to the
expected value of the Wigner-Villedistributionthat was originally introduced for the time-frequency analysis
of finite energydeterministicsignals, viz:

Wx(θ, f) = E {Dx(θ, f)} = E

{
F

τ→f
{X(θ + τ/2)X(θ − τ/2)∗}

}
(5)

The similarity of the above definition with a time-dependent version of the Wiener-Khintchin theorem sup-
ports the interpretation ofWx(θ, f) as aninstantaneousspectrum at angleθ. The use of the symmetric
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correlation function is essential here, because it guarantees thatWx(θ, f) is a real function as required for an
instantaneouspowerspectrum.

The Wigner-Ville spectrum turns out to be a very useful tool for analysing cyclostationary signals and its
interpretation is certainly more intuitive than that of the other spectral descriptors addressed so far. However
it is important to bear in mind that it contains exactly the same information as the cyclic spectrum (and the
spectral correlation) but displayed in a different way. This is made explicit through the following formula
obtained from the cyclic spectrum as:

Wx(θ, f) =
∑

αi∈A

Sαi
x (f)ej2παiθ, (6)

The main advantage of the Wigner-Ville spectrumWx(θ, f) over the Wigner-Ville distributionDx(θ, f)
is that it helps in reducing the interference terms. This can easily be seen by considering a signalx(θ)
composed of two distinct componentsx1(θ) andx2(θ). If the components are deterministic, then the Wigner-
Ville distribution of x(θ) expands asDx(θ, f) = Dx1(θ, f) + Dx2(θ, f) + Dx1x2(θ, f) whereDxi(θ, f),
i = 1, 2 is the Wigner-Ville distribution ofxi(θ) andDx1x2(θ, f) is the cross-Wigner-Ville distribution
between componentsx1(θ) andx2(θ). This latter term is specifically an interference term due to the fact
that the Wigner-Ville distribution is bilinear. If now the components are taken as stochastic and independent
(i.e. second order cyclostationary), it is easy to prove that the cross-Wigner-Ville spectrumWx1x2(θ, f)
is identically zero so thatWx(θ, f) = Wx1(θ, f) + Wx2(θ, f) behaves like alinear operator. In other
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(a) (b)

Figure 6: a) Wigner-Ville distribution over one cycle of a diesel engine. and b) Wigner-Ville spectrum
averaged over 120 cycles.

words, the energy of signalx(θ) is then unambiguously assigned to either componentx1(θ) or component
x2(θ). In addition, the suppression of the interference betweenx1(θ) andx2(θ) - which can be shown to
be oscillating in general - removes most of the possible negative values inWx(θ, f). Hence interferences
are naturally smoothed out in the Wigner-Ville spectrum of cyclostationary signals by “ensemble averaging”
while preserving the time-frequency resolution intact.

The next examples illustrate the nice behaviour of the Wigner-Ville spectrum versus the Wigner-Ville distri-
bution when applied on actual acoustical or vibration signals.

The first example is concerned with the analysis of a vibration signal measured on the block of a 4-stroke
4-cylinder diesel engine in operation. As well-known, such a signal is highly nonstationary due to the nu-
merous transients that occur in the engine cycle; however it can be perfectly modelled as a cyclostationary
process with cyclic period given by the engine cycle [5]. Fig.6.a and6.b compare the Wigner-Ville dis-
tribution and the Wigner-Ville spectrum averaged over 120 engine cycles at a given operating speed and
indicated torque. Note that in this case it is of first importance to remove the synchronous average (first order
cyclostationarity) before computing the Wigner-Ville spectrum in order to get a fully stochastic signal with
uncorrelated components (second order cyclostationarity). Details of the procedure can be found in reference
[1]. Comparison of Fig.6.a and6.b makes a clear statement of the supremacy of the Wigner-Ville spectrum
in this example, where distinction of most of the transients (combustions at0◦, 180◦, 360◦ and540◦, valve
openings and closures) is evident only in the stochastic framework.

The second example illustrates the use of the Wigner-Ville spectrum for industrial purpose. The system of
interest is a one-stage gearbox composed of two 20-tooth gears rotating atΩ ∼1000 rpm, submitted to an
accelerated fatigue-test at the CETIM (Centre for Technical Studies in Mechanical Industries, France). The
objective was to investigate the feasibility of acoustic emission (elastic stress waves) for early detection of
fatigue damage. Accordingly, the gearbox was run during 15 days until complete breakdown, and acoustic
emission signals were regularly captured during that period. A fatigue crack can be clearly detected in the
Wigner-Ville spectrum of the last day – Fig.7 – where the temporal information allows its exact location on
the 11th tooth and the frequency information its location around 20kHz.

3.3 Wiener filter applied to cyclostationary signals

We present in this part the detection of a rolling defect in an asynchronous machine by analysis of the electric
signals. For this purpose, we used a Wiener filter to decrease the dynamics of the 50 Hz and to increase the
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Figure 7: Wigner-Ville spectra from the analytic signals, synchronised on the gears rotation frequency and
displayed over one rotation. The frequency resolution is∆f ∼ 2 kHz. The angle resolution is one tenth
(1/10) of a tooth. Only values above 3 standard deviations of the stationary hypothesis are displayed on a
gray scale. a) First day and b) last day of the test.

frequencies associated to the mechanical load. Thus, we could detect the presence of a ball defect. The
suggested method exploits the cyclostationarity of electrical signals (voltage and current) via their cyclic
statistics to resynchronize the signals according to the electrical cycle (50 Hz) in order to recover frequency
fluctuations. We then estimate the Wiener filter which is highly adapted to our application in order to obtain
a signal corresponding to the electrical part only, which allows us to extract the mechanical part on the
measured current [6].

3.3.1 Contribution of cyclostationarity

For the vibration signals or the electric signals produced by the machines, the periodicity arises from rotation
of the machine or the period of power supply. This periodicity can be an important characteristic that should
be reflected in an appropriate probabilistic model, therefore, stationary processes, with their time-invariant
probabilistic parameter, are in general inadequate for the study of such phenomena, and cyclostationary
processes are indicated. The frequency of power supply fluctuates around the 50Hz; this fact influences the
cyclic characteristics (cyclostationarity) [7] of the electric signals. For that, we proposed to re-synchronize
these signals according to an integer number of points by cycle, i.e. 512 points if the sampling frequency is
25.6 KHz. The process of synchronization is as follows: we cut out each signal in slices corresponding to the
cycles and we calculate the delay that exists between the first cycle, taken as reference, and the other cycles.
Our method calculates the shift between the maxima of two sinusoids and then we resynchronize the sections
in the frequency domain in which the time delay is expressed by a rotation, and finally we rebuild the signal.
There are other ways to estimate the delay between the sections like the correlation and the passage by zero.
The current will be synchronized in the same manner as the voltage [6]. Figure8 represents various cycles
of the current, these cycles are acquired during 40 seconds approximately, to highlight the fluctuations of the
frequency (figure8(a)) which, will be eliminated by using the cyclostationarity as it is shown in figure8(b).
’*’ locates the maximum of the sinusoids.
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(a) without synchronization (b) with synchronization

Figure 8:Plot of 1950 cycles of current

3.3.2 Post processing for attenuating the 50 Hz

The joint use of the voltage and the current can enable us to eliminate the 50 Hz component by using the
techniques of noise reduction [8]. We take the voltage as signal of reference and we then build a Wiener filter
which will enable us to estimate the current absorbed by the asynchronous motor. This estimated current will
be withdrawn from synchronised current in order to attenuate the 50 Hz and its harmonics. Thus the obtained
signal is a residual signal.
1) Estimation of Wiener filter:The principle of the reduction by the spectrofilter (figure9) consists of de-
termining the transfer functionh(t) which minimizes the influence of the noiseb(t) within the least mean
squares. In the presence of a default, a measured current is impaired by various forms of distortion. Wiener
filtering is a method to recover the original signal as close as possible to the measured signal. Our task is to
find the optimal filter (or Wiener filter)h(t) which, when applied to the voltageu1(t) produces a signal̂i1(t)
that is as close as possible to the currenti1(t) in quadratic average. In other words we want to estimate the
true signali1(t). The frequency response of the Wiener filter will be:

H(ν) =
Si1u1(ν)
Su1u1(ν)

(7)

whereS(ν) is the spectral density.

Figure 9:spectrofilter

Figure 10 is a comparison between the classical Wiener filter and our approach; Figure10(a) shows the
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contribution of cyclostationarity and consequently the synchronisation on the estimation of the current, while
it is not the case if we use directly the measured current (figure10(b)).

(a) (b)

Figure 10:Superposition of two currents

The current at the output of the Wiener filter and the resynchronized current are very wedged, which proves
that the estimated filter was the best. This enables by subtraction of two currents (measured and estimated)
to extract mechanical information from the electric signal as it is shown on figure11. It will be then possible
to highlight the fluctuations, which have the shape of a vibration signal, and they will be better exploited.

Figure 11:Estimated Noise

The influence of the bearing faults on the stator current depends on the type of defect and the operating
conditions of the machine. It thus proves difficulties to simply detect a bearing fault by observing the stator
current since the mechanical information contained in the electrical current is masked by the strong dynamics
of the 50Hz. The contribution of cyclostationarity to estimate the frequency response of Wiener filter and the
joint resynchronisation of voltage and current, make it possible to separate a mechanical part of the electric
signal and, consequently, to attenuate the dynamics of the 50Hz and to raise the mechanical components.
More information could be found in [6].
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3.4 Exploitation of spectral diversity

3.4.1 Frequency shifting for source separation

We are interested in the separation of gear mesh reducer signals. The gearset is composed of two gears
R1 andR2, (N1 andN2 teeth) and rotate at speedsn1 andn2 rpm, (i.e. F1 andF2 Hz). The tooth mesh
frequency :FE = N1 × F1 = N2 × F2.
The method proposed in [9] exploits information redundancy around the meshing frequency and its harmon-
ics resulting from the cyclostationarity properties. This redundancy allows us to separate the contribution
of each gear using only one sensor; by taking advantage of the non-uniformity of the Mechanical Structure
Frequency Response (MSFR) which connects the excitation sources to the sensor.
We address the gear signal separation problem in the time domain by working with bandpass filtered signals
centered on each of the meshing frequency harmonics. Thus we assume that the mixture of the reducer’s two
gear signals, in each band is instantaneous. Unlike other BSS (Blind Source Separation) methods that use
spatial diversity given by multiple sensors, we require only one physical sensor by taking advantage of the
spectral diversity. Many ’virtual’ sensors are generated by demodulating bandpass filtered versions of the
physical sensor signal. Each virtual sensor is a different observation due to local weightings of the MSFR
in each band. Spectral redundancy resulting from the cyclostationarity property (see [10] for more details)
guarantees coherence between each sensor.

Problem statement In normal operation, the spectrum of the vibration signalse(t) consists of peaks at the
meshing frequency and its harmonics (see Figure12). As shown by Capdessus [11] showed that the gear
mesh signalsc(t) is modulated by each gears1(t) ands2(t) as shown below :

se(t) = sc(t)(1 + s1(t) + s2(t))

It is proposed that the response of the structure is composed of 3 impulse responseshc(t), h1(t) andh2(t)
such that :

y(t) = sc(t) ∗ hc(t) + sc(t)s1(t) ∗ h1(t) + sc(t)s2(t) ∗ h2(t) + b(t) (8)

wherey(t) is the accelerometer signal.
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Figure 12:The gearset power spectrum

For this experiment (N1 = 20, N2 = 21), the gear angular frequencies are very closeF1 = 16.66Hz
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andF2 = 15.86Hz. Consequently, the modulating signalss1(t) and s2(t) appear superimposed in the
spectrum and therefore it is difficult to bandpass filter them separately. To overcome this, blind source sep-
aration techniques were employed, using either the Second Order Blind Identification (SOBI) [12] or the
Joint Approximation Diagonalization Eigen-matrices (JADE) [13] method. Even though there is only one
physical sensor, we can compensate for the lack of spatial diversity by using the a prior information from
the cyclostationary and MSFR properties. Thus, to make observations that contain only spectral components
corresponding to the gears, we begin by isolating the fundamental frequencyFE and its harmonics by means
of bandpass filters. Then, we demodulate around the meshing frequencies, in order to generate several ob-
servations (sensors)x1(t), x2(t), . . . xj(t), . . . , xm(t) while xj(t) = TF−1(Xj(ν)) andXj(ν) corresponds
to thejth frequency band ofy(t). Therefore, each observation{xj(t), j = 1, 2, . . . , m} can be considered
as a ’virtual’ sensor.

After demodulation, Equation8 is simplified such that only the signals due to the gears remain. A local
examination of the amplitude gain associated with each gear at different meshing harmonics reveals a local
stationarity. Therefore, one can assume that the linear mixture of the sources (namely the two gear signals)
is instantaneous, i.e. the model can be described by the following equation :

xj(t) =
2∑

i=1

hijsi(t) + b(t), (j = 1, 2, · · · , m) (9)

wherehji is the the weighting on the sourcesi. In the vectorial form :

x(t) = Hs(t) + b(t) (10)

wheres(t) = [s1(t), s2(t)]T andH = [h11, h21; h12, h22] is the mixing matrix. It should also be noted that
we assume that the two sources are statistically independent and uncorrelated to the background noise .

Separation results Figure (13) shows the power spectral for a specimen of the three sensors and the esti-
mated sources for both BSS methods, in the left hand column JADE and in the right SOBI. It can be seen in
the first harmonic that there is insufficient spectral resolution to separate the peaks due to each of the gears.
However, for the second harmonic, both methods are able to correctly separate the contributions due to each
of the sources. Note that the SOBI method obtains better results, this can be seen in the shape of second
harmonic components.

3.4.2 Reduced-rank cyclic regression

This section provides another example on how cyclostationarity may be used to design powerful tools for
condition monitoring and diagnostics of rotating machines.
The objective here is to retrieve from a set of measured signals, the time-waveform contribution of a single
source linked to a mechanical fault. Such a source may be for instance a localised defect on the inner race of
a rolling-element bearing, or a spalling on one tooth of a gear as it will be illustrated later.
The method presented in [14] does not require the knowledge of the number of sources contributing to the
measurements (which is very convenient since complex mechanical systems usually implicate a high and an
unknown number of sources). Thus, the approach uses a general form of model (12) where now the unknown
mixing matrixH has an unknown numberm of columns and its elementshji(t) are linear filters describing
the transfer paths from the sources to the sensors. In order to effectively cope with convolved mixtures of
sources, a convenient approach is to operate in the frequency domain. The mixture model becomes:

dX(f) = H(f)dS(f) + dB(f), (11)

wheredX(f), dS(f) anddB(f) are vectors containing the frequency-domain signals andH(f) is the un-
known transfer matrix. The signal extraction technique based on reduced-rank cyclic regression (RRCR) [14]
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Figure 13:Separation results.

aims at recovering the contributionsdX/s1
(f) of one cyclostationary source denoted bydS1 for simplicity

solely from the measured signalsdX(f). The property is very advantageous for being discriminative against
all the stationary components contained in the mixture (e.g. the additive noise) and the quasi-periodical parts
(e.g. the gear mesh contributions). Moreover, by tuning to the cyclic frequency of a specific cyclostationary
source, the method also rejects any other cyclostationary contribution provided that the latter is characterised
by other cyclic frequencies. The theoretical foundations of RRCR are developped in [14]. An interpretation
of the method is discussed here and illustrated by Fig.14.
RRCR only requires measuring of at least one cyclic frequencyα1 of the signal of interestdX/s1

(f).
This can be performed for example by computing the spectral correlation of one sensor signal. An ex-
tended observation vectordR(f) is then constructed using frequency-shifted versions ofdX(f) such that
dR(f) = (dX(f − α1)T , . . . ,dX(f − αk)T , . . . ,dX(f − αK)T )T , where K denotes the number of fre-
quency shifts (i.e. the number of harmonics ofα1). In [14], it was shown that the extracting filterW(f) to
be applied ondR(f) may be obtained by cascading a cyclic Wiener filter and a rank-one subspace projector
[15]. The cyclic Wiener filter is first applied ondR(f) yielding a first estimation of the signal of interest
dX/s1

(f) and improving significantly the signal-to-noise ratio. However, it does not provide satisfactory
interference rejection. The rank-one subspace projector remedies to this problem since it insures that only
the contribution of the cyclostationary source of interest is recovered at its output and thus increases consid-
erably the signal-to-interference ratio.
As an example, vibration signals were measured on a similar gearbox to that of the second example of section
3.2. The data set consists of two vibration signals with a sampling frequency of80kHz and an acquisition
duration of 2 seconds. The objective is to extract the contribution of the spalled tooth using RRCR. The
first step consists of measuring the cyclic frequency of the signal of interest. The spectral correlation of one
vibration signal was computed and is illustrated by Fig.15. It shows high levels of cyclostationarity at the
rotation frequencyα1 = 16Hz linked to the spall on one tooth of the gear to be extracted andαg = 320Hz
corresponding to the gear mesh contribution to be rejected. Theα1-cyclic frequency is now used to extract
the fault signature using RRCR method. The rows of Fig.16show respectively one sensor signal and the cor-
responding extracted fault signature using RRCR for a duration of 15 shaft revolutions. The time-waveform
of the extracted signal exhibits clearly the presence of repetitive impacts due to the spalled tooth with a period
of one shaft revolution as expected. A Wigner-Ville spectrum analysis similar to that presented in section 3.2
also enables us to locate the defected tooth.
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α-frequency resolution is∆α ' 0.5Hz.

4 Conclusion

The purpose of this paper was to demonstrate the amount of information gained by properly exploiting
non-stationarity instead of ignoring it. Particularly, all the works presented here concerned the study of the
nonstationary but cyclic behaviour of rotating machinery. First, the definition of cyclostationarity in the
mechanical context and its descriptors were introduced and illustrated by an example. Then, methods of
resampling the signals synchronously to some studied characteristic were briefly reviewed.
The major part of this paper was devoted to the application of cyclostationarity for the purposes of signal
separation and diagnostics of industrial systems.
The advantage of Wigner-Ville spectrum using cyclostationarity over the Wigner-Ville distribution in reduc-
ing interference terms was illustrated by analyses of Diesel engine and gearbox signals.
Three other applications concerned the monitoring of a gearbox. The effectiveness of synchronous averaging
and reduced-rank cyclic regression techniques in extracting gear spalling signature were also demonstrated.
In order to separate the contribution of two meshing gears, the spectral diversity successfully substituted for
the spatial diversity commonly used for the blind source separation issue.
The diagnostics of bearing defects was illustrated by two examples The first one proposed the use of the
SANC filter to separate the deterministic predictable part linked to the gear mesh from the cyclostationary
unpredictable part related to the fault signature. Last but not least, the Wiener filter was applied on the cyclo-
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stationary electrical signals to recover the bearing defect part of the current signal feeding an asynchronous
machine.
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Abstract 
Among the various time and frequency domain models for identification purposes one may adopt to 
estimate the dynamics of a bridge deck, lot of care has to be taken to use the right one; in fact, when we 
consider a vehicle crossing a bridge, the response is often treated as a stationary random process, which 
describes an “almost” constant parameter dynamic system; for railway bridges, on the contrary, this 
statement does not hold because the train passage gives origin to parameter changes during the transit, 
which cannot be neglected. 
This is due to the ratio of the train/deck masses, but is also caused by the superposition of different inputs 
due to the roughness of the wheel-rail surface, and their constant spatial location over the system, while 
their activation is normally a function of the train dimension and speed. 
Under this point of view, an interesting rig has been developed and many tests conducted to demonstrate 
the strong parameters variation and the models to be adopted. 
In these experiments, a simply supported bridge deck has been monitored during the deterministic transit 
of a given weight crossing train, at constant speed, with many variable parameters. Looking at the simplest 
parameters, i.e. the eigenfrequencies of the beam, one can feel how important is their fluctuation and the 
consequences on the dynamic identification. Some techniques, such as a time variable Stochastic approach 
and a input filtering would be suitable in this case. 
 
 

1 Introduction 
 
Non stationary signals have been recently and deeply investigated by many groups involved in dynamic 
identification and modeling due to their not negligible presence in many cases related to vibrating systems. 
Non stationarity is supposed to be inferred to signals, when their statistical properties are varying along 
the realizations. The dynamic system represented here by a train crossing a bridge originates non 
stationary signals, in fact, since the system parameters are time-varying during the different crossing 
phases, and we assist to different statistical characteristics of the signals. Even in the case of a number of 
realizations given by the same train crossing the bridge at the same speed, the system output would be non 
stationary by definition. 
Using time-frequency tools, for instance, one can easily detect eigenvalue variations depending upon the 
mass (train) position on the bridge deck. However, this is not yet a full analysis because the train speed 
plays a remarkable role with respect to the excitation of the modes and hence the output characteristics of 
the system. 
Models in literature mainly take into account the vehicle in two different ways, one modeling the train in 
terms of a mass connected through dampers and springs to the bridge deck, the other directly considering 
the load on the deck. 
Anyhow, the signal output results non stationary and the cited time-frequency techniques, as well as other 
linear approaches can be adopted, providing a quasi instant time analysis can be successfully carried out in  
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almost stationary conditions. 
The paper shows some preliminary results on a railway bridge scaled model highlighting the limits of the 
Canonical Variate Analysis (CVA) use for these type of mechanical systems and shows how the extracted 
parameters constitute just averages of the instantaneous system parameters. 
 

2 Dynamic response of bridges to running trains 
 

The following analytical bridge model, considered as a simply supported ortothropic plate, is widely 
presented in [1]. The differential equation governing the transverse vibrations of a continuous bridge is: 
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where x is a two-dimensional position vector, t is time, )(xm is the distributed mass per unit area, 
is the transverse deflection of the bridge, L is the differential stiffness operator with respect to the 

spatial variables, C is a viscous damping operator with respect to the spatial variables and  is the 
force per unit area transmitted by the vehicle on the bridge. 
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Using a mode superposition technique, the solution of Eqn 1 can be written as: 
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where k is the mode number, ( )xkφ  is the kth mass normalised undamped mode shape and ( )tkq  is the 
kth normal co-ordinate. If the proportional damping assumption is adopted the modal decoupling is 
possible: substituting the modal expansion (Eqn 2) into Eqn 1, multiplying by ( )xkφ and integrating over 
the surface S of the bridge, one obtains the response of the system for mode k: 
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where kω  and kζ are the kth undamped natural frequency and modal damping ratio respectively. 

It can be shown [2] that the response of the system to a set of dynamic wheel loads , applied at the 
moving position  and assumed positive upwards, is given by the convolution integral 
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where is the impulse response function related to mode k and N( )thk

w

t is the number of the wheels of the 
vehicle. Since the loads transmitted by the moving wheels to the bridge surface are functions of its 
deflection , the determination of the bridge dynamic response involves an integral equation, 
whose solution may be obtained by an iterative procedure. 

t),( lx

The approximate solutions for the frequencies and mode shapes of the bridge, here modelled as a thin 
rectangular plate of length a and width b, of uniform thickness and orthotropic material, can be obtained 
using the Rayleigh-Ritz method, which consists in assuming the undamped deflection function as a series 
of admissible functions, whose coefficients minimize Rayleigh’s quotient. 

The deflection shape φ  may be expressed in terms of dimensionless space variables a
x=ξ  and b

y=η   
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Figure 1: Beam subjected to a moving mass 
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where ( )ξϕi  and ( )ηψ j  are the admissible functions along the x and y direction, while are the 
unknown coefficients of the series. A possible choice of the admissible functions consists in selecting 

ijA

( )ξϕi  and ( )ηψ j  as the eigenfunctions satisfying the equation of motion for the free vibration of a Euler- 
Bernoulli beam, in the x and y direction respectively, and also the desired boundary conditions on the 
perimeter. Applying the Rayleigh-Ritz procedure leads to the eigenvalue equation [3]: 
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The quantities Dx, Dy and Dxy are the flexural rigidities of the plate and ,  are the Poisson ratios. xyν yxν

 

2.1 Beam case 
 
Consider a one-dimensional Euler-Bernoulli beam of length l, traveled by a mass m with constant velocity 
v (Fig. 1). The differential equation of the undamped motion has the same form of Eqn 1 
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where ρ , E, A and I are the mass density, the Young’s modulus of the material, the cross-sectional area 
and the moment of inertia, respectively, all supposed constant on the whole length of the beam. 
Furthermore ( ) vtt =ξ  is the instantaneous position of the mass along the beam, ( )( tx )ξδ − is the Dirac 
delta function and is a window function, defined by unit step functions u  in the following manner: (tX )

 ( ) ( ) ( )v
ltututX −−=  

Since a very simple model of vehicle is considered, by assuming the stiffness of the moving system 
infinite, the vertical acceleration of the moving mass is coincident with that of the beam at position ( )tξ , 
obtained by mode superposition (Eqn 2): 
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In the following it is assumed, without loss of generality, that the beam is at rest at time  when the 
mass enters into the left end of the structure. Moreover, by considering the contribution of the first n mass 
normalised modes  

0=t
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after standard mathematical manipulations [4] the equation of motion of the coupled beam-mass system is 
obtained in the following compact form 

 ( )[ ] ( ){ } ( )[ ] ( ){ } ( ){ }tgtqtKtqtM τ=+&&    (10) 

in which 
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being [ ]2Ω  the diagonal matrix containing the square of the first n natural frequencies of the beam and 
( ){ } ( ) ( ){ }ξτ ΦtmXt −= . From Eqn 10 it is clear that the overall property matrices of the entire vibrating 

system are time-dependent. For this reason the differential equation of motion of the coupled system can 
be solved by means of step-by-step procedures, i.e. by assuming the matrices constant during each 
integration step. 
 

3 Canonical Variate Analysis (CVA) 
 
Starting from the dynamic behaviour of a lumped-parameter linear mechanical system a state space model 
may be written as follows, in its sampled time version with the noise accounted for: 
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where  is the process noise vector, due to disturbances and modelling inaccuracies and )(kw )(kν  is the 
measurement noise, due to sensor inaccuracy.  

In case of unknown inputs acting on a structure, the stochastic model is used with the input terms u  
implicitly modelled by the noise terms: 
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Modal parameters are given by the eigenvalue decomposition of matrix A, as shown in a companion paper 
[5] for the input-output case with a data-driven approach. 
The estimation of the matrices A and C in Eqn 12 is the stochastic realisation problem and has been 
addressed by many researchers in the control and statistics field. In particular, a wide class of methods has 
recently gained attention for its robustness and efficiency [6], and has been successfully adopted in many 
fields and circumstances. These are called subspace methods because they retrieve system related matrices 
as subspaces of projected data matrices. More details on one of these methods, namely the Canonical 
Variate Analysis (CVA) may be also found in [7], where in the output-only case a covariance-driven 
approach is adopted. 
The first step of the covariance-driven procedure consists in assembling the block Hankel matrix H and 
the block Toeplitz matrices ℜ  and  [8-9], by using only sampled covariance matrices [10], which are 
an estimate of the “true” covariance matrices of a stochastic process of infinite length. 

+ −ℜ

The Canonical Variate Analysis requires the computation of the full-rank factorisation of  and +ℜ −ℜ : 

  ( ) ,    ( )T TL L L L+ + + − − −ℜ = ℜ =

which gives two weighting matrices for the Hankel matrix H. Consequently, a normalised Hankel matrix 
H* is defined, with the following Singular Value Decomposition: 

  * 1 1( ) [( ) ]T TH L H L U V+ − − −= = Σ

where 1 1 2  ( ,..., ),     ... 0N Ndiag σ σ σ σ σΣ = ≥ ≥ . 

After some algebraic manipulations [8, 10] an estimate is obtained for A, whose eigenvectors and 
eigenvalues give mode shapes, eigenfrequencies and damping ratios for each mode. 
The choice of the representative model order is one of the most delicate passages when using the subspace 
methods and different criteria are available in technical literature for this choice, mainly involving 
stabilisation diagrams or other similar forms. 
Another peculiar problem one has to face when using output-only techniques, is the capability of splitting 
between pure tones (which might be injected by the input) and low damping structural modes, i.e. sharp 
resonances slowing decaying. Indeed, distinguishing between the two types of components is more 
difficult as the background noise increases, because the characteristic pedestal of a sharp-pointed 
resonance gets completely masked by the noise spectrum [11]. 
This is the case of rotating machineries, where the harmonic inputs appear clear in the output spectrum 
and hence identified as sharp resonances by the subspace methods. For road bridges the phenomenon is 
absent, since no harmonic excitation is usually present; on the other side, in the analysis of railway 
bridges, the problem becomes not negligible at all: the constant span between the train wheels, originates 
in facts important periodic excitations, given by spike functions in the time domain at constant intervals. 
 
 

Table 1: Scale factors of the model 

 real bridge  model scale factor  

length (m) 40 1.86 Kx = 46.5×10-3 

mass (kg) 2275×103 12.48 Km = 5.486×10-6 
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Figure 2: Experimental set-up 

 
Table 2: Structure properties 

length  
l 

width  
b 

thickness  
s 

Young’s 
modulus E 

Density  
ρ 

plate 
mass m’ 

ballast 
mass m’’ 

total 
mass m 

1860 mm 150 mm 15 mm 7×1010 N/m2 2700 kg/m3 11.3 kg 1.18 kg 12.48 kg 

 
 

4 Experimental set-up 
 
The experimental set-up shown in Fig. 2 was designed with particular care, especially as regards the 
boundary conditions, to realize a pinned-pinned like condition, and the dimensional coherence between 
the bridge and the train. In fact, the parameter choice involved the length, which is responsible for the 
spatial force distribution, the mass, on which depends the intensity of the force transmitted, and the 
velocity, that is responsible for the spectrum of the input. 
A DC electrical motor was adopted to generate a constant velocity of the train, whose mass was modified 
by means of a series of calibrated weights. System parameters were selected so as to keep similarity with 
respect to a real bridge-train system and the chosen scale factors are summarised in table 1. The scale 
factor for the velocity is equal to that for the longitudinal dimension of the bridge ( ) since no 
scale factor was adopted for the time (

xv KK =
1=tK ). The other parameters were selected as shown in table 2, to 

obtain the first natural frequency no lower than 10 Hz to avoid coupling with the supporting structure. 
Table 3 shows the first six eigenfrequencies computed by the plate model (with mode shapes in Fig. 3) 
and by the beam model, that produce close results for the first three flexural modes. In the same table the 
effect of an added mass, corresponding to the ballast, is considered by increasing the uniform mass density 
of the plate and the beam respectively. 
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Figure 3: First six mode shapes of the plate model  
 
 
A number of input-output measurements (a single point vertical force and the vertical accelerations of 11 
points along the structure) were conducted on the scaled model, to investigate its modal properties first by 
exciting the bridge without the train and then by keeping the train stopped on the bridge with different 
load masses. 
Results of the first analysis (the bridge alone) by means of the SSI data-driven approach [5] are reported in 
Fig. 4, where the first 5 identified mode shapes are shown, together with the stabilization diagram and the 
sum of the absolute values of the inertances of the 11 measurement points. Comparing the first 5 identified 
natural frequencies reported in table 4 with those indicated in table 3 some discrepancies are evident, 
mainly due to the uncertainty on the elastic and inertial properties of the plate and to the actual boundary 
conditions, which cannot exactly reproduce the ideal pinned-pinned behaviour. The FRF in Fig 4 also 
shows some secondary peaks corresponding to the modes of the whole structure including the I-shaped 
beam, on which the aluminum plate is mounted (see Fig. 2). Moreover it is interesting to notice that the 
fourth identified mode is a torsional one, whilst that computed by the plate model is a flexural one; this 
frequency shift of the mode shapes often occurs when comparing numerical computed modes with those 
identified on the real structure and an up-dating procedure could be performed on the plate model 
parameters [7]. 
A concentrated irregularity of the track (Fig. 5) was obtained by putting a bump on the structure, that is 
considered in the technical literature [12] a significant factor in the traffic-induced vibration of bridges, 
due to the impulsive dynamic wheel load caused by vehicles passing over it. The severe effects of the 
presence of the bump on a measured acceleration is shown in Fig. 6, where the transit of each wheel of the 
train on the bump corresponds to a clear peak of the bridge response. 
 
 

Table 3: Computed natural frequencies (Hz) 

aluminium plate added mass (ballast) natural  
frequency Plate model Beam model Plate model Beam model 

f1 10.076 10.011 9.588 9.526 

f2 40.346 40.043 38.391 38.103 

f3 90.926 90.096 86.521 85.731 

f4 161.98 160.17 154.13 152.41 

f5 170.09 - 161.85 - 

f6 253.67 250.26 241.38 238.14 
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V 

 

Figure 4: First five identified mode shapes of the bridge (SSI applied to the bridge without the train) 
 
 
The non stationarity of the bridge-train system, demonstrated for a very simple case in §2.1, is evident by 
looking at results of the input-output analysis (without train motion) and the output-only analysis (with the 
train crossing the bridge). The mass of the train (2.1 kg) was also increased by adding calibrated masses as 
reported in table 5. It can be noticed that the transit of the train reduces the first natural frequency of the 
structure (that is time-variant) and differences between the unloaded and loaded case may become 
significant, as in the present case, when the mass ratio between the train and the bridge is high. 
The frequency reduction due to the transit of the train is shown in Fig. 7, where the non-parametric Welch-
based Power Spectral Density of a measurement is depicted. For this purpose the acceleration recorded 
during the transit of the train with an added mass of 1.6 kg has been first divided into different sections 
with overlapping samples, and the PSD of each section has been computed. 
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Bump 
l1860 mm 

530 mm 

 
 
 
 
 
 
 
 
 

 
Figure 5: Bump located on the line and its location along the bridge  

 
 

Table 4: SSI analysis on the bridge alone  

 mode I mode II mode III mode IV mode V 

frequency (Hz) 9.98 42.52 87.58 145.61 168.82 

damping (%) 1.7 1.0 2.3 2.3 0.60 

 
 

Table 5: Input-output and output-only analysis on the bridge with the train 

measurement type train position added load (kg) first natural frequency (Hz) 

input-output not on the bridge 0 9.98 

input-output on half bridge 0 9.44 

input-output on the bridge 0 9.23 

input-output on the bridge 0.8 9.02 

input-output on half bridge 1.6 9.25 

input-output on the bridge 1.6 8.83 

output-only crossing the bridge 0 9.88 

output-only crossing the bridge 1.6 9.21 
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Figure 6: Measured acceleration of the bridge during the transit of the train with a bump on the line 
 

Figure 7: Contour plot of the time-dependent PSD estimate, magnified near the first natural frequency 
(the train is crossing the bridge with an added mass of 1.6 kg). 

 
 
As demonstrated in [13] a more informative procedure to estimate the time-dependent PSD by using 
parametric methods should be preferred to improve the accuracy and the resolution. 
The use of a stationary method, such as CVA, to identify the bridge modal properties only produces mean 
values, as confirmed by a comparison of the first extracted natural frequencies summarised in table 5. 
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5 Conclusions 
 
Some preliminary results are shown along the paper, approaching the non stationary signals from the 
railway bridge scaled model by using the CVA method. Due to the minimum size of the data need for the 
SSI analysis and the continuous variation of system parameters, the CVA can partially fail if adopted in 
this analysis and the output results must be considered just as an average of the true parameters during the 
train crossing. 
Some extra tools must be adopted to fully treat the non stationary problem with output-only data, possibly 
by introducing evolutionary functions such as for the TARMA technique [13]. 
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Time-frequency domain decomposition for modal identifi-
cation using ambient excitation tests

T.-P. Le, P. Paultre
University of Sherbrooke, Department of Civil Engineering,
2500, boulevard de l’université, Sherbrooke, Canada J1K 2R1

Abstract
Time-frequency technique has been applied in modal identification since the end of the 90s. The modal pa-
rameters, i.e, frequencies, damping ratios and mode shapes are often extracted by the use of time-frequency
techniques based on free decay response. From ambient excitation tests, the free decay response can be
obtained by the random decrement technique. Recently, Le and Paultre have proposed to use correlation
function of recorded signal of ambient excitation tests to avoid the random decrement technique as a pre-
processing step. They also showed that, using correlation function, the time-frequency technique based on
continuous wavelet transform gives good results for modal identification and makes the computation more
efficient. In this study, the extension of this technique is proposed in order to give a consistent procedure.
The redundant information is removed using singular value decomposition. Numerical examples and results
obtained from tests performed on a 3-dimensional truss structure are used to validate the method.

1 Introduction

The modal properties of a structure, i.e., natural frequencies, damping ratios and mode shapes, are commonly
used for health monitoring of structures, updating finite element model and/or detecting structural modifi-
cation etc. These properties are normally obtained from dynamic tests. Among others, the most convenient
one for real structures is ambient testing where the excitation is of natural form such as wind, waves, etc.
Because of this natural excitation source, ambient tests have significant advantages over impulse and peri-
odic excitation such as low cost, broad band excitation, no disruption of the structure. However, the ambient
excitation cannot be controlled and measured. That is why the ambient testing is called unknown input and
needs special processing to obtain the modal parameters.

Several tools are used to extract modal properties from ambient tests such as auto regressive and moving
average (ARMA) model in time domain [1, 2, 3], frequency domain decomposition (FDD) method in fre-
quency domain [4, 5] and continuous wavelet transform (CWT) method in time-frequency domain [6, 7].
Some comparisons between different methods are given in references [8, 9]. It can be noted that the three
methods give a quite similar results but ARMA model method is expensive in time. FDD method is user
friendly and allows to extract close modes. CWT method give instantaneous modal parameters and thus
allows to choose a time segment where modal parameters is steady.

Herein the time-frequency method is concerned with CWT technique. Traditionally, the ambient response
test is first treated by random decrement technique (RDT) to give the free response that will be then effec-
tively processed by an available method such as Ibrahim time domain (ITD) method [11, 12] or CWT method
to obtain modal parameters [7, 13, 14]. Ruzzeneet al. [7] showed that the CWT applied to free responses
of MDOF system represents a consistent improvement for the estimation of modal parameters compared to
the Hilbert transform (HT). Many available procedures to identify modal properties from free response using
CWT can be found in Staszewski [6] and particularly in Le and Le [15] and Argoul [16] where the modal
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parameters are obtained either by modulus or phase of CWT. Another technique is proposed by Ceravolo
[17] using the instantaneous estimators under the assumption of instantaneous damping.

In this paper, a new method based on time-frequency domain decomposition (TFDD) is proposed using the
SVD algorithm. Note that the use of SVD for ridge extraction has been applied to scalograms by Ozkurt
[19] in the case of one variable signal. Leet al. [9] and Le and Paultre [10] used this technique in order
to identify ridge of each measurement channel. In the proposed method, SVD is directly applied to whole
data channels of CWT. Ridge extraction is then based on singular value surfaces and the variation of singular
value on ridges allows to identify frequencies and damping ratios while mode shapes are estimated from
singular vectors. Validity tests are performed on a numerical example and a laboratory experiment.

2 Wavelet transform: theoretical background

2.1 Definition and properties

For the sake of completeness, this section gives a basic presentation of the wavelet transform theory together
with the most relevant properties for the proposed procedure. The same definition as Carmonaet al. [18] is
chosen for the CWT of a signalu(t), that is a finite energy and piece-wise continuous function oft,

Tψ[u](b, a) =
1
a

∫ +∞

−∞
u(t)ψ

(
t− b

a

)
dt (1)

whereψ(.) is a square integrable and piece-wise continuous function called the mother or analyzing wavelet,
andψ(.) is its complex conjugate. The pair(b, a) is called the time-scale variable of the analysis, wherea
(a > 0) is a scale parameter that plays the role of the inverse of frequency, andb is a translation parameter
related to time. Equation (1) can be viewed as either the inner product between the signalu(t) and the shifted
and scaled copies ofψ(t) : ψb,a(t) = 1

aψ
(

t−b
a

)
, or as the convolution product betweenu(t) and 1

aψ(− .
a).

The functionψ(t) is an admissible mother wavelet whenCψ, defined by

Cψ =
∫ +∞

0

∣∣∣ψ̂(aω)
∣∣∣
2 da

a
(2)

is finite, non-zero and independent of the real numberω. In Eq. (2), ψ̂(ω) is the Fourier transform (FT)
of ψ(t) : ψ̂(ω) =

∫ +∞
−∞ ψ(t) e−iωtdt. When this admissibility condition is verified, the signalu(t) can be

reconstructed by

u(t) =
1

Cψ

∫ +∞

−∞

∫ +∞

0
Tψ[u](b, a)ψ

(
t− b

a

)
da

a
db. (3)

Moreover, Parseval’s theorem applied to Eq. (1) gives the following expression in frequency domain

Tψ [u] (b, a) =
1
2π

∫ +∞

−∞
û(ω) ψ̂(aω) eiωb dω (4)

The local resolution of the CWT in time and in frequency depends on the dilatation parametera and is
determined respectively by the duration∆tψ and bandwidth∆ωψ of the mother wavelet:

∆t = a∆tψ, ∆ω =
∆ωψ

a
. (5)

Here,∆tψ and∆ωψ are stated in terms of root mean squares [18] which are equivalent to standard deviations
in statistics

∆tψ =
1

‖ψ‖2

√∫ +∞

−∞
(t− tψ)2 |ψ(t)|2 dt (6)

∆ωψ =
1∥∥ψ̂
∥∥

2

√∫ +∞

−∞
(ω − ωψ)2

∣∣∣ψ̂(ω)
∣∣∣
2

dω , (7)
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wheretψ andωψ are the center ofψ(t) andψ̂(ω) respectively:

tψ =
∫ +∞

−∞
t
|ψ(t)|2
‖ψ‖2

2

dt, and ωψ =
∫ +∞

−∞
ω

∥∥ψ̂(ω)
∣∣2

∥∥ψ̂
∥∥2

2

dω

‖ · ‖2 denotes the classical norm in the space of square integrable functions. The functionψ is said to be
localized about the phase point(tψ, ωψ) with uncertaintyµ(ψ) = ∆tψ∆ωψ. It can be seen from Eq. (5) that
µ(ψb,a) = ∆t∆ω = µ(ψ). The Heisenberg uncertainty principle states thatµ(ψ) ≥ 1

2 thus, an improvement
of the time localization (i.e., a decrease of∆t) is accompanied by a deterioration in the frequency localization
(i.e., an increase of∆ω ). If ωψ/a is considered to be the frequency variableω, then thet− ω plane can be
viewed as the time-frequency plane. The localization domain for the CWT at point(b, ω = ωψ

a ) becomes

[b + atψ − a∆tψ, b + atψ + a∆tψ ]×
[(

ωψ

a
− ∆ωψ

a

)
,

(
ωψ

a
+

∆ωψ

a

)]
. (8)

Referring to the conventional frequency analysis of constant-Q filters, theQ factor is introduced as the ratio
of the center-frequency to the frequency bandwidth

Q =
ωψ/a

2∆ωψ/a
=

ωψ

2∆ωψ
, (9)

whereQ is independent ofa. Le and Argoul [16] proposed to useQ in order to specify a mother wavelet.
They demonstrated also that the same value ofQ gave a quite similar result for two common progressive
mother wavelets: Morlet wavelet and Cauchy wavelet.

Due to the linearity property of the CWT, the signal of multi-components can be processed as

Tψ[
∑

k=1

uk](b, a) =
∑

k=1

Tψ[uk](b, a). (10)

Using localization properties of the mother wavelets, in both time and frequency domains, one can extract a
particular componentuk from multi-component signals.

2.2 Instantaneous amplitude and frequency

A finite energy real signalu(t) can always be associated with ananalytic signalZu(t) by making use of the
Hilbert transform:

Zu(t) = [I + iH]u(t) (11)

whereI andH are respectively the identity and the Hilbert transform operators. It results that

Ẑu(ω) = 2Θ(ω)û(ω) (12)

u(t) = Re[Zu(t)],

whereΘ denotes the Heaviside function. One defines thecanonical pair(Au(t), φu(t)) of signalu(t) with
modulusAu(t) = |Zu(t)| (Au(t) ≥ 0) and phaseφu(t) = 6 [Zu(t)] (φu(t) ∈ [0, 2π)); henceu(t) =
Au(t) cos(φu(t)). The instantaneous angular frequencyωu(t) is then given by

ωu(t) =
dφu(t)

dt
= φ̇u(t) (13)

This canonical representation is proved to be useful in many applications. However, when multi-component
signals are under study, a band-pass filtering is necessary in order to separate each component. Conversely,
whenu(t) is given in the form of a single component

u(t) = A(t) cos(φ(t)), (14)
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its analytical signalZu(t) is generally different from the associated complex signalA(t)eiφ(t). Zu(t) can be
approximated byA(t)eiφ(t):

Zu(t) ≈ A(t)eiφ(t), (15)

andu(t) is then called anasymptotic signalif it is oscillatoryenough. This approximation means that the
oscillations resulting from the phase termφ(t) are much faster than the variation coming from the amplitude
termA(t). When the admissible mother waveletψ(t) is progressive (i.e its Fourier transform̂ψ(ω) vanishes
for ω ≤ 0), the CWT of a real-valued signalu is related to the CWT of its analytical signalZu(t)

Tψ[u](b, a) =< u,ψb,a(t) >=
1
2

< Zu, ψb,a(t) >=
1
2
Tψ[Zu](b, a) (16)

The main feature of the CWT applied to asymptotic signals is that it is concentrated along curves in the time-
frequency domain calledridges. The restriction of the wavelet transform to each ridge called theskeleton
of the transform, contains a maximal information: it is very close to the component of the signal itself. A
definition of the ridge and an approximation of the skeleton are given in [18]

ar(b) =
C

φ̇u(b)
(17)

Tψ[u](b, ar(b)) ≈ Corr(b)Zu(b) (18)

whereC is a constant depending on the mother wavelet andCorr(b) is the correction function entirely char-
acterized by the mother wavelet and by the ridgear(b). Once the ridge is determined, the analytical signal
Zu(t) can be deduced. Its real and imaginary parts give the signal and its Hilbert transform respectively.

The ridge extraction is obtained through a nonparametric identification technique, for which several algo-
rithms can be found in [18].Differential methods are based on a local analysis of either the extrema of the
CWT modulus, or the points where the frequency of the CWT coincides with that of the scaled wavelet. In
integralmethods, ridges are seen as smooth and slowly varying functions where the energy has a tendency to
localize in the time-frequency map. An appropriate penalty function is then optimized for obtaining the set
of smooth ridge candidates. The choice of a method, either differential or integral strongly depends on noisy
or clean signals. If significant noise is present within the signal, integral methods, which are more stable
than differential ones, are recommended. For instance, Staszewski [6] uses the simulated annealing algo-
rithm to minimize the penalty function. Recently, Ozkurt and Acar Savaci [19] have proposed a new ridge
identification technique based on the SVD of the scalogram and showed that this technique is more efficient
than integral methods when applied to noisy nonstationary signals. Le and Paultre [10] use this technique
for ambient signal processing for both numerical examples and laboratory experiments. First, each channel
is separately treated by SVD of the scalogram giving ridge, skeleton and then modal parameters are deduced
on each channel. Averaging over all channel finally gives value of modal parameters.

In the following, all data channels are simultaneously processed by SVD of the CWT but not the scalograms.
A consistent procedure including ridge extraction step and modal identification step is proposed.

3 Ambient signal analysis using continuous wavelet transform

3.1 Ambient signal and correlation function formulations

Consider a linear lumped mass system ofN degrees of freedom loaded by ambient excitation that is in
general modelled by Gaussian white noise processw(t) [11, 12]. The response in time is calculated by
convolution integral

x(t) =
∫ t

−∞
h(t− τ)w(τ)dτ (19)
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and in frequency domain
x̂(ω) = Ĥ(ω)ŵ(ω) (20)

whereh(t) andĤ(ω) are respectively impulse response matrix and frequency response matrix and connected
to modal parameters by [12]

h(t) = ΦeΛtm−1ΦT (21)

Ĥ(ω) = Φ(iω −Λ)−1m−1ΦT (22)

where, modal massesm = diag
[
m1 m2 . . . m2N

]
, eigenvalue matrixΛ = diag

[
λ1 λ2 . . . λ2N

]
,

and modal matrixΦ =
[
Φ1 Φ2 . . .Φ2N

]
. For underdamped system, eigenvalues appear as complex

conjugate pairs

λk = −ξkωk + iωk

√
1− ξ2

k

λk+1 = −ξkωk − iωk

√
1− ξ2

k





k = 1 . . . N (23)

Assume that Gaussian white noise processw(t) have zero mean value vector. Because the system is linear,
the responsex(t) is also a Gaussian process with zero mean. This implies that there is no difference between
correlation functions and covariance functions. The correlation functions of responseRxx(τ) are

Rxx(τ) = E[x(t + τ)xT (τ)] (24)

and for white noise excitation

Rww(τ) = E[w(t + τ)wT (τ)] = Rww(0)δ(τ) (25)

Using Eq. (19), we obtain

Rxx(τ) = E

[∫ t+τ

−∞

∫ t

−∞
h(t + τ − α1)w(α1)wT (α2)hT (t− α2)dα1dα2

]
(26)

Taking into account Eqs. (22) and (25), we obtain

Rxx(τ) =
∫ ∞

0
h(t + τ)Rww(0)hT (t)dt =

2N∑

k=1

2N∑

l=1

ΦkeλkτΦT
k

mk
Rww(0)

ΦlΦT
l

ml

∫ ∞

0
e(λk+λl)tdt (27)

For underdamped system, one gets

Rxx(τ) =
∫ ∞

0
h(t + τ)Rww(0)hT (t)dt =

2N∑

k=1

2N∑

l=1

ΦkeλkτΦT
k

mk
Rww(0)

ΦlΦT
l

ml

−1
(λk + λl)

=
2N∑

k=1

Φkeλkτ ΦT
k

mk

2N∑

l=1

Rww(0)
ΦlΦT

l

ml

−1
(λk + λl)

︸ ︷︷ ︸
QT

k

=
2N∑

k=1

ΦkeλkτQT
k = ΦeΛτQ

(28)

It can be noted that each column of matrixRxx(τ) have the same formulation than the free decay response
and this property has been used for modal identification by using wavelet transform in [9, 10]. In the follow-
ing all the informations in the correlation matrix will be used.
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3.2 Wavelet transform of ambient signal for modal identification

As showed in Eq. (28), the correlation matrix holds all information about the structure. The extension of
CWT for correlation matrix is defined as follows

Tψ[Rxx](b, a) =
1
a

∫ +∞

−∞
Rxx(τ) ψ

(
τ − b

a

)
dt (29)

where

[Tψ[Rxx](b, a)]lk =
1
a

∫ +∞

−∞
[Rxx(τ)]lk ψ

(
τ − b

a

)
dt (30)

In frequency domain, Equation (29) can be evaluated by

Tψ[Rxx](b, a) =
1
2π

∫ +∞

−∞
R̂xx(ω) ψ̂ (aω) eiωbdω =

1
2π

∫ +∞

−∞
x̂(ω)x̂∗(ω) ψ̂ (aω) eiωbdω (31)

where(.)∗ denotes conjugate and transpose. Rewriting Eq. (28), we obtain

Rxx(τ) =
2n∑

i=1

Φie
λiτQT

i (32)

Using progressive mother wavelet and linear property of wavelet transform, Equation (29) becomes

Tψ[Rxx](b, a) =
2N∑

k=1

ΦkQT
k

[
1
a

∫ +∞

−∞
eλkτ ψ

(
τ − b

a

)
dt

]
≈

N∑

l=1

ΦlQT
l e−ξωlb+iωDl

bψ̂ (aωDl
) (33)

whereωDl
= ωl

√
1− ξ2

l is thelth damped angular frequency. It is well known that one can connect time-

scale representation to time-frequency one usingω =
ωψ

a
, thus, Eq. (33)) in time-frequency is

Tψ[Rxx](b, ω) =
N∑

l=1

ΦlQT
l e−ξωlb+iωDl

bψ̂
(ωψ

ω
ωDl

)
(34)

With a ”good choice” of the parameter of mother wavelet, one can isolate one modek, and in the neighbor-
hood of this modeω ∈ Subk(ω)

Tψ[Rxx](b, ω) ≈ ΦkQT
k e−ξωkb+iωDk

bψ̂
(ωψ

ω
ωDk

)
(35)

Considering the Frobenius norm of matrixTψ[Rxx](b, ω)

‖ Tψ[Rxx](b, ω) ‖2
F =

N∑

l=1

N∑

j=1

| Tlj |2= C1

(
e−ξωkb

∣∣∣ψ̂
(ωψ

ω
ωDk

)∣∣∣
)2

(36)

whereC1 > 0 is a constant. Using singular value decomposition (SVD) of the matrixTψ[Rxx](b, ω)

Tψ[Rxx](b, ω) = UΣV∗ (37)

whereU andV are unitary matrices andΣ are diagonal matrix composed by singular valuesσ1 À σ2... ≥
σn ≥ 0, because only one mode is dominant and the contribution of other modes is negligible.

‖ Tψ[Rxx](b, ω) ‖2
F =

∑
σ2

1 + σ2
2 + ... + σ2

N ≈ σ2
1 (38)

From Equations (36) and (38), one deduce

σ1(b, ω) = C2

(
e−ξkωkb

∣∣∣ψ̂
(ωψ

ω
ωDk

)∣∣∣
)

(39)

whereC2 > 0 is a constant. It can be noted that :
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Figure 1: 2 DOFs system and response under Gaussian white noise excitation

◦ for fixed value ofb, max
ω∈Subk(ω)

(σ1(b, ω)) = σ1(b, ωDk
) becausemax

ω

∣∣ψ̂ (ω)
∣∣ =

∣∣ψ̂ (ωψ)
∣∣,

◦ for fixed value ofω, σ1(b, ω) = C3e−ξkωkb whereC3 > 0 is a constant. Using these properties one
can determine decay rate−ξkωk and then damping ratioξk whenωk is already known,

◦ for mode shape, it is easy to check thatΦk is proportional to the singular vectorU1 corresponding to
singular valueσ1 by comparing each column ofTψ[Rxx](b, ω) in Eqs. (35) and (37).

3.3 Complete procedure for TFDD

• Compute the CWT from the response using Eq.(31). Choose the value of mother wavelet parameter in
order to isolate close modes. See Le [16] for more details about choice of mother wavelet parameter.

• Represent the surface of the singular valuesσk(b, ω). Extract ridges by choosing the peaks of the
surfaceσ1(b, ω). One getsωk(b), k = 1 . . . N .

• Identify modal parameters.

◦ Damped frequency

ωDk
= ωk

√
1− ξ2

k = meanb(ωk(b)) (40)

◦ Damping ratio
log

(
σ1(b, ωDk

)
)

= −ξkωkb + log(C3) (41)

A linear regression in timeb yields the slopeξkωk. With identified damped frequencyωDk
, the

natural frequencyωk and damping rationξk are deduced.

◦ Mode shape
Φk = meanb (U1(b, ωDk

)) (42)

Note that the symbol meanb(.) means taking average over timeb. One interval of timeb where iden-
tified frequency and modal assurance confidence between successive modes are stables, is chosen for
average in time.

In case of repeated modes, at a resonance frequency, every singular vector corresponding to a high
enough singular value surface can be considered as mode shape estimate.
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Figure 2: Singular values in time-frequency representation
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Figure 3: Extracted ridges and first singular value on the ridges

4 Application

4.1 Numerical example

A system of two-degree-of-freedom is used as an application to a numerical example. Excitation forces are
generated using a Gaussian white noise processw(t) with zero mean and standard deviation equal to unity.
Displacements are obtained by integration of the equations of motions with the Runge-Kutta algorithm. The
response is sampled atN = 10000 points with a period∆t = 0.005 s. The mechanical properties of the
system and the predicted response displacements for the two degrees of freedom are presented in Fig. 1.

The signals were divided in non-overlapping segments of 1024 points for calculation of CWT. The surface
of two singular values are presented in Figure 2. Two identified ridges in time-frequency representation
together with two curves of first singular value corresponding to ridges are presented in Figure 3. Finally,
exact values and identified modal parameters are presented in Table 1.
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Modal parameters Exact Identified
f1 (Hz) 3.5588 3.5143
f2 (Hz) 8.7173 8.6986
ξ1 (%) 1.1180 1.1548
ξ2 (%) 2.7386 2.7853
Φ1 1.0000 1.0000

0.5000 0.4998
Φ2 1.0000 1.0000

−2.0000 −2.0831

Table 1: Exact modal properties and identified modal properties under Gaussian white noise excitation

Figure 4: Aluminium truss in lab and sensor locations

4.2 Laboratory experiment

Experimental test has been performed on an aluminium truss built in the laboratory of the University of
Sherbrooke. It consists of eight modules with L-shaped members and is 2.8 m-high. The geometry and the
dynamic test configuration are presented in Figure 4.

Eight accelerometers are located at two levels: at the top and at mid-high of the truss, with four sensors per
level. To ensure the activation of several modes, the structure was hit by a hammer several times at random
positions without recording the force. the eight acceleration responses were recorded at 8192 points with
a sampling period of 0.002 sec. The signals are divided into non-overlapping segments of 2048 points for
estimation of the CWT.

Modal parameters Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
Frequencies (Hz) 22.95 23.56 58.73 102.30 103.02 155.21
Damping ratio (%) 0.26 0.19 0.24 0.05 0.06 0.08

Table 2: Identified modal parameters of aluminium truss

Identified frequencies and damping ratios for the first six modes are given in Table 2 and the corresponding
mode shapes are presented in Figure 5. It is noted that these results are in very good agreement with those
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obtained by other identification methods [9].

Figure 5: Identified mode shapes of aluminium truss.

5 Conlusions

A time-frequency domain decomposition is proposed which combine continuous wavelet transform and sin-
gular value decomposition. Numerical examples and laboratory experiments give good results using this
new method. Ridges are extracted directly from singular values thus making the method faster than when
they are identified from scalogram. Moreover, it allows to reduce redundant information of ridges of every
measurement channel. From representation of singular values in time-frequency plan, it is easy for the user
to determine ridges and then to obtain modal parameters. With the help of mother wavelet that plays the
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role of bandpass filter, this method allows to better extract close modes. Finally, although this method is
developed for ambient signal, it is still applicable to free decay response.
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Abstract
An overview and comparison of parametric time-domain methods for non-stationary random vibration mod-
elling (identification) and analysis based upon a single vibration signal realization is presented. The consid-
ered methods are based upon Time-dependent AutoRegressive Moving Average (TARMA) representations,
and may be classified as unstructured parameter evolution, stochastic parameter evolution, and deterministic
parameter evolution. The main methods within each class are presented, and model “structure” selection is
discussed. The methods are compared, via a Monte Carlo study, in terms of achievable model parsimony,
prediction accuracy, power spectral density and modal parameter accuracy and tracking, computational sim-
plicity, and ease of use. The results confirm the increased accuracy and performance characteristics of the
deterministic, as well as stochastic, parameter evolution methods over those of their unstructured parameter
evolution counterparts.

1 Introduction

Non-stationary random vibration is characterized by time-dependent (evolutionary) characteristics. It is fre-
quently encountered in practice, with typical examples including earthquake-excited vibration, vibration of
surface vehicles, airborne structures, sea vessels, robotic devices, rotating machinery and so on. ¿From a
physical standpoint, non-stationary vibration is due to time-dependent and/or inherently non-linear dynam-
ics.

The problem of non-stationary vibration modelling (identification) and analysis based upon equispaced in
time digital vibration signal measurements x[t] (t = 1, 2, . . . , N ) obtained from a single experiment (single
realization) is the main theme considered. An obtained model is to represent, in some sense, the underlying
structural dynamics and is, in general, of the form of an appropriate stochastic difference equation. It is
tacitly assumed that the measured signal actually obeys a similar (but unknown) mathematical expression,
which reflects the underlying structural dynamics and is subsequently referred to as the actual or true model
or representation. Vibration analysis then focuses on the extraction of physically meaningful information
from the obtained model, such as a form of time-dependent power spectral density function and the time-
dependent vibration modes. In addition to analysis, an obtained model may be also used for purposes of
prediction, fault diagnosis, classification and control (though these issues are not discussed in the present
paper; the interested reader is referred to references such as [1]-[7]).

Non-stationary random vibration modelling and analysis based upon available signal measurements has re-
ceived significant attention in recent years [8]-[12]. The available methods may be broadly classified as
parametric or non-parametric.
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Parameter Representation Dynamics
evolution parsimony evolution

Unstructured low slow
Stochastic low slow / medium

Deterministic high slow / medium / fast

Table 1: Main characteristics of parametric non-stationary methods.

Non-parametric methods have received most of the attention thus far, and are based upon non-parameterized
representations of the vibration energy as a simultaneous function of time and frequency (time-frequency
distributions). These methods include the classical, though largely empirical, spectrogram [based upon the
Short-Time Fourier Transform (STFT)] and its ramifications [10], the Cohen class of distributions [13],
Priestley’s evolutionary spectrum [8, sec. 6.3], as well as wavelet-based methods [9, 14].

Parametric methods are, on the other hand, based upon parameterized representations of the Time-dependent
AutoRegressive Moving Average (TARMA) or related types and their extensions. These representations
differ from their conventional, stationary, counterparts in that their parameters are time-dependent [1, 12, 15,
16, 17]. The methods based upon them are known to offer a number of potential advantages [1, 2, 3, 6, 15, 18,
19], such as: (i) Representation parsimony, (ii) improved accuracy (iii) improved resolution, (iv) improved
tracking of the time-varying dynamics, (v) flexibility in analysis, (vi) flexibility in synthesis (simulation) and
prediction, (vii) flexibility in fault diagnosis, and, (viii) flexibility in control.

Parametric methods may be further classified according to the type of “structure” imposed upon the evolution
of the time-varying model parameters. The main resulting classes are, in the order of increasing “structure”
imposed upon the time-varying parameters, as follows: (a) The class of unstructured parameter evolution
methods, which impose no particular “structure” upon the evolution of the time-varying parameters, (b) the
class of stochastic parameter evolution methods, which impose stochastic “structure” upon the evolution
of the time-varying parameters via stochastic smoothness constraints, and (c) the class of deterministic pa-
rameter evolution methods which impose deterministic “structure” upon the evolution of the time-varying
parameters.

Unstructured parameter evolution methods are characterized by low parsimony (model parametrization “eco-
nomy”), as the complete description of a non-stationary signal requires knowledge of the model parameters
at each time instant. They are mainly capable of tracking slow evolutions in the dynamics. Stochastic
parameter evolution methods achieve low parsimony as well, as knowledge of the model parameters at each
time instant is also required. At the same time, they may still leave an unnecessarily high number of degrees
of freedom in the parameter evolution. They are mainly capable of tracking slow and medium evolutions
in the dynamics. Deterministic parameter evolution methods achieve high parsimony, as they use a limited
number of parameters for the complete signal description. Through proper selection of their functional
subspaces, they are capable of tracking fast or slow evolutions in the dynamics. A summary of these features
is, for the various families of parametric methods, provided in Table 1.

The aim of the present paper is twofold: (1) A critical overview of parametric time-domain methods for non-
stationary random vibration modelling and analysis, and (2) the application and comparative assessment of
the methods, via Monte Carlo experiments, to a simulated non-stationary random vibration signal with pre-
cisely known characteristics. The various facets, capabilities, and limitations of the methods are examined.
Particular emphasis is placed upon the assessment of the following characteristics: (a) Model parsimony,
(b) achievable modelling accuracy in terms of model-based one-step-ahead predictions, (c) achievable time-
dependent power spectral density and modal parameter accuracy, resolution and tracking, (d) computational
simplicity, and (e) ease of use.

This paper is a concise version of the recent survey by two of the authors [12]. It is organized as follows: Non-
stationary signal representations are discussed in Section 2. Identification methods are discussed in Section

2886 PROCEEDINGS OF ISMA2006



3 and model based vibration analysis in Section 4. The application of the methods to a simulated non-
stationary random vibration signal, and their comparative assessment via a Monte Carlo study, are presented
in Section 5. Finally, concluding remarks are summarized in Section 6.

2 Parametrized non-stationary signal representations

Parameterized representations attempt to model a non-stationary signal via a description that may be spec-
ified via a more or less limited number of parameters. They typically are of the Time-dependent AutoRe-
gressive Moving Average (TARMA) type or proper extensions (for instance TARMAX representations – that
is TARMA representations with eXogenous excitations, which additionally account for measurable excita-
tions [6, 20, 21]). These representations resemble their conventional, stationary, ARMA counterparts, with
the significant difference being that they allow their parameters to depend upon time. A TARMA(na, nc)
model, with na, nc designating its AutoRegressive (AR) and Moving Average (MA) orders, respectively, is
thus of the form:

x[t] +

na∑

i=1

ai[t] · x[t− i]

︸ ︷︷ ︸

AR part

= e[t] +

nc∑

i=1

ci[t] · e[t− i]

︸ ︷︷ ︸

MA part

, e[t] ∼ NID(0, σ2
e [t]) (1)

with t designating normalized discrete time (absolute time normalized by the sampling period), x[t] the non-
stationary signal to be modelled, e[t] an (unobservable) uncorrelated (white) innovations sequence with zero
mean and time-dependent variance σ2

e [t] that “generates” x[t], and ai[t], ci[t] the model’s time-dependent AR
and MA parameters, respectively. NID(·, ·) stands for Normally Independently Distributed with the indicated
mean and variance.

Using the backshift operator B (Bi ·x[t]
∆
= x[t− i]), the TARMA model of eq. (1) is compactly rewritten as:

x[t] +

na∑

i=1

ai[t] · B
i · x[t] = e[t] +

nc∑

i=1

ci[t] · B
i · e[t] ⇐⇒ A[B, t] · x[t] = C[B, t] · e[t] (2)

with:

A[B, t]
∆
= 1 +

na∑

i=1

αi[t] · B
i, C[B, t]

∆
= 1 +

nc∑

i=1

ci[t] · B
i

The backshift operator has to obey a non-commutative (“skew”) multiplication “◦” defined as:

Bi ◦ Bj = Bi+j Bi ◦ x[t] = x[t− i] · Bi (3)

Using this, the original TARMA model of eq. (2) may be rewritten (multiplying both sides by C−1[B, t]) in
the following TAR(∞) form:

C−1[B, t] ◦A[B, t] · x[t] = C−1[B, t] ◦ C[B, t] · e[t] ⇐⇒ I[B, t] · x[t] = e[t] ⇐⇒

⇐⇒ x[t] +
∞∑

r=1

ir[t] · x[t− r] = e[t] (4)

with I[B, t] designating the inverse function polynomial operator:

I[B, t]
∆
= C−1[B, t] ◦A[B, t] = 1 +

∞∑

r=1

ir[t] · B
r

As already indicated, depending upon the “structure” imposed upon the time evolution of their parameters,
TARMA representations may be classified as unstructured parameter evolution, stochastic parameter evolu-
tion, and deterministic parameter evolution.
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2.1 Unstructured parameter evolution TARMA representations

Unstructured parameter evolution TARMA representations impose no “structure” upon the time evolution of
their parameters, which are thus “free” to change with time. Such a representation is thus directly parame-
terized in terms of its time-dependent parameters ai[t], ci[t], σ

2
e [t] ∀t, while a specific model structure, say

M, is defined by the representation orders na, nc, that is:

M
∆
= {na, nc} (5)

2.2 Stochastic parameter evolution TARMA representations

Stochastic parameter evolution TARMA representations impose stochastic “structure” upon the time evolu-
tion of their parameters. The latter are thus considered as being random variables allowed to change with
time, but with their evolution being subject to stochastic smoothness constraints. The constraints are often
referred to as smoothness priors constraints, and the models are referred to as Smoothness Priors TARMA
(SP-TARMA) models [11, 22].

The smoothness priors constraints constitute stochastic difference equations of the following typical forms:

∆κai[t] = wai
[t], ∆κci[t] = wci

[t] (6)

acting on each one of the AR and MA parameters (ai[t] and ci[t], respectively). In the above expressions

κ designates the difference equation order, ∆κ the κ-th order difference operator
[
∆κ ∆

= (1 − B)κ
]

and
wai

[t], wci
[t] zero-mean, uncorrelated (white), and also mutually uncorrelated and uncrosscorrelated with

e[t], Gaussian sequences with (possibly) time-dependent variances (σ2
wai

[t], σ2
wci

[t]). The degree of smooth-
ness of each such evolution is controlled by the corresponding white noise variance, and increases for de-
creasing variance.

A specific SP-TARMA model structure is defined by the model orders na, nc and the smoothness constraints
order κ, the latter being typically assumed to be common for all AR and MA parameters. Hence:

MSP
∆
= {na, nc, κ} (7)

2.3 Deterministic parameter evolution TARMA representations.

Deterministic parameter evolution TARMA representations impose deterministic “structure” upon the time
evolution of their parameters. This is achieved by postulating model parameters as deterministic functions
of time, belonging to specific functional subspaces (for instance see [1, 2, 12, 16, 23, 24, 25]). Such repre-
sentations are often referred to as Functional Series TARMA (FS-TARMA) representations (models). Their
AR and MA parameters, as well as their innovations variance, are all expanded within properly selected
functional subspaces defined as:

FAR
∆
=
{
Gba(1)[t], Gba(2)[t], ..., Gba(pa)[t]

}
, FMA

∆
=
{
Gbc(1)[t], Gbc(2)[t], ..., Gbc(pc)[t]

}
,

Fσ2
e

∆
=
{
Gbs(1)[t], Gbs(2)[t], ..., Gbs(ps)[t]

}

In these expressions “F” designates functional subspace of the indicating quantity and Gj [t] a set of or-
thogonal basis functions selected from a suitable family (such as Chebyshev, Legendre, other polynomial,
trigonometric, or other functions). The AR, MA and variance subspace dimensionalities are indicated as pa,
pc, ps, respectively, while the indices ba(i) (i = 1, . . . , pa), bc(i) (i = 1, . . . , pc) and bs(i) (i = 1, . . . , ps)
designate the specific basis functions of a particular family that are included in each subspace.
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The time-dependent AR and MA parameters and the innovations variance of an FS-TARMA(na, nc)[pa,pc,ps]

representation may be thus expressed as:

ai[t]
∆
=

pa∑

j=1

ai,j ·Gba(j)[t], ci[t]
∆
=

pc∑

j=1

ci,j ·Gbc(j)[t], σ2
e [t]

∆
=

ps∑

j=1

sj ·Gbs(j)[t] (8)

with ai,j , ci,j and sj designating the AR, MA and innovations variance, respectively, coefficients of projec-
tion.

An FS-TARMA model is thus parameterized in terms of its projection coefficients ai,j , ci,j , sj , while a
specific model structure, say MFS , is defined by the model orders na, nc, and the functional subspaces
FAR,FMA,Fσ2

e
:

MFS
∆
= {na, nc,FAR,FMA,Fσ2

e
} (9)

Through proper selection of the functional subspaces, FS-TARMA models may model various types of
evolution in the dynamics, including slow or fast, continuous or discontinuous evolution; for instance see
references [1, 2, 3, 12, 18], [24, p. 215].

3 Non-stationary TARMA model identification

Given a single, N -sample long, non-stationary signal record (realization) xN ∆
= {x[1] . . . x[N ]} and a se-

lected representation class (unstructured, stochastic, or deterministic parameter evolution), the TARMA iden-
tification problem may be stated as the problem of selecting the corresponding model “structure”, the model
AR and MA parameters ai[t] and ci[t], respectively, and the innovations variance σ2

e [t] that “best” fit the
available measurements. Model “fitness” may be understood in various ways, a common approach being in
terms of predictive ability. This implies that the “best” model is the one characterized by minimal (one-step-
ahead) prediction error. The methods based upon this principle minimize a function of the prediction error
sequence and are referred to as Prediction Error Methods (PEM) [26, p.199].

For purposes of practicality and conceptual simplicity, the model identification problem is usually distin-
guished into two subproblems: (a) The parameter estimation subproblem and (b) the model structure selec-
tion subproblem. These are separately treated in subsections 3.1 and 3.2, respectively.

3.1 Model parameter estimation

Model parameter estimation refers to the determination, for a given model form and “structure”, of the

AR/MA parameter vector θ[t]
∆
=
[

a1[t] . . . ana
[t]

... c1[t] . . . cnc
[t]
]T and the residual variance σ2

e [t] at all
time instants (t = 1, . . . , N).

3.1.1 Unstructured parameter evolution TARMA models

The estimation of unstructured parameter evolution TARMA models may be achieved by either one of the
following two methods.

Short Time ARMA (ST-ARMA) estimation [24, pp. 79–82], [15, 27]. This method simply postulates
conventional, stationary, ARMA modelling to successive “short” time segments (of “short” duration, say M
samples), within which the signal may be considered as approximately stationary. It is thus also referred to
as a locally stationary method, and produces parameter estimates that remain constant within each segment
(non-overlapping segment case). In the overlapping segment case (where the active segment is forwarded by
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a specified forward step, say m), parameter estimates are obtained every m samples. Their estimation may
be based upon well known methods, such as the Prediction Error (PE) method, multistage methods, and so
on [26, 28].

Recursive TARMA estimation [26, ch. 11], [17, 29, 30]. The key idea in the recursive methods is the
formulation of an estimator of the AR/MA parameter vector θ[t] at each time instant t based upon the data
available until that time in a form that is recursively updated at the next time instant t+1 that the next signal
sample (x[t+1]) is processed. For this reason TARMA models estimated recursively are sometimes referred
to as Recursive ARMA (RARMA) models.

Although there are several variations of recursive methods, attention is presently focused on a method based
upon the following exponentially weighted Prediction Error criterion [26, pp. 363, 368]:

θ̂[t] = arg min
θ[t]

t∑

τ=1

λt−τ · e2[τ, θτ−1] (10)

with arg min designating minimizing argument, e[t, θt−1] the model’s one-step-ahead prediction error (resid-
ual) made at time t− 1 without knowing the model parameter values at time t, and θt the vector containing
all AR and MA parameters up to time t, that is:

θt ∆
=
[

θT [1] θT [2] . . . θT [t]
]T

(na+nc)·t×1

Of course, e[t, θt−1]
∆
= x[t]+

∑na

i=1 ai[t− 1] ·x[t− 1]−
∑nc

i=1 ci[t− 1] · e[t− i, θt−i−1] ≈ e[t, θt] for slow
parameter evolution. The term λt−τ is a window or weighting function that, for λ ∈ (0, 1), assigns more
weight to more recent errors. The quantity λ is referred to as the forgetting factor. The smaller the value
of λ, the faster older values of the error (and thus the signal) are forgotten, thus increasing the estimator’s
adaptability (its ability to track the evolution in the dynamics). Yet, at the same time, the accuracy of the
estimator decreases, as its covariance increases [26, pp. 381-382]. Therefore, the selection of λ is crucial and
represents the basic tradeoff between tracking ability in the dynamics and achievable parameter accuracy.

For this reason recursive TARMA methods are mainly suitable for “slow” evolution in the dynamics, in
which case adequate tracking may be achieved by a value of λ close to unity. In any case, the value of λ may
be optimized (estimated) based upon a suitable criterion, such as minimization of the Residual (prediction
error) Sum of Squares (RSS).

The recursive estimation of θ[t] based upon the criterion of eq. (10) is accomplished via the Recursive
Maximum Likelihood (RML) algorithm [26, p. 372]. This method is henceforth referred to as the RML-
TARMA method.

The innovations (one-step-ahead prediction error) variance σ2
e [t] may be estimated via a window of length,

say, 2K+1, centered at the time instant t, that slides over the prediction error (residual) sequence (non-causal
moving average filter), that is:

σ̂2
e [t] =

1

2K + 1

t+M∑

τ=t−M

ê2[τ |τ − 1] (11)

3.1.2 Stochastic parameter evolution TARMA models

Model parameter estimation for TARMA models subject to the stochastic smoothness constraints (SP-
TARMA models) of eq. (6) may be developed by setting the latter, along with the TARMA model expression,
into linear state space form [24, ch. 7], [11, 12, 22]. The estimation of such a model then constitutes a trade-
off between infidelity to the data set xN and infidelity to the κ-th order difference equation constraints. Like
in the previous case, parameter estimation is recursive.
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To illustrate the ideas, consider, for instance, the TAR(na) case and a second order (κ = 2) stochastic
smoothness constraint:

∆2ai[t] = wai
[t] ⇐⇒ ai[t] = 2 · ai[t− 1]− ai[t− 2] + wai

[t] (i = 1, . . . , na)

The constraints corresponding to all AR parameters may be written as:












a1[t]
...

ana
[t]

a1[t − 1]
...

ana
[t − 1]













=













2 . . . 0 −1 . . . 0
...

. . .
...

...
. . .

...
0 . . . 2 0 . . . −1
1 . . . 0 0 . . . 0
...

. . .
...

...
. . .

...
0 . . . 1 0 . . . 0













·












a1[t − 1]
...

ana
[t − 1]

a1[t − 2]
...

ana
[t − 2]












+













1 . . . 0
...

. . .
...

0 . . . 1
0 . . . 0
...

. . .
...

0 . . . 0













·






wa1
[t]

...
wana

[t]






In a similar manner, it may be shown that the general (κ-th order) smoothness constraint of eq. (6) may be
expressed as:

z[t] = F · z[t− 1] + G ·w[t] (12a)

with:
z[t]

∆
=
[

a1[t] . . . ana
[t]

... . . .
... a1[t− κ + 1] . . . ana

[t− κ + 1]
]T

κ·na×1
(12b)

w[t]
∆
=
[

wa1
[t] wa2

[t] . . . wana
[t]
]T

na×1
(12c)

and F , G matrices of the following forms (depending upon the value of κ):

κ = 1 : F
∆
= Ina

, G
∆
= Ina

κ = 2 : F
∆
=

[
2 · Ina

−Ina

Ina
0na

]

, G
∆
=

[
Ina

0na

]

κ = 3 : F
∆
=





3 · Ina
−3 · Ina

Ina

Ina
0na

0na

0na
Ina

0na



 , G
∆
=





Ina

0na

0na





and so on,

(12d)

where Ina
and 0na

designate the na × na dimensional identity and zero matrices, respectively. As indicated
by the above expressions, z[t] forms a state vector [eq. (12a)], whereas w[t] consists of the scalar innovations
entering in each constraint expression.

The TAR(na) representation may be expressed as:

x[t] = hT [t] · z[t] + e[t] (12e)

with:
h[t]

∆
=
[

−x[t− 1] . . . − x[t− na]
... 0 . . . 0

]T

κ·na×1
(12f)

Thus, the Smoothness Priors TAR(na) model may be completely expressed by the state space form [11]:

z[t] = F · z[t− 1] + G ·w[t], x[t] = hT [t] · z[t] + e[t] (13a)





w[t]

e[t]



 ∼ NID















0

...

0








,








Q[t]

0
...
0

0 . . . 0 σ2
e [t]















, Q[t] = σ2
w[t] · Ina

(13b)
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In view of the above and the definition of the state vector z[t], estimation of the model parameters at each
time instant corresponds to estimation of the state vector given the measured signal. This may be achieved
via the Kalman Filter (KF) approach (normalized form) [24, p. 230].

The ratio ν[t] of the constraint model innovations variance σ2
w[t] (assumed to be common for all constraints)

over the residual variance σ2
e [t], which is for simplicity assumed to be constant (ν[t] = ν) in the rest of the

paper, constitutes a user selected design parameter that controls the equivalent memory of the estimation
algorithm [similar to the forgetting factor in the recursive TARMA estimation of eq. (10)]. Indeed, ν → 0
implies a locally deterministic (polynomial) parameter evolution, while ν → ∞ implies no structure on
parameter evolution. Of course, it is also possible to optimize (estimate) ν based upon a suitable criterion
(such as minimization of the RSS).

Innovations variance estimation may be achieved either via the scheme described in reference [22], or
through that of the previous (RML-TARMA) method [eq. (11)].

In the complete TARMA case the second of eqs. (13a) is a non-linear function of z[t]:

x[t] = hT [t, zt−1] · z[t] + e[t] (14a)

with:

h[t, zt−1]
∆
=
[

−x[t− 1] . . .− x[t− na]
... e[t− 1, zt−1] . . . e[t− nc, z

t−nc ]
... 0 . . . 0

]T

κ·(na+nc)×1
(14b)

z[t]
∆
=
[

a1[t] . . . ana
[t] c1[t] . . . cnc

[t]
... . . .

...

a1[t−κ+1] . . . ana
[t−κ+1] c1[t−κ+1] . . . cnc

[t−κ+1]
]T

κ·(na+nc)×1
(14c)

and zt designating a vector containing all state vectors z[t] up to time t. SP-TARMA parameter estima-
tion may be then based upon an Extended Least Squares (ELS)-like algorithm, by replacing the theoretical
prediction errors e[t, zt] in eq. (14b) with their respective posterior estimates ê[t|t] (which are then treated
as measurements). SP-TARMA parameter estimation may be then achieved via the ordinary Kalman Filter
algorithm with:

h[t] =
[

−x[t− 1] . . . − x[t− na]
... ê[t− 1|t− 1] . . . ê[t− nc|t− nc]

... 0 . . . 0
]T

κ·(na+nc)×1
(15a)

ê[t|t] = x[t]− hT [t] · ẑ[t|t] (15b)

The smoothed estimate option. Once the Kalman filtering operations have been performed, a smoothed
estimate ẑ[t|N ] of the state vector given the entire data set xN may be optionally obtained via a “backward”
smoothing algorithm [22].

3.1.3 Deterministic parameter evolution TARMA models

The problem of parameter estimation for deterministic parameter evolution TARMA models, that is Func-
tional Series TARMA (FS-TARMA) models, consists of determining the AR/MA and innovations variance
projection coefficient vectors ϑ and s, respectively:

ϑ
∆
= [ aT | cT ]T(na·pa+nc·pc)×1 s

∆
= [ s1 . . . sps

]Tps×1 (16)

with:

a
∆
= [ a1,1 . . . a1,pa

| . . . | ana,1 . . . ana,pa
]T(na·pa)×1, c

∆
= [ c1,1 . . . c1,pc

| . . . | cnc,1 . . . cnc,pc
]T(nc·pc)×1
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which define the model’s complete parameter vector θ = [ϑT | sT ]T .

Estimation of the parameter vector ϑ may be based upon a Prediction Error (PE) criterion consisting of the
sum of squares of the model’s one-step-ahead prediction errors (RSS):

ϑ̂ = arg min
ϑ

N∑

t=1

e2[t, ϑ] (17)

In the special FS-TAR case the model may be rewritten in the linear regression form [eqs. (1) and (8)]:

x[t] +

na∑

i=1

pa∑

j=1

ai,j ·Gba(j)[t] · x[t− i] = e[t, a] ⇐⇒ x[t] = φT
A[t] · a + e[t, a] (18)

where:
φA[t]

∆
=
[
−Gba(1)[t] · x[t− 1] . . . −Gba(pa)[t] · x[t− na]

]T

(na·pa)×1

Since the residual e[t, a] depends linearly upon the parameter vector a, minimization of the PE criterion of
eq. (17) leads to the Ordinary Least Squares (OLS) estimator:

â =

(

1

N
·

N∑

t=1

φA[t] · φT
A[t]

)−1

·

(

1

N
·

N∑

t=1

φA[t] · x[t]

)

(19)

The estimation of the innovations variance projection coefficients may be achieved by the following pro-
cedure. An initial estimate of the variance is first obtained via a non-causal moving average filter (using a
sliding time window) that uses the estimated residual series e[t, â]:

σ̂2
e [t] =

1

2K + 1
·

t+K∑

τ=t−K

e2[τ, â] (20)

with 2K + 1 designating the window length. An estimate of the projection coefficient vector s may be
then obtained by fitting the obtained variance σ̂2

e [t] to a selected functional subspace Fσ2
e
. This leads to the

overdetermined set of equations:

σ̂2
e [t] =

ps∑

j=1

sj ·Gbs(j)[t] = gT [t] · s (21)

which are solved in a least squares sense. In the above:

g[t]
∆
=
[
Gbs(1)[t] Gbs(2)[t] . . . Gbs(ps)[t]

]T

ps×1

Improved FS-TAR estimation may be achieved via the Maximum Likelihood (ML) method, which maximizes
the log-likelihood of the signal measurements xN .

In the full TARMA case the residual e[t, ϑ] depends non-linearly upon the MA projection coefficient vector
c, which implies that computation of the PE estimator of eq. (17) constitutes a non-quadratic problem that has
to be tackled through non-linear optimization techniques. The nature of this estimation criterion necessitates
the use of quite accurate initial parameter values. In order to overcome these difficulties, methods that
approximate the original PE problem by a sequence of subproblems that may be tackled via exclusively
linear techniques have been developed [12, 23, 31], while proper recursive methods may be also used. One
method from each of these categories is briefly presented in the sequel.
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The Two-Stage Least Squares (2SLS) method [12, 31]. The method consists of three steps, as follows.

Step 1. Inverse Function Estimation.
A truncated, ni-order, FS-TAR model that corresponds to the representation of eq. (4) is estimated through
an Ordinary Least Squares estimator.

Step 2: AR/MA Projection Coefficient Estimation.
The FS-TARMA model is approximated by replacing the past, but not the current, values of the prediction
error e[t, ϑ] by the previously obtained e[t, î]. The estimation of the AR/MA coefficient of projection vector
ϑ is then reduced to a quadratic optimization problem for which a closed form solution is available. This
stage may be iterated until a minimum value of the RSS is achieved.

Step 3: Innovations Variance Estimation.
The innovations (residual) variance coefficient of projection vector s may be estimated as in the pure TAR
case.

The obtained estimates ϑ̂ and ŝ may be subsequently refined through the PE or ML methods.

Recursive Extended Least Squares (RELS) method [24, pp. 136–137], [32]. The estimation of an FS-
TARMA model may be also based upon recursive schemes, similar in nature to the previously discussed
RML method.

3.2 Model structure selection

Model “structure” selection refers to the estimation of the proper model “structure” within a selected model
class. The model “structure” includes the AR and MA orders na and nc, respectively, and possibly, additional
“structural” parameters, depending upon the particular model class considered [see eqs. (5), (7), and (9) that
define the model “structure” M/MSP /MFS for each class].

Model “structure” selection is generally based upon either trial-and-error or integer optimization schemes
[12], according to which models corresponding to various candidate “structures” (within a model class) are
estimated (via the procedures of the previous subsection), and the one providing the “best fitness” to the non-
stationary signal is selected. “Fitness” may be judged via minimization of the BIC (Bayesian Information
Criterion) [26, pp. 505-507], [28, pp. 200-202]:

BIC = − lnL
(
xN
)

+
ln N

2
· d (22)

with L(·) designating the model likelihood and d the number of independently “adjusted” (estimated) model
parameters. The Gaussian log–likelihood function of the model given the signal samples xN is:

lnL
(
xN
)

= −
N

2
· ln 2π −

1

2
·

N∑

t=1

(

ln
(
σ2

e [t]
)

+
e2[t]

σ2
e [t]

)

(23)

The BIC may not be formally used in connection with methods that directly and recursively estimate the
AR/MA parameters at each time instant [that is the RML-TARMA, SP-TARMA and SP-TARMA (smoothed)
methods]. In these cases the log–likelihood function may be used with proper caution.

An integer optimization scheme is discussed next for the most general case of FS-TARMA models (which
are characterized by the maximum number of “structural” parameters) – the basis function family is assumed
to be pre-selected. This is a hybrid optimization scheme consisting of two distinct phases.

Phase I. Coarse (“global”) Optimization. Phase I aims at determining promising subregions of the com-
plete search space within which optimal model “structures” (either in the local or global sense) might be
located. This is achieved via a Genetic Algorithm [33] which maximizes the negative BIC (“fitness” func-
tion). The algorithm incorporates: (i) a nonlinear ranking operator (selective pressure equal to 1.3), (ii) a
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stochastic universal sampling operator (generation gap equal to 0.98), (iii) a two-point crossover operator
(crossover probability equal to 0.8), (iv) a mutation operator (mutation probability equal to 0.01), and (v) a
fitness-based reinsertion operator.

Phase II. Fine (“local”) Optimization. Phase II aims at refining the results of phase I and selecting the
globally optimum “structure”. It operates in a (suitably defined) neighborhood of each initial solution (as
provided by phase I), and is based upon the backward regression concept. It thus starts with maximum values
of the arguments (within the selected neighborhood) and subsequently reduces either one of the model orders
(na, nc), or one of the subspace dimensionalities (pa, pc, ps), until no further reduction in the BIC is achieved.
The procedure is repeated for all initial solutions (phase I results), and the model “structure” corresponding
to the globally optimum BIC is selected.

4 Model-based analysis

The system’s “frozen” power spectral density (the “rational relief” of Grenier [16]) is obtained by utilizing
a sequence of “frozen” stationary systems (each corresponding to each time instant) for representing the
non-stationary system. By analogy to the stationary case, the power spectral density is then, for each time
instant, expressed as:

SF (ω, t) =

∣
∣
∣
∣

1 +
∑nc

i=1 ci[t] · e
−jωTsi

1 +
∑na

i=1 ai[t] · e−jωTsi

∣
∣
∣
∣

2

· σ2
e [t] (24)

in which ω designates frequency in rad/s, Ts the sampling period in s, and j the imaginary unit.

Notice that this would be the power spectral density of the response signal if the system were “frozen”
(were made stationary) at the time instant t. As such, the information conveyed is very useful, because it
represents the characteristics that the system would, hypothetically, have if it became stationary (“frozen”)
with a specific configuration (corresponding to the considered time instant t).

The quantity:

H̄F (ejωTs , t) =
1 +

∑nc

i=1 ci[t] · e
−jωTsi

1 +
∑na

i=1 ai[t] · e−jωTsi
· σe[t] (25)

may be similarly interpreted as the normalized TARMA model’s “frozen” frequency response function
(“frozen” frf), and corresponding “frozen” modes with natural frequencies and damping ratios may be
computed as:

ωni[t] =

∣
∣
∣ln λi[t]

∣
∣
∣

Ts
(rad/time unit) , ζi[t] = − cos

(

arg
(
ln λi[t]

))

(26)

with λi designating the i-th discrete-time “frozen” pole.

5 Application of the methods to non-stationary vibration modelling
and analysis

The parametric identification methods of Section 3 are now applied to the problem of modelling and analysis
of a non-stationary random vibration signal. Their various performance characteristics, including the attained
accuracy, are studied via Monte Carlo experiments.

5.1 The underlying system and the resulting non-stationary vibration

The non-stationary vibration signal to be modelled and analyzed is the displacement x3(t) of mass 3 of the
simple three degree-of-freedom viscously damped system of figure 1(a), which is subject to an unobservable
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Symbol Value
m1 0.5 kg
m2 1.5 kg
m3 1.0 kg
c2 0.5 N/(m/s)
c3 0.3 N/(m/s)
k1 300 N/m

k2(t) time-varying:
k2,0 = 100 (N/m)

k2,1 = 60, k2,2 = 20 (N/m)
P2,1 = 170, P2,2 = 85 (s)

k3(t) time-varying:
k3,0 = 120 (N/m)

k3,1 = 72, k3,2 = 24 (N/m)
P3,1 = 141.67, P3,2 = 94.44 (s)

(a)

(b) (c)

(d)

Figure 1: (a) Schematic diagram of a non-stationary mechanical system. (b) Time-dependent power spectral
density of the vibration response signal. (c) The system’s natural frequencies. (d) A single realization of the
non-stationary vibration displacement signal.

displacement excitation r(t). This system may represent a simplified model of one quarter of a truck vehi-
cle, with m1 standing for the wheel mass, m2 the body mass, m3 the truck cabin mass, and r(t) the road
excitation. The system is time-varying, as the stiffnesses k2(t) and k3(t) change with time in the following
fashion:

ki(t) = ki,0 + ki,1 · sin(2πt/Pi,1) + ki,2 · sin(2πt/Pi,2) (i = 2, 3) (27)

with Pi,1, Pi,2 designating the periods in the time-variation. The numerical values of ki,0, ki,1, ki,2 and Pi,1,
Pi,2, along with the rest of the system parameters, are presented in figure 1(a).

The excitation r(t) is a stationary, Gaussian, zero-mean and uncorrelated (white) signal. Due to the time-
varying dynamics, the response is non-stationary.
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Model Class Identification Method Method Characteristics Identified Model
Unstructured ST-ARMA M = 301; m = 10; PE estimation ST-ARMA(6,3)
Parameter (Levenberg-Marquardt:
Evolution termination rule ||ϑ̂i − ϑ̂i−1|| < 10−6)

RML-TARMA λ = 0.978; initl. covariance α = 104 RML-TARMA(6,3)
Stochastic SP-TARMA ELS-like estimation; α = 104 SP-TARMA(6,3) κ = 2

Parameter ν̂ = 4.988 × 10−8

Evolution SP-TARMA ” ”
(smoothed)

Deterministic FS-TARMA (2SLS) ni = 20; QR implementation of OLS FS-TARMA(6,3)[41,2,19]

Parameter FS-TARMA (2SLS-PE) ” ”
Evolution (Levenberg-Marquardt)

FS-TARMA (RELS) initl. covariance α = 104 ”

Table 2: Identification methods, their characteristics, and the obtained models.

The theoretical non-stationary signal and the system properties. The signal’s non-stationarity is evident
in its theoretical “frozen” power spectral density presented in figure 1(b). All three of the system modes lie
within the 0 − 6 Hz frequency band, while their time-dependency is evident. The lowest frequency mode
(mode 1) appears quite strong, with the intermediate (mode 2) and the highest frequency mode (mode 3)
following in that order of importance.

The system’s corresponding “frozen” natural frequencies are depicted in figure 1(c). The first natural fre-
quency (ωn1) varies within the range (0.5− 1) Hz, the second (ωn2) within the range (1.2− 3.2) Hz, and the
third (ωn3) within the range (4.1− 5.1) Hz. The damping ratios are all quite small (below 0.05).

Simulation and the resulting non-stationary vibration signal. Given a particular excitation realization,
the system equations are integrated (for t∈ [−16.67, 850] s) via the Runge-Kutta 4/5 method characterized
by variable integration step, and are subsequently recorded at a frequency fr = 48 Hz. The obtained vi-
bration displacement response (x3[t]) is low-pass filtered via a Chebyshev II filter with cut-off frequency
of 6 Hz, and re-sampled at fs = 12 Hz. In order to minimize initialization effects, the initial 200 samples
(16.67 s) of the response signal are discarded. Each non-stationary response realization is thus ∆T = 850
s (t∈ [0, 850] s) or N = 10, 201 samples long. This procedure is repeated for each Monte Carlo run, with
a different excitation realization used each time. A typical response signal realization is depicted in figure
1(d). The signal is, evidently, zero mean but with time-dependent variance (and also power spectral density).

5.2 Non-stationary vibration modelling results

The problem considered is that of modelling and analysis based upon a single, N = 10, 201 samples long,
realization of the non-stationary vibration displacement signal x3[t]. As already indicated, the study is based
upon Monte Carlo runs (200 runs), so that the various methods may be effectively and reliably assessed
and compared. In each run a distinct realization of the non-stationary vibration signal of interest is used.
The methods compared are: ST-TARMA, RML-TARMA, SP-TARMA, SP-TARMA (smoothed) that is SP-
TARMA with subsequent “backward” smoothing, FS-TARMA (2SLS) that is 2SLS based FS-TARMA,
FS-TARMA (2SLS-PE) that is 2SLS with subsequent Prediction Error refinement based FS-TARMA, and
FS-TARMA (RELS) that is Recursive Extended Least Squares based FS-TARMA (see second column of
Table 2).

Following appropriate optimization, or trial and error procedures, the operational parameters of the various
modelling methods were selected as indicated in the third column (“method characteristics”) of Table 2.
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Figure 2: FS-TARMA model order estimation: (a) AR order estimation, and (b) MA order estimation.

Model orders estimation, which is part of model “structure” selection for all parametric methods, is based
upon a two-phase procedure as follows:

(a) TARMA(n, n) models for even orders n = 2, 4, . . . are estimated, and the proper AR order is thus
selected based upon the BIC criterion.

(b) Following AR order estimation, the possibility of MA order reduction is examined in a similar manner
and the best MA order is estimated.

Within the framework of FS-TARMA models, this procedure is embedded within the integer optimization
scheme of subsection 3.2. The integer optimization scheme utilizes coarse optimization based upon a Genetic
Algorithm (population size 300, number of generations equal to 200) and fine optimization based upon the
concept of backward regression. The functional subspaces considered are trigonometric, spanned by the
functions:

G0[t] = 1, G2k−1[t] = sin

[
k π t

N−1

]

, G2k[t] = cos

[
k π t

N−1

]

, k = 1, 2, . . .

with t designating normalized discrete time and N = 10, 201 the non-stationary signal length (in samples).

The optimal AR and MA model orders are thus selected as na = 6 and nc = 3, respectively (see the result
of figure 2 which refers to the FS-TARMA class). Notice that this selection makes perfect sense, at least as
long as the AR order is concerned, as it is known that the actual number of modes present is equal to three
(na = 2× DOF, with DOF designating the number of degrees of freedom).

Regarding the FS-TARMA class it is further noted that 2SLS estimation is exclusively used for “structure”
selection. The finally obtained AR, MA and innovations variance functional subspaces are of dimension-
alities pa = 41 (ba = [0, . . . , 34, 36, 38, 42, 44, 46, 48]), pc = 2 (bc = [0, 2]), and ps = 19 (bs =
[0, 1, 2, 4, 6, 7, 8, 10, 12, 13, 14, 16, 17, 18, 22, . . . , 26]), respectively.

Regarding the SP-TARMA class it is noted that the selected stochastic smoothness constraints imposed on the
model parameters are of order κ = 2. The ratio of the constraint model innovations variance over the residual
variance ν was optimized based upon minimization of the RSS. The obtained estimate is ν̂ = 4.988× 10−8,
which is quite small and seems to indicate relatively smooth evolution in the dynamics.

5.3 Summary of the results

The methods are compared in terms of: (a) representation parsimony, (b) achievable overall modelling (one-
step-ahead prediction) accuracy, (c) achievable time-dependent power spectral density and modal parameter
accuracy, resolution and tracking, (d) computational simplicity, and (e) ease of use.
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Figure 3: Comparison of the estimated non-stationary models: (a) Monte Carlo prediction error results
(RSS/SSS mean plus/minus one standard deviation) and, (b) normalized CPU times for modelling (logarith-
mic scale).

(a) Representation parsimony. As expected, representation parsimony is best for deterministic parameter
evolution (FS-TARMA) representations, which are fully described by a relatively reasonable number of
parameters (napa + ncpc + ps = 271 parameters). On the contrary, a very large number of parameters
[specifically parameter values at all time instants, that is (na+nc+1)·N = 102, 010 parameters] is necessary
for accurately describing the models in the cases of unstructured parameter evolution (ST-ARMA, RML-
TARMA methods) and stochastic parameter evolution [SP-TARMA, SP-TARMA (smoothed) methods].

(b) Achievable overall modelling accuracy in terms of model-based one-step-ahead predictions. Sum-
mary results, taking into account all 200 Monte Carlo runs, and expressed in terms of the Residual (prediction
error) Sum of Squares (RSS) normalized by the Series Sum of Squares (SSS), are for all methods, provided
in figure 3(a) (mean values plus/minus a standard deviation). It is observed that all methods (with the excep-
tion of the ST-ARMA method) provide more or less good predictions, with the FS-TARMA (2SLS-PE) and
FS-TARMA (2SLS) being best. The improvement attained by the former method over the latter is usually
small, as the PE method usually converges in the close neighborhood of the 2SLS estimate.

On the other hand, the predictions of the RML-TARMA method are not as good, while the ST-ARMA
predictions are unacceptable. To a certain extent this is due to the fact that the MA polynomials are, at
certain times, estimated as unstable (non-minimum phase) and their roots have to be “stabilized”. This is
more pronounced in the ST-ARMA case, where such “stabilizations” often cause abrupt changes in the model
parameter time evolution.

(c) Achievable time-dependent power spectral density and modal parameter accuracy, resolution and
tracking. The time-dependent “frozen” natural frequency estimates obtained from the estimated TARMA
(6, 3) models [RML-TARMA, SP-TARMA, SP-TARMA (smoothed), FS-TARMA (2SLS-PE), and FS-
TARMA (RELS) methods], are, for a single signal realization, contrasted to their theoretical counterparts
in figure 4.

As it may observed, smooth estimates are obtained based upon the FS-TARMA and SP-TARMA (smoothed)
models. The FS-TARMA (2SLS-PE) estimates are quite accurate for all three natural frequencies, but the
FS-TARMA (RELS) and SP-TARMA (smoothed) estimates are accurate for only the first two, being signif-
icantly inaccurate for the third one.

On the other hand, the estimates obtained based upon the RML-TARMA and SP-TARMA methods exhibit
significantly more scatter. Yet, the RML-TARMA based estimate of the first natural frequency tracks the
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Figure 4: Theoretical “frozen” natural frequencies and estimates based upon the obtained: (a) FS-
TARMA(6,3) (2SLS-PE), FS-TARMA(6,3) (RELS) and SP-TARMA(6,3) (smoothed) models, and (b) RML-
TARMA(6,3) and SP-TARMA(6,3) models (single realization).

theoretical curve adequately well, while the SP-TARMA based estimate exhibits more oscillations in certain
regions. Somewhat similar remarks may be made for the second natural frequency. The situation is signif-
icantly worse with the third natural frequency estimates, where tracking is poor (somewhat more so for the
RML-TARMA based estimate).

In order to facilitate a more direct comparison of the methods by using the Monte Carlo (r = 200) esti-
mates of the modal parameters, an Aggregate Absolute Error (AAE) (expressing average, over time, bias for
each parameter) and an Aggregate Standard Deviation (ASD) (expressing average, over time, accuracy) are
introduced as follows:
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In these expressions ωo
ni[t] designates the true (theoretical) value of the natural frequency of interest, ω̂ni[t, k]

its estimated value based upon the k-th Monte Carlo run, σω̂ni
[t] the standard deviation of ω̂ni[t, k] with

respect to k (over the Monte Carlo runs), and r = 200 the number of Monte Carlo runs.

These quantities are, for each natural frequency estimate obtained by each method, presented in figure 5.
Based upon it, one may readily observe that the best overall performance, in terms of both indices ex-
pressing aggregate bias and accuracy, is achieved by the FS-TARMA (2SLS-PE) and FS-TARMA (2SLS)
methods. The SP-TARMA (smoothed), ST-ARMA, and FS-TARMA (RELS) methods follow, while the
RML-TARMA and SP-TARMA methods come last, as they exhibit the highest errors.

Model-based “frozen” time-dependent power spectral density function estimates (based upon a single signal
realization), along with the corresponding time-dependent natural frequency estimates (Monte Carlo runs
using r = 200 realizations) for the FS-TARMA(6, 3) (2SLS-PE) model are also provided in figure 6. The
time-dependent “frozen” power spectral density is smooth and accurate, with very good tracking [compare to
figure 1(b)]. The same applies to the natural frequency estimates which achieve excellent accuracy (unbiased
with low variability). Overall, this figure confirms the FS-TARMA (2SLS-PE) method’s excellent behavior
in terms of achievable time-dependent power spectral density and modal parameter accuracy, resolution and
tracking.

(d) Computational simplicity. Figure 3(b) provides relative computer execution (CPU) times for the var-
ious methods for the presently selected TARMA(6, 3) model (observe that the scale on the vertical axis is
logarithmic). The computationally simplest method is the SP-TARMA, with the SP-TARMA (smoothed)
and the FS-TARMA (2SLS) being close. The rest of the methods require significantly higher computational
complexities, with the ST-ARMA method being the most expensive. It is also worth observing that the
refinement achieved by the PE method (in the FS-TARMA case) is computationally quite expensive.
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(a)
(b)

Figure 6: FS-TARMA(6,3) (2SLS-PE) based “frozen” vibration analysis: (a) Time-dependent power spectral
density estimate (single realization), and (b) natural frequency Monte Carlo estimates (200 realizations; · · · :
estimate; —:theoretical curve).

TARMA Representation Modelling/Prediction Vibration Computational Ease
Method Parsimony Accuracy Analysis Simplicity of Use

ST-ARMA X n/a XX X XXX

RML-TARMA X XX X XX XXX

SP-TARMA X XX X XXX XX

SP-TARMA (smoothed) X XXX XX XX XX

FS-TARMA (2SLS) XXX XXX XXX XX XX

FS-TARMA (2SLS-PE) XXX XXX XXX X XX

FS-TARMA (RELS) XXX XX XX X XX

Table 3: Evaluation of the parametric methods’ main characteristics (X: poor, XX: good, XXX: excellent;
n/a: not available).

(e) Ease of use. All parametric models require some familiarity and expertise on behalf of the user. For
instance, model structure selection is a task requiring caution and expertise. Also, the selection of the method
parameters and characteristics (see the third column of Table 2), as well as the interpretation of the method’s
behavior or results, may require attention. In particular, the identification of FS-TARMA models, which are
characterized by maximum “structure” and require the determination of proper functional subspaces, may
require some additional expertise on part of the user.

A summary of the parametric methods’ main characteristics is provided in Table 3.

6 Concluding remarks

A critical overview and comparison of parametric methods for non-stationary random vibration modelling
and analysis, based upon a single vibration signal realization, was presented. The methods were all based
upon Time-dependent ARMA representations, which, according to the form of time-dependence, were clas-
sified as unstructured parameter evolution, stochastic parameter evolution and deterministic parameter evo-
lution.
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A number of methods from each class were summarized, including the ST-ARMA and RML-TARMA meth-
ods from the first class, the SP-TARMA and SP-TARMA (smoothed) methods from the second class, and
the FS-TARMA (2SLS), FS-TARMA (2SLS-PE) and FS-TARMA (RELS) methods from the third class.

The performance characteristics of the above methods were examined via their application to the problem
of modelling and analysis of a non-stationary random vibration via Monte Carlo experiments. The methods
were also compared to each other in terms of model parsimony, achievable prediction accuracy, model-based
analysis (time-dependent power spectral density and modal parameter accuracy, resolution and tracking),
computational simplicity, and ease of use. Although the particular non-stationary vibration signal studied is
characterized by slowly to medium varying dynamics, the best (in fact excellent) performance characteristics
were achieved by methods from the deterministic parameter evolution class [FS-TARMA (2SLS) and FS-
TARMA (2SLS-PE) methods]. They were followed by a method from the stochastic parameter evolution
class [SP-TARMA (smoothed)] and a method from the unstructured parameter evolution class [ST-ARMA].
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Modal Parameters Identification Using Bilinear Joint 
Time-Frequency Analysis 

A. Roshan-Ghias1, M. Mobed2, M. B. Shamsollahi2*, M. Behzad1 
 

Abstract 
In this paper, a new method for modal parameter estimation using time-frequency representations is 
presented. Smoothed Pseudo Wigner-Ville representation which is a member of the Cohen’s class 
distributions is used that reduces cross-terms in time-frequency plane dramatically and holds resolution as 
well. The method was applied to systems with high damping, and the results were superior to other 
conventional methods. 
 

1 Introduction 
 
Numerous algorithms have been developed for estimating modal parameters using time and frequency 
domains independently over the past 30 years. In recent years, joint time-frequency (JTF) methods and 
Wavelet transform (WT), have attracted many researchers to make use of great capabilities of these 
transforms. 
Several papers have been published on the use of WT for estimating modal parameters in recent years. 
Lardies and Gouttebroze [1] made use of WT and presented a special form of Morlet wavelet which best 
suited the algorithm. Le and Argoul [2] studied three different wavelets and tackled “Edge Effect” 
problem. Haase and Widjajakusuma [3] presented a method based on the WT for fault detection using 
modal parameters. On the other hand, there are researches in Biomedical Magnetic Resonance 
Spectroscopy which are very similar to modal analysis. Serrai et al [4] used Morlet wavelet and 
established an algorithm with less approximation in compare with some other works. 
However, to the best of the authors’ knowledge, no work has been reported on estimating modal 
parameters using bilinear JTF distributions. These distributions expand the energy of a signal concurrently 
in time and frequency. This makes them a natural choice for fully decoupling the modes of vibration 
which happen at distinct frequencies. 
Wigner-Ville distribution (WVD) which is a member of Cohen’s class distributions has the best resolution 
in time-frequency plane among all time-frequency representations of this class. But it has a main 
deficiency of so called “Cross-terms”. Cross-terms appear when a signal has two or more components in 
the time-frequency plane. In a free response signal, these components are different modes of vibration. 
Thus, WVD is incapable of giving an appropriate discrimination of these components in the time-
frequency plane in general. In order to compensate this drawback, dozens of joint time-frequency 
representations (JTFA) have been introduced in the last decades [5-8]. 
Smoothed Pseudo Wigner-Ville (SPWV) is a member of Cohen’s class distributions which utilizes two 
different smoothing windows in time and frequency separately on WVD and eliminates cross-terms to a 
proper extent [6]. 
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2 Electrical Eng. Department, Sharif University of Technology, Azadi Street, Tehran, Iran 
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In this paper, we introduce a method for the estimation of modal parameters using SPWV distribution. 
Free decay response of a linear mechanical system with proportional damping ratios is used to estimate 
modal parameters (natural frequency and damping) of the system. It can be applied to single-degree-of-
freedom (SDOF) and multi-degree-of-freedom (MDOF) systems and is a single-input-multi-output 
method (SIMO) since it requires only one measurement. The exact analytical time-frequency distribution 
of a one-degree-of-freedom system is obtained and modal parameters are extracted from this formulation. 
Afterward, in view of the fact that SPWV will decouple vibration modes in time-frequency domain, 
results are expanded to a MDOF system. In order to demonstrate the capability of the proposed method, 
damping ratio estimation of a 2DOF highly damped system is examined along with two other methods. 
The paper is organized as follows. Section 2 is a brief introduction to Cohen's class distributions and 
SPWV characteristics. In section 3, WVD of the free decay response of a SDOF system is obtained. 
Section 4 is devoted to derive the SPWV of free decay response of a SDOF system. Section 5 expands the 
results of the SDOF system to MDOF systems considering the fully decoupling of vibration modes in 
time-frequency domain. In section 6, two examples are given and fully discussed. Finally concluding 
remarks are given in section 7. 
 

2 Cohen’s Class 
 
The representations that describe a signal’s frequency behavior fall predominantly into two categories [5]: 
linear representations such as the Fourier transform, and quadratic representations such as the Power 
Spectrum (PS). Quadratic representations can be viewed as distributing signal’s energy into frequency, 
time-frequency or time-scale variables. In this section we introduce a counterpart to the power spectrum: 
the quadratic Joint Time Frequency Representation (JTFR) known as Cohen’s class distributions. The 
main core of all JTFR’s is Wigner-Ville distribution (WVD) which is defined as: 

( ) ( ) ( )*, / / j 2 f
xWVD t f x t 2 x t 2 e dπ ττ τ τ

∞
−

−∞

= + −∫  
(1) 

 
WVD can be seen as the instantaneous version of the power spectrum. Theoretically, WVD has the best 
time-frequency resolution among all TFR’s. But it has a great shortcoming of cross-terms, which occurs 
when the signal has two or more distinct time-frequency features [7]. 
In order to overcome this deficiency, dozens of other bilinear JTFR’s have been developed over the last 
decades such as Pseudo WVD (PWVD), Smoothed Pseudo WVD (SPWVD) [6], Choi-Williams 
distribution (CWD) and cone-shape distribution (ZAMD) [5]. It is interesting to note that all these bilinear 
representations can be written in a general form that was introduced by Cohen [5]. The discovery of the 
general form of bilinear JTFR’s facilitates us with the design of the desired JTFR.  
This general form can be written as: 
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where ( ),t fΦ  is a two dimensional filter known to be the kernel of the TFR. It can be seen that when 

( ), ( ) ( )t f t fδ δΦ = , WVD is obtained. Sometimes it is more convenient to use ( , )ϕ τ υ  instead, which 

is the inverse 2-D Fourier transform of ( ),t fΦ . 

Smoothed Pseudo Wigner-Ville (SPWV) is a member of Cohen’s class with a separable kernel in the 
form: 
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This characteristic enables us to determine each window separately to suit our requirements. Windowing 
reduces cross-terms dramatically but at the cost of losing some resolution. 
 

3 Application of WVD to free decay response of SDOF systems 
 

Consider a SDOF mechanical system with viscous damping 0ξ . The free displacement response (noise 
free) according to modal basis is expressed as 

0 02
0 0 0( ) cos(2 ) ( )f tx t e f t u tπξ π ϕ−= Φ +  (4) 

where 0f  and 0f  are the undamped and damped natural frequencies in Hz, 0Φ is the amplitude of 
vibration and ( )u t  is the Heaviside function. If ( )x t  is assumed asymptotic, that is if the phase of the 

signal varies much faster than the amplitude (which implies that 0 1 2ξ 〈〈 ), it can be shown [2] that the 
complex signal 

0 0 0 02 (2 )
0( ) ( )f t j f t

ax t e e u tπξ π ϕ− += Φ  (5) 

is a good approximation of the analytic signal. Analytic signal is more appropriate to use since WVD of 
the analytical signal has less cross-terms than WVD of the real signal [5], so Eq. (5) is used instead of (4). 
Using Eq. (1), WVD of free decay response can be expressed as [See Appendix.1] 

0 042
0

0
0

( , ) sin 4 ( )
4 ( )

f t

x
eWVD t f f f t
f f

π ξ

π
π

−Φ= −
−

 (6) 

Although at 0f f= , this function is undefined but its limit is 

0 0

0

42
0lim ( , ) f t

xf f
WVD t f te π ξ−

→
= Φ  (7) 

Fig.1a shows a typical WVD of a free decay response and Fig.1b shows its value at the damped natural 
frequency. As it is seen in Fig.1a and in Eq. (6), at the damped natural frequency, this function has a 
maximum. Thus 0f  and the corresponding slice of the time-frequency map can be easily obtained without 
any computations. Then using Eq. (7) and a simple curve fitting algorithm, 0ξ  can be calculated. 

For any SDOF system, this method is accurate and the cost of computation is very low. But in the case of 
MDOF systems, this method fails to give reasonable results because of the above-mentioned cross-terms 
(Fig.2). 
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Figure 1: (a) WVD of a typical free decay response, (b) WVD value at the damped natural frequency 

 

 
Figure 2: WVD of a typical free decay response of a two degrees of freedom response 

 

4 Application of SPWVD to free decay response of SDOF systems 
 
As it was stated before, knowing WVD of a signal, its SPWV distribution can be written as 

( ), ( , ) ( ) ( )x xSPWV t f WV t s f g s h dsdη η η
∞ ∞

−∞ −∞

= − −∫ ∫  (8) 

Looking at the WVD of a MDOF free decay response reveals the nature of the cross-terms. Since every 
mode has a fixed frequency in the time-frequency plane, cross-terms occur at the middle of every two of 
them. In other words, cross-terms are at fixed frequencies too. It can be proved [5] that in this case, there 
is no need of frequency smoothing window. So the function h in the kernel of SPWVD will be set to 
Kronecker delta function. The resulting representation is the counterpart to Pseudo Wigner-Ville 
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Distribution (PWVD) which has only the frequency smoothing window. Therefore Eq. (8) can be 
simplified to 

( ), ( , ) ( )x xSPWV t f WV t s f g s ds
∞

−∞

= −∫  (9) 

Gaussian window is an appropriate candidate for the time smoothing window since it is a low-pass filter 
which has an analytical form of 

( )
2

2
t

21g t e
2

σ

πσ
−

=  (10) 

where σ is the windowing parameter. 

Substituting Eqs. (6) and (11) into (10), we reach to rather complicated integrals of the form 

( ), exp ( )

exp ( )

2

x 1 0 0 0
t

2

2 0 0 0
t

uSPWV t f A 4 f j4 f f u du
2

u                       A 4 f j4 f f u du
2

σ

σ

σ σ πξ π

σ σ πξ π

∞

−

∞

−

⎧ ⎫
⎡ ⎤= − + − + −⎨ ⎬⎣ ⎦

⎩ ⎭

⎧ ⎫
⎡ ⎤− − − − + −⎨ ⎬⎣ ⎦

⎩ ⎭

∫

∫
 (11) 

where 

{ }

{ }

exp ( )
( )

exp ( )
( )

2
0

1 0 0 0
0

2
0

2 0 0 0
0

1A 4 f t j4 f f t
j4 f f2

1A 4 f t j4 f f t
j4 f f2

πξ π
ππσ

πξ π
ππσ

Φ= ⋅ ⋅ − + −
−

Φ= ⋅ ⋅ − − −
−

 (12) 

Using substitute variables 1 2 1 2, , ,a a Δ Δ  and α , Eq. (11) can be written as 
2 2

1 1 1 2 2 22 2
1 1 2 2( , ) a ja a ja

xSPWV t f A e I A e Iσ σ+ Δ + Δ= −  (13) 

where 

2
1

1

2
1

t j tI e dt
α

∞
− + Δ= ∫ ,    

2
2

2

2
2

t j tI e dt
α

∞
− + Δ= ∫  (14) 

0 0

1 2 0 0 1 2 0

/ 4 ,

4 ,             4 ( )

t f

a a a f f f

α σ πξ σ
πξ σ π σ

= −

= = = − Δ = Δ = −Δ = −
 (15) 

Integral (14) does not have a primary function, but it can be obtained with desired accuracy (See 
Appendix. 1). Substituting integral’s value, we can write Eq. (13) as 

( ) ( ){ }0 0( , ) sin 4 + cos 4xSPWV t f Y B f f C f fπ α π α⎡ ⎤ ⎡ ⎤= − −⎣ ⎦ ⎣ ⎦  (16) 
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where 

{ }exp ( ) /
( )

2
20

0 0 0 0
0

1Y 4 f t 4 f 2
2 f f2

πξ πξ
ππ

Φ= ⋅ ⋅ − +
−

 (17) 

( )/2 22B e 1 e
2

απ −Δ −= ± −  (18) 

( ) ( )/ /2 2 22 2C e e 1 1 e
2

απ −Δ Δ −= ± − − Δ −  (19) 

The signs ∓  in Eq. (19) and ±  in Eq. (20) are conditioned by the signs of α  and Δ  respectively. 

It is obvious that the obtained result is too complicated to use. But similar to the WVD case, when 

0f f→ , the result would be much simpler 

2
0 0 0 0

0

1 14 4
2 2 2
0lim ( , ) ( )

2

f f

xf f
SPWV t f e erf e

π ξ σ α π ξ σ αασ α α
π

⎡ ⎤− + −⎢ ⎥⎣ ⎦

→

⎧ ⎫2⎪ ⎪= Φ + ⋅ +⎨ ⎬
⎪ ⎪⎩ ⎭

 (20) 

where 

2

0

2( )
x terf x e dt

π
−= ∫  (21) 

And finally using the same procedure as in the WVD case, Eq. (21) can be used to find 0Φ  and 0ξ . 

 

5 Application of SPWVD to free decay response of MDOF systems 
 
In the case of MDOF systems, free decay response can be expressed as the sum of all modes 

2
1

( ) cos(2 ) ( )k k
N f t

m mk k kk
x t e f t u tπξ π ϕ−

=
= Φ +∑  (22) 

where k is the mode number. Assuming the signal to be asymptotic, the analytic form can be written as 
2 (2 )

1
( ) ( )k k k k

a

N f t j f t
m mkk

x t e e u tπξ π ϕ− +
=

= Φ∑  (23) 

Assuming the cross-terms to be negligible (because of the implication of the time smoothing window, the 
cross-terms would be reduced dramatically), SPWVD of Eq. 23 can be written as 

( ) ( ){ }
1

( , ) sin 4 + cos 4
N

x k k k k k k k
k

SPWV t f Y B f f C f fπ α π α
=

⎡ ⎤ ⎡ ⎤= − −⎣ ⎦ ⎣ ⎦∑  (24) 

Similar to the SDOF case, the SPWV distribution is maximum at damped natural frequencies. Hence 
using a peak-picking algorithm, damped natural frequencies of each mode can be estimated. Subsequently 
a curve-fitting algorithm with corresponding slices of the time-frequency map and Eq. (20) yields 
damping ratio of each mode. 
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6 Simulated results 
 
In order to demonstrate the capability of the SPWVD based method in modal analysis, a simulation is 
done with a two-degree of freedom system. The parameters of the system are given in Table 1. The free 
decay response and frequency response of this system are shown in Fig. 3. The SPWVD of this signal is 
shown in Fig. 4a,b and the ridges which correspond to damped natural frequencies are given in Figs. 4c,d. 
Using the procedure described in section 5, the natural frequencies and damping ratios of the two modes is 
extracted [Table.2]. In this case, the accuracy of the SPWV based method is the same as other methods. 

 

 Frequency (Hz) Damping % 

1st mode 10 2.5 

2nd mode 35 1 

Table 1: Modal parameters of a 2 DOF system 

 

  
Figure 3: (a) Time response of a 2 DOF system, (b) Frequency response of a 2 DOF system 

 

  
Figure 4: (a), (b) SPWVD of a 2 DOF system, (c) Ridge plot at the first natural frequency, (d) Ridge plot 

at the second natural frequency 
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 Frequency (Hz) Damping% 

SPWVD 10.00 2.52 

LFM 10.00 2.51 

RPFM 10.00 2.51 

Table 2: Estimated modal parameters for the first mode 

However in some special cases, such as high damped systems, this method shows a great improvement. 
Consider a 2DOF system with initial modal parameters which is shown in Table. 3. Damping ratios in 
both modes are increased at each step up to 15% and then, modal parameters are estimated using SPWV 
and two other methods: Line-fit method (LFM) and rational fraction polynomial method (RFPM) [9]. 
Estimated natural frequencies are satisfactory in all methods, but estimating high dampings becomes 
inaccurate [Table. 4]. Fig. 5 and 6 show the percentage of error for both modes in each method, when 
damping is increased. The accuracy of the SPWV based method is undoubtedly higher than these two 
methods. This is due to the perfect decoupling of the modes in time-frequency domain using SPWV 
distribution. 
 

 Frequency (Hz) Damping % 

1st mode 20 2.5 

2nd mode 35 2.5 

Table 3: Modal parameters of a 2 DOF system 
 

Damping ratio of 1st mode (%) Damping ratio of 2nd mode (%) 

Exact LFM RFPM SPWV Exact LFM RFPM SPWV 

2.5 2.5593 2.5123 2.51 2.5 2.4776 2.5145 2.48 

5 5.2379 4.9115 4.93 5 4.8197 5.085 4.91 

7.5 7.7719 7.4312 7.67 7.5 7.046 7.4443 7.32 

10 10.6616 9.8489 10.05 10 9.3642 10.3476 9.97 

12.5 13.4623 12.2601 12.42 12.5 11.2924 12.8336 12.47 

15 16.5267 14.5118 14.94 15 13.1857 14.778 14.96 

Table 4: Exact and estimated values of damping ratios 
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Figure 5: Amount of error in estimating damping of the first mode 

 
Figure 6: Amount of error in estimating damping of the second mode 

7 Conclusion 
 
A novel method in modal parameter identification using Smoothed Pseudo Wigner-Ville Distribution was 
proposed. Time-frequency representations fully decouple vibration modes and it makes them an enhanced 
tool in modal analysis. Because of this decoupling, each natural frequency can be obtained with a simple 
pick peaking along the frequency axis. An analytic form of a free decay response of a SDOF system was 
obtained in the time-frequency plane using SPWVD, without any simplifying approximation. Therefore 
modal damping can be obtained with a straightforward curve-fitting for each mode. The method shows its 
effectiveness in modal analysis of highly damped systems where most other methods encounter large 
errors. 
 
 

Appendix 1 
 
This appendix describes the calculation of the Wigner-Ville distribution of the free decay response of a 
SDOF system. Substituting Eq. 5 into Eq. 1 yields 
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0 0 0 0

0 0 0 0

2 ( / 2) [2 ( / 2) ]
0

2 ( / 2) [2 ( / 2) ] 2
0

1( , ) ( / 2)
4

                            ( / 2)

f t j f t
x

f t j f t j f

WV t f e e u t

e e u t e d

πξ τ π τ ϕ

πξ τ π τ ϕ π τ

τ

τ τ

∞ − + + +

−∞

− − − − + −

= Φ +

× Φ −

∫  (25) 

which is simplified to 
0 0

0 0 0 0

42 224 2 ( ) 2 ( )2 0
0 2 2

0

1( , )
4 8 ( )

f t ttf t j f f j f f
x t t

eWV t f e e d e
j f f

πξ
πξ π τ π τ

τ
τ

π

−
− − − −

− =−

Φ ⎡ ⎤= Φ = ⎣ ⎦−∫  (26) 

and finally 

( )
0 042

0
0

0

( , ) sin 4 ( )
4 ( )

f t

x
eWV t f f f t
f f

πξ

π
π

−Φ= −
−

 (27) 

 

Appendix 2 
 

This appendix provides the computation of the integral 
2( / 2)t j tI e dt

α

∞ ⎡ ⎤− + Δ⎣ ⎦= ∫ , where 0 0/ 4t fα σ πξ σ= −  

[4]. I may be written as 
2 2( / 2) ( / 2)

0 0

1 2  

t j t t j tI e dt e dt

I I

α

α

∞ ⎡ ⎤ ⎡ ⎤− + Δ − + Δ⎣ ⎦ ⎣ ⎦= −

= − ∀
∫ ∫  (28) 

Consider the rectangle OABC in Fig. 7. Let ( )f z  be a complex function on this rectangle, given by 
2 / 2( ) zf z e−= , where z t i= − Δ  and t runs from 0 to ∞ . 1I  may be written as 

2 2/ 2 / 2
1

j z

j
I e e dz

∞− Δ−Δ −

− Δ
= ∫  (29) 

 

 
Figure 7: A rectangle in complex plane 
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The function 
2 / 2ze−  is analytical on and inside the rectangle OABCO. Using Cauchy theorem, we have 

2 2 2 2/ 2 / 2 / 2 / 2( ) 0z z z z

OABCO OA AB BC CO

f z dz e dz e dz e dz e dz− − − −= + + + =∫ ∫ ∫ ∫ ∫
 

(30) 

(1) On the segment OA of the rectangle, z jy= − , where y runs from 0 to Δ . Using the polar coordinate 

( [0, 2 ],  [0, /2]r θ π∈ Δ ∈ ) and the sign of , ( )f zΔ  is given by 

2 2 2
1/ 2

/ 2 / 2

0
( 1)

2
z y

OA

e dz je dy j eπ∞− Δ⎡ ⎤= − ≈ −⎢ ⎥⎣ ⎦∫ ∫ ∓
 

(31) 

(2) On the segment AB of the rectangle, z x j= − Δ , [0, ]x R∈ , so that 

2 2/ 2 ( ) / 2R jz x j

j
AB

e dz e dx
− Δ− − − Δ

− Δ
=∫ ∫

 
(32) 

Eq. () is 1I  up to the term 
2 / 2e−Δ . 

(3) On the segment BC of the rectangle, z R jy= − , [ ,0]y ∈ Δ . Thus, 

2 2 2 20 0/ 2 ( ) / 2 / 2 ( / 2)z R jy R jRy y

BC

e dz j e dy je e dy− − − − +

Δ Δ
= − = −∫ ∫ ∫

 
(33) 

Eq. (33) may be estimated in the limit by 
2 2 20/ 2 / 2 / 2z R y

BC

e dz je e dy− −

Δ
≤ −∫ ∫

 
(34) 

The integral 
20 / 2ye dy

Δ∫  has a finite value; hence, Eq. (34) decreases to zero when R → ∞ . 

(4) On segment CO, z x= , with [ ,0]x R∈ . Using the polar coordinates ( [0, 2 ],  [0, /2]r θ π∈ Δ ∈ ), we 
obtain 

2 2 2

1/ 2

/ 2 / 2

0
(1 )

2
Rz x R

CO

e dz e dy eπ− − −⎡ ⎤
= − ≈ − −⎢ ⎥

⎣ ⎦
∫ ∫  (35) 

Eq. (35) approaches / 2π−  when R → ∞ . 

Substituting the values of Eqns. (31), (32), (34) and (35) into Eq. (30), we obtain 

2 2

2 2

/ 2

1
/ 2

1 1    0
2

1 1    0
2

e j e if
I

e j e if

π

π

−Δ Δ

−Δ Δ

⎧ ⎡ ⎤+ − Δ >⎪ ⎢ ⎥⎣ ⎦⎪≈ ⎨
⎪ ⎡ ⎤− − Δ <⎪ ⎢ ⎥⎣ ⎦⎩  

(36) 

For 
2 / 2

2 0

t j tI e e dt
α Δ= ∫ , we use the Taylor series expansion of the term je Δ . 
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2 2/ 2 / 2
2 0 0 00 0

( ) ( ) ( )
! ! !

k k k
t k t

kk k k

j t j jI e dt t e dt U
k k k

α α∞ ∞ ∞− −
= = =

⎡ ⎤Δ Δ Δ= = =⎢ ⎥
⎣ ⎦
∑ ∑ ∑∫ ∫

 
(37) 

where 
2 / 2

0

k t
kU t e dt

α −= ∫ . If 0k =  and the polar coordinates are used: 

2

2

2

/ 2
0 0

1   0
2

1   0
2

t
e if

U e dt
e if

α

α

α

π α

π α

−

−

−

⎧
− >⎪⎪= ≈ ⎨

⎪− − >⎪⎩

∫

 

(38) 

If 1k = , by changing variables, we obtain 
2 2/ 2 / 2

1 0
1tU te dt e

α α− −⎡ ⎤= = −⎣ ⎦∫ . The general term for this 

series for 2k ≥ , is given by 
2 2

2 2 2

/ 2 1 / 2

0 0

1 / 2 2 / 2 1 / 2
20

( )

    ( 1) ( 1)

k t k t
k

k k t k
k

U t e dt t e dt

e k t e dt e k U

α α

αα αα α

− − −

− − − − − −
−

′= = −

= − + − = − + −

∫ ∫
∫  

(39) 

The series 
0

( ) / !k
kk

j k U∞

=
⎡ ⎤Δ⎣ ⎦∑  is recurrent and convergent. 

By combining Eqns. (28), (36) and (37), I is approximated as 

2 2/ 2
0

( )(1 1)
2 !

k

kk

jI e j e U
k

π α∞−Δ Δ
=

⎡ ⎤ ⎡ ⎤Δ≈ ± − − ∀⎢ ⎥ ⎢ ⎥
⎣ ⎦⎣ ⎦

∑
 

(40) 

Equation (40) may be described by [ ]I B jC= + , where B is 

( )/ ( ) ( )
!

2 2
k

2
kk 2

jB e 1 e U k  even
2 k

απ ∞−Δ −
=

⎡ ⎤Δ= ± − − ⎢ ⎥
⎣ ⎦

∑
 

(41) 

And 

( ) ( )/ / ( ) ( )
!

2 2 2
k

2 2
kk 2

jC e e 1 1 e U k  odd
2 k

απ ∞−Δ Δ −
=

⎡ ⎤Δ= ± − − Δ − − ⎢ ⎥
⎣ ⎦

∑
 

(42) 

The signs ∓  and ±  are determined by the signs of α  and Δ  respectively. If we restrict k to unity, B and 
C become 
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Abstract
This paper presents a methodology for identifying events and valve faults in reciprocating compressors based
on cyclostationary modeling of their vibration. It consists firstly in angular resampling the time signals and
then in decomposing them into periodic and random parts. Secondly, the second-order cyclostationarity of
the random part is exploited to construct an angle-frequency map of the vibration energy by means of the
Wigner-Ville spectrum based on cyclic averaging. From this energy representation, a correlation procedure
between sensors is followed in order to identify the angular and spectral bands where coherent events occur
in the compressor cycle. Additionally, it allows the extraction of pertinent and simple indicators for detecting
fault signatures in valves; these can be used in condition monitoring.

1 Introduction

The use of signal processing tools in the condition monitoring of machines is an industrial topic of grow-
ing potential and interest. In fact, with an economic and non intrusive instrumentation, signal processing
can provide useful information about the identification of physical phenomena (observability), the detec-
tion, and the isolation of faults (diagnostics). For rotating and reciprocating machines, classical maintenance
techniques are commonly based on oil, gas and temperature analyses (diesel engines), pressure (pumps) or
electrical measurements (asynchronous machines); more recently acoustic emission showed an interesting
potential [25]. But by no doubts, the most adapted technique remains vibration analysis which provides the
best sensitivity to the dynamics and kinematics of such machines. The choice of a vibration-monitoring anal-
ysis procedure should be made in accordance with the operation characteristic of the machine. Conventional
approaches, such as Fourier or ARMA analyses, are based on the assumptions that vibration signals are
stationary (time invariant statistics) and ergodic (statistical indicators can be computed from time averages);
this is usually legitimate for rotating machines. However, when coming to reciprocating machines such as IC
engines and compressors, the dissipation of energy is strongly unsteady due to chocks and abrupt pressure
changes, thus resulting in vibration signals that are transient and non-stationary (time variant statistics). Even
though no theory can universally model all non-stationary processes, some dedicated tools such as envelope
analysis and time frequency representation are efficient enough to follow energy changes and to detect inter-
mittent faults. When applied to reciprocating machines, these representations show that the energy changes
are periodic, in synchronization with the machine operating cycle, so that the process can be considered as
cyclostationary.

Even though cyclostationarity is a concept that has appeared in wireless communication engineering [13],
its transfer to machine condition monitoring has recently witnessed fruitful successes [8, 15, 11]. However,
taking advantage of the cyclostationarity of a machine is subjected to the introduction of specific signal
preprocessing algorithms, especially to cancel out any rotation velocity fluctuations. In fact, to maintain
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the same duration for all recorded cycles of a machine, time signals are usually resampled according to an
angular reference locked to the machine kinematics; therefore all statistical averages necessary to compute
monitoring indicators can be performed in a cyclic manner (synchronous statistics) [20, 21]. Many condition
monitoring applications have shown that, comparing to conventional approaches, cyclostationary modeling
and cyclic signal processing yield extra information that greatly help to better characterize physical processes
from their periodic modulations. Typical cases have dealt with the separation of gear and bearing vibrations
signals in gearboxes [6] as well as differential faults detection and localization [10]. Alike, the analysis
of IC engines vibrations using cyclostationarity has allowed better estimation of the vibration signatures
of combustion, piston slap, and injection phenomena, and has contributed to provide better noise analyses
and diagnostic solutions [3, 18]. However, for compressors, fault detection based on cyclic processing have
remained limited so far; traditional approaches are rather based on the detection of parameters changes in
mathematical models [19, 17] and on classical (e.g. stationary) signal processing techniques [28]. In this
context, this paper assesses the potential of cyclostationary modeling for an accurate identification of recip-
rocating compressors events (opening and closing of valves) in measured vibration signals, in an effort to
recognize typical faults such as cracks and breaks of the valve. This kind of faults is reputed as hardly de-
tectable (due to the small amount of vibration energy they deliver) and very critical to the machine operation
[16].

The paper is organized in two parts. Firstly, a preliminary analysis of compressor vibration signals will
show the usefulness of the cyclostationary assumption as well as the angular resampling procedure, and the
signal decomposition into its periodic and random residual parts. In the second part, the angle-frequency
Wigner-Ville representation based on cyclic averaging will be introduced for two purposes:

• the identification of the physical events in the compressor cycle. Preliminary observations are reported
from measured signals and validated with sensors correlation procedure inspired from [24],

• the comparison of the energy distribution between normal and damaged situations, so as to allow the
characterization of fault signatures. These signatures will be further summarized by simple energy
indicators computed in specific spectral and angular ranges.

2 Characteristics of compressor vibrations

2.1 Experimental test bench

Measurements were conducted on a reciprocating compressor with a double-acting piston (compression
cycle in each piston side) at the Burton Corblin industrial site in Nogent-sur-Oise, France (Figure 1). Three
types of sensors were used:

• 7 accelerometers placed on the cylinder casing, on the discharge valve (named ‘X, Y, Z cylinder’ and
‘Y valve’ in Figure 1.a), and on the shaft casing (named ‘X, Z front shaft bearing’ , and ‘Z butt’ in
Figure 1.b),

• 3 pressure sensors to measure the cylinder, upstream (suction valve) and downstream pressure (dis-
charge valve),

• a tachometer and an optical encoder that delivered phase signals.

The accelerometers were positioned so as to target the follow up of the compressor cycle and to minimize
the influence of mechanical noise generated by crankshaft kinematics, in order to avoid physical misinter-
pretation of energy dissipation.

The crankshaft angular velocity was fixed to 805 rpm and a 5 KHz anti-aliasing filter was applied.

2
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(a) (b)

Figure 1: experimental test bench of the reciprocating compressor with sensors placement: a) the cylinder
casing, b) the shaft casing

2.2 Cyclostationary property of compressor signals

The cyclostationary property of compressor vibrations can be intuitively introduced from the visual observa-
tion of the recorded time history signals displayed in Figure 2. These signals exhibit a repetition of transient
waveforms that are linked to intermittent energy dissipation during the cycle. This is essentially due to valve
operation. For example, the opening of the discharge valve involves an important aerodynamic force that
results from the sudden rise of fluid dynamic pressure with piston translation. The compressor structure
responds to this force with a vibration, which is mainly random because of the involved turbulence phe-
nomenon. On the other hand, the compressor also sustains forced periodic vibrations due to the crankshaft
rotation and piston motions. Overall, the vibration signal may be seen as a superposition of repetitive random
and periodic forced responses, that is a signal with a periodic time-varying structure. Technically speaking,
the compressor vibration signal can be considered as mixed stochastic/periodic process that is periodically
modulated according to the machine cycle; that is a cyclostationary process. Let us now briefly remind the
basic properties of cyclostationarity processes.

2.2.1 Basics of cyclostationarity theory

A cyclostationary process is a stochastic process that exhibits hidden periodicities in its structure [2, 14,
27]. Formally, a stochastic process x(t) is said to be strict-sense cyclostationary with cycle T if its joint
probability density function is T−periodic:

px(x1, ..., xn; t1, ..., tn) = px(x1, ..., xn; t1 + T, ..., tn + T )
where x1, ..., xn =x(t1), ..., x(tn), and ti denotes time

(1)

In practice, wide-sense rather than strict-sense cyclostationarity (called also periodical correlation) is com-
monly used for vibration analysis. Wide-sense cyclostationarity only requires the periodicity of the first two
moments of the process:

• first order cyclostationarity (CS1)

mx(t)=̂E{x(t)} = mx(t + T ) (2)

3
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Figure 2: Example of a typical vibration signal acquired on a compressor (g = 9.8m/s2). The periodic
behavior of the signal is observed through the cyclic redundancy of the transients

• second order cyclostationarity (CS2)

R2x(t1, t2)=̂E{x(t1)x∗(t2)} = R2x(t1 + T, t2 + T ) (3)

where E{.} stands for the expected value or ensemble average operator. Note that so far ergodicity is not
assumed so that E{.} cannot be replaced by time averaging.

Although vibration signals generated by rotating machines encompass more subtle forms of cyclostation-
arity than that described above (refer to [5] for details about the typology of cyclostationary processes),
wide-sense cyclostationarity modeling is just good enough for reciprocating compressors, where the finite
cycle T refers to the machine crankshaft rotation period. However, for the validity of the model, it is manda-
tory that T remains constant, which is not necessarily satisfied when the machine experiences some speed
fluctuation. As shown in Figure 3, the instantaneous velocity – as measured from the shaft encoder – has
some fluctuation around a mean value. Even though it hardly represents 1% velocity perturbation, it involves
many processing ambiguities especially due to the variation of time samples from one cycle to another. To
ensure the steadiness of the cycle length T and then of the cyclostationarity property, the best solution is to
resample the time recorded signals according to angle. By doing so, vibrations become perfectly periodic
with respect to the machine kinematics, independently of possible time variation [20, 21].

2.2.2 Angular resampling

Sampling the signals according to an angular reference can be performed either directly during the acquisition
process (by means of an external clock signal), or indirectly by resampling the temporally digitalized time
signals afterwards. For economic and cluttering constraints, more interest has been given to the second
strategy, known as Order Tracking [12]. Let us briefly summarize its principle. Given a discrete time
sequence x(ti), i = 1..Ntot, with Ntot: the total number of samples and a phase signal (angular reference)
provided by a tachometer or an encoder, the algorithm performs the following steps:

• Build an angular grid with a constant sampling angular period Θe (the angular resolution). Θe is fixed
with respect to Shannon’s condition: Θe ≤ 1

2
mintΩ(t)

fmax
with fmax the maximum signal frequency. In

4
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the present experiment, fmax = Fe
2 = 6400 Hz and Ω(t) = 805 rd/min ± 1%, so that Θe = 0.35◦

corresponding to N = 1024 angular points per revolution. Then, the angular grid θi, i = 1, ..., Ntot is
considered such that each N samples sequence corresponds to a revolution (one crankshaft rotation).

• Estimate the corresponding temporal instants tθ1 , ..., tθNtot
: it consists firstly in tracking the instants

Tn where the signal exceeds a fixed threshold that corresponds to the nth revolution of the tachometer
or to the nth crossing of the encoder Θn. The instants tθ1 , ..., tθNtot

are obtained by an interpolation of
Tn values from Θn to θi.

• Compute the angular signals: with the knowledge of x(ti), i = 1...Ntot estimate x(θi) = x(tθi
) by

interpolation of x(ti) from ti to tθ1 , ..., tθNtot
by means of common interpolation techniques such as

Lagrange, Fourier, cubic splines, etc.

Angular resampling ensures an accurate cyclic representation of signals. Figure 4 shows five arbitrary cycles
selected from a resampled vibration signal. The signal decomposition into cycles, having the same length but
not necessarily the same wave-form, allows considering them as separate realizations of a stochastic process.
That offers an ergodicity adaptation for the cyclostationary process known as ‘cycloergodicity’, and which
means that the expected value E{.} can be computed from cyclic averaging instead of ensemble averaging.
This assumption has considerable importance as it makes possible the application of cyclostationarity, and
has been successfully applied to engines [1, 3, 18] gears and rolling element bearing signals [2, 9, 23].

2.3 The cyclostationary modeling of compressor signals

The physical analysis of vibrations indicates that they are signals generated by both periodic and random
mechanisms that are periodically modulated in magnitude and in phase according to the machine cycle. That
brings out a mathematical model that considers vibrations signals as a composition of a periodic part (CS1)
and a wide sense cyclostationary part (CS2). It can be formulated as follows:

An angularly resampled vibration process y(θi), θi ∈ 0,Θe, ..., (N − 1)Θe , with cycle Θ = NΘe reads

y(θi) = p(θi) + x(θi) + n(θi) (4)

with p(θi) the N-periodic contribution, x(θi) the wide sense cyclostationary contribution, and n(θi) the
remaining (assumed stationary) noise.

Because it is difficult to separate the stationary noise n(θi) from the mixture, we associate it with x(θi) to
form the residual part r(θi) = x(θi)+n(θi) , which is CS2 as well. Then, for compressor signals, the model
is formulated as follows:

y(θi) = p(θi) + r(θi) (5)

Besides the direct analysis of the signal, many dedicated processing tools can be applied to estimate each
part of the above decomposition and to analyze them.

• Periodic part

The CS1 part accounts for the natural periodicity of the signal; therefore it has a dominant energetic
content for rotating machines (Figure 5). It is commonly extracted from the measured signal by means
of synchronous averaging. The synchronous average on a finite number of cycle M uses the cycloer-
godicity assumption and is defined as:

p̂(θi) =
1
M

M−1∑
k=0

y(θi + kNΘe) with θi ∈ {0,Θe, ..., (N − 1)Θe} (6)

where p̂(θi) means an estimate of p(θi). Many first order tools can then be applied for the analysis of
p̂(θi), such as the Fourier coefficients [2].

5
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Figure 3: Fluctuation of the instantneous velocity of the crankshaft

Figure 4: Five cycles of angular resampled vibration signals (1st, 2nd, 3rd, 40th and 80th cycle) with
N=1024

• Residual part

Once the periodic part has been estimated, the residual part is estimated as:

r̂(θi) = y(θi)− p̂(θi) (7)

In spite of its low energetic content in rotating machines, it has been already shown that the residual
part can provide complementary information to the analysis. Its analysis is carried out by means of
second-order tools such as the synchronous Auto-Covariance function [1], the Instantaneous Auto-
Correlation (time or angle domain), the spectral correlation (frequency domain), and the Wigner-Ville
spectrum (time or angle-frequency domain).

3 Events identification and faults detection with Angle-Frequency
analysis

3.1 Analysis methodology

As showed in the preceding part, the cyclic analysis of compressor signals is made possible by the two
following pre-processing procedures:

6
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Figure 5: Signal decomposition into periodic and residual parts using M=100 cycles

• angular resampling of signals,

• separation of periodic and random contributions using synchronous averaging.

Next, the applied analysis methodology will consist on:

• the angle-frequency representation of the vibration energy with the Wigner-Ville Spectrum (WVS),

• extraction of pertinent faults descriptors from the comparison of the angle-frequency energy distribu-
tions of safe and valve faults signals.

3.2 Angle-Frequency energy representation with the Wigner-Ville Spectrum

Compared to the other angle (time)-frequency representation classes, the Wigner-Ville distribution (WVD)
offers the highest resolution which is an important criterion in the detection of faults. The WVD measures
the energy distribution in the angle frequency domain according to the formula (continuous variables):

Wx(θ, f) =
∫

x(θ +
τ

2
).x(θ − τ

2
)
∗
.e−j2πτfdτ = FTτ→f{x(θ +

τ

2
).x(θ − τ

2
)
∗
} (8)

with x(θ) a continuous angular signal and FT refers to the Fourier Transform

The Wigner-Ville spectrum (WVS) is the expected value of the WVD:

WV Sx(θ, f) = E{FTτ→f{x(θ +
τ

2
).x(θ − τ

2
)
∗
}} = FTτ→f{E{x(θ +

τ

2
).x(θ − τ

2
)
∗
}} (9)

In this form, the WVS is the Fourier Transform of the Instantaneous Auto-Correlation (IAC) function is
defined as:

Rx(θ, f) = E{x(θ +
τ

2
).x(θ − τ

2
)
∗
} (10)

7

NON-STATIONARY SOUND AND VIBRATION ANALYSIS AND APPLICATIONS 2927



Figure 6: The Wigner-Ville Spectrum in the angular (horizontal) frequency (vertical) domain for the Y
cylinder vibration sensor

The IAC measures the energy interaction of the signal during the machine operation (referenced by angle
θ). Then, the energy cyclic behavior can be well analyzed through the WVS, which can be interpreted as an
‘instantaneous angular’ spectrum.

In practice, given a discrete angular signal x(θi), θi ∈ {0,Θe, ..., (N − 1)Θe}, the WVS is implemented as
follows:

• Anti-aliasing: the existence of the IAC requires using only even time-lags τ so that τ
2 in (9) is an inte-

ger. Then, in order to avoid aliasing of WVS due to under-sampling the IAC by a factor 2, one should
either double sample signal x(θi) or use the analytic signal (obtained through the Hilbert Transform)

• Cyclic averaging: following the idea of synchronous averaging, the expected value in the IAC is
replaced by averaging over machine cycles. That is, for every time-lag τ ∈ {0,Θe, ..., (L− 1)Θe} (L
is the lag size), the IAC function is estimated as:

R̂x(θi, τ) =
1
M

M−1∑
k=0

{x(θi + kNΘe + τ).x(θi + kNΘe − τ)∗} (11)

• Smoothing: the interferences in the WVS are attenuated through a classical smoothing procedure
in the angle-frequency domain with windowing techniques [22]. For compressor signals, we used
a 45◦ Hanning window and a 500 Hz rectangular windows for angular and frequency smoothing,
respectively.

Figure 6 shows the WVS representation of a vibration signal measured in the Y cylinder position. It gives
an observation of the dissipated energy all along the angular cycle ([0 360◦]) and the spectral band ([0 6,4
KHz]). The main observation allowed by this figure, is the energy peak localized at the end of the machine
cycle in medium frequency range which is likely due to the structural dynamic and the fluid turbulence
effects of the discharge valve opening. Such observation is particularly interesting in the context of studying
the discharge valve faults signature.

8
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Figure 7: Empirical estimation of the discharge valve opening and closing angles

3.3 Events identification in the compressor cycle

Depending on the sensors positions, other events related to the opening and closing of valves can be observed
in the WVS. In order to make the correspondence between these events and the former energy observations,
their angular positions should be firstly and accurately estimated. Then, a correlation procedure between
energy dissipations in specific angular-frequency ranges is necessary to validate their physical interpretations.

3.3.1 Estimation of angular positions

The angular positions of the opening and closing of the inlet and discharge valves can be estimated through
a simple comparison between pressures and vibrations traces. For example, as observed in Figure 7, the
opening and closing occurrences of the discharge valve on the Y cylinder and Y valve sensors coincide with
typical changes in the pressure trace: the full opening of the valve occurs at 285◦, where oscillations appear
in the peak values of the pressure simultaneously with marked modulations in the vibration traces; the full
closing of the valve occurs at 5◦, where the start of the pressure fall (piston relaxation) corresponds to the end
of the vibration modulations. Then, it can be concluded that the compression event occurs in the [285◦ 5◦]
angular range of the cycle. Similarly the aspiration events are estimated to occur in the [55◦ 190◦] angular
range of the cycle

3.3.2 Correlation procedure

The correlation procedure targets to validate the identification of energy observations in the WVS. In fact,
the most common mistake in the energy interpretation is to mix the effect of the compressor events with
mechanical noise from friction and/or shocks. The degree of correlation between the energy content acquired
by one sensor with the others could inform us whether the events are generated from the same physical
process. It can be measured either between sensors in a specific angular-frequency band (Figure 8.a), or
between angular-frequency bands for the same sensor (Figure 8.b).

Given Ei(k), Ej(k) the energy in a specific angular-frequency band in a cycle k ∈ [1 k] for sensor i and j
respectively, the correlation coefficient is computed as follows:

ρij =
∑M

k=1[Ei(k)− E(Ei)].[Ej(k)− E(Ej)]

[
∑M

k=1 [Ei(k)− E(Ei)]
2.

∑M
k=1 [Ej(k)− E(Ej)]

2]]
1
2

(12)
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(a) (b)

Figure 8: Energy contents selected for the correlation procedure a) between distinct sensors in the same
angular frequency range, b) between different angular frequency ranges in the same sensor (in this case, the

color code is made relative for the high filtered band to improve the graph display)

where E(Ei) is the mean energy through the M cycles :

E(Ei) =
1
M

M∑
k=1

Ei(k) (13)

X cylinder Y cylinder Y valve X front shaft Z front shaft Z butt
X cylinder 1 0.3380 0.4781 0.1383 0.1083 −0.0061
Y cylinder 1 0.5763 0.1068 0.0424 −0.1170

Y valve 1 −0.0355 0.0106 −0.1939
X front shaft 1 0.3981 0.1388
Z front shaft 1 0.2449

Z butt 1

Table 1: Energy correlation coefficients between sensors for the [285◦ 330◦]∗[2 KHz 3 KHz] energy bands

As noticed in the WVS representation of Figure 6, the energy experiences an abrupt increase located in the
angular range [285◦ 330◦] and frequency band [2 KHz 3 KHz]. This energy behavior is observed with more
or less intensity on all sensors. The angular estimation of the compressor events suggests its correspondence
with the opening of the discharge valve and the compression process (piston and flow motion). The study
of this energy content is then very interesting to control the discharge valve condition. However, before
conceiving any fault detection procedure, it should be made sure that this event is actually related to the
valve dynamics.

The computation of the correlation coefficients between sensors is performed on the energy at [285◦ 330◦]∗[2
KHz 3 KHz] and some values are presented in the Table 1. It shows the existence of a good correlation
between cylinder casing sensors: X, Y cylinder and Y valve. This result is enough to admit the observability
of the compression event from these sensors. Additionally, a poor correlation is noted between the cylinder
casing sensors and the shaft casing sensors: X, Y front shaft and Z butt. By the sequel, the energies of
the latters are rather assigned to the effect of mechanical noise and their sensitiveness to the compression is
neglected.

10
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Figure 9: SWV representation of raw signal for Y cylinder for different configurations a) Safe operation, b)
Fissure of the discharge valve, c) Break of the discharge valve

3.4 Valve faults detection

The valve faults are critical to the compressor efficiency and can even be a direct breakdown cause. Diagno-
sis operations in reciprocating compressors are usually focusing on the detection of parameters changes in
mathematical models of the valve dynamics [19, 17]. The WVS based approach applied in our application
is more suitable in the industrial context where the main criteria are simplicity and on-line implementation.
In fact, for the detection of discharge valve faults, the measurements observations discussed in the last sec-
tion, allow to characterize the corresponding energy distribution as well as the appropriate sensors. Then, an
intuitive comparison between WVS representations for the safe and damaged discharge valve configuration
leads to the identification of the fault signature. At whole, three kinds of configurations were simulated in
the test bench:

• Safe operation,

• Fissure of the discharge valve,

• Break of the discharge valve.

The confrontation between the WVS of these configurations was done on the raw signals to study the global
energy behavior and also on the residual signals to assess their potential for giving additional information for
the fault detection.

3.4.1 Raw signals

Analyses were done to all sensors measurements having a good correlation with the discharge events. Figure
9 gives an illustration of the discharge valve signatures in the Y valve sensor:

• the energetic peak in the discharge phase situated in [290◦ 330◦]∗[2,3 KHz 2,7 KHz] in the safe
configuration is alleviated by the fissure fault and it eventually completely disappears with the break
down of discharge valve; this phenomenon is also observed in the other cylinder casing positions,

• the appearance of an energetic content in the cycle onset between the closing of the discharge valve
and the opening of the inlet valve with the fissure fault in the high frequencies (> 3 KHz).

These observations can be interpreted from the fact that the valve fault has influenced the frequency modu-
lation generated by the turbulent fluid motion at the valve opening. This can be supported by the variation of
the cylinder pressure oscillations at the valve opening between the safe and faulty configurations (Figure 10).
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Figure 10: Cylinder pressure variation for different configurations a) Safe operation, b) Fissure of the
discharge valve, c) Break of the discharge valve

The energy appearing in the cycle onset is explained from the fact that piston relaxation after discharging
involves a fluid leak in the damaged valve case in spite of its closing.

In short, the confrontation of raw signals WVS representations leads to the selection of two pertinent angular-
frequency zones having a good sensitivity to the valve faults:

• [290◦ 330◦] ∗ [2, 3KHz 2, 7KHz] : energy falls at the discharge onset,

• [20◦ 70◦] ∗ [3KHz 5KHz]: energy appears in the piston relaxation phase.

3.4.2 Residual signals

Even though the residual signal is dominated by the periodic contribution, it is capable through its CS2
contribution to bring complementary information. It can be clearly deducted from the example of Figure
11 that the valve faults, besides the other mentioned effects, can also increase the randomness in the energy
behavior (the residual CS2 contribution becomes of the same order of magnitude than the synchronous
average).

The WVS representations of residual signals for different configuration show basically the same fault effects
at the cycle onset in the piston relaxation phase. However, the observation of the valve opening is poor and
some mechanical noise appears along the cycle.

3.4.3 Discrimination issues

The analysis of raw and residual signals with the WVS representations has allowed identifying specific
events within the cycle and characterizing the energy changes induced by valve faults. In a perspective to the
development of a practical valve faults detection tool, it is mandatory to handle the complexity of the WVS
analysis through resuming its discriminant information in simple energy descriptors. In our application, we
have thought about the use of the instantaneous power in a suitable frequency bands to restitute the observed
2D phenomenon in the WVS in a 1D angular sequence. In fact, the instantaneous power measures the energy
flow rate in each cycle angle through a quadratic cyclic average:

Px(i) =
1
M

M−1∑
k=0

x(θi + kNΘe)
2 (14)

Then, in order to have an appropriate fault descriptor, the instantaneous power is summed in a frequency
band Bf and an angular domain of interest Bn. The resulting energy descriptor E

Bf Bn
x can also be related

to the WVS as:
E

Bf Bn
x =

∑
Bn

P
Bf
x (i) =

∑
Bn

∑
Bf

WV Sx(i, f) (15)
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(a) (b)

Figure 11: Comparison of the energy contribution between the synchronous average and the residual signal
for a) the safe operation, b) Fissure of the discharge valve fault

In the fault discrimination context, the WVS analysis can be considered as a preprocessing procedure to
select the appropriate sensors and to localize the angular and frequency bands having where the sensitivity to
a fault is maximized. The energy descriptors can then be derived form these representations and considered
as faults indicators.

4 Conclusion

This paper presents a fault detection application to reciprocating compressors. Based on the WVS represen-
tation, the applied methodology exploits the cyclostationarity of vibrations signals to identify the machine
events and characterize the valve fault signature. Results have shown the usefulness of the energy correlation
procedure to distinguish between the events of interest and those from mechanical noise. Although the analy-
sis of raw signals may be sufficient to master the discharge valve faults, the residual signals have been shown
to contain non-negligible information to diagnose other types of faults. In fact, further works are going in the
direction of the valve fault localization, i.e. to determine which discharge valve is damaged. Residual signals
seem to have prominent potential for this problematic which has to be validated by forthcoming experiments.
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rci dynamics, Structural Dynamics Consultants 
Raubbuehlstrasse 21B, CH-8600 Duebendorf, Switzerland 
email: reto.cantieni@rcidynamics.ch 

Abstract 
Several people working on the 2nd floor of an office building complained about disturbing floor vibra-
tions. The building consists of five floors. In the contrary to the other floors, the 2nd floor slab has no 
floor-to-ceiling secondary walls neither beneath nor on top of the slab. The modal parameters of four 
floors were identified using ambient vibration testing (AVT)-technology and a 5-kg-medical ball as a vi-
bration generator. To monitor the vibration intensity and to identify the source of the disturbing vibrations, 
a triaxial velocity sensor was subsequently  mounted in a critical point of the 2nd floor slab. The vibra-
tions were monitored for two months using a newly developed internet-accelerograph. This allowed on-
line checking of the vibrations and downloading of the data on an external server on a daily basis. Process-
ing of these data yielded that no other source of the vibrations could be identified than people walking on 
the floor.  
 

1 The problem and the approach to find a solution 
 
Several people working on the 2nd floor of an office building complained about disturbing floor vibra-
tions. The building consists of four similar floors. To identify the problem and to achieve a reasonable  
basis to evaluate a solution, two kinds of tests were performed: 

a) System identification of the floors (determination of natural frequencies, mode shapes and 
damping coefficients), 

b) Monitoring of the 2nd floor vibrations for two months. 
 

2 The building 
 
The building consists of five floors. In this paper, the expression "floor" also means the slab carrying the 
respective floor. Unfortunately, no engineer's drawings showing the slab and the supporting walls from a 
looking upwards perspective were available. The drawings shown here are the architect's drawings looking 
down on the respective floor. 
The ground floor (slab) being supported by several concrete and masonry walls was not subject of the in-
vestigation discussed here. Floors No. 1 to 4 are (most probably) identical concrete slabs sitting on some 
core walls and some columns arranged at the outer edge of the slabs. 
In the contrary to the other floors, the 2nd floor has no floor-to-ceiling secondary walls neither beneath nor 
on top of the slab (Fig. 1). The other three floors have some floor-to-ceiling secondary walls either be-
neath (1st and 4th floor) or on top of the slab (3rd floor) (Figs. 2 and 3). Theoretically, these secondary 
walls are not load-carrying. 
The maximum span of the concrete slabs is about 7 m. The slab thickness is unknown. 
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Figure 1: Plan view of the 1st and 2nd  floors (cut above the slab and looking down on the slab). 
 

 
 

Figure 2: Plan view of the ground floor. The intermediate wall "supporting" the 1st floor slab is probably 
from masonry. 

 

 
 

Figure 3: Plan view of the 3rd floor; the 4th floor looks similar. The intermediate walls are probably from 
gypsum or masonry. 
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3 Modal parameter identification 
 

3.1 "Ambient excitation" 
 
To determine the structures' modal parameters, a modified Ambient Vibration Technique (AVT) was used. 
In the contrary to large civil engineering structures where the usual ambient sources of excitation like 
wind, traffic or seismic micro-tremors are inducing nice structural vibrations, problems may arise when 
investigating relatively small floors. 
To identify the dynamic parameters of such a structure, experience has shown that it is a good idea to arti-
ficially increase the level of structural vibrations during the "AVT" investigation. Moving on the floor and 
dropping a 5 kg medical ball from a height of roughly 1 m at irregular time intervals of one to four sec-
onds has proven to be a very efficient means of excitation for concrete floors exhibiting dimensions of 
several meters (Fig. 4). 

 
 

Figure 4: The medical ball used to excite the slabs and one of the accelerometers used to measure the slab 
response. 

 
The advantages of this procedure are three-fold: a) the vibration level induced in this way is definitely lar-
ger than any "noise" vibration induced by any "dynamic" piece of  equipment in the building (including 
the vibrations induced by the ball thrower's walking), b) the impulses generated by the ball (obviously; 
according to experience) have an optimum duration and the frequency band of interest is excited very 
nicely, and, c) the risk of the excitation sitting in a node of a structural natural vibration is zero. The latter 
is a very important advantage versus any kind of Forced Vibration Testing (FVT), where the point of exci-
tation usually has to be kept constant due to practical reasons. 
 

3.2 Response measurements 
 
Piezo-electric sensors PCB 393B31 with a sensitivity of 10 V/g were used to measure the floor vibrations 
(Fig. 4). The measurement point grid consisted of three vertical reference points and 35 roving vertical 
measurement points (Fig. 5). The latter were covered with five roving sensors in seven setups. 
The sampling rate was s = 100 Hz and the length of the time windows 5 minutes. 
During one weekend, the floors No. 1 to 3 were tested in this way in the absence of anybody in the build-
ing except the test crew. The 4th floor was tested in a minimum way only. Here, the first couple of natural 
frequencies were established without determining mode shapes and damping coefficients. 
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Figure 5: The measurement point grid. The red arrows indicate the position of the three reference sensors 
(located outside the grid lines), the black arrows the five roving sensors of setup 1. To cover the 35 Meas-

urement points, a total of 7 setups was required. 
 
 

3.3 Signal processing and results 
 
EFDD (Enhanced Frequency Domain Decomposition) and SSI (Stochastic Subspace Identification) meth-
ods as offered from the ARTeMIS Extractor software package were used to identify the modal parameters. 
Although being based on completely different algorithms, both methods yielded almost identical results 
(Tables 1 to 3). The largest differences were found for the damping values. However, most of these differ-
ences are quite small when compared with the results of tests on other structures. 
 

Mode f 
EFDD 
[Hz] 

ζ EFDD
[%] 

f  SSI 
[Hz] 

ζ SSI 
[%] 

MAC 
EFDD-

SSI 
1 11.57 2.03 11.52 3.61 0.9938 
2 12.84 2.50 12.88 3.12 0.9945 
3 17.05 4.91 17.10 5.34 0.9985 
4 25.16 4.05 25.24 8.07 0.7743 
5 35.16 2.61 35.26 3.48 0.4341 

 

Table 1: 1st floor: Natural frequencies f and damping coefficients ζ for the first five modes. 
 

Mode f 
EFDD 
[Hz] 

ζ EFDD
[%] 

f  SSI 
[Hz] 

ζ SSI 
[%] 

MAC 
EFDD-

SSI 
1 7.36 4.13 7.36 4.20 0.9996 
2 10.04 2.32 9.94 7.20 0.9664 
3 11.07 2.03 10.96 3.24 0.8177 
4 12.73 2.41 12.75 2.45 0.9821 
5 15.72 2.62 15.66 2.61 0.9912 
6 17.71 2.75 17.70 3.11 0.9919 
7 20.13 1.65 20.22 3.48 0.9771 
8 26.34 2.48 26.24 16.05 0.7785 

 
Table 2: 2nd floor: Natural frequencies f and damping coefficients ζ for the first eight modes. 
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Mode f 
EFDD 
[Hz] 

ζ EFDD
[%] 

f  SSI 
[Hz] 

ζ SSI 
[%] 

MAC 
EFDD-

SSI 
1 11.89 3.33 11.81 3.74 0.9987 
2 14.20 2.37 14.33 8.76 0.8614 
3 15.74 2.54 15.85 2.68 0.9451 
4 18.17 2.05 18.11 6.43 0.8484 
5 21.43 2.59 21.41 4.44 0.9662 

 
Table 3: 3rd floor: Natural frequencies f and damping coefficients ζ for the first five modes. 

 
 
The MAC-values (Modal Assurance Criterion) given in the Tables 1 to 3 compare the mode shapes as cal-
culated with EFDD and with SSI respectively. MAC ranges between 0 and 1, MAC = 1 indicating that the 
two eigenvectors compared are identical. 
The shapes of the first modes of floors No. 1 to 3 are given in the Figures 6 to 8. Figures 9 and 10 show 
the second and third mode of the 2nd floor. 
The fundamental frequency of the 4th floor was evaluated to f = 12.0 Hz. 

 
Figure 6: 1st floor, Mode 1 

 

 
Figure 7: 2nd floor, Mode 1 
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Figure 8: 3rd floor, Mode 1 

 
 

 
Figure 9: 2nd floor, Mode 2 

 

 
Figure 10: 2nd floor, Mode 3 
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4 Vibration Monitoring 
 

4.1 Instrumentation, data acquisition 
 
To identify the source of the vibrations of the 2nd floor slab, a triaxial velocity sensor was mounted at a 
critical point. The vibrations were monitored for two months (December 19, 2003 to February 26, 2004) 
using a newly developed internet-accelerograph, IA-1. The instrument originally has internally mounted 
accelerometers, but a modified version was deployed with an external GSV-310 velocity sensor for this 
monitoring project (Fig. 11).  
 

 
Figure 11: IA-1 with external velocity sensor, used for vibration monitoring. 

 
The three signals were continuously sampled at a rate s = 100 Hz and stored every five minutes in a file on 
the IA-1 local disk. This disk is large enough to store the signals collected for 2.5 days. 
Every day, the 288 data files were transferred via internet to a remote server. This internet connection also 
allowed to check each of the 5-minute-files immediately after it had been saved to the local disk from any 
given point in the world having internet access (and the necessary security permissions to reach to the 
internet accelerograph). Application of this procedure was facilitated very much through the fact that the 
IA-1 could be hooked-up to the local intranet available in the office building under investigation. 
 

4.2 Signal processing 
 
Using the GeoDAS software package, for each 5-minute time window a number of characteristic values 
could be determined within seconds. These values cover several types of maximum and averaged values 
as well as the dominant frequency. 
 

4.3 Results 
 
Figures 12 to 15 show the peak values of all 288 5-minute-time windows of the vectorial velocity as a 
function of time for a 24-hours monitoring time. Diagrams of this type were calculated on a daily basis 
and were used to get a first insight into the behaviour of the floor under investigation. The behaviour as 
shown in the Figures 12 to 14 can be called "typical" and covers almost all of the 64 days of undisturbed 
24-hours monitoring. These "typical" diagrams, identically scaled on the ordinate, include a normal work-
ing day (Fig. 12), a typical Sunday (Fig. 13) and a typical Saturday (Fig. 14). 
Figure 15 shows the diagram for a normal working day with one singular event. It was not possible to 
identify the source of this singular event. Probably, somebody "stumbled" over the velocity sensor. 
 

OMAX OPERATIONAL MODAL ANALYSIS IN PRESENCE OF EXOGENEOUS INPUTS 2943



Wednesday, January 7, 2004

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6

00
:00

:00
.00

0

01
:25

:00
.00

0

02
:50

:00
.00

0

04
:15

:00
.00

0

05
:40

:00
.00

0

07
:05

:00
.00

0

08
:30

:00
.00

0

09
:55

:00
.00

0

11
:20

:00
.00

0

12
:45

:00
.00

0

14
:10

:00
.00

0

15
:35

:00
.00

0

17
:00

:00
.00

0

18
:25

:00
.00

0

19
:50

:00
.00

0

21
:15

:00
.00

0

22
:40

:00
.00

0

UTC = MEZ minus 1 H

m
m

/s

Amax_v

 
Figure 12: Floor vibrations for a typical normal working day. 
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Figure 13: Floor vibrations for a typical Sunday. 

Saturday, January 31, 2004

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6

00
:00

:00
.00

0

01
:25

:00
.00

0

02
:50

:00
.00

0

04
:15

:00
.00

0

05
:40

:00
.00

0

07
:05

:00
.00

0

08
:30

:00
.00

0

09
:55

:00
.00

0

11
:20

:00
.00

0

12
:45

:00
.00

0

14
:10

:00
.00

0

15
:35

:00
.00

0

17
:00

:00
.00

0

18
:25

:00
.00

0

19
:50

:00
.00

0

21
:15

:00
.00

0

22
:40

:00
.00

0

UTC = MEZ - 1 H

m
m

/s

Amax_v

 
Figure 14: Floor vibrations for a typical Saturday. 

Thursday, January 8, 2004
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Figure 15: Normal working day with a singular event. 
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Therefore, as a first result of the monitoring tests, it could be noted that no other source could be identified 
than people walking on the floor.  
Many people walking on the floor resulted in maximum vectorial velocity amplitude values in the range 
amaxv = 0.8…2.5 mm/s (1.34 mm/s on the average). 
No people present in the building (typical Sunday) resulted in amaxv = 0.10…0.22 mm/s (0.17 mm/s on the 
average). 
Some people walking on the floor (typical Saturdays, one or two people present, mainly the room cleaning 
team) resulted in amaxv = 0.4…2.0 mm/s (0.94 mm/s on the average). 
An additional test was performed with making one person jump for two minutes in the neighbourhood of 
the velocity sensor. This yielded a peak value amaxv = 6.2 mm/s or roughly three times the value of normal 
walking on the floor and definitely less than what was measured for the "singular" event mentioned above. 
 
 

5 Discussion of the floors' dynamic characteristics 
 
As can be taken from [1]and[2], problems with concrete floor vibrations excited through walking people 
can be expected if f < 7.5 Hz. 
This easily explains the fact that problems were encountered with the 2nd floor but not with the other 
floors. 
Two remarks can be added here. 

a) The stiffening action of floor-to-ceiling walls located on top of a concrete floor is obviously 
much more important than their mass effect. There is no other explanation for the 3rd floor 
fundamental natural frequency being a factor of 1.6 higher than the one of the 2nd floor (with 
exhibiting an almost identical mode shape!). 

b) It is interesting to note that the fundamental mode of the "clean" 2nd floor exhibits higher 
damping values than the ones of the 1st and 3rd floors. Both, the 1st and 2nd floors have no 
floor-to-ceiling walls, but they have several partitioning "cardboard" walls with a height of 
some 0.3 m less than the room height. As a matter of speculation (and may be considering the 
shape of the respective fundamental mode) these partitioning walls contribute better to the 
damping capacity of the 2nd floor than to the one of the 1st floor (the 3rd has no "cardboard" 
partitioning walls). 

 
 

6 Rating of the 2nd floor vibration levels 
 

6.1 Perceptibility 
 
According to [1], perceptibility of human beings to vibration is proportional to acceleration for 
f = 1…10 Hz and proportional to velocity for f = 10…100 Hz. Staying with velocity, the threshold of per-
ceptibility is 0.16 mm/s,  v > 0.64 mm/s means "just perceptible", v > 2.0 mm/s means "clearly percepti-
ble",  and v > 6.4 mm/s means "disturbing/unpleasant". Transforming the measured velocities into accel-
eration based on a dominating frequency f = 7.4 Hz and applying the respective thresholds given yields the 
same results as for the velocity values: 
a) the vibration level measured without presence of people is close to the threshold of perceptibility, 
b) the vibration level measured for normal working conditions is mainly between the levels "just percepti-
ble" and "clearly perceptible". 
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6.2 Acceptability 
 
The German standard [3] which is widely used in Europe can be applied to vibrations in residential build-
ings only. 
The measured vibrations were therefore rated according to the ISO-Standards [4] and [5]. This rating is 
based on measured RMS-values of acceleration or velocity. Processing the signals using the GeoDAS 
software package allowed to plot similar graphics as shown in the Figures 12 to 15 for RMS- instead of 
peak values (Fig. 16). 
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Figure 16: Floor vibrations for a typical normal working day. 

 
The values for the two cases of interest are 

a) normal working day: vRMS = 0.47…1.45 mm/s, 0.8 mm/s on the average, 
b) nobody present: vRMS = 0.07…0.17 mm/s, 0.11 mm/s on the average. 

Three parameters have to be taken into account when applying ISO 2631 ([4] and [5]). 
a) the frequency weighting curve (Fig. 17), 
b) the base curve (Fig 18), and 
c) the multiplication factor. 

The frequency weighting curves take care of the fact that the sensibility of humans against vibrations de-
pends on the vibrations' direction and frequency. For vertical vibrations with a dominant frequency 
f  = 7.4 Hz, the frequency weighting is 0 dB. 
The base curve yields that for vertical vibrations with f = 7.4 Hz, the base value is v = 0.1 mm/s. 
For office buildings, "continuous or intermittent vibration", "day" and "night", Table 2 of [5]gives a multi-
plication factor 4. Multiplying this factor with the base value yields, that vibration levels (RMS velocity) 
of v < 0.4 mm/s "have been found to be satisfactory". 
In summary: During working hours, the vibration level is up to 3.6 times higher than "satisfactory" ac-
cording to [4], [5]. The vibration level valid for the state "nobody present in the building" is well below 
the "satisfactory" level according to ISO 2631. 
At the moment, discussions are ongoing to find an optimum solution for the problem. 
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Figure 17: Frequency weighting curves as given in [4]. Wk (solid line) applies for vertical movement. 
 

 
 

Figure 18: Base value for f = 7.4 Hz (ordinate's scaling: m/s). 

OMAX OPERATIONAL MODAL ANALYSIS IN PRESENCE OF EXOGENEOUS INPUTS 2947



7 Conclusions 
 
As the primary result, the investigation discussed here shows that a lower frequency limit f = 7.5 Hz for 
the fundamental natural frequency of concrete slabs in office buildings is not conservative. 
Furthermore, the investigation showed that the presence of "non-load-carrying", secondary floor-to-ceiling 
walls on top of a slab significantly influences the slab's dynamic characteristics. The stiffening effect of 
such walls seems to be much larger than their mass effect. 
Finally: The presence of lightweight partitioning walls with a height of less than the room height seems to 
(positively) influence the damping capacity of the slab. 
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Abstract
A finite element model is constructed representing the dynamic behavior of a spray boom. The model is
updated with experimental vibration data obtained from field measurements. The spectra of the input forces
are identified from these measurements and based on a parameterized spectrum model, a classification is
made between normal and rough spraying conditions.

1 Introduction

Spray booms are used to distribute pesticides and liquid fertilizer over the fields. The common practice is to
cover the field as homogeneously as possible. Extensive studies based on field experiments, mathematical
models and simulations pointed out that spray boom motions have a dramatic effect on the spray distribution
pattern. Since spray boom widths are continuously increasing, reachingvalues up to 50m nowadays, this
problem has become a very critical issue. Besides the non-uniformity of thespray pattern, also severe
strength problems arise for the large booms.

To reduce these motions, the eigenmodes of the spray boom should be damped. This can be done by placing
dampers on the structure. Therefore it has to be investigated which are themost important eigenmodes that
affect the spray pattern. A good damper location and the optimal damper characteristic resulting in mini-
mized vibrations have to be found. Besides, dampers with different characteristics have to be compared. This
is investigated by time domain analysis, because non-linear elements are treated. Moreover, the calculation
of the spray pattern requires time histories of the boom movements. This means that asides from a model
describing the dynamic behavior of a spray boom, also dynamic loads are required for such simulations.

To obtain such model and loads, there are many different possibilities. If the system consisting of tractor,
trailer and spray boom (figure 1) is modeled as a whole, standard road surface profiles can be used as input
loads to the six tires. It is commonly known that vertical accelerations of roadvehicles are ultimately caused
by road roughness [1]. Nevertheless, there is little information found in literature about the relation between
horizontal vehicle vibrations and vertical inputs from road roughness.In this case, we are mainly interested
in the horizontal vibrations of the spray boom, because non-uniformity of the spray distribution is mainly
caused by horizontal boom vibrations [2]. Moreover, in the case of off-road vehicles, the influence of soil
deformation should be taken into account, which complicates the problem. Therefore, this possibility is
rejected.

A second opportunity, which will be applied here, is to estimate the input loads from acceleration data
obtained by field measurements, using an inverse method. In order for this method to be able to be successful,
the mathematical model and the real system should match very well. This can be achieved by updating the
parameters of the model by the experimental vibration data.

The problem of model updating is a research topic that has been widely investigated in the area of structural
dynamics [3]. For civil structures, the common approach is to use modal parameters such as eigenfrequen-
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Figure 1: Picture of the tractor-trailer-sprayboom combination on the shaker
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Figure 2: 2D-model of the sprayboom

cies and modeshapes as residues in the updating process, where parameter estimation is performed with
sensitivity-based methods [4]. One of the advantages of this approach,is that modal parameters can be
identified from output-only measurements, where the structure is excited by ambient loads. This way, the
parameters can be estimated in operational conditions.

The number of parameters to be updated should be kept small in order to geta well-conditioned estimation
problem. Therefore, a simplified model of the spray boom in combination with thetrailer is proposed (fig-
ure 2). Besides, it is tested in different configurations to increase the number of updating equations. This
technique is referred to as multi-model updating [5].

As the problem of model updating, also indirect identification of forces is classified in the category of in-
verse problems and thus suffers from ill conditioning. It becomes ill-posed when the number of potential
input locations exceeds the number of modes, which can be problematic for the case forces are identified
from experimental modal models [6, 7]. Here, forces are identified froman updated finite element model,
so this should not be a problem. Since there are only two input locations, the problem should be well condi-
tioned. For the identification of forces, the algorithm described by [8] is employed, which is implemented in
FEMtools. This software is also used for updating the finite element model.
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2 Spray boom model

The system under test is a John Deere 700 series prototype trailed sprayer (24m width, triple fold) in combi-
nation with a New Holland TS135 tractor. A simplified model of this system is proposed here.

The spray boom is modeled as a 2D structure in the horizontal plane (figure2). Movements in the horizontal
plane are most of our interest, because they have the largest effect onthe spray distribution pattern. The large
difference in stiffness of the spray boom in horizontal direction and vertical direction (figure 2) justifies the
assumption of a 2D model. The boom is modeled by 2D beam elements whose mass properties are estimated
from the manufacturer’s data.

The dynamics of the tractor and trailer are not taken into consideration. Instead, the displacement of the
trailer is used as input to the model. This implies that it has to be ensured that there is no interaction between
the dynamics of the tractor-trailer combination and the spray boom. As inputs to the model, displacements of
the trailer are selected rather then forces. This is achieved in FE-software by modeling the trailer as a point
mass with very large inertia, making its motions insensitive to resonances of the beam. So, forces applied
to this point mass are proportional to its acceleration amplitude. Displacements can be deduced from these
accelerations. The two inputs of the system are translation in the y-direction U1, and rotation about the z-axis
of the trailer U2 .

Three different springs can be seen on figure 2. The first two (K1 and K2) are intended to improve the
dynamic behavior of the spray boom, by lowering the eigenfrequencies. This way, damping can be increased
by placing dampers at these locations. The third spring (K3) represents the stiffness of bearings that are
intended to guide the spray boom in the vertical direction.

The first two springs (K1 and K2) can be blocked, which allows to test the structure in three different con-
figurations (table 1). The advantage is that more unknown parameters canbe estimated, because the number
of updating equations is increased. Besides, if identical forces are applied to the test system in the three
configurations, the identified forces should be the same too. This way it canbe checked whether the model
is consistent.

To be sure that the forces applied to the system are the same in the three configurations, the model under test
is first subjected to shaker excitations. Afterwards, field tests are performed to obtain the load spectrum in
real field conditions.

configuration K1 K2

1 blocked blocked
2 K1 blocked
3 blocked K2

Table 1: Configurations

3 Shaker experiments

3.1 Operational modal analysis

For the modal analysis experiment, the two wheels of the trailer are excited in vertical direction with two
hydraulic shaker tables (figure 1). Double integrated white noise signals are applied to the position controllers
of the shakers in the frequency band 0.2-10Hz.

Although excitation is performed with shakers, the input forces are not measured, because this experiment
is meant as preparation for field measurements, where input forces cannot be measured. Therefore, modal
parameters are estimated from output only data. A stochastic subspace method is applied for this purpose [9].
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Figure 3: Modeshapes of updated finite element model (blue line) and modeshapes identified from opera-
tional modal analysis (dots); structure in configuration 1

Figure 4 shows the PSD of the accelerations measured at the beam tip for thisexperiment. Six eigenmodes
are identified in the frequency range 0.2-10Hz. The modeshapes are plotted in figure 3. The location of the
accelerometers is also shown in this figure. Eigenfrequencies and dampingratios are listed in table 2. A
clear distinction between symmetrical and asymmetrical modes can be made.

3.2 model updating

The unknown parameters are estimated with a sensitivity-based method, that minimizes the difference be-
tween modal parameters identified from operational modal analysis and modal parameters obtained from
finite element analysis. The updating parameters are the three spring stiffness’s K1, K2 and K3 and the
bending moments of inertia of the beam elements. It is assumed that the bending moments of inertia of the
elements of the four sections S1, S2, S3 and S4 are identical for each section. So, 7 parameters have to be
estimated. The residues are the 6 eigenfrequencies and 6 MAC-values.

Table 2 lists the percentage errors on the eigenfrequencies resulting from the updating process. In the case the
three configurations are updated separately, the error is very small, with amean absolute value of0.2% for the
first five frequencies. The error on the sixth eigenfrequency is noticeably higher(4.5%). This eigenfrequency
is accounted for in the updating process with a lower weight, because assuming an equal weight increases
the error on the other frequencies, which are considered as more important. The non-linear behavior of the
hinge between the third and the fourth boomsection is responsible for this.

Configuration 1 Configuration 2 Configuration 3
mode ft (Hz) ξ (%) er (%) er,m (%) ft (Hz) ξ (%) er (%) er,m (%) ft (Hz) ξ (%) er (%) er,m(%)
1st asym 0.68 1.73 0.10 −5.08 0.49 7.45 0.01 8.82 0.26 7.83 −0.01 −0.23

1st sym 1.15 0.48 −0.36 0.44 0.76 6.94 −0.05 −2.09 1.15 0.59 −0.01 0.45

2nd asym 3.01 4.57 −0.50 −2.94 2.86 3.30 −0.20 1.37 2.67 1.91 0.12 1.83

2nd sym 4.00 0.81 0.84 0.40 3.33 3.34 0.18 −4.12 3.98 2.50 −0.20 0.94

3rd asym 7.60 1.91 0.13 −0.14 7.52 4.83 0.18 0.75 7.35 1.28 0.34 0.95

3rd sym 9.25 2.27 −5.04 −5.03 8.87 1.56 −3.05 −8.83 9.23 1.45 −5.55 −4.87

Table 2: Eigenfrequencies(ft) and damping ratios(ξ) obtained from operational modal analysis and per-
centage error on the eigenfrequencies resulting from model updating ofthree configurations separately(er)
and for the case of multi-model updating(er,m)

The percentage error on the eigenfrequencies for the case the three configurations are updated simultaneously
is considerably higher, with a mean absolute value of2% for the first five frequencies. Especially the error
on the first eigenfrequency is large. The main difference between the three configurations is situated in the
spring stiffness of the vertical bearings (K2). This is not entirely unexpected considering the play in the
bearings. For the multi-model updating case, the sixth eigenfrequency is not taken into account.
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Notice the very good MAC values (figure 4), justifying the 2D representation of the 3D structure. Visible
inspection and investigation of the vibration data also highlighted the presenceof two torsional modes of the
structure at 5Hz and 9.1Hz. However, their influence on the total response in the horizontal direction is low,
so they are not taken into account.

3.3 Force identification

For the identification of forces, the algorithm described by Dascotte [8] is applied. This starts from the modal
expansion of the dynamic flexibility matrix:

{X} =
N

∑

i=1

{ψi}{ψi}
t

λ2
ri − ω2

{F} (1)

where{F} and{X} are the vectors of harmonic forces applied to the structure and the resultingdisplace-
ments, andω, λri and{ψi} are respectively the excitation frequency, the damped eigenfrequencyand the
corresponding modeshape. Inversion of equation (1) gives:

{F} =
N

∑

i=1

{ψi}
+{ψi}

t[M ]{X}(λ2
ri − ω2) (2)

So, by calculating the pseudo-inverse of the modal matrix, a least squaresapproximation of the forces is
obtained. Because the experimental responses usually don’t cover allthe degrees of freedom of the FE-
model, the test data is expanded with the SEREP method. In case forces act on onlym < n degrees of
freedom,{ψ}+ can be reduced. This algorithm is implemented in FEMtools.

Now, if a time sample of the displacements is given, this signal should first be converted to frequency domain
by taking the discrete fourier transform. Then, harmonic forces can be identified as described above and the
time signal of the forces is obtained by taking the inverse discrete fourier transform.

Following this procedure, the time signals of the equivalent displacement inputs U1, and U2 are identified
from the measured spray boom accelerations. Modal damping is assumed here and damping ratios obtained
from stochastic subspace identification of modal parameters are used forthis purpose.

Figure 5 shows the PSD of these input displacements for the three configurations. Since the same signal
is applied to the position controller of the shaker for the three experiments, thePSD’s should be the same.
However, there seems to be a significant difference in spectrum of the rotation input of configuration 3
compared to the other two spectra. It indicates an inconsistency between themodel and the real structure,
which could be caused by:

• Oversimplificated model structure (2D)

• Simplification of the load path (only 2 input forces are considered)

• Interaction between dynamics of the trailor-tractor and sprayboom

• Nonlinear elements e.g. K2 (cellasto springs) and K3 (bearings with play)

• Assumption of modal damping, while the damping is clearly located in the spring elements

So, when simulations are performed, we should take into account that the response level can be underesti-
mated by lowering the spring stiffness K2.

Locally, there are large differences between the PSD’s caused by an error in eigenfrequency between the test
model and the FE-model. This is certainly the case for lightly damped modes, such as the third symmetrical
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mode. At 9Hz large peaks can be observed in the PSD of the translation input. In a lesser extend, this effect
is also noticeable at the frequency of the first asymmetrical mode in the PSD ofthe rotation input (the model
parameters obtained from multi-model updating are used here). The purpose is to estimate a parametric
spectrum model from these PSD’s, so this effect is not important. Frequency lines were such problems are
encountered can be omitted in the estimation process.

Figure 4 shows the PSD of the spray boom response by applying the identified forces to the model. At
the boom tip, there is an excellent agreement with the measured response. Though, the difference gets
larger for responses at locations closer to the middle of the boom, which canbe explained by the larger
amplitudes of vibration at the beam tip having a stronger influence on the estimation process. Especially in
the neighborhood of zero’s there are large differences.

4 Field experiments

In this section, the previous procedure is applied to identify the load spectrum in field conditions. By driving
on different fields with the sprayer, it is possible to make a classification of the obtained input displacement
spectra, based on a parameterized spectrum model.

Damping properties can change with operational conditions. For foldable structures like spray booms, even
eigenfrequencies can vary slightly from time to time. Therefore, for the fieldexperiments, modal parameters
should be re-estimated. Figure 7 shows the PSD of the boom tip accelerationsdriving with different speeds
on a meadow. Aside from the eigenfrequencies of the spray boom, also speed dependent components are
detected. This implies that identification of modal parameters is hampered, because these components are
identified as well.

The existence of speed dependent components is explained by the correlation between the excitations under
the different wheels. This implies that their mutual faze relationship is predetermined by the driving speed
and the excitation frequency. When the rear wheels of the tractor are in anti-faze with the wheels of the
trailer, horizontal excitation of the spray boom is larger than when they’ rein faze. This assumption is
confirmed by figure 8. Here, the PSD of the identified loads is shown for different driving speeds. Vertical
lines are drawn at the frequency lines where the rear wheels of the tractor and the wheel of the trailer are in
faze. The front wheels of the tractor seem to have less influence in this.

Another consequence of the presence of speed dependent components is that the driving speed has a large
effect on the boom movements. It is seen that for driving speeds of 6 km/hand 8.7 km/h the first symmetrical
eigenfrequency corresponds to a speed dependent component, whiledriving at a speed of 7.3 km/h this is
not the case (figure 7). The difference in amplitude of vibration is clear (factor 3).

The identified load spectrum for the three configurations can be found in figure 6. Note that the mutual
difference is smaller compared to the tests on the shaker. The presence ofa frequency component at 6.5Hz
is explained by the tyre nibbles. In the PSD of the rotation input, the torsional mode at 9.1 Hz is also clearly
visible.

Finally, figure 9 shows the load spectrum for three different fields: a field with maize stubbles and two
meadows. In the second meadow tramlines are crossed, which gives a possible explanation for the lower
excitation level. The identified time histories of the excitations can be used directlyin simulations. However,
because of the variable pattern caused by the speed dependent components, it seems more interesting to
estimate a parametric model from the PSD’s. This way a very rough classification is made between what is
assumed to be representative for a normal spraying conditions and rough spraying conditions. A spectrum is
assumed, of the form

S1,2(ω) =
a1,2

ωp1,2

1

(1 + ω/ωc1,2)q1,2
(3)
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whereω is the frequency in rad/s and the indices1,2 refer to respectively the translation and rotation input.
The coefficients are listed in table 3

field a1 ωc1 p1 q1 a2 ωc2 p2 q2

normal 9e− 4 7.5 1.5 4.5 9e− 5 7.5 1 3.5
rough 1.5e− 4 7.5 1.5 4.5 1.5e− 5 7.5 1 3.5

Table 3: Coefficients of parametric spectrum model for normal and roughspraying conditions

Assuming that the excitations are stationary random processes with a Gaussian distribution and zero mean
value, the statistical description of the excitations is completely determined by the spectrum. Time records
can be generated by an inverse Fourier transform:

u1,2(t) =
N

∑

i=1

√

2S1,2(ωi)∆ω cos(ωit+ θi) (4)

whereθi is the random faze with a uniform distribution in the interval from 0 to 2π.

Because the coherence of the two inputs is low (figure 10) they can be treated as independent inputs.

5 Conclusion

A simple 2D finite element model of a spray boom is proposed, that represents it’s dynamic behavior. The
parameters of the model are updated with experimental output-only vibration data and input forces are iden-
tified from these data. The model is tested in three configurations to improve thecondition of the updating
process.

By applying the same forces to the model in three configurations, the identifiedforces should be the same to
ensure a consistent model. This is checked first by shaker experiments,because this way it can be ensured
that the applied forces are the same. A clear difference is noticeable in the identified force spectrum of one
of the configurations compared to the other two. However, this distinction is less pronounced in the field
experiments. By a lack of data it is not possible to draw concrete conclusions from this. The obtained model
is considered as a good simplified linear approximation of the dynamic behaviorof the complex structure,
but we should keep in mind that the response level can be underestimated bylowering the spring stiffness
K2 when simulations are performed with this model.

Speed dependent frequency components seem to influence the identification process when field experiments
are performed. It is shown that they are caused by the correlation of theexcitations to the tires. Their
presence allows only to make a very rough classification of different excitation spectra.
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Figure 4: PSD of measured spray boom accelerations (excitation by shaker and structure in configuration 1)
and the accelerations obtained by applying the identified forces to the finite element model: at boom tip (left)
and 3m from the boom tip (right)
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Figure 5: PSD of identified input excitations for 3 different configurations (excitation by shaker): translation
input U1 (left) and rotation input U2 (right)
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Figure 6: PSD of identified input excitations for 3 different configurations, driving on meadow 2 : translation
input U1 (left) and rotation input U2 (right)
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Figure 7: PSD of measured spray boom accelerations driving on meadow2 for different driving speeds
(structure in configuration 1)
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(structure in configuration 1); translation input U1 (left) and rotation input U2 (right)

10
0

10
1

0

0.2

0.4

0.6

0.8

1

Freq [Hz]

Figure 10: Coherence of translation excitation U1 and rotation excitation U2

OMAX OPERATIONAL MODAL ANALYSIS IN PRESENCE OF EXOGENEOUS INPUTS 2959



2960 PROCEEDINGS OF ISMA2006



Challenges in operational modal analysis of suspension 
bridges 

K.A. Grimmelsman, A.E. Aktan 
Drexel University, Intelligent Infrastructure Institute 
3001-3101 Market Street, Suite 50, Philadelphia, PA, USA 
email: grimmeka@drexel.edu 

Abstract 
Operational modal analysis is being increasingly used as an experimental technique to identify the 
dynamic properties of many types of large-scale constructed systems. The writers conducted such an 
experiment to identify the dynamic properties for the masonry towers of a landmark suspension bridge 
with the objective of providing data to validate and improve the reliability of a seismic evaluation and 
retrofit investigation. One of the towers was instrumented by a dense and stationary array of sensors, and 
the other tower and spans were instrumented with a limited number of reference sensors. The spans had 
been tested and characterized earlier by different researchers using ambient and forced excitation 
techniques. The authors did take advantage of those results in designing the instrumentation to 
characterize the towers. This paper describes some of the challenges encountered in trying to identify the 
dynamic properties of the towers using this approach, and the techniques the writers used in an attempt to 
overcome these challenges. Recommendations for future applications with this type of structure are also 
discussed.  
 
 

1 Introduction 
 
Operational modal analysis is popular experimental technique for objectively characterizing the dynamic 
properties of a broad range of constructed systems including buildings, bridges, offshore structures and 
dams. Since the technique relies on ambient sources of excitation to extract the dynamic properties from 
the measured structural responses, it is well-suited for characterizing a large-scale structure that may not 
be easily evaluated using forced-excitation dynamic testing methods. The identified dynamic properties 
are frequently employed in a structural identification framework to improve the reliability of analytical 
models of constructed systems; however, a significant amount of research has also been focused on using 
these properties to identify and characterize damage and deterioration for health monitoring applications. 
Despite the significant amount of research that has been conducted on different methods and algorithms 
that will permit the most reliable identification of the dynamic properties, and the relatively large number 
of real-world implementations on constructed systems since the 1970’s, there are still many unresolved 
issues related to the design, execution, analysis, and interpretation of operational modal analysis 
experiments that require further research.  
The writers encountered a number of important challenges while trying to identify the dynamic properties 
of the masonry towers of a landmark suspension bridge by operational modal analysis. An ambient 
vibration testing program was initiated for the Brooklyn Bridge towers with the objective of improving the 
reliability of a seismic evaluation and retrofit investigation that was being conducted for the bridge. The 
spans of the bridge had been tested and characterized earlier by different researchers who utilized ambient 
and forced-excitation techniques; however, the response of only one tower was measured with a single 
accelerometer. The authors did take advantage of the results of these earlier tests for designing the 
instrumentation to characterize the towers. Irrespective of the results available from the previous tests, a 
major challenge that had to be overcome related to the nature of the dynamic excitation of the towers. 
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The suspended spans of the bridge were subject to spatially distributed, stochastic ambient excitation 
primarily due to traffic. The dynamic excitation of the towers; however, was of a significantly more 
complex nature; consisting of both stochastic and harmonic excitations due to the oscillations of the spans 
and additional unknown sources. The harmonic components of the ambient excitation appeared as peaks 
in the frequency spectra for the towers along with the resonant frequencies of the tower structures 
themselves. This complicated the identification of the natural frequencies of the tower. Another more 
fundamental challenge was related to the dynamic behavior of a global system consisting of very stiff 
subcomponents, such as the towers, coupled with very flexible subcomponents, such as the suspended 
superstructure. The dynamic behavior and interactions of the coupled global system and of the individual 
subcomponent systems must be clearly conceptualized in order to conduct reliable modal identification. 
One of the most relevant lessons that emerged from the research related to the design and execution of an 
operational modal analysis experiment for reliable structural identification of a large-scale constructed 
structure comprised of components with very different mass and stiffness characteristics. A related issue 
was the analysis and interpretation of the measurement data where the ambient excitation of one 
component may be governed by vibrations transmitted through another, especially when vibration is 
transmitted from components having significant differences in mass and stiffness from the component 
being monitored. Structures comprised of components with significant differences in mass and stiffness, 
and connected by highly flexible elements such as the cables in a suspension bridge have been described 
as weakly-coupled systems, and this terminology is adopted for this paper to relate the writers’ 
observations to the general dynamic behaviors of civil and mechanical systems. The writer’s efforts to 
overcome the challenges described above for reliable modal identification the Brooklyn Bridge towers are 
presented and discussed in this paper. 
 

2 Ambient vibration testing of the Brooklyn Bridge towers  
 

2.1 Description of the bridge 
 
The Brooklyn Bridge (Figure 1) is a major suspension bridge that spans the East River between the 
Borough of Manhattan and the Borough of Brooklyn in New York City. The landmark structure is one 
New York City’s most widely recognized icons, and is considered to be one of America’s great national 
civil engineering treasures. The bridge was designed by John A. Roebling and its construction was 
completed under the supervision of his son, Col. Washington Roebling. At the time of its completion in 
1883, the Brooklyn Bridge was the longest suspension bridge in the world. The Brooklyn Bridge was also 
the first suspension bridge to use steel wire instead of wrought-iron for its cables, and this enabled it to 
support much longer and heavier spans than its predecessors. 
The bridge consists of a single 486m-long main span and two 283m-long land spans. The two main 
towers, which are the focus of this paper, are massive masonry structures constructed from large granite 
stones. The towers consist of three columns joined at their tops by Gothic arches above the roadway deck. 
Each tower is approximately 84m-tall measured from the mean high water elevation, and is supported on 
large concrete-filled timber caissons. The caisson supporting the Manhattan Tower is somewhat deeper 
than for the Brooklyn Tower. The cross sectional dimensions of the Manhattan Tower are also very 
slightly larger than those of the Brooklyn Tower. The base of the Brooklyn tower has nominal plan 
dimensions of 43m by 17m, while the Manhattan Tower has nominal plan dimensions of 40m by 14m. 
The Manhattan Tower also weighs more than the Brooklyn Tower, with the self-weight for each tower 
approximately equal to 863MN and 703MN, respectively [1]. 
The suspended structure consists of 4 trusses and a concrete deck carrying a total of 6 lanes of traffic. The 
stiffening trusses are supported by vertical suspenders and 4 main cables each with a diameter of 40cm. 
The stiffening trusses are also partially supported near the towers by a series of diagonal stay cables 
radiating from the top of each tower to the lower panel points of the stiffening trusses. The stiffening 
trusses are fixed at each tower, pinned at each anchorage and have expansion joints (axial and moment 
releases) located at the middle of the main span and each land span. The dead load of the suspended 
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structure is approximately 144 kN/m [2]. The mass of each tower is approximately 10 times greater than 
the mass of the portion of the suspended spans carried by each tower.  
The main cables are supported at the tops of the towers by saddle structures on rollers that were originally 
designed to permit the cables to move longitudinally with temperature changes and unbalanced loads on 
the spans [3]. These rollers have become frozen with age, and the cables may effectively be considered to 
be fixed to the tops of the towers. This condition also permits the bridge to act as three independent 
suspended spans [3]. Past field surveys of the towers indicated that the deflection profile of the towers 
under controlled loading was consistent with rigid body rotation about the base of the towers. This 
behavior has been described as due to the elastic compressibility properties of the timber portions of the 
caissons [2, 3].  
 

(Drawing: Historic American Engineering Record, National Park Service, Paul Berry, 1985)(Drawing: Historic American Engineering Record, National Park Service, Paul Berry, 1985)  
Figure 1: The Brooklyn Bridge 

 

2.2 Objectives and scope of the test program 
 
The focus of the ambient vibration testing described herein was to identify the modal properties for the 
masonry towers of the Brooklyn Bridge. The suspended spans of a symmetric half of the bridge had been 
tested using ambient and forced-vibration testing methods as part of a previous investigation related to 
pedestrian vibrations, thus the scope of the test program was limited to the towers. The design, analysis 
and interpretation of the ambient vibration test program designed for the towers were guided in large part 
by the following questions relevant to this type of suspension bridge: (1) What is the ambient vibration 
environment of the entire bridge and of the individual subcomponents? (2) What are the dynamic 
properties of the global system, and more importantly, of the subcomponent towers? and (3) Can the 
dynamic properties of the various subcomponents of the bridge be directly extracted by measuring their 
respective operating vibration responses, or is it essential to model, test, and identify the entire weakly-
coupled system as an interconnected system?  
Two additional issues were considered for the design of the vibration test program to identify the dynamic 
properties of the towers. The first issue related to the vibration environment for the bridge and whether or 
not the responses of the massive towers under ambient excitation would be large enough to generate the 
levels of signal-to-noise ratios in the measurements necessary to permit reliable identification of the 
towers’ dynamic properties. The second issue related to the characteristics of the tower excitation due to a 
seismic event. The nature of seismic excitation and its transmission through the structure would be 
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fundamentally different from the normally dominant sources of ambient excitation such as traffic. The 
discrepancy between the bandwidth and transmission characteristics of the ambient and the design seismic 
excitations would certainly introduce a considerable level of uncertainty related to the dynamic properties 
of the towers since these would be identified from very low-level and likely linear responses under 
ambient excitation. Furthermore, the material stiffness and damping characteristics of the tower and the 
behavior of the boundary conditions would likely be very different during a design seismic event than 
under ambient dynamic excitation levels.  
In light of these considerations, a test program that included ambient vibration testing followed by forced-
vibration testing of the towers at the identified natural frequencies was proposed to the bridge owner. A 
properly designed forced-excitation test could reveal behaviors such as the movement of the main cable 
saddles or rigid body rotation of the towers about their timber caissons. These behaviors were not 
expected to be observable under ambient excitation levels. A forced-excitation test would also enable 
more reliable identification of the natural frequencies and damping ratios of the towers. The bridge owner 
ultimately decided to proceed with ambient vibration testing for identifying dynamic properties of the 
towers due to other constraints.  
 

2.3 Summary results from the earlier characterization of the spans 
 
The dynamic properties of the spans were identified by others during a previous vibration test of the 
bridge [4]. A total of 35 modes were identified for the bridge spans from acceleration measurements 
recorded on the main span and Brooklyn side span. The frequency band of the identified modes ranged 
from 0.180 Hz to 2.397 Hz. The experimentally identified modes were exclusive to either the main or the 
side span, and with the exception of two side span modes, they were also exclusive to the lateral, vertical, 
and torsional directions of each span. The 5th lateral and 3rd torsional modes of the side span were 
identified at the same frequency (1.100 Hz), and the 6th lateral and 4th torsional modes of the side span 
were identified at the same frequency (1.508 Hz). The former set of lateral and torsional modes were 
identified as being very closely spaced in a 3D FE model of the bridge, while the later set of lateral and 
torsional modes were identified at the same frequency (coupled mode) in the analytical model. The 
experimentally identified modes were correlated with various modes ranging from the 1st to the 137th 
mode in the 3D FE model. 
 

2.4 Experimental setup 
 
The instrumentation scheme developed to characterize the towers included a fixed array of 43 uniaxial 
accelerometers. As shown in Figure 2(a), a total of 28 accelerometers were installed at 7 different 
elevations on the Brooklyn Tower. Each of the three independent tower columns was instrumented with 
two accelerometers to measure the longitudinal and transverse (lateral) vibrations at the two levels 
between the top of the tower and the roadway level. A total of three accelerometers were installed at each 
of the remaining levels on the tower to measure the longitudinal/torsional and transverse vibrations. In 
addition, two vertically oriented accelerometers were installed at the top of the tower and at the base of the 
tower. The Manhattan Tower was instrumented with three accelerometers at a level located just below the 
roadway deck. Although the principal focus of the testing was the towers, a limited number of 
accelerometers were also placed on the stiffening trusses in the main span and side span near the Brooklyn 
Tower to aid in the interpretation of the tower measurements and to correlate the findings with the results 
of the previous investigation. The tower accelerometers were installed using fixtures that were temporarily 
anchored into the masonry stones. Access to the sensor locations on the tower was accomplished by 
rappelling down to each measurement level from the top of the tower as shown in Figure 2(b).  
A total of 12 accelerometers were distributed between two measurement stations along the side span, and 
two stations along the main span. There were two vertical accelerometers installed on the bottom chords 
of the outermost stiffening trusses to measure vertical and torsional vibration responses, and one 
transversely oriented accelerometer was installed to measure lateral vibration responses. The side span 
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measurement stations were located at distances of 73m and 138m from the tower, and the main span 
stations were located at distances of 56m and 120m from the tower.  
The accelerometers used for the vibration test included capacitive accelerometers and seismic 
accelerometers both from PCB, Piezoelectronics. The sensitivity for both types of accelerometers used 
was 1 V/g. The data acquisition was performed using a VXI mainframe, and all accelerometer channels 
were measured simultaneously during the testing. The acceleration measurements were sampled at either 
20 samples/second (20 Hz) or 40 samples/second (40 Hz), and were recorded in time periods ranging from 
30 minutes to about 3 days in length. The vibration testing was conducted over a period of about one 
month. A wind sensor was installed on top of the Brooklyn Tower to measure the wind speed and 
direction during the ambient vibration testing. The ambient temperature at the bridge was also periodically 
measured during the vibration testing. 
 

3 Data processing methodology and results 
 

3.1 Data pre-processing 
 
The raw acceleration time records were pre-processed in the time domain to ensure the data were of 
sufficient quality and to prepare them for subsequent use in identifying the dynamic properties of the 
towers. The steps in this pre-processing were as follows: (1) the record for each channel was inspected to 
verify that the accelerometer had functioned properly and to note the presence of any obvious data errors 
in the record, (2) the data records were high pass filtered at 0.3 Hz to remove any DC offset in the records, 
(3) the individual sample points that formed any spurious spikes were removed from the records, and 
finally (4) the responses from the two longitudinal/vertical channels at a each tower level/span station 
were added to extract the pure longitudinal/vertical response from the coupled longitudinal/vertical 
responses contained in each channel, and one channel was subtracted from the other at each level/station 
to extract the pure torsional response from the coupled responses. It should be noted that when the sample 
points that formed a spurious spike were removed from one channel’s record, the corresponding sample 
points were also removed from the records of all other accelerometer channels so that the phase 
information between the simultaneously sampled channels would be preserved. These data pre-processing 
steps were performed using the program MATLAB.  
Examples of the raw acceleration records from a longitudinal accelerometer at the top of the tower and a 
vertical accelerometer on the main span stiffening truss are shown in Figure 3. An example of a typical 
noise spike that was removed from the acceleration records can be seen in the record for the longitudinal 
tower record. Similar examples of the lateral acceleration records for the same two locations are shown in 
Figure 4. These figures also illustrate the relative differences between the acceleration amplitudes 
recorded in two different directions and between those recorded from different components of the 
structure. The amplitudes of the span accelerations were generally nearly an order of magnitude larger in 
the vertical direction than in the lateral direction. Similarly, the amplitudes of the measured accelerations 
in the tower’s longitudinal direction were generally an order of magnitude larger than in the lateral 
direction for the same sensor location. The amplitudes of the span accelerations in the vertical and lateral 
directions were on the order of milli-g’s whereas the amplitudes of the tower accelerations in the 
longitudinal and lateral directions were on the order of 100 micro-g’s.  
 

3.2 Frequency domain processing 
 
The results presented and discussed in this paper are from a data set in which all of the channels were 
simultaneously sampled for approximately 4 hours at 40 Hz. The frequency domain data processing 
included three steps. First, autopower spectra were computed using Welch’s method for the cleaned 
acceleration records in the longitudinal, vertical, and torsional responses. The autopower spectra were 
computed for 8192 point long segments of the time records yielding a frequency resolution of 0.0049 Hz. 
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A Hanning window was also applied to each data segment to minimize spectral leakage, and the segments 
were overlapped by 50%. The autopower spectra were used to locate the natural frequencies in each 
response direction. The second step was to compute cross power spectra between each measurement level 
on the towers or measurement station on the spans and a selected reference location. The same parameters 
used for computing the autopower spectra were used to compute the cross power spectra. The magnitude 
and phase information contained in the cross power spectra were used to construct mode shapes from the 
measurement data. The last step was to calculate the coherence between each response at the different 
measurement locations on the towers and spans and the selected reference locations.  
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Figure 2: (a) Accelerometer layout for the Brooklyn Tower, and (b) Accelerometer installation 
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Figure 3: Brooklyn Tower longitudinal and main span vertical accelerations 
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Figure 4: Brooklyn Tower and main span lateral accelerations 

 

3.3 Results 
 
3.3.1 Observations on the vibration environment and measured acceleration responses 
 
The time variation of the frequency domain spectral content for the longitudinal, torisonal, and lateral 
vibrations at different levels on the towers are shown in Figures 5 – 7, respectively. The majority of the 
significant spectral content for the tower vibrations was located in the 0 to 8 Hz frequency band. The 
response at Level F is excluded from these figures since one of the longitudinal accelerometers at this 
level ceased to function during the test and the logistics of the sensor installation did not permit replacing 
this sensor. The intensity of the vibration at a given frequency line is indicated by the color shade in the 
graphs with the darkest regions corresponding to largest vibration amplitudes. It can also be seen from the 
figures that the measured vibration amplitudes were generally largest at the top of the tower.  
The lateral response at the top of the Brooklyn Tower (Level H) is markedly different from the response 
of the lower measurement levels for frequencies close to 3 Hz. There is no discernable lateral response for 
the top of the tower near this frequency in Figure 7, while lateral response is clearly visible near this 
frequency for the lower tower levels. The lack of response at the top of the tower may indicate that this is 
a nodal point in the lateral deflection profile for the tower at this frequency, or that top is restrained from 
lateral motion at this frequency by the main cables and the diagonal stays. The latter explanation would be 
somewhat unexpected since the main cables are not very stiff in bending.  
Figures 5 – 7 show that the spectral content for each response and at each level on the tower was nearly 
constant during the approximately 4 hour period when the measurements were recorded. Therefore, it may 
be concluded that the ambient excitation of the towers was practically stationary. The only exception to 
this observation is highlighted by the fenced portions on each graph between 4 Hz and 5 Hz. It is clear 
from the graphs that some unusual and rather significant excitation occurred between 8,000 and 13,000 
seconds affecting the Brooklyn Tower responses. The vibration amplitudes resulting from this unusual 
excitation were largest in the lateral direction, and at the lower measurement levels of the tower (roadway 
deck level and below). The additional spectral content was not observed in the Manhattan Tower 
responses, but could be identified in the some of the responses for the spans.  
 

OMAX OPERATIONAL MODAL ANALYSIS IN PRESENCE OF EXOGENEOUS INPUTS 2967



H

G

E

C

B

B

C

E

G

H

MT

MT = Manhattan Tower

Frequency (Hz) Frequency (Hz)
0 8

Ti
m

e 
(s

ec
)

0 84 4

Ti
m

e 
(s

ec
)

Ti
m

e 
(s

ec
)

Brooklyn 
Tower

0

2000

4000

6000

8000

10000

12000

14000
0

2000

4000

6000

8000

10000

12000

14000
0

2000

4000

6000

8000

10000

12000

14000

H

G

E

C

B

B

C

E

G

H

MT

MT = Manhattan Tower

Frequency (Hz) Frequency (Hz)
0 8

Ti
m

e 
(s

ec
)

0 84 4

Ti
m

e 
(s

ec
)

Ti
m

e 
(s

ec
)

Brooklyn 
Tower

0

2000

4000

6000

8000

10000

12000

14000

0

2000

4000

6000

8000

10000

12000

14000
0

2000

4000

6000

8000

10000

12000

14000

0

2000

4000

6000

8000

10000

12000

14000
0

2000

4000

6000

8000

10000

12000

14000

0

2000

4000

6000

8000

10000

12000

14000

 
Figure 5: Time variation of longitudinal spectral content 
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Figure 6: Time variation of torsional spectral content 

2968 PROCEEDINGS OF ISMA2006



H

G

E

C

B

B

C

E

G

H

MT

MT = Manhattan Tower

Frequency (Hz) Frequency (Hz)
0 8

Ti
m

e 
(s

ec
)

0 84 4

Ti
m

e 
(s

ec
)

Ti
m

e 
(s

ec
)

Brooklyn 
Tower

0

2000

4000

6000

8000

10000

12000

14000
0

2000

4000

6000

8000

10000

12000

14000
0

2000

4000

6000

8000

10000

12000

14000

H

G

E

C

B

B

C

E

G

H

MT

MT = Manhattan Tower

Frequency (Hz) Frequency (Hz)
0 8

Ti
m

e 
(s

ec
)

0 84 4

Ti
m

e 
(s

ec
)

Ti
m

e 
(s

ec
)

Brooklyn 
Tower

0

2000

4000

6000

8000

10000

12000

14000

0

2000

4000

6000

8000

10000

12000

14000
0

2000

4000

6000

8000

10000

12000

14000

0

2000

4000

6000

8000

10000

12000

14000
0

2000

4000

6000

8000

10000

12000

14000

0

2000

4000

6000

8000

10000

12000

14000

 
Figure 7: Time variation of lateral spectral content 

 
Several segments of the lateral acceleration time records containing the additional spectral content 
described above for the Brooklyn Tower are shown in Figure 8. The accelerations shown are 
representative of real responses and are obviously not a manifestation of measurement noise. These 
responses are also distinctly periodic. The exact cause of the excitation that led to these responses could 
not be identified; however, wind excitation was ruled out as the cause since the wind speed and direction 
records did not contain any significant measurements. Wave action was also excluded as a possible cause 
of the excitation since the Brooklyn Tower is located on dry land.  
 
3.3.2 Factors adding complexity to the identification of the dynamic properties 
 
The primary objective of this investigation was to identify the dynamic properties of the Brooklyn Tower 
through operational modal analysis. This objective was especially difficult due to two distinct but related 
factors that may be observed for many suspension bridges. The first was related to the fundamental 
dynamic behavior of a 3D system that consists of very stiff and massive components (such as the towers) 
that are connected to relatively lighter and far more flexible components (such as the spans and the 
cables). The motions of the individual components will be coupled with each other as a result of the 
physical connections between them; however, if the mass and stiffness characteristics of the various 
components are sufficiently different, the dynamic characteristics of each component may be essentially 
distinct. This type of behavior has been associated with weakly-coupled systems. In structures with 
dynamic behaviors such as this, global structural modes may exist; however, these modes should 
correspond only to the frequencies at which all of the principal components are experiencing simultaneous 
resonant motions.  
The spans of the Brooklyn Bridge are physically connected to the towers by the main cables, stay cables, 
and the stiffening trusses that are fixed at the towers. As a result, the motions of the towers and the spans 
will always remain coupled to some degree. The measurement data from the bridge reflects this as there 
were no frequencies at which one of these components was oscillating without some participation from 
the other components. The mass and stiffness characteristics of the towers and spans are also sufficiently 
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different from each other that it is possible to have one component experiencing resonant oscillations at a 
particular frequency while other components physically connected to it vibrate in a non-resonant manner. 
This behavior is important when an operational modal analysis experiment is conducted for calibrating or 
validating analytical models of a structure, since to achieve the greatest reliability, the validation process 
should include those frequencies and mode shapes corresponding to the resonant responses of the global 
structure and each of its principal structural subcomponents.  
By definition, the maximum amplification of response for a particular structural subcomponent will occur 
at that component’s distinct natural frequencies, and not at frequencies for which the component is simply 
oscillating as a result of its connections to another component that is undergoing its own resonant 
oscillations. A failure to properly conceptualize and consider this possible behavior can lead to classifying 
all of the identified frequencies as global modes of the structure. At the same time, if the modal parameter 
identification process is not sufficiently rigorous, the frequencies associated with non-resonant oscillations 
of a component could be mistakenly classified as natural frequencies for that component even though by 
definition, a natural frequency implies resonant motion. A strict characterization and assignment of global 
and local natural frequencies could be considered as simply a matter of semantics; however, the definition 
of what constitutes a natural frequency for the global structure or for any of one of its components should 
not be loosely defined and applied to the interpretation of the experimental results since this may add 
uncertainty and further complexity to the FE model validation process. Given the inherently difficult and 
non-unique nature of structural identification, this additional complexity may lead to a model that 
incorrectly or incompletely represents the structure.  
A second factor that added significant difficulty for identifying the true modes for the towers was the 
complex nature of the ambient excitation for the bridge. The ambient excitation for a suspension bridge 
tower may be considerably more complex than for the suspended portions of the structure. In the case of 
the Brooklyn Bridge, the suspended spans were subject to spatially well-distributed, random excitation 
within a certain frequency band that was mainly due to traffic. The wind measurements recorded during 
the ambient vibration testing of the Brooklyn Bridge did not indicate that wind was a significant input. In 
contrast, the ambient excitation of the towers may be assumed to have consisted of harmonic excitations 
due to the oscillations of the spans (and possibly the cables) in their natural modes that were superimposed 
on any other random excitation sources acting directly on the towers. The resulting ambient excitation is 
spatially localized to points where the stiffening trusses, cables and stays are connected to the towers. 
These points are located at the roadway deck level and just below the tops of the towers on the Brooklyn 
Bridge. Furthermore, because the spans are more flexible and experience vibrations that are an order of 
magnitude larger than the tower vibrations, the amplitude of the harmonic components of the tower 
ambient excitation are substantially larger than the random excitation input. A similar observation was 
made by other researchers in the past relative to the nature of the ambient excitation acting on the Golden 
Gate Bridge towers [5].  
The presence of significant harmonic components embedded in the ambient excitation violates the 
commonly assumed broad-band Gaussian white noise assumption that is leveraged to extract the dynamic 
properties for a test structure in an operational modal analysis experiment. The harmonic components lead 
to additional peaks in the frequency spectra for the tower sensors that may obscure or at a minimum will 
complicate the identification of the true natural frequencies. The frequency spectra can also be 
contaminated by measurement noise and errors, spectral leakage and shifting of the natural frequencies 
due to non-stationary structural behavior, and the harmonic components would compound the uncertainty 
from such contamination sources.  
 
3.3.3 Data processing procedure for identification of the dynamic properties 
 
The following discussion of the identified dynamic properties for the Brooklyn Bridge Towers will be 
limited to the presentation natural frequencies and mode shapes in the longitudinal direction only for the 
sake of brevity. The initial identification of the frequencies and mode shapes for the towers was conducted 
using a peak-picking approach. The autopower spectra computed for the longitudinal vibrations of the 
towers are shown in Figure 9. In order to facilitate automated identification of the spectral peaks for the 
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longitudinal vibrations of the towers, the responses from each level of the tower were first combined into a 
single indicator function.  
The Average Normalized Power Spectral Density (ANPSD) function [6] was one of several different 
modal indicator functions that were used in this study to automatically identify the locations of any peaks 
in the frequency spectra for the different measurement stations at various levels on the towers. The 
ANPSD function has been used in numerous operational modal analysis experiments for large-scale 
constructed systems to identify the locations of the natural frequencies. A simple routine was written in 
Matlab to automatically identify the peaks in the ANPSD function by comparing the amplitude at a given 
frequency with the amplitudes at the frequency lines immediately before and after the frequency line 
being evaluated. A minimum amplitude threshold was also specified to limit the identified peaks to those 
with the largest signal-to-noise ratios. This procedure led to the identification of a total of 36 peaks with 
the best signal-to-noise ratios in the 0 - 5 Hz frequency range. 
Operating deflection shapes were computed for each frequency corresponding to an identified peak using 
the magnitude and phase information from the cross power spectra for output pairs from responses at each 
measurement level and the selected reference level on the towers. The phase information between each 
output pair was whitewashed [7] to force normal mode characteristics on the operating deflection shapes. 
In other words, the actual phase angle between the output pairs was normalized to either 0 or 180 degrees 
to guarantee only in-phase or out-of-phase characteristics, respectively. Normal mode characteristics were 
imposed for the computed operating deflection shapes to facilitate the analytical model validation 
performed by the engineering consultant responsible for the seismic evaluation and retrofit investigation. 
It should be noted that the phase angles for the output pairs at the identified peak locations were usually 
already very close to 0 or 180 degrees before they were whitewashed. The amplitude of each operating 
deflection shape was also normalized to a maximum value of one in order to provide a consist basis for 
comparing the shapes associated with the identified peaks. The operating deflection shapes for the 
Brooklyn Tower that are associated with the 36 peaks identified above are illustrated in Figure 10. These 
shapes were computed using the roadway deck level (Level E) on the Brooklyn Tower as the reference 
level. Operating deflection shapes were only computed for the Brooklyn Tower since the instrumentation 
scheme was constrained to just two locations for the main and side spans, and to just one level for the 
Manhattan Tower. 
It is apparent from Figure 10 that the 36 frequencies identified in longitudinal spectra for the Brooklyn 
Tower in the 0 to 5 Hz frequency band may be grouped according to 7 distinct types of deflection shapes. 
The figure shows that there are slight differences in the amplitudes along the tower height at the different 
frequencies contained within each shape type grouping; however; the overall character of the deflection 
profiles contained within each distinct shape group are generally very similar. There is also a noticeable 
trend in the deflection shapes from that of a cantilever beam in bending at the lowest frequencies to one 
more indicative of a rigid body rotation about the base of the tower in the 1.2 to 1.5 Hz frequency band. 
It was highly unlikely that every one of the 36 identified spectral peaks and their associated operating 
deflection shapes for the longitudinal vibrations of the Brooklyn Tower corresponded to real natural 
frequencies of the tower or even a combination of pure tower modes and global structural modes. The 
challenge became exploring different methods for extracting the “true” longitudinal natural frequencies 
and mode shapes of the tower as a subcomponent of the weakly coupled global structure from the pool of 
36 possible candidates. A highly idealized analytical model of the bridge was therefore created and 
analyzed to clarify and bound the fundamental dynamics of this weakly-coupled system, and to guide the 
identification of the natural frequencies and mode shapes for the towers.  
 
3.3.4 Dynamics of an idealized analytical model of the bridge 
 
A significant number of spectral peaks were identified from the measurement data for the longitudinal, 
torsional, and lateral vibrations of the Brooklyn Tower; however, only a subset the spectral peaks in each 
direction was expected to correspond to actual natural frequencies of the towers. Idealized analytical 
models of the bridge were constructed and analyzed to help guide the analysis and interpretation of the 
measurement results. In particular, the model was used to clarify the nature of the global dynamic 

OMAX OPERATIONAL MODAL ANALYSIS IN PRESENCE OF EXOGENEOUS INPUTS 2971



behavior of the bridge and of the towers, and to identify the quantity and order of the tower modes that 
should exist within the frequency range considered. Since the purpose of this model was only to help 
conceptualize the dynamic behavior of the global structure and of the towers for interpreting the 
measurements, the model could be very approximate and idealized. The engineering consultant 
responsible for the seismic evaluation and retrofit investigation developed and utilized very detailed, 
resolute and complete 3D finite element models of the bridge that were validated using different types of 
measurement data, including the final results of the vibration testing discussed here. The finite element 
models developed and used by the engineering consultant are not presented or discussed in this paper. 
The idealized model was developed using SAP2000 and utilized several different representations for the 
primary components of the bridge. The representation of each component in the model was designed such 
that the dynamic responses of the towers would be unobstructed as much as possible by the dynamic 
responses of the other components. Both towers were represented with identical dimensions in the model 
although they have slightly different cross sectional dimensions and different foundation depths (the 
Manhattan Tower is approximately 10 m deeper than the Brooklyn Tower). The elastic modulus for the 
granite material in the Manhattan Tower was reduced in proportion to the difference in the foundation 
depths to account for this effect on the stiffness of the Manhattan Tower. The towers were modeled using 
3D non-prismatic beam elements with cross sectional properties coinciding with the tower at the various 
levels and material properties corresponding to granite. The portion of each tower located below the 
roadway level was represented by a single beam element, while the portion above the roadway level 
included three separate beam elements to represent each tower column. Rigid links were used to connect 
the three beam elements together at the top of the tower and at the roadway level. The foundation 
conditions at each tower were not explicitly considered in this model, and the beam elements representing 
the lower portions of the towers were simply fixed in all directions at the ground level. The stiffening 
trusses were modeled using a single line of 3D beam elements along the longitudinal centerline of the 
spans that was fixed at the towers and pinned at the anchorage locations. Axial force and moment releases 
were provided at the midpoint of the beam elements at the middle of each span to simulate the expansion 
joints at those locations.  
The four main cables were represented by horizontal, linear spring elements connected to the tops of the 
towers, and pinned at the anchorage locations. The main cables were modeled using springs so that their 
contributions to the overall dynamic response of the structure would be included, but their dynamic 
responses and interactions with the other components in the model would be minimized. The stiffness of 
each spring was computed from the axial stiffness (AE/L) of the cable for the horizontal projection of the 
main cable length in each span. This approximation yields a spring stiffness that may be expected to be 
larger than the actual cable stiffness but this is considered suitable given the objectives of this model. Only 
one pair of diagonal stay cables at each tower was included in the model. The pair of diagonal stays 
extending the farthest distance from the towers in the main span and side span from each tower was 
modeled using axial spring elements. The masses assigned to the axial springs representing the main 
cables and stays were based on the reported weights or dimensions of these components. The vertical 
suspender cables were not included in the model since they are not physically connected to the towers and 
their dynamic responses would add unnecessary complexity to the analysis.  
The stiffness of the beam elements representing the stiffening trusses was adjusted in the vertical and 
lateral bending directions until the fundamental frequencies of the main span matched the frequencies 
identified from an earlier vibration test of the spans [4]. Multiple versions of the model in which different 
primary components (the cables, stays and stiffening trusses) were excluded from the model were 
analyzed to study the effects of these components on the dynamic behavior of the towers. The towers were 
also analyzed as free-standing structures that excluded all of the other bridge components to serve as a 
basis for the comparisons with the other idealized model analysis cases. Figure 11 shows isometric views 
of the two model cases discussed in this paper.  
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Figure 8: Unusual lateral vibration of the Brooklyn Tower 
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Figure 9: Autopower spectra for tower longitudinal vibrations 

 
The vibration modes of the Brooklyn Tower from the free-standing towers model case and the model case 
that included representations of all primary bridge components are summarized in Table 1. There were 6 
modes identified for the Brooklyn Tower observed in the 0 to 10 Hz frequency range for both model 
cases. These modes included the first and second longitudinal, lateral, and torsional modes. The same 6 
modes are also observed for the Manhattan Tower, although they occur at lower frequencies since the 
tower is more flexible than the Brooklyn Tower in the idealized model. The frequency of the first 
longitudinal mode of the Brooklyn Tower shifts to a slightly higher value in the model case that included 
representation of the primary bridge components, which would be expected due to an increase in stiffness 
in this direction from the main cables. The quantity and order of the tower modes remains the same in 
both model cases.  
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There is very little interaction observed between the two towers in the second model case as each tower 
vibrates in its natural modes. This would indicate that the tower modes may be classified as distinct for 
each tower. The spans are observed to vibrate at the tower natural frequencies; however, these oscillations 
appear to be consistent with local and higher modes of the spans. The towers are also observed to vibrate 
in their fundamental mode shapes at some of the natural frequencies associated with the spans, but the 
modal displacements in these cases are significantly less than those which occur at the frequencies 
associated with the modes of each tower. The modal displacements from the analytical model shown in 
Figure 12 reflect this observation. The unit normalized longitudinal modal displacements of the towers at 
frequencies corresponding to vertical span modes are shown in the leftmost graph in the figure. These 
mode shapes are very similar to the first unit normalized mode shape for the tower modes shown in the 
center graph in the figure. The rightmost graph in this figure compares the longitudinal modal 
displacement amplitudes in an absolute sense (un-normalized) for the modes associated with the vertical 
span modes and the tower longitudinal modes. The absolute modal amplitudes are clearly largest at the 
frequencies associated with the tower modes that were observed in both idealized model cases. It should 
be noted that the towers of modern suspension bridges are usually significantly more flexible than the 
Brooklyn Bridge towers, and the dynamic behavior observed from the idealized models for this bridge 
would be expected to differ for such structures.  
The observations from the analyses of the idealized models that are most relevant to the interpretation of 
the experimental measurements may be summarized as follows: (1) the critical tower modes are distinct 
from modes associated with the other bridge components, (2) the absolute modal displacements of the 
towers at the distinct tower modes are only significant for one direction; therefore, the tower modes may 
be characterized as pure longitudinal, pure torsional, or pure lateral modes, (3) the towers do participate in 
varying degrees in all directions with modes associated with other bridge components, but the absolute 
modal displacements of the towers in any direction at such frequencies are insignificant when compared 
with the modal displacements associated with the pure tower modes, and (4) there may be 6 distinct 
natural frequencies identified for the Brooklyn Tower in the frequency range of 0 to 10 Hz. The natural 
frequencies identified for the Brooklyn Tower may be quite different from those in the idealized model as 
this represents a very approximate representation of the bridge; however, the order of the modes should 
follow the trend observed in this model. 
 
 

Table 1: Frequencies and mode shapes from the idealized analytical model 

Frequency (Hz) 

Mode 
Free-Standing 

Towers 
Towers, Cables, 
Stays, Trusses Mode Shape 

1 1.799 1.976 1st Longitudinal 

2 2.896 2.790 1st Lateral 

3 4.046 4.032 1st Torsional 

4 5.096 4.983 2nd Longidutinal 

5 7.196 7.088 2nd Lateral 

6 8.047 7.943 2nd Torsional 
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Figure 10: Operating deflection shapes for tower longitudinal vibrations 
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Figure 11: Idealized analytical models 

 
3.3.5 Identification of the tower modes 
 
The idealized model analyses described in the previous section indicated that there may be 2 longitudinal 
natural frequencies associated with the towers in the 0 to 5 Hz frequency range. While the idealized model 
incorporated many simplifications and approximations, the results nonetheless serve as a useful guide for 
identifying the tower natural frequencies from the numerous spectral peaks found in the experimental 
data. 
There are a number of parameters that may be utilized in conjunction with the identified spectral peaks to 
identify the most likely longitudinal modes of the tower. The parameters that were considered for 
identifying the modes of the Brooklyn Tower from the pool of 36 identified spectral peaks were: (1) the 
character of the operating deflection shape, (2) the relative magnitude of the spectral peaks corresponding 
to the same type of deflection shape, (3) the coherence between the measurement level on the tower 
selected as a reference and each of the other measurement levels on the tower, the coherence between the 
reference measurement level on the tower and the other bridge responses such as the span vibrations, and 
(4) the modal assurance criterion (MAC) values between the operating deflection shapes constructed using 
each tower measurement level as a reference for a given spectral peak. The availability and effectiveness 
of these parameters for identifying the modes will depend on the design of the operational modal analysis 
experiment.  
The character of the operating deflection shape may be used to rule out some of the operating deflection 
shapes if they are outwardly unrealistic, but the effectiveness of this approach is heavily dependent on the 
heuristics of the data analyst. This type of visual evaluation approach is observed to be more effective if 
all of the tower measurement levels are utilized as references for generating the operating deflection 
shapes at a particular spectral peak since the signal-to-noise ratios at all tower levels will tend to reach 
their maximums at the natural frequencies of the tower. This approach is possible if the vibrations are 
recorded at multiple tower levels simultaneously. The magnitudes of the spectral peaks for which there are 
repeated operating deflection shapes may be compared to identify the most likely natural frequency since 
the maximum response should occur at the natural frequency. The coherence between different 
measurement levels on the tower should also be maximum (equal to 1.0) between the reference level and 
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all of the other measurement levels on the tower at a resonant frequency [8]. The evaluation of coherence 
between the different measurement locations on the tower may also be made more rigorous by utilizing all 
of the measurement levels on the tower as reference levels in a multiple reference approach, but this is 
limited to experiments that employ a fixed sensor array instead of roving instrumentation scheme. 
Similarly, the coherence between the tower measurement levels and the measurement stations on the 
spans can be computed at various spectral peaks to help characterize some of the spectral peaks identified 
for the towers. If the coherence is high between the measurement stations on the span and the 
measurement levels on the tower, it may indicate that the mode is a global mode of the structure in which 
both components are resonating, or possibly that the motions of one component are being driven by 
resonant oscillations of another component. The MAC values for the operating deflection shapes 
constructed using different reference levels on the tower may be used to evaluate the overall consistency 
of these shapes at a given spectral peak.  
If the parameters described above are considered for the pool of 36 spectral peaks identified from the 
measurement data, the following observations may be made. First, it is very difficult to rule out any of the 
operating deflection shapes shown in Figure 10 that were generated using only Level E on the tower as a 
reference location as possible tower modes based on their visual character alone. There are no absolutely 
unreasonable deflection shapes contained in the figures. Even if these shapes are visually compared with 
expected tower mode shapes from the idealized model, it is difficult to confidently exclude most of the 
deflection shapes on the basis of their appearance alone. However, if the operating deflection shapes are 
generated using each tower level as a reference station for a particular spectral peak, it is possible to rule 
out many of the resulting shapes. Figure 13 and Figure 14 show the operating deflection shapes generated 
using multiple reference levels for a subset of the identified spectral peaks. Based on the visual 
consistency or lack thereof for the deflection shapes generated using this multiple reference approach, it is 
possible to rule out 0.313 Hz, 0.381 Hz, 0.439 Hz, 0.566 Hz, 0.610 Hz, 0.684 Hz, 0.718 Hz 1.719 Hz and 
1.807 Hz as likely natural frequencies of the tower. The effectiveness of utilizing a multiple reference 
approach for ruling out spurious spectral peaks is clearly demonstrated by these figures. When the 
operating deflection shapes are generated and evaluated for the remaining spectral peaks, only 14 of the 
total 36 spectral peaks are found to have reasonable consistency for all possible references. The 14 
remaining candidate natural frequencies are summarized in Table 2.  
The 14 remain spectral peaks can now be evaluated according to other parameters in order to try to 
identify the longitudinal natural frequencies of the Brooklyn Tower. The first two peaks were identified as 
the fourth and fifth main span vertical modes in a previous ambient vibration test of the bridge spans [4]. 
Given the results of the idealized model which showed that the natural modes of the towers are distinct 
from the spans, it is likely that these two spectral peaks are the result of the spans undergoing resonant 
oscillations in these modes. The character of the operating deflection shapes for the tower at these 
frequencies also suggests a trend approaching the third shape type shown in Figure 10. The operating 
mode shapes associated with the spectral peaks in the range of 1.201 Hz to 1.519 Hz (spectral peaks 3 – 7 
in Table 2) are therefore most reasonable for the first longitudinal mode shape of the tower. None of these 
frequencies were identified as span modes in the previous study, although the 6th vertical mode of the 
main span was identified at 1.311 Hz, and a corresponding spectral peak is identified from the main span 
measurements in the present study at 1.309 Hz. As shown in Table 2, the spectral peaks at 1.201 Hz and 
1.387 Hz have the largest magnitudes in this deflection shape type group, and are the most likely 
candidates for the first longitudinal mode of the Brooklyn Tower. Although the magnitude of the spectral 
peak at 1.387 Hz is slightly larger than at 1.201 Hz, the operating deflection shapes for both are nearly 
identical. The spectral peaks from the ANPSD function at 3.765 Hz and 3.813 Hz have the largest 
magnitudes in the sixth shape type group, with the magnitude at the latter frequency being slightly larger 
than the former. The magnitude of the spectral peak at 3.765 Hz is slightly larger than the peak at 3.813 
Hz if the PSD magnitudes for each channel are simply summed with out any normalization at these 
frequencies, which represents a slight contradiction to the result obtained from the ANPSD function. 
Therefore, both of these spectral peaks should be considered as possible candidates for the second 
longitudinal mode of the Brooklyn Tower. The spectral peak at 4.766 Hz has the largest magnitude in the 
seventh deflection shape type group. The operating deflection shape associated with this spectral peak is 
also consistent with what might be expected for the 2nd longitudinal mode shape of the tower. 
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Figure 12: Analytical modal amplitudes of tower in longitudinal direction 
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Figure 13: Longitudinal operating deflection shapes for multiple references 
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Figure 14: Longitudinal operating deflection shapes for multiple references 

 
If the coherence between the reference level and the other measurement levels on the tower is computed 
and the results are summed for each frequency line, it is possible to represent the coherence as a 
percentage of its maximum possible value for a given spectral peak. This may also be done for the 
multiple reference case in which each measurement level on the tower is used as the reference location to 
obtain a more rigorous measure of the coherence at a given spectral peak. The resulting percentage of 
maximum coherence is a convenient parameter for comparing the different spectral peaks. As shown in 
Table 2, the coherence at 1.387 Hz is slightly better than at 1.201 Hz for both the single and multiple 
reference approaches, but the difference is not large enough to consider one frequency more reliable than 
the other as a tower mode. Similarly, the coherence between the reference level and the other tower levels 
is also slightly better at 3.765 Hz than at 3.813 Hz for both the single and multiple reference approaches. 
Table 3 summarizes the coherences computed between the longitudinal response at Level E of the 
Brooklyn Tower and the two measurement stations on the Brooklyn side span, the two measurement 
stations on the main span, and the one measurement level on the Manhattan Tower for the 14 spectral 
peaks shown in Table 2. The values given in Table 3 represent the sum of the coherences between the 
reference location on the Brooklyn Tower and the other measurement stations on the bridge as a 
percentage of their maximum possible values. The coherence parameters that are at least 50% of their 
maximum possible sum are shown in bold text in the table. If the Brooklyn Tower modes are distinct as 
was observed from the analyses with the idealized models of the bridge, the coherence values should be 
low between the tower and the other structural responses. The spectral peaks at 1.201 Hz and 1.387 Hz 
have been identified as the most plausible candidates for the first longitudinal mode of the Brooklyn 
Tower. A comparison of the coherences between the Brooklyn Tower and the other responses reveals that 
the spectral peak at 1.387 Hz is more unique to the longitudinal response of the Brooklyn Tower than the 
peak at 1.201 Hz. The spectral peaks at 3.765 Hz and 3.813 Hz were identified possible candidates for the 
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second longitudinal mode of the Brooklyn Tower. It is clear from Table 3 that neither of these frequencies 
is closely associated with the vibration responses of other parts of the structure. Since the magnitude of the 
spectral peak and the coherence between the different levels on the tower are slightly better at 3.765 Hz, 
this is most likely the second longitudinal mode of the Brooklyn Tower. The coherence parameters for the 
spectral peak at 4.766 Hz shown in Table 3 indicate that this peak is most likely associated with lateral 
response of the Brooklyn Tower.  
The vibration data was also processed using more sophisticated modal identification algorithms including 
the Stochastic Subspace Identification (SSI) method from the LMS Test Lab software package. The tower 
data was processed using all of the measurement levels as references. The use of SSI resulted in the 
identification of considerably fewer frequencies than were identified from the initial peak picking 
approach for the longitudinal vibration of the Brooklyn Tower; however, as was the case with the peak 
picking approach, the identified frequencies had to be considered and evaluated separately as candidates 
for the longitudinal modes. The resulting longitudinal operating deflection shapes corresponding to the 11 
frequencies identified in the LMS software are shown in Figure 15. It is clear from this figure that the 
deflection shapes are very similar to those identified by the peak picking approach. In addition, the 
frequencies identified by SSI are also similar to those obtained by peak picking. While the use of the SSI 
algorithm and LMS software made for a more expedient identification of possible modes, the results were 
subject to the same uncertainty that was encountered using the peak-picking approach. In other words, the 
pool of possible frequencies to evaluate was significantly reduced using SSI when compared to the initial 
peak-picking approach that used a single reference level on the tower to construct the operating deflection 
shapes; however, the identified frequencies still required additional evaluation due to the uncertainty 
associated with the dynamic behavior of this structure. In this application, the use of a more sophisticated 
algorithm did not provide any inherent advantages over the multiple reference peak-picking approach for 
interpreting the final modes of the tower. In addition, since each step of the multiple reference peak-
picking approach was explicit and transparent, the final evaluation of the tower modes could be performed 
in a more conceptual manner.  
The modes identified for the Brooklyn Tower from the data considered in this paper are summarized in 
Figure 16. The first two modes in the torsional and lateral directions were identified using the same 
procedure described for the longitudinal modes. It should be noted that the identified modes represent the 
most likely modes of the tower; however, considerable uncertainty remains associated with them. The 
uncertainty is inherent to the use of operational modal analysis to characterize one component of a large 
scale and weakly-coupled dynamic system.  
 

4 Conclusions 
 
This paper described the writers’ efforts to identify the modal properties of a masonry tower in a landmark 
suspension bridge by an operational modal analysis experiment. There were many challenges encountered 
in the design and execution of the experiment, some of which were due to socio-technical constraints. The 
experimental challenges were followed by challenges related to the analysis of the experimental results 
contributing to a significant amount of uncertainty. Much of the uncertainty was related to the weakly-
coupled dynamic characteristics of the towers and spans, and the complexity of the ambient excitation. 
Such a high level of uncertainty that cannot be effectively mitigated due to its epistemic nature 
distinguishes the experimental determination of the characteristics of constructed systems from 
mechanical systems that may be evaluated under controlled conditions in a laboratory, and sometimes by 
separating various subcomponents from each other.  
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Table 2: Possible candidates for longitudinal natural frequencies of the Brooklyn Tower 

Spectral 
Peak 

Frequency 
(Hz) 

Magnitude of 
ANPSD 

Spectral Peak 

Deflection 
Shape Type 
Group  (see 
Figure 10) 

% of Max 
Coherence with 

Level E 

% of Max 
Coherence All 

Levels 

1 0.806 1.7E-03 1 93.5 91.8 

2 0.972 4.2E-03 1 98.0 97.4 

3 1.201 1.1E-02 3 99.6 99.4 

4 1.304 6.4E-03 3 99.0 98.5 

5 1.387 1.5E-02 3 99.7 99.5 

6 1.450 9.0E-03 3 99.4 99.3 

7 1.519 9.6e-03 3 99.6 99.4 

8 3.521 3.5E-04 6 90.6 89.5 

9 3.545 3.6E-04 6 91.8 90.1 

10 3.765 7.3E-04 6 92.6 90.3 

11 3.813 7.6E-04 6 92.4 89.3 

12 3.848 5.8E-04 6 90.2 86.4 

13 4.668 4.6E-04 7 92.3 89.2 

14 4.766 9.2E-04 7 94.8 93.1 

 

Table 3: Coherence between Level E on Brooklyn Tower and other locations on bridge 

% of Maximum Possible Sum of Coherences 
Spectral 

Peak   
(Hz) 

MT 
Long 

MT 
Tor 

MT 
Lat 

BT 
Tor 

BT 
Lat 

MS 
Vert 

MS 
Tor 

MS 
Lat 

SS 
Vert 

SS 
Tor 

SS 
Lat 

0.806 81.6 0.6 0.4 3.3 5.1 94.3 18.1 8.5 72.5 0 2.7 

0.972 34.3 0.6 0.7 6.5 12.2 18.9 4.6 3.4 91.7 21.9 30.3 

1.201 96.0 6.7 2.6 12.2 29.2 70.9 17.4 9.0 37.8 10.8 6.4 

1.304 73.7 6.6 1.3 17.7 24.0 60.5 32.4 28.4 9.2 2.1 6.5 

1.387 60.3 0.2 0.5 17.8 23.1 39.1 2.0 2.7 38.8 21.0 30.0 

1.450 30.2 0.1 2.4 16.7 14.9 19.6 3.6 3.5 39.0 25.7 30.9 

1.519 82.2 0.6 0.3 17.6 13.3 30.0 11.1 8.3 32.2 12.3 14.8 

3.521 69.7 7.9 1.2 1.2 3.5 7.1 0.4 0.5 1.3 1.3 1.7 

3.545 67.3 4.9 1.5 1.1 3.0 1.1 1.2 0.3 0.3 0.6 0.7 

3.765 29.1 0.3 0.1 2.0 3.0 3.2 2.8 2.7 0.6 0.5 0.5 

3.813 20.0 2.2 1.7 3.8 4.4 0.8 1.3 0.5 1.7 0.4 0.4 

3.848 9.2 2.2 0.1 3.6 5.3 0.4 0.8 2.8 4.0 0.8 0.3 

4.668 11.2 2.8 18.7 51.6 92.1 3.4 3.9 13.9 7.7 3.4 19.4 

4.766 14.5 9.9 11.1 81.3 93.4 0.7 12.5 16.4 3.4 13.2 51.2 

MT = Manhattan Tower, BT = Brooklyn Tower, MS = Main Span, SS = Brooklyn Side Span,  

Long = Longitudinal, Vert = Vertical, Tor = Torsional, Lat = Lateral  
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Figure 15: Longitudinal frequencies and deflection shapes from SSI 
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Figure 16: Modes identified for the Brooklyn Tower 
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In a process-based as opposed to performance-based approach to modal analysis, it would have been quite 
simple to extract and report a considerable number of operating shapes and corresponding frequencies. In 
fact, there are many reported applications were only the spans of cable-supported bridges are tested and 
identified without regard to the interactions or behaviors of the towers or pylons. Often, such tests are 
conducted by roving a limited number of sensors and justified by assuming the structure and excitation are 
stationary, and that the excitation is Gaussian white noise. The writers discovered that a process-based 
approach did not lead to any fundamental knowledge about the structure, and that there were many 
challenges to extracting relevant and reliable information from the test data. Only by leveraging an 
integrated analytical and experimental framework, termed as structural identification, was it possible to 
conceptualize the systems, the different vibration environments of the bridges principal subcomponents, 
and to differentiate between the distinct natural modes of the tower that was tested from those of the 
adjoining components and of the global structure. 
There are several specific conclusions that may be made as a result of this study: 

1. Several approaches were used to evaluate the vibration data. A basic peak-picking approach 
yielded numerous frequencies that required further evaluation in order to identify the modes 
associated with the Brooklyn Tower. In general, there would be far more peaks in a frequency 
spectrum than what may be expected to correspond to a meaningful number of system poles 
within the frequency band and response direction considered. Many of the reasons for such an 
overdeterminate nature of operational modal analysis, such as errors associated with a lack of 
periodicity, discrete numerical processing, modal coupling, and coupling between orthogonal 
directions are known; however, many others that are specific to a specific experiment, structure, 
excitation, and data processing methods are unknown. This gives rise to espistemic uncertainty in 
the post-processing and analysis of the results. 

2. The preliminary results from a full 3D FE model of the bridge were available for interpreting the 
measurement results; however, they were not well-suited for conceptualizing and understanding 
the dynamic behavior of the principal bridge components. An idealized and approximate 
analytical model was required to first conceptualize the dynamic behavior of the tower 
components of the weakly-coupled global system as well as of the entire system itself. The 
construction of an idealized model that will permit the efficient identification of behavior patterns 
requires considerable heuristics. 

3. The utilization of a multiple reference approach (mimicking the post-processing of a MIMO type 
impact test) for constructing the operating deflection shapes associated with the identified spectral 
peaks proved to be very effective graphical approach for ruling out many of the spurious peaks 
and identifying possible modes. This implies that a roving instrumentation scheme may not be 
represent the most reliable approach for characterizing the towers of a suspension bridge by 
operational modal analysis since an overdeterminate set of results all appearing as seemingly 
meaningful mode shapes may be obtained when only one reference location is used. When a more 
stringent multiple reference approach is used, many of the same mode shapes may be clearly 
identified as spurious results.  

4. The uncertainty in identifying the modal properties was not related to the algorithm used to 
conduct the modal identification. The results obtained from more sophisticated algorithms were 
subject to the same degree of uncertainty as the most basic identification approach. In other words 
the uncertainty in this case was more a function of the structural system and its vibrations than the 
measurement data. 

5. The coherence information between different measurement locations on the spans and towers was 
critical for identifying the most likely tower modes. This implies that in cases where a structure 
consists of very stiff components that are coupled with very flexible components, both should be 
monitored simultaneously even if only the modal properties of one component are to be identified. 
The resulting identification will be more reliable and rigorous if more measurement locations can 
be included on the different components. 

6. The writers were able to identify the most likely first 6 natural frequencies and mode shapes of the 
Brooklyn Tower. There is still some uncertainty associated with the results, and this uncertainty is 
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greater with the higher frequencies. A feasible forced-vibration test was designed for the 
characterization of the towers, and this may be the most reliable way to identify the tower modes 
and their damping characteristics. Furthermore, a forced-vibration test may be carried out at 
sufficiently high force levels to activate and reveal various tower behaviors that may not be 
apparent under ambient vibrations.  

This particular application showed the type of uncertainty that can be encountered in operational modal 
analysis of weakly-coupled systems. The uncertainty has important ramifications for reliable system 
identification and health monitoring of large constructed structural systems. Given that operating modal 
analysis may, in many cases, emerge as the only feasible method of testing and characterizing large 
constructed systems such as many landmark or “signature” cable-supported bridges, considerable research 
on optimal experiment design, execution, data processing is required for a product-based as opposed to a 
process-based approach. Such research needs to fully leverage a conceptual understanding of the dynamic 
behavior of a large constructed system, and success requires the use of a structural identification 
framework. 
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Abstract
In experimental modal analysis (EMA), all input and output signals are measurable. In operational modal
analysis only the output signal are measurable; the operational forces are unknown and usually assumed to be
white noise sources. The OMAX framework is a unifying approach combining experimental and operational
modal analysis. OMAX stands for Operational Modal Analysis in presence of eXogenous inputs. In other
words, the OMAX framework is an operational modal analysis approach where unknown operational forces
as well as measurable input forces are available. The measurable input forces can be deterministic as well
as stochastic. In this contribution the OMAX framework will be elaborated paying special attention to the
current state-of-the-art OMAX estimators and their possible applications in mechanical and civil engineering.
It will be shown how the modal parameters can be estimated from output-only (OMA) as well as input/output
(OMAX) measurements done at operating conditions.

1 Introduction

The majority of structures can be made to resonate, i.e. to vibrate with excessive oscillatory motion. Reso-
nant vibration is mainly caused by an interaction between the inertial and elastic properties of the materials
within a structure. To better understand any structural vibration problem, the resonant frequencies of a struc-
ture need to be identified and quantified. Today, modal analysis has become a widespread means of finding
the modes of vibration of a machine or structure. In every development of a new or improved mechani-
cal product, structural dynamics testing on product prototypes is used to assess its real dynamic behaviour.
Starting from simple techniques for trouble shooting, it has evolved to a ‘standard’ approach in mechani-
cal product development. Beginning from the modal model, design improvements can be predicted and the
structure can be optimized. Based on the academic principles of system identification, experimental modal
analysis helps the engineers to get more physical insight from the identified models. Continuously expanding
its application base, modal analysis is today successfully applied in automotive engineering (engine, suspen-
sion, body-in-white, fully trimmed cars, ...), aircraft engineering (ground vibration test, landing gear, control
surfaces, in-flight tests), spacecraft engineering (launchers, antennas, solid panels, satellites,...), industrial
machinery (pumps, compressors, turbines, ...) and civil engineering (bridges, off-shore platforms, dams, ...).

Nevertheless, the current evolution in mechanical engineering towards the use of Computer Aided Design
(CAD) like Finite Element Models (FEM) results in a changing role for testing [1], [2]. Today the optimiza-
tion process in product development is under strong pressure because of the competitive market, increasing
customers’ demands and by consequence the design cycle becomes shorter in time. This results in an in-
creasing use of simulations based on numerical models to reduce the number of prototypes and expensive
experiments. Still, testing plays an important and evermore critical role, in every step of the development
process for target setting, bench-marking and model updating. All this, together with the decreasing exper-
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tise of the users, since modal analysis have been transferred from the realm of the research experts to the
product development workfloor [3], makes that the demands for modal parameter estimation algorithms still
increase in terms of accuracy, speed, automation and physical interpretation.

In this paper attention will be paid to the design of such dedicated frequency-domain modal parameter
estimators for experimental and operational modal analysis.

2 Experimental Modal Analysis

Experimental modal analysis (EMA) identifies a modal model from the measured forces applied to the test
structure and the measured vibration responses. Typically the number of input forces, Ni, ranges from 1 to
5 while the measured output, No, can be larger that 1000. This results in the following modal model with
dimension No ×Ni

H(s) =
Nm∑

m=1

ΦmLT
m

s− λm
+

Φ∗
mL∗Tm

s− λ∗m
(1)

with Φm ∈ CNo the mode shape vectors and Lm ∈ CNi the modal participation factors [4, 5, 6]. Direct
estimation of the modal parameters is not practical because the modal model is strongly nonlinear in the
parameters. Therefore, matrix-fraction descriptions are usually preferred.

2.1 The Least-Squares Complex Frequency-domain (LSCF) approach

A scalar matrix-fraction description - better known as a common-denominator transfer function - will be
used in this section. The frequency response function (FRF) between output o and input i will be modeled
as

Hoi(Ωk) =
Boi(Ωk)
A(Ωk)

(2)

with Boi(Ωk) =
∑n

j=0 boijΩ
j
k the numerator polynomial between response o and input i and A(Ωk) =∑n

j=0 ajΩ
j
k the common-denominator polynomial. Several choices are possible for the polynomial basis

functions Ωk. A discrete-time model, Ωk = exp(iωkTs), will be used (with Ts the sampling period).

Frequency response functions (FRFs) are commonly used as primary data in modal analysis. Most often,
modal tests take place in laboratory conditions, and so, the applied forces can be measured together with
the response of the structure (e.g., accelerations). Starting from the measured FRFs, Ĥoi(ωk) (with o =
1, . . . , No, i = 1, . . . , Ni and k = 1, . . . , Nf ), estimates of the transfer-function coefficients can be obtained
by minimizing the following least-squares cost function

` =
∑

o,i

∑

k

|Eoi(ωk)|2 (3)

with
Eoi(ωk) = A(Ωk)Ĥoi(ωk)−Boi(Ωk) (4)

For generality, a frequency-dependent weighting function, Woi(ωk), will be added [7]

Eoi(ωk) =
A(Ωk)Ĥoi(ωk)−Boi(Ωk)

Woi(ωk)
(5)

The Jacobian matrix is defined as J = ∂E/∂Θ with parameter vector Θ = (bT
11,b

T
12, . . . ,b

T
N0Ni

,aT )T and
with E = (ET

11,E
T
12, . . . ,E

T
NoNi

)T and Eoi = (Eoi(ω1), . . . , Eoi(ωNf
))T . The dimension of the Jacobian

matrix is NoNiNf × N with N = (NoNi + 1)(n + 1). As NoNiNf can be quite large in modal analysis
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applications, the normal equations, N = JHJ, are implicitly computed to reduce the matrix dimensions.
The dimension of the square matrix N equals N = (NoNi + 1)(n + 1).

It can be proven that cost function (3) can be written as

` =
∑

o,i

{
boi

a

}H [
Roi Soi

SH
oi Toi

] {
boi

a

}
(6)

with

Roi =
∑

k

ZH
k Zk

W 2
oi(ωk)

, Soi = −
∑

k

ZH
k ZkĤoi(ωk)
W 2

oi(ωk)
, Toi =

∑

k

ZH
k Zk|Ĥoi(ωk)|2

W 2
oi(ωk)

(7)

and Zk = [1, Ωk,Ω2
k, . . . ,Ω

n
k ]. In the minimum of the cost function, the derivative of (6) with respect to boi

should be zero, i.e.,
∂`

∂boi
= 2(Roiboi + Soia) = 0 (8)

Elimination of boi from (8) and substitution in (6) yields ` = aHDa with D an (n + 1)× (n + 1) matrix

D =
∑

o,i

Toi − SH
oiR

−1
oi Soi (9)

Assuming that the last coefficient of Θ equals 1 (i.e. an = 1) yields the following least-squares estimates

â =
{ −(D(1 : n, 1 : n))−1D(1 : n, n + 1)

1

}
(10)

and b̂oi = −R−1
oi Soiâ.

The poles, λm in (1), are obtained by computing the roots of the estimated denominator polynomial, with
coefficients â. The mode shape vectors, Φm, and the modal participation factors, Lm, can be obtained from
the estimated numerator coefficients, b̂oi, or form the residue matrices, Rm ∈ CNo×Ni , occuring in

H(s) =
Nm∑

m=1

Rm

s− λm
+

R∗
m

s− λ∗m
(11)

These resudue matrices can be estimated in least-squares sense once the poles are known. Next, the (rank
one) residue matrices are decomposed into Rm = ΦmLT

m by means of a singular value decomposion.

2.1.1 Remarks

• The dimensions of the reduced matrix (9) is much smaller than the original Jacobian matrix. Moreover,
when a discrete-time model is used (i.e., Ωk = exp(iωkTs) with Ts the sampling period) the matrices
Roi, Soi, and Toi becomes Toeplitz. This means that only the first rows (and columns) of the matrices
have to be computed. Further, when the frequencies ωk, k = 1, . . . , Nf , are uniformly distributed, a
discrete Fourier transform can be used to compute these elements in a time efficient way [8, 9, 10].

• The above equations implicitly assume that the polynomial coefficients are complex valued. Hence,
when a common-denominator model is used, the order of the denominator polynomial n equals the
number of estimated modes (n = Nm). For real-valued coefficients the order n has to be doubled
(n = 2Nm). An advantage of complex coefficients is that n is twice smaller that for real coefficients,
and so, a better numerical conditioning of the normal equations is obtained. It can be shown that the
least-squares normal equations for real-valued coefficients are obtain by replacing the complex-valued
R, S, and T matrices by they real part, i.e., Re(R), Re(S), and Re(T).
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2.2 The polyreference LSCF approach

Recently, a new non-iterative frequency-domain parameter estimation method was proposed. This so-called
polyreference least-squares complex frequency domain method (also known as the PolyMAX estimator) can
be implemented in a very similar way as the industry standard polyreference (time-domain) least-squares
complex exponential method: in a first step a stabilisation diagram is constructed containing frequency,
damping and participation information. Next, the mode shapes are found in a second least-squares step,
based on the user selection of stable poles. The polyreference implementation is based on the (weighted)
least-squares approach given in the previous section, but uses a right matrix-fraction description instead of a
common denominator transfer function model. The poles, λm, together with the modal participation factors,
Lm, are obtained by reformulation det(A(Ωk)) = 0 into a generalized eigenvalue problem, resulting in nNi

eigenvalues (poles) and corresponding left eigenvectors (modal participation factors).

One of the specific advantages of this technique lies in the very stable identification of the system poles
and participation factors as a function of the specified system order, leading to easy-to-interpret stabilisation
diagrams [11]. This implies a potential for automating the method and to apply it to ‘difficult’ estimation
cases such as high-order and/or highly damped systems with large modal overlap [12]. The mode shape
vectors can be obtained from the bj coefficients or are found in a second least-squares step, based on the
user selected stable poles and corresponding modal participation factors. Indeed, when the poles and modal
participation factors are known, the remaining parameters, i.e., the mode shape vectors Φm, appears linearly
in (1).

2.3 Maximum likelihood approach

2.3.1 Frequency response function data

Least-squares techniques are often used in modal analysis because they are able to handle large amounts
of data in a reasonable amount of time. However, when the accuracy of a least-squares approach is not
good enough, more sophisticated estimators have to be used [13]. In this section a ‘dedicated’ multivariable
implementation of the frequency-domain maximum likelihood estimator will be presented.

Assuming the FRFs to be uncorrelated, the (negative) log-likelihood function reduces to

` =
∑

o,i

∑

k

|Eoi(ωk)|2 (12)

with

Eoi(ωk) =
A(Ωk)Ĥoi(ωk)−Boi(Ωk)

A(Ωk)σHoi(ωk)
(13)

and σHoi(ωk) an non-parametric noise model representing the standard deviation of the noise on the mea-
sured FRF Ĥoi(ωk). This maximum likelihood approach is equivalent to a weighted ‘non-linear’ least-
squares problem with Woi(ωk) = |A(Ωk)|σHoi(ωk).

The maximum likelihood estimator takes the quality of the measured FRFs into account: FRF measurements
with a small variance have an important contribution to the cost function while noisy FRF measurements are
penalized.

The maximum likelihood estimates are obtained by minimizing (12). This can be done by means of a Gauss-
Newton optimization algorithm, which takes advantage of the quadratic form of the cost function.

The Gauss-Newton iterations are given by

(a) Solve (JH
p Jp)∆p = −JH

p Ep (14)

(b) Set Θp+1 = Θp + ∆p (15)
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with Ep = E(Θp), E = (ET
11,E

T
12, . . . ,E

T
NoNi

)T and Eoi = (Eoi(ω1), . . . , Eoi(ωNf
))T . The Jacobian

matrix Jp = ∂Ep/∂Θp can be written as

Jp =




Γp
11 0 · · · 0 Υp

11

0 Γp
12 0 Υp

12
...

. . .
...

...
0 0 . . . Γp

NoNi
Υp

NoNi


 (16)

The iterations are usually stopped when the updates ∆p are small enough and/or when the variation of the
cost function becomes small.

Notice that the FRFs are assumed to be uncorrelated, i.e., cov(Ĥoi, Ĥo′i′) = 0 for (o, i) 6= (o′, i′). This
assumption is not necessarily true in practice. So, in general, the estimator is not asymptotically efficient
anymore, but, the consistency is still preserved. This is the price that has to be paid to allow a fast imple-
mentation.

2.3.2 Normal equations

The Gauss-Newton iteration (JH
p Jp)∆p = −JH

p Ep reduces to




Rp
11 0 · · · Sp

11

0 Rp
12 Sp

12
...

. . .
...

SpH
11 SpH

12 · · · Tp







∆p
b11

∆p
b12
...

∆p
a


 = −




Vp
11

Vp
12
...

Wp


 (17)

with Rp
oi = ΓpH

oi Γp
oi, Sp

oi = ΓpH
oi Υp

oi, Tp =
∑

o,i Toi, Toi = ΥpH
oi Υp

oi, Vp
11 = ΓpH

oi Ep
oi, and Wp =∑

o,i Woi with Woi = ΥpH
oi Ep

oi

2.3.3 Reduced normal equations

Deriving ∆p
boi

from the first equations of (17)

∆p
boi

= −(Rp
oi)
−1(Soi∆p

a + Vp
oi) (18)

and eliminating ∆p
boi

in the last equation yields

∑

o,i

(Tp
oi − SpH

oi (Rp
oi)
−1Sp

oi)∆
p
a =

−
∑

o,i

(Wp
oi − SpH

oi (Rp
oi)
−1Vp

oi) (19)

Solving (19) leads to the coefficients update, ∆p
a, of the common denominator polynomial, A(Ωk), and

requires only the inversion of a small square matrix,
∑

o,i(T
p
oi − SpH

oi (Rp
oi)
−1Sp

oi), of dimension n (the
model order). Backwards substitution based on (18) is used to derive the numerator coefficient updates,
∆p

boi
.
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3 Operational Modal Analysis

Cases exist where it is rather difficult to apply an artificial force and where one has to rely upon available
ambient excitation sources. In such cases, it is practically impossible to measure this ambient excitation, and
consequently, the responses are the only signals that can be measured. Traditionally, one assumes that the
outputs are the results of a stochastic process with white noise sources as inputs. The need to perform output-
only modal analysis probably emerged first in civil engineering, where it is very difficult and expensive to
excite constructions like bridges and buildings by an artificial excitation that exceeds the natural vibrations
due to traffic and wind. Also in mechanical engineering, operational modal analysis proved to be useful: for
instance to obtain modal parameters of a car during road testing or an airplane in flight conditions. Often
operational test conditions differ from laboratory test conditions, because during the in-operation tests the
real loading conditions on the structure are present (suspension pre-strains of a car on the road, aero-elastic
interactions during flight conditions, ...). For example, an airplane during flight conditions has a (totally)
different dynamical behaviour than an airplane tested in laboratory conditions. Another benefit of output-
only modal analysis is the fact that a linear model of the system is obtained around the real working point of
operation.

3.1 Output-only data

3.1.1 Half power spectral measurements

Starting from the input/output relation
Y(ω) = H(ω)F(ω) (20)

and assuming the input forces to be a stationary stochastic process, the power spectral matrix of the outputs,
SY(ω) ∈ CNo×No , are given by

SY(ω) = H(ω)SF(ω)HH(ω) (21)

with

H(ω) =
Nm∑

m=1

ΦmLT
m

iω − λm
+

Φ∗
mL∗Tm

iω − λ∗m
(22)

Under the assumption that the operational forces are white input noise sources (i.e., SF is a constant frequency-
independent matrix), SY(ω) can be modally decomposed as [14, 15]

SY(ω) =
Nm∑

m=1

ΦmKT
m

iω − λm
+

Φ∗
mK∗T

m

iω − λ∗m
+

KmΦT
m

−iω − λm
+

K∗
mΦ∗T

m

−iω − λ∗m
(23)

where Φm ∈ CNm is the mode shape vector of mode m, and Km the operational reference vector. This
operational reference vector is a function of the modal parameters and the (frequency-independent) power
spectral matrix of the unknown random input forces. As the input forces are unknown, it is impossible to
recover the modal participation factors, Lm, from Km. All other modal parameters are still identifyable.

One notice that the modal decomposition (23) contains both stable (λm) and unstable poles (−λm). It is
however possible to get rid of the unstable poles by considering the so-called ‘half’ (or positive) power
spectra, S+

Y(ω), which are obtained by Fourier transforming the positive lags of the correlation functions.

S+
Y(ω) =

Nm∑

m=1

ΦmKT
m

iω − λm
+

Φ∗
mK∗T

m

iω − λ∗m
(24)

Consequently, all FRF-based estimators can be used to obtain the poles and mode shape vectors by simply
replacing the FRF measurements by the half power spectra.
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3.1.2 Output spectra measurements

An alternative stochastic identification approach, which can be used for short data sequences, starts from the
following equation

Yo(ωk) =
Co(Ωk)
A(Ωk)

Eo(ωk) +
To(Ωk)
A(Ωk)

(25)

with Co(Ωk) =
∑

j cojΩ
j
k, and Eo(ωk) zero-mean complex-normally distributed white noise sources with

unknown variances. The polynomials To(Ωk) take care of the transient effects, including leakage errors. The
coefficient estimates are obtained by minimizing

` =
∑

o,k

|A(Ωk)Yo(ωk)− To(Ωk)|2
|Co(Ωk)|2 (26)

Under the assumption that Co(Ωk)/A(Ωk) is a stable and inversely stable monic filter without cancelling
poles and zeros and that Ωk = eiωk covers uniformly the full unit circle, strong consistence follows from
[16]. This non-linear optimization problem can be solved by means of the Gauss-Newton algorithm. In each
step of this iterative procedure the zeros of Co(Ωk) are forced inside the unity circle to preserve stability. As
a consequence only the magnitude of the mode shape vectors can be determined from Co(Ωk)/A(Ωk) [17].

In [16] it is shown that parametric time series analysis is possible in the frequency domain without any
approximation. The proposed frequency domain approach equals the prediction error method including the
estimation of the initial state if all the DFT lines are used. The advantages of the method are the easy
prefiltering and the leakage-free spectral representation of the raw data.

3.2 Input/output data

3.2.1 Maximum likelihood approach with parametric noise model — The OMAX approach

In some in-operational testing applications, exciters are used to inject more energy in the system. This is for
instance done during flight flutter tests, where artificial forces are applied on the wings of the airplane using
special equipment. In that case, input signals are available and it is again possible to use classical EMA
identification techniques to estimate the modal parameters from the input/output (or FRF) measurements.
However, by doing so, the effect on the natural forces will be treated as ambient ‘noise’. Traditional EMA
techniques will remove this ‘noise’ by averaging the measurements. This is in contradiction with the output-
only approach where the modal parameters are estimated using response data due to the ambient excitation
only. Clearly, the ambient noise is not just ‘noise’ but it contains useful information about the system.
To make an optimal use of the operational data, both measured (artificial) and unmeasured (natural) forces
should be taken into account. By doing so, all the available information in the measured data can be optimally
used. One can write that output o consists of two contributions: a forced part due to the applied (and
measured) forces Fi(ωk) and a second unknown part due to the (unknown) ambient excitation Eo(ωk); a
third term, To(Ωk)

A(Ωk) , models all transients effects,

Yo(ωk) =
∑

i

Boi(Ωk)
A(Ωk)

Fi(ωk) +
Co(Ωk)
A(Ωk)

Eo(ωk) +
To(Ωk)
A(Ωk)

(27)

The results of Section 3.1.2 can easily be extended to the case where known input forces are present (i.e.,
exogenous inputs) resulting in the following cost function [17]

` =
∑

o,k

|A(Ωk)Yo(ωk)−∑
i Boi(Ωk)Fi(ωk)− To(Ωk)|2
|Co(Ωk)|2 (28)
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This estimator will be denoted as MLE-OMAX where OMAX stands for Operational Modal Analysis in
presence of eXogenous inputs.

In [10] a combined deterministic-stochastic frequency domain subspace system identification algorithm is
proposed. This alternative ‘OMAX’ approach can also take both measured (artificial) and unmeasured (nat-
ural) forces into account.

OMAX estimators are able to identify modes that are weakly excited by the applied forces, Fi(ωk), as long
as they are excited by the natural forces (see Section 4.1).

3.2.2 Maximum likelihood approach with non-parametric noise model

The traditional frequency domain maximum likelihood approach assumes that a non-parametric noise model
is available. This approach can cope with input as well as output noise. However, to remain in analogy
to Section 3.2.1, only output noise will be considered here (i.e., the exogenous inputs are assumed exactly
known). The non-parametric noise model, i.e., the variance of the output spectra, equals σ2

Yo
(ωk). So, output

o can be written as

Yo(ωk) =
∑

i

Boi(Ωk)
A(Ωk)

Fi(ωk) +
To(Ωk)
A(Ωk)

+ σYo(ωk)Eo(ωk) (29)

resulting in the following cost function

` =
∑

o,k

|A(Ωk)Yo(ωk)−∑
i Boi(Ωk)Fi(ωk)− To(Ωk)|2

|A(Ωk)|2σ2
Yo

(ωk)
(30)

This estimator will be denoted as MLE-I/O. The MLE-I/O fails to identify the modes that are not (or weakly)
excited by the applied forces, Fi(ωk) (see Section 4.1).

4 Experimental Results

4.1 Flight flutter analysis

Wings of airplanes can be subjected to flutter phenomena during flight. Flutter is a dynamic instability that
involves coupling of aerodynamic forces with the elastic and inertial forces of the structure.

Before an airplane is released, flight flutter tests have to be performed to detect possible onset of flutter.
The classical flight flutter testing approach is to expand the flight envelope of an airplane by performing
a vibration test at constant flight conditions, curve-fit the data to estimate the resonance frequencies and
damping ratios, and then to plot these frequencies and damping estimates against flight speed or Mach
number. The damping values are then extrapolated in order to determine whether it is save to proceed to the
next flight test point. Flutter will occur when one of the damping values tends to become negative.

Flight flutter analysis is one of the most demanding applications of modal analysis [18]. The modal parameter
estimation algorithm must be fast, able to handle very noisy data and yield accurate estimates of the damping
ratios [19, 20].

In this section Monte Carlo simulations will be used to check the bias errors and efficiency of 3 different
maximum likelihood approaches. To make the simulations as realistic as possible, the modal model is ex-
tracted from a real ground vibration test (GVT) of an aircraft, which geometry in shown in Figure ??. Only
38 output degrees-of-freedom (DOFs) of the originally 543 measured DOFs are used to perform the flutter
simulations. The simulations were done in the continue time domain with a state space model based on the
first six modes, visualized in Figure 1. In all simulations, one random noise force f(t) is applied to the end
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(a) (b)

(c) (d)

Figure 1: Mode shapes of airplane.

of the left wing in vectical direction. To simulate the influence of the atmospheric turbulence, correlated
white noise sources are considered on the nose, wings and tail of the aircraft. Simulations were carried out
for different levels of atmospheric turbulence: 7, 14, 21, 28, 35, and 42 % of the deterministic contribution
to the outputs. For each turbulence level, 10 runs are considered to check for systematic errors and to verify
the efficiency. Figure 2 shows the 68 % confidence bars of the damping ratio estimates of each mode for an
increasing level of the turbulence.

The maximum likelihood approach based on FRF measurements (MLE-FRF) suffers from a bias on the
damping ratios of the low frequent modes due to leakage effects in the FRF measurements. Furthermore, the
variance turns out to be large, even in the case of low turbulence levels.

Since the I/O methods model the transient effects by means of a transient polynomial, they do not suffer
from bias errors. As the noise level increases the MLE I/O method introduces a bias on the damping ratio
estimates for the 3rd and 4th mode. This failure is caused by the fact that these modes are not well excited by
the applied exogenous input force at the end of the left wing. Indeed, for the 3rd and 4th mode, the wing is
almost not vibrating as can be observed in Figure 1; mainly the tail is resonanting. These modes are mainly
excited by the operational turbulent forces.

Interesting to notice is that the MLE-OMAX method gives the best estimates for all modes, including mode
3 and 4.
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Figure 2: Damping ratio estimates with 68 % confidence bars of (∗) MLE-OMAX; (◦) MLE-I/O; (¤) MLE-
FRF; and (−−) exact value.

5 Conclusions

In this contribution attention has been paid to operational modal analysis. During operational tests un-
known ambient (stochastic) excitations are present. To model systems in operational conditions, determinis-
tic (EMA), stochastic (OMA) and combined deterministic-stochastic frequency domain estimators (OMAX)
were proposed.

Next, the applicability of 3 different frequency domain maximum likelihood identification approaches has
been discussed in the field of flight flutter testing. Taking into account the typical characteristics of flight
flutter testing (short data sequences and noisy measurement due to the presence of (unmeasured) random
turbulent forces) it was found that the MLE-OMAX method resulted in the most accurate estimates. Iden-
tification methods based on FRFs suffer from bias errors due leakage problems, usually resulting in an
overestimation of the damping ratios and a high uncertainty of the estimates. The MLE-I/O does not suffer
from leakage problems, since the transient effects are estimated simultaneously with the model parameters.
Although, the MLE-I/O fails to identify the weakly artificially excited modes in presence of large turbulence
levels.
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Abstract
A modal analysis aims at the identification of the modal parameters of a test structure from the measured vi-
bratory behaviour. Traditionally, both the input forces and the resulting responses are measured. However, in
many applications it is not possible to measure (all) the input forces. During the last decade, two new classes
of modal parameter estimation techniques have been developed to overcome this problem: the operational
techniques and the combined experimental-operational techniques. Operational modal analysis techniques
can identify the modal parameters from the responses of the structure; they do not require the input forces.
The combined experimental-operational techniques, only require a part of the input forces to estimate the
modal parameters.
The work presented in this paper is part of the evaluation process of these new modal parameters estima-
tion techniques; it compares the modal parameters provided by the operational and combined experimental-
operational modal analysis techniques with the modal parameters obtained with the experimental modal
analysis technique.

Nomenclature

�∗ Complex conjugate
�T Transpose
�† Pseudo-inverse
{�} Column vector
〈�〉 Row vector
[�] Matrix
h(t) Impulse response function
H Frequency response function (FRF)

j Imaginary unit
L Modal participation factor
P Projection operator
Q Modal scaling factor
λ Eigenvalue
ψ Mode shape
γ Discrete eigenvalue
Ψ Discrete eigenvector

1 Introduction

Modal analysis techniques allow to measure the modal parameters, i.e. resonant frequencies, damping ratios,
mode shape vectors and modal participation factors, of a mechanical structure. With the experimental modal
analysis (EMA) approach [1, 2], the structure under investigation is placed in a test set-up where a number
of controlled input forces are applied and measured. The response of the structure is measured in a grid
of test locations. Although experimental modal analysis is a very versatile technique, it cannot be applied
in two important cases. First of all, it cannot be used to analyse a system in operational conditions, e.g. a

∗Now at IMEC, Kapeldreef 75, B-3001, Heverlee, Belgium.
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flying aircraft. Furthermore, it is not straightforward to apply an experimental modal analysis on massive
structures like highway bridges or oil rigs. Here, the main problem is the power of the excitation device,
which is usually insufficient to excite the structure with the required magnitude.

The operational modal analysis (OMA) techniques [3, 4] were developed to overcome the two main short-
comings of the experimental modal analysis approach. The operational techniques only require the response
signals of the investigated structure, they do not require the signals of the input forces. Because of this, it is
possible to use ambient forces as excitation forces. Typical examples of ambient excitation forces are wind
or traffic in the case of a bridge, and atmospheric turbulences in the case of a flying aircraft. Of course,
the operational modal analysis approach has a number of limitations. The input forces need to have a uni-
form spectrum. In case the input spectrum is not flat, the predominant excitation frequencies can appear as
system poles in the parameter estimation step, although they are not. Furthermore, the operational modal
analysis techniques can identify resonant frequencies, damping ratios and mode shape vectors; the modal
participation factors, however, can only be identified if the structure is measured in at least two different test
configurations [5].

Currently, a third class of modal analysis techniques is being developed and evaluated [6, 7], namely the
combined experimental-operational techniques (OMAX). The goal of these techniques is to combine the
advantages of the two previous approaches, by considering two classes of input forces: ambient forces that
cannot be measured and artificially applied forces that are measured. In a simplified way, one could state
that the ambient excitation forces are used to excite test structure with a sufficiently high amplitude, while
the artificially applied forces are used to identify the modal participation factors and, in the case the spectra
of the ambient forces are not uniform, to distinguish the actual modes from the spurious modes that are
generated by the frequency contents of the ambient input forces.

The work that is described here is part of the evaluation processes of the combined experimental-operational
modal analysis techniques. In this paper, the modal parameters obtained with the three modal analysis
approaches are critically compared and discussed.

2 Parameter Estimation Methods

In this text, the following three parameters estimation methods are used to identify the modal parameters:

- Poly-reference least-squares complex exponential method (EMA)
- Data driven stochastic subspace identification method (OMA)
- Combined least-squares frequency method (OMAX)

The goal of this section is to provide a summary of the theoretical background of these methods. For each
method, references with detailed information are provided.

2.1 Poly-reference Least-Squares Complex Exponential (PLSCE)

In the case of an experimental modal analysis, both the input and response signals are measured. From
the measured time signals, the averages of the frequency response functions (FRF) between every input
and output location can be computed. There is whole range of methods to extract modal parameters from
measured FRFs, however, in this work only the most commonly used method is considered, i.e. the poly-
reference least-squares complex exponential method [8]. This method is based on the re-transformation of
the FRFs to the time domain which provides an averaged version of the impulse response functions. These
impulse response functions can be grouped into an impulse response matrix that is related to the modal
parameters as

[
h(t)

]
=

N∑
r=1

(
Qr{ψ}r{ψ}T

re
λrt +Q∗r{ψ}∗r{ψ}∗rTeλ

∗
rt

)
(1)
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In the case of sampled data, the oth row of the impulse response matrix, i.e. the row corresponding to the
oth output, equals

〈
h(n∆t)

〉
o

=
N∑

r=1

(
{ψ}or z

n
r 〈L〉r + {ψ}∗or z

n∗
r 〈L〉r

)
(2)

where n is the sample index, Lr = Qrψ
T
r are the modal participation factors and zr = eλr∆t are the complex

exponential factors. Since the products of the complex exponentials with the modal participation factors(
z
(∗)
r L

(∗)
r

)
are independent of the response station i, they are a solution of the following finite difference

equation:

zn
r 〈L〉r [I] + zn−1

r 〈L〉r [W1] + · · · + zn−p
r 〈L〉r [Wp] = 〈0〉 (3)

where p is the equation order which has to be

p >
2nm

no
(4)

in order to find 2nm characteristic solutions, in case there are no response stations. Since the impulse
responses for the response station o are a linear combination of the characteristic solutions of equation (3),
they are also a solution of that equation. Therefore,

〈h(n∆t)〉o [I] +
〈
h
(
(n− 1)

)
∆t

〉
o
[W1] + · · · +

〈
h
(
(n− p)

)
∆t

〉
o
[Wp] = 〈0〉. (5)

Taking this equation for all response stations simultaneously enables a global least-squares estimate of the
matrix coefficients W1, W2, . . ., Wp. Once these matrix coefficients are known, equation (5) can be refor-
mulated into a generalised eigenvalue problem, resulting into p no eigenvalues zr, yielding estimates for the
system poles λr, and the corresponding modal participation factors Lr.

The mode shape vectors can be estimated by considering the following expression for the frequency response
functions:

Hoi(jω) =
Nm∑
r=1

(
ψorLri

(jω − λr)
+

ψ∗orL
∗
ri

(jω − λ∗r)

)
+ URoi −

LRoi

ω2
(6)

where URoi and LRoi are the upper and lower residual terms which approximate the effects of the modes
above and below the frequency band of interest. The left hand side of equation (6) is the measured frequency
response function, the right hand side is the modal model where ψor, URoi, and LRoi are the remaining
unknown parameters. Since the modal model is linear in the unknown parameters, the modes shapes and
the residual term can be found by minimising the differences between the modal model and the measured
frequency response functions in a least-squares sense. A detailed description and discussion of the poly-
reference least-squares complex exponential method can be found in [1].

2.2 Data Driven Stochastic Subspace Identification (SSIData)

In the case of operational modal analysis only the responses are measured. The inputs, which are not mea-
sured and thus unknown, are considered to be white noise sequences. In the last decade, several routines
have been introduced to extract resonant frequencies, damping ratios and mode shape vectors from response
signals. One of the most powerful classes operational modal analysis techniques are the stochastic subspace
methods [9]. These methods identify the modal parameters in an indirect way: they identify a state-space
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model and derive the modal parameters from the identified system matrices. There are two main classes
of stochastic subspace methods that are being used to estimate modal parameters: covariance driven meth-
ods and data driven methods. The main advantage of data-driven approach is that it does not require any
preprocessing of the measured data [3]; the routines identify the models directly from the time signals.

Data driven stochastic subspace identification starts by identifying the system matrices A and C of a sto-
chastic state-space model:

{xi+1}=[A]{xi} + {wi}
{yi}=[C]{xi} + {vi}

(7)

where i is the time instant, yi the output variable, xi the state variable, wi represents the process noise and
vi the measurement noise. In order to cancel out uncorrelated noise, the row space of the future outputs is
projected onto the row space of the past outputs. The main theorem of stochastic subspace identification [10]
states that the projection Pi can be factorised as the product of the extended observability matrix Oi and the
Kalman filter state sequence X̂i.

[Pi] = [Oi][X̂i] (8)

Using the singular value decomposition of the projection, Pi = Ud Sd Vd, the state sequence X̂i can be
obtained from the measurement data as

[X̂i] = [O†i ][Pi], where [Oi] = [Ud][S
1/2
d ]. (9)

The system matrices can be recovered from the state sequences X̂i, X̂i+1 using the following overdetermined
set of linear equations, which is obtained by grouping the state-space models for the time instants i to
i+ ns + 1, where ns are the number of samples that are used in the rows of Yi.(

[X̂i+1]
[Yi]

)
=

(
[A]
[C]

)
[X̂i] +

(
[Wi]
[Vi]

)
(10)

Since the state and the output sequences are known and the residuals are uncorrelated with X̂i, the set of
equations (10) can be solved, in a least-squares way, providing the system matrices

(
[A]
[C]

)
=

(
[X̂i+1]
[Yi]

)
[X̂i]†. (11)

The eigenvalue decomposition of the system matrix A provides the discrete eigenvalues and vectors

[A] = [Ψ][Γ][Ψ]−1. (12)

Finally, the modal parameters are obtained from the discrete eigenvalues and vectors as:

λi =
ln γi

∆t
(13)

{ψ}=[C]{Ψ} (14)

As stated in the introduction, the operational modal analysis techniques do not provide an estimation of the
modal participation factors. A detailed description and discussion on the data driven stochastic subspace
identification method can be found in [3].
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2.3 Combined Least-Squares Frequency Method (CLSF)

In the case of combined experimental-operational modal analysis their are two classes of excitation forces:
artificially applied forces and ambient forces. The artificially applied forces are measured and thus known;
the ambient excitation forces are not measured but are assumed to have a uniform spectrum. The combined
experimental-operational parameter estimation techniques thus have to be able to handle both deterministic
and stochastic input forces. As already stated in the introduction, these methods are still in the development
stage. To the knowledge of the authors, there are currently only two approaches available: a least-squares
frequency domain technique [6] and a subspace-based technique [7]. In this work, the least-squares fre-
quency domain approach is considered, simply because it was the only technique for which their was an
implementation available at the time.

In the presented work, the combined experimental-operational approach is only used with one measured and
one unknown input. For simplicity, the theory will only be presented for this case. A general and more
detailed description of the parameter estimation technique can be found in [6]. For the considered case of
one measured and one unknown input force, the relation between the response in location o and the input
forces can be expressed in the discrete frequency domain as:

Yo(k) = Ho F (k) +Go E(k) (15)

where k represents the index of the considered frequency line, F is the spectrum of the artificially applied
force, E is the spectrum of the ambient force, Ho and Go are the frequency response functions for the
response location o of the artificially applied and ambient force, respectively. Note that since H and G
represent the same system, they must have the same physical modes. Using a common-denominator model,
expression (15) can be rewritten as:

Yo(k) =
Ao(zk, ao)
B(zk, b)

F (k) +
Co(zk, co)
B(zk, b)

E(k) +
To(zk, to)
B(zk, b)

(16)

where Ao(zk, ao), Bo(zk, b), Co(zk, co), and To(zk, ao) are polynomials in zk = ej2πk/n with coefficients
x1, x2, . . ., xnx where x = ao, b, co and to. In a fist step, the coefficients of the polynomials are identified
by optimising a parametric model of the input-output measurements in such a way that the spectrum of the
unknown force E(k) is a white noise sequence. This can be achieved by minimisation of the following
cost-function:

minimise

no∑
o=1

nk∑
k=1

∣∣∣∣B(zk, b)Yo(k) −Ao(zk, ao)F (k) − To(zk, to)
Co(zk, co)

∣∣∣∣2 (17)

In a second step, the modal parameters are extracted from the identified polynomials. The poles of the
structure, which provides the resonant frequencies and damping ratios, can be found by computing the roots
of B(z, b). The mode shape vectors can be extracted from the deterministic part of the input-output relation
as

{ψ}r = lim
z→zr

{A(z, a)}
B(z, b)

(z − zr) (18)

where

{A(z, a)} = 〈A1(z, a1)A2(z, a2) · · ·Ano(z, ano)〉T. (19)

The modal scaling factor can be obtained from the unit modal ar scaling model [1] which provides the
relation Aiir = |ψir |2 with,
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Aiir = lim
z→zr

|Ci(z, ci)|2

|B(z, b)|2
(z − zr). (20)

3 Experimental Comparison

The main goal of this work was to compare the experimental, operational and combined experimental-
operational modal testing approaches in an experimental way. A small hydraulic crane was chosen as test
structure. To minimise the influence of measurement noise on the comparison, the crane was tested only
once and the same data set was processed with the three considered parameter estimation methods.

3.1 The Test Set-Up

Figure 1 provides an overview of the test set-up and the measurement grid. The crane was excited during
4 seconds with 2 electrodynamic shakers that were driven with uncorrelated burst random signals. In the
excitation points, the applied force and resulting acceleration were measured with two impedance heads
(PCB-288D01). The response of the structure was measured in 54 response points using 8 accelerometers
(PCB-A333). In every test point, the response of the structure was measured in two directions, i.e. the two
directions perpendicular to the longitudinal axis of the considered component. The response signals were
measured during 5 seconds with a sampling frequency of 3200 Hz. No time windows were used and for
every measurement 10 realisations were recorded.

PSfrag replacements

Shaker 1

Shaker 2

(a) The test structure.

Y

X

Z

(b) The test points and DOFs.

Figure 1: The set-up for the modal testing.

3.2 The Parameter Identification

3.2.1 Experimental Modal Analysis (EMA)

The experimental modal analysis was performed with the LMS Test.Lab implementation of the poly-reference
least-squares complex exponential method. The FRFs were estimated from the 10 recorded realisations using
the Hv estimator. The modal parameters were estimated in the frequency band from 0 Hz to 400 Hz. In this
band 28 modes were identified and successfully validated. The modal parameters obtained with the PLSCE
method will serve as reference values.
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3.2.2 Operational Modal Analysis (OMA)

The structural responses induced by the ambient excitation forces of an operational modal analysis do usu-
ally not fade out. Therefore, it was decided to remove the last second of the recorded time signals, i.e. the
decaying part resulting from the burst random excitation. The parameter estimation was performed with the
data driven stochastic subspace implementation of the department of civil engineering of the Katholieke Uni-
versiteit Leuven. With this software, a trade-off had to be made between the number of processed response
stations and the maximum model order in the stabilisation diagram: a higher number of response stations
resulted in a lower maximal model order. Because of this, the test data were processed in two different ways:

OMA-1: All the measured response signals were grouped and processed as a single measurement batch. The
stable poles had to be estimated from a stabilisation diagram that had a limited model order.

OMA-2: The measured response signals were separated into four batches that were processes separately.
The shaker signals were used in all four batches and served as reference signals to combine the four partial
mode shape vectors into to the full mode shape vector.

The plots of figure 2 provide an overview of the comparison between the modal parameters of the experi-
mental and operational modal analysis. In general, the following observations were made:

- The resonant frequencies and damping ratios of OMA-2 matched better with the EMA results than
the resonant frequencies and damping ratios of OMA-1. Processing the data in separate batches thus
provided more accurate estimates of the resonant frequencies and damping ratios.

- The mode shapes of OMA-1 matched better with the EMA results than the mode shapes of OMA-2.
Processing the data in separate batches appeared to have a negative influence on the quality of the mode
shapes.

- There was a clearly better match between the absolute values of the EMA and OMA mode shapes than
between the actual mode shapes.
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Figure 2: The correlation between the EMA and OMA results.

3.2.3 Combined Experimental-Operational Modal Analysis (OMAX)

The combined experimental-operational modal analysis was performed with the combined least-squares fre-
quency implementation of the department of mechanical engineering of the Vrije Universiteit Brussel. For
the same reason as for the operational modal analysis, it was decided to remove the last second of the time
signals. The data was processed two times:

OMAX-1: The input force of shaker 1 was considered to be known, while the input force of shaker 2 was
considered to be unknown.

OMAX-2: The input force of shaker 2 was considered to be known, while the input force of shaker 1 was
considered to be unknown.
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The plots of figure 3 provide an overview of the comparison between the modal parameters of the experi-
mental and combined experimental-operational modal analysis. In general, the following observation were
made:

- There was no clear difference in quality between the modal parameters of the two OMAX estimations.
Both sets of OMAX modal parameters provided a comparable level of correlation with the EMA results.

- There was a better match between the absolute values of the EMA and OMAX mode shapes than
between the actual mode shapes.

- The mode participation of the EMA modes revealed that the contribution of the second shaker to the
excitation of modes 1, 2 and 4 was more important than the contribution of the first shaker. However,
these three modes were only found by OMAX-1, not by OMAX-2.
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Figure 3: The correlation between the EMA and OMAX results.

3.3 Discussion

Table 1 provides an overview of the correlation between the EMA, OMA and OMAX results. Based on this
information, the following conclusions can be drawn:

- Both OMA and OMAX did not result in a systematic over- or underestimation of the EMA resonant
frequencies.

- The OMAX resonant frequencies correlated better with the EMA resonant frequencies than the OMA
resonant frequencies.

- The OMA damping ratios were an overestimation of the EMA damping rations, while the OMAX
damping ratios were an underestimation of the EMA damping ratios.

- The OMA damping ratios correlated slightly better with the EMA damping ratios than the OMAX
damping ratios.

- The correlation with the EMA modes shapes was very poor for both the OMA and OMAX modes
shapes.

Table 1: Summary of the correlation between the modal parameters of EMA, OMA and OMAX.
OMA-1 OMA-2 OMAX-1 OMAX-2

Identified modes 22/28 27/28 27/28 23/28∑
(∆f/f)/n −0.08 0.04 −0.02 −0.08 [%]∑
(|∆f |/f)/n 0.93 0.56 0.37 0.31 [%]∑
∆δ/n 0.38 0.25 −0.65 −0.68 [%]∑
|∆δ|/n 0.57 0.53 0.87 0.67 [%]∑
MAC(ψ)/n 50.8 23.8 22.3 25.0 [–]∑
MAC(|ψ|)/n 75.5 61.3 53.8 59.2 [–]
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- The correlation of the mode shapes improved if the absolute values of the modal displacements were
used. This indicates that, both OMA and OMAX, provided a better estimation of the amplitude than of
the phase the modal displacements.

A more detailed discussion on comparison of the identified modal parameters can be found in reference [11].

4 Conclusions

This paper presented a comparison between the following three modal testing approaches: experimental
modal analysis, operational modal analysis and combined experimental-operational modal analysis. These
three techniques were compared in an experimental way by using a set of test data that was obtained on a
small hydraulic cane. The same data set was used to identify the modal parameters with a representative
technique of the three modal testing approaches. After comparing the identified modal parameters, a number
of conclusions were drawn.

Note that the conclusions that are presented in this paper should be used with caution. More research is
needed to determine whether the conclusions that are presented here are valid in general, or whether they are
only valid for the considered test structure or for the selected parameter estimation routines.
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Abstract 
Mechanical and environmental loadings cause crack development in brittle materials. In beamlike 
specimens, crack damage can be translated into a reduction of the local bending stiffness values. This 
paper presents an identification method to evaluate the local stiffness values of thin beams using mode 
shapes measured with a laser velocity scanner. In a first step, the measured mode shapes are first averaged 
and next curve fitted by Hermitian polynomials to remove the measurement noise. The curve fitted mode 
shapes together with the (assumed) known mass distribution and resonance frequencies are used to 
compute the shear force and bending moment. Next a special purpose beam element, a ‘scan element’ 
with only one degree of freedom, is programmed to ‘scan’ the stiffness distribution. The method requires 
no scaled mode shapes. Numerically generated data with artificial noise are used to validate the proposed 
method. A real experiment on a composite beam with a cement matrix is shown as illustration. 
 
 

1 Introduction 
 
Deterioration, due to mechanical and environmental loadings, of civil engineering constructions made of 
brittle materials, like concrete or cement, is due to increasing crack development. This local damage can 
be translated into a modification of the stiffness properties of the construction.  A vast amount of methods 
exists that examine changes in measured vibration response to detect, locate, and characterize damage in 
structural and mechanical systems.  The basic idea behind these methods is that the modal parameters 
(notably frequencies, mode shapes and modal damping factors) are functions of the physical properties of 
the structure (mass, damping and stiffness).  Therefore, changes in the physical properties will cause 
detectable changes in the modal properties.  Literature overview of damage identification methods using 
vibration analysis is given, among others, by Doherty, J. E. [1], Doebling, et al. [2], Farrar, et al. [3] and 
Rytter [4].  Stiffness modifications, while assuming constant mass distribution, can be observed by 
monitoring the vibration behaviour of the beam.  
This paper presents an inverse method to identify the local stiffness values of simple thin beams, 
according to the Euler Bernouilli equations (EB).  This inverse method approach requires the experimental 
resonance frequencies and their associated mode shapes of the construction.  The mode shapes need not to 
be mass normalized.  Experimental output only modal analysis can hence be applied.  The modal data for 
this paper is obtained by performing measurements on a test beam made of brittle matrix composite 
(consisting of a phosphate cement matrix reinforced with glass fibers) using a scanning laser Doppler 
vibrometer. This experimental data is influenced by the presence of noise.  In the past already some 
attempts to reduce the influence of this noise by curve fitting of the measured mode shapes are presented 
in [6] and [10]. This paper presents an alternative smoothing method based on Hermitian polynomials. 
Hermitian third order polynomials are defined in sub regions of the beam which are connected to each 
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other with C1 continuity (continuity of slope). Finally, a special purpose local beam element, a so-called 
‘scan element’, is used to determine the beam stiffness distribution. 
 

2 Stiffness identification 
 

2.1 General 
 
To identify the local stiffness of thin beam in a arbitrary positions, a special purpose local beam element, a 
so-called ‘scan element’, is proposed. This element is placed successively in the different positions over 
the length of the beam.  For each position the deflection computed with the scan element is compared with 
experimentally measured modal displacements.  Minimization of the deflection residue leads to the 
identification of the beam stiffness. The advantage of the scan element technique presented in this paper is 
that the experimental mode shapes can be used directly without the necessity of evaluating mode shape 
derivatives.  The stiffness is assumed to be constant over the length of the element.  The number of nodal 
points used for the finite element formulation of the scan element determines the polynomial degree of the 
shape functions. Lagrange polynomials are used as shape functions in the scan element. 
 

2.2 Thin beam equation 
 
Consider a beam vibrating in resonance at a circular frequencyω . The transversal displacement of the 
associated mode shape is ( )tzv , .  The equilibrium equation of a free-free vibrating beam in an arbitrary 
point at position z can be found in standard literature and is given by: 
 

( ) ( ) ( ) ( ) 0,,
2

2

2

2

2

2

=
∂

∂
⋅+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

∂
∂

⋅
∂
∂

t
tzvzA

z
tzvzEI

z
ρ    (1) 

 
In the above expression z is the independent spatial variable, t is the independent time variable, E is the 
Young's modulus, ρ  is the specific mass, I and A are respectively the moment of inertia of the beam's 
cross section and the area of the beam's cross section. The product EI is the flexural rigidity or "bending 
stiffness" of the beam’s cross section.  The product Aρ is the mass per unit length of the beam.  EI 
and Aρ can be both arbitrary functions of the independent variable z. The solution of (1) at a beam 
resonance is (by splitting of the function ( )tzv ,  into a product of functions with independent variables): 

 ( ) ( ) tiezVtzv ω⋅=,       (2) 

withω  the circular frequency of the resonance beam mode and ( )zV  the arbitrary scaled modal 
deformation term.  Consequently, equation (1) reduces to a time independent normal differential equation 
describing the spatial deflection of an EB-beam. 
 

( ) ( ) ( )zp
dz

zVdzEI
dz
d

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅ 2

2

2

2

     (3) 

 
Theory of elasticity provides the following relation between the bending moment M(x) and static 
deflection:  
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2

2

( ) ( )d v zEI M z
dz

=      (4) 

 
The bending moment M(x) of (4) can be found by integration of the transverse shear force Q(x), which 
can be found by integration of the distributed pressure p(x) as denoted by the equations (5). 
 

0

0

( ) ( )

( ) ( )

z

z

Q z p d

M z Q d

ξ ξ

ξ ξ

=

=

∫
∫

     (5) 

 

2.3 Finite element formulation of the scan element 
 
Consider an isolated beam segment [zk, zl] as shown in figure 1.  The transversal displacements 
( kV and lV ) and the bending moments ( kM and lM ) are prescribed in the two boundary points k en l as 
boundary conditions.  A one dimensional beam element, with length Le, is defined in the considered 
position.  This element is divided into a grid of M equidistant nodal points.  The bending stiffness EI  is 
assumed to be constant within the length of the element. 
 

 Figure 1: Isolated beam element subjected to boundary conditions (un-deformed situation) 

 

Within the element, the transversal displacement amplitude ( )zV  is interpolated using Lagrangian shape 
functions Ni and the transversal nodal displacements Vi.  
 

( ) ( ) ii VzNzV ⋅=       (6) 

 
The local equation (3) can be written into a finite element formulation using a weighted residuals method.  
Since the assembly to a global system of equations is not performed, there is no need for C1-continuity and 
consequently no need for a rotational degree of freedom.  The element formulation is performed in 
homogenized coordinatesξ . The coordinates have a value of -1 and +1 at the element boundaries. Finally, 
an expression for the evaluation of the scan element bending stiffness can be derived using the principles 
of inverse methods (Sol, [6]) 
 

( ) ( )

jiij

i
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with:  
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d
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2
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     (8) 

 
The evaluation of (7) hence requires the nodal displacement values Vi in the nodal points of the selected 
scanning element and the moment values ( kM and lM ) at the boundaries of the element. The modal 
displacements Vi, and the necessary boundary conditions for each position of the scan element, 

kM and lM , will be derived from the curve fitted mode shape. A curve fitting technique is applied on the 
measured data to remove the measurement noise.  
To set up the stiffness profile of the beam, bending stiffness values are computed for each location of the 
scan element using equation (7). 
 

3 Curve fitting 
 

A mode  shape of the beam can be divided into different segments. The transverse displacement ( )V x  of 

a segment can be curve fitted by a cubic polynomial, and thus the rotation angle, ( )xφ , by a quadratic 
polynomial:       

 
 

                                      (9) 
 

 
Or alternatively: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2

3 2

2 2

3 2

2 3
( )

2 3

l k l l k
k k

e e

k k l k l
l l

e e

x x x x x x x x x
V x V

L L

x x x x x x x x x
V

L L

φ

φ

− − + − −
= +
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− +

           (10) 

 

Experimental points jV  falling in the segment domain can be curve fitted in the least squares sense using 
formula:  

2

1

( ( ) )
PN

j j
j

LS V x V
=

= −∑      (11) 

 

3 2

2

( )

( ) 3 2

V x ax bx cx d
dVx ax bx c
dx

φ

= + + +

= = + +
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In (11) jV  are the experimentally measured values for the transverse displacement, jx  is the value of the 

coordinate for the experimental point and PN is the number of the experimental points contained in the 
segment. 
A minimal value for least squares requires the partial derivatives of least squares with respect to the 4 
degrees of freedom in the segment boundaries ( kV , lV , kφ  and lφ ), to be zero. Thus,  
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Where: 
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Shortly written, the curve fit equation is (K is called curve fit matrix and F the known curve fit column): 
 

 
 

(13) 

 
The experimental data can be filled in all different segments of the test beam in the same way. However, if 
continuity of the transverse displacement function ( )V x and the slope function ( )xφ is to be guaranteed 

11 12 13 14 1

21 22 23 24 2

31 32 33 34 3

41 42 43 44 4

k

k

l

l

K K K K V F
K K K K F
K K K K V F
K K K K F

φ

φ

⎧ ⎫ ⎧ ⎫⎡ ⎤
⎪ ⎪⎢ ⎥ ⎪ ⎪⎪ ⎪ ⎪ ⎪⎢ ⎥ =⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎪ ⎪ ⎪ ⎪⎢ ⎥ ⎪ ⎪ ⎪ ⎪⎩ ⎭⎩ ⎭⎣ ⎦

OMAX OPERATIONAL MODAL ANALYSIS IN PRESENCE OF EXOGENEOUS INPUTS 3011



at the segments interfaces, it is necessary to assemble the curve fit equations of each segment before the 
solution of the least squares problem. This gives a global (assembled) curve fit equation for the beam: 
 

(1) (1) (1) (1)
11 12 13 14
(1) (1) (1) (1)
21 22 23 24
(1) (1) (1) (2) (1) (2)
31 32 33 11 34 12
(1) (1) (1) (2) (1) (2)
41 42 43 21 44 22

( 1) ( ) ( 1) ( ) ( ) ( )
33 11 34 12 13 14
( 1) ( ) ( 1) ( )
43 21 44 22

0

i i i i i i

i i i i

K K K K
K K K K
K K K K K K
K K K K K K

K K K K K K
K K K K

− −

− −

+ +
+ +

+ +
+ +

L

O

M
( ) ( )
23 24

( ) ( ) ( ) ( 1) ( ) ( 1)
31 32 33 11 34 12
( ) ( ) ( ) ( 1) ( ) ( 1)
41 42 43 21 44 22

( 1) ( ) ( 1) ( ) ( ) ( )
33 11 34 12 13 14
( 1) ( ) ( 1) ( ) ( )
43 21 44 22 23 2

EL EL EL EL EL EL

EL EL EL EL EL

i i

i i i i i i

i i i i i i

N N N N N N

N N N N N

K K
K K K K K K
K K K K K K

K K K K K K
K K K K K K

+ +

+ +

− −

− −

+ +
+ +

+ +
+ +

M

O

( )
4

( ) ( ) ( ) ( )
31 32 33 34
( ) ( ) ( ) ( )
41 42 43 44

1

1

2

2

1

1

1

1

0

EL

EL EL EL EL

EL EL EL EL

EL

EL

EL

EL

N

N N N N

N N N N

i

i

i

i

N

N

N

N

K K K K
K K K K

V

V

V

V

V

V

φ

φ

φ

φ

φ

φ

+

+

+

+

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪
⎪
⎪
⎪
⎪
⎪⎩ ⎭

L

M

M

( )

( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( )

( )

1
1

1
2

1 2
3 1

1 2
4 2

1
3 1

1
4 2

1
3 1

1
4 2

1
3 1

1
4 2

3

4

EL EL

EL EL

EL

EL

i i

i i

i i

i i

N N

N N

N

N

F

F

F F

F F

F F

F F

F F

F F

F F

F F

F

F

−

−

+

+

−

−

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎪ ⎪

+⎪ ⎪
⎪ ⎪+⎪ ⎪
⎪ ⎪
⎪ ⎪

+⎪ ⎪
⎪ ⎪+⎪ ⎪= ⎨ ⎬

+⎪ ⎪
⎪ ⎪+⎪ ⎪
⎪ ⎪

⎪ ⎪ ⎪
+⎪ ⎪ ⎪

⎪ ⎪ ⎪
+⎪ ⎪ ⎪

⎪ ⎪ ⎪
⎪ ⎪ ⎪

⎪ ⎪⎩ ⎭

M

M

(14) 

 
 

4 An analytical example 
 

4.1 Introduction 
 
The analytical example that was studied is constituted by a beam, simply supported at both boundaries. 

Three cases of artificially generated sinusoidal data will be presented ( sin xy
L

π
= ,

2sin xy
L
π

=  and 

3sin xy
L
π

= ) , which simulate the modal displacement fields of the beam, vibrating on the 1st, 2nd and 3rd 

bending mode respectively. As a first step, these generated data will be curve fitted by the proposed 
method. In a next step, the curve fitted modal field will be used for the stiffness identification of the beam, 
by means of the scan element method. The identified stiffness values will be compared with the known 
value at 36 predefined beam segments that cover the total length of the beam. Studying the results of the 
latter test in a systematic way can provide valuable information for defining the optimum parameters 
values in the stiffness identification process.  
The purpose of studying an analytical case is (a) to control the correctness and the efficiency of the 
proposed method for the stiffness identification of damaged beams and (b) to get valuable insight of the 
effect of the parameters to the accuracy of the technique. 
The benefit of studying the modal beam behavior, with artificially generated modal data, is our ability to 
predict analytically, in a precise way, the expected response of the beam as well as its stiffness properties. 
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4.2 Analytically calculated modal response of the beam 
 

A beam is assumed to vibrate in a resonant frequencyω . Its modal displacement ( , )v x t is given by the 
equation: 
 

( ) ( ) ( ) ( ), sin sin i xv x t x Y t B C t
L
πω ⋅⎛ ⎞= Φ ⋅ = ⋅ ⎜ ⎟

⎝ ⎠
    (15) 

 
where: 

( ) ( )sinY t B tω=  

( ) sin xx C
L

π⎛ ⎞Φ = ⎜ ⎟
⎝ ⎠

 

and 1, 2,3i =  which corresponds to the 1st, 2nd and 3rd bending modes respectively. 

The resonant frequency of the beam is given by the equation 
 

2i EI
L A
πω

ρ
⋅⎛ ⎞= ⎜ ⎟

⎝ ⎠
      (16) 

in which ρ is the mass density of the beam ( 3/kg m ) and EI is the flexural rigidity of the beam ( 2Nm ). 

For the analytically generated modal data, the beam properties are taken: 

1Aρ =  3/kg m , 21EI Nm= , B,C=1, constants and 0.2L m= . 

The dynamic deformation of a vibrating beam with free-free boundary conditions equals the static 
deflection of the same beam loaded with the distributed pressure ( )p x if 

 

( ) ( )2p x A v xρ ω=       (17) 

 

in which A is the cross-sectional surface of the beam ( 2m ). 

Equations (15), (17) and (5) give: 
 

( ) ( )2 2 sin xp x A v x A C
L

πρ ω ρ ω ⎛ ⎞= = ⎜ ⎟
⎝ ⎠
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4.3 Analytical results superposed with artificial noise 
 
1st Bending mode: 
The parameters under investigation are the number of segment divisions for the curve fitting process, the 
number of data points contained in each segment and the measurement noise. The range of interest for 
each of the parameters is 1 30i = −  segments, 4 7j = − data points per segment and 0 0.5%−  
measurement noise. Therefore 120 sets of data points where generated, each containing i j×  number of 
points. The data points are equidistant along the length of the beam. For each of these sets, a percentage of 
measurement noise is later imposed. The percentage is gradually increased in 6 steps, starting from 0% for 
the 1st step and reaching 0.5% for the 6th step. The curve fitting process was performed at every step, for 
all the 120 sets. Following the curve fitting, the beam is divided into 36 equal length elements. Next we 
proceed to calculate the bending stiffness values of the beam in the 36 elements by means of a scan 
element with 9 nodal points. 
 
2nd and 3rd bending modes: 
The same procedure is applying for the 2nd and 3rd bending modes. 
 

4.4 Results 
 
In order to quantify the correctness and accuracy of the identified stiffnesses, the stiffness rigidity error is 
defined as a mean value over the 36 elements, as follows: 
 

( ) 100%error FIT analEI mean EI EI= − ⋅      (18) 

 

where: FITEI  is the identified stiffness values in the 36 positions by the scan element method. 

 analEI  is the analytically correct stiffness values in the same positions. 

 
The results of the 120 cases of the analytical study, for each bending mode and noise level, are 
summarized in table 1 for the best combinations of parameters for each noise level: 
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 Noise Level (%) Number of 
segments 

Number of data 
points/segment errorEI  (%) 

0 30 all 0.0001 

0.1 7 7 1.05 

0.2 4 4 1.1 

0.3 3 7 2.0 

0.4 4 4 2.0 

1st bending mode 

0.5 4 5 3.8 

0 30 all 0.5 

0.1 9 7 1.2 

0.2 9 7 1.7 

0.3 7 7 or 5 2.1 

0.4 8 7 2.5 

2nd bending mode 

0.5 6 7 2.8 

0 30 all 1.0 

0.1 10 5 1.6 

0.2 10 6 1.5 

0.3 9 6 2.1 

0.4 9 7 2.3 

3rd bending mode 

0.5 9 7 2.9 

Table 1. Best parameter selection to obtain a minimal value of errorEI  

 

4.5 Conclusions for the analytical example 
 
From the systematic evaluation of the results of the analytical example studied above, one can conclude: 

• The analytical study provides a useful tool to estimate appropriate parameter values for specific 
specimen dimensions and measurement noise level. 

• For all the three bending modes, the stiffness rigidity error can be kept lower than 4% for all the 
applied artificial noise levels.  

• Increasing the noise level results is a rapid decrease of the accuracy on the stiffness identification 
results. The error can be kept lower than the above mentioned 4% for noise levels till 0.5%. 

• There is a great influence of the number of segments division of the curve fitting process, in 
combination with the amount of the noise level. Too much segments increases the error 
considerably. 

• 4 data points per segment is the minimum requirement for the curve fitting method to provide 
valuable results. A further increase of the data points improves usually the results, but the effect is 
not important. 

• A division into 4 sub domains between the nodal points of the mode shapes seems to be a good 
choice for the curve fitting: thus respectively 4, 8 and 12 segments for the 1st, 2nd and 3rd mode 
shapes.  
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5 Experimental modal analysis on a beam specimen 
 

5.1 General 
 
The principle and advantages of the used measurement technique, a laser vibrometer, are given by 
(Vanlanduit, [11]). The vibration response at a certain location (at which a laser beam is positioned) is 
measured using the principle of interferometry.  In addition, by controlling two mirrors the laser beam can 
be discretely scanned over the structure under investigation. The major advantages of the technique are: 
(a) no mass-loading due to sensors is present; (b) a high spatial resolution vibration shape can be obtained; 
(c) a high dynamic range is available; (d) accurate measurements can be made.  
The mode shapes and eigenfrequencies of an undamaged/damaged beam made of a brittle material are 
measured using scanning laser Doppler vibrometer.   
 

5.2 Introducing controlled damage in the test beam 
 
The test beam specimen used in this paper has dimensions of 300 mm by 25 mm by 3 mm and is made of 
a brittle matrix composite (Inorganic Phosphate cement matrix filled with randomly distributed glass 
fibers).  The specimen is produced within the department MeMC, Mechanics of Materials and 
Constructions of the Vrije Universiteit Brussel (VUB).   
The method to introduce damage artificially in the test specimen in a controlled way is a three point 
bending test. Damaging the test specimen is done in three successive load steps, with gradually increased 
load. The load at each step is a percentage of the estimated failure load. After each loading step (0N, 54N, 
120N) frequencies and mode shapes are measured with a laser vibrometer as described in the next 
paragraph. 
 
 
 
 
 
 

 

Figure 2: Three point bending test 

 

5.3 Test set-up and scanning laser Doppler vibrometer measurements 
 
Thin nylon threads are used to suspend the test specimen to simulate free-free boundary conditions. The 
beam is acoustical excited with a loud speaker (13 Ω - 3 W).  The excitation level is controlled by the 
response achieved within the measurement domain.  A periodic chirp is used, running over all points 
within the defined frequency range, chosen between 100 Hz and 10 kHz.  The responses of the beam are 
measured using a Polytec laser vibrometer.  The PSV (Polytec Scanning Vibrometer) software 7.1 to 
perform the measurements and calculate the eigenfrequencies and mode shapes is adopted.  
 

L= 120 mm 

Load 

 Support Support 
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Figure 3: The beam specimen, behind the specimen the loud speaker for beam excitation, at the right the 

amplifier to control the sound signal; a red spot of the laser is visible on the test specimen 

 
The measurement is performed in a matrix of 3 points over the width by 359 points along the length of the 
beam.  Three such ‘measurement lines’ are spread out over the width of the beam, to be able to distinguish 
torsion and bending modes.  Only the bending modes are used to identify the bending stiffness.  Therefore 
the mean value of the results on the three measurement lines is used to do further calculation. 
 

6 Stiffness identification on a beam specimen 
 
The measured first mode shape of both the undamaged and damaged beam (loading step of 0N and 120N 
respectively) was curve fitted by using 4 segments between the nodal points and 10 elements for the 
stiffness identification. 

 

stiffness identication by using 10 elements
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Figure 4: Identified stiffness distribution in the undamaged and damaged test specimen. 
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In figure 4, the blue columns show the undamaged beam stiffness value that is assumed constant in each 
element, while the purple columns show the stiffness values for the damaged beam. As can be seen, for 
the area close to the mid-length of the undamaged beam, the identified stiffness appears (not perfectly) 
constant. This is probably due to small variations in beam thickness and initial local material properties. 
The distributed stiffness value of the damaged beam in the same area, show a significant reduction 
comparably to the undamaged one. It can also be seen that the stiffness values in the zone of 
approximately 25% of the free ends of the beam are not useful. This is due to a combination of lack of 
curvature of the observed mode shape in these zones, and therefore lack of information contents, and of 
small displacements close to the nodal lines which in turns give great errors within the scan element 
(figure 5).  
 

 

Void zone Void zone 

Useful zone 

Mode shape 

Test beam 

 
Figure 5: Useful and Non-useful zones for stiffness identification using the first bending mode shape of a 
free- free beam. 
 

7 Conclusions 
 
The thin beam scanning finite element with only one degree of freedom is very useful as a tool for direct 
comparison of measured beam deflections with computed deflections. It was shown in this paper that the 
mode shape of the first bending resonance frequency has a sufficient information contents to identify the 
stiffness distribution in undamaged and damaged beams.  
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Abstract

In operational modal analysis the modal parameters of a structure are identified from the response of that 
structure to unmeasurable operational perturbations. It is based on the assumption that the operational 
perturbations are white at the sampling instances. Although the operational perturbations are actually band-
limited continuous-time signals, till now the observed power spectra are modelled as filtered discrete-time 
white noise. This introduces model errors that can jeopardize the physical interpretation of the results. Here 
we propose to model the response as continuous-time filtered band-limited white noise. An in depth 
analysis of the imperfections of the framework is made and some remedies are proposed. In addition to the 
modal parameters the presented technique also provides uncertainty bounds. The theory is illustrated on 
real measurements on a bridge.

1 Introduction

System identification is a powerful technique for building accurate models of complex systems from noisy 
data. According to the particular application one either has full control over the excitation, or has to live 
with the operational perturbations that sometimes are even unmeasurable. Operational modal analysis 
handles the last case: a system excited by unobserved white noise should be identified starting from output 
observations only. Typical examples are civil engineering structures (bridges and buildings) excited by 
wind and/or traffic. Although these systems are continuous-time, till now they are identified using discrete-
time models [1]-[5]. This is clearly an approximation since it implicitly assumes that the unobserved 
driving noise source is either piecewice constant [1], or a Wiener process [6], and that the bandwidth of the 
acquisition unit is infinitely large [7]. Hence, physical interpretation of the identified discrete-time models 
may be dangerous, especially at low oversampling rates.

In this paper we model the band-limited observations as continuous-time filtered band-limited white noise. 
The concept of band-limited white noise was introduced in [6] and is combined here with a band-limited 
measurement setup. Section 2 analyses this framework and shows that it leads in a natural way to 
continuous-time noise models. It also follows that most of the imperfections of the proposed framework 
can be compensated for. The continuous-time noise models are identified using a frequency domain 
Gaussian maximum likelihood estimator (Section 3) and, in addition to the modal parameters, the 
presented technique also provides uncertainty bounds. Finally, the theory is illustrated on real 
measurements on a bridge.

Summarized the main contributions of the paper are

1. Application of the continuous-time noise modelling to operational modal analysis. According to 
our best knowledge no continuous-time operation modal analysis is available in the literature.

2. In depth analysis of the proposed stochastic framework (continuous-time filtered band-limited 
white noise within a band-limited measurement setup), and compensation of its imperfections via 
simple calibration procedures.

3. Calculation of uncertainty bounds on the estimated modal parameters (poles, residue matrices, rank 
of the residue matrices, mode shapes, and modal participation factors).
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2 Continuous-time operational modal analysis

2.1 Classical solutions

The classical solutions model the observed power spectrum as filtered discrete-time white noise [3], [4], 
and [5]. All these methods implicitly assume that the operational perturbation is either piecewice constant 
or continuous-time white noise. Since the former corresponds to a non-stationary continuous-time process 
[8], and the latter has infinite variance, one can wonder whether these are realistic descriptions of the true 
operational perturbation. It is tempting to think that, as long as the discrete-time model matches the power 
spectrum sufficiently well, physical interpretation of the results is possible irrespective of the true 
intersample behaviour of the operational perturbation. The following reasoning shows that this is wrong.

Consider filtered continuous-time (CT) band-limited white noise with autocorrelation function . Its 
noise power spectral density given by

is a rational function of  for . Consider now a discrete-time (DT) stochastic process with 
autocorrelation function  (at the sampling instances the DT process has the same first and 
second order moments as the CT process). Its noise power spectrum is given by

It clearly shows that, in general,  is not a rational spectrum in . Hence, a “large” order 
rational function  is needed to approximate  sufficiently well, and physical interpretation of 

 is dangerous, especially at low sampling rates.

2.2 Band-limited white noise in a band-limited measurement setup

A realistic description (approximation) of the true operational perturbation should at least have a finite 
variance (power). Since the variance of a stationary stochastic process  is related to its power spectral 
density  by

(1)

[6], the condition  imposes some limitation on the bandwidth of . The concept of 
continuous-time band-limited white Gaussian noise introduced in [6] is a good candidate

(2)

with , and  the bandwidth of the power spectral density. We propose to combine this 
noise generating mechanism with a band-limited measurement setup (see Figure 1), where
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Figure 1: Band-limited white noise in a band-limited measurement setup.  is the continuous-time system 
responsible for the noise coloring, and  is the anti-alias filter.
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(3)

with  the sampling frequency, and where .

The power spectral density of the stochastic process  at the output of the anti-alias filter (see Figure 1) 
can be written as

(4)

where  is a continuous-time band-limited white noise process with power spectral density

(5)

and . Hence,  and  are related by the following differential equation

(6)

where  is the derivative operator, and  a rational form in the Laplace variable  representing 
the noise colouring. Since the autocorrelation function  of 

, (7)

with  the inverse Fourier transform, is zero at the sampling instances,  for , it 
follows that  is uncorrelated at the sampling instances . Since  is normally distributed, 

 is white Gaussian discrete-time noise. Hence, the discrete Fourier transform (DFT) spectra 
 and  of the samples  and 

, (8)

are exactly related by

(9)

where  is circular complex ( ) normally distributed,  is a rational form in  with the 
same denominator as , and  [7]. The noise transient term  takes into account the 
initial and final conditions of the experiment, and some residual alias errors. It decreases as  w.r.t. 
to the main term  [7].

From eq. (9) it can be concluded that a continuous-time model is the natural representation to be used when 
identifying noise models from sampled data collected with a band-limited measurement setup.

2.3 Discussion

• Model (9) is still valid when the condition  for  in eq. (2) is relaxed to

 with  for . (10)

Indeed, (10) is the weakest decay giving a finite variance (1), and , with  
defined in (3), still equals (5). An example of band-limited white noise satisfying (10) is the thermal noise 
generated by resistors in electrical circuits.
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• Since the equivalent driving noise source  in (6) is not observed (only  is measured), the noise 
model  is identified from an estimate of the noise power spectral density  (see Section 3). Since 

 (4) is independent of the phase of , the noise model  is only known within an allpass 
section (no distinction can be made between minimum phase and non-minimum phase zeros).

• In practise a perfect anti-alias filter (3) does not exist and, as a consequence,  in (6) is only 
approximately band-limited white noise. However, the only requirement to be satisfied by the anti-alias 
filter is that the attenuation in the stopband ( ) is sufficiently large (attenuations of more than 
hundred dB are easily realisable), even at the price of an increased passband ripple. Since the phase of the 
anti-alias filter does not influence the noise power spectrum  (4), the passband ripple of  can 
easily be compensated for via an absolute amplitude calibration.

• Since the data acquisition channel itself produces some noise, model (9) should be extended as 

(11)

where  is the measurement noise. Section 3 discusses the influence of  on the identified noise 
model, and proposes a bias correcting procedure.

• If the noise generating mechanism  is not white within the frequency band of interest, then model (9)
is still valid if the noise transfer function  also includes the colouring of . Unless some prior 
knowledge is available, no distinction can be made between the poles of the original  and those of the 
stochastic process . For example, in modal analysis applications (see Section 4) it is often known that 
the poles of the vibrating structure are lowly damped, while those of the noise generating mechanism are 
highly damped, which allows to distinguish between them.

• In some applications the operational perturbations are a combination of (white) noise and a harmonic 
excitation. For example, the periodic loading due to engine orders in cars or the blade passing effects in 
turbines [5]. This problem can be handled in two ways. A first possibility consists in removing the 
frequency bands (leaving out -values in (11)) distorted by the periodic components. Unfortunately this 
method fails if the harmonic frequency is close to an eigen frequency of the structure. The second method 
consists in modelling the periodic excitation by increasing the order of the noise model  (increase by 
two for each harmonic frequency).

3 Identification of continuous-time noise models

3.1 Maximum Likelihood Estimator

The noise model and the noise transient term in (9) are parametrized as

 and (12)

Assuming that the DFT spectrum  is available at a set  of  DFT frequencies 
, the model parameters  (coefficients , , and  polynomials) 

are found by minimizing the following nonlinear least squares cost function
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(see [9]). The minimizer  of (13) is calculated using a standard Newton-Gauss minimization algorithm 
[10], [11]. To guarantee the numerical stability of the Newton-Gauss algorithm, (13) is expressed in the 
normalized model parameters obtained by scaling the angular frequencies by the median  of the set of 
angular frequencies, for example,  [12]. The variance  of the driving white noise 
source  is finally estimated as

(15)

If  in (9) is independent (over ) circular complex normally distributed, then (13) is the maximum 
likelihood cost function. Under some standard assumptions concerning the true model, the model set and 
the cost function, the minimizer  (13) of has the following asymptotic ( ) properties: strongly 
consistent (convergence to the true value), asymptotically normally distributed, and asymptotically efficient 
(minimal variance) [9]. Moreover, the consistency and asymptotic normality remain valid for non-Gaussian 
noise  that is correlated over the frequencies (mixing condition) [9].

3.2 Discussion

• The maximum likelihood cost function (13) is the sum of the weighted ratio of the measured  to 
the modelled  noise power spectrum. It is minimized by that value  of the model parameters for 
which  (see [9]).

• To reveal the influence of measurement noise  on the estimated noise model , we analyse the 
cost function (13) for . Applying the law of large numbers to (13) shows that the cost function 
converges for  to its expected value

(16)

(see [9]). Using (9), , and the fact that  and  are independent, we find

(17)

with  the true noise model, , and  the power spectrum of . From (16) and 
(17) it can be concluded that  models the sum of the desired noise power spectrum  and 
the measurement noise power spectrum . If  is constant (  is white noise) then the poles of 

 are still correct (but not the zeros); otherwise  contains the poles of both noise processes.

• The bias term  introduced by the measurement noise (see (17)) can be compensated for via a 
consistent estimate  of the noise power spectrum  of the data acquisition channel. Indeed, 
replacing  in (13) by  eliminates  in (17). A consistent estimate  is 
obtained by measuring the noise power spectrum of the acquisition channel without excitation.

• Cost function (13) can be extended to the multivariable case
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matrix polynomial,  an  vector polynomial, and  a polynomial (12). The constraints 
(13) are replaced by

, and (20)

with  the  matrix coefficients. The covariance matrix of the driving white noise source  
(  vector) is finally estimated as

(21)

Since all calculations are performed in the frequency domain,  in (18) may be unstable. This is not 
true for the time domain approaches which require a stable inverse noise filter in each iteration of the 
nonlinear minimization algorithm. For multivariable systems the stabilization of the inverse noise filter 
requires symbolic matrix polynomial calculus, which is the bottle neck of the time domain methods.

3.3 Calculation of uncertainty bounds

After estimating the polynomial coefficients  in (12), the rational transfer function (matrix)  is 
decomposed in partial fractions as

(22)

with  a (matrix) polynomial,  the poles, and  the corresponding residue matrices

(23)

How to calculate uncertainty bounds on the coefficients of , the residues , and the poles  is 
explained in the sequel of this section. Using the covariance matrix of the residue matrices , one can 
calculate the uncertainty of the left and right singular vectors and the singular values of . The latter 
allows to verify whether or not a rank one decomposition of  into mode shape and modal participation 
factor is possible (see also Section 4.2).

Since the maximum likelihood estimator (13) is asymptotically efficient, the covariance matrix  of 
the estimated polynomial coefficients  reaches the Cramér-Rao lower bound (see [9] and [13] for explicit 
expressions). Using the covariance matrix , the (co-)variance of any model related quantity  can 
be calculated via linearization

(24)

where  stands for the true value. Since  is strongly consistent (convergence to ) and asymptotically 
normally distributed, so is . Together with (24) it allows to construct uncertainty ellipsoids for  with 
a given confidence level.

From (24) it can be seen that the calculation of uncertainty bounds on  boils down to the calculation of 
the partial derivative . This is straightforward when the function  is explicitly known, for 
example, the coefficients of , but can be involved for the implicit case, for example, the poles , the 
singular values of the residue matrices , or the mode shapes and modal participation factors (see the 
Appendix for the details). Note that the linearisation (24) may fail when the signal-to-noise ratio is not 
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sufficiently large. See, for example, [14] where it is shown that sometimes non-ellipsoidal uncertainty 
bounds are needed to describe acuurately the uncertainty of the poles. These non-ellipsoidal uncertainty 
bounds are generated starting from the chi-squared distributed cost function (13) (see [14] for the details).

4 Example: operational modal analysis of a bridge

4.1 Setup

The Villa Paso arch bridge shown in Figure 2 is situated in the southeast of Italy. The bridge is excited by 
the traffic in the vertical direction and by the wind mainly in the horizontal direction. These excitations 
cannot be measured and are assumed to be white in the frequency band of interest. Acceleration 
measurements have been performed on the deck of the bridge at fourteen test points, both in horizontal and 
vertical direction (see Figure 2). All signals are measured simultaneously during about 14 min. at the 
sampling rate , giving  data points per measurement channel. The signals are 
lowpass filtered before sampling. In the frequency band of interest [1.18 Hz, 4.14 Hz], the measurement 
noise  is white and the passband ripple of the acquisition channel is negligible small (< 0.01 dB).

4.2 Results

Only the measurements in the horizontal direction at test points one, six, and seven are handled here. This 
data is modelled in the band [1.18 Hz, 4.14 Hz] (DFT lines  ⇒ ) with a 
multivariable ( ) continuous-time noise model of order 10/8 ( , , and ). 
Figure 3 compares the identified noise power spectrum obtained by minimizing (18) w.r.t. 
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Figure 2: Villa Paso bridge. Left: picture bridge. Right: schematic top view with numbered test points.
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Figure 3: Measured (gray bullets) and modelled (solid line) noise power spectra and Cramér-Rao lower bound 
(dashed line) of test points 1, 7 and 8. Amplitude in dB as a function of frequency in Hz.
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, (25)

to the measured noise power spectrum

(26)

It follows that the model explains the data very well. According to the minimum description length 
criterion [1] it makes no sense to increase the model order further.

Table 1 gives the estimated resonance frequencies and damping ratios together with their standard 
deviation. Note that the relative uncertainty on the estimated resonance frequencies (less than 0.09%) is 
much smaller than that on the estimated damping ratios (less than 14%). The damping ratios themselves are 
about 1% and less.

From Figure 4 it can be seen that the  residue matrices of the second and the fourth pole have rank 
three (= full rank), while those of the first and the third pole have rank two. This can be explained by the 
nonlinear behaviour of the bridge. Practise learns that imposing a rank one constraint on the residue 
matrices often deteriorates the quality of the identified model. This opens the question whether or not a 
rank one constraint should be imposed in modal analysis: What to believe, the data or the theory?

  (Hz)  (%) 

1.5761 ± 0.0014 0.67 ± 0.09

2.6650 ± 0.0023 0.95 ± 0.09

3.5098 ± 0.0026 0.74 ± 0.07

3.7775 ± 0.0033 1.03 ± 0.08

Table 1:  Estimated Resonance Frequencies  and Damping Ratios  of the Villa Paso Bridge.
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Figure 4: Singular values (o) of the residue matrices of the four poles together with their 95% uncertainty bound 
(grey line). If no uncertainty bound is given then zero belongs to the uncertainty interval.
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5 Conclusion

It has been shown that the concept of continuous-time filtered band-limited white noise within a band-
limited measurement setup leads in a natural way to continuous-time noise models. In our opinion the 
proposed stochastic framework is closer to the physics of the operational perturbations than the classical 
discrete-time approach. This is especially true at low oversampling rates. An in depth analysis of the 
proposed stochastic framework has been made. It turns out that most imperfections of the framework (anti-
alias filter, additive noise acquisition unit, periodic disturbances) can be compensated for.
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7 Appendix: (co-)variance of the modal parameters

This appendix gives explicit formulas for the (co-)variance of the poles, residue matrices, and the modal 
vectors (left and right singular vectors of the residue matrix ). The (co-)variance calculation of the 
singular values  and the singular vectors  and  of the residue matrices  is calculated in two steps: 
first the covariance matrix of  is calculated, and next using this covariance matrix the (co-)variance of 

, , and  are obtained.

7.1 Covariance matrix of the poles

This section follows the lines of [15] and is given here for reasons of completeness. The pole  is the 
solution of 

(27)

Calculating the derivative of (27) w.r.t.  gives

(28)

where the denominator of  is different from zero for simple poles . The sensitivity (28) allows to 
calculate the covariance matrix of the real and imaginary parts of the pole  as

(29)

where  puts the real and imaginary parts on top of each other,  is the vector of the polynomial 
coefficients, and  results from the Cramér-Rao lower bound . Note that a similar equation is 
valid for the vector  containing all the poles

(30)

7.2 Covariance of the residue matrix

To calculate the covariance of the residue matrix, the real and imaginary parts of  must be put into a 
vector. This is done as follows
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(31)

where  puts the real and imaginary parts of  on top of each other, and where  stacks the 
columns of  on top of each other (see eq. (43) for the reason of the choice (31)). Linearisation of (23)
w.r.t.  gives

(32)

with  the vector containing the matrix coefficients of , and with  calculated as

(33)

where  and  are constructed from respectively (28) and

(34)

Using (32) the covariance matrix of  finally equals

(35)

with , and where , , and  result from the Cramér-Rao lower 
bound .

7.3 Variance of the singular values of the residue matrix

The sensitivity calculation of the singular values follows the lines of [16] p. 323. Consider a real  
matrix  with . It can be decomposed in singular values as

(36)

with , , and  the singular value, and left and right singular vectors respectively. Consider now a 
perturbation  on one entry of 

(37)

where  is a matrix containing everywhere zeroes except a one at one entry. Hence, , , , and  are 
now functions of the scalar . Calculating the derivative of  w.r.t.  and evaluating the 
expression in  gives

(38)
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Left multiplication by , taking into account that  ( ),  
( ), , and , gives the sensitivity of the singular value  w.r.t. 

(39)

Hence, the variation of the singular value can be written as

(40)

Taking the sum over all possible perturbations of the form (37) shows that the formula  
remains valid for an arbitrary perturbation . Using Kronecker algebra [17] eq. (40) becomes

(41)

Hence, the variance of  finally equals

(42)

Following the exactly same lines for complex matrices  gives

(43)

Replacing in (43)  by , where  is calculated in (35), gives the variance of the singular 
value of the residue matrix .

7.4 Covariance of the singular vectors of the residue matrix

The calculations follow the same lines of Section 7.3. Consider a real  matrix  with  and with 
singular value decomposition (36). Using  and  it follows that

, and (44)

Introducing the perturbation  on  (see eq. (37)), and calculating the derivative of (44) w.r.t.  at , 
taking into account (39), gives the following set of equations

(45)

with

, , , and (46)

It can easily be verified that  and  showing that one equation in (45) depends 
linearly on the others. This is due to the fact that  is constrained by 

(47)
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(proof: first note that  because , and next differentiate  w.r.t. ). A first 
possibility to calculate  consists in replacing one equation of (45) by (47). Another way consists in 
taking the Moore-Penrose pseudo-inverse [18] of 

(48)

where , with  if  and  otherwise (  is the singular 
value decomposition of ). Using  and  it can easily be verified that (48)
satisfies (45) and (47). Multiplying (48) by  gives an expression for the variation of the singular vectors

(49)

Taking the sum over all possible perturbations of the form (37) shows that (49) remains valid for an 
arbitrary perturbation . To calculate the covariance matrix of  (49) is rewritten using Kronecker 
algebra [17] as

(50)

with

, and , (51)

where  is an  permutation matrix, and  an  matrix containing everywhere zeroes 
except a one at entry . The covariance matrix of the left and right singular vectors finally equals

(52)

Note that a similar reasoning can be made for complex matrices.
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Abstract
In classical operational modal analysis (OMA), the modal parameters of a structure are determined from its
dynamic response to ambient forces. The application of this technique to civil engineering structures is par-
ticularly interesting since heavy and expensive artificial excitation devices, required for experimental modal
analysis (EMA), are not necessary. However, disadvantages of OMA are the limited frequency content of
the ambient excitation and the fact that mass-normalization of the mode shapes is not possible. A possi-
ble solution is to use operational modal analysis techniques that allow deterministic or exogenous inputs
(OMAX). The difference between OMAX and EMA lies in the fact that with OMAX, the ambient forces are
not considered as noise, but as part of the excitation. As a result, OMAX requires only small and relatively
cheep artificial excitation devises, but it requires special combined deterministic-stochastic system identifi-
cation methods. In this paper, the reference-based combined deterministic-stochastic subspace identification
method for OMAX is discussed. The theory is illustrated on a benchmark problem: the determination of the
modal parameters of the Z24 bridge. With the presented method, the best benchmark results reported so far
are obtained.

1 Introduction

During the last five decades a lot of research effort has been spent in the development of reliable system
identification algorithms for the determination of the modal parameters of a mechanical structure. However,
most of these methods were not suited for large civil engineering structures because the contribution of
measured excitation forces to the total response of the structure is rather low. A bridge for instance can only
be excited to a limited vibration level by an artificial excitation source such as a shaker or an impact hammer,
while it is almost impossible to exclude ambient excitation due to wind or traffic. Due to this restriction,
special output-only or stochastic system identification algorithms have been developed. These algorithms
require only the outputs (accelerations, velocities, strains, . . . ) to be measured, so an artificial excitation is not
necessary. One of the drawbacks of these methods is that an absolute scaling of the obtained mode shapes is
not possible, i.e. the modal scaling factors are undetermined. However, some damage identification methods
require scaled mode shapes. Scaling is also necessary if one wants to extract stiffness and mass properties
from the vibration measurements. For this reason, there is an increasing interest in the last few years towards
combined deterministic-stochastic system identification methods. The resulting modal analysis is called
“Operational Modal Analysis with eXogenous inputs” (OMAX) [1]. It permits a determination of the modal
scaling factors whereas it is still possible to have low excitation levels due to the applied artificial forces.
Another recent development is the normalization of the mode shapes on a sensitivity basis [2]: by adding a
localized mass and calculating the sensitivity of the modes to this structural modification, the modal scaling
factors can be calculated.

In this paper, the use of the combined deterministic-stochastic subspace identification algorithm for modal
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analysis of civil engineering structures is discussed. In section 2, a combined deterministic-stochastic state-
space model for vibrating structures, which makes use of a Kalman filter that is constructed with reference
outputs only, is constructed. In section 3, the classical combined deterministic-stochastic subspace identifi-
cation algorithm of [3], denoted as CSI, is extended to a reference-based version, denoted as CSI/ref. Similar
as for the stochastic subspace algorithm [4], advantages of the reference-based version of the combined al-
gorithm over the classical version are a faster performance because of the data reduction and the possibility
to lower the influence of noisy channels without loosing their useful information. The modal analysis of
the obtained black-box state-space model is discussed in section 4. Finally, both versions of the combined
subspace algorithm are used for the determination of the eigenfrequencies, mode shapes and modal damping
factors and modal scaling factors of a real civil engineering structure, and their performances are compared.

2 A combined deterministic-stochastic state-space model for vibrat-
ing structures

2.1 The deterministic discrete-time state-space model

The finite element method is one of the most common tools for modeling mechanical structures. In the case
of a linear dynamical model, one has the following system of ordinary differential equations

M
d2u(t)

dt2
+ C

du(t)
dt

+ Ku(t) = f(t) (1)

with M , C andK the mass, stiffness and damping matrices, respectively,f(t) the vector with nodal forces,
u(t) the vector with nodal displacements andt the time. A classical result is that, by simple mathematical
manipulation, the finite element model can be converted to a continuous-time state space model [5]:

dx(t)
dt

= Ac · x(t) + Bc · f(t) (2)

with

x(t) =
[

u(t)
du(t)

dt

]
, Ac =

[
0 I

−M−1K −M−1C

]
and Bc =

[
0

M−1

]
(3)

x(t) is called the state of the structure. If the quantities of interest are linear combinations of nodal displace-
ments, velocities or accelerations, they can be grouped in an output vectory(t):

y(t) = Ca
d2u(t)

dt2
+ Cv

du(t)
dt

+ Cdu(t) (4)

=
[
Cd −CaM−1K Cv −CaM−1C

] · x(t) + CaM−1 · f(t) (5)

= Cx(t) + Df(t) (6)

in which Ca, Cv andCd are selection matrices. After discretization in time, the discrete-time state-space
model of the mechanical structure is obtained:

xk+1 = Axk + Bfk (7)

yk = Cxk + Dfk (8)

With a zero-order hold assumption on the inputsfk, the relationship between the continuous-time and the
discrete-time system matrices is [5]

A = eAc(∆t) and B =
∫ (k+1)∆t

k∆t
eAc((k+1)∆t−τ)dτBc (9)

in which∆t is the discrete time step.
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2.2 A combined deterministic-stochastic discrete-time state-space model

Suppose now the system matricesA, B, C andD are known, the forcesfk and the outputsyk are measured,
and the statexk at any time instantk needs to be calculated. In reality not all inputs that are applied to the
structure can be measured, and often the measurement noise on the outputs can not be neglected. This is
why the previous model is extended with two stochastic terms, the process noisewk, which accounts for
the influence of the unmeasured inputs on the state vector, and the measurement errors on the outputsvk,
respectively:

xk+1 = Axk + Bfk + wk (10)

yk = Cxk + Dfk + vk (11)

Note that the measured inputsfk are assumed to be noise-free. The stochastic terms are unknown, but it is
assumed that they have a discrete white noise nature with an expected value equal to zero and that they have
covariance matrices equal to

E

([
wp

vp

]
· [wq

T vq
T
])

=
[

Q S

ST R

]
· δ(p− q) (12)

The states and the outputs can be separated into a deterministic and a purely stochastic part:

xk = xd
k + xs

k (13)

yk = yd
k + ys

k (14)

Because the stochastic termswk envk are unknown, the statexs
k can not be calculated exactly. Nevertheless,

xs
k can be estimated using a Kalman filter. This filter offers a technique for the determination of the optimal

linear estimate because the estimator is a minimum-variance unbiased estimator [6]. The Kalman filter
proposed for the calculation of̂xs

k makes use of the reference outputs only. These are one or more outputs
selected by the user, in which the (measured and/or unmeasured) input signals are clearly present (low
measurement and/or system noise):

yref
k = Ly (15)

= LCxk + LDfk + Lvk (16)

= Crefxk + Dreffk + vref
k (17)

with L a selection matrix. It can be shown that the estimatex̂s
k and the reference-based Kalman filterKk

can be calculated from the following set of equations:

x̂s
k+1 = (A−KkC)x̂s

k + Kkys,ref
k (18)

Kk = (APkCref T
+ Sref )(Rref + CPkCref T

)−1 (19)

Pk+1 = APkAT + Q− (APkCref T
+ Sref )(Rref + CrefPkCref T

)−1(APkCref T
+ Sref )T (20)

in whichRref andSref are obtained fromR andS by taking the part which only deals with the reference
outputs. The estimate is only optimal ifx̂s

0 = E[xs
0], which is usually assumed to be zero.

3 Reference-based Subspace Identification

Suppose now that also the system matricesA, B, C andD and the noise covariance matricesQ, R andS
are unknown, i.e. one wants to extract a combined deterministic-stochastic state-space model for the structure
from the measured data. If a sequence of2i+ j− 1 measured inputs and outputs is available, the outputs are
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grouped into the following block Hankel matrix

Y0|2i−1 =




yref
0 yref

1 yref
2 . . . yref

j−1

yref
1 yref

2 yref
3 . . . yref

j

. . . . . . . . . . . . . . .

yref
i−1 yref

i yref
i+1 . . . yref

i+j−2

yi yi+1 yi+2 . . . yi+j−1

yi+1 yi+2 yi+3 . . . yi+j

. . . . . . . . . . . . . . .
y2i−1 y2i y2i+1 . . . y2i+j−2




=
[

Y ref
p

Yf

]
(21)

And similarly, the inputs are grouped into the following block Hankel matrix

F0|2i−1 =




f0 f1 f2 . . . fj−1

f1 f2 f3 . . . fj

. . . . . . . . . . . . . . .
fi−1 fi fi+1 . . . fi+j−2

fi fi+1 fi+2 . . . fi+j−1

fi+1 fi+2 fi+3 . . . fi+j

. . . . . . . . . . . . . . .
f2i−1 f2i f2i+1 . . . f2i+j−2




=
[

Fp

Ff

]
(22)

The main theorem of subspace identification states that, if an infinite number of inputs and outputs is mea-
sured, if the process noisewk and the measurement noisevk are uncorrelated with the deterministic input
fk and if limj→∞ F0|2i−1F0|2i−1

T has full rank, that

Oi = ΓiX̃i (23)

with Oi the oblique projection of the row space ofYf onto the joint row space ofFp andY ref
p in the

direction of the row space ofFf ,

Oi = Yf/Ff

[
Fp

Y ref
p

]
, (24)

Γi the extended observability matrix,

Γi =




C
CA

...

CAi−1


 (25)

andX̃i the sequence of reference-based Kalman filter states

X̃i =
[
x̃i x̃i+1 . . . x̃i+j−1

]
(26)

with initial valueX̃0 = Xd
p/Ff

Fp. Furthermore, the theorem states that the rank ofOi equals the system

ordern and that if the square weighting matricesW1 andW2 are chosen in such a way thatW1 has full
rank andrank(Wp) = rank(WpW2), the matrixΓi can be calculated from the following singular value
decomposition

W1OiW2 =
[
U1 U2

] ·
[
S1 0
0 0

]
·
[
V1

T

V2
T

]
= U1S1V1

T

by
Γi = W1

−1U1S1
1
2 (27)

The proof is very similar to the proof for the classical Kalman filter [3].

3038 PROCEEDINGS OF ISMA2006



The projection theorem of subspace identification states that, under the same conditions as in the main
theorem,

Zi = ΓiX̂i + Hd
i Ff (28)

with Zi the orthogonal projection

Zi = Yf/




Fp

Y ref
p

Ff


 , (29)

X̂i the sequence of reference-based Kalman filter states with initial value

X̂0 = Xd
p/

[
Fp

Ff

]
(30)

andHd
i the following block triangular Toeplitz matrix:

Hd
i =




D 0 0 . . . 0
CB D 0 . . . 0

CAB CB D . . . 0
. . . . . . . . . . . . . . .

CAi−2B CAi−3B CAi−4B . . . D




(31)

The proof is very similar to the proof for the classical Kalman filter of [3]. It follows from the projection
theorem that

Zi+1 = Yi+1|2i−1/




F0|i
Y ref

0|i
Fi+1|2i−1


 = Γi−1X̂i+1 + Hd

i−1Fi+1|2i−1 (32)

in which the notation for the input and output block Hankel matrices is similar as in (22) and (21), respec-
tively. After applying a reference-based Kalman filter, one has the following forward state-space model

X̂i+1 = AX̂i + BFi|i + ρwi with ρwi = Ki(Y
ref

i|i −CrefX̂i −DrefFi|i) (33)

Yi|i = CX̂i + DFi|i + ρvi with ρvi = Yi|i −CX̂i −DFi|i (34)

Manipulation of these expressions leads to

[
Γi−1

†Zi+1

Yi|i

]
=

[
A
C

]
Γi
†Zi + KFf Ff +

[
ρwi

ρvi

]
(35)

with

KFf =
[−AΓi

†Hd
i +

[
B Γi−1

†Hd
i−1

]

−CΓi
†Hd

i +
[
D 0

]
]

(36)

By omitting the last term in (35), an unbiased estimate ofA, C andKFf can be obtained by least-squares
solution. The proof of this is similar to the proof for the classical Kalman filter [3]. FromKFf , the matrices
B andD can be extracted as indicated in [3].

It is well known that an oblique projection, which is an essential step in the algorithm (24), is a numerical
ill-conditioned problem. However, as indicated in [8], the ill-conditioning can be removed by a proper
choise of weighting matricesW1 andW2, such thatW1OiW2 consists of an orthogonal projection. One
of these choices isW1 = I andW2 = ΠU⊥

f
, which corresponds to the PO-MOESP algorithm. An efficient

implementation of this version of the CSI/ref algorithm, based on robust numerical linear algebra techniques
such as QR factorization and singular value decomposition, can be found in [7].
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4 Modal analysis of the state-space model

Suppose a discrete-time state-space model (7-8) for the structure of interest has been identified. With this
model, the modal parameters of the mechanical structure can be obtained via a free vibration analysis of the
corresponding continuous-time model (2):

dx(t)
dt

= Ac · x(t) (37)

The solutions to this set of homogeneous ordinary differential equations are

x(t) = eλciRt(cos(λciIt)ψiR − sin(λciIt)ψiI) (38)

in whichλci = λciR + iλciI andψi = ψiR + iψiI are the eigenvalue-eigenvector pairs ofAc:

Acψi = λciψi (39)

From (9) it follows that the eigenvaluesλci of Ac are related to the eigenvaluesλdi of A by

λci =
lnλdi

∆t
(40)

with ∆t the measurement period. The eigenvectors ofAc are equal to the eigenvectors ofA. From (38), it
follows that the eigenvalues ofAc are the eigenvalues of the mechanical structure, so one has

ωudi =
√

λ2
ciR + λ2

ciI and ξi =
|λciR|√

λ2
ciR + λ2

ciI

(41)

with ωudi the undamped eigenfrequency andξi the modal damping factor corresponding toλci.

The eigenvectorsψ have no physical interpretation because the states of an identified state-space model have
no direct physical meaning. However, using the system matrixC, the observed parts of the eigenvectorsψi

can be calculated. If the measured outputs are accelerations, the modal displacements of the structure are

φi =
Cψi

λ2
ci

(42)

If the measured outputs are accelerations, a parametric estimate of the Frequency Response Function matrix
H1(ω) between the corresponding displacements and the forces applied to the structure, can be calculated
from the identified system matrices [5]:

H1(ω) =
−1
ω2

(
C(zI −A)−1B + D

)
, z = ejω∆t (43)

Alternatively, a non-parametric estimate forH1(ω) can be used like theH1-estimator [9], which also as-
sumes that the measured inputs are free of noise. For mechanical systems, the Frequency Response Function
matrix H2(ω) between the nodal displacements and the nodal forces can be decomposed into the modal
parameters [9]:

H2(ω) =
n∑

i=1

(
qi · φiφi

T

jω − λi
+

qi · φiφi
∗

jω − λi

)
(44)

with qi the modal scaling factors, which are the only unknown modal parameters left. If the system is excited
at one or more measurement pointse, one has

H1e(ω) = H2e(ω) =
n∑

i=1

(
qi · φiφie

jω − λi
+

qi · φiφie

jω − λi

)
(45)
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in which H1e(ω) and H2e(ω) are the columns ofH1 and H2 corresponding to measurement pointe,
respectively. From this equation, the unknown scaling factorsqi can be determined.

For proportionally damped systems, the modal masses can be calculated from [9]

mi =
1

2jqiωi

This formula also allows the eigenmodesφi to be scaled to the mass matrix, by putting the modal masses
equal to unity and rescaling the eigenvectors.

As the true system order is often unknown, a common practice in operational modal analysis is to calculate
the modal parameters for increasing model ordersn [4]. If n is higher than the true system order, also the
noise is modeled, but the mathematical poles that arise in this way are different for different model orders.
So, the true (physical) system poles can be detected by comparing the modal parameters for different model
orders. In this way, also weakly excited system poles, that appear only at high model orders, can be detected.
The detection can be performed visually in a so-called stabilization diagram, in which the eigenfrequencies
corresponding to the system poles are plotted for increasing model orders.

5 Application: modal analysis of the Z24 bridge

As a modal analysis application of the CSI and CSI/ref algorithms, the modal analysis of the Z24 bridge is
considered. The Z24 bridge that overpassed the A1 highway between Bern and Zürich in Switzerland has
been subjected to several progressive damage tests in the framework of the Brite-EuRam SIMCES project
[10]. Before and after each applied damage scenario, the bridge was subjected to a forced and an ambient
operational vibration test. For the forced vibration tests, two vertical shakers were used. The aim of the
project was to prove that realistic damage has a measurable influence on the bridge’s modal parameters,
which was indeed observed. Afterwards, the Z24 data were presented as a benchmark study at the IMAC XIX
conference in 2001 and are still publicly available [11]. In [12], the results obtained by the 7 participating
research groups of the benchmark study are presented. The best reported result was obtained by applying a
subspace identification algorithm (it is not clear which one) to the shaker data, with which 10 modes could
be determined. In the present paper, using CSI/ref, 14 modes with mode shapes of good quality are identified
for the Z24 bridge (17 modes in total), which is to the best knowledge of the authors the best result reported
so far. For the analysis, the shaker data of the third reference measurement are used. A complete overview
of all measurements can for instance be found in [13]. Because during the shaker tests, ambient excitation
like wind and traffic induced vibration could not be excluded, the test can be considered at as an operational
modal analysis with deterministic inputs.

5.1 Experimental setup

With a measurement grid consisting of a regular3×45 grid on top of the bridge deck and a2×8 grid on each
of the two pillars,291 degrees of freedom have been measured: all displacements on the pillars, and mainly
vertical and lateral displacements on the bridge deck. Because of the limited number of accelerometers and
acquisition channels, the data were collected in9 setups using5 reference channels. The forced excitation
was applied by two vertical shakers of EMPA, Switzerland, placed on the bridge deck. The shaker input
signals were generated using an inverse FFT, resulting in a fairly flat force spectrum between3 and30Hz.
The signal was repeated in8 periods. A total of65536 samples were collected at a sampling rate of100Hz.
More information about the experimental setup can be found in [14].
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5.2 System identification

In theory it is assumed that the number of columnsj of the matricesY0|2i−1 (21) andF0|2i−1 (22) goes to
infinity (see section 3). The only restriction that lies on the parameteri, which is half the number of block
rows of Y0|2i−1 andF0|2i−1, is that it has to be larger thannno

+ 1 with n the system order andno the
number of measured outputs. However, in practice,i has to be chosen large enough in order to yield good
estimates.

For the Z24 bridge, two identifications were performed: one with CSI and one with CSI/ref. For CSI,i
was chosen equal to30, a value for which the calculation time was considerable but not excessive, and
a stabilization diagram of good quality was constructed up to a model order of160. For CSI/ref, the5
accelerometers common to every setup were chosen to be the references for the identification,i was chosen
equal to50 and a stabilization diagram of good quality was constructed up to a model order of160. Not only
was the reference-based algorithm faster than the classical one due to the data reduction, but also, probably
due to the higher choice ofi, the quality of the modal parameters obtained by modal analysis was slightly
better and a few more modes could be identified, as will be shown in the next section.

5.3 Modal analysis results

From the stabilization diagram constructed with the CSI and CSI/ref methods,14 and17 modes could be
identified, respectively. Table 1 shows the sample mean values of the eigenfrequencies and damping ratios,
obtained with each method, as well as the sample standard deviations (9 different values were obtained:1 for
each setup). It can be seen from the table that the CSI/ref method yields clearly more accurate estimates of
both eigenfrequencies and damping ratios for modes3, 6, 7, 8 and10, while the opposite is true for mode9.
With the CSI/ref method,4 more modes could be identified than with the CSI method, but the uncertainties
on the eigenfrequencies and damping ratios are quite high, except for mode14.

CSI CSI/ref
f ( Hz) σf ( Hz) ξ( %) σd( %) f ( Hz) σf ( Hz) ξ( %) σd( %)

1 3.871 0.001 0.89 0.05 3.871 0.002 0.88 0.04
2 4.823 0.008 1.63 0.06 4.818 0.011 1.66 0.04
3 6.697 0.127 4.23 1.45 6.722 0.028 3.82 0.62
4 8.355 0.059 8.91 1.77 8.346 0.104 9.37 1.33
5 9.769 0.005 1.54 0.03 9.772 0.005 1.57 0.02
6 10.15 0.012 1.89 0.21 10.16 0.009 1.84 0.11
7 10.51 0.011 1.45 0.06 10.50 0.007 1.43 0.04
8 10.68 0.047 2.28 0.48 10.68 0.023 1.91 0.25
9 12.42 0.020 3.11 0.03 12.42 0.025 3.15 0.12

10 13.21 0.033 4.76 0.29 13.21 0.018 4.72 0.17
11 / / / / 17.02 0.104 5.62 1.48
12 17.45 0.212 4.34 0.38 17.52 0.169 3.64 1.39
13 19.27 0.019 2.43 0.10 19.28 0.022 2.46 0.06
14 / / / / 20.18 0.039 0.58 0.31
15 26.64 0.054 3.20 0.11 26.62 0.055 3.12 0.11
16 / / / / 33.18 0.202 4.33 1.78
17 37.25 0.198 3.69 0.48 37.20 0.106 3.94 0.61

Table 1: Eigenfrequenciesf and damping ratiosξ determined with CSI and CSI/ref.

Figure 1 shows the identified bending modes. Modes9 and10 differ not only in the number of wavelengths
at the middle span, but also in the modal participation of each span. Mode16 could only be identified with
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CSI/ref.

mode1 - 3.871Hz (CSI) mode9 - 12.42Hz (CSI)

mode10 - 13.21Hz (CSI/ref) mode16 - 33.18Hz (CSI/ref)

Figure 1: Z24 bridge: identified bending modes.

The identified lateral modes are plotted in figure 2. The fact that these modes could be identified delivers
an experimental proof that with the combined deterministic-stochastic subspace identification method, both
modes excited by forced loading and by ambient loading can be identified. Indeed, these lateral modes are
(almost) exclusively excited by ambient forces. It is quite surprising that modes3 and4 were not detected
previously using ambient excitation only [12, 13]. Note also that the quality of the4th mode shape is lower
because the only horizontal reference DOF is located near the center of the middle span, in the zone with
almost zero modal displacement. This result in a ’stepped’ mode shape.

The capability of the CSI and CSI/ref methods to identify closely spaced modes is clearly illustrated in figure
3. In these four modes, torsion of the middle span is combined with bending of the side spans. At a first
glance, the four mode shapes look very similar. However, modes6 and7 are out-of-phase with modes5 and
8. In mode8, the modal participation of the side spans is more pronounced than in mode5. The same could
be said for modes6 and7, respectively. In mode8, a torsion component is added to the bending motion of
the side spans. Only two of these four closely spaced modes have been detected using other modal analysis
methods [12].

Modes11 and12 are shown in figure 4. The quality of the mode shapes is rather poor, which corresponds
with the high uncertainty on the corresponding eigenfrequencies and damping ratios. This is most probably
due to the fact that the two shakers were placed on the middle span, the participation of which is low for
these two modes.

Figure 5 shows the higher torsion modes that were identified. In contrast with modes11 and12, the par-
ticipation of the middle span is high and the mode shapes are clearly of a better quality. Modes13 and14
look very similar, but in mode14, the left part of the bridge has the highest modal participation as opposed
to mode13. In mode15, the Koppigen pier has the highest participation, which could be due to the fact
that this pier had been damaged for the simulation of a settlement (although the damaged was ’repaired’, the
original state was only approximately reached). The fact that mode17 at37.25Hz could be identified, while
the cut-off frequency of the analog anti-aliasing filter has been set to30Hz, indicates that the method is able
to identify modes that are scarcely present in the data.

Modes 1, 2, 5, 7, 9, 10, 11, 13, 14 and 15 have been detected in previous benchmark analyses [12]. The other
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mode2 - 4.823Hz (CSI) mode3 - 6.722Hz (CSI/ref)

mode4 - 8.355Hz (CSI)

Figure 2: Z24 bridge: identified lateral modes.

modes were only detected in the present study, using CSI and CSI/ref.

6 Conclusion

Starting from a finite element description of a vibrating structure, a combined deterministic-stochastic discrete-
time state-space model for the structure has been derived using a Kalman filter that makes use of reference
outputs only. This state-space model is thus a valid model for a vibrating structure and can be used as a
black-box model for system identification. The presented identification algorithm is the reference-based ver-
sion of the combined deterministic-stochastic subspace identification algorithm, which is specially adapted
to the modal analysis of large mechanical structures. Using the algorithm, a modal analysis of the Z24 bridge
has been performed, producing the best benchmark result reported so far.
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Abstract
A basic assumption when using modal analysis parameter identification procedures is that the structure
under test is time invariant. In many practical structural dynamics applications, however, these assumptions
are violated (because either the boundary conditions or the structural parameters change in time). In this
paper we will introduce a new and simple method to estimate the modal parameters of a system together
with their variation in time during the experiment. The method uses measurements of a structure under
operational excitation combined with an exogenous multi-sine excitation. The initial modal parameters of
the structure are identified from the operational response signals and the time variation is estimated by
tracking the amplitude of the force and the response related to the exogenous multi-sine excitation. The
method will be validated on a computer simulation and on three experimental cases: (a) a water tank with a
decreasing water volume coupled on a beam, (b) a cracked U-profile and (c) a scale-model airplane placed
in a wind tunnel.

1 Introduction

Usually in vibration engineering it is assumed that the system under test is time invariant. However, there
are several arguments that motivate the quantitative estimation of the level of time variation of the structure
during the measurement. First of all this allows to decide if classical linear time invariant modeling meth-
ods (as for instance modal parameter methods) can be used or not. When measuring Frequency Response
Functions (FRFs), the presence of a time variation of the system will introduce errors in the FRFs that man-
ifest themselves as measurement noise. Even a small time variation of the system can drastically reduce the
signal-to-noise (SNR). Indeed, in the simulation result in Figure 1 it can be seen that a 5% stiffness change
in the 1 second period add an important amount of measurement noise to the FRF (in the simulation that
was solved using a first order time domain discretization of the equations of motion the initial parameters
m = 0.01, k = 1000 and c = 0.06).

On the other hand, sometimes the time variation of the system under test is much more important information
than the FRF or the modal parameters themselves. This is the case for damage detection applications where
for instance the growth of a fatigue crack results in a stiffness change of the structure that should be monitored
as accurately as possible in time [1]. Another important application where the system variation is important
is flight flutter analysis. Here the stability of an airplane wing for an increasing speed of the aircraft should
be monitored [2] by tracking changes in the damping values (of typically the first two vibration modes of the
wing).

The identification of time varying systems is mostly done using time domain system identification techniques
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Figure 1: FRF of a time invariant SDOF system (full line) and of a system with linearly decreasing stiffness
(dotted). In the 1 second measurement period a 5% stiffness decrease was simulated (this is equal to 2.5%
change of the resonance frequency).

[3]. An important drawback of the time domain methods like the Kalman filter is that forgetting factor
should be defined by the user. This factor, that determines the amount of change to a model parameter
that is permitted, is not known in advance. Another important class of identification methods that are used
frequently when the system is time invariant are the so-called time-frequency methods [4]. Although the
successful use of high performance time-frequency decompositions like wavelets are reported in literature
[5] the implicit paradox between the time and frequency domain resolutions remains an important limitation.
Indeed, when the bin size is reduced in order to monitor rapid system changes, the frequency resolution
decreases.

Another approach is the use of so-called multi-sine excitations. The method was initially developed to detect
non-linear behavior [6, 7] of a structure and it was only recently applied to identify the time variation in
a system [8]. Basically, the multi-sine method applies a periodic excitation where selected frequency lines
in the excitation spectrum are eliminated (these are called the detection lines). When energy is present
in the response of the system at these detection lines this means that the system contains a time variation
(or a non-linearity). Although the method works quite well, it cannot be used on systems that are also
operationally excited (by random forces). In that case the non-excited multi-sine lines will contain energy
from the operational excitation.

In this article we will propose a conceptually simple method to identify changes in the vibration system under
test by monitoring the amplitudes of an exogenous sparse multi-sine excitation signal (instead of looking at
the energy at the non-excited lines). Furthermore, the operational response of the system will be used to
identify the initial modal parameters.

The article is composed as follows: in Section 2 we will introduce the theory of the model (an overview and a
method to model resonance frequency and damping value changes will be described respectively in Sections
2.1, 2.2 and 2.3). The proposed method will further be clarified and validated on a numerical simulation
in Section 3 and on three experimental test cases in Section 4. Finally, the merits and the limitations are
summarized in Section 5.
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2 Theory

2.1 Overview

Assume that the system under test varies in time in during the measurement time period T :

M(t)ẍ(t) + C(t)ẋ(t) + K(t)x(t) = f(t) (1)

with t in the interval [0, T ], x and f the displacement and force and M , C and K the mass, damping and
stiffness matrices at time t. It is assumed that during the test there is either a resonance frequency change
(M and/or K changes with time) or a change of the system’s damping.

In the procedure that is proposed in this article the device is excited by both an operational as well as a
well-defined exogenous excitation force. Therefore, the response spectra are given by :

X(ω) = H(ω)F1(ω) + H(ω)F2(ω) = X1(ω) + X2(ω) (2)

with X the response spectra and F the excitation force spectra (the subscripts .1 and .2 denote the operational
and exogenous part of the signals respectively). As the exogenous signal we use a multi-sine excitation :

f2(t) =
N∑

i=1

Ai sin(2πif0t + φi) (3)

with almost all amplitudes Ai = 0 except for r amplitudes Ai(k) (for k = 1, . . . , r) near the r resonances.
The phases φi are selected uniformly random in [0, π]. Remark that in principle T = 1

f0
(with f0 the

frequency resolution) is the equal to the measurement time. However, because only a small amount of
frequency lines are excited it is possible to estimate the amplitudes of the multi-sine from a reduced time
record [9] (with T ′ � T ).

An overview of the different steps in the complete proposed process to monitor the changes in the structural
parameters is given below :

Step 1 While the system is excited by the random operational load apply the multi-sine excitation from
Equation 3. Both the exogenous excitation force spectrum F2(ω) and the response X(ω) to both
unknown (random operational) and known exogenous excitation is measured. It is assumed that the
operational random excitation F1(ω) is flat in the frequency range of interest (i.e. there is no structure-
shaker interaction). Furthermore, the autopower spectrum X(ω)X∗(ω) is calculated (where .∗ denotes
the complex conjugate). The autopower will contain isolated peaks at the frequencies f0i(k) (for
k = 1, . . . , r) of the exogenous multi-sine excitation (i(k) for k = 1, . . . , r is the index of the r
selected nonzero amplitude components of the multi-sine).

Step 2 The complex amplitude of the response X(ω) at the multi-sine excitation lines is interpolated using
all other frequency lines (in order to eliminate the peaks in the response). A cubic spline interpolation
is used for this purpose (i.e. the Matlab function interp1with the option spline). Remark that the
spectrum is not modified at the frequency lines that are not excited by the multi-sine. The autopower
spectrum of the interpolated signal (i.e. the response with multi-sine components eliminated) is used
as an input for a Maximum likelihood operational modal parameter estimator (see [11, 12] for the
algorithm and [10] for industrial applications).

Step 3 In this step the amplitudes of the force F2(ωi(k)) and response X2(ωi(k)) of the exogenous multi-
sine excitation are estimated (with ωi(k) = 2πf0i(k)). Therefore, the full measurement record is
divided into sub-record bins. When the sub-record bin is chose equal to the period T of the multi-
sine the Discrete Fourier Transform (DFT) can be used to estimate the amplitudes (it is assumed
that at frequencies ωi(k) the multi-sine component is much larger than the operational contribution:
X2(ωi(k)) ≈ X(ωi(k))). When the record is smaller than the multi-sine period a regressive approach
should be used to estimate the r amplitudes F2(ωi(k)) and X2(ωi(k)) (for k = 1, . . . , r with r the
number of multi-sine components) [9].
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Step 4 For each sub-record the deviation of the modal parameter from the originally estimated parameter (as
calculated in Step 2) is estimated from the change in amplitude of the multi-sine component (from Step
3). Since it is assumed that only one parameter changes per mode (either the resonance frequency or the
damping) one measurement component per mode suffices to estimate this parameter (this explains why
the multi-sine contains exactly one frequency component for each mode). This step will be described
in more detail in Sections 2.2 and 2.3 for changes in the resonance frequency and the damping ratio
respectively.

2.2 Modeling the variation of resonance frequencies

The FRF of a structure can be decomposed using its modal parameters [13] :

H(ω) =
r∑

i=1

Ri

ıω − pi
(4)

with pi the i-th system pole. Remark that in case of proportional damping :

pi = −ξiωi + ıωi

√
1− ξ2

i (5)

with ξi and ωi respectively the damping ratio and resonance frequency of the i-th mode. Assume that in
the beginning of the measurement (i.e. from the first sub-record) the following poles are identified from the

operational data (see Step 2 in the algorithm in Section 2.1) : p0i = −ξ0
i ω

0
i + ıω0

i

√
1− (ξ0

i )2.

Besides synthesizing the FRF estimated from the operational modal model in Equation 4, the FRF amplitude
|H(ωi(k))| at frequencies ωi(k) can also be evaluated from the exogenous multi-sine input-output measure-
ments :

|H0(ωi(k))| =
∣∣∣∣∣X

0
2 (ωi(k))

F 0
2 (ωi(k))

∣∣∣∣∣ (6)

for k = 1, . . . , r and where .0 denotes the fact that the first sub-record bin is used to compute the spectra.

At the sub-record bin j it is assumed that the resonance frequencies have shifted and therefore the initial
system poles p0

i will have shifted to poles pj
i . This also means that the amplitude of the FRF at frequency

ωi(k) is reduced by a factor αj
k :

|Hj(ωi(k))| =
∣∣∣∣∣

r∑
i=1

Ri

ıωi(k) − pj
i

∣∣∣∣∣ =
∣∣∣αj

kH
0(ωi(k))

∣∣∣ =
∣∣∣∣∣αj

k

r∑
i=1

Ri

ıωi(k) − p0
i

∣∣∣∣∣ (7)

for k = 1, . . . , r. In case the modes are separated this equation can be simplified to :

|Hj(ωi(k))| =
∣∣∣∣∣ Rk

ıωi(k) − pj
k

∣∣∣∣∣ =
∣∣∣αj

kH
0(ωi(k))

∣∣∣ =
∣∣∣∣∣α Rk

ıωi(k) − p0
k

∣∣∣∣∣ (8)

The factors αj
k (for k = 1, . . . , r) in the previous two equations can be determined by the amplitude decrease

of the multi-sine components that is determined in Step 3 of the method (see Section 2.1) :

αj
k =

∣∣∣∣∣X
j
2(ωi(k))/F

j
2 (ωi(k))

X0
2 (ωi(k))/F 0

2 (ωi(k))

∣∣∣∣∣ (9)

The second and fourth part of Equation 8 can be simplified to obtain :

|ıωi(k) − pj
k| =

|ıωi(k) − p0
k|

αj
k

.= βj
k (10)
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This equation must be solved in order to obtain pjk. For proportional damping : pj
i = −ξj

i ω
j
i +ıωj

i

√
1− (ξj

i )2

(with ξj
i = ξj

0 if it is assumed that the damping is constant during the experiment). Computing the absolute
values of the left and righthand side of Equation 10 results in the following quadratic equation from which
the resonance frequencies ωj

i can be obtained as the roots :

−(ωi(k))
2 − (ωj

i )
2 + 2ωj

i ωi(k)

√
1− (ξj

i )2 = (βj
k)2 (11)

One of the roots will result in a resonance frequency that is smaller than ω0
i . Therefore, it should be known

in advance if the resonance frequency is decreasing or increasing. It is clear that the determination of the
resonance frequencies is computationally very simple.

2.3 Modeling the variation of damping values

When instead of the resonance frequency the damping is changing during the measurement the same ap-
proach can be used. Indeed, it is sufficient to solve Equation 11 for ξji :

ξj
i =

√√√√√
(

(βj
k)2 + (ωi(k))2 + (ωj

i )2

2ωj
i ωi(k)

)2

− 1 (12)

where ωj
i = ω0

i is known from the initial modal parameter estimation.

3 Simulation results

In this section a SDOF system with a 10% linearly decreasing stiffness from 1000 N/m down to 900 N/m
is simulated using a first order discretization scheme (both the mass m = 0.01 kg and the damping matrix
c = 0.06 are kept constant). This results in a resonance frequency change from 50.3 Hz down to 47.9 (5%
decrease). Both the forces (operational random and exogenous multi-sine) and responses are simulated in
20480 points during a 20 seconds time period (remark that a multi-sine with one component, i.e. a sine, is
used because the system has only one degree of freedom). The time record is divided into 20 non-overlapping
sub-record bins of 1024 points.

Step 1 The spectrum of the response signal X in the first sub-record is shown as the dotted line in Figure
2a. After eliminating the multi-sine contributions using the spline interpolation (see Step 1 in Section
2.1) the full line in Figure 2a is obtained.

Step 2 From the interpolated spectrum the initial modal parameters are calculated (see Step 2 in Section
2.1). The resulting modal model is shown in Figure 2b. Because of the deviation of the stiffness
during the first second the SNR of the auto-power spectrum decreases and therefore the estimated
resonance frequency has an additional uncertainty (the estimated resonance frequency is 50.8 instead
of 50.3).

Step 3 The amplitude of the FRF at the (multi-)sine excitation lines in each of the 20 sub-records is shown
in Figure 2c (Step 3 in the method).

Step 4 Using Equation 11 the resonance frequency in each of the sub-records can be computed. It is shown
in Figure 2d that the estimated resonance frequencies follow the linear trend of the true resonance
frequencies very well although there is a 1% deviation in the initially estimated resonance frequency.
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Figure 2: Simulations results of the different steps in the proposed method: (a) Step 1: interpolation of
the peaks of the exogenous multi-sine component, (b) Step 2: modal parameter model estimated from the
interpolated measurements, (c) Step 3: amplitudes of the multi-sine components, (d) Step 4: estimated and
true resonance frequencies.
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Figure 3: Set up of the system with varying mass: (a) laser Doppler vibrometer, (b) aluminium beam, (c)
water tanks, (d) force cell and (e) shaker.

4 Experimental results

4.1 Varying mass

In order to simulate a system with an increasing mass two water tanks were placed on a beam. One of
the water tanks was filled with 100 ml of water (prior to the measurement) while the other tank was filled
gradually up to 60 ml during the 64 seconds of the measurement. The beam was excited with a shaker, the
exogenous excitation force was obtained using a force cell and the velocity response was measured using
a laser Doppler vibrometer (see the set up in Figure 3). From the spectrogram of the response in Figure
4 it can be seen that the two first resonance frequencies decrease from about 50 and 90 Hz down to about
46 and 72 Hz respectively (the 64 seconds where divided into 32 two second bins). The different steps of
the proposed method are illustrated in Figure 5 (in this case the multi-sine consisted of two components at
52 and 90 Hz). If one compares the result in Figure 5d with the spectrogram in Figure 4 it is clear that
the resonance frequencies estimated using both methods follow the same trend. The accuracy of the second
estimated resonance frequency is reasonably accurate (75 Hz instead of 72) but the decrease of the first
mode is somewhat over-estimated (decrease down to 40 instead of 46 Hz). This is caused by the variation in
damping due to the added water mass that is not taken into account in the model.

4.2 Varying stiffness

Another possibility to continuously change the resonance frequency of the system under test is to measure
the vibration of a structure with a propagating crack. In this section the results of propagating fatigue crack
in a clamped aluminium U-profile will be discussed (an initial 5 mm crack was created by fatigue loading
the beam in order to start the crack propagation process). An additional mass is added at the end of the
beam to lower the resonance frequency and to increase the vibration displacement. The beam is excited
using a shaker, the exogenous excitation force was obtained using a force cell while the velocity response is
measured with a laser Doppler vibrometer (the overview of the setup is shown in Figure 6). As the exogenous
input a sine at 22.4 Hz is applied (the sinusoidal excitation is also used as the fatigue loading to create crack
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Figure 4: Spectrogram of the varying mass measurements showing the decrease in resonance frequency of
the first two modes.

growth in the beam). Figure 7 shows the spectrogram that was computed from 700 measurement records
of 16 seconds (in total 11200 seconds measurement time) It can be seen in Figure 7 that there is a small
decrease of the resonance frequency during the test (however due to the low SNR and the non-linearities that
are present it is difficult to accurately estimate the trend in the resonance frequency). When following the
procedure proposed in Section 2 the resonance frequency change given in Figure 8 is obtained. Comparing
this figure with the spectrogram one can conclude that estimated final resonance frequency value seems
reasonable (although an accurate comparison is impossible due to the low SNR of the measurements). This
example shows that one can apply the proposed method even if the relative change of the modal parameters
is low. Remark the reduction in the resonance frequency during the experiment is small because the crack
propagated less than one millimeter during the measurement time (moreover resonance frequencies are not
very sensitive to small cracks).

4.3 Varying damping

While the two experiments in the previous sections resulted in a decrease in the resonance frequency, the
current test shows that the proposed method can also be used to monitor a change in damping of the structure
(assuming that the resonance frequency is invariant). A measurement is performed on a scale model of a
Piper Cub aircraft that is placed on a shaker in a wind tunnel (see the set up in Figure 9). The mode shapes
of the airplane are determined in advance using a scanning laser Doppler vibrometer (see Figure 10). During
a measurement period of 150 seconds the wind speed is linearly increased from 0 up to 15 m/s and then
decreased again from 15 m/s down to 0 m/s. When exciting the structure with a 3 second periodic chirp
during the measurement while measuring the excitation force and response the modal parameters can be
calculated at 50 different points in time (it should be noted that during the 3 seconds sweep the wind speed is
also increasing). The change in the response due to the increase in damping is visible in the spectrogram that
is given in Figure 11. The resonance frequencies and damping values determined using the periodic chirp
excitation are shown in Figure 12. When exciting the aircraft with a sine at 25 Hz and using the proposed
method to track the changes in the damping (see Section 4.3) the result in Figure 13 is obtained. Note that
in this case an artificial chirp signal is used instead of the operational load in order to estimate the initial
modal parameters (the operational load was too low in the experiment). When comparing Figures 12b and
13 it is clear that the damping values of proposed technique fluctuate much less (no filtering is applied to the
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Figure 5: Different steps in the proposed method for the reducing mass experiment: (a) Step 1: interpolation
of the peaks of the exogenous multi-sine component, (b) Step 2: modal parameter model estimated from the
interpolated measurements, (c) Step 3: amplitudes of the multi-sine components, (d) Step 4: estimated and
true resonance frequencies.

Figure 6: Set up of the system with varying stiffness: (a) laser Doppler vibrometer, (b) additional mass to
lower the resonance frequency, (c) shaker, (d) aluminium U-profile, (e) force cell and (f) clamping.
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Figure 9: Set up of the system with varying damping: (a) force cell, (b) accelerometer and (c) shaker.

(a) (b)

Figure 10: Mode shapes of the piper aircraft, (a) at 22.4Hz and (b) at 69.6Hz.

estimated damping values). As was illustrated in the simulation example in Figure 1 the SNR on the FRFs
with a time variation is much lower and therefore the damping values using the chirp excitation have a much
larger uncertainty. For the sine excitation this decrease in SNR is not present as is clearly seen in Figure 13.

5 Conclusions

In this paper a method was proposed to monitor the time variation of the resonance frequency or damping
value of a system. It was illustrated that the introduction of a time variation in the system introduces an
additional noise source in the FRF. Therefore, the identified modal parameters of a time variant system are
less accurate. In contrast, the proposed method gave accurate estimates (about 1.25% error for the simulation
case) where the initial resonance frequencies contained already about 1% error. Moreover, the introduced
procedure is computationally very inexpensive : it merely requires the calculation of the roots of a quadratic
equation (compared to the Maximum likelihood modal parameter estimator which is computationally much
more expensive).

Presently the proposed procedure does not work when both the resonance frequency and damping value
change simultaneously. However, the method can be extended to work this situation by applying a multi-sine
contain two sine components for each frequency. In practice this will make the estimation of the amplitudes
more prone to errors and it will imply a more difficult estimation procedure.
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Figure 12: Estimated change in modal parameters : (a) change in resonance frequency estimated from the
periodic chirp excitation (b) change in damping value estimated from the periodic chirp excitation.
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Figure 13: Estimated change in damping values using the proposed approach.
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Abstract
Modal parameter estimates of a structure, vibrating under actual loadings and operational conditions, have
addressed the interest of researchers during the last years. For all the developed approaches, structures need
not be excited by expensive devices, because the modal signature of the structure can be achieved from
the knowledge of the system time responses only, derived from the natural excitation due to the ambient
loads. Thus natural frequencies, damping ratios, and mode shapes can be estimated using techniques both
in the frequency and in the time domain only by the measured responses of the dynamic system. In this
paper, a methodology to estimate the modal model of a dynamic system is proposed. The biased frequency
response functions could be identified from the measured time responses by a developed technique based
on the properties of the Hilbert transformation applied to the auto power spectral densities of the output
signals. Then, trough the identification of the state space matrix, the modal parameters could be derived.
The accuracy of the proposed approach has been investigated through several experimental investigations
carried out on different aerospace structures.

1 Introduction

In the last years, techniques which identify modal parameters along with mode shapes from the time re-
sponses of a system vibrating in operative conditions - that is by using only the output time responses, when
the inputs are unknown - were considered, [1] to [3]. Assuming that the outputs are caused by a white noise
excitation of the structure, at least in the frequency band of interest, the problem were also solved by us-
ing the auto and cross spectral density matrix, through the singular value decomposition, the identification
of the natural frequencies and the mode shapes were obtained (Frequency Domain Decomposition, FDD),
whereas the damping factors were evaluated from the logarithm decrement ([4] and [5]). Modal parameters
are also obtained in time domain by the so called Stochastic Subspace Identification (SSI) where a state-space
formulation is solved in time domain by an othogonal-projection technique[6, 7].

Moreover, the dynamic model of the structure could be identified in terms of the biased frequency response
functions (FRFs) achieved by applying the Hilbert transform on the power spectral densities of the output
responses [8]. The resulting FRF matrix is biased by an unknown constant due to the fact that the input
forces were not recorded. The modal parameters, in this case, were gained by using common codes, as least
square fittings with polynomial ratios and the mode shapes were achieved by the residues. In this paper, a
technique that first considers the previous biased FRFs, then solves the state problem to get the structural
natural frequencies and the damping ratios from the complex eigenvalues, whereas the normal modes are then
derived from the eigenvectors of a part of the state matrix, [9]. Specifically, the biased time responses - along
with their derivatives - could be estimated from the FRFs, and then - following [9] and [10] - the state system
equation set up. Unlike [9], where the displacement, velocity and acceleration responses were synthesized
from the identified modal parameters, and noise were added in order not to encounter singularities, in this
case the time responses, being derived as previously described, need not any added noise and so the inversion,
which permits to obtain the matrix of the state equation, is guaranteed.
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The proposed technique has been validated using experimental data from some structures: a cantilever beam,
a free-free plate and a helicopter blade. The modal parameters have been achieved by different methods and
compared among them.

2 Biased Frequency Response Function Identification

Choosing the random time response recorded from the i − th measurement point (xi), the auto-correlation
function - transformed into the frequency domain through the Fourier transform - that is the auto power
spectral density Gxixi(ω) provides the squared magnitude of the FRF, |Hii(ω)|, unless the auto density
spectrum Gfifi

(ω) of the input signal, considered constant within the frequency band of interest:

Gxixi(ω) = Gfifi
(ω) |Hii(ω)|2 (1)

then it is straightforward to derive the module of the FRF for this point:

|Hii(ω)| =
√
Gxixi(ω)√
Gfifi

(ω)
(2)

Because the time responses have been recorded from actual vibrating structures, they are causal and so it
is possible to achieve the phase, Φii(ω), by applying the Hilbert Transform to the module of the above
mentioned frequency response function, [11] and [12]:

Φii(ω) = − H [ln |Hii(ω)|] (3)

or substituting Eq. (3) into Eq. (2):

Φii(ω) = −1
2
H [lnGxixi(ω)] (4)

being the Hilbert transform of a constant equal to zero. So the frequency response functions, evaluated at the
driving points, can be obtained by only using time output data:

Hii(ω) = |Hii(ω)| e j Φii(ω)
=

√
Gxixi(ω)√
Gfifi

(ω)
e
− 1

2 j H{ln Gxixi (ω)}
(5)

Obviously this FRF is biased, due to the unknown term
√
Gfifi(ω), which is considered constant in the

frequency band of interest. The presence of this constant does not involve errors in the natural frequency and
the damping ratio estimates, which can be evaluated by a least square fitting one of the FRFs, [8].

Once the driving point FRFs have been gained from Eq. (5), the off-diagonal frequency response functions,
can also be evaluated. In fact, for the other experimental points xj 6= xi it is possible to write:

Hji(ω) = Hij(ω) =
Gxixj (ω)√
Gfifi

H∗
ii(ω)

(6)

where ∗ stands for complex and conjugate. At the end, the biased FRFs, H, can be achieved:

Hii(ω) =
√
Gxixi(ω) e

− 1
2 j H{ln Gxixi (ω)}

(7)

and
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Hij(ω) =
Gxixj (ω)
H∗

ii(ω)
(8)

In this way, the complete matrix of the biased frequency response functions can be evaluated by starting from
the the auto and cross power densities of the output signals. Of course, the inverse Fourier transforms of
Eqs.(7) and (8) provide the biased impulse response functions (IRs) ~ii(t) and ~ij(t). The modal parameters,
natural frequencies and damping ratios, and the mode shapes could be identified by the commercial codes
either in the frequency or in the time domain [8]. Since the time response functions are available, a technique,
introduced by Ibrahim ([9] and [10]), can be used to identify the modal parameters and the normal modes.

3 State Space Formulation

The biased time responses along with their derivatives can be used, following [9], in the state formulation:

{
ḣ(t)
ḧ(t)

}
=

[
0 I

−M−1K −M−1C

]{
h(t)
ḣ(t)

}
(9)

where h(t) is the column vector of the biased impulse response functions ~ij(t), M, K and C are the mass,
stiffness and damping (N×N ) matrices respectively, whereas 0 is a null (N×N ) matrix and I is the (N×N )
unitary matrix.

In other words, if the state of the system is denoted as y(t) =
{
h(t) ḣ(t)

}T
, then the previous equation

become:

ẏ = Ay (10)

If N are the measurement points, in order to solve the previous equation it is necessary to have at least
2N values for the time functions. When the number of instant points is greater than 2N , the matrix A is
evaluated as usual:

A = (ẏyT)(yyT)−1 (11)

Once the matrix A has been estimated, then the i− th modal parameter could be identified by solving:

(A− λiI)ψ(i) = 0 (12)

The natural frequencies and the damping ratios are identified from the components of the eigenvalue vector
λi = −σi ± jωd,i, where σi stands for decay rate, whereas ωd,i represents the damped angular frequency.
Thus, it is straightforward to get the natural frequencies, ωn,i:

ωn,i =
√
σ2

i + ω2
d,i (13)

and the damping ratios, ζi:

ζi =
σi

ωn,i
(14)

Besides, the normal modes can be evaluated from the matrix M−1K present in the matrix A, Eq.(9). Thus
all the modal parameters, along with the normal modes, can be identified. Actually, if the number of modes,
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present in the considered frequency band, is greater than the degrees of freedom where the time responses
were recorded, a problem arises on which modes are identified. In order to avoid this drawback, it is possible
to filter the identified biased FRFs so as only the modes which have to be estimated - whose number is
at maximum equal to the number of the degrees of freedom - are considered. Obviously, although the
filter shape is suitably tapered, a distortion is present in the time function. This problem, which especially
influence the damping evaluation (whatever method is used) can overcome by choosing a limited number of
sampling points in the time signals so as to minimize the effect of filtering. Finally, if only one experimental
degree of freedom is considered, when a single mode is filtered from the frequency response functions, only
the natural frequency and the damping ratio of the mode can be identified.

4 Experimental investigation

The proposed approach, denoted as “H-I” in the following subsections, has been experimentally tested on
three different structures, i.e., a beam, a plate, and an AB-204 helicopter blade. In order to evaluate the
accuracy of the methodology, the resulting modal parameters have been compared with those achieved using
other approaches both considering response data only. The first one is based on a least square fitting with
polynomial ratios applied on the biased frequency response function identification, [21] - denoted as “H-
MDOF” -, whereas the last approach is based on the Frequency Domain Decomposition “FDD”, [4].

4.1 Beam structure

An aluminum cantilever beam, with dimensions 0.4 × 0.025 × 0.003 [m], has firstly been considered. This
structure has been randomly excited, both in space and in time, by a crawling pencil. The survey has been
carried out in a 0 − 400 [Hz] frequency band. The response of the structure has been recorded using
215 sampling points by 4 accelerometers uniformly distributed along the span of the beam. Moreover, the
responses have been averaged using 32 time-data-blocks to reduce the non-deterministic components in
the measured responses. The natural frequencies and damping ratios estimated by the proposed approach,
superscript H − I , are reported in Tabs. 1 and 2 respectively. In these tables, the modal parameters achieved
by both a least square fitting using polynomial ratios applied to the biased frequency response functions,
superscriptH−MDOF , and those from the application of the Frequency Domain Decomposition approach,
superscript FDD, are also reported for a comparison. As one can see, the identified space state matrix

Mode # fH−MDOF
n Hz fFDD

n Hz fH−I
n Hz

1 51.106 51.170 51.296
2 319.03 319.14 319.11

Table 1: Comparison between the natural frequencies for the cantilever beam

Mode # ζH−MDOF
n % ζFDD

n % ζH−I
n %

1 1.21 1.16 1.11
2 0.47 0.33 0.46

Table 2: Comparison between the damping ratios for the cantilever beam

provides similar eigenvalues as those given by the other approaches. This excellent correlation has also
been achieved when considering the estimated eigenvectors. Indeed, a perfect correlation between the mode
shapes is reported. In Fig.1, the first two normal modes, normalized with respect to maximum displacement,
evaluated using the eigenvectors of M−1K from Eq.9, are reported for reference.
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(a) Mode #1. (b) Mode #2.

Figure 1: Cantilever beam - mode shapes estimated by state space formulation.

4.2 Plate structure

The second structure is an aluminum plate (0.2 × 0.3 × 0.003 m) with free-free boundary conditions. The
random excitation was provided by an electrodynamic shaker forcing the plate using a steel stinger located
at one of its corner. Five transverse response accelerations have been recorded using 215 sampling points,
by means of accelerometers placed in correspondence of each corners plus one located at the center of the
plate. The considered frequency range was 0− 800 [Hz], whereas 32 time-data-blocks were used to average
the signals. From Tabs. 3 and 4, where the first three eigenfrequencies and damping ratios are reported, a
remarkable correlation is again achieved. Since, a perfect correlation has been also achieved for the mode

Mode # fH−MDOF
n Hz fFDD

n Hz fH−I
n Hz

1 140.16 140.63 139.85
2 170.99 170.31 170.38
3 341.13 343.75 342.81

Table 3: Comparison between the natural frequencies for the free-free plate

Mode # ζH−MDOF
n % ζFDD

n % ζH−I
n %

1 3.11 3.17 3.36
2 1.21 1.02 1.07
3 1.55 1.60 1.89

Table 4: Comparison between the damping ratios for the free-free plate

shapes, the first 3 modes, identified by the FDD methodology, have been depicted in Figs. 2, 3, and 4.

4.3 AB-204 helicopter blade

The last structure considered is the blade of the AB-204 helicopter, Fig. 5a. For this structure, both the skin,
the sandwich core, and the main spar are made by aluminum alloys; the span is 6100 [mm] with a chord of
530 [mm], Fig. 5b. The dynamic analysis has been performed with the blade suspended with two elastic
bands. The random excitation was provided by both the blowing wind, being the test performed in open
air, and by a crawling pencil. The responses have been recorded at 33 different locations using 4 roving
accelerometers, using 215 sampling points in a frequency band of 0 − 100 [Hz] averaging with 32 time-
data-blocks. As in the previous cases, modal parameters, i.e., the natural frequencies and the damping ratios,
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Figure 2: Free-free plate - mode shape #1 estimated by FDD formulation.

Figure 3: Free-free plate - mode shape #2 estimated by FDD formulation.

Figure 4: Free-free plate - mode shape #3 estimated by FDD formulation.
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(a) General view of AB-204 helicopter. (b) AB-204 helicopter blade.

Figure 5: AB-204 Helicopter.

Mode # fH−MDOF
n Hz fFDD

n Hz fH−I
n Hz

1 07.32 07.43 7.48
2 21.62 21.60 21.63
3 43.61 43.55 43.08
4 44.91 44.85 44.77
5 72.63 72.69 72.57

Table 5: Comparison between the natural frequencies for the AB-204 helicopter blade

estimated by the proposed approach, by using a limited number of degree of freedoms, were practically the
same as those achieved by the other approaches, as reported in Tabs. 5 and 6. For this reason, the mode
shapes are supposed to be similar to the ones identified by the H − MDOF and FDD techniques and
reported in [21], therefore the multi-run test (roving of the accelerometers along the blade span) procedure
has not yet developed.

Mode # ζH−MDOF
n % ζFDD

n % ζH−I
n %

1 0.79 0.37 0.54
2 0.44 0.19 0.36
3 0.43 0.38 0.29
4 0.42 0.20 0.47
5 0.23 0.90 0.17

Table 6: Comparison between the damping ratios for the AB-204 helicopter blade

5 Concluding remarks

In the paper, an approach - based on the use of the Hilbert transform in the frequency domain in order to
get the phase from the module of a biased FRF - which allows one to obtain a complete, but biased by
an unknown constant, matrix of the FRF functions is presented. Actually, in order to evaluate the modal
parameters (natural frequencies and damping ratios) along with the normal modes, only one column (or one
row) of the matrix mentioned above it is necessary. If one mode at time is investigated, its natural frequency
and damping ratio can be achieved from the state formulation by using only one time function. On the
contrary, if the normal modes have to be gained, a suitable number of time functions has to be considered;
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in this last case the number of modes present in the frequency band of interest must be either equal or
less than the number of time functions, that is the number of degrees of freedom. The technique has been
used to identify the modal parameters of a cantilever beam, a free-free plate and the AB − 204 helicopter
blade. The resulting values have been compared not only with the ones obtained by a least square fitting
(polynomial ratio) of the evaluated biased FRFs, but also with the estimates derived with another output only
method. The presented approach provided modal parameters substantially equal to the ones gained with
other methodologies. Obviously, some differences both in natural frequencies and especially in damping
ratios estimates can be obtained if the frequency response function is filtered in order to get the mode (or
modes) of interest. That depends on the distortion introduced by the filter into the time responses, which are
used to form the state equation. For this reason a suitable number of points have to be chosen to avoid the
distorted parts of the time functions.
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119

AMS3 - Applications
Session AMS3

A dynamic vibration absorber for torsional oscillations of metro wheel sets
C. Collette, R. Bastaits, M. Horodinca, Université Libre de Bruxelles, Belgium
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P. Gonçalves, S. Elliott, M.J. Brennan, University of Southampton, United Kingdom

383

Adaptive Landing Gear: optimum control strategy and improvement potential
L. Jankowski, G. Mikulowski, Institute of Fundamental Technological Research, Poland

397

Modelling and tuning the SMA absorber
W. Klein, A. Mezyk, E. Switonski, Silesian University of Technology, Poland

413

The use of dynamical recurrent neural network for identification and active vibration control of a
laminated thin plate
S. Kouhi, J. Poshtan, Iran University of Science and Technology, Iran (Islamic Republic of)

421

Vibration decay using on-off stiffness control
D.F. Ledezma-Ramirez, N.S. Ferguson, M.J. Brennan, University of Southampton, United Kingdom

433

Damping measurements on a carbon fibre reinforced laminate
D. Montalvão, Escola Superior de Tecnologia de Setúbal, Portugal
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A. Bracciali, Università degli Studi di Firenze, Italy
S. Cervello, Lucchini Sidermeccanica S.p.A., Italy

1001

Fractional damping Induced by a slave system attached to a master oscillator
A. Carcaterra, O. Giannini, University of Rome “La Sapienza”, Italy
A. Akay, Carnegie Mellon Unyversity, United States of America

1011

Dynamic Properties and Damping Prediction for Laminated Plates
B. Diveyev, Lviv National Polytechnic University, Ukraine
M.J. Crocker, Auburn University, United States of America

1021

Mode based prediction of vibrations in highly damped structures
K. Dovstam, Dovstam Innovation, Sweden
P. Göransson, KTH Kungliga Tekniska Högskolan, Sweden
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1481

Simulation and Evaluation of Noise and Vibration Reduction Techniques in a Helicopter Cabin
Using SEA
A. Perazzolo, F. Cenedese, AgustaWestland, Italy

1489

Hybrid Modelling of a helicopter gearbox using Inverse Boundary Elements Method
A. Vecchio, LMS International, Belgium
F. Cenedese, AgustaWestland, Italy
C. Urbanet, University of Rome “La Sapienza”, Italy

1497

Experimental Noise Transfer Path Analysis on Helicopters
A. Vecchio, LMS International, Belgium
C. Urbanet, University of Rome “La Sapienza”, Italy
F. Cenedese, AgustaWestland, Italy

1509

Flite Eureka 2
Session FLI

Current Status and Challenges for Flight Flutter Testing
A.A. Abbassi, J.E. Cooper, University of Manchester, United Kingdom

1523

Quantification of Asymmetric In-Flight LCO Response and Prediction using Neural Networks
K. Dawson, D. Maxwell, TYBRIN Corporation, United States of America

1547



xvi PROCEEDINGS OF ISMA2006

Recursive subspace identification for in-flight modal analysis of airplanes
K. De Cock, Katholieke Universiteit Leuven, Belgium
G. Mercère, Laboratoire d’Automatique et d’Informatique Industrielle, France
B. De Moor, Katholieke Universiteit Leuven, Belgium

1563

Fast Derivation of Uncertainty Bounds for On-line Flight Flutter Testing
T. De Troyer, Erasmushogeschool Brussel, Belgium
P. Guillaume, R. Pintelon, Vrije Universiteit Brussel, Belgium
B. Peeters, LMS International, Belgium

1579

Output-only Technique for Estimation of Nonlinear System Parameters for In-flight Test Applica-
tion
J. Iwaniec, T. Uhl, AGH - University of Science and Technology, Poland

1589

An experimental investigation of the subsonic stall flutter
J. Li, N. Andrinopoulos, G. Dimitriadis, University of Manchester, United Kingdom

1603

When is a pole spurious?
I. Markovsky, J. Boets, B. Vanluyten, K. De Cock, B. De Moor, Katholieke Universiteit Leuven,
Belgium

1615

In-flight modal analysis - a comparison between sweep and turbulence excitation
B. Peeters, LMS International, Belgium
T. De Troyer, Erasmushogeschool Brussel, Belgium
P. Guillaume, Vrije Universiteit Brussel, Belgium
H. Van der Auweraer, LMS International, Belgium

1627

The use of wavelet transform for in-flight modal analysis
T. Uhl, A. Klepka, AGH - University of Science and Technology, Poland

1643

Detection of turbulence during flutter tests
P. Vacher, A. Bucharles, ONERA, France

1655

CUSUM test for flutter monitoring of modal dynamics
R. Zouari, L. Mevel, M. Basseville, Institut de Recherche en Informatique et Systèmes Aléatoires,
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3393

Rubber isolating elements to prevent vibro-acoustic propagation
S. Manzoni, M. Vanali, Politecnico di Milano, Italy
C. Carbone, Studio di architettura Carlo Carbone, Italy

3401

Study on sound absorption of a multi-leaf microperforated panel
I.M. Miasa, G. Kishimoto, M. Okuma, Tokyo Institute of Technology, Japan

3413

Control of sound transmission through double wall partitions using optimally tuned Helmholtz res-
onators
S.J. Pietrzko, Q. Mao, Empa - Materials Science & Technology, Switzerland

3423



xxviii PROCEEDINGS OF ISMA2006

Rotating machinery: monitoring and diagnostics
Session RMM

Study on the sensitivity of gear stiffness to tooth crack length and location for diagnostic applica-
tions
C. Carmignani, P. Forte, G. Melani, University of Pisa, Italy

3435

Modelling dynamic interactions of rolling elements in bearings for condition monitoring
J.H.D. Guimaraes, RWTH Aachen, Germany

3451

Modal Control of Vibration in Rotating Machines and Other Generally Damped Systems
P.R. Houlston, S.D. Garvey, A.A. Popov, University of Nottingham, United Kingdom

3467

Using of Matching Pursuit and Genetic Algorithms for Bearings’ Fault Detection, Diagnosis and
Prediction
F. Ionescu, HTWG-University of Applied Sciences-Konstanz, Germany
D. Stefanoiu, University Politehnica of Bucharest, Romania

3475

Combustion diagnosis for internal combustion engines with real-time acquisition and processing
S. Ker, F. Guillemin, L. Duval, IFP, France

3485

Condition Monitoring of Rotating Machinery using Active Magnetic Bearings
J.E.T. Penny, Aston University, United Kingdom
M.I. Friswell, University of Bristol, United Kingdom
C. Zhou, Harbin Engineering University, China

3497

Identification of the Running-State of Railway Wheelsets
L. Reicke, University of Hannover, Germany
I. Kaiser, German Aerospace Center (DLR), Germany
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F. Marulo, T. Polito, Università degli Studi di Napoli “Federico II”, Italy
A. Paonessa, Alenia Aeronautica, Italy

4525

In-situ estimation of acoustic impedance on the surfaces of a room for inverse sound rendering
G. Pablo Nava, Y. Yasuda, Y. Sato, S. Sakamoto, University of Tokyo, Japan

4531



TABLE OF CONTENTS xxxv

Vibro-acoustic modelling and prediction
Session VAM

Optimization of a complex structure using a modal approach
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A Low Order Frequency Domain Algorithm for 
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Abstract 
 
Most of the algorithms for Operational Modal Analysis work in the time domain and there are very few 
frequency domain based algorithms. One of the reasons for this is the poor numerical characteristics 
associated with higher order frequency domain algorithms like Rational Fraction Polynomial (RFP). These 
limitations can be improved by using methods such as frequency normalization and use of orthogonal 
polynomials in the traditional experimental modal analysis set up. However estimating modal parameters 
in the frequency domain using output-only response data still remains a challenge. In this paper a low 
order frequency domain algorithms is proposed for Operational Modal Analysis. This algorithm is derived 
using the Unified Matrix Polynomial Approach (UMPA) and is evaluated using a theoretical and an 
experimental study. 
 

1 Introduction 
 
One of the earliest Operational Modal Analysis (OMA) algorithms to be developed was the Natural 
Excitation Technique (NExT) [1] which utilized the cross-correlation functions between the measured 
output responses. Soon many of the traditional Experimental Modal Analysis (EMA) time domain 
algorithms such as Ibrahim Time Domain (ITD) [2-3], Eigensystem Realization Algorithm (ERA) [4-5], 
Poly-reference Time Domain (PTD) [6-7], etc were reformulated to suit the operational modal analysis 
framework. These algorithms also used correlation functions for modal parameter estimation. State space 
model based modal parameter algorithms like Stochastic Subspace Identification (SSI) [8] algorithm were 
also developed that worked in the time domain.  
Brincker, Zhang and Andersen [9] proposed an algorithm named Frequency Domain Decomposition 
(FDD) that involved frequency by frequency singular value decomposition of the output power spectra. 
This algorithm, in principle, was similar to conventional CMIF algorithm [10] which is essentially a 
spatial domain algorithm rather than a typical frequency domain algorithm. To completely identify a 
particular mode, the FDD algorithm is followed by enhanced Frequency Domain Decomposition (eFDD) 
[11] algorithm that determines the damping associated with the mode which wasn’t possible with FDD. 
The modal parameter estimation portion of the eFDD algorithm again worked in the time domain. 
Thus modal parameter identification in the case of OMA is mostly restricted to time domain algorithms. 
One of the reasons for the lack of frequency domain algorithms for OMA is the poor numerical 
conditioning associated with the high order frequency domain algorithms such as Rational Fraction 
Polynomial (RFP) [12]. This problem is much more severe in the case of OMA as the order of the power 
spectrum based model used in OMA is twice that of the frequency response function based model used in 
EMA. Recently a method called PolyMAX [13-15] that builds upon the classical least squares complex 
frequency domain estimator was proposed and shown to work in an OMA framework.  
The work presented in this paper involves the utilization of the Unified Matrix Polynomial Approach 
(UMPA) [16, 17] for developing a low order frequency domain algorithm (UMPA-LOFD) suited for the 
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output response based OMA framework. The algorithm is applied to an analytical system and also a 
lightly damped circular plate. It is shown to have better numerical characteristics and results are 
comparable to time domain based OMA algorithms. 
 

2 Theoretical Background 
 

2.1 Unified Matrix Polynomial Approach (UMPA) 
 
This section describes briefly the theory behind the Unified Matrix Polynomial Approach and its 
utilization for developing the low order frequency domain algorithm for OMA. To understand the UMPA 
formulation, the polynomial model used for frequency response functions is considered. 
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Rewriting this model for a general multiple input, multiple output case and stating it in terms of frequency 
response functions  
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This model in the frequency domain is the AutoRegressive with eXogenous inputs (ARX(m,n)) model that 
corresponds to the AutoRegressive (AR) model in time domain for the case of free decay or impulse 
response data  
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The general matrix polynomial model concept recognizes that both time and frequency domain models 
generate functionally similar matrix polynomial models. This model which describes both domains is thus 
termed as Unified Matrix Polynomial Approach (UMPA) [16, 17]. 

2.2 Low Order Frequency Domain Algorithm 
 
2.2.1 General UMPA Formulation 
 
Lower order, frequency domain algorithms are basically UMPA based models that generate first or second 
order matrix coefficient polynomials [18, 19]. Starting with the multiple input, multiple output frequency 
response model of Eq. (2) and forming a second order matrix polynomial model. 
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This basic equation can be repeated for several frequencies and the matrix polynomial coefficients can be 
obtained using either [α 2] or [α 0] normalization  

 
[α2] Normalization 
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[α 0] Normalization 
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The coefficients are then used to form a companion matrix and eigenvalue decomposition can be applied 
to estimate the modal parameters. 
2.2.2 Extending UMPA to Operational Modal Analysis 
 
The formulation as described above can be utilized to suit the operational modal analysis framework by 
using power spectrums instead of frequency response functions. If {X(ω)} is the measured response and 
{F(ω)} is the input force, the relationship between them in terms of frequency response function [H(ω)] is 
given as follows [20]: 

( ){ } ( )[ ] ( ){ }ωωω FHX =  (7) 

( ){ } ( ){ } ( )[ ]HHH HFX ωωω =  (8) 

 
Now multiplying Eq. (7) and Eq. (8) 

( ){ } ( ){ } ( )[ ] ( ){ } ( ){ } ( )[ ]HHH HFFHXX ωωωωωω =   

or with averaging, 

( )[ ] ( )[ ] ( )[ ] ( )[ ]HFFXX HGHG ωωωω =  (9) 

where [GXX(ω)] is the output response power spectra and [GFF(ω)] is the input force power spectra. 
It should be noted that in OMA the power spectra of the input force is assumed to be broadband 
and smooth. This means that the input power spectra is constant and has no poles or zeroes in the 
frequency range of interest. The forcing is further assumed to be uniformly distributed spatially (Ni 
approaching No, considering the response is being measured all over the structure). Thus the output 
response power spectra [GXX(ω)] is proportional to the product [H(ω)][H(ω)]H and the order of output 
response power spectrum is twice that of frequency response functions. This means the power spectrum 
based UMPA model will be twice the order of a frequency response function based UMPA model. 
Since [GFF(ω)] is constant, [GXX(ω)] can be expressed in terms of frequency response functions using the 
polynomial model in Eq. (1). 
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Since (n < m), a partial fraction model can be formed for the output power spectrum. This partial fraction 
model for a particular response location p and reference location q is given by 
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and can be more conveniently written as [15]  
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(12-c) 

where pqkS  and ∗
pqkS are redefined to incorporate (-1). 

Note that λk is the pole and Rpqk and Spqk are the kth mathematical residues. These residues are different 
from the residue obtained using a frequency response function based partial fraction model since they do 
not contain modal scaling factor (as no force is measured). The form of Eq. (12-c) clearly indicates that 
the roots that will be found from the power spectrum data will be kλ , ∗

kλ , kλ−  and ∗− kλ  for each model 
order 1 to N. 
The high order of the power spectrum based model in comparison to FRF based model causes various 
disadvantages like numerical conditioning, effect of noise etc which makes it more difficult for the 
frequency domain based algorithm to give good results as they inherently suffer from numerical 
conditioning problems. However this problem can be tackled by using positive power spectra [21]. In this 
approach first power spectrums are calculated from measured output time responses and then respective 
correlation functions are obtained by inverse Fourier transformation. After this step, the negative lag 
portion of the correlation functions is set out to zero and the positive power spectra are obtained by 
Fourier transforming this resultant data. This is mathematically represented as 
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It is clear from this equation that not only the order of positive power spectrum is the same as that of  the 
frequency response functions, but also they contain all the necessary system information. Now Eq. 4-6 can 
be formed based on [GXX(ω)]+ data and second order UMPA model can be utilized for the purpose of 
modal parameter estimation. 
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3 Experimental Studies 
 

3.1 Analytical 15 Degree of Freedom System 
 
The low order frequency domain algorithm UMPA-LOFD is applied to an analytical 15 degree of freedom 
system as shown in Figure 1. The system is excited by a white random uncorrelated input at all 15 degrees 
of freedom.  Output response power spectrums are obtained from the raw time data using the correlogram 
method [22, 23] and these power spectrums are further processed to obtain positive power spectrums as 
explained in previous section.  
 

 
Figure 1: Analytical 15 Degree of Freedom System 

Figure 2 shows the auto power spectrum and positive power spectrum for the degree of freedom number 1 
or driving point 1 (GXX11

 and GXX11
+). A complex mode indicator function (CMIF) plot based on power 

spectrums as shown in Figure 3 indicates clearly the presence of all 15 modes including a repeated mode 
around 53.3 Hz.  

 
Figure 2: Auto power spectrum and positive power spectrum for the first degree of freedom 
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Figure 3: Complex Mode Indicator Function (CMIF) based on power spectrum 

Modal parameters obtained from UMPA-LOFD algorithm are listed in Table  along with those obtained 
from time domain algorithms like ERA, PTD. It should be noted that though these algorithms are referred 
by the name through which they are known popularly in the conventional frequency response function 
based experimental modal analysis framework, in this study they are essentially operational modal 
analysis algorithms i.e. working on output-only data. As can be seen, the results of the UMPA-LOFD 
algorithm compare very well with the time domain algorithms. Though the damping is slightly off (This is 
the case with time domain algorithms as well), the error is relatively insignificant as damping is given in 
terms of percentage critical. 

Table 1: Analytical System Modal Parameter Comparison 

True Modes UMPA-LOFD 
(Low Order, 

Frequency Domain) 

UMPA-ERA 
(Low Order, Time 

Domain) 

UMPA-PTD  
(High Order, Time 

Domain) 
Damp Freq Damp Freq Damp Freq Damp Freq 
1.0042 15.985 2.338 15.963 2.286 15.904 2.261 15.917 

1.9372 30.858 2.517 30.863 2.478 30.691 2.445 30.731 

2.7347 43.6 3.043 43.680 3.059 43.435 3.022 43.451 

2.9122 46.444 3.431 46.437 3.394 46.179 3.399 46.178 

3.3375 53.317 3.932 53.209 3.634 53.015 3.682 52.992 

3.3454 53.391 3.296 53.306 3.385 53.148 3.390 53.102 

3.7145 59.413 4.430 59.116 4.075 59.058 3.998 59.087 

3.858 61.624 4.180 61.133 4.373 61.055 4.469 60.923 

4.2978 68.811 4.291 69.237 4.397 68.633 4.800 68.462 

4.5925 73.63 4.812 73.253 4.963 73.264 4.753 73.576 

2.6093 128.84 2.712 128.848 2.672 128.909 2.432 128.587 

2.4548 136.55 2.563 136.547 2.419 136.637 2.531 136.254 

2.3288 143.86 2.426 143.869 2.360 143.973 2.591 143.325 

2.221 150.83 2.314 150.799 2.390 150.606 2.486 150.576 

2.122 157.47 2.216 157.444 2.155 157.510 2.573 157.123 
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Figure 4 through Figure 7 show the consistency diagrams obtained using various algorithms (ERA, PTD, 
UMPA-LOFD and RFP). Except for RFP, the consistency diagrams obtained using other algorithms are 
very clear and show good stability of the modes. Note that the diamonds (◊) in the consistency diagram 
represent stable pole and vector. The poor quality of consistency diagram obtained using RFP algorithm 
(Figure 7) makes it useless to be used for modal parameter estimation process. It is also shown by means 
of Figure 8 that processing the positive power spectrums rather than normal power spectrums result in 
much clear and definitive consistency diagrams. 

 
Figure 4: Consistency diagram for Polyreference Time Domain (PTD) algorithm (Analytical system) 
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Figure 5: Consistency diagram for Eigensystem Realization Algorithm (ERA) (Analytical system) 

 
 

 
Figure 6: Consistency diagram for Low Order Frequency Domain (UMPA-LOFD) algorithm 

(Analytical system) 
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Figure 7: Consistency diagram for Rational Fraction Polynomial (RFP) algorithm (Analytical 

system) 

 

 
Figure 8: Consistency diagram for Low Order Frequency Domain (UMPA-LOFD) algorithm based 

on complete power spectrum (Analytical system) 

 
 

Frequency (Hz)
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3.2 Lightly Damped Circular Plate 
 
A lightly damped circular plate made of aluminum is randomly across the entire surface using an impact 
hammer. The response is measured by placing accelerometers at 30 locations on the plate (Figure 9). A 
two shaker test is also conducted to compare the OMA results with EMA results. It should be noted that 
for the shaker test the plate is excited at two locations by an ergodic, stationary, broad-band pure random 
signal. 
Figure 10 shows the CMIF plot based on power spectrums and clearly indicates the presence of the 
various modes present. 

 
Figure 9: Experimental set up for the lightly damped circular plate 

 

Frequency (Hz)Frequency (Hz)  
Figure 10: CMIF plot based on complete power spectrums obtained when plate is excited 

sufficiently over its surface 
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Table 2: Lightly Damped Circular Plate Modal Parameter Comparison 

System Modes 
Using EMA 

UMPA-LOFD 
(Low Order, 

Frequency Domain) 

UMPA-ERA 
(Low Order, 

Time Domain) 

UMPA-PTD  
(High Order, Time 

Domain) 
Damp Freq Damp Freq Damp Freq Damp Freq 
0.258 56.591 0.612 56.478 0.611 56.436     0.611 56.439     

0.285 57.194 0.621 57.253     0.619 57.197     0.632 57.191     

0.312 96.577 0.636 96.665     0.631 96.561     0.636 96.571     

0.412 132.101 0.342 131.830     0.338 131.705    0.351 131.702     

0.147 132.650 0.285 132.760     0.310 132.601    0.304 132.589     

0.243 219.582 0.300 219.375     0.301 219.092    0.302 219.094     

0.216 220.952 0.364 221.358     0.370 221.088    0.371 221.075     

0.214 231.172 0.256 230.851     0.260 230.553    0.252 230.545     

0.137 232.077 0.225 232.394     0.220 232.095    0.212 232.102     

0.089 352.997 0.147 351.677     0.144 351.180    0.152 351.214     

0.174 355.509 0.219 355.773     0.222 355.283    0.224 355.303     

0.180 374.554 0.268 373.933     0.271 373.382    0.273 373.424     

0.176 377.569 0.236 377.505     0.242 377.013    0.239 376.990     

0.313 412.414 0.241 411.727     0.238 411.138    0.245 411.168     

0.209 486.801 0.219 485.405     0.220 484.627    0.220 484.720     

 
The modal parameters estimated using various algorithms including the UMPA-LOFD algorithm are listed 
in Table  and show good agreement among them. Figures 11-14 show the consistency diagrams for the 
different algorithms. The consistency diagram for UMPA-LOFD algorithm is much clear than the other 
frequency domain algorithm RFP. It is also comparable to consistency diagrams of the time domain 
algorithms. 
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Figure 11: Consistency diagram for Polyreference Time Domain (PTD) algorithm (Circular plate) 

 
Figure 12: Consistency diagram for Eigensystem Realization Algorithm (ERA) algorithm (Circular 

plate) 

Frequency (Hz)

Frequency (Hz)

3082 PROCEEDINGS OF ISMA2006



 
Figure 1311: Consistency diagram for Lower Order Frequency Domain (UMPA-LOFD) algorithm 

(Circular plate) 

 

 
Figure 14: Consistency diagram for Rational Fraction Polynomial (RFP) algorithm (Circular plate) 

Further the independence of the various estimated modes is checked by the means of modal assurance 
criterion (MAC) plot as shown in Figure 15. It is evident that all the 15 modes, most of which are closely 
spaced modes, are independent and represent different modes of the system. The mode shapes obtained for 

Frequency (Hz)

Frequency (Hz)
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the circular plate are shown in Figure 16. The mode shapes are of similar nature to the ones obtained 
through experimental modal analysis, except that they are not scaled. 
 

 
Figure 125: MAC plot for Low Order Frequency Domain Algorithm 

 

1st Mode (56.5 Hz) (1st Bending mode ) 3rd Mode (96.6 Hz) (1st Umbrella mode) 

4th Mode (131.8 Hz) (1st Torsion mode) 

 

12th Mode (373.9 Hz) (Torsion + Bending mode) 

Figure 136: Mode Shapes 
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Conclusions 
 
A frequency domain algorithm based on power spectrum data is developed using Unified Matrix 
Polynomial Approach (UMPA). This algorithm, UMPA-LOFD, is a low order algorithm and offers a 
frequency domain alternative for operational modal analysis purposes. The algorithm is shown to have 
comparable results as the time domain algorithms and has better numerical characteristics than the high 
order frequency domain algorithms like the Rational Fraction Polynomial algorithm. The good results 
obtained using the algorithm makes it a good addition to the family of operational modal analysis 
algorithms. 
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Abstract 
 
The Complex Mode Indicator Function (or CMIF) is a popular spatial domain modal parameter estimation 
technique that utilizes the singular value decomposition of the frequency response function matrix for 
estimating the modal parameters of the system. Due to several advantages like identification of closely 
spaced modes, this technique is extremely popular for modal parameter estimation purposes. In recent 
times, the Frequency Domain Decomposition (FDD) technique [8] was developed that extends the CMIF 
algorithm to the operational modal analysis framework. The FDD technique works on the power 
spectrums unlike working on frequency response functions as in conventional modal analysis. Normally 
the FDD is followed by the Enhanced Frequency Domain Decomposition (eFDD) [9] to complete the 
overall parameter estimation procedure. In this paper an alternative to the eFDD, the previously introduced 
Enhanced Mode Indicator Function (EMIF), is reviewed and extended to the operational modal analysis 
framework.  This algorithm differs from the eFDD in that the parameter estimation is carried out in the 
frequency domain. Further the paper analyzes the application of spatial domain algorithms to operational 
modal analysis framework in more detail. It discusses the critical issues and limitations associated with the 
application of spatial domain algorithms to the OMA framework under different excitation scenarios and 
proposes a simple tool, Singular Value Percentage Contribution (SVPC) plot to deal effectively with 
them.  
 

1 Introduction 
 
In recent times an alternative technique to traditional frequency response function based experimental 
modal analysis (EMA) has emerged which researchers have termed Operational Modal Analysis (OMA). 
This technique is based on power spectrums of output only response data. One of the main reasons for the 
development of OMA is the problems faced while studying and characterizing large systems such as civil 
structures like bridges, buildings etc. Difficulties involved in exciting the structure sufficiently and 
simulating the operational conditions proves to be a major setback in application of traditional EMA 
techniques that require the structure to be excited by a known artificial force. One of the earliest attempts 
in performing operational modal analysis was the NExT (Natural Excitation Technique), as formulated by 
James, Carne and Lauffer [1]. It is based on utilizing cross-correlations between the measured responses 
for estimating modal parameters. Utilization of traditional time domain algorithms such as Ibrahim time 
domain (ITD) [2], Polyreference Time Domain (PTD) [3], Eigensystem Realization Algorithm (ERA) [4], 
and others followed soon. These algorithms were different from the conventional FRF based EMA 
algorithms in the sense that they utilized output only correlation functions instead of unit impulse 
functions. As OMA gained attention, two kinds of OMA algorithms became tremendously popular; 
algorithms that involved state space formulation (Stochastic Subspace Identification [5], Forward and 
Backward Innovation Stochastic Realization Algorithm [6], Component Energy Index Approach [7]), and 
spatial domain algorithms involving frequency by frequency singular value decomposition of output 
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power spectrum data (Frequency Domain Decomposition (FDD) [8] and Enhanced Frequency Domain 
Decomposition (eFDD) [9]). The FDD technique is inspired by the traditional CMIF techniques [10, 11] 
and is widely used due to its simplicity, ability to extract closely spaced modes and suitability to large 
civil structures.  
The FDD technique however suffers from a limitation that one cannot estimate damping. This limitation is 
taken care of by the eFDD algorithm that is carried out after FDD. eFDD is essentially a single degree of 
freedom system identification approach that works in the time domain. In this paper, an alternative to this 
approach is developed in which the parameter estimation is carried out in the frequency domain. This 
paper also explores the potential of spatial domain OMA algorithms as a substitute to traditional 
Experimental Modal Analysis. It is shown in [12-14] that spatial domain algorithms suffer from some 
limitations when they are applied to conventional EMA situations. When the system isn’t excited spatially 
completely the resulting power spectrum based singular value decomposition plots (or CMIF plots) differ 
significantly from the FRF based CMIF and are often confusing. This aspect is studied and explained with 
the help of an analytical 15 degree of freedom system and experiments conducted on a circular plate and 
an H-Frame structure. 
 

2 Theoretical Background 
 

2.1 General 
 
As previously stated the FDD algorithm is inspired by the conventional CMIF algorithm. CMIF involves a 
frequency by frequency singular value decomposition of the frequency response function matrix [10,15]. 

( )[ ] ( )[ ] ( )[ ] ( )[ ]H NNkNNkNNkNNk iiiiioio
VUH ×××× ∑= ωωωω    (1) 

where 
No is number of outputs, 
Ni is number of inputs, 
H(ωk) is the FRF matrix at any frequency ωk, 
U(ωk) is the left singular matrix at any frequency ωk, which is a unitary matrix, 
V(ωk) is the right singular matrix at any frequency ωk, which is also a unitary matrix, 
Σ(ωk) is the singular value matrix at any frequency ωk, which is a diagonal matrix. 
 
The frequency response function matrix is commonly expressed in matrix form as  

( )[ ] [ ] [ ] [ ][ ] [ ]
immmmoio NNNNNNNN LIjH ×

−
××× Λ−Φ= 2

1
222 ωω    (2) 

where 
N2m is number of modes being identified, 
[Φ] is mode shape matrix, 
[L] = [Q][Φ]t is modal participation factor matrix, 
[Q] is the diagonal scaling factor matrix, 
[Λ] is the diagonal matrix with system poles. 
 
If {X(ω)} is the measured response and {F(ω)} is the input force, the relationship between them in terms 
of frequency response function [H(ω)] is given by [16] 
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( ){ } ( )[ ] ( ){ }ωωω FHX =  (3) 

( ){ } ( ){ } ( )[ ]HHH HFX ωωω =  (4) 

 
Now multiplying Eq. (4) and Eq. (3) 

( ){ } ( ){ } ( )[ ] ( ){ } ( ){ } ( )[ ]HHH HFFHXX ωωωωωω =  (5) 

Or with averaging, 

( )[ ] ( )[ ] ( )[ ] ( )[ ]HFFXX HGHG ωωωω =  (6) 

where [GXX(ω)] is the output response power spectra and [GFF(ω)] is the input force power spectra. 
It should be noted that in OMA the power spectra of the input force is assumed to be broadband 
and smooth. This means that the input power spectra is constant and has no poles or zeroes in the 
frequency range of interest. The forcing is further assumed to be uniformly distributed spatially (Ni 
approaching No, considering that the response is being measured over the entire structure). Thus the 
output response power spectra [GXX(ω)] is proportional to the product [H(ω)][H(ω)]H and the order of 
output response power spectrum is twice that of the frequency response functions. This means the power 
spectrum based UMPA model will be twice the order of a frequency response function based UMPA 
model. 
The partial fraction form of GXX is given by [8, 17]  
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(6) 

Note that λk is the pole and Rpqk and Spqk are the kth mathematical residues. These residues are different 
from the residue obtained using a frequency response function based partial fraction model since they do 
not contain modal scaling factor (as no force is measured). The form of Eq. (12-c) clearly indicates that 
the roots that will be found from the power spectrum data will be kλ , ∗

kλ , kλ−  and ∗− kλ  for each model 
order 1 to N. 
The Frequency Domain Decomposition technique involves the singular value decomposition (SVD) of 
this output response power spectra matrix frequency by frequency. Thus at any particular frequency ωk the 
singular value decomposition of GXX results in 

( )[ ] [ ][ ][ ]HkXX VSUG =ω  (7) 

where [S] is the singular value diagonal matrix and [U], [V] are singular vector matrix which are 
orthogonal. For the case where the where all response locations are considered as references to form the 
square GXX matrix, [U] and [V] are equal. The singular vectors near a resonance are good estimates of the 
mode shapes and the modal frequency is obtained by the simple single degree of freedom peak-picking 
method [8, 14, 18]. 
In the eFDD algorithm [9, 14], power spectra of a SDOF system is identified around a peak of resonance 
(A peak in the SVD plot). A user defined MAC rejection level is set to compare the singular vectors 
around the peak and corresponding singular values are retained as those belonging to the SDOF power 
spectrum. This SDOF power spectrum is transformed back to the time domain by inverse FFT. The natural 
frequency and damping are then estimated for this SDOF system by determining zero crossing time and 
logarithmic decrement methods respectively 
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2.2 Enhanced Mode Indicator Function (EMIF) for OMA 
 
The algorithm proposed in this paper differs from the eFDD approach in the sense that the modal 
frequency and damping estimation is carried out in the frequency domain. This allows the use of residual 
terms to reduce the effects of out of band modes.  However, instead of processing the power spectrums, 
this algorithm utilizes positive power spectrums [19]. The concept of positive power spectrum was 
introduced due to the fact that the order of the power spectrum matrix is twice that of the frequency 
response function matrix and this gives rise to problems such as numerical conditioning, effect of noise, 
etc. 
The positive power spectrums are obtained by calculating the full power spectrums and then the respective 
correlation functions are obtained by inverse Fourier transformation. After this step, the negative lags 
portion of the correlation functions is set to zero and positive power spectra is obtained by Fourier 
transforming this resultant data. This is mathematically represented as 
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pqk
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j
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G

1 λωλω
ω  (8) 

It should be noted that not only the order of positive power spectrum is same as that of frequency response 
functions but also they contain the necessary system information; i.e. modal frequency, modal damping 
and mode shapes. However modal scaling is not estimated as the force is not measured. 
The EMIF algorithm [20-22] is reformulated here for use with positive power spectra. It involves selection 
of a frequency range containing a discrete number of frequencies Nf and number of modes Nb to be 
identified in that range. The number of modes in the frequency band cannot be greater than the number of 
singular values.  When the frequency range to be analyzed and the number of modes within the band have 
been chosen the algorithm uses the following process in the frequency domain to determine the modal 
parameters.   
The first order model, frequency domain equivalent of the ERA method is used to form the augmented 
matrix [A0] utilizing the cross-spectral matrix.  
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An SVD is then performed on the matrix ][ 0A .  This calculation yields the left and right hand singular 
vectors as well as the singular values. 

[ ] [ ] [ ] [ ]HNNNi VSUA
fio
=× )(0 )(ω  (10) 

For economical SVD the size of [S] is the lesser dimension of (No) or (NiNf). The dominant right or left 
singular vectors {U} corresponding to the number of modes Nb in the frequency band are then used as a 
modal filter to reduce the number of effective positive power spectra.  This creates an enhanced positive 
power spectrum (ePPS) in the frequency band of interest that is similar to the eFRF.   

( )[ ] ( )[ ]
ioobib NN

T
NNNN GUGePPS ×

+
×× == ωωω ][)(  (11) 

These ePPS’s are then used to reformulate the matrix with the first order form utilizing the UMPA 
formulation.  This formulation may include Nr residual terms [βm] to account for out of band modes. 
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When rearranged the equations yield the following when [α 0] is set equal to [I]. 
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The equations yield the following when [α 1] is set equal to [I].  
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It should be noted that in Eq. 13, 14 conjugate terms can be included.  The equations can then be 
reformulated in a second order form such that the solution also includes conjugate poles. These equations 
can then be solved in a least square sense for [α] and [β] matrices either [α 1] or [α 0] are assumed to equal 
[I]. The + sign in the above equations represents Moore-Penrose pseudo inverse of a matrix. 
The eigenvalues of the system can then be computed as the eigenvalues of the matrix [α0] or the 
eigenvalues of the inverse of [α1].  The eigenvectors are the eigenvectors of the enhanced system and 
therefore have little physical meaning.  They must be converted back to the original physical coordinates.  
This is performed by multiplying the eigenvectors from the enhanced system by the eigenvectors from the 
original physical system. 

{ } [ ] { } 11 ×××
=

bboo NEnhancedNN
H

Nphysical U ψψ  (15) 

 
2.3 Singular Value Percentage Contribution (SVPC) Plot 
 
It is observed in case of operational modal analysis that when the system is uniformly excited spatially, the 
resulting power spectra based CMIF plot indicates the modes present in the system in the same manner as 
a FRF based CMIF plot does. However when the system is excited locally, in other words when the 
excitation is insufficient spatially, the power spectrum based CMIF plot contains extra peaks at the 
frequencies where modes are expected. The insufficient spatial excitation case is typical of traditional FRF 
based experimental modal analysis. An analysis of FRF based CMIF plot for this case reveals that it is 
quite similar to the CMIF plot based on power spectrums except that it does not have the extra peaks. 
Presence of more than one peak around the same frequency in a FRF based CMIF plot usually indicates 
the presence of a repeated or closely-spaced mode. However in case of power spectrum based CMIF, the 
extra peaks may not be due to other modes but due to insufficient excitation. Thus the presence of extra 
peaks in the power spectrum based CMIF may act as an indicator of insufficient spatial excitation. 
A method based on percentage contribution of singular values is devised to get around this confusion 
caused by the presence of extra peaks. After singular value decomposition of the GXX matrix at every 
frequency, the percentage contribution of each singular value to the total variance (Note that the singular 
values are a measure of variance) can be plotted. The number of significant singular values can be found 
based on how many singular values are contributing to a large percentage of the total variance. Any 
conclusion about the number of modes present in the system can now be made on the basis of these 
significant singular values. This plot is referred to as Singular Value Percentage Contribution plot or 
SVPC plot. As discussed earlier in this section, a FRF based CMIF plot resembles the power spectrum 
based CMIF plot if only the significant singular value curves are considered instead of all the singular 
value curves. Further, presence of a large number of significant singular values in the SVPC plot means 
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that the system is being excited spatially fairly well. On the other hand if only a few (two or three) 
singular values are contributing to the total variance, it can be inferred that the system is being excited 
more locally. In later sections, the utility of the SVPC tool is shown through various examples 

 
3 Experimental Validation 
 

3.1 15 DOF ANALYTICAL SYSTEM 
 
The fifteen degree-of-freedom analytical system shown in Figure 1 was excited by a non-correlated 
random forcing function at each degree of freedom.  The time domain response at each degree-of-freedom 
was used to calculate the cross-spectral matrix between all inputs and outputs.  This cross-spectral matrix 
was then used to calculate the Complex Mode Indicator Function for the system as shown in Figure 2.  
The CMIF plot clearly indicates all the 15 modes present in the system and closely resembles the CMIF 
plot obtained from a fully excited FRF based singular value decomposition. 

 
Figure 1 – Analytical 15-DOF System 
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Figure 2 – CMIF of Spatially Well Excited Analytical System 
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Table 1 - Comparison of True Modes and EMIF Modes 

Damp Freq Damp Freq
1.0042 15.985 4.147 15.92
1.9372 30.858 3.163 30.87
2.7347 43.6 3.475 43.65
2.9122 46.444 3.688 46.69
3.3375 53.317 4.224 53.8
3.3454 53.391 4.857 53.9
3.7145 59.413 3.749 59.13
3.858 61.624 3.647 61.44

4.2978 68.811 4.038 68.29
4.5925 73.63 3.949 73.17
2.6093 128.84 2.51 128.46
2.4548 136.55 2.62 136.45
2.3288 143.86 2.459 143.91
2.221 150.83 2.299 150.9
2.122 157.47 1.773 157.86

True Modes Enhanced Mode 
Indicator Function 

(EMIF)

 
Table 1 shows the comparison of true modes and the modal parameters obtained using EMIF algorithm. 
The modal parameters obtained using the proposed EMIF algorithm are comparable to the true modes of 
the system which indicates that the algorithm works well. The ability of the EMIF algorithm to identify 
closely spaced modes and use of residuals makes it an attractive option for operational modal analysis 
applications. 
The system was next excited at limited locations, which is typical of traditional experimental modal 
analysis where the system is excited by known input forces at a few select locations. The CMIF plot for 
the case where the system is excited at three locations is shown in Figure 3. It should be noted that the 
CMIF plot shown in Figure 4 based on frequency response functions for the same case of 3 point 
excitation shows that it is quite similar to the CMIF plot based on power spectrums shown in Figure 3  
(first three singular value curves) except that it does not have the extra peaks. It can be observed that the 
CMIF plot (Figure 3) contains extra peaks at the frequencies where modes are expected. 
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Figure 3 – CMIF of Analytical System Excited at Three Locations (Cross-Power Based) 
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Figure 4 - CMIF of Analytical System excited at Three Locations (FRF Based) 

 

Figure 5 shows the Singular Value Percentage Contribution (SVPC) plot for the case when the system is 
excited at only three points. It is very clear from this plot that there are only three significant singular 
values which means that the system is not being uniformly excited spatially. As stated earlier, any system 
related conclusion should now be made on the basis of the first three singular values from which it can be 
inferred that there are 13 modes present in the system. Table  presents the results obtained using the 
frequency response function and output response power spectrum data for this spatially insufficient 
excitation case.  It should be noted that the EMIF method, due to the inherent nature of enhancing the 
spectra using the singular vectors does not extract the modal parameters for all modes even when using 
FRF based methods.  However, for all modes that were found the results matched the true modes quite 
well. 

 
Figure 5 - SVPC plot for spatially insufficient excitation case 

 

3094 PROCEEDINGS OF ISMA2006



Table 2 - FRF and GXX based results comparison for spatially insufficient excitation case 

Damp Freq Damp Freq
2.717 15.972 5.024 16.017
2.56 30.834 3.83 30.909
3.08 43.618 3.665 43.551
3.21 46.439 3.664 46.4

3.581 53.341 3.892 53.188
1.752 53.721 4.057 53.66
3.918 59.389 4.057 58.891
3.984 61.666 3.29 61.406
4.435 68.838 3.718 68.445
4.636 73.777 3.589 72.495
2.662 128.855 2.661 128.602
2.509 136.559
2.388 143.874

EMIF,Insufficient 
Spatial Excitation 

(EMA)

EMIF,Insufficient 
Spatial Excitation 

(OMA)

 
 
3.2 Circular Plate 
 
A lightly damped aluminum circular plate was instrumented with 30 accelerometers and suspended by soft 
springs as shown in Figure 6.  The plate was tested by three excitation techniques.  The first test case 
involved randomly impacting over the entire surface of the plate, the second case involved impacting 
randomly over one quarter of the surface area of the plate and the third case involved exciting the plate 
through the use of electro-mechanical shakers at two points on the structure.  The excitation signals for the 
third case were two uncorrelated random signals.   

 
Figure 6 - Experimental set up for the lightly damped circular plate 

The CMIF plot for the case where the plate was fully excited is show in Figure 7.  The CMIF looks nearly 
identical to a CMIF obtained through a traditional modal analysis utilizing Frequency Response Functions 
shown in Figure 9. The CMIF plots for other two cases (Quarter plate excitation and two point shaker 
excitation) are shown in Figure 10 and Figure 12. It is observed that when the plate is not excited spatially 
uniformly, extra peaks begin to emerge in the CMIF plot. This effect, as explained with the analytical 
system, tends to reduce the utility of CMIF plots as mode indicators. The more localized the input forcing 
function is, the more severe is the effect on CMIF plot. The SVPC plots for the three cases (shown in 
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Figures 8, 11 and 13) show that number of significant singular values decrease as the excitation becomes 
more and more local. As explained earlier, for highly localized excitation, it is advisable to use only the 
significant singular values in the CMIF plot as potential mode indicators. 

0 100 200 300 400 500 60010-12

10-11

10-10

10-9

10-8

10-7

10-6

10-5

10-4

10-3

M
ag

ni
tu

de

Frequency (Hz)  
Figure 7 - CMIF of Circular Plate Excited Over the Entire Surface (Spatially Well Excited) 

 

 
Figure 8 - SVPC plot for Circular Plate (Spatially well excited) 
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Figure 9 - CMIF of Circular Plate based on FRFs 
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Figure 10 - CMIF of Circular Plate Excited Over One Quarter of the Surface 

 

 
Figure 11 - SVPC plot for Circular Plate excited in one quarter 
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Figure 12 - CMIF of Circular Plate Excited at Two Points 
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Figure 13 - SVPC plot for Circular Plate excited at two points 

The results of the EMIF algorithm are shown in Table . The data used in this case corresponds to the first 
case where the plate is excited over its entire surface. The estimated modal parameters compare well with 
those obtained using the traditional FRF experimental modal analysis.  

Table 3 - Modal parameters estimated using EMIF 

Damp Freq Damp Freq

1.427 56.496 1.365 56.43
1.094 56.946 1.368 57.29
0.713 96.542 1.112 96.69
0.466 131.882 0.699 131.79
0.44 132.709 0.652 132.75

0.377 219.543 0.481 219.33
0.445 220.92 0.532 221.38
0.371 231.224 0.423 230.87
0.287 232.126 0.416 232.45
0.224 352.433 0.265 351.65
0.242 354.893 0.344 355.79
0.265 374.492 0.371 373.92
0.285 376.813 0.335 377.51
0.443 412.487 0.363 411.75
0.269 486.16 0.322 485.39

Experimental Modal 
Analysis Estimation

Gxx Based EMIF 
Estimation

 
 

3.3 H-Frame Structure 
 
The H-Shaped rectangular steel frame shown in Figure 14 was excited first by using two electro-
mechanical shakers with a band limited random excitation signal at two locations.   The acceleration 
response at 58 locations was measured in the frequency range of 0-625Hz.  The H-Frame system was then 
excited by impacting randomly over the entire structure.   This excitation technique assured that the 
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system was spatially well excited.  Again, the response at 58 locations was measured.  The cross-spectra 
between all output locations were calculated for both cases. 
The cross-spectral matrix for the well excited case was then used to calculate the CMIF plot shown in 
Figure 15.  This CMIF closely resembles the CMIF that would be calculated using a full FRF matrix for 
the same structure.  However, when inspecting the CMIF created from the system excited at only two 
locations, as shown in Figure 17, it can be seen that it differs significantly from the previous example. The 
SVPC plots for the two cases (Figure 16, 18) better illustrate the spatial distribution of the excitation 
forces. As observed in case of the analytical system and circular plate; the SVPC plots clearly indicate 
when the H-frame is being excited spatially uniformly (Figure 16 indicates that there are a lot of 
significant singular values at most frequencies) and when it is being excited locally (Figure 18 indicates 
that major contribution is from two significant singular values only).  
 

 
Figure 14 - H-Frame structure 
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Figure 15 - CMIF of the Spatially Well Excited H-Frame Structure 
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Figure 16 - SVPC plot for spatially well excited H-Frame 
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Figure 17 - CMIF of the H-Frame Structure Excited at Two Locations 

 
Figure 18 - SVPC plot for H-Frame excited at two points 
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Table 4 - Modal parameters estimated using EMIF 

Damp Freq Damp Freq

1.931 15.035 3.96 15.013
1.03 24.174 4.48 24.267

0.856 36.112 0.013 35.747
0.79 55.729 1.413 55.734

0.411 76.165 1.127 75.879
0.253 151.349 0.119 150.408
0.353 157.83 0.695 157.588
0.422 166.828 0.755 166.463
1.038 185.888 1.838 184.269
0.187 186.671 0.442 186.252
1.023 201.716 1.26 201.314
0.578 294.066 0.542 293.686
0.484 305.472 0.606 305.334
0.108 404.394 0.195 404.226
0.159 413.021 0.247 412.697
0.129 419.93 0.222 419.744
0.339 461.706 0.429 461.039
0.124 478.475 0.291 477.607

Experimental Modal 
Analysis Estimation

Gxx Based EMIF 
Estimation

 
The effectiveness of the proposed EMIF algorithm is demonstrated again in Table  as estimated modal 
parameters compare well with the corresponding EMA estimation. 
 

Conclusions 
A new approach for estimating modal parameters using the complex mode indicator functions based on 
output response power spectrums is developed. This technique, Enhanced Mode Indicator Function, 
differs from the popular eFDD technique as it estimates the modal parameters in frequency domain. One 
of the major advantages of estimating the modes in frequency domain is the ability to utilize the residuals 
which helps in improving the results by taking into account the contribution of the out-of-band modes. 
The algorithm is shown to give good results by implementing it on analytical and experimental systems.  
Further, it is shown how ability of CMIF based methods is limited when the system is not adequately 
excited spatially. Though such problems are not encountered while analyzing structures such as bridges 
and buildings (where forcing is uniform), in situations like automobiles on the road having narrow band 
point excitations (such as engine unbalance or other rotating unbalance), this can be a major problem as 
the resulting CMIF plot might not indicate the modes correctly. A tool based on contribution of singular 
values to total variance, Singular Value Percentage Contribution plot, is devised which helps in 
determining whether the system is being excited locally or spatially uniformly. This tool makes it possible 
to use the CMIF plot even in cases where the system is not spatially well excited.  
The encouraging results of the EMIF algorithm and SVPC plots on analytical and experimental should be 
followed by testing on more complex practical systems to assess their utility in Operational Modal 
Analysis domain. 
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Abstract
The Output-Only analysis typically allows to identify the modal parameters of a given structure on the base
of the data achieved by the operative conditions or environment of such a device. In the design development
of a Launch Vehicle (LV) the vibration tests for launch qualification are performed with the main objective to
verify that the acceleration levels of the structure, attached systems, and payloads, do not exceed a prescribed
design level. Thus, these kind of tests are performed by sensoring the output responses (i.e., the acceleration
levels) only. In the present paper, the modal parameter identification and correlation of a LV inter-stage
based on Output-Only (OO) experimental data will be presented. The practical advantage arisen by using
this technique will be pointed out. It has essentially consisted of utilizing the same data collected during
qualification tests. Therefore, this has reduced the overall cost required for setting up a further experimental
test that should be explicitly dedicated to the modal parameter identification. Moreover, the obtained modal
estimates, based on the OO approach, have been also used for correlating the numerical Finite-Element
model of the LV inter-stage that have been previously used for design purposes.

1 Introduction

In the development phase of the European small launcher VEGA, environmental tests are foreseen to be
performed for the Launch Vehicle (LV) structural components with the aim to demonstrate the design validity
and to verify the structural functionality. The inter-stage 2/3 (IS2-3) is the structural component between the
second and third stage solid rocket motors Zefiro 23 and Zefiro 9; its qualification test has been performed
with the main objectives to characterize the dynamic behavior of the equipment and the equipment supports,
to verify that the acceleration levels detected at the equipment and the equipment supports are compliant
with the specified design levels and to verify that the structure does not have failure or damage during the
test.

Moreover, the test results will be used to correlate and update the dynamic finite-element model (FEM) of
the IS2-3. The validation approach for the FEM consists of extracting the experimental modal parameters
(eigenfrequencies, mode shapes, and damping ratios) and of correlating these parameters with those resulting
from FEM numerical analysis.

The experimental target modal parameters are usually derived from a dedicated modal survey test which
is based on input-output data, i.e. on the item frequency response functions (FRF). In this paper a non-
conventional approach, based on the Output-Only analysis of the response measurements of the vibrating
structure, is presented and applied for the dynamical analysis of the IS2-3 of VEGA LV. The main advantage
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of this technique is the possibility to derive the modal parameters independently from the measure of the
loading characteristics, and therefore, the same experimental set-up used for the qualification test can be
used without employing dedicated facilities. The paper will briefly describe the OO technique, its theoretical
basis, the experimental test set up and the identification of the IS2-3 modal parameters through the structure
response and the logic of correlation of experimental and numerical results.

2 Theoretical model

2.1 Frequency Domain Decomposition

The response, y(t), of a vibrating linear system evaluated at N degrees of freedom (DOFs), could be ex-
pressed as a superposition of its first M normal modes, arranged by columns in the N × M rectangular
matrix Ψ = [ψ(1), ψ(2), . . . , ψ(M)], each one weighted by the corresponding modal amplitude (or coordi-
nate), forming the vector q(t) with M components, as:

y(t) = Ψq(t) (1)

Moreover, assuming the structure excited by a random stationary load, then the N × N correlation matrix
between those responses at a generic time shift τ , i.e., Rτ , could be expressed in terms of ensamble mean
value as:

Rτ = E[y(t)y(t+ τ)T ] (2)

Therefore, substituting Eq. (1) in Eq. (2) and exploiting the independence of the mode shape, Ψ, from the
random process, it is possible to obtain for the correlation matrix Rτ the following expression:

Rτ = E[Ψq(t)(Ψq(t+ τ))T ] =
= ΨE[q(t)q(t+ τ)T ]ΨT = ΨRqτ ΨT

where Rqτ is the correlation matrix of the modal coordinates, which is diagonal if the load acting on the
structure is uncorrelated as it is assumed hereafter. The power spectral density matrix of the output responses
y(t), denoted as Sy(ω), could be obtained by Fourier transforming the correlation matrix, i.e.,

Sy(ω) = ΨSq(ω)ΨT (3)

in which Sq(ω) is a diagonal matrix of non-negative real functions, whose generic `−th element is indicated
as Sq`

containing the auto power spectral density terms, of the modal amplitudes [7, 8]. For the forthcoming
developments, let us now introduce the following decomposition of the eigenvector matrix, Ψ:

Ψ = Ψ̂ + Ψ̌ (4)

where, Ψ̂ is a rectangular matrix whose the only non-zero column is the r-th, whereas Ψ̌ is the complemen-
tary with respect to Ψ matrix, i.e.,

Ψ̂ =
[
0 · · · 0 ψ(r) 0 · · · 0

]
; Ψ̌ =

[
ψ(1) · · · ψ(r−1) 0 ψ(r+1) · · · ψ(M)

]
Therefore, Eq. 3 written for a frequency line ωk becomes:

Sy(ωk) = Ψ̂Sq(ωk)Ψ̂T + Ψ̌Sq(ωk)Ψ̌T (5)

or in a component form:

Sy,ij(ωk) = ψ
(r)
i Sqr(ωk)ψ

(r)
j +

M∑
`=1,` 6=r

ψ
(`)
i Sq`

(ωk)ψ
(`)
j
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Then, if a Singular Value Decomposition, svd, is performed, one has

svd [Sy(ωk)] = svd
[
Ψ̂Sq(ωk)Ψ̂T

]
+ svd

[
Ψ̌Sq(ωk)Ψ̌T

]
(6)

Recalling that the Singular Value Decomposition of a generic square and symmetric matrix A with dimension
N is given by:

svd[A] = UΣUT

where U is an orthogonal matrix, i.e., UT U = I, whose columns are called singular vectors, and Σ is a
diagonal matrix of singular values, then the previous Eq. (6) reduces to:

svd [Sy(ωk)] = Ψ̂Sq(ωk)Ψ̂T + svd
[
Ψ̌Sq(ωk)Ψ̌T

]
(7)

where the first term on the right-hand-side is already decomposed in a svd (unique) form for itself nature.
When ωk is equal to the r − th natural frequency of the system (ωr), then the first term in the right-hand
side of Eq. (7) will dominate if the structure behaves as a single degree of freedom, SDOF, in the neigh-
borhood of the resonant frequency. Therefore, a procedure for estimating the modal parameters based on
measuring only the responses of the structure, can be outlined. Starting from the measurement of the random
responses of the structure, the power spectral density matrix is evaluated, and then it is possible to evaluate
the dependence of the corresponding singular values as function of the frequency. The frequency line to
which corresponds the (local) maximum of the singular value and the corresponding singular vector could
be viewed as a good estimate of the natural frequency, and of the mode shape, respectively. In the case the
structure presents more than one orthogonal mode, vibrating at the same natural frequency, then the singular
value decomposition will give more than one dominant singular value: an estimate of such modes is, again,
given by the corresponding singular vectors [4].

The damping ratios could be then estimated. In fact, through the evaluation of the Inverse Fourier Trans-
form of the power spectral density functions around the frequency line corresponding to the r − th natural
frequency - so that the corresponding singular vectors are well correlated to the r − th mode shape -, the
SDOF autocorrelation of the system response can be achieved. Therefore, the damped natural frequencies
and damping ratio may be evaluated, for instance, from the number of crossings and applying logarithm
decrement technique, respectively [1, 2, 4].

2.2 Modal scaling and FRF synthesis

In order to synthesize the frequency response functions of the IS2-3 structure from the spectral data estimated
by the OO analysis, the modal masses have to be identified too. Let us recall that the undamped k − th
eigenfrequency, ωnk

, and the (not normalized) mode, ψ(k), could be obtained from the knowledge of the
mass, M, and the stiffness, K, matrices by the well known relationship:(

K− ω2
nk

M
)
ψ(k) = 0 (8)

If the structure is perturbed by a change of both the stiffness, and the mass distribution, denoted with ∆K
and ∆M respectively, then the previous Eq. 8 become, Ref. [1, 5]:

(K + ∆K)
(
ψ(k) + ∆ψ(k)

)
= (M + ∆M)

(
ψ(k) + ∆ψ(k)

) (
ω2

k + ∆ω2
k

)
(9)

where ∆ω2
k and ∆ψ(k) are the corresponding changes in the k − th natural frequency and mode shapes.

Assuming that the perturbation in the properties of the structure does not affect the mode shapes, pre-
multiplying the above Eq. 9 by ψ(k)T

, and neglecting higher order terms, the k − th generalized mass,
given by definition as mk := ψ(k)T

Mψ(k), is:

mk = ψ(k)T

Mψ(k) =
ψ(k)T

∆Kψ(k) − ω2
kψ

(k)T

∆Mψ(k)

∆ω2
k

(10)
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Therefore, a first order approximation for the sensitivity of the natural frequencies for light damped struc-
tures, allows one the estimate of the k − th mass normalized eigenvector, φ(k) as:

φ(k) =
√

1
mk

ψ(k) (11)

Once the operational mode shapes are correctly scaled with respect to the modal masses, the corresponding
frequency response acceleration functions, denoting with ζk the modal damping ratios, are finally given by:

Hij(ω) =
M∑

k=1

−ω2φ
(k)
i φ

(k)
j

ω2
nk
− ω2 + j2ωωnk

ζk
(12)

3 Experimental analysis

In this section the analysis of the experimental data provided by the vibration analysis of the Inter-Stage 2-3
of VEGA LV is presented. The analysis will be performed using the Output Only approach described in the
previous section. A brief description of the experimental tests whose data are used in the analysis is given in
Section 3.1. The corresponding modal and response models of the IS2-3 are reported in Sections 3.2 and 3.3
respectively. Finally, in Section 3.4 the correlation of the previous identified experimental models with the
Finite Element model, Ref. [9], is presented.

3.1 Experimental set-up

The Output-Only procedure, applied in the present paper, for the identification of the dynamic characteristics
of the IS2-3 exhibited the great advantage of using the responses of the structure as recorded during the
qualification tests performed by AVIO SpA, hence allowing a reduction of both time and costs required for
the modal identification as the same experimental set-up and facility has been used. The response time-

Figure 1: Test facility for the lateral vibration test of IS2-3 of VEGA LV.

histories, measured by accelerometers located on the IS2-3 for the qualification tests, are used in the OO
analysis driving the electrodynamic shaker by means of a load spectrum with a lower amplitude level with
respect to that employed for the IS2-3 qualification test. Thus, the experimental set-up was composed by a
shaker in horizontal configuration connected to a standard slip table under which the IS2-3 has been vertically
clamped using an expander interface (see Fig. 1). The shaker was driven using a random signal with a power
spectral density (PSD) spectrum from 5 to 100Hz and with a standard deviation equal to 0.2 g. The number
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of the sampling points were 2048, whereas 16 time-data-blocks were used to reduce the non-deterministic
components of the recorded responses. The lateral seismic excitation was performed in the y direction in
order to avoid the excitation of local modes as those, e.g., induced by the presence of the lateral cable
raceways (see Fig. 1). The responses of the interstage have been measured at 6 different vertical sections.
For each section, the radial accelerations have been recorded using 10 accelerometers uniformly distributed
on the outer skin.

3.2 Identification of the modal model

First, the singular values, associated to the Power Spectral Density matrix and evaluated using the recorded
time histories, have been obtained as function of the frequency, as depicted in Fig. 2. From this picture,
it is apparent that the inter-stage dynamics is characterized by a high modal density in the frequency range
considered. This led to the identification of 27 natural frequencies, damping ratios and mode shapes (see
Ref. [10]), the first ten of which are tabulated in Tab. 1.

Figure 2: Singular values vs frequency as estimated by the O-O procedure.

Mode # Freq. (Hz) Damp. ratio (%)
1 30.75 0.602
2 33.75 0.235
3 42.75 0.256
4 45.75 0.189
5 47.25 0.066
6 50.00 0.219
7 52.75 0.152
8 56.87 0.044
9 60.25 0.155
10 61.50 0.051

Table 1: Natural frequencies and damping ratios estimated by the O-O analysis using 60 accelerometers

Moreover, the first six identified mode shapes are represented in Figs. 3-8 where a double representation is
used. The pictures on the left show the identified eigenvectors defined on the actual experimental degrees
of freedom. Moreover, in order to get the experimental mode shapes on the larger domain of the Finite-
Element (FE) representation, the pictures on the right are reported: these pictures are obtained imposing
the displacement fields, carried out by the OO analysis, on the reference numerical model (Ref. [9]) and
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performing a static solution. In this way, the internal interpolation functions of the FE model are used to
expand the limited experimental modal data. From the analysis of the estimated eigenvectors, one may

(a) Experimental Mode (b) Numerical Mode

Figure 3: 1-st experimental mode shapes as estimated by the O-O procedure (a) and represented by the FE model (b) by static
displacement imposition.

(a) Experimental Mode (b) Numerical Mode

Figure 4: 2-nd experimental mode shapes as estimated by the O-O procedure (a) and represented by the FE model (b) by static
displacement imposition.

recognize the typical bi-tri-lobated shapes of a clamped cylindrical shell. The bi-lobated modes are vibrating
around 30 [Hz], whereas the remaining four modes are around 45 [Hz].

3.3 Identification of the response model

Next, in order to complete the modal identification, the estimates of the generalized masses have been nec-
essary. This goal has been achieved performing a second vibration test increasing the mass of the IS2-3 by
means of known added masses. Thus, the modal masses estimates are essentially based on the evaluation of
the natural frequencies shift due to known increase of mass to the model. For this reason a second vibration
test has been performed adding four masses of about 10 Kg uniformly distributed on the circular top sec-
tion of the IS2-3. From the evaluation of the singular values on this new test campaign, it was possible to
determine the natural frequency of the inter-stage with the added masses, and thus, using Eq. 10, to evaluate
the generalized masses of the model. As the applicability of this relation is based on the assumption that the
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(a) Experimental Mode (b) Numerical Mode

Figure 5: 3-rd experimental mode shapes as estimated by the O-O procedure (a) and represented by the FE model (b) by static
displacement imposition.

(a) Experimental Mode (b) Numerical Mode

Figure 6: 4-th experimental mode shapes as estimated by the O-O procedure (a) and represented by the FE model (b) by static
displacement imposition.

perturbation produced by the added masses on the mode shapes is negligible if compared to that produced
on the natural frequencies, it has been necessary to compare the experimental modes in the reference config-
uration with those relative to the added masses configuration. In this regard, Fig. 9 shows the contour plot of
the Modal Assurance Criterion (MAC) coefficients between the experimental mode shapes in the reference
configuration and those relative to the added masses configuration. One may note that there is a significant
level of correlation between the two sets of eigenvectors. Nonetheless, in Fig. 10, the auto-MAC matrix
between the experimental mode shapes of the reference model is also shown: it is apparent that there is a
significant level of correlation also between modes with different natural frequencies already in the reference
configuration. Therefore, comparing Figs. 9 and 10 one may conclude that the inclusion of the added masses
has induced limited effects on the mode shapes, compared with that of the natural frequencies where the
perturbation provoked a shift of 13 % in the first natural frequency identified by the O-O technique (see Ref.
[10]). Once the modal masses mr, the mode shapes φ(r), the modal damping ratio ζr, and natural frequen-
cies ωr are estimated, the ij − th element of the Frequency Response Function (FRF) matrix, Hij(ω), can
by evaluated using Eq. 12. In this sense, Fig. 11 shows the magnitudes of the last ten diagonal elements
of the synthesized FRF matrix as obtained by the O-O analysis. Again, one may note the significant modal
density in the frequency range considered, in agreement with the plots of the singular values as functions of

OPERATIONAL MODAL ANALYSIS 3109



(a) Experimental Mode (b) Numerical Mode

Figure 7: 5-th experimental mode shapes as estimated by the O-O procedure (a) and represented by the FE model (b) by static
displacement imposition.

(a) Experimental Mode (b) Numerical Mode

Figure 8: 6-th experimental mode shapes as estimated by the O-O procedure (a) and represented by the FE model (b) by static
displacement imposition.

the frequency, Fig. 2.

3.4 Correlation with the IS2-3 F.E. model

In order to establish a correlation between the experimental modal scenario identified by the O-O approach
and the developed finite element model, a first correlation between the corresponding eigenvectors has been
carried out. The first 27 modes given by the IS2-3 experimental model have been compared with the first 93
(0 − 150 [Hz] Frequency Band) numerical modes shapes (Ref. [9]) evaluated only on the numerical nodes
closest with the 60 experimental ones. Figures 12-13 show the contour-plot and the 3-D view of the MAC’s
between the experimental and the numerical mode shapes. It is apparent that there is not a considerable
correlation but for three sets of modes: the ones between the third and fifth numerical with respect to the
third experimental, the modes comprised between the twelfth and seventeenth numerical and between the
fourteenth and eighteenth experimental, and the modes comprised between the seventy-fifth and the eightieth
numerical with respect to the nineteenth and twenty-second experimental. A possible explanation of this lack
of spatial correlation between the numerical and the experimental mode shapes is that, even if the inter-stage
may appear a simple cylindrical structure, this structure is actually composed of many electronic devices and
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Figure 9: MAC scenario between the first 27 experimental reference mode shapes and those associated to the added masses model.

subsystems attached to the inner skin of the cylindrical shell, that interact and modify the dynamics of the
whole system.

In particular, the local modes of these subsystems could not be captured by the used uniform spatial distri-
bution of the accelerometers. Nonetheless, this choice of the measurement positions is the most adequate
when an identification of the global mode shapes is sought. It is also apparent, that the numerical model also
is characterized by a high modal density in the frequency range [0− 150]Hz considered in this application.
In order to get a final correlation and eventually an updating of the numerical model with the actual system
the following combined criteria have been considered to define two modes as correlated. Specifically, if, for
a given couple of numerical/experimental modes,

1. the MAC is greater of the 50 % and

2. the corresponding natural frequency difference is in percentage less than 15 %

then, the two modes are considered to be correlated. Using these criteria five couples of modes are retained
to be correlated and these are summarized in Table 2. Specifically, Fig. 14 presents a correlation between

Output-Only MSC.NASTRAN Correlation
Mode # fn [Hz] Mode # fn [Hz] ∆f [%] MAC [%]

4 45.75 3 48.3 -5.57 58.86
16 78.76 17 71.73 8.93 68.38
21 96.76 26 85.38 11.76 70.32
26 116.76 42 99.75 14.57 82.94
27 122.51 44 105.51 13.88 37.87

Table 2: Final related experimental/numerical modes for the analysis with 60 accelerometers.

the natural frequencies corresponding to the correlated modes. Note that the slope of the linear least-square
data approximation gives an actual indication on how to address a possible numerical model updating.

Finally, Figs. 15-17 show a comparison between the actual O-O-identified experimental FRF’s and the nu-
merical ones. These seven input/output points are selected between the sixty d.o.f.’s available. In particular,
in these figures three vertical lines corresponding to the first three correlated frequencies (see Tab. 2) are
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Figure 10: Auto-MAC scenario between the first 27 experimental mode shapes.

also plotted. As one can see, a good agreement between the overall response level has been obtained then
validating the O-O experimental procedure. Moreover, it is worth noting that the numerical FRFs have been
obtained including into the model, on a frequency basis, the experimentally identified damping.

4 Concluding remarks

In this paper the Output-Only approach has been carried out for the modal identification of a rocket inter-
stage, namely, the interstage between the stage 2 and the stage 3 of the VEGA launch vehicle. The qual-
ification vibration tests – which formally are “response tests” – are typically scheduled during the design
development of a launcher and they involve both LV structures and specific on-board equipments. No “ad
hoc” modal tests had been scheduled for such a sub-structure. Thus, the apparent advantages arising by
the use of the OO approach have been revealed in the paper. Indeed, the experimental set-up used for the
scheduled qualification tests was also employed for the random vibration tests which gave the output data
for the OO analysis. Only the vibration level used for the OO approach was considered, of course, as lower
with respect to that previously considered for the qualification test.

The performed OO analysis has completely given the modal description of the structure in terms of natural
eigenfrequencies, mode shapes, and modal damping ratios. Furthermore, an added masses approach has also
allowed to estimate the modal masses necessary to normalize the synthesized system Frequency Response
Functions. These results, as obtained by a post-processing of the OO analysis, easily allowed also a corre-
lation with the numerical FEM of the structure and, therefore, an assessment of such a numerical model has
been also possible as well.
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Figure 11: First row (column) of the magnitude of FRF’s matrix estimated by the O-O approach.

Figure 12: Contour plot of the MAC scenario between the first 27 experimental v.s. the first 93 numerical mode shapes.
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Figure 14: Final natural frequency correlation between the selected modes.
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Abstract
Mobile substations can be defined as completely equipped electrical substations. There is a lack of existing
scientific basis in the mechanical design of the structural components of the mobile substation. In concrete
there are no capabilities to determine the dynamic behavior during transport and service conditions. Improper
dimensioning of the structures results in an important degree of mechanical failures during transport. The
dynamic response of structures on a mobile substation to transport-motions depends on their strength of con-
struction, ductility, and dynamic properties. Lightly damped structures that have one or more natural modes
of oscillation within the frequency band of transport excitations can experience considerable amplification of
both the forces and deflections. Thus, items of mobile substation equipment whose natural frequencies lie in
the normal frequency range of transport motion are particularly vulnerable to damage and fatigue. Therefore
we are interested in analyzing the natural frequencies, damping ratios (modal parameters) and level of accel-
erations of those components. The modal identification methods recently developed at the Vrije Universiteit
Brussel, allow for estimating these modal parameters from operational road testing data. Finally the dynamic
behavior of interconnected equipment will be discussed and some design recommendation will be proposed.

1 Introduction

Mobile substations can be defined as completely equipped electrical substations [6]. The following sections
can always be distinguished: HV equipment, power transformer, MV equipment and control, metering and
protection equipment. All this equipment is mounted on a semi-trailer, factory pre-tested and ready for use.
Mobile substations are designed to allow rapid integration in different places in the network.

Figure 1: Mobile substation

Mobile substations can minimize the duration of unexpected power outages. The equipment can bypass a
complete substation, or a part thereof, following failure of any major equipment in the substation due to:
equipment failure, weather related system problem, natural disaster or other external influences.

This equipment can also assure service during programmed works: maintenance operations, repair works,
expanding or changing the substation configuration.
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Mobile substations can also temporarily increase or provide capacity while permanent substations are being
built. They can handle seasonal peaks due to air conditioning, increased electricity consumption in tourist
areas, as well as temporary peaks due to large events such as carnivals and major sports events.

Figure 2: Mobile substation in service and during transport

2 DESIGN CONSIDERATIONS

The design and installation of a mobile substation have specific restrictions, which are not present when
dealing with conventional substations: restrictions due to transport such as dimension and weight of the
trailer, road regulations, electric clearances in particular for equipment higher than 100 kV, the need for a
quick installation in places with no lifting equipment available and finally the specific problems of connection
and integration of the substation to the existing network.

From an electrical point of view there is little difference between a mobile substation and a transformer
bay in a fixed substation. However, in the mechanical lay out and the choice of equipment there are es-
sential differences due to the limitations in the dimensions and weight of the trailer and due to the required
maneuverability of the unit.

The limitations on the dimensions and weight of the trailer will be given by the specific road and vehicle
regulations in each country. These will determine the maximum height, width and length of the trailer,
which may vary from country to country between 2.6 and 3.5 m width, 4.4 and 4.8 m height and 14 to 25 m
length.

The maximum weight depends on the type of trailer. In practice the maximum loading on the axles and the
maximum load on the kingpin (coupling between semi-trailer and tractor) are defined. This can be estimated
by a simple static calculation. Typical values of loading on the axles go from 8 to 12 tons depending on
countries and it can be doubled if using double axles. The load on the kingpin depends on the type of tractor
used to move the mobile substation. Assuming a tractor with three 12 ton axles and taking into account that
the tare weight of the tractor is 6 tons on the front axles and 2 tons on the rear axles, about 22 tons remains
as a possible load on the kingpin. A way to increase the admissible weight on the trailer is increasing the
number of axles. Trailers with more than 3 axles should have additional hydraulically steerable axles. To
increase the load on the kingpin extra axles on the gooseneck by means of a dolly can be used. This will of
course increase the length and the price of the trailer.

The transportation restrictions are defining the maximum transformer MVA and associated protection that
can be achieved by a particular utility or user. Once the user has determined the optimized transformer MVA
and protection, i.e. the specifications to be fulfilled by the mobile substation, the designer must consider
the space and weight distribution limitations to allocate all the substation components as per the specified
single-line diagram. The designer must keep in mind as well the electrical clearances and the accessibility
to the different components. As the heaviest element of the mobile substation, the relative position of the
transformer to the axles and kingpin will basically determine the weight distribution of the trailer. This is the
first element to consider in the design. It is not difficult to calculate the optimum position of the transformer
that can fulfill weight distribution limitations and optimize the length of the semi-trailer and the number of
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axles. However, this position is compromised because of the space required for the other components such
as switchgear, cables, control and protection panels etc. It is important as well to consider the limitation to
pass cables through certain surfaces of the trailer such as the gooseneck or the axles. The designer has to
consider many different arrangements for the transformer and components and consult continuously with the
manufacturer of the equipment and the trailer until finding the optimum lay out which fulfils all transport
and substation requirements with the most economical trailer design. This makes every mobile substation a
unique design.

The width limitation of the trailer imposes serious technical constraints to the high voltage part of the mobile
substation. This is due to the minimum air clearances to maintain between live and earthed parts. The
mobile substation must guarantee the same insulating distances as required by the relevant standards and
taking into account the maximum height where the substation may be placed. For example a maximum
width of 3.2 m would limit the HV equipment to a maximum BIL of 450 kV. For a BIL of 900kV an overall
width of the trailer of 6.2 m would be necessary. It is impossible of course to maneuver a trailer of such
width. This problem can be overcome by the use of rack-out or extensible mechanisms for the supports of
the HV switchgear, arresters, measuring transformers and insulators. These structures are retractable while
transporting the mobile substation and are extended out to put the substation in service. The extensible
supports should be self-supporting when energized to reduce set up time. Manual operation for extensible
frames is preferred where practical. Many designs of rack-outs have been used as shown in figure 2.

Figure 3: Example of extensible mechanisms used to transport HV equipment with insulation clearances
exceeding the limits of the trailer: dead tank breaker in service (a1) and transport position (a2), extensible
horizontal support with rollers for circuit-switchers (b1, b2), rotating arm for support insulators in transport
position (c1) and manual swing out/pivot for Interrupter (d1)

3 Dynamic CONSIDERATIONS

Despite Pauwels Contracting has been manufacturing for 20 years mobile substations and being a world
leader on the global market, the approach for the mechanical design of those units has been always empirical
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based on assembly shop experience. There was no scientific basis to support the mechanical design of the
mobile substations. In the world of transporting in general there is very little scientific knowledge for this
type of dynamic mechanical problems.

The goal of this project is to develop the adequate design rules and design tools as well as recommendations
in order to guarantee the mechanical integrity of mobile substations during transport and service conditions.
The satisfactory operation of a mobile substation during and immediately after transport depends on the
survival, without malfunction, of many diverse types of equipment. Not only must individual equipment be
properly engineered, but their anchorage, services, and interconnections must be well designed.

The response of structures and cargo to transport-motions depends on their strength of construction, ductility,
and dynamic properties. Lightly damped structures that have one or more natural modes of oscillation within
the frequency band of transport excitations can experience considerable amplification of both the forces and
deflections.

Thus, items of mobile substation equipment whose natural frequencies lie in the normal frequency range
of transport motion are particularly vulnerable to damage and fatigue. The dynamic response of a structure
reaches its maximum at resonance, where the amplitude is inversely proportional to the damping ratio. So
the damping is directly related to the maximum dynamic response. A high damping ratio means that the
amount of steel needed to meet the specification of limited response can be reduced. In cases where the
weight of the mobile substation is limiting the design, the weight reduction becomes fundamental. In this
case dynamic problems can be reduced by introducing damping in either a passive or active way.

The inputs to the mobile substation are principally from road roughness and are generally not characterized
by periodic inputs expect from pavement joints on concrete highways. As such, the truck receives random
and impulsive inputs and tends to respond at the natural frequencies of various structures of the mobile
substation.

In the design process of the critical components on a mobile substation, the damping ratios of the lower
modes are important factors. Only these modes are situated in the transport spectrum and thus in fact only
the few lower modes of vibration are important for determining the structure’s response to transport loads.

4 Road tests

The experimental work consisted of measurements performed during road tests on different mobile substa-
tions. The aim is to get some information about the frequency band and level of accelerations of transport
excitations and the dynamic properties of some of the critical components mounted on the substation. Es-
pecially we are interested in analyzing the natural frequencies, damping (modal parameters) and level of
accelerations of those components.

The road tests contained different driving conditions:

• Constant speed of 20 km/h, 25 km/h,. . . , 50 km/h
• Types of roads (rough roads, well-paved roads, . . . )
• Brake tests at different initial conditions (important decelerations)

Measurements were performed using a DAT-recorder (TEAC) and several accelerometers during a maximum
measurement period of 2 hours. All signals were measured simultaneously at a sampling frequency of
200Hz (Figure 3). It is shown that these settings more than cover the real frequency band of interest for the
investigated component (about 0-50Hz) in which most dominant resonance frequencies of the device under
test, as well as the main disturbance frequencies of transport excitations are situated.
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4.1 Accelerations and Vibration Response Spectra

It is important to characterize the dynamic input affecting the Mobile Substation structures. Therefore the ac-
celerations at the base of the truck are measured and analyzed. We are especially interested in the maximum
level of accelerations and the distribution of the different acceleration levels over time. Typical measured
accelerations at the chassis of the trailer Using these measurements, the maximum acceleration levels can
be derived as a function of time at different measurement locations. Figure 4 shows typical measured ac-
celerations at the chassis of the trailer. Acceleration values in the range of 0g and 0.3g at the base are most
common.

Figure 4: Typical measured accelerations at the chassis of the trailer

The peak acceleration is only one measure of the size of the dynamic loads during transport, and it only
applies at a single location. Even from an engineering perspective, the peak acceleration may not be a good
measure of the damage potential at the location where it was measured, as spectral energy of the acceleration
has a better correlation to some type of damage.

In the frequency domain we will start from the Power Spectral Densities. Descriptions of vibrations in terms
of power spectral densities are common and offer many advantages from an analysis and test viewpoint.
For general in transport, they provide an indication of the energy levels in particular frequency bands, and
therefore the potential for damage. This means that structures with natural frequency situated in this band
are extremely sensitive to be excited in an excessive way.

A power spectral density (PSD) of the data from the accelerometer of Figure 4 is given in Figure 5. This
power spectral density is considered as the base input to the substation component. The PSD at the base
shows that most energy is found in the frequency band of 0-20Hz.
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Figure 5: Power Spectral Density and optimal envelope of trailer vibration

Freq. (Hz) Acc. (G2/Hz)
1 1,00E-04
3 5,00E-03
6 5,00E-03

100 1,00E-06

Table 1: breakpoints envelope

In order to characterize the dynamic input affecting the Mobile Substation, the next step was to derive a
maximum expected transport level. The maximum expected transport level does not need to be so finely
tailored that it envelops each spectral peak. Note that there could be some frequency variation in these peaks,
for example, as support structures are reconfigured. Variation could also occur depending on the trajectory
of a particular road-test. Furthermore, the substation might be produced in different version. Smaller support
structures could have higher natural frequencies. Thus, a more prudent approach is to derive a generic
maximum expected tranport level consisting of several segments in a power spectral density function.

Clearly, the proposed envelope does not envelop every spectral peak of the measured data. In particular, the
measured data has a peak at 6 Hz which protrudes above the proposed level. Again, this frequency could
shift in a different substation configuration.

The proposed level is thus accepted as the maximum expected transport level on the basis. The breakpoints
for the maximum expected level are given in Table 1.

This proposed level can also be adapted to more sever situation by using for example a safety factor.

In a next step, the Acceleration Vibration Response Spectra is calculated [5]. The vibration response spec-
trum is particularly suited for random vibration inputs. The vibration response spectrum has many uses in
qualification testing and as input in Finite Element programs.

The question we want to answer is: how will a structure on a mobile substation respond to a dynamic input
at its base? In order to do this we assume that the structure can be modeled as a single-degree-of-freedom
system with a certain amplification factor. The response amplitude depends on the natural frequency. The
Vibration Response Spectra gives the root-mean-square response of each system to an acceleration base input
with respect to the natural frequency. Damping is typically fixed at a constant value, such as 5%, which is
equivalent to an amplification factor of Q=10.
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As base input we will use the previous calculated acceleration power spectral density. The Vibration Re-
sponse Spectra will be calculated for different amplification factors. The calculated envelopes are the Vibra-
tion Response Spectra obtained by using the PSD-envelope as base-input.

Figure 6 shows the envelopes of the Acceleration Vibration Response Spectrum for different amplification
factors (Q). The input of Figure 6 can then be applied to an analytical or numerical model of the substation
equipment in order to estimate the displacements and stresses during transport.

Figure 6: Acceleration Vibration Response Spectrum envelopes of typical vibration level during transport.
Each envelope corresponds to an amplification factor (Q)

4.2 Modal Analysis of the equipment

Figure 7: Mobile substation: investigated component (marked in red)

In this contribution a HV surge arrester fixed to the chassis of a mobile substation was investigated. This
component consists of a support structure with three insulators mounted on top(Figure 7). The vibration
response of the structure was measured simultaneously by means of 5 accelerometers placed at the bottom,
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middle and tip. At the truck level (bottom, fixation point between support structure and truck-base) the
accelerations in the Z direction were measured in order to have an idea about the spectrum and level of
accelerations that may occur during transport. At the interconnection point between the right insulator and
the support structure the accelerations both in the X and Y direction were measured and also at the tip of the
right insulator the accelerations in the X and Y direction were obtained. This configuration was considered
to be sufficient to detect and investigate the modes in the frequency range of transport. This configuration
does not allow identifying the complete mode-shapes of the structure since not enough measurement points
are considered, however during this experiment we are more interested to identify the natural frequencies
and damping ratios of the modes within our interested frequency range. This already allows us to perform a
simple but efficient modal updating of our FE model.

Figure 8: Measured accelerations in X and Y direction (top: red, middle: blue)

All signals were measured simultaneously at a sampling frequency of 200Hz (Figure 8). These settings more
than cover the real frequency band of interest for the investigated component (about 0-50Hz) in which most
dominant resonance frequencies of the device under test, as well as the main disturbance frequencies of
transport excitations are situated.

There is an amplification of the accelerations between the base and the top of the insulators. This amplifica-
tion can be attributed to the flexibility of the insulator and its dynamic behaviour.

Figure 9: Power Spectral Densities of X and Y measurements at the top in logarithmic and linear scale

By looking to the Power Spectral Densities (Figure 9) one can clearly identify several operational modes of
oscillation within the frequency band of transport excitations (0-50 Hz). The measurements reveal that the
acceleration (displacement) is composed almost entirely of the contribution of the first vibration mode.

The aim is now to get some information about the dynamic properties of some of this structure mounted
on the substation. Especially we are interested in analyzing the natural frequencies, damping ratios and
parameters that may influence these modal parameters.
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The analysis of the operational test data acquired during road testing requires more advanced output-only
system identification methods. More recently, system identification techniques were developed to identify the
modal model from the structure under its operational conditions from vibration responses only [1] [7].These
techniques, referred to as operational modal analysis (OMA) or output-only modal analysis, take advantage
of the ambient excitation due to e.g. traffic and wind. An important advantage of OMA is that the structure
can remain in its normal operating condition. This allows the identification of more realistic modal models
for in-operation structures.

In this paper the polyreference Least-Squares-Complex-Frequency-domain estimator (p-LSCF)[4] adapted
for output-only data was used. Commercially also known as PolyMAX, this algorithm and its application
was presented as a new future standard for modal testing [8] because of its speed and the clear stabilization
charts produced by the algorithm. This estimator can be viewed as a frequency-domain implementation of
the well-known Least-Squares Complex Exponential (LSCE) estimator.

This state-of-the-art estimator allows us to derive more reliable experimental dynamic models of mobile
substations than possible with classical deterministic modal estimators and compare it with a Finite Element
Model.

The Finite Element Model was constructed using the The FE-package ANSYS 8.0. Figure represents a
model of the HV surge arrester fixed to the chassis of a mobile substation. Elastic 3D shelf elements were
used to model the support structure with the well known material properties of steel. The surge arresters
were modeled as simple solid cylinders with a specific weight that equals the actual insulator and zinc-
oxide components. Analytical results are compared with the experimental measurements during a road test.
Despite the complexity of the structure and the simplicity of the model, the analytical results correspond
closely to the measurements in both X and Y directions.

Figure 10: FE-model+Comparison results with experimental results

We can clearly distinguish the modes with the main movement in the X-direction and those with the move-
ment in the Y-direction (Figure 11).

Once the natural frequencies of the substation equipment and support structures are known and if the main
frequencies are in the range of the transport motion, it is necessary to be able to estimate displacement and
stresses during movement. One can do this by the previously obtained Vibration Response Spectra.

If one is designing a structure or component to be placed on a mobile substation it is considered to be of
great value to do a dynamic analysis in pre-design. One must be sure that the resonant frequencies of the
first modes of that component are outside the frequency-band of transport excitations. If this is not the case
structural modifications must be done. This can be achieved by introducing additional stiffeners or using
taught cables to increase both resonant frequencies and damping. One must be aware that the first mode is
introducing the biggest displacements which can be of danger considering the interconnected equipment.
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Figure 11: First 6 modes calculated by the FE-model

4.3 Influence of conductor cables

Many items of mobile substation equipment, for electrical reasons, are highly interconnected and often
contain brittle, relatively low-strength (as compared to steels, for example), low-damping materials (e.g.,
porcelain).

If two or more structures or equipment are rigidly linked together they will interact with one another pro-
ducing a modified response. If they are flexibly linked then, in an ideal situation, no forces are transferred
between the structures or equipment. However, the linkage must be flexible enough to accommodate the
relative displacements

To evaluate the influence of this dynamic interaction effect the previous described road test was performed
without conductor cables (test1) and with conductor cables (test2) connected to the surge arrester.

By having a look at the previously calculated mode shapes and the experimentally calculated Power Spectral
Densities, we can better understand the influence of the conductor cables and the support structures, in terms
of acceleration levels.

Figure 12: Power Spectral Densities of X and Y measurements of test1 and test2

In the X direction we can clearly see that the introduction of the conductor cables is reducing the peak of
almost all modes and so minimizing the maximum accelerations in this direction. In the Y direction the
conductor cables are not really improving the situation a lot. The situation at the 2nd peak is even a bit
worse, this is probably due to the asymmetric movement of both-end-insulators in this mode.
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Figure 13: Influence of conductor cables on natural frequencies, damping ratios and maximum level of
accelerations

By looking to figure 13, we can conclude that, the fundamental frequencies of the interconnected equipment
are not affected significantly by the presence of the flexible conductor cables. On the other hand the presence
of the conductor cables increases significantly the damping ratios of interconnected equipment. And as
mentioned before the dynamic response of a structure is inversely proportional to the damping ratio. So
in this case the presence of the conductor cables decreases the level of accelerations of the interconnected
equipment when compared to its stand-alone maximum acceleration.

In the different tested mobile substation the results showed that in most cases the conductor cables reduced
the response of the equipment. However in one case the conductor amplified the response of the equipment.
In this case the used conductor cable was almost taut, so little slack was provided. This indicated that
there is a possibility that the interconnected equipment would have a more severe response compared to its
stand-alone response.

There is substantial evidence from previous studies that such electrical connections may have precipitated
failures because of dynamic interaction between interconnected equipment [9].

During transport, substation equipment may experience substantial displacement at interconnection points,
resulting in relative displacement between interconnected components. Sufficient slack must therefore be
provided in the conductor between the moving components to prevent the impact due to a shortage of slack.
To estimate the required slack, the first step is to determine the individual displacement that each intercon-
nected equipment may experience.

Previous studies [3] showed that at small slackness, the dynamic response of the interconnected equipment
can be significantly increased once the conductor assemblies become tight and act as tension-only springs.
In this case the forces generated at the top of the interconnected equipment can be an order of magnitude
higher in compare when sufficient slack is provided.

IEEE Std 693-199 [10], the national standard for the seismic qualification of substation equipment, recog-
nizes the importance of interaction effects, but only provides qualitative designs guidance. Furthermore,
equipment seismic qualification tests or analysis have always been done with the equipment in an uncon-
nected condition. Clearly this topic is also one of great interest and importance to mobile substation during
transport and future investigation is necessary

It is important that transport issues are considered in the early stages of mobile substation layout and design.
The spacing between substation equipment need to be sufficient in order to incorporate adequate slack and
flexibility in conductor interconnecting equipment. Unfortunately, electrical design considerations may limit
the flexibility of connections, because of the short circuit loads and the need to maintain minimum phase-
to-phase or phase-to-ground separation. While new designs may be able to accommodate both criteria, this
may be at the expense of a less compact mobile substation design.
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Summary

The design considerations and mechanical considerations concerning a mobile substation were discussed. A
road test was performed on a mobile substation. The level of accelerations and its frequency content at the
chassis of a mobile substation during transport were given. The dynamic behavior of a structure mounted
on the truck was investigated. The modal parameters were successfully extracted from the acceleration
measurements using a proposed frequency domain technique. The experimental derived eigenfrequencies
are in good agreement with the analytical Finite Element results. The influence of conductor cables on the
dynamic behavior of interconnected equipment was discussed and future design recommendation concerning
the dynamic design of a mobile substation were proposed.
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Abstract 
The presence of harmonic components in the measured responses is unavoidable in many applications of 
Operational Modal Analysis. This is especially true when measuring on mechanical structures containing 
rotating or reciprocating parts. This paper describes a new method based on the popular Enhanced 
Frequency Domain Decomposition technique for eliminating the influence of these harmonic components 
in the modal parameter extraction process. 
For various experiments, the quality of the method is assessed and compared to the results obtained using 
broadband stochastic excitation forces. Good agreement is found and the method is proven to be an easy-
to-use and robust tool for handling responses with deterministic and stochastic content. 
 
 
1 Introduction to Operational Modal Analysis 
 
Operational Modal Analysis (OMA) is based on measuring the output of a structure only and using the 
ambient and natural operating forces as unmeasured input. It is used instead of classical mobility-based 
modal analysis for accurate modal identification under actual operating conditions, and in situations where 
it is difficult or impossible to artificially excite the structure.  

The algorithms used in OMA assume that the input forces are stochastic in nature. This is often the case 
for civil engineering structures like buildings, towers, bridges and offshore structures, which are mainly 
loaded by ambient forces like wind, waves, traffic or seismic micro-tremors. The loading forces of many 
mechanical structures are, however, often more complex. They are typically a combination of harmonic 
components (deterministic signals) originating from the rotating and reciprocating parts and broadband 
excitation originating from either self-generated vibrations from, for example, bearings and combustions 
or from ambient excitations like air turbulence and road vibrations. However, civil engineering structures 
can also have broadband responses superimposed by harmonic components from, for example, ventilation 
systems, turbines and generators. 
As the input forces to the structure are not measured in OMA, special attention must be paid to identify 
and separate harmonic components from true structural modes and eliminate the influence of the harmonic 
components in the modal parameter extraction process. 
This paper starts by describing the consequences of having harmonic components present in the responses 
for different modal parameter identification techniques. Then an overview of various methods for 
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separating harmonic components from structural modes is given, before explaining in more depth a very 
easy-to-use and robust method based on Kurtosis. The well-known and popular Enhanced Frequency 
Domain Decomposition (EFDD) modal identification technique is briefly explained, leading to a 
description of the new EFDD-based method for eliminating the influence of harmonic components in 
OMA.  
Finally the quality of the method is assessed from various experiments using a plate structure. The 
structure is excited by a combination of a single sinusoidal signal and a broadband stochastic signal and 
compared to the results obtained with pure stochastic excitation of the same structure. 
 
2 Consequences of Harmonic Components 
 
The consequences of having harmonic components present in the responses depend on both the nature of 
the harmonic components (number, frequency, and level) and the modal parameter extraction method 
used. Table 1 below indicates these consequences for the Frequency Domain Decomposition (FDD), 
Enhanced FDD (EFDD) and Stochastic Subspace Identification (SSI) techniques. See [1], [2] for further 
description of the FDD, EFDD and SSI techniques. The EFDD method is briefly explained in Chapter 4.2 
as well. 
 
Technique Consequences 
All techniques • Harmonic components are potentially mistaken for being structural modes 

• Harmonic components might potentially bias the estimation of the structural
modes (natural frequency, modal damping, mode shape) 

• A high dynamic range might be required to extract “weak” modes 
FDD • The picked FFT line might be biased by the harmonic component(s) 

• Harmonics must be away from the structural modes (only the picked FFT line is 
used in the FDD technique) 

EFDD • The identified SDOF function used for modal parameter estimation may be biased 
by the harmonic component(s) 

• Harmonic components must be outside the SDOF function thereby potentially 
narrowing the SDOF function and resulting in poorer identification (leakage) 

SSI 
(PC, UPC, CVA) 

• The SSI methods estimate both harmonic components and structural modes. The 
modes are estimated correctly even for harmonic components close to - or with 
equal frequency as - the modes 

• Information in the time signal is used both to extract the harmonic components 
and the modes, therefore the recording time should generally be longer 

 
Table 1. Consequences of harmonic components for various identification techniques 

 
For the EFDD technique it is important that harmonic components inside the desired SDOF function are 
identified and their influence eliminated before processing with the modal parameter extraction process. 
It should be noticed that harmonic components cannot, in general, be removed by simple filtering as this 
would in most practical cases significantly change the poles of the structural modes and thereby their 
natural frequency and modal damping. 
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3 Identification of Harmonic Components 
 
This chapter gives a brief overview of some useful methods for identifying harmonic components and 
structural modes in OMA response data followed by a more detailed description of the Kurtosis method. 
 

3.1 Overview of Methods 
 
In [3] various methods for identifying harmonic components and structural modes were investigated. A 
brief overview is presented in Table 2 below. 
 

 

Technique Description 

Short Time Fourier 
Transform (STFT) 

When responses are shown in a contour plot, structural modes are shown as thick 
vertical lines. Harmonic components are shown as thin vertical lines for stable 
conditions (fixed frequencies) and as, for example, “saw tooth” patterns for run-
up/down conditions (varying frequencies). 

Singular Value 
Decomposition 
(SVD) 

For a shaped broadband white noise signal exciting the structure, the rank of the 
matrix containing the singular values will be 1 at frequencies, where only one 
mode is dominating and higher, if closely-coupled modes or repeated roots are 
present. In the case of harmonic components, a high rank will be seen at these 
frequencies, as all modes will be excited. The rank will correspond to the number 
of responses assuming the dynamic range in the measurement is sufficiently high. 
Hence, when the SVD curves are plotted, the peaks will indicate whether they are 
due to a harmonic component or a structural mode. 

Visual Mode Shapes 
Comparison 

When a harmonic component is far away from a structural mode, the operating 
deflection shape (ODS) caused by the harmonic component will be a combination 
of several excited modes and the loading forces acting on the structure. However, 
when a harmonic component is close to an isolated structural mode, the ODS of 
the harmonic component will resemble the mode shape and thus can be mistaken 
for being a mode shape. 

Modal Assurance 
Criterion (MAC) 

As a harmonic component will excite all modes, the MAC value between a true 
mode shape and an ODS will show high correlation, if the frequency of the ODS is 
close to the frequency of the mode shape. On the other hand, the MAC value 
between two closely spaced modes will, in general, show low correlation. The 
MAC value between two ODS will depend on the modes being excited. 

Stabilization 
Diagram 

Using the SSI techniques, a stabilization diagram showing stable, unstable and 
noise modes is used to select the optimal State Space Dimension. For modes to be 
classified as stable, they must fulfil certain mode indicator requirements of which 
one is a valid range of damping ratios. By adjusting this range, both harmonic 
components and non-physical modes can be filtered out thereby only indicating 
the true structural modes as stable modes. 

Probability Density 
Functions (PDFs) 

The significant difference in the statistical properties of a harmonic component 
and a narrowband stochastic response of a structural mode can be used as a 
harmonic indicator. Each potential mode is isolated by band-pass filtering, the 
PDF is calculated on the result that is subsequently fitted to both the PDF of a pure 
harmonic component and the PDF of a pure a structural mode. The prediction 
error between the fitted and measured data is calculated in both cases. 

Table 2. Overview of methods for identifying harmonic components and structural modes 
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3.2 Kurtosis 
 
In addition to the above-mentioned methods, kurtosis can also be used as a harmonic indicator. The 
kurtosis γ of a stochastic variable x provides a way of expressing how peaked or how flat the probability 
density function of x is. The kurtosis is defined as the fourth central moment of the PDF normalised with 
respect to the standard deviation σ as follows [4]: 
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where µ is the mean value of x and E is denoting the expectation value. 
Often the number 3 is subtracted from equation (1) as this gives a kurtosis of zero, when x follows as 
normal distribution [5]: 
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Using equation (2), a PDF with a positive kurtosis is said to be leptokurtic. If its kurtosis is negative, it is 
said to be platykurtic. A PDF with kurtosis equal to zero is called mesokurtic. Leptokurtosis is associated 
with PDFs that are simultaneously “peaked” and have “fat tails.” Platykurtosis is associated with PDFs 
that are simultaneously less peaked and have thinner tails. 
For a pure structural mode, the PDF will be normally distributed, and hence the kurtosis γ* = 0 
(mesokurtic). The PDF y is given by: 
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A harmonic component can be treated as a stochastic signal if the phase varies randomly within its period. 
In the case of a pure harmonic component, the PDF will have two distinct peaks approaching infinity at 
±a, where a is the amplitude of the harmonic component.  The PDF is given by: 
 
 

( ) ( )( )( ) 1arcsincos −== axaxfy π      (4) 
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Figure 1. Normalized PDF of pure structural mode (left) and pure harmonic component (right) 

 
Consequently, the PDF of a harmonic component is associated with leptokurtosis. This fact is used in the 
harmonic detection technique described in this paper. 
 

4 Eliminating the Influence of Harmonic Components in EFDD 
 
Before describing the method, the EFDD technique is briefly explained and the consequences of having 
harmonic components inside the SDOF function is illustrated. 
 

4.2 Brief Description of the existing EFDD Technique 
 
The Enhanced Frequency Domain Decomposition (EFDD) technique is an extension to the Frequency 
Domain Decomposition (FDD) technique. FDD is a basic technique that is extremely easy to use. You 
simply pick the modes by locating the picks in SVD plots calculated from the spectral density spectra of 
the responses. Animation is performed immediately. As the FDD technique is based on using a single 
frequency line from the FFT analysis, the accuracy of the estimated natural frequency depends on the FFT 
resolution and no modal damping is calculated. Compared to FDD, the EFDD gives an improved estimate 
of both the natural frequencies and the mode shapes and also includes damping. 

In EFDD, the SDOF Power Spectral Density function, identified around a peak of resonance, is taken back 
to the time domain using the Inverse Discrete Fourier Transform (IDFT). The natural frequency is 
obtained by determining the number of zero-crossing as a function of time, and the damping by the 
logarithmic decrement of the corresponding SDOF normalized auto correlation function. The SDOF 
function is estimated using the shape determined by the previous FDD peak picking - the latter being used 
as a reference vector in a correlation analysis based on the Modal Assurance Criterion (MAC). A MAC 
value is computed between the reference FDD vector and a singular vector for each particular frequency 
line. If the MAC value of this vector is above a user-specified MAC Rejection Level, the corresponding 
singular value is included in the description of the SDOF function. The lower this MAC Rejection Level 
is, the larger the number of singular values included in the identification of the SDOF function will be. 
In the left-hand side of Figure 2, the estimated SDOF function for the plate’s first bending mode is shown. 
A pure SDOF function can be extracted. In the right-hand side of Figure 2, a harmonic component close to 
the resonance frequency is present. As seen, the SDOF function is severely affected by the presence of the 
harmonic component and hence the estimation of the modal parameters will be incorrect. 
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Figure 2. Singular Value SDOF identification without (left) and with (right) harmonic component. 
Mode at 354 Hz. Harmonic component at 374 Hz. 

 
Performing an IDFT on the above SDOF functions the normalized correlation functions are calculated. In 
the upper part of Figure 3, a typical response is seen of a resonating system that decays exponentially. In 
the lower part of Figure 3, the effect of the harmonic component is clearly visible. The harmonic 
component can be thought of as a forced vibration with very low damping. The decay is significantly 
longer and beating phenomena are observed. 
 

 
Figure 3. Normalized correlation function without (upper) and with (lower) harmonic component. 

Mode at 354 Hz. Harmonic component at 374 Hz. Grey area indicates the part of the function used. 
 
The number of zero-crossings as a function of time calculated from the above correlation functions is 
shown in Figure 4. In both cases, the zero-crossing number follows a straight line, but for the case with the 
harmonic component, the estimated natural frequency of the mode will be significantly biased by the 
presence of the harmonic component and set equal to its frequency. 
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Figure 4. Natural frequency identification by zero-crossing counting without (upper) and with (lower) 

harmonic component. Mode at 354 Hz. Harmonic component at 374 Hz. 
 
In Figure 5 (next page), the damping ratio is estimated by the logarithmic decrement technique from the 
logarithmic envelope of the correlation function. The estimation is performed by applying a linear fit to 
the part of the curve being close to a straight line. Again the influence of the harmonic component is 
clearly visible. 
Compared to the FDD technique, an improved estimate of the mode shape is obtained by using a weighted 
sum of the singular vectors Φi and singular values si whereby random noise is efficiently averaged out. 
 

i
i

iweight s∑Φ=Φ      (5) 

 
In order not to destroy the mode shape estimate, the singular vector and singular value for the harmonic 
component must not be included in the summation.  
In Chapter 6, the influence of harmonic components in the modal parameter identification is described 
quantitative by various examples. 
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Figure 5. Damping ratio estimation from the decay of the correlation function without (upper) and with 

(lower) harmonic component. Mode at 354 Hz. Harmonic component at 374 Hz. 
 

4.3 Brief Description of the new EFDD Technique 
 
The steps in the automated method for identifying the harmonic components are roughly as follows: 

1. Each measurement channel yi is normalized to unit variance and zero mean 

2. For all frequencies fj between DC and the Nyquist frequency a narrow bandpass filtering of yi around fj 
is performed 

3. The Kurtosis γj,i for the filtered signal yi around fj  is calculated 

4. For each frequency, the mean of the Kurtosis γj is calculated across the measurement channels 

5. The median m of the Kurtosis of all frequencies is calculated. If the signal is purely Gaussian 
distributed this robust measure for the mean will theoretically be 0 (equation (2)). 

6. For each frequency fj the deviation of the Kurtosis γj from the median m is calculated. If γj deviates 
significantly from m, then the distribution around fj is different than for the majority of the other 
frequencies. In such a case γj can be characterised as an outlier that should not be included in the 
estimation of the SDOF functions. 

 
In Figure 6 below, the fundamental frequency at 374 Hz as well as the 2nd and 4th harmonics are 
automatically identified and shown as vertical green lines in the SVD plot. 
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Figure 6. Indication of harmonic components at 374 Hz, 748 Hz and 1496 Hz in the SVD plot. 
 
Knowing the frequencies of the harmonic components, the SDOF function can be estimated by removing 
the peaks caused by these harmonic components by using linear interpolation. The global modal 
parameters – natural frequency and damping – can subsequently be calculated. The local parameter – 
mode shape – is calculated as described in equation (5). However, only the non-interpolated singular 
values and vectors are used. Figure 7 shows the SDOF function in the SVD plot after removing the 
harmonic component. 

 

 
Figure 7. Removal of harmonic component in SVD plot using linear interpolation. 

Mode at 354 Hz. Harmonic component at 374 Hz. 
 

5 Measurement Setup 
 
The measurements were performed using an aluminium plate structure supported by foam rubber as test 
object. The plate has lightly damped and well-separated modes. A Brüel & Kjær Hand-held Exciter Type 
5961 was attached to provide the deterministic signal at a single fixed point. The broadband stochastic 
noise input was provided by finger tapping on the plate randomly in time and space to fulfil the criteria for 
performing OMA measurements. To avoid mass loading effects across data sets, which is not insignificant 
due to the low dynamic mass of the plate, all measurements were done in single data sets by using 16 
accelerometers (Brüel & Kjær Type 4507-B) equally distributed over the plate. The data acquisition and 
analysis was performed using PULSE Type 3560-D front-end and a laptop PC running PULSE 
software. 
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All measurements were done in a 1.6 kHz frequency range using 60 s of time data. A frequency resolution 
of 1 Hz was used. 
 

 
 

Figure 8. The measurement setup 
 
 
6 Measurement and Analysis Results 
 
Several tests were conducted to assess the robustness and accuracy of the method as shown in Table 3.  

  Natural Frequency [Hz] Damping Ratio [%] Harmonic 
Comp. [Hz] EFDD New EFDD EFDD New EFDD 

None 354.0 354.0 0.652 0.652 

329 329.0 353.8 0.261 0.659 

334 334.0 353.9 0.249 0.591 

339 339.0 353.9 0.271 0.573 

344 344.0 354.6 0.251 0.550 

349 349.0 352.4 0.325 1.025 

354 354.0 354.3 0.264 1.619 

359 359.0 355.0 0.317 1.119 

364 364.0 353.7 0.239 0.608 

369 369.0 354.3 0.257 0.546 

374 374.0 354.0 0.226 0.538 

379 379.0 354.3 0.215 0.552 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 3. Comparison of natural frequency and damping ratio using the existing EFDD 
and new EFFD techniques. 1st bending mode at 354 Hz. 
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Measurements with a single harmonic component located within the SDOF function of the plate’s 1st 
bending mode at 354 Hz were compared to the measurement based on purely stochastic excitation. The 
natural frequency and damping ratio were calculated for the existing EFDD technique and for the new 
EFDD technique with removed harmonic component. 
If harmonic components are present inside the SDOF function, the existing EFDD technique will give 
inaccurate estimates of the modal parameters. The natural frequency will be estimated to the frequency of 
the harmonic component and the damping ratio is estimated too low. 
Using the new EFDD technique the natural frequencies are estimated with a good accuracy and, in 
general, the same can be said about the damping ratios. However, when the harmonic component is close 
to the natural frequency, larger deviations occur. As the plate is very lightly damped, this is expected due 
to the use of linear interpolation and a frequency resolution of 1 Hz. The effect of using a polynomial fit 
and a higher frequency resolution will be examined in the near future. 
Also the MAC values between the actual mode shape and the estimates obtained after removing the 
harmonic component give high correlation (not shown). 
Some of the benefits of the new EFDD method are: 

• Robust method – Harmonic components are clearly identified and their effect can be eliminated 
even in the case of a harmonic component located exactly at a structural mode. Using high 
frequency resolution and/or polynomial fit is required 

• No prior knowledge required – For example about the number of harmonics and their frequencies 

• Easy-to-use – Automated method based on the EFDD technique 

• Fast – Based on computational efficient algorithms 
 

7 Conclusions and Future Work 
 
The presence of dominant harmonic components in the measured responses is unavoidable in many 
applications of Operational Modal Analysis. The consequences can be quite drastic, when using the 
Enhanced Frequency Domain Decomposition (EFDD) technique, as it requires the harmonic components 
to be outside the determined SDOF function. This paper has described a new method based on EFDD 
technique, where the harmonic components are first identified using kurtosis and then removed by 
performing a linear interpolation across the harmonic components in the SDOF function. 
The quality of the method has been assessed from various experiments using a plate structure excited by a 
combination of a single sinusoidal signal and a broadband stochastic signal. Compared to the modal 
results obtained with pure stochastic excitation of the same structure, the method shows good agreement in 
terms of natural frequency, damping ratio and mode shape. Even a harmonic component located exactly at 
the peak of a structural mode can be eliminated and a good modal estimate obtained, if a high frequency 
resolution is used. Using a polynomial fit, instead of the simple linear interpolation used in this initial 
implementation, would improve the results. The method furthermore benefits from not requiring any prior 
knowledge of the harmonic components in terms of frequencies or levels, is computational very efficient, 
and really simple to use. 

Future work will include examination of the method’s robustness to multiple and varying frequencies 
located within the SDOF function. The effect of the frequency resolution will be investigated and different 
polynomial fits will be studied as well. Finally, a new method for eliminating harmonic components 
before using Stochastic Subspace Identification (SSI) techniques will be worked on. 
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Abstract 
A precise prediction of the dynamic behaviour of ship structures is important to avoid resonances and high 
vibration levels under operation conditions. For model correlation purposes and forced vibration calcula-
tions experimentally determined natural frequencies, corresponding mode shapes and damping values are 
necessary. To identify modal parameters using classical modal analysis, much effort is required to achieve 
an adequate excitation of these big structures. Good results were obtained using a big excitation mass (600 
kg) in combination with sensitive seismic accelerometers. For several reasons this classical modal ap-
proach with its artificial excitation is restricted to the use at a ship yard only. To obtain modal parameters 
of ship structures under real draft, ballast, loading and surrounding water conditions, a suitable testing 
technique is needed. To evaluate the suitability of operational modal approach both, classical and opera-
tional modal analysis were applied under ship yard conditions as well as operational modal analysis during 
several test trails. Under ship yard conditions both testing techniques have shown adequate results. For the 
identification of the lowest elastic modes of the ship structure operational modal analysis is the preferable 
tool. Applying operational modal analysis under test trail conditions, harmonic vibrations, induced mainly 
by main engine and propeller blade excitation, pollute the recorded Power Spectral Densities and reduce 
the frequency ranges for modal parameter estimation.  
 

1 Introduction 
 
To fulfill the demands of classification societies and ship owners with regard to vibration levels, among 
the knowledge of main excitation levels and frequencies, a precise prediction of resonant frequencies dur-
ing the stage of development is necessary. The quality of the prediction model can be evaluated carrying 
out an experimental investigation on real ship structures. To calculate forced vibration levels, the imple-

mentation of damping values into the 
calculation model is required. From 
classification societies several assump-
tions about the distribution of damping 
over frequency are provided [1] (see 
Fig. 1). To implement an improved 
damping assumption, damping values 
have to be identified experimentally.  
Experimental modal analysis with the 
lowest effort can be carried out at a 
shipyard. But it is known that on ships 
under operation changed boundary 
conditions lead to changed dynamic pa-
rameters. Beside changed damping and 
mass effects of additional storage and 
ballast the dynamic behaviour is also 

Figure 1: Assumption of damping distribution over 
frequency provided by classification society German 
Lloyd (GL) [1] 
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influenced by hydrodynamic masses resulting from the actual draft of the ship and the surrounding water 
conditions (i.e. deep water conditions). These hydrodynamic masses usually are calculated by a formula 
from LEWIS [2] and implemented into the prediction model. On account of this, several calculation models 
as well as corresponding experimental investigations are necessary to predict the real dynamic behaviour 
of ships under operation conditions. 
To evaluate the applicability of classical and operational modal analysis for parameter estimation of ship 
structures, in a first step both testing techniques were applied at a ship yard. Results were compared with 
regard to the identified mode shapes and damping values. Differences in resonant frequencies between 
prediction and the respective experimental estimations are caused by changed ballast and draft conditions 
during the experimental investigations. 
Applying classical modal analysis a big mass was used to excite the ship structure. For safety reasons this 
testing technique is not applicable under operation conditions. From ship building industry alternative 
techniques were applied to determine the dynamic behaviour of ship structures under working conditions. 
The run-up test of the main engine is easy to accomplish. The response signals from certain locations at 
the ship structure as well as the actual shaft speed are recorded during a controlled run-up of the main en-
gine. Using order tracking a classical periodogram can be obtained (Fig. 2). Since several excitation orders 
are acting at the same time, the identification of modal parameters is not possible. 
 
 
 

 
Figure 2: Time recording (a), periodogram (b) and velocity RMS (c) during a main engine run-up 
 
Well defined Frequency Response Functions for modal parameter identification can be obtained using a 
sine step excitation. Examples for an application of this testing technique to ship structures can be found in 
[3] where several ships were analyzed using a hydrodynamic exciter (max. cylinder force: 63kN, excita-
tion mass: 800kg). Since these investigations are very time consuming (and they are very expensive too), 
only a frequency resolution of 0.1 to 0.3Hz could be achieved. This might be insufficient to extract modal 
parameters at higher mode densities. 
Based on the investigations at the ship yard, the application of operational modal analysis under operation 
conditions seems to be an appropriate method for improved parameter identification. Since ambient vibra-
tion levels are much lower than harmonic vibration levels, resulting from running main engine and propul-
sion system, response levels with a high dynamic range appear at ships under operation. 

To acquire both, low ambient vibration levels with a 
sufficient resolution and high harmonic vibration 
levels without overloads, attention has to be paid 
choosing an appropriate measurement system. After 
careful consideration and preliminary tests the data 
acquisition system Dyn-X from BRUEL&KJAER with 
2*24-bit AD-converter (dynamic range 160dB) in 
combination with seismic accelerometers 
(piezoelectric, sensitivity: 10V/g) from PCB was ap-
plied. 
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Figure 3: Data acquisition system and sensor 
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Experimental investigations under ship yard conditions as well as during test trails were carried out on two 
different types of ships. Three container vessels and one RoRo-ship (roll on-roll off) were analyzed. Mo-
dal testing procedures were always the same. Exemplary, testing procedures and results for one container 
vessel are presented in the following. 
 

  
Figure 4: Investigated objects: container vessel (presented in this paper) and RoRo-ship 
 

2 Classical modal analysis 
 
Regardless of the size of the object under investigation the modal testing of big ship structures does not 
differ from the well known testing procedure. First, a measurement model is necessary including the num-
ber and location of references and the measured degrees of freedom (DOF). Based on a finite element cal-
culation three references and 18 measurement points including 40 DOF were selected (see Fig. 5). 
 
 
 
 
 
 
 
 
 
 
Figure 5: Measurement model of a container ship 
 
As shown in Figure 5, the ship structure was excited at two locations: at the outer corner of the superstruc-
ture (two directions) and at the top of the main engine. Whereas the superstructure is a suitable location to 
excite global ship hull vibrations, the excitation of the main engine reveals important information about its 
dynamic behaviour in combination with global modes as well as local modes of the engine. 
The ship structure was excited using an excitation mass of about 600kg, whereas it has to be considered, 
that the total mass of the ship structure is about 20.000t and hydrodynamic masses of the same order are 
acting additionally. The exciter is shown in Figure 6. The mass can be driven on rails as well as acting as a 
pendulum. Excitation forces are measured by a piezoelectric force sensor. The impulse length and the re-
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sulting spectral characteristic were adjusted by a rubber block. In this way, excitation forces of approxi-
mately 30kN and an excited frequency range up to 13Hz could be realized (see Fig. 7 and 10). 
 

 
Figure 6: Excitation of the ship at superstructure and main engine (pendulum excitation) 
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Figure 7: Realized excitation in time and frequency domain 
 
The vibration responses were measured by high sensitive seismic accelerometers, since all experimental 
investigations (classical and operational) were carried out with the same measurement equipment (see 
chapter 1). Time series were recorded for a subsequent estimation of the Frequency Response Functions 
(FRF). To achieve a sufficient frequency resolution, measurement periods of about 85 sec were necessary. 
Because of the fast decay of the artificial excited response and ambient vibrations acting during the whole 
measurement period, an exponential window with a high decay rate of 90% was applied to the responses 
(see fig. 8) to obtain well estimated FRF’s. However, additional damping has to be considered when mo-
dal damping values are extracted. 
 

Figure 8: Time response and windowed time response (exponential window) at a driving point 
 
FRF estimates (H1) at driving points (superstructure) as well as between bow (farthest point) and super-
structure are shown in Figure 9. Because of the limited energy input of the artificial excitation, the re-
sponse due to ambient vibration (waves) is dominating in the frequency range below 1Hz. This can be 
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visualised also by the Coherence Functions (see Fig. 10). But only the first bending mode (app. 0.9Hz) is 
affected by this phenomenon.  
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Figure 9: Frequency Response Functions (FRF) at driving points (16x16x, 16y16y) and bow (16y1y) 
 
From Frequency Response Functions (especially in the higher frequency range) a high modal density can 
be detected. Hence, principally MDOF parameter extraction methods are qualified techniques. Therefore, 
Polyreference as well as Complex Exponential parameter extraction technique (see Fig. 11) are applied. In 
the lower frequency range also Circle Fit technique (SDOF) was used. Identified resonant frequencies, 
corresponding mode shapes and damping values will be shown and compared with the results of opera-
tional modal analysis and with results of the prediction model in chapter 4. 
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Ordinary coherence
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Figure 10: Coherence Functions at driving points (16y16y) and bow (16y1y) 
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3 Operational modal analysis 
 

3.1 Operational modal analysis under ship yard conditions 
 
As seen before, using classical modal analysis, experimental results with a high accuracy can be obtained. 
However, this modal test can only be performed at a ship yard. But dynamic properties of ship structures 
under operation conditions are most important. Operational modal analysis seems to be a potential method 
for extracting modal parameters under operation conditions. In a first step this modal testing technique 
was applied at a ship yard for evaluation purposes. 

 

Figure 12: Bird’s eye view to the Wismar ship 
yard 

 
Figure 13: Wave loads acting on the ship hull 

  

 
 

  
 
Figure 14: Measurement model at ship yard: acquisition of 6 data sets using 4 references 
 
Applying operational modal analysis the structure is only excited by ambient vibrations, assumed to be 
random in space and time with small correlation length compared to the size of the ship. Operational mo-
dal analysis at the ship yard was applied always at weekends during labor free periods. Therefore, only 
ambient vibrations resulting from wind and wave loads were available. Because of the weather conditions 
and a protected ship yard area (Fig. 12) the desired high wind and wave loads did not appear. Only small 
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wave loads (Fig. 13) were acting during all experimental investigations. Since wave height decreases by 
decreasing wave length, the white noise excitation level cannot be assumed to be constant over frequency. 
Accordingly lower modes should be excited more intensive. 
The applied measurement model is shown in Figure 14. Overall 6 data sets were acquired using 14 sensors 
including 4 reference sensors for linking purposes. To improve the correlation between measured and cal-
culated mode shapes, additional sensors were placed outside the “common” measurement grid selected by 
a computerized method for optimal sensor positioning [4]. The vibration response was recorded over a pe-
riod of 60 minutes, sampled with a frequency of 128Hz. For a further data processing the software Artemis 
Extractor was used. To extract resonant frequencies, corresponding mode shapes and damping values, a 
frequency domain technique (Enhanced Frequency Domain Decomposition, EFDD) as well as time do-
main techniques (Stochastic Subspace Identification, SSI) were applied. Using the EFDD, in a first step a 
Singular Value Decomposition (SVD) of the Power Spectral Density (PSD) is carried out. Since the singu-
lar values near the resonant frequency are proportional to the PSD of a SDOF system, this is used as a 
starting point for modal parameter estimation [5], [6]. To reduce random and leakage errors in PSD esti-
mation, especially for damping identification of the first modes (starting from 0.9Hz), such long recording 
times (60 minutes) were necessary [7], [8].  
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Figure 15: Singular values of PSD matrices of all datasets up to 3.5Hz (ship yard measurement) 
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Figure 16: Spectral bell of decoupled mode 3 and corresponding correlation function 
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Using EFDD, singular values of PSD matrices of all datasets for the lower frequency range are shown in 
Figure 15. Because of the spectral characteristic of ambient wave loading, especially low frequency modes 
of the ship structure are well excited. Hence, singular values are shown its typical behavior and also modal 
parameters of coupled modes can be identified using first and secondary singular values (see Fig. 16).  
Taking the advantage of the more sophisticated Stochastic Subspace Identification (SSI) [9], modal pa-
rameters were also extracted from the recorded time series applying the three different SSI identification 
techniques (UPC, PC, CVA) as it is shown exemplary in Figure 17. 
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Figure 17: Parameter extraction using different SSI techniques 
 
Since the time series of all measurement points were recorded during 6 measurement runs (6 data sets) 
with an overall duration of the measurement (including re-positioning of sensors etc.) of 10 hours, changes 
in the ambient excitation occurred. These changes are noticeable inspecting the signals of the reference 
sensors of different data sets. Combined with the effects of changed sensor positions the estimated modal 
parameters differ between single data sets for several modes and therefore a proper pole selection becomes 
more difficult.  
 

3.2 Operational modal analysis on ships under operation 
 
In general, the application of operational modal analysis on ships under operation is equal to those under 
ship yard conditions. But there are some circumstances making this kind of analysis more difficult. One of 
these is the appearance of harmonic excitation lines resulting from running main engine and propulsion 
system. The response of the ship structure due to this harmonics is much higher than to ambient excitation. 
Hence, as already mentioned, a measurement system with a high dynamic range is necessary to record the 
ambient response of the ship structure in a good quality. Furthermore, the acting harmonics pollute the 
PSD and the estimation of modal parameters becomes more difficult. The excitation lines resulting from 
main engine and propulsion system are shown in figure 18. In this example a 7 cylinder two stroke diesel 
engine was running. First excitation order is relating to the propeller shaft rotation whereas 7th order is the 
firing frequency of the engine. Because of the effect of a five blade propeller the 5th order is mainly ex-
cited by the propulsion system. Since the propeller shaft rotation is not strictly constant increasing excita-
tion orders pollute larger frequency ranges of the PSD. 
Experimental investigations of ships under operation were carried out during three test trails after comple-
tion of the ships at the yard. Several test procedures were investigated with regard to the application of op-
erational modal analysis, i.e. run-up test (see fig. 2), anchor fall test, cruise at (different) constant speeds 
and main engine off. Best results were obtained during cruises at constant speeds and during the inspec-
tion of the main engine (main engine off). But investigations are restricted by the available measurement 
time. During main engine inspection no harmonics were acting (best conditions for operational modal 
analysis).  
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Figure 18: Harmonic excitation lines recorded during a test trail of a container vessel (82 rpm)  
 
But only one data set using 16 sensors could be recorded, leading to an insufficient spatial resolution of 
the mode shapes. During cruises with constant speeds a recording of two data sets with an improved spa-
tial resolution was possible. The corresponding measurement model is shown in Figure 19. Additionally 
the shaft speed for an identification of harmonic lines was recorded. 
 

 

Figure 19: Measurement model at test trail: acquisition of 2 data sets 
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Figure 20: Singular values of PSD matrices recorded at test trail (main engine speed: 82 rpm) 
 
Modal parameters of the ship under operation were extracted using both EFDD as well as SSI techniques. 
Since the main excitation frequencies are known by the recorded shaft speed, harmonic excitation fre-
quencies can be easily determined. Singular values obtained by EFDD are shown in Figure 20. It can be 
recognized that two harmonics are acting in the frequency range of interest (1.36Hz and 2.72Hz) disturb-
ing especially the parameter estimation of the 5th mode (mode 6 in table 2, results in the order of FEM cal-
culation). 
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4 Results 
 
For evaluation and correlation purposes calculations of resonant frequencies and corresponding mode 
shapes were carried out using finite element method (FEM). The finite element model of the complete 
ship structure was provided by the ship yard. For the calculations the finite element program MSC Nastran 
was used. Global modes of interest were selected using an additional forced vibration calculation. The first 
6 calculated mode shapes are shown in Figure 21. 
 

 
Mode 1 (FEM): f=0.92Hz 

 
Mode 2 (FEM): f=1.16Hz 

 
Mode 3 (FEM): f=1.53Hz 

 
Mode 4 (FEM): f=2.28Hz 

 
Mode 5 (FEM): f=2.96Hz 

 
Mode 6 (FEM): f=3.30Hz 

Figure 21: Calculated resonant frequencies and corresponding mode shapes for test trail stat 
 
As already mentioned in the introduction, the calculation model predicts the dynamic behavior only for a 
certain state of the ship. Furthermore, the applied hydrodynamic masses are frequency dependent and cal-
culated resonant frequencies are only valid for a narrow frequency range (4 node bending) and have to be 
corrected for other mode shapes. Since the applied model was generated for ballast and draft conditions at 
the test trail, calculated resonant frequencies could only be compared with the results obtained from test 
trail investigations considering the frequency deviations resulting from hydrodynamic masses. Classical 
and operational modal analyses at the ship yard were carried out at different ballast and draft conditions 
(see fig. 22) and also at different states of completion. Hence, only obtained mode shapes and damping 
values (with reservations) can be compared. 
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Figure 22: Different drafts of the ship during classical and operational modal analysis at ship yard 
 

Operational Modal Analysis (OMA) at ship yard 
FEM Class. Modal 

Analysis FDD SSI / UPC SSI / PC SSI / CVA Nr. 

f [Hz] f [Hz] ϑ [%] f [Hz] ϑ [%] f [Hz] ϑ [%] f [Hz] ϑ [%] f [Hz] ϑ [%]

1 0.92 1.07 1.28 1.22 1.6 1.22 1.44 1.22 1.39 1.21 1.43 

2 1.16 0.89   - 0.93  0.63  0.93  0.62  0.93  0.55  0.93  0.57 

3 1.53 1.55 1.32 1.74  0.67  1.72 0.97 1.72 0.92  1.72 0.84 

4 2.28 1.57 1.03 1.69  0.62  1.69  0.59 1.69 0.45  1.69 0.44 

5 2.96 2.79 0.83 3.29 0.82 3.28 1.19 3.28 1.25 3.28 1.36 

6 3.30 2.26 0.61 2.41 0.95 2.41 0.83 2.41 0.85 2.41 0.83 
 

Table 1: Modal parameters identified by classical and operational modal analysis at the ship yard  
 

Operational Modal Analysis (OMA) at test trail 
FEM 

FDD SSI / UPC SSI / PC SSI / CVA Nr. 

f [Hz] f [Hz] ϑ [%] f [Hz] ϑ [%] f [Hz] ϑ [%] f [Hz] ϑ [%] 

1 0.92 1.08 2.75 1.10 3.08 1.10 3.43 1.10 3.22 

2 1.16 0.99  1.04  0.99  0.85  0.99  0.79  0.99  0.76 

3 1.53 1.53  1.58  1.53 1.49 1.53 1.46  1.53 1.55 

4 2.28 1.93  2.09  1.93  2.15 1.93 2.23  1.93 2.22 

5 2.96 3.01 0.60 3.01 0.51 3.01 0.52 3.01 0.47 

6* 3.30 2.85 0.75 2.82 0.73 2.81 0.71 * disturbed by harmanic ex-
citation line 

 

Table 2: Modal parameters identified by operational modal analysis during a test trail  
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Figure 23: Mode shape 1 obtained by FEM, classical and operational modal analysis (yard, test trail) 
 

 

  
Figure 24: Mode shape 3 obtained by FEM, classical and operational modal analysis (yard, test trail) 
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Mode 2: f=0.93Hz 

 
Mode 4: f=1.69Hz 

 
Mode 5: f=3.29Hz 

 
Mode 6: f=2.41Hz 

 

Figure 25: Mode shapes 2, 4, 5 and 6 identified using operational modal analysis at the ship yard 
 
Modal parameters for the first modes obtained by classical and operational modal analysis under ship yard 
conditions are shown in Table 1 and during a test trail in Table 2 respectively. The identified modes are 
listed in the order of the corresponding calculated modes (see Fig. 21). The results of the operational mo-
dal approaches are subdivided into the different estimation techniques (EFDD, SSI). Experimental identi-
fied modes were correlated with regard to calculated modes using the Modal Assurance Criterion (MAC). 
For correlation purposes calculated mode shapes were reduced to the number of measured degrees of free-
dom (see also Fig. 21). Corresponding mode shapes of mode 1 and mode 3 are shown in the Figures 23 
and 24. Further experimental mode shapes obtained by operational modal analysis can be seen in Figure 
25. 
Because of a high spatial resolution of mode shapes obtained by ship yard investigations 15 modes in the 
frequency range up to 13Hz could be identified and correlated. Whereas a correlation of only 10 modes 
during test trail was possible because of the reduced number of measurement points (see Fig. 19). 
 

5 Conclusions 
 
Using sufficient excitation mass and very sensitive accelerometers excellent results can be obtained by 
classical modal analysis. Only a sufficient excitation of the lowest bending mode was not possible. Since 
classical modal analysis is not applicable under operation conditions, other testing techniques have to be 
used. 
Applying operational modal analysis under ship yard conditions good results can be achieved. Using SSI 
methods resonant regions have to be analyzed separately. Because of the high modal density a band pass 
filtering of the time series is necessary. There is no prefer of a certain SSI technique, all the three were ex-
tracting comparable results. EFDD technique can be applied faster and is easier to use. But especially for 
coupled modes, results have to be verified by SSI methods. 
For ships under operation conditions harmonic excitation lines disturb the modal estimation. In the present 
state this problem is solved by recording the rotational speed of the shaft and listing all running engines 
(i.e. power plants). To make an estimation of disturbed modes possible, investigations have to be repeated 
at several (constant) speeds. Since the harmonics are known they will not be considered during modal es-
timation. To avoid harmonic excitations, time series were recorded during main engine inspection. Be-
cause of the limited amount of time, a re-positioning of the sensors was not possible, leading to an insuffi-
cient spatial resolution of obtained mode shapes especially for higher modes.  
To improve the accuracy of calculated resonant frequencies and corresponding mode shapes, among the 
implementation of actual ballast masses, an improved consideration of hydrodynamic masses, i.e. using 
the boundary element technique (BEM) [10], is necessary. 
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MIMO testing on a car body using a three-dimensional 
scanning vibrometer 

François Bouteille, Matthias Schüssler 
Polytec GmbH, Research and Development    
Polytec Platz 1-7, D-76337 Waldbronn 
email: m.schuessler@polytec.de 

Abstract 
 
Experimental modal analysis on a car body requires multiple excitations and several hundred response 
degrees of freedom (DOFs). The applicability of a three-dimensional scanning vibrometer to the 
measurement task has been proven in this work. A three-dimensional scanning vibrometer measures the 
geometry and vibration data at all optically accessible points. The optical heads are moved to several 
positions around the car body, from each position the three-dimensional vibration data is acquired at some 
hundred points. For the described test, three shakers have been used simultaneously. Each shaker was 
driven with a non-coherent random signal. The transfer-functions from each shaker to each response point 
were calculated by principal component analysis. After the test, the results from the different laser 
positions were stitched, in order to display the operational deflection shapes of the entire car body. Then 
the data was exported via universal file for the purpose of performing a modal analysis. 
 
 

1 Introduction 
 
Three-dimensional scanning vibrometers are being used for structural dynamics measurements on car 
bodies and parts since a couple of years ago [1]. A conventional test with accelerometers takes 
considerable time in instrumentation and cabling, especially if a high point density is required. With the 
3D scanning vibrometer, the total test time could be reduced while simultaneously increasing the number 
of measured points. The correlation with FEM results is facilitated, as the sensors do not add mass or 
stiffness to the measured structure. 
The use of multiple excitation channels is state-of-the-art for experimental modal analysis. It is required to 
detect repeated roots and to separate closely coupled modes. Polytec�s 3D scanning vibrometer has 
recently been extended to multiple reference channels which allows for MIMO testing. In the following, 
one of the first tests with this new feature will be presented. 
For the described test, three shakers were used, each driven with a statistically independent true random 
signal. The scanning vibrometer software calculates the H1 estimators between each excitation force 
signal and each scan point. A total of 728 scan points has been acquired, which results in roughly 2200 
DOFs and 6600 H1 functions. 
From the acquired H1 functions, a modal analysis was performed with the use of LMS� CADA-X 
software. The purpose of the modal analysis is to correlate and to update the FEM-models. 
For the complete measurement, the scan heads were positioned to 15 different locations. Measurements 
were performed on all sides of the car, including roof and underbody.  
In addition to the scanning vibrometer measurement, 45 points, located in the passenger compartment, 
were measured with accelerometers. The vibrometer and accelerometer data was combined in the scanning 
vibrometer software. 
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2 Setup 
 

2.1 Excitation 
 
The car body was excited by three shakers, each exciting a different direction (fig. 1). 

• Shaker 1: front left side, z-direction 

• Shaker 2: front right side, y-direction 

• Shaker 3: rear right side, yz-direction 
Each shaker was driven by a statistically different true random signal. The exciting forces were measured 
with a force cell, the responses at the excitation points were measured by accelerometers. 
 
 

       
Fig. 1: Positions of the three shakers (shaker 1-3 from left to right) 

 
 

2.2 Measurement settings 
 
The frequency resolution has been chosen to be 156 mHz. Figure 2 shows an FRF function at a sample 
point, the well resolved spectrum indicates that the frequency resolution is high enough.  
156 mHz corresponds to a time window length of 6.4 s. Together with 30 averages and 50% overlap, the 
frequency resolution results in 100 s acquisition time for each scan point. For all 728 scan points the 
acquisition time totaled to 20 hours. 
The excited and acquired frequency range was between 0 and 250 Hz. 
 

 
Fig. 2: Example FRF function at a scan point 
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2.3 Positioning of the scan heads 
 
The scan heads were repositioned for each measurement segment. Typical distances were 1 to 3 m, the 
typical angular separation was 30°. For measurements in narrow parts, like into the trunk from behind or 
into the tunnel from underneath, the angular separation was reduced to 10°.  
For measurements from the side the scan heads have been mounted to a heavy tripod. For the underbody 
scans, a special tripod has been used (fig. 3, left). The measurements on the roof have been performed 
with the help of a support, which has been hoisted to the ceiling (fig. 3, right). 
 

  
Fig. 3: Scan head positions for underbody (tunnel) and roof measurement 

 
After positioning the scan heads, their locations and orientations in the car�s coordinate system have been 
determined. This is done by a procedure, called 3D-alignment, where the laser beams are positioned to at 
least 3 points on the car. An integrated distance sensor measures the distances of the scan head to those 
alignment points. The coordinates of the points are entered into the system and the software calculates the 
scan head positions from the scan angles and measured distances. 
Once the positions and orientations of the scan heads are known,  

• the three laser beams can be positioned to points with given coordinates and 
• the raw vibration data from the scan heads can be transformed into the rectangular coordinate 

system of the car. The formulas for this transformation are given in [2]. 
 

2.4 Geometry definition 
 
An important step of the test setup is the definition of the measurement geometry. Several methods are 
available: 

• definition of a measurement grid in the live video, 

• definition of scan points by pointing the laser on the desired points on the object, 

• import of geometries from FEM programs via universal file. 
For the described test, the geometry was defined on the live video. The grid is defined by drawing 
geometrical objects and defining their point density. Once the scan points are defined on the live video, 
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their distance is measured by the integrated distance sensor, converting the video coordinates to real 3D 
coordinates. 
As all measurements are performed in the same global coordinate system, the results can be combined into 
a single file without the need of further coordinate transformations. 
 

2.5 Surface treatment 
 
For most scan points the white car paint reflected enough light to obtain good signals without additional 
surface treatment. For points on the windows, retroreflective tape was used, likewise for some points in 
the engine compartment and in the trunk, where the angles of incident became very acute. 
For applying the retroreflective tape, the measurement point was marked by the vibrometer laser, which 
allowed a very efficient workflow. 
 
 

3 Measurement 
 

3.1 Reciprocity check 
 
As reciprocity check the FRF between the excitation force at shaker 1 and the response acceleration at 
shaker 2 was compared to the FRF between the excitation at shaker 2 and the response at shaker 1.  
Figure 4 shows the two plots overlaid, which coincide very well. The same test was done for the other two 
combinations of excitation points. The reciprocity check is a good tool for error checking. It also indicates 
a linear system behavior at the chosen excitation levels. 
 

 
Fig. 4: Reciprocity check between shaker 1 and 2 
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3.2 Multiple coherence 
 
The multiple coherence shows how much of the response signal corresponds to the excitation signals. It 
was calculated for all DOFs with the formulas given in [3]. Figure 5 shows a typical multiple coherence 
result. The values close to one indicate good correlation between the input signals and the output signal. 
 

 
Fig. 5: Multiple coherence at a typical scan point 

 

3.3 Operational deflection shapes 
 
Figure 6 shows examples of operational deflection shapes (ODS) at different frequencies. For an 
unambiguous image, some of the components were turned invisible.  
 

 

 

 
Fig. 6: Different operational deflection shapes 
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4 Modal analysis results 
 
A modal analysis has been performed on the data, using LMS� CADA-X software. 34 modes have been 
found in the frequency range between 40 and 100 Hz, all measured DOFs were taken into account. As the 
additional accelerometers remained mounted over the whole test, mass loading and stiffness did not 
change. Therefore, the modal analysis could be performed without mode merging. Figure 7 shows the 
MAC matrix of the 34 modes. Due to the high number of DOFs, spatial aliasing is avoided and most of the 
modes appear well decoupled. 
 

 
Fig. 7: MAC matrix 

 
 
Figure 8 shows a torsional mode as an example. Note that some components on the back have been 
removed from the display for clearer visibility. In this case the mode shape is very much alike the 
operational deflection shape, displayed in figure 6 (lower part). This is only the case for dominant modes, 
which are well separated from their neighbours in frequency. 
 
 

 
Fig. 8: Torsional mode � result from MA 
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5 Summary 
 
A modal test on a car body with three simultaneous excitations has been performed successfully. 6600 
DOFs were measured with a 3D scanning vibrometer from 15 different locations. Additionally 135 DOFs 
have been acquired with accelerometers. The complete test, including setup, took 5 workdays to be 
performed. 
Compared to a measurement with accelerometers, the total test time, including setup, could be 
tremendously reduced. One reason for the increased productivity is the ability to measure the geometry of 
the scan points. A second reason is the time saved for positioning the sensors and cabling. As all scan 
points were measured with the same sensor, the effort for sensor calibration and error checking is much 
lower.  
The demands for a shorter time to market of new cars causes the prototype test schedules to become 
tighter. The shown method enables the NVH departments to meet the increased requirements. 
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A REVIEW OF 10 YEARS OF CONTINUOUS-SCAN LDV 
DEVELOPMENTS 

 
A B Stanbridge and D J Ewins 
Imperial College London, U.K. 

 
Abstract 
 
The Vibration Group at Imperial College has been exploring applications of Laser Doppler vibrometers, 
used in a continuous scanning mode, over a period of more than ten years.   This review summarises 
techniques for straight-line, circular and circular-arc scans, and for rectangular and spiral area scans, and 
presents the processing algorithms in a unified style.   Vibration responses can be represented directly by 
Fourier or polynomial series coefficients.   Measurement techniques, of more limited application, are 
described for measuring these coefficients as frequency responses, so that natural mode shapes can be 
extracted.   Other applications include measurements on rotating discs, on cylindrical surfaces, 3D point 
vibration measurements and detection of structural defects.    
 
 
1 Introduction 

 
The genesis of continuous-scan laser Doppler vibrometry (CSLDV) actually dates from a test technique 
developed at the then Small Engine Group of Rolls-Royce in the 1970s, at Leavesden, U.K., to determine 
the circumferential mode shapes of circular structures.   A small microphone was arranged to rotate 
around the periphery of the test component, just a few mm from the metal surface, at 1 Hz (60 rpm), so as 
to scan the acoustic near-field.   The test component was excited at a natural frequency by a piezoelectric 
drive, and the microphone signal, modulated as it was by the vibrating deflection shape, was mixed with 
the excitation input to demodulate it, using an analogue multiplier.   A spectrum analyser revealed the 
signal components at 1, 2, 3, etc Hz; their amplitudes corresponded to the Fourier components in the 
response with 1, 2, 3, etc, nodal diameters.   As a means of determining the predominant number of nodal 
diameters in a mode shape, the technique was quick, effective and cheap.   It proved to be convenient and 
reliable, giving results right through the audio frequency range, up to at least 20 kHz, and was used 
successfully for many years on a variety of small gas turbine rotor components. 

Precisely quantifiable measurements awaited the introduction of a more consistent, non-contact, scannable 
method of vibration measurement.   The laser Doppler vibrometer fulfils this requirement, and we have 
been investigating the potential of this CSLDV transducer, at Imperial College, since 1993.    

The reference list includes most of the papers reporting our developments, published largely in 
International Modal Analysis Conference or the Ancona biennial “Vibration Measurement by Laser 
Techniques” Conference SPIE proceedings.   In some cases, noted, Ancona Conference papers were 
reprinted with only minor changes in “Shock and Vibration” journal.   The reference list is chronological 
but the paper is topic based.   Some other authors' publications are included, where relevant, but the 
Appendix is not a comprehensive bibliography on either LDVs or CSLDVs.   Reference [16] is the only 
book cited; it includes a limited account, in Chapter 3, of CSLDV techniques, in the context of modal 
testing.   The opportunity has been taken, here, to present the governing CSLDV equations for different 
applications in a consistent way not necessarily followed in individual papers. 

All the work reported here has been conducted with standard, commercially-available LDVs.   In most 
applications, suitable continuously-varying input signals are supplied to x, y deflecting mirrors mounted 
within the instrument, to direct the measuring laser beam to the required measurement location.   CSLDVs 
measure the response shapes of scanned structures generally known as ‘Operational Deflection Shapes’, 
ODSs, and this acronym is extensively used here. 
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1.1 Speckle Noise 

Speckle noise is always a consideration in CSLDV usage.   Because the LDV beam traverses the speckles, 
there are momentary drop-outs producing many very sharp spikes in the LDV signal, positioned randomly 
along the scan path.   A low-pass filter is generally used, so that they appear less significant in the LDV 
signal.   In practice, with vibration amplitudes of the order of 20mm/s, the frequency-domain 
signal/speckle-noise ratio is about 40dB, and is largely independent of the low-pass filter cut-off 
frequency.    

For a scan that continuously retraces the same path, the speckle noise is, in principal, periodic, and gives 
Fourier components only at integer multiples of the scan frequency.   If the vibration frequency is not an 
integer multiple of the scan frequency, the true LDV signal components are separated from the speckle 
noise in the frequency domain, with a consequent reduction in noise interference at the sideband 
frequencies, [19].   Speckle noise generally worsens with increased scan speed.   The practical limit is 
probably instrument-dependent, being influenced by the interferometer processing electronics as well as 
the optical conditions: length of light-path, etc.   We have used scan speeds of up to 3 m/s quite 
satisfactorily.    
 

2 Straight-line scan techniques 
If a straight line is scanned (Figure 1) at a uniform rate, 
the ODS can be extracted from the LDV signal quite 
easily by demodulation, [3], as explained below (in 3.3) 
in a little more detail.    x 

LDV Because of sudden changes in slope at the scan 
reversals, a uniform-rate CSLDV signal spectrum will 
generally contain a great many frequency components.   
A sinusoidal scan in which the measurement position, 
as a function of time, is given by tXx Ω= sin , on the 
other hand, gives, at least for a 'smooth' ODS, only a 
limited set of sidebands, centred on the vibration 
frequency and spaced at the scan frequency, Ω.   Figure 
2 shows a typical example. 

     Figure 1.   A continuous straight-line LDV scan. 

The continuous scan technique was described independently by Sriram et al in 1992, [1], a short time 
before our work started.   We devised a simple transformation matrix, [6,10,11,12,13], which converts 
LDV sideband (real and imaginary) amplitudes into sets of polynomial coefficients,  and ,  mVℜ mVℑ

so that the ODS is given by:  and   (1) ∑
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An analogue processing technique was used, in our earlier work, for extraction of the sideband data.   The 
magnitude of the sidebands could easily be determined using an FFT analyser with a ‘flat-top’ data 
window, but not the phase spectrum.   To extract phase data the excitation signal was mixed with a sine 
[7] or square [6] wave at the scan frequency to give a signal with components at each sideband frequency.   
This was then used as a basis for an LDV signal transfer-function phase spectrum, valid at the sideband 
frequencies.    
 
The LDV sideband spectrum for a straight-line sine scan is, in principal, symmetrical about the centre 
(vibration) frequency – both the magnitude and the phase spectra.   In practice, a symmetrical phase 
spectrum was only attained by phase-shifting the multiplying wave so that it exactly corresponded with 
the actual LDV scan position.   A phase spectrum is necessary; even if the ODS is real: sidebands signs, 
positive or negative, are required in the processing; indicated by phase angles which are π radians apart (as 
in Figure 2, for example). 

In 1999, [12], analogue processing was superseded by a digital processing approach, and all the analysis 
techniques described here are supported by Matlab and LabView routines.   With a straight-line CSLDV 
scan, sideband data are obtained as the mean values of the LDV signal sample, multiplied by digitised, 
sampled, sine and cosine waves exactly at each required sideband frequency, i.e. by 

 ))sin(( βαω mtm ++Ω+  and ))cos(( βαω mtm ++Ω+     (3) 

ω is the vibration frequency, Ω the scan frequency and β is a phase angle, adjusted to give spectrum 
symmetry.   Sidebands are selected by adopting integer values, positive or negative, for m.    
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Figure 2.   Straight-line CSLDV measurement of an ODS.   Scan frequency 5 Hz, scan length 650 mm. 
6000 samples, at 600s/sec.   Vibration frequency 136.1 Hz, 5 sidebands.   (a) CSLDV signal spectra (mag. and 

phase), (b) ‘real’ ODS (the imaginary ODS is insignificant). 
 

The results give ODS components in phase and in quadrature with a signal at frequency ω; α is varied to 
adjust the complex reference vector so as, for example, to use the force input signal as a phase reference.   
In practice it is often more useful to adjust α so that the imaginary part of the ODS is minimised.   Our 
software can adjust α so that the component from the largest sideband is purely real, thus giving an 
immediate indication of the ODS’s ‘reality’.   An initial value for β is derived from a simultaneous record 
of the scanning mirror input, and this is adjusted further, in software, to give phase spectrum symmetry.   
A Hanning window is used to minimise leakage due to sample end-point discontinuities.    

In the example in Figure 2, there are 5 pairs of sidebands, giving an ODS expressed as a fifth-order 
polynomial.   The phase values are all close to 0 or π, so that the ODS effectively only has real values. 
 

2.1    Measurement accuracy 
Because of speckle noise, sideband amplitudes typically exhibit an uncertainty of around ±1% of the 
maximum value, and these lead to an uncertainty, of the same order, in the ODS.   This uncertainty does 
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not appear as a random variation in amplitude, such as that often exhibited by discrete point 
measurements, because a scanning CSLDV necessarily produces an ODS which is a smooth function of 
position.   Rather, different measurements, derived from sidebands with 1% variations, produce different 
smooth curves, the envelope of which extends about ±1% from the true line.    

References [10] and [18] explored the possibility of using straight-line scan ODSs to deduce the surface 
stress distribution in vibrating beams, by finding second spatial derivatives.   It transpired that the 
uncertainties with CSLDV measurements, when double-differentiated, led to gross errors no better than 
those introduced by using point measurements and finite difference techniques.   The problem was 
eventually overcome and a procedure was developed, in [18], by which CSLDV measurements could be 
corrected to give accurate curvature measurements, provided the beam could be assumed to be uniform 
over the scanned length. 

It is appropriate to mention here the work of Halkon and Rothberg, [24,26], who provided a 
comprehensive model for LDV scanning geometry which has uncovered other sources of error.   A 
straight-line scan produced by an angular sine scan input does not produce a scan point deflection which is 
sinusoidal in time, even if directed at a flat surface.   The correction is usually quite small, and can be 
made, if necessary, by modifying either the input voltage waveform applied to the LDV deflection 
mirrors, or the final, measured ODS.   If the surface being addressed is not flat, quite large corrections 
may be necessary.   Reference [12] describes methods of using the LDV to survey a scan line in such 
cases, and of applying appropriate corrections.    

Also, in general, the measurement direction is not perpendicular to the scanned surface, and varies with 
scan deflection.   In many cases it may reasonably be assumed that the vibration is perpendicular to the 
scanned surface, in which case the error can be quantified and corrected for, [12], though, again, the 
correction is usually insignificant for flat target surfaces.   If there is substantial in-plane vibration, there 
will be serious errors, requiring 3D measurements to quantify (see 7, below). 

 

3 Circular scan techniques 
3.1 Practical Arrangements 
Continuous circular scans are generally applied to axisymmetric components, the scan being centred on 
the axis of symmetry, as indicated in Figure 3(a) for a circular disc, and Figure 3(b) for a cylindrical shell.    

 

 

LDV 

(b) 

Rotating 
45° Mirror 

 

LDV 

(a) 
 

 

 

 
Figure 3.   Continuous circular LDV scans, (a) for disc vibration, (b) for cylinder vibration. 

 

For discs, an LDV with integral, beam-deflection mirrors is generally used, applying sine and cosine 
analogue inputs to the mirror drive inputs.   The system produces small distortions, [26], but, by adjusting 
the x and y mirror deflection input amplitudes and relative phase; a 'circle' with no more than 1% or 2% 
radius variation is readily attainable.   

Circular scans may also be applied radially, [27], Figure 3(b), on the inside of circular shell-type 
structures.   A small 45° angled mirror attached to a low-speed electric motor drive is used in this 
arrangement, to deflect the measurement beam.   No deflection mirrors are required within the LDV head.  
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3.2 Signal processing 
The simplest method of processing a (circular-scan) CSLDV is merely to view the signal magnitude 
spectrum, without regard to complex or phase data.   A magnitude spectrum such as Figure 4 (taken from a 
circular-scan LDV) is sufficient to reveal the number of nodal diameters, n, of a simple, axi-symmetric disc 
mode, [4,6,22].   In fact, the higher frequency sideband measures the amplitude of a travelling wave 
vibration in opposition to the scan direction, and the lower sideband, similarly, gives the amplitude of the 
co-rotating travelling wave [20,22].   The wave speeds are ±ω/n, where ω is the frequency of vibration and 
n is the number of nodal diameters.   It is only when the sidebands are of equal magnitude that a standing 
wave pattern, with fixed nodal radii, is generated.    

A circular-scan LDV measurement gives an ODS, measured 
around the scan line, directly in terms of Fourier coefficients.   
Complete sideband data can be extracted from the CSLDV 
signal as described above, in 2, by multiplying by sine and 
cosine waves at the corresponding frequencies.    

If we consider a circumferentially-sinusoidal ODS of a 
uniform disc, whose deflection pattern displays n nodal 
diameters, measured at a natural frequency, the generic 
vibration, v(θ ,t), at some point θ around the circumference,  
and at time t, is:   
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Figure 4.   Circular scan CSLDV spectrum.   
Uniform circular disc.  Scan frequency  

10 Hz.  Vibration frequency 369 Hz.  n = 6. 
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With a circular-scan CSLDV, tΩ=θ , whence: 
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where  and are amplitudes of spatial cosine and sine components of the 'real' part of the ODS, in 
phase with 

nCVℜ nSVℜ

)( αω +t , and  and  are amplitudes of spatial cosine and sine components of the 
'imaginary', quadrature ODS.   Ω is the scan frequency, and α is included so that the complex reference 
vector may be selected. 
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Noting that the time-domain spectrum of v(t) exhibits nth order sidebands, above and below the centre 
frequency ω, 

nSnCnC SBSBV +−ℜ += ,,      nSnSnS SBSBV −+ℜ −= ,,       nSnSnC SBSBV +−ℑ += ,,     

         (7) nCnCnS SBSBV +−ℑ −= ,,

where , ,  and  are, respectively the cosine and sine sideband amplitudes at 
the lower and upper sideband frequencies. 

nCSB −, nSSB −, nCSB +, nSSB +,
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These are used to plot real and imaginary components of the ODS, using respectively 

        θθθ nVnVODS nSnC sincos)( ℜℜℜ +=    and   θθθ nVnVODS nSnC sincos)( ℑℑℑ += , (8) 

πθ 20 →=  

which derive directly from equation (4).   Equation (8) is applied in summation using equations (7) for all 
relevant values of n, so as to include all the Fourier components which appear in the FFT signal spectrum.    

It is really only necessary to include real and imaginary components from the ODS spectrum if the disc is 
irregular and the ODS contains more than one harmonic.  

For the example in Figure 5, the largest sidebands correspond to n = 6, but the presence of other Fourier 
components produced a pronounced distortion of the ODS.   The phase spectrum is asymmetric because 
the nodal lines of each ODS component are not, in general, aligned.   The presence of damping has 
resulted in a loss of symmetry in the magnitude spectrum and there is, consequently, a significant 
imaginary ODS component. 
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Figure 5.   Circular scan CSLDV measurement of an ODS.   Irregular, damped disc.   Scan frequency 10 Hz.       

1000 LDV signal samples, at 1000 s/sec.   Vibration frequency 324 Hz.   (a) CSLDV signal spectra (mag. and phase), 
(b) ODS (real and imaginary). 

 

3.3 Demodulation 
An ODS may be extracted from a circular-scan LDV 
signal simply by demodulation, [12,13,23], using the 
standard technique, i.e. by dot-multiplying the digitised 
LDV signal with sine and cosine waves at the vibration 
frequency, ω, and applying a suitable low-pass filter.   A 
slow-speed scan is recommended so that the filter band-
pass can pass higher-order ODS components, hence 
introducing less distortion.   This procedure is better than 
the Fourier analysis method described above when the 
ODS is discontinuous, for example when scanning 
around a bladed disc, as in Figure 6.   What is lost, as 
compared with the other techniques here described, is 
the capability to represent the ODS directly by a small 
set of Fourier coefficients, and the averaging effect of 
including a large number of scans.    

 

0      Position   θ        π                          2π

Figure 6.   A demodulated, circular CSLDV scan.   
24-blade mistuned disc.   Irregular, real ODS.   
Scan frequency 0.5 Hz.   Vibration frequency  

287.8 Hz. 
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3.4 Rotating Discs 
Circular scans can be successfully used on rotating discs.   Exactly the same analysis applies as for non-
rotating components, except that Ω is now the scan rate relative to the disc.   Much information can be 
obtained simply from the magnitude FFT, [4,20,22], but, if equations (7) and (8) are to be used, the speed 
of rotation of the disc must be known precisely, and it must be invariant during the total data acquisition 
process.   The excitation frequency ω is a function of disc rotational speed.   Indeed, for the special (and 
common) case of vibration excitation by fixed, steady load excitation, the disc excitation frequency is 
simply an integer multiple of rotational speed.   (An exception is where the excitation rotates with the disc, 
for example when using piezo-electric elements glued to the disc, in which case the excitation frequency is 
not a function of rotational speed – and the frequency response is more easily interpretable.)    

An example included in reference [22] involved measurement of standing distortion by CSLDV of a 
motor tyre operating on a static, loaded, rotating-road rig.   Similar measurements have been made, in a 
laboratory environment, [23], of the standing deflections induced by steady, unbalanced forces on 
symmetrical discs, rotating at critical speeds.   With asymmetrical rotors both standing- and rotating-wave 
vibration patterns may be produced.   Several papers, [4,13,20,22], have included descriptions and analysis 
investigating the difficulties in dealing with three frames of reference: the excitation frame, fixed in space; 
the response frame, rotating with the disc; and the measurement frame, rotating at the LDV scan speed. 

It may be helpful to note that it is possible to correct an approximate measurement of rotor speed by 
examining a CSLDV time signal record; the difference speed, relative to an exactly-known scan speed, 
may be established quite precisely by finding the time taken for a single scan round the disc. 
 

3.5 Circular Arc Scans 
For some components, a complete circular scan is impossible because of some partial obstruction.   In 
[22], analysis of a partial circular arc scan was considered, for application to measurement of vibration of 
brake discs.   Displacement of the scan point around the arc was sinusoidal and analysis was essentially 
similar to that for straight-line sine scans, using the same transform to give a polynomial expression for 
the ODS from the sideband spectral values measured. 

The technique was demonstrated on both a stationary disc and a rotating disc.   For a rotating component, 
the LDS spectrum split into two sideband groups, separately describing the forward and backward-
travelling wave contributions to the ODS.   When a standing wave vibration (in disc coordinates) was 
being excited, the forward and backward wave spectra were identical.   The scan speed has to be carefully 
chosen, for a rotating disc, so as to avoid scan reversal, relative to the disc, which would complicate the 
signal analysis.    

 

3.6 Synchronous Scans  
It is sometimes an advantage, particularly if it is difficult to obtain steady-state vibration, to synchronise 
an LDV circular scan with a disc’s rotation so as to measure at a fixed point on the moving structure.   A 
mechanical scan system, [23], was devised for this purpose, based on a suggestion in [15].   A 45° rotating 
mirror on the rotor shaft and a fixed, annular, 45° mirror, were used to direct the LDV measurement beam 
on to a fixed point near the outer diameter.   The disc incorporated 24 simulated turbine blades, and an 
indexing mechanism in the rotating shaft enabled any one of 24 blades to be addressed successively 
without stopping the rotation.   This test rig has been used extensively to examine vibration of symmetrical 
and mistuned bladed discs, damped and undamped, under rotating conditions, [23,32].   
 

4 Defect Identification 
Investigatory work was undertaken, in 1997, [8,9], to look into the possibilities of using a line-scan 
CSLDV to identify and locate structural defects.   The premise, here, was that for any vibration mode 
shape in which a surface defect was being stressed, the ODS would contain a discontinuity, picked up 
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when the LDV scan crossed the defect.   Uniform-rate straight-line scans were used in [9] and the ODS at 
resonant frequencies measured by demodulation; CSLDV spectra were studied in [8].   The technique was 
shown to be effective for detecting cracks in concrete beams, and for through fatigue cracks in sheet 
metal.    Less success was achieved with simulated cracks – thin saw cuts – in cantilever steel beams; 
more than half the thickness had to be cut through before any unambiguous indication could be seen.    

Fairly obviously, unsatisfactory results were to be expected if the scan ran parallel to a surface crack.   
This difficulty was avoided by using small, circular LDV scans which, if traversed over the surface, would 
at some position necessarily cross any defect at right angles.   It was suggested that detection could then be 
automated by processing the LDV output spectrum.   If the surface was defect-free the ODS would be 
smooth and the spectrum would contain only a few components, probably no more than one or two 
sidebands.   On the other hand, if there were discontinuities in the ODS, the spectrum would contain many 
more sideband pairs.   There was some success in identifying the defects but results were plagued, at the 
time, by speckle noise due, as it transpired, to a substandard LDV, which required servicing.   The subject 
has recently been returned to, [29], using a two-axis CSLDV scan, as described in the next section, in 
simulation, to investigate the sensitivity of ODSs to defects in an otherwise uniform plate. 
 

5 Rectangular area scans 
It was realised quite early in the programme, [5,12], that straight-line scans could be applied 
simultaneously, at different frequencies, ΩX and ΩY, to the x- and y- deflection mirrors in an LDV head, to 
give coverage over a rectangular area.   Scan frequencies have to be chosen with some care so as to be 
within the capability of the scanning mirror drives, to avoid response sidebands at negative frequencies, 
and to give adequate separation of the sideband groups resulting from the scanning process.   Processing, 
reported in [13,12,17], requires two applications of the sideband-polynomial transform matrix [T], (2) 
above, to the sideband matrices, to cover the two scan directions.   The transformed cosine and sine 
coefficients give the in-phase ('real') and quadrature ('imaginary') components of the ODS.    

Figure 7 is included as an example.   A flat, uniform, rectangular steel plate was excited at a natural 
frequency, 262.4 Hz, and scanned in the y-direction at 10 Hz and in the x-direction at 1.1 Hz.   (Note that 
ΩX and ΩY were not integrally related – to give better coverage of the scanned area.)   The LDV output 
was sampled at 1 kHz, taking 40000 samples, i.e. 44 x-direction scans, in 40 seconds.   The complete set 
of LDV data is too dense to be informative but, as illustrated in the short sample in Figure 7(a), it largely 
consists of discrete frequency components, re-emphasised by the spectrum in Figure 7(b). 

Sideband data are extracted by multiplying the digitised, sampled, LDV signal by phase-shifted sine and 
cosine waves 

))sin(( γβαω yxYyxx mmtmm +++Ω+Ω+  and ))cos(( γβαω yxYyx mmtmm +++Ω+Ω+    (9)  
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where   x, y = −1 → +1 and the V coefficients are taken from the sets of transformed sideband data. 

α is used, as before, to adjust the real/imaginary reference vector.   β and γ are adjusted in software to 
achieve symmetry within and between the sideband group phase spectra, as illustrated, for example, in 
Figure 7(b). 
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Figure 7.   Rectangular-scan CSLDV measurement of an ODS.   Rectangular, flat plate.   x-scan frequency 1.1 Hz, y 

scan at 10 Hz, 40000 samples, at 1000 s/sec.  Vibration frequency 262.4 Hz.   (a) short length (1.0 sec) of LDV 
signal, (b) CSLDV signal spectra (mag. and phase), (c) ‘real’ and (d) phase ODSs. 

 

The ODS is plotted, within the scanned area, using equations (9) as, for example, in Figure 7(c).   The x 
and y axes extend from −1 to +1, and may be rescaled to suit the dimensions of the actual structure as 
appropriate.   As indicated by the LDV signal spectrum, the ODS was essentially real, and could be 
plotted using a polynomial in which mxmax was 5 and mymax was 2.   A number of formats can be used to 
represent area ODSs; Figure 7(d) is a phase ODS, obtained, point by point, from 

).(tan 1 ODSrealODSimag−  – it has the particular virtue of distinguishing complex from real ODSs; 
for the latter, as in this case, the nodal lines are clearly and unambiguously delineated. 
 

5.1   Scans on Cylindrical Components 

A cylindrical surface can also be scanned externally, as 
suggested in Figure 8, by using a straight-line scan, parallel 
to the cylinder axis, and rotating the test component.   There 
are obvious difficulties with this approach; the excitation 
source has to remain fixed relative to the moving 
component, with the power leads and, usually, an input force 
transducer output cable, connected to fixed equipment.   One 
solution, [27], is to apply an oscillatory movement to the test 
component, in which case the scan is effectively the same as 
the x-y scan described above, and the same signal processing 
procedure can be applied.   

Figure 8.   External CSLDV scan 
on a cylindrical component. 

Connections between the test structure and the oscillating drive table have, of course, to be sufficiently 
robust to support it and to transfer the forces necessary to produce the angular rotation without undue 

OPTICAL MEASUREMENT TECHNIQUES OPTIMESS 3173



vibration constraint.   It is obviously easier if the test component can be rigidly attached, directly to the 
mounting plate. 
 

5.2   Scans on Rotating Components 
A method of mechanically synchronising an LDV measurement point on a rotating disc was described in 
3.6.   It is also possible, [3], to synchronise such measurements electronically, generating suitable x and y 
LDV beam-deflection mirror drive signals on the basis of, for example, signals from a rotary position 
encoder on the shaft.   Indeed, it is entirely possible to generate deflection signals so that the LDV 
measurement point follows an area scan as described above, but in the rotating frame of reference.   This 
process has been used, [30], to measure the vibration ODS of a simulated fan blade, in a test rig, whilst 
rotating.   The method is more easily applied to low-speed, low-frequency applications because distortions 
may be introduced at higher frequencies, by lags in the LDV mirror drive system. 
 

6 Spiral scans 

Just as a straight-line scan may be shifted sinusoidally, as described above, to produce a rectangular scan, 
so can the radius of a circular scan be varied, sinusoidally, at a suitable frequency, to cover a circular or 
annular area, as in Figure 9(a), [20,27].   Similarly, a modification of the arrangement in Figure 3(b), 
shown in Figure 9(b), will give an internal circular scan of a cylindrical structure, [27].   In this case, the 
45° mirror, rotating at frequency ΩC, with its drive motor, is mounted on the arm of a linear translator, 
programmed to oscillate at frequency ΩR, r being interpreted in this case as the scan distance along the 
cylindrical axis.    The spiral scan equations developed below apply to both arrangements.    

 
(a) 

θ 

r

LDV

r 

 (b) 
 

 

 

 
Figure 9 (a) spiral area scan over the circular area of a disc, (b) internal area scan in a cylindrical structure. 

 

The LDV sideband components give an expression for the ODS in terms of coefficients of a polynomial 
expression in direction r, and a Fourier series in the circumferential direction, θ.   That is to say, the ODS 
can be defined, in a modification of Equation (4), as: 
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ΩC and ΩR are the circumferential and radial scan frequencies.   tCΩ  and  are, 
respectively, the angular, θ, and radial, r, positions of the scan at time t.   r is centred at the mid point of 
the radial scan (for a spiral scan on a circular target).   For an internal scan in a cylinder, Ω

)(cos γ+Ω tR
m

C and ΩR are the 
circumferential and longitudinal scan frequencies and r is centred at the mid point of the cylinder. 

α is used to adjust the real/imaginary reference vector and γ is adjusted to achieve symmetry within the 
sideband group phase spectra, as before.   The sideband groups are symmetrical within themselves, but the 
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+ and – sideband groups are, in general, dissimilar, as in Figure 10.   In practice, the LDV signal 
measurement should be started when the r-axis scan is at its mid-point. 

The polynomial transform matrix, [T], used for straight-line and rectangular area scans is applied to the 
sideband response matrices just once, to give a polynomial expression for ODS variation in the radial 
direction.    

The ODS real and imaginary components are given, in correspondence with equation (10) by: 
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where      mnSmnCmCn VVV ,,,,, +−ℜ += mnSmnSmSn VVV ,,,,, −+ℜ −=          

   mnSmnSmCn VVV ,,,,, +−ℑ += mnCmnCmSn VVV ,,,,, +−ℑ −=    (12) 

The V coefficients on the right hand sides of equations (12) are the transformed cosine and sine 
components at the specified sideband frequencies.   i.e.  is the cosine component at frequency mnCV ,,−

)( RC mn Ω+Ω−ω .   Coefficients at frequencies )( RC mn Ω+Ω−ω  and )( RC mn Ω−Ω−ω  should be 
identical, for each value of m.   

The real and imaginary ODS components are plotted using equations (11), shifting the origin for r to 
conform with the actual scan geometry, as exemplified by Figure 10. 
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Figure 10.   Irregular, damped disc.  Circumferential scan 
frequency 5.1 Hz,   Radial scan frequency 0.5 Hz.   30000 
LDV signal samples, at 1000 s/sec.   Vibration frequency 
324 Hz.   (a) Spiral CSLDV scan spectrum, (b) in-phase 

and (c) quadrature ODS components 

 

 

 

 
 

7 Point measurements 
It might seem slightly perverse to include a section on point measurements within a paper on scanning 
techniques but small-diameter circular scans, Figure 11(a), can be used to measure the rotational (angular) 
vibration of a point on a structure, [2,13].   There should only be zero-and first-order sidebands in the 
response as it is predicated on the assumption that the structure’s surface is effectively rigid within the 
confines of the scanned circle.   The zero-order gives the translational z-axis vibration (along the central 
scan axis).   The first-order sidebands give the angular vibration about orthogonal x, y axes in the plane of 
the scan circle, obtained by treating the vibration basically as a 1-nodal diameter disc mode, as described 
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in 3.2.   The sensitivity of the angular measurement increases with scan diameter, but the diameter must, 
conversely, be small enough for the vibration within the scan circle to be planar.    

Commercial LDV systems are available which use separate LDVs to measure vibration at a point, with 
different angles of incidence (Figure 11(b)), including the software necessary to extract 3D, x, y, z 
components of the vibration.   References [7,13] describe a process which achieves a similar result by 
using a conical-scan LDV, sketched in Figure 11(c).   The modulated LDV signal contains components at 
the vibration frequency and at first-order sidebands, spaced, as usual, by the (conical) scan frequency.    
Vibration in the three directions is not, in general, uni-phased and x, y, z vibration components are 
correspondingly given in terms of real and imaginary components, in-phase and in-quadrature with a 
reference sine wave.    

 z 

  (a) 

 (c) 
LDV 2 

  (b)

LDV 3
LDV 1

 
y  

 

 x 
 

Figure 11.   3D point vibration measurement,                                                                                  
(a) circular scan for angular vibration, (b) using three separate LDVs, (b) using a conical scan CSLDV. 

 

A conical scan can be achieved by scanning around a suitably-dimensioned angled, annular, circular 
mirror, or by using a short-focus lens.   The latter appears to be easier to use in practice.   A large 
diameter, short-focus lens is required but, since the LDV beam is a monochromatic, small-diameter ray, 
the lens is not required to be aberration-free.   Accuracy increases with cone angle and no approximations 
are involved in using a large value; we have successfully used a lens from a discarded overhead projector 
to give a cone semi-angle of 30°. 
 

8 Modal analysis 
Vibration testing of structures, of the type discussed here, is usually aimed at measuring the eigenvectors 
for a structure’s natural mode shapes.   For lightly-damped modes that are well separated on a frequency 
basis, the natural mode shapes are, in fact, real and similar to ODSs measured with excitation at natural 
frequencies.   With significantly-damped modes, or where the modes are close in frequency, analysis of 
frequency response curves is generally necessary to extract eigenvector data, although usually only over a 
frequency range restricted to the vicinity of each natural frequency in question.   For this purpose, when 
using a scanning LDV, the series coefficients which represent the ODS may be measured at a series of test 
frequencies, arranged as a set of frequency responses in the vicinity of a resonance and analysed in the 
same way, to give eigenvectors of series coefficients instead of point measurements.   These can be used 
to reconstruct high-resolution mode shape in the same way as the ODSs, [21].    

In other contexts, step-sine testing is often replaced by broad-band excitation in order to gather frequency 
responses in one measurement.   Such techniques are difficult with a CSLDV, because of interference 
between the frequency-shifted sideband data.   However, we have demonstrated two possible methods: 
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8.1   Impact Test Measurements 
It was shown in [11] and [14] that impact testing is viable for CSLDV scans, subject to two conditions, (i) 
that interference between sidebands of different resonant modes must be avoided, and (ii) that the scan 
rate must be fast enough to complete several full scans before the transient response disappears into the 
background noise.   The technique can therefore only be used, in practice, with relatively high-frequency 
line-scans, on structures with low modal damping.   Nevertheless, impact testing may well have useful 
applications: reference [11] contains examples of impact testing applied to straight-line scanning, and to 
3D point vibration measurement using a conical CSLDV scan.   Reference [14] describes an application to 
circular scan measurements of a pair of close modes in a nearly-axisymmetric circular disc.   Magnitude 
and phase data were derived, enabling standard modal analysis techniques to be applied.   Arguably, in 
situations in which it can be applied, the process is the fastest of all mode shape measurement techniques, 
giving full-resolution modal data with a single excitation impact. 
 

8.2   Narrow-Band Excitation 
Another technique, described in references [2,6], used narrow-band random, or pseudo-random, 
excitation, centred on a natural frequency, with a total bandwidth less than the scan frequency.   By 
centring the excitation on a natural frequency and using a narrow-band excitation, leakage between 
sideband groups can be avoided and modal analysis can be applied safely to each of the sideband group 
data.   The procedures described in [2] and [6] were based on analogue signal processing, but they could 
quite easily be modified for off-line digital processing.   Usage is generally confined to line-scan data, but 
there is no requirement for the damping to be low, making this technique of perhaps wider application. 
 

8.3   Mode shapes by ODS Summation 
Modal analysis of CSLDV ODS coefficients can throw up numerical difficulties, but global modal 
analysis of multiple point FRFs is, in fact, usually unnecessary.   Resonance frequency ODSs usually only 
differ from natural mode shapes when they are complex because modes, often as few as two or three 
modes, are close together and coupled by damping effects.   Where n natural modes are coupled, n ODSs 
measured at or near the natural frequencies, together with frequency responses measured at 2n points, 
suitably chosen, suffice to derive the corresponding natural mode shapes, by adding n real and imaginary 
ODS components in suitable proportions, [31].   It is also possible, in some circumstances, [28,31], to 
derive the real, undamped mode shapes that underlie these, in a similar way.   The approach is simple to 
implement, and is of wide application, being applicable to area scans of all types. 
 

9 Concluding remarks 
The LDV is a useful and versatile instrument for investigating the vibration properties of structures, 
particularly because it is non-contacting and the measurement point can be so easily adjusted.   
Commercial systems have facilities for measuring responses successively at a large number of points but 
continuous-scanning offers several significant advantages.   For example, a simple circular scan will 
immediately reveal the number of nodal diameters associated with natural modes of bladed rotor discs and 
other axisymmetric structures – crucial in deciding their susceptibility to vibration excitation under 
running conditions.   A more complicated use of a circular CSLDV scan that we have explored is in the 
identification of the modes of separated axisymmetric cylindrical structures, as a part of a technique, [25], 
for predicting coupled modes of a structure formed by joining them together axially.   

The principal advantage of using a CSLDV is that the ODS is automatically generated as a relatively short 
series of polynomial or Fourier coefficients.   It is not necessary to decide on a grid or mesh size in 
advance to capture the full detail of the actual deflection shape, as is the case with all other LDV methods, 
the number of terms to be included is immediately indicated by the number of sidebands in the LDV 
signal spectrum.   As well as the obvious advantages of data reduction when saving or replotting the 
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deflected form, the coefficients can be treated as generalised response measurements and used, for 
example, to derive eigenvector elements.    

With a continuous-scan technique, because the maximum amplitudes of omitted, noise-limited sidebands 
are known, the ODS is known to be accurate within definable limits over the whole scan.   Continuous 
scan measurements are also quite quick, an on-line result being available within a minute or less.   The 
smoothness of the ODS of a continuous surface, as indicated by a CSLDV, is likely to be more 
representative of its actual behaviour than the jagged ODSs often suggested by discrete point 
measurements.    

One should also not ignore the usefulness of continuous-scan techniques in an educational context.   There 
is a very real advantage in being able to see the ODS of a structure or component on-line, real or complex, 
in a short time scale, whilst actually carrying out a test measurement. 
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Abstract
This paper shows how a scanning Laser Doppler Vibrometer (LDV), an instrument designed to measure
vibrations of structures or objects, can be used in a non-traditional fashion to identify acoustical sources. This
is achieved by measuring the changes in the optical path induced by local fluctuation of the air refraction
index to which the LDV is sensitive. The acoustical signal used is sinusoidal and may be recovered by
scanning at a uniform rate over a subject area (continuous scan) parallel to the source axis and demodulating
this signal. Due to the fact that the measured scan area is in fact a line integral over a measurement volume
between the laser head and a rigid object needed to reflect the laser beam, multiple view planes around the
axis of the acoustic source are usually measured. These are then passed through a tomographic algorithm,
thereby reconstructing the full sound field. In this article however, only one view plane is measured, but the
acoustic source is placed on a rotating surface with fixed rotational frequency, thereby imposing a modulation
on the measured spectrum. Demodulation will allow reconstruction of the three dimensional sound field.

1 Introduction

Measuring physical phenomena in most cases means perturbing that exact phenomenon. Measurement tech-
niques are ever evolving minimizing the interaction between measurement equipment and the physical event
itself [1], [2]. In the acoustic world this was and basically still is done by using microphones to measure the
sound pressure level (SPL). This techniques however suffers a major disadvantage mostly due to its intrusive
nature and also obtaining a complete image of the acoustic field is a tedious procedure. More recently a
technique is used called acoustic holography, which however still requires the use of microphones, however
without the need to move them from point to point.

Using a Laser Doppler Vibrometer (LDV) it is possible to visualize flows and acoustic fields without any
intrusion whatsoever [3], [4], [5]. A Laser Doppler Vibrometer, which is traditionally used to measure vi-
brations is also sensitive to changes in refractive index of the medium, in casu density variations of the
measurement volume along the line of sight. Therefore it is possible to measure e.g. flows or even acoustic
phenomena. Moreover it is possible to retrieve this spectral information simultaneously, without hampering
measurement time or needing a different test set-up. Now, it is well known that the signals acquired by inter-
ferometric techniques are line integrals over the laser beam optical path, so therefore images are often taken
at different angles to derive local density distribution, which in turn implies needing tomographic reconstruc-
tion algorithms [6]. In this paper acquiring these views at sequential angles is done in a continuous fashion.
By scanning across a retro-reflective rigid object through the sound field produced by e.g. a loudspeaker it
is possible to obtain a two-dimensional visualization of the acoustic field. Now, by simply mounting this
acoustic source on a turn table and rotating it at a certain speed, it is possible to obtain the three dimensional
acoustic field by measuring a complete rotational cycle for each scan point. The measurement for each scan
point then contains the (continuous) angle information necessary for the tomographic algorithms.
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Figure 1: Measuring principle

2 Theoretical principle

The laser Doppler vibrometer is based on a modified Mach-Zender interferometer and measures a pseudo
velocity depending on the variation of the optical path and the refraction index,n, of the medium within the
measuring volume illustrated in Figure 1.

The classical use of the Laser Doppler Vibrometer is to measure the velocity or displacement of moving
objects on which the laser beam impacts. The physical principle governing the measurement system is
the Doppler effect that occurs when the laser light is scattered by a moving target: if the laser light has a
frequencyυ, after being reflected from the object moving at velocityv, its frequency undergoes a shift∆υ
given by

∆υ =
2v cos θ

λ
(1)

whereλ is the laser wavelength andv cos θ is the target velocity component along the laser line-of-sight.
The system output is therefore the velocityv or the displacements recovered from the frequency shift∆υ;
in our specific case it is the velocity. In this simplified theoretical discussion, it has to be pointed out that
the measured displacements not only depends on the optical pathz of the laser beam, but also on the
refraction indexn of the medium through which the beam passes. Therefore the velocity obtained from the
interferometer is:

v(x, y, t) =
ds(x, y, t)

dt
=

d[n(x, y, t)z]
dt

= z
dn(x, y, t)

dt
+ n(x, y, t)

dz

dt
(2)

When only the movement of an object is measured, the variation of the refraction index of the surrounding
medium is zero and only the second term appears in equation 2, i.e. the velocity is given by the variation of
the optical path. Vice versa, if one wants to measure turbulent fields the reflecting target is kept steady as is
shown in Figure 1.

The only variable is the refraction index because the turbulence produces a temporal and spatial fluctuation of
the air pressure, and consequently of the density, within the measuring volume. In reality the turbulence not
only produces a flow velocity oscillation linked to turbulent effects occurring within the measuring volume
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Figure 2: Test set-up, acoustic source at stand still.

but also a sound field fluctuation due to generated acoustic waves. This is the main advantage of this mea-
suring technique because it allows broadband measurements up to very high frequencies which can normally
not be detected with other apparatus.

However a major drawback of the technique is, that it only provides a visual representation of the flow and
provides no immediate quantative information, besides the frequencies of the phenomena themselves.

3 Experimental set-up

The test consists of two parts, both done in a semi anechoic chamber. In the first part of the test the acoustic
source which was a simple loudspeaker (∅ 8 cm) was kept still to obtain a simple two dimensional view of
the field, hence measuring across the optical beam path. Using a Polytec PSV300 scanning LDV 650 scan
points were measured on the rigid plate for a single sine excitation frequency at 10 kHz. The rigid plate was
50 cm wide and 40 cm high and was covered in retro reflective to enhance signal quality. The basic set-up
can be seen in Figure 2.

The two dimensional acoustic field obtained with this set-up is shown in Figure 3.

For the second part of the test, the acoustic source was placed on a Bruel & Kjaer type 3923 microphone
boom and rotated at its highest velocity of 16 s/rev (Figure 4). Different sized scan grids were used for each
measurement. For each scan point one entire revolution of the acoustic source is measured in order to have a
full 360◦ view. The measurement is triggered by means of an Eddy current probe attached to the microphone
boom. The rigid reflector was placed on a separate table in order to avoid vibrations invoked by the rotating
microphone boom.

The obtained signal for each scan point is of course the 10 kHz sine wave but modulated at the rotational
frequency of the microphone boom. There are 2 ways to perform the measurement. The first is to measure
each scan point broad band, acquiring a massive amount of data in the process, because of the necessary high
sampling frequency and demodulating the signal afterwards. This can not be done in the commercial Polytec
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Figure 3: Visualized 2 dimensional acoustic field of a 10kHz sine wave.

Figure 4: Test set-up, acoustic source rotating.

software. On top of that Polytec does not output the time signals which are necessary for demodulation, and
the output spectra no longer contain the DC frequency line. Therefore other self-developed codes must be
used.

However, while using these codes another problem arose, due to the fact that storing this massive amount of
data lead to buffering issues with the measurement channels. Therefore another approach had to be imple-
mented. Because the measured signal is basically an amplitude modulated waveform, in casu the acoustic
source wave modulated at the rotation frequency of the microphone boom, it is possible to demodulate this
signal electronically. For this purpose a simple peak detector [7] was developed and mounted in between the
in- and output channel of the vibrometer. The schematic is shown in Figure 5.

The time constant of this circuit is:

τ = RC (3)

When the acoustic source has a carrier frequencyfc the time between successive peaks of the carrier will of
course be

T =
1
fc

(4)
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Figure 5: Schematic of the peak detector

Each peak charges the capacitor to a certain voltage proportional to the modulated amplitude of the AM
wave. However when the amplitude of the modulating wave changes dramatically the capacitor charge will
not be recharged over its existing level by the following amplitude peaks during a certain amount of cycles
of the carrier frequency. This implies that the output signal from the detector is rounded off somewhat.
To avoid this so-called negative peak clipping, the detector’s time constantτ must be chosen as follows:
τ << 1

fm
wherefm is the highest modulation frequency used in the experiment. This implies that to avoid

peak clippingτ should be small. On the other hand, to avoid ripple (i.e. when the detector output starts to
follow the carrier frequency)τ should be chosen as large as possible. This gives a range to which the time
constant of the detector is bound:

1
fm

>> τ >>
1
fc

(5)

In this experiment the carrier frequency is 10 kHz and the modulating frequency is 1/16 Hz. To satisfy eq 5
the components of the detector were chosen as follows:R = 49kΩ andC = 1µF .

To be sure no frequencies are present above the carrier frequency of the acoustic source, a filter with cut-
off frequency 10 kHz was placed before the peak detector. This ensures that the peak detector will work
properly.

4 Experimental results

In the first part of the experiment the acoustic wave was measured with the SLDV while the loudspeaker
was at stand still. This measurement was performed in the normal mode without the peak detector or cut-off
filter. The result is of course two dimensional, as only one image plane in measured. The result is shown in
Figure 6.

This figure clearly shows the different wave fronts of the sound wave, but there is something remarkable
about the result. The amplitude on the left side of the sound field is clearly higher than on the right. This is
unexpected because the loudspeaker should emit the same amount of energy in all directions. To validate this
result, 2 SPL measurements were done with a microphone on both sides of the test set-up. This measurement
revealed that the sound pressure level was 4 dB lower on one side. This confirms the LDV measurements.
This lower level is most likely due to the sound wave reflecting off the table as the loudspeaker was not
positioned in the center of the table.
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Figure 6: Measured acoustic field with loudspeaker at stand still; one image plane: a 3D view.

Figure 7: Schematic view of the test set-up.

For the second part of the experiment the loudspeaker was placed on the rotating microphone boom and
rotated at 16 s/rev. Two measurements were done with the loudspeaker placed at different positions: 0.5 cm
and 5 cm away from the axis of the microphone boom. The scan grid contained 625 spatial points for both
measurements. The measurements were performed with a sample frequency of 256 Hz, which is possible
because of the peak detector, using 2048 spectral lines. This corresponds with a measurement time of exactly
16 seconds, which is one complete rotational period of the microphone boom. For the next scan point, the
following rotation period is discarded and the next period is awaited for a new measurement.

Figure 7 shows a schematic view of the test set-up, where a indicates the distance between loudspeaker and
microphone boom axis, and therefore is a measure for the modulation amplitude.

The measurement for three scan points chosen on the top left, top right and top middle of the scanned grid
can be seen in Figure 8.

Normally the sound pressure level at a certain distance from the loudspeaker is the same on all sides. There-
fore the measured modulated sound wave should be symmetric. When looking at Figures 8 (a) and (b), this
theory is respected quite well, with some minor deviations. However in the first part of the measurements it
was shown that the SPL level is not the same on both sides of the source. This can again be seen in these
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Figure 8: Polar plot of the measured density variation for three scan points for a=0.5 cm (a) top left (b) top
right (c) top middle.
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Figure 9: Polar plot of the measured density variation for three scan points for a=5 cm (a) top left (b) top
right (c) top middle.

figures. Moreover the radial plot for the measurement on the right is the mirrored exactly on the left. The
measurement on a point in the middle of the scan grid should portray almost no modulations for this partic-
ular measurement because the loudspeaker is almost in the center. Therefore measuring through the center
should give the same result on all sides. This is in fact what can be seen in Figure 8 (c). There is a small
variation but this is again mostly due to the difference in SPL level on opposite sides of the loudspeaker.

The same conclusions are valid when placing the loudspeaker 5 cm out of axis except for the scan points in
the middle of the grid. In this particular case there will also be modulations visible when scanning across the
center line of rotation. This is clearly visible in Figure 9 (c).

To reconstruct the full three dimensional acoustic field, a tomographic algorithm from the Matlab R12 tool-
box was used. Each scan point contains the angle information in the time signal. This means that for these
particular experiments where 2048 DFT lines were used the same number of angles is measured. Combining
this angle information from the measured time signal in each scan point together with the spatial information
from the scanned grid gives 2048 projections of the acoustic field. This boils down to an angular resolution
of 0.176 degrees, which if done manually, is a very tedious job.

In Figure 10 the sound field is shown along a cross section in the Y-direction for the loudspeaker placed 0.5
cm out of axis of rotation (a=0.5cm).
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Figure 10: Acoustic field along a constant Y coordinate: a=0.5cm (a) slice directly above source and (b)
slice far away from source
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Figure 11: Acoustic field along a constant Y coordinate: a=5cm (a) slice directly above source and (b) slice
far away from source

In Figure 10 (a) a slice of the field is shown directly above the loudspeaker. This image depicts a vague ring
shape, which is most probably due to reflections off the table. The amplitude is quite low, because there are
hardly any modulations because the source is nearly in the rotational center. Higher up in the flow (Figure
10 (b)) a single peak can be distinguished, located almost exactly in the center as is to be expected because
the loudspeaker is only 0.5 cm out of axis of rotation.

In Figure 11 the sound field is shown along a cross section in the Y-direction for the loudspeaker placed 5
cm out of axis of rotation (a=5cm). In figure 11 (a) a slice is shown directly above the acoustic source. The
figure shows one large peak out of axis and and a ring where the level is lower. The distinct peak is shifted
2 pixels out of the center where the rotation axis of the microphone boom is. Because the image itself is 16
pixels square, the loudspeaker is shifted about 12.5 % out of axis. In reality the loudspeaker is shifted 5 cm
and the measurement grid is 40 cm wide. This also a shift of 12.5 %. The ring where the level is somewhat
lower is most probably due to reflections coming from the table and also due to the fact that the the SPL level
is different on both sides of the source. This ring is a lot less distinct in the slice at the top of the scan grid
which can confirm this theory.
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5 Conclusions

In this article acoustic fields were visualized using a Laser Doppler Vibrometer. A loudspeaker sound field
at 10 kHz was measured in three dimensions by rotating the source. Measuring each scan point thereby
gives a continuous representation of the rotational dimension. This was then run through a tomographic
algorithm to reconstruct the three dimensional field. A peak detector was attached to the LDV output channel
to immediately demodulate the modulation due to the rotation. The loudspeaker was placed in different
positions, i.e. 0.5 cm and 5 cm of axis of rotation.

From the measurements it proved possible to locate the position of the acoustical source. The technique is
able to measure the sound field quasi automatically without having to change the set-up for each angle, with
a measurement time of approximately 7 hours for a spatial resolution of 25× 25 and a rotation velocity
limited to 16 s/rev.
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Abstract
A novel method for non-interacting measurement and visualization of air borne sound excited by vibrating
objects is presented. The measuring effect is based on the phase difference between two interfering laser
beams. One of them passes through a transparent measuring medium whose spatially distributed optical
refractive index n = n(t, x, y, z) is changed by an invisible mechanical phenomenon, e.g. by sound waves
p = p(t, x, y, z) radiated from vibrating objects. The other beam serves as reference beam.
The method can be conveniently implemented with an usual laser-Doppler scanning vibrometer. Such a
high-sensitivity device permits multipoint-sampling of the small vibrations of the optical refractive index
n = n(t, x, y, z)in the measuring medium, which are stimulated by an invisible sound field p = p(t, x, y, z).
These index vibrations are visualized by instructive two-dimensional animations which represent a realistic
projection of the sound field itself.

1 Introduction

The non-interacting measurement and visualization of acoustic waves in gases is solved only in part, so far.
Acoustic waves of high intensity can be seized and visualized by microphone arrays , Schlieren methods
[1], holographic methods [6] , laser-speckle methods [3] or with refraction tomography [5] . However, all
these methods often give no satisfying results in the cases of low acoustic intensity, high demands of spatial
resolution or small measuring volume.

A new high-resolution method for the non-interacting measurement and visualization of acoustic waves
and vortexes in air is described in [7],[8]. This comfortable method is based on an ordinary commercially
available laser-Doppler scanning vibrometer. In contrast to the conventional way of operation, the vibrometer
does not scan the surface of a vibrating object. Rather, the laser beam of the vibrometer scans the space
between the vibrometer and a rigid reflector, while acoustic waves pass through this space. Air borne acoustic
waves are small spatially distributed pressure vibrations p = p(t, x, y, z) which are connected with just
as small vibrations of the optical refractive index n = n(t, x, y, z) of the air. These vibrations can be
measured and visualized by impressive two-dimensional animations which represent the acoustic waves
p = p(t, x, y, z) themselves.

Contradictory to the classical laser-Doppler scanning vibrometry which mostly analyzes the vibration, i.e.
the displacement ξ = ξ(t, x, y) or the velocity υ = υ(t, x, y) of oscillating surfaces A(x, y), the method
described here analyzes the spatially distributed vibrations of the optical refractive index n = n(t, x, y, z)
of a mechanically stimulated transparent medium. For this reason, the new method can be qualified as
refracto-vibrometry.

With the new method, not only numerous invisible acoustic and fluidic phenomena in gases or liquids can be
made visible and in consequence better understandable, but also dynamic stress phenomena in transparent
solid objects[10].
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2 Measuring principle

In the classical vibrometry a laser-Doppler scanning vibrometer is used for measuring the displacement
ξ = ξ(y, z, t) or the velocity υ = υ(y, z, t) of vibrating surfaces S(y, z). As is well known, these sensitive
vibrometers are based on a Mach-Zehnder-Doppler interferometer [4]. If a surface moves with the velocity
υ = υ(y, z, t) in direction of the measuring laser beam and if c is the speed of light, then, because of the
Doppler effect, the frequency fM of the reflected measuring beam is different from the primary reference
frequency fL = fR of the laser beam. The difference

∆fD(y, z, t) = fM − fR =
2v(y, z, t)

c
fR (1)

is called the Doppler frequency shifting. After a superposition of the measuring and the reference beams, the
resulting laser beam is received by a detector as an intensity signal depending on the velocity υ = υ(y, z, t)
of the vibrating surface. For identifying the actual direction of this velocity, the reference beam is sent
through a modulator (Bragg cell). There, a shift frequency fS is superposed. Finally the light intensity is

I(fS , ∆fD, t) =
I0

2

(
1 + cos(2π(fS ±∆fD)t)

)
(2)

After a frequency demodulation, magnitude and direction of both velocity υ = υ(y, z, t) and displacement
ξ = ξ(y, z, t) of the investigated surface are recognizable.

The novel refracto − vibrometry is based on an arrangement shown in Fig. 1. The laser beam of the
vibrometer (LSV) scans a marked area S = (H x W ) on an absolutely rigid reflector. A solid glass plate
can be arranged in front of the reflector. Then, the space between reflector and glass plate acts as measuring
space of the depth L. The measuring laser beam of the vibrometer crosses this space from point A on the
glass plate up to point B on the reflector and back to point A, i.e. two times.

H

sound source
rigid reflector

W

M

L

A

B
y

z

LSV

y

z

x

z

lz

Figure 1: Scheme of the refracto-vibrometry

For refracto-vibrometrical measurements the medium in the measuring space must be stimulated by one or
more physical effects which influence the optical refractive index n. Here we assume that the air in the
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measuring space is influenced by acoustic waves. These waves can be excited e.g. by an oscillating surface,
in the simplest case by a flanking loudspeaker. Then, the variations of the optical path length L(n) in air
along the laser beam between the points A and B act as measuring effect. Per definition is [2]

L(n) =
∫ B

A
n(x, y, z, t)dl (3)

where dl is a differential distance along the light path. In the trivial case of constant index no follows

L(n) =
∫ B

A
n0dl = n0 · (B −A) = L0 (4)

If, in the interesting measuring case, small spatially distributed acoustical pressure variations ∆p(x, y, z, t)
between glass plate and reflector are induced, then, corresponding to the Gladston-Dale equation [2], these
pressure variations stimulate small variations of the optical refractive index ∆n(x, y, z, t) in the air. Conse-
quently also the optical path length is varying likewise

∆L(∆n) = 2
∫ B

A
∆n(x, y, z, t)dl (5)

This variation of the optical path length ∆L seems to be a displacement ∆L of the rigid reflector, while in
truth it is only a virtual displacement. Accordingly the reflector moves with the virtual velocity

v(n) = ∆L̇(n) = 2
∫ B

A

d

dt
(∆n(x, y, z, t))dl (6)

For small sound pressure variations ∆p(x, y, z, t) and adiabatic conditions follow likewise small variations
of the refractive index [9]

∆n(x, y, z, t) =
n0 − 1
κ · p0

·∆p(x, y, z, t) (7)

and corresponding to (6) the virtual velocity is

v(∆ṗ0) =
2(n0 − 1)

κ · p0

∫ B

A

d

dt
(∆p(x, y, z, t))dl (8)

This velocity is measured by the vibrometer as a virtual motion of the rigid reflector and represents the sound
wave in the measuring space.

If in an ideal case a linear acoustic wave ∆p(z, t) = p̂ cos(ωt− kz) is spreading in z-direction and the laser
beam remains on the zero point, B(y = 0, z = 0), with (4) and (8) follows

v(∆ṗ0) =
2L0(n0 − 1)

κ · p0
p̂ ω sin(ωt) (9)

A modern laser-Doppler scanning vibrometer has a minimal velocity resolution of about v = 1 µm/s. If
now the sound wave ∆p(z, t) = p̂ cos(ωt− kz) with a frequency of f = 1 kHz runs through the measuring
space with a depth L0 = 0.4 m, then a minimal pressure magnitude of p̂ = 0.1 Pa can be measured. This
corresponds to a sound level of 70 dB.

In a real measuring procedure the laser beam of the vibrometer scans all assigned points B(y, z) in the scan-
ning area S = (Wx H). Naturally, for most of the points B(y, z) the laser beam passes through the sound
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waves in the measuring space not rectangular but angular. Then, along the laser beam, positive and negative
variations of the refractive index n = n(t, x, y, z) compensate each other. Consequently, the measured mag-
nitudes p̂(x, y, z, t) of the spatially distributed sound waves contain errors.

For estimating these errors the integral (8) has to be solved. This is convenient in a parametric form. Then,
concerning to the intercept theorems, each point along the beam l can be described by the coordinates of the
point B(xB, yB, zB) and a parameter u with (0 ≤ u ≤ 1). It follows

l = u
√

x2
B + y2

B + z2
B, dl = du

√
x2

B + y2
B + z2

B (10)

Moreover for the points A and B results uA = (1− L/M ) and uB = 1. The parametric form of (8) is now

v(∆ṗ0) =
2(n0 − 1)

κ · p0

√
x2

B + y2
B + z2

B

∫ 1

uA

d

dt
(∆p(u, t))du (11)

For example, assuming again a linear harmonic sound wave in z-direction ∆p(z, t) = p̂ cos(ωt− kz) in the
measuring space. Then the measured virtual velocity is

v(∆ṗ0) =
2(n0 − 1)(uA − 1) ω

κ · p0

√
x2

B + y2
B + z2

B si(Z) sin
((uA + 1)
(uA − 1)

Z − ωt
)

(12)

In (12) is si(Z) = sin(Z)
Z the slit function of Z = (0.5 k zB(uA − 1)).

To verify (12) a set-up corresponding to Fig.(1) was used. The acoustic wave is generated by a powerful
ultrasound generator, which is situated 2 m distant from the zero point B(y = 0, z = 0). The frequency of
the linear wave is f = 24.25 kHz. The distance between the vibrometer and the rigid reflector is M = 0.64m
and the resulting depth of the measuring space is L = 0.05m. The vibrometer scans the linear wave ∆p(z, t)
symmetrically to the y-axis.

Figure 2a shows the measured and animated linear acoustic wave field. Clearly to see is the symmetrical
decrease of the magnitude in ±z- direction, which is caused by the compensation of positive and negative
variations of the refractive index n(x, y, z, t) along the path l of the angular scanning laser beam.

In Figure 2b the measured profile of the velocity magnitude is presented. This profile has a good congruence
with the calculated profile, seen in Figure 2.c. The envelope of both profiles corresponds to the slit function
si(Z). In Figure 3 the deviation of the measured and the calculated magnitude in a measuring area S = (Wx
H) is shown. This example shows that the measuring area S = (Wx H) must be restricted in case of quan-
titative investigations. For rather qualitative tests a large measuring area S is permissible.

Figure 3 shows the variation of the magnitude of v(∆ṗ0) in the scanning area S = (Wx H). Here, this area
is limited by deviations ± 3 dB from the ideal value (see Figure 4).

3 Measuring results

Numerous investigations were carried out in the audio and ultrasound regions with the novel method de-
scribed above. Thereby many impressive and instructive pictures and videos were obtained. In the following
a few examples are presented.

Figure 5 shows the vibrating front plate of a guitar at frequency f = 600 Hz. Additionally, in Figure 6 the
radiated sound field is presented as seen parallel to the instrument‘s surface.
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a)

b)

c)

Figure 2: Variation of the magnitude of the virtual velocity v(∆ṗ0) if the laser beam scans along the z-axis in
Figure 1; a) measured linear wave field, b) measured velocity magnitudes, c) calculated velocity magnitude
corresponding to (12)

Figure 3: Magnitude v(∆ṗ0) in the scanning
area S(WxH)

Figure 4: Variation of the magnitude v(∆ṗ0) in
S(WxH) in comparison with the ideal value
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Figure 5: Vibrating front plate of a guitar Figure 6: Sound field in front of the guitar

In Figure 7 two ultrasound transducers are placed face to face. The resulting sound field with a frequency
f = 40 kHz is an illustrative pattern proving the interference of two equal ultrasound waves emitted from
the both transducers.

Figure 7: Superposed ultrasound fields of opposite transducers

Figure 8 and Figure 9 demonstrate the capability of the described method to analyze not only the emitted
sound waves from vibrating surfaces but also to determine the inner dynamic stress of the sound emitting
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object. The horizontally vibrating objects are made of perspex because perspex is transparent. The left partial
views in Figures 8 and 9 show the vibrating objects with their inner stress distributions. The central partial
views present the different vibration frames of the objects. Finally, in the right partial views the sound fields
in the space in front of the vibrating structures are visible.

Figure 8: Left: vibrating calotte with inner stress distribution; center: vibration frame of the surface; right:
emitted sound field

Figure 9: Left: vibrating T-shaker with inner stress distribution; center: vibration frame of the surface; right:
emitted sound field
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Abstract 
 

The Mach-Zender design for a laser velocimeter was adapted for making simultaneous measurements at 
several, arbitrarily chosen points.  The optical design is based on a single, 7 mW He-Ne laser source and 
two acousto-optic modulators, which generate a common heterodyne carrier frequency in all 
measurement channels.  By using two modulators, one to increase the frequency of the reference beam 
with 80+fb MHz, and a second one to decrease the frequency with 80 MHz, the heterodyne beat signal can 
be adjusted to any frequency fb of choice, thus allowing adaptation to the input of commercially available 
FM demodulation chips or avoiding noisy parts of the laser noise spectrum.  

The apparatus is intended for simultaneous vibration measurements at several points on instable objects, 
such as biological specimens or MEMS, so that instantaneous phase relationships and amplitude ratios 
(transfer function) can be determined.  So far, instrument performance has been tested with measurements 
on two and four points of interest.  The dual beam version was realized using beamsplitter-mirror 
combinations to double the reference and object beam.  The quadruple beam version was realized using 
two birefringent beam displacers in tandem within the reference and object beams. 

In a multipoint system channel cross talk is a major point of concern.  Our optical design ensures very 
good channel separation: even with object points less than 0.4 mm apart, channel separation was 
determined to be better than 78 dB at all frequencies in a dual beam system and better than 60 dB in a 
quadruple beam system.   

The velocity calibration of the system is determined by the laser wavelength and the sensitivity of the FM 
detection circuitry only.  With a maximal velocity amplitude of 50 mm/s, the velocity resolution and the 
detection limit of our system were determined to be (2.8±0.2) µm·s-1Hz-1/2 in all channels. 

 

 

1. Introduction 
 

Commercial vibrometers are often limited to measurements at a single point, sometimes combined with 
scanning, which means that different spatial points can only be measured sequentially.  Research 
vibrometers presently fall in one of four categories: (1) systems addressing one spatial point at a time only 
[1-3], (2) full field systems restricted to low vibration frequencies [4], (3) full field systems restricted to 
time-averaged measurements [5] or (4) multipoint systems restricted to a regular array of spatial points 
[6].  The inherent instability of in vivo biomedical specimens, caused by physiological changes, implies 
however that repeated measurements on the same point do not necessarily yield the same results. When 
measuring different points sequentially, these changes make measurements difficult to interpret, as part of 
the change in the signal is caused by a different location on the object, but another unknown part is 
caused by a physiologic change in time.  Using sequential point by point scanning it is especially difficult 
to determine instantaneous phase relationships between different object points, as these phase 
relationships are constantly changing in time. 
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This restriction is overcome by an instrument which allows for simultaneous acquisition of measurements 
at several points in space.  For unambiguous interpretation the system needs to provide both amplitude 
and phase of the vibration at each measurement point.   

During the past few years [8] we have been developing an interferometric vibrometer which is able to 
perform such measurements for application in our research on the mechanics of hearing.  Obviously such 
an instrument will be useful in any area where vibration measurements need to be made on structures with 
instable elements, for instance integrated micro electronic mechanical systems (MEMS).  In these systems 
the moving parts are not only reduced to tiny dimensions, but often are manufactured exactly alike to a 
very high degree of precision.  Mechanical vibrations are then easily transmitted from one element to 
another due to resonant acoustic coupling.  Furthermore small changes in (spurious) electrical charges on 
the elements can drastically alter their resonance behavior, which makes simultaneous measurements on 
several points indispensable for an accurate characterization.   

Any objects studied need to be at least a few microns wide, since focusing a laser beam of a few mm wide 
onto the object yields a spot size diameter of some tens of microns.  The heterodyning principle assures 
that even very low intensities within the retroreflected beam can be measured [7], ensuring that the light 
itself will not become a disturbing factor due to e.g. heating of the sample.   

Of course the easiest way to realize a multiple beam vibrometer simply is to use as many interferometers 
as there are measurement points required.  This however implies not only the use of multiple laser 
sources, but in case of classical heterodyne interferometry also the use of multiple (sets of) acousto-optic 
modulators needed to generate the heterodyne carrier frequency as well as all other optics required to 
build the interferometer.  We therefore designed a multipoint interferometric system based on a single 
laser source and two acousto-optic modulators with as much as possible of the interferometer optics 
shared among the different beams. 

In this paper we focus on the quadruple beam version of our instrument.  The design and performance of 
the dual beam version have been described earlier [8,9]. 

 

2. Quadruple channel heterodyne interferometer 

2.1. Optical design 
 

The interferometer, shown schematically in figure 1, is based on the well known Mach-Zender design.  
The combination of the λ/2 plate and the first polarizing beam splitter (PBS1) creates the reference 
(dashed) and object (solid) beams from the linearly polarized He-Ne laser and allows adjustment of their 
intensity ratio.  The object beam is then split into four parallel beams by means of two birefringent beam 
displacers in tandem with the planes of their optical axes at 45° to each other.  The four parallel beams, 
pairwise orthogonally polarized, pairwise propagating in a horizontal plane, are passed to the object 
through a second polarizing beam splitter (PBS2) and λ/4 plates, thus ensuring that retroreflected light is 
directed to the beam combining beam splitter (NPBS) by PBS2.  The reference beam first is frequency 
shifted, then split into four parallel beams and finally directed towards the NPBS.  Detection is done by 
photodiodes followed by amplifiers. 

Our optical design in principle offers excellent channel separation.  Note that the retroreflected beams are 
necessarily (almost) perfectly coincident with the incoming beams when they travel through the optical 
centre of the focusing lens(es).  Light entering a neighboring channel through scattering travels a sub-
stantial distance (> 1 m) before reaching the beam combining beam splitter.  Scattered light will therefore 
always be angularly separated from the beam itself and only at very small angular separation it might 
contribute to the detected signal.  Optical cross-talk is thus expected to be minimal.  Optical cross-talk 
might become significant however when both channels are directed to overlapping measurement spots 
(and are not orthogonally polarized), because then reflected light from one channel can be launched 
exactly coincident into the other channel.  Focusing light on the same spot from different directions can 
be used to measure different directional components of a vibration.  This, however, is not the purpose of 
our present design.  Optical cross-talk might also arise from diffraction of the laser beams due to 
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propagation over appreci-
able distances.  The bire-
fringent beam displacers 
separate the output beams 
by 4 mm, which is about 
four times the laser beam 
diameter.  With a beam 
divergence of 0.8 mrad the 
beams can propagate over 
about 3.5 m before dif-
fraction causes them to 
overlap.  Circular dia-
phragms are used to ensure 
proper beam separation for 
larger travel distances. 

Though in figure 1 we 
have depicted all object 
beams to be directed to the 
object surface through a 
common focusing lens, 
this setup is by no means 
necessary.  It is equally 
well possible to direct each 
beam through separate 
focusing lenses or lens 
systems, or to launch each 
beam into a fiber.   

 

 

2.2. Signal processing 
 

All measurement signals are identically 
processed according to the scheme given in 
figure 2.  The reference beams are fre-
quency shifted by means of two acousto-
optic modulators (AOM). The first AOM, 
operating at 80+fb MHz is driven by an 
adjustable RF generator and shifts the 
frequency upwards, the second, operating 
at 80 MHz, shifts the frequency down-
wards.  The net result is a beat frequency 
of fb MHz.  The vibration of the object 
modulates the beat frequency through the 
Doppler effect.  The advantage of using 
two AOM’s is that we can choose the beat 
frequency which best suits the needed 
velocity range, avoids noisy parts of the 
laser power spectrum or which can be 
directly accepted by standard FM detection 
chips (Telefunken, TBA120S, 6 MHz 
centre frequency).  If the beat signal is not 
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Figure 1 

The optical design of the quadruple channel heterodyne interferometer.  The 
reference beam (dashed) is frequency shifted by means of two acousto-optic 
modulators (AOM) before doubling the beam twice by means of two 
birefringent beam displacers (BBD).  The four (interfering) beams propagate 
pairwise in the same horizontal plane.  A prism (P) allows to adjust the path 
length in the reference arm of the interferometer.  The object beams (solid) are 
first multiplied and then separated in pairs using a polarizing beam splitter 
(PBS2).  Quarter-wave plates (λ/4) are used to rotate the polarization of retro-
reflected light over 90° so that PBS2 redirects light reflected from the object 
towards the NPBS, which recombines the reference and object beams.  
Measurement positions on the object(s) can be adjusted by altering the 
direction of the beams through the focusing lens (FL) or by directing each 
beam through its own lens.  The signals are detected by photodiodes (D1-D4). 
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Figure 2 

Block diagram of the signal processing in the quadruple 
channel heterodyne velocimeter.  Each detector D corres-
ponds to a measurement spot and transfers its signal at the 
beat frequency fb to an analog FM demodulator.  A multi-
plexing data acquisition card samples the low frequency 
output of all channels almost simultaneously (delay <1 µs).  
A vibration is impressed on the object by means of a sine 
wave generator (SWG).  
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directly fed into the FM detector, we use a mixer (Analog Devices, AD831) to shift the beat frequency to 
the correct value.  The demodulated signal strength is directly proportional to the additional frequency 
shift due to the vibration of the object.  In each channel we thus detect the component of the surface 
velocity parallel to the laser beam.   

Measurements made with the instrument must be corrected for the frequency characteristic and the phase 
shift of the entire data acquisition chain.  Calibration is accomplished by adding a sinusoidal frequency 
modulation to the acousto-optic modulator drive signal (the sine wave generator is then connected to the 
modulation input available on the RF generator) while keeping the object stationary.  It is straightforward 
[8,9] to show that the measured normal component of the surface velocity amplitude �max of a moving 
object depends on the measurement signal amplitude Vexp, the laser wavelength λ and the sensitivity SFM 
of the FM circuitry as: 

 

( ) ( )
2 ( )max exp

FM

f V f
S f

λ=� ,  where  
( )

( ) cal
FM

dev

V f
S f

f
=  (1) 

 

The calibration signal amplitude Vcal at the maximal frequency deviation fdev determines the sensitivity of 
the system.  The factor 2 shows that a displacement of the surface by λ/2 results in a phase shift of 2π 
radians in the heterodyne signal.  The phase of the velocity signal is found from 

 

( ) ( ) ( )exp calf f fϕ ϕ ϕ= −
 (2) 

 

where ϕexp and ϕcal are the phases of the experimental and calibration signals respectively. 

The quantities Vexp, Vcal, ϕexp and ϕcal  are determined from windowed fast (discrete) Fourier transforms on 
the measured signals.  The phase of the impressed signal is subtracted from the FFT phases to find proper 
values for ϕexp and ϕcal.  The phase shift due to the frequency offset with respect to the sampling comb 
needs to be removed as well.  We use the leakage due to the FFT window function to determine the 
measured frequency exactly and then remove the phase shift due to the sampling.   

Excitation of the object is achieved either by electrical stimulation (the sine wave generator being directly 
connected to object) or by acoustical stimulation (the sine wave generator being connected to a 
loudspeaker).  In case of electrical stimulation the output of the sine wave generator is measured to serve 
as a reference of known amplitude and phase.  When acoustic excitation is employed, a horn coupled 
microphone is used to measure the acoustic pressure as near to the object as possible.  Now the amplitude 
and the phase of the microphone signal serve as primary reference for the signals, especially since the 
phase change due to acoustic delay (on top of the other phase changes) cannot be calibrated without 
excitation of the object. 

 

2.3. System performance 
 

2.3.1. Resolution 
 

We compared the performance of our system to a single point vibrometer (Polytec, OFV353 sensor head 
and OFV5000 controller with VD06 decoder), since the calibration of this instrument can be tracked to a 
calibrated source.  The analog output of the velocity decoder was fed into our data acquisition interface as 
another measurement channel.  The signal processing is thus exactly the same for both our multipoint 
heterodyne velocimeter and the Polytec vibrometer once the FM detection has been performed.   
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System resolution has been determined from the noise level.  The noise level of each measurement signal 
was obtained from frequency intervals directly surrounding the frequency of the drive signal.  The 
velocity noise level was measured for all measurement channels from various experimental runs versus 
the bandwidth used in each run and was found to be roughly proportional to the square root of the 
bandwidth, as theory predicts.  Under optimal measurement conditions (proper interferometer alignment 
and good optical signal strength) the single shot velocity noise level in all channels was determined to be 
(3.1 ± 0.4) µms-1Hz-1/2, ignoring a slight frequency dependence.  Earlier [9] we measured a value of 
(2.6 ± 0.2) µms-1Hz-1/2 for the dual channel system.  From the weighted average we determined the 
velocity noise level to be (2.8 ± 0.2) µms-1Hz-1/2.  With a value of (1.5 ± 0.2) µms-1Hz-1/2, the Polytec 
vibrometer performed slightly better.  The minimum signal that can be detected reliably is about as small, 
i.e. Smin/N � 1.   

 

2.3.2. Calibration and dynamic range 
 

After calibration the system measures velocity amplitudes directly.  In several experimental runs we 
compared the velocity amplitude and phase of our system with the velocity amplitude and phase obtained 
from the Polytec vibrometer.  The results agree within 2 % over the entire frequency range (100 Hz – 
40 kHz).   

From equation (1) it is clear that the maximum detectable velocity is determined by the laser wavelength, 
the sensitivity of the FM detection electronics and the maximum voltage that can be detected.  Thus the 
dynamic range of the system can be easily matched to the required velocity range by adjusting the 
sensitivity of the FM circuitry.  We currently operate around 60 mV/kHz, which puts the upper velocity 
limit at about 50 mm/s at 10 V signal strength.  Unambiguous detection of the velocity in this case 
requires a beat frequency of at least 160 kHz (fb > 2v/λ).  Since the noise level is proportional to the 
square root of the detection bandwidth �BW, the dynamic range is calculated to be 1.8·104/�BW.  We 
typically use bandwidths between 10 Hz and 200 Hz, which implies that the dynamic range varies 
between 1300 and 5700 in practical operating conditions.  Using signal averaging the dynamic range is 
enhanced because the uncorrelated noise averages out (and the resolution correspondingly improves).   

 

2.3.3. Channel separation 
 

Crosstalk between channels is an 
important aspect of any multichannel 
measurement system.  In our 
interferometer crosstalk can be of optical 
origin, or arise from electrical crosstalk 
along the detection chain.  In section 2.1 
we explained that we expect hardly any 
optical crosstalk because of our optical 
design, provided that the measurements 
spots are spatially separated and that the 
beams with the same polarization remain 
separated at the detectors.  We chose fb not 
higher than necessary (1500 kHz) to 
minimize electromagnetic interference and 
electrical crosstalk between the detection 
electronics of both channels, but high 
enough to be in a quiet part of the laser 
noise spectrum (see Figure 3).  To perform accurate measurements of channel separation, it is important 
to exclude sources of crosstalk which are not generated by the apparatus, specifically acoustic coupling 
between the two measurement points.  Different experimental setups and objects were used to achieve 
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Figure 3 

Intensity noise spectrum (peak values) of the 7 mW He-Ne 
laser between 0 and 3 MHz.   
Horizontal scale: 500 kHz/div.  Vertical scale: 10 dB/div.
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this requirement.  In one setup we focused two measurement beams on a scattering polyethylene strip 
attached to a piezo-electrically excited disc and the other two beams onto a rigid metal disc near the edge.  
The metal disc was exactly in the same plane as the polyethylene strip, thus generating a worst case 
scenario for optical cross-talk.  The lateral beam separation was (0.38 ± 0.01) mm using FWHM spotsizes 
of (20 ± 2) µm and a 0.20 mm gap between the rigid disc and the vibrating polyethylene strip.  We 
performed several measurements at increasing signal strength with different strip geometries, which 
allowed us to select at each frequency those measurements with a velocity amplitude just within the 
maximum range (50 mm/s).  Care was taken that acoustic cross-talk through the mechanical parts of the 
setup did not compromise the measurement.  Signal averaging was used in order to enhance the dynamic 
range of the system.  The channel separation was found to be better than 60 dB between 100 Hz and 
30 kHz.   

Earlier [9] we measured the channel separation of a dual beam configuration (>78 dB) and verified that 
the optical configuration is irrelevant to the level of cross-talk: using a single lens or microscope objective 
to focus both channels simultaneously makes no difference to the use of separate lenses for each of the 
object beams.  Neither have we been able to detect any influence of the distance between the spots.   

 

3. Sample measurements 
piezo-electrically excited brass plate 

 

The object used in the preliminary experiments on the quadruple channel interferometer system is a thin 
brass plate, clamped at its entire edge and piezo-electrically excited from the front.  Beam delivery was 
done through a single 100 mm lens.  Spots were positioned by varying the angle of incidence of the 
different object beams through the lens. 

Figure 5 

The amplitude and phase of the normal component of the surface velocity of an edge clamped thin circular brass 
plate.  The 25 mm diameter plate was piezo-electrically excited from the front.  The channels were focused in a 
nearly linear line starting left of the centre) and ending right of the centre in the order: 1, 4, 2 and 3.  Their 
positions were about -4, -2, +1 and +4 mm with respect to the centre. 

 

It is apparent that the motion is in opposite directions for spots on different sides with respect to the centre 
at certain frequencies, e.g. around 21 and 25 kHz.  The phase functions sometimes show a 360° 
ambiguity, which was not removed by our software.  The amplitude of the noise is also given and is seen 
to be roughly (9 ± 6) µm/s.  Given the bandwidth of these measurements, 30 Hz, and the fact that each 
data point is calculated from an average of 9 individual measurements, the system resolution in each 
channel in this case is roughly (5 ± 3) µms-1Hz-1/2 for single shot measurements.  System resolution is seen 
to vary somewhat among the channels and to vary with frequency within each channel. 
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We also have positioned all measurement spots to one side of the centre of the brass disc. 

Figure 6 

The amplitude and phase of the normal component of the surface velocity of an edge clamped thin circular brass 
plate.  The 25 mm diameter plate was piezo-electrically excited from the front.  The channels were focused in a 
nearly linear line starting at the centre to the right of the centre in the order: 1, 4, 2 and 3.  Their positions were 
about 0, +2, +5 and +8 mm with respect to the centre. 

 

This positioning of the spots is reflected especially in the variation of the velocity amplitude just above 
the first resonance up to the second resonances.  The velocity near the edge falls almost two orders of 
magnitude below the velocity at the centre. 

 

4. Discussion 
 

We have shown that the resolution of our system is nearly, but not quite equal to that of a commercially 
available vibrometer (Polytec, OFV353, OFV5000-VD06).  From equation (1) we infer that the resolution 
of any velocimeter is determined by the noise from the signal detection and processing electronics and the 
laser source only.  Since both the commercial system and our system are equipped with He-Ne lasers of 
similar design, we attribute the difference in performance to differences between the signal processing 
electronics.  The velocity decoder and noise suppression filter of the commercial system are both based 
on digital signal processing (DSP) technology, whereas we use state-of-the-art analog FM detection and 
analog filtering to suppress the noise.  Using DSP technology in a multichannel system requires the 
multiplication of expensive electronics.  By using a low cost mixer in conjunction with a low cost 
commercial FM demodulator, our approach allows extension to a multichannel system at a fraction of the 
cost with nearly the same resolution.   

The presented approach to independent, simultaneous multipoint measurements cannot be extended much 
further, because then our optical design will run into limitations of spatial nature.  Clearly, each object 
beam needs to be directed to the object by its own (set of) mirror(s), each of which requires some amount 
of space.  Above, say, 6 beams these optical elements come in each other’s way prohibiting access to an 
arbitrary location on the object.  Obviously the number of beams actually deliverable might be extended 
somewhat by using tailor-made optical elements and manipulators. 

The important advantage of the presented design is that it ensures very good channel separation.  At high 
beat frequencies, necessary when one needs a high velocity detection limit or when the noise power 
spectrum of the laser source extends to high frequencies, one should be aware of electronic contributions 
to cross-talk due to electromagnetic interference, occurring between the detector amplifiers and within the 
FM detection circuitry, especially when the latter is built into a common mechanical assembly.  Suitable 
screening measures must then be taken to avoid (excessive) cross-talk.   
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5. Conclusion 
 

We have presented a quadruple heterodyne velocimeter, featuring arbitrarily chosen measurement points 
and a single beat frequency, as a straightforward extension of a classical single point heterodyne 
velocimeter.  Each channel of the system was shown to perform comparable to a single point system.  
Channel separation exceeds 60 dB over the entire acoustic frequency range, even when the measurement 
points are very close together (but of course not coinciding).  Extending the system to a configuration 
with even more channels might lead to spatial limitations concerning the beam delivery optics.   
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ABSTRACT

Over the last twenty years, the Complex Mode Indication Function (CMIF) has become a common numerical
tool in processing experimental data. The literature contains many references to the original and subsequent
developments of the CMIF including the enhanced mode indication function (EMIF) and the use of CMIF
together with the enhanced frequency response function (EFRF) to form spatial domain modal parameter
estimation methods. Another development was the estension of the single degree-of-freedom (SDOF)
aspects of the CMIF method to include a limited number of modes in what is known as the Enhanced Mode
Indicator Function (EMIF) method. This paper brings all of the development together in a single reference
with common nomenclature and gives examples of uses of the CMIF, EMIF and EFRF in various
applications.

Nomenclature

N = Number of modes.
Nb = Number of modes in band.
Ne = Number of effective modes.
Ni = Number of inputs.
No = Number of outputs.
Nref = Number of references.
Ns = Number of spectral lines (frequencies).
ω = Frequency (rad/sec).
s = Generalized frequency variable.
λ r = Complex modal frequency (rad/sec).
λ r = σ r + j ω r

ω r = Damped natural frequency (rad/sec).
σ r = Damping factor frequency (rad/sec).
⎡Λ⎦ = Eigenvalue matrix (diagonal).
[ ]* = Conjugate of matrix (or vector).
[ ]T = Transpose of matrix (or vector).
[ ]H = Hermitian (conjugate transpose) of matrix.
[ ]+ = Moore-Penrose pseudo-inverse of matrix.

ψ pr = Modal coefficient for DOF p, mode r.
{ψ }r = Modal vector for mode r.
{φ }r = General weighting vector for mode r.
[α ] = Denominator polynomial matrix coefficient.
[β ] = Numerator polynomial matrix coefficient.
[I ] = Identity matrix.
[H(ω )] = Frequency response function matrix (No × Ni)).
[T ] = Transformation matrix.
[V ] = Eigenvector matrix matrix.
⎡ Σ ⎦ = Singular value matrix (diagonal).
[U ] = Left singular vector matrix (unitary).
[V ] = Right singular vector matrix (unitary).
{u } = Left singular vector (unitary).
{v } = Right singular vector (unitary).
Qr = Modal scaling for mode r.
[M ] = Reduced mass matrix.
Mr = Modal mass for mode r.
M Ar

= Modal A for mode r.
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1. Introduction
An algorithm based on eigenvalue decomposition (ED) or singular value decomposition (SVD) methods
applied to multiple reference FRF measurements, identified as the Complex Mode Indicator Function
(CMIF), was first developed for use with traditional FRF data in order to identify the proper number of
modal frequencies, particularly when there are closely spaced or repeated modal frequencies [1-5]. This
function was one of the first mode indication functions (MIF) developed. Mode indication functions are now
commonly used and are normally real-valued, frequency domain functions that exhibit local minima or
maxima at the damped natural frequencies of real-valued or complex-valued modes of vibration. One mode
indicator function curve can be plotted for each reference available in the measured data. The primary mode
indicator function curve will exhibit a local minimum or maximum at each of the natural frequencies of the
system under test. The secondary mode indicator function curvewill exhibit a local minimum or maximum at
repeated or pseudo-repeated roots of order two or more. Further mode indicator function curves yield local
minima or maxima for successively higher orders of repeated or pseudo-repeated roots of the system under
test.

The Complex Mode Indicator Function (CMIF) is based upon the Expansion Theorem in that it assumes that,
at every frequency, the long dimension of the frequency response function matrix is made up of a summation
of modal vectors. Utilizing singular value decomposition to compare the linear summation of modal vectors
(long dimension of the FRF matrix) from the different references (short dimension of the FRF matrix) yields
a definitive mode indication plot that identifies the number of dominant modal vectors participating at each
frequency. If singular value decomposition is used to estimate the CMIF, the singular vectors are unitary and
the singular values are a measure of the strength or dominance of each mode at the particular frequency and
the singular vectors in the long dimension are estimates of the contributing modal vectors associated with
ev ery singular value.

The Complex Mode Indication Function (CMIF) has been combined with several other techniques, namely
the Enhanced Frequency Response Function (eFRF) and the Enhanced Mode Indicator Function (EMIF) to
form a more comple modal parameter estimation method. This method allows the user to utilize the
sophisticated power of singular value and eigenvalue decomposition with either single or limited degree-of-
freedom (DOF) modal parameter estimation methods. These methods have become very popular in
situations where other SDOF methods fail and/or when the number of modes in the frequency band of
interest is known but the data is noisy or inconsistent.

2. The Complex Mode Indicator Function (CMIF)
The CMIF was originally defined as the eigenvalues, solved from the normal matrix formed from the FRF
matrix, at each spectral line. The normal matrix is obtained by premultiplying the FRF matrix by its
Hermitian matrix as [H(ω )]H [H(ω )], or post multiplying by its Hermitian matrix as [H(ω )] [H(ω )]H . The
form of the normal matrix should result in a matrix at each frequency that is square of the size of the small
dimension of the FRF matrix (number of references). The CMIF is the plot of these eigenvalues on a log
magnitude scale as a function of frequency. The peaks detected in the CMIF plot indicate the existence of
modes, and the corresponding frequencies of these peaks give an estimate for the damped natural
frequencies for each mode. In the application of CMIF to traditional modal parameter estimation algorithms,
the number of modes detected in CMIF determines the minimum number of dominant or effective degrees-
of-freedom of the system equation for the algorithm. A number of additional degrees-of-freedom may be
needed to take care of residual effects and noise contamination.

[H(ω )]H [H(ω )] = [V (ω )] [Λ(ω )] [V (ω )]H (1)

While the first formulation of the CMIF was based upon the eigenvlaue decomposition, very quickly it was
realized that the economical singular value decomposition (SVD) was a more practical apprach that did not
require the matrix product of [H(ω )]H [H(ω )] and subsequent numerical issues. By taking the singular value
decomposition of the FRF matrix at each spectral line, a similar expression to Equation 1 is obtained.
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[H(ω )] = [U(ω )] [Σ(ω )] [V (ω )]H (2)

The SVD approach to the CMIF yields effectively the same magnitude information noting that the eigenvalue
is the square of the associated singular value (Λk = Σ2

k) in this case. However, the singular vectors and
eigenvectors are slightly different in that the eigenvectors are always real valued based upon the structure of
the normal matrix but the singular vectors may be complex valued, with an arbitray complex scalar. This is
not really a problem until the singular vectors are used to generate an enhanced frequency response function
(eFRF) and modal scaling is desired.

However, an alternate form of the SVD approach to the CMIF is often used which will generate real valued
singular vectors and will also offer better discrimination between closely spaced modes. Noting that the
imaginary part of the FRF matrix, for displacement over force or acceleration over force, is much more
discriminating with respect to close modal frequencies, only the imaginary part of the FRF matrix is used in
the computation of CMIF. Note that in the case of velocity over force, the real part of the FRF matrix should
be used.

[Imag(H(ω ))] = [U(ω )] [Σ(ω )] [V (ω )]H (3)

For the purposes of this discussion, the number of input points, Ni , is assumed to be less than or equal to the
number of response points, No. In any event, the number of driving points associated with the inputs and
outputs will be referred to as the number of references, Nref . The number of references will be equal or less
than the number of inputs (short dimension of the FRF matrix). In Equation 2 or 3, if the number of effective
modes is less than or equal to the smaller dimension of the FRF matrix, ie. Ne ≤ Ni , the singular value
decomposition leads to approximate mode shapes (left singular vectors) and approximate modal participation
factors (right singular vectors). The singular value is then proportional to the the scaling factor Qr divided by
the difference between the discrete frequency and the modal frequency jω − λ r . For a given mode, since the
scaling factor is a constant, the closer the modal frequency is to the discrete frequency, the larger the singular
value will be. Therefore, the damped natural frequency is near the frequency at which the maximum
magnitude of the singular value occurs. If different modes are compared, the stronger the mode contribution
(larger residue value), the larger the singular value will be.

CMIFk(ω ) ≡ (Λk (ω ))1/2 = Σk(ω ) k = 1, 2, . . . , Ne (4)

where:

• CMIFk(ω ) is the k − th CMIF as a function of frequency ω .

• Λk(ω ) is the k − th eigenvalue of the normal matrix of FRF matrix as a function of frequency ω .

• Σk(ω ) is the k − th singular value of the FRF matrix as a function of frequency ω .

In practical calculations, the singular value decomposition (SVD) of the FRF matrix [H(ω )], or the
imaginary part of the FRF matrix [Imag(H(ω ))], is evaluated at each spectral line. The CMIF plot is the plot
of these singular values on a linear or log magnitude scale as a function of frequency. An automatic peak
detector based on preset criteria is used to identify the existence of modes. The singular vector corresponding
to the peak detected is equivalent to the modal participation factor.

The peak in the CMIF indicates the location on the frequency axis that is nearest to the frequency of the pole.
The frequency is the estimated damped natural frequency, to within the accuracy of the frequency resolution.
The magnitude of the singular value or eigenvalue indicates the relative magnitude of the modes, residue over
damping factor. Figure 1 represents a typical CMIF curves for a multiple reference set of data. It must be
noted that not all peaks in CMIF indicate modes. Errors such as noise, leakage, nonlinearity and a cross
singular value or eigenvalue effect can also make a peak. The cross eigenvalue effect is due to the way the
CMIF is plotted. In a CMIF plot, the singular value or eigenvalue curves are plotted as a function of
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magnitude - the largest value is plotted first at each frequency followed by subsequently smaller eigenvalues.
Since the contributions from different modes vary along the frequency axis, at a specific frequency, the
contribution of two modes can be approximately equal. At this frequency, these two singular value or
eigenvalue curves cross each other. Because of the limited frequency resolution and the way that the CMIF is
plotted, the lower eigenvalue curve appears to peak, while the higher eigenvalue curve appears to dip.
Therefore, the peak in this case is not due to a system pole but is caused by an equal contribution from two
modes. In Figure 1, the cross singular value or eigenvalue effect can be noticed in both the third and fourth
curves around 1300 Hertz. This characteristic is identifiable since the peak occurs in the lower curve at the
same frequency as a dip in the higher value curve.

Another way of identifying the cross singular value or eigenvalue effect is to check the corresponding vectors
[U(ω )] or [V (ω )] associated with each curve, ie. the modal vectors or the modal participation vectors. The
peaks that occur due to this effect can easily be identified by checking vectors of adjacent spectral lines. If
the vectors of adjacent spectral lines do not represent the same shape as the vector at the peak, this peak is
not a system pole but is caused by the cross singular value or eigenvalue effect. This confusion can be
minimized by utilizing singular value tracking as explained in the next subsection.
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Figure 1. Complex Mode Indication Function

Since the mode shapes that contribute to each peak do not change much around each peak, several adjacent
spectral lines from the FRF matrix can be used simultaneously for a better estimation of mode shapes. By
including several spectral lines of data in the singular value decomposition calculation, the effect of the
leakage error and noise contamination can be minimized.

2.1 Vector Tracking

In order to minimize the confusion when modal frequencies are close, tracking of the spatial shape of the
vector can be used. This problem requires further numerical processing and may not be warranted in many
cases but is simple to eliminate if desired.

The data presented in Figures 2 through 5 is representative of a FRF data matrix with seven references
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(circular plate test object) on a structure that has several repeated modal frequencies. Figure 2 shows the
basic CMIF plot. Several cross value effects are noticeable (for example, peaks in the 3rd and 4th CMIF
curves between 1250 and 1300 Hz.) Figure 3 has mode tracking enabled. This provides a clearer indication
of the evolution of the shape as a function of frequency. Figure 4 shows the complete CMIF set of curves
with tracking enabled. Finally, a more sharply defined CMIF plot using only the imaginary part of the FRF is
shown in Figure 5.
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Figure 3. CMIF - Tracked
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Figure 4. CMIF - Tracked
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Figure 5. Imaginary CMIF - Tracked

Vector tracking can be implemented in several ways. The easiest method involves forming the modal
assurance criterion (MAC) matrix between vectors at successive frequencies. This matrix is evaluated for the
maximum MAC value between two vectors at successive frequencies. The singular values from each
frequency for this pair of singular vectors represent the same tracked CMIF curve and are loaded into the
primary CMIF curve. This procedure is applied successively, eliminating the previously sorted singular
values and singular vector pairs, for the remaining vectors until all vector pairs have been sorted into the
remaining CMIF curves. The procedure begins again with each successive frequency. Some care will be
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required when the same MAC values occur with more than one pair of vectors.

3. CMIF as a Modal Parameter Estimation Method
Modal parameter estimation has evolved and developed extensively over the last twenty-five years due to an
increased use and availability of numerical techniques involving least squares estimation and
eigenvalue/singular value decomposition methods [6-7,20-21] . Often times, the development of modal
parameter estimation methods appear to be quite complicated and difficult to understand. Much effort has
gone into simplifying the theoretical development of these methods to focus on the common characteristics.

One common characteristic of most modal parameter estimation methods is the two stage development of the
algorithm [6-7]. Traditional time/frequency domain modal parameter estimation algorithms estimate
temporal information (modal frequencies or poles) in the first stage and spatial information (modal vectors
and modal scaling) in the second stage. CMIF as a modal parameter estimation method used in this paper is
an example of a spatial domain method based upon the Complex Mode Indicator Function (CMIF) and the
Enhanced Frequency Response Function (eFRF). Spatial domain algorithms, like this one, estimate the
spatial information (modal vectors) in the first stage and the temporal information (modal frequencies and
modal scaling) in the second stage. For this technique to be effective, the issue of modal scaling must be
addressed. The following section presents the theory and historical development of the Enhanced Frequency
Response Function (eFRF) and an approximation based upon the use of singular value decomposition scaled
to permit estimation of residue for the enhanced fundamental response.

3.1 Enhanced Frequency Response Functions (eFRF)

A virtual measurement, known as the Enhanced Frequency Response Function (eFRF), is used to identify the
modal frequencies and scaling of a single degree-of-freedom (SDOF) characteristic that is associated with
each peak in the CMIF [8-11] . The eFRF is developed based upon the concept of physical to modal
coordinate transformation and is used to manipulate frequency response functions so as to enhance a
particular mode of vibration. The left singular vectors, associated with the peaks in the CMIF, can be used as
an estimate of the modal filter which accomplishes this.

3.1.1 eFRF - Theoretical Definition Starting with:

H pq(ω ) =
r
Σ

Qrψ prψ qr

( jω − λ r )
(5)

Associated with this notation is the definition of residue (Apqr ), Modal A (M Ar
) and modal mass (Mr ):

Apqr = Qr ψ pr ψ qr (6)

M Ar
=

1

Qr
(7)

If the modal vectors ⎡
⎣
ψ ⎤

⎦
are real-valued, normal modes (system is proportionally damped), then the modal

mass can be defined as follows:

M Ar
= 2 ω r Mr (8)

Reorganizing the original partial fraction model for the FRF:

H pq(ω ) =
r
Σ ψ pr ψ qr

Qr

( jω − λ r )
(9)

The enhanced frequency response function (eFRF) is now defined as the single degree-of-freedom (SDOF),
frequency dependent portion of the above equation on a mode by mode basis:
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eFRFr (ω ) =
Qr

( jω − λ r )
(10)

The eFRF is defined for each mode and captures the modal frequency, modal damping and modal scaling for
that mode. Note that the modal scaling, and thus the overall magnitude of the eFRF, is a function of the
scaling chosen for the weighting vector used to estimate the eFRF. In this way, the eFRF is a function of the
complete FRF matrix and the scaling of the weighting vector.

3.1.2 eFRF - Historical Development The eFRF was historically justified from measured frequency
response function data in the following manner. Note that the original development just used one column
(reference) of the FRF matrix. Starting with the appropriate partial fraction model for one column of the
FRF matrix:

{H(ω )}q =
r
Σ {ψ }r ψ qr

Qr

( jω − λ r )
(11)

The original enhanced FRF was then defined by premultiplying both sides of Eq. 11 by an estimate of the
mode to be enhanced and the reduced mass matrix [M]. Using {φ} to denote a general weighting vector that
is an estimate of the mode to be enhanced yields:

eFRFr (ω ) = {φ}T
r [M]{H(ω )}q (12)

eFRFr (ω ) = {φ}T
r [M]

r
Σ {ψ }r ψ qr

Qr

( jω − λ r )
(13)

From the orthogonality conditions:

{φ}T
r [M]{ψ }r = Mr {φ}T

r [M]{ψ }s = 0 (14)

Note that at this point, the unknown vector {ψ } and the vector {φ} are assumed to be the same so that the
modal mass is defined properly. This results in the historical definition of the eFRF:

eFRFr (ω ) = Mr ψ qr
Qr

( jω − λ r )
(15)

In this original formulation, the primary use of the eFRF was to estimate modal frequency and modal
damping so the inclusion of the additional magnitude terms (Mr ψ qr ) was not considered an issue. The
above equation also implies that an estimate of the reduced mass matrix is needed to estimate the eFRF. For
the same reason, this was not an issue.

In many situations, when the mass distribution is adequately represented by the measured degrees-of-
freedom (good spatial representation), any estimate of the modal vector can be used directly. In the original
applications, the imaginary part column of the FRF matrix, evaluated at the peak frequency, was used as an
estimate of the weighting vector. Essentially, for the eFRF to yield only one degree-of-freedom, this vector
must represent a modal filter vector for that mode [11] .

In practice, any vector, that is a reasonable estimate of the modal vector for the mode that is to be enhanced,
can be used to estimate the eFRF. For example, a singular vector that is an estimate of modal vector r can be
used as follows:

eFRFr (ω ) =
Qr

( jω − λ r )
=

{U}T
r {H(ω )}q

γ r
(16)

In this case, while the modal frequency and modal damping are not affected by the applied vector, the impact
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of the scaling of the applied vector must be understood in order to evaluate the modal scaling Qr

In reality, the goal of the eFRF is to allow a simple modal parameter estimation algorithm to be used to
estimate modal frequency and scaling. If other modes are still observable in the eFRF, these modes can be
handled with residuals in the modal parameter estimation.

3.1.3 eFRF - General Multiple Input, Multiple Output (MIMO) Development In general, any
vector can be used as the basis for estimating an eFRF. If the vector is not close to the spatial shape of one of
the modes of the system, several modes may be enhanced in the eFRF rather than one mode dominating. In
some situations, if the vector is poorly chosen or the vector is not well realized in the measured data, no
mode will be noticeably enhanced. In the technique utilized in the following examples, the left singular
vectors, associated with the singular values at the peaks in the CMIF, are used as the vector and is referred to
in general as the modal filter vector or the weighting vector. While the left singular vectors are always
unitary, one problem associated with using these vectors directly is that they may contain an arbitrary
complex scalar. The left singular vectors can be normalized to be dominantly real-valued prior to
application to the FRF matrix to minimize this problem. In fact, if the end goal is to estimate modal scaling,
the left singular vector should be normalized according to the modal scaling method of choice (unity at the
driving point location, for example) so that Modal A or modal mass can be directly estimated from the
numerator of the partial fraction term, Qr .

The frequency response function matrix is assumed to have been corrected for transducer orientation (plus
and minus orientation of the sensors). Although this is not required for the computation of modal frequency
and modal damping, this is required for modal scaling. Starting with a full (No = Ni = Nref ) FRF matrix, the
development of the eFRF using scaled singular vectors ({φ r } is proportional to {ur})

{φ r}T [H] {φ r} = {φ r}T

k
Σ Qk {ψ k} {ψ k}T

( jω − λ k)
{φ r} (17)

Assuming the weighting vector {φ r } adequately describes the modal vector {ψ k}, all contributions from
modes other than mode r will be much smaller than the contribution from mode r, particularly when
evaluated in the frequency range around the mode of interest:

⎪
⎪
{φ r}T {ψ k}⎪

⎪
<< ⎪

⎪
{φ r}T {ψ r}⎪

⎪
(18)

{φ r}T [H] {φ r} = {φ r}T Qr {ψ r} {ψ r}T

( jω − λ r )
{φ r} (19)

Therefore:

eFRFr =
Qr

( jω − λ r )
≈

{φ r}T [H] {φ r}

{φ r}T {ψ r} {ψ r}T {φ r}
(20)

Assuming that the weighting vector and the modal vector for mode r are the same modal vector and are
commonly scaled according to the desired modal scaling allows the square of each vector length to be
defined via the Hermitian:

C1 = {φ }H {ψ } = {φ }H {φ } = {ψ }H {ψ } (21)

C2 = {ψ }H {φ } = {ψ }H {ψ } = {φ }H {φ } (22)

Therefore,

eFRFr =
Qr

( jω − λ r )
≈

{φ r}T [H] {φ r}

C1 C2
(23)
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The above equation indicates that the numerator (residue) of the partial fraction that is estimated from the
eFRF will be the modal scaling constant Qr modified by the scaling of the two vectors, C1 and C2. If the
modal vector is a normal mode and has been scaled so that the weighting vector is real valued, the constants,
C1 and C2, will be equal and real. If the modal vectors are complex valued, the constants, C1 and C2, will be
complex conjugate pairs.

Note that the progression from Eq. 20 to Eq. 23 assumes that the transpose and the Hermitian of the
weighting vector are essentially the same. This is true when the weighting vector is real valued and will be
nearly true for small, complex-valued irregularities in the weighting vector that may arise from using
measured data to obtain an estimate for the weighting vector. When the weighting vector is generally
complex valued, this numerical issue must be considered when modal scaling is estimated from the eFRF.
Additionally, the DOFs spanned by the input and output are not typically the same. In fact, the inputs may
not even be a strict subset of the outputs although this is a very unusual case. In this last case, additional
scaling/correction is required in order to utilize all of the measured frequency response functions. These
numerical issues are covered in a later section, General Singular Vector Scaling Method.

3.1.4 Scaling Issues There are several issues that can affect the modal scaling results. One important
issue is the transducer orientation conventions which generally defines positive acceleration as from the
transducer base through the top and positive force as compression. However, even if the convention is
satisfied, sign errors can still occur if any signal conditioning causes signal inversion. Assuming that the
modal vector estimate has been scaled to be dominantly real, this error will typically result in an eFRF with
the phase starting at 180° and falling to 0° resulting in a Modal A that is dominantly negative imaginary (or
negative modal mass).

This sign issue is often observed with impedance head sensors. Since by convention compression is positive
force and base through top positive acceleration, an impedance head generally has an implied negative
driving point characteristic as shown in Figure 6 (positive force is in the opposite direction from positive
acceleration).

+Acceleration

Impedance Head

+Force

Figure 6. Conventional Orientation

Further problems occur when mixing transducer types. When using charge mode transducers, often a
positive charge signal becomes inverted through the charge amplifier. Howev er, if similar transducers and
signal conditioning (same manufacturer and type) are used for all measurement channels, then it is expected
that only a single sign error might occur between the accelerometers and load cells. This error will results in
the entire FRF matrix being multiplied by -1.

The following figures are for the same test object as in Figures 1 through 5 for a FRF data matrix using
seven references (circular plate test object). The properly scaled eFRFs are shown in Figures 7-10 for the
first pair of repeated roots around 360 Hertz, first using complex weighting vectors in Figures 7 and 8, and
then using real weighting vectors (from the imaginary part of the FRF matrix) in Figures 9 and 10. In each
case note the estimated Modal A in the title of the figure. These plots show both the eFRF and the
estimated/synthesized SDOF fit for the mode in the frequency region around the peak. Note that most single
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degree-of-freedom modal parameter estimation methods would work well on this data.
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Figure 7. eFRF - Complex Weighting Vector
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Figure 8. eFRF - Complex Weighting Vector
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Figure 9. eFRF - Real Weighting Vector
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Figure 10. eFRF - Real Weighting Vector

Figures 11-14 demonstrate the characteristics and results of failure to properly scale the magnitude and phase
of the eFRF. In each case note the estimated Modal A in the title of the figure as before. Figures 11 and 12
demonstrate the error associated with failing to correct the eFRF magnitude.
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Figure 11. eFRF - Improper Scaling
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Figure 12. eFRF - Improper Magnitude Scaling

Figures 13 and 14 shows the error resulting from not correcting the eFRF magnitude and not correcting for
the phasing difference between u and v. Figure 15 shows the attendant error resulting from incorrect
transducer orientation. Note also the phase angle characteristic in Figures 13-15. When complex valued
weighting vectors are utilized, the initial phase angle can be any value if scaling is not correct.
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Figure 13. eFRF - Improper Scaling and Phasing
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Figure 14. eFRF - Improper Scaling and Phasing
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Figure 15. eFRF - Transducer Orientation Error

Note that although the eFRF magnitude and phase change dramatically and the Modal A is not estimated
correctly, the estimated modal frequency and damping are essentially unaffected for all cases. This is
because the estimation of frequency and damping utilizes relative information, whereas the estimate of
Modal A utilizes absolute information.
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Figure 16. Synthesis Overlay - Complex Weighting Vector
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Figure 17. Synthesis Overlay - Real Weighting Vector

Figures 16 and 17 show the comparison of the measured FRF to the synthesis FRF for the properly scaled
results, complex and real weighting vectors respectively. Figure 18 shows the error resulting from incorrect
magnitude scaling. Figure 19 shows the error resulting from incorrect magnitude and phase scaling. Finally,
Figures 20 and 21 show the results from incorrect transducer orientation.
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Figure 18. Synthesis Overlay - Improper Scaling
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Figure 19. Synthesis Overlay - Improper Scaling and Phasing
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Figure 20. Synthesis Overlay - Orientation Error
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Figure 21. Synthesis Overlay - Orientation Error

3.1.5 Modal Scaling Methods When the eFRF is formulated so that modal parameters (modal
frequency, modal damping and modal scaling) can be estimated, great care must be taken to get the modal
scaling associated with the scaled modal vector. While there are no problems with estimating the modal
frequency and modal damping directly from the eFRF, the normalization of the vector used to formulate the
eFRF complicates the estimation of modal scaling since many FRFs are added in a weighted summation to
develop the eFRF.

In order for the eFRF to also be used to estimate the modal scaling (modal mass and/or Modal A), the correct
scaling (correct magnitude and phase) of the eFRF must be accounted for. Since the right and left singular
vectors in the singular value decomposition are unitary and scaled consistently as a set (but not individually)
together with the real valued singular value, the arbitrary scaling of the left singular vector must be accounted
for in the eFRF computation. For this case, where the weighting vector used in the eFRF is estimated from
the left singular vector associated with a peak in the CMIF plot, the eFRF in general is scaled by utilizing the
values of the left and right singular vectors, associated with the significant singular value, at the driving point
locations.

H
unmeasured

H

Figure 22. Frequency Response Space

Note that it is possible that {v} may not be a strict subset of {u}. In this case, the scaling factor must be
estimated from the common subset of the input/output degrees of freedom, (ie. the driving point degrees of
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freedom).

Several methods have been developed to estimate the proper modal scaling values (modal mass and/or Modal
A) in this situation. The following developments summarize the most commonly used methods but the full
details of the methods may be found in the references [14-15] . Note that these methods assume that the FRF
matrix is in units of displacement over force.

3.1.5.1 Single Vector Scaling Method The single vector scaling method is the simplest modal scaling
method in that one mode is enhanced at a time. Since no other modes are involved in the process, significant
distortion may occur at other modal frequencies that will need to be ignored when the modal parameter
estimates are estimated using a single degree-of-freedom (SDOF) methods. When the distortion of nearby
modes is significant, a higher order modal parameter estimation method will be required. An example of this
is shown in the next section as the Enhanced Mode Indicator Function (EMIF) Method.

For the following case, a scaled, left singular vector associated with a singular value at one of the peaks of
the CMIF curves is normally used as the weighting vector ({φ r } = γ {ur}). Any required scaling of this
vector to achieve a specific modal scaling criteria must be performed before the eFRF is estimated. Assume
that in a frequency range of interest, only one mode dominates the FRF matrix:

[H(ω )]No×Ni
≈ {ψ }No×1

Qr

( jω − λ r )
{ψ }T

1×Ni
(24)

Note in the above model, {ψ } is a subset of {ψ } where it is assumed that the number of inputs Ni is less
than the number of outputs No, the lesser of these two numbers referred to as the number of references Nref .
Also, assume that the set of driving point FRF data is complete (Nref = Ni).

Noting that regardless of the normalization of the weighting vector {φ r } used in the eFRF computation, the
following squared vector lengths can be defined:

{φ }H {ψ } = C1 = {ψ }H {ψ } (25)

{ψ }T
⎧
⎨
⎩
{φ }T ⎫

⎬
⎭

H

= {ψ }T {φ }* = C2 = {ψ }T {ψ }* (26)

Now, premultiplying by {φ }T and assuming that the contribution is dominated by the vector product of the
mode that is being enhanced:

{φ }T [H(ω )] ≈ C1
Qr

( jω − λ r )
{ψ }T (27)

and postmultiplying by {φ } with the same assumption:

{φ }T [H(ω )] {φ } ≈ C1
Qr

( jω − λ r )
C2 (28)

eFRFr (ω ) =
Qr

( jω − λ r )
≈

{φ }T [H(ω )] {φ }

C1 C2
(29)

As before, the above equation indicates that the numerator (residue) of the partial fraction that is estimated
from the eFRF will be the modal scaling constant Qr modified by the scaling of the two vectors, C1 and C2.
In general, though, the two constants are unrelated due to the different lengths of the number of ouputs and
number of inputs.
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Note that, since only one of the modal vectors is used in this formulation, the modal characteristics for the
mode of interest will be enhanced but so will other modes with a similar spatial pattern. As long as the other
modes are not close in modal frequency, a SDOF modal parameter estimation method will give satisfactory
results and the residue of the partial fraction, together with the two scaling constants C1 and C2 can be used
to obtain the scaling term Qr and therefore the Modal A or modal mass for the mode of interest.

3.1.5.2 Multi-Vector Scaling Method When more modal vectors have been estimated, the set of modal
vectors can be used to estimate the eFRF plots collectively. Some care must be used in the choice of the
weighting vecters to be certain that the vectors are not spatially related. This will be discussed further at the
end of this section. Beginning with the matrix form of the partial fraction model for the FRF matrix, limited
to a frequency range with Nb modes:

[H(ω )]No×Ni
= ⎡

⎣
ψ ⎤

⎦No×Nb

⎡
⎢
⎢

Qr

( jω − λ r )

⎥
⎥
⎦Nb×Nb

⎡
⎣
ψ ⎤

⎦

T

Nb×Ni

(30)

Note in the above model, ⎡
⎣
ψ ⎤

⎦
is a subset of ⎡

⎣
ψ ⎤

⎦
where it is assumed that the number of inputs Ni is less

than the number of outputs No, the lesser of these two numbers referred to as the number of references Nref

as before. The number of modal vectors included in this model is Nb which is the number of modes
identified with the CMIF plot in the frequency band of interest. This may or may not include all modes or
the complex conjugate pairs (negative and positive frequencies) of modes.

In this approach to modal scaling, the scaled, left singular vectors are used as weighting vectors
{φ r } = γ {ur}. Note also that any scaling of the left singular vectors to achieve a specific modal scaling
criteria (unity modal coefficient at the driving point, for example) must be performed on the singular vectors
prior to the estimation of the eFRF.

From the definition of pseudo-inverse:

⎡
⎣
φ ⎤

⎦

+
⎡
⎣
φ ⎤

⎦
= [I ] = ⎡

⎣
φ ⎤

⎦

+
⎡
⎣
ψ ⎤

⎦
(31)

⎡
⎣
φ ⎤

⎦

T ⎡
⎢
⎣
⎡
⎣
φ ⎤

⎦

T ⎤
⎥
⎦

+

= [I ] = ⎡
⎣
ψ ⎤

⎦

T ⎡
⎢
⎣
⎡
⎣
φ ⎤

⎦

T ⎤
⎥
⎦

+

(32)

Note that in the above equations, the matrix
⎡
⎢
⎣
⎡
⎣
φ ⎤

⎦

T ⎤
⎥
⎦

+

is of dimension Nref × Nb. This means that in order for

the pseudo-inverse to exist, the number of modes that are included must be less than the number of references
that are available. Also, based upon the number of references available, two or more of the modal vectors
may look very similar in spatial distribution. If this occurs, the pseudo-inverse will not exist or be ill
conditioned and

Therefore, pre-multiplying by ⎡
⎣
φ ⎤

⎦

+
:

⎡
⎣
φ ⎤

⎦

+
[H(ω )] = [I ]

⎡
⎢
⎢

Qr

( jω − λ r )

⎥
⎥
⎦

⎡
⎣
ψ ⎤

⎦

T

(33)

and post-multiplying by
⎡
⎢
⎣
⎡
⎣
φ ⎤

⎦

T ⎤
⎥
⎦

+

:

⎡
⎣
φ ⎤

⎦

+
[H(ω )]

⎡
⎢
⎣
⎡
⎣
φ ⎤

⎦

T ⎤
⎥
⎦

+

≈
⎡
⎢
⎢

Qr

( jω − λ r )

⎥
⎥
⎦

(34)
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At this point, the original weighting vectors (before the pseudo inverse is taken) and modal vectors are
assumed to be the identical in order for the identities in Eq. 31 and Eq. 32 to be valid. This means that the

scaling of the modal vectors ⎡
⎣
φ ⎤

⎦
are involved in the computation and, therefore, the modal scaling is with

respect to the normalization used for each vector in ⎡
⎣
φ ⎤

⎦
. Note that, due to the use of the pseudo inverse

vectors as the weighting vectors, the scaling correction is already included (constants C1 and C2 used in
previous methods are automatically 1.0).

Equation 34 represents the Nb eFRFs solved simultaneously via the pseudo inverse. Note that, since a subset
of all theoretical modes is used in this formulation, the resulting matrix may not be purely diagonal as
expected. The diagonal terms of the matrix are the eFRFs for each successive mode and the numerator term
in each case is the scaling term Qr which can be directly used to estimate the Modal A or modal mass for
each mode. The diagonal terms will be dominated by the particular mode that is enhanced but may contain
distortion or enhancement of other modes as well, depending upon the group of modal vectors included in
⎡
⎣
φ ⎤

⎦
. The off-diagonal terms may be ignored (generally) or observed as an indication of the validity of the

formulation.

3.1.5.3 General Singular Vector Scaling Method Since the right and left singular vectors in the
singular value decomposition are unitary and scaled consistently as a set with respect to the real valued
singular value, these pairs of vectors may be used in a generalized approach to determining the modal
scaling. However, the arbitrary scaling of the left and right singular vectors must be accounted for in the
eFRF computation. For this general case, where the modal vector used in the eFRF is estimated from the left
singular vector associated with a peak in the CMIF plot, the eFRF is scaled by utilizing both the left and right
singular vectors, associated with this significant singular value. In this method, as in most methods of modal
scaling, the information in the singular vectors at the driving point locations is very important. While this
method is completely general, this method is slightly more complicated than the previously presented
methods.

First of all, assuming operation on only one mode at a time (dropping the mode r notation), also assume that
the left singular vector is scaled so that it satisfies a required modal scaling method. This generally will
mean that the scaled left singular vector is dominantly real. Note that even if the system is proportionally
damped, there is no guarantee that the initial left or right singular vectors will be real valued.

{φ} = {usc} = C3 {u} (35)

This scaled vector {φ} will be the weighting vector that premultiplies the FRF matrix in the computation of
the eFRF. Now assume that the right singular vector can be projected onto the scaled left singular vector at
the driving point locations (DOFs). The bar notation indicates the subset of the vectors at the Nref common,
driving point locations.

{usc} = C4 {v} (36)

The scaling factor, C3, scales and rotates the right singular vector to match the left singular vector at the
common driving point locations. If the FRF matrix was a theoretical simulation, the scaled right, singular
vector should exactly match the scaled, left singular vector. The scaling factor, C4, between the right and left
singular vectors at the driving point locations can now be defined as follows:

C4 = {v}1×Nref

+ {usc}Nref ×1 (37)

In the above equation, Nref refers to the number of driving point DOFs (DOFs common to both No and Ni

and C4 is a complex scalar. This now allows the complete, scaled right singular vector to be defined:

{vsc} = C4 {v} (38)
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The number of elements in the complete, scaled right singular vector {vsc} is Ni where Ni may be equal to,
or greater than Nref . Note again that in this formulation the number of inputs Ni is assumed to be smaller
than No and that Nref is the number of common driving point DOFs which is less than or equal to Ni .

The Hermitian of each scaled vector is now used to find the squared length of each vector that will be used in
the estimation of the eFRF.

{usc}H {usc} = C1 {vsc}H {vsc} = C2 (39)

Now the scaled left and right singular vectors can be used to estimate the eFRF as follows:

{usc}T [H(ω )] {vsc} ≈
C1 Qr C2

( jω − λ r )
(40)

eFRF(ω ) =
Qr

( jω − λ r )
≈

{usc}T [H(ω )] {vsc}

C1 C2
(41)

3.2 Enhanced Mode Indicator Function (EMIF) Method

The Enhanced Mode Indication Function (EMIF) Method is an extension of the CMIF/eFRF method to
estimate modal parameters for several modes of vibration at one time. The distinction of this method is that
the number of poles that are found is fixed based upon the number of peaks identified by the CMIF plots.
The flow of this algorithm is as follows:

• Identify the peaks in the CMIF plots.

• Utilize all curves if pseudo-repeated or repeated modal frequencies.

• Use the singular vectors at these peaks to condense the FRF matrix in the long dimension.

• Several frequencies around each peak may be used to estimate one singular vector.

• Form the virtual FRF matrix of dimension number of modes in frequency band of interest by
number of spectral lines in the frequency range of interest Nb × Ns.

• Estimate the modal frequency and modal damping from a first or second order UMPA model

• First order model if only positive frequency information is used.

• Second order model if positive and negative freqeuncy information is used.

• Fix the size and number of the [α ] coefficients.

• Fix the size but allow the number of [β ] coefficients to be changed.

• Estimate modal scaling using the same methods as CMIF/eFRF

A unique aspect of the EMIF algorithm is that, while the number of poles is fixed based upon the number os
significant singular values found from the CMIF curves, the number of residuals is allowed to change in
order to develop a consistency diagram approach to finding stable estimates of the modal frequencies.

3.2.1 EMIF Method Details The CMIF plot is first utilized to identify the number of modes Nb in a
limited frequency band of interest. The singular vectors for these modes are collected into a tranformation
matrix [T ]:

[T ] = ⎡
⎣
U⎤

⎦No×Nb

(42)

While this is the simplest explanation for the estimate of the transformation matrix, a number of other
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methods have been previously documented [18] that involve utilizing FRF information from several
frequencies around each peak to estimate the sassociated singular vector. This transformation matrix is used
to create a virtual FRF matrix as follows (assume Nref = Ni):

⎡
⎣
H(ω )⎤

⎦Nb×Nref

= [T ]T
Nb×No

[H(ω )]No×Nref
(43)

This virtual FRF matrix is then used in a simplified, second order UMPA model as follows:

⎡
⎣
[α2] ( jω )2 + [α1] ( jω )1 + [α0] ( jω )0⎤

⎦
⎡
⎣
H(ω )⎤

⎦
=

nu

k=nl

Σ ⎡
⎣
[β k] ( jω )k⎤

⎦
(44)

or as a first order UMPA model:

⎡
⎣
[α1] ( jω )1 + [α0] ( jω )0⎤

⎦
⎡
⎣
H(ω )⎤

⎦
=

nu

k=nl

Σ ⎡
⎣
[β k] ( jω )k⎤

⎦
(45)

The least squares solution of the above equation is formed based upon the number of frequencies in the
frequency band of interest. Naturally, sufficient frequencies must be included to estimate the number of
unknowns ([α ] and [β ] coefficents). Details on the solution method and the impact of numerical form of the
model is given in other references [12,13,18] .

Note that the size of the [α ] coefficients is Nb × Nb and the size of the [β ] coefficients is Nb × Nref . This
means that the second order, matrix coefficient polynomial will always estimate 2Nb roots consistent with the
number of expected modal frequencies plus the associated complex conjugate roots. If only the positive
frequency information is included in the estimation procedure, the second order term can be eliminated
resulting in the first order UMPA model and Nb roots.

The unique aspect of this algorithm is that the number of [β ] coefficients that are included is varied in order
to generate a consistency diagram. With varying number of [β ] coefficients, this essentially provides a
varying number of residual terms to satisfy poorly excited modes or noise and yet always estimate the
expected number of modal frequencies. The same sort of consistency (stability) process used by other modal
parameter estimation algorithms is used to choose the best set of modal frequencies to span the modal space
in the frequency range of interest.

4. Representative Applications
Several applications are included in the text to demonstrate the use and application of CMIF, eFRF and EMIF
methods in developing structural models based upon measured FRF data. The examples in the text to this
point have been taken from a circular plate that is a relatively easy stucture to test but has nearly identical
repeated roots associated with many of the peaks in the curves of the CMIF plot. These examples came from
a measured FRF matrix for the circular plate that involved 7 output DOFs (No = 7) and 36 input DOFs
(Ni = 36). The data was taken using a multiple reference impact testing (MRIT) method using very
conventional testing techniques. The plate is made of steel and is approximately 3 feet (approximately 0.9
meter) in diameter with a slightly built-up hub area in the middle of the plate. The thickness of the plate is
approximately 0.75 inches (approximately 2.0 cm) and the hub area is triple the thickness of the plate.

As other representative applications, an analytical example using a 15 DOF model was chosen to illustrate
the theoretical aspects of the methods and a very difficult, civil engineering structure was chosen to illustrate
the usefulness of the method when the measured FRF data is not ideal. Further details on various
applications can be found in the references [3,5,6,14,16-19] .
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4.1 Analytical 15 DOF Case Study

A 15 DOF analytical system is used to test basic ideas for different levels and kinds of damping as well as
close mode issues. Using this analytical system allows for the modal scaling to be evaluated with respect to
the theoretical answers as well. The portion of the Matlab script used as the basis for the model shown in
Figure 22 is documented in the Appendix.

Figure 23. 15 DOF Model

Figures 24 and 25 show the typical CMIF plots for the cases involving the complete FRF matrix and for the
imaginary part of the FRF matrix. Some advantage in discriminating close modal frequencies is noticable
when the imaginary part of the FRF matrix is used.
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Figure 24. CMIF from FRF Matrix
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Figure 25. CMIF from Imaginary Part of FRF Matrix

Figure 26 shows the eFRFs estimated from the complete set of eigenvectors from the analytical solution. If a
partial set of eigenvectors are used, some distortion around the modal frequencies would be noticed. Note
that each eFRF curve looks like a SDOF even though no mass matrix was involved in the weighting
procedure. This is due to the pseudo inverse method used in this solution. The pseudo inverse method
means that the weighting vectors were the modal filters as developed from the reciprocal modal vectors [11] .
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Notice that the magnitude scaling on Figure 26 is nearly the same as the magnitude scaling on the CMIF plot.
Figures 27 through 30 show the comparison of single vector scaling versus multiple vector scaling. In all
cases, the single vector scaling enhances the mode of interest to the point that a SDOF parameter estimation
algorithm can be successfully used to estimate modal parameters as long as the SDOF algortihm has some
resduals included. Note that mode 5 and mode 6 have very close modal frequencies.
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Figure 27. Comparison: Single and Multi-Vector Solution for Mode 2
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Figure 28. Comparison: Single and Multi-Vector Solution for Mode 5
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Figure 29. Comparison: Single and Multi-Vector Solution for Mode 6

PARAMETER ESTIMATION 3235



0 50 100 150 200 250 300
10

−4

10
−3

10
−2

10
−1

Frequency−−Hz

X/
F

Comparison EFRF−EFRFs Mode 12

Single Mode −− EFRFs
Multiple Mode −− EFRF

Figure 30. Comparison Single and Multi-Vector Solution for Mode 12

4.2 Bridge Case Study

The final test case involves a 15 reference impact test on a civil engineering bridge structure. The FRF data
from this structure is notoriously difficult to fit using any traditional algorithm and to date the best results
have been obtained by using spatial domain modal parameter estimation methods such as CMIF/eFRF and
EMIF [14,16] . This includes recent attempts to fit the original data with all methods included in the UMPA
framework [19] that includes methods like PTD, ERA, PFD and the latest Polyreference Least Squares
Complex Frequency (PLSCF) method.

Figure 31. Seymour Street Bridge, Cincinnati, Ohio, USA
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The civil engineering bridge structure that was tested is the Seymour Street Bridge in Cincinnati, Ohio shown
in Figure 31.

The bridge test utilized a multi-reference impact test (MRIT) method involving 15 reference accelerometers.
The impactor that was used to excite the bridge is a drop hammer style impactor shown in Figure 32. The
FRF data was estimated over the 0-30 Hertz frequency range utilizing several impacts for each measurement.
Many of the abbreviated test cases for this bridge involved the measurement situation outlined in Figure 22
where an incomplete set of inputs and outputs were collected (driving points at all reference locations were
not acquired). Several configurations of the bridge were tested as the bridge was altered during the extended
period of the testing. During most of the testing, traffic was maintained on the bridge over two lanes while
testing was ongoing over the other two lanes.

Figure 32. Drop Hammer Used to Excite Seymour Street Bridge

The testing program for the Seymour Street Bridge was designed to evaluate conventional and research
methods for evaluating the condition and load capacity of a typical bridge structure. The State of Ohio has
thousands of bridges similar to the Seymour Street Bridge that must be inspected on a routine schedule. The
normal approach to evaluating the condition of a bridge, beyond visual inspection, is to load the structure
statically with trucks filled with material and then to measure the static deflection of the structure with
respect to this load in order to evaluate the capability and condition of the bridge. The measurement of the
static deflection involves establishing a reference frame below the bridge and then, utilizing string
potentiometers or other displacement sensors, measure the deflection of the bridge as several different load
cases are applied by placing trucks on the bridge in different loads and locations. This is a very time
consuming process to say the least and limits the number of bridges that can be fully inspected and/or the
cycle of the bridge inspection process.

The goal of the dynamic testing of this structure is to develop a sufficent modal model of the structure so that
the modal model can be used to evaluate the condition of the bridge. The modal parameters of the individual
modes of the structure are too low in frequency to be sensitive to small changes in the bridge and bridge
supports to be of any use in this evalualtion. However, the collective modal model, involving the first 10-20
modes of the structure, is sensitive enough to predict the static stiffness of the structure when this modal
model is extrapolated to zero frequency. At zero frequency, the FRF data should represent the compliance
(1/K) characteristics of the structure. Since displacement sensors would pose the same problems as the
traditional test, low frequency accelerometers were used for the testing. Since there is little acceleration at
very low frequency, the zero frequency characteristic is estimated from a complete modal model rather than
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from direct measurement. Using this test method, a single test could be completed in several hours rather
than several days.

Several approaches were utilized for the modal parameter estimation part of the process. The methods that
were most successful were the CMIF/eFRF method and the EMIF method. Further details concerning the
testing and processing of the FRF data for this application can be found in the references [14,16,19] .

In the EMIF process, singular vectors are first estimated from the peaks in the primary CMIF curve followed
by the same process from peaks in the secondary CMIF curve, based upon a small frequency range of
interest. If there are further peaks in successive curves, then singular vectors are estimated from the
additional curves. It would be uncommon to utilize the complete frequency range or to utilize a frequency
range that had only one or two modes that could be easily handled with the CMIF/eFRF approach using
SDOF modal parameter estimation with residuals.

Figures 33 and 34 show cursors on the primary and secondary curves in the CMIF curves respectively. These
cursors were placed using an automatic peak pick algorithm that quickly finds most of the likely
contributions from the associated CMIF curve.
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Figure 33. Singular Vectors Chosen from Primary CMIF Curve for EMIF
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Figure 34. Singular Vectors Chosen from Secondary CMIF Curve for EMIF

In this example, twelve peaks were initially found from the primary curve and two peaks were found from
the secondary curve. Additional peaks can then be added manually to account for any peaks that were
missed by the automatic process. In this example, one more peak was added manually. The CMIF/eFRF
approach gav e satisfactory results for most modes except for the five modes in the 11-14 Hertz frequency
range. Figures 35 through 39 show the eFRF results for several of these modes. Note the dotted lines
representing the synthesis of the associated SDOF model. Note also the phasing error at zero frequency due
to the sensor orientation inconsistency.
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Figure 35. eFRF for 7.35 Hertz Mode
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Figure 36. eFRF for 8.25 Hertz Mode
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Figure 37. eFRF for 11.1 Hertz Mode
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Figure 38. eFRF for 11.68 Hertz Mode
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Figure 39. eFRF for 25.2 Hertz Mode

The five peaks found in the 11-14 Hertz frequency range were then used to identify the five singular vectors
to be used in the EMIF method. The five singular vectors were used to transform the FRF data matrix to the
five virtual (modal) DOFs associated with these vectors. Note that at this point, the virtual FRF matrix is of
dimension 5 × 15 where the number of references is 15 (Nref = 15). The five peaks are identified in Figure
40, at the top of the EMIF plots, with solid triangles (note that two peaks are very close together in
frequency).
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Figure 40. EMIF Results for Five Modes between 11 and 14 Hertz

Using this transformed FRF data matrix in a second order model as described in Section 3.2, the modal
parameters were estimated for the five modes of interest while allowing the number of residuals to vary in the
consistency diagram. Note the dotted lines in Figure 40 that are used to show the synthesis compared to the
virtual eFRFs. Note also that there are only five dominant contributions in this frequency range (no
noticeable modes in the remaining 10 eFRFs shown).

Figure 41. Modal Model Correlation with Static Deflection Test

Figure 41 summarizes the results of one of the load cases studied using this approach to determining the
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static deflection characterisitics of the Seymour Street bridge. The green curve on the figure represents the
static deflection predicted from the modal model developed using CMIF/eFRF and EMIF methods. The
purple curve in the figure represents the actual deflection measured by the normal static deflection test while
the trucks were in position on the bridge. Note that this is a representative result from several load cases that
were compared. In this case, the first fifteen modes in the modal model were used to predict the static
deflection curve from the compliance (1/K) of the associated, synthesized FRF data.

5. Summary and Conclusions

Over the last twenty years, the Complex Mode Indicator Function (CMIF) has become a powerful method for
detecting and analyzing repeated root or pseudo-repeated root situations in FRF data. Combining the modal
vector estimates from the singular vectors of peaks in the CMIF curves with the modal frequency and modal
scaling estimates produced by the Enhanced Frequency Response Function (eFRF) results in an effective,
efficient modal parameter estimation technique that can be used even when the FRF data is non-ideal. The
EMIF method extends the SDOF nature of the CMIF/eFRF to the point that very difficult frequency ranges
can be handled. These methods have been used successfully on many different types of structures and on data
that was not amenable to more sophisticated techniques. However, as has been shown, strict attention must
be paid to the magnitude and phase scaling of the eFRF in order to extract reliable estimates for modal
scaling (Modal A or modal mass). Failure to properly scale the eFRF yields estimates that, while resonably
accurate with respect to modal frequency, modal damping and modal vector, are improperly scaled and
therefore unsuitable for more rigorous applications such as impedance and modal modeling or operating
loads prediction.
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Appendix A: 15 DOF Matlab Model

%
% Generating M C K matrices for 15 DOF Model
%

NN=5; % DOF’s equals 3*NN

m1=10/386.09;
m2=10/386.09;
m3=.5/386.09;
k1=1000;
k2=1000;
k3=1000;
k4=1000;
c1=.2;
c2=.2;
c3=.05;
c4=.2;

rand1=[0 -100 100 -200 200];

for kk=1:NN,
M1(kk,kk)=m1;
M2(kk,kk)=m2;
M3(kk,kk)=m3;
K1(kk,kk)=2*k1+k3+k4+rand1(kk);
K2(kk,kk)=2*k2+k4;
K3(kk,kk)=k3+rand1(kk);
K12(kk,kk)=-k4;
K13(kk,kk)=-k3-rand1(kk);
C1(kk,kk)=2*c1+c3+c4;
C2(kk,kk)=2*c2+c4;
C3(kk,kk)=c3;
C12(kk,kk)=-c4;
C13(kk,kk)=-c3;

end

for kk=1:NN-1,
K1(kk,kk+1)=-k1;
K1(kk+1,kk)=-k1;
K2(kk,kk+1)=-k2;
K2(kk+1,kk)=-k2;
C1(kk,kk+1)=-c1;
C1(kk+1,kk)=-c1;
C2(kk,kk+1)=-c2;
C2(kk+1,kk)=-c2;

end

M(1:NN,1:NN)=M1;
M(NN+1:2*NN,NN+1:2*NN)=M2;
M(2*NN+1:3*NN,2*NN+1:3*NN)=M3;
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K(1:NN,1:NN)=K1;
K(NN+1:2*NN,NN+1:2*NN)=K2;
K(2*NN+1:3*NN,2*NN+1:3*NN)=K3;
K(NN+1:2*NN,1:NN)=K12;
K(1:NN,NN+1:2*NN)=K12;
K(2*NN+1:3*NN,1:NN)=K13;
K(1:NN,2*NN+1:3*NN)=K13;
C(1:NN,1:NN)=C1;
C(NN+1:2*NN,NN+1:2*NN)=C2;
C(2*NN+1:3*NN,2*NN+1:3*NN)=C3;
C(NN+1:2*NN,1:NN)=C12;
C(1:NN,NN+1:2*NN)=C12;
C(2*NN+1:3*NN,1:NN)=C13;
C(1:NN,2*NN+1:3*NN)=C13;
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Abstract 
The work presents a Multivariate Time Series Models in the identification of mechanical systems. 
The maximum likelihood technique (ML) is applied to estimate the parameters of the time series 
models in order to improve the precision in the estimation of modal parameters. Spliid’s 
algorithm is used to estimate initial values to start the iterative process of the ML technique. The 
performance of the ML technique is verified in a three degree freedom simulated system with two 
inputs and two outputs. Stochastic noise is added to the outputs in order to verify the performance 
of the time series model in the presence of stochastic noise.  
 
 

1 Introduction 
 
The accuracy in practical modal parameter identification of dynamical systems is directly related to the 
quality, as well as quantity of available test data. Multi-input-multi-output (MIMO) testing signals provide 
the sort of redundant information that allows for accurate calculation of frequencies and modal 
parameters. Cheaper and better instrumentation also contribute for increasing the number of simultaneous 
input and output signals that can be processed in the identification scheme. 
The feasibility of using MIMO signals depends also on the purpose of the identification scheme. 
Parameter identification for online control purposes, for instance, require very fast algorithms, with the 
monitoring of a minimum set of input/output information that may not yield sufficiently accurate results. 
More accurate estimates, using a greater number of input-output data may not provide identification 
results in a very fast manner.  
Two classes of techniques for estimating system parameters can be mentioned here: stochastic and 
deterministic. Stochastic techniques such as prediction error method (PEM), linear multi stage (LMS), 
instrumental variable (IV) [8] and maximum likelihood (ML) [5] are useful identification algorithms when 
the testing signals are contaminated by a reasonable amount of external noise. Deterministic techniques 
such as eigenvalues realization algorithm (ERA), Prony  [8] are known to perform not so well in the 
presence of external additive noise. 
An important time domain MIMO model for system identification is the Vector Autoregressive Moving 
Average with Exogenous Variables (VARMAX). It has been successfully employed in the identification 
of systems whose input-output data is contaminated with external noise. The works by Fassois [6,7,8] 
show the performance of such a method and its application to real situations. The LMS technique is 
employed in the estimation of the parameters of the VARMAX model. Such technique is of a sub optimal 
nature [6] since it uses only a linear optimization scheme. 
 
Another interesting identification scheme, which uses a linear square procedure similar to the LMS 
technique, is Spliid’s algorithm [2]. Due to its relatively simpler formulation, it is a convenient tool for 
estimating initial parameters in a more complex identification scheme described next. 
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Maximum likelihood (ML) parameter estimation methods are not very popular in modal identification 
procedures; due to the heavy computational effort required in its non linear optimization procedures [2,6], 
which translates into slow performance. The existence of faster computer machines however is an 
incentive to the use of such an identification tool that can be shown to be consistent, efficient and 
asymptotically unbiased [14], which are statistical properties of good estimators. 
In the present work, parameters of a VARMAX model are calculated using ML methods. Natural 
frequencies and mode shapes are estimated in the presence of noise, with the use of the companion matrix 
[5, 12, 13]. Spliid’s algorithm is used in conjunction with the ML method to yield initial values for the 
iterative scheme. 
The results of implementation and performance of the VARMAX/ML identification scheme is presented 
by means of a numerical simulation.  
 

2 Multivariate autoregressive moving average with exogenous variables 
model (VARMAX)  
 

2.1 Description of the VARMAX model 
 
The VARMAX model is used to represent a mechanical system with stochastic and controlled inputs such 
as 
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where   tX is an )1( ×m  vector of controlled inputs, with Tt ,...,1= , 

              tY  is a )1( ×k  response vector, with Tt ,...,1=  

tε  is a )1( ×k  non observable white noise vector, independent of tX , having Tt ,...,1= , with                       
zero mean and covariance matrix Σ , 

       iφ   is a )( kk × matrix, 

iβ   is a )( mk ×   matrix 

iθ    is a )( kk ×    Matrix  

p      is the order of the autoregressive part. 

q       is the order of the moving average part. 

r       is the order of the variable exogenous part. 

The process tY  of the above model is the result a sum of controlled and stochastic inputs, Fassois [6,7,8], 
Spliid [2].  
 

2.2 Fast Algorithm for Parameter Estimation of the VARMAX Model 
 
A fast parameter estimation algorithm developed by Spliid [2] is presented next. It is used here as a first 
approach to the parameters in the proposed ML identification scheme. 

Let Y be a matrix kT × of measured data: 
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A residual matrix kjTiij ,....,1,..,1},{ ===Ε ε  and a regression matrix 
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The parameters are ordered in a matrix  of dimension kkrkpkq ×++ )( : 
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The algorithm is initiated without the moving average term but with an increased number of 
autoregressive terms, qps += . It is important to mention that the algorithm does not require initial 
values. 
The following steps are thus defined in Spliid’s algorithm: 

Step 0: Build the matrix ( )LaXYLYLLYW s ,,........,, 2= . An estimated white noise signal ε , for 
teration 0, is obtained by: 

YWWWWY TT 1)()0( −
∧

−=ε       (5) 

 where εε =
∧

)0( . 

The first assumed values for the parameters matrix is 0,0)0( ==
∧

jδ  and the process can 
evolve to step 2, after this initial assumption. 

Step 1:  recursively compute the residuals for t = 1,2,......,T: 
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Step 2: Build )( jA
∧

, )( jU
∧

and compute the new estimates via linear regression, by solving the equation: 

YUjjUjU
TT ∧∧∧∧

=+ )1()()( δ      (7) 

Step 3:  If )()1( jj
∧∧

≠+ δδ , increment j by 1 and repeat steps 1 to 3.  Stop if )()1( jj
∧∧

=+ δδ . 

 
Spliid [2] shows that these estimators are asymptotically normal distributed. Another important 
property is that in most cases these estimators are very close to the ML estimator, (see Shumway 
[10], Spliid [2]).  
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2.3 Conditional Maximum Likelihood Method 
 
The conditional ML method proposed in this section, is adapted from the algorithm developed by Reinsel  
[1,11]. 

Let T  represent observations ),....,1( TtYt = . A number of kT ×  matrices are defined as 
'

21 ),.....,,( TYYYY = , ( )'
21 ,....,, Tεεε=Ε . Another mT ×  matrix '

21 ),....,,( TXXXX =  is also 

defined with ( )'
21 ,.....,, iTii

i YYYYL −−−= , ( )'
21 ,.....,, iTii

i XXXXL −−−= . The model can then be 
expressed in the following form: 
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Expression (8) can be written in vectorial form, using the vec operator and the Kronecker product as: 
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The use of conditional maximum likelihood method assumes that po YYY −11 ,....,,  are known and fixed. On 

the other hand, the initial residuals are expressed as 0.... 110 ==== −qεεε . Then a TT ×  lagged matrix 
D is introduced which has ones in the diagonal below the principal diagonal, and all other elements null. 

The approximation, ΕiL  in (10) is modified by: 
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where 
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Assuming normal distribution for tε , it follows that e  has zero mean and covariance matrix ∑⊗TI . 
Then, the natural logarithm of the approximated (conditional) likelihood function is: 
 

   ( )eIeTl T
1'

2
1ln

2
−Σ⊗−∑−=              (14) 

  or 

( ) ( ) wIwTl T
111''

2
1ln

2
−−−

Θ∑⊗Θ−Σ−=                 (15) 

where    

∑∑
−

==

⊗−⊗−=
1

01
)()(

r

i
ik

i
p

i
ik

i bIXLIYLyw ϕ .         (16) 

The next step involves maximizing l according to the parameters ∑eba iii ,,,ϕ . 

The maximization of l with respect to ∑  results in: 
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Defining the vector: 
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their partial derivatives can then be expressed together as: 
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It can be seen that the system of equations is not linear with respect to the unknown parameters, which 
means that a numerical algorithm is needed in order to produce an adequate solution. In the present paper 
the Newton-Raphson solution algorithm is used resulting in, 
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An expression for the second derivative is given as follows [1, 11]: 
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Expressions (24), (25) and (26) can be finally used to establish an algorithm for parameter estimation, 
described through the following sequence: 
i.  Calculation of initial values through Spliid’s algorithm described earlier:  
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where 10 ≤< kα  is chosen in such a way that the VARMAX model satisfies the condition of 
being invertible. The residual tε  are obtained recursively as: 
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2.4 Modal Parameter Estimation 
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The coefficients of the autoregressive part of the model contain the modal characteristics of the system 
[9]. To obtain its modal parameter, it is necessary to build the companion matrix M [5,12], 








 −−
=

−− 1)1()1(

1

0 xpp

p

I
M

φφ …
          (27) 

The eigenvalues and eigenvectors of M are related to the modal parameters [5,12,13] in the following 
way: 

dt
M
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where: 

Mλ  represents the eigenvalues of M 

sλ  represents the eigenvalues of the mechanical system 

Mψ  represents the eigenvectors of M 

Sψ  represents the eigenvectors of the mechanical system, which is the upper half partition of Mψ . 

 

3 Application 
 
A simulated system of two inputs and three outputs is analyzed and the results of different identification 
schemes are displayed. In all schemes the minimum order of six is assumed, which does not allow, in any 
circumstance, for the introduction of computational poles. The original properties of the system are 
displayed in table 3.1.  
 

Poles Modes of Vibration 

-0.0196 - 6.6533i 
1.0000 
6.5732 + 0.0404i 
4.2208 + 0.0250i 

-0.0496 -10.5300i 
1.0000 
-0.0884 + 0.0008i 
-0.0992 + 0.0010i 

-0.1307 -16.2737i 
1.0000 
-15.4828 - 0.2628i 
23.8749 + 0.4254i 

Table 3.1: Original parameters of simulated system 
 

An amount of  noise is added to each output, such that the signal to noise rate (NSR) is 0.4, being such a 
relation defined as:   
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Identification of poles of the system from the noise corrupted output data is shown on table 3.2. The 
VARX, VARMAX and ML-VARMAX identification algorithms are employed with the minimal number 
of parameters each. It is seen from table 3.2 that the ML-VARMAX algorithm produces the most accurate 
results, regarding specially the real part of the poles. 
 

 IDENTIFIED POLES 

Original Poles VARX VARMAX (Spliid) ML-VARMAX 

 
-0.0196 - 6.6533i 
-0.0496 -10.5300i 
-0.1307 -16.2737i 

 
-1.2927 - 7.2160i 
-1.3299 -11.1227i 
-7.7436 -13.7457i 

 
-0.1218 - 6.6952i 
-0.5772 -10.6715i 
-3.2981 -15.0145i 

 
-0.0879 - 6.6548i 
-0.0119 -10.5479i 
-3.4118 -14.9594i 

Table 3.2 Poles calculated from different minimal order identification schemes 
 

The vibrating modes calculated from such pole estimates arrive also to satisfactory results, as presented on 
table 3.3 below. In each identification case the modes of vibration are calculated from the values of the 
identified complex poles. 
 

  Identified Modes 

Mode number Original Mode Shapes VARX VARMAX (Spliid) ML-VARMAX 

1 

1.0000 
6.5732 + 0.0404i 
4.2208 + 0.0250i 

1.0000 
0.0402 - 0.1728i 
0.3877 - 0.4005i 

1.0000 
6.1073 - 0.0832i 
4.0477 - 0.0239i 

1.0000 
6.0924 - 0.3479i 
4.0161 - 0.2142i 

2 

1.0000 
-0.0884 + 0.0008i 
-0.0992 + 0.0010i 

1.0000 
0.0065 - 0.1209i 

-0.3443 + 0.0061i

1.0000 
-0.1070 + 0.0094i 
-0.1077 - 0.0000i 

1.0000 
-0.1053 + 0.0027i
-0.1079 - 0.0035i 

3 

1.0000 
-15.4828 - 0.2628i 
23.8749 + 0.4254i 

1.0000 
-1.6878 - 0.0304i
2.7421 + 3.6235i

1.0000 
-10.9180 - 0.0312i 
19.8659 - 0.1973i 

1.0000 
-11.4778 - 1.7624i
18.9003 + 2.7353i

Table 3.3 Modes calculated from different minimal order identification schemes 
 

The identification example shows that the ML-VARMAX scheme produces acceptable identification 
results of MIMO tests, with noise corrupted output signals. 
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4 Conclusion 
 
The paper shows an implementation of the VARMAX-MIMO identification model, in conjunction with 
the Spliid’s and ML procedures. The results obtained from numerical simulation show that such methods 
are able to produce identification results with higher accuracy than those of an ordinary VARX scheme, 
when the data is contaminated by large amounts of external noise. The algorithm is shown to be robust in 
the situation of maintenance of a minimum order identification model.  
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Abstract
When estimating the modal properties of a certain structure the residual effect of unmeasured modes outside
the frequency band of interest usually can not be neglected. Although there have been many investigations
in the past on how to compensate for the residual effects, there is still a common belief that residual terms
can not be estimated for the unmeasured part of the structure’s response model. Therefore, in this paper
we demonstrate the usage and the applicability of the simple, but most frequently used, physical residual
model in terms of a direct estimation of the residuals for the whole FRF matrix, even for the unmeasured
DOFs. By using the unified matrix polynomial approach in the frequency domain for the estimation of modal
parameters, the results on a beam case-study reflect the usability of the approach, while some influences
for the determination of the residual terms and the overall results in the modal estimation process are also
presented.

1 Introduction

Although there are many modal-parameter estimation algorithms that evolved over the years there still exists
some uncertainty, from the user point of view, on the selection of the frequency band, on the method/approach
to use, on the number of modes to account for etc. A brief overview of some state-of-the-art approaches ad-
dressing these common questions in experimental modal analysis (EMA) is well presented in [1]. However,
among these dubious decisions there almost always remains the question how to account for unmeasured
modes, that is the modes below the frequency band and the modes above the frequency band of interest, i.e.
residuals, in order to build a valid mathematical model representing the dynamic behaviour of a structure,
the frequency response functions (FRFs). There are many papers that address this issue while a thorough
and systematic approach as well as a complete review on using the residuals can be found in [2] where the
principal aim is to investigate a generalized residual polynomial. Although one of the main purposes to ac-
count for residual terms is, in most cases, to better estimate the poles and the residues, e.g. [2, 3], here we
will consider an approach where the poles are calculated first, without considering the residual effect, while
the residues along with the physical residuals will be calculated in a least square case in the second stage. In
general there is no exact approach on how to perfectly compensate for the residual effect neither there is not
any straightforward answer on how to include the residual terms in order to make the FRF-reconstruction as
valid as possible.

When the number of degrees-of-freedom is large, measuring the whole FRF matrix is difficult and sometimes
impossible. Although it is possible, theoretically, to compute the unmeasured FRFs from the measurement
and analysis of a single column (reference is fixed) or row (response is fixed) of the FRF matrix [4], in
practice this computation is vulnerable to errors because the frequency range of the measurement is limited
and residual terms from the unmeasured DOFs are either not included or not accounted for in a way to
compensate for the whole, reconstructed FRF. As only few attempts were made to calculate the whole FRF
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matrix, e.g. [5] which bases on the direct sub-structuring technique, an approach to estimate the whole FRF
matrix based on a measurement of one column of the FRF matrix is presented here. Here, the residuals are
considered in the form of simple, physical residuals, estimated considering the measured part of the FRF
(the measured DOFs) as well as the unmeasured, reconstructed part of the FRF (the unmeasured DOFs).
The multiple-input multiple-output (MIMO) case, together with the Unified Matrix-Polynomial Approach
(UMPA) [6, 7] in the frequency domain, is used as a basis for this investigation.

2 UMPA approach to EMA with a simple residual model

The high-order rational-fraction polynomial model of the response model, without the residual part, is [6, 7]

HT (ω)Ni×No = LNi×2N

[
r 1

iω − λr
r

]
2N×2N

ΨT
2N×No

=
N∑

r=1

AT
rNi×No

iω − λr
+

A∗T
rNi×No

iω − λ∗r
(1)

with H(ω) being the measured part of the FRF matrix, withL as the matrix of modal participation vectors,
Ψ as the matrix of modal vectors (non-scaled),Ar as the matrix of residues for moder and withλr as the
r-th modal frequency.No andNi are the output and input DOFs,N is the number of complex-conjugate
mode pairs. For the high-order model the conditionsmNi ≥ 2N andNo > Ni must hold.

Eq. (1) can also be written in another form using the rational-fraction polynomial notation [6]
m∑

k=0

ak(Ω(ω))kHT (ω) =
n∑

k=0

bk(Ω(ω))k (2)

whereak are the numerator matrix coefficients andbk are the denominator matrix coefficients. The com-
plex basis function, the generalized frequencyΩ(ω), is usually either a complex frequencys = iω or the
trigonometric mapping function (complexz, z = eiωπ) [6, 8, 7, 9, 3]. Eq. (2) is then used to calculate the
poles,λr, in the least squares sense; here it was always the casem = n (model order). A stability diagram
is usually adopted in order to show the evolution of the poles and their stability with respect to the model
orderm which enables us to select (sort out) the so called physical poles (to eliminate the computational
poles). Such a limited set of poles, as a result of solving Eq. (2), can then be used together with Eq. (1) to
obtain the modal matrixΨ and the modal participation-factors matrixL.

However, to compensate the contributions of the modes outside the frequency band of interest, Eq. (1) must
be supplemented by additional terms called residuals. As explained in the introduction this is not a straight-
forward task but still, the most common way today is to include two more terms in the form

HT (ω)Ni×No = − 1
ω2

MT
RNi×No

+
N∑

r=1

AT
rNi×No

iω − λr
+

A∗T
rNi×No

iω − λ∗r
+ KT

RNi×No
(3)

with MR as the mass residual matrix andKR as the stiffness residual matrix. In Eq. (3) the residual mass an
stiffness matrices are of the same dimension as the input data, the measured part of the FRF matrix. From
Eq. (3) both residual matrices can be estimated [2, 7, 9, 3] along with the residuesAr (once the poles are
known from the first step according to Eq. (2) where no residuals are considered). Residual terms estimated
from Eq. (3) are therefore considered as residuals of the measured DOFs as they are estimated only for the
measured portion of the FRF matrix,HNo×Ni .

2.1 Reconstruction of the whole FRF matrix

In theory, the whole FRF matrix,̂HNo×No (measured as well as unmeasured DOFs) can be reconstructed
having at least one column or one row of the FRF matrix [4, 10]. For that, the principle of reciprocity is
applied after solving Eq. (3) or Eq. (1)

Apqr =
ApkrAqkr

Akkr
(4)
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with Apkr being the residue at output DOFp, input DOFq and moder. What also holds is the relation
between the residue for the moder and the normalizedr-th modal vector,ψ

′
r

ψ
′
pqr =

√
Qr

Qr

Apqr

Aqqr
. (5)

The normalization factor,Qr, usually equals to 1 for all the modes (mass normalization).

If we apply Eq. (4) to the results of Eq. (1) we assume that there is no residual terms as, otherwise, the
estimate of thêH is highly corrupted. If we apply Eq. (4) to the results of Eq. (3), we again assume that
there is no residual terms at the unmeasured portion of the FRF as, again, the reconstructed FRF matrix is
corrupted if this is not the case. In the latter case, only the residuals for the measured DOFs are available and
thus appropriate. Therefore, both approaches just mentioned usually cannot predict the unmeasured portion
of the FRF matrix with a sufficient accuracy.

2.2 Reconstruction of the whole FRF matrix along with the full residuals

On the other hand, all the residual terms that take all the unmeasured modes into account could be written in
the form

HT (ω)Ni×No =
nl∑

r=1

AT
rNi×No

iω − λr
+

A∗T
rNi×No

iω − λ∗r
+

nl+N∑
r=nl+1

AT
rNi×No

iω − λr
+

A∗T
rNi×No

iω − λ∗r
+

∞∑
r=nl+N+1

AT
rNi×No

iω − λr
+

A∗T
rNi×No

iω − λ∗r
,

(6)
with the middle term being the same one as in Eq. (3) and representing the so-called measured modes, withnl

representing the number of the lower modes not taken into account when identifying the poles from Eq. (2).
If we simplify the first and the last term from Eq. (6), by neglecting the damping in those terms, it can be
shown [11] that in the limit case ofωr � ω the first term simplifies to

nl∑
r=1

−φrφ
T
r

ω2
= − 1

ω2
MT

R = − 1
ω2

MR (7)

while in the limit case ofωr � ω the third term simplifies (only one term of the approximation series is
kept) to

∞∑
r=nl+N+1

φrφ
T
r = KT

R = KR. (8)

From Eqs. (7) and (8) we can see that the residual mass and the residual stiffness matrices can be treated in
the same way as the residue matrices, meaning, that we can use the principle of reciprocity on these matrices
too. This however, results in the full residual mass and full residual stiffness matrices, obtained using the
same normalization principle as for the residues from Eqs. (4) and (5)

M
′
RN0×No

=
MRqM

T
Rq

MRqq

, K
′
RN0×No

=
KRqK

T
Rq

KRqq

(9)

with MRq andKRq being theq-th column (vector) from the matrixMR andKR, respectively. Actually,
the q-DOF represents the driving point DOF used for the normalization. To obtainMR andKR matrices,
Eq. (1) can be rewritten in the following form

HT (ω)Ni×No = L̃Ni×(2N+2)Λ̃(2N+2)×(2N+2)Ψ̃
T
(2N+2)×No

(10)

and solved in the least squares sense. The modified terms from Eq. (10) are then

L̃ =

 L

 1 1
...

...
1 1


 , Λ̃ =

[ [
r 1

iω−λr
r

]
0

0 I2×2

]
, Ψ̃ =

[
Ψ

[
MRq KRq

] ]
. (11)
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By calculating all the terms from Eq. (11) and by using the formulas from Eqs. (9) and (5), the full FRF
matrix can be synthesized with the residuals being calculated for the full DOF set.

3 Test cases

Here we will demonstrate the usage of this simple approach for two different boundary conditions, a free-free
beam from Fig. 1 (c) and a simply-supported beam from Fig. 1 (b). In both cases, FE-models were generated
using a 4-DOFs finite element from Fig. 1 (a) and then the translational displacements at 10 nodes were
considered as being measured; without noise in one case and with some random noise added in another case.
However, only the first column of the whole FRF matrix was used in the identification process of the EMA
to calculate the modal parameters along with the residuals. In all cases the reconstruction of the full FRF
matrix was investigated under three residual-calculation cases: without residuals, with residuals calculated
only for the measured DOFs and with residuals estimated for the whole FRF matrix as mentioned in the
previous sections.

Figure 1: (a) A finite element with two translational and two rotational DOFs; (b) FE-model of a simply-
supported beam; (c) FE-model of a free-free beam.

3.1 Simply-supported beam

Figure 2 shows the stability diagram and the selection of four poles for the simply-supported beam from
Fig. 1 (b). This diagram does not encounter any residual effect (see Eq. 2) while an ideal system was as-
sumed – the system without the noise. The frequency band used was from 20 to 220 Hz. Figs. 3 and 4
graphically represent the values of the residual mass and residual stiffness matrices, once for residuals cal-
culated for the measured DOFs only and once for residuals calculated for all the DOFs (full residuals). As a
result, the Figs. 5 through 7 show the original FRFs (measured) and the corresponding reconstructed FRFs;
one term is from the measured part of the FRF while the other term is from the unmeasured part. What
we observe is that the worst results, as expected, are those obtained for the case when no residuals are con-
sidered, slightly better (but still not satisfactory) results are those when the residuals are considered for the
measured part only while the case with full-residual approach proves to be much better. Additionally, Fig. 8
shows the relative, MPF-based error for all three approaches with respect to the exact FRF. The MPF-based
(MPF, Modal Peak Function) error is defined in a way to reflect the contribution of all the DOFs as

errMPF (ω) =
MPF

[
Ĥ(ω)−H(ω)

]
MPF [H(ω)]

. (12)

Even for the case with a random error added to the simulated (measured) FRF data,H(ω), the approach with
the full residuals proves to be quite good and much better than the other two cases (see Figs. 9 through 11).
The error, e.g. Fig. 11, remains approximately the same when we use also the first mode from the Fig. 2, that
is, when we take another mode into account.

3.2 Free-free beam

Here, the results from Figs. 12 through 18 again show that using the full-residual approach is again better
than using no residuals at all or even for the case using the residuals for the measured DOFs only. However,
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Figure 2: Stability diagram used for the selection of the four poles of the simply-supported beam.
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Figure 3: Values of the mass residual terms for the simply-supported case and corresponding to the frequency
band from Fig. 2; (a) residuals for the measured DOFs only, (b) full residual matrix.
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Figure 4: Values of the stiffness residual terms for the simply-supported case and corresponding to the
frequency band from Fig. 2; (a) residuals for the measured DOFs only, (b) full residual matrix.

in the free-free case the results are not so beneficial as is the case of the simply-supported structure. Results
on data contaminated by noise and for the free-free case are practically the same as the results without the
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Figure 5: Reconstructed FRFs for the simply-supported case and with no residuals; (a) Response at node 3,
reference at node 1, (a) Response at node 7, reference at node 3
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Figure 6: Reconstructed FRFs for the simply-supported case and with residuals for the measured DOFs only;
(a) Response at node 3, reference at node 1, (a) Response at node 7, reference at node 3
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Figure 7: Reconstructed FRFs for the simply-supported case and with residuals for all the DOFs; (a) Re-
sponse at node 3, reference at node 1, (a) Response at node 7, reference at node 3

noise.

4 Conclusions

According to the results, the first obvious conclusion is that when there are some modes not included in the
EMA (which is usually the case), the approach considering no residuals does not yield a satisfactory FRF
reconstruction, not even for the measured DOFs. On the other hand, the approach that considers the residuals
on the measured part of the FRF matrix yields quite good results but only for the measured DOFs, that is for
the part of the FRF that is modeled for. Finally, the approach using the full residuals is proven to be the best
approach among the three approaches investigated, although, the results are not quite perfect for the free-free
cases.

In all cases the relative MPF error has its local maximums away from resonance areas. Enlarging the number
of DOFs in the simulated FRF matrix does not change the results. On contrary, the start and the end frequency
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Figure 8: Relative MPF-error for three types of the reconstruction of the full FRF matrix: no residuals,
residuals for the measured DOFs only, and full residuals.
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Figure 9: Noisy FRFs for the simply-supported case and with no residuals; (a) Response at node 3, reference
at node 1, (a) Response at node 7, reference at node 3.
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Figure 10: Reconstructed noisy FRFs for the simply-supported case and with residuals for all the DOFs; (a)
Response at node 3, reference at node 1, (a) Response at node 7, reference at node 3

of the band-selection can have a major impact on the results. In all cases the best results were obtained when
the start as well as the end frequency were selected approximately at the minimum of the CMIF function
(between two neighbouring modes).

However, the main benefit is that this approach is simple to use, quite robust and the results can be used
under certain considerations. A more thorough analysis on the usability of this, simple physical residuals, is
currently being under investigation.
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Figure 11: Relative MPF-error for three types of the reconstruction of the full FRF matrix: no residuals,
residuals for the measured DOFs only, and full residuals. Noisy FRFs were considered.
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Figure 12: Stability diagram used for the selection of the four poles of the free-free beam.
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Figure 13: Values of the mass residual terms for the free-free case and corresponding to the frequency band
from Fig. 12; (a) residuals for the measured DOFs only, (b) full residual matrix.
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Figure 14: Values of the stiffness residual terms for the free-free case and corresponding to the frequency
band from Fig. 12; (a) residuals for the measured DOFs only, (b) full residual matrix.
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Figure 15: Reconstructed FRFs for the free-free case and with no residuals; (a) Response at node 3, reference
at node 1, (a) Response at node 7, reference at node 3
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Figure 16: Reconstructed FRFs for the free-free case and with residuals for the measured DOFs only; (a)
Response at node 3, reference at node 1, (a) Response at node 7, reference at node 3
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Figure 17: Reconstructed FRFs for the free-free case and with full residuals; (a) Response at node 3, refer-
ence at node 1, (a) Response at node 7, reference at node 3
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Figure 18: Relative MPF-error for three types of the reconstruction of the full FRF matrix: no residuals,
residuals for the measured DOFs only, and full residuals.
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Abstract 

In this work, wavelet method is used for the identification of the modal parameters of linear structures. 
The analyzed signal is supposed to be the free response collected from an accelerometer placed at one 
selected position along the structure. In order to reach optimal frequential and temporal resolutions for all 
the modes of vibration, a parameter N is introduced into the Morlet wavelet. The value of N which 
minimizes the entropy of the wavelet coefficients for each mode is the optimal value of analysis. That 
allows an adequate distribution of the resolutions that gives a more precise estimate of the modal 
parameters of the structure. Numerical examples show the effect of the variation of the N parameter with 
the mode of vibration on the modes coupling and on the border effect. 
 

1 Introduction 
 
Frequently, analysis of mechanical structures vibrations is very difficult to carry out either in linear case or 
non linear one. Some parameters such as the dissipation phenomena are still not well understood. 
Experimental modal analysis (EMA) is the procedure of extracting modal parameters from measured 
structural responses. In this respect, many techniques have been developed in order to extract structural 
modal parameters from experimental data. The robustness of all these methods is to be improved. 
 
Recently, the continuous wavelet transform analysis (CWT) has been introduced into the EMA. This 
method allows a decomposition of a signal upon a family of elementary functions called wavelets, 
obtained by translation and dilation of a mother wavelet.  While multi-resolution of the signal is allowed 
with this transform, constraints of the Heisenberg’s Uncertainty Principle limit the obtainable resolutions 
considerably : any attempt to improve time resolution of a signal will degrade frequency resolution. Both 
the time waveform and frequency spectrum cannot be made arbitrarily small simultaneously. This is very 
advantageous at high frequencies as well as at low ones. At high frequencies, a low temporal resolution is 
needed, while at low frequencies a high frequency resolution is needed. Thus, any representation of a 
signal’s spectrum is necessarily a trade-off between these competing concerns. 
 
Morlet wavelet is the most popular mother wavelet that is used frequently in practice. Because of its good 
signal demodulation, direct calculation of damping ratios and natural frequencies is possible. 
While Morlet wavelet enables good signal decomposition, it does not reach maximum analysis accuracy.  
In a recent paper [2], Lardies and all proposed a modified mother wavelet with parameter N being able to 
be varied in order to obtain an optimal decomposition of the signal. The optimal value of the parameter N 
is calculated via the minimum value of the entropy criterion. As this is obtained for the whole signal, 
optimal representation for any singular mode of vibration is not necessarily ensured. 
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In this paper, this last technique is reinvestigated but with another way of finding the optimal signal 
decomposition : for any mode of vibration, the entropy criterion is applied and an optimal decomposition 
is then made. This way of doing insures a good representation of any mode and consequently for the 
totality of the signal. Accuracy of analysis is improved. Furthermore, the border effect due to the 
digitization process during analysis is reduced; consequently, very good damping ratios precision is 
attained. 
Validation of the proposed procedure has been carried out with numerical MDOF tests cases. The effect of 
modal truncation and closeness of modes are analyzed for different damping ratios. This investigation 
shows clearly that the entropy criterion made for any mode of vibration have a large effect on the 
precision of the frequency as well as on damping ratios estimation. The truncation of the FRF doesn’t 
affect the analysis. Decoupling of the close modes in the time-frequency domain is achieved without 
increasing the number of scale parameters but by calculating the optimal value of N. This becomes very 
useful at high frequencies where the frequency resolution of the CWT is poor. 
 

2 The continuous wavelet transform 
 

The wavelets are the most elementary functions ba,ψ  and shortest vibrations we may consider [8]. 
Wavelets are waveforms with very specific properties, such as an average value of zero, and an effectively 
limited duration.  

They constitute a family of functions )(, tbaψ  generated by a wavelet called the mother wavelet  )(tψ  by 
dilation and translation according to respectively a scale factor a  and a translation parameter b. They are 
expressed as follows : 

                                                    )(1)(,
a

bt
a

tba
−

= ψψ                                                                   (1) 

The wavelet transform is a linear transform, which decomposes a signal ( )tf  via basis functions that are 
simply dilations and translations of the original (or mother) wavelet ( )tψ . Wavelet transform uses a time-
scale region rather than a time-frequency region.  

One defines the Continuous Wavelet Transform (CWT) of a function f  as              

                                                      ∫
−

= dt
a

bttf
a

baWf ).().(1),( ψ                                                                     (2) 

Intuitively, the wavelet decomposition is calculating a “resemblance index” between the signal and the 
wavelet. A large index means the resemblance is strong, otherwise it is slight. The indices are the wavelet 
coefficients. 

By using the identity of Parceval [3,5], equation (2) can be rewritten as follows 

                                                    
    ∫

−
= dt

a
bttf

a
baWf ).().(1),( ψ                                                                   (3) 

where F (W) and  ),,( bawφ  are the Fourier transforms of F (T) and ),,( batψ  respectively. The quantity 

φ represents the complex conjugate of φ . 

To evaluate ),,( bawφ , we exploit the definition of the Fourier transform  

                                                       ∫
∞+

∞−

−−
= dtiwte

a
btbaw )(),,( ψφ                                                                (4) 

By operating the change of variable bat += τ  one finds 
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∫
∞+

∞−

−=−−= iwbeawadiaweiwbaebaw )()(),,( φτττψφ                                            (5) 

where )(wφ  representing the Fourier transform of )(tψ . 

Taking account of these relations we can write that 

                                                   dwiwbeawwFabafW )()(
2
1),( ∫

∞+

∞−
= φ

π
                                                       (6) 

This last equation can be interpreted as being the inverse Fourier transform of the 
function )()( awwFa φ . 

As function fW is usually complex [5], it can be written as  

                                                 ( ) ( )fWifWfW ImRe +=                                                                               (7) 

To interpret the results, we introduce the amplitude function ( )baW f ,  and the argument function ( )ba,φ  

[2, 3 and 5] defined as follows : 

                                          ( ) ( ) ( )[ ] 2/122 ImRe, fff WWbaW +=                                                                      (8) 

                                           ( ) ( )
( )f

f

W
Wba

Re
Imarctan, =φ                                                                               (9) 

In the following, we will fix the value of the parameter a and represent the diagrams of ( )fWb,  and ( )φ,b  

with parameter b representing the translation parameter. These two diagrams represent respectively the 
amplitude and the phase of the signal in terms of b or time. 
 

3 The Morlet wavelet 
 
The mother wavelet of Morlet is of Gaussian form as follows : 

                                         2/22
0

2202 )()( tftfj eeet −−−= ππψ                                                                             (10) 

where 0f represents the centre frequency of the wavelet. 

The Morlet wavelet is numerically admissible and progressive when the central pulsation 00 2 fπω =  is 
higher than 5 [2, 3, 5, 7 and 8]. Then we define an approached Morlet wavelet in the form     

                                               2/2
02)( ttfj eet −= πψ                                                                                         (11) 

The Fourier transform of the dilated wavelet is written as 

                                            
2)0(222)( fafeaf −−= ππφ                                                                           (12) 

This function reaches its maximum when the frequency f is equal to af /0 . This frequency represents the 
frequency of oscillation of the dilated Morlet wavelet and the parameter a represents the number of 
oscillation per period. The difference between the scales of the two frequencies increases as the centre 
frequency gets larger. The representation in the time-scale domain is thus more spread out according to a 
under the effect of the increasing in the centre frequency [1]. 
Another form of mother wavelet known as modified Morlet wavelet [2] is defined as   
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                                                   N
t

tfj eet
2

02)( πψ =                                                                                 (13) 

where N  is a real number greater than 0.  
The other characteristics of the modified wavelet of Morlet are given in table 1 [8]. 
This form of the modified Morlet wavelet, suggested by LARDIES [2], is particularly useful. The 
parameter N is modified as necessary to reach optimal temporal and frequential resolutions with respect to 
minimization of a dispersion criterion of the wavelets coefficients which will be presented later on. This 
choice of parameter N helps analysis by wavelets transform even though wavelets based analysis gives 
reach good resolutions with frequency.  
 

Characteristics Mother 
wavelet 

Dilated 
wavelet 

Temporal localization 0=ψt  batbt =+= ψ  

Frequential localization 02 fπωψ =  
a
ψωω =  

Temporal resolution 2
Nt =Δψ  ψtat Δ=Δ  

Frequential resolution N
1

=Δ ψω  
a
ψωω

Δ
=Δ  

Factor of quality 02
2

fNQ π
ψω

ψω =
Δ

=  02 fNQ π=  

Uncertainty 2
1

=ψu  
2
1

=u  

Table 1: Characteristics of Morlet wavelet  

 

 
 

Figure 1: Modified Morlet wavelet spectrum for different values of N 

 
The modified Morlet wavelet generates several families of wavelets according to N and each family offers 
a different analysis. The characteristics given in Table (1) show well that the frequential resolution 
depends on N. Figure (1) illustrates the effect on mother wavelet spectrum when varying parameter N. The 
frequential resolution gets better with increasing values of N, which is in agreement with characteristics 
given in Table (1).  
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4 Parametric Identification by the Morlet wavelet  
 

The wavelets transform with a modified Morlet wavelet of a signal led to a matrix with complex values 
whose modulus and phase can be represented easily.  
Consider a signal of the form 
                                                              ))(cos()()( ttKtx ϕ=                                                                      (14) 

where K (T) and φ (T) are respectively the time envelope and the time phase of the signal. Its wavelets 
transform [7] would be    

                                           )(2)02)((2

)(),( bifbaN eebKaNbaW ϕπϕππ −−=                                                 (15) 

In our case, the free response of a simple viscously damped oscillator can be written as      

                                                  )cos()( 00 ψωζ += − teXtx d
tnw                                                           (16) 

where nω is the natural pulsation of the system, 21 ζωω −= nd  the damped pulsation of the system 
andζ the damping ratio. 

By using equations (14) and (15), one would that       

                                              
2)02)((

0
2

),(
)(

fbiaN
i

igbn

eNa

baW
eXbK

πϕπ

ζω

π −−

− ==                                              (17) 

                                                 ),()( 0 baWbb igd ∠=+= ψωϕ                                                            (18) 

i.e.  

                                                      cstebaW
db
d

igd =∠= ),(ω                                                                 (19) 

The wavelet transform uses a neperien logarithmic division of bandwidths instead of linear spacing of 
channels on the frequency axis as in the Short-Time Fourier transform, (STFT). This implies that the 
channel frequency interval (bandwidth) ff /Δ  is constant for the wavelet transform, while in the STFT, 
the frame duration is fixed. 
Drawing the variations of phase )(bϕ (equation (18)) with respect to time we obtain a line whose slope is 

nζω . In addition, as the wavelet transform phase first derivative curve is a horizontal line, the value of 
dω is easily determined. The decomposition of signal x(T) into wavelets enables us to determine the 

natural frequency of the signal and the damping ratio, since we have 

                                                         21 ζ−== nd wstecw                                                                  (20) 

and as  

                                                                 ( ) nb
dt
d ζωϕ −=)(                                                                        (21)                        

from which we can calculateζ and nω . 

In the case of a system with several ddl with a response in the form 

                                              )cos()( 0
1

idi
tnii

p

i
j teXtx ψωωζ +∑= −

=
                                                      (22) 
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where iX , iξ , niω and diω are respectively the amplitude, the damping ratio, the natural pulsation and the 
damped pulsation corresponding to ith mode. The wavelet transform [7] of the above signal is  

                                    ∑
=

−−−=
n

i

biifbiaNb
i eeeXaNbaW nii

1

)(2)02)((2

),( ϕπϕπωξπ                                                (23) 

As we may notice, these coefficients will be maximum when the term )02)(( fa bi πϕ −  is equal to zero or 

)(
2 0

b
i

fai
ϕ
π

= , i.e. at each signal eigenfrequency. The coefficients amplitudes of other modes at scales different 

from ai will be negligible compared to coefficients amplitudes of the considered mode since term 
)02)(( fi ba πϕ − will not be null. Thus the first exponential of equation (23) will rapidly decrease towards 

zero. 

For a fixed value of the dilatation parameter iaa = only the mode whose pulsation is idi a/0ωω =  
contributes significantly in the wavelets transform of signal x(T). We obtain 

                                                   )(),( biib
ii eeXaNbaW nii ϕπ ωξ−=                                                           (24)                   

                                                              )(),( bbaW ii ϕ=∠                                                                             (25) 

 

5 Entropy of the wavelet coefficients 
 
The Heisenberg uncertainty principle stipulates that in an analysis we cannot reach at the same time good 
frequential resolution and good temporal resolution. This uncertainty on carried analysis relates to a 
certain disorder on the whole of the data (frequential and temporal) contained in the wavelet coefficients. 
The occurrence of these data is then less and less possible as this disorder gets higher and higher.  To 
determine the optimal value of N, a measuring criterion of wavelet coefficients dispersion is used. This 
criterion is based on the Shannon’s concept of entropy. 

The Shannon’s entropy of a signal x(T) expressed in terms of the number of scale parameter formulated 
for the whole discrete wavelet coefficients [2] is   
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where m represents the number of scale parameter a. N is the parameter of the modified Morlet wavelet 
and       

                                                      ∑
=

=
m

k
NbkWv

1
)(,                                                                         (27) 

The value of N that minimises the entropy of the coefficients is the optimal one for the modified Morlet 
wavelet. 
The calculated value of N corresponds to the optimal one among those considered, i.e. those calculated for 
the whole signal. This does not ensure an optimal decomposition for each mode of vibration. The 
consequence of that is that the distribution of the resolutions can be disproportionate. That is quite visible 
for the modes at low frequencies where the lines of phase are very affected what is due to a bad temporal 
resolution. In this case, the border effect is important. In the case of high frequencies, a bad frequential 
resolution induces a rather important coupling between the modes of vibration.  
To explain this, consider a case test comprising four modes of vibration : 30 Hz, 35 Hz, 190 Hz and 200 
Hz; these are supposedly coupled two by two. Figure (2) shows the lines of frequencies and the lines of 
phases calculated with an optimal modified Morlet wavelet.  
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To carry out modal analysis of such numerical test case, we propose to fist estimate the optimal values of 
N for each mode of vibration. For the ith mode located between two frequencies fp and fs with 
corresponding scale parameters being respectively ap and as, the corresponding entropy is  

                                    ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=

= v
NW

v
NW bks

pk

bk )(
log

)(
N)i,Entropy(x,

,,                                            (28) 

with  

                                                       ∑
=

=
s

pk
NbkWv )(,                                                                            (29) 

 
The calculation of the optimal value of N for each mode ensures a better distribution of the resolutions. 
Coming back to the preceding example and calculating the optimal value of N for each mode we can 
easily notice that decoupling between the last two modes is realised and that border effect is less important 
on the first two modes figure (3). That obviously makes it possible to estimate in a more precise way the 
unknown coefficients. 
 
 
 
 
 
 
 
 
 

  Figure 2: Frequencies and envelope. N constant. 

 
 
 
 
 
 
 
 
 

  Figure 3: Frequencies and envelope. N variable. 

To see the influence of the method on the precision of identification, a numerical test case is elaborated. 
This test case is supposed to be the free response of a discrete linear system with eight dof whose modal 
characteristics are given to table (2). The signal is truncated at a frequency of 220 Hz. An important 
coupling between the last two modes is carried out.  
Figures (4) and (5) respectively show the images of the wavelet coefficients and the envelopes of the five 
modes of vibration. Table (3) shows the results of identification of the natural frequencies and the 
damping ratios. One can easily notice the positive effect of the variation of N on the results of analysis. 
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Modes Residues Natural frequencies (Hz) Rate of depreciation 

1 10 32 0,01 

2 9 65 0,008333333 

3 8,1 130 0,00462963 

4 7,29 195 0,00308642 

5 6,561 204,75 0,002572016 

6 9 250 0,002338197 

7 10,8 300 0,001948497 

8 16,2 360 0,001082499 

Table 2: Characteristics of test signal 

 
 
 
 
 
 

 
Figure 4:Image of wavelet coefficients. 

 
 
 
 

 
 
 
 
 

Figure 5: Envelopes of coefficients. 
 

Modes 
Identified 
frequency 

(HZ) 

Relative 
errors on 

frequencies 
(%) 

Identified 
damping 

ratios 

Relative 
errors on 
damping 

ratios 

(%) 

1 31,98 0,06 0,01000515 0,0515 

2 64,97 0,05 0,00833516 0,021936001 

3 129,94 0,05 0,00463046 0,017819999 

4 194,92 0,04 0,00308807 0,053297996 

5 204,91 0,08 0,00257338 0,05311009 

Table 3: Estimation results of natural frequencies and damping ratios. 
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6 Conclusion 
 
The capacity of the wavelets method to demodulate the signal in phase and amplitude gets for the 
aforementioned capacity of robust analysis. Nevertheless, the use of an entropic criterion as a tool of 
optimization is necessary in order to estimate more precisely the natural frequencies and the damping 
ratios. The way we considered the entropic criterion, i.e. according to each mode, allows a better 
distribution of the resolutions which help obtain more precise results. 
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Abstract
The identification of a global model describing the dynamics of a smart composite beam under various tem-
peratures is addressed. The problem is treated within a novel Statistical Functional Pooling Framework
featuring global, stochastic Functionally Pooled (FP) models with explicit functional dependence on temper-
ature. This framework circumvents the disadvantages associated with conventional multi-model approaches
in which a customary model is identified for each temperature, with no explicit dependence on temperature
being directly provided. In addition it offers a compact global model and optimal statistical accuracy. A
global Functionally Pooled Vector AutoRegressive with eXogenous excitation model (FP-VARX model) de-
scribing the dynamics of the considered beam is then identified using experimental data records. Its analysis
indicates that the beam’s natural frequencies decrease with increasing temperature in a somewhat nonlinear
or approximately linear fashion, while the dependence on temperature seems weaker, but of potentially more
complicated nature, for the damping factors. The global model characteristics are confirmed as being in good
agreement with those obtained by conventional multi-model analysis.

1 Introduction

The increased demands of modern engineering applications for high performance and safety has underscored
the importance of understanding the way environmental factors (such as temperature or humidity) affect the
dynamics of a structure. This knowledge is valuable as it may be used for design purposes, the updating of
analytical models, and in damage detection.

A considerable amount of effort has been devoted to investigating the variability of the modal parameters of
large civil structures, such as bridges, due to environmental effects. Several studies have shown that environ-
mental factors – most notably temperature – cause significant changes, especially in modal frequencies. As
a result, there has been a growing interest in developing quantitative relationships between frequencies and
temperatures.

In Sohn et al. [1] a concrete highway bridge is studied in the frequency range of [0, 50] Hz, and it is
found that the variation of the first two modes is around 5% over a 24-hour time period, with temperatures
varying within [20, 45]oC. In order to establish a relationship between the structure’s modal frequencies and
temperature, impact excitation data are transformed in the frequency domain to obtain the structural modes,
whereas at the same time temperature measurements are obtained at different locations on the structure.
The data collected indicate a decreasing trend of the modal frequencies with increasing temperature. The
frequencies are thereafter associated with the temporal and spatial temperature profile of the structure by

∗Corresponding author.
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means of linear regression models. Each model is then used to predict one modal frequency from temperature
readings of the current and previous time instant.

Similar results are reported in Rohrmann et al. [2], where a concrete highway bridge is monitored for a 3-year
period. The study reveals twelve modal frequencies lying within [0, 12] Hz, with approximate variations of
5% for temperatures in the [−9, +27]oC range. A decreasing trend of the modal frequencies with increasing
temperature is also observed in this case. Ambient excitation data are used to extract the bridge’s natural
frequencies and a static expression is then proposed for describing the modal frequency changes as a linear
combination of the structure’s mean temperature and the spatial temperature gradient.

In Peeters and De Roeck [3] the natural frequency changes for the first four modes, within the [0, 12] Hz
range, of a concrete highway bridge are reported. The frequencies are observed to vary up to 18% within a
full year and temperatures lying in the [−10, +40]oC range, whereas an overall decreasing trend of frequen-
cies with increasing temperature is indicated. Output-only modal analysis techniques are utilized to obtain
the natural frequencies, and unlike previously reported studies, linear dynamic models are used to describe
the frequency variations as a function of temperature taken from a single location.

In Ko et al. [4] a cable stayed steel-concrete bridge is monitored for a whole year, and the first ten modes are
studied within the range of [0, 0.4] Hz. The modal frequencies exhibit variations around 6% for temperatures
in [5, 55]oC, with an overall decreasing trend of the frequencies for increasing temperature. Ambient exci-
tation data are transformed into the frequency domain to obtain the structural modes and, as opposed to the
preceding approaches which rely on a linear dependence of frequencies with temperature, Neural Network
(NN) models are utilized to generate a nonlinear mapping between the current spatial temperature readings
and each modal frequency.

A common observation in all of the preceding studies is that frequencies decrease when temperature in-
creases and vice versa, the main reason for this is that temperature growth contributes to the reduction of the
structure’s overall stiffness. Yet, the sensitivity of frequency changes as well as the nature (linear or nonlin-
ear) of their dependence upon the temperature can be fundamentally different. This is due to a number of
factors, which include the design and the materials of each structure, as well as the surrounding environment,
traffic loading conditions and so on.

Other research efforts have focused on the characterization of (mainly) fiber-reinforced composite materials
under various environmental conditions [5]. Several studies describe experimental work concerning the
extraction of information on the elastic and damping properties of these materials under a wide range of
temperatures.

In Dobson and Drew [6] a carbon fiber-reinforced plastic panel is subjected to temperatures within the
[−40, +140]oC range and the first seven modes (within the [0, 200] Hz range) are monitored. Impact excita-
tion data are used to obtain the natural frequencies, loss factors (equal to twice the value of the corresponding
damping factors) and mode shapes. The overall trend indicated that frequencies reduce substantially between
[0, 100]oC (variations between [8, 40]% with most significant changes in the predominantly torsional modes),
while remaining sensibly constant for temperatures above and below that range. Similar conclusions are de-
duced for the loss factors, which are contained between [0.5, 7]%. The loss factors below 0oC and above
100oC change very little, while significant variations and peaks are observed in the intermediate temperature
range (material’s glass-transition phase).

In Galea et al. [7] the temperature effects on the vibrations of two carbon fiber-reinforced epoxy panels
having different fiber configurations are studied. The study concentrates on the first four modes, which are
excited by random input of bandwidth [0, 500] Hz. The study considers different spatial temperature profiles
in the [20, 120]oC range. In addition to experimental work, comparisons with Finite Element Models (FEM)
are also conducted. The experimental results indicate a reduction of the first mode natural frequencies by
16% and 8% respectively for increasing uniform temperature profile. The corresponding loss factors are in
the range [0.4, 4]% and [1, 5]%, respectively, and show an increasing trend except for those corresponding to
the first mode of each plate.

3280 PROCEEDINGS OF ISMA2006



In Zhang et al. [8] the influence of several factors – including temperature – on the damping properties of
fiber-reinforced materials are studied. Three types of specimens including unidirectional carbon, E-glass and
Kevlar-fiber reinforced epoxy composites are mounted on a fatigue testing machine and the experiments are
conducted within the [−200, +20]oC temperature range. The loss factors are contained between [0.1, 0.55]%
for all specimens, and the results indicate that damping varies slightly with positive or negative temperature
change. Nevertheless, stable values are reported after multiple temperature changes.

In Chrysochoidis et al. [9] the stiffness and damping properties of glass fiber-reinforced polyester beams
exposed to temperatures in the [−28.2, +23.5]oC range are studied. The analysis focuses on the [1, 2500] Hz
range with specimens having different fiber orientations. Sine-sweep inputs are used to excite the beams and
extract the modal parameters. The results point out an overall decreasing trend of frequency with increasing
temperature, whereas the opposite phenomenon is observed for the damping factors which are approximately
contained within [0.2, 1.7]%. It is worth noting that unlike other studies, a piezoceramic actuator integrated
to the beam structure is used to provide the necessary excitation. Advanced FEM formulations, capable
of describing the influence of temperature effects in smart composites (that is composites with integrated
actuator and sensor elements), have been recently developed [10, 11], and the possibility of using such
structures for shape control is also investigated.

The aim of the present study is the identification of a single global model capable of analytically describing
the functional dependence of the structural dynamics on temperature by using vibration data obtained under
various temperature conditions.

The question could be perhaps posed, of why not handling the problem with the usual multi-model approach
(as described above), using conventional mathematical models and customary identification techniques that
artificially split the problem into a number of seemingly unrelated subproblems and derive a model for each
temperature based upon a data record obtained under that temperature. Such customary models could be
then subsequently interrelated by additional expressions describing the effects of temperature on the natural
frequencies and, perhaps, damping factors.

The answer is that such a solution is both awkward and statistically suboptimal (hence yielding suboptimal
accuracy):

• Awkwardness has to do with the fact that a potentially large number of seemingly unrelated models
(one per each considered temperature) would have to be obtained. Thus, instead of having a global
model capable of describing the structural dynamics under all temperatures, a set of models would be
used.

• Statistical suboptimality has to do with the fact that the set of identified models would be of suboptimal
accuracy. This is due to two reasons. The first is the violation of the principle of statistical parsimony
(model economy) as a large number of models would be used for representing the system. This
would result in a large number of estimated parameters, and thus reduced accuracy. The second is
the ineffective use of the information available in the totality of the data records. Indeed, not all
available information would be extracted, since the interrelations among the different records would
be ignored as a result of separating the problem into seemingly unrelated subproblems.

As a consequence, a global model is preferable, and this is presently obtained through a novel Statistical
Functional Pooling Framework which utilizes the new class of stochastic Functionally Pooled (FP) models
[12, 13]. This framework is used for the identification of a global model, in the form of a Functionally
Pooled Vector AutoRegressive with eXogenous excitation model (FP-VARX model), of the dynamics of
a smart composite beam under various temperatures. This global FP-VARX model is also compared to
conventional multi-model representations obtained by separately identifying a non-parametric or parametric
model for each temperature; this latter procedure henceforth referred to as cross-sectional analysis.

The rest of this paper is organized as follows: The experimental setup is described in section 2, whereas
conventional multi-model analysis is presented in section 3. The FP-VARX model based analysis is presented
in section 4, and concluding remarks are summarized in section 5.
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Figure 1: Photo of the experimental setup.

RESPONSE # 1: y1[t]

RESPONSE # 2: y2[t]

EXCITATION: x[t] 

Freezer

Siglab

Piezo-Amplifier

THERMOCOUPLE

Figure 2: Schematic diagram of the experimental setup.

2 The Experiments

The testing procedure is performed on a smart cantilever beam with piezoceramics (Figure 1). The beam is
a 3-ply glass-polyester composite and consists of an isopthalic polyester resin matrix with fibers oriented in
the horizontal direction (that is, [0]3). The beam dimensions are 800× 52.5× 3 mm. A total of four PZT-5A
type piezoceramic patches with dimensions 50×25×1 mm are attached on both sides of the beam as shown
in Figure 1. One of the patches excites the structure (actuator), whereas the response is measured by the
others (sensors).

The beam is placed in a freezer, within which the tests are carried out under quasi-static thermal conditions. A
schematic of the experimental set-up is shown in Figure 2. The beam’s temperature is obtained from a digital
thermometer, with a K-type bead thermocouple attached behind the clamp in order to avoid interference
with the beam’s vibratory motion. The beam is tested at 2oC increments within the temperature range
[−20, +20]oC, thus yielding a total of 21 experiments (cross-sections). The actuator is driven by a properly
amplified (Trek model PZD350 M/S piezo-amplifier) stochastic, zero-mean, Gaussian and white voltage.
All excitation-response signals are collected by a data acquisition device (Spectral Dynamics model SigLab
20-42) at a sampling frequency of fs = 2, 560 Hz.

The measured signals are band-pass filtered within the [100, 950] Hz frequency range by means of a Cheby-
shev II filter of order n = 33. The analysis focuses on the locations shown in Figure 2, with the response
signals designated as y1[t] and y2[t] and the excitation as x[t]. Following sample mean subtraction, the
excitation-response signals are both scaled into the [−1, +1] range in order to avoid numerical problems.
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Figure 3: Non-parametric FRFs versus frequency and temperature for transfer functions G11(f) and G21(f).

3 Conventional Multi-Model (Cross-Sectional) Identification

The dynamics of the smart composite beam are identified using conventional multi-model approaches, ac-
cording to which a non-parametric or parametric representation of the dynamics is separately identified for
each considered temperature (operating condition). The obtained results are used as a basis for comparing
with the global model that is identified in the next section.

3.1 Non-parametric Identification

Multi-model non-parametric identification, based upon the Welch spectral method [14], is used to obtain an
estimate of the Frequency Response Function (FRF) for each considered temperature. Once an FRF estimate
is available, the modal parameters of the beam are estimated by the peak-picking method [15]. According
to this, the natural frequencies are identified as the peaks of the FRF magnitude plot, whereas the damping
factors are estimated as:

ζi =
Bi

2fi
(1)

with ζi designating the i-th mode damping factor, Bi the half-power bandwidth, and fi the frequency of the
corresponding peak in the FRF plot.

In order to build confidence in the non-parametric analysis, 70, 000-sample-long segments (≈ 27 sec) of
the excitation-response signals are used for each temperature. The analysis utilizes a 25, 600-sample-long
Hanning lag window, thus yielding FRF estimates with a frequency resolution of 0.1 Hz. A visual inspection
of the estimated FRFs in Figure 3 (G11(f) designates the transfer function between x[t] and y1[t], while
G21(f) that between x[t] and y2[t]) reveals the presence of six modes within the [100, 950] Hz frequency
range. The modes are well separated, whereas the sharpness of their peaks are indicative of the system’s low
damping (ζ < 1%).

PARAMETER ESTIMATION 3283



3.2 Parametric Identification

Multi-model parametric identification relies on conventional techniques in order to obtain a model for each
operating condition. Vector AutoRegressive with eXogenous excitation (VARX) models [16, 17, 18] of the
following form are used1:

y[t] +
na∑
i=1

Aiy[t− i] =
nb∑
i=0

Bix[t− i] + e[t/ϑ̄] (2a)

E{e[t/ϑ̄]eT [t− τ/ϑ̄]} = Σ(ϑ̄) · δ[τ ] (2b)

with t designating the normalized discrete time (t = 1, 2, . . ., with absolute time being (t− 1) · Ts with Ts

standing for the sampling period). The AutoRegressive (AR) and the eXogenous (X) orders of the model
are designated as na and nb, respectively. In addition, y[t] is the ny-dimensional output vector, x[t] the nx-
dimensional input vector, and e[t/ϑ̄] is a ny-dimensional residual (one-step-ahead prediction error) vector
corresponding to a zero mean uncorrelated sequence with a positive definite covariance matrix Σ(ϑ̄). The
symbol E{·} designates statistical expectation, whereas δ[τ ] is the Kronecker delta function [19]. The model
is parametrized in terms of the parameter vector ϑ̄, which comprises all AR, X, and covariance matrix
parameters. The representation of Equations (2a)-(2b) is referred to as a VARX model of orders (na, nb),
or in short a VARX(na, nb) model. Parameter estimation is based upon Ordinary Least Squares (OLS) by
means of the QR factorization method described in [16].

Model order selection may be based upon criteria such as the trace (or determinant) of the residual covariance
matrix and the Bayesian Information Criterion (BIC) [18, 20]. As one is usually not interested in a good
model as such, but rather in the modal parameters extracted from that model, model overdetermination
with subsequent elimination of the “extraneous” numerical modes is typically used [21]. A helpful tool for
the latter task is the frequency stabilization diagram [20, 21], which depicts the estimated frequencies for
increasing model order. Model adequacy is attained as soon as the estimated parameters cease to change
(“stabilize”). Once the adequate discrete-time model has been validated, complete modal information in the
form of natural frequencies, damping factors and mode shapes is readily obtained [17].

Identification results. In this case N = 2, 000-sample (≈ 0.78 sec) long data records are used. The
successive fitting of VARX(n, n) models for n = 10, . . . , 30 leads to decreasing BIC values and trace of the
residual covariance matrix Σ (Figure 4(a,c,e)). Although the plots provide no direct clues, the trace exhibits
a relatively small reduction after n = 25. On the other hand, from the frequency stabilization diagrams
(Figure 4(b,d,f)) an order of n = 20 appears necessary for the stabilization of the higher frequency modes.
Thus, a VARX(23, 23) model is selected.

The variation of the identified natural frequencies and damping factors with temperature are shown in Fig-
ures 5 and 6, respectively, where results from both the non-parametric and parametric identification are
presented. Good agreement between the non-parametric and parametric natural frequency estimates is evi-
dent. Moreover, a clear decreasing trend of the natural frequencies with increasing temperature is observed
for all six modes. It is interesting to note that the first two modes exhibit a slightly nonlinear dependence on
temperature, whereas the remaining modes seem to exhibit a predominantly linear dependence.

A similarly good overall agreement between the non-parametric and the parametric damping factor estimates
is observed for the first five modes, whereas a slight discrepancy appears for the sixth mode for temperatures
above 0oC. It is worth noting that the discordance of the non-parametrically obtained damping factors in
G11 for modes 1 and 2 is due to the fact that the peak-picking method provides noisy estimates when the
FRF peaks are not clear enough. Furthermore, the overall trend of the damping factors appears to be sensibly
constant, a fact which is in agreement with [6] over a similar temperature range (although for different
material and boundary conditions). Finally, the range of the obtained damping values is in agreement with
[9] (same material but different boundary conditions).

1Lower case/capital bold face symbols designate column vector/matrix quantities, respectively.
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Figure 4: VARX model structure selection: (a),(c),(e) BIC (− � −) and trace (− ◦ −) of residual covariance
matrix versus increasing model order at Θ = −20oC, 0oC,+20oC, respectively (the arrows indicate the
selected model); (b),(d),(f) frequency stabilization diagrams at Θ = −20oC, 0oC,+20oC, respectively (the
arrows indicate the identified modes).
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Figure 5: Variation of the identified non-parametric (− ◦− from G11; − �− from G21 ) and VARX(23, 23)
model based natural frequencies (− ∗ −) with temperature.

4 Global Model Identification

4.1 FP-VARX Models and Their Estimation

For the global representation of the structure under all considered temperatures, novel Functionally Pooled
VARX (FP-VARX) models are utilized (also see [12, 13] for Functionally Pooled models). These may be
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Figure 6: Variation of the identified non-parametric (− ◦− from G11; − �− from G21 ) and VARX(23, 23)
model based damping factors (− ∗ −) with temperature.

thought of as generalizations of the conventional VARX models described by Equation (2a), with the impor-
tant distinction that their matrices are explicit functions of the operating condition (presently temperature).
A FP-VARX model, thus, is of the form:

yk[t] +
na∑
i=1

Ai(k)yk[t− i] =
nb∑
i=0

Bi(k)xk[t− i] + ek[t/θ̄], k ∈ R (3a)

E{ek[t/θ̄]eT
� [t− τ/θ̄]} = Σk,�(θ̄) · δ[τ ] (3b)

Ai(k) =
pa∑

j=1

AijGj(k), Bi(k) =
pb∑

j=1

BijGj(k) (3c)

In Equation (3a) yk[t] is the ny-dimensional output signal, xk[t] the nx-dimensional input signal, whereas
ek[t/θ̄] is a ny-dimensional residual (one-step-ahead prediction error) vector corresponding to the k-th op-
erating condition (temperature). For an accurate model, the residual vector ek[t/θ̄] becomes a zero mean se-
quence with cross-covariance matrix as defined in Equation (3b) (innovations sequence). The AR and X ma-
trices Ai(k) and Bi(k) have dimensions (ny×ny) and (ny×nx), respectively, and are modelled as explicit
functions of the operating parameter k, by belonging to a functional subspace of dimension p = max(pa, pb)
spanned by the mutually independent functions Gj(k) (j = 1, . . . , p). These functions form a functional ba-
sis, with Aij , Bij representing the corresponding projection matrices. The model is parametrized in terms
of the parameter vector θ̄, comprising all parameters of the AR and X projection matrices, as well as the
covariance matrix. The representation of Equations (3a)-(3c) is referred to as a FP-VARX model of orders
(na, nb) and functional subspace dimensionalities (pa, pb), or in short a FP-VARX(na, nb)[pa,pb] model.

The identification problem. The identification of a FP-VARX model is based upon M sets of excitation-
response data records, each one obtained under a different operating condition (presently temperature). That
is, each data record corresponds to a specific value k of the operating parameter, whereas the complete
set covers the whole range of possible operating conditions [kmin, kmax] by means of proper discretization

3286 PROCEEDINGS OF ISMA2006



{k1, k2, . . . , kM}. Assuming N -sample-long records, the complete set of data is designated as:

ZNM =
{

xk[t], yk[t]
}N

t=1
k = k1, . . . , kM (4)

4.1.1 Model Parameter Estimation

The FP-VARX(na, nb)[pa,pb] model parameter estimation may be achieved by re-writing it as:

yk[t] = ΦT
k [t]θ + ek[t] (5a)

with θ the parameter vector comprising all parameters of the AR and X projection matrices and:

ΦT
k [t] = I ⊗ϕT

k [t] (5b)

ϕT
k [t] =

[
[−yT

k [t− 1] . . .− yT
k [t− na] ]⊗ gT

a (k) [xT
k [t] . . .xT

k [t− nb] ]⊗ gT
b (k)

]
(5c)

gT
i (k) = [G1(k) . . . Gpi(k) ] , i = a, b (5d)

whereas ⊗ designates the Kronecker product [19].

Model parameter estimation requires stacking the Equations of the form (5a) (each one corresponding to the
a distinct operating condition, say {k1, k2, . . . , kM}) one on top of the other. This procedure is referred to
as pooling, while the term functional pooling signifies the functional dependence of each equation (cross-
section) on the operating parameter k:

y[t] = ΦT [t]θ + e[t] (6a)

y[t] Δ=

⎡
⎢⎢⎢⎣

yk1
[t]

yk2
[t]

...
ykM

[t]

⎤
⎥⎥⎥⎦ ΦT [t] Δ=

⎡
⎢⎢⎢⎣

ΦT
k1

[t]
ΦT

k2
[t]

...
ΦT

kM
[t]

⎤
⎥⎥⎥⎦ e[t] Δ=

⎡
⎢⎢⎣

ek1 [t]
ek2 [t]

...
ekM

[t]

⎤
⎥⎥⎦ (6b)

A Weighted Least Squares (WLS) estimator of θ minimizes the criterion:

J(θ, ZNM ) =
1

NM

N∑
t=1

eT [t]Σ−1e[t] (7)

with Σ designating the (M · ny × M · ny) innovations covariance matrix. Assuming that the innovations
of each operating condition k are uncorrelated with all others (heteroscedastic innovations), the covariance
matrix is:

Σ =

⎡
⎢⎢⎢⎣

Σk1,k1 0 . . . 0
0 Σk2,k2 . . . 0
...

...
. . .

...
0 0 . . . ΣkM ,kM

⎤
⎥⎥⎥⎦ (8)

Minimization of J(θ, ZNM ) with respect to θ yields the WLS estimator:

θ̃WLS =
[ 1
NM

kM∑
k=k1

N∑
t=1

Φk[t]Σ−1
k,kΦ

T
k [t]

]−1[ 1
NM

kM∑
k=k1

N∑
t=1

Φk[t]Σ−1
k,kyk[t]

]
(9)
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Unfortunately, this estimator is of limited value, because its computation requires the knowledge of Σ. This
matrix is usually unknown, hence an estimator has to replace it. Using any consistent estimator Σ̂ of Σ, a
feasible WLS estimator is obtained as:

θ̂WLS =
[ 1
NM

kM∑
k=k1

N∑
t=1

Φk[t]Σ̂
−1

k,kΦ
T
k [t]

]−1[ 1
NM

kM∑
k=k1

N∑
t=1

Φk[t]Σ̂
−1

k,kyk[t]
]

(10)

The estimator θ̂WLS may be shown to be consistent, asymptotically normal and asymptotically efficient [12].
A typical choice for obtaining an estimate of Σ is by applying Ordinary Least Squares (OLS) on the data
and obtaining a consistent estimate of the (k, k)-th diagonal block element:

Σ̂k,k =
1
N

N∑
t=1

ẽk[t]ẽT
k [t] (11)

with ẽk[t] designating the OLS residual vector of the k-th operating condition.

It is interesting to note that the bracketed expression in Equation (10) may be ill-conditioned, especially when
its dimension is high. In order to obtain a numerically robust estimate of θ, the QR factorization method
described in [16] is used.

4.1.2 Model Structure Determination

In FP-VARX identification the determination of the AR and X model orders (na, nb), as well as that of the
corresponding functional subspaces (of dimensionalities (pa, pb)) is important. A sensible approach consists
of fitting FP-VARX(n, n)[p,p] models with increasing order n and basis dimensionality p on the experimental
data sets until an adequate model is obtained.

Model adequacy may be quantified by criteria such as the trace (or determinant) of the residual covariance
matrix or statistical decision tools, such as the AIC and BIC criteria, for a minimum value [12]. The AIC and
BIC criteria for the FP models are natural extensions of their conventional model counterparts. For instance
the BIC criterion in the case of the heteroscedastic residuals is written as:

BIC =
kM∑

k=k1

ln
(
detΣ̂k,k

)
+ dim(θ)

lnN

N
(12)

where Σ̂k,k represents the estimated innovations (residual) covariance matrix for the k-th operating condi-
tion, dim(·) designates the dimensionality of the indicated vector, ln(·) the natural logarithm, and N the
length (number of samples) of the signals used in estimation.

Model adequacy is also judged by means of frequency stabilization diagrams, which depict the estimated
frequencies as a function of increasing model order n (or basis dimensionality p). Adequacy is in this case
is considered to be attained as soon as the estimated frequencies cease to change (“stabilize”).

4.2 Identification Results

The FP-VARX model identification is based on a total of M = 21 experiments covering the temperature
range k ∈ [−20, +20]oC with δk = 2oC increments. As with conventional VARX models, parameter
estimation is based upon N = 2, 000 sample-long (≈ 0.78 sec) data records. Furthermore, it is assumed that
the AR and X parameters are projected into a functional subspace spanned by Chebyshev Type II polynomials
[22].

In order to facilitate model structure determination, some knowledge from the multi-model parametric identi-
fication is used. Specifically, instead of simultaneously searching for the optimal model order and functional
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Figure 7: FP-VARX(23, 23)[p,p] model structure selection (a) condition number of the inverted matrix in
WLS estimation; (b) trace (− ◦ −) of the residual covariance matrix and BIC (− � −) with increasing
basis dimensionality p; (c),(d) frequency stabilization diagrams with increasing basis dimensionality p for
Θ = −12oC and Θ = +8oC, respectively (the arrows indicate the identified modes).

basis dimensionality, the FP-VARX model orders are set to na = nb = 23 and the search is confined to
selecting the appropriate functional basis dimensionality. The successive fitting of FP-VARX(23, 23)[p,p]

models with increasing dimensionality p = 2, . . . , 14, leads to decreasing values of the residual covariance
matrix trace and BIC (Figure 7(b)). Nonetheless, the stabilization diagrams are somewhat more conclusive
as a functional basis dimensionality of p = 4 appears necessary for all identified frequencies to stabilize.
Some indicative stabilization diagram results for data taken from different temperatures are shown in Figure
7(c),(d). Although a model with a higher basis dimensionality could have been favored, the benefits are not
clear since the residuals do not improve significantly, while spurious frequencies seem to stabilize and thus
obscure the selection procedure. In addition, the selection of a model with a higher basis dimensionality
results in increasing condition numbers of the inverted matrix in the WLS estimation of θ. The results pre-
sented in Figure 7(a) indicate an increase by almost two orders of magnitude, hence reducing the accuracy of
the least squares solution. Therefore, an FP-VARX(23, 23)[4,4] model with functional subspaces consisting
of the first four Chebyshev Type II polynomials is finally selected.

The FP-VARX(23, 23)[4,4] based FRF magnitude surfaces are presented in Figure 8, and excellent agreement
with their non-parametric counterparts is, for both transfer functions, observed (compare to Figure 3). Note
that, unlike the multi-model based FRFs, the FP model based FRFs are intrinsic functions of both frequency
and temperature, and therefore capable of following the variations of the system modes with temperature in
a “smooth” and “natural” way. This is also evident in Figure 9, which shows the “smooth” trajectories of
the FP-VARX(23, 23)[4,4] natural frequencies compared to their non-parametric counterparts. The model is
capable of not only capturing the nonlinear decreasing trend of modes 1, 2, but also the linear decreasing
trend of the remaining four modes with increasing temperature. The FP-VARX(23, 23)[4,4] damping factors
are in good overall agreement with their non-parametric counterparts (Figure 10). It is interesting to observe
that in the case of the damping factors, the smoothness of the FP-VARX model trajectories is even more
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Figure 8: FP-VARX(23, 23)[4,4] model FRFs versus frequency and temperature for the transfer functions
G11(f) and G12(f).
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Figure 9: Variation of the identified non-parametric (− ◦ − G11; − � − G21 ) and FP-VARX(23, 23)[4,4]

(− ∗ −) natural frequencies with temperature.

pronounced compared to their multi-model based counterparts (compare to Figure 6).

Additional results, comparing the FP model-based FRFs with their multi-model counterparts are shown
in Figure 11. The magnitude and phase diagrams obtained by the non-parametric and model-based ap-
proaches at Θ = −18oC are presented. The agreement of the FP-VARX(23, 23)[4,4] model with the non-
parametric FRF and the VARX(23, 23) model is notable, especially for the transfer function G11. The FRFs
of transfer function G21 also coincide remarkably well, although a slight upward bias is observed for the FP-
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Figure 10: Variation of the identified non-parametric (− ◦ − G11; − � − G21 ) and FP-VARX(23, 23)[4,4]

(− ∗ −) damping factors with temperature.
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Figure 11: FRF comparison at Θ = −18oC: Non-parametric (solid line), VARX(23, 23) (dashed line) and
FP-VARX(23, 23)[4,4] (thick solid line) FRFs. (a),(b) magnitude of G11(f) and G21(f), respectively; (c),(d)
phase of G11(f) and G21(f), respectively.

VARX(23, 23)[4,4] model at the valleys following the 2nd, 3rd and 5th modes. Finally, notice the irregularity
of the VARX(23, 23) FRF right after the 6th mode, which is due to the band-pass filter.
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5 Concluding Remarks

In this paper the identification of the dynamics of a smart composite beam under different operating tem-
peratures, within the [−20, 20]oC range under quasi-static thermal conditions, was considered. In addition
to conventional multi-model approaches, which identify a series of non-parametric or parametric models by
treating vibration data records corresponding to different temperatures separately (artificial separation of the
problem into disjoint subproblems), a global model, with parameters explicitly dependent upon temperature,
was identified by simultaneously using all available data records.

This was achieved via a novel Statistical Functional Pooling Framework, which utilizes global Functionally
Pooled (FP) models and circumvents the disadvantages of conventional multi-model approaches by offering
a compact global model and optimal statistical accuracy. The model used within this framework was of the
Functionally Pooled Vector AutoRegressive with eXogenous excitation (FP-VARX) type. Its identified form,
of orders (23, 23) and functional subspace dimensionality of 4, was shown to provide an accurate and valid,
under all considered temperatures, representation of the structural dynamics. The FP-VARX model analysis
indicated that the beam’s natural frequencies decrease with increasing temperature in a somewhat nonlinear
or approximately linear fashion, while the dependence on temperature seems weaker, but of potentially more
complicated nature, for the damping factors. The FP-VARX model and its characteristics were confirmed as
being in good agreement with those obtained by conventional multi-model analysis.

In summary, the global FP-VARX, with its explicit modelling of the structural dynamics dependence on
temperature, appears as a potentially very useful tool for precise mathematical modelling, improved physical
understanding, fault diagnosis, and automatic control.
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Abstract 
This paper describes a basic theory for modal cluster decomposition on two-dimensional frequency 
domain and a design method of real-time filter to extract each decomposed modal cluster. At first, the 
concept of modal cluster decomposition was introduced. Then, an objective function was derived to 
determine the sensor placement to realize the modal cluster decomposition. The sensor placement is 
optimized to place each modal cluster on any selected line in two-dimensional frequency domain. By 
using the two-dimensional Fourier transform of the array sensor outputs, which are measured at selected 
optimal sensor locations, desired modal cluster decomposition is realized. In order to extract the desired 
modal cluster on real-time, we also derived a design method of two-dimensional FIR filter. This filter 
computes the simple summation of current signals for a spatial direction, and hence there is no time delay 
to extract the signal of a desired modal cluster.  
 

1 Introduction 
 

As a relation technology of modal filters, the cluster filter that extracts only the modal groups of even or 
odd modes has been proposed by Tanaka and Snyder [1], and spatial filter for multiple modes suppression 
has been proposed in previous work by the author [2]. These two-dimensional (2-D) filtering techniques 
deal with the two-dimensional signal of space and time, and accordingly may be explained on the basis of 
decomposing the signal on a 2-D frequency domain. Under this concept, it may be able to explain these 
filters as the modal cluster decomposition. Grouping mode into several types is known to be efficient to 
draw countermeasures for automotive NVH as shown in the work by Tsujiuchi et al. [3]. The grouping 
concept is also applicable to the cluster control which realizes middle authority control of a structure as 
shown in Tanaka and Snyder [1]. 

 

In this paper, we examined the feasibility of the technique which decomposes sensor array outputs into the 
some modal group with some features. Sensor array outputs are decomposed by utilizing 2-D Fourier 
transform to set each modal group on a straight line in a 2-D frequency domain. At first, modal 
decomposition which places desired modes on any straight line in a 2-D frequency domain is defined. 
Then, the objective function for searching the optimal sensor locations which realize desired modal cluster 
decomposition is defined. Finally, the filter design method to extract a desired modal cluster on real-time 
is derived. In a numerical example for a simple supported beam, it is shown that the modal cluster 
decomposition and the real-time filtering of each modal cluster are realized. 
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2 Theory 
 

2.1 Two Dimensional Discrete Fourier Transform 
 

We show an expression of 2-D discrete Fourier transform for array sensor outputs to prepare to 
derive the mathematical expression of modal cluster decomposition. Displacement at n-th sensor 
position nx  is expressed as follows: 
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q
kqnqkn txtxz ηϕ  

where kt  is discrete time tktk ∆−= )1( , and the number of modes in the frequency range of 

interest is supposed to be Q.  Two-dimensional discrete Fourier transform of this discrete signal is 
given as follows: 
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where point sensors are assumed to be uniformly placed at N points, and )( 1hxω  and )( 2htω  are 

normalization frequencies in the interval [ ]π2,0 : 
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Here, the expression is simplified by the introduction of the rotation factor: 
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2.2 Modal Decomposition on Two Dimensional Frequency Domain 
 
Conventional modal decomposition is defined on a 2-D frequency domain. Consider s-th mode is 
placed on the following straight line in a 2-D frequency domain: 

).1(
2

)( −==Ω s
N

sxx

πω  

According to the Eq. (2), the condition that only the s-th mode exists on this straight line is 
expressed as follows: 
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Then, we can obtain a spectrum of the s-th mode on the straight line of the Eq. (7): 

(3)

(4)

(5)

(6)

(8)

 

(9)

(2)

(1)

(7)
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The objective function to search sensor locations for modal decomposition can be defined using 
the Eqs. (8) and (9). Because the modal decomposition on a 2-D frequency domain is regarded as 
putting each mode onto separate lines on a 2-D frequency domain, modal decomposition is 
realized if there exists the sensor placement by which following objective function J  is equal to 
zero, under the condition that all sensors are not placed at nodal points of all modes:  
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It is noted that the sensor locations in equal interval defined in previous subsection is not be 
considered for searching sensor locations. Modal decomposition is realized by regarding the 
sensor placement of unequal interval as that of uniform interval. 
 

2.3 Modal Cluster Decomposition 
 

The concept of modal cluster decomposition intended in this paper is explained.  Suppose the 
case in which two modal groups are placed on next two lines on a 2-D frequency domain for the 
signals measured at two sensor locations: 

.)12(
2

2
:2

,0)11(
2

2
:1

2

2

ππ

π

=−=Ω=

=−=Ω=

x

x

h

h
 

To suppress q-th mode on the line 0=Ω x , there must exist the sensor locations which satisfy 

following equation, according to the Eq. (12): 
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If a sensor location pair 1x  and 2x  satisfies this equation for some modes, these modes are 

suppressed on the line 0=Ω x , and these suppressed modes are placed on another line π=Ω x . 

Therefore modal cluster decomposition is realized as follows, by 2-D discrete Fourier transform 
of sensor array outputs ),( 1 ktxz  and ),( 2 ktxz : 
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2.4 Real-Time Filtering of Each Modal Cluster 
 

To extract a modal cluster on the line 0=Ω x  in real-time, a design method of a 2-D FIR filter is 

derived. This filter can be designed to have a following transfer function to suppress all spectra 
on 0≠Ω x  in a 2-D frequency domain: 





≠Ω
=Ω

=ΩΩ
.0,0

,0,2
),(

x

x
txH

π
  

The impulse response of this transfer function is expressed as follows, by the inverse two-
dimensional Fourier transform of the Eqs. (17) and (18), 

),(),( ttxh δ=  

where )(tδ  is the delta function. Then time domain calculation to extract a modal cluster placed 

on the line 0=Ω x  is to calculate following convolution: 
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where ),( txza  is a signal of continuous signal. Finally, the FIR filter extracting a desired modal 

cluster is realized for discrete sensor signal as follows: 
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where s is the name of modal cluster on line 0=Ω x . 

 

3 Modal Cluster Decomposition for Simply Supported Beam 
 

3.1 SIMPLY SUPPORTED BEAM 
 

A simply supported beam shown in Fig.1 was used to show the validity of the proposed filtering 
method. The beam was constructed of a brass rectangular bar (505x16x6mm). A finite element 
model was developed with 1011 nodes and 1010 elements. The sensors, therefore, can be 
virtually attached to the beam at intervals of 0.5mm. The first ten bending modes are used for 
computing impulse responses at each sensor point, and the modal damping ratio 0.005 is given 
for all modes. Sensor locations are normalized by the length of the beam as follows: 

L

x
x

L

x
x 2

2
1

1 , ≡′≡′   

In this numerical example, two sensors are supposed to be set to the positions that satisfy the 
inequality: 10 21 <′<′< xx . 

 

(17) 
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(21)

(19)

(20)
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Figure 1: Sensor locations on simply supported beam 

 

 

3.2 SINGLE MODE SUPPRESSION ON    0=Ω x  AND  π=Ω x    
 

First step of designing modal cluster decomposition is to search optimal sensor locations to 
suppress a target mode on a line and to place the mode on another line of 2-D frequency domain. 
Mode shape of a q-th mode of the simply supported beam is written as ).sin()( xqxq πϕ =  

Therefore, the condition to suppress the q-th mode on the line 0=Ω x  and π=Ω x  is written as 

follows: 
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These equations hold in the case that either of following equations is satisfied for any integer m: 
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Figures 2 and 3 show the sensor placement for desired single mode suppression. 
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Figure 2: Sensor locations for suppressing a target mode on 0=Ω x
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Figure 3: Sensor locations for suppressing a target mode on π=Ω x
 

 

3.3 MODAL CLUSTER DECOMPOSITION INTO TWO GROUPS 
 

It is verified that the modal cluster decomposition into even and odd modes groups is realized. As 
shown in Fig. 2 and Fig. 3, the sensor placement onto the line 121 =+ xx  suppresses even modes 
on 0=Ω x , and odd modes on π=Ωx . The sensor location of node numbers (81, 931) on the 

FE-model, which corresponds to ),( 21 xx =(40mm, 465mm) on the test-model, was chosen as 
sensor locations. The following are shown in Fig. 4 and Fig. 5: The impulse response and its 
power spectrum measured on these sensor locations. Figure 5 shows ten modes are fully excited 
in measured accelerations. Figure 6 shows the decomposed spectrum on the two straight line 

0=Ω x  and π=Ωx , obtained by the 2-D Fourier transform analysis of the two signals shown in 

Fig. 4. It is proven that measured signals are decomposed into two modal clusters of even and 
odd modes. 
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Figure 4: Accelerations measured at selected sensor locations 
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Figure 5: PSD of accelerations measured at selected sensor locations 
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Figure 6: Power spectrum on each line in a 2-D frequency domain 

 

3.4 MODAL CLUSTER DECOMPOSITION INTO THREE GROUPS 
 

It is verified that the modal cluster decomposition into three groups is realized using two sensors. 
As shown in Fig. 2 and Fig. 3, the sensor placement onto the nodal points of third mode 
suppresses 1st, 5th and 7th modes on 0=Ω x , and 2nd, 4th, 8th and 10th modes on π=Ωx . 

Moreover, q=3m modes are not measured by these sensor locations. The sensor locations of node 
numbers pair (338, 674) on the FE-model, which correspond to ),( 21 xx =(168.5mm, 336.5mm) on 
the test-model, was chosen as sensor locations. These sensor locations are the nodal points of 
third mode as shown in Fig. 7. Figure 7 also shows that these sensor locations are corresponding to the 
nodal points of q=3m modes. The following are shown in Fig. 8 and Fig. 9: The impulse response 
and its power spectrum measured on these sensor locations. Figure 9 shows seven modes except 
for q=3m modes are fully excited in measured accelerations. Figure 10 shows the decomposed 
spectrum on the two straight line 0=Ω x  and π=Ωx , obtained by the 2-D Fourier transform 

analysis of the two signals shown in Fig. 8. It is proven that measured signals are decomposed 
into three desired modal clusters. 
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Figure 7: Relation between sensor locations and mode shapes 
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Figure 8: Accelerations measured at selected sensor locations 
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Figure 9: PSD of accelerations measured at selected sensor locations 
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Figure 10: Power spectrum on each line in a 2-D frequency domain 

 

3.5 REAL-TIME FILTERING OF EACH CLUSTER 
 

Figures 11 and 12 show the PSD of time-domain filtering results to extract a modal cluster on 
0=Ω x  in Fig.6 and Fig. 10 respectively. Upper plots show the simple summation of acceleration 

signals by the Eq. (18), and lower plots show the PSD of the acceleration signals shown in the 
upper plots. The lower plot in Figs. 11 and 12 is exactly the same as the PSD of the modal cluster 
on the 0=Ω x  shown in the upper plot in Fig. 6 and Fig. 10. Therefore, if desired modal cluster 

can be placed on the 0=Ω x , the modal cluster is easily filtered out in real-time by using the 2-D 

FIR filter which calculates the simple summation of current sensor outputs measured at optimal 
sensor locations for modal cluster decomposition. 
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Figure 11: Real-time cluster filtering of an even mode cluster in a time-domain and its PSD. 
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Figure 12: Real-time cluster filtering of q=3m+1 modes in a time-domain and its PSD. 

 

 

4 Conclusions 
 

Modal cluster decomposition on a two-dimensional frequency domain and the design method of a 
real-time filter to extract each modal cluster were proposed. It was shown that modal cluster 
decomposition was used for suppressing several selected modal amplitudes from measured 
signals, and for placing each modal cluster on any selected line on a two-dimensional frequency 
domain. It was also shown that the time domain filtering of each modal cluster can be realized 
without time-delay by using a FIR filter. In a numerical example, the optimal sensor locations 
were computed to realize modal cluster decomposition for a simply supported beam. It was 
shown that this decomposition was used for suppressing several selected modal amplitudes, or 
placing each modal cluster on any selected line. Finally, it was shown that the real-time filtering 
of each modal cluster can be realized by a two-dimensional FIR filter. 
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Abstract
A method for identification of flexibility parameters of a 18 DOF (degrees of freedom) robot prototype model
is proposed. Experiments show the strength of the method and the results indicates that flexibilities in the
bearings and the arms, taken together, are of the same order as the flexibilities in the gears.

1 Introduction

Dynamics and kinematics models of industrial robots are used for mechanical design, performance simula-
tion, control and supervision, etc., and the needs for detailed flexible models grow as the performance/price
ratio increases. The discussion in this report focus on flexible models and identification of flexibility param-
eters (spring-damper pairs) of industrial robots. The identification is carried out in the frequency domain by
comparing experimental Frequency Response Functions (FRF’s) to FRF’s obtained from a nonlinear flexible
model. The report is organized in the following way: The analytical model and the modeling procedure
are described in Section 2. Estimation of experimental FRF’s is discussed in the Section 3 and a parameter
identification method is presented in the Section 4. The discussion is closed by a presentation of some exper-
imental results, conclusions and suggestions for future work. Note that industrial robots are often referred to
as manipulators in this text. A common type of industrial robot manufactured by ABB is shown in Figure 6.

2 Manipulator model

The model consists of a kinematic chain of rigid bodies denoted by rbi representing the manipulator arms.
Such a rigid body is illustrated in Figure 1 and is described by its mass mi, center of mass location ξi, the
position vector li representing the translation from the frame (coordinate system) ai (which is fixed in the
rigid body rbi), to the frame ai+1 (which is fixed in the rigid body rbi+1), and the inertia tensor (w.r.t. the
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center of mass) J i given by

J i =

J i
xx J i

xy J i
xz

J i
xy J i

yy J i
yz

J i
xz J i

yz J i
zz

 . (1)

The superscript i indicates that quantities are associated with the rigid body (arm) rbi, joint i and motor i.

Figure 1: A general description of a rigid body.

The arms are linked together by gearboxes and motors and due to flexibilities in the gearboxes, spring-
damper pairs are introduced between all the motors and arms in the model. These flexibilities are active in
the joint angle direction and the spring is tensed by the difference between arm angle and motor angle, i.e.
qi
a−qi

m. The gearbox torque, denoted by τ i
g, is then a function of qi

a−qi
m and for a real manipulator gearbox

this function is nonlinear. However, for the sake of simplicity, it will here be modeled by the linear function
τ i
g = ki

g(q
i
a − qi

m) + ci
g(v

i
a − vi

m) where the last term represents the damping and where vi
a = q̇i

a, v
i
m = q̇i

m

are angular speeds of the arm and the motor, respectively. The subscript g stands for gear, the subscript a for
arm, and the subscript m for motor.

Although models based on the assumptions above have prove to be adequate for many types of manipulators,
experiments and tests have shown that such models are not always able to catch the overall flexibility behav-
ior of some manipulator types and therefore, two additional spring-damper pairs are introduced in some of
the links. These two spring-damper pairs mainly represent flexibilities in bearings and they are individually
orthogonally oriented and also orthogonally oriented to the spring-damper of the gear.1 This results in three-
dimensional spring-damper pairs in these joints. The Figure 2 illustrates such a manipulator model. The
angle displacement caused by the bearing flexibilities, denoted by qi

b (b for bearing), are small compared to
the actuated joint rotations qi

a. By introducing qi
b directly after the joint angles qi

a in the kinematic chain, a
good approximation of the real situation is obtained.2 The torques causing the displacements qi

b are modeled
in a similar way as the gear torque, namely by τ i

b = kbq
i
b + cbv

i
b.

The torque/current control of the motor is assumed to be ideal so that the input signals of the model are the
motor torque references ui which equals the motor torque τ i

m.

The model equations are derived by computing the linear and angular momentum. By using Kane’s method
the projected equations of motion are derived to yield a system of ordinary differential equations (ODE) with
minimum number of DOF’s, see [1] and [2]. It should be pointed out that this procedure is not trivial, and
limited computer capacity may cause trouble for long kinematical chains. These potential problems will,

1These two spring-damper pairs can also catch flexibilities of the arms which are in fact not ideal rigid bodies.
2Since the purpose of the model used in the experiments is to study and control effects caused by elasticity, the friction is omitted.
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however, not be addressed in this report. The final model can be described by a system of first order ODE’s

Ma(qb, qa)
(

v̇b

v̇a

)
= c(qb, qa, vb, va) + g(qb, qa)−

(
τb

τg

)
(2a)

Mmv̇m = τg + u (2b)

τg = Kg(qa − qm) + Cg(va − vm) (2c)

τb = Kbqb + Cbvb (2d)

va = q̇a (2e)

vm = q̇m. (2f)

If the number of arms, motors, and joints are N , and if two orthogonally oriented bearing spring-damper
pairs have been added to M of the N joints, then qa ∈ RN×1 is a vector of the arm angle positions qi

a,
qm ∈ RN×1 is a vector of motor angle positions qi

m, and qb ∈ R2M×1 is a vector of angle displacements
qi
b caused by the flexible bearings. The corresponding vectors of speeds are va, vm, vb. The input vector u

contains the applied motor torques τ i
m. The matrix Ma(qb, qa) ∈ R(N+2M)×(N+2M) is the inertia matrix

for the arms and Mm ∈ RN×N is the diagonal inertia matrix for the motors. The Coriolis and centrifugal
torques are described by the function c(qb, qa, vb, va) ∈ R(N+2M)×1, and g(qb, qa) ∈ R(N+2M)×1 represents
gravity torque.3 The time t is omitted in the expressions. The matrices Kg, Cg and Kb, Cb are here diagonal
and given by

Kg =


k1

g 0 . . . 0
0 k2

g . . . 0
...

. . .
...

0 . . . 0 kN
g

 , Cg =


c1
g 0 . . . 0

0 c2
g . . . 0

...
. . .

...
0 . . . 0 cN

g

 ,Kb =


k1

b1 0 . . . 0
0 k1

b2 . . . 0
...

. . .
...

0 . . . 0 kM
b2

 , Cb =


c1
b1 0 . . . 0

0 c1
b2 . . . 0

...
. . .

...
0 . . . 0 cM

b2

 . (3)

For a model including the cartesian position and orientation of the tool, Z, the forward kinematic model of
the robot must be added. This model is a mapping

Z = Γ(qb, qa). (4)

The cartesian position of the tool is often referred to as the tool center point (TCP), see Figure 2. Kinematic
models for the most common types of manipulators are discussed in standard literature on robotics, see e.g.
[4] and [5]. Methods for modeling of robot dynamics in general are discussed in e.g. [3].

2.1 A flexible robot model with 18 DOF’s

The model used in the experiments presented below have three-dimensional spring-damper pairs in the three
main axis joints (1-3) and one-dimensional spring-damper pairs (gearbox) in the joints (4-6), see Figure 2.
Then, N = 6,M = 3 and the total number of DOF’s is 6 + 6 + 2 · 3 = 18 (6 arms + 6 motors + 2 · 3 joints
having bearing flexibilities). Minimal state-space realizations have 36 states. As the discussion now turns
from mechanical modeling over to identification, it is appropriate to stack the spring-damper parameters in a
vector

θ = [k1
bx, k1

by, k
2
bx, k2

bz, k
3
bx, k3

bz, k
1
gz, k

2
gy, k

3
gy, k

4
gx, k5

gy, k
6
gx, (5)

c1
bx, c1

by, c
2
bx, c2

bz, c
3
bx, c3

bz, c
1
gz, c

2
gy, c

3
gy, c

4
gx, c5

gy, c
6
gx].

Note that the extra index x, y or z indicates the orientation of each spring-damper pair. The rigid body
parameters are known from a CAD (Computer Aided Design) model.

3All torques, positions and inertias are described either on the motor side or on the arm side of the gear box (scaling by the gear
ratio).
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Figure 2: A 6-axis model consisting of six rigid bodies connected in a serial chain by three-dimensional spring-damper
pairs in the joints (1-3) and by one-dimensional spring-damper pairs in the joints (4-6). For the sake of keeping the
picture clean all the illustrations of the spring-damper pairs are, however, one-dimensional and lacks the damper. The
dot on axis six marks the tool center point (TCP).

3 FRF estimation

As an intermediate step in the parameter identification, estimates of the frequency response function (FRF)
in a number of positions are needed. These can be obtained from experiments and calculations carried out in
the following way:

1. Generate appropriate speed reference signals of multisine type from MatlabTM, and load them into the
robot controller.

2. Take the robot into position qr and run it in closed loop using these signals as speed references. After
a few seconds, this will result in motor torques and speeds of multisine type which are sampled and
stored.

3. Import the measurements into MatlabTM and calculate the FRF.

If the sampled signals are periodic, the following linear mapping will hold exactly

Y (ωk) = Ĝr(ωk)U(ωk) (6)

where Ĝr(ωk) ∈ C(N×N) is the FRF and U(ωk) and Y (ωk) are DFT:s of the input and output, respectively.
To be able to extract Ĝ(ωk) from data, at least N different experiments are needed. The data vectors from
the different experiments can then be collected into matrices (bold faced in the sequel) where each column
corresponds to one experiment. The relation between the input and output can then be written as

Y(ωk) = Ĝ(ωk)U(ωk) (7)

If U(ωk) has full rank, Ĝ(ωk) can be calculated as

Ĝ(ωk) = Y(ωk)U−1(ωk) (8)
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If more than N experiments are carried out, U−1(ωk) can be replaced by the pseudo-inverse. By repeating
the periodic excitation and also using additional experiments, the variance can be estimated and also reduced.
In addition, the effect of nonlinearities can be detected and estimated. For details, see e.g. [6] and [8].

As excitation signals, orthogonal random phase multisines [7] will be used. For each block of N experi-
ments, the DFT of the reference signal is chosen as

R(ωk) =


w11R1(ωk) w12R1(ωk) . . . w1NR1(ωk)
w21R2(ωk) w22R2(ωk) . . . w2NR2(ωk)

. . . . . . . . . . . .
wN1RN (ωk) wN2RN (ωk) . . . wNNRN (ωk)


where wkp are elements of an arbitrary, deterministic, orthogonal matrix W , here chosen as wkp = e

2πi
N

(k−1)(p−1).
Each Rj(ωk) is the DFT of a random phase multisine. In time domain, random phase multisines are defined
as

r(t) =
Ns/2∑
k=1

Ak sin(ωkt + φk) (9)

with amplitudes Ak, phases φk, and frequencies ωk = 2πk
Ns

fs, where fs is the sample frequency. The phases
φk are randomly chosen such that E

{
eiφk

}
= 0, for example uniformly distributed in [0, 2π). Each period

of data has Ns samples and a period time T0 = Ns
fs

.4

4 Identification of spring-damper parameters

Identification of the (globally valid) flexibility parameters stacked in θ (5) is considered next. For our purpose
the model given by the equations in (2) and the description in Section 2.1, is linearized at Q different positions
(configurations), qr, according to the following:

qm = qr, r = 1..Q (10)

qa = qm

qb = 0
vm = va = vb = 0.

Taking the Fourier transform of the linear model gives the model FRF:s

Gr(ωk, θ), r = 1..Q. (11)

Here, Gr(ωk, θ) ∈ C(N×N) is a matrix which elements will be denoted by Gr
nm(ωk, θ) in the sequel.

The identification is carried out by searching for the minimal sum of weighted differences between the exper-
imental FRF:s in (6) and the model FRF:s (11), while varying the numerical values of the model parameters
in θ. The following set of expressions define the problem:

min
θ

V (θ) (12)

V (θ) =
Q∑

r=1

N∑
n=1

N∑
m=1

∑Ub(n,m)
k=Lb(n,m) α(n, m, k) |Enm(ωk, θ)|p∑Ub(n,m)

k2=Lb(n,m) α(n, m, k2)

 1
p

Enm(ωk, θ) = 20 log10 |Gr
nm(ωk, θ)| − 20 log10

∣∣∣Ĝr
nm(ωk)

∣∣∣ .

4The number of samples Ns should be distinguished from N , the number of joints, motors and arms, above.

PARAMETER ESTIMATION 3309



Note that the frequency bounds Lb(n, m), Ub(n, m) and the weights α(n, m, k) can be selected different for
different entries nm of the FRF matrix, and that α(n, m, k) in addition to this is a function of frequency.

To reduce the computational effort for solving (12), the number of operations required in each iteration
should be kept small. The number of (linear) models, Q, and the number of frequencies should then of
course be selected with care. Another action to take is to prepare and calculate some parts in advance. One
such preparation, based on the property of symmetric dependency between motor torques and motor speeds,
is proposed next. The property is defined by

Gr
nm(ωk, θ) ≡ Gr

mn(ωk, θ), ∀n, m. (13)

Note that this equivalens is true only for the model FRF! The experimental FRF is only approximately
symmetric due to spectral "noise" caused by nonlinearities, disturbances, quantization errors, etc. Consider
the following symmetric FRF matrix ̂̄Gr

(ωk) having the elements:

̂̄Gr

nm(ωk) =
Ĝr

nm(ωk) + Ĝr
mn(ωk)

2
, ∀n 6= m. (14)

It can be shown that using (14) instead of Ĝr
nm(ωk) in (12) gives identical results if α(n, m, k) ≡ α(m,n, k),

Lb(n, m) ≡ Lb(m,n) and Ub(n, m) ≡ Ub(m,n), which are natural choices and will be assumed from now
on. Now all the functions and matrices in (12) are symmetric with respect to the indices (n, m) and thus,
the same result can be obtained by taking only the elements on the diagonal and below (or above) into the
iterations,i.e.

min
θ

V̄ (θ) (15)

V̄ (θ) =
Q∑

r=1

N∑
n=1

n∑
m=1

∑Ub(n,m)
k=Lb(n,m) α(n, m, k)

∣∣Ēnm(ωk, θ)
∣∣p∑Ub(n,m)

k2=Lb(n,m) α(n, m, k2)

 1
p

Ēnm(ωk, θ) = 20 log10 |Gr
nm(ωk, θ)| − 20 log10

∣∣∣ ̂̄Gr

nm(ωk)
∣∣∣ .

Note that this is obtained by ending the summation over the index m at n instead of N as in (12). For the
experiment described below the modifications reduces the number of operations to a factor of 36−15

36 ≈ 0.58.

4.1 Experiments and results

The FRF’s used here for identification have motor torques, u, as inputs and motor speeds, vm as outputs. The
minimization problem (15) was solved in MatlabTM using the function fminunc. The choice of cost function
V (θ) has shown to be of great importance for the quality of the result and one can expect that local minima
and identifiability properties of the different linear models (and combinations of them) are important factors.
Good compliance between experimental FRF’s and model FRF’s was obtained by solving (15) for a num-
ber of different initial values (grid points) θ0 at properly chosen positions qr and for appropriate frequency
bounds and weights. The 2-norm were used most of the times, i.e. p = 2 in (15). The Figure 3 illustrates the
model FRF (blue) and the experimental FRF (red) for a successful experiment. Note that the FRF plots in
the Figure 3 show motor torque-to-motor acceleration spectra. In this experiment the minimizations started
at 60 different grid points θ0 and the final values of V (θ) for the 60 results are shown in Figure 5. Note that
the 17th run gave the optimal result. The values of the estimated parameters indicate that bearing and arm
flexibilities, taken together, are of the same order as the flexibility in the gear, for the same joint.

3310 PROCEEDINGS OF ISMA2006



Figure 3: Frequency response functions of a 6-axis, 18 DOF flexible manipulator model (blue) and a real 6-axis
manipulator prototype (red). The FRF’s represent motor torque-to-motor acceleration in dB. The frequency scale is in
Hz.

Note also the discrepancies between the model FRF (blue) and the experimental FRF (red) for low frequen-
cies in some of the off-diagonal elements, e.g. the elements (n, m) = (2, 6), (3, 4), (3, 6) and (4, 3). It is, in
fact, the model FRF which is most correct! Therefore, the lower frequency bound, Lb(n, m), should be cho-
sen high, but not so high that the resonance frequencies ends up outside the interval. The FRF’s dependency
on the flexibility parameters dominate close to the resonance frequencies. The FRF’s become noisy for high
frequencies and the upper frequency bound Ub(n, m) can be used to cut-off some of the noise. But again,
the resonance peaks contains a lot of information about the flexibility parameters. The choice of bounds and
weights is a trial-and-error procedure.

The fact that the identification manages to find values of the parameters such that the discrepancies between
the model FRF and the experimental FRF are small close to the resonance modes prove that the result shown
in Figure 3 is, indeed, satisfactory. It should be pointed out that the identification was carried out by using
FRF’s from two different configurations (robot positions (qr)) and that the result was satisfactory for all
twelve different configurations considered. In other words, the model and the estimated parameters are
valid globally! In order to evaluate the result further, an accelerometer were placed at the tool center point
(TCP) of the robot during the experiment. The FRF’s obtained from these data, and the corresponding model
FRF’s (using a kinematic model) are shown in Figure 4. Although the discrepancies are somewhat larger in
this case compare to the motor acceleration FRF’s, we think this result also prove the ability of the methods
proposed.
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Figure 4: Frequency response functions of a 6-axis, 18 DOF flexible manipulator model (blue) and a real 6-axis
manipulator prototype (red). The FRF’s represent motor torque-to-TCP acceleration in dB. The frequency scale is in
Hz.

Figure 5: Final values of V (θ) for sixty identification runs, started with different initial parameter values θ0. The 17th
run gave the optimal result here.
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5 Suggestions for future work

The model could be improved by introducing nonlinear gearbox flexibilities τg, and improvements of the
identification would probably concern investigations of identifiability properties, which hopefully will de-
termine what robot configurations (positions) give the best results. An investigation of the low frequency
bias of the FRF’s estimates could also be of interest. By improving the estimates of the TCP accelerometer
FRF’s, these could not only be used for verification but also for identification.

Figure 6: A 6-axis elbow type industrial robot from ABB.
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Abstract 
Recently, statistical and empirical signal processing techniques such as the proper orthogonal 
decomposition and the Hilbert-Huang transform have shown promise for structural system identification. 
In the present study, experimental modal analysis is carried out by employing blind source separation 
techniques and by interpreting the response of a mechanical system as a static mixture of sources. 
Specifically, it is shown under which circumstances the normal coordinates of the vibration modes may be 
interpreted as virtual sources. The advantages and limitations of the proposed method will be discussed, 
and the procedure will be demonstrated using numerical applications. 
 
 

1 Introduction 
 
Linear system identification is a discipline that has evolved considerably during the last thirty years. 
Modal parameter estimation, termed modal analysis, is indubitably the most popular approach to 
performing linear system identification in structural dynamics. The model of the system is known to be in 
the form of modal parameters, namely the natural frequencies, vibration modes and damping ratios. The 
popularity of modal analysis stems from its great generality; modal parameters can describe the behavior 
of a system for any input type and any range of the input. Numerous approaches were developed for this 
purpose: Ibrahim time domain method [1], eigensystem realization algorithm [2], stochastic subspace 
identification method [3], polyreference least-squares complex frequency domain method [4] to cite a few. 
A description of modal analysis is not within the scope of this paper; the interested reader may consult 
Ref. [5] for further detail. 
Recently, statistical and empirical signal processing techniques have shown promise for experimental 
modal analysis. The relation between the proper orthogonal modes (POMs), extracted from the proper 
orthogonal decomposition (POD, also known as principal component analysis), and the normal modes was 
demonstrated in several studies [6, 7, 8]. Therefore, the POD was proposed as a means of computing the 
normal modes directly from the measured data [9, 10]. One of the intrinsic limitations is that the 
knowledge of the mass matrix is required. To address this issue, Chelidze and Zhou introduced a new 
multivariate data analysis method called smooth orthogonal decomposition (SOD) [11]. The Hilbert-
Huang transform (HHT) has been shown to be effective for characterizing a wide range of non-stationary 
signals in terms of elemental components through what has been called the empirical mode decomposition  
[12]. The HHT has been utilized extensively, as it provides a concise basis for the analysis of nonlinear 
systems. As demonstrated in [13, 14], this technique is also useful for linear system identification. 
The present study performs structural system identification using blind source separation techniques called 
independent component analysis (ICA) and second-order-based identification (SOBI). ICA is a relatively 
recent method [15, 16] and has already found several applications in structural dynamics, including 
damage detection [17], condition monitoring [18, 19] and discrimination between pure tones and sharp-
pointed resonances [20]. A special issue dealing with ICA and blind source separation was also published 
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in Mechanical Systems and Signal Processing in 2005 [21]. Several variants of ICA were also proposed, 
namely SOBI [22], joint approximate diagonalization of eigenmatrices (JADE) [23] and fastICA [24]. 
This paper first presents the BSS concepts, and a comparison with the POD method is also performed in 
Section  2. The proposed modal analysis procedure is then exposed, and the two methods (ICA and SOBI) 
are briefly explained in Section  3. Structural system identification using ICA and SOBI is performed on 
two simulated systems in Section 4. 
 
2 Blind source separation techniques for modal analysis 
 

2.1 Blind source separation concept and POD 
 
Blind source separation (BSS) techniques were mostly developed during the last decade for information 
theory and signal processing. But their objective, which consists in revealing the underlying structure 
hidden in a set of measured data, is shared by many research fields. In fact, BSS techniques attempt to 
extract, from the only mixture of sources observed, independent excitation sources and relationships 
existing between these unknown inputs and the measured outputs.  
Let us consider a linear system which is subjected to a set of unknown excitation sources . This 
system provides a set of responses 

( )s t
( )x t  which are assumed to be linear combinations of sources. Noise, 

( )n t , can be considered and added to the response. Mathematically, this can be written as 

  (1) ( ) ( ) ( )x t A s t n t= ⋅ +

Because the mixing matrix A  is unknown, the estimation problem is considerably more difficult. Some 
additional hypotheses about the initial sources have to be taken into account for the purpose of finding the 
matrix W  which will give the best sources approximation, noted ( )z t . 

  (2) ( ) ( )Tz t W x t= ⋅

The necessary hypotheses, e.g., uncorrelation, non gaussianity or statistical independence, will be 
discussed below and in Section  3. 
Scientists already considered the use of statistical signal processing techniques, such as principal 
component analysis (PCA), for the study of structural dynamics. The proper orthogonal decomposition 
(POD) is a variant of PCA for dynamical systems [25]. The POD and the BSS techniques share in fact the 
same objective. The basic idea of the POD is to reduce the large number of interdependent variables ( )x t  
to a much smaller number of uncorrelated variables  while retaining as much as possible of the 
variation present in the original variables. An orthogonal transformation to the basis of the eigenvectors of 
the sample covariance matrix is performed, and the data are projected onto the subspace spanned by the 
eigenvectors corresponding to the largest eigenvalues. The transformation gives uncorrelated signals and 
minimizes the average squared distance between the original signal and its reduced linear representation. 
In this sense, POD is optimal. The method is therefore suitable for variables with Gaussian distribution.  
This is illustrated in 

( )s t

Figure 1 using a two-degree-of-freedom system. However, the limitation of the 
method may appear when the uncorrelated variables computed through the POD are not statistically 
independent. BSS methods such as independent component analysis (ICA) address this issue. The 
application of the POD and ICA is considered in Figure 2 for two variables with uniform distribution. The 
POD is clearly unable to recover the underlying structure in the data unlike ICA. 
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Figure 1 - Proper orthogonal modes in the case of two variables with Gaussian distribution 

 

 
Figure 2 - Proper orthogonal and ICA modes in the case of two variables with uniform distribution 

 

2.2 Normal coordinates as virtual sources 
 
BSS techniques are able to separate the different excitation sources acting on a system. How could this be 
exploited in structural dynamics?  
Let us consider a mechanical system governed by the equations of motion 
  (3) ( ) ( ) ( )M x t K x t f t⋅ + ⋅ =

The system response ( )x t  is the convolution product of the impulse response function ( )h t  and the 
external force vector ( )f t  

  (4) ( ) ( ) ( )x t h t f t= ∗

This relationship involves a dynamic mixture of sources. Unfortunately, the application of ICA to the 
convolutive mixture of sources is not yet completely solved and raises several problems [21]. 
The main idea of this paper, which will allow to bypass these difficulties, is to interpret the mechanical 
system as a static mixture of sources. Besides expression (4), the response of system (3) may be expressed 
through a modal expansion as 

  (5) ( ) ( ) ( ) ( )
1

m

i i
i

x t t tη
=

= ⋅ = ⋅∑ n N η

where  and  are the normal modes and the corresponding normal coordinates (i.e., the amplitude 
modulation of the modes), respectively;  is the number of degrees of freedom (DOFs) of the system. By 
definition, the normal modes provide a complete set for the expansion of an arbitrary vector. It turns out 
that the normal coordinates act as virtual sources on the system regardless the number and the type of the 
physical excitation forces. Under the assumption of independent normal coordinates, the application of 
BSS methods should therefore provide a straightforward identification of the eigenmodes of a structure 
through the computed mixing matrix. 

( )in ( )i tη
m
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In Ref. [26], a one-to-one relationship between the vibration modes and the ICA modes for free and 
random vibrations of weakly damped systems is demonstrated. The interest reader should consult this 
reference for further details. 
 

3 Independent component analysis 
 
Unlike the POD which simply assumes that the original sources are uncorrelated, statistical independence 
and non-Gaussianity are the guiding principles of ICA [24]. ICA methods solve the problem described in 
(1), i.e., the identification of the mixing matrix  and the sources , by assuming the statistical 
independence of the sources. The advantage is that higher-order statistics about the observed distribution 
are taken into account to extract the sources. Mathematically, statistical independence of the variables  
means that the joint probability density function factorizes into the product of the probability density 
function of each variables 

A ( )s t

iw

  (6) ( )1 2, ,... m k
k

p w w w p w=∏ ( )k

)

In other words, the value of any variable cannot be inferred from the value of the others. For Gaussian 
distributions, ICA techniques will not perform better than decorrelation methods such as the POD, because 
high-order statistical cumulants vanish. 
During the last few years, ICA has received increasing attention, and numerous methods for computing it 
were developed. They differ mainly by the contrast definition (i.e., the objective function) and/or by the 
algorithm resolution. Two of these methods are briefly described in this paper and used for output-only 
modal analysis. The first one exploits the mutual information minimization, and the other one uses the 
joint diagonalization of several covariance matrices. 
 

3.1 Mutual information minimization 
 
Since it is usually not possible to estimate sources that are perfectly statistically independent and since 
noise often perturbs the measurements (1), ICA consists in searching a linear transformation that 
minimizes the statistical dependence between its components. There exist numerous criteria for this 
purpose, and the method considered here is based on the mutual information concept. 
The principal property of mutual information is that its minimum value appears if and only if the random 
variables are independent. Unfortunately it is extremely difficult to compute, and the alternative is to 
evaluate the negentropy through approximations. The negentropy is directly linked to mutual information 
and measures the distance to the Gaussianity. Comon proposed an expansion as function of cumulants of 
increasing orders [16]. The detailed description of ICA and the practical estimation of the independent 
components are beyond the scope of this paper. The interested reader may consult [16, 24]. 
 

3.2 Second-order-based identification 
 
The other method, the second-order-based identification (SOBI), is based on joint diagonalization of 
several matrices [22]. It can be interpreted as an extension of the POD method for a set of covariance 
matrices characterized by different time lags. These matrices  

  (7) 
( ) ( ) ( ){ }
( ) ( ) ({ }

*

*

0R E x t x t

R E x t x tτ τ

= ⋅

= + ⋅

are evaluated from the observed data, and the basic idea is to find a matrix U , which jointly diagonalizes 
all the covariance matrices. It can be proven that the unitary matrix U  corresponds to the mixing matrix.  
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The main feature of SOBI is that it makes an additional assumption regarding the sources in comparison 
with standard ICA. They must have different spectral contents; the algorithm therefore exploits the time 
coherence of the source signals. This is particularly appropriate in structural dynamics, because the normal 
coordinates are monochromatic (colored signals) for the free response and mostly monochromatic for the 
random response. Another advantage of the procedure is that being based on the joint diagonalization of a 
set of covariance matrices it only involves second-order statistics, which are easier to compute. 
 

4 Numerical applications 
 
To support the previous theoretical findings and to demonstrate the usefulness of BSS techniques for 
output-only modal analysis, numerical experiments are carried out in this section. A comparison of the 
results obtained using the two methods described above is achieved. 
 

4.1 Identification of a discrete system 
 
A three-degree-of-freedom (DOF) system is considered (Figure 3). This system is made of three masses 
connected in series through linear springs. 
 

 
Figure 3 – Three-degree-of-freedom mass-spring model 

 
Parameters of the system are , ,  and . Proportional 
damping is introduced through the  parameter. The homogeneous equation of motion is  

1 2m = 2 1m = 3 3m = 1 3 12 23 1k k k k= = = =
α

  (8) ( ) ( ) ( )

2 0 0 2 0 0 2 1 0 0

0 1 0 0 1 0 1 2 1 0

00 0 3 0 0 3 0 1 2

x t x t x tα

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤−⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⋅ + ⋅ ⋅ + − − ⋅ =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥− ⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦

Newmark’s algorithm is used to compute the system response with a sampling frequency of 100 Hz. Data 
are then resampled to 10 Hz. In the first part, the free response is considered with zero initial conditions 
except for .  3 1x =

Theoretical modes and natural frequencies are calculated by solving the classical eigenvalue problem. The 
theoretical sources (i.e., the “true” normal coordinates) are determined by projecting the simulated 
response onto each eigenmode. Equation (5) gives 

  (9) ( ) ( ) ( )1
tht s t x tη −= = ⋅N

The quality of the identification using BSS techniques is assessed by comparison with these theoretical 
results. The modal assurance criterion (MAC) is used for the correlation of the identified and actual 
eigenmodes (a unitary value means a perfect correlation), and the normalized mean squared error (NMSE) 
is used for the sources correlation  

 
( )

( )

2

2
th BSS

th th

s s
NMSE

s s
−

=
−

 (10) 
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4.1.1 Identification results 
 
This section presents a comparison of the two methods – ICA through mutual information minimization 
and its variant SOBI – for the three-DOF system described above. 
For the SOBI method, the number of time lags  and their values have to be fixed for the covariance 
matrices computation. The chosen delays correspond to a set of frequencies which were derived from an 
equidistant distribution of frequencies between the minimum and the maximum eigenfrequency of the 
studied system. 

τ

Now let us suppose that the system described above is such that  (corresponding to damping 
ratios of 1.78, 1.09 and 0.63 %) and that its response is corrupted by white noise (the RMS amplitude of 
the noise equals 1 % of the signal RMS value). The simulated displacements are presented in 

0.02α =

Figure 4 
together with the identified sources from ICA and SOBI methods. Note that results given by ICA and 
SOBI are identical in this case. 
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Figure 4 - Response and identified sources (with ICA and SOBI methods) for the 3DOF's system 

 
The eigenmodes are accurately identified with the two methods. The MAC and the NMSE values for each 
mode are listed in Table 1. The damping is computed from the identified sources using logarithmic 
decrement. 

  Mode 1 Mode 2 Mode 3 

Theoretical 0.0895 0.1458 0.2522 

SOBI 0.0892 0.1452 0.2509 
Frequencies 

(Hz) 
ICA 0.0892 0.1452 0.2509 

Theoretical 1.78 1.09 0.63 

SOBI 1.75 1.05 0.60 
Damping 

ratios 
(%) ICA 1.76 1.04 0.60 
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SOBI 1.000 1.000 0.999 
MAC 

ICA 1.000 0.997 0.999 

SOBI 0.044% 0.071% 0.016% 
NMSE 

ICA 1.100% 0.215% 0.151% 

Table 1 : Accuracy of identifications using ICA and SOBI (3 DOFs, free response, damping 
coefficient , 1% noise) 0.02α =

 
4.1.2 Damping influence 
 
Let us now consider the robustness of both methods to the amount of damping present in the system. 
Robustness to noise is discussed in the next section. The system considered here has its damping 
parameter α  varying from 0 to 0.1. The corresponding damping ratios for  are 8.89%, 5.46% and 
3.15%. Only the first 500 sample points of the simulated displacements are taken into account for the 
identification. 

0.1α =

Figure 5 presents the quality of the results in terms of modes and normal coordinates 
identification.  
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Figure 5 - Quality of modes and sources identified with ICA and SOBI method for the 3DOF's 

system regarding damping (3DOFs, free response, 0% noise) 

 
Both methods seem to perform well for the weakly damped system. When damping increases beyond 1%, 
the identification using ICA fails, whereas the SOBI method continues to provide accurate results. For 
illustration, Figure 6 superposes the theoretical normal coordinates together with the sources identified 
through ICA and SOBI sources for the first mode of the system ( ). 0.05α =
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Figure 6 - Comparison of the theoretical, ICA and SOBI sources for the first mode of the 3DOF's 

system. 

4.1.3 Noise influence 
 
This paragraph studies the robustness of the identification to noise. The same system is considered with a 
damping coefficient . The added white Gaussian noise is gradually increased from 0 to 20% of 
the RMS value. 

0.02α =
Figure 7 shows the signal distortion when 20 % of noise is added to the signals. 
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Figure 7 – Displacement of the 3DOF system when 20% of noise is added 

 
As shown in Figure 8, the results seem to be fairly insensitive to noise, both for SOBI and ICA. Therefore, 
one can conclude that the methods behave remarkably well in the presence of noise. 
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Figure 8 - Quality of modes and sources identified with ICA and SOBI method for the 3DOF's 

system regarding noise 

 
4.1.4 Forced response 
 
An advantage of BSS methods is that no a priori knowledge about the statistical distribution of the 
excitation signal is necessary. Moreover the knowledge of the time history of the applied force is not even 
required. Some numerical experiments were then realized on the previous system with a random excitation 
applied to mass . This random excitation is characterized by a uniform distribution on the interval [-0.5 
N ; 0.5 N]. 1000 sample points are taken into account for the identification after the transient response is 
damped out. The results were obtained with several values of the damping coefficient . Noise (2% of the 
signal RMS value) corrupts the displacement signals. 

1m

α

For each case, 50 separate identifications resulting from 50 different samples of random applied force 
were carried out. An identification is considered as successful when the MAC value is higher than 0.98. 
The number of successful identification is given in between parentheses, and the mean values of the MAC 
and NMSE are listed in Table 2.  

ICA SOBI Damping coefficient  
and damping ratios  

Mode 1 Mode 2 Mode 3 Mode 1 Mode 2 Mode 3 

MAC 0.9989 0.9992 0.9929 0.9997 0.9994 0.9995 

NMSE 0.2466 0.1559 0.2326 0.055 0.037 0.017 0α =  

 (49/50) (50/50) (45/50) (50/50) (50/50) (50/50) 

MAC 0.9972 0.9984 0.9863 0.9996 0.9986 0.9990 

NMSE 0.298 0.182 0.366 0.052 0.057 0.030 
1

2

3

0.18%

0.002 0.11%

0.06%

ξ

α ξ

ξ

⎧⎪ =⎪⎪⎪⎪= ≡ =⎨⎪⎪⎪ =⎪⎪⎩
  (49/50) (50/50) (47/50) (50/50) (50/50) (50/50) 

MAC 0.9891 0.9937 0.9885 0.9984 0.9986 0.9972 

NMSE 2.764 1.527 0.729 0.396 0.268 0.088 
1

2

3

1.78%

0.02 1.09%

0.63%

ξ

α ξ

ξ

⎧⎪ =⎪⎪⎪⎪= ≡ =⎨⎪⎪⎪ =⎪⎪⎩

 

 (35/50) (38/50) (28/50) (50/50) (49/50) (50/50) 
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MAC 0.9734 0.9788 0.9818 0.9926 0.9936 0.9889 

NMSE 7.562 6.943 1.170 1.484 1.056 0.456 
1

2

3

8.89%

0.1 5.46%

3.15%

ξ

α ξ

ξ

⎧⎪ =⎪⎪⎪⎪= ≡ =⎨⎪⎪⎪ =⎪⎪⎩

 

 (24/50) (21/50) (9/50) (50/50) (47/50) (47/50) 

Table 2 : Accuracy of identifications using ICA and SOBI for several damping coefficients (3 DOFs, 
random response, 2% noise). Successful identification criterion: MAC>0.98 

 
As it was observed for the free response, both methods seem to perform well for the weakly damped 
system. When damping increases beyond 1%, the identification using ICA fails, where as the SOBI 
method continues to provide accurate results. The signal response and the identified sources are 
represented in Figure 9 for . 0.002α =
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Figure 9 - Response and identified sources (with SOBI) for the random excitation 

 

4.2 Identification of a distributed-parameter system 
 
Another numerical experiment was also realized in order to demonstrate the applicability of the 
methodology. It consists of a cantilever steel beam modeled using the finite element method. The length of 
the beam is 0.7 m and the cross section is squared (w=t=0.014m). The theoretical results, namely the 
eigenfrequencies, the damping ratios and the eigenmodes, are also computed using the classical 
eigenvalue decomposition.  
The system response is computed using Newmark’s algorithm with a sampling frequency of 1e5 Hz. The 
data used for identification are the vertical accelerations at seven points which are uniformly spaced along 
the beam. The signals are resampled so that the frequency is 10000 Hz. The signals are corrupted with 
white Gaussian noise (5% of the signal RMS value). 
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4.2.1 Free response  
 
The free response was obtained by suddenly releasing a vertical load of 100 N applied on the free 
extremity of the beam. Only the first 1000 sample points of the acceleration signals are taken into account 
for the identification. The SOBI and ICA algorithms are then directly applied to the acceleration signals, 
and the results are summarized in Table 3. 
The SOBI algorithm clearly performs better than ICA. It identifies all the modes of the system accurately 
whereas the ICA algorithm retrieves only the first three modes. In fact, only the three first sources 
identified with ICA are purely monochromatic; the other sources mix the normal coordinates of the higher 
modes. Figure 10 presents the SOBI sources and the corresponding power spectral densities. As we can 
see, all the sources are monochromatic as requested by the SOBI algorithm. The shape of the theoretical, 
SOBI and ICA modes are also shown in Figure 11, which confirms the accuracy of the identification 
provided by SOBI. 
 

  Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 

Theoretical 23.6 147.8 414.3 814.0 1353.1 2038.2 2845.5 

SOBI 23.6 147.7 413.8 814.2 1352.5 2036.1 2839.4 
Frequencies 

(Hz) 
ICA 23.6 147.7 413.8 814.2 1352.5 2036.1 / 

Theoretical 0.69 0.20 0.30 0.53 0.86 1.29 1.79 

SOBI 0.69 0.20 0.30 0.52 0.86 1.27 1.71 
Damping 

ratios 
(%) ICA 0.76 0.20 0.30 0.58 0.9 1.4 / 

SOBI 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9995 
MAC 

ICA 0.9996 0.9992 0.9991 0.8250 0.6066 0.5072 / 

SOBI 0.0019 0.0009 0.0005 0.0019 0.0169 0.0044 0.0098 
NMSE 

ICA 0.6833 0.6691 0.7024 27.8827 43.4520 45.1922 / 

Table 3 : Accuracy of identifications using ICA and SOBI for the cantilever beam (free response, 
5% noise). 
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Figure 10 – Identified sources (with SOBI) and their power spectral densities 
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Figure 11 – Comparison of identified modes with the theoretical ones 

 
4.2.2 Forced response 
 
The two BSS methods were also applied to the response of the forced system to a random excitation 
(uniform distribution on the interval [-50 N ; 50 N]) applied vertically at the extremity of the beam. 
Because the results depend on the time history of the excitation signal, 50 separate identifications were 
realized. The results are presented in Table 4. Once again, SOBI performs well and is capable of 
identifying the majority of modes. ICA seems to be less robust. 
 

 Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 

 SOBI 
MAC / 0.9973 0.9989 0.9995 0.9997 0.9979 0.9992 

NMSE / 19.35 2.44 2.03 1.72 2.49 0.04 

 (0/50) (39/50) (45/50) (45/50) (45/50) (45/50) (45/50) 

 ICA 

MAC / 0.9962 0.9953 0.9957 0.9900 0.9912 0.9894 

NMSE / 11.70 3.23 5.15 2.79 9.86 3.13 

 (0/50) (5/50) (7/50) (6/50) (7/50) (3/50) (8/50) 

Table 4 : Accuracy of identifications using ICA and SOBI for the cantilever beam (random 
response, 5% noise). 

 

3326 PROCEEDINGS OF ISMA2006



5 Conclusions 
 
This paper proposes to exploit blind source separation techniques for experimental modal analysis. The 
key idea is to interpret the normal coordinates of a dynamic system as virtual independent sources. Under 
this assumption, there is a one-to-one mapping between the mixing matrix and the vibration modes of the 
structure.  
Two methods were investigated (ICA and one of its variant SOBI) with two different numerical 
experiments, namely a discrete and a distributed-parameter system. Both methods are capable of 
performing an accurate identification of the modal parameters of weakly damped systems. We also 
showed that SOBI, which assumes that the sources have different spectral contents, is clearly more 
suitable for moderately or even highly damped systems.  
These identification techniques possess several interesting features:  

• They do not require the measurement of the applied force and can perform output-only modal 
analysis. In addition, in the random case, the knowledge of the statistical distribution of the 
applied force is neither necessary. This is particularly convenient in practical applications for 
which the external force cannot always be measured (e.g., vibrations of a bridge due to traffic and 
wind). 

• A truly straightforward and simple identification is realized, because the vibration modes are 
merely the columns of the mixing matrix. The natural frequencies and damping ratios can be 
easily computed based on classical 1DOF techniques (e.g., the logarithmic decrement) applied to 
the computed sources. 

• Compared to standard and efficient modal analysis techniques such as the stochastic subspace 
identification method, there is no need to specify a model order. As a result, computational modes 
are not an issue, and the use of stabilization charts, which always require a great deal of expertise, 
is avoided. 

• According to the numerical simulations carried out herein, the methods seem to be fairly robust to 
the presence of measurement noise. 

One potential limitation of the proposed modal analysis methodology is that the number of modes which 
may be computed cannot exceed the number of sensors. As a result, sensors should always be chosen in 
number greater or equal to the number of active modes. 
Identification of experimental systems is an important step to pursue the validation of the methods. Results 
obtained to date demonstrate that the methods also perform well for practical applications. This will be 
discussed in a forthcoming paper [27]. 
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Abstract
This paper presents a new grey-box state space model structure for nonlinear systems together with its identi-
fication procedure. The model structure is linear in the input and a combination of a linear state space model
and a feature space transformation. Because of the first two properties this model structure is interesting for
control design. The identification procedure for the model structure assumes that all the state variables can
be measured directly or accurately estimated from measurement data. The presented identification method
is a combination of well established identification methods for linear and nonlinear black-box identification
approaches, respectively linear least squares and neural training. Physical insight is required to first select
the appropriate state variables, secondly to select the right type and number of features and finally to re-
duce the number of parameters and improve the model accuracy. Therefor this modeling can be considered
as a grey-box approach. The modeling approach has been applied successfully on a quarter car test setup
containing a nonlinear magneto-rheological semi-active damper.

1 Introduction

In contrast to nonlinear system identification the identification of linear systems relies on a well developed
theory, both in the time domain [7] and the frequency domain [10]. Many toolboxes (e.g. [6]) and practical
guidelines (e.g. [11]) are available for the practicing control engineer to identify so called linear black-box
models for control design, based solely on measured input-output data. Also a lot of black-box models for
nonlinear system identification have emerged out of intensive research in this area over the past twenty years.
However, due to absence of a theoretical framework in the nonlinear case and because the different models
have arisen out of different research fields, there is a wide variety of nomenclature and model structures. An
attempt was made by Judinsky, Sjöberg, e.a., to provide a unified overview [14] as well as some mathematical
foundations [4] to structure the world of nonlinear black-box models for system identification.

The same conclusion can be drawn with respect to control design: for a linear system the practicing control
engineer can rely on numerous toolboxes and nice theoretical frameworks to end up with a stable controller,
achieving a certain performance and having some prescribed robustness [15]. In the past decade extensive
research in the area of nonlinear control resulted in a lot of theoretical and practical results [2, 3]. A nice
overview with respect to analysis and design of nonlinear control systems is given in [8]. Unfortunately it
is not possible to transform the nonlinear control theory into a general design tool. Therefor most practical
results in the area of nonlinear control are based on physical insights and ad-hoc designed controllers. More-
over most of the theory for nonlinear systems relies on a state space description of the model [5], while the
black-box models present the user with an input-output mapping. In contrast to linear system theory, there
is no obvious link between these two model classes, indicating a serious gap between the nonlinear system
identification world and the nonlinear control system group. A state space model can be derived based on
first principles, giving rise to (many) physical parameters that have to be identified. The parameter estimation
as well as the model derivation based on first principles is often cumbersome (if not impossible) for many
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practical control applications.

The main problem in general nonlinear system identification and control is that the class of considered
systems is too large, or as Stanislaw Ulam, godfather of what is now known as nonlinear science, remarked:
“Using the term ‘nonlinear science’ is like calling the bulk of zoology the study of non-elephants”. This paper
presents a specific model structure within the state space framework which consists of a linear and a nonlinear
part. The idea is to combine well established identification methods from the linear and nonlinear black-box
identification world within the state space framework to end up with a nonlinear state space model, suitable
for control. Based on physical insight an appropriate set of state variables are selected first. Secondly the
structure of the linear part is determined. Then features are chosen based on physical insight and the structure
of the linear part is also introduced in the nonlinear part to reduce the number of parameters. Finally linear
least squares and neural training are used to identify the linear and the nonlinear part respectively. The main
advantage is that the physical structure can be introduced in the model while well black-box techniques are
used to identify the nonlinear characteristics. The main drawback of the approach is the need for accurate
estimates of the state variables and their time derivatives.

The paper is organized as follows: section 2 presents the model structure and discusses its main advantages
with respect to control design. Section 3 outlines the identification strategy and presents some practical
guidelines concerning signal processing. Section 4 describes the experimental test setup for the validation of
the identification of the model structure. Section 5 presents the experimental results of this validation.

2 Model structure

Most existing nonlinear control design methods are able to deal with the nonlinear system characteristics in
a systematic and robust way, but rely on an (accurate) model of the system within the state space framework:

ẋ = f(x, u)
y = h(x, u).

(1)

In the general multivariable setting (p inputs,q outputs)x ∈ Rn is the state vector of the system,u ∈ Rp

is the input vector andy ∈ Rq is the output vector.f(x, u) is ann-dimensional vector field that maps
Rn+p ontoRn andh(x, u) is aq-dimensional vector field that mapsRn+p ontoRq. For the presented model
structure the general state space model (1) is restricted to be of the form

ẋ = Ax + Wz(x, F ) + Bu

y = Cx + Tz(x, F ) + Du.
(2)

A ∈ Rn×n, B ∈ Rn×p, C ∈ Rq×n, D ∈ Rq×p, W ∈ Rn×m andT ∈ Rq×m are constant model matrices.
z(x, F ) is anm-dimensional vector field that maps then-dimensional state spaceX onto the so-calledm-
dimensional feature spaceZ. z ∈ Rm are called the features andF ∈ Rm×e represents the matrix of
parameters used within the feature space transformation. The model is parameterized by the set of model
matrices

Θ = {A,B, C, D, W, T, F} (3)

containing in general(n + q)(n + m + p) + me model parameters, withn the number of state variables,
p the number of inputs,q the number of outputs,m the number of features ande the number of parameters
needed to describe one feature.

The main differences between the general state space model (1) and the proposed model structure (2) are:

• The proposed model structure is affine in the inputu. This simplifies control design as both feedback
and feedforward signals enter the system in an affine way [2, 3]. If it is known that the input of the
actual system does not enter in an affine way, one can always place an artificial first order filter in front
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of the actual input. This way the new, artificial, input (i.e. the input of the filter) enters the system in
an affine way at the cost of adding an extra state which is however fully known. From this it can be
concluded that the assumption that the input enters the system in an affine way can be made without
much loss of generality.

• The nonlinear behavior is split up into a linear part,Ax andCx, and a nonlinear part,Wz(x, F ) and
Tz(x, F ). This is done because in many practical cases the main part of the dynamics can be captured
in a linear model. It is straightforward to see that any nonlinear vector-valued functionf(x) can be
split up into a linear part,ax, and a nonlinear part̃f(x) by settingf̃(x) = f(x)− ax. From this it can
again be concluded that the proposition to split the nonlinear part up into a linear and a nonlinear part
can be done without loss of generality.

• The nonlinear part itself is modeled by choosing a certain feature transformationz(x, F ). This choice
restricts the model set to a certain type or sub-class of state space models. This methodology fits nicely
in the nonlinear black-box modeling approach outlined in [14]. There a nonlinear input-output black-
box model is in general written as a concatenation of two mappings. The first maps the measured
input-output data into a (parameterized) vector with a fixed an finite dimension, known as the regres-
sion vector. The second mapping projects the (high dimensional) regression vector onto the output
space. The analogy of the presented model structure with this general black-box approach follows by
introducing the residuer as

r =
[
ẋ
y

]
−

[
A B
C D

] [
x
u

]
.

By consideringr as generalized outputs andx as generalized inputs, the feature vectorz(x, F ) can
be seen as a parameterized regression matrix. The elements ofF are the parameters. Secondly this
regression matrixz(x, F ) is projected by the matricesW andT on r.

To end up with a good model structure (physical) insight in the system is needed to choose the right type and
number of features and to reduce the number of parameters. This insight comes from prior knowledge of
the system and hence this identification procedure is not fully black-box in the sense that information about
the model structure is required a-priori. Furthermore the model structure contains physical state variables. It
therefor belongs to the class of grey-box models [14].

Two feature transformations are discussed in this paper: polynomial and sigmoidal features. Withz(x, F ) =
[z1(x, F1), . . . , zm(x, Fm)]T ∈ Rm, zj(x, Fj) indicates one feature andFj indicates thejth row of F . For
both feature transformations it holds thatz(0, F ) = 0, yielding thatx = 0 is an equilibrium point for the
model.

2.1 Polynomial Features

A polynomial feature is of the form

zj(x, Fj) =
n∏

i=1

x
fji

i , (4)

with fji theith element ofFj such that for polynomial featurese = n.

Using polynomial features it is straightforward to see that the model structure (2) represents a multivariate
Taylor expansion of the true nonlinear characteristics. The linear model[A,B, C, D] corresponds to a first
order linearization of the system dynamics aroundx = 0.

In general it is known that polynomial approximations yield very bad prediction accuracy if they are validated
with data outside the range used for the model identification. This is an important drawback for control design
because excitation signals used for model estimation have in general different characteristics than control
signals generated by a controller in closed-loop. If however it is known that the system has polynomial
characteristics, polynomial features are off course the best choice.
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2.2 Sigmoidal Features

A second choice of features are the so called sigmoidal features. IntroducingV ∈ Rm×n andG ∈ Rm such
thatF = [V G] ande = m + 1, a sigmoidal feature is of the form

zj(x, [Vj gj ]) =
1

1 + e−Vjx−gj
− z∗j (gj), (5)

with Vj thejth row ofV , gj thejth element ofG andz∗j (gj) = 1/(1 + e−gj ) such thatz(0, V, G) = 0. This
form of features originates from the field of neural networks. They have been proven very successful for
nonlinear black-box modeling [16] using neural training. They can be regarded as a multivariate continuous
generalization of a saturation function. This can be seen by introducingvj = Vjx. Figure 1 shows a general

Figure 1: Sigmoidal feature,zj(x), in function ofvj = Vjx.

graphical representation of a sigmoidal feature as a function ofvj .

3 Identification Strategy for Sigmoidal Features

This paper focusses on the use of sigmoidal features. Moreover it is assumed here that all the system state
variablesx and their time derivativeṡx can be estimated. This section starts with an outline of an identifica-
tion strategy. Then an approach is given to accurately estimatex form ẋ or visa-versa.

3.1 Iterative Identification Scheme

Let’s assume we have excited the system and that the inputsu(kTs) ∈ Rp×1, the outputsy(kTs) ∈ Rq×1,
the state variablesx(kTs) ∈ Rn×1 and their time derivativeṡx(kTs) ∈ Rn×1 are available at sample period
Ts for k = 1 : s. Define the data setD = {U Y X Ẋ} with data matricesU ∈ Rp×s, Y ∈ Rq×s, X ∈ Rn×s

andẊ ∈ Rn×s, obtained by stackingu(kTs), y(kTs), x(kTs) andẋ(kTs) respectively fork = 1 : s. Instead
of doing a general nonlinear least squares optimization to fit the model (2) toD, the following intuitive,
iterative, identification scheme is proposed:

First the best linear approximation in least squares sense based onD is determined yielding an initial estimate
of the linear model[A[0], B[0], C [0], D[0]] (superscript in brackets[i] indicates theith estimate):

[A[0], B[0], C [0], D[0]] = arg min
A,B,C,D

∣∣∣∣∣∣∣∣[Ẋ
Y

]
−

[
A B
C D

] [
X
U

]∣∣∣∣∣∣∣∣2
2

(6)

The obtained linear model[A[0], B[0], C [0], D[0]] can thus be considered as the best linear approximation
(BLA) for the system in least squares sense based on the data setD [13]. This model is the starting point for
the nonlinear identification.

3334 PROCEEDINGS OF ISMA2006



Secondly the residueR[0] ∈ R(n+q)×s is determined as

R[0] =
[
Ẋ
Y

]
−

[
A[0] B[0]

C [0] D[0]

] [
X
U

]
. (7)

Based onR[0] well established learning techniques [9] are used to train a memoryless neural network of
appropriate dimensions:

[W [0], T [0], V [0], G[0]] = arg min
W,T,V,G

∣∣∣∣∣∣∣∣R[0] −
[
W
T

]
z(X, V,G)

∣∣∣∣∣∣∣∣2
2

. (8)

Because the learning techniques aim at further reducing the initial residue the nonlinear model will be at
least as good as the best linear approximation for the considered data setD. This procedure is repeated in
order to further reduce the remaining residueR[i] yielding an iterative update of the linear part:

[A[i], B[i], C [i], D[i]] = arg min
A,B,C,D

∣∣∣∣∣∣∣∣[Ẋ
Y

]
−

[
W [i−1]

T [i−1]

]
z(X, V [i−1], G[i−1]) −

[
A B
C D

] [
X
U

]∣∣∣∣∣∣∣∣2
2

; (9)

and of the nonlinear part:

R[i] =
[
Ẋ
Y

]
−

[
A[i] B[i]

C [i] D[i]

] [
X
U

]
[W [i], T [i], V [i], G[i]] = arg min

W,T,V,G

∣∣∣∣∣∣∣∣R[i] −
[
W
T

]
z(X, V,G)

∣∣∣∣∣∣∣∣2
2

.

(10)

For control design the BLA of the system is a good starting point when aiming at a certain closed loop
performance. The BLA contains a lot of information about the dynamic behavior of the system. Because the
BLA was used as starting point for the iterative procedure, the linear part[A,B, C, D] obtained after several
iterations is related to the BLA and thus provides also a lot of useful information about the system dynamics,
especially if the linear part is dominant.

3.2 Estimating the System State Variables

The proposed iterative identification scheme assumes that all the state variablesx(t) and their time derivatives
ẋ(t) are available. In practice however it is often easier to measure eitherxi(t) or ẋi(t) (e.g.: in an electrical
system measuring voltage is easier then measuring its time derivative, in a mechanical system measuring
acceleration is easier then measuring speed, . . . ). Measuring eitherxi(t) or ẋi(t) also reduces the number of
sensors by a factor 2. Therefor when exciting the system one should use properly designed excitation signals
that allow accurate reconstruction ofẋi(t) givenxi(t) and visa versa. A good choice in that perspective is
broadband periodic excitation, also known as multisine excitation [10]:

ui(kTs) =
nh∑

l=nl

Uil cos(lω0kTs + φil). (11)

i refers to theith input andk indicates the discrete time instance.ω0 [rad/s] is the fundamental pulsation
corresponding to the signal periodT0 = 1/(2πω0) [s]. nlω0 [rad/s] is the lowest frequency present in the
excitation,nhω0 [rad/s] the largest.Uil is the amplitude at which inputi excites frequencylω0 [rad/s] and
φil [rad] is the corresponding phase. For a general discussion about the use and design of periodic excitation
we refer to [10, 11, 12]. There it is shown that for linear system identification under nonlinear distortions
the use of so called random phase multisine excitation (Uil is designed whileφil is taken from a uniform
random distribution[0, 2π)) is beneficiary. Moreover it is shown that under mild conditions, which usually
hold in practice, the output of a nonlinear system excited by a periodic excitation is, after the transients have
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died out, also periodic with the same fundamental pulsation. This means that every measured signal can be
represented in regime as

yj(kTs) =
π/(Tsω0)∑

l=1

Yjl cos(lω0kTs + ϕjl), (12)

with Yjl the amplitude of the response at frequencylω0 andϕjl the corresponding phase of the response.
Notice that, due to the nonlinear characteristics of the system, the frequency content of the output is not
restricted to be betweennlω0 [rad/s] andnhω0 [rad/s]. In general it goes fromω0 [rad/s] up to the Nyquist
frequencyπ/Ts [rad/s]. Figure 2 illustrates this effect for a sigmoidal feature. Hereu(t) is a multisine of

Figure 2: Example of typical effect in frequency domain of nonlinear characteristics.

the form (11) with a constant amplitude spectrum (Uil = U ) and a uniform random phase.Ts equals0.001
[s] and4096 samples are taken such thatω0 equals2π/4.096 [rad/s]. nl is 5 andnh is 40. The outputy is
calculated asy = 1/(1+e−u)−0.5. This can be considered as a static nonlinear system. At the left of figure
2 the nonlinear characteristic is shown. The middle shows the input and output in the time domain. The right
shows the discrete fourier transforms (DFT)U andY of u(t) andy(t) respectively, and clearly indicates the
nonlinear effect in the frequency domain.

From the periodic signal (12) it is possible to calculate the derivative and/or the integral with respect to time
analytically:

ẏj(kTs) = −
π/(Tsω0)∑

l=1

lω0Yjl sin(lω0kTs + ϕjl) (13)

∫
yj(kTs) =

π/(Tsω0)∑
l=1

Yjl

lω0
sin(lω0kTs + ϕjl). (14)

Moreover by using periodic excitation and exciting the system over multiple periods it is easy to increase the
S/N ratio by averaging out over different periods. Both the calculation ofẏj(t) and /or

∫
yj(t) as well as the

averaging can be done very efficiently in the frequency domain.

From this discussion we can conclude that using periodic excitation is beneficiary because it allows us to
efficiently and accurately determine the signalẋi(t) givenxi(t) and visa versa, and thus reduces the required
number of sensors by a factor of 2.
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4 Test Setup

The model structure is derived for a general multivariate (MIMO) system (p inputs,q outputs). For experi-
mental validation we will focus however on a single-input-single-output (SISO:p = q = 1) system. Figure

Figure 3: Quartercar test setup at KULeuven/PMA with an indication of all available sensors and damper
characteristics taken from [1].

3 shows the quartercar test setup at KULeuven, division of mechanical engineering, PMA. It represents a
quarter of a car, consisting of a wheel (modeled by a spring and a massmw), a suspension (modeled by two
springs in parallel and a damper) and a car body (modeled by a massmc). The system is excited by a hy-
draulic shaker (not shown) which enforces a displacementxp, representing a vertical road displacement. The
displacement of the shaker is controlled by a PID controller. The actual input to the system is the reference
rp for the position of the shaker. The closed loop between referencerp and the actual piston displacement
xp can be modeled by a second order system which is, due to the high stiffness of the oil, independent of the
quarter car dynamics. The vertical displacement of the wheel is indicated byxw and the vertical displacement
of the car body byxc.

The main nonlinear effect of the system is localized in the damper which is a semi-active magneto-rheological
damper. The nonlinear damper characteristic as indicated in [1] is shown in figure 3. For the results in this
paper a constant current of 1 [A] is sent to the damper.

The test setup is equipped with many sensors as indicated in figure 3: the piston displacementxp is measured
with an integrated magneto-strictive displacement sensor. Three laser displacement sensors are added to
measure the displacementsxc of mc andxw of mw, as well as the compression of the damperxd. To obtain
a good measurement of all the system state variables also three accelerometers are added to measureẍp, ẍw

andẍc. The force through the damperfd is considered as the output for the system. A load cell is placed
between the damper andmc to measure this force.

This system is highly nonlinear. This is analyzed using the techniques described in [11, 10, 12, 13]. Therefor
the system is excited by a specially designed periodic excitation, known as special odd multisine excitation
[10]. This is a periodic excitation signal of the form (11), but withUl = 0 if l is an even number, so only
what is known as the odd frequencies are excited. Furthermore some of theUl for l is odd are also set to zero,
so within the excitation band[nlω0, nhω0] not all the odd frequencies are excited. When applying a periodic
excitation to a system, linear or nonlinear (and under some general conditions mentioned in [11]), the steady
state response is also periodic with the same fundamental pulsation. If the system is linear the spectrum of

PARAMETER ESTIMATION 3337



Figure 4: DFT of the measured outputfd when exciting the system with a special odd random phase multisine
(upper plot). Using an inverse DFT the same result is shown in the time domain (lower plot).

the steady state response is only nonzero at the excited frequencies. If the system is nonlinear however also
the other, non-excited, frequencies are present in the output.

When exciting the system with a special odd multisine excitation three parts can be distinguished in the
Fourier transformYm of the steady state system outputym measured duringM > 1 excitation periods.
First only a-periodic, noise, contributions (N ) are detected at frequencies that are not a multiple of the
fundamental pulsationω0. Secondly combined contributions of both noise (N ) and nonlinear dynamics (Ynl)
are detected at the non-excited frequencies that are a multiple ofω0 the . By using a special odd multisine
excitation a distinction can be made between the noise and even nonlinear contributions at the even non-
excited frequencies, and the noise and odd nonlinear contributions at the odd non-excited frequencies. Finally
the combined contributions of noise (N ), nonlinear dynamics (Ynl) and linear dynamics (Yl) are detected at
the excited frequencies. By comparing the level of these three parts in the frequency domain, quantitative
conclusions can be drawn with respect to the level of linearity compared to the noise and nonlinearity level.
By taking the inverse Fourier transform of these three different parts, the same result can be shown in the
time domain to get a more visible interpretation of the level of nonlinearity.

The upper plot of figure 4 shows the discrete Fourier transform (DFT) of the measured forcefd overM = 6
periods as a response to a special odd random phase multisine excitation between0.1 [Hz] and10 [Hz]. Here
a distinction is made between odd (’o’) and even (’x’) nonlinear contributions, depending on the odd or even
character ofl. Due to the odd character of the nonlinear damper characteristic the odd nonlinear contributions
are significantly higher then the even contributions. The lower plot of figure 4 shows the result in the time
domain. Calculating the RMS values ofyl, ynl andn (see figure 4) indicates a nonlinear contribution of
30% with respect to the linear contribution, compared to a noise level of5%. This clearly indicates the high
nonlinear character of the considered system.
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5 Experimental Results

The model structure proposed in equation (15) is obtained through the equations of motion for the test setup
described in section 4. The state variables arex = [xp xw xc ẋp ẋw ẋc]T , the input isu = rp and the output
is y = fd. By analyzing the equations of motion some parameters can be set to 0 or 1 as indicated in equation
(15). The other parameters are unknown and have to be identified.

[
ẋ
fd

]
=



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

a4,1 0 0 a4,4 0 0
a5,1 a5,2 a5,3 a5,4 a5,5 a5,6

0 a6,2 a6,3 0 a6,5 a6,6

0 c1,2 c1,3 0 c1,5 c1,6


x +



0 . . . 0
0 . . . 0
0 . . . 0

w4,1 . . . w4,m

w5,1 . . . w5,m

w6,1 . . . w6,m

t1,1 . . . t1,m


z(x, V,G) +



0
0
0

b4,1

0
0
0


rp. (15)

For the test setup the best results are obtained by training 4 networks to model the nonlinear parts ofẍp, ẍw,
ẍc andfd independently. 2, 6, 6, and 4 features are taken to model the nonlinear parts ofẍp, ẍw, ẍc andfd

respectively, givingm = 18:

[
W
T

]
=



0 0 0 . . . 0 0 . . . 0 0 . . . 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0

w4,1 w4,2 0 . . . 0 0 . . . 0 0 . . . 0
0 0 w5,3 . . . w5,8 0 . . . 0 0 . . . 0
0 0 0 . . . 0 w6,9 . . . w6,14 0 . . . 0
0 0 0 . . . 0 0 . . . 0 t1,15 . . . t1,18



V =



v1,1 0 0 v1,4 0 0
v2,1 0 0 v2,4 0 0
v3,1 v3,2 v3,3 v3,4 v3,5 v3,6

...
...

...
...

...
...

v8,1 v8,2 v8,3 v8,4 v8,5 v8,6

0 v9,2 v9,3 0 v9,5 v9,6

...
...

...
...

...
...

0 v14,2 v14,3 0 v14,5 v14,6

0 v15,2 v15,3 0 v15,5 v15,6

...
...

...
...

...
...

0 v18,2 v18,3 0 v18,5 v18,6



,

(16)

The structure of theV matrix is taken from the structure of theA matrix, resulting in a total of 133 model
parameters. E.g.: consider the state equation forẍp, the time derivative oḟxp. This state equation depends
only on featuresz1 andz2 via w4,1 andw4,2. The rows ofV corresponding toz1 andz2 (rows 1 and 2) have
the same structure as the corresponding row in theA matrix.

The data used for the model identification is obtained by exciting the system with a random phase multisine
with a nonzero constant spectrum between0.1 [Hz] and10 [Hz]. 40000 samples per period where used and
10 periods are measured and averaged to increase the S/N ratio. The identification procedure outlined in
section 3 was used with 3 iterations and learning was carried out over 75 cycles [9].

For the identification all the state variablesx and their time derivativeṡx are required besides the inputu
and outputy. At the test setup we can only measurexp, xw, xc, ẍp, ẍw, ẍc, u andy. Using the signal
processing presented in section 3 it is possible to obtain an estimate forẋp, ẋw and ẋc either by deriving
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xp, xw andxc respectively with respect to time; or by integratingẍp, ẍw and ẍc respectively. Because it
is known that derivation of signals has the tendency to blow up high frequent noise where as integration of
signals can lead to low frequent drift, here a combination of both is used to determine the velocitiesẋp, ẋw

andẋc. The derivative of the position measurements is calculated from 0 up to 5 [Hz] (using equation (13)
with l = 1 : b10π/ω0c) and combined with the integrated acceleration signal between 5 and 100 [Hz] (using
equation (14) withl = d10π/ω0e : b200π/ω0c). Above 100 [Hz] the noise is dominant so these frequencies
are omitted. This way an accurate estimate of the velocitiesẋp, ẋw andẋc is obtained.

Figure 5: Validation result for obtained model. The upper plot shows the increasing filtered random sequence
used as excitation. The shaded area indicates where the RMS value of the excitation signal is larger then the
value used during identification. The lower plot shows the measured output (blue) together with the output
prediction error using the BLA (green) and the nonlinear model (red). At the right a zoom is made to show
more clearly the differences.

The obtained nonlinear model is validated based on its output prediction accuracy and compared with the
BLA model [A[0] B[0] C [0] D[0]] obtained in the first step of the identification. A filtered noise sequence with
increasing amplitude over time is applied to the system. The same signal is applied to the model. Simulated
and measured output are compared. Figure 5 shows the result. The upper plot shows the excitation signal.
The shaded area indicates the time interval where the RMS value of the excitation is larger then the RMS
value of the random phase multisine used for identification. In this area the model is extrapolated.

The lower plot shows the measured output (blue) together with the output prediction error for the linear
model (green) and for the nonlinear model (red). Comparing the RMS values of both errors (0.166 for the
linear model and 0.089 for the nonlinear model) indicates an improvement by a factor 2 for the nonlinear
model compared to the BLA. Zooming in on a part of the result (see right plot in figure 5) clearly reveals that
the nonlinear model captures the saturating behavior of the force accurately. The main part of the remaining
error is due to the inaccurate prediction of the slope of the damper force. Furthermore the figure also shows
that the error increases once the models are being extrapolated (shaded area).

The upper plots of figure 6 shows for both the linear model (left) and the nonlinear model (right) the measured
output (blue) together with the predicted output (green) and the prediction error (red, dashed) in the time
interval [80-81] [s]. These plots clearly indicate that the nonlinear model outperforms the linear model
significantly. In the lower plots for both the linear model (left) and the nonlinear model (right) the distribution
of the absolute value of the prediction error (|ymeasured − ysimulated|) is given (blue bars) together with its
cumulative distribution (red, crossed, line) and a line indicating where this cumulative distributions crosses
the 75% value (red, dashed). For these two plots only the time interval [50-100] [s] is considered where there
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Figure 6: The upper plots show the measured output, the predicted output by the linear model and the
corresponding error for the linear model (left), and the measured output, the predicted output by the nonlinear
model and the corresponding error for the nonlinear model (right). Only the time interval [80-81] [s] is shown
for clarity. The lower plots show the distribution of the absolute value of the output prediction errors together
with its cumulative distribution for the linear model (left) and the nonlinear model (right). only the output
prediction errors in the time interval [50-100] [s] are considered to limit the effect of extrapolation.

is very little extrapolation. For the linear model 75% of the prediction errors are below 0.22 in absolute value,
whereas for the nonlinear model 75% of the prediction errors are below 0.9 in absolute value. For the linear
model the distribution is more flat, indicating that errors of all sizes are present in the output predictions. For
the nonlinear model the distribution shows a large peak for small errors only.

6 Discussion

Identification of a nonlinear state space model based on a feature space transformation is discussed in this
paper. With control applications in mind the general nonlinear state space model is reduced to a specific
structure combining a linear state space model of the best linear approximation with a feature space trans-
formation. The obtained model structure can be classified in the set of grey-box models as some physical
insight and estimation of the system state variables is necessary for identification.

Well established methods from the nonlinear black-box identification world are used to identify the model.
An iterative identification scheme is proposed and some practical tips are given for the excitation in order to
obtain a reliable estimate of the state variables.

The methodology is tested on n experimental test setup. The identified nonlinear model outperforms the best
linear approximation by a factor of two.
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Abstract 
In this paper, the authors present the results of experimental identification of the rigid body properties of 
an actual engine structure using an experimental spatial matrix identification method. The method 
identifies a set of spatial matrices using experimentally measured single-input-and-multiple-output 
frequency response functions within a frequency range of interest including the first natural frequency. 
The sets of spatial matrices can represent not only dynamic characteristics but also the rigid body 
properties of test structures. In this paper, an actual three-cylinder diesel engine is tested to verify the 
method especially focusing on the identification of its rigid body properties. The engine is complex so that 
many natural modes exist in the frequency range of interest. Nevertheless, the method successfully 
identified a set of spatial matrices that can represent the dynamic characteristics of the engine. Then, all 
the rigid body properties are derived from the identified mass matrix with practical accuracy.   
 
 

1 Introduction 
In general, Experimental modal analysis and FEM(Finite Element Method) are typical methods to identify 
structural dynamics. Experimental modal analysis is a reliable method to identify structural dynamics [1]. 
The results of the method are modal parameters but not physical parameters. Therefore, the results are 
difficult to evaluate spatial characteristics and to be used for other objectives such as physical model in   
electrical control system. FEM is a method to formulate the equations of motion in the physical domain. 
That is, in the form of mass and stiffness matrix. Currently, FEM has become a conventional method for 
structure designers because of the development of 3D-CAD systems. However, FEM has two practical 
problems. The first one is the impossibility of the theoretical formulation of damping matrix. The second 
one is the difficulty of creating accurate models to represent actual complex structures without 
experimental verification. Therefore, a method to identify spatial matrices from experimentally measured 
frequency response functions(FRFs) via modal parameters was studied by one of the authors [2]. Then it 
was developed to a new method[3]. This method identifies modal parameter first, and then identifies a set 
of spatial matrices by optimizing them to be consistent with the experimental modal parameters subject to 
constraints based on physical principles. The spatial matrices identified by the method has relatively small 
number of degrees of freedom and can represent experimentally accurate dynamic characteristics.  
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In this paper, this identification method is verified by applying to an actual three-cylinder diesel engine, 
especially focused on the identification of its rigid body properties. Because the experimental results of the 
rigid body properties are essentially effective for design of mechanical vibration isolation. The tested 
engine has pistons, connecting-rods, a crank shaft, an injection pump, a starting motor and some 
accessories. It is obvious that experimental FRFs are affected by the existence of some local modes and 
friction of micro-moving at contact points between components such as pistons and cylinders. The 
identification results are verified by comparing with the rigid body properties obtained by a 3D-CAD 
model or a conventional method. Note here that that it is not easy to carry out these two methods. As the 
result, this paper shows an demonstration that the experimental spatial matrix identification method with 
the proposed considerations mentioned below is effective for identifying all the rigid body properties of 
complicated mechanical structures such as the tested engine. 
 

2 Theory 
The algorithm of the spatial matrix identification method was already presented in references such as [3-5]. 
Only the outline is mentioned in this paper.  
FRFs and their associated coherence data of a test structure are measured under the free-free boundary 
condition by vibration test at first. The first resonant peak must be located in the frequency range of 
identification. It is important that an appropriate number of measured points must be located over a test 
structure in order to express the mode shapes of the structure in the frequency range of identification, 
especially global modes of the structure. After vibration test, modal parameters, namely natural 
frequencies, natural modes, modal damping ratios, in the frequency range of identification are estimated 
by experimental modal analysis method.  
 
After vibration test, physical constraint equations for spatial matrix are defined and created. At first, the 
connectivity between measurement points is defined. The distribution of non-zero elements in the spatial 
matrices is automatically determined according to the definition.  For an simple example using four 
degrees of freedom system, a stiffness matrix is generally expressed by  
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where  kij is the stiffness element between i and j. If there is no connectivity between freedom 1 and 3, the 
element of k13 and k31 become zeros and the stiffness matrix is expressed by  
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Note that it is important to define enough number of connectivity in order to identify spatial matrices 
accurately [4].  
 
The constraint equations regarding the mass matrix are created based on the physical principle as 
mentioned below. The mass matrix must satisfy both modal parameters of all flexible modes in frequency 
range of interest and rigid body motion. That is, the mass matrix of any multi-degrees of freedom system 
must satisfy the relation expressed by 
 
 rigid

t MMTT =  …(3) 
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where T  is the matrix of mutually independent rigid motions automatically generated using the 
coordinates of all measurements point, M  is the mass matrix to be identified, and rigidM  is the rigid body 
mass matrix associated with the system. The matrix T  is the coefficient matrix in the right hand side of 
the Eq.(4) that can be expressed according to geometric relationship between points on a rigid body.  
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where xi, yi and zi are the x-, y- and z-coordinates of point i, point P is a representative point for rigid body 
motion. Here let us simply express Eq.(4) by PTδδ =  for convenience below. The rigid body matrix has a 
proper formulation between its components as expressed by  
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where m is the value of the structure mass, Ixx, Iyy and Izz are the principle inertia moments about x-axis, y-
axis and z-axis respectively, Iyx, Izx and Iyz are the products of the moments of inertia, G1=mxg, G2=myg 
and G3=mzg where xg, yg and zg are the coordinate of the center of gravity. The relation of the elements is 
always same. That is, some elements are always zeros, three diagonal elements at (1,1), (2,2) and (3,3) 
always equal to mass, some other elements always have a relation between the center of gravity and the 
representative point P. Using the simultaneous linear equations derived from Eq.(3), some non-zero 
elements of the mass matrix M are expressed as dependent variables on other non-zero elements. 
Therefore, the identification of mass matrix is to determine the non-zero independent elements. 
 
The constraint equations regarding the stiffness matrix are created as mentioned below. No stress is 
generated at any point in the structure on any rigid body motion. The relation between stiffness matrix 
K and δ  is expressed by  
 

0Kδ =  …(6) 
 
Substituting Eq.(4) into Eq.(6), Eq.(7) can be formulated.  
 

0KTδ =P  …(7) 
 
where K  is the stiffness matrix to be identified, and 0  is a zero element matrix. Constraint equations 
regarding the stiffness matrix can be created using Eq.(8). 
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0KT =  …(8) 
 
As same as of the stiffness matrix, the constraint equations of the damping matrix is expressed by (9) 
 

0CT = …(9) 
 
After creating some constraint equations, the initial values of the mass matrix and the stiffness matrix are 
set up by substituting random numbers into the independent variables of the constraint equations. Next, 
the mass matrix are improved to become a positive definite matrix because of physical principle, and the 
stiffness matrix are improved to become a positive semi-definite matrix whose eigen values are positive or 
zero. Then, the mass matrix and the stiffness matrix are tuned such that some natural frequencies, obtained 
by Eq.(10), correspond to the natural frequencies identified by modal analysis in advance. 
 
( ) 02 =ω− ii φMK …(10) 
 
After tuning the natural frequencies, the correlation between natural modes derived from the spatial 
matrices and from experimental modal analysis is gradually improved. This tuning process is iterated until 
the natural frequencies and the natural mode correlation are optimized. Finally, the spatial matrices are 
scaled in order to correspond well with the magnitude of the measured FRFs.  
  

3 Experimental application 
 

3.1 BASIC APPROACH 
In the application of this study, two considerations are proposed and investigated about their effectiveness 
in order to identify spatial matrices accurately. The first one is to use FRF data excluding local mode 
frequency ranges which are narrow. This works for the engine block unit. The second one is to exclude 
local mode components, which are identified among all modal parameters obtained using experimental 
FRFs by experimental modal analysis, in computing FRFs by a modal parameter synthesis at first, and 
then to use the resultant FRFs as the substitute of experimental FRFs. This consideration works for small 
diesel engine in assembly better than first one. The experimental data is measured by hammering test 
using tri-axial accelerometers and an impact hammer. The testing engine block is hung with two rubber 
ropes, and the engine in assembly is supported with four rubber mounts for vibration testing. 
 

3.2 Application to engine block unit 
Figure 1 is a schematic diagram of the engine block unit for the identification using the first consideration. 
This block is for three-cylinder diesel engine and is made by iron casting. The FRFs of a hundred 
measurement points are measured to ascertain mode shapes by experimental modal analysis first and then 
twelve points among them are picked up for the identification as shown in Fig.1. Single-input-and-
multiple-output FRFs and their associated coherence functions are measured. Hammer input is applied 
only in the y-direction at the measurements point indicated by the square marker. The coordinate data of 
measurement points are necessary for the spatial matrix identification method and to ascertain mode 
shapes of the block so that the geometric data are measured by setting a convenient Cartesian coordinate 
system. 
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Figure 1: Schematic diagram of the engine block unit 

 
 

Above 0.5 of coherenceAbove 0.5 of coherence

 
Figure 2: auto-FRF of the driving point 

 
Figure 2 shows auto-FRF, which is FRF at the driving point itself. Five natural modes exist in the 
frequency range up to 1600Hz. These phase data obviously change at resonance points and anti-resonance 
points except the frequency range around 1400Hz. Figure 3 shows the mode shapes of the first five natural 
modes. It is obvious that the first mode is a torsional mode at 700Hz and the second is a bending mode at 
1350Hz. These modes are the global flexible modes that the whole block deforms. However, the natural 
modes at 1365Hz and 1400Hz are the local flexible modes that local parts of block deform and the phase 
doesn’t change obviously according to the theory about auto-FRFs. These data cause calculation error in 
the identification process so that the FRFs data excluding local mode frequency ranges are used to 
identify. Figure 4 shows actual FRF and treated FRF between the driving point and itself.  The treated 
FRFs data at 12 measurement points shown in Fig.1 and their associated coherence data are used to 
identify spatial matrices. Twelve points are placed on anti-node parts in some whole natural modes. The 
three modes of resonance shown in Fig.4 are selected to be used for identification.  
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Mode2: 1337Hz Mode3: 1365HzMode1: 678Hz

Mode4: 1410Hz Mode5: 1570Hz

Mode2: 1337Hz Mode3: 1365HzMode1: 678Hz

Mode4: 1410Hz Mode5: 1570Hz  
Figure 3: Natural mode shapes of tested engine block unit 
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Figure 4: Treated auto-FRF in the range from 1320Hz to 1420Hz of the driving point 
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Figure 5: FRF derived from identified spatial matrices 

 
 
 

Identification Ref.
Mass  (kg) 45.8 39.5

x 0.154 0.157
y -0.001 -0.004
z 0.146 0.155

Ixx 0.578 0.492
Iyy 0.564 0.696
Izz 0.563 0.576
Ixy 0.000 0.007
Ixz 0.001 0.001
Iyz 0.000 0.003

Center of
Gravity  (m)

Inertia of
Momets
(kgm^2)

 
 

Table 1: Rigid body properties derived from mass matrix 

 
 
Figure 5 shows an example of correspondence between identified and treated FRFs. The red line denotes 
the FRFs computed using the identified spatial matrices. As well as shown in Fig.5, all identified FRFs fit 
well to the measurements within the identification frequency range. Table 1 lists the rigid body properties 
derived from the identified mass matrix and 3D-CAD data. They mutually correspond well. To identify 
spatial matrices, FRFs data excluding local modes are required, and it is important to place measurement 
points in anti-node parts. 
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3.3 Application to engine in assembly 
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Figure 6: Schematic diagram of tested engine 

 

The second application is the identification under excluding local mode components from experimental 
FRFs using a modal parameter synthesis at first and using the computationally resultant FRFs. Figure 6 
shows three-clynder small diesel engine. The engine is tested without an exhaust silencer, an air cleaner, 
lubricant oil and cooling water. The engine is supported four rubber mounts and not connected any 
dynamometer. The experimental method to obtain FRFs and coherence data is hammer testing which is 
same as for the engine block unit. The schematic on the right in Fig.6 shows measurement points of FRFs 
for identification. Hammer input is applied only in the y-direction at the measurement point indicated by a 
square marker.  

 
Figure 7: auto-FRF of the driving point 

 
Figure 7 shows auto-FRF of the driving point. The engine is obviously tested same as in free-free 
boundary condition since the rigid body modes are below 25Hz. There are eleven natural modes existing 
up to 1000Hz. There are three global modes up to 300Hz and five global modes above 525Hz. And there 
are three local modes around 450Hz.  
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Figure 8: Natural mode shapes of tested engine 
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Figure 9: Synthesized FRF for identification 

 

Figure 8 shows four natural mode shapes among those in the range from 100Hz to 950Hz. As this engine, 
the structural dynamics of actual engines is complex. Therefore, FRFs are synthesized using modal 
components except for local mode components at first, and then the resultant FRFs are used for 
experimental spatial matrix identification. Figure 9 shows synthesized auto-FRFs of the driving under 
excluding local mode components before identification.  
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Figure 10: FRF derived from identified spatial matrix 

 

 
Table 2: Rigid body properties derived from mass matrix 

 
Figure 10 shows identified FRFs in blue and measured FRFs in red. Eight natural modes are adopted to 
identify. The FRFs computed using the identified spatial matrices fit very well with the synthesized FRFs 
within the identification frequency range. Table 2 lists rigid body properties derived from the identified 
mass matrix. The values in the column labeled as “Ref. ” are measured as a reference by a conventional 
method that is not easy to carry out.  
 

3.4 Validation  
In order to verify practical accuracy and demonstrate usefulness of using rigid body property derived from 
the identified the spatial mass matrix, prediction analysis for design of isolation is performed. The rigid 
body modes of the engine with four rubber mounts are predicted, using rigid body properties derived from 
the identified mass matrix.  

Identification Ref.
Mass  (kg) 175.1 156.2

x 0.105 0.121
y -0.004 -0.008
z 0.037 0.058

Ixx 3.15 3.83
Iyy 7.51 4.54
Izz 6.45 3.30
Ixy 0.02
Ixz 0.06 no data
Iyz 0.20

Center of
Gravity  (m)

Inertia of
Momets (kgm^2)
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Table 3: Predicted natural mode frequencies by using rigid body properties  
derived from identified mass matrix 

 
Table3 lists the natural mode frequencies in the low frequency range depend on stiffness of rubber mount 
and rigid body properties. The values in the columns labeled as “Ref.” are the results of experimental 
modal analysis using experimental FRFs. Hammer input are applied to tri-axial directions one after 
another to excite all rigid body natural modes. The number of measurement points is 8 and the number of 
measurement direction each point are 3. The number of FRFs is 72. The values in the columns labeled as 
“Predicted” are the results of prediction for design of isolation. The equation of the motion for rigid body 
is used to predict the rigid body modes. The rigid body properties are used as the form of a rigid body 
mass matrix. The stiffness matrix is calculated by spring constant and the coordinate data of the rubber 
mount positions based on CAD-data.  
 

 
Table 4: MAC value of natural rigid body mode 

 
Table4 lists modal assurance criterion(MAC) between six predicted mode vectors of rigid body modes and 
experimental ones obtained by experimental modal analysis. The elements of the mode vectors with 
respect to eight measurement points are calculated by product of rigid body modes and geometric transfer 
matrix consisting of the coordinates of eight measurement points. The set of frequencies labeled as 
“Reference” are measured results. The predicted modes are clearly correspondent well to the referred 
experimental ones. However, mode No.1 and mode No.2 are not sequential with their counterpart 
reference modes. The inertia of moment about x-axis causes the imperfection.  As found in Table2, Ixx 
derived from the identified mass matrix is relatively small compared with other properties.  

Unit:Hz

mode Predicted Ref.

1 5.4 5.1
2 5.6 5.7
3 7.1 7.9
4 7.9 10.2
5 15.6 15.6
6 20.3 19.3

Unit:Hz

mode Predicted Ref.

1 5.4 5.1
2 5.6 5.7
3 7.1 7.9
4 7.9 10.2
5 15.6 15.6
6 20.3 19.3

Predicted by using Identified data

Mode1 Mode2 Mode3 Mode4 Mode5 Mode6

5.4 Hz 5.6 Hz 7.1 Hz 7.9 Hz 15.6 Hz 20.3 Hz

Mode1 5.1 Hz 0.01 0.96 0.01 0.18 0.04 0.00

Mode2 5.7 Hz 0.85 0.01 0.23 0.00 0.00 0.18

Mode3 7.9 Hz 0.07 0.00 0.82 0.06 0.00 0.02

Mode4 10.2 Hz 0.01 0.02 0.00 0.93 0.03 0.00

Mode5 15.6 Hz 0.00 0.02 0.00 0.08 0.98 0.00

Mode6 19.3 Hz 0.04 0.00 0.00 0.00 0.01 0.90

R
ef

er
en

ce
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Mode2(5.7Hz) Mode6(19.3Hz)Mode2(5.7Hz) Mode6(19.3Hz)  
Figure 11: Rigid body mode that Ixx affects (Experiment) 

 
 
Fig.11 shows the second mode and the sixth mode measured as reference. The inertia of moment about x-
axis affects the natural frequency of these modes particularly. Therefore, both of the natural frequencies 
for these modes become relatively high compared with other natural frequencies.  The authors think 
single-input hammering tests to y-direction cause this result. The coherence data of x-direction are lower 
than those of other direction. However, almost of rigid body modes and the frequencies correspond with 
practical accuracy. 
 
The abovementioned result demonstrates the practical accuracy for the spatial matrix identification 
especially focusing on the identification of rigid body properties.   In this research, the experimental FRFs 
to identify are improved depend on the effect of local mode components. In case of few effect of local 
mode component to whole frequency range of interest, the experimental FRFs excluding local mode 
frequency range, that is generally narrow, can result in well corresponding rigid body properties. In case 
of more effect of local mode components, the synthesized FRFs using only global mode components can 
result in well corresponding rigid body properties. These results demonstrate usefulness of applying the 
identification method to identification of rigid body properties of complex mechanical systems such as an 
actual engine in assembly presented in this paper. Note that experimental modal analysis technique is 
required to identify the first and second global modes in experimental FRFs. In case of the tested engine in 
this paper, the behavior of first mode is similar to a relative motion between the engine block and its 
crankshaft. The engine block deforms slightly, and almost looks like a rigid body motion. In many cases 
of evaluation about structure dynamics, we may have a tendency to focus the first flexible mode at 540 Hz 
for tested engine and may miss the relative motion between the engine block and its crankshaft. Without 
including the relative motion, the rigid body properties cannot be estimated accurately. This sort of careful 
consideration is very important for the identification of complex mechanical systems having many 
clearances between main structural components such as actual engines in assembly with not only a 
crankshaft but also a gear case, etc.  
 

4 Conclusion 
In this paper, an actual three-cylinder diesel engine is tested to verify the experimental spatial matrix 
method especially focusing on the identification of its rigid body properties. The engine is complex so that 
many natural modes exist in the frequency range up to 1000Hz.  Nevertheless, the method successfully 
identified a set of spatial matrices that can represent the dynamic characteristics of the engine. Then, all 
the rigid body properties are derived from the identified mass matrix and are effective for design of 
isolation. As the result, this paper shows a demonstration that the experimental spatial matrix 
identification method with the proposed considerations is effective for identifying all the rigid body 
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properties of complicated mechanical structures such as engines experimentally using only SIMO FRFs 
and the coordinates of measurement points. 
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Abstract 
In the dynamic testing for example flight flutter testing the input and output data are limited and heavy 
noise-polluted. At the meantime there are close modes in the frequency response functions (FRFs). So it is 
very difficult to identify system parameters accurately. We investigate Morlet-based wavelet temporal 
frequency filter and rational fraction orthogonal polynomials (MRFOP) according to different stimulation 
signals for example sweep frequency function, impulse excitation to get fine FRFs by modifying 
parameters of basis wavelet and reducing noise in the temporal frequency domain.  
Numerical simulations are conducted using GARTEUR aircraft model, three close mode system, excited 
with the sweep frequency and a four mode system of the two-dimension frame excited with the impulse 
respectively. The input and output data with white noise are added to the numerical simulation. Results 
show that accuracy of the system parameter identification is improved evidently. 
 
 

1 Introduction 
 
The new type aircraft often necessitates flight flutter testing to confirm its structure design. Flight flutter 
testing costs much more time, money and manpower.  During the testing the output data is limited and 
with the heavy noise [1][2]. So the traditional statistical method to remove the noise by average does not 
work. The accurate and timely evaluation of frequency and damping from response is critical to the safety 
of flight flutter testing [2]. Another one that affects the accurate of damping identification is non-
stationary of response signal, for example the inherently transient nature, non-periodicity, time-variance 
[3]. At the meantime there are close modes in the frequency response functions (FRFs). So it is very 
difficult to identify system parameters accurately. 
There are some advanced methods to have developed to resolve these problems. For remove the heavy 
noise the time-frequency signal representations based on Morlet wavelet combined with subspace 
identification method was used to produce better identification accuracy [4]. The method is better to filter 
noise and reconstructed transfer function. But the parameter selections of wavelet and resolution criteria 
are not better for response signal characteristics.  
For close modes and time-variance signal the wavelet transform was introduced to decouple multiple 
degree of freedom system to single degree of freedom system by Morlet wavelet. However selections of 
the time and frequency resolutions of the wavelet are very important for developing identification 
accuracy [5]. Generally the different excitation characters with the different characteristics in frequency 
and temporal domain. So the basis wavelet selection is signal-depended. For example the sweep frequency 
function has the determined frequency range in frequency domain. Impulse excitation has the broadband 
and narrow temporal range. 
The paper will focus on Morlet-based wavelet filtering according to different stimulation signals for 
example sweep frequency function, impulse excitation to get fine FRFs. Since different signal has 
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different temporal resolution or frequency resolution and bandwidth. The parameter of mother’s wavelet is 
modified. With the right selection of the mother wavelet’s parameters the density modes can be separated 
and uncoupling. 
The paper is organized as followings. The first part gives a short introduction. The second part will review 
the continuous wavelet transform and discusses the relationship between parameters of Morlet wavelet 
and the identification accuracy. The third part provides numerical simulation of the sweep frequency 
function and the fourth part provides numerical simulation of impulse excitation function. The fifth part 
makes the conclusion. 
 

2 The continuous wavele transform based on Morlet  
 

2.1 The review of continuous wavelet transform 
 
The continuous wavelet transform (CWT) is defined as following 

For signal )()( 2 RLts ∈   

dtttsabacwt ba )()(),( *
,

2/1

∫
+∞

∞−

−= ϕ                                                           (1) 

)(2 RL  is the space of the square integrable complex functions. )(tϕ  is the wavelet basis function 

)(, a
bt

ba
−

= ϕϕ . a  is scale factor and b  is time location, the factor 2/1−a is used to ensure energy 

preservation. The asterisk stands for complex conjugate.  
For decomposition simply scale factor equates to constant  the equation (1) is also equivalent to filter a 
signal through a bank of filters )(, tbaϕ . Since the filtering is band-pass, wavelet analysis tends to 
concentrate the signal energy into relative wavelet coefficient. 
 

2.2 The method of modified Morlet transform and filtering 
 
The basis function varies with the signal[6]. when basis function is very short in time domain the 
discontinuities are isolated. When it is long in time domain the fine frequency resolution will be obtained. 
In order to trade resolution in time for resolution in frequency we use modified Morlet wavelet 

 2/222)( ttj eet i βωβ
π

ϕ −=                                                              (2) 

iω is the central wavelet frequency, and j is the imaginary unit. When enlargingβ , )(tϕ is attenuated to 
an impulse signal, the time resolution is finer. When reducingβ , )(tϕ  is attenuated to cosine signal. The 
frequency resolution is finer. For the FIR filtering [2][7] without phase distortion which the basis function 
will be used by the real unit to transform the Fourier transform of the real part of )(tϕ  is given by  
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According to the Parseval equation the wavelet transform convolves the corresponding Morlet transform 
in frequency domain to produce the wavelet coefficients 
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=                                                               (4) 
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)(ωs , )(ωϕ are the Fourier transforms of signal and Morlet  Wavelet respectively.  Inverse Fourier 
transform operations produce the time-frequency wavelet coefficients shown in equation (5). For each 
center frequency iπω2  a real Morlet filter bank is a finite impulse response. After we project output signal 
onto the time and frequency plane we will find that around the center frequency iπω2  the coefficient has 
the maximum amplitude or maximum concentration, meaning that the corresponding frequency  iπω2  
signal energy is to be localized in time. The box window is used to make de-noise. After reconstructing 
signal[4] we will get fine frequency response function (FRF), and then identify parameter used Rational 
Fraction Orthogonal Polynomials （RFOP） method [8] which is simply and quickly in calculation in the 
frequency domain. 

It is important to denote the time resolution tΔ  and the frequency resolution ωΔ  when applying 
excitation. The resolution is limited by Heisenberg uncertainty principle [9] 

π
ω

4
1

≥Δ⋅Δ t                                                            (6) 

ωΔ   and tΔ  are width of time window and frequency window respectively. 

The optimal value of β is selected by minimum entropy WE  or Shannon entropy of the wavelet 
coefficients[10][11] 

)log( i
i

i ppWE ∑−=                                                             (7) 

∑∑

∑
=

i k
k

k
k

i
tcwt

tcwt
p

i

i

2

2

)(

)(

ω

ω

                                                          (8) 

Here nk ,,2,1 L=  k is the sampling numbers. )( ktcwt
iω

is the time-frequency wavelet coefficients when 

central frequency is at iω . For ∑
k

ktcwt
i

2
)(ω it gives the energy at each frequency interval. ip  is the 

energy distributing at the iω .  

So there are three essential parameters in FIR filter. One is its time intervals given by tΔ  which is the 
enough narrow corresponding to excitation signal. Other one is frequency intervals given by ωΔ . 
Generally when T/1=Δω  the frequency resolution is enough however the cost of calculation is larger. 
Practically for sweep frequency function T/5=Δω . The last parameter is the parameter β corresponding 
to the size or pattern of the basis function determined by Shannon entropy. For example signal in sweep 
frequency the frequency varies in constant practically 2=β  to get proper bandwidth for energy 
concentration. 
 

3 The sweep frequency excitation numerical simulation  
 
For analysis of frequency sweeps the frequency resolution is constant so let the wavelet analysis uses non-
dilated scale. Thinking about the flight flutter testing with close modes we design a numerical simulation 
using GARTEUR[12] model with three close mode 33.01Hz 33.66Hz, 35.14Hz and the rate of damping is 
1%. During the numerical simulation the Gaussian white noise ranging from 10%-30% was added in order 
to investigate the identification accuracy by RFOP and by Morlet based temporal frequency filtering with 
RFOP respectively. The result shows as following.  In figure 1, figure 2 we can find the fine concentration 
and filtering of signal in temporal frequency domain. So the better FRF is obtained in figure2, figure 
3(before filtering and after filtering in Amplitude) and figure 3, figure 4(before filtering and after filtering 
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in phase). The Table 1 shows the accuracy of identification was developed by Moelet-based filtering and 
RFOP method even though the white noise is 10%-30% and with close modes. It is evidence that the close 
modes with bigger noise can be uncoupling and identified with fine accuracy. 
 

 
 

Figure 1 TF analysis of output                            Figure 2 TF Filtering of output 
 

 
 

Figure 3 Amplitude of FRF                           Figure 4 Amplitude of FRF after filtering 
 

 
 

Figure 5 Phase of FRF                              Figure 6 Phase of FRF after filtering 
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 white noise 10%   20% 30% 

Mode & 
damping rate 

RFOP Err 

% 

Morlet 

RFOP 

Err 

% 

RFOP Err 

% 

Morlet

RFOP 

Err 

% 

RFOP Err 

% 

Morlet 

RFOP 

Err 

% 

3 33.37 1.1 33.28 0.8 33.25 0.7 33.14 0.4 33.29 0.8 33.17 0.5

4 34.11 2.9 33.84 2.1 33.78 1.9 33.69 1.6 33.87 2.1 33.71 1.7

mode 

(Hz) 

5 35.12 -0.1 35.11 -0.1 35.17 0.1 35.16 0.1 35.16 0.1 35.18 0.1

3 0.90 -10 0.95 -5 1.08 8 1.07 7 0.96 -4 0.95 -5 

4 0.21 -79 0.73 -27 0.71 -29 0.86 -14 0.57 -43 0.80 -20

damping 
rate (%) 

5 1.10 10 1.09 9 1.07 7 1.05 5 1.05 5 1.02 2 

 
Table 1:  Comparing the identification accuracy of GARTEUR model with white noise 

 
4 The impulse excitation numerical simulation 
 
When the impulse excitation is used in dynamic flight flutter testing a modified Morlet basis function is 
constructed to meet time frequency resolution requirement. The input and output data are produced by 
using a four mode system of the two dimension frame.  

 
 
Figure 7 Two dimension frame 

 
The construction of the frame is shown as figure 7, which height is 1.32 m and width is 1.22 m. The cross 
section is thin wall in rectangle and material is Aluminum. The length, width and thickness of cross 
section are 0.076m, 0.0381m, 0.0048m respectively. By the finite element analysis the former four modes 
are 32.57Hz，109.73 Hz，115.68 Hz，129.87 Hz and the rate of damping is 1%.  
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Figure 8 TF analysis of output                        Figure 9 TF Filtering of output 
 

 
Figure 10 Amplitude of FRF             Figure 11 Amplitude of FRF after filtering 

 

 
Figure 12 Phase of FRF                           Figure 13 Phase of FRF after filtering 

 
During the simulation the Gaussian white noise ranging from 10%-30% are mixed with output data. 
Practically 20=β  which in time domain the duration of Morlet is 0.06 sec corresponding to the short 
impulse function (the impulse duration is 0.005 sec). A corresponding FIR filter bank maintaining phase 
consistency is built to reduce the noise. Figure 8 and Figure 9 shown the temporal and frequency analysis 
of output data based on wavelet before filtering (figure 8) and after filtering (figure 9). So the FRF is fine 
shown in figure 11 in Amplitude comparing with figure 10 (without Morlet based filtering). So are the 
figure 12 and figure 13 in Phase.  At the meantime you can see the phase in fine FRF is consistent with the 
old one. Using RFOD method to identify system parameters the result shows in table 2. From the 
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simulation the accuracy of frequency identification was improved no obviously. However the rate of 
damping identifying accuracy was improved evidently, especially in close modes (mode order 2, 3).  Since 
the amplitude of first mode is higher than the rest. The affection of white noise is very heavy on the rest 
three modes, so you can find the accuracy of damping rate of mode second and third is lower without 
filtering.  

 
white noise 10%           20%          30% 

  Mode & 
damping rate 

RFOP Err 

% 

Morlet 

RFOP 

Err 

% 

RFOP Err 

% 

Morlet

RFOP 

Err 

% 

RFOP Err 

% 

Morlet 

RFOP 

Err 

% 

1 32.57 0 32.57 0 32.56 -0.3 32.58 0.3 32.58 0.3 32.58 0.3

2 109.69 0 109.59 -0.1 109.76 0 109.83 0.1 109.98 0.2 109.58 -0.1

3 115.94 0.2 115.96 0.2 121.76 5.3 121.30 4.8 122.90 6.2 121.38 4.9

 

mode 

(Hz) 

4 129.84 0 129.82 0 129.93 0.1 129.91 0 130.02 0.1 129.86 0 

1 1.00 0 1.07 7 0.92 -8 1.08 8 0.99 1 1.11 11

2 0.72 -28 0.91 -9 0.63 -36 0.82 -18 0.63 -36 0.99 1 

3 0.28 -72 0.51 -49 0.28 -72 1.12 12 0.18 -82 0.61 39

damping 
rate (%) 

4 0.95 -5 0.98 -2 0.83 -17 0.93 -7 0.74 -26 0.91 9 

 
Table 2: Comparing the identification accuracy of two dimension Frame with white noise 

 
5 Conclusion 
 
The parameter identification in flight flutter test requires both time saving and higher accurate especially 
with heavy noise.  
For time saving the limited output data can be averaged with subsection to reduce the random error, 
calculative cost and then using FIR filtering based on Morlet and RFOP. 
During the Temporal frequency filtering the Modified Morlet is adjusted by three parameters β, ∆t, ∆ω 
according to excitation function characteristics in time and frequency domain and Heisenberg uncertainty 
principle. For sweeping function the bandwidth is limited so β is selected to keep the proper frequency 
resolution. For impulse function the duration in time domain is limited and with broad frequency 
bandwidth so β is selected to keep the proper time resolution. And the filtering width is longer enough to 
ensure the energy of analysis signal is reserved without distortion.  
With Morlet based temporal and frequency analysis the signal is projected on the temporal and frequency 
plane detaching the output data and noise. Even if the output data with heavy noise the accuracy of 
parameter identification is ensured. 
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Abstract 
High noise levels of vacuum cleaners are partly associated with the design of air canals of different 
components. An experimental investigation is conducted here to study the effect of the components 
geometry on the noise emission.  A typical charged type vacuum cleaner is selected for noise treatment. 
Each part is optimized geometrically to affect the air flow and reduce the overall noise level.  This is 
achieved by considering different sources generating aerodynamic noise in the vacuum cleaner. The 
redesigned parts are prototyped and tested in different conditions and the variation of vacuum power and 
noise level are fully investigated. The shape treatment has no adverse effect on the machine performance 
and the vacuum power is improved over the course of this noise treatment. 
 
 
1 Introduction 
 
The competitive market of home appliances and tighter noise regulations has forced manufacturers to 
design quiet machines.  Small vacuum cleaners have always been a source of unwanted noise and subject 
of customer complaints.  
The noise generated in small charge type vacuum cleaners has mainly an aerodynamic source.  The sound 
level is affected by many factors which makes the theoretical studies very complicated. Therefore, to 
reduce the level, the noise sources should be recognized.  The related sound producing phenomenon 
should be investigated. Changes of air stream then should be made in order to eliminate the mechanism 
activating a particular sound source.  Vacuum fan noise is also a major source of noise, in addition to the 
noise produced by air flow throughout the inlet.  Careful consideration of turbo machinery noise is needed 
to design quieter fans for vacuum cleaners.  Common sources of aerodynamic noise and possibility of 
their occurrence in the selected vacuum cleaner are discussed next. 
 
2 Aerodynamic noise 
 
Ideal models of acoustic source 
The ideal sources of sound are classified in three types [1,2]:  
Monopole: sound is generally caused by unstable bulk flow and is usually observed in exhaust mufflers. 
The sound intensity of monopole source is proportional to the 4th power of flow velocity 
Dipole: Sound is caused by interaction of unstable flow on solid surfaces. This turbulent flow on the 
surface produce periodic forces causing the solid surface to oscillate and propagate sound. The sound 
intensity of such dipoles is proportional to the 6th power of flow velocity. 
Quadruple: the interaction of two incident flow streams produces internal stresses and makes a sound 
source which is modeled as quadruple. The sound intensity is proportional to the 8th power of flow 
velocity. 
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It is also mentioned that the monopole sources are stronger than dipole ones and dipoles are stronger than 
quadruples [1,2]. 
 
3 Noise physical models 
 
Leak noise: This source appears once the air leaks (because of pressure difference between two medium), 
for instance the noise produced by leaking air out of a small hole or crack in a gas pipeline.  This can be 
both monopole and dipole. 
Cavity Noise: When air exists somewhere with no flow, standing waves appear in the medium. This type 
of sound is broadband and generally higher in low frequencies. 
Rush noise: This is generated by the oscillatory forces of turbulent flow over a solid surface. If the flow 
separation occurs, the vortexes become larger and periodic forces develop which are ten times greater than 
forces between boundary layer and the surface. 
 
4 Source identification in air stream 

4.1 Front body 
 
The air entrance of the handheld vacuum cleaner is the inlet shown in figure 1.  The inlet flow shape is 
very important.  As illustrated here, the abrupt change at the intake opening makes the airflow turbulent 
causing excessive noise at this point.   
Filter: Air passes through a dust filter past inlet and front body. However, before this filter, air must be 
dried off any liquid content kept back in the transparent front body. To this end, the filter part is designed 
such that the air stream is dehumidified passing underneath the filter then goes through it (figure 2).  Here 
too, two sources of noise emerge. First, the air incident against the filter bed at right angle. Second, the 90 
degree change of flow stream after incidence into the filter vent. In addition to the noise associated with 
the air incidence, the filter bed generates sound as a cavity noise source.  This flow type also causes an 
extra pressure drop, which lowers the vacuum performance drastically. The flow in the filter housing 
through the holes leads also to a leak noise along with the related pressure drop. 
 
 

  
Figure 1:Old front body 

 

  
Figure 2:  Old filter housing 
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4.2 Main body 
 
The main body is considered in two distinct sections; first the body air inlet and seconds the body air 
outlet. 
Body inlet: As it is shown in figure 3 the air entering the body is not directed properly yet pulled into the 
body suddenly leading to streamlines disturbance and eventually aero-noise generation. 
Body outlet: Figure 4 demonstrates the exhaust trap through which the air passes after leaving the fan and 
finally enters the surrounding air. This part produces a noticeable amount of device noise due to: 
- Sudden incidence of the air with interior surface of the trap causes an impact noise 
- Leak noise produced as high velocity airflow passes through the slots of the trap 
- Rush noise as a result of exhausting high pressure air without velocity reduction. 
In addition to noise generation, this form of exhaust trap causes high pressure drop which reduces the 
vacuum pressure. Moreover, due to these air resistances the fan will work far from its design point which 
means operating in the low efficiency region. 
The turbo-machinery noise produced by the fan will be discussed in next section. 
 
 

  
Figure 3:  Main body inlet 

 

  
Figure 4:  Main body outlet 

 
 
5 Geometric optimization of the vacuum cleaner parts 
 
Based on the concepts explained in previous sections, a new design has been developed to 
remove the noise source mechanisms by geometric modifications. This has been achieved by 
working on different parts as follows. 
 

5.1 Front Body 
 
In order to avoid streamline disturbances the inlet profile of the front body is changed to provide laminar 
flow; gradually directing the air in. This profile eliminates the previous sudden breaks of streamlines 
(Figure 5). 
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Figure 5 : Modified Front Body 

5.2 Filter Body 
 
The geometric form of the filter body was changed fundamentally. The air flow slides smoothly on the 
bottom surface of the filter instead of impact to a rigid body and continue its way to the entering trap 
gently.  
Moreover, the cavity at the bottom part of the filter was eliminated. The entering filter trap has been 
modified as follows. The trap area was increased and its surface was integrated with the filter body’s 
surface in order to minimize turbulences (Figure 6). 
 

  
Figure 6 : Modified filter housing 

 

5.3 Main Body 
 
Inlet:  The air inlet to the main body has been modified to a converging nozzle in which flow streamlines 
continue without any interrupt, sudden break or impact to the front of the main body (Figure 7). 
Outlet: The outlet trap has also been modified fundamentally.  As the air leaves the fan, it enters an 
exhaust duct the width of which grows gradually to provide laminar exit with velocity reduction for the 
flow. In addition to designing exhaust duct, the outlet taper was extended to eliminate the leak noise and 
to reduce the air resistance.  This led to an increase in the vacuum of the device as well (Figure 8). 
  

  
Figure 7 : Modified Body Inlet 
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Figure 8 : Modified Body Outlet 

 
The air exhaust directly to the atmosphere should be avoided in order to reduce the turbulence-generated 
noise. Therefore, an exhaust duct was designed diagonally with two advantageous: first, the turbulence 
noise reduced through the duct as a result of the velocity reduction and flow lamination. Secondly, the fan 
did not have direct exposure to the atmosphere and its rotation noise could not easily spread out of the 
device. The relation between noise level reduction and the angle of diagonal exhaust duct is shown below 
(figure 9). 
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Figure 9: Noise level reduction vs. angle 

 
The bigger the angle of duct, the more noise reduction is achieved; however, the diagonal duct causes a 
pressure drop in the passage which leads to lower vacuum. Hence, in order to make a balance between 
these two targets a 45 degree duct angle has been selected.  

5.4 Fan 
 
Turbomachinery noise has been fairly investigated over the past few decades and various solutions have 
also been presented. Generally, the centrifugal fan noise includes both a broad band noise and a pure tone 
noise. The broad band one is a generated as a result of turbulence while the pure tone is produced by fan 
blades passing by and its frequency is therefore as follows: 
 

ω×= nf                                                                                  (1) 
 n: number of blades  
ω : rotational speed of the fan 
 
The noise level of centrifugal fans could be estimated by the following equation: 
 

36bRlog10Lw 2
6

2
5 −ω=                                                                  (2) 

R2  : outlet radius of the fan 
 b2 :  blade height at  the outlet  
 Lw: sound power level  
 
There is also another practical equation (see ASHRAE handbook) for the noise power estimation of 
backward centrifugal fans: 

 
Nww CBFIPlog20Qlog10KL ++++=                                                (3)  
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Where, 
Lw=   Noise power level, Q= Flow rate, P=Fan produced pressure 
Kw: see table 1 below for the values versus frequency 
 

63 Hz 125 Hz 250Hz 500Hz 1000Hz 2000Hz 4000Hz 8000 Hz 
35 35 34 32 31 26 18 10 

Table 1: Values of Kw 
 
BFI= 3, which will be added to the blade frequency as described in equation (1) and, 
CN is a result of the fan deviation from its maximum efficiency point leading to noise production (table 2). 

 
Efficiency CN 

90% 0 
75% 5.2 
40% 12.2 

Table 2: Values of CN  
  
Since the reduction in fan rotational speed or the external radius will lead to a vacuum drop of the device, 
these changes are not applicable. However, other modifications have been applied to reduce the fan noise 
level. As it is presented in equation (3), the fan noise level is related to the pressure difference produced 
by it.  Changes in the blade angle at the outlet of the fan have been applied to reduce the extra exhaust 
pressure which leads to noise generation. Furthermore, decrease in air resistance within the passage helped 
the fan to work near its design point that reduces parameter C (equation 3). 
Further experimental investigations showed that other parameters are involved in the fan noise in addition 
to those mentioned previously. However, the most important parameters were the blade profile, and the 
inlet and outlet profiles.  
Therefore following modifications have been made to reach the maximum noise reduction. 
- A directing edge was provided at the inlet of the fan. 
- A curved surface in the center of the fan directs the flow to the entrance of the blades. 
- Entering form of the blades has been changed from a 2D profile to a 3D shape, in other words, there are 
chamfers in two directions in which the flow passes over the blades gradually and smoothly (figures 10, 
11). 
- Blade tips at the outlet are also chamfered to reduce the air interaction with blades. 

 

  
Figure 10: Old Fan 
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Figure 11: Modified Fan 

 
6 Experimental results  
 

6.1 Noise level test 
 
The noise level was measured in free field with a 2260 B&K sound level meter (analyzer/ investigator). In 
order to investigate the effect of each section the noise level of each part was recorded separately, and then 
tested in the assembly.  For parts such as front body or filter housing, an air-jet was provided through a 
passage/duct and the noise was recorded. 

 

6.2 Vacuum pressure test 
 
Vacuum pressure was tested via three different methods: 
1- Test vacuum chamber: in which orifices simulate various working conditions for the vacuum cleaner 
and the head–flow curve is obtained. 
2- Air tunnel: the flow rate is measured with anemometer and the desired head is applied at the inlet of the 
vacuum cleaner. 
3- Pipeline: in which the flow rate is calculated via the Bernoulli equation and a pressure gage. 
The test results are tabulated below (table 3). Since the purpose of present work is to investigate the noise 
reduction, the vacuum pressure test results is mentioned briefly in the following along with noise level 
measurements. 
 
 

Part Optimized Sound Level Reduction (dB) Vacuum Pressure Increase (%) 
Front Body 2 6% 
Filter Body 1 15% 

Main Body ( Input) 3 7% 
Main Body ( output) 5 12% 

Ventilator  9 18% 
Assembled Product 12 58 

Table 3: Final test results 
 
7 Discussion and conclusion 
 
High noise levels of vacuum cleaners are mainly attributed to the turbulent flow within the device air 
passages and components. Experiments were conducted here to investigate the effects of the components 
geometry on the noise emission.  A noisy handheld vacuum cleaner was selected for diagnosis and 
treatment. Each part was optimized geometrically to modify the air flow and reduce the overall noise 
level. Different sources generating aerodynamic noise in the vacuum cleaner were examined. The 
redesigned parts were prototyped and tested in different conditions. The variation of vacuum power and 
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noise level were fully recorded. The machine performance and the vacuum power were also improved 
over the course of this noise treatment. 
Based on applied modifications, the geometrical parameters play the main role in the aerodynamic noise 
production of the airflow devices. Further investigations and the CFD simulations should be conducted to 
complete the results and reach quantitative design procedures.  
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Abstract 
The frequency range over which a mount can isolate a mass from a vibrating base (or vice versa) 
is often limited by the mount stiffness required to support the weight of the mass.  This 
compromise can be made more favourable by employing non-linear mounts with a softening 
spring characteristic such that small excursions about the static equilibrium position result in 
small dynamic spring forces and a correspondingly low natural frequency.  In this paper the 
force-displacement characteristic of a so-called quasi-zero-stiffness (QZS) mechanism is studied.  
Herein the system comprises a vertical spring acting in parallel with two further springs inclined 
at an angle to the horizontal. A QZS characteristic can be obtained if the system's parameters 
(angle of inclination and ratio of spring stiffnesses) are opportunely chosen. Finally, the force-
displacement relationship is approximated by a polynomial of third order which reduces to the 
Duffing oscillator when the system is optimally tuned. 
 
 
1 Introduction 
 
Isolation of undesirable vibrations is a problem that affects many engineering structures.  In the 
ideal case of a mass m supported by a linear stiffness k on a rigid foundation, isolation does not 

occur until a frequency of2k m . It is evident that a smaller stiffness results in wider frequency 

range of isolation. However, a smaller stiffness results in a larger static displacement of the mass, 
and this trade-off between isolation and static displacement is well-known [1,2]. To overcome 
this limitation non-linear springs have been used to obtain a high static stiffness and hence a 
small static displacement, and a small dynamic stiffness, which results in a low natural frequency 
[3,4].  This is generally achieved by introducing a negative stiffness mechanism to counteract the 
primary suspension stiffness [5,6]. By careful choice of system parameters it is possible to 
achieve an isolator with zero dynamic stiffness, a so-called quasi-zero-stiffness (QZS) mechanism 
[4]. Applications of QZS mechanisms range from space research (e.g. to simulate zero gravity, 
[7]) to isolation of high precision machinery [8].  
 
A very simple undamped non-linear mount is shown in Fig.1 in its unloaded condition.  
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Figure 1: Schematic representation of the simplest system with quasi-zero stiffness mechanism 

 

When it is loaded with a suitably sized mass, the springs compress such that the oblique springs, 

ok  are in the horizontal position and the static load is taken by the vertical spring, vk . This is the 

static equilibrium position, and it is the motion about this position that is of primary interest. 
When the system of springs is used in this way, the oblique springs act as a negative stiffness in 
the vertical direction counteracting the positive stiffness of the vertical spring. The penalty for 
this, however, is that the system becomes stiffer than the vertical spring alone for large 
excursions from this position [9]. 
In order to understand fully the physics behind a QZS mechanism the behaviour of the oblique 
springs alone, which exhibits a negative stiffness, is first considered. Subsequently, a QZS feature 
is achieved by adding the vertical spring. Finally, approximate expressions for the force-
deflection characteristic are presented and their inherent error considered. It is shown that the 
equation of motion for a mass suspended on such a non-linear spring mechanism resembles that 
of the Duffing oscillator for small excursions about the static equilibrium position. 
 
 
2 Displacement Characteristic of a System with Two Oblique 
Springs 
 
It is instructive to examine first the behaviour of the oblique springs alone. Consider the system 
in Fig. 1, but with the vertical spring vk  removed. The two linear springs each of stiffness ok  

hinged at points M  andN respectively have initial length 0L . A force f  is applied at point P 

which is a horizontal distance a  from points M  and N  and initially at height 0h  above these 

points. The springs are initially at an angle 0θ  from the horizontal.  The force exerted by the 

springs is [9] 
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which can be written in non-dimensional form as  
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is a geometrical parameter. When 0γ =  the springs are initially vertical and when 1γ =  the 
springs, initially, lie horizontally. Fig. 2 shows the non-dimensional force plotted against the non-
dimensional displacement for different values of γ .  

 

Figure 2: Force-deflection characteristic of the system in Fig.1 without the vertical spring vk . When 

0γ =  the springs are vertical and when 1γ =  they are horizontal. The stiffness is negative between 
the maxima and the minima. 

 
 
It can be seen that the system has a highly non-linear characteristic. The peak in each curve is a 
point of unstable equilibrium. If the force applied is bigger than the peak value the mechanism 
will “snap through” to the trough of the curve which is a stable position. The region included 
between the peak and the trough is a region with negative stiffness.  
 
The non-dimensional stiffness, oK k , of this system can be calculated by differentiating the force 

with respect to the displacement to give 
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The system can be modified to exhibit QZS by adding a vertical spring of equal and opposite 
(positive) stiffness to the negative stiffness at the static equilibrium position, and such a system is 
the focus of the following section. 
 
 
3 A System with QZS Mechanism 
 
For the system in Fig.1, the vertical spring vk  is in parallel with the vertical components of the 

oblique springs.  Choosing now to non-dimensionalise force by 0vk L , the non-dimensional spring 

force f̂  is given by 

 
1 2

2 22ˆ ˆ ˆ ˆ2 ( 1 ) 2 1 1 1ˆf x x xxα γ γ
− /� �	 
= + − − − − + −� � �� �

                        (5) 

 
where 0 vk k=α  is the ratio of the spring stiffnesses.  The non-dimensional force as a function of 

the non-dimensional displacement is plotted in Fig. 4 for several values of γ  and for 1α = .  It 
can be seen that, for a given value of α , there is one particular value of the geometrical 
parameter, denoted as QZSγ , for which the stiffness is always positive except at one position 

where it is zero. 
 

 

Figure 3: Force-displacement characteristic of a QZS mechanism when 1α = : the solid line is the 
QZS system 
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The stiffness of the system can be found by differentiating Eqn. (5) with respect to the 
displacement to give 
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There is a unique relationship between the geometrical parameter 0a Lγ = /  and the spring 

coefficient ratio o vk kα = /  that yields the desired QZS characteristic. If Eqn. (6) is evaluated at 

the static equilibrium position 21ˆ ex γ= −  and set to zero, then the value QZSγ  that gives quasi-

zero-stiffness is 

 
2

2 1QZS

αγ
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for a given value of α.  Equivalently, the value of α that ensures QZS behaviour for a given γ  is 
 

 ( )2 1QZS

γα
γ

=
−

 (7b)  

 
Hereafter, the subscript QZS on either α or γ is used to denote that the other parameter is not 
independent, but has been chosen in accordance with equations (7) so as to achieve QZS. 
 
Equations (7) give rise to an infinite combination of the α -γ  pair that all yield QZS behaviour. 
In [9] the existence of a best choice has been investigated. The criterion followed was to achieve 
the maximum displacement from the static equilibrium position without the system exceeding a 
specified low value of stiffness. It is shown that the optimal choice is 2

3QZS =γ   (i.e. 1QZSα = ) 

which means to set the oblique springs at an initial angle of approximately 48°  with all the 
springs of equal stiffness.   
 
4 Approximation to the Stiffness of the QZS Isolator 
 

The relationship between force and the displacement given by Eqn.(5) and shown graphically in 
Fig.3 is similar in appearance to that of a cubic function. It would considerably simplify the 
dynamic analysis of the QZS system if its force could be described by a polynomial function of 
the displacement. A simplified cubic expression of the force is therefore sought and the error in 
the approximation quantified. 
  
Using a Taylor series expansion, a function f(x) can be expressed as a power series of order 
N [10] 
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where 0x  is the point at which the function is expanded and nf  denotes the n -th derivative of 

f . This can be applied to the force-displacement characteristic expressed in Eqn.(5).  A power 
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series is sought for deviations in stiffness force 2ˆˆ 1F f γ= − −  due to deviations about the 

equilibrium position, 2ˆ ˆ 1y x γ= − −  which to third order is given by 
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An approximate expression for the stiffness can be obtained by differentiating Eqn.(9) to give 
 

 2

3

(1 )ˆ ˆ3 1 2K y
α γα
γ γ

	 
−≈ + −� �
 �

                                                        (10) 

 
If γ  and α  are chosen according to Eqns. (7), the linear term in Eqn.(9) disappears and equation 
(9) can be written as 
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which is plotted in Fig. 4. Also shown in the same figure are the curves corresponding to the 
approximation to the force if the fifth and seventh order terms in the series are included.  

 

Figure 4: Force-displacement characteristic of the QZS mechanism when 2 / 3γ =  and 1α = . The 
solid line shows the plot of the exact expression.  The other lines are for the approximate expressions 

of third, fifth and seventh order polynomials. 

 
Differentiating Eqn. (11) gives the approximate stiffness of the QZS system to be 
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The error between the approximate stiffness and the actual stiffness increases as the displacement 
from the static equilibrium position increases. This can be quantified by evaluating the stiffness 
using the exact and approximate expressions over a range of displacement 
 

ˆ
( ) 1 100

ˆ
approximate

exact

Kerror %
K

= − ×                                                   (13) 

 

where ˆ
approximateK  is given by Eqn. (12) and ̂ exactK  is given by Eqn. (6) adjusted to the new 

displacement variable ŷ . 
 
The percentage error is plotted in Fig.5. It can be seen that the error is relatively small if the 
excursion from the static equilibrium position is small (compared with 0L ) but becomes large as 

the displacement becomes larger. 

 
Figure 5: Error in the approximation of the stiffness to a quadratic function of the displacement 

when 2 / 3γ = . 

When the error in Fig.5 is considered acceptable then the equation of motion of a mass m 
suspended on the system shown in Fig.1 can be taken as 
 

 3
1 3my k y k y P+ + =��          (14) 

 
with 0P = for free vibrations and  0 cosP P tω=  for harmonic excitation. The coefficients 1k  and 

3k  can be found by inspection of Eqn.(9) and are 
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5 Conclusions 
 
The static characteristics of a quasi zero stiffness mechanism have been investigated. The main 
feature of such a mechanism is the use of a negative stiffness element to achieve a low stiffness 
without having a large static deflection. A simple system consisting of three springs has been 
studied, and the optimum relationship between the geometry and the relative stiffnesses of the 
springs has been investigated. An approximate polynomial expression for the stiffness of the 
system has also been determined and the errors in this expression compared to the exact 
expression have been quantified. For small displacement from the static equilibrium position the 
error is small and the equation of motion assumes the form of a Duffing oscillator.  
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Abstract
We present the design of a novel anti-vibration mounting. The mounting takes the form of a triangular
truss which is ‘folded’ such that each section extends in the opposite direction to the previous section. The
geometry of this complex, compact structure is optimised to exploit the reflections that occur in vibrational
waves travelling through the structure to provide significant levels of vibration isolation. In this study we
have achieved a 15dB reduction in vibration energy compared to a baseline regular structure.

1 Introduction

On orbit sources of vibration such as momentum transfer devices and solar array drive mechanisms can
degrade the performance of satellite instruments. High precision is required for many payloads, such as
astronomical telescopes, mid-wave infrared surveillance sensors and laser communication devices [2]. As an
example, a 10−4Rad jitter of an Earth imaging camera on a satellite at a height of 1000km would translate to
100m of movement in the Earth image. While some of this can be removed by signal and image processing
[1], isolating the instrument from the rest of the satellite could reduce system cost and weight.

The geometry of conventional uniform truss structures can be modified such that they posses inherent passive
vibration isolation characteristics [5, 7]. This is particularly important in satellite boom structures where
there is almost no exterior damping due to the lack of atmospheric damping and minimal payload weights.
Here we carry forward previous work in optimising the vibration isolation properties of a three-dimensional
satellite boom [10] to the design of a novel passive vibration isolating mounting. The absence of visco-
elastic elements in such mountings makes the design lightweight and suitable for applications where accurate
instrument alignment and stability are required in adverse environments (e.g. satellite borne equipment).

The drawback of the proposed isolators is the complexity of design and manufacture. In this paper we
present the design of large scale structures to simplify manufacture while providing a proof of concept. The
geometry of the folded truss is extremely complicated and the design process we present is as much about
finding geometries which are realisable as about finding geometries with good vibration isolation. We begin
in the next section by introducing our geometry concept, before discussing the computer modelling of the
structure in section 3. We then look at modifying our optimisation process to deal with infeasible designs
(those where structural elements intersect) in section 4 before presenting the results of our optimisation in
section 5, and finally our conclusions.

2 Geometry concept

The optimised satellite boom structure in reference [10] is shown in figure 1. Each irregular section, or
‘bay’, of the structure acts as a filter for a certain frequency range, with the whole structure exploiting the
cumulative effect of a series of bays.
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Figure 1: Optimised satellite boom structure from Moshrefi-Torbati et al. [10].
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Figure 2: Novel isolator structure concept.

Our new geometry concept similarly contains a number of irregular bays, but this time each successive
bay, rather than extending outwards to produce a boom, extends into the previous bay to produce a folded
structure. An example of this type of structure (with three bays) is shown in figure 2. We hope to be able
to attain similar levels of vibration isolation to that achieved with the boom structure, but with this compact
design which could be employed as an anti-vibration mounting.

There are two major problems associated with the folded structure. Looking at the structure in figure 2, note
the acute angles between the rods entering each joint. The rods begin to intersect each other well before
the joining sphere (aluminium spheres were used as joints in previous research of the boom structure). Note
also, even for this three bay design, what a tangled mess of rods is obtained by extending each bay back into
the structure. Any slight shift in the joint positions is likely to cause the rods to intersect each other.

We overcome the first of these problems by shifting the end of each rod slightly away from the centre of
the joint. Rather than bonding the rods into aluminium spheres (as done by Moshrefi-Torbati et al. [10]),
we have developed the generic ball joint shown in figure 3. Each rod has a ball-end attached via a screw
thread and is located in a race which is clamped when the structure is assembled. Using this method of
construction we can now accommodate angles between rods from 0◦ to 180◦. An initial ‘regular’ structure
constructed using these joints is shown in figure 4. This structure starts from the triangular base and rises
with an anti-clockwise twist of 30◦ (looking down on the structure) to the end of the first bay. The second
bay extend downwards with a 60◦ clockwise twist and the third rises with a 30◦ anti-clockwise twist to the
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Figure 3: Ball joint.

top triangle which is directly above the base.

The second problem, that of geometry intersections, is rather more complicated and is somewhat com-
pounded by the new joint design. This problem is best explained along with the general construction of the
ball-jointed geometry.

When constructing the geometry we must first decide upon the orientation of the ball-joint, i.e. the direction
of the inward facing normal (n) and the rotation (θ) about this normal (see figure 3). The first three and last
three joints are our base fixings and mounting points and are therefore parallel to the base, with, using the
axis system shown in figure 2, n = [1 0 0] for the first three and n = [−1 0 0] for the last three. For the
remaining joints, n is defined as the average of all the directional vectors of the rods emanating from the
joint. θ is defined as the half angle between the two ‘horizontal’ rods emanating from the joint. We term the
rods which make up the cross sectional triangles between each bay as ‘horizontal’. While these are indeed
horizontal in the regular structure in figure 4, they may, of course, not be in an irregular structure.

With the ball-joints positioned, we must now assign each rod’s ball-end its allotted position in the ball-joint so
as to minimise the chance of rod intersections. These allotted positions are shown in figure 3. The horizontal
rod ball-ends are positioned side-by-side either side of θ. The ‘diagonal’ rod ball-ends are then situated
either side of the ‘horizontal’ ball-ends (the ‘diagonal’ rods are shown in figure 4. The ‘vertical’ rod-ends are
located in the remaining two spaces (again, see figure 4). Which vertical rod-end (the incoming rod from the
last bay or the outgoing rod to the next bay) goes in which slot depends on the geometry in question. There
are three ‘vertical paths’ in the geometry, each comprising rods connecting joints [1, 4, 7, 10, ..., N − 2],
[2, 5, 8, 11, ..., N − 1], and [3, 6, 9, 12, ..., N ]. Labelling the two possible ball positions ‘A’ and ‘B’, these
joints may be connected, 1A→4B,4A→7B,7A→10B or 1A→4A,4B→7B,7A→10A etc. In figure 4.2(a) the
connection 1A→4B,4A→7B,7A→10B is shown with no intersections. However, if joint four is moved to
the position shown in figure 4.2(b), 4A→7B and 7A→10B would intersect and so the connection is changed
to 1A→4B,4A→7A,7B→10B (note 1A→4B lies in front of 7B→10B, with no intersection).

Intersections are found by first calculating if two rods, defined as lines with ends given by the vectors x1, x2

and x3, x4, are in the same plane. The lines are in the plane if

(x1 − x3) · [(x2 − x1)× (x4 − x3)] = 0. (1)

If so, and the lines are not parallel, we then calculate the point of intersection as:

x = x1 + (x2 − x1)
[(x3 − x1)× (x4 − x3)] · [(x2 − x1)× (x4 − x3)]

| (x2 − x1)× (x4 − x3) |2 . (2)

If, as in most cases, the rods are not in the plane, the minimum distance between a pair of skew lines is given
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Figure 4: Regular structure constructed using ball joints.
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Figure 5: Re-assigning ball positions to avoid intersections.
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by

ε =
| (x3 − x1) · [(x2 − x1)× (x4 − x3)] |

| (x2 − x1)× (x4 − x3) | . (3)

This distance is along the vector

v =
[(x2 − x1)× (x4 − x3)]
| (x2 − x1)× (x4 − x3) | . (4)

To find the point of minimum distance, x3 and x4 are transformed to x′3 and x′4 along vector v by the distance
ε. The point of minimum distance is then the point of intersection of the lines x1, x2 and x′3, x′4.

If the lines are in the plane and intersecting or the distance ε is less than the rod diameter (plus a tolerance)
and the point of minimum distance satisfies

min{x1(1),x2(1),x′3(1),x′4(1)} < x < max{x1(1),x2(1),x′3(1),x′4(1)}

an intersection has occurred.

We work through each vertical path, checking for intersections in this way, before allocating these two
remaining ball-end positions in each joint.

Now the geometry has been constructed we check for intersections between every pair of rods to see if the
structure is feasible. When searching for optimal geometries it is inevitable that we will come across an
infeasible structure at some point. Upon finding an infeasible geometry, we are are faced with two options:
we can discard the geometry and use optimisation techniques capable of dealing with ‘missing data’ or we
could try and repair the geometry by perturbing the joints until we find the closest possible feasible structure.
We will consider both possibilities later in the paper, but first we look at the computational analysis of the
structure.

3 Computational analysis

We wish to minimise vibration at the three mounting points at the top of the structure subjected to a unit
force vibration at the base three points across a 150-250Hz range.

A finite element analysis of the structure may be used to simulate the forced response of the isolator structure.
The rods are modelled with one dimensional Euler-Bernoulli beam elements. Rather than modelling the ball
joints with three dimensional elements, these too are modelled with beam elements: six stiff beams, with
mass totalling that of the ball joint, are used to connect the ends of the rods. A finite element analysis is
rather time consuming to compute a wide range of frequency responses. We speed up the calculation of our
band-averaged objective by using a receptance theory based code [11]. To further speed up the process of
evaluating designs, the joints are also modelled with the rods intersecting at a point, with a point mass added
to represent the mass of the ball joint.

The frequency response of the regular structure with rods joining at a point, using both the finite element and
receptance code is shown in figure 6. Figure 7 shows the response using a finite element analysis to model
the joints compared to modelling them as point masses in the receptance code. There is an obvious tradeoff
here between speed and accuracy. Since we will be performing more than 100,000 structure evaluations, we
have chosen to use the quicker receptance code in our optimisation.

In figures 6 and 7 we have compared displacements at the mounting joints. However, minimising displace-
ments here may result in an optimum structure with nodes at these joints. Such a structure will be very
sensitive to minor changes in geometry and operating conditions and we prefer to minimise the vibration
energy in the three rods connecting these joints, calculated as the product of the forces and displacements at
the beam ends. These averaged scalars will give more robust designs. We are aiming to provide isolation
across the 150-250Hz range and so we minimise the average response across this range. Values are taken at
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Figure 6: Average displacement at the top three joints of the regular three bay structure in figure 4 across a
150-250Hz frequency range, assuming the rods meet at a point.
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Figure 7: Average displacement at the top three joints of the regular three bay structure in figure 4 across
a 150-250Hz frequency range. The finite element analysis models each joint as six rigid beams, while the
receptance code models the joints as point masses.
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21 points across the frequency range and averaged. Fewer samples may result in aliasing, while more will,
of course, increase computation time. Our objective function to be minimised is thus given by:

∑21
i=1

∑n
j=n−2 ei,j

63
, (5)

where ei,j is the energy in the jth rod at frequency i and n is the number of rods in the structure. Using this
performance metric, the regular structure has an objective function value of 3.848× 10−7J.

This objective will be minimised using an optimisation procedure. It must be assumed that the objective
will behave in a highly multi-modal manner as the joint positions are varied. We must therefore choose
a global optimisation algorithm, that is, one that will not become trapped in local minima. Such methods
include genetic algorithms (GAs), simulated annealing, local gradient methods with multiple restarts, etc. –
see Keane and Nair [8] for information on various search techniques. The objective may be searched directly
using the optimiser or a statistical model of the objective can be searched. We base our choice of optimisation
routine largely on the basis of how we can integrate it with our method of dealing with infeasible designs,
which we now turn our attention to.

4 Infeasible designs

As already mentioned, we are likely to be confronted with infeasible geometries, due to rod intersections, at
some point during our optimisation process. Based on 1,000 randomly generated designs, 99.2% of three bay
and 100% of five bay geometries are infeasible. Even after 5,000 attempts no feasible five bay geometries are
found1. It is clear that finding feasible designs is in fact a key part of our design process. Only a small area of
the multi-variable design space is feasible and our optimisation algorithm must direct the search towards the
optimum of the feasible region(s). First, we consider the possibility of discarding infeasible designs, before
looking at repairing geometries to remove rod intersections.

4.1 Optimisation with missing data

Both GA and statistical model based optimisations are, with minor modifications, well suited to coping with
missing data [3].

A GA is generally initiated with a randomly selected population. In our case this random selection continues
until sufficient feasible designs have been chosen, with infeasible designs discarded. Further populations
are selected based on reproduction, crossover and mutation of promising members of previous populations.
Infeasible offspring are are handled simply by allowing the parent(s) to survive in such cases. The population
is therefore limited to the exploration of feasible regions of the design space. The only drawback is that, in
problems with very high numbers of failures, such as the problem in hand, the population must be sufficiently
large to guard against loss of population diversity otherwise the search may converge on a local optimum.
Initial studies have shown that we do indeed suffer from a loss of population diversity when using this method
and the search progresses very slowly.

When using a statistical model of the design landscape, it is possible to penalise infeasible designs by imput-
ing a statistical upper bound to the objective function of these designs. The search is then diverted towards
feasible designs. This has proved to be a successful method for aerodynamic problems of moderate dimen-
sionality [3]. Here we have chosen not to use statistical modelling for two main reasons. Firstly, the training
of the model becomes too expensive for high dimensional problems (in our experience, > 20 variables)
particularly in comparison with the short run times of the structural dynamics codes used here. Secondly,

1Despite greater than 99.98% of geometries being infeasible, we have, however, managed to produce feasible five bay designs
using the repair process detailed in section 4.2.
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statistical models perform best when there is a strong functional relationship between the geometry para-
meterisation and the objective function (e.g. between aerofoil camber and lift). Here, however, the x,y,z
coordinates of the joints of the structure have no obvious functional link with vibration energy. While a
statistical model based optimisation could be used, it is unlikely to offer time savings on this complex high
dimensional objective function landscape. A GA is more suited to this type of problem.

4.2 Geometry repair

Instead of dismissing infeasible geometries, we choose to modify the positions of the joints in order to create
a feasible geometry similar to the original infeasible geometry. By repairing infeasible geometries, we hope
to limit loss of population diversity in a GA. To repair the geometry we solve the following problem:

min ε =
∑

j

∑

i

(φ− εi,j), (6)

where εi is the distance between the centrelines of rods i and j (calculated using equation 3), and φ is the
distance we are aiming for: the diameter plus a tolerance (here we have used a tolerance of 2.5mm, i.e.
we want the rods to be at least 2.5mm apart). When ε = 0 we have a feasible geometry. To obtain the
closest possible design to the original geometry, we use a gradient descent search with the original structure
as a starting point. Such a search requires gradients ∂ε/∂xi for each variable (i.e. for each x, y, z position
of each joint – x1, x2, ..., x18 for a three bay geometry). To speed up the process, rather than using finite
differencing, the Matlab R©code we use to calculate ε is automatically differentiated using MAD[4]. The
gradient based search used is the BFGS code of Kelly [9]. At the conclusion of the gradient search, the
geometry is not always feasible because, just as the vibration energy landscape is highly multi-modal, the
ε landscape may contain local minima in which the search becomes trapped. We could discard these non-
reparable geometries and follow the scheme outlined in section 4.1, however, if the GA is continued, the
number of infeasible geometries decays gradually as the geometries are mutated, die out, or cross-over to
produce feasible or repairable designs.

This method of repair is performed within a GA based search using OPTIONS [6]. We start with a random
initial population, repair the infeasible individuals, and feed these into the GA. In between each generation
of the GA, where a Darwinian type evolution of mutation and selection based on fitness occurs, we now have
a stage of Lamarkian type learning where infeasible individuals are repaired and the genes (here our binary
coding) are altered accordingly. This hybridisation of a GA and gradient search has been studied by Sóbester
[12] for a single objective. Here, however we are concerned with two objectives: the vibration energy, which
requires a global search using a GA, and the geometry feasibility, requiring a local gradient based search
(BFGS).

The alterations made in order to repair geometries in the initial population may be quite large and the time
taken to perform these repairs is not insignificant, with one intersection check (with gradient calculation)
equivalent to approximately 0.5 function evaluations. However, as the search progresses, the number of
repairs diminishes. Given the very low proportion of feasible designs, the time taken in repair is worthwhile
as the GA progresses well when using this method – as seen from the results in the next section.

5 Results

In this first study of our vibration isolator concept we have performed the GA/BFGS hybrid search on a three
bay geometry. The GA population size is 50 and the BFGS search is run for a maximum of 100 iterations for
each geometry. The best geometry after 100 generations is shown in figure 8. The average energy in the top
three beams of this structure is 1.225×10−8J, which represents a 15dB reduction compared with the regular
structure.
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Figure 8: Optimised geometry.

The progress of the GA is displayed in figure 9, while the level of geometry infeasibility throughout the GA
is shown in figure 10. The value plotted is ε summed over each population. The search has progressed well,
showing almost continuous improvement. We cannot, of course, be sure that the search would not find better
designs beyond 100 generations. With a complex high dimensional problem we will always be concerned
with time constrained design improvement rather than finding a true global optimum. After the first 15
generations, infeasible designs diminish significantly. Note that

∑
ε is of order 10−4m when infeasible

designs are present so, given our 2.5mm tolerance, these designs could in fact be built.

As mentioned already, we are optimising the vibration energy in the final three beams of the structure and
this is shown across the 150-250Hz range for the optimum and regular structure in figure 11. The 21 points
used to calculate our objective function (equation 5) are also shown. Since the objective is based on these
points alone, the optimisation process will favour designs with anti-resonant notches at these points, but with
resonant peaks in other areas. There is some indication of this taking place, although the gap between sample
points is sufficiently small that no large resonant peaks are present.

Displacements for the base and mount joints are shown in figure 12. The average attenuation across the
structure in this frequency range is 8dB.

6 Conclusions

We have shown a successful optimisation of the geometry of a novel passive vibration isolator. This has been
achieved through the use of a GA search to minimise vibration, coupled with a gradient based geometry
repair algorithm. Future work will involve the design of isolators with more bays, which will put an even
greater emphasis on the geometry repair part of the process. We will also be testing the structures to validate
our computational results.
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Abstract 
 
The present paper addresses the problem of force transmissibility, i.e., the relation between transmitted 
and applied forces. In the basic linear vibration theory the ratio between transmitted and applied force is 
usually deduced for the single-degree-of-freedom system, such a ratio being called transmissibility. It is 
also common to deduce the relation between output displacement and a given input displacement and to 
show that both transmissibility expressions so obtained are, mathematically, the same. The authors, in 
previous articles, have extended the transmissibility of displacements to the multiple degree of freedom 
system case, both for periodic and random signals. In the present article the objective is to pursue a similar 
generalization, this time relating two sets of forces, or more precisely, to deduce a formulation that enables 
us to calculate the transmitted forces from a set of applied ones. Such a generalization is achieved, some 
discussion is provided and some simple examples help illustrating the new developments. 

1 Introduction 
The transmissibility, defined as a transformation matrix between two sets of displacements, was first 
presented in 1998 [1, 2]; since then, the subject has been developed by the authors in various articles: from 
the definition of the transmissibility matrix [3, 4], the extension to random vibrations [5, 6] and its 
measurement from experimental testing [7] to some of its possible applications [8, 9]. In all those papers, 
the transmissibility always related displacements – or any other form of response, such as velocity or 
acceleration – among themselves, regardless of the magnitude of the applied loads. The only thing that 
matters about loads is their location: a transmissibility matrix is always defined for a given set of co-
ordinates where loads are applied. 
In the present work, the concern switches from responses to loads and to the way these relate to each other 
to insure dynamic equilibrium. Now, the objective is the establishment of a linear transformation between 
two sets of loads, defining the load transmissibility matrix. 
In this work one shall discuss the conditions underlying the definition of the load transmissibility matrix. 
It will also be shown that this matrix can be obtained either from the receptance or from the dynamic 
stiffness matrices of the structure. 

2 Motivation 
A common industrial problem is the prediction and measurement of the dynamic forces transmitted to the 
ground (or any other supporting structure) when a machine is working. For a single degree of freedom, the 
solution can be found in any textbook, where the transmissibility is defined as the ratio between the 
transmitted load (the ground reaction) and the applied load, for harmonic excitation. 

Now, let the machine be modelled as an MDOF system, as in Fig. 1, where aF  are the applied loads. The 
effect of the supports is to apply a new set of loads, the reactions, bF , as in Fig. 2. 
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Fig. 1: A supported structure with applied loads 
 
 
 
 

 
 

Fig. 2: Structure with applied loads and reactions in dynamic equilibrium 
 
 
Therefore, the problem is to group all the loads applied to a structure into two sets and establish a relation 
between those sets; the displacements at the co-ordinates of one set (the set of the reactions) are 
constrained, so they must be known (possibly zero). Henceforth, these two sets shall be called the “known 
set of loads” ( aF ) and the “unknown set of loads” ( bF ). Naturally, for the reaction evaluation problem, 
the applied loads constitute the known set and the reactions the unknown set. 
Another common problem that can also be addressed using the load transmissibility matrix is the 
estimation of the loads applied to a structure (wind, traffic, earthquakes, etc.) from the measured reaction 
loads. Once the load transmissibility matrix is established between appropriate sets, the measurement of 
the reactions is expected to allow for the estimation of the external loads. 
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3 Theoretical development 

3.1 Load transmissibility from the receptance 

In this paper one shall only consider harmonic forces. 
The relationship between the displacements and the loads in a structure is commonly represented through 
the receptance matrix α: 
    

 
a aa ab

a
b ba bb

b
c ca cb

⎧ ⎫ ⎡ ⎤
⎧ ⎫⎪ ⎪ ⎢ ⎥=⎨ ⎬ ⎨⎢ ⎥ ⎩ ⎭⎪ ⎪ ⎢ ⎥⎩ ⎭ ⎣ ⎦

X

⎬
F

X
F

X

α α
α α
α α

             (1)

   
where: aX  is the set of responses at the set of co-ordinates where the known loads are applied 

 bX  is the set of responses at the set of co-ordinates where there are unknown loads applied 

 cX  is the set of responses at the remaining coordinates 

 aF is the set of known loads 

 bF is the set of unknown loads 

Let the loads bF be the reactions, so that the displacements at the corresponding co-ordinates are zero, i.e., 

b =X 0 ; from (1), it follows that 

 
     ba a bb b= +0 F Fα α               (2)  
 
and one can easily obtain: 
 
     1

b bb ba
−= − aF Fα α               (3) 

 
The load transmissibility can be defined in terms of the receptance sub-matrices as: 
 
     1

bba bb ba
−= −T α α               (4) 

 
The transmissibility, as defined in (4), relates the loads applied to the structure, aF , to the reactions bF , 
where the displacement is zero. 
If the displacements at the co-ordinates of the reactions are not zero, or in the more general case when the 
two sets of loads are not the applied loads and the reactions, but any disjoint sets that encompass all the 
loads applied to the structure, one must rewrite (2) as: 
 
 b ba a bb b= +X F Fα α   (5) 

 
The relationship that can now be obtained between the two sets of loads is: 
 
 (-1

b bb b ba a= − )F X Fα α   (6) 

 
or, using (4) for , bbaT
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 -1
b bba a bb b= +F T F Xα   (7) 

 
which allows for the influence of known displacements at the co-ordinates of the unknown loads (for 
example, the co-ordinates of the reactions) on the transmitted loads. 

3.2 Load transmissibility from the dynamic stiffness 

Assuming a model with a finite number of DOFs, one can write the relationship between the loads (known 
and unknown) and responses through the dynamic stiffness, Z: 
 

      
a

a aa ab ac
b

b ba bb bc
c

⎧ ⎫
⎧ ⎫ ⎡ ⎤ ⎪ ⎪=⎨ ⎬ ⎨ ⎬⎢ ⎥
⎩ ⎭ ⎣ ⎦ ⎪ ⎪

⎩ ⎭

X
F

X
F

X

Ζ Ζ Ζ
Ζ Ζ Ζ

                      (8) 

 
Assuming fictitious loads cF  at the remaining coordinates, (8) can be expanded, becoming: 
 

      
a aa ab ac

b ba bb bc

c ca cb cc

⎧ ⎫ ⎡ ⎤ ⎧ ⎫
⎪ ⎪ ⎪ ⎪⎢ ⎥=⎨ ⎬ ⎨ ⎬⎢ ⎥
⎪ ⎪ ⎪ ⎪⎢ ⎥⎩ ⎭ ⎣ ⎦ ⎩ ⎭

a

b

c

F X
F X
F X

Ζ Ζ Ζ
Ζ Ζ Ζ
Ζ Ζ Ζ

                      (9) 

 
which can be re-arranged as: 
 

      
a aa ac ab

c ca cc cb

b ba bc bb

⎧ ⎫ ⎡ ⎤ ⎧ ⎫
⎪ ⎪ ⎪ ⎪⎢ ⎥=⎨ ⎬ ⎨ ⎬⎢ ⎥
⎪ ⎪ ⎪ ⎪⎢ ⎥⎩ ⎭ ⎣ ⎦ ⎩ ⎭

a

c

b

F X
F X
F X

Ζ Ζ Ζ
Ζ Ζ Ζ
Ζ Ζ Ζ

                    (10) 

 
and defining 
 

                    { } a
e

c

⎧ ⎫
≡ ⎨ ⎬
⎩ ⎭

X
X

X
                            (11) 

 
and 

                    { } a
e

c

⎧ ⎫
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⎩ ⎭

F
F

F
                            (12) 

 
it follows that: 
 

         e ee eb

b be bb

⎧ ⎫ ⎡ ⎤ ⎧ ⎫
=⎨ ⎬ ⎨ ⎬⎢ ⎥

⎩ ⎭ ⎣ ⎦ ⎩ ⎭
e

b

F X
F X

Ζ Ζ
Ζ Ζ

                    (13) 

 
Furthermore, if one assumes that, as in the previous section, the unknown loads prevent any movement of 
the structure at their coordinates, implying that bX  is a null vector, one can write: 
 

                   e ee

b be

e

e

=

=

F X
F X

Ζ
Ζ

                            (14) 
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Eliminating eX , a relation between the two force vectors can be written: 
 

              -1
b be ee= eF FΖ Ζ                             (15) 

 
or, expanding eF  and recalling that  cF  are fictitious loads: 
 

              -1 a
b be ee

⎧ ⎫
= ⎨ ⎬

⎩ ⎭

F
F

0
Ζ Ζ                             (16) 

 
From (16) an expression for the load transmissibility matrix is obtained: 
 
                        (17) -1

bbe be ee=T Ζ Ζ

 
Note that only the columns of  corresponding to bbeT aF  are relevant to the transmissibility between the 
two sets of loads, the sub-matrix . bbaT

This is quite a simple expression and it may certainly be useful in a number of cases, as long as a complete 
discretisation of the structure is available. Note that this formulation implies the knowledge and use of 
matrices that may be quite large. 

4 Numerical example 
Simply to illustrate the application of the concept, a numerical example is presented with its corresponding 
results. The model used for the structure is shown in Fig. 3. External loads are applied at co-ordinates 4 
and 5. Reactions arise at co-ordinates 1 and 2.  
 

 
Fig. 3: Structure model 

 

4.1 Load transmissibility 

The load transmissibility between the two sets of loads – loads at 4 and 5 being known (set a) and loads at 
1 and 2 being unknown (set b) – were computed using both described methods. 
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Equation (4) becomes: 
 

         
1

14 1511 12

24 2521 22
bba
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          (19) 

 
and equation (17): 
 

  

1
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where  
 

         mm mn
bba

nm nn

T T
T T
⎡ ⎤ ⎡ ⎤= =⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦
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           (21) 

 
The results are a perfect match, as expected, and are presented in Fig. 4, as frequency dependent curves. 
  

 
Fig. 4: Comparison between corresponding Force Transmissibility terms computed from 
receptance functions (TH) and dynamic stiffness functions (TZ) 
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4.2 Effect of a displacement at one of the supports 

A study of the effect of a displacement at one of the supports – co-ordinate 1, in this case – was performed 
to illustrate graphically equation (7). The results are shown in Fig. 5. 
 

 
 

Fig. 5: Change of transmitted forces with displacement at co-ordinate 1 
 

5 Conclusions 
A more general load transmissibility approach was introduced, allowing for establishing a linear relation 
between two sets of loads acting upon MDOF systems. This load transmissibility takes the form of a 
matrix. Two approaches were described for the evaluation of this matrix: one from the receptance, the 
other from the dynamic stiffness. The load transmissibility matrix was defined for those cases where the 
displacements at a certain number of co-ordinates were zero. The effect of known, non-zero displacements 
upon the transmitted load was also predicted. A numerical example was presented to illustrate the 
theoretical development. 
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Abstract 
This paper deals with the vibro-acoustic isolation of the rooms used for the daily radio broadcasts. The 
basic studio structure is composed by two rooms divided by a wall with a window. One of the rooms is 
occupied by the anchorman and the other one is dedicated to the broadcast producer. It is very important 
that the room exploited by the anchorman is very well isolated both from the external environment and 
from the room in which the producer works. In the paper it is shown that the isolation does not only 
depends on the studio acoustic design but also on the hosting building structure. In the considered case the 
reinforced concrete floor under the two rooms was particularly sensible to vibration phenomena, allowing 
an anomalous vibration propagation towards the anchorman studio through a mechanical short-circuit. In 
this situation a new isolation between the studio floating floor and the supporting structure had to be 
studied, employing two layers of different materials. 
 
 

1 Introduction 
 
This paper deals with the vibro-acoustic isolation of the rooms used for the daily radio broadcasts. Usually 
the broadcast studio basic structure is composed by two rooms divided by a wall with a window. One of 
the rooms is occupied by the anchorman and the other one is dedicated to the broadcast producer who 
tunes the acoustic parameters and plays the music. 
The anchorman studio should be very well isolated both from the external environment and from the room 

in which the producer works. This is a key point 
in order to guarantee a good acoustic quality 
purging noises which could be not only annoying 
for the anchorman but, in some ways, even for 
the audience. The desired acoustic isolation is 
obtained through a careful design of the room 
geometry and the use of high isolating and 
absorbing materials. Moreover the two rooms are 
built to be suspended from the concrete structure 
of the building to prevent vibrations to propagate 
from one room to the other. 
The authors have been involved in finding a 
solution to a poor isolation problem between the 
two quoted rooms. Particularly the problem was 
that when there was an impact inside the 
producer room there was a consequent noise at 
low frequency (below 300 Hz) in the anchorman 
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Figure 1: Acoustic attenuation (1/3 octave band level 
difference) between the two rooms; higher values 
indicate higher levels of noise suppression 
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room (Figure 1). Tests were made in order to evaluate the degree of acoustic isolation [1, 2, 3] and they 
put into evidence an anomalous transmission in the low frequency field. 
In the beginning the studio structure has been checked in order to find possible unwanted resonances or 
other problems that could bring to the evidenced poor isolation, but the studio was correctly designed and 
the employed materials were all certified in their acoustic properties. 
Further tests have been performed to analyze the way through which the perturbation was able to 
propagate from one room towards the other one. It was decided also to test the isolating properties of the 
floor suspension as some doubts raised on the behaviour of the reinforced concrete floor supporting the 
studio. 
The results given by this first analysis pushed forward to study the solution that will be described in the 
paper. The tests, aimed at the propagation characterization, are summarized in the next paragraph. 
 

2 Propagation characterization 
 
Aim of this paragraph is to illustrate the tests performed to identify the way through which the 
perturbation was able to travel from one studio to the other. 
In order to understand the propagation mechanism it is essential to describe the whole studio structure 
which was, as already quoted, divided into two rooms by a wall with a window; one room was used by the 
producer and the other one by the anchorman. All the walls and the ceiling are covered by acoustic panels 
whose features have been chosen to provide both isolation from the outside environment and minimal 
reflection of the acoustic waves [4, 5]. To the aim of providing an easy way of passing cables between the 
two rooms a floating floor has been employed. The floor panels are supported by a light aluminium 
structure laying on a number of circular feet. Each of the foot is directly supported by the concrete floor 
through a rubber isolating element. Figure 2 shows a sketch of the studio structure highlighting the fact 
that the reinforced concrete floor was continuously connected under the two rooms. 
 

 
Figure 2: Radio studio floor structure 

 
The studio has been designed following all the standard procedures to guarantee the correct acoustic 
isolation, both from a geometric and employed material point of view. As all the isolation panels, doors, 
and glasses were certificated from the manufacturers and the studio construction had been supervised and 
corrected by the project designer, the authors have looked forward to find other possible explications to 
the transmission problem. 
Among the different experimental tests [6] carried out to identify the problem, the one which has shown 
results strictly related to the described situation is an impact test performed on the reinforced concrete 
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floor in the producer room. When the floor was excited with a impact hammer, a microphone, placed in 
the anchorman room, acquired a meaningful noise emission up to about 300 Hz, just in the frequency band 
interested by the anchorman room noise problems. Besides it has been found that the thickness of the 
reinforced concrete floor was quite low allowing for a direct transmission of the vibrations from one room 
to the other. 

In the end it has been concluded that when an 
impact on the ground panels (which happens, for 
example, when a person jumps or heavily walks) of 
the producer room happens, the vibration passes 
through the aluminium structure and the rubber 
blocks towards the reinforced concrete floor which 
starts to vibrate bringing it in the anchorman room. 
This vibration passes again towards the ground 
panels which irradiate sound vibrating [7].  
At this point the attention was focused on the 
isolation properties of the rubber blocks placed 
under the aluminium structure aimed at preventing 
the vibration transmission from the floating floor to 
the concrete and vice-versa. Once again impact 
tests have been performed, hitting the floor with a 

big impact hammer able to transmit energy in the desired frequency range (0-500 Hz). In this case the 
acceleration was measured in two positions, one on the concrete floor, and the other on a supporting foot 
of the aluminium structure, just above the isolating rubber (Figure 3). The authors wanted to understand 
the effectiveness degree of isolation of the rubber blocks. To this aim an averaged transfer function 
between the two accelerometers has been computed (averaging 10 impacts of the hammer). 
Figure 4 shows the computed transfer function in the range 0-600 Hz. It can be seen that an effective 
reduction of the vibrations is achieved above 300 Hz. Below this frequency range the vibration was 
efficiently transmitted by the rubber blocks from one studio to the other and perceived as noise re-emitted 
by the floor panels. 
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Figure 4: FRF amplitude between the accelerometer on the reinforced concrete floor and the one on the 
aluminium structure foot for an impact test on the reinforced concrete floor 

 

 
Figure 3: Measurement set-up 
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The capabilities of the concrete floor in transmitting the vibration is evidenced in Figure 5, where the 
transfer function, computed for the same impact test above mentioned, between an accelerometer placed 
on the concrete floor in the producer room and its equivalent in anchorman studio is presented. 
In the range 0-400 Hz there is no meaningful attenuation of the vibration level, allowing for an efficient 
energy transfer between one studio and the other. This situation is due to the particular configuration of 
the building, the space under the studios was designed to be a car parking area with wide open spaces and 
few concrete columns supporting the floor above, leading to a particularly slender and undamped structure 
sensible to vibration problems. 
An impact on the producer studio floor is therefore transmitted to the concrete structure and from there to 
the floor in the speaker room where it is re-emitted by the floor panels and perceived as noise. 
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Figure 5 Transfer function between the accelerometer on the concrete floor of the producer studio and its 
equivalent placed in the anchorman room 

 
Since for economical, timing and structural reasons it was not possible to consolidate the reinforced 
concrete floor, the authors have thought that the simplest way to obtain the desired isolation was to work 
on the isolating rubber block properties. A laboratory activity was started, aimed at finding materials 
offering better isolating performances than the ones of the adopted rubber, paying particular attention to 
the frequency range under 200-300 Hz [8, 9]. 
Besides the isolation properties, the tested materials had to assure proper resistance to all the mechanical 
stresses they should be subjected to and guarantee proper fire extinguishing properties. So the choice was 
directed to materials usually adopted in the construction process. Tests have been carried out in the 
laboratories of Politecnico di Milano and they will be described in the next paragraph. 
 

3 Laboratory tests 
 
A first series of tests was aimed at studying the frequency response of the rubber blocks used at the radio 
looking for a confirmation of their poor isolating effectiveness under 300 Hz. 
Tests have been carried out on an electro-dynamical shaker able to excite a rubber block of the same 
material and dimension of the ones used in the studios. A key point of the tests was to load the rubber 
block in the same way which happens at the radio. It has been estimated that the ground panels and the 
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aluminium structure cause a static load of about 294 N on each rubber block, which means that a mass of 
about 30 kg loads each block. This has been considered to be one of the essential parameters as the rubber 
materials are highly not linear and their dynamic behaviour depends on how much they are compressed: 
changes to the block loading affect stiffness and damping properties too leading to different frequency 
responses of the structure. 
The mass of people walking and moving inside the studio has not been considered as added to the load of 
the rubber blocks laid on the concrete. This is related to the fact that walking or jumping are a dynamic 
events difficult to be modelled and reproduced [10]; it has been thus preferred to consider the structure 
alone as this was the most repeatable condition. 
 

 
Figure 6: Laboratory measurement set-up 

 
The test set-up is presented in Figure 6; as written above an electro-dynamical shaker has been exploited 
and on its movable part an iron block has been mounted by bolts; this iron block had its first 
eigenfrequency over 600 Hz. The rubber element has been directly laid on the iron block and the load has 
been applied on the rubber thanks to the presence of a small aluminium structure, which role has only 
been dedicated to hold the weights. A couple of piezo-accelerometers have been glued on the big iron 
block and used as feed-back sensors for the shaker controller. One of these two accelerometers (the one 
placed near the small aluminium structure) has also been exploited as the input sensor for the calculation 
of the rubber block transfer function. The small aluminium structure has been designed paying attention to 
its dynamic behaviour, preventing it to modify the global system one; besides its lower part was disc 
shaped and the disc diameter was like the one of the feet of the aluminium structure at the radio. These 
feet were the elements which were just over the rubber blocks at the radio studio and which supported the 
mass of the ground panels and of the aluminium structure. By shaping the aluminium structure, adopted on 
the shaker, just like the frame feet, it was possible to correctly reproduce the situation at the radio having 
the 30 kg mass over the same rubber block area (the same specific load [N/m2] was reproduced in the 
tests). The output accelerometer for the calculation of the rubber block transfer function was placed on the 
inner part of the foot of the small aluminium structure (Figure 6).  
Dynamic tests have been carried out using a swept-sine excitation from 20 Hz up to 600 Hz with a low 
frequency rate (about 1.5 Hz/s) and with a constant acceleration profile of 3 m/s2 (other tests have shown 
that a change of the input acceleration level does not meaningfully affect the results). 

PASSIVE CONTROL OF NOISE AND VIBRATION 3405



100 200 300 400 500 600
0

1

2

3

4

5

6

7

8

Frequency  [Hz]

FR
F 

am
pl

itu
de

 

 

 
Figure 7: Original rubber block transfer function  

 
Figure 7 shows the rubber block transfer function obtained with the above described tests highlighting that 
this kind of rubber block is not able to prevent vibration propagation under about 150 Hz. Besides, looking 
at this graph, it can be seen that the rubber block is not able to provide high vibration suppression at higher 
frequencies too, confirming what was found at the radio studio. The system composed by the rubber block 
and by the aluminium foot can be considered as a sort of one degree of freedom system [11, 12] and its 
eigenfrequency can be seen in Figure 7 at about 100 Hz. A similar behaviour is evidenced by the tests 
performed at the studios. 
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Figure 8: Transfer function measured at the radio studios between the impact hammer (exciting the 
reinforced concrete floor) and the accelerometer placed on the supporting frame foot 
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Figure 8 shows the correspondent transfer function, measured at the radio; a similar resonance frequency 
is evidenced, even if the situation seems worse as the identified frequency is at about 160 Hz. This 
difference can be given by the different constraint conditions imposed by the floating floor above and by 
the connections with the room walls. 
A first try to raise the isolation level was to lower the value of this first resonance. In order to achieve this 
last result a softer material had to be employed as a suspension. The main worries were about the 
resistance of these softer elements to the load and vibrations that they would have been subjected to, 
during their life.  
A Polipren T® (which will be shortened in polipren in the following) isolating panel was tested on the 
shaker adopting the same procedure above described. Results of these tests are shown in Figure 9, in terms 
of transfer function between the two accelerometers. 
The achieved result was satisfactory in terms of value of the first eigenfrequency of the structure. Some 
concerns arisen about the resistance of the panel, so a further solution was tested employing both the 
original rubber and the new polipren in series. This allowed for a better distribution of the load on the 
polipren and for a softener behaviour too. 
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Figure 9: Transfer function of the tested materials 

 
Results for this last configuration are also shown in Figure 9. It can be seen that the found transfer 
function is similar to the one found for the polipren alone and it has been considered satisfactory. A 
decision was taken to test the new solution at the radio studio, repeating the impact tests carried out for the 
rubber. The tests and the results will be shown in the next paragraph.  
 

4 Adoption of the new elastic element at the radio studio 
 
One of the radio studios was equipped with the new isolating elements tested on the shaker. The tests, 
described in Paragraph 2, were repeated in situ for this new solution, providing a number of impacts with 
the hammer on the concrete floor and studying the transfer function between the hammer and the 
accelerometer on the supporting frame foot (Figure 10). 
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Figure 10: Measurements at the radio studio 

 
Figure 11 shows the new transfer function (red line) compared with the original one (blue line). As it can 
be seen, transmission between the two elements has been reduced in the 50-350 Hz range. A new resonant 
frequency seems to appear between 500 Hz and 600 Hz even if at these frequencies the energy introduced 
by the hammer is very low. Some other tests were made putting an accelerometer on the floor panels to 
identify if this new resonance was able to propagate from the concrete floor to them. 
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Figure 11: FRF amplitude between the impact hammer (for an impact on the concrete floor) and the 
accelerometer placed on the aluminium structure foot with the new suspension (polipren + rubber) (red line) 
and with the original one (rubber) (blue line) 

 
A new series of impacts has been given to the concrete to evaluate the transfer function at the floating 
floor level to ensure that the resonance at about 550 Hz was not propagating through the panels. At first 
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the frequency spectrum of the impacts has been computed to ensure that enough energy was transmitted to 
the structure around 600 Hz. 
Figure 12 shows the hammer time history and the frequency spectrum calculated averaging the impulses. 
As it can be seen enough power is transmitted to the floor up to 650 Hz. 
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Figure 12 Impact hammer time history and frequency spectrum. 

 
Figure 13 shows the transfer function between the hammer (for an impact on the concrete floor) and an 
accelerometer placed on the floor panel placed near the impact position. It can be seen that the isolation 
has been improved in the whole considered frequency range apart from the band interested by the 
resonance at about 550 Hz. It has been then decided to repeat the acoustic tests, to check the new solution 
performance. 
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Figure 13 Transfer function between the impact hammer and the accelerations measured at the floor panel 
level 
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Figure 14 shows the acoustic attenuation performance with the two solutions, the original rubber block 
(red line) and the new “wafer” (blue line). A better isolation is achieved at all frequencies apart from the 
500 Hz band. Even if in this band the reached isolation level of 55 dB is considered satisfactory. 
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Figure 14: Comparison between the acoustic transfer function (1/3 octave band level difference) before and 
after the application of the new suspension blocks 

 
The adopted solution guarantees an average improvement of 5-10 dB in the low frequency range, and this 
allows to reach the wanted degree of isolation between the two rooms. 
 

5 Concluding remarks  
 
This study shows that the design of the radio broadcast studios must be considered not only from an 
acoustic point of view: the structural features are very important too (in this case the dynamic behaviour of 
the reinforced concrete floor has been of particular importance). A way to be able to get the desired 
isolation, without difficult and loading actions, has been highlighted simply working on the elastic 
elements supporting the floor. 
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Abstract 
A theoretical method is presented for calculating the absorption coefficient of a multi-leaf microperforated 
panel absorber. In this work, the possibility of using multi-leaf type of microperforated panels without 
solid backing panel is investigated. The number of panels varies from 2 to n (>>2). The sound absorption 
coefficient is calculated based on electro-acoustic analogy by taking the sound transmission coefficient 
due to the absence of solid backing panel into consideration. The optimum performance of leaf 
microperforated panel absorber is also investigated as the function with respect to the design parameters 
such as perforation ratio, diameter of holes and distance between panels. The numerical results show that 
the configuration of leaf of microperforated panels can increase absorption coefficient at low frequency 
region. This fact will give an advantage to the multi-leaf microperforated panel over conventional 
microperforated panel arrangements. That is, to solve the problem of quite narrow frequency band 
absorption effect, especially in mid-high frequency region corresponding to their resonant frequencies, 
that the conventional microperforated panel arrangements inherently possess. Some feasible application 
ideas of the multi-leaf type of arrangement are also presented. 
 
 

1 Introduction 
 

Recently the use of Microperforated Panel Absorber (MPA) as an alternative to the conventional absorber 
is increasing. It has been recognized as a fiber-free nature and attractive appearance. The story of MPA 
started when Maa [1,3,4] first derived the formulas used for MPA and then investigated the potential of 
MPA. Since then its application, improvement and theoretical development of MPA have been studied 
intensively [2,5,6,7,9]. In all of the previous works dealing with MPA, the conventional arrangement of 
microperforated panel (MPP) is considered, until Sakagami et al [8] introduced the double leaf MPP as 
another type of sound absorber. Conventional means that MPP arrangement has to be terminated with a 
hard wall.  In this work the number of panels is extended into n number of panel and the characteristics of 
each arrangement are discussed. Optimum design of this type of arrangement is investigated and some 
feasible application ideas of the multi-leaf type of arrangement are also presented. 

 

2 Basic theory of MPA 
 
The MPP absorbers have a simple structure and absorption characteristics that are exactly predictable. It 
consists of panel perforated with sub millimeter orifices in front of an air cavity. The panel may be made 
of any material such as cardboard, plastic, sheet of metal or wood. Appropriately choosing the parameters 
of the MPP, absorption in certain frequency bands can be obtained using a cavity of a moderate thickness 
without the need of additional fibrous material. This will provide a clean absorbent system. 
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An MPP can be made with distribution of narrow short tubes with hole’s distance that is small compared 
to the wavelength of the impinging sound wave. The propagation of a sound wave in a tube was first 
studied by Lord Rayleigh and then simplified for short tubes by Crandall (see Maa, 1987, 1998). The 
equation of aerial motion in a tube short compared to the wavelength is given by 
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where is the sound pressure difference between the ends of the tube, t the length of the tube (or the 
thickness of the panel), 

p∆

0ρ  is the density of air, η is coefficient of viscosity, and r1 is the radius of the 
holes. The equation may be solved for the particle velocity u, and the ratio of ∆  to the average value of p
u  over the cross-sectional area of the tube gives the specific acoustic impedance of the short tube as 
follows 
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where ωρη 0/4/dk = is the perforate constant defined as the ratio of the orifice diameter, d, to the 
viscous boundary layer thickness of the air in the orifice. J0 and J1 are Bessel functions of the first kind of 
orders zero and one, respectively and ω is the angular frequency. 
Maa [1] introduced approximation formula for equation (2) that holds for all value of k and included the 
end correction factor as 
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with R and X are resistance and reactance part the hole impedance respectively that holds for all value of k. 
The porosity of panel or perforation ratio (σ ) is ratio between total area of holes and total area of panel 
that is  

)/(785.0 22 bd=σ ,  b = separation distance between holes             (5) 

The following equation is used for the specific acoustic impedance of the MPP when normalized by the air 
characteristic acoustic impedance ( cZ oρ=0 ) and porosity of the panel (σ ), 

mjrjxrcZz mmpp ωσρ +=+== )/( 01                 (6) 

where r and j are resistance and reactance part of the panel impedance respectively, c is the speed of sound 
and m is the acoustic mass. 
MPP placed at a certain distance from a solid wall will make it a good sound absorber. The acoustic 
impedance of air cavity with a depth of D behind MPP, normalized by the air characteristic acoustic 
impedance is 

)cot( D
c

jzcavity
ω=                  (7) 

The overall acoustic impedance of MPP and air cavity arrangement will be 

cavitympptotal zzz +=                             (8) 
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Finally the sound absorption coefficient is calculated using the following well-known equation 
2
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3 Electro-acoustic analog circuit 
 
An arrangement of n number of panel is described in figure 1. The numbering for each panel is started 
from the right to the left. The distances between two adjacent panels are D2~Dn consecutively. 
 

d 3
 

d 4
 

d 1
 

d 2
 

d n
 

Dn D4 D3 D2 

MPPn MPP1 MPP2 MPP3 MPP4  

 
 
 
 
 
 

 
Figure 1: Microperforated panel arrangement 

From this configuration one can derive its corresponding electro-acoustic analog circuit as shown in figure 
2. The impedance of the open air at far end of the circuit is written as ZD1. The impedance of each MPP 
consists of real part and imaginary part. The distances between panels D2~Dn have impedances of ZD2~ZDn 
respectively. A plane sound wave of unit pressure amplitude is assumed to be normally incident upon 
MPPn. 

2p

zopen-air

zMPPn zMPP4 zMPP3 zMPP2 zMPP1

zDn zD5 zD4 zD3 zD2 zD1

 
Figure 2. Electro-acoustic analog circuit 
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Using electrical analog circuit, the double leaf MPP absorber can be extended to n number of panels. The 
total impedance of n leaf MPPs at the surface of MPPn will be 
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In this type of configurations, the effect of sound transmission loss has to be taken into consideration 
because the terminating wall does not exist. The sound transmission loss due the absence of the 
terminating wall is given by the following approximation, based on the electrical circuit depicted in figure 
2. The sound transmission loss is determined by the loss in ZD1 that is 
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Finally, the overall sound absorption coefficient of a multi-leaf microperforated panel absorber is 
expressed with 

nntrue TL−= αα                (12) 
 
 
4 Numerical results and discussions 
 

The performance of multi leaf microperforated panel absorber for different configuration is 
discussed below. The proposal to get optimum absorption coefficient is also discussed based on 
the order of panel with uniform or varied perforation diameter and air spaces.  In addition to this, 
some feasible application is also presented. 
 
 
4.1 Double-leaf MPP 
 

The study is started from two-leaf MPP with diameters vary between 0.3mm, 0.35mm, 0.4mm, 
0.45 and 0.5 mm with holes’ separation distance of 3mm. These values correspond to the 
perforation ratio of 0.79%, 1.07%, 1.4%, 1.77% & 2.18% respectively. The distance between two 
MPPs was set from 10 mm to 60 mm. The first investigation is carried out with two identical 
MPPs. The results of these arrangements are depicted in figure 3. 
 
One can observe from figure 3 that two-leaf MPP will give a quite high (up to 0.5) value of sound 
absorption coefficient at low frequency region. This fact is an advantage of this type of MPP 
absorber compared with the conventional one. It is also observed that the value of sound 
absorption coefficient will increase with the increase of the distance between panels but the peak 
of sound absorption coefficient will be shifted to lower frequency region. In the numerical 
example above, the value of sound absorption coefficient will increase when the hole’s diameter 
of the panel increases from 0.3 mm to 0.35mm. After that the value of sound absorption 
coefficient will be decreasing correspondingly. 
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Figure 3. Effect of air space’ separation on sound absorption coefficient of two leaf MPP  
 
Sound absorption coefficient when the two MPPs are not identical is shown in figure 4. Figure 4a shows 
the results when the left-hand side panel (MPP2) is kept constant with diameter of 0.3mm meanwhile the 
right-side panel (MPP1) varies in diameter from 0.3 mm to 0.6mm.  
The result of the opposite arrangement of the two panels, i.e. MPP1 is kept constant and varied MPP2 is 
shown in figure 4b. It is noticed that the order of panel plays important rule to get optimum sound 
absorption coefficient. In general, to get a better sound absorption coefficient, the panel with higher 
perforation ratio has to be placed close to the noise source. These phenomena can be explained by the fact 
that if the right-hand side panel has smaller perforation ratio, it will give higher impedance for the sound 
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to pass through the panel resulted in smaller sound transmission loss, i.e. higher sound absorption 
coefficient. 

                                 (a)                                                                   (b) 

Figure 4. Effect of panels’ arrangement on sound absorption coefficient of two-leaf MPP 
 

4.2 Three-leaf MPP 
 
For three-leaf MPP, the investigation is firstly carried out with all three identical MPPs 
(MPP1=MPP2=MPP3). Here the effect of the order of the air distance between panels is studied. The 
distance between MPP3 and MPP2  (D3) and the distance between MPP2 and MPP1 (D2) are 
interchanged while the total distance is maintained the same or constant. The results of such 
configurations are shown in figure 5. Figure 5a shows the results when the distance of panels closer to the 
noise source (D3) is constant and that one far from noise source (D2) is varied. The results of the opposite 
arrangement are depicted in figure 5b. 

                                 (a)                                                                         (b)     

Figure 5. Effect of airspace’s order on sound absorption of three -identical -leaf MPP  
 
It can be noted from figure 5 that the order of airspace between MPPs does affect the value of sound 
absorption coefficient. If the air space that is closer to noise source (D3) is smaller than that far from the 
noise source (D2) or D3<D2 (see figure 5a), the peak value of absorption will be smaller compared with 
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the opposite arrangement but it has wider frequency band. The sound absorption of the opposite 
arrangement (D3>D2) will give higher peak of sound absorption over lower frequency region, but the 
frequency band is narrower. It is also noticed that overall sound absorption shifted to lower frequency 
region. 
In figure 6 three panels with all possible arrangements of panels are depicted. Figure 6a and 6b show the 
results for the total width of 60mm and 40mm respectively. 

 
             (a)                                                                   (b) 

Figure 6. Effect of panels’ arrangement on sound absorption of three-different-leaf MPP 
 
Both figures show that in order to get the best value of sound absorption the order of the panel, in term of 
hole’s size or perforation ratio, should be in “big-smaller-smallest” order or d3>d2>d1. The reason for 
these phenomena is the same with the case of double-leaf MPP. In addition, the shift in frequency region 
is also noticed which is the same with the phenomena found in conventional arrangement of MPP. 
 

4.3 Four-leaf MPP 
 
The panels used on four-leaf MPP have diameter of 0.3mm, 0.4mm, 0.5mm and 0.6mm. All possible 
arrangements of these panels were investigated. The total distance between panels is set constant and the 
same for each adjacent panel, which is 20mm. From four-leaf MPP, there are 24 possible arrangements of 
panel. In figure 7, two curves correspond to the configurations that give optimum and minimum sound 
absorption coefficients are shown. 

 
Figure 7. Effect of panels’ arrangement on sound absorption of four-leaf MPP 
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The optimum sound absorption can be achieved with the same method shown in three-leaf MPP, i.e. by 
putting the panel with highest diameter (highest perforation ratio) close to noise source and the next 
remaining panels should be smaller and smaller in diameter (d4>d3>d2>d1). Other all-possible 
arrangements will give various results but the results are still within the two curves shown in figure 7. 

Meanwhile, in figure 8, the effect of airspace between panels is presented. Figure 8a shows the result for 
the panels with diameter varies from 0.6mm to 0.3mm (the same with arrangement of panels that give the 
best value as shown in figure 7) and figure 8b shows the result for uniform (d4=d3=d2=d1=0.3mm) panels. 
One can observe that the order of airspace give almost the same effects as shown for three-leaf MPP. The 
results from other panels’ size also show the same effect. From figure 8b one can clearly notice the effect 
of airspace’s order to sound absorption coefficient. If the airspace closer to the noise source is bigger than 
the remaining airspaces, i.e. D4>D3>D2, the peak of sound absorption (shown with green line) will be 
higher with the compensation of a narrower frequency band. Conversely, the airspace with order of D4< 
D3<D2, the sound absorption peak will be lower (shown with magenta line) but it has wider frequency 
band. As can be seen from figure 8a, for the frequency range up to 2500Hz, the highest sound absorption 
can be achieved when the distances between panels are the same (D4=D3=D2) and the arrangement of 
panels from left to right is in order of d4>d3>d2>d1 (shown with black line) 

 
(a)                                                                      (b) 

Figure 8. Effect of airspace’ order on sound absorption of four-leaf MPP 
 

From the studies carried out in this research, it is proved that leaf MPP is a promising new type of 
absorber. Since a multi-leaf MPP can work effectively as sound absorber for sound incidence from both 
sides, it can be used effectively as a space absorber, e.g., as suspended absorber or as a working space 
partition in offices, workshops or hospitals. In many engine enclosures, when a heat release is also a 
concern in addition to the noise attenuation, this type of absorber will be of help. This type of absorber 
could be applicable also for tunnel partition on the track of subway train. 
 

5 Conclusions 
 
Multi-leaf MPP has been studied theoretically. The studies proved that multi-leaf MPP (MPP without 
solid backing wall) can give addition sound absorption especially in low frequency region in addition to 
the clear peak as given by the conventional one. The optimum absorption coefficient in terms of high 
value and wider frequency range can be achieved by putting panel with bigger perforation ratio closer to 
noise source. The orders of the cavity between panels also affect the sound absorption, but the effect is not 
as significant as the order of the panel has. This type of absorber can be an advantage when the attenuation 
of lower noise is also of interest, and in addition, absorption from both sides is also possible.  
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Abstract 
An arrangement of Helmholtz resonators (HRs) used for the passive control of sound 
transmission through a double wall partition is investigated.  By using the modal expansion 
method, the partitions walls, acoustic cavity field as well as Helmholtz resonators are described 
by a set of partial differential equations, leading to a full analytical model. The Helmholtz 
resonator sound transmission control mechanism is based on adding damping to the acoustical 
resonances of the cavity inside the double wall partitions. Firstly, a method to compute optimal 
damping ratios for the whole arrangement of Helmholtz resonators guaranteed broadband 
improvement of sound isolation is presented. Secondly, due to the strong coupling between the 
cavity acoustic modes and structural modes of the partition walls around the mass-air-mass 
resonance frequency, tuning the Helmholtz resonators exact to the mass-air-mass resonance 
frequency cannot guarantee improvement on transmission loss. Optimal natural frequencies of 
Helmholtz resonators were found as a solution of optimization problem with a global cost 
function defined as frequency averaged sound transmission loss in the desired frequency range 
(around mass-air-mass resonance frequency). Finally, some simulation results are presented. The 
simulation results confirm that using optimally tuned arrangement of Helmholtz resonators the 
sound transmission loss of a double wall partitions can be improved significantly in the desired 
frequency range. In presented case an overall improvement 8 dB in the 50 – 150 Hz band is 
obtained by using 1 resonator (requiring only 2.8% of the double plate cavity volume), and a 10 
dB improvement obtained by using 3 resonators (requiring 8.4% of cavity volume). 
 
 

1 Introduction 
 
    Double wall partitions provide good sound insulation and are widely used in noise control applications. 
However, the acoustic performance of such structures deteriorates rapidly at low frequencies around the 
mass-air-mass resonance (double structures resonance). Here it can become even poorer than that of a 
single plate [1, 2]. One possible improvement is by means of active control [1 ~ 7]. However, some 
unresolved problems seriously compromise efficient real active control systems. One problem is the 
internal complexity of the double wall partition which makes the implementation of standard control tools 
difficult. Additionally, real boundary conditions introduce non-uniform damping, which can reduce the 
robustness of control system. Thus, technical solutions based on active control still have to be improved.   
    Another possible solution is to apply an arrangement of optimally tuned Helmholtz resonators (HRs) to 
increase the acoustical damping level inside the cavity between the double plates. The Helmholtz 
resonator is one of the most common devices for passive control of noise at low frequencies. The 
Helmholtz resonator is very efficient in controlling the noise over a narrow frequency band and has been 
applied successfully in many acoustic enclosures [8 ~ 10]. Fahy [8] first investigated the interaction 
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between a single HR and an acoustic mode in an enclosure. Esteve et al. [9] presented theoretical 
and experimental studies on reducing the interior acoustic levels in a cylindrical enclosure using 
HRs. Mason et al. [10] proposed to control sound transmission through an infinite double plate 
using HRs. In these references, the HRs were tuned to the natural frequency of the target mode. 
This implies implicitly that the HR minimises the response of a particular mode; the HR’s 
influence on the neighbouring modes is neglected. This methodology could work well for an 
infinite double plate system [10]. However, in general, a finite double plate system is more 
complex than an infinite system and requires some analytical improvements. In particular, the 
optimal tuning of a single HR or an arrangement of HRs are intended to increase the sound 
transmission loss within a selected frequency range. This range is usually located around mass-
air-mass resonance frequency. In this paper, passive control of the sound transmission through a 
finite double wall partition using optimally tuned HRs is presented. First of all, the governing 
equations of a fully coupling structural-acoustic-HRs system by modal coupling method are 
established; further, analytical and numerical investigations of the performance of the HRs 
parameters are discussed and the optimally tuned natural frequency and damping ratio of HRs are 
discussed in detail; finally, some useful conclusions are drawn and illustrated by calculations. 
 

2 System modeling 
 
    Fig. 1 presents a model used to describe the vibratory behaviour of a double wall partition. Two 
monolithic plates (plane, parallel, same finite size) of length Lx and width Ly, denoted by incident plate and 
radiating plate are located in a rigid framework and baffled in an infinite rigid wall. The incident plate is 
set to be at z = 0 and the radiating plate at z = Lz. A system consisting of DHR  Helmholtz resonators is 
assumed to be attached outside of the cavity and couple with the cavity fluid at the boundary of the 
structures. Assume that the normal displacement of the incident plate is positive inward, the normal 
displacement of the radiating plate and on the throat of HRs are positive outward. 
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                                    (a)                                                                        (b) 

Fig. 1  Double wall partition with HRs. 

(a)  Double plate structure; (b) The coordinates for double plate system 
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    The vibration of the incident plate and radiating plate are governed by the following equation [1] 
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where wI and wR are the flexural displacement of the incident and radiating plates, respectively. 
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 pext is the external sound pressure on the incident plate (random incident wave in this case). p is the cavity 
sound pressure. The superscripts I and R denote the incident plate and radiating plate, respectively. h is the 
thickness of plate. E is the Young’s modulus of the plate. ν is the Poisson's ratio of the plate. ρs is the 
density of the plate. 
    The acoustical field of the cavity is composed of contributions from the vibration of the incident plate 
and radiating plate, and HRs. Since there is no source in cavity, the acoustic pressure p in cavity satisfies 
the Helmholtz equation [11] 
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where ρo and co are the density and sound speed of the air, respectively. n  is the positive outward normal 
component.  and  are the volume velocity and the cross sectional area of the neck of the dth HR at 
location r

d
HRY d

HRS
d, respectively. 

    A HR is principally composed of a volume of fluid (air, in this case) and a cylindrical neck that 
connects the fluid to the cavity of the double wall partition, as shown in Fig.1. The air in the neck can be 
considered as a lumped mass moving in the neck. This motion of air in the neck causes slight fluctuations 
in the internal pressure. Thus the volume of air inside the resonator can be considered to act as a spring. 
Together these two form a single degree of freedom (SDOF) system having one natural frequency. The 
volume velocity due to the dth HR can be expressed as 
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 where pd is the pressure on the throat of the dth HR. , ,  and  are the cross sectional area 
of the neck, enclosure volume, damping due to viscous effects, and the effective length of the neck, 
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respectively.  is used for a cylindrical neck [11], and  and are the length and 

radius of the neck. 
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    The displacement distribution of the plates and the cavity pressure can be represented by a series of 
expansions [2, 11] 
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where ηm and Pn are the mth plates modal coordinates and the nth sound pressure modal coordinates, 
respectively. Φm(x, y) and  (k = I, R) are the uncoupled structural mode shape and corresponding 

natural frequency. m = (m

k
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x, my) denotes the index of structural mode in x and y axis.  and  
are the uncoupled acoustic mode shapes and the corresponding natural frequency. n = (n
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x, ny, nz) denotes 
the index of uncoupled acoustic modes in the x, y and z axis, respectively.  
    Substituting Eq.(6) ~ (9) into Eq.(1) ~ (3), and taking into account the viscous damping terms, the 
complete set of equations for the double plate system with HRs is as follows 
    (a) For the incident plate 
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    (b) For the radiating plate 
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    (c) For the cavity pressure 
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where  is the mth generalised modal force due to the exciting incident random wave. ,  and 

 are the modal damping ratio of the incident plate, radiating plate cavity, respectively. V is the volume 
of the cavity between the double plates. 
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Eq. (10-12) can be combined in matrix form after derivations [12]. The whole procedure leads to three sets 
of coupled equations, which describe the vibro-acoustic behaviour of the coupled system with HRs. 
 

3 Sound transmission loss 
 
    Assume the radiating plate is divided into M elements with equal area. The vector of normal velocities 
of each of these elements is denoted as vR, the sound power of the radiating plate can be expressed as [13] 

                                                                                                                              (16) [ ] RHR
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where superscript H denotes the complex conjugate transpose. The matrix R is a M × M radiation 
resistance matrix [13]. 
    The sound transmission loss TL is defined as the sound power incident on the incident plate divided by 
the sound power radiated by the radiating plate.  
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   For a random incident wave, the incident power Winc will be averaged over the incident angle range. The 
random incident power Winc is defined as 
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    Note that this assumes the incident power data is discrete over the incident angle range. The random 
incident power is a linear average of the different incident plane waves.  
    Many of the results quoted in the following sections will be expressed in terms of the frequency 
averaged transmission loss, defined as 
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where [ω1, ωN] is the frequency range of interest. 
 

4 Calculation results 
 

4.1 Bare double wall partition response to random incident wave 
 
    The previously developed analytical formulation is applied to a double wall partition whose geometry 
and physical properties of a double plate system are listed in Tab. 1. The uncoupled structural natural 
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frequencies of the incident/radiating plate and the uncoupled acoustic natural frequencies of the cavity are 
listed in Tab. 2.  
 

Parameters Incident plate Radiating plate Cavity between plates

Dimension (mm) 
Length(Lx)*width(Ly)*thickness(h) 

1067 * 670 * 3.2 1067 * 670 * 3.2 1067 * 670 * 82 

Density (kg m-3) 2100 2100 1.239 

Young’s modulus (N m-2) 65 * 109 65 * 109  

Poisson ratio 0.22 0.22  

Modal damping ratio 0.005 0.005 0.005 

Sound speed (m/s)   340 

Boundary conditions Simply supported Simply supported  

Tab. 1  Geometry and physical properties of double plate system 

 

Structural modes Acoustic modes  

Mode index Natural frequency (Hz) Mode index Natural frequency (Hz) 

1 (1, 1) 25.70 (0, 0, 0) 0 

2 (2, 1) 47.51 (1, 0, 0) 159.33 

3 (1, 2) 81.01 (0, 1, 0) 253.73 

4 (3, 1) 83.86 (1, 1, 0) 299.61 

5 (2, 2) 102.82 (2, 0, 0) 318.65 

6 (4, 1) 134.74 (2, 1, 0) 407.33 

7 (3, 2) 139.16 (0, 2, 0) 507.46 

8 (1, 3) 173.19 (1, 2, 0) 531.89 

9 (4, 2) 190.04   

10 (2, 3) 194.99   

11 (5, 1) 200.16   

12 (3, 3) 231.34   

    Tab. 2 The natural frequencies of uncoupled structural modes and acoustic modes 
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Assume the double wall partition is excited by a random incident wave of 1Pa amplitude. The plate 
response due to a random incident wave is presented in the Appendix. Figure 2 presents the sound power 
transmission loss for a single plate compared with double plate partition for the same random incident 
wave excitation. Since the plates are of the same thickness, at 24 Hz (the natural frequency of (1, 1) 
uncoupled structural mode), the plates move in phase and the cavity modes are hardly excited. The small 
improvement on sound transmission loss at that frequency is due to the extra mass of the air in the cavity. 
At high frequencies, there is an overall improvement of sound transmission loss due to the introduction of 
the second plate. However, the double plate system still has relatively poor sound insulation at certain low 
frequencies due to effective coupling of the structural modes and acoustical modes in the sound field. The 
sound transmission performance is the poorest at the mass-air-mass resonance (105 Hz). In the following 
sections, we focus on the improvement of the sound transmission loss in the  frequency range from 50 Hz 
to 150 Hz using an arrangement of HRs. 

 

Fig. 2  Sound transmission loss TL for both a single plate and double wall partition (without HRs) 

 

4.2 The optimal damping ratio of HRs 
 
    Assume there are four HRs with the same volume attached to the double wall partition, the throat 
locations of HRs are (Lx/2, 0, Lz/2), (Lx/2, Ly, Lz/2), (0, Ly/2, Lz/2) and (Lx, Ly/2, Lz/2), respectively. 
The volume of each HR is 1.6×10-3 m3 (2.8% of the double plate cavity volume). The behaviour of the 
HRs is as follows. Assume the natural frequency ωHR of a slight damped HR is tuned to the double plate 
mass-air-mass resonance frequency ωMAM, such that it splits the resonance of the system into two new 
resonances of the similar amplitude on either side of ωMAM. The larger the volume of the HR, the further 
apart are the two new resonances of the coupling system. By adding damping to the HRs, both new 
resonances are well damped and significant broadband attenuation can be achieved. Fahy et al. [8] derived 
an optimal HR damping ratio as a solution of 
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where ( )
V

Vzyx HR
n 000

2 ,,Ω=ε ; ζn is the nth damping ratio of cavity mode,   Around the mass-air-mass 

resonance frequency, the sound transmission of the double wall partition is due to the (0, 0, 0) cavity 
mode, so subscript n = (0, 0, 0) is used in Eq.(21).  
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    Figure 3 shows the effect of the damping ratio of the HRs on sound transmission loss where the HRs are 
tuned to the mass-air-mass resonance frequency of the partition. If the damping is too high, the HRs 
become uncoupled with the structural–acoustic mode and no longer dissipates energy effectively. 
Alternatively, if smaller damping effects are added, the two new modes are both fairly lightly damped. 
This results in very effective narrow-band absorption. However, broadband attention is desired in most 
applications. The optimal damping ratio, which is calculated using Eq.(34), will be used in the following 
studies.  
 

 

Fig. 3 The sound transmission loss TL for different damping ratios of HRs. (4 HRs used, natural 
frequency of HRs is the same as the mass-air-mass resonance frequency). 

 

4.3 The optimal tuned natural frequency of HRs 
 
    In previous research [8 ~ 10], the HRs were tuned to the natural frequency of the target mode to 
minimise the response of a particular mode and the HR effect on the neighbouring modes was neglected. 
Due to the strong coupling between the cavity acoustic mode and structural modes around the mass-air-
mass resonance frequency, tuning the HRs to the mass-air-mass resonance frequency cannot guarantee 
that the improvement on transmission loss TL is maximised  over a reasonably wide frequency range (50 – 
150 Hz in this case). To obtain the optimal tuned natural frequencies of HRs, we use the frequency 
averaged sound transmission loss TLavg as the global cost function, i.e.: 

               ( ) avgHRHR TLf =...,,max 21 ωω   subject to Hz150...,,Hz50 21 ≤≤ HRHR ωω                          (22) 

    First of all, these HRs are tuned to the same natural frequencies. Fig. 5 shows the sound transmission 
loss improvement integrated over the entire frequency bandwidth as a function of the HRs tuned natural 
frequency. It is clear that the maximum transmission loss improvement does not occur at the mass-air-
mass resonance frequency. For example, the optimal tuned natural frequency is 95 Hz when 3 HRs are 
employed, and 101 Hz for 4 HRs. 
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Fig. 4  The improvement of TLavg as a function of the HRs tuned natural frequency. (Circle marks: 
the optimal tuned natural frequencies for each case)  

 
    Assuming that the natural frequencies of applied HRs are different, for large numbers of the HRs the 
cost function in Eq. (22) becomes hyper-dimensional and is difficult to visualise. For simplicity, only three 
simple cases are presented, namely where (a) HR1 and HR2 are employed and their natural frequencies 
are different; (b) HR1 ~ HR3 are employed and the natural frequency of HR3 is different from the others. 
(c) 4 HRs are all employed and the natural frequency of HR4 is different from the others. The results are 
shown in Fig. 5  ~ Fig. 7. Fig. 5 shows that the improvement in the frequency averaged transmission loss 
TLavg has three localised maxima (ωHR1 = 71 Hz and ωHR2 = 105Hz; ωHR1 = 105 Hz and ωHR2 = 71 Hz; ωHR1 
= ωHR2 = 108 Hz). In Fig. 6, the improvement of the TLavg has one maxima (ωHR1-2 = 103 Hz and ωHR3 = 70 
Hz). Finally, in Fig. 7 there are also two localised maxima (ωHR1-3 = 95 Hz and ωHR4 = 114 Hz; ωHR1-3 = 
102 Hz and ωHR4 = 70 Hz). These results also show that the optimal natural frequencies of HRs can be far 
removed from the mass-air-mass resonance frequency. Furthermore, comparing Fig. 8 with Fig. 5, it is 
clear that using multiple optimal natural frequencies of HRs one can obtain a 2 dB improvement for 3HR 
case. 

    Recalling Fig. 5 ~7, it is seen that if the natural frequencies of HRs deviate by Hz from the optimal 
ones, the performance of HRs will only drop by 1 dB. This means that the HRs can withstand an 
uncertainty in conditions (i.e. temperature changes, boundary conditions which change slightly). This is 
important for practical applications.  

5±

    As explained previously, the HRs sound transmission control mechanism is based on adding damping to 
the mass-air-mass resonance. The performance of HRs must be directly related to the acoustic and 
structural damping initially present in the double wall partitions. Tab. 3 shows the acoustic and structural 
damping effect on the performance of HRs. As expected, the higher the damping ratio of the plates, the 
less is the improvement of TLavg which can be obtained. However, the damping ratio of the cavity has 
minor effect on the performance of HRs. This is because the mass-air-mass resonance is almost 
independent of the cavity damping. 
    In the examples discussed so far, only the random incident wave has been considered. Now, the 
performance of optimal tuned HRs is evaluated for the different incident angles of the incident plane 
wave. The results are listed in Tab. 4. It is clear that the performance of the HRs is stable for different 
incident plane waves. 
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Fig. 5  Contour plot showing the improvement of TLavg as a function of both HR1 and HR2 tuned 
natural frequencies.  

 

Fig. 6  Contour plot showing the improvement of TLavg as a function of both (HR1, HR2) and HR3 
tuned natural frequencies.  

 

Fig. 7  Contour plot showing the improvement of TLavg as a function of both (HR1, HR2, HR3) and 
HR4 tuned natural frequencies. 
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Cavity damping ratio 50-150Hz improvement 
(dB) 0.5% 1% 5% 10% 25% 

0.5% 10.3 10.2 10.2 10.0 9.6 

1% 8.8 8.7 8.6 8.4 7.8 

3% 4.6 4.6 4.5 4.5 4.5 

Structural 
damping 

ratio 

5% 2.2 2.2 2.2 2.1 2.0 

Tab. 3  The improvement of TLavg with different initial cavity and structural damping ratios (4 HRs)   

 

Incident angle 50-150Hz 
improvement (dB) (0, 0) (8/π, 8/π) (4/π, 4/π) (3/π, 3/π) 

HR1 8.2 8.2 8.0 8.0 

HR1,2 8.7 8.6 8.5 8.4 

HR1,2,3 10.4 10.3 10.2 10.2 

HR1,2,3,4 10.9 10.8 10.7 10.7 

Tab. 4  The improvement of TLavg for incident plane wave with different incident angles. 

 

5 Conclusions 
 
This paper presents the control of sound transmission through a double wall partition using Helmholtz 
resonators coupled to the cavity. Using the modal method, the double plate, acoustic cavity field as well as 
HRs were analysed, leading to a complete structural-acoustic-HRs analytical model. The simulation 
results show: (1) Tuning the HRs to mass-air-mass resonance frequency does not guarantee the best 
possible improvement of the sound transmission loss. (2) The improvement of the sound transmission loss 
is not proportional to the number of HRs, i.e., the performance using two HRs is the same as using one 
HR; (3) As to multiple HRs, there may be several optimal natural frequencies (tuning frequencies); (4) 
The HRs applied are robust  for different angles of incidence of a plane wave. (5) Using optimally tuned 
HRs the sound transmission loss can be improved significantly, i.e., an overall improvement 8 dB in the 
50 – 150 Hz band is obtained by using 1HR (only 2.8% of the double plate cavity volume), and a 10 dB 
improvement obtained by using 3 HRs (8.4% of cavity volume).  
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Abstract 
A numerical simulation of the dynamic behaviour of the system is surely a convenient means to perform 
preliminary testing of a diagnostic system, to support the interpretation of experimental results and to 
investigate on a wider range of operating conditions and defects. In this work the gear overall stiffness was 
evaluated statically as function of the gear angular position by means of FE models of the mating wheels 
and gear structure, taking into account the deformation of the teeth under load and the presence of a tooth 
crack of different length and at different locations. The so calculated stiffness was then employed to 
simulate the gear transmission dynamic behaviour in steady conditions with a lumped non-linear model in 
a Matlab/Simulink environment. Standard and non-standard diagnostic vibration indicators have been 
calculated for the synchronously averaged virtual acceleration signal of the progressively faulted gear in 
order to compare their effectiveness in fault identification. 
 
 

1 Introduction 
 
The experimental activity aimed at validating diagnostic methodologies can be particularly expensive in 
terms of test length, if a defect is followed in its evolution from initial growth to failure, or in terms of 
artificially faulted samples. A numerical simulation of the dynamic behavior of the system is surely a 
convenient means to perform preliminary testing of a diagnostic system, to support the interpretation of 
experimental results and to investigate on a wider range of operating conditions and defects.  
In the literature a number of papers on mathematical models to simulate the operation of gears can be 
found, from simple dynamic factor models to complex geared rotor dynamics models. For a review refer 
to [1]. As regards faulty gears, much effort has been spent in studying and developing vibration-
processing techniques for fault detection [2, 3]. Typical gear faults (pitting, cracks and spalls) produce 
modulation of vibration signal and affect primarily sidebands [4]. In the analytical dynamic models faults 
have been taken into account by means of suitably modified periodic functions describing the transmission 
error [5], and modified meshing gear teeth stiffness. In particular it is worth mentioning the work of [6, 7] 
where the variable tooth stiffness throughout the mesh cycle has been modeled using finite element 
analysis (FEA), including a tooth crack, a spall, and the effects of friction forces at the meshing interface. 
Simulations on gear models with defects due to pitting and wear have given indications on the influence of 
the defect size and location and different diagnostic techniques have been tested on the model [8].  
As regards cracked gears, fracture mechanics has been used to study crack propagation and predict 
residual life of gear [9] but the problem seems to be crack size estimation. A feed-forward neural network 
using multiple gear condition indices was used in [10] while in [11] faulty tooth compliance was identified 
by the gear dynamic response and then crack size estimated by its relationship with tooth compliance 
established by FEA. 
In this work a lumped parameter model was developed on the basis of FEA results on meshing gear teeth 
stiffness, including a tooth root crack. The gear system dynamic behavior was simulated taking into 
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account the shaft and support stiffness and the mass of the various connected elements. In a previous work 
the authors compared the simulated signals of this virtual test bench with the experimental ones obtained 
on a real test bench [12] for a progressively growing crack.  
In this paper different crack sizes and locations are considered. Simulations were carried out to study the 
features of the vibration signals of the different faulty gears and to test different diagnostic indicators in 
order to obtain some criteria to distinguish size and location of tooth cracks by vibration signal analysis. 
Since the investigation is aimed at supporting the experimental activity, the simulation parameters were 
chosen in typical experimental ranges. 
 

2 Dynamic model 
 
The lumped parameter dynamic model shown in Fig.1 is made of two rigid bodies that represent the two 
mating wheels, including their shafts and bearings. Their inertia characteristics (mass and inertia 
moments) were determined by means of a solid modeling software. The lumped stiffness and damping 
coefficients of the supporting structure (Fig.1) were tuned in a previous work by comparing the model 
response with that of a real test bench, in the case of a faultless gear.  
The model has 4 degrees of freedom (dof) that are the rotation and translation of the two wheels. In the 
real test bench accelerometers are placed on the gear shaft bearings usually oriented in the direction of the 
gear line of action. Therefore the translation dof was taken in such a direction so as to get simulated results 
that can be directly compared with experimental ones.  
 

 
Figure 1: 4 dof model of gear system 

 
The differential equations describing the dynamics of the system are the following,  
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where J1, J2, m1, m2 are the inertia moments and masses of the two gears, r is the pitch radius, ms is the 
support and structure reduced mass, Kt is the meshing stiffness, Kx and Cx are the support stiffness and 
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damping coefficients. θ1 and θ2 are the angular displacements of the two gears, while x1 and x2 the linear 
displacements of their centers in the direction of the gear line of action. Mmot is a constant torque applied to 
the driving wheel while a resistant torque varying with the square of the angular speed is applied to the 
second wheel. In this way steady conditions were reached after a few revolutions of the gear. The 
corresponding load coefficient c was chosen so as to obtain the desired steady angular speed with the 
applied torque.  
 

2.1 FEM model of the gears and defects  
 
The gears were modeled in a simplified way that is they were considered as 2D bodies and only the 
meshing teeth were modeled so as to have mesh refinement only where needed (Fig.2). Plane strain finite 
elements having the gear thickness were used while the contact between teeth was modeled with contact 
elements, neglecting friction. 
 

1

13
23

                                                                                 
Figure 2: FEM model and detail of the gear mesh with a cracked tooth 

 
The gear meshing was simulated for a defined operating load condition, by applying an angular 
displacement to the driving wheel with the second wheel axis constrained in a defined angular position. 
Such an imposed displacement first brings the gears into contact and then pushes one against the other in 
order to reach the required applied or reaction torque with a tolerance of 10%. The gear meshing stiffness 
Kt was determined statically, on the basis of FEA, as the ratio of the applied torque on the driving wheel 
and the relative angular displacement of the two wheels due to tooth bending as function of the gear 
angular position θ.  
The dynamic effects related to tooth vibration modes were neglected since they are related to frequencies 
much higher than the typically observed vibration range. 
The gear taken as reference has the geometric characteristics listed in Table 1. The two meshing gears are 
identical.  
 

Pitch diameter (mm) 140 Contact Ratio 2.166 
Modulus (mm) 1.75 Correction (mm) -0.168 
Number of teeth 80 Driving Torque (Nm) 500 
Pressure angle (°) 22.5 Angular speed (rpm) 12900 

Table 1: Gear geometric characteristics and operating conditions 
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A fracture on the active flank of a tooth of the driving gear was modeled by subtracting a very thin 
triangular slice from the tooth model so as to alter the tooth contact zone as little as possible. Since stress 
was not the object of the present investigation there was no need for the FE mesh to be particularly fine. 
 

2.2 Meshing stiffness function 
 
The meshing stiffness is actually a non-linear function of the applied load. However, if the driving torque 
is kept constant and the effect of dynamic loads and vibrations is negligible, the actual stiffness can be 
approximated with the static stiffness corresponding to the specific driving torque. As shown in Fig.3 the 
meshing stiffness is a periodic function of the rotation angle with a period equal to 4.5°, corresponding to 
360°/80, where 80 is the number of teeth; the stiffness reaches its highest values when 2 teeth are engaged 
while the two lower peaks correspond to the engagement of 3 teeth. 
A series of FE analyses were carried out to determine the meshing stiffness function Kt by simulating the 
gear meshing with the FE gear model for different tooth cracks. The considered tooth cracks differ in 
length and location with respect to the pitch circle. In detail, the crack length ranged from 0 to 1 mm while 
4 locations were considered: 1 mm and 0.5 mm above the pitch circle, toward the tooth tip, on the pitch 
circle and 1 mm below the pitch circle, toward the tooth root. 
Short cracks were considered because they are more interesting from a diagnostic point of view since 
defects should be detected well in advance while long cracks cause fatigue tooth breakage quite rapidly.  
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Figure 3: Meshing stiffness vs. gear angular position for different crack locations (crack 

length=1mm) 

 
The presence of a fracture causes a variation in the meshing stiffness in the rotation angle range in which 
the faulty tooth is involved in gear meshing (in this case about 10°). This angular range affected by crack 
can be reduced depending on crack location. In fact the crack affects stiffness only if the cracked zone is 
loaded that is as far as the crack is between the tooth root and the contact point. Moreover if there are 
more teeth in contact the uncracked teeth share the load, unloading the cracked tooth, thus limiting the 
stiffness disturbance effect. On the contrary, when only a pair of teeth are in contact, the disturbance 
effects are more evident. 
Figures 3 to 5 show the calculated meshing stiffness as function of the gear rotation angle for different 
crack configurations. In particular in Fig.3 one can see that Kt decreases more markedly for the same crack 
length with cracks located near the tooth root while the affected rotation angle increases. Since the cracked 
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tooth is in the driving gear and the contact moves from the tooth root to the tooth tip as the gear rotates, 
for cracks located toward the tip, stiffness is affected only in the last portion of a period.  
The comparison of the results, as those reported in Figs 4 and 5, also shows the non-linear dependence of 
the meshing stiffness on crack length, more clearly evident for cracks located near the tooth root. 
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Figure 4: Meshing stiffness vs. gear angular position for different crack lengths 

(crack 1mm below pitch circle) 
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Figure 5: Meshing stiffness vs. gear angular position for different crack lengths 

(crack 1mm above pitch circle) 

 

3 Dynamic simulations  
 
The non linear system (1) was integrated in the Simulink environment, with a multivalue variable-order 
Adams-Bashforth-Moulton predictor-corrector (ABM-PECE) solver, importing the values of the meshing 
stiffness function. In particular the attention was focused on the bearing displacements in time, from 
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which the acceleration signal in time is obtained. Simulations with different crack lengths and locations 
were carried out employing the corresponding meshing stiffness. The deviation of Kt(θ) from the faultless 
case is the cause of the different vibratory behavior experienced with different defect characteristics. 
The virtual acceleration signal was firstly processed by means of standard signal processing techniques. In 
particular the signal was synchronously averaged considering a portion of 120 gear revolutions in steady 
conditions so as to reduce noise and non-periodic disturbance effects.  
The analysis of the RMS value of the synchronously averaged acceleration signal for different crack 
configurations indicates that it is not possible to distinguish the type of crack just on the basis of such a 
parameter. In fact, if on one side crack growth causes an increase of RMS values, on the other hand cracks 
located at the tooth root yield a greater RMS with respect to cracks located toward the tip, for equal crack 
length (Fig.6).  

 
Figure 6: RMS of accelerometer signal vs. crack length for different crack locations 

 
In the acceleration spectrum (Fig.7a and b) the most noticeable effect of a gear tooth crack is the 
appearance of a peak at the system torsional natural frequency (2197 Hz) and of sidebands around it, at 
frequency intervals equal to the gear rotation frequency (215 Hz). 

a) – uncracked tooth b) – cracked tooth 

Figure 7: Acceleration spectrum for uncracked and cracked tooth 
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4 Residual signal processing 
 
The difference between the synchronously averaged faultless and cracked gear signals (SAD), here also 
referred to as residual signal, is a good means to make the signal variations for the different crack 
configurations more evident.  
Since in a real test bench the SAD RMS value comes directly from measurements while the crack location 
and size are unknown we decided to investigate the differences in the signals with the same SAD RMS 
value but for different crack configurations. In particular three SAD RMS values were considered: 

• RMS=0.006, corresponding to shorter cracks 

• RMS=0.015, corresponding to intermediate cracks 

• RMS=0.03, corresponding to longer cracks. 
With additional simulations for different crack lengths we noticed that the relation between RMS and 
crack length is monotonically increasing and that shorter cracks located near the tooth root produce the 
same SAD RMS values of longer cracks located near the tip. Moreover SAD RMS has the trend of a 
quadratic function (Fig.8). 
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Figure 8: RMS of SAD vs. crack length for different crack configurations 

 
So, as far as crack size is concerned, RMS is a good indicator but unfortunately the crack location must be 
known in advance and this is often not the case. Therefore the investigation focused on the identification 
of the crack location and various techniques were tested, operating in the frequency domain and in the 
time domain. Spectra of the SAD signals and integrals of spectra were compared for different locations 
obtaining some indications. Then the signals were analysed in the time domain, after a suitable filtering, to 
highlight certain trends. 
 

4.1 Spectral analysis 
 
Analysing each single SAD spectrum one can see that the highest peak corresponds to the gear torsional 
natural frequency and its sidebands. There are also two side peaks around the meshing frequency 
harmonics, at a distance of twice the gear torsional natural frequency. Moreover there are no peaks at the 
meshing frequency harmonics proving that they are not affected by the crack. 
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The sidebands concentrated about the main peak make the graph difficult to read (Fig.9). Therefore, to 
ease the comparison of the SAD FFT spectra for each crack location and increasing crack length, Figs 10 
to 15 present spectrum envelopes instead. The spectra show increasing amplitudes for increasing crack 
length, even though in different ways for the different locations in the frequency range from the torsional 
natural frequency (2197 Hz) to the meshing frequency (17200 Hz).  

 
Figure 9: SAD FFT for different crack lengths (crack on pitch circle) 

 
Figure 10: SAD FFT envelope for different crack lengths (crack on pitch circle) 

 
Figure 11: SAD FFT envelope for different crack lengths (crack 1 mm above pitch circle) 
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Figure 12: SAD FFT envelope for different crack lengths (crack 1 mm below pitch circle) 

 
A distinction could be made between one crack location and the other on the basis of the spectrum 
evolution. Therefore the SAD spectra for different crack locations and equal SAD RMS were 
superimposed in the same diagram for comparison (Figs 13 to 15).  

 
Figure 13: SAD FFT envelope for different crack locations (RMS=0.006) 

 
Figure 14: SAD FFT envelope for different crack locations (RMS=0.015) 
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Figure 15: SAD FFT envelope for different crack locations (RMS=0.03) 

 
For the simulated load and speed conditions, at low frequencies the behaviour appears independent on 
crack location since the peaks corresponding to the bearing vibrations and to the torsional vibrations do 
not vary significantly. On the other hand the spectra differ markedly in the higher frequency range. For 
example the spectrum related to the crack located toward the tooth tip has a linear decreasing trend from 
the torsional natural frequency to the meshing frequency while the other spectra have totally different 
trends. That suggested the use of the spectrum integral (see following section). 
 

4.2 Spectrum integral analysis 
 
Another technique employed to investigate on the possibility of detecting crack location consists in 
analyzing the plot of SAD FFT integral, calculating the area below the FFT spectrum starting from the 
system torsional natural frequency (Fig.16). The diagrams were normalized with respect to the 
corresponding SAD RMS value. One can see that for different crack locations, in the range of frequencies 
immediately above the torsional natural frequency, cracks near the tooth root are characterized by higher 
values of the integral due to the presence of more significant sidebands. This phenomenon can be 
explained by the fact that a crack located near the tooth root yields a decrement in Kt for a wider angular 
range, while for the other considered locations this effect is less marked.  
 

 
SAD RMS =0.006 SAD RMS =0.015 SAD RMS =0.03 

Figure 16: SAD FFT integrals for different crack locations and SAD RMS 
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4.3 Filtered signal analysis 
 
On the basis of the previous observations, in order to highlight the different trends at higher frequencies 
and to ease the analysis of the signals in the time domain, we decided to eliminate the effect of the 
torsional and flexural natural frequencies by high-pass filtering the SAD signal with a cut frequency of 
7000 Hz; this value was chosen because it is amid the typical natural frequencies of the virtual bench and 
the meshing ones (and the corresponding sidebands). Figure 17 shows the SAD signals and superimposed 
filtered signals, for different crack configurations. 
 

  

crack 1 mm above the pitch circle 

  

crack on pitch circle 

  

crack 1 mm below the pitch circle 

Figure 17: SAD signals for different crack configurations (blue dashed line: unfiltered signal; red 
continuous line: high pass filtered signal with cut frequency of 7000 Hz) 

 
The SAD signal, along one revolution, is made of two distinct parts: 

• for angular positions in which the cracked tooth is meshing or near to meshing the system is subject to 
high frequency vibrations due to the sudden meshing stiffness variation; 
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• for the remaining positions the system vibratory behaviour is rather regular and is characterized by a 
frequency equal to the natural torsional one. 

By filtering the SAD signal one isolates the high frequency oscillation occurring around the cracked tooth 
meshing (crack oscillation, CO). A preliminary analysis of the SAD signals, compared to the 
corresponding filtered signals, brings to the following considerations: 

• as the SAD RMS value increases, corresponding to increased crack length and meshing stiffness 
decrement, in most cases the amplitude of CO increases; that is also quantified by the peak to peak 
parameter (PTP) of the filtered SAD reported in Table 2; 

• for practically equal SAD RMS values and different crack locations, the amplitude of CO in most 
cases increases as the crack location moves toward the tooth tip; that may be due to the fact that in 
order to have equal SAD RMS values the crack must be longer if located toward the tooth tip. 

Dimensionless parameters were also defined in order to compare the different configurations: 

• the ratio of filtered and unfiltered SAD RMS values (FNF_RMS); 

• the ratio of filtered and unfiltered SAD Kurtosis (FNF_Ku), where the latter is limited to the angular 
extent of the first 4 teeth (18°), including the faulty tooth. 

As far as FNF_RMS is concerned, it generally decreases, but for some cases, as the crack length and the 
corresponding SAD RMS increase, although less markedly for the cracks located near the tooth tip and it 
has definitely lower values for the crack near the tooth root. As far as FNF_Ku is concerned its values do 
not differ much from one case to another but for the crack located near the root.  
These preliminary results show that the considered parameters do not have the same trend in all the 
examined cases. Thus they are not robust indicators of crack location.  
 

Crack location Crack length SAD RMS PTP (filtered SAD) FNF_RMS FNF_Ku

1.000 0.03 0.093 0.193 16.369 
0.466 0.015 0.070 0.199 16.893 1 mm above the 

pitch circle 
0.067 0.006 0.034 0.218 17.487 
0.466 0.03 0.083 0.151 15.585 
0.267 0.015 0.084 0.206 16.949 0.5 mm above 

the pitch circle 
0.067 0.006 0.044 0.318 17.526 
0.333 0.03 0.084 0.111 16.073 
0.133 0.015 0.054 0.175 17.107 on pitch circle 
0.067 0.006 0.032 0.185 16.833 
0.333 0.03 0.040 0.078 11.901 
0.200 0.015 0.021 0.063 11.330 1 mm below the 

pitch circle 
0.067 0.006 0.030 0.135 17.775 

Table 2: Signal parameters for different crack configurations 

 

4.4 Carrier wave analysis 
 
As seen in the spectral analysis of the residual signal, faults localized on one tooth generate sidebands 
about the gear system torsional natural frequency, due to frequency modulation of the carrier wave as can 
be seen in the time domain by comparing the SAD signal to the carrier signal obtained with a band pass 
filter around the torsional natural frequency along one gear revolution(Fig.18).  
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Figure 18: SAD (blue dashed line) compared to carrier wave (red line) 

 
The SAD and the carrier have a frequency respectively equal to and multiple of the gear rotational 
frequency. In particular the carrier has a frequency of 2150 Hz that is 10 times the gear rotational 
frequency and represents the harmonic closest to the gear torsional natural frequency (2197 Hz).  
The signals were compared for different crack configurations and we observed that the SAD CO always 
arises from a valley of the sinusoid. 
Moreover we observed that the phase angle of the carrier with respect to a trigger signal corresponding to 
the angle 0° of the driving gear or the origin of the SAD signal varies with the crack configuration. Four 
different crack locations and various crack lengths were considered and the results are plotted in Fig.19. It 
is evident how the phase angle for increasing SAD RMS decreases and for large values of RMS tends to a 
constant value. In the considered range of small cracks, the phase angle decreases as cracks move from 
pitch circle to the tooth tip or to the tooth root.  
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Figure 19: Phase angle of the carrier wave for different crack configurations 

 
Residual signal frequency modulation sidebands together with carrier phase seem to reduce indeterminacy 
of location identification because the first indicator identifies cracks located near the root (Fig.16) while 
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the second ranks the locations starting from the pitch circle (Fig.19). As far as crack size is concerned 
RMS is a good indicator once the crack location is known (Fig.8). 
 

5 Conclusions 
 
In this work the gear overall stiffness was evaluated statically as function of the gear angular position by 
means of FE models of the mating wheels and gear structure, taking into account the presence of a tooth 
crack of different length and at different locations. The so calculated stiffness was then employed to 
simulate the gear transmission dynamic behaviour in steady conditions with a lumped non-linear model. 
Different diagnostic techniques have been tested on the virtual test bench. The preliminary results of these 
numerical tests show that a single indicator is not sufficient to identify crack location and size.  
As far as crack size is concerned RMS is a good indicator once the crack location is known. To identify 
crack location various techniques were tested, operating in the frequency domain and in the time domain. 
Spectra and integrals of spectra of the residual signals were compared for different locations obtaining 
some indications such as the presence of pronounced sidebands and frequency modulation around the 
carrier frequency for cracks located at tooth root. The signals were also analysed in the time domain after 
a suitable filtering. High-pass filtering isolated the disturbance oscillation around the faulted tooth 
meshing and comparison of different crack configurations showed its peak amplitude variations. The 
carrier phase also showed its dependence on crack configuration. Therefore a combination of these 
indicators, in particular residual signal frequency modulation together with carrier phase, seem to reduce 
indeterminacy of crack location identification.  
In order to extend these results a more exhaustive numerical test campaign will be carried out on other 
gears in different operating conditions while a final validation will be obtained by well-targeted 
experimental tests. 
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Abstract 
 

Bearings are one of the most common components in machines. Their movement and dynamic contributes 
to the overall vibration in a machine and is also influenced by other moving parts in it. 
Due to the difficulty to exactly measure this excitation of the source, one has to try to physically model it. 
This was done adapting the theory of rough rolling contact to the case of rolling bearings. The model takes 
into account not only the type and geometry of the bearing, but also the dynamic of this element and the 
radial load applied to it. In this way, it is possible to predict and simulate the time evolution of the 
excitation generated by the bearing’s movement – dependent on the condition of the surfaces – that will be 
imposed to the machine by this source.  
This work describes the physical model of the rough rolling contact in bearings and the procedure to 
simulate the excitation produced by it. The main interest lies on the early stages of operation, where no 
severe damage on the bearing took place. This means that excitations due to impact are not the leading 
mechanism of structure-borne sound generation, but the contact between rollers and races. 
 

1 Introduction 
 
After bolts and nuts, rolling bearings are the most used parts in machines. Countless types of bearings are 
available today to support moving parts in rotational movement. Nevertheless, a full understanding of the 
mechanisms that governs the dynamic of such parts is not yet available. Furthermore, the rising interest to 
access which mechanisms are responsible for the structure-borne sound produced by them, leads to the 
necessity to model the physics of this element. 
When the races and rolling elements are damaged (through, for e.g. holes in it, the so called pittings), then 
a deterministic process takes place. It means that, every time, two surfaces in rolling contact roll through 
such a defect, an impact is to be expected. If this small defect is localised (and this is usually the case 
when it begins to appear), one can relate this impact with typical frequencies in the vibration spectrum of 
the bearing if the rotational frequency is known. In this way, it is possible to identify if such damage is 
located on the inner ring, on the outer ring or on the rolling bodies’ surface. Moreover, one can use this 
information to identify if the vibration comes from the bearing or from any other moving part in the 
machine, by looking to its characteristic frequencies on the vibration spectra. Once the first surface 
damage appears, the process of damage appearance in form of holes and wear on the surface cannot be 
stopped. It means that the further operation of the machine will lead to thorough wear with consequent 
increase of the overall vibration of the machine and can end up with the breakdown of the bearing and 
failure of the machine. 
In early operating times, before severe material removal on the races and rolling bodies took place, the 
major mechanism of structure-borne sound generation is the contact between races and rolling elements. 
This mating between surfaces in relative movement, tend to produce non-deterministic excitation that will 
be transmitted from the bearing to the machine around it.  
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In investigating bearings in early stages of operation, it is desirable to accompany the development of 
wear of its surface. More than that, it is of great interest to access the actual situation of wear of the 
bearings surface during operation, without having to stop the machine, dismount the bearing and examine 
its surfaces. This is the main scope of this work, the modelling of the structure-borne sound generation 
mechanism in early stages of operation and before the vibration of the machine is dominated by the 
impacts due to holes on the bearing’s surface. 
This paper describes the modelling of the contact between races and rolling bodies with the help of the 
rough contact theory, and adapts it to the case of bearing. For this, it is necessary to access the actual state 
of the surfaces in contact in different stages of operation. This is made by measuring the surface’s 
roughness and combining it to represent the state of the contact, as described further in this paper. 
Further on, with the information about bearing’s type, geometry and rotational frequency, it is possible to 
calculate the time-dependent excitation generated by the contact that will be imposed to the machine. 
Considering then, that many rolling bodies are, at their turn, also in contact with the races, one has also to 
consider their influence on the excitation signal produced.  
The interaction of rolling elements and the races, together with the dynamic of the machine is responsible 
for the vibration produced by this source that will propagated through the machine and possibly be 
captured by commonly used vibration sensors positioned on its housing. This signal is obviously 
dependent on the condition of the surface and is an indicative of the actual state of this machine element. 
This direct analysis method takes only into account the effect of the vibration produced by the various 
moving parts of the machine on the point where the sensor is positioned. It does not look deeply at the 
source and the path between the point where the vibration is produced (the bearing, in this case) and the 
point where it is measured. Furthermore, in order to allow a spectral components of a specific source 
become noticeable on the machine housing, its amplitude should be high enough, usually indicating an 
already advanced stage of degradation of this component. 
The determination of the transfer functions, i.e. the functions that describe the influence between the 
source of excitation and the point where the vibration sensors are positioned is described in other 
publications [1],[2]. The determination of the transfer functions from inside the bearings to the machine 
housing was made with the help of specially built-in piezoelectric actuators (made from one rolling 
element) for cylindrical and spherical rolling bearings. Parameters as radial load over the bearing and 
position of the exciter are also studied. This is however not he main topic of this paper and it suffices to 
know that it could be measured and is available. They are useful, for example, in comparing the simulation 
of the machine vibration, with the help of the model of the bearing and of the transfer functions, with the 
measured vibration of the machine in movement. 
In order to model the bearing’s vibration in early stages of operation, three main tasks have to be fulfilled: 
the assessment of the situation of the contact (actual state of wear), the model of the contact and the 
combination of the influence of this contact into a temporal history of the vibration signal. These topics 
will be addressed in the subsequent sections. 
 

2 Rough surfaces 
 
The first step to try to describe the state of a surface and to follow its consequent transformation due to 
wear is to describe the surface in terms of objective parameters. The existing number of parameters used 
to try to describe a rough surface is enormous [3],[4]. It is tried not only to describe the height of the 
profile, but also the distribution and the shape of the peaks. This is intrinsically not an easy task, as one 
can imagine the difficulty of describing the randomness and non-repeatable patterns of rough surfaces 
merely with a few numeric parameters.  
Figure 1 below shows the aspect of abstracts of four different surface finishes (polished, turned, grinded 
and milled). They were plotted to show how sensitive the surface is to the finishing processes and how 
their characteristics can differ from one to another. The comparison between them is relevant for a 
parameter study although they will not actually be found in a real bearing. One should notice the aspect 
and the scale of each figure as different machine operations will leave their characteristics on the surface. 
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In the case of bearings, the different manufacturing stages and finishing can vary substantially for each 
type. Unfortunately the exact details of the manufacturing process and operations used to produce the final 
surfaces are industrial secrets and could not always be obtained from the manufacturers. They were 
therefore measured and assumed representative for the type of bearing tested. Not only the type of 
manufacturing process is important, but also the sequence in which the bearings are made. Further 
information on this subject would be helpful to try to better characterise bearing surfaces. 

 

Figure 1: Rough profiles of  4 different surface finishes (polished, turned, grinded and milled) 
 

The statistical distribution of heights in a rough surface is usually taken as to be representative of them. 
The advantage here is that this kind of height distribution is easy to handle and mathematically simple to 
describe. However, it is shown in [4] that this is not true for bearings and further experiments related in [5] 
shows that the variation of the parameters proposed by the ISO 4287 [6] to objectively describe surfaces is 
so big, that it is difficult to use them as descriptors for bearing surfaces. Moreover, in order to follow 
changes in the surface, one has to look what has changed and not impose a certain distribution. That is 
why, in the approach here described, the rough surfaces were measured, as described in section 2.1 below. 
Nevertheless, it can be said that the degradation of the surfaces is directly correlated to the running time 
and their changes can be well depicted by the roughness measurements. 
 
2.1 Measurement of the bearing’s surface 
 
The roughness height is measured with the help of a commercial perthometer following the guidelines of 
the standard ISO 4287 [6]. A special needle (stylus radius = 2µm) is dragged over the surface and its 
deformation generates an electrical tension signal proportional to the shape of the path, which is digitally 
sampled and stored.  
Different sampling frequencies are prescribed by the standard. As the number of samples given by the 
machine is fixed, the total length of the profile and therefore the “degree of detail” is limited to some 
certain ranges. The standard recommends a test measurement to determine which sampling frequency 
should be used on that specific surface. This choice is of course dependent on the parameters calculated 
for the surface and will vary for different finishing conditions. However, as our interest lies in the 
comparison between different kinds of surface finishing, a fixed length of 56 mm (i.e. 6.95µm between 
samples) was chosen for every measurement. 
A very important aspect of rough surfaces is that the type of production process used has a big influence in 
the end surface shape. Also the order in which they are used, the type of cutting tool and the direction of 
cutting thoroughly changes the quality of the final surface. The fabrication process of bearings is usually 
an industrial secret and varies from type to type. Therefore, in the approach used, all the bearings surfaces 
were measured after different running times. 
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Figure 2 below shows the measurements of the roughness of a rolling bearing’s inner ring, a cylindrical 
rolling body and a cylindrical outer ring. Rolling bodies, inner and outer rings were fixed in a special 
support attached to an electric motor that allows the rotation over their symmetry axis. Successive 
measurements were made and combined to cover the whole extension of the rolling races. Special care 
was also taken to compensate the macro-geometry of the profiles, i.e. the raw shape of the profile 
determined by the relative positions of the tool and the piece. This is important to compensate for the 
format of the piece being measured as only the roughness of the surface is of interest. The so called 
“waviness” of the profile (shape form of second order) is retained and also gives an important contribution 
to the whole signal. 

 

 
Figure 2: Roughness measurement of a rolling bearing’s inner ring, a cylindrical rolling 

body and a cylindrical outer ring 
 
In this way, one is able to obtain the actual state of a surface. With longer running times, the surface will 
wear and the surface characteristics of the rolling parts will change. This change will reflect itself in a 
modification of the rough surfaces. 
Figure 3 below also shows a sample of a bearing’s race surface after the running tests as well as one of its 
spheres. It is important to measure the roughness in the direction of rolling (parallel to the manufacturing 
direction).  

 

 
Figure 3: Typical profile of a run bearing surface: outer race, inner race and spherical rolling body. 

One recognises a moving inner ring and a stationary outer ring here. In the first, the alteration of 
the roughness occurs over the whole profile, whilst in the latter, the deterioration of the surface is 

greater around the last zone. The rolling bodies will deteriorate equally and measurements over all 
of them showed that the profiles are characteristic of a certain condition. 

 
For all the bearings measured, the surfaces of the inner ring, outer ring and rolling bodies were measured. 
As the length of each measurement is limited by the perthometer according to the standard, one has to 
measure sequentially in order to cover the whole race length. The post processing consists of joining the 
measured parts to form a profile with the whole length of the races and to eliminate from them the error 
caused by the form deviation of 1st order, due to the macroscopic circular shape of the surface. The form 
shape from 2nd order on (‘waviness’) are kept on the final profiles. 
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The general assumption that the surface profile is homogeneous in perpendicular direction, is also made, 
so that only one profile is regarded as representative of the surface’s actual situation. The use of an optic 
scan for a 3D evaluation would be much more expensive and complicates the analysis. This procedure is 
justified for this case because, for the type of bearings tested, during manufacturing process, the tool used 
in the fabrication moves perpendicularly to the running races, leaving nearly the same rough pattern over 
the race’s width.  
Useful parameters for describing a surface uniquely which are sensitive to changes with small variance are 
a remaining problem.  
 

3 Hertz theory of rough contact 
 
The first formal approach concerning the contact of bodies was made by Hertz [4]. He correctly assumed 
that two bodies pressed in contact would only be able to support the load if they deform around the point 
of contact. His assumptions led to the idea that a flat surface was produced within this area of contact and 
therefore, a parabolic distribution of pressure takes place. 
Nowadays it is known that engineering surfaces are rough and that the contact between them is not flat, 
but concentrated in some points. This is also the case on bearings. It means that the real contact area 
between two surfaces pressed together is much smaller than the predicted area by the hertz theory of plane 
contact. This leads to much higher concentrated forces within this theoretical contact area. 
Figure 4 below shows the compression of a sphere with radius R1 over a rough plane (R2 ª • in the 
figure). Notice the development of concentrated forces only in some specific points of the apparent contact 
area (AHertz). It also shows the detail of the compression of only one asperity and the relevant quantities 
involved. 
This leads to an adaptation of the Hertz theory to rough contact. It is well known today that the hertzian 
area of contact mentioned above only appears to be flat and that the real contact area is the sum of the 
small areas at the contacting spots [4]. These contacts spots and their distribution and size will depend on 
the characteristics of the materials of the surfaces, on the load and on the surface profiles. 

 

Figure 4: Hertzian contact of rough surfaces and detail of asperity compression 
 
It should be noticed that the pressure in localised points can be much bigger than the predicted maximal 
pressure from the Hertz-theory. Such points, under a cyclic load, are more likely to fail because the 
developed strain underneath the surface will be much higher than the one predicted by the Hertz theory. 
The appearance of cracks and their development up to the point of surface failure are rather challenging 
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tasks and will not be addressed here. For the moment, the interest lies on the operational life before 
material removal or cracks appear. 
Nevertheless, due to its small size and assuming that each asperity deforms independently of adjacent ones 
it could be assumed that the pressure-area relationships of the Hertz theory are still valid on the micro 
contact between two roughness peaks [4] and relationships (1) and (2) below are valid: 
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It is equivalent to say that the i-th asperity (radius ri (µm)) will be elastically deformed of a quantity di 
(µm) under a load Fi (N). This will generate a contact area Ai (m2) at this contact point. The constant E’ is 
the equivalent elasticity (Young) modulus and is a composition of the Young modulus of the surfaces in 
contact given by (µ1 = µ2 = 0.33 are the dimensionless Poisson ratio of each material): 
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A typical value for E1 = E2 in metals is 211x109 N/m2. 
The main hypothesis of this work are them of Greenwood and Williamson [4],[7]: (a) the rough surfaces 
are isotropic, (b) the asperities are mechanically independent, i.e. adjacent asperities under load do not 
interact with each other and the load they support depends only on their height and not on the load 
supported by neighbouring asperities, (c) there exists no major bulk deformation so that only the asperities 
are deformed during contact, (d) each asperity deforms according to the classical Hertz elastic theory and 
the relations between deflection, load and contact area are still valid for them, (e) the acoustic wavelength 
is bigger than the contact zone so that it could be treated as a point source, (f) Doppler effects are 
neglected as the velocity of the sources is very low compared to the sound speed in metal.  
One extra assumption of the Greenwood-Williamson model concerns the height distribution of the profile 
(Gaussian probability distribution). This simplifies the mathematical approach, but does not suit at all for 
the purposes of this work, because the different surface conditions and the development of wearing on 
them could not be described assuming a statistical hypothesis. This last assumption is not made here and 
the surface conditions are measured to obtain the real surface profile in order to calculate the real 
distribution of pressure. 
In the past, many efforts like the introduction of different radii of asperities, corrections for the contact 
area etc. have been made to improve the hypothesis. However, it is shown in [3] that the alternative 
approaches do not lead to significant improvements in terms of better calculation of the pressure 
distribution and its amplitude in regard to their extra computational effort and complicity. 
 

3.1 The equivalent surface approach 
 

In order to evaluate the situation of the contact, one has to consider that inner ring, outer ring and rolling 
bodies are in contact at the same time. This means that they will press each other when a load is applied 
and the contact will be established only in the points where the asperities summits touch each other. An 
easier procedure to consider the roughness of various surfaces in contacts is to combine them into an 
unique rough profile by summing them up (see Figure 5). The resulting rough profile is called the 
equivalent roughness profile and will be used for the calculations. This new profile will reflect the 
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situation of the contact, as the higher points (higher height asperities) represent the locations where the 
contact will be established.  

 

 
 

Outer ring

Rolling
bodies

Inner ring

Equivalent rough surface

+

+

=

 
  

Figure 5: Creation of the equivalent rough surface (left) and the resulting equivalent surface 
through the combination of the roughness of the measurements showed in Figure 3. 

 
For the generation of the roughness signal from the contact of rough surfaces, measurements according to 
standard ISO 4287 [6] were made to cover the whole extension of the rolling path (inner and outer ring) 
and rolling elements as described in previous sections. The length of the outer ring is taken as reference 
length and the roughness profile of the inner ring and the rolling element were repeated to cover the whole 
extension of the races and then added to their profile in order to make an equivalent rough surface whose 
length is equivalent to one complete turn of one rolling element over the outer ring. This surface can then 
be used as input to the physical model. This assumption means that when a rolling body moves over the 
whole length of the outer ring its surface interacts with both outer and inner ring. When the whole length 
is completed, the process will be repeated in a steady state. The equivalent surface is therefore, a 
combination of the surfaces of the partners in contact. 
 
3.1.1 Functional filtering and plastic deformations 
 
Another important feature when dealing with rough surfaces is the functional filtering [7]. Similarly to 
what happens in digital signal processing of time signals, where some limits to what can be “seen” are 
related to the total length of the signal and to the sampling frequency, some wavelengths cannot be 
detected. 
The profile can be thought of as an infinite summation of harmonic functions with different wavelengths. 
During the contact, the nominal size of the contact patch (2ceff) determines the size of the biggest 
wavelengths (lhp) and the corresponding wavelength (khp) according to Eq. 4 below: 
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==                 (4) 

 
The smallest wavelength “perceived” in the contact should be set to be the onset of plasticity. It is intuitive 
that small wavelengths will correspond to sharper asperities, which are more likely to deform plastically. 
However, as indicated in [7] , the normal situation corresponds to runned surfaces, where all sharper 
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asperities, susceptible to plastic deformations have been already wiped out and the elastic deformations 
dominate. Additionally, the stylus imposes a low pass filter as it cannot reproduce asperities which are 
smaller than its radius (2 µm) with fidelity. 

 

4 The excitation signal due to rolling contact 
 
Once the equivalent roughness profile is evaluated, and a proper description of the contact is available, the 
next step is to calculate the distribution of force in the contacts and the consequent elastic displacement 
produced. This is done by ‘pressing’ the equivalent rough surface with a smooth ball or cylinder. In other 
words, if the equivalent rough surface already contains the roughness of all surfaces in contact, only the 
higher heights will be in contact. The compression through a completely smooth ball or cylinder acquaints 
for the different contact areas, and therefore the different integration areas for the distribution of forces. 
After an equilibrium position (convergence of the calculation) is achieved, one knows the position of the 
centre of mass of the rolling element. In the next step, the integration area is shifted in the rough profile 
and the calculation is done again to cover all the profile. The result is a displacement vector over the 
length of the rough profile. Combine this information with the dynamic of the bearing, it is possible to 
build a time dependence of this displacement vector. Velocities and accelerations are directly calculated 
by derivation. The details of this procedures are explained in the following section. 
 

4.1 The calculation procedure 
 
The calculation procedure considers that, within a certain area of integration, the asperities above a certain 
reference will be compressed by a flat surface (smooth plane in Figure 4). This is possible because the 
equivalent rough surface exactly represents the actual state of the gaps at each point along the profile.  
The area of integration is the area where the contact would possibly be established. It can be different 
from the nominal contact area predicted by the Hertz theory and depends on factors like the roughness and 
the curvature of the surfaces in contact. For very rough surfaces, it can be shown that this area approaches 
the Hertzian contact area [4]. For simplicity, the integration area will be taken to be the Hertzian contact 
area and within this limits.  
It is now assumed that, within this contact area, a flat surface compresses the equivalent rough profile. The 
compression is simply choosing a position of this plane at a distance d over an arbitrarily chosen 
reference. The calculation algorithm searches the points that lies above the separation d and that would 
really be in contact. The portions of the profile that lie above this plane are compressed. The force 
developed at each point i can be calculated with the help of Equation 1, where di is exactly the difference 
between the height of the profile at this point zi and the separation d. The sum of the Fi’s along the contact 
area must be equal to the total load applied over this nominal contact area Pj. This load Pj, may vary over 
the length of the outer ring and can be approximated from the theoretical distribution of load in bearings 
[8]. 
A numerical procedure can be constructed to find the position of d that leads to a distribution of pressure 
whose sum is equal to the total load applied to the surfaces. Nevertheless, it should be noticed that the 
distribution of pressure, i.e. the points at which the contact could possibly happen change by different 
choices of d as other asperities that were not in contact before, may be now under pressure. This changes 
the whole distribution of pressure within the profile and should be considered during the calculation. 
Therefore, the problem of the distribution of pressure and the contact area have to be solved 
simultaneously. Once the algorithm converges and a value of d that satisfies the equilibrium conditions is 
found, one has the first point of the so called displacement vector. As this vector represents the 
equilibrium position reached by the surfaces in contact for a given reference (and the surface in question is 
the summation of all surfaces in question), it can be related to the actual position of the centre of mass of 
the rolling body. It can therefore, be understood as the displacement vector due to the elastic deformation 
of rough surfaces in rolling contact, i.e., the excitation caused by the elastic rough contact of surfaces. 
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Through the repetition of the calculation within the whole equivalent profile, one obtains the elastic 
displacement of the contacting surfaces.  
 
4.1.1 Model of lubrication 
 
The procedure described in the previous section relates the calculation for the extreme case of metal-metal 
contact, where the elasticity is due to the deformation of the asperities in contact. However, in the 
operation of bearings, lubrication is of great importance and should be included in the model. The dry 
model covers the case of boundary lubrication. However, in the case of fully developed lubricant film, the 
influence of oil has to be taken into account.  
The approach used here was that of the Elastohydrodynamic theory (EHD), described in [9], [10]. This is 
valid for the case in which two surfaces are pressed against each other and the lubricant film between them 
avoids the direct metal-metal contact.  
To adapt the EHD-Theory for the case in study, it was considered that the oil film contributes in the 
contact with damping and stiffness [9], [10]. The calculation procedure described in the previous section is 
the same, i.e. to find an equilibrium position whose force summation equals the force applied to this 
rolling body. The difference here is that between the smooth surface and the equivalent roughness profile, 
a film of oil is present, giving extra stiffness and damping to the contact. 
Further details of the lubrication modelling can be found in [11]. 
 

4.2 Creation of an excitation signal 
 
The displacement signal (d) generated before represents the equilibrium position of one imaginary flat 
surface that compresses the equivalent rough profile. This profile, in its turn, is the combination of the 
measured rough surfaces that are put in contact. Furthermore, as d is referred to a fixed reference, it could 
be understood as the movement of the centre of mass of the rolling body due to its elastic interaction with 
the rolling races. Considering also the velocity at which the two surfaces touch each other it is possible to 
create a time signal that represents the evolution of the displacement. By direct derivation one obtains the 
velocity and the acceleration signals. This is exactly the excitation signal imposed to the machine by the 
elastic rough contact of surfaces in bearings. 
It is important to notice that the excitation signal generated corresponds to the movement created by the 
elastic deformation experimented by the rolling elements and the races and does not considers their rigid 
body movement caused by the dynamic behaviour of the axis, geometry of the bearings, clearances etc. In 
this sense, the modelling intends to describe how the excitation is imposed by this specific source 
(interaction of elastic rough surfaces) to the machine. The general excitation caused by the dynamics of 
the movement will be the predominant source of vibration in a much lower frequency range and will only 
dominate for very elastic axis and big bearing clearances.  
 

4.3 Time evolution of the excitation 
 
As mentioned above, the separation d represents the displacement of the flat surface compressing the 
equivalent rough surface and is related to the equilibrium position “found” by the surfaces in contact. 
Considering a fixed reference system, it is possible to create a displacement vector that would represent 
the movement of the centre of mass of the rolling body. Similarly, velocity and acceleration vectors can be 
created by simple differentiation as long as the velocity v at which the surfaces match each other is known. 
This can be calculated depending on the geometry of the bearing and the rotational speed as described in 
[8]. 
For a fixed outer ring and a moving inner ring rotating at ni rpm, one has the following expressions for 
their surface velocities v0 and vi: 
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where v0 in this case is zero. The pitch diameter dm is the distance between the centre of the rolling bodies 
and the angle g is D cosa/dm, where D is the diameter of the rolling body and a is the contact angle (zero 
for the type of bearing used (see Fig. 6 below)). 
 

 
Figure 6: Dynamic and geometrical parameters on rolling bearing [8] 

 
If no slip or spinning is considered, the velocities of the rolling element and of the inner ring are the same 
at the point of contact, since the outer ring remains fixed. Provided the dynamical compatibility between 
moving parts is maintained, it is easy to prove that: 
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The velocity at which the surfaces will match, is finally v = nRD/2. For a shaft rotating at 720 rpm the 
value of v is 1.4086 m/s for the ball bearing and 1.4355 m/s for the cylindrical bearing. 
Now, considering the rough profile and the length difference between the points in it, one can construct a 
time vector that will represent the time history of the rolling process through the whole rough profile and 
therefore the displacement, velocity and acceleration as functions of time. 
It is important to notice that the excitation signal calculated describes only this vibration source and is 
only caused by one single rolling body. It represents a complete running of one rolling body over the 
entire length of the outer ring and will be repeated from the beginning for the runs in the sequence. At last, 
this has to be combined with the signal generated by the other rolling bodies. It is assumed that the other 
signals are delayed versions of the signal caused by one single rolling element. This delay can be 
calculated easily considering the number of elements and the dynamics of the bearing. The further 
superposition of the delayed signals can create the stationary process. Figure 7 below resumes the process.  
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Figure 7: Construction of the excitation signal due to various rolling elements 

 

5 Results and Final Comments 
 
For the verification of the model, many measurements with real bearings were made [1], [2]. The bearings, 
after different running times (and therefore, different final wear states), were dismounted and their 
surfaces measured, as described in section 2.1. All the simulations presented here used the real roughness 
profiles of the bearings tested and the geometrical characteristic of them. The analysis will be focused on 
the spectral components of the acceleration signal. The acceleration signal is one of the most typical 
measurements made in machines. Nevertheless, displacement and velocity are also obtained as output of 
the model. 
Figure 8 below shows an example of the output of the model described in the previous sessions for ball 
bearing 1 and cylindrical bearing 2 (both run under 16 kN load and 720 RPM). The acceleration produced 
by the simulation has to be understood as the excitation signal produced by the bearing due to the rough 
rolling contact between its moving parts. Note the different scales. As in the cylinder, the forces are 
distributed over a bigger area, the remaining acceleration amplitude is smaller the in the case of ball 
bearings. This also agrees with the expectation that the ball bearings are a little louder than the cylindrical 
ones. 
Although not deeply discussed here, the transfer function between bearing and measuring point, is also an 
important issue. It was shown that the machine has an influence on the signal generated by any vibration 
source on its interior. The word ‘machine’ has to be understood here as the metal case that involves the 
bearings and the ‘excitation signal’ as the stimulus imposed by the bearing on this surrounding structure.  
Of course, in a real situation, the signal captured by the sensors is the result of the summation of various 
dynamic effects on the bearings, as well as from excitations coming from other parts of the machine such 
as couplings, axis and other moving parts. 
The determination of the transfer functions of an experimental machine and a deeper discussion about its 
influence is described in [1] and [2]. The signals obtained here could be used together with the machine’s 
transfer function to simulate the structure-borne sound on the machine’s housing. Further results show that 
the approach presented here in combination with the transfer functions can reproduce well the changes in 
the vibration signals in comparison with the measurement results taken in running conditions. 
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Figure 8: Acceleration signals for a complete turn over the outer ring length simulated for one 

cylinder bearing (left) and for a rolling bearing (right) 
 
Figure 9 below shows the spectra of the simulation of 3 spherical bearings for a radial load of 16kN and 
rotational frequency of 720 RPM, as well as 3 cylindrical rolling bearing for the same conditions (except 
for cylinder bearing, simulated for 32 kN). A detailed discussion and further results can be found in [5]. 

 

Figure 9: Simulation of the acceleration signal made with the roughness profile of the bearings 
tested experimentally [5] 

 
The first thing to be noticed is that the low frequency components, typically proportional to the rotational 
frequency and its harmonics, as well as to characteristic frequencies in the bearing movement (outer and 
inner ring passing frequency, cage frequencies, rolling element passing frequencies etc.) are not present 
here as they are not modelled. They are caused by other physical mechanisms and mostly noticeable in the 
measurements on further stages of wear in the bearing.  
The contribution of the rough contact is dependent on the type of bearing (type of rolling element) since 
the shape and conditions of the contact will change in each case. The trend however follows a certain 
structure that is reproduced by cylindrical and ball bearings. 
The position of the minima for the cylindrical bearing depends on the load. For cylindrical bearings 2 and 
3, the radial load is 16 kN and therefore, the position of the minima is the same. The effect of increasing 
the load to 32 kN (cylindrical rolling bearing 1) moves the minima to lower frequencies. By comparison, 
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one notices that the relation between the position of the minima, when the load is doubled is 17210 Hz / 
22930 Hz ª 0.75 for the first minimum.  
There is an amplitude difference between the cylindrical rolling bearing 2 and 3. Bearing 3 has operated 
much more than 2 under the same conditions of rotational speed, load and lubrication. This is reflected in 
the final state of the surface, which should present a higher degradation for the bearing that has operated 
longer. The final result is that the amplitudes are higher in bearing 3 than 2 as seen on the right side of 
Figure 9. The increase in amplitude with time could also be observed on the results of the ball bearings. 
As all of them were simulated and run in the same load (16 kN), the position of the minima is the same all 
over the spectrum. Once again, ball bearing 3 has the higher amplitudes toward higher frequencies as it 
has operated longer than the others (approximately 69 minutes in dry conditions). Ball bearing 2 was not 
measured because its surface was completely damaged after the tests and could have damaged the 
measuring needle. 
Although ball bearing 4 has operated almost twice as long as ball bearing 1, it was slightly little more 
lubricated. In 1, only some drops of oil were used, while 4 was not cleaned and the tests were performed 
with the amount of oil used to pack the bearings to avoid rust. The amount of oil in this test is clearly 
higher that on bearing 1. The result is clear (see the right side of Figure 9), as the amplitudes are lower for 
bearing 4. The trends of the curves are also interesting, as they reproduce the expected behaviour of higher 
amplitudes for bigger running times. However, the effect of lubrication showed to be relevant and needs to 
be further investigated. It should be mentioned that the general effect of lubrication is an extra damping 
added to the system and some other dynamic effects. For further details the reader is referred to 
[9][10][11]. 
As expected, the lubrication oil seems to have the effect of damping the vibration in the early stages of 
operation (corresponding to the behaviour of ball bearing 4), but this effect is overcome by the 
degradation of the surface with longer operation. In this latter case, the increase of temperature help the 
drying of the bearing and the effect of the metal-metal contact turns to be greater. This leads to a faster 
modification (and degradation) of the surface that is visualised as the greater amplitudes over 8 kHz for 
ball bearing 3. 
It seems also that the modification of the surface, i.e. its degradation, is a compromise between the amount 
of oil and the total time in operation. However more tests are needed to describe this effect precisely. The 
general shape of the maxima und minima for the ball bearing spectra seem to approach an “extreme point” 
and then falls in the same way for all ball bearings. 
Further advances have also been made concerning the analysis of the signals. In order to evaluate the 
changes of the bearing’s structure-borne sound due to wear, audible versions of these signals were created 
[12]. The process of making audible stimulus from a modelled source is called auralisation. Although not 
common in the field of machine diagnosis, the auralisation is a powerful tool for analysis, since changes 
on the source can be easier simulated and its influence directly perceived through an audio signal. The ears 
are very efficient analysers and the figure of the mechanic approaching a screw driver to the motor block 
‘hear/feel’ how it is working is also well known. With this first impression he is able to perceive if some 
moving part is no working properly. Further discussion about this topic can be found in [12]. 
Concerning the inverse problem, i.e., to obtain the bearing’s signal by just measuring the overall vibration 
of the machine, a discussion was made in [13]. By a simple measurement with accelerometers on the 
housing of a machine, many vibration sources contribute to the results. However, in many cases, the 
interest lies in isolating one specific source in the machine. This can be done by de-noising the measured 
signal.  
In common approaches, the de-noising procedures requires a measurement of the machine’s vibration near 
the vibration source of interest, if possible. A second measurement is taken away from this source and 
should ideally be uncorrelated with it and should depict all other vibration sources in the machine. The de-
noising procedure consists of using the uncorrelated signal as a pattern to extract the noise from the 
measured signal. The remaining signal is the vibration source of interest.  
In the approach described in [13], instead of an extra measurement far from the source of interest, the 
model is used. By the first run o the algorithm, the model is used as pattern and is extracted from the 
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measured signal. The remaining signal belongs to all other sources and can be treated as ‘noise’, because it 
is not the focus of the analysis at the moment. This noise is taken, on its turn, as pattern to de-noise other 
measurements and to extract the bearing signal from measurements on the machine’s housing. A further 
comparison of this method showed a good agreement between simulations and measurements and is 
described in details in the publication mentioned. 
 

6 Conclusions and future works 
 
This paper shows an approach to modelling of the high-frequency vibration imposed to a machine based 
on the rough rolling contact in bearings. The main interest relies on accompanying the changing and 
wearing of surfaces on these machine parts from brand new until before the point where material removal 
occurs. In the early stages of wearing, the dominant mechanism of generation of vibration is the contact 
between the moving partners. Contrary to previous approaches, no a-priori assumption about the 
stochastic nature of the surfaces is made. Therefore, no influence on the kind of excitation imposed to the 
machine is made. Here, roughness profiles from inner rings, outer rings and rolling bodies are measured 
and their profiles used as input for the physical model which calculates displacements, velocities and 
acceleration signals generate by the bearings. 
It is also shown that the wearing with running time lead to a non-statistical distribution of heights, 
showing that the actual stage of bearing is necessary to correctly describe the generation of vibration.  
Additionally, the results are plausible with regard to the experience with rolling vibration generation and 
show their adequacy in comparison to previous models. It also further elucidates the influence over the 
spectrum of different operational conditions and states their region of influence. 
Further developments concerning the description of rough surfaces, as well as on finding reliable 
parameters to describe their state uniquely have to be made. This would be important to help the solution 
of the inverse problem, i.e., to estimate the state of a bearing’s surface through the vibration generated by 
it. A useful tool to be developed is an algorithm able to generate rough surfaces based on surface 
parameters. This could help in finding which of them contributes mostly to the general level of the signal 
and also could help correlating a surface state with the vibration measured on a machine. 
The model also considers the effects of a lubricant film in the contact. In terms of analysis, the auralisation 
of the results turned to be an useful tool. More than that, it is also a possibility to evaluate the bearings just 
after the production and/or to simulate how would it sound for a given variation of the fabrication process. 
The aim could be, for example, to produce quieter bearings without compromising too much surface 
characteristics like capacity to retain lubrication, finishing etc. 
A procedure to extract bearing’s signals out of measured vibration on the machine housing is also 
available. This information is rather important, as usually, the vibration measured is the sum of the 
influence of many moving sources in the machine, whilst the interest relies in isolating one of them. The 
de-noising procedure take advantage of the physical model for bearings and has the advantage of not 
needing an extra sensor and an extra signal far from the source of interest. 
Additional experiments will be made in full lubricated conditions to investigate the influence of the oil 
film on the degradation of the surfaces and the determine experimentally the vibration produced in such 
cases. This will help in the comparisons with the simulation and of course to study the adequacy of the de-
noising procedure also in the case of full lubrication. 
More experimental results could help in the study of small pittings and to determine the exact time when 
they start to appear. Furthermore, the actual influence of the path between source and receiver can be 
further investigated by measuring the structure-borne sound near the bearing and comparing it with 
previously measured transfer functions. 
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Abstract
Second order matrix equations arise in the description of real dynamical systems. Traditional modal control
approaches utilise the eigenvectors of the undamped systemto diagonalise the system matrices. A regret-
table consequence of this approach is the discarding of residual off-diagonal terms in the modal damping
matrix. This has particular importance for systems containing skew-symmetry in the damping matrix which
is entirely discarded in the modal damping matrix. In this paper a method to utilise modal control using
the decoupled second order matrix equations involving non-classical damping is proposed. An example of
modal control sucessfully applied to a rotating system is presented in which the system damping matrix
contains skew-symmetric components.

1 Introduction

Traditional control approaches, such as pole placement methods [1], deal with the physical system in first
order state space form. The ambitions of this paper are to control the physical system in second order
form. Very little literature is available in regards to direct second order control, see for example [2]. Many
obvious advantages over first order control are available: 1.) Physical insight of the system is preserved. 2.)
Computational efficiency, since the dimension of the secondorder system is smaller than that of the state
space form. 3.) Symmetry and structure of the systems can be preserved where desired.

Many structural and dynamic systems are described by the second order equations of motion

M0 q̈(t) + D0 q̇(t) + K0 q(t) = u(t) · (1)

whereM0,D0,K0 ∈ R
n×n are the system mass, damping and stiffness matrices respectively, q(t) ∈ R

n the
vector of physical coordinates andu(t) ∈ R

r the vector of applied forces. For the sake of brevity this paper
assumes that forces are available at all locations and as a consequencer = n.

Modal control is a particular control method in which the physical response of a system is divided into modes
associated with their corresponding natural frequencies.A standard control approach is to move the natural
frequencies into a stable region. The essence of modal control is that since the eigenvectors of a system do
not contribute to the asympotic stability of a system then any effort expended on altering them represents
wasted effort. This is the control approach utilised in thispaper.

Traditional modal control for second order systems such as the ‘Independent Modal Space Control’ (IMSC)
method [3] proposed by Meirovitch and Baruh utilise the massnormalised left and right eigenvectors,ΦL
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andΦR, to diagonalise the system matrices. The coordinate transformationq(t) = ΦR qm(t) is applied and
the system matrices pre-multiplied by the transpose of the left eigenvectors,ΦL

T

From

ΦL
T M0 ΦR q̈m + ΦL

T D0 ΦR q̇m + ΦL
T K0 ΦR qm = ΦL

T u · (2)

one has

I q̈m + Γ q̇m + Λ2 qm = ΦL
T u · (3)

whereqm(t) represents the modal coordinates of the system. For ease of reading the time dependency
notation has been removed.

The new damping matrixΓ is assumed diagonal with any remaining off-diagonal terms in the modal damping
matrix traditionally discarded [4]. However, for rotatingsystems involving substantial gyroscopic terms
ignoring these terms is in effect ignoring the gyroscopic terms themselves. Thus, it is proposed here to use
the structure preserving transformations developed by Garvey et al [5, 6] to diagonalise the second order
system matrices and decouple the system equations of motionwithout need to discard any terms involved in
the description of the system.

2 Structure Preserving Transformations

The notion of the ‘Lancaster Augmented Matrices’ (LAMs) areintroduced here such that the system may be
represented in state space form. For a second order system there exists three LAMs which can be produced
by inspection to be,

A0 =

[

−D0 −M0

−M0 0

]

, A1 =

[

K0 0
0 −M0

]

, A2 =

[

0 K0

K0 D0

]

· (4)

The LAMs allow the second order system to be represented in a reduced form

Ak qA −Ak−1 ˙qA = fAk k = 1, 2 · (5)

The vectorsqA andfAk may be defined

qA :=

[

q

q̇

]

fA1 :=

[

u

0

]

fA2 :=

[

0
u

]

· (6)

A ‘Structural Preserving Transformation’ (SPT) is a coordinate transformation applied to the LAMs repre-
senting a bijective mapping between linear systems. The specific nature of the transformation allows the
preservation of the appropriate structure within the LAMs.The SPTs are defined simply by left and right
2n× 2n transformation matrices,TL andTR respectively, allowing the definition

T T
L Ak TR = Bk k = 0, 1, 2 · (7)
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Thus the new LAMs are represented byBk containing the new second order system matricesK1,D1,M1.
The structure of the SPTs can be shown to have the following form

TL =

[

FL −
1
2 GL DT

0 −GL MT
0

GL KT
0 FL + 1

2 GL DT
0

]

−1

TR =

[

FR −
1
2 GR D0 −GR M0

GR K0 FR + 1
2 GR D0

]

−1

· (8)

whereFL, FR, GL, GR ∈ R
n×n are arbitrary pre-defined matrices subject to the necessaryconstraint

FR GT
L + GR F T

L = 0 · (9)

The SPTs can be shown to yield the relationship between the old and new coordinate sets through the use
of modal filters whose derivation is not presented here. The modal system (qm, um) is related to the original
system through the relationship

qm = U0 q + U1 q̇ (10)

q̇m = U0 q̇ + U1 q̈ (11)

um = V0 u + V1 u̇ (12)

where

[

U0 U1

]

=
[

I 0
]

TR
−1 (13)

[

V T
0 V T

1

]

=
[

I 0
]

TL (14)

Evidently knowledge of the physical accelerations is required.

3 Diagonalising Structural Preserving Transformations

We wish to decouple the original equations of motion such that the new system matricesK1,D1 andM1 are
diagonal. It is possible to choose a non-unique SPT such thatthe entries in the new LAMs become diagonal.
Such an SPT is referred to as a ‘diagonalising SPT’ (DSPT) anda 4 step process of calculating the DSPT is
presented here.

1. Calculate the left (ΨL) and right (ΨR) eigenvectors of reduced system

A1 qA −A0 ˙qA ·

2. Calculate then monic ‘single degree of freedom’ (SDOF) systems corresponding to conjugate eigen-
value pairs,λj(1,2) = α ± iβ, found in part 1. For systems with real pairs of roots the samemethod
applies through appropriate pairing.

dj = λj1 + λj2 , kj =
(λj2 + λj1)

2
− (λj2 − λj1)

2

4
, mj = 1 · (15)

j = 1, · · · , n.
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3. Knowing the new diagonal system matrices form the new LAMsB0 andB1 representing the new
diagonal system and calculate their corresponding left (ΘL) and right (ΘR) eigenvectors.

4. Since the two reduced systems have identical Jordan form appropriate scaling of the eigenvectors
yields the following equality

ΨT
L A1 ΨR = Λ = ΘT

L B1 ΘR ΨT
L A0 ΨR = I = ΘT

L B0 ΘR · (16)

whereΛ is the diagonal matrix of corresponding eigenvalues andI is the identity matrix. Thus we
may recognise that to get from the original LAM to the new LAM the following condition must be
satisfied

(

ΘL
−T ΨL

T
)

A0

(

ΨR ΘR
−1

)

= B0 · (17)

thusTR =
(

ΨR ΘR
−1

)

andTL =
(

ΨL ΘL
−1

)

.

It may be noted that the above process for finding the diagonalising SPT only requires one eigenvalue solution
problem. The eigenvectors of the diagonal LAMs,ΘL andΘR, have a sparse form such that their calculation
is trivial.

4 Independent Modal Control

To facilitate true independent modal control the modal equations of motion must be decoupled both exter-
nally and internally [7]. We have so far shown how to decouplethe unforced equations of motion but the
diagonalised system matrices remain coupled by the controlforces unless the controller is designed inde-
pendently such that the controller matrix remains decoupled. In practice this means that the force controller
must be designed in the modal space. We can thus define the modal equations of motion as

M1 q̈m + D1 q̇m + K1 qm = um · (18)

with K1,D1,M1 ∈ R
n×n the diagonal modal system matrices andqm ∈ R

n the modal coordinates.

Equation (18) representsn single degree of freedom (SDOF) systems corresponding to each mode of vibra-
tion. It is possible to use proportional-derivative control to directly affect the modal stiffness and damping
properties of these modes. A controller of this form is introduced

um = Gk qm + Gd q̇m · (19)

Gk andGd represent the diagonal modal stiffness and damping gains matrices. Direct addition to the modal
damping and stiffness matrices represents direct pole placement and has the advantage of being able to
directly affect the poles of the system.

In general as many modes can be controlled as actuators available. As previously stated for the purpose of
this paper the number of actuators is set to the number of modelled modes without loss of generality. For
conventional second order control the modal force can be typically converted back into the physical domain
fairly easily as illustrated by Baz and Poh [8]. For the SPT approach we have already defined the left filter
and can see that the physical and modal forces are related by the relationship

um = V0 u + V1 u̇ · (20)
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We can rearrange equation (20) to give the physical force in regards to the modal force

u̇ = V −1
1 (um − V0 u) · (21)

Since the modal filter illustrated by Eq. (21) represents a first order filter a necessary requirement is for the
real components of eigenvaluesV11

−1 V01 > 0 for the filter to be stable. The stability of the filters is not
discussed further in this paper.

5 Numerical Example

As a numerical example a finite element model of a rotor-disc system is considered with four degrees of
freedom at each node (2 translational, 2 torsional). The rotor-disc system is illustrated in Fig. 1. The system
is constructed from steel with Young’s modulus,E = 200 GPa and densityρ = 7800 kg/m3. The model is
split into 13 equal-length elements of 0.1m and the discs have dimensions

Disc Disc 1 Disc 2 Disc 3
Node 3 6 11
Thickness (m) 0.05 0.05 0.06
Inner diameter (m) 0.10 0.10 0.10
Outer diameter (m) 0.24 0.40 0.40

The bearings at each end of the rotor system are deliberatelyisotropic with stiffness and damping properties

Bearing Bearing 1 Bearing 2
Stiffness Kxx (MN/m) 50 50
Stiffness Kyy (MN/m) 70 70
Stiffness Dxx (N/m/s) 500 500
Stiffness Dyy (N/m/s) 700 700

Control forces can be applied at node 8 in the x and y-directions and similarly the displacements in the x-
direction at this node are observed. For computational easeguyan reduction [9] is used to reduce the model
to 6 degrees of freedom. The system is operated at 2,500 rpm.

Modal control dictates that each actuator controls an individual mode of vibration resulting in the number of
modes to be controlled the same as the number of actuators available. The model allows for 2 modes to be
controlled. It is decided to control the first two modes of vibration since these dominate the system response.

The single degree of freedom systems corresponding to the first two modes in modal space are

q̈m1 + 0.37850 q̇m1 + 1.4467 × 105 qm1 = um1 (22)

q̈m2 + 0.32708 q̇m2 + 1.5772 × 105 qm2 = um2 (23)

Optimal control is used to minimise the modal kinetic and potential energies such that controller gains are

Gk =

[

4.999913 0 0 · · · 0
0 4.999921 0 · · · 0

]

, Gd =

[

4.1096 0 0 · · · 0
0 4.1570 0 · · · 0

]

(24)

The response of the system with the controller off and on is illustrated in Fig. 2 and Fig 3 respectively.

ROTATING MACHINERY: MONITORING AND DIAGNOSTICS 3471



As expected the response of the system decays much faster than that for the uncontrolled system with the
displacement converging to zero much more rapidly. This is due to targeting the first two modes of vibration
of the system which dominate the system response. The modal control technique is indeed sucessfully
applied to bring the system under control.

6 Conclusions

In this paper a novel modal control method which can be applied to non-classically damped systems has
been presented. The method has been demonstrated through numerical example and it has been illustrated
that individual modes can be controlled and stable filters found numerically through the non-uniqueness of
the SPTs.

The premise of this paper is to introduce possible new methods into the area of rotating machinery where
skew-symmetry and gyroscopic coupling are regularly foundin the system damping matrices. The method
requires that no information be destroyed unlike conventional techniques which require that skew-symmetry
be ignored for the modal control techniques to be usable.

Usually, systems require reduction in size due to numericalconsiderations. Traditional Guyan reduction
models do not take into account damping properties. Alternative methods such as balanced truncation [4]
traditionally place the system into state space form beforereduction, thus destroying the second order proper-
ties of the system. Few methods have been developed to reducethe models in size for second order systems.
It would thus be beneficial to develop second order model reduction methods that take into account damping
whilst preserving second order form.
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Figure 2: Example 1 SPT response to initial conditions: control off
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Abstract 
Signals encoding information of the existing defects or possible failures in a system are sometimes 
difficult to analyze because of various corrupting noises. Such signals are usually acquired in difficult 
conditions, far from the place where defects are located and/or within a noisy environment. Detecting and 
diagnosing the defects require then quite sophisticated methods that should be able to make the distinction 
between noises due to defects and another parasite signals, all mixed together in an unknown way. Such a 
method is introduced in this paper. The method combines a genetic algorithm with time-frequency-scale 
analysis of mechanical vibration.. 
 
 

1 Introduction 
 
The problem of faults detection and diagnosis (fdd) using signals provided by a monitored system is 
approached in this paper through the hybrid combination between a modern Signal Processing (SP) 
analysis method and an optimization strategy issued from the field of Evolutionary Computing (EC). The 
signals to analyze are mechanical vibrations provided by bearings in service and have been acquired in 
difficult conditions: far from the location of tested bearing, without synchronization signal and hostile 
environment. The resulted vibrations are therefore corrupted by interference and environmental noises (the 
SNR is quite small) and the main rotation frequency can only be estimated. Moreover, the rotation speed 
varies during the measurements, because of load and power supply fluctuations. In general, from such 
signals is difficult to extract the defects information by simple or conventional methods.  
The method that will be succinctly described in this paper (a presentation in deep is made in [1] and [5]) 
relies on Matching Pursuit Algorithm (MPA) introduced by Mallat and Zhang in [2]. MPA proves a 
number of properties that can be exploited in order to perform fdd of noisy vibrations. The most important 
property is the capacity of denoising. By denoising, until the component is separated from the noisy 
component of analyzed signal with a controlled accuracy. Another useful characteristic is the distribution 
of denoised signal energy over the time-frequency (tf) plane, which in general reveals the signal features 
better than the classical spectrum. Vibrations affected by defects and noises are non stationary signals that 
require tf analysis rather than classical spectral analysis methods.  
The paper is organized as follows. The construction of a time-frequency-scale dictionary and the principle 
of matching pursuit are described into the next section. In section 3, the resulted optimization problem is 
stated and a genetic algorithm is designed in order to serve a solution.  
The last 2 sections are devoted to simulation results and some concluding remarks. 
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2 Matching Pursuit Principle 
 
The approach presented in [2] has been generalized in the sense that the time-frequency (tf) dictionary of 
waveforms is replaced here by a time-frequency-scale (tfs) dictionary. SP applications proved that the use 
of time, frequency and scale together can lead to better results than when only time and frequency or only 
time and scale are employed. Hence, the dictionary is generated by applying the following 3 operations on 
a basic signal g  referred to as mother waveform (mw): scaling with scale factor s0, time shifting with step 
u0 and harmonic modulation with pulsation 0ω . The mw can be selected from a large class of known 
signals, but its nature should be related to the analyzed signals. In case of vibrations, the unit energy Gauss 
function has been preferred:  

 2
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where: 4 2/1 πσ=A , 0>σ  is the sharpness and ∈0t  is the central instant. It is well known that Gauss 
mw (1) has a practical time support length of σ6  and a frequency support length of σ/6 , because of 
Uncertainty Principle (UP). The supports are measuring the tf localization.  
Starting from the selected mw, the dictionary consists of the following discrete atoms:  

 [ ] ( ))(][ /
,, 00

2
0

00 nulTsgeslg s
mklTsm

def

knm
s

m

−= −−− −ωj  , (2) 

where: ∈∀l  is the normalized instant, sT  is the sampling period of vibration, 10 −∈ sMm ,  is the scale 

index, 11 −−∈ NNn ,  is the time shifting index, and 10 −∈ mKk ,  is the harmonic modulation index. The 
ranges of variation for indexes can be derived by tuning the dictionary on the vibration data v . Thus, the 
number of scales sM , as well as the number of frequency sub-bands per scale mK  (variable because of 
UP), are determined by the vibration bandwidth set by pre-filtering. The number of time shifting steps 
depends on vibration data length N. Also, the central instant t0 is naturally set to 2/)1( sTN −  (i.e. in the 
middle of data support), which involves 30 /t=σ  (the practical support of mw extends over the data 
support). The operators applied on mw are defined by: 210 /=s , sTu =0  and σω /ln 220 =  (more details 
are given in [1]). Note that atoms (2) are not necessarily orthogonal each other. The tfs dictionary, denoted 
by ][gD , is redundant and the spectra of every 2 adjacent atoms overlap. It generates a subspace ][gD  of 

finite energy signals, as shown in Figure 1. The vibration v  may not belong to ][gD , but, if projected on 

][gD , one obtains the utile signal Dv . The residual signal v∆  is orthogonal on ][gD  and corresponds 
to unwanted noises. Figure 1 illustrates in fact the signal denoising principle used in this framework. Since 
the atoms (2) are redundant, Dv  cannot easily be expressed. Moreover, Dv  is, in general, an infinite linear  

 
 

Figure 1: Denoising within a tfs dictionary 
 

combination of atoms from ][gD . Thus, it can only be estimated with a controlled accuracy. The 
parameters necessary to construct ][gD  are listed in Table 1. 
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The MPA is concerned with estimation of utile signal Dv , by using the concept of best matching atom 
(bma). When projecting the signal on dictionary, the bma is the atom with maximum magnitude of 
resulted projection coefficient. According to MPA, the utile signal is estimated by approximating the 
residual with the help of following recursive process:  

 [ ] [ ]qqqqqq knmknm
qqq ggxxx ,,,,,∆∆∆ −≡+1 , 0≥∀q . (3) 

The approximation process (3) starts with vibration signal vx ≡∆0 as the first estimation (the coarser one) 
of residual. The corresponding bma [ ]000 ,, knmg  is found and the projected signal is subtracted from the 
current residual. The new resulted residual x1∆  (that refines the estimation of noisy part) is looking now 
for its bma in ][gD  and, after finding it, a finer residual estimation x2∆  is produced by subtraction as well, 
etc. The iterations stop when the residual energy falls below a threshold a priori set, i.e. after Q  bmas 
have been found. The utile signal is then estimated by:  
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Note that, in (4), the projections coefficients become from successive residuals and not only from the 
initial vibration data. Moreover, a remarkable energy conservation property has been proved in [2]:  
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despite the atoms are not necessarily orthogonal. Iterations in (3) can be stopped thanks to (5), which 
shows that the energy of utile signal increases, while the residual energy decreases for every new extracted 
bma.  

 
Table 1: Parameters defining a discrete tfs dictionary 

 

3 Design of a Genetic Algorithm 
 

Finding the bma corresponding to current residual xq∆  means solving the following maximization 
problem:  

 ∑
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 type of mother waveform: g  (e.g. Gauss);  
 signal frame length: PN 2= ;  
 sampling rate: ss TF /1= ;  
 estimated cut-off pulsations:  

lcω  (left) and rcω  (right); 

 central point of mother waveform: 0t ;  
 sharpness of mother waveform: σ ;  
 scaling factor: 0s ;  
 time shift step: 0u ;  
 harmonic modulation step at null scale: 0ω ; 
 number of analyzing scales: sM ;  
 maximum number of time shifting steps: 

12 −N ;  
 number of frequency sub-bands for every scale:
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where *a  is the complex conjugate of a . The sum in (6) is actually finite, because the supports of 
residual and atoms are finite.  
Though the searching space ][gD  is finite, usually it includes a huge number of atoms to test. The 
exhaustive search is inefficient. The gradient based optimization methods are also impractical, because the 
cost function is extremely irregular and changes in every step of iteration. A promising approach is to use 
an optimization technique coming from EC filed.  
The combination between MPA and evolutionary techniques is a very recent idea that has been used in 
analysis of satellite images [3]. In this framework MPA is joined to a Genetic Algorithm (GA) [4]. The 
symbiosis between the 2 algorithms resulted in a Genetic Matching Pursuit Algorithm (GMPA). 
A GA was designed according to MPA characteristics. Dictionary atoms are uniquely located into the tfs 
plane by 3 indexes: scaling, time shifting and harmonic modulation. In general 12 0 −+<< KNM s , i.e. the 
number of scales is small (up to 10, for a bandwidth of about 10 kHz, which is enough for vibrations 
analysis). Therefore, the GA is in charge with finding the bmas on every scale. The fittest of them is 
subsequently selected. 
The generic chromosome is represented by 2 successive binary genes [ ]knkn γγγ |, = . One ( nγ ) is for time 
shifting indexes and another one ( kγ ) for harmonic modulation indexes. The length of nγ  is constant 
among scales, but the length of kγ  decreases as the scale index increases, because the number of 
frequency sub-bands mK  decreases (due to UP). Varying the chromosome length minimizes the 
probability to obtain invalid values of genes after applying the genetic operators.  

At every scale 10 −∈ sMm , , a population of chromosomes have to be used in optimization. Thus, the GA 
operates with a number of sM  populations in parallel. It is well known that parallelism can significantly 
increase the convergence speed.  
By working with several populations in parallel, the intrinsic degree of parallelism (specific to any GA) is 
even more increased and thus a higher convergence speed is expected. A fitness function is defined 
according to maximization problem (6):  

 ∑
∈

=
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knm
q

def

knq lglxmf ][][],[ *
],,[, ∆γ  , (7) 

where 10 −∈ sMm , , 11 −−∈ NNn ,  and 10 −∈ mKk , . Definition (7) shows that the fitness function 
changes in every step of recursive process (3).  
The next setting of GA regards the genetic operations to be applied: first crossover, then mutation and 
finally inversion with corresponding probabilities ( cP , mP  and iP , respectively). Note that crossover is 
applied only on genes of same length.  
The use of probabilities in genetic operators relies on Baker’s simple procedure that simulates the roulette 
game ([4], [1]).  
In order to construct a new population from an existing one, an elitist strategy was adopted. The strategy is 
elitist in a controlled proportion denoted by ),[ 10∈eP .  

For example, 10% of the current fittest chromosomes are inherited by the next population, whereas the 
remaining 90% of vacant places have to be taken by genetically modified chromosomes. Subsequent 
populations have to have the same number of chromosomes, denoted by P . The elitist strategy of next 
population construction, starting from the current one, is illustrated in Figure 2.  
Thus, the fittest  PPe  chromosomes of current population tΠ  are directly inherited by the next 
population 1+tΠ . They are the elite. (Obviously, after completing all places of 1+tΠ , the  elite  can  change).  
The population t∆ , referred to as ∆-population, is constructed in this aim and includes all chromosomes  
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Figure 2: Elitist strategy principle 

 
aptly to reproduce. Any fitted chromosome that can have offspring must transition through this mating 
pool, find a mate and produce offspring. The number of chromosomes in t∆  equals the vacant positions in 

1+tΠ . Finally, the next population (as well as the current one) must include only different chromosomes.  

Offspring are also selected by an elitist approach, as follows: for crossover, the fittest 2 chromosomes 
among the 2 parents and their 4 offspring are selected (recall there are 2 genes); for mutation and 
inversion, the fittest chromosome between each parent and its offspring is selected. This approach is 
slightly different from the usual one in GA design, where the offspring are replacing their parents 
independently on their fitness. The elitist approach has the advantage of keeping the most aptly to 
reproduce chromosomes into populations, so that the chance to skip the optimum is reduced. The 
drawback is that the elite may stop the evolution, by dominating the population across many generations. 
In order to attenuate this drawback, a number of places in 1+tΠ  are left free, to be taken by randomly 
chosen chromosomes (that must be all different). This “refreshing” technique allows the outstanding 
chromosomes to be combined with less fitted ones and to avoid the evolution stagnation. The free places 
are simply reserved by imposing the following natural restriction: only a maximum number of genetic 
operations goM  is allowed in order to complete the population 1+tΠ . If after goM  operations the next 
population is incomplete, the remaining places are free to be taken by randomly chosen chromosomes.  

How the ∆-population can be generated? Unlike tΠ  and 1+tΠ  (that must include only different 
chromosomes), the  ( )PPP e−  places of t∆  are filled according to the representativity of chromosomes in 

tΠ  (i.e. to its reproduction capacity or chance). Thus, the most representative chromosome will take 
(together with its clones) the maximum number of places in t∆ . If the representativity can numerically be 
estimated as a function R  of chromosomes kn,γ  that belong to the current population tΠ , then a 
generalized version of Baker’s procedure [1] can be used to construct t∆ .  

Representativity can be quantified by using the fitness. Several techniques referred to as selection methods 
have been introduced in literature [4]. In our context, a method that performs an adaptation of selection 
process to the current population has been preferred: Boltzmann annealing (the last name comes from the 
evolutionary optimization technique of Simulated Annealing). The selection is realized with the following 
scenario. A parameter referred to as annealing temperature, aT  can be used to adapt the selection rate to 
the population. In the first generations, the high values of aT  force every chromosome to have about the 
same small selection rate, although determined by its fitness. By decreasing aT , the fitness starts to play an 
important role in selection, making the difference between chromosomes aptly to reproduce. Numerically, 
this property can be exhibited by means of exponential Boltzmann function:  
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In (8), the temperature can be defined as:  
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Definition (9) is based on the observation that the population variance (that constitutes the adaptation 
engine) is related to the relative distance between the best fitness in population and the average fitness 
over the population [1]. With the settings above, the GMPA is completely designed and can be 
implemented. A list of necessary parameters is described in Table 2.  

 
Table 2: Parameters necessary to design a GA 

 
 

4 Simulation Results 
 

Data were provided by bearings in Figure 3. 
Standard bearing (defects free) has been labeled by <B3850609>. Another 3 bearings with the same 
geometry have been used to provide vibration data that encode defects, as follows: <I3850609> (with a 
crack located on the inner race), <O3850609> (with wear of outer race) and <M3850609> (with 
cavities on inner and outer races). Figure 4 also shows the value of sampling rate ( kHz20=sν ), the 
nominal estimated rotation speed of shaft ( Hz344.=sν ) and the natural frequencies of bearing in 
decreasing order.  
The resulted vibration data have small SNR, especially in case of defect encoding vibrations (under 6 dB, 
i.e. more than 30% of energy consist of undesirable noise). A high pass filter in band 0.5-10 kHz was 
applied in order to remove some noises and the main rotation harmonics up to order 10. Figure 4 displays 
data (to the left) and spectra (to the right) for the aforementioned bearings.  

 population size: 200,50∈P ;  
 probability of crossover: ]1,5.0[∈cP ;  
 probability of mutation: ]1.0,0[∈mP ;  
 probability of inversion: ]50.0,0[∈iP ;  
 proportion of elitist selection: ]3.0,01.0[∈eP ;  
 selection method;  
 stop test threshold: ]25.0,0[∈ε ;  
 maximum number of generations per run: 

200,50∈T ;  

 maximum number of genetic operations to fill the next 
population: PPM go 6,3∈ ; 

 survival factor: 10,2∈S   
(bigger for initial populations).  
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Standard radial-axial bearing with rolling balls <B3850609>

38
.5

6

# of balls: 9

* Frequencies [Hz]:
Sampling: 20000
Rotation:  44.3
BPFI:  224.799
BPFO: 173.901
BRF:   139.813
CFI:      24.978
CFO:    19.322

 
Figure 3: Bearing <B3850609> 

 

 
 

Figure 4: Vibration Data and Spectra 
 

Spectra of the last 3 bearings are quasi identical (one can see the prominent resonance peak at high 
frequency) and thus the defects cannot easily be discriminated.  
The frame length of vibration data is set to 2048=N . Together with the other acquisition and pre-
processing parameters, this leads to a tfs dictionary with more than 4 million atoms, organized on 9=sM  
scales. The most dilated atoms lie on scale #0, whereas scale #8 includes the most contracted ones. 
Consequently, the frequency resolution and the number of atoms per scale decrease as the scale index 
increases. On the last scale, #8, the number of atoms is 6165, which allowed the comparison between 
exhaustive search and GA. A comparison between the first 3 bmas found by both methods on scale #8, for 
bearing <I3850609> is performed in Figure 5. (The other bearings led to similar results.)  
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Figure 5: GA versus exhaustive search (<I3850609>) 
After initialization (1 generation), the first optimum is found at the 7-th generation, but it had to prove that 
is able to survive over 5 generations (this is the meaning of survival factor in Table 2). The next 2 optima 
are retrieved very fast, in only 3 and 4 generations, respectively. This time, they have to prove the ability 
to survive over 3 generations. All found bmas are identical within the 2 searching methods. By looking at 
the left column of figure (exhaustive search), the graphics reveal how irregular is the fitness function. 
(Atoms have been enumerated in increasing order of their time shifting indices, for each harmonic 
modulation index.) Also, one can see that the fitness shape exhibits only an imperceptible change from a 
recursive step to another (though the fitness function has to be re-evaluated after every bma found for all 
atoms). Therefore, the final population resulted from the current recursive step of GA is set as the initial 
population for the next step, which resulted in a faster optimum retrieval.  
During the run of GMPA (with the stop threshold 001.0=ε ), the variation of residual energy depending on 
the number of bma found is drawn in Figure 6. This is in fact an estimation of convergence speed. One can 
see that GMPA is exponential in terms of convergence speed for all 4 frames. In the beginning, the energy 
gain is important and earned by a relatively small number of bmas. As the residual energy decreases, more 
and more bmas (in an exponentially increasing number) are necessary in order to earn the same energy 
gain. This figure also shows how the quantity of noise can be controlled by means of ε . The matching 
pursuit can be stopped as soon as the residual energy falls below a desired level (ε  times the initial 
vibration frame energy).  
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Figure 6: Energy of successive residuals in GMPA 
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After projecting the vibrations on tfs dictionary, the distributions of bmas over tfs plane have been drawn, 
as depicted in Figure 7, for all tested bearings. The tf planes have been horizontally stacked, in order of 
scales, with time put on vertical axis. On the horizontal axis, the frequency band is split into a variable 
number of sub-bands, depending on scale index (from 0 to 8). Atoms are located into rectangles with 
variable size, depending on scale, because the frequency resolution varies along scales (larger scale index 
involves bigger rectangles). Also, the rectangles overlap in frequency, because atoms spectra overlap. The 
fitness value (in dB) of every bma is represented with a color (or gray level) according to the scaling on 
the right side of figures. It starts with light colors (blue or gray) for small values and ends with dark colors 
(red or black) for large values. 
Thanks to absence of defect encoding noise, the bmas of window displayed on top are almost uniformly 
distributed over the tfs plane, without groups of high fitness atoms concentrated in a specific zone. One 
can remark that the noise (scales #7 & #8) is located at low frequency, albeit some more high frequency 
atoms appeared in the end. 
The distribution corresponding to bearing <I3850609> (next window), reveals a higher energy 
concentration on scale #0 (with more than 12% of initial energy) within a small number of bmas. The 2 
abnormal groups of bmas are located around sub-band #571, which gives the frequency of about 10.569 
kHz, i.e. approximately 47×BPFI (see Figure 5, where “BPFI” stands for Ball Pass Frequency on Inner 
race). Thus, the defect is quite clearly decoded. Moreover, the noise is now located at high frequencies 
(scale #8).  
For bearing <O3850609>, 3 abnormal concentrations of atoms can be emphasized (see the third 
window). Some atoms are grouped around the fittest bma in sub-band #512, some others are grouped 
around  the  second  or  third  fittest  bmas.  The first and the last abnormal groups seem to be stronger, 
 

  

  
 

Figure 7: Distributions of atoms over the tfs plane  
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especially because they are located around the same frequency sub-band. The central frequency 
corresponding to modulation indexes #512 (on scale #0) and #256 (on scale #1) is 9.65 kHz, i.e. 
55×BPFO (see Figure 3, where BPFO stands for Ball Pass Frequency on Outer race). Note that the 
characteristic frequency pointed for the inner race defect, i.e. 10.569 kHz, equals 60.78×BPFO, while the 
characteristic frequency pointed here, i.e. 9.65 kHz, is 42.55×BPFI. The defect types are clearly 
discriminated. Five abnormal concentrations of high fitness atoms can be seen on last window of Figure 7, 
for bearing <O3850609>. The first 2 are located on scale #0 around the first 2 fittest bmas. Both groups 
point to the central sub-band #571, which means “inner race defect”, as explained previously. The other 3 
groups are located on scales #1, #2 and #3. the sub-bands pointed by these atoms being #256, #129 and 
#64, respectively. Obviously, this means in fact “outer race defect”. Both defects coexist and the 
corresponding noises are mixed in an unknown manner, but the dictionary was able to identify them 
correctly. Moreover, according to tfs distribution, the inner race defect seems to be slightly more severe 
than the one located on outer race, which was confirmed after dismounting the bearing.  
 

5 Conclusions 
 
Processing of noisy signals usually requires methods with high complexity degree. Some of such methods 
lead to greedy procedures, like the one presented in this paper. The complexity of method described above 
is involved by an optimization problem that cannot efficiently be solved by means of classical techniques, 
gradient based. Therefore, an evolutionary approach using GA has been proposed. The resulted GMPA 
proved interesting features, such as denoising and extraction of utile signal with a desired SNR or 
decoding of some information related to fdd. The algorithm can be used for a larger class of one 
dimension signals than vibrations, in a framework where a method issued from Signal Processing and a 
strategy relying on Evolutionary Computing proved that these two fields can work together.  
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Abstract 
 

The use of vibration signals for internal combustion engines diagnosis is now well established for several 

applications such as knock detection or valve mechanics behaviour assessment. If standard knock 

detection can be performed in real time, diagnoses are generally carried out off-line due to algorithm 

complexity.  Our aim was to get some insights on the time-frequency properties of the vibration signal in 

order to improve off-line techniques and propose adapted real time algorithms for combustion diagnosis. 

This paper addresses the problem of the identification of combustion related vibrations among others noise 

sources. In order to help this identification, pressure traces from in-cylinder sensors are also recorded and 

processed.  Thus, pressure forces that generate the “thermal noise” in the vibration signal can be analyzed 

separately. The “thermal noise” associated events can be more easily isolated from the mechanical noise in 

the vibration signal mixture. 

 

1 Introduction 
 

The development of new technologies in internal combustion (IC) engines for emissions and fuel 

consumption reduction constitutes a very acute challenge in engine research. One could refer to the 

increasing use of alternative energy from biomass, and the growing development of Flexfuel vehicles, 

which can use mixtures of ethanol or gasoline in any proportion, as examples of those cutting edge 

research fields. Flexfuel engines, in particular, represent a great challenge for IC engine improvement, as 

optimal efficiency for any fuel composition is desired. 

These new generations of spark ignition engines require a correct ignition adjustment for each fuel, to 

guarantee optimal performance. A recent trend, towards ignition adjustment, exploits the detection of 

knocking combustion phenomena [1]. Engine knock is an unwanted phenomenon that may cause engine 

damage. However, optimal performance is often obtained when the spark advance remains close to the 

knocking condition. A proposed strategy consists in controlling spark advance by using close-loop control 

algorithms with knocking condition detection, and in adapting the advance regulation optimally with 

respect to the detected knocking limit. 

Knock detection, for efficient combustion control of spark ignition engine, can be performed by using in-

cylinder pressure sensors. Nevertheless, their price and the environment hostility limit their practical use 

outside test beds. A more cost effective approach consists in using accelerometer sensors located on the 

engine surface and [2] showed its potential for knock detection. Gasoline series vehicles are already 

equipped with knock sensors but the existing detection techniques require further improvements such as 

enhanced noise and speed robustness, adaptability to combustion conditions and, above all, a better 

characterization than standard binary classification in “knocking” or “not-knocking” conditions.  

This paper addresses the challenge of knock detection improvements with time-frequency analysis.  The 

later technique is better suited than standard Fourier transforms to the non-stationary features of the 

vibration signals recorded from accelerometers. Time-frequency representations yield more insights to the 
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properties of the vibration signal associated with the knock phenomenon, and are generally more noise 

resilient. Information provided by time-frequency techniques is essential to provide a real time 

methodology suitable for close-loop control.  

After a presentation of the knocking phenomenon background, we will describe the experimental setup, as 

well as the dedicated acquisition system that was developed to address real-time data recording and 

processing. 

Time-frequency analysis of both pressure traces and vibration data is performed and results provide useful 

insights on the knock related vibration signals. We then take advantage of this improved understanding to 

develop a real time knock detection approach. 

The paper is organized as follows: we present in Section 2 the acquisition platform which also implements 

real time combustion analysis algorithms. Section 3 is dedicated to the background of the knock 

phenomenon. Time-frequency analysis, which provides appropriate tools for the study of non stationary 

signals such as knock related vibrations, is reviewed in Section 4. Finally, Section 5 details the proposed 

real time knock analysis and its application on real engine experiments with varying conditions. 

 

2 Real-time combustion analysis platform  
 

IFP has developed an acquisition and processing platform dedicated to the analysis and monitoring of 

combustion-related processes for test bed engines. It allows triggered acquisition for off-line data analysis 

(as well as for algorithm design), real-time signal processing and communication with other monitoring or 

control and diagnosis units. 

The platform is based on a Host-Target architecture. The Host PC is dedicated to software development 

and communications with the Target. The Target is an industrial PC working on Mathworks™ xPC 

Target® real-time kernel. Its hardware architecture contains an IFP Timer Board coupled with a 

windowed acquisition module designed for high-resolution (16-bit) multi-channel analogue data 

acquisition. Analogue acquisitions are triggered independently on each channel on the base of a 0.1° crank 

angle (CA) resolution angular coder or the 6°-CA resolution flywheel, depending on the engine speed. The 

windowing of the data on a reduced angle range (around each cylinder Top Dead Centre, TDC) allows the 

recording of useful parts in the considered signals. High-frequency signal sampling in the acquisition 

window is performed with two modes: time-based or angle-based. Depending on the mode, data sampling 

is performed up to 200 kHz (time-base) or 0.1°-CA (angle-base). Eight channels are usually recorded, 

including, for instance, signals from in-cylinder and rail pressure, accelerometer, knock or ionization 

current sensors. Figure 1 displays the system description and architecture. 

 

Figure 1: Combustion Analysis Platform hardware architecture diagram. 
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Designed after extensive off-line analysis of recorded data, the fast prototyping stage of signal processing 

algorithms’ implementation is performed within Simulink® and the Signal Processing Blockset®. The 

combination of xPC Target® and Real-Time Workshop® allows to generate code and to download it onto 

the target running in real-time. Executable application building can be divided into two main steps: C code 

generation with Real Time Workshop, compilation and linking with Visual C/C++ .net®. The design 

stages are represented in Figure 2. 

 

Figure 2: Fast prototyping software architecture diagram. 

 

The combination of both hardware and software features of the platform allows the design of signal 

processing algorithms from data offline post-processing (with time-frequency transforms) to low 

complexity real time algorithms. 

 

3 Knock phenomenon 
 

3.1 Introduction and challenges 
 

Spark ignition engines are subject to an abnormal combustion process called “knock”. It is associated with 

fast pressure increases which turn into engine vibrations causing the familiar knocking sound. Knock is a 

potential damage source for the piston crown or the cylinder walls. It furthermore limits engine efficiency. 

Fine knock detection strategies increase engine performance, combustion stability, reduce transient noises 

and, to some extent, pollution (CO2 for instance). Traditional detection methods rely on amplitude/energy 

detection for one or several frequency bands, computed using a Fourier transform or a band-pass filtered 

signal obtained from instrumental devices. Knock amplitude or energy is then detected using fixed or 

updated discriminating thresholds [3]. Though effective at low speeds, these traditional methods seem to 
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reach their limits at high engine speed or when other noise sources interfere (background noise, injection 

power unit disturbances, etc.) 

Several authors [4] have pointed out that the knock signal is unsteady since chamber volume and sound 

speed vary through a combustion cycle. They therefore investigated ``time-frequency'' analysis methods 

such as Wigner-Ville or wavelet transforms [5]. These methods are able to discriminate knock 

characteristics and are generally robust to background noises.  

 

3.2 Basics on knock properties 
 

Several knock definitions exists, and we will follow a generic one, from [6]: 

“Knock is an undesirable mode of combustion that originates spontaneously and sporadically in the 

engine, producing sharp pressure pulses associated with a vibratory movement of the charge and the 

characteristic sound from which the phenomenon derives its name.” 

The knock phenomenon is classically viewed as an abnormal combustion process. In normal combustion, 

a spark plug ignites a gaseous mixture of air, fuel and residual gases toward the end of the compression 

stroke. The mixture burns and the front flame propagates from the point of ignition to the cylinder walls 

and the piston crown [7]. 

The major theory for knock onset is auto-ignition. In this theory, unburned gases ahead from the front 

flame (“end gases”) are compressed. The elevation of temperature and pressure may lead to a point where 

precombustion reactions have time to develop to a self-ignition of the unburned gases. We refer to [8] for 

a comparison between knock models. Auto-ignition may also start from “hot spots” in the end gases 

melange. The resulting impulsive pressure increase excites the cylinder cavity resonances, which are 

transmitted to the engine structure. It results in engine vibrations to the audible level. 

In the case of cylindrical combustion chamber, the resonant frequency can be expressed as 
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where c denotes the speed of sound in gas, B the radius of the cylinder bore and L the axial length of the 

cylinder cavity which changes as the piston moves. The indices m, n and p are integers denoting 

respectively circumferential, radial and axial mode numbers. The xm,n terms are determined by solving  
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with Jm the first kind Bessel function of order m and n is the n
th
 zero for a specific order m. Usually, the 

axial mode is neglected because knock generation occurs when the piston is close to the TDC position. 

Equation (1) then becomes: 
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According to a thermodynamic relation, the velocity of sound can be approximated as: 

TRc γ=2
,                                                                            (4) 

where γ is the isentropic coefficient, R the gas constant and T the in-cylinder temperature. 

The frequency is thus a function of the chamber geometry, the temperature and the isentropic constant. 

Consequently, different fuel compositions with different thermal properties may cause changes in the 

resonant frequency values. 
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4 Time-frequency analysis of knock phenomenon 
 

4.1 VIBRATION SIGNAL NATURE 
 

The vibration signal exhibits non-stationary features due to different kind of sources such as valve 

openings and closures, piston slaps and additive noises. Transient waves generated by these sources 

overlap each other and the challenge is to detect the parts of the vibration signal associated to the knock 

phenomenon. To help the identification of the knock contribution, pressure traces acquired from in-

cylinder pressure sensors are also used as a reference signal.  

Figure 3 presents typical pressure and vibration signals associated with a spark injection engine. The 

difference between non-knocking and knocking conditions can be easily identified by the apparition of a 

high amplitude transient event with limited bandwidth frequency content. These non-stationary features of 

vibration signal and knock related contributions have to be analyzed by appropriate techniques using time-

frequency representations. 

 

Figure 3 : Pressure and vibration signals in non-knocking and knocking condition. 

 

4.2 Short-time Fourier transform and the spectrogram 
 

The Fourier transform is not a well suited tool for the analysis of a non-stationary signal since it projects 

the signal onto infinite waves which are completely delocalized in time. Vibration signal components 

could not be discriminated with the frequency information alone, as these components may possess exhibit 

similar frequency content. A time dimension has to be added to the standard frequency analysis and 

bidimensional functions of time and frequency variables have to be considered. A first and simple 

technique, introducing time-dependency in the Fourier transform, is to perform Fourier transform in a 

sliding window h. The obtained transform is the short-time Fourier transform (STFT), with mathematical 

expression given by: 

∫
+∞

∞−

−−= duetuhuxhtSTFT uj πυυ 2* )()();,( .                                                  (5) 
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This time-frequency representation is very intuitive and provides a friendly tool to address the properties 

of a non-stationary signal. The time resolution of the STFT is proportional to the duration of the analysis 

window and the frequency resolution is proportional to the analysis window bandwidth. Due to the 

Heisenberg-Gabor inequality, an optimal resolution in both domains can not be reached, resulting in a 

trade-off  between time and frequency resolutions. The consequences of the choice of a particular window 

are first to assume the signal’s stationary inside this window and second to perform the signal analysis 

within a fixed time-frequency resolution. Usually, the time-frequency analysis based on the STFT is 

visualized through its squared modulus. This energy distribution defines the spectrogram as a quadratic 

representation. The main drawback of this type of representation is the introduction of interference 

structures with respect to the quadratic superposition principle.   

 

4.3 Wigner-Ville Transform 
 

If the STFT and the spectrogram provide a first diagnosis of a non-stationary signal, their limitations are 

rapidly reached and more sophisticated techniques have to be considered. Among these time-frequency 

techniques, the Wigner-Ville distribution is of particular interest. This transform is very similar to the 

STFT. The main difference resides in the analysis window which is not a standard fixed window but the 

signal itself, temporally inverted: 

∫
+∞

∞−

−−+= τττυ πυ detxtxtW uj

x

2* )2()2(),( .                                                 (6) 

The main advantage of this representation is to avoid the choice of an arbitrary analysis window. Here the 

window is always well adapted to the signal. A description of the Wigner-Ville distribution properties can 

be found in [9].  

Nevertheless, as a quadratic representation, the Wigner-Ville spectrum includes interference structures 

which may lead to pitfalls in its interpretation. To limit these interferences, several techniques have been 

implemented such as the use of analytic signal to avoid interference between components located near the 

frequency symmetry axis. Smoothing techniques allow the attenuation of interferences patterns. In the 

later case, the obtained distributions are smooth pseudo Wigner-Ville transforms.  

 

4.4 Reassignment method 
 

The reassignment was introduced to improve the spectrogram resolution, but may also be applied to the 

Wigner-Ville spectrum. The original idea of the reassignment technique [10] consists in assigning each 

value of the spectrogram at the centre of gravity of this domain instead of at a geometrical center of the 

time–frequency domain. This is done by using the phase information of the STFT.  

 

4.5 Wigner-Ville Distribution and cyclostationarity 
 

The use of the Wigner-Ville distribution is on the one hand justified by the good time-frequency 

resolution. On the other hand, [11] showed that most engine vibrations may be regarded as 

cyclostationary. Components of these vibrations are mutually not correlated and the cross-terms in the 

Wigner-Ville distribution can be cancelled by averaging different combustion cycles. Theoretically, the 

resulting mean Wigner-Ville distribution converges to the Wigner-Ville spectrum containing the auto-

terms only. 
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4.6 Time-frequency analysis of the vibration signal 
 

Figure 4 represents spectrograms of a pressure trace and a vibration signal. The STFT used a 129 point 

Hamming window. The resonance frequency, generated by the knock phenomenon, can easily be observed 

in the gradient pressure spectrogram. The vibration signal spectrogram shows a more complex content 

with several transient events but the first resonant frequency can be detected between 380° and 400° CA 

indexes and below 10 kHz. Our purpose is to precisely determine the frequency content of the knock.  

 

Figure 4: Pressure gradient and vibration signal spectrograms. 

 

Figure 5 shows the resolution gain obtained with the Wigner-Ville distribution and the reassignment 

technique. In some cases, the resolution obtained with the reassigned spectrogram may even compare to 

that of the pseudo Wigner-Ville distribution. Thus we recommend the use of this technique in addition to 

the reassigned pseudo Wigner-Ville representation. 

 

Figure 5: Spectrogram (top), reassigned spectrogram (middle), reassigned pseudo Wigner-Ville 

distribution (bottom). 
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The reassigned pseudo Wigner-Ville spectrum provides good resolution which allows the observation of 

differences in the frequency content of knock vibration related to load or composition variations. Figure 6 

depicts the variation of the energy and frequency content for three different setting points for which the 

load increases (indicated by the IMEP, Indicated Mean Effective Pressure index). Here, as the temperature 

reached in the combustion chamber becomes higher, the resonance frequency increases. This frequency 

variation may be observed both on pressure and vibration signals, which confirms the relevance of this 

indirect measurement. 

 

Figure 6: Knock frequency variation due to load increase (pressure on the left and vibration signal 

on the right). 

 

5 Real time knock analysis 
 

5.1 Real time issues 
 

The time-frequency representations presented in the previous section are well suited to signal analysis for 

off-line diagnosis. Nonetheless, the computation time and the large number of operations needed to 

perform a Wigner-Ville distribution often exceed on-board processor capabilities. The purpose is to find a 

signal processing strategy which can be implemented in real time in order to identify the occurrences of 

the knock phenomenon. The proposed methodology should take into account several issues:  

• real time implementation, 

• noise robustness,  

• adaptation to the knock frequency variations,  

• improvement of the binary knock-no knock response given by state-of-the-art techniques as well 

as providing a finer quantification of the knock phenomenon. 
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5.2 Real time time-frequency analysis 
 

Time-frequency representations are able to provide information on the frequency content variation of the 

knock phenomenon. The main idea of our processing strategy is to analyze signals in a narrow bandwidth 

where the knock phenomenon appears. This strategy requires the observation of only a small number of 

frequency components. Consequently, techniques based on sliding Discrete Fourier Transform (DFT) 

have been assessed and especially those which can be implemented in a recursive way. 

The Goertzel algorithm [12], used in dual-tone multi-frequency decoding, was considered. This algorithm 

computes a single DFT. The algorithm is implemented in the form of a second-order infinite impulse 

response filter (IIR). The z-domain transfer function of the Goertzel algorithm is: 

21

1/2

)/2cos(21

1
)( −−

−−

+−
−=

zzNk

ze
zH

Nkj

π

π

,                                                      (7) 

where N is the number of samples of the considered angular sequence and k is the frequency-domain index 

in the range 10 −≤≤ Nk . The advantage of the Goertzel algorithm is its iterative implementation that 

requires fewer operations than a traditional DFT. A limited bandwidth spectrogram can thus be obtained 

with a sliding Goertzel algorithm version in the same way as in the STFT, for a single frequency bin only. 

Another algorithm is even more interesting in real time applications, the sliding discrete Fourier transform 

(SDFT) described in [13]. This algorithm uses the circular property of the DFT which states that if )(kX  

is the DFT of a sequence, the DFT of the sequence shifted by one sample is
NkjekX /2)( π

. This property 

can be expressed with the following difference equation: 

)()()1()( /2 nxNnxenSnS Nkj

kk +−−−= π
,                                        (8) 

where kS  is the spectral component determined at each angular sample n for the frequency-domain index 

k. Once the first spectral component is computed, only a very limited number of operations is needed, in 

contrary to the Goertzel algorithm. This process is valuable in computing real time spectra. The SDFT 

thus requires two real adds and one complex multiply per output sample. Nevertheless, a particular 

attention has to be paid to check the SDFT stability; applying this algorithm to a narrow bandwidth, which 

generally increases its robustness. Figure 7 shows the summation of two discrete spectral components 

computed in the knock bandwidth between 7 and 9 kHz determined by the Goertzel and the SDFT 

algorithms, one can observe the good agreement in the variation of the spectral component summation 

versus angle. 

 

 

Figure 7: Comparison of the spectral component energy versus angle determined with Goertzel  and 

SDFT algorithms. 

 

ROTATING MACHINERY: MONITORING AND DIAGNOSTICS 3493



The proposed methodology can be summarized in three steps: 

• angular acquisition, 

• band-pass filtering of the vibration data, 

• spectral components determination of a few number of frequencies in order to identify the 

presence of knock related vibrations and summation of the energy of these spectral 

components.  

 

5.3 Real time knock detection 
 

For the application of the proposed methodology, several tests on a four-cylinder direct injection engine 

with different speeds and loads have been performed with a variation of the spark advance. 

A first test consisted in increasing the spark advance in order to meet the knock condition and perform our 

real time detection strategy. The engine speed was 1500 rpm and the indicated mean effective pressure 

(IMEP) was 6 bars, with 120 recorded cycles. The spark advance varies from -13° to -18° (Figure 8, 

bottom). As one can observe on Figure 8, where the energy of the spectral components versus angle are 

displayed, the non-knocking and knocking occurrences are well determined as well as the intensity of the 

phenomenon. 

Our approach was also applied to a second test. Data were acquired with a different speed (3000 rpm) but 

with the same IMEP (6 bars). The spark advance decreases from -31° to -35°. Figure 9 confirms the 

validity of our approach and it can be observed that sporadic knocking conditions are present for this test, 

and so, for every value of the spark advance. For several cycles, the energy of the spectral components is 

quite high and reveals strong knocking conditions. 

 

Figure 8: Real time knock analysis of the first test at 1500 rpm and 6 bars IMEP (top: results from 

the application of the proposed methodology applied to the pressure signal, middle: results from the 

same methodology applied to the vibration signal, bottom: spark advance). 
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Figure 9: Real time knock analysis of the second test at 3000 rpm and 6 bars IMEP (top: results 

from the application of the proposed methodology applied to the pressure signal, middle: results 

from the same methodology applied to the vibration signal, bottom: spark advance). 

 

6 Conclusion  
 

Engine performance optimization can be performed with spark advance control with a strategy based on 

knocking detection. An economical approach for the knocking detection consists in using accelerometer 

sensors located on the engine and to extract information on the occurrence of the knocking phenomenon 

from vibration signals. Time-frequency analysis techniques such as the Wigner-Ville distribution or the 

reassigned spectrogram are used to characterize precisely the frequency content of the knocking related 

signal components, which may vary in function of fuel composition in the particular case of Flexfuel 

engine. A real time methodology for spark adjustment close-loop control is proposed, which is able to 

provide information on the presence of knock. Tests show that it is possible to provide also information on 

knock intensity. 
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Abstract 
The concept that changes in the dynamic behaviour of a rotor could be used for general fault detection and 
monitoring is well established. Current methods rely on the response of the machine to unbalance 
excitation and are mainly based on pattern recognition approaches. However these methods are relatively 
insensitive and the crack must be large before it can be robustly detected. Active magnetic bearings 
(AMB) have been used in high speed applications or where oil contamination must be prevented, although 
their low load capacity restricts the scope of applications. Recently AMBs have been proposed as an 
actuator to apply force to the shaft of a machine. The presence of the crack generates responses containing 
frequencies at combinations of the rotor spin speed and applied force. This paper discusses some of the 
issues to be addressed to enable this approach to become a robust condition monitoring technique for 
cracked shafts. The approach is illustrated with a number of simulated examples.  
 
 

1 Introduction 
 
The idea that changes in a rotor’s dynamic behaviour could be used for general fault detection and 
monitoring was first proposed in the 1970s. Of all machine faults, probably cracks in the rotor pose the 
greatest danger and research in crack detection has been ongoing for the past 30 years. Current methods 
examine the response of the machine to unbalance excitation during run-up, run down or during normal 
operation. In principle, the presence of a crack in the rotor will change the dynamic behaviour of the 
system but in practice it has been found that small or medium size cracks make such a small change to the 
dynamics of machine system that they are virtually undetectable by this means. Only if the crack grows to 
a potentially dangerous size can they be readily detected. It is a race between detection and destruction! 
If the vibration due to any out-of-balance forces acting on a rotor is greater than the static deflection of the 
rotor due to gravity, then the crack will remain either opened or closed depending on the size and location 
of the unbalance masses. In the case of the permanently opened crack, the rotor is then asymmetric and 
this condition can lead to stability problems. Of more importance in large machines is the case where the 
vibration due any out-of-balance forces acting on a rotor is less than the deflection of the rotor due to 
gravity. In this case the crack will open and close (or breathe) due to the turning of the rotor. The problem 
was initially studied by Gasch [1,2] who modelled the breathing crack by a “hinge”. In this model the 
crack is opened for one half and closed for the other half a revolution of the rotor, and the transition from 
opened to closed (and visa-versa) occurs abruptly as the rotor turns. Mayes and Davies [3,4] developed a 
similar model except that the transition from fully opened to fully closed is described by a cosine function 
(see Section 2). Relating crack size to shaft stiffness is not easy and Papadopoulos and Dimarogonas [5] 
and Jun et al. [6] have proposed crack models based on fracture mechanics. Papadopoulos and 
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Dimarogonas [5] provided a full 6 x 6 flexibility matrix for a transverse surface crack. Mayes and Davies 
[7] provided a simple relationship between the crack depth and the reduction in stiffness. The best crack 
model is still an unresolved issue and Keiner and Gadala [8] compared the natural frequencies and orbits 
of a simple cracked rotor using a beam model and two possible FE models of the crack. Penny and 
Friswell [9] compared the response due to different crack models. 
Gasch [2] carried out a survey of the stability of a simple rotor with a crack and also considered the 
response of the rotor due to unbalance. Gasch also showed that as long as the resulting vibrations remain 
small the essentially non-linear equations of motion become linear with periodically time varying 
coefficients. Pu et al. [10] also considered a self-weight dominated rotor and solved the resulting 
equations using the harmonic balance method.  
Active magnetic bearings (AMB) have been used in high speed applications or where oil contamination 
must be prevented, although their low load capacity restricts the scope of applications. Recently a number 
of authors considered the use of AMBs as an actuator that is able to apply force to the shaft of a machine. 
Bash [11] studied the use of AMBs as an actuator for rotor health monitoring in conjunction with 
conventional support bearings, by applying a variety of known force inputs to a spinning rotor system. If 
the applied force is periodic, then the presence of the crack generates responses containing frequencies at 
combinations of the rotor spin speed and applied forcing frequency. The character and frequency of the 
force, and the dynamics of the AMB are important for the crack detection. Mani et al. [12,13] and Quinn 
et al. [14] studied the effect of the force from an AMB on the response of rotating machinery, including 
the external forcing frequency and amplitude. The excitation by unbalance and AMB forces produces 
combination resonances between critical speed of the shaft, the rotor spin speed and the frequency of the 
AMB excitation. The key is to determine the correct excitation frequency to induce a combination 
resonance that can be used to identify the magnitude of the time-dependent stiffness arising from the 
breathing mode of the shaft crack.  
 
 

2 The Mayes model for an opening and closing crack 
 
Consider a Jeffcott rotor that is modelled using two degrees of freedom. The stiffness matrix of the 
machine, with a crack and in rotating coordinates, is 

( )
( )

( )
0

0
x

y

k
k

K
⎡ ⎤θ⎢ ⎥=θ ⎢ ⎥θ⎢ ⎥⎣ ⎦

                                                                    (1) 

where x , y  are the directions of the rotating coordinates, θ is the angle between the crack and the rotor 
response and 

( ) ( )cosx xM xDk k kθ = + θ ,      ( ) ( )cosy yM yDk k kθ = + θ                                (2) 

In these equations, 

( )1
2yM u oyk k k= +     and    ( )1

2yD u oyk k k= − ,                                                 (3) 

with similar expressions for the x  direction. When ( )cos 1θ =  the crack is fully closed and 

( ) ( )x y uk k kθ = θ = , which is the uncracked machine stiffness. Thus we are assuming that the rotor is 

symmetric when the crack is closed. When ( )cos 1θ = −  the crack is fully open and ( )x oxk kθ =  and 

( )y oyk kθ = , where oxk  and oyk  represents the stiffness of the machine in the two directions when the 
crack is fully open. Note that when the crack opens the rotor is asymmetric. 
The stiffness matrix in fixed coordinates can be determined by transforming from rotating coordinates so 
that 
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T=K T KT ,   where  ( ) ( )
( ) ( )

cos sin
sin cos

⎡ ⎤φ φ
= ⎢ ⎥− φ φ⎣ ⎦

T .                                                 (4) 

For a rotor running at constant spin speed, Ω, tφ = Ω . Thus, in fixed coordinates we have  

( ) ( )0, ,ct tθ = − θK K K                                                                   (5) 

where 0K  is the diagonal stiffness matrix for the undamaged rotor and ( ),c tθK  is the stiffness change 
due to the crack, obtained from Equations (1) to (4). 
 
 

3 The equations of motion 
 
The analysis may be performed in fixed or rotating coordinates. If the bearings and foundations are axi-
symmetric then the stator dynamic stiffness will appear constant in the rotating frame, and there is some 
benefit in analysing the machine in rotating coordinates. Typically foundations will be stiffer vertically 
than horizontally, and in this case the advantage in using rotating coordinates is significantly reduced. In 
this paper and axi-symmetric stator is assumed and the machine is analysed in fixed coordinates. 

In fixed coordinates we have ( ) ( )0, ,ct tθ = − θK K K  where θ is the angle between the crack axis and the 
rotor response at the crack location and determines the extent to which the crack is open. Let the 
deflection of the system be st dy= +q q q  where stq  is the static deflection and dyq  is the dynamic 
deflection due to the rotating out of balance and/or the dynamic forces applied to the rotor by the AMB. 
Thus, dy=q q  and dy=q q , and the equation of motion in fixed coordinates is 

( ) ( )( )( )0 AMB,dy dy c st dy ut+ + + − θ + = + +Mq D G q K K q q Q Q W                          (6) 

where uQ , AMBQ  and W are the out of balance forces, the external forces applied to the rotor by the 
active magnetic bearing and the gravitational force respectively. Damping and gyroscopic effects have 
been included as a symmetric positive semi-definite matrix D and a skew-symmetric matrix G, although 
they have little direct bearing on the analysis. If there is axi-symmetric damping in the rotor then there will 
also be a skew-symmetric contribution to the undamaged stiffness matrix, 0K . We refer to Equation (6) 
as the “full equations”. 
There are two approximations that are commonly used in the analysis of cracked rotors, namely weight 
dominance and neglecting the parametric excitation terms. Only weight dominance will be considered 
here. 
 

3.1 Weight dominance 
 
One common assumption is that the static deflection is much greater that the response due to the 
unbalance or rotating asymmetry, that is st dyq q . For example, for a large turbine rotor the static 

deflection might be of the order of 1 mm whereas at running speed the amplitude of vibration is typically 
50 µm. Even at a critical speed the allowable level of vibration will only be 250 µm. In this situation that 
the crack opening and closing is dependent only on the static deflection and thus 0tθ = Ω + θ , where Ω is 
the rotor speed and 0θ  is the initial angle.  

Suppose the rotor is initialize so that 0 0θ =  and thus θ = φ . Carrying out the matrix multiplications of 
Equation (4) and expanding the trigonometric expressions in multiple angles gives 
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( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ){ }
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12 2 4
11
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sin sin sin2 3

sin sin sin .2 3

xM yM xD yD

ox oy

k k k k k

k k

= − + − +θ θ θ θ

= − − +θ θ θ
                              (7) 

Also 
( )11 11u ck k k= − θ ,       ( )22 22u ck k k= − θ                                           (8) 

and 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )

11 1
11 2 2 4

11 1
22 2 2 4

cos 3 cos cos 32

cos 3 cos cos 32

c xD yD xD yD xD yD xD yD

c yD xD yD xD yD xD yD xD

k k k k k k k k k

k k k k k k k k k

= + + − − + + − θθ θ θ

= + + − − + + − θθ θ θ

     (9) 

Thus ( )0 ,c t= −K K K θ  where 

0
0

0

0
0
k

k
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

K      and     ( ) 11 12

21 22

c c
c

c c

k k
k k
⎡ ⎤
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⎣ ⎦

K θ .                                       (10) 

Thus in fixed coordinates the Mayes model generates a constant term plus 1X, 2X and 3X rotor angular 
velocity components in the diagonal stiffness terms and 1X, 2X and 3X rotor angular velocity components 
in the off-diagonal stiffness terms. 

The above analysis shows that ( ) ( ),c ct tθ =K K  is a periodic function of time and the full non-linear 
Equation (6) becomes a linear parametrically excited equation. We refer to this as the “weight dominance 
assumption” and the equation of motion becomes 

( ) ( )( )( )0 AMBdy dy c st dy ut+ + + − + = + +Mq C G q K K q q Q Q W                            (11) 

 
 

4 Condition Monitoring using Active Magnetic Bearings 
 
The force applied from the AMBs is already included in the equations of motion, although there was no 
discussion of the character of this force. The key aspect of the analysis is that the system has three 
different frequencies, namely the natural frequency (or critical speed), the rotor spin speed and the forcing 
frequency from the AMB. The parametric terms in the equations of motion (or non-linear terms in the full 
equations) cause combinational resonances in the response of the machine. Mani et al. [12,13] and Quinn 
et al [14] used a multiple scales analysis to determine the conditions required for a combinational 
resonance, which occurs when 

2 , for 1, 2, 3nn nΩ = Ω −ω = ± ± ±                                                    (12) 

where Ω is the rotor spin speed, 2Ω  is the frequency of the AMB force, and nω  is the natural frequency 
of the system. This analysis was based on a two degree of freedom Jeffcott rotor model with weight 
dominance, equivalent to that described in this paper. Mani et al. also considered the effect of detuning, 
that is excitation close to this exact excitation frequency for resonance, and investigated the effect on the 
magnitude of the primary resonance close to the natural frequency of the machine. In the examples the 
running speed of the machine was five times higher than the natural frequency. This ratio is not practical 
since there is likely to be a second unmodelled resonance below the running speed. Indeed the fact that 
higher resonances are not modelled is a serious omission, particularly as the combinational resonances are 
likely to excite any higher frequency resonances.  
The AMB force is usually sinusoidal. Mani et al. [13] introduced the possibility of a periodic step force 
profile. This profile has two major disadvantages. First a step change in force will excite the higher modes 
of the structure making the identification of the key features that determine a cracked shaft difficult. 
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Secondly AMBs are unable to provide such a force profile and their maximum rate of change of force is 
limited. 
 
 

5 Simulated Example 
 
The approach described in the preceding sections will be tested on a simulated example of a two degree of 
freedom Jeffcott rotor. The mass of the rotor is 1 kg, the natural frequency is 40 Hz and the damping ratio 

is 1%. Unless otherwise specified the unbalance force is given by 4 2 cos
10 N

sinu
t
t

− Ω⎧ ⎫
= Ω ⎨ ⎬Ω⎩ ⎭

Q , and the 

AMB force is vertical with magnitude 1 N. The equations of motion are integrated using ode45 in 
MATLAB, and once the steady state has been established the FFT is calculated, taking care to avoid 
leakage problems. 
Figure 1 shows the vertical response due to the unbalance force, with no damage or AMB, and the rotor 
spin speed at 90% of the machine natural frequency. As expected the major response is at the rotor spin 
speed, although the response does still contain a small transient at 40 Hz. Figure 2 shows the vertical 
response where a crack of depth equal to 40% of the radius is modelled, with a stiffness reduction is 9% 
and 4% in the directions parallel and orthogonal to the crack face. The full equations of motion are used. 
The major difference is that the response now contains harmonics of the rotor spin speed. Figure 3 shows 
the effect of exciting the rotor with the AMB when there is no crack, and the vertical response mainly 
contains the frequencies corresponding to the rotor spin speed and the AMB excitation. 
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Figure 1: The vertical response with no damage, Ω=2160 rev/min (36 Hz), no AMB. 
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Figure 2: The vertical response with 40% crack, Ω=2160 rev/min (36 Hz), no AMB. 

 

0 50 100 150 200

10
−10

10
−5

Frequency (Hz)

R
es

po
ns

e 
m

ag
ni

tu
de

 (
m

)

 
Figure 3: The vertical response with no damage, Ω=2160 rev/min (36 Hz), AMB frequency 

1920 rev/min (32 Hz). 

 
Figure 4 shows the vertical response when the cracked rotor is excited by the AMB at 1920 rev/min 
(corresponding to n = 2 in Equation (12)). There is a response at the frequencies corresponding to the 
machine natural frequency (40 Hz), the rotor spin speed (36 Hz) and the AMB excitation frequency 
(32 Hz). The response also contains significant components at many combinations of these frequencies. 
Figure 5 shows a similar response when the AMB excitation frequency is changed to 4080 rev/min 
(68 Hz), corresponding to n = 3 in Equation (12). Although similar frequency components appear, they are 
fewer in number than in Figure 4. In Figure 6 the rotor spin speed is increased to 2640 rev/min (44 Hz) 
and the AMB excitation frequency changed to 5520 rev/min (92 Hz, n = 3). The number of frequency 
components is now significantly reduced. Figure 7 shows the vertical response when the AMB force is 
applied horizontal rather than vertically as in Figure 6 (the other parameters remain unaltered). The only 
real difference is the response at the AMB excitation frequency (92 Hz). 
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Figure 4: The vertical response with 40% crack, Ω=2160 rev/min (36 Hz), AMB frequency 

1920 rev/min (32 Hz). 
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Figure 5: The vertical response with 40% crack, Ω=2160 rev/min (36 Hz), AMB frequency 

4080 rev/min (68 Hz). 
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Figure 6: The vertical response with 40% crack, Ω=2640 rev/min (44 Hz), AMB frequency 

5520 rev/min (92 Hz). 
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Figure 7: The vertical response with 40% crack, Ω=2640 rev/min (44 Hz), AMB frequency 

5520 rev/min (92 Hz), AMB force applied horizontally. 

 

Figure 8 shows the effect of increasing the unbalance force to 2 210 N− Ω  rather than 4 210 N− Ω . The 
AMB is now applied vertically, and other parameters remain the same as the system that produced Figure 
6. Now the unbalance force dominates which means that the number of frequency components in the 
response is reduced. Figure 9 retains this increased level of unbalance but also increases the AMB force to 
20 N (note the weight of the rotor is only 10 N). Figure 10 is the same model but with the assumption of 
weight dominance. Clearly in this case the assumption of weight dominance increases the number of 
frequency components in the response because the model assumes the crack opens and closes, when in 
fact it does not. 
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Figure 8: The vertical response with 40% crack, Ω=2640 rev/min (44 Hz), AMB frequency 

5520 rev/min (92 Hz), unbalance force increased by a factor of 100. 
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Figure 9: The vertical response with 40% crack, Ω=2640 rev/min (44 Hz), AMB frequency 

5520 rev/min (92 Hz), unbalance force increased by a factor of 100, AMB force increased to 20 N, 
full equations of motion. 
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Figure 10: The vertical response with 40% crack, Ω=2640 rev/min (44 Hz), AMB frequency 

5520 rev/min (92 Hz), unbalance force increased by a factor of 100, AMB force increased to 20 N, 
weight dominance assumed. 

 
 

6 Conclusions 
 
This simulated study of a cracked Jeffcott rotor shows that using an active magnetic bearing (AMB) to 
excite the rotor with an harmonic force at an appropriate frequency causes components in the system 
response at many frequencies which are combinations of the rotor speed, the AMB excitation frequency 
and the system natural frequency. Such frequencies are not in the system response when the rotor is 
undamaged. These combination frequencies could be used to detect cracks in the rotor. 
A possible scenario might be that a reference response is determined for the new, undamaged rotor with 
the harmonic force generated by the AMB acting so that Figure 3 is obtained. Then at prescribed intervals 
the AMB would be activated and the response compared with the reference response. When a crack occurs 
in the rotor a response similar to Figure 4 would be obtained and the changes between it and the reference 
response could be indicative of the presence of a crack in the rotor. This change in response might be most 
clearly seen by displaying the difference between Figure 4 and Figure 3. 
In this preliminary study only a 2 DoF model of Jeffcott rotor has been considered and the crack, equal to 
40% of rotor radius, is large: one would want to detect the crack before it grew to this level. Thus it is 
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planned to study more complex FE models of rotors with cracks, to examine the problem of detecting 
much smaller cracks and to assess the robustness of the method in the presence of noise.  
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Abstract
This contribution deals with the identification of the running-state of railway wheelsets by means of accel-
erations measured at the axle-boxes. The interaction between rail and wheel causes rigid-body motions as
well as structural vibrations. First of all the accelerations are decomposed into their symmetric and antimet-
ric components, followed by a time frequency analysis using the short-time Fourier transform. Simulations
and experiments on a full-scale test rig underline the potentials of this approach for the identification of the
wheelset’s bending modes. The torsional modes cannot be directly observed at the axle-boxes, they have to
be estimated by the dynamic interaction between the wheelset’s yawing and lateral motion.

1 Introduction

High-speed trains require a reliable on-board monitoring to ensure a comfortable ride and safe operation.
Therefore, the current running-state has to be carefully identified, followed by its evaluation. Normal opera-
tion is characterised by a more or less smooth ride of the wheelset, only interrupted by small distortions when
the wheelset is running through tiny curves or switches. In case of an exceptional running-state, which can
be caused by track irregularities or chassis failures, the monitoring systemderives its cause and intervenes
in order to prevent critical operation. But even though the operation of the train remains in safe borders, a
sensitive monitoring system supports the maintenance. Due to the permanent surveillance, slightly growing
damages of track and chassis components can be detected. Regarding e.g. the logged data of several trains
running successively over the same track. Correlations between the records of different trains are a strong
evidence for the existence of track irregularities. When this evaluation is done over a long period, even
slight changes in track properties can be reliably identified. This enables replacement in-time and leads to
condition-based maintenance.

The running-state of a wheelset depends on the dynamic interaction between rail and wheel: Slippages in
the contact patches of the left and right wheel generate contact forces, causing rigid-body motions as well
as forced and self-excited structural vibrations. In contrast to vibration analysis under laboratory conditions,
the permanent identification under the rough environment of a running wheelset, which is characterised by
humidity, dust and ballast impacts, requires very robust vibration transducers. For this reason, accelerometers
are chosen to measure the accelerations in longitudinal, lateral and verticaldirection at each axle-box. They
represent the running-state’s influence on the journals of the wheelset.

This contribution deals with the identification of the running-state based on the time-dependent spectra of ac-
celerations measured at the axle-boxes. To enhance the physical interpretation, the accelerations are decom-
posed into their symmetric and antimetric components. A subsequent analysis in the time-frequency domain
resolves the time-variant spectrum of every component. Compared to the ordinary Fourier transform, this
approach provides better insights, particularly in case of structural vibrations superposed on rigid-body mo-
tions. With regard to time-frequency analysis, the short-time Fourier transform as well as wavelet transforms
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Figure 1: First (above) and second (below) symmetric (left) and antimetric (right) bending modes

are used. Both methods differ from each other in time-frequency resolution. In terms of the identification of
a wheelset’s structural vibrations, the short-time Fourier transform is moresuitable than wavelet transforms.

The identification is validated by simulation and experimental results obtained from a full-scale test rig.
Contrary to the bending modes of the wheelset, which can be well observed, the torsional modes have to
be estimated. Therefore, the coupling between the translational motion in lateral direction and the yawing
around the vertical axis is regarded.

2 Decomposition into symmetric and antimetric components

The input of the identification consists of accelerationsax, left(t), ax, right(t), ay, left(t), ay, right(t), az, left(t),
andaz, right(t) in longitudinal (x), lateral (y) and vertical (z) direction measured at the left and right axle-
box, respectively. They represent the accelerations of the wheelset’s journals. In this contribution thex-axis
is orientated in driving direction and they-axis andz-axis point to the right and downwards.

If the wheelset is considered as a rigid-body, the translational acceleration ax, symm along thex-axis and the
accelerationax, anti, which is proportional to the yawing around thez-axis, can easily be derived

ax, symm =
1

2
[ax, left(t) + ax, right(t)] ax, anti =

1

2
[ax, left(t)− ax, right(t)] (1)

from the longitudinal accelerationsax, left(t) andax, right(t). In a similar manner, the accelerations in vertical
direction are decomposed intoaz, symm andaz, anti, describing the translation of the wheelset’s center along
thez-axis as well as the wheelset’s rotation around thex-axis. In case of longitudinal or vertical translations
the wheelset’s journals and the axle-boxes are moving in phase, i.e.ax, left = ax, right or az, left = az, right.
They are called symmetric rigid-body motions. Contrary to the symmetric motions, antimetric motions are
characterised by displacements in the opposite direction e.g.ax, left = −ax, right, they belong to rigid-body
rotations. Note that the antimetric componentay, anti = 1

2 [ay, left(t)− ay, right(t)] is not related to any rigid-
body motion.

The decomposition introduced above is well suited for the analysis of structural vibrations of the wheelset,
too. Due to its symmetry, the wheelset exhibits symmetric and antimetric modes [1]. The first two symmetric
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Figure 2: Eigenmodes of a free-supported wheelset, from [2]

and antimetric bending modes in thex-y-plane are displayed in Fig. 1. With respect to the longitudinal
section, the symmetric mode is characterised by an axis symmetry alongy = 0. Therefore, the longitudinal
accelerationsax, left andax, right at the left and right axle-box are in-phase. In contrast to the symmetric
mode, the antimetric mode is characterised by a point symmetry atx = 0 andy = 0, yielding toax, left
andax, right oscillate in anti-phase. Regarding a free-supported wheelset, the lateralaccelerationsay, left and
ay, right caused by bending modes are always in anti-phase. This lead to a slight disagreement between the
denotations of symmetric and antimetric components in [1] and the introduction of axis and point symmetry.

The structural vibrations of a free-supported wheelset are displayedin Fig. 2. Here,k denotes the number of
nodal diameters. Due to the axis symmetry at the wheelset’s centre with regardto the longitudinal section (cp.
Fig. 1) an additional decomposition into symmetric and antimetric modes is possible. Vibrations ofk = 0
belong to modes exhibiting rotational symmetry, like umbrella or torsional modes. Compared to rigid-body
motions and bending modes, the influence of antimetric umbrella modes on the journals of the wheelset is
negligible. As it is shown in [2], the deformations of modes characterised byk > 1 are limited to the wheel
and brake disks. They do not interact with the wheel shaft, leading to nearly identical eigenfrequencies
of symmetric and antimetric mode. They cannot be observed at the axle-boxes. For this reason a simple
identification of structural vibrations at the axle-boxes is restricted to bending modes (k = 1) in thex-y- and
x-z-plane.

In practice, the wheelset is attached via the primary suspension to the bogie.For a first approach, the bogie
is assumed to move with constant velocity along thex-axis. The interaction between wheel and rail is
described by forces in the contact patch, which excite rigid-body motions and structural vibrations of the
wheelset. If the eigenfrequencies of a specific structural vibration andrigid-body motion are close together,
strong coupling effects due to the interaction between the elastic structure ofthe wheelset and the primary
suspension occur. For this reason the decomposition into symmetric and antimetric motions in the frequency
range from50 Hz up to150 Hz cannot be directly associated with modes derived from a free-supported
wheelset. In this case coupling effects have to be taken into account. For increasing frequency the shape
and frequency of structural vibrations are more and more dominated by theelasticity of the wheelset, while
the influence of rigid-body motions diminishes. To distinguish the ”pure” bending mode of a free-supported
wheelset from the coupled motion between bending and a rigid-body motion, the latter is called bending
motion.

3 Linear time-frequency analysis

The ordinary Fourier transformX(ω) describes the spectral distribution of a continuous-time signalx(t).
It is well suited for the analysis of more or less stationary signals. But due toits averaging property, the
Fourier transform cannot resolve the time-dependent spectra of transient signals. In case of a superposition
of several sinusoids with different time durations, the Fourier transformmight suggest moderate amplitudes,
even though the envelopes of short-term sinusoids can be significantly higher. This chapter gives an intro-
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Figure 3: Time historiesγ(t− τ) and spectraΓ(ω) of window functions shifted byτ = 1.5 s

duction into the short-time Fourier and wavelet transform, which are based on a linear integral transform.
Both exhibit different properties, particular with respect to their resolutions in the time-frequency domain.

Instead of analysing the complete time history of x(t), the short-time Fourier transform, abbreviated as STFT

XSTFT(ω, τ) =

∫ ∞

−∞
x(t) · γ(t− τ) e−jωt dt (2)

uses a time-limited window functionγ(t) to cut a part out of the signalx(t). Additionally, the windowγ(t)
is shifted byτ along the time-axis to perform the Fourier transform on different parts ofx(t). Hence, the
short-time Fourier transformXSTFT(ω, τ) describes the spectrum of those part ofx(t) cut out around the
current time shiftτ .

Time histories of some window functions, shifted byτ = 1.5 s are displayed on the left side of Fig. 3. Their
widths and heights are adjusted in such a way to obtain an equal time resolution

∆t =

√

∫ ∞

−∞
t2
|γ(t)|2

||γ(t)||2
dt with ||γ(t)|| =

√

∫ ∞

−∞
γ(t) · γ(t)∗ dt (3)

and window energy||γ(t)||2, respectively. Eq. 3 can be considered as a standard deviation of the normalized

window energy |γ(t)|
2

||γ(t)||2
with respect to timet, in whichγ∗(t) denotes the complex conjugated ofγ(t).

To achieve a fine time resolution∆t, the width and shape of the windowγ(t) should be chosen as tiny
and sharp as possible. A comparison of the window’s properties in time and frequency domain unveils the
inverse coupling between time history and spectrum with regard to shape andwidth: The sharp shape of the
rectangular window in time leads to side lobes in its corresponding spectrum. Ifthe resolution∆t in time
declines, the frequency radius

∆ω =

√

∫ ∞

−∞
ω2

|Γ(ω)|2

||Γ(ω)||2
dω with ||Γ(ω)|| =

√

∫ ∞

−∞
Γ(ω) · Γ(ω)∗ dω (4)

of its spectrum increases and vice versa. The frequency radius∆ω denotes the resolution in frequency,
whereas the bandwidth of the spectrum|Γ(ω)| equals2∆ω. The multiplication ofx(t) by γ(t− τ) in order
to cut out a part of the signal in the vicinity ofτ implies a convolution

X(ω) ⋆ Γ(ω) =
1

2π

∫ +∞

−∞
X(ω − ν)Γ(ν) dν (5)

of the corresponding spectra. Hence, the spectrum of a window shouldbe chosen close to the Dirac function
δ(ω) in order to minimize leakage effects. But this will imply an infinite duration ofγ(t) in time and is in
contradiction to a fine resolution∆t by use of short window functions. For this reason, a trade-off between
time and frequency resolution has to be found. Furthermore, it can be shown (cp. [3]), that there exists a
lower bound of the product

∆t ·∆ω ≥
1

2
, (6)
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Figure 4: Description of the short-time Fourier transform as a bank-of-filters

reaching in case of a Gaussian windowγ(t) = α e
− t2

2β2 . The relation in Eq. 6 is known as the time-frequency
uncertainty principle: As long as a window is specified, time and frequency resolution cannot be improved
simultaneously. The Hann window (also known as Hanning) exhibits a good resolution in time and frequency
without any ripples. Due to its finite duration in time and simple shape, it can be easily implemented on
digital signal processors. The spectrum of the Flattop window is characterised by a flat peak and decays
rapidly. Therefore it is well suited for high accuracy measurements.

For a better insight into the leakage effects mentioned above, the short-time Fourier transform in Eq. 2 can
be regarded as a convolution

XSTFT(ω, τ) = e−jωτ
{

x(τ) ⋆
(

γ(−τ) · e jωτ
)}

(7)

of the signalx(t) to be analysed by the frequency modulated windowγ(−τ) · e jωτ . In the sense of system
theory, Eq. 7 describes the output of a linear, time-invariant system, characterised by its impulse response
γ(−τ) · e jωτ and excited byx(t). For simplicity the window is assumed to be symmetric, i.e.γ(τ) =
γ(−τ), even though the following explanation holds for asymmetric windows, too. The spectrumΓ(ω)
of the windowγ(t) corresponds to low-pass filters (cp. Fig. 3). For a givenω̄ the modulatione jω̄τ shifts
the spectrum along the frequency axis, modifying the low-pass filterΓ(ω) to a band-pass filterΓ(ω − ω̄).
Therefore, Eq. 7 describes the filtering ofx(t) by a band-pass filter, followed by a frequency-shift backwards
to centre the spectrum of the filter’s output aroundω = 0. These considerations lead to a description in terms
of signal processing: The STFT decomposes the signalx(t) by a cascade of an infinite number of band-pass
filters with adjacent centre frequenciesω̄ rising fromω = 0 up toω = ∞.

Due to the fact, that the frequency shift does not change the bandwidth2∆ω of the spectrumΓ(ω − ω̄), as
well as the width2∆t of the corresponding impulse responseγ(−τ) ejωτ , the STFT is characterised by a
uniform time-frequency resolution. Note, that the frequency band of theSTFT excludes most of the negative
frequenciesω = −∞ up toω ≈ −∆ω. For this reason,XSTFT(ω, τ) becomes nearly analytic and the output
of a specific filterXSTFT(ω̄, τ) with centre frequencȳω ≥ ∆ω only consists of the envelopeŝxi(τ) of the
sinusoidal componentsxi(τ) = x̂i(τ) · sin(ωiτ − ϕi), ω̄ −∆ω ≤ ωi ≤ ω̄ + ∆ω.

In practice, the discrete version of the short-time Fourier transform is used:

XSTFT(k, ℓ) =
∑

n

x[n] · γ[n− ℓ] · e
−j 2π
Nγ

nk
= e

−j 2π
Nγ

kℓ
{

x[l] ⋆

(

γ[−ℓ] · e
j 2π
Nγ

kℓ
)}

. (8)
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The input time seriesx[n] of lengthNx is analysed by the windowγ[n] of lengthNγ and fed into the discrete
Fourier transform (DFT). Without any zero expansion, the DFT is performed on the sampled version of
x(t) · γ(t− τ) of lengthNγ . Thus, the discrete version of the STFT consists ofNγ bandpass filters of centre
frequencies

ωk =

{

0, ω1 =
ωs

Nγ
, ω2 = 2

ωs

Nγ
, . . . , ωNγ−1 = (Nγ − 1)

ωs

Nγ

}

(9)

with ωs denoting the sampling rate. As Fig. 4 shows, the band-pass filters are followed by a frequency
shift backwards (cp. Eq. 7 and 8), this modifies the output spectra of theband-pass filters to low-pass
characteristics. Hence it is convenient to apply a subsampling by∆ℓ without any loss of information, which
is equivalent to shifting the window by∆ℓ sampling steps:

XSTFT(k, ℓ) =
∑

n

x[n] · γ[n− ℓ∆ℓ] · e
−j 2π
Nγ

nk
. (10)

Note, that Fig. 4 is based on discrete-time signals. Hence, the band-pass filters are displayed asΓ
(

e j(ω−ωk)
)

instead of their continuous-time representationsΓ(ω − ωk). To ensure a perfect reconstruction, the subsam-
pling rate∆ℓ has to fulfil the inequalityωs

2∆ω
≥ ∆ℓ. Although the subsampling by∆ℓ reduces the redundancy

significantly, a large overlapping (small subsampling rate∆ℓ, cp, Eq. 10) ensures a faithful interpretation of
the STFT. The outputXSTFT(k, ℓ) is displayed in a two-dimensional plot of frequencyωk versus time shift
ℓ, the absolute value|XSTFT(k, ℓ)| is coded in colours or greyscales. This kind of representation is called
spectrogram. Sometimes, the spectrogram is based on the squared absolutevalue|XSTFT(k, ℓ)|2.

To achieve a fine sampling of the continuousXSTFT(ω, τ = ℓ) in the frequency domain, the DFT can be
expanded by additional zeros. Although this increases the number of bandpass filters, their bandwidth are
still determined by the lengthNγ of the window functionγ[n]. Therefore, spectra of two adjacent filters
overlap more each other than without any zero expansion.

The wavelet transform

XWave(ω, τ) =

∫ ∞

−∞
x(t) · ψ

(

t− τ

a

)

dt (11)

depicts the similarity between the signalx(t) and the time-shifted and scaled kernelψ
(

t−τ
a

)

. The kernel,
which is called wavelet, has the shape of a time-limited oscillation. The wavelet’s spectrumΨ(ω) and
duration in time is adjusted by the scaling factora. Although there exist many different shapes of wavelet
functions, they all have to fulfil the admissibility condition

Cψ =

∫ ∞

−∞

|Ψ(ω)|2

|ω|
dω <∞ (12)

to decay rapidly towardsω → 0 andω → ∞, cp. [3]. Therefore, wavelets can be regarded as band-pass
filters, too. The properties of wavelet transforms are explained by considering the example of the harmonic
wavelet, introduced in [4]. It consists of two complex sinusoids modulated bya hyperbolic envelope:

ψ

(

t− τ

a

)

=
1

j2π
·

a

t− τ
·
(

e j4π t−τ
a − e j2π t−τ

a

)

. (13)

A discretisation of the time shiftτ and scaling factora reduces the redundancy of the wavelet transform
significantly. In case of a dyadic scalinga = 2−L and shiftingτ = a · ℓ = 2−L · ℓ with integersL andℓ no
redundancy remains. The effect of dyadic scaling for the real part of Eq. 13 is shown on the left of Fig. 5.
With increasingL the wavelet gets more and more compressed and the time resolution∆t is improved. The
corresponding spectrum on the right of Fig. 5 is of rectangular shape.Due to the introduced dyadic scaling,
the spectra of two adjacent levelsL are closely neighboured. This illustrates the non-uniform resolution
in time and frequency: Higher LevelsL lead to better resolution∆t in time, while the centre frequency
and bandwidth increases, resulting in a poorer frequency resolution∆ω. This non-uniform resolution is
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well suited for multi-scale analysis of transient signals characterised by different time-scales: Low frequent
vibrations are associated with longer times for attacking, sustaining and decaying, whereas high frequent
phenomena exhibit short time dynamics, which require a smaller time resolution∆t.

With regard to monitoring, the non-uniform time-frequency resolution is well suited for the detection of
short-time perturbations superposed by more or less stationary signals. Taking the ride of a polygonalised
wheel running over a disruption as example. The wheel’s out-of-roundness causes oscillating accelerations
in the axle-boxes. Their periodicity is related to the velocity and the polygonalisation’s order, whereas the
disruption leads to a short, broad-band impulse. In lower frequencies, the broader time resolution∆t implies
poorer signal-to-noise ratios of low frequent portions of the impulse. Therefore, in low frequencies the
wavelet transform is dominated by the long-term oscillations of the wheel’s out-of-roundness. On higher
frequencies, the smaller time resolution∆t improves the signal-to-noise ratio of the impulse. This means
that the scaled wavelet better matches the shape of the impulse, resulting to higher magnitudes in the wavelet
transform.

Taking into account the identification of the wheelset’s running-state, a finefrequency resolution over the
entire frequency range fromω = 0 to ω = 2π · 250 1

s is necessary. This ensures a faithful evaluation of the
spectrum and the allocation of its magnitudes to the individual rigid-body and structural modes. Self-excited
structural vibrations occur if the lateral deflectionyC of the wheelset’s center or the yawingψwheel of the
wheelset exceed their normal limits−5 mm ≤ yC ≤ 5 mm or −3 mrad ≤ ψwheel ≤ 3 mrad, respect-
ively. Therefore, the envelopes, i.e. the attacking, sustaining and decaying of the wheelset’s oscillations,
are primarily governed by the rigid-body dynamics of the railway vehicle. They are of equal scale and do
not require a short time resolution∆t. Considering the time-frequency uncertainty principle of Eq. 6, this
provides a fine frequency resolution∆ω.

4 Full-scale test rig

The investigation of the running-state and its influence on the accelerations measured at the axle-boxes
is done at the Deutsche Bahn’s full-scale test rig, located in Kirchmöser near Berlin. It was originally
designed for investigations of the rolling contact between wheel and rail inorder to predict wear and fatigue
of alternative wheel materials [5]. This test rig, which is abreviated as RaSP, due to its german denotation
Rad-SchienePrüfstand is shown on the left of Fig. 6. On the right, the mechanical model formotions in the
y-z-plane unveils its ”wheel-on-roller” principle: It consists of a roller (1),shaped like a rail’s profile and
made of rail steel. It is driven by an electric motor (not shown), thus forcing the wheelset to rotate around the
y-axis. At the axle-boxes the wheelset (2) is fixed to the bar (3) by viscoelastic elements, which represent the
stiffness and damping of the wheelset with respect to the bogie frame. The bar (3), which can be regarded as
a simplified bogie frame, is adjusted horizontally by the hydraulic actuator (4).The vertical actuators (5) and
(6), which primarily operate as force-controlled elements, apply the axle load to the bar. In thex-y-plane
the wheelset is coupled to the bar by the viscoelastic characteristics of the longitudinal guides. Additionally,
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Figure 6: Full-scale test rig ”RaSP” of Deutsche Bahn AG (left) and its basic construction (right)

three hydraulic actuators in longitudinal direction govern the yawing of the bar around thez-axis and centre
the bar inx-direction atop the roller.

This test rig is suitable to apply motions along they-axis (lateral displacement) and around thez-axis (yaw-
ing) independently from each other. Hence, their particular influences on the accelerations and the running-
state can be studied. The laboratory-like surroundings permit the additional use of sensitive measurement
devices like laser vibrometry in order to validate the results derived from theacceleration based identification.
Finally, the running-state is not distorted by track irregularities, which enhances the reproducibility of the
measurements. Although the contact geometry in the contact patch between wheel and roller differs slightly
from reality, due to the curvature of the roller, the main disadvantages consist of the structural vibrations of
the test rig and the missing coupling between the leading and trailing wheelset ofa bogie.

5 Numerical simulation of the running-state of wheelsets

Numerical simulations of the wheelset’s running-state are carried out by a simulation program developed
at German Aerospace Center (DLR). This model describes a passenger car with elastic wheelsets running
on a track with elastic rails, cp. [2]. Due to its modular structure, the model canbe adapted to specific
applications, e. g. replacing the detailed track model by a much simpler one or applying specific motions
and forces on the wheelsets. In addition, it provides deeper insights into the structural deformations of a
wheelset than it can be achieved by programs commonly used for multibody systems.

As it is shown in Fig. 7, the motions of the elastic wheelset is obtained as a superposition of the elastic
deformations~rBP on the rigid-body motions given by the position~rOC as well as the orientation of the
body-fixed basisK~e with respect to the inertial systemI~e. The vector~rBP describes the deflection of a mass
element, which is located at point B in the undeformed state. This deflection is obtained by a modal synthesis
using the eigenmodes of a free-supported wheelset for the nodal parameter0 ≤ k ≤ 4 (cp. Fig. 2) as shape
functions. These eigenmodes are calculated with a FE model of the wheelsetconsidering a semi-analytic
solution of Naviers equations: If the deflections are displayed in cylindrical coordinates, the wheelset’s
rotational symmetry leads to a full separation of the circumferential from the radial and axial coordinates.
Hence, the shape functions can be obtained by a finite element model basedon the two-dimensional cross-
section of the wheelset. More details can be found in [2].

Rails and wheels are connected by a non-linear contact force element. Like Fig. 8 shows, its inputs consist
of kinematics of the wheel’s and rail’s locations and velocities from which torques and forces acting in the
contact patch are derived. The calculation is based on a separate treatment of the global displacements due to
structural elasticities and local deformations in the contact patch. This approach is based on the assumption,
that the cross-sections of the wheel rim and rail head act very stiff in relation to the thin cross-sections of
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from [2]

the wheel’s plate and the rail’s middle section. Therefore, changes in contact geometry only arise from
elastic deformations of these more compliable parts. They cause additional motions, which are applied to
the wheel rim and rail head, whose cross-sections remain undeformed.This assumption is realised by the
introduction of rigid and massless wheel and rail bodies, representing thecontact surface of the wheel and
rail, respectively. The rigid wheel body is linked to the elastic wheel at a point near the tread, called wheel
node. At this node the elastic wheel kinematics is transferred to the rigid wheel body. In a similar manner,
the rail’s kinematics at the rail node determines the position and orientation of therail body.

The kinematics of the elastic wheelset and rail, which are transferred at thewheel and rail node to its corre-
sponding rigid bodies, determine the location of both bodies to each other. Ifintersections occur, wheel and
rail are in contact. First, the contact algorithm evaluates the number and positions of contact points, followed
by a calculation of the contact’s surface curvatures and relative velocities. In a consecutive step, the contact
forces and torques are derived, using Hertz’s theory and the algorithm by Polach [6]. Finally, these contact
forces and torques are transferred to the wheel and rail nodes. If the actual contact point does not coincide
with the wheel and rail node, additional torques are taken into account.

At the wheel and rail nodes, the resulting forces and torques are fed back to the elastic structures of the
wheelset and rail, respectively. Due to this feedback, the contact between wheel and rail is described as a
force-feedback element, which is able to relate deformations of the elasticallyassumed wheelset and rails to
changes in contact geometry, forces and torques.
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Figure 9: Time-frequency analysis of symmetric and antimetric accelerations,measured at test rig ”RaSP”

6 Running-state of a lateral deflected wheelset

This section investigates the running-state of a single wheelset running at 100 km/h, whose guiding frame
is subjected to a sinusoidal displacementvframe = 5 mm · sin(2π · 0.25 Hz · t) in lateral direction. In the
following, deflections inx, y andz are denoted by lettersu, v andw, respectively. The peak value of5 mm
is chosen smaller than the clearance between flange and railhead, just leading to slight strikes of the wheels
towards their roots but avoiding any flange climbing. Experimental results obtained from the full-scale test
rig ”RaSP” are compared to simulations to relate the vibration phenomena observed in the spectrograms of
ax, symm, ax, anti, az, symm andaz, anti to a specific bending mode.

The short-time Fourier transform (STFT) of the symmetric and antimetric accelerations obtained from the
test rig ”RaSP” are displayed in Fig 9. The STFT is based on a Hann window, cp. Fig. 3. The spectrograms
are characterised by a strong superposition of the test rig’s and wheelset’s elasticities, causing broad band
spectra of closely neighboured frequencies. This requires a fine frequency resolution∆f = ∆ω

2π to prevent
any beat phenomena. Hence, a large window length ofNγ = 500 (corresponds to 200 ms) is choosen,
yielding to a frequency resolution∆f ≈ 3 Hz.

In order to examine the influence of the test rig’s structural elasticities, the experimental results are compared
to simulated ones. The simulation model is based on an elastic wheelset running on a rigid track. The track is
connected via viscoelastic elements to the subgrade. Fig. 10 shows the STFTof the simulated symmetric and
antimetric components. The spectrograms are characterised by pairs of broad band phenomena, superposed
by short-term oscillations. The broad band phenomena belong to impacts in thetime history and describe
abrupt changes in the corresponding symmetric and antimetric accelerations.

The reason for these impacts in Fig. 10 can be derived from Fig. 11. It shows the lateral deformationvWnode

of the left and right wheel nodes (cp. section 5) with respect to their staticdeformed states due to the
axle-load. The right axle-box’s deflectionsusymm, uanti, wsymm, wanti in longitudinal and vertical direction
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Figure 10: Time-frequency analysis of simulated symmetric and antimetric accelerations

caused by the first and second bending (cp. Fig. 1) are depicted in the second and third row. Similar to
the deformations of the wheel nodes, the symmetric bendingwsymm describes the deflection of the right
axle-box with regard to its static deformed state. The deflections of the symmetricbending modesusymm

in longitudinal direction are characterised by intervals, e.g. betweent ≈ 1.9 s andt ≈ 2.2 s, in which any
symmetric bending in longitudinal direction occurs. Subsequently, the bending increases continuously to
its peak value att ≈ 3.1 s. The symmetric bending modes are well correlated to the absolute value of the
lateral displacement|vframe|, they show a periodicity ofTsymm = 2 s. The antimetric modes recur with a
periodicity ofTanti = 4 s, this corresponds to the lateral displacementvframe. Compared to the longitudinal
symmetric bending modesusymm, the vertical symmetric bending modes exhibit a contrary behaviour with
regard to their time histories. Whileusymm remains constant in the interval betweent ≈ 1.9 s andt ≈ 2.2 s
the symmetric bending in vertical direction changes rapidly.

Therefore, the impacts occurring at the interval borders describe a switch with respect to symmetric bending:
At e.g. t ≈ 1.9 s, the principle direction of the bending gradient with respect to time changesfrom thex-y-
plane (cp.usymm in Fig. 11) toy-z-plane (cp.wsymm in Fig. 11), followed by a switch back tox-y-plane at
t ≈ 2.2 s. At the moment of switching structural vibrations occur. It is remarkable, that abrupt changes in
the elastic deformations at the left and right wheel nodes correspond to the switching points. A convincing
explanation of this switch process is not yet available.

The spectrogram of the symmetric accelerationax, symm in longitudinal direction in Fig. 10 exhibits oscilla-
tions atf ≈ 90 Hz andf ≈ 215 Hz, which are close to the eigenfrequencies of the first (f ≈ 80 Hz) and
second (f ≈ 185 Hz) symmetric bending mode. This phenomena can be observed in Fig. 9, too.Although
the frequency of the second bending atf ≈ 183 Hz is lower compared to the simulation in Fig. 10, both
vibrations are well correlated to each other and recur with a periodicity ofTsymm = 2 s. Due to the elasticity
of the roller and the stochastic distortion in the rolling contact, the distinct switching of the bending gradi-
ent’s principle direction blurs in time. The switching changes to an exciting mechanism with an increased
damping. For this reasons, the double impacts observed in the simulation (cp. Fig. 10) are damped and
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Figure 11: Sinusoidal displacementvframe of the wheelset’s guidance in lateral direction: Simulated lat-
eral deflections of left (black) and right (gray) wheel nodes as wellas deflections of the right axle-box in
horizontal and vertical direction due to the first (black) and second (gray) bending modes

modified into a smooth attacking and decaying of structural vibrations in Fig. 9.

The antimetric componentsax, anti andaz, anti in Fig. 9 and Fig. 10 unveil significant differences between
experiment and simulation. In Fig. 9 atf ≈ 110 Hz, the symmetric and antimetric componentax, symm

andax, anti are correlated. The origin of this coupling remains vague, but its limitation to the longitudinal
axis is an indication to the roller’s elasticity. The roller’s torsion is excited by a difference between the
rolling radii of the wheelset’s left and right wheel. Therefore, the roller’s torsion and the wheelset’s lateral
displacement are correlated to each other, yielding to symmetric as well as antimetric excitations of the
wheelset. Another coupling effect occurs between the longitudinal symmetric accelerationax, symm and the
antimetric accelerationaz, anti in vertical direction. In Fig. 9, the spectrogram ofaz, anti is dominated by two
frequencies which are close to the eigenfrequencies of the symmetric bending modes observed inax, symm.

In contrast to the test rig, the antimetric accelerationax, anti in Fig. 10 shows the well known impacts ex-
plained above and short oscillations atf ≈ 60 Hz. These oscillations are caused by interference of a
rigid-body motion (the wheelset’s yawing) on the first antimetric bending mode leading to the first anti-
metric bending motion. The second antimetric bending motion does not appear atits natural frequency of
f ≈ 150 Hz. As it can be seen in the second row of Fig. 11, the longitudinal deflection of the right axle-box
is primarily caused by the first symmetric and second antimetric bending. The periodicity of the antimetric
bending is 4 s, which is equal to those of the lateral displacementvframe = 5 mm · sin(2π · 0.25 Hz · t). This
indicates to a forced or parameter-excited oscillation of the second antimetric bending mode.

Although the comparison between experiment and simulation unveils significantdiscrepancies with regard
to their frequency content, envelopes and magnitude, it provides deeperinsights into the wheelset’s running-
state. The exciting mechanism in the contact patch leads to structural vibrations close to the eigenfrequencies
of the first and second symmetric bending modes. This effect demands formore detailed research as well as
simulations, in which the rail’s elasticity is taken into account.
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7 Estimation of the wheelset’s torsion

The torsion does not influence the deflections of the wheelset’s journals as well as the accelerations measured
at the axle boxes directly. However, the wheelset’s torsion can be observed by the dynamic interaction
between torsion and yawing. In case of a lateral displacement along they-axis, a difference∆r = rright

- rleft in the rolling radii of the right and left wheel occurs. It causes different circumferential velocities at
the wheel rims and leads to relative velocities in the contact patches. The effect of a lateral displacement
on the wheelset is displayed in Fig. 12: The relative velocities imply an acceleration slippage at the right
and braking slippage at the left contact patch (with respect to driving direction). The acting contact forces
between wheel and rail start to yaw the wheel counter-clockwise. In thisexample, the guiding frame (bogie)
of the wheelset is only laterally displaced but cannot perform any yaw motion. Due to the elastic coupling
between the wheelset’s axle-boxes and the guiding frame, restoring forces appear at the journals. This results
in couples on the right and left side of the wheelset, each consisting of a contact force in the contact patch
and a restoring force at the journal. The couples act inversely to each other, causing the wheelset to twist with
respect to they-axis and to bend symmetrically as well as antimetrically inx-y-plane. Note, that the contact
forces are greater than the corresponding restoring forces at the journals, causing an additional moment in
thex-y-plane.

For this reason, the yawingψ as a rigid-body motion of the wheelset contains information about the wheelset’s
torsional modes. This effect is confirmed by the simulation presented in section 6. Fig. 13 depicts the time
history of the simulated yawingψ and the longitudinal deflectionsuWnode of the right wheel node due to
the first torsional mode. In good approximation, Fig. 13 describes a proportional relation between yawing
and torsion. In reality the correlation between yawing and torsion is influenced by the dynamics of the bogie
and the coupling between car body, bogie and its leading and trailing wheelset. But even simulations of a
complete railway car in [7] exhibit the strong influence of torsional modes on the wheelset’s yawing. The
right side of Fig. 12 presents the phase portraits of the wheelset’s yawingψ in case of a full rigid wheelset
and a rigid wheelset superposed by torsional modes. Compared to the rigidwheelset, the additional torsion
attenuates impacts in longitudinal direction, and leads to a significant smoother phase portrait.
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Figure 13: Yawingψwheel of the wheelset and longitudinal deflection of right wheel nodeuWnode due to the
first torsional mode

8 Conclusions

The running-state of a wheelset is characterised by structural vibrations superposed on its rigid-body motions.
In practise, the input of an identification is restricted to accelerations measured at the left and right axle-box.
An analysis of the structural vibrations shows, that only bending modes have a sufficient large influence on
the journal’s deflections. Therefore, bending modes in combination with rigid-body motions are taken into
account.

The identification consists of a decomposition into symmetric and antimetric components to separate sym-
metric and antimetric bending motions from each other. A subsequent time-frequency analysis based on the
short-time Fourier transform provides information about the frequenciesand envelopes of all symmetric and
antimetric motions involved. The contribution points out, that the short-time Fouriertransform exhibits a
uniform resolution in time and frequency. In terms of a detailed vibration analysis, this property is more
suitable than the non-uniform resolution of wavelet transforms.

The validation of the identification is carried out by experiments on a full-scaletest rig and simulations. The
comparison shows discrepancies with respect to frequency content, envelopes and magnitudes. They are
caused by the additional structural elasticities of the test rig as well as stochastic effects in the wheel-rail
contact. A significant similarity between experiments and simulations consists of self excited oscillations of
the first and second symmetric bending in longitudinal direction. Another important conclusion can be de-
rived from the modal description of the wheelset: The switch of the bendinggradient’s principal component
with respect to time from longitudinal to vertical and backwards might excite structural vibrations.

A direct identification of the torsional modes is not possible. In case of a laterally displaced wheelset the
dynamic interaction via the contact patches causes yawing, which forces the wheelset to twist. Therefore, the
wheelset’s torsional modes can be observed from the yaw motion. This enables an extended identification of
the running-state consisting of rigid-body motions, bending and torsional modes. The restriction of structural
vibrations to bending and torsional modes is also confirmed by investigations on the limit cycle of railway
wheelsets [7].

Future work will contain a steady improvement of the simulation tool, an extensionof simulation and ex-
periment to impressed forces as well as yaw motions and a faithful investigation of the structural vibration’s
exciting mechanism. The aim consists of the development of a simple dynamic modeldescribing bending
and torsional modes and its integration into an observer or Kalman filter layout.
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Abstract  
The aim of this paper is to summarize several popular envelope analysis approaches including the use of 
Hilbert transform, Teager energy operator and wavelet transform. We present the principles of these 
approaches respectively, then focus on their enveloping ability or performance in detail. We show that 
these approaches yield their own problems which are illustrated by different simulation data analyzing. In 
addition, Comparison between each approach is carried out by the enveloping analyzing of a signal 
artificially generated.   
 
 

1   Introduction 
Most naturally occurring signals are a consequence of time-varying systems/processes and therefore have 
embedded in them, time-varying attributes such as envelope and frequency. Extracting these attributes on 
an instantaneous basis is important both from an analysis and synthesis perspective. Especially, Envelope 
analysis is very useful for diagnostics or investigation of machinery where faults have an amplitude 
modulating effect on the characteristic frequencies of the machinery. Envelope detection is the technique 
of extracting the modulating signal from an amplitude-modulated signal. A large variety of signal of 
envelope-demodulating approaches have been proposed by several researchers in the past. Several 
well-known classical approaches selected in this paper, for instance, FFT based Hilbert transform and 
wavelet-based envelope, Teager energy operator, are analyzed, and their existing problems or drawbacks 
and strongpoint or performance are compared and summarized in detail. 
 

2    Hilbert transform envelope algorithm  
The Hilbert transform is an efficient and traditional demodulation technique and can be used to extract 
amplitude envelope based on either the amplitude fluctuation or the phase fluctuation. The Hilbert 
transform is a mathematical procedure that shifts each frequency component of the instantaneous spectrum 
of the given signal by 90◦ without affecting the component amplitude [1]. Therefore, the Hilbert transform 
of a sinusoidal signal is a cosine wave with the same amplitude. The Hilbert transform of a signal x(t) can 
be generally defined as 

                          ∫
+∞

∞− −
== τ

τ
τ

π
d

t
xtxhtx 1)(1))(()(ˆ                           (1) 

3523



Applying Fourier transform to (1), leads to 

{ } { })(11)( txF
t

FtxF
⎭
⎬
⎫

⎩
⎨
⎧=

π
)  

where )sgn(11 2 fjdxe
xt

F fxj ππ −=+=
⎭
⎬
⎫

⎩
⎨
⎧ −

+∞

∞−
∫ and  

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

<−
=
>

=
0,1

0,0
0,1

sgn
f

f
f

It is apparent that the Fourier transform of the Hilbert transform of x(t) can be rewritten as 

                            { } { })()sgn()( txFfjtxF −=)                             (2) 

Consequently, the Hilbert transform of a signal x(t) in the frequency domain can be obtained by 
multiplying the spectrum of the x(t) by j for negative frequencies and −j for positive frequencies. 
Generally, the Hilbert transform of x(t) can be obtained through an inverse Fourier transform of (2). For 
the purpose of obtaining instantaneous amplitude fluctuation and phase angle of the original signal, the 
analytic signal y(t) of an original signal x(t) can be defined as a rotating vector in the complex plane given 
by  

                    )(ˆ)()( txjtxty +=                                     (3) 

Thus, the amplitude envelope of the analytic signal, which is related to the amplitude fluctuations of the 
original signal x(t),can be expressed as 22 )(ˆ)()( txtxtB +=  
 

2   Teager energy operator algorithm  
 

The TEO is a nonlinear operator, which is capable of tracking the instantaneous energy content of the 
signal. When Kaiser applied the TEO on a single time varying signal, he showed that the TEO is able to 
extract a measure of the mechanical process that generated the signal. Furthermore, it is proven that the 
value of this operator is equal to the product of the square of the multiplication of the signal amplitude by 
its frequency. TEO on its discrete form is given by  

)(sin 22 ϖψ A=  

where ψ defines the instantaneous value of the TEO. For small values of “ϖ ”, i.e. , f is the 

sampling frequency, we may assume that , which results in  

1/ <<sff

22 )(sin ϖϖ ≡

                                    22ϖψ A=                                      (4) 

It has proven in [2] that for discrete time signal ψ  can be given by 

                                )1()1()( 2 +−−= nxnxnxψ                          (5) 

From (5) and (6), we get  

                                                      (6) )1()1()( 222 +−−= nxnxnxA ϖ
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The result shown in (7) is significant, since it proves that the square of the multiplication of the signal 
amplitude and the frequency can be obtained by using only three consecutive samplings, one 
multiplication operation, and one subtraction operation. Unfortunately, equation (6) gives the amplitude of 
the signal multiplied by the frequency, so a separation algorithm is needed to separate the frequency from 
the amplitude. Three possible scenarios for any signal could be realized and discussed in [3]. Since, in this 
paper, we only discuss its amplitude envelope performance, and to amplitude modulated signal, TEO 
could be written as 
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The above analysis shows that TEO is a fast convergence algorithm and dose not cause any mathematical 
burden, only one two multiplication and one subtraction. 
 

3  wavelet based envelope method 
 
3.1   Wavelet based multi-scales method 
 
As we well known, Utilizing wavelet transform, we can get very perfect bandpass filters, which, can 
decompose to a linear combination of many components modulated in amplitude into different scales 
according as the component instantaneous frequency. The wavelet transform of the signal f(t) with 
respect to )(, tbaψ is defined by  
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Where a is scaling parameter and b is localization parameter, and )(, tbaψ  is called an analyzing wavelet 
independent of a and b parameters. Morlet wavelet is one of the most well-known wavelet. It is a complex 
sinusoid modulated Gaussian function, given by 
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where 0ω  is the fluctuating times of carried wave in Gauss window, It can also be looked as a filter. 
Forming the analytic function z(t) of f(t) , which is a complex signal having original signal f(t) as a real 
part and Hilbert transform of original signal as its imaginary part, i.e.  ,the 
complex wavelet transform is given by: 
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where and are the real and imagery parts of ,respectively. ),( baWfr ),( baWfi ),( baWf
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At the random scale ‘a’, to one component whose frequency is a/0ω , is its wavelet 
transform .Time translation ‘b’ can be regarded as the denotation of time ‘t’,  imitating the Hilbert 
demodulator, we can easily get the wavelet based amplitude envelop  

),( baWf

),( taWA

                      22 ),(),(),( taWftaWftaWA ir +=                             (9) 

),( taWA  has the same wave shape as the practical envelop of f(t)’s modulated component, and the 
discrepancy between their amplitudes is constant multiples. Because in engineering or physics, the 
emphases is the relative law between each component ‘s envelope signal. Hence, the result of Equation (9) 
have already meet the requirement.  
 
3.2   Wavelet ridge based method 
 
The other envelope extraction approach is based on wavelet ridge. Setting the scaling parameter ‘a’ as a 
continuous variant in the aforementioned wavelet based multi-scales method, ),( baWf the wavelet 
transform amplitude of the analytic signal z(t), can be view as a “mountain chain” in the phase plane 
(scale- localization plane). The ridge of “mountain chain” projects to the phase plane, representing as a 
curve called “ridge”. Due to the inverse ratio relationship between the scale “a’ and the frequency )(tω , 
and the localization parameter ‘b’ being corresponding to the time parameter t., hence, the ridge is the 
curve representing the change of carried frequency. And the wavelet coefficient on the ridge describes the 
law of amplitude modulating. Implementing inverse wavelet transform along the ridge, we can get the 
signal’s amplitude envelope. If the signal is a linear combination of many asymptotic components, then, in 
the phase plane, we can obtain multiple ridges. Each ridge and inverse wavelet transform along each ridge, 
represents one component carried frequency law and its amplitude envelope. The wavelet ridge extraction 
algorithm can be briefly outlined as the following , the detail can be found in [4].  

The wavelet transform in Equation (8) can be rewritten as  
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where )(tφ and )(tψφ is the phase functions of z(t)(the analytic function of f(t)) and the wavelet function, 
respectively; A(t) and are the amplitude functions of z(t) and the wavelet. For any (a, b), let be 
a stationary point with respect to t of the argument expression 
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sense that satisfies both equations st 0)(, =′ tbaφ and 0)(, ≠′′ tbaφ . Then, wavelet ridge is defined by 
{ bbatbaR s }=Ω∈= ),(,),( .From the knowledge of stationary point, when on the ridge, one has that  
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where is called ridge. Obviously, the wavelet ridge is proportional to the signal’s 
instantaneous frequency 

)(bar )(bar

)(bφ ′ .So the signal’s instantaneous frequency can be figured out if only the 
wavelet ridge is extracted. 
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4   Comparison  
Hilbert-based method can make signal’s envelope extraction reach a high precise with low computation 

load. But z(t) must strictly meeting the asymptotic requirement i.e. 
dt

tdA
tAdt

td )(
)(

1)(
>>

φ
. That is, the 

corresponding real signal f(t) ‘s  carry frequency must be greatly larger then its envelope frequency.  
Hilbert based method is carried out in the entire frequency field, so the ability to suppressing noise is weak. 
Hilbert transform demodulation analysis with broad band demodulator in current use can demodulate 
modulated signals not only from time- domain multiplying signals with fault information ,but also from 
time-domain adding signals and display them as the difference of their frequency, which is one of the 
limitations to be overcome. For the sake of addressing the problem, we use an artificial signal  

)17402cos(8.0)18002cos()5002cos()]402cos(1[)( tttttx ππππ +++=  

The envelope signal is shown in Figure 1(a), (b) is its frequency spectrum, which includes the 
foundational frequency (40Hz) and its multiple frequency , the frequency difference between two adding 
components (60Hz), in addition, the difference (20Hz)between the foundational frequency 60Hz and 
40Hz. 

 

Figure 1:  x(t)’s amplitude envelope and demodulated spectrum 
However, when we try to overcome this limitation with the help of the band-pass filter and improve the 
frequency precision of demodulation analysis with the help of zooming analysis, there occurs the 
phenomenon of frequency mixing at low frequency ranged, which is the reflection of frequency aliasing of 
higher harmonic components of the modulated frequency owing to algorithm. This problem has been 
validated in [5]. It is cleat that no matter which method is employed, there will be wrong diagnosis or 
unanalysable frequency components on the demodulation spectrum.  

Equation (6) shows that TEO is very simple to implement without mathematical burden. As mentioned in 
[6], TEO does not need a wide window, namely 6 samples to give an accurate result. Since TEO is 
differential algorithm, it shows a high sensitivity to the error specially in high frequency sampling rate. We 
use the signal  )()()( 21 tytyts =
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Figure 2 s(t)’s time-domain wave and its amplitude envelopes at different re-sampling rate 

s(t)’s time-domain is shown in Figure2(a), which is captured at high sampling rate, 600Hz. Then, the 
signal is re-sampled at low rate, 300Hz or 150Hz, which is needed by TEO. Figure2(b) is f(t)’s amplitude 
envelope at sample rate of 600Hz; Figure2(c) and (d) show the tracking envelope using re-sampling rate 
300Hz and 150Hz respectively. From Figure 2, we can know that due to the high sample rate, the envelope 
is tracked with high frequency ripple, and the accuracy of the algorithm is poor. And reducing the sample 
rate will heal these ripples. Yet, there is no direct method to find on the suitable sampling rate but the trial 
and error is used to find the suitable sampling rate. TEO is successful only at very slow sampling rate and 
this slow sampling rate does not enable us to track other power quality phenomena which are fast in nature 
and require high sampling rate like transients or harmonics. So, it is beneficial to work at high sampling 
rate and slow down the sampling rate before processing it by TEO. 

Wavelet based envelope extraction not only orthogonalize signal, but also has band-pass filtering function. 
As long as the scale ‘a’ is selected appropriatly, the change of the filter’s center frequency and bandwith 
make the filter’s frequency band cover the interested frequency band, then, the ideal envelope is extracted. 
This method gives prominence to the useful information, and is equipped with good flexibility and precise 
envelope result. Yet, it can not be implemented to extract frequency modulated information, it is only 
adaptive for amplitude modulated signal, not for frequency modulated signal. 

 
Figure 3 g(t)’s time-domain wave and its amplitude envelope through wavelet ridge based method 

The wavelet ridge based method is very adaptive to multicomponent signal. With this method, we can 
obtain each component’s amplitude modulated law and frequency modulated law, thereby, acquire the 
all-around modulating information. But the precise of amplitude envelope extracted is not satisfactory, and 
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the demodulated result is effected greatly by noise. For addressing this problem, we an AM-AF signal 
generated artificially ))20sin(6200cos())40cos(5.01()( ttttg πππ ++= adding noise sampled at 
1000Hz, depicted in Figure 3(a).  Fig.3(b) illustrates that wavelet ridge based method can hardly extract 
smooth envelope from the signal in noise environment. 

In the following, we compare the performance of the aforementioned envelope methods, for this purpose, 
the artificial signal g(t) without noise is considered again. The g(t)’s envelope result through these methods 
is shown in Table 1. 

Approach Standard Deviation of Amplitude envelope Computation cost time
Hilbert transform 0.0287 2s 

TEO 0.0048 0.4s 
Wavelet ridge 0.153 3.7s 

Table1 The comparing between envelope result and computation cost time through different 
methods 

 

5   Conclusion 
 
Hilbert transform, Teager Energy Operator and wavelet based method has been their own respective 
advantages and disadvantages in signal amplitude envelope extraction. In virtue of the analyzing result of 
this paper, we can select appropriate method according to the practical condition. Furthermore, we can 
combine different approaches to be a new method to reach better envelope result. Now , many new 
methods have been proposed by several investigators and applied into different field, for instance, 
combining the wavelet transform with Hilbert to extract the instantaneous frequency have achieved great 
success. Therefore, none but mastering the different methods characteristic, we can develop more useful 
envelope analysis approach 
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Abstract 
 
An investigation into the vibration characteristics of a ‘Roots and Claws’ based dry vacuum pump under 
different operating conditions was conducted. An AutoRegressive (AR)-based condition monitoring 
algorithm was developed and tested on both a fault-free and a pump with an implanted ceramic bearing 
with an inner race defect at the High Vacuum (HV) end. The investigation provided some in-depth 
understanding of the effects of different operating conditions such as speed and load on the vibration of 
the pump. The first key step in the fault detection scheme was accurate determination of the running speed 
of the pump. It was observed that the rotating speed of the pump’s rotor shaft on which the bearing case 
was directly connected to was often less than the set speed of the pump due to rotor slip. The second step 
was envelope demodulation of the time domain vibration signals where the resonance excited by the fault-
induced impacts was identified and the vibration signal were bandpass filtered around the resonant peak. 
The third step is spectral estimation using parametric-based method of AR modelling. The advantage of 
the AR method is that it can work with smaller sample sizes and sampling rates compared to the more 
traditional approach of FFT (Fast Fourier Transform) and achieve far superior resolution capabilities. The 
analysis results showed that the effect of actual speed was predominant in the detection of bearing faults 
as this was the speed that was used in the calculations of the bearing defect frequencies and had to be 
determined very accurately. Initial results show that the fault diagnostic scheme is very promising and the 
bearing fault could be accurately determined at all speeds.  
 
 

1 Introduction 
 
An automated fault detection system has been developed to acquire, control and analyse vibration signals 
from a dry vacuum pump. The objectives of the fault detection tool are to improve pump safety and 
efficiency through the continuous on-board monitoring to detect defects in the mechanical components in 
the pump. The study is vital for the semiconductor industry as dry vacuum pumps are prevalently used in 
the wafer fabrication process and pump failure can contribute to significant loss of valuable products e.g 
loss of wafer batches in excess of $100,000. A major requirement for the fault monitoring system is the 
ability to detect defects in the pump’s ball bearings since one of the common causes of pump failure is 
bearing wear. Fault identification of ball bearings using conditional maintenance techniques has been the 
subject of extensive research for the last two decades [1]. One of the possible approaches to fault 
monitoring of the bearings is the processing of mechanical vibration signals obtained from the external 
housings in which the bearings are mounted for extraction of diagnostic features. This technique is more 
commonly known as vibration signature analysis and there are many conventional procedures based on 
time harmonic and power spectrum analysis that have shown considerable success in detecting the 
presence of failures in the machines’ components even at its incipient stage [2, 3]. Monitoring bearing 
vibration in a pump system is highly cost-effective in minimizing the pump downtime, both by providing 
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advance warning for appropriate actions to be taken and by ensuring that the system does not deteriorate 
to a condition where emergency action is required. 
The vibration signal induced by a bearing inside the pump is a complex signal. Often in practice, it is 
dominated of vibrations caused by imbalance, misalignment, pulses caused by a series of compression and 
expansion of gases and components associated with friction and other sources. It also includes the 
fundamental shaft rotation frequency and harmonics of it. 
An excellent review on the application of vibration and acoustic measurement methods for analyzing 
defects in rolling element bearings has been given by Tandon [1]. Theoretical models of single and 
multiple point defects of the vibration produced by faulty bearing under constant and varying radial loads, 
have been established by McFadden and Smith [4, 5]. This model takes into account the impulse series 
generated by a point defect in a bearing modelled by from first principles as a function of rotation and 
geometry of the bearing, the modulation of the periodic signal caused by non-uniform bearing load 
distribution, transfer function of the vibration transmission of rolling element bearing to the transducer as 
well as the exponential decay of vibration. In our study, we have limited the fault detection scheme to 
work under the assumption that there is only one fault present, i.e. a single point defect. However, in 
reality, multiple faults can develop simultaneously. In such a case, the scheme can be modified to 
incorporate the diagnosis of multiple faults. 
The study of bearing failure in a dry vacuum pump is the first of its kind and we are unaware of any 
published reports pertaining to the analysis of rolling element defects in a dry vacuum pump using 
mechanical vibration signals and using the AR method as a fault detection tool. The vibration signals 
acquired from the dry vacuum pump were transformed to the frequency domain and analyzed to detect the 
presence of characteristic bearing defect frequencies which can be easily be worked out with standard 
formulae available from literature once the geometric dimensions of the bearings are known. The 
diagnostic algorithm developed has three main steps. The first key step was the determination of the 
running speed of the pump, which is equivalent to the fundamental shaft frequency of the pump. It was 
observed that the rotating speed of the pump’s rotor shaft (running speed) on which the bearing case was 
directly connected to was often much less than the set speed of the pump due to rotor slip. It varied with 
external running conditions like loading factor of the pump (which is equivalent to the ultimate pressure of 
the inlet of the pump). The running speed of the pump had to be determined very accurately for the 
diagnostics scheme as this is the frequency used in the calculations of the bearing defect frequencies. The 
running speed of the pump was obtained in the software by screening for a single main peak close to the 
set speed of the pump. The second step was envelope demodulation of the time domain vibration signals. 
The resonance excited by the fault-induced impacts was identified and the vibration signal is bandpass 
filtered around the resonant peak. Hilbert transform is then applied to produce the analytic signal and the 
magnitude of the analytic signal is obtained. The third step is spectral estimation. This step was done using 
two different techniques, primarily the more traditional approach of FFT (Fast Fourier Transform) and the 
parametric method of AR modelling. It was found that the frequency spectra produced by both techniques 
was comparable in performance. The fault frequencies of the bearings could be identified from both 
spectra. But the AR modelling technique was preferred in our case because of its far superior resolution 
capabilities. The main limitation of the FFT method is that does not work well for short data records and 
has a limited frequency resolution. The AR technique can work with smaller sampling rates compared to 
the FFT methods. All that is required is slightly more that Nyquist rate to produce good frequency 
estimates while the FFT method may need 6 or 7 times the Nyquist rate to achieve the same performance. 
Results are presented for the pump with a bearing with has an inner race defect run at different speeds and 
different loading factors. The fault could be accurately determined at all speeds and the proposed 
diagnostic scheme is shown to be effective. 
 

2 Demodulated Resonance Analysis 
 
Environmental conditions such as the instantaneous speed variations as well as the presence of multiple 
fault conditions can obscure the defective vibration signals that are required for reliable diagnostics. 
Application of the traditional spectral analysis technique alone would not help detect the bearing defect 

3532 PROCEEDINGS OF ISMA2006



frequencies. A method of conditioning the signal before spectral estimation takes place is necessary. The 
spectra of the undamaged bearings show no remarkable features at the bearing defect frequencies and look 
more like white noise. Pre-processing of bearing fault signals in the form envelope demodulation 
technique is necessary and this technique has been explored. This method is Demodulated resonance 
analysis, also known as HFRT (High Frequency Resonance Technique) or envelope spectral analysis. 
The resonance demodulation technique [6, 7] has been extensively used in the diagnosis of rolling 
bearings and the approach focuses on the analysis of the structural resonance excited by the fault-induced 
impacts. Single-point defects on the bearings begin as localized defects on the raceways or ball elements 
and as the ball elements pass over the defective areas, small collisions occur producing mechanical 
shockwaves in the form of damped sinusoidal impulses. These impacts then excite the natural frequencies 
of mechanical resonance in the machine. This process occurs every time a defect collides with another part 
of the bearing, and its rate of occurrence is equal to one of the characteristic bearing fault frequencies. The 
structural resonance in the system is an amplifier to low-energy impacts. Harting proposed this method [6] 
and it relies on the fact that the defect generated vibration information is carried by high frequency 
resonances of the bearing elements or pump housing and we can make use of the high magnification 
present in the excitations to successfully detect the faults. The demodulated resonance analysis technique 
has been shown to overcome the limitations of normal spectral analysis for bearing defect detection. 

There are many ways to employ resonance demodulation. One way is to bandpass filter the signal to 
isolate one resonant frequency so as to exclude the vibration generated by other parts of the machine. The 
bandpassed filtered signal is centred at the carrier frequency and has a bandwidth corresponding to the 
maximal modulating frequency. The carrier frequency is in this case the resonant frequency and the 
modulating frequency is the fundamental rotating shaft frequency. An envelope detector then demodulates 
the filtered signal and the frequency spectrum is derived by parametric spectral analysis or FFT technique. 
If there is a defect in the bearing, this is denoted by the appearance of a frequency peak associated with the 
defect. It has been shown by Shiroshi that the size of the demodulation peak in the demodulated spectrum 
is linearly related to the severity of the defect when using vibration measurements [8]. The normalized 
ratio of the demodulation peak to the ‘carpet’ level (noise floor in the demodulation spectra) provides a 
quantitative measure of the bearing defect condition. The tricky bit of the envelope demodulation 
technique is that the most suitable bandwidth must be identified before demodulation takes place. The 
bandwidth of the filter should be chosen such that it covers the whole range of the resonance. The main 
idea is to identify the bandpass range so as to eliminate high amplitude signals not associated with the 
bearing faults, yet encompass a frequency range containing the bearing fault spectral components that are 
not negligibly small. Various high and low pass settings have to be experimented and normally this is 
related to one of the resonances of the system. Another way to do envelope demodulation is to bandpass 
filter the signal around the resonant peak. The bandpassed signal is then squared and low-pass filtered. 
The resulting signal is known as the squared envelope that describes the power of the envelope signal. It 
can be shown that the squared enveloped spectra of damaged bearings are highly correlated to the spectral 
components at the bearing defect frequencies. 

We used a third way of extracting the demodulated signal. The Hilbert transform was first applied to 
create an artificial complex signal from the time domain signal [9]. This is the analytic signal whose real 
part is the original signal and whose imaginary part is the Hilbert Transform of the real part. The 
mathematical operation of the Hilbert Transform is defined as follows 
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The advantage of obtaining the analytic signal is that by transforming the time domain signal to the 
analytic signal, the negative frequencies are removed and only the real components are retained. The 
negative frequencies can cause aliasing when spectral estimation is done. Also by applying the Hilbert 
transform, postive bandpass frequencies are translated to the origin to produce a baseband signal. Hence 
one can sample the resulting complex envelope with a smaller sampling rate. The envelope of the signal is 
defined by the modulus of the analytic signal. It is always a positive function. 
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3 Principles of AR Modelling 
 
The AR tool is a stochastic model that stems from the demand of high-resolution spectral estimation. In 
this section, an overview is given of other investigators’ work on the application of AR modelling to 
condition monitoring studies. The theory of AR modelling method is also presented and its merits are 
discussed for application to fault diagnosis. In an AR model [10] the current value of a time series [ ]nx  at 
discrete time instant n is expressed as a linear combination of p  previous values plus an error term (Eq.2). 

 is white noise with zero mean and variance , [ ]ne 2σ p is the order of the model and  are known as the 
autoregressive coefficients. 
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The Power Spectral Density (PSD) of the time series [ ]nx  in Eq.(2) is given by Eq.(3) 
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where 2)( fA  represents the PSD of the AR coefficients. 

There exist four popular methods for the estimation of the AR parameters [11]: Yule-Walker, Burg, 
covariance and modified covariance. The solution used in this study, chosen for its computational speed, is 
the Yule-Walker method, which uses Levinson-Durbin recursion on the autocorrelation matrix to find the 
AR coefficients. 
J.P. Dron [12, 13] has studied the usage of an AR modelling for vibrational analysis of a forming press for 
a conditional maintenance program in 1998. He has noted that parametric methods are particularly useful 
in the early detection of faults especially when two typical frequencies are close to one another. He has 
acknowledged that the model order selection is one of the major problems encountered when 
implementing parametric spectrum analysis methods. Parametric modelling has been employed in fault 
diagnosis studies in low speed machinery by Mechefske [14, 15]. Mechefske has noted that AR modelling 
is especially useful in low speed machinery as recording long periods of data in low speed machinery is 
impractical and AR method is beneficial in such cases as it can work with short data records and achieve 
the same resolution as the FFT method and at a fraction of the time taken. AR modelling, apart from being 
used as a spectral analysis tool, also has lots of potential as a model based automatic diagnostic system. 
This concept was researched by Baillie in 1996 who investigated the concept of fault diagnosis using an 
observer bank of autoregressive time series models [16]. He found that AR modelling requires much 
shorter lengths of data than traditional pattern classification tools such artificial neural networks and 
expert systems, which require large amounts of data training for successful fault prediction. 
The interest of usage of parametric spectral analysis compared to the FFT based techniques for fault 
detection and condition monitoring of equipment for rotating machinery has remained low. The main 
reason for this is because the order of the parametric models has to determined beforehand and has to be 
done accurately to get good frequency estimates. If the model order is too low the estimated spectrum is 
too coarse for confident fault diagnosis. If the model order is too high, spurious details may be introduced 
into the spectra by spectral line splitting. There exist various order selection criteria such as AIC (Akaike 
Information Criterion) and FPE (Final Prediction Error) which can aid determination of the right order for 
the AR model. In an earlier work by the authors [17], the performance of five methods of order selection 
criteria - AIC, FPE, MDL (Minimum Description Length), CAT (Criterion Autoregressive Transfer-
function) and FSIC (Finite Sample Information Criterion) - to accurately determine the AR model order 
for vibration signals captured from the same pump were investigated and the recommendation is that a 
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model order of 30 was found sufficient to adequately represent the vibration signals from the pump run in 
both defective and non-defective conditions. 
 

3.1 Advantages of using the AR model 
 
The FFT technique was not chosen as the method of spectral estimation because of several inherent 
performance limitations of the FFT approach. The most prominent limitation is that of frequency 
resolution, i.e. the ability to distinguish the spectral responses of two or more signals. The FFT technique 
makes the invalid assumption that data outside the measurement window if signal is either zero or 
repetitive. This assumption can cause spectral smearing. Another limitation is the usage of windows in the 
FFT technique. Windowing manifests itself as leakage in the spectral domain energy. The energy in the 
main lobe of a spectral response leaks into the side lobes, obscuring and distorting other weaker spectral 
responses that are present. In model based methods more realistic assumptions about the data outside the 
window are made. The data is not assumed to be a periodic process and data is not multiplied with 
windows before the spectral transformation. The FFT technique also exhibits poor performance when 
analysing short data records. Short data records occur frequently in practice, because many measured 
processes are brief in duration or have slowly time-varying spectra, that can be considered constant only 
for short periods of time. The main advantage of the AR approach comes from the fact that it can work 
with smaller sample sizes for the same resolution compared to the FFT method. Hence, essentially the AR 
technique only requires a fraction of samples as that required by the FFT method for the same resolution 
and may cost less in computational terms as fewer samples are used. This has an advantage especially in 
real-time applications. 
In this work the use of the AR model has been selected. This is because of two primary reasons. The first 
fact is that autoregressive model can be identified well to the system with sharp peaks. The AR model 
appears appropriate in representing the bearing signals because the vibration signals are composed of 
harmonic sinusoids. The PSD of the vibration signals are dominated by sharp peaks at harmonics of the 
fundamental shaft rotational frequency. AR modelling method is proven appropriate for estimation of 
power spectra with sharp peaks but not deep valleys as in the case of bearing faults. This is due to the all-
pole nature of the AR model. Many practical vibration generating systems have very few deep nulls [18] 
so they are suited well for AR modelling. The spectrum of ball bearing vibration may be precisely 
classified into this category. The second fact deals with the identification of the model. AR parameters and 
the autocorrelation sequence of the signal are related by a set of linear equations. So AR parameters may 
be estimated efficiently as solutions to linear equations. In addition, the parameter estimation algorithms 
for the AR model are relatively mature and computationally efficient. The AR model based approach is 
probably the most promising one for implementation into an automated diagnostic system due to its 
simplicity in formulation and relates well with the pole-zero diagrams that control engineers know well.  
 

4 Hardware and Data Acquisition Setup  
 
This section contains a description of the test equipment and instrumentation used for obtaining the test 
signals used for the experiment. A dry vacuum pump [19] is a positive displacement mechanical rotary 
pump that can attain a vacuum without the use of lubricants in the pumping chamber. Hence it is also 
known as the “oil-free” pump. The particular pump used for our study is based on the Roots and Claw 
principle and is a modular multistage pump that has one stage of Roots and four stages of Claws. This dry 
vacuum pump has a single groove of ceramic bearings at both its High Vacuum (HV) and Low Vacuum 
(LV) ends. The schematic of the pump, the sensors used for capturing the data as well as set-up of the data 
acquisition system is shown in Figure 1. The vibration in the form of acceleration was measured using two 
different accelerometers, namely the surface micromachined ADXL105 Micromachined Integrated Micro 
Electrical Mechanical System (iMEMs) accelerometer and a Brüel & Kjær (B&K) 4370V accelerometer 
mounted on the pump housing in the radial and axial directions and vibration signals were acquired. 
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Figure 1: Schematic of the complete data acquisition system. The ADXL105 and Brüel and Kjær 
4370V accelerometers were mounted radially on point marked X on the dry vacuum pump, near the 

high vacuum end. 

Results are only shown for the iMEMs accelerometer in this paper as the analysis obtained with the B&K 
accelerometer is very similar. The signals from the ADXL105 accelerometer were filtered with a Low 
Pass (LP) filter that was custom built in our laboratory. The filter is an 8th order elliptic low-pass with a 
cut-off frequency of 10 kHz and attenuation of almost 70 dB in the stop band. The analogue to digital 
conversion of the signals was performed with a 16-bit NI 6034E ADC card. The signals were originally 
acquired at a sampling rate of 40 kHz but were downsampled to 2 kHz because we knew that the fault 
frequencies lie in the range from 0-1 kHz. The frequencies of interest for each of the faults that we are 
interested in - bearing looseness, defects on the inner raceway, defects on the rolling, element - are of low 
frequency. Since these frequencies are typically in the region of DC to 1 kHz frequency, we can ignore the 
rest of the spectrum and normalize over this region. A pump fitted with a ball bearing in perfect condition 
was used to represent the perfect condition. A pump fitted with a ball bearing with an inner race fault was 
used to represent the faulty condition. The pump was run in both a fault-free and faulty conditions for data 
acquisition and signatures of both defective and non-defective bearings were recorded. 
 
4.1 Test Conditions 
 
The effects of a variable machine speed on machine vibration and the implications for bearing fault 
detection were also investigated. These effects are important to understand because when ignored they can 
significantly hinder the ability to detect bearing faults. The speed of the machine can potentially be one of 
the most significant factors affecting the machine vibration. Instantaneous speed variations can add noise 
to the bearing vibration signals and lower their SNRs. If the machine is driven by a power electronic 
converter, the speed is controlled directly by the drive. If the machine is controlled by an induction motor, 
speed is determined by load level. The pump unit is driven by a 3 phase 2 pole AC asynchronous 
induction motor and there is also an inverter acting as variable frequency drive for controlling the speed of 
the AC motor and the pump’s rotational frequency. 

 
PolesofNumber

FrequencyHzmotorofSpeedsSynchronou ×
=

2)(  (4) 

The synchronous speed of the the pump’s motor is given by Eq. (4). If the reference frequency is set at 
110 Hz and since the motor has 2 poles per phase, the synchronous speed of the motor achieved should be 
110 Hz. But in reality, the motor only achieves a speed slightly less than 110 Hz, for example 108 Hz. This 
is due to motor slip and is characteristic of induction motors. In either case, machine speed can change 
continuously and this relationship between speed and machine vibration had to be monitored. The spectral 

Vibration Signals

Host PC with 
LabView and 

MATLAB  

16 bit 6034E 

NI ADC 

Analog→Digital 

Outlet

Motor 
& 

Inverter 

X 

Chamber 

Water Coolant High Vacuum End Low Vacuum End 

Silencer 

Inlet 

Bearings 
Bearings 

x 

Brüel and Kjær 4370V 
Accelerometer

Brüel and Kjær
 2692 

preamplifier

ADXL105 iMEMs 
Accelerometer

8 pole elliptic 
anti-aliasing 

low pass filter 
with 10 kHz cut-off 

frequency 

IGX Dry Vacuum 
Pump  

3536 PROCEEDINGS OF ISMA2006



characteristics of the accelerometer data are speed dependent. In order to obtain useful results from the 
spectra for fault detection, the speed of the vibration data needs to be known a priori. 
The seven test speeds that were chosen for testing were 50 Hz, 60 Hz, 70 Hz, 80 Hz, 90 Hz, 100 Hz and 
105 Hz. Changing the loading factor causes variations in motor torque. Depending on the inertia constant 
of the motor shaft, some speed variation may result. The effect of the loading factor (ultimate pressure of 
the pump) was also investigated and vibration signatures were obtained for 0 mbar and 50 mbar. 

 

4.2 Calculating the Bearing Defect Frequencies 
 
Rolling-element bearings generally consist two concentric rings, namely an inner ring and an outer ring 
between which a set of balls or rollers rotate in raceways. Formulae have been developed to calculate 
bearing defect frequencies for every bearing geometry, inner raceway, outer raceway and rolling elements 
[20]. These characteristic bearing defect frequencies, which are related to the raceways and the balls or 
rollers, can be calculated once the bearing dimensions and the rotational speed of the machine are known. 
For a bearing with a stationary outer race and an inner rotating race, characteristic defect frequencies can 
be obtained for flaws in the outer race, inner race, ball bearings or in the cage as follows, assuming that 
there is no slippage for the rolling elements. 
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The five bearing parameters that must be known to calculate the bearing defect frequencies are,  - ball 
or roller diameter in meters,  - pitch diameter or cage diameter in meters,  - number of rolling 
elements, α - contact angle in radians and f - shaft rotational frequency in Hz. Defective bearing 
components generate a unique frequency response in relation to the dynamics of bearing motion and the 
mechanical vibrations produced are a function of the rotational speeds of each component. A single-point 
defect produces one of the four characteristic fault frequencies, depending on which surface of the bearing 
contains the fault. Vibrational analysis techniques can be used to monitor these frequencies in order to 
determine the condition of the bearing. Upon inception of a defect in the bearing component, some or all 
of the characteristic frequencies and their harmonics begin to emerge in the envelope spectrum. Each 
defect present in the bearing produces vibration either at a basic frequency or at some complex 
combination of several basic frequencies. More severe defects produce vibrations of greater amplitudes 
and may result in harmonics.  

DB

DP BN

The Barden bearing specifications for the BOC Edwards IGX dry vacuum pump that was used as the 
testbed in this experimentation are: number of balls = 9, pitch diameter = 46.2 mm, ball diameter = 9.5 
mm and contact angle = 24.97 degrees. The ball bearing defect frequencies BSF, BPFO, BPFI, FTF were 
estimated to be around 464 Hz, 363 Hz, 530 Hz and 40 Hz respectively when the pump’s running speed 
was set to 100 Hz (taking into account a slippage factor of 3%- slippage is typically around 2-5%). 
Spectral lines of the enveloped spectrum are correlated with the characteristic bearing frequencies. The 
degree of correlation is monitored and if amplitude of the peak of a characteristic bearing frequency 
exceeds a threshold value defined by specific reference standard or baseline spectrum obtained from a 
pump running in normal no-fault conditions, a bearing defect is identified and diagnosed. The result of the 
diagnosis identifies the exact location of the defect bearing as well as specifies which component of the 
bearing is defective. 
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5 Results 
 

5.1 Raw Spectrum without Demodulation 
 

 
Figure 2: Spectra without envelope demodulation using the AR and FFT methods for the ADXL 

vibration signal for a bearing with an inner race defect (linear scale). Pump was set running at 100 
Hz. For both techniques sampling rate was kept at 2 kHz. For AR-based spectral estimation the 

model order was p=30. 

Frequency components produced by the bearing defects are relatively small when compared to the rest of 
the spectral components in the vibration spectrum. Figure 2 show the spectra obtained using both the AR 
and FFT methods without envelope demodulation. The largest components present in the spectrum occur 
at multiples of the rotational speed of the shaft. The inner race defect frequency (BPFI) is not evident in 
the spectra. Raw spectral plots of damaged bearings do not exhibit remarkable features at the bearing 
defect frequencies as impulses generated by damaged ball bearing components normally have low energy 
and are buried in spectrum of noise and frequency components generated by other moving parts. 

 

5.2 Finding the resonance bandwidth 
 

 
Figure 3: Broadband spectrum without envelope demodulation for pump with non-defective 

bearing. Pump running at 100 Hz.  

Figure 3 shows the broadband spectrum without envelope demodulation of the non-defective bearing run 
at 100 Hz from 0 to 10 kHz. There is some energy in the frequency bands between 2 to 4 kHz and 6 to 8 
kHz. Figure 4 shows the same broadband spectrum without envelope demodulation but for the defective 
bearing with an inner race fault run at 100 Hz. The elevated bearing energies are indicative of a 
propagating bearing fault. Resonances excited for the defective bearing lie between 6 to 8 kHz. The 
resonances between 2 to 4 kHz fail to be excited. The amount of energy in the defective spectra is much 
more than for the non-defective spectra in the same processing band. So it is the frequency range between 
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6 to 8 kHz that needs to bandpass filtered to isolate the structural resonance induced in the system by the 
defective bearings. This frequency range is digitally filtered using an elliptic Infinite Impulse Response 
(IIR) filter or order 10 and a bandpass range between 6 to 8 kHz. Then the Hilbert Transform is applied to 
obtain the analytic signal as part of envelope demodulation prior to spectral estimation. 

 
Figure 4: Broadband spectrum without envelope demodulation for pump with defective bearing 

(inner race fault). Pump running at 100 Hz. Note resonance occurring in the 6-8 kHz region. 

 

5.3 Measuring the Running Speed of the pump 
 
In the laboratory, the dry vacuum pump was set to increasing speeds from 50, 60, 70, 80, 90, 100 to 105 
Hz and the inlet pressure was kept at 0 mbar (loading factor) whilst the outlet pressure was kept constant 
at atmospheric pressure and the running speed measured. A reference signal related to the angular position 
of the shaft was required to measure the pump’s speed accurately and the fundamental rotational speed of 
the shaft (actual running speed) was noted by screening for the first harmonic of the rotational speed of the 
pump in the vibration signature of the pump (see Figure 5). It can be seen for that for any speed, the actual 
running speed was always less than the set speed. This is because of slip, which is characteristic of AC 
induction motors. The vibration measurements for the pump were repeated under a higher load condition 
(50 mbar). The slip increased with a bigger load because of mechanical damping. The speed difference 
caused by the two load levels will shift the bearing frequency components in the frequency spectra. The 
speed has to estimated accurately by any diagnostics software as its performance can be influenced by the 
noise caused by the angular speed variations of the shaft. Also speed variations can cause spectral 
smearing when the spectral estimation is done [21]. In fact, it has already been noticed that higher the load 
applied to the pump, the more is the motor slip. But it was noted that the amplitude of the first harmonic of 
the rotational speed of the pump increases with the load applied (this effect is not shown here). 
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Figure 5: Set Speed versus Actual Speed of pump. Actual Speed of Pump was always less than the 

Set Speed and the difference depends on the loading factor. 
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5.4 Speed Analysis of Transient Data 
 
A Short Time Fourier Transform (STFT) was performed on the demodulated vibration signals to show the 
instantaneous frequency details of the spectra as the pump was starting up, running in steady state and 
shutting down for a two-dimensional time-frequency representation (see Figure 6, Figure 7 and Figure 8). 
The vibration data were obtained from a pump with an inner race fault. The pump was set to run at 100 
Hz. Each time segment used consists of 80000 samples of the vibration signal generated by the pump with 
a sampling time of 5 ms (sampling frequency of 2 kHz). The STFT method was chosen as the signal 
processing method to illustrate the non-stationary behaviour of the transient signal. Though the AR 
technique was the principal method used in the fault detection tool, the STFT method is used here to 
illustrate the dependence of behaviour of the fault defect frequencies with a changing speed. STFT is 
useful in analysing the varying spectral content of the nonstationary time series. The magnitude of the 
STFT allows both strong and weak components to be effectively shown on the same plot.  The STFT 
applies the Fourier transform for a fixed short-time analysis window with the assumption that the signal 
satisfies the requirement of stationarity within the window. By moving the analysis window along the 
signal, the time variation of the signal spectrum is revealed. The time varying spectra of nonstationary 
time series, obtained using STFT are commonly known as spectrograms. A window length L=128 samples 
was chosen as it was found appropriate for the analysis of vibration responses as discussed subsequently. 
This corresponds to 64 ms at the 2 kHz sampling rate used in recording our data. A Hamming window was 
used. The value of N (which sets the number of discrete frequencies at which the STFT is sampled in the 
frequency domain) was chosen equal to L. By moving the time window through 128 time samples for 
successive evaluations, the STFT provided a sufficiently detailed picture of the transient behaviour of the 
vibration signals. The corresponding spectrograms are shown in Figure 9, Figure 10 and Figure 11. 
Instantaneous speed variations are observable in both the time and frequency domains using STFT plots. 
The effect the fundamental shaft frequency (actual speed of pump) has on the estimation of the bearing 
defect frequency can be seen clearly. Figure 9 shows the behaviour of the BPFI defect frequency when at 
first the pump is not running, then the pump starts up and eventually reaches steady sate. The darkest line 
is indicated by the BPFI frequency appearing after about 15s and building up as the pump starts up and 
steadily increases its frequency reaching 530 Hz (horizontal line) when the pump reaches steady state. 
This shows that the BPFI characteristic defect frequency is linearly dependent on the speed of the pump. 
Figure 10 shows the pump running in steady state. The darkest line is indicated by the BPFI frequency at 
530 Hz. Figure 11 shows STFT plot when the pump is shutting down. Initially the darkest spectral 
component is at 530 Hz corresponding to the BPFI frequency. The BPFI line decays to zero as the pump 
also shuts down. 
 

 
Figure 6: ADXL vibration data when pump is starting up (40 sec). 
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Figure 7: ADXL vibration data in steady state when running at 100 Hz (40 sec). 

 
Figure 8: Data when pump is shutting down (40 sec). 

 

BPFI

Figure 9: Demodulated data (HV end). Characteristic defect frequencies build up as the pump 
speeds up (indicated by dark lines running across diagonally). Darkest line is due to the BPFI 

frequency. 
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BPFI

Figure 10: Demodulated ADXL (HV end data). Note the strong dark line running across at 530 Hz 
indicating the BPFI inner race defect frequency. Pump running in steady state. 

 

BPFI

Figure 11: Demodulated ADXL (HV end data). Note a strong dark line running across at 530 Hz 
(BPFI frequency) initially, which decays to zero as the pump shuts down. 

 

6 Speed Analysis of Steady State Data 
 
Figure 12, Figure 13 and Figure 14 show the linear envelope spectra of the bearing vibration signals 
plotted for the three steady state speeds of 70 Hz, 90 Hz and 100 Hz using both the AR and FFT 
techniques. A model order of p=30 was used for the AR spectra. The envelope demodulation algorithm 
was performed with a bandpass filter window between 6 kHz to 8 kHz. Color-coded dashed vertical lines 
identify the bearing defect frequencies and their harmonics. The corresponding colors for the defect 
frequencies are:- purple for FTF, orange for BPFO, green for BSF and blue for BPFI. These lines are 
plotted at frequencies calculated from bearing defect formulae. Since the formulae are speed dependent, 
they appear in different locations along the frequency axis, depending on the speed of the pump. Figure 12 
shows the demodulated spectrum of defective bearing with an inner race fault run at 70 Hz. By inspection, 
one can see that there is one major sharp spectral peak at the BPFI line at around 371 Hz. A slightly 
smaller peak occurs at its next multiple 2xBPFI (742 Hz) line. The presence of these significant peaks at 
the characteristic fault frequency and its harmonic in the demodulated spectra correctly indicates the 
presence of the incipient inner race fault. The peaks are clearly evident in both the AR and FFT spectra. 
Other than that, there are no significant peaks in the spectra. Figure 13 and Figure 14 show the 
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demodulated spectra of the same bearing run at 90 Hz and 100 Hz. Again the major spectral peaks occur at 
the BPFI lines. For the 90 Hz, the fault frequency is at around 477 Hz and for the 100 Hz, it is at around 
530 Hz. The spacing between the lines in Figure 14 is greater than those in Figure 13 because the fault 
frequencies are speed dependent. Though the pump was set at 90 Hz for Figure 13, the actual speed 
achieved was 89.38 Hz at 0 mbar. For the 100 Hz, the actual speed achieved was 99.15 Hz. Taking 
measurements at various speeds ensure that the defect can be detected with a high probability. Figure 15 
shows the demodulated spectra for the non-defective bearing run at 100 Hz. The spectra look more like 
white noise and there are no major peaks. The spectra of the enveloped data show no discernable fault 
signatures, which is expected for nominally healthy components. Additionally, there is no energy at any of 
the characteristic fault frequencies in the power spectrum. Therefore, both spectra have correctly indicated 
that there is no fault in the bearing. But one can see a small family of peaks at multiples of 99.15 Hz which 
was the actual running speed achieved by the pump. 

 
Figure 12: Demodulated spectrum of a defective bearing with an inner race fault run at 70 Hz. The 
Ball Pass Frequency of Inner Race (BPFI= 371 Hz and 2xBPFI=742 Hz) are clearly evident in both 
AR and FFT spectra. 

 
Figure 13: Demodulated spectrum of a defective bearing with an inner race fault run at 90 Hz. BPFI 
occurs at 477 Hz). 

 
Figure 14: Demodulated spectrum of a defective bearing with an inner race fault run at 100 Hz. 
BPFI occurs at 530 Hz. 
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Figure 15: Demodulated spectrum of a non-defective bearing run at 100 Hz. No significant peaks 
present at the characteristic bearing defect frequencies. 

 

7 Conclusions 
 
This paper presents the experimental work carried out to develop an AutoRegressive-based condition 
algorithm for monitoring of vibration signals from a dry vacuum pump. It is hoped to establish a fault 
diagnosis system in which AR modelling techniques are used as an effective fault classification tool for 
extraction of fault features, especially ball bearing faults, using vibration data from a dry vacuum pump. 
The designed system deals with vibration spectra collected from the bearing elements conditions at 
different shaft speeds and loading factors. Results obtained with the AR method for fault classification 
purposes were conclusive, showing that the system is able of identifying and classifying defective 
bearings for a set of used experimental data. 
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Abstract 
Existing spatial models can be the basis for the modal balancing of large turbo-generators. This paper 
addresses the question of whether through simplification such models can be prepared and used in field 
balancing activities, in spite of time limitations, pressure and information restrictions that are often 
encountered in field balancing tasks. A methodology is presented for the elaboration of simplified models 
which show results that may be similar to those obtained with detailed models. 
 
 
1   Introduction 
 
Modal concepts have shown important advantages for the balancing of large turbo-generator rotors, but 
they have been most attractive because their use offers the possibility of balancing a rotor using only one 
balancing run. Modal concepts can be applied to balancing through the modal analysis of response plots 
obtained during a coast-down; using these plots the angular position of balancing weights for a given 
mode can be determined. A more ambitious scheme of application of such modal concepts is the 
elaboration and use of experimental modal models which would provide the modal shapes and masses, but 
this encounters the difficulties of either exciting a rotating rotor on its bearings, or evaluating the 
impedances of its supports, apart from the requirements and difficulties involved in the elaboration of the 
experimental models of the detached rotors. 
Another way in which modal concepts are applied to balancing is through the use of a spatial model of the 
rotor based on plans and other complementary data such as weights, material properties, etc. which can 
provide values of the natural frequencies, modal masses and mode shapes. The models can be calibrated 
with the critical speeds and punctual knowledge of the mode shapes, which are readily obtained from 
vibration data registered during a coast-down of the rotor. 
Creating a spatial model does not require special equipment as is the case with experimental models. 
However for the elaboration of a spatial model the engineer requires quite a considerable length of time 
with enough space and without pressures that would increase the likelihood of mistakes, besides the 
availability of all the necessary data.  
Field balancing activities definitely do not present the conditions appropriate for the elaboration of one 
such model. The use of spatial models is then reduced to the cases in which the model has been elaborated 
previously and is not useful to specialists that do trouble shooting and balancing in different machines, for 
example. 
In this research we evaluate the possibility of elaborating and using simplified spatial models during field 
balancing activities, which would be based on readily available data such as the total weight and length of 
a rotor. With three detailed rotor models already available, one of them is utilized to develop 
simplification and calibration techniques that end up in a procedure to rapidly elaborate simplified models. 
The other two detailed models are then used to test the results of the procedure from the balancing point of 
view. 
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2   Strategy of the research 
 
2.1   The modal balancing method used and the requirements from a spatial model 
 
The modal balancing method to be used here assumes the availability of: 

1. Measurements of the absolute vibration of the shaft in at least two points for each rotor 
during run-down. 

2. Synchronous vibration filtering capacity to obtain response diagrams. 
3. A modal parameter extraction code to obtain the damping ratio and the natural frequency for 

each mode. 
The balancing weight arrangements for each mode are calculated from knowledge of the energy needed to 
balance that specific mode and of the mode shapes, including both measurement points and balancing 
planes. The energy needed to balance that specific mode is calculated from the corresponding modal mass 
(or modal stiffness and natural frequency), damping ratio and vibration amplitude for a reference location. 
Thus the spatial model has to provide the modal mass for each mode as well as its corresponding mode 
shape, the latter including values for the measurement points as well as for the balancing planes. 
It is important to note that the values of all modal balancing weights are directly proportional to the 
corresponding values of the modal masses, so that the precision in the evaluation of such masses will 
determine how well each mode is balanced. On the other hand, the most important values of the mode 
shapes will be those linking the reference measurement point to the influential balancing planes for each 
mode.  Care should be taken however in using an adequate modal weight arrangement calculation 
algorithm that avoids overshoots when errors occur in the spatial model’s evaluation of relatively very 
small vibration amplitudes. 
 
2.2 Available information and sequence for the research 
 
Three different, detailed spatial models were available to be used with a transfer matrix eigen-value code 
for this research, corresponding to turbo-generators with rated capacities of 160, 300 and 350 Mw. In the 
absence of corresponding field-recorded complete vibration response data, these were produced applying 
to the models a modal response algorithm and using some incomplete field data mainly for calibration. In 
this manner we could simulate three instances of rotors responding to unbalance and ready for the 
simplified models to be obtained from their response data. 
It was then decided to use one of the models and its “field” data, for the development of simplification 
techniques that would alter the least possible their dynamic behavior (modal masses and mode shapes). 
From this experience we would develop a methodology to create a simplified model in the field with the 
same characteristics. 
The other two models would be used to test the methodology, simulating two cases of the elaboration of 
such simplified models of “unknown” rotors in the “field” with the purpose of balancing them. 

 
 
3   Techniques used to obtain simplified models from a detailed model 
 
3.1   Simplification 
 
The strategy for simplification is to represent a rotor as a series of cylinders placed axially one after 
another, with such lengths and diameters that they keep the original stiffness distribution of the rotor along 
its axis. Concentrated masses are then added where needed to complement the masses of the cylinders so 
as to represent also the mass distribution of the rotor along its length. With such equivalence in the 
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distribution of both stiffness and mass the natural frequencies, mode shapes and modal masses can be 
readily obtained for each mode. The precision of the modal parameters obtained depends on the global 
equivalence of those distributions for each mode. 
This strategy would tend to maintain equivalence between the detailed and the simplified models, with a 
considerable reduction in the number of elements and details of the rotor’s geometry. The equivalence in 
mass and stiffness distributions in this case will be judged by the similarity in mode shapes and modal 
masses, which are the parameters needed for modal balancing. 
An important factor that facilitates the achievement of equivalence in mass and stiffness distributions in 
spite of simplification is the reduced number of modes considered, which for this research were only those 
occurring below operating speed. 
 

3.1.1   Stiffness equivalence 
 
The starting point for the simplification process is a model of the rotor that contains its geometrical details. 
This detailed model is first divided into lengthwise portions that contain one or more sections, not all of 
which necessarily have the same diameter. Each of these sections is then replaced by a stiffness-equivalent 
solid cylinder. The material and length of each cylinder is identical to that of the corresponding section of 
the original detailed model. 
The diameter of each equivalent cylinder in the simplified model is chosen so that any combination of 
static forces and moments applied at its endpoints (nodes) produces the same transverse and angular nodal 
deflections in both the detailed and the simplified models. Euler-Bernoulli beam theory [1] was used to 
model the sections of the detailed and the simplified models, and to evaluate the stiffness equivalence 
between the original section and its simplified version. The reduction in the number of elements achieved 
in one step of the simplification process is illustrated in Figure 1. 
 

 
Figure 1 – Simplification of rotor geometry 

 
In Figure 2 the detailed model of a 350MW turbo-generator rotor is drawn in black. The diameters of the 
individual blade disks, journals and seals are clearly visible in this model. In the same figure, a simplified 
model is drawn in red. In this second model the details of several blade stages have been replaced by 
single solid cylinders, as have been the regions in the vicinity of the journals and labyrinth seals. The blue 
line of Figure 2 shows the result of a further stage of simplification, in which large portions of the original 
rotor have been replaced by single cylinders.  
At this initial stage of simplification only the stiffness characteristics of the rotor are taken into account. 
The mass distribution of the rotor is considered at a further stage, which is described in the next Section. 
 

Point 
mass 
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Figure 2 – Rotor model simplification 

 
3.1.2   Mass equivalence 
 
In order to represent the mass distribution of the rotor on the simplified model, the mass of each 
equivalent cylindrical element is first considered to be equally distributed among its two endpoints. 
Although this does not guarantee that the element will have the same mass as the corresponding 
element(s) of the detailed model, any discrepancy is compensated by adding lumped masses at different 
locations of the simplified model. These locations and the magnitudes of the lumped masses are chosen so 
that the total mass of the simplified model is the same as that of the detailed model, and that the mass 
distributions of both are as similar as possible. Figure 3 illustrates a case in which point masses were 
attached to a simplified model at locations in which massive components of the real rotor, such as blade 
disks, were mounted. 

 
Figure 3 – Location of point masses 

 
3.2   Stiffness of bearings 
 
Turbo-generators are groups of rotors that are axially connected to each other and are supported on several 
bearings. The stiffness of the bearings has an important effect on the modal properties of a turbo-generator 
group. Although the bearing stiffnesses cannot be evaluated directly from measured vibration data, they 
may be roughly estimated under the consideration that only a few of the bearings have a significant 
contribution to the modal stiffness of any given mode. 
It was observed in this research that most of the modes of a turbo-generator are distinguished by a 
significant vibration of one of the component rotors and considerably lower vibration levels of the 
remaining ones. Thus, the bearing stiffnesses may be estimated by assuming that the natural frequency of 
a mode results from the interaction of the mass of the component rotor that exhibits the highest level of 
vibration and the stiffness of only those bearings that support it. Since the natural frequencies can be 
obtained from response plots and the mass of a rotor is usually available in power plants, a single degree 
of freedom approach may be used to obtain a first estimate of the combined stiffness of those bearings. 
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4   Evaluation of the results of simplification 
 
In this section, the results obtained from the simplification of the model of a 350MW high/intermediate 
pressure turbine rotor will be presented and discussed, in order to assess the accuracy of the simplification 
technique described in the previous Sections. 
Three different degrees of simplification were obtained from the detailed model of the rotor. The 
geometries of the detailed and the three simplified models are sketched in Figure 4. The most intricate 
geometry is that of the detailed model, and is drawn in black. The red, blue and cyan lines correspond to 
successively simpler models of the same rotor. Where the lines that correspond to two or more models 
overlap, only the one associated with the simplest model is shown. 
 

 
Figure 4 – Different degrees of rotor geometry simplification 

 
Table 1 contains a comparison of the natural frequencies and mode shapes, as seen from the first and 
second rotor journals (S1 and S2 in Figure 3), that were obtained using the four models. In this Table, 
ωn1, ωn2 and ωn3 represent the natural frequencies of the first, second and third modes, respectively. Only 
the modes with natural frequencies that fall between 0 r.p.m. and the operating speed of 3600 r.p.m. are 
considered. 
As it can be seen from the Table, for each of the modes the natural frequencies remain nearly constant for 
the three degrees of simplification used, with maximum variations of 1.14%, 0.69% and 0.31% for the 
first, second and third modes, respectively. These results indicate that the simplified models accurately 
represent the relationships between modal masses and modal stiffnesses for each of the three modes 
considered. 
 

Table 1 – Natural frequencies for different degrees of simplification 

 Detailed 
Model 

1st 
simplification 

2nd 
simplification 

3rd 
simplification 

Number of point 
masses 

15 8 6 3 

ωn1 (r.p.m.) 1444.60 1461.01 1456.94 1452.37 

ω n2 (r.p.m.) 2744.24 2758.51 2763.24 2777.61 

ω n3 (r.p.m.) 3386.01 3275.79 3396.47 3330.54 
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In Figures 5a-c, the first three mode shapes associated with the detailed and simplified models are 
compared. The first mode shape is accurately determined using any of the three simplified models. 
Although greater discrepancies are apparent between the second and third mode shapes of the detailed and 
of the simplified models, the mode shapes obtained with all three simplified models are approximately 
equal to those of the detailed model. In Figure 5c, the apparent discrepancy between the mode shape 
associated with the second simplified model and those of the other models, is due to the normalization 
applied to the data; by multiplying this mode shape by a factor of about four it may be seen that all mode 
shapes are approximately equal. 
From the results shown for the detailed and simplified models, it can be concluded that the simplification 
process discussed in Section 3 results in models which retain the modal shapes and natural frequencies of 
the detailed model, but which are considerably simpler to analyze and manipulate. The effects of the 
simplification process on the modal masses, as well as the consideration of support stiffnesses in the 
construction of simplified models will be discussed in Section 6. 
 
 

 
Figure 5 – Mode shapes of a 350MW high/intermediate pressure turbine rotor: a) first mode, b) second 

mode, c) third mode; black: detailed model; red, blue and cyan: first, second and third degrees of 
simplification, respectively.   

 

5   Modeling of turbo-generator rotor assemblies 
 
5.1   Requirements for field balancing 
 
Apart from a simplified model of the rotor to be balanced, the balancing technique that is presented in this 
Section requires the Bode and/or the polar response plots obtained during a run-up or run-down of the 
rotor. The vibration of the rotor should be measured preferably at each of its bearings. From the response 
plots the natural frequencies, damping ratios and resonant vibration amplitudes for each mode of the rotor 
can be determined. 
 
5.2 Field balancing sequence 
 
The following steps should be followed for the practical implementation of the methodology presented in 
the previous Sections: 

1) Obtain simplified models of the rotors that constitute the turbo-generator and couple them. 
2) Obtain natural frequencies from response plots. 
3) Estimate support stiffnesses. 

a) b) 

c) 
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4) Compute natural frequencies, mode shapes and modal masses of the complete turbo-generator 
using a transfer matrix algorithm. Adjust support stiffness values so that the natural frequencies 
and mode shapes match those obtained from the response plots. Within reasonable limits 
concentrated masses can also be altered to contribute to the match of values. 

5) Using the resonant vibration amplitudes and modal damping ratios, estimate the magnitude of the 
balancing masses for each plane. Determine the angular location of the balancing masses on each 
plane using the polar response plots. 

 
 
5.3   Use of a catalog of rotors 
 
The successful implementation of the simplification procedure that has been presented in Sections 3 and 4 
relies on whether a detailed model of the rotor at hand is available. This is rarely the case during a field 
balancing session; for this reason, a method of producing a simplified model using information that is 
readily accessible in the field is needed.  
One way of avoiding the use of a detailed model is to build up a catalog that describes the simplified 
models of different types of rotor, so that for any given rotor a simplified model can be constructed using 
this catalog and readily available information such as rotor length or weight. 
The rationale on which this idea is based is that there are relatively few classes of turbo-generator rotors: 
high, intermediate or low pressure turbine, a single or a double flow machine, a generator, an exciter, etc. 
Every rotor of a given class has a characteristic geometry and hence characteristic stiffness and mass 
distributions pertaining to that class. These characteristics are usually functions of a few rotor parameters 
such as total length, distance between journals, number of blade stages, etc. Thus, if such parameters are 
known or can be easily measured, a simplified model that possesses the same modal characteristics of the 
real rotor can be easily constructed and used for modal balancing purposes. 
Figure 6 and Table 2 give an example of the information that could constitute the entry for a generator 
rotor in the catalog of rotors that has been proposed here. The information was obtained from a study of 
the characteristics of generator rotors from different turbo-generators. In order to build a simplified model 
for this type of rotor only three parameters are required: length and weight of rotor and bearing location. 
 

 
Figure 6 – Catalog entry for the geometry of a simplified generator rotor model. 

 
 

Table 2 – Catalog entry for the dimensions of a simplified generator rotor model. 

Parameter type Parameter Value 
l1 To be measured 
l2 0.53 l1 
l3 0.138 l2 
l4 0.535 l3 
l5 0.308 l2 

Lengthwise dimensions 

l6, l7 To be measured 
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l8 0.25 l2 
C1, C2 1.038 l4 , 0.195 l5 

d1 0.04185 l1 
d2 1.078 d1 
d3 1.156 d2 

Diametral dimensions 

d4 1.336 d3 
P1 20% 
P2 20% 
P3 20% 
P4 20% 

Point mass distribution* 

P5 20% 
* Percentage of the total mass required to match that of the detailed model 

6   Examples of application 
 
6.1   Modeling of a 158 MW turbo-generator 
 
6.1.1   Description of the system and available data 
The first case study was carried out with a 158MW turbo-generator, formed by three coupled rotors: two 
turbines and one generator, as shown by the simplified model of the assembly in Figure 7. The model 
includes the bearings, represented by springs labeled k1 to k5, and an arrangement of concentrated masses, 
labeled m1 to m12. 

 
Figure 7 – Simplified model of a 158 MW turbo-generator rotor assembly 

 
No detailed model was used to build the simplified model of this rotor; instead, a rotor catalog (built on 
the basis of the 350MW turbo-generator described above) was used together with some known dimensions 
of the rotor. The data on which the construction of the simplified models was based were: the distance 
between the bearings, the weight of each rotor and the vibration data shown in the Bode and polar plots in 
Figure 8. The vibration data shown corresponds to a simulated transducer mounted at the bearing 
represented by k1 in Figure 7, and it is used to determine the natural frequencies and damping ratios of the 
rotor, as well as the optimum angular locations of the correction weights on the balancing planes. 
 

a)        b) 
 
 
 
 

              

Figure 8 – Vibration at bearing k1 of a 158 MW turbo-generator: a) Bode amplitude plot,  
b) Polar response plot 

0 
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90

Table 2  (continued) 
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6.1.2   Results 
 
Using the simplified model, the mode shapes and natural frequencies of the turbo-generator were 
computed using a transfer matrix algorithm. Modal parameters such as natural frequencies and damping 
ratios for the five lowest modes of vibration were determined from the simulated “field” vibration as if 
measured. The stiffness coefficients for each of the bearings were adjusted so that the computed natural 
frequencies matched those obtained from the measured data. The magnitudes of the concentrated masses 
were adjusted using the criteria given in Section 3.1.2. The modal parameters that were obtained for the 
simplified model were compared to those obtained with a detailed model of the turbo-generator and those 
determined from the measured vibration data. Table 3 gives a comparison of the natural frequencies and 
modal masses obtained in the three cases for the five modes that have natural frequencies within the 
operating speed range of the turbo-generator, i.e. from 0 to 3600 r.p.m. It can be seen that, with regard to 
natural frequencies, the simplified model is as good a representation of the turbo-generator as is the 
detailed model, with a maximum difference of 2.04% between the natural frequencies of the third mode 
obtained with the simplified model and with the “field” data.  
The modal masses computed with the detailed and simplified models show larger deviations than do the 
natural frequencies, reaching 44.8% for the third mode of vibration. On the other hand, as it can be seen in 
Figures 9a-e, the mode shapes determined with the simplified model closely resemble those obtained with 
the detailed model.  
 

Table 3 – Natural frequencies and modal masses of a 158 MW turbo-generator 
 Natural frequencies  Modal masses 

Mode  

From 
measured 

data 
[r.p.m.] 

Detailed 
model 

[r.p.m.] 
 

Simplified 
model  

[r.p.m.] 

Relative 
deviation 

(% simplified 
vs. 

experimental) 

Detailed 
model 
[kg] 

Simplified 
Model 
[kg] 

Relative 
deviation 

(%) 

1 1000 998.08 983.01 1.70 207963.64 293126.93 40.95
2 1300 1344.18 1290.83 0.71 94637.28 74591.77 21.18
3 1800 1780.16 1763.31 2.04 30622.77 44372.03 44.8
4 2700 2626.24 2723.33 0.86 22231.31 27392.59 23.22
5 3500 3482.23 3445.93 1.54 

 

5584.62 6479.94 16.03
 

6.2   Modeling of a 300 MW turbo-generator 
 
6.2.1 Description of the system and available data 
In this second case study, a turbo-generator with a rated capacity of 300MW is modeled. The system 
consists of five coupled rotors: governor, low and high/intermediate pressure turbines, generator and 
exciter, mounted on nine bearings. In order to build a simplified model of the turbo-generator, simplified 
models of the individual rotors are first constructed and then coupled numerically. The simplified model 
of the assembly is shown in Figure 10. The model includes the bearings, represented by springs labeled k1 
to k9, and an arrangement of concentrated masses, labeled m1 to m15. 
As in the previous example, a rotor catalog was used to build the simplified models of the individual 
rotors. The data that was used to build the simplified model and to compute the bearing stiffness values 
were: the distances between the bearings that support each rotor, the weight of each rotor and the polar 
and Bode vibration response plots of the rotor assembly. The response data was produced through 
simulation of the unbalance response of each of the rotors, based on their detailed models. In some cases 
available results of previous impact tests carried out on each rotor in a free-free condition were also used. 
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Figure 9 – Mode shapes of the detailed (blue) and simplified (red) models of a 158 MW turbo-

generator; a) to e): first to fifth modes, respectively.   
 
 

 
Figure 10 – Simplified model of a 300 MW turbo-generator rotor assembly 

 
 
 

a) 

    

    b) 
 

                        

Figure 11 – Vibration at bearing k1 of a 300 MW turbo-generator: a) Bode amplitude plot,  
b) Polar response plot 
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c) d)

e) 
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6.2.2   Results 
As in the previous case study, the mode shapes and natural frequencies of the turbo-generator were 
computed using the simplified model of the turbo-generator and a transfer matrix algorithm. Modal 
parameters such as natural frequencies and damping ratios for the seven lowest modes of vibration were 
determined from the “field” measured vibration data. The stiffness coefficients for each of the bearings 
were adjusted so that the computed natural frequencies matched those obtained from the measured data. 
The magnitudes of the concentrated masses were adjusted using the criteria given in Section 3.2.1. The 
natural frequencies that were obtained for the simplified model were compared to those obtained using the 
simulated vibration data. Table 5 gives a comparison of the natural frequencies and modal masses 
determined in the two cases for the seven modes that have natural frequencies within the operating speed 
range of the turbo-generator, i.e. from 0 to 3600 r.p.m. The modal masses were computed taking the left 
end of the turbo-generator as the reference point. It can be seen that, with regard to natural frequencies, the 
ones obtained with the simplified model are close to those obtained with the detailed model, with an 
exceptional maximum deviation of 22.74% for the fourth mode.  
The modal masses computed with the detailed and simplified models show larger deviations than do the 
natural frequencies, reaching 444.85% for the fourth mode of vibration. However, as it can be seen in 
Figures 12a-g, the mode shapes determined with the simplified model closely resemble those obtained 
with the detailed model. The implications of these results will be discussed in the following Section. 
 
 

     

    

      

 
Figure 12 – Mode shapes of the detailed (blue) and simplified (red) models of a 350 MW turbo-generator;  

a) to g): first to seventh modes, respectively.   
 
 

a) b) 

c) d) 

e) f) 

g) 
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Table 5 – Natural frequencies and modal masses of a 300 MW turbo-generator 

 Natural frequencies  Modal masses 

Mode Detailed model 
[r.p.m.] 

Simplified 
model  

[r.p.m.] 

Relative 
deviation 

(%) 

Detailed 
model 
[kg] 

Simplified 
model 
[kg] 

Relative 
deviation 

(%) 
1 841.44 858.77 2.05 265570 373562 40.66 
2 1118.84 1144.16 2.26 56410 54934 2.62 
3 1321.04 1351.07 2.27 45571 27388 39.90 
4 1866.26 1441.76 22.74 68024 370627 444.85 
5 2104.90 2282.86 8.45 37222 25111 32.54 
6 2662.42 2645.97 0.62 11965 15178 26.85 
7 3299.53 3408.41 3.3 

 

5758 5199 1.12 
 
 
7   Discussion of results 
 
From the examples presented in Sections 6.1 and 6.2 it is possible to assess the capabilities of the 
methodology that has been described in this paper regarding the construction of simplified models of 
rotors and rotor assemblies. The two main parameters on which an assessment of the accuracy of the 
methodology may be founded are: a) the similarity between the mode shapes of the simplified and detailed 
models, and b) the similarities of their modal masses.  The reason for which these parameters are relevant 
is that they directly influence the computation of the correction weights that are used for the balancing of 
rotors. 
 
Mode shapes 
The mode shapes of a rotor strongly influence the effect that correction weights have on the vibration 
components associated with each of its modes, both through the value of the modal mass (see below) and 
through the vibration amplitude values at the balancing points.  Given that vibration data are available at 
points near the balancing planes (usually at the bearings), a mode shape calibrated with existing vibration 
values can be nearly as reliable as that obtained from a detailed model, for the calculation of balancing 
plane vibration values. 
 
Modal masses 
Modal masses are related to the size of a rotor. Larger, heavier rotors are likely to have larger modal 
masses compared to those of lighter rotors. The effect that a correction weight has on the component of 
vibration of a rotor associated with a particular mode is inversely proportional to the modal mass of that 
mode, computed with respect to the balancing plane to which the correction weight is attached. Thus, 
larger correction weights are required to produce similar effects on the vibration of heavier rotors than in 
lighter ones. 
One of the aims of the methodology described in this paper is to produce models which retain the modal 
masses associated with each of the modes of a rotor. At this point, some details regarding the computation 
of the reported modal masses should be commented in more depth. Firstly, the modal mass is necessarily 
associated with a particular point of a rotor, that we will call the reference point. If the mode shapes of a 
rotor are normalized so that they are equal to unity at this reference point, then any errors in the mass 
distribution of the simplified model will affect the modal mass in direct proportion to the square of the 
mode shape amplitudes. Thus, it is desirable that percent errors in these amplitudes be small, so that the 
effects of errors in mass distribution on the modal masses remain at acceptable levels. This can be 
achieved if for each mode the chosen reference point is associated with a large amplitude component of 
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the corresponding mode shape, which is possible given that the reference points need not be the same for 
all modes. 
The modal mass values that were presented in Sections 6.1 and 6.2 were not computed with respect to the 
best possible reference point, and hence large discrepancies between the modal masses of the detailed and 
simplified models were encountered. Reference points were chosen at the midspan of the rotor assemblies. 
Although time limitations did not allow us to include it in this research, an evaluation of the modal masses 
at more suitable locations such as the balancing planes should be performed in order to have a better 
estimation of the errors involved in their computation and especially of the effects that they would have in 
the computation of correction weights. 
Since the main steps towards the construction of simplified models are based on the conservation of the 
stiffness characteristics of a rotor, it is expected that discrepancies between the mass distributions of a 
simplified model and the corresponding real rotor will exist. However, the case studies presented here 
have shown that errors in modal mass are typically below 40% of the true values, as judged from detailed 
rotor models. This, together with the simplicity with which they may be computed during field balancing, 
makes them suitable for the estimation of correction weights when data regarding the detailed geometry 
and mass distribution of a rotor are scarce. 
 
Other parameters that affect balancing 
Although for balancing purposes the two main parameters that are to be determined from simplified 
models are the mode shapes and the modal masses, there are others which have a direct influence on the 
appropriate selection of correction weights, namely: damping ratios and resonant vibration amplitudes. In 
field balancing these parameters are obtained from unbalance response plots, such as those shown in 
Figures 8 and 11, using conventional methods [2]. The accuracy with which they are obtained depends on 
the quality of the data, and may be affected by the level of noise in the vibration signals as well as by the 
presence of phenomena other than unbalance, which may produce components of vibration that are 
synchronized with the rotating speed of the rotor. These effects have not been taken into account in this 
research but should be considered in order to establish the accuracy with which balancing masses can be 
computed using the methodology presented here. 

 
Catalog of rotors 
The catalog of rotors that was proposed in Section 5.3 should be expanded with models for other types of 
rotor depending on the application for which it is intended. Also, the more rotors are considered the more 
precise and representative the considered typical rotors will be. In any case, the resulting catalog should be 
flexible enough to be applicable to a wide variety of rotors, but not to the point that gathering the data 
required for its use hinders the construction of simplified models, for which it is intended. It should also 
give its users some amount of flexibility to make field adjustments in order to adapt the information 
contained therein to a specific balancing task. 
 

8   Summary and conclusions 
 
Two methodologies for building simplified spatial models of rotors were presented: one is based on the 
successive simplification of rotor geometry using Euler-Bernoulli beam theory; the other is based on the 
use of a catalog of rotors, which can be adapted to a particular rotor provided that some data such as its 
weight and the distance between its bearings is available. 
It was shown that the methodology is applicable to rotor assemblies, but that this required the repeated use 
of the simplification procedure on each of the individual rotors in turn; additionally, it requires further 
coupling of the simplified models by numerical means. 
It was shown that simplified models may be used to estimate the modal masses and mode shape 
components associated with the balancing planes of a rotor, with a degree of approximation that is 
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satisfactory to make an initial attempt to balance a rotor when the available geometric and dynamic 
response data are scarce. 
The methodology was tested using three examples. In each case, the mode shapes and natural frequencies 
of the simplified models were shown to be similar to those of the corresponding detailed models. The 
advantage of the methodology presented here is that it does not require the construction of detailed models 
in order to determine the modal parameters that are most relevant for modal balancing. Thus, using 
simplified models the modal parameters of a rotor or an assembly of rotors can be determined using less 
time and computational effort than is required with detailed rotor models.  
Simplified models can be used to estimate the mode shapes at the balancing planes and the modal masses 
of rotors and rotor assemblies. Together with data extracted from unbalance response plots, these 
parameters allow the computation of weights for the correction of rotor unbalance. 
In was shown that errors in modal masses are typically below 40% and consequently that the errors in the 
computation of balancing masses is of that order of magnitude. It was argued, however, that the selection 
of the appropriate vibration amplitudes used as reference values could significantly reduce these errors. 
Thus, the methodology that has been presented is a useful tool that will complement other rotor balancing 
strategies and will allow estimations of unbalance correction weights using vibration data from a rotor 
even before trial runs are performed.  
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Abstract 
In addition to the geometric properties of the seals, the characteristics of the steam flow play a basic role 
in the generation of steam-whirl instability phenomena in rotating machines. The hardening of the seal 
stiffness caused by a raise of the steam pressure and flow often provides a significant contribution to the 
generation of unstable vibrations. With regards to model-based investigations the increase of the cross-
coupled coefficients used to model the seal stiffness can cause important changes in the eigenvalues and 
eigenmodes of the mathematical model of the rotating machine. In particular, the real part of the 
eigenvalue associated with the first flexural normal mode of the turbine shaft may become positive 
causing the conditions for the occurrence of unstable vibrations. The threshold level of the steam flow that 
causes instability conditions can be used to define the stability margin of the power unit. This paper shows 
the results of investigations carried out with model-based techniques by means of which the dynamic 
behavior of a large power unit affected by steam-whirl instability phenomena have been studied. 
 
 

1 Introduction 
 
Steam-whirl instability phenomena in rotating machines can cause a very quick growth of the amplitude of 
the shaft vibrations which can reach considerable levels in a very short time. In general, the occurrence of 
subsynchronous vibrations is a typical symptom of this malfunction. Contrary to oil-whirl subsynchronous 
vibrations due to fluid-film destabilizing forces in journal bearings, the frequency of the subsynchronous 
vibrations caused by steam-whirl phenomena can be rather different from half of the shaft rotating 
frequency. Sometimes the frequency of these subsynchronous vibrations is rather close to the damped 
natural frequency associated with the first flexural normal mode of the turbine shaft evaluated at the 
operating speed. With regards to this it is important to consider that, in general, the steam-whirl instability 
onsets occur in on-load operating conditions. Moreover, the machine running speed can be significantly 
higher than the first flexural critical speed of the steam turbine shafts that are included in the machine-
train. Therefore, the synchronization between the frequency of the subsynchronous destabilizing forces 
generated by the seal dynamic stiffness and the frequency associated with the first flexural critical speed 
of a turbine shaft is not unusual. In this case the large energy introduced into the rotor system by the 
destabilizing forces can cause very high levels of the subsynchronous vibrations of the shaft. Depending 
on the sign of the modal damping factor associated with the first flexural critical speed of a turbine shaft 
steam-whirl instability phenomena may occur. 
The dynamic stiffness of the seals is significantly affected by the corresponding geometric properties. 
Further parameters that provides important contributions to the value of the seal stiffness in steam turbines 
are the steam pressure and flow. The main destabilizing effects are the unsymmetrical circumferential 
pressure distribution and the unbalanced torque forces due to the varying radial clearance of the seals. 
Therefore, the actual available radial clearance, which depend on the eccentricity ratio of the shaft, plays a 
basic role in the magnitude and frequency of the destabilizing forces generated by the seals [1-4]. 
In general, the main dynamic effects of the seals in steam turbines can be modeled by means of cross-
coupled coefficients which have the same magnitude and opposite sign [4]. The raise of the steam pressure 
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and flow, that is basically related to a raise of the electrical load, often causes a considerable hardening of 
the seal stiffness. Therefore, at high power levels the considerable increase of the seal stiffness 
coefficients can cause important changes in some modal damping factors associated with the flexural 
critical speeds of the machine-train as well as in the shape of the respective normal modes of the shafts. 
Depending on the sign of the modal damping factors the condition for the appearance of unstable 
vibrations can occur. This phenomenon can be investigated by means of the analysis of the eigenvalues of 
the mathematical model of the rotating machine performed at the operating speed. Different case studies 
must be carried out considering the seal stiffness coefficients associated with different values of the steam 
flow. The results of this analysis allow the changes of the flexural critical speeds and the respective modal 
damping factors, due to the seal stiffening, to be investigated. Sometimes the progressive growth of the 
seal stiffness coefficients causes the values of two or more flexural critical speeds of the shaft-train to 
converge. Often, these normal modes are dominated by the lateral vibrations of one or more steam 
turbines. Moreover, the changes in the system eigenvalues can cause significant changes also in the shape 
of the corresponding eigenmodes. Sometimes, when the mathematical condition for the generation of 
unstable vibrations occurs the shape of the normal mode associated with the flexural critical speed of the 
shaft-train whose modal damping factor becomes positive is affected by significant changes in comparison 
with the shape of the respective eigenmode evaluated in the off-load operating condition, that is without 
considering the stiffness of the seals. 
The analysis of the progressive changes of the real and imaginary parts of the system eigenvalues as well 
as the analysis of the changes in the shape of the eigenmodes of the shaft-train can provide very interesting 
information that can be used to optimize the machine design and to adjust some process parameters of the 
plant that can allow the rotating machine to be temporarily operated in safety condition by reducing the 
seal stiffness magnitude or by causing suitable changes in the dynamic stiffness of the oil-film journal 
bearings. The same analysis allows the threshold level of steam flow, or electrical load, that causes steam-
whirl instability phenomena to be evaluated. On the basis of these results the stability margin of the power 
unit can be easily determined as the amount of extra steam flow, in comparison to the nominal rating, 
needed to cause unstable vibrations. 
A more accurate evaluation of the stability margin can be obtained by applying perturbation techniques in 
actual operating conditions of the rotating machine [5, 6]. Since this strategy is based on experimental 
tests it considers the actual non-linear effects in the machine response whose importance may become 
considerable when high vibration levels due to instability phenomena occur.  
This paper shows the results of some investigations carried out with model-based techniques by means of 
which the dynamic behavior of a large power unit affected by steam-whirl instability phenomena has been 
studied. The changes in the real and imaginary parts of the system eigenvalues along with the changes in 
the shape of the respective eigenmodes of the shaft-train caused by the raise of the seal stiffness have been 
studied by means of parametric analyses. This allowed the dependence of the seal stiffness on the steam 
flow and the effects of shaft-to-seal misalignments on the machine vibrations to be investigated. The 
stability margin of the power unit has been evaluated for both aligned and misaligned seals of the high 
pressure (HP) steam turbine. The results of these studies have been compared with experimental findings. 
In the end, the effects of suitable changes of the flexural stiffness of the HP turbine shaft on the stability 
margin of the unit have been investigated. The results of this study can be very useful to optimize the 
design of the turbine shaft in order to prevent the occurrence of steam-whirl instability phenomena even in 
the case of partial misalignments of the seals as well as in the case of an underestimation of the actual 
values of the cross-coupled stiffness coefficients. 
 

2 Instability factor 
 
A fully assembled rotating machine is composed of a shaft-train, journal bearings and a foundation 
structure. The dynamic behavior of the system can be studied using model-based techniques [7]. A Finite 
Element Model (FEM) is often used to describe the mechanical properties of the shaft-train while the 
dynamic effects caused by seals, fluid-film journal bearings and rolling bearings can be modeled by means 
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of dynamic stiffness coefficients which can depend on the rotating speed. In the end, machine cases, 
supports and foundation structure can be modeled by means of well known different techniques [7, 8] here 
not described in detail for the sake of brevity. 
The free motion equation of a rotating machine can be expressed as: 

 [ ] [ ] ( )( ) [ ]+ ⎡ Ω ⎤⎣ ⎦M x + R G x + K x = 0  (1) 

where Ω is the shaft-train angular speed, x is the vector that contains the displacements and rotations 
associated with the degrees of freedoms of shafts, bearings and foundation. The mass, stiffness and 
damping matrices [ ] , [ and [ describe the dynamic effects of the whole rotating machine while the 
matrix [  takes into account the gyroscopic effects of the shaft-train. 

M ]K ]R

]G

The dynamic effects caused by the seal stiffness in steam turbines can be modeled by means of a pair of 
cross-coupled coefficients, having the same magnitude and opposite sign, that are assembled in the off-
diagonal locations of the stiffness matrix [ ]s j

K  associated with the j-th seal. In a fixed frame coordinate 

system xy this matrix can be written as:    

 [ ]
0

0
xy

s j
yx

k
k
⎡ ⎤
⎢ ⎥
⎣ ⎦

K =  (2) 

where xyk k= − yx

k

. These stiffness coefficients, which are assembled in suitable locations of the global 

stiffness matrix [ , depend on various factors like the seal geometry, the steam pressure and flow. 
Moreover, preswirling and injections can significantly affects the seal stiffness coefficients. In power unit 
whose machine-train contains steam turbines the raise of electrical load and steam flow causes a hardening 
of the seal stiffness. Therefore, at high power levels the cross-coupled stiffness terms of the matrices 
defined by Eq.(2) can be responsible for self-excited rotor instability phenomena characterized by a 
subsynchronous shaft whirl that is generally associated with the first flexural normal mode of the rotor. 
The analysis of the eigenvalues of the rotating machine model can be used to point out the conditions that 
must be satisfied for the occurrence of unstable vibrations. 

]K

The k-th eigenvalue of the model can be written as. 

 2k k di fλ σ π+=  (3) 

where fdk is the k-th damped natural frequency of the system while σk is the respective modal damping 
factor. In order to have energy dissipation the factor σk must be negative. The respective undamped natural 
frequency is given by: 

 ( )2 21 2
2nk dk kf f += π σ
π

 (4) 

The k-th dimensionless damping factor, hk, can be expressed in the following form: 

 ( )2k k nh σ π−= kf  (5) 

In order to have oscillating motions the dimensionless damping factor must be positive and lower than the 
unity. Under the assumption that the rotor system vibrates in the free motion with an harmonic law having 
a frequency equal to the k-th damped natural frequency fdk, the time history of the displacements evaluated 
at the j-th degree of freedom xj can be written as: 

 2( ) cos(2 )nki f t
j j dkx t X e f tπ

jπ ϕ+=  (6) 

Let us denote Tk the time period associated with the frequency fdk. The instability factor Vk can be 
expressed by the ratio between the vibration amplitudes evaluated at the two instants t1 and t2 which 
satisfy the following relationship: . Then, the logarithm of the instability factor is given by: 2 1 kt t T+=

 ( ) 2ln 2 1k kV h kh− −= π  (7) 
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When the instability factor Vk exceeds the unity the rotating machine can be affected by instability 
phenomena. In general, the destabilizing forces due to the oil-film forces in journal bearings cause 
subsynchronous vibrations of the shaft whose frequency is very close to half the rotating frequency 
(0.5X). On the contrary, the whirling phenomena due to the effects of seals mainly cause subsynchronous 
vibrations whose harmonic order depends on the geometrical properties of the seals as well as on some 
basic characteristics of the fluid flow. The fluid average circumferential velocity ratio plays a basic role in 
determining the order of the subsynchronous vibrations [1]. When the frequency of these vibrations is 
close to the first flexural critical speed of the turbine shaft the risk of the occurrence of serious steam-whirl 
instability phenomena becomes more critical. Owing to the characteristics of the instability phenomena the 
amplitude of the subsynchronous vibrations can grow very quickly causing severe and catastrophic 
damages if an automatic machine trip is not timely activated by a suitable safety control system. Just after 
the instability threshold level the non-linear effects in the machine dynamic behavior may become 
considerable. Therefore, a non-linear model of the machine-train should be used to perform a more 
accurate analysis of eigenvalues and eigenmodes [9].   
In order to study the seal stiffening effects on the stability margin of the rotor system the changes of the 
eigenvalues of the machine model evaluated at the operating speed for various values of the steam flow 
can be studied. The threshold level of flow that causes an instability factor higher the unity can be used to 
define the stability margin of the power unit. Turbine generator sets are operated in safety conditions when 
the threshold level of the steam flow exceeds the nominal rating. Since electrical load and steam flow are 
highly correlated each other the load is often used, in spite of the steam flow, to define the stability margin 
of power units. 
The results provided by the analysis of the changes in instability factors, system eigenvalues and 
eigenmodes caused by the seal stiffening effects obtained by varying some specific process parameters of 
the plant can be very useful to optimize the machine design as well as to determine safety conditions at 
which the unit can be operated when incipient instability phenomena are timely detected. 
 

3 Case history 
 
The subsynchronous vibrations occurred in a 425 MW power unit, caused by steam-whirl phenomena, 
have been analyzed. The machine-train was composed of a single-flow high pressure turbine (HP), a 
single-flow intermediate pressure turbine (IP), a double-flow low pressure turbine (LP) and a generator. 
The shafts of the machine-train were directly coupled each other by means of rigid couplings. The 
operating speed of this reheat unit of reaction design was 3000 rpm. The steam admission to the HP 
section was full arc. The shaft-train was mounted on six main oil-film journal bearings having nearly the 
same geometrical properties. They were two-lobe journal bearings which showed two large pockets 
located at the horizontal partition of the bearing casing. The pre-load of the lower lobe was 0.3. Figure 1 
shows the layout of the machine-train and the bearing numbers. Each support was equipped with a pair of 
XY proximity probes and one vertical seismic transducer. 
The HP turbine was mounted on two journal bearings whose lower lobe showed an angular width of only 
60 degrees. An additional lateral pocket was located at the inlet and outlet of the lower lobe. Therefore the 
oil-film anisotropy was considerable. In accordance to this the experimental transient vibrations measured 
at bearing #1 (Figure 2) showed that the first balance resonance of the HP turbine was split into two fairly 
spaced flexural critical speeds: 1850 rpm and 1970 rpm. 
 

Generator

#4

HP

Exciter

#5#1 #2 #3

IP LP

#6 
Figure 1: Machine-train layout and bearing numbers.  
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Figure 2: Synchronous transient vibrations (1X) 
measured at bearing #1 of the HP turbine: 

passing through the first balance resonance. 

Figure 3: Spectrum of the shaft  vibrations 
measured at bearing #1 in operating condition 
before the occurrence of an instability event. 

 
This type of journal bearings was chosen just to prevent the risk of unstable vibrations. Nevertheless the 
use of tilting pad journal bearings would have been more adequate to this purpose. 
Figure 1 shows that the shaft of the LP turbine was mounted on only one support while the shaft of the IP 
turbine had not own supports. The main aim of this layout of the shaft-train was to obtain both a low 
sensitivity to misalignments and sufficiently high values of the specific load acting on the bearings. Also 
this technical solution tends to reduce the risk of instability phenomena. 
Few months after the first rollout of the power unit the HP turbine showed multiple events of high 
vibration levels that occurred in operating condition and caused several machine trips. These high 
vibrations always occurred when the electrical load exceeded the 80% of the nominal rating, that is when 
the opening degree of the main control valves of the HP section reached its upper range. 
The vibrations measured at bearings from #3 to #6 were nearly unaffected by the abnormal vibrations that 
occurred at the bearings #1 and #2 of the HP turbine. The analysis of the harmonic content of the vibration 
signals showed that, in general, in occasion of each machine trip the amplitude of the synchronous 
component (1X) measured at 3000 rpm was not excessively high. On the contrary, few minutes before 
each machine trip a subsynchronous harmonic component suddenly appeared in the vibration signals. The 
order of these subsynchronous vibrations was 0.64X. At the operating speed it corresponded to 1920 rpm 
(32 Hz). This value was rather close to the first flexural critical speed of the HP turbine. Often the 
amplitude of this subsynchronous component grew very quickly reaching considerable levels in less than 
ten seconds causing only minor changes in the amplitude of the 1X vibrations. These symptoms are 
congruent with those due to instability phenomena in rotating machinery. Since the harmonic order of the 
subsynchronous vibrations was significantly higher than 0.5X it was suspected that the abnormal 
vibrations were caused by steam-whirl instability phenomena rather than by oil-whirl instability 
phenomena. Figure 3 shows the frequency spectrum of the shaft vibrations measured at bearing #1 few 
seconds before the occurrence of a machine trip caused by the sharp growth of the amplitude of the 0.64X 
vibrations of the HP turbine. Figure 4 shows a waterfall diagram of the shaft vibrations measured at 
bearing #1 in occasion of one of the instability events. It is possible to note that the subsynchronous 
vibrations immediately disappeared after the machine trip. Moreover, the analysis of a large number of 
monitoring data confirmed that during the coastodwns that followed the machine trips caused by the 
occurrence of these unstable vibrations the dynamic behavior of the shaft-train was regular as well as the 
vibrations occurred during the following runups. This confirmed the assumption that the abnormal 
subsynchronous vibrations were caused by steam-whirl phenomena. 
The results of some tests carried out in operating condition confirmed that the appearance and the growth 
of the amplitude of the 0.64X vibrations were basically related to the electrical load and the characteristics 
of the steam flow. Some minor correlations were also found with the control valve opening degree. 
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Figure 4: Waterfall plot of the shaft vibrations measured at bearing #1 in occasion of a steam-whirl 

instability onset and during the subsequent coastdown caused by the machine trip. 

 
Some preheaters of the power unit were taken out of service, in spite of reductions in the machine 
efficiency, in order to obtain a certain electrical load with a lower steam flow and a lower steam pressure 
at the inlet of the HP turbine. This allowed the highest value of the load at which the subsynchronous 
vibrations appeared at bearings #1 and #2 to be increased. Further on this confirmed the dependence of the 
instability phenomena on the steam flow. 
 

3.1 Model-based analysis 
 
The dynamic behavior of the turbine generator set has been studied by means of model-based techniques 
in order to explain the occurrence of the subsynchronous vibrations as well as to evaluate the sensitivity of 
the machine-train to the effects of steam-whirl phenomena. Figure 5 shows the Finite Element Model 
(FEM) of the shaft-train that has been used to perform these investigations. The dynamic stiffness of the 
oil-film journal bearings has been modeled by means of suitable coefficients that depended on the 
machine rotating speed. Moreover, the dynamic effects due to the pedestals, which were separated from 
the casings of the steam turbines, have been suitably taken into account in the simulating model of the 
fully assembled machine. In the end, each seal of the steam turbines has been modeled by means of a pair 
of cross-coupled stiffness coefficients having the same magnitude and opposite sign. These stiffness 
terms, provided by the machine manufacturer, have been assembled to the global stiffness matrix of the 
machine-train model, in the locations that corresponded to the respective degrees of freedom, only for the 
case studies carried out to investigate the machine dynamic behavior in on-load operating condition. In the 
following this machine model will be denoted model n.1. 
Only the stiffness coefficients of the seals evaluated at full-load were available. Therefore, the machine 
response in operating condition with partial load and partial steam flow has been simulated by multiplying 
the stiffness coefficients of each seal by a scaling factor ranging from a null value to unity. However, in 
order to investigate the safety margin of the power unit that allows the occurrence of steam-whirl 
instability phenomena to be avoided arbitrary values higher than unity have been assigned to the scaling 
factor used to increase the seal stiffness. 

 
HP IP LP Generator Exciter

#1 #2 #3 #4 #5 #6
 

Figure 5: Finite Element model of the shaft-train. 
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This strategy allowed the stiffening effects due to both actual and unrealistic pressure values of the steam 
flow to be simulated. More rigorous and accurate investigations could be performed with a careful 
evaluation of the seal stiffness coefficients obtained by means of accurate models in which the geometrical 
properties of the seals and the actual characteristics of the steam flow are considered. Anyhow, the 
parametric analysis carried out in the investigations described in this paper have provided interesting 
results whose reliability depends on the validity of the assumptions associated with the different case 
studies. In general, these assumptions are rather realistic in consideration of the operating conditions and 
the seal misalignments that have been simulated in the case studies.   
At first, in order to validate the machine model, the flexural critical speeds of the shaft-train have been 
evaluated by means of the analysis of a Campbell diagram, not documented in this paper for the sake of 
brevity, obtained by calculating the rotor system eigenvalues at different rotating speeds ranging from 
200 rpm to 3000 rpm. The theoretical values of the flexural critical speeds of the HP turbine associated 
with the U-shaped mode in the horizontal and vertical directions were 1824 rpm and 2068 rpm, 
respectively. The accordance between these results and the respective experimental values is satisfactory. 
After this preliminary study the sensitivity of the machine-train to the occurrence of steam-whirl 
instability phenomena caused by the increase of the seal stiffness due to the raise of electrical load and 
steam flow has been investigated. This study has been carried out by multiplying all the nominal values of 
the seal stiffness coefficients of the model by a scaling factor, cs. Different analyses have been performed 
by varying this scaling factor from 0 to 3. The null value of cs can be associated with the off-load 
condition while the unity value of cs corresponds to the full-load operating condition. For each value 
assigned to the constant cs the eigenvalues and eigenmodes of the machine model have been evaluated. 
The real part of each eigenvalue has been used to calculate the instability factor V associated with each 
flexural critical speed of the shaft-train. Instability factors that exceed the unity indicate the presence of 
conditions that can cause the occurrence of steam-whirl instability phenomena. Table 1 shows the first ten 
flexural critical speeds and the respective instability factors of the machine-train evaluated at the operating 
speed without considering the stiffness of the seals. The first four critical speeds are associated with the 
first U-mode of generator, IP turbine and LP turbine. 
 

 Flexural 
Critical Speed 

Instability 
Factor 

 Flexural 
Critical Speed 

Instability 
Factor 

Mode n. [rpm] (V) Mode n. [rpm] (V) 
1 741 0.9818 6 1853 0.7964 
2 819 0.9461 7 1960 0.8347 
3 1298 0.8883 8 2027 0.8359 
4 1600 0.8059 9 2310 0.7362 
5 1781 0.8862 10 2320 0.8471 

Table 1: Flexural critical speeds and instability factors evaluated with the model n.1, at 3000 rpm, 
without considering the stiffness of the seals (off-load operating conditions: cs = 0). 

 
As said above, the scaling factors cs that exceed the unity are associated with an unrealistic steam flow 
which is higher than the nominal rating. However, the results obtained with these arbitrary values of the 
steam flow allow the threshold level that avoids the occurrence of steam-whirl instability phenomena to be 
estimated. This study provides an estimate of the safety margin of the machine-train that prevent 
occurrence of unstable vibrations. 
Figure 6 shows the changes in the flexural critical speeds of the shaft-train caused by the increase of the 
scaling factor of the seal stiffness. The effects of the seal stiffening on the instability factors associated 
with the respective critical speeds are shown in Figure 7. When the scaling factor cs exceeds 1.5 the 
instability factor associated with the sixth eigenvalue significantly grows and reaches the unitary limit 
value when the ideal steam flow is nearly 215% of its nominal value (cs = 2.15). The flexural critical speed 
associated with the respective imaginary part of the same eigenvalue is 1893 rpm (31.55 Hz). 
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Figure 6: Changes in the flexural critical speeds 
due to the increase of the scaling factor of the 

seal stiffness coefficients (model n.1). 

Figure 7: Changes in the instability factors due 
to the increase of the scaling factor of the seal 

stiffness coefficients (model n.1). 

 
This value is rather close to the frequency of the experimental subsynchronous vibrations that were 
generated by the instability phenomena on the real machine (32 Hz). However, on the basis of these 
results, the threshold level of the ideal steam flow that could cause unstable subsynchronous vibrations is 
significantly higher than the actual maximum nominal value. The results provided this case study do not 
explain the reason for the occurrence of steam-whirl instability phenomena. 
Anyhow, a further similar unit installed in the same power plant did not show any steam-whirl instability 
phenomenon, neither when it was operated at full-load. Therefore, for this unit, the results that are shown 
in Figures 6 and 7 are not unreliable. On the contrary they indicate that possible further physic phenomena 
not considered in the machine model n.1, which were present only on the faulty unit, could generate the 
steam-whirl instability of the shaft-train. 
The results illustrated in Figure 6 shows that four flexural critical speeds of the shaft-train are gathered in 
the fairly small rotating speed range from 1750 rpm to 2050 rpm. The seal stiffening causes an increase of 
the fifth and sixth critical speeds and a decrease of the eighth critical speed. In particular, when the 
increase of the seal stiffness becomes considerable the values of the sixth and eighth critical speeds tend to 
converge. Owing to this it is possible to suppose that also the eigenmodes associated with these two 
critical speeds tend to become rather similar. 
Figure 8 shows the shapes of the eigenmodes associated with the eigenvalues from n.5 to n.8 of the 
machine model evaluated in the off-load operating condition, that is without considering the seal stiffness.  

Let us denote Ψr and Ψs the r-th and s-th eigenmodes of the machine model. The correlation between 
these two mode shapes can be expressed by means of the coherence factor, 2

rsγ , which can be defined as: 

 
2

2
*T

r s
rs T

r s

γ =
Ψ Ψ

Ψ Ψ
 (8) 

Table 2 shows the mutual coherence factors evaluated between the eigenmodes from n.5 to n.8. All the 
coherence factors are lower than 0.9. Owing to the high anisotropy of the oil-film journal bearings #1 and 
#2 the U-shaped modes n.5 and n.8 of the HP turbine which show predominant vibrations in the horizontal 
and vertical directions are associated with well spaced flexural critical speeds. Since these two modes of 
the HP turbine are uncorrelated the corresponding coherence factor is rather low: 0.3976. 
Table 3 shows the mutual coherence factors between the eigenmodes from n.5 to n.8 evaluated by 
multiplying the seal stiffness coefficients by a scaling factor equal to 2.25: this causes the machine to 
become unstable. Owing to the changes in the system eigenvalues caused by the seal stiffening the order 
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numbers of the two U-shaped modes of the HP turbine become n.6 and n.8. In this case the coherence 
factor between these two modes is 0.9370. This high correlation index is due to the fact that both 
eigenmodes are characterised by a predominant U-shaped deflection of the HP turbine whose vibrations 
occur both in horizontal and vertical directions. Therefore, when the increase of the seal stiffness 
coefficients becomes so high to cause a steam-whirl instability the two flexural critical speeds associated 
with the U-shaped modes of the HP turbine which show predominant vibrations in the horizontal and 
vertical directions tend to converge. 
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Figure 8: Mode shapes of the shaft-train, associated with the flexural critical speeds from 5 to 8, 
obtained without considering the stiffness of the seals (off-load operating condition: cs = 0). 

 

  COHERENCE FACTOR     COHERENCE FACTOR  
  Mode n.     Mode n.  
 Mode n. 6 7 8    Mode n. 6 7 8  
 5 0.2202 0.3919 0.3976    5 0.6741 0.5263 0.6591  
 6 1.0000 0.6367 0.8427    6 1.0000 0.8317 0.9370  
 7  1.0000 0.8792    7  1.0000 0.5769  

Table 2 : Coherence factor between normal 
modes evaluated considering a null value of 

the steam flow (model n.1, cs = 0). 

 Table 3 : Coherence factor between normal 
modes evaluated considering a 225% of the 
maximum steam flow (model n.1, cs = 2.25). 

 
Machine inspections performed on the HP turbine during a long planned maintenance showed that both 
balance piston seal rings and interstage sealing strips had suffered a serious damage. The wear caused by 
rotor-to-seal rubs was not circumferentially uniform. Moreover, not negligible machine misalignments 
were detected in the coupling between the HP and IP turbines as well as in the coupling between the IP 
and LP turbines. Likely, further important seal misalignments not documented in the maintenance report 
were present. On the basis of the results of these inspections it is possible to suppose that the minimum 
available radial clearance of a large number of the seals mounted on the HP turbine was rather different 
from the respective nominal value used by the manufacturer to evaluate the seal stiffness coefficients. 
Unfortunately, detailed data about the actual radial clearance of the misaligned seals were not available. 
Then, the accurate information that were necessary to evaluate the actual stiffness coefficients of the seals 
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were not available. However, the effects on the machine dynamic behaviour caused by the changes in the 
nominal values of the seal stiffness coefficients due to the machine misalignment have been simulated by 
means of a parametric analysis carried out using the machine model. In this investigation the stiffness 
coefficients of each seal were multiplied by an arbitrary constant whose value was defined considering the 
axial position of the seal along the HP turbine and the readings of the machine misalignment. Figure 9 
shows the nominal absolute values of the seal stiffness coefficients provided by the machine manufacturer.  

#1 #2

0

2.5 x 10 6

[N/m]

Seal stiffness coefficients

HP Turbineseal
#1 #2

0

1.5

0

3.0
Scaling Factor of the seal stiffness coefficients

HP Turbineseal

Figure 9: Nominal absolute values of the seal 
stiffness coefficients provided by the machine 

manufacturer. 

Figure 10: Scaling factors used to modify the 
seal stiffness coefficients in order to simulate 

the effects of the machine misalignment. 

 
These data have been evaluated considering the nominal radial clearance of the seals and the nominal 
maximum value of the steam flow. Figure 10 shows the set of arbitrary constants used to modify the 
original values of the seal stiffness coefficients in order to simulate the effects of the machine 
misalignment. 
Let us denote model n.2 the machine model in which the new set of seal stiffness coefficients has been 
included. Once again, the sensitivity of the shaft-train to the occurrence of steam-whirl instability 
phenomena caused by the increase of the seal stiffness due to the raise of the electrical load and steam 
flow has been investigated. This study has been carried out by multiplying all the seal stiffness 
coefficients of the model n.2 by a scaling factor cs whose value was ranged from 0 to 1.2. For each value 
assigned to the factor cs the eigenvalues and eigenmodes of the model have been evaluated. The real part 
of each eigenvalue has been used to calculate the instability factor associated with each critical speed. 
Figure 11 shows the changes in the flexural critical speeds of the shaft-train caused by the increase of the 
scaling factor of the seal stiffness. The effects of the seal stiffening on the instability factors associated 
with the respective critical speeds are shown in Figure 12.  
When the scaling factor cs approaches 0.6 the instability factor associated with the sixth eigenvalue 
significantly grows and reaches the unitary limit value when the ideal steam flow is nearly 95% of its 
nominal value (cs = 0.95). The flexural critical speed associated with the respective imaginary part of the 
same eigenvalue is 1894 rpm (31.56 Hz). These result is in good accordance with the experimental 
findings. They confirm that the occurrence of steam-whirl instability phenomena detected in operating 
condition characterized by high values of the electrical load might be the consequence of an abnormal seal 
stiffening caused by a machine misalignment. 
Figure 13 shows the shapes of the eigenmodes associated with the eigenvalues from n.5 to n.8 of the 
machine model evaluated with a scaling factor cs equal to 1.0. It is possible to note that the mode n.6, 
associated with a flexural critical speed equal to 1902 rpm, shows a predominant U-shaped deflection of 
the HP turbine whose vibrations occur both in horizontal and vertical direction. Table 4 shows the mutual 
coherence factors evaluated between the eigenmodes from n.5 to n.8. Once again, the high coherence 
factor between modes n.6 and n.8 (0.9276) indicates that when the increase of the seal stiffness 
coefficients becomes so high to cause a steam-whirl instability the two flexural critical speeds associated 
with the U-shaped modes of the HP turbine that show predominant vibrations in the horizontal and vertical 
directions tend to converge. 
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Figure 11: Changes in the flexural critical speeds 
of the shaft-train due to the increase of the scaling 
factor of the seal stiffness coefficients (model n.2).

Figure 12: Changes in the instability factors due 
to the increase of the scaling factor of the seal 

stiffness coefficients (model n.2). 
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Figure 13: Mode shapes of the shaft-train, associated with the critical speeds from 5 to 8, obtained in 
the full-load condition (cs = 1) considering the seal stiffness of the misaligned machine (model n.2). 

 
 

  COHERENCE FACTOR  
  Mode n.  
 Mode n. 6 7 8  
 5 0.6579 0.5359 0.6746  
 6 1.0000 0.8382 0.9276  
 7  1.0000 0.5887  

Table 4 : Coherence factor between normal 
modes evaluated considering a 100% of the 

maximum steam flow (model n.2). 
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The occurrence of values of the instability factor higher than the unitary limit level are due to the increase 
of the effects induced by the raise of the seal stiffness. The capability of these effects to cause instability 
phenomena depends on several factors. One of these is the contribution of the seal stiffness coefficients to 
the global stiffness matrix of the machine model. The importance of this contribution on the machine 
dynamic behaviour and the system eigenvalues has been studied using the simulating model. 
At first the dynamic stiffness coefficients of the oil-film journal bearings #1 and #2 of the HP turbine have 
been significantly increased. However, neither the increase of the oil-film stiffness nor that of the damping 
caused a significant rise of the safety margin of the unit that avoids the occurrence of steam-whirl 
instability phenomena. These theoretical results are in accordance with the machine experimental 
behavior. In fact, before doing the long maintenance of the unit and the machine realignment the bearing 
#1 was substituted with another one having a different geometry and a higher oil-film dynamic stiffness. 
Nevertheless when the electrical load approached the 90% of the nominal value the steam-whirl instability 
phenomena continued to occur. 
Then, the dependence of the machine instability on the flexural stiffness of the turbine shaft has been 
investigated. At this aim the machine model n.2 has been modified by changing the diameter of some 
portions of the shaft of the HP turbine. The long central part of rotor on which bladed disks were mounted 
as well as the lateral portions of the shaft that contained the journal bearings #1 and #2 have not been 
modified in order to avoid changes in parts of the turbine that are affected by major technical restrictions. 
On the contrary the diameters of the two short parts of the shaft located between each journal bearing and 
the main bladed body of the HP turbine have been multiplied by scaling factors, ranging from 1.0 to 1.4, 
which are shown in Figure 14. A constant internal diameter of only 0.1 m has been considered in the FEM 
of the HP turbine shaft in order to avoid changes in rotor weight and bearing loads. 
 

#1 #2
HP Turbineseal

0

0.5

1

1.5
Scaling factor of the external diameter of the HP turbine

 
Figure 14: Scaling factor used to multiply the external diameter of the HP turbine shaft (model n.3). 

 
The changes in the geometrical properties of the HP turbine are fairly small, moreover they are limited to 
two short portions of the shaft. Nevertheless they caused some important changes in the eigenvalues of the 
machine model and in the dynamic behaviour of the rotor system. This further model, denoted model n.3, 
has been used to study the sensitivity of the shaft-train to the occurrence of steam-whirl instability 
phenomena caused by the increase of the seal stiffness due to the raise of electrical load and steam flow. 
Figure 15 shows the changes in the flexural critical speeds of the shaft-train caused by the increase of the 
scaling factor, cs, of the seal stiffness. The effects of the seal stiffening on the instability factors associated 
with the respective critical speeds are shown in Figure 16. 
In the off-load operating condition (cs = 0) the flexural critical speeds of the HP turbine associated with 
the U-shaped mode in the horizontal and vertical planes correspond to the eigenmodes n.7 and n.8, 
respectively (Figure 17). The differences in the shapes of these two modes is confirmed by their mutual 
coherence factor whose value is γ78= 0.5961. The increase of the flexural stiffness of the shaft of the HP 
turbine causes a raise of its critical speed corresponding to the U-shaped mode in the horizontal direction 
from 1781 rpm (Table 1) to 1965 rpm. 
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Figure 15: Changes in the flexural critical speeds 
of the shaft-train due to the increase of the scaling 
factor of the seal stiffness coefficients (model n.3).

Figure 16: Changes in the instability factors due 
to the increase of the scaling factor of the seal 

stiffness coefficients (model n.3). 
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Figure 17: Mode shapes n.7 and n.8 of the shaft-train obtained with the model n.3 without 
considering the stiffness of the seals (off-load operating condition: cs = 0). 
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Figure 18: Mode shapes n.7 and n.8 of the shaft-train obtained with the model n.3 considering the 
seal stiffness of the misaligned machine and a steam flow equal to 120% of the nominal rating. 

 
When the scaling factor cs approaches 0.8 the instability factor associated with the seventh eigenvalue 
significantly grows and reaches the unitary limit value when the ideal steam flow is nearly 120% of its 
nominal value (cs = 1.20). Owing to the effects of the seal stiffening the eigenvalues and eigenmodes n.7 
and n.8 tend to converge as confirmed by Figure 18. In accordance to this the corresponding mutual 
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coherence factor is γ78= 0.8435. It grows to 0.9117 if only the eigenmode components associated with the 
degrees of freedom of the HP turbine are taken into account. 
The presence of four flexural critical speeds of the model of the actual machine-train gathered in the small 
range from 1750 rpm to 2050 rpm seems to facilitate the occurrence of a steam-whirl instability when the 
seal stiffness coefficients raise depending on the value of steam pressure and flow. 
A suitable increase of the flexural stiffness of the HP turbine has been obtained with fairly small changes 
in the diameter of short portions of the HP rotor that are affected by minor technical restrictions. This has 
reduced the effects of the hardening of the seal stiffness on the machine dynamic behaviour. In fact, the 
changes of the flexural critical speeds of the HP turbine  have caused a satisfactory increase of the safety 
margin that allows the occurrence of steam-whirl instability phenomena to be avoided even in the case of 
abnormal values of the seal stiffness coefficients due to the presence of a machine misalignment. 
 

4 Conclusion 
 
In addition to the geometric properties of the seals, the characteristics of the steam flow gives a basic 
contribution to the occurrence of steam-whirl instability phenomena in power units. Model-based 
techniques can be used to simulate the machine dynamic behavior as well as to estimate the stability 
margin of the rotor system. The hardening of the seal stiffness caused by a raise of the steam pressure and 
flow can cause important changes in the eigenvalues and eigenmodes of the mathematical model of the 
rotating machine. A parametric analysis can be performed to determine the threshold level of the steam 
flow that causes the real part of the eigenvalue associated with the first flexural normal mode of the 
turbine shaft to become positive. This causes the conditions for the occurrence of unstable vibrations. 
Often this situation occurs when the progressive growth of the seal stiffness coefficients cause the values 
of two or more flexural critical speeds of the shaft-train to converge. In general, the corresponding normal 
modes are dominated by the transverse vibrations of one or more steam turbines. 
Seal misalignments can cause unexpected and undesired values of the seal stiffness coefficients which can 
reach higher levels in comparison to the corresponding reference values obtained considering a normal 
alignment. 
The sensitivity of the stability margin of the machine-train to the effects of seal misalignments and 
growths of the steam flow can be studied with model-based techniques. This strategy, based on a 
parametric analysis, allows the changes in the eigenvalues and eigenmodes of the rotor system due to 
changes in the seal stiffness coefficients to be investigated. Further studies can be carried out by 
modifying the dynamic stiffness of some oil-film journal bearings of the machine-train. The changes in 
different parameters of the model can be combined in order to investigate their effects on the stability 
margin of the machine-train. In addition to this, the sensitivity of the stability margin to changes in the 
flexural stiffness of the turbine shaft obtained in the design process by changing the geometrical 
characteristics of some portions of the rotor can be evaluated. 
The results of these investigations can be used to optimize the machine design and to adjust some process 
parameters that can allow the rotating machine to be temporarily operated in safety condition by reducing 
the seal stiffness magnitude or by causing suitable changes in the dynamic stiffness of the oil-film journal 
bearings. 
In this paper the results of the analysis of the stability margin of a large power unit that was affected by 
unstable vibrations in on-load operating conditions caused by steam-whirl instability phenomena have 
been shown and discussed. The effects on the eigenvalues and eigenmodes of the machine model caused 
by seal misalignments and raises of the steam flow have been simulated. The results of these 
investigations are in good accordance with the value of the stability margin obtained on the basis of the 
experimental findings. 
In the future, further studies will be carried out to develop more complete and accurate sensitivity analyses 
of the stability margin of power units to the effects caused by single and combined changes in the most 
important parameter of the machine model. 
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Abstract 
 
The importance of studying dynamic aspects of gear transmissions has been well established since many 
years; however, recently a new interest on this topics grew up because of significant  improvement in gear 
design technology. The literature can supply different approaches to evaluate the vibrations response of 
simple and complex gears system. Numerical and analytical methods can provide important information 
on resonances, non linear behaviours and combined dynamic interactions in existing systems. In particular 
the reduction of vibrations is strictly related to minimize the value of the peak to peak of the static 
transmission error in a mesh cycle, through modifications of the tooth profile. The present paper combines 
a numerical model to study spur gear pair dynamics, with a genetic optimization technique to define the 
best profile modification capable to reduce the vibration. The numerical model is able to take into account 
gear geometry, profile modifications and profile manufacturing errors. The genetic optimization routine 
can provide the best set of profile modification considering the peak to peak value of the static 
transmission error or a generic number of its harmonic components. In the last part of this work some test-
cases are investigated and the improvement in the dynamics is shown. 

 

1 Introduction 
 
In the last twenty years, a growing interest was addressed to gear noise problems; i.e. to the parameters, 
which affect the vibration of gears.  
A strong interaction between noise and dynamic transmission error (DTE) has been clearly proved; several 
experiments on gear systems have shown that several nonlinear phenomena occur when the dynamic 
transmission error is present: multiple coexisting stable motions, sub and super harmonic resonances, fold 
bifurcations, long period subharmonic and chaotic motions. All these dynamics have been clearly 
demonstrated experimentally [1,2].  
General approaches [3] for predicting these phenomena have been developed using time varying 
parametric excitation and piecewise linear stiffness. Many authors also included impact effects, 
developing specific theories, in order to predict periodic motions in generalized, piecewise linear oscillator 
with perfectly elastic impacts. Bifurcations of periodic solutions of discontinuous systems have been 
classified by Leine and van Campen [4]. Luo [5] developed a theory based on generic mapping structures, 
considering discontinuous boundaries in non-smooth dynamic systems. 
In the present study, a single degree of freedom oscillator with clearance type non-linearity simulates the 
dynamics of a simple spur gear pair. The model takes into account a time varying mesh stiffness and a 
constant viscous damping. Bearing and shaft stiffness are neglected, the main gear pair characteristics 
(mesh stiffness and inertia) have been evaluated after an accurate geometrical modelling and a finite 
element analysis, the software CALYX is used for such purpose [6, 7]. The time varying meshing stiffness 
is periodic (the period is the wheel revolution period times the number of teeth), it is sampled within one 
mesh cycle, each sample is evaluated through a nonlinear finite element analysis, then a discrete Fourier 
expansion is carried out in order to obtain an analytical representation.  
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The backlash is modelled by means of a smoothing technique based on transcendent functions; this 
approach is able to approximate the piecewise linear function, typical for systems with clearance.  
One of the test cases considered in the present work is a gear pair, which is a component of a gearbox of 
an agricultural vehicle. The gearbox is affected by noise problems, which cannot be prevented using 
classical engineering tools, present in the most of Gear Handbooks. The source of noise seems to be the 
gear pair analyzed in the present work. 
A direct numerical integration method is first considered for an actual piecewise linear system. The 
accuracy of the direct numerical integration of the non-smooth system is checked by means of 
comparisons with the existent literature.  
In the case of smoothing approach, an adaptive step-size Gear algorithm is considered for time integration. 
The accuracy of smoothing technique and the efficiency of the integration algorithms are evaluated by 
comparison with experimental data. 
Using the smoothing technique the case study is investigated in detail: amplitude-frequency  diagrams are 
given in order to show the effect of variable mesh stiffness on the dynamic behaviour: such analysis is 
able to identify the source of noise. 
Optimization procedures are developed in order to obtain micro-geometric gear teeth profile modifications 
that minimize vibrations within a wide range of operating conditions. 

 

2 Analytical model 
 
In the present section, general equations of motions are derived. Details of a smoothing technique used for 
approximating the system are shown. A stochastic approach able to simulate manufacturing errors is 
developed. 
 

2.1 Equation of motion 
 
The theoretical model developed in this paper considers the spur gear pair as a single-degree-of-freedom 
lumped system. Each gear is represented by a rigid disk, coupled along the line of action through a time 
varying mesh stiffness k(t) and a constant mesh damping c (see figure 1); k(t) is evaluated through a 
nonlinear finite element model in which the geometry takes into account typical profile modifications used 
in technological processes, see figure 2a. 
Diameters of the disks are the gear base diameters dg1 and dg2; the angular position of the driver teeth 
wheel (pinion) is θg1, while the angular position of the driven wheel (gear) is θg2. The rotary inertia are Ig1 
and Ig2. The driver torque is Tg1(t), while the breaking torque is Tg2(t). Shafts and bearings are supposed to 
be rigid. A time varying excitation e(t) is included in the model, which considers manufacturing errors. 
When e(t) is positive a lack of material is considered (see figure 2b). 
A backlash function is included in order to simulate clearances, it will be discussed later: 

1 2
1 2( ) ( ) ( ) ( )

2 2
g g

g g

d d
f t f t t e tθ θ

⎛ ⎞
= − −⎜ ⎟

⎝ ⎠
     (1) 

Equations of motions for the gear pair read: 

( )1 1 2 1 1 2
1 1 1 2 1 2 1( ) ( ) ( )

2 2 2 2 2 2
g g g g g g

g g g g g g g
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 (3) 
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Figure 1: Gear model. 

 
where over-dot means time derivative. 

 
 

 
Figure 2: a) profile modification (root and tip relief); b) manufacturing errors: lack of material 

along the line of action. 
 

The dynamic transmission error x, along the line of action, is defined as follows: 

1 2
1 2( ) ( ) ( )

2 2
g g

g g

d d
x t t tθ θ= −      (4) 

Note that the actual transmission error will be x(t) - e(t). 
Using equation (4), after some algebra, equations (1) and (2) can be reduced to the following equation: 

( ) ( ( ) ( )) ( ) ( ( ) ( )) ( )e gm x t c x t e t k t f x t e t T t+ − + − =     (5) 

 
where me is the equivalent mass: 

( ) ( ){ }2 2
1 1 2 2

1
4 4

e
g g g g

m
d I d I

=
+

     (6) 

Tg is the equivalent applied preload: 

a) b) 
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We assume 2 1 2 1( ) /g g g gT t T d d= ; moreover, Tg will be assumed constant.  

Equation (5) represents the relative dynamics along the line of action. It is to note that Tg is expressed in 
Newton [N], i.e. it represents a force on the line of action; conversely, Tg1 and Tg2 are torques expressed in 
[N×m]. 

 

2.2 Backlash 
 
When the clearance is present between two mating teeth, non-linear phenomena take place [1]. According 
to literature [8-10], a non-linear displacement function f(t) can be used to describe the change of stiffness, 
which is related to the loosing of contact and the back side low impacts. The gear pair is equivalent to a 
simple 1dof oscillator (see Figure 3). 

 
Figure 3: Equivalent gear model. 

 
In such model the gear mesh has a clearance equal to 2b; the displacement function, used in describing the 
restoring force, assumes the following form: 

( )
( ) ( ) ( ) ( )

( ) ( ) 0 ( ) ( )
( ) ( ) ( ) ( )

x t e t b x t e t b
f x t e t x t e t b

x t e t b x t e t b

− − − ≥⎧
⎪− = − ≤⎨
⎪ − + − ≤ −⎩

    (8) 

Inserting equation (8) into equation (5), a second order piecewise linear time varying differential equation 
is obtained; for such equation no exact solutions are known. 
In order to apply a standard numerical approach to integrate the differential equation (8), a smoothing 
technique is used. The piecewise linear displacement function, given by equation (8), is approximated by 
arctangent functions: 

( ) ( ) ( ) ( ){ ( ) ( ) }1( ) ( ) ( ) ( ) arctan ( ) ( ) ( ) ( ) arctan ( ) ( )f t x t e t x t e t b x t e t b x t e t b x t e t bα α
π

⎡ ⎤ ⎡ ⎤= − − − + − + − − − − −⎣ ⎦ ⎣ ⎦  

(9) 
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Where α is a shape parameter; in Figure 4 examples of arctangents clarify the quality of the 
approximation; a simplified form of equation (9) is considered, without loss of generality: 

( ) ( ) ( ){ ( ) ( ) }1( ) ( ) 1 arctan ( ) 1 ( ) 1 arctan ( ) 1y t x t x t x t x t x tα α
π

⎡ ⎤ ⎡ ⎤= − + + − − −⎣ ⎦ ⎣ ⎦    (10) 

 
Figure 4: Arctangent function: (a) α=10, (b) α=10 zoom, (c) α=106. 

 

From Figure 4, one can argue that, for α>106 the approximation is sufficiently accurate. In the following, 
α=108 will be used throughout all computations, such value assures a good approximation of the non-
smooth function, at the same time the use of a C∞ vector field improves the computational efficiency. 

 

2.3 Mesh stiffness 
 

A commercial software package (CALYX®) is used to evaluate mesh stiffness along one mesh cycle. 
CALYX® uses a combined surface integral approach and a finite element solution, [6-7]. Furthermore, 
this technique does not require FEM meshes refinement close to the contact zone to capture the effect of 
profile modification (see Figure 5).  
Twenty gear pair positions, along one mesh cycle, are analyzed for each case study. An analytical 
formulation of the mesh stiffness is obtained by means of the following Fourier expansion: 

0( ) cos( )i m ii
k t k k i tω ϕ= + −∑      (11) 

Figure 6 shows a comparison between the mesh stiffness evaluated through a finite element analysis and 
its Fourier expansion, equation (11).  
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Figure 5: Detail of the gears meshes on the contact area. 

 

 
Figure 6: Mesh stiffness; (blue) CALYX®; (red) Fourier series expansion. 

 
 

2.4 Normalization 
 
A dimensionless form of equation (5) is obtained by letting: 
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and: 

ωm t

3582 PROCEEDINGS OF ISMA2006



2 ; ( ) 1 cos ;

; ( ) cos

i m
i i ii

e n n

j m
j j jj

n

kk k t k i
m

E
E e E j

b

ω τ ϕ
ω ω

ωτ τ γ
ω

⎛ ⎞
= = + −⎜ ⎟

⎝ ⎠

⎛ ⎞
= = −⎜ ⎟

⎝ ⎠

∑

∑

    (13) 

Equation (5) assumes the following form: 

( ) 2 ( ( ) ( )) ( ) ( ( ) ( )) gx x e k f x e Tτ ζ τ τ τ τ τ′′ ′ ′+ − + − =    (14) 

where ( ⋅ )’  = d( ⋅ )/dτ. 
 

3 Comparison with literature 
 
In the present section, some numerical tests are carried out on test cases analyzed in the literature, in order 
to check the accuracy of the present model. 

 

3.1 Comparisons with experiments in literature 
 
In order to investigate the accuracy of the present model with respect to an actual system, a comparison 
with some experimental results is performed. In 1997, Kahraman and Blankenship [1] presented a number 
of experiments on a physical system with clearance combining parametric and external forcing excitation 
[1]. One of the tests concerned a spur gear set with the following geometrical and physical parameters:  
 

 Pinion Gear 
Teeth number 50 50 
Module [mm] 3 3 
Pressure angle [Deg] 20 20 
Base diameter [mm] 140.95 140.95 
Tooth thickness at pitch diameter [mm] 4.64 4.64 
Outer diameter [mm] 156 156 
Root diameter [mm] 140.68 140.68 
Face width [mm] 20 20 
Mass [kg] 2.5161 2.5161 
Inertia [kg m2] 0.0074 0.0074 
Young’s modulus [MPa] 206000 206000 
Poisson’s coefficient 0.3 0.3 
Center distance [mm] 150 
Backlash [mm] 0.1447 
Profile modifications None 

Table 1: Geometrical data of Kahraman’s spur gear set.  
 

A damping value ζ = 0.01 and an external torque Tg1 = 340 Nm are considered; the natural frequency of 
the system is ωn = 1.983901×104 rad/s. Using 20 positions per mesh cycle, the peak to peak value of the 
mesh stiffness is 6.12079× 107 N/m; 5 harmonics are considered in the stiffness Fourier expansion: 1k = 
5.882280 10-2, 2k  = 4.072213 10-2, 3k  = 3.133626 10-2,   4k  = 2.176923 10-2, 5k  = 1.554604 10-2; and no 
manufacturing errors are included e(t)=0. In Figure 7, comparisons between the present model  and Ref. 
[1] show that the present theory is accurate in reproducing an actual gear vibration. 
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Figure 7: Comparisons with literature: ‘*’ Ref. [1]; ‘°’ present model. 

 

4 Optimization 
 
Two optimization strategies are proposed here: the first one is based on the minimization of the static 
transmission error (Tg/k(t)), the second one is based on the dynamic analysis of the system. Both 
approaches are applied to an actual gear pair.  
Table 2 shows the geometrical data of the case study; profile modifications actually used in the gearbox 
production are also reported. The goal of the analysis is to verify if such modifications are optimal or the 
gears could be modified, in order to reduce vibration. 
Perfect gears are considered, i.e. no manufacturing errors are included in the model: e(t)=0 in equation (5). 
 

4.1 Static optimization 
 
The first optimization strategy is based on a static approach: the source of vibration is the time varying 
stiffness, see equation (5), when e(t)=0 and Tg(t) is constant; in such case a good indicator to consider in 
noise reduction is the static transmission error (STE) that is simply given by Tg/k(t), see equation (5). 
Minimizing the amplitude of oscillation (peak to peak) of the static transmission error will result in a 
reduction of excitation. 
Starting from profile modifications reported in Table 2, we search an optimal configuration of profile 
modification parameters, which minimizes the peak to peak of static transmission error, in order to avoid 
the parametric excitation due to the time varying meshing stiffness. Parameters considered for the 
optimization are: 

• Start roll angle at tip on pinion and gear, both are varied between the pitch diameter and the outer 
diameter; 

• Magnitude of the modification at tip on pinion and gear, both are varied between 0 and 40 μm; 

• Start roll angle at root on pinion and gear, both are varied between the begin of the involute and 
the pitch diameter; 

• Magnitude of the modification at root on pinion and gear, both are varied between 0 and 40 μm. 

3584 PROCEEDINGS OF ISMA2006



The end roll angle at root of the pinion and gear are not considered as optimization parameters, because 
they are equal to the start of active involute profiles. Therefore, eight parameters are included in the 
optimization process. In the minimization of the STE peak to peak (PPTE), such parameters will not be 
considered simultaneously. Conversely, two parameters at time are varied within a suitable range; 
therefore, after four steps all parameters are varied. This is an approximate approach, that doesn’t lead to a 
minimum in a mathematical sense; however, it allows to obtain 3D surfaces in which we can observe a 
qualitative influence of the parameters on the PPTE. 
 

SISTEM DATA 
Module     3 mm     
Pressure angle     20 deg     
Center distance     111 mm     
Nominal Torque (pinion) Tg1     470718.78 Nmm     

  
GEOMETRIC PROPERTIES PINION GEAR 
Number of teeth     28   43   
Face width     27 mm 22.5 mm 
Tooth thickness (on pitch 
circle)     6.1151 mm 6.7128 mm 
Outer diameter     93.1 mm 139.7 mm 
Root diameter     79.1 mm 126.2 mm 
Inner diameter     40 mm 40 mm 
Hob tip radius     0.9 mm 0.9 mm 
Addendum modification     1.927 mm 2.74804 mm 
Crowning     0.015 mm 0.015 mm 

  
MATERIALS PROPERTIES 
Young Modulus     206000 MPa 206000 MPa 
Poisson's ratio     0.3   0.3   
Density     0.00000785 kg/mm3 0.00000785 kg/mm3

  
PROFILE MODIFICATIONS  

Type of modification   1=linear; 
2=parabolic 1   1   

Start roll angle at tip     30.15690000 deg 29.21270000 deg 
Magnitude at tip     0.01600000 mm 0.01800000 mm 
Start roll angle at root     23.47060000 deg 25.20790000 deg 
End roll angle at root     14.43340000 deg 20.57640000 deg 
Magnitude at root     0.01600000 mm 0.01800000 mm 

Table 2: Geometrical data of the spur gear pair. 
 

In the following the procedure is applied to the test case: the minimum of PPTE versus start roll angles at 
tip on pinion and gear is found after spanning all possible values, see Figure 8a where a 50×50 grid in the 
parameters space is considered, the other parameters are left constant. The procedure is repeated for the 
other parameter pairs: i) magnitude of the modification at tip on pinion and gear (41×41 grid), Figure 8b; 
ii) start roll angle at root on pinion and gear (50×50 grid), Figure 8c; magnitude of modification at root 
(41×41 grid), Figure 8d. It is to note that the PPTE is obtained from the analysis of k(t), which is sampled 
with 15 samples within a mesh period; therefore, at the end of the optimization process 125430 FEM 
computations have been carried out. 
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The result of the optimization process is a new configuration of profile modifications, which reduce the 
peak to peak of STE from 0.0051 mm to 0.0017 mm. 
Once the optimization is carried out on static basis, a dynamic investigation must be carried out in order to 
check the effectiveness of the optimization on gear vibration. In the following, amplitude-frequency and 
bifurcation diagrams carried out, and the dynamic behaviour of the initial gears is compared with the 
optimized one. 
Figure 9 shows the amplitude-frequency curve when rotation speed is varied within the range 500-22000 
rpm. The initial set of gears (called CNH modifications) presents large amplitude of vibration close to the 
natural frequency of the system; the response is nonlinear (softening) and loosing of contact is present (the 
softening behaviour depends on the contact loosing). After the optimization, the amplitude of the response 
is significantly smaller than the initial one and the response is linear. At low frequencies the optimization 
doesn’t necessarily reduce the amplitude of the response, because minimizing the PPTE does not imply a 
reduction of higher harmonics of k(t), see equation (13). 
It is of interest to analyze the gear pair dynamic behaviour in the case of no profile modifications: this case 
is quite rare in practical applications, indeed, profile modifications are always present in loaded gears. 
 

Figure 8: Minimum of STE peak to peak vs.: a) start roll angles at tip on pinion and gear; b) 
magnitude of modifications at tip on pinion and gear; c) start roll angles at root on pinion and 

gear; d) magnitude of modifications at root. 

a) b) 

c) 
d) 

grid 50×50 

grid 50×50 

grid 41×41 

grid 41×41 
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Figure 9: Amplitude-frequency diagram: “⋅” initial modifications; “°”present optimization. 

 

4.2 Dynamic optimization 
 
In this section an optimization procedure based on the dynamic response of the system is proposed, the 
goal is to minimize the maximum amplitude of the response in a range of operating conditions in terms of 
rotation speed. 
The objective function to be minimized is the maximum value of RMS (root mean square) of the gear 
response (DTE) in a certain range of excitation frequency (rotation speed times the number of teeth). It is 
to note that, in view of the strong nonlinearities present in the system, in the numerical simulations, it is of 
extreme importance the direction followed in varying the frequency. In the following decreasing excitation 
frequencies will be considered, because the gear dynamics shows generally a softening behaviour.  
Two parameters have been considered in the optimization: the start diameter of tip relief profile 
modification for both the pinion and the gear. The start tip diameter has been varied between the original 
value (44.54 and 67.64 mm for pinion and gear respectively, corresponding to roll angles indicated in 
Table 2) and the outer diameter (see Table 2), the range is discretized using ten samples: a 10x10 grid of 
values is created. Three load conditions are considered: 100%, 66% and 33% of the nominal torque.  
In the following the analysis is carried out on a set of gears without root profile modifications; moreover, 
the optimization considers also the variation of the static torque. Therefore, the following optimizations 
are not comparable with the previous section. In order to allow a comparison, a static optimization is 
carried out using the average peak to peak value of the mesh stiffens over three torque values: 100%, 66% 
and 33% of the nominal torque; moreover, start tip diameter has been varied both for pinion and gear, 
similarly to the dynamic optimization. 
In Figure 10 the peak to peak of non the dimensional stiffness k(t) for the 3 torque levels is represented 
versus profile modifications. The optimum is found after averaging the three cases, obtaining an 
“averaged” optimum. 
In Figure 11 the maximum RMS value for the 3 torque levels is represented versus profile modifications. 
The optimum is found after averaging the three cases, obtaining a dynamic “averaged” optimum. 

  

ωm /ωn 
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Figure 10: Peak to peak of non dimensional stiffness. 

 

 Pinion  Gear   
 Start tip diameter [mm] from peak to peak of k(t) optimization 45.88  68.48   

 Start tip diameter [mm] from RMS optimization  44.99  68.06   

Table 3: Optimized configurations. 
 
In Table 3 two possible gear optimizations are proposed on the basis of a static or a dynamic analysis. In 
order to compare these optima, a dynamic simulation has been performed for the three load cases 
considered. Figure 12 shows that the original configuration (Table 2, without root relief) presents high 
value of dynamic transmission error (DTE) for all load cases. After static optimization the dynamic 
scenario does not change for the nominal torque (Figure 13); however, at 33% the behaviour is improved 
and at 66% the dynamic response is minimized. In the case of dynamic optimization (Figure 14) the 
scenario is similar. This is not surprising in view of Table 3, which shows how both procedures lead to 
similar profile modifications. The scarce quality of the optimization at 100% is not surprising, because in 
the optimization the average between 33%, 66% and nominal loads are considered as objective function; 
this leads to an underestimation of best profile modifications in the case of nominal load. 
 

peak to peak of k(t) 
33% 

peak to peak of k(t) 66% 

100% 
peak to peak of k(t) 
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Figure11: MAX(rms) vs. profile modifications for three torque levels: nominal torque; 66%; 33%. 
 

 
Figure 12: Amplitude frequency curve: initial profile modifications. 

MAX(rms) 
33% 

MAX(rms) 66% 

100% 
MAX(rms) 

ωm/ωn 

100% 
66% 
33% 
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Figure 13: Amplitude frequency curve: static optimization 

 
Figure 14: Amplitude frequency curve: dynamic optimization. 

 

ωm/ωn
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5 Conclusion 
In the present paper the vibration of a spur gear pair is studied. A piecewise time varying 1dof model has 
been developed by taking advantage from a static analysis carried out by means of a finite element code, 
which include contact mechanics analysis. A smoothing technique has been developed in order to improve 
the computational efficiency and reduce the integration time. The accuracy of the model has been tested 
by comparisons with the experimental data. Static and dynamic optimization techniques are proposed in 
order to reduce gear vibrations. The static optimization is computationally lighter than the dynamic 
optimization; therefore, a full optimization can be carried out, greatly improving the gear behaviour.  A 
preliminary comparison among dynamic and static optimizations shows that, both techniques lead to the a 
similar optimum; confirming the effectiveness of minimizing the peak to peak of the static transmission 
error. 
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Abstract 
This work addresses on a complete vibro-acoustic characterization of an axial compressor with the aim to 
foresee the rotor instability. The tests were performed on a turboshaft Allison 250-C18. The compressor is 
composed of six axial stages and one centrifugal stage. Four vibration signals were simultaneously 
measured by means of accelerometers, while the acoustic signals were measured by means of two 
microphones. Two different kinds of tests have been carried out on the compressor that operates at 
constant speed: in the course of the first test the six signals were acquired at different positions of the 
throttle opening, whereas during the second test, the signals were acquired while the throttle was gradually 
opened. The test results show a sensitive increase of the sub-synchronous activity in the accelerometers 
spectrum map, moreover, closing the throttle, the amplitude of the spectrum components increases. These 
phenomena can be related to the rotating stall behavior. 
 

1 Introduction 
 
Condition monitoring and diagnostics of mechanical systems are being widely used in almost field of 
industries, in order to maintain the vibration levels in a safety margin. For this purpose the vibro-acoustic 
analysis is fully employed. 
It is well known that turbo-machines must work in a performance map region far enough to the surge line, 
in order to prevent the onset of flow instability. Moreover, when such flow instability occurs, the pressure 
drastically falls and, if the compressor keeps on to work in this condition, dangerous excitations to blades 
might lead to structural failures. Many research activities are carried out in this field with the aim to detect 
the flow instability. The greater part of methods are focused on pressure measurements, but it is well 
known that, for axial and centrifugal compressors, aerodynamic phenomena (e.g. stall and surge) can 
cause forced vibrations. Therefore, the vibration analysis can be an efficient tool to define a region on the 
compressor performance map that separates operational conditions of stable and unstable flow. 
This work addresses on the vibro-acoustic experimental characterization of an axial compressor; the 
structure of this paper is the following. In the second section the phenomena behind the flow instability are 
briefly explained, highlighting the vibration characteristics of a compressor system. Section 3 concerns the 
description of the considered compressor and the test set up. Then the test data are presented and discussed 
and some conclusions on the sub-synchronous vibration are obtained. 
 

2 Rotating stall in compressor 
 
Figure 1 depicts the fluidodynamic phenomena which cause vibrations in the compressor system. Forced 
vibrations are due to a non-uniform flow field in the circumferential direction. This flow excites the blades 
as a time-varying cyclic pressure fluctuation. Otherwise, rotating stall is an example of self-excited 
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vibration that is generated by the formation of vortex due to the increase of the incidence angle of the 
stage. 
 

 
Figure 1: Flow induced vibration. 

 
The stall is a two-dimensional phenomenon [1], characterized by a non-uniform circumferential flow 
distribution. Figure 2 plots the blades row of an axial compressor. Now, let us assume that the flow 
incidence angle of the blade B is large enough for stall the blade, this instability leads to a boundary 
separation of the flow, which results in a flow diversion, that tends to increase the flow incidence angle on 
blade C and to decrease the angle on blade A. This cause the overloaded blade C to stall and to unload the 
originally stalled blade B, thus generating the stall cell to move around the blade row with a smaller 
velocity [2]. Generally the propagating velocity of the stall cell is about half of the wheel speed velocity. 

 

 

Figure 2: Outline of rotating stall initiation. 

 
Therefore, one can found in a vibrations spectrum the attendance of the stall cell via picks at about the half 
of the rotor frequency. This frequency depends also on the type of the stall cell [3]. If the stall cell includes 
the entire boundary blade (full span stall), its frequency is 20-40% of the rotor frequency. Otherwise, if the 
stall cell does not include all the boundary of the blade (part span stall), its frequency is 50% of the rotor 
frequency. 
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Now, let us briefly consider the characteristic frequencies of a compressor. For defining such frequencies, 
one can take into account a system composed by Zs stator and Zr rotor blades. The blade pass frequency 
(BPF) and the vane pass frequency (VPF) are given by: 
 

 0rBPF Z f=  (1) 

 0sVPF Z f=  (2) 
 
where f0 is the wheel rotation frequency. 
Another system characteristic frequency can be obtained by considering the elapsed time, trs, between two 
consecutive overlaps of rotor and stator blades. This elapsed time is a function of the angle (θrs min) 
between two consecutive rotor and stator blades, that is given by 
 

 [ ]min minrs s rm nϑ ϑ ϑ= −  (3) 
 
where m and n are integer numbers and θs and θr are the angles between two consecutive stator and rotor 
blades respectively. Substituting in equation (3) the number of rotor and stator blades one has: 
 

 min
min min

2 2 r s
rs

s r r s

mZ nZm n
Z Z Z Z

ϑ π π
⎡ ⎤ ⎡ −

= − =
⎤

⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 (4) 

 
The number of the stator and rotor blades can be written as 
 

 s

r

Z Cp
Z Cq

=
=

 (5) 

 
where p and q are integer numbers and C are the minimum common divisor (m.c.m.) of Zs and Zr. 
Substituting equation (5) into equation (4) one obtains 
 

 ( ) (0
min

1 . . . , . . . ,
2rs s r s r

rs rs

)f m c m Z Z f m c m Z Z
t ϑ π

Ω Ω
= = = =  (6) 

 

3 Compressor description and the experimental set up 
 
The compressor under studies is a component of the helicopter propeller turboshaft Allison 250-C18, that 
consists on six axial stages and one centrifugal stage. The number of the blades is shown in Table 1. 
Figure 3 shows the test set up, in particular the position of the vibro-acoustic sensors (accelerometers and 
microphones) and the positions of the thermodynamic sensors (for measuring pressure, temperature and 
volumetric flow rate) can be identified. Two PCB accelerometers (PCB 353B18 frequency range 1Hz to 
10kHz) are mounted on the centrifugal stage and two B&K accelerometers (B&K 4393V frequency range 
1Hz to 16.5kHz) are mounted on the axial stages. Moreover, two microphones are situated on the top and 
in one side of the axial stages. The six signals were simultaneously acquired and processed using LMS 
Scadas SC305 front-end and controlled by the software LMS Test.Lab.  
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Figure 3: Scheme of the compressor with the transducer set up. 

 
Stage Rotor blades Stator blades

1st axial 16 14 
2nd axial 20 26 
3rd axial 16 28 
4th axial 25 32 
5th axial 28 36 
6th axial 25 30 

centrifugal 28 12 

Table 1: Number of rotor and stator blades 

 
 1st A 2nd A 3rd A 4th A 5th A 6th A C 

BPF [Hz] 3889 4861 3889 6076 6805 6076 2916 

VPF [Hz] 3403 6319 6805 7777 8749 7291 2916 

Table 2: BPF and VPF for the tested compressor stages at 2500rpm of the electrical engine shaft 
(A=axial, C= centrifugal). 

 
Table 2 summarizes the BPF and VPF at 2500rpm of the electrical engine shaft. 
The compressor is driven by a SM 160 L-4 electrical motor. A gear box is mounted between the 
compressor and the electrical motor: the gear box characteristics are shown in Figure 4. Therefore, the 
transmission ratio of the gear is: 
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Figure 4: Schematic of the power gear train 

 

4 Experimental characterization and discussion 
 
For the compressor vibro-acoustic characterization, two different tests were carried out at constant wheel 
speed: in a test the six signals were simultaneously acquired at different fixed positions of the throttle 
valve and in the second test, the signals were acquired while the valve was gradually opened. The time 
synchronous averages (TSA) of the accelerometer signals were computed with the aim of gear box 
characterization. 
The test were carried out with a LMS Scadas SC 305, with a bandwidth of 20480 Hz, in order to acquire 
the audible range and frequency resolution was 1.25Hz. 
Table 3 summarizes the tests carried out at constant wheel speed and fixed throttle positions. At 4000 rpm 
and for positions of the throttle less than 3.5, tests can not carried out because the blades can be damaged 
by high fluid instabilities. 
 

Throttle positions Motor 
speed 9 7 5 4 3.5 3 2.5 2 

2000rpm         
2500rpm         

3000rpm         
3500rpm         
4000rpm         

Table 3: Summary of the tests carried out 

By means of the thermodynamic sensors one can obtain the following performance maps of the 
compressor under test (Figure 5) where β  is the pressure ratio and µ  is the normalized mass flow. 
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Figure 5: Performance maps of the compressor under test, where β is the pressure ratio and µ is the 

normalized mass flow 

For each point plotted in Figure 5, the spectra of accelerometer and microphone signals are computed. 
Figure 6 shows the trend of the spectrum amplitude of PCB1 and B&K1 at 2500rpm for different positions 
of the throttle. 

 
Figure 6: Trend of the spectrum amplitude of PCB1 at 2500rpm 
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In order to understend the behavior of the rotating stall initiation in axial compressor, the PSD of the 
PCB1 are separately plotted in Figure 7, from position 9 to position 2 of the throttle.  

 
Figure 7: PSD of PCB1 and B&K1 at 2500rpm 
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Figure 7 clearly shows the rise of the spectrum amplitude as the throttle is closed until position 4, after 
that, the spectrum amplitude decreases if the throttle is further closed to position 3.5, 3 and 2. 
The rise of the spectrum amplitude is a precursor to the stall condition [4]. In more detailed this 
phenomenon arises when the flow instability is achieved and the stationary stall initiation occurs. As 
shown in Figure 7, from position 9 to 4 of the throttle, one can see the rises of the VPF of the first axial 
stage, that correspond to 3403Hz (Table 2). These spectrum components rise fall for position 3 and 2 of 
the throttle. Such abrupt rise fall of these components is due to the low volumetric flow rate treated by the 
compressor, which is not enough for exciting these spectrum components. Moreover the microphone 
signals show an enhancing of the spectrum amplitude for the most closed position of the throttle. It can be 
noted that some frequency bands are spaced of the wheel rotation frequency (see Figure 8). As reported in 
[5], this excitation arises when flow instabilities are encountered. This instability is due to fluid vortex at 
the end of the blades. 
 

 
Figure 8: PSD of MIC1 at 3500rpm between 8000 and 12000Hz, for position 2 of the throttle 

 
The compressor system instability can be highlighted by throttling the compressor at constant speed. In 
this type of experiment the synchronous sampling was used, recording 512 order of wheel rotation. The 
tests are carried out at 2500 and 3000 rpm of motor shaft. Waterfall diagrams are performed, where the x-
axes shows the order of motor shaft, the y-axes the spectrum amplitude and the z-axes the time. The tests 
are carried out from position 2 (completely close) to the position 9 (completely open) of the throttle. 
Figure 9 and Figure 10 plot the appearance of the compressor instability for the closest position of the 
throttle (blue circle). This instability is enhanced by the presence of the sub-synchronous activity in the 
spectrum map of the accelerometers mounted on the axial stages; in particular some peaks appear at about 
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30%÷40% of the wheel speed. As described in [3], this sub-synchronous activity can be associated to the 
apparition of full span stall. 

 
Figure 9: Spectrum of accelerometer B&K1 at 3000rpm, subsynchronous vibrations (in blue). 

 

 
Figure 10: Spectrum of accelerometer B&K1 at 2500rpm, subsynchronous vibrations (in blue). 
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As previously explained, time synchronous averages are performed on the accelerometer signals, for a 
better characterisation of the gear box. The TSA are carried out synchronising the signal of the 
accelerometers with the electrical motor shaft rotation. In this way, all the components that are related to 
the compressor and to other systems not periodic with the electrical motor shaft are deleted from the 
processed signal. 
 

 

Figure 11: TSA of PCB1 signal at 2000rpm for position 9 of the throttle 

 
As an example, Figure 11 clearly shows the component at 50th order of rotation, that represents the 
meshing frequency of the first stage of the gearbox (Figure 4). By evaluating the TSA for different 
electrical motor shaft velocity and for different position of the throttle, one can see that the most part of 
the picks between 1500-2000 Hz, in the accelerometers spectrum, are gear box frequencies. 
 

5 Conclusions 
 
This paper addresses on a vibro-acoustic characterization of an axial compressor with the aim to foresee 
the rotor instability. Two different tests have been carried out on the axial compressor of a turboshaft 
Allison 250-C18. The test results presented herein show a sensitive increase of the sub-synchronous 
activity in the spectrum map of the accelerometers mounted on the axial stages, in particular the formation 
of peaks at about 30%÷40% of the wheel speed (Figure 9 and Figure 10), that represents a possible 
formation of a stall cell. Moreover, the amplitude rise of the spectrum components is highlighted for the 
closed positions of the throttle. This phenomenon can be related to the appearance of compressor system 
instability straightforwardly related to rotating stall initiation. At last the time synchronous average of the 
experimental quantities was computed over 120 revolutions of the compressor shaft, in order to isolate the 
spectrum component related to the compressor system. 
The different approach for the evaluation of flow instabilities in axial compressor, presented in this paper, 
based on vibro-acoustic measurements yields good results in the identification of the incoming stall, 
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demonstrating the usefulness of vibration measurements in the detection and analysis of incoming flow 
instabilities. 
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Abstract 
A previous non-linear lumped kinetoelastodynamic model for the study of the dynamic behaviour of 
external gear pumps has been further developed in order to improve the accuracy of the simulation results.  
In particular, this paper deals with the modelling and analysis of the phenomena bound to the pressure 
distribution around the gears, since they have the most important effect on the dynamic behaviour. 
Phenomena as the pressure variation in the inlet and outlet chambers have been taken into account. Special 
attention was given to the pressure in the trapped volume which has been modelled in a more accurate way 
in order to understand possible vibration sources. The pressure phenomena are shown through some 
simulated results. The model can be used in order to foresee the influence of working conditions and 
design modifications on vibration generation. 
 
 

1 Introduction 
 
External gear pumps exhibit a complex interrelationship between gear meshing, clearances between 
components and pressure pulsation that makes difficult the definition of general design procedures. As a 
consequence, large amounts of time and money are spent during the development of new designs, 
requiring huge testing efforts in order to refine their behaviuor from the point of view of noise, achieving 
simultaneously good hydraulic features. Therefore, a good dynamic model could be a useful and powerful 
tool for the identification of noise and vibration sources and design improvement allowing a “Design 
Right First Time” which leads to shorter time-to-market and reduced costs as compared to conventional 
“Test, Analyze & Fix”. 
Following this objective, in previous works [1-3], the authors have presented a numerical model in order 
to study the dynamic behaviour of an external gear pump for automotive applications. Fluid pressure 
distribution around the gears, which is time-varying, is instantaneously computed and included as a 
resultant external force and torque acting on each gear. Gear meshing phenomena have received particular 
attention, the time-varying meshing stiffness and the tooth profile errors, the effects of the backlash 
between meshing teeth, the lubricant squeeze and the possibility of tooth contact on both contact lines 
have been also included in the model [2]. One of the particular features of gear pump design is the use of 
hydrodynamic journal bearings for gear shaft support. The non-linear dynamics of this kind of bearings 
has been modelled using the theory of Childs called “finite impedance formulation”. The experimental 
validation can be considered rather well[3], but not completely satisfactory requiring a model refinement 
in order to improve the correlation between experimental and simulated results. 
The simulation results show that the model makes it possible to estimate dynamic responses and forces 
taking place in the gear pumps, as function of working conditions. One of the vibration sources is the 
variable meshing stiffness. However, on the basis of numerical simulations it gives a minor contribution to 
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the final results. On the other side, pressure forces and torques show the most important discontinuities 
due to the change in the number of isolated volumes carrying fluid and to the creation of a “trapped 
volume” between two consecutive tooth pairs in contact which is subjected to a high pressure transient. As 
a consequence, the original model was modified with the aim to improve the calculation of pressure forces 
and torques in order to achieve a behaviour closer to the real measurements. In this sense, the new 
pressure formulation include several phenomena not considered in the previous one as the simultaneous 
formulation of both gears, the pressure variations at input and output ports, the axial flows through the 
clearances between floating bushes and case, the clearance modification between case and gears as a 
consequence of the run in process as well as an accurate description of the trapped volume and its 
connections with high and low pressure chambers.  
 

2 The Mechanical System 
 
In this section a short description of the main components and terminology related with external gear 
pumps is presented. The most usual configuration has two twin gears, which are assembled by a couple of 
lateral floating bushes packed inside a close tolerance case (see Figure 1). Lateral floating bushes act as a 
seals for the lateral ends but also as supports for gear shafts by means of two hydrodynamic bearings 
which have a drainage circle milled at the internal face that is connected to the low pressure chamber.  

 

 

Cover Case Gears 

Bush 

Flange b)Bush a) 

Figure 1: a) Enlarged photo and (b) Detail of floating bushes and relief grooves  

The operating principle of external gear pumps is very simple. The fluid is carried around the outside of 
each gear from the intake to the discharge side (from left to the right in Figure 1b) within the space 
bounded between two subsequent gear teeth, the case and the lateral floating bushes. As the gears turn 
these isolated spaces increase progressively their pressure up to the high pressure. In the gear meshing 
area, when two tooth pairs become in contact, a trapped volume could arise and could undergo a sudden 
volume reduction and consequently a violent change in its pressure. To avoid this, the trapped volume is 
put in communication with the high or low pressure chambers. That is the role of the relief grooves milled 
in the internal face of lateral bushes whose shape and location are so important in the resulting dynamic 
behavior. Furthermore, lateral bushes should be also hydraulically balanced in the axial direction with the 
aim to avoid misalignments between gear shafts and journal bearings. To achieve that, a rubber seal 
located in the external face of the endplates is used. This seal defines two areas subjected to high or low 
pressure, such pressure should balance the pressure exerted in the opposite face by the pressure in the 
isolated spaces. One of the gear (gear 1) has a long shaft that is connected by and Oldham coupling with 
an electrical motor allowing some misalignment between them. In this work the interest is focused on 
external gear pumps for automotive applications (as a power in steering systems), which operate at high 
speed (from 1500 to 3400 rpm) and low pressure (from 3.5 to 100 bar). Particularly, twin spur gears are 
considered having 12 teeth, pressure angle of 20 degrees, module of 1.15 mm and width of 12.1 mm. 
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3 Model description 
 
In this section the proposed model is briefly explained, special attention is given to the new pressure 
formulation highlighting the included improvements. The model is a planar model with 6 degrees of 
freedom (three for each gear, two translation and one rotational d.o.f.) and takes into account the 
parametric excitations due to the time-varying meshing stiffness and the tooth profile errors (obtained by a 
metrological analysis); the effects of the backlash between meshing teeth, the lubricant squeeze and the 
possibility of tooth contact on both Direct and Inverse lines of action were also included. Meshing 
stiffness for each contact pair is obtained using Kuang’s formulation [4] including the Hertzian contact 
stiffness as a constant term for each angular position [1-2]. Meshing damping coefficients are taken to be 
proportional to the corresponding stiffness if teeth are in contact otherwise the lubricant squeeze effect is 
considered [2]. The model input is the coordinate θ0, representing the angular displacement of the 
electrical drive, assumed to rotate at constant speed. Coordinate θ0 is connected to gear 1 by a torsional 
spring-damper element being KT the torsional shaft stiffness and CT the damping(a detail description can 
be found in [1-2]). The non-linear forces of the hydrodynamic journal bearings, are implemented using the 
formulation proposed by Childs et al. [5], called “finite impedance formulation”. Oil pressure distribution 
around the gears is also time-varying giving instantaneous resultant forces and torques on each gear.  
The new model presented here considers simultaneously two gears as well as the variable radial clearance. 
Furthermore, the pressure of the trapped volume has been completely reformulated avoiding the previous 
assumption of a linear pressure transition from the high to the low pressure. Now, the flow areas between 
trapped volume and input and output chambers are obtained numerically allowing the formulation of more 
complex relief groove designs. Moreover, pressure calculation includes also the case inner profile defined 
during a wear procedure that takes place at the end of the manufacturing process (see reference [9]). Other 
phenomena included are the displacement towards the low pressure chamber of the lateral floating bushes 
and the axial flow across the clearances between case and floating bushes and their connection to the high 
and low pressure chambers. The pressure distribution is calculated solving simultaneously the continuity 
equations for each control volume following the procedure presented in the next subsection. This 
procedure requires the numerical integration of a non-homogeneous variable-dimension differential 
equation system that should be solved for each gear centre position. Therefore a high computational effort 
should be done for each integration step in the dynamic model. With the aim to reduce the integration 
time, the average positions of the shaft axes inside the journal bearings are estimated, before the 
integration of the dynamic model, by setting the periodically variable pressure and meshing forces to a 
constant value equal to their mean values. Then the ‘stationary’ axis positions (orbit centroid) are 
computed, as the solution of a non-linear system of algebraic equations obtained from the force balance of 
each gear (for more details see [1][6]) .  
 

3.1 Pressure distribution 
 
The pressure increase in the travel from the low to the high pressure region is more or less progressive but 
is really conditioned by several dimensional and operational parameters as the clearances in the radial and 
axial sense, oil viscosity, output pressure and shaft speed. In order to study the pressure variation and 
following the Eulero’s approach, the pump is divided in several “control volumes”. In the case under 
study, the considered volumes are each isolated tooth space, the inlet and outlet chambers and the volume 
between meshing teeth (called “trapped volume”). Applying to the opened thermodynamic system, i.e. the 
generic control volume, the first thermodynamics principle, the continuity equation and the steady-state 
fluid equation, under the hypothesis of adiabatic and isentropic transformation, the following relation is 
thus obtained [7-8]:  

 {( ) }oilBdp dVQ
dt V dt

= ∆ −  (1) 
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Using such relation, it is possible to determine the pressure variation of the fluid (characterized by oilB ) 

contained in the control volume V caused by mass gain of Q∆  and by the volume variation of 
dV
dt

. In 

order to solve equation (1), the calculus of the terms on the right side of equation, i.e. the volume and its 
variation and the inlet and outlet flow rates, has to be done for each control volume. For determining such 
flow rates it is necessary to understand how each volume communicates with each other through the 
clearances and ducts of the pump. Figure 2 shows the relationship between such volumes. The arrows in 
figure show the direction and sense of the flows exchanged between the volumes. It can be noted that the 
number of the control volumes will be variable during the gear rotation because of the variation of the 
number of isolated tooth spaces between the gears and the case and because the trapped volume exists 
only when there are two meshing contacts. 
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Figure 2: Flows between control volumes  

These changes in number of control volumes are due to (see also Table 1): 

• appearance of a new volume on gear 1, during the period 2 4θ θ→  
• disappearance of a volume on gear 1, during the periods 4 0,p 2θ θ θ θ→ →  

• appearance of a new volume on gear 2, during the periods 0 1 5, pθ θ θ θ→ →  

• disappearance of a volume on gear 2, during the period 1 5θ θ→  
• appearance of the trapped volume, during the periods 0 3θ θ→  
• disappearance of the trapped volume, during the period 3 pθ θ→  

With the aim to take into account such changes and considering that /dt dθ ω=  the continuity equation 
in (1) can be expressed in terms of gear rotational angleθ :  

oil

V dp dVQ
B d d

ω
θ θ

⎛ ⎞
∆ = ⋅ + ⋅⎜

⎝ ⎠
⎟      (2) 

The geometry is pθ  periodic, where (2 )p zθ π= /  is the angular pitch. Therefore, the pressure of the 
control volumes is a function with a periodicity equal to the meshing time. Thus, the equation integration 
is performed for a gear rotation equal to the angular pitch. The starting position in the integration of 
equation system is where the contact between a new tooth pair begins. Table 1 summarizes the changes in 
the number of control volumes within the integration interval, i.e. during an angular pitch.  
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From To
 

0 1θ θ→  1 2θ θ→ 2 3θ θ→ 3 4θ θ→ 4 5θ θ→ 5 0pθ θ θ→ =  

Rotational angle[deg] 3°11’ 4°22’ 3°11’ 7°67’ 4°22’ 7°67’ 
Being of trapped volume 1 1 1 0 0 0 
# of isolated volumes (gear 1) 6 6 7 7 6 6 
# of isolated volumes (gear 2) 7 6 6 6 6 7 
# of inlet and outlet volumes 2 2 2 2 2 2 
Total number of volumes 16 15 16 15 14 15 
  

Table 1: Number of control volumes as function of rotational angle 

So, a variation in the number of control volumes causes a change in the number of differential equations 
that have to be integrated to obtain the pressure distribution, for that reason it is not possible to perform 
only one integration using as integration interval the duration of an angular pitch, but six integrations have 
to be done (one for each column of Table 1) because of the change in number of equations. In the 
following, for the four different kinds of control volumes (isolated tooth spaces, trapped volume, inlet 
chamber and outlet chamber) each term of equation (2) will be calculated. In particular the flow rates will 
be calculated taking into account the contribution of the pressure drop between adjacent volumes and the 
entrained flow. 

It is well-known that for a fluid film element with height , length  and width , the volumetric flow 
rate due to the pressure drop 

h l w
p∆  can be calculated using the Pouiselle’s relation that supposes laminar 

flow: 
3

12p
wh pQ

lµ
∆

=        (3) 

while the volumetric flow rate due to the entrained flow has a linear distribution from zero to u, where u is 
the relative velocity of the upper part of the fluid film element with respect to the bottom part and can be 
calculated using the well-known relation: 

2u
wuhQ =       (4) 

Relations (3) and (4) will be used in the following in order to calculate the mass gain  in the four 

kinds of control volumes while the volume variation 

Q∆
dV
dt

 is obtained from geometrical considerations. 

Once the mass gain and the volume variation will be obtained for all the control volumes, the resulting 
equation system can be numerically integrated in order to obtain the pressure distribution around the gears. 
 
3.1.1 Continuity equation for a generic tooth space 
 
Figure 3a shows the generic tooth space  “ i ” , edged between two consecutive tooth flanks (i and i+1) and 
the case. Each tooth space is connected (see also Figure 2 and Figure 3b) with the lateral bushes and with 
the drainage circle through the clearance , with the next tooth space by the corresponding clearance 

between case and tooth tip and lastly with the low or high pressure through the clearances between the 
bushes and the case in axial sense. 

fh

,b ih

So, the equation (2) applied to the generic tooth space “ i ” becomes:  

1 1 ,2( ) 2 2 i i i
h i h i f i f i d i b i

oil

V dp dVQ Q Q Q Q Q
B d d

ω
θ θ, + , , + , ,

⎛ ⎞
− + − − − = +⎜ ⎟

⎝ ⎠
  (5) 
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It can be noted that the flows through the clearances  and are double because two are the sides of 

the gear; moreover the flow rates , 
fh ,b ih

h iQ , f iQ , , d iQ ,  and are taken as positive when come out of the 

tooth space i, whilst  and  are considered as positive when come out of the tooth space i. 
,b iQ

1f iQ , + 1h iQ , +

i 

i+1i-1 
i i+1 

hi 

ω 

Qh,i 

Qh,i+1Qf,i 

Qf,i+1

Qd,i+1

Qd,i 

Qd,i-1 DRAINAGE 
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(pi-1) 
(pi+1) 

(pi) 

rd 

ld 

hi+1

lt 

 

hi

hb,i 
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a) b)

Figure 3: a) Volumetric flow rates for the generic tooth space i and b) Clearances between pump 
components 

Applying equation (3) and (4) to the meatus on the tooth tip it is possible to calculate the volumetric flow 
rate in the tooth space i, taking into account the pressure drop contribution as well as the entrained flow. 
The sense of both the flows is from the tooth space i to the tooth space i-1, therefore the resulting 
expression becomes: 

3

1( )
12 2

i e
h i i i

t

bh b r hQ p p
l

ω
µ, −= − + xt i

ot

      (6) 

The height of the clearance  between the tooth tip and the case, depends on the position of the gear shaft 
(because of the eccentricity of the gear with respect to the case) and on the case wear. So, the radial 
clearance will be different from each tooth along the gear, (more details can be found in [9]). About the 
volumetric flow rate between the lateral bushes and the lateral flank of the tooth ( ), the relative 

velocity  is variable and moreover the width b and the length of the meatus are not geometrically 
defined. However taking into account that the flow rate through this clearance is smaller that the flow 
through the clearance at the tooth tip, one may consider averaged values for u, and . More 

specifically one can consider b as the height of the tooth and l  as the thickness of the tooth measured of 

the pitch circle and u  as the relative velocity at half height of the tooth:  

ih

f iQ ,

fu f fl

fb fl

f f

f

f ext rob r r= −   v
f

rl
z

π
=    u f mr ω=     (7) 

Therefore, in analogy with equation (6), the volumetric flow rate Qf i,  is 

3

1( )
12 2

f f f m f
f i i i

f

b h b r h
Q p p

l
ω

µ, −= − +        (8) 

The drainage flow for the tooth space i is given by an expression like equation (6), assuming the meatus 
width equal to 0.4  times the pitch on the root circle and the meatus length l  the difference 
between the radius of the root circle and the radius of the drainage circle. In this case, the term relating to 

db 0.5÷ d
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the entrained flow has been neglected because its radial component is zero, therefore the volumetric flow 
rate becomes: 

3

( )
12

d f
d i i d

d

b h
Q p

lµ, = − p       (9) 

The bushes were hydraulically balanced because they are subjected to axial forces due to the pressure 
distribution. The equilibrium of the bushes was done by applying the high or low pressures on different 
parts of the same surface using a seal in order to divide the area where acts the low pressure to the area 
where acts the high pressure (see Figure 4). Because of the clearance between the bush and the case, the 
isolated tooth space is put in communication (in axial sense) with such low or high pressure areas 
depending on the position of the tooth space. Taking with reference Figure 4, if the tooth space is before 
the point P, the tooth space will be connected with the low pressure, if it is after the point P, the tooth 
space will be connected with the high pressure, lastly the tooth space communicates with low and high 
pressure when the point P will be inside the tooth space. So if the tooth space is connected with the low 
pressure chamber, the flow comes out of the tooth space, on the contrary, if the tooth space is connected 
with the high pressure chamber the flow comes into the tooth space.  

HIGH PRESSURE 

HIGH PRESSURE 

HIGH PRESSURE

LOW PRESSURE 
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θp

i
bb 

rc⋅θp 

pi 

pout

hb,i+1 

hb,i 

hb,i+1

hb,i 

a) b)
 

Figure 4: a) Balancing seal in the bush surface and b) Axial flow rate through the clearance between 
case and bush when the tooth space is after point P. 

Therefore, the axial flow rate in the clearance neglecting the term relating with the entrained flow 
becomes: 

3

12
c p bm i

b i b i
b

r h
Q

b
θ

µ
, p, ,= ∆        (10) 

where : 

,

                               after point P
                             before point P

         P inside the tooth space i

out i

in ib i

mean i

p p
p pp
p p

−⎧
⎪ −∆ = ⎨
⎪ −⎩

   and 
2

1,,
,

++
= ibib

ibm

hh
h  (11) 

The height of the clearance h  depends on the position of the bushes because they are floating. Their 
position is obtained from the equilibrium of the pressure force and the contact force between the case and 
the bushes (more details can be found in [9]). Therefore the clearance  is obtained in the same way as 

the clearance , but without considering the wear contribution because the bushes do not remove material 
in the case. 

,b i

,b ih

ih

The last term to be calculated in equation (5) is the volume variation dV ; such term, for an angle rotation i

dθ of the gear can be obtained by the relation: 
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( )iiext
i hhbr

d
dV

−⋅⋅= +1θ
        (12) 

(more details can be found in [9]). 

So, taking into account all the previous terms and substituting in equation (5) considering the volume  
as constant and equal to the nominal volume of the tooth space, the following equation for the generic 
tooth space i can be obtained: 

iV

( ) ( ) ( )3 3
1 1 1 1 , ,2 2 2i oil

h i i i i h i i f i i d d i b b i
i

dp B C h p h p K h h C p p C p C p
d Vθ ω + + + +

⎡ ⎤= ⋅ ⋅∆ − ⋅∆ − ⋅ − + ⋅ ⋅ ∆ − ∆ − ⋅ ⋅∆ − ⋅ ⋅∆⎣ ⎦⋅
(13) 

Where 

t
h l

bC
⋅⋅

=
µ12

, 
f

ff
f l

hb
C

⋅⋅

⋅
=

µ12

3

, 
3

12
d f

d
d

b h
C

lµ
⋅

=
⋅ ⋅

, 
3

,

12
c p bm i

b
b

r h
C

b
θ

µ
⋅ ⋅

=
⋅ ⋅

   

1 1i i ip p p+ +∆ = − ,  ,d i i dp p p∆ = − , 1i i ip p p −∆ = − , 
2

ext
h

rb
K

⋅⋅
=

ω
 

0VVi =    ,  i  ∀ ( )iih
i hhK

d
dV

−⋅⋅=⋅ +12ω
θ

 

In order to simplify the writing, equation (13) can be expressed as: 

( ( ))i
i

dp f p
d

θ
θ

=       (14) 

where ( ( ))if p θ  is a function that takes into account all the terms in the right side of equation (13). 

 

3.1.2 Continuity equation for the trapped volume 
 
The trapped volume exists only when two tooth pairs are meshing, therefore the continuity equation for 
the trapped volume will be taken into account only when the trapped volume exists. Taking with reference 
Figure 5, the trapped volume is connected to the inlet volume, to the outlet volume and to the drainage 
circle through the clearance  and further to the inlet and outlet volumes through the relief grooves. So, 
the equation (2) applied to the trapped volume becomes: 

fh

, , , , , , , , ,2 2 2 2 4 t t t
T t out T t in f t in f t out d t

oil

V dp dVQ Q Q Q Q
B d d

ω
θ θ

⎛ ⎞
− ⋅ − ⋅ − ⋅ − ⋅ − ⋅ = +⎜ ⎟

⎝ ⎠
    (15) 

It can be noted that all the flows in equation (15) are double because two are the sides of the gear, 
moreover the flow rate  is multiply by 4 because two are the side of the gear and two are gears. ,d tQ

The flow rates ( ) through the clearance  can be calculated using equations like (8) 
and (9) hypothesizing laminar flow:  

, , , , ,, ,f t in f t out d tQ Q Q fh

( ), , 2
f m f

f t in f t in

b r h
Q C p p

ω
= ⋅ − +   ( ), , 2

f m f
f t out f t out

b r h
Q C p p

ω
= ⋅ − +    (16) 

(,d t d t dQ C p p= ⋅ − )             (17) 

As before, in the drainage flow rate  the terms related to the entrained flow has been neglected 
because its radial component is zero. It could happen, for example, that the pressure inside the trapped 

,d tQ
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volume is less than the pressure in the outlet volume; in this context the flow rate sense is coming into the 
trapped volume and in fact the flow rate changes its sign (due to 0t outp p− < ) and becomes negative as 
well. 
The flow through the relief grooves has to be considered as turbulent flow and therefore the volumetric 
flow rate can be calculated using the well-known relation [8]:  

2
flow

pQ C A
ρ
⋅∆

= ⋅ ⋅        (18) 

where A is the area of the connection and the flow coefficient  depends on the Reynolds number and 
on the kind of the connection. 

flowC
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Figure 5: a) Volumetric flow rates for the trapped volume (the flow rate is not depicted 
because in such gear configuration there is no connection with the inlet volume) and b) Connection 

area between the trapped volume and the inlet (in blue) and the outlet (in red) volumes. 

, ,T t inQ

 
Therefore, the turbulent flow rates exchanged between the trapped volume and the inlet and outlet 
volumes are respectively: 

( )

, ,

2
0.65        if    

2
0.65         if    

t in
in t in

T t in

t in
in t in

p p
A p p

Q
p p

A p p

ρ

ρ

⎧ ⋅ −
+ ⋅ ⋅ >⎪

⎪= ⎨
⋅ −⎪

− ⋅ ⋅ <⎪
⎩

    
( )

, ,

2
0.65        if    

2
0.65         if    

t out
out t out

T t out

t out
out t out

p p
A p p

Q
p p

A p p

ρ

ρ

⎧ ⋅ −
+ ⋅ ⋅ >⎪

⎪= ⎨
⋅ −⎪

− ⋅ ⋅ <⎪
⎩

(19) 

where the connection areas with the inlet and outlet volumes have been geometrically calculated as a 
function of the gear rotational angle θ . Figure 5b shows the area variation during the gear rotation for the 
connection between the trapped volume and the inlet and outlet volumes (in blue and red respectively). 
Starting from the position when two tooth pairs are in contact the connection area with the outlet volume 
decreases till bθ  when the connection disappears , while the connection with the inlet volume begins in 

aθ . It can be noted that from aθ  to bθ  the trapped volume is in communication both with the inlet and 
outlet volumes. Since the area and shape of the connections are variable, the calculus of the flow 
coefficient is not very easy, therefore averaged values between similar kinds of connections have been 
taken into account [11]. The last two terms to be calculated in equation (15) are the volume  and its 

variation . Taking with reference Figure 6a, the trapped volume (when exists) is edged by 
tV

tdV 1 2O CO D  
and its variation takes the form [8]: 
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( )2 2 2 2
1 1 2 2

1
2tdV R r R r b dθ= ⋅ − − + ⋅ ⋅   ( )2 2 2 2

1 1 2 2
1
2

tdV R r R r b
dθ

= ⋅ − − + ⋅     (20) 

where 1 2 1 2, , ,R R r r  define the positions of the two tooth pairs in contact. The volume of the trapped 
volume is then obtained by integration of equation (20): 

0
0

( ) t
t t

dVV V d
d

θ

θ θ
θ

= + ⋅∫      (21) 

The integration is performed when the trapped volume exists, i.e. in the angular interval ,0 t endθ÷ ;  is 
the initial value of the trapped volume, that is geometrically calculated by the reconstruction of the 
geometry and 

0tV

θ represents a generic angular position in the above interval. 

Substituting all the volumetric flow rates calculated above (equations (16), (17) and (19)) and the relation 
(20) describing the volume variation in equation (15) and reorganizing, it could be obtained a relation like 
equation (14): 

( ( ))t
t

dp f p
d

θ
θ

=        (22) 

where ( ( ))tf p θ  is a pressure function difficult to write down but that takes into account all the flow rates 
and volumes already calculated. 
 
3.1.3 Continuity equation for the inlet volume 
 
As shown in Figure 2 and Figure 6b, the inlet chamber communicates with the reservoir, with the drainage 
circle, with the first isolated tooth space of gear 1 and 2 through the clearance at the tooth tip and 
through the lateral clearance  and finally with the trapped volume through the lateral clearance  and 
through the relief groove. 
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Figure 6: a) Scheme for the calculus of the control volumes and their variations and b) Volumetric 

flow rates for the inlet volume 

Therefore, the equation (2) applied to the inlet volume becomes: 

, , ,1 ,1 ,1 ,1 , , , , , ,1 2 1 2
1 11 2

2 2 4 2 2
n m

in in in
T in atm h h f f d i d i dt f t in T t in

i i oil

V dp dVQ Q Q Q Q Q Q Q Q Q
B d d

ω
θ θ= =

⎛ ⎞
+ + + + + + + ⋅ + ⋅ + ⋅ = +⎜ ⎟

⎝ ⎠
∑ ∑     

(23) 
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where, the flow to the reservoir can be considered as turbulent flow because of the duct section 
and an expression like equation (18) has to be used considering a flow coefficient equal to 0.65, and drop 
pressure of 

, ,T in atmQ

in ambp p p∆ = − . The other flow rates in equation (23) have already been calculated for the 
continuity equations of the generic tooth space i and for the trapped volume; in particular the flow rates 
coming from the isolated tooth spaces can be calculated using equations (6) and (8) applied to the first 
isolated tooth space ( ) of gears 1 and 2. Moreover, since the drainage circle communicates with the 
inlet chamber, the drainage flow rates (equations (9) and (17)) coming from all the tooth spaces (

1i =
1...i n=  

for gear 1 and  for gear 2) and from the trapped volume finally pour into the inlet chamber and 
therefore all the drainage flow rates also appear in the continuity equation of the inlet volume. Taking with 
reference Figure 6a, the control volume for the inlet chamber is edged by 

1...i = m

1 2AO CO B ; the variation of the 
such volume as function of angular rotation can be calculated using an expression similar to equation (20): 

( 2 2 2 2
,1 ,2 1 2

1
2

in
ext ext

dV r r R r
dθ

) b= ⋅ + − − ⋅      (24) 

while the volume of the inlet chamber is obtained by integration of equation (24): 

0
0

( ) in
in in

dVV V d
d

θ

θ θ
θ

= + ⋅∫       (25) 

As done for the generic tooth space and for the trapped volume, also the equation (23) can be reorganized 

in the following form substituting the above volumes and flow rates: 

( ( ))in
in

dp f p
d

θ
θ

=        (26) 

3.1.4 Continuity equation for the outlet volume 
 
In the system that controls the gear pump (EPHS, Electrically Powered Hydraulic Steering) the outlet 
volume is connected through a valve to an oleodynamic actuator; in the pump, the oil increases its 
pressure because of the resistance that the actuator opposes to the oil. The bench where the pump is tested 
is provided with a proportional valve instead of the oleodynamic actuator: the proportional valve controls 
the pressure inside the pump tuning the duct area. For that reason, the connection with the hydraulic 
circuit outside the pump (through the proportional valve) has been modeled assuming turbulent flow and 
using equation (18). In order to estimate the coefficient flowC A⋅ , an average value of the volumetric flow 

rate  through the proportional valve is used: avQ

( )2out av
out atm

K Q
p p

ρ
= ⋅

⋅ −
      (27) 

Moreover, the outlet volume is connected (as the inlet volume) to the first isolated tooth space of gear 1 
and 2 through the clearance at the tooth tip  and through the lateral clearance  and finally with the 

trapped volume (when exists) through the lateral clearance  and through the relief groove; therefore , 
the equation (2) applied to the outlet volume becomes: 

ih fh

fh

, , , , , , , ,1 2 1 2
2 2 2 2 out out out

av h n h m f n f m f t out T t out
oil

V dp dVQ Q Q Q Q Q Q
B d d

ω
θ θ

⎛
− − − − − + ⋅ + ⋅ = +⎜

⎝ ⎠

⎞
⎟    (28) 

where the terms in the right side of the equation can be calculated as in the inlet volume taking with 
reference Figure 6a and the average flow rate  can be calculated considering the average value of the 
instantaneous flow rate: 

avQ
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( 2 2 2 2
,1 ,2 1 2

1
2

out
ext ext

dV r r r R b
dt ) ω= − ⋅ + − − ⋅ ⋅     (29) 

Then, equation (28) can be reorganized in the following form:  

( ( ))out
out

dp f p
d

θ
θ

=       (30) 

Applying equation (14) to the n isolated volumes of gear 1 and to the m isolated volumes of gear 2 and 
joining such equations to the continuity equations for the remaining control volumes (equations 
(22)(26)(30)), a system of differential equations can be obtained and the unknown quantities, i.e. the 
pressure distribution can be calculated. The boundary condition is the pressure distribution at the 
beginning of the integration interval. In the first integration interval 0( )θ , that is shown in Table 1, the 
initial pressure distribution is unknown. An iterative calculation based on trial value has been performed 
under the condition that the pressure distribution at 0θ  and 6θ  must be the same for periodicity. 

 

4 Simulated results 
 
The results relate to a pump operating in a typical working condition in terms of pressure and gear speed: 
namely 34 bar and 2000 rpm. The results in term of pressure distribution are obtained using both the 
previous model [1] and the new model described in this paper in order to highlight how the new 
implemented phenomena change the path of the pressure distribution. Figure 7 shows the comparison in 
terms of pressure distribution in the isolated volumes between the previous model (called PModel) and the 
new model (called NModel) described here. It can be noted that the new pressure distribution shows six 
oscillations that correspond to the six isolated tooth spaces, whilst the old one does not show such 
phenomenon because of the poor modelling. Moreover the increase of the pressure in the first isolated 
tooth spaces is smoother in the new pressure than in the previous model mainly due to the new clearance 
modification between case and gears as a consequence of the run in process. Reference [10] presents some 
experimental measurements in order to evaluate the pressure distribution in a gear pump. The 
measurement results depict the same trend of the pressure distribution in  Figure 7 showing in particular 
the same oscillations due to the isolated volumes. Figure 7 shows also the new pressure distributions with 
different kinds of relief grooves (length B of 2.4, 2.7 and 2.9 mm); such dimension has great influence on 
the performance of the gear pump, in fact the results show that the relief grooves with length 2.4 mm 
determine larger oscillations in pressure than with other relief groove lengths due to the increase of the 
contemporaneous communication with the inlet-outlet volumes, moreover the smaller length B, the larger 
decrease of the pump efficiency. The pressure distribution of the previous model depicts in black in Figure 
7 is obtained using a relief groove with length B equal to 2.9 mm, in fact no considerable differences can 
be found using the other length values (2.4 and 2.7mm) due to the simpler modelling. Figure 8a shows the 
pressure distribution in the outlet chamber for the new model and for the previous model. It can be noted 
that in the previous model the pressure in the outlet chamber (as in the inlet chamber) was taken as 
constant while in the model described here, both the inlet and outlet chamber have been considered as 
control volumes (see subsection 3.1.3, 3.1.4). The new pressure distribution shows the pressure 
oscillations due to the variation in volume of the chamber and due to the communication with the adjacent 
control volumes. Figure 8a also shows the comparison with different kind of relief grooves underlining 
how lower length B determine larger drop off in pressure. Finally, Figure 8b shows the pressure 
distributions in the trapped volume with the three mentioned kinds of relief grooves. It can be noted that 
with reduced length B, the pressure variation is smoother due to the increase of the contemporaneous 
communication of the inlet and outlet chambers.  
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Figure 7: Pressure distribution in the isolated tooth spaces. PModel is the previous model and 

NModel is the new model described here 

  a) 
Figure 8: Pressure distribution in a) Outlet volume and b) Trapped volume. PModel is the previous 

model and NModel is the new model described here 

b)

 

5 Conclusions 
 
In this work, an improved non-linear lumped kineto-elastodynamic model of an external gear pump is 
presented which was developed from a previous work of the authors. In particular, this paper deals with 
the modeling and the analysis of the pressure phenomena, and presents a new pressure formulation which 
include the simultaneous formulation of both gears, the pressure variations at input and output ports, the 
axial flows through the clearances between floating bushes and case, the clearance modification between 
case and gears as a consequence of the run in process as well as an accurate description of the trapped 
volume. The simulation results of the new pressure distribution in the isolated tooth spaces show six 
pressure oscillations that correspond to the six isolated tooth spaces, whilst the old model does not show 
such phenomenon because of the simpler modeling. Furthermore, in the previous model the pressure in the 
outlet chamber (as in the inlet chamber) was taken as constant while in the model described here, both the 
inlet and outlet chambers have been considered as control volumes and the new pressure distribution 
shows the pressure oscillations due to the variation in volume of the chamber and due to the 
communication with the adjacent control volumes; moreover in the trapped volume the pressure variation 
is smoother with reduced length B, due to the increase of the contemporaneous communication of the inlet 
and outlet chambers. It is important to underline that the new pressure distribution shows the same trend as 
the experimental results in [10]. Once the pressure distribution around the gears has been calculated, the 
resultant pressure forces and torques can be obtained. Such torques and forces together with the bearing 
forces and meshing forces will be used in the equations of motion in order to estimate the gear 
accelerations [1-2]. A model validation, through a comparison with measurements, is the next objective. In 
particular the model will be validated by comparison by experimental vibration data, concerning a wide 
range of operational conditions and gears of different design. The originality of this paper concerns the 
application of a non-linear model to a gear pumps that implements formulations about pressure 
distribution, hydrodynamic bearing forces and meshing stiffness; in particular, it is original to include all 
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these important dynamic effects in the same model, in order to take into account their interactions. This 
can be important in order to foresee the influence of working conditions and design modifications on 
vibration and noise generation. Thus the model could be a very useful tool in prototype design and in 
design optimisation in order to identify the origin of unwanted dynamic effects. 
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Appendix A : list of symbols 
A  Duct area. 

oilB  oil bulk modulus. 

B  Length between the delivery sides of the relief 
grooves (see Figure 5a). 

b  Gear thickness. 

bb  Bush thickness. 

dt  Increment of time. 

ih  Radial clearance between tooth tip and case. 

,b ih  Radial clearance between case and bushes in front 

of the tooth space i. 

fh  lateral clearance between bushes and the lateral 

flank of the tooth. 

tl  Tooth tip thickness. 
p  pressure in the control volume. 

ip  pressure in the tooth space “ i ”. 

dp  Pressure in the drainage circle (equal to atmp ). 

inp  Pressure in the inlet volume. 

outp  Pressure in the outlet volume. 

atmp  Atmospheric pressure. 

tp  pressure in the trapped volume. 

rootr  Root radius. 

extr  Tip radius. 

vr  Pitch radius. 

mr  Radius at half height of the tooth. 

dr  Radius of the drainage circle. 

Q  Volumetric flow rate. 

1h i h iQ Q, , +,  volumetric flow rate between the tooth 

tip and the case. 

1f i f iQ Q, ,, +  volumetric flow rate between the gear 

lateral and the bushes. 

d iQ ,  volumetric flow rate between the tooth space and 

the drainage circle. 

b iQ ,  Axial volumetric flow rate between tooth space 

and low or high pressure. 

, ,,T t in T t outQ Q, ,  Turbulent volumetric flow rate between 

the trapped volume and the inlet and 
outlet volumes, respectively. 

, , , ,,f t in f t outQ Q  Volumetric flow rate between the 

trapped volume and the inlet and outlet 
volumes through the lateral clearance 

. 
fh

d tQ ,  volumetric flow rate between the trapped volume 

and the drainage circle. 

, ,T in atmQ  Turbulent volumetric flow rate between 

the inlet volume and the reservoir. 

avQ  Average volumetric flow rate from the outlet 
volume to the hydraulic circuit. 

0 0, ,t in outV V V 0  Values of the trapped volume, inlet 
volume and outlet volume when 

0θ = , i.e. in the initial condition 
when the second contact begins. 

iV  Volume of the tooth space “ ”. i
V  Volume of the control volume. 

tV  Volume of the trapped volume. 

,in outV V  volume of the inlet and outlet volumes. 

Q∆  Difference between the volumetric flow rate, 
coming into a control volume and coming out. 

ω  Angular velocity. 
θ  Rotational angle. 

,, ,a b t endθ θ θ  Angles defining the beginning of the 

connection with the inlet volume, the 
end of the connection with the outlet 
volume and the end of the trapped 
volume, respectively (see Figure 5b). 

µ  Dynamic viscosity. 
ρ  Oil density. 

 
Subscripts 
 
i Denotes tooth space. 
k=1,2 Denotes gears. 
n,m Number of isolated tooth spaces in gear 1 and 2, 

respectively. 

k
 Applied to gear k. 
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Abstract 
Turbomachineries with hydrodynamic bearings are generally statically indeterminate rotor bearing 
systems. To predict their vibration behaviour, one needs to correctly specify the relative lateral bearing 
alignment. This alignment, which determines the bearing reaction forces (which in turn influence the 
stiffness and damping of the bearing supports), is generally unknown and its determination usually 
requires a knowledge of the mean bearing reaction forces at some speed at which the system response is 
periodic. These reaction forces are presently evaluated from the Reynolds equation using measured 
instantaneous rotor motion values. It is shown via numerical experiments that these forces, when evaluated 
from measured rotor motion data via Reynolds equation, can be very sensitive to the accuracy of this data; 
so that insofar as determination of the relative bearing alignment relies on these forces, presently existing 
software is likely to be deficient in correctly predicting the system vibration behaviour. 

1 Introduction 

Turbomachineries with hydrodynamic bearings such as steam or gas turbogenerators are statically 
indeterminate rotor bearing foundation systems (RBFSs). Such machinery is required to run stably at 
minimum vibration levels over its operating speed range.  For design, condition monitoring, maintenance 
and performance evaluation, one desires vibration analysis software which accurately predicts system 
stability, damping reserve, natural frequencies, mode shapes and unbalance response [1]. RBFSs may be 
regarded as consisting of the rotor, bearing and foundation subsystems shown schematically in Figure 1. 
Vibration levels are influenced by the design and condition of the rotor, the seals, the bearings and the 
foundation, as well as the relative lateral alignment of the bearings (hereinafter referred to as the system 
configuration state or SCS), the excitation forces (here assumed to be due to rotor unbalance) and the 
operating speed. This paper is concerned with problems associated with determining the mean 
hydrodynamic bearing reaction forces, as it is these which in turn determine the stiffness and damping of 
the bearing supports and hence, the system vibration response. 

For statically indeterminate RBFSs, these bearing reaction forces depend on the SCS which is generally 
unknown (differing from its installation values because of thermal effects and foundation settlement) and 
its determination under running conditions requires a knowledge of the mean bearing reaction forces at 
some speed [2,3]. In the absence of appropriately instrumented bearing pedestal supports, these forces are 
presently evaluated from the Reynolds equation, requiring as input data parameters, amongst others, 
appropriate values for the mean lubricant viscosities, running clearances and measured instantaneous rotor 
motion values [4]. Also, one requires an adequate specification of the fluid film extent as different 
cavitation models can also significantly affect the stiffness and damping of the bearing supports [5]. All 
these requirements are potential sources of error and warrant detailed investigation. Here we mainly 

3621



restrict ourselves to investigating via numerical experiments the effect of error in the measured 
instantaneous rotor motion values on bearing reaction force and unbalance response determinations. 

 
Figure 1: Schematic of a statically indeterminate RBFS. 

2 Theory 

2.1 Bearing Force Determinations 

To help appreciate the role Reynolds equation plays in bearing reaction force and bearing stiffness and 
damping determinations, a brief summary of the theory for these follows. Figure 2 is a transverse section 
through the mid plane of a simple circular journal bearing. 

 

Figure 2: Journal bearing. 

Under the usual assumptions of laminar flow, newtonian fluid, etc., Reynolds equation may be written as 
[6]:  
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where                                           
Ψ−Ψ−= sinzcosyCh                                                                (2)

     
and where ψ is the angular location of B (Fig.2), h is the film thickness at B, C is the radial clearance, R is 
the bearing radius, Z is the axial distance along the bearing land, μ is the lubricant viscosity, P is the 
lubricant film pressure, ω is the angular velocity of the journal, ‘ is differentiation with respect to time, and 
y and z are the displacement components of Oj from Ob. The instantaneous fluid film force components Fy 
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and Fz are then determined by integrating the pressure field over that portion of the journal bearing surface 
where there is a continuous fluid film, i.e.: 

dA
sin
cos

P
F
F

z

y ∫
⎭
⎬
⎫

⎩
⎨
⎧

Ψ
Ψ

−=
⎭
⎬
⎫

⎩
⎨
⎧                     (3) 

The pressure P calculated from eqn (1) is frequently set equal to the cavitation pressure Pc whenever P<Pc, 
whereupon one has what is termed the Gumbel cavitation condition; if in addition the pressure gradient is 
zero whenever P<Pc, one has what is termed the Reynolds cavitation condition. 

If the motion is periodic at some particular rotor speed, so that the journal centre Oj forms a distinctly 
defined orbit within the clearance space, one can evaluate at each bearing the instantaneous fluid film 
forces at successive points along the orbit by solving eqns (1) to (3), using the corresponding 
instantaneous journal centre displacement and velocity components y, z, ,  over one or more complete 
cycles [4]. The fluid film forces will then also be periodic, and their mean values will correspond to the 
bearing reaction forces from which the SCS can be determined [3]. 

'y 'z

2.2 Stiffness and Damping Coefficients 

Once the SCS has been found it is possible to calculate the mean bearing reaction forces at any rotor 
speed,   and hence the corresponding linearised stiffness and damping coefficients, which because of their 
nonlinearity, are reaction force dependent [7]. The theoretical determination of these coefficients involves 
perturbing the journal centres about their corresponding equilibrium positions and evaluating the direct 
and cross-coupled coefficients Kyy, Kzz, Kyz, Kzy, Cyy, Czz, Cyz, and Czy where:  

'z
F
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z

F
K y

yz
y

yz ∂

∂
=

∂

∂
=

 
 etc.                                       (4)    

These linearised stiffness and damping coefficients help determine the behaviour of the RBFS about its 
equilibrium state when subjected to small external force excitation and significantly influence its stability 
and natural frequencies. Note that these theoretically evaluated coefficient values are significantly 
influenced by the assumed cavitation model as may be seen in Fig. 3 which displays the variation of these 
coefficients as a function of rotor speed for a simple circular bore journal bearing for the different 
cavitation models and input parameter assumptions listed in Table 1 [5]. Unless otherwise stated in Table 
1, these coefficients are based on a radial clearance of 0.10 mm, a bearing length of 25 mm, a bearing 
diameter of 50 mm, a mean viscosity of 0.013 Pa.s and a reaction load of 88 N, reflecting possible 
parameter choices for the bearings of a proposed experimental rig. Also shown in Table 1 are the 
corresponding predicted critical speeds and instability thresholds for that rig. The results for cases 3 and 4 
illustrate the importance of correctly specifying the cavitation pressure. However, important as the correct 
specification of the film extent may be, for the purposes of assessing the error in bearing force predictions 
resulting from errors in journal displacement measurements, the numerical experiments discussed below 
assume that all errors in input parameters to the Reynolds equation derive solely from these 
measurements.  

Table 1: Cases investigated with corresponding critical speeds and instability thresholds  
(L is the bearing land length and Pi and Po are the inlet and outlet pressures respectively) [5]. 

 Pi 
(kPa) 

Po 
(kPa) 

Pc 
(kPa) 

Cavitation 
type 

Critical Speed 
(rpm) 

Instability threshold 
(rpm) 

Case 1 101.3 101.3 101.3 Gumbel ~1500 ~ 3000 
Case 2 101.3 101.3 101.3 Reynolds ~1500 ~ 3000 
Case 3 121.3 101.3 101.3 Reynolds ~1500 ~2900 
Case 4 121.3 101.3 0.0 Reynolds ~1520 ~400 

Case 5* 121.3 101.3 0.0 Reynolds ~1520 ~2200 
Case 6** 121.3 101.3 0.0 Reynolds ~1350 ~3900 

*   L = 15 mm   ** L = 15 mm and C = 0.2 mm 
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Figure 3: Stiffness and damping coefficients from different cavitation models. 
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3 Numerical Experiments 

Two approaches are presented to illustrate the effect of possible error in bearing force evaluations due to 
errors in journal displacement orbit measurements.  

The first approach generates a typical periodic unbalance response orbit via an approximate solution to the 
full Reynolds equation and uses this orbit solution as the ‘measured response’ for recovering the forces 
(using an accurate finite difference solution to the full Reynolds equation for this purpose); and then 
comparing these recovered forces with the actual instantaneous forces used to generate the response 
orbits..  Here, a modified short bearing approximation is used to generate the approximate solutions [8]. 
The hydrodynamic journal bearing is subjected to a unidirectional load of 42 N and an unbalance moment 
of 0.0001 kg m. It has a radial clearance of 0.1 mm, a length of 30 mm, a diameter of 15mm and a mean 
lubricant viscosity of 0.04 Pa s.  For this system, the approximate transient solutions and the exact 
transient solutions (obtained using finite difference solutions to the full Reynolds equation) yield identical 
(visually indistinguishable) displacement and force orbits once steady state conditions are reached. To 
help ensure accuracy, 6400 time steps per cycle were used for all solutions.   

Typical results are shown in Figs 4 and 5 for rotor speeds of 750 rpm and 1500 rpm. It can be seen that at 
750 rpm the recovered force orbit from the ‘measurement data’ predicts a constant load of around 44 N 
and even some nonzero horizontal load. Agreement is somewhat better at 1500 rpm, when the 
displacement orbit eccentricities are smaller (and hence the approximate data is more accurate). On the 
other hand the recovered force orbits, using as ‘measurement data’ the more accurate finite difference 
solution generated displacement and velocity orbits, coincided with the actual input force orbits. It is 
concluded that the accuracy of the mean bearing force data recovered from journal orbit measurement data 
via Reynolds equation may, depending on the journal eccentricity, be quite sensitive to the accuracy of 
this measurement data. 
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Figure 4: Force orbits at 750 rpm [9].                           Figure 5: Force orbits at 1500 rpm [9]. 

 
The second approach better simulates the procedure used to identify the SCS with the aid of the bearing 
reaction forces obtained from the Reynolds equation (using as input, journal relative to bearing 
displacement and velocity values at any speed where the response is periodic). The displacement values 
would normally be measured via a displacement transducer set located in a transverse plane midway along 
the bearing land or via displacement transducer sets at both ends of a bearing, to account for any slope in 
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the rotor centreline. The axial distance between these transducer sets (the offset) is also expected to affect 
the accuracy of the rotor displacement measurements. 
The numerical experiments then consisted of generating periodic solutions for the rotor displacements for 
some given statically indeterminate RBFS; then using these solutions, appropriately truncated, as 
‘measurements’ to calculate via Reynolds equation the SCS which was then used as input to the Reynolds 
equation to generate the predicted unbalance responses [7]. 

 
Figure 6 shows the RBFS used for these experiments. It consists of a horizontal rotor flexibly supported 
on four equivalent simple circular bore bearings at nodes 3, 7, 11 and 15 (bearings 1, 2, 3 and 4 
respectively) by identical flexible pedestals. Disks at nodes 5 and 13 have masses of 5.2 and 9.2 kg 
respectively. Table 2 lists the relevant input data. For an unbalance of 0.001 kg.m at node 13, the periodic 
journal displacement responses were generated at 100 to 600 rad/s at intervals of 100 rad/s  for transducer 
offsets of  0, 1, 10, 40, 60 and 80 mm and truncated to 7 and 2 decimal digits to provide the 
‘measurements’. The fluid film forces were obtained by using these ‘measurements’, as well as the 
corresponding journal centre velocities (obtained from these measurements) as inputs into Reynolds 
equation in accordance with the data processing procedure outlined in ref. [4]. All Reynolds equation 
solutions, viz .those used to generate the ‘measurements’ and those used to recover the bearing forces used 
the short bearing approximation solution and a 180° film extent.. Pertinent results are given in Table 3.. In 
these tables, c2x refers to the location in the x direction of the centre of the second bearing relative to the 
datum line of centres joining the centres of bearings 1 and 4 etc. 

Figure 6: Schematic representation of RBFS used in numerical experiments. 
 
 

Table 2: Input data (rotor density 7850 kg/m3; Young’s modulus 200 GPa). 
Rotor Dimensions 

Segment Diameter (m) Length (m) 
1, 8 0.04 0.03 

2, 3, 6, 7 0.04 0.02 
4, 5 0.04 0.28 

9, 16 0.03 0.03 
10, 11, 14, 15 0.03 0.02 

12, 13 0.03 0.28 
Bearing Data Pedestal Data Bearing  Locations( )[μm] yx cc ,

Diameter 0.040 m yx MM =

 

100 kg 1st Bearing (0, 0) 

Length 0.018 m yx CC =  105 Ns/m 2nd Bearing (+65, -1500) 

Mean Viscosity 0.014 Pa.s yx KK =  107 N/m 3rd Bearing (-91, -1800) 

Radial Clearance 90 μm 
  4th Bearing (0, 0) 
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Table 3: Identification results. 
Offset 
(mm) 

Accuracy 
digits 

Speed 
(rad/s) 

c2x

(μm) 
c3x

(μm) 
c2y

(μm) 
c3y

(μm) 
ΣFx
(N) 

ΣFy
(N) 

0 7 

100 
200 
300 
400 
500 
600 

65 
64 
65 
65 
64 
65

-90 
-91 
-91 
-90 
-91 
-91

-1499 
-1501 
-1500 
-1500 
-1515 
-1500

-1799 
-1801 
-1800 
-1800 
-1816 
-1800

0 
0 
0 

-3 
-5 
0 

247 
247 
247 
248 
247 
247 

10 7 

100 
200 
300 
400 
500 
600 

23 
29 
30 
-8 

-107 
12

-137 
-130 
-130 
-172 
-281 
-150

-1564 
-1552 
-1551 
-1579 
-1705 
-1561

-1871 
-1858 
-1856 
-1887 
-2026 
-1867

-11 
-10 
-10 
-23 
-52 
-14 

231 
234 
234 
227 
198 
231 

10 2 

100 
200 
300 
400 
500 
600 

27 
27 
29 
-8 

-77 
7

-132 
-133 
-130 
-172 
-249 
-155

-1555 
-1559 
-1551 
-1606 
-1739 
-1576

-1861 
-1866 
-1857 
-1918 
-2064 
-1883

-11 
-10 
-10 
-30 
-37 
-17 

237 
232 
235 
220 
207 
227 

40 2 

100 
200 
300 
400 
500 
600 

-928 
-684 
-666 

-1790 
-9104 
-1115

-1187 
-917 
-898 

-2144 
-10e3 
-1395

-3111 
-2658 
-2632 
-4486 
-14e3 
-3161

-3588 
-3083 
-3055 
-5110 
-16e3 
-3640

-259 
-222 
-221 
-509 

-3343 
-317 

-286 
3 

-26 
-537 

-3137 
-196 
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Figure 7: Unbalance responses at bearing 4 
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Figure 8: Orbits at bearing 4 (600 rad/s) 

 
The experiments with 0 and 1 mm transducer offsets and 7 digit measurement accuracy served to validate 
the integrity of the software, whereas the 2 digit accuracy results reflect the measurements attainable with 
existing instrumentation. The last two columns of Table 3 give the resultant bearing force components, as 
calculated during the identification process. In the horizontal direction, the resultant should be zero, 
whereas in the vertical direction it should equal the weight of the rotor and discs, i.e. 247 N. Note that 
even with 0 mm offset and 7 digit measurement accuracy, at 500 rad/s there is already an error of 5 N in 
the resultant horizontal component, presumably due to data processing round off error. This translates into 
a 1% error in c2y and c3y. 
With 10mm offset, there is already a marked deterioration in the SCS identifications; and measurement 
truncation no longer plays a significant role, since results for 7 digit accuracy are neither better nor worse 
than those for 2 digit accuracy. Rather, in this RBFS, the SCS identification errors are assumed to be 
already dominated by errors induced by neglecting the curvature in the rotor centreline between the two 
transducer locations. The resultant force tabulations suggest that the SCS identifications obtained at 100, 
200 and 300 rad/s are the most correct ones, giving (on average) c2x = 28 μm, c3x = -132 μm, c2y = -1555 
μm and c3y = -1861 μm. The predicted unbalance response at bearing 4 (using an unbalance of 0.001 kg m 
at node 13) with this identified SCS (Model E) is seen in Fig. 7 to agree with the actual unbalance 
response (Model A). Fig. 8 shows the corresponding solution orbits at 600 rad/s. 
A 10 mm offset is rather fictitious and is included merely to illustrate the trends. A 40 mm offset is the 
smallest likely to be practically achievable. Averaging the SCS identifications for 200 and 300 rad/s yields 
c2x = -675 μm, c3x = -908 μm, c2y = -2645 μm and c3y = -3069 μm. As expected, the unbalance response at 
bearing 4 for this SCS (model G in Fig. 7) can be significantly erroneous. Similar unbalance response 
results pertain to rotor amplitudes at bearings 1, 2 and 3; and if unbalance is applied at node 5 rather than 
node 13. The errors in the identified SCS with even larger transducer offsets were so large for this RBFS 
that unbalance responses were not pursued. 
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4 Conclusions 

The accuracy of the mean bearing forces recovered from journal orbit measurement data via Reynolds           
equation can be very sensitive to the accuracy of this data. 
If Reynolds equation is used to evaluate the bearing reaction forces, errors incurred in measuring rotor 
motions at either side of each bearing can produce sufficiently large SCS identification errors as to result 
in significantly erroneous unbalance response predictions. These errors increase with transducer axial 
offset. 
Insofar as determination of the SCS relies on Reynolds equation for the mean bearing force evaluations, 
presently existing software is likely to be deficient in correctly predicting the system vibration behaviour. 
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Abstract 
Damping in the stator of a rotating machine is able to reduce the unbalance response, and increase the 
speed where the stability limit is reached. A convenient method to introduce damping is to support the 
bearings on viscoelastic elastomeric supports. This successfully adds damping but makes the analysis 
considerably more difficult. Viscoelastic materials have properties that depend on frequency and 
temperature. The determination of the run-up or run-down response of a linear machine at a constant 
temperature is quite straightforward based on measured material characteristics. However the introduction 
of transient and non-linear effects, temperature changes and model uncertainties makes the analysis 
difficult. This paper uses the internal variable approach to model the viscoelastic material for the transient 
and non-linear dynamic responses. For balancing, robust estimation methods are demonstrated to provide 
satisfactory balancing of the machine over a range of environmental conditions. Examples of flexible 
machines on rolling element bearings supported on elastomeric mounts are given. 
 
 

1 Introduction 
 
The steady state unbalance and the transient response of a machine depend not only on the unbalance 
force, but also on the stiffness and damping characteristics of the complete machine. Damping is able to 
improve the stability and transient behaviour, and elastomer supports are a cheap and convenient way of 
achieving this. The optimum parameters for such supports have been considered [1-4]. Bormann and 
Gasch [4] also included a frequency dependent elastomer modulus in their analysis. However the use of 
elastomers makes the analysis much more difficult. For example, the effects of temperature and material 
ageing make the standard methods of machine balancing ineffective, since either the influence coefficients 
or the modes change with time. The analysis of non-linear machines, for example those with cracks in the 
shaft, is often undertaken using the harmonic balance method. The frequency dependent modulus for the 
viscoelastic material cannot be included directly into this analysis, but may be included either by using 
internal variable models or changing the material modulus for different harmonics. This paper considers 
the analysis of a rotor on elastomeric supports and concentrates on the modelling of frequency and 
temperature dependent behaviour of the material. 
The damping model used is generalized from viscous to non-viscous. Adhikari and Woodhouse [5,6] 
presented a systematic study on the analysis and identification of damped mechanical systems, focused on 
non-viscously damped MDOF linear vibrating systems. Woodhouse [7] obtained approximate expressions 
for damped natural frequencies, complex modes and transfer functions for linear systems with light 
viscous and non-viscous damping. Bagley and Torvik [8,9] presented a finite element formulation and 
closed form solutions in the Laplace domain for the dynamics of damped bar and beam structures. They 
showed that the fractional derivative model has some attractive features, and that very few empirical 
parameters are required to model the viscoelastic material over a wide range frequency.  
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An alternative approach to modelling the dynamics of elastomers is to introduce additional co-ordinates to 
account for the frequency dependent and hysteretic behaviour. Motivated by the need to produce finite 
element models (FEMs) that are capable of predicting the dynamic response of a structure or component, 
Hughes and his co-workers [10,11] and Lesieutre and his co-workers [12-15] developed independent 
means of augmenting an FEM with new coordinates containing damping properties found from material 
loss factor curves. The GHM method [10,11] uses a second order physical co-ordinate system and the 
Lesieutre approach [12-15] uses a first order state space method called the Anelastic Displacement Fields 
(ADF) method. Both are superior to the Modal Strain Energy (MSE) method proposed by Rogers et al. 
[16]. While the MSE method is substantially easier to use, both the ADF and the GHM methods are more 
accurate. These two more complex approaches are able to account for damping effects over a range of 
frequencies, complex mode behavior, transient responses and both time and frequency domain modelling. 
Inman [17] applied the GHM approach to simple beams and Banks and Inman [18] provided an alternate 
time domain method for modelling hysteresis. Friswell et al.[19] consider the curve fitting required in the 
GHM approach. 
 

2 Modelling elastomer supports 
 
The modelling of the elastomer often uses internal variables to model the frequency dependence of the 
modulus. The approach starts with data for the experimentally obtained complex modulus or loss factor as 
a function of frequency. These data are available from manufacturers of viscoelastic material and are 
curve fitted by a rational polynomial. This rational polynomial, with coefficients reflecting the material 
properties of the test specimen, is next used to represent the Laplace Transform of the hysteretic stress-
strain relationship. The result is combined with the undamped model of the structure to produce a final 
model containing expanded co-ordinates and a damping matrix that captures the transient decay and 
complex mode behaviour of the machine with the viscoelastic components. 
The approach adopted here is the ADF approach incorporating temperature dependence [20-22]. For a 
grounded support modelled as a discrete generalised spring/damper the force displacement relationship is 

1 1
1

n n

i i i
i i

f k q k p∞ ∞
= =

⎛ ⎞
⎜ ⎟= − + α + α
⎜ ⎟
⎝ ⎠

∑ ∑                                                           (1) 

where 

0, for 1,i i ip p q i nτ + − = = …                                                            (2) 

where f is the force on the support, q is the displacement at the free end and the dot denotes differentiation 
with respect to time, t. The internal variables are given by ip . This model may be realised using discrete 
spring and dashpots as shown in Figure 1. The different formulations between the models of Brackbill et 
al. [21] and Silva et al. [22] arise because of the different (but equivalent) arrangement of springs and 
dashpots in the discrete analogy. 

The temperature dependence is modelled by multiplying the time by a shift factor, ( )Ta T , that depends 
on the temperature, T [20]. This is most easily achieved in the current model by multiplying the relaxation 
time constants, iτ , by the temperature shift factor [22]. Note that this assumes a uniform temperature 
within the elastomer. Thus Eq. (2) becomes 

( ) 0, for 1,T i i ia T p p q i nτ + − = = …                                                (3) 

For simplicity, the classical Arrhenius relationship for the shift factor will be used here and is 

( ) ( )01/ 1/T T
Ta T eµ −=                                                                  (4) 

where µ and 0T  are constants. However other models for the shift factor could also be used [20,22]. 
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Figure 1: The grounded support represented by discrete springs and dashpots 

 
The elastomer used in the examples will be ISD 112. Silva et al. [22] gives the basic properties, and those 
used here are shown in Table 1. The complex modulus is given from Eqs. (1) and (2) by 

( )
1

1
1

n
i

i
ii

sfG s k
q s∞

=

⎛ ⎞τ
⎜ ⎟= − = + α
⎜ ⎟τ +⎝ ⎠

∑                                                        (5) 

Figure 2 shows the storage and loss modulii (the real and imaginary part of Eq. (5) respectively) at 
temperatures of 290 K (the ambient temperature) and 320 K. These results are based on the Arrhenius shift 
factor given in Eq. (2) with 41.0789 10µ= × , and shown graphically in Figure 3. Notice that there is a 
significant change in stiffness (storage modulus) above 100 Hz, and this will be significant for high speed 
machines such as turbo molecular pumps. 
 

i iα  iτ  

1 4.8205x10-2 0.50628 
2 0.20956 5.0294x10-2 
3 0.85259 5.6718x10-3 
4 10.079 1.2373x10-4 
5 0.0100 1.0793x10-4 
6 3.1688 7.6231x10-4 
7 41.016 2.0641x10-5 
8 108.39 3.2959x10-6 
9 0.0100 1.2574x10-6 

10 328.09 5.0181x10-7 

Table 1: The viscoelastic material properties 
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Figure 2: The fitted storage and loss modulii of ISD 112 at temperatures of 290 K (solid) and 

320 K (dashed) 
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Figure 3: The Arrhenius shift factor, ( )Ta T  

 
The remaining part of the model concerns the thermal behaviour of the elastomer due to the energy 
dissipation. This is modelled as 

( ) 2

1

n

v T a i i i
i

c VT T T k p∞
=

+ κ − = α τ∑                                                      (6) 

where Tκ  is due to conduction from elastomer support to the surroundings based on ambient temperature, 

vc  is the heat capacity of the elastomer and V is the volume of the elastomer. Note that the thermal model 
is highly simplified and in reality there will be conduction within the body of the elastomer, temperature 
gradients, and finally heat loss to the surroundings at the boundaries. Some mechanism of heat loss is 
required, otherwise the temperature would rise without bound, and Eq. (6) should give a good first 
approximation to the thermal effect. 
For convenience in deriving the equations of motion for a rotating machine, it is useful to express the 
internal variables as a vector, [ ]1 2

T
np p p=p … . Equations (1), (3) and (6) then become, 

{ }
1

ˆ ˆ, where 1 and
n

T
i ii

i
f kq k k k∞ ∞

=

⎛ ⎞
⎜ ⎟= − + = + α = α
⎜ ⎟
⎝ ⎠

∑a p a                                (7) 
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( ) { }
1 2

1
11 1 1 1, where diag ,

1

n n
T n

q
a T

⎧ ⎫
⎪ ⎪⎛ ⎞⎡ ⎤ ⎪ ⎪= − = =⎜ ⎟ ⎨ ⎬⎢ ⎥⎜ ⎟τ τ τ⎣ ⎦ ⎪ ⎪⎝ ⎠
⎪ ⎪⎩ ⎭

p H o p H o                     (8) 

( ) [ ]( )1 1 2 2, where diagTT
a n n

v v

k
T T T

c V c V
∞κ

= − − + = α τ α τ α τp Rp R …                       (9) 

 

3 A generic rigid rotor model 
 
The formulation above has provided a simple model of an elastomer support. Assuming that the rotor is 
supported on rolling element bearings, that are in turn supported by the elastomer which is also grounded, 
then a simple model of the system is generated by supporting the translational degrees of freedom at the 
bearing in both lateral directions by the elastomer model. Extra mass may also be added at these degrees 
of freedom to account for the rolling element bearing mass, although for a rigid rotor the bearing mass 
may be included in the rotor mass and inertia properties. The approach will be demonstrated on a machine 
with a rigid rotor, although the extension to flexible rotors is straight-forward. 
Figure 4 shows a generic rigid rotor with two supports. The origin of the co-ordinates is taken to be the 
centre of gravity of the rotor. The positions of the bearings and supports are then taken to be a and b, and 
these can be negative for overhung rotors. The displacements at bearings 1 and 2 in the x and y directions 
are given by 

1

1

2

2

1 0 0
0 1 0
1 0 0
0 1 0

x

y
b

x

y

q u a a u
q v a a v
q u b b
q v b b

⎧ ⎫ − ψ −⎧ ⎫ ⎡ ⎤ ⎧ ⎫
⎪ ⎪ ⎪ ⎪ ⎢ ⎥ ⎪ ⎪+ θ⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎢ ⎥= = = =⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥+ ψ θ⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪ ⎪− θ − ψ⎩ ⎭ ⎣ ⎦ ⎩ ⎭⎩ ⎭

q Tu                              (10) 

where the bearing number and direction are given as subscripts to the displacement q. The generalized 
coordinates of the rotor are the displacement and rotation of the rotor at the centre of gravity shown in 
Figure 5, and are written as a vector, [ ]Tu v θ ψ=u . The transformation, T, is defined in Eq. (10). 

 

 
Figure 4: A rigid, axi-symmetric rotor on flexible supports 
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Figure 5: Free body diagram for a rigid rotor on flexible supports 

 
Figure 5 shows the free body diagram for the rotor. The equations of motion, including the gyroscopic 
effects, are then 

( ) ( )

( ) ( )

2
1 2

2
1 2

2
1 2

2
1 2

cos

sin

sin

cos

x x

y y

d p y y d p

d p x x d p

mu f f m t

mv f f m t

I I af bf I I t

I I af bf I I t

= − − + εΩ Ω

= − − + εΩ Ω

θ + Ωψ = − + − − βΩ Ω + γ

ψ − Ωθ = − + − βΩ Ω + γ

                                (11) 

where dI  and pI  are the diametral and polar moments of inertia of the rotor, Ω is the rotational speed, 
and the bearing number and direction are given as subscripts to the forces on the rotor from the bearing 
supports, f. Each of these four supports will have a model with internal variables equivalent to that 
described in Eqs. (1) and (2). For simplicity, each bearing support will have a single temperature, obtained 
by the addition of the thermal models in both directions for each bearing. The unbalance forces and 
moments are modelled as an offset between the centre line of the rotor and the centre of mass, ε, a skew 
angle, β, and a phase angle between the force and moment unbalance, γ. In practice the orientation of the 
rotor is determined by a marker on the shaft, and thus the phase of the unbalance force will not be zero, as 
given in Eq. (11). 
The resulting equations of motion are best written in state space form. Consider the case when only 
bearing 2 has an elastomer support (the case when bearing 1 also has an elastomer support is a straight-
forward extension). The support will also be assumed to be identical in the two lateral directions. Suppose 
that the temperature of the elastomer supports is fixed, then the state space equations are 

( ) ( )T t= +q A q w                                                                     (12) 

where 

2

2

x

y

⎧ ⎫
⎪ ⎪
⎪ ⎪= ⎨ ⎬
⎪ ⎪
⎪ ⎪⎩ ⎭

u
u

q
p
p

,    ( ) ( ) ( )

( ) ( )

2

2

2

2

cos

sin

1 sin

1 cos

0

p d

p d

t

t

I I t
t

I I t

⎧ ⎫εΩ Ω
⎪ ⎪
⎪ ⎪εΩ Ω
⎪ ⎪
⎪ ⎪− − βΩ Ω + γ

= ⎨ ⎬
⎪ ⎪− βΩ Ω + γ
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎩ ⎭

w ,                                (13) 
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( )
( ) ( )

( ) ( )

1 1 1 1
3 4

1 1
3

1 1
4

,
T T

T T

T T T T

T
na T a T
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I
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⎢ ⎥
⎢ ⎥
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G ,                                           (15) 

[ ][ ] [ ][ ]3 4 3 4 1 1 2 1 2
ˆ T TT Tk k= +K T e e e e T T e e e e T ,                                                    (16) 

1k  is the constant isotropic stiffness of bearing support 1, and ie  is the thi  column of the 4 4×  identity 
matrix. 
If the temperature of the support is fixed then the problem given by Eqs. (12) to (16) is a linear differential 
equation and is easily solved. The temperature variation can be included using Eq. (9). 
 

4 High speed vacuum pump example 
 
The modelling approach will be demonstrated on a highly simplified model of a high speed turbo 
molecular vacuum pump. Zang et al. [23] highlighted some of the difficulties in balancing these machines. 
Figure 6 shows a schematic of the rotor of a typical pump. The lower specification machines have rolling 
element bearings located on the left part of the shaft so that oil does not contaminate the low pressure 
flow. Thus the rotor has a very significant overhang producing a low first critical speed. Furthermore the 
high rotational speed produces significant gyroscopic effects. Higher specification machines have a 
magnetic bearing at the intake side of the rotor. 
 

 
Figure 6: A schematic of a typical turbo molecular pump showing the location of the bearings and the 

blades 
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The machine will be modelled as a rigid rotor, where the left bearing is isotropic with a constant stiffness 
and the right bearing has an elastomer support. The parameters of the machine are given in Table 2, and 
the support elastomer is assumed to be ISD 112 with the properties given in Table 1.  
 

a 0.1632 m  m 2.26 kg 

b -0.0612 m  dI  5.876x10-3 kgm2 

k∞  1 MN/m  pI  1.808x10-3 kgm2 

1k  4 MN/m  Ω 30000 rev/min 

Table 2: Parameters of the example machine 

 
As the temperature of the elastomeric support changes then so too will the eigenvalues (natural frequency 
and damping ratio) of the machine. Figure 7 shows the root locus and highlights that the temperature has a 
significant effect on the dynamics. Furthermore both the natural frequency and damping ratio are affected. 
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Figure 7: The root locus of the example machine at a rotational speed of 30000 rev/min as the support 

temperature changes 

 
Balancing of turbo molecular pumps is very difficult. The rotor may be balanced in a balancing machine 
in two planes. Once the pump is assembled only single plane balancing is practical due to the difficulty in 
access. Of course if the rotor is rigid, once the rotor is balanced in two planes then the machine response is 
small irrespective of the support dynamics. However to illustrate the potential problems due to the 
changing characteristics of the elastomer supports, the actual unbalance is assumed to occur at the centre 
of gravity position, and is equal to 0.2 mg m. The machine is then balanced at its running speed of 
30000 rev/min at the ambient temperature (290 K) using a single balance plane at the right end of the 
machine. The unbalance response at the right side of the machine is then calculated at higher temperatures, 
and this is shown in Figure 8. It is clear that the change in support conditions has a considerable impact on 
the unbalance response because of the changing dynamics of the whole machine. 
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Figure 8: The unbalance response magnitude of the ‘balanced’ rotor as the temperature changes 

 
The final example considers what happens when the machine is run-up to its operating speed. Initially the 
machine is at the ambient temperature, and the vibrations of the machine will cause heating of the 
elastomer supports. Figure 9 shows an ideal response at the right end of the rotor, generated by performing 
a run-up, while keeping the temperature of the supports at the ambient temperature. The rotational speed is 
run-up linearly from 1000 to 30000 rev/min over 100 s. Since the machine was balanced at a single plane 
at the running speed the unbalance response at low speeds is large, but the machine becomes balanced as 
the speed increases. 
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Figure 9: An ideal run-up response obtained by keeping the elastomer temperature fixed 

 
Suppose now that the thermal part of the model is included. Suitable parameters for this model are 
difficult to estimate as they depend critically on the design of the supporting structure. For illustration the 
parameters 0.005vc V =  and 6240 10Tκ −= ×  have been chosen. In numerical trials these values gives a 
reasonable rise in the temperature of the supports, although the results are very sensitive to these 
parameters. Figure 10 shows the response at the right end of the rotor during the run-up, and highlights 
that the machine is not balanced. Note that the simulation in Figure 10 is over a longer time period than 
that shown in Figure 9. Figure 11 shows the rise in temperature and also the rotational speed of the 
machine. Although the maximum response during the run-up is similar in Figures 9 and 10, the key 
difference is that when the temperature is fixed the machine is perfectly balanced when the running speed 
is reached, as shown in Figure 9. However if the elastomer temperature changes then the machine is never 
perfectly balanced, as shown in Figure 10. 
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If the running temperature of the machine could be estimated then the machine could be balanced at this 
temperature. However small changes in the ambient temperature or the support configuration may cause 
changes in this operational temperature that would significantly increase the response at the operational 
speed. In fact the situation is even more complex. The problem is highly non-linear, and the temperature 
of the supports also depends on the past history of vibration. Thus there can be multiple steady state 
solutions depending on how the machine was run-up. Balancing such systems will be very difficult. 
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Figure 10: The run-up response of the machine when the support temperature increases 
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Figure 11: The support temperature (solid) and the rotational speed (dashed) of the machine 

 

5 Conclusions 
 
This paper has investigated the effect of an elastomer support on the dynamics of a rotating machine. In 
particular the effect of the frequency and temperature dependent modulus has been demonstrated. 
Although the example was relatively simple a number of conclusions may be drawn. It was shown that the 
dynamic characteristics of a machine change significantly with temperature because of the changes in 
stiffness and damping characteristics of the elastomer. Accurate balancing of high speed machines on 
elastomer supports is difficult when the thermal environment is likely to change. Such a change may occur 
because of an uncertain ambient temperature or different vibration histories causing a variation in the 
energy dissipation and hence temperature in the elastomer. 
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Abstract 
A representative model of aero-engine test rig has been built, comprising the following basic components: 
rotor, shaft, casing, flexible support structure and bearing housings. One of the bearing housings is 
designed in such a way that the stiffness along one radial direction is adjustable, and can be set between 
linear and strongly nonlinear. In the latter case, it has the characteristic of snap-through springs, which is 
somewhat analogous to some magnetic bearing configurations. The adjustability of the bearing support 
stiffness makes it possible to study the dynamic properties of an engine rig with different boundary 
conditions. A notable aspect of this test rig is that all the major flexibilities in an operating aero-engine 
have been included, e.g. flexible support structure, casing etc. 
In the field of structural dynamics, mathematical models are widely used, especially at the design stage of 
a product when the effect of physical modifications on the total dynamic response of the structure is 
required before the real fabrication is carried out. In addition, highly accurate and efficient structural 
mathematical models are required for the emerging SMART machine concept, in which real-time machine 
diagnosis and prognosis methods demand fast and accurate decision-making based on the results of data 
processed using those models. The problem we are facing now is that, as the structure becomes more 
complicated, and consists of more segments and joints, many of which can be strongly nonlinear, the 
accuracy and efficiency of the mathematical model deteriorates rapidly due to the difficulties in modelling 
the joints and the nonlinearities existing in those joints. 
In this paper, a Frequency Response Function (FRF) coupling scheme, together with the Multi-Harmonic 
Balance Method (MHBM), is used to model the assembled test rig. The basic FRF coupling method has 
been well documented and its accuracy and efficiency in linear structure assemblies has been recognised 
in many papers and books. MHBM is widely used to solve nonlinear problems in the frequency domain. 
The advantage of this combined methodology is shown in the comparison between test and simulation 
results. 
 

1 Introduction 
In the field of structural modelling of rotating equipment, e.g. aircraft engine etc., many published works 
are interested in the critical speed, instability and vibration behaviours of the rotor due to mechanical 
unbalance or self-excited sources [1]. These dynamic characteristics of the rotor have been successfully 
analysed with those ever more powerful Finite Element (FE) packages and the theories behind them are 
well established[2, 3]. However, most of the researches simplified the analysis by ignoring the dynamic 
effect of the support structure, which may cause erroneous conclusions because the rotor is an integral part 
of a structural assembly and its vibration is certainly dependent on the dynamic interactions with the 
support structure; hence it is desirable to analyse the rotor and stator as a combined system. 
To obtain accurate mathematical representation of a structure and to achieve efficient process of the model 
are the targets in the research of structural dynamic modelling. The former is realised with the application 
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of FE analysis. The modelling and dynamic response prediction techniques for individual structural 
components have been well developed [4]. For structural assemblies with linear connections, accurate 
predictions can be achieved by increasing the complexity of the FE model without engaging new 
calculation algorithms. The efficient processing of these structure models is required when quick results 
are needed, e.g. when the structural model is used in real-time applications. And for linear structures, 
reliable model reduction methods like Guyan’s [5] and Craig-Bampton method[6] are well developed and 
sufficiently improved after many following up researches. 
However, if the structure is nonlinear, it is still a difficult task to achieve a balance between the accuracy 
and efficiency. Nonlinear structural dynamics are commonly dealt with via time domain integration. It 
does provide accurate predictions, but the application is restricted to models with few DOFs, which is not 
practical in real life applications. Frequency domain methods, most notably Harmonic Balance Method 
(HBM) [7-9], coupled with root-finding and continuation schemes, were developed based on the 
understanding that periodic excitation applied to a nonlinear dynamic system will induce steady state 
periodic response, so that the time-consuming transient vibration can be ignored from calculation. The 
efficiency can be further improved with the application of HMB when it is applied to structures with 
localised nonlinearity. This is indeed most common in real life, examples can be found in the rotor-stator 
contact problem [10], structures with friction contact interfaces [11-13], etc. 
In this paper, a rotating test rig which resembles an aircraft engine hanging from the wing is presented. It 
combines flexible linear components and a mechanically adjustable nonlinear bearing support. The design 
of the rig, especially the mechanically adjustable nonlinear bearing support, is first introduced, followed 
by theoretical presentation of the Multi-HMB (MHBM) method. Experiment results and comparison with 
calculated results are presented in section 4.  
 

2 Rig Design 
 

2.1 General 
 
Most of the studies, modelling and testing, of a rotating system make use of a bare shaft-rotor assembly, 
which is supported either flexibly or rigidly on a foundation. This configuration makes it easier to validate 
many theoretical formulations that have omitted the effect of dynamic interactions between the shaft-rotor 
and its support structure for convenience. It is more desirable to design a rotating test rig which resembles 
a real rotating system as work, upon which, more realistic modelling approaches can be validated. It is 
also desirable to include nonlinear features, which can be quantified easily, and the nonlinearity can be 
readily adjustable for a series of tests.  
A representative aero-engine test rig with adjustable nonlinear bearing support is designed and 
manufactured, which is shown schematically in Figure 2-1. It consists of a flexible cylindrical casing, 
shaft and centrally-located rotor. The shaft-rotor assembly is connected to the casing by two bearing 
supports. The front one is a nonlinear bearing support (NBS), which is designed to introduce localised 
nonlinearity, and the rear one is a linear bearing support (LBS). The whole assembly is attached to a 
flexible structural bar, which is fixed at its the other end to the ground via a strong support  frame. 
 

2.2 Design of Nonlinear Bearing Support 
 
As shown in Figure 2-1, the nonlinear bearing support is made of two parallel thin spring-steel plates 
which are clamped at the two ends and act as nonlinear springs. The bearing block is fixed at the mid-span 
of the two spring steel plates. This part of the NBS is then attached to the outer ring. When not stressed, 
the combination of the spring-steel plates and the bearing block acts as an asymmetric joint, with different 
linear stiffness in the vertical and horizontal directions: stiffer in the vertical and softer in the horizontal 
direction. Cubic stiffness nonlinearity will be present in the horizontal direction when the displacement is 
large. The spring-steel plates can be bent slightly by reducing the distance between the two fixing ends. 
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This is achieved by inserting shim plates between the rim and the fixing blocks. As a result of this 
arrangement the bearing support has a cubic nonlinear stiffness coupled with a negative linear stiffness. 
The number of shim plates inserted controls characteristics of the nonlinearity.  
 

Figure 2-1. A Schematic View of the Test Rig 

   
(a)      (b) 

Figure 2-2. Measurement Results of the Nonlinear Bearing Support 

The properties of the nonlinear support were measured by conducting a static test. In order to obtain the 
nonlinear characteristics of the spring-steel support, forces F1 and F2 were applied as shown in Figure 
2-2(a). The difference between F1 and F2 at every measurement point (different distance from the centre 
position) is the static force experienced by the nonlinear bearing block at the centre. The results of the 
measurements are shown in Figure 2-2(b), in which, the y-axis is the force and the x-axis is the 
displacement. The red circles are the measurement points, and the blue line is the best fitting curve, which 
can be mathematically expressed as: 3

1 3nF k x k x= − + . The stiffness parameters 1 3, 0k k >  were obtained 
by minimising the discrepancy between measured and approximated values. Point A in Figure 2-2(b) is 
the global centre and in this case is an unstable equilibrium point; B and C are two stable equilibrium 
points. 
A series of measurements were conducted with different thickness of shim plate insertions used. Figure 
2-3(a) shows the measured results, which include Case One – 0mm shim plate; Case Two – 0.2mm shim 
plate and Cast Three – 0.4mm shim plate. The shim plate insertion reduced the effective length of the 
spring steel plate. The plate will buckle at a critical point, and exhibit a unique unstable region around its 
global geometry centre. It is apparent that the extent of this unstable region depends on the amount of 

F1 F2 
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insertion plates used. With the change of insertion thickness, the stiffness changes from nearly linear to 
heavily nonlinear. 
The corresponding main harmonic frequency response functions, calculated based on a one DOF system 
with only the stiffness a variable, are plotted in Figure 2-3(b). It clearly shows that the dynamic property 
of the system, represented by FRF curves in this case, changes noticeably when different stiffness curve is 
used. The readiness to change the system’s dynamic properties by simply changing the number of 
insertion plate used is very attractive in the application of validating the robustness of various structural 
modelling schemes. 
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Figure 2-3. the measured F-X curves and the corresponding calculated FRF curves 
(in (a) Case One: -- -- --, Case Two: -- -- --, Case Three: -- -- --) 

Another attraction of this specific nonlinear bearing support design is that, the unique snap-through type of 
stiffness induces very rich nonlinear phenomenon to a structural system. Very detailed analysis has been 
reported in [14]. It is shown in that paper that a one DOF system with a snap-through type of stiffness can 
have different types of steady state responses even if the excitation is the same.  
 

3 Analysis Method 
 
Harmonic Balance Method is used in this paper to calculate the steady state response of the system. The 
fundamental condition for the applicability of the various types of Harmonic Balance Methods is that the 
steady-state response searched for a nonlinear system is periodic; hence, the forced response, nonlinear 
reaction and excitation forces can be expanded in a Fourier series. The nonlinear time-domain differential 
equation is then transformed into a set of non-linear algebraic equations formulated with respect to the 
harmonic coefficients of the forced response multi-harmonic expansion, which can be solved with 
different numerical iteration schemes. The analysis based on a spatial model is presented below [12]. 

 C( ) ( ) ( )Mu Cu Ku f+ ft t t+ + =  (3.1) 

In which M, C and K are the spatial matrices of the assembly; f is the external excitation and cyclic in 
nature with fundamental excitation frequency of ω; Cf is the internal nonlinear interaction force between 
different components. 
The response is expressed in harmonic terms, since it is assumed that the response is also periodic: 

 0 2 1 2
1

( ) cos sin )u U (U U
n

j j j j
j

t m t m tω ω−
=

= + +∑  (3.2) 
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Where U j  (j = 1, …, 2n) are vectors of harmonic coefficients for system DOFs; jm (j=1, …, n) are 
specific harmonics that are kept in the displacement expansion in addition to the constant component. f  
and Cf  can also be represent with their corresponding harmonic terms: 

 0 2 1 2
1

( ) cos sin )f F (F F
n

j j j j
j

t m t m tω ω−
=

= + +∑  (3.3) 

 ( )C C 0 C 2 1 2
1

( ) cos sinf F F F
n

j j C j j
j

t m t m tω ω−
=

= + +∑  (3.4) 

Substitute (3.2) - (3.4) into (3.1), and balance every harmonic term, we will have a group of nonlinear 
algebraic equations with all the unknown harmonic coefficients, expressed as: 

 ( ) ( ) ( )C- - 0R U Z U F F Uω= =  (3.5) 

Where { }1 2 2 -1 2, , , ,U= U U U U T
n n is a vector of harmonic coefficients for system DOFs; ( )C F U is a 

vector of nonlinear forces at the interface of connecting components. ( )Z ω is the dynamic stiffness 
matrix of the linear part of the combined system, constructed for all harmonic components as: 
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2
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⎢ ⎥
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⎢ ⎥

− −⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥

− −⎢ ⎥⎣ ⎦

 (3.6) 

Equation (3.5) represents a set of nonlinear equations with respect to U, and the purpose is to find U at 
every frequency point of interest. One of the most efficient methods for solution of a set of nonlinear 
algebraic equations is the Newton-Raphson method which possesses quadratic convergence when an 
approximation is close enough to the solution. The iteration is conducted with the following formula at 
every frequency point: 

 ( )
1( )

( 1) ( ) ( )RU U R U
U

k
k k k

−

+ ⎛ ⎞∂
= − ⎜ ⎟∂⎝ ⎠

 (3.7) 

The superscript (k) indicates the number of the current iteration. Performing differentiation of equation 
(3.5) with respect to U, the recurrence formula can be rewritten in the form: 

 ( ) ( ) ( )
1( )

C( 1) ( ) ( )
F U

U U Z R U
U

k
k k kω

−

+
⎛ ⎞∂
⎜ ⎟= − +
⎜ ⎟∂⎝ ⎠

 (3.8) 

The above derivation of the system response using Multi-HBM is based on the spatial matrices. Petrov 
[13] has developed a new method which makes use of the response model instead, while the fundamental 
concept is the same. It hugely reduces the calculation time and maintains the accuracy. A computer code: 
Forced Response Suite (FORSE) [15] based on the above paper was employed in this study. The required 
data are the eigen-solutions of the linear system and the spatial description of the nonlinear connection.  
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4 Numerical Studies and Comparison with Experiment 
 
4.1 FE modelling and Multi-HBM Calculation 

 
The whole test rig is divided into three parts, shaft-rotor, stator and joint, as shown in Figure 4-1. The 
shaft-rotor and stator are linear structures and can be modelled and processed correctly and efficiently 
with Finite Element method. To ensure that the dynamic properties of the components are accurately 
represented, modal testing [16] was performed, and the testing results were compare with FE simulation. 
This is extremely important because the components are integral parts of the whole assembly, and 
mistakes or inaccuracies made at the component level will guarantee a faulty assembly model. In case of 
mismatch between the test and FE model simulation, relevant model updating schemes should be carried 
out to make adjustment on the FE models. 

Figure 4-1. FE model of the test rig and its components 

The shaft-rotor and stator are connected by spring elements klx, kly, knx and kny. The former two link the 
shaft to the linear bearing support, while the latter two connect the shaft to the nonlinear bearing support. 
It is assumed that klx=kly=kny=∞, which means the connections are rigid. knx represents the joint with 
adjustable stiffness, and in this particular example it follows the curve of Case Two in Figure 2-3(a). 
The bearing block of the nonlinear bearing support rests at one of its two global equilibrium points when 
not in motion. If the external excitation is relatively weak, the response will be confined at around the 
equilibrium point. In this case, the nonlinear bearing support resembles a second order stiffness 2

2nF k x=  
in the horizontal direction.  This phenomenon was observed in the subsequent experiment. 
To prepare for the input data of FORSE, eigen-solutions of both linear components were calculated using 
the FE models. Only the eigen-solutions at those connecting DOFs, external excitation point and response 
point were gather for Multi-HBM calculation, which effectively reduced the size of the model from 
30,000+DOFs to a handful DOFs. In the following presented result, only the main harmonic term was 
used in the Multi-HBM calculation, hence it is possible to compare Frequency Response Function plot 
with the experiment data. 
As shown in Figure 4-1, the periodic excitation was applied on the casing and pointed along the horizontal 
direction. The response was measured on the nonlinear bearing support. Constant excitation forces 1N, 
2N, 3N and 4N were assigned. The resultant FRFs is plotted in Figure 4-2. The mode at 27Hz is 
prominently affected by the nonlinearity. The FRF curves bend towards lower frequency as the excitation 
force increases. This manifests a weakened stiffness, and matches well with the observation that at these 
excitation levels, the nonlinear bearing block’s motion is restricted to around one of its equilibrium point 
and the local restoring force follows a 2nd order stiffness pattern. The red-dotted line in the same plot is 
derived from a direct FRF calculation using eigen-solution from the assembly FE model, with the 
assumption that at the proximity of the global equilibrium point, the stiffness can be considered linear. The 
mode at 75Hz is not affected much by the nonlinearity. It is observed in the FE simulation that this is the 
torsional mode of the nonlinear bearing block around the axis. 
 

kly 

klx

knx 

kny 
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Figure 4-2. Frequency Response Function based on Multi-HBM calculation 

 
4.2 Comparison with Experiment  

 
The experiment was carried out with a step-sine dynamic test. The excitation and response points were the 
same as marked in Figure 4-1. Excitation force was generated by an electromagnetic shaker and measured 
by a force transducer sandwiched between the structure and the shaker’s pushrod. The response was 
measured with an accelerometer attached to the nonlinear bearing block. A force-control algorithm was 
developed in the LabView operating environment It ensured that constant excitation force was applied to 
the structure at every excitation frequency point. With this special treatment, the experiment resembles the 
Multi-HBM calculation, in which the excitation level is always a constant across the frequency range of 
interest; hence it is possible to judge whether the multi-HBM calculation can indeed produce results 
accurately.  

Figure 4-3. Frequency Response Function comparison between the experiment and Multi-HBM 
calculation 
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According to Figure 4-2, the mode at 27Hz is affected by the nonlinearity, so nonlinear dynamic test was 
concentrated only on this region. Three test runs have been carried out with constant excitation forces at 
2N, 3N and 4N. The excitation frequency started from 23H to 28Hz with a step size of 0.03Hz. The test 
results are plotted in Figure 4-3, together with the corresponding predicted FRF curves from Multi-HBM 
calculation. Some of the major observations are: 

• The general trend of the nonlinear FRF matches well between the test and simulation. As the external 
excitation force level increased, the FRF curves bended over further to the left-hand side; 

• The Multi-HBM calculation includes both stable and unstable solutions, while those unstable solutions 
(those over-hang part of the FRF curve) couldn’t be measured in the experiment. During the test, a 
‘jump’ phenomenon was observed. Upon reaching the frequency point where stable and unstable FRF 
curves meet, the vibration amplitude would change abruptly, and ‘jump’ from one stable FRF curve to 
another. 

 

5 Conclusions 
 
A representative aero-engine test rig with mechanically adjustable nonlinear bearing support has been 
designed and manufactured. Its main purpose is to study the dynamic properties of an engine rig with 
different boundary conditions applied, and it is also to be used as a platform, upon which structural 
dynamic modelling methods are validated. A notable aspect of this test rig is that all the major flexibilities 
in an operating aero-engine have been included, e.g. flexible support structure, casing etc. 
A Multi-Harmonic Balance Method is introduced in this paper. Through simulation and comparison with 
experiment, it is evident that Multi-HBM, coupled with Finite Element calculation at component level, can 
accurately and efficiently deal with structural assemblies with localised nonlinearity in frequency domain.  
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Abstract 
As the horizontal axis wind turbines are getting larger, their dynamic behavior is becoming more 
important. Dynamic analysis gives a knowledge how to improve efficiency and safety also in small wind 
turbines. This article describes FEM model of upwind, three-bladed wind turbine. Geometry of each 
component is generated separately and then assembled together by transformation matrices. Material 
of the blades is composite, the tower is assumed to be made of steel. The blades are modeled by shell 
elements. The model takes into account aerodynamic load of blades and tower, inertia forces due 
to rotation of the rotor. The aerodynamic loads, calculated according to the modified Blade Element 
Momentum theory are attached to aerodynamic centers. The  model is ready to be used in transient 
analysis  and also for investigation of material and geometric modification.  The transient analysis 
contains calculation of deflection and stress distribution in the wind turbine. 
 
 

1 Introduction 
 

The aerodynamic profiles of WT blades have crucial influence on aerodynamic efficiency of the 
turbine. However when blades are longer than 45 meters the dynamic behaviour of the blade must be also 
taken into account. The amount of power increases due to enlarging the size of wind turbines. By using the 
pitch regulation the dynamic stall effect is avoided and blades are more slender and flexible. The 
interaction between aerodynamics and structural dynamics is becoming more important. In this article 
there will be presented the procedure of designing the blade of 45 meters length for three bladed, upwind 
pitch regulated wind turbine. Geometric model of the blade is done in Matlab and transferred to MSC 
Nastran. MSC Patran is used as preprocessor and postprocessor to review the model and the results from 
finite element method analysis. The blade and the rotor with marked shear, gravity and aerodynamic are 
presented. As the rotor of wind turbine there are modeled three blades with mass of the hub. This rotor 
is connected by rigid body element with the tower of the wind turbine. The aerodynamic forces as the 
output from modified Blade Element Momentum method are presented. The structural model of the wind 
turbine with marked tangential and normal forces visualize the way of connection the aerodynamic forces 
to the structural dynamics of the wind turbine. The results of the analysis with the help of MSC Nastran 
for one load case will be presented. 
According to the literature [9] the vibration of a spinning body is going to change the direction of the 
centrifugal forces, which will tend to destabilize the structure. Happily when is done static or full transient 
analysis, this effect is taken into account by using large deflections option. Spin softening is intended for 
use only with modal analysis. 
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2 Model of the blade 
 
To design the 45 meters long blade for three bladed, upwind pitch regulated wind turbine will be used 
various aerofoils, thick at the root and more narrow at the tip. The aerodynamic profiles used to create the 
blade are FFA-W3-xxx and RIS∅ series. They have different thickness/chord ratios and aerodynamic 
properties. 
Using the aerodynamic relations to design the blade [1], we receive the following distribution of the pitch 
angle. 
 

 
Fig. 1. The optimum pitch angle 

 
When we use calculated pitch angle distribution the maximum chord length will be about 8 meters. 
 

 
Fig. 2. The distribution of optimum chord 

 
Changing of the pitch angle is used to control the power received from wind in pitch regulated wind 
turbines. Then is obtained a global pitch angle as a summary of two angles, twist and pitch angle: 
 

 ~opt glob twist pitch angleθ θ= ≈ +   (1) 
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The twist angle is the structural parameter of the blade, changing along the blade. The pitch angle 
is aerodynamic parameter and is constant along the whole blade. 
In pitch regulated wind turbines the twist at the end of the blade is equal to zero. The value of the pitch 
angle will be decreased and presented as the twist distribution along the blade. 
 

 
Fig. 3. The distribution of twist angle 

 
When taking into account the twist angle it will result in decreasing the length of the chord along the 
blade. 
 

 
Fig. 4. The distribution of modified optimum chord 

 
In the process of designing will be used the maximum chord length 4 m on the blade at r=10 m. 
Taking into account that at the tip of the blade strong aerodynamic loads are working, the chord will 
be decreased from 4meters at the 10th m. to 1 meter at the 40th m. This assumption is preliminary, eventual 
corrections will be done to withstand stress demands. 
The thickness/chord ratio depends on used aerodynamic profiles. Near the root of the blade there are used 
circular profiles with t/c ratio equal to 100%, smoothly decreasing to the 14% on the tip of the blade. 
In our consideration the blade was divided to 23 stations and for each of them aerodynamic profiles 
assumed.  
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According to [5] the blade is to be twisted around the elastic axis. In aeroplanes the position and the order 
of centers are different than in blades of wind turbines. 
According to [7] on the left there are elastic centers, gravity centers and aerodynamic centers. In modern 
wind turbines the elastic center is between gravity and aerodynamic center.  
On the model of the blade presented below there are marked three lines, green are aerodynamic centers, 
red are elastic centers and yellow are gravity centers. 
 

 
Fig. 5. The model of blade with shear, aerodynamic and gravity centers 

 
 
3 Model of the wind turbine 

 
 

To create the geometrical model of the wind turbine we use the transformation vectors and rotation 
matrices around the x, y, z axis. This matrices are included in transformation matrices.  
Rotation matrices around x, y and z axes are as follows: 
 

 
1 0 0

_ 0 cos( ) sin(
0 sin( ) cos( )

T rotx )θ θ
θ θ

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥−⎣ ⎦

 (2) 

 

cos( ) 0 sin( )
_ 0 1 0

sin( ) 0 cos( )
T roty

θ θ

θ θ

−⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

 (3) 

 

cos( ) sin( ) 0
_ sin( ) cos( )

0 0
T rotz

θ θ
θ θ 0

1

⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥⎣ ⎦

 (4) 

 
The translation vectors are the following: 

 _
x

T trans y
z

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

 (5) 

 

3656 PROCEEDINGS OF ISMA2006



if r=[x,y,z]T and r0=[x0,y0,z0]T ,than  
 

 4:
1
r

x R⎡ ⎤
= ∈⎢ ⎥
⎣ ⎦

 0 4
0 :

1
r

x R⎡ ⎤
= ∈⎢ ⎥
⎣ ⎦

 (6) 

 
Transformation matrix has the following shape: 
 

 0_
000 000 1

rotation matrix translation vector T rot r
T

scale factor
⎡ ⎤ ⎡ ⎤

= ⎢ =⎥ ⎢ ⎥
⎣ ⎦⎣ ⎦

 (7) 

 
Using transformation matrices we have the following equation: 
 
 0x T x= ⋅  (8) 

 
In equation x means the coordinates of the blade. Using the transformation matrices T the local coordinate 
systems are created. Blade coordinates are transferred to three different local coordinate systems and the 
position of each blade x0 is calculated. 
 The coordinate system used in the analysed wind turbine is DS 472, more information can be found 
in [5]. 

 
 
The picture below presents the model generated from Matlab to MSC Nastran with the use 
of transformation matrices and local system coordinates. The model is viewed in MSC Patran. 

 

 
Fig. 6. The model of the wind turbine as shell elements 

 
Because of lack of data about main shaft properties the rotor is connected to the tower by rigid body 
element.  
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4 Material of the blade 
 
The considered blade is made of composite materials containing more than one bonded material, each with 
different structural properties. One of the materials, called the reinforcing phase, is in the form of fibers, 
sheets, or particles, and is embedded in the other material of the matrix phase. Typically, reinforcing 
materials are strong with low densities while the matrix is usually a ductile, or tough, material. If the 
composite is designed and fabricated correctly, it combines the strength of the reinforcement with the 
toughness of the matrix to achieve a combination of desirable properties not available in any single 
conventional material [8]. 
 The main advantage of composite materials is the potential for a high ratio of stiffness to weight. 
Composites used for typical engineering applications are advanced fiber or laminated composites, such 
as fiberglass, glass epoxy, graphite epoxy, and boron epoxy. Composites are somewhat more difficult 
to model than an isotropic material such as iron or steel [6]. The special care must be taken in defining the 
properties and orientations of the various layers since each layer may have different orthotropic material 
properties. In our consideration were used composite with 93 layers. 

 

 
Fig. 7. Laminate material, composite with 93 layers 

 

5 Implementation of the aerodynamic loads to structural model 
 
In our research the aerodynamic analysis is based on modified BEM (Blade Element Momentum) theory 
described in [4] [5]  and [1]. 
 

 
Fig. 8. The location of the shear, gravity and aerodynamic centers 
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As can be seen in Fig. 8. in aerodynamic center there are working aerodynamic loads:  
• tangential aerodynamic loads FT 
• normal aerodynamic loads FN 
 

Also the aerodynamic damping according to [7] is working directly in aerodynamic center. In the gravity 
center the gravity forces are working but also inertial loads, which are the results of rotation of the blade 
has to be mentioned. The elastic axis is the axis about which the aerodynamic profiles are twisted. The 
elastic axis is created from elastic centers of cross sections.  
 
To connect aerodynamic centers modeled by additional nodes with composite walls of blades and tower 
are used MPC elements, rigid body elements type 2. 
RBE2 defines a rigid body with independent degrees of freedom that are specified at a single grid point 
and with dependent degrees of freedom that are specified at an arbitrary number of grid points. In this way 
are connected the same components of several grid points together [10]. 
 

 
Fig. 9. RBE2 elements  in model of wind turbine  

 
As it was mentioned earlier in our research [3 ], , the aerodynamic analysis is based on modified BEM 
(Blade Element Momentum) theory. Connection between aerodynamic model and structural model 
is made in input file to MSC Nastran, aerodynamic forces are expressed as normal and tangential forces. 
By using tangential and normal forces and having adequate local coordinate systems the influence of the 
structural dynamics on the aerodynamic model will be investigated. 
 

 
Fig. 10. The aerodynamic loads marked on the wind turbine in MSC Patran 
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6 Numerical calculation results 
 

Transient analysis is made for pitch angle of blades from -10 to 28 [deg], with the wind velocity  

14 [m/s] as presented on Fig. 11. Angular velocity of the rotor is 
0V

11,69 [ ]rad sω −= ⋅ . On fig. 12. and 
fig. 13. are presented tangential and normal aerodynamic forces distribution.  
 

• the pitch angle from –10 to 28 [deg] 
• the wind velocity 14 [m/s] 

• angular velocity of the rotor ω=1,69 [rad/s]  
 

 
 Fig. 11. The pitch angle distribution               Fig. 12.The tangential aerodynamic forces distribution  

 

  
Fig. 13. Wind turbine with marked nodes  Fig. 14. The normal aerodynamic forces distribution 
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Below are presented deflections of blade’s tips and deflection of the top of tower. 
 

 
Fig. 15. The deflection of the blade’s tip no. 1, time 26 [s] 

 

 
Fig. 16. The deflection of the blade’s tip no. 2, time 26 [s] 

 
 

 
Fig. 17. The deflection of the blade’s tip no. 3, time 26 [s] 
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Fig. 18. The deflection on the top of tower, time 26 [s] 

 

 
Fig. 19. Stress Tensor in model of wind turbine 

 
The aerodynamic profiles decide about the aerodynamic characteristic of the blade. The position and 
shape of spars have to be considered and analysed. In the article [2] is mentioned that the location of the 
main spar together with the location of the webs will have the biggest influence on the bending modes 
of the blade and aerodynamic damping. 
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7 Conclusion 
 
In this article is presented the procedure of designing the blade, assembling the wind turbine’s rotor and 
attaching to the tower by using rigid body elements. The procedure of implementing the aerodynamic 
loads to the structural model of the wind turbine’s rotor was also described. As a result a deflection of the 
wind turbine was received.  
The developed numerical model of the wind turbine blade are of general nature. Various blade models can 
be created by means of an Matlab function file; thicknesses and main dimensions of the model blade can 
be varied. 
Influence of changing the pitch angle of blades agreed with expectation. In the lower pitch angle the tips 
of blades are deflecting in direction with the wind. It is an effect of lower inertial forces and higher normal 
aerodynamic forces. Above the specified pitch angle the deflection of the blades is in opposite direction 
to the wind. This is a sign that the aerodynamic loads are lower than inertial forces in rotating blades. 
Implementation of aerodynamic damping in dynamic analysis of blade and wind turbine would be needed 
to describe behaviour of the wind turbine more strictly. 
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Abstract
This article demonstrates the application of a generic methodology, based on the flexible multibody
simulation technique, for the dynamic analysis of a wind turbine and its drive train, including a gearbox. The
analysis of the complete wind turbine is limited up to 10 Hz, whereas the study of the drive train includes
frequencies up to 1500 Hz. Both studies include a normal modes analysis. The analysis of the drive train
includes additionally a response calculation for an excitation from the meshing gears, a Campbell analysis
for the identification of possible resonance behaviour and a simulation of a transient load case, which occurs
as a sudden torque variation caused by a disturbance in the electrical grid.

1 Introduction

During the last decades, the interest for using renewable energy sources for electricity generation increased [1].
One of its results is a boom in the wind turbine industry since ten years. Figure 1 shows how the global in-
stalled wind power capacity reached 59.3 GW at the end of 2005, of which about 20% had been installed
in that year. This rapid growth is expected to continue in the coming years and to drive new technological
improvements to further increase the capacity and reduce the cost of wind turbines.

In their design calculations, the wind turbine manufacturers use dedicated software codes to simulate the
load levels and variations on all components in their machines. Peeters [3] gives an overview of the existing
traditional simulation codes. He concludes that the concept of the structural model of a wind turbine in all
these codes is more or less similar and that the behaviour of the complete drive train (from rotor hub to gener-
ator) is typically represented by only one degree of freedom (DOF). This DOF represents the rotation of the
generator and, consequently, the torsion in the drive train. Peeters describes additionally the consequences
of using this limited structural model for the simulation of drive train loads. The output of the traditional
simulations lacks insight in the dynamic behaviour of the internal drive train components. De Vries [4] also
raises the lack of insight in local loads and stresses in a drive train and the insufficient understanding of the
design loads. He relates furthermore a series of gearbox failures in wind turbines to these consequences
of simulating with a limited structural model. More insight can be gained from a more detailed simulation
approach. Peeters [3] presents a generic methodology for this, which is based on three multibody system
(MBS) modelling approaches.
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Figure 1: The evolution of the global cumulative installed wind power capacity from 1995 to 2005 [2].

The first approach is limited to the analysis of torsional vibrations only. The second technique offers a
more realistic representation of the bearings and the gears in the drive train and its generic implementation
can be used for both helical and spur gears in parallel and planetary gear stages. The third method is the
extension to a flexible MBS analysis, which yields information about the elastic deformation of the drive
train components in addition to their large overall rigid-body motion. The implementation of the different
models was done in LMS DADS Revision 9.6 [5] (DADS). This article presents an application of the second
and third technique for the analysis of a drive train in a wind turbine. This example includes:

• a normal modes analysis for the determination of eigenmodes and eigenfrequencies (1) of the wind
turbine and (2) in the drive train

• a response calculation for an excitation from the meshing gears

• a Campbell analysis for the identification of possible resonance behaviour

• a simulation of a transient load case

2 Drive train layout and model implementation

Figure 2 shows the wind turbine for the present application. It is a generic example of which the results are
representative for a modern wind turbine with a gearbox. The drive train has one main bearing integrated in
the gearbox carrying the wind turbine rotor. The generator is a doubly fed induction generator (DFIG) and
the gearbox design is a combination of two planetary stages with one high speed parallel stage. The wind
turbine rotor is connected to the planet carrier of the first planetary stage. This stage has spur gears and its
ring wheel is fixed in the gearbox housing. This housing is assumed to be rigid as well as its connection to
the bed plate. This latter frame supports also the generator and rests on the yaw bearing, which connects
the complete nacelle with the tower. The second gear stage in the gearbox is a helical planetary stage. Its
planet carrier is driven by the sun of the first stage and its ring wheel is also fixed in the gearbox housing.
The sun of this stage drives the gear of the third stage, which is a parallel stage with helical gears. The

3666 PROCEEDINGS OF ISMA2006



pinion of this stage rotates at the speed of the generator. A brake disk is mounted on this output shaft and a
flexible coupling connects it with the input shaft of the generator. Since only the parallel gear stage causes
a change in the direction of rotation, the high speed pinion and the generator rotate in the opposite direction
of the rotor. The reaction torque of the gearbox on the bed plate is therefore slightly larger than the input
torque. This torque acts in the same direction as the rotation of the rotor, which is clockwise when looking
at the wind turbine in the direction of the wind. The torque on the generator support acts in the other direction.

rotor hub
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Figure 2: Simplified representation of the three bladed wind turbine with a zoom on its drive train.

The model of the wind turbine consists of:

1. a model of the gearbox, which is a system of rigid bodies with six DOFs per body: the formulations
for the gear contacts and the bearings are based on a synthesis of the work of Kahraman [6] and of Lin
and Parker [7];

2. a brake disk, which is modelled as an additional body clamped on the pinion;

3. a flexible coupling between the high speed shaft of the gearbox and the generator, which is considered
as very flexible in all directions, except for its torsional deformation and, therefore, it is modelled as a
torsional spring;

4. a rigid body with only one rotational DOF to represent the generator: the generator is furthermore free
to rotate;
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5. a model of the rotor and the tower, which differs depending on the frequency range of the analysis (cfr.
below).

1. [ 0 - 10 Hz]
For the calculation of the wind turbine’s response in a frequency range up to 10 Hz, which is typically
the limit in the traditional simulations, it is necessary to include a realistic representation of the struc-
tural properties of the rotor and the tower. This is done by using a flexible multibody approach for
these bodies. Both the rotor and the tower have six rigid-body DOFs and, furthermore, an extra set of
DOFs to represent the internal deformations of these components. The latter DOFs of the so-called
flexible bodies are derived from an FE model of the rotor and the tower respectively, using the CMS
technique [8, 9]. The set of component modes is composed such that it accurately represents the dy-
namic behaviour of the individual components up to 10 Hz. This requires a consideration of four pairs
of normal bending modes for each blade and the first ten normal modes of the tower. The remainder
of this article describes the results of a normal modes analysis for this model.

2. [ 10 - 1500 Hz]
The analysis of the drive train loads in a frequency range up to 1.5 kHz1 requires - in theory - the
consideration of all rotor and tower modes up to approximately 3 kHz. However, since this is an im-
practicable task and since both the rotor and the tower have more than ten modes below this frequency
range, it is assumed that they will act as a large inertia with respect to an excitation at higher frequen-
cies. Therefore, instead of adding two flexible bodies for the rotor and the tower, only one rigid body
with six DOFs is included to represent the large inertia of the rotor. The tower is considered as a rigid
ground, which supports the gearbox and the generator. This implies no need for an additional body to
represent the tower. The remainder of this article describes three types of analysis for this model: a
normal modes analysis, a frequency response analysis and a transient load simulation.

3 Discussion of the analyses

3.1 Low frequency range: [ 0 - 10 Hz]

Table 1 summarises the normal modes calculated for the flexible multibody model of the wind turbine in
the frequency range [ 0 - 10 Hz]. These results correspond to the typical results, which can be calculated
in a traditional wind turbine simulation code. The 8th, 14th and 23rd mode are the respective rotor torsion
modes or drive train modes. These modes have the biggest influence on the torque in the drive train and are
determined by a combined effect of the following parameters, as demonstrated by Peeters [3]:

1. the (distributed) rotor inertia and flexibility (including the pitch angle and rotor position)

2. the drive train stiffness

3. the generator inertia

4. the coupling between the drive train and the tower top (e.g. the gearbox support and the generator
characteristic)

5. the (distributed) tower inertia and flexibility

1This work focusses on a range up to 1.5 kHz, which is considered to be more than sufficient, since 1 kHz is generally the
maximum for the gear mesh excitation frequencies.
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No. Description Eigenfrequency (Hz)
0 rigid-body mode (drive train rotation) 0
1 1st tower longitudinal 0.33
2 1st tower transversal 0.34
3 1st asymmetric rotor flap/yaw (A) 1.03
4 1st asymmetric rotor flap/tilt (B) 1.11
5 1st symmetric rotor flap (C) 1.17
6 1st asymmetric rotor edge (B) 1.49
7 1st asymmetric rotor edge (C) 1.50
8 1st rotor torsion (A) 2.03
9 2nd asymmetric rotor flap/tilt + 2nd tower bending 2.45
10 2nd asymmetric rotor flap/yaw + 2nd tower bending 2.53
11 2nd asymmetric rotor flap/yaw + 1st tower torsion 2.70
12 2nd symmetric rotor flap 3.10
13 2nd asymmetric rotor flap/tilt 3.18
14 2nd rotor torsion 4.42
15 2nd asymmetric rotor edge (B) 4.44
16 2nd asymmetric rotor edge (C) 4.46
17 3rd asymmetric rotor flap/yaw + tower torsion 4.88
18 3rd asymmetric rotor flap/tilt 5.63
19 3rd symmetric rotor flap 6.10
20 3rd asymmetric rotor flap/yaw + 3rd tower bending 6.87
21 3rd asymmetric rotor flap/tilt + 3rd tower bending 6.90
22 3rd asymmetric rotor flap/yaw + 2nd tower torsion 7.67
23 3rd rotor torsion 8.71
24 3rd asymmetric rotor edge (B) 9.28
25 3rd asymmetric rotor edge (C) 9.55
26 4th asymmetric rotor flap/yaw 9.74
27 4th symmetric rotor flap 10.1
28 4th asymmetric rotor flap/tilt 10.3

Table 1: Results of a normal modes analysis of the wind turbine model with one blade in horizontal position,
all blades pitched for normal operation and a pinned generator (= free to rotate).

3.2 Medium frequency range: [ 10 - 1500 Hz]

3.2.1 Normal modes analysis

Table 2 shows the eigenfrequencies calculated for the rigid multibody model of the wind turbine in the
frequency range [ 10 - 1500 Hz]. The eigenfrequencies are classified according to the location of the nodes
in the corresponding mode shapes and, additionally, for the planetary stages according to their type. The
types of eigenmodes in the planetary stages are [7]:

• rotational modes: the corresponding mode shapes have pure rotation of the carrier, ring and sun and
all planets have the same motion in phase.

• translational modes: the corresponding mode shapes have pure translation of the carrier, ring and sun.

• out-of-plane modes: the corresponding mode shapes have an out-of-plane component in translation
and/or rotation of the carrier, ring, sun and/or planets.
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No. Global mode
1 0
2 5.6

3,4 32
5 68

38,39 1033
44 1506
45 1527
51 2390
52 2396
53 2560

No. Parallel stage
17 346
18 406
19 409
21 430
25 562
32 750
33 832
43 1238
50 1731

No. High speed planetary stage
Rotational Translational Out-of-plane

mode mode mode
(m=1) (m=2)

6 81
7 140

14 302
23,24 527

25 568
27 630
34 864
40 1093
42 1151
46 1558
48 1564
54 3048

55,56 3054
57 3066

58,59 3123

No. Low speed planetary stage
Rotational Trans- Out-of-plane

mode lational mode
(m=1) mode

(m=2)
9 205

11,12,13 227
15 305
20 423
22 513
29 660
31 731
35 1003
37 1011
49 1640

Table 2: Eigenfrequencies (Hz) of the rigid multibody model of the wind turbine in the frequency range [ 0
- 1500 Hz] (“m” denotes the multiplicity of the modes in the planetary stages).

The category of global modes are those modes, for which the deformation cannot be attributed to a single
gear stage:

• The global mode at 5.6 Hz corresponds to a torsional deformation of the drive train or a so-called drive
train mode. However, as discussed in section 3.1, it is inaccurate to calculate such modes without the
consideration of the rotor flexibility. Therefore, this mode is not considered as a relevant result.

• The double mode at 32 Hz corresponds to a tilting motion of the rotor in the main bearing. Again,
an omission of the rotor flexibility for the calculation of this mode is inaccurate, since the flapwise
rotor modes have a determining influence. Consequently, also this double mode is not considered as a
relevant result.

• The global mode no. 5 at 68 Hz corresponds to the torsional deformation of the flexible coupling. This
is the first relevant internal eigenmode for this particular drive train. Therefore, in the remainder of
this text, it is considered to be sufficient to focus in the frequency response analyses on a frequency
range starting from 50 Hz.
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• The out-of-plane modes in the low speed planetary stage (at 227 Hz and 443 Hz) are further not
considered to be relevant, since they cannot be excited by lack of axial forces on the spur gears in this
stage.

3.2.2 Frequency response analysis

This section describes how the results of the normal modes analysis should be interpreted in order to avoid
resonance and, furthermore, it demonstrates how the drive train loads can be simulated for a sinusoidal load
excitation. Both analyses imply a calculation of the frequency response.

In order to avoid resonance, it is important to know which eigenmodes can considerably influence the loads
in the drive train. This means that in one way or another there should be a coupling between these modes
and a source of excitation. One known excitation source is the once-per-tooth pattern in a gear mesh, which
excites at the so-called gear mesh frequency [10]. The coupling with such an excitation can be estimated
from a detailed interpretation of the mode shapes, although, this is not straightforward. An easier method
is to calculate a frequency response function (FRF) between the gear mesh excitation and a specific load
in the drive train and check which eigenmodes lead to amplified load levels. This is demonstrated for the
gear mesh excitation in the high speed planetary stage. The excitation is considered here as a variation of
an input torque at the high speed sun. The input torque is a multisine with a minimal frequency of 50 Hz,
according to the statement above. The upper frequency limit is 2.0 kHz, which guarantees a proper excitation
at all frequencies in the range from 50 to 1.5 kHz. Figure 3 shows the spectrum of the multisine signal. The
DADS solver calculates the output loads for this signal using a time integration procedure. A maximum
time step of 0.0001 second is chosen. The numerical integration is only possible with a certain amount of
damping in the drive train, which is included by adding a viscous damper element to the DADS model. The
damping defines the amplitudes of the response, especially at the eigenfrequencies. Since the determination
of the damping values is not within the scope of this analysis, the responses are only considered qualitatively.

Frequency [Hz]

PS
D

[d
B

/H
z]

Figure 3: Power spectrum of the torque excitation signal used in the FRF calculations.

Figure 4 shows the FRFs calculated for the torque excitation of the sun in the high speed planetary stage.
The torque on the high speed pinion and on the two suns are the respective outputs in these calculations.
Note that the FRF to the torque at the high speed sun is a direct FRF. The maximum frequency in these plots
is only 1.0 kHz, since no relevant amplified torque levels are identified at higher frequencies. The analysis
of these results, leads to the following conclusions:
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(a) FRF to the torque at the high speed pinion.
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(b) FRF to the torque at the high speed sun.
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(c) FRF to the torque at the low speed sun.

Figure 4: Response calculation for a gear mesh excitation in the high speed planetary stage, which is applied
as a sinusoidal torque excitation of the high speed sun.
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1. For the high speed pinion, mainly the local modes at 430 Hz and at 562 Hz are dominant in the torque
response (cfr. figure 4(a)).

2. The direct FRF to the torque on the sun of the high speed planetary stage, indicates that mainly the
local modes in the parallel stage, at 346 Hz and 430 Hz respectively, can lead to a considerable torque
amplification (cfr. figure 4(b)). This indicates the importance of analysing the drive train as a whole.
The analysis of an individual gear stage yields insight in its local modes, but it does not permit to
determine the mutual interaction between dynamic loads in different stages.

3. The torque spectrum at the low speed sun is dominated by one local mode in the parallel stage (346 Hz),
one translational mode in the low speed planetary stage (305 Hz) and by six local modes in the range
[ 500 - 700 Hz].

4. The global modes at 68 Hz and 140 Hz contribute also to the torque response in the different gear
stages, albeit considerably less than the so-called local modes.

The excitation signal used in this analysis has a broadband spectrum in order to get an overall idea about
which eigenmodes can lead to amplified torque levels. However, for a particular speed of the drive train,
the gear mesh excitation frequency in the high speed planetary stage is exactly known. This permits to
determine whether it coincides with an important eigenfrequency. Figure 5 demonstrates this procedure. It
is a Campbell diagram, which indicates how the gear mesh frequency varies with the rotational speed of the
rotor in the wind turbine. In addition to the actual gear mesh frequency, its first and second harmonic are also
plotted as excitation frequencies. The eigenfrequencies included in this figure are the horizontal lines, which
correspond to the dominating peaks from the direct FRF in figure 4(b). These frequencies are considered as
the only important frequencies for this excitation with respect to possible torque amplifications in this gear
stage. The intersection of lines indicate possible resonances. For a fixed-speed wind turbine the focus can
be limited to a single speed. However, modern variable-speed wind turbines require the consideration of a
certain speed range. For the present example, two cursors indicate such a speed range for the wind turbine
rotor from 10 to 20 RPM. In this range, the following intersections are found:

1. the gear mesh frequency intersects the eigenfrequency at 140 Hz;

2. the first harmonic intersects the eigenfrequency at 302 Hz;

3. the second harmonic intersects four eigenfrequencies above 300 Hz.

The results from this analysis are valuable input for assessing whether or not a drive train resonance can
occur as a result of this excitation. The same analysis can be performed for other excitations and with the
focus on other loads. It is obvious that avoiding all intersections between excitations and eigenfrequencies in
a quite broad speed range is impossible. However, keeping in mind that the actual gear mesh frequencies are
usually more important than their harmonics, the insights from the calculated FRFs yield already valuable
information for the evaluation of a drive train design in order to avoid severe resonances. To gain more ex-
perience in this evaluation and, more generally, to gain further confidence in the present analysis techniques
and their results, it is recommended to perform sufficient experimental validation measurements.

A more detailed numerical investigation of the intersections in the Campbell diagram at a particular fre-
quency, requires a prediction of the amplified load levels. This simulation requires an accurate consideration
of the drive train damping values and an appropriate description of the excitation signal, which represents
the transmission error in the gear mesh. Since this is not within the scope of the present article, the load
simulation at resonance is not further elaborated.
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Figure 5: Campbell diagram which indicates the position of the gear mesh frequency and its harmonics
(inclined lines) of the second gear stage for a varying rotor speed, in comparison to the dominant eigen-
frequencies (horizontal lines) from the direct torque response function in figure 4(b). The cursors (vertical
lines) indicate the speed range during operation.

3.2.3 Simulation of a transient load case

This section demonstrates how the load simulation with a detailed drive train model yields the desired insight
in its behaviour and gives much more and more accurate information than obtained with the simulations in
the traditional wind turbine design codes. For the present demonstration, the simulation of a transient load
case is used. An accurate description of the external forces during a transient load case requires a complete
model of the wind turbine system, including a model for the generator, for the aerodynamics, . . . Since these
models are not available, an assumption is made here for the load excitation. This is sufficient for the present
illustration. An integration of the presented drive train model in a traditional wind turbine design code can
help in further refining the load simulations.

The simulated transient load case includes a sudden torque variation at the generator with a high amplitude.
This phenomenon can have various causes, such as disturbances in the electrical grid as described by Soens
et al [11] and Seman et al [12, 13]: e.g. frequency disturbances, a voltage dip or swell and a network short
circuit. In the present example, the torque variation occurs during a start-up of the wind turbine. This mean
that the generator torque would normally be increasing as shown in figure 6(a). Firstly, the simulation is done
for this reference signal, i.e. without the sudden torque peak. The slope of this signal equals 1 kNm/second
and the time series has a length of 1 second. Subsequently, the torque variation is added at t = 0.5 s, which
is visible in figure 6(b). The shape and the duration of the torque variation may largely differ for various
grid disturbances and is furthermore highly dependent on the type of generator. Here, a damped sinusoidal
variation with a frequency of 20 Hz is considered; it has a duration of two periods (100 ms) and a maximum
amplitude of 9.1 kNm. This example is based on the description in [13] of the generator torque variation
during a network short circuit in a DFIG with an over-current protection system.
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(a) 1st load case: a normal start-up (reference signal) (b) 2nd load case: a grid disturbance during start-up

Figure 6: Generator torque used in the simulations of two transient load cases.

Figure 7 shows a comparison of the simulations calculated for the two load cases. In this example, the focus
is put on:

1. the level of the torque, which acts on the pinion of the high speed stage

2. the rotational acceleration of the pinion in its bearings

3. the axial displacement of the pinion in its bearings

The comparison of the two load cases in figure 7 yields the following conclusions:

• The sudden torque peak in the generator torque, as a result of the grid disturbance, causes a torque
peak at the pinion. The level of this latter peak equals 2.5 kNm, which is about 3.5 times lower than
the level of the torque peak in the generator. Further experimental validation of the numerical models
and a proper consideration of the damping in the drive train is required to assess the accuracy of this
absolute level. This level depends furthermore on the type of coupling used in the drive train, as
explained below.
The sudden impact in the drive train excites moreover the 1st drive train mode of the wind turbine. As a
result, various torque reversals occur during this start-up. This may lead to backlashing in the bearings
(cfr. below), which should be investigated for the bearing design. Note that a proper simulation of the
1st drive train mode requires the consideration of the rotor and the tower flexibility as described in
section 3.1.

• The grid disturbance and resulting torque variation cause the pinion to accelerate rapidly in its bearings.
The acceleration peak level in this example is about 30 times higher than during the normal start-
up. This should also be considered with care in the design of the bearings as well as the negative
acceleration, which follows rapidly after the positive acceleration peak. In the resulting variation of
the acceleration, the eigenmode at 68 Hz is clearly visible, which corresponds to the deformation of
the flexible coupling.

• Since the investigated model includes linear bearing models, the axial displacement of the pinion
follows the torque variation. This implies that the displacement peaks when the torque peak occurs.
Subsequently, it becomes negative. Under the assumption that the drive train is at no load conditions
for a displacement value of 0 µm the change in sign for the displacement corresponds to passing the
clearance at the pinion. The simulation of this so-called backlashing may be further improved by using
a non-linear bearing model, including clearance.
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(a) Torque at the pinion of the high speed stage

(b) Rotational acceleration of the pinion (high speed stage) in its bearings

(c) Axial displacement of the pinion (high speed stage) in its bearings (0 µm
corresponds to no load)

Figure 7: Comparison of the results calculated for two transient load cases (dashed: normal start-up; solid:
grid disturbance).

3676 PROCEEDINGS OF ISMA2006



The presented analyses are further elaborated by investigating the influence of the stiffness of the flexible
coupling on the level of the torque and the acceleration at the pinion. This demonstrates how the multibody
simulation approach can be used as an effective tool to assess the influence of design changes. Figure 8 shows
the simulated torque and acceleration signals for the original coupling (A), for a coupling with a stiffness
value of 10% (B) and of 1000% (C) of the original. The absolute stiffness values of the three couplings are
shown in table 3, including the dimensions of a hypothetical steel shaft which has this stiffness.

Coupling Stiffness Length Diameter
[MNm/rad] [m] [mm]

A 1.4 0.5 97
B 0.14 1 65
C 14 0.3 155

Table 3: Stiffness values for the three flexible couplings used in the transient simulation. The dimensions
(length and diameter) of a hypothetical steel shaft with a corresponding stiffness are included.

(a) Torque at the pinion of the high speed stage

(b) Rotational acceleration of the pinion (high speed stage) in its bearings

Figure 8: Comparison of the simulations for three different couplings: solid: original coupling (A); dashed:
lower stiffness (B); dotted: higher stiffness (C).
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A comparison of the simulations for the three couplings yields the following conclusions.

• The level of the torque peak at the pinion decreases when a coupling with a lower stiffness (B) is used.
In the present example, the peak is 1.6 times lower than for the original coupling (A). On the other
hand, using a coupling with a higher stiffness (C), yields a higher torque peak. In the present example,
the maximum torque level is 5% higher.

• The maximum level of the rotational acceleration of the pinion in its bearings is for both additional
couplings lower than for the original coupling.

4 Conclusions

This article starts from the statement that the output of the simulations with traditional wind turbine design
codes lacks insight in the dynamic behaviour of the internal drive train components. It demonstrates subse-
quently how the multibody simulation technique can be used to gain more insight. The particular example
consists of a drive train with a single main bearing integrated in the gearbox and a DFIG. It is a three stage
gearbox with one spur planetary gear stage, one helical planetary gear stage and one helical parallel gear
stage. The dynamic analysis of this drive train is split up into the frequency ranges [ 0 - 10 Hz] and [ 10 -
1500 Hz]. For the study in the former range, a flexible multibody model with an accurate description of the
rotor, the tower and the complete drive train is analysed. All eigenmodes of this model are described and
those modes which have the biggest influence on the torque - the so-called drive train modes - are indicated.

In the latter frequency range, the focus is limited on the local eigenmodes in the drive train. The analysed
model includes a rigid body with a large inertia to represent the rotor and no additional body for the tower,
since this acts as a rigid supporting structure in this frequency range. The coupling with the generator is
included as a torsional spring element between the gearbox output shaft and the discrete mass of the gen-
erator. This final model of the drive train in the wind turbine has about 70 DOFs and has its first relevant
eigenfrequency at 68 Hz. A frequency response analysis in the range [ 50 - 1500 Hz] for a torque excitation
at the gear mesh in the high speed planetary gear stage, indicates the importance of the different eigenmodes
for the torque in the drive train during this excitation. Based on the calculated FRFs, a set of eigenmodes,
which can lead to amplified torque levels, is identified and, subsequently, compared with possible excitation
frequencies in a Campbell diagram to identify possible drive train resonances. In addition, the frequency
response analyses demonstrate how the loads in the drive train can be simulated for a sinusoidal load exci-
tation. Finally, the investigation of two transient load cases demonstrates how a disturbance, which causes
a torque variation with a high amplitude in the generator torque, yields a torque peak on the pinion of the
high speed stage, high rotational acceleration levels for the bearings of the pinion and an oscillating axial
displacement of the pinion in its bearings. A sensitivity analysis indicates how a flexible coupling with a
lower stiffness value can reduce the amplitude of the torque peak on the pinion.

This article demonstrates the simulation of a transient load case for a particular disturbance in the electricity
grid. Since the accuracy of the predicted load levels in a transient analysis depend highly on the accuracy of
the load excitation, it is recommended to further investigate the occurrence and the appropriate description
of such excitations during realistic load cases. The most efficient solution for this problem seems to be an
integration of the extended drive train model in one of the existing wind turbine design codes, since these
codes contain usually most of the desired features to describe the applied loads on the wind turbine.
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Abstract 
 
As a general problem by the construction and dimensioning of large drive trains, the possible conjunction 
of drive train and structure natural frequencies emphasizes. It is especially good to see in the field of wind 
turbines. Due to the system a complex, elastic and vibratory complete object results under turbulent 
stochastic input conditions (wind speed). The same tendencies can be found in other fields of application 
also. In the meantime even similar damages can be seen interbranch. This leads to the not new conclusion 
that it is absolutely necessary to have an exact knowledge of the dynamic behavior of the entire drive 
system and its surrounding already in the construction phase. However, that requires that for the 
illustration of the vibratory systems appropriate methods of modeling are used for the individual problem. 
At first, it seems as if a simple torsional model is enough for the determination of the first torsional natural 
frequencies, but at the latest when using an elastic MBS-model it can be seen that even this simple mode 
shape can be overlaid with further mode shapes (e.g. bending of the housing). To reach a complete and 
significant characterization of the dynamic system it is not enough to do a torsional vibration analysis by 
large drive trains with elastic elements. Instead, reduced FE-models after the method of the Guyan-
reduction or the modally reduction are integrated in the MBS-environment and analyzed as elastic MBS-
models [1,3]. 
 

1 Introduction 
 
In drive trains of heavy equipment machinery often occur not only torsional vibrations but also translatory, 
radial and axial vibrations that have to be considered for the load appropriate dimensioning of the 
individual drive train components. A lot of the occurring damages, especially gearing and bearing 
damages can be eliminated already during the development of the product due to the exact knowledge of 
the dynamic properties and the resulting additional loads. As a solution of this problem the Multi-Body-
System-Simulation (MBS) with rotatory and translatory degrees of freedom in the space is presented. The 
article describes the current state of the modeling possibilities of entire drive systems under consideration 
of all assemblies, relevant for the vibrational simulation, and the electrical drive train components as well 
as the control technique. 
In extension of the torsional vibration analysis all six degrees of freedom of a body are taken into 
consideration at the MBS. That results in the important advantage that translatory movements and 
rotations around all axes can be included. By the drive trains that are analyzed, not only the radial and 
axial movements of the individual shafts inside the gearing can be considered, but also the relative 
movements between the components of the drive train are reproduced as they would be in reality. Even 
though the MBS is old, because the general relations of the rigid body mechanic form the basic principles, 
high-capacity computers are needed, due to the sixfold number of degrees of freedom [14]. Up to this day 
main fields of application are space technology as well as street and rail vehicle construction. Basically, 
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this method provides great advantages for the analysis of systems with large relative movements 
(nonlinearity) [15, 17]. 
The engineers interest in determining the torsional vibrations in drives started with first examinations at 
the beginning of the last century [10, 3]. The models were simple because of the limited mathematical and 
numerical algorithm. With the increasing capacity of the computers the models became more complex. 
Due to that, meshed systems with up to 50 torsional degrees of freedom could be analyzed numerically 
without problems at the end of the last century. In the heavy duty industry, for example drive trains in 
rolling mills with many megawatts driving power have often been simulated to examine the influence of 
the moment peaks, through the intake of the slab in the roll gap, on the gearing resp. the entire drive train 
[32]. At the crane construction, especially by cranes for casting, drive train damages have been analyzed 
with the help of torsional vibration simulations to develop safety concepts to prevent severe accidents 
[25]. 
Developing from these experiences, this method of MBS was used for the analysis of drive trains in wind 
turbines from 600 to 4500 kW, because more and more dynamic problems occurred there that could not be 
explained with the pure torsional vibration analysis. It could be seen that a balanced level of modeling 
over all physical domains (mechanic, electro technical, aerodynamic, …) is needed for realistic simulation 
results. In that way first entire models of the system wind turbine have been developed that considered all 
components relevant for vibrations. 
Due to positive experiences in that field further large drive trains could be examined concerning the 
expected vibrational behavior. To that belong great mill drives, compressor drives and ship drives with 
many megawatts driving power. In all fields of application arises the necessarity to consider individual 
elements as elastic bodies (gear housing, main frame, …) to give information to deformations of 
individual elastic bodies next to information to the dynamic characteristics and relative movements of stiff 
bodies. These systems are referred to as flexible or elastic MBS. 
 

2 Field of application wind energy 
 
Since a couple of years the share of renewable energy in the production of electricity world wide, and 
especially in Germany, is extended continuously with enormous growth rates. The market for wind 
turbines has a special significance and is growing not only in Germany but also in a lot of other countries 
in the world. A reduction of this development is not measurable at the moment. At the same time with the 
opening of new locations old and inefficient turbines are renewed. The good chances on the market at long 
sight lead to a lasting and economic success only with clearly detectable advantages of the product. After 
the experiences of the last years with many malfunctions, especially in the area of the drive train, the 
reliability becomes more and more important. Due to the hard accessibility maintenance and reparations of 
wind turbines are expensive and time-consuming. For a reliable and economic dimensioning an exact 
knowledge of the working loads and a certain protection from overloads is needed. 
With the increasing share of wind energy of the entire installed plant power in the grid the quality of the 
current, produced by wind turbines, gains in importance. In earlier years single wind turbines were able to 
shut down the connection to the grid when malfunctions in the power system occurred. Today this is not 
allowed anymore. The same high standards apply for wind turbines as for every other plant in the grid. 
This fast development of wind turbines should not hide the fact that malfunctions and damages occur often 
in all elements of the drive train (gearing, coupling, bearing), which were not known or relevant in drive 
trains of similar sizes in other industrial sectors (for example heavy drive trains for rolling mills). The 
main reason for that is certainly the fact that the supporting structure of a wind turbine, consisting of tower 
(height up to 130 meters) and nacelle, is very elastic and in combination with the rotor (diameter up to 120 
meters) is an extremely sensitive system for vibrations. Additionally, the entire drive train stands on a 
foundation, which can be assumed as elastic, even though it is a massive construction. Several 
constructions demand a stiffness function of the gearing for the main frame additionally. With that, the 
drive train is not on a stiff foundation (as it is the case with a drive trains for rolling mills or other heavy 
drive trains for example), but is integrated in an elastic environment. That can lead to interactions between 
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the systems and alternating vibrational stimulations. The fast increase of this branch in the last years is 
also a problem, because neither extensive operational experiences with the particular turbine sizes could 
be gathered nor enough expertise, especially in the area of the drive train, exists with the big components 
that are used today. Aggravating can be added that some manufacturers of turbines are slow to accept that 
next to rotor, tower and pitch controller the drive train belongs to the main components of a turbine, which 
includes a relevant responsibility for this assembly. 
The momentarily common wind load calculation tools, which are used by all turbine manufacturers, use 
detailed aeroelastic codes for the rotor but work with simple 3-mass torsional oscillators to show the 
complex vibratory structure “drive train”, figure 1 [2, 5]. In the frequency range often only the lowest 
torsional natural frequency of the drive train is taken into consideration, further details are excluded [7, 8].  

Figure 1: Modern multi-megawatt-wind energy turbines and 3-mass torsional vibration model of a wind 
load calculation tools 
This still practiced praxis is hard to understand, especially with the connection to the many damages in the 
drive train. A very good wind turbine is determined not only by an optimal rotor, but also when all other 
mechanic and electric components are adjusted optimally to each other. Since a couple of years simulation 
techniques are used in other branches of mechanical engineering, plant engineering and vehicle 
construction that consider the mechanic, electric, control technique and the particularities of the to 
controlling processes for the entire adjustment already in the construction phase of such a complex 
complete system [24, 25, 26, 27, 31]. 
From a great number of projects and studies with well-known turbine manufacturers and their suppliers in 
the last three years it can be clearly concluded that wind load calculation tools will also be needed in 
future. Indeed, for the equal handling of all used components with the individual detailed level additional 
efforts are needed, especially by the dynamic analysis of the drive train. 
In the case of the following drive train the modeled torsional vibration model was extended by essential 
translatory degrees of freedom in axial direction. In the next step a main frame, discretized in four masses, 
was taken into consideration, Figure 2. 
It can be seen that even a detailed torsional vibration analysis that lies far over the model degree of three 
torsional masses of a wind load calculation tools with its 19 torsional masses is not good enough to 
characterize the occurring vibrational phenomenons of a wind turbine entirely. Just from the consideration 
of the low natural frequencies it is clear that the drive train is not only stimulated by the torsional natural 
frequencies, but rather a lot of low frequent natural modes in the form of axial vibrations and bending 
vibrations from the main frame (1.19 and 14.17 Hz)  exist. 
This phenomenon results in radial movements between generator and coupling with gearing. These 
frequencies are easy to stimulate and give a very good explanation for consistently occurring coupling 
damages and malfunctions of the A-bearings in the generators. 
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The largest overview to the dynamic characters gives the version with consideration of the main frame. 
Furthermore, such a model can be extended with rotor blades and tower structure including coupling 
between tower and main frame. With the resulting model conclusions for the entire system can be given. 

Figure 2: Multi-body simulation model of the drive train and natural frequencies 
Further possibilities of stimulation for the drive train result from the tooth excitation frequencies in the 
individual gears. Because of the system, it is possible, that the tooth excitation frequency of the second 
gear stage stimulates the axial natural frequency (translatory movement of the shaft in the second gear) 
with a rotational speed of ca. 28 min-1, Figure 3. 
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Figure 3: Campbell-diagram for the stimulation of natural frequencies 
This behavior can easily be found for example at torque measurements in the drive train, because 
frequencies are in the signal that can not be explained with a torsional vibration analysis. The result is that 
a “simple” torsional vibration analysis is not enough for an extensive evaluation of the vibrational 
behavior of a drive train in a wind turbine.  
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Figure 4: Decreasing of the natural frequencies with increasing turbine size 
By the way, the occurrence of translatory natural frequencies between 120 and 160 Hz in the area of the 
helical geared intermediate stage is not only restricted to the gearing shown here. Gearings of higher 
power classes with one or more planetary stages show these translatory natural frequencies independent of 
the manufacturers, also. That often results in bearing damages on the floating bearings that can be 
compared to damages due to overloading. Eventually, damages can be prevented by a preloaded bearing 
of this intermediate shaft. Another problem results from the increasing size of the turbines. Larger masses 
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resp. inertias and less stiffness lead to decreasing natural frequencies of the drive train. Due to that, these 
natural frequencies are shifted in the range of structural natural frequencies of rotor, tower and nacelle, 
Figure 4. 
The resulting mixture of the natural frequencies is another reason to determine all natural frequencies of 
the system in rotatory and translatory direction to prevent not wanted stimulations of the needed operating 
state. 
 

2.1 Extension of the MBS-model 
 
For the simulational handling of wind turbines with powers over 1 MW the modeling of planetary 
gearings is necessary. Figure 5 shows the extension of a spur gear by a planetary gear stage. The entire 
mechanical drive train model also includes coupling, brake and generator. The gear housing is elastically 
supported over the torque arm to the nacelle. The generator housing is also connected to the nacelle over 
vibrational elements. The 5-MW-turbines, that are being developed right now, have even larger gearings 
with two consecutive planetary gear stages. The left side of figure 6 shows the modeled gearing of such a 
turbine. On the right side an overriding drive with variable gear ratio is shown. This concept WinDrive®, 
developed by the firm Voith, is a hydrodynamic and speed controlled gearing that allows the operation of 
a synchronal generator with constant rotational speed at the generator shaft, independent from the 
rotational speed variations at the rotor shaft that depend on the wind [1, 18]. 
The first calculation models were calculated only with the rotor hub, but which contained the inertias of 
the rotor blades also. Now, in most cases a detailed modeling of the rotor is done according to figure 7. In 
terms of the complete modeling of the MBS the development of the model with stiff bodies and massless 
stiffness between the masses is favored. Alternatively, FEM-structures can be included resp. often the 
MBS-rotor model is derived from eventually existing FE-models. 

  

  
Figure 5: Gearing concept – three staged spur gear and single staged planetary gear with two spur gear 
steps 
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Figure 6: Gearing concept – multi staged planetary gearing and speed controlled overriding drive 
Such a modeling covers all relevant natural frequencies and mode shapes in the low frequency range, that 
have a important influence on the vibrational behavior of the drive train [4, 9, 11, 12, 13, 28]. 

  
Figure 7: Rotor modeling mechanically 
With an increasing level of detail of the drive train the connection of the drive train to the nacelle comes 
into the focus of attention inevitably. As already mentioned at the beginning the drive train of a wind 
turbine is not seated on a stiff foundation. Due to the system only a relatively soft nacelle structure can be 
provided, furthermore this structure is connected to a steel tower, with the possibility of vibration. The 
drive train is subject to partly very strong deformations on its crosspoints with the nacelle, because of this 
construction. These deformations can have a significant influence on the operating behavior of the drive 
train. Even though all manufacturers try to get a stiff nacelle construction, especially in the area of the 
main rotor bearing to the connection on the azimuth bearing, the entire stiffness of the structure is 
relatively soft compared to the drive train. Figure 9 shows a possible discretization of a base frame in the 
shape of one mass for the assimilation of the main bearing, two masses for the connection of the torque 
arm and one mass for the assimilation of the generator (upper example) resp. a reduced FEM-model 

ROTATING MACHINERY:DYNAMICS 3687



(lower example). The yellow markings (cuboid) represent the so called „Master Degrees of Freedom“ 
(equivalent: crosspoints to neighboring structures). Additionally, the torque arm of the gearing can be seen 
(in red). 

Figure 9: Extension of the MBS-model with nacelle and tower  
The connecting stiffness between these masses are gained in the same way like a FEM-calculation of the 
structure. Such a completely established mechanical model of a wind turbine, consisting of a detailed 
drive train, rotor with rotor blades, nacelle and tower structure, is shown in figure 10. 

 
Figure 10: Entire model of a turbine 
On such a model all relevant natural frequencies with the belonging mode shapes can be determined. At 
this point it becomes clear once more, that an entire MBS-model needs a multitude of inputs and 
parameters, that can partly be determined only from complex calculations, like a FEM-analysis of a 
nacelle structure of a rotor or of a gear housing. 
Closing, it can be summarized to the calculation of natural frequencies that the basic problem in the entire 
technical literature to wind turbines is discussed only in view of the lowest torsional natural frequency and 
its satisfactory distance to tower bending frequencies. However, this is not enough to explain the current 
dynamic problems in large drive trains. 
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2.2 Wind loads, electrical engineering and control 
 
With the mechanical models, shown in the previous chapter, all analysises of natural frequencies can be 
made. For the examination of the dynamic behavior in the time range additional stimulations of the 
mechanic system are needed. A wind turbine mainly varies with the following external loads: 

 Wind loads on the rotor and the structure 

 Repercussions from the power system on the converter and the generator 

Dynamic loads that result from the system management of the turbine and the used control are added. 
When firstly considering the load due to wind only the loads acting on the rotor are converted into energy 
for the most part. Wind loads on the tower or the waves on the root point of an off-shore-turbine are 
additional disturbances that won’t be further discussed at this point.  

Figure11: Determination of the torque with wind load simulation program 
Also the wind load on the rotor is not entirely converted in a torque useable for the generation of energy, 
because bending torques and forces in all three dimensions occur additionally, which lead to additional 
loads in the entire turbine. Figure 11 shows schematically the usual procedure how a torque, acting on the 
drive train, can be determined from a given three dimensional wind field with the help of a wind load 
simulation program. A disadvantage of this procedure is the missing repercussion between the induced 
drive train vibrations and the resulting influences on the wind-torque-convertion over the rotor blade 
profiles. Besides, a wind load simulation program is needed at any rate in which the drive train is included 
as a 3-mass torsional oscillator. Consequently, in such a consideration the drive train exists “twice” and 
the determined torque acts reactionless on the drive train. 
A relatively simple method with repercussion for the calculation of the torque from the acting wind supply 
is shown in figure 12. 
A torque with repercussion is determined from a measured or synthetically determined one-dimensional 
wind-time-course, using the cp-curve and the current pitch angle of the rotor. 
On the other side of the drive train the air gap moment of the generator and the frequency converter take 
place against the state of the power system. Simpler and more complex detailed models could also be used 
here for a realistic illustration: 

 Illustration of the air gap moment with the Kloss formula of the asynchronous machine M = f(s) 

 Specification of the moment curve s by the converter characteristic M = f(n), e.g. at the twice-fed 

asynchronous machine 
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 Exact specification of the electric system by a complex converter-generator model in Matlab / 

Simulink 

Similar to the level of detail of the mechanic system in the electric part the effort to prepare the data and to 
parametrize is increasing with an increasing level of detail. Depending on the load case an illustration of 
the electric parts with characteristic curves is often enough. When the effects of short-circuits or 
unsteadinesses of the grid have to be considered, the more complex models have to be used at any rate 
[18]. 
 

Figure 12: Determination of the torque from analytic cp-curve 
For the completion of the electro-mechanic simulation model a control is needed. As it can be seen in 
figure 13 this control includes the pitch controller as well as the control of power and rotational speed. 
Depending on the level of modeling the frame of examinations can be considered narrower or wider by 
setting the borders of the system. The simulation model, that has to be examined, is separated from the 
surrounding by the border of the system. Due to that, the determination of the border of the system and the 
resulting separation in inside and outside system parameters has an important impact on the complexity of 
the model. The outside system parameters are referred to as input data that act unaffected by the system. 
Due to these parameters inside of the border of the system the according system response are reached for 
the interdependent state variables. 

Figure 13: Control and border of the system 
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2.3 Exemplary simulation results 
 
On the basis of the described model more complex states can be reproduced and simulated in the time 
range. This is of great interest when the considered event happens very seldom (e.g. 20-year-gust) or with 
extreme loads on the individual machine elements (e.g. “Crowbar-Event”), figure 14. 
By the so called “Crowbar-Event” the generator blocks at first, then the generator is taken from the grid as 
fast as possible and after that the mechanic brake is applied and stops the turbine with the emergency 
breakpoint. 
The diagram shows the torque in the main shaft of a wind turbine determined by a simulational calculation 
(Co-simulation of Simpack with Matlab/Simulink) (blue graph) and the data of a measurement recorded 
for this loading case (red graph). The existing deviation during the shut down of the turbine mainly results 
from not considering the changing pitch angle when shut down. Furthermore it can be seen that no 
clearance in the drive train is intended in the simulation model when the already standing turbine is 
oscillating out. However, with such a simplified simulation model a very good prediction model for such 
extreme load cases is established, which can be extended at the needs of the pitch angle and the gearing 
and bearing clearances. 

Figure 14: Comparison of simulation and measurement „Crowbar-Event“ 
A further simulation of a wind turbine with an output power under 1 MW in the time range is shown in the 
next two examples for the normal operating mode by an average wind speed of 20 m/s. 
Starting from the wind speed (upper graph) the main shaft torque and the output power are determined 
(the two middle graphs) for both simulators (Simpack with Matlab/Simulink vs. Flex). Conclusions to 
axial movements resp. bearing forces can only be analyzed with the MBS-program. For instance, the axial 
bearing force of the thrust bearing on the first intermediate shaft (IMS) in the gearing is shown here (lower 
graph). 
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Figure 15: Loading case „normal operating mode “ 
With the described simulation models the synthetic loading cases can also be calculated with the definition 
of the German Lloyd (GL) or the AGMA6006. The following diagram shows the loading case “emergency 
stop” with acting of the mechanic brake by a synthetic gust after GL, figure 16. 

Figure 16: Loading case “emergency stop“ 
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In the illustration of the torques it can be seen where the limit of the wind load simulators (here: Flex) is. 
In the main shaft torque (second graph) the oscillation of the drive train equal to comparative 
measurements is missing in the Flex-calculation. The reason for that is the absence of a sufficient model of 
the drive train. Also in this case, the wind load simulation program can’t make a statement to the inside 
axial forces here. 
These examples show the importance of the realization of a balanced entire model for the simulation. In 
the case of the dynamic model of a wind turbine it is definitely not the commonly used torsional vibration 
model. Significant results can only be reached with a mechanic model, reproduced in detail, under 
consideration of aerodynamic, electric and controlled boundary conditions. 
 

3 Further use of the MBS-method for large drive trains 
 
Due to the positive experiences by the simulation of drive trains in wind turbines with the help of the MBS 
method, also in combination with the Co-simulation for the illustration of electro-mechanic complete 
systems, considerations have been made to use the gathered knowledge for other large drive trains, too. 
In this connection, especially the drive trains have been taken into consideration, because they can’t be 
operated on a foundation, which is assumed as stiff, due to their construction. In these applications the 
method of the pure torsional vibration simulation, commonly used so far, does not lead to usable results. 
However, the models from the MBS-method under consideration of elastic FE-structures provide much 
more precise and realistic results in the frequency range (natural frequencies, mode shapes, transfer 
functions, distribution of the energy,…) as well as in transient simulations (start-up procedure, special 
load cases,…). 
In the following, the possibilities of dynamic drive train calculations with the MBS-method are to be 
clarified with one example each from the mill- and the shipbuilding. 
 

3.1 Example of use “Mill Drive“ 
 
Due to the demonstrated capability in the wind range a drive train of a 4 MW mill drive was analyzed at 
the suggestion of a well-known mill manufacturer. The drive, the key of the mill, results from a gearing 
with one bevel gear step, one spur gear step and a following planet wheel gearing. 
The procedure of the modeling is similar to the one presented by the wind turbines. Beside the 
discretization of the drive train in stiff bodies and massless spring-damping-elements parts of the housing 
have been illustrated elastically in a FEM-program. Much more effort is required for the modeling than it 
is needed for the torsional vibration models used so far. Beside the modeling of the MBS-model a 
complete analysis of the elastic housing structure in a FE-environment has to be done. Having analyzed 
both parts of the model separately at first, a combination to an elastic multi-body system has been done 
after a first verification of the parts of the model. With this system substantial conclusions to the dynamic 
behavior of the entire system could be made. Afterwards a comparison of the known excitation 
frequencies with the determined natural frequencies of the elastic MBS-model has been done. The 
following figure 17 shows on the left side the elastic MBS-model (elastic components of the gear housing 
in blue). The right side shows the FE-structure of a housing part. 
At the interpretation of the natural frequencies a combination of an “elastic” natural frequency and a 
frequency of the stiff MBS-model was noticed. This natural frequency can also be determined in the 
elastic MBS-model and represents both separated frequencies in one together. 
In this example also, a complete characterization of the dynamic system can only be realized after 
coupling the FE-method and the MBS-method, because the vibrations occurring during the operation 
consist of several movements.  
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Figure 17: Model of the mill drive with elastic housing parts 
 

3.2 Calculation of a Ship Drive 
 
By the calculation of the dynamic behavior of a ship drive the determination of drive train and housing 
natural frequencies was of main interest. Furthermore several load cases under different conditions (“Full 
Ahead”, „Atlantic storm“,…) have been examined. The problem required a drive train model with 
torsional degrees of freedom, but also with radial freedoms and a FE-housing modeled elastically. 

  
Figure 18: Model and first torsional natural frequency of the drive train 
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The existing drive has a drive power of 4 MW and is used in several research ships. The construction of 
the drive train with very long elastic vertical shafts, connected by tooth couplings, the following bevel 
gear step and the massive horizontal main shaft result in an entire system, elastically capable of vibrations, 
with a variety of natural frequencies, also in the range of excitation frequencies. The determination of the 
natural frequencies showed that a variety of coupled mode shapes exist in the system. One combined 
mode shape of torsion in the drive train and bending of the gear housing is shown in figure 18. 
After the validation of the models with the loading case “full ahead” the analysises made in the time range 
consider mainly the problem of the emerging and immerging of the propeller by the loading cases 
“Atlantic storm“. These lead to increasing loads in the drive train and to not wanted vibrations during the 
operation. Special attention was given to the tooth forces of the bevel gear step. Especially for this purpose 
the tooth force model developed in Simpack at the Chair of Machine Elements was extended and tested 
for the bevel gearing. For the validation of the model results of measurements existed of ship 
manufacturer from test runs. 
Following, figure 19 (left) shows a loading case „Atlantic storm“ with the emerging and immerging of the 
propeller. The belonging tooth force in the bevel gear step is shown in figure 19 (right). 

Figure 19: Results in the time range 
In this use case also performed torsional vibration analysises did not deliver satisfying results. Only the 
extended models of the MBS-method give realistic results. Always when the drive train is in a housing, 
considered as not stiff, or on an elastic foundation in the broadest sense the relevant elastic structures have 
to be taken into consideration also. 
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4 Summary and outlook 
 
As a general problem by the construction and dimensioning of large drive trains, the possible conjunction 
of drive train and structure natural frequencies emphasizes. It is especially good to see in the field of wind 
turbines. Due to the system a complex, elastic and vibratory complete object results under turbulent 
stochastic input conditions (wind speed). The same tendencies can be found in other fields of application 
also. Even similar damages can be seen interbranch. This leads to the conclusion that it is absolutely 
necessary to have an exact knowledge of the dynamic behavior of the entire drive system and its 
surrounding already in the construction phase. However, that requires that for the illustration of the 
vibratory systems appropriate methods of modeling are used for the individual problem. At first, it seems 
as if a simple torsional model is enough for the determination of the first torsional natural frequencies, but 
at the latest when using an elastic MBS-model it can be seen that even this simple mode shape can be 
overlaid with further mode shapes (e.g. bending of the housing). To reach a complete and significant 
characterization of the dynamic system it is not enough to do a torsional vibration analysis by large drive 
trains with elastic elements. Instead, reduced FE-models after the method of the Guyan-reduction or the 
modally reduction are integrated in the MBS-environment and analyzed as elastic MBS-models [1,3]. 
In order that the extended and partly complex way of modeling and modeling stays in a manageable scope 
and industrially usable a unitized model development is aspired. First approaches exist already in the field 
of wind turbines. 
Also in the future the modeling will not entirely be automatized, because the skilled eye of the 
experienced engineer is needed to distinguish between stiff and elastic structure, between bodies with 
mass and decisive stiffness and between relevant or needless boundary conditions. The experiences of the 
Chair of Machine Elements at the TU Dresden are in the development of software independent methods 
for the dynamic simulation of drive trains. Beside the examples, presented here, constant researches are 
made in other fields of application. 
From the scientific point of view the main motivation for the chosen way is the establishment of the MBS-
method to analyze complex drive technology in the machine and plant design and the increase of the 
acceptance and manageability of the fields of application analog to 3D FEM-systems during the last 10 to 
15 years. 
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Abstract
By addition of counterweights to the moving links of a linkage, supported by an elastically mounted frame,
it is possible to reduce the frame vibration induced by the resulting forces and moments of the linkage on
the frame. Determining the counterweights that yield a maximal reduction in frame vibration is a nonlinear
optimization problem. This paper shows that this optimization problem can be reformulated as a convex
problem, i.e. a nonlinear optimization problem that has a unique (global) optimum. This methodology is
general but developed here for a planar four-bar linkage. For the particular example considered here, a
robustness analysis shows a significant reduction of frame vibration even for drive speeds and mounting
parameters other than those considered during the counterweight design.

1 Introduction

Counterweight addition is a well-known way [1, 2] to reduce the forces and moments transmitted by a linkage
to its supporting frame. For planar linkages, the resulting force and moment exerted on the machine frame
are denoted as the shaking force and the shaking moment. If these forces are highly peaked, troublesome
vibrations in the frame might be induced. A possible side-effect of these vibrations is the transmission of
significant forces to the machine floor, resulting in disturbing effects in the building in which the machine is
placed as well as its surroundings [3]. Weaving mills, for instance, have been reported to cause vibration in
neighboring housing blocks.

For planar four-bar linkages, which are the subject of the present paper, simultaneous elimination of the
shaking force and the shaking moment requires counter-rotating masses [4] except in the case of foldable
linkages [5]. Therefore, using counterweights to reduce the reactions on the frame involves a trade-off
between minimizing the shaking force and the shaking moment.

One approach is to minimize the shaking moment, under the restriction of complete elimination of the shak-
ing force [6, 7, 8, 9, 10]. The attractive side of this full force balance approach is that the shaking moment
is a pure couple and hence invariant with respect to the chosen reference point. Another approach, geared
towards obtaining more shaking moment reduction, is to give up full force balance [11, 12, 13, 14, 15, 16,
17, 18, 19, 20]. The price to be paid is that the balancing results depend on the chosen reference point for
the shaking moment.

A common weakness of both approaches is the lack of certainty whether the optimal solution actually im-
proves the machine performance in terms of frame vibration. This can only be assessed if a model of the
frame that supports the linkage is considered. This approach [21, 22, 23] measures the vibration level of the
frame through its average kinetic energy [21, 22] and is therefore termed the energy approach to distinguish
it from the full force balance approach.
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Figure 1: Planar crank-rocker four-bar linkage supported by an elastically mounted, rigid frame with three
degrees of freedom (qx, qy, qt). The shaded boxes indicate spring-damper systems.

The present paper considers the example of a four-bar linkage supported by an elastically mounted frame and
formulates the design of the counterweights that minimize the frame vibration as an optimization problem,
like in [22]. The following contributions are made. First, it is shown that the counterweight optimization can
be formulated as a convex optimization problem. Convex optimization problems are nonlinear optimization
problems that have a unique (global) optimum, which can be found with great efficiency. Second, the numer-
ical results of Kochev and Gurdev [22] are extended in several respects: a better optimum is obtained, the
only marginal beneficial effect of using a coupler counterweight is demonstrated and a robustness analysis is
carried out for drive speeds and mounting parameters, other than those considered during the counterweight
design. Furthermore, the modeling simplifications used in [22] are validated by simulation of a complete
model using a state-of-the-art multibody simulation software (Virtual.Lab Motion1).

This paper is organized as follows. Section 2 defines the dynamic model of the machine. Section 3 develops
the balancing criteria in convex form. This method is numerically illustrated and compared with other
methods in Sec. 4. Section 5 finally discusses the obtained results, the limits of application of the method
and further research.

2 Modeling

After introducing the benchmark problem (Sec. 2.1) and the modeling assumptions (Sec. 2.2) used through-
out this paper, the benchmark’s mathematical model is developed in Sec. 2.3. Subsequently, the criterium to
assess the balancing results is discussed in Sec. 2.4.

2.1 Benchmark Problem

Figure 1 shows the benchmark problem [22]: a planar crank-rocker four-bar linkage supported by an elasti-
cally mounted, rigid frame. The moving links as well as the frame are assumed to be rigid. The crank o1o2

(link 1) rotates at constant speed Ω (rad/s). The coupler o2o4 (link 2) connects the crank with the rocker o3o4

(link 3). The latter performs an oscillating (rocking) motion. Two linear spring-damper systems connect the
frame (link 4) with the machine floor. The frame has three degrees of freedom, two translational and one

1www.lmsvirtuallab.com
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rotational, measured by the displacement

q =
(
qx qy qt

)T
, (1)

where (.)T denotes a matrix transpose. (qx, qy) denote the coordinates of the frame center of gravity (COG)
c4 with respect to the world coordinate system {a}. qt measures the frame rotation angle counterclockwise
from {a} to the frame coordinate system {b}, which is attached to the frame. At rest, the frame is horizontal
with c4 coinciding with a, implying (qx, qy, qt) = (0, 0, 0). Coordinate systems with origin o are denoted as
{o} throughout this paper.

The link coordinate systems {oi}, i = {1, 2, 3}, are fixed to the moving links, with their abscissa along
the link. The link angles ϕi(t) (rad) are measured counterclockwise from {b} to {oi}, whereas (xoi , yoi)
measures the position of oi in {b}. The link lengths are denoted as ai (m).

The mass, COG and centroidal moment of inertia of each link are denoted as mi (kg), ci and Ji (kg·m2),
respectively, i = {1 . . . 4}. (xci , yci), i = {1 . . . 4}, and (ui, vi), i = {1, 2, 3}, measure the COG location in
{b} and {oi}, respectively.

The spring-damper attachment points are denoted as dj , j = {1, 2} with coordinates (xdj , ydj ) in {b}. The
j-th spring-damper system is fully characterized by its horizontal stiffness kxj (N/m), vertical stiffness kyj

(N/m), torsional stiffness ktj (N·m/rad), horizontal viscous damping ζxj (N·s/m), vertical viscous damping
ζyj (N·s/m) and torsional viscous damping ζtj (N·m·s/rad) expressed with respect to the local coordinate
system {dj} parallel to {a}. The viscous damping coefficients are denoted using the symbol ζ instead of the
classical symbol c, used here for indicating COGs.

The shaking forces fshak,x (N) and fshak,y (N) are the x and y-component, expressed in {b}, of the total
force exerted by the four-bar linkage on the supporting frame. The shaking moment mshak (N·m) is defined
here as the total moment, with respect to c4, exerted by the four-bar linkage on the frame.

2.2 Modeling Assumptions

The variation of the shaking force and the shaking moment during the motion of the linkage results in frame
vibration, for which a mathematical model is developed based on the following assumptions [24]:

1. rigid four-bar links and supporting frame.

2. small angular displacement qt; this implies, for instance, that the shaking force components, expressed
in {a} are virtually identical to the shaking force components expressed in {b}.

3. small mass and inertia of the linkage compared to the mass and inertia of the supporting frame.

4. complete decoupling between the frame vibration and the shaking force and the shaking moment that
cause it. That is, fshak(t) and mshak(t) are determined from a kinetostatic analysis of the four-bar, in
which the frame is considered to be at rest. This is a reasonable assumption if the previous assumptions
hold and if the accelerations of the linkage pivots o1 and o3 are small with respect to the link COG
accelerations.

2.3 Mathematical Model

Based on the previously made modeling assumptions, the rigid frame vibration is governed by:

Mq̈(t) + Cq̇(t) + Kq(t) = f(t), (2)

where the components of
f(t) =

(
fshak,x fshak,y mshak

)T (3)
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are considered to be exciting forces, independent from the resulting displacement q(t). These components
are determined beforehand from a kinetostatic linkage analysis. The symmetric matrices M , C and K
denote the mass, damping and stiffness matrices, with reference point in c4

2 and expressed with respect to
the coordinate system {a}:

M = diag(m4,m4, J4), C =
∑

Cj , K =
∑

Kj .

Kj represents the stiffness matrix of the j-th spring and Cj the damping matrix of the j-th damper:

Kj =




kxj 0 −kxj (ydj − yc4)
0 kyj kyj (xdj

− xc4)
−kxj (ydj

− yc4) kyj (xdj
− xc4) ktj + kxj (ydj

− yc4)
2 + kyj (xdj

− xc4)
2


 ,

Cj =




ζxj 0 −ζxj (ydj
− yc4)

0 ζyj ζyj (xdj − xc4)
−ζxj (ydj − yc4) ζyj (xdj − xc4) ζtj + ζxj (ydj − yc4)

2 + ζyj (xdj − xc4)
2


 .

Since differential equation (2) is linear and its driving force periodic (with periodicity equal to the periodicity
T = 2π/Ω of the linkage), its solution q is also periodic with period T .

2.4 Balancing criterium

In order to assess the balancing result, the vibration level of the machine is considered here. This balancing
criterium is measured by the average (over one period of motion) frame kinetic energy Ēkin (J) [22, 21]. The
instantaneous frame kinetic energy Ekin(t) and the numerical average kinetic energy equal

Ekin(t) =
1
2
· q̇(t)T ·M · q̇(t), (4)

Ēkin =
1
kT

kT∑

k=1

Ekin((k − 1)Ts), (5)

where Ts (s) denotes the sampling period and kT = T/Ts denotes the number of samples per period.

3 Optimization

In order to reduce the vibration kinetic energy, counterweights are added to each link. Sections 3.2-3.4
introduce the optimization variables, constraints and objective function of the original (non-convex) and
reformulated convex optimization problem. Section 3.5 shows that the resulting optimization problem is
convex, more specifically a so-called second-order cone program (SOCP). First, however, Sec.3.1 introduces
some basic concepts of convex optimization.

3.1 A convex optimization primer

Convex programs (CPs) are nonlinear optimization problems, for which very effective algorithms exist that
can reliably and efficiently determine the global optimum, even for large problems. Formulating an opti-
mization problem as a CP, therefore, has big advantages. Unfortunately, recognizing convex optimization
problems, or those that can be transformed into CPs, is not straightforward: the art and challenge in convex

2In this respect, our methodology deviates slightly from [22], in which the mass, damping and stiffness matrices are referred to
c̄, the average COG of the ensemble of the frame and the linkage. Both modeling approaches are approximate, since they are based
on the aforementioned decoupling between the frame vibration and the shaking force and shaking moment.
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optimization is in problem formulation. Once a problem is formulated as a convex program, it is relatively
straightforward to solve it [25].

Several classes of CPs exist, each of which are a subclass of a more general type of problems. Starting with
the smallest class, we have: linear programs (LPs), convex quadratic programs (QPs), second-order cone
programs (SOCPs) and semidefinite programs (SDPs): LP ⊂ QP ⊂ SOCP ⊂ SDP ⊂ CP. SOCPs are of
particular interest here. In an SOCP, one minimizes a linear objective function, subject to linear equality
constraints, linear inequality constraints and second-order cone constraints [25]. The latter constraints are of
the general form:

‖A · x + b‖ ≤ cT x + d, (6)

where x ∈ Rn is the optimization variable, and A ∈ Rk×n, b ∈ Rk, c ∈ Rn and d ∈ R constitute problem
data. ‖ · ‖ denotes the L2-norm: ‖x‖ =

√
xT · x.

3.2 Optimization Variables

The counterweight mass parameters, indicated with an asterisk (·)∗, constitute the optimization variables,
and are grouped into the optimization variable x. For a four-bar linkage:

x =
(

m∗
1 u∗1 v∗1 J∗1 m∗

2 u∗2 v∗2 J∗2 m∗
3 u∗3 v∗3 J∗3

)T ∈ R12.

Minimizing the average kinetic energy based on these optimization variables results in a non-convex pro-
gram. In order to obtain a convex program a nonlinear change of variables is required, yielding the so-called
µ-parameters [10]:

µ1i = mi;
µ2i = mi · ui;
µ3i = mi · vi;

µ4i = Ji + mi ·
(
u2

i + v2
i

)
.

These so-called µ-parameters represent the moments of the i-th link mass distribution with respect to oi: the
zeroth order moment µ1i, the x-component µ2i and y-component µ3i of the first-order moment, expressed in
{oi}, and the second-order moment µ4i.

Two properties of the µ-parametrization are exploited here to obtain an SOCP. First, as stressed in [10], the
µ-parameters are additive:

µ = µo + µ∗, (7)

where µo, µ∗ and µ group the µ-parameters (expressed in {oi}) of the original linkage, the counterweights
and the balanced linkage, respectively. For the four-bar example considered here, these vectors are elements
of R12 and they are given by, (·) = {∗, o,∅}:

µ(·) =
(

µ
(·)
11 µ

(·)
21 µ

(·)
31 µ

(·)
41 µ

(·)
12 µ

(·)
22 µ

(·)
32 µ

(·)
42 µ

(·)
13 µ

(·)
23 µ

(·)
33 µ

(·)
43

)T
.

This superposition principle can intuitively be understood from the fact that moments of any distribution are
additive.

Second, any force or moment obtained through a kinetostatic analysis of a linkage can be written as a linear
combination of the linkage µ-parameters, a result well-known in experimental robot identification [26]. This
implies that

fshak,x(t) = φx(t)T · µ, (8a)

fshak,y(t) = φy(t)T · µ, (8b)

mshak(t) = φt(t)T · µ, (8c)
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where the elements of φx(t), φy(t) and φt(t) ∈ R12 are time-dependent and completely determined by the
four-bar kinematics. Analytical expressions for φx(t), φy(t) and φt(t) follow from applying the principle of
linear and angular momentum as in [27]. Note that linear independence of the elements of φx(t), φy(t) and
φt(t) is not required, contrary to the linearly independent vectors introduced in [27]. Based on (8a)–(8c), (3)
is written as:

f(t) = (φx(t) φy(t) φt(t))
T · µ

= Φ(t)T · µ, (9)

where Φ(t) ∈ R12×3.

3.3 Constraints

Using the µ-parameters as the optimization variables requires that additional constraints be imposed to guar-
antee that these variables represent a mass distribution that is realizable in theory and/or practice. The
counterweights are required to be so-called minimum inertia counterweights, that is counterweights that are
cylindrical with a radius R∗

i (m) equal to [28]:

R∗
i =

√
(u∗i )

2 + (v∗i )
2.

Given that the centroidal moment of inertia of a cylindrical counterweight equals

J∗i =
m∗

i · (R∗
i )

2

2
,

it follows that

J∗i =
m∗

i ·
(
(u∗i )

2 + (v∗i )
2
)

2
. (10)

This guarantees the moment of inertia to be nonnegative provided that the counterweight mass be nonnega-
tive:

m∗
i ≥ 0. (11)

Furthermore, bound constraints are required for the coordinates of the center of gravity (COG) of the coun-
terweights, as well as an upper limit m∗,M

tot (kg) for the total counterweight mass, in order to obtain realistic
counterweight configurations:

um
i ≤ u∗i ≤ uM

i ; (12a)

vm
i ≤ v∗i ≤ vM

i ; (12b)

m∗
1 + m∗

2 + m∗
3 ≤ m∗,M

tot . (12c)

Superscripts (·)m and (·)M denote the user-defined lower and upper bounds, respectively. Substituting the
µ-parameters into (10), (11) and (12a)–(12c) yields, i = {1, 2, 3} [29]:

∥∥∥∥∥∥



√

6 · µ∗2i√
6 · µ∗3i

µ∗1i − µ∗4i




∥∥∥∥∥∥
≤ µ∗1i + µ∗4i; (13a)

µ∗1i · um
i ≤ µ∗2i ≤ µ∗1i · uM

i ; (13b)

µ∗1i · vm
i ≤ µ∗3i ≤ µ∗1i · vM

i ; (13c)

µ∗11 + µ∗12 + µ∗13 ≤ m∗,M
tot . (13d)

Equation (13a) is in fact a relaxation of (10), since the equality sign is replaced by an inequality sign.
However, in all of our numerical experiments, (10) was an active constraint (i = 1, 2, 3), that is, it holds with
equality. Hence, in numerical practice, (13a) and (10) are equivalent. The constraints (7) and (13a)–(13d)
are linear in µ∗ji except for Eq.(13a), which is a second-order cone (SOC) constraint in µ∗1i, µ∗2i, µ∗3i and µ∗4i

as comparison with (6) reveals.
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3.4 Objective function

As explained in Sec.3.2, f(t) is linear in the µ-parameters. Since Eq.(2) is a linear differential equation, its
solution q is linear in f(t) and therefore also linear in the µ-parameters:

q(t) = [qx(t) qy(t) qt(t)]T

= [ψx(t) ψy(t) ψt(t)]T · µ
= Ψ(t)T · µ. (14)

The matrices ψx(t), ψy(t) and ψt(t) ∈ R12×1 are determined according to the numerical method proposed
in [29]. Substituting (14) into Eq.(4) yields:

Ekin(t) =
1
2
· µT · Ψ̇(t)T ·M · Ψ̇(t) · µ

= µT ·H(t) · µ, (15)

where Ψ̇(t) = dΨ
dt . In other words: the kinetic energy can be written as a quadratic form of µ. Given the fact

that the symmetric matrix H(t) is of the form

H(t) =
1
2
· Ψ̇(t)T ·M · Ψ̇(t), (16)

with M a diagonal matrix with positive elements and Ψ(t) an arbitrary matrix (possibly not of full rank),
H(t) is positive semidefinite. Substituting (15) into (5) yields:

Ēkin =
1
kT

kT∑

k=1

µT ·Hk · µ = µT ·
(∑kT

k=1 ·Hk

kT

)
· µ = µT · H̄ · µ, (17)

where Hk = H((k − 1)Ts). H̄ is a (non-negative) sum of positive semidefinite matrices Hk and hence a
positive semidefinite matrix.

3.5 Resulting SOCP

The resulting optimization problem is:

minimize[µ∗;µ] µT · H̄ · µ
subject to (7), (13a)–(13d).

SVD factorization and partitioning of the symmetric positive semidefinite matrix H̄ yields:

H̄ = [U1|U2] ·
(

Σr 000
000 000

)
·
[

UT
1

UT
2

]
.

Σr ∈ Rr×r is a diagonal matrix of which all diagonal elements are positive. Now introducing the auxiliary
variables p ∈ Rr and z ∈ Rr as well as the linear equality constraints p = UT

1 · µ and z =
√

Σr · p it is
easily verified that the average kinetic energy is a quadratic form Ē = zT · z, of a variable z that is a linear
transformation of µ.

Note that minimizing zT · z is equivalent to minimizing
√

zT · z = ‖z‖ since the square root is monoto-
nously increasing on the nonnegative reals. A final observation before defining the resulting SOCP is that
minimizing ‖z‖ is equivalent [25] to minimizing the auxiliary variable w subject to the (second-order cone)
constraint that

‖zu‖ ≤ w. (18)
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i = 1 i = 2 i = 3 i = 4
ai (m) 0.12 0.24 0.6 ...
mi (kg) 4.813 5.582 9.626 380.4

ui, i = {1, 2, 3} (m) 0.06 0.12 0.3 ...
vi, i = {1, 2, 3} (m) 0.0 0.0 0.0 ...

xoi (m) 0.0 ... 0.6 ...
yoi (m) 0.0 ... 0.0 ...

Ji (kg-m2) 0.0247 0.0706 0.4937 186.4

Table 1: Parameters of the unbalanced four-bar linkage. Furthermore, (xc4 , yc4) equals (0.018,0.027) m.

j = 1 j = 2
xdj

(m) -0.7 0.9
ydj (m) -0.4 -0.4

kxj (kN/m) 80 80
kyj (kN/m) 200 200

ktj (N·m/rad) 0 0
ζxj (N·s/m) 520 520
ζyj (N·s/m) 800 800

ζtj (N·m·s/rad) 0 0

Table 2: Frame mounting parameters.

The auxiliary variable w is introduced to obtain a linear objective function.

Based on the results of the previous sections, the following optimization problem is obtained. The optimiza-
tion variables are (µ∗, µ, z, w):

minimize w (19a)

subject to superposition principle (7) (19b)

minimum inertia constraint (13a) (19c)

additional practical constraints (13b)–(13d) (19d)

µ → z transformation (19e)

constraint (18) due to introduction of w. (19f)

This is an optimization problem in which a linear objective function (19a) is minimized, subject to linear
equality constraints (19b), (19e), linear inequality constraints (19d) and second-order cone constraints (19c),
(19f). In other words, this is an SOCP.

4 Numerical example

4.1 Original linkage

The four-bar linkage considered is the one previously studied in [22], of which the numerical parameters are
summarized in Tables 1–2. The dashed line in Fig.2 shows the average kinetic energy Ēkin of the supporting
frame as a function of the angular velocity Ω (rad/s) of the crank. In order to interpret this figure and to
understand the relation between kinetic energy and each component of the force or moment, a harmonic
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Figure 2: Average frame kinetic energy versus crankspeed for the original linkage (dashed line) and the
optimized linkage (solid line) with the three counterweights of Table 4–column 6.

um
i (m) uM

i (m) vm
i (m) vM

i (m)
i = 1, (a1 = 0.12m) -0.0761 0.0600 -0.0300 0.0212
i = 2, (a2 = 0.24m) -0.1200 0.1200 -0.1200 0.1200
i = 3, (a3 = 0.60m) -0.1500 0.1500 -0.1000 0.1000

Table 3: Upper and lower bounds on the counterweight COG coordinates.

analysis is carried out. The three (damped) resonance frequencies of the 3-dof flexibly mounted frame equal:

ωn1 = 19.04 rad/s, ωn2 = 31.98 rad/s, ωn3 = 40.11 rad/s. (20)

The peaks in the average kinetic energy emerge if Ω is such that one of the harmonics is close to one of the
resonance frequencies. For instance in the case of the peak near Ω = 19 rad/s and Ω = 32 rad/s, the first
harmonic of Ω is close to ωn1 and ωn2, respectively. For the peak near Ω = 9.5 rad/s the second harmonic is
close to ωn1. In this example counterweights are designed for a crank speed of Ω = 20 rad/s as in [22]. Table
3 shows the values for the upper and lower bounds on the COG coordinates used in (13b)-(13c), i = {1, 2, 3}.
These values are chosen such that the counterweights of [22] comply with them3.

The upper limit m∗,M
tot on the total counterweight mass is set to 24.25 kg, that is, exactly the amount of

counterweight mass used in [22]. This mass corresponds to about 1/16 of the frame mass and 1.2 times the
original four-bar mass.

The optimization problem is implemented in Matlab, using Yalmip, a Matlab toolbox for modeling
optimization problems independently of the numerical solver [30]. The SOCP numerical solver used here
is SeDuMi, a dedicated software package for optimization problems over symmetric cones [31]. Solving
one optimization problem instance does not require an initial guess and on average takes less than one CPU
second.

4.2 Results

Table 4 shows the results of the optimization for different objective functions and optimization methods.
Optimizations have been carried out with Gurdev and Kochev’s reference point c̄ (see Sec. 2.2) and the
reference point c4 used here.

3It would be more accurate to use the bounds chosen in [22], but these bounds are not provided in this reference.
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ref. point Ēkin c̄ c4

obj. function Ēkin Ēkin full force Ēkin Ēkin full force
methodology [22] SOCP [22] SOCP SOCP [22]

counterweights 1 - 3 1 - 3 1 - 3 1 - 3 1 - 2 - 3 1 - 3
m∗

1 (kg) 9.160 9.089 8.30 9.384 16.379 8.30
u∗1 (m) -0.0761 -0.0761 -0.0750 -0.0735 -0.0761 -0.0750
v∗1 (m) 0.0212 0.0212 0.0 0.0212 0.00116 0.0

J∗1 (kg-m2) 0.0286 0.0284 0.0233 0.0275 0.0485 0.0233
m∗

2 (kg) 0.0 0.0 0.0 0.0 3.105 0.0
u∗2 (m) ... ... ... ... -0.12 ...
v∗2 (m) ... ... ... ... -0.12 ...

J∗2 (kg-m2) ... ... ... ... 0.0447 ...
m∗

3 (kg) 15.090 15.162 31.280 14.866 4.767 31.280
u∗3 (m) -0.094 -0.101 -0.146 -0.108 -0.15 -0.146
v∗3 (m) 0.036 0.037 0.0 0.036 0.062 0.0

J∗3 (kg-m2) 0.077 0.0869 0.3334 0.0956 0.0628 0.3334
Ēkin (orig) (J) 5.6414 8.4199
Ēkin (opt) (J) 0.1180 0.1170 0.7978 0.1140 0.0792 1.2705

Table 4: Counterweight parameters and resulting frame kinetic energy for optimization according to different
criteria and using the methods presented here and in [22]. 1–3 indicates that no coupler counterweight is
used as opposed to the case 1–2–3. Values in boldface indicate counterweight COG coordinates equal to
their upper or lower limit, as given in Table 3.

Using c̄ as the reference point allows us to benchmark the SOCP results (column 3) with those provided by
Kochev and Gurdev (column 2). Both approaches result in roughly a fiftyfold reduction of Ēkin from an
original 5.6414 J to about 0.12 J. Since the SOCP is guaranteed to yield the global optimum, its result is
slightly better than that provided by Kochev and Gurdev. Although the results are quite the same, the major
advantage of the SOCP over the nonlinear programming approach of Kochev and Gurdev is the fact that this
optimum is guaranteed to be the global optimum (this can only be guessed in Kochev and Gurdev’s case)
and is found in only a few CPU seconds (Kochev and Gurdev do not provide information on the algorithm
used, nor the required computational time).

Kochev and Gurdev do not consider a coupler counterweight. The effect of this restriction is assessed in
column 6 which contains the results for the case that a counterweight is allowed on each link. Although
the average kinetic energy drops from 0.1140 to 0.0792 J, this additional reduction is judged to be marginal
compared to the original Ēkin of 8.4199 J. The guarantee of obtaining the global optimum allows us to state
that it is proven, albeit in a numerical way, that using a coupler counterweight is of little use in this case.

Columns 4 and 7 illustrate the difference between the energy approach and the full force balance approach.
The counterweights that result in full force balance are those determined by Kochev and Gurdev [22]. The
average frame kinetic energy is significantly (about seven times for c̄; about ten times for c4) higher in the
case of full force balancing, thereby illustrating the significantly higher efficiency of the energy approach
compared to the full force balance approach.

4.3 Robustness analysis

The counterweight optimization is carried out for a design crank speed of Ω = 20 rad/s. The effectiveness at
other drive speeds is addressed in Fig. 2, which shows the variation of Ēkin (using c4 as the reference point)
as a function of Ω for the original linkage and the optimized (Table 4–column 6) linkage. A significant
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Figure 3: Average frame kinetic energy for different damping values of kx and ky and for ζx = 520 Ns/m
and ζy = 800 Ns/m at a crankspeed of 20 rad/s.

frame vibration reduction is observed over the entire speed range, which illustrates the robustness of the
counterweight design, despite that robustness is not taken into account during the design stage.

Furthermore, the effect of variation of the stiffness values kx,i and ky,i on the resulting average kinetic energy
is investigated in Fig. 3 for the damping values given in Table 2. Since both spring-damper systems are the
same it suffices to consider the variation of kx,i = kx, i = {1, 2} and ky,i = ky, i = {1, 2}. The analysis is
carried out for kx and ky values ranging from 20 kN/m to 400 kN/m, i.e. a maximum stiffness of about 5
times the design value of kx and of 2 times the design value of ky. For these values of kx and ky, Fig.3(a)
and (b) show the average kinetic energy of the original linkage and the optimized linkage, respectively.

In Fig.3(a) two regions with significantly higher vibration levels appear, one around kx = 100 kN/m and one
around ky = 80 kN/m. For these stiffness values, one of the frame resonance frequencies gets very close to
the first harmonic frequency of the shaking force/moment (20 rad/s), which explains the increased vibration
level. More specifically, the frame resonance frequency of 20 rad/s around kx = 100 kN/m, is mainly excited
by the first harmonic of fshak,x, while the frame resonance frequency of 20 rad/s around ky = 80 kN/m, is
mainly excited by the first harmonic of fshak,y.

In Fig.3(b), the increased vibration region around kx = 100 kN/m has disappeared. This is due to fact
that the counterweights result in a 17-fold reduction of the first harmonic of fshak,x. On the other hand,
the first harmonic of fshak,y is reduced with a factor of two only, which clearly does not suffice to remove
the increased vibration region around ky = 80 kN/m. The reduction of the first harmonics of fshak,x and
fshak,y comes at a cost of an increased first and second harmonic of mshak. This, however, does not result
in increased frame vibration, which is illustrated by the fact that the counterweights reduce (compared to the
original linkage) the average kinetic energy with 45% to 99.9% for all considered values of stiffness.

For the stiffness values given in Table 2, Fig. 4(a) and (b) show the average kinetic energy of the original
linkage and the optimized linkage, respectively, for different values of ζx and ζy. Since both spring-damper
systems are the same, they are both varied in the same way. A range from 0 to 1600 N· s/m is considered for
both ζx and ζy, i.e. a maximum damping of about 3 times the design ζx and of 2 times the design ζy. Figure
4(b) shows that the average kinetic energy of the optimized linkage changes little over the whole range. This
is due to the fact that changing the damping has a much smaller effect on the (damped) resonance frequencies
than changing the stiffness. For the damping range considered here, the first harmonics of fshak,x and fshak,y

never coincide exactly with the frame resonance frequencies, resulting in lower vibration levels in Fig. 4(b)
than in 3(b).

It can therefore be concluded that, for this particular example, counterweight balancing is a very robust
solution for vibration reduction, both for changes in crank speed, damping and stiffness. More examples are
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Figure 4: Average frame kinetic energy for different damping values of ζx and ζy and for kx = 80 kN/m and
ky = 200 kN/m at a crankspeed of 20 rad/s.
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Figure 5: Instantaneous frame kinetic energy during one period of motion for the exact Virtual.Lab simula-
tion (solid line) and the approximate Matlab simulation (dashed line).

needed, however, to draw more general conclusions regarding robustness. In addition, future work will focus
on including robustness in the optimization framework.

4.4 Validation of the model

In this section, the validity of the modeling assumptions of Sec.2.2 is assessed by comparing the approximate
modeling results with those obtained from a state-of-the-art multibody simulation software (Virtual.Lab
Motion). Figure 5(a) shows the frame kinetic energy during one period of motion of the original linkage
for the exact Virtual.Lab simulation (solid line) and the approximate Matlab simulation (dashed line). Figure
5(b) shows the same simulation results for the optimized linkage of Table 4-column 6 (reference point c4).
At Ω = 20 rad/s, the resulting relative error on the average frame kinetic energy is 52% for the original
linkage and 1% for the balanced linkage. Using c̄ as in [22] gives a better estimation: relative errors of 3%
(Ēkin) for the original linkage. Near the optimum both methods provide a similar estimation, however.

The model is significantly more accurate for the balanced linkage since it satisfies the assumptions of
Sec.2.2 to a much greater extent. First, the small angular displacement assumption is much better fulfilled:
max(|qt|) = 5 · 10−3 rad (original) versus max(|qt|) = 5 · 10−4 rad (balanced). Second, the assumption
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of small pivot accelerations is met to a much greater extent since the maximum absolute value of the frame
acceleration (q̈x, q̈y, q̈t) drops significantly: from (11.2 m/s2, 3.8 m/s2, 5.3 rad/s2) to (1.0 m/s2, 1.9 m/s2, 1.2
rad/s2).

5 Discussion and conclusion

It has been shown that counterweight balancing by minimizing the average frame kinetic energy can be
formulated (under not too restrictive modeling assumptions) as a convex optimization problem, which guar-
antees that the global optimum be found. This methodology has been successfully applied to an earlier
benchmark by Kochev and Gurdev: their results have been (slightly) improved, by solving an SOCP that
requires only a few seconds of computational time. For the same example, the balancing has been shown to
benefit only marginally from using a coupler counterweight. This balancing results in a significant reduction
of the frame kinetic energy, even for drive speeds and stiffness and damping values other than those used for
optimization.

The presented method is easily applied to more complicated mechanisms. It is applicable to any planar
linkage, mounted on springs and dampers with linear characteristics. The example used a constant input
speed of the crank but this method also applies to any periodic movement of the crank. The authors feel that
considering more complicated mechanisms will better demonstrate the potential of the method, since there
is a much bigger chance (due to the increased number of optimization variables) to get trapped in a local
optimum for the nonconvex optimization problem formulation proposed by Kochev and Gurdev.

Some assumptions were made which limit the application of this method. First, it is not possible to evaluate
the potential of this method for machines where the frame vibrations significantly influence the forces in the
mechanism and where the total mass of the mechanism is close to the mass of the frame (this is only rarely
the case, however). Second, the four-bar links and the frame are assumed to be rigid. While link elasticity
constitutes a dramatic complication, frame elasticity can also be accounted for in the present framework.
Third, the results of the optimization depend on the parameters of the frame mounting.

Present research is focusing on (i) including robustness for varying mounting parameters in the present
framework, (ii) extending the present framework to also include the transmission of forces to the machine
floor and (iii) illustrating the application potential for more complicated mechanisms.
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Abstract 
Linear vibration analyses of statically indeterminate rotors supported on hydrodynamic journal bearings 
demand large amounts of numerical work in order to calculate the static equilibrium positions of the 
journals relative to the respective bearings at different values of rotating speed and the corresponding 
stiffness and damping dynamic coefficients.  

As shown by the author in a previous paper, all that work might be useless if the wrong bearing model is 
adopted in the unbalance response calculation. In that paper, it was verified that the traditional 8-
coefficient bearing model is inadequate for the unbalance response calculation of single spam rotor 
systems supported on hydrodynamic journal bearings placed close to nodal points of excited modes of 
vibration. In such situations, one cannot neglect the time varying tilt angle between journals and bearings, 
the consideration of which leads to the adoption of a 32-coefficient bearing model.  

A similar analysis is conducted in this work, focusing on statically indeterminate rotors. Numerical results, 
related to a large turbo set, indicate that the differences between vibration amplitudes calculated using 
both bearing models can be greater than 80%, while discrepancies in the predicted stability thresholds are 
small. The conclusions of the study are coherent with previously published theoretical and experimental 
results. 

 

1 Introduction 
 

Statically indeterminate rotors comprising shafts rigidly coupled at their common ends, or one single shaft 
supported on three or more hydrodynamic bearings frequently occur in rotating equipment. These systems 
are very often subject to bearing lateral (or parallel) misalignment, defined here as a situation in which the 
bearings are assumed to remain aligned to their respective journals, but not on a same straight centre line. 
Lateral misalignment configurations are usually prescribed by the design as a means to improve system 
stability. Because of improper assemblage, elastic and thermal distortions, and also manufacturing errors, 
real equipment may not work under the expected lateral misalignment conditions. The effects of changes 
of parallel misalignment on the stability threshold of statically indeterminate rotor systems are illustrated 
in [1], [2] and [3], among others, who modeled journal bearings using the traditional 8-dynamic 
coefficient model. 

Such analyses demand a large amount of numerical work in order to calculate the static equilibrium 
positions of the journals relative to the respective bearings at different values of rotating speed. This 
calculation involves the solution of a set of nonlinear algebraic equations necessary to determine the load 
supported by each bearing. The study becomes especially complex when one needs to evaluate the 
influence of the misalignments of the bearings, which requires the numerical solution of the Reynolds 
equation hundreds of times for each misalignment configuration. 
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Once the static equilibrium positions are known, a numerical perturbation procedure must be carried on in 
order to calculate the dynamic stiffness and damping coefficients; after the calculation of these dynamic 
coefficients, the unbalance response calculation is easily performed. As shown by the author in a previous 
work [4], when some of the bearings are placed close to nodal points of excited vibration modes, one has 
to include in the vibration analyses the forces and moments caused by the dynamic angular displacements 
of the journals relative to the bearings, thus using a 32-coefficient hydrodynamic bearing model. Unlike 
the coefficients of the planar model, readily available in journal bearing data books, stiffness and damping 
coefficients of the complete model must be numerically calculated for each particular rotor system, since 
they are functions of four parameters that define the static equilibrium position of the journal: two 
coordinates for the journal centre and two tilt angles. 

The influence of lateral misalignment of the bearings on both steady state unbalance response and linear 
stability threshold of statically indeterminate systems consisting on two rigidly coupled identical rotors 
was previously studied in [5] and [6]. An analogous analysis is here presented, focusing on rotors 
supported on three hydrodynamic journal bearings subject to lateral static misalignment, aiming to 
compare results obtained with the use of the 8-coefficient and 32-coefficient bearing models. As presented 
in [4], the differences between the results of the unbalance response calculation might be significant 
enough in order to invalidate the use of the 8-coefficient bearing model.  

 

2 Analyses procedure 
 

Shaft dynamic properties are represented by the mass and stiffness matrices of the well known 
Timoshenko beam element. Wheels, disks, etc., are assumed to be rigid, and their gyroscopic effects are 
included.  

A nonlinear static analysis must be performed at selected rotor speeds in order to determine the static 
configuration of the system, and calculate the absolute static equilibrium position of each model node, 
which depends on the external static loads and bearing static misalignments. This requires the iterative 
solution of Eq. (1),  

 
s

sK q R L= +        (1) 

 

where Ks is the stiffness matrix of the shaft, q is the vector of coordinates, R is the vector of nonlinear 
bearing reactions and sL  includes all external static loads, such as weights and concentrated forces and 
moments due to gears, couplings, etc. The initial guess for the iterative process are the bearing reactions 
and the rotor deformed shape calculated considering the bearings as being rigid; in the following steps, 
static condensation techniques are applied in order to reduce the size of Eq. (1). 

Once the relative equilibrium positions of the journals are known, one can calculate the corresponding 
dynamic coefficients of the bearings, and the complete set of linear differential motion equations of the 
rotor is obtained,  

 

[ ] [ ] [ ] ( )s r b s bM M q D D G q K K q t+ + + + + + = f&& &     (2) 

 

where Ms and Ks are the consistent mass and stiffness matrices, Mr is the rotating rigid elements mass 
matrix, D is a general damping matrix, Db and Kb are the bearing damping and stiffness matrices, G  is the 
skew symmetric gyroscopic matrix and f(t) is the harmonic forcing terms vector. Procedures for the 
calculation of synchronous unbalance response and stability threshold are described in [7]. 

The harmonic excitations acting on the disks are represented in Fig. 1: sU
r

 is the static unbalance vector 
and the components of the couple unbalance vector dU

r
 are given in Eq. (3),  
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( )d XY XZU J j J kω= +
rr r& &       (3) 

 

where XYJ&  and XZJ&  are the time derivatives of the products of inertia of the disks and ω  is the rotor speed. 
These products of inertia are computed, irrespective of their origin (skewed disks, for example), assuming 
that they are caused by two lumped masses dm  positioned 180o  apart on both faces of the disk (thickness 

dl  and radius dr ), as exemplified in Fig. 1. 

 

 
Figure 1: Unbalance excitations. 

 

The initial phase angle of the static unbalance is 
0uϕ , and 

0dϕ  is measured between the longitudinal plane 
that contains the two masses dm  and the longitudinal plane defined by the shaft centreline and the mass 
centre of the disk. Thus, the resulting expressions for the unbalance vectors are 
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where M is the mass of the disk, ( )du G C= −  is the radial unbalance, 

0u u tϕ ϕ ω= +  and 
0 0d u d tϕ ϕ ϕ ω= + + . 
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3 Rotor System 
 

The rotor system considered in the analysis, sketched in Fig. 2 together with the coordinate system, is a 
reactor coolant turbo pump [8] with overall length of 7.221 m and 16899 kg total mass supported on three 
hydrodynamic bearings. These are two 20o  opening axial groove bearings, with length to diameter ratios 

1,2 0.25L D =  and 3 1.50L D = , diameters 1,2 0.42D m=  and 3 0.22D m= , and radial clearances 
1,2

420rc mµ=  

and 
3

286rc mµ= ; a constant average viscosity 20.03Ns mµ =  is adopted in the numerical simulations. 
Shaft geometrical properties are taken from the reference, resulting in 9455M =  kg for the overhang disk 
(disk IV); its corresponding moments of inertia, polar 2

, 4800p I VI kgm=  and transversal 2
, 2650t IVI kgm= , 

are lumped at node 34. The polar moments of inertia of the other disks, 2
, 224.0p II kgm=  and 

2
, , 4.9p I I I I II k g m=  are lumped at nodes 12, 20 and 24 respectively.  

 

 
Figure 2: Reactor coolant turbo pump [8] and coordinate system. 

 

 

4 Hydrodynamic Reactions and Dynamic Coefficients 
 

As shown in Fig. 2, the journal has four degrees of freedom: lateral displacements in Y and Z directions, 
and angular displacements A and B around axes Z and Y respectively. Forces and moments are calculated 
after the pressure field is determined through the integration of the conventional (isothermal, laminar flow) 
Reynolds equation, as described in [6]. 

The bearing model chosen for this study allows for the comparison between this author’s results with 
previously published ones related to the theme. Figure 3 displays the nondimensional moments [9] around 
axes Y and Z acting on a journal subject to a static angular misalignment around Y; the magnitude of the 
angular displacement is 40% of the maximum relative tilt angle between journal and bearing.  

In order to calculate the stiffness and damping matrices of the bearings (Eq. 5), the numerical 
differentiation procedure described in [10] was adopted; some of these coefficients are shown for 
comparison in Fig. 4.  
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These comparative results are merely illustrative, and correspond to a very small portion of the 
information generated during the calculation process of the dynamic coefficients used in the vibration 
analysis. The slight differences observed in Figs. 3 and 4 can be partly attributed to unavoidable 
approximations done when reading data from the original graphs and adapting them to the coordinate 
system here adopted. The results are also susceptive to cumulative discrepancies caused by the probable 
adoption of different convergence criteria during the determination of the pressure field and static 
equilibrium position.  
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Figure 3: Moments around axes Y and Z;   : this work; --: 
results taken from Fig. 7b in [9]; oS : Sommerfeld N#. 
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Figure 4: Nondimensional stiffness 
coefficients; lines: this work; points: data taken 
from Fig. 8 in [10]; ε : journal’s relative 
eccentricity. 

 

5 Vibration Analysis 
 

The lateral misalignments of the bearings are measured from the undeformed shaft centre line, and are 
given by , n nY n b rm Y c=  and , n nZ n b rm Z c= , where 

nbY  and 
nbZ  are the absolute displacements of the n-th 

bearing. Once a lateral misalignment configuration is defined, if the journals are required to have zero 
relative angular misalignment at an intermediary speed, the bearings must be tilted in order to achieve that 
configuration. At other speeds, there will be a certain level of static angular misalignment, which will 
affect the values of the dynamic coefficients of the bearings, but since the shaft here considered is 
relatively stiff, these effects will be small. After the calculation of all the rotor properties related to a 
particular misalignment configuration at different speeds, a free vibration analysis is performed in order to 
calculate the eigenvalues iλ  together with the corresponding eigenvectors iφ , where i i iipλ ρ= + , and iρ  
and ip  are the ith damping exponent and damped natural frequency; the speed operation range of the rotor 
is delimited by the stability threshold insσ . 

First, the influence of lateral misalignment on the stability thresholds and unbalance steady state response 
will be analyzed. Table 1 gives the mean values of the vertical reactions ,y nF  of the bearings and insσ  as 
functions of ,2Ym , keeping all other lateral misalignments null. It shows that increasing the load on bearing 
2 yields higher stability levels, until a maximum value is attained when 

2
4.762ym = ; this will be the 

reference configuration. Figures 5a and 5b display the nondimensional elastic deflection lines 
corresponding to ,2 0.0Ym =  and  ,2 4.762Ym =  respectively, and Figs. 6a and 6b show , 2n i if p π=  and iρ  
as functions of ω  in the reference configuration.  
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Table 1.Bearings vertical reactions and insσ  as functions of ,2Ym . 

 , ( )y nF N  

,2Ym  bearing 
1 

bearing 
2 

bearing 
3 

( )ins rpsσ
 

0.0 32320 5750 127730 29.9 

1.000 30680 9860 125260 33.8 

2.000 28850 13840 123110 38.7 

3.000 27000 18050 120750 40.3 

4.000 25150 22320 118330 42.0 

4.762 23750 25430 116620 43.4 

 
The load on bearing 2 could be increased imposing , 2 0Zm > , but due to the kind of bearing adopted for 
this study, it was verified that for this particular system the vertical misalignment of bearing 2 is a much 
more effective means to improve the stability characteristics. Comparing the values of insσ  corresponding 
to ,2 0.0Ym =  and ,2 4.762Ym =  there is an increase of 45.2%  in the stability threshold.  
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Figure 5a: Elastic deflection lines corresponding 
to ,2 0.0Ym = .  
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Figure 5b: Elastic deflection lines corresponding 
to ,2 4.762Ym = .  

 

In order to provide a better understanding of the results of the steady state response calculations to be 
presented in the foregoing, Figure 7 depicts the vibration modes calculated at speeds close to the first 
resonant speeds 

irω  shown in Figure 6a, together with the corresponding eigenvalues; F identifies forward 
modes, B the backward ones, and the results refer to the ,2 4.762Ym =  configuration.  
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Figure 6a: Campbell diagram, reference 
configuration. 
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Figure 6b: Damping exponents, reference 
configuration. 
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Figure 7: Vibration modes, reference configuration. 

ROTATING MACHINERY:DYNAMICS 3721



A first evaluation of the steady state response of the rotor shows that the maximum vibration amplitudes 
occur at disk IV, which is also considered the most significant source of unbalance excitations. Figure 8 
displays the amplitudes of vibration ( ,IV IVA B  in radians, ,IV IVY Z  and IVr  in m) caused by a radial unbalance 

7.0IVu mµ= ; IVr  is the major axis of the elliptical orbit of the geometric centre of the disk.  

The effects of lateral misalignment on the steady state response of the rotor are exemplified in Fig. 9, 
which shows the amplification factors IV IV IVf r u= . Unlike the stability thresholds, which were shown to 
increase together with , 2Ym  in Table 1, one notes an initial decrease in the maximum vibration levels for 

,2 1.0Ym = . After that, higher values of lateral misalignment yield a clear shift in the critical speed and 
greater maximum vibration amplitudes. Comparing the maximum values of IVf  corresponding to 

,2 1.0Ym =  and ,2 4.762Ym = , 4.4IVf =  and 7.1IVf =  respectively, one finds an increase of 61 %. 
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Figure 8: Vibration amplitudes, reference 
configuration, disk IV (node 34), 7.0IVu mµ= . 
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Figure 9: Amplification factors, disk IV (node 
34), as a function of , 2Ym .

 

 

Figure 10 is analogous to Fig. 8 and shows the vibration amplitudes caused by a couple unbalance 

, 2
2 0.15d I VU

kgm
ω

=

r

. The consideration of both unbalance excitations acting together requires the definition 

of the value of the phase angle 
0dϕ , defined in Fig. 1; the response curves depicted in Fig. 11 correspond 

to 
0

0.0dϕ = . 

 

 

3722 PROCEEDINGS OF ISMA2006



5 10 15 20 25 30 35 40 45
0

1

2

3

4

5

6

7

8

9
x 10

-5

am
pl

itu
de

s

IVB

IVA

IVr

IVIV

 

Figure 10: Vibration amplitudes, reference 
configuration, disk IV, couple unbalance only  
( 0.00 =dϕ ). 

5 10 15 20 25
0

1

2

3

4

5

6

7

8

9
x 10

-5

( )rpsω

am
pl

itu
de

s

IVB
IVA

IVr

IVZ
IVY

 
Figure 11: Vibration amplitudes, reference 
configuration, disk IV, static and couple 
unbalance ( 0.00 =dϕ ). 

 

 

As seen in Figs. 10 and 11, the couple unbalance excites the backward mode corresponding to 7.4nf rps≈  
resulting in maximum vibration levels similar to the ones caused by static unbalance alone; it also 
increases the vibration amplitudes at 17.5r rpsω ≈ . 

All the previous results were calculated using the 32-coefficient bearing model. The same analyses were 
repeated with the use of the 8-coefficient bearing model and some results are compared in Table 2, which 
shows the peak amplification factors of disks I to IV (given by i i IVf r u= ), together with the main critical 
speeds IVω  (maximum vibration peaks at disk IV ) and the stability thresholds. 

One notes that the adoption of the 8-coefficient bearing model significantly affects the results of the 
unbalance response calculation; conversely, it slightly changes the values of the stability threshold and 
little affects the critical speeds. The great differences in the amplification factors calculated with both 
bearing models are explained by the closeness between the bearings and the nodal points of the excited 
modes of vibration. This becomes evident observing the vibration mode corresponding to 01.17=nf  rps 
sketched in Figure 7, where it is clearly shown that there is a nodal point almost coincident with the 
central plane of bearing # 3. This result was predicted in the analysis presented by the author in [ ]. 

Figures 12 to 15 show the amplification factors of disks I to IV , the maximum values of which are 
presented in Table 2; the differences between the critical speeds are clearly noticed as well. 
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Table 3: Comparison between results calculated with both bearing models; 8,32f : amplification factors; 

8,32w : critical speeds; 8,32σ : stability thresholds. 

Result Numerical 
value ≠  % 

32,If  2.18 - 

8,If  3.16  45.0 

32,IIf  3.12 - 

8,IIf  5.31  70.2 

32,IIIf  3.41 - 

8,IIIf  6.17  80.9 

32,IVf  7.13 - 

8,IVf  12.0  68.3 

32w  17.5 - 

8w  16.0  -8.6 

32σ  43.4 - 

8σ  43.3  
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Figure 12: Comparison between amplification factors, disc I, static unbalance. 
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Figure 13: Comparison between amplification factors, disc II, static unbalance. 
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Figure 14: Comparison between amplification factors, disc III, static unbalance. 
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Figure 15: Comparison between amplification factors, disc IV, static unbalance. 

 

6 Conclusions 
 

A detailed linear vibration analysis of a statically indeterminate rotor was presented. The rotor is 
supported on three hydrodynamic journal bearings subject to lateral misalignment. Some effects of the 
lateral misalignment on the critical speeds, vibration amplitudes and stability threshold were evaluated. 

A discussion concerning journal bearing models showed that bearings placed close to nodal points of 
excited vibration modes should be modeled using the 32-coefficient bearing model, in order to calculate 
the vibration amplitudes. In such situations, the use of the 8-coeficient bearing model yields invalid 
results.  
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739

Efficiency estimation of a benchmark SEA model
A. Culla, A. Sestieri, University of Rome “La Sapienza”, Italy

755

Evaluation of the SEA parameters of a benchmark by the power injection method
A. Culla, A. Sestieri, University of Rome “La Sapienza”, Italy

767

A review of the scaling procedure for the analysis of the vibroacoustic responses
S. De Rosa, F. Franco, University of Naples “Federico II”, Italy

781

A hybrid formulation for vibro-acoustic analysis of structures in the mid-frequency domain
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N. Gil-Negrete, M.J. Garcı́a Tárrago, J. Vinolas, University of Navarra, Spain

1039

Auxetic Materials and Structural Damping
J.R. House, M. Greaves, M. Swan, QinetiQ, United Kingdom

1051

Thermoelastic Damping in MEMS Resonators - The role of Thermal and Structural Modes
N. Jaroesawat, S. McWilliam, C.H.J. Fox, University of Nottingham, United Kingdom

1061

Numerical Simulation of Rubber Devices Dynamics by Discrete Modelling
M. Lancini, A. Magalini, D. Vetturi, Università degli Studi di Brescia, Italy
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A.F. Vakakis, National Technical University of Athens, Greece
Y.S. Lee, D.M. McFarland, L.A. Bergman, University of Illinois at Urbana-Champaign, United
States of America

2735

Nonlinear Structure Analysis Using the Best Linear Approximation
L. Lauwers, J. Schoukens, R. Pintelon, M. Enqvist, Vrije Universiteit Brussel, Belgium

2751

On Nonlinear Parameter Estimation
M. Magnevall, A. Josefsson, K. Ahlin, Blekinge Institute of Technology, Sweden

2761

Comparison of two different nonlinear state-space identification algorithms
J. Paduart, J. Schoukens, Vrije Universiteit Brussel, Belgium
K. Smolders, J. Swevers, Katholieke Universiteit Leuven, Belgium

2777

Nonlinear Modelling and Identification of Torsional Behaviour in Harmonic Drives
T. Tjahjowidodo, F. Al-Bender, H. Van Brussel, Katholieke Universiteit Leuven, Belgium

2785

Identification of Structural Free-play Non-linearities using the Non-Linear Resonant Decay Method
Z. Yang, University of Manchester / Tianjin University, United Kingdom
G. Dimitriadis, G.A. Vio, J.E. Cooper, J.R. Wright, University of Manchester, United Kingdom

2797



xxiv PROCEEDINGS OF ISMA2006

Experiments, measurement procedures and curve-fitting of a post-buckled vibrating beam
O. Yogev, I. Bucher, M. Rubin, Technion - Israel Institute of Technology, Israel

2811

Identification and Characterization of the Non-linear Dynamic Behavior of a Laboratory Aircraft
Structure
D.G. da Silva, P.S. Varoto, University of Sao Paulo, Brazil

2821

Non-stationary sound and vibration analysis and applications
Session NSV

Don’t ignore nonstationarity: use it to advantage
F. Bonnardot, LASPI, France
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B. Schlecht, T. Schulze, T. Hähnel, T. Rosenlöcher, Technical University of Dresden, Germany

3681

Counterweight balancing for machine frame vibration reduction: design and robustness analysis
M. Verschuure, B. Demeulenaere, J. Swevers, J. De Schutter, Katholieke Universiteit Leuven, Bel-
gium

3699

Unbalance Response of Statically Indeterminate Rotors Supported on Hydrodynamic Journal Bear-
ings: Use of the 32 Coefficients Bearing Model
D.C. Zachariadis, Polytechnic School - University of São Paulo, Brazil

3715

Self-excited vibrations
Session SEV

A Higher Order Harmonic Balance Approach for an Aeroelastic Airfoil with a Freeplay Control
Surface
N. Amuyedo, J.E. Cooper, University of Manchester, United Kingdom

3729

Effects of track parameters and environmental conditions on tramcar induced squeal noise
R. Corradi, A. Facchinetti, S. Manzoni, M. Vanali, Politecnico di Milano, Italy

3745



xxx PROCEEDINGS OF ISMA2006

Brake squeal: a multi parametric phenomenon assessed in terms of robustness
G. Fritz, J.M. Duffal, Renault, France
D. Perez-Recio, S. Bonnet, Renault, Spain
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B. Ginn, D. Tcherniak, Brüel & Kjaer Sound & Vibration Measurement A/S, Denmark

4463

The influence of suspension and tyre dynamics on Driveline NVH
N.A. Zaidi, Romax Technology, United Kingdom
A.A. Popov, S.D. Garvey, University of Nottingham, United Kingdom

4477

Investigation of binaural transfer functions; reciprocity in free field and in-vehicle
P. van der Linden, P. Van de Ponseele, G. Coppens, LMS International, Belgium

4485

Vibro-acoustic analysis
Session VAA

Calibration of the two microphone transfer function method to measure acoustic impedance in a
wide frequency range
R. Boonen, P. Sas, W. Desmet, W. Lauriks, G. Vermeir, Katholieke Universiteit Leuven, Belgium

4501

Impedance Identification out of Pressure Data’s with a hybrid Measurement-Simulation Methodol-
ogy up to 1kHz
A. Hepberger, S. Volkwein, F. Diwoky, ACC Acoustic Competence Center G.m.B.H., Austria
H.-H. Priebsch, ACC Acoustic Competence Center G.m.B.H. / Graz Technical University, Austria

4513

Acoustic measurements in a small transmission loss facility
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A Higher Order Harmonic Balance Approach for an 
Aeroelastic Airfoil with a Freeplay Control Surface 

 
N. Amuyedo and J. E. Cooper 
School of Mechanical, Aerospace and Civil Engineering, University of Manchester,  

Manchester, United Kingdom, M13 9PL 

 

Abstract        
In this paper, the nonlinear dynamic behaviour of an aeroelastic system comprising an airfoil with a 

trailing edge freeplay control surface mounted in an incompressible flow is considered. The true nonlinear 

aeroelastic behaviour of the system is solved for using numerical integration. A Higher Order Harmonic 

Balance (HOHB) Method is then derived and implemented to predict the Limit Cycle Oscillations (LCO) 

that the system may encounter beyond bifurcation airspeeds. The influence of the higher harmonics on the 

accuracy of the predicted LCO behaviour was investigated and it was demonstrated that when five or 

more harmonics were retained in the HOHB solution, the predicted results were in excellent agreement 

with the limit cycle oscillations obtained by the numerically integrating the non-linear equations of 

motion.  

 

 

1 Introduction 
 
The Harmonic Balance (HB) Method is amongst the earliest techniques implemented for the prediction of 

limit cycle oscillations (LCO) and bifurcations associated with structurally non-linear aeroelastic systems. 

The first author known to apply this method to a non-linear aeroelastic system was Shen
 [1]

 who also 

analysed the wing-control surface model in separate cases with a freeplay and hysteretic structural 

restoring forces and moments. Shen validated the results of the HB analysis using numerical solutions 

obtained earlier by Woolston et al. 
[2]. Since then, several authors have implemented and extended the 

capabilities of the HB Method to solve for the behaviour of aeroelastic systems with complicated non-

linear features such as aeroelastic systems with multiple non-linearities, aerodynamic non-linearities 

(transonic aerodynamics) and large aeroelastic systems with non-linearities. Lee et al.
 [3] gives a good 

review of the work carried out by various authors using the HB Method to solve for the behaviour of non-

linear aeroelastic systems. 

The HB Method approximates the non-linear response with a periodic solution which retains only the 

fundamental harmonic based on the assumption that this harmonic is the most significant. Although the 

HB Method is simple to implement using the Describing Function (DF) approach or the equivalent 

linearization technique, its accuracy will falter if there are significant higher harmonics present in the 

periodic response. This shortcoming of the HB Method may be circumvented by modifying the HB 

Method to include higher harmonics as a means to improve on the accuracy of this approach. This 

approach is generally referred to as the Higher Order Harmonic Balance (HOHB) Method.  

This approach is known to have been implemented in other disciplines and branches of engineering, 

examples including von Groll and Ewins
 [4]

 where the HOHB Method has been implemented for the non-

linear analysis of a stator/rotor contact problem. In another publication, Leung and Chui
 [5] used a time 

domain variant of the HOHB method (referred to as the Incremental Harmonic Balance Method) to 

predict the periodic behaviour of the non-linear vibration of coupled Duffing oscillators. 

The first non-linear aeroelastic problem solved using the HOHB Method by Liu and Dowell 
[6]

 was a 

pitch-plunge airfoil model supported by a cubic hardening pitch spring. Their results indicated the 

presence of a secondary bifurcation which could not have been predicted using the HB Method. 

Surprisingly, the LCO solutions had to be solved up to the 9
th
 harmonic in order to capture this secondary 

bifurcation. In a follow-up publication 
[7]

, a time domain HOHB Method was implemented to tackle this 

same problem. In this approach, the HOHB Method was modified in order to eliminate the difficulties 
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encountered whilst decomposing the non-linear term into its Fourier components via a Fourier series 

approximation. 

The HOHB Method was then implemented by Liu and Dowell 
[8]

 to produce an analytical solution for an 

aeroelastic system which comprised an aerofoil with a freeplay control surface oscillating in an 

incompressible flow was analysed. This particular problem was first analysed by Conner et al.
 [9]

 

experimentally. The experimental results were validated by numerically integrating the non-linear 

differential equations of motion. The theoretical model developed initially utilised an aerodynamic load 

model that exploits the two augmented states in the Jones approximation of the Wagner Function. In 

follow-up publications, firstly Tang et al. validated the experimental results using the HB Method and 

numerical integration 
[10]

, and then Conner et al.
 [11]

 validated the results using a theoretical model which 

incorporated unsteady aerodynamic loads modelled by the Peter’s Finite State Induced Flow Theory.  

Liu and Dowell
 [8]

 simplified the aerodynamics using the Jones approximation for the Wagner function, so 

that the non-linear system could be represented as a 12 by 12 time-domain state-space model, which 

includes six additional states. The 12 by 12 non-linear time-domain state-space model was numerically 

integrated using the Point Transformation (PT) Method 
[12]

, and then from the same state-space model, the 

Flap, Pitch and Plunge LCO Motions were solved using the HOHB Method up to the 3
rd

 order. The 

implementation of the HOHB Method for this problem was justified by the vast improvement in accuracy 

of the 3
rd

 order solution on the 1
st
 order HB solution.  

In this paper, an n
th
 order HOHB Method is implemented to solve the airfoil-freeplay control surface 

problem. The implementation is carried out efficiently in the frequency domain using aerodynamics from 

Theodorsen’s Unsteady Aerodynamic Theory 
[13]

. As a result, the need for a state-space time domain 

representation of the non-linear equations of motion is eradicated in the HOHB approach. The results of 

the HOHB Method are validated by numerically integrating an 8 x 8 state-space time domain 

representation of the non-linear equations of motion using the PT Method. 

 

 

2 The Non-Linear Aeroelastic Model and Equations of Motion  
 

The non-linear aeroelastic model comprises an airfoil of chord length, 2b and mass, m, mounted on pitch 

and plunge linear springs of stiffness, Kξ and Kα respectively, in an incompressible flow so that the airfoil 

is allow plunge motion, ξb as shown in Fig. 1. A trailing edge flap of length (1– d)b is attached to the 

airfoil with a freeplay torsion spring to allow flap rotation β. Freeplay is a non-linearity in the restoring 

force whereby a displacement of some threshold magnitude, δ, must be exceeded in order to achieve a 

non-zero linear restoring moment, with torsion spring stiffness, Kβ. The region between – δ and + δ is 

referred to as the freeplay region where there is no restoring force. The sketch in Fig. 2 demonstrates how 

the freeplay restoring moment is related to the control surface angular displacement, β.  
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Fig. 2 Freeplay Non-Linear Restoring Moment Fig. 1 Airfoil with Freeplay Control Surface 
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For a non-linear aeroelastic system, the equations of motion must be expressed in the time domain in 

order to maintain generality. It is incorrect to express the equations of motion of the non-linear aeroelastic 

equations of motion in the frequency domain, unless a harmonic solution is being assumed from the onset, 

as in the case of the HB method. Thus, the equations of motion of the non-linear system are represented in 

the time, with the unsteady aerodynamics expressed in terms of the Wagner Function such that 

 

LbKCCbCSSbM tot =++++++ ξβαξβαξ ξξβξαξξβα
&&&&&&&&&  

( )[ ] αααβααξαββαα αβαξβαξ MKCCbCSadbIIbS =++++−+++ &&&&&&&&&  

( )[ ] ( ) ββββαβξβββββ ββαξβαξ MMKCCbCISadbIbS =+++++−++ &&&&&&&&&                                          (1) 

 

 

Where Mtot is mass of the airfoil and its supporting structures (see [9]), Iα and Iβ, and Sα and Sβ, are the 

moments of inertia and the static moments of the airfoil-flap combination and the flap about their 

respective points of rotation. The springs that support the airfoil pitch motion and the flap rotational 

motion are mounted at distances of ab upstream of the mid-chord point, and db downstream mid-chord 

point respectively. The constants Cαβ, Cαα, Cββ, Cξξ, Cξα and Cξβ in (1) are the structural damping 

coefficients, and M(β) is given by (2). 
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The incompressible unsteady aerodynamic loads, L, Mα, and Mβ at airspeed U∞, exciting the wing-control 

surface model are expressed in the time domain as  

 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )∫
∞−

∞∞∞ ++−++−Φ+=
t

dttbFtFUtbatbtUttabUM 0020102
1
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122 ββαξαπρα

&&&&&&&&

( ) ( )( ) ( ) ( )( )αξαπρβββρ &&&&&&&& baabUabbaFFbaFFUFUb
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2
132

47365
22 ++−−−−+−++ ∞∞∞  
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( ) ( )ββραξαπρ &&&&&&&&
43

22
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The expression for each aerodynamic load contains an integral term which convolutes the Wagner 

function with the control point downwash. The Jones approximation for the Wagner Function is employed 

here and is given as ,1 21

21
btUbtU

ee ∞∞ −− ++= εε ψψφ where ψ1 = – 0.335, ψ2 = – 0.165, ε1 = 0.3 and ε2 = 

0.0455. The F-functions used to describe aerodynamic loads acting on the wing-control surface model are 

given in (A1) in the Appendix, and equivalent to the loads derived by Theodorsen 
[13]

.   

The equations of motion were manipulated to change the independent variable from time, t to non-

dimensional time τ = U∞t/b. The derivatives with respect to τ are denoted by the prime notation, ('). The 

freeplay term was also been separated into a linear and non-linear part by expressing M(β) as β – N(β). 

The resulting equations are then divided by δ, in order to obtain unique solutions for ξ/δ, α/δ, and β/δ from 

(4). All the matrices in (4) are expanded in (A2) in the Appendix, and ( ) ( )( ) .
~

δβδβ NN =  
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3  Numerical Integration of the Non-Linear Aeroelastic Equations of 
Motion 
 

3.1 Procedure 
 
In order to numerically integrate the non-linear equations of motion to solve for the true behaviour of the 

non-linear aeroelastic system, (4) is converted into a state-space format. A simple procedure for 

transforming the (4) into a state-space format is demonstrated by Edwards 
[14]

. In this case, the indicial 

approximation of the Wagner Function was exploited to create two additional states as a means of 

decomposing the convoluted integrals in (4). This approach leads to the state-space representation of (4) 

given by (5). The 8 states include the six structural states as a result of the three degrees of freedom and 

the 2 additional states. The non-linear system can be numerically integrated for an exact nonlinear 

solution using the Point Transformation Method 
[12]

. As shown in Figure 2, the freeplay restoring moment 

is piecewise linear. Hence, in different sub-domains of β/δ, namely, β/δ < – 1, – 1 ≤ β/δ ≤ 1 and β/δ > 1, 

the restoring moments are related to β/δ by separate linear expressions. Thus, the nonlinear equations of 

motions are expressed in the state-space form as a linear system of differential equations. However, for 

each sub-domain, the sub-matrix [K
TOT

] and the value of ∆ in (5) depend on the linear relationship 

between the restoring moment and β/δ so that 
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The sub-matrix [K
TOT

] and the value of ∆ for the different sub-domains are given below. 
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For – 1 ≤ β/δ ≤ 1, 0=∆  
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For β/δ > 1, 1−=∆  
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The three sub-domains are separated by two boundaries, β/δ = 1 and β/δ = – 1, thus, the problem may be 

solved using an approach similar to a time marching scheme. The different sub-domains may be treated as 

time steps and the boundaries are treated as nodes. For each sub-domain, the corresponding system of 

linear differential equations is solved to march the solution in time to next boundary. Once this boundary 

is reached, the state vector containing the eight states is computed on this boundary from the system of 

linear differential equations. This state vector is then set as an initial condition vector, as the solution 

begins to travel through the neighbouring sub-domain. The system of linear differential equations 

governing the neighbouring sub-domain is then solved to march the solution to the next boundary using 

the previously calculated initial condition vector. Thus, it is clear how this procedure may be implemented 

to march the solution from the initial conditions to next boundary, and then from boundary to boundary 

until a steady state response is achieved. For a detailed explanation of the PT Method, refer to Ref. [12].  

The PT method is probably the most appropriate method for the numerical integration of non-linear 

differential equations with piecewise linear non-linearities. It can be implemented in a manner identical to 

time marching schemes and the non-linear solution obtained is exact as long as the solution in each linear 

sub-domain is solved up to the exact location of the boundaries of the sub-domain. 

 

3.2 Results and Discussion 
 
The following data was used for the wing-control surface model. These values have been slightly altered 

from the data used by previous authors who have tackled this problem. 

 

0007757.05.0225.1

00202.05.0000326.0

03042.0127.00135.0

0000356.028180039.0

03517.03.370859.0

29618.39.3293.3

===

=−==

===

−===

===

===

ββ

αββ

ααα

ξβββ

ξααα

ξξ

ρ Cd

CaI

CbI

CKS

CKS

CKM htot

 

SELF-EXCITED VIBRATIONS 3733



A program was then developed in MATLAB to integrate the non-linear system of differential equations 

numerically using the PT Method over a range of airspeeds up to the linear flutter speed of 23.5m/s. The 

bifurcation plots for the steady-state motions of ξ/δ, α/δ and β/δ and the frequencies were obtained from 

the PT Method are shown in Figures 3, 4, 5 and 6 respectively. In these graphs, the minimum and 

maximum values of ξ/δ, α/δ and β/δ over 50 cycles were plotted for the given range of airspeeds.  
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At airspeeds below 4.5m/s the non-linear system is stable and therefore the response of the system to an 

initial disturbance decays to zero. Initially as the airspeed increases beyond 4.5m/s the response of the 

system to an initial disturbance will result in an LCO. This is indicated by the bifurcation plots for ξ/δ, 

α/δ, and β/δ. At airspeeds between 4.5m/s and 6.0m/s, an LCO response is indicated by a single point on 

the bifurcation plot. Between 6.0m/s and 6.5m/s, a period-doubling bifurcation en-route to chaos is 

observed, which results in the stable LCO responses becoming quasi-periodic. This response is initially 

close to an LCO, because its phase path is such that the trajectory never repeats the same path, although it 

always follows a path close to the previous one. As the airspeed is increased further beyond 6.5m/s, the 

quasi-periodic response becomes less stable, until eventually the response becomes chaotic between 

10.5m/s and 12m/s. At airspeeds between 6.5m/s and 12m/s, quasi-periodic and chaotic responses are 

indicated by vertical lines on the bifurcation plots. This is because the maximum and minimum values of 

the ξ/δ, α/δ, and β/δ motions vary from cycle to cycle. At airspeeds above 12m/s, a stable LCO response is 

Fig. 3 Bifurcation Plot of the Maximum and Minimum 

Values of the Steady State Plunge Motion 

 

Fig. 4 Bifurcation Plot of the Maximum and Minimum 

Values of the Steady State Pitch Motion 

 

Fig. 6 Frequencies of the Steady State Motions of the 

Non-Linear Aeroelastic System 

 

Fig. 5 Bifurcation Plot of the Maximum and Minimum 

Values of the Steady State Flap Motion 
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re-established and this remains the case until the airspeeds are in excess of 23.5m/s, in which case the 

responses become divergent, as in the case of linear flutter.  

The bifurcation plot for the frequency indicates two separate branches of LCO response. Between 4.5m/s 

and 10.5m/s, the frequency rises slowly from 4.6Hz to about 5.1Hz. Between 10.5m/s and 11m/s, there is a 

jump in the LCO frequency from about 5.1Hz to 10.6Hz. The non-periodic oscillations observed between 

6.5m/s and 12m/s which result in chaos between 10.5m/s and 12m/s, enable this jump in frequency. This 

argument may be supported by the fact that the chaotic solutions for ξ/δ, α/δ, and β/δ occur at airspeeds 

just below 12m/s, the airspeed at which the jump in frequency occurs.  

The observations made here are similar to those made by other authors mentioned earlier who have 

studied this case. Although, due to slight variations in the data used, there are slight discrepancies in the 

results from publication to publication, however, the same salient features are observed in their results. 

 

 

4   The Higher Order Harmonic Balance (HOHB) Method 

 

4.1 Methodology 
 
If N(β) = 0, the system becomes linear so that for all speeds below the linear flutter speed, the response to 

an initial disturbance will decay to zero. In this case, the linearly elastic control surface is replaced by a 

freeplay control surface. For the both cases of N(β) = 0 (linear case) and N(β) ≠ 0 (freeplay case), at 

speeds beyond the linear flutter speed, divergent oscillations are observed. However, below the linear 

flutter speed, it is known that, for the freeplay case, once certain speeds are exceeded, an initial 

disturbance will lead to some form of non-zero steady-state response, which may be periodic (LCO), 

quasi-periodic or even chaotic. With this approach, it is assumed that the response is an LCO and can be 

represented by a Fourier series, and then the resulting non-linear problem is reduced to a pseudo-linear 

problem and then the Fourier coefficients and the frequency of this periodic response are solved for. 

Clearly, for the freeplay case, any non-zero steady state response at airspeeds below the linear flutter 

speed must be generated by the non-linear term containing N(β). The equations of motions in (4) are 

presented alternatively (6). 
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                                                                                                                    (6) 

 

The HOHB Method predicts periodic steady-state responses for ξ/δ, α/δ, and β/δ. This is only possible if 

the term on the RHS of (6) is represented by a periodic function with fundamental frequency equal to the 

LCO fundamental frequency. In this case (6) becomes a system of linear differential equations being 

subjected to harmonic forcing. The steady state responses of ξ/δ, α/δ, and β/δ are to be solved for as an 

approximation to the exact LCO solutions. Thus, the non-linear term N(β) is approximated by an n
th
 order 

Fourier series based on the Fourier series approximation of β/δ. From (2), it follows that 
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From (7) it is clear that ( )δβN
~

is a saturation function of β/δ which limits its values to a magnitude of 

unity. Also, the non-linear function ( )δβN
~

 is an odd function of β/δ, thus, the periodic motion tends to 

be dominated by the odd harmonics (i.e. 1
st
, 3

rd
, 5

th
 harmonics, etc). Hence, the LCO solution for β/δ is 

approximated using the Fourier series expression in (8) which retains only odd harmonics 
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Let tt ω=ˆ so that, the time period of β/δ is 2π. Assume β/δ is decreasing between 0ˆ =t and π=t̂ and then 

increasing between π=t̂ and π2ˆ =t . It can be shown that as long as the LCO defined by (8) exists, its 

amplitude must be greater than or equal to δ. It follows that a time 1̂
ˆ tt = exists such that π≤≤ 1̂0 t , so that 

when 1̂
ˆ tt = , β/δ = 1. Similarly there is a time 2̂

ˆ tt = such that π≤≤ 2̂0 t , and β/δ = -1 when 2̂
ˆ tt = . From 

(8), it can be shown that when 1̂
ˆ tt += π , β/δ = -1, and β/δ = 1 when 2̂

ˆ tt += π . Thus, over the time 

duration π2ˆ0 ≤≤ t , ( )δβN
~

is given as  
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Using this information, the ( )δβN
~

 may be expanded into a Fourier series 
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From the Euler Formula, expressions for the Fourier cosine and sine coefficients are obtained as follows 
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Where, C2h-1c1, S2h-1c1, C2h-1c2j-1, C2h-1s2j-1, S2h-1c2j-1 and S2h-1s2j-1 are functions of 1̂t and 2̂t to be determined by 

evaluating the integrals for the Fourier cosine and sine coefficients from the Euler Formula. At this stage, 

(9) is substituted into (6) and t̂ is replaced with kτ, where k = bω/U∞ and is referred to as the reduced 
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frequency. The steady state solutions of ξ/δ, α/δ, and β/δ obtained from (6) will be a Fourier series with 

the same number of harmonics as the Fourier series expansion given by (9). The steady state solution of 

β/δ expected is given by (8). The solutions for ξ/δ and α/δ are also given by  
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The solutions for the 2h-1
th
 terms of Fourier series approximations given by (8) and (11), are determined 

from (6) and are as follows 
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In order to obtain (13) and then (12), (6) was expressed in the frequency domain and the unsteady 

aerodynamic loads are now functions of the Theodorsen function, C(ik). In this case, k = (2h-1)k for the 

2h-1
th
 Fourier series term, so that the Theodorsen function becomes C(i(2h-1)k). In order to maintain 

consistency between the results from the PT Method and HOHB Method, the Jones approximation for the 

Theodorsen function used here. At this stage, (10) is substituted into (12), and then the solution for the 

2h-1
th
 Fourier series term for β/δ is isolated from this equation and separated into real and imaginary parts 

to get (14) and (15). 
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Where 12
331212 1 −

−− =+ hI
h

R
h InviAeAe  

 

For a 2n-1
th
 order HOHB solution to the non-linear problem, n-1 pairs of equations may be obtained by 

substituting h = 2 up to h = n in (14) and (15). By setting h = 1 and βs1/δ = 0 in (14) a 2n-1
th
 equation is 

obtained. These equations are linear in the Fourier coefficients βc1/δ, βc2h-1/δ and βs2h-1/δ, from h = 2 up to 

h = n and are non-linear in k, 1̂t and 2̂t . Hence, if the correct values of k, 1̂t and 2̂t are known, the Fourier 

coefficients of β/δ may be solved for from a linear system of equations. Setting h = 1 and βs1/δ = 0 in 

(15), gives (16) from which k may be solved. Two additional equations which are non-linear in 1̂t and 2̂t , 

(17) and (18) are included in the system of equations are 
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At this stage, the Fourier coefficients of β/δ, k, 1̂t and 2̂t  may be solved for iteratively. From an initial 

choice of values for k, 1̂t and 2̂t , the linear system of equations are assembled and solved for the Fourier 

coefficients of β/δ. Using the Fourier coefficients of β/δ, the values of 1̂t and 2̂t are updated by solving 

(17) and (18), and then the value of k is updated from by solving (16). With the updated values of k, 

1̂t and 2̂t , the procedure may repeated for a specified number of times to ensure that these values converge 

to the correct values. Having solved for the correct values of k, 1̂t and 2̂t , and then the Fourier coefficients 

of β/δ, the Fourier coefficients of ξ/δ and α/δ may be solved for from (10), (13) and (12). The solutions for 

ξ/δ, α/δ and β/δ are 2n-1
th
 order Fourier series approximations to the solutions of (6). This solution may be 

referred to as the HB2n-1 solution for the LCO behaviour of aeroelastic system. 

 

4.2 Results and Discussion 
 
Using the procedure for the HOHB Method explained earlier, HB2n-1 predictions for the LCO responses 

of the non-linear aeroelastic system were computed in MATLAB for increasing n in order to investigate 

the accuracy of this methodology. The HB2n-1 predictions for the LCO responses were compared with 

and validated by results obtained by integrating the non-linear time domain equations of motion using the 

PT Method. In order to compare results from the higher order harmonic balance with results from time 

integration, in spite of the variety of non-linear responses predicted by the time integration, the 

normalised root-mean-square amplitude and the frequency of steady state responses for β/δ are plotted 

against the airspeed U∞. 

Initially, consider the HB2n-1 solutions for β/δ. In Figures 7, 8 and 9, the HB1, HB3 and HB5 results for 

β/δ are compared with time integration results. From Figure 10, the HOHB results clearly indicate the 

presence of two distinct LCO branches, a low frequency LCO branch beginning from U∞ ≈ 4.3m/s with 

frequencies ranging between 4Hz and 7Hz, and a high frequency LCO branch beginning from U∞ ≈ 

8.1m/s with frequencies ranging between 9Hz and 12Hz.  
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Fig. 8 Comparing the HB3 Prediction of the Flap R.M.S. 

Amplitude with Numerical Integration Results:  

(HB3 (–), Numerical Integration (o)) 

 

Fig. 9 Comparing the HB5 Prediction of the Flap R.M.S. 

Amplitude with Numerical Integration Results:  

(HB5 (–), Numerical Integration (o)) 

 

Fig. 10 Comparing the HB9 Prediction of the LCO 

Frequency with Numerical Integration Results:   

(HB9 (–), Numerical Integration (o)) 

 

Fig. 7 Comparing the HB1 Prediction of the Flap R.M.S. 

Amplitude with Numerical Integration Results:  

(HB1 (–), Numerical Integration (o)) 

Fig. 11 Comparing the HB9 Prediction of the Plunge R.M.S. 

Amplitude with Numerical Integration Results:  

(HB9 (–), Numerical Integration (o)) 

 

 

Fig. 12 Comparing the HB9 Prediction of the Pitch R.M.S. 

Amplitude with Numerical Integration Results:  

(HB9 (–), Numerical Integration (o)) 
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The frequencies on the other hand are very well predicted by the HOHB Method. The HB1 solution over-

predicts the frequencies by a very narrow margin. On the inclusion of additional higher harmonics 

however, the frequencies computed by the PT Method are perfectly matched by those predicted by the 

HOHB Methods. In Figure 10, HB9 results are compared with results from the PT Method for the 

frequencies, and the only discrepancy is at 11m/s where the responses are chaotic, otherwise the 

agreement between both sets of results is excellent. In Figures 11 and 12, the root-mean-square 

amplitudes for the plunge and pitch motions are plotted against the airspeed using results from the HB9 

solution and the PT Method, and an excellent agreement between both sets of results is observed, except 

for when the non-linear response becomes non-periodic. 

On the high frequency LCO branch between U∞ = 12m/s and U∞ = 23.5m/s, the non-linear response is 

periodic and the higher harmonic content of the LCO is of minimal significance in comparison to the 

dominant fundamental harmonic. This explains why the HB1 solution gives a good agreement with 

results from the PT Method on the high frequency LCO branch in this region. By including higher 

harmonics in the analysis, as in the cases of the HB3 and HB5 solutions, the agreement between both sets 

of results is almost perfect.  

On the low frequency LCO branch between U∞ = 4.5m/s and U∞ = 6.0m/s, the non-linear response is 

periodic and the higher harmonic content of the periodic responses are relatively significant when 

compared with the dominant fundamental harmonic. This observation may be extended to the range of 

airspeeds between U∞ = 6.0m/s and U∞ = 7.0m/s, where the non-linear response may be described as 

nearly periodic or mildly chaotic. In the case of the HOHB analysis, HB1 solution over-predicts the root-

mean-square amplitude of β/δ by a considerable margin between U∞ = 4.5m/s and U∞ = 7.0m/s. This loss 

of accuracy is due to the exclusion of significant higher harmonics from the analysis. The inclusion of a 

higher harmonic leads to a HB3 solution which over-predicts the root-mean-square amplitude of β/δ by 

the slightest of margins. The results are improved further by including an additional higher harmonic to 

obtain a HB5 solution with results that match almost perfectly the numerical integration results on the low 

frequency LCO branch. In Figure 9, the agreement between the HB5 solution and the PT Method results 

is excellent throughout, except between U∞ = 7.0m/s and U∞ = 12.0m/s where the responses are non-

periodic. The inclusion of additional higher harmonics beyond the HB5 solution does not make any 

significant improvement on the accuracy of the predicted LCO behaviour. In other words, the results 

obtained from a HB7, HB9 and HB11 are identical to the HB5 results.  

 
 

5   Conclusion 
 
The nonlinear aeroelastic behaviour of an airfoil with a freeplay control surface has been analysed in this 

paper. Initially, the non-linear equations of motion of the aeroelastic system were transformed into a state-

space format using the approach developed by Edwards et al. 
[14]

. The true non-linear behaviour of the 

aeroelastic system was solved for by numerically integrating the 8 x 8 non-linear time-domain state-space 

model using the Point Transformation (PT) Method. It was observed that the frequencies existed on two 

frequency branches, a low frequency LCO branch and a high frequency LCO branch.  

On the low frequency LCO branch it was observed that the response is periodic (i.e. it is an LCO) 

between 4.5m/s and 6.0m/s. The LCO stability is lost via a period-doubling bifurcation at some airspeed 

between 6.0m/s and 6.5m/s. However, up to 7.0m/s, the non-linear behaviour of the system on the low 

frequency branch is treated as nearly periodic or quasi-periodic. Between 7.0m/s and 12.0m/s, the non-

linear behaviour of system was observed be non-periodic and developed into chaotic solutions between 

10.6m/s and 12.0m/s. It was argued that the chaotic solutions served as mechanism that enabled the 

system response to ‘jump’ onto the high frequency LCO branch at 12m/s where periodicity is re-

established. The non-linear response of the system is periodic along the high frequency LCO branch. 

The periodic behaviour of the non-linear aeroelastic system was analysed using the Higher Order 

Harmonic Balance (HOHB) Method. Initially HB1, HB3 and HB5 solutions for the non-linear aeroelastic 

system were generated and compared with the numerical integration results. The HOHB results clearly 

indicated the presence of the two separate frequency branches and the results were in excellent agreement 

with the numerical integration results. The weaknesses of the HB1 solution which is equivalent to the 
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traditional Describing Function (DF) approach were illustrated when predicting the root-mean-square 

amplitude of β/δ. It is observed that whilst the agreement between the HB1 solution and numerical 

integration results on the high frequency LCO branch was satisfactory, it was observed that the HB1 over-

predicted the root-mean-square amplitude of β/δ by a significant margin. It was explained that significant 

higher harmonics were present in the periodic solutions on the low frequency LCO branch, which is not 

the case for the periodic solutions on the high frequency LCO branch. Hence, although the HB1 solution 

satisfactorily predicts the periodic responses on the high frequency LCO branch, additional higher 

harmonics must be included in the HOHB analysis to accurately predict the periodic responses on the low 

frequency LCO branch. On the inclusion of additional higher harmonics, a systematic improvement is 

observed. Whilst the HB3 solution drastically improves the LCO predictions on the low frequency LCO 

branch, between 4.5m/s and 7.0m/s, the HB5 solution gives an almost exact match between both sets of 

results on both the low and high frequency LCO branches. This is also the case with higher order 

solutions above HB5, i.e. HB7, HB9, and etc. Similarly, HB9 results for the root-mean-square amplitudes 

of ξ/δ and α/δ were computed and found to be in excellent agreement with the numerical integration 

results. The HOHB method only failed to accurately predict the non-linear behaviour of the system 

between 7.0m/s and 12.0m/s, where solutions are non-periodic.  
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8   Appendix   
 
8.1 F-functions for Theodorsen’s Unsteady Aerodynamic Load Theory 
 
The F-functions are defined such that the in the unsteady aerodynamic loads defined in (3) are equivalent 

to the unsteady aerodynamic loads given by Theodorsen in Ref. [3]. The T-functions originally given by 

Theodorsen have been replaced with the F-functions so that the aerodynamic loads are presented in a less 

cumbersome manner. Also note that the F-functions are functions of d, the ratio between the chordwise 

length of the flap and the semi-chord of the airfoil.   
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Once the aerodynamic loads in (3) are substituted into (2), the equations of motion are manipulated into a 

non-dimensional form to get (4). The matrices in (4) are given below.  
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Abstract 
Rail systems noise is an area of continuing research interest. Among the different noise generation 
phenomena, squeal noise play an important role when dealing with tramcar operation. In fact, urban track 
are usually characterised by the presence of very narrow curves, which lead to a high chance of squeal. 
Moreover, since tramcar operate in a urban environment, near office and/or residential buildings, noise 
issues assume a particular relevance. The Mechanical Engineering Department has started a noise 
measurement and analysis program specifically concerned with the problem of tramcars squeal noise. The 
experience made during experimental tests and parallel numerical simulations is illustrated in this paper, 
whose objective consists not in providing theoretical analysis on squeal noise generation mechanism, but 
in pointing out some significant features of this phenomenon which are very important for understanding 
how to control it. 
 
 
1 Introduction 
 
Modern surface rail transport systems in urban areas must not only satisfy performance, availability and 
life cycle costs requirements, but need to be also compatible with environmental legislation. Although the 
limits on noise levels have become increasingly stringent over the years, this does not always result in a 
corresponding reduction of noise and vibration disturbance in urban areas. 
In particular, the phenomenon of squeal noise, i.e. the intense high-frequency tonal noise generated by 
tramcars running in small-radius curves which annoys both the community and the passengers, is 
becoming a demanding problem for city authorities, public transport operators and vehicle manufacturers. 
Over the last years, this problem has been faced by both investigating squeal generation mechanisms and 
developing technologies for reducing noise emission. 
With reference to the first approach, many academic studies which provide an understanding of the 
phenomenon are available in literature [1][2][3][4][5]. It is agreed that squeal noise is due to lateral stick-
slip friction forces at wheel-rail interface: in small-radius curves, these creep forces can cause unstable 
vibrations, leading to the radiation of squeal noise. 
On the other side, technologies for controlling surface rail transport noise in urban areas are being 
introduced. Resilient wheels are sometimes used to reduce squeal noise: they provide isolation between 
the tread and the wheel hub and introduce additional damping. As far as measures at the level of the track 
are concerned, different approaches to noise reduction especially on a slab track have been proposed: rail 
continuously supported by embedding it in a viscoelastic material or properly designed rail fasteners 
which yield enough damping to prevent squeal generation. 
During the last years, the Mechanical Engineering Department of Politecnico di Milano has been 
extensively involved in the numerical and experimental analysis of the dynamic behaviour of urban rail 
vehicles. The developed numerical models [6][7][8] allow to investigate the most important technical 
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issues related to design, construction, operation and maintenance of urban rail transport systems, such as 
vehicle safety and comfort, wheel/rail wear, track 
and vehicle fatigue. 
Recently the Mechanical Engineering Department 
has started a noise measurement and analysis 
program specifically concerned with the problem of 
tramcars squeal noise. The experience made during 
experimental tests and parallel numerical simulations 
is illustrated in this paper, whose objective consists 
not in providing theoretical analysis on squeal noise 
generation mechanism, but in pointing out some 
significant features of this phenomenon which are 
very important for understanding how to control it. 
Reference will be made to a modern low-floor 
articulated tramcar (Figure 1). This tramcar is 
composed by a sequence of 7 modules. Starting from 
the leading one, two kind of carbodies alternate: 

carbody connected to a bogie (type-A module) and carbody suspended over two type-A modules (type-B 
module). All the tramcar bogies are equipped with independently rotating wheels. 
 

2 Field tests 
 
The noise emission of the considered tramcar was measured in two different sites. 
The first measurement site was inside a city tram depot. The test track consisted in a narrow curve: its 
radius is about 25 m. Three microphones, placed at different distances from the track, were used to 
measure the noise emission (Figure 2a). The furthest microphone was placed at a distance of 3.7 m from 
the track. In order to operate in far field conditions, a higher distance would have been preferable. 
Nevertheless the proximity of depot buildings suggested to choose positions nearer to the track in order to 
avoid the risk of recording noise from the tramcars moving inside the depot or some kind of reflected 
noise, instead of the noise emission of the vehicle under analysis. 
The measurement set-up was completed with an accelerometer glued on one of the two rails, in order to 
monitor its accelerations (the rail was a grooved one, Figure 2b). 
 

 
a) microphones 

 
b) rail accelerometer 

 
c) rail vibrometer 

Figure 2: Measurement set-up 

 
Figure 3 shows the noise emission during curve negotiation with a speed of about 15 km/h. Both the 
averaged spectrum of one transit and the time frequency graph put in evidence the presence of induced 
squeal noise with a frequency of about 530 Hz. 

 
Figure 1: The tramcar under study 
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a) averaged spectrum of one transit 

 
b) time-frequency graph 

Figure 3: Acoustic emission collected during tram transit by the farthest microphone (site 1). 

 
The second measurement site was along a service route. The track outline was very similar to that of  the 
first measurement site, including a curve with radius of 25 m. Also the rail was the same. The adopted set-
up was richer than that in the first test session. Also in these measurement the acoustic pressure was 
collected by 3 microphones. In this case one of the microphones was placed in far-field position thanks to 
the presence of a public park  close to the measurement site. The rail acceleration was measured with 6 
accelerometers. In addition a laser Doppler vibrometer (Figure 2c) was adopted so as to cover higher 
vibration scale, measuring velocity instead of acceleration. 
The acoustic pressure levels are very different from those collected during the first test session, due to the 
different distance between the track and the microphones positions (Figure 4a). For this reason a direct 
comparison between pressure levels in the two sites cannot be performed. Nevertheless, analysing the 
frequencies involved in the squealing noise emission, it is possible to observe that the main squealing 
frequency is different for the tests in the two sites. While in the first site tests the most important emission 
occurs at about 530 Hz, the squealing frequency recorded in the second site corresponds to about 1560 Hz. 
Moreover, the tests in the second site allowed to point out a clear relationship between rail and sub-
structure vibration and squeal emission. In fact, analysing the vibrometer signal (Figure 5), a significant 
agreement between the main rail vibration and noise emission frequencies can be found. 
 

 
a) averaged spectrum of one transit 

 
b) time-frequency graph 

Figure 4: Acoustic emission collected during tram transit by the farthest microphone (site 2). 
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a) averaged spectrum of one transit 
 

b) time-frequency graph 

Figure 5: Rail vibration velocity collected by the vibrometer during tram transit (site 2). 

 
In order to understand the reason for the observed different behaviour, other experimental tests have been 
performed in laboratory. The first step was the analysis of the tramcar wheel since the wheel is the main 
element interested in the squealing noise emission. 
 

3 Modal analysis of the Wheel 
 
A modal analysis of the tramcar wheel (in a free suspended configuration), coupled to microphone 
measurements, was carried out to analyse the wheel vibro-acoustic behaviour. This test has been 
performed in a semi-anechoic chamber. 
The accelerometer mesh adopted for the modal analysis was composed by 96 points (Figure 6). The inner 
accelerometer ring of the mesh was on the web (both for the internal and the external side) while the two 
outer rings were in correspondence of the wheelrim (both for the external and for the internal side). Both 
axial and radial accelerations have been measured for all the mesh nodes. 
 

 
Figure 6: Wheelset under test. 

 
Figure 7: Geometry mesh. 
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The experimental results show the presence of a wheel eigenfrequency at about 530 Hz (which is the main 
squeal noise frequency observed in the first site). On the other hand, no eigenfrequencies near 1560 Hz 
(which is the main squeal noise frequency at the second site) can be observed (Figure 8). The mode shape 
corresponding to the eigenfrequency at about 530 Hz is displayed in Figure 9. The considered mode is a 
bending mode characterised by 2 nodal diameters. 
 

Figure 8: FRF amplitude between the input force  
and an accelerometer response. The red arrow 

indicates the eigenfrequency at 530 Hz. 

Figure 9: Mode shape at 530 Hz. 

 

 
Based on the results obtained from the wheel modal analysis, a question arises concerning which vibration 
source gives rise to the acoustic emission in the second site. In fact, the experimentally observed 
behaviour, in term of noise emission, appears unexplainable considering only the vibro-acoustic behaviour 
the of the wheel. 

Even if the difference between the acoustic emission in the two sites 
would appear strange, considering traditional railway application, 
tramway routes are usually characterised by the presence of grooved 
rails, which lead to a more complex wheel-rail coupling (Figure 10) 
compared to that deriving from Vignole rail adoption. The different 
acoustic behaviour could be therefore ascribed to different wheel-rail 
contact conditions, also  considering that the only significant difference 
between the two measurement sites lies in the gage of the rail: the first 
site is characterised by nominal gage, while the second one presents a 
wider gage. 
For this reasons, contact conditions in the two measurement site were 

numerically investigated by means of a mathematical non-linear model specifically designed for the 
simulation of tramcars dynamic behaviour, which includes a full schematisation of the vehicle and an 
accurate description of the contact forces [6]. 
 

4 Multibody Simulation of Tramcar Dynamics 
 

4.1 Tramcar numerical model 
 
The mathematical model of the vehicle is based on a multi-body, large displacements schematisation, 
where kinematic non-linearities are fully accounted for. It allows to analyse the non-stationary behaviour 

 

 
Figure 10: Typical tram 

wheel-rail coupling. 

SELF-EXCITED VIBRATIONS 3749



of a tramcar, running in tangent and curved track, with variable speed. Combined longitudinal, lateral and 
vertical vehicle motion is considered.  
With the aim of reproducing the most common configurations of modern vehicles, the numerical model 
has been designed to allow various combinations of basic modules (Figure 11). The different modules can 
be linked one to the other by means of kinematic constraints and/or elastic elements, reproducing the 
actual connections between carbodies. 
In order to fit the different structural arrangements adopted for bogies (especially articulated bogie frames) 
and wheelsets (e.g. independent and resilient wheels), a modal superposition approach is adopted: the 
equations of motion are written in terms of the generalised coordinates corresponding to the rigid and 
flexible natural modes of each module component (carbody, bogie and wheelset), considered free from 
any mutual/global constraint. The single components are then coupled by means of elastic and damping 
elements, reproducing the primary and secondary suspensions. 
The equations of motion of the complete vehicle [6] are obtained applying Lagrange’s equations. The final 
expression of these equations can be written in the following matrix form: 

( )( ) , ,+ + =
= + + +m c nl cf

M x x Cx Kx Q x x t
Q Q Q Q Q

      (1) 

where: 

• x is the vector containing the whole model independent variables; 

• M, C and K are the mass, damping and stiffness matrices of the whole tramcar model; 

• vector Q contains the generalised forces associated with the non-linear terms related to vehicle’s 
inertia Qm, the connections between carbodies Qc, the effects of non linear elastic elements (e.g. 
bumpstops) Qnl and the non-linear wheel-rail contact forces Qcf, which also account for track 
irregularity excitation. 

 
Figure 11: numerical model of the 7-bodies articulated tramcar 

 
The contact model adopted for the calculation of the forces acting at wheel-rail interface is suitable for 
reproducing the contact phenomena which are typical of tramcar operation [7]. In particular, it is designed 
to account for the out-of-plane contacts which occur as a consequence of the not negligible angles of 
attack in low radius curves, as well as for the presence of multiple contact patches on the tread and on the 
flange (Figure 12). 
The normal forces are evaluated through a multi-Hertzian model, while Shen-Edrick-Elkins formulation is 
used to calculate the forces acting in the tangential plane. 
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Figure 12: numerical model of wheel-rail coupling, with multiple contact points on the wheel-rail 

interface 

 
The numerical model has been extensively validated by means of comparison with on-line tests, carried 
out on different types of tramcars [8]. 
 

4.2 Numerical results 
 
In order to show the output information, in terms of contact forces evaluation, Figure 13 shows the 
calculated time histories of the contact forces acting on the left wheel of the first axle of the tramcar under 
study, while negotiating the curve corresponding to site 1 (right curve, R=25 m). The simulation was 
performed considering a coasting condition (V=15 km/h). The considered wheel is the outer one, being the 
curve a right curve. Since data on the track irregularity were not available, the numerical simulations were 
performed considering an ideal, perfectly smooth track. 
Figure 13b shows the time histories of the normal forces on the different contact points on the wheel. Up 
to approximately 2 s, contact occurs only on the tread; from then on, during curve negotiation, double 
contact condition begins and the mean normal force on the tread (almost vertical) decreases from 32 to 17 
kN. The mean normal force on the flange (with a contact angle of approximately 72 degrees) increases up 
to 25 kN. The dynamic oscillations after curve entrance/exit are related to the free system motion 
consequent upon curve entrance/exit. In particular, a eigenfrequency analysis on the tramcar model 
demonstrated that the main frequency visible in the transient response at curve entrance/exit is associated 
with the yaw natural mode of the carbody [8]. 
Another interesting result is reported in Figure 13c, which shows the time histories of the longitudinal 
forces on the two contact points on the flanging wheel. As a result of the opposite longitudinal creepages 
on the tread and on the flange, although no resultant traction force is applied to the wheel, two opposite 
and equal longitudinal forces act on it. Being the longitudinal forces positive when pointing in the forward 
direction, the local longitudinal force is positive on the flange, negative on the tread. This shows that high 
longitudinal forces may occur on the flanging wheel, although no torque is applied to it. 
Finally, Figure 13d shows the time histories of the transversal contact forces on the front outer wheel. The 
adopted conventions for these forces are those reported in Figure 5. The transversal force on the tread is 
mainly governed by the wheel yaw angle and is directed towards the right. On the contrary, the transversal 
force on the flange is principally influenced by the forward position of the contact point, with respect to 
the wheel centre, and tends to uplift the wheel itself (this force has an inclination equal to the flange 
contact angle γ=72°). 
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a) Contact forces sign conventions b) Normal forces 

c) Longitudinal forces  d) Transversal forces 

Figure 13: Numerical wheel-rail contact forces on the left wheel of the first axle (site 1) 

 
Figure 14 and Table 1summarise the distribution of the mean contact forces on the wheels of the first 
tramcar bogie, during site 1 curve negotiation. Considering the front axle, as already pointed out, the front 
left wheel is in flange contact being the guiding wheel. The front right wheel presents a flange-back 
contact as a consequence of the deformation of the rubber elements of the wheels. However, the contact 
forces exchanged with the edge rail by the flange-back contact on the right wheel are very low compared 
with those exchanged with the rail by the flange contact on the left wheel. 
Looking at the contact forces distribution on the rear axle, the presence of a flange contact on the rear left 
wheel can be observed. In fact, as a consequence of the very low radius of the curve, the bogie results 
forced between the to rails. Also for the rear axle, the opposite wheel (the left one) presents a flange-back 
contact due to the deformation of the elastic elements of the wheel. 
 

Longitudinal Forces 
2 -1.0 kN 1 +0.2 kN Front 

Left 3 +1.0 kN 
Front 
Right 2 -0.2 kN 

1 +0.1 kN 2 -0.9 kN Rear 
Left 2 -0.1 kN 

Rear 
Right 3 +0.9 kN 

Table 1: Numerical distribution of longitudinal contact forces on the wheels of the first bogie (site 1) 
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 Front Left Front Right

6.1  kN 11.0  kN 
0.6  kN

9  kN 17.3  kN 30.4  kN 

1.7  kN25.3  kN 

 
Rear RightRear Left 

6.2  kN11.2  kN 

16.5  kN 

1.1  kN 

17.2  kN 31.0  kN 

5.9  kN

0.4  kN

 
Figure 14: Numerical distribution of normal and transversal contact forces on the wheels of the first 

bogie (site 1) 

 
The simulation of site 1 curve negotiation was performed considering the actual value of the curve gage, 
which corresponds to the nominal gage value. On the other hand, site 2 curve is characterised by an actual 
gage which is wider than the nominal one, in the order of some millimeters. For this reason, the numerical 
simulation concerning site 2 curve negotiation was performed considering the actual wider gage, keeping 
unchanged all the other simulation parameters. 
Figure 15 and Table 2 summarise the distribution of mean contact forces on the wheels of the first tramcar 
bogie, during site 2 curve negotiation. In this case, as a consequence of the wider gage, the guiding force 
on the front axle is provided not by the outer wheel in flange contact, but by the inner wheel, the right one, 
that results in flange-back contact conditions. 
Also in this case, the bogie is forced inside the rails, leading to the presence of a back-flange contact also 
on the rear left wheel. 
The numerical results show that the contact forces distribution is very different for the two considered 
curves (characterised by the presence of grooved rails), due to the different track gages adopted. In 
particular, in the first site (that presents 530 Hz of noise frequency) the guiding force is mainly given by 
the outer wheel in flange contact with the rail body, while in the second site (that presents 1560 Hz of 
noise frequency) the guiding force principally results from the inner wheel in flange-back contact with the 
edge-rail. 
 

Longitudinal Forces 
2 - 1 +1.5 kN Front 

Left 3 - 
Front 
Right 2 -1.5 kN 

1 +1.6 kN 2 - Rear 
Left 2 -1.6 kN 

Rear 
Right 3 - 

Table 2: Numerical distribution of longitudinal contact forces on the wheels of the first bogie (site 2) 
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 Front Left Front Right

12.2  kN 4.6  kN 
9.0  kN

33.9  kN 13.8  kN 

25.6  kN

 
Rear RightRear Left 

10.5  kN 7.2  kN 

16.5  kN 

28.5  kN 20.5  kN 5.7  kN

 
Figure 15: Numerical distribution of normal and transversal contact forces on the wheels of the first 

bogie (site 2) 

 

5 Modal analysis of the Rail 
 
The target of the tests was to find out whether  a rail eigenfrequency could be associated with the 1560 Hz 
sound pressure level peak, considering that the whole system is made up both of the wheel and the rail. 
The piece of rail under test (whose length was higher than 1 m) is presented in Figure 16. Its fastenings are 
just the same as those used on the real tracks. The distance between the supports (about 60 cm) is equal to 
the real one in order to reproduce the real conditions at best. This has been considered a key point in order 
to get reliable data from the rail laboratory test, and therefore to have the same eigenfrequencies at least 
for those modes with wavelength of the same order as the fastening distance. 
 

       
Figure 16: Experimental set-up for rail modal analysis. 

 
Actually, as the rail geometry is pretty complicate, its modal analysis was split into two different sessions. 
During the two tests different accelerometer configurations were adopted (Figure 17). In the first case the 
aim was to get an idea about the mode shapes, focusing attention on their development along the rail. On 
the other hand, in the second analysis, the accelerometer configuration allowed to find out the way in 
which a rail section deflects. Actually during this last test three sections was monitored. The accelerometer 
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mesh was composed by 27 transducers in the first case and by 24 in the second one. Figure 17a shows the 
first configuration replicated several times along the rail, while Figure 17b helps in understanding the 
second test set-up (three instrumented sections). 
 

 
a) first configuration (9 rail sections) 

 
b) second configuration (3 rail sections) 

Figure 17: Accelerometer configurations for track modal tests (black squares represent measures in 
the vertical direction measures while blue squares represent measures in the horizontal direction). 

 
Analysing Figure 18 (which presents the FRF 
amplitude spectrum between the input force and 
the response of one of the accelerometers) it is 
possible to observe that there are two 
eigenfrequencies nearly corresponding to the 
frequencies involved in squealing noise emission 
at site 1 (about 530 Hz) and at site 2 (about 1560 
Hz). This could be a first evidence of the rail 
influence in determining the squealing 
frequency. The first interesting eigenmode (about 
530 Hz) depends on the distance between the 
fastenings (changing this distance the 
eigenfrequency at 530 Hz disappears and one 
other grows up, in good agreement with the 
theory describing the dynamic behaviour of a 
suspended beam). The eigenfrequency at about 
1560 Hz does not shift modifying the distance 
between the supports and is characterised by a 

quite complicated section mode shape (as shown in the following) related to local deformation effects. 
Analysing the rail mode shapes at about 530 Hz and at about 1560 Hz, it is possible to observe that in the 
first case the rail body is the most involved part in deflection (Figure 19) (in this case the squeal is 
probably mainly linked to the crabbing between the inner wheel and the rail body of the inner rail as 
usually happens [5]) while in the second case there is an important edge-rail deflection with respect to the 
rail body one in the horizontal direction (Figure 20). Perhaps the mode shape of the rail resonances 
involved in squeal noise could be of some influence also in agreement with the numerical results presented 
above (paragraph 4.2), where the forces which could generate crabbing between wheel and rail are shown 
to be strongly dependent on the actual contact condition. 
These assumptions are based on the hypothesis that the rail mode shapes found in the laboratory modal 
analysis are representative also for in-line behaviour and that they are not affected by eventual frequency 
shifts due to the coupling with the wheels. Admitting that the rail mode shapes are completely different in 
passing from the laboratory to the in-line configurations (unfortunately it is not possible to perform a 
complete in-line analysis during tramcar transit) the conclusions do not change since the results coming 
from in-line impact tests on the rails, with a tram placed just over the impact position, show that there is a 
meaningful response of the rail body at 530 Hz and of the edge-rail at 1560 Hz (Figures 21 and 22).  
 

 
Figure 18: FRF amplitude between the impact 

hammer and a rail accelerometer. 

SELF-EXCITED VIBRATIONS 3755



         
Figure 19: Mode shape at 530 Hz for the first test configuration (left) and for the second one (right). 
 

          
Figure 20: Mode shape at 1560 Hz for the first test configuration (left) and for the second one 

(right). 

 
A final remark will be highlighted in order to bring a sign in favour of the possible similarity between the 
laboratory rail eigenmode (at 530 Hz) and the in-line rail mode (at the same frequency). Looking at Figure 
22, representing the FRF amplitude for an input force in vertical direction on the rail body and the 
horizontal response of the edge-rail, it is possible to observe that for an impact test on the rail body in the 
vertical direction the horizontal response of the edge-rail is almost null at 530 Hz. This behaviour is in 
agreement with the rail mode shape in Figure 19 where the rail body presents a null deflection at 530 Hz 
in the vertical direction; thus exciting the rail in this direction and position no response should be present 
at 530 Hz since the rail body is a sort of nodal line. 
The same analysis has not been possible at 1560 Hz. In fact, although the rail body is almost not deflected 
at 1560 Hz in the horizontal direction, the obtained results are not reliable since, with an horizontal impact 
on the rail body, the hammer energy starts to decrease at about 1400 Hz making the transfer functions over 
this threshold meaningless (this was confirmed by a coherence analysis) (Figure 21). This effect is absent 
for an impact in vertical direction where the energy decrease starts is significant over 1800 Hz as shown 
by Figure 22). 
Besides, the resonance at 530 Hz seems to be a pinned–pinned mode (Figure 19): a pinned–pinned mode 
is a mode where the bending wavelength in the rail equals twice the span length between two sleepers 
(although in the laboratory tests there were no sleepers, there were the constraints due to the supports). As 
reported in [9], the effect of the wheel load on the rail does not affect the pinned–pinned resonance. 
Moreover the peak heights of Figures 21 and 22 are probably underestimated (and depend on the positions 
of the measurement locations) as the adopted impact hammer has been a small one (in order to reach high 
frequency values) and so the energy introduced is quite low for the kind of system under study. 
Nevertheless, the important point is that the available in-line experimental data allow to highlight the 
presence of the quoted peaks.  
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Figure 21: FRF amplitude for an input force in 

horizontal direction on the rail body and a 
horizontal response of the rail body. 

Figure 22: FRF amplitude for an input force in 
vertical direction on the rail body and a 

horizontal response of the edge-rail.  

 
In the end it can be concluded that at site 1 there should be a sort of coupling at 530 Hz between the 
eigenfrequencies of the rail and of the wheel, which are very close to each other (Figures 8 and 18). In 
[10] the importance of the elements interacting with a squealing brake disc is pointed out, stating that 
squeal can be obtained from mode coupling between the disc and the interacting elements. The stick/slip 
phenomenon generating the squeal emission in site 1 could mainly be the usual one between the front 
inner wheel and the inner rail body [5] (note that the quoted paper refers to a vehicle with solid axles).  
At site 2, the same coupling does not seem to exist at the squealing frequency. Nevertheless, considering 
the behaviour of the wheel laid on rails, it can be noticed that at about 1560 Hz a new eigenfrequency 
arises although characterised by a very small peak [11]. Thus, once again, a coupling between the 
eigenfrequencies of the wheel and of the rail, in correspondence of the squealing frequency, has been 
found. Looking at the results of the numerical simulations and especially at the forces which grow up at 
site 2 thanks to the different contact geometry, among the various possibilities the squeal could be 
generated by the crabbing between, for example, the front outer wheel and the outer rail body (Figure 15). 
Another possibility which should be checked is that the squeal could be, in some way, linked to a stick/slip 
phenomenon between the flange-back of the inner front wheel and the edge-rail of the inner rail in 
transversal direction (Figure 15). At the moment this last point has to be considered only like a hypothesis 
as more experimental data, especially concerning rail dynamics under operational conditions, would be 
necessary to completely characterise the problem. 
Anyway it has been shown that the rail is a key component in the squeal phenomenon and that its role is to 
the contact coupling with the wheel, which depends on the wheel and rail profiles and the track geometry. 
 

6 Influence of Environmental Conditions 
 
A further analysis concerned the behaviour with different environmental condition, in particular 
considering dry and wet rails. 
In order to account for the effect of rain, the negotiation of site 2 curve was simulated considering a 
reduced friction coefficient (μ=0.1 instead of μ=0.36). 
Figure 23 and Table 3 summarise the distribution of mean contact forces on the wheels of the first tramcar 
bogie, during site 2 curve negotiation, with reduced friction coefficient. The forces distribution is very 
similar to that obtained in normal condition (Figure 15 and Table 2). However, in this case, as a 
consequence of the reduced friction coefficient all the contact force components acting at wheel-rail 
interface strongly decrease. Thus, the excitation of the wheel, which lead to noise emission, appears 
strongly reduced in rainy conditions. 
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Longitudinal Forces 
2 - 1 +1.5 kN Front 

Left 3 - 
Front 
Right 2 -1.5 kN 

1 +1.6 kN 2 - Rear 
Left 2 -1.6 kN 

Rear 
Right 3 - 

Table 3: Numerical distribution of longitudinal contact forces on the wheels of the first bogie (site 2, 
reduced friction) 

 
 Front Left Front Right

    3.4  kN 2.6  kN 
1.1  kN

34.3  kN  26  kN 

11.7  kN

 
Rear RightRear Left 

2.9  kN    3  kN 

 2.5  kN 

  29  kN 30.2  kN 0.2  kN

 
Figure 23: Numerical distribution of normal and transversal contact forces on the wheels of the first 

bogie (site 2, reduced friction) 

 

 
a) averaged spectrum of one transit 

 
b) time-frequency graph 

Figure 24: Acoustic emission collected during tram transit by the farthest microphone (site 2, wet 
rail). 

 
These results are confirmed by Figure 24 which shows the acoustic emission collected in site 2 in rainy 
conditions (obtained artificially by wetting the rails). It can be observed noise emission is completely 
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suppressed. Moreover, even if the experimental results shown in Figure 24 were obtained on a completely 
wet track, the experimental tests demonstrated that also a light wetting on a small rail portion leads to the 
suppression of squeal noise emission at least for three or four tramcar transits. 
 

7 Concluding Remarks 
 
Experimental in-line tests showed that, considering the same vehicle while negotiating two similar curves, 
different type of squeal induced noise (different noise frequencies) may arise. On one hand, numerically 
obtained results showed that the contact forces distribution is very different for the two considered curves, 
due to the different track gages adopted: in one case the guiding force is mainly given by the outer wheel 
in flange contact, while in the other case the guiding force principally results from the inner wheel in 
flange-back contact. On the other hand, a modal analysis of a rail segment mounted on its supports 
showed that two natural frequencies of the track correspond to the measured noise frequencies,: one 
associated with a modal shape characterised by a rigid translation of the rail section and the other with a 
modal shape characterised by big movement of the edge-rail with respect to the other parts of the rail 
section. The numerical results and the track modal analysis therefore clearly demonstrate that the different 
types of noise emission are related to the particular coupling that occurs between the wheel and the rail 
during curve negotiation. 
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Abstract

Brake squeal is a friction induced instability phenomenon which must be taken into account in the brake
development and validation processes. In order to assess squeal propensity upstream from experiments, a
finite element based method, called complex eigenvalues analysis is used. Thus the brake stability can be
computed with respect to the parameter which is the root cause of squeal: the friction coefficient. This
parameter analysis highlights the phenomenon referred to as mode coupling. Then, the method has been
used to compare two caliper designs. The numerical results turns out to be well correlated with experimental
ones. Finally, the effect of the disc young modulus has been investigated to show that brake squeal must be
considered as a multi-parametric phenomenon. In order to illustate this point, the brake behavior has been
synthesized by stability charts.

1 Introduction

Brake squeal is the first brake noise in terms of customer requirements. It is all the more difficult to tackle
that brake power tends to increase. So far, this noise has been addressed by a time and money consuming
trial and error process. In order to be aware of potential issues earlier in the development process, many
researches have been undertaken to forecast brake squeal. Many techniques have been proposed to predict
this friction induced instability phenomenon, among which the most used is called complex eigenvalues
analysis (CEA). It consists in computing the complex eigenvalues of the brake system. The real part and the
imaginary part of the eigenvalues deal respectively with the stability and the frequency of the brake modes.
This method has been first used on lumped models with a few degrees of freedom and then on finite element
(FE) models. Nevertheless, this method remained, up to a few years ago, unable to assess the squealing
behaviour of an actual disc brake. Nowadays, the increase in computer capabilities has made it possible to
overcome this situation ([1, 2, 3, 4, 5, 6]). The Renault Research Department has developed a CEA based
method. It consists in a FE model of the whole brake system on which the friction between disc and pads has
been added. This kind of computation helps car and brake manufacturers to improve the NVH performances
of brakes. Nevertheless, in spite of the large amount of work done, brake squeal remains a difficult issue to
tackle. It might be because the main feature of brake squeal is its sensitive nature. Indeed, experiments show
that brake squeal is severely environment dependant. Therefore, the aim is not only to design a quiet brake
in nominal conditions but also to ensure it is quiet in the overall operation condition range.
This paper presents parametric studies of brake squeal on actual front brakes. First of all, the finite element
based method is described. Then, complex eigenvalue analyses are carried out on two case studies, which
are respectively noisy and quiet. The corresponding stable and unstable zones with respect to the friction
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coefficient and the detection of the associated unstable mode are undertaken. Finally, the brake squeal
sensitivity with respect to the disc Young modulus is studied and synthesized.

2 Finite Element Model

2.1 Model description

This study dedicated to assessing the squealing behavior of a commercial front disc brake begins with the
building of a finite element model shown in Figure 1. This model involves the whole brake corner including

Figure 1: Finite element model

disc, anchor bracket, caliper, pads, hub and knuckle. As it will be explained in the following section, parts
have been connected together by normal contact stiffnesses. The model, which features 528000 degrees of
freedom (DOF), is driven by the following equation of motion:

Mü + Ku = 0 (1)

where M, K and u are respectively the mass matrix, the stiffness matrix and the displacement vector. Dot
denotes derivative with respect to time.

2.2 Contact and friction

The most used way to model contact in a brake FE model ([1, 2, 3, 4]) consists in adding contact stiffnesses
between disc and pads. Thus, the normal contact force N depends on the chosen spring stiffness. The
tangential force T induced by friction can be calculated from the Coulomb law:

T = µN (2)

Where µ is the friction coefficient, assumed to be constant. Since the relevant mechanism to explain squeal
is based on flutter instability [7, 8] and on the non-conservative effect of the Coulomb law, more complex
friction laws are not requested. Once the friction introduced, the equation of motion becomes

Mü + Ku = Ff (3)
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where Ff is the disc-pad friction force. This vector is a sparse vector which non-zero terms correspond to
the tangential DOFs of the disc-pads interface. Those non-zero terms are ±Ti, whith i is the node index on
the disc-pads interface. Following the friction law, Ti can be rewritten as a function of Ni. Then Ni depends
explicitly on the displacements of the two nodes between which the contact spring is connected.
Finally, equation (3) becomes

Mü + (K + Keq)u = 0 (4)

where Keq is the asymmetrical stiffness matrix induced by friction . Assuming k is the contact stiffness
value, the non-zero terms of Keq are ±µk.
In order to reduce the problem size, equation (4) is transformed to the modal and frequency domain :

(s2
I + Ω

2 + µ.Λf )Γ = 0 (5)

where I is the identity matrix. Ω
2 is given by

Ω
2 = diag(ω2

1 · · ·ω
2

n
) (6)

with ω1, · · · , ωn the non-friction system frequencies. µ.Λf is the projection of Keq on the modal basis. s is
the Laplace parameter and Γ the eigenvector coordinates in the non-friction modal basis.
Equation 5 involved explicitly the friction coefficient and three matrices which can be calculated from a
normal mode analysis on the non-friction system.

2.3 Complex eigenvalue analysis

Since the equivalent stiffness matrix is asymmetrical because of friction, a complex eigenvalue analysis
(CEA) is required.
Equation(5) can be written as a general eigenvalue problem.

A.X = λ.X (7)

where λ is the eigenvalue and X the eigenvector. Both are complex valuated. Especially, the eigenvalue may
be written

λ = a + ib (8)

The real part a and the imaginary part b of the eigenvalue account respectively for the stability and the
frequency of the corresponding mode. Indeed the system is stable if its eigenvalue real parts are negative and
unstable otherwise.

3 Sensitivity analysis with respect to the friction coefficient

As instabilities are induced by friction, the first study to carry out deals with the effect of the friction coeffi-
cient on the system eigenvalues. This variability is assessed by solving the eigenvalue problem (equation 7).
As mentioned previously, the computation of A requires the knowledge of the friction coefficient value and
of the first normal modes of the non-friction FE model.

Figure 2 displays all the computed eigenvalues in the complex plane. It highlights the six unstable modes
of the system. The values have been normalized with respect to the frequency of the mode that shows the
largest real part. This mode which normalized coordinates are (1,1) in the complex plane has been chosen
for the following as a reference.

The complex plot graph is an interesting means to sum up the brake stability. However, it does not put
the emphasis on the eigenvalues variability with the friction coefficient. Figures 3, 4 and 5 focus on that
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Figure 2: Eigenvalues in the complex plane

point by showing in different ways the frequency and the real part of the eigenvalues with respect to friction
coefficient.

As shown in figures 3 and 4, the brake features initially (ie at µ = 0) two modes apart in frequency and stable
since its real parts are zero. Hence, the frequencies tend to get closer as the friction coefficient increases. As
soon as the two modes have reached the same frequency, the system behaviour is deeply altered. Indeed, the
system has reached the bifurcation point referred to as the coalescence point. Note that the friction coefficient
values have been normalized with respect to that point. Then, the frequencies remain equal and the real parts
leave progressively the abscissa axis as the friction coefficient increases. One of the two modes features a
positive real part whereas the other features the opposite one. As mentioned in the previous section, it means
that the first one is stable and the other one is unstable. Note that on Figure 3, dots are for stable modes
and crosses for unstable ones. Another way to present the data consists in plotting the real parts and the
frequencies versus the friction coefficient in a 3D graph as displayed in Figure 5.

In an actual brake system, the friction coefficient value is fixed. Nevertheless the study of the eigenvalues
variability with respect to the friction coefficient leads to the root cause of the phenomena. Indeed it makes
it possible to identify the non-friction modes responsible for the mode coupling. The non-friction modes
here referred to as M1 and M2 have respectively a normalized frequency of 0.992 and 1.007. The deformed
shapes of those two modes are illustrated in Figure 6. As M1 and M2 are real modes, they are very useful.
Indeed, they are far easier to figure out than the complex modes at stake as soon as the system is unstable. For
instance, the complex deformed shape at µ = 2.5 is displayed Figure 6 with a phase of 0 degree. Since the
mode is complex, the displacements are not in phase for each DOF. That point can be observed by animating
the deformed shape. In order to check the results, the mode that shows the largest real parts (Figure 2) has
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Figure 3: Evolution of the frequencies as a function of the friction coefficient
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Figure 4: Evolution of the real parts as a function of the friction coefficient

been compared with the main experimental squealing mode. The correlation turns out to be very good both
in terms of frequency and deformed shape.

All the curves displayed until now described the forward direction behaviour of the brake. The direction
of rotation imposes the sign of the ±µk terms introduces in the Keq matrix (cf equation 4). Following the
equations 2 to 5, the backward direction turns out to be equivalent to the forward direction with an opposite
friction coefficient. The forward and backward behaviors of the brake are plotted on the same graph in Figure
7. The µ < 0 part represents the backward direction.

4 Case studies of two calipers

The aim of the calculus in the automotive industry is to have a tool, which will be useful in the dairy take
of decisions in a vehicle project. It is very normal, from the beginning of a project, to have different design
propositions. To put in evidence this fact, two different calipers respectvely named ”A” and ”B” for the same
Renault vehicle will be calculated using the complex eigenvalues analysis.
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Figure 5: Evolution of the eigenvalues as a function of the friction coefficient - 3D plot

4.1 Geometrical differences

Caliper geometry : Caliper B have the anchor mountings nearer from the piston axe than caliper A. The
contact sufaces between the outer pad and the caliper fingers have different areas. Caliper B seems to
be more massive than caliper A. For this reason, the natural frequencies of caliper B are 13 to 20 %
lower.

Anchor and pads : The main difference between the two brakes is the pads’ guiding system. Caliper A uses
low stiffness springs in order to guide the pads. Caliper B does not use springs, but a direct contact
between anchor and pads. This important difference is taken into account in the model by means of
different interface modelling.

4.2 Calculus Results

The two brakes have been computed using the complex eigenvalue analysis. The results have been normal-
ized in the same way as in the previous section.

Caliper A Figure 9 shows the complex eigenvalues evolution with regard to the normalized friction coef-
ficient µ. The modal evolution ranges from µ = 0 to µ = 3.25. The friction coefficient for which
the coupling occurs is defined as critical friction coefficient: µc. This value can be used as a metric
of squeal probability: the smaller µc is, the greater the probability of squeal is. Nevertheless, this is
a necessary but not sufficient condition. There is other important parameters such as the deformed
shape of the disc. The calculus show for caliper A two coupling in forward direction, respectively
with a normalized frequency of 0.675 and 1.04. These frequencies have been experimentally found. In
figures 10 the frictionless real modes deformed shapes of the coupled modes at 1.04 are represented.
Both modes have out-of-plane disc deformations (8 lobe bending). For the calculus frequency range,
squeal noise can appear when the disc is deformed itself out- of-plane. Figures 9 and 10 show the real
modes deformation (µ = 0) of the coupled modes.
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Real mode M1 Real mode M2 Complex mode

Normalized frequency: 0.992 Normalized frequency: 1.007 Normalized frequency: 1.0
µ = 2.5, φ = 00

Figure 6: Deformed Shapes

Figure 7: Sensitivity frequency with µ - forward and backward directions

Caliper B Two couplings are found again, with normalized frequencies of 0.891 and 1.82 in figure 9. The
first coupling has a critical friction coefficient of 3, and therefore is likely to produce squeal. Moreover,
both coupled modes have an in-plane disc deformation (one nodal diameter) as can be seen in Figure
10. This kind of in-plane mode is likely not to produce squeal. The second coupling, which has not
been displayed in this paper, has a critical friction coefficient of 2.6. The disc has again an in-plane
deformation with three nodal diameters. Then, the same conclusion can be taken here: the coupling
does not produce squeal noise. Therefore, the brake B is quiet. Experimental results, do not show any
trace of squeal noise.

Conclusion of the case studies Two brake calipers have been calculated with opposite results. Caliper A is
expected to be noisy and caliper B is expected to be quiet. Experimental tests show that the calculus
is well correlated. Indeed, only caliper A is actually noisy, at the numerically forecasted frequencies.
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Caliper A Caliper B

Figure 8: Calipers

Caliper A Caliper B
Unstable mode at 1.04 Unstable mode at 1.82
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Figure 9: Coalescence patterns
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Caliper A
Real mode at 1.025 Real mode at 1.045

Caliper B
Real mode at 0.886 Real mode at 0.895

Figure 10: Deformed shapes

5 Sensitivity analysis with respect to the disc Young modulus

So far, we have studied the behaviour variability of the brake system with respect to the parameter which is
the root cause of instabilities: the friction coefficient. Nevertheless, when µ is set to a non-zero value, the
brake stability depends on its modal behaviour. That is to say that it depends on each FE model parameter.
Since unstable modes are often driven by a disc contribution, its Young modulus (E) has been chosen as the
parameter of variability analysis.
A full factorial design of experiment (DOE), that features 101 values of µ (50 forward, 50 backward) and 21
of E, has been planed. The Young modulus values, which have been normalized, range from 0.0 to 1.0. The
DOE results will be used in the next sections to try to figure out the phenomena at stake and to synthesize
the robustness of the brake behaviour.

5.1 Behaviour variability

In order to have a first idea on the system eigenvalues variability with respect to the disc Young Modulus,
Figure 11 shows, in the vicinity of the squealing mode frequency, all the DOE eigenvalues in the complex
plane. The obtained pattern is quite complex as E and µ are varying simultaneously. However this graph
indicates that the variability may be either smooth (in the lower part for the frequency range [0.97 − 1.01])
or rough (in the upper part of the graph for the frequency range [1.01 − 1.05]). The system seems to shift
from a kind of behaviour to another. To go further, the eigenvalues variablities with respect to µ and E have
to be analyzed deeper. Six plots have been gathered in Figures 12 and 13 to explain the relationship between
µ, E and coalescences. The four first graphs (Figures 12) show the frequency variability versus the friction
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Figure 11: Eigenvalues variability with µ and E

coefficient respectively for four disc Young modulus values referred to as Ea = 0.00, Eb = 0.75, Ec = 0.85
and Ed = 1.00. For the sake of breviety, the reals parts have not been displayed here, but the modes which
real parts are positive have been plotted as crosses in figure 12.

For the first value, Ea = 0.00, the two lower frequency modes get coupled at µ = 0.6. For Eb = 0.75 this
two modes become also unstable, but the coalescence point is shifted toward the higher values of µ. Another
point to mention on this graph is the trend of the two higher frequency modes to get closer in the vicinity of
µ = 2.1. This trend is confirmed on the Ec = 0.85 graph since these two modes are unstable on the friction
coefficient range [1.9 − 2.4]. On this range, the real part magnitudes increases and then decreases versus
the friction coefficient. This phenomenon is noticeable as circle shaped patterns on Figure 11. Meanwhile,
the two lower frequency modes coalescence point is once again shifted toward the higher values of µ. After
this coalescence point, the frequencies of the two coupled modes seem to be influenced by the nearest upper
mode as its deflection becomes sharper. This leads to the Ed = 1.00 situation. The two higher frequency
modes get coupled at µ = 1.4. Then a third mode makes its paths diverge at µ = 2.6. One of the two
released modes get immediately coupled with the third mode. That is the reason why the curves intersect
with a vertical tangent. Then the forth mode cross the two coupled ones at µ = 4.5. As the tangent is not
vertical, it can be inferred that this intersection does not alter the coupling pattern.

The eigenvalues variability as a function of E is now investigated. Figure 13 shows the frequencies sensitivity
with respect to E for µm = 2.1. In order to link the sensitivity graphs with respect to E and to µ, vertical
dashed lines have been superimposed. One line marks µm = 2.1 on each variability with friction graphs and
four lines mark respectively Ea = 0.00, Eb = 0.75, Ec = 0.85, Ed = 1.00 on the µm = 2.1 variability
with E graphs. The noteworthy point is that sensitivities with µ and with E features the same topology.
Indeed, data may be interpreted in terms of coalescence and of mode coupling. Figure 13 shows that, for
µm = 2.1 the two higher frequency modes are stable until they couple for E = 0.85. The two lower
frequency modes are coupled on the range [0.00 − 0.75] of E and separate further.
Nevertheless, the key difference between µ and E as variability parameters is that increasing µ generally
strengthens the mode coupling, whereas such a trend does not exist for E.
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Figure 12: Variability λ = f(µ,E)
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Figure 13: Variability λ = f(µ,E)
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Name Normalized frequency range
A 0.00 - 0.35
B 0.35 - 0.70
C 0.70 - 1.05
D 1.05 - 1.40

Table 1: Normalized frequency ranges

5.2 Stability areas

The previous section shows that brake squeal is a very sensitive multi parametric phenomenon. Nevertheless,
according to the driver point of view, no matter how complex it may be the brake must be quiet in each
operational condition. This tackles the concept of robustness. In order to assess the brake robustness in
terms of squealing behaviour, a new kind of plot has been developed to synthesize the large amount of DOE
data available. The number of unstable modes has been counted and displayed as a colormap in the µ − E

plane. Figure 14 shows six graphs respectively for the frequency ranges referred to as A, B, C, D, E and
F. The corresponding normalized frequencies are gathered in table 1. Note that both forward and backward
behaviours are displayed. The lightest colour marks the stable area whereas the two darker ones represents
increasingly unstable conditions: respectively one and two instabilities. At least for the lower frequency
ranges, the areas are quite smooth and well defined. That tends to prove that the sampling of Young modulus
is sufficient. In the frequency range A (0−0.35), the stable-unstable border is almost a straight line. Whatever
the Young modulus value, the brake squeals for the same friction coefficient value. In the frequency range
B (0.35 − 0.70), the situation is quite different. The brake is stable forward and unstable backward. The
backward unstable area reaches a maximum around E = 0.15. In this situation, the brake stability might be
improved by choosing the E value which maximize the stable area: E = 0.00. In that case, the brake begins
to squeal at µ = −2.5. Nevertheless, this state is not robust. Indeed, since the border slopes are large, a small
variation in E will worsen drastically the brake behaviour. Here a 0.15 shift of the Young modulus value
makes the critical friction jump from µ = −2.5 to µ = −0.1. If the solution E = 0.8 had been chosen the
brake would have been less performant but more robust. In the frequency range C (0.70−1.05), the pattern is
a bit more complicated. Forward, the brake is the most unstable for E = 0.2 and the most stable for E = 0.8.
In the vicinity of that local maximum, a decoupling phenomenon can be observed as a stable area surrounded
on the unstable side. The second border, which marks the second coalescence appearance, features two local
maxima and one local minimum respectively E = 0.10, E = 0.60 and E = 0.35. Backward, the border slop
decreases from E = 0.00 to E = 0.25. The critical friction coefficient value suddenly jumps from µ = −4.5
to µ = −2.0. Hence, the border slope decreases again until E reaches 0.8. On the range D (1.05−1.40), the
stability pattern is mainly based on a coupling - decoupling backward phenomenon. The noteworthy point
on ranges E and F (1.40−1.75 and 1.75−2.10) is that the stability patterns features two different trends. On
the one hand, stability borders are mainly smooth looking. But on the other hand, in some areas, parameters
seem to be too under sampled to figure out the actual stability behaviour. The last chart, Figure 15, aims at
summing up the overall stability of the brake, from 0 to 2.10 in terms of normalized frequencies. It presents a
bottleneck in the vicinity of E = 0.15 and shows that increasing the disc Young modulus tends to widen the
stable area. Nevertheless, it must be kept in mind that instabilities displayed on that graph may be induced
by very different phenomena. For instance a low frequency instability and a high frequency squeal have here
the same weight.
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Figure 14: Stability charts versus frequency range
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Figure 15: Stability chart on the overall frequency range
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6 Conclusion

In this study, the stability of actual brakes has been assessed, related to squeal. A method, which consists in
a complex eigenvalue analysis, has been used on brake FE models. The brake stability has been investigated
as a function of the friction coefficient first. This analysis highlights the phenomenon referred to as ”mode
coupling” or ”coalescence”. It deals with the transition from two stable real modes apart in frequency to two
complex modes at the same frequency among which one is stable and the other one is unstable. Two case
studies corresponding to two caliper versions of a same brake are presented and compared. The computed
results, which forecast that only one of the two versions is noisy, are consistent with experiments. Moreover,
we have noticed that with a non-zero friction coefficient value, the results are highly influenced by the brake
modal behaviour; and so by most of the FE model parameters. Therefore, brake squeal must be considered
as a very sensitive multi parametric phenomenon, which must be assessed in the vicinity of its nominal
parameters. This step, which consists in ensuring the brake is quiet in spite of uncertainties or variabilities
that may affect its features, tackles the concept of robustness. A full factorial design of experiment (DOE)
has been launched to assess the brake sensitivity with respect to the friction coefficient (µ) and to the disc
Young modulus (E). The first noteworthy point is that the variability as a function of the disc Young modulus
features the same topology as the variability with respect to the friction coefficient. Both variabilities may
be understood in terms of mode coupling. Moreover, the DOE data has been post treated to create stability
charts. These charts, which display the stability areas in the µ − E plane, are very useful to assess the brake
robustness in terms of squealing behaviour.
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Abstract 
Brake noise is an example of noise caused by vibration induced by friction forces. During brake operation, 
the friction between the pad and the disc can induce a dynamic instability in the system. The onset of 
squeal is supposed to occur in linear conditions, during braking phase. A complex eigenvalues analysis of 
the finite element model of a simplified brake apparatus is here adopted to investigate the squeal 
occurrence. Several experimental tests are performed to reproduce different squeal frequencies and to 
study the dynamics of the system in function of driving parameters. The paper shows a good agreement 
between the dynamic behaviour predicted by the parametrical complex eigenvalues analysis on the model 
and the dynamic and squeal behaviour measured on the experimental set-up. The simple dynamics of the 
system allows distinguishing three main substructures: disc, caliper and pad. A clear distinction between 
squeal events involving the modes of the caliper or of the pad is highlighted. 
 
 

1 Introduction 
 
Friction-induced noise is observed frequently during braking phase. A wide range of brake noise and 
vibrations phenomena are reported in literature: squeal, groan, chatter, judder, hum, squeak, etc. Among 
them squeal is the most prevalent, disturbing to both vehicle passengers and environment, and expensive 
to brake and automotive manufacturers in terms of warranty costs [1]. Brake squeal can occur in the 
frequency range between 1 kHz to 20kHz and it is a difficult subject partly because of its strong 
dependence on several parameters and partly because the mechanical interactions in the brake system are 
very complicated, including nonlinear contact problems at the friction interface. In the literature, squeal is 
often associated to the coalescence of two modes of the system and the complex eigenvalues analysis of 
brake systems is suggested as a tool to investigate the squeal occurrence in function of the main driving 
parameters. The first researcher to consider squeal as a self-excited vibration with constant friction 
coefficient was North [2] in 1972. The instability occurring in dynamic models when two 
eigenfrequencies of the system, due to asymmetry in the stiffness matrix that is introduced by the friction 
force, coalesce and become unstable, was named by Akay as “mode lock-in” [3]. Several work in 
literature report the complex eigenvalues analysis of reduced order models [4]. The first work dealing with 
a complex eigenvalues analysis on a large degrees-of-freedom FE model is due to Liles [5]. During the 
last two decades different works correlating squeal prediction by complex eigenvalues analysis with 
experimental squeal occurrence, have been carried out [6]. Nevertheless, the high complexity of the brake 
apparatus does not permit to clearly link the squeal instability with the actual dynamics of the brake 
assembly during brake phase. Therefore, a simplified brake apparatus is appropriately designed for the 
present work, in order to understand and control the system dynamics. A clear distinction is obtained 
between the dynamics of the friction pad and the caliper. Different conditions of unstable coupling 
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between a mode of the brake rotor and a mode of the caliper or of the pad are analyzed. The linear FE 
model of the system is developed by ANSYS and asymmetric stiffness matrixes are introduced to model 
the contact forces, characterized by the Coulomb’s law with constant friction coefficient. An updating of 
the FE model is performed through the experimental modal parameters. The good agreement between 
experimental results and the squeal prediction obtained by the complex eigenvalues analysis supports the 
assumptions made in order to have a linear FE model of the system. 
 

2 The TriboBrake COLRIS 
 

2.1 Description of the set-up 
 
A simplified experimental set-up is preferred to a real brake because the latter is characterized by a 
geometry and dynamics that can be hardly controlled and understood. The set-up, named TriboBrake 
COLRIS (COllaboration Lyon-Rome for Investigation on Squeal), consists in a rotating disc (the brake 
rotor) and a small friction pad pushed against the disc by weights positioned on the pad support that is 
used to represent the brake caliper (figure 1). 
 

 
Figure 1 - Experimental set-up. 

 
The disc is made of steel (internal diameter 100 mm, external diameter 240 mm, thickness 10 mm) and is 
assembled to the shaft by two hubs of large thickness that insure a rigid behaviour of the connection. 
Brake pads are made of commercial friction material, obtained by machining standard brake pads. The 
support (central cylindrical body in the figure) is also made of steel and its shape is chosen to have for it a 
simple dynamics. The normal force between pad and disc (braking pressure) can be varied, by adding 
weights on the top of the support, between 25 and 225 N. Two thin plates hold the pad support in the 
tangential direction. This solution permits to have a low (negligible in non deformed vertical condition) 
stiffness in the normal direction and high stiffness in the tangential direction, necessary to oppose the 
friction force.  
The complete description of the tribobrake, along with the experiments carried out to characterize the 
squeal behaviour, is presented in [8]. 
 

2.2 Set-up dynamics 
 
Because of its key role in the squeal occurrence, the dynamics of the set-up is identified and monitored 
during the experimental tests. A preliminary EMA (Experimental Modal Analysis) is performed on the 
assembled system, i.e. when the pad is in contact with the disc. The small contact surface allows to have a 
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small coupling between the three main substructures: disc, support and pad, so that, the dynamics of the 
assembled can be considered as the sum of the dynamics of the substructures. In particular, the attention is 
focused on three sets of system modes that are considered to be the cause [7,8] of the squeal instability: 
the bending modes of the disc (normal direction with respect to the friction surface), the bending modes of 
the support (tangential direction with respect to the friction surface) and the tangential modes of the 
friction pad. 
The bending modes of the disc are characterized by nodal diameters and nodal circumferences: the (n,m) 
mode of the disc is characterized by n nodal circumferences and m nodal diameters. The disc is 
characterized by an axial symmetry: therefore the modes of the disc are generally double modes. When 
put in contact with the pads, the disc looses its axial symmetry, so that the modes of the disc are no longer 
double modes and they split [8]. 
The following notation is used to name the splitted modes: 

- mode (n,m-) a nodal diameter is coincident with the contact point; 
- mode (n,m+) an antinode is coincident with the contact point. 

The support modes are analyzed by a SIMO (Single-Input-Multi-Output) analysis, exciting the support in 
the tangential direction, close to the contact area. In the frequency range of interest two rigid and three 
bending tangential modes of the support are recognized. The second and the third mode of the support are 
characterized by the largest tangential displacement at the contact area and, because of this, they are the 
only modes of the support involved in the squeal instability[8]. The second mode is a rigid rotational mode 
of the support, while the third mode is the first bending mode of the support. 
The friction pad is the third substructure to investigate, its dynamic is easily recognizable in the assembled 
dynamics. Figure 2 shows the PSD (Power Spectral Density) of the pad acceleration in the tangential 
direction during brake tests without squeal. The first three peaks in frequency correspond to three support 
modes. The others two peaks at 4 kHz and 11.1 kHz correspond to modes of the pad. A further FEM 
modal analysis developed with ANSYS allowed to identify two pad modes characterized by deformation 
in the tangential (friction) direction, at the same frequencies obtained experimentally, when a lumped mass 
(the accelerometer) is attached to the side of the pad. Without accelerometer just one peak, due to the 
tangential mode of the pad, stays in the PSD of the tangential velocity acquired by the laser vibrometer 
[9].   
 

 
Figure 2 - PSD of the tangential acceleration of the pad  during brake phase without squeal. 

 
During experiments, in order to achieve the coincidence in frequency between two appropriate modes of 
the system, different ways are used to modulate its dynamics: by varying the normal load, the pad 
dimensions, the position of the accelerometer at the pad edge, the stiffness of the thin plates, the 
introduction of rubber layers in the support. Because the squeal events are searched in function of the 
variation of the natural frequencies of the system, the range covered by each mode are reported in table 1. 
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MODE FREQUENCY RANGE MODE FREQUENCY RANGE 
II support 1500 2100 (1,0) 7310 7260 
III support 2400 3150 (0,6-) 7674 7729 

I pad 3750 4500 (1,2) 8047 7989 
II pad 7500 11800 (0,7+) 10139 10088 
(0,2-) 1370 1430 (0,7-) 10139 10141 
(0,2+) 1370 1633 (1,4) 12380 12392 
(0,3-) 2294 2317 (0,8+) 12750 12727 
(0,3+) 2294 2457 (0,8-) 12750 12828 
(0,4-) 3721 3753 (1,5) 15290 15296 
(0,4+) 3721 3803 (0,9+) 15625 15525 
(0,5-) 5548 5575 (0,9-) 15625 15700 
(0,5+) 5548 5589    

Table 1 – Ranges of frequency covered by the system modes. 

 

3 The FE model of the set-up 
 

3.1 Description of the model 
 
ANSYS®, a commercial FEM software, is used to investigate the dynamic of the system and to calculate 
its complex eigenvalues in function of different parameters. The element of Ansys, SOLID45, is adopted 
to mesh all the solid components of the system. SOLID45 is a 3D brick element characterized by 8 nodes, 
with 3 translational degrees of freedom per node; the shape functions are linear. Figure 3 shows the FE 
model of the brake apparatus. The brake disc consists of an annular volume clamped on the internal radius 
and free on the external one. The brake pad consists of a cube 10x10mm. The pad support is modelled by 
a beam 10x10x100mm and a thin layer (5 mm) of high density is attached on the top of the support and 
simulates the mass added by the weights placed into the experimental set-up. Four rows of springs, two on 
each side, hold the beam in the horizontal (friction force) direction, and model the  thin aluminum plates 
that hold the pad support in the experimental set-up. 
 

 
Figure 3 – FE model of the experimental set-up. 

 
The 3-D geometry of the subsystems is discretized with a mapped mesh. Compared with the free-mesh 
which uses tetragonal elements, the mapped mesh allows for a reduction of elements and computation 
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resources. The developed mesh of the disc is not completely axial symmetric to have a thinner meshing in 
the contact zone, where the contact elements have to be placed.  
The main difficulty on the definition of the linear model is that the nonlinear behavior of the contact must 
be modelled by linear elements. In fact, to perform the complex eigenvalues analysis, the assumption that 
squeal starts in linear conditions, i.e. the static steady sliding states, is adopted. The contact elements are 
implemented in the FE model by using the MATRIX27 element which allows for the definition of an 
element stiffness matrix characterized by 2 nodes and that can be non-symmetric. For each couple of 
nodes of the pad and the disc in the contact area, the following force components are introduced in the 
MATRIX27 stiffness matrix: 
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where, d = disc, p = pad, kn is the contact normal stiffness between the two nodes, z  the displacement in 
the normal direction to the contact surface, Fz and Fy are the contact forces in the normal and friction 
direction, respectively, µ is the friction coefficient. In the contact area, the disc and pad surfaces are 
meshed with 10x10 elements, 121 nodes for each surface. That is, 121 contact elements over the contact 
area between the nodes of the disc surface and the nodes of the pad surface are introduced. The Coulomb’s 
law with a constant µ describes the friction interaction between disc and pad. 
 

3.2 Updating of the model 
 
To be representative of the experimental apparatus the FE model has to be up-dated trough the modal 
parameters obtained by the EMA (Experimental Modal Analysis). The updating process has been divided 
in two main steps: i) the updating of the disc without contact with the pad; ii) the up-date of the whole 
brake assembly. This because the normal dynamics of the disc is influenced moderately by the low 
coupling due to the small contact surface, while the in-plain dynamics of the support and of the pad are 
largely influenced by the contact with the disc. Moreover, the natural frequencies of the pad and of the 
support are influenced significantly by the disc rotation and the values measured in operating conditions 
(i.e. rotation of the disc under brake application) are considered for model updating.  
The updating of the disc has been performed by a sensitivity analysis of the modal parameters to 
variations of both the material properties and the geometry. The starting dimensions of the disc are the 
physical dimensions of the brake disc in the experimental set-up. Because the not perfectly rigid 
connection of the disc at its inner radius, the clamped condition in the model is not well representative of 
the real constraint conditions, resulting in lower frequencies of the modes (1,m) respect to the modes 
(0,m). To reduce this effect the inner radius of the disc model is reduced respect to the physical radius 
from 50 to 40 mm. With this configuration the up-dated material properties are: Young modulus 197500 
MPa; density 7800 kg/m3; Poisson ratio 0.3. The percentage error in the natural frequencies, after the 
updating, is less than 2% in the frequency range of interest (from 1 to 20 kHz). An error greater than 2% 
belongs to the modes (0,2) and (1,2) (4% and 8% respectively), because the constraint condition at the 
inner radius is still not adeguate for these modes. 
A further sensibility analysis has been performed on the model of the assembled system in order to update 
the model and to choose the driving parameters to be varied in the parametric analysis. Table 2 resumes 
the main influence of different parameters on the model.  
The updated model must consider the effect of the disc rotation in the system dynamics. The experimental 
analysis allowed to recognize the main effects of the rotation: a reduction of the support eigenfrequencies, 
due to the reduction of the tangential stiffness of the thin plates (two of them are under compression) and 
to the reduction of the tangential contact stiffness; a reduction of the pad eifenfrequencies, due to the 
reduction of the tangential contact stiffness; a negligible effect on the disc eigenfrequencies.  
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PARAMETERS EIGENFREQUENCIES BEHAVIOR PHYSIC EFFECT 

Young Modulus of the pad 
Affects the eigenfrequencies of the pad, 
the eigenfrequencies of the support and 
the (m,n+) eigenfrequencies of the disc 

Affects the pad stiffness and the coupling 
stiffnes between support and disc at the 
contact point 

Mass on the top of the 
support 

A small add of mass affects the 
eigenfrequencies of the support. A further 
variation has small effect on the 
eigenfrequencies  

Changes the moment of inertia and the 
mass of the support 

Contact stiffness Small effect on the eigenfrequencies of 
the pad 

Affects the boundary constraints of the 
pad. The stiffness of the pad rules on the 
coupling between support and disc 

Stiffness of the thin plates Affects the eigenfrequencies of the 
support 

Affects the stiffness of the constraints of 
the support in the tangential direction 

Table 2 Effects of different parameters on the model dynamics. 

 
Because the analysis to perform is parametric, the variation of the natural frequencies in function of the 
main parameters is analyzed experimentally (table 1), and then the driving parameters in the model are 
chosen so that the numerical eigenvalues cover the same range of variation. In order to reproduce the 
dynamics of the set-up and its ranging in function of the experimental parameters, two different 
parameters in the model are varied simultaneously: the Young modulus of the pad material and the 
stiffness of the springs that hold the support (stiffness of the thin plates). The Young modulus of the pad 
material is very influential on the dynamics of the system at the contact zone. Moreover, the elastic 
properties of the brake pad materials are not well defined. The stiffness of the thin plates allows 
modulating the tangential dynamics of the support. The following values of the parameters are introduced 
in the model: stiffness k of the single contact elements 2140 N/mm; density of the thin layer at the top of 
the support 20 Kg/cm3; Poisson ratio 0.3; density of the support 220539 Kg/m3; Young modulus of the 
support 2100 GPa; density of the pad 2500 Kg/m3; Young modulus of the pad ranging from 250 to 2500 
MPa; stiffness of the single springs (thin plates) ranging from 3100 to 12900 N/mm. 
This work is part of a combined linear and nonlinear numerical analysis of brake squeal [9], in which the 
compatibility between the two different FE models recommended a further simplification of the FE model 
respect to the experimental set-up. During the updating of the model by the experimental data the attention 
was focused particularly on the reproduction of its frequency behavior. The modes of the system are 
reproduced to simulate the main dynamic characteristics at the contact region, where the instability rises. 
Then, the MAC between the numerical and experimental modes was not implemented. Such further 
analysis will be necessary when a quantitative analysis (that could reduce the over-prediction of squeal 
occurrences) of the influence of modal damping [10] and amplitude of the eigenvector at the contact area 
will be performed. 
 

4 Squeal instabilities 
 

4.1 Experimental squeal events 
 
This section presents the results of an extensive experimental investigation aimed to find as many as 
possible squeal frequencies by changing the operational parameters of the set-up. During this investigation 
the dynamics of the system was monitored to relate its variation to the rising of instabilities. Five different 
squeal frequencies are found: 1566 Hz, 2467 Hz, 3767 Hz, 7850 Hz and 10150 Hz. These squeal 
conditions are obtained for defined values of the driving parameters, and all of them are easily 
reproducible.  

3782 PROCEEDINGS OF ISMA2006



Both the pad and the support present modes characterized by tangential vibrations along the contact 
surface; experiments show that the disc dynamics can couple either with the dynamics of the pad or with 
the dynamics of the support, bringing in both two cases to squeal instabilities.  
 
4.1.1 Pad-disc squeal coupling 
 
During squeal, the PSD of the pad acceleration and the sound pressure level reveal the harmonic nature of 
the system vibrations. Figure 4 presents a dynamic characterization of the pad when squeal occurs at 3767 
Hz: the marked lines are the PSD of the pad acceleration in the tangential direction for different values of 
the normal load from 250 N to 45 N, while the dashed line is the measured FRF of the disc, obtained with 
normal load equal to 45 N. By lowering the normal load, the first mode of the pad moves to lower 
frequencies and it gets close to the (0,4+) mode of the disc, toward the lock-in condition. This is caused by 
the lower contact stiffness between the pad and the disc. Only when the natural frequency of the pad is 
close enough to the one of the disc, squeal happens (black line in figure 4). The frequency range where the 
unstable coupling between the two modes occurs is named tuning-in range. Similar plots can be obtained 
by varying other parameters. This means that squeal instability can rise only when tuning between two 
appropriate system modes occurs.  
 

 
Figure 4 - PSD of system vibration for different normal loads and FRF calculated at the disc 

surface. 

 
Other two squeal events due to the coincidence between a natural frequency of the pad and a natural 
frequency of the disc are obtained at 7850 Hz (figure 5.a) when the frequency of the 2nd mode of the pad 
tunes with the frequency of the (0,6+) mode, and at 10150 Hz (figure 5.b) when the frequency of the 2nd 
mode of the pad tunes with the frequency of the (0,7+) mode. The former is obtained when the normal 
load is equal to 25 N, the dimensions of the pad is equal to 8x8 and the thickness of the thin-plates is equal 
to 0.5 mm; the second is obtained with a normal load equal to 45 N when introducing a thin layer of 
rubber between the support and the thin-plates. With this expedient the tangential stiffness of the pad 
mode decreases and its natural frequency shifts to a lower frequency tuning-in with the (0,6+) mode. 
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Figure 5 – a) Tuning between the 2nd mode of the pad and the mode (0,6+); b) Tuning between the 
2nd mode of the pad and the mode (0,7+). 

 
4.1.2 Support-disc squeal coupling 
 
Other squeal frequencies are obtained by the tuning between modes of the support characterized by 
tangential deformation and modes of the disc characterized by bending vibrations in the normal direction. 
Like in the previous cases, squeal arises only with the tuning between the two natural frequencies. The 
modes of the support involved in squeal events are the second and the third modes. In fact, these modes 
are characterized by the largest vibration at the contact end, where coupling between the tangential 
vibrations of the pad surface and the normal vibrations of the disc happens.  
 

  

Figure 6 - a) Tuning between the 2nd mode of the support and the mode (0,2 +); b) Tuning between 
the 3rd mode of the pad and the mode (0,3+). 

 
Figure 6-a shows the PSD of the tangential acceleration of the pad when squeal at 1566 Hz occurs. The 
normal load is fixed at 200 N, the dimensions of the contact surface is 10x10 mm2. In these conditions the 
natural frequency of the second mode of the support tunes with the natural frequency of the (0,2+) mode 
of the disc, while there is no tuning between the third mode of the support and the (0,3+) mode of the disc. 
Therefore squeal occurs at the frequency of coincidence between the former modes (the dotted vertical 
line in the graphics).  
Increasing the load from 200 to 250 N, the third natural frequencies of the support increases and tunes-in 
with the (0,3+) mode of the disc. Consequently, these two modes couple together and cause squeal, while 
the second mode of the support and the (0,2+) of the disc can no more couple together because they are 
not enough close in frequency.  
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4.2 Prediction of squeal instabilities 
 
The complex eigenvalues analysis provides the tool to trace the instability regions of the system. The 
numerical eigenvalues extraction is performed with the Damped Method by ANSYS and repeated in 
function of the driving parameters. The analysis is first performed in the frequency range from 900Hz to 
20000Hz. Then, for clearness, the analysis is here reported only at the instability regions, because all the 
system modes are included in the eigenvalues extraction. 
The friction coefficient adopted for the analysis is retrieved from the experiments and is equal to 0.3. A 
detailed analysis of the relationship between friction coefficient and squeal prediction is reported in [9]. 
 
4.2.1 Support-disc squeal coupling 
 

Figure 7 shows the complex eigenvalues of the system calculated between 1300 and 2600 Hz, 
when the Young modulus of the pad ranges from 300 to 2500 MPa, and the stiffness of the 
springs ranges from 3600 to 12900 N/mm. The grey dots represent eigenvalues with negative real 
part (stable behaviour); the black dots represent eigenvalues with positive real part (unstable 
behaviour).  
 

 

ZOOM 
ZOOM 

Figure 7 – Support-disc instabilities prediction by complex eigenvalues analysis. 

 
The increase of the Young modulus of the pad causes an increase of the natural frequency of the modes 
(0,m+), because it introduces an increasing stiffness at the contact point. On the contrary it does not affect 
the modes (0,m-). Moreover, the increase of the spring stiffness together with the Young modulus affects 
the support modes whose natural frequencies increase and cross the natural frequencies of the (0,m+) 
modes. 
Two unstable regions appear around 1550 Hz (between 780 and 820 MPa), and around 2420 Hz (between 
1770 and 1850 MPa), respectively. The former is due to the lock-in between the second mode of the 
support and the mode (0,2+), while the latter is due to the lock-in between the third mode of the support 
and the mode (0,3+). The predicted instabilities agree with the instabilities occurred during experiments, 
with an error percentage in frequency less than 0.2 %. Figure 8-a and 8-b show the locus plot for the two 
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unstable ranges. It is worth to notice that the updated FE model was able to predict all, and only, the 
unstable couplings (squeal) between modes of the support and the disc obtained during experiments. 
 

  

Figure 8 – Locus plot of the instabilities at: a) 1540 Hz; b) 2415 Hz. 

 
4.2.2 Pad-disc squeal coupling 
 
Squeal frequencies due to the coupling between modes of the pad and of the disc fall in a higher frequency 
range respect to those that involve modes of the support. This makes harder to predict the squeal 
instabilities, due to the large modal density of the system at such frequencies. Moreover the FE model 
does not include the lumped mass due to the accelerometer, so that, the pad has only one tangential mode 
in the considered frequency range. The configuration of the experimental set-up without accelerometer 
does not allow to have the squeal coupling at 3767 Hz, while the squeal couplings at 7850 Hz and at 
10150 Hz still occur when the tangential mode of the pad coincides in frequency with the mode (0,6+) and 
(0,7+) respectively. 
Figure 9 shows the eigenfrequencies and the locus plot between 7560 and 7750 Hz. In this frequency 
range the tangential mode of the pad reach the frequency of the mode (1,0) and then the one of the mode 
(0,6+). As a result it couples with both the modes of the disc and two instabilities are predicted. The locus 
plot highlights the lock-in and lock-out points between the two couples of modes. 
 

 
 

Figure 9 - a) Eigenfrequencies plot where the “lock-in” between the mode of the pad and the modes 
(0,1) and (0,6+) occurs; b) locus plot. 
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Figure 10 - a) Eigenfrequencies plot where the “lock-in” between the mode of the pad and the mode 
(1,3+) occurs; b) locus plot. 

 
In the frequency range between 10kHz and 10.5kHz (Figure 10), the numerical analysis shows an unstable 
lock-in between the mode of the pad and the (1,3+) mode that does not occur during the experiments. On 
the contrary, the experimental squeal of the (0,7+) mode, is not reproduced by the numerical simulation, 
Nevertheless, a lock-in is found between the (0,7+) mode and the mode of the pad that however, it is not 
strong enough to bring to push the eigenvalue toward the positive real semi-plane. 
A further instability is predicted by the complex eigenvalues analysis when the mode of the pad crosses a 
longitudinal mode of the support (normal to the contact surface) at 8450 Hz. 
In conclusion the analysis allowed predicting the squeal frequencies obtained experimentally, with an 
over-prediction of the unstable couplings between the mode of the pad and modes of the disc. Moreover, 
the lock-in is predicted to occur between one mode characterized by tangential vibration at the contact 
area (bending modes of the support or of the pad) and one mode characterized by normal vibrations 
(bending modes of the disc or longitudinal mode of the support). 
 

5 Concluding remarks 
 
Complex eigenvalues analysis is the numerical method most commonly employed by manufactures for 
squeal prediction and brake design, in fact, such a method, allows, at low computational cost parametric 
analyses. This paper shows an analysis performed on a simplified brake system that allows to control 
experimentally its dynamics and to relate the squeal occurrence with the coupling conditions between two 
appropriate modes of the system. Several squeal frequencies, involving either the dynamics of the pad or 
of the caliper that couple with the dynamics of the disc, are obtained and are easily reproducible.  
The complex eigenvalues analysis allowed to predict all the squeal instabilities obtained experimentally. 
Nevertheless, the complex eigenvalues analysis gives an over-prediction of the squeal frequencies by 
predicting the lock-in between couples of modes not recognized during experiments. This can be due both 
to the simplification of the FE model that does not allow to reproduce the modes exactly, or to the linearity 
of the FE model that does not account for any nonlinear effects.  
The analysis highlights that two main conditions are necessary to the squeal occurrence: i) the tuning-in 
between two natural frequencies of an in-plane mode and an out-of-plane mode of the system; ii) a large 
amplitude of the unstable mode both in the in-plain direction and in the out-of-plane direction at the 
contact area, where the contact forces behave as follower forces. Nevertheless, these are only necessary 
conditions, and others main parameters have to be taken in account, e.g. friction coefficient [9] and modal 
damping. 
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Abstract
Self-excited or chatter vibrations are well known among milling machine builders and users. Nowadays,
chatter is one of the most important restrictions of the milling process. Self-excited vibrations prevent
obtaining the required accuracy in workpiece, reducing the lifetime of the cutter and the mechanical
components of the machine. Due to chatter vibrations, the dynamic stiffness of the structure of the milling
machine limits the productivity in steel and cast iron roughing. Hence the stability of this kind of process
is an indirect way to measure the dynamic stiffness of the design. This paper presents different stability
models and proposes the most suitable for the determination of the cutting performance of universal
milling machines. Finally the cutting performance and the dynamic behaviour of the milling machine is
determined combining the measurements of the dynamic stiffness of the structure, the stability models,
cutting tests and modal analysis.

1 Introduction

The self excited vibrations keep on being a classic problem that limits productivity of milling processes.
Chatter vibrations appear in many different ways in the milling process. The prediction and suppression
techniques vary depending on the process. For example, in high speed aluminium rough milling, the
modes limiting the stability are associated to the tool and the toolholder, or to the spindle (the chatter
frequency is roughly between 200 and 3000 Hz). However in steel face milling carried out by big milling
machines the critical modes are related to whole machine tool structure (the chatter frequency is roughly
between 15 and 150 Hz).

There are several architecture types applied in the design of the milling machine structure. However, when
a wide workspace is required, big changes in the dynamic stiffness of the structure appear. Therefore the
cutting performance varies significantly with the position of the cutting point in the case of face milling of
steel. The presence, in some cases, of several modes with similar dynamic stiffness in the range where the
instability grows adds additional difficulties in the determination of the critical modes.

Some attempts to determine and normalise the dynamic behaviour and cutting performance of milling
machines can be found in the literature. These proposals did not take advantage of all the capabilities of
the stability lobes to describe the dynamic behaviour of the machine.

For machine tool designers, it should be important to know how machine tool structure limits the cutting
capabilities of a universal milling machine. The stability lobes combined with other test can be used to
define the performance of the machine. Taking into account the relationship between the flexibility of the
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structure and the face milling operation of steel and cast iron, the first step should be the selection of the
most suitable model for this kind of operation.

2 State of the art.

Pioneers like Taylor [1] were the first ones affronting “the most obscure and delicate of all problems
facing the machinist”. Tobias and Fishwick [2], and Tlusty and Polacek [3], stated that the main reason for
self-excited vibrations is the regeneration of the chip thickness and the mode coupling. Merrit [4] designed
a closed-loop scheme, which made chatter easier to be understood. Nevertheless, almost all theoretical and
experimental researches were only focused on continuous cutting processes.

The milling process simulation is more complex than the other machining processes due to the
discontinuous nature of cutting process –there are usually several cutting edges machining at the same
time- and due to nonlinearities of this type of process. In addition, the cutting forces vary in magnitude
and direction in milling process, affecting the vibrations to the chip thickness. Some authors [5][6]
replaced the time dependent cutting coefficient by a constant term to use solutions developed for turning
operations.

Time domain simulations permit to analyze nonlinerarities of the process and specially the possibility that
the tool may lose contact with the workpiece. During contact loss, the instantaneous chip thickness is zero,
and hence the cutting force is zero. Another important nonlinearity is related to the process damping
introduced by the cutting operation.

In the last two decades many research efforts have been carried out in time domain modeling approach
[7][8]. In order to obtain stability areas, time domain techniques require simulations under a great quantity
of cutting conditions which is time consuming.

Searching for an analytical solution, Minis and Yanushevsky [9] used Floquet’s theorem and Fourier
series on a two-degree-of-freedom cutting model for the formulation of the milling stability. Altintas and
Budak [10][11] developed a stability method, which led to an analytical determination of stability limits. It
was based on a two dimensional single frequency analysis (or zero order approximation) and allowed
calculating milling lobes diagram very fast. Later, the model was extended to three dimensional cases
trying to predict the stability of face milling processes [12] [13].

These frequency domain models suppose that the vibration has only a dominant harmonic (single
frequency model or zero order approximation) and this simplification allows a semi analytical solution to
the problem similar to the case of the continuous orthogonal cut. These models offer good results with
great immersions of the mill near slotting cut, but as the cut becomes more interrupted the results differ
from the reality, mainly due to the presence of additional lobes (flip bifurcation) that sum to the traditional
ones (Hopf bifurcation) limiting the stability [14].

The stability of these interrupted cuts has been determined by means of alternative methods. Davies et al.,
[14] used a discrete map model for highly interrupted milling processes, where the time in the cut is
infinitesimal and the cutting process is modelled as an impact. Bayly et al., [15] obtained similar results
using temporal finite elements. Later, Insperger and Stépán developed the technique of semi-discretization
[16].

The same problem can be approached within the frequency domain considering that vibrations are
composed by multiple harmonics of the tooth passing frequency from a generic chatter frequency. These
multifrequency models ([17],[18]) produce additional lobes that become more important as the milling
becomes more intermittent.

Face milling of steel is usually carried out using big mills, high number of inserts and high radial
immersion. Therefore, the milling process is far to be interrupted. Considering these aspects and the
differences between methods (see table 1), a tridimensional single frequency method can provide fast and
accurate results in this kind of operation.
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Attempts to establish standard tests in order to evaluate the cutting capacity of milling machines has
repeated cyclically in the last 40 years. According to Tlusty [19], the first attempt dates of 1968 when a
cooperative work supported by USAF was made between the Universities of Cincinnatti, Birmingham,
Aachen and Munich.

METHOD ADVANTAGES DRAWBACKS

SINGLE FREQUENCY
MODEL / ZERO ORDER
APPROXIMATION

• Fast prediction of Stability Lobes.

• Direct use of FRF-s.

• Imposible to model non-
linearities.

• Bad predictions in highly
interrupted milling processes.

MULTIFREQUENCY
MODEL

• Good predictions in highly
interrupted milling processes.

• Direct use of FRF-s.

• Imposible to model non-
linearities.

• The speed of the simulation
depends on number of harmonics.

SEMI DISCRETIZATION
• Nonlinear complex  force

formulations can be considered.

• Robust method.

• Modal parameters needed.

• Slower than single frequency
model.

TIME DOMAIN
INTEGRATION

• Modelling of non-linearities.

• Detailed simulations (surface
finishing, roughness,…).

• Slow predictions.

• Modal parameters needed.

Table 1: Compararison between main stability models

The next important step was in 1971 when Tlusty and Koegnisberger [20] proposed several tests to verify
machine tools. The CIRP also supported a cooperative work in this sense between 1965 and 1975. In this
work participated illustrious investigators like J. Boothroyd, T. Hoshi, F. Koegnisberger, J. Lombard, J.
Peters, B. Stone, J Tlusty and M. Weck.

Some companies and organizations that have defined their own cutting standard tests. For instance, tests
defined by a set of Swedish companies, ENIMS tests defined in Soviet Union and finally tests defined by
German lathe builders (Vereinigte-Drehmaschinen-Fabriken) have been remarked in bibliography [19].

It is necessary to emphasize the work done by WZL of Aachen in this field. They published several works
([21], [22]) where some tests are proposed to determine the dynamic stiffness of the machine-tool
structures and its influence on chatter free machining limit.

The most serious attempt to estandarize the definition of normalized cutting test to define the capacity of a
machine tool has been the ANSI/ASME B5.54-1991 standard [23]. This proposal was led by professor
Tlusty [19]. Two levels of verification are defined and great part of the variables that influence the
stability of the machine are defined. This norm keeps on the investigation carried out by the group of
Tlusty in the field of optimization of high speed machining of aluminium parts. Therefore, the proposal
focuses in the field high speed machining and the aplication in great milling machines with structural
chatter problems is not straightforward. Uriarte et al [24] tryed to cover this field propossing cutting test
for this type of milling machines divided in different levels.

In general, it is necessary to remark that although several attempts are found in the bibliography, there is
not any standard that allows to define the capacity of cut of big milling machine in whole workspace. That
is a real demand of many manufacturers and customers.

Taking into account the relationship between steel face milling operation and structural chatter, the
tridimensional single frequency model will be adopted to use in the characterization of the milling
machine cutting capabilities.
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3 Three dimensional single frequency stability model.

Cutting forces can excite vibration modes in any direction, and consequently a superficial undulation in
the workpiece is produced and the chip thickness will vary.

Figure 1: Geometry of the face milling.

3.1 Force model.

Although several attempts to study the stability with nonlinear force models can be found [25], in this
work a linear force models will be used. This model differences two type of forces: cutting forces
proportional to the chip area (h⋅b) and edge forces related to the ploughing effect and proportional to the
length of edge (S) ([10]). If the cutting coefficients are considered constant, they do not describe the effect
of the feed rate (ft) or other cutting process parameters.
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(1)

g(φj) is a unit step function that determines if the jth tooth is cutting or not. The radial immersion angle can
be defined for the teeth number j as, φ j=φ+(j-1) φp.

3.2 Dynamic chip thickness.

It is necessary to define the vibration (hd) in the direction of the chip thickness depending on the position
of the flute j. The chip thickness consists of static part (hs), and a dynamic component (hd). Considering
the influence of the lead angle κ, and tooth passing period T, the chip load can be written:
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∆x=x(t)-x(t-T), ∆y=y(t)-y(t-T), ∆z=z(t)-z(t-T)

(2)

3.3 Dynamic milling forces.

Considering equation (2) and neglecting the static chip thickness, the tangential (Ftj), radial (Frj) and axial
(Faj) forces can be expressed as,
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The elemental forces are projected to cartesian axes using the transformation matrix:
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Rearranging the expressions, new cutting force equation is obtained. Different directional coefficients of
the matrix [A] depend on the position of the mill, the lead angle and the relation between the cutting
coefficients. The stability analysis will be explained roughly and more details can be obtained in the
bibliography [10]; [11]. Both, milling forces and [A(t)] matrix are periodic at tooth passing frequency
T=2π/Ω. Thus [A(t)] can be expanded into a discrete Fourier series.

The number of harmonics (m) to be considered to an accurate solution depends on relationship between
the immersion and the number of cutting edges. Two solutions can be obtained: Single Frequency Solution
and Multi Frequency Solution, [10] ,[17].
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3.4 Single-frequency solution.

The milling dynamic force is approximated to the average component of the Fourier series expansion [Ao].
It can be demonstrated that the matrix [Ao] is time-invariant, but depends on radial immersion and cutting
coefficients.
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Thus, the interesting point is that now the average directional cutting coefficient matrix [α] is time
independent. The single frequency chatter model assumes that the regenerative vibrations are dominated
by a single chatter frequency ωc. Therefore {∆r} can be represented as:

{ } { } { } { })()1()()()( treTtrtrtr Ti c ⋅−=−−=∆ ⋅⋅ω (9)

The vibration vector {∆(t)} and the cutting forces {F(t)} are related by the frequency response matrix
[Φ (iωc)], which represents the dynamics of the system. Using this matrix, the characteristic equation of
the closed loop dynamic cutting forces is reduced to
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The stability analysis drives to an eigenvalue problem where the eigenvalues (Λ=ΛR+ΛI⋅i) can be related
with the maximum stable depth of cut and different cutting speeds.

det {[I] + Λ.[α][Φ]}} = 0 (11)
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Different values for the integer value k  yield different spindle speed. Therefore taking into account the
relationship between the limiting depth of cut and spindle speeds, the procedure for computing the
stability lobes diagram can be fulfilled.

3.5 Dynamics of the process.

The relatioship between the dynamic displacement and the dynamic force is defined by means of
frequency response matrix defined between piece and tool [13][21]:
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To consider the combined flexibility of the part and the tool is quite simple. It is possible to show that if
the FRF are defined in the same coordinate system, the global response matrix is obtained adding the
reponse functions of both sides [10]:

[ ] [ ] [ ]ph Φ+Φ=Φ (15)

The described stability model is developed using XYZ process coordinate system. In this system X
coordinate describes the feed direction and the tool axis defines the Z coordinate (see Figure 1). However
the experimental FRFs that conpose the frequency response matrix are defined according to machine tool
fixed coordinate system (X0Y0Z0).

Figure 2: Geometry of the face milling.

The relationship between these coordinate systems has been defined using three angles (Euler angles).
Two angles allow locating the cutting plane (XY) in the space and third one defines the feed direction in
the cutting plane. Considering the rotation matrix [Q2] associated with these angles, the dynamics defined
in fixed coordinate system [Φ0] can be oriented to obtain the frequency response matrix considering
process coordinate system [Φ ].
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4 Dynamic characterization method.

To characterize dynamically big milling machines and to establish the limit of stability is not simple
matter. There are a lot of variables that influence on stability [19][21]. The number of tests has to be
optimized in order to be applied in industrial environment. In this context, the time is limited and if many
variables are introduced the effect of machine dynamics could not be seen clearly. The proposed method is
divided into four tests.
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4.1 Test 1: dynamic stiffness.

The dynamic stiffness is measured by means of frequency response functions (FRF) obtained in machine
tool cartesian axes (X0Y0Z0). In a general case 18 FRF are required to define the dynamic stiffness of each
point of the workpiece. It is convenient to neglect the effect of the flexibility of the part choosing stiff test
parts. Therefore, in some machine architectures the flexibility of the side of the part can be neglected and
only 9 FRFs are required.

In big milling machines the dynamic stiffness of the structure changes a lot inside the workspace. In many
cases the variation of the stiffness with one axis can be refused and FRFs can be obtained only in a plane.
Hence, the first step is to discretize the workspace to obtain the FRFs in each position.

The method is focused in structural chatter. Common face mills are quite stiff in the range that chatter
grows in this kind of operations. Anyway, a normalized mandrel is used to obtain FRFs. This mandrel
allows clamping accelerometers and shakers, and assures that the excitation and response is introduced
and measured in machine tool cartesian axes(X0Y0Z0). The mandrel is a 73x73x130mm bar attached to a
stardard tool holder (for instance ISO50, see Figure 4). The weight (7 kg) is similar to a 125mm diameter
face milling cutter.

Frequency - Hz
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kg

10 10080604020
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400n

300n
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100n

Figure 3: Discretization and Variation of Dynamic Stiffness (ZZ).

The machine tool structure is considered like a linear system [21][22], hence a hidraulic/electromagnetic
shaker or dynamometric hammer can be used to obtain FRFs. The hammer is easier to apply in industrial
environment taking into account that position changes are required. Some authors [12] remark the
influence of the preload between part and tool in the dynamic properties. In the proposal, these effects are
neglected and the structure is excited without preload. The excitation range depends on many factors
(machine architecture, milling force range, workspace,..). For instance, a exitation range between 10 and
200Hz is recomended for big milling machines.

The value of dynamic stiffness can be found for direct FRFs taking into account the value of minimum
stiffness in excitation range. These values can be used to compare changes suffered by the structure in the
workspace. In cartesian machines these values are very important and it is usual considering direct static
and dynamic stiffnesses. However, it seems more suitable to work in modal or natural coordinates. This
way the minimum and maximum stiffness can be obtained considering all the possible directions and
calculating the eigenvalues of frequency response matrix for each frequency of the range.

Blue: 300 mm (P4)
Green: 600 mm (P6)
Red: 750 mm (P7)
Cyan: 900 mm (P8)
Magenta: 1000 mm (P9)
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Figure 4: Normalized mandrel for ISO50.

4.2 Test 2: stability lobes.

The tridimensional single frequency method is proposed to describe the cutting capabilities of universal
milling machines. The stability lobes relate maximum stable depth of cut to different spindle speeds. The
chatter frequency diagram is also important, because it confirms which is the unstable mode. The stability
lobes depend on dynamics of the machine, tool/part pair and cutting process parameters.

TOOL
MACHINE CLASS MAXIMUM

TORQUE [N·m] DIAMETER [mm] Z κ / LEAD ANGLE [º]

A. VERY LIGHT <95 50 4 45

B. LIGHT 95-185 63 5 45

C. MEDIUM 185-365 100 6 45

D. HEAVY 365-720 125 8 45

E. VERY HEAVY >720 160 10 45

Table 2: Tool Characteristics.

• Machine Tool Dynamics: the same FRF obtained in the previous test are used to obtain stability lobes.
The stability model allows using experimental FRFs directly.

• Tool Selection: Uriarte et al [24] defines the characteristic fullfilled by the tool according with the
torque of the spindle head. These values (see Table 2) are adopted in this proposal.

• Cutting Coefficients: A linear model is considered (see point 3.1). The cutting coefficient depends on
workpiece material/insert material-geometry pair. Therefore all the tools described by Table 2 can
mount the same inserts with the same angles and geometry, and the same cutting coefficients can be
used. The recomended part is a block of F1140(C45) steel and for instance, SANDVIK R245-12 T3
M-PM-4030 inserts are used mounted in SANDVIK R245-080Q27-12M. To obtain the cutting
coefficients an inverse coefficient identification have to be performed [10][25]. A set of 30 cutting
tests has been carried out to obtain different cutting coefficients which are shown in Table 3.
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F1140 Ktc Krc Kac Kte Kre Kae

ABSOLUTE 1889N/mm2 775.6 N/mm2 364.3 N/mm2 63.1 N/mm 78.2 N/mm 82.6 N/mm

RELATIVE 1889N/mm2 0.4106 0.1928

Table 3: Cutting coefficients for F1140/ SANDVIK R245-080Q27-12M/ R245-12 T3 M-PM-4030

• Cutting conditions: The cutting speed range is determined taking into account the cutting speed range
defined by cutting tools supplier. The minimum cutting speed is defined multiplying by 0.8 the
recommended minimum speed and the maximum speed multiplying by 1.2 the recommended
maximum speed. For instance, for 125mm diameter tool with R245-12 T3 M-PM-4030 inserts a
cutting speed range between 418 r/min and 764 r/min is proposed.

When the feed rate is very small the cutting coefficients are increased and the stability is lower. This
kind of effect can be taken into account by means of an exponential model. The feed rate is a
secondary variable in stability but it has to be controlled. In this case also the recommeded feed rate
range must to be considered and average one has to be chosen. In the determination of the cutting
coefficients the same feed rate range has to be used. In cutting test with R245-12 T3 M-PM-4030
inserts a feed rate of 0.2 mm/flute has been adopted. Finally, dry cutting tests have been simulated
neglecting the influence of the lubrication.

• Multiple simulations: Theoretically, the machine has different stability every plane of the space. If the
machine has only three axes the cutting plane is automatically defined. In the case of machines with
orientable spindle head, in most cases, the face milling operation is carried out in machine tool
cartesian plane (X0Y0, Y0Z0 or X0Z0). Hence, the simulations have to be done in these planes. In each
plane two kind of operations have to been simulated:

1. Simulation set 1: A slotting operation is considered in all the directions of a plane. In this way the
worse and the best directions can be found and milling direction (up or down milling) can be
neglected.

2. Simulation set 2: The real face milling conditions are reproduced. A radial immersion of 80% is
considered in both milling directions (up and down milling). For each milling direction, only feed
directions coincident with the machine tool axis are simulated.

The simulations are performed for each position in the workspace. For any considered cutting
position, cutting plane and feed rate direction the stability lobes are obtained, and minimum and
maximum values of depth of cut are collected with the related spindle speeds, feed directions and
chatter frequencies. Representing these values in the workspace, the variation of the cutting
capabilities of the milling machine can be described (see Figure 6) and the critical modes can be
identified.

4.3 Test 3: cutting test.

Several cutting tests have to be carried out to compare experimental results with predictions of the stability
lobes. The main characteristics of the test are summarized in the next points:

• Reproduced simulations: It is difficult to compare with simulation set 1 with experimental results.
Some authors [21][24] propose cutting test in form of circular interpolations. These results can be
compared with simulation set 1 but experimental results can differ with simulations because when big
face mill cutters are used the dynamic stiffness can change a lot during cutting tests. Therefore, taking
into account the industrial enviroment, only simulation set 2 have to be reproduced experimentally.

• Workpiece: The proposed workpiece is a steel solid block. The idea is to divide the block in different
zones. In each zone a different depth of cut is machined [19]. The lenght of the zone has to assure a
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minimum quantity of 30 revolutions of the tool with all the inserts cutting (see equation 18)
considering the diameter of the tool (D). This way, chatter can be clearly determined by means of
marks left in the surface, characteristic noise or accelerometer spectrum.

30
2

⋅⋅+= Zf
D

l t (18)

• Cutting plane / feed direction: The cutting test must be performed only in one cutting plane.. When the
spindle head is orientable, the cutting plane is defined considering two axes. The first one is chosen
selecting the axis that produces a greater variation on dynamic stiffness. The second one, however, is
the axis with lower stiffness variation, and it will be used as feed direction. Succesive tests have to be
carried out in different positions of the machine moving the machine according to most flexible axis.

Figure 5: Cutting Tests.

• Experimental set-up: The milling machine will be sensorized locating accelerometers in points of the
structure as close as possible to the spindle head. A microphone can be an alternative to
accelerometers. The objective is to measure the chatter frequency in unstable cutting tests.

• Cutting conditions: the cutting speed is chosen considering the results of stability lobes. Cutting
conditions related to minimum and maximum stability have to be used in tests (simulation set 2). This
way the spindle speed and cutting direction is selected. Average value of feed rate is maintained
constant in this test and no lubrication is used.

The experimental results will be compared with stability lobes. The reliability of the predictions can be
determined and the identification of the critical modes confirmed measuring chatter frequencies.

4.4 Test 4: modal analysis.

The target of the test is to obtain the shapes and modal parameters of the critical modes. All the details of
the modal analysis are not defined in the paper. There are authors that describe the basis of the technique
[26][27] and the application to machine tool [5][21]. Anyway, some comments can be interesting:
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• Selection of the machine position and excitation direction: The critical modes have been identified
with stability lobes and experimental tests. Analyzing the FRF function in different directions and
positions, the best position and excitation direction can be selected.

• Experimental set-up: vibration modes of the milling machine structure have to be modelled. The
response of the structure must be measured in more than 100 points and hence the use of
hidraulic/electromagnectic shaker drives to better results.

5 Application.

The method was applied to a medium size universal milling machine. The stroke of the machine is
6000x1000x1400 in X0Y0Z0 coordinate system. The method demands the manipulation of a great amount
of data. Therefore, a software application has been implemented based on MATLAB 7.0.

POSITION FRF XX FRF ZZ

Z axis (mm) Y axis (mm) Frequency (Hz) Dynamic
stiffness (N/µm)

Frequency (Hz) Dynamic
stiffness (N/µm)

300 43 16,8 26,25 18,0
600 42,5 11,5 26 9,0400
1000 40,75 4,1 24 3,2
300 47,25 18,1 23,75 17,8
600 44 9,8 24 8,3660
1000 40,5 4,2 23 2,8
300 40,25 15,2 22,25 19,0
600 42 8,2 22 9,81175
1000 40,25 3,7 21,5 4,5

Table 4: Dynamic stiffness measurements

• Dynamic Stiffness: The workspace has been discretized and different FRFs obtained using the test
device. The results have been summarized in Table 4. Four modes have been iddentified in different
FRFs obtained betwen 0 and 200Hz. However, the presence of two dominant modes must be
remarked. The first one has a main proyection on Z axis and its frequency varies from 26 to 21Hz.
(see Figure 3) The second one has a main component in X direction when the averhang of the ram is
bigger than 600. Its frequency fluctuates between 40 y 44Hz.

Figure 6: Variation of the minimum depth of cut and related chatter frequency with the position.
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• Stability Lobes: According with Table 2, a face-milling cutter with a diameter of 125mm, 8 flutes and
a lead angle of 45º was selected. The simulations predicted that if any feed direction in XY plane is
considered in slotting conditions (simulation set 1), the two main modes limit the stability. However,
if only cartesian directions (X and Y) are considered in up and down milling direction with a radial
immersion of 100mm (simulation set 2), the chatter grows due to 40-44 Hz mode in the recommended
range of cutting speeds. These simulations remarked the importance of the ram cantilever on the
stability.

• Cutting tests: Taking into account the results of the stability simulations two cutting conditions have
been chosen. The worse stability conditions have been obtained in simulations with a spindle speed of
400 -460 r/min in up milling operation. The best stability conditions have been obtained in high
cutting speeds (650r/min) in down milling operation.

The cutting test has been confirmed that the chatter grows between 43 and 48Hz. The stability of the
process has been reduced as the overhang of the ram increases. In the low spindle range, the limiting
depth of cut and chatter frequencies have been predicted properly. However, some discrepancies
appear in high cutting speed and the predicted maximum stability can not achieve.

VC = 400 R/MIN (UP MILLING) VC = 650 R/MIN (DOWN MILLING)

Simulation Test Simulation Test
Y

AXIS
(mm) alim

(mm)
ωchatter

(Hz)
alim

(mm)
ωchatter

(Hz)
alim

(mm)
ωchatter

(Hz)
alim

(mm)
ωchatter

(Hz)
750 3.8 46.7 3.5 48Hz 5.8 48.6Hz 4.5 45,2Hz
850 - - 3.5 46.5Hz - - 4 45,2Hz
900 3 44.7 - - 5.5 48.2Hz - -
950 - - 2.5 43.5Hz - - 4 44Hz

1000 2 42.8 - - 5.8 47.4Hz - -

Table 5: Cutting Test versus Stability Lobes.

• Modal Analysis: A point with maximum overhang and medium heigh from the floor (see point 9 in
Figure 3) has been selected as the most suitable one. In order to excite the main modes of the machine,
the modal analysis has been carried out exciting the machine in the direction X+ and Z+. The goal is
to excite the two main modes but the shape and parameters of four modes have been obtained.

Figure 7: Critical mode 41Hz.
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Studying the modal analysis, it is determined that the chatter vibrations are related to the twisting of the
column and bending of the ram in XZ plane. The other critical mode (23.5Hz) is a turn respect to X linear
guidance.

FREQUENCY
(Hz)

RELATIVE
DAMPING(%)

BRIEF DESCRIPTION

1 23.5 3.4 Turn in YZ plane respect to X linear guidance.

2 41.0 5.7 Twisting of the column and bending of the ram in XZ plane

3 53.5 3.4 Balancing of the ram & saddle in YZ plane around Z guidance.

4 173 4.4 Twisting of the ram.

Table 6: Results of Modal Analysis.

6 Conclusions.

A method to characterize the dynamic behaviour of the universal milling machine is proposed. The
method is made up by four tests. In the first one, the dynamic stiffness of the structure is obtained in whole
workspace.Obtained data is used in the stability model to predict the limiting depth of cut and chatter
frequency for a standard face milling operation. The stability lobes also allow determining the modes that
limit the stability in the useful range of the cutting tool. Studying the bibliography a three dimensional
single frequency model has been chosen to simulate the stability of the universal milling machine. These
predictions are correlated with experimental test chosen considering the simulations performed. Finally
using modal analysis the shape and parameters of the critical modes are obtained.

The method has been apllied to medium size universal milling machine. The presence of two main modes
whose flexibility grows with the overhang of the ram has been measured. The stability simulations
confirm that these two modes limit the stability. In cutting tests performed with a feed rate direction
coincident with X axis only the mode of 40-44Hz produced chatter in the cutting speed range.
Experimental results match the predicted chatter frequencies and minimum depth of cuts, although some
differences have been obtained in the prediction of maximum depth of cuts.

References

[1] F.W Taylor, On the Art of Cutting Metals, Transactions of ASME, Vol 28, (1907), pp. 31-248.

[2] S.A Tobias, W. Fishwick, Theory of Regenerative Machine Tool Chatter, The Engineer, (1958), p.
205.

[3] J. Tlusty, M. Polacek, The Stability of the Machine Tool against Self-Excited Vibration in Machining,
ASME Production Engineering Conference, (1963), pp. 454-465.

[4] H.E. Merritt, Theory of self-excited machine-tool chatter. Contribution to machine-tool chatter.
Journal of Engineering for Industry. ASME, (1965), pp. 447-453.

[5] F. Koegnisberger, J. Tlusty. Machine Tool Structures, Pergamon Press, Oxford. (1970).

[6] H. Opitz, F. Bernardi, Investigation and Calculation of Chatter Behaviour of Lathes and Milling
Machines, Annals of the CIRP, Vol 18, No 2, (1970), pp. 335-344.

[7] J. Tlusty, F. Ismail, Basic Nonlinearity in Machining Chatter, Annals of the CIRP, Vol 30, No 1,
(1981), pp. 299-304.

3802 PROCEEDINGS OF ISMA2006



[8] Y. Altintas, A. Spence, End Milling Force Algorithms for CAD Systems, Annals of the CIRP, Vol 40,
No 1, (1991), pp. 31-34.

[9] I. Minis, R. Yanushevski, A New Theoretical Approach for the Prediction of Machine Tool Chatter in
Milling, Journal of Engineering for Industry. ASME, Vol 115, (1993), pp. 1-8.

[10] E. Budak, The Mechanics and Dynamics of Milling Thin-Walled Structures, PhD Thesis, University
of British Columbia, Vancouver, (1994).

[11] Y. Altintas, E. Budak, Analytical Prediction of Stability Lobes in Milling, Annals of CIRP, Vol 44,
No 1, (1995), pp. 357-362.

[12] S.A Jensen., Y.C. Shin, Stability Analysis in Face Milling Operations, Part 1: Theory of Stability
Lobe Prediction, Transactions of ASME, Journal of Manufacturing Science and Engineering, ,Vol21
,No 4: (1999), pp. 600-605.

[13] Y. Altintas, Analytical Prediction of Three Dimensional Chatter Stability in Milling, Japan Society of
Mechanical Engineers-International Journal Series C: Mechanical Systems, Machine Elements and
Manufacturing, ,Vol 44, No 3, (2001), pp. 717-723.

[14] M. A. Davies, J. R. Pratt, B. S. Dutterer, T. J. Burns, The stability of low radial immersion milling,
Annals of the CIRP, Vol 49, (2000), pp. 37-40.

[15] P. V. Bayly, J. E. Halley, B. P. Mann, M. A. Davies, Stability of interrupted cutting by temporal finite
element analysis, Journal of Manufacturing Science and Engineering, 125/2, (2003), pp. 220-225.

[16] T. Insperger, G. Stépán, Updated semi-discretization method for periodic delay-differential equations
with discrete delay, International Journal of Numerical Methods in Engineering, Vol 61, No 1,
(2004), pp. 117-141.

[17] S. D. Merdol, Y. Altintas; Multi frequency solution of chatter stability for low immersion milling,
Journal of Manufacturing Science and Engineering, Vol 26, No 3, (2004), pp. 459-466.

[18] M. Zatarain, J. Muñoa, G. Peigné, T. Insperger, Analysis of the influence of mill helix angle on
chatter stability, Annals of the CIRP, 2006, in press.

[19] J.Tlusty, S. Smith; C. Zamudio; Evaluation of Cutting Performance of Machining Centers Annals of
the CIRP. Vol. 40, No 1, (1991), pp. 405-410.

[20] J. Tlusty; F. Koegnisberger, Specifications and Tests of Metal Cutting Machine Tools UMIST
Proceedings of the nineteeth and twentieth Conferences, February 1970, Rewell & George Ltd.,
Manchester (1971).

[21] M. Weck, Handbook of Machine Tools. Volume 4. Metrological Analysis and Performance Test. John
Wiley & Sons, Chichester, (1984).

[22] M. Weck, Ensayo de Máquinas X Congreso de Investigación, Diseño y Utilización de Máquinas-
Herramienta San Sebastian. Ponencia de Clausura, San Sebastian, 18 de Noviembre, (1984).

[23] ANSI/ASME B5.54-1991 Methods for Performance Evaluation of Computer Numerically Controlled
Machining Centers, ASME. (1991).

[24] L. Uriarte; M. Zatarain ,; R. Alberdi; R. Lizarralde, Caracterización del comportamiento dinámico de
máquinas-herramienta. Ensayo de corte, XI Congreso de Máquinas Herramienta y Tecnologías de
Fabricación, San Sebastian. 16-18 de Octubre-(1996).

[25] J. Muñoa, M. Zatarain, I. Bediaga, G. Peigné, Stability study of the milling process using an
exponential force model in frequency domain  CIRP-2nd International Conference High Performance
Cutting (HPC), Vancouver, June 12-13, (2006).

[26] W. Heylen, S. Lammens; P.Sas; Modal Analysis Theory and Testing, Katholieke Universiteit Leuven,
Heverlee. (2004).

[27] D.J. Ewins, Modal Testing: Theory and Practice Research Studies Press, London, (1986).

SELF-EXCITED VIBRATIONS 3803



3804 PROCEEDINGS OF ISMA2006



Aeroelastic Analyses of Low Aspect Ratio Wings Based 
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Abstract 
A modified aeroelastic analysis of low aspect ratio aircraft wings modeled as thick plates in an 

incompressible flow is developed. The structural model takes into account non-classic effects such as 

transverse shear deformation and rotary inertia. Three dimensional unsteady vortex lattice method is used 

to model the flow field about the wing. The results for limited cases including low thickness plates are in 

good agreement with previous works, which were based on classic thin plate theory.     

Introduction 
Mathematical models of wings based on equivalent plate representation combined with global Ritz 

analysis techniques have been used for basic studies in aeroelasticity and aeroelastic optimization for a 

long time. For structural analysis, the finite element analysis (FEA) is widely used because of its 

generality, versatility and reliability. FEA is also the method of choice in situations where detailed results 

in the vicinity of local discontinuities such as holes, abrupt dimension variations, etc. are needed. But a 

wide application of detailed FEA at the late conceptual design stage or in the early preliminary design 

stage still faces some major obstacles. First, the preparation time for a FEA model data may be 

prohibitive, especially when there is little carryover from design to design. Second, for complex structures 

a detailed FEA needs huge amount of CPU time and computation capacity, which makes the cost soar. In 

view of this situation, as often equivalent continuum models are used to simulate complex structures for 

the purpose of obtaining global solutions in the early design stages. This idea is reasonable as long as the 

complex structure behaves physically in a close manner to the continuum model used and only global 

quantities of the response are of the concern. In the area of analyzing aeronautical wing structures, a 

number of studies have been conducted on using equivalent continuum models to represent simple box 

wings composed of laminated or anisotropic materials, and they have yielded accurate results for the 

specific problems studied. There exists a considerable body of work on the static and dynamic behaviors 

of all kinds of plates. One way of classifying existing methods for the solution of plates is according to 

the deformation theory used, namely, the classifying existing methods for the solution of plates is 

according to the deformation theory used, namely, the classical plate theory (CPT), the first order shear 

deformation theory (FSDT), or the higher order shear deformation theory (HSDT), etc. The CPT is based 

on the Kirchhoff-Love hypothesis, that is, a straight line normal to the plate middle surface remains 

straight and normal during the deformation process. This group of theories works well for truly thin plates, 

but for thick isotropic plates and for thin laminated plates; they tend to overestimate the stiffness of the 

plate because the effects of transverse shear deformation and rotary inertia are ignored. The FSDT is 

based on the Reissner - Mindlin model, where the constraint that a normal to the mid-surface remains 

normal to the mid-surface after deformation is relaxed and a uniform transverse shear strain is allowed. 
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The FSDT is the most widely used theory for the thick and anisotropic laminated plates owing to its 

simplicity and its low requirement for computation capacity. For more accurate results or more realistic 

local distributions of the transverse stain and stress, one should use the HSDT or the consistent FSDT 

proposed by Knight and Qi. In the other hand, nonlinear aeroelastic responses of most shapes of low 

aspect ratio wings based on von karman very thin plate theory have been studied recently. Weiliang and 

Dowell studied the flutter boundary and limit cycle oscillations of rectangular cantilevered plates in high 

supersonic flowfields. That was the first such study for a plate with some edges unsupported. Deman 

Tang et. al, investigated the nonlinear behavior of rectangular and delta cantilevered wings in low 

subsonic flow. Their study demonstrated that limit cycle oscillations in the order of plate thickness are 

possible. They also investigated the effect of aspect ratio and number of structural modes on flutter 

characteristics and LCO responses. Shokrollahi and Bakhtiari-Nejad studied the aeroelastic behavior of a 

swept back trapezoidal wing modeled based on geometrical nonlinear plate theory in low subsonic flow. 

They observed as before the limit cycle oscillations in flow velocities greater than flutter velocities. These 

investigators also studied the effect of wing parameters such as sweep angle, taper ratio and aspect ratio 

on stability boundaries. In present work we have modeled aeroelastic behavior of a low aspect ratio wing 

based on non classic FSDT plate theory which takes into account the transverse shear deformation and 

rotary inertia coupled with 3-dimensional unsteady subsonic flow field.  The Rayleigh-Ritz method is 

applied to solve the resulting equations of motion, with the Legendre polynomials being used as the trial 

functions.  

Theoretical Development 
The fully coupled aeroelastic model with non-classic plate behavior is developed hereafter as a series of 

state space model. First, a structural model of the wing is developed based on FSDT. Next, the unsteady 

aerodynamic equations governing the three-dimensional flow about the model wing are derived. Finally, 

by coupling the structural dynamics and unsteady aerodynamics through adequate relations between these 

two fields, the aeroelastic equations are obtained.      

Wing Structural Model-Assumptions and Formulations 
 For the aeroelastic simulation of a plate, the Reissner-Mindlin method, a FSDT is based on two 

assumptions for the displacement field: 1) a normal line to the non deformed middle surface remains a 

straight line after deformation, and 2) the transverse normal stress can be neglected in the constitutive 

relations. 

Figure.1 Three dimensional aeroelastic model of a cantilever plate 
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According to these assumptions, and assuming linearity, the displacement field of the plate is 

given as        
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where, u, v and w are displacements in the x, y  and z direction, respectively; subscript 0 refers to 

quantities associated with the plane z=0; and y and x are the rotations about the y and –x axis, 

respectively.   
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The strain energy can be calculated as follows,  
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By substitution of Eq’s (4) and (2) into (3), the elastic energy is given by  
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UUUV                                                             (5)

Where fU  is flexural and torsional strain energy, vU  is shear strain energy and PU is in-plane 

strain energy and may be expressed in terms of the displacements u, v, w , and rotations y and
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Structural Mode Functions and Expansions 
We expand the three displacements u, v and w and two rotations 
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Where mnQ is generalized force, i.e. 
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Aerodynamic pressure is calculated from the vortex strength using the linearized Bernoulli 

equation, 
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Aerodynamic Method: Vortex Lattice Model 
      The flow about the cantilever trapezoidal plate is assumed to be incompressible, inviscid, and 

irrotational. Here we use an unsteady vortex lattice method to model this flow. A typical planar 

vortex lattice mesh for the three-dimensional flow is shown in Fig. 1. The plate and wake are 

divided into a number of elements. Point vortices are placed on the plate and in the wake at the 

quarter chord of the elements. At the three-quarter chord of each plate element, a collocation 

point is placed for the downwash; i.e., we require the velocity induced by the discrete vortices to 

equal the downwash arising from the unsteady motion of the plate. Thus, the relationship will be  

                                                  
kmm

j

t

jij

t

i Kw 11     i=1,…,kmm                                     (14)

Where w
1t

i  is the downwash at the ith collocation point at time step t+1, j is the strength of the 

jth vortex, and K ij    is an aerodynamic kernel function that is given in Ref.    [10]. 

As described by Dowell [5], there are three sets of equations in the wake. Eq. (15), gives the first 

vortex in the wake at the step time of t+1.  
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Once the vorticity has been shed into the wake, it convected in the wake with speed U.  

Since in the case of swept back trapezoidal wings the trailing edge has an inclination with respect 

to free stream, the leading and trailing edges of each wake element must be parallel to the trailing 

edge of the wing as shown in figure1.  

From the second vortex point to the last two vortex points in the wake for the special case where 

xUt  this convection is described numerically by Eq.(16).  
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At the last vortex point in the wake, Eq. (17) dives the relationship for the vortex distribution: 
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Where  is a relaxation factor; usually have values of 0.95< <1.0. 

Putting together Eqs. (14) to (17), gives an aerodynamic matrix equation of, 
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Where A and B are aerodynamic coefficient matrices. From the fundamental aerodynamic theory, 

we can obtain the pressure distribution on the plate at the jth point in terms of the vortex strength 

as: 
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Nondimensional equations of motion 
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The equations of motion are formed by substituting the kinetic and strain energy expressions into 

Lagrange’s equation. Eq.(11) gives the  nondimensional equation as: 
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Aeroelastic Model:
     In this stage we can combine structural dynamics response with aerodynamic equations to obtain 

the aeroelastic model. Consider a discrete-time history of plate motion, with a constant sampling 

time step t. The sampled version of generalized coordinates and velocities of this discrete-time 

series is then described by: 
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where are                              

The structural dynamic, equation (19) can be reconstituted as a state-space equation in discrete-time 

form. It is given by 

                                                          N

tttt FCCDD 1
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21
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Where the vector  is the state of the plate, }q,q{}{ , and 1D and 2D are matrices describing the 

plate structural behavior. 1C and 2C are matrices describing the vortex element behavior on the plate 

itself. There is a linear relationship between the downwash w at the collocation points and plate 

response . It is defined by: 
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                                                                             Ew                                                                                   (23)

Thus, combining Eqs.(18), (22), and (23), we obtain the aeroelastic state-space model in matrix 

form: 
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We refer to Eq.(24) as the complete fluid/structure model. The eigenvalues of the Eq.(20) determine 

the stability of the aeroelastic system. If any of the eigenvalues have magnitude greater than unity, 

then the system is unstable. In principle, one could find the eigenvalues of eq.(20) directly. However, 

for most aeroelastic calculations, one must compute the eigenvalues of the system as some 

parameter—such as the reduced velocity—varies. 

Numerical Results: 
       Various types of cantilever plate models of varying aspect ratio and thickness ratio were 

considered. The models are taken to be an aluminum alloy plate of constant thickness with aspect 

ratios of AR =L/c =2.-10. The wing root chord c = 0.365 is fixed. Poisson’s ratio is = 0.3. For the 

basic case, the plate was modeled using 50 vortex elements, i.e., km =10 and kn =5. The wake was 

modeled using 150 vortex elements, i.e., kmm =40. The total number of vortex elements (or 

aerodynamic degrees of freedom) is 200. The vortex relaxation factor was taken to be  = 0.992.   

Stability of Aeroelastic Model: 
      The aeroelastic eigenvalue solutions of linear model determine the stability of the system. When 

the real part of any eigenvalue,  becomes positive, the entire system becomes unstable. 

Figures 2 to 7 show the effect of thickness on the results of flutter analyses based on classic plate 

theory and the first shear deformation theory. As we see the difference between two results increases 

by increasing the thickness. This is obvious because by increasing the thickness of the plate the 

effect of transverse shear deformation becomes important.     

Figures 8 and 9 show a typical graphical representation of the eigenanalysis in the form of real 

eigenvalues, Re( ) vs the flow velocity. There is an intersection of Re( ) with the velocity axis at 

1.42Uf
 m/s which is the critical flutter velocity.  

3812 PROCEEDINGS OF ISMA2006



0

20

40

60

80

100

120

140

0 0.005 0.01 0.015 0.02 0.025

h(m)

U
f(
m

/s
)

0

20

40

60

80

100

120

140

0 0.01 0.02 0.03 0.04 0.05

h(m)

U
f(
m

/s
)

0

0.5

1

1.5

2

2.5

3

0 0.005 0.01 0.015 0.02 0.025

h(m)

w
(H

z
)

Figure 2: Flutter Velocity .VS. Plate Thickness for AR=2. ( : CPT, : FSDT) 

Figure 3: Flutter Frequency .VS. Plate Thickness for AR=2. ( : CPT, : FSDT) 

.

Figure 4: Flutter Velocity .VS. Plate Thickness for AR=6. ( : CPT, : FSDT) 
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Figure 6: Flutter Velocity .VS. Plate Thickness for AR=4. ( : CPT, : FSDT) 

Figure 7: Flutter Frequency .VS. Plate Thickness for AR=4. ( : CPT, : FSDT) 
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Figure 9: Eigenvalue Solution for Linear Aeroelastic model (CPT) 
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Abstract 
There exist many methods to calculate forced response in mechanical systems. Some methods are slow 
and the errors introduced are unknown. The paper presents a method that uses digital filters and modal 
superposition. It is shown how aliasing can be avoided as well as phase errors. The parameters describing 
the mechanical system are residues and poles, taken from FEA models, from lumped MCK systems, from 
analytic solutions or from experimental modal analysis. Modal damping may be used. The error in the 
calculation is derived and is shown to be only a function of the sampling frequency used. When the 
method is applied to linear mechanical systems in MATLAB it is very fast. The method is extended to 
incorporate nonlinear components. The nonlinear components could be simple, like hardening or 
stiffening springs, but may also contain memory, like dampers with hysteresis. The simulations are used to 
generate test data for development and evaluation of methods for identification of non-linear systems. 
 
 

1 Introduction 
 
There exist several methods to obtain the time history response of a mechanical system to an arbitrary 
excitation. A few of the time domain methods are: the Duhamel integral, the State Transition Matrix 
method, and the Runge-Kutta method with variations. The Duhamel integral, also known as the 
convolution integral, is a well-established method in the literature, its main drawback is the computational 
burden associated with its non-recursive nature. A second method, the State Transition Matrix method, is 
based on re-arranging the second order equations of motion into first order ones and applying the Duhamel 
integral technique to solve for the response. However, the integral can be used to derive a recursive 
algorithm, a digital filter, which leads to a faster solution than the naive Duhamel integral method. 
 

2 Establishing a recursive solution 
 

2.1 The convolution integral 
 
Working on discrete sampled data necessitates transformation of a model in the continuous time domain 
into the discrete time domain. The basis for a family of methods is the convolution integral: 
 

∫ ⋅−=
t

dxthty
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)()()( τττ                   (1) 
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where x(t) is the input signal, h(t) is the system impulse response and y(t) is the output signal. The 
convolution integral may be used for any linear, time invariant system. We start by studying the simple 
analog system: 

as
sH

+
= 1)(                                   (2) 

 
where s is the Laplace variable. The system in equation (2) has the impulse response: 
 

)exp()( atth −=                      (3) 
 
We now calculate y(nT+T), where T is the sampling interval: 
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From equation (4) we find that we may calculate y(nT+T) with a recursion formula using only y(nT) and 
the input signal in the time interval [nT, nT+T]. The system influence shows in the terms exp(-aT) and 
exp(au) in the last integral in equation (4). The way we use samples of x(t) to evaluate the last integral in 
equation (4) defines the design method, see figure 1. A recursion formula may be thought of as a digital 
filter. 

 
Figure 1: Different approximations of x(t) in the interval [0, T] from the samples of x(t) define 

different filter design methods. 
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As an example, the step invariant method uses the constant value x(nT) in the whole interval, which, using 
equation (4), gives: 

{ }
a

aTnTxnTyaTTnTy )exp(1)()()exp()( −−⋅+⋅−=+                (5) 

 

2.2 The digital filter 
 
A difference equation, such as equation (5), may be regarded as a digital filter. A general expression 
would be: 
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If we take the z transform of the last line in equation (6) we get the filter expression in equation (7). We 
may compare with the definition of the function filter in MATLAB. 
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FILTER One-dimensional digital filter. 
     Y = FILTER(B,A,X) filters the data in vector X with the filter described by vectors A and B to create  
     the filtered data Y.  The filter is a "Direct Form II Transposed" implementation of the standard  
     difference equation: 
    a(1)*y(n) = b(1)*x(n) + b(2)*x(n-1) + ... + b(nb+1)*x(n-nb) - a(2)*y(n-1) - ... - a(na+1)*y(n-na) 
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3 Application to linear mechanical systems 
 

3.1 Mechanical system characterization 
 

 
Figure 2: A linear mechanical system may be characterized by its residues and poles. These may 

come from different models of the system, or from experiments. The residues and poles then define 
the corresponding filters. 

 
There are various ways to represent a mechanical system: through a Finite Element Model (FEA) model, a 
lumped MCK model or an analytical model. All of them can provide quantitative information about the 
modal parameters, i.e. poles and residues of the system. Here we note that these parameters can as well be 
obtained by performing an experimental modal analysis on the mechanical system. See figure 2. 

 
According to the modal superposition theorem for a MDOF system, consisting of N modes, the frequency 
response function H(s) connecting one input degree-of-freedom with one output degree-of-freedom can be 
expressed using partial fraction expansion in terms of the residues Rr and poles sr as follows: 
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3.2 The corresponding digital filter 
 
For the impulse invariant transform, equation (4) gives: 
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For a complex conjugate pair with residue Rr and pole sr, as in equation (8), we will get: 
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Equation (10) seems as a complicated expression, but may be performed by a few simple steps in 
MATLAB. In the following example, S is the complex pole, R is the complex residue, T is the time step. 
We set up the denominator D and the numerator N from equation (9). To get the filter polynomials B and 
A for the complex pair we use convolution (conv) which is equivalent to polynomial multiplication: 
 
D = [1, -exp(S*T)]; 
N = R*T 
B = 2*conv(real(N),real(D))+2*conv(imag(N),imag(D)); 
A = real(conv(D,conj(D)));  
 
To get the step invariant version, we just change the numerator line according to equation (5): 
 
D = [1, -exp(S*T)]; 
N = -R/S*[0, 1 –exp(S*T)]; 
B = 2*conv(real(N),real(D))+2*conv(imag(N),imag(D)); 
A = real(conv(D,conj(D)));  
 
All versions have the same denominator; the numerator depends on how we treat the last integral in 
equation (4).  
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4 Error calculations 
 

4.1 Aliasing error 
 
As in all sampled systems, we will have aliasing. It doesn’t help us if our input signal x(t) has aliasing 
protection, as the system response, h(t), in general has not. As a result, the spectrum of our response will 
have contributions from the original spectrum Y(f) centred around multiples of the sampling frequency fs. 
The aliased spectrum Ya(f) will be: 
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As an example, we look at the response of a single degree of freedom, SDOF, mechanical system to a base 
excitation, see figure 3. We want the response of the mass as acceleration a2 when the base acceleration a1 
is given. The frequency response function, FRF, is: 
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Figure 3: SDOF mechanical system. a1 is base input acceleration, a2 is response acceleration. 

 
We use the following parameters for the SDOF system: 
m = 1 kg 
c = 6 Ns/m 
k = 10000 N/m 
fs = 100 Hz 
 
We calculate the theoretical FRF and then add the aliasing, see figure 4. The aliasing resulting from ±fs 
and ±2fs is used. The MATLAB function impinvar, which is impulse invariant, is used to create the filter 
coefficients.   
This error when we use the impulse invariant method is well known and has led to the recommendation 
not to use impulse invariant technique when handling response to SDOF systems, for instance when 
calculating shock response spectra. In a new international standard, ISO 18431-4, the ramp invariant 
method is recommended instead. It is not so well known, however, why other methods lead to better 
result. 
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Figure 4: Frequency response function, FRF, for SDOF system. Theoretical function is compared 
with aliased version. A simulation of the response with impulse invariant method shows the same 

result. 

 

4.2 Bias error 
 
The handling of the input x(t) in the last integral in equation (4) and figure 1 may be seen as a convolution 
between the input samples and a convolution kernel. In the case of step invariant, the convolution kernel 
w(τ) is: 
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and for the ramp invariant the kernel is: 
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which is a triangle with base from –T to +T. 
As we have a convolution in the time domain, this corresponds to a multiplication in the frequency 
domain. The multiplier is the Fourier transform of the convolution kernel. For the step invariant the 
amplitude of the Fourier transform is: 
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We find that this function has zeros for multiples of the sampling frequency, which helps to decrease the 
aliasing. We try the same SDOF system as above. The FRF after multiplication with the convolution 
kernel transform is shown in figure 5. The result after aliasing is shown in figure 6 and we get the same 
result using the step invariant filter version. 
We find that the aliasing problem is greatly reduced, but we have to pay a price of a bias error, coming 
from the multiplication.  
 

 
 

Figure 5: The original SDOF FRF function multiplied with the convolution kernel transform. The 
potential of aliasing is greatly reduced. 

 
For the ramp invariant version, the Fourier transform of the triangle-shaped convolution kernel is: 
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This function is quite flat around the sampling frequency, which makes the ramp invariant very efficient to 
eliminate aliasing. Of course the bias error is greater, but it is known and starts at zero for low frequencies. 
The aliasing error is dependent on the system and the chosen sampling frequency, while the bias error (for 
a certain frequency) is only depending on the sampling frequency. This makes the ramp invariant version 
the preferred one in many applications, such as shock response spectrum calculations. 
For the ramp invariant, equation (5) turns into: 
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Figure 6: SDOF FRF showing reduced aliasing with step invariant transform. The response using 
the step invariant function is compared with the theoretical FRF multiplied with the convolution 

kernel transform. The aliasing is also included. The diagram shows that all errors are fully 
understood. 

 

4.3 Phase error 
 
The step invariant version has another serious problem, a phase error. We have a time lag in the response, 
corresponding to T/2. We show this by applying a sinusoidal force to a SDOF mechanical system. We 
may calculate the theoretical steady state response and compare that with the result using a step invariant 
filter. The result is shown in figure 7. 
Step invariant is also called zero order hold, and is frequently used in applications. The phase error may 
have a great influence if we introduce non-linearities into the system. The non-linear forces are fed back 
into the system, and in a feedback system phase errors may lead to instabilities. The time lag of the step 
invariant version is easily fixed by using centred step invariant, see figure 1. Centred step invariant has no 
phase error. For the centred step, equation (5) turns into: 
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Figure 7: Diagram showing the time lag of T/2 for the step invariant transform. 

 

5 Introducing non-linearities 
 

5.1 Starting example 
 
As a simple case, we consider a non-linear MDOF system for which both the applied force and the non-
linearity are at the same degree of freedom as shown in Figure 8. More specifically, the single non-linear 
component is located between the input force DOF and ground. 

 
Figure 8: A non-linear component is introduced to a linear system. The input force and the non-

linearity are applied at the same degree-of-freedom. 

 
 

 
Non-linear 
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The equation of motion for the system of interest in discrete time domain is governed by the following 
equation: 
 

( ) ( ) ( ) ( ) ( )nfngnxKnxCnxM =+++ &&&                                                                                                          (19) 

 
with the usual notations and where g(n) represents a single non-linear component which is a function of x. 
Equation (19) in the frequency domain (z-plane) is conveniently written as 
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where ( )zB  is the system impedance matrix and from which equation the system response X(z) can be 
obtained as 
 

( ) ( ) ( ) ( )[ ]zGzFzHzX −⋅=                                                                                                                       (21) 

 

From equation (8) we can write for the r:th mode: 
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where we use the superscript r to mark the mode number. 
Re-writing the resulting relationship in the time domain gives the system response at time n for the rth 
mode as  
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Equation (23) is identified as a recursive equation which can be written down for each mode r (i.e. for 
each digital filter). Using the superposition theorem then, the total response is the sum of each of the 
individual digital filters. Taking a step further, Equation (23) can be re-written in a compact fashion for 
each mode r and at time n as follows: 
 

( ) ( ) r
r

r Qngbnx =+ 0                                                                                                                      (24) 

 
where it can be easily seen that the term Qr embodies the terms in the second line of Equation (23) and 
also the term ( )nfbr

0 . In this respect we note that Qr is completely determined by past parameter values 
together with the current applied force f(n). 
Now, equation (24) can be recognized as being a non-linear equation in x with g being some non-linear 
function of x. Equation (24) is computed for each mode r and then summed up for all the modes; after 
which the resulting equation is solved to yield the desired total response at time step n. To illustrate the 
procedure just described, consider a MDOF system consisting of 2 modes for which the input-output 
relationship can be represented schematically as shown in Figure 9. 
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To obtain the total response of the system shown in Figure 5, the individual responses xr (r = 1, 2) are 
computed from Equation (23) and summed up as follows 
 

( ) ( ) ( )nxnxnxtot 21 +=                                                                                     (25) 

 
and consideration of equation (24) together with equation (25) leads us to the following equation which is 
required to be solved at each time step: 
 

( ) ( ) ( ) 21
2
0

1
0 QQngbbnxtot +=⋅++                                                                                                  (26) 

 

where ( )ng  is a non-linear function of ( )nxtot . 

 

 
Figure 9: Input-output relationship for a 2-DOF system expressed in terms of an array of digital 

filters. 

 

5.2 Extensions 
 
The idea described here has been extended in many ways, and a toolbox with simulation functions has 
been created in MATLAB.  
In all cases, the linear part of the system may be described by: 

• Mass, damping and stiffness matrices. 

• Mass and damping matrices plus modal damping 

• Poles and residues for the involved degrees of freedom 
 
In the internal routines, poles and residues are used. In the first two cases above, the poles and residues are 
calculated from the given parameters. 

    

    1H  

    

     2H  

( )nx1  ( )nx2  
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In all cases described, the responses may be calculated as displacement or as vibration velocity. 
The functions have been extended to incorporate many non-linearities, coupled between different degrees 
of freedom for the linear system. This means that we have to solve a non-linear system of equations for 
each time step. Very efficient routines to accomplish that have been implemented into the scripts. In order 
to make the execution fast, the non-linearities have to be defined within the script. 
As an example, the function nonlindxmck has the following syntax: 
x = nonlindxmck(F, fs, M, C, K, FDOF, nlDOFs, modes, responses) 
 
The input is the force vector F with a sampling frequency of fs. The linear system is in this case defined by 
the matrices M, C and K. The force is applied to degree of freedom FDOF, and the non-linearities are 
applied to degrees of freedom, DOFs, defined by nlDOFS. Modes is a vector containing the modes that we 
want in the calculation. Finally, responses is a vector defining in which degrees of freedom we want the 
response(s) to be calculated. 
We let the system be a simple four degree of freedom linear system. We apply one cubic nonlinearity from 
one DOF to ground and we have another cubic nonlinearity between two other DOFs. We then apply a 
random force to the remaining DOF and calculate all four responses. See figure 10. 
 

 
Figure 10: A simple four degree-of-freedom linear system with two attached cubic non-linearities. 

The input is a random force and all four responses are calculated. 

 
To calculate all the responses in 100,000 samples takes 11 seconds on a laptop computer. The internal 
loop in the script is extremely efficient and it is hard to believe that it is possible to make it much faster. 
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5.3 Further extensions 
 
The functions have been extended to incorporate non-linearities with memory. We can simulate stick-slip 
friction and different kinds of hysteresis, for example.  
The same methods can also be used to simulate systems of coupled non-linear equations. In figure 11 a 
simple model for parametric resonance on a cable in a cable-stayed bridge is shown. The coupled non-
linear system of equations is shown in equation (27) without going into detail. 
 

 
Figure 11: A simple model of the interaction between the first bending mode of a pylon (the SDOF 

system) and a cable on a cable-stayed bridge. 
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In equation (27) we have a system of coupled non-linear equations. It is easily simulated with the methods 
introduced above. The system is tuned so that the resonance frequency is half that of the resonance 
frequency for the pylon. This can lead to parametric resonance. We let the input force F2 be a sine with 
the pylon resonance frequency. We then let the amplitude of the input force grow linearly with time. The 
force and the cable response are shown in figure 12. We really have a non-linear behavior! 
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Figure 12: A simulation of the parametric resonance of the system in figure 11, described by 

equation (27). The response is clearly non-linear. 
 

6 Conclusions 
 
In this paper, a formulation of a digital filter method for computing the forced response of a linear MDOF 
mechanical system has been proposed. It is shown how aliasing (and phase) error effects can be avoided at 
the expense of a bias error. The bias error is however completely known and it is system independent, as it 
only depends on the sampling frequency used. The mechanical system is described by its modal 
parameters, poles and residues. 
The method is extended to introduce non-linear elements. A toolbox in MATLAB has been created where 
nonlinear elements with and without memory can be treated, as well as systems described by coupled non-
linear equations. The functions are very effective and the computation time is minimized. 
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Abstract
The paper presents a new methodology which exploits the cutting system vibrations to identify the machin-
ability rating or index. The idea is to compute the frequency response function of the tool work-workpiece
structure, under the machining conditions of interest, for a given material as it is sheared by a single-point
cutting tool with the objective of assessing its machinability. To describe this approach, the design and the
experimental validation of a specific and original device for vibration excitation are first presented. Subse-
quently, the extracted modal parameters and some qualitative results of preliminary rating of machinability
for different materials are discussed. Implications of these results and further developments close the paper.

1 Introduction

The machinability refers to the ease or difficulty with which a given material can be machined. In mass
machining operations, the most commonly used criteria for rating machinability are :

1. Tool life or toll wear rates;

2. Cutting forces or power consumption;

3. Chip form control;

4. Achievable surface finish.

Criteria 2, 3 and 4 are also directly or indirectly related to tool wear. Moreover, machinability ratings based
on these criteria are generally applicable to a restricted range of cutting conditions. This fact is particularly
relevant when ranking with the chip force criterion. The use of cutting forces or machining power crite-
rion is also limited by the material’s properties. For example, workpiece materials from the same material
family may require similar specific power to machine specific cutting force, but yield different tool rates
due to differences in the concentration of abrasive particles in the matrix. The surface finish criterion is
directly correlated to surface quality. However, to assess surface quality in machining tests, conventional
roughness parameters are often used. These parameters are stochastics and their correlation to machinability
don’t hold routinely within a group or class of materials. The surface finish criterion is then most useful
when comparing different classes of materials. From this brief analysis of the conventional machinability
criterion, there is big interest in developing new rating criteria or quantitative measure of machinability.
For this purpose, we consider the excited vibrations in machining with special emphasis in its illustrations
as a possible criterion or index of rating machinability. Our task was to define first the sources of these
vibrations during machining process. Secondly to measure routinely and repeatedly their collective impact
on the cutting operation. Finally to make attempts to exploit these measurements for assessing machinability.
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It is commonly recognized that the potential sources of self-excitation in metal cutting, which are decisive
for the generation of vibrations, are :

• Variations in friction conditions existing at the tool/chip interface which are function of the chip speed
that depends itself on several machining parameters;

• A trailing or brittle contact between the blank face of the tool and the work-piece on which clearance
angle has direct influence on vibration amplitude;

• A random slope of the machined surface relative to the direction of the cutting speed. This changes
the shear angle and thus the chip generation process also changes. The variation of this angle has a
direct effect on the oscillations of the deformed shear layer;

• An oscillating motion of the tool which leads simultaneously to variations of the rake and clearance
angles;

• Variations in the width of cut due to the waviness of the machined surface. This leas to a removal chips
with periodically variable thickness. The cutting force is then periodically variable which activates the
process of self excitation and regenerative vibrations.

The whole set of these phenomena are strongly coupled and nonlinear. Their separately rating based on
simplified models is too far away from the physics point of view of the cutting problem. discernement using
simplified models is too far away from the physic. Dynamic models developed to describe these phenomena
are therefore guided by various simplified approximation. They are mainly based either on [10],[7]:

• A linear approach using the transfer functions taking account the surface waviness to be worked and
the tool motion;

• An analytical approach based on the variations of the mean coefficient of friction in relationship with
the relative speed between the chip and the tool;

• A nonlinear approach which specifies some nonlinearities of the vibrating behaviour of the cutting sys-
tem. For example variations of tool exit speed can be considered in relationship with the interference
between the tool clearance side and the waviness of the worked surface.

The use of these models involves an additional difficulty [1], [4], [3], [8]. It is mainly derived from experi-
mental identification of typically three kinds of parameters:

• The dynamics parameters corresponding to the tool motion in terms of equivalent mass, stiffness and
damping;

• The parameters driving the friction law at the tool-chip interface;

• The machined material parameters.

The dynamic parameters are classically identified static testing for the equivalent stiffness and by using a
conventional impact test with an instrumented hammer for the dynamic response of the tool / tool holder
system. If we consider the assumptions made regarding the transfer functions, it is clear that the satisfactory
accuracy of the identification will not be reached. The friction law identification is often derived from instru-
mented cutting tests using piezoelectric sensors. It admits however an approximate assumption in which the
average friction coefficient depends only on the chip speed.

Lastly, arises the question about the identification validity of strain-stress data obtained from conventional
tests since cutting process involves large values of strain-state and temperature. Especially, the identifica-
tion of the shear stress in cutting because of the close proximity of shear zone to rigid cutting tool which
constitutes a flow constraint. From these bibliographical sources, we accept here:
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• That the vibrating phenomena in cutting are often considered from prediction, control or machining
stability points of view;

• That the used models are not really taking account the coupling effect. Moreover parametric studies
using these models are facing with choice of parameter values, sensitivity analysis, etc;

• That the experimental approach in vibration analysis of machining is generally reduced to the charac-
terisation of the tool-holder system and the variations of the boundary conditions (cutting conditions)
are not taken into account;

• That it is difficult to understand the cutting vibrations if there is not:

– What the structure of the cutting system consists of;

– How the intrinsic vibrating behaviour of this structure is likely to be described by the frequency
response functions.

– How the frequency response can be used as possible criterion for assessing machinability.

These are the reasons why motivated this study.

2 Methodology developpement

2.1 Principle

The methodology is based on the use of the vibrating behaviour of the tool or the work-piece as a information
carrier. This involves the use of a specific adaptation of classical techniques of vibration analysis in terms
of measurements and data processing. To illustrate this approach, the tool vibration in straight turning
operations is considered. As it is well known, inducing vibrations in the structural elements of any system
are governed by:

1. Geometrical considerations;

2. Material considerations;

3. Types of internal mechanical linkage between the structural elements;

4. Imposed boundary conditions.

For this analysis purpose, the structural work-piece system is treated. The boundary conditions are described
by the tool fixture and the machining conditions of interest. Since stable tool fixture element is imposed by
the experimental setup, the dynamic performance (vibrations) of the structural tool / work-piece system of
this approach can be described by a change of boundary conditions. Obviously the vibrating behaviour of a
structure depends on the geometry, the material properties, the intern connections and the imposed boundary
conditions. In the considered case, the boundary conditions consist in the fastening of the tool-holder for
one part and the cutting operation on the other part. The experimental procedure imposes to the first to be
stable; as a consequence a modification of the cutting conditions leads to a change of the vibrating behaviour
of the tool. Thus a quantification of this last variation can provide indicators on cutting conditions. In this
case, ranking based on tool vibrations rates for given set of cutting conditions can provide indicators for
machinability ranking or index purposes.
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2.2 2.2 Frequency response function considerations

The frequency response of a system is defined as the steady-state response of the system to an input signal.
For any structural system, the frequency response function (FRF) Hkl(f) is classically defined between each
couple of degrees of freedom of the structure such as:

Hkl(f) =
Fk(f)

Xl(f)
=

Fl(f)

Xk(f)
(1)

Where Xk(f) is the frequency response of the degree of freedom k when the excitation force Fl(f) also
represented in the frequency domain, is applied on the degree of freedom l. Reciprocally the Xl(f) is the
response of the degree of freedom l when the structure is excited by the force Ff (f) along the k degree of
freedom. The F.R.F. is then an intrinsic function belonging to the structure and to the imposed boundary
conditions. The key point of this approach when using the FRF to evaluate the vibrating response of the tool
/ work-piece system is based on the capability to experimentally determine the tool FRF during the machin-
ing. This is also conditioned by its applicability to compute the tool FRF respectively in the cutting and in
the feed directions.

In the frequency domain the digital representations of the excitation input (force) and output (vibrations) re-
sponses are computed using the Discrete Fourier Transform (’FFT’ algorithm). The use of digital technology
for frequency analysis involves, the classical operations such windowing, averaging, etc. In this approach
these operations cannot be carried out using a standard analyser. For accurate analysis, a particular data
processing has been developed using MatlabTM .

3 Experimental setup

3.1 Vibrations response measurements

The tool vibrations are measured using two miniaturized accelerometers attached to the tool body as close as
possible to the insert by two miniaturized pins. Resulting absolute accelerations are respectively measured
in the cutting and feed directions.

3.2 Choice of excitation

For accurate estimation of the tool FRF, it is a priori better to use effective excitation rather than this provided
by the cutting forces:

• The components of the latter could be measured on the tool holder but its frequency composition could
not be controlled and moreover due to a weak signal to noise ratio in certain frequency bands, the FRF
estimation could be very poor.

• In the case of such a self-excitation, the obtained indicators should exhibit a limited objectivity.

The adaptation of the impact excitation, classically used in vibration analysis, has been preferred. It must
be pointed out that, in this approach, the impact force is being superimposed to the cutting forces. It will be
necessary to separate these effects before the use of the tool vibration measurements.
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3.3 Impact excitation

An instrumented hammer is generally used for this purpose. The impact force delivered by the hammer
is measured with a broad band force sensor inserted between the body of the hammer and the impact tip
material. Figure 1 shows an example of a signal provided by such hammer with a hard steel tip during a
manually driven impact on a massive structure.
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Figure 1: Typical excitation obtained with a hard steel tip on a massive structure

The time and frequency representations of this signal show a unique impact without rebound. The hardness
of the tip leads to an elastic impact with a weak deformation of the tip. Thus the duration of the contact
between the tip and the structure is very short. Therefore this kind of impact typically provides vibration
energy continuously distributed between 0 and 6kHz approximately. Figure 2 shows the time and frequency
representations of a signal obtained with the same hammer during the manual impact, out of machining, on a
lathe tool when being attached to the tool holder. In this case, the tool is relatively less stiff than the previous
structure. The rebound of the tip leads to the double impact shown by the time window. It can be seen as
a unique longer impact. The excitation spectrum however looks much more disrupted with limited levels in
the high frequency range.
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Figure 2: Manual impact with hard tip on fastened tool

Moreover the FRF must be estimated from averaged measurements of the impact forces and of the corre-
sponding vibration responses. Reliable and repeatable impacts during machining operations in an narrow
area in a short duration would be difficult to hold manually.

For the forgiven reasons, a new impact excitation device has been developed, with special attention paid to
impose control as discussed below.
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4 Impact device development

4.1 Functional analysis

The necessary capabilities of the device are given by the following items:

• To provide unique impact, without rebound, as shortly possible in time according to the hardness of
the tip and the material of the structure being impacted;

• To provide repeatable impacts in terms of localisation, force level and impact direction, this latter must
be normal to the surface of the target;

• To allow several impacts (typically 8 to 10) during a machining test;

• To be mounted on the turret close to the cutting tool.

4.2 Principle and realisation

The selected principle is a mass-spring-damper system with only one translation mobility, in free oscillations
due to the initial deformation of the spring. An unique impact occurs if only the first extreme elongation of
the oscillations allows the contact between the mass and the tool. This is made with the adjustments of :

• The relative equilibrium position of the impact mass to the tool;

• The initial extension of the spring;

• The damping which is introduced in the slide channel.

The stiffness of the spring limits the risk of rebound. The impact system consists in a steel rod which is
guided by two linear ball bearings. The steel impact tip is rigidly attached to the rod through the force
sensor. A magnetic tip is attached to the other end. It is used to set a temporary connection with the rod
of a pneumatic jack. The axis of the slide and the jack are parallel. An adjustable stopper set the initial
compression of the spring. A diagram layout of the excitation device is shown figure 3.

�

Slide Sensor 

Adj. stopper 

Magnet Tip 

Jack 
Rear 

Front 

Too��

Figure 3: Layout diagram of the impact device

To realise an impact, the front chamber of the double acting air cylinder is pressurized. Thus the rod moves
back until the contact with the adjustable stopper whereas the jack continues its movement. The magnetic
connection is broken off. The rod is therefore released and impacts the target with the effect of the springs.
Then the jack rod is moved forward by setting the pressure in the rear chamber. The magnetic connection
is restored. The impact rod comes back to its equilibrium position by releasing the pressure in the two

3838 PROCEEDINGS OF ISMA2006



Magnet Tip Sensor 

Jack Adjustable attachement 

Figure 4: View of the impact device

chambers. An adjustable friction can introduce an extra damping to guarantee the unicity of the impact. A
view of the impact device is shown in figure 4.

Figure 5 shows a view of the device mounted on the turret holder in configuration of impacting though the
cutting direction.

Figure 5: View of the experimental set-up

4.3 Validation

Figure 6 shows the time and frequency representations of the signal delivered by the developed impact device.

The time representation shows a unique impact slightly shorter than the one reported in figure 1. Some small
amplitude oscillations follow the impact itself. Close observations show that these oscillations lie to the
response of the first longitudinal vibrations of the impact rod. They exhibit about 8.5kHz frequencies which
correspond to the calculated one of the first longitudinal mode of a free-free beam with same characteristics.
In this case, these recorded oscillations do not correspond to the excitation forces applied on the target.
The particular windowing signal processing presented in section 6.1 could be applied to the time signal to
attenuate the effects of these oscillations in the FRF estimations. Such processed signal leads to a frequency
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Figure 6: Validation of the impact device.

representation shown on the right window of figure 6. It is to be compared to its equivalent in figure 1.
The excitation provided by the new device can be considered as relevant. Experience shows it is possible to
realize more than one impact per second. In those conditions periodicity of the impacts is mainly imposed by
the damping of the tool vibrating responses. So it is quite easy to complete multiple data acquisitions during
each machining operation which leads to the averaged measurements required for the FRF computations.

5 Data acquisitions

To keep in order the satisfactory control as far as possible of the data processing, only the signal conditioning,
the anti-aliasing filtering and the sampling are provided by the acquisition system. During each sequence of
about a dozen of seconds, signals are continuously acquired and the samples are stored in the memory of the
acquisition system. Generally about ten remotely controlled impacts are realized during this time. Then the
samples are transferred in the computer memory. Using an interactive and specific procedure, data blocs of
2n samples (typically 1024 or 2048 samples) are selected. They hold the information related to the impacts
and tool responses.

Acquisitions of tool vibrations without impact in the same machining conditions are also carried out using
the same procedure.

6 Preliminary data processing

6.1 Windowing

Before computation of the Discrete Fourier Transform (’FFT’ algorithm) of the data blocks, a windowing
process is applied to limit the time truncation of the acquired signals [5] [2].

The impact force signals are generally processed using a rectangular window which length is about 20% of
the bloc duration. As previously mentioned in comments of figure 6, the force signal exhibits oscillations due
to the free vibrations of the first longitudinal mode of the impact rod. These vibrations are not transmitted to
the target and have to be cancelled before FRF computations. A rectangular window is defined with the same
number of samples as the acquired blocs. The value 1 is affected to the first samples roughly corresponding
of 0.4ms length of time (increased duration of the impact). All the following samples of the window are
null. The windowing process simply consists in term to term multiplication of the window block with each
acquired impact force blocks. To take account of the vibrating response decay due to all the dissipative
phenomena after impact excitation, an exponential window is generally applied to these types of responses
[5]. Such a window is used in the present study. The value of the first sample of the window block is 1 and
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the value of the last is 0.01 with an exponential decay between these two limits. This window is used in the
same way as presented above.

The same exponential window is applied to the vibration data blocks acquired during machining without
impact.

6.2 Impact response estimations

The Discrete Fourier Transform applied to the data blocs issued from impact force, impact responses and vi-
brations without impact, respectively gives F (f), Ximp.+mach.(f), Xmach.(f) which are the three numerical
vectors containing the discrete spectrums of these signals. As previously mentioned, the impact vibrating re-
sponses are superimposed to the machining vibrations. Assuming a linear behaviour of the tool, the vibrating
responses X(f) of the tool due only to the impact is estimated:

X(f) = Ximp.+mach.(f) −
1

n

n∑

i=1

(Xmach.(f))i (2)

where n is the number of blocs.

7 Estimation of the frequency response functions (F.R.F.)

To minimize the influence of the noise measurement, the H1(f) estimator is used for the estimations of the
F.R.F. [5]] :

H1(f) =
SXF (f)

SFF (f)
(3)

where SFF (f), SXX(f) and SXF (f) are respectively the auto-spectrum of the impact force, auto-spectrum
of the response and the cross-spectrum between the response and the impact force such :

SFF (f) = 1

n

∑n
i=1

((F ∗(f))i · (F (f))i)

SXF (f) = 1

n

∑n
i=1

((F ∗(f))i · (X(f))i)
(4)

Where F ∗(f) the complex conjugate of F (f).

Correlation between impact force and each of vibrating response is estimated through the coherence func-
tion γ2(f) such:

γ2(f) =
|SXF |2

SFF · SXX

(5)

8 Preliminary tests

8.1 Experimental conditions

Preliminary tests have been carried out using the setup presented in figure 5 during straight turning of 65mm
diameter steel cylinder. The cutting speed was 130m/mn, the feed was 0.4mm/revolution and the diameter
cutting depth was 1mm. Figures 7 and 8 show the results of these tests successively using new and worn
tool-inserts, respectively drawn with solid and dotted lines.
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Figure 7: Preliminary tests - Excitation autospectrum, FRF modulus and coherence function.

8.2 First results

Top to bottom windows of figure 7 show the frequency representation of the excitation force, the modulus
of the FRF and the coherence function. These functions are computed from eight data blocs of excitation in
the cutting direction and tool vibrating response measured in the same directions. Continuous lines rely with
tests with new cutting insert and dashed lines correspond to the test using worn insert. Figure 8 shows the
Nyquist diagrams of the same FRF in the 0 − 10kHz frequency band.

9 Comments

Few severe feed and depth cutting conditions are used for these preliminary tests. FRF modulus window
does not show emphasized differences between the two cutting conditions. The excitation force is weak in
the frequency bands around. This is a direct consequence of the shock duration, therefore the tool responses
are small in the same bands. Obviously the signal to noise ratio is poor for that frequencies, those explains
the deep lacks, around those frequencies, of the coherence function issued from the test with the new insert.
It is almost equal to unity on almost all the analysis band (low frequencies are not to be considered owing
to the poor frequency resolution). That shows linearity between the cause, the impact, and the effect, the
tool vibrating response. On the contrary, coherence function issued from tests with worn insert shows lacks
in wide frequency ranges from 9kHz approximately which clearly indicate the modification of the cutting
conditions. These preliminary tests do not allow more accurate remarks but it must be pointed out the
modulus diagram of the FRF which is often used for that kind of studies is certainly not the most judicious.

The Nyquist representation in the Argand plane (complex plane) of the FRF significantly expands the in-
formation in all the frequency bands showing a resonance of the structure [9], [6] . In the vicinity of each
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resonance, the diagram exhibits lobes whose extreme radius rely with modal damping. Figure 8 presents the
Nyquist diagrams of the same FRF previously shown. The main lobes of the two diagrams show extreme
radius which correspond to the maxima of the FRF modulus in the 2kHz band due the resonance of the first
bending mode of the tool with the two different boundary conditions. The bad quality of the two diagrams
is caused by the poor frequency resolution during data acquisitions of the preliminary tests. Nevertheless
a frequency shift is noticeable between the two tests concerning the resonance of the first bending mode.
Furthermore the very noticeable difference between the two lobe radiuses shows a variation of the damping
of the mode due to the modification of the boundary conditions trough the different cutting conditions. Using
data processing inspired by techniques of experimental modal analysis, these variations of damping can be
quantified and provide a sensitive indicator of machinability. Nyquist diagram also seems to be judicious
for this kind of study and complementary of the coherence function because others phenomena appear more
sensitive in the representation of the FRF in the Argand plane.
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Figure 8: Preliminary tests - Nyquist diagrams of the FRF.

10 Conclusions

The proposed method consists in using the intrinsic vibrating responses of a tool as carrier of information
about the behaviour of the couple tool-work piece. Important prospects of the method could be carried out
concerning either the measurements or the data processing:

• Modulation of the shock duration to more accurately investigate different frequency bands;

• Modulation of the shock duration in relation with the machining conditions to bring to the fore some
possible non-linear phenomena;

• Realization of simultaneous data acquisitions with different sampling frequencies and sizes of data
blocs to obtain frequency resolutions required for certain data processing;

• Specific adaptation of numerical ”Zoom FFT” techniques to obtain better frequency resolution in nar-
row bands of particular interest;

• Design and development of a particular tool-body to improve sensitivity of the measurements;

• ...

An important work remains in sight before definition of machinability indicators.
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Abstract 
 Introduction of stiffeners set slightly increases mass of the stiffened plate and significantly changes 
system dynamic properties such as natural frequencies, spatial distribution and velocity magnitude, stress 
and mechanical energy. Stiffeners can be treated as an additional subsystem that not only modifies the 
plate stiffness but also accumulates and dissipates a part of mechanical energy. 
 The paper concerns modal analysis carried out on the basis of energy balance for a family of similar 
stiffened plates treated as a linear connection of a homogenous plate and spatially spanned sets of beams. 
System natural frequencies were calculated by comparison of maximal kinetic and strain energies while 
shape functions were assumed to be series of base functions. On the basis of participation factors energy 
dissipated by a homogenous plate and a system of stiffeners was determined. Natural frequencies and 
participation factors were computed by the use of the Nelder–Mead optimization algorithm and genetic 
algorithm. Software performance and estimation accuracy were assessed by the comparison of obtained 
analytical results, results of FEM computations and results presented in literature. 

Theoretical computations of plate and stiffeners energies distribution were verified by computations 
carried out on the basis of frequency responses in nodes of FEM models. The influence of geometrical and 
material properties on natural frequencies and energy distributed in plate and the system of stiffeners was 
investigated. Introduction of sound radiation coefficient concept made it possible to formulate a model of 
acoustical radiation and energy distribution in the system consisted of plate, stiffeners and acoustical 
volume. 

 

1 Model of interaction between stiffened plate and its environment 
 
 Stiffened plate model taking into account influence of stiffeners spaced in parallel to the plate edge is 
the most accurate but also the most complex model that finds application to computations carried out for 
low and middle frequency band. In the further part of this paper there is presented energetic analysis of 
stiffened plate treated as a system consisted of a homogenous carrying plate and a set of beams (figure 1) 
[2]. In order to make it possible to take into account acoustical radiation, an additional subsystem – three-
dimensional acoustical cavity was introduced. Rectangular thin stiffened plate was treated as a system 
consisted of a carrying plate, a set of Nx stiffeners parallel to the Ox axis and a set of Ny stiffeners parallel 
to the Oy axis (figure 1). Under certain conditions [4, 2] such a system can approximated by a model 
consisted of a rectangular carrying plate and a system of beams interacting with plate trough connections 
of this elements. 
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Figure 1: Scheme of a stiffened plate 

Having introduced functions normalizing coordinates (ξ = 
a
x

and η = 
b
y

), displacements of points of 

system consisted of a homogenous plate and a set of stiffeners can be determined by introduction of 
function of displacement perpendicular to the plate plane W(ξ,η) and displacements in plate plane U(ξ,η) 
and V(ξ,η). 

Displacement of stiffeners can be expressed in terms of Dirac’s function δ: 

 ( ) ( ) ( )ii WW ηξηηδηξ ,, =−  (1) 

where: ηi – coordinates determining location of a stiffener. 
In the figure 2 there is presented scheme of the energy flow in subsystems of a stiffened plate. Energy 

accumulated in structural subsystems EA can be treated as a sum of energy accumulated in a homogenous 
plate and sets of stiffeners parallel to the Ox and Oy axis: 

  żyAżxAApA EEEE __ ++=  (2) 

where: EAp – energy accumulated in a homogenous plate, EA_żx – energy accumulated in a set of stiffeners 
parallel to the Ox axis, EA_ży – energy accumulated in a set of stiffeners parallel to the Oy axis. 

 Energy dissipated internally in subsystems is proportional to strain energy accumulated in 
subsystems: 
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  żyżyżxżxppD UUUE ηηη ++=  (3) 

where: ηp – damping loss factor of a homogenous plate material, ηżx – damping loss factor of material of a 
set of stiffeners parallel to the Ox axis, ηży – damping loss factor of material of a set of stiffeners parallel to 
the Oy axis. 
 Taking into account energy radiated by plate and a set of stiffeners, equation defining amount of 
radiated energy can be formulated: 

  żyżyżxżxpprad TTTE σσσ ++=  (4) 

where: σp – homogenous plate radiant efficiency, σżx – radiant efficiency of a set of stiffeners parallel to 
the Ox axis, σży – radiant efficiency of a set of stiffeners parallel to the Oy axis, Ti – subsystem kinetic 
energy. 
 

 
Figure 2: Scheme of the energy flow in subsystems of a stiffened plate 

 
Different energy types of stiffened plate subsystems (described by equations 2 - 4) are expressed by 

functions of time. In an arbitrary time instant, energy supplying particular subsystem equals sum of 
accumulated energy EA, energy dissipated internally ED and energy radiated by all subsystems Erad: 

  radDAwe EEEE ++=  (5) 

 It was proved by Scherton and Layon that in case of stationary process, averaged in time energy flow 
between subsystems is constant for a particular structure and depends on parameters of this structure. On 
the basis of his theory, the ratios of energy accumulated in sets of stiffeners and in a homogenous plate 
depend on physical parameters and are constant for given material and geometrical system parameters. 
They can be determined based on the holistic energetic description of a complex stiffened plate model. 
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Analyzing separately energetic relations between a homogenous plate and sets of stiffeners parallel to 
the Ox and Oy axis respectively, the following system of four equations is obtained: 

 py
Ap

Azy
px

Ap

Azx

E
E

E
E

χχ ==  (6) 

  Dpx
dp

dzx
Dpy

dp

dzy

E
E

E
E

χχ ==   (7) 

Potential energy of a stiffened plate related to the field of stresses and strains can be computed after 
separate analysis of energy accumulated by a homogenous plate and a set of stiffeners. Strain energy of a 
homogenous plate is described by the relation: 

  ∫ ++=
V

p dVU
0

121222221111 )( δεσδεσδεσδ  (8) 

where: σij – components of stresses in plate, εij components of strains. 

 Stiffener strain energy consists of two components: longitudinal strain energy and strain energy of 
distortion related to stiffener angular displacement. Therefore overall strain energy of stiffeners expressed 
in relative coordinates  ξ, η equals sum of both types of energy defined e.g. for a set of stiffeners parallel 
to the Ox axis as: 
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where: E – Young ‘s moduls, G – Kirchoff’s modulus, J – torsional rigidity of the stiffeners, ε – strain 
composed of three components due to the plate bending and stiffeners bending about major and minor 

axes, ζ, η – non-dimensional coordinates equal respectively 
a
x and

b
y . 

Kinetic energy of stiffeners consists of kinetic energy of the out-of-plane and rotational motion. 
Kinetic energy of the typical stiffener along the Ox axis is described by the following equation: 
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where: mz – stiffener mass density, I – second moment of inertia about the major axis. 

Introducing separations of coordinates, the out-of-plane W(ξ,η) and in-plane displacements functions 
U(ξ,η), V(ξ,η) can be expressed as follows: 
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 As the generalised functions Fi, Gj, Bm, Dn, Er, Hs arbitrary functions satisfying boundary conditions 
at the plate edges can be selected. Coefficients ijw , mnu , rsυ  determine participation of basic functions in 
the displacements ),( ηζW , ),( ηζU , ),( ηζV . 
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For a thin rectangular plate simply supported along four edges, considering the admissible 

displacements functions [2] and a partial derivatives 
t

W
∂

∂
and 

η∂∂
∂
t
W2

, quotient of kinetic energy (10) of a 

set consisted of Nx stiffeners parallel to the Ox axis and plate kinetic energy is given by: 
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Quotient of kinetic energy (11) of a set consisted of Ny stiffeners parallel to the Oy axis and plate 
kinetic energy is given by the following equation: 
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 Equations (12) and (13) define the ratio of overall kinetic energy accumulated in the set of Nx 

stiffeners and overall kinetic energy accumulated in plate. The nominator of expression takes into account 
energy of particular stiffeners, which makes it possible to carry out the analysis in case of a set of 
stiffeners consisted of stiffeners of different geometrical properties, made of different materials. 
 On the basis of damping loss factor definition [2]: 
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energy dissipated by the ith subsystem is described by the following relation: 
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 The above equations make it possible to compare energy dissipated by the sets of stiffeners and 
energy dissipated by plate. Quotient χżk_p  that defines ratio of energy dissipated in the set of Nx stiffeners 
and energy dissipated by a homogenous plate is given by the equation: 
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 Quotient of energy dissipated by a set of Ny stiffeners parallel to the Oy axis and energy dissipated by 
a homogenous plate can be written as follows: 
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The fundamental frequency of the stiffened plate can be defined [2, 7] in a form of a non-dimensional 
parameter Ω, which depends on the generalised material and geometrical proportions of the plate and a 
stiffeners set. It is a very convenient method of calculations, which, on the basis of one frequency 
parameter Ω, makes it possible to compute the fundamental frequency ω of any plate representative for the 
group of similar plates. 

 { }rsmnijyx
yiyixixi

mn uwNNf υ,,δ,δ,γ,γ,γ,γδ,δ,γγ,γ,γ 218765214321=Ω  (18) 

The objective of the optimizations process is to find the coefficients ijw , mnu , rsυ  for functions that 
minimize natural frequency parameter Ω. For that purpose the Nelder-Mead’s optimization algorithm and 
genetic algorithm [5] were used. 

Evaluation of dimensionless coefficient of the fundamental frequency Ω allows to determine quickly 
fundamental frequency ω of a given stiffened plate belonging to the group of plates of similar physical 
properties. In case of a plate with the identical and equally spaced stiffeners calculations becomes much 
simpler. The results of calculations carried out with the use of the optimization algorithms were verified by 
calculating the fundamental frequency of the plate representative for the group of plates analysed with the 
use of FEM method. The FEM model of the stiffened plate with dimensions: 700 x 500 x 1,2 [mm] 
consisted of 400 surface elements of the type QUAD4 and 20 elements of the BEAM modelling the 
stiffeners. The degrees of freedom at the plate edges were defined by limiting three linear displacements of 
the nodes. The height of a 4 [mm] wide stiffener was changed from 0 to 40 mm with the step of 5 mm. The 
results the influence of the stiffeners relative rigidity Is/Ip on the natural frequency magnitude are presented 
in the figure 3. The non-dimensional frequency parameter Ω computed for a group of plates with the 
parameters given above is presented on the left scale. On the right scale of the figure 3 there is presented 
the magnitude of fundamental frequency ω of a physical realization representative for the group of similar 
plates with one stiffener with a rectangular cross section. The curve * indicates the natural frequency ω of 
a given plate computed upon the non-dimensional frequency parameter Ω while the curve  denotes the 
results obtained with the use of the FEM method. On the upper scale, for the convenience of orientation, 
the stiffener height-to-plate thickness ratio is presented. 
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Figure 3: The non-dimensional frequency parameter Ω computed for the group of similar plates and 
the first natural frequency ω of a group representative stiffened plate (700 x 500 x 1,2 [mm]) made of 
typical constructional steel. 
 

In case considered above, the magnitude of fundamental frequency is establishing at the almost 
constant level while the second moment of inertia Is of stiffeners in relation to the flexural rigidity of the 
plate Ip per unit width goes above about 3,4·107. 
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In the figures 4 ÷ 6 there is presented verification of analytical computations and illustration of the 
influence of stiffener stiffness on mode shapes and superficial distribution of strain energy of the first 
mode shape of plate of dimensions 0,7 [m]×0,5 [m]×0,0012 [m] simply supported at the edges. In the 
figures 4 ÷6 there are shown three examples of influence of stiffener height on the first mode shape of 
plate with a single stiffener. 

 

 
 

Figure 4: First mode shape of a steel plate (0,7 [m]×0,5 [m]×0,0012 [m]) with a steel stiffener of 0,005 
[m] height: a) distribution of displacements, b) distribution of strain energy 

 

 
 

Figure 5: First mode shape of a steel plate (0,7 [m]×0,5 [m]×0,0012 [m]) with a steel stiffener of 0,01 
[m] height: a) distribution of displacements, b) distribution of strain energy 

 

 
Figure 6: First mode shape of a steel plate (0,7 [m]×0,5 [m]×0,0012 [m]) with a steel stiffener of 0,015 

[m] height: a) distribution of displacements, b) distribution of strain energy 

 
Relating energy loss in stiffeners and plate to elementary mass of this subsystems makes it possible to 

determine quantitative efficiency of used dissipative capacities of applied materials and to optimize 
location, geometrical properties and mass of stiffeners. In the figure 7 there is presented quotient of 
relative energy εstrat dissipated by stiffener and plate as well as by plate alone, determined for different 
types of stiffened plate execution. Assumed parameters of a stiffened plate were as follows: carrying plate 
made of steel of Young modulus E = 210⋅109 Pa and stiffener made of steel (E = 210⋅109 Pa), aluminum 
(E = 71⋅109 Pa) or plexiglass (E = 9⋅109 Pa). 
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Figure 7: Relative losses of energy in stiffeners and plate 
 

In the figure 8 there is presented sensitivity of the quotient of relative energy loss in stiffeners and 
plate in the function of stiffener moment of inertia Iż related to plate stiffness Ipl: 
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Ascending slope of the sensitivity curve signifies beginning of significant influence of the stiffener 
parameters on the whole structure dissipative properties. Descending slope indicates obtaining the highest 
desirable stiffener stiffness. Further increase in the stiffness of stiffeners would decrease participation of 
energy dissipated by stiffeners. Almost the whole energy is dissipated by areas between stiffeners. Further 
increase in the stiffeners stiffness results in increase in stiffener mass and has almost no influence on 
energy balance and mode shapes. Stiffeners perform a function of a subsystem changing the local 
stiffness. 
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Figure 8: Sensitivity of relative losses of energy δε in stiffeners and plate as a function of relative 
stiffness of stiffeners. 
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2 CONCLUSION 
 
 Application of energy analysis to a stiffened plate considered as a combination of a homogenous plate 

and a set of beams allows calculating natural frequencies as well as distribution of energy stored and 
dissipated by the plate and stiffeners. The assumed model makes it possible to carry out computations for 
plates with changeable number of ribs, various cross-sections of the ribs and different materials of plate and 
stiffeners. 
 Application of mathematical equations in the analytical form to analysis of the stiffened plates 

vibrations makes it easier to solve technical problems and to arrive at the optimal constructional solutions. 
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Abstract 
 
Different types of shock events can occur in spacecraft, either generated by launcher separation events or 
by internal deployment events. These shocks are known as pyrotechnic shocks. 
 Because of the very high frequency character of pyrotechnic loads, classical normal mode analysis 
and finite element method (FEM) models are not effective for predicting structural responses to 
pyrotechnic loads. 
 In parallel, methods based on statistical energy analysis (SEA) are appropriate but are not 
relatively easy to accomplish. 
 An analytical approach aiming at predicting structural responses to pyrotechnic shocks is 
presented here. This method has the advantage of being relatively easy to accomplish. The method has 
been used to estimate the satellite’s 1 Newton thrusters flow control valve structural responses during 
pyrotechnic shock. 
 The model results have been compared with shock test results. This comparison has shown that 
the proposed analytical method provides reasonably accurate results. Moreover, the method allows us to 
estimate safety margins that are of a great interest in developing new space projects. 
 The analytical approach is based on an analytical estimation of structure fundamental frequency, 
estimation of the peak acceleration at the structure centre of gravity using 1 degree of freedom (DOF) 
model, numerical integration of the wave propagation equation and non – linear stress calculation using 
Neuber ‘s algorithm.    
 

1 Introduction 
 
To certify the flow control valve (FCV) of the satellite’s 1 Newton thrusters for pyrotechnic shock load, 
the FCV should be tested at the shock response spectrum (SRS) acceleration levels given hereafter.  

 
Frequency (Hz) Acceleration (g) 

25 25 
80 90 

550 2000 
10000 2000 

                Table 1: Specification Shock Response Spectrum acceleration levels  
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To cover this SRS with a pyrotechnic shock test, because of the 550 Hz – 2000 g constraint, a SRS level 
of several hundredths thousand of g was expected at high frequency (10000 Hz). To avoid FCV high 
overstressing, a drop test which covers the spec SRS was envisaged.  
It is important to have that the drop test SRS covers the pyrotechnic shock SRS because the SRS is by 
definition the damage potential. Moreover, the drop test shock will overstress the valve at low frequencies 
because it produces a large net velocity change while the pyrotechnic shock produces little net velocity 
change (ref.[1]). The figure given here below shows the additional severity of a 2000 g amplitude and 0.5 
millisecond duration drop test shock.  
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                                 Figure 1: drop test severity compared with pyrotechnic shock test spec   

 
This figure clearly shows one major property of the drop test shock also mentioned in ref.[1] which is that 
the net velocity change at impact will inject more energy at low frequencies than what is needed by the 
specification. Thus, a drop test will overstress the structure at low frequencies. However, it is also clear 
that the drop test will considerably less overstress the FCV than the pyrotechnic shock test (several 
thousand of g compared to several hundredths thousand of g). Thus, a drop test was decided to test the 
FCV for pyrotechnic shock requirements.   
 

2 Modeling considerations 
 

2.1 General 
 
In order to validate the design of the FCV with respect to the pyrotechnic shock specification, a model has 
been set up. It is known that finite element method is not appropriate for pyrotechnic shock modelling 
because this method is based on the partitioning of the structure into many elements. The problem is that 
pyrotechnic shocks excite up to very high frequencies and in order to be able to correctly identify the 
structure response at high frequency, a huge number of very small elements is needed leading to a model 
which becomes too big (ref.[1]). In this study, a method based on analytical formulas is presented. The 
interest of using an analytical model is that model solutions are perfectly defined even for very high 
frequencies because the solutions don’t come from a model based on discrete systems. Moreover, it is 
always possible to approach by a simple analytical model the structure which should be analysed. In a 
second part of the study, the model is compared with the shock test in order to show its interest in 
structural design.  

3856 PROCEEDINGS OF ISMA2006



2.2 Modeling assumptions 
 
The first step consists in identifying what are the most sensitive parts of the valve with respect to the 
pyrotechnic shock loading. This should be done taking into account historical failures of similar structures. 
The identified weak parts with respect to pyrotechnic shock loading are  
 

- The weld located on the valve foot 
- The spring  
- The filter 
- The junction between the wires and the valve 

 
 
 
 
 
 
 
 
 
 
 

                                                              Figure 2: FCV general view 
 
For each identified weak part, the same procedure will be used. This is: 

- Calculating the major mode of response using an analytical model  
- Calculating the peak response using a one degree of freedom model and the calculated major 

mode of response  
- Calculating the peak stress using a stress model and the calculated peak response 

 

2.3 Analysis of the first weak part: weld on the valve foot  
 
2.3.1 First step: calculation of the major mode 
 
The first step will be to calculate the major mode of response. The analytical model used to evaluate the 
major mode of response is a cantilever beam with a lumped mass located at its free extremity. This model 
is appropriate because the FCV looks like a cantilever beam. The beam dimensions are 

- Length equal to the centre of gravity height from the valve foot 
- The lumped mass is equal to the valve mass 
- The beam section is equal to the valve section 
 

The analytical formulas are extracted from ref.[2].   
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Where E is the material Young Modulus, I is the cross section inertia, L is the centre of gravity height 
from the valve foot, M is the valve mass and f is the natural frequency.  
This results in a natural frequency of 815 Hz. 
In order to be complete, a modal damping ratio should be associated with the natural frequency. Based on 
ref.[3], because the valve is bolted, a modal damping of 5 % should be used.  A resonance search test (1 g 
from 10 to 2000 Hz), performed at V2I (Liège (Belgium)), on a valve prototype showed a natural 
frequency of 904 Hz and a modal damping of 6.1 %. This is in good agreement with the analytical model. 
The explanation for the underestimated natural frequency is that the stiffness of the valve external tube 
(cover) has been neglected in the calculation because the tube is not welded. However, the tube will bring 
some additional stiffness.  Thus, the calculation is conservative because a lower frequency will give higher 
stress.   
 
2.3.2 Second step: calculation of the peak response 
  
Using the major mode natural frequency and the associated modal damping, a one degree of freedom 
model will be used to find the peak response when subjected to the shock. 
From the calibration test, it is known that the shock pulse that will cover the specification shock spectrum 
is 3800 g amplitude and 0.35 milliseconds duration. This shock pulse will be used to calculate the peak 
response of a one degree of freedom system.  
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                         Figure 3: SRS relative to the drop test compared with the spec SRS 

The red line represents the SRS relative to the 3800 g amplitude and 0.35 milliseconds duration shock 
pulse while the blue dotted line represents the specification SRS (table 1). It is important to see that the 
shock pulse SRS covers the specification SRS.  
The peak response can be calculated with the following equations obtained from the one degree of 
freedom model, assuming fn as the natural frequency and ξ as the modal damping relative to the one 
degree of freedom model. A and T are respectively the shock pulse amplitude and duration.   

Parameter ω        ω
π

T
:=

                                                                                                                              (2)
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Pulsation  ωn 2 π⋅ fn⋅:=                                                                                                                                   (3) 

Damped pulsation ωd ωn 1 ξ
2

−⋅:=                                                                                                              (4) 
 
Relative acceleration during the shock pulse 
 

acc11 t( )
A ω

2
⋅

ω
2

ωn
2

−( )2
2 ξ⋅ ω⋅ ωn⋅( )2

+






ω
2
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2

−( )− sin ω t⋅( )⋅ 2 ξ⋅ ω⋅ ωn⋅( ) cos ω t⋅( )⋅− ⋅:=
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acc1 t( ) acc11 t( ) acc12 t( )+:=                                                                                                                           (5) 
 
Relative displacement at the end of the shock pulse 
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depT depT1 depT2+:=                                                                                                                                 (6) 
 
Relative velocity at the end of the shock pulse 
 

vitT1
A ω⋅

ω
2

ωn
2

−( )2
2 ξ⋅ ω⋅ ωn⋅( )2

+






ω
2

ωn
2

−( ) cos ω T⋅( )⋅ 2 ξ⋅ ω⋅ ωn⋅( ) sin ω T⋅( )⋅− ⋅:=

 

vitT2
A ω⋅ e ξ− ωn⋅ T⋅( )⋅

ω
2

ωn
2

−( )2
2 ξ⋅ ω⋅ ωn⋅( )2

+






ωn
2

ω
2

−( ) cos ωd T⋅( )⋅
ξ ωn⋅

ωd
ωn

2
ω

2
+( )⋅ sin ωd T⋅( )⋅+








⋅:=

 
vitT vitT1 vitT2+:=                                                                                                                                      (7) 
 
Relative acceleration after the shock pulse 
 

acc21 t( ) ωn− e ξ− ωn⋅ t T−( )⋅⋅ ωn depT⋅ 2 ξ⋅ vitT⋅+( ) cos ωd t T−( )⋅ ⋅ ⋅:=  

acc22 t( ) ωn− e ξ− ωn⋅ t T−( )⋅⋅
ωn
ωd

ξ− ωn⋅ depT⋅ 1 2 ξ
2

⋅−( ) vitT⋅+ ⋅ sin ωd t T−( )⋅ ⋅







⋅:=
 

STRUCTURAL DYNAMIC ANALYSIS: CASE STUDIES 3859



acc2 t( ) acc21 t( ) acc22 t( )+:=                                                                                                                        (8) 
Total acceleration 
 
acc t( ) acc1 t( ) A sin ω t⋅( )⋅+ 0 t≤ T≤if

acc2 t( ) t T>if

:=

                                                                                             (9) 
The application of equations (2) to (9) with fn=815 Hz; ξ=5 %; A=3800 g and T=0.35 milliseconds gives 
the response at the valve centre of gravity. The response is shown hereafter.  
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                    Figure 4: Response at the valve centre of gravity 

 

The peak acceleration expected at the valve centre of gravity is 36640 2sec
m   or 3735 g.  

 
2.3.3 Third step: calculation of the peak stress 

 
The calculated peak response is used to calculate the peak stress. Using the assumption that the valve 
behaves like a one degree of freedom system, the peak response is applied at the valve centre of gravity. 
The peak stress is then computed using a simple stress model (cantilever beam) and the Neuber algorithm 
(given in ref.[4]) to take into account the non – linear stress. 
The calculation of the linear bending stress is done in the following way: 
 

- From the peak acceleration A, the bending moment C is calculated with the formula 
 
C=A M L where M is the valve mass and L is the centre of gravity height from the valve foot              (10) 
 

- From the bending moment C, the bending linear stress σlin is calculated with the formula 

I
Cdlin
2

=σ                                                                                                                                                 (11) 

where d is the valve external diameter and I is the cross section inertia.  
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The calculation of the non-linear bending stress is done considering the Neuber algorithm which states 
that the deformation energy is a constant. Mathematically, this is written: 
 

cst=σε    where σ is the stress, ε is the strain                                                                                          (12) 
 
From the linear stress σlin, the linear strain εlin is determined with the formula: 
 

E
linlin σ

ε =      where E is the material Young modulus                                                                           (13) 

 
From σlin and  εlin , the constant cst is evaluated.  
Knowing the material stress – strain curve σ(ε), the Neuber algorithm gives the following non-linear 
equation: 
ε σ(ε)=  σlin εlin                                                                                                                                         (14) 
The non – linear stress evaluation gives a safety margin of 16 % against material ultimate strength.  
 

2.4 Analysis of the second weak part: the valve springs  
 
2.4.1 First step: calculation of the major mode 
 
A figure clarifying the system geometry is given hereafter: 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5: Spring and plunger system  

                       

From the plunger mass and the spring stiffness, the fundamental frequency of the system plunger + spring 
is around 150 Hz. The associated modal damping is considered to be 1 % according to ref.[3]. 
 
 
 

  

Some 0.1 mm   

Plunger   
Spring   

Valve plunger stop    

Valve plunger stop    

Plunger   
Acceleration   
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2.4.2 Second step: calculation of the response 
 
The response is calculated using a one degree of freedom model with a resonant frequency of around 150 
Hz and a modal damping of 1 %. However, the plunger motion is limited to some 0.1 mm as shown on 
figure 5. Thus, the response is determined up to when the plunger reaches this peak displacement of some 
0.1 mm. The plunger displacement can be calculated with the following equations obtained from the one 
degree of freedom model, assuming fn as the natural frequency and ξ as the modal damping. A and T are 
respectively the shock pulse amplitude and duration.   
 
Plunger displacements relatively to the plunger stop during the shock pulse 
 

dep11 t( )
A

ω
2

ωn
2

−( )2
2 ξ⋅ ω⋅ ωn⋅( )2

+






2 ξ⋅ ω⋅ ωn⋅( ) cos ω t⋅( )⋅ ω
2

ωn
2

−( ) sin ω t⋅( )⋅+ ⋅:=

 

dep12 t( )

A− ω⋅

ωd
e ξ− ωn⋅ t⋅⋅

ω
2

ωn
2

−( )2
2 ξ⋅ ω⋅ ωn⋅( )2

+






2 ξ⋅ ωn⋅ ωd⋅( ) cos ωd t⋅( )⋅ ω
2

ωn
2

1 2 ξ
2

⋅−( )⋅−  sin ωd t⋅( )⋅+ ⋅:=

 
dep1 t( ) dep11 t( ) dep12 t( )+:=                                                                                                                     (15) 
where  
ω,  ωn and ωd are given respectively by equations (2), (3) and (4)   
 
Plunger displacements relatively to the plunger stop after the shock pulse 
 

dep2 t( ) e ξ− ωn⋅ t T−( )⋅ depT cos ωd t T−( )⋅ ⋅
vitT ξ ωn⋅( ) depT⋅+

ωd








sin ωd t T−( )⋅ ⋅+







⋅:=
                            (16) 

where depT and vitT are given respectively by equations (6) and (7) 

 
Plunger displacements relatively to the plunger stop  
 
dep t( ) dep1 t( ) 0 t≤ T≤if

dep2 t( ) t T>if

:=

                                                                                                              (17) 
 
The response in terms of plunger displacement is shown in the sequel.  
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Figure 6: Plunger response 

 

2.4.3 Third step: calculation of the peak stress 
 
The peak stress in the spring is calculated by numerical integration of the wave propagation equation. The 
wave propagation equation is given hereafter: 
 

t
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∂
∂

−
∂
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=
∂
∂

2

2
2

2

2

                                                                                                                           (18)  

where a is the wave velocity, b is the damping and y is the spring deflection 
 

γ2
G

D
da =                                                                                                                                           (19)  

where d is the wire diameter, D is the mean coil diameter, G is the torsion modulus of the wire and γ  is 
the density of the wire material.      
b is based on 1 % modal damping.  
 
In the wave propagation equation, t is time and s is the abscissa along the wire.  
 
Boundary conditions for integration are: 
 

- In space domain: the deflection at the plunger location is known because once the plunger reaches 
the stop, it is considered that the plunger stays at the stop location till 0.35 milliseconds. Indeed, 
after this time, because the shock pulse ends, the plunger leaves the stop.    

- In time domain: at t=0, the deflection for the complete spring is the static deflection  
 
Following the numerical integration of the wave propagation equation, geometrical relationships coming 
from the Wahl theory allow the calculation of the peak stress (ref.[5]).  
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Results of the peak stress calculation are given hereafter: 
 
The numerical integration of the wave propagation equation in the spring gives a peak stress of 852 MPa. 
The safety margin against the ultimate strength is 63 %. The next figure gives the time history of the local 
stress in the wire.    
 

 
Figure 7: Transient stress in the spring 

 
 

2.5 Analysis of the third weak part: the valve filter 
 
2.5.1 First step: calculation of the major mode 
 
The analytical model is a circular plate simply supported. The formulas are extracted from ref.[2]. 

( )
2
1

2

3

2

2

1122 







−

=
υγπ

λ Eh
a

f                                                                                                                    (20) 

where a is the filter radius, h is the filter thickness, γ is the mass per unit area (ρh where ρ is the material 
density), E and υ are respectively the material Young modulus and Poisson coefficient, 2λ  depends on the 
boundary conditions (simply supported) and the mode (first natural mode).  
The major mode has a natural frequency of 6216 Hz. The associated modal damping is 1 % according to 
ref.[3]. 
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2.5.2 Second step: calculation of the peak response 
 
 Using the one degree of freedom model with a natural frequency of 6216 Hz and a modal damping of 1 
%, the peak response is estimated from equations (2) to (9). The figure hereafter gives the response at the 
filter centre of gravity. 
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Figure 8: Acceleration on the filter 

 
2.5.3 Third step: calculation of the peak stress 
 
Because from classical linear theory, it comes out that the peak displacement is more than the filter 
thickness, it is necessary to perform a non-linear analysis (large deflection theory). This theory is given in 
ref.[4]. The following parameters K1, K2, K3 and K4 are relative to the case of a simply supported 
circular plate.  
 

K1
1.016
1 ν−

:=
                                                                                                                                              (21)

 

K2 0.376:=                                                                                                                                             (22) 

K3
1.238
1 ν−

:=
                                                                                                                                              (23)

 

K4 0.294:=                                                                                                                                             (24) 
For a given load W which equals the filter mass multiplied by the peak acceleration, an equivalent 
pressure q is defined: 

q
W

π
d
2







2
⋅

:=

                                                                                                                                            (25)

 

where d is the filter diameter.  
Two non-linear equations have to be solved to find the deflection and the stress.   

q
d
2







4
⋅

E tt4⋅
K1

y
tt

⋅ K2
y
tt







3
⋅+

                                                                                                                   (26)
 

where tt and d are the filter thickness and diameter, E is the material Young modulus 
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This equation is solved by Newton-Raphson and allows the determination of the deflection y for a given 
equivalent pressure q.  
 

σ
E tt2⋅

d
2







2
K3

ysol
tt

⋅ K4
ysol

tt






2
⋅+









⋅:=

                                                                                                        (27)

 

where σ is the stress relative to a given deflection ysol (calculated from equation (26)).  
This calculation gives a safety margin of 86 % against the ultimate strength.  
 

2.6 Analysis of the fourth weak part: the valve wires 
 
A similar model to the one used for the first weak part (the weld on the valve foot) has been used to 
estimate the stress at the weld located where the electrical wires come out of the valve. Because the wires 
are welded at one side and attached with a strap on the other side, the model chosen for the natural 
frequency calculation is a beam clamped – guided. Because of the weld and based on ref.[3], the modal 
damping is 2 % for the response calculation. The beam model in clamped – guided configuration is then 
used for the stress calculation. The application of the Neuber algorithm gives a safety margin of 59 % 
against the ultimate strength.  
 

2.7 Summary of analytical results 
 
Valve weak part Safety margin against ultimate 

strength 

Weld on the valve foot 16 % 

Spring 63 % 

Filter 86 % 

Wires 59 % 

Table 2: Analytical results 

 
The model shows a peak acceleration of 3735 g at the valve center of gravity for a natural frequency of 
815 Hz and a modal damping of 5 %.  
Because the model showed a good confidence in the valve design, it was decided to test the valve on a 
shock test bench located in Alcatel Etca (Charleroi (Belgium)). The test results are shown in the sequel. 
 

3 Shock test considerations 
 

3.1 General  
 
Shock integrity requirements are substantiated by drop testing. The spec shock response spectrum (SRS) is 
fully covered by the levels superimposed at the valve | test fixture I/F (accelerometers CH01 and CH03 
shown on figure 9). The drop test generates a half – sine pulse of 0.35 milliseconds duration and 3800 g 
amplitude. The drop test was preferred to the true pyrotechnic shock because if the SRS point 550 Hz ; 
2000 g (see table 1) needed to be covered by true pyrotechnic shock, the SRS levels at high frequencies 
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(10000 Hz) would have been around hundred thousand g which would have been too severe for the Flow 
Control Valve.    

 
 

 
 

CH 03 
CH 02 

CH 01 

 
Figure 9: Accelerometers locations during the shock test 

 
The shock response spectrum applied during the shock test is shown on the following figure. 
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Figure 10: Shock response spectrum (SRS) applied during the shock test                                                              

 
The transient acceleration at the test fixture | valve I/F is represented on the following figure. 
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Figure 11: Transient acceleration representing the shock load 

Zero – shift error is a measurement error which comes from sensing elements overstressing due to the high 
acceleration shock levels and high frequency content of the shock (excitation of the accelerometer natural 
frequency).    
Zero – shift error has been tracked by positive – negative shock response spectrum comparison at low 
frequency and by integration of the acceleration.  
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3.2 Zero-shift error tracking by comparison of the positive and negative shock 
spectra 
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Figure 12: Positive and negative shock spectra comparison  

 
Positive – negative SRS comparison shows a difference of less than 5 dB at 100 Hz indicating no zero – 
shift error.  
 

3.3 Zero-shift error tracking by integrating the acceleration 
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Figure 13: Integration of the acceleration 

 
Integration of the transient acceleration shows no divergence of the velocity indicating no zero – shift 
error. 
 

3.4 Correlation between the shock test and the model 
 
The acceleration measured at the valve centre of gravity is shown hereafter. 
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Figure 14: Acceleration measured at the valve center of gravity  

 
The peak acceleration on the figure is 2964 g which should be corrected to 3154 g because the 
accelerometer was inclined with an angle of 20° relative to the direction of measurement. The calculated 
acceleration of 3735 g is above the measured acceleration of 3154 g essentially because the modal 
damping of 5 % used in the model is underestimated. Indeed, because of structural non-linearity, the 
damping increases when going to high levels of acceleration. The valve was carefully inspected after the 
shock test and did not show any failure. This results shows that the model, even if conservative, allows to 
predict in a enough accurate fashion, the structural behavior of the valve subject to shock loading.  The 
model correlation is summarized in the following table: 
 
 Analytical model Test 
Natural frequency (Hz) 815  904 

Peak acceleration at the centre 
of gravity (g) 

3735 3154 

Table 3: Model correlation  
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Abstract 
The study of dynamic and vibratory behavior of violins considers the effect of the different parts that 
compose it. This study is centered in their vibratory behavior of the top and back plates, since the ideal 
form of the modeshapes and frequency of violins of greater prestige is known, according to 
bibliography. Experimental tests determine the modeshapes with their resonant frequencies of the violin 
plates. A numerical model of the top plate is made by means of the finite elements method, to determine 
the influence of the different geometric parameters on its main vibrational modes and natural 
frequencies, this analysis considers the orthotropy of the mechanical properties the wood. A sensibility 
analysis is applied on a finite elements model of the top plate, to determine the influence of the 
thickness in different zones on its natural frequencies, and to study the effect produced by the thickness 
variations of the bass bar. With the final objective of obtaining the expected acoustic response, making 
precise changes in their structure. 
 
1. Introduction. 
Famous luthiers have studied the importance of geometric parameters of wood in the acoustic qualities 
of violins [1,2]. Later investigations developed by scientists have given varied bibliographical 
information on the acoustic characteristics of the great violins [3,4,5], centering attention in the 
mechanical and acoustic properties of their main components (top and back plates) [6,7,8,9]. With the 
objective to study the influence of these different physical and geometric parameters, in the present 
investigation a model was made by means of finite elements to analyze  the dynamic behavior of its 
main parts. 

 
The study of the plates is a basic step to understand why some instruments are superior to others. [11] 

The vibrational characteristics of the wood plates depend not only on the size, shape, thickness and 
arching of the wood but also on the density, stiffness and internal damping of the wood [9]. Figure 1 is 
a photograph of the modeshapes of a violin top and back plate using hologram interferometrytes [5, 12]. 
These nodal patterns are similar among the plates of famous violins. The experience has demonstrated 
that the modes 1, 2 and 5 are the more important modes to define the tuning of the plates, called main 
shapes modes of the top and back plates [7,11,14].  
 
2. Experimental analysis of the vibrations of the plates, using modal 

analisis method. 
 
The arching of the top and back plates is one of the most critical steps in constructing a violin. As the 
plates approach their desired shapes, the violinmaker tests them by listening to “tap tones”. To hear 
these, the plate is held in a particular way and tapped at certain spots [3,4,9,10]. This paper presents the 
experimental modal analysis to obtain the modeshapes with their resonant frequencies of the violin top 
and back plates. 

 
The frequency and nodal displacement of each modeshapes is obtained with this method. In addition, it 
allows to correlate these results with those obtained by the numerical model. 
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FIG. 1. Violin plates modeshapes and frequencies respective (Hz). 
 

A small accelerometer is located over each node to catch the signal, and the hammer excites the top 
plates in a single point. 

 
The analysis is developed using a top plate with acoustic holes and the bass bar glued to the plate. In 
order to compare the modeshapes obtained experimentally with those obtained from the numerical 
model, both were plotted together (Fig. 2).  

 
If the shape of the modes is compared, it is possible to demonstrate the veracity of the results of the 
numerical model with respect to the results obtained experimentally, by means of an adaptation of the 
F.E. model using the Updating Model Technique [16], considering that the modeling was made with 
values averages of the mechanical properties of the wood. These results leave certainty that the future 
results given by the model will be able to represent the dynamic behavior of a real model. 

 
 
3. Analysis on the numeric model of a spruce top plate. 
 
With the finite element software Samcef, a model of the violin top plate is used to simulate the effect of 
geometric and mechanical modifications of the dynamic and acoustic properties. The initial geometry 
for the model is obtained from a real sized Stradivarius. 
The FE model of the top plate uses the orthotropic mechanical properties determined experimentally by 
means of a vibratory analysis [1, 13]. The modifications that were studied in this paper are: thickness, 
acoustic holes and the bass bar glued to the plate [6]. 
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FIG. 3. Experimental and numeric modes of vibration of top plate with acoustic holes and bass bar. 
 

Figure 3 shows the first 10 modes. The shape of modes 1, 2 and 5 are close to the ideal configuration 
according in the bibliography. Frequencies are lower, but, the harmonicity remains according to the 
1:2:4 rule [9,11]. 
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Mode 1 

f=74 Hz 

Mode 2 

f=156 Hz 

Mode 3 

f=213 Hz 

Mode 4 

f=255 Hz 

Mode 5 

f=298 Hz. 

 

     
Mode 6 

F=358 Hz 

Mode 7 

f=374 Hz 

Mode 8 

f=464 Hz 

Mode 9 

f=532 Hz 

Mode 10 

f=576 Hz 
 

FIG. 3. 1st to 10th vibrational modes of the numeric model of the top plate.  
 

 
a. Thickness modifications. 
 
The objective is to know the behavior of the natural frequencies of main vibrational modes as a function 
of a range of values attributed to the different thickness, this way to find a good distribution of 
thickness that allows to obtain the ideal natural frequencies. 

 
In this study the program Boss/Quattro is used to achieve the sensibility analyses of the frequencies in 
function of the thickness, starting from a FE model in Samcef. 

 
The model is divided into 45 domains to find a tendency in the influence of the thickness of diverse 
areas on the frequencies of the main modes (Fig. 4). 

 
Plots are made to visualize the variation of the frequency of modes 1, 2 and 5, modifying the thickness 
in mm, of the 45 different areas. 5.2±

 
It is necessary to consider the size of each domain, and their influence on the behavior of the variation 
in the frequency of different modes. For this, the variation was obtained in frequency divided by the 
area (cm2) of the domain in study; in such a way to visualize the influence that the thickness of each 
area has over the frequency, independent of the size of the domain. 

 
These data group is organized according to their value to obtain a tendency of the behavior, revealing 
the influence of the area in question about the frequency in each vibrating mode (Fig. 5, 6, 7).
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FIG. 4. Model of a top plate divided in 45 
domains. 

 
 
 

 
1. Mode 1. 

 
For the first vibrating mode the conclusions are, 
from the central zone toward the ends, the 
influence of the different thickness over the 
frequency spreads to decrease (Fig. 8). However, 
the biggest influence is low, compared to the 
frequencies of the other modes. This can be 
explained considering that this area whose 
thickness has a higher influence over the 
frequency of mode 1, corresponds to zones that 
suffers a torsion movement without 
displacement, due to the vibrational mode of the 
top plate (mode 1). The mass increase in these 
areas tend to stiffen the top plate, so the stiffness 
increase has a higher importance over the 
frequency than the mass increase. 

It is remarkable that the extreme lateral 
areas influence negatively over the frequency 
(fig. 5-d), since when being an area of great 
nodal displacement without bending, thickening 
those areas has more influence over the mass 
increase than the stiffness. 
 
2. Mode 2. 

 
Figure 7 shows that the central and inferior zones 
have a higher influence (fig. 6-a), it is due to the 
bending movement taken place in that area, son 
the stiffness of the plate increases with the 
thickness.  
The superior zone has little influence, regarding 
the inferior zone (Fig. 6-b). 
The zones with low nodal displacement have 
little influence over the frequency (fig. 6-c). 

It is remarkable that the lateral extreme 
sectors influence inversely over the frequency. 
So, when the mass is increased, the stiffness 
growth on the top plate is less significant, 
diminishing its frequency (fig. 6-d). 
 
The extreme lateral areas (fig. 6-d) have inverse 
influence over the frequencies of modes 1 and 2 
(when increasing their thickness, the frequency 
diminishes) 

3. Mode 5. 
 

The thickness in central zones and inferior and superior lateral central zones (fig. 7-a) have great 
influence over the frequency of mode 5. This marked influence reaches a variation in frequency of up to 
16 Hz/cm2, it is due to the bending movement with high displacement that takes place in those areas for 
the 5th mode.  
Moving away from those domains, the neighboring sectors have smaller influence (fig. 7-b, 7-c). 
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FIG 5. Variation of frequency of mode 1, in function of the domains thickness; grouped, according to 
frequency variation reached (a) variation of frequency in: 4  (b) variation of frequency in: 

 (c) variation of frequency in: 0  (d) inverse influence between the 
frequency and the areas thickness. 

2/8.79. cmHz−
2/ cmHz2/5.42 cmHz− 94.1003. −
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FIG. 6. Variation of frequency of mode 2, in function of the domains thickness; grouped, according to 

frequency variation reached (a) variation of frequency in: 8  (b) variation of frequency in: 
 (c) variation of frequency in: 0  (d) inverse influence between the frequency 

and the areas thickness. 

2/16 cmHz−
2/5.73 cmHz− 2/6.21. cmHz−
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FIG. 7. Variation of frequency of mode 5, in function of the domains thickness; grouped, according to 
frequency variation reached (a) variation of frequency in: 8  (b) variation of frequency in: 

 (c) variation of frequency in: 0  (d) inverse influence between the frequency 
and the areas thickness. 

2/16 cmHz−
2/5.73 cmHz− 2/6.21. cmHz−
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Frequencies variation at mode 1: (a) variation of frequency in:  (b) variation of frequency 

in:  (c) variation of frequency in: 0  

2Hz/cm7.84.9 −

94.1003. −2/5.42 cmHz− 2/ cmHz

 
Frequencies variation at mode 2: (a) variation of frequency in: 8  (b) variation of frequency in: 

 (c) variation of frequency in: 0  

2/16 cmHz−

6.21. −2/5.73 cmHz− 2/ cmHz

 
Frequencies variation at mode 5: (a) variation of frequency in: 8  (b) variation of frequency in: 

 (c) variation of frequency in: 0  

2/16 cmHz−

6.21. Hz−2/5.73 cmHz− 2/ cm
FIG. 8: Zones the influence of the thickness for modes 1, 2 and 5. 
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The figure 8 show a top plate with it marked section when is retiring 5.2±  mm of thickness, on the 
nominal thickness in the specified zones; of each domain, for modes 1, 2 and 5. 
 
Chapter conclusions. 

 
Generally, the thickness reduction has a bigger effect on the stiffness that on the mass. So it is harder to 
increase the frequency of a vibrational modes than to diminish it.  
In order to make to go down the natural frequency of a mode without varying the others, it is necessary 
to find those areas that have a high effect over the frequency of each vibrational mode that does not 
coincide to each other. This way, it is possible to modify the required vibrational mode without 
changing the frequency of other main vibrational mode [7,15].  
 
 
b. Acoustics holes and bass bar formation. 
 
When considering the acoustic holes on the top plate, the harmonicy is lost. The modes change of form 
and frequency. The mode 5 becomes weaker, losing its shape and lowering the frequencies of the 
differents modes (Fig. 9) [6,11]. Gluing and tuning the bass bar restores the modes. The evolution of the 
nodal pattern of mode 5 depends on how much the bass bar is tuned [6]. 

 

 

 

   
Modo 1 

f = 69.3 Hz 

Modo 2 

f = 140.9 Hz 

Modo 5 

f = 257.8 Hz 
 

FIG. 9. Modes 1, 2 and 5 for the numerical model of the top plate with acoustic holes.  
 

 
c. Bass bar heights modifications. 

 
To analyze the sensibility of the frequency of main vibrational modes (1, 2 and 5) as a function of the 
heights  in different areas that conform the bass bar (installed on the top plate). Twenty points are 
distributed on the bass bar equally spaced among them modifying its height in 5.0± mm throughout the 
bar to determine the effect of height variation in different points over the frequency. 

 
The results can be visualized in figure 10, where the resonance bar is shown, presenting the variation of 
the frequency, for each vibrational mode, when each point is modified. 

 
The highest variation of the frequency of mode 5 is 1.103 Hz, when the height of the corresponding 
area of the bar is modified in 1 mm. The variation of mode 2 is 0.247 Hz and the highest variation of 
mode 1 is 0.263 Hz. 

 
The great influence that the shape of the bar has over the frequency of mode 5 (fig. 10-c) can be 
visualized, mainly in those areas where the bar is thinner, in its classic form. The same for mode 2, the 
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thinner areas stand out as those of more influence (fig. 10-b), although less influence compared to those 
of the mode 5. 

 

FIG. 10. Variation of the frequency, for each vibrational mode (a) to c)), when the height of each point 
distributed on the bass bar is modified in 1 mm. 

 
For the frequency of mode 1, the sensibility along the bar is more homogeneous and smaller, regarding 
the other frequencies (fig. 10-a). 
 
Unlike the other modes, in mode 1 the frequency variation at the ends of the bar increases with the 
thickness, so the stiffening effect is stronger than mass increase. 
 
The thickness of the central area of the bar (the thicker section) has a higher influence over the 
frequency of modes 1 and 5, tending to zero in the mode 2. Therefore removing wood from the central 
area will allow a reduction of the frequency of mode 5 maintaining the frequency of mode 2 whenever 
it is required. 

 
When the thickness of the bar in the superior area is modified,  a bigger effect takes place on the 
frequency of modes 1 and 5. While for mode 2, it takes place when the thickness of the inferior area of 
the bar is modified. 
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The behavior of mode 2 is consistent with their general type of bending, taken place along the fiber, just 
as the bar is installed. While the mode 5 is a flexion combination along the grain and traverse to the 
fiber, then it would be hoped to have high sensibility to thickness variations of the bass bar7. 
 
Initially mode 5 is not appraised suitably (figure 11.a) but as the bar is carved begins to appreciate the 
configuration that is taking the way until reaching the awaited form (figure 11.c), but slightly distorted. 

 

      
Caso a) 

f = 306 Hz 

Caso b) 

f = 296 Hz 

Caso c) 

f = 287.7 Hz 

FIG. 11. 5th Mode variations with bass bar modifications from case a) to c). The darker lines of the 
model are the nodal lines of the vibrating modes. 

 
Natural frequencies of modes 1, 2 and 5 for a cover modeled, with its acoustic holes, as the installed 
harmonic bar is taking form (cases to, b and c shown in figure 11) they are in table 1. The  sensibility 
curves are presents in [ 17]  

Table 1: Natural frequencies of modes 1, 2 and 5 
Natural Frequencies 

(Hz)  Modes 
Case a) Case b) Case c) 

Mode 1 73.27 74.1 76 

Mode 2 135 135.7 136 

Mode 5 306 296 287.7 
 

4 Conclusions. 
 

• A study on the acoustic behavior of a violin was conducted, considering the effects of the 
different components from the instrument. It is centered on the dynamic behavior of the plates, 
due to its importance in the characteristic sound of the violin. 

• With the modal analysis method, the frequencies and nodal displacements for the 1st, 2nd and 5th 
mode were found for the top plate with acoustic holes and a bass bar. This method validated the 
results from the numerical model. 

• The numerical method allowed a study of the different mechanical and geometric parameters of 
the main mode shapes and natural frequencies. As result, a set of criteria was established to 
modify the components and to obtain the desired dynamic behavior. 

• With the sensibility analysis, those areas whose thickness had a higher importance about the 
value of the frequency of the main modes are found. After that, modifying the thickness in each 
point, the frequency variation of each mode is obtained..  

• With the developed analysis, a very marked tendency of the behavior of the frequencies of the 
different modes, in front of the produced variations on different points of the bar, is found.  
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• The developed analysis states that there is no zone where wood can be extracted to increase the 
frequency of the main modes. 

• In this paper, a methodology is presented for the vibrate-acoustic analysis of the violins that can 
be applied in future studies of diverse musical instruments. 

• With this analysis of sensitivity of the geometry of a cover of a violin will be able to be made to 
obtain the wished vibratory behavior. 
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Abstract 
The prediction of the dynamic behaviour of floating harbours is necessary to guarantee the integrity of the 
structure and moored ships and to offer more comfort for yacht owners. Accurate prediction of forced 
vibration amplitudes is dependent on the model selected for energy dissipation. In engineering 
applications linear damping models are commonly used and are sufficiently accurate if the working 
conditions are taken into account. However, besides the unknown boundary conditions due to the mooring 
line and uneven sea floor, the nonlinear characteristics of the fluid also influence the damping properties 
of floating structures. 
Within the scope of this study the determination of damping for a large floating marina with 
approximately 200 anchorages is presented. The overall length of the analysed section is approx. 300 
meters so that a classical impact excitation is difficult to accomplish. Therefore, damping values were 
identified using natural input modal analysis techniques. Other very important advantages of using this 
output-only techniques is that all influences, such as current, waves as well as mooring line and wetted 
surface fouling are implicit in the identified modal damping factors. 
Stochastic subspace techniques were applied for damping estimations using a high damping stability in the 
stabilisation diagram. Also the complexity of the identified modes and the repetition of damping values in 
the different datasets was used to estimate damping more accurately. The damping values identified lay 
between 2.5 % and 4.2 %. The associated amplitude error due to damping was estimated to be less than 15 
% for all identified modal dampings. 
 
 

1 Introduction 
 
Floating yacht harbour systems often consist of elastically coupled concrete docks. Each concrete structure 
is moored to the seabed by chains, tension cables and tare masses. Such a construction offers many 
advantages in comparison with rigid constructions, including modular design and low production costs. 
The main disadvantage is that these floating structures are exposed to wave and current loads, so that 
forced vibration calculations are necessary to evaluate structural integrity. However, for fluid-structure 
interaction problems the oscillatory drag and inertia forces introduce non-linear components in the 
equation of motion that describes the system. This results in a very time-consuming calculation that is 
disproportionate to the simple design and low-price construction. Linearised computational models are 
therefore necessary for prediction calculations. 
The disadvantage of using linearised models is that the working point has to be known to achieve a good 
approximation. For example when the non-linear mooring forces are considered the linear stiffness 
coefficients are dependent on the actual position of the floating structure [1]. If besides natural frequencies 
also vibration amplitudes are required, then the actual damping of the structure must be known. The actual 
damping of moored floating structures is particularly difficult to estimate. Generally the damping can be 
separated in components that induce energy dissipation: skin friction, eddy making damping, wave 
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damping, etc. All these components are interrelated and are often functions of the fluid velocity. In the 
literature [2, 3] some empirical formulae can be found to superimpose the single damping components that 
play a significant role. However, besides the uncertainty of the physical consistency of linear 
superposition of non-linear systems, these formulae were derived for single structures such as ships or 
barges. For a large number of elastically coupled floating structures, no actual modal damping values are 
known. 
The main aim of this application paper is therefore to document the damping properties of the analysed 
yacht harbour giving a detailed survey of the practical aspects using operational modal analysis techniques 
on this kind of structure. In this study the damping properties of floating harbours are estimated to be able 
to compute the dynamic properties of floating marinas more precisely. Besides the improved prediction of 
vibration amplitudes using empirically acquired damping data, the stability of the motion can also be 
estimated. For example, when Duffing’s equation is formulated for a floating structure moored to the 
seabed with cubic stiffness, the stability of motion can be calculated from the homogeneous equation. 
Here it is noted, that the stability is dependant on the damping of the system. 
 

2 General damping properties of floating structures 
 
In steady and oscillatory flows, the total damping comes from the following sources: 

• Wave radiation damping 

• Viscous fluid damping 

• Mooring damping 

• Material damping 
Free surface wave damping, also known as radiation damping, is caused by the surface waves created by 
the structure when it is moving in the fluid. It can be computed quite accurately from linear 
diffraction/radiation theory [2, 4, 5]. Generally, it also introduces coupling terms in the equation of motion 
[1] and is a function of the wave parameters and mean fluid velocity. 
Friction damping is caused by the skin friction stress on the hull surface of the floating structure. In 
general it is dependant on the mean fluid velocity, the amplitude of motion, the geometry, the frequency 
and the viscosity of the fluid. The general expression is viscous fluid damping. It can be subdivided into 
linear and non-linear components. For rigid body roll motion some empirical formulae for hull friction 
damping can be found in literature. However these are only applicable for single structures like ships and 
barges. The viscous eddy-damping component arises from the pressure variation due to separation at sharp 
corners and the associated vortices. For roll motion of bare hull structures such damping is known to be a 
quadratic function of frequency and amplitude. An empirical expression for eddy making damping per 
unit length for ships can be found in [3]. It is also known that complex interaction phenomena exist 
between eddy making and hull friction damping, which is manifested in coupling terms in the equation of 
motion for different vibration directions (e.g vortex-induced vibrations of pipelines, risers and cables [2, 6, 
7]). 
Mooring line damping arises mainly from the non-linear characteristic of the mooring line forces and 
energy dissipation in the mooring line due to friction. When oscillations of the floating structure are 
induced the non-linear characteristic of the mooring line force induces a hysteretic load-translation curve 
that can be reduced to a linear spring-damper system [1]. However the properties of the spring-damper 
system are depend on the present equilibrium position and are therefore not linear in the strict sense. 
Material damping arises from damping properties of the materials of the structure. For rigid body motion 
of structures it is expected to be zero. When the structure is fixed to the seabed, the mooring system adds a 
certain amount of damping due to the elongation of the mooring lines. Coupled structures also introduce 
material damping components arising from the coupling joints that are usually made or rubber materials. 
For mode shapes, where structural deformations are induced, material damping of the steel-concrete 
compound structure is also active. 
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Some experimental studies can be found in the literature, that indicate the expected values for damping of 
various floating structures. For example, it is known that for Tension Leg Platforms the contribution of 
material damping is 0.1% and radiation damping is approximately of the same order. The eddy making 
damping for a derrick Barge can be found to be 5% -20%. The total roll damping of Container Vessels 
with bilge keel can be found to be 5 % - 8 %, depending on the Froude number. Damping values for 
container vessels with elastic modes are 1 % - 3 % [8]. In [9] a coupled twin pontoon system was analysed 
experimentally and the damping was found to be in the range of 1.5 % - 4 %. 
This shows that the prediction of the total damping properties is complicated. This is not only because of 
the complex fluid-structure interaction phenomena but also because of the lack of knowledge on the 
damping properties of structure materials and joints. 
 

3 Required damping accuracy 
 
Experience shows that experimental techniques give a certain scattering of the estimated damping values. 
The scattering in damping values is not necessarily an identification error. The variation in damping 
values will physically occur if the working point of a non-linear system changes with time (e.g. different 
current or wind speed), or if amplitude dependent damping components (e.g. drag force) are excited 
differently in different datasets. 
It is also known that, even for stationary linear systems, care has to be taken before analysing the damping 
properties. Erroneous damping estimations can readily occur during signal processing. In order to be able 
to estimate the necessary signal processing parameters, some parameter studies were performed at the 
University of Rostock [10]. It was documented that for a highly damped structure Stochastic Subspace 
Identification (SSI) techniques resulted in similar damping values compared to classic shaker tests. 
Therefore these methods were selected for this study. 
When SSI techniques are applied for identification the classical stabilisation diagram is used to distinguish 
noise and unstable poles from structural modes. However the stabilisation diagram looks different 
depending on the stability limit set by the user. When damping properties are the main interest, a value is 
necessary to define the required damping stability. 
From the prediction point of view, it is necessary to know the scattering of the damping properties to 
estimate the error in vibration amplitudes. The easiest way to estimate the influence of damping on the 
amplitude in resonance is by analysing the properties of SDOF systems. For SDOF systems the maximal 
vibration amplitude can easily be calculated from basic formulae 

 max
max 2 2

02 1
Fx

m
=

ω ϑ −ϑ
 (1) 

Here maxx  is the amplitude at resonance resulting from a harmonic load with amplitude maxF . The system 
properties are described by the modal mass , the natural frequency m 0ω  and the modal damping ϑ . 
Now the question is, how will a deviation in damping estimate ∆ϑ  influence the resonance amplitude in a 
calculation. The relative error occurring by a bias in the damping estimation is 

 max max

max

( ) (
( )

x x
x

)ϑ+ ∆ϑ − ϑ
ε =

ϑ
. (2) 

If the error  is given and constant equation (2) is a fourth order polynomial then the relation between 
actual damping  and damping deviation 

ε
ϑ ∆ϑ  is known. For each actual damping magnitude ϑ , four 

roots result from equation 2. Considering that ∆ϑ  must be positive to achieve an amplitude 
underestimation, and also that  must be smaller than ∆ϑ ϑ , then the smallest positive root represents the 
damping deviation. In Fig. 1 the affordable damping error for several Amplitude errors is plotted. It can be 
seen that for total damping ratios typical in marine engineering applications (1 % to 10 %) a linear 
dependence can be found. Also, the higher the actual damping, the higher is also the affordable damping 
error because it will have little influence in forced response calculations. 
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To clarify how to read the diagram an example is plotted (arrows). Assuming an actual damping of 6 % 
and a desired amplitude accuracy of 5 % in a forced response computation, the damping margin is 0.32 %. 
In other words, if damping of (6 + 0.32)% is identified then the amplitude error will be approx. 5 %. From 
this diagram a required damping stability for SSI techniques was defined. For each dataset a damping 
stability of 0.2 % was set. This corresponds to an amplitude error of 4.7 % at 4 % damping and 3.2 % at 
6 % damping. 
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Fig. 1: Amplitude and damping error 

4 Measurement 
 

4.1 The marina in Rostock-Schmarl 
 
The analysed structure is a marina located at the Warnow river in Rostock-Schmarl (Germany). It offers a 
moorage capacity of approx. 200 boats. The square design space is approx. 150 m x 140 m. Images of the 
marina are shown in Fig. 2 and Fig. 3. A maximum fetch of approx. 4.5 km and no straight line to the 
Baltic Sea makes it a relatively quiet harbour. These conditions are good for operational modal analysis 
because large waves (typically with a frequency of 0.2 Hz) that constantly excite the floating structure 
disturb the spectrum in the multiples of the wave frequency. For the present study only the outer pontoons 
were analysed. Of interest was the influence of the length of the structure on the mode shape frequencies 
and also its influence on damping. 
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Fig. 2: Marina in Rostock Schmarl 
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Fig. 3: Dimensions and bathymetry of the Marina  

 

4.2 Measurement equipment and sensor positions 
 
The measurement equipment used for the present tests was a 2 x 24 bit DynX system from Brüel & Kjær. 
16 piezoelectric sensors from PCB Piezotonics (Type 393B05) with 10 V/g sensitivity and a broadband 
resolution 4 10-5 m/s² RMS were used. The positions and measurement directions were selected to be able 
to distinguish bending and torsion modes of each footbridge, and so as to be as randomly distributed as 
possible in each dataset. The sensor positions selected are shown in Fig. 4. A total of four measurement 
sets were recorded. For each record the total measurement period was approx. 4 hours. A typical 
acceleration record is shown in Fig. 5 for the reference sensors. The measurement was not stopped during 
the experiment so that for the reference sensors a total measurement period of approx 18 hrs and 30 min 
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was accomplished. The software used for this analysis was ARTeMIS Extractor Pro from Structural 
Vibration Solutions A/S. Only SSI techniques were used in this study. 
 

  

  
Fig. 4: Sensor placement for the four measurement sets (reference sensors in black). 

 

4.3 Measurement conditions 
 
During the experimental measurement period different weather conditions induced differences in overall 
vibration levels. At night (Set 1 and 2) wind speed was low (1 BFT) so that the accelerations recorded 
were very small. In the early morning the wind started to increase (1-2 BFT) resulting in higher vibration 
levels. At the end of the measurement period (set 4) the wind speed was approx. 5 BFT and the highest 
RMS magnitudes were recorded. The recorded RMS acceleration values are plotted in Fig. 6. The increase 
in acceleration levels with increasing wind speed can clearly be seen. However, even for the recorded 
increase in RMS values (factor 7 - 10) the non-linear effects arising from the mooring line working point 
are not expected to be dominant. This is because the waves are not big enough to induce a dominant and 
varying drift force on the floating structure. In Fig. 7 the waves are plotted at approx. 3 BFT. It can be 
seen that the floating pontoons absorb the wave energy on the windward side so that on the lee side the 
water is almost planar. At a wind speed of 5 BFT sporadic wave breaking was observed but the waves 
remained small. In summary, it can be stated that stationary modal frequencies were expected and that 
they should be independent of the dataset. With regard to damping properties, non-stationary behaviour 
was known to occur because of the different wave heights in the datasets. However, compared to the 
structural, flow and material damping, the wave-dependent component of damping was small so that 
stationary values were also expected for damping properties. 
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Fig. 5: Measured acceleration data at the reference positions 1 in datasetset 2 (sampling frequency 
128 Hz) 
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Fig. 6: Acceleration level (RMS) at reference 

positions for the four datasets. 
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Fig. 7: Waves at approx. 3 BFT wind speed 

 

4.4 Data Analysis 
 
4.4.1 Identification of Resonance Regions 
 
To analyse the quality of the measured data and to verify the frequency range of interest the Auto Power 
Spectral Density functions (APSD) of the reference signals were computed (Fig. 8). The measurement 
range of the accelerometers starts at approx. 0.1 Hz. The highest peaks are visible between 0.3 Hz and 
0.6 Hz. There are some facts that indicating that this is the dominant wave frequency region: 

- It is known from previous work that this frequency band corresponds to the frequencies with the 
highest wave energy [1]; 

- For water waves it is typical that the Random error in the PSD is very high; 
- The unsteady behaviour of water waves will usually not result in a converged spectrum with low 

random error - for this, much larger measurement times (months or years) would be necessary; 
Above 0.6 Hz the wave energy decreases considerably but some peaks are still visible, indicating the 
presence of natural frequencies. The frequency range of interest goes up to 3 Hz - 4 Hz. 
From the APSD the peaks that are potentially natural frequencies, are visible, as stated above. These are 
marked in Fig. 8 with arrows to the Abscissa. The Singular Value Decomposition (SVD) of the PSD-
Matrix can also be used as a mode indicator function. The idea comes from EFDD technology [11, 12]. 
The first singular value is proportional to the PSD near resonance. If a mode is present only the first 
singular value will be high, none of the others should increase. If two coupled modes are present the 
second singular value will also increase. In this case the PSD of each mode is contained in the first two 
singular values. It is also known that if a mode is not well excited, the second singular value will increase 
while the first will change considerably. On the other hand, if a harmonic is present, all singular values 
will increase. 
From these basic ideas it becomes clear that the wave frequency band suggested previously can be 
confirmed. In Fig. 9 the singular values from dataset Nr. 3 are plotted. In the frequency band where the 
waves dominate all the singular values increase. The peaks from the overall APSD (Fig. 8) are recognised 
as natural frequencies where the courses of the first and second singular values increase. The frequencies 
are marked with arrows to the Abscissa. 
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Fig. 8: PSD of reference signals over all datasets, (Measurement Period 18.5 hrs, frequency 

resolution 1E-3 Hz) 
 

 

Wave excitation 

Fig. 9: SVD of dataset 3 (Measurement Period 4 hrs, frequency resolution 1E-3 Hz) 
 
4.4.2 Modal Parameter Identification and Pole selection 
 
For Stochastic Subspace Identification the basic pole selection tool is the stability diagram. In the frame of 
this study it was observed that the channel selection is very important in achieving usable stabilisation 
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diagrams. For example, it was necessary to analyse the long and the short footbridges separately. Even if 
the systemic natural frequencies were relatively close, the mode shapes were always dominated by the 
deflection of one of these footbridges. Furthermore, to detect mode 1 it was even necessary to deactivate 
all records in the vertical direction. This meant a very detailed analysis of every mode, always deselecting 
the signals that were not relevant for the corresponding mode shape to be detected. It is known that for 
each model dimension the modal parameters associated with poles in the stabilisation diagram change. 
The only help in distinguishing noise modes and unstable poles from true modes is to vary the stability 
criteria used in the stabilisation diagram. In this work the following deviations between consecutive 
models were used to identify stable poles: 

Frequency: 0.02 Hz   Mode shape MAC    0.05 
Damping: 0.30 %   Modal Amplitude MAC    0.5 

The damping stability and mode shape MAC stability were particularly determinant factors, which 
changed the appearance of the stabilisation diagram. Besides the pole stability, the SVD of the SSI matrix 
and the final prediction error (FPE) are also helpful in selecting the proper state space dimension. One of 
the stabilisation diagrams generated is plotted in Fig. 10. From the SVD the optimal state space dimension 
is between 20 and 35. From the FPE the optimal model dimension is between 30 and 50. However, from 
Fig. 10 it can be seen that lower frequency modes stabilise faster than higher frequency modes. The mode 
at 1.8 Hz is stable between state space dimension 10 and 26. For higher dimensions the pole is not stable 
anymore. This was different for each dataset, depending on the mode shape and the records selected. 
 

 
Fig. 10: Stabilisation Diagram (Dataset Nr. 3, long footbridge, only vertical motion) 

 
The only way to guarantee a stable and repeated pole in every dataset was to analyse the difference in 
modal parameters for each dataset. Therefore, the modal parameter frequencies and damping were stored 
for all stable poles. Reordering the models over frequency and plotting a frequency-damping curve for 
every dataset (see Fig. 11) was helpful in selecting the correct model dimension. The crossing point of the 
curves for datasets 1 to 3 seems the most reliable for state space dimension. However, in Fig. 11 it is also 
observed that the frequency values for dataset 4 were different to the ones in datasets 1 to 3. This was 
mainly because of the greater excitation of mode 2 in the first three datasets in comparison than in dataset 
4 (the second harmonic of the water wave is near the frequency of mode 2). 
Another tool used to select the proper state space dimension was the complexity of the corresponding 
mode shape. The structure analysed here is not expected to contain repeated roots. Also gyroscopic effects 
are not present here. Other reasons that could cause complex modes are superposition of mode shapes with 
operational deflection shapes, no proportional damping and close modes. This means that complex modes 
could be present. However, even if the modes are complex the grade of complexity should be small in the 
case of non proportional damping or closed modes. Only if the mode shapes are superimposed on 
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operational deflection shapes should the complexity be high. In this study the complexity was evaluated 
using the indicator MCF2, that is the ratio of the maximal area spanned by the identified eigenvector and 
the maximal possible area (π in this case). Some of the complexity diagrams are plotted in Fig. 12. The 
maximal complexity detected in this study was set to 14 % (mode 8). 
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Fig. 11: Modal parameters of stable poles (mode 2) 
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Fig. 12: Mode Complexity Factor Nr 2 (MCF2) for three estimated mode shapes. 

 

4.5 Analysis of Results 
 
Using all the above criteria to deselect candidate poles from the stabilisation diagram resulted in a modal 
parameter set that had little variation in damping from one dataset to another. The identified modal 
parameters are listed in Tab. 1 and are presented graphically in Fig. 13. Also, the associated amplitude 
errors calculated from the SDOF system are listed in Tab. 1 and plotted in Fig. 13. Only for the modes 5, 8 
and 9 the variation of damping could not be minimised to achieve a tolerable amplitude error of 10%. 
The mode shapes of the structure (Fig. 14) are dominated by torsion modes. This is in accordance with the 
results achieved for a similar but smaller structure of this kind [9]. The main reason is because the cross 
section of the concrete structure is open and therefore offers little rigidity towards torsion. However, to 
avoid misinterpretation, it should be clarified that the natural frequencies of the structure are not in the 
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dominant wave frequency region. Even if the second mode is near the second order frequency of the 
waves, the excitation force arising from this second order is generally small. 
 

Tab. 1: Identified modal parameters 
 Mode Nr Frequency [Hz] Damping [%] 

Associated 
Amplitude Error 

[%] 

1 0.29±1.06E-03 2.91±0.29 -9.13 

2 0.60±4.01E-03 4.35±0.31 -6.64 

3 1.15±3.73E-03 3.10±0.11 -3.48 

4 1.59±1.15E-02 2.55±0.20 -7.33 

5 1.828±2.59E-03 4.203±0.70 -14.16 

ta
ll 

st
ag

e 

6 2.23±7.38E-03 2.93±0.25 -7.77 

7 0.88±6.31E-03 3.95±0.38 -8.77 

8 1.06±4.43E-03 3.09±0.51 -14.08 

9 2.47±3.84E-03 3.30±0.55 -14.36 

sm
al

l s
ta

ge
 

10 2.88±1.31E-02 2.76±0.23 -7.61 
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Fig. 13: Modal damping and associated Amplitude Error for the detected natural frequencies 
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5 Summary and further studies  
 
In the present study the natural frequencies and modal damping factors of a floating yacht harbour were 
analysed using natural input modal analysis techniques. The SSI techniques implemented in ARTeMIS 
Extractor Package from Structural Vibration Solutions A/S were used for this purpose. Using stict criteria 
for pole selection in the stabilisation diagram, cross analysing of the stable poles and identification of the 
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mode complexity helped to identify the poles with minimal deviation in frequency and damping between 
the recorded datasets. For all identified damping values an associated Amplitude error of less than 15 % 
was achieved. 
One shortcoming of the results presented is that even if the frequency and damping parameters identified 
indicate a low variation, the mode shapes do not appear as pure as those in other publications regarding 
civil engineering structures. It has been observed that the desirable low variation in frequency and 
damping are often accompanied by some disturbance in the identified mode shapes. For example, in mode 
6, the deflection of some of the measurement nodes seems to be overestimated while for other nodes the 
amplitude appears to be too small. This is particularly pertinent to the modes that are closer to the 
excitation region of the water waves. Further analysis on similar structures should clarify whether these 
scaling errors from set to set are a consequence of the wave excitation or the selected references. 
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Abstract
Dynamic substructuring techniques allow to assemble the dynamic response measured for subcomponents
(in terms of frequency response function) and to build the experimental dynamic model for the complete
system. The most straightforward and commonly used approach is the Frequency Based Substructuring
techniques. Although the theory underlying the method is well understood, experimental substructuring
techniques usually fail to provide accurate global models due for instance to the high sensitivity of the accu-
racy of the model to measurement errors and to the difficulty in measuring rotational degrees of freedom on
the interfaces. In this paper we will show that, at least for simple structures, the Frequency Based Substruc-
turing approach leads to accurate models if clean measurements are done. Also we discuss the case study of
a substructuring exercise performed on a guitar that allowed to better understand the interaction between the
wooden instrument (body and fret board) and the strings.

1 Introduction

Dynamic testing of a structure can be performed by identifying the dynamics of its subcomponents (in par-
ticular the dynamic transfer function between input, output and interface degrees of freedoms) and then
construct numerically the model of the complete structure by assembling the substructures. Such methods
have been study already for more then a decade [7, 9, 10, 11, 2] and basically translate the idea of substruc-
turing and component mode synthesis techniques [4, 12, 14] to experimental data.

Experimental substructuring has become more attractive in the last years particularly because performing
accurate dynamic identification of structures accurately has become easier thanks to improvement in sensors
and excitation systems (e.g. advances in laservibrometers and in piezo-electric sensors), and thanks to the
tremendous decrease in cost and utilization complexity of multi-channel acquisition systems.

Obviously the advantages of using experimental substructuring instead of performing the experimental analy-
sis on the entire system are numerous. For instance

• It gives the possibility to combine modeled parts from either theoretical or numerical analysis, and
measured components derived from experimental tests.

• It allows sharing and combining of substructures from different project groups.
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• When a substructure is changed, dynamic substructuring allows rapid evaluation of the dynamics of
the complete system. Only the changed subpart needs to be measured and thereby allows efficient
local optimization, fast design cycles and subsequently an overall optimization.

• Dynamic Substructuring can be convenient if a measurement cannot be done because the structure is
too large or complex to be measured as a whole or if not enough excitation energy can be put in the
structure for adequate excitation.

• It allows easier spotting of local problems that might not be visible by testing the entire structure.

Unfortunately, although techniques such as Frequency Based Substructuring tools are becoming available in
commercial codes, performing experimental substructuring on realistic complex structures (such as for a car
or an aircraft) remains highly challenging as will be explained in the next section. One of the reason being
the high sensitivity of the method to even small measurement errors (see e.g. [2]).

In this paper we want to report on experimental studies done on simple structures in order to show that
Frequency Based Substructuring can be applied in simple cases. In particular, we will illustrate with the
measurement of a guitar that performing an experimental analysis at substructure level can reveal important
clues about the way the subcomponent interact dynamically.

In the next section a brief review of the theory of Frequency Based Substructuring (FBS) will be presented.
A first experimental test (simple one-dimensional discrete system) will be discussed in section 3. As a case
study (the dynamic transfer function of a guitar) will then be outlined.

2 Theory of Frequency Based Substructuring (FBS)

In dynamic substructuring methods used as numerical technique for model reduction the substructures are
typically assembled by identification of the interface degrees of freedom [12, 3], namely by specifying that
the connecting degrees of freedom are unique. In fact it corresponds to a primal assembly of impedance
matrices exactly like in the classical assembly of Finite Elements. In that case the most natural way to de-
scribe the substructure dynamics is using fixed interface modes. In experimental substructuring structures
it is practically impossible to impose fixed boundary conditions on the interface of subcomponents and to
measure the interface dynamic impedance by measuring interface forces. It is indeed much easier to measure
the free-free behavior of a substructure by creating quasi-floating boundary conditions and measure interface
displacements or accelerations for unit force inputs. Hence in experimental substructuring the admittances
of substructures (Frequency Response Functions, FRF) are measured and then assembled by enforcing com-
patibility as an interface condition, using the interface forces as associated Lagrange multipliers. Note that
this so-called dual assembly is strongly related to the dual Craig-Bampton reduction technique of [14].

The following presentation of the Frequency Based Substructuring (FBS) technique is derived from the so-
called Lagrange Multiplier Frequency Based Substructuring or LMFBS [5]. For every substructureΩ(s), the
admittance matrixY (s) relates the degrees of freedomu(s) of the substructure and the associated forcesf (s)

such that
u(s) = Y (s)

(
f (s) + g(s)

)
(1)

whereg(s) are the internal forces on the interface between substructures. Writing this relation explicitly for
degrees of freedom on the interface were the susbtructure are connected (u

(s)
c ), for the degrees of freedom

where input forces are applied (u
(s)
i ) and for those considered as outputs for the system (u

(s)
o ) we find




u
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u
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u
(s)
c
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The compatibility condition between substructures can be written as

Ns∑

s=1

b(s)u(s)
c = 0 (3)

whereb(s) are signed Boolean matrices having as many rows as interface compatibility conditions, and where
Ns is the number of substructures. The compatibility relation (3) simply expresses that for two degrees of
freedoma andb matching on an interface, one must enforcea− b = 0. Note that if the degrees of freedom
chosen an the interface are not directly matching, a more general compatibility condition can be written
whereb(s) are no longer Boolean matrices.

The interface internal forcesg(s)
c can be expressed in terms of the Boolean matricesb(s) as

g(s)
c = b(s)T

λ (4)

indicating that the internal forces are equal and opposite on opposing sides of the interface, the intensity of
the internal force being given by the unknownλ. Putting all the previous equation together, the substructured
problem can be formulated by the following set of equations:
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f
(s)
i

f
(s)
o

f
(s)
c + b(s)T

λ




Ns∑

s=1

b(s)u(s)
c = 0

(5)

Clearly the unknown interface force intensitiesλ are Lagrange multipliers associated to the compatibility
condition. This dual assembly approach is commonly used in domain decomposition techniques imple-
mented for parallel computation (see e.g. [6, 13]).

Substituting the dynamic equilibrium equations (first set of equation in (5)) in the compatibility conditions
(second set of equation in (5)) one finds the dual interface problem defining the unknownsλ:

(
Ns∑

s=1

b(s)Y (s)
cc b(s)T

)
λ =

Ns∑

s=1

b(s)
[
Y

(s)
ci Y

(s)
co Y

(s)
cc

]



f
(s)
i

f
(s)
o

f
(s)
c


 (6)

This interface problem is the dual of the primal condensed interface problem. It can be mechanically in-
terpreted as follows: all the external forces applied to the substructures generate a displacement gap (or
compatibility error) on the interface equal to the right-hand side of (6). This gap must be closed be the inter-
nal connecting forcesλ on the interface the can create an interface gap function of the interface flexibility:
that is the left-hand side of (6).

Finally solving (6) forλ and substituting back in the substructure equilibrium equations (5) one obtains



u
(s)
i

u
(s)
o

u
(s)
c


 = Y (s)f (s) + Y (s)




0
0

b(s)T




(
Ns∑

r=1

b(r)Y (r)
cc b(r)T

)−1 Ns∑

r=1

[
0 0 b(r)

]
Y (r)f (r) (7)

In order to understand the formula above let us assume thatNs = 2, and that an input is defined on sub-
structureΩ(1) whereas the output is in substructureΩ(2). In that case, and assuming that the ordering of the
degrees of freedom on the interface are identical on both sides of the interface so thatb(1) = −b(2) = I, the
input/output relation can be obtained from (7) as

u(2)
o = Y (2)

oc

(
Y (1)

cc + Y (2)
cc

)−1
Y

(1)
ci f

(1)
i (8)
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and the admittance of the substructures in the global assembled system is thus

Y
assembled system

oi = Y (2)
oc

(
Y (1)

cc + Y (2)
cc

)−1
Y

(1)
ci (9)

The mechanical interpretation is clear: if an input forcef
(1)
i is applied on substructureΩ(1) assumed non-

connected, it would create a displacementδuc = Y
(1)

ci f
(1)
i . In order to maintain compatibility on the

interface with the neighboring substructureΩ(2), on internal forceλ =
(
Y

(1)
cc + Y

(2)
cc

)−1
δuc is required to

close the gap. That interface force will eventually cause a displacementu
(2)
o = Y

(2)
oc λ at the output location

in substructureΩ(2).

Clearly two major challenges of the FBS method can be identified from the theoretical summary above:

• The full transfer matricesY (s)
cc need to be measured for all degrees of freedom on the interface (in-

cluding rotational ones), and for all substructures.

• Any measurement inaccuracy in the interface FRFsY
(s)

cc can lead (and that is in practice what happens)
to significant errors in the estimation of the assembled admittance due to the fact that the interface

flexibility
(
Y

(1)
cc + Y

(2)
cc

)
must be inverted in (9).

Therefore applying the FBS technique on real complex structures usually leads to inaccurate estimates of
the assembled FRFs. In the following sections we will outline two case studies showing that, for simple
structures and when the substructure measurements are performed with care, the FBS method can lead to
accurate assembled FRFs.

3 Dynamic substructuring on a simple one-dimensional spring-mass
system

In this first example we use a system that can be assumed as one-dimensional and composed of lumped
masses related by viscoelastic connections. The experimental tests will be performed with small excitations
so that the system can be assumed to be linear (which is an important assumption underlying the FBS
method).

3.1 Experimental setup

The structure and its components are shown in Fig. 1. The first subcomponent (top part of the assembly,Ω(1))
is composed of two cylindrical steel masses of about1kg each linked by a light tube made of hard plastic
(PVC), having a diameter of40mm and acting as a spring. Note that impedance heads are connected on the
upper and lower masses of this component and are considered as integral part of the substructure in order to
minimize additional mass effects during measurements. The lower impedance head of this substructure will
be the connection location with the bottom part of the structure so that interface forces can be measured. The
second substructureΩ(2) is the bottom part of the assembly composed of a rigid steel block connected to the
ground on his four corners through rubber supports.

The structure is symmetric by construction so that when the top mass is excited vertically the entire structure
gets only a vertical displacement. The system has been designed so that its first eigenfrequencies are between
200 and 2000Hz. All sensors have been screwed and glued on the structure. The data are acquired using
a spectrum analyzer (HP). The excitation was provided by magnetic means: an low-weight electromagnet
was attached on the upper impedance head and an external magnet was placed on top of the assembly (see
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Complete structure SubstructureΩ(2) SubstructureΩ(1)

Figure 1: A simple structure made of lumped masses and connections, the bottom substructureΩ(2) and the
upper substructureΩ(1)

Figure 2: Measurement setup for the simple lumped system

Fig. 2). To measure the FRFs (accelerances) of the substructure and of the assembled system white noise
excitation was used and the data was weighted with a Hanning time window.

In this structure the pointi for the input force is the upper mass of the top substructure (Ω(1)), the connection
point (interface between lower impedance head ofΩ(1) and the screw in the middle of the steel block of
Ω(2)) is calledc and the output point is on one of the corners of the steel block inΩ(2). The FRFs of the
substructure were measured and assembled according to the FBS method given by equation (9). The global
FRF obtained by the FBS method will then be compared to the input/output FRF measured on the complete
system.

3.2 Substructure FRF and assembled dynamics

First the accelerance is measured for the top substructureΩ(1) composed of the assembly of the cylindrical
masses. For that measurement the substructure is hung very loosely in order to reproduce a quasi-floating
condition (remember that the FRFs needed for the FBS method are for the substructures with free interface).
Fig. 3 shows the identified transfer functionsY

(1)
ci andY

(1)
cc .

Then the accelerance of the second substructure is measured by placing an impedance head on the middle
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Figure 3: FRFs (accelerances) of the substructures:Ω(1) is the top substructure with inputi on the upper
mass and connection pointc, Ω(2) is the bottom part with connection pointc and output pointo.

screw (pointc) and another one on a corner of the block (pointo). The measured transfer functionsY
(2)
cc and

Y
(2)
oc are shown in Fig. 3.

The FRF for the assembled system obtained by the FBS formula (9) and the one measured on the complete
structure bewteen input and output are plotted in Fig. 4. In that figure the interface forceλ for a unit input
force is also shown (both obtained from the FBS method and measured). It is clearly seen on Fig. 4 that
the prediction of the assembled dynamics obtained by the FBS approach is very similar to the dynamics
actually measured on the full structure. Only for the low frequency range the matching between computed
and measured assembled FRFs and interface force is not satisfactory, but this is due to bad coherence in the
test data for that frequency range. Hence, for this rather simple structure where the measurement could be
performed in an accurate way experimental substructuring can be used.
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testing
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4 Experimental analysis of a guitar by experimental substructuring

4.1 Substructuring of a guitar

The dynamic analysis of string instrument (and thus of guitars) is a topic that has been investigated for many
years. Obviously the main interest is to understand the dynamical behavior of those instruments in order to
control and improve their acoustical quality. One major issue in string instruments in the so-called wolf note,
a special dynamic phenomenon arising in cellos for instance due to the dynamical interaction between the
stick-slip excitation of the strings by the bow, the dynamics of the string and the dynamics of the body of the
instrument (see e.g. [1, 8]).

In this work we have investigated the dynamics of a guitar as an application case and a test bench for the
Frequecny Based Substructuring technique (FBS) outlined in section 2. In a guitar the strings are trans-
mitting their vibration to the sound table of the guitar body through their interface on the bridge. The
strings are resting on the bridge and on the nut at the end of the fretboard. The strings are attached be-
hind the bridge on the saddle attached to the body and behind the nut on the tuning keys (see for instance
http://en.wikipedia.org/wiki/Guitarfor a short introduction to nomenclature). From a dynamical point of
view we can schematize a guitar as being an assembly of six strings on the guitar. However, in this study, we
will assume that only one string is attached on the guitar and we will investigate the possibility to predict the
transfer function between a force applied on the string and the vibration on a point of the sound table of the
body.

4.2 Experimental setup

In our lab we have used a small guitar (for children) which was attached to a rigid frame with rubber strings
in order to give it nearly free boundary conditions (see Fig. 5). One major difficulty when measuring the
transfer function for a force applied on a string and the sound table is that the forces on the string are rather
small and the string is very flexible. Hence using for instance a shaker with an impedance head on the string
would certainly result in very poor measurements. Therefore it was decided to measure the reciprocal transfer
function, namely to apply a force perpendicular to the sound table and to measure with a laser vibrometer
the vibration of the string in the assembled system. In other words the input and outpout points have been
swapped. Hence in order to follow the notation of equation (9) we will call the guitar body the substructure
Ω(1) and the string isΩ(2).

For the present experiment we have chosen the bass E string as the only string on the guitar. It was tuned so
that its fist harmonic frequency was 65Hz. In order to avoid additional mass effects due to accelerometers,
all vibration measurements were performed with a laservibrometer (Polytec system, controller OFV5000,
with decoder VD-06 and OFV-505 laser head), except for driving point measurements where an impedance
head was used (PCB 288M25). To identify the FRFs, sine sweeping has been performed with an electromag-
netic shaker attached to the impedance head through a thin stinger made of plexiglas. Note that an attempt
to use an impact hammer failed to produce FRFs accurate enough to be used in the FBS method.

4.3 First substructure model

In a first approach we will use the fact that the end of the fretboard does probably not play a significant role
in the dynamic transfer between string and body. For that reason we will assume that the guitar and the string
are clamped-in on the nut. This can be seen in the representation of Fig. 6.

Measuring the transfer matrix of the string is close to impossible since one would have to measure the transfer
matrix between the pointc and a point on the string under tension when the pointc is free. Fortunately the
string dynamics can easily be described by an analytical model as follows. The harmonic equation of a string
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Figure 5: The guitar hanging in its test frame

Figure 6: Substructure model of the guitar

under tension is

T0
∂2y

∂x2
+ ω2my = 0 (10)

wherey is the transverse displacement,T0 the tension in the string,m the mass per unit length andω the
harmonic frequency. To find the transfer matrixY

(2)
cc of the string at the connection pointx = L, we apply a

unit force atc and the boundary conditions for (10) become

y(0) = 0 (11)

T0
∂y

∂x
= 1 at x = L (12)

wherex = 0 is the fixed point at the nut andL the length of the string.1 The solution is then

y(x) =
L

T0µ cos(µ)
sin

(µx

L

)
(13)

µ =
ωπ

ω0
(14)

ω0 = π

√
T0

mL2
(15)

1Damping can be added to the equation asT0
∂2y
∂x2 + (−iωc + ω2m)y = 0. The transfer function is then found in the same way.
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Taking the solution aty = L one findsY (2)
cc , and taking the the solution aty = xoutput one findsY (2)

co = Y
(2)
oc

In the experimental setup we then measured for the guitar body alone the FRFsY
(1)
cc andY

(1)
ci by exciting the

body on the connection point on the bridge and measuring the response on the bridge and on the input point.
In Fig. 7 the magnitudes of the substructure FRFs are shown. Fig. 7 also shows the input/output transfer
function for the assembled system as computed by the FBS method and the one measured in the test setup.
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Figure 7: Dynamic substructuring of a guitar: FRFs of substructures and of the assembled system (one
connection point)

First we observe in Fig. 7 that the resonances of the string substructure are not found in the assembled
FRFs: the fundamental string frequency in the assembled system is65Hz and is very close to the fixed-
fixed frequency of the string, whereas the eigenfrequencies of the string as a substructure are for free-fixed
boundary conditions. It can also be seen in Fig. 7 that the assembled input/ouput transfer functionY assembled

oi
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measured on the guitar and reconstructed by the FBS method match rather well up to 250Hz, but above that
frequency major discrepancies can be observed. There can be several reasons for this:

• The measurements on the substructures are not accurate?The string model is analytical and we
verified that measuring the impact response of the string one gets the expected frequencies and that
the damping is very small. So the string model was found to be very accurate up to at least 1000Hz.
The measurements on the guitar body were repeated several times, checking also the reciprocity for
the cross-FRF and verifying that the additional mass effect of the impedance head could be neglected
in this frequency range. It was thus concluded that the FRFs of the substructures were obtained with
good accuracy.

• The measurements of the complete system was not accurate enough?Similarly several checks were
performed and led to the conclusion that the measurement ofY assembled

oi on the guitar were very
accurate.

• The substructure model underlying the FBS method is not valid?By this we mean that at the beginning
of this analysis we made several assumption to build a substructured model of the guitar. They will be
reviewed in the next section.

4.4 Revised substructured model of the guitar

As seen in the previous section the input/ouput transfer function measured on the complete guitar does not
match the one obtained by using the FBS method. Indeed the discrepancy above 250Hz can be clearly
seen in Fig. 7. After having thoroughly checked the accuracy of the experimental measurements we came
to the conclusion that the error is fundamentally in the assumptions used to create the substructure model as
illustrated in Fig. 6.

Vibro-acoustic coupling The first important assumption underlying the substructured model is that there is
no coupling between the body of the guitar and the strings through the acoustic vibration in the air. Obviously
when the body vibrates it generates acoustic vibrations in the guitar and on the sound table that will interact
with the strings. This coupling has not been accounted for in the substructure model since it was assumed
that there is only one connection point between the string and the body substructures, namely on the bridge.
In order to validate the assumption that the vibro-acoustic coupling is not significant, a rigid plate was placed
between the sound hole of the guitar and the string. The input/output transfer function of the complete guitar
was again measured and no significant alteration of the dynamics was found. Hence it was concluded that
the vibro-acoustic coupling does indeed not need to be accounted for in the substructure model.

Out-of-plane motion of the sound table In order to verify that the assumption that the dynamics of guitar
up to 1000Hz is determined by the out-of-plane vibration of the sound guitar, the horizontal vibration in the
direction of the string was measured at the connection point on the bridge, using the laservibrometer. It was
rapidly clear that, compared to the out-of-plane vibration, the vibrations in the plane of the sound table are
very small and can thus be neglected in this study.

Prestress in the sound table Since the FRFs of the guitar body are measured when no string is mounted
on the guitar, the guitar body, as a substructure, is not prestressed. However in the assembled system the
string generates a prestress in the sound table which can modify the local dynamics of the body. This is
unavoidable since the prestress can not be reproduced in the guitar body when measured alone. In order to
investigate if this prestress in the plane of the sound table can significantly alter the sound table dynamics
a simple finite element analysis of the sound table considered as a prestressed plate was performed. The
results clearly showed that, at least when only one string is mounted on the guitar, the prestress effect does
not significantly alter the frequencies of the sound table.

3908 PROCEEDINGS OF ISMA2006



Vibration coupling through the nut One last assumption that we checked was the boundary condition
assumed for the fretboard and the string at the fretboard extremity (nut). It was assumed that the fretboard
was much stiffer than the body and the string, and that it was heavy enough so that it would play no significant
role in the dynamic coupling. The string and the fretboard were thus supposed to be clamped on the nut
(see Fig. 6). In order to check thus assumption the guitar body, as a substructure, was excited at the input
location and the transfer functions were measured on the bridge connection point and on the nut. The transfer
functions are shown in Fig. 8. It is observed that above250Hz the dynamics of the nut due to a input force
on the body is not negligible and therefore it became clear thatthe nut has to be considered as a second
connection point between the string and the guitar. The substructure model was therefore modified as
shown in Fig. 9 so that a connection pointc1 was defined on the bridge (as before) and a connection pointc2
was introduced on the nut. In the next section the FBS analysis in performed once more but now with two
connection points.

50 100 150 200 250 300 350 400
10

−8

10
−7

10
−6

10
−5

10
−4

Frequency (Hz)

|(Y body
ic |
c = bridge

c = nut

[m/s]

Figure 8: Transfer function between input point and bridge, and the nut

Figure 9: New substructure model of the guitar (two interface points)

4.5 Corrected model and result improvement

Let us redo the FBS analysis with the substructure model with two connection points between string and
body as indicated in Fig. 9. The connection point on the bridge is calledc1 and the one on the nut isc2.
The FBS formula (9) is, as for the previous model, applicable, the only difference being now that, since two
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connection points exist, we have

Y
(1)

ci =

[
Y

(1)
c1i

Y
(1)
c2i

]
(16)

Y (1)
cc =

[
Y

(1)
c1c1 Y

(1)
c1c2

Y
(1)
c2c1 Y

(1)
c2c2

]
Y (2)

cc =

[
Y

(2)
c1c1 Y

(2)
c1c2

Y
(2)
c2c1 Y

(2)
c2c2

]
(17)

Y (2)
oc =

[
Y

(2)
oc1 Y

(2)
oc2

]
(18)

Obviously the experimental work required is now more involved since the full impedance matrix related to
the connection points needs to be identified for each substructure.

In order to find the FRFs of the string (substructureΩ(2)) we consider again the string equations (10) but now
the boundary conditions are different since both ends of the string must be assumed free in the transverse
direction. Let us apply a unit force atc1 (namelyx = L): the boundary conditions are then

T0
∂y

∂x
= 0 at x = 0 (19)

T0
∂y

∂x
= 1 at x = L (20)

Finding the analytical solution for the string equation with these boundary conditions is straightforward and
taking the transverse displacement atx = L, at x = 0 and atx = xoutput yields Y

(2)
c1c1, Y

(2)
c2c1 andY

(2)
oc1

respectively. The FRFsY (2)
c2c2 andY

(2)
oc2 are found be reversing the boundary conditions.

Then the transfer functions ofΩ(1), the guitar body, are measured. The FRFsY
(1)
c1i andY

(1)
c1c1 were already

measured in the previous test. We now must also measure all the other components of the interface trans-
fer function, namelyY (1)

c1c2, Y
(1)
c2c2 andY

(1)
c2i . Once all these measurements were performed the assembled

input/output FRF was computed again using the FBS formula (9). The numerically assembled FRF and the
measured FRF are plotted in Fig. 10.

Clearly Fig. 10 indicates that the matching between the experimentally measured transfer function and the
one obtained by FBS is very good, both in magnitude and in phase. A shift in the resonance peaks is however
observed between the two curves around 230Hz. Investigating the reason for this shift it was found that the
bridge saddle of the guitar was not properly glued on the sound table and that, when no string was mounted,
the bridge saddle was coming slightly loose. It was therefore glued again properly and the measurements of
the FRFs for substructureΩ(1) (the guitar body) were done again. The assembled transfer function was once
more constructed using these better substructure FRFs and the results are given in Fig. 11. Compared to Fig.
10 the shift around 230 Hz has disappeared indicating that it was indeed caused by the fact that the saddle
was loose.

Finally we show in Fig. 12 the input/output FRF obtained for the higher frequency range (from 400Hz to
1000Hz). Although the matching is not as clear as for the low frequency range, it is surprisingly good. No
further effort was done to improve the test for high frequencies.

5 conclusion

In this paper we have shortly reviewed the method of Frequency Based Substructuring (FBS) used to con-
struct the dynamic admittance of a system using the measured admittances of its subcomponents. The method
was then applied on a simple discrete system. Then the FBS method was applied to investigate the dynamics
of a guitar considered as two substructures, a string and the body.

We can conclude that
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Figure 10: Dynamic substructuring of a guitar: FRFs of the assembled system (two connection point)
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Figure 11: FRFs of the assembled system after having glued properly the bridge saddle

• If the measurements are performed with great care on the substructures (in particular to avoid as much
as possible added mass effects), simple system can be analyzed following the FBS technique. This is
true even for high frequencies (up to thekHz range) and when the modal density is not small as in the
guitar.

• Experimental substructuring also allows to investigate the dynamic topology of the substructure, namely
to evaluate how substructures interact. For instance in the case study of the guitar is was found that
the dynamic interaction between the string and the guitar through the contact point on the nut plays a
significant role in the dynamics of the full system above 250Hz.

• Analyzing a structure through substructuring makes it easier to pinpoint defaults in the system espe-
cially when they are closed to the substructure interface. In the case of the guitar the substructuring
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Figure 12: FRFs of the assembled guitar for higher frequencies

approach clearly indicated that a part of the guitar body (the saddle) was loose and had to be glued
again.

The work presented here is an encouraging step towards the utilization of FBS in more complex engineering
problems but many issues still need to be tackled before experimental substructuring becomes an accurate
testing methodology. In particular future research will need to address the issues of measurement of rotational
degrees of freedom on the interface and of effective filtering techniques to deal with the quasi-singularities
arising in the interface flexibility.
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Abstract
New methods for the dynamic analysis of tuned and mistuned bladed disks are presented. A new technique
for disk substructuring using parameterized superelements is first described. It allows individual blade mis-
tuning to be taken into account as slight variations in the reduced stiffness matrix of the bladed sectors or as
shifts in fixed blade frequencies. A parametric multi-model reduction approach is then introduced to allow
predictions of the evolution of vibration characteristics with respect to the rotation speed. Using prestressed
solutions at three rotations speeds, this method allows a very accurate reanalysis of modes and forced re-
sponses of mistuned disks at all intermediate speeds.

1 Introduction

This work deals with the parametric reduction of models of structures whose nominal configuration presents
properties of cyclic symmetry. The objective is to build a reduced model that represents particular mode-
shapes exactly and others with a good accuracy for variable rotation speeds and mistuning levels. In a recent
survey, Castanier and Pierre [1] review the latest advances in the field of the vibration of bladed disks and
underline some new directions of research for the study of mistuning and rotation.

Section 2 summarizes the mechanical problem related to rotating structures with a focus on those who present
properties of cyclic symmetry and to which a specific substructuring technique can be applied. This property
vanishes when material or geometrical differences occur from blade to blade. This phenomenon called mis-
tuning is mainly due to manufacturing process or service wear. It is often modeled as a random phenomenon
which requires a statistical approach through Monte-Carlo simulations. But where cyclic symmetry con-
siderations can be used to model tuned disks, mistuned disks should be modeled fully since each sector is
different. This is not acceptable in many instances. Many reduction techniques have thus been introduced.
They often include methods derived from the tuned system analysis coupled with either a CMS method [2–6]
or a non-CMS method [3, 7–9], assuming in every case that mistuned modes are given by projecting the indi-
vidual blade mistuning onto the tuned system modes. In the case of large mistuning, the non CMS technique
has been improved by building a reduction basis made of tuned system normal modes and blade static or
quasi-static modes [10]. The quasi-cyclic reduction technique presented here uses a physical description
of the bladed disk motion to build accurate reduced disk models with parameterized superelements. Small
blade mistuning is easily taken into account as slight shifts in the natural frequencies of the bladed sector
with fixed interfaces or directly as variations of the reduced stiffness matrix. Computations of the modal
characteristics of the tuned or mistuned assembly of superelements are then really straight forward.

Among the other emerging computational challenges is the influence of the inertial effects induced by rota-
tion. To address this issue a modal analysis technique has been proposed by Marugabandhu and Griffin [11]
that consists in seeking the modes at any rotation speed as a linear combination of modes at rest. Section 4
presents a multi-model reduction approach [12] that can be applied to build full Campbell diagrams of tuned
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or mistuned structures using exact computations of targeted modes at selected rotation speeds. As an illus-
tration the Campbell diagram of a tuned disk is built through this method. The multi-model reduction basis
itself can be then built through the quasi-cyclic reduction technique which results in very fast computations
of the modes and the response of the disk in either tuned or mistuned cases.

2 Mechanical problem associated with a rotating structure

The disk presented in figure 1 is supposed to be in rotation with the angular speedΩ. The full mesh of the
disk is composed of 20 node hexahedrons and 15 node pentahedrons with a total ofN = 293457 DOFs.
The front and aft rims are fixed. The material is titanium. In the following, for confidentiality reasons, all
frequencies are normalized with respect to the lowest tuned frequency.

Figure 1: Sample disk

2.1 Rotation induced effects

The discrete dynamic problem is written in the frequency domain under the general form

[Z(ω, Ω)]N×N{q(Ω)}N×1 = {f(ω, Ω)}N×1 (1)

where{q(Ω)} stands for the DOFs vector of the disk,{f(ω, Ω)} for the applied load and[Z(ω, Ω)] for the
dynamic stiffness, including the effects induced by the rotation speedΩ

[Z(ω, Ω)] = −ω2 [M ] + i ω [C(ω, Ω)] + [K(ω, Ω)] (2)

with:

• [M ] the mass matrix;

• [C(ω, Ω)] = [D(ω)] + [Cg(Ω)] the viscous matrix, with[D(ω)] the damping matrix and[Cg(Ω)] the
gyroscopic coupling;
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• [K(ω, Ω)] = [KNL(ω, Ω)]+ [Kg(Ω)]+ [Ka(Ω)] the stiffness matrix, with[KNL(ω, Ω)] the nonlinear
tangent stiffness matrix stating that the disk vibrates around a prestressed state induced by inertia
loading,[Kg(Ω)] the gyroscopic stiffness and[Ka(Ω)] the centrifugal acceleration.

HereΩ will be assumed constant so that the matrix[Ka(Ω)] which depends only oṅΩ is equal to zero.
Notice that[C(ω, Ω)] and[KNL(ω, Ω)] can depend both on frequency, for viscoelastic materials [13], and
on rotation speed. In the following one assumes that neither the damping nor the stiffness matrix depend on
frequency. To simplify further notations the dependance of[Z], {q} and{f} onω and/orΩ will be explicited
only if needed.

The general form of problem (1) implies that the determination of free vibration modes or the computation
of the forced response of a structure including rotation effects is performed through two steps:

• the static response of the structure under the inertial load associated with a constant rotation speed is
computed;

• the response of the structure prestressed by the initial load is obtained using the tangent stiffness matrix
associated with the static stress state.

The true static computation should consider large deformation effects and the nonlinear characteristics of
inertia forces which are follower forces, i.e. they depend of the current state of deformation. In this paper,
one will however assume, as acceptable in many industrial applications, that a linear computation of the
inertial load is sufficient. This results in

{f(Ω)} = Ω2
{
f1

}
= Ω2

∫
disk

ρ r(Ω = 0) dV (3)

and one assumes that the static displacement is solution of the linear problem

[K(Ω = 0)]N×N{qstat}N×1 = Ω2
{
f1

}
N×1

(4)

where it is apparent that{qstat} is directly proportional toΩ2. In the nonlinear tangent stiffness the defor-
mation induced by{qstat} appears quadratically, it results that the tangent stiffness is a second order matrix
polynomial inΩ2. Similarly the gyroscopic stiffness is clearly proportional toΩ2. One can finally write

[Z(ω, Ω)] = −ω2[M ] + i ω [C] +
2∑

p=0

Ω2p [Kp] (5)

Recall that the stiffness matrix depends only onΩ due to the fact that in this study one only considers elastic
materials. Computations are simplified by the fact that only five constant matrices are needed whatever the
rotation speed. If the range of rotation speed is[0,Ωmax], these constant matrices are given by

[M ]N×N

[C]N×N[
K0

]
N×N

= [K(0)][
K1

]
N×N

=
1

3Ω2
max

(
16

[
K(1

2Ωmax)
]
− [K(Ωmax)]− 15[K(0)]

)
[
K2

]
N×N

=
4

3Ω4
max

(
[K(Ωmax)]− 4

[
K(1

2Ωmax)
]
+ 3[K(0)]

)
(6)

Notice that the elastic stiffness of the structure appears directly in the matrix polynomial as the term
[
K0

]
.
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2.2 Cyclic Symmetry

Structures that present cyclic symmetry are composed ofNs identical sectors, numbered from0 to Ns − 1,
generated by rotations of angleα = 2π/Ns around axisOez of a reference sector such as that of figure 1. In
the followingθ stands for the rotation of angleα around axisOez. Since the model geometry is invariant by
any rotationθs, it is useful to consider the displacement as a Discrete Fourier Series as proposed in [14]

∀s ∈ NNs−1, u(xs) =
Ns/2∑
δ=0

θs
(
uδ(x0)

)
ei s δ α (7)

The well known property of symmetry for DFT givesuδ = uNs−δ wherez denotes the complex conjugate.
Given this relation, the number of independant harmonics is equal toNs/2 if Ns is even and(Ns − 1)/2
if Ns is odd. In particular, the eigenmodes come by complex conjugate pairs, except those withδ = 0 and
δ = Ns/2 if Ns is even, which are real. In the limiting case of a structure invariant by any rotation (pure
axisymmetry),Ns goes to infinity and (7) becomes a Fourier Series.
The angular harmonicδ has various denominations: “Fourier/Floquet coefficient”, “interblade/intersector
phase index”, “circumferential wave number”... All these denominations are equivalent sinceδ α is a wave
number that represents the phase difference between two adjacent sectors. As a result, ifδ α ≡ 0 [2π] these
sectors vibrate in phase whereas ifδ α ≡ π [2π] they vibrate in antiphase. In the latter case this implies that
the motion of the interface between two sectors is null for compatibility with the antiphase condition. The
motion of the bladed disk is thus very close to that of the sectors with their interfaces fixed. If one considers
the circumferential modeshapes,δ corresponds to their number of nodal diameters. The Fourier coefficients
uδ are classically defined on the first sector (coordinatesx0). Nevertheless, they could be propagated to
other sectors with

∀s ∈ NNs−1, uδ(xs) = θs
(
uδ(x0)

)
ei s δ α (8)

It can be shown from finite groups theory [15] of Floquet’s theory [16] that eigenmodes only involve a single
harmonicδ. In most practical cases, the external load is decomposed using the same Fourier strategy and the
forced responses associated with each “engine order”, i.e. each load harmonic, are computed. This is due to
the fact that a perfectly tuned disk will respond only on the angular harmonics equal to those of the external
load [17, 18].
While (7) and (8) relate Fourier harmonics on the nominal sector and motion on the full disk, it does not ac-
count for the continuity of displacement between sectors. As shown in figure 2, one considers two matching
right and left surfacesIs

r andIs
l and an interior domainDs

c . The right and left surfaces are matching in the
sense that for any pointxs

r onIs
r , xs

l = θ(xs
r) is onIs

l .

@@R

���

Ds
c

Is
l

Is
r

α

ex

ey

ez

Figure 2: Subdomains of sectors

Intersector continuity between sectorss ands + 1 is simply given by

∀s ∈ NNs−1, ∀xs
l ∈ Is

l , ∃xs+1
r ∈ Is+1

r ,

xs
l = xs+1

r andu(xs
l ) = u(xs+1

r )
(9)

For both compatible and incompatible meshes, continuity conditions of the form (9) can be written as a set of
linear constraints associated with interface DOFs [19]. One thus defines right and left observation equations
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which for compatible meshes give a discrete representation of the motionu(xs
l ) on the left interfaceIs

l and
the rotationθ of the corresponding motion on the right interfaceIs

r .

θ (u(xs
r)) =⇒ {qs

r} = [cr]{qs}
u(xs

l ) =⇒ {qs
l } = [cl]{qs}

(10)

{qs} is the DOFs vector on sectorDs. Notice that[cr] takes the rotationθ into account so that the dis-
placement is expressed in a basis coherent with the interface motion. If the mesh at interfaces is regular, the
observation matrices are identical for all sectors.

In the tuned case, displacements of particular interest are those who involve a single harmonicδ. With the
assumption of cyclic symmetry, problem (1) can be restrained to a single sector

[Zs]Ns×Ns{qs}Ns×1 = {fs}Ns×1 (11)

where[Zs] has the same properties as described in section 2.1. However, an additional constraint equation
has to be introduced to take the continuity condition between sectors into account. Substituting equation (9)
into equation (8) gives

∀s ∈ NNs−1, ∀xs
l ∈ Is

l , ∃xs
r ∈ Is

r ,

xs
l = θ(xs

r) anduδ(xs
l ) = θ

(
uδ(xs

r)
)
ei δ α

(12)

which, when discretized, leads to a constraint equation of the form(
[cl]− ei δ α [cr]

)
(<{qs}+ i={qs}) = {0} (13)

Sinceei δ α = cos(δ α) + i sin(δ α), one often considers a double sector approach separating the real and
imaginary parts

[c<(δ)]

{
<{qs}
={qs}

}
= {0} (14)

with

[c<(δ)] =

[
[cl]− cos(δ α)[cr] sin(δ α)[cr]
− sin(δ α)[cr] [cl]− cos(δ α)[cr]

]
2Nr×2N

(15)

Recall that={qs} = {0} for δ = 0 andδ = Ns/2 if Ns is even, in this case the double sector approach is
equivalent to a single sector approach with a simple continuity condition between two adjacent sectors. The
solutions are then sought in the kernel of[c<(δ)] by projecting problem (11) onto the basis of this kernel
denoted[TKer(δ)].

3 Quasi-cyclic reduced models

As actual disks are not perfectly periodic due to manufacturing tolerances and service wear, extensive com-
putations using statistical approaches such as Monte-Carlo simulations are widely used. These blade to blade
differences called mistuning also imply that the full problem (1) has to be assembled then solved. Because
of the actual size of the finite element models used in industry, typically around one million DOFs, there is
a great need for reduced order models. In the proposed quasi-cyclic (QC) reduction technique one builds
individual sector superelements that:

• allow parametrization of the sector in rotation and mistuning described as slight deviations of its natural
frequencies when its interfaces are fixed,

• reproduce exact results in certain configurations;

• can be assembled into a disk model.
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3.1 Basis of modes

To allow assembly into a disk model the proposed method combines matching left and right interface modes
and interior modes for which the interfaces are fixed, as illustrated in figure 3.

[TS ] = [ ∪ ∪ ]

(r) (c) (l)

Figure 3: Reduction basis

The reduced sector model thus distinguishes right, complementary and left generalized DOFs for sectors

[Zs
S(ω, Ω)]Ns

S×Ns
S


qs
Sr

qs
Sc

qs
Sl


Ns

S×1

=


fs

Sr

fs
Sc

fs
Sl


Ns

S×1

(16)

which are related to initial sector DOFs by a constant basis[TS ] with

{qs}Ns×1 =
[

[TSr] [TSc] [TSl]
]
Ns×Ns

S


qs
Sr

qs
Sc

qs
Sl


Ns

S×1

(17)

The first step of the proposed procedure is to build the subspace generated on sector0 by the target modes,
i.e. selected modes that will be found exactly by solving the reduced problem. These modes are selected
with respect to the characteristics of the tuned motion that depends onδ:

• a set of tuned eigenmodes[Φtun] with low values ofδ to account for the disk-dominated motion
computed using cyclic symmetry methods presented in section 2.2 and thus identical for all sectors;

• a set of modes of sector with fixed interfaces[Φfix] to account for the blade-dominated motion.

This basis is built through the following procedure:

• Most of the cyclic eigenmodes are complex and their real and imaginary parts are first separated

[Tb]N×Nb
=

[
<([Φtun]) =([Φtun]) [Φfix]

]
(18)

• One considers only the restriction of the modes of the entire structure on both interfaces

[Trl](Nr+Nl)×Nrl
=

[
[cr][Tb]
[cl][Tb]

]
(19)

Fixed interface modes vanish naturally at this step. A Singular Value Decomposition (SVD) of[Trl] is
performed

[Trl] = [U ][Σ][V ] (20)

[Σ] is the matrix of the singular valuesλj . Nλ is then defined by

Nλ = max{j, λj/λ1 > ε} (21)
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whereε is chosen to keep a sufficient independence between interface and interior modes.

According to the properties of SVD, theβ first columns ofU , ({u1}, . . . , {uβ}), are a basis of the
image of[Trl]. Therefore, this leads to a basis of modes restricted to the interface. Then, from basis
[Tb], one defines

[Tc] =
[

[Tb][vj ]j>Nλ
[Φfix]

]
[Ti] = [Tb][vj ]j≤Nλ

(22)

[Tc] contains both the eigenmodes rejected by the SVD and the initial modes with fixed interfaces. An
additional zero condition is imposed at the interfaces in the first equation to ensure that[Tc] will really
be a basis for interior modes with both interfaces fixed, that is to say a basis for modes that correspond
to diagram (c) of figure 3

[Tc]|Ir∪Il
= [0] (23)

[Ti] and [Tc] are orthonormalized with respect to the elastic stiffness
[
K0,0

]
of sector0 through a

Gramm-Schmidt procedure:

[Ti] = [Ti]−
[
T>

c K0,0 Tc

]−1 [Tc]
[
T>

c K0,0 Ti

]
(24)

This leads to bases whose general forms are

[Tc]N×(Nrl−Nλ) =

 [0]
[Tcc]
[0]

 and[Ti]N×Nλ
=

 [Tir]
[Tic]
[Til]

 (25)

• the following step is to build the interface modes from[Ti]. This set of modes is completed such that

[Ti]N × 2Nλ
=

[
[Ti1] [Ti2]

]
(26)

with

[Ti1] =

 [Tir]
[Tic]
[Til]

 and[Ti2] =


[Tir]

−
[
K0,0

cc

]−1[
K0,0

cr

]
[Tir]

[0]

 (27)

[Ti2] contains the right interface modes, their static recovery on the complementary domain and no
motion on the left interface.

• As stated before right and left interface modes are matched moduloθ. Introducing the following matrix

[B]2Nλ × 2Nλ
=

 [0] [I](
[cr]

[
T̂ 2

])−1 (
[cl]

[
T̂ 1

])
−[I]

 (28)

one builds [
[TSr] [TSl]

]
N × 2Nλ

= [Ti][B] (29)

with

[TSr]N × Nλ
=


θ ([Til])

−
[
K0,0

cc

]−1[
K0,0

cr

]
θ ([Til])

[0]



[TSl]N × Nλ
=


[0]

[Tic] +
[
K0,0

cc

]−1[
K0,0

cr

]
θ ([Til])

[Til]


(30)
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• With [TSc] = [Tc] the basis is finally

[TS ] =
[

[TSr] [TSc] [TSl]
]

(31)

This basis has the particular shape described by figure 3.[TSr] is a basis of modes with right interface
free and left interface fixed.[TSc] is a basis of interior modes with both interfaces fixed.[TSl] is a basis
of modes with left interface free and right interface fixed.

3.2 Reduced matrices

Problem (11) is projected onto the constant reduction basis[TS ] for each sectors. [Zs] is projected such that

[Zs
S(ω, Ω)] = −ω2 [M s

S ] + i ω [Cs
S ] +

2∑
p=0

Ω2p
[
Ks,p

S

]
(32)

where[M s
S ] =

[
T>

S M s TS

]
, [Cs

S ] =
[
T>

S Cs TS

]
and

[
Ks,p

S

]
=

[
T>

S Ks,p TS

]
, p ∈ {0, 2}.

Recall that
[
Ks,0

]
is the elastic stiffness of sectors and this leads to the following relations[

T>
Sc M s TSc

]
= [I][

T>
Sc Ks,0 TSr

]
=

[
T>

Sc Ks,0 TSl

]
= [0][

T>
Sc Ks,0 TSc

]
= [Ks

Sc] =
[
\
(
ωs

cj

)2

\

] (33)

whereωs
cj is the jth natural frequency of sectors with fixed interfaces.[M s] and

[
Ks,0

]
have then the

following form

[M s
S ] =

 T>
Sr M s T d

Sr T>
Sr M s T s

Sc T>
Sr M s T d

Sl

T>
Sc M s T d

Sr I T>
Sc M s T d

Sl

T>
Sl M

s T d
Sr T>

Sl M
s T s

Sc T>
Sl M

s T d
Sl


[
Ks,0

S

]
=

 T>
Sr Ks,0 T d

Sr 0 T>
Sr Ks,0 T d

Sl

0 Ks
Sc 0

T>
Sl K

s,0 T d
Sr 0 T>

Sl K
s,0 T d

Sl


(34)

There is no stiffness coupling between the interface modes and the interior modes. The coupling is fully
integrated in the non-zero terms of the reduced mass matrix. The matrices displayed in figure 4 are obtained
with 2× 21 interface modes and10 interior modes atΩ = 0.

Right and left interface modes are built so that they are matched. This ensures that the intersector continuity
condition (9) is equivalent to stating that left generalized DOFs of one sector are equal to right generalized
DOFs of the next one:

[cl][TSl] = [cr][TSr] ⇐⇒ {qs
Sl} =

{
qs+1
Sr

}
(35)

This condition makes the assembly of a disk model with respect to the generalized coordinates really straight
forward, leading to block diagonal matrices obtained by the assembly of those of the sector superelements.

With this representation, mistuning is directly taken into account through slight deviations of the natural
frequencies of each sectors with fixed interfaces on the diagonal terms of the reduced stiffness:

∀s ∈ NNs−1, [Ks
Sc] = [I + ∆s]

[
K0

Sc

]
(36)

[∆s] is a diagonal matrix containing the mistuning factors.
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Figure 4: Reduced matrices[M s
S ] and[Ks,0

S ]

3.3 Verification in the case of a tuned disk

Before any consideration of mistuning it was necessary to verify the reduction technique on a tuned disk, in
particular to be sure that the modes used to build the reduction basis are obtained exactly with the reduced
model. A model of the disk atΩ = 0 was then built using a basis composed of2 × 21 interface modes
built from 3 single or paired modes withδ ∈ {0, 3} and a frequency in the range[1, 5] to account for the
disk-dominated motion and10 modes of the sector with fixed interfaces to account for the blade-dominated
motion. Table 1 summarizes the number of DOFs of the different models used in this study.

Model Full FE QC reduced
Sector 14355 52
Assembled disk 293457 713

Table 1: Number of DOFs of each model

The modes obtained with the reduced problem were compared to the modes given by the cyclic substruc-
turing technique. The resulting graphωj(δ) and the corresponding frequency relative error for10 single or
paired modes withδ ∈ {0, 11} in the frequency range[1, 15] are given in figure 5.

Figure 5:ωj(δ) and frequency relative error for the tuned disk

As expected, this error is zero for the targeted values ofδ and stays under0.7% for the non-target modes in
a three times wider frequency band than that of the target modes. One notices that the use of sector modes
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with fixed interfaces overstimates by around0.1% the frequencies of cyclic modes with high values ofδ. As
the modes are complex conjugate for almost all values ofδ, a specific MACM criterion has to be used to
check the correlation between reference and reduced modeshapes:

MACMkl =
M({φk}, {φl})2

M({φk}, {φk})M({φl}, {φl})

whereM({U}, {V }) =
∣∣∣<{U}>[M ]<{V }+ ={U}>[M ]={V }

∣∣∣ (37)

The correlation between the reduced modes and the reference modes computed with the cyclic substructuring
is very good. Naturally, the correlation between the target modes and the corresponding reduced modes is
excellent as these modes are found exactly with the reduced model. Maximum accuracy is obtained for
modes with either smallδ at low frequencies or highδ as they are very close to that of the reduction basis.

3.4 Application to mistuning

The sample set of frequencies of the sector with fixed interfaces shown in figure 6 was used to illustrate
considerations of mistuning. These frequencies are found in the diagonal of

[
K0

S

]
, reduced elastic stiffness

of the whole disk.

Figure 6: Natural frequencies of the sectors with fixed interfaces

Figure 7: Response to a1 engine order excitation– · – tuned,— mistuned and– –amplification factor
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The forced response of the disk can then be obtained directly from the reduced order model. Figure 7 shows
the maximum amplitude of the blade tips for a1 engine order excitation with a loss factor of0.005 in the
tuned and mistuned cases. The amplification factor is plotted in the same figure. Peak scattering and huge
variations of the amplification factor appears clearly in the vicinity of the tuned resonances. As can be seen
in this figures, the frequency resolution has to be small to correctly capture frequency scattering and a small
but accurate reduced model is mandatory. In this study, the obtained responses use a resolution of3.10−3

with a total of32768 points of frequency as the minimum difference between the natural frequencies of two
different sectors with fixed interfaces is around5.10−3.

4 Variable speed fixed basis models

Another objective of this study was to accelerate the computation of Campbell diagrams, i.e. diagrams that
represents the evolution of the modal frequencies with respect to the rotation speed, in the tuned and mistuned
cases.

4.1 Multi-model reduction

Dynamic problems (1) or (11) form parametric families and they can be solved using a multi-model (MM)
reduction technique [12]. Their solutions are sought in a subspace generated by some exact solutions targeted
at selected values of the parameter, here the rotation speedΩ. One then builds a constant reduction basis
whose form is

[TΩ]N×NΩ
=

[
[Φ(Ω1)] [Φ(Ω2)] · · · [Φ(Ωn)]

]
(38)

[Φ(Ω)] are either tuned modes on a single sector or mistuned modes on the whole disk. Target modes can
also be defined as a set of modes of interest but this time with respect to the rotation speed. Once more, they
would then be found exactly by the resolution of the reduced problem [20].

If one considers the full disk problem (the transposition to the sector problem is easy), the dynamic stiffness
is projected onto the subspace generated by[TΩ]

[ZΩ]NΩ×NΩ
{qΩ}NΩ×1 = {fΩ}NΩ×1 (39)

with

[ZΩ(ω, Ω)] = −ω2 [MΩ] + i ω [CΩ] +
2∑

p=0

Ω2p
[
Kp

Ω

]
(40)

where[MΩ] =
[
T>

Ω MΩ TΩ

]
, [CΩ] =

[
T>

Ω CΩ TΩ

]
and

[
Kp

Ω

]
=

[
T>

Ω Kp
Ω TΩ

]
, p ∈ {0, 2}. The generalized

and physical DOFs are related through the following relation:

{q}N×1 = [TΩ]N×NΩ
{qΩ}NΩ×1 (41)

Problem (39) of sizeNΩ × NΩ is then solved for any value of interest ofΩ. As the matrix polynomial is
quadratic inΩ2, n = 3 is necessary to achieve sufficient accuracy.

4.2 Campbell diagram of the tuned disk

The considered tuned bladed disk is that of figure 1 and its Campbell diagrams were computed separately in
the speed range[0, 10] for each single value ofδ ∈ {0, 11}. To do so, a parametric multi-model was built with
a basis of10 single or paired modes in the frequency range[1, 15] computed with the cyclic substructuring
technique atΩ ∈ {0, 5, 10} andΩ ∈ {0, 7.5, 10}. Figure 8 displays the diagram forδ = 1 and it is compared
to the results obtained with the full sector problem at each speed step. The maximum of the relative error for
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Figure 8: Campbell diagram forδ = 1 and veering region

(a) (b)

Figure 9: Maximum frequency error for a multi-model basis at (a)Ω ∈ {0, 5, 10} – (b)Ω ∈ {0, 7.5, 10}

each of the10 single or pairs of modes in the frequency range[1, 15] for each value ofδ is plotted in figure 9.
The vertical dashed lines refer to the target speeds.

The Campbell diagrams are perfectly merged, this is confirmed by the fact that the maximum relative error
is under0.7% except for the10th pair of modes withδ = 2 in figure 9 (a). This also illustrates the fact
that the choice of the speed values to build the basis is the key point:Ω = 7.5 as the intermediate speed
increases accuracy as the maximum error in figure 9 (a) is located in the vicinity of this speed. As expected
this error is zero for the target modes corresponding to the retained values ofΩ in the basis. Moreover, the
frequency veering in speed [21] is correctly taken into account by the multi-model as can be seen in figure 8.
Besides, the check of the modeshapes is mandatory in those regions and the same MACM criterion is used.
Multi-model and reference modes are in fact perfectly correlated for every value of speed in general and
around the veering points in particular. All these results show that exact solutions computed at only three
rotation speeds are sufficient to estimate the solution at any intermediate speed with great accuracy.
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4.3 Multi-level reduction computations

The results of section 3 allow the use of a set of target modes at some selected speeds and with selected values
of δ to build the multi-model reduction bases by generating the remaining needed modes with a quasi-cyclic
reduced model. These bases can then be used to compute the Campbell diagrams and the forced responses
in either tuned or mistuned cases.

In the tuned case it is very close to that of figure 8 and will not be reproduced here for brevity. The maximum
relative error is plotted for each speed and each value ofδ. The target modes are indeed found exactly by
the multi-model as displayed in figure 10 (a) and the error stays below0.02% in the frequency range of
the target modes. Figure 10 (b) also showns that the frequency error is still small, below1.4%, in a three
times wider frequency band. As expected, the frequency error committed on the basis modes due to the
quasi-cyclic reduction technique appears directly in this figure and forΩ = 0 it corresponds exactly to the
maximum enveloppe of figure 5. The two levels of error that add to each other can thus be clearly seen. The
first error is induced by the quasi-cyclic reduction technique as described in section 3.3 and then a second
error is superimposed on the previous one by the multi-model approach. Nevertheless, estimations remain
sufficiently accurate to be used to predict the vibratory state of rotating tuned or mistuned disks.

(a) (b)

Figure 10: Maximum frequency error for a multi-model built from a QC disk model in the frequency band
(a) [1, 5] – (b) [1, 15]

5 Conclusions

The quasi-cyclic reduction technique proposed in this paper aims to build a reduced disk model in which
each individual sector is considered as a superelement whose properties can be slightly deviated from the
tuned configuration to take mistuning into account. It allows the selection of a target set of modes which
are found exactly with the reduced disk model. Other modes are then estimated with an accuracy that is
directly related to the choice of target modes. The size of this reduced model is such that forced responses
computations are quite fast with a speed that is independent of mistuning level.

The sector reduction technique was then extended to allow fast computations of the Campbell diagrams or
forced response at variable speeds. The procedure uses exact cyclic symmetry computations of certain target
modes at three rotations speeds to generate the reduced model. The resulting reduced model can then be
used to predict modes or forced responses at any speed or mistuning level.
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Abstract 

This paper addresses the problem of receptance assignment to a multiple degree of freedom system by one 
or more added simple mass-spring absorbers. The added masses and spring stiffnesses may be determined 
using receptances of the original system and are generally obtained by solving a system of multivatiate 
polynomials.. The analysis is illustrated by a series of numerical examples. Realistic solutions require 
positive values for the absorber parameters, so that there may be no acceptable solution, a unique solution 
or there may be finitely many acceptable solutions.  

1. Introduction. 

 
The inverse problem of designing a passive structural modification that assigns some particular dynamical 
behaviour has received considerable attention in the literature. One of the simplest modifications is 
Frahm’s classical vibration absorber [1], first described in the open literature by Ormondroyd and Den 
Hartog [2].  A recent review of modern absorber developments was given by Sun et al. [3]. 
 
The forward problem of structural modification has a long history beginning with Duncan [4] who 
determined the dynamics of a compound system using vibration measurements from the separate 
components. The receptance approach to dynamic-system modelling was described by Bishop and 
Johnson [5]. Modern applications include the use of fictitious masses for the separation of close modes in 
aero-engine casings [6] and predicting the dynamics of a helicopter tailcone when modified by a large 
overhanging mass [7].   
 
The inverse structural modification problem was first considered by Weissenburger [8] and Pomazal and 
Snyder [9] using a receptance approach. Bucher and Braun [10] extracted the left eigenvectors from 
receptance data to assign vibration mode shapes by a structural modification. Ram and his colleagues 
considered the multi degree of freedom vibration absorber as well as the problems of pole assignment in 
classical rods and beams [11-14]. Mottershead and his colleagues, in a series of papers, showed how 
natural frequencies, antiresonances and vibration nodes could be assigned by passive modifications to the 
system dynamic stiffness matrix [14-17]. Lawther [18] eliminated the natural frequencies from a 
frequency range by means a brace modification - a linear spring connected between two coordinates. 
Recent practical research includes the indirect measurement of rotational receptances to couple a physical 
structure to the rotational degrees of freedom of a finite element beam model used to assign natural 
frequencies and antiresonances [19-20]. Further and more detailed discussion on measuring rotational 
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receptances may be found in [7]. Mottershead and Ram [21] reviewed the literature relating to the inverse 
eigenvalue problem in vibration absorption, including both passive structural modification and active 
control.  
 
In the present paper the inverse problem of assigning receptance terms to particular values at chosen 
frequencies by using multiple classical undamped vibration absorbers is considered. The method generally 
results in a system of nonlinear modification equations in the absorber parameters. Such equations may be 
solved, for example by using Gröbner bases (as in [22]), though in this work numerical solutions were 
obtained. In general, realistic solutions, having positive absorber mass and stiffness parameters, are 
selected from a number of roots of the nonlinear equations.  
 

2.  Dynamic stiffness and modified-system receptances 

 
The undamped dynamic equation of motion may be written as, 

fKxxM =+&&                 (1) 
Where, x is the displacement vector, M, K and f are the mass matrix, stiffness matrix and external force 
vector respectively.   
Equation (1) may be expressed in full in the frequency domain considering  as, tie ωXx =

fBX =          (2) 
Here,                    (3) KMB +−= 2ω

 
Figure 1: System modifications 

 
When masses,  grounded springs or undamped mass-spring absorbers are attached to the original system 
as illustrated in Figure 1, the modified equation of motion may be written without the need for an 
additional coordinate in the form, 

X∆BfXB −=         (4) 
X  is the modified-system displacement vector, and  

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

O

O

nb

b
0

1

∆B        (5) 

is the modified dynamic stiffness matrix. In which,  is the dynamic stiffness of the added term. In the 
case of an absorber this term may be written as [22], 

)(ωbn

aa

aa
n km

km
b

+−
−

= 2

2

)(
ω
ω

ω         (6) 
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Where  and  are absorber mass and spring stiffness coefficients.  am ak
The above analysis is applicable also to the mass-spring point modification. In this case, the dynamic 
stiffness  should be written as,  nb

aan kmb +−= 2)( ωω         (7) 
 
Considered the equation (4), If  absorbers are applied, let A be the integer set denoting the 
attachment coordinates, 

Nr ≤

{ riai ,...,2,1: ==A }        (8) 
Thus, since only selected diagonal elements of the modified matrix are non-zero, ∆  may be rewritten as B

TUV∆B =                                      (9) 
In which, 

],,[
21 21 raraa bbb eeeU L=                                            (10) 

],,[
21 raaa eeeV L=                                      (11) 

And  is the  vector column of the 
iae th

ia NN ×  identity matrix.  

By using Sherman-Morrison-Woodbury formula [23], the receptance matrix of the modified system is 
found to be given by, 

HVHUVIHUHH TT 1)( −+−=        (12) 

Where  is the receptance matrix of the original system.  1−= BH
Hence, for arbitrary pqth column element, 

q
T
ppqh eHe=          (13) 

That is, 

q
TTT

pq
T
ppqh HeVHUVIHUeHee 1)( −+−=       (14) 

We now define the following matrices, 

),,,( 21 rbbbdiag L=D        (15) 

T
apapap r

hhh ],,,[ ,,, 21
L=p        (16) 

T
qaqaqa r

hhh ],,,[ ,,, 21
L=q        (17) 

⎥
⎥
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⎦

⎤

⎢
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r

aaaaaa

aaaaaa

aaaaaa

hhh

hhh
hhh

,,,

,,,

,,,

21

22212

12111

L
MOMM

L

L

G            (18) 

After some mathematical operations, the receptance for modified system with r absorbers is rewritten as, 

qGDp 11 )( −− +−= T
pqpq hh        (19) 

where the inverse of is,  D
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)/1,,/1,/1( 21
1

rbbbdiag L=−D       (20) 

It is found that the original  matrix computation is condensed to the NN × rr × matrix computation 
expressed in equation (19). In general, since only a small number of absorbers are considered the 
computation is considerably reduced. Furthermore, equation (19) shows only the original receptances at 
the coordinates of absorber attachments  and the receptance coordinates (p, q) are needed 
to determine the modified-system receptances. This is very significant result for the practical application 
of the method to large-scale system

 )...,,,( 21 raaa

s. 
 

3. Modification by a single classical mass-spring absorber 

 
3.1 Assigning one receptance at a single frequency 
 
For the single mass-spring absorber modification, the modified receptance may be obtained as, 

11

11

,

,,

1 aa

qaap
pqpq bh

hbh
hh

+
−=         (21) 

so that the dynamic stiffness b is given by, 

)(
)(

)(
1111 ,,, pqpqaaqaap

pqpq

hhhhh
hh

b
−−

−
=ω        (22) 

For the sake of the assignment of the receptance at one frequency, putting 1ωω =  can transform the 
problem into an equation of two unknown variables  and  through the equation (6). Therefore, we 
can fix a positive  and calculate  as, 

am ak

am ak

bm
bm

k
a

a
a +
= 2

1

2
1

ω
ω

         (23) 

Considering the realistic problem, i.e., a positive value of , it is seen that  and b should satisfy the 
following condition 

ak am

⎩
⎨
⎧

<>>−
>>

00/
00

2
1 bwhenmb

bwhenm
a

a

ω
         (24) 

 
Example 1: The assignment of a receptance to a cantilever beam modified with a single absorber is 
considered. The beam is divided into ten elements with DOFs as shown in Figure 2. The beam’s material 
properties including length, section area, density, second inertia moment and elastic modulus are selected 
as , , , ,  respectively.  It 
is required to assign the modified value of the receptance h

mL 5.0= 25109 mA −×= 3/2700 mkg=ρ 4111075.6 mI −×= PaE 1010186.5 ×=
(5,13) at frequency to be 0.34 of the 

original receptance by using an absorber attached at 7
Hzf 601 =

th DOF . Inserting the values of h(5,7), h(7,13), h(7,7), 
h(5,13) and )13,5()13,5( 34.0 hh ×=  at frequency 11 2 fπω =  into equation (22) gives an absorber coefficient 

. Thus, fixing  for absorber mass, the spring stiffness of 
absorber is calculated to be  using equation (23). Table 1 describes the details of 
the receptance modification and Figure 3 shows that modified receptance h

mNb /101266.4)( 3
1 ×−=ω kgma

31043.2 −×=
mNka /107690.3 2×=

(5,13) at  has been 
assigned exactly. 

Hzf 601 =
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Figure 2: A cantilever beam modified with one single absorber 

 
Frequency Original Receptance Modified Receptance Ratio 

60Hz -2.2113  410−× -7.5183  510−× 0.3400 
Table 1: Original and modified values for receptance h(5,13)

 
3.2 Assigning one receptance at two frequencies 
 
Putting 1ωω =  and 2ωω =  into equation (22) separately, and then solving for the absorber dynamic 
stiffnesses )( 1ωb  and )( 2ωb  at the two frequencies leads to,  

aa
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Now, the absorber parameters variables  and  may be solved as, am ak
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Likewise, the realistic-solutions requirement has to be satisfied, 

21
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2
2

1

2
1
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ω
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ω
ω
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<<< for

bb
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bb
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Example 2: Taking the same modification example as before, but now we propose to assign modified 
values to be 0.34 and 0.27 of the original values for receptance h(5,13) at the frequencies and 

 at same time. The absorber stiffnesses at two frequencies were calculated as 
 and . Then, Combining 

Hzf 601 =
Hzf 1402 =

mNb /101266.4)( 3
1 ×−=ω mNb /102414.2)( 4

2 ×=ω )( 1ωb and )( 2ωb , the 
calculation result in an absorber with mass  and spring stiffness 

. Table 2 shows the receptance modification details and Figure 4 presents the 
original and modified receptances h

kgma
2100017.2 −×=

mNka /101595.9 3×=

(5,13). 
 

Frequency Original Receptance Modified Receptance Ratio 
60Hz -2.2113  410−× -7.5183  510−× 0.3400 

140Hz -1.6677  410−× -4.5027  510−× 0.2700 
Table 2: Original and modified values for receptance h(5,13)
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Figure 3: Assignment of one receptance                Figure 4: Assignment of one receptance 

at one frequency                                                       at two frequencies 
 
3.3 Can we assign two receptances at a single frequency? 
 
If two receptances hpq and hkj were to be assigned at one single frequency with one absorber modification, 
we would write two equation of absorber stiffness for each receptance from equation (21). 
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That requires one number )(ωb  have to satisfy these two equations simultaneously. Hence, we can get 

jaak

kjkj

qaap

pqpq

hh
hh

hh
hh

,,,, 1111

−
=

−
         (29) 

Thus, it is impossible to assign arbitrarily two different receptances at a single frequency simultaneously 
by only one absorber modification except the condition (29) is satisfied. However this case is very rare in 
practices 
 

4. Modification by two mass-spring absorbers 

 
When more than one absorber is considered, then equation (19) may be rewritten as the form 

 q
GD
GDp

)(det
)(

1

1

+
+

−=
−

−adjhh T
pqpq         (30) 

In which,  is the adjoint matrix of the matrix  )( 1 GD +−adj )( 1 GD +−

)(det 1 GD +−  is the determinant of the matrix  )( 1 GD +−

Thus, the modified receptance equation could be expressed as 

qGDpGD )()(det)( 11 +=+− −− adjhh T
pqpq      (31) 

In the two-absorbers case, it may be easily obtained, 
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⎥⎦
⎤

⎢⎣
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=+−
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,1,

,,21

/1
/1

)(
aaaa

aaaa

hbh
hhb
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12212211 ,,,2,1
1 )/1)(/1()det( aaaaaaaa hhhbhb −++=+− GD      (33) 

Then, equation (31) may be expanded to be the following expression, 

])/1)(/1)[((
12212211 ,,,2,1 aaaaaaaapqpq hhhbhbhh −++−  

 )/1()/1(
1122212112122211 ,1,,,,,,,,,2,, aaqaapaaqaapaaqaapaaqaap hbhhhhhhhhhbhh ++−−+=   (34) 

 
4.1 Assigning two receptances simultaneously at a single frequency. 
 
Replacing the subscripts p with k, and q with j, it is very easy to write a modification equation for another 
receptance kjh  Hence, combining two equations for pqh and kjh , and putting 1ωω = into them, we build 
an equation set including two nonlinear equations with two variables { })()( 1211 ωω bb . Thus, two 
absorbers’ dynamic stiffnesses )( 11 ωb  and )( 12 ωb  at frequency 1ω  would be obtained by solving this set 
of nonlinear equations. Consequently, we can calculate the absorbers’ parameters by following the 
procedure described in section 3.1 for each absorber in turn. 
 
Example 3: Now we consider the same cantilever beam structure as before, but modified by the addition 
of two absorbers as shown in Figure 5. The two absorbers are connected to the 7th and 17th DOFs 
respectively and two receptances h(5,13) and h(19,11) are required to be assigned simultaneously. At the 
frequency  it is required that the modified value of hHzf 601 = (5,13) should be assigned to 0.34 of its 
original value while the modified value of h(19,11) should be equal to 0.2 of its original value.  
 
Analysis of the nonlinear equations leads two possible solutions, so that two absorbers selection options 
are found. 
 

Solution 1:  ,      Solution 2:  
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Figure 5: A cantilever beam modified by two absorbers 

 
For each solution, by fixing , then two absorbers may be obtained. kgmm aa

3
21 1043.2 −×==

Solution 1:      ,         Solution 2:  
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Table 3 lists the modification details for all absorber options. It is found that the two solutions are both 
able to assign the two chosen receptances exactly. Figures 6 and 7 show the original and modified 
receptance for each of the two-absorber solutions. 
 

Solution Receptance Original value Modified value Modified ratio 

h(5,13) -2.2113  410−× -7.5204  510−× 0.3401 
1 

h(19,11) 5.1777  410−× 1.0357  410−× 0.2000 
h(5,13) -2.2113  410−× -7.5189  510−× 0.3400 

2 
h(19,11) 5.1777  410−× 1.0355  410−× 0.2000 

Table 3: Original and modified value for receptances h(5,13) and h(19,11)

 

 
Figure 6: Solution 1 - Assignment of two receptance at one frequency 

 

 
Figure 7: Solution 2 - Assignment of two receptance at one frequency 

 
4.2 Assigning two receptances at two frequencies simultaneously 
 
The calculation for assigning two receptances at one frequency 1ωω =  leads to a solution for the absorber 
coefficients{ })()( 1211 ωω bb at frequency 1ω . Simply repeating the calculation procedure of section 4.1 at 
another frequency 2ωω =  gives us another two absorber dynamic stiffnesses { })()( 2221 ωω bb  at 
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frequency 2ω . Subsequently, we are be able to determine the absorber mass and stiffness parameters using 
the coefficients combination,{ })()( 2111 ωω bb and { })()( 2212 ωω bb  as the procedure in section 3.2. 
 
Example 4: In this case, it is required that at frequency Hzf 601 = , the modified value of h(5,13) should be 
assigned to 0.62 of its original value while the modified value of h(19,11) should be equal to 0.26 of its 
original value. Simultaneously, at frequency Hzf 1401 = , the modified value of h(5,13) should be 0.34 of its 
original value while the modified value of h(19,11) should be 0.55 of its original value. Analysis of the 
nonlinear equations leads to two solutions for the absorber dynamic stiffnesses.  

Solution 3:   ,       Solution 4:  
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For each group of dynamic stiffnesses, a set of mass and stiffness parameters is obtained as follows. It is 
clear in the solution 4, is less than zero. For reasons of reality, this solution is ignored, so that only the 
solution 3 is now acceptable.  

2am

Solution 3:    ,              Solution 4:     (unrealistic) 
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Table 4 lists the modification details for solution 3. Both receptance assignments are achieved very well. 
Figure 8 shows the original and modified receptances. 
 

Frequency Receptance Original value Modified value Modified ratio 

h(5,13) -2.2113  410−× -1.3710  410−× 0.6200 
60 Hz 

h(19,11) 5.1777  410−× 1.3462  410−× 0.2600 
h(5,13) -1.6677  410−× -5.6712  510−× 0.3401 

140 Hz 
h(19,11) -1.3395  410−× -7.3682  510−× 0.5501 

Table 4: Original and modified value for receptances h(5,13) and h(19,11) 

 

 
Figure 8: Assignment of two receptance at two frequencies 
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4.3 Assignment of one receptance at four frequencies 
    
In the analysis presented so far receptances have been assigned at two different frequencies and since an 
undamped absorber has only two parameters, ka and ma, it is clear that three receptances cannot be 
assigned by using a single absorber. However, with the application of a second absorber, the added mass 
and stiffness variables provide the capability to assign one receptance at four frequencies simultaneously.  
 
By combining equations (34) and (6) and entering 4,,1, L== iiωω  in turn, we obtain four nonlinear 
equations in four unknowns { . Analysis of these equations generally gives a 
number of possible absorber solutions. 

}2211 ,,, aaaa kmkm

 
Example 5: Considering the same structure shown in Figure 5 with two absorbers and making 
assignments to receptance h(5,13) to take values of 0.4, 0.3, 0.4 and 0.8 of its original values at the 
frequencies of 10, 55, 100 and 140 Hz respectively, the analysis leads to the six solutions presented in 
Table 5. However, only solutions 5 and 6 give realistic (* positive) values for the absorber stiffnesses and 
masses. 
 

solution 1am  (kg) 1ak  (N/m) 2am (kg) 2ak (N/m) 
1  -1.1430  110−× -4.3148  210× 1.1834e  110−× 6.8865  310×
2  1.2392 -4.8525  310× -3.2910  210−× 1.8894  410×
3  5.5542  110−× 2.2185  410× -3.2610  210−× 1.3088  510×
4  5.7555  310−× 2.2333  310× 1.5181  210−× -4.5238  310×

5 * 3.6362  310−× 8.3890  210× 1.4987  210−× 3.4563  310×
6 * 3.0042  310−× 1.1877  310× 1.4723  210−× 1.6063  310×

Table 5: Absorber parameters for the assignment of h(5,13) at four frequencies  
 
Table 6 shows the receptance modification details for the realistic solutions and Figures 9 and 10 show the 
original and modified receptance h(5,13) using the two absorbers defined by solution 5 and solution 6. 
 

Solution Frequency Original value Modified value Modified ratio 
10Hz -2.3829  310−× -9.5314  410−× 0.4000 
55Hz -7.7390  410−× -2.3214  410−× 0.3000 

100Hz -5.7930  510−× -2.3169  510−× 0.4000 
5 

140Hz -1.6677  410−× -1.3341  410−× 0.8000 
10Hz -2.3829  310−× -9.5314  410−× 0.4000 
55Hz -7.7390  410−× -2.3215  410−× 0.3000 

100Hz -5.7930  510−× -2.3179  510−× 0.4001 
6 

140Hz -1.6677  410−× -1.3341  410−× 0.8000 
Table 6: Original and modified values for receptance h(5,13)  
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Figure 9: Solution 5 - Assignment of one                Figure 10: Solution 6 - Assignment of one 

receptance at four frequency                                       receptance at four frequency 
 

5. Modification by three mass-spring absorbers. 

 
5.1 Assigning three receptances simultaneously at a single frequency. 
 
Building the modification receptance equation with three absorbers for receptances hpq, hkj, and hmn at 
frequency 1ωω =  using equation (31), and combining them sets up an equation set including three 
nonlinear equations with three variables { })()()( 131211 ωωω bbb . Thus, three absorbers’ dynamic 
stiffnesses )( 11 ωb , )( 12 ωb  and )( 13 ωb at frequency 1ω  would be obtained by solving this set of nonlinear 
equations. Furthermore, we can solve the absorbers’ parameters by following the procedure described in 
section 3.1 for each absorber in turn. 
 
Example 6: If we consider the same cantilever beam structure as before, but modified by the addition of 
three absorbers attached to the 5th, 13th and 17th DOF as shown in Figure 11. In this case, it is required that 
three receptances h(17,13), h(19,11) and h(15,9) should be assigned to 0.55, 0.8 and 0.38 of their original values 
at the frequency  simultaneously.  Hzf 601 =

 

Figure 11.  A cantilever beam modified by three absorbers 
 
Analysis of the nonlinear equations set gave us the three absorber stiffnesses at frequency 60Hz. 

⎪⎩

⎪
⎨
⎧

×−=
×−=
×−=

mNb
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Hence, the solution of wanted absorbers are selected as following. 

⎩
⎨
⎧

×=
×=

⎩
⎨
⎧

×=
×=

⎩
⎨
⎧
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1
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4
3

2
2

3
2

2
1

4
1  

It should be noticed here that for the realistic reason, we chose the absorber’s masses to be 
3,2,1)/)((4.0 2

11 =−×= ibm iai ωω       (35) 
because 0)( 1 <ωib as described in equation (24) 
 
Table 7 lists the modification details. It is found that both receptancees were assigned simultaneously to be 
desired values exactly at frequency Hzf 601 = . And Figures 12 shows the original and modified 
receptance for each receptance. 
 

Frequency Receptance Original value Modified value Modified ratio 

h(17,13) 5.3130  510−× 2.9222  510−× 0.5500 
h(19,11) 5.1777  410−× 4.1422  410−× 0.8000 60Hz 
h(15,9) -8.2981  610−× -3.1533  610−× 0.3800 

Table 7: Original and modified value for receptances h(17,13), h(19,11) and h(15,9)

 
5.2 Assigning three receptances simultaneously at two frequencies. 
 
Repeating the calculation procedure in section 5.1 at both frequencies 1ωω =  and 2ωω =  we are be able 
to obtain the absorber stiffnesses at different frequencies, i.e., { })()()( 131211 ωωω bbb  and 
{ )()()( 232221 }ωωω bbb . And then, the mass and stiffness parameters of each absorber can be solved 
through its absorber stiffness at two frequencies{ })()( 21 ωω ii bb , i=1,2,3. 
 
Example 7: Assume that at the frequency Hzf 601 = , three receptances h(17,13), h(19,11) and h(15,9) should be 
assigned to 0.55, 0.8 and 0.38 of their original values, and at the same time, at the frequency , 
these receptances h

Hzf 1402 =

(17,13), h(19,11) and h(15,9) should be assigned to 0.6, 0.46 and 0.34 of their original values 
simultaneously. 
 
Firstly, the absorber stiffnesses were solved as 

⎪⎩
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   and  
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Consequently, the absorber parameters was obtained as 
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⎨
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Table 8 lists the modification details. And Figures 13 shows the original and modified receptance for each 
receptance. The results demonstrated that three receptances assignment task is achieved exactly at two 
frequencies simultaneously. 
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Figure 12: Assignment of three receptances         Figure 13: Assignment of three receptances 

 

Frequencies Receptance Original value Modified value Modified ratio 

at one frequency                                                       at two frequencies 
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h(17,13) 5.3130 510−×  2.9222 510−×  0.5500 
h(19,11) 5.1777  410−× 4.1422  410−× 0.8000 60Hz 
h(15,9) -8.2981  610−× -3.1533  610−× 0.3800 
h(17,13) -6.1756  510−× -3.7051  510−× 0.6000 
h(19,11) -1.3395  410−× -6.1606  510−× 0.4599 140Hz 
h(15,9) -1.5815  510−× -5.3748  610−× 0.3398 

Table 8:  Origin d modifi  for r ep (17,13), (19,11) an
 

. Conclusions 

his paper investigates the exact assignment problem of  receptances by the application of classical mass-

al an ed value ec tances h h d h(15,9) 

6

 
T
spring absorbers. When a simple oscillator is attached to a system, one receptance at up to two frequencies 
can be assigned simultaneously because one absorber involves two variables, i.e., mass and spring 
stiffness. The absorber parameters should be restricted to positive values. The calculations are based on 
the absorber dynamic stiffness )(ωb , so that the absorber parameters may be obtained subsequently.  
 
In order to assign more receptances, more absorbers have to be attached to the original system. The 

lthough one mass-spring absorber introduces two variables,  and , the absorber dynamic stiffness 

absorber dynamic stiffnesses can be obtained by solving a system of nonlinear equations. The assignment 
of one receptance at four frequencies is achieved when two absorbers are applied. In this case the 
modification is determined directly through the nonlinear receptances equation solutions without the 
calculation of dynamic stiffness. 
 

A ak am

)(ωb must be unique for a single frequency, which means that we can only assign two receptances at one 
ency under very restricted conditions. For the same reason, this restriction also appears when 

multiple absorbers are applied, for example, assignment of three or four receptances at one frequency with 
two absorbers and assignment of four, five or six receptances at one frequency with three absorbers 
connected. However, it is demonstrated that there are many other receptance assignment problems that can 

the assigned arbitrarily, except for the condition of positiveness on   ak  and am . In many cases multiple 

solutions are available. 
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Abstract 
For purposes of monitoring and damage prognosis it is important to know the external loads which act on 
a structural system. In many practical applications it is not possible to measure the forces e.g. resulting 
from wind loads or traffic directly. Therefore, these forces are determined indirectly from dynamic 
measurements with an observer-based concept. In this work, a new method of simultaneous state and input 
estimation for a class of nonlinear systems, which is used in the area of control engineering, is adapted to 
online indirect force measurement. This method allows for the online simultaneous reconstruction of 
unknown force functions and system states such as displacement and velocity. The load reconstruction is 
illustrated in the example of a structure. The robust observer is designed on the basis of an analytical 
model. The load identification was done with the help of strain and accelerometer transducers, which were 
used as input signals for the calculated observer. The observer performance was verified by using a force 
sensor. 
 
 

1 Introduction 
 
Buildings, wind turbines or stadiums (during the concerts or football matches) are some of the examples 
where the dynamics of the structure should be taken into consideration for reliable construction. 
Especially in the fatigue life assessment of the structure or some of its components, both material 
properties and load characteristics are essential parameters. Therefore the time history of external forces is 
an important quantity in the forecasting of the remaining lifetime [1]. In many practical applications the 
measurement of the external loads is limited or not possible due to sensors limitations or unknown nature 
of the external forces, see Figure 1. 
Many attempts where made by engineers to solve this problem by using indirect measurement techniques, 
which include the transformations of related measured quantities such as acceleration or strain. These 
transformations generally lead to a so-called inverse problem, where system properties and responses are 
known while excitations are unknown. If this can be done, the system itself becomes its own force sensor. 
These problems related to ‘ill-posed’ problems and may have no unique solution due to very high 
sensitivity of the solution to sensor noise in the response data [2], [3]. Nevertheless a variety of methods 
were elaborated for external load estimation in the time and frequency domain ([4] - [7]). A good 
overview of these methods can be found in [3]. Some of these methods are based on the frequency 
response functions [4] or use a regularization and recursive programming in the time domain [5], or on 
integration of measured acceleration signal [6] or can only determine the sum of all forces and moments 
applied to the centre of mass SWAT [7]. Most of them require first to record the system responses and 
then apply the analysis methods for force reconstruction or insert a time shift for identification of the 
forces in non-collocated case (sensors and loads positions are not collocated) [2]. Generally all force 
reconstruction methods that where proposed by mechanical engineers can be summarized in three main  
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Figure 1: 5MW Wind energy plant - Bremerhaven (left) and Manchester Stadium during rock 
concert (right) under dynamic load. 

 
categories [8]: 

1. Deterministic (frequency or time domain methods) 
2. Stochastic (statistical models) 
3. Artificial intelligence based methods (neural networks) 

 
On the other hand input estimation is also important for control engineering, where additional knowledge 
of the immeasurable inputs or disturbances could lead to better performance of the controller. The 
estimation is mostly done with the help of observer techniques. Some of these observers can be found in 
([9] - [14]). The observer-based methods allow robust reconstruction of the inputs even if the sensors 
outputs are noisy. They are also very convenient for online force monitoring because of irrelevancy of the 
recursive optimization procedure, which is often a necessary step in other methods and their possibility of 
simultaneous states reconstruction (velocities, displacements). Some of the methods in control theory can 
be adopted for structural health monitoring by means of external loads/forces estimation/identification. 
One of them is based on the “Modified Proportional Integral Observer” (MPIO) [11]. The main task in 
such observer design is to find out appropriate observer gains or observer model so that the error between 
measured and estimated outputs converges to zero. This is plausible when some conditions are satisfied by 
for example pole placement techniques. Motivated by the work of [9], [10] and [11], the attempt of 
adoption to the structural loads monitoring was done in this paper.  
 

2 Robust observer design 
 

2.1 Problem statement  
 
The method used in this paper (relates to the deterministic category) is the robust state and input observer 
shown in Figure 2 proposed by Ha and Trinh [9]. This approach is robust to noisy measurements and 
applicable for both linear and nonlinear systems. The brief overview of this observer is introduced below, 
more detailed information can be found in [9] and [10]. 
The problem of construction of the above observer can be stated as follows. Consider a dynamical system 
with qn  degrees of freedom, described by the second order differential equation of motion as: 

 
 (t) )(t) (t) ( , , ) (t+ + + =CqMq Kq g q q u Fu  (1) 
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here qn
R(t)∈q , mR(t)∈u  are generalized coordinates and inputs accordingly. M, C, K and F are the 

 
Figure 2: State and input estimator for a class of nonlinear systems. 

 
mass, damping, stiffness and force matrices of appropriate dimensions. , ,g q q u( )  is added to take into 
account nonlinear dependencies of the displacement, velocities and inputs. This representation can be 
transformed into state space notation (a system of first order differential equations) with the following 
structure: 

 
x Ax Bu f x u y
y Cx Du
(t) (t) (t) (( , ), ),
(t) (t) (t),

= + +
= +

 (2) 

 
where n(t) R∈x  (with qnn 2= ), m(t) R∈u  and r(t) R=y  are the state, unknown input and measured 

output, respectively. Matrices A, B, C and D are real constant and of appropriate dimensions. f (.,.)  is a 

real nonlinear vector function on nR (in case of nonlinear system) and comprises two portions as follows: 

 
 f x u y f x u y W f x u yL U(( , ), ) (( , ), ) (( , ), ),= +  (3) 
 
where f x u y n

L(( , ), ) R∈  and f x u y d
U (( , ), ) R∈  are known and unknown nonlinear vectors, 

respectively. Matrix W is real and assumed to have full column rank d. 
The objective is to design an asymptotic observer to estimate the unknown state (t)x  and unknown input 

(t)u  from the measured output signal (t)y . Therefore, a new state variable is introduced: 

 
(t)

(t)
(t)

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

x
ξ

u
  (4) 

 
and matrices E, Λ and H are combining the previous state space matrices as follows 

 

 [ ] [ ] [ ]n n m , ,×= = =E I 0 Λ A B H C D  (5) 
 
Using the new state variable, system (2) can be transformed into: 
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 Eξ Λξ f ξ y W f ξ y
y Hξ

L U(t) (t) ( , ) ( , )
(t) (t)

= + +

=
 (6) 

 
so that the problem of the state and input estimator design for the system (2) is now of designing an 
observer for the generalized system (6) such that the estimate ˆ(t)ξ  converges asymptotically to the true 
state (t)ξ . Introducing an observer of the proposed form: 

 

 
ˆω Nω Ly T f ξ y

ξ̂ ω Qy
L(t) (t) (t) ( , )

(t) (t) (t)

= + +

= +
 (7) 

 
One can determine matrices N, L, T and Q such that ˆ(t)ξ  converges to (t)ξ  asymptotically. 

 
There are two assumptions in this method: 

Assumption 1. fL(.,.) is assumed to satisfy the Lipschitz condition with a Lipschitz constant γ  so that: 

 

 ˆ ˆf ξ y f ξ y ξ ξL L( , ) ( , ) γ− ≤ −  (8) 

 
which means practically that the known nonlinear part is a continuous function. 

Assumption 2. Matrix [ ]D CW  has full column rank. 

 

 [ ]rank m d= +D CW   (9) 
 

The necessary condition for this assumption is that the number of outputs should be at least equal to the 
number of unknown inputs plus the size of nonlinear terms fU  which do not satisfy the Lipschitz 
condition: r m d≥ + . One can also notice that the D matrix should not be zero or empty to fulfil this 
condition. That makes the usage of acceleration sensors an important issue in this method.  
 

2.2 Observer design procedure 
 
Partitioning the pseudo inverse of the matrix combination E and H [15]: 

 [ ] n mor
+

+
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

E
T Q TE + QH = I

H
 (10) 

where, ( )+i  represents the pseudo inverse of matrix such that:

1T T−+ ⎛ ⎞⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎜ ⎟=⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎜ ⎟⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎝ ⎠

E E E E
H H H H

 

Constructing the error function ˆ(t) (t) (t)= −e ξ ξ , and using the second parts of (6) and (7), the error becomes: 
 
 n m(t) ( t ) ( ) ( t )+= + −e ω QH I ξ  (11) 
and making use of (10) 
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 (t) ( t ) ( t )= −e ω TEξ   (12) 
 
Taking the derivative with respect to time and substituting ( t ), ( t )ξ ω  from (6) and (7) respectively, the error 
dynamic is obtained as: 
 
 ˆ( ξ , y ) T Λξ( ) ( ξ , y ) W ( ξ , y )e Nω( ) Ly( ) T f f fL L Ut(t) t t − + +⎡ ⎤⎣ ⎦= + +  (13) 
 
Inserting (t) ( t )=y Hξ  and (t) ( t ) ( t )= +ω e TEξ  from equations (6) and (12) respectively the error 
dynamic finally appears as: 
 
 [ ] ˆNTE LH TΛ ξ( ) TW ( ξ , y ) T ( ξ , y ) ( ξ , y )e Ne( ) f f fU L Lt(t) t ⎡ ⎤+ − − + −⎣ ⎦= +  (14) 

 
From equation (14) the error will converge to zero if assumption 1 and the following conditions are satisfied: 
   1. n m+TE + QH = I  
   2. =TW 0  
   3. + − =NTE LH TΛ 0  
   4. N must be stable (the real part of the eigenvalues mast be negative) 
 
Condition 3 can be partitioned into two parts by using n m+= −TE I QH : 
 
 [ ]+ − − =N L NQ H TΛ 0   (15) 
 
Introducing a new matrix = −F L NQ , condition 3 now can be written in terms of: 
 
   3.1. = −N TΛ FH  
   3.1. = −F L NQ  
 
Combination of conditions 1 and 2 leads to: 
 

 [ ] [ ]n m+=T Q S I 0   where n n m n d

r n m r d

× + ×

× + ×

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

E W
S

H 0
 (16) 

 
The solution of (16) for T and Q exists if rank( S ) n m d= + +  [9], and can be found by means of the 
generalized inverse [16]: 
 
 [ ] [ ] ( )n m n r

+ +
+ += + −T Q S I 0 S Z I SS  (17) 

 
here +S  is a generalized inverse of S: T 1 T( )−+ =S S S S  and Z is an arbitrary matrix. 
Finally it is possible to write a solution for each part separately as: 
 

 [ ] ( )n n
n m n r

+ +
+ +

⎡ ⎤ ⎡ ⎤
= + −⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦

I I
T I 0 S Z I SS

0 0
 (18) 

 

 [ ] ( )n m n r
r r

+ +
+ +

⎡ ⎤ ⎡ ⎤
= + −⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦

0 0
Q I 0 S Z I SS

I I
 (19) 

 
Combining some parts of equations (18) and (19) into new matrices: 

TRANSFER PATH ANALYSIS AND SOURCE IDENTIFICATION 3961



 

 [ ]n n
n r n m,+ +

⎡ ⎤ ⎡ ⎤+ += − =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

I I
G (I SS ) J I 0 S

0 0
 (20) 

 [ ]n r n m
r r

,+ +
⎡ ⎤ ⎡ ⎤+ += − =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

0 0
K (I SS ) V I 0 S

I I
 (21) 

 
the equations (18) and (19) can be written as: 
 
 ,= + = +T J ZG Q V ZK  (22) 
 
Coming back to condition 3.1 and taking eq. (22) into consideration it follows: 
 
 = − = + −N TΛ FH JΛ ZGΛ FH  (23) 
 
Once more simplifying the above notation by combination of parts of the equation (23) into 

,= =Φ JΛ Ψ GΛ , such that the condition 3.1 with new variables is: 
 
 = + −N Φ ZΨ FH   (24) 
 
Upon satisfaction of conditions 1 to 4, and taking into consideration (24) the error dynamic equation (14) 
changes to: 
 
 ( ) ( )[ ]Φ ZΨ FH J ZG ( ξ , y ) ( ξ , y )e e( ) f e fL L(t) t+ − + + −= +  (25) 
 
In (25) the unknown matrices Z and F are needed to be found such that the error converges asymptotically to 
zero. One way to do it is to introduce a Lyapunov candidate summarizing function: 
 
 T( ( t )) ( t ) ( t )=V e e Pe   (26) 
 
where P is a symmetric and positive-definite matrix. If the first derivative of V is smaller than zero for all time 
then the nonlinear error function in (25) is stable and converges to zero. By taking a derivative of V such that 

0( ( t ))<V e , doing some algebraic operations and considering assumption 1, one can end up with an 
algebraic Riccati inequality of the form: 
 
 2

1 2( )γ δ δ+ + <R I 0   (27) 
where  

 
1 2

1 1T T T T T T T T

δ δ
= + + + − + + +R PΦ Φ P PZΨ Ψ Z P PFH H F P PJJ P PZGG Z P  (28) 

 
γ  is a Lipschitz constant from assumption 1, 1 2andδ δ  are positive scalar values. Finally doing a last 
simplification by inserting new variables that combine constant matrices as: 
 
 ,= =X PF Y PZ   (29) 
 
Inequality (27) can be transformed into a more compact form of a linear matrix inequality (30) and solved in 
computational manner. Summarizing the complete procedure as in [9]:  
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The estimation error ˆ(t) (t) (t)= −e ξ ξ will converge to zero if the matrices ,= >TP P 0  X and Y; and 
positive scalars 1δ  and 2δ  exist such the following linear matrix inequalities (LMI) are satisfied: 

 

 

2

0

T T T T T
1 2

T
1

T T
2

γ δ δ

δ

δ

⎡ ⎤
⎢ ⎥
⎢ ⎥ <
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

+ − + + − + +

−

−

Φ P Ψ Y H X PΦ YΨ XH ( )I PJ YG

J P I 0

G Y 0 I

 (30) 

  
 − <P 0   (31) 
 
where γ  is the Lipschitz constant defined in (8). The above inequalities are solved e.g. with the help of the 
LMI toolbox in Matlab. The matrices G and K represent the error after generalized inverse and in case of a 
small value can be set to zero. Hence =Ψ 0  and one can choose Z and Y equal to zero. In this case the LMI 
(15) reduces to: 
 

 
2T T T

1
T

1

γ δ
δ

⎡ ⎤
⎢ ⎥ <
⎢ ⎥⎣ ⎦

− + − +

−
0

Φ P H X PΦ XH I PJ
J P I

 (32) 

 
The design algorithm of the observer is specified as in [9]: 
 

Step 1: Get a mathematical model in state space representation (either by analytical modelling or  
            by an identification procedure). 
Step 2: Solve the LMI problem (e.g. using the Matlab LMI toolbox). 

Step 3: If P, X, Y, 1δ  and 2δ  satisfying the LMI are found then go to step 4, otherwise choose a  

            smaller value of γ . 

Step 4: Obtain the observer matrices N, L, Q and T as: 

 

1

1

,

,
,

−

−

= + =

= + − =
= + = +

T J ZG Z P Y

N Φ ZΨ FH F P X
L F NQ Q V ZK

 (33) 

 

3 Examples 
 

3.1 Two – Story building model  
 
For investigation of the above method a model of the two story structure shown in Figure 3 (on the left) 
was constructed. Here, the vibration in only the x-z plane and external loads acting in that plane are 
considered. The main purpose was to reconstruct force time histories of the two candidate forces F1(t) and 
F2(t) from the measured outputs (two acceleration sensors and two strain gauges) and to check if the 
observer is able to find the force location or to decouple these forces when they applied simultaneously. 
The analytical model of the two story structure is as follows: 
 

 1

2

4 40
4 80

c c

c c

k km
, ,

k km
α β

⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦

−
= = = +

−
M K C M K  (34) 

TRANSFER PATH ANALYSIS AND SOURCE IDENTIFICATION 3963



 
here the M, K and C are mass, stiffness and damping matrices, kc is the column stiffness. α and β are 
scalars which are adapted to describe the damping behaviour. The input and output are defined as: 

[ ]1 2
T(t) F (t) F (t)=u  and [ ]1 2 1 2

T(t) a ,a ,ε ,ε=y , respectively. 

First simulations of the proposed observer, which was calculated for a simple plane system, were 
accomplished in Simulink/Matlab. Simulation results gave motivation to do a real test. Reconstruction of 
the exerted loads was achieved even though the noisy measurements were taken to drive the calculated 
observer model. 
 

 
 

Figure 3: Two story structure with sensors model (left) and real test rig (right). 
 

A test rig was built for verification of the estimated external load as shown on the right hand side of Figure 
3. It has an additional motor and a vertical aluminium plate on the upper mass to accommodate harmonic 
and wind loads application. The structure’s parameters are given in Table 1. The upper and lower plates 
are made from aluminium and assumed to be rigid compared to the columns. They are represented in the 
model by two masses m1 and m2 accordingly. The columns are simple steel bars of diameter d, see Table 1 
with stiffness 4 33 16ck Ed / lπ= . Verification of the reconstructed forces was done by comparing the 
estimated force F1(t) and measured force signal from the force sensor which is fixed at the upper plate as 
shown in Figure 3. 
 

Upper plate mass m1 1.95 kg 
Lower plate mass m2 1.95 kg 
Column diameter d 0.00396 m 
Column length l 0.232 m 
Young modulus E 210000 MPa 

 
Table 1: Structural parameters 

 
Measurements were performed with the help of a dSpace PCI card, PICAS amplifier and KISTLER 
coupler. This data was fed into the observer model in Matlab/Simulink software package which allows 
online signal processing and visualization of the observer performance. External forces were applied by an 
impact hammer, motor or wind fan incorporate impulse, harmonic or random functions respectively. Both 
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measured and estimated loads are shown in Figure 4 for an impulse force being applied to the upper plate. 
In Figure 4 (left) the sequence of impulses is plotted and magnified third impulse is shown in Figure 4 
(right). The reconstructed impulse force correlates very well in amplitude and phase with the measured 
force. Small oscillations after the impulse are due to the noise in the strain gauges signal 
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Figure 4: Impulse type force reconstruction (left) – sequence of impulses,  

(right) – magnified third impulse 
 
Another interesting point was to investigate the ability to decouple forces which are applied on the upper 
and lower plate. For this a sequence of impulses was applied to both plates and the identified forces where 
monitored on the display. 
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Figure 5: Measured and reconstructed wind forces: (upper) – original signal, (lower) – magnified 

signal 
 

The time histories of both estimations are shown in Figure 6. From this plot, it can clearly be seen that the 
observer can decouple the forces and identify them according to the applied location. Nevertheless to get 
these results the number of expected external forces (at least for discrete systems) should be included into 
the model for the observer design.  
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Figure 6: Impulse force estimation on the upper and lower plate 

 
 

3.2 Simply Supported Euler – Bernoulli beam 
 
In the second example the observer was applied to a “Simply Supported” steel beam with a profile shown 
in Figure 7. In the Figure 7 the sensors are positioned along the beam and denoted by s1, s2 and s3, and 
represent acceleration, strain and acceleration sensors respectively. The combination of only two sensors 
(one strain s2 and one of two accelerometers s1 or s3) was used for every simulation run. The main point 
was to investigate the ability of the force reconstruction for a continuously distributed system when the 
accelerometer position and applied force position are not collocated and when the acquired sensor’s data is 
contaminated with the noise. The simulation was performed in Matlab/Simulink software package. 
 

 
 

Figure 7: Simply supported steel beam with parameters 
 

The reduced analytical beam model which contains 4 modes was used for calculation of the observer. The 
number 4 was chosen arbitrarily, in general, the complexity of the modal observer (number of modes 
included into the model) depends on the application requirements (frequencies of interest). For the 
simulation the original system assumed to have the same number of modes. Results are plotted in Figure 
8. The upper plot shows the force reconstruction for the sensor couple s2 and s3, which are placed at 0.4L 
and 0.5L respectively. The lower plot in Figure 8 shows the same for s2 and s1 sensors combination, where 
s1 is positioned at 0.3L along the beam. In both cases the noise to signal ratio of the sensors was the same. 
The calculated observers led to a good result, although the non collocated case (lower plot in Figure 8) is 
more sensitive to the noisy data. 
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Figure 8: Force reconstruction, simulation results: 

(upper) – sensors combination s2 and s3, (lower) – sensors combination s2 and s1  
 
This drawback of high frequency pollution of the reconstructed force can be minimized by low pass 
filtering of the identified force. The filtered reconstructed force signal is illustrated in Figure 9 here a 
simple second order Butterworth filter with 500 rad/sec passband edge frequency was used.  
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Figure 9: Filtered reconstructed force 

 
Figure 9 shows a small phase shift of reconstructed force relative to the real force, this can also be 
overcome by choosing a better filter. 
 

4 Conclusion 
 
In this contribution an innovative method of input and state reconstruction was applied to determine 
external structural loads. The observer design is plausible with the help of LMI when some conditions are 
satisfied and a priori knowledge of the structure as well as force locations are available for the 
mathematical model. The observer shows a good estimation for different force input functions, and is very 
robust to the noisy measurements, which is a big advantage in the solution of ‘inverse problems’ in 
general. The presence of accelerometers is a necessary condition which is taken into consideration in the 
assumption 2 where matrix D plays an important role. Therefore in this approach an acceleration 
measurement is an essential issue to fulfil the assumption 2. For successive force reconstruction in the first 
example the collocation of accelerometers and forces positions is necessary. Furthermore, from our 
experience, using solely accelerometer transducers did not yield good results due to the absence of a static 
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equilibrium point; the acceleration measurement data provides only derivatives of the state space variables 
and the identified forces can drift away during the integration of the observer equations under noisy 
conditions. Strain gauges or position sensors can be used to solve the described problem. In the second 
example the collocation condition has been released for continuously distributed structure. The force 
history is reconstructed although the non collocated case showed to be more sensitive to the measurement 
noise. This noise which occurs in the reconstructed force can still be suppressed by a proper filter design. 
Generally there are three main problems wich can lead to wrong force estimation. They are: 
simplifications and errors during the modelling, noise in the measured signals and improper sensor 
locations. Therefore it is interesting to analyze the optimal sensor location for arbitrary force position and 
the ability of multiple forces reconstruction as well as identification of the moving loads for continuously 
distributed structures. 
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Abstract 
A method for determining position-optimal acoustic equivalent point source models is presented. The 
point source positioning problem inherent in acoustic equivalent point source modeling is formulated as a 
combinatorial optimization problem, based on iterative selection of indicator transfer functions from a 
large pool of pre-determined candidate transfer functions. The candidate transfer functions are calculated 
numerically, using a reciprocal Boundary Element formulation. Solutions to the optimization problem are 
sought using a combination of Genetic Algorithm and Steepest Descent Local Search methods. Results are 
presented from applying the method to determine acoustic equivalent point source models of varying 
accuracy of a real tire running on a dynamometer.  
 
 

1 Introduction 
 
Acoustic equivalent point source models play an increasingly important role in automotive NVH 
processes. Such models may be used to represent the sound radiation from e.g. the tires, the engine, the air 
intake and the exhaust line of a car, in terms of a limited number of point sources placed on rigid source 
surfaces. The models may be employed e.g. in connection with measured transfer paths for source-path 
contribution analysis [1], [2].  
Usually, when the number and the positions of the point sources in a given model are fixed, their 
individual source strengths are determined by solving an inverse problem involving the transfer paths from 
the known point source positions to a number of indicator microphone positions close to the source, and 
the measured indicator pressures in running conditions [3]. However, determining the actual number of 
sources and source positions to use in order to obtain a given model accuracy must be based on 
experience, trial and error and/or some knowledge of source hotspot positions where equivalent sources 
may be placed [4]. The latter method has the disadvantage that hotspots may move with frequency, thus 
leading to overly complicated source models if multiple frequencies are to be covered simultaneously. 
The work presented here establishes a framework for simultaneously determining the positions and 
associated source strengths of the individual point sources in a point source model with a specified number 
of sources. The Boundary Element Method (BEM) is used to calculate candidate transfer paths from a 
large number of candidate source positions on the source surface to the set of indicator microphones. 
Combinatorial optimization methods are then applied in order to select, from the large pool of candidate 
positions, optimal source positions that minimize the error between the actual measured sound field 
around the sound source to be modeled and the sound field as reproduced by the model. The optimization 
is based on a cost function representing the model error across multiple frequencies and principal 
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components as a function of source position. The cost function value associated with a given source 
position configuration is determined by solving a number of inverse problems and the actual optimization 
is carried out using a combination of Genetic Algorithms and Random Restart Local Search. Results are 
presented from applying the method to determine acoustic equivalent point source models of varying 
accuracy of a real tire running on a dynamometer. 
 

2 Theory 
 
The point source modeling technique described in the following sections combines measured input data 
with a numerical sound field model. This numerical model assumes a perfectly coherent sound field of 
harmonic time variation. However, in many practical cases, the measured sound field is not perfectly 
coherent, rather it is formed by contributions from several incoherent and/or partially coherent sources. To 
use the numerical model in connection with such measured data, a cross-spectral sound field description 
based on principal component decomposition (PCD) is applied [5]. The PCD effectively divides the 
measured sound field into a number of partial fields that are individually perfectly coherent and mutually 
perfectly incoherent. Each partial input field is processed by the model and the resulting incoherent partial 
output fields are then summed on a power basis to form the overall output. The method assumes a 
stationary sound field and requires averaging of cross spectra between field measurement signals and a 
(small) number of reference signals. In the following all quantities are considered complex time harmonic. 
 
 

2.1 Optimal source strengths for fixed source positions 
 
If the number L of sources to use in a given point source model, and their position on the source surface is 
fixed, the individual source strengths may be estimated by linear inversion [3]. The measured field 
pressures may be divided into a set of penalty pressures used for inverse calculation of the source 
strengths and a set of validation pressures used for monitoring the ability of the source strength vector to 
represent the radiated field. The vector pp of Np penalty field pressures may be expressed as  
 

pepp ,pqHp +=                                                              (1) 

 
where Hp is a Np x L matrix of transfer functions, q is the vector of L source strengths and pe,p is the 
penalty residual, i.e. the part of the measured penalty sound field vector that cannot be accurately 
represented by the source model. The aim of the source model is to represent as accurately as possible the 
measured field, i.e minimize the penalty residual. Consider therefore a quadratic cost function of the form 
 

qRqpp H
pe

H
pepJ += ,,                                                             (2) 

 
where the first term is the squared residual while the second term represents a penalty on the squared 
magnitude of the optimal source strengths. Here superscript H denotes the Hermitian operator and the 
matrix R is a Hermitian positive semi definite weighting or regularization matrix. By using equation (1), 
equation (2) may be expanded as  
 

[ ] p
H
pp

H
p

H
p

H
pp

H
p

H
pJ pppHqqHpqRHHq +−−+=                                  (3) 

3970 PROCEEDINGS OF ISMA2006



This standard quadratic form is minimized by differentiating with respect to q and setting the derivative 
equal to zero, which leads to the minimizing source strength vector 
 

[ ] p
H
pp

H
popt pHRHHq

1−
+=                                                           (4) 

 

The simplest form of regularization is obtained by setting R=γ I, where I is the unit matrix and γ is a scalar 
regularization parameter used to tradeoff the balance between an accurate solution and a reasonable 
solution amplitude. This parameter may be set to a fixed value or it may be estimated using a parameter 
estimation technique such as Generalized Cross Validation (GCV). Having determined an estimate of the 
candidate source strength vector, the vector pv of Nv validation field pressures is related to the source 
strength vector as  

veoptvv ,pqHp +=                                                            (5) 

 
where Hv is a Nv x L matrix of transfer functions and where pe,v is the validation residual, i.e. the part of 
the measured validation sound field vector that cannot be accurately represented by the estimated 
candidate source strength vector. A quadratic validation cost function may finally be defined as  
 

[ ] [ ]optvv
H

optvvve
H

vevJ qHpqHppp −−== ,,                                        (6) 

 
 

2.2 Boundary Element formulation for point sources 
 
The individual entries of the transfer function matrices Hv and Hp may be calculated numerically using the 
Boundary Element method. The principle of reciprocity [2] states that for a rigid surface we have  
 

0=

=
vfield

source

source

field

q
p

q
p

                                                                 (7) 

 
i.e the transfer function between the source strength qsource of a point source at the position P on the rigid 
source surface S and the resulting pressure pfield at some field point T equals the transfer function between 
the source strength qfield of a point source at T and the resulting pressure psource at the surface point P. This 
is illustrated in Figure 1.a-b. Consider now a point source positioned at the point T in the space outside the 
closed surface S. The total sound pressure ptot(P) at a given field point P, due to the point source at T, is 
the sum of the direct field pinc(P) due to the point source, and the scattered field pscat(P) due to the presence 
of the surface S. This is illustrated in Figure 1.c. Using an indirect double-layer BEM formulation [6],[7], 
this may be written as  
 

∫ ∂
∂

+=+=
−

S

jkR

scatinctot dS
n

QPGQ
R

eqjPpPpPp ),()(
4

)()()( µ
π

ωρ                           (8) 

 

where ω is the angular frequency, k=ω/c is the acoustic wave number, c is the speed of sound in air, ρ is 
the density of air, q is the complex source strength of the point source, R is the distance between the field 

TRANSFER PATH ANALYSIS AND SOURCE IDENTIFICATION 3971



point P and the point source position T and n is the surface normal. G(P,Q) is the Greens function defined 
as 

QPr
r

eQPG
jkr

−==
−

,
4

),(
π

                                                        (9) 

 

where Q is the position of the surface integration point. The quantity µ(Q) is the surface source density 
defined as  

)()()( QpQpQ scatscat
−+ −=µ                                                            (10) 

 
where again p+

scat(Q) and p-
scat(Q) are the scattered pressures on the outside and inside of S respectively. 
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Figure 1: Direct (a) and reciprocal (b) acoustic transfer functions and BEM notation (c) 

 
To determine the blocked pressure at the surface, the pressure gradient at the surface is set to zero, i.e. 
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This equation is solved for the unknown µ(Q). This is most easily done by using a variational formulation 
[6], [7].  The total (exterior) surface sound pressure is then given by 
  

∫ ∂
∂

++= −+

S

jkR
tot dSQ

n
QPGPReqjPp )(),()(4)( µµαπωρ                               (12) 

 

Here α=1/2 on a smooth surface. The above equations are solved numerically by discretizing the source 
surface by a surface mesh. Problems of numerical breakdown at singular frequencies corresponding to 
resonance frequencies of the interior volume of S are handled by introducing a real-valued admittance on 
the interior of S, thus leading to a “virtual” damping of interior resonances. 
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2.3 Optimization 
 
The number of sources L and their individual positions on the source surface may influence considerably 
the quality of the model, i.e. the ability of the model to reproduce the measured sound radiation to a given 
accuracy. Thus it is desirable to determine optimal source positions that lead to the highest model 
accuracy. The modeling method proposed here is aimed at determining simultaneously the optimal 
positions and optimal source strengths of a specified number of sources. A similar approach has been used 
to optimally position actuators in Active Noise Control problems [8], [9], [10]. Optimal source positions 
may move with frequency and principal component number and the aim here is furthermore to determine 
the best positional trade-off across multiple frequencies and principle components.  
The optimization problem to be solved is the following: Determine the optimal position combination of L 
monopoles, such that the error between the measured validation sound field and the field reproduced by 
the point source combination is minimized. Source positions are selected from a large but finite pool of 
candidate positions, as defined by the M nodes of the underlying Boundary Element mesh. Assume that 
the M possible monopole positions on the surface mesh are enumerated from 1 to M. The joint positions of 
an arbitrary set of L monopoles may then be written as the position index vector variable x of dimension L 
 

[ ]Lxxx L21=x                                                             (13) 

 

where xi is the integer position index of the i’th monopole and where xi∈{1, .., M}. Since the values of x 
are only allowed to take on a limited set of integer values, the optimization problem at hand is a 
combinatorial optimization or integer programming problem. 
 
 
2.3.1 Cost function and optimization problem 
 
A cost function for the optimization problem may be obtained by summation of the single frequency, 
single coherent field cost function of equation (6) over all discrete target frequencies and principal 
components as  
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Here Kf and Kp are the number of discrete frequencies and principal components, wkf and wkp are possible 
weights depending on frequency and principal component and pe,v(x,kf,kp) is the validation error pressure 
vector given as  
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where the source strength vector qopt(x,kf,kp) determined from the measured penalty pressure is calculated 
as 
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Note how the validation and penalty field pressure vectors pv and pp are independent of source position x, 
but depend on frequency and principal component indices kf and kp. On the other hand, the validation and 
penalty transfer matrices Hv and Hp are independent of principal component index but depend on position 
index x and frequency index kf. It follows that the cost function f(x) defined in equations (14), (15) and 
(16) is a highly nonlinear function of x. This may be clearly illustrated by assuming for simplicity the case 
of only one point source so that f(x) is a function of the single integer position index variable x. If f(x) is a 
linear function of x then it must hold that the value of the cost function value in position index x1+x2 is the 
sum of the cost function values in positions x1 and x2, i.e. f(x1+x2)=f(x1)+f(x2), which is clearly not the case 
at all in general. Thus the optimization problem at hand may be identified as belonging to the class of non-
linear combinatorial optimization or non-linear discrete-integer programming problems. The cost function 
is implicit in the sense that no explicit mathematical relation between x and f(x) may be stated. To 
determine the value of f(x) for a given x, a number of numerical (inverse) problems must be solved (one 
inverse problem per frequency and principal component). The inverse problems in turn depend on the 
numerically calculated transfer functions corresponding to the positions stated in x. 
For the combinatorial optimization problem at hand a number of so-called heuristic methods apply, such 
as Exhaustive Search, Steepest Descent Local Search, Simulated Annealing, Tabu Search and Genetic 
Algorithms [11]. Of these methods, only Exhaustive Search offers the determination of a guaranteed 
global optimum. However, for an example case of M=1000 and L=20, the number of possible solutions 
(the number of ways to take 20 from 1000 simultaneously) is Bin(1000,20)=1041, thus making a search 
through all possible solutions unrealistic. In the present study a combination of Genetic Algorithms and 
Steepest Descent Local Search has been employed. 
 
 
2.3.2 Steepest Descent Local Search 
 
Steepest Descent Local Search (SDLS) works by iteratively improving a single solution point (the current 
point) by searching the neighborhood of the point. The neighborhood solution point that offers the greatest 
decrease in cost function value (in the case of minimization) becomes the new current point. The process 
repeats until no improvement is found. SDLS exploits the best solution for possible improvement but 
largely neglects the exploration of the full search space, in other words it often gets stuck in a local 
minimum [11]. To overcome this, SDLS may be restarted in a number of randomly chosen starting points 
in the hope that one of these will lead to the global optimum (Random Restart SDLS). A neighborhood of 
x may be defined in a number of ways. Here the main concern is that increasing the neighborhood size 
will also increase the calculation time per iteration. On the other hand, increasing neighborhood size also 
increases the chance of detecting the global optimum, and thus neighborhood size becomes a trade off 
between exploration and exploitation. In the present study, the neighborhood has been defined as the set of 
values of x that may be obtained by moving one of the L sources to a neighbor node position that lies 
within a specified physical distance, while keeping the remaining L-1 sources fixed. The size of this 
neighborhood is the sum of the number of possible neighbor positions of each of the L sources. Another 
possible neighborhood definition could be the set of values of x that may be obtained by moving all of the 
L sources to a neighbor node position within the specified distance. However, the number of possible 
values of x in such a neighborhood is the product of the number of possible neighbor positions of each of 
the L sources and thus will be much larger and much heavier computationally to evaluate. 
 
It should be noted that Simulated Annealing (SA) is simply another way of dealing with local optima. 
Here, walking away from a local optimum is permitted with a certain (small) probability, which is 
furthermore changed during the course of iteration. In the early iterations the aim is to explore the full 
search space, which is achieved by walking away with a relatively high probability. Having explored the 
search space, the aim is to focus on a promising local optimum. Decreasing the probability of walking 
away does this. In this way SA attempts to trade off search space exploration against solution exploitation. 
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2.3.3 Genetic Algorithms 
 
Genetic Algorithms ([11], [12], [13]), offer a similar trade off between exploration and exploitation. They 
are however fundamentally different from SDLS and SA in that they maintain a large number of parallel 
solutions which compete against each other and evolve over generations by recombination (crossover) and 
mutation, loosely following the ideas of Darwin’s “Survival of the Fittest” theories of evolution and 
natural selection. The large number of parallel solutions serves to explore the search space whereas the 
promotion of “most fit” solutions serves to exploit promising solutions [11]. 

 
Figure 2: Basic steps of a Genetic Algorithm 

 
Figure 2 illustrates the main steps during one generation of a Genetic Algorithm (GA). At time t the 
current population P(t) consists of N individuals, i.e. N values of x. The performance of each individual, in 
terms of cost function value f(x), is evaluated and a set S(t) of M best performing individuals is selected 
into a mating pool. Selection involves two main steps. First, the number of times an individual can expect 
to be selected is determined. This fitness is determined from the objective cost function value by a 
mapping procedure. Simply applying a fitness value proportional to the objective function value 
introduces problems of potentially dominating “super individuals” at one end of the spectra and “all equal 
individuals” at the other end, leading again to either too fast or too slow convergence. In the present study, 
so-called Fitness Ranking with Selective Pressure [14] has been employed to overcome such problems. 
This procedure compresses or expands the range of objective values by mapping them onto a fitness scale 
between 0.0 and 2.0. The so-called Selective Pressure parameter may take on values between 1.0 and 2.0. 
At 2.0, the least fit individual may not expect to be selected at all, while the most fit individual may expect 
to be selected twice. At 1.0 all individuals may expect to be selected once. Thus minimal selective 
pressure leads to an “all are equal” selection policy whereas maximal selective pressure leads to a 
moderate favourization of best performing individuals. In the second part of the selection procedure, the 
actual selection is done based on the assigned fitness values. A straightforward way of doing this is by so-
called “roulette wheel” selection, where a wheel is divided into sections of angular width proportional to 
the relative fitness. Selection is done by spinning the wheel M times. A major drawback of this method is 
however that it has unlimited “spread”, i.e. there is no limit on the actual times an individual may be 
selected. This in turn may again lead to premature convergence. The procedure of Stochastic Universal 
Sampling [15] overcomes this problem and has therefore been employed in this study.  
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The selected individuals are now combined two and two in a process of crossover to produce offspring 
O(t). To enable this, the variable x corresponding to each individual is represented in terms of a 
chromosome, consisting of a number of genes. Traditionally, GA’s have employed a binary coding of 
chromosomes, where each integer entry of x is converted to a binary string  - a gene – and the strings are 
then concatenated into an overall string – the chromosome. More recently, direct integer genes have been 
employed, i.e. each gene is simply the value of the corresponding entry in x. Crossover may be performed 
in a number of different ways. The simplest form of crossover is termed single-point crossover. In this 
procedure, a crossover point is randomly selected, and two offspring chromosomes are then generated by 
swapping the second part of the parent chromosomes. The crossover happens with a specified probability, 
which means that sometimes offspring is generated by directly copying the parents. More sophisticated 
crossover methods such as two-point, multi-point and uniform crossover may also be employed [16]. It 
should be noted that the crossover procedure may produce chromosomes that map back to illegal variable 
values. Various ways of handling this exist [16]. 
To introduce diversity into the population (maintain exploration) random mutation is next applied to the 
offspring with a small probability. Again, mutation may produce illegal chromosomes and this situation 
must be handled by an appropriate mapping into the legal domain or by repeated mutation until a legal 
value is obtained. Finally the generated offspring O’(t) is reinserted into the original population, replacing 
the least fit original parent members (even if the offspring’s performance is not better), to produce the 
parent generation P(t+1) for the next iteration. If M<N, a fraction of the best performing parents will 
survive into the next generation. This is termed a generation gap. If M=N, the entire population is replaced 
in each iteration. Note that while M<N will ensure a monotonically decreasing minimal cost function over 
generations, M=N will not. If M>N, only a fraction of the generated offspring may be reinserted if 
population size is to be maintained. In this case, reinsertion may be based on the most fit offspring. 
While GA’s are strong at exploring the search space, they do sometimes experience slow convergence 
towards a final optimum, despite of the various countermeasures described above. To overcome this, the 
GA may be stopped after a limited number of generations and the best solution may then be used as 
starting point for a SDLS to go the final stretch. This approach has been employed in the present study.  
 
 

3 Measurements 
 
Spatial and temporal sound pressure field sampling was done around a passenger car tire rolling on a 
dynamometer at 80 km/h. The tire was loaded by 350 kg and inflated to a pressure of 3.0 bar. The 
measurements were done using a total of 174 B&K Type 4935 microphones, approximately covering the 
source on all sides with an individual sampling point spacing of 10 cm and a distance to the source of also 
10 cm. This distance corresponds to half an acoustical wavelength at 1.6 kHz, which is the criterion for 
avoiding spatial aliasing. Thus the upper frequency range of analysis was limited to 1.6 kHz. The 
measurement setup and the microphone positions are shown in the left and right parts of Figure 3. The 
sampling rate used was 4096 samples/sec for 30 seconds. Data acquisition was done using a modified 
version of the B&K Type 7712 Non-Stationary STSF software connected via LAN to a B&K IDA front-
end with 180 input channels. 4 microphone signals were selected as reference signals and cross spectra 
were calculated between all field point signals and the reference signals, using FFT averaging. A line 
spacing of 4 Hz and 75% overlap was used. This was followed by a principal component decomposition to 
generate mutually incoherent contributions. The cross-spectral and principal component decomposition 
calculations were done using dedicated B&K software. 
 
The modeling of the source-to-field transfer functions requires knowledge of the pressure field point 
positions relative to the coordinate system used for the mesh model. To ensure a good accuracy the 
positions of the field microphones were measured using a Freepoint 3D position digitizer. 
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Figure 3: Measurement setup (left) and microphone positions (right) 

 

4 Modeling 
 
The full acoustic transfer function matrix between all candidate source positions and all 174 field positions 
was calculated using a dedicated BEM solver implemented in C++ at B&K. The input to the calculations 
was a mesh model of the tire and drum (generated using the IDEAS software package) along with the 
pressure field point positions, relative to the coordinate system used for the mesh model. The mesh model 
had 733 nodes corresponding to 733 candidate source positions. A reflecting plane was included in the 
model to emulate the hard floor in the test room, as shown in Figure 3. 
The actual source position optimization procedure was implemented in MATLAB and was based on the 
Genetic Algorithm Toolbox developed at the Department of Automatic Control Systems and Engineering 
at the University of Sheffield, UK [17]. 146 of the 174 measured pressure signals were selected as penalty 
signals and the remaining 28 as validation signals (marked by red and green balls respectively in Figure 
3). As outlined in section 2.3.1, evaluation of the cost function for a given source position configuration 
requires the solution of an inverse problem for each frequency line and principal component. To limit the 
calculation time per cost function evaluation, 80 discrete frequencies distributed in the frequency range 0 
to 1.6 kHz were included in the cost function. For all inverse problems a fixed regularization threshold of 
20 dB was used. 
The GA optimization was implemented using integer coding of the chromosomes, with a population size 
of 150 and a generation gap of 0.9. Single point cross over was employed with a cross over rate of 0.9. 
Mutation was applied with a rate of 0.1, while selective pressure was set to 1.9, i.e. high favourization of 
well performing individuals. Experiments showed that running the GA for 100 generations was sufficient 
to reach a steady state of the cost function. Since GA optimization may have a tendency to reach a near 
optimum but not the actual optimum, the best performing solution after 100 generations of GA was further 
improved by employing SDLS. Here a neighborhood radius of 15 cm was used to define the search 
neighborhood. 
Point source models with 2, 4 and 6 sources were determined. For each source configuration two different 
cost functions were investigated. The first cost function had equal weighting of the error at all frequencies 
whereas the second cost function employed increased penalty on the error above 400 Hz by a factor of 103, 
in order to emphasize model accuracy in this frequency range. For each source configuration and cost 
function 10 optimization runs were performed in order to increase the probability of reaching a global 
optimum in the optimization.  
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To evaluate the quality of a given source model, the measured and modeled sound pressure auto spectra in 
each of the 28 validation positions were recorded. To obtain an overall indicator of the model quality these 
spectra were then averaged over positions to produce a single average measured and a single average 
modeled sound pressure auto spectrum per model. To further investigate the ability of the point source 
models to reproduce the sound field at the validation microphones, a spatial correlation coefficient was 
calculated as  
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where Pmodel,i(f) and Pmeas,i(f) are the modeled and measured sound pressure auto spectra at validation 
position i and frequency f and Nv is again the number of validation positions. This coefficient takes on a 
value between 0.0 and 1.0 where 1.0 corresponds to a perfect fit between measured and modeled auto 
spectra at all positions. Note that this coefficient is very similar to the one used in modal correlation, 
except that no phase information is included in this definition. Finally the determined optimal source 
positions for each source configuration and cost function were also recorded. 
 
 

5 Results 
 
Figure 4.A-F shows comparisons of measured and modeled position averaged sound pressure auto spectra 
for each of the six combinations of source configurations and cost functions investigated. Note that the 
measured spectrum is the same in all six sub-pictures. Below 400 Hz individual peaks corresponding to 
individual circumferential modes of the running tire dominate the measured spectrum. Above 400 Hz the 
spectrum is more flat. Figure 4.A shows the result for 2 sources and uniform frequency weighting. Here 
model accuracy is quite good at some of the low frequency modal peaks with errors around 3 dB. Above 
300 Hz model accuracy is quite poor with typical errors of 5 dB and maximal errors of up to 15 dB. Figure 
4.B shows the corresponding result for 2 sources and high frequency (HF) weighting. Model error is now 
generally reduced above 400 Hz with maximal errors reduced to 7-8 dB. However, model accuracy has 
decreased considerably below 200 Hz.  
Figure 4.C shows the result of using 4 sources and uniform frequency weighting. Now model accuracy is 
quite good below 300 Hz with typical errors around 1 dB. Above 300 Hz the error is typically 3-4 dB and 
maximally 7-8 dB, i.e. at approximately the same level as with 2 sources and HF penalty. Introducing 
again a penalty at high frequencies produces the result shown in Figure 4.D. High frequency accuracy is 
further improved with maximum errors of 5 dB while low frequency accuracy is again quite poor.  
Figure 4.E shows the result of using 6 sources and uniform frequency weighting. Model accuracy is now 
very good below 400 Hz with typical errors below 1 dB and also quite good above 400 Hz with typical 
errors around 2-3 dB. Introducing finally a penalty at high frequencies on the 6 sources model produces 
the result shown in Figure 4.F. The HF error is now maximally 1-2 dB while the low frequency accuracy 
is good down to 150 Hz. Below this frequency the error is maximally 5 dB. In conclusion, model 
accuracy, in terms of position averaged sound pressure level, is improved considerably by increasing the 
number of sources from 2 to 4. Further improvement may be gained at high frequencies by increasing 
from 4 to 6 sources. Moreover, increased model accuracy may clearly be enforced in the frequency range 
above 400 Hz by applying increased error penalty in this frequency range. 
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Figure 5.A-F shows the calculated spatial correlation coefficients as functions of frequency, for each of 
the six combinations of source configuration and cost function. These figures thus provide an alternative 
view of the quality of the individual source models in terms of how well they reproduce the sound field 
across the validation positions. Figure 5.A shows the correlation result for a model with 2 sources and 
uniform frequency weighting. The spatial correlation is quite low with values down to 0.5 at some 
frequencies. Above 1 kHz the correlation is better with typical values of 0.8. Figure 5.B shows the 
corresponding result when applying HF weighting in the cost function. Contrary to what was seen in the 
case of the averaged sound pressure spectra, this frequency weighting does not have a significant effect on 
spatial correlation.  
Figure 5.C-D shows the correlation result for 4 sources and uniform vs. HF weighting. With uniform 
weighting, minimum values are now 0.6 and typically 0.7-0.9. Note that HF weighting now has a 
significant effect on correlation above 600 Hz where values are now typically 0.85-0.90 with a single dip 
to 0.75 around 1050 Hz.  
Figure 5.E-F shows the correlation result for 6 sources and uniform vs. HF weighting. With uniform 
weighting, minimum values are now up to 0.7 except near 80 Hz where a dip to 0.6 is observed. HF 
weighting again has a good effect above 600 Hz with correlation coefficients raised to above 0.9 at most 
frequencies. In conclusion, model accuracy, in terms of spatial correlation coefficient, is improved 
considerably by increasing the number of sources from 2 to 4. Further improvement is gained by 
increasing to 6 sources. As in the case of average sound pressure spectra, increased model accuracy may 
be enforced at high frequencies by applying an increased penalty in this frequency range. All in all the 
correlation results shown in Figure 5 correspond well with the results shown in Figure 4.  
To obtain a physical understanding of the above results it may be useful to examine the determined 
optimal source positions. Figure 6.A shows the positions for the model with 2 sources and uniform 
frequency weighting. One source is placed near the tire/drum contact patch and one is placed further up on 
the tread band. Figure 6.B shows the source positions when applying HF weighting. Here both sources 
have moved to positions near the contact patch. Figure 6.C-D shows the positions for 4 sources and 
uniform vs. HF weighting. With uniform weighting, two sources are placed near the contact patch (both 
on the same side) while two sources are placed further up on the tread band. HF weighting makes all 
sources move to positions near the contact patch. Finally Figure 6.E-F shows the positions for 6 sources 
and uniform vs. HF weighting. With uniform weighting, three sources are now placed near the contact 
patch (two on one side and one on the other) and three sources are placed further up on the tread band (one 
is not visible on the figure). HF weighting makes five of the six sources move to positions near the contact 
patch while one source stays in the upper part of the tire but moves to the tire side.  
In conclusion, uniform frequency weighting in general results in models with sources near the contact 
patch as well as on the upper part of the tread band, whereas HF weighting results in models with all or 
nearly all sources placed near the contact patch. Combined with the results shown in Figure 4 and Figure 5 
this indicates that the sources near the contact patch handle the high frequency modeling (above 400-600 
Hz) whereas the sources distributed on the tread band handle the low frequencies (below 400 Hz). This 
may be explained by the low frequency sound radiation being mainly caused by circumferential modes on 
the tread band and the high frequency sound radiation being mainly emitted from the contact patch/horn 
area.  
 

6 Conclusion 
 
Combinatorial optimization, in terms of Genetic Algorithms and Steepest Descent Local Search, has been 
applied to determine optimal source positions in acoustical equivalent point source models of a rolling tire. 
The optimization procedure involves iterative application of inverse source strength estimation. Results 
have demonstrated that a significant increase in model accuracy may be obtained, both in terms of position 
averaged sound pressure spectra and spatial correlation coefficient, by using a model with 4 or 6 optimally 
placed sources instead of 2. Moreover it has been demonstrated how model accuracy may be emphasized 
at low or high frequencies by applying frequency dependent weighting in the optimization cost function.  
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Figure 4: Comparison of measured and modeled sound pressure auto spectra averaged across all 

validation positions. Results are shown for 2, 4 and 6 sources and with/without frequency weighting. 
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Figure 5: Spatial correlation coefficients, calculated across the validation positions. Results are 

shown for 2, 4 and 6 sources and with/without frequency weighting. 

TRANSFER PATH ANALYSIS AND SOURCE IDENTIFICATION 3981



 
Figure 6: Source positions. Sources are marked by red balls. Results are shown for 2, 4 and 6 

sources and with/without frequency weighting. 
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Abstract 
In order to design the sound quality in interior and exterior space of a car and improve the vibration 
comfort, the identification of excitation force generated from the engine is very important and inevitable. 
Since the direct identification of force under operating condition is difficult to conduct, the indirect 
identification based on FRF measurements, that is, the inverse FRF times the response result the force, 
becomes popular but requires the excitation at force generation points such as main bearings, which is 
very hard to install the exciter. As alternative way, by use of reciprocity, the FRF may be replaced by 
exciting the monitoring response point and detecting the response at force generation point. But it is still 
very time consuming to excite several points. 
 

Instead of that, the ordinal modal testing in which only a few easy access point are stationary excited 
while many responses can be measured within short time and a little effort, is expected to predict the FRF 
between the force generation point and the monitoring response point under operating condition. After 
curve fitting, the prediction is possible so called as synthesized FRF. However in high frequency range, the 
curve fitting only provides very limited number of mode and the synthesized FRF may be far from the 
correct one especially at frequency valleys that are very sensitive to be inverted in force identification 
process. 
 

In this paper a new approach is proposed in which the number of mode is successively expanded in the 
vicinity of high frequency range of interest and the differences of synthesized FRF during such expansion 
are taken into account to determine the appropriate monitoring response points. This approach is verified 
by a numerical FE and experimental model of T plate and finally an actual V6 automobile engine is tested 
to identify the excitation force. 
 
 
1. Introduction 
 
The automobile engine plays an important role to characterize the NV performance of a car. Although the 
engine is required more powerful and quicker rotational response, vibration less and noise less designs are 
aimed to meet the social requirement such as exterior noise as environmental problem. Nowadays the NV 
performance in interior space of a car becomes an important factor for the quality evaluation of the car and 
consequently comfortable sound and ride comfort are listed as critical added value item. 
 

Thanks to recent progress of computer simulation, a fine and sophisticated numerical model for engine can 
be created and used to calculate the natural frequencies, the mode shapes and the radiated sound and so on. 
But still the accurate identification of forces generated from engine is very important and inevitable to 
evaluate the overall NV performances under operating condition.[1] 
 

Usually the location of forces generated from engine (called the force generation point in this paper) can 
be estimated such as pistons, main bearings, etc. However the indirect identification of force based on 
inverse of measured FRFs, which is very useful and widely accepted, requires the excitation at the force 
generation points. This causes a serious problem due to installation difficulty of exciter and time 
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consuming. 
 

Therefore, by good use of reciprocity, the points where the responses are measured under operating 
condition(called the monitoring response point in this paper) are alternatively excited and the responses at 
the force generation points are measured. Nevertheless many monitoring points have to be excited and still 
tremendous efforts should be made. 
 

Instead of that, the ordinal modal testing in which only a few easy access point are stationary excited 
while many responses can be measured within short time and a little effort, is expected to predict the FRF 
between the force generation point and the monitoring response point. 
 

Once the curve fitting is applied and the modal parameter are extracted, any arbitrary FRF between the 
force generation point and the monitoring response point can be, so called “synthesized” without 
excitation at both points. However in high frequency range, the curve fitting only provides very limited 
number of mode and the accuracy of synthesized FRF is not guaranteed. In this paper, a new approach is 
proposed and how to guarantee the accuracy of synthesized FRF and further select the appropriate 
monitoring points for accurate identification of force are dealt with. 
 
 
2. Force identification 
 
The indirect identification of force under operating condition is based on the following equation, 
 

FXH =−1                                        (1) 
 
where F is the forces generated from engine, X the responses at the monitoring response points under 
operating condition and H the FRFs between the force generation points such as main bearings and the 
monitoring response points. Therefore the result of force identification strongly depends on the accuracy 
of FRF. 
 

After curve fitting, the synthesized FRF can be calculated between the force generation point and the 
monitoring response point, even both points are not excited, when the appropriate modal parameters are 
extracted. However in high frequency range, the curve fitting only provides very limited number of mode 
and the synthesized FRF may be far from the correct one especially at frequency valleys that are very 
sensitive to be inverted in force identification process. 
 
 
3. Synthesized FRF 
 
A numerical FE model is used to explain the proposed approach for force identification based on 
synthesized FRFs. Fig.1 shows a FE T plate model (Al, 340x260x340mm, 10mm thickness), where the 
excitation point for FRF is set at point 48 and 48 response points are selected. Point 38 is assumed as the 
force generation point and the 48 response points are monitored. The typical FRF of the T plate is shown 
in Fig.2 and the frequency range of interest is focused between 1000 and 1300Hz. 
 
3.1 Optimum excitation and response point for FRF 
 
The FRFs should be as accurate as possible at the frequency range of interest and therefore modes existed 
at the frequency range have to be excited enough. Thus the excitation point is placed to avoid the nodal 
point of mode shape.[2] Fig.3 shows the three mode shapes of T plate existed at the frequency range. The 
optimum excitation point for FRF can be defined as the largest accumulated amplitude of three mode 
shapes and as easy access for installation of exciter from practical point of view. In this case, point 48 is 
determined as the optimum excitation point for FRF. 
 

The appropriate number and location of response point for FRF can be also determined by MAC values. 
The auto MAC values among the three mode shapes are shown in Fig.4, which indicates that these 48 

3986 PROCEEDINGS OF ISMA2006



response points are sufficient. Note that the response points for FRF include the force generation point and 
the monitoring response points under operating condition. 
 
3.2 Optimum monitoring points for synthesized FRF 
 
In order to identify the excitation forces at the force generation points under operating condition, the 
synthesized FRFs between the force generation point and the monitoring response point have to be 
predicted.[3] Since the synthesized FRFs have to be inverted frequency by frequency, the amplitude and 
phase should be as accurate as possible not only at the resonance peaks but also at frequency valleys, 
which are significantly influenced by the modes in the vicinity of frequency range of interest. 
 

In the frequency range of interest for T plate, 1000 to 1300Hz, the curve fitting is applied to 48 FRFs 
between 48 response points and the excitation at point 48 and only three mode shapes are extracted. But 
these modal parameters are not good enough to predict accurate frequency valleys of synthesized FRFs. 
 

Therefore the frequency range for curve fitting is gradually expanded in the vicinity of frequency range of 
interest, for example, case 1 1000to1300Hz, case 2 800 to 1500Hz and case 3 600 to 1700Hz.[4] As a 
result, three modes in case 1, five modes in case 2 and seven modes in case 3 are extracted respectively. 
Strictly speaking, seven modes are still insufficient to predict the correct frequency valleys. 
 

In this paper, the optimum monitoring point is so defined that, when the number of mode is successively 
expanded, the differences of synthesized FRF are not scattered. Then the evaluation index of synthesized 
FRF can be written as, 
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where FRFA is the synthesized FRF for maximum number of extracted modes in case 3, FRFB the 
synthesized FRF in case 2 or 1 and N the number of frequency line. The inverse of FRF is emphasized 
because of inversion of synthesized FRF during the force identification process. 
 

If the index P for certain response point is close to 100% which indicates the amplitude and phase of 
synthesized FRF remains same, the point is concluded suitable as the monitoring response point. In 
addition, the index Emax stands for the spike error of synthesized FRF in the frequency range of interest 
and the smaller Emax is desirable. 
 

In Table 1, the typical evaluation index P and Emax are shown which suggests that point 10 is concluded as 
“good” monitoring response point, while point 42 as “bad” monitoring response point. Indeed, as shown in 
Fig.5 and Fig.6, the synthesized FRFs between the force generation point 38 and the monitoring response 
point 10 remains same even if 3, 5 or 7 modes are taken into account and close to the correct FRF but the 
synthesized FRFs between point 38 and point 42 are scattered according as the number of modes and far 
from the correct. 
 
3.3 Identified force by synthesized FRFs 
 
In this T plate example, point 9 and point 10 indicated in Fig.1 are concluded as the optimum monitoring 
response points against the force generation point 38 based on the result of evaluation index. In Fig.7 the 
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identified forces by different FRFs are compared in the frequency range of interest, in which the correct 
force is flat. As seen in the figure, the optimum synthesized FRF at monitoring response point 9 and point 
10 using extracted 7 modes provides the most accurate result. 
 

On the contrary, if the worse synthesized FRF with 7 points are used, the identified force is far from the 
correct and as interesting observation, even all 48 points are taken into account, the identified force is less 
accurate than the optimum, that verifies the selection of monitoring response point should be optimized. 
 
3.4 Multi force identification 
 
In the above example, only one force is assumed to identify but in actual cases the multi forces have to be 
considered. As shown in Fig.8 two force generation points, point 36 and point 38 are assumed. The 
frequency range of interest and other conditions are the same as the above example. 
 

Not like the identification of one force, the optimum monitoring response point should be valid for two 
force generation points. In Table 2, the evaluation index are partly shown in which point 10 is suitable as 
“good” not only for point 36 but also for point 38. Also the synthesized FRFs are compared in Fig.9 
between point 10 and point 36 and Fig.10 between point 10 and point 38 respectively, which proves that 
the frequency valleys are not scattered according as the number of extracted modes. 
 

Based on the result of evaluation index, 6 monitoring response points are selected and the identified forces 
in the frequency range of interest are predicted for point 36 in Fig.11 and point 38 in Fig.12 respectively. 
Compared with the identified forces using all 48 points, the optimum synthesized FRFs provide more 
accurate result. 
 
 
4. T plate experiment 
 
An actual T plate with the similar dimension is tested as shown in Fig.13. Point 48 is excited and 
acceleration responses at 48 points are measured to calculate FRFs. Assuming the operating condition, two 
impulse forces are acted at point 36 and point 38. 
 

By good use of the proposed approach, point 21and point 23 are selected as the optimum monitoring 
response point. Then the identified forces are compared with the measured impulse forces in Fig.14 for 
point 36 and in Fig.15 for point 38 respectively. Compared with the identified force using 10 response 
points, the forces for point 38 are almost the same but that for point 36, the proposed approach gives 
accurate result. 
 
 
5. V6 engine 
 
An actual V6 engine is tested as shown in Fig.16. For simplification moving parts such as pistons, etc. are 
removed. In the FRF measurement, an exciter installed outside is used to excite the engine and 38 
response points are set. Assuming the operating condition, a mini shaker is placed at the piston location as 
shown in the figure for comparison of correct measured force. In the frequency range of interest, 1540 to 
1740Hz, the identified forces are compared in Fig.17, in which the optimum 2 monitoring response points 
are used and provide accurate result while the synthesized FRFs with all 15 points can not predict 
properly. 
 
 
6. Conclusions 
 
(1) The evaluation index is proposed to select the optimum monitoring response point for synthesized 

FRF during the indirect force identification. 
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(2) The proposed force identification is applied to numerical FE and experimental model of T plate and 
proven as effective. 

 

(3) Also the proposed approach is successfully applied to V6 automobile engine. 
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Fig.8 T-plate numerical model for 2 inputs 
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Fig.11 Comparison of identified force 
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Fig.12 Comparison of identified force 
at Point38 

  

Excitation Point for FRF
Force Generation Point
Optimum Monitoring Response Point
FRF Measurement Point

Excitation Point for FRF
Force Generation Point
Optimum Monitoring Response Point
FRF Measurement Point

Excitation Point for FRF
Force Generation Point
Optimum Monitoring Response Point
FRF Measurement Point

 
 
 Res.10,Z/Exc.36,YRes.10,Z/Exc.36,Y
 
 
 
 
 
 
 
 
 
 

Fig. 13 Experiment setup for T-plate 
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Fig.14 Comparison of identified force 
at Point36 
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Fig.15 Comparison of identified force 
at Point38 

 
  
 
 
 
 
 
 
 
 
 

Fig.16 Experiment setup for engine 
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Fig.17 Comparison of identified force at piston 
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Blind source separation and system identification for 
convolutive mixtures with well separated modes 
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Abstract 
In recent years a number of techniques have been developed for Blind Source Separation (BSS) and Blind 
System Identification (BSI) where there are a number of inputs to a system, and only response 
measurements are available. In most mechanical applications, the relationship between sources and 
responses is by “convolutive mixing”. This paper introduces a new solution where the system under study 
has well separated modes (for example the low order modes of a railcar) which can be separated by 
bandpass filtration. The common (SDOF) impulse response function (IRF) can be deconvolved from the 
bandpassed mixture in each band, giving a simple (multiplicative) mixture, and it is then possible to use 
Independent Components Analysis (ICA) to separate the mixture into the contributions from the 
independent sources. This paper demonstrates the procedure based on analytically simulated mixtures, and 
also on a simple free-free beam excited by two shakers with different force signals, but in the latter case 
cross-talk via structural coupling impedes complete separation. 

 

1 Introduction 
 

Blind Source Separation (BSS) is a process aimed at identifying the sources giving rise to mixtures of 
signals from observations of the mixtures.  Typically the problem would take the form in Figure 1, where 
the task is to find [s1, s2, …sn] from measurements of [y1, y2, …yn]. 

 

 
Figure 1 The BSS problem 

 

A solution has been developed under certain conditions and limitations for instantaneous mixtures [1-3], 
which are defined as the product of a matrix of gain factors with the vector of the source signals. 
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( ) ( )tt Asy =       (1) 

 

where the components of ‘y’ are the output mixtures, the components of ‘s’ are the sources, and the 
components of ‘A’ are the various scalar gain factors associated with the system. The problem requires the 
determination of ‘s’ from the measurement of ‘y’, and has been termed Independent Component Analysis 
(ICA) because although there are an infinite number of possible solutions, a particular solution arises if the 
sources are assumed to be statistically independent. ICA is further limited to recovering at most the same 
number of sources as there are observed mixtures at an unknown scale and permutation. 

  

Theoretically, the BSS problem, as applied to vibration signals can be solved using the instantaneous 
mixing model if the system is a small and rigid structure [4], but in practice the size and elasticity of 
structures can rarely be neglected [5-6]. In this case the instantaneous mixing model does not hold, and a 
model that takes the time dependent response of the system into account is needed. Such a model is 
termed a convolutive mixing model, and is derived from the fact that each source signal is convolved with 
an impulse response function (IRF) associated with each transfer path. 

( ) ( ) ( )ttt shy ∗=        (2) 

where ‘∗ ’ represents the function of convolution, and ‘h’ is a matrix of system IRFs.  This more 
complicated mixture cannot be directly dealt with using ICA. However, if Equation (2) is transformed into 
the frequency domain using the Fourier transform and convolution theorem we have; 

( ) ( ) ( )fff SHY =       (3) 

so that for each frequency bin the spectra of the observations take the form of instantaneous mixtures of 
the source spectra. As such, the BSS problem can be solved to within an unknown scale and permutation 
within each frequency bin using ICA. This method magnifies the problem of ICA, because the scale and 
permutation indeterminacy now exists at each frequency bin. A number of methods have been developed 
to solve the permutation problem under various limitations [7-9], all adding complexity to the problem.   

 

Here a new time domain approach is suggested that greatly simplifies the problem. It relies on a 
commonality between the IRFs for all transfer paths within the frequency range of each of the modes of 
the structure. For each mode, all system impulse responses are scaled exponentially decaying sine waves 
with the same frequency and damping. If the modes are well separated in frequency, they can be isolated 
by bandpass filtering. This would often be the case for the low order modes of a structure such as a rail 
car, and it is usually the low order modes that determine properties such as ride comfort. The approach 
here is to reconstruct the impulse response function of each mode, and deconvolve it from each of the 
mixtures, to reduce the convolutive mixture to an instantaneous one. The independent sources can then be 
separated using ICA. The key steps are explained in the following sections. 

 

2 Reducing the convolutive mixture to an instantaneous one 
 

For many mechanical structures it is well-known that the frequency response function (FRF) ijH for 

response DOF i and input DOF j is a sum of the single degree-of-freedom (SDOF) FRFs for each mode, as 
described by the equation: 
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where ijkr  is the residue of the kth mode, whose natural frequency and damping are kω  and kσ  

respectively. The main principle of the technique presented here is that convolutive mixtures may be 
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bandpass filtered within the frequency range of a well separated mode to reduce the problem to that of an 
SDOF system. The problem can thus be solved for all modes separately, and the results combined to give 
a solution to the multi degree-of-freedom (MDOF) problem.  This method relies on all system inputs 
being convolved with scaled versions of the same IRF to produce their contribution to the outputs within 
each frequency range. Note that this solution cannot be used in systems where the IRFs have delays, such 
as with many acoustical problems. 

  

3 Recreating the SDOF IRFs for each mode 
 

Assuming the impulse response around the frequency range of a particular structural resonance can be 
modelled using an SDOF IRF with the same modal parameters of damping and natural frequency for all 
transfer paths, then if the modal parameters can be found the IRF can be reconstructed.  

 

The SDOF system IRF is given in equation (4) 

teth d
t ωσ sin)( −=       (4) 

where ‘h(t)’ is the IRF, ‘σ’ is the exponential coefficient associated with damping, and ‘ωd’ is the damped 
natural frequency. Here it is suggested that the modal parameters can be found from the averaged 
autospectra by taking the peak frequency as the damped natural frequency, and the damping from the 3dB 
bandwidth (σ is half the frequency separation between points 3 dB below the peak on either side). The 
peak frequency and damping values can be obtained more accurately by fitting a cubic spline to the 
samples around each peak. Deconvolution in both the time and frequency domains was tried but it was 
found that division by the frequency response in the frequency domain gave better results. 

 

4 Demonstrating the technique on simulated data 
 

 
Figure 2  Simulated 2 DOF system. 

 

An analytical simulation was created based on the 2DOF system in Figure 2. Newton’s second law was 
applied to each mass to produce equation (5) 
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The eigenvalue problem was then solved for the system in order to find the modeshapes and natural 
frequencies, from which the FRFs could be calculated for the case of proportional damping using equation 
(6). 
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Arbitrary values were chosen for the mass and stiffness such that the natural frequencies were calculated 
to be 15.55 and 42.72Hz. The calculated FRFs are shown in Figure 3 (a). The corresponding IRFs were 
found by taking their inverse Fourier transforms. The four IRFs were used to define the four transfer 
functions associated with the possible signal paths: from 1 to 1, from 1 to 2, from 2 to 1, and from 2 to 2. 
This results in a system with a maximum of two inputs and two outputs (TITO). Unique random inputs 
were generated and convolved with the various IRFs and the responses from each input were summed to 
produce the convolutive mixtures at each of the outputs.  From these the averaged output autospectra were 
found, and are shown in Figure 3 (b).  
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Figure 3 (a) system FRFs and, (b) averaged output autospectra 

 

  The two peaks in the autospectra are at 15.54 and 42.58Hz, which are close to the calculated natural 
frequencies. The SDOF IRFs were then reconstructed using these frequencies and the 3dB bandwidth 
damping. The corresponding IRFs were then deconvolved from each low- and high-pass filtered output 
respectively. 

 

The deconvolution was done as a division in the frequency domain. The IRFs and response mixtures were 
Fourier transformed into FRFs and response spectra. The low and high frequency components of the 
response spectra were separated and divided by their corresponding low and high frequency FRFs. The 
results were inverse Fourier transformed back into the time domain, giving two instantaneous mixtures at 
the low frequency range, and two more at the higher frequency. 

 

dB 

dB 
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The independent components of each mixture were separated using Jade [2], giving two source signals for 
each of the separated frequency ranges, recovered at an unknown scale and permutation.  

 

In principle, a unique solution to the permutation problem is possible. Assuming each independent source 
originates at a unique location on or within the structure, the transfer path from each source to each sensor 
is also unique. As has already been discussed, the technique presented here relies on the modal parameters 
of frequency and damping being global properties of the system, which define the poles in all the system’s 
FRFs. The assumption is that the zeros in the FRFs (which are not global, but differ according to transfer 
path) can be used as a fingerprint of the transmission path. Since each transfer function has its zeros at 
unique frequencies, this information can be used to solve the permutation problem between the separated 
frequency ranges, by using enough frequency overlap so that any zero between two modes is kept in the 
frequency range of both. After the independent sources are separated the signals with zeros at the same 
frequencies are recombined (with sign adapted so as to give a zero or not as required), giving the BSS 
solution for the entire frequency range. This approach was successful in this very simple case of a TITO 
system. It is suspected that in the more general case of a MIMO system, it should be possible to use 
continuity of the phase at the junction between any two frequency regions as an indicator of the sign of 
adjacent residues and to solve the permutation problem. An example of the result is shown in Figure 4.  

 

 

 
Figure 4 Original inputs compared with recovered sources. Here the recovered sources have been scaled 

to match the scale of the original inputs 

 

5 Real measurements on a free–free beam 
The beam in Figure 4 was suspended by springs and excited at opposite ends by unique burst random 
signals generated by electromagnetic shakers. Responses were measured at a number of locations along 
the beam. Two of these were analysed for the present purpose. Note that since the response measurements 
here were in terms of acceleration, this was accounted for in the frequency response functions by 
multiplying the displacement FRFs by  − ω2. The averaged autospectra are shown in Figure 5 (a) and (b). 
The technique was attempted on the first three modes (approx. 17, 44 and 86 Hz), as from the autospectra 
they can be seen to be well separated. The results were not a success. After examination of the measured 
input autospectra (Figure 5 (c) and (d)), which were supposed to be independent, it was realised that the 
cross-talk between signals meant they were not statistically independent, and thus would not be separated 
using ICA. This cross-talk results from the coupling of the force transducers with the response motion of 
the beam, and makes itself evident in the peak/notches in the vicinity of each mode (compensating for the 
difference in natural frequency between the beam alone and the beam with attached shaker moving 
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elements). This is a common occurrence in situations such as this where a relatively light structure is 
excited by shakers attached to the structure. It would not necessarily apply in many situations in practice 
where there is little interaction between the various excitations. To take the example of a rail vehicle, the 
excitation from rail roughness would not interact with aerodynamic excitation. 

 

 
Figure 4  Test setup 

 

 
Figure 5 (a) and (b) are the response autospectra, and (c) and (d) are the input autospectra 

 

After further investigation of the measured input autospectra, it was thought that better results may be 
obtained in the frequency range of the 2nd and 3rd modes (44 and 86 Hz), where the cross-talk can be seen 
to be minimal, at least in input 1. The results are shown in Figure 6, where it can be seen that both 
recovered source signals appear to exhibit the burst period of the 2nd measured input, and the 2nd recovered 
signal in particular follows the same signal shape as the 2nd measured input (Figure 7). 
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In Figure 5(d) it was noticed that Input 2 had less evidence of cross-talk at the second mode (Input 1 had 
little evidence at all three modes), and so an attempt was made to separate just this one mode at about 44 
Hz. Figures 8 and 9 show that even in this case, only one of the sources can be extracted. It is evident from 
this that the ICA process is very sensitive to the independence of the sources, and so the results of the 
practical example chosen here are somewhat inconclusive. A test will thus be initiated, where the 
excitation by the two sources will be non-contacting (eg via solenoids), to check that this is the problem. 

 

 
Figure 6 results from the frequency range of the 2nd and 3rd modes 

 

 
Figure 7 closer look at the 2nd recovered source, and measured input 

 

6 Discussion 
The results for the simulated system indicate that the method should work under ideal conditions, but the 
practical case chosen gave inconclusive results. It is presumed that this is because the sources were not 
truly independent, because of structural coupling between the force transducers that are attached to the 
structure where the shaker forces are applied. Vibrations excited by the first shaker give a reactive force at 
the second shaker because its moving element is connected via the force transducer. Although a problem 
with modal analysis test setups such as this, it would rarely be a problem in many practical applications of 
operational modal analysis, where the various excitations do not interact with each other. Our prime 
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intended application of determining the in-service modal properties of a rail vehicle is a case in point. It is 
not expected that the various excitations such as rail roughness, engine/transmission or aerodynamic 
forces would influence each other through the structural response, and neither would there be a difference 
between the natural frequencies of the structure and the frequencies of maximum response, as there is in a 
modal test where shakers are attached to the structure giving added mass. 
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Figure 8 results from the frequency range of the 2nd mode (44 Hz) only 

(Note the different permutation of measured and recovered sources) 
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Figure 9 closer look at the recovered source corresponding to measured input 2 
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The questions of permutation and scaling have not been fully addressed here for the general case, and 
further work is required to resolve this problem. It is not always necessary to fully determine the absolute 
scaling of a forcing function, as long as its effect at the measurement points is known (ie there is an 
indeterminacy in how the overall gain is divided between the forcing and transfer functions). The former 
are often assumed to have unit strength so that all gain is assigned to the transfer functions. Often it is 
sufficient to obtain the correct form of the forcing functions (ie correct relative scaling between the 
various components from different frequency bands) and this is achieved by the technique proposed here. 

More work is also required to check the solution of the permutation problem in the general case. As 
mentioned above, it is thought that continuity of phase should provide an answer, possibly in conjunction 
with the location of zeros in overlapping bands. 

 

7 Conclusion 
A method is presented for performing blind source separation for the case of convolutive mixing, but 
where the excited system has well separated modes; for example the low order modes of a mechanical 
structure such as a rail vehicle. The initial results are promising in that separation is achieved for a simple 
simulated system, but there is still considerable development required to apply the method to actual 
mechanical structures. The paper discusses some of these problems. 
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Abstract 
In this paper a pure time-domain version of source-path-contribution analysis is investigated using a 
controllable source, a noise and vibration simulator installed into a trimmed vehicle. Both airborne and 
structure-borne inputs are investigated and the matrix method in the time-domain is used to calculate 
source contributions as sounds at a listeners’ position inside the cabin. Operating data from a simulated 
run-up/run-down and sets of transfer functions (FRFs) are firstly used to estimate the strength of some 
defined point sources, acoustically and mechanically. Secondly the operating source strengths are 
combined with acoustic or vibro-acoustic FRFs to predict contributions at a receiver. In this work it is 
attempted to make the airborne and structure-borne models as simple as possible, and predicted 
contributions are validated against actual measured data. All measurements were conducted on the vehicle 
with and without the engine simulator installed. 
 

1 Introduction 
 
Airborne and structure-borne source-path-contribution analysis plays an important role in the automotive 
industry as a tool to identify and quantify contributions from sources to receiver locations inside a cabin. 
Depending on the nature of the excitation, contributions can be split into airborne or structure-borne and 
several techniques for estimating individual contributions exist. In case of structure-borne inputs a set of 
unknown input strengths, eg input point forces, can be estimated using indirect techniques since the acting 
force on the vehicle body under operation cannot be measured directly in a reliable way. The two 
conventional indirect techniques are the mount stiffness based upon stiffness data estimates of rubber 
mounts and the other technique is the matrix method making use of vibration transfer functions, eg 
accelerances, for the trimmed vehicle. This latter measurement requires in theory the engine etc to be 
removed from the rest of the vehicle, thus complicating the measurement procedure. Having estimated the 
forces during operation, vibro-acoustic transfer functions (noise transfer functions) relating sound pressure 
at a receiver to the input force can be used to do the contribution analysis, ie finding the dominant 
contribution, strongest path etc. For the airborne approach the matrix method is usually used in which 
acoustic transfer functions and operating data are combined to form an acoustical model of the engine. A 
new set of acoustic transfer functions makes it possible to investigate contributions to a desired receiver. 
When doing the measurements for the acoustical source modelling the engine is normally removed and 
placed on an engine test bench, but in the present work we will consider the engine installed during all 
measurements.    
A noise and vibration engine simulator is used to produce airborne and structure-borne inputs to a vehicle 
body through some simple mounts and via the build-in loudspeakers. The inputs can be controlled so as to 
produce either airborne and/or structure-borne inputs. The predicted total contribution inside the cabin 
from the engine simulator is validated against the actual measured data. The different numerical issues 
associated with matrix inversion are discussed and attention is also paid to some practical measurement 
aspects. 
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2 Matrix inversion method 
 
The method considered in this study is a version of the matrix method however in the time-domain. It 
applies to both the structure-borne and the airborne case. In either case the sources is modelled by a 
number of point sources, acoustical point sources in the airborne case or point forces including a certain 
direction in the structure-borne case [1,2]. Rotational degrees of freedoms are neglected throughout this 
work. Usually an indirect procedure is used to estimate the strength of each point source in the model. 
This involves measuring operating data at so-called indicator positions close to the selected point source 
positions and also to determine transfer functions between each point source position and all indicator 
positions. Finally matrix inversion techniques can be used to estimate the source strengths for the two 
cases 
 

2.1 Frequency domain 
 
The usual approach is to write the matrix method in the frequency domain, solving a matrix equation for 
each frequency line. For the two cases it can be written:   

indSBindAB aHfpHq 11 , −− ==                                                        (1) 

here q is a vector of acoustical source strengths matching the operating data at indicator microphones in 
pind. For structure-borne, f contains operating forces obtained from operating vibration data at indicator 
accelerometers in a. Transfer functions are measured as Frequency Response Functions (FRF) and 
arranged in the two matrices. For airborne contributions a source with known volume velocity output is 
put to each defined source position and the sound pressure is measured at the indicator microphones. The 
obtained pressure/volume velocity FRFs are arranged in the matrix HAB. Similarly for structure-borne 
contributions, a known force is applied at the defined force input points and acceleration is measured at 
indicator accelerometers. The measured accelerences, acceleration/force, are arranged in the matrix HSB. 
In both cases care should be taken when inverting the matrix since it can become ill-conditioned, however 
regularisation methods to overcome this problem and enabling calculation of a useful solution to the 
matrix problem exist [3].  
Having calculated the point source strengths under operation, the next step is to do the actual contribution 
analysis simply multiplying source strength with a transfer function to the receiver. If we only consider an 
acoustical receiver, the sound pressure is: 

∑∑ ==
j

jjrecrec
i

iirecrec fHpqHp ,, , ,                                             (2) 

where Hrec are acoustic (pressure/volume velocity) or vibro-acoustic (pressure/force) transfer functions. 
These calculations make it possible to investigate how much a certain physical source, represented by a 
point source in the model, contributes to the total sound pressure level at a receiver location. 
Since amplitude and phase is measured for all FRFs a fully coherent operating dataset must be supplied 
when solving the matrix equation, otherwise principal component decomposition should be used in a pre-
processing step.   
 

2.2 Time domain 
 
Instead of relying on the frequency domain method, a time domain method would make it possible to 
easily handle non-stationary conditions like an engine run-up/run-down. Furthermore the contribution 
results are in the form of time signals (sounds) allowing all sorts of post-processing to be done later on.    
A time domain version of the above equations can be established if we consider a matrix of inverse time 
filters to be used in a deconvolution process. For the two cases it becomes: 
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where ‘∗’ is the convolution operator. 
The inverse filter matrices are obtained from matrix inversion for all relevant frequencies and then turned 
into FIR filters. As a result, the point source strengths will now be in the form of time histories. 
Receiver contributions are calculated by convolution with another set of FIR filters, h, representing the 
path between source and receiver: 

∑∑ =∗=
j

jjrecrec
i

iirecrec tfhtptqhtp )()(,)()( ,,                                    (5) 

The complete process of getting receiver operating sound pressure time data from operating data at 
indicator transducers is shown in figure 1. 
 

Indicator operating
time histories

Source-to-Indicator
FRF

Source-to-Receiver
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Inverse FIR filtering
(deconvolution)

Operating 
source strength

time histories

FIR filtering
(convolution)

Receiver operating 
sound pressure 

time history

 
Figure 1: Time domain process to obtain receiver contributions from indicator time histories and 
FRFs 

 

3 Engine noise and vibration simulator measurements  
 
A noise and vibration simulator made as a wooden box with 7 faces was used as source for testing the time 
domain contribution analysis method. Each face is equipped with several loudspeakers units for producing 
pure airborne inputs into the vehicle body under consideration. Also, a ButtKicker shaker installed inside 
the wooden box is used to generate pure structure-borne inputs. In this way we can control the source so as 
to produce only airborne inputs or structure-borne inputs or combinations of both. For the airborne case 
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individual signals can be fed to the faces, which can be turned on and off making it possible to validate the 
face contributions. The simulator box is installed into a Smart car through three mounts, see figure 2 
below. 
 

       
 Figure 2: Engine noise and vibration simulator placed in vehicle 

 

3.1 Operating measurements 
 
Engine bay recordings made during operating tests on a different vehicle were played through the engine 
faces and a further set of signals was used as input to the shaker inside the simulator box. The signals 
considered in this work were all taken from a run-up/run-down. 
For the structure-borne matrix method acceleration signals measured on the vehicle body side are needed 
to calculate operating forces at selected positions and for selected directions. One tri-axial accelerometer 
(B&K Type 4520) was fastened to the vehicle body close to each mounting point. An extra of 4 uni-axial 
accelerometers (B&K Type 4507 Bx), distributed on the frame, were used to provide more information for 
the force estimations and create a slightly over-determined system of equations. In total this gives 13 
accelerometer signals. 
For the airborne matrix method is was decided to model the simulator using 7 acoustical point sources, 
one representing each face. 7 indicator microphones (B&K Type 4935) were placed on the engine bay 
walls around the simulator, one microphone in front of each face. 
The two microphones of a Head and Torso Simulator (HATS) positioned on the passengers seat take the 
role as acoustical receivers, see also figure 3. 
Simultaneous recordings of time histories for all the above signals were made for different scenarios: 
airborne + structure-borne excitation, airborne only, structure-borne only and finally each face exciting 
(airborne). A sampling rate of 16384Hz was used for all recordings resulting in a bandwidth of 6.4kHz.         
 

3.2 FRF measurements 
    
The matrix method for structure-borne analysis needs an accelerance matrix to be used in an inverse 
problem for estimating a set of operating forces acting on the vehicle body. Prior to mounting the engine 
simulator inside the engine bay of the Smart this matrix was measured using the same set of 
accelerometers as for the operating tests. The structure-borne excitation of the vehicle body caused by the 
engine simulator was considered modelled as three forces in the x, y, and z-direction acting on the vehicle 
body at each mount, 9 forces in total. A handheld mini shaker provided the input force and FRFs to all 
accelerometers were measured. This was done for the three mounting points and in three directions 
resulting in a 13x9 accelerance FRF matrix for the structure-borne matrix inversion problem. The FRFs 
were measured up to 1.6kHz with a frequency resolution of 1Hz.  
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The trimmed vehicle without engine simulator mounted is shown in figure 3. At the same time of 
measuring the accelerance FRFs, vibro-acoustic transfer functions (also called noise transfer functions) 
from the force input positions and directions were measured to the 2 HATS receiver microphones inside 
the vehicle. This would give a more consistent dataset of FRFs, however an alternative to measuring the 
vibro-acoustic transfer functions in the direct sense would be to measure reciprocally with acoustical 
excitation at the HATS ears measuring acceleration at the mounts.    
 

       
Figure 3: Trimmed vehicle for accelerance and vibro-acoustic FRF measurements  

 
It was decided to make an acoustical model of the engine simulator with a small number of acoustical 
point sources, only one source placed on each engine face in the centre, making it a total of 7 acoustical 
sources. For the purpose of estimating the operating source strength of each source, one indicator 
microphone was positioned in front of each face. The acoustic FRF matrix is measured using a calibrated 
volume velocity source (B&K Type 4295 OmniSourceTM fitted with a flexible hose and volume velocity 
adaptor), see figure 4. The volume velocity output at the opening of the adaptor is measured using a pair 
of phase-matched microphones, which is then used to determine the volume velocity-to-sound pressure 
transfer functions needed for this study. All acoustic transfer functions were measured up to 6.4 kHz with 
a frequency resolution of 1 Hz with this single volume velocity source. In the low frequency end, the 
output from this source begins to become poor below 50 Hz so the transfer functions will be less valid in 
that region.  

 

       
Figure 4: Volume velocity source used for acoustic FRF measurements 

 
Figure 5 shows an example of the volume velocity output spectrum during measurement and the effect of 
the hose producing some peaks in the spectrum is observed. 
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The nozzle of the volume velocity source was fastened to each engine face and acoustic FRFs were 
measured to all indicator microphones and the two HATS microphones. At the end giving a 7x7 acoustic 
FRF matrix for the inverse determination of acoustical source strengths. 
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Figure 5: Volume velocity output spectrum for sound source incl. hose 

  

4 Analysis and contribution results 
 

4.1 Data processing 
 
The first step in the time domain approach is to convert the measured FRFs into inverse filters for the 
deconvolution step. Having assembled the two matrices for our analysis, an inversion step is necessary for 
each frequency. To do that properly a picture of the matrix ill-conditioning is useful. The matrix condition 
number is a measure of how sensitive the solution is to errors in the data or the matrix itself. Below in 
figure 6, two plots of condition number versus frequency are shown for the two matrices. In both cases the 
condition number is within the range 10-100 for most frequencies which is not severely ill-conditioned. 
On the other hand to avoid solutions containing amplified noise components a Singular Value 
Decomposition (SVD) is carried out for each frequency line and singular values smaller than a certain 
threshold are discarded. In this work this threshold is expressed in dB relatively to the largest singular 
value, and a 20dB value has been applied in both cases. A threshold of 20dB means that the resulting 
matrix condition number will be 10 for all frequencies. For the airborne matrix below 1000Hz, it can be 
seen from the right plot in figure 6, that the chosen threshold will have no effect since the condition 
number is already below 10.   
 

200 400 600 800 1000 1200 1400 1600
100

101

102

Frequency [Hz]

co
nd

 #

Condition number SB Matrix

1000 2000 3000 4000 5000 6000
100

101

102

103

Frequency [Hz]

co
nd

 #

Condition number AB Matrix

 
Figure 6: Condition number vs frequency for structure-borne matrix (left) and airborne matrix 
(right) 
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Below 50Hz the measured FRFs are not expected to be valid so this very low frequency range is filtered 
out before creating the inverse FIR filters.   
For the contribution calculations a second set of FIR filters, representing the paths between point sources 
and in-cabin receivers, is created. 
The operating data for the contribution calculations will be the time histories recorded at indicator 
microphones and indicator accelerometers when all airborne and structure-borne inputs of the engine 
simulator are active, as would be the case for a real operating engine. The 13 indicator accelerometer time 
histories are filtered through the structure-borne inverse filters to get the 9 operating forces as time signals 
which can be further filtered to get sound pressure time signals at either left or right HATS receiver 
position. For the airborne contributions, the 7 indicator microphone time histories are filtered through the 
airborne inverse filter matrix to determine the 7 operating volume velocity source strengths, which can 
also be further filtered to get receiver contributions. 
 

4.2 Contribution results 
 
If we sum the contributions from the 9 operating forces and the 7 operating volume velocity sources we 
get a modelled prediction of the total structure-borne and airborne engine sound inside the cabin at the 
HATS left and right ear position. To validate the model of the engine simulator a comparison is made with 
the total measured sound. Spectrograms showing frequency contents vs time of the total predicted sound 
and the total measured sound at the left ear are shown in figure 7. Only frequencies up to 1kHz are shown. 
The two plots show similar features and the missing frequencies below 50Hz are noticeable for the 
prediction. From the original engine recordings made inside the real vehicle it is known that the 2nd 
engine order is the most dominant feature. Those original recordings are inputs to our engine simulator 
explaining why the plots also show a dominating 2nd order.  
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Figure 7: Spectrograms (frequency vs time) of total (airborne + structure-borne) measured sound 
(left plot) and predicted sound (right plot) at left ear position 

 
An Autotracker based on a statistical framework [4] eliminates the need for a corresponding tacho signal 
and was therefore used to estimate the RPM as a function of time from the left ear acoustical time signals. 
Having estimated an RPM profile the 2nd order contributions for the run-up section of the signals can be 
plotted together, see figure 8. Apart from the very low RPMs, which are affected by the 50Hz high-pass 
filtering in the predictions, the measured and predicted levels for this order agree indeed very well.  
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Figure 8: 2nd order contributions - total (airborne + structure-borne) measured vs predicted 

 
Since we have measured operating data for the structure-borne and airborne inputs alone we can make a 
further validation into these components. Comparisons of left ear spectrograms for structure-borne only 
excitations are shown below in figure 9. For this type of input the left ear signals are really dominated by 
the 2nd order component. Some higher orders are noticeable in the spectrogram of the measured signal but 
not significant in the predicted result. The corresponding 2nd order contributions are plotted in figure 10, 
where the effect of regularisation in the inverse filter calculations, which then further affects the 
predictions, is introduced. So far we have assumed some kind of regularisation when calculating the 
inverse filters for the predictions in either case (blue curve). If we do not add any regularisation in the 
inverse filter calculations, meaning that we just compute the pseudo-inverse of the matrices for each 
frequency, we get another set of inverse filters. Using this other set of filters in the structure-borne case we 
get the 2nd order contribution prediction given by the green curve. The two curves are not far apart 
suggesting that regularisation does not have a big effect on the prediction in this frequency range.  
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Figure 9: Spectrograms (frequency vs time) of structure-borne measured sound (left plot) and 
predicted sound (right plot) at left ear position 

 
Overall there are some deviations between measured and predicted when comparing structure-borne 
contributions, but the trends of the curves are the same.  
 

4010 PROCEEDINGS OF ISMA2006



1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000
30

40

50

60

70

80

RPM

S
P

L 
[d

B
]

2nd Order contribution

Measured SB
Predicted SB regul
Predicted SB noregul

 
Figure 10: 2nd order contributions - structure-borne measured vs predicted (with and without 
regularisation applied) 

 
Comparing the airborne prediction with the actual airborne measured sound, we get the spectrograms in 
figure 11. The plots are again dominated by the 2nd order but other orders are present as well for this type 
of excitation. Orders other than the 2nd seem to be predicted very well in this case.      
2nd order contributions are again extracted from the spectrograms and plotted together, in figure 12. Very 
good agreement is observed between measurement and prediction. The effect of regularisation for the 
airborne case at low frequencies has already been commented on earlier stating that since the condition 
number of the acoustic FRF matrix is so small in that frequency range, the regularisation applied will have 
almost no effect on the predictions. This is indeed evident from the two curves with and without 
regularisation.  
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Figure 11: Spectrograms (frequency vs time) of airborne measured sound (left plot) and predicted 
sound (right plot) at left ear position 
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Figure 12: 2nd order contributions - airborne measured vs predicted (with and without 
regularisation applied) 

 

Conclusions 
 
Airborne and structure-borne source-path-contribution analysis implemented as a time domain approach 
has been shown to produce accurate results for the described set-up using an engine noise and vibration 
simulator installed in a trimmed vehicle. Interestingly the method can easily handle standard run-up/run-
down engine tests while producing contributions as sounds. Most of the measurements, which serve as 
input for the method, were made with the engine installed, thereby making it a practical method. At the 
same time it was decided to make the models for contribution analysis as simple as possible, for example 
the airborne model of engine simulator consisted of only 7 point sources while still making it possible to 
predict the total airborne noise but also contributions from single engine faces. The simple models with 
point sources well separated in space will also have an impact on the ill-conditioning of the associated 
matrices used in the calculation of the inverse filters. The two matrices presented here were only 
moderately ill-conditioned at higher frequencies, >1kHz, whereas at low frequencies no regularisation was 
in fact needed as indicated by the 2nd order contribution results made for both the airborne and structure-
borne cases presented. However, it is believed that the significant ill-conditioning at higher frequencies 
will have an impact on the actual predicted sounds produced, changing the balance between low and high 
frequency content. Further work will go into trying to estimate an optimal threshold, probably frequency 
dependent, for the calculation of the inverse filter matrices.   
 

4012 PROCEEDINGS OF ISMA2006



References 
 
[1] J. W. Verheij, Inverse and reciprocity methods for machinery noise source characterization and 

sound path quantification. Part 1: Sources, Int. Journal of Acoustics and Vibration, Vol. 2, No.1, 
(1997), pp. 11-20. 

  
[2] J. W. Verheij, Inverse and reciprocity methods for machinery noise source characterization and 

sound path quantification. Part 2: Transmission Paths, Int. Journal of Acoustics and Vibration, Vol. 
2, No.3, (1997), pp. 103-112. 

 
[3] P. C. Hansen, Rank-Deficient and Discrete Ill-Posed Problems, SIAM, Philadelphia, PA (1998). 
 
[4] T. F. Pedersen, H. Herlufsen, H. K. Hansen, Order Tracking in Vibro-acoustic Measurements: A 

Novel Approach Eliminating the Tacho Probe, Proceedings of SAE, 2005 May 16-19, Traverse City 
MI (2005).      

TRANSFER PATH ANALYSIS AND SOURCE IDENTIFICATION 4013



4014 PROCEEDINGS OF ISMA2006



An Analysis of Friction Noise

Stephen Smyth† & Henry Rice
Department of Mechanical Engineering,
Parsons Bld, Trinity College, Dublin 2, Ireland
†e-mail: macgabhs@tcd.ie

Abstract
The noise generated by friction is measured and analysed using Nearfield Acoustic Holography (NAH).
An experimental rig is used to generate sliding contact between a smooth disk and a small solid block.
The material, normal force applied and the sliding velocity of the block can be varied. Rubbing noise in
particular is investigated in this paper. In addition to the sound field measurements the surface vibrations
of the block are measured using a Laser Doppler Vibrometer (LDV). Signal conditioning techniques are
applied to investigate the correlation between the sound field and the surface vibrations. A numerical model
of the system is also presented where a cantilevered beam is excited at its free end by a frictional contact. A
dynamic friction model known as the bristle model is used to excite the beam. The beam is modelled using
finite elements and its response is related to the sound field by a point source acoustic model. Experimental
results show that the sound source for rubbing noise is at the leading edge of the contact while numerical
results are promising showing that both the stick-slip and rubbing cases can be modelled

1 Introduction

Friction occurs when relative motion is present between any two surfaces in contact. Many parameters such
as the relative velocity, lubrication and normal force between the surfaces influence the friction. However
the effect of friction is always the same, when present it acts to transfer energy from one solid to another and
to dissipate the energy of the relative motion [1]. It is due to the transfer of energy from one type to another
that friction often has the capacity to generate sound.

The sound generated can range from the music of a violin to the squeal of a cars brakes. The sound is
generated by the surface waves of vibration that result from the frictional excitation at the contact. The type
of sound however can range from the extreme squeal associated with a phenomenon known as stick-slip to
a hissing sound often called rubbing noise. The majority of research into friction induced sound has been
either in the area of brake squeal or in modelling bow-string musical instruments such as the violin.

A particular area where friction induced noise is important is tyre/road noise. It is already well known that
under extreme cases such as acceleration, braking and cornering the forces acting on the tyre will excite
stick-slip vibrations and cause a squealing noise. However, under normal driving conditions it is probable
that friction has a significant part to play in the sound being generated. Some research has shown that
injecting talcum powder into the contact patch of a tyre and the road has the effect of reducing the noise
being generated [8]. The addition of talcum powder would certainly have changed the friction characteristics
of the contact.

The following paper will investigate the noise generated by friction from an experimental and numerical
point of view. The experimental investigation will use Nearfield Acoustic Holography (NAH) to analyse
the sound generated by a sliding contact. The numerical investigation will use a finite element model of a
cantilevered beam excited at the free end by friction. The friction model used is the state of the art and is
capable of modelling both the stick-slip and rubbing cases of friction excitation.
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Figure 1: Sound Field Reconstruction by NAH

2 Nearfield Acoustic Holography

As the name suggests NAH is a technique to process sound field data measured in the nearfield and was
developed by Maynard et al [7]. The nearfield is generally defined as 1

4 of the wavelength of the maximum
frequency of interest. In this paper the case of planar NAH is presented in which the sound field is measured
over a 2-D rectangular plane, however, it is possible to measure the sound field over cylindrical or spherical
surfaces using different formulations of NAH. Using NAH the 3-D sound field can be reconstructed from a
2-D measurement over a plane parallel to the source plane, figure 1.

The major advantage of NAH over conventional acoustic holography comes from including evanescent waves
in the measurement. Evanescent waves are exponentially decaying waves that have no effect on the sound in
the farfield. However, in the nearfield they carry a relatively large part of the acoustic energy. By placing the
microphone array in the nearfield the amplitudes of the evanescent waves are still large enough to measure.
Their inclusion has a major effect on the resolution obtainable using acoustic holography because their
amplitudes will grow exponentially as the reconstructed plane gets closer to the source plane. When the
source plane itself is being reconstructed the evanescent waves are relatively large and contribute greatly to
defining the source location.

The theory of NAH is derived from the Kirchoff-Helmholtz integral equation, equation 1. This equation
states that if the sound pressure and velocity on a boundary are known then it is possible to calculate the
pressure at any other location. The difficulty is that measuring velocity on a boundary is often not possible.

p̂(x, y, z) =
∫ ∫ +∞

−∞

[
∂

∂n
p̂s(x′, y′, zs)Ĝ(x− x′, y − y′, z − zs)−

− p̂s(x′, y′, zs)
∂

∂n
Ĝ(x− x′, y − y′, z − zs)

]
dx′dy′ (1)

To overcome this problem a Green’s function that satisfies the Dirichlet boundary condition is chosen. In
doing so the Kirchoff-Helmholtz integral reduces to, equation 2.

p̂(x, y, z) =
∫ ∫ +∞

−∞

[
p̂s(x′, y′, zs)

∂

∂n
Ĝ(x− x′, y − y′, z − zs)

]
dx′dy′ (2)

Equation 2 is a convolution integral which when represented in the K-space domain reduces to a simple
multiplication problem, equation 3.

p̂(kx, ky, z) = p̂s(kx, ky, zs)
∂

∂n
G(kx, ky, z − zs) (3)
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In equations 1–3, p̂ represents the complex pressure at some point in the domain while, p̂s, is the complex
pressure on the source plane. Often the pressure cannot be measured on the source plane and instead is
measured on a plane very close to the source. This plane is known as the holography plane and the complex
pressure here is represented by, p̂h. By following the same procedure as shown for the pressure on the source
plane, p̂h is represented as,

p̂h(kx, ky, zh) = p̂s(kx, ky, zs)
∂

∂n
Ĝ(kx, ky, zh − zs) (4)

By combining equations 3 & 4, it is possible to get an expression for the pressure at any point in terms of the
pressure measured on the holography plane,

p̂(kx, ky, z) = p̂h(kx, ky, zh)
∂

∂n
Ĝ(kx, ky, z − zh) (5)

Where,
∂

∂n
Ĝ(kx, ky, z − zh) =

{
e−j(z−zh)|kz | for k2

x + k2
y ≤ k2

e−(z−zh)|kz | for k2
x + k2

y > k2 (6)

and,

kz =


√

k2 − k2
x − k2

y for k2
x + k2

y ≤ k2

−j
√

k2
x + k2

y − k2 for k2
x + k2

y > k2
(7)

The Green’s function of equations 6 & 7 separates the acoustic field into evanescent and propagating waves.
It is in this equation that the advantage of including evanescent waves becomes apparent. When z is less than
zh the amplitude of the evanescent waves grows thus increasing the resolution of the source. However, if z is
greater than zh then the evanescent waves decay exponentially and have very little effect on the reconstructed
sound field in the far field.

All the previous theory is based on a single frequency sound field. Therefore to apply NAH to a real sound
source containing many frequencies the algorithm must be looped through a suitable frequency range. The
frequency range of the NAH technique is related to the dimensions of the microphone array used and the dis-
tance the holography plane is from the source. The minimum frequency is related to the overall dimensions
of the microphone array, equation 8.

fmin =
c

2min(lx or ly)
(8)

While the maximum frequency is defined by either the spacing between the array microphones, equation 9,
or by the frequency with a quarter wavelength equal to the distance between the holography and source
planes, equation 10. This relationship is due to the amplitude of the evanescent waves decaying to a level
too small to measure outside a distance of 1

4λ from the source. Whichever of these frequencies is minimum
is chosen as the maximum frequency for NAH.

fmax =
c

2max(∆x or ∆y)
(9)

|zh − zs| =
1
4
λ (10)

3 Experimental Setup

To investigate the sound generated by friction an experimental rig was designed and built that can create
sliding motion between two contacting surfaces. The rig consists of a rotating disk onto which a stationary
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A/C Motor

Contact Point

Figure 2: Sliding Friction Rig

specimen of the test material can be pressed, figure 2. The normal force applied to the specimen and the disk
velocity can be varied.

To measure the sound a microphone array is located beneath the rig in the nearfield of the contact point. This
array is a line array of ten microphones which can be scanned over the area beneath the contact. The scanning
procedure provides the input to the Nearfield Acoustic Holography (NAH) algorithm used to analyse the
results. In addition to the array there are two reference microphones placed at the leading and trailing edge
of the sliding contact respectively. These are used as reference signals in the NAH process.

The final piece of instrumentation is a LDV to measure the surface vibrations on the specimen. The vibration
signal can also be used as a reference signal for NAH. The laser can also be used independently to the sound
measurements to investigate the distribution of velocity on the surface of the specimen.

3.1 Data Acquisition and Processing

A 16 channel National Instruments DAQ card was used to acquire the microphone and laser data. A sample
length of 204800 was acquired at a sample rate of 25KHz which allowed spectra to be computed using 100
averages when a fft block length of 2048 was used. The frequency range of interest is ∼ 944Hz – 4250Hz
which is defined by equations 8,9 and 10. The data is also passed through a low-pass filter before acquisition
to eliminate any aliasing effects. The cutoff frequency of the filter is 6kHz.

The advantage of using a line array of microphones over a grid array is the fewer number of microphones
required and therefore the lower setup cost. However, the disadvantage is a phase difference is introduced
between measurement locations. The phase difference occurs because every measurement location is not
measured simultaneously. The lack of a simultaneous measurement also limits the setup to examining sta-
tionary sources.

To correct the error in phase reference transducers must be placed near the sources. There must be at least an
equivalent number of references and sources. This can lead to problems if the number of sources is unknown
however it is possible to estimate the number of sources by using coherence and matrix rank techniques. The
result of using reference transducers is to produce a partial acoustic field for each of the reference signals.
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These partial fields are then conditioned to remove the contributions of the other references so that the final
partial acoustic field contains the contribution of one source only. This technique works best when each
reference transducer is measuring a different source.

Three reference transducers are used in the present work, two microphones and the LDV. The microphones
are placed on either side of the specimen, the leading and the trailing edge of contact. While the laser remains
on a fixed position near the contact interface it too can be either the leading or the trailing edge depending on
the direction of sliding motion. The leading and trailing edge were chosen as the most likely locations for the
sound source. Using a laser as a reference is useful as it allows the sound field coherent to the single point
where the laser measures to be found. The microphone references on the other hand are less specific and
there can often be cross-contamination between them. The phase corrected complex pressure for an array
microphone, y, referenced to reference 1 is found using equation 11.

p̂1 =
G1y

√
2∆fG11

G11
(11)

Similar expressions can be found for the complex pressure referenced to the other two reference signals.

3.2 Conditioning

The sound field data is conditioned using partial coherence techniques as described by Bendat and Piersol [2]
to separate the sound field into several partial fields. The technique is used to remove the linear effects of one
source from a measurement that may include contributions from several sources. For example consider the
cross-spectra between reference 1 and the array microphone y with the linear effects of reference 2 removed,

G1y·2 = G1y −
G12

G22
G2y (12)

This technique is applied to all microphones in the array for each reference. The phase corrected and con-
ditioned acoustic pressure is then found using a variation of equation 11. For a two reference case the total
complex pressure at the measurement point y is given by,

|p̂total| =
√
|p̂1·2|2 + |p̂2|2 (13)

It must be noted, however, that the order of the conditioning is important. The preferred method in [2] is
to order the conditioning based on the order of the coherence from highest to lowest. However, using this
method over a range of frequencies is not possible as the order may change from one frequency to another.
Another technique is proposed by Ruhala [10] where the order of the conditioning does not matter.

Considering the situation with two references Ruhala’s technique states that the the complex pressure fields
p̂1, p̂2, p̂1·2, p̂2·1 and |p̂total| should be calculated using equations 11 – 13. Then a new term defined as the
complex pressure that is jointly coherent to both sources and therefore the sound field of interest is defined
as,

|p̂1∩2| =
√
|p̂total|2 − |p̂1·2|2 − |p̂2·1|2 (14)

To apply this technique using NAH it is important to use each partial field as an input to the algorithm
and to reconstruct a complete sound field for each partial field. Then the reconstructed partial fields can be
combined using equation 14 to provide a reconstruction of the total sound field.

4 Experimental Results

The material used in the experiments to date is a low density foam. The material was chosen as it generates
rubbing noise rather than stick-slip noise under the experimental conditions used. The autospectrum of ref-
erence microphone 1, figure 3, shows that the majority of the sound energy is occurring within the frequency
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Figure 3: Autospectrum of Reference 1

range defined, ∼ 944Hz – 4250Hz. Holograms were produced at slices parallel to the measurement plane
to recreate the 3-D sound field. The results presented are of the active acoustic intensity. The active intensity
is particularly useful for locating sources.

The source location is found by generating holograms for the disk rotating clockwise and anti-clockwise. In
both cases the source location remains at the leading edge of the contact. Figure 4 presents the 3-D active
acoustic intensity field for both cases. The acoustic field presented here is an accumulation of the active
intensity at every frequency within the range of interest. The acoustic field has also been conditioned using
the technique in equation 14. The references used in the conditioning were the laser and the microphone
on the opposite side to the laser. The source appears to be more defined in the case of clockwise rotation
however this is due to the fact that the laser is focused on the leading edge during clockwise rotation and not
during anti-clockwise rotation and provides a cleaner reference signal.

The effect of speed was also investigated using NAH. The speed of rotation of the disk was varied from a
minimum of 40rpm to a maximum of 100rpm. These rotational speeds can be related to linear velocity using
the disk diameter. However, due to the geometry of the rig the linear velocity will vary slightly over the face
of the sliding block. The velocities presented in figure 5 are the mean velocity considering a maximum at
the disk edge and a minimum a block thickness from the edge. Figure 5 clearly shows how the intensity of
the sound increases with speed.

5 Modelling Friction

To model the friction at the contact point a dynamic friction model as described by de Wit et al [3] and
modified by Dupont [9] and subsequently Avanzini et al [4] is used. This model is often called the bristle
model and it models friction as an interaction between bristles on both surfaces in contact, figure 6.

The bristle motion is defined by a differential equation,

ż(v, z) = v[1− α(v, z)
z

zss(v)
] (15)
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Figure 6: Bristle Model

The friction force is a function of the bristle motion, the relative velocity at the contact point and the rough-
ness parameter σ3w, equation 16. The roughness parameter was introduced in [4] and is needed to simulate
sliding and rubbing effects which was not included in the original formulation. In the current work the w
component is modelled as pseudo-random noise, i.e given the same input the noise generator will generate
the same “random” number every time. However, this will be extended to a fractal noise term as described
in the literature [6].

ffr(z, ż, v, w) = σ0z + σ1ż + σ2v + σ3w (16)

zss(v) =
sgn(v)

σ0
[fc + (fs − fc)e−(v/vs)2 ] (17)

α(v, z) =


0 for |z| < zba, sgn(v) = sgn(z)
1
2 [1 + sin(π z− 1

2
(zss(v)+zba)

zss(v)−zba
)] for zba < |z| < zss(v), sgn(v) = sgn(z)

1 for |z| > zss(v), sgn(v) = sgn(z)
0 for sgn(v) 6= sgn(z)

(18)

Where, α, is an adhesion map that controls the rate of change of z.

z Average bristle displacement
ż Average bristle velocity
zss Steady-state bristle displacement
v Relative velocity
fc Coulomb Force
fs Stiction force
σ0 Bristle stiffness
σ1 Bristle Damping
σ2v Linear viscous term
σ3w Roughness parameter

Table 1: Bristle Model Parameters

4022 PROCEEDINGS OF ISMA2006



5.1 Exciter-Resonator Model

The authors of [4] apply this friction model using an exciter-resonator model. Both the exciter and resonator
are modelled as second order mechanical oscillators. The continuous time equations are presented in equa-
tion 19. This formulation is particularly suited to modelling bow-string instruments, however, if the exciter
is desired to move at a constant velocity and not vibrate then the mass corresponding to the rigid body mode
of the exciter can be set high. This gives the exciter a high inertia and it will continue to move at the initial
velocity and not vibrate.

ẍei + 2ωζẋei + ω2xei = fe−ffr(z,ż,v,w)
mei

ẍrj + 2ωζẋrj + ω2xrj = fr+ffr(z,ż,v,w)
mrj

v =
∑Ne

i=1 ẋei −
∑Nr

j=1 ẋrj

(19)

A problem with solving these equations is that the resonators response is dependant on the friction force
at the contact point at the time step, tn, and similarly the friction force depends on the relative velocity
between the resonator and the exciter at the time step, tn. This interdependence of the friction force and
the response of the resonator is known as a delay-free loop. Introducing a delay in the system so that the
resonator response at tn depends on the force at tn−1 can sometimes lead to a solution however it may also
cause the system to become unstable. Another method to solve such interdependent problems is proposed in
[5]. This method is called the “K-Method”.

5.2 K-Method

The K-Method uses a bi-linear transformation to discretise the continuous time equations, defined in equa-
tion 19, that describe the system. The discrete time equations are then solved for each mode seperatly. The
discrete time equation for the resonator dynamics for time n is given by,

xrj(n) = Arjxrj(n− 1) + brjf(n− 1)︸ ︷︷ ︸ +brjf(n) for j = 1 . . . N

, x̃rj +brjf(n)
f(n) = fe(n)− ffr(n)

(20)

where,

xrj =
[

xrj

ẋrj

]
Arj = 1

∆rj

[
∆rj − ω2

j /2 Fs

−Fsω
2
j 2F 2

s −∆rj

]
brj = 1

mrj

1
4∆rj

[
1

2Fs

]
∆rj = F 2

s + ζrjωrjFs + ω2
rj/4

(21)

The exciter dynamics are represented with similar equations while the bristle dynamics can be discretised
using the trapezoid rule because the continuous time equation, from equation 15, is first order. The discrete
time equation for the bristle dynamics is,

z(n) ≈ z(n− 1) +
1

2Fs
y(n− 1)︸ ︷︷ ︸ + 1

2Fs
y(n)

, z̃(n) +k(2)y(n)
(22)

Where y is the nonlinear function describing the bristle velocity given in equation 15. The relative velocity
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is defined in equation 19 and when discretised can be written as,

v(n) = 1
1+σ2b

[
Ne∑
i=1

(
˙̃xei(n) + bei(2)[fe(n)− σ0z̃(n)]

)
−

Nr∑
j=1

(
˙̃xrj(n) + brj(2)[fr(n) + σ0z̃(n)]

)]
−

− b
1+σ2b

(
σ0

1
2Fs

+ σ1

)
y(n)

, ṽ(n) + k(1)y(n) (23)

Where,

b ,
[ Ne∑

i=1

bei(2) +
Nr∑
j=1

brj(2)
]

(24)

Equations 22 & 23 define the so called K matrix after which the method is named. The computable com-
ponents x̃, ṽ and z̃ can be calculated at each time step using the values from the previous time step. While
the nonlinear function that describes the bristle velocity, equation 22, is solved using the Newton-Raphson
algorithm to give y(n). It is then possible to solve for x(n), z(n), v(n) and ffr(n) using equations 20,22,23
and 16.

6 Numerical Results

To examine how friction can excite vibrations in an object a simple 1-D finite element model of a cantilevered
beam is presented. The beam is excited at its free end by the friction model presented in equation 15. Only the
bending modes of the beam are included in the model as previous studies have found that the noise produced
by a beam excited by friction is only coherent with the lateral vibrations and not the longitudinal [11].
Although the beam is of finite length an infinite beam can be approximated by introducing extra damping
near the clamped end. This stops any reflected waves coming back from the boundary.

The beam is represented using the simple 2 node beam bending element. The mass and stiffness matrices
are used to calculate the eigenvalues and eigenvectors. The eigenvectors can then be used to normalise the
mass, stiffness and damping matrices. This decouples the system and allows the K-Method to be used in
its solution. The normalised mass matrix becomes the identity matrix and the normalised stiffness becomes
the diagonal matrix of eigenvalues. The damping matrix is proportional to the normalised mass and stiffness
matrices.

The free end of the beam is excited using the friction model described for a constant sliding velocity. The
material properties and bristle model properties are listed in table 2. The material properties are those of
natural rubber. The beam response can then be used to approximate the acoustic field around the beam using
a point source model with the sources located at the nodes. The calculation of the acoustic field is done in
the frequency domain with the auto-spectrum of the nodal velocity used as the amplitude at each frequency.
In addition to the sources at the node points image sources are introduced to model the reflective surface of
the beam and the disk which is exciting the beam.

The model can successfully reproduce both the stick-slip and rubbing cases. Figure 7 shows how the velocity
of the beam tip transitions from the stick-slip case at low sliding velocities to the rubbing case at larger sliding
velocities. A point of interest when comparing the stick-slip and rubbing cases is that even though the sliding
velocity is lower when stick slip occurs the velocity of the beam tip is greater than during the rubbing case.
The acoustic field calculations further emphasise this point with the magnitude of the sound radiated during
the stick-slip case being ∼ 20dB greater than the rubbing case. This result matches the findings in [11]
where stick-slip noise is found to be 20dB - 30dB greater than rubbing noise. The acoustic fields presented
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Figure 7: Transition from Stick-Slip

X

Y

0 0.01 0.02 0.03
0

0.005

0.01

0.015

0.02

0.025

Pressure

100
95
90
85
80
75
70
65
60
55
50

X

Y

0 0.01 0.02 0.03
0

0.005

0.01

0.015

0.02

0.025

Pressure

100
95
90
85
80
75
70
65
60
55
50

time, s

ve
lo

ci
ty

,m
s-

1

0.4 0.45 0.5 0.55 0.6
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

Beam Tip Velocity
Sliding Velocity

Rubbing Noise

time, s

ve
lo

ci
ty

,m
s-

1

0.4 0.45 0.5 0.55 0.6
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

Beam Tip Velocity
Sliding Velocity

Stick-Slip Noise

Figure 8: Acoustic Field

TRANSFER PATH ANALYSIS AND SOURCE IDENTIFICATION 4025



E 3.3 MPa
ρ 1300kg/m2

vs 0.01m/s

µd 0.4
µs 0.8
σ0 1e4

σ1
√

σ0

σ2 0.1
σ3 15

Table 2: Material and Bristle Properties

in figure 8 are bounded on two sides by solid reflective surfaces. The bottom boundary of the acoustic field
is the beam surface and is modelled as being fully reflective and the right hand boundary is the surface of the
rubbing disk and is also fully reflective.

The source location for both the rubbing and stick-slip cases remains close to the contact point, figure 8. This
result is representative of the experimental results presented in figure 4 where the source location is found to
be the leading edge of the contact. It should be noted that the levels of the sound field are not correctly scaled
in these results, however, this will not effect the difference in levels between the rubbing and stick-slip cases.

7 Conclusion

The noise generated by friction has been investigated both experimentally and numerically. NAH has been
shown to be an effective technique for analysing friction noise. Experimental work to date has used a low
density foam material that is very effective at generating rubbing noise. The NAH results for rubbing noise
show the sound radiates mostly from the leading edge of the contact. In addition, a clear correlation between
speed and noise has also been presented. Future experimental work will use natural rubber as the test material
which is more representative of tyre tread rubber. The instrumentation will also be extended to measure the
actual friction force which to date has remained an unknown.

Numerically the friction model presented has been implemented to provide the excitation force for a finite
element model of a cantilevered beam. The friction model is the state of the art and has proved to be very
versatile simulating both the stick-slip and rubbing cases. The equivalent source acoustic model of the sound
field radiated by the beam has shown that the majority of the sound is radiated from the contact point. Future
work numerically will be to extend the beam model to a solid model. This will allow the beam to be excited
at several points simultaneously allowing the correlation between an excitation force at the contact with a
surface location away from the contact to be investigated.
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Abstract 
The aim of the authors was to identify the force acting on the airplane wing. The source of this force is the 
adjustable spot light mounted on the bottom surface of the wing. Authors decided to utilize a modal model 
for the force reconstruction purposes. A well known formula, which relates input forces vector with output 
signal vector via pseudo-inverted frequency response functions (FRFs) matrix was applied. The FRFs 
were synthesized from the modal model. This technique requires the modal model with scaled modal 
vectors. Such modal vectors can be obtained from experiment with measured excitation, however the 
authors were interested in the in-flight forces in described region. That is why the operational test was 
performed. For the operational model scaling, the scaling factors from the ground vibration test model 
were used. 
 
 
1. Introduction 
 
The knowledge of excitation forces is important from the assessment of the construction health point of 
view. Modern diagnostics systems tend to permanent monitoring of the machinery operational conditions. 
Very important element of these conditions is excitation force. Its knowledge allows to assess fatigue, 
fracture, noise and others. Knowledge of the excitation forces allows sometimes to control them in such a 
way, that would minimize the fatigue wear. Knowledge of these forces is sometimes necessary also in a 
construction development or modification process. However measurement of the excitation forces in the 
operational conditions is very difficult or sometimes even impossible. In such cases the excitation force is 
measured indirectly or identified from the responses signals. The easiest and cheapest way to measure the 
dynamic response of the system is to measure the vibration accelerations. There are many techniques for 
force identification on the basis of the response signals in the form of vibration accelerations. These 
methods can be divided into three groups: 

− deterministic methods e.g. [6], [7], [9], [10], [11], [13], 

− statistic methods e.g. [2], [3], 

− methods based on the artificial intelligence e.g. [3], [4], [12]. 
Methods based on the regression analysis are the most often applied statistic methods of force 
identification [2]. The methods consist in identification of the regressive model parameters, which 
describes the relation between the input force and response of the system or process parameters. From the 
group of statistic methods for force reconstruction it is worth to mention the inverse structural filter 
algorithm presented in [5]. 
Methods based on the artificial intelligence are used, when there is not enough information about objects 
dynamics to use its deterministic model. The second case, when these methods are applied, is the problem 
of the deterministic model complexity – for example: it can not be processed in the real time. The 
advantage of the artificial intelligence methods over the statistic methods, is their suitability for a strongly 
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nonlinear cases. Also, when the object is to complex to be well described by the regressive model the 
artificial intelligence is applied.. The artificial neural network [3], [4] as well as the fuzzy logic [4] are the 
methods most often used for force identification within this group of algorithms. The genetic algorithms 
are also applied for this purpose but often with combination with other algorithms [12].   
The largest group of algorithms are the methods based on the deterministic dependencies. These methods 
deals mainly with inverse problem defined in the following way: a model of a system is given, a response 
signal is given, an excitation force is to be identified [1]. This problem can be solved in the time, 
frequency or amplitude domain. Within this methods developed in the time domain, one can distinguish 
the iteration methods and the single step methods, based on the mathematical dependencies. In this case, 
on the basis of the system impulse response and the time histories of the responses, the time history of the 
excitation force is determine. One of the most often used time domain methods is the method based on the 
deconvolution operation, where the properties of the Teoplitz matrix are utilized [13]. Other algorithm, 
which operates in the time domain is the technique of the sum of weighted accelerations [6]. It identifies 
excitation forces by summing the acceleration responses with appropriate weights. In the time domain one 
can identify the harmonic force with use of the inversion of the parametric regressive model [7].  
The time domain iterative methods deals with minimizing the quality coefficient, which is defined as the 
difference between measured and estimated response of a system [9]. These methods are often precede by 
regularization of the measured response data. The most popular regularization algorithm is the Tikhonov 
one [8]. 
In the frequency domain there exist a few techniques for excitation force identification. First of them, the 
modal filter method [10], [11] is based on the system modal model. The modal filter is a tool to extract the 
modal coordinates of each individual mode from the system outputs by mapping the response vector from 
the physical space to the modal space [10]. Application of the modal filter to force identification proceeds 
in four major steps [11]: 
1. Transfer the outputs of the system from physical coordinates to modal coordinates using modal filters. 
2. Determine the number of uncorrelated system inputs based on the weighted modal coordinates. 
3. Locate these unknown inputs. 
4. Calculate the amplitude of these inputs. 
However the most popular method, which operates in the frequency domain is the frequency response 
functions (FRFs) matrix inversion technique. In result of its application the excitation force spectrum is 
identified [9].  
 
 

2. Force identification method 
 
Making an assumptions of: linearity, stationarity, and satisfying the reciprocity principle for considered 
mechanical system, one can express the response spectrum xi(ω) in the i-th measuring direction excited by 
the force vector  f(ω) by the equation [7]: 

( ) ( ) ( )ωωω j

m

j
iji H fx

1
∑

=

⋅=      (1) 

Performing the measurements of responses spectra x(ω) in n measuring points/directions one can identify 
the excitation forces vector f(ω) by calculating the pseudoinverse matrix to the matrix H(ω) (with 
dimensions n x m) according to the formula: 
 

( ) ( ) ( )ωωω xf 1 ⋅= −H       (2) 
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Overdetermination of the problem (greater number of responses signals, then identified forces n≥m) and 
application of the singular value decomposition, allows to improve the numerical conditioning of the 
pseudoinverse FRFs matrix calculation.  
The frequency response functions matrix can be obtained from the measurements (e.g. impulse modal 
test), or from the simulation of the finite element model. The third possibility to form this matrix of 
frequency characteristics, is their synthesis on the basis of an identified modal model [7]. To do so the 
scaled modal vectors are required. Such modal vectors can be obtained from the experiment with 
measured excitation, however the authors were interested in the in-flight forces. That is why the 
operational test was performed. For scaling the operational modal vectors several techniques can be 
applied. One can use the scaling factors from the theoretical model, or form the experimental model from 
the test performed in the limited number of points, but with measured excitation. There is also the 
sensitivity method, in which second operational test is performed with additional mass attached to the 
object. The modal vectors are normalized by means of the measured shift in natural frequencies between 
the original and mass-loaded condition [17]. 
 
 
3. Object of the analysis 
 
The object of the analysis is the adjustable spotlight with its housing, mounted to the bottom surface of the 
right wing of the PZL M28 Skytruck airplane. Such additional equipment may increase the area of the 
airplane application. For example: to the monitoring and night patrol purposes, that is, the airplane can be 
used by the rescue squads or the border guard. Described spotlight is presented in the figure 1. 

 

 
 

Fig. 1. The picture of the spot light with its housing 
 
Mounting such a big object, resulted in problems with balancing the airplane during flight. It is very 
important issue, from the pilotage comfort and safety point of view. That is why it was so important for 
the design office to check the level of vibrations and forces generated in-flight on the spotlight housing. 
Particularly important was the place of connection between the wing and the housing.  
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The forces can be measured indirectly by the strain gauges, however large number of tests for different 
designing concepts makes this technique very inconvenient and expensive. For that reason, the trial of 
force identification from the vibrations accelerations measurements was undertaken. The vibrations 
accelerations were recorded during flight for the purposes of both modal model and excitation forces 
identification. Obtained from the in-flight data modal model is of course operational – not scaled modal 
vectors. From the three operational modal model scaling methods, mentioned in the previous section, only 
one could be applied. Limited number of flights and insufficient data for good finite element model 
preparation, decided, that for the operational modal vectors normalisation, the scaling factors from the 
impact ground vibration test (GVT) were used. 
 
 
4. Ground vibration test 
 
The impact ground vibration test (GVT) was performed with use of the same measuring points net as it 
was prepared for the flight vibration tests (FVT). It consists of 16 measuring points – 3 mutually 
perpendicular directions in each. Distribution of the measuring points on the object is shown in the     
figure 2. 
 

 
 

 
Fig. 2. Measuring point net  

 
For both, ground and flight tests the following measuring instrumentation was used:  

− 28-channel dynamic signal analyser  type SCADAS III 

− piezoelectric accelerometers:   type PCB 356A16  

− modal hammer     type PCB 086C020 (1.2 kg) (GVT only) 
The performed GVT might be described by the following features: 

− impulse excitation was used. 

− the impact points was selected in point cf:212:+Y (see figure 2) 

− the response signals to the applied impulse excitation (the vibration acceleration signals) were 
measured along with the excitation force signal. 

− basing on the measured signals, FRFs between the excitation and each response signals were 
estimated. The estimated FRFs were of inertance type (acceleration over force with physical units 
of [m/s2/N]). 

− during the testing the ordinary coherence function between the excitation and the response signals 
was monitored in order to assure an appropriate quality of the testing results 

GVT Excitation

FVT reference 
point 
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− the frequency range of the measurement was set to 0 Hz – 100 Hz 

− the frequency resolution of the measurement was set to 0.097 Hz 

− the estimated FRFs were 15 times averaged in the frequency domain 
The estimation was performed with the use of VIOMA modal analysis software package. Least Squares 
Frequency Domain  (LSFD) method was used for mode shapes estimation. The representative mode 
shapes, that were considered to be physical and well-enough represented in the measurement data, were 
selected as a result of model consolidation procedure carried out with use of our own algorithms [16]. The 
results of modal parameter estimation are listed in the table 1. 
 

MS no. Natural 
frequency [Hz] 

Modal damping 
[%] 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 

6.23 
11.08 
12.06 
19.64 
21.13 
22.25 
26.67 
28.42 
33.80 
35.66 
38.62 
45.24 
47.35 
50.23 
53.02 
55.20 
57.71 
59.34 
61.10 
65.90 
68.53 

0.31 
4.05 
0.71 
0.31 
1.02 
1.27 
1.55 
1.95 
1.70 
1.17 
0.60 
0.48 
1.29 
1.39 
2.51 
0.87 
0.85 
1.51 
0.59 
0.43 
1.46 

 
Table 1. The set of natural frequencies and modal damping coefficients for the impact test 

 
Considering limited number of measuring points and large modal density of the object, it was impossible 
to properly distinguish higher mode shapes. However, the modal tests performed by the authors on entire 
airplane of the same type [14], showed that the group of important – global mode shapes is contained in 
the frequency band up to 30 Hz.  
 
 
5. Flight vibration tests 
 
After the impact GVT termination, the flight vibration tests (FVT) were performed, accordingly to the 
rules established for this type of measurements [15]. Two flights were carried out, and during this flights, 
90 s time histories of vibrations accelerations were recorded. The sampling frequency was set to 200 Hz, 
and sensors were placed in the points marked in the figure 2. The flights plan contained several 
manoeuvres like: ascent, landing approach and straight flights with different velocities up to the maximum 
speed 355 km/h. In the figure 3 the measuring equipment during FVT is shown.  
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Fig. 3. Measuring equipment in the airplane 
 
In the next step, from recorded time histories, cross power functions were calculated to the reference 
point, which was chosen in the b:11:-Z measuring point (see figure 2). Subsequently the set of analysis for 
different flight states was performed. Accordingly to the expectations, largest number of mode shapes was 
excited during the flight with maximum velocity. Results of the modal model parameter estimation for 
these data are gathered together in the table 2.  
 

MS no. Natural 
frequency [Hz] 

Modal damping 
[%] 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

4.87 
6.00 

12.46 
15.18 
22.57 
24.08 
 28.62 
32.92 
39.22 
42.21 
48.02 
50.19 
52.34 
54.83 
59.60 

6.308 
1.482 
1.661 
6.169 
1.371 
0.266 
4.841 
4.351 
1.709 
0.535 
1.014 
0.703 
0.22 

0.351 
0.008 

 
Table 2. The set of natural frequencies and modal damping coefficients for the FVT 
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Comparing the modal models obtained from the GVT and FVT data, taking into account the MAC 
coefficient values, it was possible to select 9 pairs of the corresponding mode shapes. In the table 3 the 
MAC coefficient values for chosen mode pairs are listed. 

 
GVT  [Hz] FVT [Hz] MAC MAC 

6.23 6.00 0.28 0.49 
12.06 12.46 0.25 0.41 
22.25 22.57 0.14 0.29 
28.42 28.62 0.23 0.52 
33.80 32.92 0.58 0.78 
38.62 39.22 0.43 0.72 
47.35 48.02 0.15 0.45 
50.23 50.19 0.21 0.53 
53.02 52.34 0.12 0.34 

 
Table 3. The MAC values between impact and flight test results 

 
Low values of the MAC coefficient, arise from awaking suspicions time histories, recorded by sensors 
placed in the points cf:212 and sl:114 during FVT. Measuring errors located in this points by visual 
inspection of estimated mode shapes, were confirmed after application of the MACCo method. 
Elimination of 6 measuring direction recorded in these mentioned, erroneous points, resulted in the MAC 
values increase up to the values presented in the table 3, column 4.  
 
 
6. Force reconstruction 
 
Selected mode shapes, obtained from the operational FVT, were next normalised with use of scaling 
factors, taken from the impact GVT modal model. Modal vectors prepared in this way, were applied to 
FRFs synthesis. As a reference directions three measuring directions of the b:12 point were selected. It is a 
point placed near the connection of the spotlight vertical drive with the airplane wing. At the same point in 
the Y direction of selected coordinate system, the force was measured by the strain gauges. This strain 
gauges measurements can be used for verification of the force identification procedure. To improve 
possibly the force estimation accuracy, all 48 measured directions were selected as a responses. Such 
overdetermination of the problem should minimise the identification error in resonance frequencies. FRFs 
were synthesized in the frequency band from 0 to 55 Hz, with frequency resolution 0.097 Hz. (it is the 
frequency resolution of the measuring equipment of the airplane manufacturer, which was used for strain 
gauges signals measurements). In the figure 4 some synthesized FRFs examples are presented.  
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Fig. 4. Examples of synthesized FRFs 
 

Additionally, to examine consistence of  the FRFs synthesized from the rescaled, operational modal model 
and FRFs measured during the impact test, further FRFs were synthesized, according to the locations and 
directions of recorded ones. Example of comparison of measured and calculated characteristic is shown in 
the figure 5.  

 

 
 

Fig. 5. Comparison of measured and synthesized FRF 
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Average values of the correlation coefficient calculated between adequate characteristics, amount about 
0.7. There are several sources of shape differences between calculated and measured FRFs. Firstly, only 
nine mode shapes from the operational FVT were selected for the FRFs synthesis, while the object has 
very high modal density – in analysed frequency band there were 21 mode shapes identified, although  the 
measuring points net was very limited. Secondly, model of an airplane airborne does not mach the model 
of the airplane on the ground – different boundary conditions, different loadings. That is why, the 
achieved agreement on the level of 70 %, should be considered as highly satisfactory. 
Synthesized frequency domain characteristics were formed in the matrix with dimensions 48 x 3. 
Simultaneously, from recorded during FVT time histories, the same, which were used for modal model 
identification, 48 responses spectra of vibrations accelerations were calculated. As it was mentioned 
before, such overdetermination of the problem assured minimisation of identification error in resonant 
frequencies. Large value of force estimation error in regions of resonant frequencies, seems to be the 
biggest disadvantage of the applied method [7], however in described case authors succeeded to avoid this 
undesirable phenomenon. In the figure 6 a comparison is shown between identified force spectrum and 
spectrum of force measured by the strain gauge in the same point, in the same flight. 

 

 
 

Fig. 6. Comparison of identified and measured force spectrum  
 

Presented comparison confirms propriety of the applied identification procedure. Taking into account a 
level of the problem difficulty, achieved agreement between measured and calculated spectrum should be 
judged as a good one. Relative error of the force estimation in the maximum around 11 Hz amounts 32 %, 
which is good result, considering the fact, that this is the resonant frequency. The correlation coefficient 
value between presented spectra amounts 0.3. It is quite low value, but decreasing the frequency resolution 
of both spectra from 0.097 to 0.5 Hz by means of moving average method, caused an increase of the 
correlation coefficient value to 0.8 (see figure 7). Also the relative error mentioned above decreased 
significantly.  
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Fig. 7. Comparison of identified and measured force spectrum with frequency resolution 0.5 Hz 
 

In the figure 8 there are presented spectra of identified forces in three mutually perpendicular directions – 
horizontal (Z), vertical longitudinal (Y) and vertical lateral (X).  
 

 
 

Fig. 6. Results of force identification procedure 
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The biggest component of the force occurs in longitudinal direction (Y), and it is caused by the 
aerodynamic resistance forces. The lowest value has the force acting in lateral direction (X). This result 
seems to be correct, because during considered straight flight, there are no big loadings in lateral direction. 
Such proportions of identified force components also confirm the correctness of applied identification 
procedure. 
 
 
7. Conclusions 
 
Presented in the paper trial of force identification from response data in form of vibrations accelerations, 
brought correct results. Obtained agreement between measured and identified spectra, should be classified 
as a very good, taking into account all the difficulties appearing in the problem. Achieved results may 
significantly simplify and reduce the cost of flight tests, because the accelerometers are easier in 
application and can be used repeatedly, in opposite to the strain gauges.  
The operational mode shape scaling method with use of impact GVT scaling factors does not resulted in 
big errors appearance. This fact was proved by comparison of measured FRFs with synthesized on the 
basis of the modal model scaled in this way.  
Finding only nine common mode shapes for the modal models from GVT and FVT data, arose from the 
fact, that in both cases authors were limited to the small measuring points net. Number of mode shapes 
identified from the impact GVT data, could be also increased, by performing a measurements with 
excitation in other locations and directions.  
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Abstract
This paper deals with the design optimization problem of a structural-acoustic system in presence of un-
certainties. The uncertain vibroacoustic numerical model is constructed by using a recent nonparametric
probabilistic model which takes into account model uncertainties and data uncertainties. The formulation of
the design optimization problem includes the effect of uncertainties and consists in minimizing a cost func-
tion with respect to an admissible set of design parameters. The numerical application consists in designing
an uncertain master structure in order to minimize the acoustic pressure in a coupled internal cavity which
is assumed to be deterministic and excited by an acoustic source. The results of the design optimization
problem, solved with and without the uncertain numerical model show significant differences.

1 Introduction

The design of dynamical systems has become a challenge of interest in many industrial areas. The design
optimization is performed with a numerical model. It is known that for complex dynamical systems such as
structural-acoustic systems, the mathematical-mechanical modeling can induce important model uncertain-
ties and data uncertainties. Consequently, uncertainties have to be taken into account in the numerical model
which is used to perform design optimization. It should be noted that the quality of the design optimization
strongly depends on the probabilistic model of uncertainties. Design optimization for structural-acoustic
systems in a deterministic context (without uncertainties) can be found in [1, 2, 3, 4]. Nevertheless, there is
a priori no reason for which the performance for such an optimal system yields an optimal performance for
the real system manufactured from this optimal system because model and data uncertainties are not taken
into account in the numerical model used. For this reason, the formulation of the design optimization has to
contain the effect of uncertainties. There exists two classes of methodologies which allow the design opti-
mization in a probabilistic context to be solved: the reliability-based design optimization formulations (see
for example [5] in the context of aerostructural analysis and [6, 7] in the context of structural mechanics)
and the robust design optimization formulation (see for example [8, 9, 10] in the context of linear or non-
linear structural mechanics). This latter formulation allows the robustness of the design system with respect
to uncertainties to be improved. The cost function used in this formulation is not defined for the objective
performances of the design system but for the objective performances of the stochastic system modeling the
real system. The optimal design is the solution of a stochastic non-linear constrained optimization problem
solved by minimizing such a cost function with respect to an admissible set of design parameters. In struc-
tural dynamics, if several formulations for robust design optimization with respect to data uncertainties have
been proposed [11, 12], the concept of robust design optimization with respect to model uncertainties is rel-
atively recent [13]. Such an approach is based on the use of a recent nonparametric probabilistic approach of
model uncertainties [14, 15, 16, 17]. In particular, it should be noted that this probabilistic approach has been
experimentally and numerically validated for complex structural-acoustics systems [18, 19]. In the present
paper, a robust design optimization formulation with respect to model and data uncertainties is proposed in
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the context of a structural-acoustic system in the low-frequency range. The paper is voluntary limited to
the design of a master system with stiffness uncertainties coupled to a deterministic internal acoustic cavity
which is excited by an acoustic source and whose noise level has to be reduced for the best. Clearly, the
extension to mass and damping uncertainties is straightforward. The paper compares the design points and
the performances of their corresponding real systems obtained with the deterministic design optimization
and with the robust design optimization.

2 Mean structural-acoustic system

The structural-acoustic system under consideration is made up of an internal acoustic cavity coupled with a
master structure which has to be designed (see Figure 1). Let r = (r1, . . . , rs) be the

� s-vector of the design
parameters (geometry, elasticity properties, boundary conditions, etc.). The vector of the design parameters
belongs to an admissible set R defined by the set of constraints prescribed by the design. For a given r in R,
the linear vibrations of the structural-acoustic system are studied around a static equilibrium state taken as a
natural state at rest.

n
F

f   (x,r,   )
vol

f   (x,r,   )
surf

ΩS(r)

ΓS,0(r)
ΩFΣ

n

ω

ω

S
(r) ω

s(x,     )

ΓF

ΓS(r)

Figure 1: Structural-acoustic system

The master structure is constituted of a nonhomogeneous and anisotropic viscoelastic material without
memory, occupying a three-dimensional bounded domain ΩS(r) of the physical space � 3 with boundary
∂ΩS(r) = ΓS,0(r) ∪ ΓS(r) ∪ Σ. The master structure is fixed on ΓS,0(r). The internal acoustic cavity
occupies a three-dimensional bounded domain ΩF of � 3 with boundary ∂ΩF = ΓF ∪ Σ and is filled with a
dissipative acoustic fluid. It is coupled to the master structure through boundary Σ and has rigid wall condi-
tions on ΓF . Les nS(r) and nF be the outward unit normals to ∂ΩS(r) and ∂ΩF . Note that nS = −nF on
Σ. Let x be the generic point of � 3. The equations are written in the frequency domain of analysis and the
low-frequency band of analysis is denoted as � . A formulation in terms of displacements field u(x, r, ω) for
the master structure and in terms of pressure field p(x, r, ω) for the internal acoustic cavity is chosen. For r
fixed in R and for ω fixed in � , the equations related to the mean structural-acoustic system [20] are written
as
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−ω2 ρS u − div � S = fvol in ΩS(r) , (1)

u = 0 on ΓS,0(r) , (2)

� S · nS = fsurf on ΓS(r) , (3)

� S · nS = fsurf − p nS on Σ , (4)

� S = � S : ε(u) + i ω � S : ε(u) , (5)

−
ω2

ρF c2
F

p − i ω
τ

ρF
∆p −

1

ρF
∆p = −

τ c2
F

ρF
∆ s +

i ω

ρF
s in ΩF , (6)

(1 + i ω τ)

ρF

∂p

∂nF
= τ

c2
F

ρF

∂s

∂nF
on ΓF , (7)

(1 + i ω τ)

ρF

∂p

∂nF

= τ
c2
F

ρF

∂s

∂nF

+ ω2 u · nF on Σ , (8)

in which � S(x, r, ω) is the stress tensor, ε(u) is the linearized strain tensor, � S(x, r) and � S(x, r) are fourth-
order tensors, ρS(x, r) is the mass density of the master structure, fvol(x, r, ω) and fsurf(x, r, ω) are the body
force and the surface force fields for the master structure, ρF (x) is the mass density of the fluid, cF is the
sound velocity, τ is a coefficient due to the viscosity of the fluid and s(x, ω) is the acoustic source density

assuming that lim
ω 7→0

s(x, ω)

ω2
= lim

ω 7→0

∇ s(x, ω)

ω2
= lim

ω 7→0

∆ s(x, ω)

ω2
= 0.

The structural-acoustic system is then discretized with the finite element method assuming that the finite
element meshes of the master structure and of the internal acoustic cavity are compatible on the coupling
interface Σ.

A mean reduced matrix model of the structural-acoustic system is then constructed. Let u(r, ω) be the� nS -vector of the nS DOF (independent of r) of the master structure and let p(r, ω) be the
� nF -vector

corresponding to the finite element discretization of the pressure field of the internal acoustic cavity. For a
given r in R, let [ΦS(r)] be the nS × NS real matrix whose columns are the NS structural modes related to
the NS first positive structural eigenfrequencies of the master structure in vacuo. The generalized eigenvalue
problem of the internal acoustic cavity with fixed coupling interface yields one zero eigenvalue corresponding
to the constant pressure mode and nF − 1 acoustic eigenmodes [20]. Let [ΦF ] be the nF × NF real matrix
whose columns are (1) the constant pressure eigenmode and (2) the NF−1 acoustic eigenmodes related to the
NF − 1 first positive acoustic eigenfrequencies. Note that each eigenmode is normalized with respect to its
corresponding mass matrix. The projection basis allowing the mean reduced matrix model to be constructed
is given by

[

u(r, ω)
p(r, ω)

]

=

[

[ΦS(r)] [ � ]
[ � ] [ΦF ]

] [

q
S
(r, ω)

q
F
(r, ω)

]

, (9)

in which q
S
(r, ω) and q

F
(r, ω) are the

� NS -vector and the
� NF -vector of the generalized coordinates related

to the master structure and to the internal acoustic cavity and are solution of the matrix equation
[

[AS(r, ω)] [C(r)]
−ω2 [C(r)]T [AF (ω)]

] [

q
S
(r, ω)

q
F
(r, ω)

]

=

[

FS(r, ω)
FF (ω)

]

, (10)

in which the symmetric NS × NS complex matrix [AS(r, ω)] and the diagonal NF × NF complex matrix
[AF (ω)] are the generalized dynamical stiffness matrices of the master structure and of the internal acoustic
cavity respectively. The rectangular NS × NF real matrix [C(r)] is the generalized coupling matrix. In
Eq. (10) the

� NS -vector FS(r, ω) and the
� NF -vector FF (ω) are the generalized force vectors related to the

master structure and to the internal acoustic cavity respectively.

UNCERTAINTIES IN STRUCTURAL DYNAMICS AND ACOUSTICS 4043



3 Design optimization of the structural-acoustic system without un-
certainties

In this Section, the design optimization problem is formulated assuming that there is no uncertainties in the
structural-acoustic system. This formulation will be used to compare the solution of the deterministic design
optimization problem with the solution obtained with the robust design optimization formulation which
includes the effects of uncertainties and which will be described in Section 5. Let w(r, ω) be the vector in

� k

of the observations of the mean model of the internal acoustic cavity, defined as a function of the acoustic
pressure such that

w(r, ω) = bω(p(r, ω)) , (11)

where bω is a given function from
� nF into

� k depending on the frequency ω. Recalling that the objective of
the paper is to design the master structure for minimizing the acoustic pressure in the internal acoustic cavity
over given frequency band � , the cost function j(r) is formulated as follows

j(r) =
maxω∈ � ||w(r, ω)||

maxω∈ � ||w(r0, ω)||
, (12)

in which ||w(r, ω)|| is the Hermitian norm of vector w(r, ω) and where r0 ∈ R is the
� s-vector corresponding

to the initial value of the design parameter. The design optimization problem is formulated as the minimiza-
tion of the cost function j(r) with respect to the design parameter r in the admissible set R and is written as:
find rD in R such that

j(rD) ≤ j(r), for all r in R . (13)

4 Stochastic structural-acoustic system

As explained in the Introduction, the objective of this paper is to include the effects of data uncertainties and
model uncertainties in the formulation of the design optimization problem. In this Section, the nonparametric
probabilistic approach of uncertainties [14, 17] is briefly summarized. It is assumed that the structural stiff-
ness of the mean master model only contains model uncertainties and data uncertainties. The dynamic stiff-
ness reduced matrix of the mean master structure is written as [AS(r, ω)] = −ω2 [I ] + i ω [DS(r)] + [KS(r)]
in which [I] is the NS × NS identity matrix and where [DS(r)] and [KS(r)] are the NS × NS real sym-
metric and diagonal positive-definite generalized damping and stiffness matrices of the mean model of the
master system. The methodology of the nonparametric probabilistic approach consists in replacing matrix
[KS(r)] by a random matrix [KS(r)] such that E{[KS(r)]} = [KS(r)] in which E is the mathematical ex-
pectation and for which the probability distribution is known. The random matrix [KS(r)] is written as
[KS(r)] = [LKS

(r)]T [GKS
] [LKS

(r)] in which [LKS
(r)] is a NS × NS real diagonal matrix such that

[KS(r)] = [LKS
(r)]T [LKS

(r)] and where [GKS
] is a full random matrix with value in the set of all the

positive-definite symmetric NS × NS matrices. The probability model of random matrix [GKS
] is con-

structed by using the maximum entropy principle with the available information. All the details concerning
the construction of this probability model can be found in [14, 15]. The dispersion of the random matrix
[GKS

] is controlled by one real positive parameter δKS
called the dispersion parameter. In addition, there

exists an algebraic representation of this random matrix useful to the Monte Carlo numerical simulation.

In coherence with the notation of Section 2, let U(r, ω) be the
� nS -valued random vector of the nS DOF

and let P(r, ω) be the
� nF -valued random vector of the acoustic pressure. The equations of the stochastic

reduced structural-acoustic system constructed with the nonparametric approach of uncertainties are given
by

[

U(r, ω)
P(r, ω)

]

=

[

[ΦS(r)] [ � ]
[ � ] [ΦF ]

] [

QS(r, ω)
QF (r, ω)

]

, (14)
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where QS(r, ω) and QF (r, ω) are the
� NS -valued random vector and the

� NF -valued random vector of
the generalized coordinates related to the master structure and to the internal acoustic cavity respectively,
solution of the random matrix equation

[

[AS(r, ω)] [C(r)]
−ω2 [C(r)]T [AF (ω)]

] [

QS(r, ω)
QF (r, ω)

]

=

[

FS(r, ω)
FF (ω)

]

, (15)

in which the matrix [AS(r, ω)] is such that [AS(r, ω)] = −ω2 [I] + i ω [DS(r)] + [KS(r)].

5 Design optimization of the structural-acoustic system with uncer-
tain stiffness in the master structure numerical model

In this Section, the model uncertainties and the data uncertainties are taken into account for the stiffness
operator of the master structure in the formulation of the design problem, using the nonparametric proba-
bilistic approach described in Section 4. This design optimization problem consists in minimizing a cost
function with respect to the admissible set R of the design parameter. Contrary to the design optimization
problem described in Section 3, the cost function is not defined for the performance of the mean model of
the structural-acoustic system but is defined with respect to the performance of the stochastic model of the
structural-acoustic system representing the real structural-acoustic system. The cost function is thus con-
structed with the uncertain numerical model introduced in Section 4. For r fixed in R, the

� k-valued random
vector W(r, ω) of the acoustic observation is introduced in coherence with the notation of Section 3. For
r fixed in R and for ω fixed in � , let w+(r, ω) be the 99% quantile of random variable ||W(r, ω)||, such
that P(||W(r, ω)|| ≤ w+(r, ω)) = 0.99 [21], in which P denotes the probability. The cost function is then
written as

j(r) =
maxω∈ � w+(r, ω)

maxω∈ � ||w(r0, ω)||
. (16)

For given dispersion parameter δKS
, such a design optimization problem is formulated as: find rRD in R such

that
j(rRD) ≤ j(r), for all r in R . (17)

It should be noted that the formulation of such a robust design optimization is coherent with respect to
the deterministic design optimization problem given in Section 3, i.e. limδKS

7→0 rRD = rD. In addition,
Eqs. (16) and (17) mean that the acoustic level corresponding to the upper envelope of the confidence region
is minimized.

6 Application

6.1 Mean finite element model of the structural-acoustic system

The mean model of the structural-acoustic system is a heterogeneous system made up of a master struc-
ture coupled with an internal acoustic cavity. The master structure is located in the plane (OX,OY ) of a
cartesian coordinate system (O X Y Z). The master structure is made up of a rectangular frame with four
plates as shown in figure 2. The frame has length L1 = 1m, width L2 = 0.9m, is fixed at each of
its corner and is constituted of tubes with square section 0.08m × 0.08m and thickness 1 10−4 m. The
plates have length 0.5m, width 0.45m and constant thickness 0.0035m except for the plate coupled with
the internal acoustic cavity whose constant thickness is the design parameter r. Each substructure is con-
stituted of a homogeneous, isotropic elastic material with mass density 7800Kg.m−3, Poisson ratio 0.29
and Young modulus 2 1011 N.m−2. The damping part of the constitutive equation is modeled by a hys-
teretic model with a mean loss factor 0.02. The internal acoustic cavity is a six-sided box with no parallel
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sides whose corners are located at points (0, 0, 0), (0.5, 0, 0), (0, 0.45, 0), (0.5, 0.45, 0), (0.1, 0.45, 0.12),
(0.4, 0.45, 0.12), (0.48, 0, 0.15) and (0, 0, 0.15). All the walls are rigid except the wall made up of the elas-
tic plate with constsnt thickness r. The bounded internal acoustic cavity is filled with an acoustic fluid with
mass density ρF = 1.16Kg.m−3, with sound velocity cF = 343m.s−1. Parameter τ in Eq. (6) is such

that τ(ω) =
0.001

ω
.

The mean finite element model of the master structure is constituted of 228 Euler beams elements with
two nodes (the tubes), 1440 bending thin plate elements with four nodes and has nS = 10927 DOF.
The mean finite element model of the internal acoustic cavity is constituted of 2160 acoustic finite el-
ements and has nF = 2793 DOF. The finite element mesh of the structural-acoustic system is shown
in Fig. 2. The internal acoustic cavity is excited by a localized deterministic acoustic source density,
which is constant in the frequency band � = [1060 , 1300]Hz. Let J be the set of indices correspond-
ing to the nodes of the finite element mesh of the internal cavity located at points (0.423, 0.450, 0.040),
(0.424, 0.425, 0.041), (0.445, 0.450, 0.040), (0.446, 0.425, 0.041), (0.41, 0.45, 0.06), (0.412, 0.425, 0.061),
(0.43, 0.45, 0.06), (0.432, 0.425, 0.061). The spatial distribution of the acoustic source is such that the vec-
tor of the generalized acoustic forces is written as FF (ω) = � � (ω)

∑

j∈J [ΦF ]T ej in which e1, . . . , enF

are the canonical basis vectors of � nF and where � � (ω) = 1 if ω ∈ � and � � (ω) = 0 if ω /∈ � . The chosen

observation is the spectral acoustic energy w(r, ω) =
VF

ρF c2
F

p̃(r, ω)2 with p̃(r, ω)2 =
1

nF

nF
∑

j=1

|p
j
(r, ω)|2,

in which VF is the volume of the internal acoustic cavity and where p
j
(r, ω) is the component number j of

vector p(r, ω).
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Figure 2: Mean model of the master structure : plates (filled domain), frame (thick black line) (left) - mean
finite element model of the structural-acoustic system (right).

6.2 Estimation of the numerical parameters for the robust design optimization

In the present analysis, the initial structural-acoustic system corresponds to the value of the design parameter
r0 = 0.005m. The frequency band of analysis for which the acoustic level has to be reduced is � =
[1060 , 1300]Hz.

The Monte Carlo numerical simulation is chosen for solving the design optimization problem. The numer-
ical parameters related to the stochastic reduced equation Eq. (15) have to be fixed first. These numerical
parameters are the number NS of structural modes, the number NF − 1 of acoustic modes, which have to be
kept in the modal reduction and the number nr of realizations used in the Monte Carlo numerical simulation.
Consequently, a convergence analysis has to be carried out with respect to nr, NF and NS . The computation
is performed for the initial structural-acoustic system with dispersion parameter δKS

= 0.25. Let W 0(ω)
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be the initial random observation defined by W 0(ω) = W (r0, ω) and corresponding to the random spec-
tral acoustic energy of the initial structural-acoustic system. The mean square convergence is analyzed by
studying the function (nr, NF , NS) 7→ Conv(nr, NF , NS) defined by

Conv2(nr, NF , NS) =
1

nr

nr
∑

i=1

(

W 0
� ,∞(θi)

)2
, (18)

in which W 0� ,∞(θi) is the realization number i of the random variable W 0� ,∞ defined by W 0� ,∞ = maxω∈ � W 0(ω).
Note that random variable W 0� ,∞ is computed with a reduced model of dimension NS + NF .

0 200 400 600 800
97.65

97.7

97.75

97.8

97.85

97.9

97.95

Figure 3: Convergence analysis : graph of function nr 7→ Conv(nr, 51, 100) for the structural-acoustic
system with r0 = 0.005m and δKS

= 0.25.
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98.8

99

99.2

Figure 4: Convergence analysis : graph of function NS 7→ Conv(500, NF , NS) for the structural-acoustic
system with r0 = 0.005m and δKS

= 0.25 and for NF = 11 (black line), NF = 41 (dark gray line) and
NF = 51 (light gray line).

Figure 3 displays the graph nr 7→ Conv(nr, 51, 100). It can be seen that a reasonable convergence is
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reached for nr = 500. Figure 4 displays the graph NS 7→ Conv(500, NF , NS) for several values of NF .
Convergence is reached for NF = 41 and NS = 90.

6.3 Specification of the design optimization

Below, the robust design optimization is carried out with δKS
= 0.25, NF = 41, NS = 90 and nr = 500.

The admissible set R for the design parameter r is defined such that r ∈ [0.005 , 0.007]m. Note that the
convergence of the results has been verified over admissible set Rwith these numerical parameters. Similarly
to the stochastic case, let w0(ω) = w(r0, ω) be the observation corresponding to the spectral acoustic
energy of the mean initial structural-acoustic system. Figure 5 shows the observation ω 7→ 10 log10(w

0(ω))
and the confidence region of random observation W 0(ω) obtained with a probability level Pc = 0.98.
It can be seen that the confidence region is narrow over frequency band � except for the frequency band
[1130 , 1160]Hz. Consequently the structural-acoustic system is robust with respect to model uncertainties
and to data uncertainties in frequency band � \ [1130 , 1160]Hz.

1100 1150 1200 1250
60

70

80

90

100

Figure 5: Observation of the initial structural-acoustic system. Graph of function ν 7→ 10 log10(w
0(2πν))

(thin black line). Confidence region (gray region) of random observation W 0(2πν) obtained with a proba-
bility level Pc = 0.98. Horizontal axis is the frequency ν in Hz.

The design optimization problem consists in finding the design of the structural-acoustic system which allows
the spectral acoustic energy over frequency band � to be reduced for the best. It is assumed that the precision
of design parameter r is 50µm. The robust optimization problem is then solved by computing the cost
function with repect to admissible set R and by using Monte Carlo numerical simulation. For r in R, let
g � (r) and greal� (r) be the acoustic gains defined with respect to the acoustic level corresponding to the upper
envelope of the confidence region of the initial structural-acoustic system and defined by

g � (r) = 10 log10

(

w � ,∞(r)

w+
� ,∞(r0)

)

, greal
� (r) = 10 log10

(

w+
� ,∞(r)

w+
� ,∞(r0)

)

, (19)

in which w � ,∞(r) = maxω∈ � w(r, ω) and w+
� ,∞(r) = maxω∈ � w+(r, ω). For a given r in R, the scalar

g � (r) represents the acoustic gain predicted with the mean model of the designed system and the scalar
greal� (r) represents the acoustic gain predicted with the stochastic model constructed from this mean model.
We are interested in comparing the acoustic gain obtained from the designed system solution of the design
optimization presented in Section 3 and from the designed system solution of the robust design optimization
presented in Section 5.
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6.4 Robust design optimization over a narrow frequency band of analysis

The design analysis is limited to the narrow frequency band � 1 = [1190 , 1260]Hz for which the ini-
tial structural-acoustic system is robust with respect to model uncertainties and to data uncertainties. Fig-
ure 6 displays the graphs r 7→ 10 log10(w

+
� 1,∞(r)) and r 7→ 10 log10(w � 1,∞(r)). It can be seen that

the deterministic design optimization and the robust design optimization yield optimal design parame-
ters rD = 5.9 10−3 m and rRD = 5.95 10−3 m. Let W D(ω) and W RD(ω) be the random observa-
tions defined by W D(ω) = W (rD, ω) and W RD(ω) = W (rRD, ω). Similarly to the stochastic case, let
wD(ω) = w(rD, ω) and wRD(ω) = w(rRD, ω).

5 5.5 6 6.5 7
x 10

−3

80

85

90

95

100

Figure 6: Comparison between the design optimization and the robust design optimization. Graph of func-
tions r 7→ 10 log10(w

+
� 1,∞(r)) (black line) and r 7→ 10 log10(w � 1,∞(r)) (gray line). Horizontal axis is

design parameter r.

Figure 7 shows the spectral acoustic energy ω 7→ 10 log10(w
D(ω)) and the confidence region of random

observation W D(ω) corresponding to the design optimization. It can be seen that the resonance peaking
of the spectral acoustic energy wD(ω) has been considerably reduced. Indeed, the value rD of the design
parameter yields a mean master structure for which there exists a structural mode which couples with the
acoustic mode of the internal acoustic cavity. The resonance peaking corresponds to an elasto-acoustic
mode for this mean structural-acoustic system. At this resonance, the transfer of energy from the internal
acoustic cavity to the master structure is optimal. From Fig. 6, it should be noted that this energy pumping
phenomenon is very sensitive to the design parameter.

Figure 7 displays a broad confidence region for random observation W D(ω). By comparing Fig. 5 and 7, it
can be seen that the robustness of the structural-acoustic system (corresponding to the design optimization
point rD) with respect to model and data uncertainties has drastically decreased in comparison to the robust-
ness of the initial structural-acoustic system. This lack of robustness is due to the amount of uncertainty
in the master structure. Indeed, the structural mode (related to the uncertain master structure with fixed
coupling interface), which is likely to couple with the acoustic mode of the internal cavity in vacuo is uncer-
tain. The width of the support corresponding to the probability distribution of its corresponding structural
eigenvalue is an increasing function of dispersion parameter δKS

. In the present case, the value of the disper-
sion parameter is relatively important (δKS

= 0.25), yielding realizations of the corresponding structural
eigenmode which couple weakly with the acoustic mode of the internal acoustic cavity. Consequently, such
realizations do not yield optimal elasto-acoustic coupling. The gain g real� 1

(rD) predicted with the stochastic
model of the structural-acoustic system is lower than the gain g � 1

(rD) predicted with the mean model of the
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structural-acoustic system. We have greal� 1
(rD) = 4.2 dB ≤ g � 1

(rD) = 15.7 dB. In addition, it should be
noted that the deterministic design optimization yields a secondary optimum rD ′

for which greal� 1
(rD′

) < 0.

1200 1210 1220 1230 1240 1250
60
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80

90

100

Figure 7: Graphs of function ν 7→ 10 log10(w
D(2πν)) (thin black line) and of the confidence region (gray

region) of random observation 10 log10(W
D(2πν)) corresponding to the design optimization. Horizontal

axis is the frequency ν in Hz.
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Figure 8: Graphs of function ν 7→ 10 log10(w
RD(2πν)) (thin black line) and of the confidence region (gray

region) of random observation 10 log10(W
RD(2πν)) corresponding to the design optimization. Horizontal

axis is the frequency ν in Hz.

Figure 8 shows the spectral acoustic energy ω 7→ 10 log10(w
RD(ω)) and the confidence region of random ob-

servation W RD(ω) corresponding to the robust design optimization. Figure 6 shows that the design optimiza-
tion and the robust design optimization yields close design points. It can be seen that g � 1

(rRD) < g � 1
(rD)

which means that the performance of the designed system solution of the robust design optimization is not as
good as the performance of the designed system solution of the deterministic design optimization. Neverthe-
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less, we have greal� 1
(rRD) = 5.4 dB > greal� 1

(rD). Clearly, the real structural-acoustic system manufactured
from the optimal designed system solution of the robust design optimization yields the most optimal perfor-
mance.

6.5 Robust design optimization over a broad frequency band of analysis

The robust design analysis is carried out over the broad frequency band � = [1060 , 1300]Hz. Figure 9
displays the graphs r 7→ 10 log10(w

+
� ,∞(r)) and r 7→ 10 log10(w � ,∞(r)). It can be seen that rD =

5.45 10−3 m and rRD = 5.80 10−3 m. Figure 10 shows the spectral acoustic energy ω 7→ 10 log10(w
D(ω))

and the confidence region of random observation W D(ω) corresponding to the design optimization. Fig-
ure 11 shows the spectral acoustic energy ω 7→ 10 log10(w

RD(ω)) and the confidence region of random
observation W RD(ω) corresponding to the robust design optimization.
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Figure 9: Comparison between the design optimization and the robust design optimization. Graph of func-
tions r 7→ 10 log10(w

+
� ,∞(r)) (black line) and r 7→ 10 log10(w � ,∞(r)) (gray line). Horizontal axis is design

parameter r.

From figure 9, it can be seen that the design optimization yields g real� (rD) = −1.57 dB. The comparison
between the confidence region of figure 4 and figure 10 shows that the resonance peaking number 2 is
drastically softened at the expense of the resonance peaking number 1. In the present case, since g real� (rD) <
0, the deterministic optimization yields an erroneous optimal structural-acoustic system. The structural-
acoustic system which is manufactured with this erroneous optimal design yields an acoustic pressure level
which is contradictory to the prescribed objective. By comparing figure 4 and figure 11, it can be seen that
the robust design optimization yields greal� (rRD) = 1.20 dB. These results show that the model uncertainties
and the data uncertainties have to be taken into account in the formulation of design optimization problems.
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Figure 10: Graphs of function ν 7→ 10 log10(w
D(2πν)) (thin black line) and of the confidence region (gray

region) of random observation 10 log10(W
D(2πν)) corresponding to the design optimization. Horizontal

axis is the frequency ν in Hz.
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Figure 11: Graphs of function ν 7→ 10 log10(w
RD(2πν)) (thin black line) and of the confidence region (gray

region) of random observation 10 log10(W
RD(2πν)) corresponding to the design optimization. Horizontal

axis is the frequency ν in Hz.

7 Conclusion

An approach which allows the robust design optimization problem to be formulated and solved in presence
of model uncertainties has been presented in the context of structural-acoustics. Model uncertainties are
taken into account with a nonparametric probabilistic approach. The numerical application shows that the
usual design optimization can produce a non optimal result. The proposed approach can be easily extended
to any complex uncertain structural-acoustic system.
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Abstract
In this paper, the effect of component variability (due to dimensional tolerances) on the dynamics of an as-
sembled structure, is analysed using Monte Carlo simulation. Dimensional tolerances are usually prescribed
on individual components, whose dynamics is substantially unaffected by the variability within the toler-
ance field. However, the dynamic behaviour of the assembled structure might be much more sensitive to
component variability. A random assembly process is performed by assuming a normal distribution for di-
mensional uncertainties, and the probability density functions of natural frequencies and MAC are estimated
from Monte Carlo simulation. Mode shapes and CoMAC of each assembled substructure are evaluated too.
Efficient ways to reduce the dynamic variability of the assembled structures are finally discussed.

1 Introduction

Mass produced industrial structures are often built by assembling together a number of components. Simi-
larly, each component derives from mass production and satisfies some prescribed dimensional tolerances.
Although the dynamic behaviour of each individual component substructure might be only slightly affected
by the variability within the tolerance field, the dynamic behaviour of the assembled structure could be much
more sensitive to component variability. Problems related to variability are deeply discussed in [1].

In this paper, the effect of component variability on an assembled structure is analysed using Monte Carlo
simulation. First, dimensional uncertainties are defined by assuming normal probability distribution, from
which out of tolerance elements are discarded. Components are then randomly assembled together, and
the dynamic behaviour of each assembled substructure is evaluated in terms of natural frequencies, mode
shapes, MAC and CoMAC (relative to the nominal structure). The probability density functions of natural
frequencies and MAC are estimated from the results of Monte Carlo simulation.

Results are finally discussed in view of understanding how to effectively reduce the dynamic variability of
the assembled structures.

2 Procedure

A procedure to analyse the impact of dimensional tolerances on the dynamics of coupled structures should
start from:

• a model of the (sub)-structures to be coupled;

• a definition of dimensional uncertainties;

• a process to generate the random set of (sub)-structures to be coupled.
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The model of the substructures can be either numerical (e.g. finite elements) or analytical (in simplest cases).
A difficulty in the use of FE models is that the mesh should be changed in accordance with the variations
of geometric dimensions, except for thickness in shell and beam elements, which is obviously an element
property.

The definition of dimensional uncertainties consists in choosing which dimensions are to be considered
uncertain and in defining the probability distribution of uncertainties. In this respect, normal distribution is
generally a good choice [2], provided that the tails of the distribution are cut away to avoid out of tolerance
items.

The process to generate the random set of (sub)-structures to be coupled should define whether the random
variables, associated with the uncertain dimensions, are independent or correlated. In the latter case, it
should be established whether correlation exists between random variables of the same structure (e.g. length
and thickness) or between homologous random variables of different (sub)-structures (e.g. thicknesses).
Furthermore, the type of correlation should be established.

3 Analysed case

3.1 Structure and model

A simply supported structure, built by joining together three aluminum beams, is simulated (Fig. 1). The
middle beam behaves as an elastic joint between the two end beams. The mechanical properties of the

-� -� -�
6 66

? ??

l1 l2

h2h1 h3

l3

-
x

6y

Figure 1: Sketch of the test structure.

Table 1: Nominal dimensions

Item Length l [mm] Width w [mm] Height h [mm]

1 Left beam 400 40 8
2 Middle beam 50 40 3
3 Right beam 200 40 8

structures are: E = 7 · 1010 N/m2, ρ = 2700 kg/m3. The nominal dimensions of the items are shown in
Table 1.

It is assumed that lengths and heights of the beams are independent random variables, distributed within
prescribed dimensional tolerances. Specifically, the probability density functions of random distributions are
normal with mean values equal to the nominal dimensions and standard deviations of 1 mm for lengths l1,
l2, l3 and of 0.25 mm for heights h1, h2, h3. The tolerance fields for lengths and heights are ±2 mm and
±0.5 mm, respectively. Values outside such fields are discarded.

Instead of using finite elements, each substructure is modeled analytically as an Euler beam. Boundary and
coupling conditions are listed below, where wi represents the displacement of beam i along y direction and
ki is the flexural wavenumber of beam i.

w1(0) = 0
w′′

1(0) = 0

}
simple support of beam 1 at x = 0
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w1(l1) = w2(l1)
w′

1(l1) = w′
2(l1)

EI1w
′′
1(l1) = EI2w

′′
2(l1)

EI1w
′′′
1 (l1) = EI2w

′′′
2 (l1)

 coupling between beam 1 and beam 2 at x = l1

w2(l1 + l2) = w3(l1 + l2)
w′

2(l1 + l2) = w′
3(l1 + l2)

EI2w
′′
2(l1 + l2) = EI3w

′′
3(l1 + l2)

EI2w
′′′
2 (l1 + l2) = EI3w

′′′
3 (l1 + l2)

 coupling between beam 2 and beam 3 at x = l1 + l2

w3(l1 + l2 + l3) = 0
w′′

3(l1 + l2 + l3) = 0

}
simple support of beam 3 at x = l1 + l2 + l3

Displacement wi can be expressed as: wi(x) = Ai sin (ki ξi)+Bi cos (ki ξi)+Ci sinh (ki ξi)+Di cosh (ki ξi),
where ξi = x−

∑i−1
j=1 lj . After substituting into the equations above, it is obtained:



B1 + D1 = 0

B1 −D1 = 0

A1 sin (k1 l1) + C1 sinh (k1 l1)−B2 −D2 = 0

A1 cos (k1 l1) + C1 cosh (k1 l1)−A2 − C2 = 0

−A1 I1 sin (k1 l1) + C1 I1 sinh (k1 l1) + B2 I2 −D2 I2 = 0

−A1 I1 cos (k1 l1) + C1 I1 cosh (k1 l1) + A2 I2 − C2 I2 = 0

A2 sin (k2 l2) + B2 cos (k2 l2) + C2 sinh (k2 l2) + D2 cosh (k2 l2)−B3 −D3 = 0

A2 cos (k2 l2)−B2 sin (k2 l2) + C2 cosh (k2 l2) + D2 sinh (k2 l2)−A3 − C3 = 0

−A2 I2 sin (k2 l2)−B2 I2 cos (k2 l2) + C2 I2 sinh (k2 l2) + D2 I2 cosh (k2 l2) + B3 I3 −D3 I3 = 0

−A2 I2 cos (k2 l2) + B2 I2 sin (k2 l2) + C2 I2 cosh (k2 l2) + D2 I2 sinh (k2 l2) + A3 I3 − C3 I3 = 0

A3 sin (k3 l3) + B3 cos (k3 l3) + C3 sinh (k3 l3) + D3 cosh (k3 l3) = 0

−A3 sin (k3 l3)−B3 cos (k3 l3) + C3 sinh (k3 l3) + D3 cosh (k3 l3) = 0

To find the characteristic equation in terms of ω, kili can be expressed as

kili = 4

√
ρSi

EIi

√
ωli =

√
τiω

where Si, Ii are the cross-section area and area moment, respectively, and τi (seconds) is: τi =
√

ρSi

EIi
l2i .

The characteristic equation f(ω) is found by means of symbolic computation and shown in the appendix.

3.2 Random assembly

A set of random structures is assembled using Monte Carlo simulation. For each sample structure, lengths
and heights of the component beams are generated according to the normal distribution defined previously
and by discarding out of tolerance items. Natural frequencies and eigenfunctions of each sample structure are
computed from the characteristic equation and stored. The mean values and the standard deviations of the six
lowest natural frequencies are estimated at the end of each step. The Monte Carlo simulation is stopped after
1000 realisations, having observed the stabilisation plots of mean values and standard deviations (figure 2).
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Figure 2: Stabilisation plots.

3.3 Results

The probability density function of each natural frequency is estimated by dividing the range (encompassed
between the minimum and maximum values of each natural frequency) into a number NI of intervals, by
counting how many realisations fall inside each interval and by normalising the result according to the
meaning of pdf.

The range of each natural frequency is relatively large with respect to the nominal natural frequency, i.e.
that computed for the nominal dimensions. It goes from a maximum of about ±24% for the first natural
frequency to a minimum of about ±6% for the fourth natural frequency.

Figure 3 shows the estimated (with NI = 50) probability density function of the six lowest natural frequen-
cies, together with the mean value and the nominal value. It can be noticed that the mean value is generally
different from the nominal value, i.e. a bias is produced due to the non linear dependence of natural frequen-
cies from geometrical dimensions.

The estimated probability density function looks very similar to the fitted normal distribution, apart from
some significant deviation in the third natural frequency and from some scatter in the other pdfs.

In Figure 4 the eigenfunctions of all sample structures are overlayed: a distinct plot is used for each of the
first six eigenfunctions. It can be noticed that the variability of the eigenfunctions is small compared to that
of the natural frequencies. This is confirmed by Figure 5 where the estimated probability density functions
of MAC between nominal and current eigenfunctions is shown. The correlation is always very high: the
mean values are always greater than 99% and the minimum values are greater than 95% with the significant
positive exception of the first mode where the minimum MAC value exceeds 99.85%.

In order to verify whether the variability is concentrated on some specific portion of the structure, the CoMAC
between the first six nominal and current eigenfunctions, φ̂r(x) and φri(x), is evaluated according to the
following expression:

CoMACi(x) =

6∑
r=1

∣∣∣φ̂r(x)φri(x)
∣∣∣2(

6∑
r=1

φ̂2
r(x)

)(
6∑

r=1

φ2
ri(x)

) (1)

valid for real eigenfunctions. From Figure 6, it can be noticed that the mean value of CoMAC is greater
than 99% and the minimum value is greater than 96%. Furthermore, the variability along the structure is not
significant.
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Figure 3: Estimated probability density functions p1(f) · · · p6(f) of the six lowest natural frequencies after
Monte Carlo simulations (1000 realisations) versus mean values (N), nominal values (H) and fitted normal
distributions (—).
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Figure 4: All realisations (1000) of the first six eigenfunctions.
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Figure 5: Estimated probability density functions p∗1(f) · · · p∗6(f) of MAC between nominal and current
eigenfunctions, after Monte Carlo simulations (1000 realisations).
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Figure 6: CoMAC between the first six nominal and current eigenfunctions along the beam length: (a) all
realisation; (b) mean value (—), min and max values (- - -).

4 Discussion

The observed results show that the geometric dimension variability produces significant effects on natural
frequencies but it weakly affects mode shapes. However, the analysis gives no indication on what to do in
order to reduce the variability of the dynamic behaviour, i.e. which dimensional tolerance fields have to be
reduced. To this aim, several possibilities could be explored:

• to repeat Monte Carlo simulation by narrowing one dimensional tolerance field at a time;

• to perform a sensitivity analysis through an approximate model of the effect of variability, e.g. obtained
using Design of Experiments (DoE) [3].

The final objective of the study could be a robust assembly process: for a given lot of substructures with
known dimensions, choose an optimal matching so as to minimise the variability of the dynamic behaviour
of the assembled structure.
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Abstract
In this paper, the effect of component variability (due to dimensional tolerances) on the dynamics of an as-
sembled structure is modeled using procedures derived from Design of Experiments (DOE). Specifically, the
possibilities offered by factorial design, in order to identify a regression model of the effect of uncertainties
and of their interactions, are explored. Of course, the number of numerical experiments, required to fit a
regression model, is much less than the number of realisations required for the implementation of Monte
Carlo simulation, presented in the companion paper [1]. The regression model can then be used instead of
the physical model to evaluate the dynamic behaviour of the assembled structure. The procedure is verified
by comparing the output of the regression model with results of the physical model. Furthermore, the per-
cent contributions of different uncertainties are evaluated, allowing to select which tolerance fields should be
narrowed first in order to reduce the dynamic variability of the assembled structure.

1 Introduction

Industrial structures are often built by assembling together a number of mass produced components. The
properties of each component are affected by a number of uncertainties that might affect the dynamic be-
haviour of the assembled structure in a stronger way if compared with the effect on individual components.

The influence of component variability on an assembled structure could be analysed using Monte Carlo
simulation [1], but this is unpractical when dealing with complex structures assembled together. Complexity
may be related to the number of DoFs and /or the number of uncertain variables. A high number of uncertain
variables requires an increasing number of Monte Carlo realisations to stabilise the statistical properties of
the solution, while a high number of DoFs increases the time required to evaluate the dynamic properties of
each realisation.

In this paper, an attempt is made to model the effect of uncertainties using procedures derived from Design
of Experiments (DOE) [2]. Specifically, the possibilities offered by factorial design in order to identify a
regression model of the effect of uncertainties and of their interactions are explored. It is obvious that the
number of numerical experiments required to fit a regression model, accounting both for main and interac-
tion effects, is much less than the number of realisations required for the implementation of Monte Carlo
simulation. The regression model can then be used instead of the physical model to evaluate the dynamic
behaviour of the assembled structure.

The procedure is verified by comparing the output of the regression model with results of the physical model
in a wide range of combinations of the uncertain variables. Finally, the percent contributions of different
uncertainties to the scatter of dynamic properties are evaluated. This allows to select which tolerance fields
should be narrowed at first instance to reduce the dynamic variability of the assembled structure.
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2 Background on DOE [2]

2.1 Factorial design

Many experiments involve the study of the effects of two or more factors. In general, factorial designs are
very efficient for this task. By a factorial design, it is intended that in each series of experiments all possible
combinations of the levels of the factors are investigated. For instance, if there are a levels of factor A, and
b levels of factor B, each series of experiments contains all a × b factor combinations. When factors are
arranged in a factorial design, they are said to be crossed.

The effect of a factor is defined as the change in response produced by a change in the level of the factor.
This is called a main effect because it refers to the primary factors of interest in the experiment. In some
experiments, it is found that the difference in response between the levels of one factor is not the same at all
levels of the other factors. When this occurs, there is an interaction between the factors.

If the factors are quantitative, a regression model representation of a two-factor factorial experiment could
be written as:

f̂ = α0 + α1x1 + α2x2 + α12x1x2 + ε (1)

where f̂ is the experimental response, the α’s are parameters whose values are to be determined, x1 is a
variable that represents factor A, x2 is a variable that represents factor B, and ε is an error term. The
variables x1 and x2 are defined on a coded scale from −1 to +1 (the low and high levels of A and B).

Coded design variables, −1 ≤ xi ≤ +1, are usually preferred to design factors in their original, or engineer-
ing, units. If engineering units were used, different values of the α’s would be obtained in comparison to the
coded variables analysis and often the results could not be as easy to interpret. In fact, coded variables are
very effective for determining the relative size of factor effects, which is directly represented by the α’s.

Factorial designs have several advantages. They are more efficient than experiments with one factor at a time,
in the sense that a lower number of experiments is required. Furthermore, a factorial design is necessary when
interactions may be present to avoid misleading conclusions. Finally, factorial designs allow the effects of a
factor to be estimated at several levels of the other factors, yielding conclusions that are valid over a range of
experimental conditions.

An important special case of factorial design is that of k factors at two levels. A complete series of experi-
ments requires 2k observations and is called a two-level 2k full factorial design. The 2k design is particularly
useful in the early stages of analysis, when many factors are likely to be investigated. It provides the smallest
number of runs with which k factors can be studied in a complete factorial design. Consequently, these
designs are widely used in factor screening experiments. Fractional factorial designs, involving less than 2k

experiments, can be also considered. However, in such cases, some of the interaction effects are confounded
with (i.e. they can not be distinguished from) main effects or other interaction effects. Usually, each series
of experiments should be replicated several times using the same control factors to average out the effects of
noise. Of course, this becomes unnecessary if experiments are numerical. In such cases, a single replicate is
sufficient.

2.2 Effect estimate

Each series of experiments (runs) is conducted using the so called standard order. A recursive definition of
the standard order can be given as follows:

1. for a single control factor A, the first run considers the control factor at the low (-) level and the second
run is conducted with control factor at the high (+) level;

2. each time a new control factor is introduced, all previous runs are repeated once with the new control
factor at the low level and once with the additional control factor at the high level.
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Table 1: Standard order of runs in 2k design
RUN A B C · · · Label

1 - - -
... (1)

2 + - -
... a

3 - + -
... b

4 + + -
... ab

5 - - +
... c

6 + - +
... ac

7 - + +
... bc

8 + + +
... abc

... · · · · · · · · ·
... · · ·

Table 1 shows how to build 21, 22 and 23 designs. Two different notations are used in Table 1 for the runs
in the 2k design. The first one is the + and − notation, often called geometric notation. The second one is
the use of lowercase letter labels to identify the control factors’ combinations. For instance, letter label b
denotes that the control factor B is at the high level, while all other control factors are at the low level. The
case when all control factors are at the low level is labeled as (1).

In a two-level factorial design, the average effect of a factor can be defined as the change in response produced
by a change in the level of that factor, averaged over the levels of the other factors. If A+ and A− denote
the high and low levels of factor A, and f̂i(A+, . . .) denotes the response for the high level of A and a tested
combination of all the control factors different from A, the main effect of A can be expressed as:

Effect of A =
N∑

i=1

[
f̂i(A+, . . .)− f̂i(A−, . . .)

]
N(A+ −A−)

(2)

where N is the number of tested combinations, including replicates, of all control factors but A.

If coded design variables are used, then A+ = 1 , A− = −1 and A+ − A− = 2, i.e. the difference between
the high and low levels of control factors is always equal to 2. Furthermore, for a two-level full factorial 2k

design, if a single replicate is performed, then N = 2k−1. Therefore, the main effect of A can be written as:

α1 =
2k−1∑
i=1

[
f̂i(A+, . . .)− f̂i(A−, . . .)

]
2k

(3)

Note that the main effect of A is obviously equal to the coefficient α1 of the regression model.

Interaction effects can be defined in a similar way. For instance, the interaction effect AB is defined as the
average difference between the effect of A at the high level of B and the effect of A at the low level of B —
or alternatively by switching A with B, leading to the same cumbersome expression, which is omitted.

For standard run order with responses arranged in a column vector {f̂}, a contrast matrix [C] can be devel-
oped which takes into account the above definitions. Using the contrast matrix, the regression parameters
{α}, i.e. a column vector containing the coefficients of a regression model of the form (1), can be written as:

{α} = [C]
{

f̂
}

(4)

If the squared deviation of each response from its average value is considered, their sum is the so-called
total sum of squares. The percent contribution for a given control factor is defined as the percentage of
the contribution of that control factor to the total sum of squares. Percent contribution is typically used to
discriminate between significant and unimportant control factors.
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3 Application

Design of experiments is used to estimate the effect of dimensional uncertainties of the component substruc-
tures on the dynamic behaviour of an assembled structure.

3.1 Structure and model

A simply supported structure, built by joining together three aluminum beams, is considered (Fig. 1). The
middle beam behaves as an elastic joint between the two end beams. The mechanical properties of the

-� -� -�
6 66

? ??

l1 l2

h2h1 h3

l3

-
x

6y

Figure 1: Sketch of the test structure.

Table 2: Nominal dimensions

Item Length l [mm] Width w [mm] Height h [mm]

1 Left beam 400 40 8
2 Middle beam 50 40 3
3 Right beam 200 40 8

structures are: E = 7 · 1010 N/m2, ρ = 2700 kg/m3. The nominal dimensions of the items are shown in
Table 2.

Lengths and heights of the beams are considered as control factors. It is assumed that the tolerance fields for
lengths and heights are ±2 mm and ±0.5 mm, respectively. Accordingly, low and high levels of the control
factors (Table 3) are the lower and upper bounds of lengths and heights within the tolerance fields.

Table 3: Control factors

A = h1 B = l1 C = h2 D = l2 E = h3 F = l3

Low value [mm] 7.5 398 2.5 48 7.5 198
High value [mm] 8.5 402 3.5 52 8.5 202

As described in the companion paper [1], each substructure is modeled analytically as an Euler beam. Using
boundary and coupling conditions the characteristic equation of the assembled structure is derived through
symbolic computation. The eigenvalues and the eigenfunctions of the assembled structure can be evaluated
as functions of control factors.

The outputs of the (numerical) experiments are the first six natural frequencies of the assembled structure.
In fact, mode shapes are weakly affected by geometric dimension variability as discussed in [1].

3.2 Design of experiments

A two-level full factorial 26 design is implemented, requiring 64 experiments. Since noise is not expected in
numerical experiments, a single replicate is sufficient.

Both main effects (A, B, C, D, E, F) and interaction effects, up to 6-factors interaction, are estimated using
the appropriate contrasts. Results are shown in Table 4 for the first six natural frequencies.
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Table 4: Effect estimate and regression coefficients α

f1 f2 f3 f4 f5 f6
Mean = α 0 21.512 133.78 301.24 619.79 867.95 1286
A     = α 1 -0.49286 7.5655 4.0776 25.567 11.758 61.879
B     = α 2 -0.094599 -0.86049 -1.6682 -4.7973 -1.9222 -11.28
C     = α 3 4.9663 8.4506 33.261 10.56 64.044 39.937
D     = α 4 -0.37149 -1.5255 -5.5124 -2.2045 -9.3713 -6.9268
E     = α 5 0.03147 -2.611 2.9733 9.3914 20.777 3.1148
F     = α 6 -0.14825 -0.57318 -1.3124 -2.2482 -11.177 -1.4248

AB    = α 12 0.0022488 -0.023906 0.025004 -0.27652 0.11782 -0.88709
AC    = α 13 0.052253 0.65984 2.1647 -3.0555 8.283 -7.7868
AD    = α 14 -0.0026485 -0.19304 -0.16062 0.45132 -1.0956 1.0301
AE    = α 15 0.033726 -0.19434 0.36842 -0.28222 -0.41889 -0.15572
AF    = α 16 0.0060236 -0.055294 -0.091469 -0.070158 -0.19727 0.27926
BC    = α 23 -0.027067 -0.11676 -0.14176 0.37238 -1.0936 0.5688
BD    = α 24 0.0018276 0.026737 0.014562 -0.033943 0.13974 -0.046412
BE    = α 25 0.0019811 0.01611 -0.08593 -0.15953 0.17741 -0.029553
BF    = α 26 0.00079334 0.0066275 0.005314 0.06419 -0.029724 -0.028214
CD    = α 34 -0.051234 0.34321 0.44365 -0.3695 -1.907 -3.3502
CE    = α 35 0.055783 0.51605 2.2691 3.4714 -7.0331 2.5403
CF    = α 36 -0.032399 -0.021214 -0.49192 -0.86585 1.3806 -1.0988
DE    = α 45 -0.00372 -0.040365 -0.25143 -0.4321 1.0093 -0.34267
DF    = α 46 0.0032074 -0.0045135 0.075143 0.11268 -0.13812 0.14246
EF    = α 56 -0.0036622 0.030056 0.17519 0.23889 -1.0224 0.082971

ABC   = α 123 0.00089229 -0.028203 0.056272 -0.014671 0.15786 -0.063282
ABD   = α 124 -5.98E-05 0.0046896 -0.010036 0.0046461 -0.017079 0.0019488
ABE   = α 125 -0.0002944 0.0012362 0.001366 -0.026455 0.031483 -0.006605
ABF   = α 126 -6.48E-05 0.0011939 -0.001891 0.015011 -0.025537 0.0099452
ACD   = α 134 -0.0076034 0.12119 -0.24443 -0.035094 -0.73586 0.39291
ACE   = α 135 0.004837 0.092916 0.33335 -0.54605 0.20736 -0.11291
ACF   = α 136 -0.00092973 0.013009 -0.095039 0.098432 -0.29728 0.18497
ADE   = α 145 -0.00086391 -0.0082172 -0.041954 0.083865 -0.02761 -9.42E-05
ADF   = α 146 2.95E-05 -0.0015897 0.014024 -0.016832 0.034726 -0.015193
AEF   = α 156 0.00013026 0.0034523 0.00040487 0.037437 -0.047369 0.01629
BCD   = α 234 0.00054096 -0.0092944 0.015303 0.003313 0.069557 -0.037416
BCE   = α 235 6.59E-05 -0.0056068 -0.03491 0.055537 -0.0542 -0.021849
BCF   = α 236 0.00025787 0.00020188 0.0073423 -0.0057376 0.032604 -0.019988
BDE   = α 245 -1.69E-05 3.00E-05 0.0057367 -0.0078356 0.0064219 0.003175
BDF   = α 246 -1.86E-05 -5.38E-05 -0.0010879 0.00095305 -0.0039974 0.002469
BEF   = α 256 1.74E-05 -0.00096074 -0.00012181 -0.012315 0.015662 -0.0062396
CDE   = α 345 -0.0028521 0.010226 -0.06437 0.033004 -0.20182 -0.28208
CDF   = α 346 0.00036455 0.0030405 -0.0024296 0.0083247 -0.034548 0.10502
CEF   = α 356 -0.00053517 -0.0016222 0.040421 -0.18823 0.29859 0.063668
DEF   = α 456 5.29E-05 0.00058234 -0.0093144 0.020814 -0.031522 -0.010149

ABCD  = α 1234 -1.64E-05 -0.0017747 0.0029276 0.00089062 -0.003609 -0.0059977
ABCE  = α 1235 -2.53E-05 -0.00069826 0.00036454 0.03253 -0.029154 -0.0016999
ABCF  = α 1236 -1.98E-05 9.98E-05 -0.00010444 -0.0089951 0.0032791 0.0046372
ABDE  = α 1245 4.90E-06 -8.31E-05 0.00018115 -0.0044491 0.0052649 -0.0015363
ABDF  = α 1246 1.38E-06 -4.19E-05 3.88E-05 0.0013133 -0.0013264 0.00023449
ABEF  = α 1256 7.09E-07 -0.00017307 0.00051155 -0.0061535 0.0044049 0.001121
ACDE  = α 1345 -0.00020631 0.0028113 -0.036454 0.015009 -0.019228 -0.0072758
ACDF  = α 1346 0.00010406 -0.00031888 0.004882 -0.0045508 0.01514 -0.0027497
ACEF  = α 1356 5.48E-06 -0.001148 0.0016243 -0.057691 0.058874 0.0075495
ADEF  = α 1456 3.64E-06 0.00022091 -0.00042638 0.0078227 -0.010245 0.0015431
BCDE  = α 2345 1.90E-05 0.00023715 0.0017467 -0.0070285 0.0082959 0.0028114
BCDF  = α 2346 -7.00E-06 8.71E-05 -0.00051846 0.0013509 -0.0034216 0.0011173
BCEF  = α 2356 5.24E-06 4.58E-05 -0.00026365 0.01536 -0.014073 -0.0038592
BDEF  = α 2456 -7.97E-08 -1.40E-06 4.49E-05 -0.0018023 0.0018704 0.00013697
CDEF  = α 3456 -4.62E-06 -0.00049454 0.0022255 0.018391 -0.025096 -0.007915

ABCDE = α 12345 -3.11E-07 0.00011947 0.00033667 0.00049475 0.00038997 -0.0018259
ABCDF = α 12346 2.75E-07 5.52E-05 -0.00015014 -8.67E-05 -0.00056692 0.00091162
ABCEF = α 12356 -4.83E-07 2.20E-05 0.00018977 0.0051319 -0.0057817 0.00026287
ABDEF = α 12456 -2.82E-08 2.22E-06 -4.84E-05 -0.00079183 0.00077199 4.65E-05
ACDEF = α 13456 1.14E-06 -9.64E-05 0.00048284 -0.0028874 -0.0004482 0.0020565
BCDEF = α 23456 -1.26E-07 -1.96E-06 -4.89E-05 0.00060533 -0.00033293 -6.13E-05

ABCDEF = α 123456 1.89E-08 -4.87E-06 -2.37E-05 0.00083429 -0.0009667 0.00014464

Effect estimate
Model term
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Using the regression coefficients α, the first six natural frequencies can be expressed in terms of control
factors according to the fitted model given by Equation (5):

f(x1, . . . , x6) = α0 +
6∑

i=1

xi

(
αi +

6∑
j=i+1

xj

(
αij +

6∑
k=j+1

xk

(
αijk +

6∑
l=k+1

xl

(
αijkl +

+
6∑

m=l+1

xm

(
αijklm +

6∑
n=m+1

xnαijklmn

))))) (5)

Results provided by the fitted model (5) can be compared with those provided by numerical experiments
conducted through a physical model. The comparison is made for 1000 random combinations of control
factors (the same used in the Monte Carlo simulation performed in [1]). Natural frequency percentage errors,
shown in Figure 2, are computed according to the following expression:

Error =
f − f̂

f̂
× 100

where f̂ is the natural frequency provided by numerical experiments. Mean value, minimum and maximum
values, median value, lower and upper quartile values of natural frequency errors between fitted model and
numerical experiments are shown in the box and whisker plot of Figure 3. From both plots, it can be noticed
that the highest error occurs on the third natural frequency, with a mean value of about 2% and a larger
scatter. However, the error is still acceptable.

Percent contributions for main and interaction effects are estimated from sum of squares and shown in Ta-
ble 5. For each natural frequency (column), the most important effects are highlighted, by picking them in
descending order and by stopping when the sum of squares exceeds 99%.

A reduced fitted model could be developed for each natural frequency, by including only the control factors
highlighted in each column. To obtain a common model for all natural frequencies (of course, with different
regression coefficients), eight effects must be included: the six main effects (A, B, C, D, E, F) plus two
interaction effects (AC, CE). The reduced model becomes:

fred(x1, . . . , x6) = α0 +
6∑

i=1

xiαi + x1x3α13 + x3x5α35 (6)

Results provided by the reduced fitted model (6) can be compared with those provided by the complete
fitted model (5). Again, the comparison is made for the 1000 random combinations of control factors used
previously. The model reduction error can be defined as the natural frequency error between reduced model
and complete fitted model, i.e. 100× (fred − f)/f .

Mean value, minimum and maximum values, median value, lower and upper quartile values of model reduc-
tion errors are shown in the box and whisker plot of Figure 4. By observing Figure 3 and Figure 4, it can
be noticed that model reduction errors are much lower than natural frequency errors between the complete
fitted model and numerical experiments. Hence, the reduced fitted model can be used instead of the complete
fitted model without problems.

By observing again Table 5, it can be noticed that the highest effects are due either to control factor C (h2)
or to control factor A (h1), i.e. the heights of middle and left beams. This agrees with quite obvious physical
reasoning, since natural frequencies of beams are more sensitive to beam heights than to beam lengths. In
some sense, this result confirms the soundness of the proposed approach. However, the obtained results tells
some things more: an unexpected lower influence of the height h3 of the right beam.

The analysis of effects also provides a smart way to limit the scatter of natural frequencies of the assembled
structure. This result could be accomplished in subsequent steps: first, a reduction of the dimensional toler-
ance on h2; secondly, a reduction of the dimensional tolerance on h1; and so on. Each subsequent step has
decreasing effects but involves additional costs.
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Figure 2: Natural frequency errors between fitted model and numerical experiments.
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Figure 3: Mean value (- - -), minimum and maximum values (–), median value (—), lower and upper quartile
values (—) of natural frequency errors between fitted model and numerical experiments.
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Table 5: Percent contribution

Factors f1 f2 f3 f4 f5 f6
A     0.96824 40.941 1.4121 71.851 2.7555 67.256
B     0.03567 0.52964 0.23636 2.5298 0.073642 2.235
C     98.308 51.081 93.959 12.259 81.751 28.016
D     0.55006 1.6645 2.5808 0.53419 1.7504 0.84276
E     0.0039476 4.8764 0.75083 9.695 8.6042 0.17041
F     0.087597 0.235 0.14629 0.55561 2.4899 0.035658
AB    0.000020157 0.0004088 5.3101E-05 0.0084049 0.00027666 0.013822
AC    0.010883 0.31143 0.39797 1.0262 1.3675 1.065
AD    0.000027959 0.026656 0.0021911 0.02239 0.023924 0.018639
AE    0.0045337 0.027016 0.011528 0.0087551 0.0034973 0.0004259
AF    0.00014462 0.0021869 0.0007106 0.00054106 0.00077563 0.0013698
BC    0.0029202 0.0097523 0.0017068 0.015242 0.023837 0.0056827
BD    0.000013314 0.00051135 1.8009E-05 0.00012665 0.00038922 3.7836E-05
BE    0.000015644 0.00018565 0.00062714 0.0027974 0.00062734 0.00001534
BF    2.5087E-06 3.1418E-05 2.3984E-06 0.00045292 1.7609E-05 1.3982E-05
CD    0.010463 0.084256 0.016717 0.015008 0.072486 0.19714
CE    0.012403 0.19049 0.43731 1.3246 0.9859 0.11335
CF    0.0041841 0.00032189 0.020552 0.08241 0.03799 0.021207
DE    0.000055158 0.0011655 0.0053692 0.020524 0.020305 0.0020624
DF    0.000041003 1.4572E-05 0.00047956 0.0013956 0.00038022 0.00035649
EF    0.000053457 0.00064616 0.0026067 0.0062733 0.020835 0.00012092
ABC   3.1735E-06 0.00056894 0.00026895 0.00002366 0.00049669 7.0339E-05
ABD   1.4268E-08 1.5731E-05 8.5541E-06 2.3728E-06 5.8141E-06 6.6708E-08
ABE   3.4547E-07 1.0931E-06 1.5848E-07 7.6934E-05 1.9755E-05 7.6628E-07
ABF   1.6737E-08 1.0196E-06 3.0371E-07 0.00002477 1.2998E-05 1.7373E-06
ACD   0.00023043 0.010505 0.0050744 0.00013538 0.010793 0.0027116
ACE   0.000093257 0.0061754 0.0094377 0.032776 0.00085701 0.00022392
ACF   3.4454E-06 0.00012106 0.00076714 0.001065 0.0017614 0.00060097
ADE   2.9749E-06 4.8299E-05 0.00014949 0.00077312 1.5194E-05 1.5586E-10
ADF   3.4679E-09 1.8077E-06 1.6704E-05 3.1144E-05 2.4034E-05 4.0542E-06
AEF   6.7633E-08 8.5251E-06 1.3922E-08 0.00015406 4.4723E-05 4.6613E-06
BCD   1.1664E-06 6.1792E-05 1.9888E-05 1.2065E-06 9.6432E-05 2.4589E-05
BCE   1.7328E-08 2.2486E-05 0.00010351 0.00033904 5.8551E-05 8.3852E-06
BCF   2.6504E-07 2.9152E-08 4.5787E-06 3.6187E-06 2.1187E-05 7.0177E-06
BDE   1.1324E-09 6.4532E-10 2.7951E-06 6.7489E-06 8.2198E-07 1.7707E-07
BDF   1.3815E-09 2.0676E-09 1.0052E-07 9.9843E-08 3.1848E-07 1.0707E-07
BEF   1.2051E-09 6.6024E-07 1.2603E-09 1.6672E-05 4.8894E-06 6.8384E-07
CDE   0.000032423 7.4796E-05 0.00035191 0.00011973 0.00081183 0.0013976
CDF   5.2973E-07 6.6127E-06 5.0136E-07 7.6177E-06 2.3789E-05 0.00019373
CEF   1.1416E-06 1.8823E-06 0.00013876 0.0038948 0.0017769 0.0000712
DEF   1.1166E-08 2.4257E-07 7.3686E-06 0.00004762 1.9804E-05 1.8094E-06
ABCD  1.0785E-09 2.2527E-06 7.2792E-07 8.7192E-08 2.596E-07 6.3185E-07
ABCE  2.5468E-09 3.4875E-07 1.1287E-08 0.00011632 1.6941E-05 5.0755E-08
ABCF  1.5567E-09 7.1259E-09 9.2641E-10 8.8941E-06 2.1431E-07 3.777E-07
ABDE  9.5548E-11 4.9425E-09 2.787E-09 2.1759E-06 5.5248E-07 4.1459E-08
ABDF  7.5378E-12 1.2556E-09 1.2767E-10 1.896E-07 3.5063E-08 9.6581E-10
ABEF  2.0052E-12 2.1425E-08 2.2225E-08 4.1623E-06 3.8673E-07 2.2074E-08
ACDE  1.6965E-07 5.6534E-06 0.00011286 2.4763E-05 7.3689E-06 9.2983E-07
ACDF  4.3163E-08 7.2736E-08 2.0243E-06 2.2765E-06 4.5689E-06 1.328E-07
ACEF  1.1954E-10 9.4277E-07 2.2408E-07 0.00036585 6.9084E-05 1.0011E-06
ADEF  5.2773E-11 3.4908E-08 1.5441E-08 6.7267E-06 2.0921E-06 4.1824E-08
BCDE  1.4452E-09 4.0229E-08 2.5914E-07 5.4302E-06 1.3717E-06 1.3883E-07
BCDF  1.9527E-10 5.4311E-09 2.283E-08 2.006E-07 2.3334E-07 2.1926E-08
BCEF  1.095E-10 1.5015E-09 5.9038E-09 2.5934E-05 3.9474E-06 2.616E-07
BDEF  2.5314E-14 1.4009E-12 1.7122E-10 3.5705E-07 6.9731E-08 3.2953E-10
CDEF  8.5257E-11 1.7494E-07 4.2065E-07 3.7178E-05 1.2553E-05 1.1004E-06
ABCDE 3.8587E-13 1.021E-08 9.6268E-09 2.6906E-08 3.0311E-09 5.8559E-08
ABCDF 3.0133E-13 2.181E-09 1.9146E-09 8.2602E-10 6.4058E-09 1.4597E-08
ABCEF 9.3017E-13 3.476E-10 3.0586E-09 2.895E-06 6.6625E-07 1.2137E-09
ABDEF 3.1758E-15 3.5312E-12 1.9856E-10 6.8921E-08 1.1878E-08 3.793E-11
ACDEF 5.1676E-12 6.6425E-09 1.98E-08 9.1644E-07 4.0039E-09 7.4286E-08
BCDEF 6.3282E-14 2.7416E-12 2.0272E-10 4.0279E-08 2.2093E-09 6.5973E-11
ABCDEF 1.4221E-15 1.6998E-11 4.7685E-11 7.651E-08 1.8626E-08 3.6746E-10

Percent contribution (from sum of squares)
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Table 6: Percent standard deviation on the first 6 natural frequencies before reducing dimensional tolerances
(row 1), after reducing dimensional tolerance on h2 from ±0.5mm to ±0.1mm (row 2), after reducing
dimensional tolerances on both h2 and h1 from ±0.5mm to ±0.1mm (row 3).

h2 [mm] h1 [mm] Standard deviation [%]
1 2 3 4 5 6

3± 0.5 8± 0.5 10.39 3.94 5.11 2.07 3.78 2.65
3± 0.1 8± 0.5 3.00 2.92 1.69 1.96 1.58 2.25
3± 0.1 8± 0.1 2.89 1.32 1.61 0.94 1.54 0.78
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Figure 4: Mean value (- - -), minimum and maximum values (–), median value (—), lower and upper quartile
values (—) of natural frequency errors between reduced model and complete fitted model.

Table 6 shows the effect of narrowing the tolerance field on beam height h2 from ±0.5 mm to ±0.1 mm,
and of subsequently reducing of the same amount the tolerance field on beam height h1. It is noticed that
the standard deviation of natural frequencies decreases, as obvious. When only the tolerance field on h2

is narrowed, the decrease is very significant for the first, third and fifth natural frequency, as it could be
expected by observing the percent contribution of h2 (C) in Table 5. When also the tolerance field on h1 is
narrowed, a further significant decrease is observed for the second, fourth and sixth natural frequency, as it
could be expected from the percent contribution of h1 (A) in Table 5.
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4 Conclusion

The paper explores the possibilities offered by factorial Design of Experiments (DOE) in order to identify a
regression model of the effect of dimensional tolerances of component substructures, on the dynamics of an
assembled structure.

The regression model is used instead of the physical model to evaluate the dynamic behaviour of the assem-
bled structure. The regression model is satisfactorily verified by comparing its output (in terms of natural
frequencies of the assembled structures) with results provided by the physical model, in a wide range of
combinations of the uncertain variables.

The percent contributions of different uncertainties to the scatter of dynamic properties are used to select
which are the tolerance fields that should be narrowed at first instance to reduce the dynamic variability of
the assembled structure. The proposed technique, that falls within the class of robust design procedures, is
satisfactorily tested on a simple benchmark structure.
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Abstract
The exponential growth of the computational capacity has, amongst other things, enabled the design engineer
to include non-deterministic properties in the numerical simulation and validation of new designs. In this
context, the interval concept has been introduced for the description of incomplete data, subjective knowledge
and modelling uncertainties in a non-probabilistic manner. The use of the interval concept in the finite
element context has led to the development of the interval finite element method for eigenfrequency and
frequency response function analysis. For industrially sized models with a large number of uncertainties, the
computation time of these methods can be considerable. A reduction in calculation time can be achieved by
the substructuring of large models into substructures, which are then independently processed and reduced,
and afterwards recombined.
The aim of the presented work is to combine the interval finite element method for dynamic analysis with
the Craig-Bampton component mode synthesis substructuring technique, in which the static and dynamic
behaviour of each substructure are represented by a set of component modes. Special attention is paid to
the consequences of uncertain parameters on the numerical representation of an uncertain substructure. A
numerical case study is presented to illustrate the concepts used in this paper.

1 Introduction

During the last decades, the exponential growth of the computational capacity has enabled the finite ele-
ment (FE) analysis of very complex and detailed numerical models of new designs and structures. However,
it is often very difficult to define a reliable finite element model for numerical simulation and validation, as
some numerical properties are uncertain. For instance, manufacturing tolerances inevitably lead to geomet-
rical uncertainties, and material characteristics may be subject to variability. Furthermore, it is often very
difficult to model all physical phenomena, damping, boundary conditions, joints, etc. correctly. In an early
design stage, some property values even may not yet be fixed. Due to the ever growing demands imposed
on new products, it is of utmost importance for design engineers to investigate the influence of all relevant
uncertainties on the static and/or dynamic behaviour of structures. Hence, non-deterministic approaches are
gaining interest in design and development areas.

The extension of the deterministic finite element method towards uncertainty assessment is generally ob-
tained by the probabilistic concept [1] in which all uncertain parameters are represented by probability den-
sity functions. Probabilistic methods are especially suitable in case of model variabilities for which informa-
tion on both the range and the likelihood is available. However, the use of a probabilistic approach can lead
to subjective results if the available statistical data on the uncertainties are limited and approximations and
subjective information need to be included [2].
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The fuzzy set theory, introduced by Zadeh [3] in 1965, provides a concept for the description of linguistic
or subjective knowledge and incomplete data in a non-probabilistic manner. The use of Zadeh’s concept in
the finite element context has led to the development of the fuzzy finite element method [4]. Its aim is to
calculate the membership function of an output quantity, based on the fuzzy description of the uncertain input
parameters. By using the α-level technique, the interval finite element method forms the core of the fuzzy
procedure. Hence, non-probabilistic research is concentrated on the development of efficient and accurate
interval methods.

For the interval frequency response function (FRF) calculation, a hybrid procedure has been developed and
implemented by Moens [5, 6]. In this approach, a global optimisation step determines the correct intervals on
the modal parameters, which are then combined to calculate the FRF upper and lower bounds with an interval
arithmetic procedure. Special attention is paid to the limitation of the conservatism and the computational
efficiency of the method [7]. Various numerical case studies prove that the interval and fuzzy finite element
method can be useful tools to perform early design validation and optimisation [8].

For industrially sized models with a large number of uncertainties, the computation time of the interval and
the fuzzy finite element method can be considerable. A reduction in calculation time can be achieved by the
substructuring of large models into substructures, which are then independently processed and reduced [9].
Subsequently all reduced substructures are recombined to form the reduced structural system for which
the desired output quantities are calculated. However, the introduction of uncertainties in a substructuring
method requires a concept for the description of uncertainty on the substructure level. In this paper, the
interval finite element method is combined with the Craig-Bampton component mode synthesis substructur-
ing technique, in which the static and dynamic behaviour of each substructure are represented by a set of
component modes.

Section 2 of this paper gives a short introduction on the use of interval methods for the eigenvalue analysis of
FE models under uncertainty. Section 3 then describes the basic principles and the mathematical description
of the Craig-Bampton component mode synthesis technique. In section 4, the above mentioned methods
are combined for the interval eigenfrequency analysis of uncertain FE models with substructures. Different
approaches to handle uncertainties in substructures are proposed. Special attention is paid to the accuracy and
the numerical efficiency of the proposed approaches. In section 5, interval dynamic analyses are performed
on a substructured FE model of the Garteur benchmark aircraft.

2 Interval Finite Element Method

In literature, a number of general interval solutions for the interval FE problem have been described. The
most popular one used to be the interval arithmetic approach, in which all basic deterministic algebraic
operations are replaced by their interval arithmetic counterparts. Although this approach is computationally
very inexpensive, it is of little practical use as it tends to largely overestimate the interval outcome of each
operation, accumulating in a huge amount of conservatism in the interval analysis result of realistic problems.
Therefore, other approaches such as the vertex method [10], the transformation method [11, 12] and the
global optimisation method [4] have been formulated for the solution of the interval FE problem. Each of
these techniques has its specific disadvantages when applied to realistical engineering problems, such that
none of them has been established as standard interval procedure, and the choice of technique depends on
the type of the conducted FE analysis.

In case of an interval eigenfrequency analysis, the aim is to calculate the minimum and maximum values of
the eigenfrequencies of all considered modes, given the input uncertainty intervals. It can easily be shown
that a vertex method, which takes all combinations of the boundaries of the input intervals into account,
correctly predicts the intervals of output quantities if the problem is monotonic. However, in the application
of structural dynamics, it is almost impossible to prove the property of monotonicity in a general way.
Experience shows that many problems do exhibit indeed a monotonic behaviour, especially when global
model parameters are uncertain. For parameters that affect only part of the structure, it is much harder to
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predict the effect of a parameter change. In these cases, a vertex analysis can provide a first impression of
the scatter on the eigenfrequency results, but the detection of the worst-case scenarios is not guaranteed. For
those cases, it is necessary to apply a global optimisation procedure in search of the minimum and maximum
eigenfrequency values. With 〈λi〉{x} the interval on eigenvalue i due to the input uncertain parameter space
{x}, the global optimisation problem can be written as:

〈λi〉{x} =
[

min
{x}∈{x}

(λi ({x})) , max
{x}∈{x}

(λi ({x}))
]

(1)

For each mode considered in the interval eigenfrequency analysis, a global minimisation and maximisation
is required. As for each goal function evaluation a finite element eigenvalue analysis has to be performed,
the interval method becomes very time-consuming for large numerical models. The use of a reduced model
can substantially decrease the model evaluation time and hence increase the efficiency of the interval and
fuzzy finite element methods drastically. Therefore, this paper aims at the introduction of a substructuring
technique in the algorithm for interval eigenfrequency analysis.

3 Component Mode Synthesis

The aim of the well-known Component Mode Synthesis (CMS) method is to reduce the computational cost
of large models and to enable a solution strategy in which individual components can be optimised without
the need of the recalculation of the total structure. The CMS technique consists of three global steps. First the
structure is divided into a residual structure and a number of components, also referred to as substructures or
superelements. For each component, a set of component modes is calculated, which represent its static and
dynamic behaviour. In the second step, these component modes are used to reduce the component model.
In the third step, all reduced superelement models are combined with the non-reduced part of the structure
to form the global reduced system, that is further used for global FE analyses. A short overview of these
basic principles and steps of the component mode synthesis method is given in this section. A complete
mathematical description of the CMS technique can be found in [9, 13, 14].

3.1 Calculation of component modes

For each component, all unconstrained degrees of freedom (dofs) are assigned to one of two specific sets.
The set of boundary degrees of freedom (subscript t) contains all dofs that connect the considered component
to the residual structure or to another component. The remaining dofs are assigned to the set of internal dofs
(subscript o, also referred to as ’omitted’ dofs). The stiffness and mass matrices of each component are
assembled, and subsequently partitioned according to these sets [9]:

[K] =
[

Ktt Kto

Kot Koo

]
, [M ] =

[
Mtt Mto

Mot Moo

]
(2)

For each component, a set of component modes is calculated. In literature, several approaches using different
types of component modes for static and dynamic reduction are described. The Craig-Bampton method [9]
has been widely used and implemented in many finite element codes because the procedure for formulating
the component modes is very straightforward, and because the method produces highly accurate results. The
basic and most commonly applied version of the Craig-Bampton method uses constraint modes and fixed-
interface normal modes to describe the static, respectively the dynamic behaviour of a component. Each
constraint mode describes the static deformation of the component when a unit displacement (or rotation)
is applied to one boundary degree of freedom, while the other dofs of the t-set are restrained. The static
transformation matrix [Got] with all constraint modes {φC

i } as columns, has the following mathematical
description:

[Got] =
[{

φC
1

} {
φC

2

}
. . .

{
φC

t

}]
= − [Koo]

−1 [Kot] (3)
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The fixed-interface normal modes, which form the columns of the dynamic transformation matrix [Goq], are
calculated from the eigenvalue analysis of the component with all boundary dofs fixed:

[Koo] {φi} = λi [Moo] {φi} (4)

[Goq] =
[
{φ1} {φ2} · · · {φq}

]
(5)

Each of these modes is assigned to a generalized degree of freedom (q-set). The accuracy of the dynamic
reduction step is determined by the number of retained normal modes q. As the number of generalized
degrees of freedom q needed for an accurate description of the dynamic behaviour of the component is
usually several orders smaller than the number of internal dofs, the size of the component model is drastically
reduced.

3.2 Component reduction

In the second step, the set of component modes is used for the transformation [Γ] of the FE model from the
set of physical dofs into the set of reduced dofs:{

xt

xo

}
= [Γ]

{
xt

q

}
=

[
[I] [0]

[Got] [Goq]

]{
xt

q

}
(6)

Using this transformation, the component stiffness and mass matrix are reduced to form the reduced super-
element matrices [9, 14]:

[K]reduced = [Γ]T [K][Γ] =
[

Ktt 0
0 Kqq

]
, [M ]reduced = [Γ]T [M ][Γ] =

[
Mtt Mtq

Mqt Mqq

]
(7)

with:

[Ktt] =
[
Ktt

]
+ [Kto] [Got] (8)

[Kqq] = [Goq]
T [Koo] [Goq] (9)

[Mtt] =
[
Mtt

]
+ [Mto] [Got] + [Got]

T [Mot] + [Got]
T [Moo] [Got] (10)

[Mtq] = [Mto] [Goq] + [Got]
T [Moo] [Goq] (11)

[Mqt] = [Mtq]
T (12)

[Mqq] = [Goq]
T [Moo] [Goq] (13)

These reduced matrices represent the properties of the superelement as seen at its interface with adjacent
structures. Note that no coupling terms between the t-set and the q-set exist in the reduced stiffness matrix,
due to the definition of the static transformation matrix. In case of mass normalised normal modes, the
matrices [Kqq] and [Mqq] simplify to respectively a diagonal matrix with the eigenvalues and a unity matrix:

[Kqq] = [Λqq] , [Mqq] = [Iqq] (14)

3.3 Assembly of the reduced structural system

In a last step, the reduced stiffness and mass matrices of all components are assembled with the non-reduced
residual structure, to form the reduced stiffness and reduced mass matrix of the complete structural system.
These can then be used to perform finite element analyses (e.g. an eigenfrequency or frequency response
function analysis) on the global structure. Data recovery for each superelement is performed by expanding
the solution at the attachment points, using the same transformation matrices that were used to perform the
original reduction on the superelement.
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4 Uncertainty in substructured FE models

For the calculation of the eigenvalue intervals of an uncertain structure with the global optimisation strategy,
multiple eigenvalue problems have to be solved (cf. section 2). Hence, the interval finite element method for
dynamic analysis becomes very time-consuming for large systems. In this paper, the IFEM is combined with
the component mode synthesis method, in order to reduce the calculation time. The uncertain parameters
affecting the structural behaviour of a substructured finite element model can be located either in the non-
reduced part of the structure, or in one or more superelements. Sections 4.1 and 4.2 describe the combination
of the interval FE analysis with the substructuring technique for these two uncertainty location cases.

4.1 Uncertainties in the residual structure

In case that all uncertain parameters are included in the residual structure only, all components can be reduced
deterministically, as described in equations (8)-(13). Hence, only the residual structure needs to be recal-
culated during an interval or fuzzy analysis of the global structure, while the reduced component matrices
remain unchanged. In this case, the use of a substructuring technique does not change the implementation
of the interval or fuzzy analysis. Numerical examples have shown that the CMS technique enhances the
efficiency of the interval eigenvalue and frequency response function analysis, without compromising the
accuracy of the interval results [15]. However, this approach limits the numerical reduction and hence the
gain in calculation time that can be achieved, e.g. when large parts of the structure are affected by global
uncertainties.

4.2 Uncertainties on the superelement level

Uncertainties in a superelement of a reduced model affect each step of the reduction procedure: the un-
certainties generally affect the constraint modes, the normal modes and corresponding eigenfrequencies,
the static and dynamic transformation matrices, and the reduced stiffness and mass matrices. This paper
describes three approaches for the implementation of this reduction step: repeated component reduction,
approximative component reduction based on component eigenvalue ranges, and non-reduced component
matrices updating.

Repeated component reduction A first possible approach to handle uncertainties on the superelement
level during an interval eigenfrequency analysis, is to recalculate the component modes, static and dynamic
transformation matrices, and reduced matrices of each superelement affected by uncertain parameters, dur-
ing each evaluation of the goal function of the global optimisation procedure. As in each iteration step all
superelements are correctly reduced, this approach gives the correct eigenvalue intervals and can hence be
used as reference for approximative methods. Although the implementation of this approach is straightfor-
ward, it limits the efficiency of the substructuring technique as for each eigenvalue analysis of the global
structure, one or more superelement reduction steps have to be repeated.

Approximative component reduction based on component eigenvalue ranges Another approach to han-
dle uncertainties on the superelement level, is to approximate the description of an uncertain superelement,
such that it can represent the effect of the uncertain parameters on the static and dynamic behaviour ade-
quately, and no component recalculation has to be performed during a global interval or fuzzy analysis of the
total reduced structural system.
In literature, the approximation of uncertain superelements is most often carried out by assuming that only
the eigenvalues of the superelements are affected by the uncertain parameters, and that the component modes
remain unaffected [16, 17, 18]. For the Craig-Bampton method with mass normalized modes, this means that
only the reduced matrix [Kqq] is affected, while all other reduced matrices remain constant, as can be seen

UNCERTAINTIES IN STRUCTURAL DYNAMICS AND ACOUSTICS 4081



in equations (8)-(14). Therefore, in the reduction step of the algorithm, a separate interval eigenfrequency
analysis is performed on the superelement in order to calculate the superelement eigenvalue ranges:

〈 [Λqq] 〉{x} =
[

min
{x}∈{x}

[Λqq ({x})] , max
{x}∈{x}

[Λqq ({x})]
]

(15)

After this preliminary interval eigenvalue analysis on the uncertain superelement, the reduced component
matrix [Kqq ({x})], containing the uncertainties through the calculated eigenvalue ranges, is included in
the global reduced FE model. Hence, the uncertainty originally defined on the superelement is translated
towards uncertainty affecting directly the reduced structure, and no further superelement calculations are
required during all global interval analyses performed on the total reduced structure, resulting in a decrease
of calculation time for these global uncertainty analyses.

Non-reduced component matrices updating The assumption that uncertainties in a superelement only
affect its eigenvalue ranges while the component modes and the other reduced matrices remain constant,
might be too severe for general cases, e.g. when local geometrical uncertainties affect the component modes,
or large stiffness and/or mass changes are present. Therefore, the method using only the eigenvalue ranges
of the uncertain superelement might underestimate the real scatter on the output quantities calculated with
the approximated reduced model.

Another approach for approximate component reduction is to update the non-reduced substructure matrices
and recalculate the reduced matrices, in each iteration step of a global optimisation procedure on the reduced
model. Initially, this can be done with the static and dynamic superelement transformation matrices kept con-
stant. This leads to a large reduction in calculation time, as on the superelement level only the system matrix
assembly has to be performed, and no time-consuming matrix inversions or substructure eigenvalue analyses
has to be performed. In case a large influence of the uncertain parameters on the constraint and/or normal
modes is expected, a first order Taylor series expansion of the transformation matrices can be added [15].
Mathematically, the approximative method comes down to the recalculation of the matrices in equations (7) -
(13). However, care should te taken when calculating the reduced stiffness matrix, as coupling terms [Ktq]
similar to the mass coupling terms [Mtq] arise due to the fact that the approximated static transformation
matrix [Got] does not necessarily equal the term −[Koo]−1[Kot] with updated system matrices.

4.3 Computational efficiency

The computational efficiency of the methods described in sections 4.1 and 4.2 depends strongly on the sub-
structured FE model, the type of the uncertainties and the uncertainty locations, as each of the methods has
its specific advantages and disadvantages. An analysis engineer has to make a choice based on consider-
ations regarding the size of the residual structure, the number of uncertain superelements, the type of the
uncertainties (global vs. local), and the size of the uncertainty intervals.

The case in which all uncertain parameters are located in the residual structure only, has as advantage that
no superelement recalculations have to be performed. This can be very interesting and efficient as for each
superelement reduction a stiffness matrix inverse and a normal modes analysis have to be performed in
order to determine the static respectively the dynamic transformation matrix (cf. equations (3)-(5)). Another
advantage is that the use of a substructured FE model does not influence the implementation of the interval
and fuzzy finite element method. On the other hand, in case of uncertainties affecting large parts of the
model, the residual structure contains an unrealistically large number of degrees of freedom, such that the
reduced FE model is almost not workable for interval or fuzzy analyses. Therefore, this method is only useful
for superelement FE models with a small number of local uncertainties, e.g. joints with uncertain properties,
affecting only a small residual structure.

In the case in which uncertainties are allowed on the superelement level, the uncertainties do not limit the
numerical reduction that can be achieved. On the other hand, the uncertainties affecting a superelement
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have to be translated towards the reduced component matrices. The first approach, the repeated component
reduction, is the most straightforward and the most accurate method, but has as drawback that it can be
time-consuming in case of large uncertain superelements, as in each goal function evaluation of a global
optimisation on the global reduced system, a matrix inverse and a normal modes analysis on the particular
superelement have to be performed to recalculate the transformation matrices [Got] and [Goq].
Approaches 2 and 3 are numerically more efficient, but only approximate the interval results of the global
reduced system. The approximative component reduction based on component eigenvalue ranges is espe-
cially suitable for global superelement uncertainties and/or small uncertainty intervals, as only the influence
of the uncertainties on the component eigenvalues is taken into account, thereby neglecting the influence
on the component modes. This method requires the calculation of the eigenvalue ranges of the uncertain
superelement(s).
The third approach, in which the non-reduced component matrices are updated in each iteration step of the
global optimisation procedure on the global reduced system, does not need extra eigenvalue analyses on the
component level. As the substructure system matrix assembly has only a minor numerical cost with respect
to system matrix inversions and eigenvalue analyses, a large decrease in calculation time can be achieved.

5 Case study: Garteur benchmark aircraft

5.1 Problem description

The simplified aircraft model of the Garteur benchmark problem is a common testbed designed and manu-
factured by the Garteur Action Group to evaluate the efficiency and reliability of different ground vibration
test techniques [19]. It has also been used extensively for testing model updating methods and model error
localisation procedures.
The structure consists of a small-scale aluminium aircraft model with a length of 1.5 m, a wing span of 2 m
and a mass of 44 kg. The fuselage of the aircraft consists of a rectangular plate with a thickness of 50 mm.
The tail of 10 mm thickness is connected rigidly to the fuselage. The wings are connected to the fuselage
through an intermediate steel plate. Wingtips are connected rigidly at both ends of the wings. Both the wings
and wingtips are rectangular plates with a thickness of 10 mm. A visco-elastic layer is glued onto a part of
the wings. Three concentrated masses are present: one on each wingtip, and one on the fuselage. The FE
model, as illustrated in figure 1, contains almost 20000 degrees of freedom.

Figure 1: Finite element model of the Garteur benchmark aircraft

The Garteur aircraft model contains some inherent uncertainties, due to a lack of knowledge on the physical
model as well as due to uncertainty on the modelling level. The following three uncertainties are considered
during the dynamic analyses of the structure described in this paper:
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- The thickness of the horizontal and vertical part of the tail are considered independently as uncertain
parameters. The uncertainty on these thicknesses ranges between 9 and 11 mm.

- For the determination of the accuracy of updated models of the Garteur benchmark aircraft, small
structural modifications were designed and tested by the Garteur Action Group [20]. One of the
modifications consisted of the addition of a concentrated mass of 0.92 kg on the left edge of the
horizontal part of the tail. An uncertainty interval between 0.84 and 1.99 kg has been considered in
the performed interval eigenfrequency analyses.

A reduced model of the Garteur aircraft has been assembled, with the tail as uncertain superelement, and
four deterministic superelements: the fuselage, the wings attached to the intermediate steel plate, and both
wingtips. The reduced model contains only 99 degrees of freedom (versus 19898 dofs in the full model):
the physical dofs of the boundary between the fuselage and the tail, and the generalized coordinates of these
superelements. Table 1 gives an overview of the FE model, with indication of the number of degrees of
freedom in the residual structure and the superelements. The terminology and notation used in this table
are compatible with the FE software MSC.Nastran [14]. For the residual structure, a distinction is made
between the degrees of freedom that are constrained during the analyses, and degrees of freedom that are
free to displace/rotate. Also the size of each superelement is indicated, before reduction as well as after
reduction. Before reduction, the degrees of freedom are subdivided between boundary and internal degrees
of freedom. After reduction, the dofs are subdivided according to the t-set (boundary dofs, connected to the
constraint modes) and the q-set (generalized dofs, connected to the component normal modes).

Table 2 gives a comparison of the first 14 eigenfrequencies of the full (i.e. non-reduced) model versus the
reduced model. Despite the very small number of dofs in the residual structure of the reduced model, the
eigenfrequencies are very accurately predicted. Figure 2 shows the mode shapes of the first 14 modes. Modes
1, 2, 7, 10, 13 and 14 are mainly the first six bending modes of the wings. The first, third and fifth bending
modes are symmetric, with both wings vibrating in phase while the remainder of the structure hardly moves.
The second, fourth and sixth bending modes are antisymmetric, with both wings vibrating in anti-phase.
In these modes, the fuselage and the tail tilt around the x-axis. Especially in the second mode shape (first
antisymmetric bending of the wings), the tail moves strongly and is in anti-phase with the wings. Mode 3
has a mode shape that combines different movements: the second bending of the wings with a small wing
torsion, combined with a pronounced bending of the vertical part of the tail, in phase with the wings. Modes
4 and 5 are torsion modes (in phase, respectively anti-phase) of the wings around the y-direction, while the
remainder of the structure stands more or less still. Mode 6 consists of the local torsion of the tail with
respect to the fuselage. Modes 8 and 9 are bending modes of the wings in the horizontal xy-plane, with the
wings in anti-phase in mode 8 (combined with a bending of the tail), and the wings in phase in mode 9 (with
much smaller deformations in the tail). Modes 11 and 12 are again modes that combine different movements
of the wings and the tail combined with the first bending of the fuselage. Mainly in mode 11, the asymmetric
bending of the horizontal part of the tail, due to the concentrated mass, is profoundly present.

5.2 Interval eigenvalue analysis

An interval eigenfrequency analysis with the three above mentioned uncertain parameters has been per-
formed on the reduced model of the Garteur benchmark aircraft. Table 3 gives the resulting eigenfrequency
intervals of the first 14 modes, as calculated using the three approaches described in section 4.2. The interval
results of the repeated component reduction approach are used as reference, as the uncertain superelement
is correctly re-reduced in each step of the global optimisation procedure applied on each of the 14 eigenfre-
quencies of the Garteur aircraft.
Comparing the interval eigenfrequency results with the mode shapes described in section 5.1, it is clear that
the uncertain parameters strongly affect the torsion of the tail (mode 6), and modes 2, 3 and 11 in which the
deformation of the tail is quite profound. On the other hand, the symmetric bending modes of the wings are
hardly affected, as in these mode shapes the tail and fuselage barely deform.
In the second and third approach, the combined physical uncertainty of the three parameters is transferred
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(a) mode 1 (b) mode 2 (c) mode 3

(d) mode 4 (e) mode 5 (f) mode 6

(g) mode 7 (h) mode 8 (i) mode 9

(j) mode 10 (k) mode 11 (l) mode 12

(m) mode 13 (n) mode 14

Figure 2: Mode shapes of the first 14 modes of the Garteur benchmark aircraft

UNCERTAINTIES IN STRUCTURAL DYNAMICS AND ACOUSTICS 4085



full model reduced model
number of dofs
in the residual
structure

19896 dofs
- constrained: 3542
- free: 16354

99 dofs
- constrained: 9
- free: 90

uncertain super-
elements /

superelement TAIL
- before reduction: 2544 - after reduction: 64

boundary: 54 t-set: 54
internal: 2490 q-set: 10

deterministic
superelements /

superelement LEFT WINGTIP
- before reduction: 1446 - after reduction: 60

boundary: 48 t-set: 48
internal: 1398 q-set: 12

superelement RIGHT WINGTIP
- before reduction: 1446 - after reduction: 60

boundary: 48 t-set: 48
internal: 1398 q-set: 12

superelement WINGS
- before reduction: 7356 - after reduction: 66

boundary: 42 t-set: 42
internal: 7314 q-set: 24

superelement FUSELAGE
- before reduction: 7344 - after reduction: 89

boundary: 54 t-set: 54
internal: 7290 q-set: 35

Table 1: Overview of the full and the reduced FE models and their degrees of freedom

mode no. full model reduced model
1 5.8075 5.8075
2 12.989 12.989
3 30.800 30.802
4 33.220 33.220
5 33.373 33.374
6 37.940 37.940
7 46.645 46.645
8 47.940 47.943
9 54.069 54.070

10 56.063 56.072
11 77.244 77.276
12 114.53 114.57
13 137.76 137.76
14 146.21 146.28

Table 2: Eigenfrequency values [Hz] for the full model and the reduced model, for the deterministic case

to the representation of the uncertain superelement by its reduced matrices. For the approach using only the
component eigenvalue ranges, an underestimation of the eigenfrequency interval width is detected for modes
1, 2 and 4, while the other intervals are overestimated. Using the third approach, a significant improvement of
the results is detected for modes 1, 2, 3, 5, 8 and 11. Only the width of the fourth interval is underestimated.
A look at the approximated reduced matrices [Mqq] during the optimisation procedures has revealed that the
fixed-interface normal mode shapes of the tail do not change excessively due to the uncertain parameters, as
the diagonal terms of the should-be unity matrix only range between 0.9 and 1.1, with negligible off-diagonal
terms.
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repeated component approximate component non-reduced
reduction reduction, based on component matrices

substr eigenvalue ranges updating
mode frequency interval frequency interval frequency interval
no. interval width (%) interval width (%) interval width (%)
1 5.8070 - 5.8080 0.02 5.8075 - 5.8075 0.00 5.8070 - 5.8080 0.02
2 12.075 - 13.717 12.6 12.192 - 13.531 10.3 12.077 - 13.718 12.6
3 28.159 - 32.802 15.1 27.797 - 32.925 16.6 28.160 - 32.807 15.1
4 31.478 - 33.225 5.26 31.479 - 33.224 5.25 31.526 - 33.225 5.11
5 33.237 - 34.116 2.64 33.236 - 34.493 3.77 33.237 - 34.117 2.64
6 33.310 - 44.482 29.4 33.303 - 44.437 29.4 33.311 - 44.527 29.6
7 46.284 - 46.650 0.78 46.240 - 46.652 0.88 46.288 - 46.650 0.78
8 46.689 - 49.256 5.36 46.680 - 49.592 6.07 46.689 - 49.263 5.37
9 53.950 - 54.165 0.40 53.937 - 54.186 0.46 53.951 - 54.167 0.40
10 54.340 - 58.054 6.62 54.296 - 58.207 6.97 54.342 - 58.056 6.63
11 71.002 - 83.708 16.4 70.727 - 83.892 17.0 71.011 - 83.716 16.4
12 112.26 - 117.95 4.97 111.91 - 118.38 5.65 112.26 - 117.96 4.97
13 137.75 - 137.76 0.00 137.75 - 137.77 0.01 137.75 - 137.76 0.01
14 144.59 - 147.73 2.14 144.49 - 147.99 2.39 144.61 - 147.73 2.14

Table 3: Comparison of the interval eigenfrequency results [Hz] of the reduced model, with the three ap-
proaches for superelement uncertainty handling

5.3 Computational efficiency

A comparison of the three approaches for handling uncertainty on the superelement level is made considering
a vertex analysis on the presented case study. Taking into account the three uncertain parameters, a full vertex
analysis requires 8 FE runs. For a deterministic eigenfrequency analysis with superelements, the following
steps have to be performed:

1. superelement reduction:
a. superelement system matrix assembly
b. calculation of static transformation matrix [Got]

tail: inversion of 2005 by 2005 stiffness matrix [Koo]
c. calculation of dynamic transformation matrix [Goq]

tail: eigenvalue problem with dimension 2005 by 2005
d. calculation of reduced matrices

2. assembly of the residual structure, based on the reduced matrices of all superelements
3. eigenvalue analysis on the residual structure (dimension 90 by 90)

The repeated component reduction approach requires in each vertex analysis the execution of each of these
steps, including the inversion of the superelement stiffness matrix (step 1b) and the eigenvalue analysis (step
1c) on the tail, followed by the assembly and small eigenvalue analysis on the residual structure. Using
the approximative component reduction based on the component eigenvalue ranges, a vertex analysis is
performed on each uncertain superelement seperately, in order to determine its eigenvalue intervals (step 1c).
These are then directly introduced in the residual structure, hence no recalculation of the static transformation
matrix or reduced matrices is needed (steps 1b and 1d), which results in a significant reduction of calculation
time. However, the solution of the superelement eigenvalue problem on each vertex can be time-consuming,
as the computation time is roughly proportional with the square of the number of degrees of freedom. In the
third approach, only the superelement system matrix assembly and the reduced matrix calculation is redone,
hence a significant additional reduction in computation time is achieved, as the time-consuming steps 1b and
1c are omitted.
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6 Conclusions

This paper uses the non-probabilistic interval finite element method for the dynamic analysis of structures
affected by uncertain parameters. A reduction of calculation time of these uncertainty analyses is obtained by
the application of a substructuring technique, i.e. the Craig-Bampton component mode synthesis technique.
This work focusses on the influence of uncertain parameters on the numerical representation of superele-
ments using component modes and reduced component matrices. Two approximative methods for uncertain
component reduction are proposed and compared with respect to accuracy and numerical efficiency. The
method that considers only the influence of the uncertain parameters on the eigenvalue ranges of uncertain
superelements, is numerically more efficient than a repeated component reduction approach, and gives accu-
rate results in case of small uncertainties. However, the accuracy of the interval results cannot be guaranteed
in case of larger uncertainties in stiffness or mass matrices, and in case that the component modes are influ-
enced by the uncertain parameters. The approach in which only the non-reduced component matrices of an
uncertain superelement are updated, is computationally very efficient, and is able to take large uncertainties
in stiffness and mass matrices into account. In case of large influence on the component mode shapes, an
approximation of the static and/or dynamic transformation matrices might be appropriate.
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Abstract
The finite element method is a useful tool to predict the behaviour of a structure under static and dynamic
loads. Reliable finite element analyses can reduce the need for prototype testing and thus reduce the design
validation cost and time. In many real life situations however, a deterministic analysis is not sufficient to as-
sess the quality of a design. In a design stage, some physical properties of the model may not be determined
yet. But even in a design ready for production, design tolerances and production inaccuracies introduce
variability and uncertainty. In these cases, a non-deterministic analysis procedure is required, either using a
probabilistic or a possibilistic approach. In the former case, Monte Carlo simulation is best known. In the
latter case, interval arithmetic and global optimisation can be used. Unless precautions are taken, the conser-
vatism of interval arithmetic approaches and the computational cost of global optimisation approaches are
prohibitively high for practical applications.

The authors developed a hybrid (global optimisation and interval arithmetic) interval finite element proce-
dure [3] to predict the bounds on frequency response functions (FRFs) of problems with interval inputs. In a
first step, the bounds on the modal parameters are determined using a global optimisation approach. In a sec-
ond step, the bounds on the FRF are calculated using an interval arithmetic approach. This hybrid approach
reduces the conservatism compared to a full interval arithmetic approach and reduces the computational cost
compared to a full global optimisation approach.

Still, the optimisation of the modal parameters is by far computationally the most expensive step of the
hybrid algorithm. Therefore, highly efficient optimisation algorithms are necessary to perform analyses on
industrial sized applications. Response surface based optimisation algorithms take advantage of the fact that
– using a standard modal FE solver – the computational cost to calculate all modal parameters for all modes
of interest is almost equal to the computational cost to calculate only one modal parameter for only one
mode. This paper discusses the application of an automated response surface optimisation algorithm in the
context of interval and fuzzy finite element analysis.

1 Introduction

Simulation tools enable a very precise simulation of physical phenomena using numerical models. Espe-
cially in engineering applications, the finite element (FE) method has become a very popular tool for design
validation and optimisation. Continuously growing computational capabilities allow for extremely detailed
numerical models. In many cases however, the computational power could be of much greater value when
used for the inclusion of uncertainties in the model rather than for modelling deterministic details.

A frequency response function (FRF) describes the deformation of a structure under a harmonic excitation
force. It expresses the dependency between the amplitude and phase of a harmonic force applied locally
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on the structure and the resulting deformation at another location of the structure. This makes the FRF
a powerful description of the dynamic behaviour of a structure, used both in numerical and experimental
structural dynamics.

Determining the relation between uncertainties in the FE model and the variability in the resulting FRF
enables a designer to incorporate and study the influence of these uncertainties, even in a very early stage
of the design process. Because reliable probabilistic data is often unavailable or even not existing (e.g. for
properties which are invariable in the actual product but unknown at an early design stage), non-probabilistic
methods as the interval FE (IFE) method and the fuzzy FE (FFE) method are being developed.

Section 2 describes the IFE and FFE FRF algorithm [3]. The core of the interval and fuzzy FE FRF algorithm
is a series of optimisations. Section 3 describes these optimisation problems in detail and discusses some
solutions. Section 4 analyses a benchmark problem using the proposed method and compares the results
with a simple Monte Carlo analysis.

2 Fuzzy finite element method for envelope FRF calculation

2.1 Deterministic modal superposition FRF procedure

For undamped structures, the FRF between degree of freedom (DOF) j and DOF k of a FE model is obtained
taking the jth component of the displacement vector {U} satisfying the dynamic equilibrium equation(

[K] − ω2 [M ]
)
{U} =

{
F k

}
(1)

with [K] and [M ] the FE system matrices, ω the pulsation and
{
F k

}
the force vector defined as

F k
i =

{
1 if i = k

0 if i 6= k.
(2)

The deterministic modal superposition concept states that, considering the first n modes, this FRF equals:

FRFjk =
n∑

i=1

1

k̂i − ω2m̂i

(3)

with k̂i and m̂i the normalised modal stiffness and the normalised modal mass:

k̂i =
{φi}T [K] {φi}

φijφik

(4)

m̂i =
{φi}T [M ] {φi}

φijφik

(5)

with φi the ith eigenvector of the system described by (1) and φij the jth component of this eigenvector.

Figure 1(a) gives a graphical overview of this deterministic modal superposition procedure. It introduces the
function D(ω) = (k̂i − ω2m̂i) to express the modal response denominator as a function of the frequency.

2.2 Interval modal superposition FRF procedure

For undamped structures with one or more interval inputs, the total envelope FRF can be calculated using a
step by step interval translation of the deterministic modal superposition procedure, as shown in figure 1(b).
The full mathematical description of this method, developed by D. Moens, can be found in [3]. It consists of
three major steps which are described in the following sections.
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(b) Set translated algorithm

Figure 1: Deterministic and interval modal superposition algorithm.

2.2.1 Calculation of the range of modal parameters.

The first step in the procedure consists of the calculation of the range of modal parameters for each mode,
taking into account the ranges of the input uncertainties described by {x}. Theoretically, the modal parame-
ters are coupled through the global system. The exact range of the modal parameters of mode i equals〈

k̂i, m̂i

〉
=

{(
k̂i, m̂i

) ∣∣∣ ({x} ∈ {x})
}

. (6)

This can be represented in the modal parameter space of mode i, as illustrated by figure 2. The grey area
represents a physically possible locus of 〈k̂i, m̂i〉 combinations. There is no general analytical description of
the exact contour of this domain, but there are a number of (conservative) numerical approximations:

The modal rectangle method (MR) neglects the coupling between the modal stiffness and the modal mass.
The bounds on the ranges are calculated by minimising and maximising the modal parameters k̂i and m̂i

over the domain defined by the input uncertainties. Graphically, this means that the 〈k̂i, m̂i〉-domain is
approximated by a conservative rectangle.

The modal rectangle method with eigenvalue interval correction (MRE) aims at a less conservative ap-
proximation of the 〈k̂i, m̂i〉-domain through the introduction of the exact eigenvalue intervals [λi, λi] in the
procedure. These eigenvalue intervals can be obtained using a global optimisation approach similar to the
modal parameter optimisation used in the MR method. Graphically, the MR 〈k̂i, m̂i〉-domain is constrained
by two additional lines through the origin.

The locally optimised modal rectangle method with eigenvalue interval correction (OMRE) aims at a further
reduction of the conservatism by the addition of extra lines which delimit the MRE 〈k̂i, m̂i〉-domain.

UNCERTAINTIES IN STRUCTURAL DYNAMICS AND ACOUSTICS 4093



k̂i

k̂i

k̂i

m̂i
m̂im̂i

k̂i = λim̂i

k̂i = λim̂i

〈

k̂i, m̂i

〉

Figure 2: A 〈k̂i, m̂i〉-domain and its MR and MRE approximations.

2.2.2 Modal envelope FRF calculation.

This step translates the range of the modal parameters in the vector 〈{p̂i}〉 into the modal envelope FRF,
expressed as the range of the modal frequency response function FRFi

jk:

〈D(ω)〉〈{p̂i}〉 =
〈
k̂i

〉
〈{x}〉

− ω2 〈m̂i〉〈{x}〉 (7)

〈
FRFi

jk

〉
〈{p̂i}〉

=

〈
1

〈D(ω)〉〈{p̂i}〉

〉
(8)

2.2.3 Total envelope FRF calculation.

The final step for the computation of the total envelope FRF consists of the summation of all modal envelope
FRFs resulting from the previous step:

〈FRFjk〉 =
n∑

i=1

〈
FRFi

jk

〉
〈{p̂i}〉

(9)

Thus, the three step algorithm results in a hybrid procedure: in the first step, the 〈k̂i, m̂i〉-domain is approxi-
mated using a global optimisation approach; in the second and third step, the modal and total envelope FRFs
are calculated using interval arithmetic.

2.3 Extension to a fuzzy procedure

Fuzzy sets were introduced by Zadeh [7] in 1965. They’re capable of describing linguistic and other incom-
plete information in a non-probabilistic way. Where classical sets clearly distinguish between members and
non-members, fuzzy sets introduce a degree of membership, represented by a membership function. The
membership function µx̃(x) describes the degree of membership of each element x in the domain X to the
fuzzy set x̃:

x̃ =
{
(x, µx̃(x)) | (x ∈ X)(µx̃ ∈ [0, 1])

}
(10)

If µx̃(x) = 1, x is definitely a member of x̃. If µx̃(x) = 0, x is definitely not a member of x̃. In between, the
membership is uncertain. The most used membership function shape is the triangular shape. Such a fuzzy
number with support [a, b] – the interval for which µx̃(x) > 0 – and top c is denoted (a/c/b).

A possible implementation of fuzzy functions is the α-level strategy. The intersection of the membership
function of each input parameter with a discrete number of α-levels, results in an interval xi,α = [xi, xi]α
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Figure 3: α-level strategy for a function of two triangular fuzzy parameters.

for each input parameter and α-level. Using this technique, all possible fuzzy sets can be approximated by
a number of intervals. With these input intervals, an interval analysis is done at each α-level. Finally, the
fuzzy solution is assembled from the output intervals at each α-level. Figure 3 shows this procedure for a
function of two triangular parameters. Using this procedure, the fuzzy FE FRF analysis can be implemented
as a sequence of interval FE FRF analyses as described in section 2.2.

3 Optimisation algorithms for fuzzy envelope FRF calculation

A MRE analysis requires six optimisation problems for each mode and – for fuzzy analyses – for each α-
level to be solved: the minimum and maximum modal stiffness (k̂i and k̂i), modal mass (m̂i and m̂i) and
eigenvalue (λi and λi). A fuzzy MRE analysis on 5 α-levels, taking into account 10 modes, requires already
300 optimisation problems to be solved. The objective function of these optimisation problems is a FE
analysis, which can be computationally expensive itself. Thus to analyse anything but very simple models,
an efficient optimisation algorithm is absolutely necessary.

3.1 Optimisation strategies

Generic non-linear optimisers can solve all optimisation problems independent of each other. Theoretically,
the optimisation problems can be non-convex, requiring global optimisation software, but analysis on dif-
ferent industrial sized applications showed that in practical applications almost all the objective functions
are convex or even monotonic, even with large uncertainty intervals. For these problems, local optimisation
software gives accurate results, although theoretically there’s no guarantee that the results are even close to
the exact results. Because local optimisation problems are computationally far less expensive to solve, an
efficient local optimiser is the best overall choice, but the results should be examined carefully to prevent
false conclusions.

Since a FE solver can calculate all modal parameters for all modes of interest at once, the computational
cost to calculate one objective function is (almost) equal to the computational cost to calculate all objective
functions. Generic non-linear optimisers use only one of these objective functions. Other results however
can be useful for other optimisations, for instance to select a suitable start vector. In most cases some
optima – especially these located on a vertex – can even be found without performing additional FE analyses.
Especially for larger FE models, storing all FE analysis results can cut the computational cost significantly.

By using response surfaces – approximations of the objective functions based on function evaluations in
some well chosen points in the input parameter space – it is possible to cut the computational cost even
further [4, 5, 6]. Response surface based optimisation techniques prove to be extremely useful in the context
of fuzzy analysis. A fuzzy analysis requires the same objective functions to be minimised and maximised on
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different α-levels or, in optimisation terms, with different bound constraints. Since the uncertainty intervals
at higher α-levels are subsets of the uncertainty interval at the lowest α-level, a response surface suitable
for the lowest α-level can be used at all α-levels. Since the construction of the response surfaces is the
computationally most expensive part of the algorithm, the computational cost of a fuzzy analysis is only
slightly higher than the computational cost of an interval analysis. Also, when using a standard FE solver,
the computational cost to evaluate all three goal functions for all modes is about equal to the computational
cost to evaluate one goal function for one mode. As explained in section 3.2.3, this property can be used to
develop a very efficient optimisation algorithm for the full fuzzy FE algorithm.

Because of the very low computational cost of a single evaluation of the approximation function, the compu-
tational cost of a global optimisation on the response surface is feasible for most practical applications. The
application described in section 4 uses a number of local optimisations from random start points to find the
global optimum.

3.2 Development of a response surface based optimisation algorithm

3.2.1 Overview of the procedure

All kind of functions can be used to describe the response surface. In this paper, the objective functions are
approximated by a weighted sum of shape functions:

f(x) ≈ f̃(x) =
n∑

i=1

aif̃i(x) (11)

The quadratic response surface commonly used in design of experiments (DOE) procedures is well-known
example. For a model with p uncertainties it is defined as:

f̃(x) = a0 +
p∑

i=1

aixi +
p∑

i=1

p∑
j=i

aijxixj (12)

This full model has (p+1)(p+2)
2 terms, but rarely all terms are required in an application.

The objective function f and the n shape functions f̃1, f̃2, . . . , f̃n are evaluated in the m response points
x1, x2, . . . , xm. The n unknown weights a1, a2, . . . , an are defined by the linear system of equations:

f(x1)
f(x2)

...
f(xm)

 =


f̃1(x1) f̃2(x1) . . . f̃n(x1)
f̃1(x2) f̃2(x2) . . . f̃n(x2)

...
...

. . .
...

f̃1(xm) f̃2(xm) . . . f̃n(xm)

 ·


a1

a2
...

an

 (13)

If the number of response points m is equal to the number of shape functions n and if the response points
are chosen so that all equations are linearly independent, this equation has a unique solution. If the number
of response points m is greater than the number of shape functions n, the system can be solved as a linear
least squares problem:

min
ai, i≤m

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣


f(x1)
f(x2)

...
f(xm)

 −


f̃1(x1) f̃2(x1) . . . f̃n(x1)
f̃1(x2) f̃2(x2) . . . f̃n(x2)

...
...

. . .
...

f̃1(xm) f̃2(xm) . . . f̃n(xm)

 ·


a1

a2
...

an


∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
2

(14)
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Figure 4: Illustration of the response point selection process on an example with three uncertain parameters

Alternatively, it is possible to assign a weight wi to each response point xi and solve the problem as a
weighted linear least squares problem:

min
ai, i≤m

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣


w1

w2

. . .
wm





f(x1)
f(x2)

...
f(xm)

 −


f̃1(x1) f̃2(x1) . . . f̃n(x1)
f̃1(x2) f̃2(x2) . . . f̃n(x2)

...
...

. . .
...

f̃1(xm) f̃2(xm) . . . f̃n(xm)

 ·


a1

a2
...

an




∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
2

(15)

The residual:

R =
m∑

i=1

(f(xi) − f̃(xi))2 (16)

can be used to estimate the accuracy of the approximation.

3.2.2 Selection of the shape functions and response points

The selection of the shape functions and response points is illustrated on an example with three uncertain
parameters. Every point in the cubes in figure 4 is a possible realisation of the model. In general, all reali-
sations of a model with p parameters span a p-dimensional hypercube. When the parameters are described
by fuzzy numbers, the uncertainty intervals at each α-level are represented by a hypercube. A hypercube at
a higher α-level is a subset of a hypercube at a lower α-level. For the sake of simplicity, all three parameters
in the example are described by fuzzy numbers (−1/0/1), although the procedure described is applicable to
all fuzzy numbers, even those with asymmetric membership functions.

Step 1. In this step – shown in figure 4(a) – the influence of each independent uncertain parameter on the
objective function is estimated by evaluating the goal function with all parameters at their reference value
– the response point at the centre of the cube – and with one parameter at its minimum or maximum value
and the other ones at their reference value – the response points at the centre of the faces of the cube. For
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a model with p parameters this first step requires 2p + 1 objective function evaluations. This step is a kind
of sensitivity analysis where both the effect of a parameter and the size of the uncertainty interval of that
parameter are taken into account.

Using these response points and the procedure outlined above, the objective function is approximated as:

f̃(x) = a0 +
p∑

i=1

aixi +
p∑

i=1

aiix
2
i (17)

Step 2. In this step, all uncertain parameters are ranked in order of decreasing effect and the parameters
with an important influence on the objective function are selected. This influence is defined as the difference
between the minimum and maximum value of the objective function when only the value for this parameter
changes:

∆i = max
xi

f̃(x) − min
xi

f̃(x) (18)

To select the parameters with an important influence, the ratio between this influence and the maximum
influence is compared with a threshold value: the influence of parameter i is considered important if:

∆i

max ∆i
≥ ∆threshold (19)

Since the accuracy of the approximation with respect to these parameters is important for the final results,
two additional function evaluations are done for each parameter with an important influence. For each of
these parameters, the objective function is evaluated with this uncertainty halfway between the minimum
value and the centre of the interval and halfway between the maximum value and the centre of the interval
and all other uncertainties at their reference value. Figure 4(b) shows the additional response points for the
example. The parameters associated with the X- and Y-axes have an important influence, the parameter
associated with the Z-axis has not. With these additional points, the response surface defined in equation 17
is recalculated.

Step 3. In this step, the accuracy of the quadratic approximation with respect to the individual uncertain
parameters is verified using the residuals:

Ri =
5∑

j=1

(f(xij)2) (20)

where xij are the 5 parameter combinations used to approximate the influence of parameter i. If a residual
is too high, additional response points and shape functions fk(x) are added to improve the approximation.
Figure 4(c) shows the additional response points to improve the accuracy of the uncertainties associated with
the X-axis.

Step 4. Until now, the mutual influence between the uncertain parameters has been ignored. For some ap-
plications, this simplification yields good results, but for most applications, the mutual influence between at
least some parameters is too important to be ignored. In the fourth and last step of the procedure, interaction
terms – and the necessary response points to estimate them – are added to the approximation.

As in the second step of the algorithm, the parameters with an important influence are selected. These param-
eters are subject to a partial two-level full factorial design of experiments analysis while the other parameters
are held at their reference values. Figure 4(d) shows the additional response points for the example.

With these interaction terms the final response surface becomes:

f̃(x) = a0 +
p∑

i=1

(aixi + aiix
2
i +

n∑
k=1

fk(x)) +
∑

i,j∈P, j>i

aijxixj (21)
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where fk(x) are the additional shape functions added in the third step of the procedure and P is the set of
uncertain parameters with an important influence.

3.2.3 Extension to multiple objective functions

A fuzzy envelope FRF calculation using the MRE algorithm described in section 2 requires 6 optimisations
per mode and per α-level: the minimisation and maximisation of the eigenvalue λi, modal stiffness k̂i and
modal mass m̂i. Each of these optimisations is done using the procedure described above.

Since the response surface of an objective function at a higher α-level is a subset of the response surface at
a lower α-level, only the response surface at the lowest α-level is constructed. All optimisations are done on
that response surface; only the bound constraints are different.

When a response point is added to a response surface, a FE analysis is required to evaluate that objective
function. Since this FE analysis evaluates all three objective functions for each mode, this response point is
added to the response surface of all objective functions at no additional computational cost. Consequently,
if an uncertain parameter has an important influence on at least one objective function, the approximation of
all objective functions with respect to this parameter is improved.

With this in mind, every step of the response point and shape function selection algorithm should be done
for all objective functions before proceeding to the next step. If at least one response surface is improved
by adding response points or shape functions, these are added to all response surfaces. Once all response
surfaces are constructed, a global optimiser is used to find the optima on them. Since the response surfaces
are evaluated and no additional FE analyses are done, this step does not result in any new information which
could improve the other response surfaces. Thus, these global optimisations can be done sequentially or in
parallel.

3.2.4 Extension to weighted response points

The procedure can improved by using the weighted linear least squares formulation (15) instead of the linear
least squares formulation (14). The weighted formulation has two important advantages:

1. For fuzzy analysis, the approximation at α-level 1 can be approximated by assigning a large weight
(e.g. 2 · m) to the centre point of the hypercube.

2. If the shape functions can approximate the actual goal functions very close, this procedure gives very
accurate results. In many applications however, the behaviour of some goal functions with respect
to one or a few parameters can not be described accurately with the used shape functions. If these
parameters are considered important by the algorithm, a lot of function evaluations are done, giving
these parameters a high weight. This can result in prohibitively high errors on the approximation of the
less important parameters. When the sum of the weights of the response points used to approximate
one parameter is constant (e.g. 4) and the weight of the response points used to approximate the
interaction terms is a factor 2 to 8 smaller (e.g. 1), the algorithm becomes much more stable.

While this extension of the procedure improves the quality of the approximations for a set of shape functions
which is not really suited for the problem, it can not be considered a replacement for a proper shape function
selection algorithm.

4 Application

The aircraft model of the Garteur benchmark problem is designed by the Garteur Action Group to evaluate
ground vibration test techniques [1, 2]. It has also been used extensively to test model updating procedures
and model error localisation procedures.
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Figure 5: FE model of the Garteur benchmark model

It is a much simplified aircraft model with a length of 1.5 m, a wingspan of 2 m and a weight of 44 kg.
The fuselage is an aluminium plate of 1500 mm by 150 mm by 50 mm. The tail – rigidly bolted to the
fuselage – is made of two aluminium plates: the vertical part measures 300 mm by 100 mm by 10 mm, the
horizontal part measures 400 mm by 100 mm by 10 mm. The wing is an aluminium plate of 2000 mm by
100 mm by 10 mm. It is bolted to the fuselage through two intermediate steel plates. A visco-elastic layer
(3M acrylic visco-elastic polymer ISD 112) of 1700 mm by 76.2 mm by 1.1 mm is glued on top of the wing.
An aluminium wingtips of 400 mm by 100 mm by 10 mm is rigidly bolted to each end of the wing. A
concentrated mass of 1.6 kg is fixed on the fuselage and a concentrated mass of 0.2 kg is connected to the
each wingtip.

Figure 5 shows the FE model, created based on the description of the physical model and data of the FE
model made by the Garteur Action Group. The model has 19896 degrees of freedom (DOFs). It consists
of 948 quadrilateral shell elements for the fuselage, tail, wing and wingtip plates, 53 rigid body elements
to model the rigid connections and 10 rod elements to model the possible flexibility of the fuselage-wing-
connection and three concentrated mass elements. The input and output DOFs j and k considered in the
analysis are also shown on the figure.

The model contains some inherent uncertainties, some due to a lack of knowledge of the physical model,
some due to modelling uncertainties. Since no objective statistical data on the uncertainties in the model is
available, all uncertainties are described by fuzzy numbers. These numbers are a subjective estimation of the
uncertainty by the modeller. Ten uncertainties are considered in this model:

• The model was designed to be tested on different locations, with different testing equipment. The
three concentrated masses on the fuselage and the wingtips were used to compensate the different
mass of different accelerometers. Since these masses were adjusted in every new measurement setup,
they are considered uncertain. The concentrated mass on the fuselage is (1.5/1.6/1.7) kg, the two
concentrated masses on the wingtips are (0.190/0.200/0.210) kg. The masses on the right and left
wingtip are independent.

• The wings are unbolted from the fuselage for easy transportation. Depending on how strong the bolts
are tightened, the edge of the interconnection plates contributes more or less to the connection. This is
modelled by using rigid body elements to connect the centre of the intermediate plate to the wing and
five springs on each side to connect the edge of the intermediate plate to the wing. The stiffness of the
interconnecting springs is

(
107.5/108.0/108.5

)
N/m. The stiffness of the five springs on the right side

of the plate is independent of the stiffness of the five springs at the left side of the plate.
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Id Description Value
1 Mass on fuselage (1.5/1.6/1.7) kg
2 Mass on right wingtip (0.190/0.200/0.210) kg
3 Mass on left wingtip (0.190/0.200/0.210) kg
4 Right fuselage-wing interconnection stiffness

(
107.5/108.0/108.5

)
N/m

5 Left fuselage-wing interconnection stiffness
(
107.5/108.0/108.5

)
N/m

6 Fuselage plate thickness (48/50/52) mm
7 Wing plate thickness (9.7/10.0/10.3) mm
8 Tail plate thickness (9.7/10.0/10.3) mm
9 Outer visco-elastic layer thickness (0.9/1.1/1.3) mm

10 Inner visco-elastic layer thickness (0.9/1.1/1.3) mm

Table 1: Uncertainties of the benchmark problem.

• The fuselage, wing, wingtips and tail are aluminium plates. A lot of geometrical and material parame-
ters of these plates can vary. The effect of all these uncertainties is more or less taken into account by
considering the thickness of these plates uncertain. The thickness of the fuselage is (48/50/52) mm.
The thicknesses of the wing, wingtips and tail are (9.7/10.0/10.3) mm. The thickness of the wing and
wingtips is independent of the thickness of the vertical and horizontal part of the tail.

• The wing is covered with a visco-elastic layer. Most properties of this kind of materials can vary
significantly, even inside one sample: the thickness, stiffness, mass, quality of the glued connection to
the wing, . . . . The effect of these uncertainties is modelled by a variable thickness of this layer. The
thickness is (0.9/1.1/1.3) mm. To model the variabilities inside one sample, the layer is split in two
parts: the thickness of the two outer quarters is independent of the thickness of the two inner quarters
of the wing.

Table 1 summarises the uncertainties on the benchmark problem.

The model is subject to an FRF analysis between the two ends of the wing. The input and output DOFs j and
k are indicated on figure 5. 14 modes are taken into account, spanning the frequency range from 0 to 150
Hz. The analysis is done at 11 α-levels – 0.0, 0.1, 0.2, . . . , 1.0 – to assemble the final fuzzy solution. Using
the MRE procedure, this analysis requires 840 optimisations.

The model is analysed using an MRE analysis using the automated response surface based method described
in the previous section. The results of this analysis are compared with a small direct Monte Carlo analysis of
100 samples with a uniform distribution. Due to the number of uncertainties and the number of optimisations
required for the analysis, it is not feasible to perform a reference analysis using a standard local or global
optimiser.

In the first step of the response surface procedure, the influence of each independent uncertain parameter
on the objective function is estimated. This step requires 21 (1 + 10 · 2) FE analyses. In the second step
of the algorithm, the response surface is improved with two new response points for all parameters except
for the first one. This requires 18 additional FE analyses. Verification of the residuals in the third step of
the procedure shows that the quadratic shape functions are suitable to approximate the goal functions. In
the fourth step of the procedure, five sets of uncertainties are retained after the parameter selection and set
merging procedure: (2, 3, 4), (4, 5, 7), (7, 9, 10), (1, 6, 7, 8), (1, 4, 5, 6, 8, 9). The two-level full factorial
design of experiments on these sets require an additional 104 (3 · 23 + 24 + 26) FE analyses. Together, the
four steps of the optimisation procedure require 143 FE analyses. These analyses take approximately 37
minutes on a 3.0 GHz Pentium 4 system. Performing all 840 optimisations using the response surfaces takes
approximately 3 minutes on the same system.

Figure 6 shows the upper bound on the FRF calculated using the MRE method and the automated response
surface based optimisation procedure (blue line) and 100 Monte Carlo samples at α-level0.0. Figure 7 shows
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Figure 6: Upper bound on the FRF (blue) and 100 reference Monte Carlo samples (yellow) for α-level 0.0.
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Figure 7: Upper bound on the FRF (blue) and 100 reference Monte Carlo samples (yellow) for α-level 0.8.
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Figure 8: Upper bound of the FRF as a function of the α-level.
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the same information at α-level 0.8. Figure 8 shows the upper bound on the FRF as a function of the α-level.

5 Conclusions

The authors developed a hybrid – optimisation and interval arithmetic – procedure for fuzzy envelope FRF
calculation. This hybrid approach reduces the computational cost of an analysis compared to a global op-
timisation approach and reduces the conservatism of the envelope FRF compared to the interval arithmetic
approach. Still, the optimisation step is the computationally most expensive part of the algorithm. To handle
industrially sized applications, a very efficient optimisation procedure is imperative.

General global and local optimisation procedures will give the most accurate results, but their computational
cost is prohibitively high for practical applications. Response surface based optimisation methods proved to
be highly efficient and quite accurate. They are a very efficient choice for interval analyses and are by far the
most efficient choice for fuzzy analyses. For practical applications, they can give quite accurate results while
reducing the computational cost with a factor 50 or more. The bounds on the modal parameter space – and
on the FRF – calculated using a response surface based optimisation procedure are accurate enough for most
practical applications. The authors developed an automated response surface based optimisation procedure
and illustrated its applicability on a benchmark problem.
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Abstract
Fuzzy numbers are an uncertainty modeling tool with growing importance in different engineering areas. In
practice, calculations on fuzzy numbers are executed by first transforming them to a set of intervals, the so-
called alpha-cuts. When subsequently evaluating these α-cut interval expressions, a very specific situation
arises: the same function has to be maximized and minimized several times, each time with different bounds.
The Gradual α-level Decreasing (GαD) algorithm proposed in this paper exploits this situation and turns
out to be an efficient yet robust optimization method to perform fuzzy number calculations. In this study,
the GαD algorithm was applied to a damage detection problem of a reinforced concrete (RC) beam by a
FEM updating method. The measured modal data on which uncertainty is considered consist of 4 natural
frequencies and 124 modal displacements. The propagation of the fuzzy uncertainty in the FEM updating
process is studied, resulting in a fuzzy representation of the occurred damage.

1 Introduction

Fuzzy set theory has been introduced by Zadeh in 1965 [1] and has gained an increasing interest from scien-
tists in a broad range of research areas. The reason for this success is that it provides a more intuitive, softer
way to represent uncertainty. Although its original field of application was to model linguistic vagueness
and imprecise information, it is employed in the present paper to model numerical uncertainty in general and
limited measurement accuracy in particular.

Finite element modal updating is a well-known technique to improve the correspondence between a real
structure and its numerical model [2]. Model parameter values are adapted in such a way that the difference
between calculated and operational modal data is minimized. The updating technique is especially useful to
assess structural changes as is the case in structural damage [3].

In the present paper it is shown how the uncertainty on the measured modal data propagates through the
updating procedure to an uncertainty on the identified damage of a reinforced concrete (RC) beam. The
updating is based on 4 eigenfrequencies and 4 eigenmodes of 31 displacements, resulting in a total number
of 128 uncertain variables. This relatively high number of uncertain input variables inhibits the application of
the popular transformation method [4] and requires a more efficient procedure to perform the fuzzy number
calculations.

A general introduction to fuzzy numbers and fuzzy number calculations is given in the next section. Sub-
sequently, the principles of the Gradual α-level Decreasing (GαD) algorithm [5] are explained. Next, it is
shown how fuzzy numbers can be used to investigate how measurement errors propagate through an updating
procedure and allows to quantify uncertainty bounds on the identified damage in a RC beam.
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2 Fuzzy numbers

A fuzzy number x̃ is characterized by a membership function µX(x), which expresses a degree of belief in a
certain realization x. Values of x with a zero membership value are believed to be impossible, while values
of x with a unit membership value are perfectly possible.

The most general rule to extend a deterministic function y = f(x1, x2, . . .) to a function of fuzzy variables
is Zadeh’s extension principle which states that

ỹ = f(x̃1, x̃2, . . .)
⇔

µY (y) = sup
y=f(x1,x2,...)

inf {µX1(x1), µX2(x2), . . .} (1)

where inf {µX1(x1), µX2(x2), . . .} can be interpreted as the joint membership function of the variables
x̃1, x̃2, . . .. Because the direct implementation of this rule is quite unpractical, Eq. (1) is reformulated
by discretizing along different α-levels:

ỹ = f(x̃1, x̃2, . . .)
⇔

[ỹ]α = f([x̃1]α , [x̃2]α , . . .) ∀α (2)

with [x̃]α the α-cut interval of a fuzzy number x̃ at level α, defined as

[x̃]α =
[
[x̃]−α , [x̃]+α

]
= {x |µX(x) ≥ α} (3)

The evaluation of an interval expression can be approached in two different ways: based on interval arith-
metics [6], or as a constrained optimization problem:

[ỹ]−α = min {f(x1, x2, . . .)} subjected to x1 ∈ [x̃1]α , x2 ∈ [x̃2]α , . . .

[ỹ]+α = max {f(x1, x2, . . .)} subjected to x1 ∈ [x̃1]α , x2 ∈ [x̃2]α , . . .
(4)

Although it is in general more expensive than the interval arithmetic-based approach, the evaluation of inter-
val expressions by means of optimization methods has two advantages. Firstly, it only requires deterministic
evaluations of the function, which facilitates the implementation, since use can be made of existing deter-
ministic software (e.g. finite element packages). Secondly, interval arithmetics may lead to very conservative
results due to the dependency problem [7]. This problem does not occur when applying the optimization-
based strategy.

Any optimization method capable of solving a constrained optimization problem is a possible candidate
to perform interval (and consequently fuzzy) calculations. Rao [8] uses Powell’s pattern search method,
Köylüoğlu [9] applies a linear programming algorithm and different authors employ genetic algorithms [10,
11].

Although not really optimization schemes, vertex methods like the transformation method [4] and the short
transformation method [12] can be categorized here as well as they aim at finding the minimum and max-
imum function values within a certain α-cut by means of deterministic evaluations. The transformation
method simply evaluates all combinations of extreme values of the input variables (the vertices) at differ-
ent α-levels. The most important restrictions of this method are that the number of function evaluations
increases exponentially with the number of uncertain variables, and that it may lead to unsafe results for
non-monotonic functions. The short transformation method starts with performing a sensitivity analysis in
order to select the critical combinations instead of evaluating all vertices. As such, a very efficient algorithm
is obtained, although it should not be applied in case of non-monotonic function behavior.
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3 The Gradual α-level Decreasing algorithm

A remarkable observation on all of the methods above is that in none of them information is exchanged
between different α-level optimizations. Instead, Eq. (2) is treated as a set of independent interval expres-
sions that are evaluated separately. The Gradual α-level Decreasing (GαD) algorithm [5] described hereafter
makes use of the fact that the objective function in the optimization problem Eq. (4) is the same for different
α-levels, while only the constraints change. In this way, an efficient yet robust algorithm is aimed at.

3.1 Basic algorithm principles

The GαD algorithm is based on the fact that a local optimum at a certain α-level lies in the vicinity of a local
optimum at a higher α-level. Therefore, GαD starts at the highest α-level in the different vertex directions
and proceeds by lowering the α-level step-by-step, each time performing a local optimization. In general, one
quasi-Newton iteration is sufficient to find the next local optimum at a reasonable accuracy. By comparing
the partial derivatives of the subsequent points, new search directions are identified in case of non-monotonic
behavior.

Figure 1 illustrates the concept of search paths along which the local optima are found and how search paths
split when partial derivatives become zero. As such, it is guaranteed that all local optima are found at all
α-levels, and a robust global optimization procedure is obtained.

(a) (b)

Figure 1: Basic idea of GαD algorithm: local optima along search paths

3.2 Adaptive α-level stepping

The GαD algorithm in its previous formulation is a very robust, but rather expensive algorithm: at least 2n

search paths exist, and this number will increase even further in case of non-monotonic behavior. However,
much effort is spent to unnecessary function evaluations since the only really important evaluations at each
level are the ones leading to the minimal and maximal function value. Therefore, it is conceivable not to
evaluate the non-critical search paths at every single α-level.

In order to determine to what extent a search path is critical, a level of concern LCs is defined for each search
path Σs as

LCs =

∣∣∣∣∣2 ys − [ỹ]−α
[ỹ]+α − [ỹ]−α

− 1

∣∣∣∣∣
γ

with γ > 0 (5)

The search paths which return the extreme values at the current α-level, have a LC = 1, while search paths
with intermediate values have a lower LC. The user-defined parameter γ controls how fast a search path
evolves from harmless to critical and is called the aggression factor.
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With the concept of level of concern, it now is possible to introduce an adaptive α-level stepsize: this is the
stepsize of a certain search path, and it depends on the function value of that search path at the current level:

∆αs = ∆αmax − LCs(∆αmax −∆αmin) (6)

where ∆αmin and ∆αmax are the (user-defined) minimal and maximal stepsizes.

Figure 2 shows the application of this adaptive stepsizing procedure for some values of the parameters γ
and ∆αmax. As was the intention, increasing these parameters leads to a lower resolution for uninteresting
search paths, while a high resolution (∆αmin = 0.02) is maintained for the critical search paths.

(a) (b) (c)

Figure 2: Influence of parameters ∆αmax and γ in adaptive α-level stepsize procedure: (a) ∆αmax = 0.1,
γ = 0.2; (b) ∆αmax = 0.5, γ = 1; (c) ∆αmax = 0.8, γ = 5.0

A special situation arises when ∆αmax ≥ 1 and γ →∞: all search paths except the two critical ones directly
step to an α-level below zero and can be terminated immediately. Therefore, only two search paths will exist,
one aiming at the minimum function value, the other at the maximal function value at each α-level. This
means that the number of search paths, and therefore the number of function evaluations, becomes virtually
independent of the number of uncertain variables, making it very appropriate for high-dimensional problems.

3.3 Multidimensional objective functions

A design is never based on a single design criterion: in general a whole set of displacements, stresses, forces
etc. is investigated. When incorporating uncertainty by means of fuzzy numbers, the membership function
of each of these response variables is to be determined. As the location of the optimal point may differ for
each of these components, it is not possible to perform an optimization of multiple of these components at
the same time.

However, many of these output components (displacements of nearby nodes, stresses in adjacent elements,
. . . ) will show a similar behavior. When the GαD algorithm is applied to such an analysis, many search
paths will be the same for different output components. The different components are therefore combined
in a single analysis. The vertex search paths are common for all components, and only in the case of non-
monotonical behavior, other search paths are initiated, optimizing one specific output component.

4 Damage assessment of a reinforced concrete beam

The application of fuzzy uncertainty modeling is illustrated with a Finite Element (FE) Model Updating
analysis of a reinforced concrete beam. The aim of the analysis is to identify the damage pattern including
a certain level of uncertainty on the dynamic input parameters. The analysis consists of two stages: first the
stiffness along the undamaged beam is identified with a deterministic updating procedure. Next, the damage
due to a static load is assessed by investigating the stiffness reduction. The influence of the uncertainty on
the measured modal data on the identified damage is investigated by modeling these measured data as fuzzy
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numbers. Before discussing the RC beam application itself, a general overview of the FE updating technique
is given.

4.1 FE Model Updating with damage functions

The goal of FE model updating based on modal data is to identify unknown parameters (e.g. stiffness) of
a structure [2]. The FE model allows to write the numerical modal data as a function of these parameters,
and by minimizing the difference between numerical and experimental modal data, the actual values of the
model parameters are found. Figure 3 shows the flowchart of the FE model updating procedure.

Structure with 
unknown 
properties

Finite element 
model

Measured modal 
data ž

Calculated modal 
data z

Minimization 
problem

½ || z-ž ||²

Identified 
Properties

Next
step

At 
minimum

Figure 3: FE model updating procedure flowchart

The objective function of the least squares problem is given as

f(a) =
1
2
‖z(a)− z̆‖2 =

1
2
‖r(a)‖2 (7)

where a is the vector of the unknown model properties, z(a) refers the calculated modal data and z̆ represents
the measured modal data. The residual vector r(a) contains both the residual vector of eigenfrequencies and
residual vector of mode shapes. These residuals are formulated as:

rf (a) =
λj(a)− λ̆j

λ̆j
(8a)

rs(a) =
θlj(a)
θrj (a)

−
θ̆lj

θ̆rj
(8b)

Subscripts j and l in Eq. (8) denote the mode number and DOF number respectively. The superscript
r indicates a reference DOF of a mode shape. As can be seen from these equations, relative differences
are taken in the residual vector of eigenfrequencies to obtain a similar weight for each eigenfrequency.
Because experimental mode shapes are not absolutely scaled, both experimental and numerical mode shape
displacements are scaled to some reference DOF displacement [2].
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The conventional FE Model Updating method can be improved by using damage functions [2]. Damage
functions enhance the procedure in two ways: first the conditioning of the problem gets better, as the use
of damage functions reduces the number of design variables and a large number of design variables yields
ill-conditioned sensitivity matrices. Second, a continuous variation of the updated parameter throughout the
structure is guaranteed. A property along a one-dimensional structure can be written as

A(x) =
n∑
i=1

aiNi(x) (9)

where Ni are the damage functions, ai is the reduced set of design variables and A is the continuously
varying field property.

4.2 Experimental Setup and Reference State of the Beam

The dimensions of the RC beam cross-section are shown in figure 4. The length of the beam is 6 m, its total
mass equals 750 kg. Vertical stirrups of 8 mm diameter are placed every 200 mm for shear reinforcement.

Figure 4: The cross-section dimensions of the RC beam

A modal test is carried out on the beam with free-free boundary conditions. The establishment of these
boundary conditions is done by very flexible springs as shown in the figure 5. The excitation is a hammer
impact at one of the beam free ends. Dynamic response signals are taken from 62 sensors (accelerometers)
placed at both longitudinal edges (upper left and upper right) of the beam (31 sensors at each edge with
a spacing of 20 cm). The dynamic modal parameters are extracted from measured dynamic response sig-
nals by means of the stochastic subspace identification [13]. The first four identified eigenfrequencies and
modeshapes, which will be used for the FE Model Updating, are given in table 1 and figure 9 respectively.

Figure 5: The vibration experiment setup
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Mode Eigenfrequency (Hz)
1 22.02
2 63.44
3 123.27
4 201.92

Table 1: Experimental eigenfrequencies for the reference state (undamaged) RC beam.

The reinforced concrete beam is modeled in ANSYS [14] with 30 beam elements. In principle, any parameter
in the system matrices can be selected as a parameter to be updated [2]. The correction of the stiffness
properties was performed in this work due to the fact that this property decreases significantly with applied
damage. Instead of updating the Young’s modulus of each element separately, 7 damage functions were used
[3]. Damage is represented as the sum of 7 linear damage functions multiplied by 7 design variables. The
FE model of the beam and its damage functions are shown in figure 6.

x

N7N6N5N4N3N2N1

0

1

Figure 6: The FEM, damage elements and damage functions of the RC beam

The initial FE model is characterized with E0 = 37.5 GPa and I0 = 1.93×10−4 m4 being Young’s modulus
and moment of inertia respectively. The initial and updated FE model results are shown in figure 7.
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Figure 7: The stiffness distribution along the undamaged beam: − initial stiffness; + updated stiffness.

4.3 Damage identification

Damage was introduced by applying a static load as indicated in figure 8. Due to the cracks initiated by this
load, the stiffness reduces in the zone around the load location. This stiffness reduction is reflected in a shift
of the eigenfrequencies, as shown in table 2 and in a change of mode shapes, as shown in figure 9.

The actual magnitude of stiffness reduction, which is a measure for the damage present, again is estimated
based on a FE model updating procedure, taking into account 4 eigenfrequencies and 4 mode shapes of 31
DOFs. However, these measured modal data are no longer assumed to be deterministic. In order to investi-
gate the propagation of the uncertainty on the measured data towards an uncertainty on the identified damage,
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Figure 8: Static load inducing damage in beam

Mode Undamaged Damaged
eigenfrequency (Hz) eigenfrequency (Hz)

1 22.02 19.35
2 63.44 56.90
3 123.27 111.64
4 201.92 185.22

Table 2: Experimental eigenfrequencies for the reference state (undamaged) RC beam.
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Figure 9: Experimental modeshapes of the undamaged and damaged beam
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the n = 128 individual measured components are modeled as fuzzy numbers and assigned a membership
function with a support range of ±1 %. The fuzzy numbers are discretized into m = 10 α-cuts.

The function subjected to the fuzzy analysis itself is the result of an optimization problem (the updating
procedure): it expresses the optimal model parameters a∗ as a function of the (uncertain) measured data ψ,

with ψ =
{

λ̆j
θ̆j

}
. Because of the high number of input variables (128), the multiple output components

(7), and the expensiveness of the function, the choice of optimization methods to perform the α-cut interval
calculations is limited: general purpose optimization methods like Sequential Quadratic Programming re-
quire nout× (m− 1)× 2 = 126 separate optimizations, and therefore are too expensive. The transformation
method [4] requires (m− 1)2n + 1 = 3.06× 1039 function evaluations. It is obvious that this method is not
feasible for large scale problems like the one described here.

Since the number of function evaluations needed by the GαD algorithm with adaptive stepsize parameters
γ → ∞ and ∆αmax ≥ 1 is independent of the number of uncertain input parameters, this algorithm is
well-suited to perform this fuzzy analysis. Because it extensively uses derivatives, a significant benifit can
be made if these derivatives are available analytically. The first-order Taylor expansion of the residual vector
can be written as

r(a,ψ) ≈ r(a0,ψ0) + Ja (a− a0) + Jψ (ψ −ψ0) (10)

where, a is the vector of the unknown parameters, ψ =
(

λ̆j
θ̆j

)
is a vector containing the (uncertain)

measurements and Ja and Jψ represent the Jacobian matrices. The Jacobian matrix Ja is a by-product of the
FE Model Updating procedure [2], and the evaluation of Jψ is done straightforward from the Eqs. (8). The
optimal value for the model parameters a∗ is obtained by demanding that r → 0, yielding a∗ as a function
of the measurements ψ through

a∗(ψ) ≈ a∗(ψ0)− J−1
a (r(a∗,ψ0) + Jψ (ψ −ψ0)) (11)

Therefore, the partial derivatives needed by the GαD algorithm can be analytically evaluated by differentiat-
ing this equation with respect to ψ, giving

da∗

dψ
= −J−1

a Jψ (12)

Note that in these expressions, J−1
a represents the generalized Least Squares inverse of the (rectangular

matrix) Ja, namely J−1
a = (JTa Ja)

−1JTa .

Figure 10 shows the uncertainty on the identified damage. It should be noted that this uncertainty is much
larger than the uncertainty assumed on the measurements, meaning that the identified stiffness is quite sensi-
tive to measurement errors. It is however observed that the uncertainty range in the zone where the damage
actually occurs is relatively small in comparison to the undamaged zone.

When investigating the search paths followed by the GαD algorithm, it turns out that only vertex search
paths are present. This indicates that the objective function a∗(ψ) is a monotonic function within the applied
uncertainty range of ±1 %, and that the same results as shown in figure 10 could be obtained with the short
transformation method [12], requiring the same function evaluations. However, an important difference
between both methods is that GαD compares the partial derivatives at subsequent α-levels in order to detect
non-monotonic behavior, while the short transformation method simply assumes monotonic behavior.

5 Conclusions

In the present paper, the GαD algorithm has been introduced as an optimization method for calculations on
fuzzy numbers. The main difference with other methods is that it does not consider the interval calculations
at different α-levels as separate problems, but takes into account their similarity.
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Figure 10: The stiffness distribution along the undamaged and damaged beam (+ indicates the updated FEM
of the undamaged beam).

The advantages are increased robustness and higher efficiency in comparison with the transformation method.
Especially in the case of a high number of input and response variables and when the partial derivatives are
available analytically, it proves to be a highly performing fuzzy number calculation procedure.

These properties have been illustrated through the application of the algorithm for damage assessment of a
reinforced concrete beam. FEM updating was performed including fuzzy uncertainty on the dynamic para-
meters obtained from vibration tests. The uncertainty was introduced by triangular membership functions
for simplicity. Notwithstanding the high number of uncertain input variables (128) and different output
components (7), the GαD algorithm provides accurate results at a low computational cost.

When the fuzzy stiffness distribution along the RC beam is studied, the corresponding graph shows wide
intervals at zero α-level. Considering only ±1 % uncertainty at the input parameters at that α-level, it can be
said that the objective function is very sensitive to the dynamic input parameters.
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Abstract
This paper deals with the experimental identification of the probabilistic representation of a random field
modeling the Young modulus of a non homogeneous isotropic elastic medium by experimental vibration
tests. The random field representation is based on the polynomial chaos decomposition. The coefficients of
the polynomial chaos are identified setting an inverse problem and then in solving an optimization problem
related to the maximum likelihood principle.

1 Introduction

We consider an elastic isotropic heterogeneous material at the macroscopic scale. In this paper, this material
is modeled by a random medium. Only the Young modulus is modeled by a random field. This random field
has to be identified by using an experimental database constituted of vibrational tests related to 100 speci-
mens in the frequency band [0-50]kHz. There are 60 sensors measuring accelerations. All the specimens are
excited by the same loads whose spectrum are constant on the frequency band of analysis. The linear elasto-
dynamics of the specimen is modeled by the finite element method. A chaos representation (see for instance
[1, 2, 3]) of the random field modeling the Young modulus is introduced. This identification problem has
been adressed in a recent work proposed in [4, 5]. The proposed method in [5] consists in identifying the
coefficients of the chaos representation by using the experimental database related to the dynamical response
of the specimen. The coefficients related to the finite element model of the specimen are random variables.
The first step of the method consists in identifying the related realizations of these random variables by
setting an optimization problem for each specimen. This optimization problem consists in minimizing the
distance between the frequency responce functions of the database and the frequency response function of
the finite element model with respect to the finite element coefficients of each specimen. In the second step
of the method, the polynomial chaos representation of these random variables is introduced. In the last step
of the method, the coefficients of the polynomial chaos representations are estimated by using the maximum
likelihood method. A numerical example is presented in order to validate the methodology. The example
consists in a viscoelastic random medium occupying a slender geometry. The experimental database is con-
structed by Monte Carlo numerical simulations of the direct problem. On the presented example, not only the
autocorrelation functions of the random field can be identified, but also the first order marginal probability
density functions.
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2 Construction of an ”experimental database” by Monte Carlo nu-
merical simulation of the direct problem

In this paper, the “experimental database” is constructed by numerical simulation. The specimen is consti-
tuted of a non-homogeneous isotropic linear elastic medium occupying a three-dimensional bounded domain
D with boundary ∂D given in a Cartesian system Ox1x2x3. The geometry of domain D is a slender rectan-
gular box shown in Fig. 1 whose dimensions along x1, x2 and x3 are L1 = 1.3× 10−1m, L2 = 2× 10−2m
and L3 = 2× 10−2m. The structure is fixed on the part Γ0 of ∂D for which the displacement field is zero.
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Figure 1: Definition of the specimen

The structure is subjected to an external point force denoted as b(t) and applied to the node A along x1-
axis (see Fig. 1). The Fourier transform b̂ of b is the constant vector (1, 0, 0) in the frequency band [0, 50]
kHz. The elastic medium is random. It is assumed that the Young modulus is random while the Poisson
coefficient is deterministic. This assumption is introduced in order to simplify the presentation. The random
Young modulus field is modeled by a positive-valued second-order random field Y (x) defined by

Y (x) = c0 g(c1, c2 V (x)) , ∀x ∈ D (1)

in which c0 = 1.6663 × 1010 N.m−2, c1 = 1.5625 and c2 = 0.2. The function θ 7→ g(α, θ) from
�

into
]0 ,+∞[ is such that, for all θ in

�
,

g(α, θ) = F−1
Γα

(FΘ(θ)) ,

in which θ 7→ FΘ(θ) = P (Θ ≤ θ) is the cumulative distribution function of the normalized Gaussian
random variable Θ and where the function p 7→ F−1

Γα
(p) from ]0 , 1[ into ]0 ,+∞[ is the reciprocal function

of the cumulative distribution function γ 7→ FΓα(γ) = P (Γα ≤ γ)) of the gamma random variable Γα with
parameter α. In the right-hand side of Eq. (1) , {V (x), x ∈ D} is a second-order random field such that
E{V (x)} = 0 and E{V (x)2} = 1, defined by

V (x) =
3∑

| � |=1

H � (Z1, Z2, Z3, Z4)
√
γ � ψ � (x/2) , (2)

in which {Z1, Z2, Z3, Z4} are independent normalized Gaussian random variables, � is a multi-index
(α1, α2, α3, α4) ∈ � 4, | � | = α1 + α2 + α3 + α4 and where H � (z1, z2, z3, z4) = Hα1

(z1) × Hα2
(z2) ×
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Hα3
(z3)×Hα4

(z4) in which Hαk
(zk) is the normalized Hermite polynomial of order αk such that

∫
� Hαk

(w)Hαj
(w)

1√
2π
e−

1

2
w2

dw = δαkαj
.

In the right-hand side of Eq. (2) , {γ � }1≤| � |≤3 and {ψ � }1≤| � |≤3 are defined as the eigenvalues and the
eigeinfunctions of the the integral linear operator C defined by the kernel C(x, x ′) = exp (−|x1 − x′1|/L)
in which L = L1/40 and where x = (x1, x2, x3) and x′ = (x′1, x

′
2, x

′
3) belong to D. This means that the

correlation length of the random field is much smaller than the length L1 of the specimen. The eigenvalue
problem related to operator C is then written as

∫

D
C(x, x′)ψ � (x′)dx′ = γ � ψ � (x) . (3)

It should be noted that, Y (x) = Y (x1) and consequently, Y (x) is independent of x2 and x3. Finally, it is
assumed that the Poisson coefficient µ = 0.3 and the mass density ρ = 2.7 × 103Kg/m3 are deterministic
real constants.

The finite element mesh of the structure is shown in Fig. 1 and consists of 8-node isoparametric 3D solid fi-
nite elements. There are Nd = 1620 degrees of freedom. Let Z = (Z1, Z2, Z3, Z4) be the

� 4-valued random
variable constituted of the 4 independent random variables in Eq. (2) (the random germ of uncertain-
ties). Let [K(Z)] be the random stiffness matrix with values in the set of all the positive-definite symmetric
(Nd×Nd) real matrices. Let [M ] and [D] be the mass and the damping matrices such that [D] = a [M ] with
a = 103 s−1. Matrices [M ] and [D] are deterministic positive-definite symmetric (Nd × Nd) real matrices.
The

� Nd -valued random-frequency-response function ω 7→ U(ω) related to the nodal displacements is such
that

[A(ω; Z)]U(ω) = f(ω) ,

in which [A(ω; Z)] = −ω2 [M ] + i ω [D] + [K(Z)] is the dynamic stiffness matrix and where f(ω) is the���
d -vector of the external forces. Let UΓ(ω) be the vector corresponding to the Nb = 60 nodes belonging

to ∂D which can be written as UΓ(ω) =
�
(U(ω)) in which

�
is a linear mapping from

� �
d into

� �
b . The

experimental database is constituted of m = 100 realizations of random vector UΓ(ω) which are denoted by
u1

Γ(ω) = UΓ(ω, θ1), . . . ,um
Γ (ω) = UΓ(ω, θm) corresponding to the specimens and for ω running through

the frequency band of analysis.

3 Identification of the random field modeling the Young modulus by
solving an inverse problem

The finite element approximation Ỹ of random field Y indexed by D is written as Ỹ (x) =
∑N

k=1Rkhk(x1)
in which h1(x1), . . . , hN (x1) are the usual linear interpolation functions related to the finite element mesh
of domain D, where N = 60 is the degree of this approximation and where R1, . . . RN are the random
coefficients. We introduce the

� N -valued random variable R such that R = (R1, . . . , RN ). Let [Ã(ω; R)]
be the random dynamical stiffness matrix constructed by using the finite element approximation Ỹ (x) of
the Young modulus. For each realization uj

Γ(ω) belonging to the experimental database, the realization
rj = R(θj) of the random variable R are constructed by solving the nonlinear optimization problem (see
[5])

min
rj

`dyn(rj,uj
Γ) , (4)

in which

`dyn(rj ,uj
Γ) =

Nband∑

k=1

∫

Bk

∥∥∥
�

(
[Ã(ω; rj)]−1f(ω)

)
− uj

Γ(ω)
∥∥∥
2
dω . (5)
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In the right-hand side of Eq. (5) , Bk = [ωmin,k, ωmax,k] with ωmin,k = ωk − Beq,k/2 and ωmax,k =
ωk + Beq,k/2 where Beq,k is an equivalent bandwidth related to the eigenfrequency ωk of the mean model
of the specimens and where Nband is the number of bands considered for the identification. It should be
noted that the optimization problem introduced in [4] in order to solve the inverse problem to calculate the
realizations r1, . . . , rm of random vector R is based on an elastostatic problem. In this case, the experimental
database is constituted of static measurements and the optimisation problem is

min
rj

`stat(rj ,uj
Γ) , (6)

in which

`stat(rj ,uj
Γ) =

∥∥∥
�

(
[Ã(0; rj)]−1f(0)

)
− uj

Γ(0)
∥∥∥
2

.

The optimization problems defined by Eqs. (4) and (6) are solved by using a least-squares estimation of
nonlinear parameters (see [6]). Finally, for all x fixed in D, the realizations ỹ1(x) = Ỹ (x; θ1), . . . , ỹ

m(x) =
Ỹ (x; θm) of random variable Ỹ (x) are constructed by using the relation ỹj(x) = h(x1)

T rj in which h(x1) =
(h1(x1), . . . , hN (x1)). Figure 4 shows the graph of realization x1 7→ ỹ1(x) with x2 = x3 = 0 constructed
by solving Eq. (4) ( “dynamic inverse problem”) and Eq. (6) (“static inverse problem”).
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Figure 2: Graph of x1 7→ Y (x; θ1) (thick solid line) and graph of realization x1 7→ ỹ1(x) with x2 = x3 = 0
constructed by solving the “dynamic inverse problem” (dash line) with Nband = 5 . Horizontal axis: x1.
Vertical axis: Y (x; θ1) and Ỹ 1(x)

4 Statistical reduction

The size of the random vector R can be reduced. Let λ1 ≥ . . . ≥ λN be the eigenvalues of the covariance
matrix [CR] of random vector R. The normalized eigenvectors associated with the eigenvalues λ1, . . . , λN

are denoted by � 1, . . . , � N . Consequently, the random vector R can be written as

R = R +
N∑

k=1

Qk

√
λk � k ,

in which Q1, . . . , QN are N centered real-valued random variables defined by
√
λkQk = � T

k (R − R)
where R = E{R} such that for all k and `, E{Qk} = 0 and E{QkQ`} = δk`. From the study of the
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function n 7→ ∑n
k=1 λk, it can be deduced that random vector R can be approximated by the random vector

R + [Φ] [Λ]Qµ with µ = 15 < N in which the (µ× µ) matrix [Λ] and the (N × µ) matrix [Φ] are such that
[Λ]`k = δ`k

√
λ` and [Φ]`k = [ � k]` and where Qµ = (Q1, . . . , Qµ). For all j = 1, . . . ,m, the realization

qj = Qµ(θj) of random vector Qµ is calculated by qj = [Λ]−1[Φ]T (rj − R).

5 Chaos decomposition

Let Wν = (W1, . . . ,Wν) be the normalized Gaussian random vector such that E{WiWj} = δij . The
truncated Chaos representation of the

� µ-valued random variable Qµ in terms of Wν is written as

Qµ,ν =
+∞∑

� ,| � |=1

a � H � (Wν) , (7)

where � is a multi-index belonging to � ν and where H � (Wν) is the multi-indexed Hermite polynomials
(see section 3). The coefficients a � belonging to

� µ are such that
∑+∞

� ,| � |=1 a � aT� = [ Iµ] in which [ Iµ]

is the (µ × µ) unit matrix. The truncated Chaos representation of random vector Qµ,ν is denoted by Qµ,ν,d

and is such that Qµ,ν,d =
∑d

� ,| � |=1 a � H � (Wν). Consequently, for all x ∈ D, the random Young modulus

Ỹ (x) can be approximated by the random variable Ỹ µ,ν,d(x) = h(x1)
T ([Φ] [Λ]Qµ,ν,d + R).

The maximum likelihood method (see, for instance, [7]) is used to estimate parameters a � from realizations
q1, . . . ,qm. We then have to solve the following problem of optizimation: find � = {a � , | � | = 1, . . . , d}
such that

max� L(q1, . . . ,qm; � ) , with
d∑

� ,| � |=1

a � aT� = [ Iµ] (8)

where L(q1, . . . ,qm; � ) = pQµ,ν,d(q1, � ) × . . . × pQµ,ν,d(qm, � ) is the likelihood function associated with
observations q1, . . . ,qm and where pQµ,ν,d is the probability density function of Qµ,ν,d. However, the opti-
mization problem defined by Eq. (8) yields a very high computational cost induced by the estimation of the
joint probability density functions pQµ,ν,d(qj, � ) (even for reasonable values of the length µ of random vec-
tor Qµ,ν,d). Consequently, it is proposed to substitute the usual likelihood function by the pseudo-likelihood
function

L̃(q1, . . . ,qm; � ) =
µ∏

k=1

p
Q

µ,ν,d

k

(q1k, � )× . . .×
µ∏

k=1

p
Q

µ,ν,d

k

(qm
k , � ) (9)

where qj = (qj
1, . . . , q

j
µ) and Qµ,ν,d = (Qµ,ν,d

1 , . . . , Qµ,ν,d
µ ) and where p

Q
µ,ν,d

k

is the probability density

function of random variable Qµ,ν,d
k . Finally, the following problem of optimization is substituted to the

problem defined by Eq. (8) . Find � = {a � , | � | = 1, . . . , d} such that

max� L̃(q1, . . . ,qm; � ) , with
d∑

� ,| � |=1

a � aT� = [ Iµ] . (10)

6 Convergence Analysis

In order to perform a convergence analysis of the method proposed in this paper, the normalized random
variables Y(x) and Ỹµ,ν,d(x) defined by Y(x) = Y (x)/E{Y (x)} and Ỹµ,ν,d(x) = Ỹ µ,ν,d(x)/E{Ỹ µ,ν,d(x)},
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for all x ∈ D, are introduced. Let r(x, x′) and rn,ν,d(x, x′) be the correlation functions of the random fields
Y and Ỹn,ν,d such that, for all x and x′ in D,

r(x, x′) =
E{Y(x)Y(x′)} − 1√

(E{Y(x)2} − 1)(E{Y(x′)2} − 1)
,

and

rn,ν,d(x, x′) =
E{Ỹn,ν,d(x)Ỹn,ν,d(x′)} − 1√

(E{Ỹn,ν,d(x)2} − 1)(E{Ỹn,ν,d(x′)2} − 1)
.

The mean-square convergence analysis is performed with respect to the correlation functions and shows that
the probabilistic model is converged for ν = 4. The remaining error is due to the truncating of the statistical
reduction defined in Section 5.

7 Identification of the probabilistic model

Figure 3 shows the graphs of x 7→ r(x, x′) (thick dashed line) and x 7→ rn,ν,d(x, x′) (thin solid line) where
x = (x1, x2, x3) and x′ = (x′1, x

′
2, x

′
3) with x2 = x3 = 0 and x′1 = 0.0520, x′2 = x′3 = 0 and with d = 5,

µ = 15, ν = 4 .
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Figure 3: Graphs of x 7→ r(x, x′) (thick dashed line) and x 7→ rn,ν,d(x, x′) (thin solid line) where x =
(x1, x2, x3) and x′ = (x′1, x

′
2, x

′
3) with x2 = x3 = 0 and x′1 = 0.0520, x′2 = x′3 = 0 and with q = 5,

µ = 15, ν = 4. Horizontal axis: x1. Vertical axis: r(x, x′) and rn,ν,d(x, x′)

For all x ∈ D, let y 7→ pY(x)(y; x) and y 7→ p
Ỹµ,ν,d(x)

(y; x) be the probability density functions of the

random variables Y(x) and Ỹµ,ν,d(x). Figure 4 shows the graphs of y 7→ log10(pY(x)(y; x)) (thick solid line)
and y 7→ log10(pỸµ,ν,d(x)(y; x)) (thin solid line) where x = (x1, x2, x3) with x2 = x3 = 0 and x1 = 0.0152

with d = 5, µ = 15 and ν = 4. It can be seen that the probabily density function is accurately identified.

8 Conclusion

A method for solving the stochastic inverse problem using chaos representation of the stochastic field to be
identified and an experimental database is proposed. The proposed method uses the maximum likelihood
principle to identify the coefficients of the chaos representation. For presented example, this method allows
any probabilistic quantities to be identified such as the autocorrelation function of the random field and the
marginal probability density functions. It should be noted that the proposed method can easily be extended
to the case of a viscoelastic random medium for which the elastic properties depend on frequency.
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Figure 4: Graphs of y 7→ log10(pY(x)(y; x)) (thick solid line) and y 7→ log10(pỸµ,ν,d(x)(y; x)) (thin solid

line) where x = (x1, x2, x3) with x2 = x3 = 0 and x1 = 0.0152 with d = 5, µ = 15 and ν = 4. Horizontal
axis: y. Vertical axis: log10(pY(x)(y; x)) and log10(pỸµ,ν,d(x)(y; x)).
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Abstract
In a virtual prototyping context the importance of physical uncertainty modelling has become more evident.
The increased computational performance over the last years enlarges the potential in the use of large models
(more DOF’s) and in the application of more advanced numerical methods. This results in more accurate
models from the numerical point of view. Realistic numerical modelling however, besides flawless numerical
modelling, requires high-fidelity from the physical point of view. The method of Fuzzy FEM is appropriate
to deal with the different physical parameter uncertainties as dimensional tolerances, scatter in material
properties, structural design parameters. Interval analysis applied with the α-cut strategy is the basis for a
fuzzy analysis. Main concern in the proposed interval analysis methods is to obtain conservative interval
results using reasonable computational time. The fuzzy framework is applicable in different mechanical
disciplines as e.g. dynamic analysis, static analysis. In the fuzzy analysis, the focus is on the investigation
of the influence of different uncertainty model parameters on important performance measures. This paper
presents the application of the fuzzy principle on the static analysis of an industrial sized finite element
model. The problem stated for the fuzzy frame is of black-box type, with inputs the uncertain parameters,
and outputs the displacements and stresses. The proposed problem is used to compare and discuss different
methods for interval analysis. On the one hand the classical implementations are considered: the vertex
method and the global optimisation approach. On the other hand, two newly proposed techniques are used:
the reduced optimisation, and the reduced response surface method. Furthermore the use of the fuzzy analysis
technique is demontstrated as a large-scale design sensitivity tool.

1 Introduction

In an engineering design process, design analysis is the process to verify the performance of the virtual
product. Generally these verifications are performed using a numerical method which is a response prediction
tool of the product subjected to certain physical conditions. As most product parameters are undetermined in
the initial design phases, a range of uncertainties have to be taken into account. A clear distinction between
different types of non-determinism has been introduced by Oberkampf [1]:

• variability covers the variation which is inherent to the modelled physical system or the environment
under consideration. Generally it is described by a distributed quantity defined over a range of pos-
sible values. Ideally, a probabilistic description of the quantity is available. For example: material
impurities, production tolerances, temperature effects, etc., which vary from unit to unit or from time
to time.

• uncertainty is a property due to lack of knowledge (e.g. material damping, boundary conditions, etc.).
Uncertainty is caused by incomplete information resulting from either vagueness, non-specificity or
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dissonance. Generally only the range of the values is known. The presence of open design decisions
results in properties that can be considered as uncertainties.

Through the design life-cycle of a virtual model, different analysis techniques are available to improve the
design and to reduce the design-time, taking into account the non-determinism present in the design descrip-
tion. With the evolution of the design, as the available information on the uncertainties increases it is crucial
to select the most suited analysis technique. Specific non-probabilistic techniques have been developed that
enable the analysis of subjective uncertainty in the early stages of the design [2]. This paper presents a
fuzzy approach to perform non-deterministic static finite element analysis in early design stages. The Fuzzy
analysis technique, originally developed to be used for the mathematical representation of linguistic proper-
ties [3], proves to be suited for the design analyses performed in the conceptual and the preliminary design
stage, complementing the probabilistic techniques [4] mostly used in the critical design stages. The Interval
finite element method (IFEM), applied in the concept of non-deterministic mechanical modelling [5], is the
basis for the implementation of the FFEM. The Fuzzy concept was successfully adopted in the analysis of
mechanical structures by Rao in static analysis [6] and by Moens in dynamic analysis [7].
In this paper the focus is on the different solution strategies of IFEM for static structural analysis. The goal
of the IFEM is to propagate the uncertainties on the input parameter space, represented by intervals, to the
displacement and stress output field, in a conservative way. The most straightforward implementation of
IFEM is the translation of the FE procedure to interval arithmetic. This approach however is practically of
little use due to the large overestimation. Another simple approach is the vertex method [8], which requires
monotonic input-output dependency in order to guarantee conservatism. A more advanced strategy adopting
global optimisation results in the exact hypercubic output field. However it is computationally expensive
and its performance is unpredictable in terms of time. This paper develops for the FFEM technique some
enhanced approaches that significantly improve its performance.
The goal of this paper is to demonstrate the use of the FFEM technique for non-deterministic analysis pur-
poses in the early design stages. In this context the efficiency and accuracy of the existing and newly pro-
posed IFEM approaches are discussed. Section 2 describes the fuzzy analysis technique, which is based on
interval analysis. Section 3 describes the relative degree of influence, which is useful to identify the sig-
nificant uncertain parameters. Furthermore presents newly developed implementations of the interval finite
element method, based on the parameter reduction scheme and the response surface method (RSM). Sec-
tion 4 presents and discusses numerical results of the fuzzy analysis applied on an industrial finite element
problem.

2 The Fuzzy FEM

2.1 Basic concept

In the fuzzy concept introduced by Zadeh [3], the fuzzy set can be considered as an extension of the classical
set theory. While in a classical set, clear distinction is made between members and non-members, in a fuzzy
set the degree of membership is expressed by the membership function. The membership function µx̃ (x)
describes the degree of membership of the elements to the fuzzy set with a value in the interval [0, 1]. A
fuzzy set x̃ with membership function defined as µx̃ (x) for all x that belong to the domain X is expressed
as:

x̃ =
{
(x, µx̃ (x)) | (x ∈ X), (µx̃ (x) ∈ [0, 1])

}
(1)

The most common procedure for the implementation of a fuzzy finite element analysis is the α–cut strategy
(see fig.1). In this approach, an interval analysis is performed at a number of discrete membership levels.
The intersections of the input membership functions at the considered α-level serve as interval inputs for
the analysis. The corresponding interval results obtained at the considered α-levels are then reassembled to
a fuzzy number as indicated in figure 1. It was proven that this procedure is equivalent to the well-known
extension principle of Zadeh [9, 2].
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From this discussion, it is clear that the interval analysis forms the numerical core of the implementation
of the fuzzy analysis. Section 2.2 gives a brief overview of the classical implementation strategies for this
interval analysis. Section 3 then introduces the newly developed reduced optimisation strategy, the adaptive
RSM and respectively the reduced RSM.

µx̃1
(x1)

µx̃2
(x2)

µỹ (y)

α1

α1

α2

α2

α3

α3

α4

α4

fuzzy input

fuzzy output

deterministic

analysis at the

α4-level

interval analysis at

the α1-level

interval analysis at

the α2-level

interval analysis at

the α3-level

Figure 1: Fuzzy procedure

2.2 Classical Implementations

Suppose we have a mechanical problem represented by a numerical model. The goal of the interval analysis
is to calculate the intervals of the output entities of interest (displacements, stresses, resonance frequencies,
modal vectors or other performance measures: {y}), given the intervals of the uncertain parameters ({xI}).{

yI
}

=
{
{y} | {y} = f({x}), {x} ∈ {xI}

}
(2)

Ideally the bounds of the outputs are exactly calculated. However, the implicit relation between inputs and
outputs in the numerical model of a mechanical system generally makes the calculation of the exact output
intervals impossible. Therefore, approximate interval analysis techniques are commonly used. For these
techniques an optimal trade–off between computational expense and conservatism on the results is pursued.
The most commonly used interval analysis strategies are the vertex method and the global optimisation ap-
proach. These approaches consider the mechanical problem as a black box with input and output parameters.

• In the vertex method, the calculation of the bounds of the output entities is done by selecting the
minimum and the maximum of the output samples calculated at the vertices of the input parameter
space (see figure 2). This approach requires 2nu function evaluations, where nu is the number of

x1 x1

x2

x2

x3

x3

Figure 2: Vertices of a three-dimensional interval space in x1, x2 and x3
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uncertain parameters. The easy implementation and the limited computational cost if the number of
uncertainties is not too high form the major advantages of this method. The important limitation of
the vertex method is that the exact interval results can be obtained only if the variation of the outputs
is monotonic with respect to a variation of the uncertain parameters. This is difficult to predict in case
of a general mechanical problem. In case of a non-monotonic problem, the vertex method does not
produce conservative results. This means that the real interval results are underestimated. Especially in
design validation applications, this forms a severe drawback. A more efficient evolution of the vertex
method exists: the short transformation method [10, 11]

• The global optimisation approach computes the interval results using global optimisation with as ob-
jective functions the outputs of the considered problem. The objectives are minimised and maximised
over the input parameter space:

yI
o =

[
min

{x}∈{xI}
(yo({x})), max

{x}∈{xI}
(yo({x}))

]
, o = 1 . . . no (3)

with no the number of output entities. This approach is the most expensive and theoretically gives the
exact results.

3 New strategies

3.1 Relative degree of influence

Consider a general problem with output y = f({x}), input set {x} with xi between xi and xi, i = 1 . . . nu

and nu the number of uncertain parameters. In order to express sensitivity measures valid in the full design
space, the relative degree of influence is introduced using the information at the vertices of the design space.
The influence factor of the parameter xi is calculated based on the vertex evaluations in the subspaces of {x}
with xi equal to respectively xi and xi:

Ixi = mean
s=1...2nu−1

∣∣∣ys
xi
− ys

xi

∣∣∣
xi − xi

(4)

with ys
xi

and ys
xi

the output values y resulting from the function evaluations f({x}) at the 2nu−1 vertex
combinations in the subspaces where parameter xi is blocked at its lower respectively upper boundary value:{

ys
xi

, s = 1 . . . 2nu−1
}

=
{
f({x}) | (xi = xi)

(
xj = xj ∨ xj ,∀j 6= i

)}
(5){

ys
xi

, s = 1 . . . 2nu−1
}

=
{
f({x}) | (xi = xi)

(
xj = xj ∨ xj ,∀j 6= i

)}
(6)

In this expression, the index s refers to the vertex combination in the respective subspaces of {x} for which
the output ys is achieved. Therefore, there are 2nu−1 output values in each set. For each vertex combination
s,

(
ys

xi
, ys

xi

)
is the output pair. The difference between these output pairs gives the linearised variation of

the output value y in this vertex point s, due to the change of parameter xi from xi to xi. The mean of these
differences over all 2nu−1 vertex combinations finally gives the influence factor Ixi .

The relative degree of influence of parameter xi is then defined as:

RIxi =
Ixi

nu∑
i=1

Ixi

(7)
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3.2 The reduced global optimisation approach

In order to improve the computational efficiency of the global optimisation applied in the interval analysis,
the reduced optimisation approach is proposed. This new approach is based on the exclusion of parame-
ters that have a monotonic effect on the output from the optimisation problem. These parameters will be
referred to as blocked parameters. After blocking these parameters at their lower or upper bound value, the
optimisation is performed on a subspace of the original input space. The aim is to reduce the dimension and
consequently also the complexity of the optimisation problem.

In the reduction strategy, the selection scheme step, used to identify the blocked parameters, is preceded by
a parameter influence pattern analysis (variation scheme):

1. In the first step, the aim is to identify the global behaviour of an output yo with respect to each input
parameter. For this purpose, typical variation patterns are identified based on a 3 level full factorial
(3FF) sampling. In case of nu uncertain parameters, 3FF results in 3nu sample points (see figure 3(a)).
Based on the 3FF samples, the output variation pattern is detected on 3nu−1 segments in each pa-
rameter direction. Figure 3(a) illustrates these segments for a simple two-dimensional case. The
considered segments are denoted with continuous and dashed lines for respectively parameter x1 and
x2. Four types of variation patterns can be distinguished, based on the relative position of the output
in the sample points: monotonic increasing (I), monotonic decreasing (II), quadratic convex (III)
and quadratic concave (IV ) (see figure 3(b)). For each input parameter, the patterns corresponding to
a total of 3nu−1 segments are identified and sorted in four groups conform the patterns presented in
figure 3(b).

2. The decision whether or not a parameter can be blocked in the minimisation or maximisation of a
specific output quantity yo is based on the patterns identified in the previous step. For this purpose,
six selection rules have been defined, given in table 1. The selection rules define under which cir-
cumstances a specific parameter can be blocked during either the maximisation or minimisation of
the output value. The numbers of detected patterns in the different groups corresponding to variation
patterns I , II , III and IV , denoted respectively with nI , nII , nIII and nIV , form the basis for the
selection rule of a specific parameter. For example, selection rule 1 states that if all patterns belonging
to a specific parameter are detected to have a monotonically increasing effect on the output quantity,
the parameter can be blocked at its lower or upper bound for respectively the minimisation or max-
imisation of this output (indicated with * in the table). Similar rules can be defined for other cases,
as for instance in selection rule 4. In this case, the parameter presents exclusively variations of type
I and type IV . It is clear that this parameter can be blocked only for the maximisation. In case of
combinations of nI , nII , nIII and nIV that do not occur in the table, the considered parameter can
not be blocked. For example if a parameter has variation patterns of type III and type IV , intuitively
both the global minimum and global maximum will not be found at the lower nor the upper bound of
this parameter.

The parameter blocking is done at either the lower or upper bound of the parameter interval. The selection
of the bound is done based on all the function evaluations available from the 3FF sampling, according to the
following scheme: 

∑
s

{
ys

xi

}
<

∑
s

{
ys

xi

}
⇒ xmin

i = xi, xmax
i = xi∑

s

{
ys

xi

}
>

∑
s

{
ys

xi

}
⇒ xmin

i = xi, xmax
i = xi

(8)

with xmin
i and xmax

i the values of the blocked parameter for respectively minimisation and maximisation.
In this case, ys

xi
and ys

xi
represent the 3FF samples for which xi is located at respectively its lower or upper

bound. Therefore, s ranges from 1 to 3nu−1.
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Figure 3: Variation scheme

Table 1: Selection rules
selection nr. of variation parameter blocked (*)
rule nr. patterns (fig. 3(b)) min max

1
nI 6= 0, nII = 0

* *nIII = 0, nIV = 0

2
nI = 0, nII 6= 0

* *nIII = 0, nIV = 0

3
nI 6= 0, nII = 0

*nIII 6= 0, nIV = 0

4
nI 6= 0, nII = 0

*nIII = 0, nIV 6= 0

5
nI = 0, nII 6= 0

*nIII 6= 0, nIV = 0

6
nI = 0, nII 6= 0

*nIII = 0, nIV 6= 0

3.3 Adaptive Response Surface Method

Optimisation can be accelerated using surrogate models, which replace the actual response of the analy-
sis. The Response Surface Method (RSM) developed by Box and Wilson [12] use an approximate model
of the expensive objective function based on a few computed values [13, 14]. The commonly used RSM
methodology based on linear or quadratic polynomials, is inappropriate to approximate complex non-linear
responses. A promising strategy in the context of IFEM proves to be the RSM based on radial basis func-
tions (RBF) [15, 16] and full factorial design. The RBF functions are suited to model highly non-linear
responses, but are inappropriate for linear and quadratic responses. In order to make the RBF approximation
generally applicable, the approximation model is completed with quadratic polynomial terms ([17, 18]). The
approximation model for output yo is expressed:

y′o({x}) =
nrdp∑
i=1

cr
i φ

(
‖{x} − {xi}‖

)
+ P ({x})

φ(r) =
√

r2 + c2, 0 < c ≤ 1

P ({x}) = cp
0 +

nu∑
j=1

(
cp
jxj + cp

nu+jx
2
j

) (9)
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with nrdp the number of design points used in the approximation model, φ the radial basis function, cr co-
efficients of the RBF’s, ‖ · ‖ Euclidean norm, P ({x}) the polynomial term, cp coefficients of the polynomial
term, nu the number of uncertain parameters and c an arbitrary constant. The unknown coefficients of the
approximation model cr and cp are computed based on the following two conditions:

• the design point responses exactly satisfy the approximation function:

y′o({xi}) = yo({xi}), i = 1 . . . nrdp (10)

• orthogonality condition makes the previous system of equations determined:

nrdp∑
i=1

cr
i Pj

(
{xi}

)
, j = 1 . . . 2nu + 1 (11)

Pj is the j-th term of the polynom P ({x}). Equations (10) and (11) define a system of equation of size
nrdp + 2nu + 1 with the same number of unknowns.

The flowchart of the adaptive RSM method is presented in figure 4. The first step is a design point (DP)
sampling based on 3FF design. Each output is approximated by a RS, followed by a minimisation and max-
imisation of the surrogate model. The error is defined as the relative difference between the optimum found
on the approximation model and the real output at that point. The acceptance criterion of the approximation
model is this error. The approximation is repeated either until convergence or for a maximum of three itera-
tions. In each iteration (denoted with r in the flowchart) a new design space sampling is the basis for a new
approximation model. The design space in each dimension is reduced around the previous approximation
optimum and design point optimum. If the error is still unacceptable after three reapproximations, global
optimisation ensures the accuracy of the adaptive RSM process.

DP sampling
Loop over the

desired outputs

Approximation

Start

Error check
Error>treshold

No

Reduce approximation
space to 50%

Yes
If r<3

No

Yes

r=r+1

Resampling

r=0

min/max search

Global
Optimisation

Figure 4: Adaptive RSM - flowchart

3.4 Reduced RSM

The reduced RSM approach combines the basic ideas from the reduced optimisation and the adaptive RSM
strategies. First, the variation pattern analysis scheme is applied to detect the variation patterns (see fig-
ure 3(b). In order to identify the uncertain parameters with monotonic effect on the output of interest, the
selection rules given in table 2 are used.
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Table 2: Selection rules
selection nr. of variation parameter
rule nr. patterns (fig. 3(b)) type

1
nI 6= 0, nII = 0

monotonicnIII = 0, nIV = 0

2
nI = 0, nII 6= 0

monotonicnIII = 0, nIV = 0

3
any other

non-monotoniccombination

In the next step, the RSM approach described in section 3.3 is applied with a difference in the design point
sampling. The sample points are reduced based on the information in the previous step. The design space is
sampled in the following way:

• in the direction of the monotonic parameters only the two extremas are used - similar to 2FF design

• in the direction of the non-monotonic parameters three values are used - similar to 3FF design

3.5 The reduced approaches in the fuzzy context

In the fuzzy analysis applied in section 4 the reduced optimisation and the reduced RSM is considered. The
following principles are used to improve the computational cost:

• the function evaluations at each α-level are saved in a global data base and reused if needed

If the reduction strategy (in reduced optimisation or reduced RSM) is applied in a full fuzzy analysis, the
computational efficiency is further improved, based on the following principles:

• in the 3FF factorial design performed prior to the reduction scheme, the theoretical sample points are
only evaluated if within a tolerance-space around the design point no function evaluations are found
in the global database

• the variation check is done only at a selected number of α-cuts. The same variation scheme is used for
levels between the selected α-cuts

In a full fuzzy analysis based on the reduced RSM, the following principles apply:

• the approximation model at a certain α-cut is based on the design point evaluations at the current and
the previous α-cuts; this way, in the approximation, each function evaluation within the current design
space is included, which results in a gradually improving surrogate model

• reduced 3FF sampling is done at a limited number of α-cuts, which is combined with 2FF sampling at
other α-cuts (in the application in section 4, 5 α-levels are sampled with both 3FF and 2FF design)

• in the reduced 3FF or 2FF design performed prior to the development of the approximation model,
the theoretical sample points are only evaluated if within a tolerance-space around the design point no
function evaluations are found in the global data base

The presented techniques based on the reduction scheme improve the computational efficiency of the global
optimisation approach by making use of the monotonic dependencies. In the case that all parameters have
monotonic effect on the output, these approaches perform similar to the short tranformation method [10, 11].
In addition, these approaches eliminate the problem of non-conservative results, which is a drawback of the
vertex method.
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4 Industrial application

4.1 Model description

The strategies discussed in section 3 are demonstrated on the industrial vehicle Body-in-White (BIW) model
presented in figure 5. The finite element model consists of 274.338 nodes and 209.328 elements (see figure 5
left). The focus is on the study of the effect of the B-pillar uncertainties on different static outputs: stresses,
displacements and the torsional stiffness. This model used for fuzzy performance assessments is subject to
repeated analyses. In order to accelerate the total analysis time, the full FE model is substructured, based on
static condensation in the B-pillar and the remainder of the car body. Guyan reduction [19] is used to compute
a static superelement that contains stiffness relations between the end points of the joint (i.e. the beam center
nodes). Guyan reduction involves partitioning the stiffness matrix into the connection DOFs and the internal
DOFs, and applying a static reduction to the connection DOFs. The matrix equation can then be solved to
find the displacements of the DOF subset of interest (i.e. the beam center node DOFs). Using the same
transformation, also the mass matrix can then be reduced. The stiffness matrix representing the remainder
of the car-body is constant during the fuzzy analyses, so that fast design iterations become possible. See
elsewhere in these proceedings the paper [20] which deals with the same industrial case for dynamics. In
particular, it uses (wave-based) substructuring to quickly assess the effect of b-pillar design modifications on
the global vehicle dynamics. In the static analysis in this paper, the static response is investigated in three

Figure 5: The FE vehicle model

subcases: bending, torsion and side impact (intrusion). The subcases presented in figure 6 are described
in table 3. The table shows the outputs of interest of the nominal design. The locations for the largest
displacements are indicated with red dots, and the locations with the largest Von-Mises (V-M) stresses are
indicated with ”Max SV −M ”.

Table 3: Subcases
Subcase Load Outputs of interest

F [kN ] max V-M stress[MPa] max displ./torsional stiffness
1 2× 2.5 84 TZmax = −1.1mm

2 2× 2.1 80 TS = 6.3KNm
deg

3 1 72.4 TY max = 1.39mm

The B-pillar is subject to six uncertainties. The uncertainties are visualised in figure 7 and are defined in
table 4. The variations expressed in %, is relative to the nominal values. The thickness uncertainties t1, t2,
defined with variation range of ±50% represent an open design, where these properties are not exactly
known. The large subjective variation on the welding property (E1) represents the lack of knowledge in
modeling this type of joint. The local variation of the material property E2 represents a non-unifomity
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which may result from the metal-forming process. The variations on t3, t4 represent an open design, where
the reinforcement flanges and plates are considered to vary between two design states: reinforcements are
missing (t = tnom · (1− 0.99) and reinforcements are present (t = tnom).

Unc1- t1

Unc2- t2

Unc3- E1

Unc4- E2

Unc6- t4

Unc5- t3

Figure 7: The uncertainties in the model

Table 4: Uncertainty definitions in the B-pillar
Nr. Description Not. Nominal Variation
1 thickness middle panels - left + right t1 0.706mm [−50%; +50%]
2 thickness reinforcement - left t2 1.275mm [−50%; +50%]
3 Young’s mod. welding - globally E1 2.1 · 1011Pa [−65%; +65%]
4 Young’s mod. locally - left E2 2.1 · 1011Pa [−20%; +20%]
5 thickness flanges - left + right t3 1.5mm [−99%; 0%]
6 thickness plates - left + right t4 2mm [−99%; 0%]

4.2 Preliminary analysis

In the first analysis stage large scale sensitivities of the responses to the parameter changes are computed.
In order to reduce the number of uncertain parameters, the relative degree of influence (see section 3.1)
is used to identify the most significant and the insignificant sets. Figures 8(a) to 8(c) presents the relative
degrees of influence of the uncertain parameters on the outputs of interests of the three subcases presented
in table 3. The significant parameters (RI > 5%) are identified: t1, t2, E1, t3. In the following analyses, the
insignificant parameters E2, t4 with RI < 5% are disregarded.

4.3 Fuzzy results

The objective of the fuzzy analysis is to study the impact of a change in the range of the input parameters
on the range of the outputs of interest. For this purpose, fuzzy properties are associated to the significant
parameters (figure 9). The associated membership functions express the subjective information a designer
wants to attach to the occurence of specific values for each design parameter. The thickness parameters t1, t2
are described with symmetrical triangular membership functions. The meaning of the fuzzy functions is
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Figure 8: Relative degrees of influence

interpreted in the following way: the value of t1 and t2 is most possibly the nominal value, and in extreme
occurence, this value can vary up to ±50%. Parameter E1 is most possibly varying in a range of ±20%
around its nominal value and in extreme case can vary up to ±65%. The last significant parameter represent-
ing the thickness of the reinforcing flanges, t3, is most possibly 1.5mm. In extreme situations, it can take a
value as low as 0.015mm. This suggests the design status where the flange reinforcements are missing.
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Figure 9: Fuzzy membership functions of the uncertain parameters

The fuzzy analysis techniques presented in section 3 are compared in terms of accuracy and computational
cost to the classical approaches. The fuzzy outputs are the combination of interval results at 10 α-cuts.
Figure 10 presents the fuzzy response of the first subcase. The fuzzy maximum Von-Mises stress (see
figure 6(a)) is shown in figure 10(a). The global optimisation, reduced optimisation and the reduced RSM
result in the same fuzzy output. The vertex approach overestimates the lower bounds, which is a result of
non-linear effect of the parameters t2, t3. The reduced techniques detect the non-monotonic effects, resulting
in the correct intervals. In terms of function evaluations, the vertex method is the least expensive with 146
evaluations. The global optimisation approach requires the largest amount of computational resources with
a total of 630 function evaluations. The newly proposed strategies are positioned between the two classical
implementations in terms of computational cost, with 238 and 254 function evaluations for the reduced
optimisation respectively for the reduced RSM. The RSM-based approach becomes more efficient when
more fuzzy outputs are computed (for example set of displacements). In such cases, at each design point
evaluation, the full output set is available in order to perform approximation. When optimisation is involved,
the ouputs need to be optimised individually, which requires a larger number of function evaluations.

Figure 10(b) shows the fuzzy vertical displacement. This output behaves monotonically with respect to the
uncertain parameters. For this output, the uncertain parameters have monotonic influence and the fuzzy
membership function is computed correctly based on all four apporaches. The reduced techniques making
use of the detected monotonic parameters in the reduction scheme require the lowest number of function
evaluations: 101 (81 used for the reduction scheme and 20 used to evaluate the minimum and the maximum
at each α-level). In this case these methods work similar to the short tranformation method [11]. The vertex
and the global optimisation approach require 146, respectively 445 function evaluations.

The fuzzy results of the second subcase are presented in figure 11. The uncertain parameters have a
monotonic effect on both outputs of interest: on the maximum V-M stress (see figure 6(b)) and on the
torsional stiffness. The fuzzy techniques result in the correct outputs. The computational costs: vertex 146,
global optimisation 446, reduced optimisation and reduced RSM 101 function evaluations for both outputs.

Figure 12 shows the fuzzy Von-Mises stress in element 769 (see figure 6(b))). This stress output behaves
non-linearly with respect to parameters t1, t4, consequently the vertex method underestimates the upper
interval bounds. The reduced techniques result in fuzzy outputs that are reasonably close to the reference
global optimisation result. In terms of computational costs: vertex 146, global optimisation 591, reduced
optimisation 228 and reduced RSM 252 function evaluations.
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Figure 10: Fuzzy results subcase 1
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Figure 11: Fuzzy results subcase 2
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Figure 12: V-M stress in element 769

Figure 13 presents the fuzzy results of the third subcase. The uncertain parameters have a monotonic effect
on the outputs of interest. The accuracy and the performance of the fuzzy techniques in this subcase are
similar to the accuracy and performance of the previous monotonic fuzzy responses.
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Figure 13: Fuzzy results subcase 3
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Table 5 summarises the computational performance in terms of function evaluations, of the different fuzzy
approaches in the three subcases. In the case of reduced optimisation, each blocked parameter reduces the
computational cost, with respect to the global optimisation, with approximately 35%. Table 6 indicates the
performance of the different IFEM methods, for different type of uncertain parameters.

Method
subcase 1 subcase 2 subcase 3

max SV −M TZmax max SV −M TS SV −M El. 769 max SV −M TY max

Vertex 146 146 146 146 146 146 146
Global opt. 630 445 446 446 591 445 445

Reduced opt. 238 101 101 101 228 101 101
Reduced RSM 254 101 101 101 252 101 101

Table 5: Number of function evaluations

Method
monotonic parameter influence non-monotonic parameter influence

Accuracy Cost Accuracy Cost
Vertex ++ - - - ++

Global opt. ++ - - ++ - -
Reduced opt. ++ + + +

Reduced RSM ++ + + +

Table 6: Comparison

Figure 14 shows a fuzzy plot of V-M stresses of the third subcase. The elements, where the V-M stresses
are considered, belong to the stress-zone which is indicated with orange circle in figure 6(c). The results
interpreted as a large scale sensitivity measure, indicate how much a stress value is influenced by a change
on the bound of the uncertain parameters. The elements with larger stresses (positions 12-17) are more
sensitive to the parameter changes. In order to limit the stresses at the level of allowable maximum V-
M stresses, based on the fuzzy results, the uncertain parameters can be bounded to intervals such that the
design is guaranteed to satisfy this criterion. For example in order to limit the V-M stresses to 90MPa, the
parameters should be limited to intervals corresponding to a membership level µx̃ (x) = 0.33. Table 7 lists
the corresponding intervals for each considered uncertain parameter.
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Figure 14: Fuzzy plot 1, subcase 3
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In a second analysis case, different input membership functions are considered (see figure 15(a)). The trape-
zoidal membership functions on parameters t1, t2 represent relaxed restrictions compared to the triangular
functions. The fuzzy parameter E1 remains unchanged. The triangular membership function associated to
the flange thickness parameter t3 is mirrored with respect to the function defined in figure 9. This represents
a design where the reinforcing flange is most likely missing. The changes on fuzzy characteristics of the
uncertain parameters alter the fuzzy outputs. Figure 15(b) shows the V-M stresses of the third subcase, based
on the new set of input membership functions. The membership level which guarantees the design criterion (
SV −M 6 90MPa) is µx̃ (x) = 0.38. The corresponding uncertain parameter ranges are presented in table 7.
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Figure 15: Analysis case 2, subcase 3

Parameter
Mem. fct. 1 : µx̃ (x) = 0.33 Mem. fct. 2 : µx̃ (x) = 0.38

Unit
xi xi xi xi

t1 0.47 0.94 0.44 0.97 [mm]
t2 0.85 1.7 0.8 1.75 [mm]
E1 104 315 110 311 [GPa]
t3 0.068 1.5 0.015 0.26 [mm]

Table 7: Feasible parameter ranges

These results are important input for industrial process control in terms of tolerance definition. From the
fuzzy FE analysis one obtains a membership level; at this membership level, one can read the allowable
ranges of the uncertain input parameters that still guarantee the design performance. At a later stage in
the design process, when more information on the manufacturing and testing becomes available, engineers
can then compare the process and design tolerances with these allowable ranges, and take measures to better
control the process and tolerances if required. It should be stressed that although both cases result in different
allowable ranges for the uncertain parameters, their corresponding range of design performance is equivalent.
This clearly illustrates the fact that subjective information on uncertain inputs can be of great value in a
design process, provided that results are always interpreted in the same context as in which the subjective
information has been represented.

5 Conclusions

The fuzzy non-probabilistic FEM suited to model physical uncertainties in the early design stages is based
on the interval FEM. Newly proposed IFEM strategies were discussed and compared to the classical IFEM
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approaches. The reduced techniques are more efficient than the global optimisation, and overcome the impor-
tant drawback of the vertex method. The reduction scheme applied in the new techniques makes it possible
to take advantage of the parameters with monotonic effect on the output. The reduced optimisation becomes
more efficient by reducing the dimension of the optimisation space. The reduced RSM takes advantage of the
meta-model based on a decreased number of design points. The concept of the relative degree of influence
proves to be a valuable preliminary analysis tool. The identification of the insignificant parameters reduces
the complexity of the problem. The application of the fuzzy analysis on the industrial model illustrates that
the reduced techniques are a good trade-off between computational cost and accuracy.
The fuzzy method is useful as large scale sensitivity analysis, that enables to consider the simultaneous effect
of parameters with large uncertainties. Compared to the classical design optimisation, the FFEM is able to
provide more information regarding the behaviour of the design with respect to the uncertain parameters. It
allows to easily identify a set of feasible designs based on a well posed design criterion.
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Abstract 
The selection of meaningful models and model parameters is the key issue for a successful model 
updating. The detection of false responses is of primary importance to get correct models, moreover,  
errors in the experimental data have the potential to destroy the convergence to true solutions. In the paper 
the method named INTerval Intersection Method (INTIM) is presented. It is formulated in the framework 
of interval analysis and is of global minimization type. Both these features allow to check for modelling 
errors and to deal with error affected measurements. Methods derived from the literature are used to 
construct uncertain finite element models and to solve the interval eigenvalue problem. The concepts of 
models and parameters admissibility are illustrated through a simple mechanical example but hardly 
identifiable that concerns the transversal vibrations of a beam with unknown elastic properties and 
unknown boundary conditions.  
 

1 Introduction 
Model updating is generally undertaken to calibrate the parameters of finite element models in order to get 
a response as close as possible to the experimental data. Mathematically the problem is set as a 
minimization problem of an objective function [1], [2] that measures the distance between numerical and 
experimental data. As the generality of the inverse problems, model updating techniques suffer from 
ill-conditioning [3] due among other factors to uncertainties or errors in the experimental measures and in 
the modelling assumptions. As a consequence lack of uniqueness and convergence to local minima [5] do 
not guarantee the correct solution [6], [7]. In the literature much effort is devoted to improve the use of 
classical techniques (such as sensitivity methods), for the use in large finite element models [8]. 
The aim of this work is to present a novel updating method named INTerval Intersection Method (INTIM) 
that is able to take into account both modelling errors and measures uncertainties. The method is based on 
an interval approach and the optimisation algorithm is formulated to converge towards global minima [9]. 
The double nature of intervals is exploited to use them either as uncertain numbers or special kind of 
convex sets [12]. By virtue of the inclusion theorem of the interval analysis the formulation allows also to 
introduce the concept of model admissibility, that is very powerful to test to what extent the model is 
actually representative of the measured data. In INTIM the inclusion test replaces the standard objective 
function used in classical approaches. In the literature there are cases in which an interval approach is used 
for the optimisation of models with uncertain parameters in presence of crisp measures [10], [11]. 
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Basics of interval computation [13] are given together with theorems on the convergence of two important 
classes of interval functions, then the principles of the INTIM algorithm are introduced. However the 
work is not intended to discuss the theoretical formulation that is described elsewhere [17], [18], [19]. 
Literature proposals are used to implement interval finite element models and the eigenvalues 
computations [14], [15]. The last section is devoted to a comprehensive presentation of a numerical case 
study aimed at discussing the capabilities of the method with particular reference to model and parameters 
admissibility. The example concerns the transversal vibrations of an elastic beam with unknown elastic 
boundary conditions. The example is meaningful since the dependency of the solution on the relative 
values of the Young modulus and the rotational end springs makes the problem a difficult task for any 
updating method. The updating is performed both in the case of modelling errors and in the case of 
uncertain measures. 
 

2 Interval Analysis 
 
Physical quantities can be either exactly defined or endowed with some uncertainty. In the first case the 
values they can attain are referred to as crisp values, on the contrary interval numbers are used to cope 
with uncertainty. In the paper italic letters will stand for crisp numbers whereas normal upper case letters 
will be reserved for interval numbers. An interval number is expressed by means of crisp numbers as 
X = [xinf, xsup] = xc + ΔX·eΔ  where, alternatively, xinf, xsup are the infimum and supremum limits of the 
interval or xc = (xinf + xsup)/2 and eΔ = [-1,1] are the central value and the unit interval scaled by the radius 
ΔX = (xsup – xinf)/2. The first notation is useful for computations, whereas the second is physically 
expressive it relates the crisp evaluation xc with the amount of uncertainty ΔX. A crisp number 
corresponds to the degenerate interval xinf = xsup, that is ΔX = 0. An n-dimensional interval is defined by 
the same notation X = [xinf, xsup] being x = (x1, …, xn) the notation of a crisp vector. Geometrically, crisp 
numbers are point objects, whereas interval numbers are n-dimensional boxes that reduces to rectangles in 
the two dimensional space. The algebraic operations between intervals can be defined by standard crisp 
operations between the interval limits xinf, xsup [13]. Since intervals are also special kind of sets, both 
algebraic and set operations can be applied [12]. The result of an interval expression is the inclusion bound 
of all the possible values obtainable when every variable varies independently within its limits. This aspect 
of interval computation is called “dependency” [13], [9] and its effect is to widen the uncertainty of the 
result. 
 
 

 
 

 

 
 

Figure 1 – Monotonic convergence of (a) a thin function, (b) a thick function. 
 

(a) (b)
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Interval functions Φ(X) are defined as the natural extension of the corresponding crisp valued functions 
φ(x) in the sense that Φ is obtained by simply substituting every single occurrence of the variable xi  (i = 1, 
…, n) in f with the correspondent interval Xi provided that Φ(x1, …, xn) = φ(x1, …, xn), that is if Φ is 
evaluated over the degenerate interval vector [x, x] its result is the degenerate interval [φ(x), φ(x)]. An 
interval extension Φ is inclusion monotonic if for any two vectors X, Y, such that X ⊂ Y, Φ(X) ⊂ Φ(Y). 
Here, two aspects are decisive: inclusion and convergence. The inclusion property is guaranteed by the 
inclusion theorem [9] that states:  
 

[ ])x(max),x(min)(
xx

φφ
XX

X
∈∈

⊇Φ   for all X = [xinf, xsup] with xinf, xsup
n∈ and xinf < xsup.      (1) 

 
The convergence to crisp values of interval functions is presented in [9] where two different type of 
interval functions are considered. The first type, also called thin interval function, possesses interval 
variables X and crisp parameters p, Φ(X;p). The thin attribute is referred to the kind of convergence of the 
function as the radius decrease and tends to zero. This is shown in the graphical example of figure 1a, 
where the continuous line represents the crisp evaluated function φ(x;p), whereas the progressive 
decreasing monotonic boxes are the interval representation of the function Φ(X;p). From the figure it is 
seen that as ΔX → 0 then X → xc and Φ(X) → φ(xc). The second type, also called thick interval function, 
possesses both interval variables X and parameters P, Φ(X;P). For thick functions only a relaxed type of 
convergence can be defined. In fact, if Φ(X;P) is evaluated on a degenerate interval, e.g. [xc, xc] of the 
above figure 1b, then the best that can be obtained is that Φ(X;P) includes φ(x;p), but not equals it at xc. In 
this case the thick attribute refers to the impossibility of converging to crisp values of this type of 
functions, as a consequence of the presence of interval parameters P inside the function expression. 
Geometrically, as ΔX → 0, Φ(X;P) converge to a segment, and covers a bundle of crisp functions. 
This distinction between thin and thick function and their different kind of convergence are the main 
concepts embodied into the INTIM method together with the inclusion property. In fact, solutions to 
mechanical problems are physically plausible only if the method guarantees the inclusion of the 
experimental outcomes.  
 
3 Parameters estimation from modal data 
In FE model updating the model calibration is performed against a set of experimental measures. The 
model structure is considered known in advance and the model parameters are changed until the model 
response converges, within prefixed tolerances, to the experimental data. In a broader sense, model 
updating is then a particular parameter estimations method and, as any inverse problem, it suffers of two 
main drawbacks: model representativeness (or modeling errors) and lack of uniqueness. In fact, different 
FE models can be devised to simulate the same physical problem, therefore the identified parameters will 
depend on the admissible solutions of the particular FE model selected. Lack of uniqueness, in turn, can 
lead to purely mathematical but unphysical solutions. A further problem is related to the scatter in the 
experimental measures as concerns the selection of representative values and their treatment.   

When dynamic problems are involved it is common practice to resort to modal data. Frequencies λ = [λ1, 
λ2, …, λn]T are generally better identified than modal shapes uj = [u1j, u2j, …, unj] T and if these latter are 
used they are usually accompanied by scaling and weighting operations aimed at adjusting their influence 
in the solution process. A number of different updating procedures exists for crisp data [2] that, more or 
less, share the same features. Least squares schemes are usually followed and the measure on to what 
extent the FE model is capable to return the measured behaviour is given by the error or difference 
between experimental and numerical data e = ze – z(x), where z collects [λi, ui]T and x is the parameter 
vector. The problem of minimising the error “e” is in general a nonlinear programming problem [1], [5] 
and the objective function can be conveniently written in a least square form. In the presence of uncertain 
data and parameters the crisp formulation is reverted to the interval formulation through the natural 
extension of the objective function: 
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In equation (2) the FE model response Z(X) depends on the sought interval parameters X. On the contrary, 
the experimental measures can be either crisp ze, without uncertainty, or interval Ze endowed with some 
uncertainty ΔZe. Accordingly, the equation (2) can be respectively a thin or thick function. In the first case 
when the uncertainty on the parameters ΔX is shrunk to zero (degenerate interval), the value of the 
objective function Φ(X) tends to the crisp value of the measures ze. On the contrary for a thick function 
ΔX cannot be reduced to zero and Φ(X) converges to an interval. From a geometrical point of view, the 
thin version of equation (2) expresses, in the limit, the Euclidean distance between the points ze and Z(X) 
and can be regarded as a generalized alternative to the standard crisp objective function. A completely 
different matter happens for the thick version of equation (2). In this case the Euclidean distance should be 
replaced by a different norm involving boxes [12] and, as a consequence of the dependency effect [13], 
the difference Ze – Z(X) encompasses, but is not equal to the degenerate interval [0, 0] at the solution 
point. 
From a computational viewpoint, it is therefore convenient to redefine the objective function in a form 
better suited to deal simultaneously with both thin and thick interval functions. Since intervals are a 
particular kind of sets and since the experimental measures should be bounded by the solution interval, 
then the objective function can be restated using operation between sets that account for the inclusion 
property. The simplest definition of the objective function in this sense is: 
 

)(Z)( XZX ∩=Φ e                       (3) 
 
The inclusion properties of the solution are made equivalent to the intersection properties between sets. In 
particular, a complete inclusion is when Φ(X) coincides with Ze, whereas the null intersection ∅ means 
that the two sets are disjoined. Partial inclusions are herein considered as if they were the null intersection, 
therefore the only valid solutions are those where a complete inclusion exists. Note that Φ(X) = ∅ is 
equivalent to say that in the search domain X the model is not capable to return the experimental 
measures, therefore this result can be adopted decide upon the model admissibility.  
The optimal solution for the interval problem (3) is given by those parameters X* such that Z(X*) is the 
minimum box bounding Ze, that is, the parameter values at the solution are those with the minimum 
uncertainty radius ΔX*.  
The proposed updating method is named INTerval Intersection Method (INTIM) and its algorithmic 
formulation follows branch and bound techniques. In the parameters space, from an initial search domain 
D ⊃ X, branching is performed using a bisection rule providing that: 
 

∅=∩= ji
i

i DDDD with∪            (4) 

 
In every sub-domain Di the discarding acceptance/rejection criterion (3) is applied to exclude those 
sub-domains where a global minimum cannot be contained (i.e. where the admissibility condition does not 
hold). According to the discarding criterion only a fraction of the generated sub-domains is saved 
(bounding) to be processed in the next step. The process of branching and bounding is repeated until the 
convergence conditions are satisfied (i.e. the uncertainty of the parameters reaches the tolerance ΔXtol). 
Correspondingly, the survived sub-domains D* are taken as the INTIM solutions. It is  demonstrated that 
the interval optimization algorithm has convergence criteria towards global minima [12],[13], hence all 
the minima inside D are found. The rational of the numerical procedure is shown in [18] here it deserves 
only to underline that the objective function (3) applies either for crisp or interval experimental data. In the 
first case it is analogous to standard minimization procedures with the important distinction that now all 
the minima can be identified. 
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The numerical data Z(X) can be computed using FE models endowed with uncertain parameters. A proper 
formulation of the stiffness and mass matrices is then required [20]. Presently, a solution strategy similar 
to that developed in [15] is followed.  
 

4 Numerical case study 
 
The numerical case study is specifically devised to point out the characteristics of the INTIM method with 
particular reference to the capability to detect multiple solutions, to deal with very ill-conditioned 
problems (or very bad shaped objective functions), to test the model and parameters admissibility, that is 
the capability to embody the true physical solution, to check the presence of possible false responses.   
 

K θ1 K θ2

L

h

E, I, ν

 
Figure 2: Test case.  

 
 

4.1 Test case description 
  
The test case concerns the simply supported beam with end rotational springs shown in figure 2. The 
geometry of the beam is assumed known and the Young modulus E should be determined. The beam is 
supposed to belong to a more complex structural system. Modal tests are available for the beam, but not 
for the whole framed structure. To account for the interaction between the beam and the remaining 
structure rotational springs are inserted at the end joints where relative displacements are not allowed. The 
rotational stiffnesses Kθi of the springs are then the two further unknowns of the problem. Changes in the 
Young modulus E can be due to a variety of factors: the use of a different concrete class than that used in 
the design, the degradation due to ageing effects, diffused damage, etc.. On the other hand the rotational 
stiffnesses Kθi stands for the boundary conditions and can ideally range from a perfectly clamped 
configuration (Kθi → ∞) to a simply supported configuration (Kθi → 0).  

The original design parameters are assumed to be: Young modulus E = 3.0⋅107 kPa, shear modulus 
G = 1.8⋅107 kPa,  cross section 0.3×0.3 m and length of L = 3.0 m. It is also assumed that initially the 
beam is perfectly clamped and the numerical values assigned to Kθi are therefore three order of magnitude 
greater than the bending stiffness of the beam: Kθi/Kb > 1.0⋅103. The uncertainty intervals chosen for the 
structural parameters correspond to the physical plausible bounds for E = [2.0⋅107,  4.0⋅107] kPa and to the 
entire range of variation for Kθ1 = Kθ2 = [0, 1.0⋅107] kN⋅m.   
To simulate the dynamic behaviour of the beam different model can be adopted. For instance, if bending is 
considered the dominating effect than a Euler beam model (Eb) will probably be adopted; on the other 
hand, if there is evidence that shear deformations influence the dynamics than a Timoshenko beam (Tb) 
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will probably be adopted. In general the model structure and its refinement are the subjects of the analyst 
choice. However, depending on the adopted choice, different frequencies will be displayed by the model 
and in the attempt to reconcile the output of the model with the experimental measures the minimization 
algorithm could force the solution towards incorrect or unphysical parameter values.  
For the beam example under discussion, table 1 summarizes the first three frequencies according to 
different modelling options, either Tb or Eb beam, and to different model parameters, either E or Kθ . If the 
Tb and Eb frequencies derived using the original parameters are compared it is apparent that they come 
from two different models. However, it is possible to find some couples of parameters E and Kθ  for which 
the dynamics of the Eb beam is close to that of the Tb beam. Two possible alternatives are shown in 
table 1 where in the Eb(1) case a uniform damage or deterioration is assumed (E = 2.67⋅107 kPa) and in 
the Eb(2) case non perfect clamping is supposed (Kθ  = 2.67⋅107 kNm). In either case the higher 
compliance related to the shear deformability of the Tb beam is counterbalanced by a relaxation of the 
stiffness of the Eb beam. 
 

beam model Tb Eb Eb(1) Eb(2) 

freq./param. E = 3.0⋅107 kPa 
Kθ = 1.0⋅107 kN⋅m 

E = 2.67⋅107 kPa 
Kθ = 1.0⋅107 kN⋅m 

E = 3.0⋅107 kPa 
Kθ = 4.1⋅105 kN⋅m 

f1 [Hz] 111.7 118.4 111.7 111.7 
f2 [Hz] 289.4 326.7 307.9 308.9 
f3 [Hz] 529.1 577.7 545.0 577.7 

Table 1 – Frequencies for different beam models and parameters. 

 
It can be noted that if the only first frequency is considered the three models Tb, Eb(1) and Eb(2) are not 
distinguishable even if they dynamic response is governed by very different deformation mechanisms. A 
similar problem exists for the cases Eb(1) and Eb(2) if the second frequency is included. In conclusion, 
modelling errors can lead to erroneous identification even if plausible from a physical viewpoint. This 
aspect is particularly important when model updating is used for state assessment where false, yet 
plausible, responses should be avoided. The above mentioned cases will be used to test the proposed 
INTIM method in presence of modelling errors and uncertainty in the measured response. The  
organization of the updating examples discussed in the next sections is given in table 2.  
 

Example  

1 
Model admissibility test: the measures are generated according to a Timoshenko 
beam model (Tb), and are identified by updating the parameters of a different beam 
model (Euler beam - Eb). 

2 Parameters admissibility test: the measures are generated according to a Euler beam 
model (Eb), and are identified by updating different parameters of the same model. 

3 Solution choice: criteria are given to select the true solution among all the global 
solutions detected by the method in the search domain. 

Table 2 – Test examples. 

 
Before entering the discussion of the INTIM method capabilities, it is useful to examine the problem 
solution in the crisp case where uncertainty is not allowed for the experimental measures nor for the 
parameters. This step is accomplished through a sensitivity analysis that shows the amount of frequency 
variation to be expected and the type of objective function one would be faced with working in a classical 
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crisp environment. The results of the analysis will help also to comment the qualitative behaviour of the 
INTIM solutions.  
 

4.2 Crisp sensitivity analysis 
 
The sensitivity analysis is performed in the range of parameters variation previously defined, that is: 
E = [2.0⋅107,  4.0⋅107] kPa and Kθ1 = Kθ2 = [0, 1.0⋅107] kNm. The changes in frequency obtained by 
varying the parameters in the selected intervals is reported in table 3 for both the Tb model and the Eb 
model where, for simplicity, the rotational stiffnesses have been assumed symmetric. 
 

beam model Tb Eb 
f1 [Hz] [42.2, 129.0] [42.7, 136.7] 
f2 [Hz] [163.1, 334.2] [171.0, 376.5] 
f3 [Hz] [348.2,  610.9] [ 384.7, 667.1] 

Table 3 – Interval frequencies 

 
In the table the infimum solution f1 = 42.2 Hz is approximately equal for Tb and Eb and corresponds to 
Kθ = 0 and E = 2.0⋅107 for the Eb model, that is a simply supported beam with the lowest Young modulus. 
In this case the slenderness of the beam is such that the shear deformation is negligible with respect to the 
overall beam deformation. On the other hand the supremum solution is clearly different for Tb and Eb and 
is associated to a clamped beam with parameters Kθ = 1.0⋅107 and E = 4.0⋅107. Here the effective length of 
the beam is reduced and the shear deformation become important. In any case it is important to note that, 
apart the large frequency variations, some overlapping between the frequency intervals is observed. Hence 
the Tb and Eb models possess some common frequency ranges in which the updating problem is sensitive 
to modelling errors.  
 

 
Figure 3: Sensitivity of the first frequency to E and Kθ (Tb case). 

 
In figure 3 the variation of the first frequency of the Tb case is plotted vs. the Young modulus E and the 
rotational stiffness Kθ in two separate graphs. In each figure the curves are plotted according to the entire 
range of variation of the parameters. The graphs are also representative of the qualitative behaviour of the 
Eb beam. The figure 3a shows that the frequency has almost constant sensitivity to E variation regardless 
the Kθ values. The figure 3b, in turn, shows that there exist a great sensitivity up to a certain value of Kθ 
(e.g. 1.0⋅106 kNm for E = 3.0⋅107 MPa) value above which almost no sensitivity is observed. If model 

E = 2.0⋅107 kPa 

E = 3.0⋅107 kPa 

E = 4.0⋅107 kPa 

Κθ = 0 

Kθ = ∞ 
(a) 

(b) 
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updating is carried out using conventional techniques the objective crisp function in the least square sense 
assumes the form: 

( ) ( ) ( ) 2

2
Eb

0
Tb pfpfp −=φ  (5) 

where f Tb are the pseudo-experimental frequencies computed via the Tb model at the original design 
parameters p0 and f Eb(p) are the analytical frequencies, evaluated at p = {E, Kθ1, Kθ2}, to be updated. 
Equation (5) is then the prototype of problems with modelling errors. Three sections of the objective 
function are shown in figure 4 for three different cuts at constant Young modulus: E = 2.0⋅107,  3.0⋅107 
and 4.0⋅107 kPa where both tridimensional view and contour line plots are included. 
 

  

 

E = 2.0⋅107 [kPa] E = 3.0⋅107 [kPa] E = 4.0⋅107 [kPa] 

Figure 4: Sections of the crisp objective function φ(p) for constant E values.  

 

Figure 5: Crisp objective function φ(p) for p = {E, Kθ} with Kθ = Kθ1 = Kθ2. 
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The analysis of the surfaces of figure 4 helps to understand the qualitative behaviour of the solution. In 
particular, the surfaces at E = 2.0⋅107 and 4.0⋅107 kPa are almost opposite in shape and show large flat 
zones where convergence problems can arise. The surface at E = 3.0⋅107 kPa is the one where a well 
identified minimum exists. Nevertheless it can be hardly accessed due to the L-shaped valley running 
parallel to Kθ1 and Kθ2. It is also seen that the solution point for the E = 2.0⋅107 kPa section is at the highest 
Kθ values, whereas the solution point for the E = 3.0⋅107 kPa section is at very low Kθ values. A migration 
of the solution point between very different stiffness regions is hence observed. For higher values of E no 
further changes in the solution point are observed. Since the solution is symmetric with respect to the 
diagonal of the surfaces, for which Kθ1= Kθ2, a new section cut, along this diagonal is plotted in figure 5. 
The contour line representation shows the presence of a straight vertical band, i.e. orthogonal to the E axis, 
in the range of Kθ where the frequency is insensitive. Then there is a large curvature of the solution band 
that become straight and orthogonal to the Kθ axis for values below Kθ = 1.0⋅106 kNm. The 3D view shows 
that along the straight bands a number of local minima are present. These could be erroneous solutions of 
the updating problem. 
In conclusion some remarks can be drawn. In the crisp case no way of distinction between Tb and Eb 
models is possible. The Eb model used in the updating process tends to fit the pseudo experimental data 
generated by means of the Tb model. As a result the objective function has a multiplicity of possible 
solutions. Further the objective function is very bad shaped and the search of minima by standard 
algorithms can fail. In the symmetric scheme, the sensitivity of the solution to the parameters is dominated 
by one of the two parameter depending on the search region and the solution is contained in mutually 
orthogonal bands. Therefore difficulties exist also in the correct distinction between the numerical and the 
actual parameters.   
 

4.3 Interval model updating 
 
The INTIM method is applied to find the solution to the problem discussed above. Inclusion capabilities 
and model/parameters admissibility are the main concern. The search domain of the parameters is P0 = {E, 
Kθ = Kθ1 =  Kθ2} = {[2.0⋅107,  4.0⋅107] kPa, [0, 1.0⋅107] kNm]}. The cases of table 2 are discussed in the 
order with the help of the cases and values listed in table 1. Both crisp and interval experimental measures 
are considered that correspond to work with a thin or a thick objective function respectively. In the first 
case INTIM converges in the limit to the crisp solution, in the second case no crisp solutions exist since a 
thick function is not defined for the crisp case. The examples are hence peculiar applications of the INTIM 
method since classical methods do not apply with uncertain measures. 
 
4.3.1 Example 1 – Model admissibility 
 
In this case, the pseudo-experimental measures computed via the Tb model are considered f Tb = {111.7, 
289.4, 529.1} Hz and the updating is carried out using the Eb model. The problem position is the same as 
that discussed for the crisp case. A modelling error is hence introduced and the INTIM method is tested 
against it. The search domain is slightly perturbed with respect to P0 to overcome convergence problems 
related to the bisection rule [16]. The stop tolerance is given by the parameters radii and is set equal to 
ΔPtol  ≤ ΔP0/n, where ΔP0 is the radius of the search domain and n is the number of final partitions of P0.  
Ex. 1a. Initially, only the first frequency {f1

Tb} is considered. From table 1 it is seen that different models 
can share this same frequency provided that the parameters are suitably tuned. Therefore, as expected, the 
INTIM solution given in figure 6, being of global type, includes all the possible solutions of figure 5. In 
the interval case, the solution should be understood as the union of all the sub-intervals non rejected 
during the branch and bound phase, that are those intervals where a complete inclusion of the 
experimental measures exists. In table 4 the solution hull of the frequency is shown according to the 
interval notation. Correspondingly, the identified intervals of the parameters are listed. The range of 
variation of the identified parameters is quite large, in spite of the rather strict tolerance, in order to 
encompass all the possible solutions. The infimum value found for E is very close to 2.67⋅107 that is the 
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case Eb(1) of table 1. For a perfectly clamped beam, as actually the case, if shear deformations are not 
accounted for by the model, then a relaxation of the Young modulus is necessary if the boundary 
conditions should preserve the fixity. The vertical line in figure 6 therefore corresponds to a set of 
solutions similar to that of Eb(1) that are insensitive to Kθ and possess very close frequency values. On the 
contrary the solution type Eb(2) is included but is not well defined in the graph, in fact in that zone the 
solution is sensitive to Kθ and there is a large number of possible combinations of E and Kθ capable to 
return the same frequency. 
 

 

Figure 6: INTIM solution: crisp experimental measures: { f1
Tb

 }, ΔPtol  ≤ ΔP0/250. 

 

  

Figure 7: INTIM solution -  crisp experimental measures: 

(a) { f1
 Tb, f2

 Tb
 }, ΔPtol  ≤ ΔP0/60;   (b) { f1

 Tb, f2
 Tb, f3

 Tb }, ΔPtol  ≤ ΔP0/6 
 
Ex. 1b. Consider now the case in which the first two Tb frequencies {f1

Tb, f2
Tb } have to be included by Eb. 

If the same tolerance of the previous case is maintained no solution is found. Since the INTIM method is 
of global type the above result is equivalent to say that the adopted model is not capable to represent at all 
the physical phenomenon under investigation neither with erroneous parameters. This feature can be 
assumed as an admissibility test for the model. Now the initial tolerance is progressively reduced until a 
solution is found. In this case the uncertainty in the parameters should be increased to ΔPtol  ≤ ΔP0/60, that 
is one order of magnitude greater than that initially established. However only a partial solution is found 

(a) (b) 
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as shown in figure 7a in the region where the parameters sensitivity enable to find a complete inclusion. 
Clearly, this kind of solution can be interpreted as a false answer of the method. The Young modulus is 
identified in a narrower interval than the previous case, see table 4. The same does not happen for the 
rotational stiffness that is degraded towards negligible values as compared to those necessary for perfect 
clamping. The necessity to resort to very wide tolerances and the physical result in large disagreement 
with the initial hypothesis (simply supported against clamped) are symptoms that the model is being used 
at a limit of admissibility and some critical revision should be done. 
 

Ex. 1a: fig. 6 - ΔPtol  ≤ ΔP0/250 Ex. 1b: fig. 7a - ΔPtol  ≤ ΔP0/60 Ex. 1c: fig. 7b - ΔPtol  ≤ ΔP0/6 

E/107, Kθ/107 

kPa,   kNm 

f1
Eb 

Hz 

E/107, Kθ/107 

kPa,   kNm 
f1

Eb, f2
Eb 

Hz 
E/107, Kθ/107 

kPa,   kNm 
f1

Eb , f2
Eb, f3

Eb 

Hz 

[2.65, 4.31] [102.2, 120.6] [2.79, 3.41] [94.8,  122.0] [2.65, 2.93] [92.9, 115.3] 

[0.01, 4.37]  [0.01, 0.08] [268.3, 336.7] [0.01, 0.14] [262.6, 317.8] 

     [525.0, 570.8] 

Table 4: INTIM solution hulls -  crisp experimental measures.  

Pseudo experimental data: Ex. 1a: { f1
Tb

 }; Ex. 1b: { f1
 Tb, f2

 Tb
 }; Ex. 1c: { f1

 Tb, f2
 Tb, f3

 Tb } 

 
Ex. 1c. The same happens if the third Tb frequency is added to the measures, see figure 7b and table 4. In 
this case the tolerance for a complete inclusion should be increased two order of magnitude than the initial 
one. The same qualitative behaviour of ex. 1b is observed. The inclusion of the experimental frequencies 
is slightly better, but now a large uncertainty exist in the Kθ  identification whose interval limits are one 
order of magnitude different. These again are clear symptoms of model inadequacy. 
 

 

 
 

 
 

fig. 8 - ΔPtol  ≤ ΔP0/6 

E/107, Kθ/107 

kPa,   kNm 
F1

Eb , F2
Eb, F3

Eb 

Hz 

[2.65, 2.93] [91.5, 115.8] 

[0.01, 0.35] [258.7, 319.2] 

 [517.3, 567.6] 

Figure 8: INTIM solution 
interval experimental measures 
{ F1

 Tb, F2
 Tb, F3

 Tb }, ΔPtol  ≤ ΔP0/6 

 
Table 5: INTIM solution 

interval experimental measures F Tb. 
 
Finally, the worst updating conditions are those where the modelling errors are accompanied by uncertain, 
or error corrupted, experimental results. To simulate this circumstance a 2% uncertainty is added to the Tb 
frequencies so that the crisp values f Tb = {111.7, 289.4, 529.1} Hz are now the central values of the 
interval quantities FTb = {[109.4, 113.9], [283.6, 295.2], [518.5, 539.7]} Hz. The solution is given in 
figure 8 and table 5. The same conclusions as for ex. 1c can be drawn. In fact the comparison of figure 7b 
and 8 shows the same qualitative solution but bounded by larger limits in this latter case.  
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As a general consideration it can be observed that updating with interval measures reduces the model 
admissibility. In fact anytime a cause tends to enrich the Tb model response, then the Eb model become 
less capable to produce a sharp solution with strict tolerances.  It is concluded that the model is unable to 
include the experimental measures and hence it is considered inadmissible. 
 
4.3.2 Example 2 – Parameters admissibility 
 
In this second example the case of parameter admissibility is discussed. No modelling errors are hence 
considered. The measures are generated with the Eb model and then they are identified with the same 
model. To test the parameter admissibility some uncertainty is attributed to the experimental measures 
FEb = {[111.1, 112.3], [306.4, 309.4], [542.3, 547.7]} such that the Eb(1) model parameters of table 1 are 
the central values of FEb. The amount of uncertainty is properly selected so as both the cases Eb(1) and 
Eb(2) share the first two frequencies. In this way the experimental frequencies can be obtained at least by 
two distinct sets of parameter values pertaining to the same model. The first set has the actual values of the 
boundary conditions and a reduced value for E; for the second set the situation is reverted, it has the actual 
value of the Young modulus and flexible boundary conditions.  
 

 

Figure 9: INTIM solution - (a) FEb = {F1
Eb}; (b) FEb = {F1

Eb, F2
Eb}; (c) FEb = {F1

Eb, F2
Eb, F3

Eb}  

 

 

solutions hull 
parameters 

E/107, Kθ/107 

kPa,   kNm 

frequencies  
 

Hz 
fig. 9a E  [2.63, 4.31] F1

Eb [94.5, 135.7] 
 Kθ  [0.01, 4.37]   

fig. 9b E  [2.63,    3.94] F1
Eb [94.5, 130.2] 

 Kθ  [0.01, 4.37] F2
Eb [267.4, 359.5] 

fig. 9c E  [2.63, 2.86] F1
Eb [94.5,112.7] 

 Kθ  [0.01, 4.37] F2
Eb [267.4, 310.7] 

   F3
Eb [535.0, 564.0] 

Table 6: INTIM solution – ΔPtol  ≤ ΔP0/30 

 
Three cases are compared where the distinction is in the number of experimental frequencies considered. 
Case (a) uses only the first frequency to update the model parameters. In this case Eb(1) and Eb(2) share 
exactly the same frequency. Case (b) uses two frequencies where the second is shared by both Eb(1) and 
Eb(2) only within some uncertainty. Case (c) uses three frequencies where the third is quite different from 

(a) (b) (c) 
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Eb(1) and Eb(2). The tolerance used ΔPtol  ≤ ΔP0/30 is equal for case (a) to (c) and is properly selected to 
get solutions from all the cases considered. The solutions are given in figure 9 and table 6. The small 
rectangles of figure 9 are the smaller boxes capable to include the experimental frequencies according to 
the fixed tolerance. The union of all the boxes constitutes the solution hull. In either case the Eb(1) 
parameters are always included in the solution regardless the number of frequencies adopted. This result is 
obviously consistent with the updating hypothesis since the pseudo-experimental frequencies are 
generated using the Eb(1) model. At least one correct response is then always returned by the INTIM 
method. The band of the vertical solution correspondent to the clamped beam Eb(1) cannot be reduced due 
to the lack of sensitivity of the parameter Kθ for values higher than 1⋅106 kN⋅m. This limits the inclusion 
capabilities of the model. The same does not happen for Eb(2); in fact as the number of experimental 
frequencies increases the solution hull decreases rejecting progressively the parameters of case Eb(2). In 
fact if an interval evaluation of the Eb(2) is done by giving an interval uncertainty compatible with the 
fixed tolerance the third interval frequency is [574.8, 580.6] and does not include F3

Eb. Therefore the 
correct solution can be obtained either by increasing the number of experimental data as in classical 
updating techniques or by narrowing the interval tolerance that is peculiar to the proposed method. 
 

 

Figure 10: INTIM solution – frequency based solution choice 

(a) Eb(1) with {fs1, fs2}; (b) Eb(1) with {fs1, fs2, fs3} 

 
 

 
Figure 11: INTIM solution -  MAC based solution choice 

 

(a) (b) 
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4.3.3 Example 3 – Selection of the true solution 
 
The problems presented so far are all endowed with multiple solutions. This is because the model and the 
parameters admissibility needed to be discussed in a general settlement. However this should be 
considered a further strength of the INTIM method that, unlike classical methods, is capable to detect all 
the possible solutions in the search domain [18], [19]. However once the model and parameters 
admissibility have been checked it would be useful to locate the true solution among all the possible 
solutions. Automated criteria can be implemented on purpose if further experimental data are available. 
Here the true solution is that for Eb(1) model. One possible approach is to act simultaneously on the 
number of experimental frequencies Nexp and the tolerance ΔP. As Nexp increases and ΔP narrows the 
minimum bounding is approached. This feature is shown in figure 10 where the solution tends 
progressively to localise around the actual parameters by increasing Nexp, see table 1 Eb(1) case. In this 
case the poor sensitivity of the solution to Kθ causes a very slow convergence, i.e. the rejection of boxes 
along the straight vertical band.  
A better refinement is gained if the experimental modal shapes are also available. In the example shown in 
figure 11, the solution hull has been obtained using the first two frequencies of the Eb(1) model. After the 
optimization phase the solution hull is post-processed by calculating the MAC index [2] at the central 
value of each box. In the present case only the first modal shape has been used and the MAC is between 
the first experimental and the first numerical modal shapes. If the region of maximum MAC is selected the 
following values are found for the associated parameter box {[2.66, 2.67], [0.99, 1.00]} ⋅107 that are 
practically coincident with the Eb(1) parameters. 

 

5 Conclusions 
 
A method for the updating of finite elements models has been presented. The INTIM method (INTerval 
Intersection Method) is cast in the framework of interval analysis and belong to the class of global 
optimization methods. Unlike classical methods the INTIM method is capable to locate all the solution in 
the search domain and to deal with uncertain experimental data, but above all it allows to check the 
admissibility of the finite element model and of its parameters. The admissibility test in the field of model 
updating is of paramount importance since it carries information on to what extent the model can represent 
the physical problem under simulation and after all the correctness of the identified parameters. The 
theoretical bases of the method have been presented elsewhere [17], [18], [19], in this paper its 
effectiveness is discussed according to a numerical case study. The example concerns the dynamics of a 
beam with unknown Young modulus and unknown boundary conditions. Only the frequency information 
are used. The problem position has been first discussed in the conventional crisp case to evaluate the 
sensitivity to the parameters and to analyze the objective function that is very bad shaped to be dealt with 
conventional minimization algorithms . The model admissibility has been tested using a refined model 
(Timoshenko beam) as pseudo experimental data generator and a standard model (Euler beam) in the 
updating process. The parameter admissibility has been tested using the standard model with different 
couples of Young modulus and spring stiffness at supports all sharing the same frequencies. It is found 
that the admissibility check depends on the amount of experimental information available. A further 
indicator of the model conditioning is the tolerance needed to get solutions. Absence of solution means 
inadmissibility and the larger the tolerance the worse the model conditioning. When uncertainty is added 
to the experimental measures the same qualitative conclusions can be drawn.    
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Abstract 
The use of uncertainty propagation analysis in conjunction with the finite element method has become 
more and more popular in recent years due to increasing computer power. Among other things, 
uncertainty propagation methods are utilized to ensure the robustness of the computational model, or 
respectively, of the structural design. The determination of fuzzy response data relies heavily on the 
assumptions made for the variability of the uncertain parameters, mainly because it is impossible to 
express the scatter of uncertain parameters, like for example joint stiffness parameters, in a mathematical 
way. Consequently, an inverse approach is required to quantify parameter uncertainties in a finite element 
model. Computational Model Updating (CMU) techniques offer the possibility to identify model 
parameters from measured response data. However, statistical test data is required for uncertainty 
identification by using finite element models and computational model updating techniques. Thus it is 
necessary to analyze the impact of different possible sources of uncertainty on the test data variability 
prior to CMU. 

This paper comprises the results gained from multiple vibration tests performed on a replica of the well 
known GARTEUR SM-AG19 benchmark structure at the German Aerospace Center (DLR) and 
subsequent extractions of modal parameters. In particular, the different sources and the corresponding 
magnitudes of uncertainty are illustrated. This means that special care is taken to uniquely quantify the 
variability introduced on modal data with respect to different operators, different modal analysis methods, 
structure dependent scatter, and differences in phase separation testing and phase resonance testing. As a 
result, a comparison is made to express the variances of the different sources in the experimental modal 
analysis process which allows for a classification of the error sources (ranking with respect to the relative 
impact on the variability of the test data). The aim of the identification of the different variances of the 
miscellaneous sources is to provide a realistic database for subsequent stochastic finite element model 
updating and to support the selection of meaningful stochastic model updating parameters. 

1 Introduction 

In 1995 the Action Group SM-AG19 was established by the Group for Aeronautical Research and 
Technology (GARTEUR) Executive Committee to analyze different test methods and to determine the 
variability in experimental modal data between twelve test facilities of five European countries. For this 
reason, a benchmark structure was designed which should represent the structural behavior of an aircraft. 
The test setup was clearly defined in order to ensure a perfect structural repeatability. Nevertheless, the 
experimental modal analysis results and even the frequency response functions (FRFs) from all 
participants showed significant discrepancies. Now the question arises where the deviations in output stem 
from. 

This study on the replica of the SM-AG19 benchmark structure Aircraft Model (AIRMOD) was made to 
find out the most significant sources of uncertainty in test data. In contrast to the former GARTEUR study 
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where all the different sources of variability could not be analyzed separately, it was the intention of the 
present study to investigate the different sources of variability in detail. Following scatter sources which 
led to uncertainty in test data were artificially produced: scatter from hammer impact testing scatter from 
reassembling the structure, scatter from different operators, scatter from different analysis methods, scatter 
in sweep testing and scatter in phase resonance testing. This procedure made it possible to directly identify 
the influence of the scatter source on the variability of the modal data. 

2 Testbed 

The AIRMOD structure was built at DLR Göttingen to investigate concepts for Ground Vibration Testing 
(GVT) especially with application to aircrafts. The overall structure (see Figure 1) is made of aluminum 
and consists of six beam like components connected by five bolted joints (see Figure 3). Its wing span 
amounts to 2.0 m; the length of the fuselage is 1.5 m and the height 0.46 m. The total weight of the 
structure adds up to 44 kg. Two additional masses are installed at the tips of the winglets to ensure a better 
excitation of the wing torsion modes. 

627y+

249z-

628x-626z+149z-

 
Figure 1:  AIRMOD suspended by bungee cords (free-free) with exciter locations 

The modal test series was carried out under the simulation of free-free boundary conditions which were 
realized by a suspension using three soft bungee cords connected to a frame type structure. As a result the 
rigid body mode in vertical direction was below 2 Hz. 

2.0 m

1.5 m

0.46 m

       
Figure 2:  geometry and measurement DoF’s 

The accelerometer and exciter locations were selected due to previous configurations of the GARTEUR 
benchmark so that it was not necessary to conduct a pre-test analysis again. Altogether 43 measurement 
points and 5 exciter points were used to obtain the test data (see Figure 1 and Figure 2). The sensor cables 
were also supported by the frame type structure to minimize the effect of additional mass loading and 
damping. 
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To take account for reproducibility of the structural behavior the joints were screwed together with a 
torque control wrench and a predefined sequence for tightening the bolts of each joint. 

      a) VTP vs. HTP           b) VTP vs. fuselage              c) wing vs. fuselage                d) winglet  
Figure 3:  bolted joints 

During the whole test series the setup remained in the same configuration. All sensors and cables were just 
installed once in order to avoid further variability. The bungee cords supporting the structure were relieved 
of the load out of the test phases to avoid an effect of relaxation and to keep the rigid body mode at a 
constant frequency level. 

3 Experimental modal analysis 

The goal of the AIRMOD tests was to determine the scatter of different sources of uncertainty and the 
subsequent analysis procedures. Therefore a detailed experimental effort was required to determine the 
degree of variability for different scatter sources like: 

• the variability of modal parameters due to analysis of repeated samples of FRF sets recorded from 
hammer impact excitation, 

• structure dependent scatter due to reassembly of the beam component structure, 

• operator dependent variation in hammer excitation and subsequent modal extraction, 

• modal parameter variability dependent on different software codes and extraction methods, 

• sine sweep excitation at different force level amplitudes and 

• phase resonance testing at different force level amplitudes. 
In the following the test scatter sources and how these were produced are described in detail. 

3.1 Test scatter sources 

The main goal of the study on AIRMOD is to quantify of scatter of modal parameters due to modifications 
explained in the following. During the whole test series on the structure the pick up and exciter locations 
remained the same. 
1) Scatter from hammer impact 
Here the variability of modal data was analyzed that originates only from discrepancies between multiple 
hammer tests performed without changing anything neither the structure nor the subsequent modal 
analysis with LMS Test.Lab Polymax (see [5]). The hammer tests were executed by the same person at 
different days. Therefore deviations shown here only represent the scatter of repeatability of hammer tests 
on AIRMOD. 
2) Reassembly scatter 
A very important issue in serial production is the structural variability due to fabrication tolerances. In 
order to observe the dispersion of modal parameters from this source it was not possible to produce as 
many test structures as necessary for scatter analysis but reassembling the whole structure was found to be 
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suitable to determine the variability in respect to serial production. Here, multiple hammer tests were 
performed by the same operator after complete reassembly of the structure with predefined sequences of 
steps using a torque control wrench for the bolted joints. Subsequently modal analysis was performed by 
the same person with the LMS phase separation technique Polymax. During assembling and disassembling 
the structure the pick ups were kept mounted in order to avoid further variability in the measurement data. 
3) Operater scatter 
If several persons perform hammer testing on the same structure using an identical setup the measured 
FRFs will differ due to the individual execution of the hammer impacts. Furthermore, different 
philosophies for evaluating the experimental data lead to even more spreading modal parameters when 
generated by different test personal. Therefore all members of the ground vibration test team at DLR 
Göttingen specialized on modal analysis took their own sample of FRFs on AIRMOD and performed 
subsequently their own modal analysis with LMS Test.Lab Polymax. 
4) Analysis method scatter 
Usually different modal analysis tools yield different results for the identified parameters. Here, the 
discrepancies from the extraction of modal parameters using different software codes were analyzed. 
Paragraph 3.4 gives an overview of the selected software and extraction methods. The modal analysis was 
conducted with the same measurement data for the different codes. 
5) Sweep excitation scatter 
Frequency response functions of linear structures should be independent to the force level used for 
excitation. Here differences in FRFs due to shaker excitation at different force levels and scatter of modal 
parameters of the subsequent modal analysis will be presented. In this case the force level amplitudes vary 
from 1 to 16 N. 
6) Phase resonance method scatter 
Testing large aircraft structures a test strategy is usually applied which makes use of a combination of 
phase resonance testing and phase separation techniques. In general, flutter critical modes are tuned via 
the phase resonance method whereas all the other modes are extracted with the phase separation method. 
This shows that the aircraft industry still believes more in modes obtained from phase resonance testing. 
Therefore the variability of modal parameters extracted from an excitation of the structure in steady state 
was analyzed using different force levels between 1 and 16 N. 

3.2 Test methods 

3.2.1 Phase resonance testing 

For phase resonance testing each mode of the structure has to be tuned separately which means that phase 
purity has to be achieved by harmonic force appropriation in order to compensate the damping forces. 
Therefore the excitation frequency ω and the force vector amplitudes  have to be adjusted to isolate a 
certain mode. Since this is not easy to achieve especially when using multiple shaker excitation the force 
appropriation is supported by an online display of the modal indicator function according to Breitbach 
(MIF

ˆ{ }F

B) (see [3] and equation ). B (1)
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Modal damping ratios and generalized masses were extracted with several methods which are described 
in [4]. Different methods were applied to increase measurement reliability. 
Altogether five exciter points were used in the present case for the phase resonance method. A single 
shaker was attached to points 626z+, 627y+ and 628x- whereas two point excitation was utilized at point 
149z+ and 249z+. Each mode was tuned at different force levels to detect non-linear behavior. 
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3.2.2 Phase separation method 

Using phase separation methods modal parameters can be extracted from measured transfer functions. 
Here excitation was applied by a modal hammer or by electro dynamic shakers. 

A hammer introduces a sharp impact to the structure which therefore responds over a broad frequency 
range. Compared to excitation by shakers the response of the structure caused by impulse excitation is 
quite weak and thus results in a nearly ‘linear’ behavior of the structure. Four exciter points 249z-, 626z+, 
627y+ and 628x- were used for hammer testing. The data acquisition system was set to a frequency range 
of 0-1000 Hz with 8192 frequency steps which results in a frequency resolution of 0.12 Hz. A windowing 
function with exponential decay was applied to account for leakage effects because of the lightly damped 
structure. 10 averages were taken to minimize the effect of varying hammer blows. 

Swept sine and signals introduced by electro dynamic shakers excite the structure over longer time periods 
and put much more energy into structure. Here the force amplitude of the swept sine signal was increased 
from a very low level to a high level where the structure was heavily responding. The swept sine 
measurements were conducted from 2 to 300 Hz using a logarithmic sweep rate. It can be observed in 
Figure 4 that some modes show non linear behavior (mode 7 and mode 16). The exciter points were the 
same as those used for hammer testing. 

3.3 Test program 

Hammer impact excitation 

No modification on the structure: - 10 measurement runs were performed at each of the above defined 
exciter points to analyze the variability of modal hammer excitation. 

 - 7 measurement runs were conducted exciting each of the above 
defined exciter points but each run taken from different operators to 
analyze the test personal variability. 

Reassembly of the structure: - Before a new test was performed the structure was disassembled. 
Afterwards all bolted joints were fixed using a torque control wrench 
and a predefined assembly procedure. Again 10 measurements were 
recorded at each of the above defined exciter points to identify the 
variability due to reassembly. 

Shaker excitation 

No modification on the structure: - Swept sine measurements were conducted using different force level 
amplitudes.  

 - Modes were tuned at different force levels. 

3.4 Extraction of modal parameters 

The modal parameters were extracted from the measured transfer functions using four different software 
codes with altogether seven implemented modal analysis methods: 

• LMS Test.Lab (Polymax, LSCE) see [5], 

• LMS Cada-x (FDPI), 

• ISSPA (Fitkor, ISSPA) see [6] and 

• Nmodal (FDPR, RFPM) see [7]. 
With the exception of ISSPA all software codes provide complex modal data. In the case of ISSPA real 
normal modes are identified directly. After extraction the modes are normalized to a predefined DoF 
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which corresponds with the point of maximum displacement of the reference modal model mode. This 
procedure is necessary to compare the scaling of the modes and to compare the extracted modal masses. 

3.5 Identification of a modal model 

Depending on the type and the location of the excitation modes are more or less excited. Therefore it is a 
very big issue after the extraction of modal parameters from different transfer functions to assess the 
quality of the extracted modes and to decide which mode to retain for the final modal model. Usually 
modal models of large aircraft structures have to be managed containing more than 100 modes. This fact 
makes it even more difficult to choose from even hundreds of measurement runs the ‘best’ identified 
modes for the final mode set. For this reason a correlation tool was developed containing a certain list of 
criteria helping to select the ‘best’ mode. Some of the values to compare are: 

• Modal Phase Collinearity (MPC) which indicates the complexity of the mode shape (1 = not 
complex), see [8] for further details, 

• Mode Participation (MP) which shows the degree of excitation of the mode compared to the rest 
of the identified shapes, 

• MIFB , B

• modal mass and 

• modal damping. 
Before starting the comparison of the numerous extracted mode sets (184 altogether in the present case) a 
reference modal model was determined. It consists of 18 modes from four measurement runs with hammer 
impact excitation each performed at the exciter locations 249, 626, 627 and 628. 

4 Results 

4.1 Variation of frequency response functions 

In Figure 4, selected frequency response functions are shown in the vicinity of the resonance peaks to get 
an impression of the response variation. In detail, the sum FRFs around resonances of mode 1, 7, 14, 15 
and 16, measured at the reference modal model exciter DoF’s (see Figure 5), are presented. For the 
comparison four test series are chosen (impact scatter, reassembly scatter, operator scatter and sweep 
variation). 
The first row of Figure 4 shows mode 1, the symmetric wing bending. The FRFs exhibit low scatter of 
amplitude and shape which demonstrates that not every peak is exposed to variation. 
The resonance peak around mode 7, the wing vs. fuselage bending, is subject to scatter due to reassembly. 
Furthermore, a significant non linear behavior due to sweep excitation at different force levels can be 
observed. Reassembling the structure reveals an influence only on the frequency whereas the different 
force level amplitudes used with sweep excitation show a frequency shift of the resonance peak and a 
variation of the amplitudes indicating a change of the damping behavior. 
Mode 14, the 3n vertical tail plane (VTP) bending, shows the largest variability in the resonance peak 
obtained through different operators which affect the amplitudes of the resonance peak significantly. Only 
slight peak variations are visible due to reassembly and sweep testing. 
The largest variation in frequency overall can be observed at mode 15, the horizontal tail plane (HTP) 
bending, when reassembling the structure. For this reason, it seems that the bolted joint connection 
between HTP and VTP (see Figure 3a) directly influences the structural behavior of this mode. 
Nearly the same effect as mode 15 is shown by mode 16, where the frequency spreads most due to 
reassembly. Also significant variability of amplitudes (damping) with a slight frequency shift is observed 
for different sweep levels. 
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Figure 4:  sum FRF variability due to different measurements for mode 1, 7, 14, 15 and 16 
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4.2 Modal analysis results 

4.2.1 Overview 

Altogether the study focuses on the first 18 modes which lie within the frequency band from 5 to 275 Hz. 
Figure 5 shows the visualization of the mode shapes of these 18 modes. The frequency value attached to 
the mode shapes was gained as average from 10 reassemblies of the structure and subsequent modal 
analysis. In addition the modes are labelled with the exciter point from the reference modal model which 
means that e.g. mode 1, the 1st symmetric wing bending was always extracted from exciter point 626z. 
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Figure 5:  AIRMOD modes (mean frequency from reassembly output) 

4.2.2 Scatter of modal parameters 

For ease of the comparison of modal parameters the mean value and its standard deviation in percent of 
the mean value is shown. 
Figure 6 makes clear that the scatter of modal parameters obtained from different exciter locations varies 
significantly. One main reason for this effect is the degree of mode participation. In consequence modal 
mass and damping from weakly excited modes are mostly identified with considerable errors. 
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The standard deviation of modal mass, modal damping and frequency of mode 1 (symmetric wing 
bending) shows that the excitation in x direction at exciter point 628 provides the largest scatter. Also for 
all the other modes one finds exciter locations which yield different degrees of errors on these modal 
parameters. While the mean variation of the frequencies is explicitly stable, modal damping ratios and 
modal masses show a clear exciter location dependent behavior. Therefore it makes no sense comparing 
e.g. mode 1 extracted from an excitation at 628x. The reference modal model already gives the selection 
which modes to compare from the different exciter points. Although it was defined before comparing the 
standard deviations of the modal parameters obtained from different exciter locations the specified modes 
show only little dispersion (compare Figure 5 and Figure 6). 

First the variability of modal parameters extracted from hammer excitation will be shown which comprise 
the results of hammer impact testing dependent scatter (repeatability of ten times testing with no 
modification in between), reassembly dependent scatter (ten reassemblies), operator dependent scatter 
(seven different operators with subsequent modal analysis with Polymax, LMS Test.Lab) und analysis 
method dependent scatter (four software codes with seven different analysis methods). 

Here, the variability will not be presented in absolute values. The mean modal parameters will differ from 
ten times testing without modification, ten times of reassembly, seven operators and different analysis 
methods. As a consequence the standard deviation is chosen to demonstrate the variability arising from 
well-directed modifications in the modal analysis chain. 

Frequency variability due to scatter sources 1) to 4) 
An essential parameter to compare is the identified frequency of the 18 modes. Figure 7 shows a 
comparison of the standard deviation of frequencies obtained from the above mentioned testing and 
analysis procedures. 
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Figure 7:  standard deviation of natural frequencies due to scatter sources 1) to 4) 

The diagram clearly shows that the biggest deviations result from reassembling the structure. Mode 15 is 
affected most from this type of modification which is also demonstrated by the frequency shift of the 
resonance peak (see Figure 4). Mode 1 for example was most sensitive to the analysis method used for 
extracting the modal parameters whereas mode 14 was influenced most by the operator which is also 
clearly visible in the frequency response function (again see Figure 4). Mode 17, a symmetric wing mode, 
also exhibits operator scatter which can be traced back to the presence of a slight unsymmetrical behavior 
of the wing. Here, the analyst had to decide which mode to choose because the stability diagram showed 
two stable poles. 
Overall the scatter of frequencies stays within reasonable bounds and the expected largest deviations 
appear in the tests conducted to study the effect of reassembly. 
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Modal damping variability due to scatter sources 1) to 4) 
The estimated damping parameter is commonly known to be a parameter of uncertainty. Also here, 
Figure 8 shows that the standard deviation of the damping varies significantly more than the previously 
examined frequency deviations. Obviously the largest scatter results from different analysis methods. 
Overall there is not any trend observed for the scatter in the estimation of the modal damping ratios. 
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Figure 8:  standard deviation of modal damping ratios due to scatter sources 1) to 4) 

Modal Mass variability due to scatter sources 1) to 4) 
Also modal masses are usually identified with bigger errors. The scatter for hammer testing, reassembly 
and operator will be shown. 
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Figure 9:  standard deviation of modal masses due to scatter sources 1) to 4) 

Figure 9 shows that the largest variations for modal masses occur when different operators take samples 
and do the modal analysis later on. The biggest deviations are observed for mode 14, the 3n VTP bending. 
Since this mode already shows a strong variability of the resonance peak amplitude depending on the 
operator (see Figure 4) it is not surprising that also the modal mass spreads most. 

Secondly, the variability including modal parameters from hammer excitation after reassembly, sweep 
excitation at different force levels and phase resonance testing at different force levels will be discussed. It 
should be mentioned that also slightly non linear behavior as observed in the frequency response functions 
(see Figure 4) will be treated here as uncertainty. 

Frequency variability due to scatter sources 2), 5) and 6) 
While comparing the frequency standard deviation as shown in Figure 10 one can recognize that the 
variability detected when hammer testing the reassembled structure fits quite well to the deviation from 
sweeping and tuning. Except mode 7, 15 and 16, show an excitation dependent behavior. Both tuning and 
sweeping reveal a significant non-linear behavior for mode 7 whereas mode 15 and 16 spread most when 
reassembling the structure. 
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Figure 10:  standard deviation of natural frequencies due to scatter sources 2), 5) and 6) 

Modal damping variability due to scatter sources 2), 5) and 6) 
As before, it is more difficult to observe a trend for the standard deviation of the estimated damping. In 
general the variation of damping parameters is excessively higher than the frequencies. Again mode 7 
shows the largest standard deviation for phase resonance testing whereas damping values of other modes 
show a similar degree of variability between the compared tests which results in standard deviations from 
30 to 50 %. 
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Figure 11:  standard deviation of modal damping ratios due to scatter sources 2), 5) and 6) 

Modal Mass variability due to scatter sources 2), 5) and 6) 
As already identified in Figure 9 modal mass parameters are subject to larger variability too. Figure 12 
underlines the statements recognized in the comparison of different operators testing the AIRMOD by 
hammer excitation. The most significant deviations occur for mode 17, actually a symmetric wing mode, 
but in fact left and right wing showed an unsymmetrical behavior. 
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Figure 12:  standard deviation of modal masses due to scatter sources 2), 5) and 6) 

In comparison to the results of the GARTEUR study, the new study on the replica of the GARTEUR 
benchmark revealed overall smaller deviations. Only frequency deviations can be compared directly 
which show in case of GARTEUR standard deviations between 1 and 4 % of the mean value. In 
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comparison standard deviations analyzed here show maximum values for impact testing of 0.13 %, for 
reassembly of 0.54 %, for operator of 0.25 %, for analysis method of 0.43 %, for sweeping of 0.95 %, for 
tuning of 0.82 %. 
The main reason for the larger variations in the GARTEUR study lies in the different test setups used by 
the different partner laboratories. In this study the scatter sources were introduced artificially and goal-
directed to directly quantify the effect on the modal data. 
Finally Figure 13 illustrates the distribution of the absolute values identified for frequency, modal 
damping ratios and modal masses from 184 evaluated mode sets. Here, one can also observe that there are 
some outliers in estimating the frequencies which can be traced back to the exciter masses of the shakers. 
These outliers can also be found in the GARTEUR study see [1]. 
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Figure 13:  distribution of natural frequencies, modal damping ratios and modal masses for all 

evaluated modes 

5 Conclusions 

A very detailed analysis of sources of uncertainty in experimental modal data of the test structure 
AIRMOD has been shown distinguishing scatter from repeated hammer tests, scatter from reassembling 
the structure, scatter from different operators using hammer excitation, analysis method depending scatter, 
variability in sweep data and modal data from phase resonance testing. 
Before comparing the modal data of 184 mode sets a reference modal model was defined using a 
correlation tool to distinguish the ‘best’ identified mode from ‘equal’ modes of different exciter locations. 
The applied criteria such as MIFB, MPC, MP, etc. helped to select the ‘best’ modes. Finally it could be 
shown that the modal parameters extracted from the exciter locations of the reference modal model 
exhibited little dispersion. This fact underlines that correlation after analysis is important to get more 
reliable modes with low scatter. 

B

Altogether the first 18 modes up to 275 Hz were chosen to study the variation of the modal parameters 
eigenfrequency, damping and modal mass due to artificially generated scatter sources. The comparison 
shows that the scatter of frequencies stays within small bounds, up to 1 % standard deviation of the mean 
value whereas modal damping and mass values show a significant dispersion up to more than 50 % of the 
mean value. 
The comparison of scatter sources 1) to 4) reveals largest frequency variations up to a standard deviation 
of 0.54 % which occur for reassembly tests whereas largest modal mass deviations are observed from data 
generated by different operators. The modal damping ratios show no recognizable dependency on the type 
of generated scatter sources. As expected the determination of modal masses and damping ratios is much 
more uncertain than frequencies. 
Frequency standard deviations from hammer testing on the repeatedly reassembled structure showed a 
similar degree of uncertainty than the variation obtained from swept sine or phase resonance testing on 
several different force levels from 1 to 16 N whereas damping values and modal masses again show 
excessively high variability. 
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It was a great effort to obtain the whole database filled with modal data from different measurement runs 
and analysis methods. Therefore it is definitely necessary to speed up the process of establishing a 
database containing uncertainty. One trend observed here, is that the variation due to reassembly is 
comparable to the one from sweeps on different force levels. In this case it is suggested to establish a 
database with uncertainty identifying modes from several swept sine measurements. 
Finally this uncertainty modal database will be used for stochastic finite element model updating. 
Meaningful updating parameters which match the requirements to reproduce the scatter observed in the 
test data will be chosen with the support of the uncertainty analysis in experimental modal data presented 
here. 
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Abstract 
This paper presents a hierarchical approach for the analysis of the variability of structure borne noise in 
vehicles. A terminology is introduced to clearly distinguish between intra variability and inter variability 
respectively corresponding to a lack of robustness toward environmental conditions and manufacturing 
process. Experimental results are presented to illustrate the contribution of the engine, the engine 
mounting system and the body to booming noise intra variability. Tests were also performed to assess 
booming noise inter variability: it turns out that its level is slightly lower than the intra variability one.  
 

1 Introduction 
 
To the authors’ knowledge, the first study of vehicle structural-acoustic variability was published by 
Wood and Joachim [1] [2]. They measured interior noise level, as well as structural and acoustic transfer 
functions on six nominally identical four cylinder vehicles. They reported variability as high as 15 dB for 
booming noise level.   
Benedict, Porter, Geddes and Weyeneth [3] addressed measurement results for acoustic transfer functions 
over the frequency range 1-200 Hz for ten identical vehicles. One of them was tested eight times in order 
to assess test-to-test variability, which was approximately 2 dB below 150 Hz. Car-to-car variability was 
much higher: up to 15 dB at 160 Hz.  
Kompella and Bernhard [4] presented test results for ninety-eight identical Isuzu Rodeos. A reference 
vehicle was designated and periodically measured along the testing. The sound pressure level was 
measured at the driver’s ear position in response to a mechanical excitation at the left front wheel. Test-to-
test variability for the reference vehicle was 4 to 8 dB whereas car-to-car variability varied between 10 
and 20 dB for the entire measurement set. Hills, Mace and Ferguson [5] presented a statistical analysis of 
the corresponding data. The distribution of both the airborne and structure-borne transfer function was 
shown to be a good fit to a Gaussian probability density function, especially at low frequency.  
These studies all confirm that vehicle structural-acoustic variability is high. As far as quality is concerned, 
variability has to be understood and minimized. The aim of this paper is to present a hierarchical approach 
for the analysis of booming noise variability. Section 2 presents the principle of the hierarchical approach. 
Section 3 is dedicated to the experimental issues for the assessment of variability and presents the 
terminology proposed. Tests and results related to intra and inter variability are presented in sections 4 and 
5.  
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2 Hierarchical approach 
 

2.1 Principle and domains of application 
 
The principle of the hierarchical approach is to subdivide any complex problem in a multi-level 
hierarchical structure. De Korvin, Bayou and Kleyle [6] proposed a historical review of the diverse fields 
in which the hierarchical approach has been applied: sociology, psychology, political science, business, 
manufacturing, management, biology, physics, and chemistry.   
Caviasso, Massone and Pierallini [7] applied it to tolerance analysis in order to determine the right 
components tolerances to obtain dimensional accuracies. The procedure was applied to simulate the 
matching between the lateral door and the body of a car. The methodology can be applied in two ways. 
The first one, direct analysis, consists in quantifying the tolerance of the assembled system, starting from 
the tolerances of each component. The second one, reverse analysis, allows the deployment of 
dimensional variance from the assembled system to the subgroups and components.  
The hierarchical approach is also used for the Verification and Validation (V & V) of computational 
mechanics models of complex systems. Oberkampf, Trucano and Hirsch [8] recommend a hierarchical 
level structure for the validation phase, especially when the problem under study is a multidisciplinary 
one. The complete system is disassembled into systems, sub-systems ending with unit problems, and, for 
each level, individual validation experiments are carried out. 
 

2.2 Application to booming noise variability 
 
The hierarchical approach can be used for the analysis of booming noise variability measured in passenger 
cars [9]. For a four-cylinder motor vehicle, the level of the second order component of interior noise is 
known to be high. This noise is generated by forces transmitted to the structure in response to vibrations of 
the engine. The system considered is the vehicle. Three sub-systems are taken into account: the engine 
which generates vibration excitation, the engine mounting system which transmits forces to the body and 
the body whose panels radiate noise.  
A schematic representation of this approach is given in Figure 1. The first level corresponds to the 
variability of the booming noise level in the vehicle cabin. On the second level stand respectively the 
variability of the engine excitation, the variability of the behaviour of the mounting system and the 
variability of the structural-acoustic response of the car body. Then one can define the third level and so 
on. 
 

3 Experimental issues for the assessment of variability 
 

3.1 Terminology 
 
A classification of notions such as variability and uncertainty was recently proposed by Moens and 
Vandepitte [10] in the numerical field. According to these authors, uncertainty is due to a lack of 
knowledge whereas variability is “inherent to the modeled physical system or the environment under 
consideration”.  
This work proposes a complementary terminology classification for the study of the variability of a 
customer vehicle requirement such as structure-borne booming noise level. A schematic of the 
terminology proposed is shown in Figure 2 in order to illustrate the distinction between the effect of 
environment and process. 
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Figure 1: Hierarchical approach applied to booming noise variability 
 
 

Intra variability is the phenomenon that leads to the intrinsic variation of the behaviour of a single vehicle 
in response to changes in environmental conditions.  
Inter variability is the phenomenon which results in the intrinsic variation of the behaviour of nominally 
identical vehicles considered in the same environmental conditions. It is mainly due to changes in the 
manufacturing process and the existence of tolerances for design parameters.  
Overall variability stands for the combination of intra variability and inter variability. The aim of robust 
design is to master this overall variability in order to maintain a good level of quality.   
For the assessment of variability, it is necessary to consider measurement as another source of scatter. 
Measurement uncertainty actually covers the part of variability due to the measurement procedure. It is 
usually assessed through repeatability and reproductibility tests [11]. Moreover, since the determination of 
structural-acoustic performances generally requires signal processing in order to extract information from 
time signals, all results must be obtained using the same signal processing procedure in order to avoid a 
potential source of variability.  

 
Finally measured intra variability is the result of intra variability, which is intrinsic to the system or the 
vehicle under study, and of measurement uncertainty. In a similar way, measured inter variability is the 
result of inter variability but it may also contain a part of measurement uncertainty and residual intra 
variability. 
 

3.2 Precautions taken to assess structural-acoustic variability 
 
As previously emphasized by the terminology, the assessment of the intrinsic variations of structural-
acoustic behaviour due to the manufacturing process or to the environmental conditions requires 
minimizing measurement uncertainty. One typical test used in this study consists in measuring the 
booming noise in the cabin as well as the vibrations of the engine while the vehicle is in acceleration. The 
following precautions have been taken to minimize measurement uncertainty. Hot glue was used to 
efficiently fix the accelerometers. A special support system was used to precisely monitor the position of 
the microphones. Heating and ventilation vents were closed. Moreover the same driver and the same 
observer, on the same test track, using the same data acquisition system, performed the tests with the same 
measurement procedure. The same data processing procedure was used for the whole tests: same 
algorithm and same parameters.  
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Figure 2: Schematic representation of the terminology proposed concerning variability 
   
For the assessment of intra variability, tests were performed on the same vehicle under various 
environmental conditions. In order to avoid placement uncertainty due to install-remove cycles, all sensors 
were permanently mounted once installed and calibrated. 
 
For the assessment of inter variability, tests were performed on a sample of nominally identical vehicles. 
The best way to isolate the intrinsic inter variability due to the manufacturing process is to carry out the 
measurements in strictly identical environmental conditions; otherwise there is a part of residual intra 
variability. The temperature inside the cabin was monitored with the heating and ventilation system of 
each car. Since booming tests are performed outside, it was not possible to monitor exterior temperature.  
 

4 Measured intra variability 
 
Three types of tests have been performed to get some information on the intra variability for the first two 
levels of the hierarchical approach presented in section 2. 
 

4.1 Booming noise 
 
Tests were first performed on a single vehicle in order to assess both the intra variability of booming noise 
(level 1) and the intra variability of the engine vibrations (level 2). The vehicle under study was taken at 
the end of the manufacturing assembly line, so the present work does not concern the aging process.   

Vehicle i condition 1 

Environment 

Vehicle 1 condition j 

Vehicle 2 condition j 

Vehicle N condition j 

Vehicle i condition j 

… 

… 

Process 

Intra variability 

Vehicle i condition 2 

Vehicle i condition j 

Vehicle i condition K 

… 

… 

Inter variability 

Overall variability 
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Figure 3: Intra variability of interior booming noise level 

 
Interior noise data was gathered using four Bruel and Kjaer 4190 pressure microphones. One of them was 
located at the driver’s ear. The rotational speed of the engine was also measured in order to track the 
second order components of noise. Data acquisition was conducted using LMS software. Noise and engine 
speed were simultaneously measured.   
The same full-load speed sweep test between 1000 and 4500 rpm was carried out twenty times on the 
same vehicle during two successive days and under various environment conditions. The temperature 
outside varied between 4°C and 13°C. As engine mounts are made-up with elastomers, their behaviour 
depends on temperature. Therefore the temperature on the engine mounts was measured as well: it was 
monitored to vary between 20°C and 65°C. The temperature inside the cabin was monitored to vary 
between 7°C and 22°C.  
Figure 3 reports the measured intra variability of booming noise at the driver’s ear.  The envelope of the 
twenty curves has also been plotted, showing the maximum and the minimum values at each engine speed. 
Intra variability varies in average by 8 dB between 1000 and 4500 rpm and it differs from one engine 
speed to another. The minimum variability is 2 dB and is observed at 1600 rpm. The maximum variability 
is 20 dB and occurs at 4300 rpm. From this test performed on a single vehicle, booming noise intra 
variability level proves to be high. 
 

4.2 Engine excitations 
 
The engine excitations were measured during the same tests. Half a dozen PCB 356A16 accelerometers 
were mounted on the vehicle to measure vibrations at locations on the engine. 
 
Figure 4 shows the intra variability for the vibration at a point located on the engine. The magnitude of the 
variations observed is about 1.5 dB. Moreover it does not depend on the engine speed. These results 
confirm that the engine has little influence on the intra variability of interior booming noise level. This is 
not surprising given the second order engine vibration under study only depends on engine design 
parameters that are not sensitive to environment.  
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Figure 4: Intra variability of the engine vibration 

 

4.3 Dynamic behaviour of the engine mounting system 
 
Dynamic tests were performed on the engine mounts in order to assess the effect of temperature on their 
dynamic stiffness. A MTS 831 device, with a temperature conditioning cabin, was used. The MTS 
machine is equipped with two sensors: one measuring the effort, the other measuring the displacement. 
The ratio between the displacement applied and the effort obtained at the other side of the engine mount 
permits the determination of the dynamic stiffness. Sine sweep excitation is currently used to obtain the 
dynamic stiffness along with its frequency dependence. The displacement magnitude was 50 µm. Results 
are given for one of the engine mounts. This engine mount was previously submitted to a static preload, 
corresponding to half of the weight of the engine. The dynamic stiffness of the engine mount was 
measured at two temperatures: 23°C and 70°C in order to get the bounds of the magnitude of the stiffness 
and damping towards the temperature measured during the intra booming tests. 
 
Figure 5 reports the variation of the dynamic stiffness of one of the engine mounts at 23°C and 70°C. 
First, it can be seen that the stiffness is higher at 23°C than at 70°C which is a typical behaviour of 
elastomers. Except the irrelevant “accident” at 100 Hz due to a resonant mode of the installation system, 
the stiffness tends to increase with frequency, particularly in the 70°C case for frequencies higher than 160 
Hz. The same phenomenon occurs at 23°C but with a lower slope. Taking the value at 23°C as the 
reference, the average relative variation of stiffness is -21% in the range 20-150 Hz.  
 

4.4 Structural-acoustic response of the body 
 
In order to measure the intra variability of the structural-acoustic behaviour of the body, tests were 
performed in a climatic room where the temperature could be monitored. The transfer function was 
measured between the engine mount - car body interface and the driver’s ear. It was assessed at two 
different temperatures: 5°C and 18°C corresponding to the order of variation observed during the booming 
tests. 
 
Figure 6 shows the magnitude of a structural-acoustic transfer function between the engine mounts - car 
body interface and the driver’s ear. The averaged variation is about 4.5 dB in the frequency range 20-200 
Hz. It can be seen that the two curves differ from each other especially for frequencies below 100 Hz and 
above 130 Hz.  
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Figure 5: Intra variability of the dynamic stiffness of an engine mount 

 

4.5 Comments 
 
Figure 7 gives an overview of the intra variability results previously presented. Level 1 is illustrated by the 
interior noise level at the driver’s ear. Level 2 is related to three quantities: the engine vibration, the engine 
mount dynamic stiffness and the structural-acoustic transfer function that were previously presented. The 
intra variability level is represented as a function of frequency. For a four-cylinder engine, the engine 
speed equals thirty times booming noise frequency. The metric chosen matches the range of values 
expressed in dB.   
The highest levels of intra variability are observed for the structural-acoustic transfer function and 
booming noise. For frequencies upper than 100 Hz, the intra variability of booming noise is much higher 
than the intra variability at level 2. The attempt to make a relationship between level 1 and level 2 is not 
exhaustive for several reasons. First, the results presented on level 2 correspond to one vibration of the 
engine for a given point and a given direction whereas the measured booming noise on level 1 results from 
all vibration sources. Since the engine is a whole system, the various vibrations of the engine constitute 
coherent sources. Therefore booming noise due to the engine vibrations is the result of a complex 
summation of the partial noise contribution corresponding to the various engine vibrations. Hence, phases 
may play a role in the variability of booming noise. In order to determine more precisely the contribution 
of the engine mounting system and the body for booming noise variability, a numerical approach is 
needed. 
 

5 Measured inter variability 
 
In order to estimate the inter variability of booming noise, full-load speed sweep tests between 1000 and 
3500 rpm were performed on nine nominally identical vehicles. Since the tests were performed over a 
three-month period, the temperature outside varied from 1°C to 8°C for the sample of vehicles. Hence the 
measured inter variability contained a part of residual intra variability. 
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Figure 6: Intra variability of a structural-acoustic transfer function of the body 

 

 
Figure 7: A hierarchical view of booming noise intra variability  

 
Figure 8 reports the measured inter variability of booming noise at the driver’s ear. It shows the results 
obtained for the same speed sweep tests performed on nine nominally identical vehicles over a three-
month period. The global variability varies in average by 6 dB between 1000 rpm and 3600 rpm. The two 
peaks of booming noise occurring close to 1600 rpm and 2800 rpm show a variability of approximately 5 
dB. Since vehicles could not be tested in rigorously identical environmental conditions, there is a part of 
residual intra variability in the measured inter variability. Therefore, the intrinsic inter variability is lower.   
The level of intra variability and inter variability for booming noise is reported in Figure 9. Making the 
comparison between intra and inter variability, it seems that intra variability level has at least the same 
order of magnitude as inter variability one. The intra variability and inter variability levels are both 
comprised between 2 dB and 13 dB depending on the engine speed. The intra variability and inter 
variability levels are both minimum at 1600 rpm whereas the intra variability is maximum at 2800 rpm 
and the inter variability is maximum at 2150 rpm. Between 1000 rpm and 3500 rpm, the average intra and 
inter variability levels are 7.4 dB and 6 dB respectively. As a conclusion, the intra variability level of 
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booming noise is slightly higher than the inter variability level. It means that for the type of vehicle under 
study, intra variability highly contributes to overall variability.  
 

 

Figure 8: Booming noise inter variability 

 
 

 
Figure 9: Comparison of the booming noise intra and inter variability levels 

 
 
6 Conclusion 
 
The hierarchical approach was presented and applied to the assessment of booming noise intra variability, 
measured on the same vehicle and resulting from different environmental conditions. The booming noise 
intra variability level is high. The engine excitations intra variability level is negligible, whereas the 
behaviour of both the engine mounting system and the body show a high level of intra variability.   
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In order to assess inter variability, tests were performed on nine nominally identical vehicles. The results 
observed show that the inter variability level is lower then the intra variability one. As a conclusion, intra 
variability is of great importance and highly contributes to overall variability.  
Numerical work is in progress in order to more accurately estimate the contribution of the systems toward 
the final variability of booming noise and to analyse the mechanisms of variability propagation from the 
systems level to the vehicle level. 
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Abstract 
A Computer-Aided Design methodology is presented in this paper to facilitate the design and optimization of 
structures with uncertain parameters. The methodology includes both parametric uncertainties and designer judgment 
and/or experience, described by fuzzy numbers. The aim of this study is to determine the validity domain of fuzzy 
design variables with respect to the non-boolean restrictions applied to fuzzy solutions. The process is organized in 
three steps: propagation of uncertainties, adjustment of design variables and optimisation of fuzzy solution sets. A 
numerical application to an industrial case will show the capabilities of the methodology. 

1. Introduction 

To take the uncertainties in engineering problems into account, different non deterministic approaches 
(probabilistic, interval, convex, possibilistic …) have been developed. The coupling between the finite 
element method and the fuzzy sets theory has allowed, following the example of the stochastic finite 
element method, the expansion of fuzzy finite element method. Different studies have been made with an 
increasing complexity. The starting point of this research is the determination of fuzzy displacements and 
eigenfrequencies for static and modal analyses. Many methods [1-3], alternative to Extension Principle, 
have been developed to propagate the uncertainties. Nowadays, the researches are interested in the 
exploitation [4-7] of these uncertain quantities (for example in optimisation, identification or 
experimentation). 
In this paper, uncertain data are introduced in a computer-aided design methodology. The aim is to take 
designer perceptions of the objective functions and restrictions into account using the fuzzy formalism and 
to determine the domain of validity of the design variables. Thus, Section 2 presents the general principle 
and the aims of fuzzy computer-aided design methodology. Moreover, a test structure, for which the 
methodology will be applied, is explained. In Section 3, all the different fuzzy data (design variables, 
imprecise parameters, fuzzy solutions and restriction rules) used during the process are described. The 
different algorithms, which are necessary to propagate uncertainties, to adjust of design variables and to 
optimise of fuzzy solution sets, are then detailed in Section 4. 

2. Fuzzy Computer-Aided Design (FCAD) method 

Parametric uncertainties are introduced in a computer-aided design process, with the aim of taking 
designer perceptions into account using the fuzzy formalism, thus determining the domain of validity of 
the design variables. The fuzzy subset approach [8-11] is an extension of the ordinary sets theory, in 
which each object belongs to the set or not. For the fuzzy subset approach, a membership degree (varying 
between 0 and 1) is associated to the different values taken by the non-deterministic parameters, which are 
here considered as imprecise, vague or ill-defined. In this context, a fuzzy number is then defined thanks 
to a membership function, which can take different forms, according to the perception that the user has of 
the input imprecision. 
The process, described in figure 1, supplies a membership function for each design variable, which 
indicates the acceptability of the design. The different data and algorithms of this process will be 
highlighted in the Sections 3 & 4. 
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Figure 1: Process for optimizing fuzzy design variables 

The different steps of this process will be illustrated with the following test structure. These one is on a 
drop tower impactor sled, currently used for dynamic compression and bending tests. The general 
objective of the study is to improve the overall mechanical behaviour of this structure, to reduce the 
manufacturing costs and take the different uncertainties into account. A finite element model, shown in 
figure 2, is built and contains 37962 degrees of freedom (shell and brick elements). Boundary conditions 
are applied to eight holes. 

 

Figure 2: Finite element model of the impactor sled 

Two design variables (plate thicknesses e1 and e2) have to be optimized in terms of lack of knowledge 
about the material characteristics and in terms of the restrictions concerning static and modal solutions. 
Thus, restriction rules are defined for maximum displacement for two loading configurations and for the 
first frequency. The specific goal is to determine the sets of design variables that will verify all the 
restrictions and respect the objective functions of maximal robustness and minimal mass. 

3. Definition of fuzzy data 

To optimize the design variables, several kinds of data (design variables, imprecise parameters, fuzzy 
solutions, restriction rules) must be defined. These data are described in the paragraphs below. 
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3.1. Design variables, imprecise parameters 

Firstly, design variables are defined by fuzzy numbers and represent the initial range of variation. They are 
modelled as a triangular fuzzy number, whose crisp value corresponds to a previous or initial design and 
whose support represents the acceptable range of variation. Past experience and designer choice are very 
important elements that should be taken into account when building the fuzzy design variable. In this case, 
thicknesses e1 and e2 are defined with authorized ±20% variability in the nominal values (figure 3). 

 

Figure 3: Membership function of design variables e1 and e2 

Secondly, imprecise parameters (figure 4) are used to represent either poorly-defined model data (e.g., 
material properties or geometric information) or the studied structure's limits, which are usually defined in 
the specifications (e.g., loads). These data are so defined as imprecise. 

 

Figure 4: Membership function of imprecise parameters E, ρ, P 

These imprecise parameters can be defined by fuzzy numbers, but are sometimes defined using ordinary 
intervals, which allows an identical range of parameters variation to be imposed for each degree of 
confidence. The material tested is standard aluminium, but no other information is known. Variability is 
introduced into the Young’s modulus and the density values in order to represent the entire variation 
interval. Variability is also introduced into the load range, which is represented as an ordinary interval in 
order to take the most pessimistic case into account. 
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3.2. Fuzzy solutions, restriction rules 

The fuzzy solutions are obtained from the different analyses (e.g., static, dynamic). They are necessarily 
dependent on the input data defined above, whether fuzzy or not, and are calculated using the PAEM 
method, described in paragraph 4.1 [2, 4]. 
In the proposed application, the fuzzy solutions are studied in term of maximum displacements for two 
loading configurations (figure 5) and first eigenfrequency. 

 

Figure 5: Different cases of static loading 

Restriction rules (figure 6) are defined in terms of the specifications for the structure and are applied to 
associated fuzzy solutions. These restrictions can not be handled deterministically, since the input data 
themselves are imprecise. For this reason, the restriction rules are defined using a fuzzy formalism that 
allows a degree of acceptability to be incorporated into the design. Figure 6 illustrates a situation in which 
there are three domains of acceptability: poor for a degree of confidence of 0, acceptable for a degree of 
confidence between 0 and 1 degrees of confidence, and good for a degree of confidence of 1. This 
situation represents a more realistic gradation around a reference value, than a classical boolean one. 

 

Figure 6: Definition of restriction fuzzy rules 

4. Different algorithms and numerical application 

To determine the optimal fuzzy sets, several algorithms are necessary to different steps of the process 
(e.g., propagation of uncertainties, adjusting and optimizing of design variables). These ones are described 
in following paragraphs. 
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4.1. Uncertainties propagation 

To propagate the uncertainties, an alternative method to the Extension Principe is used. The output data’s 
membership functions are so determined with the proposed method PAEM (Padé Approximants with 
Extrema Management) which is organized in two steps: 
 

• First of all, a search for combinations of parameters, which implies the minimum and maximum 
variations, is realized for each α-cuts level. For that, the sensitivity of eigensolutions is evaluated 
between each α-cuts level in order to indicate the functional dependence of the response function 
(figure 7). 

 

Figure 7: Construction of fuzzy number solution 

• Secondly, for each selected combination, the modified modal quantities are approximated. To 
decrease the CPU time and keep a good level of accuracy, a high order approximation, using Padé 
rational functions, is required. 

The Padé rational functions are evaluated according to the following procedure: 

Let us consider the modified eigensolutions vector Um defined by 
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The PAEM method is so applied for calculating the fuzzy displacements and the first eigenfrequency. The 
five fuzzy input parameters (thicknesses e1 and e2, Young’s modulus E, density ρ and loading P) are 
described with 6 α-level cuts. The membership functions of fuzzy solutions are presented in figure 8. 

 

Figure 8: Fuzzy solution’s membership functions 

4.2. Adjustment process 

This paragraph presents the methodology [4] through which the information contained in the fuzzy 
solution’s membership function is exploited. The aim is to determine a validity domain of design 
parameters with the non-boolean restriction rules applied to the fuzzy solutions of static and modal 
analysis, defined in Section 3.2. 
The adjustment process (figure 9) is organized in two steps: 

• First of all, the restriction rules are applied to the selected fuzzy solutions. The intersection 
between the law and the output variables defines two α-cuts levels for each output variable. These 
α-cuts levels represent the limits between the different levels of acceptability. If several restriction 
laws are used, the α-cuts level corresponding to the limit LGA is obtained by taking the maximum 
of LGAi and the limit LAP thanks to the maximum of LAPi. 

• Secondly, these two limits are applied on the membership function of design variables. If all the 
restriction parameters are modelled with some ordinary numbers or intervals, the results being 
looked for on the input design variable are directly obtained. Otherwise, the process becomes 
iterative and in this case, the aim is to adjust the membership function of the design variables so 
that the LGA and LAP limits are as close as possible to 1 and 0 respectively. 

 

Figure 9: Modification of output variable. 
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The final design variable’s membership functions (figure 10) describe all the possible configurations that 
respect the specifications. These solutions contain the range of values from which the different nominal 
parameter configurations could be chosen and will supply some more robust designs. Therefore, this 
adjustment process does not explore all the design space because the algorithm is dependant to the 
nominal value of design variables. This specific point is deal with the next paragraph. 

 

Figure 10: Membership functions of design parameters and fuzzy solutions (before and after the 
adjustment). 

4.3. Fuzzy genetic algorithm 

To explore the design space, the genetic algorithms are considered. These ones are based on the principle 
classic operators: selection, reproduction, crossover and mutation. The selection and mutation phases 
require several operations for use with fuzzy numbers. In the selection phase, nominal design variable 
values must be randomly generated. For the mutation phase, the objective functions are calculated with the 
fuzzy solutions and then defuzzified for ranking. Next, fuzzy criteria (e.g.,"area of the membership 
functions" or "center of gravity") are applied according to the nature of the objective function. The other 
genetic operator phases are computed classically. 
Thus, for each couple of nominal values generated by the genetic algorithm, the membership functions of 
fuzzy solutions and design variables will be adjusted by the adjustment process. For the proposed 
application, two objective functions are defined. The fuzzy sets are optimized to produce a minimum mass 
and a maximum robustness for the structure. The equivalent deterministic mass is evaluated by 
defuzzifying the corresponding fuzzy number. The center of gravity criterion is retained. A solution is 
considered to be robust in relation to a parameter if a large variation of the parameter implied a small 
variation of the solution. 
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The solution sets obtained after optimisation are presented in figure 11. 

 

Figure 11: Determination of optimal set. 

This optimisation supplies to the designer some latitude in defining the thicknesses of each plate (figure 
12). For a thickness e1 between 8.4 mm and 8.7 mm and a thickness e2 between 9.1 mm and 9.45 mm, the 
structure is considered to be good; a thickness e1 between 7.45 mm and 9.1 mm and a thickness e2 between 
8.55 mm and 10.7 mm is considered acceptable. Thicknesses over or under these limits do not respect the 
design specifications. 

 

Figure 12: Final membership functions of design parameters. 

5. Conclusion 

A Fuzzy Computer-Aided Design (FCAD) methodology is developed to facilitate the design and 
optimization of more robust structures. The proposed methodology allows both input data variability and 
designer judgment and/or experience to be taken into account in the design phase in an effort to produce 
robust optimal mechanical behaviour which respects the product specifications. The multi objective 
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problem is solved with the use of genetic algorithm, in which the different parameters and rules are 
modelled with fuzzy numbers. 
Our future experiments will consist of adapting this process to dynamic studies. It is important to can 
propagate the uncertainties on dynamic quantities (FRF, displacements, velocities, accelerations …). This 
step will imply necessarily a specific work on the reanalysis techniques. 
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Abstract
This paper introduces an interval sensitivity procedure that calculates the sensitivity of the envelope response
function in the outcome of the interval FRF analysis to each individual interval model uncertainty. The
procedure focuses on the calculation of the sensitivity of the bounds defining the FRF response range to
the width of each individual uncertain input parameter. The approach differs from the classical sensitivity
analysis in the fact that it does not calculate local changes on the output resulting from local changes in the
input. The interval sensitivity result describes the change of the response interval width, taking into account
a change in the parameter interval width. The paper first introduces the concept of interval sensitivities. It
then describes the theoretical background of the interval FRF procedure, on which the interval sensitivity
analysis is applied. Finally, the method is illustrated on a numerical example.

1 Introduction

Non-deterministic approaches are gaining momentum in the field of finite element analysis. The ability to
include non-deterministic properties is of great value for a design engineer. It enables realistic reliability
assessment that incorporates the uncertain aspects of the design. Furthermore, the design can be optimised
for robust behaviour under varying external influences. Recently, criticism arises on the general application
of the probabilistic concept in this context. Especially when objective information on the uncertainties is
limited, the subjective probabilistic analysis result proves to be of little value, and does not justify its high
computational cost. Consequently, alternative non-probabilistic concepts are used for non-deterministic finite
element analysis, as e.g. the fuzzy and interval concept.

Over the recent years, mathematical interval techniques have found their way to the field of finite element
modelling for the analysis of models with interval parameters. The aim of interval finite element analysis
is to quantify the range of a classical numerical analysis result assuming that some parameters vary within
a given range. As in general, the exact solution of the interval system of equations is very hard or even
impossible, recent literature focuses on hypercubic approximations of the interval result set.

One of the first efforts to give a hypercubic approximation of the solution set of a system of interval equations
is given by ALEFELD et al. [1], who applies the interval equivalent of the standard Gaussian elimination
scheme. In more recent literature, distinction can be made between several different approaches to tackle the
interval finite element problem. The most widely applied approach is the global optimisation strategy. In this
approach, the bounds on the result are derived by performing a global minimisation and maximisation of the
output of the numerical analysis using the interval parameters as constraints for the optimisation problem.
Developments in this domain can be found in [2, 3]. In order to decrease the possibly high computational
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cost associated with global optimisation, vertex or DOE approaches are commonly used (see e.g. [4, 5]).
For monotonic problems, these techniques form a fast alternative for the optimisation, and generally give
good results. However, for the high amount of non-monotonic problems, alternative techniques are required.
Some recent developments are applying perturbation techniques [6] or RUMP’s inclusion method [7, 8].
Considerable developments in the field of interval finite element methods have been made by MUHANNA

and MULLEN [9, 10].

In the framework of dynamic structural analysis, an efficient interval finite element methodology to calculate
envelope frequency response functions (FRFs) of uncertain structures was developed by the authors [11].
The procedure consists of the solution of a sequence of interval problems. The goal of the interval analysis
is to calculate the envelope of the FRF taking into account that the input uncertainties can vary within
the bounded space defined by their combined intervals. For this purpose, a hybrid procedure involving
both a global optimisation step and an interval arithmetic step has been developed. The resulting envelope
response function gives a clear view on the possible variation of the response in the frequency domain. The
applicability of this interval response analysis was proved on realistic case studies [12, 13].

In general interval analysis, all uncertain parameters are considered to act simultaneously. While this is often
the most realistic representation of the physical condition of the actual product, for design purposes, it can be
of great value to know the contribution of the individual uncertainties to the response range obtained from the
interval analysis. This enables a designer to distinct between the non-deterministic influences that have an
important contribution to the fuzziness on the dynamic behaviour of the design, and those that have little or
no influence. This distinction can be very valuable in the definition of e.g. tight design tolerances or realistic
allowable working conditions, and as such, could lead to less conservative designs.

In this context, this paper introduces a methodology to calculate the sensitivity of the envelope response func-
tion in the outcome of the interval FRF analysis to each individual interval model uncertainty. The principal
goal of this approach is to gain knowledge in the behaviour of the response boundary curves as determined
with the interval procedure with respect to changes in the parameter intervals in the model. For this purpose,
a new concept called interval sensitivity analysis is introduced. Interval sensitivities represent the rate of
change of the width of the range of an output component of an interval analysis when the width of an input
parameter changes. This is the fundamental difference between the proposed interval sensitivities and the
classical numerical sensitivity studies which always focus on a local sensitivity. These local perturbations
are generally not valid over the range of an interval.

Section 2 introduces the principal idea of the interval sensitivities from a mathematical point of view, and
discusses how these interval sensitivities can be calculated. Section 3 then briefly summarises the algorithm
behind the interval response analysis. Section 4 shows how the interval sensitivity concept can be applied to
calculate response range sensitivities. Finally, section 5 illustrates the approach on a realistic case study.

2 Interval sensitivities

The principal idea behind the interval sensitivities is that they should quantify the impact of an individual
interval parameter at the input of the problem on the interval occurring on the numerical result of the interval
analysis. This means that they represent the degree of influence of the width of each input interval on the
width of the output interval. Therefore, a new analysis procedure is introduced. Section 2.1 first gives a
brief basic introduction of numerical interval analysis. Then, section 2.2 introduces the general concept of
the interval sensitivities, while section 2.3 focuses on their calculation in the context of a numerical interval
analysis.

2.1 Numerical interval analysis

In order to introduce the concept of interval sensitivities in the context of general numerical interval analysis,
a basic problem is analysed. The considered interval problem consists of the calculation of the range of the
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result of a function f applied on a single parameter p. The relationship between input p and output y is
expressed as:

y = f (p) (1)

The aim of general interval analysis is to calculate the range of the output y of this function taking into
account that the parameter p can vary within the range between its lower bound p and upper bound p. This
is expressed as:

yI = f I
(
pI
)

(2)

with

pI =
[
p, p
]

(3)

yI =
[
y, y
]

(4)

and f I the interval function that represents the relationship between the input interval and the output interval.
Two basis strategies are commonly used to calculate the resulting interval yI , i.e. the global optimisation
approach, and the interval arithmetic approach:

• In the global optimisation approach, the interval result is calculated by minimising and maximising
the function f over the domain pI of the uncertain parameter p:

y = min
p∈pI

f(p) (5)

y = max
p∈pI

f(p) (6)

This strategy gives the exact range of the output value. The computational cost however can be high,
especially when complex functions are analysed, or when the number of uncertain parameters in-
creases.

• The interval arithmetic approach approximates the exact range of the output value. In this approach, the
function f is implemented as a sequence of basic operations (+,−,×,÷). For these basic operation,
an interval arithmetic equivalent exists:

aI + bI =
[
a + b, a + b

]
(7)

aI − bI =
[
a− b, a− b

]
(8)

aI × bI = [min(a× b, a× b, a× b, a× b),max(a× b, a× b, a× b, a× b)] (9)

aI/bI = aI ×
[

1
b
, 1

b

]
, if 0 /∈ bI (10)

By applying these interval equivalents on each deterministic operation of the original function f , the
output range is approximated. This is a straightforward and computationally inexpensive approach
that can be applied on any function that can be expressed as a sequence of basic operations. However,
it suffers from an important drawback, i.e. the high degree of conservatism in the final result (see
e.g. [14] for the discussion on the application of this approach for interval finite element analysis).

The procedure for the calculation of envelope responses utilises both these approaches in a hybrid procedure,
as discussed in section 3.

2.2 General concept of interval sensitivities

In order to introduce the concept of the interval sensitivities, the relationship between the input and output
interval is now expressed through the function f∆ which relates the input interval radius to the output interval
radius. The interval radius is defined as:

∆y =
y − y

2
(11)
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The relationship between the input and output intervals is written as:

∆y = f∆ (∆p) (12)

This interval function f∆ is the basis for the definition of the interval sensitivities. The interval sensitivity of
the output interval yI with respect to the input interval pI is defined as:

δ
yI

pI =
∂ (∆y)
∂ (∆p)

=
∂f∆ (∆p)
∂ (∆p)

(13)

The interval sensitivity as defined in this equation expresses the relationship between the change in absolute
interval widths on the input and the output side of the problem. Therefore, this is further referred to as the
absolute interval sensitivity.

In many numerical interval problems, the output interval depends on multiple input intervals. For those
cases, the relative width of intervals gives more insight in the importance of the observed interval sensitivity.
Therefore, the relative interval sensitivities are introduced. These equal:

ρ
yI

pI
i

=
∂
( ∆y

∆y∗

)
∂
( ∆pi

∆pi
∗

) =
∆pi

∗

∆y∗
× δ

yI

pI
i

(14)

with ∆y∗ and ∆pi
∗ the nominal interval widths corresponding to the uncertainty in the defined problem.

From this definition, it is clear that relative interval sensitivities represent the relative change in the width
of the output interval with respect to a relative change in the width of an input interval. They are dimen-
sionless and therefore enable a comparison of the influence of interval uncertainties with different physical
background.

Finally the normalised relative interval sensitivity is introduced:

ν
yI

pI
i

=
ρ

yI

pI
i∑n

i=1 ρ
yI

pI
i

(15)

These normalised relative interval sensitivities represent the relative contribution of the different input inter-
vals to the cumulated relative interval sensitivity, and as such indicate their relative importance in the total
interval sensitivity of the defined problem.

The concept of normalised relative interval sensitivity enables an objective comparison between the influence
of individual inputs on output components in case of multidimensional analysis. This is of great importance
in the context of the problem of dynamic envelope response calculations of uncertain finite element models
treated in this work. This type of problem has generally multiple input intervals (multiple uncertainties in the
model) and multiple output components (response values considered at different frequencies). Furthermore,
equations (14) to (15) show that the relative sensitivities and their derived normalised form can be calcu-
lated if the absolute interval sensitivities as expressed in equation (13) are known. The following section of
this paper concentrates on how to obtain these absolute sensitivities in a numerical interval analysis proce-
dure. Section 5 clarifies the practical value of these defined sensitivities in the context of structural dynamic
analysis based on a case study.

2.3 Calculation of absolute interval sensitivities

Based on their definition, it is clear that the absolute interval sensitivities can be calculated if the relationship
between the radius of input and output parameters is known, expressed as the interval function f∆ in equa-
tion (12). In general, this relationship cannot be derived directly. However, from the definition of the interval
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radius in equation (11), the absolute interval sensitivity is obtained as:

δ
yI

pI =
∂ (∆y)
∂ (∆p)

(16)

=
1
2

(
∂y

∂ (∆p)
−

∂y

∂ (∆p)

)
(17)

=
1
2

(
δy
pI − δ

y

pI

)
(18)

This last equation defines the upper and lower bound sensitivities δy
pI and δ

y

pI . Similar to the absolute interval
sensitivities themselves, these represent the rate of change of the lower and upper bound on the result of an
interval analysis with respect to a change in the input parameter interval width. Since both the optimisation
and the interval arithmetic approach are present in the procedure for envelope response function calculations,
sections 2.3.1 and 2.3.2 now focus on the calculation of these interval bound sensitivities in the context of
these respective approaches.

2.3.1 Interval sensitivities in the global optimisation approach

Consider the simple unidimensional interval problem as defined in section 2.1 and the global optimisation
solution strategy. The lower and upper bound sensitivities express the change in the result interval upper
bound y and lower bound y with respect to a change in the input parameter interval radius ∆p. Three
important observations are made:

• Since the bounds y and y are found by evaluating the function f at parameter values within the interval
pI , the interval width of yI cannot decrease when the input interval width ∆p increases. This means
for the change in the lower and upper bound that:

δ
y

pI =
∂y

∂ (∆p)
≤ 0 (19)

δy
pI =

∂y

∂ (∆p)
≥ 0 (20)

• Also, it can be seen that the output bound sensitivities only equal zero if the respective bounds y and y
are obtained for parameter values py and py that embody local optima of the function f applied on the
interval pI . Indeed, if an output bound stems from a local optimum in the observed input domain, an
incremental increase in the parameter region δ (∆p) does not change the location of this bound in the
interval. Consequently, the bound is insensitive to a change in the input interval width.

• If an output bound does not stem from a local optimum, this means that it is located on either of the
vertex point. This means that py = p ∨ p or py = p ∨ p. Since the input locations do not represent
a local optimum, it is easily shown that the output bound remains on the same vertex location if an
incremental change is applied on the input interval. Furthermore, the derivative of the output value y
with respect to the input parameter p at this vertex point is not zero. Actually, this derivative expresses
the rate of change of the output value at this vertex point with respect to a change in the input parameter
p. Consequently, this derivative also represents this bound’s sensitivity.

Based on these observations, it is concluded that the upper and lower bound sensitivities are directly related
to the behaviour of the analysed function f in the input parameter locations py and py where the output
bounds are obtained. In summary, the lower and upper bound sensitivities yield:

δ
y

pI = −

∣∣∣∣∣
(

∂y

∂p

)
py

∣∣∣∣∣ (21)

δy
pI =

∣∣∣∣∣
(

∂y

∂p

)
py

∣∣∣∣∣ (22)
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This means that in case the output interval is obtained through a global optimisation procedure, the lower
and upper bound sensitivities of the interval result are obtained directly from the gradients in the end points
of the optimisation. Finally, the absolute interval sensitivities of the output interval are obtained by applying
equation (18).

2.3.2 Interval sensitivities in the interval arithmetic approach

The basic operations in the interval arithmetic approach as defined in equations (7) to (10) state that the
bounds on the result of a basic numerical operation are found as a combination of the bounds of the operands.
In general, in an interval arithmetic context, the bounds on the interval result are expressed as a function of
lower and upper bounds on n operands qi. This can be formulated generally using the appropriate functions
gl and gu:

y = gl

(
q1, q2, . . . qn, q1, q2, . . . qn

)
(23)

y = gu

(
q1, q2, . . . qn, q1, q2, . . . qn

)
(24)

Based on this expression, the lower bound sensitivity of yI to a parameter p are derived as:

δ
y

pI =
∂y

∂ (∆p)
(25)

=
n∑

i=1

∂gl

∂qi

∂qi

∂ (∆p)
+

n∑
i=1

∂gl

∂qi

∂qi

∂ (∆p)
(26)

=
n∑

i=1

∂gl

∂qi
δ
qi

pI +
n∑

i=1

∂gl

∂qi
δqi

pI (27)

Similar, for the upper bound sensitivity, we have:

δy
pI =

n∑
i=1

∂gu

∂qi
δ
qi

pI +
n∑

i=1

∂gu

∂qi
δqi

pI (28)

This means that in the interval arithmetic approach, the absolute interval sensitivities can be calculated if the
bound sensitivities on the operands qi are known. For example, for the interval subtraction, we have:

y = f(q1, q2) = q1 − q2 (29)

and thus:

y = q1 − q2 (30)

y = q1 − q2 (31)

Based on equations (27) and (28), the bound sensitivities become:

δ
y

pI = δ
q1

pI − δq2

pI (32)

δy
pI = δq1

pI − δ
q2

pI (33)

For p = q1 or p = q2, we have δqi

pI = 1 and δ
qi

pI = −1. Substituting this in equations (32), (33) and (18), we

finally find that the absolute interval sensitivity δ
yI

q1
I equals one. This is totally in line with the expectation,

as there is a linear relationship between the operands qi and the result y of the function.

Section 4 shows how this strategy is applied to calculate the dynamic response range sensitivities in an
interval finite element context.
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3 Algorithm for envelope analysis of dynamic responses

The methodology for the envelope dynamic response analysis as developed by the authors is based on a
hybrid interval solution strategy, consisting of a preliminary optimisation step, followed by an interval arith-
metic step. In the first part of this procedure, the optimisation is used to translate the interval properties
defined on the finite element model to the exact interval modal stiffness and mass parameters of the struc-
ture. The calculation of the envelope FRFs in the second part is done by applying the interval arithmetic
equivalent of the modal superposition procedure on these interval modal parameters. The final envelope
FRFs have been proved to contain only a very limited amount of conservatism. A brief overview of the basic
principles of the method is given in this section. The complete mathematical description of the method can
be found in Moens et al. [11].

3.1 The deterministic modal superposition principle

For undamped structures, the deterministic modal superposition principle states that, considering the first
nmodes modes, the frequency response function between degrees of freedom j and k equals:

FRFjk =
nmodes∑

i=1

FRF i
jk =

nmodes∑
i=1

φijφik

φi
TKφi − ω2φi

TMφi

(34)

with φi the ith eigenvector of the system and φij the jth component of the ith eigenvector. Simplification of
equation (34) yields:

FRFjk =
nmodes∑

i=1

1

k̂i − ω2m̂i

(35)

with k̂i and m̂i the modal parameters defined as:

k̂i =
φi

TKφi

φijφik

(36)

m̂i =
φi

TMφi

φijφik

(37)

3.2 Interval finite element FRF analysis

The modal superposition principle has been translated into an interval finite element method for FRF analy-
sis. Figure 1 gives a graphical overview of the translation of the deterministic algorithm into an interval
procedure. On the left-hand side is the deterministic algorithm as described in the previous section. On the
right-hand side is the same procedure translated to an equivalent interval algorithm.

The interval method consists of the calculation of the result ranges of the sub-functions appearing in the
consecutive steps of the deterministic algorithm. Therefore, the deterministic algorithm is split into three
sub-functions. In the first step, step 1.1, the modal stiffness k̂i and mass m̂i are calculated for each considered
mode. Step 1.2 then consists of the calculation of the modal FRF contributions FRF i

jk. Step 1.1 and 1.2
have to be performed for each mode that is taken into consideration in the modal superposition. Therefore, it
is referred to as the modal part. In step 2, the superposition is performed by a summation of the modal FRF
contributions.

The interval procedure follows the same outline as the deterministic algorithm. Each step now concentrates
on the derivation of the range of the sub-functions in the deterministic algorithm:
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k̂i =
φi

T Kφi

φij φik

=
1

φK
ij

φK
ik

m̂i =
φi

T Mφi

φij φik

=
1

φM
ij

φM
ik

FRF i
jk =

1

k̂i − ω2m̂i

FRFjk =
n�

i=1

FRF i
jk

k̂S
i =

�
min
x∈xI

�
φK

ij
φK

ik

�
, max
x∈xI

�
φK

ij
φK

ik

��−1

m̂S
i =

�
min
x∈xI

�
φM

ij
φM

ik

�
, max
x∈xI

�
φM

ij
φM

ik

��−1

�
FRF i

jk

�I
=

1

k̂S
i − ω2m̂S

i

FRF I
jk =

n�
i=1

�
FRF i

jk

�I

Figure 1: Translation of the deterministic modal superposition algorithm to an equivalent interval procedure

step 1.1 For all nmodes taken into account, the ranges of possible values that the modal stiffness and mass
can adopt have to be determined, taking into account that the uncertain parameters in x can vary within
their respective intervals. These correct ranges of the modal parameters denoted by k̂S

i and m̂S
i are

determined using a minimisation and maximisation over the uncertain interval space xI. For numerical
convenience, the global optimisation is performed on the inverted modal parameters, after which the
obtained intervals are inverted in order to obtain the actual modal parameter ranges:

k̂S
i =

[
min
x∈xI

(
φK

ij φK
ik

)
, max
x∈xI

(
φK

ij φK
ik

)]−1

(38)

m̂S
i =

[
min
x∈xI

(
φM

ij φM
ik

)
, max
x∈xI

(
φM

ij φM
ik

)]−1

(39)

with φK
i and φM

i the stiffness and mass normalised eigenvectors of the system. At this point, distinc-
tion is made between positive and negative modes, referring to the fact that these modal parameter
ranges constitute either positive or negative intervals.

step 1.2 The modal envelope FRF is calculated by substituting the ranges of the modal parameters in the
deterministic expression of the modal FRF contribution:(

FRF i
jk

)I =
1

k̂S
i − ω2m̂S

i

(40)

This is an analytical procedure performed using the interval arithmetic approach.

step 2 Finally, the total interval FRF is obtained by the summation of the contributions of all considered
modes:

FRF I
jk =

n∑
i=1

(
FRF i

jk

)I
(41)

Also this final step is performed using interval arithmetics.
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3.3 Eigenvalue interval correction

The method as described above can be enhanced based on a graphical interpretation of the modal part of the
interval algorithm. For each mode, we consider the domain of modal mass and stiffness pairs that can be
achieved by considering the complete range of models defined by the interval uncertainty space xI:

〈k̂i, m̂i〉 =
{(

k̂i, m̂i

)
|
(
x ∈ xI

)}
(42)

This domain defines a bounded area in a k̂i, m̂i-workspace. The exact bounds of this domain however, are
generally unknown. The modal part of the interval algorithm now can be interpreted in this workspace. From
the optimisation as described for step 1.1, it is clear that the calculated ranges on the modal parameters k̂S

i and
m̂S

i represent a rectangular approximation of the actual 〈k̂i, m̂i〉-domain. Therefore, this method is referred
to as the Modal Rectangle (MR) method. Figure 2 shows a general 〈k̂i, m̂i〉-domain and its approximation
using the MR method.

〈k̂i, m̂i〉

k̂i

m̂i

k̂S
i

m̂S
i

Figure 2: Graphical illustration of a mode’s 〈k̂i, m̂i〉-domain and its approximation using the modal rectangle
method.

The interval arithmetic procedure for the calculation of the modal envelope FRF contributions in step 1.2 can
be interpreted in the same graphical domain. The goal in this step is to derive the bounds on the deterministic
modal FRF, taking into account that k̂i and m̂i can be anywhere inside their intervals. By considering the
modal FRF contribution as defined in equation (40) as an analytical function of k̂i and m̂i, the bounds on this
function over the modal rectangle have to be determined. It has been shown that this can be done analytically
for the complete frequency domain, by considering only the function evaluations at the upper left and the
lower right corner points of the rectangle.

Based on these observations, it becomes clear that the calculation based on the modal rectangle introduces
conservatism in the procedure if the actual 〈k̂i, m̂i〉-domain differs strongly from the approximate rectangle.
This is often the case, as these parameters are actually coupled through the global system and generally show
a high degree of correlation. The proposed enhancement therefore focuses on an improved approximation
of the 〈k̂i, m̂i〉-domain. This can be achieved by using information on the eigenvalue ranges, which can
be obtained using an additional eigenvalue optimisation step in the modal part of the algorithm. It is clear
that an eigenvalue interval λI

i introduces an extra restriction on the quotient of possible combinations of the
modal parameters. This restriction is mathematically expressed as:

λi ≤
k̂i

m̂i
≤ λi (43)

Graphically, the eigenvalue bounds represent the lines through the origin of the k̂i, m̂i-space which are tan-
gent to the actual 〈k̂i, m̂i〉-domain. These lines are extra delimiters for the 〈k̂i, m̂i〉-domain approximation,
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and therefore give rise to an improved 〈k̂i, m̂i〉-domain approximation as illustrated in figure 3. This domain
is referred to as the Modal Rectangle with Eigenvalue interval correction (MRE).

〈k̂i, m̂i〉

k̂i

m̂i

c1

c2

c3

c4

k̂i = λim̂i

k̂i = λim̂i

Figure 3: Effect of the introduction of the exact eigenvalue interval in the 〈k̂i, m̂i〉-domain approximation of
a positive mode.

It has been shown that the conservatism in the modal envelope FRF contributions derived in step 1.2 is sub-
stantially reduced by considering the MRE domain instead of the MR domain as area of possible modal
parameter pairs. The corresponding modal envelope FRF contributions are determined analytically by cal-
culating the deterministic modal FRFs at the vertex points of the MRE-domain (indicated with ci, i = 1 . . . 4
in figure 3). This yields:

(
FRF i

jk

)I =



[
λi

k̂i

(
λi − ω2

) , λi

k̂i

(
λi − ω2

)] for ω2 ≤ λi[
λi

k̂i

(
λi − ω2

) , 1
m̂i

(
λi − ω2

)] for λi < ω2 < λi[
1

m̂i

(
λi − ω2

) , 1
m̂i

(
λi − ω2

)] for λi ≤ ω2

(44)

for positive modes, and:

(
FRF i

jk

)I =



[
λi

k̂i

(
λi − ω2

) , λi

k̂i

(
λi − ω2

)] for ω2 ≤ λi[
1

m̂i

(
λi − ω2

) , λi

k̂i

(
λi − ω2

)] for λi < ω2 < λi[
1

m̂i

(
λi − ω2

) , 1
m̂i

(
λi − ω2

)] for λi ≤ ω2

(45)

for negative modes. It has been shown that this enhancement leads to a close and guaranteed outer approxi-
mation of the actual modal envelope FRF contribution [11].
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4 Calculation of response range sensitivities

In the context of the interval sensitivity analysis as described in section 2, the response range sensitivity with
respect to an input parameter p is expressed as:

δ
FRF I

jk

pI (ω) =
∂ (∆FRFjk(ω))

∂ (∆p)
(46)

It is clear that for the FRF interval analysis, the interval sensitivities on the dynamic response depend on
the frequency. This frequency dependency is of great importance in the interpretation of the response range
sensitivities in a dynamic interval FE analysis.

Using the concept of the lower and upper bound sensitivities introduced in section 2.3, the response range
sensitivity is written as:

δ
FRF I

jk

pI (ω) =
1
2

(
∂FRFjk(ω)

∂ (∆p)
−

∂FRFjk(ω)

∂ (∆p)

)
(47)

=
1
2

(
nmodes∑

i=1

∂FRF i
jk(ω)

∂ (∆p)
−

nmodes∑
i=1

∂FRF i
jk(ω)

∂ (∆p)

)
(48)

=
1
2

(
nmodes∑

i=1

δ
FRF i

jk

pI (ω)−
nmodes∑

i=1

δ
FRF i

jk

pI (ω)

)
(49)

This means that the calculation of the response range sensitivity comes down to the calculation of the lower
and upper bound sensitivities on the modal FRF contributions.

Equations (44) and (45) indicate that the bounds on the modal response contributions are calculated based
on the bounds on the modal parameters and eigenfrequencies. Therefore, we can apply the procedure for
the calculation of absolute interval sensitivities in the context of interval arithmetic analysis as introduced in
section 2.3.2. For a positive mode, this yields:

δ
FRF i

jk

pI (ω) =



−λi(λi − ω2)δk̂i

pI − k̂iω
2δλi

pI

k̂i

2 (
λi − ω2

)2 for ω2 ≤ λi

−(λi − ω2)δ
m̂i

pI − m̂iδ
λi

pI

m̂i
2
(
λi − ω2

)2 for λi < ω2

(50)

for the modal response contribution lower bound, and:

δ
FRF i

jk

pI (ω) =



−λi(λi − ω2)δ
k̂i

pI − k̂iω
2δ

λi

pI

k̂i
2 (

λi − ω2
)2 for ω2 ≤ λi

−(λi − ω2)δm̂i

pI − m̂iδ
λi

pI

m̂i
2 (

λi − ω2
)2 for λi < ω2

(51)

for the modal response contribution upper bound. Similar expressions are found for the modal response
contribution lower and upper bound sensitivities of negative modes.

Equations (50) and (51) show that the modal response contribution lower and upper bound sensitivities can
be calculated if the absolute interval sensitivities of the modal parameters of each mode are known. Since
the modal parameter intervals are calculated in a global optimisation step (see step 1.1 in section 3), the
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corresponding absolute interval sensitivities are derived using the procedure described in section 2.3.1. This
yields:

δk̂i

pI =

∣∣∣∣∣∣
(

∂k̂i

∂p

)
pk̂i

∣∣∣∣∣∣ , δ
k̂i

pI = −

∣∣∣∣∣∣
(

∂k̂i

∂p

)
p

k̂i

∣∣∣∣∣∣ (52)

δm̂i
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(
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∂p

)
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∣∣∣∣∣ , δ
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pI = −
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)
p
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∂λi

∂p

)
pλi

∣∣∣∣∣ , δ
λi

pI = −

∣∣∣∣∣
(

∂λi

∂p

)
p

λi

∣∣∣∣∣ (54)

In the procedure, these end point gradients are generally available as a part of the optimisation results. There-
fore, they are easily recuperated and substituted in equations (50) and (51). Substituting the resulting modal
response contribution lower and upper bound sensitivities in equation (49) then finally gives the required
response range sensitivity.

5 Application

The calculation of the interval sensitivities in the context of dynamic response analysis is illustrated using a
numerical case study of a truck model. The aim of the study is to analyse the influence of uncertain design
parameters of the model on the dynamical behaviour of the construction.

5.1 Nominal model

The model under consideration is chosen such that it represents the most critical dynamic behaviour of a
commercial transport vehicle in the low frequency domain. The model consists of a series of local masses,
springs and dampers, and is assembled such that it represents the total truck as a dynamic system, incor-
porating realistic suspension behaviour. The modal characteristics of this model correspond extremely well
with those of a full size truck model. The model however is far more economical from computational point
of view, and therefore serves as a reference during initial studies aiming at the prediction of ride comfort of
new truck designs.

The reference model is a 13 degrees of freedom system representing a tractor semi-trailer combination, and
is illustrated with its mechanical components in figure 4. Only symmetric motion is considered, and chassis
flexibility is ignored. The provided model has 13 degrees of freedom:

• x4, y4, ϕ4: cabin horizontal, vertical translation, and pitch

• x3, y3, ϕ3: engine horizontal, vertical translation, and pitch

• x1, y1, ϕ1: chassis horizontal, vertical translation, and pitch

• ϕ12: trailer pitch

• x6, x8, x9: vertical translation at wheel axles

The vertical translations at the wheel base, represented by x10, x12 and x13, are considered as input degrees
of freedom where vertical displacements are introduced in the model. In order to do a dynamic analysis
in the frequency domain, the model is excited with a harmonic acceleration in these degrees of freedom,
representing as such the vertical translation induced by the road roughness at the road-tyre contact. The ride
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Figure 4: Reference model of the truck vehicle reduced to its principal dynamic behaviour in the low fre-
quency domain

comfort is then analysed based on the transfer function between a base acceleration on the individual tyres
and the acceleration in the cabin. The analysis here focuses on the front-most tyre.

In order to calculate the frequency response function between the road acceleration and the cabin acceler-
ation, base excitation is modelled at the tyre-road interface points using the large mass modelling concept.
For this purpose, the model is extended with an additional large point mass rigidly connected to the structure
at the input degrees of freedom. The mass of the added element equals 106 times the total mass of the orig-
inal structure. A harmonic excitation force on the large mass serves as input for the dynamic analysis. The
resulting force-acceleration response function can then be easily transformed to the required acceleration-
acceleration form by multiplying the final response function with the total mass of the extended model.

5.2 Interval sensitivity analysis

A case with three uncertain parameters is examined. These represent the uncertainty on the mass properties of
the chassis, trailer and cabin (m1,m2 and m4). The interval analysis is performed with interval uncertainties
ranging over the nominal values for these masses +/− 10%. The MRE methodology is applied, resulting in
the interval FRF as shown in figure 5.

Figure 6 shows the evolution of the relative interval sensitivities in the frequency domain for all uncertain
parameters. It can be clearly observed that the cabin mass uncertainty has a dominant influence on the
response uncertainty. This is due to the fact that the response level at the cabin centre of mass is taken as
output degree of freedom of the observed FRF. The relative interval sensitivities are smaller than one for all
parameters over the observed frequency domain. This means that a relative change in the input uncertainty
intervals is attenuated through the system, resulting in a less pronopunced relative change on the dynamic
response envelope. The model uncertainty as such is robust with respect to the input uncertainty. This is
mainly due to the fact that the uncertainties refer to mass quantities, while the observed response behaviour
is observed in the low frequency domain, where stiffness properties are much more dominant.

Figure 7 shows the evolution of the normalised relative interval sensitivities in the frequency domain for all
uncertain parameters. This figure gives a clear view on the relative importance of the mass uncertainties over
the observed frequency region. The importance of the cabin mass is more pronounced in the lower part of the
frequency domain. This stems from the fact that the cabin pitch and bounce modes are located around 1 Hz.
It is clear that the mass of the cabin becomes more important in this region of the FRF. Further, a clear impact
of the chassis mass uncertainty on the global response uncertainty is visible around 2.5 Hz. This is at the
location of the cabin-chassis bounce mode. The fact that the chassis mass uncertainty has a dominant role in
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Carlo samples)

0 0.5 1 1.5 2 2.5 3
10

−3

10
−2

10
−1

10
0

frequency [Hz]

re
la

tiv
e 

in
te

rv
al

 s
en

si
tiv

iti
es

 [−
]
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Figure 6: Evolution of the relative interval sensitivities ρ
FRF I

pI
i

of the dynamic response width with respect
to the uncertain mass properties of the model

the uncertainty on the cabin response level leads to the conclusion that efforts on limiting the uncertainty or
variance on the chassis mass will add to a more robust design with respect to dynamic response uncertainty
at the driver position in the cabin.
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Figure 7: Evolution of the normalised relative interval sensitivities ν
FRF I

pI
i

of the dynamic response width
with respect to the uncertain mass properties of the model

6 Conclusions

This paper introduces the concept of interval sensitivities, applicable in the context of general numerical
interval analysis. This concept enables the quantification of the relative effect of individual uncertain input
parameters on the output range obtained by the interval analysis. A high interval sensitivity of the output
with respect to a specific uncertain input parameter indicates a strong influence of this parameter on the
obtained uncertainty on the result of the analysis. As such, this concept can be of great value in the practical
application of interval analysis.

This paper also shows how the concept of interval sensitivities can be applied to the hybrid dynamic re-
sponse range calculation procedure in the framework of interval finite element analysis. The response range
sensitivities are obtained as analytic functions of end point gradients of the model parameters, which follow
directly from the optimisation part of this algorithm. Consequently, the calculation of the response range
sensitivities is computationally not more expensive than the original interval FRF analysis.

Finally, the paper shows the application of the response range sensitivity analysis on a simplified but realistic
truck model. The interval sensitivity concept is shown to be very appropriate for the analysis of the effect
of input interval uncertainties on the resulting uncertainty on the output side of the problem, as it helps to
identify the most crucial uncertainties in the defined problem.
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Abstract 
This paper presents a comparison of numerical and experimental modal solutions in which geometrical and material 
imperfections have been taken into account. First, several experimental modal analyses were completed for specific 
design variable values and the results were aggregated to fuzzy numbers in order to constitute a fuzzy experimental 
reference. Second, a fuzzy finite-element model was built and the imperfections were propagated on the 
eigensolutions using a dedicated method. Finally, the fuzzy numerical quantities were compared with the 
experimental quantities to highlight the efficiency of non-deterministic models for predicting the test structure's 
behavioural modifications. 

1. Introduction 

During these last years, the development of computing resources has allowed to radically modify the type 
of problems accessible to the simulations tools. Today, the finite element simulations are well established 
in the industry and are indicative in design phase of mechanical structures. Although the numerical models 
are more and more complex and realistic, the results present still some important gaps with the observed 
reality. Thus, the use of a deterministic analysis is now limited because several kinds of imprecision are 
identified in different steps of the realisation of structures. In this paper, an approach based on the fuzzy 
sets theory is chosen to model the imprecise and subjective data. Different approaches have been 
developed to treat and manage these imprecision for usual analysis (static, modal, buckling, dynamic 
response) in the design phase [1-5].  
In this study, the aim is to quantify the possible behaviours of a finite element model including uncertain 
data for a modal analysis. To solve the fuzzy eigenvalue problem with accuracy a calculus based on the 
Zadeh’s extension principle [6-8] can easily be used. Nevertheless this process becomes computationally 
inefficient when the number of imprecise parameters or the number of degrees of freedom increase. 
However, for reasonable problems, the extension principle can constitute the reference method and be 
used for comparison. 
This paper presents a test case where numerical results from PAEM are compared with those obtained by 
experimentation. The PAEM Method [9-10], briefly presented in section 2, is here used to evaluate the 
accurate fuzzy eigenvalues and eigenvectors.   
The test bed presented in section 3 is based on a structure built by the assembly of two plates. The 
thicknesses of the plates are considered to be inaccurate and the variability, fixed to ±20% of the nominal 
values of the thicknesses, is voluntary exaggerated in order to obtain great variations of the 
eigenfrequencies. Geometric and material imperfections are also taken into account. Section 4 presents 
different comparisons and demonstrates the capability of the proposed method to match the set of 
experimental results.  

2. Pade approximants with extrema management method (PAEM) 

Computing with fuzzy numbers requires a discretization of the membership function. For the PAEM 
method, the membership function is cut according to the degree of confidence, values between 0 and 1, 
and the problem is transformed for each α-cuts level to an interval problem. The aim is therefore to find 
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the minimum and maximum variations of the results for each a-cuts level. In general, they are not linked 
with the bounds of the parameters. In fact, depending on the type of solutions studied (eigenvalues or 
eigenvectors) and the imprecise parameters (Young’s modulus, Poisson's ratio, density, thickness …), the 
nature of the functional dependence can be linear, quadratic, monotonic or non-monotonic. The hypothesis 
of linearity and monotonicity, used by many authors [1;2;4], can therefore imply some errors during the 
calculation of the fuzzy solutions because the form of the membership function depends directly on the 
nature of the functional dependence. Another problem can arise when parametric variations are managed 
in modal analysis. For some frequencies, the associated modes shapes always appear in the same order as 
for the initial one. For other frequencies, the mode shape can cross whether the initial frequencies are 
distinct or not. Consequently, the modified frequencies and eigenvectors must be reorganized to aggregate 
mode shapes of the same type in their corresponding fuzzy subsets. This can be achieved according to the 
maximum value of the Modal Assurance Criterion (MAC) between the modified mode shapes and the 
initial ones (α=1).
 
The PAEM method (see [9-10] for more details) is then organized in two steps: 
• First of all, a search for combinations of parameters, which implies the minimum and maximum 

variations, is realized for each α-cuts level. The sensitivities of eigensolutions are then evaluated for 
each α-cuts level and for some combinations of parameters in order to find the main characteristics of 
the evolution function. 

• Secondly, for each selected combination, the modified modal quantities are approximated. To 
decrease the calculation time and maintain a good level of accuracy, a high order approximation, using 
Padé rational functions, is used.  

3. Description of the Testbed 

The test was organized so that the numerical results from PAEM could be compared with those obtained 
by experimentation. The academic example was based on a structure built by the assembly of two plates. 
 
(a) 

 
 L1 L2 L3 e1 e2 

(mm) 295 296 150 10 10  

(b) 

 

Figure 1 : (a) FE model and dimensions - (b) Sensor model. 

 
The thicknesses of the plates were considered to be inaccurate and the imperfections, fixed to ±20% of the 
nominal values of the thicknesses, were voluntarily exaggerated in order to obtain large variations in the 
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eigenfrequencies. This also avoids confusing small variations of eigenfrequencies with possible errors of 
measurement. 
The finite element model of the nominal structure (Figure 1a) contains 400 shell elements. The neutral 
planes of the plates are defined in the middle of the thicknesses. 3 vertical plates (thicknesses 8;10;12 mm) 
and 3 horizontal plates (thicknesses 8;10;12 mm) were manufactured in order to constitute the 
measurements database. Each plate was then ground. The two plates are connected by a controlled 
screwing and glued to avoid imperfection on the assembly. Using an 8-channel acquisition system, several 
experimental modal analyses were performed to determine the first five mode shapes of the structure. 
During experimentation, the structures were suspended using four standard springs. Figure 2 shows the 
position of the two excitation points (C1 & C11) and the 13 accelerometers. The 13 sensors were divided 
into two sets, corresponding to 2 configurations with a correct mass distribution. Configuration 1 (dashed 
arrows) has 7 sensors and configuration 2 (dotted arrows) has 6 sensors. All sensors were placed in 
accordance with the mesh nodes, and measurement directions were chosen to allow the reduced mode 
shapes to be clearly distinguished using the Modal Assurance Criterion (MAC). 
 
Three main types of imperfections: experimental, modeling and parametric can be taken into account. 
Modeling imperfections stem from the process of discretizing the structure using finite-element theory and 
the different simplifications employed when building the model. Experimental imperfections generally 
originate in the test conditions and the calibration of the different sensors used. Parametric imperfections 
come from the material and geometric parameters or loads and represent the different observed 
dispersions. 
In this application, only the last type of imperfection is considered. The influence of the first two types of 
imperfections is reduced by defining a rigorous protocol, as described in the following paragraphs. 

3.1. Reduction of modelling imperfections 

To create a simple but representative finite-element model, several precautions were taken. The two plates 
in each nominal test structure were glued with epoxy adhesive and assembled with eight bolts in order to 
obtain as close a perfect joint as possible. The repeatability of torque was guaranteed by using a torque 
wrench for each test structure. 
The size of finite-elements was studied to obtain a good convergence of the eigensolutions. The basic 
length of an element was obtained by dividing the length L3 into ten parts. This value represents the best 
compromise between the eigensolutions convergence values, as shown in Figure 2, and CPU time. 
 

 
Figure 2 : Convergence of eigensolutions in relation to the number of finite-elements. 

3.2. Reduction of experimental imperfections 

Experimental modal parameters were identified for the 9 configurations of assembly. A stepped sine with 
detection of resonances was carried out to concentrate the information around the resonance frequencies. 
For each structure, many tests were realized for two shaker locations so as to quantify the quality of the 

Number of elements of the length L3 Number of elements of the length L3 
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measurements (repeatability, reciprocity …). Figure 3 shows the good linearity of the overall behavior 
according to Maxwell’s reciprocity principle. 
 

 
Figure 3 : Result of Maxwell's reciprocity principle. 

Experimental and numerical data of the nominal structure are very close. The maximum difference for the 
eigenfrequencies is inferior to 1 Hz and the mean difference for eigenvectors is of the order of 9 %  for 
MAC superior to 0,97. It was therefore not necessary to update the nominal model. 

3.3. Parametric uncertainties 

Some beam specimens were made in order to characterize the variabilities of the material properties. 
Young’s modulus was identified with the vibrometric method [11] and the density by weighing. A 
bibliographical study shows that a typical imprecision of Poisson’s ratio of the steel is around 10% of the 
standard value. Table 1 presents the values retained for the material properties. 
  

 E (N/m2) ρ (ρ (ρ (ρ (Kg/m3333))))    νννν    
Minimum 2.00 1011 7775 0.27 
Nominal 2.02 1011 7831 0.30 
Maximum 2.6 1011 7883 0.33 

Table 1: Material properties and associated variabilities. 

Table 2 shows the values of the geometrical properties and their associated variabilities. The variations of 
the lengths correspond to the imprecision of the measurement device (a calliper rule or a simple steel rule) 
and, if necessary, to the variation of the thickness e1 (case of L1). 
 

(mm) e1 e2 L1 L2a    L2b L3 
Minimum 8.04 8.04 298 147.87 147.87 149.95 
Nominal 9.99 9.99 300 148 148 150 
Maximum 12.01 12.01 302 148.12 148.12 150.05 

Table 2: Material properties and associated variabilities. 
 
To model the uncertainty of the model parameters, a triangular fuzzy number was associated to each 
uncertain parameter. The maximum degree of confidence (α=1) was associated to the nominal values and 
a minimum degree of confidence (α=0) for the bounds of the variation intervals. 
 

FRF C1/C11 FRF C11/C1 
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4. Fuzzy results 

In this section, the fuzzy experimental data and the fuzzy numerical data are presented and compared in 
terms of eigenvalues and eigenvectors. 

4.1. Experimental data 

To complete the experimental tests, only the nominal values and the bounds of interval variation of two 
plate thicknesses were used. Nine test structures were subjected to experimental modal analysis. The FRFs 
obtained for the nine test structures are presented in Fig. 4. 
After identification, these FRF results were aggregated into fuzzy numbers in terms of eigenvalues and 
eigenvectors. The results obtained for the nominal value have a degree of confidence of 1, whereas the 
eight other results have a degree of confidence of 0. 
 

 
Figure 4 : FRFs obtained for the nine test structures. 

4.2. Numerical data and comparison of non-deterministic solutions 

The fuzzy numerical modal solutions were computed with the PAEM method using the nominal model 
and the parameters uncertainty described in section 3.3. 
A comparison of the fuzzy eigenfrequencies with the experimental results is proposed in Figure 5 while 
Figure 6 presents a comparison for some fuzzy eigenvectors. The differences are very low (the maximum 
error for the bounds is of the order of 3 %). 
 
Finally, FRFs was computed using the fuzzy modal model. Figure 7 presents a superposition of the bounds 
of the fuzzy impedance modulus and the experimental results. From these comparisons, it can be seen that 
the fuzzy model correctly aggregates the set of experimental data. 
 

5. Conclusion 

The objective of this study was to compare numerical and experimental modal data when varied structural 
parameters were considered. Many experimental modal analyses have been done on test structures using 
specific values of imprecise parameters, and the results have then been aggregated to fuzzy eigensolutions. 
Numerically, the imperfections of the fuzzy parameters were propagated using the PAEM method in order 
to obtain fuzzy eigensolutions and fuzzy responses. Using a good quality nominal model and a reasonable 
estimate of the variability of the significant parameters, we have shown that there is a good 
correspondence between numerical and experimental data. 

UNCERTAINTIES IN STRUCTURAL DYNAMICS AND ACOUSTICS 4223



This fuzzy numerical model is an improvement on deterministic models. Using this model, the different 
results are aggregated using a fuzzy formalism, providing fuzzy solutions that show both the evolution and 
the robustness of the studied quantities in terms of the variations in the input parameters. This 
methodology, evaluated here on a relatively simple structure, will now have to be tested on a more 
complex problem. 
 

 

 

Figure 5 : Comparison of the membership functions of the numerical and experimental frequencies. 

  

 
Figure 6 : Comparison of numerical and experimental mode shapes in term of lower and upper bounds. 
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Figure 7 : Superposition of bounds of fuzzy impedance and experimental data. 
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Abstract
In practice it is sometimes very difficult and in many cases even impossible to define correct and unique input
data for structural mechanics applications. Fuzzy numbers can represent the uncertain input for those cases.
As a consequence fuzzy arithmetic, based on the extension principle can be applied to solve finite element
problems with uncertain parameters. Application of fuzzy arithmetic directly to thetraditional techniques for
the numerical solution of finite elements however turns out to be impracticable, especially solving systems
of linear equations. Here we present a new method to solve systems of linearfuzzy equations combined with
Guyan Reduction. Our conclusions are confirmed by a simple static problem.

1 Introduction

The finite element method is a well established and a widely used technique for the numerical simulation of
different processes and phenomena in structures. The method was initiallydeveloped for structural mecha-
nics applications in civil and mechanical engineering. Nowadays the applications area is however extremely
wide with problems of heat transport, fluid flow, electromagnetism, ... The classical finite element method is
a deterministic procedure: the structure is characterised by nominal valuesof geometrical and material pro-
perties. The two major steps of the method are the construction of a system of linear equations and solving
the obtained system. The result of the analysis is also deterministic. In practicehowever it is very difficult
and in many cases even impossible to define correct and unique input data.Fuzzy arithmetic may provide a
solution for those cases. Different strategies are developed for the solution of the fuzzy finite element me-
thod. First, fuzzy procedures based on interval arithmetic can be used tofind the equations for the solution,
e.g. the vertex method of Hanss [3, 4]. An alternative approach based on global optimisation considers the
deterministic finite element problem as a black-box goal function. Combining these two approaches, a hybrid
approach has been developed [6]. Here we will first apply the technique of static condensation, thereafter
the reduced system will be solved by a new method that is based on formulatingthe solution on the basis
of parametric functions. First we will introduce the necessary notions in Section 2. In Section 3 we will
formulate the problem used to illustrate our approach. Section 4 will explain a matrix reduction method, i.e.
the static condensation. Thereafter we explain the method to solve systems of linear fuzzy equations on the
basis of parametric functions. In the last section we will compare the different methods that can be used and
draw the conclusion.
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2 Preliminaries

First we recall some definitions concerning fuzzy numbers (see e.g. [5]). Let A ∈ F(R) (the class of fuzzy
sets on the real line). ThenA is convex if and only if

(∀(x1, x2) ∈ R
2)(∀λ ∈ [0, 1])(A(λx1 + (1− λ)x2) ≥ min(A(x1), A(x2))).

If for x ∈ R it holds thatA(x) = 1, then we callx a modal value ofA. A unique modal value ofA is
denoted asmodA.

The support ofA is defined as

supp A = {x | x ∈ R andA(x) > 0}.

A mappingf from R into [0, 1] is called upper-semicontinuous iff(∀α∈[0, 1])(f−1([0, α[) ∈ τ|·|), where
τ|·| denotes the natural topology onR induced by the absolute value metric. As a consequence, whenf is
increasing:f is right-continuous ifff is upper-semicontinuous.

Definition 1 [5] A fuzzy number is defined as a convex upper-semicontinuous fuzzy seton R with a unique
modal value and bounded support. We denote byFN the set of all fuzzy numbers.

From now on fuzzy numbers will be denoted by a lowercase letter with a tilde, e.g. ã, and a vector of fuzzy
numbers will be denoted as

b̃ = (b̃1, b̃2, . . . , b̃n)T =











b̃1

b̃2
...
b̃n











,

where for any matrixA the transposed matrix is denoted asAT . Sometimes we will denote thei-th com-
ponent ofb̃ by (b̃)i. Crisp numbers will be represented by a lowercase letter, e.g.a, and vectors of crisp
numbers will be denoted asb = (b1, b2, . . . , bn)T .

A fuzzy number̃a can be represented by itsα-levels (0 < α ≤ 1):

ãα = {x | x ∈ R andã(x) ≥ α}.

Here we define theα-level forα = 0 as the support. Note that theα-levels of a fuzzy number are closed and
bounded intervals (see Definition 1). One extends the support and theα-levels componentwise for vectors
or matrices of fuzzy numbers. A triangular fuzzy numberA = (a/b/c) is a special case of a fuzzy number
which membership function contains an increasing and decreasing linear part:

A(x) =



















x− a

b− a
whenx ∈ ]a, b]

c− x

c− b
whenx ∈ [b, c[

0 elsewhere.

The arithmetic of fuzzy numbers is based on Zadeh’s extension principle: let ã andb̃ be two fuzzy numbers,
then the sum of̃a andb̃, denoted bỹa⊕ b̃, is given by, for allz ∈ R,

(ã⊕ b̃)(z) = sup
z=x+y

min(ã(x), b̃(y)). (1)

Analogous definitions follow for the fuzzy multiplication, subtraction and division. The fuzzy arithmetic
based on the sup-min convolution (see (1)) can also be calculated by interval arithmetic applied to theα-
levels: it is well-known that(ã⊕ b̃)α = ãα + b̃α and similarly for the fuzzy subtraction, multiplication and
division.
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3 Problem formulation

In this section we will formulate a rather simple static problem to provide a clear demonstration of the
potential of our approach. Lets consider two parallel massless rods thathave independent material properties,
and a third rod is fixed rigidly to the two parallel rods (see Fig. 2(a)). The external loading consists of tensile
forcesF (F = 1000N ) acting at the ends of the third rod. To determine the displacement of any cross
section using the finite element method, the parallel rods are discretized into 2 elements and the third rod
isn’t discretized. The material properties for these three rods are displayed in the table:

Rod 1 E1 = 200 ∗ 109( N
m2 ) A1 = 100 ∗ 10−6(m2) L1 = 0.25(m)

Rod 2 E2 = 69 ∗ 109( N
m2 ) A2 = 75 ∗ 10−6(m2) L2 = 0.25(m)

Rod 3 E3 = 100 ∗ 109( N
m2 ) A3 = 50 ∗ 10−6(m2) L3 = 0.25(m)

By Li for i ∈ {1, 2, 3}, the length of each element of rodi is meant,Ai for i ∈ {1, 2, 3} is the area of
the cross section of rodi; fA, fB andfC are the loads respectively on③, ⑥ en ⑦ (see Figure 2(c)). The
assembly for the element matrices in the finite element method results in the following system, given that
ci = EiAi

Li
(N

m
) for i ∈ {1, 2, 3}:

























2c1 −c1 0 0 0 0 0 0
−c1 2c1 −c1 0 0 0 0 0
0 −c1 c1 0 0 0 0 0
0 0 0 2c2 −c2 0 0 0
0 0 0 −c2 2c2 −c2 0 0
0 0 0 0 −c2 c2 0 0
0 0 0 0 0 0 c3 −c3

0 0 0 0 0 0 −c3 c3

















































u1

u2

u3

u4

u5

u6

u7

u8

























=

























0
0
fA

0
0
fB

−fC

F

























(2)

Since the displacements of nodes③-⑥-⑦ (see Fig. 2(b)) are dependent of each other, we can rearrange our
system by taking the following equations into account.

• The rigid connection between nodes③-⑥ and⑦ can be modelled by the equationu7 = 1
2(u3 + u6);

• The equilibrium of loads creates the equationfA + fB = fC ;

• The equilibrium of moments leads to the equationfAlA − fBlB = 0
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With this information some equations in the system (2):














−c1u2 + c1u3 = fA

−c2u5 + c2u6 = fB

c3u7 − c3u8 = −fC

−c3u7 + c3u8 = F

, are reformed to







−c1u2 + (c1 + 1
4c3)u3 + 1

4c3u6 −
1
2c3u8 = 0

1
4c3u3 − c2u5 + (c2 + 1

4c3)u6 −
1
2c3u8 = 0

−1
2c3u3 −

1
2c3u6 + c3u8 = F

.

Therefore the system we have to analyse, is:




















2c1 −c1 0 0 0 0 0
−c1 2c1 −c1 0 0 0 0
0 −c1 c1 + 1

4c3 0 0 1
4c3 −1

2c3

0 0 0 2c2 −c2 0 0
0 0 0 −c2 2c2 −c2 0
0 0 1

4c3 0 −c2 c2 + 1
4c3 −1

2c3

0 0 −1
2c3 0 0 −1

2c3 c3









































u1

u2

u3

u4

u5

u6

u8





















=





















0
0
0
0
0
0
F





















When we solve this crisp system analytically, we obtain the solution:











































u1 = F
2c1

u2 = F
c1

u3 = 3F
2c1

u4 = F
2c2

u5 = F
c2

u6 = 3F
2c2

u8 = F ( 1
c3

+ 3
4c1

+ 3
4c2

)

(3)

When material uncertainty is considered, the Young’s moduli are no longercrisp but can be modelled as
fuzzy numbers̃E1, Ẽ2 andẼ3. Here we assume a±5% range around the crisp value ofEi for i ∈ {1, 2, 3}.
Generally, measured experimental data shows a Gaussian distribution, however for simplicity we approxi-
mate these Gaussian curves with linear functions so that we achieve triangular fuzzy numbers. So we have
c̃1 = (76 ∗ 106 / 80 ∗ 106 / 84 ∗ 106), c̃2 = (1.97 ∗ 107 / 2.07 ∗ 107 / 2.17 ∗ 107) andc̃3 = (1.9 ∗ 107 /
2 ∗ 107 / 2.1 ∗ 107).

4 Static condensation

In this section we explain the principle of static condensation, also known as Guyan reduction. In 1965,
Guyan [2] published a method to reduce the stiffness and mass matrices of thefinite element method. Sup-
pose the original system is given by:

Ku = f

with K the stiffness matrix,u the displacement vector andf the load vector. We can divide the displacement
vector in boundary degrees of freedom (denoted with subscriptt) and internal degrees of freedom (denoted
with subscripto). The entire system is then partitioned:

[

Ktt Kto

Kot Koo

] (

ut

uo

)

=

(

ft

fo

)

We can rewrite this system by its equations:

Kttut + Ktouo = ft

Kotut + Koouo = fo
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Out of the last equation we can extractuo: uo = K−1
oo (fo−Kotut). This can be filled in into the first equation

so the reduced system is:

Kttredured = fred

with

• Kttred = Ktt + KtoGot

• fred = ft + GT
otfo

whereGot is the static reduction matrix:Got = −K−1
oo Kot.

In our example, we only have to know the displacement of the nodes③, ⑥ and⑧, u3, u6 andu8. The other
displacements are internal degrees of freedom and aren’t important for the solution. They can be omitted.

5 Solving systems of fuzzy equations using parametric functions

In this section we search for a solution of the matrix equation:

Ãx̃ = b̃

for x̃ = [x̃k]n×1 whereÃ = [ãij ]n×n is a matrix with fuzzy numbers as entries andb̃ = [b̃k]n×1 is a vector
of fuzzy numbers. Differently expressed,

n
∑

j=1

ãij x̃j = b̃i, for 1 ≤ i ≤ n,

where fuzzy multiplication and addition based on the extension principle of Zadeh are used. Taking the
α-levels of these equations we obtain systems of linear interval equations:

n
∑

j=1

[(aij)α, (aij)α][(xj)α, (xj)α] = [(bi)α, (bi)α], for 0 < α ≤ 1 and1 ≤ i ≤ n,

(x̃e)i(x) = sup{α | α ∈ [0, 1] andx ∈ [(xi)α, (xi)α]}, ∀x ∈ R.

This solution is denoted as̃xe as it is the exact solution of the system; when it is reentered into the system the
equations are satisfied. However, these interval equations are hard to solve exactly and often(xj)α and(xj)α

do not generate a fuzzy number (see [1]). Consequently the exact solution does not always exist and therefore
the search for an alternative solution has a solid ground. Buckley and Qu[1] have already proposed a first
solution. We follow their line of reasoning although the algorithm to find this solution can be optimized.

We require that the matrix̃A of fuzzy numbers is regular in the sense that the matrixA−1 exists for all
aij ∈ supp(ãij). Buckley and Qu [1] proposed to construct the set of all crisp solutionscorresponding to the
crisp systems composed with the elements in a certainα-level. They define the solution by, for allα ∈ ]0, 1],

Ω(α) = {x | x ∈ R
n and(∃A = [aij ]n×n ∈ R

n×n)(∃b = [bk]n×1 ∈ R
n)

((∀(i, j, k) ∈ {1, 2, . . . , n}3)(aij ∈ (ãij)α andbk ∈ (b̃k)α) andAx = b)}

and for allx ∈ R
n,

x̃B(x) = sup{α | α ∈ ]0, 1] andx ∈ Ω(α)}. (4)

We see that̃xB is defined as a fuzzy set onRn and not as a vector of fuzzy numbers. Thereforex̃B(x)
expresses to what extent the crisp vectorx is a solution of the system of linear fuzzy equationsÃx̃ = b̃.
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We prefer to define a solution as a vector of fuzzy numbers to avoid information loss. Therefore we give
a membership degree to every component of the solution vector and then(x̃B)i(x) expresses the degree to
which x belongs to the fuzzy set(x̃B)i, independent of(x̃B)j , for all j 6= i. We thus define for allx ∈ R

and for alli ∈ {1, 2, . . . , n},

(x̃B)i(x) = sup{α | α ∈]0, 1] and(∃x ∈ Ω(α))(x = xi)}, (5)

wherexi denotes thei-th component ofx. This method is purely theoretical: in fact all crisp systems are
solved. Even when we consider a finite number ofα-levels, a lot of systems have to be solved, so the
computation time will be large. In [8, 9] Vroman et al. proposed a practical algorithm to compute the
solution. Instead of solving all these crisp systems, parametric functions ofthese solutions are determined.

5.1 Systems with one fuzzy coefficient

We first consider the case that we have to solve a system of linear fuzzy equations in which exactly one of
the coefficients is a fuzzy number and the other coefficients are crisp numbers. Without loss of generality we
may assume that̃a11 is a fuzzy number. So we consider the following matrix equation:











ã11 a12 · · · a1n

a21 a22 · · · a2n

...
...

.. .
...

an1 an2 . . . ann





















x̃1

x̃2
...

x̃n











=











b1

b2
...

bn











, (6)

where ã11 is a fuzzy number andaij ∈ R, for all (i, j) ∈ {1, . . . , n}2 \ {(1, 1)}, andbk ∈ R, for all
k ∈ {1, . . . , n}. In order to obtain the solutioñxS of (6), we have to solve the crisp systems

A(a11)x = b,

where

A(a11) =











a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

an1 an2 . . . ann











,

x =











x1

x2
...

xn











,

b =











b1

b2
...

bn











,

for all a11 ∈ ]a11, a11[ = supp(ã11). We can solve all of these systems through Cramer’s rule thanks to the
non-singularity of every crisp matrixA(a11), for all a11 ∈ supp(ã11). So we can write the solution for every
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component as a quotient of two determinants:

xj =

j
↓

∣

∣

∣

∣

∣

∣

∣

a11 · · · b1 · · · a1n

...
. . .

...
.. .

...
an1 · · · bn · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

.. .
...

an1 an2 . . . ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

The determinant of a matrixA is denoted as|A|. By expanding the determinants in the numerator and the
denominator along the first row, we can write each component of the solutionusing parametersc1j , c2j , c3

andc4:

xj = fj(a11) =
a11c1j + c2j

a11c3 + c4
. (7)

Due to this result, every solution can be written using parametric functions with variablea11. Note thatc1j

andc2j are dependent ofj due to the fact that thej-th column in the numerator contains the components of
b. On the other hand, the denominator is the same for allj ∈ {1, . . . , n}, soc3 andc4 are independent ofj.

In [8] Vroman et al. proposed the following method to solve (6). First we compute the determinants of
the matricesA(a11) andA(a11). The parametersc3 andc4 are obtained by solving the following system of
linear crisp equations:

{

|A(a11)| = a11c3 + c4

|A(a11)| = a11c3 + c4.

We find






c3 =
|A(a11)| − |A(a11)|

a11 − a11

c4 = |A(a11)| − a11c3.

(8)

We solve the crisp systems

A(a11)x = b, (9)

A(a11)x = b, (10)

and denote byx = (x1, . . . , xn)T andx = (x1, . . . , xn)T the solutions of (9) and (10) respectively. Then,
for all j ∈ {1, . . . , n}, we obtainc1j andc2j by solving the following system of crisp equations:

{

xj |A(a11)| = a11c1j + c2j

xj |A(a11)| = a11c1j + c2j .

We obtain










c1j =
xj |A(a11)| − xj |A(a11)|

a11 − a11

c2j = xj |A(a11)| − a11c1j .

(11)

Consequently, all possible solutions for the crisp systemsA(a11)x = b, for all a11 ∈ supp(ã11), can be
obtained using (7). We define for allj ∈ {1, . . . , n} the fuzzy number̃xj by

(x̃j)α = [inf{x | x = fj(a11) anda11 ∈ (ã11)α}, sup{x | x = fj(a11) anda11 ∈ (ã11)α}] (12)
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for all x ∈ fj(supp(ã11)), and
x̃j(x) = 0,

for all x ∈ R \ fj(supp(ã11)).

Moreover we see that the functionfj is monotone: for some real numbersĉ1j , ĉ2j , ĉ3 andĉ4, we calculate,
for all a11 ∈ supp(ã11),

∂fj

∂a11
(a11) =

ĉ1j ĉ4 − ĉ2j ĉ3

(a11ĉ3 + ĉ4)2
,

where the denominator is always strictly greater than0 because of the regularity of the matrix̃A. Hencefj

is monotone.

Therefore we only have to solve the crisp systems with the lower and upper limitof a certainα-level, denoted
for example by(ã11)

L
α and(ã11)

U
α respectively, to find theα-level of the solution. We denote this solution

by x̃I :
((x̃I)j)α = [min(fj((ã11)

L
α), fj((ã11)

U
α ), max(fj((ã11)

L
α), fj((ã11)

U
α )]

for all x ∈ fj(supp(ã11)), and(x̃I)j(x) = 0, for all x ∈ R \ fj(supp(ã11)).

Note 1 Notice that for largen andm our method needs less computational effort than the method of Buckley
and Qu, since they need to solvem crispn× n systems. The total operation count (the number of additions,

subtractions, multiplications and divisions) for the method of Buckley and Qu isequal tom(4n3+9n2−7n)
6 .

Because in this method we only have to calculate two determinants, solve twon × n systems and evaluate
some expressions (details see table below), the operation count for our method equals83n3 + 4n2 + (5m −
14
3 )n + 3.

2 determinants ofn× n matrices 4n3+3n2−n−6
3

solving2 n× n systems 4n3+9n2−7n
3

1 evaluation of (8) 5
n evaluations of (11) 8n
n(m− 2) evaluations of (7) 5n(m− 2)

Total count: 8
3n3 + 4n2 + (5m− 14

3 )n + 3

It is easy to see that for largen andm the method described above needs less computation time than the
method of Buckley and Qu.

5.2 Systems with two fuzzy coefficients

Assume we have two fuzzy numbersã11 and ã12, and assume thataij ∈ R, for all (i, j) ∈ {1, . . . , n}2 \
{(1, 1), (1, 2)} andbk ∈ R, for all k ∈ {1, . . . , n}. Then we have the following system:











ã11 ã12 a13 · · · a1n

a21 a22 a23 · · · a2n

...
...

...
. ..

...
an1 an2 an3 . . . ann





















x̃1

x̃2
...

x̃n











=











b1

b2
...

bn











, (13)

In order to obtain the solutioñxI of (13), we have to solve the crisp systems

A(a11, a12)x = b,
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a11

a12

a
11 a11

a
12

a12

(a∗11, a12
)

(a∗11, a12)

(a∗11, a12)

Figure 2: Solving systems with two fuzzy coefficients

for all (a11, a12) ∈ supp(ã11)× supp(ã12), where

A(a11, a12) =











a11 a12 a13 · · · a1n

a21 a22 a23 · · · a2n

...
...

...
. . .

...
an1 an2 an3 . . . ann











,

and wherex andb are defined similarly as in Subsection 5.1. In Figure 2 the grey area is the setsupp(ã11)×
supp(ã12).

If we fix a12, e.g.a12 = a12, then we have a system with only one fuzzy numberã11. So we find the solution
in a similar way as in Subsection 5.1: forj ∈ {1, . . . , n}, we find that

xj = fj(a11) =
a11c1j + c2j

a11c3 + c4
.

Similarly as in Subsection 5.1 the values ofc1j , c2j , c3 andc4, for j ∈ {1, . . . , n}, are calculated. Thus,
for any a11 ∈ supp(ã11), the solution of the crisp systemA(a11, a12)x = b is obtained by calculating
x = (f1(a11), f2(a11), . . . , fn(a11))

T . So, we have found the solution of the crisp systems corresponding to
the points on the lower thick line in Figure 2. In a similar way, if we fixa12 = a12, then we can construct a
functionf ′

j (with parametersc′1j , c′2j , c′3 andc′4), for j ∈ {1, . . . , n}, and we obtain for alla11 ∈ supp(ã11)

the solution of the systemA(a11, a12)x = b by calculatingx = (f ′
1(a11), . . . , f

′
n(a11))

T . Thus the solution
of the crisp systems corresponding to the points on the upper thick line in Figure 2 is obtained.

Now we fix arbitrarilya∗11 ∈ supp(ã11) and leta12 ∈ supp(ã12) vary. So, again, we obtain a system with
only one fuzzy number, but this time the fuzzy number isã12. Thus we are looking for the solution of the
crisp systems corresponding to the points on the vertical thin line in Figure 2. Similarly as we did before for
ã11, we can obtain the solution of the crisp systemA(a∗11, a12)x = b as

xj = f
a∗
11

j (a12) =
a12c

a∗
11

1j + c
a∗
11

2j

a12c
a∗
11

3 + c
a∗
11

4

(14)

for all j ∈ {1, . . . , n}. We find the parametersc
a∗
11

3 andc
a∗
11

4 by solving the system
{

a∗11c3 + c4 = a12c
a∗
11

3 + c
a∗
11

4

a∗11c
′
3 + c′4 = a12c

a∗
11

3 + c
a∗
11

4 .

We obtain










c
a∗
11

3 =
a∗11(c

′
3 − c3) + c′4 − c4

a12 − a12

c
a∗
11

4 = a∗11c
′
3 + c′4 − a12c

a∗
11

3 .

(15)
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We have seen above that the solutions of the crisp systems

A(a∗11, a12)x = b,

A(a∗11, a12)x = b,

are given byxa∗
11 = (f1(a

∗
11), . . . , fn(a∗11))

T andx
a∗
11 = (f ′

1(a
∗
11), . . . , f

′
n(a∗11))

T respectively. Then, for

all j ∈ {1, . . . , n}, we obtainc
a∗
11

1j andc
a∗
11

2j by solving the following system:






a∗11c1j + c2j = a12c
a∗
11

1j + c
a∗
11

2j

a∗11c
′
1j + c′2j = a12c

a∗
11

1j + c
a∗
11

2j .

We find that










c
a∗
11

1j =
a∗11(c

′
1j − c1j) + c′2j − c2j

a12 − a12

c
a∗
11

2j = a∗11c
′
1j + c′2j − a12c

a∗
11

1j .

(16)

Consequently, all possible solutions for the crisp systemsA(a∗11, a12)x = b, for all a12 ∈ supp(ã12), can be
obtained using (14).

We now introduce for allj ∈ {1, . . . , n} a functionfj on supp(ã11) × supp(ã12) by, for (a11, a12) ∈
supp(ã11)× supp(ã12),

fj(a11, a12) =











fj(a11), if a12 = a12,

f ′
j(a11), if a12 = a12,

fa11

j (a12), else.

We define for allj ∈ {1, . . . , n} the fuzzy set̃xj onR by

x̃j(x) = sup{min(ã11(a11), ã12(a12)) |

(a11, a12) ∈ supp(ã11)× supp(ã12) andx = fj(a11, a12)},
(17)

(x̃j)α = [inf{x | x = fj(a11, a12) anda11 ∈ (ã11)α anda12 ∈ (ã12)α},

sup{x | x = fj(a11, a12) anda11 ∈ (ã11)α anda12 ∈ (ã12)α}]
(18)

for all x ∈ fj(supp(ã11), supp(ã12)) and
x̃j(x) = 0,

for all x ∈ R\fj(supp(ã11), supp(ã12)). Finally, we definẽxI = (x̃1, . . . , x̃n)T and we call̃xI the solution
of the system (13).

Again we see that the functionfj is monotone in both arguments. Therefore we only have to calculate by
means of the parametric functions the solution of the crisp systems obtained by all combinations of the lower
and upper limit of a certainα-level to find theα-level of the solution:

((x̃I)j)α = [min(fj((ã11)
L
α, (ã12)

L
α), fj((ã11)

U
α , (ã12)

L
α), fj((ã11)

L
α, (ã12)

U
α ), fj((ã11)

U
α , (ã12)

U
α ),

max(fj((ã11)
L
α, (ã12)

L
α), fj((ã11)

U
α , (ã12)

L
α), fj((ã11)

L
α, (ã12)

U
α ), fj((ã11)

U
α , (ã12)

U
α )]

Note 2 In [8, 9] it is shown that the total operation count for the method of Buckley and Qu, since they need

to solvem2 crispn× n systems, is equal tom
2(4n3+9n2−7n)

6

The proposed method only requires the calculation of fourn × n determinants, the solving of fourn × n
systems,2n evaluations of (11) (n for c1j andc2j , andn for c′1j andc′2j), two evaluations of (8),(m −
2)n evaluations of (16) (for eacha∗11 ∈ supp(ã11) \ {a11, a11} we have to evaluate (16)n times),m − 2
evaluations of (15) and((m−3)2+1)n evaluations of (14) (for eacha∗11 ∈ supp(ã11)\{a11, a11, mod ã11}
we have to evaluate (14)2n times, formod ã11 only n times). In other words, we have to calculate four crisp
n× n determinants, solve four crispn× n systems, evaluatem(n + 1) expressions of the kind given by (8),
(11), (15) and (16) and((m− 3)2 + 1)n expressions of the kind given by (14).
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Figure 3: Solving systems with three fuzzy coefficients

4 determinants ofn× n matrices 8n3+6n2−2n−12
3

solving4 n× n systems 8n3+18n2−14n
3

m(n + 1) expression similar to (16) m(n + 1)10
(m− 3)2 + 1 expression similar to (14) ((m− 3)2 + 1)5n

Total count: 16
3 n3 + 8n2(20m− 91

3 )n + 10m

It is easy to see that for largen andm the method described above needs explicitly less computation time
than the method of Buckley and Qu.

5.3 Systems with more than two fuzzy coefficients

For three fuzzy numbers, we can extend the procedure of Subsection 5.2 as follows. Assume we have three
fuzzy numbers̃a11, ã12 andã13 andaij andbk are crisp, for all(i, j) ∈ {1, . . . , n}2 \ {(1, 1), (1, 2), (1, 3)}
andk ∈ {1, . . . , n}.

We first fix a13 = a13 and use the method described in Subsection 5.2 to obtain the solution for all ele-
ments(a11, a12, a13) of the front face of the cube depicted in Figure 3. Then we fixa13 = a13 and we
obtain similarly the solution for all elements(a11, a12, a13) of the back face of the cube. We then fix ar-

bitrarily (a∗11, a
∗
12) ∈ supp(ã11) × supp(ã12). We construct, for allj ∈ {1, . . . , n}, a functionf

a∗
11

,a∗
12

j

with independent variablea13. We find the corresponding parameters and then define a functionfj on
supp(ã11)× supp(ã12)× supp(ã13) by

fj(a11, a12, a13) =











fj(a11, a12), if a13 = a13,

f ′
j(a11, a12), if a13 = a13,

f
a∗
11

,a∗
12

j (a13), else,

wherefj is the parametric function defined on the front face andf ′
j the parametric function defined on the

back face of the cube. Finally the solutionx̃S is given by, for allj ∈ {1, . . . , n} andx ∈ R,

x̃j(x) = sup{min(ã11(a11), ã12(a12), ã13(a13)) |

(a11, a12, a13) ∈ supp(ã11)× supp(ã12)× supp(ã13)

andx = fj(a11, a12, a13)}, (19)

if x ∈ fj(supp(ã11), supp(ã12), supp(ã13)), andx̃j(x) = 0, else.
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Figure 4: The necessary points for which the solution of the system is required (K = 3)

We see again that the parametric functions are monotone in all its arguments. Therefore we only have to
calculate the solution obtained by all combinations of the lower and the upper limits of a certainα-level. First
the parametric functions with variablea11 are obtained, i.e. the functions for(a11, a12, a13), (a11, a12, a13),
(a11, a12, a13), (a11, a12, a13) with a11 ∈ supp(ã11). With the obtained parameters the parametric functions
with variablea12 and fixeda13 (resp.a13) i.e. the functions describing the front (resp. the back) face of the
cube in Figure 4. Thereafter only the necessary parametric functions withvariablea13 i.e. the functions that
describe the lines such thatã11(a11) = ã12(a12) are calculated using the parameters of the front and back
face of the cube. At last we only have to evaluate these parametric functions in the points(a11, a12, a13) such
thatã11(a11) = ã12(a12) = ã13(a13). So we have to obtainm parametric functions for the front face (2 with
variablea11 for the upper and lower line of the rectangle andm−2 with variablea12 for a11 ∈ ]a11, a11[), m
for the back face. Furthermore for everya11 ∈ ]a11, a11[\{mod(ã11)} there are two values ofa12 for which
the parametric functions with variablea13 has to be obtained. At last we obtain the parametric functions with
variablea13 for mod(ã11) andmod(ã12). So, all together, we have to calculate 8 crispn× n determinants,
solve 8 crispn × n systems, evaluate(2m + 2(m − 3) + 1)(n + 1) expressions similar to (16), evaluate
(22(m − 3) + 1)n expressions similar to (14). In the same way, the method can be extended forK fuzzy
coefficients. The advantage is of course that one can use earlier obtained parametric functions when a crisp
coefficient in the system is replaced by a fuzzy coefficient. When the method is already applied forK fuzzy
numbers, the obtained parametric functions span a compactK-dimensional set which can then be used to
obtain the solution forK + 1 fuzzy coefficients since the method requires the parametric functions of twoof
those compactK-dimensional sets.

The total operation count of the method described in [8, 9] is equal to

=
4

3
2Kn3 + 2K+1n2 +

26

3
2Kn + 33 ∗ 2K−1 + 5 ∗ 2K−1(K(n + 1)(m− 3)−m)− 5n− 10

The total operation count for the method of Buckley and Qu, since they need to solvemK crispn×n systems

is mK(4n3+9n2−7n)
6 . For largen, K andm the method described above needs less computation time than

the method of Buckley and Qu. For example for a system of dimension3 containing3 fuzzy numbers, it is
already advantageous to work with the new method if only2 α-levels (m = 3) are considered.

In Table 1 and 2, the operation count between the method of Buckley and Quand our proposed method is
compared for a system with 8 fuzzy numbers where the dimension of the system and the number ofα-levels
is varying.

6 Combination of Guyan reduction and solving linear fuzzy systems

In the fuzzy finite element method we can benefit from both methods above. In this Section we wil discuss
four possible approaches to find the solution for the fuzzy finite element method:
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Table 1: Operation count for the proposed method (K = 8, m varying from3 to 60, n varying from2 to
1000)

n \ m 3 5 10 15 20 30 40 50 60

2 9, 52E + 03 3, 90E + 04 1, 13E + 05 1, 86E + 05 2, 60E + 05 4, 07E + 05 5, 54E + 05 7, 01E + 05 8, 49E + 05

10 3, 68E + 05 4, 79E + 05 7, 57E + 05 1, 04E + 06 1, 31E + 06 1, 87E + 06 2, 43E + 06 2, 98E + 06 3, 54E + 06

50 4, 28E + 07 4, 33E + 07 4, 46E + 07 4, 60E + 07 4, 73E + 07 4, 99E + 07 5, 25E + 07 5, 51E + 07 5, 77E + 07

100 3, 42E + 08 3, 43E + 08 3, 45E + 08 3, 48E + 08 3, 51E + 08 3, 56E + 08 3, 61E + 08 3, 66E + 08 3, 71E + 08

200 2, 73E + 09 2, 73E + 09 2, 74E + 09 2, 74E + 09 2, 75E + 09 2, 76E + 09 2, 77E + 09 2, 78E + 09 2, 79E + 09

300 9, 22E + 09 9, 22E + 09 9, 23E + 09 9, 24E + 09 9, 24E + 09 9, 26E + 09 9, 28E + 09 9, 29E + 09 9, 31E + 09

400 2, 18E + 10 2, 19E + 10 2, 19E + 10 2, 19E + 10 2, 19E + 10 2, 19E + 10 2, 19E + 10 2, 19E + 10 2, 20E + 10

500 4, 27E + 10 4, 27E + 10 4, 27E + 10 4, 27E + 10 4, 27E + 10 4, 27E + 10 4, 28E + 10 4, 28E + 10 4, 28E + 10

1000 3, 41E + 11 3, 41E + 11 3, 41E + 11 3, 41E + 11 3, 41E + 11 3, 41E + 11 3, 42E + 11 3, 42E + 11 3, 42E + 11

Table 2: Operation count for the method of Buckley and Qu (K = 8, m varying from3 to 60, n varying
from 2 to 1000)

n \ m 3 5 10 15 20 30 40 50 60

2 5, 90E + 04 3, 52E + 06 9, 00E + 08 2, 31E + 10 2, 30E + 11 5, 90E + 12 5, 90E + 13 3, 52E + 14 1, 51E + 15

10 5, 28E + 06 3, 14E + 08 8, 05E + 10 2, 06E + 12 2, 06E + 13 5, 28E + 14 5, 28E + 15 3, 14E + 16 1, 35E + 17

50 5, 71E + 08 3, 40E + 10 8, 70E + 12 2, 23E + 14 2, 23E + 15 5, 71E + 16 5, 70E + 17 3, 40E + 18 1, 46E + 19

100 4, 47E + 09 2, 66E + 11 6, 82E + 13 1, 75E + 15 1, 74E + 16 4, 47E + 17 4, 47E + 18 2, 66E + 19 1, 14E + 20

200 3, 54E + 10 2, 11E + 12 5, 39E + 14 1, 38E + 16 1, 38E + 17 3, 54E + 18 3, 53E + 19 2, 11E + 20 9, 06E + 20

300 1, 19E + 11 7, 08E + 12 1, 81E + 15 4, 65E + 16 4, 64E + 17 1, 19E + 19 1, 19E + 20 7, 08E + 20 3, 05E + 21

400 2, 82E + 11 1, 68E + 13 4, 29E + 15 1, 10E + 17 1, 10E + 18 2, 82E + 19 2, 81E + 20 1, 68E + 21 7, 21E + 21

500 5, 49E + 11 3, 27E + 13 8, 37E + 15 2, 15E + 17 2, 14E + 18 5, 49E + 19 5, 49E + 20 3, 27E + 21 1, 41E + 22

1000 4, 38E + 12 2, 61E + 14 6, 68E + 16 1, 71E + 18 1, 71E + 19 4, 38E + 20 4, 38E + 21 2, 61E + 22 1, 12E + 23

1. Solve the system analytically (see solution in Equation (3));

2. Apply static condensation on the parametric system and solve system of fuzzy equations using para-
metric functions;

3. Apply static condensation on the numerical system and solve system of fuzzy equations using para-
metric functions;

4. Solve the system without any preprocessing;

The first approach is of course the most accurate: working with the parameters has the advantage that the
dependencies between arguments of elementary operations are taken into account so no artificial uncertainty
is added as in the case of fuzzy operations. In practice however, solving the system analytically can be
very hard or only the numerical data of the system is available. When static condensation is applied on the
parametric system and thereafter the proposed method to solve systems of fuzzy equations is used(2), we
aim at as less as possible multiple appearances parameters in the system. In thecase no multiple appearance
of parameters are present in the system, there is no artificial uncertainty in the result. In practical applications
it is not always easy to condense the parametric system because for example the system is very big or only the
numerical data is available. By applying the Guyan reduction on the numericalsystem(3), the dependencies
between the arguments in the computation of the reduction are not taken into account, so artificial uncertainty
is added. But it is still avantageous to do the reduction:

• There is less artificial uncertainty added to the result than when the system issolved directly without
any preprocessing.

• The computation time of the method to solve systems of linear fuzzy equations grows exponentially
with the number of fuzzy entries in the system. In the case of a condensed system the profit on the
computation time is spectacular.

• The rounding errors also pile up when the system is bigger because earlier computed subresults are
used to obtain the results of the next level. The smaller the number of fuzzy entries, the smaller the
amount of rounding errors is.

So the biggest advantage is achieved when the Guyan reduction is applied on the parametric system. The-
reafter the condensed system is solved using parametric functions. These conclusions are confirmed by our
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Figure 5: Displacements computed after parametric condensation (11 α-levels)

problem with3 rods. The internal degrees of freedom, that can be omitted, areu1, u2, u4 andu5. Conse-
quently we have:

Ktt =





c1 + c3

4

c3

4
− c3

2
c3

4
c2 + c3

4
− c3

2

− c3

2
− c3

2
c3



 ; Kto = KT

ot
=





0 −c1 0 0
0 0 0 −c2

0 0 0 0



 ;

Koo =









2c1 −c1 0 0
−c1 2c1 0 0
0 0 2c2 −c2

0 0 −c2 2c2









.

For the reduction we have:

Got =









1

3
0 0

2

3
0 0

0 1

3
0

0 2

3
0









So the condensed parametric system is:




c1

3
+ c3

4

c3

4
− c3

2
c3

4

c2

3
+ c3

4
− c3

2

− c3

2
− c3

2
c3









u3

u6

u8



 =





0
0
F





This condensed parametric system is then solved by the method proposed in Section 5. The result, for11
α-levels is plotted in Figure 5.

In Figure 6 we make the comparison between the four proposed approaches for threeα-levels,α ∈ {0, 0.5, 1},
We see that the second approach of reducing the parametric system before solving has a little bit more un-
certainty than the exact analytical solution(1), because there are multiple appearances of parameters in the
condensed parametric system (and rounding errors in the numerical solution of the system) and in the analy-
tical solution there are no multiple appearances. On the other hand, when weapply the Guyan reduction on
the numerical system(3), there is more uncertainty due to the artificial uncertainty added during the static
condensation by ignoring dependencies between the entries of the matrices. However when the system isn’t
preprocessed(4), a lot of artificial uncertainty is added to the result and the computation time is very large.

7 Conclusion

In conclusion, the combination of the Guyan reduction and solving linear fuzzy systems using parametric
functions is very advantageous, as well as in reducing the artificial uncertainty as in reducing the computation
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Figure 6: Displacements (3 α-levels)
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time. The exact solution found by solving the system analytically isn’t possiblein real applications. The best
strategie is to reduce the parametrical system if that is possible, and then solve the system numerically with
the proposed method. If the parametrical system is unknown, Guyan reduction is still very advantageous to
apply, not only in adding less artificial uncertainty to the solution but also in saving computation time.
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Abstract  
Thin walled composite structures show fluctuations in Experimental Modal Analysis (EMA) results owing 
to variation of fibre diameters and locations, constituent properties, variation of layer thickness, etc. These 
uncertainties can often be attributed to the manufacturing process. The paper presents a novel approach for 
modelling of such random parameters spatially correlated in nature, suitable to be included in finite ele-
ment (FE) modal analysis. A Semivariogram type material property model has been introduced to predict 
the spatially distributed material property over the entire structure. Local material properties are calculated 
from statistically homogeneous Representative Volume Element (RVE). The spatial arrangement of fibres 
in the RVE is obtained by using image processing based upon measured fibre distributions in cross-
sectional samples and statistical modelling of fibre distributions. To exemplify the proposed approach in 
modal analysis, we consider a thin-walled composite aircraft panel made from carbon fibre reinforced ma-
terial.  
 
 

1 Introduction 
 
Through the years, the use of composite materials in designs has seen enormous progress. The advantage 
of composites lies in their high strength to weight ratio, good stiffness and functionality, non-corrosive 
features among others.  Especially, thin walled composite structures are sensitive in their dynamical be-
haviour to variation of parameters like fibre diameters, location of fibre centres, constituent properties, 
variation of layer thickness, etc. Thus, it appears that identical parts made of composite materials can  

 

(a) Outside view (b) Inside view (c) Microstructure(a) Outside view (b) Inside view (c) Microstructure  
Figure 1: Aircraft panel with section of microstructure of a layer (cross-sectional and longitudinal) 
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exhibit considerable differences in EMA results if being compared with one another. The cause of these 
uncertainties can often be attributed to the manufacturing process. The implication of this is - despite the 
random character – that the parameters are mostly spatially correlated in nature. The extent of departure of 
the real structural behaviour from the usual averaged or single parameter variation FE model can be sig-
nificant. The inherent uncertainties have a random field character, which cannot be reduced by any type of 
mesh refinement or higher quality elements within the FE model. To this end, we need a suitable statistical 
approach so as to generate parameter changing and the correlation between the parameters spatially dis-
tributed over the entire structure.  Such approach covers a wide range of problems, but in this article the 
emphasis will be on modal analysis in conjunction with light weight composite structures as a mean to 
obtain valid structural dynamics models.   
This paper presents a novel approach for spatially correlated simulation of parameter distribution owing 
the process of manufacturing or other causes, which is suitable to be included in FE analysis. Such de-
scriptions (generations) employed within the FE modal analysis are for example the central part of Monte-
Carlo-Methods. A Semivariogram type material property model has been introduced to predict the spa-
tially distributed material properties (like Young’s modulus, etc.) over the entire structure. The term 
“semi” will, henceforth, be dropped for sake of brevity. The computation of the Variogram parameters 
requires local material properties over a specified gird (representative area). The local material properties 
have been obtained by considering statistically homogeneous RVEs at each gird point. According to the 
random nature of the spatial arrangement of fibres, the statistically homogeneous RVEs are obtained using 
image processing based upon measured fibre distributions in cross-sectional samples and statistical model-
ling of fibre distributions. The effective material properties of the RVE have been calculated numerically 
with the help of 3D FE model and periodic boundary condition. To exemplify the proposed approach in 
modal analysis, we consider a thin-walled composite aircraft panel made from carbon fibre reinforced ma-
terial, shown in Figure 1. With the methods and procedures presented it can be demonstrated how modes 
of the panel can be calculated in modal FE analysis closer to those measured in EMA that are in disagree-
ment to pure deterministic modelling.   
 
 

2 Influence of material properties on free vibration of a composite 
       light weight structure 
 
The study about the aircraft panel, depicted in Figure 1, has been organized in a sequence to obtain all the 
necessary modal data. This is commenced by first conducting an experimental modal analysis on the panel 
to obtain the natural frequencies and mode shapes, utilized later on to check the quality of the FE model of 
the panel with deterministic and spatially distributed statistic material modelling. 
 

2.1 Experimental Modal Analysis 
 

Figure 2: Experimental set-up for modal analysis of 
the aircraft panel 
 

The experimental set-up for modal analysis 
of the composite panel is shown in Figure 2. 
The panel is suspended on thin strings to 
maintain free-free boundary conditions. A 
grid of 130 sampling points has been 
marked on the panel for measurement of 
modal data. The experiment has been con-
ducted by LMS Test.Lab software with a 
laser scanning measurement head. A shaker 
at one corner exits the panel and the re-
sponse is automatically measured at all the 
marked sampling points. For each meas-
urement the panel is exited five times and 
the average frequency response function 
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value has been taken. Once after finishing the measurement at all points, the modal parameters have been 
obtained in terms of eigenfrequencies and mode shapes. There have been 17 modes and frequencies meas-
ured. These modes are used as basis for comparison of numerical modes obtained from FE analysis. 
 

  
2.2 FE model for the global structure 
 
Finite Element Modal Analysis has been conducted with ANSYS FE package. Using this package the 
laminated composite panel has been modelled with SHELL99 elements (20 layers of 0.125 mm thickness 
and a stiffener around the window) as depicted in Figure 3. The panel is modelled under free-free bound-
ary condition for modal analysis.  
 
  

Layer stacking details of the SHELL99 element of the panel 

Figure 3: Finite element model of the panel 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.3 Modelling with spatially distributed material properties 
 
From the manufacturing process reinforced composites inevitably show deviations in microstructure from 
uniformity in fibre arrangement, sizes and directions (see for example Figure 1(c)). Owing to these varia-
tions of the microstructure we expect variations in local material properties, too. The modelling of the ma-
terial variation as a two step process will be introduced. The first step is to compute the local material be-
haviour from micro structural details and the next is to fit a spatially distributed material model for the 
entire structure. The first step requires modelling and simulation of fibre arrangement, size and volume 
fraction. Therefore, we now turn our attention to the modelling of fibre arrangement and size of unidirec-
tional (i.e. for a layer in our panel) composite microstructure.  
 
2.3.1 Simulation and validation of the microstructure 
 
In spatial statistics, the arrangement of fibre centres in cross-sections of composite lamina can be regarded 
as a Spatial Point Pattern Process [6], [16], [17], [18]. Modelling of the arrangement of fibres as spatial 
point patterns requires a suitable basis. That basis has been provided by the composites microstructure in 
form of digital images taken from cross-sectional micrographs of specimen (grinded and polished as 
shown in Figure 4). Digital image processing has been used as a tool for analyzing and applying various 
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mathematical algorithms to extract significant information from the images. The raw data from image 
analysis consists of a string of numbers for each fibre representing centroid co-ordinates, size, shape, pe-
rimeter, etc. Typically, each set will consists of data for about 500 - 1000 fibres. 
 
 
 
 

Total thickness of the panel with layers marked 

Figure 4: Panel specimens for image analysis 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Various statistical functions can be used to get 
the information from micro structural data. Based 
on these statistics we get information about the 
class (like regular, cluster and completely ran-
dom) to which the investigated spatial point pat-
terns belongs to, for different classes have differ-
ent simulation processes. The theoretical statistics 
literature contains a large number of contribu-
tions that deal with the statistics of spatial point 
patterns and quantitative descriptors that reflect 
various attributes of these patterns (see for exam-
ple [6], [16], [17], [18], [30], [31]). Distance dis-
tribution functions like Empty Space Function 
(ESF), Nearest Neighbour Distance Distribution 
Function (NNDDF), Ripley’s K Function (RKF), 
and Pair Correlation Function (PCF), respec-
tively can be employed to quantify different as-
pects of the spatial arrangement of fibre centres. 
Testing for Complete Spatial Randomness (CSR) 
is only the first step in the analysis of a Spatial 
Point Process (SPP). If CSR is rejected, the next 
obvious step is to fit some alternative model to 
the data. Departure from CSR is usually towards 
either clustering or regularity of events. For the 
investigation of unidirectional carbon fibre lay-
ers, an inhibition process has been used for the 
simulation of the composite microstructure. The 
spatial point pattern, which exhibit regularity, is a 
class of hard-core models [3], [6], [16], [23]. For 
such models, a minimum permissible distance is 

imposed. The extension of a Poisson Distribution Process (PDP) as a statistic model is the generation of n 
non-overlapping disks by hard-core model (also called Random Sequential Adsorption Model). To quan-
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7. Result: Realizations of statistically similar 
microstructure
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Figure 5: Simulation of the process of spa-
tial arrangement of fibre centres 
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tify the deviations of spatial arrangement of fibre centres from uniformity and randomness, it is necessary 
to compare the experimental spatial arrangement with that for a “uniform” distribution of fibres. Strictly 
speaking, spatial distribution of fibre centres cannot be completely random, because the fibres are of non-
zero (finite) size. The Hard Core Random Distribution (HCRD) of finite size unidirectionally aligned fi-
bres can be simulated in a straightforward manner. The NNDDF and PCFs of such simulated hard core 
random microstructure model can be calculated by averaging over a large number of realizations. The spa-
tial distribution functions of the simulated hard core random population of fibres depend significantly on 
the fibre volume fraction, number density, average size and standard deviation of the size distribution of 
fibres. 
The "seamless" montage of these contiguous micrographs has been created by "pixel by pixel matching" at 
the overlapping borders, which is shown in Figure 6. The main advantage of a montage is that a relatively 
large area of the sample at the fibre matrix scale (in this study the area of the montage is 0.03607 mm2) 
can be examined at a high magnification. Image analysis of the montage has been carried out with the help 
of MATLAB image analysis toolbox. The binary montage of the microstructure resulting from the analy-
sis is shown in Figure 7. Now each pixel in the binary image contains a value of either 0 or 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7: Binary microstructure 
montage of carbon fibre composite 

Figure 6: Microstructure montage of
carbon fibre composite panel 

 
 
Zero represents black, ‘the matrix’, and one represents white, ‘the fibre’. To obtain the useful information 
of the microstructure from the montage, we have to make some assumption about the microstructure. All 
fibres are considered as circular in cross-section, no pores or cracks are present, and the spatial arrange-
ment of the fibre is governed by a spatial random process. Perfect bonding is assumed between the fibre 
and the matrix material. A computed data vector contains the co-ordinates of centroid and the diameter of 
each fibre. These data have been used for computation of the statistical functions to observe the arrange-
ment of fibres. The centres of fibres obtained from the microstructure are regarded as a realization of spa-
tial point process. The realization has been tested for the CSR. The CSR hypothesis is rejected for the re-
alization and the results shows spatial regularity among the points. The simulation of the microstructure of 
the unidirectional lamina requires the distribution of fibre diameters. From the binary montage of the mi-
crostructure, it is noticed that the diameters of the fibres follow a normal distribution. The microstructure 
of the composite panel has been simulated using a simple sequential inhibition algorithm as a regular point 
process by rejection sampling technique. A FORTRAN program has been developed for the simulation of 
the unidirectional composite lamina microstructures of the panel. The simulated microstructure (depicted 
in Figure 8) has been validated by comparing the different statistics to show that it is statistically similar to 
the measured microstructure.  
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Figure 8: Simulated microstructure of carbon fibre composite panel 

 
 
 
The ESF of the measured and simulated realizations of the point process has been compared with the CSR 
(Poisson process). A virtual window has been created to avoid the edge effects while selecting the points 
for the computation of the ESF. Figure 9 show that the ESF of the measured realization is higher than that 
of the CSR, which represents that the realization exhibits the regularity. The ESF of the simulated realiza-
tion has been in good agreement with the ESF of the measured realization, which represents that the 
measured and simulated realizations are statistically similar. 
 
 
 

           
Figure 9: Empty Space Function     Figure 10: Nearest Neighbour Distance 

   Distribution Function 
 
 
NNDDF of the measured realization and the CSR are shown in Figure 10. The deviation between the theo-
retical and measured realization is large, from this one can say that the CSR has been rejected and the re-
alization of the point process shows regularity. The NNDDF of the simulated realization obtained from 
simple sequential inhibition process has been in good agreement with the measured realization of the point 
process at all distances of r. This represents that the measured and simulated realizations are statistically 
similar. 
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      Figure 11: Ripley’s K Function       Figure 12: Pair Correlation Function 

 
 
The RKF or the Reduced Second Moment Function (depicted in Figure 11) is one of the important statis-
tics to describe the spatial point patterns and the CSR. The deviation between them represents that the 
CSR is rejected. The RKF of the simulated realization has been in good agreement with the measured re-
alization, which proves that the measured and the simulated realizations are statistically similar. 
 
The PCF or Radial Distribution Function is shown in Figure 12. For a Poisson Process, the PCF is equal 
to 1. A value of g(r) < 1, represents spatial regularity of the realization. The PCF of the simulated realiza-
tion has been in good agreement with the measured realization, which represents that they are statistically 
similar. From the above discussion, the simulated microstructure of the composite shows statistical simi-
larity to the measured microstructure under the stated assumptions. 
 
 
 

 
                         Figure 13: Dependence of Vf  on size of RVE 
 
 
To predict the local effective material properties of the composite, the cross-section has been chosen from 
the simulated microstructure model in such a way that it fulfils the requirements of homogeneity and has 
been extended into 3-D as RVE. The RVEs should be large enough to predict the effective material prop-
erties with reasonable accuracy. One of the key elements in micromechanical analysis of composites is the 
characterization of the relative volume content of fibres Vf. In this investigation, the volume fraction of the 
fibres Vf  is the area fraction of the fibres over the cross-section of the composite (unidirectional composite 
have been assumed, having straight, long and circular fibres). At the fibre-matrix scale, the fibres are not 
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uniformly distributed in the matrix material. Figure 13 shows the dependence of V Bf B  on the sample volume 
size. The scatter of the volume fraction V BfB is high when the size of sample volume is small; the scatter de-
creases when the sample volume increases. In this case, V Bf B converges to 0.59, when the sample volume 
approaches the size (50 µm side length) containing 50 or more fibres. In the theory of homogenization, V BfB 
is the key parameter on which other properties are based. Here, the sample with at least 50 fibres contents 
is considered as RVE for further investigation of this structure. An example of such RVE with FE mesh 
can be seen in Figure 14. By using the periodic boundary conditions of the homogenization theory, the 
micromechanics problem has been solved with the help of FE analysis and the effective material proper-
ties have been computed from the constitutive equations. 
 
 

 
 
 
 
 
2.3.2 Spatially Distributed Material Property Model 
 
The material properties of the composite lamina vary with variations in the microstructure (like arrange-
ment of fibre in the cross-section and fibre diameter). This needs a type of spatially distributed material 
property model to be constructed. Thus, a Variogram type material property model will be introduced. The 
term variogram stems from the notion of intrinsic stationary assumption of the stochastic process. Con-
sider two locations specified by the vectors s and s+h as shown in Figure 15 (a). The lag vector h repre-
sents the distance between the two locations. Z(s) and Z(s+h) are random variables at the two locations s 
and s+h, respectively. According to intrinsic stationary hypothesis, the first two moments of the difference 
of the two random variables is stationary. Consequently, it is mathematically defined as follows: 
 
 

,0)]()([ =−+ sZhsZE  
).(2))()(var(]))()([( 2 hsZhsZsZhsZE γ=−+=−+   (1) 

 
 
The quantity γ(h) in Eq. (1) is only a function of h and is known as Variogram by Matheron [15]. On the 
other hand the Variogram characterizes the variability between Z(s) and Z(s+h). Applications of the 
Variograms in different fields like modelling of spatial variability of soil properties [21], the influence 
region of local morphology on thermo-mechanical response of metal matrix composites [13], spread of 

Figure 14: Representative volume element with FE mesh for a unidirectional lamina 
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diseases or other social related distributions, etc., are very common applications of Variogram theory. 
However, in mechanical engineering it is almost unknown. To gain some understanding of the Variogram 
theory we will take a glace at some basics. While a rigorous derivation of the equations of Variogram the-
ory is beyond the scope of this paper, to that purpose we refer to the literature cited at the end.                                            
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Figure 15: Sample Variogram plot 
 

 
 
A Variogram represents an inverse measure of the statistical dependency of the variables at the places s+h 
and s. In all generality, this Variogram γ(s; h) is a function of both the point s and the vector h. Typically, 
the estimation of this Variogram requires several realizations of the pair of random variable [Z(s); Z(s + 
h)]. While theoretically this might be possible, in practice, for most of the applications, only one such 
realization [Z(s); Z(s+h)] is available and these are the actual measured couple of values at points s and 
s+h. To overcome this problem, the Intrinsic Hypothesis is introduced. The implication of this hypothesis 
is that the Variogram Function 2γ(s; h) depends only on the separation vector h (modulus and direction) 
and not on the location s. It is then possible to estimate the Variogram 2γ(s; h) from the available data: an 
estimator is the arithmetic mean of the squared differences between two experimental measures Z(sBi B) and 
Z(sBj B) at any two points separated by the vector h; i.e., 
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where |N(h)| is the number of experimental pairs Z(sBi B), Z(sBj B) of data with separation distance h. The estima-
tor in Eq. (2) is called classical empirical estimator or simply a method-of-moments estimator. Note that 
the Intrinsic Hypothesis is simply the hypothesis of second-order stationarity of the differences  
[Z(s); Z(s + h)]. In physical terms, this means that, within the domain D, the structure of the variability 
between two variables Z(s) and Z(s + h) is constant and, thus, independent of location s. 
Variogram models, which satisfy the negative definiteness condition, are called the Theoretical 
Variogram Models. Various families of parametric variogram models like linear, spherical, power and ex-
ponential are available in the literature to satisfy the above conditions. A commonly used Variogram 
model is the Theoretical Spherical Variogram Model (valid in RP

d
P; d = 1, 2, 3) 
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Experimental variogram estimators, like 
classical estimator shown in Eq. (2), cannot 
be used directly for spatial prediction or 
simulation of the stochastic process. 
However, it gives some idea on how the 
model of the variogram should look like, but 
they are not necessarily conditionally nega-
tive-definite. The idea then is to search for a 
valid Variogram that, as a measure of spatial 
dependence, is closest to the spatial 
dependence present in the 
data )}(,),({ 1 nsZsZ K . The space of all 
valid Variograms is a large set over which 
one has to search, so usually a parametric 
family of Variograms will be chosen.  
The construction of Variogram type 
spatially distributed material property model 
is a two stage process.  
Stage 1: Initially, the construction of 
variogram needs a certain number of 
material property sets at some prescribed 
locations. These material property sets (say 
100 for 10 × 10 locations) has been 
generated by Monte Carlo simulation of 
statistically homogeneous RVEs and 
applying homogenization theory. 
Stage 2: With the help of the data obtained 
in stage 1, the Variogram model is fitted for 
each material property (like E B11B, E B22B, etc.). 

The unidirectional composite is assumed to be a transversely isotropic material. Transversely isotropic 
material has five independent engineering constants. For that purpose, an independent Variogram has been 
fitted for each engineering constant. These simulated material properties have been used to generate spa-
tially distributed material property for the entire structure. 
The general algorithm to construct a spatially distributed material model is given in Figure 16. In our pre-
ceding discussion of the Variogram model for spatially distributed material parameter a represen-
tative area has been used. Let us consider the labelled area “3” in Figure 17 as such representative area 
for the material properties of the entire structure. This area has been discretized into a number of elements 
and a statistically similar RVE is placed at the centre of each element. Then the Variogram models are 
fitted for each material property like longitudinal Young’s modulus, transverse Young’s modulus, etc. 
Spatially distributed material property model for the entire structure is obtained by sequentially placing the 
realizations of the RVEs as shown in Figure 17. The introduction of simulated realization of the material 
data into the FE model of the global structure (as shown in section 2.2) has been realised by element op-
tions in ANSYS FE package (SHELL99 element). 
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Figure 16: Simulation of spatially distributed material properties
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                      Figure 17: Construction of the spatially distributed material properties  
 
 
 
2.3.3 Influence of distributed Material Properties on Free Vibration of the Aircraft Panel 
 
The construction of spatially distributed material properties for the entire structure using the Variogram 
approach has been explained in the previous sections. The influence of the spatially distributed material 
properties on free vibration of the aircraft panel, shown in Figure 1, will be explained in this section. For 
that reason the natural frequencies and the mode shapes obtained from the FE analysis have been com-
pared with those measured by EMA. 
While the natural frequencies (see Figure 18) from the averaged material model and spatially distributed 
material model are in good agreement with the measured frequencies the modes are not. The MAC num-
bers (refer to Figure 19) of the spatially distributed material model are much better than those of the aver-
aged material model. The extent of departure of the usual averaged material model for some higher modes 
(15, 16 and 17, which are asymmetric) from the EMA results is illustrated in Figure 20, whereas it can be 
seen that the spatially distributed material model exhibits even all those asymmetries. Hence, it turns out 
that the FE model with inclusion of spatial uncertainties due to manufacturing process can be used effec-
tively and confidently for further structural analysis. 
 
 

    
    Figure 18: Comparison of frequencies                      Figure 19: Comparison of MAC numbers 
                                                                                                             of each paired mode 
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Averaged material model Spatial material model Experimental model 
                                        

Figure 20: Comparison of modes of the panel 
 
 
 

3 Summary – Outlook 
 
The effective material properties of the unidirectional lamina are not constant from one location to another 
because of microstructure of the lamina changes spatially caused by manufacturing process. The present 
work has been accomplished using a Variogram methodology to model the spatially distributed material 
properties. The spatially distributed material properties are modelled, simulated and implemented into the 
FE model and the influence on the free vibration characteristics have been investigated successfully. The 
analyst and the designer are assisted to model the structures in a more realistic manner by using the meth-
odologies developed and on the other hand, as an inference the tolerance limits for manufacturing process 
are obtainable.  
Other single parameter models of uncertainties like locations of loads, constrains, global geometrical pa-
rameters, etc., can be readily combined with the Variogram methodology. The Variogram approach pre-
sented in the paper holds great promise for a better prediction of the thin walled composite structures vi-
bration characteristics with its inherent uncertainties owing to manufacturing. Although results have been 
obtained only for modal analysis the idea and framework can be readily applied to other structural analysis 
problems. The drivers of this work are several: the methods and procedures provided can contribute to 
approve modelling, to support upcoming new design methods better utilising structural reserves, and to 
improve the prediction of structural and manufacturing restrictions.  In that way, it can potentially open up 
even new opportunities for model updating. Accordingly, it remains a fruitful and challenging area for 
research and development e.g., in academia as well as aerospace, automotive and other industries. 
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B. Paijmans, Katholieke Universiteit Leuven / Flanders Mechatronics Technology Center, Belgium
W. Desmet, H. Van Brussel, Katholieke Universiteit Leuven, Belgium

69

AMS2 - Control and optimisation
Session AMS2

Tracking Performances of Cascade and Sliding Mode Controllers with Application to a XY Milling
Table
Z. Jamaludin, H. Van Brussel, J. Swevers, Katholieke Universiteit Leuven, Belgium

81

Gain-scheduling control for mechatronic systems with position-dependent dynamics
B. Paijmans, Katholieke Universiteit Leuven / Flanders Mechatronics Technology Center, Belgium
W. Symens, Flanders Mechatronics Technology Center, Belgium
H. Van Brussel, J. Swevers, Katholieke Universiteit Leuven, Belgium

93

Optimal Attenuation of Known Periodic Disturbances: a Convex Control Design Approach
G. Pipeleers, B. Demeulenaere, J. De Schutter, J. Swevers, Katholieke Universiteit Leuven, Belgium

107

A new semi-active method for the damping of a piezoelectric structure
B. de Marneffe, M. Horodinca, A. Preumont, Université Libre de Bruxelles, Belgium
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A. Bracciali, Università degli Studi di Firenze, Italy
S. Cervello, Lucchini Sidermeccanica S.p.A., Italy

1001

Fractional damping Induced by a slave system attached to a master oscillator
A. Carcaterra, O. Giannini, University of Rome “La Sapienza”, Italy
A. Akay, Carnegie Mellon Unyversity, United States of America

1011

Dynamic Properties and Damping Prediction for Laminated Plates
B. Diveyev, Lviv National Polytechnic University, Ukraine
M.J. Crocker, Auburn University, United States of America

1021

Mode based prediction of vibrations in highly damped structures
K. Dovstam, Dovstam Innovation, Sweden
P. Göransson, KTH Kungliga Tekniska Högskolan, Sweden
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A. Schuhmacher, D. Tcherniak, Brüel & Kjaer Sound & Vibration Measurement A/S, Denmark

4003

An Analysis of Friction Noise
S. Smyth, H.J. Rice, Trinity College of Dublin, Ireland

4015

Reconstruction of loading forces from responses data measured in-flight
T. Uhl, K. Mendrok, AGH - University of Science and Technology, Poland

4029

Uncertainties in structural dynamics and acoustics
Session UNC

Robust design optimization for uncertain complex dynamical systems
E. Capiez-Lernout, C. Soize, University of Marne-La-Vallée, France

4041

Coupling of substructures with in-tolerance uncertain dimensions
W. D’Ambrogio, Università de L’Aquila, Italy
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4271

On the vibro-acoustic behaviour of high-speed train wheels
A. Cigada, S. Manzoni, M. Vanali, Politecnico di Milano, Italy

4283

Expanding the bandwidth of MDOF Road Reproductions
F. De Coninck, W. Desmet, P. Sas, Katholieke Universiteit Leuven, Belgium

4299

Noise sources balancing on vehicle development to improve customer satisfaction
T.C. Giorjão, E.L. Albuquerque, A.L. Cherman, Ford Motor Company, Brazil

4309

Automatic extraction of noise annoyance features from vehicle run-up sounds
K. Janssens, A. Vecchio, H. Van der Auweraer, LMS International, Belgium

4317

Test setup for tire/road noise caused by impact road excitations: first outlines
P. Kindt, F. De Coninck, P. Sas, W. Desmet, Katholieke Universiteit Leuven, Belgium

4327

Energy minimization criterion as a methodological guide to the dynamic analysis and optimization
of fully trimmed and equipped vehicles.
S. Lorea, F. Avenati Bassi, F. Tinti, Rieter Automotive Fimit, Italy

4337

Determination of Operational Modal Parameters and its applications in Engine NVH Development
Q. Luo, L. Polac, Renault SAS, France

4347

New NVH optimization procedure applied to weight reduction of an automotive engine
S. Malcuy, Renault SAS, France
S. Perrin, ANSYS France SAS, France

4357

Transmission Loss Modeling of Trimmed vehicle Components
A. Omrani, L. Mebarek, M.A. Hamdi, ESI Group, France

4373



xxxiv PROCEEDINGS OF ISMA2006

Towards a robust optimization of spot weld design in automotive structures
M. Ouisse, S. Cogan, University of Franche Comté, France
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R. Pirk, L.C.S. Góes, Aerospace Technological General Command, Brazil

4669

A boundary integral method for noise shielding analysis in non-conventional aircraft configurations
A. Randazzo, Trinity College of Dublin, Ireland
U. Iemma, University of ”Roma Tre”, Italy
H.J. Rice, Trinity College of Dublin, Ireland

4685

Vibration of a coated plate with absorbing material produced by an acoustic source. Theoretical-
experimental correlation
X. Sagartzazu, J.M. Pagalday, A. Ugarte, S. Villodas, Ikerlan S. Coop., Spain
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A new method for aircraft noise synthesis
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Abstract
This paper presents a method to synthesize aircraft noise. The method provides designers with a tool for
sound quality evaluation with which target sounds for future aircraft design can be developed. Quick and
economic evaluations concerning the quality of sounds of different design alternatives or improvements on
existing aircraft become possible. The method has the potential to become a crucial tool in the determination
of the primary factors that determine the quality of aircraft sound.

1 Introduction

The noise associated with civil aircraft operations in the vicinity of airports has been the major environmen-
tal noise problem since the late 1950s, when turbojet aircraft entered service [1]. The take-off noise of the
earliest jet aircraft, expressed in maximum A-weighted sound level, was about 20 dB greater than that of the
propeller aircraft that they replaced. The noise of the earlier jets was controlled by multiple and corrugated
nozzle schemes that shifted much of the sound energy to higher frequencies that travel less far in the atmo-
sphere. However, these devices had significant performance penalties of about 1% thrust lost per decibel
reduction. By the late 1960s, the world’s leading engine manufacturers had developed high-bypass-ratio en-
gines, which were much quieter than the earlier engines, particularly on take-off, and provided much higher
propulsion efficiency. Also, concerted government and industry research lead to the development of quieter
fans and turbines, providing a significant reduction in the pure tones that were characteristic for the earlier
turbofan engines. Aircraft noise perceived on the ground is an issue of continuously growing concern and
annoyance. In the period of 1960 to today, the effort to reduce the noise around airport continued to increase.
A lot of programs including regulations pertaining to noise limits for aircraft types, time schedules for phas-
ing older, noisy aircraft out of the fleet, detailed environmental assessment procedures, and the funding and
management of airport specific projects for the control of noise were developed. By continuously fighting
the loudest noise sources in aircraft, we reached the point where a lot of noise sources have an almost equal
loudness nowadays, this in contrast with the situation 40 years ago. Fan, turbine, compressor, jet noise and
aerodynamic noise due to flows around the body of the aircraft can all be dominant depending on the mode
of operation. To achieve a noise reduction noticeable by humans on the ground, several of these sources have
to be reduced simultaneously. The fact that technological break-through is needed in several different areas
at the same time causes pessimistic predictions about future achievable noise reductions of the total noise
of passenger aircraft. Efforts to reduce the annoyance caused by aircraft noise, should nowadays focuss on
improving the quality of the produced sound, rather than on lowering the sound levels only. The quality of
the total produced aircraft noise can be improved by the modification of single noise sources; nowadays this
is in contrast with the sound levels of the total sound which can only be lowered by the concurrent abatement
of several noise sources.

The human perception of sound is a complex mechanism, with an impressive sensitivity and dynamic
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range [2]. The human hearing is not equally sensitive to all frequencies, it is most sensitive to frequen-
cies around 4 kHz. Humans perceive broadband noise by dividing the frequency axis in bands. Researcher
developed different types of bands to imitate and describe the functioning of the human hearing. Complete
octave bands are frequency bands of which the central frequency equals the double of the central frequency
of the previous band. Third octave bands are partial octave bands, the ratio between two successive central
frequencies being 21/3. Third octave bands describe quite well the human hearing and are used in this re-
search. When hearing broadband noise without dominant frequencies, the human ear perceives the central
frequencies of all covered third octave bands. Several effects like masking, sensitivity, expectation pattern,
mood. . . make the human hearing far more complex. Masking is a phenomenon that occurs frequently and,
in hearing, it is generally defined as the interference with the perception of one sound (the signal) by another
sound (the masker) [2]. The interference may decrease the loudness of the signal, may make a given change
in the signal less discriminable, or may make the signal inaudible. Despite the current knowledge about the
human hearing, the human perception of sound is still too complex to be understood as adequately as needed
for accurate predictions of perceived sound quality in different circumstances by the present state-of-the-art.
Not only loudness, but several other noise characteristics like roughness, tonality, sharpness determine this
subjective sound quality perception. Today researchers infer the quality of a sound by a jury of listeners
that evaluates the sound subjectively. Different attempts have been undertaken to infer perception-relevant
metrics from a sound fragment, but at present these metrics don’t succeed in reflecting the complete human
sound quality perception. These metrics are however useful to determine specific aspects of sound quality
like roughness, tonality, sharpness. . . .

This paper presents a synthesis method for aircraft sound. The method allows to quantify the subjective
human perception of aircraft noise by performing jury tests with well chosen synthesized sounds. Section 2
formulates the objectives of the performed research. This is followed by a section that gives a description
of the time-frequency spectrum of modern passenger aircraft sounds. Section 4 discusses the developed
synthesis method and the next section presents the validation of this method. Section 6 provides some
concluding remarks. This research makes use of aircraft noise fragments recorded within the framework of
the European FP6-STReP project SEFA (Sound Engineering for Aircraft). This project aims at developing
methods for sound synthesis of aircraft noise and models of human perception of noise annoyance that will
help aircraft engineers to enhance the sound design of modern aircrafts.

The analysis of an aircraft design with respect to its sound quality is a very expensive and time-consuming
proces. Since aircraft sound is produced by several different sources that are almost equally loud nowadays,
the designer should be able to evaluate the influence of each individual source in several conditions in a fast
and affordable way. Up to now, it is difficult to assess the impact of the improvement of one source on the
quality of the total produced aircraft noise in different conditions. Several examples exist where changes to
aircraft in the scope of noise reduction missed their effect completely due to a misjudgement of the impact on
the total produced noise. Since sound quality is not yet described as adequately as needed by sound metrics,
real hearing sensations seem to be necessary to compare the sound quality of different designs and hence,
a sound synthesis method is an essential tool. Design decisions shouldn’t be based on metrics or figures
any longer, but on the aurelization of the sound produced by each new design, with a focus on the sound
produced during take-off and approach because of the huge annoyance caused during these phases. Existing
techniques are not able to do this and have the shortcoming that a lot of technical knowledge is needed to
interpret metrics and figures in order to form proper conclusions about sound quality.

2 OBJECTIVES

The main objective of this research was the development of a synthesis method for aircraft noise up to a level
where humans can no longer hear differences between a measured sound and its synthesized counterpart.
The envisaged aircraft are all aircraft types in the fleet of civil aviation anno 2005. Since the origin of almost
all components present in aircraft noise is quite easy to determine nowadays, the designer should be able to

4258 PROCEEDINGS OF ISMA2006



carry out specific modifications to all desired noise sources to simulate a physical change of the concordant
sound source in an existing aircraft or in a design alternative. In this way it should be possible to weigh
several design alternatives or modifications to existing aircraft. It should be possible for the designer, for
instance, to modify all tonal components in turbine noise to simulate what would happen if the turbine is less
noisy, contains less high-frequency components, has a lower sharpness, etc. As a result, designers should be
able to aim already at the beginning of the aircraft design towards a certain target sound of high quality. This
will accelerate the design cycle and make thorough design modifications affordable as they can be performed
already at the design stage. A synthesis method should facilitate the comparison and evaluation of several
changes to existing aircraft or new designs in a quick and affordable way by performing a virtual simulation
instead of an expensive and time consuming change on real aircraft. In addition, it should be possible to
determine the ’average perceived sound quality by citizens’ by jury testing.

3 AIRCRAFT SOUND SPECTRA

This section analyses the spectral content of recorded aircraft noise fragments of different aircraft, represen-
tative for the fleet of passenger aircraft in the year 2005. The actual method to synthesize aircraft sounds
starts from these recorded fragments and is explained in section 4. Different types of passenger aircraft have
been studied, mainly aircraft with jet engines but also some smaller propeller driven aircraft. Both take-off
and approach events are captured and the noise recordings are made according to annex 16 of the Inter-
national Civil Aviation Organization (ICAO) convention. The sample frequency used to record the sound
pressure is 44.1 kHz, the microphone positions and heights (1.2 m above ground level) are taken according
to the standards [7].

Figure 1 shows a typical time-frequency spectrum of aircraft noise, measured during take-off. This spectrum
shows the evolution of the distribution of energy in the sound across frequency. Figure 1 is obtained by
consecutive Hanning windowed discrete Fourier transforms (DFT) on short fragments of the recorded aircraft
noise [8]. The Hanning window is used to diminish the end effects in the DFT calculation. Each time-
frequency spectrum is achieved by executing successive DFT’s. The frequency resolution is chosen to be
3 Hz so the fragments are all 1/3 s long, overlapping fragments are used in this research. Only the most
relevant part of the frequency axis is shown.

As a consequence of using the DFT, the energy distribution across frequency is considered to be constant
within the duration of each fragment. Although this is not entirely correct, the introduced error will be small
because the fragments used here are short enough not to contain huge variations in the sound. Note that the
upper and lower limits of the plotted dB scales are not taken constant throughout the various time-frequency
spectra in this paper for the sake of clarity. Figure 1 reveals the three major components in ground-perceived
aircraft noise: broadband noise, some tonal components and an interference pattern. Although the latter
isn’t really a kind of noise source but rather the result of interference between direct and reflected noise, it
is treated nevertheless as a different ’component’ in the synthesis method. In this figure, the aircraft passes
the microphone at around the twentieth second, corresponding with the bending points in the interference
valleys and in the tonal components.

Broadband noise arises a.o. from the combustion chamber during the combustion process, from the turbu-
lence in the jet of the engines and from air flow around the body of the aircraft.

Tonal components are mainly caused by several noise sources in the engine such as the turbine, the compres-
sor and the fan. Moreover, they can arise from flows over cavities and over non-aerodynamic components of
the aircraft (e.g. flows over the cavity where the landing gear is stored during flight and flows around the flaps
on the wings). Sometimes the tonal components don’t show up in a narrow frequency region as in figure 1,
but seem to be rather smeared out over a larger frequency interval in the time-frequency spectrum. This can
occur for example when two tonal components with closely related frequencies exist (e.g. sources in left vs.
right engine) or when the frequency of the source is changing fast around some average frequency. Figure 2
shows an example of a recorded noise with two closely spaced tonal components, one from the left engine
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Figure 1: Time-frequency spectrum of aircraft noise measured during take-off, sound pressure
level dB (re. 2 · 10−5 Pa)

and one from the right engine. In figure 2 the tonal components cover only an interval width of 40 Hz but
sometimes this width can be well over 200 Hz. Human hearing isn’t always able to distinguish two closely
spaced components from each other and several psycho-acoustic effects may occur. Very often, the listener
has the impression to hear one frequency modulated tone instead of two distinct tones with nearly the same
frequency.

The interference pattern in figure 1 is due to the fact that the recording microphone isn’t positioned at ground
level, but at 1.2 m above this level. The time delay between the indirect noise that first reflects on the ground
and then impinges on the microphone and the noise which impinges directly on the microphone results in an
interference pattern. The time and frequency dependence of the interference pattern can be explained by the
reflection characteristics of the ground and the trajectory of the aircraft. Some huge aircraft develop a specific
kind of tonal components. During high load conditions of the engine, i.e. primarily at take-off, shock waves
develop at the front of the fan blades when conditions of supersonic tip speeds occur. Each pressure wave
has the shape of a saw tooth and the produced tonal components with a very characteristic noise are therefore
called buzz saw components [4]. ’Buzz saw’ is an effect that develops because the produced pressure waves
impinge on the engine inlet, resulting in a clear directivity towards the front of the aircraft. Figure 3 shows
how this phenomenon is visible in a time-frequency spectrum of recorded noise originating from a huge
aircraft during take-off. A discrete tone at the rotational speed of the axis and several of its harmonics arise
in the spectrum. Besides the buzz saw components, also 2 conventional tonal components and an interference
pattern are clearly visible in figure 3.

The fact that the frequency spacing between the buzz saw components (approximately 100 Hz in figure 3) is
sometimes rather small requires a slightly different synthesis strategy as compared to the synthesis of other
tonal components, see section 4. Because of the pronounced directivity of this noise, these components are
only audible when the aircraft approaches the (ground) observer. As soon as the aircraft passes the observer,
this is approximately from the twentieth second in figure 3, the components are no longer perceived and
disappear in the time-frequency spectrum. The impact of buzz saw components on sound quality is clearly
distinctive from the impact of conventional tonal components. Literature already revealed that buzz saw is
very annoying for passengers inside the aircraft [4]; future research can reveal the influence of buzzsaw on
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Figure 2: Recorded time-frequency spectrum that exhibits two tonal components with closely
related frequencies, sound pressure level dB (re. 2 · 10−5 Pa)

the quality of the sound heard on the ground, by means of the developed synthesis method.

4 SYNTHESIS METHOD

The developed synthesis method always starts from recorded aircraft noise fragments. The impact of per-
forming modifications to aircraft on the noise produced by the aircraft can be studied by this method and
a target sound for future aircraft development can be defined. The synthesis method starts from recorded
aircraft noise fragments. All fragments used here are recorded according to annex 16 of the International
Civil Aviation Organization (ICAO) convention. The noise is sampled at 44.1 kHz and all microphones are
positioned 1.2 m above ground level. To reach a synthetic aircraft sound which cannot be distinguished from
a real recorded sound, it was found necessary to reconstruct all tonal components, broadband noise and the
interference pattern up to about 10 kHz. Although humans can hear noise up to approximately 20 kHz, the
10 kHz threshold appeared to be sufficient for a good synthesis of aircraft noise as perceived heard on the
ground due to several masking effects that occur and the fact that there is almost no energy left in the sound
above 10 kHz. This section explains how each component has been synthesized. The synthesis of tonal com-
ponents and broadband noise is explained first, followed by a description of the modeling of the interference
pattern.

4.1 Tonal components

To obtain a correct synthesis of a tonal component, both the frequency and the amplitude have to be re-
constructed correctly in function of time. Special care must be taken in cases of smearing of the tonal
components over more than 10 Hz.

As can be seen in figures 1 and 3, all tonal components exhibit a curved shape in the time-frequency spectrum.
This curve shaping is introduced by the Doppler effect. In the Doppler formula (see eq. 1), fo is the frequency
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Figure 3: Time-frequency spectrum exhibiting the buzzsaw effect, recorded during take-off, sound
pressure level dB (re. 2 · 10−5 Pa)

in Hz measured at the position of the observer, fb is the broadcasted frequency in Hz, c is the speed of sound
in the propagation medium in m/s and cso is the speed of the source in the direction of the observer in m/s.
As long as the aircraft is approaching the observer (i.e. before the twentieth second in figures 1 and 3), a
higher frequency with regard to the actual broadcasted frequency of the source is perceived. After passing
the observer however (i.e. cso < 0 ), a lower frequency is observed.

fo = fb · c

c− cso
(1)

Equation 1 cannot be used directly to calculate the Doppler shift in the envisaged synthesis since the speed
of the aircraft towards the observer (i.e. the microphone here) isn’t known in practice. In the implementation
used here, the user describes the frequency vs. time behaviour of one tonal component by indicating some
points of the component in the time-frequency spectrum. By performing a lowpass interpolation, the time-
frequency behaviour of the tonal component is inferred from the points indicated by the user. The obtained
curve is then corrected based on available information in the time-frequency spectrum and the corrected
curve is used for further synthesis. The speed of the aircraft towards the observer in function of time is
inferred from this curve by using the Doppler formula, eq. 1. After indicating the behaviour of this first tonal
component in the time-frequency spectrum, the user indicates one additional point for each additional visible
tonal component in the spectrum. Tonal components that are not visible in the time-frequency spectrum are
not considered because it is assumed that those components do not contain enough energy to be perceived
by a human observer. This assumption didn’t lead to any audible inaccuracies in the synthetic sounds so
far. The time-frequency pattern of each additional tonal component is then calculated starting from this
additional point, the Doppler formula (eq. 1) and the previously derived frequency vs. time behaviour of
the first tonal component which determines the evolution of the speed of the aircraft in the direction of the
microphone.

Once the frequency vs. time behaviour of each visible tonal component is known, the amplitude of each tonal
component can be estimated. The evolution of the amplitude in function of time is not only important for

4262 PROCEEDINGS OF ISMA2006



the loudness perceived by a listener; also for example the amplitude rate of change determines the perceived
roughness. Using the DFT has the disadvantage that the time evolution of a non-stationary signal cannot
be covered. To estimate the amplitude of the tonal components though, the DFT was used despite this
shortcoming. The amplitude of every tonal component is estimated after a frequency dependent time interval,
namely every 20 periods of the signal. The DFT is calculated on a 20 period fragment of the sound which
means that only a poor frequency resolution, dependent on the previously derived frequency of the tonal
component at that time, can be achieved. In practice, instead of calculating all values of the DFT, the DFT
is only evaluated for the interval which contains the frequency of the tonal component at that time, to speed
up the computation since the amplitudes at the other frequencies are not used. The amplitude of the tonal
component at a particular time is considered equal to the modulus of the DFT in the frequency interval where
the component lies at that time. These energy-based calculations give only an indication of the amplitude,
not a fully correct value because the results are (1) function of the frequency resolution, (2) are DFT based
while the signal is not stationary, (3) are erroneous if neighboring broadband frequencies are playing a
non-negligible role in the energy calculations. Because the amplitude can only be estimated and cannot be
calculated exactly, an additional correction factor is introduced. The value of the correction factor at each
discrete time step is found by dividing the energy of the tonal component in the recorded noise by the energy
of the synthesized tone. The width of the tones along the frequency axis varies in time and plays an important
role in the energy calculations. The correction factor is limited between 0.2 and 1.2 and the amplitude of the
tone is finally found as the product of the amplitude before correction and the limited correction factor.

Because the time variation in the time-sequence of these components isn’t very accurate yet after these steps,
each value of the estimated amplitude is replaced by the average of its own value and its adjacent values. The
average of only 3 values is used as this proved to give the best results during some trial and error tests [8]. The
use of more values in the average causes less time variations and a sound that corresponds less with reality.
The final synthesis of the tonal component is done as a sinus with time varying amplitude and frequency.

Buzz saw components are synthesized in a very similar way compared to the above discussed ’conventional’
tonal components. Because of the small spacing between the buzz saw components however, the risk of
cross-talking appears, i.e. the amplitude estimation of a buzz saw component can be wrongly influenced by
some of its neighbouring buzz saw components. The higher frequency resolution needed for the estimation
of the amplitude can only be reached by considering longer fragments. This is why 100 periods instead of
20 periods are used for the amplitude estimation of the buzz saw components and the amplitude is only esti-
mated every 100 periods. Further extension of the fragments isn’t advisable since the noise is not stationary.
Fortunately, buzz saw noise is very tonal and it has been observed that it is not that critical to determine fast
amplitude fluctuations of these components [8].

When a tonal component is smeared out over a frequency interval larger than 10 Hz, an additional operation is
executed to simulate this smearing. Different techniques, like e.g. adding sine signals of various frequencies
have been tried, but finally adding white noise up to 100 Hz came out as the best solution for an adequate
synthesis. The amplitude of the added noise determines the width of the smearing and this can be adapted for
each individual component to achieve the best results. In the future also the 100 Hz threshold can be adapted
to achieve even better results; this was however not further evaluated here because of the already satisfying
results for all noise fragments considered in this research.

4.2 Broadband noise

Broadband noise is synthesized in third-octave bands because of the analogy with the human hearing system.
To be able to synthesize the broadband noise, only the amplitude in function of time has to be known for
each frequency band, the covered frequencies are determined by the limits of each third-octave band consid-
ered. Although humans are able to perceive sounds up to 20 kHz, only the bands up to 10 kHz have been
synthesized. This threshold appeared to be sufficient since there are a lot of masking effects in aircraft noise
and since there is almost no energy left in aircraft noise above 10 kHz. In practice the synthesis happens
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from 35.5 Hz up to 11.220 Hz, because these are the lower, respectively, upper limits of the 40 Hz and the
10 kHz third octave bands.

The amplitude of the broadband noise in each third-octave band in function of time is determined based
on the average energy that remains in each band after removing all tonal components from that band. This
average value is scaled with the ratio of the total number of spectral lines in the band and the number of
spectral lines in the band not covered by a tonal component to estimate the total broadband energy in that
complete band at that instant in time. The energy on frequencies equal to the frequency of a tonal component
cannot be used in the average because it is impossible to distinguish how much of the energy belongs to
the tonal component and how much of the energy belongs to the broadband noise. The synthesis of the
broadband noise is accomplished by filtering white noise with the correct band pass filters and shaping the
amplitude of the signal in function of time. Butterworth filters are used to perform the filtering because of
the smooth characteristics of these filters and the flat magnitude response in the pass band [8]. Finally, all
third-octave band syntheses are summed together to reach the total sound synthesis of the broadband noise.

4.3 interference pattern

Interference is the effect that occurs when two waves that travel trough a medium interact with each other.
The interference observed in the recorded aircraft noise arises from the combination of a direct and a reflected
wave. Smith [9] showed that the interference pattern in these sounds is caused by reflections on the ground.
In his test set-up, aircraft sounds were measured with several microphones placed at different heights above
the ground. Formula 2 and 3 indicate the frequencies in Hz at which constructive, respectively, destructive
interference occurs. In both formula, c is the speed of sound in the propagation medium in m

s and ∆l is the
path length difference between the direct and the reflected sound in m.

fcon,j = j · c

∆l
with j = 1, 2, 3, ... (2)

fdes,k = (
1
2

+ k) · c

∆l
with k = 0, 1, 2, 3, ... (3)

Figures 1 and 3 show both the time and frequency dependence of the interference pattern. To be able to
resynthesize the interference pattern, the time delay of the reflected sound with respect to the direct sound
in function of time has to be known. In addition, information about the reflection characteristics of the
reflecting ground is needed. This research aims at developing a method that does not require additional
measurements besides noise measurements. The synthesis method makes reasonable assumptions about
reflection characteristics of the ground and tries to infer all other information that is needed out of the time-
frequency spectrum of the recorded noise.

All noise fragments used here are recorded with microphones that are placed 1.2 m above the ground and
all aircraft pass almost right above the microphones. The required time delay is inferred from the time
vs. frequency behaviour of one interference valley in the time-frequency spectrum. In the implementation
used here, the designer indicates the behaviour of one interference valley by indicating some points of that
valley. A polynomial of order 15 is fitted through the indicated points and this polynomial is used for further
synthesis. The ground curve of the interference pattern (with k = 0 in formula 3) is inferred from this
polynomial, with the knowledge that the microphone is positioned 1.2 m above ground level and the fact
that all aircraft pass almost right above the microphone. This means fdes,0 ≈ (1

2 + 0) · 343
2.4 = 71.5 Hz at

flyover because the path length difference at flyover is about 2.4 m (twice the height of the microphone).
Formula 3 gives an easy way to calculate the path length difference in function of time when the frequency
of a destructive interference valley in function of time is known. The time delay of the sound that is reflected
on the ground vs. the sound that is directly impinging on the microphone is then calculated by dividing this
time dependent path length difference by the speed of sound in the propagation medium.
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Figure 4: Frequency weighting factors for synthesis of the interference pattern. ——– weighting
for the part of the sound where interference is modeled. - - - - weighting for the part of the sound
where no interference is modeled.

Figures 1 and 3 show that the interference pattern is no longer visible at higher frequencies due to the ab-
sorption characteristics of the air and the ground. It became clear throughout the research that the frequency
dependence of the interference pattern is not that critical to get a good sound synthesis [8]. The modeling
of the frequency dependence of the interference pattern is nevertheless performed to reach visual agreement
of the time-frequency spectra of the measured and synthesized sounds on top of the aimed auditive agree-
ment. Most of the time no difference between the sounds with and without the modeling of this frequency
dependance was heard by the listeners however. The time dependence on the other hand is more critical and
cannot be neglected for good sound synthesis.
Both the frequency up to where the interference pattern is clearly visible and the frequency from where the
interference pattern disappears in the time-frequency spectrum are indicated by the user. Inbetween those
frequencies a transition region for the interference pattern is assumed. The synthesis method divides the sum
of the synthesized broadband sound and all syntheses of tonal components into two parts: a low-frequency
part where interference is modeled and a high-frequency part were no interference modeling happens. The
frequency variation of the reflection coefficient is modeled by the two simple weighting functions, shown in
figure 4. The dashed line is the weighting for the part of the sound where no interference exists, while the
solid line shows the weighting for the part of the sound for which interference will be modeled. The sum of
both weighting functions is always one, so that after modeling the interference pattern, both syntheses can
be summed together.

Usually, both weighting functions are applied on the sum of all broadband syntheses and syntheses of all
tonal components. Here, only the broadband noise is used to illustrate the weighting. Figure 5 shows the
time-frequency spectrum of the broadband noise synthesis on which the dashed weighting of figure 4 was
performed. On this part of the sound, no interference pattern is modeled. Figure 6 shows on the other hand
the same broadband synthesis, now weighted with the solid line of figure 4. On this part of the sound, an
interference pattern will be modeled by using a time dependent reflection coefficient and the time delay
derived earlier. The time dependence of the reflection coefficient is caused by the movement of the aircraft
with respect to the microphone. The reflection coefficient depends on the angle of incidence, which changes
continuously over time by the movement of the aircraft. It can be noticed that no interference is modeled yet
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Figure 5: Example of a part of broadband noise on which no interference will be modeled, sound
pressure level dB (re. 2 · 10−5 Pa).

in figure 6 which serves only as the starting point for the interference modeling. The low-frequency pattern
similar to the interference pattern arises in the broadband spectrum because the third octave bands are very
narrow in this low-frequency region.

The time dependency of the reflection coefficient is assumed to behave like a Hanning curve. In this research,
no measurements of the reflection coefficient were made, but good syntheses were achieved by assuming a
Hanning shaped time dependence of the reflection coefficient. The variation of the reflection coefficient is
modeled by using two half Hanning curves. The use of two half Hanning curves instead of one Hanning
curve is needed because the flyover point is not always in the middle of the recorded noise fragment so
that one symmetric Hanning curve cannot always be used. The reflection coefficient used in the developed
synthesis method has a shape as shown in figure 7. Both the time and frequency dependence are clearly
visible.

To synthesize the interference pattern on the part of the sound shown in figure 6, half the sound is assumed
to reach the microphone in a direct way and the other half is assumed to first reflect on the ground. Multiple
reflections together with reflections on other obstacles besides the ground are not considered in this synthesis.

The part of the sound on which interference occurs needs both a synthesis for the reflected sound and a
synthesis for the direct sound. The interference pattern is synthesized by using both sounds and the time
delay derived earlier. The reflected sound is achieved by weighting half the broadband signal with the
reflection coefficient shown in figure 7. The direct sound is synthesized by dividing the solid line weighted
broadband noise by two.

After applying the earlier derived time delay by the use of a time delay filter, the direct and the reflected
signals are summed together. The root mean square (RMS) of this summed signal is made equal to the RMS
of the measured signal to reach the final sound synthesis.

4266 PROCEEDINGS OF ISMA2006



Figure 6: Example of a part of the broadband noise on which interference will be modeled, sound
pressure level dB (re. 2 · 10−5 Pa).

Figure 7: Assumed behaviour of the reflection coefficient (both time (varying reflection angle
because of movement of the aircraft) and frequency dependent).
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5 VALIDATION

During the execution of the above mentioned SEFA project, researchers measured the noise of 87 events
of 45 different types of passenger aircraft. The measurements took place in Germany during 3 succesive
days in August 2004. The recordings include the noise of 50 take-offs, 34 approaches and 3 fly-overs. All
fragments are recorded according to annex 16 of the International Civil Aviation Organization convention.
The validation of the developed synthesis method is executed by using 12 of these measured aircraft noise
fragments that are representative for the diversity in the fleet of passenger aircraft in the year 2005. The
group of 12 fragments was chosen by a team of 8 international experts, with the purpose of aircraft noise
synthetization. Within the SEFA project, there exist strict agreements not to mention the names of the aircraft
and hence all sounds are numbered.

After decomposition of the noise into its different components, no changes were made to any component
to be able to validate the synthesis method itself. The decomposition was immediately followed by resyn-
thesis of the total sound. In case of a perfect synthesis method, no difference between the original and the
resynthesized noise can be observed. This presumption is evaluated by a jury of listeners. Ref. [10] in-
dicates that a jury should consist of 20 to 50 persons. Here the jury consists of 23 listeners between 16
years old and 55 years old, all with normal hearing. Because the human brain is not able to accurately
remember sounds longer than a few seconds, both the measured and the synthesized aircraft sounds have
been divided into sections of 5 seconds. The jury has been asked to compare the synthesized fragment of
5 seconds with the appropriate section in the measured sound. Each listener had to give his appreciation
with one of the following answers: totally different (TD), different (D), slightly different (SD) or similar
(S). The instruction was to only use the score S (similar) in the case that absolutely no difference could be
heard between the signals. Headphones were used in the test, since they are generally cable of reproducing
aircraft noise with lower distortion, over a wider frequency range, and at higher intensity levels than are most
loudspeaker systems [11]. All members of the jury did the test independent of each other and could listen
to the sounds as much as wanted to form a final conclusion. In this first test, 71 fragments of 5 seconds are
compared with the corresponding fragment in the measured sound. In total, the jury of 23 persons answered
3 times TD, 102 times D, 503 times SD and 1025 times S, as table 1 indicates. Although those scores are
not that bad, further examination revealed that the scores of this first validation test are heavily biased by the
sound of a propeller driven aircraft (sounds 3 & 4) which was not adequately synthesized. The very rough,
low-frequency propeller noise needs further research in order to achieve a good synthesis for this kind of
aircraft noise. Beside this roughness, another reason why propeller noise is not adequately synthesized is
the fact that the very-low-frequency tonal components are often embedded in the interference pattern in the
time-frequency spectrum, so that both amplitude and frequency determination are harder to accomplish. For
those very-low-frequency components it is possible that a good sound synthesis cannot be reached without
additional measurements. Another shortcoming of this first synthesis results is that all sounds used in this
first evaluation test were only synthesized up to 7079 Hz. The reason for this is that all noise fragments that
were used for initial development of the synthesis method had no significant amount of energy above 7000
Hz. However 4 out of the 12 sounds that are used in this first validation test did contain a significant amount
of energy between 7000 Hz and 10.000 Hz and most of the D (different) scores were due to these 4 sounds
and the propeller sound. A new short jury test with sound syntheses up to 11.220 Hz showed that the actual
scores of similarity between the 4 synthesized sounds and its measured counterparts can be highly improved
compared to the results of the first test, without changing the basics of the synthesis method.

6 conclusions

Based on the performed validation test, the conclusion can be drawn that the developed synthesis method
is adequate for all jet engine aircraft in the fleet of passenger aircraft anno 2005. The presented synthesis
method is not able to achieve adequate syntheses for propeller noise. Additional research is needed to achieve
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S SD D TD
sound 1 75 54 9 0
sound 2 57 49 9 0
sound 3 70 43 23 2
sound 4 89 36 13 0
sound 5 96 36 5 1
sound 6 86 46 6 0
sound 7 75 54 9 0
sound 8 84 46 8 0
sound 9 102 32 4 0

sound 10 92 35 11 0
sound 11 104 32 2 0
sound 12 95 40 9 0

total 1025 503 102 3
total (%) 62.77 % 30.80 % 6.25 % 0.18 %

total w/o propeller (3 & 4) 866 424 66 1
total w/o propeller (3 & 4) (%) 63.82 % 31.24 % 4.86 % 0.07 %

Table 1: Answers of the jury of 23 persons for the 12 selected sounds (71 fragments).

this goal. The very specific buzz-saw noise is adequately synthesized and the validations show that the use of
complex frequency-dependant ground reflection coefficients is not necessary. The presented method seems
adequate and more efficient. The developed sound synthesis method allows to evaluate the influence of
different noise sources on the perceived quality of aircraft noise.

The developed sound synthesis method creates the opportunity to check the influence of different noise
sources on the quality of aircraft noise. From the results of jury tests, the engineer can carry out specific
changes to an existing aircraft, based on the knowledge of the effect of these changes on the quality of the
produced noise. In this way, a cheap method is developed to evaluate a lot of possible design alternatives
and a target sound for future aircraft design can be developed. The new aircraft sounds will not necessarily
be more quiet as compared to aircraft sound nowadays, but the quality of the sound will/should improve.
Although the synthesis method has been developed for aircraft noise, it should be possible to extend the
method also to other forms of transportation noise and even to industrial noise sources.
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Abstract 
 
This article presents an experimental approach to estimate the dynamic loads (spindle loads)at wheel 
centre of an automotive vehicle in operational conditions. In a first step, these dynamic loads (including 
forces and moments) are estimated using an inverse method. In a second step, the contribution of these 
loads to internal noise is assessed by combining them with vibro-acoustic transfer functions. 
The methodology relies on operational measurements (accelerations measured on the spindle) and transfer 
functions measurements (matrices relating the forces and moments at the wheel centre to the accelerations 
on the spindle, and to the pressure levels inside the vehicle). The measurements are carried on a Citroën 
C3 vehicle, for different rolling conditions (tyre-wheel couple, speed, road roughness). 
Three forces and two moments are obtained in the frequency range 50-500 Hz, simultaneously on two 
wheels. Two techniques are assessed for the force estimation : a preliminary decomposition in principal 
components improves considerably the results quality, by suppressing most of the measurement noise 
contained in the operational responses. One obtains a good reconstruction of noise levels inside the 
vehicle, with some punctual overestimations. These calculations emphasize the strong contribution of the 
moment excitations to the internal noise levels. 
 
 

1 Introduction 
 
The objective of this work is to assess experimentally on a vehicle the dynamic load at the wheel centre (3 
forces and torques), in the frequency range 50-500 Hz. These dynamic loads are assessed simultaneously 
on the left forward wheel and the right backward wheel of the vehicle. In a second step these force are 
combined with vibro-acoustic transfer functions to estimate their contribution to the noise inside the 
vehicle.  
To calculate the forces an inverse method is used, in which a matrix of measured accelerances is inverted 
at each frequency and used with the operational acceleration data to find the dynamic loads. These loads 
are a priori partly correlated. Their calculation can be organised in two ways (« non coherent field 
method » or « Principal Component Analysis »). These two techniques are detailed in section 2. 
Section 3 presents an experimental indirect procedure, which allows to determine the accelerance matrix 
at “wheel centre” (matrix relating the spindle accelerations to the forces and moments at wheel centre). A 
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selection of the best sensor locations is carried out, in order to limit the number of acquisition channels for 
the measurements in operating conditions (when rolling), while keeping an acceptable conditioning of the 
accelerance matrix. 
Finally, the section 4 presents the results obtained when rolling (calculated loads, noise reconstruction 
calculations of the internal pressure levels). Four wheel configurations (wheel + tyre) were tested in 
rolling conditions, on a Citroën C3 vehicle, for different types of road surfaces and different stable speeds. 
 
 

2 Inverse method : case of uncorrelated sources 
 

2.1 Method 1 : non coherent field [1-5] 
 
The forces components at wheel centre are partly correlated, because of the random nature of road surface. 
For a partly correlated vibration field, an inverse method based on the measurement of the cross-spectra 
matrix of vibration responses can be used. For a linear mechanical system with m inputs (forces applied on 
the vehicle) and n outputs (accelerations observation points), the cross-spectra matrixes of vibratory 
responses [ ]aaG  and forces [ ]FFG  are related by :  

[ ] [ ] [ ] [ ]H
aa FFnn nm mm mn

G H G H=
 (1) 

where [ ]nm
H  is the accelerance matrix relating the vibration response to the forces ; this matrix is usually 

rectangular. [ ]H  denotes the Hermitian transpose of a matrix. 
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 (2) 

 
If [ ]aaG  and [ ]H  are known from measurements, then the cross-spectra matrix of excitation forces can be 
obtained with : 

[ ] [ ] [ ][ ] ++= H
aaFF HGHG

 (3) 

where [ ]mn
H +

 denotes the pseudo-inverse matrix of [ ]nm
H . This matrix can be calculated using 

regularisation techniques (for example singular value rejection with a relative or an absolute threshold [3-
4]). 
 

This method is applied for partly correlated sources, because of the nature of the observed phenomena, or 
simply because of the presence of background noise. However, the cross-spectra matrix [ ]aaG  has to be 
characterized, and simultaneous measurements of cross and auto-spectra of the vibratory responses are 
required. From a practical point of view, this determination is challenging in proportion to the 
simultaneous measurements of all the operational responses. Furthermore, this method is prone to 
imprecision, because of measurement noise amplification during the inversion process. 
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2.2 Method 2 : Principal Component Analysis [1-2] 
 
An alternative technique which leads to the relation (3) with a better signal to noise ratio consists to carry 
out a principal component analysis of the responses cross-spectra matrix [ ]aa nn

G , then to calculate the 
dynamic loads at wheel centre for each principal component of the responses cross-spectra matrix. The 
calculation steps are the following : 

• Eigen value decomposition of [ ]aa nn
G  : 

 
[ ] [ ] [ ] [ ]Hnnnnnnnnaa GG φφ   ΣΣ=

 (4) 
where [ ]nn

φ  is the matrix of n eigen vectors, and [ ]   nnGΣΣ is a diagonal matrix containing n real 

eigen values, as [ ]aa nn
G is an Hermitian matrix. 

 

• Calculation of p acceleration principal components [ ]np
χ . Using the notation [ ] [ ]ΣΣ= G 2σ , one 

obtains :  

 
[ ] [ ] [ ]ppnpnp σφχ  =

 (5) 
The initial vibration field, partly correlated, is decomposed into p vibration fields, statistically 
independent the ones from the others.  
The acceleration principal components are classified in decreasing order. In practice, one retains 
only the p principal components (p≤n) whose eigen value exceed a given threshold, the others 
being representative of measurement noise. 

 

• Calculation of the principal components of exciting forces : to the p principal components of 
acceleration [ ]np

χ  correspond p principal components of exciting forces [ ]mp
ϕ  : 

 [ ] [ ] [ ].
mp mn np

Hϕ χ+=
  (6) 

• Finally, the cross-spectra matrix of exciting forces can be reconstituted using the matrix of 
exciting forces principal components  : 

 
[ ] [ ] [ ]HmpmpmmFFG ϕϕ  =

 (7) 
 
 

2.3 Reconstruction on observation points 
 
In order to calculate the acoustic pressure inside the vehicle (or the acceleration on the vehicle structure), 
one multiplies the principal components of forces [ ]mp

ϕ  previously calculated, by the transfer functions 

matrix towards the corresponding observation points. For n observation points and p selected principal 
components, the principal components of the vibration field can be written :  

 [ ] [ ] [ ].
np nm mp

Hχ ϕ=
  (8) 
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The calculation of the total contribution of the principal components consists in a quadratic sum of the 
contribution of each field, which are uncorrelated between them. For the observation point n, one has :  

 { } { }2 2

1

p

kn n
k

χ χ
=

=∑  (9) 

The analysis of this reconstruction of vibration responses (or acoustic pressure) and the comparison to 
direct measurements allow : 

• to determine the number of significant principal components, 

• to rank the different components of identified dynamic loads. 
 
 

3 Transfer function measurements 
 

3.1 Transfer function measurements at wheel centre [6-7] 
 
In order to identify the dynamic loads at wheel centre, it is necessary to measure the accelerance matrix 
[ ]centreH , which relates the accelerations { }ma  measured on the spindle (12 to 15 accelerometers) to the 
forces and moments at wheel centre. The force tensor at wheel centre is calculated at the intersection of 
the wheel rotation axis and the wheel support plane on the hub. 
From a practical point of view, a moment excitation is too difficult to implement in the frequency range of 
interest (50-500 Hz). An indirect approach is preferred, which consists in impact excitations at several 
locations off centred from the rotation axis, while measuring the vibration responses { }ma . A first 
accelerance matrix [ ]initH  is obtained : 

 
{ } [ ]{ }iniinim FHa =

 (10) 

where Fini denotes the force amplitude applied by the impact hammer in the direction 
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 (11) 

where xi, yi, zi are the coordinates of the point where the force is applied by the hammer, the origin being 
the tensor reduction point. The relation (11) assumes that the wheel centre has a rigid body motion (no 
elastic deformation in the frequency range of interest). If one multiplies the number of excitation points on 
the wheel hub, one obtains the following matrix relation : 

 
{ } [ ] { }iniFcentre FF   Ω=

 (12) 
After inversion of the transformation matrix [ ]FΩ , one obtains from equations (10) and (12) : 

 
[ ] [ ] [ ]     +Ω= Finicentre HH

 (13) 
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where [ ]+ΩF  is the pseudo-inverse matrix of [ ]FΩ , and [ ]centreH  the transfer function matrix relating the 
vibration responses { }ma  to the forces and moments at wheel centre { }centreF . 

Note that the rotation effects (modes splitting according to the rotational speed, non linearity due to the 
wheel rotation) are not taken into account, these measurements being done on a stationary vehicle. 
 

3.2 Vibro-acoustic transfer measurements 
 
The matrix of vibro-acoustic transfer functions relates the forces and moments at wheel centre to the 
acoustic pressure { }p  inside the vehicle : 

 
{ } [ ]{ }centrecentre FNTFp  =

 (14) 
Simultaneously to previous measurements, the vibro-acoustic transfer functions [ ]iniNTF  are measured 
for the same off centred excitations { }iniF  on the hub : 

 
{ } [ ]{ }iniini FNTFp  =

 (15.a) 
Using the relation (12), one obtains : 

 
{ } [ ][ ] { }centreFini FNTFp   +Ω=

 (15.b) 
The vibro-acoustic transfer functions matrix for forces and moments at wheel centre can be derived from 
the measured vibro-acoustic transfer functions matrix [ ]iniNTF  and the transformation matrix [ ]FΩ : 

 
[ ] [ ] [ ]     +Ω= Finicentre NTFNTF

 (16) 
 
 

3.3 Experimental implementation 
 
The measurements are carried out on a Citroën C3 vehicle. During the transfer functions measurement 
phase, the wheels are dismounted. A pneumatic suspension system is used to control the height of the 
wheel centre , while ensuring free boundary conditions on the wheel hub (Figure 1). 
The transfer functions are measured with an impact hammer, with impact point locations located on the 
wheel hub, and off-centred from the wheel centre. 15 accelerometers are placed on the spindle of each 
wheel (left front and right rear wheels) ; 1 to 2 accelerometers are placed on the opposite wheel, on the 
same axle. 
From a practical point of view, it is shown that : 

• About tenth excitation points are needed on the wheel hub, so that the matrix transformation at 
wheel centre leads to stable results (implementation of relation (13)).  

• this matrix transformation is quite robust with regards to imprecision in the sensor and excitation 
points locations. 

• The repeatability of transfer function measurements is good up to 230 Hz, acceptable up to 500 
Hz, and not satisfactory above. 
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In the same time, vibro-acoustic transfers are measured between forces and moments at wheel centre and 4 
microphones inside the vehicle (relations (14) to (16) and Figure 1). Examples of vibro-acoustic transfer 
functions are presented in Figure 2 and Figure 3 (transfer between  the 2 front microphones and forces on 
the left front wheel). The comments are as follows : 
 

• Force excitations : the average levels are about 45 dB, with maximum values at 55 dB (ref. 20 
µPa/N). « Cross » transfers  (left wheel -> right microphone) are of the same order of magnitude –
even higher- than “direct” transfers (left wheel -> left microphone). Note that these transfers are 
relatively similar for the three directions below150 Hz. Above 150 Hz, the direction Y appears as 
the most sensitive. 

• Moment excitations : the average levels stand between 65 and 70 dB (réf. 20 µPa /N.m) with 
maximum values at 80 dB. As for the forces, one notices that below 150 Hz the vibro-acoustic 
transfers are similar for the 2 directions, whereas above 150 Hz the moment Mx is the most 
sensitive. 

 

  
 

  
Figure 1 : Measurement of [Hcentre] for the left front wheel : 

Left : accelerometers on the spindle  Right : impact points locations on the wheel hub 

 

Pneumatic suspension 
(control of the vehicle 
height + free boundary 
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4 microphones, close to the 
external ear of driver and 
passengers  

x 
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Figure 2 : « Directs » transfers P/F  
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Figure 3 : « Cross »  transfers P/F  

Right Micro MAVD/ Force or Moment on Left 
Front Wheel 

 
 
 
3.4 Condition number of accelerance matrix and sensor location selection 
 
Before the operational measurements, a sensor selection is carried out in order to reduce the number of 

measurement channels on each wheel. This sensor selection is based on the accelerance matrix [ ]centreH . 
The selection criteria of a set of sensors is the lowest averaged condition number of the accelerance matrix 
[ ]centreH  in a given frequency range, in this case [50 – 500 Hz].  
 
For the left front wheel, the results of this selection show that above 8 sensors, no significant further 
reduction of the average condition number is achieved (Figure 4). Finally, a set of 12 sensors among 15 is 
retained for each wheel (left front and right rear wheel). 
 
Finally, the accelerance matrix at wheel centre has a relatively high condition number (typically between 
30 and 100, Figure 4), with a risk of error amplification during the dynamic loads calculation. A 
preliminary optimisation of sensor locations (by means of FEM calculations for example) could reduce the 
condition number thanks to a better observation of the system to identify. 
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Figure 4 :  FRF measurement at wheel centre (left front wheel) 

Left : condition number of accelerance matrix (NC) as a function of selected sensors 
Right : average condition number in the frequency range[50-500 Hz], as a function of the number of 

selected accelerometers  

 
 
 

4 Results 
 

4.1 Description of measurements when rolling 
 
The measurements when rolling are carried out for 4 wheel/tyre configurations, 4 stable speeds between 
30 km/h and 120 km/h, and 2 types of road surfaces (rough and smooth). A 32 channels measurement 
system is used (LMS Test.Lab), with the following instrumentation : 

• 12 accelerometers on the left front wheel, 2 on the right front wheel, 

• 12 accelerometers on the right rear wheel, 2 on the left rear wheel, 

• microphones inside the vehicle, at driver and passengers external ears locations. 
 

The acceleration cross-spectra matrix [ ]aaG  is calculated in real time. The force calculation by inverse 
method is carried out using principal component analysis technique. At the end of the analysis, the 
available results are : 

• The relative weight of each principal component, where the objective is to determine the number 
of principal components which have to be taken into account in the contribution calculations.  

• The forces and moments at wheel centre, and their contributions to the internal noise levels.  
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4.2 Relative contributions of principal components 
 
The first step consists in determining the number of significant principal components. This number is 
assessed by comparison with the measured acoustic pressure (Figure 5). 
Generally, 7 to 9 dB(B) separate the first principal component from the second, depending on the studied 
configuration. Considering these results, it is decided to keep only the first principal component, 
responsible of the essential part of the level. 
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freq range [50 - 500 Hz] 
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2nd Princ. Comp. 81.5 

3rd Princ. Comp. 75.9 
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Figure 5: Contribution of left forward wheel on the left forward  microphone 
Relative weight of principal components 

Configuration wheel/tyre n°1 – Rough road surface - 90 km/h  
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Figure 6: Contribution left forward wheel on the left forward  microphone at 90 km/h 
Left : sum of :forces contribution (Fx Fy Fz) and sum of moments contribution (Mx et Mz) 

Right : forces and moments contribution 
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4.3 Relative weight of the dynamic loads at wheel centre 
 
The contribution calculations allow to analyse, for each wheel, the dynamic loads at wheel centre 
contributing to the acoustic pressure level inside the vehicle. The results are presented for the wheel/tyre 
configuration n°1, on a rough road surface, at 90 km/h (Figure 6). 
The acoustic spectra inside the vehicle (B weighted) are recalculated and compared to the measurements  : 

• Taking into account the contribution of one wheel, with the 3 translational forces, or with the 2 
moments, or with the 5 components. 

• Taking into account the contribution of one wheel, and each component of the dynamic loads. 
 
An example is presented in Figure 6. These figures emphasize the importance of moments contribution, 
the main contributing loads to the internal pressure level being Mx, Mz and Fy. Finally, the front wheels 
contribute to most part of noise at front places, whereas at rear places front and rear wheels have more or 
less the same contribution.  
Nota : The sum of unitary contributions of force components can be higher than the sum of all the 
components. This is due to phase compensation effects, not taken into account in the sum of unitary 
contributions (quadratic sum). 
 
 

4.4 Contributions of the 4 wheels  
 
The calculation of the 4 wheels contribution is carried out assuming a left/right symmetry of measured 
terms. The following assumptions are made : the dynamic loads at wheel centre of the 2 front wheels 
(resp. rear) are identical, and the vibro-acoustic transfer functions are symmetrical. The sums are done in a 
quadratic manner, because of the uncorrelation assumption of excitations on each wheel. 
The results are presented for the wheel/tyre configuration n°1, at 30 km/h and 90 km/h (Figure 7). Several 
contribution calculations are presented :  

• with only one principal component for each wheel or with all the principal components,  

• considering the 4 wheels or only the 2 front wheels. 
 
The comments are the following : 
• Number of principal components : by comparison of calculated and measured pressure spectra, one 

notices that the contribution calculation is better when only the first principal component is kept : the 
calculated pressure spectra are globally superimposed to the measured ones. The effect of selecting the 
first principal component is particularly important below 100 Hz where the 2 wheels contribute to 
measured vibrations. The minimal frequency above which the inverse method gives satisfactory 
results stands between 50 (forward) and 88 Hz (backward) when 9 components are used. When only 
one principal component is kept, this limit becomes 50 Hz for the forward and backward wheels. 

• Non linear effects : at 90 km/h, the 4 wheels contribution calculation over-estimates the measurement 
by 3 to 4 dB(B) (global level 50-500 Hz). At 30 km/h, the contribution calculation are significantly 
improved. It is likely that non-linear effects related to vibratory transfers (rolling of the wheel) and 
vibro-acoustic transfers (wheel motion) are lower at 30 km/h than at 90 km/h; hence the contribution 
calculations are better at lower speed. These effects are visible close the internal cavity modes of the 
tyre (250-300 Hz). 

• Above 400 Hz, the 4 wheels contribution calculations under-estimate the measurement, airborne 
transmission being likely predominant. 
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• The contribution of the 2 front wheels compared to the 4 wheels contributions show the low 
contribution of the rear axle in most of the considered frequency range. 
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Figure 7: Summed contribution of  4 wheels (with 1st and all principal components)  
and  2 forward wheels on left  forward microphones (MAVG) 

Left : 30 km/h  Right : 90 km/h 

 

5 Conclusion 
 
An inverse method, allowing to access indirectly to the dynamic loads at wheel centre while rolling, is 
assessed. This methodology is based on the measurements of spindle accelerations while rolling and of an 
accelerance matrix relating the dynamic loads to determine (3 forces and 2 moments per wheel) to the 
acceleration on the spindle.  
The accelerance matrix at wheel centre is determined in a indirect way, the moments excitation being 
obtained by applying off-centred forces on the wheel hub with an impact hammer. 

• A minimum number of 10 excitation points on the wheel hub is necessary. 8 to 12 accelerometers 
per wheel are needed to measure the responses. 

• The transformation at wheel centre of transfer functions matrix  is quite robust, provided that the 
number of excitation points is sufficient. This transformation assumes that the wheel centre is 
rigid (« high frequency » limit of validity).  

• The condition number of the accelerance matrix at wheel centre is relatively high (typically 
between 30 and 100). A research of optimised sensor locations (by means of FEM calculations for 
example) could lead to a significant reduction of the condition number. 

Two calculation techniques of the dynamic loads at wheel centre were assessed. A principal component 
analysis of the operational response leads to a significant improvement of the results quality , thanks to : 

• a « filtering » of measurement noise, and hence results less perturbed by error amplification 
during the matrix inversion process, 

• the possibility to eliminate « near from the source » parasite excitations coming from other wheels 
or other equipment of the vehicle. 

 
The best contribution calculations of internal pressure are obtained when only the 1st principal component 
is kept (7 dB separates the 1st component from the 2nd). That is to say that the excitations at wheel 
centre are issued from a unique coherent force field. Globally, good contribution calculations of 
internal pressure are obtained, with punctual over-estimations still not explained (at 100 and 130 Hz, close 
to the tyre cavity modes, around 300 Hz), which leads to over-estimations from 2 to 4 dB of the global 
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levels [50 – 500 Hz]. These contribution calculations emphasize the important contribution of moments to 
the pressure inside the vehicle. 
 
Although relatively heavy in terms of instrumentation, and delicate when post-processing the 
measurement data, the inverse method used here turned out to be feasible ; it allows to characterise 
different wheels in different operating conditions of the vehicle, in a short time schedule (about one week 
of test). The results allow to analyse in details the rolling noise, with regards to the excitation by the 4 
wheels. The use of a principal component analyse, which eliminates measurement noise and isolates 
independent sources improves significantly the quality of the method. The precision finally obtained is 
considered as sufficient with regards to the industrial problem. Non-linearities inherent to rolling (friction, 
rotation, variable geometry) are likely at the origin of unexplained differences which subsist and can not 
be taken into account using a purely linear approach as the one considered here. 
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Abstract 
 
Since many years the problem of noise emission from railway wheels has been deeply studied and 
analyzed. Physical phenomena, linked to this noise emission, are well known and many solutions, aimed 
at reducing the global disturbances, have been proposed. Moreover the continuous development of the 
technologies used in the railway field asks constantly for new solutions. 
The aim of this paper is to analyze the vibro-acoustic behaviour of a high-speed train wheelset performing 
both experimental activities and numerical simulations; particularly an ETR 500 wheel has been chosen. 
The starting point for the experimental study is the analysis of the suspended free wheel, which can, then, 
be exploited to understand the wheel noise emission under operational conditions. This study is part of the 
researches about noise emission of train wheels carried out in the European Project called InMAR.  
 
 

1 Introduction 
 
Since many years the problem of noise emission from railway wheels has been deeply studied and 
analyzed: the physical phenomena linked to this kind of noise are well known and many solutions, aimed 
at reducing the global emission, have been proposed [1, 2]. Although some of these solutions have shown 
very good performances in terms of noise attenuation, the researches are focused to find out new 
methodologies able to decrease the sound emission; besides the continuous development of the 
technologies used in the railway field constantly asks for new solutions. 
The aim of this paper is to analyze the vibro-acoustic behaviour of a high-speed train wheelset performing 
both experimental activities and numerical simulations; particularly an ETR 500 (Italian high-speed train) 
wheel has been chosen. This step is considered essential in order to design new noise control strategies for 
the mentioned wheel kind. The study is part of the researches about noise emission of train wheels carried 
out in the European Project called InMAR. 
This work can be considered as composed of different parts, which have also allowed for a comparison 
with the state of the art, especially with Thompson’s works [3, 4, 5], a milestone on the topic. The starting 
point for the experimental study is the analysis of the suspended free wheel, which can, then, be exploited 
to understand the wheel noise emission under operational conditions [2, 6, 7, 8, 9]. The results of the first 
activity have been used to validate a vibro-acoustic model of the considered wheelset. This model has, 
then, be adopted for further analyses on the wheel emission, mainly looking for the role played by the web 
and by the tread. 
Since the wheel cannot be considered as a stand-alone component, due to the strong dynamic coupling 
with the rail and the superstructure, it has been considered essential to repeat the same tests for the 
wheelset laid on rails. Obtained results highlighted the influence of the above mentioned dynamic 
coupling on the vibro-acoustic behaviour [4]. 
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The last step has been the analysis of in-line passages of some ETR 500 trains looking forward to evaluate 
the operational behaviour of the analyzed wheel on different kinds of superstructures and to put into 
evidence which are the main resonances involved in the noise generation. 
 

2 Free suspended wheel characterization 
 
The wheelset under analysis is an ETR 500 type with solid wheels. The main characteristics of these 
wheels are a curved web and an outer diameter of 0.89 m. These are the wheels currently employed on the 
Italian high-speed convoys. (Figure 1). 

The aim of this first step of the research is to get 
a complete modal description of the wheel, and 
this step is widely covered in literature [3, 5]. To 
the purpose of understanding the vibration modes 
mainly involved in the noise generation, acoustic 
measurements were coupled to the traditional 
vibration ones. This is considered an essential 
step towards any further attempt to successfully 
reduce noise generation. 
The carried out tests have been impact ones 
(performed in a semi-anechoic room in order to 
reduce reverberant phenomena) during which 
accelerations and sound pressures in a number of 
points have been measured and recorded 
(coherence has been checked during all the tests 
assuring an acceptable value up to 6 kHz). In 
every measurement position both the axial and 
the radial accelerations have been measured. The 

total number of considered points is 110, composing a measurement mesh allowing to find out the mode 
shapes in detail up to about 3 kHz (actually some features can be found also for modes at higher 
frequencies). 
The results have been considered to be interesting, in terms of frequencies, up to 5 kHz for this kind of 
analysis; this is considered a reasonable target, as confirmed by literature, and also due to the fact that the 
main acoustic emission is observed below the 5 kHz limit [2, 3, 4, 5, 6, 7, 8]. 
The sound pressure level has been acquired with two microphones placed in front of the wheel one at 
about 140 cm away from the wheel and the other at about 150 cm: at these distances the measured noise 
emission, in the targeted frequency range (from some hundreds of Hertz up to 5 kHz), accounts for the 
global wheel emission, not being affected by local phenomena. Although two microphones are not enough 
to completely characterize the wheel emission, they are enough to get qualitative information. 
As it is difficult to fix a perfect suspension condition, especially in a semi-anechoic room, the wheelset 
was laid on two iron stands. Anyway a good insulation between the iron stands and wheelset has been 
ensured by means of soft rubber blocks placed between the wheel and the supporting frame. 
Only one of the two wheels in Figure 1 has been analyzed supposing symmetry. Of course the presence of 
the axle, the brake rotors and the other wheel affects the dynamic behaviour of the whole set. To get closer 
to the real operational conditions, it has been stated to carry out measurements on the complete wheelset 
and not on the wheel alone. The details about the results coming from these tests can be found in [10]; 
here only the most interesting aspects will be highlighted in order to underline the data needed for the next 
discussions. 
First of all it is possible to see from the point accelerances in Figure 2 that there is great number of 
eigenfrequencies in the first 5 kHz making the problem of rolling noise of primary importance for this 
wheel as rolling noise is linked to a broadband excitation given by the wheel/rail roughness [2, 7, 11]. 

 
Figure 1: ETR 500 wheelset 
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The shape names adopted in this paper come from the main mode deflections (although in literature the 
shape names come from the number of nodal circumferences and diameters; this nomenclature can be 
found in [10]); particularly in Figure 3 three modes are shown to better understand the used nomenclature: 

• an axial mode is characterized by nodal circumferences and by the absence of nodal diameters; 

• a flexural mode is characterized by the presence of nodal diameters and the main tread deflection 
is in axial direction (out of the wheel plane); 

• a radial mode is characterized by the presence of nodal diameters and the main tread deflection is 
in radial direction (in the wheel plane). 

 

 
Figure 2: Point accelerances, example 

 
 

 
Figure 3: Mode shapes: axial (left), flexural (centre), radial (right) 

 
 
The observed adimensional damping ratio values are generally very low (in the order of 10-4) (in 
agreement with [3]), which represents an important aspect in terms of sound emission, but they often 
increase (up to 10-3) when the axle is highly involved in the considered mode shape; this has been 
confirmed by the wheelset FEM model that will be introduced in the next paragraph. The mode shapes 
mostly interested by the axle contribution are the axial ones. Although the increase in damping is 
confirmed by literature for eigenmodes of this kind [3], it is expected that the contribution from the axle 
can be highly affected, in terms of damping values, by the way the wheelset is laid down on the supporting 
frame. The rubber blocks between the axle and the stands, although assuring a suspended condition, work 
like dampers, dissipating energy when an axle movement is involved. 
Looking at the frequency spectrum of the microphone measurements (Figure 4), it is clear that the 
eigenmodes most involved in noise emission up to 5 kHz are the radial ones (to help the reader, these have 
been marked with arrows). At a first glance this fact could seem odd: with flexural and axial modes the 
web appears to be much more deformed and, since the web is wide for this kind of wheel, these modes 
should be very good noise generators. A pure radial mode is not expected to be so effective as a noise 
source. The reason of this result can be explained by looking at Figure 5 in which the average amplitude 
spectrum showing the response of all the accelerometers, measuring axial response along a circumferential 
path in the middle of the web, for a radial excitation on the tire, is plotted. In the same graph, also the 
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average radial response of accelerometers on the tread for a radial excitation on the tire is shown. There is 
experimental evidence of a strong coupling between radial and axial wheel modes. This leads to an 
important fact, in the sense that a radial excitation also gives raise to high-amplitude axial vibrations of the 
wheel web for those modes involving a mainly radial mode shape. The same does not apply for flexural 
eigenmodes. 
 

 
Figure 4: FRF amplitude averaged on all the hammer excitements and microphone responses (the arrows indicate the 
radial modes) 
 
 

 
Figure 5: FRF amplitude for a radial excitation on the tire. Red continuous line is about the average axial response of 
accelerometers on a circumferential path along the web and the blue dotted line is about the average radial response of 
accelerometers on the tread. Squares and circles are in correspondence of flexural modes while triangles indicate radial 
modes 
 
 
This means that when the tread is excited in a radial direction, exhibiting high radial responses, also the 
web responds with high out of plane (axial) deflections. Looking at the spectra coming from the 
microphones it can be seen that the radial modes are good sound sources both for radial excitations on the 
tread and for axial excitations on the web. The flexural modes are effective in sound emission only with 
excitations on the tread (both with radial and axial directions). This result is critical when applied to the 
train noise generation mechanism: for high-speed trains, one of the most annoying kinds of noise is the 
rolling noise caused by wheel and rail vibration induced by the contact and excited by surface roughness. 
Since the direction of excitation, during the wheel revolution, is almost radial, the wheel vibration under 
this kind of excitation strongly involves radial modes. As previously seen, these modes, often coupled 
with a high web deflection, are very effective in noise emission. A confirmation about the acoustic 
importance of the radial modes, due to the mentioned coupling with the web deflections, is provided in 
Figure 6 where the axial web response is displayed both for a radial input on the tread (strongly exciting 
radial modes) and for an axial input on the tread (strongly exciting flexural modes): the web response is 
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much higher for a radial input. In relation to Thompson’s results [3, 5] there is a sharp agreement between 
the vibration behaviour of similar solid wheels. He found that there was a coupling of radial and        one-
circle axial modes for wheels with curved web. Actually, also for the ETR 500 wheel (which has a curved 
web) that kind of coupling has been found. With this kind of wheel it has been obtained that even the 
radial and the two-circles axial modes are coupled. 
 

 
Figure 6: FRF amplitude for the web axial response averaged on the accelerometers on a circumferential path along the 
web for a radial excitation on the tread (red continuous line) and for an axial one on the tread (blue dotted line). Squares 
and circles are in correspondence of flexural modes while triangles indicate radial modes 
 
 
In the next paragraph a model of the analyzed wheelset is introduced and the role of the web and of the 
tread, in terms of sound emission, is discussed. 
 

3 Vibro-acoustic model of the high-speed train wheelset 
 
The experimental results, above shown, have allowed not only for an analysis of the wheel vibro-acoustic 
behaviour but have also been adopted as the reference in the validation of a free suspended wheelset 
model. The quoted model is actually composed by two sub-models: a FEM (Finite Element Method) one 
able to simulate the wheelset dynamics and a BEM (Boundary Element Method) one allowing to simulate 
sound emission [12, 13]. 
The global model should be integrated with the models of the rails and of the contact phenomena and, 
then, used to simulate the acoustic emission under operational condition. In this case the free suspended 
wheel model has, instead, been exploited to carry out some further analyses about the different roles 
played by the web and by the tread in the wheel sound emission. 
 

3.1 FEM dynamic model 
 
The first step concerning the development of a FEM structural model is the implementation of the 
wheelset geometrical model, which has been developed in collaboration with [14]. Although the axle and 
the two wheels have been accurately drawn, the brake discs are not so well modelled due to a lack of 
accurate dimensional data, coupled to the complicated disc geometry. This is probably a key point in 
determining some differences between the experimental data and the numerical results as shown later. 
The numerical approach considers the wheelset in a suspended free condition; this choice may also cause 
some inequalities with the real experimental situation where a perfect suspended condition is not possible. 
The wheelset was laid on two iron stands (between the stands and the wheelset axle there were some 

VEHICLE NOISE AND VIBRATION (NVH) 4287



rubber blocks) as previously shown in Figure 1. To reach a perfect similarity with the experimental 
situation, the stands and the rubber blocks should have been modelled too; anyway this could add 
uncertainties to the numerical model. Particularly the rubber block model could hide many problems as the 
rubber is of course more difficult to be modelled than any iron components, due to the non linearity in the 
rubber behaviour, and also due to the complicate block shape, asking for a full experimental dynamic 
characterization. In the end it has been preferred to model the wheelset in a suspended free condition 
accepting the differences between the experimental condition and the numerical one instead of trying to 
model other components and risking to add inaccuracies and uncertainties to the final model. 
Besides, it has been found that the coupling between the wheelset and the rails does not heavily affect the 
wheel vibration behaviour, as shown in the next paragraph; thus it was expected that the quoted 
configuration difference should not be a source of too great inaccuracies of the simulation results. 
The structural mesh has been generated adopting geometrically similar elements. Because of the wheelset 
axial-symmetry, this mesh has been built by placing elements with different dimensions on the various 
circumferences composing the wheelset (it means that all the elements on a certain circumference have 
fixed dimensions and these dimensions change passing from a circumference to another). This has led to 
an increase in the element size going from the wheelset axis towards its peripheral areas. This has brought 
to have the biggest elements in correspondence of the wheel outer parts. As the mesh element size governs 
the maximum frequency at which an analysis can be successfully carried out, these biggest elements have 
been the leading ones. So the mesh building process has been carried out focusing attention on these 
elements in order to be able to perform high frequency analyses (up to 5 kHz). 
Another aspect is worthy being quoted: the mesh, just like the wheelset model, has been built only for a 
half, then mirroring it with respect to the middle axis (this last axis passes through the central brake disc 
and is orthogonal to the wheelset axle). This has allowed not to have unreasonable differences between the 
two parts. 
The damping properties have been fixed adopting the damping ratio values coming from the experimental 
modal identifications described in Paragraph 2. 
The agreement between numerical and experimental results, in terms of wheelset eigenfrequencies, has 
been considered satisfactory within the first 2 kHz where only a couple of numerical eigenfrequencies 
differs for a threshold higher than 6 % with respect to the corresponding experimental ones. In both cases 
it has been found that there is an important deflection of the brake discs and this could be the main reason 
of the inaccuracies: as previously mentioned the brake discs have not been perfectly modelled. Anyway 
these two eigenfrequencies are not meaningful both in terms of vibration and sound emission. 
 

  
Figure 7: Eigenmode comparison; 
experimental at 329 Hz (up) and 
numerical at 335 Hz (down) 

Figure 8: FRF amplitude between an axial force on the tread and axial tread 
accelerations. The cyan dotted lines indicate virtual numerical accelerometers 
while the other lines describe real accelerometer behaviours. The blue dotted  
arrows indicate numerical peaks while the red ones indicate experimental 
peaks 
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Figure 7 shows the comparison between an experimental eigenmode and the corresponding numerical one. 
In Figure 8 the comparison between the experimental and the numerical transfer functions for an impact 
test in axial direction on the tread and for axial responses on some points along the tread is presented. This 
figure shows the results up to 1 kHz instead of 2 kHz; this is due to the will to have an easier graph 
reading. In fact between 1 kHz and 2 kHz there are two crossings concerning eigenfrequencies in close 
proximity: as an example the experimental eigenfrequency at 1519 Hz has a corresponding numerical 
eigenfrequency at 1603 Hz while the experimental one at 1614 Hz has a correspondence at 1551 Hz. 
Sketching them on the same graph could generate misunderstandings due to the fact that the numerical 
eigenfrequency, corresponding to the experimental one at 1519 Hz, comes after the numerical 
eigenfrequency corresponding to the experimental one at 1614 Hz. Anyway the comparison in the second 
1000 Hz is similar to that shown in Figure 8 for the first 1000 Hz.  
As a global evaluation, the agreement below 2 kHz for the dynamic model could be considered enough 
satisfactory. Starting from this FEM model the corresponding acoustic model, based on Boundary 
Elements, has been developed. 
 

3.2 BEM acoustic model 
 
The construction of the acoustic geometry and mesh is quite different from that concerning the structural 
aspect. First of all the acoustic mesh is composed by superficial elements due to the BEM properties while 
the FEM structural mesh was based on three-dimensional elements. Then, many geometrical particulars 
(such as, for example, curvature radii or chamfers) can be neglected when developing a geometry for an 
acoustic analysis while, in case of a structural-dynamic study, they are sometimes quite important. 
Besides the criterion of the six elements per wavelength [15] (which is a criterion adopted to get 
satisfactory accuracy with simulations) allows to make the element size much higher for the acoustic mesh 
than for the structural FEM one. This is also due to the fact that, since the structural model behaves well 
up to 2 kHz, the acoustic mesh has been designed to be accurate till this threshold and not up to 5 kHz as 
happened for the structural mesh. 
Different meshes have been considered at the beginning in order to reach the best trade-off between 
accuracy and computational load. Since the virtual microphones, simulating the real ones adopted in 
Paragraph 2, would have been placed in front of the excited wheel, it has been decided to discretize it in 
good detail, using larger elements for the other wheelset components. This solution has been chosen 
considering the following facts: 

• the excited wheel constitutes a sort of barrier for the sound waves coming from the other wheelset 
components; 

• due to the test kind, the main sound emission should directly come from the excited wheel; 

• due to the test kind, the sound waves generated by the discs and by the other wheel should not be 
so strong to structurally excite the excited wheel. 

Figure 9 displays the acoustic results for an impact test in axial direction on the tread where the virtual 
microphone has been placed almost in the same position of the real microphone far away 140 cm from the 
wheel. It is possible to note that there are some small acoustic peaks in correspondence of some 
eigenfrequencies and they will be sometimes neglected in the following simulations in order to make the 
graphs clearer and, thus, easier to be red. 
In Figure 10 the comparison between numerical and experimental acoustic results is shown in terms of 
transfer function between the above mentioned microphone and an axial impact force on the tread. Once 
again the agreement is good also in the frequency range between 1 kHz and 2 kHz. 
Having developed a numerical model able to reproduce the wheel behaviour in an acceptable way in the 
frequency range 200-2000 Hz it is possible to study the contribution of tread and web to the global noise 
generation. 
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Figure 9: Response of the virtual microphone at 140 cm 
from the wheel for an axial impact on the tread (the 
reference value for the sound pressure is 2*10-5 Pa) 
 

Figure 10: Transfer function between the response of the 
microphone at 140 cm and the axial impact force on the tread 
 

 

3.3 Contribution analysis 
 
The BEM model has allowed us to find out the acoustic pressure in fixed points and the irradiated power 
splitting the contribution of the web and of the tread; simulations have been done considering impact 
excitations on the wheel. The excitations have been given in radial and axial directions on the tread as the 
same happens when the wheel is mounted on a travelling train. 

  
(a) (b) 

Figure 11: Sound emission for an axial (left) and a radial (right) impact test on the tread at 140 cm from the wheel: web 
(red) and tread (blue) 
 
 
Figure 11a presents the contribution analysis for an impact test in axial direction on the tread, while Figure 
11b is about an impact in radial direction on the tread. The acoustic pressure is calculated at the field point 
140 cm away from the wheel (a direct quantitative comparison between the two graphs is not possible as 
the input force power spectra are different in order to simulate the real tests). 
It must be underlined that the global sound pressure cannot be simply found considering the displayed 
amplitudes as, in case of destructive interference, there will be discrepancies in the global perceived noise. 
Looking at Figure 11 one could note that the web contribution is higher than the tread one; this was 
expected since the web is larger than the tread. The contributions tend to be quite similar in 
correspondence of the flexural eigenfrequencies (907 Hz and 1650 Hz). This would confirm that there is 
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not a deep coupling between the web and the tread deflections for the flexural eigenmodes, as already 
found in Paragraph 2 (the web surface is much higher than the tread one). The flexural eigenfrequency at 
329 Hz does not show a similar behaviour, anyway, looking at the power contribution diagrams (Figure 
12), it can be noted that it is characterized by similar contribution levels from the web and the tread. 
Considering that the web surface is much larger than the tread one (the rear web side must be considered 
too), it comes out that the tread activity is higher than the web one and so it is observed that the coupling 
effect is not high. 

(a) (b) 
Figure 12: Acoustic power (reference value 10-12 W) for an axial (left) and a radial (right) impact test on the tread: web 
(red) and tread (blue) 
 
 
Concerning radial modes, the only one present in the first 2 kHz is the one at 1551 Hz. It shows an 
important web contribution confirming the results of Paragraph 2. While the power contribution of the 
web and the tread is similar for a flexural mode, the contribution of the web is much more important than 
the tread one in case of the radial mode. This could be explained with the higher coupling between the two 
parts for a radial mode than for a flexural one, again in accordance with Paragraph 2. Another observation, 
concerning the radial mode, is that the difference (in dB) between the web and the tread pressure 
contribution is a little bit higher (more than 1 dB) in case of a radial excitation than for an axial one. 
Exciting the tread in axial direction the wheel pressure response is lower than in the case when excitation 
is given in the radial direction because of the eigenmode nature. Passing from an axial to a radial 
excitation the axial web deflection and the radial tread deflection grow meaningfully while the axial tread 
deflection should have a decrease or a less important growth (depending on the differences between the 
two impact tests in terms of hammer power spectrum amplitude). This means that the web contribution at 
the field point grows more than the tread contribution (the radiation due to radial deflections should be 
lowly felt by the virtual microphone with respect to the one due to axial deflections, since the microphone 
is in front of the wheel). Anyway, this last observation should be checked again once the model will be 
more refined as 1 dB is just similar to the accuracy order of the model peaks. Besides, an analysis of 
possible cancellation mechanisms (due to destructive interference) could help in clarify the result 
reliability. 
The last remark is dedicated to the eigenmodes at 1380 Hz and 1521 Hz which could become particularly 
dangerous in terms of rolling noise since the web activity is high for radial inputs at these frequencies. 
Having identified the main modes responsible for the wheel sound emission, it is now possible to study 
how the contact with the rail influences them and thus going further in the study of the wheel real 
operating conditions. 
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4 Wheel-rail contact 
 
In the previous paragraphs the vibro-acoustic behaviour of an ETR 500 solid wheel in the suspended free 
condition has been presented. Although this analysis can be very useful in understanding wheel features, a 
further step is necessary to better find out wheel characteristics under operational conditions. When the 
wheel is laid on the rails it is expected to find some changes in its behaviour with respect to the suspended 
free condition due to the coupling with the rails. 
This is a key point as the noise emitted from the wheels during rolling movement is deeply linked to the 
actions exchanged with the rails. The wheel real behaviour, when laid down on the rails, is thus needed to 
be known in order to study its noise emission. 
Because of the quoted reasons, the same tests, described for the suspended free ETR 500 wheel in 
Paragraph 2, have been repeated laying the same wheelset on rails. Unfortunately it has not been possible 
to carry out these new tests in a semi-anechoic room, thus the comparison between the laid condition and 
the suspended free one will mainly regard the vibration point of view. 
Furthermore these tests are not exhaustive to completely describe the in-line noise although they are able 
to give meaningful indications. As shown in [2, 8] the wheel rotation causes that each eigenfrequency 
peak, characterized by nodal diameters, is split into two new peaks at a frequency depending both on the 
resonance frequency and on the rolling speed. These two peaks are thus excited by different roughness 
components and, since the excitation components depend on the train speed, the noise emission linked to 
the wheel vibrations changes in some way when the train speed changes. 
In this paragraph the modal analysis on the laid wheel is described. As already underlined, this test has 
been performed just on the same wheelset exploited for the modal analysis in the suspended free 
condition. This has allowed for a direct comparison of the modal properties and for the possibility to find 
out the contact effect. 
The rail pieces have been fixed to the ground with supports really used on rail tracks. The accelerometer 
mesh has been the same of the one adopted during the first modal analysis of Paragraph 2. Thus, no other 
comments will be given about it. 
The test environment was very different from the conditions offered by a semi-anechoic room: direct 
comparison about acoustic properties, concerning different constraint conditions, are not reliable. 
Table 1 shows the comparison between the suspended free condition and the laid one. As underlined in 
Paragraph 2, the authors are particularly interested in radial, axial and flexural mode shapes so that only 
these eigenmode kinds are reported in the table. 
What it can be noted is that almost all the eigenmodes of the suspended wheel are present for the laid 
wheel too, although there are limited frequency shifts. Actually this is not true for two eigenfrequencies: 
the one at 2559 Hz and the one at 2573 Hz. A possible reason is that, being these two resonances 
characterized by low peaks, they could be hidden by the new resonance at 2562 Hz. 
When the wheel is laid, an average increase in the damping can be noticed. This means that there are 
eigenmodes which are affected by a higher damping ratio value but also some others which are not 
affected by a change of their damping ratio. As known from the state of the art [2], the eigenmodes with 
nodal diameters have a higher damping ratio if there is an anti-node at the contact point while the ratio 
does not change meaningfully when a node is in correspondence of the contact. Anyway, there are some 
axial modes that are almost not affected by damping ratio changes. This could seem quite strange since 
these modes have not nodal diameters and the web and the tread are expected to present axial deflections 
in correspondence of the contact point too. An example of those eigenmodes is the one at 1974 Hz. There 
could be a couple of reasons probably able to justify this experimental evidence. First of all, it has been 
found in Paragraph 2 that the axial modes are often coupled with axle deflections which add damping. It is 
possible that the damping ratio in the suspended configuration is already so high that the contact with the 
rail would not add further damping. Besides the modes involving axle deflections have of course been 
influenced by the wheelset support during the tests with the suspended configuration: the axle was laid on 
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rubber blocks and this could have increased the damping ratio for those modes involving the axle 
vibrations. 
 
 

Frequency 
[Hz] Description (suspended free wheel) Frequency 

[Hz] Description (wheel laid on rails) 

203 Axial, 0 nodal circumferences 222 Axial, 0 nodal circumferences 

254 Axial, 1 n. c. 254 Axial, 1 n. c. 

  286 Flexural, 2 nodal diameters 

  315 Flexural, 2 nodal diameters 

335 Flexural, 2 nodal diameters 342 Flexural, 2 nodal diameters 

  437 Flexural, 2 n. d. 

577 Axial, 1 n. c. 577 Axial, 1 n. c. 

  742 Flexural, 2 or 3 n. d. 

  775 Flexural, 2 or 3 n. d. 

822 Axial, 1 n. c. 823 Axial, 1 n. c. 

922 Flexural, 3 n. d. 923 Flexural, 3 n. d. 

  945 Flexural, 3 n. d. 

1037 Axial, 1 n. c. 1037 Axial, 1 n. c. 

  1198 Flexural, 3 n. d. 

1614 Radial, 2 n. d., external tread is still 1620 Radial, 2 n. d. 

1677 Flexural, 4 n. d. 1676 Flexural, 4 n. d. 

  1753 Flexural, 4 n. d. 

1974 Axial, 2 n. c. 1974 Axial, 2 n. c. 

2094 Radial, 2 n. d. , external tread is still 2100 Radial,3 n. d. 

2196 Radial, 2 n. d. , external tread is still 2198 Radial, 2 n. d. 

2322 Axial, 2 n. c. + axle  2325 Axial, 2 n. c. 

2524 Flexural, 5 n. d. 2526 Flexural, 5 n. d. 

2559 Axial, 2 n. c. + axle 2559 It has not been possible to find out the mode shape 

  2562 Flexural, 5 n. d. 

2573 Axial, 2 n. c.   

2619 Radial, 4 n. d. , external tread is still 2621 Radial, 4 n. d. 

2702 Axial, 2 n. c. 2702 Axial, 2 n. c. 

2723 Radial, 3 n. d. 2723 Radial, 3 n. d. 

  2735 Radial, 3 n. d. 

2759 Axial, 2 n. c. + axle 2760 Axial, 2 n. c. 

2771 Axial, 2 n. c. 2770 Axial, 2 n. c. 

2927 Radial, 2 n. d. , external tread is still 2930 Radial, 2 n. d. 

Table 1: Eigenmode comparison between free suspended and laid wheel 
 
 
Another interesting result is that, when the laid wheel is studied, some new eigenfrequencies can be noted. 
All of them are characterized by nodal diameters. It is difficult to say if there could be also new axial 
eigenfrequencies: if those are characterized by very low peaks, they would be hidden by other 
eigenfrequencies which are near in terms of frequency value. This topic will be considered again in the 
paragraph, attempting to give a justification for these newly born peaks. 
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Figure 13: Comparison between the tread axial accelerance for 
the suspended wheel (red) and the axial transfer functions of 
some tread accelerometers for an axial impact on the tread for 
the laid configuration (blue) 

Figure 14: Zoom of Figure 13 showing flexural twin 
peaks; see the caption of Figure 13 

 
 
Figure 13 presents the comparison between the axial point accelerance for the suspended free wheel (with 
the red line) and the axial point accelerance and the transfer function for some tread accelerometers in 
axial direction (for an impact test on the tread in axial direction too) for the laid wheel (with the blue 
lines). The main difference between the graph of the suspended wheel and those of the laid wheel is that 
the first one is cleaner, in the sense that it is not affected by all the resonances of the rails due to the 
coupling. The figure shows that most of the flexural peaks are characterized by lower values for the laid 
condition. This could be linked to the added damping due to the contact with the rail. The same conclusion 
can be drawn for the radial modes. 
Figure 14 shows a zoom of Figure 13 in which one of the newly borne resonances is evidenced. The 
coupling with the rail is the cause for this new resonance. Perhaps, for some of the new eigenfrequencies, 
a more precise motivation can be found looking at some literature. Considering the suspended free wheel, 
there are some eigenmodes which are characterized by the fact that they are at two slightly different 
frequency values and that the nodes of one mode are more or less at the same position as the antinodes of 
the partner eigenfrequency and vice versa. Situations like these have been found also by Thompson [3] 
who explained the phenomenon with slight imperfections in the wheelset axial-symmetry. This could give 
a suggestion about the observed phenomenon: now the contact between the wheel and the rail would bring 
the wheel far away from a perfect axial-symmetry and as a consequence the two eigenfrequencies, 
previously very close each other, would become more separated, highlighting the presence of the second 
eigenfrequency. This is a critical point in terms of rolling noise because the wheel response spectrum 
becomes denser and thus the roughness wavelengths which can excite the wheel, at a certain fixed train 
speed, grow in number. 
An important feature, found in Paragraph 2, is the fact that the radial modes are strongly coupled with web 
deflections and that in these cases the noisiest eigenmodes are found to be radial ones. It is of particular 
importance to check if the same happens when the wheel is laid on the rails because an eventual 
confirmation of the fact could mean that those eigenmodes are really of a certain importance in terms of 
sound emission under operational conditions (actually this is confirmed by [4]). The same coupling is 
evidenced when the wheel is laid on the rails and moreover some peaks related to the axial modes show 
higher amplitudes with this configuration as can be seen in Figure 15, where a particular peak 
corresponding to an axial mode is shown.  
The conclusion could be that the contact, although highly influencing the wheel behaviour, does not 
completely changes it [4] reinforcing the potentiality of the modal analysis on the free wheel. A question 
rises about the influence of the wheel load due to the whole train even if in [16, 17] it is shown that this 
parameter does not heavily affect the wheel vibration behaviour. After having analyzed the main 
differences between the wheel behaviour first suspended and then laid on rails, a discussion can be started 
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about the effective wheel noise emitted under operational conditions. The next paragraph will introduce 
the problem and present some results coming from in-line measurements of some ETR 500 pass-by tests. 

 

5 Rolling noise 
 
The wheel sound emission thus depends not only on its 
dynamic behaviour but on many other external 
parameters too. Some other analyses have been carried 
out, involving field measurements collected during 
different ETR 500 in-line passages and the relative 
results are presented in this paragraph. 
It has been already evidenced that the roughness and the 
wheel rotation movement deeply influence noise 
emission [2, 6, 7, 8]. Although the study of the wheel 
dynamic properties is a good starting point in finding 
out if, for example, a certain wheel will be highly 
affected by rolling noise or not, field measurements are 
essential for a complete characterization of the wheel 
emission. 

Literature has already shown that the roughness features are decisive factors in determining the sound 
pressure level due to train passages [7]; a sort of linear relation exists between the wheel roughness and 
the relative emitted noise. There are other important factors highly affecting the sound pressure level. For 
example the kind of track, on which a train travels, has shown much influence [2, 6]. Besides two different 
wheels travelling on the same track show different sound pressure levels [2, 6]. 
The authors had the occasion to process microphone signals acquired during some ETR 500 passages in a 
test site in which different superstructures have been employed [18]. This has given the occasion to 
complete the wheel characterization highlighting which are the frequency ranges mainly involved in the 
in-line emission. The aim of the experimental campaign was to compare the acoustic and vibration 
behaviour of two new track superstructures. For the first kind, “slab track”, the rail is attached by resilient 
fasteners to a concrete base; in the second type, “Mass spring”, the slabs to which the rails are connected 
are floating designed to act as seismic isolators. As the tracks are on the same line in close proximity, their 
roughness levels are similar (this has been confirmed by some field measurements carried out just before 
the acquired train passages). No numerical data are available on the wheel roughness levels, so no 
quantitative conclusions can be stated about the emitted noise. Anyway some indications can be derived 
from the tests just thanks to the quoted similarity condition. Another factor which does not give the 
possibility to reach quantitative results is that the number of tests concerning ETR 500 passages is limited 
and so not meaningful from a statistical point of view: only some qualitative observations can be marked. 
Anyway, these few tests can be usefully exploited to get information. 
It must be underlined that the analyzed train speeds are sufficiently high not to have dominant effects 
linked to engines, auxiliary equipments and gearboxes (which are, instead, important at low velocities) [2]. 
The aerodynamic noise can be considered of secondary importance too as the train speeds are consistently 
lower than 250 – 300 km/h, that is the speed at which this noise is considered to become predominant [2]. 
Before starting with the description of the test results, a remark has to be given in order to recall some 
concepts coming from the state of the art [2]. This remark is about the dominant noise sources at different 
frequency ranges. The sleepers contribute at very low frequencies (where they are well coupled with the 
rails), usually under 500 Hz. Instead the rails become the most important noise source between 750 Hz 
and 1500 Hz. Wheel noise is, then, dominant between about 2 kHz and 4 kHz. Anyway the global noise 
level at the various frequencies is highly affected by the kind of rails and wheels.  
The microphones used for the presented measurements were at 7.5 m far away from the centre of the 
track, as stated by [19]. Tests were aimed at valuating the TEL parameter [19], but to our purposes the 
interesting data are in the 1/3rd octave band spectrum calculated from the time histories of the pass-by. 

 
Figure 15: Growth of an axial mode for the laid 
wheel (red) with respect to the suspended 
configuration (blue). These transfer functions  are 
based on web axial accelerometers and a radial 
impact on the tread 
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Figure 16 shows the comparison among some passages (at similar train velocities) over the two different 
tracks. It can be noticed that the sound emission is concentrated in two main frequency ranges. One below 
1100 Hz and the other above 1600 Hz. 
These two ranges are the ones identified in literature as corresponding to the rail emission, lower one, and 
to the wheel emission, higher one. Looking at the frequency spectra given in Figure 11 and Figure 12, it 
can be seen that many vibration modes, that are considered good sound emitters, exist in the higher 
frequency range. This result seems to confirm the role of the wheel as the responsible of the main part of 
the noise generation above 1500 Hz. 

  
Figure 16: Third-octave band sound pressure level for 
ETR 500 passages over slab track or mass spring at about 
the same speed 

Figure 17: Third-octave sound pressure level for ETR 500 
passages over slab track or mass spring 

 
 
Figure 16 also shows that there is a difference in the two superstructure behaviours; both show comparable 
emission levels in the lower frequency range while the “mass spring” seems to reduce the wheel emission. 
It has to be considered that the presented data come from raw time histories, without any frequency 
weighting, if the A curve is taken into account the frequency range interested by the wheel emission is the 
one leading to higher disturbances. 
Same results can be found looking at passages at lower speed, Figure 17, also in this case the two ranges 
are clearly separated and highest emission on the slab-track is confirmed. The presented data are just a 
first confirmation of what was presented in this paper, stating that the highest noise emission is 
concentrated in those frequency ranges containing a high number of vibration modes. 
Measurements have allowed for a preliminary study of the noise generated by the coupling between the 
quoted wheels and tracks evidencing that the problem of wheel-rail noise emission depends on many 
parameters which influence each other. 
 

6 Conclusions and future developments 
 
This paper deals with railway wheel noise and has been mainly focused on the vibro-acoustic behaviour of 
an ETR 500 wheel in free suspended configuration. The importance of the web behaviour, in terms of 
sound emission, has been highlighted both through experimental tests and through numerical simulations. 
Then the wheelset has been laid on rails and the main changes of its behaviour have been studied. The last 
part of the paper shows the ETR 500 noise emission under operational conditions underlining that there 
are many parameters which affect the global sound emission influencing each other. 
The next steps concern the development of the presented numerical model in order to have a tool able to 
simulate noise emission under operational conditions and, thus, allowing for the analysis of different noise 
control strategies.  
 

4296 PROCEEDINGS OF ISMA2006



7 Acknowledgments 
 
The authors would like to thank the European Projects InMAR and HIPERTRACK for financing the 
researches presented here and the R & D Dept. of Lucchini Siderurgica for the possibility to perform a 
part of the experimental tests quoted in this paper. 
 

8 References 
 
[1] N. Vincent, Rolling noise control at source: state-of-the-art survey, Journal of Sound and Vibration, 

Vol. 231, No. 3, Academic Press (2000), pp. 865-876. 
[2] V. V. Krylov, Noise and vibration from high-speed trains, Thomas Telford Publishing, London 

(2001). 
[3] D. J. Thompson, Wheel-rail noise generation, part II: wheel vibration, Journal of Sound and 

Vibration, Vol. 161, No. 3, Academic Press (1993), pp. 401-419. 
[4] D. J. Thompson, Wheel-rail noise generation, part IV: contact zone and results, Journal of Sound 

and Vibration, Vol. 161, No. 3, Academic Press (1993), pp. 447-466. 
[5] D. J. Thompson, C. J. C. Jones, Sound radiation from a vibrating railway wheel, Journal of Sound 

and Vibration, Vol. 253, No. 2, Academic Press (2002), pp. 401-419. 
[6] D. J. Thompson, B. Hemsworth, N. Vincent, Experimental validation of the TWINS prediction 

program for rolling noise, Part 2: results, Journal of Sound and Vibration, Vol. 193, No. 1, 
Academic Press (1996), pp. 137-147. 

[7] D. J. Thompson, On the relationship between wheel and rail roughness and rolling noise, Journal of 
Sound and Vibration, Vol. 193, No. 1, Academic Press (1996), pp. 149-160. 

[8] D. J. Thompson, Wheel-rail noise generation, part V: inclusion of wheel rotation, Journal of Sound 
and Vibration, Vol. 161, No. 3, Academic Press (1993), pp. 467-482. 

[9] D. J. Thompson, The influence of the contact zone on the excitation of wheel/rail noise, Journal of 
Sound and Vibration, Vol. 267, Academic Press (2003), pp. 523-535. 

[10] A. Cigada, S. Manzoni, M. Vanali, Vibro-acoustic characterization of railway wheels, under review 
for publication. 

[11] D. J. Thompson, B. Hemsworth, N. Vincent, Experimental validation of the TWINS prediction 
program for rolling noise, Part 1: description of the model and method, Journal of Sound and 
Vibration, Vol. 193, No. 1, Academic Press (1996), pp. 123-135. 

[12] F. Paris, J. Canas, Boundary element method: fundamentals and applications, Oxford University 
Press (1997). 

[13] L. Wrobel, F. Aliabadi, The boundary element method – applications in thermo-fluids & acoustics, 
Vol 1, John Wiley & Sons (2002). 

[14] F. Ripamonti, Interazione ruota ferroviaria - rotaia nel campo delle alte frequenze ed emissione 
acustica: analisi numeriche e sperimentali, Ph.D. Thesis, Politecnico di Milano (2006). 

[15] LMS Sysnoise® 5.6 user manual. 
[16] S. Manzoni, Railway wheel noise: generation mechanisms and control, Ph.D. Thesis, Politecnico di 

Milano (2006) 
[17] R. Corradi, A. Facchinetti, S. Manzoni, M. Vanali, Effects of track parameters and environmental 

conditions on tramcar induced squeal noise, accepted and to be published on the Proceedings of the 
ISMA 2006 International Conference on Noise  & Vibration Engineering, Leuven, Belgium, 2006 
September 18-20.  

[18] Final Report of the European Project HIPERTRACK (HIgh PERformance rail TRACKs), funded by 
the European Commission  under the Contract GRD1-CT2000-00389 

[19] Railway applications – Acoustics – Measurement of noise emitted by railbound vehicles (ISO/DIN 
3095:2001). 

 

VEHICLE NOISE AND VIBRATION (NVH) 4297



4298 PROCEEDINGS OF ISMA2006



Expanding the bandwidth of MDOF Road Reproductions

F. De Coninck, W. Desmet, P. Sas
K.U.Leuven, Department of Mechanical Engineering,
Celestijnenlaan 300 B, B-3001, Heverlee, Belgium
e-mail: filip.deconinck@mech.kuleuven.be

Abstract
This paper describes the use of a high-frequency 6-DOF shaker table for the reproduction of multiple degree
of freedom (MDOF) road input measurements in the frequency range up to 300 Hz. Results are discussed for
3-DOF tire patch excitation and 3-DOF spindle excitation. It is shown that the typical bandwidth from tests
on a fourposter or axle testrig, can be expanded into this range by use of the shaker table if, depending on the
target spectrum, measures are taken to ensure sufficient accuracy trough out the frequency range. Especially
the typical low energy band (165-220 Hz) in the tire response spectrum requires further work.

1 Introduction

In order to evaluate the road noise behaviour of passenger vehicles, experiments on the proving ground and
road noise dynamometer [1, 2, 3] are performed by the car manufacturers. On the CAE side, vehicle models
are built based on the finite element or multi-body approach. Modal analysis [4, 5, 6, 7] is performed or
frequency response functions (FRF) are calculated. These can then be used in Frequency Based Substruc-
turing (FBS) [8, 9, 10, 11] or hybrid models. The experimental FRF’s for the hybrid models are acquired in
dedicated experiments with (low level) hammer or shaker excitation. It is not possible to acquire FRF’s on
the proving ground or dynamometer, because it is necessary to measure the coherent input energy at the tire
patch, which cannot be done because of the rolling tire condition.

A problem with current CAE models is that observed differences with respect to proving ground or road
noise dynamometer testing are difficult to explain or investigate, as the rolling tire is altering the system
behaviour and no tire patch force measurements are possible. Also no spectral or level control of the input
is possible. The use of a 6-DOF shaker table allows the measurement of tire patch forces by means of a
6-DOF force cell and has no rolling tire, making the test condition closer to the CAE modelling condition. It
is believed that this road-CAE intermediate type of experiment will, in the future, allow the identification of
model weaknesses in both the tire-rim and the suspension subsystems, provided that operational conditions
can be reproduced with sufficient accuracy.

The objective in this paper is to reproduce excitation signals, that were previously acquired on the road, on
the KULeuven multi-axial shaker table. Full 6-DOF excitation is however difficult to use, because of the
table top mounting of the tire patch or spindle, so that 3-DOF experiments are presented. When scaled or full
level reproduction of the target signals is achieved, transfer functions can be acquired under different (simu-
lated) driving conditions. These functions can then be grouped in a look-up matrix of equivalent1 linearised
models, from which the model closest to the CAE conditions is chosen or interpolated in the simulations.

The methodology used for these road reproductions is based on the off-line feed forward control scheme,
1this refers to the fact that the tests are performed with a non-rolling tire
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better known under its commercial names, Time Waveform Replication (TWR) from LMS Intl. [12, 13] and
Remote Parameter Control (RPC) from MTS. It is not so straightforward to reproduce the correct equiva-
lent tire patch excitations, as some energy in road measurements may be due to cross-influences from other
wheels, transmission or engine vibrations. However, a modern chassis design uses a sub-chassis both at the
front and at the rear, which rather isolates the different axles and sides of the suspension from each other.
Interactions may also occur between the DOFS of the shaker table as was previously reported [15, 16], de-
creasing the accuracy of the experiments. Although specific improvements have been studied and validated
by the authors, these are not yet implemented in any commercial software. Their potential can therefore not
be validated by these experiments.

1.1 About the test setup

The 6-DOF shaker table is shown in figure 1, with one of the test cars mounted with it’s front left tire patch on
the tabletop. The concepts of the shaker table and their consequence was explained in previous publications
[14, 15, 16]. It is important to repeat that the hydraulic design is substantially different from other test rigs.
This allows relatively uncoupled multi-axial operation up to 300 Hz and beyond, as opposed to the coupled
low frequency operation (≤30Hz) of an axle test rig or the uni-axial operation of a fourposter (≤100Hz) on
one corner.

Figure 1: Mounting of the test car on the shaker table

A first advantage of working with an electrodynamic or hydraulic shaker table as input or excitation device is
that test repetition accuracy is greatly enhanced. In an exhaustive testing campaign that preceded this work,
results from proving ground tests showed a 1.5 to 3 dB spectral variation between consecutive test runs and
road noise dynamometer tests featured 0.5-1.5 dB spectral variation. The repetition accuracy on the shaker
table is within 0.1 to 0.5 dB for 3-DOF excitation.

An important disadvantage of the current setup for mounting the test car (figure 1), is the limited span of
track and wheelbase allowed for the test car because of the support pillars. When using a test car with
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long wheelbase and wide track this result in a horizontal offset between the tire patch and the shaker table
vertical axis of symmetry. This then results in an unbalanced loading of the actuators in an actuator pair.
As the actuators are parallel, unbalanced loading leads to slight differences in displacement response. It is
explained in [15] how these differences generate unwanted rotational energy. A direct consequence of this
geometric/force offset is that also a mass offset is created for the centre of gravity (COG). More specifically,
the force cell along with its connector plates (+/- 60 kg), then has to be mounted with an offset of 10 cm
in X and 5 cm in Y direction. This results in a shift of the COG with 9 mm in the X-direction, 4.5 mm in
Y-direction, and due to the top mounting an additional shift of 46 mm in the Z-direction. The initial offsets
are 0, 0 and 39 mm in X, Y and Z respectively. The compensation of COG-offsets by means of additional
mass elements, although available at the lab, was not applied in these experiments in order to preserve a
maximum of dynamic force.2

An important parameter for road noise evaluations is the tire pressure and ambient temperature. Tire pressure
is at 2.2 bar for all experiments. Ambient temperature varied between 18-22 ◦C. Tire temperatures where
not measured.

2 Road reproductions based on tire patch input

Tire patch input experiments are generally related to a four-poster type of test rig. This type of test rig has
only one vertical DOF on each corner of the vehicle. With the shaker table, it is possible to reproduce more
DOF’s at a single corner. The possibility to reproduce suspension targets based on tire patch input depends
on the energy level and spectral content of the target. Tests can generally not be performed at full level with
tire patch input. The car is mounted on top of the road input simulator with one wheel. The other three stand
on the support pillars. A force cell can be mounted in between the tire and the shaker tabletop. In order to
transfer energy in the longitudinal direction, the wheel has to be blocked using the car braking system. The
applied pressure was not monitored, but was high enough to prevent the brake from slipping3.

Based on the SDOF FRF functions between the tire patch and the knuckle accelerations, that were acquired
in a previous experiment, the target time series as measured on the test track and the shaker performance
envelope, it is possible to estimate the maximum test bandwidth as a function of the maximal performance
or to calculate the required level rescaling as a function of the bandwidth. Both options then use a maximum
of the shaker performance. This rescaling is necessary because of the fact that in the frequency domain, the
tire acts as a filter, attenuating the tire patch input. Therefore the input acceleration levels at the tire patch
will be higher than the target levels at the knuckle. In these experiments, level rescaling is used to maximise
the bandwidth.

In order to asses the potential of MDOF tire patch road reproductions, a case study on the lab’s Volvo 480
test car is discussed in this paragraph. The target sensor is not attached directly to the knuckle, but to the
A-arm of the McPherson front suspension. This is shown in figure 2.

2vertical compensation would require 250 kg of add-on mass, horizontal compensation 6.8 and 13.6 kg for Y and X respectively
3brake slipping is detectable by squeaks during the experiments
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Figure 2: Test setup and target accelerometer on the Volvo 480

The target time signal is a 3-DOF ’Belgian-blocks’ road driven at 20 km/h, rescaled at 20 % of the full level.
The reproduction bandwith is 5-150 Hz. The 3x3 FRF model that is identified in the TWR system identifica-
tion (SI) step with target shaped drives and the corresponding multiple4 coherences for this experiment are
shown in figures 3 and 4

Figure 3: 3x3 FRF model for the MDOF reproduction of a Belgian blocks track: Y-Z-X shaker input vs.
Z-Y-X acceleration

Figure 5 shows the reproduction accuracy and the spectral error.

The reproduction results can be split in four sections over the frequency band: 5-55 Hz, 55-85 Hz, 85-120
Hz and 120-150 Hz. The first section shows very good reproduction results with the spectral error varying
+/-0.6 dB. The second section shows more difficult reproduction with spectral errors between -3.2 and +5.1
dB. A closer look at the plot learns that the vertical DOF has an almost constant underexitation of -2 dB.
While the transversal DOF is overexcited (+1.6 dB) and the longitudinal DOF underexcited (-2.5 dB) at 64
Hz, the opposite (transversal=-2.7 dB, longitudinal=+5.1 dB) is true at 72 Hz. The performance improves
between 85 and 120 Hz (-0.8 dB,+0.4 dB) and more reproduction error (+0.2 to +1.3 dB) in longitudinal and

4all drives vs. 1 response channel
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Figure 4: Multiple coherence for the MDOF reproduction of a Belgian blocks track: Z (blue), Y (green), X
(red)

Figure 5: Reproduction accuracy for the MDOF tire patch experiments: X,Y,Z ; Spectral error for the differ-
ent DOF’s

transversal axis is introduced from 120 Hz onwards.

From the time data series different error indicators can be calculated:

• The level error (relative),

• The root-mean-square value of the error (relative to the peak or rms of the signal),
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• The statistics of the acceleration spectral density error.

These are summarized in Table 1.

Indicator X Y Z
Level error -2.5 % -0.3 % -3.4 %

RMS(error) relative to rms signal 22.3 % 24.8 % 8.7 %
RMS(error) relative to peak signal 4.0 % 4.9 % 1.3 %

Crest factor 5.6 5.0 6.8
ASD error max (dB) 3.1 5.2 2.4
ASD error mean (dB) 0.2 -0.4 0.4
ASD error rms (dB) 0.7 1.2 0.7

Table 1: Accuracy of the MDOF tire patch experiments

The second part of table 1 shows mean, peak and rms of the spectral error. When comparing the table values
with the plot from figure 5, only the peak indicator reveals the existence of the 55-85 Hz problem band, as
the large error peak is averaged out in the other statistics. It is interesting to relate the reproduction accuracy
to the multiple coherence and the target level in this problem band. For the X and Y target, the spectrum
has a dip of about -20 dB with regard to the preceding frequencies. As target shaped drives are used for
the identification, the identification energy in this band is low and is therefore disturbed by hydraulic noise
generated by the other bands of the signal. This is visible on the multiple coherence and has its consequence
for the accuracy of the model and the resulting reproduction accuracy. With current state of the art control
algorithms, a trade-off must thus be made between compensation of non-linearities in the model by using
target shaped drives and accurate model identification using flat or smoothly shaped drives.

3 Road reproductions based on spindle input

Spindle input experiments are generally related to axle test rigs. One corner or an axle is excited with a
multi-axial input, generally based on force targets, in the frequency range up to 30 Hz for durability and
handling purposes. With the shaker table it is possible to mount the car on top of the road input simulator
by using a custom made spindle adapter which allows direct mounting of the spindle to the force cell. Tire
dynamics are hereby excluded from the transfer path. The required input acceleration levels are lower than
those that have to be applied to the tire patch. As a result the airborne noise generated by the shaker table is
far less than in the tire patch experiments. Figure 6 shows the test setup using the spindle adaptor. For safety
reasons, during these first experiments, the force cell was not mounted to acquire FRF functions, instead
a dummy fixture is used. A target time series of the knuckle accelerations from a special ’tire noise’ road
(50km/h) is selected as the target for a MDOF TWR experiment in the frequency band 5-300Hz.

In this paragraph a road reproduction experiment for a 3-DOF target is described, using the spindle as input.
The 3x3 FRF model from the SI step and multiple coherence for this experiment are shown in figures 7 and
8

The reproduction accuracy is given in Figure 9. Again, target shaped drives where used for the identifica-
tion, so it can be understood from the low energy level in the band 165-220 Hz and the corresponding low
coherence, that it is difficult to identify a good model in this range. The problem with this identification of
the model gives a large spectral peak at 165 Hz, which is found in all results. The spectral error on the peak
is over 20 dB. The accuracy of the experiments is given in table 2.
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Figure 6: Test setup using the spindle adaptor and dummy force cell

Figure 7: Model for the MDOF reproduction of track 15: X-Y-Z shaker input vs. X-Z-Y acceleration

It is therefore concluded from these experiments that, beyond the boundary frequency of 150 Hz where the
tire patch experiments were stopped to prevent further downscaling of the level, spindle input experiments
can be used up to 300 Hz. However, only a control and test strategy that is able to increase the accuracy in
order to achieve better results in the 165-220 Hz range, will allow the acquisition of FRF functions during a
MDOF road reproduction.
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Figure 8: Coherence for the MDOF reproduction of track 15: X (blue), Z (green), Y (red)

Figure 9: Reproduction accuracy for the MDOF spindle experiments

Indicator X Y Z
level error 2.4% -0.6% 0.28%

RMS(error) relative to rms signal 37% 41.3% 38.1%
RMS(error) relative to peak signal 7.1 9.7% 7.2%

Crest factor 5.2 4.47 5.32
ASD error max (dB) 19.7 15 22.5
ASD error mean (dB) 0.42 1.24 1.24
ASD error rms (dB) 2 2 3.2

Table 2: Accuracy of the MDOF spindle experiments
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4 Conclusions

This paper describes the use of a high-frequency 6-DOF shaker table for the reproduction of multiple degree
of freedom (MDOF) road input measurements in the frequency range up to 300 Hz. Results are discussed for
MDOF tire patch excitation and MDOF spindle excitation. It is shown that the bandwidth can be expanded
into this range if, depending on the target spectrum, measures are taken to ensure sufficient accuracy trough
out the frequency range. Especially the low energy band 165-220 Hz requires further work. The obtained
results are a validation of the current simulator performance and accuracy. In the light of the issues discussed
in [15], more work is necessary on the shaker table and control software.
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Abstract 
Noise Vibration and Harshness (NVH) is one of vehicle attribute that most impact customer satisfaction. 
In this area three main noise and vibration sources must be considered: powertrain (due to the engine, 
transmission, differential and respective components), road NVH (due to vehicle roll over kinds of 
surfaces, tires, suspension system and body excitations) and wind noise (due to air flow around the vehicle 
surface). These sources may be treated independently for components development, but customer will 
have a global perception. The objective of this work is to define a manner to understand what customer 
feels regarding NVH, introducing the concept of interior quietness to characterize the comfort sensation. 
The desired interior quietness will be achieved by balancing the 3 main sources contribution. Due to 
facilities, timing and product chosen, only road NVH and wind noise were considered on this first 
assessment. Data was acquired with artificial head at front passenger seat. Facilities used include wind 
tunnel and different road surfaces on proving ground. 

 

1 Introduction 
 

Achieve high customer satisfaction is the main objective and challenge to all companies that develop 
products to consume. For automotive industry this challenge is still bigger as vehicles are products that 
must full fill different expectations, such as transport, leisure, status and at the same time have to be safe 
and long lasting. Vehicles have to attend all expectation of customer and if this does not occur, the vehicle 
brand is affected and the market share decreases.  

The vehicle development is difficult due as it is composed by many parts and systems that have 
relationship among them. Other difficulty is related to the understanding of what the customer feels and 
what is more important to him to choose among different brands. 

This paper brings a different manner to analyze NVH, that is one of vehicle attribute that most impact 
customer satisfaction, and can be decisive for the customer to continue buying vehicles of specific brand, 
i.e., fidelity with the brand. 

The manner used to understand what customer feels was introducing concepts as interior quietness, 
comfort sensation and balance among different sources. These sources were quantified separately to show 
that to increase customer satisfaction by achieving a good interior quietness, it is necessary to attack the 
three main sources at the same time.  
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2 Concepts 
 

2.1 Noise Vibration and Harshness (NVH ) 
 

NVH is one of vehicle attributes and it is a term that stands for Noise (10 to 16000 Hz), Vibration (5 to 
100 Hz), and Harshness (10 to 16000 Hz). Noise is unwanted sound; vibration is the oscillation that is 
typically felt than heard. Harshness is generally used to describe the severity and discomfort associated 
with unwanted sound and/or vibration, especially from short duration events. Although most noise and 
vibration are unwanted, many times products and systems need to be tuned or engineered to possess 
certain sound and vibration characteristics at particular frequencies to sound and feel “right”. An example 
is the powertrain noise as an engine powerful sensation. 

NVH challenge is to improve attribute performance in vehicles, through acoustic package, without 
increasing weight and variable costs on products. 

The main sources responsible to noise and vibration level that impact on final result measured are: 

• powertrain NVH (PT NVH); 

• road NVH; 

• wind noise. 

More details regarding main sources that affect NVH can be seen below. 

 

2.1.1 PT NVH  
 

PT NVH is noted during vehicle operation due to interactions among systems as engine, transmissions, 
tailpipe, air intake, transmitting noise and vibration by air and/or structure borne on various different 
situations, as example: 

• idle: associated with stationary vehicle with no pedal deflection; 

• acceleration: associated with accelerator pedal under light, medium and heavy throttle 
openings; 

• deceleration: associated with removal of accelerator pedal following rotation down; 

• cruise: associated with partial throttle opening keeping constant speed. 

 

2.1.2 Road NVH 
 

Road NVH occurs during vehicle operation over various surfaces and caused by forces generated in the 
suspension sub-systems, body vibration and noise radiated by contact of tires with the road surface. Figure 
1 illustrates road NVH sources and paths: 

 

 
Figure 1: Road NVH sources and analysis 
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2.1.3 Wind noise 
 

Wind noise can be defined as the noise generated due to air movement around the vehicle. The main 
sources of wind noise are caused by: 

• features of external car body hardware and trim shape (exterior mirror, A pillar, cowl grill, 
etc); 

• large openings combined with vehicle cavity; 

• air leakage (aspiration) from the inside of the vehicle to the exterior. 

Wind noise generally becomes main source at speeds above 100 km/h, usually powertrain and road noise 
will prevail at lower speeds.  

Measurements in tunnel are usually performed with 0°, +/-10°, +/-20° yaw (wind incident angles on 
vehicle). Angles different than 0° are used to represent a real situation on track, where wind may come 
from various directions (cross wind). 

 

 

 
Figure 2: Wind noise sources 

 

2.2 Interior quietness / comfort sensation / balance 
 

Interior quietness is a condition where the noise level in interior vehicle is considered quiet enough to 
achieve customer satisfaction. What the customer exactly feels, that characterize interior quietness, is a 
comfort sensation that is completely subjective and given by balancing among noise sources. There is no 
difference among noise sources for this comfort sensation, and the customer will only note a specific 
source if the noise level of this one is higher and more annoying than the others.  

Therefore, for improve customer comfort sensation, by achieving the interior quietness, it is need to work 
together with the three main sources, considering a balancing of noise level among them.  

 

3 Test procedure 
 

The data acquisitions were performed using artificial head (left and right ear) at front passenger seat in the 
conditions described below: 
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• smooth track at 80, 100, 130 km/h; 

• wind tunnel at 80, 100, 130 km/h, 0º yaw; 

• coarse track at 80 km/h. 

Table 1 shows the results acquired for this and future works. In this paper it was only considered wind 
tunnel and track measurements due to limited resources and time. 

 

left right left right left right left right left right left right left right

sones 13,7 15,4 20,2 22,4 30,6 34,3 22,4 24,9 27,2 30,0 39,3 43,9 33,0 36,3

dB(A) 59,7 61,3 65,4 66,9 71,6 73,2 66,5 68,1 69,5 70,8 75,2 76,7 73,0 74,5

80 100 130

tunnel coarse track

80 100 130 80

smooth track

 
Table 1: Resume data acquired on tracks and wind tunnel. 

 

The results at 80 km/h show that the main impact in interior noise is due to road induced. For the same 
wind noise level (15.4 sones), it was verified that measurements on tracks changed considerably when 
track surfaces were modified, i.e. on smooth track the level was 24.9 sones and for the same speed, on 
coarse track, the noise level increased to 36.3 sones (delta of 11.4 sones). 

Considering the measurements at 100 km/h, it is not evident a specific source but the sum among them. 
So, it is important to measure the three main sources separately to understand the contribution of each one 
in interior quietness. 

Comparing the three speeds in dB(A), it is noticeable that increasing the speeds from 80 to 100 and 100 to 
130 km/h, the wind noise contribution increased with speed and consequently, the difference between 
track and wind tunnel measurements decreased. 

Same analysis can be made using sones as metric. Nevertheless, the results showed that from 100 to 130 
km/h the gap (track and wind tunnel measurements) increased instead of decrease. This fact can be 
explained by the effect of cross wind present on all track measurements. 

The results showed that sones is the best metric used to quantify wind noise. This is justified because the 
weighted level in frequency, of this metric, considers the frequency range that wind noise prevails. 

The analysis at 130 km/h is the study of case showed at item 4.2 to demonstrate the balance concept. 

 

4 Methods and Analysis 
 

4.1 Equations 
 

The acoustic intensity I of a sound wave is defined as the average rate of flow of energy through a unit 
area normal to the direction of propogation. For a plane harmonic wave traveling  

c
P

Icup
0

2

0 2
//

ρ
ρ −+=�−+=                                                         (1) 

For harmonic waves the yields: 

2

P
Pe =                                                                                 (2) 
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(2) in (1): 
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The most generally used logarithmic scale for describing sound levels is decibel scale. The intensity level 
IL of a sound of intensity I is defined by 
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where  refI  is a reference intensity, IL is expressed in decibels referenced to refI . 

With relationship between intensity and effetive pressure of progressive plane and spherical waves seen in 
(3), the intensities may be replaced by expressions for pressure, leading to sound pressure level: 
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where SPL, is expressed in dB and 22 /10 mWPref
−=   and eP  found by (2). 

Doing add and subtract frequency spectrum it was used the inverse of equation (5), as can see below (6), 
because the data were acquired in sound pressure level. 
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But to data analysis it was used the metric sones because represent better the human acoustic sensation 
calculated from same spectrum. 

 

4.2 Data analysis 
 

It was used four cases to demonstrate the concept of balance, they are summarized in Table2 and 
described below: 

 

Case 1: Measurements of baseline vehicle to determine main sources.  
A baseline vehicle was measured on smooth track and wind tunnel at 130 km/h. The track measurement 
quantified the three sources together. The wind tunnel measurements only quantified the wind noise 
source. Then, it was possible to consider the analysis two different sources; wind noise and others sources 
(PT + road NVH), through of the subtraction between sound pressure level measured on track and wind 
tunnel: 

OS = T0 + WN0                                                                         (7) 

where, T0 is the track measurement with the baseline vehicle, WN0 is the wind noise source measured at 
wind tunnel with baseline vehicle, OS is the other sources ( PT + road NVH) calculated by equation (7). 

Figure 3 shows the spectrum of the two measurements (T0 and WN0) and calculated curve OS. 
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Figure 3: Baseline vehicle measurements 

Using the above considerations, it was possible analyze other three study of case, considering two 
different wind noise improvement proposal and the other one PT and road (OS) improvement. 

 

Case 2: Experimental improvement of WN0 contribution. 
In this situation, there were some actions to improve wind noise (proposal1). The wind noise proposal1 
(P1) was measured on wind tunnel using the same baseline vehicle with P1 actions. As said before, it was 
possible, using the result of OS, to simulate how much the wind noise actions can affects the track 
measurement. Then: 

T1 = WN1 + OS                                                                       (8) 

where, T1 is the calculated curve of measurement on track with wind noise proposal 1 and WN1 is wind 
noise  measured at wind tunnel with proposal 1. 

 

Case 3: Theoretical further improvement of WN1 contribution on case 2. 
In this case, the situation is similar to case 2, but now the wind noise actions were mathematically 
improved using the frequency spectrum of proposal 1 minus 2 dB(L) in all frequency range. The method 
used to represent the improvement is a "simple approach". This theoretical was called as proposal 2 (P2). 
The same way, with wind noise source quantified, it was possible to simulate how much wind noise 
proposal 2 affects the track measurement. 

T2 = WN2 + OS                                                                       (9) 

where, T2 is the calculated curve of measurement on track with wind noise proposal 2 and WN2 is the wind 
noise mathematically improved (theoretical). 

 

Case 4: Theoretical improvement of OS contribution on case 2. 
In this situation, it was considered the data of WN1 and OS mathematically improved (minus 2 dB(L) in all 
frequency spectrum range as used in case 3).  

T3 = WN1 + OS1                                                                     (10) 

where, OS1 is OS mathematically improved and T3 is the calculated curve of measurement on track 
considering OS1. 
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T WN            OS              

 (sones)  (sones)  (sones)
case1 43.9 34.3 38.1 
case2 41.6 29.1 38.1
case3 40.4 25.5 38.1
case4 38.3 29.1 33.5 

 
Table 2: Data analysis at 130 km/h 

 

Analyzing the study of case above and the Table 2, customer perception is column T, an overall feeling of 
the vehicle. Case 1 is current vehicle level. At this level, improving only one of the three main sources still 
improves significantly overall level. That is case 2 where improving WN (~ 5 sones) overall level is 
improved in around 2.5 sones. Further source improvement (~ 4 sones) is less effective in WN, generating 
overall improvement of 1 sone (case 3), than OS, generating overall improvement of 3 sones (case 4). 

 

5 Conclusion 
 

For the development is important to consider the sources separately, although customer perception is 
comfort globally. Understanding this is critical to define resources for product development as well as cost 
and weight added to the product. This work showed that balanced concept is efficient to achieve customer 
expectation. In such a competitive industry it is vital to use any opportunity to increase customer 
satisfaction for the lowest cost. 

 

Acknowledgements 
 

Authors would like to thank the support of our colleagues of Ford North America, specially from 
Advanced Engineering Center, Dearborn Proving Ground and Michigan Proving Ground. Also thanks for 
colleagues of Ford South America, specially from Product Development and Tatui Proving Ground. 

 

References 
 

[1] Lawrence E. Kinsler, Austin R. Frey, Alan B. Coppens, James V. Sanders, Fundamentals of 
Acoustic, Jon wiley & Sons, New York (1982). 

[2] Ford Motor Company intranet. 

VEHICLE NOISE AND VIBRATION (NVH) 4315



4316 PROCEEDINGS OF ISMA2006



Automatic extraction of noise annoyance features from 
vehicle run-up sounds 

K. Janssens, A. Vecchio, H. Van der Auweraer 
LMS International NV 
Interleuvenlaan 68, B-3001 Leuven, Belgium 
email: karl.janssens@lms.be 

Abstract 
An automatic noise annoyance detection algorithm was developed to extract resonances, masking effects, 
order non-linearities, booming phenomena and amplitude modulations from an in-vehicle run-up sound 
and to visualize these noise annoyance features on top of the time-frequency spectrogram of the sound. 
This algorithm is very useful in closed loop with a Virtual Car Sound (VCS) synthesis tool. Based on the 
identified noise annoyance features, well-oriented sound modifications can be applied in VCS untill a low-
nuissance target sound is designed. An important benefit of this closed-loop approach is that various sound 
modifications can be objectively characterized and assessed in a short period of time without the need for 
extensive jury testing.  
 

 

1 Introduction 
 

One of the main concerns in the design and development of new cars is the acoustic comfort for driver and 
passengers. The interior sound of passenger cars becomes a more and more important marketing aspect for 
increasing the market share of its own brand. The success of a vehicle on the market depends on how well 
the sound fits the customer’s expectations. This particular sound needs to be provided in the acoustic 
development of the car.  

This paper presents a noise annoyance identification tool that was developed to assess the interior noise 
quality of cars on an objective basis. The tool automatically extracts resonances, masking effects, order 
non-linearities, booming phenomena and amplitude modulations from a run-up sound and visualizes these 
features on top of the rpm-frequency spectrogram of the sound. The use of such tool in conjunction with a 
Virtual Car Sound (VCS) synthesis environment [1,2] helps sound engineers and designers to assess the 
sound quality of various design alternatives in a short period of time without the need for extensive jury 
tests.  

The extraction of noise annoyance features from a vehicle run-up sound is achieved in three major steps. 
In a first step, an automatic order detection algorithm is employed to identify the significant engine orders 
in the run-up data. These significant orders are then accurately tracked in  amplitude and phase with an 
advanced time-varying DFT order tracking method. Finally, the various noise annoyance features of 
interest are automatically extracted from the order data in the third step of the approach. This three-steps 
approach will be described and discussed in more detail in the next sections. The engine run-up data in 
figure 1 will be used to illustrate the approach.  
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Figure 1: (left) A typical engine run-up sound and (right) its rpm-frequency spectrogram. 

 

 

 

2 Automatic order detection 
 

The first stage of the approach concerns the automatic detection of the significant engine orders in the run-
up sound. This is based on adaptive resampling. The measured tacho pulse train is used to convert the 
sound data from the time-domain to the angle-domain. Once this is achieved, a tracked spectral processing 
is done on the angle-domain data. From the obtained rpm-order spectrogram, a mean order spectrum (up 
to order 20 in steps of 0.05 orders) is calculated, from which the significant orders are then automatically 
detected. 

Figure 2 shows the mean order spectrum (up to order 10) and automatic order detection results for the 
engine run-up data in figure 1. The detected significant orders are marked with a blue star. These are local 
maxima that exceed the noise floor (yellow curve) with more than 3 dB (detection threshold). 

 

 
0.8 5.5 10 

2 6 10.5 

2.4 6.5 11 

3 7 11.5 

3.2 7.5 12 

3.5 8 12.5 

4 8.5 . 

4.5 9 . 

5 9.5 . 

 

Figure 2: Automatic order detection results for the run-up in figure 1. The detected significant orders are 
marked with a blue star and listed in the table. 
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3 Advanced order tracking 
 

Once the signifiant orders are detected, the time-varying DFT transform [3] is used to accurately track 
their amplitude and phase as a function of rpm. This advanced TVDFT order tracking method is known to 
perform much better than the classical FFT-based approach. As an example, figure 3 visualizes the order 2 
and order 4 tracking results for the considered engine run-up. For more details we refer to [4]. 
 

 

    

Figure 3: Order tracking results (amplitude and phase in function of rpm) for orders 2 and 4. 

 

 

 

4 Order-based feature extraction 
 

4.1 Resonances 
 

An engine run-up can be considered as a multi-sine sweep excitation, exciting a broad frequency band. 
Under such excitation, the system resonances or modes can be identified from the order data with 
operational modal analysis. As discussed in [4], this is achieved in different steps: 
 

• The frequency range of interst is first split into a number of adjacent, partially overlapping frequency 
bands. For each frequency band, a modal model is then identified by using the PolyMAX parameter 
estimation method [5]. Such model is identified from those orders that fully lie in the frequency band. 

 

• A stabilization diagram is then constructed by fitting models with increased number of modes to the 
order data. An automatic pole selection algorithm [6] is finally used to select the stable modes from 
the stabilization diagram.  

 

For the run-up example in figure 1, six frequency bands were considered: (1) 40-140 Hz, (2) 120-220 Hz, 
(3) 200-300 Hz, (4) 280-380 Hz, (5) 360-460 Hz and (6) 440-540 Hz. The resonance identification results 
are shown in figure 4. The left graph visualizes the most significant modes on top of the rpm-frequency 
spectrogram. The table on the right presents the frequency, mean level and damping of the different 
modes.  
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Figure 4: (left) Visualization of the most significant modes on top of the rpm-frequency spectrogram; 
(right) List of modes with their frequency, mean level and damping. 

 

 

 

4.2 Masking 
 

A run-up sound is a complex signal in which some orders are masked by the presence of adjacent orders 
and background noise. Based on the work of Voran [7] and others, a masking algorithm was developed 
which calculates a masking threshold curve for each rpm point of the spectrogram. Only the orders that 
exceed the masking threshold are audible, the others are masked. The left graph in figure 5 visualizes the 
masking results on the rpm-frequency spectrogram for the run-up under study. The sound engineer can 
immediately see which order parts are audible during the run-up and need to be further considered in the 
sound engineering and design process. The right graph, which shows the masking threshold curve and the 
audible and masked orders for a specific rpm, gives a better idea on how dominant some of the orders are.  
 

 

 

  
Figure 5: (left) Visualization of the masking results in sound spectrogram. The masked orders are drawn 

in white; (right) The masking threshold (black), masked (blue) and audible (red) orders at 2500 rpm.  

 

Nr. Freq. [Hz] Lev. [dB] Damp. [%] 
1 121.74 67.21 1.231 
2 177.56 69.86 0.956 
3 186.95 74.12 0.520 
4 188.47 74.83 0.500 
5 190.07 75.29 1.872 
6 249.00 50.15 0.070 
7 251.52 48.06 0.265 
8 267.63 54.01 1.258 
9 324.34 47.04 1.236 

10 341.17 48.07 1.927 
11 355.73 45.20 0.915 
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4.3 Order non-linearities 
 

Non-linearity is an important aspect affecting the sound quality during acceleration. The acoustic signature 
of a run-up sound must increase linearly with increasing speed or rpm. A sudden drop after resonance can 
be for example very annoying, especially in sporty cars. Not only the total sound pressure level (SPL) but 
also the individual order levels must be as linear as possible. The partial effect (in %) of linearizing an 
order on the standard deviation of the total SPL is calculated as a measure of order non-linearity. The left 
graph in figure 6 presents the results of this calculation for the different orders of the run-up under study. 
This graph is very useful as it indicates which orders need to be linearized in the first place to achieve a 
more linear profile of the total SPL. The orders that are finally considered as non-linear are those that 
affect the standard deviation of the total SPL with more than 5 %. These are the orders 2 (32.09 %) and 4 
(12.93 %) in our example. The right graph in figure 6 shows the effect of linearizing these orders on the 
total SPL.   

 
 

 
Figure 6: (left) Partial effect of linearizing individual orders on the standard deviation of the total A-
weighted SPL; (right) Total A-weighted SPL profile: original (full line) and when orders 2 and 4 are 

linearized (dotted line). 

 
 
 
Not only linearity in level is important, also linearity in frequency content or pitch must be considered. It 
is for example possible that the total SPL is quite linear, but that the dominant frequency in the sound is all 
the time changing over different engine orders during acceleration. In such case, the perceived sound 
quality might be poor as well. Figure 7 gives a clear view on pitch non-linearity. For each rpm point of the 
sound spectrogram, the order with the highest dB(A) value is indicated with a blue star. A black star is 
used when the order is absolutely dominating. If we look at the pitch map, we can see that the pitch 
content is continuously varying over a number of orders (2, 4, 4.5, 6, 6.5, 8, 9) during acceleration and not 
just following the firing order 2.  
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Figure 7: Pitch map with varying pitch content during acceleration. 

 

 

 

4.4 Booming 
 

Booming noise is considered as a an order-based, low-frequency phenomenon below 250 Hz. A booming 
area is automatically identified in the rpm-frequency spectrogram of a run-up sound when a single, low-
frequency order is absolutely dominating and pushing up and down the A-weighted total SPL with at least 
3 dB(A). Figure 8 presents the booming identification results for the considered run-up. Order 2 and 4 
related booming areas were identified from the order data. These booming regions are shown on the A-
weighted SPL profile (left graph) and spectrogram (right graph) of the sound.  
 
 

 
 
 
 
 
 
 
 
 
 
 

 

 

 

Figure 8: Visualization of the booming identification results on the A-weighted SPL profile (left) and 
rpm-frequency spectrogram (right) of the run-up sound. 
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4.5 Amplitude modulations 
 

The auditory perception of roughness is determined by temporal fluctuations in the envelope of the sound. 
It is known from psycho-acoustic literature that modulations related to adjacent integer and half integer 
engine orders contribute to the roughness of a vehicle run-up sound. Classical roughness models use 
critical band filters with fixed centre frequency. These models provide a good prediction of the perceived 
roughness of stationary sounds, but do not correlate well with the subjective perception of run-up sounds 
[8]. This may be due to the fact that the auditory filters of the human hearing system adapt to the time-
varying frequency content of the sound [9]. For this reason, we are using an order-based algorithm with 
rpm-dependent critical band filters. This algorithm includes several steps.  
 

• The complete run-up is first split into different rpm segments. The sound per rpm segment is then 
filtered in various, overlapping critical bands. A critical band is considered around every order 
component of the sound.  

 

• The algorithm then calculates the sound envelope (Hilbert transform), the modulation spectrum (FFT 
processing of the sound envelope) and partial roughness (subsequent processing based on psycho-
acoustics) per critical band. These calculations are done for every considered rpm segment. 

 

• The partial roughness per critical band and rpm segment is finally presented in a colormap and the 
main modulation areas are visualized in the rpm-frequency spectrogram. 

 

Figure 9 shows the partial roughness map for the run-up under study and indicates the 4 main modulation 
areas on the sound spectrogram. These areas need to be considered in the first place when trying to reduce 
the overall roughness of the sound.  

 

 
 
 

 

 

 

 

 

 

 

 

 

Figure 9: (left) Partial roughness map; (right) Four main modulation areas in the rpm-frequency sound 
spectrogram. 
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4.6 Overview 
 

Figure 10 presents an overview of the noise annoyance identification results for the engine run-up under 
study. It gives a fully objective evaluation of the interior noise quality without the need for a jury test. 
 

 

 

 

 

 
 

 

 
 

 

 
 

 

 

Figure 10: Overview of noise annoyance identification results. 

 

 

5 Conclusions 
 

An automatic noise annoyance identification tool was developed to assess in-vehicle noise quality on a 
fully objective basis. The tool automatically extracts resonances, masking effects, order non-linearities, 
booming phenomena and amplitude modulations from a run-up sound and visualizes these features in the 
rpm-frequency spectrogram. The tool is of great help in a sound engineering and design context. It 
automatically pinpoints the rpm-frequency regions that need to be modified to improve interior sound 
quality. 
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Abstract 
This paper describes the design and first experimental results of a novel test setup to measure the impact 
response of a rotating tire. The test setup is based on a tire on tire principle, which requires less space than 
a classic drum (rigid rotating cylinder). The setup is used to analyse mechanisms of tire/road noise during 
road impact excitations, such as a cobbled roads, joints of a concrete road surface, railroad crossings,… 
The noise that is radiated from a tire strongly determines the passenger acoustic comfort and the traffic 
noise. Besides the radiated noise, the spindle forces induce vibrations that generate noise in the passenger 
compartment. Typical for a road impact excitation are a short duration tactile spike (shock) and a short 
duration noise spike (impact boom) experienced by a passenger. A series of test are performed with 
different driving speeds, cleat dimensions and inflation pressures. The test results are used to identify and 
quantify the mechanisms of noise generation during impact excitations with respect to the different 
parameters. These analyses will contribute to the future development of tire models to simulate the 
acoustic and structural response to road impact excitations. 
 
 
1 Introduction 
 
Tire/road noise generation mechanisms have been studied for several decades. The most influential 
mechanisms and related phenomena have been identified [1].  However, the relative importance of these 
mechanisms and phenomena for a certain operating condition of the tire is still under investigation. For 
instance, the influence of rolling on the tire modal parameters is not yet fully understood. 
This research focuses on the tire/road noise caused by road impact excitations such as cobbled roads, 
joints in a concrete road surface, railroad crossings, … When driving on such rough road surfaces, even 
modern cars are sensitive to low frequency booming interior noise [2]. In order to analyse the tire/road 
noise generating mechanisms during impact exaction, a test setup was designed and built at the 
K.U.Leuven Vehicle Technologies Laboratory. This test setup performs highly repetitive and controllable 
impact excitation tests under various operating conditions. Different realistic operating conditions are 
considered in this paper in order to study their effect on the tire impact response.  On the test setup, several 
parameters can be measured: radiated sound pressure, vibrations of the tire surface and spindle forces. 
However, the tests in this paper focus on the spindle forces due to impact excitations. These forces are the 
source of the structure borne tire/road interior noise. 
The presented analyses will contribute to the future development of a tire model to simulate the acoustic 
and structural response of a tire to road impact excitations. 
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2 Test setup 
 
In order to analyse the mechanisms of tire/road noise generation during road impact excitations, a novel 
test setup was designed and built. The test setup is based on a tire on tire principle, which makes the setup 
more compact and less expensive than a classic drum (rigid rotating cylinder). Moreover, the tire rolling 
deformation approaches better the deformation of a tire rolling on a flat road. The test setup performs 
highly repetitive and controllable impact excitation tests under various operating conditions.  
The test setup consists of two identical tires which rotate against each other with a certain radial preload. 
The tires used in the tests are radial slicks (tires without tread pattern) of size 205/55R16 and the rims are 
rigidly clamped at the wheel hub. Figure 1 shows the test setup with the two tires mounted. Since two 
identical tires are used, the tire deformation of each tire is equal and similar to the deformation of a tire 
rolling on a flat road. One of the two tires is driven by a 7.5 kW, 8-pole, three-phase induction motor, 
while the other tire is mounted on a multiaxial wheel hub dynamometer with built-in encoder (figure 2). 
The piezo-electric dynamometer measures the three spindle forces and the three spindle moments. The x, 
y and z direction (figure 1) correspond to the longitudinal, vertical and lateral direction, respectively. The 
moments are defined as positive if their vector is pointing in the same direction as the force reference 
system defined in figure 1. The dynamometer has a measurement range of ±15 kN and ±2500 Nm for the 
spindle forces and moments, respectively. The encoder in the dynamometer has a resolution of 144 pulses 
per revolution, which allows accurate measurements of the rotation speed. 
 

 
The motor has 8 poles which limits the rotation speed to 750 rpm and yields low noise emission of the 
motor at normal operating conditions. The tire is directly mounted on the motor spindle and the rotation 
speed is controlled by a variable frequency drive. To simulate an impact on the tire, an aluminium cleat is 
guided through the contact area of the two tires. The cleat is mounted on the driven tire and can easily be 
replaced by a cleat with other dimensions. After installing the cleat, the tire is balanced to eliminate 
unbalance forces. As the cleat passes through the contact area of the two tires, the cleat is indenting both 
tires. This deformation is similar to the one of a tire rolling over a cleat with half the size of the cleat of the 
test setup. For example, when a circular cleat of diameter 10 mm is used in the test setup, both tires will 
deform as if they were rolling over a 5 mm semi-circular cleat on a flat road. 
 

Fig.1: Test setup with two tires mounted; the upper tire is driven by an electric 
motor, the lower tire is mounted on a wheel hub dynamometer. 

 Z 

 X 

Y 

 ω
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During all tests, the distance between the two tires axles was fixed (600 mm), which means that the static 
tire deformation (16 mm) did not change. The tire temperature was monitored by an infrared thermometer 
and kept constant at 25°C. The spindle forces and moments due to a cleat impact were measured at a 
sample frequency of 2048 Hz. The entire test setup is designed to avoid structural resonances below 750 
Hz. It is also possible to measure radiated sound pressure and vibrations of the tire surface, but this is not 
discussed in this paper. 
 
 
3 Results 
 
A series of tests were performed with different driving speeds, cleat dimensions and inflation pressures. 
The results are compared in order to identify the generating mechanisms of structure borne tire/road noise 
during impact excitations. Moreover, the influence of the operating conditions on these generating 
mechanisms will be quantified. 
The Power Spectral Density (PSD) is used to analyse the spectral content of the signals. The spectra of 
several synchronous time blocks are averaged in the frequency domain. To do so, the force time signal is 
used to trigger the acquisition of a single impact. A series of single impact spectra is then used to calculate 
an averaged spectrum. In the tests, each spectrum is calculated out of 40 averages with a rectangular 
window. 
 

3.1 Dynamic spindle forces due to cleat impact 
 
Figure 3 shows the longitudinal, vertical and lateral spindle force due to passing a 5 mm semi-circular 
straight cleat at 22.6 km/h. The actual cleat in the test setup was a 10 mm circular cleat. The left and right 
column presents the time signals and the power spectral densities, respectively. The total vertical spindle 
force equals the sum of the static preload (2930 N) and the dynamic response force due to a cleat impact. 
All the spindle forces shown in this paper are the dynamic forces due to a cleat impact.  
Figure 3b shows that the vertical force Fy does not tend to decay to zero after the cleat impact. This is due 
to the geometrical unroundness (measured at 0.8 mm peak to peak) of the tire which causes a spindle force 
of approximately 150 N peak to peak at a frequency which is dependent on the rotation speed. Therefore a 
high-pass filter with cut-off frequency of 5 Hz was used to eliminate this force component. 

Fig. 2: Multiaxial wheel hub dynamometer with built-in encoder. 
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The power spectral density plot of each signal shows that the spectral content is limited to approximately 
400 Hz. Above this frequency, the spectral content is negligible. The vertical force component Fy is the 
most important; therefore, the emphasis will be put on this force component. The vertical force Fy shows a 
damped oscillating pattern. The frequency of oscillation is 77.6 Hz, which corresponds to a distinct peak 
in the spectrum of figure 3b. This frequency is the (1,0) vertical resonance of the tire [3]. At this 
resonance, the belt translates as a rigid structure in the vertical direction [4].  
At 220.7 Hz and 227.6 Hz appears a sharp peak in the spectrum of the longitudinal and vertical force, 
respectively. These frequencies are the longitudinal acoustic resonance fl and the vertical acoustic 
resonance fv of the air cavity [5]. Figure 4 gives a schematic overview of the pressure distribution in the air 
cavity at resonance. This figure explains why the vertical acoustic resonance is mainly observable in the 
vertical spindle force spectrum of figure 3b. A small peak in this spectrum at the longitudinal resonance 
frequency indicates that the longitudinal resonance contributes to a small extent to the vertical response.  

Fig. 3:  Longitudinal (a), vertical (b) and lateral (c) spindle force response; 5 mm high
semi-circular cleat; driving speed 22.6 km/h; inflation pressure 2.2 bar. 
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                       227.6 

          220.7 

a)     220.7 
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Besides the above described spectral components, the response spectrum contains more, less dominant 
components. An operational deflection shape analysis of the tire structure could provide more insight into 
the nature of these spectral components. This analysis is not included in the paper. 
Figure 5 presents the power spectrogram of the vertical spindle force for a series of six subsequent cleat 
impacts. A spectrogram provides more information about the time evolution of the spectral content. The 
spectrogram is calculated from the time signal using the short-time Fourier transform (STFT) from which 
the amplitude value of the STFT are shown in the spectrogram. The vertical line at the instant of a cleat 
impact reveals that the impact causes a broadband spindle force response. At certain frequencies appears a 
higher power content which indicates a resonance or a forced excitation at these frequencies. At 77.6 Hz 
appears a high power content with short decay time. This frequency corresponds to the highly damped 
(1,0) vertical structural resonance of the tire. A similar phenomenon appears around 325 Hz. The 
horizontal line at 227 Hz in the spectrogram is caused by the vertical acoustic resonance which is lightly 
damped [4]. 
 
 

 
 
 
 
 

Fig. 4: Acoustic pressure distributions at the two deformed tire acoustic resonances. 
( +: high pressure point; - : low pressure point; o : zero pressure point) 

fv = 227,6 Hz fl = 220,7 Hz 

Fig. 5 : Time signal (left) and spectrogram (right) of vertical spindle force; 5 mm semi-
circular cleat; inflation pressure 2.2 bar; driving speed 22.6 km/h. 
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3.2 Influence of rolling speed  
 
The influence of the rolling speed on the tire structural resonance frequencies was described by Dorfi et al. 
[6].  The tire vibration modes from a non-rolling tire are similar to the modes of a rolling tire, however 
there is a resonance frequency shift when the tire goes from the non-rolling to the rolling condition. In 
order to analyse this phenomenon more in detail, a series of cleat impact tests were performed at different 
rolling speeds. 
Figure 6 shows the vertical spindle force at four different rolling speeds. The inflation pressure and cleat 
height are kept constant. The amplitude of the spindle force increases with increasing speed. Two parts 
can be distinguished in the time signal. The first part, which is marked on figure 6, is the response due to 
the forced cleat excitation. The duration of this first part is equal to the time to travel a distance of 0.16 m 
at the corresponding speed. This means that the contact between cleat and tire starts at a distance of 0.08 
m before the cleat. The second part of the force signal corresponds to the free spindle response, which is a 
fast decaying oscillation at the (1,0) vertical resonance frequency. 
 

 
 
Figure 7 shows the spectra of the vertical spindle force at different speeds. The (1,0) vertical resonance, 
which has the most significant contribution to the spindle force response, appears at a slightly higher 
frequency as the rolling speed increases. Figure 8a shows the (1,0) vertical resonance frequency as a 
function of the rolling speed. The figure shows a significant drop in resonance frequency between the 
static and slow rolling tire. The deformation cycling of the rubber, as a result of the rolling, causes a 
softening effect [6] which explains the drop in resonance frequency. This effect is more pronounced for 
tires with a low aspect ratio and stiff sidewalls. 
 
 

Fig. 6: Vertical spindle force at different rolling speeds; 5 mm high semi-circular cleat; 
inflation pressure 2.2 bar. 
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After the onset of rolling, which causes the softening of the rubber, the curve of figure 8a shows an 
upward tendency. This is caused by the stiffening of the tire structure due to centrifugal forces. For this 
tire, the increase of the first vertical resonance frequency is approximately 2.4 Hz per 10 km/h increase of 
speed. 
Figure 8b gives the vertical and longitudinal acoustic resonance frequency as a function of the rolling 
speed. The longitudinal resonance frequency remains constant, while the vertical resonance frequency 
shows an increase. In this speed range, the same trend was observed by Yamauchi et al. [7]. The authors 
found that the longitudinal and vertical acoustic resonance frequency, respectively, decreases and 
increases with increasing driving speed. However, this effect is more distinct at speeds above 30 km/h.  
 
 

Fig. 7:  Vertical spindle force spectrum at different driving speeds; 5 mm high semi-circular
cleat; inflation pressure 2.2 bar. 

Fig. 8:  (1,0) vertical resonance frequency (a) and acoustic resonance frequencies (b) 
as a function of rolling speed.  

(a) (b) 
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3.3 Influence of inflation pressure 
 
Figure 9 shows the spectra of the vertical spindle force at different inflation pressures. The inflation 
pressure ranges from 1.7 to 2.7 bar, which are realistic values for the inflation pressure of a passenger car 
tire. To maintain the condition of identical tires in the test setup, both tires are inflated at the same 
pressure. The distance between the two tire spindles is fixed in this test, which yields a constant tire 
deflection at the different inflation pressures. As a result, the radial preload of the tire increases with rising 
inflation pressure. The legend of figure 9 gives for every inflation pressure the corresponding preload. 
As the inflation pressure increases, the spectrum shows in general a higher amplitude and a positive 
frequency shift at the structural resonances. This shift is caused by stiffening of the tire structure due to the 
higher inflation pressure. Both belt and sidewalls are stiffer suspended by the higher air pressure and 
experience a higher tension. The increased sidewall stiffness leads to an improved transfer of tire 
vibrations to the rim. The (1,0) vertical resonance frequency increases 6.9 Hz for a 1 bar inflation pressure 
increase. Other structural resonances also experience stiffening. However, the magnitude of the effect is 
dependent on the type of resonance. The spectra of the vertical spindle force show no noticeable change of 
damping due to inflation pressure variation. 
 

 
 
 
The acoustic resonance frequencies experience no frequency shift. These frequencies are dependent on the 
geometry of the air cavity and the velocity of sound [4]. Equation 1 gives the speed of sound for an ideal 
gas, assuming that the sound wave causes an adiabatic compression [8]. 
 

pc R Tγ γ
ρ

= =                                                                          (1) 

 
The speed is dependent on the adiabatic index γ  (1.402 for air), the pressure p and the density ρ . Using 
the ideal gas law, the speed of sound can be written as a function ofγ , the gas constant of air R and the 
temperature T. This expression shows that pressure and density both contribute to the sound velocity 
equally, and in an ideal gas the two effects cancel out, leaving only the effect of temperature. As the 
acoustic resonance frequencies are invariant to the inflation pressure (figure 9), this indicates that also the 

Fig. 9: Vertical spindle force spectrum at different inflation pressures; 5 mm high 
semi-circular cleat; driving speed 22.6 km/h. 
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geometry of the air cavity exhibits no significant change due to the inflation pressure variation. The static 
tire deflection in this test setup is constant as the distance between the two tire spindles is fixed. 
When a tire is mounted on a vehicle, the preload of the tire is constant and an increasing inflation pressure 
causes a decrease in static tire deflection. This change in deflection will cause a shift of the acoustic 
resonance frequencies. The inflation pressure affects also the “attack angle” (angle between the tyre 
circumference and the road at leading and trailing contact patch edge) and the contact area shape of a tire 
mounted on a vehicle.  
  
 
3.4 Influence of cleat height 
 
The dynamic behaviour of particle filled rubber strongly depends on the deformation magnitude, even for 
small deformations. With increasing deformation amplitude, the number of physical bonds in the filler 
network decreases, which results in a decrease of stiffness. This effect, which is known as the Payne effect 
[9], does not arise in unfilled rubbers. The tire tread compounds consist generally of carbon black or silica 
filled rubber. Consequently, the Payne effect might be of importance. In order to investigate this form of 
non-linearity in the tire response, a cleat test was performed with two different cleat heights.  
 

 
 
Figure 10 shows the vertical spindle force spectra for a 5 mm and 7.5 mm high semi-circular cleat. The 
(1,0) vertical resonance shifts from 80.3 Hz to 78.1 Hz due to the increase of cleat height.  Most of the 
other structural resonances are subjected to a similar softening effect. As shown in figure 10, the acoustic 
resonances are not subjected to a frequency shift because the acoustic cavity geometry is not changed by 
the higher excitation amplitude. 
Besides the frequency shift, the spectrum for the 7.5 mm cleat shows a clear peak at 115 Hz which 
corresponds to the (2,0) “0” mode [4,5]. This mode involves two bending wavelengths in circumferential 
belt direction. The mode is less excited by the 5 mm cleat as shown in the spectra of figure10. 
 
 
 
 
 

Fig. 10:  Vertical spindle force spectrum for different cleat heights; driving speed 28.3
km/h; inflation pressure 2.2 bar. 

  115 Hz 
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4 Conclusions 
 
The presented results show that the test setup performs highly repetitive and controllable impact excitation 
tests under various operating conditions. Although the test setup is limited to low speeds, the most 
important mechanisms and influences can be studied. In this paper, the influence of rolling speed, inflation 
pressure and excitation amplitude were illustrated. 
The analyses revealed a significant drop of the tire resonance frequencies at the onset of rolling. However, 
modal data is typical obtained from a non-rolling tire. This implies that the static modal test resonance 
frequencies are too high to predict an accurate rolling dynamic response. A tire model, based on modal 
parameters, should take into account this softening effect which is dependent on the tire construction. 
Besides the initial drop in frequency, the tire shows a stiffening effect as the rolling speed increases.  
The acoustic resonance frequencies contribute to the impact response of a tire and are independent of the 
inflation pressure and the excitation amplitude.  
The tests show an excitation amplitude dependency of the structural response for road impact excitations. 
This effect, which is also called the Payne effect, should be included in a tire model that predicts the 
response to impact excitations. 
A next step in the ongoing research is to analyse sound radiation and vibrations of the tire surface by using 
the presented test setup.  
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Abstract 
Customer demand for increased vibro-acoustical comfort performances of vehicles, coupled with a 
reduced development time frame, requires a continuous improvement process in the engineering design 
phase. These needs call for fully comprehensive FEM models, in order to simulate vehicle performance 
from the very early stages of the project: for this purpose, a huge amount of detailed information is 
necessary, as the “virtual vehicle” should be as close as possible to reality and thus complete of trim and 
equipment. The validated numerical model should be used in an efficient and systematic way in order to 
outline criticalities, find out the important transmission paths and optimise the performances: an 
innovative approach for this goal has been conceived, focussed on total energy distribution and 
minimisation criteria as a guideline in the selection of crucial structural improvements. The paper 
describes the methodology applied during a development of a new D-segment car for the Asian market. 

 

1 Introduction 
 

The development of new vehicles suffers nowadays from two almost opposite needs: namely, the growing 
importance of the vibro-acoustic performance as an added value and the reduced time frame of the project. 
While the first implies an increasing amount of data and analysis, the second necessarily shortens the 
experimental phase on prototypes calling for a “virtual vehicle” to rely on. 

In this paper, the development of “virtual dynamic” vehicle (D-segment car for the Asian market) is 
described as derived from the opposite tasks of completeness and limited dimensions; as a validation, its 
performances are compared with measurement results on the predecessor. The simula tion activity 
procedure is described in detail with a special focus on a newly conceived procedure for structural analysis 
and counter-measures selection. 

 

2 Project Overview 
 

2.1 Metodology 
 

As the „Virtual dynamic“ vehicle is created, reproducing the completely assembled vehicle in real 
measurement conditions (i.e. fully trimmed and with all dynamic systems), the activity has been 
subdivided into two phases: firstly, the purely vibration performance of the vehicle has been evaluated, 
analyzed and optimised, focusing on the simulated inertances (a/F) at the attachment points of major 
vibrating sources to the body - structure. Being these points the first “gate” for the vibrations coming from 
the sources, the a/F curves represent the major physical indicator of the structure stiffness properties: a 
lack in them implies an easy way-in for the vibration itself to the vehicle. After the model validation, the 
critical frequencies and attachment points have been located with respect to target curves; major modal 
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contributors to the response function have then been extracted. Subsequently, global kinetic and strain 
energy distributions have been evaluated near the analysed attachments and structural modifications have 
been defined according to energy type mainly contributing. Finally, the improvements on the response 
spectrum have been verified on the optimised model. 

The optimisation phase completed, the fully trimmed air-cavities have been introduced and the global 
vibro-acoustical behaviour has been evaluated in terms of pressure over force transfer functions (p / F). As 
for the a / F functions, the experimentally validated model has been used to identify critical frequencies 
and major contributors: this step involved not only the modal participation analysis of both the structural 
and fluid parts, but also the trimmed panels contribution analysis. This last information is fundamental in 
any further optimisation step, which necessarily involves the acoustical treatment package tuning. 

 

2.2 Model details  
 

Summarizing, the following activities have been carried out:  

• model assembly; 

• model validation; 

• criticalities analysis; 

• optimization. 

For both A/F and P/F the analysed frequency range was up to 250 Hz and the simulations have been 
performed by means of MSC Nastran solver (SOL111). 

Unit forces have been applied on the attachment points of the most important sources: engine system, 
exhaust, rear and front suspensions; stiffness curves have been calculated on the excited point, while 
pressure level has been simulated on the driver’s and rear passenger’s ears. 

 

2.3 Vibro dynamic behaviour analysis 
 

2.3.1 Virtual dynamic vehicle: assembly 
 

All the structural parts have been implemented into the “body in white” model, together with systems, 
equipment and trimmings in order to be as close as possible to the reality. The vehicle has been assembled 
either by direct F.E. modelling or introducing equivalent dynamic components:  

• vibrating sources (e.g. powertrain, suspension and exhaust groups, …)  

• equipment (such as battery, fuel tank, seat equipments..)  

•  trimmings (damping and fonoinsulating materials, seats,…). 

The virtual vehicle has been provided with the whole dynamic information, derived either from the 
technical specifications or the experimental database and knowledge in the field.  

 

2.3.2 Virtual dynamic vehicle: validation 
 

An experimental activity has been carried out on two real vehicles, in order to measure the inertances at 
the most important attachment points and the pressure transfer functions to the passenger cavity. The 
measured vehicles were completely trimmed and equipped with all non structural components such as: 
glasses, door, powertrain, exhaust system and suspensions. 

Figure 1 and Figure 2 show simulated and measured structural behaviour at two different attachment 
points: the good correlation assures the validation of the virtual vehicle. 
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Figure 1: numerical-experimental correlation 

 

Figure 2: numerical-experimental correlation 

 

2.3.3 Virtual dynamic vehicle: criticalities analysis 
 

Being the model validated, the simulated a / F curves have been compared with specific targets, previously 
defined by means of a benchmarking measurement activity.  

Critical frequency ranges have been located by direct inspection of the simulated stiffness. The problem 
dimensions have been reduced by extracting the “modal participation factors” and focussing on the mostly 
contributing modes. 

As an example, the attachments to the structure of the following systems are considered: rear subframe 
(Figure 3) and engine (Figure 4). For the first one, the behaviour around the frequency of 70 Hz is critical 
and the major contributing mode-shape is the rear suspension system rotation around y axis; for the second 
one, we’ve focused near 90 Hz, where the major contributing mode is a rotation around z axis of the front 
vehicle part. 
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Figure 3: rear subframe attachment stiffness curves 

 

Figure 4: engine side attachment stiffness curves 

 

2.3.4 Virtual dynamic vehicle: optimization process 
 

The classical approach to structural performance optimisation deals with the direct inspection of the 
previously extracted modal shapes: looking at their animated display, major modes can be subdivided into 
either “global” (which could be hardly improved without direct intervention on the structural architecture) 
and “local”, usually cured by locating maxima in the strain energy. However, this process isn’t controlled 
in final result, as the intervention is mainly based on the engineering experience and “sense” of the 
designer. Moreover, a second type of possible action can be foreseen in the optimisation process of a 
dynamic phenomenon: namely, tuned dynamic resonators and added masses which can’t be actually 
designed according to the “static analogy” as they’re driven by kinetic energy. 

The optimisation process here described has been carried out by looking at the sum of kinetic and strain 
energies at each finite element.  

The interventions have been methodologically selected by extracting energy distributions around the 
located critical attachment: for strain energy dominating, stiffening actions were chosen, otherwise masses 
and resonators were designed. 

Firstly, the extracted element’s energies have been directly visualised on the structure (coloured-maps) 
and compared with the contributing mode-shapes. Together with a bit of experience, this approach could 
be enough to define the best intervention, especially when either strain or kinetic energy is clearly 
dominating. 
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However, a more systematic approach has been established focussing on the near-by of the interested 
attachment and performing a statistical analysis of the sample. As maximum values could have been 
misleading or affected by the model meshing characteristics, percentage distributions of the different 
energy types have been extracted and graphically represented. 

Statistical distributions able to fully describe the phenomenon have been investigated by looking at all the 
different attachments: the more suitable formulation to fit data (previously transformed into logarithmic 
values) was the “normal”; all parameters chosen as guideline, such as mean value, standard deviation and 
P.E, have been extracted according to it. While the meaning of the first two is straightforward, as they 
allow for the energy ranking (for each sample of elements the one characterised by the higher mean and 
lower standard deviation has been identified as “dominant”), the last parameter has been introduced for the 
most complicated cases. 

It may happen that both strain and kinetic energy distributions are characterized by similar mean values, 
but one of them is sharper and peaked: according to the common sense, it is the dominating one. The P.E. 
parameter (defined as half the interval, around the mean value, containing 50 % of the element energy 
values) could be the correct indicator: lower P.E. values correspond to higher peaks around the mean 
conjugated with a lower spread. 

In the following, two different examples, corresponding either to strain or kinetic dominating, are 
described. 

In Figure 5 the elements’ energies at the rear subframe attachment are represented in coloured maps; a 
graphical analysis could be enough to predict a strain energy dominance (See Figure 5 right side). 

 

Figure 5:rear subframe attachment point - coloured map: strain and kinetic energy 

 

However, the statistical approach has been applied and extracted parameters are shown in Table 1: the 
higher mean value and lower standard deviation and P.E rank strain energy as dominant. 

 

Energy type Mean Value Standard 
deviation 

P.E. 

Strain -6.32 6.92e-1 4.67e-1 
Kinetic -8.41 8.23e-1 5.55e-1 

Table 1: rear subframe attachments -statistical parameters  

 

Once the major energy has been identified, the corresponding intervention has been designed and applied 
to the original model; in this case, a specific reinforcement has been introduced at rear subframe 
attachment point. A simulation session has, then, been carried out resulting in new (a / F) curves, 
element’s strain and kinetic energies. Both the improvement on the analysed (a / F) as well as the 
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pertained energy reduction has been verified by comparison with the original data: e.g. the originally 
dominant strain energy had been significantly decreased in the optimised model (Figure 6). 

 

Figure 6: rear subframe attachment point- percentage energy distribution before and after 
optimization 

 

In Figure 7, the elements energies at the engine attachment point are represented and in Table 2 statistical 
parameters are shown. 

 

Figure 7: engine side attachment point - coloured map: strain and kinetic energy 

 

Energy type Mean Value Standard 
deviation 

P.E. 

Strain -6.55 4.93e-1 3.32e-1 
Kinetic -6.44 2.19e-1 1.48e-1 

Table 2: engine side attachment point: statistical parameters  

 

The higher mean value and lower standard deviation and P.E values define the kinetic energy as mostly 
affecting the structural behaviour at the analysed attachment point. 
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In order to optimize the a / F behaviour, a tuned resonator has been designed and introduced in the model: 
the corresponding kinetic energy decrease is shown in Figure 8.  

 

Figure 8: engine side attachment point - percentage energy distribution before and after 
optimisation 

 

2.4 Vibro acoustic behaviour analysis 
 

2.4.1 Vibro acoustic vehicle: assembly 
 

P/F transfer functions are simulated by exciting the structure with unit forces at the attachments of the 
most important vibrating sources and calculating the sound pressure level inside the vehicle. In order to 
describe the acoustic path from structure to passenger cavity, a fluid FEM model has to be built.  

The virtual vehicle model, used for a/F activity, has been coupled with a fully trimmed air cavity. Special 
care has been taken in order to simulate the impact of seats and IP panel, affecting both the absorption 
inside the passenger cavity and the shape of lower modes (Figure 9). 

 

Figure 9: fully trimmed air cavity FEM model  
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2.4.2 Vibro acoustic vehicle: validation 
 

As previously written (see paragraph 2.3.2), an experimental P/F activity has been carried out on two 
predecessor vehicles allowing for the comparison between simulation and measurements; a good 
correlation assures the model validation. 

As an example, in Figure 10 and Figure 11 the numerical - experimental comparison is shown at two 
different attachment points. 

 

Figure 10:p/F – model validation 

 

Figure 11: p/F - model validation 

 

2.4.3 Vibro acoustic vehicle: criticalities analysis and optimization 
 

(P / F) curves have been compared with specific targets set during the previous benchmarking activity. 
The frequency range characterised by pressure levels above target have been defined as critical and 
analysed focussing both on structural and fluid cavity behaviours. 

As an example, in Figure 12 (left side), a comparison between simulated and target p/F curves is shown: 
the critical frequency range is located around 70 Hz. The methodological approach follows: 

• For the structural part, the panel participation technique is applied. According to it, the structural 
panels better coupled with the cavity at the analysed frequency are pointed out. 

4344 PROCEEDINGS OF ISMA2006



• For inner passenger cavity a similar technique is carried out: in this case, the peak at 70 Hz is 
mainly due to the first cavity mode (Figure 12 in right part). 

 

Figure 12: simulated P/F curve and first cavity mode  

 

In order to optimize p/F transfer functions, localized actions on major contributing panels are advisable: a 
further step analysis could be to develop a scientific approach similar to the one introduced for structural 
part to better select the improvements. 

 

3 Conclusions 
 

In the present paper, the vibro-acoustic development of a new D-segment vehicle has been described in its 
major phases, ranging from the “virtual dynamic” model realisation and experimental validation to its 
optimisation. The simulated inertances (a / F) at the attachments of the vibrating systems together with the 
(p / F) transfer functions to the passenger cavity have been selected as guiding parameters. 

Special focus has been paid to a newly conceived energetic criterion for the structural optimisation phase 
which, in our opinion, is worth being further developed but already useful for a more systematic selection 
of interventions in the “localized” structural problems, overcoming the simple trial-and-error approach. A 
further activity could be to study an objective method to optimize the final vibro - acoustic behaviour. 
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Abstract 
The modal vibration behaviour of a powertrain in real operational conditions on bench or on vehicle may 
differ so significantly from that obtained during well-controlled laboratory conditions, suspended or 
clamped, by using hammer or shaker excitation. From that arises the need to identify powertrain’s modal 
behaviour in real operational condition. However, the domination over structural response of engine’s 
orders component in the response measurement may disrupt extraction of powertrain’s structural modal 
parameters. The paper will present the testing and analysis procedure of Operational Modal Analysis 
(OMA) in our powertrain NVH development. The results obtained during the development of the new 
Renault 2.0 diesel engine show that OMA, combined with other operational data analysis, such as 
Operational Deflection Shape Analysis (ODSA) and Coherence Function Analysis (CFA), can help 
improving the efficiency of powertrain’s FE model updating, of critical vibration phenomena diagnostic or 
other NVH development activities. 

 

 

1 Introduction 
 
Operational modal analysis (OMA) is based upon the vibration response measurement taken while the 
structure in real operational conditions, without knowing the excitation measurement. Its application can 
bring the following advantages in our powertrain NVH development: 

• Firstly, OMA enables the structural modal parameters of the powertrain to be determined in real 
operational conditions, on bench or on vehicle, with taking into account of all real-world factors, such 
as engine’s internal moving parts (crankshaft, piston, etc.), liquids in engine and gearbox (water and 
oil), non-homogeneity in temperature of different zones of the engine (exhaust, cylinder head, etc.) 
and so on. All of these may produce to certain extent non-linearity and consequently modify the 
engine’s in-operation modal behaviour. The modal parameters based on operational test measurement 
– resonance frequencies, modal damping ratios and mode shapes, allow engineers to improve the 
efficiency of powertrain FE model updating.  

• Secondly, OMA is the only way to obtain the damping values of powertrain in real operational 
conditions, which are very different from those of an individual piece or sub-assembly, usually 
obtained by classic experimental modal analysis.     

• Since Renault powertrain NVH centre’s being in service, in-operation test measurements are 
systematically made, more or less completely, for the purposes of level verification and operational 
deflection shape analysis during different phases of our engine’s development. Being based on the 
same in-operating data, extending classical operating data analysis procedures with modal 
identification capacities will allow better exploitation of these data and enrich diagnostic analysis of 
engine’s NVH performance. 
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The paper discusses at first some important points about the OMA testing and exploitation procedure, such 
as operational data measurement conditions, reference channel selection, kalmanisation of the measured 
data and modal parameter extraction method. Then, two study cases will be presented, about the new 
Renault’s 2.0 litre diesel engine NVH development. 

 

2 Testing and analysis procedure 
 

2.1 Data measurement conditions 
As for all operational data analysis, the basic assumption made in OMA is white noise excitation or with a 
flat input spectrum. In reality, this is never completely true. Fortunately, the modes in the frequency range 
over which the structure is well excited can be identified and it is why satisfactory results can be obtained 
for harmonic sweep excitation, as in the case of an engine operating during running-up in rotation speed.  

However, the excitation caused by engine’s operating at a fixed revolution speed will result in a narrow 
frequency range input. In such a case, it will be difficult, even impossible, to identify the structural modes 
of the powertrain in the desired frequency bande.           
 
For this reason, the operational data measurement should be made during engine’s operating with 
revolution speed travelling from its operational lowest regime to its operational highest regime 
(or inversely) and during a sufficiently long period.  
 

2.2 Selection of reference channels  
Reference channel selection has a very critical influence on the efficiency of OMA application. Cares 
should be taken both in operational data measurement and in modal parameter extraction. 

It is ideal that all necessary operational data be made in one acquisition run. However, it may be that the 
number of channels of acquisition system is limited and in-operation data have to be made by several 
acquisition runs. In such a case, some measurement channels should be determined and common in all 
acquisition runs as “candidate” reference channels for calculation of crosspower functions during 
operational modal parameter extraction. Too many common channels may increase the number of 
operational data acquisition runs and the testing time. In general, one tri-axial reference measurement 
should be made on each of the main engine elements displaying important vibration displacement within 
the frequency range. 

All common channels will not be taken in modal parameter extractions. Indeed, in order to obtain good 
results of modal parameter extraction, the reference channel selection should be made, according to the 
target modes of analysis, as shown in the following study cases. It is thus very useful to have preliminary 
information about the engine’s critical frequencies and deformations, which can be obtained by 
operational reflection shape analysis or by simple FRF measurement.         

It is important that the operational data measurement conditions be the same or as close as possible in all 
measurement runs.  The homogeneity of the different measurement runs can be verified by comparing the 
autopowers of the common reference channels, as shown in figure 1.   

 

2.3 Pre-processing of measurement data 
The main difficulty in applying OMA to engines, or more generally rotating machines, is that the 
structural response in operating test measurement of the engine predominantly consists of its harmonic 
excitation level, for example H2 for engines with 4 cylinders or H3 for engines with 6 cylinders. In this 
way, precise modal parameter extraction can become difficult, because the software can not distinguish 
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the structural modal response from the predominating harmonic excitation. This predominating harmonic 
excitation domination can have serious consequences up to frequency of 200Hz or higher, depending on 
the harmonic orders.       

 

 

 
Figure 1: Autopower of a reference channel common in 4 different run measurements 

 

To overcome this problem, it is necessary to filter out or remove, before making modal parameter 
extraction, the engine’s response due to its predominating harmonic excitation from the operating test data 
of the engine, so that modal parameter identification of the engine covers over its operating structural 
response. This can be brought about with aid of a Kalman Order Cut. 

In Figure 2, the comparison of a reference channel data shows that the harmonic H2 excitation level 
dominates that of other harmonics and structural modal response and so, it must be removed, in order that 
the structural modal parameters in the corresponding frequency range can be well identified (Figure 3). 
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 (a)  initial measurement     (b)  measurement with H2 removed  
Figure 2: Kalman order cut removing the predominating harmonic component from the operational 
vibration measurement  
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2.4 Modal Extraction method  
When the operational data is made with several runs, it is necessary to have common reference channels in 
all the runs. The common reference channels are used for calculation of the cross-powers for modal 
parameter extraction. For a testing model with a great number of measurement points, as for a complete 
powertrain, two methods can be employed. We can calculate the cross-power functions separately for each 
run measurement and with the same reference channels. These separately calculated cross-power functions 
will then be merged together to form a single modal parameter extraction. By the second method, we can 
make one modal parameter extraction for each set of run data and then “glue on” the modal vectors of the 
sub-structures to obtain the complete modal vector. When the second method is used, we should take into 
account the “scale factor” between the common reference points of the different run data. The scale factor 
should be about 1 when the in-operation testing condition is “identical” for the different acquisition runs, 
as mentioned in § 2.2.   
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Figure 3: Comparison of autopower of a reference channel, before and after removing the 
dominating harmonic H2  

 
For using the modal vector “ gluing ” method, it may be that all the same modes can not be identified in 
every sub-structure extraction. In that case, it is important to make sure that the mode vector gluing can be 
made only for the same modes, as shown in the following example. 
 
Table 1 shows the operational modal extraction results for a gasoline engine, using the mode vector gluing 
method. 5 modes are identified for the engine data extraction and only 4 for the gear-box data extraction. 
Mode N° 3 in the engine run extraction is not identified in the gear-box run extraction. Consequently, 
mode vector gluing for obtaining the global mode shape of the powertrain is not possible for this mode.  
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Run 1: Gear box part Run 2: Engine part 
N° 

mode 
Fr (Hz) Am (%) N° 

mode 
fr (Hz) Am (%) 

1 99.9 3.19 1 101.1 3.01 
2 193.9 3.65 2 196.0 3.27 
   3 248.2 3.42 

3 308.7 2.24 4 306.2 0.83 
4 338.6 1.75 5 337.2 2.37 

 
Table 1: Modal extraction results of a gasoline powertrain, using mode vector gluing method 

 
The result shows satisfactory precision in the modal frequency identification. However, discrepancy in 
damping ratio can be important between two sub-structure extractions. In fact, the damping ratio is hard to 
identify accurately, as in experimental modal analysis. Another explanation is that the 2 modal parameter 
extractions are based on the different operational testing runs, with measurement points respectively on 
the engine structure and on the gear-box structure. It is hence more likely that there is some significant 
difference in damping behaviour between the two parts of the powertrain.  
     
Table 2 shows good correlation in modal vectors, with Modal Assurance Criterion (MAC) between the 
complete modal vectors of the powertrain obtained by using two methods.    
 
 

Extraction 
procedure 

 Mode shape gluing method 

 MAC 101.1 Hz 196.0 Hz 306.2 Hz 337.2 Hz 
Crosspower  99.9 Hz 0.94    
combining 184.9 Hz  0.90   

method  297.3 Hz   0.99  
 337.5 Hz    0.93 

 
Table 2: MAC of mode vectors obtained by using two modal extraction methods 

 

3. Cases of Application of NVH Development of the Engine  
 

3.1 Description of the Engine 
At the end of 2000, the Board of Administration of Renault & Nissan Alliance decided to develop a brand 
new diesel engine family, in order to comply with future custom requirement and to prepare for more 
stringent regulations on emission of exhaust gases. The new Renault 2.0 litre diesel engine’s specifications 
were also focused on high performance, NVH comfort and compact design. Today, the new engine has 
been in production since 2005 and it equips the existing Renault line-up (Mégane, Laguna, Vel Satis and 
Espace) and subsequently to some new vehicles of both Renault and Nissan[2]. 
  
In what follows, two study cases are presented of application of OMA in the NVH development of the 
new Renault 2.0 litre diesel engine. The technical results reported in the paper were obtained in the course 
of the engine’s NVH development and may be different from those of the final product.  
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3.2 Operational data measurement 
For the purpose of evaluating the powertrain’s NVH performances and determination of critical 
frequencies and reflection shapes, in-operation tests are systematically carried out. The temporal 
measurement acquisition available in both of the 2 studies is made under standard testing conditions. More 
than 150 tri-axial points are measured in 2 runs. A reference set of 10 points are common in the 2 
measurement runs.   
  

3.3 Study case 1: FE Model updating of the powertrain  
The first application of OMA in Renault NVH activities is to obtain the powertrain’s in-operation modal 
parameters, including frequencies, damping ratios and modal shapes, for FE model updating of the 
powertrain. 
 
In fact, FEM calculations are used in Renault’s powertrain NVH design and adaptation development, for 
identifying critical structural problems and evaluating vibration and noise radiation. In order to ensure the 
quality of the powertrain FE model and the reliability of NVH calculation results, FE model updating is 
systematically conducted on two levels. The first level FE model updating is undertaken for the main 
individual parts (finely meshed) and their sub-assemblies (using internal recommendations for connecting 
and fixation modelling). This first level EF model updating is made with respect of the results of simple 
impacting testing and classic experimental modal analysis. The second level FE model updating is carried 
out on complete powertrain FE model, on the basis of operational data analysis, including ODSA and 
OMA.       
 
It is not recommended to make modal extractions with a great number of measurement points or with a 
wide range of frequencies, because this will increase the analysis model degree and render the modal 
parameters stability difficult to achieve. It is important to simplify the analysis model and select the 
reference channels for each extraction, each time according to extraction target modes. 
 
For example, in order to determiner the global modes of the powertrain, only the measurement points on 
the structures of the engine and gearbox are considered in the analysis model for the extraction N° 1 of 
Table 3. On the other hand, in the extraction N°3, it is the local modes of accessories (alternator and AC 
compressor) that are taken for target modes. Accordingly, the measurement points on the Alternator and 
AC compressor are added to the previous analysis model for the powertrain.   
    
 

Composition of analysis models Target modes 
Extract° 1 Extract° 2 Extract° 3 Extract° 4 Extract° 5 

 
Name components 

Powertrain 
global modes 

Powertrain 
suspension 
local modes 

Accessories 
local modes 

Exhaust local 
modes 

HP diesel 
pump local 

modes 
Engine structure      
Gear Box structure      
Powertrain brackets      
Accessories (Alt, CA)      
Exhaust & depollution      
HP Diesel pump      
 

Table 3: Simplified Analysis models according to target modes 
 
Table 4 presents the comparative results of three modal frequencies determined by operational deflection 
shape analysis and operational modal analysis. Two points are indicated for the results between 
operational deflection shape analysis and operational modal analysis. 
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Operational Modal Analysis  
N°  

 
Identified modes 

Operational Deflection 
Shape Analysis 

Fr (Hz) 
Fr 

(Hz) 
Damping (%) 

1 Powertrain global mode 247 to 360 274 2.8 
2 Gear Box bracket 464 to 480 468 2.3 
3 Alternator’s local modes 209 to 230 224 3.4 

Table 4: Comparison of frequencies identified by Operational Deflection shape analysis and operational 
modal analysis   
 
Firstly, by ODSA, the critical frequencies are determined by visual notation in a frequency range and can 
only be expressed in terms of an frequency interval. Whereas by OMA, modal frequencies are identified 
by calculation based on sub-space algorithm and are more precise. 
 
Secondly, the deflection shape at a critical frequency observed by ODSA is very similar to the modal 
shape depicted by OMA, only when there are no other modes close to the mode identified. Should the 
opposite occur, the deflection shape at a critical frequency obtained by operational deflection shape 
analysis is a linear combination of several closely spaced modal shapes and it can be very different from 
each individual modal shape. It is for this reason that OMA can be helpful in understanding and diagnosis 
of critical vibration problems observed during in-operation testing, just as is shown in the second study 
case of the paper.   
     
Figure 4 shows the comparison of the measured and synthesised cross-power functions for a measurement 
point. It is shown that a better fit is obtained for the extraction target modes than for no extraction target 
modes, because only the target modes are identified in the extraction and taken into account in the cross-
power synthesis.  
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Figure 4: Comparison of measured and synthesised cross-power functions for validating the 
operational modal parameters   
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The modal parameters based on in-operation measurement data have enabled the NVH design team to 
validate or update the powertrain FE model on an operational level and improve the reliability of NVH 
calculation and the efficiency of NVH development. 
 

3.4 Study case 2: Powertrain NVH diagnostic  
The second application case concerns a diagnostic study of powertrain excess vibration level observed 
during the mid-period of the engine’s NVH development. The results of in-operating vibration 
measurement revealed that the vibration level in the vertical direction of the engine bracket did not satisfy 
the technical specification of the engine. A significant implication of the HP diesel pump was once 
indicated, because the result of operational deflection shape analysis depicted an in-phase movement of 
the HP diesel pump and the engine bracket in the neighbourhood of the concerned frequency.            
 
OMA is applied to the in-operating data, available for the purpose of the NVH level verification by 
operational deflection shape analysis, in order to help understanding and diagnosing the excess level of 
engine’s vibration and elucidate the possible existence of modal coupling between the HP diesel pump and 
the engine bracket.  
 
In this diagnostic study, the analysis model includes the powertrain structure, the HP diesel pump and the 
engine bracket, encompassing a total of more than 50 measurement points.    
 
In Figure 5 is the mode shape of the identified mode at the critical frequency, showing that it is a local 
mode of the engine bracket, without any important modal coupling with the HP diesel pump. This 
diagnostic result clears the HP diesel pump of any responsibility for the excess vibration level of the 
engine bracket. 
  

 
 

Figure 5: Mode shape of the mode identified at the critical frequency    
 
In order to validate the diagnostic result, coherence function analysis is applied between the measurement 
data of the engine bracket and that of the HP diesel pump. The low value of the coherence functions in the 
neighbourhood of the critical frequency corroborates the conclusion obtained by OMA (figure 6).  
 
This study case also reveals that different in-operation data analysis should be exploited, such as ODSA, 
OMA and CFA. This will help engineers to improve the efficiency for diagnosing critical problems and 
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developing well adapted solutions during NVH development of the engine, in view of the fact that the new 
Renault 2.0 litre diesel engine has reached an excellent level in NVH performance. 
 
           

 
Figure 6: Coherence function analysis between the engine bracket and HP diesel pump 

   

4. Conclusions  
 
First, it has been shown that Operational modal analysis can be an efficient tool for determination of 
powertrain modal parameters and for diagnostic of critical problems revealed by powertrain in-operating 
tests. However, great care should be taken to ensure correct applications. Secondly, OMA must be applied 
in combination with other operational data analysis, such as ODSA and CFA, to ensure diagnostic results, 
because prior knowledge on powertrain critical frequencies is very important for reference channel 
selection. Thirdly, the results of operational modal analysis depend to a large extent on the engineer’s 
knowledge and experiences on the structure of the powertrain.  
 
OMA is being increasingly applied in the NVH development of Renault’s powertrain, just as for the new 
Renault 2.0 litre diesel engine development, which has attained the top class level in the 1.9 – 2.2 litre 
diesel engine segment, particularly in fuel consumption, emission and NVH comfort.   
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Abstract 
NVH is one of the most important customer requirements integrated at each step of the design of a new 
engine, and obviously, the weight is an important constraint.  
As NVH simulation procedure is able to represent the global behavior of the powertrain (for structural 
born noise, and also for radiation noise), this paper shows a way to implement a new methodology of 
optimization, based on a variational approach. This innovative method realizes an optimization on 
physical parameters, but also shapes and topologic parameters. 
Various studies are described, corresponding to different steps of a new powertrain project, and also 
different requirements of the design office : general guidance of new powertrain, detail drawing purposes, 
optimization of acoustic performance, but always with only one object : reducing the weight of the 
powertrain. 
One strength of variational technology is to open up a host of possibilities for design, through multiple 
combinations that cannot be processed by classical computation technologies. Besides, variational 
technology is adapted to existing computation processes, i.e. computation tools and models used in 
industry. Thus, the results of each study are usable directly by design offices. 
Such analysis improves the know-how of RENAULT and contributes to design ever optimal structures for 
the future generation of 4 in-line cylinders and V6 cylinders Diesel engines within a minimum number of 
iterations. 
 

1 Introduction  
 
We have been observing for many years an increasing use of digital simulation technologies in the 
automotive engine development processes. The computation methodologies are now adapted to each stage 
of the design of a new engine, and are extending gradually to many physical domains. 
In the acoustics field, digital computation is well mastered and applied to structure-borne medium-
frequency noises and vibrations, and enables very early, as of the design and development phases, to 
forecast the actual performances of a powertrain. The digital models developed for medium frequencies 
may also be used to simulate acoustic radiation, and thus supply an overview of the NVH performance of 
the powertrain (GMP). 
Today, one strength of digital computation is to allow for optimization of the design of various powertrain 
components, more specifically as regards the weight/performance ratio. The approach exposed herein is 
based on simulation tools featuring variational technology. Initially used to assist designers in their 
general shape choices, the variational technology has been implemented in the industrial context on 
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synthetic powertrain models, with a view to lighten a cylinder block while keeping initial vibration and 
acoustic performance of the powertrain. 

2 Integrating Variational Computation in NVH Computation Process  
 
Based on always more efficient numerical tools, the design of complexes assemblies such as automotive 
engines gets a lot of information from the simulation. However, some issues are still present during the 
process. One concerns the required time to build the reliable finite element model in comparison with 
experimental results. Another one concerns the ability to change the design and to get the related updated 
performance of the structure. This point is particularly important during the design process based on an 
iterative scheme in order to improve sequentially the performance. The variational technology focuses on 
this second issue by integrating into the finite element model a parametric description. These parameters 
represent design changes, such as shape variations along external faces, material properties or shell 
thicknesses. All these variations are integrated during the variational resolution so that the user is able to 
update the simulation results without building a new model and launching a new solve between any 
changes of value for any parameters previously defined on the model. This new capability defines a new 
positioning of the simulation. By providing parametric results the to designer, the simulation is now able 
to define design guidances to be respected in order to improve the structure and replace the actual 
simulation role restricted to a validation tool versus specified technical requirements. 
 

2.1 General Variational Technology Approach  
 
The variational resolution builds a parametric database that will be explored during the post-processing 
step. Each time the designer wants to investigate a new design, a single additional parametric database 
exploration has to be performed within a specific post-processing simulation tool. By this way it is 
possible to use this parametric exploration to drive an optimization process or to build response surfaces or 
sensitivity curves. The following figure (figure 1) exposes the global process used during the RENAULT 
engine optimization related to structural criteria (structure borne transmission channel). 
 
 

 
Figure 1 : global process used during the Renault engine optimization (vibrations) 
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2.2 Theoretical Background for the Variational Technology applied to a Linear 
Static Analysis. 
 
A good comprehension of the variational technology results requires at least the basic knowledge of the 
foundations of the method. This section provides a quick overview of mathematical basis of the variational 
technology. Mathematical results are stated without any proof and the reader should refer to further 
documentation for a complete presentation of Taylor’s expansion. 

Considering a linear static problem, the displacement field U  is solution to: 

FKU = , 

where K  and F  stand respectively for the finite element stiffness matrix and load vector. 
Then considering a parameter p  (e.g. shell thickness, Young modulus …), the first derivatives of the 
previous equation with respect to p  writes: 

( ) ( ) ( ) ( ) ( )11001 FUKUK =+ . 

The notation ( )1K  stands for the derivatives of stiffness matrix i.e. ( )

dp
dKK =1 . 

Obviously ( )0U  stands for U  and ( )1F  is the first derivative of load vector. Then, ( )1U  is the solution to 
the new linear system: 

( ) ( ) ( ) ( )0111 UKFKU −= . 

The key point of method efficiency is that K  matrix has already been factorized during the initial solve. 
Hence, only a forward-backward substitution is required.  
Obviously this process can easily be extended to higher order: 

( ) ( ) ( ) ( )∑
=

−−=
n

i

inii
n

nn UKCFKU
1

 

The derivatives of stiffness and load vector are explicitly assembled by using automatic differentiation 
tools. Hence, the procedure leads to a completely analytical differentiation process. Consequently, the 
higher order derivatives ( )nU  are computed without any loss of accuracy. More precisely, ( )nU  is 
computed with the same level of accuracy as ( )0U . 

 
Once, displacement derivatives have been computed, they are combined into a Taylor’s series expansion 
leading to an explicit expression of displacement for any parameter value p : 
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Let us denoting by ( )pRn  the remainder of Taylor’s expansion: 

( ) ( ) ( )( ) ( )pRpppUpU n
i

n

i

i +−= ∑
=

00
0

. 

The convergence radius is defined as the larger 0≥R  such that )( pRn  tends to zero for all p between 
[ ]Rp −0  and [ ]Rp +0 . 

Within the convergence radius, there exists M  such that: 
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In the displacement based FE formulation, displacement field is computed in first. Other results, like 
stresses or reaction forces are then obtained from displacement field and they are so called secondary 
results. 
For example, stresses are computed at element level by: 

DBu=σ . 

Now, let’s consider the partition of matrices in the free dofs set (F-set) and the suppressed dofs set (S-set): 
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Reaction forces at suppressed dofs are obtained by: 

F
T
FSS uKR = . 

Stresses, reaction forces, element forces are collected into one single vector Σ . Σ  is linearly dependent to 
displacement field: 

uΒ=Σ . 

Naturally, the Taylor expansion of Σ  is straightforwardly obtained from the Taylor expansions of Β  and 
u . 

 
 

2.3 Extension to Modal Analysis. 
 
Modal analysis is the key analysis type that has to be solved for an NVH application. The variational 
technology will compute a parametric database defining eigenvalues and modal shape deformations as 
explicit functions of the parameters. By this way, any parameters changes are taken into account without 
additional solve and the frequency response is computed by the modal superposition method based on the 
updated modal properties of the structure. 
 
 

2.4 Shape Parameter Treatment. 
 
In order to deal with shape parameters, a shape parametric finite element model has to be built. Depending 
on the desired shape variations, the initial mesh is modified by using morphing capabilities. Each node 
coordinate of the model is now described as a function of the shape parameters. This point appears as an 
additional step to be done when shape parameters need to be analyzed. 
 
 

2.5 Variational Technology Applied to Vibration and Radiation Computation. 
 
For HF analysis (air borne noise transmission path), it is necessary to perform an acoustic resolution in 
order to get the acoustic pressure on some points located around the engine. This pressure represents the 
criterion to be observed during the optimization. Consequently we have to consider into the variational 
methodology this additional step. The parametric structural response coming from the variational 
structural resolution is integrated as a parametric input for the acoustic resolution. In addition, the 

4360 PROCEEDINGS OF ISMA2006



implementation of the ATV approach allows to build transfer functions that will compute the acoustic 
pressure depending on the structural excitation. By this way it is possible to update the acoustic pressure 
very interactively. This capability represents the optimal strategy to be used during the acoustic part. The 
global proposed process is able to update the acoustic pressure by exploring the variational results for the 
structural part and by using the transfer function for the acoustic part. (figure 2) 
 

 
Figure 2 : global process used during the Renault engine optimization (acoustic) 

 
 

2.6 Integration in the GMP NVH Computation Process 
 
The computation models, as well as the NVH computation process, are adapted to the successive iterations 
of the engine design. 
For instance, during the upstream phase and even before the first drawings, the computation may orientate 
the general architecture of a powertrain through generic computation models representing only the general 
shapes of the powertrain. Then, based on the first drawings, short computation loops may be applied to 
structure sub-assemblies while, in the meantime, the computation model for the complete powertrain is 
developing; this enables to predict NVH behavior. 
 
2.6.1 Example of Application during the Upstream Design Phase: Dimensioning of GMP 
General Shapes (4 cylinders engine) 
 
This first example illustrates the aided design of a powertrain structure. As no drawing is available yet, the 
computation relies on a simplified model which, although simplified (figure 3), represents correctly, at 
low frequencies, the vibration behavior of said powertrain. To that end, the behavior of the model is 
checked on the powertrain global modes (bending and torsion).  
This study aims at orienting the design of the general shapes of the powertrain’s most structuring 
elements: cylinder housing, oil pan, gearbox housing. Studied parameters are macroscopic. We also focus 
on some large-dimension parts of a powertrain, which will determine the engine behavior and should be 
frozen very early during the design phases: height and width of the coupling face between the engine and 
the gearbox, clutch housing outline, shape of gearbox mechanism housing, height and radius of oil pan, 
etc. (figure 4) 
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The study also deals with parameters of different natures: besides shape variables (therefore continuous), 
topological variables (therefore discrete) are defined: number of mount brackets between the engine and 
the gearbox, gearbox housing ribs. (figure 5)  
 

 
figure 3 : simplified FE model of the powertrain  

 
 

 
figure 4 :  example of shape parameters  

 
figure 5 : example of topologic parameters 

 
The study criteria are determined so as to set a hierarchy between the various parameters; they correspond 
to design NVH criteria, i.e. global mode natural frequency and vibration response at given points of the 
model when subjected to internal engine excitation.  
First, the sensitivity computation gives all the results associated with parameter-independent variations. 
Therefore, post-processing shows the evolution of a criterion (e.g. frequency), when varying one single 
parameter. Then the other parameters of the study are set to their initial value. Sensitivity histograms or 
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curves supply all information related to the role of the parameter within the structure (figure 6). This first 
sorting process enabled to subsequently focus on the design of the engine/gearbox coupling face, and on 
the general shapes of the gearbox housings, which make up improvement tracks.  
 

 
figure 6 : histogramm for the 1st frequency – sensivity curve related to one parameter 

 
Then, a comprehensive parameterized analysis examines the solution to the problem for any configuration 
of selected parameters, i.e. by varying their value simultaneously. The analyses are conducted by pairs of 
parameters. 
The coupling histograms show the importance of combined variation of two parameters compared with the 
variation of one single parameter. They immediately show whether there is additional interest in varying 
simultaneously two parameters. This analysis highlighted the great attention to be paid to the general 
outline of the gearbox housings, in order to optimize the powertrain global modes, and therefore minimize 
the vibration levels transmitted by the engine to the body. (figure 7)  
 

 
figure 7 : Response surface for the 1st bending mode frequency 

 
Application of post-processing to vibration level criteria (response of structure to engine excitation upon 
rev-up), shows the role of each parameter in the overall powertrain performance. Design rules may be 
defined, for instance increasing by 15 mm the diameter of the engine/gearbox coupling face gives a gain 
of 2 dB on the vibration level corresponding to booming noise (figure 8).  
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15mm-> 2dB15mm-> 2dB

 
figure 8 : Histogramm for RMS level at 250 Hz on the engine mount bracket – H2 level in terms of 

parameter clutch housing diameter 
 
Post-processing studies’ data using Boolean-type parameters (ribbing, number of attachment points 
between parts) gives access, through the variational technology, to all possible configurations (field until 
now inaccessible by classical methods). Proposed syntheses enable the designer to select its configuration 
based on desired powertrain performance. (figure 9)  
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figure 9 : influence of attachment point number on frequency  

 
This first study, conducted upstream of a project, gives rise to general design recommendations by 
highlighting the important role of certain dimensions and the effect of simultaneous variation of 
parameters. Thus, real design technique policies may be defined to introduce the appropriate “acoustic 
genes” in future powertrains. 
 
2.6.2 Example of Application during the Development Phase : Optimization of Timing 
Housing Design to Minimize Acoustic Radiation (diesel engine - 6 cylinders) 
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During the development phase, the computation may rely on CAD part drawings for detail confirmation 
purposes. This example illustrates the optimization of the timing housing. Based on the NVH risks 
identified on the studied part, acoustic radiation computations are implemented with dynamic loading. 
Design parameters are defined: a dozen of them enable to modify the geometry of the timing housing 
while three parameters are related to local thicknesses. The variation ranges authorized for these 
parameters correspond to achievable geometries, in terms of architectural constraints and industrial 
manufacturing. (figure 10)  

 
figure 10 : timing housing – definition of shapes parameters 

 
The criteria retained for the analysis apply to near-field and far-field pressure levels of the part, the 
objective being to minimize the acoustic pressure levels recorded at four points around the part. 
A parameterized meshing database is built up with the structural meshing (figure 11) of the part in its 
initial condition: thus, for each set of parameters, new meshing can be obtained, each nodal coordinate 
being an explicit function of the various parameters defined. The first stage will consist in calculating the 
accelerations through the 400-1400 Hz frequency range. Applied dynamic loads are issued from 
experimental results, and correspond to harmonic excitation. 
The structural computation results are then projected to an acoustic meshing and will be used as the 
conditions of the acoustic computation limits. The next stage aims at calculating the model transfer 
functions for the four measurement points defined around the model. We assume that, regardless of the 
modifications brought to the structural meshing (resulting for parameter variation), the acoustic meshing 
does not vary. Thus, the transfer functions (i.e. the Acoustic Transfer Vectors), calculated for the initial 
model, remain valid for all design alternatives. Consequently, the computation of a new configuration will 
amount to updating limit conditions.  

 
figure 11 : structural FE model – acoustic model and microphone positions  

 
Thus the variational technology implemented in the acoustic computation process is used to assess an 
acoustic response of the structure to stimuli resulting from modal computation. Then, it becomes possible 
to plot, for each design alternative, the acoustic pressure variation through the whole frequency range. 
A scalar criterion is defined to sort out the various solutions. It corresponds to the area contained by the 
pressure curve (figure 12). The comparison between the criterion values obtained for each configuration 
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with the initial value highlights possible design improvements. This analysis should however be 
complemented by a more critical analysis of the response curves.  

 
figure 12 : definition of scalar criteria – histogram for scalar criteria 

 
Initial post-processing of sensitivity computations in the form of histograms highlights the most criterion-
affecting parameters. Generally, the parameters that affect all observation points are those that modify the 
thickness of the housing. Some parameters have no effect on acoustic criteria, which may be explained by 
the low level of interference generated by variations of these parameters. 
A more extensive analysis is conducted by comparing the acoustic pressure curves. Throughout the whole 
frequency range examined, we observe the difference in model’s acoustic behavior, at the upper or lower 
limit of the variation interval for the parameter considered. These curves are used to determine the effect 
of thickness per frequency band. (figure 13)  

 
figure 13 : comparison of acoustic response for extreme thicknesses (zone1) 

The synthesis of this sensitivity data indicates the optimum values that each parameter should take in order 
to improve the acoustic criterion related to each measurement point. A final model computation updated 
with the optimum values enables to compare the acoustic performances of the optimized design with that 
of the initial design. (figure 14)  

 
figure 14 : acoustic performance of optimal configuration – comparison with initial performance 

 Micro 1 Micro 2  Micro 3  Micro 4 

gain 16,1 % 10,9 % 9 % 13,2 % 

 

 

 

4366 PROCEEDINGS OF ISMA2006



3 Example of Application to an Industrial Case – Lightening of a 
Cylinder Block (diesel engine - 4 cylinders) 
 
The study hereafter deals with an engine in development, whose weight is to be reduced. The initial NVH 
performances of the powertrain are known, and all the elements to issue a computation model are 
available. The interest and possibilities of an optimization approach based on variational technology were 
demonstrated by previous studies. The major difficulty lies in the implementation of such technology in a 
comprehensive NVH computation process: handling of complex computation models, global analysis 
criteria representative of NVH performance, and consecutive structure-type and acoustic-type 
computations. Morever, an excellent coverage of the computation model is required because the study 
results have to be predictive as concerns NVH performance. The preliminary stages of model construction, 
validation and preparation for the optimization phase are important because they will affect result 
relevancy and analysis and synthesis ability.  
 
Validity of the computation model  
 
The NVH synthesis model enables to represent the dynamic behavior of the powertrain within a frequency 
range [0-2000 Hz]. It includes all engine and gearbox structuring elements, as well as peripheral elements 
such as accessories, intake, exhaust which play a part in vibration behavior through their stiffness and 
weight. This amounts to between 50 and 100 parts modelized individually and assembled in a realistic 
way so as to take link stiffness into consideration. As regards non-modelized parts, the weight is taken into 
consideration to get good representativity of the engine, both weight- and inertia-wise. (figure 15)  

                                       
Figure 15 : FE model of complete powertrain and internal forces for dynamic calculations 

 
A specific model is prepared for the acoustic radiation computations. It is a closed surface model based on 
the previous structure model but integrating elements of larger dimensions, sufficient for the frequency 
band considered. This model is developed for the cylinder block only. (figure 16)  

 
Figure 16 : acoustic model of engine block 
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The structure model will be used to implement forced response computations simulating engine rev-up. 
Stresses are of different nature: piston in cylinders, pressure in combustion chamber, stresses transmitted 
by crankshaft to cylinder housing bearings (figure 15). Using the structure model, it is possible to know 
the vibration levels at any point of the powertrain and, in particular, at engine-to-vehicle mount brackets. 
The radiation computations are made after the forced response computations, based on speed values 
calculated on the structure model. 
To limit the computation times, and as we focus on one single subassembly of the powertrain, the model is 
condensated in order to keep only studied cylinder block’s components, and stress measurement and 
application points. 
 

3.1 Choice of Parameters and Criteria 
 
The general constraint of the study is to maintain overall powertrain NVH performance. To that end, 
criteria are set to monitor the two noise transmission paths: structure-borne and air-borne. 
For the structure-borne noise path, the constraint is not to degrade, at the entry points of the body, the 
powertrain vibration levels which generate noise inside the passenger compartment, according to sensitive 
frequency bands and directions; selection is based on known initial performance of the engine. The 
powertrain mounts retained as noise sources are located on engine side and gearbox side. Two octave 
bands are kept: the 250-Hz octave and the 500-Hz octave through full rev-up. In total, for medium-
frequency performances, seven criteria will be kept with a maximum permitted degradation of 0.2 dB. 
For air-borne noise, seven criteria are selected; they correspond to acoustic pressure levels on three faces 
of the engine, for two engine speeds, in the 0-2000 Hz band. The first solution-sorting operation will be 
based on the average of the three micros in the frequency band. A second sorting level is also specified to 
conduct an analysis per 1/3 of octave and per micro, at two engine speeds. 
We decided to focus the optimization on two parts of the engine block: the cylinder housing and the 
bottom-end of the engine (consisted of a ladderframe and an oil pan). A global of 15 shapes parameters, 
20 thickness parameters and 20 topologic parameters are defined on the initial powertrain meshing. All of 
these parameters and their variation range are defined in collaboration with the design office 
 

3.2 Results  
 
Based on the variational technology, the real simple way to get parametric results consists with a large 
number of explorations of the previously built parametric database. By filtering the admissible designs, it 
is possible to find what are the most critical parameters and what values for these parameters seem to be 
optimal. This approach is exposed below. 

 
Figure 17 : Large number of exploration for structure borne path criteria 

 
The good comprehension of the role of each parameter is a real interesting point because it increases very 
significantly the expertise of the designer.  
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Another method to explore efficiently the variational results is based on a probabilistic approach. This 
method extracts for all the admissible designs the parameter values and returns a distribution between the 
minimum and the maximum available values. 
 

 
Figure 18 : Parameters values distributions  

 
The designer detects graphically what values have to be privileged in order to tend towards an optimal 
design.  
For each defined parameter, sensitivities can be computed for each criterion as exposed below. 
 

 
Figure 19 : Sensitivity curves  

 
The impact of each parameter is clearly identified for all the interesting criteria. 
The final post-processing step consists to drive an optimization algorithm from the parametric database. 
Note that the computational effort related to this optimization is significantly reduced due to the link with 
the variational resolution. It is possible to launch several optimizations starting from different initial 
designs and to get the global optimal solution. This is particularly interesting when local optimal solutions 
appears within the analysis domain. 
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The evolution of some criteria during the optimization is shown on the following figure. 
 

 
Figure 20 : Optimization driven by variational results 

 
 

By launching sequentially random explorations and optimizations, key information are extracted and take 
along the following conclusions: 

• Definition of the key parameters that really impact the NVH performance, 

• Definition of the values to be used for these key parameters (design guidance definition), 

• From a detailed technical requirement that will define constraints and a cost function to be 
minimize or maximize, search for optimal designs. 

 

3.3 Synthesis 
 
The synthesis of the two studies (vibration study and radiation noise study) allowed to organize the 
hierarchy of the different parameters.  Thickness parameters are the most influencing for weight reduction, 
from which we added the benefit contribution of about 5 shapes parameters and all the topologic 
parameters. The other shapes parameters show finally no influence on weight and on NVH criteria. 
The vibrations criteria are more restricting than acoustic criteria. With respect to the limitation of the 
seven parameters in 250 Hz octave band and 500 Hz octave band, an opportunity of 2 % of mass reduction 
while the sensitivity computation on acoustic criteria only shows about 3%  of potential. 
 
 

 (kg)   

 (dB) 
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4 Conclusions  
 
This article describes various studies related to integration of variational optimization technology in the 
powertrain design computation process. 
An optimization technique may be associated to each important stage of the design of a new engine or 
gearbox (with different objectives): 
- during the preliminary phase, to determine the general shape orientations for the powertrain, according to 
targeted acoustic performances, 
- during the development of powertrain components, but before manufacturing of the first physical 
prototype, for detail drawing purposes and optimization of future acoustic performance, 
- to propose weight reductions on powertrains featuring known acoustic performances to be maintained to 
their best level. 
Applications to 4 in line cylinders and V6 Diesel engines development illustrate the statement. 
One strength of variational technology is to open up a host of possibilities for design, through multiple 
combinations that cannot be processed by classical computation technologies. Besides, variational 
technology is adapted to existing computation processes, i.e. computation tools and models used in 
industry. Thus, the results of each study are usable directly by Design Offices. 
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Abstract 
 

This paper presents a numerical BEM-FEM model allowing calculation of the acoustic Transmission 
Loss (TL) of a double walls trimmed panels of arbitrary shape, involving in particular the use of porous-
elastic materials (foams, fibers, etc..) between structural outer panels with or without air gaps. The 
resulting Transmission Loss module is implemented in RAYON-VTM (Vehicle Trim Modeler) software 
developed by ESI-Group. Numerical results are given in the particular case of double wall flat aluminum 
panels enclosing porous-elastic layers and air-gaps. 
 
 
1 Introduction 
 

Modern automotive industry uses more and more numerical simulation methods such as Finite and 
Boundary Element Methods (FEM and BEM) for the prediction of the vibro-acoustic performance of car 
components for the prediction of the behaviors of a complete vehicle. The main objective of such vibro-
acoustic studies is to improve the comfort passengers and also to reduce the environmental noise. To reach 
these objectives the car maker should introduce the vibro-acoustic performance optimization at an early 
state of the design cycle to reduce at minimum the number of tests on real prototypes which need long 
time and money. For example, transmission of sound by structures is of great interest for the transportation 
industry. The part of the structure (the specimen) to be tested is mounted on a hard wall commonly called 
baffle separating a reverberant room (emission) and an anechoic room (reception) and excited by acoustic 
sources placed in the reverberant room. The transmission Loss factor defined by the logarithmic ratio 
between the incident acoustic power and the transmitted acoustic power to the reception room is used as 
indicator to measure the capability of the tested component to reduce the transmitted noise. This 
corresponds to the standard test well known by acousticians for the qualification of windows or other 
structures.  
To respond to the demand of car manufacturers and suppliers, ESI-Group developed RAYON VTM 
resulting from the recent industrial software development done in cooperation with RENAULT. RAYON 
VTM is capable to handle the vibro-acoustic simulation of a fully trimmed vehicle. The capabilities of 
RAYON VTM has been recently extended in order to model transmission problems of sandwiched panels 
composed by different layers of poro-elastic materials and fibers with air gap. 
The numerical method implemented within RAYON VTM to calculate the Transmission Loss (TL) 
module of trimmed structural panels necessitates the coupling between the two existing Rayon software: 

1. Rayon PEM module implemented in RAYON VTM, which uses a Finite Element Method to solve 
the modified Biot’s equations and to calculate the mechanical impedance of the trimming to be 
superimposed to the mechanical impedance of the panel structure. 

2. Rayon BEM module which uses a Boundary Element Method (BEM) to calculate the acoustic 
loading induced by the incident acoustic excitation (plane waves, diffuse field ), the radiation 
impedance of the panel structure and the acoustic power radiated by the structure in the receiving 
media. 
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2 Theoretical Background 
 

Let’s consider the sandwiched panel schematized in figure 1 and placed in a rigid infinite baffle. The 
panel is submitted to an acoustic diffuse field composed by a set of uncorrelated plane waves with equal 
repartition in the space constituting the emission room or to a mechanical force. The acoustic and 
mechanical excitations are considered harmonic with time dependency of e-iωt. 

 
Figure 1: Double side panel filled with porous materials with air Gap 

 

2.1 Basic equation of the structure Panel 
 
The linear equations of the structure are the classical mechanical equations: 
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With the boundary conditions: 
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ij j in fσ =   on Σf           (3) 
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(2), (3) and (4) describe respectively the boundary condition on the edges of the structure panels 
and the equilibrium between the internal forces and the applied mechanical forces and the pressure 
of the fluid applied on 21 SSS ∪=  

 

2.2 Basic equation in the acoustic media 
 

Linear equations in the fluid acoustic media (emission and reception) 
2 0p k p∆ + =   in the fluid domain R3 – (S U Baffle)   (5) 

With the following boundary conditions: 

nw
n
p 2ρω

∂
∂

=  kinematic condition on the Fluid Structure interface  (6) 

0=
n
p

∂
∂

 on the Rigid Baffle       (7) 

r
lim  0r ik pdr

∂
∂→∞

⎛ ⎞− =⎜ ⎟
⎝ ⎠

 Sommerfeld radiation condition   (8) 

dp  denotes the diffracted pressure ∞−= pppd  and ∞p denotes the pressure due to the incident waves 

 

2.3 Basic equation in the porous media 
 

As described in references [4,5,6,7], propagation of elastic and acoustic harmonic waves in porous 
media is governed by the following system of modified Biot’s equations: 

0)(~)~))((~ 2 =+−+ pgradpUdivU kl
s
kls φβδφασωρ      (9) 

0)(~)~)(~
1( 2 =++− Udiv

R
pUpgraddiv

f
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ρω

    (10) 

Where: 

U represents the skeleton displacement, s
klσ the components of the stress tensor in the skeleton and p the 

acoustic pressure; ω  is the circular frequency, φ is the porosity and sρ~ , fρ~ are respectively the skeleton 

and fluid equivalent mass densities, which are related to the real mass densities ρs of the skeleton and ρf of 
the fluid by :  

         )1()1(~
e

f
fss ρ

ρ
φρρφρ −+−=       (11) 

  ef φρρ =~          (12) 

 

Where ρe is the effective mass of the interstitial fluid given in reference [1].   
The coefficient,  

e

f

ρ
ρ

β =
~

          (13) 

represents the inertial coupling factor and , 
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represents the stiffness coupling factor.   
The coefficient, 
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represents the bulk modulus of the porous elastic media. 
 
Coefficients Kb , Ks represent respectively the bulk modulus of the skeleton with vacuum inside and of the 
material of the skeleton, and finally Ke represents the effective bulk modulus of the interstitial fluid as 
given in reference [4,5,6,7].  
 

2.4 Integral representation of the acoustic pressure 
 

The acoustic total pressure in the emission domain (D1), is given by the following integral equation: 

)(),()()(),()()( 1111
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),( yxG corresponds to the Green’s function which satisfies the Helmoltz equation (5), homogeneous 
Neuman condition (7) at the plane of the Baffle and the Sommerfeld’s Radiation condition (8).  
 
The acoustic pressure radiated by the sandwiched panel in the fluid reception domain (D2) is given by the 
following integral equation: 
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When x is located on the surface S1, the pressure is given by the following integral equation: 
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PV denotes the Cauchy’s Principal value. 
The boundary condition (6) leads to the boundary integral equation: 
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Where FP denotes the Hadamar’s Finite Part, 
n

pu
∂

∂
= ∞

∞ 2

1
ρω

 is the normal displacement due to the 

incident acoustic waves. 
 
When x is located on the surface S2, the pressure on the surface S2 is given by the following integral 
equation: 

4376 PROCEEDINGS OF ISMA2006



 

)(),()()(),()()(
2
1

2222
2

2
21

ydS
n

yxGypPVydSyxGywxp
S yS
∫

∂
∂

−∫= ρω    (20) 

The boundary condition (6) leads to the boundary integral equation: 
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2.5 Variational Equation of the structure panel 
 

The displacement W of the structure panel is given by the following variational equation 

),(),(),(),( 2211 WfFwpCwpCWWZ nn δδδδ =++      (22) 

Where Z(W,δW) is the mechanical impedance operator of the structure given by: 

  ),(),(),(),( 2 WWMWWiWWKWWZ δωδωδδ −Ν−=  

Operators K, N and M correspond respectively to the stiffness, damping and mass operators of the elastic 
structure. 
 C1 and C2 are the coupling operators between the structure and respectively the acoustic emission 
domain and reception domain. 
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F is the linear operator corresponding to the injected energy by the mechanical force. 
 

2.6 Variational Equations of the fluid domains 
 
Using integral equations (19) and (21), the variational equations of the fluid domains are: 
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2.7 Variational Equation of the poro-elastic materiel 
 

The weak mixed formulation associated to the system of modified Biot’s equations could be easily 
derived by multiplying equation (9) with a virtual displacement vector δU and equation (10) with a virtual 
pressure φδp, and by integration aver the domain occupied by the porous media. This leads to the 
following equation: 
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for all valid admissible δU(Ω) and δp(Ω) satisfying the boundary conditions. 
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represents the mechanical impedance operator of the skeleton, where η is the damping factor and 
M are respectively the stiffness and mass operators of the skeleton defined by: 
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represents the acoustic admittance operator of the interstitial fluid, where H and Q correspond respectively 
to the inertial and stiffness operators of the fluid defined by: 
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corresponds to the volume coupling operator composed by the sum of the stiffness coupling operator 
proportional to φα~  and to the inertial coupling operator proportional to β~ . 
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represents the surface loading operator, where ( ) lkl
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total surface stress vector T. 
Finally, 
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represents the surface kinematic coupling operator involving the normal component of the relative 
displacement between the fluid and the skeleton at the boundary S of the porous domain Ω; and where,  

)( n
f

nnn UUUW −+= φ represents the normal component of the total displacement vector W. 

nU is the normal displacement of the skeleton and f
nU is the normal displacement of the fluid 

In the case where the porous media is fixed on the structure panel, the structure communicates to the 
porous a total displacement vector W=U. However in the case where the porous is sliding on the structure, 
only the normal component of the displacement of the structure is transmitted to the porous material and 
reciprocally the porous applies to the master structure a distributed surface loading T. 
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2.8 Surface impedance matrix of a porous component 
 

The displacement field U in the porous component can be partioned in two parts: one part Us attached 
to the master structure and the complementary part Ui internal displacement field. The use of the FEM to 
discretize equation (21) leads to the following system: 
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The internal porous elastic variables (Ui,P) satisfy the following equation 
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The condensation of the internal degree of freedom (DOF) of the porous media leads to the surface 
impedance matrix added on the structure par the porous: 
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2.9 Equation of the complete coupled system 
 

The equation of the coupled fluid structure system is given by the following system 
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Where, 

• Zs is the impedance matrix of the structure. 

• Y is the surface impedance matrix of the porous media  

• A1, A2 are pseudo added mass fluid matrices respectively of the domain D1 and D2 

• C1 and C2 are the fluid structure FEM coupling matrices of the fluid domains D1 and D2 

• B1 and B2 are the fluid structure BEM coupling matrices for the domain D1 and D2 

• D1 and D2 are the admittance fluid matrices of the domain D1 and D2. 
 
Finally the elimination of the fluid pressure DOF in the equation (28) leads to the following equation in 
terms of the structure DOF’s only. 

[ ] 121 b
radrad

s FFWZZYZ +=+++       (29) 

Where: 
Zrad

i represents the radiation impedance matrix of the fluid domain number (i), given by 
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 pressure due to the plane waves exiting in the domain D1 
Equation (29) can be solved using normal mode projection technique, which have the great advantage of 
reducing the size of the final coupled system governing the dynamic behavior of the sandwiched panel. In 
this paper results are obtained by using the mode shapes of the white structure. 
 

2.10 Radiated energies 
 

Using the second Green’s formula and taking into account the boundary conditions, the acoustic 
energy  
radiated in the reception domain, is given by the following formula: 
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where +
∞S is an infinite hemisphere located in the right side of the baffle, is also given by the formula: 
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2.11 Transmission Loss factor (TL) 
 

The transmission Loss (TL) factor is the logarithmic ratio between the incident acoustic energy 
induced by the incident waves on the structure S1 in the emission domain D1, and the acoustic energy 
radiated or transmitted by the structure S2 in the reception domain D2. This leads for an incident plane 
wave of amplitude Pi to the formula, 
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where Ei is the incident energy per period corresponding to the incident plane wave. 
In that case the acoustic excitation is a diffuse field modeled by a set of plane waves statistically 
distributed in the emission space. The wave directions are equally probable and are defined by wave 
longitude and latitude. The diffuse sound field input energy is the sum of the input energy of each plane 
wave weighted by a function βi [10], 
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Where Sa is a reference area, ω is the circular frequency, ρ the fluid mass density, c is the sound velocity 
and Npw is the number of Plane waves modeling the diffuse sound field. 
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3 Description of the Test example 
 

To demonstrate the developed TL module, the test example used is composed by a flat double wall 
panels. Two configurations will be studied. In the first configuration the space between the plates is filled 
with air and in the second configuration the space is filled with a superposition of three layers composed 
by foam air gap and fiber. For each configuration the TL will be computed. 

The panels side dimensions are 1.64 m x 1.16 m. Both panels (excited panel and  wall panel) are made 
from aluminium. 
 Plate Emission side: L= 1.64 m ; l=1.16m ; h=2.0 mm 
 Plate Reception side: L=1.64 m ; l=1.16m ; h=1.6 mm 
 Space between the two panels is fixed  to = 25 mm 
 Mat. Aluminium: E=70. E+9 N/m²,  v=0.3,  ρ=2700. kg/m3 

 Meshing: 4256 Q4 shell element (0.02m x 0.02m) per panel 
 Boundary condition: the panels are completely clamped along edges. 
 Structural modal damping (0.01) 
 
 
3.1 Finite Element Model 
 

 

Figure 2: FEM Structural Mesh 
 

The modeshapes of the structure have been computed by NASTRAN 
 

Mode Numb. 

 

Eigenvalue 

 

Frequency (Hz) 

 

Generalized mass 

 

Generalized Stiffness 

1 
2 
3 
4 
5 

2.589504E+03 
4.046011E+03 
6.701999E+03 
1.047151E+04 
1.495438E+04 

8.098945E+00 
1.012357E+01 
1.302934E+01 
1.628639E+01 
1.946275E+01 

1.0 
1.0 
1.0 
1.0 
1.0 

2.589504E+03 
4.046011E+03 
6.701999E+03 
1.047151E+04 
1.495438E+04 
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6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
.. 

992 
993 
994 
995 
996 
997 
998 
999 
1000 

1.782924E+04 
2.275311E+04 
2.336525E+04 
2.785686E+04 
3.554957E+04 
3.974184E+04 
4.181588E+04 
5.315858E+04 
6.209134E+04 
6.533312E+04 
6.661497E+04 
7.162916E+04 
8.305477E+04 
8.647567E+04 
9.286290E+04 

.. 
8.948842E+07 
8.952602E+07 
8.968159E+07 
8.974887E+07 
8.975439E+07 
9.013164E+07 
9.020323E+07 
9.025590E+07 
9.043037E+07 

2.125135E+01 
2.400714E+01 
2.432794E+01 
2.656355E+01 
3.000802E+01 
3.172810E+01 
3.254548E+01 
3.669499E+01 
3.965844E+01 
4.068055E+01 
4.107769E+01 
4.259563E+01 
4.586722E+01 
4.680229E+01 
4.849994E+01 

.. 
1.505579E+03 
1.505895E+03 
1.507203E+03 
1.507768E+03 
1.507815E+03 
1.510980E+03 
1.511580E+03 
1.512021E+03 
1.513482E+03 

1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
.. 

1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 

1.782924E+04 
2.275311E+04 
2.336525E+04 
2.785686E+04 
3.554957E+04 
3.974184E+04 
4.181588E+04 
5.315858E+04 
6.209134E+04 
6.533312E+04 
6.661497E+04 
7.162916E+04 
8.305477E+04 
8.647567E+04 
9.286290E+04 

.. 
8.948842E+07 
8.952602E+07 
8.968159E+07 
8.974887E+07 
8.975439E+07 
9.013164E+07 
9.020323E+07 
9.025590E+07 
9.043037E+07 

Table 1: Eigen-frequencies computed by NASTRAN. 
 

3.2 Transmission Loss calculation with air between the plates 
 

 
Figure 3: Finite Element mesh of the fluid filled space 25mm 
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The rigid baffle is aligned with the plate of the emission domain Figure 4. 
 

 
 
 
 
 
 
 
 
 
                                                                           
 
 

 
Figure 4: The double wall filled with air 

 
The diffuse Field is represented by 17 Plane waves: 

• Longitude  [0° ; 360° ; 45°] 
• Latitude  [90° ; 180° ; 45°] (Emission domain see the plate of 2.mm thickness) 
• Response Frequency band: [20Hz, 1000 Hz, 2 Hz]  

 
The following results show respectively the Transmission Loss (TL), the injected power induced by 
the diffuse field and the radiated power in the reception domain for the system Plate-Air-Plate. 

 
TL : Transmission Loss 

Injected Power - Radiated Power 
Figure 5: Transmission Loss for Flat Plate- Air – Flat Plate 

 
 
 
 
 

   Air 

Emission D1 Reception D2 

Baffle 
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3.3 Transmission Loss calculation with porous, air gap and fiber layers 
 

In the second configuration the 25 mm space between the plates has been filled successively by 10mm 
of foam, 5mm of air and 10 mm of fiber Figure 6. 
 
 
 
 
 
 

      
 
 

                                    

                                            
 
 

Figure 6: Sandwiched panel: Plate-Fiber-Air-Foam-Plate 
 
 
The physical properties of the porous-elastic materials and air are presented in Table 2 

 
 Foam Fiber Air 

Fluid density (kg/m3) 1.2 1.2 1.2 
Celerity of sound (m/s) 340. 340. 340. 
Porosity 0.906 0.921  
Resistivity (Ns/m4) 25147 43588.  
Tortuosity 1.68 1.74  
Viscous Characteristic length (µm) 58.9 56.8  
Thermal characteristic length (µm) 147.2 122.3  
Frame Density 87.2 69.8  
Poisson coeff. 0.3 0.  
Young Modulus (N/m2) 29400 14700.  
Structural Damping factor 0.18 0.35  

 
Table 2: Material properties for the Foam, Fiber 

 
The following results figure 7, show the Transmission Loss (TL) computed for the system Plate-Foam-
Air Gap- Fiber-Plate. 
 

Emission D1 Reception D2 

Baffle 

         Foam                 Air Gap                  Fiber 
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Figure 7: Transmission Loss for Flat Plate- Foam- Air Gap - Fiber - Flat Plate 

 
 
Comparison between the computed TL for the two configurations is presented figure 8 

 
TL: Transmission Loss (Plate-Foam-Air-Fiber-Plate) 

TL: Transmission Loss (Plate-Air-Plate) 
Figure 8: Comparison of the Transmission Loss  

 
As shown in figure 8, the trimming placed between the plates has introduced an important 
damping and also improved the Transmission loss module (TL), mainly for frequency band above 
200Hz. 
 
4 Conclusion and Perspectives 
 
The preliminary numerical results obtained by the new developed TL module implemented in RAYON-
VTM, shows good agreement with the expected results. Additional validations are running and 
comparison with tests will be done in the future. More general configuration will be tested involving 
curved panels where the porous material can be directly in contact with the fluid media. 
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24 rue de l’́epitaphe, 25000 Besançon, France
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Abstract
The design of a resistance spot weld distribution for an automobile body-in-white has a strong impact not
only on the global system performance but also on the robustness of this performance with respect to uncer-
tainties due to assembly defects and fatigue failures. A quantitative methodology is presented that provides
decision-making indicators that allow the analyst to insure a given level of system performance at the cost of
performing a quality control of a limited number of welds coming off the assembly line as well as reinforcing
a set of critical welds in order to improve the robustness to fatigue failure. In contrast with existing sample-
based robustness analyses, the proposed methodology gives visibility to the compromise between improved
robustness and higher assembly and quality control costs. In other words, this methodology provides a tool
to guide the analyst in the next step to improving robustness while giving an estimation to the cost of the
predict ed improvement. All examples are presented on a full BIW structure(1,000,000 dofs and 6,500 spot
welds).

1 Introduction

In the automotive industry, resistance spot welds (RSW) are widely used tojoin components. Understanding
their mechanical behavior is difficult due to the manufacturing process, which includes many thermal effects
that modify the local nature of materials. The models that describe the behavior of RSW can indeed be very
complicated. For structural dynamic analyses, relatively simple models are generally used in the automobile
inducstry since it is the global effect of spot welds on mode shapes and eigenfrequencies, which is of interest
and not their local behavior. A review of commonly used models is given in reference [1]. Two aspects are
then of first importance. The first one deals with the design of the structure: how to design the structure and
its RSW (number and location on each interface) in order to attain a given objective? The initial distribution
of spot welds on the structure is generally defined by engineers based on engineering know-how, before pe
rforming intensive calculations in the several critical domains (static, crashand dynamic behaviors) in order
to obtain a reference configuration. This design is not optimized, but it generally verifies all the required
design criteria. An optimization procedure is then performed to obtain anotherconfiguration, which ideally
leads to a significant reduction in the number of RSW while verifying all the constraints. The main difficulty
of this optimization process is undoubtedly the very large dimension of the design space.

A number of RSW studies have been reported in previous work, for example, [2] is a very complete descrip-
tion of the influence of spot weld failure on structural dynamics, and [3] represents a first step of the work
presented here. Of course, the challenge in this case is to attain the design objectives with as few RSW as
possible. The second aspect is related to the differences between the original design of the structure and its
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current state. The manufacturing process is one of the main causes of these differences, since at the end
of the assembly line, some RSW are found to be defective due to robotic or process problems and the large
number of RSW makes it impossible to verify each of them individually. Moreover, the structure also evolves
as a result of fatigue and some RSW may simple break over time. The objective of this paper is to develop
decision-making indicators to help the analyst to plan robust RSW designs along with quality controls in
order to insure a specified level of structural performance.

2 Optimization of RSW distribution

2.1 Description of the structure

The examples illustrated in this article are based on the Peugeot-Citroen C4 body-in-white (BIW) finite
element model. This MSC/NASTRAN model has approximately 1,000,000 dofs, and 5,000 RSW which are
modeled with CBUSH elements. A modal analysis up to 75 Hz takes about 20 minuteson a Linux-based
computer, Bi-Xeon 2.5 GHz.

The first flexible mode of the BIW is shown in figure 1, and all examples in this paper will deal with this
particular mode as well as the following 2 global elastic modes. Hence, two torsion modes and one bending
mode are taken into consideration.

Figure 1: First elastic mode of the BIW

2.2 Optimization Methodology

2.2.1 Generalities

The optimization procedure implemented in this paper is based on a method which is fully described in
reference [3], and can be summarized in the following steps:

1. An initial design of the structure is developed based on knowledge ruleswith a largely over-populated
distribution of RSW. We assume that this reinforced design satisfies required constraints, for example,
static, crash and dynamic behaviors.

2. An iterative calculation is performed in order to remove as many RSW as possible based on energy
considerations as well as some specific heuristic rules to avoid technical problems [3].

3. The final configuration represents a sub-optimal design solution. A post-processing analysis can be
performed in order to compare the results with earlier designs and to detect the interfaces which have
been either reinforced, weakened or left unchanged.
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The energy criterion which has been used in this optimization is related to the local strain energy of each
RSW:

Eν

i =
yT

ν Ke
i
yν

λν

+
yT

ν Ksh
i

yν

λν

V sh
tot

V sh
i

(1)

In this equation:

Ke
i

is the element stiffness matrix of RSW numberi

yν is the modal shape of modeν
λν is the squared eigenvalue
Ksh

i
is the stiffness matrix of surrounding shells of RSW numberi

V sh
i

is the volume of surrounding shells of RSW numberi

V sh
tot is the total volume of all surrounding shells of RSW

The first term in equation 1 is related to the modal strain energy of a given RSW, while the second one is
associated to surrounding shell elements. It has been found in previousstudies that this indicator is quite
efficient for this kind of optimization.

At a given iteration, all spot welds are sorted by decreasing energy, and the candidate RSW for elimination
are selected using the following relationship:

Select RSW1 to n such as
n

∑

i=1

Eν

i < tol ∝ ∆λ (2)

Of course the final configuration is rarely optimal but rather a sub-optimalsolution which satisfies the de-
fined performance criteria. As the optimization advances or as a result of user-defined modifications, several
sub-optimal configurations can be found. The objective of a robustness analysis is to compare these con-
figurations, all of which are assumed to satisfy the design requirements, withrespect to their robustness to
defective RSW.

2.2.2 Results of the optimization

Running the optimization procedure on the C4 model leads to a configuration which is used as a starting
point for the robustness analysis. The reinforcement of 382 interfaces on the original vehicle induces 4106
spot welds to optimize. After 4 iterations, 1469 of them have been suppressed. The optimized model has the
same global behavior as the original structure, with a maximum of 5 percent shift of eigenfrequencies for the
first 3 flexible modes. The evolution of the shifts versus the percentage ofremoved RSW is shown of figure
2.

The final configuration is illustrated on figure 3, on which the interfaces status is shown: one can observe
which RSW can be removed without large influence on the global dynamic behavior. Among the criteria
which have been used during optimization process, one of them is related to the extremities of the interfaces:
theses RSW must remain in the model and cannot be removed during the optimization process, in order to
be sure that all interfaces still exist. Full details about used criteria are given in reference [3].

3 Robustness analysis

3.1 Classical approach to manufacturing defects

One source of RSW uncertainty is the result of defective assembly processes. The statistical distribution of
these uncertainties is considered to be uniform, hence each RSW has the same chance of being defective.

VEHICLE NOISE AND VIBRATION (NVH) 4389



0 10 20 30 40 50 60
0

1

2

3

4

5

6

7

% eliminated RSW (total=4106)

%
 e

ig
en

fr
eq

ue
nc

y 
sh

ift

 

 

Mode 1
Mode 2
Mode 3

Figure 2: Optimization results, evolution of eigenfrequency shifts for the 3 first flexible modes

Figure 3: Optimization results, 3D interfaces status (blue: eliminated RSW, green: end of lines, red: kept
RSW)

Theoretically, it is then quite simple to evaluate the robustness of the system performance to manufacturing
problems using a Monte-Carlo simulation. However, this approach requiresa very large number of analyses
given the size of the design space. An illustration is given here for several degrees of failure (typically 2, 4,
6 and 8% of defective RSW) in order to study the impact of increasing failure levels on the eigenfrequencies
shifts. In the present case, 25 samples have been chosen, which meansthat for each considered percentage
of failure, 25 numerical modal analyses are performed (leading to a total of 100 calculations) in which the
corresponding percentage of RSW is removed randomly from the structure. This relatively low number of
samples, in comparison to the large number of RSW, means that the results will not be very precise since
the Monte-Carlo simulation is not fully converged. However,qualitative information can nevertheless be
gleaned. More precise results can be obtained using more samples, but thisis not the objective of the present
paper.

The left part of the figure 4 shows the results of the robustness for the 3first elastic modes. In these pictures,
the reference eigenfrequency is shown (vertical line at 100%), then the mean of eigenfrequency shift for
the 25 samples at each percentage of failureAlpha (dotted line) and finally the maximum eigenfrequency
shift which has been evaluated among all available results. One can observe that the first mode is the most
sensitive one, and that the shifts obtained are quite small using this uniform statistical distribution. In this
sense, the structure is quite robust to manufacturing effects since the meanof eigenfrequency shifts for 8%
of weakening RSW is less than 1% for the three first modes. In a particular case, a 3% variation of the first
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eigenfrequency can be observed. This situation will be discussed in the next section, since it is possible to
perform a quality control to check a small percentage of the RSW at the endof the assembly line. .
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Figure 4: Robustness results: comparison of robustness for the first 3flexible modes, using uniform (left) or
strain energy weighted (right) statistical distribution. The continuous line is themaximum eigenfrequency
shift, the discontinuous one is the mean of eigenfrequency shift.

3.2 Classical approach to fatigue failure

The second problem that must be addressed in studying the influence of RSW’s on structural dynamics is
related to their fatigue resistance. A simplified approach to evaluate the robustness of the structure to RSW
fatigue failure is to consider an energy-based statistical distributionei of broken RSW:

ei =

√

Ei

E
with E =

n
∑

i=1

Ei (3)

whereEi is the maximal strain energy of the RSW numberi for all considered modes. Using this distribution,
the most loaded RSW are more likely to be removed from the numerical model. Therobustness analysis is
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then a first model of the fatigue effects. The same kind of analysis as the one which has been described for
manufacturing effects above has been performed here. The results are presented on the right part of figure 4.
We can observe that changes are larger than in the previous case, as isto be expected, since the most energetic
RSW are those which are a priori along the main load transmission paths and their absence will have a greater
impact on the studied dynamic behavior. Once again, we note that the first torsional mode is the one which
is the most influenced by the RSW breakage. A shift over 6% of the corresponding eigenfrequency has been
obtained for 8% of removed RSW, which can occur when several high energy welds are removed at the
same time. This situation is very unlikely when the statistical distribution of missing RSWis assumed to be
uniform.

3.3 Alternative approach to manufacturing defects

There is a fundamental difference between manufacturing defects and fatigue failure. In the case of the
manufacturing defects, it is generally possible to perform a control on some of the spot welds. Of course,
the control of all of them would be too costly, but verifying 10 or 20 spot welds at the end of the assembly
line is quite reasonable, Clearly, this type of quality control would be more difficult to implement during the
lifetime of the vehicle. Hence, in this section the topic is related only to manufacturing defects.

We would like the optimized RSW design to be robust to defective and unchecked RSW. The optimized BIW
will be analyzed in order to determine a set of RSW which have to be checkedat the end of the assembly line
in order insure that they are not missing. Then, while these RSW will remain in the model, the remaining
ones will be supposed to be defective in a random way. This investigation will lead to a robustness curve
representing the compromise between sensitivity to RSW defects and number of controlled welds.

The objective is then to find the more sensitive RSW. Although a criteria such as hypersensitivity [3] could
be then used to localize more accurately the most sensitive spot welds, in this paper a simpler indicator is
used which is simple based on the element strain modal energy. A spot weld witha high strain energy is
assumed to be more influential than one with low strain energy for the considered mode. One advantage
of this indicator is that it does not require additional analyses since the modal energies have already been
calculated during the optimization process.

Hence, the procedure for determining which RSW should be checked coming off the assembly line is defined
as follows:

1. Sorting of interfaces by decreasing modal energy. Definition of the interfaces that should be included
in the analysis according to the following criterion:

Include interface #i in analysis ifEL

i > τ

n
∑

i=1

EL

i (4)

whereEL
i

is the strain energy of all RSW belonging to interfacei, andτ is a tolerance allowing one
to study only the most energetic interfaces.

2. For each interface that has to be studied in detail:

(a) Classify RSW of the interface by decreasing energy.

(b) Remove the most energetic RSW1 from the model and compute eigensolutions of interest.

(c) If the eigenfrequency shift is over a fixed limit, the spot weld is includedin the list of RSW to be
checked. Otherwise the analysis of the interface is over.

(d) Once a spot of the interface has to be checked, it is assumed to be effectively present in the
structure, and the following RSW of the interface to be analyzed one by onein the order given
by the decreasing strain energy. The considered RSW is then removed from the model, and the
modal analysis is performed once again, until the eigenfrequency shift islower than the required
limit or if the variation of eigenfrequency shift is below another threshold.
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The result than one can obtain with this procedure is illustrated on figure 5, where a total of 7 interfaces are
presented corresponding to the interfaces in which 3 spots have been studied. We can observe that in this
situation, a maximum of 1 RSW for each interface has to be checked, since theeigenfrequency shift is very
low when the first spot weld is effectively present. In this calculation, 27 interfaces have been studied, and a
total of 10 spot welds have been identified for quality control. This method is undoubtedly effective in this
case since the suppression of one of the RSW leads to a shift of 2% of the torsion frequency, which means
that this point is very sensitive and should be carefully checked,
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Figure 5: Improving the robustness: definition of the checklist by interface

The keypoint of this analysis is the indicator used for the sorting of interfaces and spot welds. No tests have
been done yet to try to evaluate the effect of other indicators.

3.4 Alternative approach for fatigue failure

The fatigue effects are more difficult to check, since it is not possible to verify if the important RSW are still
intact on the real structure. Nevertheless, an alternative approach for robustness can be proposed in analogy
with the analysis described above for manufacturing defects. However,instead of a check list, a list of RSW
to be reinforced is created. All welds which are considered to be too sensitive must be locally reinforced by
addition of RSW’s in the surrounding area. Moreover, the local reinforcement of the RSW distribution will
have a very positive effect on the fatigue resistance, since the energythat pass through the considered spot
weld will decrease due to the added spot welds.

4 Conclusion

The design of a resistance spot weld distribution for an automobile body-in-white has a strong impact not
only on the global system performance but also on the robustness of this performance with respect to uncer-
tainties due to assembly defects and fatigue failures. A quantitative methodology is presented that provides
decision-making indicators that allow the analyst to insure a given level of system performance at the cost of
performing a quality control of a limited number of welds coming off the assembly line as well as reinforcing
a set of critical welds in order to improve the robustness to fatigue failure. In contrast with existing sample-
based robustness analyses, the proposed methodology gives visibility to the compromise between improved
robustness and higher assembly and quality control costs. In other words, this methodology provides a tool
to guide the analyst in the next step to improving robustness while giving an estimation to the cost of the
predicted improvement.
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The authors would like to thank PSA Peugeot-Citroën for their support in this study and for providing the
finite element model.

References

[1] M. Palmonella, M.I. Friswell, J.E. Mottershead, A.W. Lees,Finite element models of spot welds in
structural dynamics: review and updating, Computers & Structures, Vol. 83, No. 8-9, Elsevier (2005),
pp. 648-661.

[2] S. Donders, M. Brughmans, L. Hermans, C. Liefooghe, H. Van der Auweraer, W. Desmet,The robustness
of dynamic vehicle performance to spot weld failures, Finite Elements in Analysis And Design, Vol. 42,
Elsevier (2006), pp. 670-682.

[3] M. Ouisse, S. Cogan, S.J. Huang, B. Guillaume,An efficient procedure for spot welds optimization in
automotive structures, in Proceedings of The International Modal Analysis Conference XXIV, St. Louis,
U.S.A., 2006 Jan.30-Feb.2

4394 PROCEEDINGS OF ISMA2006



Measurement of vibration and noise of railway wheels on 
track  

L. Pešek, F. Vaněk,  J.Veselý, J.Cibulka* and T.Boháč**  
*AS CR Institute of Thermomechanics 
Dolejškova 5, 182 00 Prague, Czech Republicium 
email: pesek@it.cas.cz  
**Bonatrans a.s. 
Bezručova 300, 735 94 Bohumín, 
e-mail: tbohac@bonatrans.cz 

Abstract 
In the contribution a method of measurement and dynamic analysis of the recent operational tests of the 
monobloc wheel with/without damping elements is presented. Dynamic behavior of the wheel is 
described on basis of time-frequency analysis of its operational vibration and experimental modal 
analysis. The vibro-acoustic coupling is analyzed from the comparisons of vibration and sound pressure 
spectrograms. At passage the bow track, the formation and modal-frequency composition of squealing 
noise is observed and there are identified vibration modes that mostly contribute to noise emission into 
surrounding. For quantitative comparison of individual wheel solutions the third octave analysis is used.  

 

 

1 Introduction 
 

In company Bonatrans program of long-term development of new railways wheels with optimized vibro-
acoustic behavior, there are numerical modeling of wheels, their dynamic and vibro-acoustic tests in 
laboratory and operational conditions. Besides composed tram wheels with inbuilt rubber segments for 
vibration damping, the monobloc wheels with additional damping elements for absorption of mechanical 
energy and interception of acoustic energy generated by vibrating wheels are developed, too. 

In the contribution the method of measurement and dynamic analysis of the recent operational tests of the 
monobloc wheel with/without add-on dampers are described. The add-on damper that consists of two 
halves of steel circular plate both-side covered by open sandwich rubber layers was designed in Bonatrans 
a.s. 

The measurement was realized on a carriage of the Prague’s subway train running on real tracks. The 
different driving regimes, such as speeds, braking (pneumatic, electro-dynamic) and path shapes (direct, 
bow), were measured.  

Besides measurement of vibration on the rim, web and damper in axial and radial directions, acoustic 
pressure in front of the wheel was picked up, too. Output signals of accelerometers were transmitted by 
high frequency way of the radiotelemetric device, developed in the IT AS CR. Demodulated signals of 
receivers together with signals of phase mark and sound-level meter were recorded contemporarily by the 
digital scope. These signals were processed afterwards in time and frequency domain.  

On the basis of time-frequency analysis of operational vibration and numerical/experimental modal 
analysis of the wheel (see [1]) its dynamic behavior for different riding velocities on direct and curved 
paths were described. The vibrational modes that mostly contribute to noise emission into surrounding 
were identified. Formation and modal-frequency composition of squealing noise was observed at passing 
a bow track. The squealing noise has been investigated in case of brake disks, e.g. [2], [3] and [4]. For 
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quantitative comparison of vibration and acoustic levels of individual wheel solutions the third octave 
analysis was used. 

 

2 Mathematical description of tram wheel  
 

The modal analysis of conservative numerical wheel model can be described as generalized eigen-value 
problem as  

( )          ,0xMK =+ iiλ  

where stiffness K, mass M are symmetric 
matrices,  iλ ,  ix represent set of eigenvalues 

and their corresponding eigenvectors, 
respectively. The ith eigenvalue can be 

expressed as 2
ii ωλ =  where iω  is so-called 

the eigenfrequency. The FE model (see Fig.1) 
was created in ANSYS 10.0 and consisted of 
5736 eight-node elements. The material 
constants for steel were chosen: 
E = 2,1e11 Pa, ρ = 7850 kgm-3, µ = 0,3. The 
modal analysis was solved by Lanczos’s 
method in frequency range up to 6kHz. The 
boundary condition of the wheel defined the 
plane symmetry in the radial cross-section of 
the wheel since a torsion vibration of the 
wheel as whole was not considered. The 
forcing the wheel on the wheel set was 
modeled by fixing DOFs in the inner surface 
of the hub.  

  Fig.1 The finite element topology of the half model  

 
3 Modal analysis of railway wheel  
 

The above-described FE model of wheel was verified by experimental modal analysis. The FE model was 
then used for more detail analysis of the dynamic behavior such as mode description for the similar eigen-
modes due to the space geometrically complicated structure of the railway wheels that causes couplings 
between axial, radial and torsion deformations. So, we do not get pure axial modes but mixed axial-radial, 
axial-torsion ones etc. However one deformation mode is dominant and according to this dominant mode 
the mixed mode is described. 

For experimental modal analysis of the wheel, a wheel set was horizontally settled into two tripods. 
Multi-analyzer PULSE 9.0 (Brüel&Kjaer) was used for acquisition and processing of measured data. For 
dynamic excitation a signal generator, uniformly random signals with four ranges, i.e. 0 to 1.6kHz, 1.6-
3.2kHz, 3.2-4.8kHz, and 4.8-6.4kHz and frequency step 0.25Hz were used. Loading of the wheel in an 
axial direction was realized situating a shaker B&K 4818 from the outer side of the wheel. Charge force 
transducer B&K8200 was installed between the shaker and rim surface by sticking on the surface. Force 
signal was transformed to voltage by the preamplifier B&K2647A. Responses were picked up by the ICP 
one axis accelerometer B&K4508. Frequency response functions FRFs were evaluated separately by a 
linear averaging in each configuration force-response. Responses were picked up step by step at 270 
points (8 circles per 30 points in axial direction and 1 circle per 30 points on rim in radial direction). 
Evaluation of modal parameters, i.e. eigenvalues and eigenvectors, was performed by the method 
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POLYNOMIAL in a frequency domain of the program MeScope Package VT-550, Vibrant Technology, 
Inc.  

Sum characteristics ( )(ωHΣ ) of  all obtained FRFs for both cases of the wheel, i.e. without and 

with the damper are drawn in Figure 2 and 3. Coordinates (X: frequency and Y: amplitude [ms-

2/N]) of strong resonances are depicted on these figures. 
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Fig.2 Sum FRF function for wheel without the damper 
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Fig.3 Sum FRF function for wheel with the damper 

 

Identified eigen-frequencies of experimental modal analysis are matched with FE computed counterparts 
in Tab.1.  Bolded order numbers designate eigen-modes with zero number of node circles. Eigen-
frequencies and associated dominant resonant frequencies of the operational vibration (see the 
spectrograms Fig.7 and 8) are for both variant of the wheel summarized in Tab.2. In Tab.1 and 2 there are 
descriptions of corresponding eigen-modes. Order numbers correspond to the mode order of complete 
experimental analysis that is described in [1]. 
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Experiment FEM  

Order 
no. 

Eigenfreq. 
[Hz] 

Damping 
ratio [%] 

Order 
no. 

Eigenfreq. 
[Hz] 

Mode  
description 

4 169.000 0.062 1 218.67 nar=1,nac=0 

6 328.000 0.136 2 354.64 nar=0,nac=0 

7 487.000 0.011 3 485.30 nar=2,nac=0 

10 1290.000 0.011 4 1291.00 nar=3,nac=0 

11 1780.000 0.251 5 1298.70 nrr=1, nrc=0, ntr=0 

12 1890.000 0.335 6 1873.90 nrr=2, nrc=0, ntr=0 

13 1900.000 0.012 7 1879.50 nar=0,nac=1 

16 2040.000 0.111 8 2192.70 nar=1, nac=1, 

18 2300.000 0.007 9 2301.80 nar=4,nac=0 

19 2610.000 0.011 10 2552.60 nrr=3, nrc=0, ntr=0 

20 2770.000 0.017 11 2819.10 nar=2, nac=1 

21 3260.000 0.043 12 3272.60 nrr=0, nrc=0, ntr=0 

22 3410.000 0.015 13 3417.10 nrr=4, nrc=0, ntr=0 

23 3410.000 0.010 14 3420.70 nar=5,nac=0 

26 3560.000 0.018 15 3580.80 nar=3, nac=1, 

27 3680.000 0.111 16 3694.40 nrr=1, nrc=0, ntr=1 

29 4420.000 0.011 17 4421.00 nrr=5, nrc=0, ntr=0 

30 4440.000 0.013 18 4428.80 nar=4, nac=1, 

33 4570.000 0.006 19 4599.50 nar=6,nac=0 

- - - 20 5001.60 nar=0,nac=2 

- - - 21 5047.90 nar=1,nac=2 

35 5230.000 0.005 22 5152.50 nar=2, nac=2 

36 5230.000 0.004 23 5281.50 nar=2, nac=2 

37 5310.000 0.009 24 5320.40 nar=5, nac=1, 

41 5520.000 0.006 25 5524.50 nrr=6, nrc=0, ntr=0 

42 5740.000 0.009 26 5610.30 nar=3, nac=2 

43 5750.000 0.005 27 5812.30 nar=7,nac=0 

Tab.1 Association of identified to computed eigen-frequencies of the wheel without damper  
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Wheel without damper Wheel with damper  

no. Eigenfreq. 
[Hz] 

Damp. 
ratio [%] 

Reson. 
fr. [Hz] 

no. Eigenfreq. 
[Hz] 

Damp. 
ratio [%] 

Reson. 
fr. [Hz] 

Mode 
description 

7 487 0.011 488 7 488 0.23 483 nar=2,nac=0 

10 1290 0.011 1283 10 1290 0.12 1283 nar=3,nac=0 

18 2300 0.007 2310 17 2300 0.08 2330 nar=4,nac=0 

23 3410 0.01 3419 20 3410 0.06 3460 nar=5,nac=0 

33 4570 0.006 4548 24 4560 0.05 4548 nar=6,nac=0 

43 5750 0.005 5739 28 5740 0.05 5740 nar=7,nac=0 

Tab.2 Eigen-frequencies of modal analysis associated with dominant resonant frequencies of operational 
tests  

 

 

Selected experimental eigen-modes (nac=0) of the wheel with/without damper and computed eigen-
modes of the wheel without damper are drawn in Fig.4. For better clarity the contours of the wheel and 
the damper (middle column) are depicted separately by shifting up the plane of the damper. Radial 
vibration mode of the rim is drawn by red line again in shifted plane parallel to the plane of the wheel. For 
classification of the modes the following abbreviations are used: nar – number of radial node lines in axial 
vibration, nac –number of  circular node lines in axial vibration, nrr – number of radial node lines in 
radial vibration, nrc –number of  circumferential node lines in radial vibration, ntr – number of radial 
node lines in torsion vibration of the rim. 
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Fig.4 Experimental (EXP) and computed (FE) eigen-modes with zero number of node circles (wheel 
without damper EXP – left, wheel with damper EXP – middle, wheel without damper FE – right column) 
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In Fig. 5 there are drawn radial and circular node lines for case of two radial and one circular node lines 
(nxr=2, nxc=1), where x can be substituted by a (axial), r (radial) or t (torsion) since modes of vibration 
also distinguish according to type of deformation of the wheel. 

 

 

5pa

M

4 A2

A3

A1
A4

2

3 1  
Fig. 5 The scheme of the wheel with transducer placement and node lines (dash) for one selected eigen-
mode:  1 – radial node line, 2 – circular node line, 3 - rim, 4 – two plates of damper, 5 – hub, A1-A4 
accelerometers, M microphone. 

 

4 Wheel vibration measurement in service  
 

Measurement of railway wheel vibrations was performed on a carriage of the Prague’s subway train 
(made of former USSR, bogie no.a2802) first on the test track DEPO Zlicin and later on Line B of Metro 
itself. Test wheel (ø785mm) was produced by BONATRANS a.s., Bohumín.  

Two capacity feedback accelerometers A1, A2 for measurement in axial direction and one piezoelectric 
accelerometer A3 for radial direction were used. The next capacity accelerometer A4 was placed on the 
plate of the damper. Placement of accelerometers is depicted in Fig.5. The capacity accelerometers were 
type Analog Devices ADXL 321. Measurement was set on the range up to cca 6kHz. Range of 
accelerometers was 180ms-2. Phase mark PM was fixed on the rim of the other wheel in the set. This mark 
served for detection of wheel position and instantaneous velocity. The miniature frequency modulated 
transmitters with supply batteries were spot-welded on the rim, too. They served for a high frequency 
transmission of accelerometer signals from the wheel on an aerial fixed on the shield of a wheel axle 
bearing. The signal is then led by a coaxial cable into a wagon body where were receivers and digital 
scopes for measurement and recording of the wheel accelerations. Measuring microphone M distant 
235mm out of the rim and near to the axle-bearing box measured contemporarily acoustic pressure. 
Calibration of accelerometers together with the corresponding transmitters on bearing frequencies fB 
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(126MHz for A1, 156MHz for A2, 187MHz for A3, 113MHz for A4) and output voltage UP was 
performed in our laboratory. For accurate setting of acceleration levels the electro-dynamic shaker with 
an accurate piezoelectric accelerometer B&K4507 with output voltage 1,004mV/ms-2 in a frequency 
range from 0.1Hz up to 6kHz was used. 

Sound-level meter was calibrated by the acoustic calibrator B&K4231. Demodulated signals of receivers 
together with signals of the phase mark and sound-level meter were recorded contemporarily by the 
digital scope YOKOGAWA DL750. Evaluation of accelerations and acoustic pressure in specific 
physical units was performed by product ac UP, where ac  is a calibration sensitivity of individual 

transducers (0.170 ms-2/mV for A1, 0.093 ms-2/mV for A2, 0.042 ms-2/mV for A3, 0.082 ms-2/mV for A4, 
58.33 Pa/mV for M). 

After installation of the measuring technique the test carriage in train of next four carriages set out to the 
test ring and later on the line B. According to a program of the tests the passages on direct track and bow 
track at velocities 40 and 60km/h and passages and stops at metro stations, respectively, were performed. 
In the first stage the wheel without damper was measured (transducers A1, A2, A3, A4 and PM). After 
dismantling the dampers of all wheels the measurement (transducers A1, A2, A3, M and PM) of the 
wheel without damper started. During the passages the measured signals were recorded on the digital 
scope with sampling frequency 20kHz. The measurement of acoustics of the wheel with/without dampers 
were in parallel provided by Institute of Railway Structures and Constructions, University of Technology, 
Brno.   

Time records of measured wheel were evaluated in several ways: a) evaluation of amplitude-frequency 
spectra by FFT from selected time period, b) evaluation of spectrograms, i.e. amplitude-time-frequency 
characteristics, by STFT from whole passage records, c) 1/3 octave analysis of acceleration La and sound 
pressure Lp levels. The spectrograms appeared as most suitable for assessment of dynamic behavior of 
the wheel due to transient effects during passages especially in bows. For quantitative assessment of a 
damper effect on the wheel the 1/3 octave analysis was proved best. 

In the next figures 7 and 8 there are shown typical results of bow passages with appearance of the 
squealing noise for both wheel solutions. The records from 27.8.05 (15:00 – beginning of bow passage, 
speed 4,4m/s) and from 21.8.05 (12:38 beginning of bow passage, speed 5,9 m/s) were processed for the 
wheel without and with damper, respectively. Below each spectrogram there is a time characteristic of the 
processed signal in a specific physical measure, e.g. ms-2 at acceleration and Pa at acoustic pressure. Color 
maps of spectrograms are for acceleration in the same scope (60-150dB) and for acoustic pressure (Fig.7 
bottom) the scope is 20-110dB. Nevertheless the scopes of time characteristics are different and therefore 
the amplitudes cannot be visually compared with each other. The 1/3-octave spectra of these records are 
depicted in Fig.9.  
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Fig.7 Spectrograms of vibration and noise of the wheel without damper (sensor A1-top, A3-
midle, M-bottom) 
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Fig.8 Spectrograms of vibration and noise of the wheel with damper (sensor A1-top, A3-midle, 
A4-bottom) 
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Fig.9 Third octave analysis of vibration and noise at bow passage (wheel without damper – top, 
wheel with damper –bottom) 

 

 

5 Some remarks 
 

The vibration analysis of the wheel measurements brought following results: 

 
• In the spectrograms (Fig.7 and 8 on the left) frequencies are associated to resonances of a forced 

wheel vibration. These frequencies besides some exceptions correspond to the identified eigen-
frequencies from modal analysis.  Eigen-modes with zero number of node circles (nac=0) are 
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dominant for squealing noise of the wheel. The exceptions of “unidentified” frequencies in the 
spectrograms could arise either by splitting of eigen-frequencies that do not appear at modal 
analysis of unloaded non-rotating wheel without interaction with rail, or by higher harmonic 
components of some resonances due to self-excited vibration at case of squealing noise (dry 
friction).  

• The fact that identified eigen-frequencies (nac=0) of the wheel in steady and unloaded state are 
practically unchanged from resonance frequencies of the wheel in service can be explained by the 
shape distribution of these modes and their splitting due to interaction with the rail when either 
radial node line of one splitted mode or radial anti-node line of the other splitted mode goes 
through a rail-wheel contact whereas these modes do not rotate with the wheel but remain locked 
in space [4].  

• Due to the damper the damping ratios of the wheel increase (Tab.1) and resonances are splitted 
more that causes a distinct decrease of FRF amplitudes (Fig.3). This phenomenon can be also 
observed on the records of the service vibration. From the power spectra it is seen a decrease of 
axial vibration levels by cca 8dB and radial vibration level by cca 20dB.  

• On the contrary to the wheel without damper at the wheel with damper there is also vibration of 
the damper as such what can contribute to wheel noise radiation. Maximal levels are 140dB in 
bands of 100 and 500Hz. At 100Hz it is a case of eigen-vibration of the damper plate.  

• Eigen-vibration of the wheel corresponding to the mode (nar=0 and nac=2) causes high levels for 
both wheel solutions at the band 500Hz. This frequency plays a dominant role also on noise 
radiated into surrounding. 

• Spectrograms shows also on time variability of frequency spectra what appear especially in bow 
passages and braking. At the wheel without damper the squeal noise was observed almost 
continually during the bow passage. At the wheel with damper the squeal noise appeared only in 
some places of the bow how it can be seen on time records under the spectrograms (Fig.7 and 8).  

• Modal analysis showed that radial amplitudes decrease with order of axial mode vibration due to 
a weaker coupling between axial and radial deformations. It can be seen on vibration in a service, 
too. 

• Spectrograms and the third octave spectra of acoustic pressure and acceleration show a transfer of 
wheel vibration into acoustic environment – what frequency components are dominant. A vibro-
acoustic coupling can be assessed from comparison of single frequency components. 

 

6 Conclusion 
 

In this contribution the method of testing and evaluation of modal analysis and operational vibration of 
railway wheels with/without add-on dampers. On basis of modal and spectral analysis modes of vibration 
that contribute most to noise emission were identified.  
 
From parallel measurement of vibration and acoustic pressure in surrounding of running wheel the 
structural-acoustic coupling was analyzed. Comparison tests of wheel with and without damper showed 
dynamic behavior of these wheels and the influence of the damper on suppression of vibration and noise. 
The results serve for next development of add-on dampers in company BONATRANS a.s. 

 

For future in frame of grant GA CR 101/05/2669 “Dynamics and reliability of vibrodamping elements 
from thermo-visco-elastic-materials” besides this radio-telemetry equipment also magneto-kinetic 
equipment for long-term monitoring of lifetime of railway wheels has been developed. 
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Abstract 
 

A reduced order model is developed for low frequency, fully coupled, undamped and constantly damped 

structural acoustic analysis of interior cavities, backed by flexible structural systems. The reduced order 

model is obtained by applying a Galerkin projection of the coupled system matrices, from a higher 

dimensional subspace to a lower dimensional subspace, whilst preserving some essential properties of the 

coupled system. The basis vectors for projection are computed efficiently using the Arnoldi algorithm, 

which generates an orthogonal basis for the Krylov subspace containing moments of the original system. 

A computational test case is analyzed, and the computational gains and the accuracy compared with the 

direct method in ANSYS. Further, the reduced order modelling technique is applied to a two-way coupled 

vibro-acoustic optimization problem, with stacking sequences of the composite structure as design 

variables. The optimization is performed via a hybrid search strategy combining outputs from Latin 

Hypercube Sampling (LHS) and Mesh Adaptive Direct Search (MADS) algorithm. It is shown that 

reduced order modelling technique results in a very significant reduction in simulation time, while 

maintaining the desired accuracy of the optimization variables under investigation. 

 

1 Introduction 
 

Designing for quiet interiors is one of the key objectives during the product development cycle of a 

modern passenger vehicle or a commercial airplane. In order to gain competitive advantage, 

manufacturers are striving to reduce noise and vibration harshness (NVH) levels. As a result, design 

engineers often seek to evaluate the low frequency NVH behaviour of automotive/aircraft interiors using 

coupled finite element-finite element (FE/FE) or finite element-boundary element (FE/BE) discretized 

models. Due to the coupling between the fluid and structural domains in the coupled FE/FE formulation, 

the resulting mass and stiffness matrices are no longer symmetrical. In addition to this, as a general rule of 

thumb 10-15 linear elements are required per wavelength to get reasonable prediction accuracy for 

coupled structural acoustic problems. With wavelengths decreasing for increasing frequency, the model 

size drastically increases with frequency. This presents a major problem especially where optimization is 

required, with many design variables to be optimized. Therefore, generation of reduced order models, for 

fast coupled structural acoustic analysis and optimization is of great interest to the NVH community. 
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The two most popular approaches currently used to reduce the computational time of such coupled 

problems are the mode superposition and the component mode synthesis (CMS) method. The former 

method uses the dominant natural frequencies and mode shapes, extracted from a normal modal analysis, 

and the response is assumed to be a linear combination of the modes. In the later method, the system is 

divided into different components, and the frequency response is projected onto a fluid FE or a BE mesh 

to compute pressure levels. However, the reduction thus obtained is often not substantial. Further, the 

CMS method relies on the user to select interface nodes to enforce coupling conditions, which is a 

possible source of additional error. Other approaches to decrease computational time include generation of 

Ritz vectors, the use of influence co-efficients from a BE model, truncated coupled FE/FE analysis, and 

the patented ATV method, to name a few. The reader is referred to [1], for a review of some other 

approaches to reduce computational time. More recently, however, model order reduction (MOR) via 

implicit moment matching, has received considerable attention among mathematicians and the circuit 

simulation community [2, 3, 4]. It has been shown in various engineering applications [4, 5] that the time 

required to solve reduced order models via MOR is reduced significantly when compared to solving the 

original higher dimensional model, whilst maintaining the desired accuracy of the solution. The aim of 

MOR is to construct a reduced order model, from the original higher dimensional model, which is a good 

representation of the system input/output behavior at certain points in the frequency domain. The 

reduction is achieved by applying a projection from a higher order to a lower order space using a set of 

Krylov subspaces, generated by the Arnoldi algorithm. Additionally, the reduced model preserves certain 

essential properties such as maintaining the second order form and stability.  

A reduced order model does not allow us to preserve geometry related information, and after changes in 

the original higher dimensional model, the reduced order model must be regenerated again. Fortunately, 

the time required to generate a reduced order model is comparable with that for a single frequency 

evaluation [11]. As a result, implicit moment matching is considered in this paper as a tool for fast 

frequency sweep. During the optimization, the reduced order model is used just once, and is regenerated 

for each optimization step. Nonetheless, we will demonstrate that even with such a set-up, there is 

considerable saving in computational time. 

The paper focuses on the application of such Krylov based MOR techniques to structurally damped, fully 

coupled structural acoustic problems. The rest of the paper is laid out as follows: In Section- 2, the general 

framework for model order reduction for second order systems is introduced. In Section- 3 the Arnoldi 

procedure adapted for model order reduction for the coupled damped structural acoustic problem is 

described. In Section- 4 a numerical example from is solved using the direct approach in ANSYS FE code 

and the MOR via Arnoldi approach. Error estimates, results and computational times and simple 

convergence models are discussed. In Section- 5 MOR is incorporated via the Arnoldi process in the 

structural-acoustic optimization process to speed up simulation time, whilst maintaining the desired 

accuracy of the optimization variables and objective function under investigation. Section- 6 summarizes 

the paper with a short discussion of the results. Finally, Section: 7 concludes the paper with some potential 

applications of MOR in structural acoustics, and future recommendations. 

 

2 Model Order Reduction for second order systems 
 

After discretization of a general dynamical model of mechanical system, one obtains a system of second 

order ordinary differential equations in matrix form as follows: 

 

)()()()( tFutKxtxCtxM =++ &&&                                                                                                                 (1) 

)()( txLty T=         

                                                                          

where (t) is the time variable, x(t) is the vector of state variables, u(t) is the input force vector, and y(t) the 

output measurement vector. The matrices M, C and K are mass, damping and stiffness matrices, F and 
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L are the input distribution matrix and output measurement matrix at certain points respectively. A 

harmonic simulation, assuming {F} = F0 e
iω t

 and ignoring damping in (1) yields: 

 

}{}{]][][[ 2 FxKM =+−ω                                                                                                                      (2) 

)()( ωω xLy T=  

 

where, ω  denotes the circular frequency, and, }{x , }{F denote complex vectors of state variables and 

inputs to the system respectively. The principle of model reduction is to find a lower dimensional 

subspace 
Nxn

V ℜ∈ , and, 

ε+= Vzx  where, 
n

z ℜ∈ , n << N                                                                                                           (3) 

 

such that the time dependent behaviour of the original higher dimensional state vector x  can be well 

approximated by the projection matrix V in relation to a considerably reduced vector z  of order n with the 

exception of a small error ε Nℜ∈ . Once the projection matrix V is found, the original equation (2) is 

projected onto it. The projection produces a reduced set of system equations, in second order form, as 

follows: 

 

}{}{])[][( 2

rrr FzKM =+−ω                                                                                                                    (4) 

)()( ωω zLy
T

rr =  

 

 where the subscript r denotes the reduced matrix and: 
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. 

 

It is worth noting that )()( ωω yyr ≈ . Due to its low dimensionality, the solution to (4) is much faster 

than the original higher dimensional model. The input and output vectors are the same dimension as (2).  

Several methods exist to choose V. In this work, we choose the projection matrix V to be a Krylov 

subspace in order to provide the moment matching properties [2, 3].  

 

2.1 Model Order Reduction for coupled structural acoustic systems: 
 

For a coupled structural acoustic case, we start off from Cragg’s pressure formulation [9]: 
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where, Ms is the structural mass matrix, Mfs is the coupled mass matrix, Ma is the acoustic mass matrix, Cs 

is the structural damping matrix, Ca is the acoustic damping matrix, Ks is the structural stiffness matrix, Kfs 

is the coupled stiffness matrix, Ka is the acoustic stiffness matrix, Fs is the structural force vector, y (t) the 

output measurement vector and u, p are the displacements and pressures at nodal co-ordinates 

respectively. Ignoring damping for the structure and fluid, the coupled equations in the case of harmonic 

response analysis become: 
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Constant structural or acoustic damping ratio's can be incorporated into the system matrices of (6) 

avoiding a direct participation of [C], as it is frequency independent by the definition. Although there 

exists techniques to reduce system matrices with [C], in this paper, we restrict ourselves to constant 

structural damping. A straightforward extension can be made to constant acoustic damping. The finite 

element software, ANSYS [14] formulates constant damping via the command DMPRAT and MP, DMPR 

which adds imaginary terms to the stiffness matrix according to the relationship: 

ξβ
Ω

=
2

c                                                                                                                                               (6-A) 

 

Where, cβ is the constant multiplier applied to structural parts of the coupled stiffness matrix, and Ω  is 

the frequency in rad/s and ξ  is the constant damping ratio. This implies that the matrix [K]is complex-

valued. In other words, the structural stiffness matrix Ks in Eqn (5), Eqn (6) becomes Ks+ ξ2  Ks. 

 

It can be seen that (6) is similar to (2). In this case, the approximation becomes:  

{ } ε+==








Vzx
p

u
                                                                                                                                    (7) 

The transfer function of the system H(s) = (Y(s) / U(s)) using the Laplace transform can be written as: 

 

sasasasa

T
FKsCMsLsH

12 )()( −++=                                                                                                        (8)    

        

Ignoring damping, and expanding (8) using the Taylor series about 0=s results in: 
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By matching some of these moments of the higher dimensional system about s=0, the reduced order 

model can be constructed, as it directly relates the input to the output of the system. Theoretically, any 

expansion point within the frequency range of interest can be used, and a real choice depends on required 

approximation properties. However, explicitly computing such moments tends to be numerically unstable 

[3, 4], and it is therefore preferable to attempt to implicitly match these moments via the Arnoldi process. 

Su and Craig [7], showed that if the projection matrix V is chosen from a Krylov subspace of dimension q,           

 

}).(,.........)(,{),( 11111111
FKMKFKMKFKspanFKMK

q

q

−−−−−−−− =Κ                                           (10) 

 

then, the reduced order model matches q+1 moments of the higher dimensional model. Loosely speaking, 

if the q
th
 vector spanning the Krylov sequence is present in matrix V, we match the q

th
 moment of the 

system. The block vectors K
-1

F and K
-1

M can be interpreted as the static deflection due to the force 

distribution F, and the static deflection produced by the inertia forces associated with the deflection K
-1

F 

respectively. 

 

 

3 The Arnoldi Algorithm 
 

To avoid numerical problems while building up the Krylov subspace, an orthogonal basis is constructed 

for the given subspace. This is done using the Arnoldi algorithm. Given a Krylov subspace Kq (A1, g1), the 

Arnoldi algorithm finds a set of vectors with norm one which are orthogonal to each other, given by: 

 

V
T
V = I       and   V

T
A1

 
V = Hq                                                                                                                    (11) 

 

Where 
qxq

qH ℜ∈  is a block upper Hessenberg matrix and
qxq

qI ℜ∈ is the identity matrix. Figure: 1 

describes the implemented algorithm, which is used to generate the Arnoldi vectors for the coupled 

structural acoustic system. For multiple inputs, the block version of the algorithm can be found in [4].  

 

For the coupled structural acoustic case, we have:  

),()(
11

sasasasaq FKMKKVColspan
−−

=  

qsasa

T
HVMKV =

−1
 and IVV

T =                                                                                                           (12) 

 

The discussion of the block version of the algorithm, which is used to generate the Arnoldi vectors for the 

coupled structural acoustic system , multiple inputs and multiple outputs, is quite involved, and so the 

reader is referred to [3] for a detailed discussion of this. In short, the block version of the Arnoldi 

algorithm generates orthogonal vectors spanning the Krylov subspace:   
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It can be seen that in each step of the algorithm, one vector orthogonal to all previously generated vectors 

is constructed and normalized. The process is numerically very similar to the modified Gram-Schmidt 

orthogonalization. Due to the iterative property of the algorithm, it is possible to produce a reduced order 

model of lower dimension than initially specified, by just discarding the columns in matrix V and 

subsequently the rows and columns of the reduced order matrices.  Eqn (6-A) implies that the matrix [K], 

and thus the Arnoldi generated projection matrix [V] are complex-valued. 

 

Algorithm: 1: 

Input: System Matrices Ksa,Msa, Fsa, L and n (number of vectors), expansion point 2/)( BEs ωω +=  

Output: n Arnoldi vectors 

0. Set gvi =  

1. For :,1 doni →=  

        1.1  Deflation check: ||||1, iii vt =−  

        1.2  Normalization: 1,

*
/ −= iiii tvv  

        1.3  Generation of next vector: 1

*

1 Avvi =+  

        1.4  Orthogonalization with old vectors: for j=1 to i: 

                   1.4.1 
*

11, += i

T

jj vvt  

                   1.4.2 jijij vtvv ,

*

1

*

1 −= ++  

2. Discard resulting qH , and project LFKM sasasa ,,,  onto V to obtain reduced system matrices 

RsaRsaRsaRsa LFKM ,,,  where the subscript Rsa represents the reduced structural acoustic matrices. 

Figure: 1: Arnoldi Process [3] [4]. 

4 Numerical Test Case 
 

To evaluate the accuracy and the computational gains achievable via reduced order modeling, a numerical 

test case has been chosen. The test case is a constrained 1.5m x 0.8m damped fiber reinforced sandwich 

plate (Glass Fibre/Foam Core/ Glass Fibre) backed by a rigid walled acoustic cavity. A structural damping 

ratio of 4% is specified for the analysis. The frequency range of interest for the coupled dynamic analysis 

is 0-300Hz. A unit harmonic force is applied to one of the structural nodes to excite the coupled system as 

show in Figure: 2(a). The pressure response is computed at three nodes in the fluid domain using the 

Direct Method in ANSYS and MOR via the Arnoldi process. All computations described in this paper 

were performed using a Pentium 3GHz, 2GB RAM machine. 

 

 

 

Figure 2 – (a): Coupled FE model 

 

 

Figure 3 – (a): Noise Transfer Function 
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Figure 2 – (b) Bottom: Noise Transfer 

Function 

Figure 3 – (b) Bottom: Noise Transfer 

Function 

For the reduced order model, the computational time is a combination of four steps (a) Running a 

Stationary solution and generating matrices (b) Reading matrices and generating of Arnoldi vectors (c) 

Projection to second order form and (d) Simulation of the reduced order model. The spilt computational 

times for test case 1 are given in Table: 1. The reduced order model is set up and solved in 

Mathematica/MATLAB environment. A comparison of the solution times using MOR and the Direct 

method in ANSYS are given in Table: 2. 

 

Model 

ANSYS 

Stationary 

      Read Matrices , Arnoldi  

Vector Generation, projection 

     Reduced model 

          Simulation 

Total: MOR via 

      Arnoldi 

  TC
1 

     4 s        43.1  s           (50 Vectors)          1.25 s         48.35 s 

Table: 1:  MOR Split Computational Times; TC
1
: Test Case-1 

 

Model Elements DOF's ANSYS Direct     MOR via Arnoldi Reduction 

TC
1 

   8400 11427        1080 s             48 s    96 % 

Table: 2:  Computational Times; TC
1
: Test Case-1 

 

4.1 Convergence Properties 
 

In this section, a method to compute the error estimates, and thus the convergence properties of the model 

is presented. The approach is similar to the method described in [10]. In the first convergence model, a 

straightforward true error between the two models is computed as: 

)(

)()(
)(

sH

sHsH
s

r

r

−
=ε                                                                                                                        (15) 

 

Where, )(sH corresponds to the original transfer function, given by sasasa

T
FKMsLsH

12 )()( −+=  

where, the definitions of saM , saK  and saF  remain the same as in (9) and )(sH r is the reduced order 

transfer function. Further, a relative error between two successive reduced order models r and 1+r can 

be defined as: 

)(

)()(
)(ˆ 1
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sHsH
s

r

rr

r

+−
=ε                                                                                                                    (16) 
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As discussed in Section:3, the iterative property of the algorithm, allows reduced order models of lower 

dimension than initially specified to be produced, by just discarding the columns in the matrix V and 

subsequently the rows and columns of the reduced matrices. The true and relative error plots are given in 

Figure: 5 for start and end frequencies of the test cases i.e .1 Hz=ω  and .300 Hz=ω  Figures: 5(a) and 

5(b) indicate that, for the coupled box problem it is not possible to approximate the system using more 

than 50 Arnoldi generated vectors for both .1 Hz=ω and .300 Hz=ω The number of vectors required to 

adequately approximate the transfer function, depends on the model size and the number of inputs 

specified to excite particular modes of the system. Error plots based on the absolute values of the transfer 

function are shown in Figure: 4(a) and 4(b) .It is worth noting that, the output does not participate in the 

reduction process, and so the approximation is completely independent of the number and location of 

outputs specified. 

 

  

  

Figure: 4:  (a) Top: Error Plot for 3(a) 

                      (b) Bottom: Error Plot for 3(b) 

Figure: 5 (a): Top: Convergence model for 

1Hz(b) Bottom Convergence model for300Hz  

5 Coupled Vibro-Acoustic Optimization 
 

In order to improve the acoustic characteristics of a vehicle interior, numerical optimization is often 

employed. Since there exists two forms of solution (coupled and uncoupled), it is often left to the engineer 

to decide on the approach best suited to the problem under investigation. However, a ‘one-way’ coupled 

analysis ignores the fluid loading on the structure, which is often the cause of cavity boom at low 

frequencies. Therefore, a fully coupled analysis is preferred in many vehicle/aerospace applications, but 

the computational time required to solve (6) restricts its subsequent use. Marburg [1] has provided a 

detailed review of the current practices in structural-acoustic optimization. 

 

Over the recent years, different novel materials have been developed to control noise and vibration in 

vehicles and commercial aircrafts. In particular, fiber reinforced composites have generated significant 

interest in the development of structural materials due to their low density, high stiffness and excellent 

damping characteristics. Additionally, the orthotropic nature of such fiber reinforced composite materials 

implies that the directional stiffness depends on the orientation of fibers. Such flexibility can often be 

exploited to tailor the material to obtain the required structural acoustic performance [12], [13]. In this 

work, the feasibility of reducing interior noise levels through optimal lamination angles of a composite 

sandwich structure via reduced order modeling is demonstrated. 
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5.1 Optimization Test Case 
 

The first test case is a frame-panel structure which was built to test new modelling techniques. The half 

scale car cabin is modeled as a simple seven sided structure as shown in Figure: 6(a). The structural 

model is a frame panel structure coupled with the acoustic cavity. Faces of the acoustic model, other than 

that of the roof were assumed to be acoustically rigid. The acoustic model was modeled using eight noded 

acoustic brick elements with one pressure degree of freedom at each node. The panel is a laminated 

composite structure, made up of Fibre reinforced skins and a random fibre foam core. The cross section of 

the composite structure along with fiber orientation angles is shown in Figure: 7 

 

The lamination angles of the fibres, denoted by θ  in this study, are the design variables for the 

optimization problem. The design variables are subject to a lower and upper bounds 1800 ≤≤ θ degrees, 

where 0
0
 represents a unidirectional lay-up of the fibers and angles beyond 90

0
 represent lay-up in the 

negative direction. The structural FE model is modeled using ANSYS SHELL181 elements, with material 

properties for the uni-directional composite as given in Table: 3. For the cavity, a matching interface 

element (ANSYS FSI) is used, where the nodes of the structural and acoustic models are coincident. A 

structural damping ratio of 4% is applied to all elements with composite material properties. An initial 

lamination angle of 90/0/Core/0/90 is specified for the coupled analysis. The effects of changing 

lamination angles on the overall structural integrity of the structure are ignored. Similar to the previous 

test case, the frequency range of interest for the coupled dynamic analysis is 0-300Hz. The coupled model 

is excited by applying a unit harmonic force to one of the structural nodes of the front end lower member 

in the normal direction, and the response is computed at a node representative of driver’s ear location in 

the fluid domain.  

 

 

 

 

Figure: 6:  (a-left) Top: Coupled FE model 

                        (b-right) Stacking sequence of fibers 

Figure: 7:  Cross Section of sandwich composite 

Cross 

Section 

E11= E33 

  (GPa) 

    E22 

  (GPa) 

  G12=G21 

    (GPa) 

     G13 

    (GPa) 

   v12=v13 

      

    Density 

    (kg/m
3
) 

  Lamination  

    Angles ( 
0
) 

Skin     28       21      1.39       1.40        0.4       1480   90/0/Core/0/90 

Core    9.26      4.2      0.72       0.67        0.4        800         -- 

Table: 3: Mechanical properties for Fibre reinforced sandwich composite. 

5.1.1 Design Optimization Procedure 
 

The reduced order modeling technique outlined in Section: 2 is incorporated into the optimization process 

to speed up simulation time, while maintaining the accuracy of the nodal sound pressure values. A general 

framework of optimization via reduced order modeling is given in Figure: 10. The number of vectors 

required to represent the higher dimensional system is calculated using the convergence models presented 

in Section: 4.1. In this case, 50 Arnoldi generated vectors were sufficient to represent the higher 

dimensional system for .1 Hz=ω  and .300 Hz=ω  An error plot over the entire range of frequencies is 
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shown in Figure: 8. The true and relative error plots at 1Hz. for the optimization problem are shown in 

Figure: 9. Since it is the lamination angles which this study is seeking to optimize, and thus the material 

properties of the composite structure, the reduced order model must be regenerated at each iteration 

involving a change in the lamination angle. 

 

 Mathematically speaking, the non-linear optimization problem can be stated as: 

Find a vector of design variables: ),.......,,,( 321 nθθθθθ =  

Which minimizes the objective function ),(θf  

Subject to lower and upper bounds 
upper

ii

lower

i θθθ ≤≤  

Numerous possibilities exist to formulate the objective function, and their effectiveness depends on the 

nature of the coupled problem. For the optimization problem stated above, the objective function is 

formulated as: 

nFf

1

ˆ)( =θ ;    ∫−
=

max

min

)}({
)(

1ˆ

minmax

ω

ω

ωωϑ
ωω

dpF i                                                                        (17) 
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refi
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ppforpp
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>



 −

=
0

)(
ϑ                                                                                              (18) 

 

Where, the function ϑ  is a weighting function applied to the nodal sound pressure level (SPL) value ip . It 

can be seen that the weighting function depends on reference pressure refp , determined as 90dB for the 

current study. 

  

Figure 8 –Error plot for optimization test case Figure 9 – True, Relative Error Plot for 1Hz.  

At this point, any value of refp can be used, and in this case is chosen to reduce peak SPL values over the 

entire frequency range of 0-300Hz.  For n=2, this formulation of objective function (17, 18) results in a 

frequency averaged root mean square value. This ensures that the higher peaks of the noise transfer 

function are given more importance, avoiding deep valleys as compensations for high peaks during the 

optimization process In particular, the fluid resonance peaks at ~120Hz, ~265Hz, and ~293Hz (See 

Figure: 15) have been identified as target zones where sound pressure values are to be decreased. 

  

The optimization is carried out using MATLAB GA/PS Toolbox [17] using the Mesh Adaptive Direct 

Search (MADS) algorithm. MADS is a class of derivative free algorithms, specifically designed for non-

smooth optimization problems, and is an extension of the generalized pattern search (GPS) algorithm. A 

pseudo code for GPS algorithm is shown in Figure: 11. Each iteration of MADS is divided into two steps, 

SEARCH and POLL. The SEARCH step allows the evaluation of the objective function at a finite set of  
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k=1 

Currentfitness = fitness(meshloc) 

While 61 −≥∆ Ek
 

    Bestfitness = currentfitness 

for i = 1… n 

   if odd(i) then dir=+1, else dir=-1 endif 

newloc=meshloc 

trialfitness=fitness(newloc) 

if trialfitness < best fitness 

Bestloc=newloc 

)(2 11 ∆=∆ +k
 

  else )(5.01 kk ∆=∆ +
 endif  1+= kk  

endwhile 

Figure: 10:  Optimization via Moment Matching. Figure: 11:  Simplified Pattern Search 

algorithm.  

points. Any search strategy can be used, including none. When a SEARCH step fails to improve the 

objective function value, a POLL step is invoked. The key difference between GPS and MADS lies in this 

POLL step. In addition to the mesh size parameter, a poll size parameter is defined to ensure that the local 

exploration of the design variable space is not restricted to a finite set of directions [15]. The set of trial 

points considered during the POLL step is called a frame. Depending on the result of the POLL step, i.e. 

successful or unsuccessful, the mesh resolution is decreased or increased .A general MADS algorithm is 

shown in Figure: 12. In this work, we chose to evaluate initial trial points in the first iteration of MADS 

using Latin Hypercube Sampling (LHS). 

 

Algorithm:2:  

INITIALIZATION: Define mesh point, mesh size and poll size parameters, set k�0. 

SEARCH AND POLL STEP: Perform SEARCH and POLL steps until an improved mesh point is found 

on mesh. 

• OPTIONAL SEARCH: Evaluate function on a finite subset of trial points on mesh. 

• LOCAL POLL: Evaluate function on computed frame. 

PARAMETER UPDATE: Update mesh size and poll size, set k� k+1 and return to SEARCH and POLL 

steps. 

Figure: 12: A simplified MADS Algorithm [14]. 

5.2 Results 
 

A general decrease in SPL values is apparent over the entire frequency range of optimization. Results at 

specific frequencies for a node representative of drivers ear location is summarized in Table: 5. It can be 

seen that the composite material is no longer symmetrical in terms of lamination angles after optimization. 

From an initial lay up of 90/0/Core/0/90 the lamination angles move towards a lay up of 

66/154/Core/141/144. Figure: 15 compares the sound pressure level before and after optimization. The 

face sheets of the outer layer of the composite material tend to be moving towards a more cross-ply 

orientation (66/-26) while the inner lamination angles moves towards an even -39/-36. Sound pressure 
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levels near fluid resonant frequencies ~120Hz, ~265Hz, and ~293Hz have decreased by 1.2dB, 4.75dB 

and 6.1dB respectively. However, in the frequency range of 150-240Hz., peak SPL value has increased 

from 83.9dB to 85.2dB – an increase of 1.4dB. This is primarily because (a) The optimization is 

considered over the entire frequency range of 0-300Hz., and an overall decrease in the root mean square 

SPL value is considered as a successful iteration by the optimizer and (b) the value of dBpref 90= is 

applied to (18). In addition to this, the structurally damped resonant peak causing fluid excitation at 

200Hz. has moved to 180Hz. This result can be attributed to shifting of modes during the optimization 

process. Such a shift in noise-emitting modes is due to the change in stiffness of the structure, as an effect 

of a change in lamination angles of the composite. 

 

Model   Function  

Evaluations 

 Initial Stacking       

      Sequence 

     Final Stacking 

          Sequence 

      Time 

      MOR 

     Time 

    ANSYS* 

      Time 

   Reduction 

OPT
1 

  156 90/0/C/0/90 63.75/154/C/141/144    36816s    982800s      97% 

Table: 4: Optimization Results: OPT
1
: Optimization Test Case.*Estimated time. 

Figure: 15: Noise Transfer Function before and after optimization. 

 

From a computational viewpoint, the use of reduced order modeling significantly decreases the 

computational time requirements for the optimization process. The time taken by MOR via Arnoldi is 

shown in Table: 4. For this case, the cost of reduction via Arnoldi is approximately 97% smaller than the 

original higher dimensional ANSYS model. Such smaller cost enables effective application of hybrid 

search strategies, to search the multi-modal space which usually requires more number of function 

evaluations. If the optimization had been carried out by the direct method in ANSYS, 400 hours of 

computational time would have been required for 156 function evaluations. To compare the accuracy of 

the optimized design variables, a harmonic simulation via direct method in ANSYS is performed. Noise 

transfer function at the selected fluid node for optimization is shown in Figure: 14. It can be seen that 

there is an almost perfect match between ANSYS and reduction via Arnoldi process. 
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Figure: 13 :  Optimized Stacking Sequence Figure: 14: Noise Transfer Function for 

optimized design variables. 

Frequency  

    (Hz.) 

          SPL (dB) 

(Before Optimization) 

MOR-Arnoldi SPL (dB) 

   (After Optimization) 

    ANSYS SPL (dB) 

(66/154/Core/141/144) 

      70             98.41              96.42               96.42 

    120          100.50              99.21               99.21 

    200            82.65              79.20               79.20 

    265          112.81            108.06             108.06 

    293            108            101.87             101.87 

Table: 5: Optimization Results 

6 Summary 
 

An efficient method to perform coupled structural analysis and optimization via reduced order modelling 

has been outlined. The basis vectors for matching the coupled system moments are computed by applying 

the Arnoldi algorithm, which computes the projection vectors spanning the Krylov subspace, to match the 

maximum number of moments of the system. The moments in the test cases shown are matched at 

approximately half of the analysis range 2/)( BEs ωω += . If a Taylor series expansion is considered 

around a higher frequency, a reduced order model could be obtained with better approximation properties 

around that frequency range. Figure: 2(b), 3(a), 3(b), 4(a), 4(b), 5(a) and 5(b) indicates that good 

approximation properties can be obtained by projecting the higher dimensional system to a lower 

dimension and matching some of the low frequency moments of the system. While there exist several 

methods to choose basis vectors, we have chosen these vectors to span the Krylov subspace. Compared to 

the computing eigen modes and eigen vectors of the system matrices, computing vectors spanning the 

Krylov subspace is much faster and efficient, since a normal modal analysis of a complex structural or an 

acoustic system tends to be computationally expensive. In fact, there is no guarantee that the computed 

modes included for the mode superposition via a modal analysis would be enough for the time/harmonic 

analysis, and often an approximate guess of modes within the 2n range  are computed for projection, n 

being end frequency [8]. Moreover, for the fully coupled structural acoustic case, an unsymmetric solver is 

required to extract coupled modes, which leads to further inefficiency in the calculation procedure. 

Figure: 2(b), 3(a) and 3(b) show that the reduced order model accurately captures the dynamic behavior 

of the coupled higher dimensional system, indicated by peaks at ~114.50Hz and ~172Hz. and ~215Hz, 

which correspond to the acoustic modes of the cavity.  

 

Although there are many techniques to generate the projection matrix [V], in this work we have chosen the 

Arnoldi process to generate vectors belonging to the Krylov subspace. Another popular method to 

generate the projection vectors belonging to the Krylov subspace is the Lanczos process. Table-6 

summarizes the advantages and disadvantages of Arnoldi over Lanczos. When compared to the Lanczos 
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process, the Arnoldi process is more stable, and a complete approximation of the output is guaranteed by 

the Arnoldi process. This means that, for the coupled structural acoustic case, both displacements on the 

structural domain, and pressure levels at fluid nodes could be matched. Although this has not been verified 

explicitly in either the test case or the optimization problem, existing literatures show that a complete 

match is specific to the Arnoldi process (e.g. [9]). In [19], this has been numerically demonstrated for a 

Electro-Thermal model. Further, it is possible to partition the projection matrix, thus preserving the 

displacement and pressure state variables. For the first test case, 25 outputs were chosen for the analysis, 

which included both normal displacements on the structural portion of the model and pressure levels in the 

fluid domain. The number of vectors needed to accurately represent the system was 50 and 75 for test case 

1 and the optimization test case respectively. The difference in the number of vectors needed can be 

attributed to the nature of coupled models itself and its resulting transfer function. It is also worth noting 

that the process of computing the minimum number of required vectors can be completely automated by a 

user defined error parameter. Lastly, the reduced order modelling framework via the Arnoldi process was 

incorporated in the structural-acoustic optimization process. The lamination angles of the composite 

structure took the form of design variables for the optimization problem. As stated earlier, any change in 

material properties required generation of reduced order model from the higher dimensional model. A 

general decrease in SPL over the entire frequency range of optimization is evident. Both mode shifting and 

peak splitting phenomenon’s resulting from change in lamination angles were accurately captured by the 

reduced order model. It should be noted that a reference value of dBpref 90=  was specified for the 

optimization. A different value of refp  could result in different optimized stacking sequence for the 

composite. However, such a parametric study is beyond the scope of this paper. The error plots shown in 

Figure: 4(a), 4(b), 8 indicate that the difference between the higher dimensional ANSYS model and 

reduced order model is almost negligible. It can be observed that the error increases with increasing 

frequency. 

 

PROPERTY DESCRIPTION            ARNOLDI  PROCESS             LANCZOS PROCESS 

Accuracy of approximation         r moments of the system match      2r moments of the system match 

Computational Complexity       )(22(
12

sasaz MKrNnrO
−

+        )(416(
1

sasaz MKrNrnO
−

+  

Complete output approximation                          YES                             NO 

Numerical stability of algorithm                          YES                             NO 

Preserving stability and passivity 

of the reduced order model 
                         YES                             NO 

Table: 6: Comparison between model order reduction via Arnoldi and Lanczos processes. 

 

This result can be primarily attributed to the choice of expansion points used to generate the reduced order 

model. A reduced order model could have been obtained, by matching moments at different expansion 

points, with each expansion point requiring a separate factorization (leading to rational Krylov methods). 

However, for the optimization problem discussed in this paper, the maximum error for the specified fluid 

node is in the order of 10
-5

. The convergence plot for the optimization problem indicates that it is not 

possible to approximate the system with more than 50 Arnoldi generated vectors. At this point, machine 

precision is reached, and a further better approximation cannot be found.  For the optimization test case, 

MOR via Arnoldi results in a 97% reduction in simulation time. The reduction seems consistent with 

different test cases. 
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7 Conclusion 
 
A new method to develop efficient reduced order models for fully coupled structural acoustic analysis and 

optimization has been outlined. The basis vectors for model reduction are computed by applying the 

Arnoldi algorithm, which computes the projection vectors spanning the Krylov subspace, to match the 

maximum number of moments of the system. The method would serve as an excellent alternative to many 

other reduction techniques, particularly for vibro-acoustic optimization, where reduction of computational 

time is often sought. In addition to this, a complete output approximation is guaranteed, matching both 

displacements of the structure and sound pressure levels in the fluid. In this paper, the explicit 

participation of [C] is avoided by using a complex stiffness approach Ks (1+ ξ2 ). For a higher 

dimensional model with [C], a reduced order model via the Second Order Arnoldi (SOAR) process, 

involving computing orthogonal vectors belonging to the second order Krylov subspaces [20] [21] or 

transforming the Equation (6) to first order form and matching moments via Arnoldi is possible, but a 

comparison of accuracy and efficiency of such methods is beyond the scope of this current paper. Finally, 

it should be noted that MOR via Arnoldi or Lanczos would be appropriate only in the low frequency range 

for vehicle/aerospace structural acoustic applications, and other techniques exists (e.g. EFEA, SEA) to 

deal with higher frequencies, where modal density is often high, and the acoustic response is very 

sensitive to minor structural modifications.  
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Abstract 
In order to make mass production cars more comfortable, the manufacturers are searching ways to isolate 
the passenger compartment as much as possible from the noise and vibrations produced by the internal 
combustion engine. For this purpose, it is useful to know the share of airborne noise and the share of noise 
that goes into the passenger compartment through the structural path. This paper describes the research 
concerning this matter. 

To achieve this goal, a test procedure has been set up. Sound pressure measurements were performed on a 
normal production car during a run up at wide open throttle. This was then repeated with an acoustic 
shield around the engine made for this purpose (its effectiveness in lowering the airborne noise was also 
evaluated). In this way, the sound pressure level measured in the passenger compartment was only the 
amount transmitted through the structural path. The results for the vehicle tested are shown at the end of 
this paper. 

Basically, it was proved that the structure borne noise is responsible for noise and vibrations in the 
passenger compartment up to about 600-700 Hz. 

 

1 Introduction 
 

In recent years, car customers’ main demands are moving from performance towards comfort. As a 
consequence, Noise Vibration Harshness (from now on NVH) study has become one of the major fields of 
research in the automotive industry. 

An interesting fact is that part of the noise, produced by an internal combustion engine and perceived by 
the driver, is going in the passenger compartment directly through the air. The remaining part of the noise 
is caused by the vibrations of the engine, transmitted through the metal structure, which make the body 
panels resonate. The first path of noise transmission is called airborne noise while the second is known as 
structure-borne noise. 

Before a car goes into production, the noise level and vibrations in the passenger compartment are lowered 
to a minimum, by reducing or totally eliminating the noise and vibration generating mechanisms (control 
at source) and by absorbing the energy through acoustic shields, for example in the firewall, (control of 
the airborne sound transmission paths between source and receiver) and filtering the vibrations to an 
acceptable level (control of the structure-borne sound transmission paths between source and receiver). 

In this paper, a methodology will be described and validated to quantify the sharing of the airborne and the 
structure-borne noise on the total noise level. In particular, it illustrates the procedure set up, then the tests 
which have been performed and finally the results that were obtained. At the end of this paper, the 
conclusions and recommendations are drawn. 
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2 Airborne and structure-borne noise 
 

An internal combustion engine will always produce a certain amount of noise and vibrations, due to the 
inertia of its moving parts, the friction between these parts and the energy generated by the combustion. In 
order to increase the acoustic comfort inside the passenger compartment of a car, the noise and vibrations, 
produced by the engine, have to be absorbed. The vibrations felt by the driver and the passengers, are 
mainly transmitted through the engine mounts to the chassis into the seats, steering wheel and other parts 
which are in contact with the occupants. These vibrations are filtered by the rubber on the engine mounts 
and where possible by other flexible parts in the mountings of the seats and the steering wheel. As 
mentioned before, the noise has two paths through which it enters the passenger compartment. In the first 
transfer path the noise is directly radiated from the engine towards the passenger compartment, through 
the air, windscreen, firewall, etc.: this type of noise is called airborne noise. The second kind of noise, 
perceived by the driver and the passengers, is the structure-borne noise: it is due to the vibrations, 
produced by the engine, which are transmitted through the chassis, that then make some body panels 
resonate generating noise. In order to bring the noise levels down inside a car, it will be necessary to 
know, every frequency range, if the sound waves are mainly reaching the passenger compartment via the 
airborne or via the structure-borne path. 

 

 
Figure 1: Airborne noise 

 

To quantify the share of airborne and structure-borne noise in the passenger compartment, a completely 
experimental approach can be followed. The experimental way consists in measuring the sound pressure 
levels in a passenger compartment as it is (airborne and structure-borne noise together). In a following 
step, the measurements will be repeated with one of the two transfer paths interrupted. The difference 
between the noise pressure levels acquired as it is and in the modified configuration will be the level 
which is transmitted through the interrupted transfer path. 

 

3 Tests 
 

3.1 Test procedure 
 

The idea behind the test procedure used in this case, is to perform some noise measurements on a 
production car in operating condition, for example run-up wot, in order to acquire structure and airborne 
noise together. In a second step, the vehicle will be modified to eliminate or to make negligible one of the 
two noise transfer paths so that, by subtraction, the proportions of structureborne and airborne transferred 
noise can be determined for different frequency bands. 

The best option would be to detach the engine mounts and any other solid connection between the engine 
and the body, i.e. removing the structure-borne path. The main problem to overcome following this way is 
to have another structure to hold the engine in its original position. As the test will be a wot acceleration in 
second gear on a roll test bench, the forces and torques on this construction will be huge, which makes it 
necessary to have it designed with great care. This takes a long time and a big rise in terms of costs. 
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Another experimental approach, which is possibly more suitable, is to absorb almost all the amount of the 
airborne noise (proved by measuring the sound pressure level in the engine compartment with and without 
the acoustic shield) and then to acquire the noise level in the passenger compartment. For this purpose, a 
shielding casing will be constructed around the powertrain. 

To better understand the phenomenon, the engine will be removed and replaced with a gauged source. 
Thus the noise pressure levels will be measured again with the microphones in the same position as in the 
first part of the tests and then repeated for different positions of the gauged source in the engine 
compartment. These further tests should also clarify which range of frequencies can be transmitted 
through the airborne path. 

 

3.2 The tests carried out 
 

The tests were performed on an engine which is installed on a B segment car. It is important that the car 
has less accessories as possible in order to create the maximum available space to install the shielding box. 
For the same reason, a number of small modifications were made, for example, to the cooling circuit and 
the electric system. The picture below (see figure 2, left side) shows the casing mounted in the engine 
compartment and the pipe on top of the box is the air intake which was brought far away to avoid its 
contribution to the noise. The figure on the right side illustrates that the casing was put on rubber layers in 
order to hold it. 

 

  

Figure 2: Shielding box 

 

The shielding box consists of an aluminium structure, covered with 10mm of wood, 40mm thick rubber 
layer and foam. The following picture (see figure 3) shows in details the several parts of this casing. Each 
of the three layers should filter a different range of frequencies: the lowest frequencies are absorbed by the 
wood, the medium range by the rubber while the highest frequencies by the foam. 

 

 
Figure 3: Shielding layers 

Rubber 

Foam 

Wood 
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Five microphones were installed (see figure 4) into the car: two of them in the position of the driver’s ears 
(left and right) in order to acquire the noise coming into the passenger compartment; while, the other three 
in the engine compartment to measure the difference in terms of sound pressure level with and without the 
shielding box to verify its effectiveness in absorbing the airborne noise part. 

 

 

 

Microphone 1: driver’s left ear 

Microphone 2: driver’s right ear 

Microphone 3: pulley side 

Microphone 4: gearbox side 

Microphone 5: exhaust side 

Figure 4: Sketch of microphone positions 

 

The test operating condition is an acceleration wot in second gear from 850 to 6500 rpm on a 4x4 roll test 
bench. The acceleration wot was chosen to make the test repeatable, in fact the throttle position is always 
the same (wide open throttle). The choice of the second gear also gives a good duration of the acquisition. 

 

 
Figure 5: 4x4 roll test bench in a semi-anechoic environment 

 

For the second part of the tests, the powertrain was removed and a gauged sound source was placed in 
approximately the same position. The sound source produces the so called white noise, which means that 
it radiates the same sound pressure levels of 94 dB over the space and for the whole frequency range 
analysed. The figure below shows the gauged source placed in the engine compartment. 
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Figure 6: Gauged noise source 

 

3.3 The test results 
 

3.3.1 The measurements with the shielding box 
 

After performing the measurements on the roll test bench, in a first instance with the car in normal 
production condition and afterwards with the shielding box around the engine, a perceptible sound 
pressure level difference in the engine and also passenger compartment was noticed. The effectiveness of 
the casing was proved by the great difference between the sound pressure levels measured by the 
microphones in the engine compartment with and without. Thus this assures that the noise is only due to 
the structure borne path. 

First of all, it was seen that, in this case, the frequency range 0-700 Hz is mainly responsible for the noise 
perceived in the passenger compartment. 

 

 
Figure 7: Driver’s left ear (microphone 1) 

          Overall level 

           Range 0-700 Hz 

           Range 700-5000 Hz 

10 
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In fact, figure 7 shows that the overall level measured in the driver’s left ear matches with the frequency 
cut 0-700 Hz. It will therefore be important to consider these frequency ranges separately. 

In figure 8, the sound pressure level in the frequency range 700-2500 Hz acquired by the microphone in 
the drivers’ left ear in normal production condition (continuous line) is plotted against the one measured in 
the same position with shielding box around the engine (dashed line), i.e. only due to the structure borne 
path. The logarithmic subtraction of these two levels gives the dot-dash curve, representing the sound 
pressure level that is transmitted through the airborne path in the 700-2500 Hz range. This airborne share 
is- in the considered frequency range- responsible for the most part of the noise entering the passenger 
compartment. 

 

 
Figure 8: Driver’s left ear (microphone 1), frequency cut 700-2500 Hz 

 

3.3.2 The measurements with the gauged source 
 

Further investigations were carried out with the gauged source, i.e. simulating only the contribution of the 
airborne transmission path. The test results point out some interesting information and basically confirm 
what we concluded from the measurements with the shielding box. 

In figure 9 and 10, the sound pressure levels of the microphones in the driver’s left ear (continuous), right 
engine compartment (dashed) and left engine compartment (dot-dash) are both plotted for a run up wot in 
2nd gear in normal production condition and a 20 second acquisition with the gauged source. It should be 
noted that we focused on the low frequency range (0-700 Hz). In the little box placed on the lower right 
corner of both figures, the values of the sound pressure levels at a certain abscissa for the three 
microphones are shown: the x-values are chosen in order to have the same sound pressure levels in the 
engine compartment (left and right microphones), i.e. about 86 and 84 dB(A). A comparison of the levels 
in the passenger compartment (51 against 62,5 dB(A)) leads that the most part of the low frequency range 
(0-700 Hz) is transmitted into the passenger compartment through the structural path. 

          Overall level 

           Structure borne 

           Airborne 

10 
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Figure 9: Noise measured in run up WOT 2nd gear, frequency cut 0-700 Hz 

 

 
Figure 10: Noise measured with the gauged source, frequency cut 0-700 Hz 

 

4 Conclusions 
 

The most important conclusion of the work is that the transfer paths of the powertrain noise in the 
passenger compartment of a mass production car, i.e. structure borne and airborne noise, play a different 
rule for high and low frequency range. 

          Microphone driver’s left ear 

           Microphone pulley side 

           Microphone gearbox side 

          Microphone driver’s left ear 

           Microphone pulley side 

           Microphone gearbox side 

10 

10 
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Most of the engine noise perceived by the driver and the passengers, in the frequency range up to around 
700 Hz, is transmitted through structural ways, e.g. engine mounts; while, for frequencies above around 
700 Hz, the airborne path is more important. 
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Application of strain integral damping to engine mounts 
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3 Extension to non linear springs and application 
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3.2  Modeling using snappers 
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3.3 Proposed engine  mount model development 
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3.4 Angle � admissible values 
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4 Discussion of hysteretic damping vs viscous damping 
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5 Conclusions 
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Abstract 

This paper presents an analytical model for the prediction of piston secondary motion and the vibration 
due to piston slap. For the modeling of piston slap phenomenon, cylinder liner is modeled as a several 
spring-mass system that are connected by modal characteristics, and lubricant film between the piston and 
the cylinder is modeled as reaction force vectors which excite resonant mode of them. By comparing 
experimental results and analytical ones, the validity of the proposed model has been confirmed. 
Furthermore, it is applied this analysis to evaluate the vibration of transverse-mounted 4-cylinder engine, 
and is revealed the transient response to cylinder wall by piston slap.  

  

1 Introduction 

Recently, a demand to the silence in the automobile increases more and more, and the strengthening of the 
traffic noise regulation is carried out. The reduction of the engine noise of dominant source of vehicle 
noise is strongly required. 

The engine noise is mainly divided roughly into two kinds. One is the combustion noise which originates 
from the combustion gas pressure in the cylinder. The other is mechanical noise which arises by the 
motion of the mechanical system. 

As one of the main causes of mechanical noise, there is the piston slap phenomenon. Piston slap is a 
collision phenomenon between the piston and the cylinder liner when the side force acting on the 
reciprocating piston changes. Noise by piston slap is loud to the next of combustion noise, with reducing 
combustion noise and noise level except for piston slap, the contribution of piston slap to the radiated 
noise increase more and more. This paper presents an analytical model for the prediction of the vibration 
of the cylinder wall caused by piston slap phenomenon and find out the transient response of transverse-
mounted 4-cylinder engine. For the analytical model, the characteristics of lubrication film are one of the 
key factors to simulate the piston secondary motion [1-4]. On the other hand, the dynamic characteristics 
of cylinder walls are also of great importance [5-6]. Nevertheless, no method that takes both of them into 
account is found. This paper proposes an analytical model for the coupled system of piston and cylinder 
wall via lubricant to simulate the behavior of piston and the vibration response. Finally, predict the 
transient response of transverse-mounted 4-cylinder engine. 
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2 The construction of the numerical model 

2.1 The numerical model of the piston  

In first model, the motion is limited to the two-dimensional crank rotation plane, and it is assumed that the 
crank rotation is steady. Piston behavior in a crank plane is shown by the lateral and vertical displacement 
of the piston pin ,  and the tilt of piston px py pθ . The coordinate system for the reciprocating machinery is 
shown in Figure 1, where α  is the crank angle, ω  is the rotation angular velocity of the crankshaft, β  is 
the tilt of the connecting rod, r  is the crank radius,  is the connecting rod length,  is the horizontal 
offset of the crank center, and  is the horizontal offset of the piston pin from the piston’s center.  

l obx

opx

  

 
Figure 1: Coordinate System of Reciprocity Machinery 

  

The vertical acceleration of the piston pin is derived as follows: 

ββββαω cossin cos 22 &&&&& llryp −−−=                                                                (1) 

Figure 2 shows the combustion force , the lateral combustion pressure force that originates from the 
piston’s upper surface shape. , the oil film reaction force w , the friction between piston ring and 
cylinder liner , the friction between piston and cylinder , the connecting rod reaction force , the 
frictional force between the piston pin-connecting rod’s small end hole , and gravity g acting on the 
piston under normal operating conditions.  

gF

cwFg _

rlF plF lF

plFr _
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Figure 2: Forces That Act on Piston 

From the balance of the forces, the following equations are derived: 
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                                                 (3) 

where  is the mass of the piston system, is the position vector of the center of gravity  ,  is 
the moment of inertia of the center of gravity circumference of the piston system, e

pm GpR pG pGI

z  is the z  axial 
direction basis vector, and MF is the moment of center of gravity circumference by external force F .The 
coordinate system for the connecting rod is shown in Figure 3.  

 

Figure 3: Coordinate System of Connecting Rod 

The origin in the coordinate system is the crank center. Under normal operating conditions, the force from 
the piston , and the reaction force from the crank shaft  act on the connecting rod. The frictional 
force of the piston pin  acts on the small end hole, and the frictional force of the crank pin  
acts on big end hole. The connecting rod oscillates with the rotation of the crank, while the effect of the 

sF bF

SFr _ BFr _
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gravity is received. The equation of motion on the rotation of the central circumference of the connecting 
rod’s big end hole is derived as follows: 

c
g

c
F

c
F

c
F

c
zcB BrSrB

FI MMMMe +++=
__

β&&                                                            (4) 

where  is the cze z  axial direction basis vector, and  is the moment of the big end hole’s central 
circumference by external force 

c
FM

F . The piston behavior can be calculated by solving these equations and 
carrying out time-history integration.  

2.2 Lubrication film reaction forces act between piston skirt and cylinder liner 

There is generally lubricant between piston and cylinder liner, Figure 4 shows a coordinate system seen 
from the top of the engine to calculate lubrication film reaction forces.  

 

Figure 4: Circumferential Distribution of Oil Film Pressure 

Assume that the piston with radius R  and length L  moves toward the cylinder liner, and there is a 
lubricant film of viscosity µ  and thickness  between the piston and the cylinder. The pressure 
distribution  on the piston surface along the cylinder axis y  is described by the following Reynolds 
equation: 
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∂ 12

33

µµ
                                                             (5) 

  
However, the effect is smaller for the wedge action than for the squeeze action, when the piston 
approaches the cylinder liner. Therefore, the wedge action is disregarded. 

The pressure distributions of the oil film are shown in Figure 4, and 5.  
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Figure 5: Axial Distribution of Oil Film Pressure 

Since the Reynolds equation is difficult to solve as it is, the pressure distribution in the circumferential 
direction is assumed to be a parabola, and the oil film pressure  is approximated as follows. p

),(),(),,( tptyptyp y φφ φ=                                                                         (6) 

2
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⎞
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t
tp

φ
φφφ                                                                               (7) 

The radial film thickness h  is shown approximately using a piston and radius clearance  for the 
cylinder liner and eccentricity as follows. 

pC

{ }φεφ )cos,(1)(),,( tyyCtyh p −=                                                                     (8) 

In Equation (7), maxφ  is the largest angle in the circumferential direction where the piston and the oil film 
contact each other, though it is obtained as oilhh =  in Equation (8). Moreover, providing 0=φ  in 
Equations (6) and (8), then 

),(),0,( typtyp y=                                                                                      (9) 

)()1()0( t,yhCt,,yh yp ≡−= ε                                                                  (10) 

Thus, Equation (5) is as follows. 
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By solving this equation, we obtain the oil film pressure distribution  in the circumferential 
direction. Furthermore, by integrating Equation (6) with the circumferential direction and axial directions, 
we obtain the oil film reaction force . 

),( typ y

iw
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2.3 The numerical model of the cylinder liner considering modal properties 

The piston collides with the cylinder liner via the lubricant. In this paper, the lubricant is modeled as a 
force acting on collision points on both the piston skirt and the cylinder liner. After being calculated, the 
forces are aligned with vectors and it is assumed they vibrate the each natural vibration mode of the piston 
skirt and cylinder liner as shown in Figure 6. 24 collision points are defined on each side of the cylinder 
liner. The same number of collision points is also defined on the piston skirt, and collision always occurs 
between the corresponding points. 

[ ]lφ
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Figure 6: Lubrication Film Reaction Force Vector 

In this model, the cylinder liner is shown as a mass system which does coupled vibration. The motion of 
each collision point is represented by the linear combination of natural vibration modes as follows. 

∑
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i
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where  is the  mode shape vector and  is the response of the  mode. ),,1( Nii L=Φ thi − iu thi −

The modal parameter of the piston skirt and the cylinder liner were acquired by the experimental modal 
analysis. 

The oil film reaction force  works at each collision point of the piston skirt and cylinder liner. In this 
paper, what changes this into the mode coordinate system is defined as the oil film reaction force vector 
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The oil film reaction force vector W  excites the piston skirt and cylinder liner of each eigenmode. 
Therefore, the equation of motion of each mode in the mode coordinate system is as follows.  
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Furthermore, the mode shape vector iφ  normalized by the modal mass is derived as follows: 

                                                                                         (15) 
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The response quantity  of each mode is obtained by integrating Equation (15) with the time history, and 
the displacement of each collision point is obtained from Equation (12).  

iu

2.4 Calculation procedure 

The calculation procedure is mentioned as bellow and the process is shown in Figure 7.  

 

Figure 7: Algorithm for Simulation 

The environment between the piston skirt and the cylinder liner changes due to the crank rotation and 
cylinder pressure. 

As the change of the environment, lubrication film reaction forces are calculated on each collision point 
and they are aligned to vectors. 

The lubrication force vectors are transformed into modal coordinate systems of the piston skirt and the 
cylinder liner. 

The responses of the natural vibration modes are calculated. 

The results are transformed to the physical coordinate system. The results are fed back to the next 
calculation.  

The calculation is carried out from 0[deg] to 720[deg], and the final state of the calculation is given as the 
initial condition of the next calculation. 
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3. Verification of the analytical model 

To verify the validity of the analytical model, it is compared the analytical results with the experimental 
results. 

Outline of the experiment 

3.1 Shaking test of cylinder liner and piston skirt 

In the piston slap analysis, it is very important of modal characteristics of cylinder liner and piston skirt. 
So put in the experimental modal analysis of cylinder liner and piston skirt. Shaking test of cylinder liner 
and piston skirt is performed by single input-multi output. Set up the one side 6 points, total 12 reference 
points to cylinder liner, and one side 4 points, total 8 reference points to piston skirt. Input the power by 
impulse hammer (DYTRAN, 5800SL), measure the acceleration with accelerometer. Perform the 
Experimental modal analysis with CADA-X(modal analysis software by LMS co). As the result, it is 
gotten the high accuracy modal characteristics. 
  
3.2 Shaking test of cylinder block 

In the transient response analysis of cylinder block, it is very important of modal characteristics of 
cylinder block. So put in the theoretical and experimental modal analysis of cylinder block. Figure 8 
shows numerical model of cylinder block. To the numerical model, it is computed the natural frequency 
and modal shapes (NX-NASTRAN). To the actual structure of cylinder block, set up total 46 reference 
points. Input the power by impulse hammer (DYTRAN, 5800SL), measure the acceleration with 
accelerometer. Perform the experimental modal analysis, and computed the natural frequency and modal 
shapes. 
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  

            Figure 8: Numerical model of cylinder block 
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3.3 Account of the numerical model of cylinder block 

To account the numerical model of cylinder block, it is used relative error ε  of natural frequency and 
(modal assurance criterion). Relative error MAC ε  is computed by 

  

                                                [ ]%    100×
Ω

Ω−Ω
=

e

eaε                                                              (16) 

  
where and are natural frequency of  analysis and experiment. aΩ eΩ

And  value is computed by MAC
  

                                           
{ } { }

{ } { } { } { }))((
),(

2

e
t

ea
t

a

e
t

a
eaMAC

φφφφ

φφ
φφ =                                     (17) 

  
where { }aφ and { }eφ  are mode shapes of analysis and experiment. In general, if  value is over 0.9, it 
could be said that numerical modal shapes represent the actual modal shapes of structure. 

MAC

  
3.4 Adequacy of the numerical model 

Table 1,2 shows relative error ε  of natural frequency and  from first to 6th mode. In the relative 
error 

MAC
ε , maximum error is 2.63% of third mode. So it could be said that in natural frequency, numerical 

model represent the actual structure with a high degree of accuracy. In the , it is greater than 0.9. So 
it could be said that in the modal shapes, numerical model represent the actual structure. 

MAC

  
  

Mode No. 1st mode 2nd mode 3rd mode 4th mode 5th mode 6th mode
Experimental natural

frequency (Hz) 744 1273 1482 1579 1717 1845
Theoretical natural

frequency (Hz) 734 1274 1520 1590 1724 1827
difference (%) 1.34 0.08 2.63 0.70 0.41 0.98

Mode No. 1st mode 2nd mode 3rd mode 4th mode 5th mode 6th mode
Experimental natural

frequency (Hz) 744 1273 1482 1579 1717 1845
Theoretical natural

frequency (Hz) 734 1274 1520 1590 1724 1827
difference (%) 1.34 0.08 2.63 0.70 0.41 0.98

  
  
  
  
  
                                                         Table 1: Relative error of natural frequency 
  
  
  
  
  
                                                             Table 2: MAC from first to 6th mode 

Mode No. 1st mode 2nd mode 3rd mode 4th mode 5th mode 6th mode

0.96 0.90 0.90 0.96 0.90MAC 0.96

  
4. Response analysis of piston slap 
  
4.1 Response analysis of piston slap at cylinder liner 

In this research, it is used transverse-mounted 4-cylinder engine for analysis. In the numerical model, it is 
computed the piston slap response of cylinder liner with consideration of 4 process(Intake, Compress, 
Expand, Exhaust). Figure9-(a) shows piston slap response with simulation and experiment of cylinder 
liner at thrust side(hereinafter referred to as TH side) in 3000rpm. Figure9-(b) shows piston slap response 
with simulation and experiment of cylinder liner at anti-thrust side(hereinafter referred to as ATH side) in 
3000rpm. Fig.9-(a),(b) shows that numerical model could represent the actual structure with a high degree 
of accuracy. In particular, it could be said that numerical model, near 360 deg, 720 deg (it takes high value 
by piston slap) well accorded with experiment for timing and amplitude.  
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experiment
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experiment
simulation

  
  
  
  
  
  
  
  
  
          Fig.9-(a) Response of TH side (3000rpm)                Fig.9-(b) Response of ATH side (3000rpm) 
  

  

4.2 Transient response to outside face of cylinder block 

In addition, simulate the affection of the transient response to outside face of cylinder block by piston slap. 
Figure10-(a),(b) shows piston slap response of outside of cylinder block (TH side and ATH side) in 
3000rpm.  
  
   

Intake              Compress              Expand         Exhaust
0 180 360 540 720

5G

 
Intake               Compress             Expand         Exhaust

0 180 360 540 720

5G

  
  
  
  
  
  
  
  
  

TH-side
ATH-side

TH-side
ATH-side

  
  
          Fig.10-(a) Response of TH and ATH side                 Fig.10-(b) Response of TH and ATH side  
  
Note the pattern of the TH side and ATH side. It is confirmed gap of response between TH side and ATH 
side. Compared to ATH side, at TH side, it could be seen that response value becomes about 2 times when 
piston slap occurs. It means that piston slap dominantly come out at TH side, in the reduction of piston 
slap, noise control need to be done at TH side. 
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5. Conclusion 
  
1. In the modal analysis of cylinder block, modal parameter of numerical model well accorded with one 

of actual structure. So it could be said that numerical model could represent the characteristics of 
actual cylinder block. 

2. An analytical model that consists of a lubrication film and a cylinder liner has been built, and on 
comparison, it is found that the analytical results coincide with experimental results confirming the 
validity of the proposed model for predicting piston behavior. 

3. It is applied this analysis to evaluate the vibration of transverse-mounted 4-cylinder engine, and 
compared to ATH side, at TH side, it could be seen that response value becomes about 2 times when 
piston slap occurs. As the result it could be said that piston slap dominantly come out at TH side, in 
the reduction of piston slap, noise control need to be done at TH side. 
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A new approach to model tyre/road contact.
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Abstract
In the Structural Dynamics and Acoustics group at the University of Twente, we aim to develop a quantitative
tyre/road noise model. An essential part of this model is an accurate contact algorithm which is fast enough
to simulate tyre vibrations up to the acoustic frequencies. In this paper we present a contact algorithm,
describing the contact between a tyre and a road surface, which has the potential to be made very fast using
the multigrid techniques developed in the field of elasto-hydrodynamic lubrication. For the development of
the algorithm a flexible ring model is used to describe the tyre. The friction model is based on Coulomb’s
friction. We present (quasi-)static results obtained from the algorithm for various friction coefficients, as
well as frictionless results for a rotating tyre. The vibrations of the tyre obtained by this model have been
used to calculate the radiated sound field by means of a boundary element program (BEMSYS).

1 Introduction

For vehicles driving under normal conditions the most important noise source is the noise generated by the
interaction between the rotating tyre and road surface. To understand the complex interaction between tyre
and road and the noise that is radiated due to this interaction, researchers have developed models describing
the dynamical behavior of the tyre, developed contact models and models to predict the acoustic radiation
from a wide variety of noise generating mechanisms (radial- and tangential vibration of the tyre, stick-
slip, stick-snap, cavity resonance, air pumping, air resonance and the horn effect). For an overview and
explanation of all noise generating mechanisms, the reader is referred to [6].

Essential to a quantitative prediction of noise, is an excellent description of the tyre vibrations for the tyre
being in contact with the road surface. For the dynamical behavior of the tyre, being a very complex structure
with respect to both the geometry as well as the rubber material behavior, sophisticated models are available
(even in commercial FEM packages like ABAQUS). Unfortunately, the capability of the models to describe
vibrations up to the kHz frequencies is limited; the accuracy is less and the computation times are large.

With respect to contact algorithms, the ones being used today in tyre/road noise studies, are not as fast as
the models used in the field of elasto-hydrodynamic lubrication, see [5], [8], [10] and [9]. The multigrid and
multilevel integration techniques used in the latter field, speed up calculation times to such an extent that
high accuracy solutions can be obtained within a minimum of computation times. As a result, all kind of
transient effects influencing the lubricant film, like the over-rolling of texture and vibrations of the rolling
elements, can be simulated well within engineering accuracy.

Our intention is to bridge the gap between the fast numerical methods used in elasto-hydrodynamic lubrica-
tion and the contact algorithms used in tyre/road noise studies. For this, we need a (general) contact algorithm
that allows for incorporation of the fast numerical techniques. Therefore, we present our first attempt for a
new approach to model tyre-road contact, which, albeit in a rudimentary from, resembles the approach used
in elasto-hydrodynamic lubrication. The results reported here have been generated in the MSc projects of
M.T. van Zoelen [16] and A. Berendsen [2].
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2 Tyre/road noise model

The model requires essentially three separate numerical models; a model for the tyre, a contact model (which
includes a contact condition and a friction model) and a radiation model. This approach allows for the
development of the individual models independently from the other two, without affecting the entire model
structure.

The tyre is modeled by a 2D flexible ring model, as described in [4], [14] and [15]. A contact condition
is used, which states that no part of the tyre may penetrate the road surface (the condition is actually an in-
equality or constraint equation). The friction model is based on Coulomb’s friction. The calculated structural
vibrations of the tyre are used as input for a 3D boundary element code (BEMSYS), see [13], to calculate
the radiated sound.

2.1 Tyre model

A 2D flexible ring model is used to explain the suggested approach. The model is shown in figure (1). The
ring is assumed to be a thin elastic body of thicknessh and radiusR, the thickness being small compared to
the radius and displacements of the ring. Stress stiffening due to the pressurized air in the tyre is accounted
for. The radial displacement,ur(θ), is assumed to be constant over the thickness, whereas the tangential
displacementuθ(θ) varies linearly over the thickness. The material is assumed to be isotropic and Hooke’s
law is used to relate strains to stresses (Young’s modulusE). Rotary inertia is neglected. The ring is
supported by an elastic foundation (a distributed radial and tangential stiffness (kr andkθ, respectively)),
representing the side-wall stiffness.

(a)
 

θ 

ur 

uθ 

δ 

flexible ring 

road surface 

R 

p0 

(b)

Figure 1: Ring model (taken from [14]) (a). Degrees of freedomur anduθ. Note that the definition ofθ used
in the current paper is according to figure (b).

The equations of motion for the flexible ring are, see [4], [14] and [15]:

ρhür + λu̇r +
EI

R4

(
∂4ur

∂θ4
− ∂3uθ

∂θ3

)
+

Eh

R2

(
ur +

∂uθ

∂θ

)
+

p0

R

(
ur − ∂2ur

∂θ2
+ 2

∂uθ

∂θ

)
+ krur = fr (1)

ρhüθ + λu̇θ − Eh

R2

(
∂2uθ

∂θ2
+

∂ur

∂θ

)
+

EI

R4

(
∂3ur

∂θ3
− ∂2uθ

∂θ2

)
+

p0

R

(
uθ − ∂2uθ

∂θ2
− 2

∂ur

∂θ

)
+ kθuθ = fθ, (2)

whereρ is the density,λ the damping coefficient,I = h3/12 denotes the area moment of inertia per unit
width, p0 is the air pressure andfr andfθ are the distributed forces per unit width in the, respectively, radial
and tangential direction.

For convenience, the differential equations (1) and (2) are rewritten as:
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Lr(ur, uθ) = fr (3)

Lθ(ur, uθ) = fθ (4)

and have been discretized using a finite difference scheme, given in Appendix A. Note that the method is not
restricted to finite difference discretization; a finite element discretization can also be used. This requires an
iterative solver on the element matrix level and not on the (global) system matrix level.

Essential in the development of a fast numerical solution procedure is that the tyre model equations can be
used to solve the unknown displacementsur,θ if the forcesfr,θ are known, but also that they can be used
to calculate the unknown forcesfr,θ if the displacementsur,θ are given. This is the case for the position of
points on the tyre which are in the footprint, as these positions are equal to the position of the road surface
(or, if friction is included, can be calculated from the position of the road and the friction model used).

For simplicity, we use a coordinate system which is fixed to the tyre. This implies that, in the transient
calculations, we let the road surface rotate around the tyre. This is however not essential to the method.

2.2 Contact model

As the tyre comes in contact with the road surface, the tyre will deform. The actual position of all points
of the tyre in the footprint obviously depends on the position of the road. However, it also depends on the
friction forces between the tyre and the road surface, as well as the tyre model (note that the displacements
ur,θ should also satisfy the differential equations in the footprint!). The normal and friction force will cause
the tyre to adhere to the road surface and, as already indicated, the position of the tyre in the footprint equals
the position of the road surface. If the friction force exceeds a maximum friction force at some points in the
footprint (as in Coulomb’s friction) these points will slip and their position, i.e. the displacementsur,θ, is
determined by the geometry of the road surface, the maximum friction force and the tyre model.

2.2.1 Contact condition

The contact condition is simply a constraint equation, specifying that the tyre can not penetrate the road
surface. For simplicity, we discuss a road surface with no texture, but we have extended the algorithm to
various types of texture. For the ring model given above and a smooth road surface, this implies that the
radial and tangential displacements of the tyre should satisfy:

g(ur, uθ) = (R + ur) cos(θ)− uθ sin(θ) + R− δ ≥ 0, (5)

whereδ denotes the mutual approach of the rim to the road surface, see figure (1). Thus, ifg(ur, uθ) < 0
the tyre penetrates the road surface and the contact condition is violated. On the other hand, in the contact
region or footprint the displacements of the tyre satisfy the equality:

g(ur, uθ) = 0, (6)

which, as is discussed below, is one of the equations for the two unknown displacementsur,θ in the footprint.

2.2.2 Friction model

The contact forcesfr,θ and displacementsur,θ are, besides the contact condition, determined by the friction
model. For given displacementsur,θ of any point of the tyre, one can calculate the actual forces needed to
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keep that point at that position. Hence, one can also calculate the (normal) normal forcepn and shear stress
τ . For a non-textured road surface,pn andτ follow from:

pn = fr cos(θ)− fθ sin(θ) (7)

τ = fr sin(θ) + fθ cos(θ) (8)

As the displacementsur,θ are known, we can use equations 3 and 4 to calculate, respectively, the forcesfr

andfθ. If the contact is assumed to be frictionless, i.e. ifτ = 0, this implies

Lr(uθ, ur) sin(θ) + Lθ(uθ, ur) cos(θ) = 0 (9)

and together withg(ur, uθ) = 0, one can solve forur anduθ.

If friction is accounted for|τ | ≤ µ|pn| when there is no slip andur,θ can, initially, be determined from
the position of the road surface. If|τ | > µ|pn| slip occurs and, besides the contact condition,τ = µpn.
Substitution of equations 7 and 8 yields:

Lr(uθ, ur) (sin(θ)∓ µ cos(θ)) + Lθ(uθ, ur) (cos(θ)± µ sin(θ)) = 0, (10)

where the sign (±) depends on the sign ofτ .

2.3 Radiation model

The vibrations of the tyre, calculated by the tyre/contact model, are used as input for the 3D boundary element
code (BEMSYS), see [13]. Hence, phenomena like the horn-effect are accounted for. Noise absorption of
the road surface can be included as well. With respect to the current 2D tyre model, we assume all points to
vibrate along the entire width of the tyre.

(a) (b)

Figure 2: Boundary element source mesh (a) and source and field mesh (b).

As in the BEM code the source mesh is fixed, we need to transform the vibrations of the rotating tyre to
normal vibrations on a fixed source mesh. The average shape of the tyre, as calculated by the tyre/contact
model, is used as the 3D source mesh, see figure 2. The vibrations are subsequently interpolated to this fixed
source mesh. Furthermore, the vibrations of the (now stationary) source mesh are assumed to be harmonic in
the boundary element code. Transforming the time signal to the fourier domain seems trivial. However, for
some points points on the source mesh close to the contact region, the actual displacement can be such that
they come in and out of contact. Once these points are in contact, they should not be able to radiate sound
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at all, as the position of that point in the contact is assumed to be fixed. Therefore, near the contact region,
we keep track of the volume (between the tyre and the road surface) in the very small region between the
footprint and those points which are never in contact. The change of the volume in time is then converted to
a harmonic velocity and this value is set to the velocity of an element radiating from the contact region into
the ’horn’. Note that a similar approach can be used to simulate air-pumping.

2.4 Solution procedure

The deformation of the tyre outside the footprint should satisfy the differential equation (or element matrix
equations). For all points in the footprint, the position is given and one can calculate the contact forces
needed to put the tyre at that position. We use this procedure to iterate to the solution.

Using the finite difference equations, the discrete analogue of the contact condition and the friction model,
a Newton-Raphson update is, consecutively, calculated for each of the discrete points of the tyre (we use
Gauss-Seidel relaxation). Before proceeding with the next point, we check whether the contact condition is
violated. If so, the position of that discrete point is fixed to the road surface. The forces required to keep
that point at that position is calculated (the normal and shear forcespn andτ ). It is then checked whether
|τ | is smaller thanµ|pn|. If so, the forces are correct and the algorithm can proceed with the next point. If
not, the position of that point of the tyre is calculated from solving the displacements from the equations
g(ur, uθ) = 0 and equation 10. For points already fixed to the road surface, one does need to check whether
the normal force becomes negative. If so, contact is lost and the Newton-Raphson update is calculated based
on the finite difference equations again.

3 Results

In this section, some initial results are presented, based on the current approach. The values used in the
simulations are;R = 0.32 [m], E = 4.8 108 [N/m2], h = 0.008 [m], p0 = 2.0 105 [N/m2], kθ = 1.10 106

[N/m3], kr = 1.23 107 [N/m3] andδ = 0.04 [m]. The number of points on the tread isN = 256. The
rotational speed isΩ = 105 [rad/s], densityρ = 1200 [kg/m3] and damping coefficientλ = 0.05 [Ns/m3].
The width of the tyre is assumed to be0.20 [m].

3.1 (Quasi-) static results
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Figure 3: Contact forces (green arrows) and deformation of the ring (red), frictionless (a), incl. friction
µ = 0.2 (b), incl. frictionµ = 0.7 (c).

In figure 3, the steady state solutions of the ring in contact with the road surface are shown. If a frictionless
contact is assumed, the solution can readily be obtained. If a non-zero friction coefficient is used the solution
becomes path dependent. Hence, we have solved a quasi-static solution (no inertia and damping forces),
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when the road surface is pressed into the tyre, having a vertical displacement only. In this simulation, the
final indentation of the tyreδ has been set to0.04. As can be seen, the shear forces increase with increasing
friction coefficientµ.

3.2 Transient results

From the static solution, the tyre is set in motion and inertia and damping are accounted for. The displace-
ments (an example is given in figure 4) are obtained and interpolated to the fixed source mesh. In figure 5,
the resulting frequency spectrum is shown for a point on the source mesh which is near to the contact (at the
front side of the tyre).
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Figure 4: Transient response (normal displacement) of one of the points on the tyre v. time.

Figure 5: Frequency spectrum for a point near the contact region

The spectrum clearly shows resonance peaks associated with the eigenfrequencies of the tyre. Additional
calculations have confirmed the observation in [3] that due to the change in propagation speed of waves
traveling in and opposite to the direction of rotation, the resonance frequencies of the stationary ringfn

is split into two resonance frequenciesfn ± nΩ/(2π), wheren is the mode number andΩ the rotational
frequency. At higher frequencies the signal is less clear.

3.3 Radiation results

The dynamic analysis has, as indicated above, been used as input for the boundary element calculation. The
calculated pressures in the field mesh, at 1050 Hz. and 1400 Hz, are shown in figure 6. No absorption of the
road surface has been used in this calculation.
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(a) (b)

Figure 6: Sound Pressure Levels at 1050 Hz (a). Sound Pressure Levels at 1400 Hz (b).

(a)

Figure 7: Sound Pressure Level difference between a smooth road and a profiled road at 1400 Hz.

Especially at 1400 Hz, one can observe the directivity of the sound field. Sound radiation to the sides is much
less than the radiation to the front and rear. One also observes the horn effect near 1050 Hz, amplifying the
sound generated near the contact region.

As a final example, the difference in sound pressure level between the sound generated on a textured profile
(a single sin-wave) and a smooth road is shown in figure 7. Clearly more sound is being radiated. However,
also the directivity is changed; more sound is radiated to the sides.

4 Conclusion

To quantitatively predict tyre/road noise, it is essential to accurately describe the high frequency vibrations
of the tyre. In addition, it is necessary to have contact algorithms which calculate these vibrations within
reasonable computation times. The contact algorithms used in the field of elasto-hydrodynamics are, es-
sentially, fast enough to accomplish this task. The contact algorithm described in this paper is a first stage
in the development of such a fast algorithm. It is shown that the algorithm (contact condition and friction
model), together with a tyre model and a (3D boundary element) radiation model can be used to predict
sound radiated from the tyre.
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A: Discretization

The equations of motion for the tyre (1 and 2) are discretized using finite differences. Using first order
discretization in time and second order inθ, the following finite difference equations are obtained:
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where subscripti is the spatial index,k is the time index,hθ = 2π/N denotes the step size andht the time
step. The constantsC1 to C9 are defined according to:

C1 = ρh C2 = λ C3 =
EI

R4
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− EI

R4
− p0

R
C5 = −Eh
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− 2p0
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+ kθ C7 = C3 C8 = −C3 C9 = −p0

R
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+
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+ kr
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Abstract 
Interactive evaluation of vehicle NVH data using an NVH Simulator offers two major benefits over the 
traditional methods of listening to fixed sounds or examining numerical or graphical data. Firstly it 
enables a broad range of assessors to make confident judgments about the sound quality of real or virtual 
cars. These include non-expert decision makers and real vehicle customers as well as NVH experts. 
Secondly, a significant part of the full driving envelope, ranging from idle, through part load and constant 
speed cruising to full throttle sweeps can be efficiently evaluated under free-driving conditions using a 
single data model. Furthermore, by expanding the model to include sound sources and physical component 
contributions, it can be used for cascading targets and developing or validating new designs. This paper 
describes an approach for minimizing the time, resources and techniques needed to build an interactive 
NVH Simulator model without compromising its validity or usefulness for specific applications. This 
ensures that the significant benefits offered by using such a model in a vehicle development programme 
are supported by an efficient and cost effective data collection and preparation strategy.  
 
 

1 Introduction 
 
The purpose of the Interactive NVH Simulator is to provide a realistic way of evaluating NVH data by 
adding two critical factors to the traditional NVH evaluation process, namely interactivity and context [1].   
Interactivity allows the assessor to be in control of the sound (and vibration) data representing a particular 
vehicle through the use of throttle pedal, brake pedal and gear selector. A further level of interactivity is 
provided which allows the assessor to switch instantly between vehicles at any time in order to carry out a 
back-to-back comparison.  Context is provided by the addition of a visual driving scenario (roads, traffic 
etc.) and a virtual instrument panel which significantly improves the immersivity of the experience.  
The combination of these two factors means that people who are not NVH experts, such as programme or 
marketing managers, or even real customers, can assess engineering data and give their opinion about 
which target or which design they prefer in a very efficient way [2], [3]. 
For such evaluations to be meaningful, the sound and vibration stimuli and the performance of the 
simulated vehicle must be reproduced very accurately and without artifacts. However, it is also important 
to ensure that the methods used to collect the NVH data and prepare it for use in the simulator are as easy 
to use and efficient as possible without compromising the validity of the simulator model.  
This paper consists of two main parts: 

• Description of the implementation NVH Simulator 

• Description on the data structure used for the sound components in the NVH Simulator.  
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The paper compares the results from full and reduced simulations and gives recommendations for the 
optimised data recording and analysis for typical application scenarios. The approach used to represent 
vibration is very similar but is not specifically described in this short paper. 
 
 

2 Implementation of the NVH Simulator 
 
The NVH Simulator can accurately recreate the noise and vibration of a vehicle in a realistic driver-in-
loop interactive environment. Two versions of the NVH Simualtor have been developed: 
A Desktop NVH Simulator (Fig. 1a) is a fully interactive system for use in an office or listening room 
environment, enabling the user to experience the sounds of vehicle while “driving” through a virtual 
scenario. This is primarily a tool for the NVH engineer to develop targets, understand problems or 
evaluate design alternatives. It can also be used to capture subjective opinions by performing interactive 
jury evaluations. 
A Full Vehicle NVH Simulator (Fig. 1b) where the assessor sits in a real car stationed in a room and 
“drives” it using the normal controls whilst experiencing the synthesised sound and vibration at interface  
points (for example, seat, pedals, steering wheel). The complete vehicle is situated in front of a large 
projection screen on which a virtual visual scenario is displayed. The main purpose of such a simulator is 
to provide a more natural environment for non-experts to make assessments and also to investigate the 
combined effects of sound and vibration. 

  

Figure 1a. Desktop NVH Simulator  Figure 1b. Full Vehicle NVH Simulator 

 
In both cases, a car is represented in the NVH Simulator by a hierarchical model (Fig.2), which contains 
the contributions of all the physical sources that can be heard inside the vehicle when it is operated over its 
full driving envelope. The model can be used to understand NVH problems, to develop high-level and 
cascaded source targets [4], and to evaluate individual contributions in a realistic interactive driving 
environment. 
The major constituents in the model are:  

• Engine sounds which are dependent on gear and throttle position,  

• Road noise on different road surfaces/speeds,  

• Wind noise as a function of wind speed and direction. 
Typical secondary sounds in the model are: 

• Squeaks and rattles, 

• Discrete sounds which are only apparent at very specific driving conditions such as gear whine,  
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• Event sounds such as audible warnings, 

• Ancillary sounds e.g. air conditioning, car audio  
This paper describes an effective strategy for measuring the major contributors and including them in the 
model. 
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Figure 2: Hierarchical NVH Simulator Model 

Each NVH component in the model is represented by one or more sound objects containing the data 
together with the rules that determine how the sounds will be synthesized in real time based on values 
from the performance model. For example, the total engine component needs two sound objects:  a set of 
phase-aligned engine orders to represent the harmonics and a set of masking spectra to represent the broad 
band contributions. The orders are continuously mapped from the RPM domain to the time domain based 
on the instantaneous rpm value, whilst the masking sound is a blend of the two random waveforms which 
are closest to the instantaneous road speed from the performance model.   
Table 1 describes all the sound objects needed to completely simulate the NVH of the major sounds in a 
vehicle. Every component in the simulator model is represented as an instance of one or more of these 
sound objects. 
Ideally, each of these sound object data sets should span the full range of operating parameters so that 
when the sound is re-synthesized in real time it is subjectively indistinguishable from the original 
recording. For a full NVH Simulator model, in which all sources are decomposed to the contribution level, 
this could result in a very large task and could generate a model which would be too large to be used in 
real-time.  
In practice, the ability to reproduce vehicle sounds which are adequate rather than exact is influenced by 
two main factors.  The first is the psychoacoustic behaviour of the human hearing system which means 
that much of the objective sound data is not discernable. This results from phenomena such as Loudness, 
Just Noticeable Differences, Masking and Modulation. The second is related to the behaviour of the 
vehicle itself, especially with regard to the non-linearity of its engine sounds (i.e. how many different 
loads and gears are needed to fully characterize them) and the sensitivity of the masking sounds to vehicle 
speed (e.g. whether the wind noise evolves progressively with speed, or whether there is a sudden 
transition at a particular speed). 
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The combined effect of these two factors is that an adequate simulator model can contain significantly less 
data than might first appear necessary without significantly limiting its applicability. 
 

Type Characteristics Dependency Typical application 

Event Discrete time history Time of triggering Key on during start 
or horn 

Driving event Discrete time history Time of triggering. Dials and 
visuals are synchronized via 
engine and vehicle speed 

An entire operating 
set e.g. 3rd gear Wide 
Open Throttle 

Loop Waveform with three 
regions: Introduction / 
Loop / Decay 

Time of triggering, start and 
end of looping 

1. Engine trying to 
start i.e. key on / 
cranking / key off 
2. Traffic indicators  

Array Either a set of random 
waveforms or a set of 
complex spectra plus 
interaural transfer function, 
at constant road engine 
speeds. 

1D blending based on a single 
parameter, e.g. either a Road 
wheel or Engine phasor 

1. Road noise on one 
surface 
2. Broadband engine 
related noise 

Event array A set of related, discrete 
event time histories 

Continuous re-tuning based on 
one parameter e.g. Road speed 

Road surface impacts

Matrix Multiple arrays 2D blending based on two 
parameters, e.g. vehicle speed 
and road surface type, or wind 
speed and wind direction 

1. Road noise on 
varying surfaces 
2. Directional wind 
noise 

Order matrix A set of phase-aligned 
complex orders, including 
any nonlinearities e.g. 
throttle/gear sensitivity of 
engine harmonics 

Varies with two vehicle 
parameters, e.g. engine sound 
varying with engine load and 
speed. Sounds of this class are 
assigned in groups, enabling 
the addition, subtraction, or 
modification of sub-systems 
which are phase related (e.g. 
intake, exhaust and base 
engine) 

Harmonics at any 
level in the model, 
e.g. engine orders, 
gear tones, road 
wheels out of 
balance or out of 
round etc. 

 
Table 1: Sound Objects used in the Hierarchical Model 

 
As well as the NVH data, the car simulation requires a performance model (Fig. 3), which is a parametric 
representation of its driving dynamics. This defines the relationship between the instantaneous position of 
the controls (throttle, brake, gear) and the vehicle’s road speed and engine rpm. The performance model is 
also usually derived from on-road measurements. 

4466 PROCEEDINGS OF ISMA2006



Empirical Map for Each Gear

• Synthesise Sound & Vibration
• Control IP 

Performance Model

Event 
Replay

Predefined Map

Simulator Model

Sound File

Event 
Synthesis

Free 
DrivingData Required

Performance Model

Event 
Replay

Predefined Map

Simulator Model

Sound File

Event 
Synthesis

Free 
DrivingData Required

• Throttle Position
• Brake Position
• Clutch Position
• Gear Selected
• Driving scenario properties

Inputs
• Engine RPM
• Vehicle Speed

Outputs

0%

20%

40% & >

Map for 2nd gear.Map for 2nd Gear

Empirical Map for Each Gear

• Synthesise Sound & Vibration
• Control IP 

Performance Model

Event 
Replay

Predefined Map

Simulator Model

Sound File

Event 
Synthesis

Free 
DrivingData Required

Performance Model

Event 
Replay

Predefined Map

Simulator Model

Sound File

Event 
Synthesis

Free 
DrivingData Required

• Throttle Position
• Brake Position
• Clutch Position
• Gear Selected
• Driving scenario properties

Inputs
• Throttle Position
• Brake Position
• Clutch Position
• Gear Selected
• Driving scenario properties

Inputs
• Engine RPM
• Vehicle Speed

Outputs
• Engine RPM
• Vehicle Speed

Outputs

0%

20%

40% & >

Map for 2nd gear.Map for 2nd Gear

 
Figure 3: Performance model 

 

3 Data Requirements for the NVH Simulator Model 
 

3.1 Whole Vehicle Level 
 
This section of the paper summarises the measurement and data processing requirements for a driveable 
NVH simulator model representing only the whole vehicle (Fig. 4).  
 

Total
Masking

Total 
Engine

Total Sound

 
 

Figure 4: Whole vehicle level 
 
When used in conjunction with real-time modification tools, such a model can be employed to compare 
cars back to back, identify problems and develop high level targets. At this level, the data preparation 
requirement is simply to separate on-road recordings into those harmonic and broadband contributions 
which are proportional to engine speed from those which are related to vehicle speed over the full driving 
envelope. Two alternative representations are described, starting with the most detailed. 
 
3.1.1 Detailed Model 
 
Table 2 tabulates the driving conditions and measurement channels needed to create a detailed vehicle 
level NVH simulator model. The most important requirements are: 
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• An accurate and efficient order extraction algorithm which produces complex orders with absolute 
phase. For a petrol-engine car, the first 100 half orders are typically used but for diesels it may be 
necessary to include more orders to correctly account for impulsiveness. 

• Absolute phase for engine orders is referenced to a once per firing cycle (i.e. 0.5 pulses per 
revolution) timing marker. This may be obtained from a sensor on the camshaft or a sensor on the 
crankshaft modified by a firing pulse from an individual cylinder. 

• If the constant speed time history recordings are to be used directly in the masking noise arrays, 
any harmonics should be removed, they must be free of artifacts (e.g. speech or rattles) and they 
must form a continuous loop without clicks. Alternatively, the original recordings can be 
transformed to complex spectra and applied as FIR filters to white noise. Thus masking array 
sounds can be created with the correct amplitude spectra, the correct spatial sensation but are 
completely artifact free. 

Provided the above factors are taken into account, the processing is straightforward and can be easily 
automated. 

Category Driving conditions Recording details 

Engine harmonics • Run-up in each gear every 
20% load 

• Overrun in 2 gears gear 0% 
and 20% load 

Total number of tests: 34 
Number of recording channels: 7 
(binaural sound, engine tacho (2), wheel 
RPM, throttle, clutch pedal position) 

Total engine 
masking 

• Constant speed in neutral or 
under load (typical at 20 
different speeds) 

Total number of tests: 20 
Number of recording channels: 4 
(binaural sound, engine tacho, throttle 
pedal position) 

Total road 
masking 

• Constant speed test every 20 
km/h from 0 to 180 km/h on 
2 road surfaces 

Total number of tests: 31 
Number of recording channels: 4 
(binaural sound, engine tacho, wheel 
RPM) 

Time taken to record and prepare data: 3 days per car 

 
Table 2: Measurement Requirements for a Typical Detailed Vehicle Level Model 

 
As in any modeling process, it is essential to carry out a proper validation over a range of operating 
conditions. This is usually done both subjectively and objectively.  
The subjective correlation of the sound is performed by listening to a recording made in the real car for a 
specific driving condition and comparing it back to back with a recording of the identical driving 
condition made in the simulator. By repeating this for a sufficient number of driving conditions, including 
full-load and part-load acceleration sweeps, constant cruising on different surfaces, idle and neutral run-
up, etc. it is possible to get a high confidence in the model.  
The same recordings can be processed to create 2-D and 3-D spectral displays and graphs of metrics for 
objective correlation. By recording the vehicle parameters such as engine speed, vehicle speed, throttle 
depression etc. it is also possible to compare the driving performance of the model with the actual vehicle. 
For example, Figure 5 compares a 75% throttle acceleration through the gears for a V8 luxury sedan with 
automatic transmission measured on the road and in the simulator. Not only does this comparison show 
the high degree of similarity between the two sounds but it also confirms the accuracy of the performance 
model. 
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Figure 5: Comparison of On-road (left) and In-Simulator (right) sounds 
 
 
3.1.2 Minimum Model 
 
There are times when it is useful to build simulator models very quickly, often based on existing standard 
2nd or 3rd gear wide open throttle binaural recordings. A typical application might be to understand or set 
targets for powertrain Sound Quality under full throttle conditions. In such a scenario, it is not necessary 
to have very accurate masking sounds, provided that they are reasonably representative. Even in this 
simple example the ability for the assessor to use the throttle and brake to really understand the sound 
interactively rather than just listening to a pre-recorded sound is extremely beneficial not only because it 
significantly increases the confidence in making the correct judgements but also reduces the time taken to 
complete the task. Table 3 summarises the requirements for building a minimum whole vehicle simulator 
model.  
 

Category Driving conditions Recording details 

• Engine 
harmonics 

• Total road 
masking 
(Road/Wind/T
ire) 

• 2nd or 3rd gear Wide Open 
Throttle acceleration 

• Overrun in a gear covering 
the speed range of interest on 
two road surfaces 

Total number of tests: 2 
Number of recording channels: 4 (binaural 
sound, engine tacho, wheel RPM) 

Time taken to record and prepare data: 1/2 day per car 

 
Table 3: Measurement Requirements for a Typical Minimum Vehicle Level Model 

 
In this case, the engine orders are extracted as for the detailed model. The overrun recording with 
harmonics removed is processed by calculating spectral snapshots at 20 km/h intervals, averaged over 10 
km/h speed ranges, which are then reconstituted as 3-D binaural sound time histories for inclusion in the 
simulator model as arrays. This simplistic method has proved to be very effective and gives historical 
archived data a new lease of life in the NVH Simulator. 
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The precise choice of which gear to use for the recordings will depend on the behaviour of the vehicle 
under test. The valid operating range of the model can be significantly extended by recording a runup in 
two gears and at two engine loads. In this Extended Minimum Vehicle Level Model, the gear numbers are 
chosen to ensure that the powertrain harmonics are represented with and without mount snubbing and the 
intermediate throttle position gives a better definition of a throttle response curve in the case where it is 
significantly non-linear.  In the experience of the authors, this Extended Minimum Vehicle Level Model 
generates a free-driving sound which is subjectively indistinguishable from the Detailed Model, or the on-
road real-car sound, for most of the standard test conditions used by NVH engineers. 
Clearly, it is difficult in such a short technical paper to present a full validation of all the model types. 
However, a good indication can be obtained by inspecting Figure 6a (Cruising condition) and Figure 6b 
(Coastdown condition).  
Figure 6a compares the total masking sound measured on the road at 100 km/h with two types of 
simulated masking sound recorded in the NVH Simulator at the same speed. The Detailed Model contains 
an array of time history data measured at constant speeds of 90 km/h and 110 km/h whilst the Minimum 
model contains a synthesised array based on averaged spectra measured between 85-95 km/h and 105-115 
km/h during a 3rd Gear overrun test. The conclusion from this plot, which is that there is no noticeable 
difference between the two model types, is confirmed by listening to the binaural sound. 
 

b) 

Measured 

a) 

Measured Detailed Model Minimum Model

dB
B

Detailed Model Minimum Model

dB
B

0                                                         30                                               60      
Time (Secs)

4th Engine Order

Overall Level

3rd Gear WOT 3rd Gear Overrun 

 
Figure 6: Validation. a) 100 km/h Cruising; b) Free-Driving Wide Open Throttle / Overrun 

 
Figure 6b compares the on-road measured B-weighted overall level and firing frequency order amplitude 
for a wide-open throttle/overrun driving condition with the corresponding results recorded in the NVH 
simulator for a Detailed and Minimum model.  This again shows very good correlation which is confirmed 
by listening to the three sounds. 

 

3.2 Source Level Model 
 
The discussion so far has demonstrated that the sound objects defined in Table 1 are capable of adequately 
reproducing different types of sound which can be heard at the whole vehicle level. The same sound 
objects can also simulate the individual sources (Fig. 7) provided that the signature of each source, and the 
synchronization relationships between sources, can be accurately obtained from operating measurements 
on a car. 
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Figure 7: Source level 

 
In this case, the most efficient strategy is to employ the correct number and location of transducers and a 
complete set of operating conditions as required by physics, together with a robust data processing method 
which can be easily and reliable automated. The alternative approach, which is to try and save time at the 
measurement stage by minimizing the number of test conditions and measurement channels, inevitably 
makes accurate decomposition analysis much more difficult and time consuming and therefore less cost-
effective overall.  
 
3.2.1 Masking Sources 
 
The total masking can be decomposed by applying conventional Multiple Input Coherence Analysis 
(MICA) techniques [5] into simulator sound objects representing the following individual sources: 

• Front wheel structure-borne (road noise) 

• Rear wheel structure-borne (road noise) 

• Front wheel air-borne (tyre noise) 

• Rear wheel air-borne (tyre noise) 

• Total wind noise  
A standard set of measurement locations can be used in almost every situation (Fig. 8) without the need 
for pre-tests or specialist knowledge. This means that a universal tests procedure can be written to cover 
not only transducer selection/ mounting and operating test conditions but also the method of processing 
the data and validating the results.  

Engine
Tach

Wheel
Tach

Optical Tachs 3

Wheel Reference Microphones       8

Wheel Reference Accelerometers  12

Binaural Head Microphones          4

Optical Tachs 3

Wheel Reference Microphones       8

Wheel Reference Accelerometers  12

Binaural Head Microphones          4

 
 

Figure 8: Measurement Locations for Masking Decomposition 
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The multiple coherence approach can only be used where the measured signals are stationary i.e. the 
vehicle runs at a constant speed. Therefore the operating conditions as defined in the bottom row of Table 
2 are typically used. Normally two surfaces (one smooth and one coarse) are sufficient to define the 
rolling noise behaviour of a car. A complete characterisation into individual sources, including fitting the 
instrumentation, recording on the road and processing the data into sets of complex spectra ready for free-
driving in the NVH Simulator typically requires less than 5 days. 
One significant benefit of the MICA approach is that it produces independent estimates of the contribution 
at each level in the hierarchical model. This means that the accuracy of the decomposition can be easily 
assessed subjectively at all speeds by toggling between the total masking measured on the road and the 
sum of the five separate sources recorded whilst driving in the simulator. Figure 9 presents a typical 
comparison snapshot, in this case for a vehicle driving at 60 km/h on a rough surface. Generally, the 
difference between the two curves is negligible with the possible exception of the discrete peaks at 100 Hz 
and 240 Hz (tyre cavity mode) which, unusually, exhibited a significant airborne contribution in this 
particular vehicle/surface combination. If greater accuracy is required in this situation, a more complicated 
analysis can be performed which takes into account the phase between the coherent energy at each source 
rather than relying on them being statistically independent which is the underlying assumption in the 
simple multiple coherence. 

Red = Measured Total = 71.2 dBA

 
The relative contribution of front and rear wheels can be seen objectively in Figure 10, however the real 
meaning of these plots can only be appreciated subjectively. Whilst driving in the NVH Simulator it is 
possible to switch off individual source contributions or modify their spectra in real time at all speeds and 
surfaces included in the model. This provides an extremely efficient way of understanding large amounts 
of data and thereby correctly identifying problems or setting targets. 
 

Blue = Sum of Simulated Sources= 71.8 dBA
= (Front SB + Front AB + Rear SB + Rear AB + Wind)

0                        500                    1000            1500                    2000                    2500
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dB
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Figure 9: Road Noise Decomposition - Validation Check 
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3.2.2 Engine Sources 
 
All the methods used to create sound objects at the whole vehicle or masking source levels have been 
based on “top-down” techniques which are used to condition the binaural sound recorded inside the car. 
However, to decompose the total engine sound into its major sources, or to represent any of the sources as 
individual contributions in the simulator hierarchical model (e.g. structure borne paths, radiating surfaces 
etc.) requires a different approach since they will be coherent. 
 

3.3 Contribution Level 
 
The representation of any component or sound objects at the contribution level (Fig. 11) in the simulator 
model is estimated by directly measuring the source strength of a single source (e.g. force applied to the 
body at an engine mount) and scaling it by a transfer function which represents the path sensitivity of that 
particular source (e.g. body Noise Transfer Function). This is the basis of the well known Source Path 
Contribution or Transfer Path Analysis methods which have been developed for structure-borne, radiated 
or orifice noise.  
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Figure 10: Road Noise Decomposition – Source Contributions 
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Figure 11: Typical Contribution Level NVH Simulator Models. 

Road noise (left); Powertrain (right) 
 
There are many techniques available which are suitable for determining the contributions of individual 
components as summarized in Table 4. The methods in italics are so-called “simplified methods” which 
can give very good results if used with care but only involve carrying out fairly simple tests using a small 
number of transducer channels. It should be remembered that the NVH Simulator model requires data for 
each component over the full driving envelope. Therefore the preferred methods are those which are most 
efficient overall taking into account the aggregate time spent preparing for test, performing the 
measurements, and processing the data into simulator sound objects. 
The optimal methods for use with an NVH Simulator are those which enable paths to be quantified 
individually since the hierarchical model used in the NVH Simulator allows contributions to be subtracted 
as well as added in real time. This means for example that the total engine could be represented by two 
sound objects; the intake orifice contribution and the total engine noise minus the intake orifice; and still 
be a complete model allowing the powertrain engineer the opportunity to correctly evaluate the effect of 
different intake designs on the overall sound quality of the vehicle, whilst freely driving. The same 
approach can be used for any individual contribution or group of contributions which are not influenced 
by other components. Figure 11 shows two typical NVH Simulator model scenarios, optimized for 
specific applications namely: understanding Road Noise contributions  and evaluating design changes 
(left) and intake and exhaust system optimization for Powertrain Sound Quality (right).  
 

Contribution Preferred characterisation method 
Structure-borne Engine and Exhaust noise through 
mounts 

Mount stiffness method 

Structure-borne Road through suspension bushes Mount stiffness method or Impedance matrix 
method 

Total engine radiated noise Simplified indicator method 

Intake and Exhaust orifice Direct measurements of volume velocity or 
Simplified Pressure-to-Pressure method 

Detailed engine surface contribution Full Source substitution method 

Contributions from panels inside the car (e.g. floor, 
roof, etc) 

Panel contribution method based on measurements 
of surface velocity 

Leakage from door seals or transmission through 
glazing panels 

Microphone array techniques or Simple 
experimental windowing technique 

 
Table 4: Source/Path Contribution Methods 
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4 Conclusion 
 
The main purpose of the interactive NVH Simulator is to improve the effectiveness of the NVH process, 
delivering the best NVH for the customer in the most efficient way for the manufacturer. This means 
engaging more people and achieving better results with less effort overall than with traditional approaches. 
Experience on vehicle programs has shown that there are significant benefits and time savings to be made 
once the simulator model has been built [4].  
This paper has focused on describing the efficient and robust methods for building and validating 
simulator models. The aim of these is to ensure that the additional data needed to gain the benefits of 
evaluation of NVH data by free-driving in the simulator can be obtained with a minimum of extra effort 
and with a maximum of confidence. 
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Abstract
The automotive driveline is a source of Noise, Vibration and Harshness (NVH) in the vehicle caused by a
number of dynamic interactions. The interaction of suspension-tyre dynamics with the driveline is
investigated through a full vehicle model development and excited by road irregularities. The integrated
systems modelling techniques are employed to assemble the full vehicle model from its various
subsystems. It is shown that the dynamic behaviour of any component within the system can be predicted
and the complex interactions are highlighted. The vibration responses at key locations are analysed. It is
found that the frequencies of subsystems can change with each subsystem connection. In vertical vehicle
dynamics, only the low modes of vibration due to suspension and tyre vertical resonances affect the
driveline behaviour.

1 Introduction

Driveline vibration is a major concern in regards to passenger discomfort. These vibrations are caused by
excitations from the engine and the road. A number of papers have been presented in the past on driveline
torsional vibrations excited by the engine torque fluctuations as a result of load reversal and throttle
change [1, 2]. Most of this work has been done on the driveline vibration phenomena, such as clonk and
shuffle [3, 4]. However, very few studies are found that consider the road as a source of excitation and are
able to predict the affected driveline NVH. Insufficient information is found about models considering
together engine and road as sources of excitation. The work in this project takes into account the road as
excitation source in isolation as well as jointly with the engine with the aim to predict full driveline NVH.

The integrated systems approach is used to assemble vehicle subsystems together into a final assembly of
a full vehicle [5]. Each subsystem is modelled separately and connected together with the help of
connections and constraints.

The vehicle body and driveline are attached to the suspension and tyre, and the excitation from the road is
firstly filtered by the tyre and suspension. The effect of tyre and suspension on the driveline and vehicle
NVH levels is investigated through an extensive parameter study. The ultimate aim of this research
concerns the optimisation of vehicle chassis and transmission parameters by the application of the
developed mathematical models and numerical procedures.
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2 Integrated systems techniques

Modelling of a large and complex system is sometimes cumbersome and difficult, if traditional and
classical approaches are considered. Different techniques have been developed to model such systems.
Integrated systems analysis techniques are one of the possible approaches [5]; the system is broken down
into smaller subsystems and a dynamic model of each subsystem is developed in terms of mass, damping
and stiffness matrices. The complete behaviour of the system is determined by combining each individual
subsystem model together with the help of the connections. The connections exert forces on each
subsystem known as connection forces. The technique is to calculate these connection forces by the
knowledge of subsystem matrices and the type of connection. The substitution of these connection forces
back into the individual subsystems provides the full system behaviour. With this approach the
interactions and effects of individual subsystems on each other can be easily identified, in addition to the
full system behaviour.

This technique is explained with the help of a simple example, where two quarter-vehicle models with
rigid connection represent a half vehicle model, as shown in figure 1. 1q , 2q , 3q and 4q are the vertical
degrees of freedom for the two quarter-vehicle models.

Figure 1: Two connected quarter-vehicle models equivalent to a half vehicle model

The rigid connection defines the same displacement condition at both bodies and the displacement co-
ordinates 1q and 3q can be related by

 11  0
3

1 







q
q

(1)

0qC T , (2)

where C is called constraint matrix and q is the vector of generalized coordinates. For a flexible
connection, the right hand side of equation (2) will be a relative displacement between the degrees of
freedom caused by the flexibility, and it is called connection opening.

The total force in a static system is

qKQ utot  . (3)

31 qq 

3q1q

2q

4q
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From equations (2) and (3) one has

01 
totu

T QKC , (4)

where uK is the unconnected model stiffness. When the connection exists, the total force in the system is
the combination of the external forces acting on the system and the connection force exerted by the
connection, accordingly

connexttot QQQ  (5)

0)(1 
connextu

T QQKC . (6)

The relationship between the tie force and connection forces is

tiecon CTQ  . (7)

From equations (6) and (7), the tie force is calculated
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 . (10)

Equation (10) is central to the integrated system analysis in the frequency domain. The numerator part is
known as the connection opening, when only external forces are applied, i.e. in the absence of connection
forces. The denominator represents the flexibility of the system contributing towards the connection
forces. tieT is the vector of tie forces, the number of which is equal to the number of connections.

In the dynamic case, inertia and damping forces are included in the system along with the static forces.
The total stiffness is the dynamic stiffness which is represented by the expression below

uuuu KiDMK   2 . (11)

The methodology to calculate the tie force has to be modified in the time domain, depending on the type
of connection. When the connection is between two masses, instead of connection opening based on
displacements, the accelerations are calculated and matched; the expression for the tie force in such cases
is given by

CMC
qC

T
u

T

T

tie 1


. (12)

Similarly, when the connection involves a damper on one side or both sides of the connection, then only
velocities can be determined instantaneously and they are matched in the tie forces
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. (13)

Once the tie forces are calculated, the connection forces are fully described by equation (7).

(a) (b)

Figure 2: Two connected quarter-vehicle model results

The two connected quarter-vehicle models in figure 1 are equivalent to the half vehicle model having three
degrees of freedom, therefore it also has three modes: the first mode corresponding to body bounce at 1.4
Hz, the second mode to right wheel hop at 14 Hz, and the third to left wheel hop at 19 Hz. Please note that
the pitch mode is not included in the analysis and the vehicle is deliberately made asymmetric. The results
for the connected two quarter-vehicle models are obtained by the integrated systems analysis. The results
match in every respect results obtained by a simulation of the half vehicle model.

Figure 2(a) shows the response observed at the vehicle body due to a harmonic force applied at the right
wheel. The first mode is dominated by the body bounce with large amplitude. In the second mode the
body response is significant, due to the excitation at the right wheel, while the third mode of vibration is
difficult to identify.

Figure 2(b) shows the response of the left wheel. This response is relatively low in all modes of vibration
as the excitation passes to the left wheel through the body. The third mode that was not observed in the
body response spectrum at 19 Hz is seen here. This mode does not appear in the body and right wheel
response spectrum.

3 Integrated full vehicle model

In order to predict the dynamic interactions of suspension and tyre on the driveline NVH, a full vehicle
model is developed. This model is an assembly of the body model, four quarter-vehicle models, and a
driveline model. The body model consists of four degrees of freedom: bounce, pitch, roll and warp. The
warp degree of freedom is included to take into account the twisting effect in the vehicle body when
different excitations are applied to the four wheels. The quarter-vehicle models contain two degrees of
freedom model for the vertical direction [6]. A finite element model of the driveline is developed using

4480 PROCEEDINGS OF ISMA2006



Timoshenko beam elements to take into account shear and rotary inertia effects [7]. The separate parts of
the driveline, such as engine side shaft, axle shafts, etc., are connected together by idealized universal
joints having finite connection stiffness. Due to the large number of degrees of freedom in the driveline
model, a Guyan reduction [8] method is used to decrease significantly the number of degrees of freedom.
All subsystems are connected together by rigid connections: the quarter-vehicle models to the vehicle
body and the wheels to the driveline ends. An engine model, containing excitation forces due to
unbalanced masses in the reciprocating piston and crankshaft, is connected to the vehicle body by rubber
mounts with linear stiffnesses [9].

The subsystems are arranged automatically by the developed program in Matlab (i.e. mass, stiffness and
damping matrices of the unconnected model are assembled in the full vehicle model) and connected with
the help of the constraints. Terminal degrees of freedom having the same types and coordinates are
detected by the program and subsequently employed to connect the subsystems together. A harmonic road
excitation is applied at the rear right wheel. The tie force in each connection is calculated firstly according
to the constraint and then back-substituted into each subsystem model. The integrated full vehicle model is
illustrated in figure 3.

Figure 3: Full vehicle model

The full vehicle model is simulated with and without the engine model (only unbalance force model
without engine torque applied to driveline) connected to the body. Both frequency domain and time
domain analyses are conducted. The frequency range is set such that the relevant system behaviour can be
identified. As the road excitation is a relatively low frequency excitation, only frequencies up to 100 Hz
are considered.

4 Results and discussion

The key locations within the system for the responses are: the input shaft to differential, the two rear
wheels at rear axle and the four corners of vehicle body.

Figure 4(a) shows the response observed at the input shaft to the differential in the driveline model. This is
the terminal degree of freedom exactly in the middle of the two axle shafts between the wheels. The
response spectrum shows a number of system modes within the frequency range. The observed modes at
1.6 Hz and 14 Hz frequencies are the body and the wheel hop resonances, respectively. The other modes
that are observed at different frequencies are from the other subsystem resonances, such as driveline, body
and other flexible modes of the driveline. The frequencies are shifted slightly from the individual
subsystem mode frequencies due to the coupled system behaviour, e.g. the individual wheel and body
resonances from the quarter-vehicle models were 1.8 Hz and 19 Hz, respectively.

Excitation force
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(a) (b)

Figure 4: Response at differential and rear wheels

Figure 4(b) shows the responses observed at the rear wheels. The right wheel response contains a
dominant mode from the wheel hop and the response amplitude is higher than the amplitude at the left
wheel, due to the excitation being applied at the right wheel. There are a number of modes due to the
driveline and the body that are present in the wheel response spectrum. The response amplitudes are quite
significant for the low frequency modes; however, the high frequency modes have relatively lower
amplitudes. The low frequency vertical resonances of the driveline (same as those in figure 4(a) due to the
rigid connection with the wheel) may affect the driveline behaviour as a whole and are of importance to
the vibration perceived by the passengers.

(a) (b)

Figure 5: Vehicle body response with and without engine model with unbalance force excitation

Figure 5(a) shows the response observed at the front right corner of vehicle body when the engine
excitation is not considered. The response spectrum of the body clearly shows a dominant mode at 1.8 Hz
corresponding to the body bounce. This is what one would expect when the response is observed at the
body and the vehicle is excited in the vertical direction. Another mode at about 30 Hz corresponds to body
warping. All modes which lie in the frequency range between 3-10 Hz and the high frequency modes
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above 30 Hz are driveline modes. The modes above 30 Hz do not appear in the body response spectrum
due to their lower amplitudes.

Figure 5(b) shows the response observed at the front right corner of vehicle body (same location as that in
figure 5(a)), when the vehicle system consists of a vehicle body, a driveline, quarter-vehicle models and
an engine model. The engine model is represented as a lumped mass with inertia and stiffness, and is
excited by the unbalance forces due to a reciprocating piston mass and a crankshaft unbalanced mass. Due
to the engine excitation, a few extra modes appear in the body response spectrum. The affect of the engine
model and the unbalance forces is to shift the resonance frequencies of the vehicle slightly and increase
the amplitude of the response. However, the magnitude of some modes is slightly suppressed. It is clear
from the figures that the system frequencies are shifted due to the coupling between subsystems and the
amplitude may increase or decrease.

The modes with significant amplitudes are low frequency modes which affect the vertical dynamics of the
driveline and the vehicle. The high frequency modes have low amplitudes and therefore do not affect
significantly the dynamics of the body or the driveline.

5 Conclusion

The integrated systems technique has been presented and implemented in order to simulate the full vehicle
system composed of quarter-vehicle models, a driveline and a body model. It is found that each subsystem
connection in the composite system changes the frequencies of the overall system and this effect can be
quantified. In the vertical vehicle dynamics, only the low modes of vibration due to suspension and tyre
vertical resonance affect the driveline behaviour. In order to predict the fully coupled response, the engine
torque model and other subsystems, such as a gearbox model, are necessary for coupling the torsional and
vertical dynamics in the driveline NVH analysis. This will be the subject of future work.
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Abstract 
The investigation of the noise contributions, transfer paths, has become a standard procedure both for 
diagnosis of noise effects and for target setting in product development. The combination of operational 
tests and (vibro) acoustic transfer function measurements allows insight in noise contributions, interface 
forces and system sensitivities. With the extension to binaural recording of the operational sounds and 
transfer path analysis based binaural noise synthesis of noise contributions the impact of systems and 
interfaces on the perceived sound quality has become technically possible.  
Correct binaural reproduction/synthesis of noise contributions requires correct binaural transfer function 
measurements (along with the other system measurements). The paper discusses the investigation of 
binaural effects on transfer function measurements in relation to reciprocity. Volume acceleration sound 
sources have been built into a head-torso simulator to investigate such. Measurements on persons are 
compared to simulator measurements. And the effects in free field condition are compared to persons and 
simulators in a vehicle.  
 

1 Methodology background 
 

1.1 Identifying airborne and vibro-acoustic noise contributions 
 
Sound pressure can be decomposed into contributions using source-transfer techniques, like Transfer Path 
Analysis (TPA) for vibro-acoustic phenomena and Airborne Source Quantification (ASQ) for air borne 
phenomena.  These techniques use discrete excitations, like point-forces or monopole point-sources, to 
represent the actual physical excitation working on an interface.  
 

 
Figure 1 : Schematic representation of the vibro-acoustic TPA principle where interface reproduce 

the excitation from the driveline for interior noise 
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In the example indicated in figure 1, vibro-acoustic transfer path is used to analyze driveline support noise 
contributions. Support forces at various mounts of a driveline-suspension are combined with vibro-
acoustic transfer functions to obtain the noise contributions and synthesized sound pressure following 
equation 1. 

 )(. PaHFPP PF
rii

i
ri

i
r ∑∑ ==  (1) 

 rP  : identified total sound pressure at receiver location r  (Pa) 
 riP  : sound pressure contribution at receiver location r due to interface force i  (Pa) 
 iF  : single direction contact force i at a mounting  (N) 
 riH  : vibro-acoustic transfer function between force i and sound pressure at location r  (1/m²)  

The example in figure 2 indicates the use of Airborne Source Quantification to analyze the noise 
contributions from various panels. A large number of discrete point sources are used to reproduce the 
noise radiated from the panels in the interior. The radiation from the panels to the ear location is captured 
in the acoustic transfer functions from the volume acceleration of the point sources on the panel surfaces 
to the sound pressure at the response location, following equation 2. 

 )(.
.
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i
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 rP  : identified total sound pressure at receiver location r  (Pa) 
 riP  : sound contribution at receiver location r due to point source i  (Pa) 

 
iQ

.  : volume acceleration of monopole point source i  (m3/s2) 
 riH  : acoustic transfer function between source i and sound pressure at location r (N.s2.m-5) 

The summed effect of the discrete excitations in TPA/ASQ can accurately reproduce the level of the total 
measured sound pressure if all excitation pass through the chosen interface, and if the source transfer 
model is well chosen and correct. The equations 1 and 2 describe the analysis in the frequency domain, 
either using complex order data or complex spectra for the excitations combined with frequency band 
limited complex transfer functions.   
For applications at higher frequencies, on systems with high modal density and broadband excitation, it is 
not necessary to use complex data to calculate the noise contributions, and in those cases the auto-power 
spectra or third-octave band spectra can be used.  
 

 
Figure 2 : Schematic representation of the ASQ principle where point sources reproduce the 

radiation from panels for vehicle interior noise 

 
The TPA and/or ASQ contribution models can be used to diagnose and optimize the vehicle by varying 
individual source and transfer-functions levels. Such optimization can be enhanced by combination of the 
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TPA-ASQ model with models of sub-systems, which can vary from very basic mount stiffness models to 
full FE models of a driveline or body structure. 
In literature 1 to 8 other examples and more elaborate explanations can be found on airborne and structure 
borne source identification and contribution analysis.  
 

1.2 Creating a virtual car sound 
 
As the noise contribution models have become capable of covering a wider frequency range, it has 
become feasible to use the identified, or modified, noise contributions to synthesize an audible time signal.   
The bases for the sound quality evaluation are the TPA/ASQ order curves from path contributions, which 
are summed and used to synthesize the sound. However, these modeled signals need the full audio 
environment, i.e. include all non-modeled but audible components. For this purpose sound quality 
equivalent models (SQE) can be created from experiments.  
These monaural or binaural models are able to describe the TPA/ASQ orders and also: 

• The non-modeled power-train orders 
• The harmonic wheel orders 
• The non-harmonic power-train noise, modeled as random noise in third octaves vs load and rpm 
• The non-harmonic but coherent structural and air-borne road noise, modeled as random noise in 

third octaves vs speed 
• The rest- or wind noise, modeled as random noise in third octaves vs speed 

The non-TPA/ASQ components are typically derived from a small set of additional measurements.  The 
minimum requirement is wide open throttle acceleration, a deceleration with the engine engaged and a 
deceleration with the engine not engaged or shut off when possible. The process includes the correct phase 
of all contributions and different order components. Measurements at constant speeds are needed for in-
depth road noise applications in order to separate the coherent sources with sufficient statistical quality.   
The LMS Test.Lab Virtual Car Sound module is able to synthesize sounds from these SQE-Models.  
Because of the synthesizer principle the process is not limited to reproducing pre-measured conditions, but 
enables virtual driving with the car which improves the reality perception of the sound. 
The Virtual Car Sound real-time interior car sound synthesis has two components. The first component is 
the vehicle model simulator which generates the evolution of RPM and vehicle speed according to 
variations of throttle, brake and gear. The second component is the real-time sound generator synthesizing 
the interior sound starting from the RPM, throttle, vehicle speed evolution and the Sound Quality 
Equivalent Model. (Lit 9, 26) 
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Figure 3 : Flow diagram of the sound synthesis 
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1.3 On the effects related to binaural hearing 
 
To generate an audible signal with a correct tonal balance for two ears and a spatial correct impression, it 
is necessary to take into account the diffraction effect of the human body.  
 

 
Figure 4 : Schematic representation of the diffraction of sound waves around a “human” body 

 
Sound waves traveling towards a human body are mostly deformed at lower frequencies, where the 
wavelengths in the air are either larger than or of the same order of magnitude as typical dimensions of the 
human body parts. At higher frequencies, where the wavelengths are smaller then the human body parts, 
the waves are reflected or absorbed.  These two effects will lead to frequency dependant and source 
location dependant modulation of the level and phase of the sound pressure at the entrance of the human 
ear channel. (Fig. 4) 
Sufficiently small microphones placed in open space at ear locations can measure accurately the point 
sound pressure in the sound field without disturbing the sound field.  But the amplitude and phase will 
differ from the pressure entering the ear channel in the presence of the human body. (Lit. 10, 11, 12, 13, 
14, 27, 28) The delay in the arrival of waves at the ear channel (inter-aural delay) is important for a natural 
spatial perception of sounds. Both the frequency dependant diffraction, which causes inter-aural level 
differences, and the inter-aural delay or phase differences, allow humans to identify accurately the location 
or direction of sound sources. The frequency dependant modulation of the level influences masking 
effects, and it influences our impression of the character, the sound quality, of the sounds we hear.  
Headphones are most commonly used to listen to recorded or synthesized binaural signals. Due to the 
small distance between the membranes and the entrance of the ear-channel, it is relatively easy to 
reproduce the pressure at the entrance of the ear channel. The sensitivity and frequency dependant 
characteristics of the individual headphones are corrected for to reproduce binaural sounds.  
Recording operational sound pressure signals or measuring transfer functions requires the simulation of 
the diffraction of the human body.  If the sound field and source locations are known, then it is 
theoretically possible to transform signals from normal measurement microphones to binaural pressure 
signals.  In practice insufficient information is available and/or the calculation is cumbersome, and 
therefore a physical simulation is sought.  
Various head and torso simulators with embedded microphones (hereafter called “binaural receivers”) 
exist today. The solutions vary from a simple sphere to full mannequins with every detail of the torso, 
head and pinnae.  All will improve the binaural aspect of the recorded signals relative to simple 
microphone measurements.  A more complete and realistic shape of the binaural simulator is necessary to 
simulate for a wider frequency range and for a wider source position range.  But a simple shape can 
already provide a rough approximation in the important medium frequency range, with reasonable inter-
aural level and inter-aural delay.  
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Because of the high impedance of the human body, being mostly water, the poor absorption properties of 
the most common human hair, and the larger distance between potential thick layers of clothes to the ear, 
the surface mobility (or absorption) of the binaural simulator is not a mayor concern and in almost all 
cases kept very low by using solid materials.   
A consideration is the variation between humans. Even in controlled situations, standing upright, or sitting 
in a vehicle, humans vary in their posture, size and shape and therefore experience different diffraction 
effects. The expected range of variation limits the ability for accurate simulation of the binaural effect for 
individual persons, especially at higher frequencies.  Also, when using headphones to replay recorded 
binaural sounds, the variation in pinnae and headphone to pinnae contact will lead to a variation in the 
transfer between the electrical signal and the pressure response at the ear channel. 
In relation with transfer path analysis (TPA/ASQ) the measured operational sound pressure and the 
measured transfer-functions between the excitation and ear locations need to be performed using a 
binaural receiver. 
 

1.4 Using reciprocity in transfer function measurements: 
 
Reciprocity allows the exchange of the excitation location with the response location. As long as a system 
is passive and linear, the measured transfer is identical from excitation at location i to response in location 
r or from excitation in location r to response in location i. This reciprocity is exploited to reduce 
measurement time and to alleviate instrumentation problems. Especially in TPA/ASQ applications on 
vehicles reciprocity is often used because of the difficulty to excite the vehicle at the chosen interfaces. 

For acoustic transfer 
•
QPH21  from volume acceleration at location 1 on a surface to sound pressure at 

location 2:  
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For vibro-acoustic transfer from force at a supporting structure location 1 to the sound pressure at location 
2: 
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1F  : force (N) 
..

1X  : acceleration (m/s2)  
In general, reciprocity is used between point excitations and point responses. For example, a microphone 
being very small compared to the acoustic wavelengths, measuring pressure in a single point and having 
approximately an omni-directional characteristic. The volume acceleration sound sources used to measure 
reciprocally are therefore also approximations of point sources; small compared to the wavelength and 
approximately omni-directional. (Lit.15 to 23)  
Still reciprocity is equally valid for combined non-omni-directional, multi-dimensional, or larger-surface 
sensors and excitations. The condition for the reciprocity in such situations is that the sensors and 
excitations have the same directional characteristics and cover the same surface for sensing or for 
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actuation. This is fortunate in relation with binaural measurement of sound pressure where a deliberate 
deviation from omni-directionality is used. The additional conditions in equation 3, 4 related to zero 
volume acceleration or force at the responses can become more difficult to meet, but equally apply.  
In conclusion, for true binaural synthesis of sound from noise contribution models, a binaural volume 
acceleration sound source is needed with the same characteristics as a binaural receiver, as already 
recognized in literature 17, 20 and 24. 
 

2 Binaural source/receiver development 
 
The primary goal was the development of a pinnacle-head-torso simulator with integrated volume 
acceleration sound sources (hereafter referred to as “binaural source). Second goal was the combination of 
the source with a binaural receiver. Using the same device in two modes as a source and as a receiver 
prevents deviations due to repositioning. The positioning accuracy being especially important for near 
field effects and accurate phase information in TPA/ASQ analysis. 
The target frequency range was 20 to 8000 Hz or higher. Based on a sixth wavelength* in the air this 
meant that a geometric accuracy of 7 mm, or less, is targeted for the direct vicinity of the ear.  Available 
binaural receivers were considered as a starting point, but it was not feasible to integrate sufficiently loud 
sources for the selected frequency range. The shape of the torso and relative head location are a 
compromise between the requirements for a structure capable to produce sufficient levels and sufficient 
accuracy of volume acceleration, and the desired simulation of human dimensions. (Lit 12, 13, 14, 25) 
*Positioning accuracy of reflectors to within a sixth of a wavelength limits errors in summation of direct 
and reflected noise to less than 1.25 dB in level and less than 30 degrees of phase difference at the 
maxima in the pressure response. 
Because of the required noise level at low frequencies, a concept was selected where frequencies below 
250 Hz are separated from medium and high frequencies. The sixth wavelength criterion implies that a 
geometric accuracy of 0.229 m, or less, is needed for the frequency range between 20 and 250 Hz. The 
implication of this value is that, apart from near field effects, almost any location on a head could be used 
as a low frequency source location, and that a single driver on the head can cover this frequency range.  
The mouth location was chosen because it is sufficiently close and because it is normally not shielded by 
objects. It was not chosen for speech simulation purposes.  
 

 
Figure 5 : LMS-Qsources binaural simulator 

in a vehicle 
 

 
Figure 6 : LMS-Qsources simulator in 

receiver mode, detail of the application of 
measurement microphones 
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The medium and high frequency range needs to be driven through the pinnacles to allow a sufficiently 
accurate simulation of the directivity pattern. Experience with other sources has shown that the 200 to 
8000 Hz frequency range can be excited through a 10 mm sized surface if sufficiently powerful drivers are 
used.  
To have access to the actual in-situ source levels, all used drivers are designed with integrated volume 
acceleration sensors.  
Binaural receivers as commonly used in vehicle and other product development have measurement 
microphones at the entrance of the ear channel. The inner ear is not simulated because the recorded signals 
are replayed with headphones or other systems that reproduce the sound pressure at the entrance of the ear 
channel. 
Because of the limited acoustic impedance of the drivers in the pinnacles, the microphones were chosen 
such that they effectively shield and seal-off the ear located drivers during binaural recording. The high 
acoustic impedance was necessary to maintain validity of the reciprocity (Equation 3, 4) Small (5 mm 
diameter) high acoustic impedance measurement microphones were built in a rubber adapter for sealing 
and correct positioning.  
 

3 Measurement series 
 
To evaluate and optimize the characteristics of the LMS binaural simulator, a measurement series was 
organized in which it is compared to four live persons and a commercial binaural receiver.  Because the 
strongest binaural effect are expected at medium and higher frequencies, the emphasis of the measurement 
series is on the 200 to 10000 Hz third octave band frequency range.   
The test persons were all male and with overall body lengths to within 5 cm of midsize male. The ear 
channel location was centered to the same coordinates (+- 5 mm) for all persons in all conditions. The test 
persons were given two quarter inch measurement microphones, which are pressed against the earlobe at 
the ear channel entrance. In this way the ear-channel is sealed and the sensing centre of the microphone is 
positioned approximately 4 mm in front of the ear-channel entrance.  For the intended frequency range 
this is within a tenth of a wavelength of the desired position, and with a sealed ear channel. It was not 
comfortable. (Figure 7) 
 

 
Figure 7 : Volume acceleration sound sources in free field around a test person. The insert shows the 

microphone positioning 

 
Two measurement series are performed to analyze binaural reception; one in a vehicle and one in 
approximately free field condition. In these measurements volume acceleration point sources have been 
used, as shown in figure 8, for the omni-directionality, level definition, and repeatability of the sound 
field. 
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Figure 8 : Volume acceleration sound sources in free field around the LMS-Qsources simulator. The 

insert showing the nozzle of a point source. (Thin ropes are visible which were used for the object 
and sources positioning) 

 
3.1 Free-field analysis 
 
In the free-field condition without a human body, we expected spherical waves from the sources to the ear 
locations, with a constant amplitude ratio between the volume acceleration and the sound pressure 
(equation 5). 

 
.
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P
π
ρ

= ( )2−Nm  (5) 

R  : source to microphone distance (m) 
ρ  : density of the air (kgm-3) 

Measurements were taken in a large semi-anechoic measurement hall, where additional absorbers were 
applied to the floor. The volume acceleration point sources were 1.40 m from the centre of the head, 
between the ear channels.   
Figure 9 shows the acoustic transfer from sources at the front, left side and rear to quarter inch 
microphones at the two ear locations (without the presence of a human or simulator), 14 cm apart. 
Following equation 5 we expect acoustic transfer amplitude of 0.067 for the front and rear source 
positions. Because of the different distances (1.33 and 1.47 m) with respect to the side source positions, 
we expect 0.071 for the left microphone and 0.063 for the right microphone.  The measured third octave 
band averaged transfer curves only show only minor deviations from pure free-field condition and a slight 
increase over frequency related to the volume acceleration point source characteristics in the 8 and 10 
KHz bands. 
In these conditions the LMS-Qsources binaural simulator is measured in receiver mode, together with a 
commercial binaural receiver and the four test-persons. (Fig. 10, 11, 12) The variation in acoustic transfer 
between the test-persons stays within a few dB at the lowest measured third octave bands, but increases to 
more then 10 dB at the highest measured frequencies. The LMS-Qsources binaural simulator stays within 
the band defined by the person to person variation for the rear and side positions over the 200 and 5000 Hz 
bands. The front source position shows larger deviations, around 1250 and 2500 Hz, which we suspect to 
be related to breast reflection interference of the sitting position of the simulator. The commercial binaural 
receiver showed increased levels, outside the band of the measured persons from 4000 Hz upwards. 
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Figure 9 : Measured acoustic transfer in 

approximated free-field. Blue for the front 
source location, green for the rear source 
location, red for the side source location 
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Figure 10 : Acoustic transfer in approximated 
free field, rear sided source location. Test persons 

in red, commercial binaural receiver in black, 
free-field microphone response in green, LMS-

Qsources binaural simulator in blue 
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Figure 11 Acoustic transfer in approximated 

free field, left sided source location. Test 
persons in red, commercial binaural receiver in 
black, free-field microphone response in green, 

LMS-Qsources binaural simulator in blue 
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Figure 12 Acoustic transfer in approximated 

free field, front sided source location. Test 
persons in red, commercial binaural receiver in 
black, free-field microphone response in green, 

LMS-Qsources binaural simulator in blue 

 
We verified the variation per person in the acoustic transfer, which was small for most persons. (Fig. 13) 
But when examining the narrowband transfer and coherence, it became clear that at higher frequencies 
there was considerable loss in coherence and some underestimation in the transfer amplitude due to slight 
movement of the persons during the time averaging (Fig. 14). Binaural receivers/simulators do not suffer 
from this problem. 
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Figure 13 : Repeatability in acoustic transfer 
for the side source position per person for the 
left source location, left and right ear acoustic 
transfer. Individual test-persons in different 

colors 
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Figure 14 : Narrowband acoustic transfer 
(smoothed) for two measurements on a single 

test-person in dark and light green and the 
coherence functions in red and blue

 
To decrease the influence of this effect on the comparisons of the test-persons, we also compare the third-
octave band sound pressure spectra measured at the ear locations during transfer function measurements 
with the tree point sources. There is less spread (per person) and the averaged spectra are insensitive to 
positional variation. The result in figures 15 and 16 only show the summed effect of the three source 
positions, but do indicate that only a minor overestimation of the LMS-Qsources binaural simulator 
remains in the 10 KHz band.  The commercial binaural receiver remains outside the spread of the tested 
persons from 5000 till 8000 Hz.  
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Figure 15 : Third octave band sound pressure 

spectra at the left ear. Test persons (two 
traces each) in red, commercial binaural 
receiver in light green, LMS-Qsources 

binaural simulator in black 
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Figure 16 : Third octave band sound pressure 

spectra at the right ear. Test persons (two 
traces each) in red, commercial binaural 
receiver in light green, LMS-Qsources 

binaural simulator in black 
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At this point we consider the simulator capable of working at a binaural receiver in free–field conditions 
up. The next step is to verify whether it is possible to use the same simulator as a binaural source. 
Following the acoustic reciprocity relation, in equations 3, 4, it should be possible to swap the source and 
microphone position and obtain identical transfer behavior. The two conditions to be met: 

1. the used microphones in both the direct and reciprocal experiment must have sufficiently high 
impedance such that the zero volume acceleration condition is sufficiently well approximated 

2. the volume acceleration source at an ear location must have the same directionality pattern as the 
microphone at the same ear location 

The acoustic and vibro-acoustic reciprocity of sound fields of various natures as such has been shown 
already in different studies. (Lit 15 till 23) 
The volume acceleration sound sources in the field at 1.40 m from the head position are replaced by 
microphones, and the binaural simulator is now activated in source mode. The acoustic transfer to the 
three field points is measured and compared in fig 17, 18, 19 to the earlier field to ear transfer functions. 
The agreement between the binaural simulator in receiver and in source mode stays well within +- 2 dB 
between 200 and 8000 Hz, for all measured source locations. 
 

 
Figure 17 : Direct and reciprocal acoustic 

transfer in free-field, rear source to both ears in 
green, simulator to rear microphone position in 

blue 

 
Figure 18 : Direct and reciprocal acoustic 

transfer in free-field, left side source to both 
ears in green, simulator to left side microphone 

position in blue

 

 
Figure 19 : Direct and reciprocal acoustic transfer in free-field, front source to both ears in green, 

simulator to front microphone position in blue 
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4 In-vehicle measurements 
 
As the free-field measurements have the advantage of predictability and availability of similar 
investigations in literature, they have the disadvantage of being less sensitive to near field effects and 
compare to persons in upright position which is not representative for the in-vehicle situation. This near 
field has a more important influence on acoustic transfer in-vehicle due to close proximity of side 
windows, ceiling, head rest and seat. Therefore a second measurement series was performed in the vehicle 
with again four tests-persons and the simulators on the front left seat position.  
 

 
Figure 20 : Detail of a point source location at the glove box, test person in-vehicle, LMS-Qsources 

binaural simulator 

Three point source/microphone locations were selected to excite the cabin acoustics; one on the front 
window in front  of the “person”, one on the glove box low in front of the “person” and the third at the 
head-rest on the right side.  Limited by some human constraints, the test persons and binaural simulators 
were all placed in identical position with respect to ear locations and seat position.  
First we compare the persons with the commercial binaural receiver and the binaural simulator in receiver 
mode for this situation in figures 21, 22. The binaural simulator in receiver mode is mostly within the 
variation of the measured persons for frequencies up to 5000 Hz and for both the front windshield and 
headrest source positions.  
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Figure 21 : Acoustic transfer in-vehicle from 
the right sided headrest to the right ear. Test 
persons in red, commercial binaural receiver 

in black, LMS-Qsources binaural simulator in 
blue 
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Figure 22 : Acoustic transfer in-vehicle from 

the front windshield to the right ear. Test 
persons in red, commercial binaural receiver 

in black, LMS-Qsources binaural simulator in 
blue 

The glove box source location (Fig. 23), which is close to the knee position of the vehicle occupants, is 
however constantly overestimated by both binaural receivers from 1250 Hz upwards, indicating that for 
in-vehicle measurements there is potential for improvement by a better representation of the lower body in 
simulators. 
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Figure 23 : Acoustic transfer in-vehicle from the glove box to the right ear. Test persons in red, 

commercial binaural receiver in black, LMS-Qsources binaural simulator in blue 

As in free field we also investigated the degree of reciprocity by replacing the point sources by 
microphones. Two examples are shown in detail. The third octave band comparison in figures 24 and 25 
show good agreement with deviations of less then 4 dB for all measured positions. From figures 26 and 
27, showing the narrowband acoustic transfer in amplitude and phase, it becomes clear that the amplitude 
and phase accuracy is within +-2 dB and +-30 degrees for most of the shown 200 to 3000 Hz frequency 
range, except for some specific frequencies. 
In the vehicle we also evaluate the performance of the low frequency volume acceleration source from the 
mouth location. The acoustic transfer between 20 and 250 Hz was measured from the binaural simulator to 
the microphones. The verification was limited to a comparison to measurements with the mid-high 
frequency point sources. Effectively one octave band of overlap could be used; between 125 and 250 Hz. 
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Figure 24 : Direct and reciprocal acoustic 

transfer measured in-vehicle, LMS-Qsources 
binaural simulator, glove box position to right 

ear in blue, right ear to microphone at the glove 
box in black 
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Figure 25 : Direct and reciprocal acoustic 

transfer measured in-vehicle, LMS-Qsources 
binaural simulator, right headrest position to 
left ear in blue, left ear to microphone at the 

right head rest in black 
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Figure 26 : Narrowband direct and reciprocal 
acoustic transfer measured in-vehicle, LMS-

Qsources binaural simulator, glove box position 
to right ear in blue, right ear to microphone at 
the glove box in black, low frequency source at 
the mouth position to microphone at the glove 

box in red 
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Figure 27 : Narrowband direct and reciprocal 
acoustic transfer measured in-vehicle, LMS-
Qsources binaural simulator, right head rest 

position to left ear in blue, left ear to 
microphone at the right head-rest in black, low 

frequency source at the mouth position to 
microphone at the right head rest in red 

 
The result in figures 26, 27 show that the phase and amplitude accuracy of the low frequency source is 
more than sufficient up to 200 Hz. (+- 2 dB and +- 30 degrees) Above 200 Hz the differences between the 
ear locations, left and right, and the mouth location become significant for the acoustic transfer from the 
chosen locations in the vehicle interior. 
 

5 Conclusions 
 
The presented work proves that reciprocal transfer function measurements on vehicles are well feasible. 
This provides the basis for binaural sound synthesis from TPA/ASQ contribution models. 
A complex binaural simulator, combining a receiver mode using microphones in the ear locations with a 
source mode using three internal volume acceleration sources, is developed. For the lower frequencies, 
below 200 Hz, a separate single volume acceleration source is used at the mouth position. For the higher 
frequencies 200 to 8000 Hz, the volume acceleration sources are integrated in the ear channels.  
The variation in measured acoustic transfer in approximate free-field and in-vehicle of selected (close to 
midsize) persons with normalized ear locations is considerable, and increasing with frequency. 
The achieved accuracy of the prototype LMS-Qsources binaural simulator, in receiver mode, is well 
within the variation measured on persons for the targeted frequency range up till 9000 Hz. For the in-
vehicle situation an improvement of the lower body simulation, which is missing on the LMS-Qsources 
simulator and in all commercial binaural receivers, may be needed.  
When comparing the binaural properties of the prototype LMS-Qsources binaural simulator in source 
mode to receiver mode, the differences also remain well below the spread in the measured persons for the 
free-field condition, and become of the same order of magnitude as the spread measured on persons in the 
in-vehicle situation. 
The results of the investigation have been used for the design of the production version of the LMS-
Qsources binaural source-receiver.  
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Abstract
In many acoustic simulations, particularly when using lumped parameter models or electrical analog cir-
cuits, the acoustic impedance of a component needs to be determined accurately. A widely used acoustic
impedance measurement method is the ”two microphone transfer function method”, which is standardized in
ISO-10534-2. When the acoustic impedance is needed over a wide frequency band, for example from 10Hz
to 10kHz, this method faces some limitations. In this paper, a new calibration method will be proposed such
that acoustic impedances can be measured with high accuracy over a wide frequency range. The estimation
of the speed of sound has been eliminated. Using the measured transfer functions between the two sensors
at two different reference sections, the sensor positions will be accurately calibrated. The calibration of the
sensor mismatch has become superfluous, so interchanging positions of the sensors is not necessary. A recur-
sive procedure has been proposed to maximize the microphone position accuracy. The resulting calibration
procedure has been reduced to the accurate determination of the sensor positions.

1 Introduction

A proper design of acoustic systems involving components such as silencers, resonators, absorbing materials,
horns, etc. . . , requires an accurate acoustic characterization of the various components. Such systems can
be simulated using lumped element models or electrical analog circuits. The accuracy of the simulation
result depends on the accuracy of the acoustic impedance of each component. Therefore, accurate acoustic
impedance measurement methods are mandatory.

The most straight forward technique uses a pressure and a volume velocity sensor [1], whereby the impedance
is calculated directly from the ratio between both measured quantities. The direct measurement of the vol-
ume velocity can be carried out using for example a hot wire anemometer. Another approach is using an
excitation source with a known volume velocity.

Other methods are based on connecting known impedances to the impedance to be measured. These methods
are mostly used to determine the internal acoustic impedance of a source [2, 3, 4]. To the impedance to
be measured, known acoustic loads are connected and the response to the source is measured. A set of
equations results, from which the unknown impedance can be quantified. However, the equation set is often
ill-conditioned and provides inaccurate impedance results.

A common acoustic impedance measurement technique is the standing wave ratio (SWR) method (the clas-
sical Kundt duct). This method is described in the ISO-10534-1 standard. The ends of the Kundt duct are
closed by an excitation source at one end and the unknown impedance at the other end. The source generates
a sinusoidal signal which results in a standing wave pattern in the duct. A microphone is moved along the axis
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of the duct. The minimum and maximum pressure amplitude of the standing wave and the location where
the minimum and maximum amplitude occur are determined. From these data, the reflection coefficient and
the acoustic impedance are calculated.

Another common method is the ”two microphone transfer function method”, which is described in ISO-
10534-2. This method uses the transfer function measured between two pressure sensors at two distinct
positions in the measurement wave guide to determine the acoustic impedance attached at one side of the
wave guide. This method is discussed in more detail in the next section.

When the acoustic impedance is needed over a wide frequency band, for example from 10Hz to 10kHz, all the
previously described impedance measurement methods face some limitations. Therefore, a new calibration
method is under investigation which allows acoustic impedances to be measured with high accuracy over
a wide frequency range. The new method does not require the measurement of the speed of sound. The
interchanging of the pressure sensors has been avoided using two calibration impedances. Consequently,
the calibration of the sensor mismatch is not required. A recursive procedure is proposed to refine the
microphone position calibration. This refinement can be repeated until the maximum calibration accuracy is
reached. The new method includes wave guide damping to enhance accuracy.

2 The two microphone transfer function method.

This section discusses the principle of the two microphone transfer function method including wave guide
damping. Figure 1 presents the setup for acoustic impedance measurement. The setup consists of a straight
duct which is the measurement acoustic wave guide. At the left end, an excitation source, such as a loud-
speaker, is connected. At the right end, the impedance to be measured is connected. This impedance includes
everything present at the right side of the reference section. Two microphones at two distinct positionsx1
andx2 measure the sound pressure inside the duct. From the transfer function between the two microphones,
the reflection coefficient and consequently, the unknown connected impedance will be determined.

Figure 1: Wave guide with an unknown acoustic impedance Zl .

Wave attenuation is caused by three different mechanisms. These are wall friction, heat exchange and in-
ternal gas viscosity [8]. The wave guide dimensions determine the dominant attenuation mechanism. In the
frequency domain, the wave guide damping can be approximated by introducing a constant loss factorξ in
the compressibilityκ of the medium [9]:

κ ≈ κ0 (1+ j 2ξ ) (1)

wherein j =
√
−1 andκ0 is the lossless compressibility of the medium. This type of loss factor is frequency

independent and will not cause dispersion. This damping mechanism provides a good fit with the measured
transfer functions in a wide frequency range.

The effect of the loss factorξ on the characteristic impedanceZ0 of the wave guide and the propagation
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constantγ is:

Z0≈

√
ρ0 κ0

S2 (1+ j ξ ) and γ ≈ ω

√
ρ0

κ0
(1+ j ξ ) (2)

whereinρ0 is the density of the medium andS is the cross-section of the wave guide.

The wave pattern in the wave guide is governed by the one-dimensional Helmholtz wave equation, which
describes the pressure distribution along the wave guide. At each positionx, the pressure in terms of the
propagation constantγ in the wave guide equals [7]:

p(x,γ) = φg
Z0 Zg

Z0 +Zg
·

e− j γ l

1−Γl Γg e− j 2γ l · (e j γ x + Γl e− j γ x) (3)

whereinφg is the source volume velocity,Zg the source internal impedance,l the distance between the
exciting sound source and the reference section,Γl andΓg the reflection coefficients at the load side and
source side respectively.

To measure the load impedance using the two microphone method, the transfer functionT12 between the
pressures at two distinct positionsx1 andx2 is taken:

T12 =
p(x1,γ)
p(x2,γ)

=
e j γ x1 + Γl e− j γ x1

e j γ x2 + Γl e− j γ x2
(4)

Notice that the source reflection coefficient drops out, the reflection coefficient at the load is the single
unknown. Consequently, the choice of the source type is free. The load reflection coefficientΓl will then be
isolated from equation (4) and the load impedanceZl results from:

Zl = Z0

1+ Γl

1−Γl
= j Z0

sin γ x1−T12 sin γ x2

cosγ x1−T12 cosγ x2
(5)

3 Calibration of the set-up according to ISO 10534-2

Equation (5) becomes inaccurate when the reflection coefficientΓl approaches unity. This situation occurs
when the unknown impedance deviates largely from the characteristic impedance of the wave guide. There-
fore, prior calibration of the setup is necessary to obtain accurate results.

The ISO 10534-2 standard demands the following calibration actions:

• The velocity of sound needs to be determined accurately using measurements of ambient temperature
and atmospheric pressure.

• The distance between the pressure sensors needs to be measured accurately.
• The mismatch between the amplitude and phase of the pressure sensors needs to be calibrated. In

short, the procedure is to measure the transfer functionT12 of the two pressures at positionx1 and
x2, then interchange the two pressure sensors from locationx1 to x2 and fromx2 to x1 respectively,
measure the transfer functionT21 and calculate the calibration factorδ such that:

δ
2 T12T21 = 1+0 j (6)

This calibration factorδ is complex and frequency dependent.

In order to illustrate the accuracy of the ISO calibration procedure, a simulation with representative data for
such setup is carried out [10].
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Suppose the wave guide has a diameter of 40 mm, the characteristic impedance will beZ0 = 320 kΩ (1Ω =
1Pa s/m3). The distance between the nearest pressure sensor and the reference section isx1 = 0.2 m and
between the farest pressure sensor and the reference sectionx2 = 0.5m. Suppose the impedance measurement
range is limited to 120 dB (ref.Z0), i.e. 60 dB above and belowZ0, the closed duct (”infinite”) impedance
Zl will be limited to 1000Z0. When determining the reversed transfer functionT21 after interchanging the
sensors, position deviations of 0.5mm have been introduced on the distancesx1 andx2. These deviations are
realistic, due to tolerances on the mounting hole and the position of the acoustic centre of the sensor.

Figure 2: Calibration result of the pressure sensors according to ISO 10534-2.

Figure 3: Resulting closed duct end impedance using the calibration data displayed in figure 2(left).

The calibration method described in the ISO 10534-2 standard is applied. The resulting calibration factorδ

times the sensor mismatch is presented in figure 2. This product should equal 1+0 j. In the lower frequency
range, the calibration has been successful. However, in the higher frequency range, starting from 150Hz, the
calibration is erroneous and even worse than the uncalibrated situation. The resulting closed duct impedance
is presented in figure 3. This should be a straight line at 60 dB, but due to the erroneous calibration, large
deviations results. In this case, the measurement range wherein the unknown impedance can be reliably
measured is limited to 35 dB aroundZ0 until 400 Hz. Above 400 Hz, reliable impedance measurements are
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not possible. This simulation demonstrates that it will be necessary to calibrate the pressure sensor positions
accurately.

4 Improved calibration method

This paper proposes an improved calibration procedure. The new method focusses on the accurate determi-
nation of the sensor positions, expressed as the travelling times of the acoustic waves from the respective
sensor positions to the reference section. The effect of the wave damping is substantial and is taken into
account.

Figure 4: Left: calibration setup with duct end closed at the reference section and right: closed at the
shifted reference section.

The laboratory setup, presented in figure 5, consists of a duct of 40 mm internal diameter and 2 m length
equipped with a 60W horn driver. The sensors are positioned at a distancex1 = 0.3m andx2 = 0.47m from
the reference section. Two transfer functions are measured between the two sensor outputs. The first transfer
function T12 is measured with the duct closed at the reference section, as presented in figure 4(left). An
additional piece of duct of 46 mm length is added resulting in a shift of the reference section, as presented
in figure 4(right). The second transfer functionT34 is measured. The resulting transfer functionsT12 and
T34 are represented in figure 6 and figure 7 respectively. All calibration information will be extracted from
these transfer functions. Finally, a recursive refinement procedure will maximize the accuracy of the position
calibration.

Figure 5: Laboratory setup for acoustic impedance measurement.

4.1 Elimination of the speed of sound.

The distancesx1, x2, x3 andx4 can be substituted by the travelling timest1, t2, t3 andt4 needed for the wave to
travel from these positions to their reference sections respectively. The relation between the travelling times
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Figure 6: Measured transfer function T12 between the sensors with the duct closed at the reference section.

Figure 7: Measured transfer function T34 between the sensors with the duct closed at the shifted reference
section.

and their respective distances is:

ti =
xi

vph
(i = 1,2,3,4) (7)

whereinvph =
ω

Re(γ)
is the phase velocity of the sound. It is a real value. The resulting transfer functions

T12 andT34 in terms of travelling times will be:

T12 =
δ (Zc cosβ t1 + j Z0 sinβ t1)
(Zc cosβ t2 + j Z0 sinβ t2)

T34 =
δ (Zc cosβ t3 + j Z0 sinβ t3)
(Zc cosβ t4 + j Z0 sinβ t4)

(8)

whereinβ = ω (1+ j ξ ).
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The travelling timest1 andt2 are estimated from the measured transfer functionT12 (figure 6),t3 andt4 from
the transfer functionT34 (figure 7). They correspond to the first pole for the farest microphone and the first
zero for the nearest microphone position. The pole and the zero correspond to the first node of the pressure
distribution of the standing wave appearing at the positionsx1, x2, x3 andx4 respectively. These travelling
timest1, t2, t3 andt4 equal:

t1 =
1

4 f1
, t2 =

1

4 f2
, t3 =

1

4 f3
and t4 =

1

4 f4
(9)

in which the frequenciesf1, f2, f3 and f4 are associated to the frequencies determined by the quarter wave-
length between the reference section and the positionsx1, x2, x3 andx4 respectively.

4.2 Elimination of the sensor mismatch.

By considering the ratio between the two measured transfer functionsT12 and T34, the sensor mismatch
vanishes from numerator and denominator:

Tc =
T12

T34
=

δ (Zc cosβ t1 + j Z0 sinβ t1)
(Zc cosβ t2 + j Z0 sinβ t2)

·
(Zc cosβ t4 + j Z0 sinβ t4)

δ (Zc cosβ t3 + j Z0 sinβ t3)

=
Z2

c cosβ t1 cosβ t4−Z2
0 sin β t1 sin β t4r + j Zc Z0 sin β t1 cosβ t4 + j Zc Z0 cosβ t1 sin β t4

Z2
c cosβ t2 cosβ t3−Z2

0 sin β t2 sin β t3 + j Zc Z0 sin β t2 cosβ t3 + j Zc Z0 cosβ t2 sin β t3

(10)

Figure 8 presents the ratioTc between the measured transfer functionsT12 andT34.

Figure 8: Division of the two transfer functions Tc = T12/T34

4.3 Determining the wave guide damping.

If the wave guide is ideally closed, the transfer function given in equation (10) simplifies to:

Tc0 =
cosβ t1 cosβ t4
cosβ t2 cosβ t3

(11)

The ratio between the transfer functionTc0 and the measured transfer functionTc is very small and is pre-
sented in figure 9. At certain frequencies, the transfer functionsTc0 andTc are equal. There, the loss factorξ
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is the only unknown and will be determined numerically fromTc−Tc0 = 0. When the phase has an extremum
at this frequency, the loss factor can be most accuratelly determined. In figure 9, the first frequency where
both conditions are fullfilled is 518.8 Hz. Consequently, the loss factor is evaluated at that frequency.

Figure 9: Ratio between the measured transfer function Tc and the ideally closed wave guide transfer
function Tc0.

4.4 Determining the closed end impedance.

After introducing the loss factorξ in the transfer functionTc expressed by equation (10), the acoustic
impedanceZc of the closed end can be determined from the measured transfer function presented in figure 8.
The resulting impedance, presented in figure 10, is the closed end impedance and defines the measurement
range. It must be as large as possible. The expression (10) is quadratic inZc, resulting in two solutions. One
solution corresponds to the direct reference section, the other to the shifted reference section. It is necessary
to select the proper solution at each frequency point.

4.5 Refining the sensor positions.

Often, the travelling timest1, t2, t3 andt4 are still not sufficiently accurate when determined from the equa-
tions (9). The impedance is extremely sensitive to errors in the travelling times. Therefore, the acoustic
impedanceZc of the closed duct itself will be used to refine these travelling times.

The impedance measurement is only correct if the distance between the two microphones is correct. An
exception occurs at distinct frequencies, when a half wave length stands between one of the sensors and the
closed reference section, as presented in figure 11. A pressure maximum occurs at one of the microphone
positions, the gradient of the pressure is zero and a small deviation of the microphone position does not affect
the accuracy of the measured impedance. The impedance occuring at these frequencies, consist of a short
wave guide with closed end with length∆x1 if the pressure maximum is situated atx2 or with length∆x2 if
the pressure maximum is situated atx1.

Expressed in travelling time, the correction oft1 will be executed at the frequencyf2 = 1
2t2

and the correction

of t2 at f1 = 1
2t1

. The travelling time correctionsτ1 andτ2 are the times needed for the sound wave to travel
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Figure 10: Resulting closed end impedance Zc (dB(refZ0)) applying expression (10) to the measured transfer
function Tc.

Figure 11: Refining situations for x1 and x2.

the distances∆x1 and∆x2 respectively:

τl =
t2
π

arctan
Z0

j Zc2
and τ2 =

t1
π

arctan
Z0

j Zc1
(12)

in which Zc2 is the measured closed end impedanceZc evaluated atf2 andZc1 evaluated atf1. In the same
way, the travelling timest3 andt4 are corrected. The closed end impedanceZc can be recalculated using these
corrected travelling times. The correction of the travelling times can be repeated until the maximum accuracy
has been reached. Figure 12 demonstrates how the closed end impedance increases about 10 dB, compared
to figure 10, resulting in a higher impedance magnitude measurement range. The frequencies whereby the
position refinement has been carried out aref1 = 567Hz, f2 = 361Hz, f3 = 489Hz andf4 = 329Hz, which
are displayed in figure 10 and figure 12.

5 Determining unknown impedance

After calibration, the unknown impedance needs to be determined. For that purpose, the unknown impedance
is connected on the wave guide at the reference section and the transfer functionTl between the microphones
is measured. The following data resulting from the calibration procedure are needed:T34, Zc, t1, t2, t3, t4 and
ξ . The unknown impedanceZl is then obtained from:

Zl = Z0

Z0 (sinβ t1 sinβ t4−T sinβ t2 sinβ t3)+ j Zc (T sinβ t2 cosβ t3−sinβ t1 cosβ t4)
Zc (T cosβ t2 cosβ t3−cosβ t1 cosβ t4)+ j Z0 (cosβ t1 sinβ t4−T cosβ t2 sinβ t3)

(13)

VIBRO-ACOUSTIC ANALYSIS 4509



Figure 12: Resulting closed end impedance after refining travelling times.

whereinT = Tl/T34.

As an example, figure 13 presents the open end impedance, calibrated using the new method. The smooth
lines represent the analytical spherical radiator impedance [6].

Figure 13: Resulting open end impedance after improved calibration.

To further improve the measurement method, other error sources will be investigated, such as finite sensor
dimensions and transfer function amplitude variations.

6 Conclusion

A new calibration method is proposed to measure acoustic impedances with high accuracy over a wide
frequency range. The estimation of the speed of sound is no longer required. Consequently, the temperature
and ambient pressure measurements are not necessary. Using the measured transfer functions between the
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two sensors for two different reference sections, the sensor positions can be accurately calibrated. These
sensor positions are further refined using a recursive procedure. The calibration of the sensor mismatch
has become superfluous, so exchanging positions of the sensors is no longer needed. The accuracy of the
impedance measurement method has been enhanced by including the wave guide damping in the calibration
procedure.
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Abstract 
For the vibro-acoustic simulations of interior noise, it is necessary to take the damping behavior of 
relevant acoustic materials into account. On the one hand, deterministic methods like the well known 
Finite Element Method or the recently developed Wave Base Technique, consider this as a normal 
impedance boundary condition. On the other hand, statistical methods like the Statistical Energy Analysis 
are using absorption coefficients, which can be determined for example out of the normal impedance. This 
paper discusses a methodology to identify the normal impedance out of measured pressure data. For this, a 
suitable mathematical optimization problem will be introduced by using deterministic simulations 
methods and optimization processes. First validation results will illustrate the potential of the proposed 
methodology to identify the impedance out of measured pressure data. 
 

1 Introduction 
 
The acoustical impedance of a component or trim part is one of its most important characteristics. The 
trim and its absorption behavior contributes significantly to the comfort inside the car. Therefore, correct 
impedance values are needed when acoustical simulations of car interior noise are carried out.  
A generally used methodology to determine the acoustical impedance is to use cut-out round samples of 
the material in question and measure the acoustic characteristic in the Impedance Tube. As a result values 
for normal impedance and absorption coefficients can be obtained for this material. Disadvantages of this 
method are that the measurement considers normal acoustic waves, only, that some materials are 
inappropriate for the Impedance Tube and that the effects of the shape of the whole part have to be 
neglected. 
Therefore, efforts have been made to develop methods for impedance measurements of entire trim parts, 
such as carpets, dashboards or seats. The idea introduced in this paper is to put a trim part in a reverberant 
room, excite the room with a noise source and measured the sound pressure distribution in the reverberant 
room. Starting from an estimated impedance curve pressure distributions are calculated for this room 
considering the trim part and compared to the measured results. An identification procedure improves the 
estimated impedance curve gradually and converges to the correct impedance values in the frequency 
range. 
The paper describes the mathematical formulation and discusses first results of this methodology. For 
calculating the sound pressure in the reverberant room Finite Element Method is applied. 
 

2 Parameter identification 
 
In this section we introduce the parameter identification problem for the impedance that is under 
consideration. This problem can be formulated in terms of an optimal control problem so that numerical 
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optimization methods are applicable to estimate the impedance from pointwise measurements for the 
sound pressure at some observation points in the acoustic cavity. 
 

2.1 Problem formulation 
 

Let , dΩ⊂ { }2,3d ∈ , be an acoustic domain with boundary Γ = ∂Ω  (Figure 1). For given complex 

impedance Z  the complex-valued sound pressure p satisfies the Helmholtz equation 

 ( )2
0k p j qωρ δΔ + = −

qx  in Ω , (1) 

where  denotes the speed of sound,  is an ambient density, 343.799 /c = m s 3
0 1.19985 /kg mρ =

50f Hz≥  stands for the frequency, 
2 fk

c
π

=  is the wave number and 2 fω π=  denotes the circle 

frequency. The point qx ∈Ω  is the position of the acoustic source  and q δ
qx  is the Dirac delta 

distribution satisfying ( )dδ ϕ ϕ
Ω

=∫ qx x xq  for any continuous function ϕ . Moreover,  is the Laplace 

operator. 

Δ

 

Figure 1: 2D problem definition with point source excitation, Robin and Neumann boundary 
conditions. 

The boundary  is split into disjunct parts Γ = ∂Ω RΓ  and NΓ . On RΓ  we impose a normal impedance 
boundary 

 
0

0j p p
n Zρ ω
∂

− =
∂

 on RΓ , (2) 

where { }\ 0Z ∈  is the prescribed impedance and 1j = −  represents the unit imaginary number and 

n
∂
∂

 denote the derivative in the outward normal direction. All other parts on the boundary are assumed to 

be perfectly rigid, i.e., 

 
0

0j p
nρ ω
∂

=
∂

 on NΓ . (3) 

We suppose that for every  the introduced problem admits a unique solution. 0Z ≠

Let ip , 1 , be given measurements for the sound pressure at the  different observation points 
, . The goal of the parameter identification problem is to find the complex-valued 

i m≤ ≤ m
∈Ωix 1 i m≤ ≤
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impedance Z  such that the difference between the solution p  to (1) at the points , 1 , and 
the corresponding measurements 

∈Ωix i m≤ ≤

ip  is minimized. Therefore we introduce the cost function 

 ( ) ( ) 2 2

1

,
2 2

m

i
i

J p Z p p Z Zγ σ
=

= − +∑ ix n− , (4) 

where 0γ >  is a weighting parameter, 0σ >  is a regularization parameter, and  is a chosen 
nominal or estimated value for the impedance. The parameter identification problem can be written as the 
following optimal control problem  

nZ ∈

 (min , )J p Z  subject to ( ),p Z  solves (1)-(3). (5) 

Note that (5) is a constrained optimization problem, where the solution space for the sound pressure is a 
function space, i.e., an infinite-dimensional space, which has to be discretized for numerical purposes. 
Throughout, we assume that (5) possesses at least one local optimal solution ( )* *,p Z  with . Le us 
mention that in case of 

* 0Z ≠
0σ =  this assumption does not hold. 

 

2.2 Optimality conditions 
 
Problem (5) is a non-convex programming problem so that different local minima may occur. Typically a 
numerical method will approximates a local minimum close to its starting value. Hence, we do not restrict 
our investigations to global solutions of (5). We assume a fixed reference solution (  with )* *,p Z * 0Z ≠ , 

i.e., *p  solves (1)-(3) for the impedance *Z . This solution can be characterized by first-order necessary 
optimality conditions in such a way that there exists a Lagrange multiplier *λ  satisfying the following 
adjoint or dual problem 

 ( ) ( )((2
* *

1

m

i
i

k p p ) )λ γ δ
=

Δ + = −∑ ii xx  in Ω , (6) 

together wit the boundary conditions 

 * *

0 *

0j
n Z
λ λ

ρ ω
∂

+ =
∂

 on RΓ , (7) 

and 

 *

0

0j
n
λ

ρ ω
∂

=
∂

 on NΓ . (8) 

where *Z  denotes the complex conjugate of *Z . Furthermore, the adjoint variable *λ , the sound pressure 

*p  and the impedance *Z  are coupled by the following optimality condition 

 ( ) ( )0
* * * * * * *2

**

1

R

n * *Z Z Z p Z p j
ZZ

p dρ ωσ λ λ λ
Γ

− = − −∫ x . (9) 

 

2.3 The optimization method 
 

Let  denote the unique solution to ( )p Z (1)-(3) for given 0Z ≠ . Introducing the so-called reduced cost 
functional 
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 ( ) ( )( )ˆ ,J Z J p Z Z=  (10) 

we can replace (5) by the following unconstrained optimization problem 

 ( )ˆmin J Z . (11) 

A first-order optimality condition for (11) is ( )*
ˆ 0J Z′ = . The derivation of Ĵ  at *Z  is given by 

 ( ) ( ) ( )0
* * * * * * * * * *2

**

1ˆ
R

nJ Z Z Z Z p Z p jp d
ZZ

ρ ωσ λ λ λ
Γ

′ = − − − −∫ x , (12) 

where  solves the Helmholtz equation ( )* * *p p Z= (1) and *λ  is the solution to the adjoint equation (6)-
(8). 
To solve (11) numerically we apply a quasi-Newton method with Broyden-Fletcher-Goldfarb-Shanno 
(BFGS) update for the approximation of the Hessian matrix Ĵ ′′  and a Wolfe-Powell line-search 
globalization; see, e.g., [1]. 

We split the gradient Ĵ ′  at each level  of the iteration in its real and imaginary part and solve the n 2 2×  
linear system 

 
( )( )
( )( )

ˆ

ˆ

nn
n

n n

J ZZ
H

Z J Z

δ
δ

ℜ

ℑ

⎛ ⎞′ℜ⎛ ⎞ ⎜= −⎜ ⎟ ⎜⎜ ⎟′ℑ⎝ ⎠ ⎝ ⎠

⎟
⎟

n

, (13) 

 1 ,n n n n n
nZ Z t Z Z Z j Zδ δ δ δ+

ℜ ℑ= + = + . (14) 

In (13) the matrix 2 2nH ×∈  denotes the symmetric and positive definite approximation of the Hessian at 
nZ  and in (13) the scalar  is a step size parameter. In case of nt 1nt =  we obtain the pure Newton method 

with its fast local convergence properties. The quasi-Newton matrices  are computed by the BFGS 
update formula. In particular, we directly compute the inverse 

nH
1nB +  of 1nH +  by 

 1
n T n T

n n
T n T

B yy B ssB B
y B y y s

+ = − + , (15) 

Where the superscript T  stands for the transpose, 

 
( ) ( )( )
( ) ( )( )

1

1

ˆ ˆ

ˆ ˆ

n n

n n

J Z J Z
y

J Z J Z

+

+

⎛ ⎞′ ′ℜ −
⎜ ⎟

⎟
=
⎜⎜ ⎟′ ′ℑ −⎝ ⎠

n

n n and 
Z

s t
Z

δ
δ

ℜ

ℑ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
. (16) 

Thus, we first compute a new iterate 1nZ + , which is used to derive a new update for the inverse of the 
quasi-Newton matrix. Instead of (13) we set 

 
( )( )
( )( )

ˆ

ˆ

nn
n

n n

J ZZ
B

Z J Z

δ
δ

ℜ

ℑ

⎛ ⎞′ℜ⎛ ⎞ ⎜= −⎜ ⎟ ⎜⎜ ⎟′ℑ⎝ ⎠ ⎝ ⎠

⎟
⎟ . (17) 

Obviously, 1nB +  is symmetric provided nB  is symmetric. Therefore, we initialize our Newton method by 
choosing a symmetric matrix 0B . Moreover, if  holds and if 0Ty s > nB  is positive definite, then also 

1nB +  is positive definite. The assumption  can be ensured provided the step size parameter  

is determined by the Wolfe-Powell line search method. Hence, we choose the step size parameter 

0Ty s > 0nt >

nt t=  if 
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 ( ) ( )
( )( )
( )( )1

ˆ
ˆ ˆ

ˆ

T
n n

n n n
nn

J Z Z
J Z t Z J Z c t

ZJ Z

δ
δ

δ
ℜ

ℑ

⎛ ⎞′ℜ ⎛ ⎞⎜ ⎟+ − ≤ ⎜⎜ ⎟⎜ ⎟′ℑ ⎝ ⎠⎝ ⎠
⎟ , (18) 

 
( )( )
( )( )

( )( )
( )( )2

ˆ ˆ

ˆ ˆ

T T
n n nn n

nn n n

J Z t Z J Z
n

Z Z
c

Z ZJ Z t Z J Z

δ δ δ
δ δδ

ℜ

ℑ ℑ

⎛ ⎞ ⎛ ⎞′ ′ℜ + ℜ⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟≥⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟′ ′ℑ + ℑ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

ℜ ⎟  (19) 

holds with  (e.g.,  and 1 20 1c c< < < 4 3
1 10 ,10c − −⎡ ⎤∈ ⎣ ⎦ 2 0.9c = ). In case that nB  is symmetric and 

positive definite, the inverse of nB  is symmetric and positive definite as well. Hence, we infer from (17)  

 
( )( )
( )( )

( ) 1
ˆ

0
ˆ

T
n Tn n n

Tn
n n nn

J Z Z Z Z
B

Z Z ZJ Z

δ δ δ
δ δ δ

−ℜ ℜ ℜ

ℑ ℑ ℑ

⎛ ⎞′ℜ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟ = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟′ℑ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

<

)

, (20) 

i.e., ( ,n nZ Zδ δℜ ℑ  is a descent direction. Thus, we are in the position to guarantee global convergence of 

our method. Finally, we present our algorithm for solving(11). 
 
Algorithm (Globalized Quasi-Newton Method): 

1. Choose starting value { }0 \ 0Z ∈ , maximal number of iterations  for the Newton method, 

relative and absolute stopping criteria 0
maxn

1relε< < ,  symmetric and positive definite starting 

matrix 

a
20 2B ×∈  (e.g. 0B I= ); set 0n = . 

2. Compute the current cost ( )ˆ ˆnJ J Z= n  and its corresponding derivative ( )ˆ nJ Z′ . 

3. If  or maxn n= ( )ˆ n
absJ Z ε′ <  or ( ) ( )0ˆ ˆn

relJ Z J Zε′ ′<  or 1n n
absZ Z ε+ − < , then we stop 

the algorithm. The numerical solution is given by the current iterate. 

4. Compute ( ),n nZ Zδ δℜ ℑ  in (17). 

5. Determine a step size parameter  satisfying 0nt > (18)-(19). 

6. Set 1nZ +  as in (14). 

7. Using (15) calculate the new quasi-Newton matrix 1nB + . 

8. Set  and go back to 2.. 1n n= +
 

3 Validation example 
 

3.1 Problem description 
 

The 2D acoustic problem, as shown in Figure 2, is considered. The boundary  of domain 

 is given by 

8

1 ii=
Γ = Γ∪

2Ω⊂
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( ){ }
( ){ }
( ){ }
( ){ }
( ){ }
( ) ( ){ }
( ){ }

2
1

2
2

2
3

2
4

2
5

2
6

2
7

8

, : 0 and 0 7 / 5 ,

, : 0 1/ 2 and 0 ,

, : 0 9 / 5 and 7 / 5 ,

, :1/ 2 9 / 5 and 0 ,

, : 9 / 5 5 / 2 and 0 ,

, : 9 / 5 3 and / 2 23/10 ,

, : 5 / 2 3 and 0 ,

x y x y

x y x y

x y x y

x y x y

x y x y

x y x y x x

x y x y

Γ = ∈ = ≤ ≤

Γ = ∈ ≤ ≤ =

Γ = ∈ ≤ ≤ ≤

Γ = ∈ ≤ ≤ ≤

Γ = ∈ ≤ ≤ ≤

Γ = ∈ ≤ ≤ = − +

Γ = ∈ ≤ ≤ =

Γ ( ){ }2, : 3 and 0 4 / 5 .x y x y= ∈ = ≤ ≤

, (21) 

where  

 4R 5Γ = Γ ∪Γ , (22) 

is a Robin boundary (7) (normal impedance) and 

 
8

1N ii=
Γ = Γ∪ RΓ , (23) 

is a Neumann boundary (8) (rigid). 

 

Figure 2: 2d problem definition 

The fluid inside the acoustic domain ( 3 , 1.4x yL m L m= = ) is characterized by an ambient density 

, a speed of sound 3
0 1.19985 /kg mρ = 343.799 /c m s=  and an ambient temperature . A 

cylindrical source  excites the fluid domain at 

20T C= °

q ( )0.21,1.28m=qx . 

The introduced numerical optimization method needs sound pressure data at arbitrary observation points 
to identify the impedance of the material at RΓ . These observation points are the microphone positions 
which are given in Table 1. 
Sound pressure measurements are not available for 2D acoustic problems. Thus, instead of measurement 
data we use data obtained from a standard FE simulation with a model size of 2108 degree’s of freedom. 
Our next step is impedance identification for 3D problems, where measurement data with damping 
materials of unknown characteristics can be used. 
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Mic x [m] y [m] 
1 0.83 0.53 
2 1.01 0.75 
3 1.49 1.11 
4 2.06 0.63 
5 2.22 0.44 

Table 1: Microphone (observation points) positions inside the 2D acoustic problem. 

To realize the algorithm described in the previous chapter we used the Matlab programming environment. 
To solve the Helmholtz equation ((1)-(3)) and the dual problem ((6)-(8)), a standard finite element method 
(FEM) was used. 
Two different damping materials were used to validate the method introduced in this paper. The first one 
is commonly used, fire resistant foam, called Melamin (50mm) as shown in Figure 3. The second damping 
material under investigation, called Material C, consists of a 20mm thick foam with an additional surface 
coating. Its impedance property is unknown to us (Figure 3). 

 

Figure 3: Damping material Melamin 50mm (white) and Material C 20mm (black). 

The impedance in normal direction for both damping materials has been measured with an impedance 
tube. The measurement data had to be interpolated and smoothed to serve for a quantitative validation (see 
Figure 4 and Figure 5). 
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Figure 4: measured normal impedance of the damping material Melamin 50mm (left) and the 
corresponding absorption coefficient (right) 

Note that the tube measurements with our configuration were unreliable below 100Hz. Therefore this 
regime is are left out. 
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Figure 5: measured normal impedance of the damping material Material C 20mm (left) and the 
corresponding absorption coefficient (right) 

Most damping materials show poor performance in the low frequency range. The impedance diverges with 
decreasing frequency. This deteriorates the condition of our optimization formulation. With our 
implementation we observe that a good choice of the start value for the impedance to obtain satisfying 
convergence. For the first frequency step we restarted the identification algorithm every 5 iterations until 
convergence was reached within 5 Newton iterations. For the succeeding frequency steps we used the 
impedance result of the previous frequency step as start value. 

Nr. Start Value 
[Pa/(m/s)] 

Iterations Optimized 
Start Value 

1 100 –j*100 5 690-j*1205 
2 690-j*1205 5 517-j*1600 
3 517-j*1600 5 395-j*1667 
4 395-j*1667 5 357-j*1676 
5 357-j*1676 3 terminated 

Table 2: Impedance start value variations for the impedance identification of melamin at 100Hz. 

Table 2 summarizes the impedance start value variations for the impedance identification of Melamin 
50mm and Table 3 summarizes the impedance start value variations for the impedance identification of 
Material C. For both damping materials a start value of 0 100 100 /( / )Z j Pa m s= − ⋅  was used. 

Nr. Start Value 
[Pa/(m/s)] 

Iterations Optimized 
Start Value 

1 100 –j*100 5 454-j*2352 
2 454-j*2352 5 509-j*2774 
3 509-j*2774 5 547-j*3082 
4 3547-j*3082 4 terminated 

Table 3: Impedance start value variations for the impedance identification of Material C 20mm at 
100Hz. 

The identified impedance in normal direction shows good correlation with the reference data for the real 
as well as imaginary part (see Figure 6). 
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Figure 6: Identified (red) and reference (black) normal impedance real part (left figure) and 
imaginary part (right figure) for damping material Melamin 50mm. 

The second validation of the implementation was done with the damping material Material C. Also here 
good correlation is observed in real as well as imaginary part of the impedance. Here the ill-conditioning 
of the optimization formulation becomes apparent in the region below 200Hz (see Figure 7). 
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Figure 7: Identified (red) and reference (black) normal impedance real part (left figure) and 
imaginary part (right figure) for damping material Material C 20mm. 

Finally we will discuss the computational resources and CPU times of the Matlab implementation. 
Figure 8 shows the necessary number of Newton iterations to identify the normal impedance of Melamin 
50mm with the Matlab implementation, in the frequency range 100 – 1000Hz (frequency resolution 1Hz).  
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Figure 8: Number of Newton iterations to identify the normal impedance of Melamin 50mm with 
the Matlab implementation, in the frequency range 100 – 1000Hz. 
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The optimization algorithm is very efficient. It needs almost 4 Newton iterations per frequency step over 
the considered range. 
Figure 9 shows the necessary number of Newton iterations to identify the normal impedance of Material C 
20mm, in the frequency range 100 – 1000Hz (frequency resolution 1Hz). The number of Newton 
iterations is very high in the low frequency range. This fact again expresses the ill-conditioning of the 
formulation if the absorptivity is small. 
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Figure 9: Number of Newton iterations to identify the normal impedance of Melamin 50mm with 
the Matlab implementation, in the frequency range 100 – 1000Hz. 

The small disadvantage of the proposed method to identify impedance out of pressure data’s is the total 
CPU time as shown in Table 4. Here, it has to be taken into account that the proposed methodology has 
been implemented in Matlab, which is a development environment and not optimized for speed. 

validation total number 
of newton 
iteations 

max. number 
of newton 
iterations 

averaged 
number of 

newton iteration 

total CPU time 
Intel PIV, 3.4 GHz, 

1.0 GB RAM 
Melamin 2562 4 2.84 9.2 hours 
Material C 4162 627 4.62 12.94 hours 

Table 4: Computational resources and CPU times of the Matlab implementation. 

The WBT simulations were carried out on a PC-Windows platform, using a Intel Pentium IV with 3.4 
GHz and 1 GB RAM. 
 

4 Conclusions 
 
This paper discusses a methodology to identify the normal impedance out of pressure data. For this, a 
suitable mathematical optimization problem is proposed by using deterministic simulations methods and 
optimization processes. Two 2D validation examples show that this methodology generates accurate 
results. Convergence in the low frequency range is strongly influenced by the choice of the start value. 
The small disadvantage is the high total CPU time. 
 

5 Future Work 
 
The promising results form the motivation for further development of the proposed methodology. Future 
work will focus on the one hand to extend the methodology into the three dimensional world which will 
provide validations with real measured pressure data. The Sound Brick (see Figure 10) is a test setup, 
especially developed for such validation purposes, that resembles a simplified car cavity. The walls are 
made of concrete to ensure acoustically rigid boundary conditions. The front and the back panel can be 
removed. The fluid domain is excited by a loudspeaker, which is embedded in the sidewall. 
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Figure 10: Test setup Sound Brick with loudspeaker embedded in the sidewall. 

On the other hand, the future work will focus on a higher computational effort to decrease total CPU time. 
To achieve this goal, the used deterministic simulation method FEM will be exchanged by an alternative 
deterministic method, namely the Wave Based Technique (WBT), for the new implementation.  
The WBT [2], [3] is a novel prediction technique for steady-state acoustic analysis, which is based on the 
indirect Trefftz approach. Due to its computational efficiency [3], especially for domains with simple 
shapes, it is an attractive alternative for the widely accepted FEM. 
Furthermore, the development environment Matlab, will be exchanged by a FORTRAN 90 code. 
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Abstract 
The paper collects the first results obtained in a small transmission loss facility built for acoustic 
measurements on coupons of composite panels candidate for aircraft fuselage applications. The use of 
composite materials is employed for their better structural efficiency (strength over weight) than metallic 
alloys, which have played, so far, a predominant role in aeronautical application, mainly for commercial 
airplanes. The selection of candidate materials for aeronautical application, however, does not have to take 
into account the structural efficiency alone, but many other characteristics such as the fatigue behaviour, 
the environmental interaction, the manufacturing costs and so on, just to name a few. One of the additional 
item parameter which arises to an important factor is the passenger interior comfort, considering both 
environmental parameters as well as vibration and acoustic main figures. In view of continuing improved 
knowledge of the dynamic characteristics of composite panels, both numerical simulation and laboratory 
testing are the necessary elements which are the backbone of the mentioned research program. One of the 
aspects pursued in our Department has been the development of a small transmission loss facility for 
testing different solutions and proposals of treatments on composite panels. Several advantages are linked 
to a small transmission TL facility in comparison to the standard big facilities, even if much care must be 
used when dealing with results in the low frequency region where such facilities exhibits their main 
drawbacks. The paper will present the new small TL facility developed in our Dept., including the 
possibility to consider low temperature testing, the initial qualification tests and some preliminary results 
on coupon panels used for the first testing campaign. 
 

Introduction 
One of the objective of a research program carried out in collaboration with Alenia Aeronautica in 
Pomigliano d’Arco (NA) is the characterisation of the acoustic behaviour of composite material which can 
be selected for application on aircraft fuselage. The strength to weight ratio of carbon fibers composite 
panels is high in comparison to rib stiffened aluminum panels generally used in previous generations of 
aircraft. On the other hand the high stiffness and the low density may result in a faster wave propagation at 
relatively low frequencies, which negatively affects the acoustical performances of these composite 
materials. Reduced acoustical performances may, conversely, result in an increase of the cabin noise 
levels to which passengers and crew are exposed. The internal comfort of aircraft fuselage is becoming a 
key parameter for a well accepted airplane and therefore all the efforts must be pursued in order to 
maintain, or to improve, the sound pressure levels of modern liners. The use of composite materials might 
reduce the advantages of the high strength to weight ratio by forcing the application of heavier acoustical 
insulation. Such conflicting requirement is the basis for an improved and optimised use of passive 
damping and acoustical treatments. Several authors, [1]-[5], have addressed the problem of transmission 
loss of composite panels since several years ago with both analytical, numerical and experimental 
approaches. The scattering of the results and the variation of the production process may still require 
experimental investigation. In view of a large application of composite materials for aircraft fuselages, 
Alenia Aeronautica is driving a research program with the objective of correlating micro and macro 
behaviour of composite materials with specific regard to the their vibroacoustic properties without 
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affecting the corresponding mechanical characteristics. The specific interest of this paper involves the 
noise transmission behaviour of the first composite panels which have been available for the acoustic 
testing. A dedicated small transmission loss facility has been built for the measurements of noise 
characteristics of coupon panels. The paper will summarise the activities performed for the validation of 
the facility and presents the results obtained during the first experimental campaign. The validity of the 
test setup, the correlation with numerical results and the possibility to include some additional parameters 
as the test in a low temperature condition are encouraging features for the development of the research 
program. 

Experimental Setup 
The research program promoted by Alenia includes an experimental testing activity on coupon panels 
which will help the selection of the few candidate solutions for manufacturing a fuselage stiffened curved 
large panel to be tested in a typical transmission loss facility. For the intermediate acoustical testing a 
small transmission loss facility has been considered a viable solution, [6], and built for accommodating the 
selected coupon panel. A schematic of the facility is presented in fig. 1, while details for the longitudinal 
and vertical microphone positioning is shown in fig. 2 and 3. The completed facility is represented by fig. 
4. The main geometrical characteristics are reported in table 1. 
 
 

  
Fig. 1 – Schematic of the Small TL Facility Fig. 2 – Mechanism for microphone positioning 

 
Fig. 3 – Vertical microphone positioning Fig. 4 – Final Small TL facility assembly 

 
 

Geometrical Characteristic Source Room Receiving Room Chambers’ Partition 
Internal dimensions 1.40 x 1.04 x 0.75 1.25 x 1.00 x 0.71 --- 
External dimensions 1.55 x 1.30 x 1.04 1.55 x 1.30 x 1.01 0.10 x 1.04 x 0.75 
Total surface 5.80 [m2] 5.00 [m2] 0.78 [m2] 
Seismic mass 2350 [Kg] 2585 [Kg] --- 

 

Table 1: Main geometrical dimensions of the small TL facility (dimensions are in meters) 
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Particular attention has been devoted to the test panel installation in order to guarantee the best possible 
repeatability and the minimum interference with the test article. Fig. 5 shows a sketch of the designed 
solution and the obtained result. 
 
The validation of the facility has been initially performed assessing the isolation from the exterior noise 
and vibration sources and checking the reduced degree of flanking transmission between the source and 
the receiving rooms. Fig. 6 shows the isolation from the external disturbances while fig. 7 presents that 
between the rooms. Results below 250 [Hz] are not considered acceptable due to the dimensions of the 
facility. This is a limitation of the experimental setup, which has been considered an acceptable 
compromise between the purpose of the tests, the rapidity and the simplicity of performing several test per 
day. Such manageable test setup will allow, during the next experimental campaign, measurements with 
temperature differences between the source and the receiving room, which may account for the influence 
of such parameter on the viscoelastic damping treatment. Another check has been performed with regard 
to the spatial distribution of the acoustic load over the test panel. Figure 8 shows the result of such 
measurement at two different frequencies, confirming the assumption of almost plane wave in the high 
frequency region not obtained at low frequencies, where, in addition, the excitation level is quite low. 
 
 

   
Fig. 5 – Details of the test panel installation and boundary conditions 
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Fig. 6 – External vs. internal noise levels with external noise source 

VIBRO-ACOUSTIC ANALYSIS 4527



0

10

20

30

40

50

60

250 315 400 500 630 800 1000 1250 1600 2000 2500 3150 4000 5000

1/3 octave bands [Hz]

N
R

 [d
B

]

TL window closed

 
Fig. 7 – Noise reduction between the source and the receiving room with a closed partition installed 

 

First Acoustic Measurements 
The first acoustic measurements have been carried out on three different panels, one in aluminum alloy 
and the others in composite material. The panel dimensions are 600 x 200 [mm]. The thickness of the 
metallic panel is 1 [mm] with a mass of 324 [g], while for the composite material is 2.8 for the panel 
named C01 and 2.4 for the C02 panel and a mass of 483 [g] and 480 [g], respectively.  
 
 

  

Fig. 8 – Acoustic load spatial distribution (left @ 100 [Hz] – right @ 4000 [Hz]) 
 
 
The measurements have been performed, for each test, using, in the receiving room, three microphones at 
a distance from the panel of 190 [mm], at two different heights of 330 [mm] and 390 [mm], as depicted in 
fig. 9, forcing with a loudspeaker driven with a white noise excitation, in the source room. 
 
 

  

Fig. 9 – Microphone measurements positions 
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The averaged result of the described measurements is presented in fig. 10. It shows the behaviour of the 
Noise Reduction curves for the tested panels over the medium – high frequency range. 
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Fig. 10 – Noise Reduction comparison between aluminum and composite panels 

 

Integration with Numerical Methods 
The equation of motion governing the bending vibrations of an isotropic plate, according to the thin-plate 
theory, is 
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Specifying the correct boundary conditions, the solution for such equation can be obtained, in a few 
simple cases, analytically whereas it has to be achieved numerically when complex geometries and 
boundary conditions arise. 
 
The equation relating plate velocity to the transmitted pressure can be derived from a Green's function 
formulation, [7], starting from the fluid flow conservation equations together with the Kirchhoff-
Helmholtz relationship. The resulting equation for transmitted pressure, commonly known as the Rayleigh 
integral, with the far-field approximation, is 
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The analytical modelling of a midplane symmetric composite plate, as opposed to an isotropic plate, is that 
the composite shows an anisotropic behaviour. Because of this, the previous equation of motion is 
rewritten to account for the anisotropic stiffness terms, resulting in: 
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where the Dij terms are the anisotropic bending stiffnesses whose calculation method is well established 
[8], depending on the ply orientation and the stacking sequence. 
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The equation for the transmitted pressure remains, obviously, unchanged and may be used for the 
calculation of the transmission loss of the panel. 
Besides the development of the experimental facility, a numerical simulation approach aimed to the 
correlation with the experimental measurements has been started. A dedicated software has been prepared,  
[9] – [10], able to link the results of a numerical model to the Rayleigh integral for the determination of 
the transmitted pressure and the acoustic transmission loss. 
 

Conclusions 
The paper has discussed the construction and the validation of a small transmission loss facility together 
with the first preliminary applications as part of a more complex and articulated research program on 
composite applications for aircraft fuselage. The need for such a small facility has been motivated and the 
approximations presented, but also the advantages of simple and quick testing, especially valid for 
comparison purposes have been showed. The basis for the numerical calculation have been also 
summarised and outlined for the future developments of the research program which appears very 
promising for increasing the understanding of the composite materials with regards to the acoustical 
behaviour of the enclosed volume. 
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Abstract
We present a method based on the inverse boundary element method (IBEM) for the in-situ estimation
of normal acoustic impedances of the surfaces in a room. As input to the inverse process, this technique
uses the geometry of the interior space, the position and strength of the sound source, and a set of sound
pressures measured at random positions in the acoustic field. Previous work in inverse radiation problems
has employed computational expensive techniques such as singular value decomposition (SVD) in order
to obtained satisfactory results. In contrast, the numerical simulations of the present work show that the
least-squares approach can give satisfactory solutions when the linear system of the formulation derived
here is sufficiently overdetermined with sound samples taken at random locations in the interior. The use of
3D stereo vision tracking is suggested to enable the practical measurement of large sets of field pressures.
Currently, inverse sound rendering for virtual reality (VR) is a targeted application of our method.

1 Introduction

Prediction of sound fields with numerical methods has been widely used for noise control, acoustic building
design and recently for sound rendering of virtual reality environments. These methods often require the
specification of boundary conditions that characterize the acoustic properties of the materials. For example,
once the acoustic impedances of the materials are known, numerical analysis such as boundary or finite
element methods can be applied to predict and control the sound field by manipulation of the analyzed
materials. However, there are situations in which it is not always possible or desirable to take samples of
the materials to the laboratory for proper measurements, and instead their acoustic characteristics have to be
estimated in their original location.

A number of in-situ measurement methods have been proposed since around seven decades ago. A well
documented survey on in-situ measurements of acoustic absorption and impedance was done by Noke and
Mellert, [1]. But it was not until recent years that in-situ measurement techniques based on inverse acoustic
numerical methods attracted the interest of researchers due to their applicability to arbitrary geometries. In
such methods the underlying idea is that it is possible to reconstruct the boundary parameters of the vibro-
acoustic system if there is a transfer function or a propagation model that relates the sound field with the
boundaries. The reconstruction is then achieved by solving the inverse problem in the least-squares sense
using samples of sound taken at reference points in the field. In the present work the inverse boundary
element method (IBEM) is used as backpropagation model for the estimation of acoustic impedance of the
boundaries, which is achieved by a simultaneous calculation of the sound pressure and the particle velocity
of the steady-sate vibrating surfaces of a closed geometry.

The idea of inverse reconstruction of surface parameters in acoustic radiation problems was widely spread
perhaps with the appearance of the near-field acoustic holography (NAH) technique, introduced by Maynard
et. al., [2],[3], and subsequently followed by other research on that subject, e.g. [5][6][7]. In NAH, estima-
tion of the sound source strength is performed by placing a plane array of sensors (hologram) in the near-field
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of the vibrating source and using the sampled data to solve the discretized Kirchoff-Helmholtz equation.

Extensive work and improvements have been done in that area, but in contrast a few researhers have re-
cently started to tackle the inverse acoustic interior problem in which the boundary values of an enclosed
space are sought given the geometry and a set of field pressure samples. For example Kim and Ih, [10], pre-
sented a method based on the boundary element method (BEM) for the reconstruction of the vibro-acoustic
parameters in the interior of car panels.

As previous research has reported, the solution to this kind of acoustic inverse problems is typically ill-
conditioned, and in most cases the use of singular value decomposition (SVD) together with a regularization
step and optimal placement of the sensors is required in order to ensure an acceptable accuracy of the recon-
structed boundary parameters. The use of SVD has been made by early investigations on NAH, [4], and later
by a number of researchers, e.g. [5], [13], [14]. Tikhonov regularization, [15], has also been used by other
approaches to the inverse reconstruction problem, [8], [9], [11]. In those studies, the noise in the measure-
ments affecting the ill-conditioning of the problem, has been taken as the main source of error. In this work,
we will consider other sources of error such as the vibration modes and the mesh quality which were found
to affect the accuracy even in the absence of noise. Moreover, since the analysis based on SVD is compu-
tationally expensive, we have tested the application of other linear solvers such as Gaussian elimination and
least-squares to solve the inverse estimation problem using the method derived here.

Another aspect of concern is the placement of the measurement points. Nelson and Yoon, [8],[9], have
suggested that the best reconstruction of source strength in radiation problems is achieved when the samples
of field sound are taken close to the surfaces, following the shape of the geometry and with a separation
equal to that of the discretized sound sources. In a further work Kim and Ih, [11], suggested the use of
the effective independence method (Efi) for the optimal selection of the sound field sensor whose positions
minimize the norm error in the back reconstruction, and showed an application example of a half-scaled car
cabinet. In general, these approaches have shown satisfactory results when the measurement points have been
carefully placed. But in the practical point of view, it is difficult to achieve such a strict optimal placement
of microphones in the acoustic field when we deal with large and complex geometries, for example real
room. Therefore in the present work, simulations of the inverse estimation of acoustic impedances from field
pressures at random locations will be considered.

We emphasize the application of IBEM to the in-situ estimation of surface impedances by exploiting a
priori knowledge of the surface segmentation to provide the system with more information about the desired
solution. At the end of the present work, the derivation of a weighted least-squares with an extra constraint
imposed by the surface segmentation will be presented. Finally, while previous work, [11], have concentrated
on the reconstruction of vibro-acoustic parameters in interiors for the detection of noise sources, the targeted
application of our method is inverse sound rendering for virtual reality, in which engineers wish to acquire
the acoustic properties of the real world objects so they are able to reproduce realistic and novel sound
fields under new geometric configurations in the virtualized models. An introduction to this concept in the
computer graphics area can be found in [18].

2 In-situ estimation of acoustic impedance with IBEM

Similarly to the inverse radiation problems, the estimation of the acoustic impedance of the interior surfaces
S1, S2, ..., Sn of an enclosed space (e.g. a room) involves the solution of an inverse model and a set of sound
samples measured in the interior field. In other words, given the geometry of the space, the strength and
position of a time-harmonic sound source (e.g. a speaker with a sinusoidal tone) placed somewhere in the
enclosing shape, and a set of sound pressures taken at known locations in the acoustic field, the problem is
to find the acoustic impedance values at the boundaries (i.e. the surfaces). Figure 1 summarizes this inverse
estimation problem.
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Figure 1: The problem of inverse estimation of the acoustic impedances.

At the boundaries of the surfaces S1, S2, ...Sn, the acoustic impedance can be expressed by the relation

Zsl
(~r, ω) =

psl
(~r, ω)

vsl
(~r, ω)

(1)

where psl
(~r, ω) and vsl

(~r, ω) denote respectively the sound pressure and particle velocity at the position ~r
for the frequency ω. In the subsequent analysis the frequency and the position factors will be omitted for
simplicity and because we will be dealing with steady-state analysis. Hence, estimation of the impedance at
the boundaries is equivalent to finding the sound pressure pS and particle velocity vS of the interior surfaces.
Kim and Ih, [11], have already shown that employing the IBEM, it is possible to approach this problem.

In the formulation of the acoustic BEM for an interior analysis [16], discretization of a closed surface into N
elements yields to the discrete form of the Kirchhoff-Helmholtz equation which relates pS and vS with the
sound pressure in the field pf , as expressed by

cfpf +
N∑

i=1

pS,iai −
N∑

i=1

vS,ibi = 0 (2)

where cf is a constant equal to 1/(4π) times the solid angle through which the evaluation points sees the
surface, [16]. The influence coefficients ai and bi are given by

ai =
N∑

l=1

∫
Sl

Ril∂nG(~r)dS

bi = −jωρ
N∑

l=1

∫
Sl

RilG(~r)dS

G(~r) =
e−jkr

4πr

Here, j is the imaginary number operator, ρ the density of the acoustic media (' 1.21kg/m3 for air), k the
wave number, G(~r) is the Green’s function in free space with r = ‖~r‖, ∂n denotes partial differentiation
with respect to the normal vector of the surface, and Ril is an interpolation function. In the present work,
triangular elements with constant interpolation are considered, and the surface integrals are approximated
with Gaussian quadrature integration. By using a collocation technique and a set of sound pressures at M
field points, it can be shown, [16], that two basic BEM equations can be written in a matrix form as follows:

ASpS = −jωρBSvS (3)

Cpf + Af pS = −jωρBf vS (4)
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AS and BS are N ×N surface-surface influence matrices, and similarly Af and Bf denote M ×N surface-
field influence matrices. pS and vS are vectors of the surface pressures and velocities respectively, and C is
an M ×M identity matrix since the pressures pf are measured inside the acoustic field.

As discussed above, the geometry and the location of the field points pf are known, therefore the influence
matrices A’s and B’s can be computed in advance. Also information of the sound source strength (vibration
amplitude of the speaker) is known, thus equations (3) and (4) can be rewritten giving:

ASpS + jωρB̃S ṽS = −jωρB̂S v̂S (5)

Af pS + jωρB̃f ṽS = −jωρB̂f v̂S − Cpf (6)

In equations (5) and (6) the unknown and known parameters have been separated, where pS and ṽS are the
unknown pressures and velocities of the surfaces and their corresponding influence coefficients A’s and B̃’s.
v̂S are the known velocities of the vibrating surface of the sound source with their influence coefficients B̂.
It is readily noted that equations (5) and (6) form a linear system with two unknowns that can be solved by
combining both equations and then using SVD-based analysis yields to one of the least-square solutions,
[8],[11]. Recalling that the parameter that we wish to estimate is the acoustic impedance given by (2), we
attempt to find a solution for both pS and vS simultaneously by rewriting the linear system of equations (5)
and (6) in the form (

AS jωρB̃S

Af jωρB̃f

)(
pS

vS

)
= −jωρ

(
B̂S v̂S

B̂f v̂S − j
ωρCpf

)
(7)

which we compactly express as
DxS = d (8)

Now the inverse estimation process can be done by taking M ≥ N measurements of field pressures pf and
obtaining the least-squares solution of equation (8). In the following section we will present a numerical
simulation comparing results obtained with Gaussian elimination and least-squares with those obtained by
including Tikhonov regularization to the least-square solution suggested in previous work, [8] , [16].

One can argue that the solution of the augmented system of equation (8) involves unnecessary computational
effort, however as it will be discussed in the future work section, this formulation of the inverse problem
allows us to impose an extra constraint to the least-squares solution.

3 Numerical simulations

3.1 Realistic geometry: scaled office room

The first 3D model used for the application of the inverse estimation of acoustic impedances consists of a
realistic geometry taken from an empty office room. The model is scaled 1:4 and its mesh is built using
triangular elements. Figure 2 shows the scaled model of the office. The resulting mesh is composed of 414
elements (N = 414) with a maximum edge size of 0.168 m. Following the criterion of 1/6 of a wavelength
the mesh can be used in simulations for frequencies up to 340 Hz. However we limit the analysis to the range
of 10–250 Hz. In the first stage of all the simulations a number of field pressures is artificially generated at
M points randomly distributed in the room, as illustrated in the example of Figure 3. The field pressures are
calculated by a BEM process in which acoustic impedances have been assigned manually to the boundaries.
For simplicity and appreciation of the accuracy in the back reconstruction, real valued impedances have been
applied to all the surfaces. Table 1 shows the type of materials applied to the surfaces and their impedance
values which were taken from a database [17]. Note therefore, that they are not the original values of the
real office but they are useful for our test purposes. A sound source was simulated by placing the model of a
boxed speaker in one corner of the room. The vibrating surface of the speaker displaces with an amplitude of
particle velocity of 1 m3/s. It is clear that vibration modes appear within the range of analysis frequencies,
however the effects of the vibration modes will be discussed and illustrated in a further example.
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Figure 3: Mesh and randomly distributed field points.

The generated set of field pressures is used in the inverse process defined in equation (8) to recover the
designated impedances . Although previous work, [8], [11], has included levels of simulated noise, in the
present study noise has been omitted in the field pressures since we are investigating at this stage the degree
of error introduced by the proposed formulation of the problem in its elemental form.

For the purpose of comparisons two sets of M field pressures has been used: a set with M = N and a set
with M = 2N . In the case of M = N , Gaussian elimination with partial pivoting is employed as linear
solver and compared with the SVD solution using Tikhonov regularization. When M = 2N , least-squares
with QR-Factorization is applied and similarly compared with the Tikhonov solution. The relative norm
error is considered as indicated in [11]:

error(%) =
‖(pS , vS)− (pX , vX)‖

‖(pS , vS)‖
× 100 (9)

where pX and vX are respectively the surface sound pressures and velocities estimated by the inverse process.
‖ · ‖ denotes the 2-norm. Figures 6 and 7 show the amplitudes and phase reconstructions as well as the
computation times achieved by each solver. An example of the recovered impedances by least-squares at a
test frequency of 210 Hz and M = 2N is also shown in Figure 4, where the real and imaginary parts have
been plotted element-wise for a better appreciation. Figure 5 shows in a similar way the estimated surface
pressures and velocities of the same example.

As can be seen in Figure 5, a low percentage of error was obtained in the solutions given by the overdeter-
mined least-square. The relative error of surface pressures remains under 1% in all the elements and in most
of the surface velocities. From Figure 4, it can be seen that the recovered acoustic impedances are nearly
the same as the actual values assigned manually. Nonetheless, we note from these results that even when
low error levels in surface pressures and velocities where achieved, the reconstruction of impedances is more
sensitive to errors since the impedance is given by the relationship of both the surface pressure and particle

Surface Material Impedance (×106 Rayls) Relative Impedance (air: Z0 = 415 Rayls)
floor Wood 1.5 3,614
walls Concrete 8 19,277

windows Glass (8 mm) 13 31,325
door Aluminum 17 40,964

Table 1: Assignment of acoustic impedance values for the simulations with the office room.

VIBRO-ACOUSTIC ANALYSIS 4535



0 100 200 300 400
−2

−1

0

1

2

3

4

5

6
x 10

4

element #

R
ea

l(Z
r)

real part

0 100 200 300 400
−2

−1

0

1

2

3

4

5

6
x 10

4

element #

Im
ag

in
ar

y(
Z

r)

imaginary part

actual value
estimated value

actual value
estimated vaue

Figure 4: Relative impedances in the surfaces of the
office room at 210 Hz.

0 50 100 150 200 250 300 350 400
10

−15

10
−10

10
−5

10
0

R
el

at
iv

e 
er

ro
r 

(%
)

0 50 100 150 200 250 300 350 400

10
−10

10
0

element #

R
el

at
iv

e 
er

ro
r 

(%
)

surface pressure

surface particle velocity

Figure 5: Reconstructed surface pressures and particle
velocities of the office room at 210 Hz.

velocity. The elements where erroneous impedance was obtained can be observed easily by looking at the
imaginary part of the estimated impedances of Figure 4 in which the original value is zero. Regarding this,
it has been already mentioned in [8] and [16] that these errors are closely related to the complexity of the
geometry. We will show that in addition the errors also vary according to the mesh quality.

With respect to the results in Figures 6 and 7, the following observations can be made:

• The error in reconstruction of velocity always keeps a higher level than that of the error of surface
pressure. However, these levels of error tend to decrease as the analysis frequency increases. This
tendency can be observed more evidently in the relative norm error of amplitude in Figure 6 with
M = N . Previous work in the inverse radiation problem with NAH has also pointed out this effect
and it was mentioned in [11] with studies on an interior problem.

• In the case when M = N (i.e. number of field pressures pf is equal the number of elements in the
mesh), Tikhonov regularization shows lower error levels than Gaussian elminiation. However after
about 110 Hz (i.e. λ/d ≈ 18, with d =max. size of the elements), the performance of Gaussian
elimination tends to get closer to the one of Tikhonov regularization, being the first in addition ap-
proximately 30 times faster than the second. Recall that Tikhonov method involves SVD analysis
which in turn is expensive.

• When a number of field pressures bigger than the number of elements is considered (e.g. M = 2N ),
least-square approach (QR-factorization was used in the present work) gives similar performance to
Tikhonov method and is approximately 7 times faster.

3.2 Basic geometry: unit cube

In this section we study two factors that affect the accuracy in the estimation of the acoustic impedance on
the boundaries: the vibration mode and the mesh quality of the geometry. The effects of the complexity of
the geometry over the reconstruction of boundary parameters for a radiation problem have been investigated
in detail by Nelson and Yoon, [8], [9], and the influence of the resonance modes on the ill-condition of an
interior problem was mentioned also by Kim and Ih, [11]. We adopted a basic geometry of an enclosed
surface (a unit cube) in order to perform further studies and be able to appreciate the effects of the two
mentioned factors over the accuracy.
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Figure 6: Recovered sound pressures and velocities with M = N field samples in the office room simula-
tions.
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Figure 7: Recovered sound pressures and velocities with M = 2N field samples in the office room simula-
tions.
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Figure 8: Effects of the vibration modes over the inverse estimation accuracy. (a) Condition number vs.
eigenfrequencies. (b) Relative norm error vs. eigenfrequencies.

3.2.1 Effects of the vibration modes

The unit cube is meshed into 432 triangular elements with almost uniform size, allowing a maximum analysis
frequency of 282 Hz considering the 1/6 wavelength criterion. The number of field pressures is fixed at
M = 2N and they are calculated at random points in the field using the BEM process by assigning concrete
impedances (8 × 106 Rayls) to the boundaries, except one element of the mesh which is vibrating with an
amplitude of 1 m3/s to simulate the sound source. This procedure is repeated for a frequency range 10–450
Hz spaced by 10 Hz. The set of field pressures is used to solve the inverse process with least-squares and
the surface pressures and velocities are estimated. Again, noiseless field pressures are taken since we wish
to investigate the errors introduced by the system itself.

From the results of this test, we observe that the condition number of the linear system takes maximum
values at the eigenfrequencies associated with the cube, as shown in Figure 8(a) where the eigenfrequencies
have been aligned to the bottom of the graphs for a better comprehension. Although the condition number
shows a decreasing tendency at high frequencies, the eigenfrequencies become denser at that range. Here,
the condition number of the matrix D of equation (8) is calculated as in [8]:

k(D) = ‖D‖‖D−1‖ (10)

where ‖ · ‖ denotes the 2-norm. The norm error of the reconstruction seems not to be affected by the
vibration modes of the geometry. Moreover, the error levels in surface pressure presented minima at the
eigenfrequencies. This last effect has not been studied yet in this work but it will be a subject of investigation
for the future. We observed that in the absence of noise the vibration modes mostly affect the way the errors
are distributed in the geometry. Figure 9 shows an example of an error pattern produced by one of the
resonance frequencies of the cube.

3.2.2 Effects of the mesh quality

Another effect that was observed during preliminary simulations is the tendency of the error to increase as the
size of the mesh elements is less uniform. In order to investigate this effect, the unit cube is employed again
and an analysis frequency that does not fall in any of the eigenfrequencies is chosen. The same boundary
conditions used in the previous simulations with the cube are applied, but this time the area of a group of
elements in the mesh is varied manually at each test, as illustrated in Figure 10. We define therefore the mesh
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quality factor Q as follows:

Q =
max(element area)
min(element area)

(11)

thus the behavior of the errors can be appreciated in terms of the mesh quality factor. Taking M = N field
pressures uniformly distributed inside the cube, we proceed to solve the inverse system with least-squares.
The results of this tests are presented in Figures 11(a) and 11(b).

It became clear that the error in the inverse estimation of surface pressures and velocities is also affected
by variations in the uniformity of the mesh elements, with a tendency to increase as one or more of the
elements become considerably smaller with respect to the others. This variation can be explained in terms
of the numerical computations of the integrals in the acoustic BEM. Recalling that the solution of the inte-
gral equations of the Kirchhoff-Helmholtz formulation by the BEM [16] involve the calculation of singular
integrals of the forms:∫

S
f(~r)∂n

(
e−jkr

4πr

)
dS, and

∫
S

g(~r)

(
e−jkr

4πr

)
dS

where the factors 1/r2 and 1/r represent the source of the singularity. In practice, these integrals are usually
approximated with numerical techniques such as Gaussian quadrature with a transformation to polar coor-
dinates. Therefore as the surface of the integrating element becomes infinitely small, the singularity of the
integrand increases making the approximation of the integral inaccurate. This inaccuracy is propagated when
performing the inverse process resulting in large errors in the reconstruction of pS and vS .

As the plots of Figures 11(a) and 11(b) suggest, there should be an optimum size of the elements that
can produce the best reconstruction error in the sense of the least-squares. Hence, this optimum should
be considered as well in the solution of the inverse estimation problem in order to improve the accuracy.
However, this optimization process is out of the scope of the present work.

4 Future work

4.1 Improvements to the least-square solution

A priori knowledge of the distribution of the surfaces inside a given geometry (e.g. the surfaces in a room)
may be exploited in order to incorporate extra information about the desired solution in the inverse esti-
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Figure 11: Variation of the reconstruction error with the mesh quality. (a) Error in amplitude. (b) Error in
phase.

mation. Thus, an additional constraint can be imposed on the least-square problem derived from equation
(8).

Let ki be the acoustic impedance uniformly distributed over each surface Si, with i = 1, 2, ..., n, as illustrated
in Figure 1. If we assume that the surfaces have homogeneous impedance value, the relation

zSi,j =
pSi,j

vSi,j
= ki j = 1, 2, ...,m (12)

i.e. the impedance z of the j-th element of surface Si, should satisfy

pSi,1

vSi,1
=

pSi,2

vSi,2
= ... =

pSi,m

vSi,m
= ki (13)

Since ki is constant and uniform on Si, taking the differential of the impedance with respect to the surface
yields

d[zi]
dSi

=
d

dSi

[
pSi

vSi

]
=

d[ki]
dSi

= 0 (14)

In the actual meshed model the surfaces Si are discretized into m elements, so we can state an equivalent
condition to expression (14) as follows:

fSi(z) =
mi−1∑
j=1

(zSi,j+1 − zSi,j) = 0 (15)

There are n different surfaces in the model, thus we have n equations in the form:

fS1(z) =
m1−1∑
j=1

(zS1,j+1 − zS1,j) = 0

fS2(z) =
m2−1∑
j=1

(zS2,j+1 − zS2,j) = 0

...

fSn(z) =
mn−1∑
j=1

(zSn,j+1 − zSn,j) = 0
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Figure 12: Preliminary setup for validation experiments.

Or expressed in the matrix form
f(z) = Gz = 0 (16)

where

G =



HS1 0 · · · · · · 0

0 HS2 0
...

...
. . .

...
...

. . . 0
0 · · · · · · 0 HSn


, HSi =



−1 1 0 · · · · · · 0
0 −1 1 0 · · · 0
...

. . . . . .
...

...
. . . . . .

...
0 · · · · · · 0 −1 1


z = [zS1,1 · · · zS1,m1 , zS2,1 · · · zS2,m2 , · · · , zSn,1 · · · zSn,mn ]T

The dimension of the matrices HSi is (mi − 1)×mi. We can now use equation (8) and the condition (16) to
solve a weighted least-square problem. Moreover, extra assumptions about the impedance of the surfaces in
relation to the impedance of the acoustic field can allow us to impose boundaries to the solution sought. The
optimization problem is then given by:

minxS

g(xS) = ‖D xS − d‖2 + λ‖G z(xS)‖2 (17)

with Z0 < z(xS) < Zmax

In the future studies, simulations using the derived weighted-least-squares will be performed to compare
results with those already obtained here.

4.2 Experimental validation

We will attempt to estimate the acoustic impedance on the surfaces of a real model by taking sound pressure
samples in the interior of a reverberation chamber. In order to perform the inverse estimation using the
method presented in this work, it is necessary to take at least as many samples as the number of elements
in the mesh of the model. To overcome this problem and be able to take samples at random locations, we
will introduce the use of stereo vision with cameras to track in real-time the 3D position of the measuring
microphone which will be freely moving in the interior space. Thus we can continuously take samples of
sound as the microphone moves. Figure 12 shows the preliminary setup for the experimentation stage. Care
should be taken since the speed at which the microphone will move is restricted by the wavelength of the
analysis frequency. Details on the implementation of the measurement system will be given in a future report.
By that time, the effects of noise in the field pressures and deviations in the 3D position of the measurement
points will be considered in order to investigate their influence over the accuracy.
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5 Conclusions

The inverse boundary element method (IBEM) applied to in-situ estimation of acoustic impedance of the
surfaces in interior spaces has been studied. The scaled model of an office room was used for numerical
simulations as a realistic example of the applicability of our method to complex geometries . A simpler
geometry (unit cube) was also employed in order to investigate the influence of the eigenfrequencies and the
mesh quality over the accuracy of the estimation.

Results obtained using the inverse formulation derived here show that when the number of field pressures
equals the number of elements, Tikhonov regularization mantains better levels of error than Gaussian elim-
ination with the cost of expensive computational effort. However, at the range of higher frequencies (e.g.
λ/d ≤18 for the unit cube) and when the noise level is almost null, Gaussian elimination can represent a
satisfactory solution in terms of computational efficiency. For the case of an overdetermined system (e.g.
M ≥ 2N ), least-squares performs nearly similar to Tokhonov regularization with less computation time. In
principle when dealing with certain levels of noise in the data, least-squares would give a reasonable solution
if the system is sufficiently overdetermined.

Considering the results reported in previous work and those shown here we can infer that the vibration
modes associated with the geometry affect the error levels of reconstruction if there is noise in the data, and
those errors are transmitted via the singular values of the linear system. The quality of the mesh is another
factor that influence the estimation accuracy. The balance between the sizes of the elements represents an
optimization problem to be considered in order to achieve improvements on the inverse estimation. This may
be a difficult point to satisfy since until now there are no available systems that provide full control over the
mesh generation process.

In-situ measurement of acoustic properties of materials remains as an active subject of research. A system
that allow us to estimate the acoustic impedance of the surfaces of an entire space by taking samples of sound
at random places in the field will greatly help in several fields of acoustic design. Although the method
proposed here can be used in different acoustic areas, the current target application is sound rendering of
virtual reality environments for the production of realistic sound fields.
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Abstract
Optimization of complex structures often leads to high calculation costs. Indeed, the structure has to be
frequently reanalysed in order to update the optimization criteriums. We propose an optimization method
based on effective modal parameters. These parameters are close to the modal matrices used for the modal
analysis of a structure. Thus, once the structure has been analysed, their become is very easy. First, we
will explain the modal analysis that we will use in this paper. A modal model will be used to analyse the
hollow parts of the structure. The modal analysis of the whole structure will be made using substructuring
and “double modal synthesis” proposed by Jezequel. Secondly, we will explain the obtaining of effective
modal parameters and their use for optimization. At least, we will show the efficiency of these parameters
through the optimization of a complex structure.

1 Introduction

Using matrices resulting from the modal analysis of a structure in order to optimize this structure has multiple
advantages. Once the structure has been analyzed, optimization criteria become very easy to compute.
Secondly, it is possible to link the optimization of the structure and the modal matrices coming from the
modal analysis. Thus, it is possible to find the causes of the problems to solve. The criteria we will use in
this paper have been developed by P. Lemerle [1], using the Craig & Bampton method to analyse a structure.
Such kind of optimization methods have alredy been used by Suweca [2] in the case of structural designs
with damping constraint limitations.

The modal analysis we will propose first leads on “double modal synthesis” proposed by Jezequel [4, 5].
Complexe structures often include hollow part and stiffeners, which must be quite precisely analyzed to give
good results. Indeed, in the case of complex strutures like cars, stiffeners and formed steel constituting the
skeleton of the structure are mostly responsible for the behavior of the whole structure. To analyse these
elements, we will use a method we proposed in [3]. The modal analysis of the structure will lead to modal
mass and stiffness matrices that will be used to obtain effective modal parameters. These modal parameters
will lead to criteria that will allow to optimize the structure. These criteria will take into account the value of
the displacements of points located on a plate – that can be onthe top of a car for example – in function of
an excitation point located on a hollow part of the structure– that can be a spar near the engine of a car.

To optimize the structure, we will modify properties of the hollow parts of the structure, but other properties
could be changed. The example we propose is a complex structure, including plates and stiffeners, that we
will optimize using a genetic algorithm.
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Figure 1: Structure to optimize

2 Effective modal parameters

In order to compute the effective modal parameters, we will first explain the modal analysis of the structure
we consider in this paper.

2.1 Modal analysis of a structure

The structure we consider in this paper is a complex structure including hollow parts and plates. It is made of
formed steels constituting its skeleton, as shown in figure 1. Plates are fixed on this skeleton. The geometry
of the structure is near from the geometry of a car, in order toshow the methods we propose are able to be
used in an industrial context.

Hollow parts of the structure – that can be stiffeners for example – are analyzed using a model we proposed in
[3]. These elements constitute the skeleton of the styructure. This modelization leads to modal matrices that
can be assembled like finite elements matrices. The main characteristic of this method is to produce matrices
including only generalized degrees of freedom. There may remain nodal degrees of freedom in order to
assemble the hollow parts with other structures, but boundaries between the substructures constituting the
hollow part only comprise generalized degrees of freedom. The assembling of these substructures is possible
because of the choice of the modes used for the modal analysisof the substructures.

Plates are assembled with the skeleton of the structure through the nodal degrees of freedom remaining from
the modal analysis of the hollow parts of the structure. In this paper, only one plate will be used, situated
on the top of the structure. The whole structure is then analyzed using “double modal synthesis” method
proposed by Jezequel [4, 5]. This method uses “branch modes”to describe the behavior of the boundaries
between substructures. In this paper, will used these “branch modes” to discribe th behavior of the skeleton
of the structure.

Thus, mass and stiffness matrices of the structure can be split into degrees of freedom concerning plates and
degrees of freedom concerning hollow parts of the structure. Degrees of freedom concerning hollow parts
include generalized degrees of freedom resulting from the modal analysis of the substructures constituting
the skeleton, that will be denotedqHc, and generalized degrees of freedom resulting from the double modal

synthesis, which will be denotedqHb. We denoteqH =

{

qHc

qHb

}

. Hence the motion equation:

(

−ω2

[

MHH MHP

MPH MPP

]

+

[

KHH KHP

KPH KPP

]){

qH

qP

}

=

{

fH

fP

}

(1)
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Generalized degrees of freedom used in the motion equation 1are linked to nodal degrees of freedom through
the following equations:







uP = ΦP qP + ΨP uHb

uHc = ΦHcqHc + ΨHcuHb

uHb = ΦHbqHb

(2)

Matrix ΦP is the modal matrix of the fixed modes of the plates.ΨP is the matrix of the static modes of the
plates, as for Craig & Bampton method [6].

MatricesΦHc andΨHc are modal matrices resulting from the analysis of the hollowpart described in [3].

Matrix ΦHb is the matrix of the “branch” modes of the structure [4, 5].

2.2 Obtaining effective modal parameters

Effective modal parameters used by P. Lemerle [1] are parameters that link degrees of freedom that are
submitted to a displacement – excited degrees of freedom – and degrees of freedom which displacements are
to be minimized.

In order to obtain the effective modal parameters, we will use the modal analysis method proposed in section
2.1, but we will separate the degrees of freedom that will be excited – these degrees of freedom will remain
nodal degrees of freedom.

In this paper, we will consider that the excitations will concern some of the degrees of freedom we denoted
uHb. These degrees of freedom wil be calleduHe. Hence equation 3, coming from equation 2:







uP = ΦP qP + ΨP uHb + ΨPeuHe

uHc = ΦHcqHc + ΨHcuHb + ΨHeuHe

uHb = ΦHbqHb

(3)

Thanks to the orthogonality properties of the modes used in the modal analysis, equation 1 can be written as
follows, considering the damping matrix that we supose to bediagonal:









−ω2









MEE MEHc MEHb MEP

MHcE MHcHc MHcHb MHcP

MHbE MHbHc mHbk MHbP

MPE MPHc MPHb mPk









+ iω









0 0 0 0

0 cHck 0 0

0 0 cHbk 0

0 0 0 cPk









+









KEE KEHc KEHb 0

KHcE KHcHc KHcHb 0

KHbE KHbHc kHbk 0

0 0 0 kPk































uHe

qHc

qHb

qP















=















fE

fHc

fHb

fP















(4)

where matrices[mHbk], [mPk], [kHbk], [kPk], [cHbk], [cPk] and[cHck] are diagonal matrices.

To obtain the effective modal parameters,uP must be expressed in function offP anduHe. Let us express
one of the last lines of equation 4:

−ω2
(

Mk
PEuHe + Mk

PHcqHc + Mk
PHbqHb + mPkq

k
P

)

+ iωcPkq
k
P + kPkq

k
P = f

k

P (5)

Mk
PE , Mk

PHc, M
k
PHb are thekth lines of matricesMPE, MPHc, MPHb. fP can be expressed in function

of fP as follow:
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fP = ΦT
P fP (6)

Equation 5 becomes:

qk
P =

ΦkT
P fP + ω2

(

Mk
PEuHe + Mk

PHcqHc + Mk
PHbqHb

)

−ω2mPk + iωcPk + kPk

(7)

whereΦk
P is thekth column ofΦP . Equation 7 becomes:

uP =
∑

k

Φk
P qPk + ΨPuHb + ΨPeuHe

=
∑

k

(

Φk
P ΦkT

P

−ω2mPk + iωcPk + kPk

)

fP

+





∑

k





ω2Φk
P

(

Mk
PE − M̃k

PHcΨHe

)

−ω2mPk + iωcPk + kPk



+ ΨPe



uHe

+





∑

k





ω2Φk
P

(

M̃k
PHb − M̃k

PHcΨHc

)

−ω2mPk + iωcPk + kPk



+ ΨP



uHb

+
∑

k

(

−ω2Φk
P M̃k

PHc

−ω2mPk + iωcPk + kPk

)

uHc (8)

whereMk
PHb = M̃k

PHbΦHb andMk
PHc = M̃k

PHcΦHc. Matrix Φ̃Hc is a pseudo-inverse matrix ofΦHc.

Two effective modal parameters can be deduced from equation8. First, the dynamic flexibility matrixG is
given by:

G(ω) =
∑

k

(

Φk
P ΦkT

P

−ω2mPk + iωcPk + kPk

)

(9)

It corresponds to the relation between a force applied on a plate and the displacements it causes.

Secondly, neglectig the static terms corresponding to the boundaries, the transmissibility matrixT is given
by:

T(ω) =
∑

k





ω2Φk
P

(

Mk
PE − M̃k

PHcΨHe

)

−ω2mPk + iωcPk + kPk



 (10)

This equation corresponds to the relation between the excitation and the displacements it causes on the plate.
They can be rewritten using effective parametersG̃ andT̃ as follows:

G(ω) =
∑

k

1

1−
(

ω
ωk

)2

+ 2iξk
ω
ωk

G̃k (11)

T(ω) =
∑

k

(

ω
ωk

)2

1−
(

ω
ωk

)2

+ 2iξk
ω
ωk

T̃k (12)
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where

G̃k =
Φk

P ΦkT
P

ω2
kmPk

(13)

T̃k =
Φk

P

(

Mk
PE − M̃k

PHcΨHe

)

mPk

(14)

with the notationscPk = 2ξk

√
kPkmPk andωk =

√

kPk

mPk
. MatricesG̃k andT̃k are called effective modal

parameters.

3 Optimization based on effective modal parameters

3.1 Criteria used for optimization

In this section, we will deduce criteria from the flexibilityand transmissibility matrices proposed in section
2.2. The sums

∑

k

() that apear in these matrices correspond to a superposition of modes. Thus, optimization

criteria can be written as follow:

CG = max
k

∣

∣

∣

∣

Φk
P ΦkT

P

ω2
kmPk

∣

∣

∣

∣

(15)

CT = max
k

∣

∣

∣

∣

∣

∣

Φk
P

(

Mk
PE − M̃k

PHcΨHe

)

mPk

∣

∣

∣

∣

∣

∣

(16)

where the norm|x| is the maximal composant of matrixx. Considering these criteria, it is possible to
optimize the structure. Moreover, obtaining the valuekmax allows to understand which mode is responsible
for the value of the criteria.

3.2 Method used for optimization

We will show examples using the criteria we propose through agenetic algorithm. Genetic optimization
is often used in the case of multiobjective optimization problems. The aim of this section is to generate
a Pareto front in order to obtain various optimized solutions for the optimization problem. Overviews of
multiobjective optimization genetic algorithms can be found in [7, 8, 9]. The genetic algorithm that will be
used in this section is quite simple. Letαi be thep parameters to optimize.A1 is a first matrix ofN sets of
parameters:

A1 =















α1
1 α1

2 · · · α1
p−1 α1

p

α2
1 α2

2 · · · α2
p−1 α2

p
...

...
. . .

...
...

αN−1

1
αN−1

2
· · · αN−1

p−1
αN−1

p

αN
1 αN

2 · · · αN
p−1 αN

p















(17)

Lines of matrixA1 are theN sets of parameters choosen for the first iteration of the algoritm. Values of the
criteria we proposed are computed using these sets of parameters. The mass of the structure can also be a
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third parameter, for the structure mustn’t become too heavy. A set ofαi is then selected if no other set have
better results on the both criteria – and the mass. The other sets ofαi are mixed in order to create another
matrix A2 of N sets of parameters that will include the selected sets. Figure 2 sums up the algorithm used
for this optimization.

Once the optimal sets ofαi have been found, results can be printed on a pareto diagram, as it will be done
further. Various “optimal solutions” are found, and the local optimization can be made from one of these
“optimal solutions”.

4 Results

The method proposed in this paper has been tested on a complexstructure including hollow parts and plates.
The parameters we choose to optimize are linked to the geometry of the hollow parts. Indeed, we will
optimizeD andλ, as shown in figure 3.

The optimization methods we will use in the next sections will useD andλ as parameters. The hollow parts
of the structure shown on figure 1 are split into 8 parts, and each part is being optimized with optimal values
of D andλ. Thus, 16 parameters are to be optimized.

During the optimization, matricesM andK are updated in order to take into account the evolution of the
geometry of the hollow parts of the structure. Actually, modes concerning these hollow parts should be re-
computed for each iteration. However, only one element for each set of parameters has to be re-computed,
thanks to the use of our substructuring method to describe the hollow parts of the structure.

4.1 Structure used for optimization

The structure considered for the optimization is given on figure 1. It is made of hollow parts and plates, that
have been analyzed using the methods proposed in section 2.1.

Because of the calculation costs – we use Matlab – we considered a not to big structure. Thus, the structure
of figure 1 is only 2.5 meters long.

4.2 Analysis of the criteria

The analysis of criteriaCG andCT is able to show which modes are responsible for the displacements to
reduce. Figure 5 shows the values ofCk

G, which are part of criteriumCG:

Ck
G =

∣

∣

∣

∣

Φk
P ΦkT

P

ω2
kmPk

∣

∣

∣

∣

(18)

The same analysis can be made forCk
T :

Ck
T =

∣

∣

∣

∣

∣

∣

Φk
P

(

Mk
PE − M̃k

PHcΨHe

)

mPk

∣

∣

∣

∣

∣

∣

(19)

Figure 4 shows the values ofCk
T , which are part of criteriumCT .

Figures 4 and 5 show that criteriaCG andCT do not necessarely depend on the same modes. In this example,
we only analyze the criteria for the 50 first modes of the structure. Figure 4 shows that the45th mode is mostly
responsible for the value of criteriumCG, whereas figure 5 shows that the6th, 7th, 22th and23th modes are
responsible for the value of criteriumCT . Thus, it is necessary to take these two criteria into account to
optimize the structure.
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Determination ofN first set
of parameters (lines ofA1)

Evaluation of the criteria

Selection of the best sets

Sets not selected
are mixed

The best sets
are not changed

Determination ofN new sets
of parameters (lines ofAn+1)

Break criterium

n = 1

n← n + 1

Figure 2: Algorithm used for genetic optimization
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Figure 3: Hollow part included in the structure
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T

4.3 Results of genetic optimization

In this section, we present the results obtained using the genetic algorithm given in figure 2. Figures 6, 7,
8 and 9 show the pareto diagrams of the setsAi. Units onx andy axis are not important for it depends on
the values ofcg andct. The excitation points are located on the hollow parts, whereas the displacements to
reduce are located on the plate on the top of the structure.
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Figure 8: Pareto points

These results show that the algorithm is able to produce a setof optimal parameters. These optimal param-
eters draw a curve including points that are the nearest fromthe origin of the graphs. The pareto diagram is
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Figure 10: Evolution of the number of pareto points

shown in 3D, but as it is not clear enough to be easily understood, we choose to show three 2D diagrams too.

Figure 10 shows the evolution of the number of pareto points in function of the advance of the optimization.
At the ending of the algorithm, all points of the setAN are “pareto points” – i.e. optimal points.

5 Conclusion

The optimization method we proposed in this paper leads on criteria that allow to analyse the origin of
the problems we want to solve – reducing noise in complex structures. These criteria have been used with
two kinds of optimization algorithms and the results prove they are quite efficient and able to represent th
vibration level on the structure.

Examples given in this paper considered an excitation located on a point of a hollow part. It is possible to do
the same analysis considering another axcitation. Criteria will then be different, but results should be quite
good. However, algorithms proposed here are quite easy to use with the structures we worked with.
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Abstract
Circular cylindrical shells, like silos, are perceptible to wind induced ovalling oscillations, an aeroelastic
phenomenon, where the cross section deforms as a shell without bending deformation of the longitudinal
axis of symmetry. A fluid-structure interaction analysis aims to predict the ovalling onset flow velocity. An
approximate analysis will be performed by reducing the structure, using the finite strip method, to two di-
mensions and by coupling it with a two dimensional flow.
First, the mode shapes and eigenfrequencies of a three-dimensional finite element and a finite strip model of
the silo structure are compared.
A transient 2D turbulent air flow around a single silo at a Reynolds number of 1.24×107 is computed using
the SST turbulence model and the results are compared with the pressure coefficients in Eurocode 1 and with
experimental data. Unsteady simulations are performed forthe flow around a group of 8 by 5 silos. The
group configuration drastically changes the time-averagedpressure distribution around the silos.
The fluid and the structure are sequentially coupled, using interfield iterations to fulfill equilibrium and con-
servation of energy on the interface. The coupling procedure is validated by means of available experimental
results of wind tunnel tests. Preliminary results of a transient fluid-structure interaction calculation at a wind
speed of 7 m/s are reviewed.

1 Introduction

Circular cylindrical shells are widely used in civil engineering structures as silos, chimneys and water towers.
The use of high tensile strength aluminium has resulted in slender structures that are more perceptible to wind
induced ovalling oscillations, where the cross section deforms as a shell without bending deformation of the
longitudinal axis of symmetry. During a storm in October 2002, ovalling was observed on several empty
silos of a group consisting of forty silos in the port of Antwerp (figure 1). Similar cases indicate that storm
damage is mainly located on silos on the corners of the group.

A fluid-structure interaction analysis aims to predict the ovalling onset flow velocity and to investigate in
a later stage the influence of the distance between the silos.As the coupled three-dimensional calculation
of turbulent wind flow around a group of silos is too demandingfrom the computational point of view, an
approximate analysis will be performed by reducing the structure to two dimensions and by coupling it with
a two dimensional flow. As Ansys CFX [1] inherently is a three-dimensional fluid solver, the fluid mesh is
one element thick in the third dimension and symmetry is applied to both planes.

First, the structural mode shapes and eigenfrequencies of asingle silo are computed with a a three-dimensional
finite element model. The finite strip method is used to reducethe structure to two dimensions. As to enable
coupling with the fluid, the final model of structure consistsof a combination of one shell element in the
third dimension with two user defined matrix elements.

In order to estimate the wind loads on silos, a transient 2D incompressible turbulent flow around a single
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Figure 1: Photograph of the silo group.

cylinder atRe = 1.24×107 is computed using the Shear Stress Transport turbulence model [14]. The results
are compared with the pressure coefficients of Eurocode 1 [5]and with experimental data [16]. As silos are
often placed in groups and the configuration of these groups largely influences the pressure distribution
around the silos, a computation of the wind flow around a 8 by 5 group provides a more realistic estimation
of the pressure coefficients.

For the fluid-structure interaction computation, the Arbitrary Lagrangian Eulerian formulation enables the
computation of fluid flows on moving meshes. The fluid and the structure are sequentially coupled, using
interfield iterations to fulfill equilibrium and conservation of energy on the interface. The coupling proce-
dure is validated by means of in literature available experimental results of wind tunnel tests on a cylinder.
Preliminary results at a wind speed of 7 m/s are reviewed.

2 Silo structure

The silos are circular cylindrical shell structures with a diameter ofD = 5.5m and a height of25 m. One
cylinder consists of 10 aluminium sheets with a height of2.5 m and a thickness that decreases with the height
from 10.5 mm at the bottom to6 mm at the top. At the top and the bottom, a cone is welded to the cylinder
at an angle of15◦ and60◦ with the horizontal plane, respectively. The silos are madeof aluminium with a
Young’s modulusE = 67600 × 106 N/m2, a Poisson’s ratioν = 0.35 and a densityρ = 2700 kg/m3.

Figure 2 shows a top and a three-dimensional view of the five mode shapes with the lowest eigenfrequencies
computed with a finite element model [9]. Each mode shape is referred to by a couple(m,n), wherem
denotes the half wave number in the axial direction (m/2 is the number of axial waves) andn is the number
of circumferential waves. Measurements indicate that the eigenmodes withn = 3 or n = 4 have the highest
contribution to the response of the silos under wind loading[10].

Using a finite strip formulation [7], the displacements of the three-dimensional structure are decomposed into
a series of orthogonal functions that satisfy a priori the Dirichlet boundary conditions in the axialz-direction
and a two-dimensional displacement field in the(r, θ)-plane. The use of orthogonal functions results in a
decoupled system of equations for every term in the series. The sine functions reflect that the radial and
circumferential displacements are assumed to be zero at both ends of the cylinder, while the cosine function
allows for free axial displacements at both ends:







ur(r, θ, z, t)
uθ(r, θ, z, t)
uz(r, θ, z, t)






=

∞
∑

m=0







sin(mπz
h

) 0 0
0 sin(mπz

h
) 0

0 0 cos(mπz
h

)













urm(r, θ, t)
uθm(r, θ, t)
uzm(r, θ, t)






(1)
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n = 3 n = 4 n = 5 n = 6 n = 2

3.93 Hz 3.93 Hz 5.25 Hz 7.37 Hz 7.75 Hz

Figure 2: Top and three-dimensional view of the five mode shapes of the silo with the lowest eigenfrequen-
cies.

In reality, however, the cylinder is welded to the cones at both ends and bolted to an octagonal supporting
beam at the bottom in four points along the circumference. Inthe finite strip model, a constant shell thickness
of 7 mm along the height of the silo is assumed, whereas, in reality, this thickness reduces with the height.

As the measurements [10] indicate that the eigenmodes with the highest modal contributions consist of half
a wavelength along the height (m = 1), the series in equation (1) is truncated after the first term.

As to enable coupling with the fluid, a finite strip model with one element in the third dimension is obtained
by combining a four node Mindlin-Reissner shell element with two user defined matrix elements [2]. The
shell elements have half the height of the silo and provide all terms of the mass matrix for plate behaviour and
some of the terms of the stiffness matrix for plate behaviourand the stiffness and mass matrices for membrane
behaviour. The missing finite strip terms are added through the user-defined elements. The stiffness matrix
of the user defined elements is independent of the deformation, so that geometrical non-linear effects are not
included in these added terms.

a. (1, 4) b. (1, 3) c. (1, 5) d. (1, 2)

3.94 Hz 4.00 Hz 5.58 Hz 7.51 Hz

Figure 3: Eigenmodes of a silo with a heighth = 25m and a thicknesst = 7mm, computed with a finite
strip model.
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Figure 3 shows a top view of the four mode shapes with the lowest eigenfrequencies computed with a finite
strip model. The eigenfrequencies forn = 3 and n = 4 correspond well with the results of the three-
dimensional calculation, while the differences between both models increase for higher values ofn.

3 Turbulent air flow

In order to estimate the wind loads on silos, the pressure coefficient for a circular cylinder as a function of the
Reynolds number is given inEurocode 1 - Part 2-4 : Actions on structures - Wind actions[5]. As silos are of-
ten placed in groups and the configuration of these groups largely influences the pressure distribution around
the silos, a computation of the wind flow provides a more realistic estimation of the pressure coefficients.

The pressure coefficient is a dimensionless expression for the pressure at the cylinder’s surface:

Cp =
p− pf

ρv2

f

2

(2)

wherepf andvf are the free stream pressure and velocity, respectively. Eurocode 1 [5] describes the pressure
coefficient as a function of the angle forRe = 107. At the stagnation point, the pressure coefficient is
equal to1. The minimum value of the pressure coefficientCmin

p equals−1.5 at an angle of75◦. The
boundary layer separates at105◦. After separation, the base pressure coefficientCb

p is constant and equal
to −0.8. Zdravkovich [16] gives an overview of available experimental data. There is a lack of detailed
experimental data at post-critical Reynolds numbers, while available data show considerable scatter, which
may be explained by the high sensitivity of the flow to perturbations due to surface roughness and free-stream
turbulence. In figure 7, the range of the available experimental data for the pressure coefficients at Reynolds
numbers from0.73 × 107 to 3.65 × 107 is plotted in light grey at the background.

In all computations air with a densityρ = 1.25 kg/m3 and a dynamic viscosityµ = 1.76×10−5 Pa s is used.
The mean wind velocity at a height ofz = 30m for terrain category II [5] is equal tovm = 31.84m/s. At
the inlet, a turbulent kinetic energyk = 0.1521m2/s2 and a turbulent dissipation rateε = 0.0053929m2/s3

are imposed, which corresponds to a turbulence intensityI =
√

2k/3/vm = 1.00%.

As the Reynolds numberRe = Dvm/ν = 1.24 × 107 is larger thanRe = 3.5 − 6 × 106, the regime
of the flow around the cylinder is post-critical [16]. The wake and the shear layers are fully turbulent and
the boundary layers become fully turbulent prior to separation. In the boundary layers, the transition from
laminar to turbulent flow takes place between the stagnationand the separation point. In the post-critical
regime, regular vortex shedding reappears, while it was absent at lower Reynolds numbers.

Various eddy viscosity turbulence models are implemented in CFX. The Reynolds stress tensorv′iv
′

j of the
Reynolds Averaged Navier-Stokes (RANS) equations, where the prime indicates the fluctuating part of the
velocities and the overline denotes averaging, is split in its isotropic2

3
k and its anisotropic part:

v′iv
′

j =
2

3
kδij − νt(

∂vi

∂xj
+

∂vj

∂xi
) (3)

The turbulent kinetic energy is equal tok = 1

2
v′2i . The anisotropic part is modelled by means of the turbulent

kinetic viscosity and the mean strain rate tensor. The turbulent kinetic viscosity is expressed as a function
of the turbulent kinetic energyk and the turbulent energy dissipationε for the standardk-ε model and as a
function of the turbulent kinetic energyk and the turbulent frequencyω for thek-ω model. Two additional
transport equations are solved for every node in order to obtain k andε or ω.

The Shear Stress Transport (SST)[14] turbulence model combines through a blending function the robust
and accurate formulation of thek-ω model in the near wall region with the free stream independence of the
k-ε model in the outer part of the boundary layer. It is suited to predict the onset and amount of separation
under adverse pressure gradients and produces the best results of all turbulence models in CFX for a steady
computation of the flow around a cylinder [8]. Therefore, it is used in the subsequent computations.
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3.1 Flow around a single silo

The boundaries should be sufficiently far from the region close to the silo where the accuracy of solution is
important. In literature [3, 4], a distance of at least8D is suggested for the inlet and the lateral boundaries
and a distance of22.5D for the outlet, withD the diameter of the silo. Here, a distance of9D is adopted for
the inlet and the lateral boundaries and30D for the outlet. Results on a larger problem domain, where the
inlet and the lateral boundaries are located at12D and the outlet at40D, are comparable.

Far away from the silo wall, an unstructured mesh, consisting of triangles, is used. Close to the silo wall
and in the wake of the silo, the mesh is structured and consists of quadrilaterals. The nodes next to the silo
wall are placed in the logarithmic law region, where a logarithmic relation exists between the dimensionless
wall distancey+ = vτy/ν and the dimensionless velocityv+ = v/vτ , wherevτ =

√

τw/ρ is the friction
velocity,y the wall distance andτw the wall shear stress:

v+ =
1

κ
ln y+ + B (4)

The von Karman constantκ is equal to 0.41 andB is equal to 5.2. In the outer layer (y+ > 50), direct effects
of the viscosity on the main flow are negligible. Nevertheless, the region of validity of the logarithmic law
can be extended toy+ > 30. The mesh consists of 53530 elements and 90798 nodes. The dimensionless
wall distancey+ of the nodes next to the silo wall varies from 0 at the stagnation points to 220 at time4.68 s
(figure 4). In practice, so-called wall functions apply the logarithmic law as boundary conditions on the
nodes next to the silo wall.
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Figure 4: Dimensionless distancey+ of the nodes next to the silo wall as a function of the angleθ for a single
silo.

In the post-critical regime regular vortex shedding is present, which demands an unsteady RANS computation[12].
The vortex shedding frequencyfvs is described by the dimensionless Strouhal number:

St =
fvsD

vm
(5)

For flows withRe ≈ 107, experimental values for the Strouhal number [16] range from 0.27 to 0.32. Eu-
rocode 1 suggests a constant value of0.2, independent of the Reynolds number.

The transient solution is integrated by the second order backward Euler scheme with a time step∆t =
0.005 s, which corresponds to approximately 100 time steps per vortex shedding period. Within every time
step, 5 iterations are performed to obtain a converged solution. The computed time window corresponds
to ten vortex shedding periods. 937 time steps are computed,which results in a time window of4.68 s.
The vortex shedding frequency is identified as2.13Hz, which corresponds to a Strouhal number of 0.37.

VIBRO-ACOUSTIC MODELLING AND PREDICTION 4561



The vortex shedding frequency and Strouhal number are quiteinaccurate since the frequency resolution
∆f = 1/T = 0.21Hz is low. For a more accurate estimation, more time steps should be computed.

Figure 5 shows the time history and the frequency content of the pressure in a point at the silo’s surface. The
vortex shedding frequency and some higher harmonics are clearly visible in the frequency content.
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Figure 5: (a) Time history and (b) frequency content of the pressure in a point at the silo’s surface for a single
silo.

Figure 6 shows the time average and the standard deviation ofthe pressurep. The stagnation pressure at the
windward side and the suction in the wake are clearly visible. The largest time variations of the pressure
occur in the wake.

(a) (b)

Figure 6: (a) Time average and (b) standard deviation of the pressurep for a single silo.

Figure 7 compares the time-averaged pressure coefficientCp of the transient computation with experimental
data. The maxima and minima of the pressure coefficient during the transient computation are depicted as
well. The time average of the transient computation predicts a too low minimum pressure coefficientCp

min
,

while the base pressure coefficientCp
b

is quite high.

The drag coefficientCd =
∫

2π
0

Cp cos αdα is, according to Eurocode 1, equal to0.72 for a smooth surface
(k/b = 10−5). Drag coefficients derived from the experimental pressurecoefficients vary from0.45 to 0.73.
The computations predict 0.35, which is an underestimation.

The adverse pressure recoveryAPR = Cp
b
− Cp

min
is, according to Eurocode 1, equal to0.7, although

experimental data show that it varies from1.0 to 1.5. The computations predict 2.00, which is an overesti-
mation.
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Figure 7: Comparison of the time average (solid line), minimum (dash-dotted line) and maximum (dotted
line) of the pressure coefficient with experimental data fora single silo.

3.2 Flow around a group of 8 by 5 silos

In this section the turbulent air flow around a group of 8 by 5 silos is studied. The gaps between two
neighbouring silos are30 cm wide. The ratio of the distanceT between the silo centers to the silo diameter
is T/D = 5.8/5.5 = 1.0545. The angleα (figure 8) between the wind flow direction and the silo group is
equal to30 degrees.

The lateral boundaries in the model are located at a distanceof 9 times the projected width of the group,
the inlet at a distance of 9 times the projected depth of the group and the outlet at a distance of 30 times the
projected depth of the group. A smaller problem domain wouldprobably not influence the results near the
silos, but the number of elements in the far field is anyhow negligible to the number of elements next to the
group.

Figure 8 shows a detail of the mesh near the group of 8 by 5 silos. The mesh consists of566866 elements
and921438 nodes.
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Figure 8: Detail of the mesh for the 8 by 5 silo group.

The transient solution is integrated with a time step∆t = 0.01 s. Maximum 10 iterations are performed
within every time step to obtain a converged solution. 5170 time steps are computed, which results in a time
window of51.70 s.
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Figure 9 shows for the forty silos the dimensionless distance y+ of the nodes next to the silo wall as a
function of the angleθ at timet = 51.70 s. Most points lie within the region where the logarithmic lawis
valid.
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Figure 9: Dimensionless distancey+ of the nodes next to the silo wall as a function of the angleθ for all
silos of the 8 by 5 group.

Figure 10 shows the time history and the frequency content betweent = 33.48 s and t = 51.70 s of the
pressure at the silo’s surface at a separation point (B) and at a small gap (E), as indicated in figure 8. At the
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Figure 10: (a) Time history and (b) frequency content of the pressure at the silo’s surface in the points (1) B
and (2) E of the 8 by 5 group.
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stagnation points, the pressure is constant in time. Generally, the pressure variation on silos at the windward
side has mainly components around0.165Hz, which corresponds to a Strouhal number of0.24, using the
projected width45.89m of the group as a characteristic diameter. In the middle of the group and in the wake,
there is also an important component at2.85Hz. A vortex shedding frequency of2.85Hz corresponds to
a Strouhal number of0.49 using the silo diameter as a characteristic length. This is consistent with higher
Strouhal numbers measured in closely spaced tube arrays [6]. Generally, time variations of the pressure are
larger at the leeward side of the silo group. The vortex shedding frequencies and Strouhal numbers are quite
inaccurate since the frequency resolution∆f = 1/T = 0.055Hz is low.

Figure 11 shows the time average fromt = 39.56 s to t = 51.70 s of the pressurep.

Figure 11: Time average of the pressurep for a transient computation for a 8 by 5 group.

Figure 12 shows the time-averaged pressure coefficients forthe flow around the group compared with the
pressure coefficient for the flow around a single silo. The time average is computed fromt = 33.48 s to
t = 51.70 s. The group configuration drastically changes the pressure distribution around the silos. The
value of the stagnation pressure coefficient is almost the same as for the flow around a single silo, while
high values of suction are present at the location of the small gaps between the silos and upstream of the
separation points, especially for the silos on the side corners of the group (silos 8 and 33).

Figure 13a shows the time-averaged drag coefficients for theflow around the group. At the windward side
of the group silos 9, 17 and 25 experience a higher drag coefficient than for the flow around a single silo
(Cd = 0.35 − 0.36), while in the middle of the group the drag coefficients are considerably lower. At the
two side corners (silos 8 and 33) the drag coefficient is also low. Figure 13b shows the time-averaged lift
coefficients. The silos on the borders of the group are pushedaway from the group, which results in quite
high lift coefficients for these silos, especially for the two on the side corners (silos 8 and 33).

The time-averaged pressure coefficient is decomposed into aseries of cosine functions with circumferential
wavenumbern, corresponding to the mode shapes of an axisymmetric structure:

Cp =
∞
∑

n=0

Cp
n

cos(nθ + ϕn) (6)
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←

Figure 12: Time-averaged pressure coefficientsCp for the flow around a 8 by 5 group (solid line) and for the
flow around a single silo (dashed line). The arrow indicates the wind direction.

←
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Figure 13: (a) Time-averaged drag coefficientCd and (b) time-averaged lift coefficientCl for the flow around
the 8 by 5 group. The arrow indicates the wind direction.
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Figure 14 shows the amplitudeCp
n

for the flow around the group forn = 0 − 10, compared with the
amplitudes for the flow around a single silo. For all values ofn, exceptn = 2, larger amplitudesCp

n
than

for the flow around a single silo occur for one or more silos in the group. The highest values are always
situated on the borders of the group. For all multiples of 4,Cp

n
has a larger amplitude for almost all silos of

the group due to its configuration (four small gaps surround each silo). Especially for the silos on the side
corners of the group, the amplitudesCp

n
for n = 3 andn = 4 are larger than the amplitudes for the flow

around a single silo.

←
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n = 6 n = 7 n = 8 n = 9 n = 10

Figure 14: Decomposition of the time-averaged pressure coefficient Cp into a series of cosine functions with
circumferential wavenumbern for the flow around the 8 by 5 group (8 by 5 squares) and for the flow around
a single silo (single square). The arrow indicates the wind direction.

4 Fluid-structure interaction

A fluid-structure interaction analysis aims to predict the ovalling onset flow velocity and to investigate in
a later stage the influence of the distance between the silos.As the coupled three-dimensional calculation
of turbulent wind flow around a group of silos is too demandingfrom the computational point of view, an
approximate analysis will be performed by reducing the structure to two dimensions and by coupling it with
a two dimensional flow. The coupling procedure is validated by means of available experimental results of
wind tunnel tests.

Laneville [13] studied the ovalling phenomenon of five different cylindrical shells in a wind tunnel. The
cylinders were clamped at their base to a turntable over a height of 10 cm and did not have an end plate at the
top. The flexible part of the shell was located outside the boundary layer of the wind tunnel. At the top of
the cylinder, an adjustable false ceiling was fixed within a distance of 0.02 times the diameter of the cylinder
to reduce the three-dimensional effects in the flow.

The cylinders were made of aluminium with a Young’s modulusE = 68960MPa, a densityρ = 2643 kg/m3

and a Poisson’s ratioν = 0.3. Cylinder L1, with a height of91 cm, a radius of6 cm and a shell thickness of
0.0127 cm, started vibrating in mode (1,3) at a wind speed of5m/s (figure 15).
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Figure 15: Mode occurrence and vibration amplitude as a function of the flow velocity [13].

The finite strip formulation of equation (1) is justified for structures which are simply supported at both ends.
Here, the cylinder is clamped at its base and open at the top. If, however, a quarter (co)sine is assumed for
the variation of the displacements in the axial direction, the eigenmodes can be approximated by doubling
the height of the cylinder in the model of section (2).

Model 1 has a height of2 (0.91 − 0.10) = 1.62m and material properties as described above. The lowest
eigenfrequency corresponds well to the measured value (table 1). To achieve a better correspondence for
the other eigenfrequencies, in a second model, the height ischanged to1.55m, the Young’s modulus to
65000MPa and the density to2875 kg/m3. Figure 16 shows the four mode shapes with the lowest eigenfre-
quencies of model 2.

Measured Model 1 Model 2
n f [Hz] f [Hz] f [Hz]
2 47.0 47.1 46.9
3 64.5 68.7 64.7
4 117.5 127 119
1 127 129

Table 1: Comparison of the eigenfrequencies form = 1 of the measurements and different finite strip
models.

To enable the computation of fluid flows on moving meshes, the Navier-Stokes equations for incompressible
flow are written in an Arbitrary Lagrangian Eulerian formulation [11]:

∂v

∂t

∣

∣

∣

∣

x

+ c ·∇yv − 2ν∇y · ε(v) + ∇yp = b (7)

∇y · v = 0 (8)

wherex andy denote the referential domain and the spatial domain respectively. The convective velocityc is
defined as the difference between the material particle velocity v and the grid point velocityvg. On the outer
boundaries of the fluid domain, the grid point velocityvg should remain zero, while on the fluid-structure
interface the grid point velocityvg should be equal to the velocity of the structure.

To obtain the grid point displacements of the fluid mesh, the displacements of the structure are diffused
through the whole fluid domain, using for every finite volume adiffusivity that is equal to the inverse of its
volume. Hereby the quality of the mesh in refined regions is kept.
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a. (1, 2) b. (1, 3) c. (1, 4) d. (1, 1)

46.9 Hz 64.7 Hz 119 Hz 129 Hz

Figure 16: Eigenmodes of cylinder L1 computed with a finite strip model.

The fluid density and the dynamic viscosity are respectivelyequal to1.204 kg/m3 and1.8121 · 10−5 Pa s.
At the inlet a wind velocity of7m/s and a turbulence intensity of1% are imposed. At this wind speed the vi-
bration amplitude for mode(1, 3) was maximal (figure 15). For the turbulence modelling, a renormalization
group (RNG)k − ε model [15] is used.

The structure and the fluid field are sequentially coupled, using interfield iterations to fulfill the equilibrium
between the two fields at each timet. For both forces and displacements, a weighted average of the newly
calculated valueφcalc and the valueφk−1 from the previous interfield iteration could be transferredacross
the interface:

φk = (1− r) · φk−1 + r · φcalc (9)

However, in this case the relaxation factorr is fixed to1.0 through the entire computation for both load and
motion transfer. Convergence of the interfield iterations is achieved if

‖φk
i − φk−1

i ‖L2

‖φk
i ‖L2

< 10−3. (10)

Maximum ten interfield iterations are performed.

A globally conservation interpolation is used for the load transfer between non-matching grids, while a
profile preserving interpolation is used for the displacement transfer [2]. As the fluid and the shell elements
have half the height of the silo in the third direction, the transferred pressure is supposed to vary sinusoidally
along the height in the finite strip model.

The structure is integrated in time using the Newmark methodwith α = 0.25 andδ = 0.5. For both fluid
and structure the time step is chosen as∆t = 0.0002 s. This is small enough to account for the structural
modes up to129 Hz (figure 16) and to be able to calculate the vortex shedding in the wake of the cylinder.
For the structure no damping is added.

Figure 17a shows the deformation of the cylinder (enlarged by a factor 3) att = 0.006 s, while figure 17b
represents the magnitude of the relative pressure around the silo. At timet = 0.0086 s the computation
diverges. Further research should clarify the cause.
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a. Deformed structure. b. Pressure distribution.

Figure 17: Transient fluid structure interaction computation at a wind speed of7m/s at timet = 0.006 s.

5 Conclusions

Circular cylindrical shells, like silos, are perceptible to wind induced ovalling oscillations, an aeroelastic
phenomenon, where the cross section deforms as a shell without bending deformation of the longitudinal
axis of symmetry. A fluid-structure interaction analysis aims to predict the ovalling onset flow velocity.
An approximate analysis will be performed by reducing the structure, using the finite strip method, to two
dimensions and by coupling it with a two dimensional flow. Thefluid mesh is one element thick in the third
dimension and symmetry is applied to both planes.

First, the mode shapes and eigenfrequencies of a finite element and a finite strip model of the silo structure
are compared. The finite strip model of structure consists ofa combination of one shell element in the third
dimension with a two user defined matrix elements. A good correspondence is achieved between the lowest
eigenfrequencies of the finite strip and the three-dimensional model.

The transient 2D turbulent air flow around a single silo atRe = 1.24 × 107 is computed using the SST
turbulence model and the results are compared with the pressure coefficients of Eurocode 1 and with ex-
perimental data. The minimum pressure coefficient is underestimated, while the base pressure coefficient
is slightly overestimated. Unsteady simulations are performed for the flow around a group of 8 by 5 silos.
The largest time variations of the pressure coefficient occur at the leeward side of the groups. Vortices shed
at 0.165Hz from the group as a whole and at2.85Hz from the individual silos. The group configuration
drastically changes the pressure distribution around the silos. The time-averaged pressure coefficient at the
stagnation points is almost the same as for the flow around a single silo, while high values of suction are
present at the location of the small gaps between the silos and upstream of the separation points, especially
for the silos on the side corners of the groups. At the windward side of the groups, some silos experience a
higher drag coefficient than for the flow around a single silo,while in the middle of the 8 by 5 group the drag
coefficients are considerably lower. The lift coefficients for the silos on the borders of the groups are quite
high, especially for the two silos on the side corners. The time-averaged pressure coefficient is decomposed
into a series of cosine functions with circumferential wavenumbern, corresponding to the mode shapes of
an axisymmetric structure. The highest values of a projection Cp

n
are always situated on the borders of the

group. For all multiples of 4,Cp
n

has a larger amplitude for almost all silos of the group than for the flow
around a single silo due to the configuration of the group (four small gaps surround each silo).

The fluid and the structure are sequentially coupled, using interfield iterations to fulfill equilibrium and con-
servation of energy on the interface. The coupling procedure is validated by means of available experimental
results of wind tunnel tests. Preliminary results of a transient fluid-structure interaction calculation at a wind
speed of 7 m/s are reviewed. Further research should clarifythe cause of the divergence of the computation.
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Abstract 
In this paper, the Vibro-Acousitc Coupling Factor (VAC) is introduced and a novel structural optimization 
approach using VAC is proposed to minimize the sound pressure in an enclosure. The presented approach 
can give the information of the status of coupling between the structural vibration and the enclosure sound, 
which is useful to accomplish the global optimization. The proposed optimization is applied to the 
structural modification of a FE model, and the optimized structure is compared to that obtained by the 
conventional approach where the sound pressure sensitivity is utilized. It is shown that the globally 
optimized structure is obtained by the presented approach.  
 
 

1 Introduction 
 
To reduce the noise in vehicle cabin efficiently, Computer Aided Engineering tools (CAE tools) is widely 
used in design process. For low frequency range such as booming noise, Finite Element (FE) modeling 
and structural optimization is commonly used.  
The structural optimization provides quasi-optimal structure, but is not capable of providing the 
information ‘why’ sound pressure is reduced. A panel contribution analysis [1] is one of the methods 
providing such information. However, it is not easy to clearly understand the relationship between 
structural vibration and enclosure sound. Furthermore, the countermeasure to reduce the sound pressure is 
not straightforward.  
This paper examines the relationship between structural vibration and enclosure sound, i.e., how they are 
coupled and the condition for sound pressure is zero at a certain location and at a certain frequency. The 
Vibro-Acoustic Coupling Factor (VAC) is defined in this paper, which indicates the extent how coupling 
between structural vibration and enclosure sound. VAC can also be used for minimizing the sound 
pressure at an evaluation point in the enclosure. The status of coupling between them is understood by the 
Optimal State Chart, which is also newly introduced in this paper.  
A novel structural optimization approach based on Optimal State Chart is proposed, which is useful to 
accomplish the global optimization. The proposed approach is applied to a FE model, and the optimized 
structure is compared to that obtained by the conventional approach where the sound pressure sensitivity 
[2][3] is utilized. It is shown that the globally optimized structure is obtained by the presented approach. 
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2 Nomenclature 
 

[B] Dynamic Stiffness Matrix,  [C] Coupling Matrix, 
[D] Damping Matrix,   [K] Stiffness Matrix, 
[M] Mass Matrix,    {p} Sound pressure, 
[Q],{q} Acoustic Transfer Function,  r Vibro-Acoustic Coupling Factor, 
{x} Displacement, 

α Design Variable,   γ boundary of structure and acoustic, 
( )A value related to acoustic,  ( )S value related to structure, 
( )H conjugate transpose,   ( )T transpose, 

 

3 Condition for Sound Pressure to be Zero 
 

3.1 Derivation of the Condition 
 
The equation of motion in vibro-acoustic system is expressed by [4]  
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Assuming there is no sound source in acoustic system (fA=0), the second row of Eq.(1) is solved with 
respect to {p}, which gives 

  ( ){ } ( )[ ] ( ){ }ωωω xQp H=           (2.a) 

[ ] [ ] [ ]T1
A

2H CBQ −≡ ω        (2.b) 

[ ] [ ]A
2

AAA MDKB ωω −+≡ j       (2.c) 

[Q]H expresses the sound pressure response when the unit displacement input is applied to the boundary γ 
of structural system and acoustic system where [Q]H is called Acoustic Transfer Function. From Eq. (2.a), 
sound pressure at an evaluation point i is given as follows: 

  { } { }xq H
iip =         (3.a) 

{qi}H is a row vector of [Q]H which expresses Acoustic Transfer Function from γto the point i. Elements 
of {qi}H are almost zero, except the elements on γ. Therefore, Eq. (3.a) can be rewritten as a dot product 
with respect to γ 

  { } { } rp iii γγγ
H

γ xqxq ==       (3.b) 

where 

  
{ } { }

γγ

H
γ

xq
xq

i

ir γ≡         (3.c) 

and || || denotes a vector norm. r is a cosine between {qγi} and {xγ}, and is defined as “Vibro-Acoustic 
Coupling Factor (VAC)” in this paper. From Eq.(3.b) the sound pressure pi is zero when ||xγ||=0 or r=0 
under the assumption that {qγi} is a constant and is not a zero vector. In other words ||xγ||=0 or r=0 is a 
condition for pi to be zero. ‘r=0’ means the two vectors, {qγi} and {xγ}, are orthogonal to each other. 
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3.2 Physical Meaning of VAC 
 

Assuming that the boundary γ is consisted of some panels ℓ(ℓ=1,…,n),  sound pressure contribution from 
pane ℓ can be expressed as follows [1]: 

{ } [ ] [ ] { }xCBp
T1

A
2 �� −= ω         (4) 

where [Cℓ] is a coupling matrix with respect to the panel ℓ. Sound pressure at the point i is expressed as 
summation of elements related to the point i of Eq.(4). 
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ii pp
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�          (5) 

Assuming ||qγi||≠0 and ||xγ||≠0, substitution of Eq.(5) into Eq.(3.b) gives 
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If r is zero, we obtain 
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Generally, there is non-zero elements in pi
ℓ’s (ℓ=1,…,n), because ||qγi||≠0 and ||xγ||≠0. Therefore, pi

ℓ are 
canceled out each other when r=0 is attained. The value of r indicates the extent how cancellation is 
achieved because the sound pressure cannot be exactly zero as is often the case. 
 

4 Optimal State Chart and Structural Optimization 
 

In this chapter, variations of pi, ||xγ|| and r in the optimization process are discussed. Optimal State Chart 
(OSC) which indicates the optimal status and shows a relationship of three quantities, pi, ||xγ|| and r, is 
introduced. For the simplicity, the followings are assumed: the objective frequency is a single constant 
frequency ωc; the evaluation point of sound pressure is a single point i in an enclosure; and {q γ i} is 
constant under structural modification (thus, the geometry of enclosure is not modified).  
 

4.1 Optimal State Chart 
 
Sound pressure amplitude |p(ωc)i| under k-th iteration (k =0,…,n) of optimization process is written as 
follows from Eq. (3.b), 

( ) ( ) ( ) ( )kkkiki rp c,γc,γc,c ωωωω ⋅⋅= xq      (8) 

Normalizing Eq.(8) by the amplitude of initial sound pressure |pi,0| gives 
  000 kkk rxp =         (9) 
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pk/0, xk/0 and rk/0 are sound pressure ratio, boundary displacement ratio, and VAC ratio, respectively. The 
relationship of Eq.(9) is illustrated in Fig.1. Although the variables pk/0, xk/0, rk/0 must be positive number, 
Fig.1 is illustrated in the rage of -1< pk/0, xk/0, rk/0<1 to understand the global relationship. The sound 
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pressure in Fig.1 shows a saddle surface, that has a saddle point at [xk/0, rk/0]T=[0, 0]T. The vector σσσσk is 
structural characteristic vector, and is defined as, 

�
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0

k

k
k r

x
σ         (11) 

When structural optimization is performed to reduce pk/0, σσσσk is going down the saddle surface from the 
initial point σσσσ0= {1,1}T (shown in Fig.1).  
The relationship of Eq.(9) is shown in Fig.2 as contour plots, and referred as a “Optimal State Chart” 
(OSC). The contour interval is 0.1, and a line from σσσσ0 to saddle point indicates the ridge line of the saddle 
surface. Lines, xk/0=0 and rk/0=0, express sound pressure becomes zero on these lines. An area satisfying 
rk/0 > xk/0 is referred as the area Ax. And the area, rk/0 < xk/0, is referred as the area Ar. The area Ax implies 
decreasing xk/0 is efficient to reduce the pk/0, because contour interval is close in xk/0 direction (the slope is 
the steepest along the xk/0 axis). On the other hand, the area Ar implies decreasing rk/0 is efficient.  
By using OSC, we can see how xk/0 and rk/0 varies by structural optimization, and how pk/0 decreases. 
Moreover, we can compare the optimized results given by other principles (different algorithm or 
condition) and see how they are different from the viewpoint of OSC. 
 
 

 
 
 

4.2 Structural Optimization based on OSC 
 
To reduce the sound pressure pi, the direction of structural modification is roughly divided into two areas, 
the area Ax and the area Ar, on OSC. If we can get the structures from each area where the sound pressure 
levels are almost the same, it is useful to see how differently structural modification contributes to the 
reduction of sound pressure.  
Hence, the structural optimization based on OSC is proposed to seek the global optimized structure, and to 
see how different their statuses are. The proposed optimization is as follows: to seek the structure in the 
area Ax by using the sensitivity of ||xγ|| ( Eq.(A.3) ); to seek the structure in the in the area Ar by using the 
sensitivity r ( Eq.(A.4) ).; The two results are compared and the better result is chosen as the globally 
optimized structure. An application example is illustrated in the following chapter. 
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5 Performing Structural Optimization 
 
The structural optimization is conducted to a FE model shown in Fig.3 and Fig. 4. The proposed 
optimization based on OSC and the conventional approach, using sound pressure sensitivity [2][3], are 
applied. The structure is coupled with acoustic system through shell elements. Other boundaries of 
acoustic system, i.e., sidewalls in the enclosure are assumed to contact with rigid wall.  
Objective function is chosen as the sound pressure FRF at a driver’s ear point where the input force is 
applied to the body frame as shown in Fig.3. The sound pressure FRF, the boundary displacement ||xγ||, 
VAC r, and norm of acoustic transfer function ||qγi|| is shown in Fig.5. (modal damping ratio ζ = 0.01). 
||xγ|| has peaks at natural frequencies of the coupled system, and ||qγi|| has a peak at acoustic resonant 
frequency of 93Hz. The VAC r shows a gentle curve than sound pressure response.  
The sound pressure FRF has a peak at 49-50Hz, thus objective frequency is chosen at 49Hz. Figures 6 and 
7 show the structural deformation and the normalized sound pressure distribution of acoustic system at 
49Hz, respectively. In Fig.7 “+” indicates that sound pressure is positive near the area. The windshield and 
tailgate deform in opposite directions each other. Since it encourages the acoustic rigid mode, the sound 
pressure distribution is almost uniform.  
Figure 8 shows the panel contributions calculated from Eq.(4). The contribution from windshield, tailgate 
and other panels are in the same phase. Therefore, the total sound pressure level is greater than each 
component.  
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5.1 Structural Optimization by Conventional Approach 
 
Structural optimization using sound pressure sensitivity Eq.(A.1) is performed, which is referred as the 
conventional approach in this paper. The conditions of structural optimization are as follows: 
■ Objective function:   Amplitude of sound pressure FRF at driver’s ear position. 
■ Objective frequency:   49Hz 

■ Design variables α:   Thickness of shell elements except windshield and tailgate.  
Diameters of all bar elements. 

■ Constraints:    Total mass is constant. 
■ Side constraints:   Variation ratio of design variables is within ±30% 
■ Algorithm:    Sequential Linear Programming. 
The markers “○”s in Figs. 9 and 10 show the results by the conventional approach. Figure 9 indicates the 
boundary displacement ratio xk/0 decreases by 60%, and as a result, the sound pressure ratio pk/0 decreases 
as much as 60%. The final state of structure is expressed by σσσσ*1. The structural deformation and sound 
pressure distribution of σσσσ*1 are similar to Figs.6 and 7. The panel contributions of σσσσ*1 are shown in Fig.11. 
Because rk/0 retains the same level, the phase relations of the panel contributions are also kept as the 
original model. 
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5.2 Structural Optimization based on Optimal State Chart  
 

In 5.1, the structure in the Ax area was obtained. Thus, here the structure in the Ar area is sought by using 
VAC as an objective function, whereas VAC sensitivity is calculated from Eq.(A.4). Other conditions for 
optimization are the same as in 5.1.  

The markers “∆”s in Figs. 9 and 10 show the results, and the final state of structure is expressed by σσσσ*2. 
The results indicate that VAC ratio rk/0 decreases by 80% and, as a result, sound pressure ratio pk/0 
decreases as much as 80%. 

The structural deformation and sound pressure distribution of σσσσ*2 are illustrated in Fig.12, 13. The 
deformation of the roof is still large. However the variation of the cabin volume is smaller than the 
original model. Therefore the contribution of acoustic rigid mode decreases. As a result, sound pressure 
distribution in Fig.13 becomes non-uniform.  

The panel contributions of σσσσ*2 are shown in Fig.14. The VAC ratio rk/0 decreases because the panel 
contributions from windshield, tailgate and other panels canceled out. Consequently the sound pressure pi 
becomes fairly low. 

The objective FRFs of the original, σσσσ*1 and σσσσ*2 are shown in Fig.15. The sound pressure level of σσσσ*2 at 
49Hz is smaller than that of σσσσ*1. It is shown that the proposed optimization is capable of finding the 
structure which decreases the sound pressure more than the conventional result.  
The conventional approach tends to fall into the local minimum solution which lies near the initial state. 
On the other hand, the proposed optimization can search the global optimized solution on OSC. However 
it is not guaranteed that the optimization based on the VAC ratio rk/0 does always find the global minimum. 
The convergence speed is also slower than the sound pressure optimization as shown in Fig.10. This is 
because the objective function is set the VAC ratio rk/0, that is not the sound pressure itself.  

The structures of σσσσ*1 and σσσσ*2 are shown in Figs.16 and 17. The scale bars in Figs.16 and 17 indicate the 
modification ratios of the design variable αk/α0. The structures show the different tendency in distribution. 
In the viewpoint of the design it gives the different idea for modification.  

To improve resultant structure, the conventional approach is performed by setting σσσσ*2 as an initial structure. 
The markers “□”s in Figs. 18 and 19 show the results, and the final state of structure is expressed by σσσσ*3. 
The sound pressure ratio of σσσσ*3 decreases fairly more than σσσσ*2, and xk/0

 decreases by 60%. 
As shown above, we propose the following steps to find the globally optimized solution. 
 

Figure 11: Panel Contribution of σσσσ* at 49Hz  
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(1) The optimization based on OSC, i.e. the optimization using the sensitivity of ||xγ|| and r, is applied to 
the structure. Which area of Ax or Ar is efficient, or how sound pressure decreased, are recognized 
from OSC and the optimized structure. 

(2) Choose the most suitable structure considering of design requirements and sound pressure level, from 
resultant structures in (1). 

(3) The conventional approach is applied to the structure to find the best solution adjacent to the chosen 
structure in (2).  

 

 

Figure 12: Structural deformation of σσσσ∗2 ∗2 ∗2 ∗2 at 49Hz.
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6 Conclusion 
 
This paper examines the relationship between structural vibration and enclosure sound. The results are 
summarized as follows. 
(1) Vibro-Acousitc Coupling Factor (VAC) is introduced to understand the coupling between the 
structural vibration and the acoustic sound. Optimal State Chart (OSC) is also introduced to see the status 
of optimization process.  
(2) The novel optimization approach based on Optimal State Chart is proposed. In the proposed 
optimization the objective function is chosen depending on the area to be sought in OSC. The advantage 
of the method is to have the several candidates for the modification, and have the final structure from the 
viewpoint of global optimum. 
(3) By applying the proposed optimization to FE model. It is shown that the globally optimized structure 
can be obtained by the presented approach.  
 

A.1 Sensitivity of FRF 
 

Differentiating Eq.(1) with respect to design variable α gives  sensitivity of FRF[2][3] 
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A.2 Sensitivity of FRF norm 
 
Norm of FRF {X} is defined as follows 
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Differentiating Eq.(A.2) with respect to design variable α gives 
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A.3 Sensitivity of VAC 
 

Differentiating Eq.(3.b) with respect to design variable α gives 
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Abstract 
In this paper a new solution strategy will be presented to solve structural-acoustic problems in a more 
efficient way. Both the structure and fluid domain are modelled with the Finite Element Method (FEM). 
The new approach reduces the computational effort compared with the more conventional FEM approach, 
by introducing non-coinciding fluid and structure mesh and separate solution of both domains, but in a 
fully coupled fashion. This is necessary in case of large models, existing for realistic aircraft structures 
such as fuselage panels or a fuselage barrel, which are the type of structures analysed within the 
framework of the European programme FACE (Friendly Aircraft Cabin Environment). One of the main 
objectives within this project was to predict the sound transmission through aircraft fuselage panels.  

The solution strategy has been implemented in the in-house finite element program B2000. Numerical 
results obtained for a large Aluminium fuselage panel are presented and compared with experimental data 
(modal and transmission loss data) to validate the approach. The following panel configurations have been 
analysed: bare, damped (viscous constraining layer) and furnished (glass wool). 

 

1 Introduction 
 

The field of acoustics is of interest in various types of industries, for example the automobile, aircraft and 
space industry. This is due to the ongoing optimisation of structures resulting in lighter stiff structures, 
which are more vulnerable for vibrations, as well as the increase in demand for more environmental 
friendlier structures and passenger comfort. 

Passenger comfort in aircraft has been an important research topic over the past decades. A low noise 
environment is an important issue for airline operators and passengers for new generations of aircraft. 
Main part of the interior noise is caused by external noise sources, such as engines and boundary layer 
noise, which transmit through the fuselage structure.  

The fuselage structure is essentially a double wall system consisting of the stiffened outer shell, the inner 
trim panels mounted to the stiffeners and in between a cavity partly filled with insulation material and air, 
schematized in figure 1.1. A good numerical model describing the sound transmission through the aircraft 
fuselage, allows aircraft manufacturers to predict the noise level inside the aircraft and design more silent 
aircraft cabins. 

One of the goals of FACE is to predict the sound transmission through real furnished aircraft fuselage 
panels and even a fuselage barrel. These problems result in larger finite element models. Although 
computer power has increased considerably over the past decades, this type of analysis still remains very 
time consuming requiring large computing resources.  

Direct solution of the coupled structural-acoustic system of equations is difficult and time consuming, 
because the global matrices are non-symmetric, complex and frequency dependent, in general. Therefore 
one of the objectives of NLR in FACE was to develop a more efficient solution strategy, which is 
discussed in detail in chapter 2. The solution strategy is based on the following considerations: 
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• Non-coinciding fluid and structure mesh. 
In general, the wavelengths present in the structure are much smaller than those in the fluid domain. 
The mesh density in the fluid domain can therefore be selected much coarser. This considerably 
reduces the number of degrees of freedom. Therefore, the most efficient way is to mesh the fluid and 
structure domain separately and allow for non-coinciding meshes at the interface. 

• Separate solution of both domains, but in a fully coupled fashion. 
Solving two smaller problems is much more efficient than solving the whole problem at once, 
especially here, since the two smaller problems are symmetric with a much smaller bandwidth 
contrary to the overall problem. 

This solution strategy has been implemented in the finite element program B2000 (Ref. 1), which is an 
open, modular finite element environment for which the source code is available (www.smr.ch) and is 
used at NLR as a FEM development tool. 

 

 

 
Figure 1.1: Schematised double wall set-up 

 

In chapter 3 numerical results will be presented obtained with this new solution strategy for a bare, 
damped and furnished Aluminium fuselage panel. The numerical results are compared against 
experimental results to validate the model. 

 

2 Numerical approach 
 

2.1 Considerations 
 

The dynamical behaviour of the fluid in an aircraft cabin can be described by the Helmholtz equation, 

ckpkp /;022 ω==+∇  (1) 

provided the following requirements are fulfilled: 

• The fluid behaves inviscid, i.e. shear forces in the fluid can be neglected, which is no longer valid for 
very thin air layers (Ref. 2). 

• The fluid behaves like an ideal gas. 
• The fluid is supposed to be at rest (no mean velocity). 
• Only small harmonic fluctuations around the equilibrium state are allowed. 

For very high sound pressure levels (above the threshold of pain > 130 dB) this no longer is valid.  
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In terms of a FEM formulation this equation, with proper boundary conditions, can be discretised yielding 
the matrix-vector equation: 

fff FPMK =− )( 2ω  (2) 

where Kf and Mf are the fluid “stiffness” respectively “mass” matrix. P is the pressure amplitude and F the 
force vector due to external loading (e.g. sound source). This equation is similar as the one describing the 
dynamical behaviour of a structure. 

In case of a coupled fluid-structure problem the resulting matrix-vector equation becomes: 
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where Csf and Cfs are the couple matrices representing the force exerted on the structure by vibrations of 
the fluid and vice versa. Ds and Df represent the viscous damping present in the structure, respectively, 
fluid matrix. 

In general, direct solution of this system of equations is difficult and time consuming, since: 

• The system is non-symmetric (individual mass and stiffness matrices are symmetric). 
• The system is complex representing damping in the structure and fluid (e.g. for insulation material).  
• The matrices can be frequency dependent (e.g. for insulation material). 
• The matrices can become very large in case of realistic problems, having a large bandwidth. 
 

In order to reduce the computational effort in solving the above response problem, a different solution 
strategy is applied here based on the following considerations: 

• Non-coinciding fluid and structure mesh. 
• Separate solution of both domains, but in a fully coupled fashion. 
• Different storage scheme combined with iterative solvers. 
 
2.1.1 Non-coinciding fluid and structure mesh 
In general, the wavelengths present in the structure are much smaller than those present in the fluid for the 
same frequency range. The mesh density can therefore be much coarser in the fluid domain, which 
considerably reduces the number of degrees of freedom. The most efficient way is to mesh the fluid and 
structure domain separately and allow for non-coinciding meshes at the interface of both domains. The 
difference in mesh density at the interface should be taken care off. For this a new module has been 
implemented which automatically determines the interface for a given fluid and structure mesh. The 
information obtained is used to construct the couple (Csf and Cfs) and interpolation (Hsf and Hfs) matrices 
between fluid and structure. Automatic generation of the fluid structure interface is necessary to prevent 
mistakes and laborious work.  

 
2.1.2 Separate solution of both domains 
The structure and fluid problem are solved separately, however, in a fully coupled fashion. Solving two 
smaller problems is much more efficient than solving the whole problem at once, especially here, since the 
two smaller problems are symmetric with a much smaller bandwidth contrary to the overall problem of 
equation 3. Furthermore, iterative instead of direct solvers can now be applied more effectively (see next 
sub-section), due to the symmetry of the problem and improved condition number. 

The basic idea is to determine a modal basis for both the structure and fluid domain and solve the coupled 
problem in modal co-ordinates. 

The structure’s modal basis is determined for the undamped structure, yielding matrices that are 
symmetric, real and thus easy to solve. This is a good assumption, since the mode shapes will not be 
influenced much by neglecting damping. Only in cases with a strong fluid-structure coupling the coupled 
structure modes can differ. However, even in that case the response of the structure for the overall system 
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should be approximated well by a linear combination of all modes, weakening the requirement that the 
individual modes need to be determined very precise. 

Similarly, the fluid modes are also determined for the uncoupled undamped situation. For the fluid modes 
things are however more complicated. The resulting modes represent the so-called acoustic dominated 
modes, which cause vibration of the structure once exited by the external loading. In general, these modes 
are not capable of accurately representing the fluid response for the previous structure dominated 
modes. For example, the fluid response will often be concentrated in a region close to the structure. This 
cannot be represented by acoustic-dominated modes, which show a response for the whole fluid domain. 
Since these fluid modes are important for the prediction of the response in major part of the frequency 
domain under view, it is necessary to adjust for it. A crude approach often applied is to determine two sets 
of acoustic dominated modes, one where the structure is represented by rigid walls as well as one with free 
surface boundary conditions. It is then assumed that a linear combination of both modal sets better 
represent the overall response. This however is doubtful in many applications and also requires the 
solution of two eigenvalue problems, instead of one.  

Here a different, cheaper and much more accurate approach is followed. Since the structure dominated 
modes are known an accurate prediction of the fluid response can be obtained by solving the 
corresponding undamped response problem (see second row of equation 3): 

sifssififsif CMK φωφω 22 )( =−  (4) 

This can be done efficiently by means of an iterative solver, see next sub-section. 

Once a modal basis has been obtained for the fluid and structure, the coupled problem can be solved 
accurately and efficiently in modal co-ordinates. Since the meshes of both domains are non-coinciding on 
the interface, construction of the coupled system is more complicated, see section 2.2.1. 

  

2.1.3 Different storage scheme and iterative solvers 
In general, the global finite element matrices are stored in so-called skyline format, which means that only 
the elements of a particular row are stored from the first non-zero element in that row up to and including 
the diagonal element. Since these matrices are sparse and banded this, in general, is an efficient storage 
scheme (on disk and in memory). However, for fluid-structure problems most elements within the skyline 
are zero as well. This can easily be as much as 95% of the elements. For large problems, as the ones in 
FACE, this is a main drawback. A much better way is to store only the matrix elements unequal to zero. 
Here, the so-called Compressed Row Storage (CRS) scheme is applied, in which only the non-zero 
elements are stored together with their column number. The row number can be obtained from the skyline 
vector. 

When direct solvers are applied a factored stiffness matrix is required. During the factorisation process the 
zero elements within the skyline will, in general, become non-zero and the advantage of CRS disappears, 
although, the advantage still remains for the non-factored matrices. This disadvantage does not occur 
when iterative solvers are applied. A computational expensive factorisation of the stiffness matrix is not 
required. The original matrices are used mainly in matrix-vector operations. For large systems iterative 
solvers are therefore often more efficient than direct solvers. 

The fluid domain can be solved easily by means of an iterative solver. For the structure domain a serious 
problem arises. Since aircraft fuselages are thin walled structures they are modelled by means of shell 
elements. In general, these shell elements have an element stiffness matrix with a very high condition 
number. This is caused by the reduced integration scheme applied in the calculation of the shear part of 
the stiffness matrix, in order to remove the shear-locking phenomena. This prevents the use of iterative 
solvers, since no convergence will be obtained or only against obsessive calculation times. Recently Rong 
and Lu (Ref. 3) published a paper dealing with this ill-conditioned problem in a different way, which 
seems very promising.  
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2.2 Outline of approach 
 

In this section the different steps of the solution scheme are presented in more detail. The whole scheme is 
subdivided into the following two main parts: 

• Calculation of the response of the structure, see section 2.2.1: steps 1 to 11 
In this part the structure and fluid domain(s) are modelled and the response of the structure due to 
structure and acoustic loading is calculated. A modal approach is applied here, as discussed in the 
previous section, in which both the structure and fluid domains are solved separately, taking into 
account the correct coupling between the structure and fluid domains. Both domains can have a 
different mesh density. In situations were the influence of the fluid on the dynamical behaviour of the 
structure can be neglected, weak coupling, only the structure needs to be modelled. 

• Calculation of the response of the fluid domain, see section 2.2.2: steps 12 to 13 
In this second step the response of the fluid domain due to the structure is calculated. Here a FEM 
approach is chosen, but a BEM approach can also be applied. It depends on the configuration analysed 
which of both approaches is more applicable.  

 

2.2.1 Calculation of the response of the structure 
1. Two separate and independent input files have to be generated that describe the structure and fluid 

domain, including the node number co-ordinates, element connectivity and specification of material 
properties, boundary conditions and loading. The fluid and structure mesh can be non-coinciding on 
the interface. 

2. Determination of the fluid structure interface. 
The fluid-structure interface is automatically determined from the information in the two input files.  

3. Construction of the couple matrices for the fluid and structure domain: Cfs, Csf 
4. Construction of the structural interpolation matrix Hsf with which the pressure DOFs on the interface 

are transformed from the fluid to the structure mesh. 

fsfs PHP =  (5) 

5. Construction of the fluid interpolation matrix Hfs with which the displacement DOFs on the interface 
are transformed from the structure to the fluid mesh. 

sfsf UHU =  (6) 

6. Solution of the uncoupled undamped structural eigenvalue problem for ns modes to obtain the 
structural modal basis of structure dominated modes. 

ssissis niMK ..10)( 2 ==− φω  (7) 

7. Solution of the uncoupled undamped fluid eigenvalue problem for nf modes to obtain the fluid modal 
basis of fluid dominated modes. 

ffiffif niMK ..10)( 2 ==− φω  (8) 

8. Determination of the pressure fields due to structural dominated modes and addition to the fluid modal 
basis. 

ssifsfssififsif niHCMK ..1)( 22 ==− φωφω  (9) 

9. Determination of the displacement fields due to fluid dominated modes and addition to the structural 
modal basis: 

 ffisfsfsisfis niHCMK ..1)( 2 ==− φφω  (10) 
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This response problem can be solved in modal co-ordinates, by assuming that the structure response 
due to fluid loading can be accurately described by a linear combination of the uncoupled structure 
modes. 

ffisfsf
T
sisisfis niHCQmk ..1)( 2 ==− φφω  (11) 

10. Construct the coupled fluid-structure system of equations in modal co-ordinates. 

( ) ( ) ( )[ ] fsffssfsfsfs ffQmcmddikck +=++−++++ 2ωω  (12) 
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where i,j = 1.. ns + nf 

The multiplication with 1/ωi
2 term in the above equations is introduced due to the non-symmetry of 

equation 3, causing the left φl and right φr eigenvectors to be different. In this case the following 
special relation exists between both eigenvectors (see e.g. Ref. 4): 
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provided that the eigenvalue ωi
2 not equals zero (rigid body mode). 

In case of a fluid rigid body mode the left eigenvector yields: 
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In case of a structure rigid body mode the left eigenvector depends on the inverse of the fluid stiffness 
matrix (Ref. 4) and is expensive to solve. However, in a normal application rigid body modes of the 
structure are not present or can easily be avoided by selecting appropriate boundary conditions. 

11. Solve the modal fluid-structure response problem obtained in the previous step for the frequency 
domain of interest. This can be done fast, since the matrices are in terms of modal co-ordinates and 
thus small. In general, the modal matrices will not be diagonal matrices, but banded, since the 
undamped uncoupled modes will not be a perfect basis for the coupled problem. Also the matrices are 
non-symmetric, due to the couple terms. Therefore, standard modal methods cannot be applied, 
instead a direct method has to be used, which still is fast given the small size of the modal matrices. 

 
2.2.2 Calculation of the response of the fluid domain and derived quantities 
12. Determination of the fluid response Pf due to structural vibrations Us, i.e. second row in equation 3 

sfsfsffff UHCPMDiK 22 )( ωωω =−+  (15) 
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Here Df is the fluid damping matrix, representing the impedance end-boundary condition. Because of 
this, a modal approach cannot be applied. A direct approach has to be used instead, which is an 
expensive step, depending strongly on the mesh density of the fluid domain. The same is true when a 
BEM approach is applied. 

13. Calculation of derived quantities such as: sound intensity and transmission loss, which is a post-
processing step and not computationally expensive. More details are given in the next section. 

 
2.3 Sound Intensity and Transmission Loss 
 

The goal of the analysis is to calculate the amount of energy transmitted through a fuselage structure and 
is expressed as the Transmission Loss (TL), defined by: 

(dB)log10
1

log10 1010 







=







=
trans

inc

E

E
TL

τ
 (16) 

in which τ is the transmission coefficient defined as the ratio of the transmitted sound power Etrans and 
the incident sound power Einc, which is a measure how well sound is passing from one volume to another 
through an intervening partition. 

The sound power E is the amount of energy flowing through a control surface in the fluid domain A per 
second and can be found by integration of the sound intensity over the surface. 

( ) (W)dAxIE
A
∫=  

(17) 

where the (active) sound intensity in a point x is defined as the time average of the pressure fluctuation 
times the velocity: 

( ) ( ) ( ) ( ) )(W/mRe
2

1
,,

1 2*VPdttxvtxp
T

xI
t

== ∫  (18) 

where P and V represent the complex amplitudes in case of a sinusoidal sound field. The superscript * 
stands for the complex conjugate. 

The fluid domain is formulated in terms of pressure (fluctuation). The velocity can be obtained from the 
linearised Euler’s equation (conservation of momentum), which yields for a sinusoidal sound field: 

∆
−

=∇= 12
ˆˆ PPi

P
i

V
ρωρω

 (19) 

Calculation of the velocity thus requires the gradient of the pressure, which is determined by a first-order 
finite difference scheme using two grids of points some distance apart (called field point mesh), 
schematically depicted in figure 1.1, denoted by the indices 1, respectively, 2. This is equivalent as what is 
done in sound intensity measurements using a sound intensity probe consisting of two microphones 
measuring the pressure at two points a distance ∆ apart. ∆ should be selected much smaller than the 
smallest wavelength of interest and is a high frequency limitation. This poses no limitation for a FEM 
analyses, because the wavelengths that can be analysed are limited by the mesh size and modal density. 
The field point surface may be selected anywhere in the fluid domain and the pressure at the grid points 
can be obtained from the known pressure response values in the surrounding fluid element nodes. 

Equivalently, for the pressure amplitude the mean complex pressure is used: 

VIBRO-ACOUSTIC MODELLING AND PREDICTION 4589



2
12 PP

P
+

=  (20) 

Combining the above three equations yields the sound intensity in a direction x: 

( ) ( )( ) ( ) ( )irirx PPPPPPPPiPPI 2112
*

21
*

1
*

221 2

1
Im

2

1ˆRe
4

1 −
∆

=
∆

=−+
∆

−=
ρωρωρω

 (21) 

The indices r and i denote the real, respectively, imaginary part of the pressure. 

The (active time averaged) sound intensity thus depends on the phase difference between the pressure 
values in the two field points, introduced by energy dissipation in the FEM model. A small active intensity 
component, compared to the pressure, can cause numerical as well as experimental problems. For a 
strongly reactive field two more or less equal numbers are subtracted. This causes a loss of accuracy, since 
the accurate digits are subtracted leaving a zero for these digits. 

The total sound power E (Eq. 17) now is obtained by integrating the intensity over a control surface. The 
field point mesh hereby consists of N equal sub-domains. The surface integration thus becomes the 
following simple summation: 
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In order to determine the transmitted sound power Etrans in the receiving domain the total pressure first has 
to be separated into a forward (transmitted) and backward (reflected) travelling wave.  
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This can be easily obtained from the sound pressures at the two points of the field point mesh, which 
yields: 
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The total incident sound power Einc is determined by assuming a plane wave condition at each structural 
element and sum all contributions for the elements within the control surface: 

(W)
21

2
,

2
,

ielm

nelm

ielm

iincrinc
inc A

c

PP
E ielmielm∑

=

+
=

ρ
 (25) 

The pressure loading applied in the FEM analysis represent the total pressure (Pinc + Pref). Assuming a 
reflection coefficient (r = Pref /Pinc) of 1 means the power has to be divided by a factor of 2. This only is 
true in an approximate sense. For low frequencies (below 200 Hz according to the mass law) this will not 
be correct, as well as for some specific resonance frequencies above the 200 Hz. 

Finally, knowing Einc and Etrans the transmission loss can be determined according to equation 16. 

 

2.4 Glass wool model 
 

The most extensive theory available to model the glass wool in the furnished configuration is the Biot 
theory (Ref. 5). Here, both the porous media and the fluid are modelled separately, including the coupling 
between the two domains. Besides the fact that the theory is quite complex, it is not applicable here to 
model the glass wool. This, because the stiffness of the fibre-matrix is very low (it can be compressed 
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easily) and therefore the model suffers from many very low frequency fibre-matrix modes, which makes it 
unsuitable for a FEM approach. 

A much better approach here is the Limp theory (Ref. 6) neglecting the fibre-matrix stiffness. As a 
consequence the model is not capable to detect resonances in the porous media. This poses some 
limitations on the use of the model: the acoustic wavelength should be larger than the thickness of the 
porous layer. Another assumption is that the material is regarded as homogeneous. This assumption is 
valid if the size of the pores is much smaller than the acoustic wavelength. Both are valid assumption here, 
since the thickness of the glass wool layer is approximately 5 cm and thus the limiting frequency about 
290/(2*0.05) = 2900 Hz, which is much higher than the frequency domain analysed (up to 1000 Hz), see 
chapter 3. 

The Limp model results in the Helmholtz equation with a complex wave number. 
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with, 

 Ks = 1  Structure factor 

 H = 0.99  Porosity (volume percentage pores in material) 

 Φ = 38000 Ns/m4 Viscous flow resistance 

 ρs = 2190 kg/m3 Fibre density  

 ρf = 1.2 kg/m3 Fluid density (air at room temperature) 

 cp = 290 m/s Isothermal sound speed (air at room temperature) 
 

The structure factor accounts for the effect of inaccessible pores and can be taken Ks=1 for glass wool. The 
value for the porosity and viscous flow resistivity have been obtained by measurements performed by 
University of Oldenburg. 

The Limp model has been implemented in B2000. The “stiffness” matrix is complex and frequency 
dependent. The glass wool thus is assumed to behave like a viscous fluid. The frequency dependency is 
hard (expensive) to solve, therefore the complex coefficient is determined for the frequency half way the 
frequency interval analysed, i.e. 500 Hz, and kept constant over the whole frequency domain. 

 

3 Numerical results for an Aluminium fuselage panel 
 

In this chapter the numerical results are presented obtained with the solution strategy discussed in the 
previous chapter, applied to an Aluminium fuselage panel. The panel has been analysed for the following 
configurations: 

• Bare 
• Damped (a damping layer has been added, see figure 3.1 left picture) 
• Damped and furnished (besides the damping layer a glass wool blanket has been added, see figure 3.1 

right picture) 
 
The fuselage panel was 2.22 m long and 1.54 m in circumfential direction. 
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Figure 3.1: Damped (left) and furnished (right) Aluminium fuselage panel 

 

In the next sections first the model of the experimental set-up at NLR, schematised in figure 3.2, will be 
discussed. This set-up consists of the test structure (fuselage panel), a reverberation room on one side, in 
which the sound field is generated and a receiving (semi-anechoic) room on the other side, in which the 
transferred sound field is measured. The last is done by scanning a control surface (bounded by duct) with 
a sound intensity probe. 

In this case, the influence of the fluid on the dynamical behaviour of the panels is small (weak fluid-
structure coupling), due to size, high stiffness and mass of the structure. Therefore, in the calculation of 
the response of the panels due to the impinging sound field (first part of the analysis scheme, section 
2.2.1) the fluid-structure coupling could be neglected. However, the reverberation room still was modelled 
to predict the incident sound field impinging on the structure (section 3.1). The fluid-structure interaction 
on the receiving side was modelled to determine the sound radiation (section 3.2). 

The frequency domain of interest was 0..1000 Hz. 

 

 
Figure 3.2: Schematised measurement set-up, from Ref. 7 
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3.1 Reverberation room 
 

In the experimental set-up, schematised in figure 3.2, use is made of a reverberation room to generate a 
diffuse sound field. However, according to Schroeder’s equation the dimensions of the room are such that 
the sound field is not diffuse for frequencies below 500 Hz, i.e.: 

Hz505
4.33*3.55

2*340*6

3.55

6 3
60

3

===
V

Tc
fc  (27) 

T60 is the reverberation time and V the volume of the room. 

This was the reason to model the room, since it concerns a significant part of the frequency domain in the 
FEM TL-analysis and is also the most important part for sound reduction. The objective was to determine 
an approximation of the sound field that impinges on the panels, in order to improve the validation of the 
FEM results. 

Figure 3.3 shows the FEM model of the reverberation room, including the noise sources: four 
loudspeakers near the corners of the room and a dodecahedron placed at successively 3 different positions 
to generate sufficient sound power below 500 Hz. The volume has been modelled with 10*10*10 
quadratic elements. The mesh density is not sufficient to cover the whole frequency domain of interest (up 
to 1000 Hz), however, this is not regarded as a real limitation, since the sound field should only 
approximate a diffuse kind of sound field above 500 Hz. 

 

 

 
 

 

Figure 3.3: Left: FEM model of reverberant room including the FEM model for the Aluminium fuselage 
panel. Red spots are the dodecahedron source positions. Right: dodecahedron. 

 

The fluid response at the panel determines the incident field and is calculated for each frequency for which 
the transmission loss is determined later on.  

In the response analysis damping has been included to model the reverberation time. This will result in a 
complex frequency dependent sound field. In the frequency range of interest (100 up to 1000 Hz) the 
reverberation time T60 is on average 1.5 seconds. This value has been used to determine an appropriate 
damping value. The time dependent pressure at a point can be written as: 

( ) ( ) ( ) t
t etpetptp 2

00

α
δ −− ==  (28) 

In which δ (=6.9/T60) is the reverberation constant and α the Rayleigh damping coefficient (D= αM+βK). 
This damping coefficient α thus has a value of 9.2. 
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The response analysis included all sources simultaneously to arrive at an average sound field (similar as is 
done for measurement results). The same source level was applied at all frequencies to approximate the 
white noise of the dodecahedron. Since the transmission loss is a ratio of the incident and transmitted 
sound power, the absolute level of the sources was not important. Furthermore, a direct instead of a modal 
method was applied to determine the complex response. A modal approach could not be applied due to the 
high modal density in the frequency range of interest (up to 1000 Hz) , already more than 500 roots in the 
interval 0 to 500 Hz. Figure 3.4 depicts an example of the resulting pressure distribution on the panel at 
402 Hz. 

  

  

 

Figure 3.4: Complex frequency dependent pressure distribution at the panel, real (left) and imaginary 
(right) part, for 402 Hz 

 

3.2 Receiving room 
 

The receiving room consisted of a duct in which the sound intensity was measured and a semi-anechoic 
room behind it, see figures 3.2 and 3.5. Therefore, it was regarded sufficient to model only the duct with 
an impedance value at the far end as shown in figure 3.5, which also depicts the FEM mesh used. The 
impedance value applied was ρ*c, approximating the Sommerfeld radiation condition, in order to prevent 
reflection at the end of the Duct as much as possible. The mesh density was 21*20*20 linear acoustic 
elements, which is much coarser than the panel meshes. The mesh is fine enough to accurately represent 
the pressure distributions due to the panel vibrations.  

  

 

Figure 3.5: Sound intensity measurement set-up (left) and FEM mesh of duct with impedance boundary 
condition (green) representing the end-plane 
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3.3 Aluminium fuselage panel 
 

Figure 3.8 shows the FEM mesh of the fuselage panel (for the damped configuration) consisting of: shell 
elements (light blue), beams elements (red) and rods elements (green). The rods represent the springs used 
in the experimental set-up to suspend the panel. All degrees of freedom have been locked at the end nodes 
of the rods (springs). Furthermore, the rotation around the normal (drill) has been locked for all shell 
element nodes not coinciding with a beam node, to remove the singularity associated with this degree of 
freedom. For this node-local co-ordinate systems have been allocated to these nodes. 

Some model characteristics are: 9711 elements (1184 beams and 15 rods), 8721 nodes and 44766 degrees-
of-freedom. 

 
 

Figure 3.6: FEM mesh of the damped Aluminium panel: shells (light blue), beams (red) and rods (green). 
The dark blue elements represent the constraint layer damping. 

 

3.3.1 Modal analysis of bare fuselage panel 
First a modal basis was computed. It was decided to take into account the first 400 modes (up to 1100 Hz), 
which means that the response is accurate up to approximately 1000 Hz. The first six modes are rigid body 
modes (spring modes) and the seventh is the first real panel mode. Figure 3.7 depicts one of the lowest and 
highest mode shapes. For some of the highest modes the mesh density becomes very coarse. 

 

  

Figure 3.7: One of the lowest (17th) and highest mode shapes (390th). 
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To validate the FEM model, the calculated modes shapes and eigenfrequencies were compared with the 
experimental results obtained from a modal analysis (Ref. 7). The Modal Assurance Criterion (MAC) was 
applied to compare the mode shapes: 

( )( )expexp
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num
i
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φφφφ

φφ
⋅⋅

⋅
=  (29) 

A MAC value of 1 indicates a fully correlated mode shape. In table 3.1 the MAC values (column 3) are 
presented for all measured experimental modes (column 1) together with the best correlating numerical 
mode (column 2). Overall the correlation is excellent, which can also be seen from the modal plots in 
figure 3.8. For some modes the correlation is low, but in all cases the quality of the measured mode then is 
questionable. Furthermore, not all numerical modes were detected in the measurement. The excellent 
correlation is also found for the corresponding eigenfrequencies, depicted in figure 3.9. In the ideal case 
all the points would have been on the red-line. The deviation becomes lager for the higher modes. 
 

  
 

Figure 3.8: Experimental (left) versus numerical (right) mode shape on the experimental grid: mode 12 

 

Exp. 

Mode 
nr. 

Num. 

Mode 
nr. MAC 

Exp. 

Freq 

Num. 

Freq 

Exp. 

Mode nr. 

Num. 

Mode nr. MAC 

Exp. 

Freq 

Num. 

Freq 

1 8 0.96 44.7 46.0 14 22 0.84 179.4 196.8 

2 9 0.90 99.2 99.9 15 25 0.51 185.6 200.2 

3 10 0.41 102.9 103.0 16 37 0.30 194.7 245.2 

4 9 0.36 107.7 99.9 17 35 0.59 213.8 240.9 

5 12 0.56 110.8 114.2 18 48 0.28 220.5 296.3 

6 11 0.71 118.6 111.6 19 48 0.60 235.7 296.3 

7 13 0.36 140.6 138.0 20 45 0.34 242.6 285.7 

8 13 0.57 145.8 138.0 21 49 0.60 246.9 303.9 

9 18 0.79 153.4 175.6 22 48 0.44 256.9 296.3 

10 14 0.59 157.1 146.6 23 47 0.80 267.2 289.2 

11 19 0.59 162.5 178.5 24 53 0.24 275.2 316.2 

12 20 0.89 168.9 190.8 25 52 0.64 277.5 315.9 

13 21 0.54 173.0 190.9 26 57 0.57 288.1 328.8 

 

Table 3.1: MAC numbers and eigenfrequencies (Hz) for the experimental and numerical modes of the bare 
Aluminium panel 
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Figure 3.9: Numerical versus experimental eigenfrequencies for Aluminium panel 

 

3.3.2 Response analysis 
After determination and validation of the structure modes, see previous section, the next step in the TL-
analysis was the calculation of the response of the structure (see section 2.2.2) for all three configurations, 
caused by the incident complex frequency dependent pressure field discussed in section 3.1.  

 

Bare configuration 

For the bare panel a modal damping value ξ of 0.001 was applied to model the damping. This value is 
based on the damping measured in the modal analysis, for which a mean damping value of 0.001 was 
found.  

 

Damped configuration 

For the damped configuration (see figure 3.1 and 3.6) the FEM model was modified. Two extra layers 
were added to the model for the shell elements located at the places where the damping tape was attached, 
see figure 3.6. The damping tape (Soundfoil type 15LT12) consisted of a 0.18 mm visco-elastic layer and 
a 0.38 mm thick Aluminium layer (constraining layer damping).  

The visco-elastic damping layer was modelled as a layer with low stiffness and complex modulus (E and 
G). The following properties have been selected, based on experiments performed by the University of 
Oldenburg: 

 E =  5 GPa ν =  0.3 β =  0.3 

The loss factor β is defined as the ratio of the imaginary and real part of the young’s or shear modulus. 
The loss factor is frequency dependent. This frequency dependency is hard (expensive) to solve, therefore 
a mean value of 0.3 over the frequency range of interest (0 to 1000 Hz) was chosen. The density of the 
visco-elastic layer can be neglected. 

 

Furnished configuration 

For the furnished configuration the Limp glass wool model, as discussed in section 2.4, was applied. In the 
experimental set-up the glass wool is located on the incident side of the panel, depicted in the picture on 
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the right of figure 3.1. The mass and stiffness of the glass wool is very low and therefore it has a 
neglectable effect on the dynamical behaviour of the panel. Its main contribution comes from reducing the 
incident field, due to the viscous behaviour of the glass wool. Therefore, in the numerical model the glass 
wool has been modelled as a 5 cm thick layer on the receiving side of the panel, see figure 3.10, which 
should have the same effect on the transmission loss of the panel. In this way the size of the numerical 
model is reduced considerable. The number of elements is strongly reduced, since the fluid mesh is much 
coarser and also covers a smaller area than the structure mesh. 

 

 
Figure 3.10: FEM model Duct with glass wool layer (yellow) and impedance boundary condition (green) 

 

3.3.3 Transmission Loss analysis 
Knowing the response of the panel the next step was the determination of the sound radiation caused by it 
(see section 2.2.2). For this, the fluid-structure interface was determined, shown in figure 3.11 by the 
purple rectangular, in which the non-coinciding mesh on the interface is clearly shown. 

 

  

 

Figure 3.11: Response at 414 Hz for: panel displacement (left) and resulting fluid response in duct (lower 
right) 

 

Based on the response of the panel, the response in the duct (receiving fluid domain) was determined, see 
section 2.2.2. A typical result (for 414 Hz) is depicted in figure 3.11. In the left picture the panel response 
is depicted caused by the complex incident pressure field (Us in equation 16). The resulting fluid response 
in the duct is shown in the right picture (Pf in equation 16). From this fluid response the transmission loss 

4598 PROCEEDINGS OF ISMA2006



and other quantities were determined, as explained in section 2.3. The field point mesh, schematically 
depicted in figure 1.1, at which the sound intensity and other quantities are obtained, was located at the 
same position in the duct as the sound intensity probe in the experimental set-up, i.e. 135 mm from the end 
of the duct. The field point mesh consisted of two planes 1 mm apart, each containing 21*21 equidistant 
points. Figure 3.12 depicts the sound field at the field point mesh for a characteristic result (at 836 Hz). 

 

 
 

Figure 3.12: Calculated sound field at 836 Hz on the field point mesh: real part of the total pressure  

 

Finally, figure 3.13 depicts the transmission loss curves. The figure shows the measured (dotted lines) and 
calculated (drawn lines) curves for the three configurations analysed: bare, damped and furnished. For all 
three configurations the correlation is excellent for frequencies above the 350 Hz (less than 2 dB 
differences). Below the 350 Hz, a much higher TL is predicted in the numerical analyses. This can be due 
to: spring attachment (causing rigid body modes of the panel); loss of accuracy due to low system 
damping; errors in the calculated incident sound field, a reflection coefficient of one will not be a good 
approximation for low frequencies. 
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Figure 3.13: Experimental (dotted) and numerical (solid) TL-curves for Aluminium panel configurations: 
bare, damped and furnished 
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4 Conclusions 
 

A new approach has been presented in detail to solve structural-acoustic problems. The structure as well 
as the fluid is modelled with the Finite Element Method. The new approach reduces the computational 
effort compared with a more conventional FEM approach. This is necessary in case of large models, 
existing for realistic aircraft structures such as fuselage panels or even a fuselage barrel, which are the 
structures analysed within the framework of FACE. The main objective here was to predict the sound 
transmission (TL) through these realistic aircraft fuselage panels.  

Results obtained with this approach are presented for a bare, damped (viscous constraining layer) and 
furnished (glass wool) large Aluminium fuselage panel configuration. The results have been compared 
with experimental data (modal and TL-data), validating the approach.  

For the Aluminium fuselage panel the correlation with the experimental transmission loss results is 
excellent for frequencies above the 350 Hz (less than 2 dB differences). Below the 350 Hz, a much higher 
TL is predicted in the numerical analyses. This can be due to errors in the calculated incident sound field, 
e.g. wrong value of the reflection coefficient.  

Similar results have been obtained for a Composite fuselage panel, although the correlation with 
experimental TL results was somewhat less than for the Aluminium panel, but still good for frequencies 
above the 400 Hz.  
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Abstract
The control and thus sensing of radiation from three-dimensional noise sources has become a topic of strong
interest as investigation moves away from the laboratory. Furthermore, the advance in signal processing
power has facilitated the real-time fusion of a large numberof sensor signals, which are typically required to
give an accurate estimate of global error signals. Current state-of-the-art designs have typically been based
upon a BEM or FEA analysis, which are as complicated as the structure under investigation. However, the
exact nature of a global set of acoustic orthogonal patternsand their practical measurement from large three-
dimensional sources remains elusive. In this work we examine the spherical vibration modes of sphere(s)
as a basis function for describing orthogonal radiation patterns with respect to radiated sound power. The
spherical harmonics form an orthogonal set of vibration patterns on the surface of the sphere, which we show
can be used to formulate a set of orthogonal (to sound power radiation) sound pressure patterns. The novel
work contained in this paper has two aspects; a development of orthogonal radiation patterns based on more
than one sphere; and a development based on spheres in both the acoustic free field and a half-space. The
results have implications in the area of acoustic modellingand also in the area of sensing system design for
active noise control.

1 Introduction

Modelling global noise radiation, i.e. radiated sound power, from complex structures into a set of orthogonal
functions is a difficult task. Often researchers have pursued some form of computational solution in the form
of a Finite Element Analysis, or Boundary Element Methods [24, 40]. The accuracy of the resulting models
has typically been rather limited in frequency range. Often, due to the complex nature of the noise source, say
for example a large substation electrical transformer, theresemblance of the source to the model is unclear
because the computation requirements are just too large. Typically the number of nodes required for an
analysis is (at least) such that the smallest distance between adjacent nodes is less thanλ

4 , whereλ is the
highest frequency of interest. When considering a large structure, the number of nodes then quickly becomes
exorbitant. Furthermore, when considering a non-structural noise source, there are further difficulties as the
techniques assume the availability of structural information to construct the model.

In the active, global, control of radiated noise what is sought is an error signal which is directly related
to a global criterion; typically sound power. As in a vibration domain problem, in the acoustic domain it
is convenient to take a modal approach rather than attempting to control a large number of points, which
ultimately measure only local phenomena. The fusion of a large number of points into just a few, which
represent a global quantity (e.g. vibration modes), is achieved through a data fusion (modal filtering) process
[15, 17, 19, 21–23, 25, 34]. While free, or semi-free space radiation problems do not have any true modes, it
is possible to mathematically express the acoustic radiation from two-dimensional structures as a quadratic
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function from a set of structural modes [35] or elements on the structure [12]. The eigenvectors of this
expression define combinations of modes or points, effectively taking on the role of the modes in the modal
filtering exercise (hence the term “radiation modes” [12]).As eigenvalues are proportional to the radiation
efficiency of the radiation modes, the eigenvalues quantifythe importance of each of the modes at a given
frequency. The end result of the radiation mode exercise is the derivation of a set of quantities used to
model the acoustic radiation; or in the area of active control, quantities that are sought from a modal filtering
system - to be used as error signals in a control exercise. Thegoal of the sensing system is then to measure
the orthogonal shapes. The total estimate of the global radiation then becomes equal to the sum of the small
number of filtered signals.

Of the wide body of literature of orthogonal functions used to describe radiated acoustic power [3–7, 9, 10,
12, 26–28, 31, 33, 35] the presiding pretence is based in the vibration domain i.e. that vibrational data of
the structure is readily available and that orthogonal patterns on the structure ate the goal. In practice, some
noise sources are structural, others are not. Thus in the work here, what is focused on is a more general
and non-structural. The starting point is an analysis of spherical harmonics. Although also vibration centric,
the link between the spherical orthogonal vibration and orthogonal acoustic radiation is almost direct [11].
As spherical harmonics are inherently three-dimensional;the application of them to the development of
orthogonal, three-dimensional, sound radiation patternsis relatively straightforward. In the past a model of
global radiation based on spherical harmonics, implies that the sphere has similar dimensions to the noise
source under investigation. This approach is useful for spherical noise sources, but is difficult to apply to
sources of complex shapes, or sources with a large length to width ratio. In this work, multiple spheres are
used to model complex sources. While increasing the number of spheres used to model the radiated field,
may be beneficial to the accuracy of the actual noise source, it also increases complexity.

The work in this article focuses on developing orthogonal radiation patterns from any noise source, structural
or non-structural, on a single or a set of spheres vibrating with spherical harmonics. Two acoustic fields are
examined: the free field; and the semi-free, which is represented in practice as an acoustic half space. While
these acoustic fields are the focus, the strategy is easily amendable to an enclosed sound field.

The novel work in this paper is aimed at investigating:

• The orthogonal radiation patterns produced when several spheres are radiating together, as a mecha-
nism to increasing the accuracy of a radiation model for sources with complex geometry;

• The orthogonal radiation patterns produced when a sphere with is placed in an acoustic half space.
As the sound radiation from spherical harmonics has only be studied in the acoustic free field, the
extension to the acoustic half space opens application to many more practical problems; and

• The orthogonal radiation patterns produced when a half sphere(s) along with it’s corresponding har-
monics are placed on a baffle. This arrangement is essentially represents a two-dimensional radiation
problem. It is shown here that the spherical harmonics, in this case, will no longer be orthogonal
contributors to radiated power.

For each of the arrangements investigated, a mathematical expression for the total acoustic radiation, as a
quadratic function, from a set of spherical harmonics (and combinations of) is developed. The importance,
and level of contribution to the total level of radiated power is observed by the relative values of the orthog-
onal constituents eigenvalues. It is then the eigenvalues which suggest how many quantities (the number of
orthogonal constituents) are required to accurately modela sound field. Plots of the eigenvalues are illus-
trated for each of the arrangements considered. The patterns, or shapes of the orthogonal constituents are
defined by the corresponding eigenvectors. Plots of the orthogonal patterns are illustrated for each of the
arrangements considered. The pretence of the application of this work then becomes: as the development of
the orthogonal radiation patterns are based on the fundamental radiation from a set of spherical harmonics,
and no reference is made to the noise source;any noise source can have it’s total radiation described by (or
decomposed into) the set of developed orthogonal patterns based on spherical harmonics.
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2 Theoretical development

In the following section the theory behind spherical harmonics is presented. As the spherical harmonics,
are orthogonal vibration patterns on a sphere, the startingpoint of the analysis is the, structural, vibration
domain. From the vibrational patterns on the sphere, the acoustic radiation patterns are then developed. It
will then be shown that based on the pressure radiation from the spheres, an integral of the far field sound
intensity can be made to evaluated the relationship betweenthe original spherical harmonics and orthogonal
contributors to radiated sound power. The starting point ofthe exercise is to state the global performance
measure, radiated sound power,J , as a quadratic function,

J(t) = qT(t)A(ω)q(t) (1)

In Equ. (1),q is a vector of states which makeup radiated power. In an active noise control system,q are the
quantities to be measured (essentially system states). TheA matrix describes the contribution of the states to
total radiated power. TheA matrix is a square weighting matrix which is typically frequency dependent. As
a simple example, if the global performance measure is energy in a vibrating structure, the terms inq could
be modal displacements and velocities. The terms inA, would then be modal masses and stiffnesses such
that the global performance measure is the sum of modal kinetic and potential energies.

Stating the global performance measure as a quadratic function offers a number of obvious benefits, regard-
less of the specific interest in the model. The frequency dependent weighting factors (inA) can be used to
guide problem truncation, which is relevant for the system modeler and the control engineer as it suggests
how many orthogonal signals need to be controlled to achievea noticeable reduction. From a control per-
spective, the frequency dependent weighting factors (inA) are necessary for either frequency weighted LQG
design [1, 2, 14] or any design using aH∞ or H2 error criterion. If adaptive feedforward control is being
used, as is common in active noise control, thenA must be diagonal to be of maximum benefit. The quan-
tities in q can then be measured as error signals, and passed through filters with frequency characteristics
defined by the diagonal terms inA prior to being used by the adaptive algorithm [35].

The aim of the following theoretical development is then a derivation of a quadratic expression for radiated
acoustic power in terms of some fundamental three-dimensional, “mode-like” quantity. This expression will
provide the starting point for development of the generalised modelling strategy for sound power radiation.

2.1 Spherical harmonic vibration

Spherical harmonics are a set of orthogonal solutions to Laplaces equation in spherical coordinates: ie the
solution describes orthogonal wave motion in three-dimensions. Spherical harmonics have a wide range of
applications in classical physics and also in quantum physics where they form the wave functions describing
orbital angular momentum [39]. In acoustics spherical harmonics have been applied to scattering problems
[13, 18, 32, 38] and the modelling of sound pressure radiation [8, 20, 29, 30, 36, 37].

The normalised spherical harmonics, based on the geometry in Fig. 1, can be written as [39],

Y m
l (θ, φ) =















(−1)m
√

2l+1
2

(l−m)!
(l+m)!P

m
l (cos θ)eimφ√

2π
, m ≥ 0

√

2l+1
2

(l−|m|)!
(l+|m|)!P

|m|
l (cos θ)eimφ√

2π
, m < 0

l = 0, 1, 2, ...,m = −l,−l + 1, ..., l − 1, l

(2)

wherePm
l is the Legendre polynomial of the first kind, degreel and orderm.

The spherical harmonics are orthogonal over three-dimensions, in the sense that

∫ 2π

0

∫ π

0
Y m

l (θ, φ)Y m
′

l′
(θ, φ) sin θ dθ dφ = δll′ δmm′ (3)
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Figure 1: Finite sphere in free space.

whereδll′ is the delta function, which equals one whenl = l
′

, and zero for the remainder; similarly forδmm
′ .

Illustrated in Fig 2 are the first nine spherical harmonics, ie the surface plots of Equ. (2).

Minimum Maximum 
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0 ;
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Y
−2

2
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Figure 2: Spherical harmonics of a sphere - orthogonal normal surface velocity distributions of a sphere.

2.2 Spherical harmonic pressure radiation

Based on the, vibrational, spherical harmonics illustrated in the previous section, here the corresponding
sound pressure patterns are developed. The development is for a sphere of any size, and so is not restricted
to a low frequency limit. The total acoustic pressure radiated from a sphere can be expressed (decomposed)
in terms of it’s spherical harmonics, and the resulting radiated sound pressure is equal to [16, 31]
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P(r) =

∞
∑

l=0

iρhl(kr)

h
′

l(ka)
AmlY

m
l (θ, φ) (4)

where the location,r, is defined by spherical coordinatesr = (r, θ, φ); a is the radius of the sphere;k is the
acoustic wavenumber; the incidem takes on values stipulated byl in Equ (2); andh1 is the spherical Hankel
function of the first kind,

hl(kr) = jl(kr) + i ηl(kr) (5)

where

jl(kr) =

√

π

2kr
Jl+1/2(kr) (6)

and

ηl(kr) =

√

π

2kr
Nl+1/2(kr) (7)

In Equ. 6 and 7,Jl andNl are the Bessel functions of the first and second kind respectively. In Equ. 4, the
termh

′

l is equal to

h
′

l =
∂hl(kr)

∂(kr)
=

1

2l + 1
[lhl−1(kr)− (l + 1)hl+1(kr)] (8)

In this study, the idea is to construct a set of orthogonal (toradiated power) acoustic pressure shapes produced
by each of the spherical harmonics. Therefore, the amplitude of each of the spherical constituents,Amn (In
Equ. (4)) are all set to unity. For a noise source in the field the actual amplitude of each (which indicates the
level that each constituent contributes to the total sound field) spherical harmonic can be determined from a
modal filtering process like that in [34] and [15].

As vibration patterns on the sphere are orthogonal over the area defined in Equ. (3), the sound radiation from
these shapes will, also, produce an orthogonal set with respect to sound pressure [11]. Stated differently, the
total acoustic pressure radiation from the sphere can defined as a sum of all the orthogonal sound pressure
spherical harmonics; as described mathematically in Equ. (4). In the next section the orthogonal sound
pressure shapes are used to develop orthogonal pressure patterns with respect to radiated sound power.

2.3 Spherical harmonic sound power radiation

In the previous two sections, orthogonal vibration and sound pressure patterns on a sphere were characterized
in terms of spherical harmonics. In this section, orthogonal basis functions for radiated acoustic power are
developed based on the spherical sound pressure patterns.

The radiated acoustic power,W , can be evaluated by integrating the far field acoustic intensity over a sphere,
enclosing the noise source, and can be written as

W =

∫ 2π

0

∫ π

0

|p(r)|2

ρ0c0
|r|2 sin θ dθ dφ (9)

In Equ. (9),p(r) is the acoustic pressure at some location,r in space, with the location defined by the
spherical coordinatesr = (r, θ, φ). The termsρ0 andc0 are the density of air and speed of sound in air
respectively.

The total acoustic pressure radiated from a sphere can be decomposed in terms of acoustic spherical radi-
ators, analogous to the decomposition of a structural velocity distribution in terms ofin vacuo mode shape
functions; in mathematical form
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p(r) =

∞
∑

n=1

anψn(r) (10)

wherean is the amplitude of thenth spherical radiator, andψn(r) is the radiation transfer function for the
nth spherical radiator between the origin and the locationr (ie, the value of the radiation pattern generated
by the spherical radiator at locationr in space - defined in Equ. (4)). In practice the spherical amplitudes
could be resolved for a set of pressure measurements using a inverse or pseudo-inversion of a truncated form
of Equ. (4)

a = Ψ−1p (11)

wherep is the vector of complex pressure at thef points under consideration,a is the vector of amplitudes
of the spherical harmonics, andΨ is the matrix of transfer functions between theo spherical harmonics and
thef measurement points under consideration.

Equation 10 can be used to expand the pressure term in Equ. 9.

W ≈

∫ 2π

0

∫ π

0

aHψH(r)ψ(r)a

ρ0c0
|r|2 sin θ dθ dφ (12)

or based on Equ. (11)

W ≈ pH {

Ψ−1
}H

AaΨ
−1p (13)

where H is the matrix Hermitian (conjugate transpose) andAa is a square weighting matrix, the(i, j) term
of which is defined by

Aa(i, j) =

∫ 2π

0

∫ π

0

ψ∗i (r)ψj(r)

ρ0c0
|r|2 sin θ dθ dφ (14)

where∗ denotes the complex conjugate.

The expression in Equ. (13) has the desired form given in Equ.(1), where the weighting matrix will indeed
be frequency dependent, a common result for sound radiationproblems. While Equ. (13) is a statement
of radiated acoustic power as a weighted quadratic functionof the fundamental quantities; as orthogonal
radiation patterns are the target of this work, it is worthwhile commenting on the form ofAa. Ideally the
weighting matrixAa will be diagonal, meaning that the spherical harmonics are independent contributors to
global radiation and so a reduction in the amplitude of any (measured) multipole will guarantee a reduction
in global radiation. In some of the considered cases it is shown thatAa will be diagonal, but not in all
of the cases. However, the matrixAa will be symmetric and so can be diagonalised using an orthonormal
transformation. This is examined in further detail later inthe paper.

3 Case studies

Using the mathematical development for radiated power in terms of radiation from spherical harmonics, a
set of specific case studies is examined. The starting point is the most simple, being that of a single sphere
in the free field, as analysed by Cunefareet al [11]. However, this is an important basis to analyze the other,
more complex, cases considered later. In a bid to provide a model which corresponds closely to the source
under investigation, multipole spheres are used to generate orthogonal patterns. In these arrangements we
examine the influence on the radiation from one sphere to another.
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Throughout the analysis here, the arrangement of multiple spheres is in a uniform, symmetric, array. How-
ever the arrangement can easily be changed (to incorporate non-box like sources) and the analysis and con-
clusions of this section are not affected. Furthermore, extra spheres can easily be included in the modelling
process, which may in turn increase the accuracy of the estimate along with its bandwidth. A uniform
arrangement is simply used to allow for meaningful comparisons between all the sections.

For each of the arrangements investigated, a mathematical expression for the total acoustic radiation, as a
quadratic function, from a set of spherical harmonics (and combinations of) is developed. Throughout each
development the first 16 spherical harmonics of a sphere willbe considered with each sphere vibration with
these harmonics in phase. The integral of the far field intensity is evaluated at a distance of 10 metres from
the centroid of the sphere(s). The importance, and level of contribution to the total amount of radiated power
from each spherical harmonic is observed by the relative values of each orthogonal constituents eigenvalues.
Plots of the eigenvalues are illustrated for each of the arrangements considered. Due to the substantial time
it took to calculate theAa matrices, over a broad range ofka; not all of the eigenvalue plots are shown
over the same range. The patterns, or shapes of the orthogonal constituents are defined by the corresponding
eigenvectors. Plots of the orthogonal radiation patterns are illustrated for each of the considered sphere
arrangements.

3.1 Single sphere in the free field

In this section, the orthogonal sound power patterns produced by a decomposed into the spherical harmonics
of a single sphere in the free field, as illustrated in Fig. 1, are examined.

The total acoustic pressure can be decomposed in terms of acoustic spherical radiators, based on Equ. (10).
In this simple case the radiation transfer function for thenth spherical radiator, can be determined from Equ.
(4)

[ψ1(r) ψ2(r) · · · ψn(r)]T =
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(15)

where the location of interest is defined by the spherical coordinatesr = (r, θ, φ). Equation (15) provides
the necessary transfer functions required in Equ. (14) to determine the power transfer matrix,Aa. To solve
the double integral in Equ. (14), a numerical routine was employed. Based on the orthogonal property of
the spherical harmonics, theAa matrix is a diagonal matrix. The practical meaning of this isthat all of
the sound pressure patterns corresponding to each of the spherical harmonics, contribute independently to
radiated sound power. From a control point of view, this thenmeans that a reduction in any of the spherical
harmonics will produce a reduction in the global noise. As mentioned, it is the relative magnitudes of the
eigenvalues ofAa (in this case the values in the diagonal) which determine howimportant each of the
spherical harmonics are in the total level of radiated power. Illustrated in Fig. 3 are the eigenvalues of the
free field sphere.

Observe that, over most of the consideredka (the acoustic wavenumber multiplied by the radius of the
sphere) range, the radiation efficiency of first five spherical harmonics is significantly above the others. This
suggests that reasonable modelling of the sound field will beobtained by considering only the first five
spherical harmonics. It follows that reasonable sound fieldattenuation may be achieved by implementing an
active control system which resolves and attenuates only the first five spherical harmonics. Also observe, an
important characteristic of the spherical harmonic eigenvalues; that is the grouping of the eigenvalues. Figure
3 contains 16 lines, however only four appear unique. As noted by previous authors [11, 31] the radiation
efficiency of the orthogonal constituents is only governed only by l, notm; thus producing the grouping.
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Figure 3: Eigenvalues of a free field sphere.

To plot the orthogonal radiation modes in the acoustic domain, a three-dimensional area bounded by a rect-
angular box at 1.3m, 1.6m and 1m to each edge from the centre ofthe sphere. The surface is the same for
the following sections. Plotted in Fig. 4 are the first nine orthogonal sound pressure patterns with respect to
radiated power forka = 0.018.

Minimum Maximum 
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(Y −1

2
).

(h) Radiation mode 8
(Y 2
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(i) Radiation mode 9
(Y −2

2
).

Figure 4: Acoustic radiation mode shapes of the free-space sphere plotted over a rectangular box.

The first, which is the most efficient mode, orthogonal pressure pattern appears as a monopole. The monopole
shape is logical considering the first spherical harmonic which had an uniform velocity distribution over it’s
surface. The following three are characterized by a single nodal band around the centre of each of the boxes
axes. The remainder of the shapes, which have a limited radiation efficiency at low frequencies appear like
quadrupoles positioned orthogonally over the (three-axis) spherical coordinate system.
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3.2 Multiple spheres in the free field

In this section, the orthogonal sound power patterns produced by a decomposition into the spherical harmon-
ics of an array of spheres in the free field, as illustrated in Fig. 5, are examined. In the arrangement 8 spheres
are considered, in two rows of four. The rows are separated bya distance of 0.4m, and within the rows the
separation between spheres is 0.4m.

p( )r, ,q f

Figure 5: Multiple spheres in free space.

As in the previous section the total acoustic pressure is decomposed in terms of acoustic spherical radiators,
and the radiation transfer functions for thenth spherical radiator is this case is

[ψ1(r) ψ2(r) · · · ψn(r)]T =
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(16)

where the location of interest is defined by the spherical coordinatesr = (r, θ, φ) andrf is the distance from
a position on the surface of thef th sphere to the position of interest, as illustrated in Fig.5. Equation (16)
provides the necessary transfer functions required in Equ.(14) to determine the power transfer matrix,Aa.

Of interest is if theAa matrix is diagonal for the sphere arrangement in Fig. 5. The resultingAa matrix is
not diagonal, meaning that each on the spherical harmonics on the spheres do not contribute orthogonally to
radiated power. Physically this can be explained by considering that when a secondary sphere is introduced,
the radiated field of the first sphere is influenced by the field generated by the secondary sphere; and vice-
versa.

While Aa is not diagonal it is symmetric and can therefore be diagonalised using an orthornormal transfor-
mation:

Aa = QΛQ−1 (17)

where the columns ofQ are the eigenvectors ofAa andΛ is a diagonal matrix of the associated eigenvalues.
Substituting this into Eq. (13) yields

W ≈ pH {

Ψ−1
}H
QΛQ−1Ψ−1p (18)
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With this decoupling the decomposition of radiated power isnow defined byQ−1Ψ−1, the amplitudes of the
orthogonal constituents are then written as

a′ = Q−1Ψ−1p (19)

Illustrated in Fig. 6 are the eigenvalues of the array of spheres vibrating with spherical harmonics (as illus-
trated in Fig. 5).
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Figure 6: Eigenvalues of a baffled half sphere.

Observe a similar grouping property of the radiation modes at low ka to the single sphere. At higherka the
eigenvalues begin to separate, with the second and third most efficient modes converging with the first. Note
that the actual level of the eigenvalues is greater here thanfor the single sphere, however it is not implied
the orthogonal decomposition based on more spheres has found more efficient radiation patterns. For more
details see Cunefareet al [11].

A plot the orthogonal radiation modes, for the sphere arrangement in Fig. 5 when evaluated atka = 0.018
are illustrated in Fig. 7.

The radiation modes generated by a set of spheres in the appear also identical to the ones based on the
decomposition using a single sphere only. Observe that the most efficient mode is monopole like. The next
three modes are dipole like over the three orthogonal axes;x, y, andz. The plots indicate that the radiation
modes for a group of free field spheres are similar to those of asingle sphere despite theAa matrix not being
diagonal.

3.3 Single sphere above a hard surface

In this section, the orthogonal sound power patterns produced by a single sphere, above a hard surface,
vibrating with spherical harmonics are examined. By introducing a hard surface extra complexity is added as
reflections need to be taken into account in the equation for total radiated pressure. However, many real noise
sources are in the acoustic half space, so this is a worthwhile practical problem to examine. The arrangement
can be represented by a sphere and it’s image source, as illustrated in Fig. 8.

As in the previous section the total acoustic pressure is decomposed in terms of acoustic spherical radiators,
and the radiation transfer functions for thenth spherical radiator is this case is
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Figure 7: Acoustic radiation mode shapes of a set of spheres vibrating with spherical harmonics.
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Figure 8: A sphere in an acoustic half space.
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[ψ1(r) ψ2(r) · · · ψn(r)]T =
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(20)

where the location of interest is defined by the spherical coordinatesr = (r, θ, φ) and rs and ri are the
distances from the source to point of interest and from the image source to point of interest, respectively.
Equation (20) provides the basis for determining the valuesin the radiation transfer matrix,Aa, and thus
determining if it is diagonal. It turns out thatAa is not diagonal, however it is symmetric and thus can
manipulated, as in the previous section.

Illustrated in Fig. 9 are the eigenvalues of the a single sphere above a hard surface.
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Figure 9: Eigenvalues of a sphere above a hard surface.

Observe that in this case the grouping of the eigenvalues is not very strong, compared to the previous sections.
However at a lowka, the relative magnitude of the eigenvalues indicates that only a few of the orthogonal
patterns are required to model the radiating sound field.

A plot of the orthogonal radiation modes for a single, baffled, sphere evaluated atka = 0.018 are illustrated
in Fig. 10. The surface over which the modes are plotted is only half (of the height) of the previous rectan-
gular surfaces to take into account the hard surface arrangement (which is situated at the base of the plotted
surfaces).

The orthogonal radiation modes appear strikingly similar to the previous sections. Again it is the monopole
shape that is the dominate mode at low frequencies. The most significant difference for this case is that the
sixth and seventh patterns have been rotated, with respect to those in Fig. 4, by 45◦. Between the modes,
observe the strong similarity between several of them; two and five; six and eight; and seven and nine.
Essentially this is due the way the modelling was achieved. The first step was to use a source which had
three degrees of freedom. However since the source was placed above a hard surface, the problem is now
closely linked to a two-dimensional radiation problem and thus some of the "three-dimensional" orthogonal
patterns have merged towards one another.
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Figure 10: Acoustic radiation mode shapes of a single sphereabove a hard surface.

4 Conclusions

Orthogonal radiation patterns with a starting point of a simple sphere radiating with spherical harmonics has
been developed. Sphere(s) have been placed in a range of arrangements and used to model both the acoustic
free field and an acoustic half space. The purpose of using a sphere radiating with spherical harmonics
was to take an acoustic and three-dimensional centric approach to the development of orthogonal radiation
patterns. Previous work in this area has tended to take a vibration-centric approach, which has limited
application to structural noise sources. At the heart of thestrategy is to decompose a complicated sound
field into a set of orthogonal combinations of spheres radiating with spherical harmonics. The perceived
benefit is to provide a wide range of applicability to both structural and non-structural, three-dimensional
noise sources. Furthermore, the possibility of using a large number of spheres is attractive because it can
enable the modelling of very complex noise sources.

Of all the considered cases, in each it was a monopole type radiation pattern which had the highest radiation
efficiency at a lowka value. The eigenvalues of all of the considered cases also showed some form of group-
ing. Generally at lowka the grouping was strong, while at higherka the majority of the eigenvalues began
to converge to one value. This indicates that at highka values all of the radiation patterns are important,
and thus a large number are required to be taken in account to obtain an accurate image of the global sound
radiation from a noise source (at highka).

The results here indicated a downside in using the a spherical harmonics decomposition technique in an
acoustic half space. For such an arrangement, the development based on a single sphere or a half sphere
showed that some of the radiation mode shapes become rather similar. It would then be, practically, very
difficult to measure these "different", yet similar modes and obtain a full set of orthogonal radiation modes.
The reason that several of the modes begin to converge is because in a half space, one of the degrees of
freedom of the spherical harmonic has effectively been lost.
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Abstract
The so calledlow reduced frequency model has been shown to be both an accurate and a relatively simple
description of wave propagation in narrow tubes or layers, under small signal conditions. In this paper,
the low reduced frequency model will be applied on a circular layer between a fixed surface and a rigidly
translating plate. The outer circumference of the layer is partially closed (Neumann boundary condition)
and partially open (Dirichlet boundary condition). Asemi-analytical solution for this problem is used to
calculate the volume flow that is generated by the squeezing motion of the plate, and the resulting force on
the plate. The volume flow per unit force is evaluated for several boundary conditions.

1 Introduction

Acoustic wave propagation under small signal conditions is usually described by the wave equation. This
equation does not take thermal and viscous effects into account. This simplification is justified for wave
propagation in relatively large spaces. In narrow layer (or tube) geometries however, the thermal and viscous
effects can not be neglected. The wave equation is therefore not suitable to describe wave propagation in
these geometries. The so called low reduced frequency model has been shown to be an accurate description of
wave propagation, under these conditions [1]. This model is much simpler than the (linearized) Navier Stokes
model from which it has been derived. The model has been used successfully to describe the behavior of
folded solar panels during launch and the transmission loss of double wall panels, for example. The receiver
of a hearing aid device, i.e. a tiny loudspeaker, is another application in which acoustic waves propagate in
thin layers. It could be a design criterion to squeeze a certain amount of airout of a layer, using as less force
as possible. The volume flow per unit force can be calculated from a semi-analytical solution of the low
reduced frequency model. The effect of several changes in boundary conditions on the volume flow per unit
force will be shown in this paper.

2 Theory

In this paper, the behavior of a circular layer of air will be modeled. This could be a layer in a hearing aid
device. The layer is located between a fixed surface and a circular rigid plate that translates perpendicularly
to this surface. The plate and fixed surface are parallel to each other. The gap is either open or closed at the
outer circumference. Figure 1 gives a schematic overview of this system. The barriers close off the air layer
so air can only escape through the openings. The polar coordinate system (r̄,θ,z̄) is displayed in this figure.
The gap heighth0 is assumed to be very small compared to the wavelength of sound.

Due to the small height of the air layer it is expected that viscous effects cannot be neglected. The low
reduced frequency model is an accurate model for this situation and will beused to describe the air layer.
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Figure 1: Plate translating near a fixed surface

An introduction to this model, the applied boundary conditions, and the procedure to formulate the semi-
analytical solution will be presented in the next sections.

2.1 The low reduced frequency model

The low reduced frequency model is derived from the Navier stokes equations, see Beltman [1]. This model
can be applied to an air layer between parallel plates. The equations of this model, written in dimensionless
cylinder coordinates (r, θ, z), are:
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wherevr, vθ, andvz denote the dimensionless velocities in ther, θ, andz directions;ρ, p, andT denote
the dimensionless density, dimensionless pressure, and dimensionless temperature; andr, θ, andz are the
dimensionless coordinates. The following relations were used to make the velocities, thermodynamic prop-
erties, and coordinates dimensionless:

v̄r = c0v
reiωt, ρ̄ = ρ0(1 + ρeiωt), r̄ = c0

ω
r,

v̄θ = c0v
θeiωt, p̄ = p0(1 + peiωt), θ,

v̄z = c0v
zeiωt, T̄ = T0(1 + Teiωt), z̄ = h0z.

(2)

The barred variables are dimensionfull,c0 is the speed of sound,ρ0, p0, andT0 are the properties of the air
in the layer at rest,ω is the frequency in radians per second, andh0 is the thickness of the air layer.

The solution to the equations depends on the boundary conditions and the four dimensionless parameters:

k =
h0ω
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ρ0ω

µ
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, σ =

√

µCp

λ
, (3)
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with µ, Cp, Cv, andλ denoting viscosity, specific heat at constant pressure, specific heatat constant volume,
and thermal conductivity. The square root of the Prandtl numberσ and the ratio of specific heatsγ are
thermodynamic constants. The two other parameters arethe low reduced frequency k and theshear wave
number s. These two parameters depend on the layer thicknessh0 and the (angular) frequencyω and are
therefore the most interesting from an engineering point of view.

2.2 Boundary conditions at the oscillating plate and the fixe d surface

The boundary conditions that are applied at the upper and lower boundaries of the layer are the no-slip
condition (the air at the boundaries has the same velocity as the surfaces) and the isothermal condition (air
at the boundary has the same static temperature as the plates). The lower boundary is a fixed (static) surface
located atz = 0. The upper boundary is a plate that translates rigidly aroundz = 1 (thusz̄ = h0) according
to:

h̄ = h0(1 + heiωt). (4)

Thus the variableh is the dimensionless amplitude of the translation of the plate. Beltman [1] shows how
these boundary conditions reduce the system of equations to a second order partial differential equation for
the pressure that has a strong resemblance to the wave equation (in cylinder coordinates):
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(5b)

The parameterΓ is called ‘propagation constant’ andn ‘polytropic constant’. Viscous effects are applied
trough the parameterB and thermal effects through the parameterD. These parameters change if the bound-
ary conditions change (to adiabatic boundary conditions for instance). The differential equation shows that
the pressure is independent of thez coordinate. This is a direct consequence of (1c). The problem is now
reduced to a two dimensional problem.

The particle velocities in the propagation directions can be expressed in termsof the pressurep (for the other
properties see [1]):

v̂r = −
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γ

∂p

∂r
, (6a)
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, (6b)

in which v̂r andv̂θ are the particle velocities averaged over the layer thickness:

v̂r =

1
∫

0

vr dz, (6c)

v̂θ =

1
∫

0

vθ dz (6d)

The shape of the velocity profile across the layer is of little interest for this paper. See [1] for more details.
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2.3 Boundary conditions at the circular boundary of the laye r

In the previous section we found a second order partial differential equation for the pressure (5). This
equation can be solved after formulating a boundary condition for the every point of the boundary. The
boundary is either closed off by a barrier, or open. At the open boundary locations∂ΩD we demand the
pressure to equal zero (Dirichlet boundary condition). At the closed boundary locations∂ΩN we demand
the radial particle velocity to be zero. Equation (6a) shows that this corresponds to demanding the radial
(normal) derivative of the pressure to be zero (Neumann boundary condition). The boundary conditions are
therefore:

p = 0 at∂ΩD, (7a)

∂p

∂r
= 0 at∂ΩN . (7b)

The boundary (outer circumference) is located at:

R =
ω

c0
R̄. (8)

The differential equation of the pressure (5) can be solved by separation of variables This results in the
following general solution:

p(r, θ) =
∞

∑

m=0

(

(

Cs
m sin(mθ) + Cc

m cos(mθ)
)(

CI
mIm(Γr) + CK

mKm(Γr)
)

)

− hn. (9)

TheCm’s are constants of whichCs
0 has no influence on the solution and can be set to zero. The functionsIm

andKm are the modified bessel functions of the first and second kind. The functionsKm(Γr) go to infinity
at r = 0 and will therefore be omitted from the solution. If the plate would be annular, and not contain
r = 0, these functions do need to be taken into account. This paper will only evaluate systems with barriers
that are symmetric around the lineθ = 0. This allows for the sine terms to be omitted. What remains of the
solution is:

p(r, θ) =
∞

∑

m=0

Cm cos(mθ)Im(Γr)− hn. (10)

The constantsCm in this solution can be determined by evaluating the boundary conditions (7). Anumerical
scheme will be used to do this.

2.4 Numerical calculation of the constants

The constantsCm from equation (10) can be calculated by creating a weak formulation with with cosines
as weighing functions. Equation (10) was obtained by demanding barrier locations that are symmetric to
the lineθ = 0. Wijnant [2] gives a more extensive (and slightly different) solution for the non-symmetric
problem.

A linear system of equations is created with following the following recipe:

• The solution (10) is substituted into the boundary conditions (7)

• ther-derivative is written out

• The equations are multiplied with the weighing functions
∑N

w=0 cos(wθ)

• The equations are integrated along the boundaries on which these are valid

• The series is truncated up tom = N
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• The order of the summations and the integration is reversed

The resulting matrix vector equation is:

N
∑

w=0

N
∑

m=0

CmIm(ΓR)

∫

∂ΩD

cos(mθ) cos(wθ) dθ =
N

∑

w=0

∫

∂ΩD

hn cos(wθ) dθ, (11a)

N
∑

w=0

N
∑

m=0

CmIm(ΓR)

(

m

R
+ Γ

Im+1(ΓR)

Im(ΓR)

)
∫

∂ΩN

cos(mθ) cos(wθ) dθ = 0. (11b)

This equation gives a matrix of size2N by N . A numerical computer program can easily find the least
squares solution for this system. It is numerically much less problematic to takeCmIm(ΓR) as the vector of
unknowns instead of justCm.

3 Results

The found solution can be verified by looking at the values of the pressure and the radial velocity at the
boundary, see figure 2. The boundary conditions are satisfied judgingfrom figure 2. The spikes in the
velocity tend to get narrower, but higher whenN increases. Note that the low reduced frequency model only
accounts for viscothermal effects in the direction across the narrow layer, not in the propagation directions.

This semi-analytic solution has been verified by means of finite element calculations (also based on the low
reduced frequency model) by Wijnant [2]. Van Blijderveen [3] has verified this model with experiments.
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Figure 2: Boundary

The pressure profile (figure 3) can also be plotted. Wijnant shows pressure profiles for many different values
of the shear wave numbers and the dimensionless radiusR in his paper [2]. Figures 2 and 3 were obtained
with R = 1, s = 1, h = 1, σ = 0.844, γ = 1.401, N = 200 (which is high), and two barriers that
close off 50% of the circumference. The constants resulting from solvingequation (11) were corrected with
Lanczos sigma factors. These factors are intended for use with Fouriertransforms and are also useful in this
(Fourier-like) application.

Once the constantsCm are known, other interesting properties can be calculated from the solution. The force
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of the air layer on the plate can be calculated by integrating the pressure over the area of the plate:

F =

R
∫

0

2π
∫

0

pr dθ dr =
2πR

Γ
C0I1(ΓR)− πR2hn. (12)

The constantC0 is the only constant that the force depends on. However, a sufficient number of variables
must be calculated to get an accurate value forC0.

The volume flow can be calculated by integrating the normal (radial) velocity along the circular boundary:

Q =

2π
∫

0

v̂rR dθ = −

2iBπRΓ

γ
C0I1(ΓR). (13)

Thus de volume flow depends on no other constant thanC0 as well.

The realized volume flow per unit force could be an interesting value for some applications, like the hearing
aid receiver:

Q

F
= −

iBΓ2

γ − γΓRhn
2C0I1(ΓR)

. (14)

One barrier Two barriers Three barriers

Figure 4: Translating plates with different boundary conditions

Different boundary configurations will be considered in this paper. Figure 4 shows symmetric barrier place-
ments with one, two, and three barriers with an open/closed ratio of 50%. Thepressure profiles under these
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plates are plotted in figure 5 (fors = 5, R = 5, γ = 1.40, andσ = 0.844). As can be seen, the three profiles
are completely different.

Equation (14) can be used to calculate the volume flow per unit force. Figure 6 showsQ
F

for these three
configurations for different dimensionless radii and shear wave numbers. It shows that that the flow is lower
for small shear wave numbers (highly viscous behavior). Ats = 0.1, the volume flow per unit force is not
dependent on the number of boundaries (for the given range of the dimensionless radius). For a shear wave
number ofs = 1, and a dimensionless radius less than 1, more flow is generated in the configuration with
three boundaries. Fors = 10 it can be seen how the dimensionless radii on which resonances occur change
with barrier placement. Note that the dimensionless radius depends on the frequency.

Another possibility is to vary the open/closed ratio. Figure 7 showsQ
F

for different open/closed ratios in a
configuration with three boundaries. As could be expected, the volume flowis higher in more open configu-
rations for all shear wave numbers. The angle (phase) is hardly influenced by the open/closed ratio.

Figures 6 and 7 were obtained by usingγ = 1.40, σ = 0.844, andN = 100. All figures show the
dimensionless values. These can be made dimensionfull by:

F̄ = p0

(c0

ω

)2
F, (15)

Q̄ =
h0c

2
0

ω
Q, (16)

Q̄

F̄
=

h0ω

p0

Q

F
. (17)

Thus the frequencyω is needed to calculate the shear wave number, the dimensionless radius, andto make
the obtained results dimensionfull. To get a frequency response of a physical system, equation (11) must be
solved for each frequency point.

4 Conclusions

The low reduced frequency model is used to model a circular layer between a rigidly translating plate and
a fixed surface. The outer circumference of this layer is partially open and partially closed. The model can
be solved analytically up to a series expansion with unknown constants. These constants can be calculated
numerically. Only the first constant is needed to calculate the force of the layer on the plate, and the volume
flow. However, the first constant can only be calculated accurately, if asufficient number of constants is taken
into account. The volume flow per unit force has been calculated for a fewdifferent boundary configurations.
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Figure 6: The effect of the number of barriers (50% open). Dimensionless volume flow per unit force versus
dimensionless radius for different shear wave numbers: one barrier (blue, solid), two barriers (green, dash),
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Abstract
The numerical evaluation of interior acoustic responses is currently a well-established tool in vehicle body
development. However, as recently as five years ago, an acoustic evaluation of a simplified simulation model
required on the order of a couple of weeks of computation time on a supercomputer.
Today, complex FE-simulations which have been successfully validated with test data can run overnight on
a Linux cluster. This dramatic acceleration in computational speed has only been possible through the use of
theAutomated Multi-Level Substructuring(AMLS) algorithm, running on a parallel-processing machine.
This capability now available for acoustic design suggests an automatic design improvement process in
acoustic body design, analogous to the numerical gradient-based optimization algorithms, which have been
widely used in the past in structural design. However, such classical optimization strategies implemented
for acoustic level reduction have generally failed because of the highly nonlinear boundaries of the acoustic
design space, as discussed by the author in an earlier paper (cf. [11]). Alternatively, the use of self-adaptive
multi-criteria evolutionary algorithms has proven very successfully. The resulting Pareto front optimization
algorithm, discussed in this paper, has been successful because it takes into account the relation between
acoustic level reduction and additional mass.
Two factors however complicate the acoustic optimization process considerably: Firstly, Evolutionary Algo-
rithms require many hundreds of evaluations with a total turn-around time of several weeks. Secondly, an
optimized acoustic structure does not generally constitute a robust design.
This paper discusses one approach, currently being used by BMW to overcome these obstacles. The ineffi-
cient computational performance is being circumvented using new numerical approaches such as themodal
correction method(MCM). And a robust acoustic optimization is being realized through a multi-criteria opti-
mization, which uses the additional objective function requirement of minimizing the acoustic level variance.
Implementation of both these approaches together can be used to achieve a robust optimized acoustic vehicle
design virtually overnight.

1 Introduction

Only half a decade ago, an acoustic simulation of a trimmed car body with afinite element model(FEM)
required some weeks of CPU time on a CRAY supercomputer. In addition, the calculated results had only a
low correlation with measured data. The consequence of both costly and invalid results was a low acceptance
by designers.

In the meantime things have improved enormously: New numerical methods likeAutomated Multi-Level
Substructering(AMLS) reduced the CPU time to one hour on a Linux cluster, cf. [3, 12, 14]. Likewise
continual improvements of the FEMs enhanced the prognosis quality, as the consideration of the driveline
(cf. [14]) and local damping effects (cf. [13]).

FEMs created for standard stiffness, dynamic, or durability computations have reached a level of refinement
which makes them usable for acoustic computations over frequency ranges up to about 800 Hz. From a
numerical point of view, these models can yield accurate results for mid-frequency range.
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But the scope of application is far away from this frequency domain. Today, acoustic simulation with com-
plex FEMs is an important and integrated part of the automotive design process to dimension passenger
compartment acoustics in the frequency range below 200 Hz, cf. Fig. 1. Resulting of a progress in the
FEMs, simulatedfrequency response functions(FRF), particular pressure at driver’s ear, are validated well
with measurement results and enable to detect and heal acoustic hot spots in an early design phase without
available hardware. In chapter 2 the state-of-the-art of modeling is described.

Despite of this progress, some typical problems for industrial applications, are still unsolved, called themid-
frequency gapbetween 200 Hz and 800 Hz, where bothfinite element analysis(FEA) andstatistical energy
analysis(SEA) fail. Especially, following problems have to be solved:

• to handle with uncertain model parameters
• to complete the air-borne transfer paths
• to optimize a body structure in respect of acoustics ”overnight”

Under 200 Hz FEA works successfully because all transfer paths are considered, and over 800 Hz SEA
does because no modes dominate, but statistical effects, e.g., of manufacturing tolerances, the variability
of equipment components or the dependancy of material parameters on temperature and humidity. One
approach to overcome these obstacles is a hybrid method likeVirtual SEA(cf. [15]).

One reason for themid-frequency gapin addition to the statistical behaviour is a lack of all air-borne transfer
paths. Several noise sources are not part of the FEM yet, e.g., sound radiated by engine or exhaust, also
sound generated by turbulent flow round rearview mirror, or acoustic radiation induced by hollow structures
(cf. [24]). Boundary impedances of air cavities describing transmission and absorption effects are uncertain
during design process without any measurable and comparable hardware. Free field acoustics round the car
is also a topic which is neglected in virtual design.

Figure 1: Pressure level at driver’s ear, resp. trailing throttle 2nd engine order

In this paper, the main focus is the third topic, the acoustic optimization of a car in an acceptable time.
Many challenging questions are associated with this issue because the design space is generally not easily
connected and contains hundreds of design variables. In chapter 3, the experiences with classical gradient-
based optimization strategies and theoretical reasons for the consistence of the design space are discussed.
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First trials with classical gradient based optimization strategies were failing due to the high non-linearity
of the response surface. Alternatively, the use of the self-adaptiveevolution strategy(ES) showed more
promise. Open questions were, if the found optimal designs locate nearby the global optimum and are robust
respective small design changes. The hypothesis will be discussed, wether the robustness is even an inherent
property of this optimization approach.

The disadvantage of these methods is the huge number of numerical evaluations. Using themodal correc-
tion approach(MCM), this obstacle can be negotiated, so that acoustical optimization results are available
overnight, c.f. chapter 4. At last in chapter 5, a benchmark example is introduced with typical results of a
multi-criteria ES of standard car body acoustics.

2 Model

In the low-frequency range, cabin noise can be traced chiefly to structural vibrations. The structure-borne
sound originates from the driveline and is transferred via the mounts into the body; the resulting panel
vibrations cause variations of cabin pressure that are sensed by the human ear. The simulation requires the
solution of coupled equations for the shell-beam structure of the car structure and the air-filled cavity of the
cabin (cf. [12]). In this section, the assembly process is briefly described and the solution of the coupled
equations of motion(EOM) of structure and fluid is deduced.

2.1 Car structure assembly

Figure 2: transfer paths of structure and air borne noise

For simulating all relevant acoustic transfer paths (Fig. 2) a FEM assembly of a car (Fig. 4) has to contain
following components

• car body consisting of several hundreds structural parts subdivided into about 1 million shell elements
• connectivity elements between parts like spotwelds, bolts, glue, etc.
• additional distributed and concentrated trim masses of equipment components
• driveline inclusive motor, gearbox, front/rear axis, and exhausting system
• local damping in structure resulting of temperature and frequency dependent damper pads and friction

between flanges (cf. Kropp and Ihlenburg [13])
• fluid in consideration of seats, carpeting and interior lining
• impedance in fluid boundary resulting of transmission and absorption
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• coupling between fluid and structure
• measured excitation of engine or road

2.2 Structure solution

If Ks is the stiffness,Ds the damping,Ms the mass matrix of the structure,F (t) the time dependent external
forces inclusive fluid interaction,U the demanded displacement vector, dot the time deviation, and hat the
Fourier transformation, the resulting EOM in time domain are

KsU + DsU̇ + MsÜ = F (t) (1)

and in frequency domain (
Ks + iωDs − ω2Ms

)
Û = F̂ (2)

Solving the EOM by inverting the matrixKs + iωDs−ω2Ms for eachω is referred to as the direct approach.
This approach has only a poor performance for a broadband problem with hundreds of frequencies. More
efficient is the following drafted modal approach, which delivers a projection of the exact solution into the
chosen subspace. Beside round off error there is also an additional modal truncation error.

Neglecting the damping terms, the EOM yield the eigenvalue problem(
Ks − Ω2Ms

)
Φ = 0 (3)

where, in general,Ks andMs are symmetric positive semidefinite matrices of dimensionNs. There exist
exactlyNs eigenpairs(Φk,Ωk), the so called structural modes. A linear superposition of the eigenvectors
Φk delivers a more efficient solution of the EOM than the direct approach.

The solution of the EOM via the algebraic eigenvalue problem is called the modal approach. In practice,
not all modes are required, but only thens modes in an interesting frequency range, enriched with static
mode shapes for describing local effects. An effective method to find all modes in this range is the Lanczos
Algoritm with integrated mode shift. Recently, with AMLS a more efficient approach has been established
which delivers an approximate representation of the required frequency range. The resulting error can be
interpretated as an additional modal truncation error.

Define the structure matrices (subscipt s) of the modal subspace

Ωs := diag(Ω1, . . . ,Ωns) ∈ RNs×ns (4)

where without loss of generality, theΩi are ordered0 ≤ Ω1 ≤ Ω2 ≤ . . . ≤ Ωns , and

Φs := (Φ1, . . . ,Φns) ∈ RNs×ns (5)

Thens linearly independent columns ofΦs of lengthNs define a subspace ofRNs of dimensionns � Ns.
Hence, each displacement vectorÛ is a linear superposition of the mode shapes

Û ≈ Φsû (6a)

whereby in the special casens = Ns and by avoiding round off errors yields

Û = Φsû (6b)

The components of the vectorû are the mode shape weights which are referred to as the modal coordinates.
In the following, modal quantities are denoted by lower case letters, especially the modal matrices defined
by following assignments

ms := ΦT
s Ms Φs (7a)

ds := ΦT
s Ds Φs (7b)

ks := ΦT
s Ks Φs (7c)

f̂ := ΦT
s F̂ (7d)
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results in the modal matricesms, ds, ks, andf̂ . BecauseMs is symmetric positive definite and the corre-
spondingKs is symmetric,ms andks can be simultaneously diagonalized (cf. Quarteroni[19]). However,
in general,ds is full. Multiplying the EOM (2) byΦT

s from the left and using the above modal relationships
(7a) - (7d) yields

û = (ks + iωds − ω2ms)−1 f̂ (8)

2.3 Fluid solution

Figure 3: Fluid model

In an equivalent way the fluid’s (cf. Fig. 3) EOM for the pressureP are formulated via

KfP + Df Ṗ + Mf P̈ = G(t) (9)

wherebyG(t) are the interaction forces with the structure and the subscript f denotes the fluid matrices.

The fluid dampingDf consists of three components

Df := Dfluid
f + DZ

f + DB
f (10)

namely, the fluid material dampingDfluid
f , the local dampingsDZ

f resulting from the reciprocal normal

impedanceZ, andDB
f resulting from the complex bulk modulusB and reciprocalZ. The damping termes

originate from the thin absorber approach by Bliss

P + B∆ΓP = ZV T NΓ (11)

wherebyNΓ is the normal vector in fluid direction. BothZ andB are easy measurable frequency dependent
material constants.

Analogous the structural EOM, the eigenmodes(Φf ,Ωf ) of the fluid eigenvalue problem are(
Kf − Ω2Mf

)
Φ = 0 (12)

The resulting solution of the EOM in modal coordinates and frequency domain is

p̂ = (kf + iωdf − ω2mf )−1 ĝ (13)
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Figure 4: FEM of BMW 1-series including body, engine, and fluid cavity

2.4 Coupled solution

Define the coupling matrixAfs as result of the local force equilibrum between fluid and structure. If an
excition is assumed only in the structure and not in the fluid, the EOM of the coupled system are(

Ms 0
Afs Mf

) (
Ü

P̈

)
+

(
Ds 0
0 Df

) (
U̇

Ṗ

)
+

(
Ks −AT

fs

0 Kf

) (
U
P

)
=

(
F (t)

0

)
(14)

The modal couple matrixafs is calculated by the relation

afs := ΦT
f AfsΦs (15)

which yields following explicit solution of the coupled EOM of structure and fluid (cf. Fig 4).(
û
p̂

)
:=

[
−ω2

(
ms 0
afs mf

)
+ iω

(
ds 0
0 df

)
+

(
ks −aT

fs

0 kf

)]−1 (
f̂
0

)
(16)

3 Acoustic optimization

This section will give a brief introduction into the specifica of acoustic optimization. Starting point is the
experience, that acoustic optimization with classical gradient based methods does not succeed (cf. [14]). A
thought example will demonstrate that these problems are multimodal problems, which, in general, can not be
solved like a classical optimization problem, because the design space is not connected and high dimensional.
Rechenberg and Holland grounded with evolutionary, resp. genetic algorithms a new approach, which can
solve such optimization problems successfully (cf. [7, 8, 11]). An open question is, if the optima found are
global and robust.
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3.1 Experiences with gradient based optimization

There are several requirements for performing design optimization in MSC/Nastran (cf. [6, 17]). The first,
and most obvious, is to have a validated analysis model. Second, is to have the design model linked to
this analysis model parametrically. The used algorithm alternately solves the structure equation inclusive
deviations and search in the resulting linearized design space the optimum until an exit condition is fulfilled.

In the present case the design variablesx are the thicknesses of the metal sheets shell elements. In the
following M(x) is the structure mass to design statex, V (x, f) the corresponding frequency dependent ve-
locity vector,M0 the maximal tolerable mass,V0(f) the target velocity. In this section different optimization
strategies are introduced, which differ in objective function and boundary conditions.

First Optimization strategy is to design a minimum mass of structure

F (x) := M(x) (17a)

while constraining the dynamic response peaks with the upper boundV0

g(x, f) := V (x, f)− V0(f) ∀f ∈ F (17b)

Next strategy is changing the roles of objective and constraint function, yielding

F (x) :=
∑
f∈F

V 2(x, f) (18a)

respective
g(x) := M(x)−M0 (18b)

Another widely used strategy is based on the assumption, thatV0 is chosen so thatV0(f) ≥ V (f) for all
optimization cycles, in other words

g(x, f) := V (x, f)− V0(f) ≤ 0 ∀f ∈ F (19a)

and following objective function has to bemaximized

F (x) := min
f∈F

(V0(f)− V (x, f)) (19b)

This strategy is sometimes calledβ-methodbecause the objective function is usually introduced as indepen-
dent design variableβ.

In comparison with evolution algorithm, all above strategies are not working satisfactory for this class of
problems. Reasons are convergence to some of the nearest local optima or even divergence in a flat design
area.

3.2 Multimodal problems

With following thought example will be demonstrated that special acoustic optimization problems are so
called multimodal problems and can not be solved with a standard gradient based approach. In the following
it is tried to formulate a nontrivial vibroacoustic multimodal optimization problem in the easiest way.

Assume a continuous structure with a infinite number of modes, e.g. a homogeneous beam. Consider the
transfer function between two points with a huge number of peaks. Sketching the transfer functions in a
log-log-diagram causes a transition of the transfer function by changing the model parameters like Young
modulusE, densitiyρ or length. Define as objective functionF (ω, x) the magnitude of this transfer function
at a frequenyω for a design variablex, wherebyx is a parameter which moves the transfer function in a
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Figure 5: (a) Feasible frequency intervals, (b) feasible 1D-design intervals, (c) feasible 2D-design intervals

horizontal way. Then a changing of the design viax for a fixedlog ω will have the same effect toF (ω, x)
like changing the sampling freqencylog ω for a fixed designx.

In other words:F (., x) looks likeF (ω, .) and has a huge number of peaks, cf. Fig. 5(a,b). When there is
defined an amplitude level which should not be exceeded and which is crossing the peaks horizontally the
feasible range will be divided into a number of non connected feasible intervals, cf. Fig. 5(c).

Another aspect is the highdimensionality of the considered design spaces: Typical examples for acoustic
design variables are panel thicknesses, the layout of damper pads, and the beading design, each with hundreds
of design variables.

Gradient based optimization methods basing on a low number of design variables in a connected design
space do not succeed in many cases. There may be more harmless problems, but generally these kinds of
problems are not solvable with gradient based methods, but with ES.

3.3 Evolutionary Strategies

Figure 6: Flow chart of Evolution Strategy

In the mid sixties Rechenberg[20], Schwefel[21] and Holland[10] grounded withEvolution Strategies(ES)
andGenetic Algorithms(GA) respectively a new approach, commonly termed asEvolutionary Algorithms
cf. [1, 2, 4, 18]. This class of optimization methods is inspired by Darwin’s idea on evolution. They are based
on a population of designs and not on a single design like gradient or direct search methods. The individuals
of a generation are evaluated according to their fitness and to their fulfilling of defined constraints. After
selecting the best individualsx, new designsx′ are generated by mutating the chosen parents whereby one
possible variant of selecting a new generation only uses one step sizeσ via x′ = x+σ N(0, 1) wherebyN is
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the Gaussian function with zero mean and a variance of1. σ is the strategy parameter of the evolutionary
algorithm. Then the fitnesses of the children are computed. This optimization loop is ended normally either
if a termination criterion is matched or if a certain amount of time has passed, cf. Fig. 6.

In contrast to GA, ES are relying more on mutation than on crossover, i.e. the new generation is obtained
by slightly changing the best individuals and not by exchanging genes of the best individuals. Genetic
algorithms seem to be more appropriate for problems where better individuals are obtained by permutating
variables; in cases like that treated here, the mutation operator leads to faster convergence than the crossover
operator.

The efficiency of the ES is mainly determined by adaptation of the standard deviationσ. For the study at
hand, a self adapting strategy was chosen, which controls the mutation of each individual separately (de-
randomized strategy) and which adapts itself during optimization. As visualized for a two-variable problem
in the middle part of Fig. 7, the special adaptation of each variable leads to standard deviations, which are
especially adapted for each design parameter. On the one hand, costs can be saved if the standard deviations
are regulated globally, which can be interpreted like shown on the left-hand side of Fig. 7. Otherwise, the
search directions can be improved if the nondiagonal covariance matrices are considered, see right-hand side
of Fig. 7. The available commercial optimization codes differ with respect to these adaptation strategies,
although the adaptation is crucial for a fast convergence of the algorithm.

Normally, the ES are categorized in elitist and non-elitist strategies. The latter, a(µ, λ)-strategy, is charac-
terized by a selection ofµ parents from whichλ children are generated via mutation. The parents are only
selected out of the children of the preceeding generation. An elitist approach, a(µ + λ)-strategy, is defined
by a selection ofµ parents out of theλ children and theµ parents.

Figure 7: ES with (a) global and (b) adaptiveσ and (c) additional nondiagonal variance matrices

The algorithm is especially designed for advancing not a single point but a total Pareto front. Thus particular
strategies were designed to avoid local clustering of the individuals and to obtain a wide-spread generation
along the line of the best optima. The Pareto front is the front of all designs, which are dominating the
population, i.e. which cannot be improved in one criterion without deteriorating the other. The algorithm
was successful in avoiding local extrema and in generating the total front.

By means of this method a design nearby the absolute optimum may be found with a probability≥ 0 in
a countable number of generations. A downstream gradient based approach will find the excact optimum
(cf. [9].

3.4 Robustness

Another question is the robustness of the results, i.e. whether the variance of the objective function is of the
same order as the variance of the design variables.

One idea is, that each generation has statistical distribution of the design variables, so that robustness is an
implicit property of ES. Then it has to be only tested if the objective function in one generation is sufficiently
bounded, cf. Fig. 8. But a counter argument is that one generation is indeed Gaussian distributed but not
respective to the design space but to the objective function’s ”topography”.
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Figure 8: Robustness of acoustic design

There are several back doors to this dilemma: A posteriori robustness analysis of the found optimum has to
be initiated. But what to do, when this robustness analysis fails? A better way is to integrate the variance as
an additional objective function. This will cost an amount of new generations, may be factor 10.

4 Modal correction method

In chapter 2, it has been shown that the computation of the vibro-acoustic behavior of a car in the fre-
quency range under 200 Hz is only possible in the modal formulation of the system in acceptable time. The
transformation of the EOM into modal space reduces the dimension of the matrices by factor 1000, order 3
respectively, in comparison with the direct approach. But computing the frequency response effect of only
little variations of the FEM demands a complete new computation of the eigenmode base of the system.
Because this would require a further reduction of computation time by order 3, this prohibites a feasible use
of this approach for ES.

In the first subsection, the equations of the modal correction methods are introduced. In the next subsection,
a further efficiency enhancement via a parametrical approach is discussed. And at last, an overview of
the efficiencies of the different approaches is given under the additional assumption of parallel computing
systems.

4.1 Mathematical formulation

The tool VAO, i.e. Vibro-Acoustic Optimization, is a common numerical technique in the field of vibro-
acoustics, cf. [5, 16]. It offers a full palette of tools for the visualization, investigation, modification and
optimization of coupled structure-fluid systems, and includes the MCM for an efficient computation of mod-
ified modes. MCM belongs to the general class of basis vector reanalysis methods well developed and
published in the 1960s. It is just predestinated for little modifications how they are realized in optimization
problems. The core idea is that the modified modal matrices are approximated by a linear superposition of
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the original, i.e. not modified, eigenvectors. Hence the resulting error which may be regarded as additional
modal truncation error may be negligible, if the original modal space includes a sufficient number of modes
which cover the frequency range of all derivated structure modifications.

Figure 9: flow chart of modal correction method

Assuming the original EOM does not contain any damping term, i.e.ds, df = 0, the disturbed EOM are[
−ω2

(
ms + ∆ms 0

afs mf

)
+ iω

(
∆ds 0
0 ∆fs

)
+

(
ks + ∆ks −aT

fs

0 kf

)] (
û
p̂

)
=

(
f̂
0

)
(20)

These relations directly imply following perturbation terms, called themodal correction matrices

∆ms := ΦT
s ∆Ms Φs (21a)

∆ks := ΦT
s ∆Ks Φs (21b)

∆ds := ΦT
s ∆Ds Φs (21c)

∆df := ΦT
f ∆Df Φf (21d)

4.2 Parametrical approach

Because the modal transformation was accomplished by the original eigenvectorsΦs andΦf , the modifica-
tions have to follow some limiting constraints: Moving and adjoining nodes is not allowed, only adjoining
elements onto existing nodes. Despite this restrictions a multiplicity of structure modifications is allowed,
e.g.

• modification of thickness and material parameters of shell elements
• additional elements like beams or nonstructural mass
• frequency dependent properties like stiffness or damping coefficient of springs and damper pads
• positioning absorption material and beading pattern
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The MCM approach is discussed on the basis of following example: A paneli with the thicknessdi and the
material parameters Young modulusEi and densityρi is modified. If the local mass matrixMi(ρ, d) and
stiffness matrixKi(E, d) satisfy the relations

Mi(ρi, di) = ρi di Mi (1., 1.) (22a)

Ki(Ei, di) = Ei di K
Membrane
i (1., 1.) + Ei d

3
i KBending

i (1., 1.) (22b)

with the membrane and bending fractions the difference matrixes∆M and∆M of the panel modification
can be calculated by

∆M(ρi, di) = Mi (ρi, di)−Mi (ρ
Original
i , dOriginal

i ) (23a)

∆K(Ei, di) = Ki (Ei, di)−Ki (E
Original
i , dOriginal

i ) (23b)

whereby the superscripts ”Original” annotates the initial design.

4.3 Efficiency

Figure 10: Turn around time of considered approaches

In a benchmark the turn around times of the considered approaches (Direct, Lanczos, AMLS, and VAO) on
a decided empty Linux cluster were compared in Fig. 10, Direct and AMLS also on a parallel system with 8
processors. The diagram of the compared CPU time is in logarithmic time scale. Following table relates the
log(CPU) times to the linear time scale.

Time intervall log (time [s])
1 second 0.00
1 minute 1.78
1 hour 3.56
1 day 4.94

1 week 5.78
1 month 6.41
1 year 7.50
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In the considered example direct response is most expensive, Lanczos is much cheaper, AMLS is anymore
cheaper, and MCM via VAO is cheapest. Parallelization with 8 processors does enhance the performance
of direct method with factor 8, and AMLS with factor 4 due to administration fees. The approaches scale
different in frequency range. But both parallelization and variation of frequency range do not change the
order of performance sequence. For VAO it is assumed a high number of FRF analyses, so that the CPU time
of the AMLS part is negligible.

5 Benchmark

Exemplarily, a multi-criteria optimization problem of standard car body acoustics is presented:

Two otherwise identical cars with two different engines were compared – one engine is standard, the other
consists of an expensive crank shaft which reduces the pressure level in the driver’s ear in the frequency
range from 50 Hz to 200 Hz by a mean of 10 dB (cf. Fig. 1). The challenge was to reduce the noise only with
”cheap” body measures instead of the ”expensive” engine add-ons.

Figure 11: Anthill plot of optimization history

In day-to-day design proces, discret distributed panel diameters, beading patterns and damper pad partition-
ing are typical design spaces. Because the main focus in this paper is the optimization process and not the
design parameterization in this benchmark the design variables are restricted to continuous distributed panel
diameters.

The design variables are the about 100 thicknesses of panels, which were permitted a change of -50% and
+100%. The acoustic level induced by engine excitation was reduced remarkably while the mass of the body
was also minimized. The final obtained Pareto front illustrates the relation between the obtainable pressure
level reduction and the required additional masses.
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For a multi-criteria problem like that tackled here, an elitist strategy is advantageous. Thus, for the two-
criteria problem discussed here, a special(7+28)-strategy was chosen, which means that for each generation
seven parents were selected out of28 children while keeping the best individuals (elite strategy).

The history of the ES is presented in the anthill plot Fig. 11. Easily to recognize is the improvement of the
Pareto front in each generation. A typical optimization result is given in Fig. 12.

6 Conclusions

Figure 12: Final design

The acoustic simulation of passenger car bodies is a well integrated part of the design process in automotive
development. The assumption of a good prognosis is a complex finite element model including body, fluid,
driveline, local damping, and absorption of the fluid boundary. The validation of adequate FRFs, particularly
the sound pressure at driver’s ear, is well established below 200 Hz. Using AMLS, acoustic evaluation can
be achieved in acceptable response times. Classical gradient based optimization strategies were failing due
to the high non-linearity of the response surface.Evolutionary optimization strategiesare delivering robust
acoustic body designs. Themodal correction methodallows this in an acceptable time.
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Abstract
A fast interpolation method based on rational Krylov projection is proposedto overcome the computational
difficulty in multi-frequency acoustic analysis by boundary element method. It recasts acoustic quantities
into transfer functions of linear time-invariant systems. Then a matrix-free method is employed to reduce
the original systems in the frequency band of interest. Interpolation of the acoustic quantities is realized
by the corresponding transfer functions of the reduced order models.Different interpolation schemes are
presented to investigate acoustic radiation of a pulsating sphere. Numericalresults demonstrate that the
proposed method can significantly speed up the multi-frequency acoustic analysis with guaranteed compu-
tational accuracy.

1 Introduction

The boundary element (BE) method has long been an important numerical method with wide application
in acoustic radiation problems. The major advantage of the BE method in acousticanalysis is that only the
surface of the vibrating body has to be modeled. However, one potential shortcoming of the BE method is
the frequency dependence of the coefficient matrices in the BE equation,which have to be reformulated for
each different frequency. It is very time consuming to generate the coefficient matrices because intensive
numerical integration is involved. Moreover, the coefficient matrices are fully populated, making it compu-
tationally expensive to solve the BE equation over a large number of frequencies, especially for large BE
models.

In view of the above difficulties, researchers have developed many techniques to accelerate multi-frequency
acoustic analysis by BE method. Since intensive numerical integration is one of the bottlenecks, numerical
techniques are proposed focusing on the efficient generation of the coefficient matrices at multiple frequen-
cies, including frequency interpolation by Benthien and Schenck [1], Green function interpolation by Wuet
al. [2], and polynomial expansion and fitting of Green function by Li [3]. These techniques are featured
with a preparatory step to generate several auxiliary matrices, and intensive numerical integration is re-
placed by simple algebraic computation with the auxiliary matrices. Another bottleneck is the solution of
the BE equation with fully populated coefficient matrices. For a large BE model, itmay take up to 90%
of the computation time. Special emphasis has been placed on the development offast solving algorithms.
Raveendra [4] proposed an iterative solution which reuses the matrix factorization at the key interpolation
frequencies. Coyetteet al. [5] proposed to approximate the acoustic frequency response functionsby a
Pad́e expansion. Von Estorff and Zaleski [6] proposed to interpolate acoustic transfer functions with a spe-
cial source technique. Implementation of the above algorithms requires a modification of the existing BE
solvers.

This paper aims to develop a new interpolation algorithm to accelerate the multi-frequency acoustic analysis
by BE method. It recasts the acoustic quantities, such as sound pressureand radiated sound power, into
transfer functions of linear time-invariant (LTI) systems. Then a matrix-free formulation of rational Krylov
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projection [7] is employed to construct the reduced order models (ROMs) from the acoustic quantities at
selected interpolation frequencies. Interpolation of the acoustic quantities isautomatically realized by the
corresponding transfer functions of the ROMs. Since the ROMs are of much smaller sizes than the original
systems, the acoustic quantities over a large number of frequencies are available at a low computational
cost. Different interpolation schemes are presented to calculate sound pressure and radiated sound power of
a pulsating sphere. Numerical results demonstrate that the proposed methodcan significantly accelerate the
multi-frequency acoustic analysis with guaranteed computational accuracy.

2 Theoretical formulation

2.1 BE equation

For an acoustic radiation problem in free space, the BE formulation is basedon the Helmholtz integral
equation

C(P )p(P ) =

∫

S

(

∂G(Q, P )

∂n
p(Q)−G(Q, P )

∂p(Q)

∂n

)

dS(Q) (1)

wherep(P ) is the acoustic pressure at the field pointP , which maybe outside, inside, or onS; Q is any
point onS; the free-space Green functionG(Q, P ) = e−ikR/4πR, in which R = ‖Q − P‖, k = ω/c is
the wavenumber,ω is the radian frequency, andc is the sound speed;n is the outward unit normal onS; the
coefficientC(P ) is given by [8]

C(P ) =















1 P outsideS,

1−

∫

S

cos β

4πR2
dS(Q) P onS

0 P insideS,

(2)

whereβ is the angle between the normaln and the vectorR. Eq. (2) includes the possibility that the surface
may have a nonsmooth geometry such as edges and corners. On the boundary, the normal derivative of
acoustic pressure is related to the normal velocityvn through the momentum equation

∂p

∂n
= −iωρvn, (3)

whereρ is the density of the acoustic medium.

The discretization of the surface Helmholtz integral equation(P onS) leads to the BE equation

Hp = Gvn (4)

whereH andG are the assembled coefficient matrices of sizeN ×N ; p andvn are the surface pressure and
the normal velocity vectors of lengthN ; N is the node number of the BE model.

It should be noted that for an exterior problem the previous formulation based on the surface Helmholtz
integral equation may fail to yield a unique solution at characteristic frequencies of the associated interior
Dirichlet problem. To avoid the difficulty, the combined Helmholtz integral equation formulation (CHIEF)
method is employed [9]. The CHIEF method augments the surface Helmholtz integral equation with the
interior Helmholtz equation, which yields an overdetermined system of equations. The coefficient matrices
in Eq. (4) are then of size(N + Nc)×N , whereNc is the number of CHIEF points. A least-square solution
of p is given by

p = H+Gvn = Zvn, (5)

where the superscript+ denotes the Moore-Penrose matrix inverse;Z is the acoustic impedance matrix.
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2.2 Acoustic quantities

Two kinds of acoustic quantities are considered: sound pressure and radiated sound power. Sound pressure
at a field pointP is obtained by discretizing the exterior Helmholtz equation, which is given by

p(P ) = dTp + eTvn, (6)

where superscriptT denotes the matrix transpose; vectorsd ande depend on the excitation frequency and
the position of the field point. Substituting Eq. (5) into Eq. (6) leads to

p(P ) = {ATV}T
vn, (7)

where{ATV} is the acoustic transfer vector given by

{ATV} = ZTd + e. (8)

Radiated sound power from a vibrating surfaceS is given by

W =
1

2

∫

S

Re {pv̄n} dS, (9)

whereRe denotes the real part operation; the overbar inv̄n denotes the complex conjugate. Discretizing
Eq. (9) leads to

W =
1

2
vH

n Re {SZ}vn, (10)

where superscriptH denotes the Hermitian transpose;S =
∫

S
NTNdS, in whichN is the matrix of inter-

polation functions.

Eqs. (7) and (10) describe the relation between the input (normal velocity) and the output (sound pressure or
radiated sound power), which can also be formulated as a transfer function of a LTI system,

Π(ω) = cH
[

A− ω2E
]−1

b, (11)

whereΠ denotes either the sound pressure or the radiated sound power,A is the system matrix,E is the
description matrix,b and c are the input and output vectors. Unlike the coefficient matrices in the BE
equation, the matrices and vectors in the LTI system are frequency independent.

2.3 Rational interpolation

According to the rational Krylov projection [10], the left and right projection subspaces are defined by
⋃

ωi∈S1

{

[

A− ω2
i E

]−H
c
}

⊆ colsp {Z} , (12)

⋃

ωj∈S2

{

[

A− ω2
jE

]−1
b
}

⊆ colsp {V} , (13)

where the disjoint setsS1 andS2 contain the interpolation frequencies used to generate the projection sub-
spaces;colsp denotes the subspace spanned by the column vectors. Projecting the LTI system onto the
above subspaces results in

Π̂(ω) = ĉH
[

Â− ω2Ê
]

−1

b̂, (14)

where

Â = ZHAV, Ê = ZHEV, (15)

b̂ = ZHb, ĉ = VHc, (16)
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are the system matrix, description matrix, input and output vectors of the ROM; Π̂ interpolates the original
acoustic quantityΠ at the frequencies inS1 ∪ S2. It should be noted that the LTI system is not explicitly
available, therefore, the ROM can not be constructed by Eqs. (15) and(16) directly.

To overcome the above difficulty, a matrix-free formulation of rational Krylov projection [7] is employed to
reduce the original system in the frequency band of interest. Denote theith column of the left projection
subspaceZ aszi and thejth column of the right projection subspaceV asvj , then Eqs. (15) and (16) can
be written in the element forms as

Âij = zH
i Avj =

ω2
i Π(ωi)− ω2

j Π(ωj)

ω2
i − ω2

j

, (17)

Êij = zH
i Evj =

Π(ωi)−Π(ωj)

ω2
i − ω2

j

, (18)

b̂i = zH
i b = Π(ωi), ĉj = vH

j c = Π̄(ωj). (19)

Since only the acoustic quantities at selected interpolation frequencies,Π(ωi)ωi∈S1
andΠ(ωj)ωj∈S2

, are
used to construct the ROM, the method can be seamlessly integrated with the existing BE solvers as a
postprocessor. Since the ROM is of a much smaller size than the original system, the acoustic quantity over
a large number of frequencies is available at a low computational cost.

2.4 Numerical efficiency

Solution of an acoustic BE problem mainly consists of three parts [11]: generating the coefficient matrices
(proportional to the square of the node number), solving the fully populated BE equation (proportional to the
cubic of the node number), and calculating the acoustic quantities (proportional to the node number). The
total computation time is

T ≈ αN2 + βN3 + γN, (20)

whereα, β, andγ are coefficients independent of node numberN .

Define the numerical efficiencyσ of multi-frequency acoustic analysis as the ratio of computation time
between the regular BE method and the speedup method. Suppose an acoustic quantity needs to be evaluated
atn0 frequencies. The numerical efficiency of the methods proposed in Refs. [1–3] is

σ ≈
n0

(

αN2 + βN3 + γN
)

α′N2 + n0 (βN3 + γN)
, (21)

whereα′ is determined by the number of the interpolation frequencies or the order of the polynomial expan-
sion. When the node number is very large,σ approaches 1 and little speedup is achieved by these methods.
While for the rational interpolation method proposed in this paper, ifn1 interpolation frequencies are used
to construct the ROM, then the numerical efficiency is

σ ≈ n0/n1 (22)

because the computation time in solving a small-sized ROM is almost negligible. Since the numerical effi-
ciency of the proposed method does not decrease with the model size, it can be applied to multi-frequency
analysis for large acoustic BE models.

3 Numerical examples

In this section, the acoustic radiation of a pulsating sphere is investigated by the rational interpolation method.
The surface of the acoustic domain is modeled by384 quadrilateral elements and386 nodes as shown in Fig-
ure 1. The theoretical solution of the radiated sound power by the sphereis given by

W =
2πρcv2

nk2a4

1 + k2a2
, (23)
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where the sound speedc = 340 m/s; densityρ = 1.225 kg/m3; the radius of the spherea = 1 m, and
the surface normal velocityvn = 0.001 m/s. One CHIEF point at the center of the sphere is introduced to
get rid of the non-uniqueness at the characteristic frequencies corresponding to wavenumbersk = π, 2π, ....
The radiated sound power over the frequency band (0-360) Hz is calculated by the regular BE method
at a frequency interval of3 Hz. The computation time is105.6 s. The same problem is solved by the
rational interpolation method. The ROM is constructed with4 interpolation frequencies evenly distributed
in the frequency band. The total computation time, including the ROM construction and solution, is only
3.6 s. Comparison of the results given by the regular BE method and the rationalinterpolation method is
shown in Figure 2, where the small black boxes denote the locations of the interpolation frequencies. Good
agreement with the theoretical solution is observed over the whole frequency band.

Figure 1: BE method mesh for a pulsating sphere
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Figure 2: Radiated sound power of a pulsating sphere

The theoretical solution for the sound pressure at a radial distancer inside the sphere is [12]

p =
jρcvnk2a2

sin ka− ka cos ka

sin kr

kr
. (24)

The acoustic domain is modeled by a finer mesh, with243 quadrilateral elements and271 nodes for each
octave of the sphere as shown in Figure 3. The sound pressure level (SPL) atr = 0.25 m is calculated
with the regular BE method over the frequency band of (100-500) Hz at a frequency interval of2 Hz. The
computation time is1981.3 s. The same problem is solved by the rational interpolation method. The ROM is
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Figure 3: BE method mesh of one octant of a pulsating sphere

constructed using the radiated sound power at8 interpolation frequencies evenly distributed in the frequency
band. The total computation time is only79.5 s. Comparison of the regular BE method and the rational inter-
polation method is shown in Figure 4, where the small black boxes denote the locations of the interpolation
frequencies. Good agreement with the theoretical solution is observed over the whole frequency band.
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Figure 4: SPL of a pulsating sphere

Different interpolation schemes are presented to investigate the influence of interpolation frequencies on the
computational accuracy. To distinguish the interpolation error from the BE modeling error, the ROM is
constructed using the theoretical values at the interpolation frequencies.The maximum SPL errors between
the rational interpolation results and the theoretical solutions are shown in Figure 5. Large interpolation
errors are observed for the ROMs constructed with a small number of interpolation frequencies. The errors
decrease rapidly to0.15 dB when10 interpolation frequencies are used.

4 Conclusions

A fast interpolation method based on rational Krylov projection is proposedto overcome the computational
difficulty in multi-frequency acoustic analysis by BE method. It recasts the acoustic quantities into transfer
functions of LTI systems. Then a matrix-free method is employed to reduce theoriginal systems in the
frequency band of interest. Interpolation of the acoustic quantities is realized by the corresponding transfer
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Figure 5: Maximum SPL errors of ROMs constructed with equally spaced interpolation frequencies

functions of the ROMs. Since only the interpolated acoustic quantities are used to construct the ROMs,
the method can be seamlessly integrated with the existing BE solvers as a postprocessor. The resulting
ROMs are of much smaller sizes than the original systems, therefore, the acoustic quantities over a large
number of frequencies are available at a low computational cost. Moreover, the numerical efficiency of the
method is determined solely by the number of interpolation frequencies. It does not decrease when a much
finer mesh is used for the BE model. Therefore, the method is capable of solving large BE models over
multiple frequencies. Different interpolation schemes are presented to investigate acoustic radiation of a
pulsating sphere into interior and exterior cavities. Numerical results demonstrate that the proposed method
significantly speeds up the multi-frequency acoustic analysis with guaranteed computational accuracy.
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Vibro-acoustic analysis of fluid-loaded structures using
component mode synthesis
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Abstract
The work focuses on efficient vibro-acoustic analysis of fluid-loaded structures in the low to medium fre-
quency range. A coupled finite element and boundary element formulation is used to describe the interaction
between the structures and the fluid. Three component modal sets are proposed, including in-vacuo structural
modes describing the free vibration of the structures, interface modes capturing the prominent dynamics of
the fluid-structure interfaces, and adjoint modes representing the acoustic loadings from the fluid. Com-
ponent mode synthesis is applied to the coupled systems to accelerate the prediction of the vibro-acoustic
responses. The performance of the method is illustrated on a water-loaded stiffened plate.

1 Introduction

Vibro-acoustic analysis of fluid-loaded structures is of significant interest in various engineering applications.
A well-established approach for modeling such structures is the coupled finite element (FE) and boundary
element (BE) method [1–3]. The FE method is used to describe the dynamic behavior of the elastic structures,
while the BE method is used to describe the acoustic loadings from the surrounding fluid. The fluid-structure
coupling can be implemented by removing either the structural variables or the acoustic variables. In both
cases, the resulting coupled systems contain acoustic impedance matrices, which are frequency-dependent
and fully populated, making it computational expensive to predict the vibro-acoustic responses of the fluid-
loaded structures over a wide frequency range.

This work focuses on efficient vibro-acoustic analysis of fluid-loaded structures in the low to medium
frequency range. The fluid is assumed heavy enough that the fluid-structure interaction is significant.
The proposed method applies component mode synthesis (CMS) [4] to accelerate the numerical compu-
tation. Although many CMS methods have been proposed for analyzing fluid-structure interaction prob-
lems (e.g. [5–7]), most of them are developed within an FE framework. In this paper, conventional CMS
methods are adapted to systems modeled with a coupled FE/BE formulation. The fluid BE model is coupled
to the structural FE model by eliminating the acoustic variables. The coupled systems contain the structural
variables only, which are approximated by Ritz vectors from the following component modal sets.

Based on the observation that the in-vacuo structural modes provide a good description of the free vibration
of the structures, the free interface normal modes are included as one of the component modal sets. Fluid-
structure interaction is accounted for by the interface modes derived from the eigenmodes of the reduced
eigenvalue problems resulting from the static condensation of the coupled systems to the interface [8]. These
interface modes capture the prominent dynamics of the fluid-structure interfaces. The acoustic loadings
can be represented by the adjoint modes. These modes are closely related to the acoustic radiation (AR)
modes [9–12] obtained by a modal decomposition of discretized radiation operators. The AR modes with
large eigenvalues are corresponding to the surface velocity distributions with high radiation efficiencies. The
adjoint modes are defined as the forced responses of the structures under the acoustic loadings associated
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with the AR modes. In the low to medium frequency range, the acoustic radiation is dominated by a small
set of AR modes, therefore, the adjoint modes are very efficient in representing the acoustic loadings.

The coupled systems are reduced by CMS using Ritz vectors form the above component modal sets. The
vibro-acoustic responses can be accurately evaluated from the reduced systems at an affordable cost. The
proposed CMS method provides a general framework for vibro-acoustic analysis of fluid-loaded structures
in the low to medium frequency range. Its performance is illustrated by a numerical example calculating
sound power radiated by a water-loaded stiffened plate.

2 Coupled FE/BE formulation

Consider a fluid-loaded structure with structural damping. The structural component is modeled with finite
elements and its dynamics is governed by

[
K(1 + iη)− ω2M

]
xs = f −GAp (1)

where K and M are the structural stiffness and mass matrices; η is the loss factor; xs is the structural
displacement vector; f is the external load vector; G is a matrix mapping the interface degrees of free-
dom (DOFs) to the structural DOFs; matrix A =

∫
S NTNdS, and N is the matrix of interpolation functions.

The fluid domain is modeled by boundary elements. Discretization of the surface Helmholtz integration
equation leads to

p = Zvn, (2)

where p is the surface acoustic pressure vector, vn is the normal velocity vector on the fluid-structure inter-
face, and Z is the acoustic impedance matrix. Assembling Eqs. (1) and (2) yields

[
K(1 + iη)− ω2M 0

0 Z

]{
xs

vn

}
=

{
f −GAp

p

}
. (3)

For the time-harmonic excitation, the normal velocity is related to the structural displacement vector by

vn = iωGTxs, (4)

which is substituted into Eq. (3) to eliminate the acoustic variables, yielding a coupled system
[
K(1 + iη) + iωGAZGT − ω2M

]
xs = f . (5)

It should be noted that the coupled system contains the acoustic impedance matrix, which is frequency-
dependent and hence has to be constructed for each frequency to be solved.

3 Component mode synthesis

The coupled system is reduced by projecting on the Ritz vectors from three component modal sets. The
first set consists of the in-vacuo structural modes, or the free interface normal modes determined from the
structural eigenvalue problem

Kφs = λsMφs. (6)

The free interface normal modes form a complete modal set. Accurate results can be obtained from the
coupled system reduced by using the normal modal set alone. In practice, however, the normal modal set has
to be truncated at a certain frequency limit to keep the size of the reduced system small. In this paper, only
the normal modes in the frequency band of interest are included in the component modal set Φs.

In order to achieve a better description of the coupled model, fluid-structure interaction needs to be consid-
ered. In the classical CMS methods, the normal modes are usually supplemented by the constraint modes or
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the attachment modes. For the model with a lot of interface DOFs, the number of the constraint or attachment
modes may be very large. To further reduce the coupled model, a new component modal set is introduced to
capture the most prominent dynamics of the fluid-structure interface. Partition the stiffness matrix into

K =
[

Kii Kic

Kci Kcc

]
, (7)

where subscripts i and c denote the interior and coupling DOFs. The static condensation of the coupled
system to the interface using the constraint modes

Γc =
[ −K−1

ii Kic

I

]
(8)

leads to a reduced eigenvalue problem

[
K̄(1 + iη) + iωZ̄− ω2M̄

]
ψc = 0, (9)

where K̄ = ΓT
c KΓc, Z̄ = ΓT

c GAZGTΓc, M̄ = ΓT
c MΓc. Since the acoustic impedance matrix is fre-

quency dependent, Eq. (9) is a nonlinear eigenvalue problem. In this paper, approximate eigenmodes are
sought by interpolating Z̄ as

Z̄ = iωS +
T
iω

. (10)

Substituting Eq. (10) into Eq. (9) gives the following eigenvalue problem

[
K̄(1 + iη) + T

]
ψc = ω2

[
M̄ + S

]
ψc. (11)

The first few eigenmodes Ψc are solved and statically lifted to generate the interface modes

Φc = ΓcΨc. (12)

The third component modal set is derived from the AR modes, which are determined by the eigenvalue
problem

Rψa = λaψa, (13)

where R is the discretized radiation operator defined as the real part of AZ; The eigenvalue λa is proportional
to the radiation efficiency of the AR mode ψa. The adjoint modes are defined as the forced responses of the
structure at a frequency shift ω0 under the acoustic loading associated with the first few AR modes

Φa =
[
K(1 + iη)− ω2

0M
]−1 GAZΨa. (14)

The structural displacement vector is then approximated by

xs = Φq, (15)

where Φ contains the Ritz vectors from the above component modal sets; q denotes the generalized coordi-
nates. Projecting Eq. (5) on Φ yields the reduce system

[
K̂(1 + iη) + iωẐ− ω2M̂

]
q = f̂ , (16)

where the system matrices K̂ = ΦTKΦ, Ẑ = ΦTGAZGTΦ, M̂ = ΦTMΦ, and the reduced load vector
is f̂ = ΦT f . It should be noted that the reduced system (16) can also be derived by projecting the structure
component on Φ and the fluid component on GT Φ as in the classical CMS methods. Since the number of
DOFs in the reduced system is usually much less than that in the original system, the reduced system can be
solved efficiently over a wide frequency range.
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4 Numerical example

A numerical example of a water-loaded stiffened plate is investigated by the proposed method. The simply
supported square plate of dimension a = 1 m and thickness h = 5 cm, reinforced by four stiffeners of
rectangular cross section is shown in Figure 1. The depth and width of the stiffeners are H = 7.5 cm and
W = 5 cm. The plate and stiffeners material is steel of properties ρs = 7850 kg/m3, E = 210.0 GPa,
ν = 0.3. A structural damping loss factor η = 0.01 is assumed for both the plate and the stiffeners. The
stiffened plate is excited by a transverse point force of magnitude f0 = 1 N, locating at x0 = 7.5 cm and
y0 = 7.5 cm. The acoustic fluid is water with density ρf = 1000 kg/m3 and sound speed c = 1500m/s. The
plate is modeled by 12 × 12 plate elements and four stiffeners are modeled by 4 × 12 Timoshenko beam
elements. The FE model of the stiffened plate contains 459 structural DOFs. The plate FE mesh is also
used to discretize the integral surface of the fluid BE model, resulting in a BE model with 169 DOFs. The
fluid-structural interface has 121 DOFs and the coupled system has totally 459 DOFs.

W

h

H

x

y

a/3

a/3

a/3

a/3 a/3 a/3 

x
z

Figure 1: Schematic plot of a stiffened plate

Sound power radiated to the fluid component

Π =
1
2

∫
S
Re {pv∗n} dS =

1
2
vH

n Rvn (17)

is calculated in the frequency band (0 Hz, 1500 Hz). There are 4 in-vacuo structural modes in the band.
These modes are supplemented by either the interface modes or the adjoint modes. Six interface modes
are obtained by interpolating Ẑ at the frequencies 50 Hz and 500 Hz. For comparison, six adjoint modes
are generated by the AR modes with a frequency shift 1500 Hz. The radiated sound power levels (SPLs)
predicted from the different reduced systems are shown in Figure 2. It is obvious that the reduced system
using only the in-band structural modes does not provide a good prediction, while a few interface modes or
adjoint modes can significantly improve the accuracy of the predicted SPLs.

Convergence of prediction error using the interface modes is shown in Figure 3. Different interpolation
frequencies are used in approximating Ẑ. The prediction error does not show much difference when the
interface mode number exceeds 6. As a contrast, the prediction error with the adjoint modes does have an
obvious dependence on the selected frequency shift, as shown in Figure 4. According to Eq. (14), the adjoint
modes generated with a larger frequency shift contain more information from the omitted high eigenmodes,
which complement the low eigenmodes in the component modal set Ψs and help to improve the prediction
accuracy.
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Figure 2: Comparison of the radiated SPLs predicted from the different reduced systems.
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Figure 3: Prediction errors of the reduced systems using interface modes with different interpolation fre-
quencies.

5 Conclusions

A CMS method is presented for the vibro-acoustic analysis of fluid-loaded structures. It is adapted to the
systems modeled by a coupled FE/BE formulation. In this paper, the fluid component is first coupled to
the structural component by eliminating the acoustic variables. The resulting coupled system is reduced by
projecting on the Ritz vectors from three component modal sets. The first modal set is introduced to de-
scribe the free vibration the structure. The set consists of the in-vacuo structural modes determined by the
structural eigenvalue problem. The second modal set is introduced to capture the prominent dynamics of
the fluid-structure interface. The set consists of the interface modes obtained by lifting the eigenmodes of
the statically condensed eigenvalue problem. The eigenmodes are approximately solved from a generalized
eigenvalue problem obtained by interpolating the condensed acoustic impedance matrix. The third modal
set is introduced to represent the acoustic loading from the fluid component. The set consists of the adjoint
modes obtained from the forced responses of the structure under the acoustic loading associated with the
dominant AR modes. The method is illustrated on a numerical example calculating the radiated SPL of a
water-loaded stiffened plate. It is shown that reduced systems using interface modes with different interpo-
lation frequencies lead to almost the same results when sufficient interface modes are included, while the
prediction accuracy of the reduced systems using adjoint modes are very sensitive to the frequency shifts
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Figure 4: Prediction error of the reduced systems using adjoint modes with different frequency shifts.

used in solving the forced responses. Both interface and adjoint modes can significantly improve the predic-
tion accuracy of the reduced systems. The method provides a general framework for vibro-acoustic analysis
of fluid-loaded structures in the low to medium frequency range.
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Vibro-acoustic modelling of a rail vehicle bodyshell and 
resilient Floor  
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Abstract 
This paper presents the stages of modelling and testing of a rail vehicle resilient floor to determine its 
structure-borne noise performance. A series of finite element, boundary element, and statistical energy 
analysis models have been developed using a suite of proprietary software packages including ANSYS, 
SYSNOISE and SEADS.  Coupled cavity FE models have been created and several iterations of acoustic 
analyses have been conducted. Modal tests and analyses were also undertaken for use in the development 
and validation of the finite element models. By performing a sensitivity study the significance of certain 
design features have been evaluated. A number of SEA analysis have been performed and the simulation 
results are compared against the test result for a particular bodyshell and floor configuration. 
 
 

1  Introduction 
 
In the course of a vehicle design the acoustic attenuation and transmission loss through its bodyshell is 
becoming an important consideration. It is a key attribute that design engineers have to extract and take 
into account in conjunction with noise sources so that effective mitigating measures can be adopted to 
comply with the noise standards.  
 
This paper presents in some detail the modelling and testing of a rail vehicle resilient floor to determine its 
structure-borne noise performance. The work has been undertaken as part of the Vibro-Acoustic 
Simulation Programme, which is supported by Areva T&D Ltd. The subject for the modelling is an 
aluminium extruded body shell and floor structure for an intercity vehicle. To enhance its application 
value, a constellation of designs have been considered and it was thus decided to construct a generic 
assembly model of the rail vehicle bodyshell and the resilient upper floor construction for the prediction of 
structural-borne noise transmission and radiation.   
 
To this end a series of finite element(FE), boundary element(BE) and statistical energy analysis(SEA) 
models have been created using a suite of proprietary software packages including ANSYS, SYSNOISE 
and SEADS.  Coupled cavity FE models have been developed and several iterations of acoustic analyses 
have been conducted. Modal tests and analyses were undertaken for use in the development and validation 
of the FE models. By performing a series of sensitivity studies the significance of certain design features 
have been determined. As a paradigmatic example, the dynamic responses with respect to vibration 
sources were predicted and the generated noise level was extracted based on the improved FE model. A 
number of SEA analyses have been conducted and the simulation results are compared against the test 
result for a particular bodyshell and floor configuration. 
 
The modelled floor system is complex acoustically and its behaviour as a structure is determined by many 
factors.  It has been demonstrated through extensive numerical simulations and modal testing that it is 
possible to construct a model of such a complex system comprised of fluid and solid elements with 
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inclusion of acoustic structural interactions.  The accuracy of the modelling is dependent upon 
representation of both the structural and acoustic components.   
 
Details of the modelling and simulation analysis are presented in the paper.  The predicted results are 
collated and compared, along with a summary of the experimental modal analysis followed by comments 
and discussions, leading to the conclusions assembled in the end.  
 

2 Finite element models 
 
2.1 Finite Element model of the bodyshell 

 
The FE models were developed for a section of the bodyshell and the floor employed in the acoustic 
testing. The main aim of the work is to provide a suitable representation of the bodyshell and the resilient 
floor assembly, through the inclusion of the fluid elements in the FE model.  Using the FE models 
developed, some parametric studies have been conducted.  ANSYS was employed to perform the FE 
analysis. 
 
The extruded aluminium bodyshell of rail 
vehicles, with a low weight/stiffness ratio, was 
modelled by thin shell elements.  The air cavities, 
created by the extruded structure were 
incorporated in the models to account for the 
effect of the fluid-structure interactions.  The 
fluid elements interact with the structural 
elements of the model, but have completely 
different properties.  The symmetrical nature of 
the structure is exploited in constructing the 
model to maintain a manageable model size 
whilst increasing the upper frequency limit.  The 
FE model is shown in Fig 1. 

             Fig 1. FEM Components – Floor, Cavity and Body Shell. 
 
 
2.2 Finite Element model of the composite floor panel 

 
The outline geometry of the laminated floor panel is longitudinally prismatic with  the panel consisting of 
an inner layer of Herex/ply wood covered by 1.5 mm thick aluminium skins, joined with longitudinal seat 
rails and underside stiffening and fixing fins. 
 
The FE models used predominantly shell elements.  The mapped meshing technique was employed to 
minimise the model size without compromising prediction accuracy. The resultant material properties are 
anisotropic.  For the purpose of this modelling, initial theoretically determined values were considered.  
To verify that representative materials were used, modal tests have been conducted on the composite floor 
panel.  Damping ratios extracted from the modal testing were then included in the floor model. 
 
2.3 Finite element model of the assembly  
 
The laminated floor panel is connected to the bodyshell by discrete resilient mounts.  In the model these 
mounts are represented by spring elements, having the properties of longitudinal stiffness of 4800 N/m 
and shear stiffness of 2000 N/m, respectively.  An appropriate dynamic factor has been introduced in the 
analysis.  The air cavity within the bodyshell and the laminated upper floor panel is modelled using 
acoustic elements.  
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In general, the coupled vibro-acoustic models are no longer symmetrical, although some algorithms may 
be applied to achieve a symmetrised set of equations. Computational effort is considerably more intensive 
when solving for a coupled system as opposed to a system comprised of pure compressible fluid or solid 
regimes [1].  The maximum characteristic size of the elements used in the model is less than 0.11m. This 
will allow an acoustic analysis to be valid for the frequency range up to 500 Hz.  A compatible mesh has 
been derived from the ANSYS models for free-field radiated noise predictions using SYSNOISE. 

 
2.4 Boundary conditions and dynamic forces  
 
The bodyshell and the floor panel assembly are placed on four supporting frames.  Translational 
constraints at the support positions are imposed in addition to the symmetry conditions to represent the test 
configuration. 
 
Vibration forces are applied at typical mounting positions to simulate the input from suspended equipment 
(engines/traction motors, transmission, cooling and fuel groups, propulsion and control).  The dynamic 
response of the assembly with respect to the bodyshell loading is calculated.  The receptance, mobility and 
other responses are processed and the structure-borne noise radiated from the floor panel is subsequently 
calculated using SYSNOISE. 
 

3 Modal Analysis  
 
3.1 Eigensolution of the composite floor panel 
 
The eigenvalues (natural frequencies) of more than 200 
modes of the free-free composite floor panel have been 
computed.  The FE model was updated after conducting a 
parametric study and incorporating modal analysis result. 
A selected eigenvector (mode shape) is illustrated in Fig 
2.  
 
Modal testing was conducted to validate the FE model. 
The modal assurance criterion (MAC) was applied to 
map and correlate the modal testing results. In 
conjunction with the sensitivity analysis, the FE model 
was updated.     

      Fig 2. Floor mode pattern.  
 

3.2 Sensitivity of the vibratory characteristics of the floor 
 
The sensitivities of the eigenvalues and eigenvectors with 
respect to a number of parameters have been evaluated.  
These parameters include anisotropic material properties, 
thickness of stiffening webs, joint stiffness and seat rail 
profiles.  The sensitivities of the eigenvalues and 
eigenvectors with respect to parameter p are defined as 

p
fi

∂
∂

 and 
p

i

∂
∂φ

. They can be evaluated by  

      
ii

i

T
i

i

p
Mf

pf
K

p
f

φ
π

φ )
4

(
2
1

2 ∂
∂

−
∂

∂
=

∂
∂

    
and            Fig 3. The sensitivity of mode 1 to anisotropic parameter. 

VIBRO-ACOUSTIC MODELLING AND PREDICTION 4661



 

 

      

jjj
T

i

n

ijj ij

i

p
Mf

p
K

ffp
φφ

π
φ

φ
)

4
(1 2

2
,1

22 ∂
∂

−
∂

∂
−

=
∂
∂ ∑

≠=  
 
The analysis was intended to identify parameters of 
importance in model updating. Figs 3 and 4 
demonstrate the sensitivities for the first few modes. 
Fig 5 illustrates the sensitivities of the natural 
frequencies with respect to some uncertain 
parameters.  
 
 

     Fig 4. The sensitivity of mode 4 to anisotropic parameter. 
 

 
 
 
 
 
3.3 Eigensolution of the assembly 
 
An eigensolution was performed before 
proceeding to a coupled vibro-acoustic 
analysis.  
Fig 6 illustrates some patterns of the vibratory 
characteristics for the assembly.  
 

  
 
 
 
 
 
 
 
 
 

Fig 6. Eigenvectors of the assembly. 
 
3.4  Modal testing  

 
These tests on a train resilient floor 
construction are focussed on the upper 
laminated floor layer with rail joints.  The 
objective of this modal testing was to measure 
and identify the vibration modes of the upper 
floor panel structure, in sufficient detail, to 
enable a comparison with the theoretically 
(Finite Element) derived modes and thereby 
provide reassurance that the theoretical models 
of structural behaviour were valid.  For this 
purpose accurate measurement of the structure 

 

Fig 7. A measured FRF. 
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Fig 5. Sensitivities of natural frequencies.
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natural frequencies are required, together with 
descriptions of the mode shapes.  
  
Given the complex nature of the upper floor 
construction, it was clear that it would be 
impossible to accurately predict the structural 
damping in each mode from a purely modelling 
approach, so it would also be necessary to 
measure the structural damping for each mode 
of interest. The sample was suspended free-free 
from an overhead gantry crane and the sling 
length was maximised to produce an 
arrangement in which the characteristic six 
rigid-body natural frequencies of the suspended 
system would be as low as possible.    
 
For comparative purposes with the FE analysis the tests focused on the measurement of flexural modes, 
with amplitudes normal to the floor surface, so an excitation orientation most appropriate for these modes 
was devised. For the measurements a characteristic broad-band random excitation force was applied to the 
structure over the frequency range under consideration.  The initial FE analysis was used to gain an 
indication of the frequency range and mode 
shapes of interest for the comparison. During 
investigative measurements it became evident 
that the modes of the structure were lightly 
damped giving rise to characteristically sharp 
peaks in the FRF’s. By way of an example Fig 
7 shows an FRF measured at one location on 
the sample.  The degree of correlation between 
the analysis and modal testing is demonstrated 
in Fig 8.  As expected from a normal modelling 
and measurement process, the points lie close to 
a line with a slope of one. 
 
 

4  Dynamic response 
 
The dynamic responses of the floor assembly for a 100 N structure-borne force, at a few selected positions 
on the floor are shown in Fig 9. An averaged 1/3 octave response is illustrated in Fig 10.  A comparison is 
given of the responses using the models with and without cavities included.   
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As demonstrated the airgap cavity can lead to a noticeable change in the floor system receptance at some 
frequencies above 120Hz.  It is evident from this comparison that the cavity must be included in the 
structure-borne model. 
 
4.1 Floor cavity effect  
 
To evaluate the effects of some cavities upon the dynamic response, the volume of the floor cavity has 
been changed by increasing the interface 
spacing from 2 cm to 5 cm.  Fig 11 shows the 
comparison of the floor responses between 
these two arrangements.  It is evident that the 
increased cavity has lead to a reduction in the 
dynamic response and consequently the noise 
level over the frequency range analysed (110-
500 Hz).   
 
Fig 12 demonstrates the pressure 
distributions within the cavity for some 
discrete frequencies.  Through thickness the 
cavity pressure is predominantly constant but 
varies within the cavity plane. 
 
4.2  Resilient mount stiffness 
 
The effect of the resilient mount stiffness has been examined in the study.  In a separate model, an 
increased mounting stiffness was assumed. It is observed that using increased mount stiffness results in a 
higher overall dynamic response level.  
 
4.3 Distributed resilient mounts  
 
The effect of employing distributed mounts 
of equivalent stiffness and damping is 
considered by creating another FE model, in 
which mounts were represented at the 
interface.  As shown in Fig 13 the responses 
of the original and the modified 
configurations with an increased number of 
distributed mounts are compared.  It is 
apparent that the new arrangement is 
effective in terms of response reduction over 
a wide frequency range, apart from a narrow 
frequency interval 190-225 Hz.  
An averaged 1/3 octave response versus 
standard band frequency is processed and the 
same conclusion is obtained.  
 
 
4.4 Stiffer floor panel 
 
In this study the floor design eventually 
adopted for use on a passenger vehicles uses 
steel skinned plywood upper floor panels 
instead of aluminium skinned HEREX foam 
design.  Such a change would result in an 

Fig 12. Cavity pressure distribution around 50Hz. 
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increase in the mass and stiffness of the composite upper floor panel, which is expected to improve its air-
borne transmission loss.  The bearing of this additional mass upon the structure-borne noise performance 
of the floor assembly has also to be assessed.  To evaluate the effect of this change the FE model of the 
panel was modified to incorporate steel material properties and the equivalent composite material 
properties were used in a further analysis. 
 
Fig 14 shows a comparison of the floor assembly responses using aluminium and steel materials as the top 
skin layer of the lamination (floor damping<1%).  At low frequencies (<60Hz), and some discrete higher 
frequencies (110-120, 260-280 Hz), the new steel panel arrangement results in a reduced structure-borne 
performance.  Consequently, at these frequencies, the structure-borne noise emitted by the floor will be 
higher.  However, generally over the remaining frequency range the steel panel outperforms the 
aluminium floor panel and consequently the radiated noise will be lower.  From this it is evident that when 
making design changes to the floor system, which will apparently improve air-borne transmission loss, it 
is also important to consider the effect on the floor assembly or more particularly the structure-borne 
performance. 
 

5 Noise Prediction   
 
To predict the free-field sound pressure 
level (SPL) that would be radiated by 
the floor surface in response to a 
bodyshell structure-borne excitation the 
LMS programme SYSNOISE has been 
used.  In these predictions the vibrations 
predicted from the ANSYS dynamic 
analysis have been repurposed as the 
input to the SYSNOISE boundary 
element model.  The SYSNOISE model 
is used to calculate the resulting radiated 
SPL and intensity at any position above 
the upper floor.  In these predictions a 
field plane set at 1 m above the upper 
floor is created to assess the sound field. 
 
The prediction process involves setting 
up BEM models which are compatible 
with the ANSYS model database, 
exporting the analysis results from 
ANSYS, mapping the relevant 
components into SYSNOISE, running 
the appropriate solvers dependent on the 
analysis types, and finally, post-
processing of the predictions.   
 
Fig 15 shows the acoustic pressure 
levels predicted using SYSNOISE for 
two floor configurations at 85 and 90Hz 
(with different cavities, using the 
measured floor damping ratios <1%).  
The calculated element contributions to a nominated field point are overlaid in the same figures. The 
sound pressure and intensity results are consistent with the dynamic response obtained from FEA using 
ANSYS. 
 

Fig 15. Predicted noise levels for two resilient floor 
configurations. 
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Along with the intrinsic mount and lamination structural damping, it was considered that the mount 
configuration could also be significant.  To investigate this, a comparative analysis in which the effect of 
an increased number of distributed mounts (of equivalent overall stiffness to that of the original number of 
mounts) was considered.  
 
The predicted sound pressure and sound intensity levels at some selected field points are given in Fig 16. 
The figure, derived from the aforementioned analysis demonstrates that using distributed mounts can be 
beneficial, as a reduction in noise levels is evident over a wide frequency range (50 to 300Hz in this 
analysis) except for a few discrete tonic frequencies.   
 

Fig 16. Predicted sound pressure and sound intensity level vs frequency 
(Blue – discrete resilients, Red- distributed resilients). 

 

6 Transmission Loss – SEA analysis 
 
An SEA approach is used to calculate in the floor assembly air-borne transmission loss.  SEADS is 
employed to create SEA models and to conduct the transmission loss analysis. A number of SEA models 
of varying complexity have been used. Fig 17 illustrates a parallel multi-bodyshell SEA model. In addition 
to the structural elements, of the bodyshell and floor assembly the model consists of source and receiver 
room subsystems. The associated transmission loss calculated from the analysis over the frequency range 
100-4000 Hz is obtained. 
 
In the SEA approach, using the standard 
elements available in SEADS, the 
aluminium extruded bodyshell can only 
be modelled by an equivalent single 
shell/plate element.  This is likely to give 
rise to inaccurate predictions, as a single 
shell element representation does not 
allow the higher frequency ovaling 
modes of the extrusion to be calculated.  
The FE analysis has indicated that these 
modes occur from as low as 450 Hz 
upwards.  To overcome this a multi-
subsystem approach to modelling the 
bodyshell has been devised, (with the 
FEA derived modal density input) that 
can better account for the localised 
modes of the body shell.  This 
modification has improved agreement 
between the test and SEA prediction as 

Fig 17. A multi-bodyshell SEA transmission loss model. 
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shown in Fig 18 (Model 4).  The comparison is less satisfactory over the low frequency range and 
although not rigorously investigated here, there are several reasons why such differences could exist. 
Firstly, as transmission loss is a global and averaged measure of acoustic performance, measurements can 
be adversely effected if diffuse field conditions are not maintained, (in both source and receiving 
chambers).  It is often difficult to achieve a diffuse acoustic field in reverberation chambers at low 
frequencies and where measurements are made to the ISO 140 [2, 3] standard, additional reflective 
surfaces (diffusers) are deployed strategically in the room to assist.  Also, as a further measure, data are 
derived using temporal and spacial averaging techniques.  Secondly, a further potential source of 
uncertainty arises as a consequence of the underlying assumptions which are intrinsic in SEA modelling. 
Its received generic deficiency is 
the lack of accuracy in the low 
frequency end of the spectrum 
stemming from the paucity of the 
modal density. 
The prediction error can often be 
excessive and sometimes 
haphazard, even with the use of 
well-defined boundary conditions 
and loss factors for each subsystem 
[4].  Usually these parameters are 
not readily available and it is often 
suggested that uncertainty in the 
values of coupling and loss factors 
has limited the use of SEA by 
practising engineers. Consequently, 
the ability to be able to determine 
these crucial parameters by 
experiment or other optimising 
techniques [5] is considered 
extremely important. 

 

7 Concluding remarks 
 
A model of the passenger vehicle floor system comprised of the bodyshell extrusion, airgap, resilient 
mounts and composite upper floor panel has been designed and validated using experimental modal 
analysis techniques.  A SYSNOISE boundary element model has been used to predict the radiated free-
field sound pressure level at 1m above the upper floor surface. As expected the dynamic response of the 
floor system and the resultant radiated sound pressure levels are dependent upon the characteristics of the 
input force excitation.  In this analysis a constant amplitude force spectrum has been used, which gives 
rise to results which are higher than usually observed.  However, because of the linear nature of the 
acoustic modelling, given some more representative data from underframe equipment, these results can 
easily be mapped appropriately when data are made available. 
 
In the development of the theoretical structure-borne model and radiated noise predictions potential 
sources of error have been considered and investigated as appropriate.  For the deterministic models it is 
considered that the mode shapes and frequencies used in the calculations are sufficiently accurate over the 
frequency range of interest (0 to 500Hz).  The issue of structural damping for the composite floor structure 
has been resolved by modal testing. 
 
The floor assembly modal response is particularly sensitive to even small changes in damping and with 
hindsight, it would have been prudent to include items such as carpet and underlay on the sample during 
modal testing, which, aside from the additional mass effect, may also increase the damping in the upper 
composite layer.  The issue of resilient distribution and its potentially beneficial effect on modal 
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Fig 18. Transmission loss using SEA. 
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characteristics and damping has also been investigated and the study seems to indicate that properly 
distributed mounts, of an equivalent stiffness, could be more effective than the application of uniform 
damping material layers (e.g. Dedpan DC1050) on the bodyshell, in order to reduce the radiated noise 
levels. 
 
Considering the tools used in creating the model and their applicable frequency ranges, the deterministic 
models created using ANSYS are applicable to structure-borne for frequencies up to 500 Hz. The SEADS 
SEA package has been used to determine the floor transmission loss applicable to higher frequencies.   
 
The bodyshell and floor system is complex acoustically and its behaviour as a structure is determined by 
many factors. It has been demonstrated through extensive numerical simulations and modal testing that it 
is possible to construct a model of such a complex system comprised of fluid and solid elements with 
inclusion of acoustic structural interactions.  The accuracy of the modelling is dependent upon 
representation of both the structural and acoustic components.  The accuracy of the predictions can be 
improved by including any detail that will affect the vibratory characteristics (natural frequencies, mode 
shapes, and damping) and consequently structural responses and vibro-acoustic performance of the 
system. 
 
A number of conclusions can be drawn from the analysis and testing. 
 

• Contrary to expectation, the resilient floor panel structure is comprised of such lightly damped 
materials that a damping ratio of less than 1% was measured for the modes of interest, even 
though the structure incorporates various elements which might be expected to increase the 
structural damping; 

• The composite upper floor panel is not stiff, with a minimum flexural bending mode frequency of 
less than 5Hz; 

• Air cavities have been shown to be important in the assembly model, even at frequencies up to 
500Hz.  Increasing the floor cavity volume tends to reduce the floor panel response and radiated 
noise levels above certain frequency; 

• As expected the resilient mount properties are important in determining floor performance.  An 
increase in the stiffness of the resilient mounts produces an increase in the assembly response and 
radiated noise level. It would appear that a number of carefully distributed resilient mounts are 
more effective than a few concentrated mounts of equivalent total stiffness.  The distributed 
resilient mounts with equivalent damping coefficient have the tangible benefit of improving the 
assembly damping. 
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Abstract 
Fluid-structure interactions are always present in real life dynamic systems, during operations. However, 
analysts, due to the complexity of building a coupled vibro-acoustic model and also because sometimes 
the coupling effect has no significance, often apply “one way” or uncoupled analysis. Nevertheless, 
sometimes it is important to consider the mutual influence of the vibro-acoustic system, where the acoustic 
and structural matrices are coupled and the influence of the structural displacement on the fluid domain, as 
well as the acoustic pressure of the fluid on the structural body, are accounted in one coupled matrix. 

During take off, launchers and its payloads are submitted to severe acoustic loads, generated by the 
reflected noise, during the boosters’ combustion. Typical values of the OASPL (overall acoustic sound 
pressure level), achieved next the engines, lie within 150-180 dB, which are estimated at the upper parts of 
launchers within 140-160 dB. Such strong sound pressure excitation levels, which have random and large 
spectral distribution, require that the coupled vibro-acoustic behaviors of space systems be studied. 

In this framework, low frequency or deterministic coupling techniques were used to calculate the Brazilian 
Satellite Launcher Vehicle (VLS) fairing behavior. The fairing is the structural compartment where the 
payload or satellite is, during the launcher mission. This structure has as function to give adequate 
aerodynamic shape to the launcher as well as protecting the payload. The structural FEM/fluid FEM and 
structural FEM/fluid BEM techniques were applied to model the fairing body and its acoustic cavity. The 
acoustic excitation was applied and coupled calculations were done, yielding the low frequency acoustic 
and skin responses. 

For the high frequency prediction analysis, it was applied the Statistical Energy Analysis (SEA) technique. 
The equivalent air-borne excitation was applied and the mean value responses of the acoustic and 
structural subsystems, using the referred fairing SEA model were calculated. 

A very important test campaign was done to measure the acoustic noise inside the fairing cavity, intending 
to compare experimental x calculated results. In this test, the fairing structure was submitted to 145 dB 
OASPL in a 1,200 m3 acoustic reverberant chamber and microphones were positioned inside its cavity. 
The measured acoustic pressure levels are compared with the calculated acoustic responses. 

This work describes the deterministic and statistical modeling procedures applied for the prediction of the 
acoustic environment of the VLS fairing as well as its acoustic test campaign, performed in the referred 
acoustic reverberant chamber. Acoustic Theoretical x Experimental comparison is done and some 
conclusions and future works are described. 
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1 Introduction 
 

The VLS is a conventional launcher with four stages, launched from an earth platform. During lift off 
phase, VLS has a length of 19 meters, with a total mass of 50 tons and a thrust of 100 kN. Its propulsion is 
assured by solid propellant motors, in all stages, with a total propellant mass of 41 tons. The VLS allows 
putting satellites ranging from 100 to 350 kg in circular orbits at altitudes ranging from 250 to 1,000 km. 

In flight missions, VLS is subjected to various dynamic loads [1]. In terms of acoustic solicitation, critical 
instants during a rocket launching, such as lift-off, transonic flight and maximum dynamic pressure 
phases, must be studied. These air-borne excitations, which have a broadband and random nature, expose 
the launcher's upper parts to extreme pressure loadings [2]. During lift-off, the jet noise generated by solid 
rocket boosters, is reflected by the launch platform and re-injected into the launcher structure and payload 
compartment. Such very severe acoustic levels, estimated on the higher parts of VLS launcher and ranging 
from 140 - 160 dB OASPL, can damage sensitive parts of the payload, destroying the satellite mission and 
wasting considerable amount of money. As such, a survey of the VLS fairing vibro-acoustic environment 
must be carried out, to determine its inner acoustic pressure levels. In this respect, it is very important to 
have reliable numerical tools that can predict the vibro-acoustic responses of launch vehicle systems to 
acoustic loads encountered in flight and that enable noise control engineers to optimize the vehicle design. 

Low frequency or deterministic coupling techniques were used to compute the VLS fairing behavior. The 
well-known structural FEM/fluid FEM and structural FEM/fluid BEM techniques were applied to model 
the fairing body and its inner acoustic domain. The equivalent 145 dB OASPL acoustic excitation was 
applied on the fairing structural body and coupled calculations were done from 5 to 150 Hz, which yielded 
the low frequency acoustic cavity as well as the skin responses for both models. Modal expansion and 
semi-modal expansion model reduction techniques were applied, respectively, to save computation time. 

For the high frequency prediction analysis, it was applied the Statistical Energy Analysis (SEA) technique, 
for a frequency range from 5 to 8,000 Hz. The same way as for deterministic methods, this statistical 
technique calculated the skin and volume responses, using fluid-structure coupling. The equivalent 145 dB 
OASPL air-borne external excitation was applied to the structural panels of the fairing and the mean 
responses of the acoustic and structural subsystems, using the referred SEA model were calculated. 

A very extensive work has been done to determine and manage the vibro-acoustic behavior of the VLS 
fairing. In view of validating the numerical prediction of the fairing vibro-acoustic behavior, an important 
test campaign was done to measure the acoustic noise inside the fairing cavity. The fairing experimental 
model was submitted to 145 dB OASPL in a 1,200 m3 acoustic reverberant chamber and microphones 
were positioned in its inner acoustic domain to measure the acoustic responses. 
This work discusses the low frequency and high frequency modeling procedures applied for the prediction 
of the acoustic environment of the VLS fairing using fluid-structure coupling interaction. The acoustic test 
procedures, performed in the referred acoustic reverberant chamber are also described. Acoustic 
Theoretical x Experimental comparison is done and some conclusions are depicted. Finally, our road map 
on noise control techniques to optimize the fairing design is briefly discussed. 
 

2 Model description 
 

2.1 VLS fairing description 

Figures 1a and 1b show the Brazilian VLS fairing structure. As described above, the fairing is the 
structural compartment where the payload or satellite is, during the launcher mission. This structure has as 
function to give adequate aerodynamic shape to the launcher as well as protecting the payload or satellite. 
The VLS fairing has hammerhead type geometry (cone-cylinder-cone), with a maximum nominal 
diameter of 1.2 m and a height of 3.5 m. This structure is built on aluminum shells, reinforced by circular 
and longitudinal beams. Its exterior surface is lined with cork material and no acoustic blankets are 
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provided inside the fairing cavity. The referred fairing has a total weight of 150 kg, including the weight 
of the aluminum structure, the weight of some functional components such as the electric and pyrotechnic 
components of the ejection system, mechanisms as well as the exterior cork liner. 

 
Figure 1a: VLS fairing structure 

 

 
Figure 1b: VLS fairing structure 

 

2.2 Modeling methodology 
 
2.2.1 Low-frequency techniques 
 
In view of analyzing the sound insulation properties of the fairing structure and predicting the operational 
fairing cavity noise levels, both the dynamic displacements of the fairing structure as well as the acoustic 
pressure fields at both the interior and the exterior side of the fairing should be considered. In this study, 
however, the fluid-structure coupling interaction between the structural displacements and the exterior 
acoustic pressure field is neglected. The exterior acoustic pressure is assumed to be a known external 
excitation for the vibro-acoustic system, consisting of the fairing structure and the internal acoustic cavity. 

The FE and BE methods are the most appropriate numerical techniques for the (low-frequency) dynamic 
analysis of this type of vibro-acoustic systems. 

FE based models for vibro-acoustic problems are most commonly described in an Eulerian formulation, in 
which the fluid is described by a single scalar function, usually the acoustic pressure, while the structural 
components are described by a displacement vector. The resulting combined FE/FE model in the unknown 
structural displacements and acoustic pressures at the nodes of, respectively, the structural and the acoustic 
FE meshes are [7], 

 

 

(1)

In comparison with a purely structural or purely acoustic FE model, the coupled stiffness and mass 
matrices are no longer symmetrical due to the fact that the force loading of the fluid on the structure is 
proportional to the pressure, resulting in a cross-coupling term CK  in the coupled stiffness matrix, while 
the force loading of the structure on the fluid is proportional to the acceleration, resulting in a cross-
coupling term T

CC KM ρ−=  in the coupled mass matrix. 

Low-frequency vibro-acoustic problems can also be modeled by describing the structural behavior in a FE 
model and the fluid behavior in a BE model. In the same way as in the FE/FE technique, deterministic 
FE/BE models are usually described by acoustic pressure and structural displacement, which are the field 
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variables. Equation (2) presents the resulting combined FE structural displacements and BE acoustic 
pressure differences at the nodes, for a coupled FE/BE mesh. 

  

(2)

 

In comparison with coupled FE/FE models, the acoustic part in FE/BE models has a smaller size. 
Nevertheless, this feature does not result in a higher computational efficiency, since acoustic BE matrices 
are fully populated, complex and frequency dependent. 

In deterministic models, the dynamic variables within each element are expressed in terms of nodal shape 
functions, which are usually based on low-order (polynomial) functions that are no local solutions of the 
governing dynamic equations. Since these low-order shape functions can only represent a restricted spatial 
variation, a large number of elements is needed to accurately represent the oscillatory wave nature of the 
dynamic response. A general rule of thumb states that at least 10 (linear) elements per wavelength are 
required to get reasonable prediction accuracy. Since wavelengths decrease for increasing frequency, the 
FE model sizes and the subsequent computational efforts and memory requirements increase also with 
frequency. As a result, the use of FE and BE models is practically restricted to low-frequency applications. 
In comparison with uncoupled structural or acoustic problems, this practical frequency threshold becomes 
significantly smaller for coupled vibro-acoustic problems, since a structural and an acoustic problem must 
be solved simultaneously. Moreover, as mentioned above, the matrices in a coupled deterministic model 
are no longer symmetrical, so that less efficient non-symmetrical solvers must be used. As a consequence, 
the computational load, involved with the use of coupled FE/FE and FE/BE models for real-life vibro-
acoustic engineering problems, such as the considered fairing problem, becomes already prohibitively 
large at very low frequencies. 

In order to obtain coupled vibro-acoustic response predictions within reasonable computational efforts, the 
dimensions of the coupled FE/FE problem (1) have to be substantially reduced. The most commonly 
applied technique for such a model reduction is the modal superposition technique, which expresses the 
unknowns of the considered system in terms of a modal base, resulting in a set of unknown modal 
participation factors, whose size is much smaller than the size of the original set of unknowns. The most 
appropriate choice for the base functions are the modes of the coupled vibro-acoustic system. Again, the 
determination of these coupled modes with a non-symmetric eigensolver is a very time consuming 
procedure, which makes it for most vibro-acoustic problems a practically impossible calculation. The most 
commonly used alternative is a modal expansion in terms of uncoupled structural and uncoupled acoustic 
modes, which result from computationally efficient symmetric eigenvalue problems. However, the fact 
that uncoupled acoustic modes have a zero displacement component, normal to the fluid-structure 
coupling interface, implies that a large number of high-order uncoupled acoustic modes is required to 
accurately represent the normal displacement continuity along the fluid-structure interface. Hence, the 
benefit of a computationally efficient construction of the modal base is significantly reduced by the 
smaller model size reduction, obtained with an uncoupled modal base. 

In the present FE/FE study, a modal expansion in terms of uncoupled structural and uncoupled acoustic 
modal bases has been used. On the one hand, structural wavelengths are usually much smaller than 
acoustic wavelengths, so that the structural FE mesh of the fairing should be finer than the acoustic FE 
mesh of the inner cavity. On the other hand, due to the continuity of the normal structural and fluid 
displacements along the fluid-structure coupling interface, both meshes should have comparable mesh 
densities, at least in the region of the fluid-structure coupling interface. In view of these two 
considerations and in order to keep the computational efforts within reasonable limits, the following 
modeling methodology has been adopted. A fine FE mesh of the fairing is used for the construction of the 
uncoupled structural modal base. The resulting modes are then projected onto a coarse FE mesh of the 
fairing structure. For the acoustic cavity FE mesh, the same mesh density is used along the fluid-structure 
coupling interface as the coarse mesh of the fairing structure, while the mesh density has been slightly 
decreased towards the central axis of the cavity. The uncoupled modes, resulting from this acoustic FE 
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mesh, together with the projected structural modal base of the fairing structure fine mesh and the structural 
coarse mesh, have been used in a coupled FE/FE model. Note that the coarse structural mesh contains only 
the shell area of the fairing structure, while all reinforcing beams are omitted, since it is assumed that these 
stiffeners have no significant effect on the fluid-structure coupling interaction, while their presence would 
increase the computational load of the modeling process. 

For the case of the FE/BE problem (2), the modal expansion cannot be used, since the frequency 
dependency of the matrix coefficients in the acoustic part prohibits a standard eigenvalue calculation. 
Such as, the semi-modal approach, which uses only the expansion of the structural modal data base is 
applied. As mentioned above, BEM drawbacks as fully population of the matrices, complex and frequency 
dependent models result in a coupled FE/BE model less efficient than coupled FE/FE model. 

Therefore, still due to drawbacks of the BE method, the rule of thumb of 10 (linear) elements per 
wavelength becomes prohibitive for the actual fairing fluid-structure study. Such a way, a coarsest 
structural mesh was generated and the same adopted frequency range for FE/FE model was kept for this 
FE/BE model, even considering that the structure has not enough discrete density. However, the modal 
data base calculated using the structural fine mesh can assure good results for the structural displacements, 
in this fluid-structure model, since the expansion in terms of such a data base is used on these FRA 
computations. 

The displacement continuity of the structural and acoustic meshes (same density in the fluid-structure 
interface) was considered to perform the link and calculate the coupled dynamic skin displacements and 
acoustic cavity pressure responses, for the both coupled deterministic models. 

 

Structural models 

The fairing body was divided in five surfaces, as shown in figure 2a. The surface areas are discretized into 
4-noded quadrilateral shell elements, while 2-noded beam elements are used for the circumferential and 
the axial stiffeners (also shown in figure 2b). To account for the mass of the cork blanket on the exterior 
fairing surface, a distribution of concentrated mass elements are attached to the fairing nodes. 

Shell surface 1 has a thickness of 3 mm and is made on conventional aluminum (E=72 GPa, ν=0.29, 
ρ=2,750 kg/m3), while the other four surfaces are 0.8 mm thick and made on aluminum alloy (E=72 GPa, 
ν=0.29, ρ=7,000 kg/m3). Stiffeners are also made on conventional aluminum. Note that surface 1 is not 
shown on figure 1b. This surface simulates the interface between the fairing and the 4th stage skirt of the 
VLS. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2a: surfaces of the fairing 

Figure 2b: location of the reinforcing beams 

 

S4 
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S5 

S2 

S1
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Table 1 describes the discretization properties of both the fine and the coarse structural mesh, used for the 
FE/FE analysis as well as the coarsest mesh, used for the FE/BE analysis. 

mesh  # shell el. # beam el. # mass el. # nodes 
S1 4000 240   
S2 6000 1080   
S3 2000 360   
S4 10000 1800   
S5 12000 1672   

 

 

FE fine 

total 34000 5152 30200 34200 
S1 2250    
S2 3000    
S3 750    
S4 6000    
S5 7500    

 

 

FE coarse 

 
total 19500   19650 
S1 1000    
S2 1500    
S3 500    
S4 2500    
S5 3000    

 

 

FE coarsest 

total 8500   8600 
Table 1: Discrete elements used for structural meshes 

The FE fine mesh contains at least 6, 8 and 10 elements per structural wavelength in the frequency range 
up to, respectively, 350 Hz, 220 Hz and 150 Hz. For the FE coarse mesh, these frequency limits are 200 
Hz, 120 Hz and 80 Hz. 

The FE coarsest mesh, used in the coupled FE/BE calculations, contains at least 3, 4 and 5 elements per 
structural wavelength in the frequency range up to, respectively, 175 Hz, 110 Hz and 75 Hz. Even though 
this mesh has not enough spatial representation, analysis is done up to 150 Hz, applying the projection 
modes (calculated using the fine FE mesh) technique to the coarsest FE structural mesh. 

The bottom edge of the surface 1 is assumed to be clamped and the top is modeled as a rigid structure. A 
total of 174 structural modes in a frequency range up to 220 Hz have been identified using the fine mesh. 
Table 2 describes the main structural modes of the fairing body, calculated by the uncoupled modal 
analysis, in the range up to 150 Hz. 

 

mode frequency (Hz) 
first bending 38.637 
first breathing 77.821 
second breathing 92.694 
first longitudinal 108.749 
first torsion 125.772 
second bending 150.735 

Table 2: Structural modes 
 

As described in Table 2, the first structural bending mode of the fairing is identified at 38.6 Hz, while the 
second structural mode is at 150.7 Hz. Figure 3a and 3b show the referred structural modes. 
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Figure 3a: First structural bending mode 
 

Figure 3b: Second structural bending mode 
 
Acoustic models 

The FE mesh for the fairing acoustic cavity consists of 119,577 nodes and 110,238 elements (106,050 8-
noded hexahedral elements and 4,188 6-noded pentahedral elements). The cavity air has a mass density ρ 
= 1.225 kg/m3 and a speed of sound c = 340 m/s. The bottom and top faces of the cavity is assumed to be 
acoustically closed. It is important to mention that the acoustic mesh generation took into account the 
cinematic continuity, on which at least on the fluid-structure interface the meshes must have identical 
density. 

A total of 80 acoustic modes in a frequency range up to 566 Hz have been identified using the acoustic 
mesh. As mentioned above, acoustic wavelengths are bigger than structural wavelengths and so, as 
uncoupled acoustic modes have a zero displacement normal to the fluid-structure interface, imply that a 
large number of high-order uncoupled acoustic modes is required to accurately represent the normal 
displacement continuity along the fluid-structure interface. That is why higher frequency range is used to 
describe the acoustic modal behavior of the fairing. 

Table 3 describes the acoustic modes in the frequency range up to 150 Hz. 

 

Mode Frequency (Hz) 
rigid body 0.000 
first longitudinal 63.491 
second longitudinal 112.129 

Table 3: Acoustic modes 
 

Verify the table 3 and note that the first and second acoustic modes of the fairing cavity are identified at 
63.5 Hz and 112.1 Hz, respectively. Figures 4a and 4b show the referred acoustic modes. 

Figure 4a: First acoustic longitudinal mode 
 

Figure 4b: Second acoustic longitudinal mode 
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The BE acoustic mesh is a 2-D mesh, which accounts the same structural 8,500 4-noded quadrilateral 
elements, described in table 1, plus 1,155 4-noded elements that close the top and bottom faces. Therefore, 
as the coupled FE/BE equation is frequency dependent (2), the acoustic modes are not considered in the 
cavity acoustic pressure calculations (semi-modal reduction model). 

Considering the described above, all the meshes and modal data basis, needed to perform low-frequency 
calculations, using coupling fluid-structure techniques are ready. Next steps are: 

- excitation of the models, using an equivalent loading; 

- generation of the coupled FE/FE and FE/BE models; 

- FRA calculations for the both models. 

 

Model excitation 

In contrast with the aerodynamic noise during flight ascent, the nature of the lift-off acoustic pressure 
loading is close to a diffuse field excitation, having a (nearly) uniform pressure distribution [2]. A uniform 
exterior pressure loading is simulated by applying a normal point force on all nodes of the fairing shell 
elements. The force value is defined such that the total load is equivalent to an uniform pressure loading of 
145 dB OASPL. 

As such, for the both coupled FE/FE and FE/BE models, uniform loading equivalent to the referred 
acoustic excitation is applied to the structural part of the models. Link of the acoustic and structural parts 
is done as well as the structural modal data base is projected to the coarse and coarsest meshes. Finally, 
the FRA is computed from 5 to 220 Hz, in steps of 1 Hz for FE/FE model and 2 Hz for FE/BE model. 

 

2.2.2 High-Frequency technique (SEA) 
 
As described in section 2.2.1, the deterministic techniques as FE and BE methods have practical 
limitations for high-frequency analysis. Since for higher frequencies one has smaller wavelengths, 
accurate models need to have increased the number of nodes and elements. This refinement imposes 
limitations, since the amount of allocated memory and processing time increase, mainly when one does 
coupling calculations. 

A characteristic of high-frequency analysis is the uncertainty in modal parameters. The resonance 
frequencies and mode shapes show great sensitivity to small variations of geometry, construction and 
material properties. In addition, programs used to evaluate mode shapes and frequencies are known to be 
inaccurate for higher modes, even for ideal systems. In light of these uncertainties, a statistical model of 
the dynamic parameters seems natural and appropriate. As an alternative method for higher frequency 
analysis of the inner cavity of the VLS fairing, Statistical Energy Analysis (SEA) approach is proposed. 
This approach is the description of the dynamic system as a member of a statistical population or 
ensemble, whether or not the temporal behavior is random. SEA emphasizes the aspects of this field 
dynamical study. 

The basic SEA equations express the energy balance of the different subsystems in the model. Some 
subsystems have direct power input of an independent source, e. g. an excitation force on a structural 
component, a sound power source in an acoustic medium etc. In general, subsystems can receive power 
(input power from external sources), dissipate power (internal losses due to damping) and exchange power 
with other subsystems to which they are coupled (losses due to coupling). SEA fundamental hypothesis as 
dissipation losses in relation to the energy variable and modal energy proportionality from connected 
subsystems are used to yield the SEA matrix equation of complex structures. The distribution of the 
dynamical response in the system due to some excitation is obtained from the distribution of the energy 
among the mode groups, based on a set of power balance equations for the mode groups. As an example, 
figure 5 shows a SEA model with three connected subsystems [8]. 
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Figure 5: SEA model with three subsystems 
 

The corresponding SEA equation of the above model takes into account the input powers Пin,i to 
subsystems i, a vector with lumped total energies Ei and the SEA matrix [γ] which depends on the 
frequency and the SEA parameters as internal loss factors (γi), coupling loss factors (λi) and modal 
densities, and is described in (3). 

 

 
 
 

(3) 
 

SEA fairing vibro-acoustic model 

The VLS fairing body was divided in four surfaces. SEA structural fairing model considers connected 
plates and beams (edge, longitudinal and circular). On one hand, conical surfaces 2 and 4 are modeled 
with sixteen connected trapezoidal plates. On the other hand, cylindrical surfaces 1 and 3 are modeled as 
sixteen rectangular plates, connected to each other. The same geometric dimensions used for the low-
frequency model are adopted in this stochastic model. Surfaces 2, 3 and 4 are modeled as rib-stiffened 
plates, while the surface 1 is modeled as simple plate. Between each plate, a longitudinal simple beam 
(Lbeam) is assigned. The circular beams (Cbeam) are modeled as the stiffeners of the rib-stiffened plates. 
The beams along the edges of the different surfaces are modeled as circular beams (Ebeam). The structural 
model has 166 elements (16 simple plates, 48 rib-stiffened plates, 54 longitudinal beams and 48 edge 
beams).The blanket of cork, assigned to the surfaces 2, 3 and 4, is simulated in this model as increase of 
inertia. The additional mass of cork is added to the aluminum properties and a proportional inertia value is 
obtained. Figure 6a illustrates the surfaces and elements of the SEA structural fairing model. 

The acoustic cavity of the fairing is modeled as general 3-D acoustic volume. As such, 1 acoustic volume 
element was generated. The dimensions of the fairing acoustic domain are considered to calculate the 
volume of the inner cavity. Air is adopted as the internal fluid (sound velocity 340 m/s and mass density 
1.225 kg/m3). 

All the 167 elements (166 structural and 1 acoustic elements) of the complete SEA fairing model are 
connected with line type connections (plate-plate connections, plate-Ebeam and plate-Lbeam connections) 
and point type connections (connections beam-beam). The connection between the plates and the acoustic 
volume are provided by area type connections. As such, a total amount of 342 connections provide the 
energy interchange between elements in the SEA model of the VLS fairing. 
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The estimated pressure levels at the lift-off phase must be considered for effect of calculations. In this 
phase of the launcher flight, the overall sound pressure level is estimated 145 dB. The high level, random 
and broadband nature of the excitation source, may create discomfort or damage structures and equipment. 
An important approach is to consider the lift-off noise very close to diffuse noise [2]. Only elements with 
large surface areas, as plates and panels, are considered to be susceptible to acoustic excitation [5] [6]. 
Such a way, diffuse pressure field is applied to the plates of the SEA fairing model. This type of source 
models the power input into a structural plate or shell element, due to diffuse pressure field. As the 
surfaces have sixteen connected plates, the excitation sources are applied individually. 

The complete SEA fairing model, with 166 structural elements, 1 acoustic 3-D volume, 64 diffuse 
pressure field excitations and 342 connections is shown in figure 6b. 

 

 
 

 

 

 

Figure 6a: Surfaces and elements of the fairing Figure 6b: Complete SEA fairing model 

 
3 Analysis results 
 
In view of having a complete knowledge of the fairing dynamic vibro-acoustic behavior, the fairing 
structural skin as well as its inner acoustic domain responses should be presented. However, since this 
paper discusses only the comparisons of the acoustic results, the body structural displacements are not 
presented here. Below, the obtained results of the acoustic behavior applying vibro-acoustic low-
frequency and high-frequency analysis techniques predictions, discussed in section 2, are presented. 
 

3.1 Low-frequency techniques 
 
3.1.1 FE/FE response calculations 
 
A modal expansion in terms of 174 uncoupled structural and 80 uncoupled acoustic modes is used for the 
coupled response calculations. A modal damping of 1% is assigned to all structural modes. All 
calculations are performed with a frequency resolution of 1 Hz. Figure 7a plots acoustic pressure spectra 
in two cavity positions of the fairing for the case of a uniform exterior pressure loading, using FEM/FEM 
coupling analysis. It can be seen that the low-frequency cavity pressure is dominated by the first 
longitudinal pressure mode around 63.5 Hz and the second longitudinal mode around 112.1 Hz (see 
figures 4a and 4b). 
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3.1.2 FE/BE response calculations 
 
A modal expansion in terms of 174 uncoupled structural modes is used for the coupled response 
calculations. As mentioned before, due to the frequency dependency of the boundary integral equation, the 
acoustic modal basis is not used. A modal damping of 1% is assigned to all structural modes. All 
calculations are performed with a frequency resolution of 2 Hz. 
Figure 7b presents a comparison of the computed inner cavity space averaged acoustic pressure using 
FE/FE and FE/BE techniques. 
 

 
Figure 7a: acoustic pressure spectra for uniform 

exterior pressure loading 
 

Figure 7b: FE/FE x FE/BE comparison 
 

3.2 SEA response calculations 
 
The energy levels and interactions of different subsystems are solved. The interest frequency range is 5 to 
8,000 Hz, by third octave bandwidth. As mentioned before, SEA technique is more effective in higher 
frequencies, where dynamic systems present higher modal density. The vibro-acoustic dynamic responses 
of the fairing, using SEA technique, are shown below. Figure 8a shows the space and frequency averaged 
third octave acoustic pressure spectra. 

Verify figure 8a and note that for the low-frequency range, results are not reliable, since the accuracy of 
the SEA technique is proportional to the modal density [8]. 

Considering the accuracy, advantages and drawbacks of the deterministic and statistical techniques, each 
of them is successfully applied in different frequency ranges. In this framework, for the VLS fairing, valid 
acoustic response results using deterministic techniques are assumed for the analysis up to 150 Hz, while 
valid SEA results are assumed from 300 up 8,000 Hz. Figure 8b presents the prevision of the acoustic 
inner environment of the fairing for the whole frequency range, applying deterministic (space averaged) 
and stochastic techniques (space and frequency averaged). 

It is important to mention that in the “twilight zone” or medium frequency bandwidth (from 150 to 300 
Hz), where deterministic models are inaccurate and present prohibitive computation time for the 
calculations and where the high modal density requirement is not yet accomplished for SEA, both results 
may be considered, as shows figure 8b. It is also important to mention that SEA calculations can be 
interpreted as mean (or expected) values of energetic response functions when averaged at a given 
frequency over an ensemble of similar systems, differently of peak values resulting from deterministic 
approaches. Such as, figure 8b is just a qualitative plot of the fairing acoustic interior response, since the 
referred figure includes approximated and expected quantities. 
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Figure 8a: One third octave acoustic pressure, 

calculated by SEA 

 

Figure 8b: Fairing acoustic cavity response 

 

4 Experimental model 
 

4.1 Acoustic test 
 
An extensive campaign of tests has been done, intending to manage the vibro-acoustic behavior of the 
VLS fairing, as well as to study and design noise reduction techniques to be applied to this space system. 
Among different tests, acoustic test was done at INPE-LIT Acoustic Reverberant Test Facility (ARTF). 
The fairing structure was assembled as in-flight configuration and positioned inside the ARTF, which was 
excited with an acoustic diffuse field of 145 dB OASPL. Spectral distribution of this excitation, which 
simulates the generated acoustic pressure diffuse field during the VLS lift-off is shown in figure 9a. Eight 
control microphones were positioned along the acoustic reverberant chamber, as illustrated in figure 9b. 
These microphones feedback the acoustic chamber control system and the test specifications were assured. 
Four measurement microphones were located in different positions of the inner acoustic environment of 
the fairing. Data space averaging, taking into account the four measured SPL, was done and this averaged 
SPL is compared with the theoretical acoustic responses, computed using virtual prototypes (figure 8b). 
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Figure 9a: VLS acoustic diffuse field for lift-off 

 
Figure 9b: Fairing and control 

microphones inside the 1,200 m3 ARTF 
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Figure 10 shows the measurement microphones, located inside the fairing cavity and data acquisition 
system, used to measure the SPL inside the fairing. 

 
Figure 10: Data acquisition system and internal microphones location for the acoustic test 

 

5 Theoretical X Experimental Comparison 
 
In view of having more reasonable comparisons, low- and high-frequency computed and test results are 
analyzed separately. As mentioned in section 3.2, SEA yields energetic (expected) responses and so, only 
qualitative behavior can be described. On the contrary, deterministic computations, yield approximated 
results, since low-frequency modeling techniques are taken into account (as described in section 2.2.1). 
The calculated internal acoustic frequency response function shown in figure 8b may be transformed into 
a 1/3 octave band response to be compared with the experimental (measured) results. Figure 11a presents 
the 1/3 octave comparisons for the frequency bandwidths ranging from 31.5 up to 250 Hz. 
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Figure 11a: Low-frequency theoretical X experimental comparison 

 
Note in the figure above that acoustic experimental and calculated responses have good agreement, 
presenting more significant under predictions only on the low 1/3 octave bands 31.5, 40 and 50 Hz of 23 
dB, 15 dB and 11 dB, respectively. However, in the regions where the cavity response is dominated (63 
and 112 Hz), differences are not verified. 
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For the higher frequencies, a more reasonable comparison should be done using Power Spectral Density 
(PSD) results, as described by [5]. However, these comparisons may be done in the next future. A 
qualitative comparison can be presented for 1/3 octave bands from 160 up to 8,000 Hz, as depicted in 
figure 11b. Once again, it is important to mention that the high-frequency calculated responses are mean 
values, since SEA calculations determine the energy distributions among the modeled subsystems, while 
the measured values are the space averaged peak results and so, a simple comparison between measured 
resonant modes and statistically treated energy levels is not realistic. Therefore, the high-frequency 
calculated internal acoustic behavior of the fairing can be assumed with SEA (expected mean behavior) 
and experimental test comparisons, since one keeps in mind that SEA calculations yield mean values and 
the predicted magnitudes should under estimate the dynamic response with a certain (acceptable) variance. 
In section 3.2, the valid SEA results were assumed from 300 up 8,000 Hz, since the minimum five modes 
by bandwidth (modal density) requirement becomes true starting from 300 Hz. Observe figure 11b and 
note that in 300 Hz, theoretical (mean) values begin to have good agreement, when compared with the test 
results, at least up to 4,000 Hz. Above 4,000 Hz the deviations begin to be significant, even considering 
acceptable variance levels for the theoretical expected values (at 8,000 Hz the difference is of 24 dB).  
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Figure 11b: High-frequency theoretical X experimental comparison 

 
In view of having a qualitative behavior of the computed and the experimental models for the whole 
frequency range of interest (31.5 to 8,000 Hz), the theoretical X experimental comparison is presented in 
figure 11c. 
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Figure 11c: Theoretical X experimental comparison 
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6 Conclusions 
 
Vibro-acoustic virtual prototypes were used to preview the acoustic behavior of the fairing cavity from 5 
to 8,000 Hz, simulating the 145 dB OASPL diffuse pressure field, generated during the VLS lift off. 
Coupled deterministic techniques, using FEM/FEM and FEM/BEM, were applied to the fairing problem. 
It was determined a reasonable low-frequency analysis band, considering accurate and efficient modeling 
techniques. The modal and semi-modal superposition techniques were applied to obtain the FRA. 
SEA coupling technique was also applied to obtain the fairing acoustic responses in 1/3 octave bands. 
Mean values were obtained yielding a qualitative high-frequency behavior. A valid frequency band for 
SEA responses was also determined, considering the high modal density requirement. For the “twilight 
zone”, both deterministic and statistical calculations were considered to obtain reasonable response values. 
The fairing was submitted to the lift off excitation 145 dB OASPL in an acoustic test at INPE-LIT ARTF. 
Internal acoustic pressure levels were measured by microphones distributed along the fairing cavity. The 
experimental and calculated results were compared with good agreement, excepting for the frequencies 
below 50 Hz and above 4,000 Hz. 
Our road map for the future: 
High frequency comparisons may be done using PSD quantities for both, experimental and computed 
results, since PSD yields the energy distributed along the frequency bandwidths. 
Virtual prototypes and experimental tests may be done to design optimal acoustic noise control devices, 
using blanket absorption materials as well as Helmholtz Resonators. 
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Abstract
This paper deals with the development of a boundary integral method for the analysis of the shielding effects
induced by the aircraft surfaces on the acoustic field generated by the engines. The methodology is based on
the Kirchhoff-Helmholtz integral formula for the velocity potential function, written in the Laplace domain,
and numerically solved by means of a Boundary Element Method (BEM). In order to include the wake
effect on the sound propagation, the scattering bodies are considered to be surrounded by a quasi-potential
non-uniform flow, i.e., a flow where the vorticity is confined within a domain of zero measure (the wake).
The integral formulation is derived from the non-homogeneous Helmholtz equation for the velocity potential
and associated to homogeneous boundary conditions. Starting with the assumption that the velocity potential
consists of a mean and a fluctuating part and making use of the Bernoulli equation, the pressure acoustic field
is computed. The pressure field obtained includes the direct contribution of the sources emission (so-called
incident field) and scattering effect of the boundary surfaces. The method is applied for the aeroacoustic
shielding analysis of non conventional aeronautic configurations.

1 Introduction

A general method for the evaluation of engine installation effects on the acoustic environmental impact of
commercial airplanes is currently of paramount interest for aircraft designers. Indeed, the noise impact
on the community is becoming one of the most critical design constraints due to the increasing volume of
commercial aviation flights and the urbanization of major airports. In this framework, the noise abatement
required to satisfy these constraints can only be achieved by focusing the attention on innovative design
configurations thus imposing the use of suitable, first-principles based prediction tools, as most of the clas-
sical approximated semi-empirical methods are not applicable in these cases. A lot of work has been done
on the theoretical background of sound propagation in the atmosphere from an aircraft in flight. From a
technical point of view, the interest of aircraft industries is focused not only on the sound itself but also on
the way sound interacts with obstacles such as the ground as well as the structures of the aircraft during the
different flight phases. In this sense, the development of a tool that allowed the analysis of scattering and
sound propagation during takeoff, approach and landing is of primary interest. Hence, acoustic scattering
and radiation problems need to be studied in the presence of non-uniform flow. Boundary Integral Methods
have been widely used to provide accurate solutions to the present problem (see, e.g., [2], [3], [6], [8]). Since
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the boundary integral equation (BIE) method, based on the Helmholtz integral equation (HIE), only requires
discretization of the boundary, the computational effort for this kind of problem can be drastically reduced
particulary when compared to the Finite Difference Method or Finite Element Method, in which discretiza-
tion of the entire domain is needed. In this research, a Boundary Integral Equation Method (BIEM), for
3-D aeronautical configuration is developed in the presence of a compressible non-uniform, quasi-potential
flow. The interaction between the the sound propagation and the wake generated by the lifting surfaces of the
body is taken into account by including the contribution of a surface along which the potential discontinuity
generated at the trailing edge is convected. For the acoustic analysis the method is used first, to solve the
potential field on the boundaries and thereafter into the domain. Bernoulli’s theorem is applied in order to
obtain the pressure values. It has been shown [10] that a drawback in using a Boundary Integral Equation
in external acoustic analysis is the presence of spurious frequencies in Kirchhoff-Helmholtz integral oper-
ator and the numerical solution can be destroyed by the presence of these fictitious eigenvalues [1]. This
problem is overcome by using the CHIEF regularization technique ([10], [11] and [12]), which consists of
augmenting the set of equations of the discretized boundary integral operator with homogeneous condition
equations at some specific points chosen in the interior domain, followed by the application of the least-
squares technique for the computation of the unknowns. For the numerical results the tool is validated first,
through the comparison with a rigid scattering sphere case, in which the analytical solution is known; then,
the method is run for an isolate wing, in order to demonstrate the shielding effect of an obstacle in presence
of flow and wake for a different Mach number. It is then used for a complete aircraft analysis in order to
demonstrate the scattering effects of the fuselage and the wings on sound propagation and the opportunity to
use non-conventional aircraft shape to exploit the airport noise constraints.

2 Boundary Integral Equation Method

2.1 Integral formulation

The classic linear acoustic is governed by the wave equation, which is obtained by combining Bernoulli’s
theorem for compressible, irrotational, isentropic flows with the continuity equation in non-conservative
form [8]. Then, the linear wave equation is given by

∇2ϕ +
1

a2∞

D2ϕ

Dt2
= 0 (1)

where ϕ is the velocity potential and a∞ =
√

∂p/∂ρ|s is the isentropic velocity of sound.
Considering the body immerse in a compressible potential flow, equation 1 then becomes

∇2ϕ +
(

∂

∂t
+ ~v∞ · ∇

)2

ϕ = 0 (2)

where ~v∞ is the undisturbed flow velocity in the body frame of reference.
In order to analyze the acoustic problem in the frequency domain, it is convenient to operate with the Laplace
transform of the above formulation. The Laplace transform of the wave equation gives the non-homogeneous
Helmholtz equation. Considering now, for the sake of simplicity, that the flow is co-aligned with the x-axis
of the body: the Helmholtz equation thus takes the following form

∇2ϕ̃ +

(
M2
∞p2 + 2M2

∞p
∂

∂x
+ M2

∞
∂2

∂x2

)
ϕ̃ = σ̃ (3)

where the overwrite∼ denotes the Laplace domain transformed functions, M∞ = v∞/a∞ is the well known
Mach number and p = s/v∞ is the wave number dependent on the Laplace number s and the flow velocity
v∞. The function σ̃ results from the initial condition applied in the Laplace transformation [8], then in order
to obtain a direct form of the Boundary Integral Equation, non considering the non linear terms, σ̃ denotes
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all the acoustic sources presented into the domain: this will be discussed in the section 2.3. Furthermore, the
boundary condition on the body is prescribed, whereas at infinity the Sommerfeld radiation condition needs
not to be imposed, being ϕ̃∞ = o(1) [8].
Next setting the ”auxiliary function” ϕ̃ = φ̂ e α2 p x and substituting in equation 3, one obtains the
compact form for the Helmholtz equation

∇̄2φ̂ + p̄2φ̂ = σ̃e−α p̄x (4)

where α is defined as α = M∞/β with β =
√

1−M2∞, ∇̄ is the Laplace operator modified along the x
direction and p̄ = p M∞/β is the ”modified wave number”.
Introducing the fundamental solution for acoustics Ĝ and exploiting the reciprocity theorem, one may solve
the adjoint problem

∇̄2Ĝ + p̄2Ĝ = δ(x− y) (5)

with again Ĝ = o(1) at infinity.

Imposing homogeneous initial condition, the fundamental solution has the following expression

Ĝ =
−1
4πR

ep̄ R = G0e
p̄ R (6)

where
R =

rβ

β
=

1
β

√
M2∞(x1 − y1)2 + β2r2 (7)

with r =
√

(x− y)2 and x1 and y1 the components along the x-axis of the two considered points.

Multiplying equation 4 for Ĝ and equation 5 for φ̂, subtracting and integrating over the fluid volume, using
the Gauss’ divergence theorem (with unit normal vector pointing outside the boundaries) interchanging the
the variables x with y and making use again of the inverse ”auxiliary function” φ̂ = ϕ̃ e−α2p x, one
obtain the boundary integral equation for the Helmholtz differential equation

E(x) ϕ̃(x) =
∮ (

G0
∂ϕ̃

∂n̆
− ϕ̃

∂G0

∂n̆
+ s ϕ̃ G0

∂θ̂

∂n̆

)
e−sθdS(y) +

∫

V
G0 σ̃ e−sθdV (x) (8)

where n̆ = (β nx, ny, nz) is the modified normal along x-axis and the delays are

θ =
1

a∞β2
[M∞(y1 − x1) + rβ] (9)

θ̂ =
1

a∞β2
[M∞(x1 − y1) + rβ] (10)

The domain function E(x) = 1−Ω(x)/4π is dependent from the solid angle Ω(x) connected to the surface
point y and the unknown x.
Omitting the non linear terms, the volume integral term of equation 8 represents all the primary sources in
the field.
As mentioned above, in this paper for sake of simplicity, the emphasis is placed on the analysis of the
scattering and propagation around wings immerse in quasi-uniform flow; however the formulation can be
extended to surfaces in arbitrary motion.

2.2 Extension to lifting bodies

As far as the wake term is concerned, the physical analysis needs to be extended to the discontinuity of
potential function incoming from the trailing edge of the lifting bodies. Indeed, it can be demonstrated that
in a field with worthless vorticity at the time zero, so it remains for all the time. This in turn implies that
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Figure 1: Airfoil and wake boundaries.

the vorticity generated by lifting bodies immersed in the flow vanishes everywhere in the field except for
the point that come in contact with the trailing edge of the bodies. These points form a surface, which is
called the ”wake” and will be denoted by the symbol SW (Fig. 1). The condition on the wake stems from
the Rankine-Hugoniot equation: this yield ∆p = 0 on SW then, as mentioned above, the wake is a contact
discontinuity. Moreover by applying the principles of conservation of mass and momentum, one obtains

∆
(

∂ϕW

∂nW

)
= 0 (11)

and
DW (∆ϕW )

Dt
= 0 (12)

where DW (∆ϕ)/Dt is the substantial derivative following a point along the wake and ∆ϕW is the jump of
potential across SW . Equation 12 implies that the jump of potential remains constant along the wake.
Then considering that the so defined wake is a surface of zero thickness that extend itself from the trailing
edge to infinity, the boundaries of the domain are the bodies, the infinity (already discussed in the previous
section) and the surfaces, upper and lower, of the wake. The wake surfaces differ only for the normal
directions, which are opposite: then in presence of wake the Boundary Integral Equation takes the form

E(x) ϕ̃(x) =
∮

SB

(
G0

∂ϕ̃

∂n̆B

− ϕ̃
∂G0

∂n̆B

+ s ϕ̃ G0
∂θ̂

∂n̆B

)
e−sθdS(y) (13)

−
∫

SW

∆ϕ̃W

(
∂G0

∂n̆W

− s G0
∂θ̂

∂n̆W

)
e−sθdS(y) +

∫

V
G0 σ̃ e−sθdV (x)

where the condition 11 was applied to the wake boundaries conditions and the normal to the wake surface is
considered directed from the lower to the upper surface (Fig. 1).
From equation 12, it follows that the value of ∆ϕW at the generic wake point xw at the time t∗ is equal to
the potential jump at the trailing edge, delayed by the amount of time needed by the perturbation to travel
from the body to xw, that implies in terms of Laplace transform

∆ϕ̃
W

(xw) = ∆ϕ̃te(xw)e sτ (14)

with the delay τ = ‖xw − xte‖/v∞.
Then the equation 13 obtains his final expression

E(x) ϕ̃(x) =
∮

SB

(
G0

∂ϕ̃

∂n̆B

− ϕ̃
∂G0

∂n̆B

+ s ϕ̃ G0
∂θ̂

∂n̆B

)
e−sθdS(y) (15)

−
∫

SW

∆ϕ̃te

(
∂G0

∂n̆W

− s G0
∂θ̂

∂n̆W

)
e−s(θ+τ)dS(y) +

∫

V
G0 σ̃ e−sθdV (x)

Equation 15 is the Boundary Integral Equation for bodies immerse into a quasi-potential compressible uni-
form flow in the presence of acoustic field sources.

4688 PROCEEDINGS OF ISMA2006



2.3 Primary acoustic sources

As discussed in the previous sections, the volume integral component of equation 15 is connected to the
primary sources. In this work, it is assumed that the incoming perturbation is generated by a single impulsive
point source located in ~xs. This, in Laplace domain, is represented by the expression

σ̃ = A δ(~x− ~xs) (16)

with A the intensity of the perturbation. Assuming that the source does not belong to the surface of the body,
the primary source integral is calculated, applying the Dirac function properties, as

∫

V
AG0 δ(~x− ~xs) e−s θdV (x) = A GS

0 e−s θS =
−e−s θS

4πRS
(17)

where RS is the value of R expressed in equation 7, computed between the sources and the collocation point
and θS is the delay, given by

θS =
1

a∞β2

[
M∞(xS

1 − x1) + rS
β

]
(18)

The methodology above described can be extended to all types of concentrate or distribute sources.

3 Numerical Implementation

3.1 Boundary Element Method

The methodology, providing the numerical solution of the integral equation 15, is known as Boundary El-
ement (which is the discretized version of Boundary Integral Equation Methods). In the present work, the
boundary surface of the body SB and the wake SW is divided into quadrilateral elements, and the collocation
method is used. In order to develop a BEM of zero-th order, the values of ϕ̃, ∂ϕ̃/∂n̆ and the delays θ, θ̂, θS

and τ are treated as constant within each element. The panels are approximated with portions of hyperbolical
paraboloids, and the collocation points coincide with their centroids. Hence, dividing the boundary SB in
NB sub domain and SW in NW sub domain, the discrete form, obtained from equation 15, is

E(~xk)ϕ̃(~xk) =
NB∑

j=1

(Bj(~xk, ~xj)χ̃(~xj) + Cj(~xk, ~xj)ϕ̃(~xj) + sDj(~xk, ~xj)ϕ̃(~xj)) e−sθkj (19)

−
NW∑

m=1

(Fm(~xk, ~xm) + sGm(~xk, ~xm))∆ϕ̃ te
m (~xm) e−s(θkm+τkm) + ϕ̃inc(~xk)

where NB +NW is the total number of the prescribed collocation points, which here are assumed to coincide
with the interpolation nodes. Bj , Cj , Dj , Fj and Gj are the integral components on the surfaces of the j
panel, the term χ̃(~xj) represents the boundary condition on the panel j and ϕ̃inc(~xk) is the incident potential
value on the unknown. Moreover, introducing the function Sm which is equal to 1 if the point j is a point of
the upper side of the trailing edge, equal to −1 if is a lower point and zero otherwise, one obtains

∆ϕ̃ te
m =

NB∑

j=1

Smj ϕ̃te
j (20)

Substituting the condition 20 in equation 19, the equation 19 constitutes a system of linear algebraic equations
relating to the unknowns ϕ̃(~xk) and to the values χ(~xj) and ϕ̃inc(~xk), known from the boundary condition
and given by the primary acoustic sources. Hence, the system 19 can be written in terms of vectors and
matrices for the numerical solution as

E I ϕ̃ = B χ̃ + C ϕ̃ + sD ϕ̃− S F ϕ̃ + sS G ϕ̃ + ϕ̃inc (21)
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Noting that the domain function is almost equal to 0.5 on the regular point of the boundary, the solution on
the body is computed by

ϕ̃
B

=
[
1
2
I−C − sD + S F − sS G

]−1 (
B χ̃

B
+ ϕ̃inc

)
(22)

Once the values of the velocity potential on the boundary have been obtained from the equation 22, the
discrete form of equation 15 gives the results in the field, with the domain function E equal to 1. Then for a
generic receiver in the field the potential field is obtained by solving the equation

ϕ̃ = B χ̃
B

+ [C + sD − S F + sS G ] ϕ̃
B

+ ϕ̃inc (23)

where ϕ̃B is the array of the potential values on the collocation points of the body, obtained by equation 22.
and the coefficients are construct relating the body points with the receiver.

3.2 Combined Helmholtz Integral Equation Formulation

A drawback of the described method arise from the fictitious eigenvalue difficulty, consisting of the presence
of eigenfrequencies in the boundary integral operator that yields a non-unique solution [1]. Specifically,
equation 8 relates the values of the velocity potential on the body boundaries ϕ̃

B
, into the fluid domain to its

distribution on the surface SB , with the value of normalwash χ̃
B

, known from Neumann type impermeability
boundary condition chosen in this work, and the incident potential ϕ̃inc. It is possible to demonstrate ([1] and
[12]) that, for an integro-differential problem stated in this way, singularities appear at points in the Gauss
plane corresponding to the resonant frequencies of the acoustic Dirichlet boundaries value problem inside
the enclosure of SB . Then, when a numerical method is applied in order to solve equation 15, these spurious
frequencies completely dirty the solution. Therefore, the numerical solution needs to be regularized. With
this in mind, the Combined Helmholtz Integral Equation Formulation (CHIEF) is adopted [10]. This method
is based on the statement of an over-determined set of algebraic equations for the unknown potential field
ϕ̃

B
. Specifically, in applying the numerical solving procedure, it consists of adding Nc collocation points in

the interior of the scattering surface where according to 8, the potential values must be zero. The advantage
of the methodology resides in the simplicity of its implementation, although particular attention have to be
paid in the space distribution of the interior collocation points: this approach is totally inefficient if these
points are placed close enough from the nodal lines of the acoustic natural modes of vibration of the cavity.
Hence, starting from the system 21, written for potential flow, where the wake integral components are not
included being the wake a contact discontinuity with zero thickness, the resulting over determinate system
of equation has the following expression

Y ϕ̃
B

= Z χ̃
B

+ ϕ̃I (24)

where the matrices Y, Z and ϕ̃I are

Y =

[
(1/2)I−C− sD
−Cc − sDc

]
, Z =

[
B
Bc

]
and ϕ̃I =

[
ϕ̃inc

0

]

with Bc, Cc and Dc being [NC ×NB] collecting the influence coefficients relating potential and boundary
condition on the body surface to the potential at the interior collocation points.
The over determinate system in this work is solved by means of minimal squared method, assuming the
system

‖ Y ϕ̃
B
−

(
Z χ̃

B
+ ϕ̃I

)
‖< ε (25)

with ε small enough.
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4 Numerical results

4.1 Rigid scattering sphere

In order to validate the results, the filed induced by the scattering of a planar incident wave by a rigid sphere
was examined. In this case, a comparison with the analytical solution is possible [15]. The incoming unit
plane wave travels to the right along the x-axis and is described by Φ0(~x) = eikx. Assuming a the sphere
radius, the analytical solution of the scattered velocity potential, in spherical coordinate, can be expressed by

Φ(r, ϑ) =
∞∑

k=1

DkPk(cosϑ)hk(ka) (26)

where ϑ is the polar angle in respect of the x axis, r is the radius of the generic observation point in the field;
hk are the spherical Hankel functions of the first kind and Pk are the Legendre functions of the first kind
dependent from the incidence angle ϑ. The coefficients Dk are given by the expression

Dk = − ik(2k + 1)j′k(ka)
h′k(ka)

(27)

where jn are the spherical Bessel functions of the first kind and the differentiation is made into respect of the
non-dimensional wave number ka. For the acoustics problem the non-dimensional wave number, takes the
form ka = (s/a∞) a, where a is the characteristic length of the model, in this case the radius of the sphere,
and s is the Laplace number which in this case corresponds with the Fourier correspondent number.
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Figure 2: Plot of |Φ| and |ϕ̃| versus polar angle for rigid scattering sphere, ka = 1 and r = 5a

In Figs. 2 and 3, the analytical and numerical solutions are compared, plotted versus the polar angle ϑ. The
absolute value of the scattering field are calculated for ka = 1 and π and the magnitude of the velocity
potential is computed over an observation ring, concentric with the sphere, of radius r = 5 a. Furthermore,
in Figs. 2 and 3, the number of Gaussian points used for each numerical calculation is also declared. The
numerical results comfort us on the relief of the tool and moreover these have not shown any angular devia-
tion from the analytical data.
It is important to emphasize that ka = π is the first eigenvalues of the Dirichlet interior problem for a sphere
of radius a; the BEM solution for this wave number is computed by applying the CHIEF method. The pres-
ence of this spurious resonance frequency and the numerical regularization is shown in Fig. 4. Here, the
absolute values of the scattering velocity potential for a point on the boundary of the sphere related to the
wave number are represented. The continuous line shows the direct numerical solution. It is clear that the
solution in the vicinity of ka = π is totally unreliable. The regularized solution, realized through the use of
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Figure 3: Plot of |Φ| and |ϕ̃| versus polar angle for rigid scattering sphere, ka = π and r = 5a
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Figure 4: First fictitious resonance frequency of a sphere, regularization trough CHIEF method.

two CHIEF points, is shown by the dotted line. It is in first view how the method allowed the analysis in all
the frequency spectrum: from the other hand have to be notice that the CHIEF point have not to be placed in
the vicinity of the nodal lines of the acoustic numerical modes of the considered cavity. So far, the choice of
the location of these points have to be made with the opportune accuracy.

4.2 Convergence of the numerical solution

In order to give a numerical idea of the convergence of the numerical solution into respect of the discretization
of the boundary, it is defined the ”global percentage error”, expressed in respect of the inverse of the stated
number of nodes per wavelength. As the numerical tests have been carried out, on a regular grid it is possible
to define a number of nodes per wavelength. The analytical solution is compared with the numerical one for
ka = 4, again for an observation sphere of radius r = 5a. The different discretizations of the boundary are
calculated for numbers of nodes per wavelength going from 6 to 12. The global percentage error is computed
as

err =
N∑

i=1

(ϕ̃i − Φi) /
N∑

i=1

Φi (28)
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where N is the total number of observer points, ϕ̃i is the numerical value of the scattering velocity potential
on the i field receiver and Φi again his analytical one.
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Figure 5: Global percentage error into respect of the inverse of number of nodes per wavelength.

The global percentage error is calculated in respect of the total number of the receivers (2000 for the test
case presented). Fig. 5 shows that the global error is less then 0.1 for discretization finer then 8 nodes per
wavelength. On the global analysis of the scattering field a global error below 0.1% is considered to be
acceptable. With this in mind, the following aeroacoustic analysis is computed with this discretization. As
shown in the previous section, the patterns do not show an angular deviation from the numerical solution to
the analytical one, this is once more a warranty of the reliability of the convergence results presented and of
the chosen number of panels per wavelength.

4.3 Aeroacoustic results

4.3.1 Isolate wing

Preliminary aeroacoustics results are presented in this section.

Figure 6: Discontinuity due to the scattering effect. Real part of body potential, absolute field value.
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In first instance, the shielding effect of an isolate wing is analyzed to introduce the concept of the aeroa-
coustics shielding effect of obstacles to the propagation of sound when bodies and sources are immerse in a
quasi-potential flow.

Figure 7: Insertion Loss due to the shielding effect of the wing: potential flow case.

Figure 8: Insertion Loss due to the shielding effect of the wing: quasi-potential flow case.

The wing, used for this test case, is built following a NACA 0012 airfoil, with aspect ratio AR = 6 and
thickness ratio TR = 0.12: in order to view the discontinuity caused by the source in presence of lifting
surface the sweep and dihedral angle are posed equal to zero. The acoustic source is a monopole disposed in
the midpoint of the span in correspondence with the leading edge and with a vertical distance from the wing
equal to 0.53 a, where a is here the chord of the wing at the root section. In this section, all the calculation
are made for a mean flow velocity M∞ = 0.27 and non dimensional wave number, ka ∼= 20. In Fig. 6, the
wake effect on the acoustic propagation is represent. The acoustic scattering potential is drown on the body
and on the field. On the body surface, the real part of acoustic potential is plotted, whereas, in the field, the
absolute part of the velocity potential is represented. It is in first view the discontinuity effect introduced by
the wake on the propagation of the scattering on the receivers.
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For the same case described above, the results shown in the Figs. 7 and 8 has been prepared to represent the
shielding effect of the wing on the sound propagation. The convenience of the effective use of the planes,
such as the wings, to shield the sound propagation is clear, considering the shown Insertion Loss due to the
wing for the represented frequency. The Insertion Loss has been calculated as

IL = 20 log

(
Ptot

Pinc

)
(29)

Again the pressure is computed from the potential values applying the Bernoulli’s theorem, where the ∇ϕ̃
over the body and on the field was calculated through finite difference method. The Ptot and Pinc in equation
29 represent the absolute values of the total and incident pressure.
At the same time it is important to notice that the interaction of the wake on the propagation must to be taken
in account for the aeroacoustics analysis to provide an accurate solution.

4.3.2 U tailplane

This section is devote to analyse the shielding effect of the U-tailplane shape in flight condition. The chosen
flight condition is coherent with the previous aeroacoustics results, than the flow is considered for M∞ =
0.27 aligned with the wing chord.

Figure 9: U-tail configuration: real part of the total pressure on the boundary.

In Fig. 9, the shape of the geometry is represented through the contour plot of the real part of the total
acoustic pressure on the boundary. The horizontal plane are build with the same characteristics of the isolate
wing introduced in the previous section, as well as the noise source, and the vertical planes have aspect ratio
AR = 1.4 and thickness ratio TR = 0.8.

The degree of the shielding is strictly connected with the spectrum of the sources, for this reason the results
are here prepared for two different wave numbers, ka ∼= 10 and ka ∼= 20: again, as reference dimension a
the root chord of the wing is chosen.

In order to show the effect of such a kind of configuration on the noise propagation, the results present the
Insertion Loss values on the flyover and on the side line of the geometry. The angular path has been disposed
going from 36o to 146o for both cases and the sideline receivers are assigned with a side angle χ = 56o,
considering the center of the receiver ring portion tally with the acoustic source. In Fig. 10, the Insertion
Loss obtained on the flyover is shown. The shielding effect of the wing and the deviation due to the mean
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Figure 10: Insertion Loss due to the shielding effect of the wing on the flyover.
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Figure 11: Insertion Loss due to the shielding effect of the wing on the side line.

flow presence appears quite clear. It is also possible to notice the increase of the magnitude and of the angular
size of the shielding effect.
Fig. 11 shows the result on the side line. As well as the flyover case the tail planes behave as a shield on
sound propagation. For both the field results appear in first view the diffraction due to the leading edges of the
planes, this is evident in the waving on the first part of the path where the presence of the mean flow contract
the propagation: it is important also to notice that this effect reduces at the increasing of the frequencies as
is awaited.

4.3.3 Complete aircraft

The final goal of this work is the analysis of the shielding effect of all the surfaces of the aircraft (wings,
tail and fuselage) on the acoustic field generated by the primary acoustic sources. Hence, in this section the
result obtained for an entire aircraft shape is shown. Therefore the result has been realized following a Rear
Fuselage Nacelle RFN configuration scheme. Here as well as the previous sections, the acoustic sources are
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given as a couple of monopoles, located in the rear of the airplane over the fuselage and the tailplane.
In Fig. 12, the shielding effects on the flyover are shown for ka = 10 and a flow velocity is again M∞ =
0.27. On the body of the aircraft model the absolute value of the total pressure is plotted to focus the
geometrical disposition of the sources. For the field analysis, Fig. 12 shows the SPL on the flyover. The
receivers are chosen as portions of cylindrical surface with central axis matching the sources axis and radius
R = 8 a. The results highlight the shielding effect of the wings on the propagation of the direct sound.
Furthermore, it is also clear the diffraction effects due to the leading edge and trailing edge. The presence of
fuselage’s scattering manifests itself in the deviation components of the solution.

Figure 12: RFN configuration: Flyover shielding effect on flight condition.

Conclusions

A Boundary Integral Element Method for aeroacoustic scattering problems has been presented. The method
handles non-uniform quasi-potential flows in the presence of sound sources even at relatively high Mach
numbers, giving accurate and reliable results. The direct Boundary Integral Equation has been effectively
developed in order to take into account the wake effect and the pressure discontinuity incoming from the
lifting body due to the flow and the acoustic source disturbance. One big issue of the method has been in-
vestigated: the regularization of the discretized boundary integral operator for external flow solution through
CHIEF technique. The method was validated using the comparison with the analytical solution given by
the scattering of a sphere in the presence of a plane wave. The implemented technique has been applied to
3-D aeronautical shapes such as the wings, a model of an innovative U-tailplane and the RFN proposed as
aircraft model. The shielding effects of the boundaries have been widely shown. Finally the method pro-
vides an optimal alternative for the prediction of the scattered field in the presence of flow around complex
geometries. Furthermore, the characteristics of the boundary techniques themselves easily allowed the far
field aeroacoustics analysis.
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Abstract
This paper deals with the calculation of vibrations in a coupled fluid-structure system that is subject to a
source of sound excitation. The system consists of a thin plate with a coating of absorbing material coupled
to a rigid air cavity containing a punctual acoustic source. A coupled fluid-structure model is used under wall
impedance conditions. The characterisation of the sound source and of the impedance of the coating materi-
als used is also presented. The model has been implemented in Matlab. A correlation is presented between
the eigenvalues obtained with this model and the eigenvalues obtained using commercial programs like An-
sys and Sysnoise for the coupled problem case but without a coating. Finally a comparison is presented
between the theoretical results and the experimental results.

1 Introduction

In practice, interiors like car bodywork, aircraft fuselage, ship hulls, lift cars, domestic appliance cabinets,
etc. are built from the assembly of thin elastic plates. Sometimes the vibration of these plates produces
undesired sound radiations the minimisation of which becomes a very important goal for companies. When
it comes to minimising these radiations, layers of absorbing material arranged on the structure are often
used. Therefore, in this paper we are going to study the effect of introducing an absorbing layer in the
fluid-structure coupled problem. A pressure and displacement formulation is used to study fluid-structure
coupling. That is to say, pressure variables for the fluid and displacement variables for the structure. For the
solid or structure the discretised Reissner-Mindlin plate formulation is used with MITC4 elements described
in [4] to avoid the phenomenon known as shearing block. For plate problems, these elements have been
analysed mathematically ([3] and [6]) and have provided optimum error estimations.

As for the absorbing material it should be highlighted that it is not simulated directly as could be done by
using an Allard-Champoux model for example, but the coupling condition is modified supposing that the
absorbing layer introduces a jump in the normal displacement and the normal velocity between the fluid and
the solid. An attempt is made to the use the wall impedance condition as proposed by [7], [5] and [8].

So the mathematical model of the coupled problem with wall impedance conditions has been implemented
in Matlab and thefminsearchfunction provided by Matlab has been used for the calculation of the non-linear
eigenvalues.
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A loudspeaker has been used as the sound excitation source and the laser vibrometer method proposed in [2]
has been used for its characterisation.

An impedance tube manufactured at Ikerlan has been used to characterise the coating materials.

As can be seen in section 6 of this paper a correlation has been carried out of the eigenvalues calculated with
the program implemented in Matlab and the calculations by means of commercial programs like Ansys and
Sysnoise for the coupled case of the air cavity with the plate but without a coating. The coating has not been
used for this correlation as neither Ansys nor Sysnoise can calculate a non-linear problem of eigenvalues.
Finally, a comparison has been made between the theoretical results and those obtained experimentally. To
do this, using the model implemented, the velocity has been calculated at various points of the plate and by
means of a laser vibrometer the velocity at those points of the plate has been measured.

2 Coupled mathematical model

The mathematical models for the coupled problem are described in this section. First of all, the coupled
problem without a coating is described and then the wall impedance condition is introduced for the case with
the coating.

2.1 Fluid-structure coupling

The coupled problem between a fluid and a structure describes the small oscillations existing in the structure
from a small oscillation in the fluid and vice versa. That is to say, the vibration of the fluid makes the structure
oscillate and this same oscillation intervenes in the vibration of the fluid. So there is an interaction between
the two media.

The equations modelling this phenomenon are the acoustic ones in the fluid and the linear elasticity ones in
the structure. In addition to these equations the coupling conditions between the two media have to be added.

div S
(
uS
)
+ ω2ρSu

S = 0 enΩS, (1)

−Δp−
ω2

c2
p = B enΩF, (2)

under the followingboundary conditions:

1. Clamped (Dirichlet condition) on the four edges of the elastic metal plate,

uS = 0 enΓS
D. (3)

2. Fluid contained in a rigid-wall enclosure (Neumann condition),

∂p

∂n
= 0 enΓF

N, (4)

and where thecoupling conditions:

1. Sliding condition. That is to say, equality of normal displacements on the contact boundaryΓI between
the fluid and the structure,

uS ∙ n =
1

ρFω2
∇p ∙ n enΓI, (5)
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wheren is the normal vector to the contact boundary. It is important to bear in mind the direction of
the normal vector so that vector is considered to be oriented towards the outside of the fluid contained
in the cavity.

2. Force continuity condition on the contact boundaryΓI , that is to say,

S
(
uS
)
n = −pn enΓI. (6)

In matrix form, the problem can be expressed in the following way,

[ 1
ρF
KF 0

−C KS

] [
p

uS

]

− ω2
[ 1
ρFc2
MF Ct

0 ρSMS

] [
p

uS

]

=
1

ρF

[
B
0

]

, (7)

where the matricesKF,KS,MF,MS andC represent the rigidity matrices of the fluid and the solid, the
mass matrices of the fluid and the solid and the coupling matrix respectively. The superscript t is the trans-
posed operator and the matrixB corresponds to the sound excitation.

2.2 Fluid-coated structure coupling

As can be seen in the subsection above explaining the interaction between the fluid and the elastic structure,
it is essential to establish the coupling conditions properly.

According to [8], the acoustic damping introduced by an absorbing material is normally implemented by
means of an impedance boundary condition,Z (ω), or admittance (reverse of impedance). Therefore, the
following coupling condition is introduced:

Z (ω)

(
∂US

∂t
∙ n−

∂UF

∂t
∙ n

)

= −P (8)

Fundamentally [5] uses this same boundary condition to model the acoustic damping. In its notes it states that
when the contact interface between an elastic solid and a fluid with a thin viscoelastic medium between them
is analysed, it is thought that the medium introduces a jump in the velocity and in the normal displacement
of the fluid and the solid. However, the force continuity condition is maintained, with the force in the solid
proportional to the jump in displacement and velocity. Therefore, taking into account the new coupling
conditions the problem is expressed, in matrix form, in the following way,

[ 1
ρF
KF 0

−C KS

] [
p

uS

]

− ω2
[ 1
ρFc2
MF Ct

0 ρSMS

] [
p

uS

]

− iω

[ 1
Z(ω)M

′
F 0

0 0

] [
p

uS

]

=
1

ρF

[
B
0

]

, (9)

where matricesKF,KS,MF,MS andC represent the rigidity matrices of the fluid and the solid, the mass
matrices of the fluid and the solid and the coupling matrix respectively.M′F is a matrix similar to the
mass matrix but integrated on the contact boundary. As can be seen in the matrix equation (9), the problem
becomes non-linear as the impedance of the coating material depends on the frequency.

3 Acoustic-source characterization

The sound source will be characterised by its volume velocity and the frequency range. Three methods
described in [2] have been identified for measuring the volume velocity. Specifically the laser vibrometer
method was used, which is summarised below.

It should be taken into account that although in most cases in low frequencies the diaphragm of a loudspeaker
is considered to be like a piston, there is a radial velocity gradient across the diaphragm. At best this radial
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velocity gradient will exist across the suspension part of the loudspeaker that allows and supports the move-
ment of the diaphragm whilst maintaining its acoustic sealing. At high frequencies, the different parts of the
loudspeaker move out of phase as numerous modes of the diaphragm are excited. Therefore, the loudspeaker
will not behave as a monopole and [2] maintains that the volume velocity measurements taken under these
conditions may be dubious. So it concludes that the main task is to determine the frequency range in which
the loudspeaker can be considered a monopole source.

That is why the diaphragm is divided into the following parts: centre of the loudspeaker, the edge which is
normally made of plastic and the rim which introduces an elastic suspension to the diaphragm.

(a) General division of the diaphragm.(b) Subdivisions of the diaphragm to de-
termine the volume velocity.

Figure 1: Division of the diaphragm to determine the frequency range to consider the loudspeaker a
monopole.

The volume velocity of a non-uniform surface is determined by adding together all of its infinitesimal parts,
supposing that each one presents a normal uniform velocity:

Q =

∫

S

vndS. (10)

In practice this sum can be complicated to do, so [2] defines an effective area using a single point of the
diaphragm to represent the volume velocity. That is to say, the total volume velocity is the product of the
average velocity measured at that point and the effective area of the diaphragm estimated at that point. The
effective area is defined as:

Sef (e, ω) =
HT(ω)

He(ω)
, (11)

wheree represents each of the annular subdivisions considered in the diaphragm,He (ω) is the transfer
function between the velocity measured with the laser and the voltage in the loudspeaker coil andHT (ω) is
a transfer function defined as:

HT =
N∑

e

SeHe (ω) , (12)

whereSe is the area of each of the subdivisions andN the total number of subdivisions.

The subdivisions made are those indicated in figure 1(b), one representing the centre, another representing
the suspension and four subdivisions to represent the edge of the diaphragm.

The instrumentation used (see figure 2(a)) consists of a laser vibrometer, an amplifier and the OROS acqui-
sition system.
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The sound source characterisation test layout is shown in figure 2. In it, it can be seen that the loudspeaker
is on what will be the base of the air cavity and enclosed by a determined volume. The enclosure containing
the box usually affects the behaviour of the loudspeaker and therefore the characterisation has been carried
out with the loudspeaker mounted on the box. The inside of the enclosure has been filled with absorbing
material in order to alter the behaviour of the loudspeaker as little as possible.

(a) Measurement instrumentation used. (b)

Figure 2: Source characterisation test.

Once the characterisation tests were carried out, the frequency range established as valid to consider the
loudspeaker as a monopole was up to 315 Hz. This range could be extended up to 500 Hz but the volume
velocity values would not be completely valid. It is considered that from this frequency of 315 Hz, the
different parts of the loudspeaker begin to move out of phase, as can be seen in figures 3(a) and 3(b).

(a) Centre, edge and rim of the diaphragm. (b) Different annular subdivisions of the edge.

Figure 3: Magnitude and phase ofHe.

After determining the effective areas of each subdivision and with the velocity measurement carried out for
each of them, the total volume velocity is determined. Figure 4 shows the magnitude and phase of the volume
velocity determined for each of the annular subdivisions based on the frequency in a range from 16 Hz to
500 Hz. In the same figure it can be seen that the resonance frequency measured for the loudspeaker is 61
Hz, which is the same as the value offered by the manufacturer for the loudspeaker in the open air, so it can
be concluded that the enclosed volume filled with absorbing material in which the loudspeaker was placed
did not significantly change its behaviour.
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Figure 4: Magnitude and phase of the volume velocity for different subdivisions of the diaphragm.

4 Material characterization

An impedance or Kundt tube manufactured at Ikerlan has been used to measure the impedance of the absorb-
ing materials. Two types of absorbing materials have been measured. The absorbing materials have been
provided by Acustica Integral and are called Acustifiber P and Acusticell.

The Acustifiber P material is an absorbing material made of polyester fibre and Acusticell is an absorbent
expanded polyurethane foam. Figures 5(a) and 5(b) show the impedances for each of the materials.

(a) Acustifiber P impedance. (b) Acusticell impedance.

Figure 5: Absorbing material impedance.

5 Experiments

The basic test layout consists of a hexahedral air cavity measuring 0.6m x 0.6m x 0.6m which has five rigid
walls andr one consisting of the flexible plate. The flexible plate is 0.001 m thick, made of aluminium with a
modulus of elasticity of 71000 MPa, a Poisson modulus of 0.334 and a density of 2660 kg/m3. The coatings
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used, as mentioned above, are a polyester fibre called Acustifiber P, 0.040 m thick and with a density of 15
kg/m3 and an expanded polyurethane foam called Acusticell, 0.025 m thick and with a density of 30 kg/m3.
Given that the coating mass is important in relation to the plate mass, this has been taken into consideration.
An 8 ohm, 40W nominal power loudspeaker with a frequency response of 44Hz to 8kHz was introduced into
the base of the cavity. The loudspeaker is an MCM audio selectClear Polypropylene Wooferstype whose
resonance frequency in the open air is 61 Hz and volume acoustic suspension (VAS) is 0.0187 m3.

A random signal is generated in the loudspeaker in a frequency range of 0 to 200 Hz and the normal velocity
is measured at different points on the plate using an OMETRON VS100 laser vibrometer.

The transfer function of the velocity between the voltage in the loudspeaker is measured, as well as the power
spectrum of the velocity at different points on the plate.

(a) Interior of the cavity (b) Flexible plate (c) Velocity measure-
ment

Figure 6: Cavity, flexible plate and layout of the velocity measurement test.

6 Results of the model implemented

6.1 Correlation between the results of the model and the results obtained with
commercial programs

To validate the finite elements model implemented that tackles the coupled problem between the fluid and
the structure, the eigenvalue results obtained with the model have been compared with those obtained with
the commercial programs Ansys 9.0 and Sysnoise 5.6.

As explained above, the system determined consists of a hexahedral air cavity (c0 = 340 m/s yρ0 =
1.21 kg/m3) measuring 0.6m x 0.6m x 0.6m which has five rigid walls and one consisting of a flexible plate.
The flexible plate is 0.001 m thick, made of aluminium with a modulus of elasticity of 71000 MPa, a Poisson
modulus of 0.334 and has a density of 2660 kg/m3. A discretisation of N=3 was used which supposes an
element size of 0.033 m.

Figures 7 and 8 show the appearance of the first seven coupled modes calculated with the coupled model
and the first seven modes calculated with Ansys 9.0. It can be seen that the fifth mode calculated with the
program matches the sixth mode calculated by Ansys 9.0. So the program with a discretisation of N = 3 is
not capable of detecting the fifth mode calculated by Ansys 9.0.
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Figure 7: Coupled modes with the model implemented.
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(a) First modal shape (39.437 Hz) (b) Second modal shape (50.356 Hz double)

(c) Fourth modal shape (74.256 Hz) (d) Fifth modal shape (92.164 Hz)

(e) Sixth modal shape (94.501 Hz) (f) Seventh modal shape (113.95 Hz)

Figure 8: Coupled modes with Ansys 9.0.
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The comparison of the eigenvalue values up to a frequency range of 200 Hz is given in table 1. The correlation
between the eigenvalues can then be seen in figures 9(a) and 9(b). As these figures show, both the correlation
factor and the slope of the straight line are very close to unity.

Eigenvalue (Program) Ansys Relative error(%) Sysnoise Relative error(%)
f1 (Hz) 39.695 39.437 0.650 40.380 1.726
f2 (Hz) 51.082 50.356 1.421 51.892 1.586
f3 (Hz) 51.082 50.356 1.421 51.892 1.586
f4 (Hz) 75.963 74.256 2.247 76.934 1.278
f5 (Hz) 94.795 92.164 2.775 95.377 0.614
f6 (Hz) 97.101 94.501 2.678 97.535 0.447
f7 (Hz) 118.16 113.95 3.563 118.666 0.428
f8 (Hz) 118.16 113.95 3.563 118.666 0.428
f9 (Hz) 156.78 149.67 4.535 156.299 0.307
f10 (Hz) 156.78 149.67 4.535 156.299 0.307
f11 (Hz) 158.87 151.15 4.859 158.851 0.012
f12 (Hz) 179.32 169.67 5.381 178.415 0.505
f13 (Hz) 179.56 170.02 5.313 179.182 0.211

Table 1: Coupled eigenvalues without coating with N=3. Comparison with Ansys and Sysnoise.

(a) Correlation: model - Ansys. (b) Correlation: model - Ansys.

Figure 9: Eigenvalue correlation.

6.2 Theoretical - experimental results

Once the model implemented has been validated for the case without a coating it is important to compare the
results offered by the simulation with those measured experimentally when a coating of absorbing material
is applied to the flexible plate.

The layout of the experiment is that explained in section 5 (see figure 6).

Figures 10, 11 and 12 then show the theoretical results compared to the experimental results for the velocity
measurement at the central point of the plate without a coating, with absorbing material Acustifiber P and
absorbing material Acusticell, respectively.
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Figure 10: Frequency response of the velocity without a coating. Theoretical-experimental comparison.
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Figure 11: Frequency response of the velocity with Acustifiber P. Theoretical-experimental comparison.
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Figure 12: Frequency response of the velocity with Acusticell. Theoretical-experimental comparison.
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7 Conclusion and future lines

A model has been implemented in Matlab that takes into account the coupling existing between a fluid and
a structure that may or may not have a type of absorbing material coating. The results of the model have
been validated in comparison with results offered by other commercial programs like Ansys and Sysnoise.
Experimental measurements have been taken to characterise a loudspeaker and the absorbing materials.
Finally a comparison of the theoretical and the experimental results has been carried out. From these, it can
be concluded that the theoretical and the experimental results are significantly different and it is thought that
there are three main causes:

1. The structural damping of the system has not been taken into account and in figures 10, 11 and 12 it
can be seen that the experimental results show that that damping is considerable.

2. As the thickness of the coating materials is much greater than the thickness of the plate, it is thought
that the wall impedance condition could introduce a significant error. So it is necessary to simulate
directly a porous medium by means of a simple model such as the Allard-Champoux model ([1]).

3. It can be seen that it is very important to control the boundary conditions for fixing the plate to the
cavity.

Therefore, the aim of future lines of research will be to improve these three points as well as to introduce
Lagrange multipliers to have meshes with a greater degree of discretisation in the structure and in the porous
medium than in the fluid medium. Once these improvements have been introduced, the theoretical and
experimental results will be compared again and if it is found that they are significantly similar, optimisation
techniques will be integrated to analyse the optimum places for discretely locating the absorbing material on
the plate in order to improve its vibroacoustic behaviour.
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