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Abstract 
It is known that the best performance of a given piezoelectric energy harvester is usually limited to 
excitation at its fundamental resonance frequency. If the ambient vibration frequency deviates slightly 
from this resonance condition then the electrical power delivered is drastically reduced. One possible way 
to increase the frequency range of operation of the harvester is to design vibration harvesters that operate 
in the nonlinear regime. The main goal of this article is to discuss the potential advantages of introducing 
nonlinearities in the dynamics of a beam type piezoelectric vibration energy harvester. The device is a 
cantilever beam partially covered by piezoelectric material with a magnet tip mass at the beam’s free end. 
Governing equations of motion are derived for the harvester considering the excitation applied at its fixed 
boundary. Also, we consider the nonlinear constitutive piezoelectric equations. The nonlinear 
electromechanical nonlinear model is used in numerical simulations and the results are compared to data 
coming from experimental tests on a prototype. It is also investigated the influence of an additional source 
of energy through the coils installed in the system. The results are used to support the general trend that 
structural nonlinearities can improve the harvester’s performance. 

1 Introduction 

Energy harvesting is commonly referred to as a process where a given amount of mechanical energy is 
transformed and stored into electrical energy for future use. This mechanical to electrical conversion 
process often results in small amounts of usable electrical energy such that it can be used to power small 
electronic equipments such as wireless sensors in a remote network. Piezoelectric vibration energy 
harvesting fits in this context since it employs piezoelectric materials in the conversion of ambient 
structural vibration signals into usable electrical energy. Most of literature works have focused on the 
power harvested when the response behavior can be adequately characterized as a linear oscillator with 
harmonic excitation [1] and [2]. The early studies about energy harvesting from piezoelectric material 
began in the '90s with the work of Starner [3], Umeda et al.[4] e  Umeda et al. [5]. The piezoelectric 
cantilever is a key structure for energy harvesting applications. Erturk and Inman have recently published 
a series of papers on energy harvesting using the cantilever model and their work provide a broad 
coverage of several important modeling aspects that were validated with experimental data [6], [7], [8] 
and [9]. 
 
Recently, Kim and Kim [10] proposed several mathematical models of beams to analyze the efficiency of 
cantilever beams used as piezoelectric energy harvesters. Anton and Sodano [11] presented a 
comprehensive review on relevant contributions on piezoelectric energy harvesting. Although there is a 
fairly large amount of publications on linear piezoelectric energy harvesting, in recent years nonlinear 
energy harvesting has received special attention from researchers. The main advantage of using nonlinear 
models over the common linear approach is the possibility of increasing the frequency range of operation 
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of these harvesters. One of the most common mechanisms to introduce nonlinear effects on a typical 
cantilever beam harvester is by magnetic materials to generate nonlinear magnetic forces that will in turn 
generate nonlinear elastic forces acting on the system. magnetic [12], [13], [14]. The inherent material 
nonlinearities arising for example from piezoelectric constitutive equations also has influence on the 
energy harvester and it was first studied by Wagner and Hagedorn [15]. Later, Stanton, Erturk, Mann and 
Inman [16] highlight the importance of modeling inherent piezoelectric nonlinearities in energy 
harvesters. 
 

The main goal of this article is to discuss the potential benefits of introducing nonlinearities in the 
dynamics of a typical piezoelectric vibration energy harvester. The device is essentially a cantilever beam 
partially covered by piezoelectric material with a magnet tip mass. We also consider the nonlinear 
constitutive piezoelectric equations to improve the harvester performance. Governing equations of motion 
are derived for the harvester considering the excitation applied at its fixed boundary. The nonlinear 
electromechanical nonlinear model is used in numerical simulations. 

2 Mathematic Model of Harvesting System 

The nonlinear harvester used in this work consists of two coupled system: the cantilever beam with a 
magnetic tip mass, characterized by lateral deflection on x-z directions, and the electric circuit connected 
to the piezoelectric element. The device is illustrated in Fig. 1. 

 

 
Figure 1: Piezoelectric energy harvester 

 
The magnetic  force between  the  tip  and  base  magnets  is  repulsive  and  therefore counteracts  the  
elastic  behavior. Transduction of the electrical signals generated by the piezoelectric material is made 
through the load resistor R1. 

2.1 Governing Equations 
The modeling of nonlinear energy harvester was realized using the energy method [17], where the 
Lagrangian of the system can be written as:  
 

              (1) 

 
where T and U are the kinetic and potential energy, respectively. The subscripts v, p and m refer to the 
beam, the piezoelectric layer and the magnetic material, respectively. 
The dynamic deflection of the beam is simplified by a single mode. The displacement, at each point for a 
given instant time, relative to the base is given as 

1312 PROCEEDINGS OF ISMA2012-USD2012



 

                                                                                (2) 

 

where W(x) is the fundamental mode shape and is the  modal coordinate associated. 

2.1.1 Kinetic energy  
The kinetic energy distributed along the length L of the beam is: 

 

              (3) 

 

where the overdot indicates a time derivative,  and  are the density of the material and the cross 
sectional area of the beam, respectively and z(t) is the base motion. For the both layers of piezoelectric 
material, the kinetic energy is given by: 

 

                 (4) 

 

where is the length of piezoelectric layer,  and  are the density and the cross sectional area of 
the piezoelectric material, respectively. 

For the magnetic tip mass , located at the free end of the beam, the kinetic energy is: 

 

                (5) 

 

Adding the equations (3), (4) and (5), we have the total kinetic energy of the system: 
 

                                                                                (6) 

 

In Eq. (6) the following simplified expressions were used: 
 

                (7) 
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                                                                                    (8) 

                                                                               (9) 

                                                                        (10) 

2.1.2 Potential energy 
 

The potential energy distributed along the length L of the beam is: 
 

              (11)     

                                                                                      

where  is the Young’s modulus of the beam material and    is the area moment of inertia of  the 
beam about its geometric center. The notation  indicates a spatial derivative. The potential energy 
distributed along the length  of the piezoelectric material is given by the following expression 

 

                           (12) 

 

To develop the equation (12) we consider the nonlinearities from the piezoelectric material according to 
the following constitutive equations: 
 

                                              (13)            

                                     
where T1 and S1 are the stress and strain along the length of the beam while D3 and E3 indicate the electric 
displacement and electric field that develops through the thickness of the piezoelectric laminates. The 
material constants c11, c111 and c1111 and e31, e311 and e3111 are the second, third and fourth order elastic and 
electro-elastic tensor components, respectively. 

 
The potential energy associated to the magnetic force is given by [18] 

 

            (14) 

Thus, the total potential energy of the system is obtained by adding the previous values: 
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                   (15) 

 

where, 

                           (16) 

                                (17) 

                                                                (18) 

                         (19) 

                                                               (20) 

 

In equations above (15-19) the following expressions was used: 
 

                                                                       (21) 

                                                                    (22) 

                                                          (23) 

                                                      (24) 

                                                                    (25 

2.1.3 Lagrangian 
 
Finally, we can write the Lagrangian of the system: 
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                            (26) 

 
The Euler-Lagrange equations for two degrees of freedom system can be written as: 

 

             (27)     

                                           

where cf is the damping coefficient of the mechanical spring and  is the voltage of the system. 

Performing the derivations in Eq. (27) and dividing the resulting equations by the modal mass of the 
fundamental mode shape we obtain the following result for the dynamic equations of the nonlinear energy 
harvester 

 

                         (28) 

 

The coefficients appearing in the system of Eq. (28) are given by: 
 

                                    (29) 

                                              (30) 

                                                                                   (31) 

                                                                                                  (32) 

                                                                                                (33) 
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                                                                                                (34) 

                                                             (35) 

The sign of the stiffness constant k can be positive or negative. The positive sign corresponds to low 
intensity magnetic forces and in this situation occur the position of static equilibrium and the system is a 
nonlinear mono-stable oscillator. The natural frequency of the system is given by: 
 

                                                                                     (36) 

 

The electromechanical coupled equations given by system of Eq. (28) can be solved numerically through 
the solution of the initial value problems for ordinary differential equations. In this work we use the 
explicit iterative Runge-Kutta method for the approximation of solutions of ordinary differential 
equations. For this, it will be use the command ode45 in software Matlab®. 

The power output of this system can be calculated through the following equation: 
 

                (37) 

3 Results and Discussions 

This section presents and discusses numerical results to the nonlinear energy harvester. The electrical 
power output is investigated varying the amplitude of the base acceleration, the distance between the 
magnets, which is related with the parameter A in Eq. (14), and the load resistor. Table 1 exhibits the 
beam, the PZT and the tip mass dimensions and properties used in this work. 
 

 Beam PZT – 5H Tip Mass 

Length L 0.127 m 0.0381 m 0.0127 m 

Width t 0.0254 m 0.0254 m 0.0127 m 

Thickness h 0.000635 m 0.5x10-4 m 0.0127 m 

Density ρ 7850kg/m3 7500 kg/m3 --- 

Young’s Modulus Y 210 GPa  --- 

Piezoelectric Constant e31 --- -16.6(C/m2) --- 

Permittivity  ---  

F/m 

--- 

c1111, Stanton et al. (2010) --- -3.6673x1017GPa --- 

e3111, Stanton et al. (2010) --- 1.7212x108C/m2 --- 

Table 1: Dimensions and properties of beam and PZT 
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The numerical simulations were developed using MATLAB®. The nonlinear effects in the energy 
harvesters extend the useful frequency range of these devices. A comparison of the linear and nonlinear 
case can be seen in Fig 2. 
 

  
(a) (b) 

Figure 2: Power output (a) linear and (b) nonlinear 
 

Figure 2 shows the output electrical power versus the excitation frequency.  Figure 2 (b) indicates a 
hardening type of nonlinear behavior exhibited by the system, and in this case it represents a global 
nonlinear effect, since it reflects the combined effects of the magnetic field and material nonlinearities. 
Although in the linear case the value of peak power is slightly larger than in the nonlinear case, the usable 
frequency range of the nonlinear response is wider than the linear case, and this can in principle increase 
the usable range of operation frequencies for the harvesting device.  

The model described in this work, differs the model presented by Karami and Inman [20] since it accounts 
for  the nonlinearity coming from the piezoelectric material, as previously indicated by the constitutive 
piezoelectric Eqs. 13. This nonlinearity, represented by first terms in Eq. (17) and Eq. (19), improves the 
performance the harvester, as can be seen from Fig.3.  

 
Figure 3: Comparison of linear and nonlinear material properties 

Fig. 3 shows an increase in the response amplitude and frequency range when it has been considered the 
nonlinearity comes from the constitutive piezoelectric equations. This difference may increase as we vary 
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the damping factor. In Fig. 2 and Fig. 3 we have considered the dimensionless damping factor  
The following figures we have been considered the results to two different damping factor,  and 

. Fig. 4 shows the output power to the system for different distances between the magnet of the 
free end of the beam, i.e., for different values of the parameter A. 

  

(a) (b) 

Figure 4: Power vs. Frequency for different values of parameter A, (a) , (b)  

It is observed in Fig.2(a) that there is a tendency to decrease the natural frequency and the output power 
when we decrease the distance between the magnets, i.e., when we increase the value of the parameter A. 
However there is an increase in the useful frequency range of the device, due the intensification of non-
linear effect in both Fig.2 (a) and (b).  
When the distance between the magnets is smaller, there is a higher magnetic field strength that introduces 
more damping to the system, so the peaks of the curves become smooth, an can be seen in Fig 2(b). The 
results displayed we have been used a fixed resistive load R1=10 kΩ and F=0.08N, but it is known that the 
resistive load can influence the results. Fig. 5 shows the output power versus excitation frequency for 
different values of resistive load R1. 

 
In linear systems there is an optimal value for the resistive load that generates the most output power. But 
this optimal value of R1 leads to a smaller deflection of the free end of the beam and the nonlinear case the 
lowest levels of lateral displacement of the beam leads to a situation where the nonlinear effects are less 
visible. It should be noticed  in Fig. 5(a)  and (b) that the frequency range and the power output increase as 
the values of the resistive load decreases. Here the distance between the magnets and the force intensity 
were fixed to A=100 and F=0.08N, respectively. 

Another parameter that can influence the output power is the force intensity in the base acceleration. Fig. 6 
presents the output power for different values of force intensity. 
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(a) (b) 

Figure 5: Power vs. Frequency for different values resistive load, (a) , (b)  

 

  
(a) (b) 

Figura 6: Power vs. Frequency for different values of force intensity (a) , (b)  

 
As mentioned earlier, as the distance between the magnets decreases, the intensity of nonlinear forces 
increases. This increase of the nonlinear forces intensity can be illustrated by the increase of the base 
acceleration amplitude. Notice in Fig. 6 that for larger values of the amplitude F, the values of output 
power decrease in Fig. 6(a) but increase in Fig. 6 (b), however it broadens the useful frequency range of 
the device. Fig. 6 the distance of the magnets was fixed to A=100 and R1=10kΩ.  
The damping factor has a large influence in the frequency response of the system, as observed in figures 
above. Thus, the Fig. 7 presents a surface plot that we can see this influence. 
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Figure 7: Force intensity vs. Damping factor 

Fig. 7 shows the variation of force intensity versus damping factor. We can observe that there is a bigger 
variation among the values of maximum power output for lower values of the damping factor .For 
choose a more realistic damping factor, the simulation results can be adjusted according to experimental 
tests. 

 

4    Final Remarks 
 
This article showed results from an ongoing research project that investigates the potential benefits of 
nonlinear effects on the performance of beam type piezoelectric base driven energy harvesters. Several 
numerical results are shown by varying geometric as well as material properties that enhances the 
nonlinear behavior of the system under study. An improvement can be noticed on the resulting output 
electrical power when acccounting for nonlinear coefficients from the constitutive equations of the 
piezoelectric material. Further work is currently under investigation either numerically and 
experimentally.  

Acknowledgements 

Authors are grateful to CAPES (Coordenação de Aperfeiçoamento de Pessoal de Nível Superior) for the 
financial support received through graduate scholarships and to EESC-USP for the laboratory support 
received. 

References 

[1] S.P. Beeby, M.J. Tudor, N.M. White, Energy harvesting vibration sources for microsystems 
applications, Measurement Science and Technology, Vol. 13, (2006), pp. 175-195. 

[2] J.H. Lin, X.M. Wu, T.L. Ren, L.T.Liu, Modeling and simulation of piezoelectric MEMS energy 
harvesting device, Integrated Ferroelectrics, Vol. 95, (2007), pp. 128-141. 

[3]  T. Starner, Human-Powered Wearable Computing, IBM Systems Journal, Vol. 35, (1996), pp. 618-
629. 

DYNAMICS OF ENERGY HARVESTERS 1321



[4] M. Umeda, K. Nakamura, S. Ueha, Analysis of Transformation of Mechanical Impact Energy to 
Electrical Energy Using a Piezoelectric Vibrator, Japanese Journal of Applied Physics, Vol. 35, 
(1996), pp. 3267-3273.   

[5] M. Umeda, K. Nakamura, S. Ueha, Energy Storage Characteristics of a Piezo-Generator Using 
Impact Induced Vibration,  Japanese Journal of Applied Physics, Vol. 35, (1997), pp. 3146-3151. 

[6] A. Erturk,  D. J. Innam, Issues in mathematical modeling of piezoelectric energy harvesters, Smart 
Materials and Structures, Vol. 17, (2008), pp. 065016. 

[7] A. Erturk,  D. J. Innam, A distributed parameter electromechanical model for cantilevered 
piezoelectric energy harvesters, Journal of Vibration and Acoustics, Vol. 130, (2008b), pp. 041002. 

[8] A. Erturk,  D. J. Innam, On mechanical modeling of cantilevered piezoelectric vibration energy 
harvesters,  J. Intell.Mater. Syst. Struct., Vol. 19, (2008c), pp.1311–1325. 

[9] A. Erturk,  D. J. Innam, An experimentally validated bimorph cantilever model for piezoelectric 
energy harvesting from base excitations, Journal of Vibration and Acoustics, Vol. 18, (2009), pp.  
025009. 

[10] J.E. Kim, Y.Y. Kim,  Analysis of Piezoelectric Energy Harvesters of a Moderate Aspect Ratio with a 
Distributed Tip Mass, Journal of Vibration and Acoustics, Vol.133, (2011), pp. 041010-1-16. 

[11] S.R. Anton, H.A. Sodano,  A review of Power harvesting using piezoelectric materials (2003-2006), 
Smart Materials and Structures, Vol. 16, (2007), pp. R1-R21. 

[12] S. Stanton, C.  Mcgehee, B. Mann, Nonlinear Dynamics for Broadband Energy Harvesting: 
Investigation of a Bistable Piezoelectric Inertial Generator, Physica D: Nonlinear Phenomena, Vol. 
10, (2010), pp. 640-653.   

[13] F. Cottone, H. Vocca, L.Gammaitoni, Nonlinear Energy Harvesting, Physical Review Letters, Vol. 
102, No 8, (2009), pp. 80601. 

[14] B. Mann, Energy Criterion for Potential Well Escapes in a Bistable Magnetic Pendulum, Journal of 
Sound and Vibration, Vol. 323, (2009), pp. 864-876. 

[15] U.V.Wagner, P.Hagedorn, Piezo-beam systems subjected toweak electric field: experiments and 
modelling of non-linearities, Journal of Sound and Vibration, Vol. 256, No 5, (2002), pp. 861-872. 

[16] S.C. Stanton, A. Erturk, B.P. Mann,  D.J. Inman, Nonlinear piezoelectricity in electroelastic energy 
harvesters: Modeling and experimental identification, Journal of Applied Physics, Vol..108, (2010), 
pp.074803-1-9. 

[17] A. Preumont, Mechatronics: dynamics of electromechanical and piezoelectric systems, Springer 
(2006), Dordrecht. 

[18] M.A. Karami, P.S. Varoto, D.J Inman,  Experimental study of the nonlinear hybrid energy harvesting 
system, Proceedings of the SEM International Modal Analysis Conference, IMAC-XXIIIX, (2001), 
Jacksonville,FL. 

[19] M. F. Daqaq, Response of uni-modal duffing-type harvesters to random forced excitations, Journal of 
Sound and Vibration, Vol. 329, (2010), pp. 3621-3631. 

[20] M.A. Karami, D.J. Inman, Equivalent damping and frequency change for linear and nonlinear 
hydrid vibrational energy harvesting systems, Journal of Sound and Vibration, Vol.330, (2011), pp. 
5583-5597. 

 

 

1322 PROCEEDINGS OF ISMA2012-USD2012


