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Abstract 
In virtual prototyping, it is important to be aware of the key sources of uncertainty in the designed product, 

and the impact thereof on the product performance. For this purpose, this paper addresses uncertainties 

that affect the crashworthiness performance. The uncertainties of a system can be considered by using a 

non-probabilistic approach with the fuzzy finite element method. Using this approach, various uncertain 

system parameters can be considered and their effect can be quantified. Investigations are conducted on 

the internal coupling of explicit finite element analysis with the fuzzy concept through the simulation of 

the dynamic behaviour of a simple system subjected to impact loading with uncertainties. The dynamic 

transient solver is based on the explicit finite element method with central difference formulation, which is 

coupled with the fuzzy finite element method. The effect of input uncertainties on various analysis outputs 

will be investigated, such as the time history of forces and displacements. 

1 Introduction 

In the mechanical design engineering, the methodology portfolio has evolved from a basic discretization 

of the continuum, e.g. using simple beams in elastic problems, up to today’s high level of complexity of 

structural models combined with multiphysics and controllers. Simulation techniques are standard in 

automotive design, with cycle time and costs being continuously reduced by sustainable improvements in 

computer aided design and analysis tools. Finite element modelling capabilities evolved with technology, 

advancing with exponential growth of model detail throughout the last decades.  

Crashworthiness holds an important place in automotive passive safety research. It requires considerable 

resources for design, analysis and testing (validation) procedures. Even if the model detail in terms of 

finite elements is enhanced every year and more and more design issues are being resolved based on 

virtual model assessment and optimization, the experimental validation on a physical prototype still 

remains a required prerequisite for decision making.  

Ideally, mathematical expressions replicate the real life behaviour of a structure. A CAE model is a 

deterministic model, which provides a prediction of the structural performance based on the chosen 

geometry and material/loading parameter settings. However, in reality, model parameters are not always 

exactly known or defined and parameters may differ between identically manufactured products. 

Therefore, a parameter formulation limited to deterministic (“crisp”) may quantities provides a limited 
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perspective to reality. Including non-determinism in the finite element analysis process by adding 

uncertainties enhances the trustworthiness of the model. For crash analysis, typically an explicit 

formulation of the finite element method is used, exploiting the accuracy and efficiency of commercially 

available solvers. These solvers are deterministic, and they can be used as efficient “core methodology” 

[1][2] for a non-deterministic analysis that is put in a loop on top of the deterministic model (e.g. by 

exploiting a design of experiments based uncertainty analysis, or a reliability analysis based on Monte 

Carlo simulation).  

In general, when a non-deterministic method takes optimal use of the (possibly adapted) solver scheme of 

the numerical solver, additional efficiency gains can be envisaged, for instance by efficiently re-using part 

of a previous calculation to facilitate the next calculation [3]. For the purpose of investigating the explicit 

solver scheme and studying into detail the analysis possibilities from the basic fundamental level of the 

mathematical apparatus, a simple transient explicit crash solver is implemented in MATLAB 

programming environment and validated for accuracy by correlating its outputs with output from a 

commercially available solver. Uncertainty assessment has been investigated by coupling the implemented 

impact algorithm with the fuzzy concept for finite element modelling. 

2 Finite element method 

2.1 Basics 

Finite element method solves continuum problems by dividing them into parts (finite elements) and the 

solution is a complete assembly of all these parts. A discretized system is an approximation of the 

continuum. Consequently, a finite element model is an approximate representation of a real system or 

structure.  

Applying the finite element method to predict the behaviour of a system by using finite element models is 

referred to as finite element analysis. This paper is focused on transient dynamic structural finite element 

analysis, where the condition of the system is a function of time. Spatial approximation using the finite 

element method and time approximation where the ordinary differential equations are further 

approximated in time domain are computed by reaching the dynamic equilibrium equation at every time 

step [4]. Considering { } as the displacement nodal values vector, { ̇} as the nodal velocities vector and 
{ ̈} as the nodal accelerations vector, the dynamic equilibrium equation is computed at each time step is 

expressed as: 

[ ]{ ̈}  [ ]{ ̇}  [ ]{ }  { }    (1) 

{ ̈}, { ̇} and { } are m × 1 vectors, [ ] is the m × m mass matrix, [ ] is the m × m damping matrix, [ ] is 

the m × m stiffness matrix and { } is the m × 1 total forces vector, while m is the number of nodal degrees 

of freedom per finite element. Generally, the damping matrix is defined by one-dimensional element with 

viscous damping [5]. Each finite element brings its own contribution to the equilibrium equation: 

[  ]  ∫ [ ]  
 

  
[ ]         (2) 

[  ]  ∫ [ ]  
 

  
[ ]        (3) 

[  ]  ∫ [ ] [ ]
 

  
[ ]         (4) 

where the [D] is the material stiffness matrix, ρ is the material density, µ is the material damping factor 

and the element shape function is represented by [N]. Considering that ∂ is a linear operator, the strain 

displacement matrix [B] is defined by: 

[ ]   [ ]      (5) 

The total forces vector { } is given by: 

{ }  ∫ [ ] { }
 

  
    ∫ [ ] { }

 

  
       (6) 
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where { } is the volume forces vector and { } the surface forces. The volume forces are usually inertial 

forces, while the surface forces are either from surface applied forces (on the domain contour), either from 

element connection forces [5]. 

As the main principles of the finite element method were presented, the next subsection will address the 

particularities of crash analysis performed with an explicit formulation of the finite element method for 

dynamic structural analysis. 

2.2 Explicit time integration 

Complete control and understanding of uncertainty assessment can be obtained by creating a fully 

interactive solving algorithm for explicit analysis. For this purpose, the implemented mathematical process 

is presented as follows. In transient dynamic analysis, equation (1) is integrated in time domain by 

applying specific simplifications. The resulting mathematical expression is solved every time step: 

{ ̈ }  [ ]
  { }      (7) 

Where the mass matrix [M] is diagonalized for simple inversion (if it is not already diagonal) by specific 

mathematical algorithms, as described in detail in [6][7][8][9]. Stiffness or damping (if considered) matrix 

inversion are not required. Stiffness, damping and other material properties are included in the force 

vector definition [10]. 

Newmark’s algorithm is the most common time integration method used in dynamic analysis [11]. The 

scheme approximates the displacements, velocities and accelerations at time step n+1 by using the 

following equations [12][13][14]: 

{    }  {  }    { ̇ }  
 

 
(    )  

 { ̈ }  
 

 
    

 { ̈   }    (8) 

{ ̇   }  { ̇ }  (    )  { ̈ }      { ̈   }     (9) 

Here, β1 and β2 are Newmark’s constants. The values given to Newmark’s constants reduce the equations 

to either implicit, either explicit routines. The explicit equations are obtained by setting β1=1/2 and β2=0. 

Consequently, the explicit time integration algorithm becomes: 

{    }  {  }    { ̇ }  
 

 
   { ̈ }      (10) 

{ ̇   }  { ̇ }  
 

 
  { ̈ }  

 

 
  { ̈   }      (11) 

Looking at the explicit routine equations, it is observed that the information at time step n+1 is obtained 

by using only the information from the previous step. The algorithm directly obtains information for the 

current time step by using previously known data and no equations solving is required (as implicit 

schemes do). 

Most finite element analysis solvers based on the explicit algorithm have adapted the Newmark scheme 

[14] into a staggered time marching routine. In this routine, the nodal velocities are computed at half time 

steps ({ ̇
  

 

 

}) and displacements at full time steps ({    }). As integration algorithm, the so-called central 

difference method is used, which is expressed with the following equations: 

{ ̇
  

 

 

}  { ̇
  

 

 

}    { ̈ }      (12) 

{    }  {  }    { ̇   
 

}      (13) 

The computation cycle for every time step n is briefly presented, as [10][12][14][15][16]. Figure 1 

illustrates the general flow chart of the time integration scheme commonly used in crash analysis. 
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Figure 1: Flow chart of central difference time integration for step n 

As presented, the central difference algorithm has the particularity of calculating part of the information 

required for the next step at the present time step. This way, analysis stability is maintained. In the 

following, the computation cycle for time step n is presented together with an overview of the 

mathematical process: 

(1) Computation of the forces for step n: 

a) Strain rate tensor: 

  ̇  
 

 
(
   

   
 
   

   
)       (14) 

b) Stress rate (constitutive equation) 

 ̇    (  ̇ )       (15) 

c) Stress 

   ( )     (   )   ̇          (16) 

d) Internal force vector 

{  
   }  ∑(∫ [ ]      { 

  }  {        })
 

 
    (17) 

where {F
hg

} is the hourglass counteracting force(s) and {F
contact

} is the contact force. 

Additional information on the subject can be found in [6][10][11][12][13]. 

e) External force vector results from applied external and body force vectors 

(2) Computation of the accelerations for step n: 

{ ̈ }  [ ]
  {  

      
   }      (18) 

(3) Computation of the velocities at step n+1/2 and displacements at step n+1: 

Forces 

Velocities 

Stress 

Strain rates 

Accelerations 

Displacements 

 

 

 

n 

n+½ 

n+1 

Update geometry 

Loop over 

elements 

Repeat for next time step 
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{ ̇
  

 

 

}  { ̇
  

 

 

}    { ̈ }      (19) 

{    }  {  }    { ̇   
 

}      (20) 

(4) Updating geometry (displacements, {X}) according to the displacement increments 

previously computed at step (3): 

{    }  {  }  {    }      (21) 

(5) Proceed to step n+1 and repeat: 

             (22) 

The time iterations initiate from time step zero, with information being known from the initial conditions. 

It is assumed that { ̇
  
 

 

}={ ̇ }, in order to solve expression (19) and begin the time integration routine. 

3 Non-determinism 

Deterministic analysis is limited to crisp inputs and cannot cope with non-deterministic data. Uncertainties 

may arise from insufficiently or partially known data, such as imprecisely defined impact velocity, mass 

or material definitions. Additionally, finite element analysis is merely an approximation of the continuum 

problem, leaving room for results interpretation. Importance of non-determinism in engineering design 

was mentioned by many researchers in works like [2][17][18].  

Non-determinism can be found in every stage of product development. It is classified by Oberkampf [19] 

in two main categories: parameter variability and parameter uncertainty. Variability refers to the variation 

inherent to the physical system or the environment under consideration, while uncertainty is a potential 

deficiency in any phase or activity of the modelling process that is due to lack of knowledge. Variability is 

typically treated with probabilistic analysis, e.g. reliability analysis to calculate the probability that a 

failure is attained as a result of input variability. A reliable design has a low failure probability with 

respect to pre-defined failure constraints. In order to describe variability, a large quantity of data must be 

gathered for characterization of the parameter distributions. In contrast, uncertainty methods are typically 

treated with a possibilistic method such as the fuzzy Finite Element approach, which are able to deal with 

lack of knowledge in the parameter distributions. This paper focuses on addressing parameter uncertainty 

for crashworthiness applications. 

3.1 Interval analysis 

Lately, non-deterministic methods are receiving increasing interest from finite element analysts, with 

examples such as the interval method, a concept introduced by Moore [20]. This is a method for 

expressing quantities with limited information availability (also regarded as the “anti-optimization” 

approach). A parameter value can therefore be expressed by an interval of values. Therefore, the analysis 

output will give results expressed as interval numbers. 

Considering { } to be the parameter vector, contained within the interval vector (hypercube) { } and the 

deterministic analysis symbolized by function  ({ }), applied to each parameter, the interval finite 

element analysis solution set 〈{ }〉 is defined as [18]: 

〈{ }〉  {{ }   ({ }  { }) ({ }   ({ })}    (23) 

where { } is the general result of the interval finite element analysis. Therefore, the set 〈{ }〉 is composed 

of all vectors { } that are obtained from finite element analysis  ( ) of all the vectors contained in the 

interval vector { }. 
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Most research by using interval finite element analysis aims towards obtaining an interval vector 

approximation for the exact solution set, by neglecting interdependencies between the components of the 

output vector. This method is referred to as the hypercube approximation of results [22], in which each 

vector component gets its range of values, but not all combinations of these ranges are part of the exact 

solution set. 

Lately, researchers have been investigating various methods for defining interval finite element analysis. 

The main approaches at conducting an interval finite element analysis are described by the interval 

arithmetic strategy (calculation of guaranteed outer bounds) and the global optimization approach 

(applying a search algorithm within the input interval values), further described in literature [23]. 

3.2 Fuzzy analysis 

The interval analysis can be further extended towards analysis with the fuzzy set concept. Adding 

supplemental information to the uncertainty assessment process is possible by using fuzzy sets, firstly 

introduced by Zadeh [24]. The membership function   ̃( ) differentiates a fuzzy set from a conventional 

crisp set, giving each containing object a grade of membership in the fuzzy set  ̃. This degree of 

membership ranges between zero and one, creating gradual transition between the quality of being a 

member and not being a member of the set: 

 ̃  {(    ̃( ))     { }    ̃( )  [   ]}    (24) 

where U is the domain. Linguistically, fuzzy sets distinguish between members by including the 

information of being “less a member” or “more a member” of the set; the ‘degree of membership’ is 

quantified by the membership function. The “crisp member” is a special case, corresponding to ”full 

membership” (μ=1). For a general uncertain parameter, the non-deterministic, uncertain, fuzzy value is 

quantified through the process of fuzzification [23].  

Figure 2 illustrates the concept of fuzzy sets with a two-dimensional space. On the left side, representing a 

crisp set u (perfectly determined set in a domain), point a is definitely a member of the set, while point b is 

definitely not a member of set u. Similarly, on the right side, the representation of the fuzzy set  ̃ shows 

the uncertainty of its boundary (vaguely defined in a domain). Point a, located approximately in the centre 

of the fuzzy set  ̃, is definitely a full member, while point b is clearly not a member. On the other hand, 

point c has partial membership. If full membership to a fuzzy set is represented by the number 1 and the 

sure non-membership is represented by number 0, then point c has a membership value represented by a 

number within interval [0,1]. The membership value for point c shifts towards 0 as is moves away from 

the centre of the fuzzy set A and shifts towards 1 as it moves closer to the centre. 

 

Figure 2: Diagrams for crisp set (left) and fuzzy set (right) representation 

Since a fuzzy set is a continuum in itself, it has an infinite range of possible. A method of discretization is 

required for implementation in the numerical context of finite element analysis. Herein, the description of 

fuzzy sets is performed by α-cuts. Figure 3 shows the discretization by α-cuts of a fuzzy set with triangular 

membership function, which will be used later on in the practical application. 

  

�̃� 

b 

a 

b 

a 

c 
u 
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Figure 3: Discretisation of a fuzzy set by α-cuts 

Each α-cut gives set values with equal membership level, basically creating intervals that are further used 

for interval analysis. Outputs are similarly assembled as intervals and fuzzified into fuzzy outputs at each 

α-cut. The fuzzy finite element analysis has the downside of lack of implementation on currently available 

commercial solvers. Coupling crash solvers with the fuzzy concept can be achieved by complete 

interaction with the crash analysis process. In this work, the coupling is made possible by developing 

dedicated MATLAB algorithms for both crash and fuzzy analysis. 

4 Non-determinism in crash analysis 

Uncertainty assessment is investigated by using a practical application case of a frontal automotive 

bumper system, shown in Figure 4. The bumper is analysed by using a low speed crash test scenario based 

on the AZT Allianz frontal crash test [25], with lowered impact speed. The model crashes into a rigid wall 

with 2.77 m/s, loaded with a mass of 900 kg.  

Since commercial solvers offer limited options concerning direct interaction with the solving process, 

simplifications to the bumper model must be done in order to include it into a programmed 2D crash 

algorithm.  

 

Figure 4: Detailed finite element model of the bumper 

4.1 Approach by using a simple lumped mass-spring system 

Simplifications to the bumper model are done to reach a concept modelling stage, by using the lumped 

mass-spring system approach. For this purpose, simple lumped mass-spring elements are used to describe 

the 3D concept model, as presented in Figure 6. By taking coordinates of spot welds as references, the 

discretization with lumped mass-springs aims to replicate the behaviour of the detailed model. An 

important advantage of this approach is the analysis time reduction due to the use of discrete elements. 

μ 

�̃� 

u 

α
1 

 
α2 

 
α3
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The same crash scenario is used for both the detailed bumper model and the simplified 2D lumped mass-

spring model. The lumped mass-spring model is well correlated with the detailed model and also with the 

test specimen, as shown in Figure 5. Crash test measurements are included in the correlation plot in order 

to add to the reference information needed for validation of the lumped mass-spring model. It is observed 

that the correlation between testing and analysis by using a lumped mass-spring system approach is better 

as compared to the detailed model. The reduced analysis time and the good correlation prove the 

flexibility and usefulness of concept modelling for crash analysis. 

 

Figure 5: Correlation between the test specimen, the detailed bumper model and the lumped mass-spring 

model 

For the purpose of introducing an impact algorithm, the methodology outlined in Section 2.2 for explicit 

finite element analysis is applied on the simple discrete model subjected to impact loading. MATLAB 

environment [26] is chosen for programming the explicit finite element analysis routine. The concept 

model with lumped mass-spring elements is illustrated in Figure 6. A pair of springs with high stiffness is 

placed for each longitudinal beam, left and right, as emphasized with red colour. 

 

Figure 6: Lumped mass-spring system of the bumper 

Deterministic analysis results 

LS-DYNA [27] is the commercial explicit finite element solver chosen for crash analysis validation of the 

simplified lumped mass-spring system. Result outputs are taken as reference for the implemented 

MATLAB 2D impact algorithm. Spring elastoplasticity is described with the material model 

*MAT_SPRING_ELASTOPLASTIC. It has a bilinear force displacement curve with isotropic hardening 

[28][29]. The bilinear force displacement curve used for the springs is represented in a generic form in 

Figure 7, where Fy is the yield force, kp is the tangent modulus and ke the elastic modulus. 
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Figure 7: Force displacement relation describing spring elastoplascitity 

The vehicle and bumper mass are lumped in nodes by using mass elements, *ELEMENT_MASS. 

Damping has not been taken into account. The lateral movements of the model are blocked, to keep the 

similarity to the detailed model. Model pre-processing and post-processing are conducted in both 

Virtual.Lab [30] and LS-PrePost [31]. Finite element model analysis is processed with LS-DYNA [27] 

and results are shown in Figure 8. 

The implemented mathematical apparatus is based on available literature on transient dynamic finite 

element analysis [12][14][32]. The crash solver includes pre-processing, processing and post-processing 

stages, with capabilities synthetized in Table 1. 

Nodes 

Initial penetration check 

Force, acceleration, speed, coordinates 

Elements Force, deformation 

Rigid wall 

Finite/infinite 

Initial positioning check 

Contact forces 

Contact Rigid contact 

Material – discrete springs 

Elastoplasticity 

Bilinear force displacement curve 

Isotropic hardening for loading – 

unloading 

Constrained nodal rigid body Movement constraints by nodes 

Mass Lumped in nodes 

Time step Fixed 

Table 1: Capabilities included in the implemented MATLAB 2D impact algorithm 

Elastoplastic 

unloading 

kp 

ke 

Fy 

Displacement 

F
o

rc
e 
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Figure 8: Correlation between LS-DYNA and MATLAB 

Figure 8 shows a very good correlation between LS-DYNA results and MATLAB 2D solver results. 

4.2 Coupling the fuzzy concept with crash analysis 

Coupling crash solvers with the fuzzy concept can be achieved by reaching a complete interaction with the 

crash analysis process. In this work, the coupling is made possible by developing dedicated MATLAB 

[26] algorithms for both crash and fuzzy analysis. 

A symmetrical triangular membership function (as shown in Figure 3) is considered for all uncertainties, 

each of which are modelled as fuzzy numbers. The nominal value is equally situated between the 

minimum and the maximum value of the interval.  

Fuzzy parameters are considered on material definition, in order to investigate the influence of material 

uncertainty in crash scenarios. Fuzzy inputs are given as intervals for uncertainty of ±5% for the hardening 

tangent parameter and ±10% for the yield force. Fuzzy outputs are the time history of force (see Figure 9) 

and the time history of deformation (see Figure 10). The force outputs for fuzzy results are chosen from 

one of the springs representing the longitudinal beams, as emphasized with red colour in Figure 6. 

Fuzzy analysis is conducted by using the vertex sampling method [23] with the α-cut defuzzification 

procedure (represented in Figure 3), followed by interval analysis. The two fuzzy uncertainties are 

discretized by three α-cuts, requiring one deterministic analysis for nominal values and two interval 

analyses. Therefore, nine function evaluations are required in order to compute the fuzzy outputs. 
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Figure 9: Fuzzy output plot of time history of force 

Though uncertainties were considered to vary within a narrow range of values, their effect on the force is 

substantial (see Figure 9). The fuzzy plot shows a maximum interval variation of force of approximately 

2000 N at approximately 0.043 seconds of impact. Keeping in mind that some materials have a broad 

elasticity tolerance due to manufacturing technologies or chemical composition, this investigation proves 

the importance of uncertainty assessment in crash scenarios. 

In comparison to the force evolution in time, the uncertainties have an increasing influence on axial 

deformation with impact time (see Figure 10). At the end of the analysis, the fuzzy outputs can be found 

on a range of approximately 0.01 m of deformation difference. This amount of deformation can make the 

difference between, for example, replacing only the bumper (economic repair) and an expensive repair if 

the main structure is damaged (e.g. plastic deformation of the longitudinal members). 

 

Figure 10: Fuzzy output plot of time history of deformation 
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5 Conclusions 

A bumper model was conceptualized by using a simple lumped mass-spring system for faster analysis and 

fuzzy coupling investigations. The lumped mass-spring system is useful for simulating different crash 

scenarios with one simple model, faster and cheaper than the detailed model. However, the concept model 

(simplified lumped mass-spring system) is not designed to replace the detailed model, but rather to give 

approximated result outputs in a time efficient manner. Coupling crash analysis with the fuzzy concept can 

give important information, regarding the effect of important uncertainties on the design response. 

The implemented MATLAB 2D impact algorithm is validated with LS-DYNA and coupled for fuzzy 

analysis. Further additions will be addressed in future research, such as extension to integrated elements. 

By adding integrated elements, the proposed solver can be optimized in terms of analysis time in 

conjunction with the fuzzy concept by recognizing crash patterns and information recycling, in order to 

achieve a more efficient crash explicit fuzzy analysis formulation. Internal coupling of the fuzzy concept 

for uncertainty modelling with commercial solvers has yet to be investigated. 

Uncertainty implementation in finite element modelling is gaining increasing interest in engineering 

applications. The fuzzy concept for finite element modelling is a useful tool for assessing performance 

sensitivity and robustness of engineering products in early design stages. The fuzzy concept for crash 

analysis is a valuable tool providing additional insight into uncertainty-sensitive automotive 

crashworthiness design problems. 
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