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Abstract 
Operational modal analysis (OMA) has the advantage that the system properties are determined under 
actual operating conditions (and may vary somewhat for different operating conditions) so more powerful 
OMA techniques are continually sought. Cepstral methods of OMA have some advantages over other 
techniques since they give both poles and zeros of a transfer function, and thus some of the information 
about relative strength of adjacent modes. All modal information tends to be localised in the cepstrum, 
which often allows it to be separated from certain types of excitations, and other masking signals which 
sometimes are a problem in OMA. This paper compares three methods based on the cepstrum for 
removing the effects of discrete harmonics in the response signals from an operating machine. One simply 
removes the specified harmonics, while the second uses an exponential “shortpass lifter” to remove most 
extraneous masking. An exponential function has the effect of adding a precisely known amount of 
damping to all modes (like an exponential window in impulse response measurement) and this can 
subsequently be subtracted from the results. Finally, a combination of the two approaches can be used and 
the results of this are compared as well. They are found to be comparable with a more computationally 
intense procedure for harmonic removal. 

1 Introduction 

It has long been believed that to use the cepstrum for editing time signals it was necessary to use the 
complex cepstrum, which retains both the log amplitude and phase information from the spectrum, so that 
it is possible to return to the time domain after editing. However, it has been realized that there are a 
number of applications where the components to be removed, or at least de-emphasized, are characterized 
by their amplitude characteristics, and their associated phase is not so critical. One is in response signals 
dominated by discrete frequency components such as generated by gears. These are often very strong, 
even with the gears in good condition, and can mask the background signal, which can contain evidence of 
faulty bearings. Another situation where discrete frequency masking is detrimental is in Operational modal 
analysis (OMA), where modal information is to be extracted from response signals only. Some algorithms 
interpret discrete frequencies as very lightly damped modes, and perform much better where the excitation 
is purely broadband random. 

A number of methods have been developed to separate discrete frequency and random signals as 
summarized in [1]. These include the classic time synchronous averaging (TSA), where each family of 
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harmonics has to be removed separately, often requiring resampling each time, and where only harmonics 
can be removed, not sidebands due to modulation of non-commensurate components. Two other 
approaches, Self-adaptive noise cancellation (SANC) and Discrete/random separation (DRS), which are 
quite similar to each other, remove all “discrete frequency” components, both harmonics and sidebands. 
An approach based on resampling in the angle domain has been developed by LMS International, 
specifically for the purpose of removing harmonic components before OMA, and was presented in [2]. 

In the “real cepstrum”, as opposed to the complex cepstrum, only the log amplitude of a spectrum is used, 
but if this contains families of periodic spectral components, such as harmonics and modulation sidebands, 
these appear in the cepstrum as a small number of localized components, where they can be (selectively) 
removed to remove the corresponding families from the spectrum. Since periodic spectrum notches also 
give components in the real cepstrum, setting cepstrum components to zero means that the log amplitude 
spectrum is automatically smoothed over the locations of the original spectrum peaks. Thus the discrete 
frequency components are not removed, but have their amplitudes reduced to the same order as the 
surrounding spectrum values. They will therefore have incorrect phase, but this is not likely to be a 
problem if there is a separation of these discrete components by ten lines or more in a spectrum region 
dominated by broadband responses with random phase.  

In many cases, structural response effects are completely restricted to low “quefrency” regions (see later) 
in the cepstrum, and a simple removal of all cepstrum components above a certain quefrency removes all 
contamination by discrete frequency components, leaving a broadband spectrum dominated by structural 
response resonances, which can be analyzed by OMA. For both this application and the previous one, it is 
necessary to work with time signals, but these can be generated by combining the edited amplitude 
information with the original phase spectrum before inverse transformation to the time domain. 

The two new cepstral methods (and their combination) are compared with the earlier LMS method after an 
introduction to cepstrum analysis. 

2 Cepstrum analysis 

The cepstrum can basically be considered a spectrum of a logarithmic spectrum. The first definition, the 
“power cepstrum”, was as the power spectrum of the logarithmic power spectrum [3]. However, this 
predated the publication of the FFT, even though one of the authors (Tukey) was the same, and it seems 
that this definition was influenced by the fact that software was readily available for producing a power 
spectrum. The original application was to the detection of echoes in seismic signals, and would thus have 
been applied to the power spectra of single transients, but could equally be applied to smoothed power 
spectra of stationary signals, to reduce noise in such cases (echoes would still show up as a periodic 
structure in the log power spectrum, and thus as equally spaced “rahmonics” in the cepstrum). Note the 
use of words such as “cepstrum”, “quefrency”, “rahmonics” and “lifter” formed by reversing the first 
syllable of the corresponding originals, “spectrum”, “frequency”, “harmonics” and “filter”, and which 
were proposed in the original paper because of the cepstrum being a spectrum of a spectrum. They are still 
found to be convenient in the cepstrum literature. 

With the advent of the FFT the definition of the power cepstrum was changed to the inverse Fourier 
transform of the log power spectrum [4], this having two advantages. One is that it is more logical to go 
from a function of frequency to a function of time by an inverse transform (although since both the power 
spectrum and original cepstrum are real, even functions, the only difference is one of scaling). The other is 
that the second transform is not followed by a squaring operation, and is thus reversible (for example after 
liftering) to the log spectrum. Note that since the autocorrelation function is the inverse Fourier transform 
of the power spectrum, it is equally a spectrum of a spectrum, but the critical difference is the logarithmic 
conversion of the original power spectrum, which converts source and transfer function effects to 
additions in the log spectrum and cepstrum, whereas they are related by a product and a convolution, 
respectively, in the power spectrum and autocorrelation function. 

The so-called “complex cepstrum” was later defined as the inverse transform of the complex logarithm of 
the complex spectrum [4], thus including the phase information from the spectrum, and meaning that the 
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whole process was reversible to the time domain, for example after liftering. This is restricted to functions 
(ie single transients) for which the phase can be unwrapped to a continuous function of frequency, which 
severely restricts its application. It cannot for example be used on stationary signals, since these result 
from forcing functions that are either discrete frequency or stationary random, both of which have 
discontinuous phase that cannot be unwrapped. 

Thus, the most general definition of the cepstrum now is: 

  1( ) log ( )C X f         (1) 

where if  ( )X f  is complex, ie: 

    )(exp)()()( fjfAtxfX    (2) 

so that     )()(ln)(log fjfAfX    (3) 

then the result is the complex cepstrum. 

Note that since the log amplitude spectrum is even, and the phase spectrum odd, the “complex” cepstrum 
is actually real. 

If the phase )( f  in Eq.(3) is set to zero, the so-called “real cepstrum” results, but it is not reversible to 
the time domain, only to the log spectrum. In principle it differs from the power cepstrum in that the 
function inverse transformed is the log of the amplitude rather than amplitude squared spectrum, but this 
only represents a scaling by a factor of 2. For the complex cepstrum, the correct scaling of real and 
imaginary parts must be maintained, so that the log amplitude must be scaled in nepers (natural log of the 
amplitude ratio) so as to agree with the phase scaled in radians, but for the power cepstrum the log 
amplitude can be scaled in terms of any agreed units such as dB (1 neper equals 8.7 dB). 

2.1 Analytical form of the cepstrum 

Oppenheim and Schafer [5] showed that the complex cepstrum for discretely sampled time signals (and 
thus defined as the inverse z-transform rather than the inverse Fourier transform) can be expressed in 
terms of the poles and zeros of the transfer function as: 
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where the  ci  and  ai are poles and zeros inside the unit circle in the z-plane, respectively, and the  di  and  
bi are the (reciprocals of the) poles and zeros outside the unit circle, respectively (so that   

) and n represents the quefrency index. Thus the individual terms represent sums of 
complex exponentials further damped by multiplication by 1 n . Note that the minimum phase terms 
(inside the unit circle) are for positive quefrency only, and are thus causal, while the maximum phase 
terms are for negative quefrency only and are non-causal. Thus, if the transfer function is known to be 
minimum phase, its cepstrum is causal.  

By normal Hilbert transform relationships, this means that the real and imaginary parts of the Fourier 
transform of the complex cepstrum in such a case (ie the log amplitude and phase spectra, respectively) 
are related by a Hilbert transform, and only one needs to be measured. The complex cepstrum of a 
minimum phase function can be obtained from the real cepstrum (which is real and even), by setting 

, , , 1i i i ia b c d 
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negative quefrency components to zero, and doubling positive quefrency components. A further forward 
Fourier transform gives the original log amplitude spectrum, and corresponding minimum phase spectrum. 

2.2 Editing time signals using the real cepstrum 

Figure 1 illustrates the procedure proposed in this paper to achieve editing of time signals using the real 
cepstrum to modify amplitude information in the log spectrum. 

 

 
 

Figure 1: Schematic diagram of the cepstral method for removing 
selected families of harmonics and/or sidebands from time signals 

 

It can be seen that combining the edited log amplitude spectrum (as real part) with the original phase (as 
imaginary part) gives the complex logarithm of a complex spectrum (as in Eq.(3)), which can be retrieved 
by exponentiation. It is then in a form that can be inverse transformed to a time signal.  

This paper describes two ways of removing the harmonic information from the time signals, using this 
cepstral approach, thus allowing them to be processed by normal methods (eg, the Polymax method) to 
obtain the operational modes. 

3 Pre-processing of signals for OMA 

3.1 Removal of selected rahmonics 

Editing in the real cepstrum has previously been used to edit the spectrum, as shown in Figure 2, where all 
harmonics of one shaft in a gearbox have been removed so as to show the less dominant ones of the other 
shaft. 

A similar approach has been used to filter the harmonics of the main rotor frequency in the vibration 
signals measured on a helicopter in flight under steady conditions. Figure 3 shows the resulting 
autospectrum for one measurement point, where it can be seen that the harmonics have largely been 
removed. 
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Figure 2:  Editing in the cepstrum to remove a particular family of harmonics 
(a) Spectrum and cepstrum with two families of harmonics/sidebands   

(b) Spectrum with only one family retained, after editing the other family from the cepstrum. 
 

Figure 3: Comparison of autospectra for a measurement on the fuselage of a helicopter in  
steady flight. The harmonics of rotor frequency have largely been removed  

by removing the corresponding rahmonics in the cepstrum. 

 

The results of this cepstral process were compared with those of a method developed by LMS 
International [2] based on resampling to the rotation angle domain so as to convert the rotor speed related  
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Figure 4: Harmonic removal using LMS procedure 

 

components to discrete frequencies so that they could be removed by synchronous averaging. The results 
of the LMS procedure (over a narrower frequency range) are shown in Fig. 4. 

It should be noted that the conversion to the angular domain means that the residual signals used for OMA 
are no longer in the time domain, and if there is any significant speed variation the residual signal must be 
resampled back to the time domain using the same time/phase map as used for the angular resampling. 
The cepstral method is not so sensitive to small speed variations as the LMS method, since it removes any 
periodic structure from the spectrum, even when the spectral peaks are not discrete frequencies, but 
slightly smeared by minor speed fluctuations. 

The modified spectrum amplitudes were combined with the original phase spectrum for all the 
measurements on the helicopter fuselage, and used to perform OMA by the Polymax method. The results 
of this are compared with the alternative approaches later in the paper. 

3.2 Applying an exponential shortpass lifter  

An alternative way of removing harmonics is simply by using a “shortpass lifter” to remove everything 
above a certain quefrency in the cepstrum. A typical shortpass lifter is just a rectangular window, but it 
can be appreciated that this will give a filtering by a sin x x  function in the other domain. A smoother 
window is preferable, and it was realized that the specific choice of a decaying exponential as a shortpass 
lifter would not only have a smoother filtering effect, but also have a completely predictable effect in the 
time signals. Exponential windows are commonly used in experimental modal analysis, where lightly 
damped structures are excited by impulses, typically from an impact hammer. Since the actual hammer 
blow is used to trigger the data capture, it is possible to align the exponential window with each response, 
starting near the beginning of the record, and arranged so as to cause the response to fall to near zero at the 
end of the record. Exponential windows cannot be meaningfully used on stationary response signals, 
which are the subject of this paper, but they can be applied to the cepstrum, since all modal information is 
relegated to the low quefrency region, starting at zero quefrency.  

From Eq. (4) a typical cepstrum component for a minimum phase pole pair (ie the cepstrum of an SDOF 
system) is given by the sum of a complex conjugate pair: 

        * 2 2
cos arg exp cos arg

ni i
i i i i

c c
c n c n t n c

n n n n
        (5) 
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where i (rad/s) is the damping coefficient corresponding to the exponential decay n
ic  and is the 

reciprocal of time constant i . 

From Eq. (5) it is evident that if the cepstrum of Eq. (4) is multiplied by an exponential window 

 0exp t  this will simply add damping 0 to the damping of every pole and zero in the model. In 

principle, as for an exponential window in the time domain, this can be subtracted from the values found 
as a result of OMA. Since damping ratio i i i   tends to be fairly constant in many problems, the 

additive damping will have progressively less effect on higher order modes. In this paper, the value of 0
chosen for the exponential shortpass lifter was approximately the same as the damping of the low 
frequency mode visible near 6 Hz in the base noise levels in Figs. 3 and 4, viz. 0.3 Hz or 2 rad/s, 
corresponding to a time constant of 0.5 s. This can be compared with the period of rotor rotation of about 
0.22 s. 

Despite this, it is seen in the results of Figure 5 that this shortpass lifter has almost completely removed 
the harmonics of rotor speed, at least as well as in Fig. 3. It is worth remarking that this could have been 
done with only a very rough knowledge of the disturbing harmonic frequencies, and of the damping of the 
lowest order modes. 

Figure 5: Removal of the harmonics of rotor speed using an exponential lifter in the cepstrum 

 

Finally, Figure 6 shows the results of applying the exponential lifter to the data of Fig. 3, from which the 
harmonics had already been selectively removed. This is compared with the result of the first stage from 
Fig. 3 (called “raw”), and appears to give even better harmonic removal. 

4 OMA analysis of the processed signals 

The signals processed by all three methods were analysed using the Polymax method, and the results are 
compared here, including comparison with the results of the LMS harmonic removal method. 
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Figure 6: Results of applying both the harmonic removal and exponential shortpass lifter in the cepstrum 

 

Table 1 shows the complete list of results. “Filter” means using just a “comb lifter” to filter the harmonics 
from the signal, while “Lifter” means the exponential shortpass lifter. “Filter + Lifter” is of course the 
combination. “TSA” means the LMS method of removing harmonics using synchronous averaging after 
resampling. 

 
 

Table 1: Comparison of all results 

 

The LMS “TSA” method is the only one that has eliminated the first rotor harmonic at 4.48 Hz, but 
neither it nor the other methods eliminated the strong bladepass harmonic at 17.92 Hz. Otherwise all 
cepstral methods eliminated the other harmonics, except Lifter only, which did not eliminate the second 
harmonic. This tends to suggest that the time constant of the exponential lifter was too long, and it will be 
investigated whether making it shorter than the harmonic period will improve the situation. 

Despite these minor failings, the cepstral methods appear to have performed well. Figure 7 shows the 
stabilization diagram for “Filter + Lifter” and Figure 8 the corresponding MAC comparison against the 
LMS method as benchmark. 
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Figure 7: Stabilization diagram for the “Filter + Lifter” case. 

 

 
Figure 8: MAC comparison for the LMS “TSA” method (left) vs the “Filter + Lifter” method (right) 

 

Apart from the offset caused by the first mode on the right being a harmonic, there is a good 
correspondence for many of the other modes. There is another discrepancy between 17 and 18 Hz where 
the LMS method finds two very similar modes; at least both correlate well with the single cepstral mode. 

Apart from the lowest modes, the damping of the cepstral modes is slightly higher than that of the TSA 
modes, as might be expected. This is a little clearer in Table 1, where the two methods using the “Lifter” 
generally have higher damping than the one with just the “Filter”. Thus, there seems to be scope for 
adding even more damping in the exponential window, which could be expected to better remove traces of 
the harmonics, and at the same time would reduce noise that is uniformly spread through the cepstrum. 

5 Conclusion 

The paper describes two new ways of using the cepstrum for pre-processing of signals for OMA, in 
particular to remove the effects of strong harmonic components, which tend to be interpreted as lightly 
damped modes. Harmonics tend to be localized in the cepstrum at a small number of rahmonics, which 
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can be set to zero to remove them from the amplitude spectrum. The modified amplitude spectrum can be 
re-combined with the original phase spectrum to generate time signals, thus getting around the problem of 
having to unwrap the phase in order to use the complex cepstrum. This is in any case not possible for 
stationary response signals whose phase cannot be unwrapped. This is easier than a previously used 
method using synchronous averaging to remove the discrete harmonics since it does not require angular 
resampling of the signal. All information about the harmonics can be removed even if they are slightly 
smeared because of minute speed variations. 

The second method applies an exponential shortpass lifter to the cepstrum, to remove not only harmonics 
but other disruptive influences such as noise as well. A further advantage of this method is that it does not 
require exact knowledge of the disturbing harmonic frequencies (which could be multiple). This window 
was also applied to the result of the first method, and gave even better removal of the harmonics. 

In fact some harmonics were not completely removed by any of the three procedures (and the strongest 
one was not removed by the LMS method either), but it seems that there is scope to reduce the time 
constant of the exponential window even further, to make it definitely shorter than the period of the 
harmonics to be suppressed, and this will be investigated. 

Even so, the method appears very promising as a simple pre-cursor to OMA, and gave good mode shapes 
compared with the benchmark method using synchronous averaging. 
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