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Abstract 
This paper introduces a novel ranking method for the selection of the interior modes to be retained in the 

Craig-Bampton reduction, suitable for vibrating systems under single- or multi- harmonic excitation. The 

goal is to keep model dimensions to a minimum while preserving system response accuracy. The ranking 

of the interior modes is carried out using a novel energy-based coefficient, which takes into account the 

frequency and the spatial distribution of the force exciting the system. The aforementioned coefficients 

provide a measure of the contribution of each interior mode to the forced dynamics of the full-order 

system in term of kinetic and potential elastic energy. The technique is general and applicable to any linear 

time-invariant and undamped vibrating system. The method validation is proposed by applying it to the 

model reduction of ultrasonic horn, usually employed in ultrasonic welding and modeled through solid 

finite elements. The numerical test shows that the method proposed here outperforms the other state-of-

the-art techniques, by leading to a model with significantly smaller dimensions. 

1 Introduction 

Accurate finite element modeling of complex vibrating systems, such as mechanisms or structures, 

imposes the use of fine meshes leading to large dimensional models. Unfortunately, such large 

dimensional models are difficult to be handle and often numerically ill conditioned because of the 

presence of large condition numbers (i.e. the ratio between the maximum and the minimum singular 

values of a matrix) and hence can be unsuitable for simulations [1], controller synthesis [2], model based 

design [3] and optimization techniques [4-6]. In order to overcome such a problem and to trade off 

between the need for accurate and small-size dynamic models several dynamic model reduction 

techniques have been developed in the last decades. In the structural dynamics and in the multibody 

system dynamics fields, the most implemented reduction technique is probably the Craig–Bampton (CB) 

method [7] in consequence of its straightforwardness.  

The effectiveness of the CB method is strictly related to the proper selection of the interior modes to be 

retained in reduced models, which is the actual crux in the practical implementation of the method. 

Typically, as a widespread rule of thumb, model reduction relies on retaining the interior modes whose 

eigenfrequencies are not greater than about twice the ones of the modes of the complete systems that need 

to be modeled [8]. Such a sorting rule based on eigenfrequency (SBE), however, is not based on any 

rigorous principle and neglects the characteristic of the external excitation influencing system dynamics. 

As a consequence it may lead to rough approximations of the full order models by discarding high 

frequency interior modes whose participation in the system dynamics is relevant, or may lead to large 

dimensional reduced models by accounting for low frequency modes whose contribution is negligible. To 

overcome this limitation, the literature on structural dynamics proposes some methods to rank and select 

the interior modes to be retained, by evaluating how these modes interact with the system interface 

through some coupling terms. For instance, the “Component Mode Synthesis χ” (CMS χ) [9], the Effective 

Interface Mass (EIM) [10, 11] and the “Optimal Modal Reduction” (OMR) [12] should be mentioned 
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among the most relevant and recent techniques. While these approaches provide useful general purpose 

techniques, they can lead to approximate and less effective results in some particular cases. Indeed, they 

neglect any specification on the frequency at which the reduced model should be accurate, as well as any 

information about the external force in terms of both spatial distribution and frequency, even if it is 

known. This is a realistic need in those systems which are designed to operate excited at a specific 

frequency, for instance in a neighborhood of resonance, with a prescribed vibrational mode and in the 

presence of a known force. Typical examples are resonant systems in the presence of open loop excitation, 

which are often employed in industrial systems for generating vibrations, such as ultrasonic resonators, 

vibratory feeders, sieves. For such systems, the availability of reduced model is an essential need for 

employing model-based design or optimization techniques, such as those based on inverse structural 

modification (see e.g. [5], [6]), or for performing numerical simulations.  

In order to address such an issue this paper introduces a novel ranking method for the selection of CB 

interior modes suitable for vibrating systems under both single- or multi- harmonic excitation. The goal is 

to keep model dimensions to a minimum while representing accurately the system forced response. The 

interior modes are ranked by using scalar coefficients representing the contribution of each interior mode 

to the kinetic and potential elastic energy of the system, in the presence of the external force exciting the 

master dofs of the system. The aforementioned coefficients provide therefore a measure of the importance 

of each interior mode to the dynamics of the full-order system and account for both the frequency and the 

spatial distribution of the force. The interior modes with the highest coefficient values are those to be 

retained in reduced models.  

The technique proposed in this paper differs from the one presented by the same Authors in [13], which 

has been developed for those applications where the frequencies at which the model should be accurate are 

known, while the spatial distribution of the external force vector in unknown.  

The method validation is obtained by applying it to the model reduction of an ultrasonic horn, of the kind 

of those usually employed in ultrasonic welding and modeled through solid finite elements. Comparison 

with the aforementioned state-of-the-art benchmark methods is also proposed to corroborate the theory 

developed. 

2 Reduction strategy  

2.1 System energy in physical coordinates 

Let us consider a n-dimensional linear time-invariant and undamped vibrating system. The total system 

energy is given by the sum of elastic and kinetic energy contributions: 

 (((( )))) (((( )))) (((( )))) (((( )))) (((( ))))T T1 1
E

2 2
x x x xt t t t t= += += += +K M� �  (1) 

In Eq.(1), ,
n n××××∈ℜ∈ℜ∈ℜ∈ℜK M are respectively the stiffness and mass matrices, while x n∈ℜ∈ℜ∈ℜ∈ℜ  is the displacement 

vector expressed in physical coordinates.  

Let f  be the vector of the periodic external nodal forces, which is represented as the sum of a finite 

numbers fn  of harmonic components fk : 

 (((( )))) (((( )))) (((( ))))
0 0

cos
f fn n

k k k k

k k

t t tω αff f
= == == == =

= = += = += = += = +∑ ∑∑ ∑∑ ∑∑ ∑  (2) 

where kf  is the vector of amplitudes (i.e. the spatial distribution of the force), kω  is the angular frequency 

and kα  is the relative phase of each harmonic component. By assuming fn < ∞< ∞< ∞< ∞ , Eq. (2) allows 

2578 PROCEEDINGS OF ISMA2014 INCLUDING USD2014



representing exactly any periodic force whose Fourier spectrum is finite and also approximating periodic 

forces with a finite set of dominant harmonic components. 

By applying the superposition principle, the system steady-state response x to such a force is obtained as 

the sum of the responses xk to each single-harmonic component: 

 (((( )))) (((( )))) (((( ))))
0 0

cosx x
f fn n

k k k k

k k

t t tω β
= == == == =

= = += = += = += = +∑ ∑∑ ∑∑ ∑∑ ∑ x  (3) 

In Eq. (3) kx  is the amplitude vector and kβ  is the phase of the k-th harmonic component.  

On the basis of Eq.(3), the system total energy in Eq. (1) can be written by separating the contributions at 

each frequency: 
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The mean value of the energy on a signal period τ  is the following: 

 
T 2
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τ

ω
τ ====

    = = += = += = += = +    ∑∑∑∑∫∫∫∫ x K M x  (5) 

This time-independent scalar term provides a meaningful and concise measure of the system elastic and 

kinetic energy. Hence it can be effectively considered in the development of a ranking method. 

2.2 Energy contributions of the interior modes 

The contribution of the motion of the external and the internal dofs to the system overall energy is 

evaluated by writing E� in a CB basis, i.e. by partitioning the physical coordinates x  into m master dofs 

and s slave dofs (m+s=n),  

 (((( )))) (((( )))) (((( )))){{{{ }}}}
T

T T
e it t tx x x====  (6) 

and by transforming it into an hybrid coordinate set y : 

 (((( ))))
(((( ))))
(((( ))))

(((( ))))m e t
t t

t

0
H

B

I

Φ
y

η

x
x

             
= == == == =        

             
 (7) 

The subscripts e and i denote the entries x  (and henceforth also of a generic vector or matrix), that are 

related respectively to the master (the external) and to the slave (the internal) dofs. This leads to the 

following partitioning of matrices M and K: 
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ee ei ee ei

ie ii ie ii

M M K K
M K
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= == == == =            
            

 (8) 

The master dof coordinates xe  are entirely retained in y  and are usually chosen as those lying at the 

interfaces that are to be coupled to another system and as those where external forces are applied. In 

contrast, the slave dof coordinates xi  are replaced with the so called interior modal coordinates η
s∈ℜ∈ℜ∈ℜ∈ℜ  

(often referred to as the fixed interface modal coordinates). In Eq. (7), 
n n××××∈ℜ∈ℜ∈ℜ∈ℜH  is the non-singular CB 

transformation matrix, 
s m××××∈ℜ∈ℜ∈ℜ∈ℜB  is a Guyan’s reduction basis and 

s s××××∈ℜ∈ℜ∈ℜ∈ℜΦ  is the eigenvector matrix 

obtained by solving the eigenvalue problem of the system with all the external dofs constrained (which 

will henceforth be referred to as the constrained subsystem). The columns of Φ  are the interior normal 

modes,   ( 1,…,s)=ς ςφ , associated to the interior modal coordinates η . Finally, p
p p

I
××××∈ ℜ∈ ℜ∈ ℜ∈ ℜ  (for any 

arbitrary scalar p) and	 
m s××××∈ℜ∈ℜ∈ℜ∈ℜ0  represent respectively the identity and the null matrices. 

The mean energy in CB coordinates is therefore: 
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1

1
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4
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    ++++    ∑∑∑∑ H K M H  (9) 

where the forced steady state response in hybrid coordinates is defined as,  
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with ,e kx  and kη  being the components of amplitude vector {{{{ }}}}
T

TT
,k e k k

y x η==== . 

Matrices 
T CB T CB

,
n n××××∈ℜ∈ℜ∈ℜ∈ℜ−−−−= == == == =H KH K H MH M  are the stiffness and the mass matrices in the CB base. If, 

without any lack of generality, the modal matrix Φ  is normalized with respect to the mass matrix of the 

internal node subsystem, iiM , the following expressions are obtained for such matrices: 

 (((( ))))

(((( ))))
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T T T T

C
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ee ei
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ei ii
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0 Ω
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 (11) 

where diagonal matrix 
s s××××∈ℜ∈ℜ∈ℜ∈ℜΩ collects the squared angular eigenfrequencies of the constrained 

subsystem. 

In order to provide a clearer expression of the equations, the submatrices of matrices in Eq.(11) will be 

hereafter referred to with the following compact notation: 

 

CB CBCB
CB CB

T C
s

B

ee eiee

ie

M M ΦK 0
K M

Φ M0 Ω I

        
= == == == =         

             
 (12) 

By making explicit the entries of y  in Eq.(9) and by assuming the notation introduced in Eq.(12), the 

contribution of ,e kx and kη  can be separated in the mean energy: 

 (((( ))))s
T CB 2 CB T 2 2 T CB

1

1
E= 2

4

fn

e k ee k ee e k k k k k e k ei k

k

ω ω ωx K M x η Ω η ΦηI x M, , ,
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            + + + ++ + + ++ + + ++ + + +            ∑∑∑∑  (13) 
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where ,e kx and kη  are the amplitudes in hybrid coordinates of the forced responses to each harmonic 

component: 

 
1

CB 2 CB T,e k

k k

k

ω
x

K M H f
η

−−−−    
    = −= −= −= −         

    
 (14) 

The first term in Eq. (13) is the energy contribution of the m-dimensional external dof subsystem 

(represented through CB
eeK  and CB

eeM ), regardless of the motion of the interior modes. Since it does not 

depend on η , such a term can be discarded in the evaluation of the energy contribution of each interior 

mode. In contrast, the second and the third terms in Eq. (13) depend on the interior mode motion. Indeed, 

they represent respectively the kinetic and the elastic energy contribution of the s-dimensional internal dof 

subsystem, and the energy due to the inertial coupling between ex  and η . Their summation over the nf 

harmonic components is referred to as Es . The development of such a term allows separating the 

contribution of each interior mode (indexed through 1, ,sς ==== � ) as follows: 

 (((( ))))(((( ))))2 T CB 2 2 2

1 1

1
E = 2 η η

4
, , ,

fns

s k e k ei k k k

k

ς ς ς
ς

ςω ω ωx φM
= == == == =

    
+ ++ ++ ++ +    

    
    

∑ ∑∑ ∑∑ ∑∑ ∑  (15) 

Equation (15) highlights that the contribution of the 
thς  interior mode in the system mean energy is 

evaluated through the scalar coefficients ςΓ : 

 (((( ))))2 T CB 2 2 2

1

2 η η 1
fn

k e k ei k k k

k

sς ς ςς ςΓ ω ω ω ςφx M �, , , , ,
====

= + + == + + == + + == + + =∑∑∑∑  (16) 

The larger the value of ςΓ , the more the 
thς  interior mode contributes to the system response in the 

presence of the periodic force (((( ))))f t  defined through Eq. (2). The interior modes can be therefore ranked 

with descending values of ςΓ  and progressively included in the reduced model. 

3 Method application 

The theory proposed is applied to a sample resonant system: the ultrasonic sonotrode depicted in Figure 1, 

which recalls those employed in ultrasonic welding. This kind of vibrating systems is typically excited by 

open loop forces whose frequency (usually ranging from 20 to 30 kHz) and distribution are known [14]. 

The studied bar horn is assumed to be made of Aluminium alloy Al7075 (mass density 2.81g/cm
3
, 

Young’s modulus 71.7 GPa, Poisson’s ratio 0.33, yield stress 450 MPa ).  

A finite element model of the studied sonotrode has been obtained through commercial FE code. The 

mesh adopted is shown in Figure 1. The use of solid elements with  eight nodes and three dofs at each 

node leads to 1458 degrees. Clearly, handling such large dimensional mass and stiffness matrices is 

cumbersome, because of their large condition number which causes ill conditioning in many numerical 

algorithms [6]. Model reduction is therefore of the utmost importance whenever the models of this kind of 

devices are employed in simulation, in the model-based design or optimization through structural 

modification techniques. 

In order to apply the CB reduction method, 15 coordinates have been chosen as the master dofs to be 

retained in the model (whose correspondent five nodes are represented in Figure 1 through red points). 

The remaining 1443 coordinates are the slave dofs. Indeed, the master dofs have been chose as those lying 

at the physical interface that allows coupling the sonotrode with the so-called booster. The master dofs are 
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also those where the longitudinal excitation force is applied, since the force is transmitted through the 

booster, which is in turn excited by the piezoelectric actuator. 

 

Figure 1: Finite element model of the ultrasonic sonotrode investigated. 

The force applied to the master nodes is usually a single harmonic force, whose amplitude in longitudinal 

direction is uniform in all the nodes (i.e. f  is parallel to vector { }
T

1 1… ) and in other direction is 

zero. The force frequency ω  usually approaches the natural eigenfrequency of the sonotrode first 

longitudinal mode, which is designed to have uniform displacements along the output face (i.e. the one in 

contact with the plastic film) to ensure regular welding. 

The reduced order model should provide accurate description of the system forced response to the 

aforementioned harmonic force. Two parameters are adopted to evaluate the correctness of the 

approximation provided, and hence the method capability to select the most important modes to be 

retained. The first one is the modal assurance criterion (MAC) between the vectors of the forced response 

computed at a certain time instant ( )t in all the nodes by the full-order mode ( x ) and by the reduced-

order one ( x� ):  

 
( )

( )( )

T

T T

( ) ( )
MAC=

( ) ( ) ( ) ( )

x x

x x x x

t t

t t t t

2

�

� �

 (17) 

In the case of the reduced models, the n-dimensional vector x�  is computed by transforming the reduced 

model response through a reduced order (rectangular) CB transformation matrix 
( )n r m× +

∈ℜH� , i.e. by 

mapping the reduced set of hybrid coordinates into an approximated set of physical coordinates: 

 
( )

( )
( )

x
η

xe t
t

t

 
=  

 
H
�

��  (18) 

where η�  is the r-dimensional reduced set of selected interior modes (r < s). 

The forced response of the reduced order models can be computed analytically as follows: 
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where for compactness of representation matrix A has been defined has follows: 

 ( )
T1

2 CB

rk eiω
−

 = − A Ω I M Φ� �  (20) 

In Eq. (19) 
s r×∈ℜΦ� and 

r r×∈ℜΩ� are respectively the eigenvector and the eigenvalue matrices of the 

interior modes retained in the reduced model.  

In practice, the MAC is the squared cosine between such vectors and should hence approach 1 to ensure 

identical spatial distributions of the forced response (i.e. parallel vectors). Since the MAC does not 

provide any information on the amplitude of the system response, and therefore of the receptances, the 

relative gain error at the frequency of interest, ( )ε ω , is introduced and defined as follows: 

 ( )
( ) ( )

( )

x -x
100

x

j j

j

= ⋅
�ω ω

ε ω
ω

  (21) 

( )gε ω  is the relative percentage error between the amplitude of the forced response computed by the full-

order model and by the reduced-order ones, evaluated at the frequency of interest for one arbitrary master 

dof (denoted through index j). Clearly, since the same force is considered for both the models, ( )gε ω  can 

be seen also as the relative percentage error of the receptances. 

 

 
Figure 2: MAC (left) and εg (right) vs number of interior modes 

 

The results obtained by the proposed method are also compared with those provided by other methods 

available in literature and quoted in the Introduction. The results are summarized in Figure 2 where both 
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the aforementioned performance evaluation parameters are plotted as functions of the dimensions of the 

reduced order models. Such models with increasing dimensions, have been synthesized by adding the 

internal modes in accordance with the ranking provided by the methods investigated. The interior modes 

retained in accordance to the proposed method, i.e. the ones with the highest coefficients ςΓ , are listed in 

Table 1 with ascending value of ςΓ . It is worth noticing that the most important modes are not the lowest 

frequency ones, as shown in the second column of Table 1 (within bracket it is shown the number of each 

mode by sorting the modes with ascending frequency).  

The capability of the proposed approach to assure accuracy through a minimum set of suitably selected 

interior modes is clearly proved by the results obtained. Indeed, the convergence of the proposed method 

to the ideal results (i.e. MAC=1 and ( )gε ω =0) outperforms the ones of the other four methods. For 

instance, supposing that a reasonable accuracy threshold of 0.999 for MAC and of 0.5% for εg are 

prescribed, just a 30-dimensional model (with 15 master dofs and just 15 out of the 1443 interior modes) 

is adequate if the retained modes are selected through the novel method proposed here. Conversely, 

significantly higher model dimensions are needed to achieve the same accuracy by the other ranking 

methods available in literature, as shown in Table 2. 

 

ςΓ  
Frequency

[kHz]
    

7.669·10
6
 0.682      (1) 

4.144·10
5
 6.621      (7) 

3.823·10
5
 25.837    (25) 

1.641·10
5
 21.293    (21) 

3.666·10
4
 35.018    (36) 

2.996·10
4
 12.425    (14) 

7.296·10
3
 27.700    (26) 

1.958·10
3
 48.128    (50) 

1.544·10
3
 10.756    (10) 

6.996·10
2
 52.538    (53) 

5.266·10
2
 51.665    (51) 

3.353·10
2
 61.366    (64) 

2.085·10
2
 28.546    (28) 

1.492·10
2
 82.869  (119) 

9.574·10 74.798    (86) 

Table 1: Interior modes ranking in accordance with the proposed method 

 

Method  Number of interior modes 

CMS χ 67 

EIM 61 

OMR >250 

Proposed method 15 

SBE 86 

Table 2: Number of interior modes necessary to ensure MAC ≥ 0.999 and εg ≤ 0.5 %. 
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4 Conclusions 

This paper proposes a new method for performing effective model reduction through the Craig-Bampton 

method, suitable for synthesizing accurate reduced-order models providing reliable description of the 

forced dynamics of a system in the presence of harmonic forces whose frequency and spatial distribution 

are known. The technique provides an effective ranking of the interior modes on the basis of some scalar 

coefficients, that allow identifying the most relevant interior modes. Indeed, these analytical coefficients 

provide a measure of the portion of the system kinetic and potential energy related to each interior mode, 

and hence to the contribution that each interior mode gives to the forced response. 

The theory, which is general, is here applied to an ultrasonic horn. The method effectiveness is 

corroborated through a comparison between its outcome and the ones provided by other ranking 

techniques available in literature. It is proved that the proposed method achieves desired levels of accuracy 

with a minimal set of interior modes, which is considerable smaller than the ones of the other benchmark 

methods. 
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