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Abstract
The dynamic analysis of structures with localized nonlinearities, such as friction contacts is a computa-
tionally demanding task because of the large size of the models involved. Therefore, high-resolution finite 
element models are often reduced using a variety of specialized techniques which exploit spatial coherences 
in the dynamics. In this paper the spatial coherences are represented with a set of modes coming from the Ja-
cobian of partial derivatives of contact forces with respect to displacements representing specifically chosen 
boundary conditions at the contacts over one cycle of vibration. The technique is effective in the reduction 
of models studied using multiple harmonics with a coupled static solution.
Furthermore, a novel method to evaluate the quality of the reduced-order solution not involving the compar-
ison with the full-order solution is introduced and validated.

1 Introduction

The dynamics of structures constrained through frictional contacts can be very complex due to the nonlin-
ear nature of dry friction. Often, the response is assumed to be periodic so that harmonic balance methods 
(HBM) can be used in the frequency domain. Methods to compute the steady-state response can use HBM 
together with alternating frequency-time (AFT) approaches for systems with friction contacts [1-3]. In ad-
dition, linear DoFs (i.e., ones not on contact surfaces) may be reduced by techniques such as Craig-Bampton 
component mode synthesis (CB-CMS) [4, 5]. However, the remaining set of nonlinear equations (involving 
nonlinear/contact DoFs) must be solved in full and that requires the highest computational effort. Hence, 
next generation of model reduction techniques capable of reducing the number of nonlinear and linear equa-
tions are an important current need [6, 7]. This work addresses this challenge and presents a novel method to 
reduce model sizes for computing forced responses of structures with dry-friction contacts simulated through 
piece-wise linear contact models.
The proposed Jacobian-based reduction technique uses a set of linear systems with specifically chosen 
boundary conditions at the contact over one cycle of vibration. These boundary conditions are applied to 
compute analytically a Jacobian of partial derivatives of contact forces with respect to displacements. The 
Jacobian is used together with the linear stiffness and the mass matrices of the system to obtain the dominant 
eigenspace for the frequency range of interest. A set of basis vectors in this space forms the reduction basis 
to construct reduced order models (ROMs).
This technique, here termed Jacobian Projection (JP), involves the solution of linear systems and simple 
vector operations. Still it is capable of taking into account the higher-harmonic generation and the static-
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Figure 1: Left: Shrouded blade FE model and global coordinate system Right: Close up on the right and left 
contact patches and local coordinate systems

harmonic influence that friction contacts introduce. These features enable model reduction for systems stud-
ied using multiple harmonics with a coupled static solution. Simulated responses of full models and ROMs 
are studied under different excitation levels, giving rise to different conditions of stick, slip and separation at 
the contact. The reduction technique is shown to be effective and to achieve relevant time savings without 
significant loss of precision.
Finally a method to evaluate the RO solution accuracy is proposed. Most reduction techniques [7] rely on 
the comparison between reduced and full order (RO and FO) solutions in order to prove their effectiveness. 
The comparison with the FO solution is essential at validation stage, however it should not be relied upon 
for further verifications. In fact reduction techniques are designed for systems whose FO solutions are not 
attainable in a feasible amount of time. Usually users rely upon cumbersome convergence studies, where 
the size of the reduction basis is progressively increased until the resulting solutions cease to change signif-
icantly. These authors propose a self-contained error metric, capable of quantifying the effectiveness of the 
reduction basis independently from comparisons with the FO or with other RO solutions. As a result the user 
will improve the basis and rerun the calculation only if strictly necessary.

2 Methodology

The purpose of this section is to list and describe the state-of-the-art techniques and methods used to obtain 
the FO frequency response function of a frictionally-constrained structure. These same techniques will 
be applied, with some modifications, t o t he r educed-order m odel o btained u sing t he J acobian Projection 
technique described in Sect. 3.

2.1 Background equations

The dynamic equations describing the vibration of a frictionally-constrained elastic structure may be repre-
sented in the time domain as:

Mq̈ + C ̇q + Kq = fE + fC(q) (1)

where, M and K are the free mass and stiffness matrices of the structure with no contact conditions enforced. 
i.e. the contact nodes are free and not constrained in any manner when developing these matrices. C is the 
linear damping matrix of the free system. fE is the vector of excitation forces applied to the model. The
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contact conditions are enforced through the vector of contact forces fC which arise due to Coulomb friction 
non-linearities and are determined as a function of the displacements using a suitable contact model (see 
Sect. 2.4).

2.2 Preliminary CB-CMS reduction

In this study, the Craig-Bampton CMS method (CB-CMS) [4, 5] is chosen to perform a preliminary reduction 
to facilitate analysis and model development. The CB-CMS method involves retaining a certain number of 
DoFs corresponding to specifically chosen master nodes of the full m odel, while reducing the rest of the 
DoFs into a set of orthogonal slave modes. The master nodes selected for this analysis include the ones on 
the contact surfaces, in addition to a set of nodes where the structure is forced externally and the response is 
calculated. After CB-CMS analysis, the mass and stiffness matrices M and K of the free-system (see Eqn.
1) are extracted. For this study, it is assumed that C is proportional to K .
It is worthwhile noting that the CB-CMS is not necessary to implement the JP method described in this 
manuscript. The reduction algorithm described in Sect. 3 can be applied directly to the full-order FE model. 
The decision on whether to implement or by-pass CMS is related to the time necessary to perform modal 
analysis of the full FE models. In some cases it is convenient to perform CMS and then apply the JP technique 
on the CMS-reduced model, in other cases it is faster to perform JP directly on the full order model.

2.3 Harmonic balance method

For cases of periodic excitations of frequency ω which lead to periodic responses, the steady state solution 
of Eqn. (1) can be obtained using a harmonic balance method [1, 2]. In the harmonic balance method, the 
steady state displacements and non-linear forces are assumed to be periodic. Hence, they are expressed as 
a sum of harmonic terms. As the harmonic functions are linearly independent, equating their coefficients 
yields a set of algebraic balance equations in the frequency domain for harmonic indexes h = 0 to h = H at 
a given frequency ω as follows:

Dhqh = f
h
E + f

h
C 0 ≤ h ≤ H (2)

where
Dh = −(hω)2M + ihωC + K (3)

Note that the static and the dynamic governing equations in (2) are coupled by the Fourier coefficients of 
the nonlinear contact forces. In fact, apart for limit linear cases (full stick) where fh

C = f (qh) ∀h, the 
non-linearity induced by friction introduces cross-harmonic coupling, i.e. fh

C = f (q0, .., qh, ..qH). 
Contact forces fC are computed as a function of input displacements at the contact by means of a contact 
model, described in Sect. 2.4. The contact model can be applied only in the time domain, therefore to 
compute the Fourier coefficients of the non-linear forces f C

h 
from the Fourier coefficients of displacements 

qh an alternate frequency time (AFT) domain method is used [1]. As shown in Fig. 2, an inverse fast Fourier 
transform (IFFT) is used to compute q in the time domain. Next, the periodic contact forces fC are computed 
in the time domain. Finally, a fast Fourier transform (FFT) is used to compute the Fourier coefficients of the 
nonlinear forces. The core step of the AFT method is the second step, where the contact forces are calculated 
from the displacements of the nonlinear DOFs.

2.4 Contact model

The nonlinear forces fC depend on the relative displacements at the contact. A local reference system can 
be defined at each c ontact. Axes u1 and u2 define the local contact plane, while axis v defines the normal 
direction (as shown in Fig.1). Thus, for each contact node a rotation matrix R can be used to project the 
absolute displacements of the nth contact node onto the local reference system.
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Figure 2: Flow chart of the Alternating Frequency Time (AFT) method

The contact conditions are enforced at the contacting surfaces by means of contact elements presented in
[8] and later used by [3, 7, 9]. Each contact element is characterized by a normal stiffness kv and by two
tangential stiffness ku1 and ku2 along directions 1 and 2, while the coefficient of friction is µ. This contact
element can connect, depending on the model and on the application,

(a) a node belonging to the contact patch to ground;

(b) two overlapping nodes, each belonging to one of two mating surfaces (i.e. node pair).

In the simple example analyzed in this paper (i.e. a cantilever blade) the two contact patches are connected 
to ground (case (a)). The methodology described in Sect. 3 can be adapted easily to case (b). In this second 
case it is convenient, as was done in [6, 7], to express the displacements of the contact DOFs in relative 
coordinates.

2.5 Iterative algorithm

Solution of the system in Eqn. (2) can be computed using an iterative scheme (e.g. Newton-Raphson, Dogleg 
Reflective, L evenberg-Marquardt). These iterative procedures require the system in (2) to be reformulated 
as follows:

rh = Dhqh − f
h
E − f

h
C 0 ≤ h ≤ H (4)

where rh is the residual of the systems of equations. The above-mentioned iterative schemes generate ap-
proximate solutions, converging towards the roots of the system. As an example, considering the Newton-
Raphson Method, the approximate solution at the i-th step is estimated with the following iterative relation-
ship:

q|i = q|i−1 − J−1|i−1 · r|i−1 (5)

where:

• q|i =
[
q0, ..,qh, ...,qH

]T|i is the response vector at the i-th iteration;

• J−1|i is the Jacobian matrix at iteration i. The Jacobian matrix can be defined as:

J = D− K̂ (6)
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with

D =


D0 0 ... 0
0 D1 ... 0

. . .
0 0 ... DH

 = −ω2MJ + iωCJ + KJ

= −ω2


0 0 ... 0
0 M ... 0

. . .
0 0 ... H2M

+ iω


0 0 ... 0
0 C ... 0

. . .
0 0 ... HC

+


K 0 ... 0
0 K ... 0

. . .
0 0 ... K


(7)

K̂ =


K̂0,0 K̂0,1 ... K̂0,H

K̂1,0 K̂1,1 ... K̂1,H

. . .
K̂H,0 K̂H,1 ... K̂H,H

 K̂h,j =
∂fC

h

∂q
(8)

;

• r|i =
[
r0, .., rh, ..., rH

]T|i is the vector of residuals at the i-th iteration;

The equilibrium is satisfied if r = 0. It should be noted that iterative solvers allow only for purely real
vectors, therefore the size of the system increases from NDOF · (H + 1) to NDOF · 2 ·H + 1 since complex
force and displacement vectors have to be separated into their real and imaginary components and matrices
D and K̂ are re-organized accordingly.
Convergence rates may be greatly improved by adding the analytical Jacobian formulation as an input to the
solver. This requires the contact model to output the derivatives of the Fourier coefficients of the contact
forces with respect to the Fourier coefficients of the relative displacements as shown in [10].
The Jacobian can be used to express the equilibrium in its linearized form. If r ≈ 0, then the equilibrium
can be rewritten, in its linearized version, as:

Jq = fE (9)

where:
fE =

[
fE

0
, fE

1
, ..., fE

H
]

(10)

In other words the vector of contact forces fC =
[
fC

0
, ..., fC

H
]

has been substituted with the product:

fC = K̂q (11)

Matrix K̂ can be considered as a cross-harmonic stiffness matrix since each block-entry K̂ h,k quantifies the 
contribution that the k-th harmonic component of displacements has on the h-th harmonic component of the 
contact forces. The structure of the matrix defines the degree of non-linearity introduced by f riction. In a 
perfectly linear case such as full stick matrix K̂ is block-diagonal and no cross-harmonic coupling occurs. 
If, on the other hand, some slipping occurs, the off-diagonal blocks of K̂ will not be empty anymore and 
cross-harmonic coupling will occur.
Section 3.2 will show that the JP reduction technique is capable of taking into account friction-induced cross-
harmonic coupling by exploiting the structure of the Jacobian matrix under different contact conditions.

2.6 Coordinate reduction

The nonlinearity due to the contact is localized because it involves only a small portion of the structure (i.e. 
a subset of the total number of DOFs). In this case the governing equations can be conveniently re-written
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as: [
DN,N

h DN,L
h

DL,N
h DL,L

h

] [
qN

h

qL
h

]
=

[
fE,N

h

fE,L
h

]
+

[
fC,N

h

0

]
(12)

where qh
N is the vector of ’non-linear’ co-ordinates which contains the displacements of the contact nodes.

The rest of the coordinates form the vector of ’linear’ co-ordinates qh
L. This partition into non-linear and

linear DoFs has been used before in [11]. It leverages the fact that the linear DoFs do not directly experience
the non-linear contact forces, therefore the linear DoFs are completely determined by the non-linear DoFs
by the relationship:

qL
h =

(
DL,L

h
)−1 (

DL,N
hqN

h + fE,L
h
)

(13)

Using Eqns. (12) and (13) one might describe the dynamics of the system only in terms of the non-linear
DoFs:

HhqN
h = −DN,L

h
(
DL,L

h
)−1

fE,L
h

+ fE,N
h

+ fC,N
h

(14)

with
Hh := DN,N

h −DN,L
h
(
DL,L

h
)−1

DL,N
h (15)

is particularly beneficial as the number of nonlinear equations i t involves is proportional to the number of 
contact nodes (or contact pairs, depending on the application).

3 Model order reduction

In state-of-the-art methods described in the Introduction, the size of nonlinear systems with friction contacts 
is proportional to the number of contact pairs on the contact surfaces. This issue is particularly relevant in 
cases where a refined mesh i s necessary to model accurately the f riction contact behavior or in structures 
where the multiple contact surfaces are present. In this section, a novel reduction technique is proposed to 
further reduce the size of Eqn. (2) and obtain nonlinear ROMs, whose size does not depend on the number 
of contact pairs used to model the intermittent contact.

3.1 Reduction strategy

The HBM is used to generate the frequency response of the baseline model. The objective is to obtain a 
reduction basis Φh ∀h ∈ [0, H] for the reduction of the baseline model. The Jacobian Projection procedure 
will be applied to obtain this reduction basis, the details of which are explained in Sect. 3.2. Depending on 
whether, all the DoFs of the reduction basis are employed for reduction or only the non-linear DoFs, different 
types of ROMs are obtained [7].

3.1.1 Full DoF reduction

It is possible to reduce all the DoFs of qh to a set of reduced co-ordinates ph provided that it is possible to 
build a reduction basis Φh such that :

qh ≈ Φhph ∀h ∈ [0−H] (16)

Applying the reduction in Eqn. (16) to Eqn. (2):

DROM
hph = gE

h + gC
h ∀h ∈ [0−H] (17)

where
DROM

h :=
(
Φh
)T

DhΦh ∀h ∈ [0−H] (18)
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gE
h :=

(
Φh
)T

fE
h ∀h ∈ [0−H] (19)

gC
h :=

(
Φh
)T

fC
h ∀h ∈ [0−H] (20)

This reduction is henceforth referred to as the full DoF reduction abbreviated as FR.

3.1.2 Non-linear DoF reduction

The reduction basis may also be split into its linear and nonlinear DoFs:

Φh =

[
ΦN

h

ΦL
h

]
∀h ∈ [0−H] (21)

Hence the reduction may be applied only to the non-linear DoFs:

qN
h ≈ ΦN

hsN
h ∀h ∈ [0−H] (22)

Equation (22) may be substituted into Eqn. (14) to yield the reduced equations:

HROM
hsh = lE

h
+ lC

h ∀h ∈ [0−H] (23)

where
HROM

h :=
(
ΦN

h
)T

HhΦN
h ∀h ∈ [0−H] (24)

lE
h

:=
(
ΦN

h
)T
(
−DN,L

h
(
DL,L

h
)−1

fE,L
h

+ fE,N
h
)

∀h ∈ [0−H] (25)

lC
h

:=
(
ΦN

h
)T

fC
h ∀h ∈ [0−H] (26)

This is referred to here as the non-linear DoF reduction and abbreviated as NLR. When non-linear DoFs 
are captured by the reduction basis accurately, the NLR reduction is always accurate while the FR reduction 
might not be accurate. This is because the FR reduction reduces the linear DoFs as well as the non-linear 
DoFs. In other words, the approximation made in Eqn. (16) is a stronger condition than the approximation 
made in Eqn. (22). However, NLR is also comparatively slower than FR per iteration as it involves the 
inversion of the matrix DL,L

h for each investigated harmonic index h ∈ [0 − H]. This comparison does not 
consider the convergence rates of the two procedures and it is possible for NLR to be faster over a range of 
frequencies under certain circumstances. This trade-off is analyzed in detail later.

3.2 Calculation of jacobian projection modes

The key idea of the Jacobian Projection reduction technique is that non-linear friction dynamics can be cap-
tured by a set of intermediate linear systems generated by imposing specifically chosen boundary conditions 
at the contact interfaces. Let us suppose to know the boundary conditions, i.e. matrix K̂ , associated with the 
baseline solution. It is then possible to investigate the autonomous solution associated with Eqn. (9):(

−ω2MJ + iωCJ + KJ + K̂
)

q = 0 (27)

Then a static condensation to express the static DoFs as a function of the dynamic components is operated:

q0 = −
(
K0,0

J + K̂0,0
)−1

(
H∑
h=1

K̂0,hqh

)
(28)
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(
−ω2MJC + iωCJC + KJC

)
q(1−H) = 0 (29)

with

q(1−H) =
[
q1, · · · ,qH

]T
MJC = MJ

(1−H,1−H) CJC = CJ
(1−H,1−H)

KJC
(i,j) = K̂i,j + KJ

i,j − K̂i,0
(
K0,0

J + K̂0,0
)−1

K̂0,j 1 ≤ (i, j) ≤ H

(30)

It is then possible to solve the eigenvalue problem associated to Eqn. (29):

KJCVJC = ΛJCMJCVJC (31)

where ΛJC is the diagonal matrix of eigenvalues and VJC are the eigenvectors. The eigenvectors are
2 ·NDOF ·H long and there are (2 ·NDOF ·H) eigenvalues since the real and imaginary component of forces
and displacements are treated separately. If the system is fully stuck (i.e. linear case) only (NDOF ·H) eigen-
vectors are linearly independent. In other words the eigenvectors and corresponding eigenvalues are equal
in pairs (VJC(:, k) = VJC(:, k + 1)) since the real and imaginary part of forces and displacements undergo
the same transformation. If the system enters slip then VJC(:, k) 6= VJC(:, k + 1).
The two eigenvectors VJC(:, k) and VJC(:, k + 1) whose corresponding eigenvalues fall within the investi-
gated frequency range λk, λk+1 ∈ ΛJC, can be used to represent the solution q as follows:

qh ≈ a1Φ
h(:, 1) + a2Φ

h(:, 2) ∀h ∈ [1−H] (32)

with

Φh = [VJC ((NDOF · (h− 1) : NDOF · h) , k) ,VJC ((NDOF · (h− 1) : NDOF · h) , k + 1)] (33)

while for the static component (h = 0):

q0 ≈
H∑
k=1

(
bk,1Φ

0(:, 2k− 1) + bk,2Φ
0(:, 2k)

)
+ Φ0(:, 2H + 1) (34)

with

Φ0 =

[(
K0,0

J + K̂0,0
)−1

K̂0,1Φ1(:, 1), · · · ,
(
K0,0

J + K̂0,0
)−1

K̂0,HΦH(:, 2),
(
K0,0

J + K̂0,0
)−1

fE
0
]
(35) 

It was verified, under different excitation l evels, and with an increasing number of retained harmonics H, 
that the reduction basis Φh ∀h ∈ [0 − H] coming from the boundary conditions of the baseline solution is 
capable of representing the baseline solution with an error lower than 0.1%. Moreover the method intrin-
sically captures the friction-induced cross-harmonic coupling and the coupling between static and dynamic 
components. However the boundary conditions corresponding to the baseline (FO) solution are usually not 
available. In fact this reduction technique was designed for those systems whose baseline solution is not 
attainable in a feasible amount of time. The following section will therefore present a method to predict 
boundary conditions representative of the contact behavior, not involving the solution of the full order sys-
tem.

3.3 Prediction of the boundary conditions

These boundary conditions are generated by exciting the system along a predefined shape, similarly to [7]. 
Unlike linear systems, frequency and amplitude of the peak of non-linear FRFs depend on the excitation 
level, α. Therefore, friction-damped systems are usually investigated by building ’optimization’ curves. 
These curves plot the frequency and amplitude of the non-linear FRF peak as a function of α. The analysis
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of new systems typically starts from high values of the dimensionless parameter α = |fE
0|/|fE

1|, i.e. close
to the linear full-stick case. For a sufficiently high value of this parameter, termed here αST , the non-linear
system is fully stuck at all times and its response is the same as the corresponding stuck linear system. If
the analysis starts for a value of α sufficiently close to αST it is reasonable to use the stuck mode shape to
produce the boundary conditions.
The tangential and normal forces at the contact interfaces are calculated by considering an artificial modal
displacement p̂ ·ΦST where ΦST is the stuck mode in the frequency range of interest and p̂ is a dimension-
less parameter ranging between p̂min and p̂max.
A practical value of p̂min is the highest value of p̂ which still guarantees a completely stuck system. The
parameter p̂max should instead reflect the expected response of the system. The user can estimate it from a
variety of sources such as conservative linear estimations which depend on material damping (amongst other

factors such as contact stiffness) and forcing level, i.e. p̂max = |
(
D1 + K̂1,1

ST

)−1
fE

1|/|ΦST | where K̂1,1
ST

is the matrix of partial derivatives of contact forces with respect to displacements of the fully stuck system.
The range of values between p̂min and p̂max is sampled (e.g. uniformly) n times to create the vector of
chosen p̂ values. Then, boundary conditions are generated for each chosen value of p̂, i.e. the matrix K̂ is
built and used to generate the JP modes, as described in Eqns. (33) and (35).

Φh =
[
Φh
p̂1 , ...,Φ

h
p̂n

]
h ∈ [0−H] (36)

3.4 Selection of the JP modes

It may be observed that the boundary conditions arising out of two different values of p̂  might be the same. 
Care must be taken to eliminate such duplicate conditions and retain only those values of p̂  which generate 
unique boundary conditions; otherwise the JP basis may be rank deficient. The boundary conditions can 
be generated and checked for uniqueness very fast. Hence, it is computationally easy and inexpensive to 
initially oversample p̂  and then select only those values corresponding to unique boundary conditions. If 
several chosen values of p̂  are too close to each other, the boundary conditions thus generated might be 
unique but still lead to a basis Φh ∀h ∈ [0 − H] which is nearly rank deficient. In other words, even when 
care is taken to exclude non-unique boundary conditions, it is possible to obtain contact states which differ 
only at a few nodes. Such a situation might lead to an ill conditioned Φh ∀h ∈ [0 − H]. Poor conditioning 
often leads to convergence problems and must be avoided whenever possible. In most cases the basis is 
further conditioned by performing a singular value decomposition as follows:

UhSh(Vh)T = Φh ∀h ∈ [0−H] (37)

Φcond
h = Uh

γ ∀h ∈ [0−H] (38)

Instead of eliminating individual vectors in the basis Φh to improve conditioning, vectors are selected from
the left singular vector matrix Uh. These vectors span the same space as Φh, but are ordered according to
the magnitude of their corresponding singular values (in the diagonal matrix Sh). The conditioning of the
matrix refers to the ratio of the maximum singular value in Uh and the minimum singular value retained. As
this ratio (here termed γ) decreases the number of conditioned basis vectors retained also decreases. This
ratio is chosen such that it lies below a user defined threshold to ensure good conditioning. Moreover γ, can
be modulated to include a different number of modes inside each basis, e.g. if γ increases more modes are
included in the conditioned basis thus resulting in RO responses with a higher accuracy. The conditioned JP
reduction basis Φcond may be substituted for Φ in the equations of FR and NLR reductions.
If the value of the α parameter decreases, more nodes enter slip and the stuck modeshape may cease to be
an adequate generating shape. In this case the first harmonic component of the reduced solution previously
obtained at a higher α value can be used as a generating shape:

a1Φ
1(:, 1) + a2Φ

1(:, 2) (39)

A practical example of this strategy will be given in the Results section.
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3.5 Error predictor metric

This section proposes a method to evaluate the RO solution accuracy independently of the comparison with 
the FO solution. In detail, considering a FR and given a reduced system it is possible to compute the vectors:

f
h
C∗ = DhΦhph − f

h
E ∀h ∈ [0−H] (40)

If the reduction leads to no loss of information it holds:

f
h
C∗ = f

h
C = f

h
C−ROM (41)

where f
h
C−ROM is the vector of contact forces produced by the reduced displacement Φipi with i ∈ [0−H]

which satisfies the equilibrium:

(Φh)TDhΦhph − (Φh)T
(
fE

h
+ fC−ROM

h
)

h ∈ [0−H] (42)

Then, the following error metrics can be computed:

∗
e
h

fc = |fC∗
h − fC−ROM

h|/|fC−ROM
h| (43)

This technique proved to be quite useful in warning the user whenever the reduction basis captured the actual
contact conditions in a sub-standard manner. This can happen in mainly two cases:

• the number of vectors retained in the conditioned basis γ is too low;

• the generating shape is inadequate with respect to the excitation level.

∗
e

In these cases the user should try, at first, t o i mprove t he a ccuracy b y i ncluding m ore vectors i nside the 
conditioned basis. If this is not feasible or if the results do not converge to a solution with an acceptable error 
indicator, the user should re-compute the boundary conditions starting from a different generating shape, 
typically using the RO solution with an α parameter slightly lower then the one under investigation.
A similar procedure can be applied to a NLR system, considering only the non-linear DoFs. The error

indicator can be computed for any harmonic index, in this study f

1

c was used. A practical limit to discriminate 
between a good and a sub-standard RO solution is 0.05. Further details will be given in Sect. 4.3.

4 Results

4.1 Baseline model

The Jacobian projection described in Sect. 3.2 is applied to study the vibration of a cantilever shrouded blade 
connected to ground. The material is steel, with Youngs modulus E = 2.0105 MPa, Poisson coefficient 
ν = 0.3 and density ρ = 7.800 kg/m3. The FE model of the structure in shown in Fig. 1, where the 
contact patch is highlighted. The blade was modeled with linear solid elements (a total of 21,650 DOFs). 
The determination of the contact parameters necessary to characterize the friction contact elements used in 
this paper is still an open research issue in the friction damping scientific c ommunity. E xperiments [12] 
and theoretical/computational models [13] have been proposed. Here, we are using the rectangular flat 
punch model of [13]. The resulting values are: coefficient of friction of µ  =  0 .4, nodal tangential contact 
stiffness values of ku1 = 2.0126 · 104N/mm, ku2 = 2.0059 · 104N/mm and a nodal normal contact stiffness 
of kv = 2.34152 · 104N/mm.
In the following analyses, the JP basis is computed starting from mass and stiffness matrices previously 
reduced using CB-CMS. In detail, 50 slave modes (i.e., slave DOFs) are retained in the CB-CMS model. 
These modes are more than enough to accurately compute the response of the structure in the frequency 
range of interest (e.g., natural frequencies, deflection, and mode s hapes). Furthermore, the CB-CMS model 
is used not only to generate the JPMs but also as a reference for the JP results. Thus, the CB-CMS model 
and the JP model are consistent with each other.
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Figure 3: First Harmonic of the forced response for a:α = αST /10 b:α = αST /3000. Static term of the 
forced response fo c:α = αST /10 d:α = αST /3000

4.2 Investigated cases

The physical Dofs retained after the CB-CMS reduction include 18 contact nodes and 9 nodes along the 
blade profile used partly to apply the forcing vectors and partly as output nodes.
A vector of static forces fE0 is applied along the blade profile to simulate the pre-twist load and ensure the 
contact between shrouds and ground. A first harmonic forcing vector f E

1 is applied on the blade profile to 
provide a dynamic excitation.
In this work,the first bending mode of the blade is i nvestigated. The frequency range of interest is [2140 − 
2190] Hz. The forced responses are analyzed for different values excitation levels, i.e. decreasing values 
of α, to study the response of the system at different levels of slip. In detail the present paper investigated 
values of α starting from αST decreasing down to 3 · 10−3·αST . The lower limit of the interval guarantees 
that all points of both interfaces enter slip during a cycle of vibration (i.e. gross slip).
Both the baseline and the reduced models are solved with the HBM with maximum harmonic index H = 1 
and coupled static solution. As previously mentioned a trust region algorithm is used for solving the algebraic 
balance equations. The output quantities of interest are the amplitudes of the forced response (both its static 
and first harmonic component, here termed X0 and X1) at the output node along the x direction (see Fig. 1).

4.3 Results discussion

This section compares the RO forced response with the response of the baseline model. The nonlinear forced 
response for frequencies near the 1st bending mode is shown in Fig. 3 for decreasing values of α. The JPM 
acronym refers to the Jacobian Projection -reduced Model. The JP modes in Φ0 and Φ1 are used to reduce 
the static and the first harmonic component respectively. In the cases shown in Fig. 3 the first stuck mode was 
used as a generating shape for the boundary conditions and the resulting reduction basis were conditioned
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Figure 4: a. Contact points position and ID on the contact surfaces b-c-d. Energy dissipated per contact point
for decreasing values of α

using SVD. Parameters n0 and n1 refer to the size of Φ0 and Φ1 respectively. One may envision several
techniques for the selection of the JP modes to be included in the basis. In this case, as described in Sect.
3.4, n0 and n1 are not user-defined, rather the user selects a value of γ, the ratio between the highest and
lowest singular value of the vectors retained in each basis. In Fig. 3, γ ranges from 102 to 104, ensuring an
increasing accuracy.
To challenge the JPM reduction technique, the same mode is investigated for two very different limit cases.
In detail for α/αST = 1/10 (Fig. 3a and c) only one point is slipping, while for α/αST = 1/3000 (Fig.
3b and d) all points belonging to the contact areas are slipping, i.e. gross-slip. This can be observed in Fig.
4, which shows the energy dissipated by friction at each contact point for different excitation levels. The
dissipated energy was computed according to the formulation in [14]. It can be seen how a relatively low
number of JPMs captures both displacements (see Fig. 3) and dissipated energy (see Fig. 4) with excellent
accuracy.
Figure 5 plots the relative error between FO and RO displacement at the response node against the number

of retained modes in the reduction basis Φ0 and Φ1. This comparison is performed at different excitation
levels. The number of conditioned modes n0 and n1 is generated using, as a criterion, the level of γ, this is
why n0 and n1 are not uniformly spaced in the diagram. It is shown how, for increasing excitation levels,
the γ criterion leads to higher values of retained modes n0 and n1. This is explained by the fact that the
number of spatial correlations (proportional to to the number of significantly different boundary conditions
at the contact) increases, over the same frequency range, for higher excitation levels. However, the number
of spatial correlations is significantly lower than the size of the baseline system, therefore the JP still offers
significant time savings.
Due to variety of factors that may affect CPU time, the efficiency of the method over existing techniques

has been measured in terms of the size of the model. In all the case studies, a considerable size reduction
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Figure 5: a.Static term relative error at resonance as a function of the size of the reduction basis Φ0 b. First
Harmonic term relative error at resonance as a function of the size of the reduction basis Φ1

Figure 6: Actual vs. Predicted error for a. static term b. first harmonic term. c. Energy dissipated per contact
point for the case highlighted in Fig. 6b

was possible compared to the classical CMS-based reduction method. The only time comparison is operated
to evaluate the difference between the FR and the NLR reduction strategies. Considering reduction basis of
the same size, FR ROMs simulate 1.5 times faster than NLR ROMs. However, especially for low values of
α, the accuracy of the NLR strategy is considerably higher. Hence, it may happen that, in order to obtain
the accuracy ensured by the NLR strategy, the user adopting the FR strategy may be forced to repeat the
calculation with a bigger basis.

The error-predictor metric presented in Sect. 3.5 is here applied on all investigated cases and validated.

Figure 6 a-b plots the predicted error
∗
e
h

fc defined in Eqn. (43) vs. the actual one, here defined as

eh
fc = |fC

h − fC−ROM
h|/|fC−ROM

h| ∀h ∈ [0− 1] (44)

in log-log scale and for different excitation levels. It can be observed that all points fall below the 45o slope
line, therefore the error metric is conservative, i.e. the predicted error is always higher than the actual one.
Figure 6c plots the comparison between the dissipated energy of the baseline (FO) model and that of a RO

model with
∗
e
1

fc > 100% (see highlighted blue dot in Fig. 6 b). Two caveats can be drawn from this figure:

• the error metric successfully predicts that the RO solution does not effectively capture the actual bound-
ary conditions;
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Figure 7: a. First Harmonic of the forced response for α = αST /1000 using JP modes coming from 2
different generating shapes b. Force based error metric for the two cases shown in Fig. 7a

• the actual error e1
fc

and the error on the displacements (here not shown) are one order of magnitude

lower than
∗
e
1

fc . This may be due to the fact that, despite the differing BC at the contact, the RO and FO
dissipated energies have very similar values.

Finally Fig. 7a shows that for low values of α = αST /1000 (approaching gross-slip), the stuck mode is
not an adequate shape for the generation of the boundary conditions. If the stuck mode shape is used the
resulting RO model displays a very low accuracy. The error metric, shown in Fig. 7b warns the user. It is
then possible to re-build the basis starting from a different generating shape (in this case the reduced response
previously obtained at α = αST /500). In this case the right boundary conditions are predicted and a high
accuracy is obtained using a basis with the same size as the previous one. This result is confirmed both by
the comparison with the FO solution (Fig. 7a) and by the error metric (Fig. 7b).

5 Conclusions

In this paper, a Jacobian-based reduction technique for the dynamic analysis of structures with friction
contacts was proposed and discussed. The JP technique is based on simple linear analyses and on the
computation of the Jacobian matrix, a technique already implemented in all state-of-the-art codes for the
forced-response calculation of friction-damped systems. The JP technique is able to capture the response
characteristics of the baseline model accurately. Moreover this technique features several advantages not
always present in similar reduction techniques. In detail:

• cross-harmonic coupling is intrinsically taken into account by the reduction technique;

• the reduction basis not only spans the space of the displacements of the system, but also spans the
space of nonlinear forces as demonstrated by the comparison between FO and RO dissipated energies;

• the technique is completed by an error-predictor metric to evaluate the quality of a RO solution with-
out the need for cumbersome convergence studies. An extension of the error-predictor technique to
displacement-based quantities is currently under investigation.

All these features make the Jacobian Projection Technique an attractive candidate for the prediction of model
dynamics where the full order model is too cumbersome to solve for validation.
The method was demonstrated for a simple test case, but its application can be easily extended to other
classes of problems with localized friction contacts.
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