
Bifurcation behaviour and limit cycles of a compliant seal-
rotor-system
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Abstract
In this contribution the non-linear dynamical behaviour of a Laval-Rotor equipped with a flexible seal is
discussed. The forces resulting from the lubrication flow through the gap between rotor disc and seal are
described by the non-linear Muszynska model. It is shown that the steady state stability of the rotor is
enhanced by the flexibility of the seal. The loss of stability leads to Hopf -bifurcations resulting in limit-
cycles which can for themselves loose stability via Neimark-Sacker bifurcations. Synchronisation effects
between rotor and seal could be proved.

1 Introduction

Annular seals are common parts in turbo machinery and can mainly be grouped into labyrinth seals and brush
seals. They lower the leakage between volumes of different pressure and, therefore, raise the efficiency of
the machine.
Labyrinth seals are contact-free and widely used for a broad application range. The inexpensive, simple
design offers low wear due to the non-contacting surfaces. The remaining seal gap is kept as small as pos-
sible to reduce leakage to a minimum but must yet be able to compensate for thermal expansion and rotor
vibrations [1]. The forces stemming from the fluid flow through the clearance can destabilise the steady-state
operation of the rotor when certain operating speeds are exceeded. The consequences may be unwanted or
intolerable noise or vibrations, a reduction in operating life or even the fracture of the rotor. Thus, seals have
in general a significant influence on the functionality of the rotor system.
Brush seals lead to a lower leakage compared to labyrinth seals and need less design space to achieve the
same sealing effect [1]. The tightly packed bristles, which may or may not have a clearance [2], are compli-
ant and can thus adapt to rotor motions. This design is also less vulnerable to rotor instability caused by swirl
afflicted flows, which is a typical problem for labyrinth seals [3]. A drawback of this design is the raised
wear for contacting bristles [4].
Obviously, efficient seal design is one key aspect to rotor machinery design and faces many challenges today:
Economical and ecological consideration lead to a demand for highest efficiency in aero engines. The recent
growth in renewable energy in some countries forces conventional plants to adapt power generation leading
to an increased transient steam/ gas turbine operation scheme and the inherent rotor vibrations.
Latest seal design faces these challenges by combining the advantages of labyrinth and brush seals. Promi-
nent examples are among others the HALO seal [5] or the GLAND seal [4]. These designs add flexibility to
labyrinth type seals giving them the possibility to compensate rotor deflection. Therefore, the sealing gap
can be narrowed which reduces the leakage whilst maintaining low wear properties.
A key aspect in seal modelling is the description of the turbulent fluid flow. Typically, the Navier-Stokes
equations are reduced in a first step to a PDE of lower dimension by making use of geometrical considera-
tions.
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Nomenclature
subscripted R: rotor-related subscripted S: seal-related

rR,S position vector of rotor/ seal centre ∆p pressure difference
DR,S damping matrix C nominal sealing gap
F f (∆r) vector of fluid forces D0 coefficient of fluid damping
KR,S stiffness matrix K0 coefficient of fluid radial stiffness
MR,S mass matrix L seal length
b empirical parameters R rotor radius
cR,S stiffness coefficient δR = DR√

cR
mR

normed rotor damping constant

dR,S damping coefficient δS = DS√
cS
mS

normed seal damping constant

m0 Childs-Hirs coefficient [13] η = Ω√
cR
mR

frequency ratio

mf coefficient of fluid inertia µS =
√

mS
mR

mass ratio

mR,S rotor/ seal mass τ0 fluid average circumferential veloc-
ity ratio

n empirical parameters Ω angular velocity of the rotor
n0 Childs-Hirs coefficient [13] ξ inlet pressure loss coefficient

Table 1: Nomenclature of used variables and parameters

Specific parameter values
b = 0.5 C = 0.01 ·R
cR = 7.92 · 104 N

m L = 0.1 ·R
m0 = -0.25 R = 15 · 10−2m
mR = 50 kg δR = 0
n = 2 δS = 0.05
n0 = 0.066 µ2

S = 0.2
∆p = 6 · 105 N

m2 τ0 = 0.45
ξ = 0.5

Table 2: Specific parameter values used for simulation (if not indicated otherwise)

Literature provides different lubrication flow models for intermediate and high Reynolds-numbers here [6]:
The models for intermediate Reynolds-numbers neglect the influence of inertia terms. Popular representa-
tives are the Constantinescu model [7] from 1959 based on Prandtl’s Mixing Length Theory, the Ng-Pan
model from 1965 [8] or models based on a k− ε turbulence description (cf. [9]). When omitted inertia is not
permissible any more, one could refer to the extended Constantinescu- [10] and Ng-Pan-models [11] or to
the semi-empirical Hirs-model [12].
When conducting non-linear dynamical analysis it is always preferable to describe a model accurately with
as less degrees of freedom as possible. Under certain assumption it is possible to attain in a second step an
ordinary description for the fluid forces from the mentioned PDEs depending only on the position vector of
the rotor. In 1983 Childs published a linear ODE fluid force model based on the Hirs model [13]. Childs
considered small perturbations of the fluid flow around a centric rotor and thus was able to integrate the
resulting pressure field in closed form and determine the forces acting on the rotor shaft. Antunes attained a
non-linear ODE model by looking only at circumferential flow and representing the pressure distribution by
a Fourier-Series expansion [14]. The here used Muszynska model from 1986 follows another approach [15]:
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based on heuristic, qualitative considerations she proposed a purely parametric, non-linear model.
The non-linear dynamics of seal-rotor-systems based on this Muszynska model is a frequently discussed
topic in literature. Muszynska herself investigated in 1986 by use of the newly formulated model oil whirl
and oil whip phenomena [15]. Other researchers used the model to look into non-linear phenomena like
bifurcations, periodic and quasi-periodic orbits as well as chaos in rotor-seal or rotor-seal-bearing systems
with different layouts (cf. [16–18]).
To the author’s knowledge there is no literature dedicated to the influence of flexible seal design on the ro-
tordynamic behaviour where the system is modelled comparably to the present one. However, mathematical
similarities exist between coupled, self-excited oscillators and the system presented here. Among others
Rand [19] and Linkens [20] conducted research on coupled Van-der-Pol oscillators, which exhibit entrain-
ment and periodic as well as quasi-periodic motions.

The objective of this contribution is the analysis of the non-linear dynamic behaviour of a rotor system
with a flexible seal. In section 2 the used Muszynska model is discussed in more detail and the describing
equations are presented. Section 3 discusses the numerical results of the investigation in three parts: The
first part is dedicated to a linear or steady state stability analysis, respectively. Bifurcations, limit cycles and
their stabilities are the focus of the second part. The third part is concerned with occurring synchronisation
effects between rotor and seal. This contribution closes with a conclusion and an outlook in section 4.

2 Modelling

Figure 1: Discussed model: balanced Laval-Rotor, visco-elastically supported stiff seal ring and turbulently
streamed sealing gap (picture taken from [21]).

The model used for the investigation is shown in figure 1 and consists of three parts:
the first part is a classical, perfectly balanced Laval-Rotor (Jeffcott-Rotor). The second part is a stiff seal
ring, which is visco-elastically connected to the inertially fixed surrounding. In fact, this basic modelling
approach can be regarded as an approximation of zeroth order to an elastic behaviour or the rigid body
mode, respectively. Both bodies may only undergo plane motions in radial direction which is described by
the principle of linear momentum

(
mR 0
0 mR

)
︸ ︷︷ ︸

=MR

r̈R +

(
dR 0
0 dR

)
︸ ︷︷ ︸

=DR

ṙR +

(
cR 0
0 cR

)
︸ ︷︷ ︸

=CR

rR = F f (∆r) (1)

and
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(
mS 0
0 mS

)
︸ ︷︷ ︸

=MS

r̈S +

(
dS 0
0 dS

)
︸ ︷︷ ︸

=DS

ṙS +

(
cS 0
0 cS

)
︸ ︷︷ ︸

=CS

rS = −F f (∆r) (2)

where

∆r = rR − rS , (3)

if Ω = const. is assumed. Ff (∆r) is the fluid force stemming from the third part: an incompressible
turbulent lubrication film coupling the two oscillators rotor and seal. It is driven by the rotation Ω of the
rotor and the pressure drop ∆p over the seal. The forces induced by the fluid flow acting on rotor and seal
are described by the non-linear Muszynska model [15, 22]. This model is based on a bulk-flow idea: due
to the relatively small sealing gap, any radial flow is neglected and all remaining quantities are averaged
with respect to the radius. This results in a velocity profile co-rotating with an averaged angular velocity
0 < τ0Ω < 1

2Ω, where τ0 = 1
2 represents the radial mean value of a perfect laminar Couette-flow profile. In

general, τ0 can be associated with the ratio from shaft whirl to eigenfrequency [23] . Following Muszynska,
these assumptions lead conceptionally to a fluid force rotating with τ0Ω for a centered shaft. In addition
to that, the subsequent conditions must hold for the model to be valid [23] : The occurring vibrations must
not disturb the qualitative circumferential flow. That is, the changes in the sealing gap between rotor and
seal shall be so small, that the flow remains unidirectional (no secondary/ backward flow). Furthermore,
the model does not depict an interaction between circumferential and axial flow. The whole flow must be
temporally fully developed. This leads to the formulation of the fluid forces

F f (∆r) =−
(
mf 0
0 mf

)
∆r̈−

(
D̄ 2τ̄Ωmf

−2τ̄Ωmf D̄

)
∆ṙ−

(
K̄ −mf τ̄

2Ω2 τ̄ΩD̄
−τ̄ΩD̄ K̄ −mf τ̄

2Ω2

)
∆r (4)

depending solely on the relative radial displacement ∆r. Here, K̄ = K̄(∆r) and D̄ = D̄(∆r) are non-linear
functions of ∆r

K̄ = K0(C − ‖∆r‖22)−n, (5)

D̄ = D0(C − ‖∆r‖22)−n (6)

and

τ̄ = τ0(C − ‖∆r‖22)b (7)

according to [18]. As it can be seen from these equations, the damping and stiffness forces raise to infinity
as ‖∆r‖2 approaches the nominal sealing gap C. Thus, the model can not be used for near-contact situations
between rotor and seal, which is possible in reality. Nevertheless, the Muszynska model finds broad applica-
tion in literature.
Assuming τ0 to be close to 1

2 [23] the remaining parameters mf ,K0 and D0 in (4) must be determined either
by numerical or empirical experiment which makes the model applicable not only to simple gap seals, but
also to geometrically more complex seal types. Another way is using the analytical expressions for the pa-
rameters derived by Childs for gap seals [13], which was done in the present work. Most interestingly, Childs
put in the same assumptions as Muszynska to arrive analytically at the same structure of fluid forces starting
from Hirs’ lubrication flow equations [13]. The parameters are computed for the material values of water
and the values given in table 2 (m0, n0 and ξ are needed here). The rotor-seal model is finally described by(

MR 0
0 MS

)(
r̈R

r̈S

)
+

(
DR 0
0 DS

)(
ṙR

ṙS

)
+

(
KR 0

0 KS

)(
rR

rS

)
=

(
F f (∆r)
−F f (∆r)

)
. (8)
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3 Results

All the following results were obtained using MATLAB R© and the continuation toolbox MATCONT for the
parameter values indicated in table 2.

3.1 Linear Analysis

The stability map for the steady state shown in figure 2 was generated by computing the eigenvalues of the
linear perturbation equation corresponding to equation (8). Here, the stiffness ratio κ2 is plotted against an
angular velocity ratio η for different values of the mass ratio µS . The areas on the left side of the individual
curves represent the parameter range for stable operation and the right side for the unstable, respectively.
The black dashed line marks the stability border for an unmovable seal.

Figure 2: Steady state stability map for different mass ratios µ2
S . Left side of individual curve: stable

operation range; right side: unstable operation range; black dashed line: stability boundary for unmovable
seal (picture taken from [24]).

Three important aspects can be concluded from this figure:
Firstly, the visco-elastic seal foundation enlarges the stable operation range by the area between the stability
border for the unmovable seal and the individual stability borders. For appropriate parameter values an
elevated stable rotational speed is possible. Secondly, by increasing the stiffness ratio κ the stability border
finally converges towards the black dashed line, thus, showing the plausibility of the computation. And
thirdly, the overall steady state stability is diminished for higher mass ratios µS . By considering the last two
observations the conclusion can be drawn, that a light seal with a low compliance raises the stability limit: a
system with a seal which is easy to move is more stable.

3.2 Non-linear Analysis

A non-linear analysis of the present seal-rotor design is not only of theoretical importance: on the one hand,
subcritical bifurcations could diminish the attractivity of the stable operation range but on the other hand, a
loss of steady state stability doesn’t necessarily need to be harmful to the operation of the system.
Figure 3 shows as an extension to figure 2 the areas of different numbers of complex conjugated eigenvalue

pairs with positive real parts for the special case of µ2
S = 0.1. Crossing the grey line (solid or dashed)

with increasing η a first eigenvalue pair gains real parts. Crossing the black lines (solid or dashed) a second
eigenvalue pair acquires positive real parts. As will be shown later, the qualitative non-linear behaviour is
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Figure 3: Steady state stability map and number of eigenvalue pairs with positive real parts for µ2
S = 0.1.

Grey line: eigenvalue pair one has zero real parts; black lines: eigenvalue pair two has zero real parts;
encircled digits: number of eigenvalue pairs with positive real parts (picture taken from [21]).

different whether the first or the second eigenvalue pair is responsible for an unstable solution. Crossing
through the black point by varying κ2 and η simultaneously, two pairs of eigenvalues obtain positive real
parts at the same time and a codimension 2 bifurcation (Hopf-Hopf bifurcation) occurs.
In the following, two representative paths with η being the bifurcation parameter are investigated: The first
one (κ2 = 6.25) crosses the grey solid line in figure 3 and the second one (κ2 = 20) crosses the black solid
and the grey dashed line.

(a) Bifurcation behaviour for κ2 = 6.25. (b) Bifurcation behaviour for κ2 = 20.

Figure 4: Bifurcation behaviour: Steady states and radii of emerging limit cycles. Solid lines: Stable circular
seal (dotted) and rotor limit cycles; Dashed lines: Unstable circular seal (dotted) and rotor limit cycles;
(Dashed) dark grey line: (Un)stable steady state; Colours light grey and black correspond to figure 3 (pictures
taken from [21]).

The two graphics in figure 4(a) and 4(b) illustrate the results of the bifurcation analysis. Here, the normalised
radii of stationary periodic orbits of the seal (dotted line) or the rotor (solid line) are plotted against an angular
velocity ratio η. Solid lines mark stable limit cycles or steady states whereas dashed lines mark unstable
ones. The colour scheme corresponds to figure 3: light grey limit cycles emerge after crossing the light
grey stability border for the first c.c. eigenvalue pair and black limit cycles emerge after crossing the black
stability border for the second eigenvalue pair. The occurring orbits of rotor and seal are always circular due
to the symmetry of the system.
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First bifurcation path (κ2 = 6.25) The stable steady state in figure 4(a) loses its stability via a Hopf
bifurcation and a limit cycle of the system emerges. Rotor and seal move on circular orbits with growing
radii as η is raised. It is interesting to see, that despite a moderately large seal amplitude the rotor exhibits
only very small ones. Since the seal amplitudes are not substantial to the functionality of the system, an
ongoing operation within the post-critical regime might be possible for the corresponding parameter values.

Second bifurcation path (κ2 = 20) The second bifurcation path depicts a much more complex be-
haviour: crossing the black stability border in figure 3 a Hopf bifurcation occurs and a qualitatively com-
pletely different limit cycle starts to exist: the orbits of rotor and seal exhibit quite large amplitudes which
are even bigger than the nominal sealing gap C. Therefore, a continued operation for these parameter val-
ues might not be possible. If η is raised until the grey dashed line in figure 3 is crossed, a second pair of
c.c. eigenvalues gains positive real parts and an unstable, second limit cycle emerges. In the further process
the same limit cycle obtains its orbital stability via a subcritical Neimark-Sacker bifurcation: two Floquet
multipliers enter the unit circle whilst having imaginary parts. This is an indication of possibly quasi-periodic
behaviour. The similarity between the amplitudes of rotor and seal with these from the first bifurcation path
are worth mentioning as well as the fact that both similar limit cycles developed after the same pair of eigen-
values acquired real parts.
Analogously to this change in orbital stability, a Neimark-Sacker bifurcation on the big (black) limit cycle
leads to a loss in stability. In the interval between the two Neimark-Sacker points in figure 4(b) two stable
limit cycle are shown without a separatrix between them. Basic geometrical considerations suggest the exis-
tence of such a repellent which separates the basins of attraction, but the (numerical) proof is still a subject
of ongoing investigation. To this end, a numerical scheme for the continuation of quasi-periodic solutions
will be implemented. But since Neimark-Sacker bifurcations can be considered as Hopf bifurcations of limit
cycle amplitudes, such an unstable, possibly quasi-periodic attractor will emerge from each Neimark-Sacker
point. The two are most likely connected with each other and, therefore, separate the two stable limit cycles.

Phase difference If seal and rotor reach their stationary orbits over time, one can compute the phase
difference between the position vectors. Two points are worth discussing here: firstly, the phase difference
is always stationary, if the corresponding orbits are stable. The two coupled oscillators synchronise. And
secondly, the phase differences are related to the specific pair of of eigenvalues with positive real parts like the
qualitative amplitudes before: For a limit cycle emerging after crossing the (solid or dashed) light grey line
in figure 3 seal and rotor are executing a motion in near phase opposition with a phase difference close to π.
In contrast to that, the two rigid bodies oscillate almost inphase on limit cycles which occur after crossing the
black line in figure 3. This is also the only possibility for rotor and seal to perform motions with amplitudes
larger than C: rotor and seal are synchronised and in phase, so that the relative distance is smaller than C.
Furthermore, coupled self-excited oscillators such as the two coupled Van-der-Pol oscillators investigated
in [19] tend to perform quasi-periodic unsynchronised motions after the stability of a periodic orbit is lost.
This stands in close analogy to the present system and supports the assumptions of a quasi-periodic unstable
attractor being located between the two stable limit-cycles in figure 4(b).

4 Conclusion and Outlook

In this contribution a model for a compliant rotor-seal system was proposed. The turbulent lubrication flow
between the disc of the Laval-rotor and the stiff seal ring was modelled by the Muszynska-model. The main
objective of this work was to investigate the changes in the dynamic behaviour of the system induced by the
addition of the visco-elastic seal foundation. The numerical results show that the stability behaviour is al-
ways improved – potentially even in a crucial way depending on parameter values. The permitted movability
of the seal ring could be identified as the stabilizing mechanism. Loosing stability via Hopf -bifurcations, the
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solution exhibits different limit cycles. Here, depending on parameter values the amplitudes musn’t be harm-
ful to system function. It was stated that two limit cycles could coexist if two complex conjugated eigenvalue
pairs have positive real parts. These for themselves could loose or gain orbital stability by Neimark-Sacker
bifurcations. By numerical integration it could be shown that in case of stable orbits rotor and seal move
synchronised.
Short-term work will be dedicated to finding the yet missing link between the two Neimark-Sacker bifurca-
tions. On the one hand a next step will be adding unbalance to the system and investigating the interaction
between external- and self-excitation. On the over hand the model must be validated by more in-depth
numerical and heuristical experiments.
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[6] J. Frêne, M. Arghir, V. Constantinescu, Combined thin-film and Navier–Stokes analysis in high
Reynolds number lubrication, Tribology international, Vol. 39, No. 8, Elsevier (2006), pp. 734–747.

[7] VN. Constantinescu, The pressure equation for turbulent lubrication, Institution of Mechanical Engi-
neering: Proceedings of the Conference on Lubrication and Wear, Vol. 182, IMechE (1967), pp. 183
ff.

[8] CW. Ng, CHT. Pan, A linearized turbulent lubrication theory, Journal of Basic Engineering, Vol. 87,
No. 3, ASME (1965), pp. 675–682.

[9] Y. Hori, Hydrodynamic lubrication, Springer Science & Business Media (2006).

[10] VN. Constantinescu, On the influence of inertia forces in turbulent and laminar self-acting film, Journal
of Lubrication Technology, Vol. 92, No. 3, ASME (1970), pp. 473–480.

[11] CHT. Pan, Calculation of pressure, shear, and flow in lubricating films for high speed bearings, Journal
of Lubrication Technology, Vol. 96, No. 1, ASME (1974), pp. 80–94.

[12] GG. JHirs, A bulk-flow theory for turbulence in lubricant films, Journal of fluids and structures, Vol. 95,
No. 2, ASME (1973), pp. 137–145.

[13] D. W. Childs, Dynamic analysis of turbulent annular seals based on Hirs lubrication equation, Journal
of lubrication technology, Vol. 105, No. 3, ASME (1983), pp. 429–436.

834 PROCEEDINGS OF ISMA2016 INCLUDING USD2016



[14] M. Moreira, J. Antunes, H. Pina, A theoretical model for nonlinear orbital motions of rotors under fluid
confinement, Journal of fluids and structures, Vol. 14, No. 5, Elsevier (2000), pp. 635–668

[15] A. Muszynska, Whirl and whip – rotor/bearing stability problems, Journal of Sound and vibration,
Vol. 110, No. 3, Elsevier (1986), pp. 443–462.

[16] Q. Ding, JE. Cooper, AYT. Leung, Hopf bifurcation analysis of a rotor/seal system, Journal of Sound
and Vibration, Vol. 252, No. 5, Elsevier (2002), pp. 817–833

[17] L. Song-tao, X. Qing-yu, W. Fang-yi, Z. Xiao-long, Stability and bifurcation of unbalance ro-
tor/labyrinth seal system, Applied Mathematics and Mechanics, Vol. 24, No. 11, Springer (2003),
pp. 1290–1301

[18] M. Cheng, G. Meng, J. P. Jing, Numerical study of a rotor-bearing-seal system, Proceedings of the
Institution of Mechanical Engineers: Part C, Journal of Mechanical Engineering Science, Vol. 221,
No. 7, SAGE Publications (2007), pp. 779–788.

[19] D. W. Storti, R. H. Rand, Dynamics of two strongly coupled van der Pol oscillators, International
Journal of Non-Linear Mechanic, Vol. 17, No. 3, Elsevier (1982), pp. 143–152

[20] D. A. Linkens, Stability of entrainment conditions for a particular form of mutually coupled van der
Pol oscillators, Circuits and Systems, Vol. 23, No. 2, IEEE (1976), pp. 113–121
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