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Abstract 
The identification of the modal parameters of the structure is the object of experimental modal analysis. 

For large structures, for which it is generally difficult to apply appropriate dynamic loads, output only 

measurements are normally used, giving less accurate estimates of damping ratios and from which the 

generalised masses cannot be directly found. This paper presents an alternative method, using static 

loading and moving load excitation, which could easily be implemented on bridges loaded by a single 

vehicle. The generalised stiffness of each mode is found from the static tests, then the natural frequencies 

and damping ratios are obtained using the logarithmic decrement method on the free decay after the 

vehicle has passed. Combining the generalised stiffnesses and natural frequencies, the generalised masses 

are found. The method is demonstrated using simulated data for a simply supported Euler-Bernoulli beam, 

for which the modal parameters are well known. It is shown that the modal parameters of the first five 

modes identified from the simulated data are quite consistent with the known theoretical values, even in 

the presence of noise. In particular, the errors in the estimated generalised masses are less than 4%. 

1 Introduction 

It is common knowledge that structural parameters can be measured from static and dynamic load tests or 

monitoring programmes. Non-destructive static load testing can provide the measurements necessary to 

determine deflections, strains, moments, shear forces, etc. of structures [1]. In the meantime, the dynamic 

load testing can offer the means to detect the structural dynamic characteristics, for example modal 

properties (natural frequencies, modal damping ratios, and modal shapes) [2, 3], or even the system 

properties (stiffness, mass and damping matrices) [4, 5]. However, for large structures such as bridges it is 

not often possible to apply appropriate known dynamic loads for the use of conventional experimental 

modal analysis. It is therefore normal to use output-only measurements from ambient vibration tests. 

However, inherently this gives less accurate estimates of the natural frequencies and damping ratios and, 

since the magnitude of the forcing is unknown, the generalised masses cannot be obtained directly. 

To overcome this limitation of ambient vibration tests an alternative approach is proposed. With some 

similarity to the work of Sheinman [6], this paper proposes the use of static measurements to identify the 

generalised stiffnesses, then to combine this information with the natural frequencies identified from a 

dynamic test to estimate the generalised masses. In order to test the method, a simply supported Euler-

Bernoulli beam is used as an example, for which the modal parameters are known. The response to static 

and dynamic loading is simulated and the simulated data are used to estimate the parameters, as if from 

measurements on a real structure. The generation of the simulated data and the system identification are 

outlined in Figure 1. 

The system identification method assumes prior knowledge of the mode shapes. For simple structures 

such as in the example, these are known from basic dynamics theory; fundamentally it is only the bending 

stiffness, mass unit length and damping ratios that are unknown. For other structures, estimates of the 

mode shapes can be obtained from a Finite Element Model of the structure, which could potentially be 

updated following the system identification. 
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Figure 1: The realization process of the proposed method 

Using the simply supported Euler-Bernoulli beam as an example, Section 2 of the paper presents the 

theoretical model and modal parameters of the beam, Section 3 explains the generation of data for 

simulated static and dynamic loading of the beam, then Section 4 present the system identification method 

itself and the results, which are compared with the known theoretical modal parameters. Finally Section 5 

gives the conclusions. 

2 Theoretical modal parameters of a simply supported 

The proposed system identification approach is demonstrated using the example of a simply supported 

Euler-Bernoulli beam, as shown in Figure 2.  
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Figure 2: Simply supported Euler-Bernoulli beam model with moving force 

The beam is of length L and is assumed to be uniform, with bending stiffness EI  and mass per unit length 

m . In general, a vertical load of ),( txP  per unit length is applied to the structure. Ignoring damping, the 

displacement ),( txv  is then governed by the following partial differential equation of motion [7]: 

4 2

4 2
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In the case of a moving concentrated load with a given time varying intensity ( )p t  and speed V , the load 

),( txP can be expressed as 



 


otherwise0

)()(
),(

dtt0tpVtx-δ
txP (2)
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where 
d

t L V  is the time required for the load to cross the bridge and   is the Dirac delta function, 

which defines the physical location of the moving force. Eq. (1) can be decomposed into a series of 

uncoupled ordinary differential equations using mode superposition. The physical displacement ),( txv

can be expressed as a sum of modal contributions: 

1

( , ) ( ) ( )
n

i i

i

v x t x y t


   (3) 

where )(xi  is the mode shape i at location x and )(tyi
 is the generalised coordinate of mode i. The 

summation is truncated to n modes, since the responses in higher modes are generally negligible. It is well 

known that for mode i of a simply supported beam, the modal parameters of )(xi , circular natural

frequency i
  and generalised mass 

i
M are given by: 

2 2

2
( ) sin 1 2 3

2
, , , ,

i i i

i x i EI mL
x M i n

L L m

 
               (4) 

By employing the orthogonality properties of the mode shapes, the following system of uncoupled 

ordinary differential equations is obtained for the modal coordinates by substituting Eq. (2)-(4) into Eq. 

(1) and introducing modal damping ratio i
  for mode i: 

( ) 2 ( ) ( ) ( )
i i i i i i i i i

M y t M y t K y t P t      (5) 

where the generalised load for the moving load in Eq. (2) is given by 
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         (6) 

3 Simulated response of a simply supported beam 

The numerical simulation of this study is based on a 40 m long simply supported beam [8], with a 400 kN 

moving load traversing it at a speed of 80 km/h (Figure 2). Its basic information is presented in Table 1 

and Table 2. Here the natural frequencies are computed from Eq. (4), but the damping ratios are randomly 

assigned. 

Moving Load p 400 ( kN ) Bending Stiffness EI 1.26e+11 ( 2N m ) 

Moving Speed V 80 ( km/h ) Mass per Unit Length m 1.20e+04 ( kg/m ) 

Span Length L 40 ( m ) Sample Frequency 
s

f 200 ( Hz ) 

Table 1: Basic information of the moving load and the bridge structure 

Mode No., i 1 2 3 4 5 

Actual Natural Frequencies ref

i
f  ( Hz ) 3.181 12.725 28.631 50.900 79.531 

Actual Damping Ratios ref

i
 0.020 0.150 0.023 0.031 0.012 

Table 2: Basic information of the moving load and the bridge structure 

3.1 Dynamic response of the bridge 

The simulated modal responses for a moving point load were generated using the ode45 function in 

Matlab in terms of the deformation of Eq. (5), namely: 

2 ( )
( ) 2 ( ) ( ) i

i i i i i i

i

P t
y t y t y t

M
    (7)
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where the modal parameters are given by Eq. (4). 

Having obtained the modal displacements of the bridge, the next task is to generate the time histories of 

acceleration that would be measured at discrete locations on the bridge.  

The continuous bridge model is discretized into m degrees of freedom (DOFs). The displacement matrix 

can be computed from the discrete version of Eq. (3), i.e., 

v y (8) 

where 
1 2

( , , , , , ) R
m n

i n
       represents the discrete mode shape matrix, with 1

R
m

i
  being the

ith mode shape, and 1

1 2
( ( ), ( ), , ( ), , ( ))T

y R
n

i n
y t y t y t y t   is the normal coordinates matrix at 

continuous time t. Particularly, in this study, the preliminary knowledge of the mode shape which can be 

calculated from Eq. (4) is essential, because only with this information, the vertical displacement response 

),( txv at any n position is obtainable. Then the acceleration of the bridge can be easily computed. 

If the 40 m long bridge is discretised into 80 sections with the responses at the m=79 non-support nodes 

calculated. Note that the number of modes of interest, n, is less than the number of degrees of freedom m. 

Figure 3 shows the acceleration response of bridge at three different sensor locations due to the passage of 

a moving load, including both the forced-vibration and free-vibration response. The red vertical line 

separates the forced- and free-vibration parts of the signals. In Figure 3(b) noise is added with a Signal-to-

Noise Ratio (SNR) of 10.  

a): SNR=0 b): SNR=10 

Figure 3: Simulated acceleration response of the bridge 

3.2 Static response of the bridge 

For the system identification method, the static response of the structure is needed as well as the dynamic 

response. Considering Eq. (5), if the input to the system is invariant, and there is only one concentrated 

force p located at a fixed point on the bridge, ax   (Figure 2), then the equation reduces to: 

paPyK iiii )( (9) 

Hence to calculate the generalised stiffness i
K , the static displacement of the bridge has to be obtained. In 

practice this could potentially be measured using displacement transducers, if reference locations are 

available, a video-based system [9, 10], or possibly GPS [11]. Here for the numerical simulation, the 

position where the static point force is applied is chosen arbitrarily and the magnitude of the force is the 

same as in the dynamic simulations. The deflection of the bridge is given by Eq. (10) and the calculated 

deflected shape is shown in Figure 4. 
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Figure 4: Calculated bridge deflection with concentrated force located at point 11 (L/8) 

In order to use Eq. (9) to compute the generalised stiffnesses, the acquired bridge deflection in nodal 

coordinates has to be converted into modal coordinates. Again Eq. (8) is been utilized. It is worth noting 

that even if the same number of DOFs is considered here as in the dynamic analysis, this step involves the 

inversion of the mode shape matrix . If the number of modes of interest, n, is equal to the number of 

DOFs, m, then matrix  is a full-rank non-singular square matrix. However, if , which is generally 

the case, the Moore-Penrose inverse can be used. Having found the generalised displacements 

corresponding to the static deflection, for each mode Eq. (9) is applied to find the generalised stiffness. 

Applying the static force in a series of different locations better estimates of the generalised stiffnesses can 

be obtained. 

4 Estimation of modal parameters from the simulated responses 

Once the acceleration response of the bridge is available, the identification of the modal parameters can be 

easily realised by using a particular identification method. In this study, the logarithmic decrement method 

[7] is adopted, having separated the free decay vibration part of the response from the whole response, i.e.

taking the part of the signal to the right of the vertical red line in Figure 3.

To be specific, suppose the envelop curve function of the free-vibration response for the ith mode is 

( ) exp( )
i i i i

g t t    (11) 

where 
i

 is the amplitude of motion. Then extracting the peak values, 
ik

v for a series of maxima

numbered k: 

   exp
ik i k i i i

v g t t             (12) 

Taking the natural logarithm of both sides of Eq. (12) gives 

   ln ln
ik i i k i

v t              (13) 

Then linear regression is performed on  ln
ik

v and 
k

t to find 
ii . The damped circular natural

frequency can easily be found from:  

0j

Di
tt

jπ2
ω


       (14) 

where j  is the number of cycles considered and 
0t is the time of the first maximum. Utilizing the

relationship between the damped natural frequency and natural frequency 21
Di i i

    , the undamped 

natural frequency is then given by 

2 2( )
i Di i i

     (15)
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where 
i i
  is the gradient of the linear regression of  ln

ik
v  and 

k
t . Finally, the damping ratio is 

obtained from: 

2 2( )

i i
i

Di i i

 


 




 

  (16) 

The above calculations need to be applied to data from one mode at a time, so filtering of the raw 

acceleration time histories is needed to isolate individual modes. Figure 5 and 6 show the Power Spectral 

Densities (PSDs) of the accelerations before and after filtering to isolate the first mode, without and with 

noise, respectively. Figure 7 shows the effect of the filtering for the first mode in the time domain, and 

Figure 8 shows the linear regression fit of the log of the peaks. For higher modes, the results can be 

obtained by filtering the response data using different cut-off frequencies based on the Power Spectral 

Density (PSD). 

Figure 5: Power spectral density of the free-

vibration at channel 31 (3L/8) (SNR=0) 

Figure 6: Power spectral density of the free-

vibration at channel 31 (3L/8) (SNR=10) 

Figure 7: Free-vibration response from channel 

31 (3L/8) (SNR=10) 

Figure 8: Polynomial fit of the extremes 

(Acceleration response from channel 31 (3L/8), 

SNR=10) 

For each mode, having found the generalised stiffness from the static deflection data and the natural 

frequencies from the dynamic acceleration data, the generalised mass can simply be computed from: 

2

i
i

i

K
M


 (17)
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Considering the first 5 modes, Table 3 shows the results of the system identification from the simulated 

static and dynamic test data.  

Mode No., i 1 2 3 4 5 

Measurement Locations 41 21 41 31 41 

Actual Natural Frequencies 
ref

if  (Hz) 3.181 12.725 28.631 50.900 79.531 

Identified 

Frequencies 
est

if

(Hz) 

SNR=0 
3.182 

(-0.03)* 

12.791 

(-0.52) 

28.638 

(-0.03) 

50.034 

(1.70) 

79.420 

(0.14) 

SNR=10 
3.182 

(-0.03) 

12.589 

(1.07) 

28.578 

(0.18) 

50.900 

(0.00) 

80.051 

(-0.65) 

Actual Damping Ratios 
ref

i 0.020 0.150 0.023 0.031 0.012 

Identified Damping 

Ratios 
est

i

SNR=0 
0.019 

(5.00) 

0.158 

(-5.00) 

0.023 

(-0.43) 

0.037 

(-19.03) 

0.014 

(-18.33) 

SNR=10 
0.019 

(5.00) 

0.119 

(20.93) 

0.022 

(5.22) 

0.040 

(-28.39) 

0.036 

(-196.67) 

Actual Generalized Masses 
ref

iM  (kg) 2.40e+05 2.40e+05 2.40e+05 2.40e+05 2.40e+05 

Identified Generalized Stiffness 
est

iK (N/m) 9.59e+07 1.53e+09 7.77e+09 2.45e+10 5.99e+10 

Identified 

Generalized Masses 
est

iM (kg) 

SNR=0 
2.40e+05 

(0.07) 

2.38e+05 

(1.03) 

2.40e+05 

(0.05) 

2.48e+05 

(3.49) 

2.41e+05 

(0.28) 

SNR=10 
2.40e+05 

(0.07) 

2.45e+05 

(2.17) 

2.41e+05 

(0.37) 

2.40e+05 

(0.00) 

2.37e+05 

(1.30) 

* Figures in brackets represent the percentage error in the identified values (superscript est) from the

actual values (superscript ref).

Table 3: Results of the system identification for the first 5 modes 

The identified natural frequencies for both SNR=0 and SNR=10 are within 2% of the actual natural 

frequencies. For the first mode the error is only 0.03%, but it is clear from Figures 5 and 6 that the 

response in the first mode is very prominent. Using the identified generalised stiffnesses along with these 

identified natural frequencies, the identified generalised masses are also found quite accurately, with 

errors for all modes, with and without noise, of less than 4%. The identified damping ratios are less 

accurate, though this is normal and for the first three modes without noise the errors are up to only 5%. 

With noise and for the higher modes, for which the filtered responses are much smaller, the damping 

estimates are somewhat poorer. Nevertheless, the results in Table 3 indicate that the proposed system 

identification method is quite promising. 

5 Conclusions 

Using simulated measurement data for a simple structure with known modal parameters, the system 

identification method has been shown to be capable of finding the natural frequencies and generalised 

masses quite accurately, even with noise. Also the damping ratios can be found quite well for low 

frequency modes in the absence of noise. In the present study a structure with known mode shapes was 

used, but for real structures actual mode shapes may not be available a priori. However, a finite element 

model could provide estimates of the mode shapes, which could be refined using results of other system 

identification techniques. Ongoing research aims to deal with this issue of the mode shapes and also 

investigate the use of time varying loads crossing the bridge, as may occur for more realistic vehicles. 
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