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Abstract
The vibration recorded from planetary gearboxes is not only modulated, but also exhibits resonances. These
two phenomena are separated using a technique derived from operational modal analysis (OMA). The
modulation can be represented by a Fourier series, as shown previously. A non-parametric estimate of the
frequency response function (FRF) is obtained from run-up experiments without the use of order tracking.
While this is mainly advantageous, the PolyMax algorithm is no longer applicable. Nevertheless, a parametric
fit of the non-parametric estimate of the FRF can still be computed using non-linear optimization. Stationary
measurements obtained with order tracking are used for validation.

1 Introduction

Planetary gearboxes play a vital role in many applications. They feature high power densities in comparison
to parallel shaft gear boxes which is enabled by load sharing among the planets. In many cases, such as servo
drives, the coaxial shafts further support lightweight and efficient design. Their vibration behavior however is
more complicated than that of gearboxes in which the axes of the gears do not revolve. The excitation is highly
modulated, which is well known from the classic article by McFadden [1]. In addition, Ericson and Parker [2]
report clusters of natural frequencies in the frequency response function (FRF) of planetary gearboxes.

For a better understanding of planetary gearbox vibrations it is desirable to separate the excitation and the
dynamic behavior of the structure, which is described by the FRF. This will be attempted in this contribution.
The approach used in this contribution may be summarized as follows: First, measured data will be analyzed.
From this initial analysis it becomes clear that a linear frequency response model should be combined with
a Fourier series as input. While the Fourier series approach has previously shown to accurately reflect the
excitation of the structure by the gear meshing in [3], resonances have not been included in this model. In this
contribution, operational modal analysis (OMA) techniques will be combined with the existing Fourier series
approach. The reason for this choice is the difficulty in measuring the excitation forces resulting from the
meshing gears. In larger gearboxes strain gauges may be applied to the ring gear, which still do not account
for the meshing of planets and sun. OMA provides a non-invasive, less elaborate and therefore more flexible
alternative. The chosen output-only method however causes the concept of the FRF to be not as precisely
defined as in an input-output framework, as the true input can never be known.

Peeters and Roeck [4] provide a comprehensive, if not quite up to date, overview for the topic of OMA.
Since then, techniques more specific to rotating machinery have been developed [5, 6, 7] which rely on order
tracking. This approach is not effective for planetary gearboxes for two reasons: First, relevant orders may be
as high as 500 which causes a high slew rate in the frequencies associated with these high orders. This makes
order tracking unreliable. Second, tracking a high number of orders at high frequencies produces a very high
amount of intermediate data and thus complicates the approach. Instead a simplified method of estimating the

2525



1

2
4

4
5

6

3

Figure 1: Experimental setup. The gearbox can be driven at arbitrary speed and load.

frequency response function will be developed. In addition, a parametric fit of the non-parametric estimate
will be obtained.

In a first step, the modulation of the recorded vibration needs to be discussed. The vibration is modulated
because the gear meshing takes place in a rotating reference frame. Therefore the lines of action of the gear
mesh forces rotate. In addition, there is a movement of the contact points at which the planet gears mesh with
sun and ring gears. The effect of the motion of the contact points has been first discussed by McFadden [1].
Further notable contributions have been made by McNames [8] and by Inalpolat and Kahraman [9]. Morikawa
et al. [10, 11] present a different view on the topic. While the first group of authors focus on the moving
contact points in the gearbox, the latter examines the effect of forces with rotating lines of action.

Experiments conducted on our test-rig (see [3]) generally agree with the phenomena reported by these authors.
Therefore any vibration signal x excited by a planetary gearbox may be modeled as a Fourier series.

x =

∞∑

k=−∞
cke

ikϕ =
a0
2

+

∞∑

k=1

(ak cos kϕ+ bk sin kϕ) (1)

Here, the argument of the series is not the time t, but the instantaneous angle of the planet carrier ϕ. As the
angle ϕ(t) of the planet carrier is time dependent, the vibration x may be either understood as a function of
time or as a function of the reference angle ϕ. The real coefficients ak, bk and the complex coefficients ck are
linked by

ck =





a0 for k = 0
1
2(ak − ibk) for k > 0
1
2(a−k + ib−k) for k < 0 .

(2)

This yields that any vibration signal recorded from a planetary gearbox may be decomposed into orders. Any
order can be conveniently addressed by the index k and is represented by its magnitude |ck| and its phase angle
6 ck. The extraction of the Fourier coefficients ck from recorded data is called computational order tracking
(COT). For stationary operation, COT may be implemented in a straightforward manner using the fast discrete
Fourier transform (FFT). For more sophisticated methods see the classic paper by Fyfe and Munck [12].

2 Experiments

Figure 1 depicts the rest-rig used in this investigation. It primarily consists of an asynchronous motor (1), an
eddy current brake (2) and the planetary gearbox (3). The gearbox cannot be seen well in the photograph as
it is mounted inside the assembly. Metal bellow couplings (4) transfer mechanical power. Accelerometers
(5) and force transducers (6) acquire vibration data. An incremental encoder also captures the angle of the
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Figure 2: Magnitudes of the first 200 orders. The colormap is compressed non-linearly for better visibility.

planet carrier. The data is recorded at a sampling rate of 80 kHz. In this contribution the data obtained from
the accelerometers is primarily used as the vibration signal x.

Figure 2 relates the magnitude of the Fourier coefficients |ck| to the corresponding frequency of each order
when the gearbox runs at different speeds. This order chart is related to the more common Campbell diagram
by transformation of the axes. In comparison, the order chart displays the individual orders more precisely.
The empty areas represent the boundaries set by the minimal and maximal speed used in the experiments.
The data has been obtained by tracking the orders of 500 stationary measurements at different frequencies
and equal load. Afterwards a Bayesian interpolation (see [13]) has been performed. The mapping of the
colors to the magnitudes of the Fourier coefficients |ck| uses a sigmoid characteristic to improve visibility of
resonances. This however makes it harder to judge the magnitude of individual orders.

Figure 2 yields two major observations: First, only some orders contribute significantly to the overall vibration
level. They are found in the vicinity of the nominal gear mesh order at k = 84 and its integer multiples.
This is in good agreement with the theory explained in Section 1. The second observation is that at certain
frequencies resonances are visible for all orders. This suggests that an accurate linear model may be found for
these structural modes.

3 Structural model

In order to identify a linear model, vibration data is needed. Here, two approaches are possible: First,
the test-rig may be operated at different, but stationary speeds. Alternatively, a run-up may be performed.
Performing multiple stationary measurements is time consuming. In addition, it may not be feasible at speeds
where resonances occur if imbalances are too big. During a run-up, the vibration will remain within the safety
limits, if an appropriate angular acceleration is chosen. The main advantage of a run-up experiment however
lies in its ability to excite a continuous range of frequencies within a short execution time. All estimates will
be made based on run-up data. Stationary operation will only serve as a reference for validation purposes.
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In the first step, a non-parametric estimate of the FRF is obtained from run-up experiments. An operational
modal analysis (OMA) based approach is necessary because it is not possible to apply an external excitation
accurately representing the excitation by the gearbox at operation. The non-linear gear mesh effects cause
different dynamic behavior in operation and stand-still.

OMA typically assumes white noise as input or at least an evenly distributed excitation in the frequency
domain [4]. This is approximately true for a run-up excitation comprised of a single order. However, the
experimental data contains multiple orders. This causes the assumption of an evenly distributed excitation
spectrum to be not entirely true. The excitation spectrum is not constant for all frequencies. Instead, it
fluctuates around an approximately constant value. Thus, the cross-correlation cannot be used to estimate
the FRF. In many cases, this problem can be overcome by performing order tracking on the acquired data as
shown in [5, 6, 7]. An individual order of a run-up provides the required constant spectrum. In the case of
planetary gearboxes, the relevant orders are considerably higher than in other applications. Also, the number
of relevant orders is higher than in most systems. While the extraction of individual orders has been shown for
planetary gearboxes in [3], the high angular acceleration at high orders causes the results to be not sufficiently
accurate for system identification.

However, the magnitude of the excitation can be made approximately constant for all frequencies using a
smoothing algorithm. Here, a moving average (MA) filter is applied to the magnitude of the spectrum. This
eliminates the unwanted fluctuation which result from the presence of more than one order in the excitation
but removes the phase information in the process. Once the requirement of a constant excitation spectrum is
sufficiently satisfied, the measured response spectrum is approximately proportional to the FRF due to

X (Ω) = F (Ω)H (Ω) ≈ aH̃ (Ω) , (3)

were X(Ω) is the spectrum of the recorded vibration x(t), H(Ω) the ideal FRF, H̃(Ω) the estimated FRF and
a a scalar factor. F (Ω) denotes the spectrum of the unknown excitation which is assumed constant for all
frequencies interest.

In comparison to the usual approach using order tracking, only the magnitude of the FRF can be estimated.
From a strictly theoretical standpoint, “end-of-orders” effects would need to be considered. They occur
because each order has a different maximum frequency which can be excited by a given maximum speed
of the gearbox. This effect will be neglected because this effect is not observable from the recorded data.
Most likely this is due to the high amount of orders and the fact that not all orders contribute equally to the
spectrum. The experimental data meets the assumption of a constant moving average of the excitation spectra.
This can be concluded from the absence of artifacts associated with “end-of-orders” effects. Excitation caused
by unbalance forces can be neglected because only frequencies exceeding 200 Hz will be considered. The
maximum frequency of the 3th order, which corresponds to the unbalance at the drive shaft is 165 Hz.

The FRF is obtained by transforming the measured response into the frequency domain, calculating its
magnitude and computing the moving average of the spectrum. An a-causal MA filter has been used which
increases the bandwidth with rising frequencies. The estimated FRF is shown in Figure 3 along with the
Fourier transform of the run-up response X . The computation of the moving average introduces a bias to the
estimated FRF due to attenuation of the maxima and thus increases spectral leakage. Because the magnitude
of the excitation is unknown the scalar factor a cannot be calculated by principle. Hence the estimated FRF
H̃ is arbitrarily scaled.

Furthermore the modal parameters have been estimated. As only the magnitude of the estimated non-
parametric FRF is known, standard algorithms such as PolyMax cannot be applied. A method has been
developed which uses the magnitude of the FRF and non-linear regression to find the modal parameters. The
FRF is usually given in standard form

H (Ω) =

N∑

n=1

(
Rn

iΩ− λn
+

R∗n
iΩ− λ∗n

)
=

N∑

n=1

Rn
2Dωn + 2iΩ

ω2
n − Ω + 2iDωnΩ

(4)
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Figure 3: Estimated FRF and intermediate results for one accelerometer. The marked frequencies are the
same as found in Figure 2.

where λn are the eigenvalues, Dn are the damping ratios and ωn the natural frequencies. Rn denotes the
amplitudes, also called residuals, which are assumed to be real in the following. The complex eigenvalues are
related to the modal parameters by λn = Dωn + iωn

√
1−D2.

This notation is not suited for non-linear optimization. Graphically explained, any change of the damping ratio
will alter the height of the corresponding pole. This causes bad numerical condition. To solve this problem,
height and width of each pole are made independent by introducing a new Amplitude parameter An. The
parametric form

H (Ω) =

N∑

n=1

An
2iDΩωn

ω2
n − Ω2 + 2iDnΩωn

(5)

implements the idea, as the peak value at Ω = ωn is independent of the damping ratio Dn for a given
Amplitude An. The parametric form (5) enables a numerically stable solution of the non-linear least-squares
problem. The results of the method are also shown in Figure 3. The method is capable to identify closely
spaced modes as well as modes which do not form distinguished peaks. However the method does not perform
a separation of numerical modes and physical modes. It is able to obtain an arbitrarily close fit by introducing
numerical modes. Therefore a manual selection of the system modes has been performed were only the
relevant resonances have been taken into account.

The FRF which has been obtained with a run-up measurement can now be compared with the stationary
measurements. Therefor the 85th order of the stationary measurements is shown in Figure 4 along with the
approximated FRF. One can see a high correlation between 0.9 kHz and 3 kHz. The diagram also shows a
notable amount of uncertainty in the stationary measurements. The uncertainty does not result from numerical
artifacts. Further, as the temperature and the load have been tightly controlled, it must be concluded that the
observed uncertainty is inherent to the gearbox. In comparison to the FRF estimate, the Fourier coefficient
|c85| raises with higher frequencies. This indicates that not all excitation orders contribute evenly to the total
excitation at all speeds of the gearbox. The advantage of the run-up approach over stationary measurements
becomes clear by the fact that it yields continuous information, where the stationary measurements only
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Figure 4: Estimated FRF. Please note the arbitrary scale. The marked frequencies are the same as found in
Figure 2.

provide individual points.

The advantage of the non-linear optimization is that it is possible to identify closely spaced modes due to the
consideration of all nearby modes. This results in a better approximation of the modal parameters compared to
other methods which are neglecting these. The simplest of these other methods is peak-picking were a single
pole-pair is optimized for a narrow frequency range. This methods yields good results for isolated modes
like the Peak at 0.6 kHz. The results in this case are f0 = 596 Hz for the natural frequency and D = 0.016
for the damping ratio. This is a good approximation given the results of the non-linear optimization with
f0 = 595 Hz and D = 0.015. However if multiple modes are present the results show a higher difference
form each other. For the peak at 8.3 kHz, which is surrounded by two closely spaced modes, peak-picking
yields f0 = 8.38 kHz, D = 0.03 and the non-linear fit f0 = 8.38 kHz, D = 0.043. More importantly,
peak-picking cannot identify modes, if they do not exhibit distinct peaks.

4 Conclusion

The method presented in this contribution can successfully identify the dynamics of the gearbox and the
surrounding test-rig. Therefor run-up experiments have been conducted which only require limited effort.
Despite that only the magnitude of the non-parametric FRF can be estimated, a set of modal parameters
could be obtained. This was achieved by non-linear optimization, for which the parametric form of the FRF
had to be slightly modified. While the results of stationary measurement agree with the estimated FRF, they
also show certain deviations. In addition, the inherent uncertainty of the system seems to be rather high.
In summary, the method provides useful insights in the propagation of the gear mesh vibration through the
dynamics of the test-rig. In the future, the method will be applied to vibration signature analysis.
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