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Abstract 
Rain noise inside car cabins and buildings can be predicted with knowledge of the time-dependent impact 

force from individual raindrops. Previous experiments to measure the liquid drop impact force are based 

on the piezoelectric transducer with direct methods. This paper describes experimental work using both a 

wavelet deconvolution approach with a glass plate and a force transducer to quantify the force applied by 

2 and 4.5 mm diameter drops with terminal velocity onto a dry surface and with a shallow water layer. 

The validity of the wavelet deconvolution approach is indicated by the close agreement with the force 

transducer measurements for the initial impact force. A particular advantage of the wavelet approach is 

that it is able to measure the forces that occur with a natural splash when a drop impacts upon a shallow 

water layer; these include the initial impact, formation of the crater and crown. 

1 Introduction 

Knowledge of the impact force applied by a liquid water drop on dry or wet surfaces is useful in many 

different areas of engineering including blade erosion in steam turbines, soil splash from raindrops, and 

rain noise in car cabin or buildings. For the latter the raindrop impact on windows and roofs in buildings 

or cars can generate high levels of re-radiated sound that has a negative effect on speech communication 

and comfort. To predict the sound and vibration resulting from raindrop impact, it is necessary to know 

the time-dependent force that is applied to a structure when it is dry or covered with a shallow surface 

layer of water. 

The time-dependent force from liquid drops has previously been measured using a variety of direct 

approaches. Nearing et al [1] used pressure sensors and noted that the time-dependent force and average 

pressure were not adequately predicted by theory. Nearing and Bradford [2] used a pressure transducer to 

measure the force although the sensing area was sufficiently small that many drops did not fall on the 

sensor. Grinspan and Gnanamoorthy [3] used PVDF film to measure the impact force applied by a low 

velocity water drop on a solid surface and showed that impact force depends on drop velocity and liquid 

density. Soto et al [4] used two different approaches to measure the force from a water drop: piezoelectric 

quartz and a thin glass lamella. In general, the literature indicates problems with a piezoelectric transducer 

due to resonances of the transducer disc (e.g. [5]). For this reason an alternative inverse approach using 

wavelets is considered here.  

Recent work by Yu and Hopkins [6] validated a wavelet deconvolution method to experimentally 

determine the force applied by liquid water drops on a dry and wet surface. In this paper, the initial impact 

force for 2 and 4.5 mm diameter drops travelling at terminal velocity is determined using Doyle’s wavelet 

deconvolution method [7]. This is chosen because of its robustness to noise and the ability to use a glass 

plate which provides a realistic surface condition that is relevant to roof glazing on cars and in buildings. 

The wavelet approach is validated through comparison with measurements using a glass disc fixed to a 

force transducer. After the initial impact of the drop on a water layer, forces exerted from a range of 
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complex features can also be predicted by the wavelet method. This has been used to experimentally 

determine empirical formulae for the time-dependent force which can be used to assess prediction models 

based on an idealized drop shape. For the empirical formulae, the reader is referred to [6].  

2 Experiment implementation 

2.1 Wavelet approach  

When an unknown force, 𝐟, excites a noiseless LTI system, a matrix of transfer accelerances, X, describes 

the acceleration, 𝐞 , at points on this system by a linear convolution integral. Each transfer accelerance is 

the ratio of complex acceleration at a specified position to the complex force applied at another specified 

position. The discrete time domain acceleration can be expressed as [8]: 

𝐞 = 𝐗𝐟 (1) 

Wavelet deconvolution is used to determine the time-dependent force using an approach described by 

Doyle [7]. Doyle’s theory assumes that there is no noise; hence, the unknown force is estimated according 

to [7]: 

𝐟 = 𝚽H𝐟𝐰 = 𝚽H(𝚿𝚿H)
−𝟏

𝚿𝐞 (2) 

where superscript H is the Hermitian, 𝚽 is an M  N matrix of wavelet functions with elements 𝜙𝑚(𝑡𝑛) =

exp [− (
𝑡𝑛−𝑚𝑡0

𝛼
)

2
], tn is the n

th
 sample in time (subscript w indicates wavelet),  is the scaling factor 

(which is dependent on the frequency range of analysis), m is the time shift integer, 𝐟𝐰 is a vector with 

dimension M to replace the original unknown vector 𝐟 with dimension, N, and 𝚿 is defined as 

𝚿 = 𝚽𝐗H (3) 

where the elements are a matrix of functions 𝜓𝑚(𝑡𝑛) = ∑ 𝑥(𝑡𝑛 − 𝜏𝑘)𝜙𝑚(𝜏𝑘)𝑛−1
𝑘=0 . 

In practice there will always be some unwanted noise. To consider the effect of additive noise in Eq. (1) 

requires the unknown force to be transformed to the wavelet domain, so it can be rewritten as:  

𝐞 = 𝐗𝚽H𝐟𝐰 + 𝐧 = 𝚿H𝐟𝐰 + 𝐧 (4) 

where n is the noise vector. 

The aim is to estimate the M-dimensional vector 𝐟𝐰 from an N-dimensional observation vector, 𝐞. 

Assuming that the matrix 𝚿H = 𝐗𝚽H has been determined from measurements in the presence of noise, 

the likelihood function of the signal, 𝐞, given the parameter vector, 𝐟𝐰: 

𝑓𝐄|𝐅𝐰
(𝐞|𝐟𝐰) = 𝑓𝐧(𝐧 = 𝐞 − 𝚿H𝐟𝐰) (5) 

 

Assuming that n is random noise with a Gaussian distribution of mean, 𝝁𝐧, and a covariance matrix, 𝚺𝐧𝐧, 

and that the parameter vector, 𝐟𝐰, is also a Gaussian process with mean, 𝝁𝐟𝐰
, and a covariance matrix, 

𝚺𝐟𝐰𝐟𝐰
then the likelihood function is: 

𝑓𝐄|𝐅𝐰
(𝐞|𝐟𝐰) = 𝑓𝐧(𝐧)

=
1

(2𝜋)
𝑁
2 |𝚺𝐧𝐧|

1
2

exp [−
1

2
(𝐞 − 𝚿H𝐟𝐰 − 𝝁𝐧)

H
𝚺𝐧𝐧

−𝟏(𝐞 − 𝚿H𝐟𝐰 − 𝝁𝐧)] (6) 

 

The Maximum Likelihood Estimate (MLE) is obtained from maximization of the log-likelihood function, 

ln[𝑓𝐄|𝐅𝐰
(𝐞|𝐟𝐰)], with respect to 𝐟𝐰 and is given by [8]: 

𝚿𝚿H𝐟𝐰 = 𝚿(𝐞 − 𝝁𝐧) (7) 
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and when 𝚿𝚿H is well-posed, 

𝐟𝐰 = (𝚿𝚿H)
−1

𝚿(𝐞 − 𝝁𝐧) (8) 

The system impulse response is measured using force hammer with accelerometers at different positions. 

The unknown force applied by the real impact can then be related to the impact force, 𝐟,̅ applied by the 

force hammer, and the associated acceleration signal, �̅�, [9] by 

𝐞 ∗ 𝐟̅ = �̅� ∗ 𝐟 (9) 

Eqs. (7) or (8) can be solved by substituting 𝐞 ∗ 𝐟 ̅for 𝐞 and �̅� for X. When 𝝁𝐧 = 𝟎, the noise is defined as 

white Gaussian noise; Eq. (8) is the same as Eq. (2); and the wavelet approach is therefore robust against 

this form of noise. Depending on the experimental conditions, X can be sparse causing matrix 𝚿𝚿H to be 

ill-conditioned which can lead to instability in the solution of Eq. (8); a solution to this problem is to solve 

Eq. (7) using the LSQR algorithm [10] to give fw. 

In the experiment, an impact force is applied at the excitation position, pe, using a force hammer with a 3 

mm diameter steel tip (Brüel & Kjær Type 8203) to determine the matrix of transfer accelerances, X. The 

acceleration at sensing positions, p1, p2 and p3 was measured using three accelerometers (Brüel & Kjær 

Type 4375) fixed with cyanoacrylate glue to the underside of the glass plate at randomly located positions. 

Ten hits were averaged to give each transfer accelerance value. 

When a liquid water drop hits the plate, Eqs. (2) and (8) are used to calculate the time-dependent forces 

from the acceleration measured at the same three accelerometer positions that are used to determine the 

matrix X. Impacts from eight drops are averaged in the time-domain.  

The wavelet approach requires measured transfer accelerances with point excitation at the same position 

as the drop impact. These measurements used a force hammer with a 3 mm diameter tip, which is 

approximately mid-way between the 2 and 4.5 mm drop diameters used in the experiments. For this reason 

the accelerance measurements are considered valid for the initial impact force because the excited areas 

are similar. It should be noted that forces which occur after the initial impact are not all applied at the exc 

position. The features that occur after the initial impact such as the formation of the crater apply forces 

over the perimeter of a circle with a diameter up to 7 mm, whereas the crown or vortex ring would apply 

forces over the perimeter of a circle with diameters between 15 and 31 mm. The jet emanates from a point 

that is close to the drop impact position; hence any forces associated with it should be reasonably 

estimated with point excitation. Some, but not all of the rebounding drops emanating from this jet will fall 

within the maximum crater diameter. To estimate the error in the forces applied after the initial impact it is 

assumed that in-phase forces are applied around the perimeter of a circle. Assuming an infinite plate, the 

driving-point accelerance with a response point at a distance, R0, can be calculated for in-phase forces 

around the perimeter of a circle with radius, rc, and for point excitation. The ratio of these two 

accelerances is given by 

∫ 𝐻0
(1)(𝑘B𝑅(𝜃)) − 𝐻0

(1)
(𝑖𝑘B𝑅(𝜃))

2𝜋

0
d𝜃

2𝜋 [𝐻0
(1)(𝑘B𝑅0) − 𝐻0

(1)
(𝑖𝑘B𝑅0)]

 (10) 

where kB is the wavenumber for bending waves, H0
(1)

 represents the Hankel function of the first kind and 

  𝑅(𝜃) = √(𝑅0 + 𝑟c cos 𝜃 )2 + 𝑟c
2 sin2 𝜃  (11) 
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Figure 1. Ratio of accelerance for a circle of in-phase force with radius, r, to point excitation (a) 

magnitude and (b) phase. 

Fig. 1 shows calculated values using Eq. (10). Below 6k Hz the error in the impact force is <1 dB in the 

magnitude and up to 0.2 in the phase. It is reasonable to assume that the maximum measurement 

uncertainty in narrow band accelerance would be 1 dB for the magnitude and that for the phase the 

variation between different accelerometers would be <0.4 [11]. Hence it is concluded that after the initial 

impact the wavelet approach can still be used to estimate the forces that are applied by the crater, crown, 

jet, vortex ring, or oscillating bubbles. However, rebounding drops can fall at many different positions on 

the plate and therefore it is difficult to assess the accuracy for these forces. Low-level forces applied by 

capillary waves propagating away from the crater will not be correctly estimated by the wavelet approach. 

For rebounding drops the forces tend to be negligible in comparison with the initial impact and the 

oscillating bubble, although this may not apply to the capillary waves. 

2.2 Experimental set-up  

The experimental set-up is shown in Fig. 2. Reverse osmosis water is used with a burette that produces 

4.5 mm diameter drops. The velocity was 8.2 m/s for the 4.5mm drop (the velocity was the average of 10 

measurements with the absolute error estimated to be <8%).  

The drops impact upon a plate of 6 mm thick glass of dimensions 1.2 m × 1 m. Glass typically has an 

internal loss factor of 0.006; hence, to increase the overall damping of the plate (up to a loss factor of 

≈0.05), 50 mm wide strips of 13 mm thick Sylomer SR55 are positioned on both sides of the glass around 

the entire perimeter with the upper layer of Sylomer compressed under a static load applied by 13 mm 

thick steel.  

Water depths, d, of 1, 2, 4, 6, 8, and 10 mm (estimated variation over the surface is at ±0.5 mm) were 

used.  
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Figure 2. Experimental test rig: (a) force transducer disc, (b) glass plate used for wavelet deconvolution. 

2.3 Results 

Fig. 3 shows the initial impact force in the time and frequency domains to allow comparison of the 

wavelet deconvolution method and force transducer. All of the curves are carried out by zero padding the 

time signal before and after the initial impact. With a water layer, there are differences between the force 

transducer and wavelet approach in terms of the peak force and pulse width in the time domain but these 

only result in differences less than 3 dB between 10 and 2k Hz in the frequency domain. The differences 

between the force transducer and wavelet approach are more apparent with deeper water depths. Close 

agreement between the force transducer and wavelet deconvolution indicates that the latter could be used 

to overcome any errors due to the modal response of the force transducer-disc system and the effect of 

artificially constraining a water layer on the 30 mm disc. Hence the wavelet approach can now be used to 

assess impacts of drops on shallow water layers where forces are applied after the initial impact. 
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Figure 3. Measured force from the initial impact using the wavelet approach (solid line) and force 

transducer (dotted line). (a) time dependent force and (b) ESD for 4.5 mm drops with velocity 8.2 m/s 

impacting the dry glass surface (d=0 mm) and different water layer depths on the glass from d=1 mm to 

d=10 mm. 

Fig. 4a shows the time domain impact force determined using wavelet deconvolution. For a dry surface, 

the estimated time-dependent force increases rapidly in the first 0.1ms, and decays within 1ms. For 

shallow water layers the peak force is reduced and the pulse width broadens compared to the dry surface. 

Fig. 4b shows the energy density spectrum for the initial impact and features which occur after initial 

impact. With a shallow water layer, the force applied by the initial impact tends to increase below 200 Hz. 

In addition, forces applied by features such as the crater, crown, jet, vortex ring tend to increase with 

increasing water layer depth. As shown in Fig. 4b, the energy applied by these features is highest below 

100 Hz.  

Fig. 4c shows the distinct features relating to the splash, specifically the crown formation. During the 

formation of the raised crown-like perimeter after the initial impact, a negative force occurs as the water 

moves upwards, and drops detach from the tines around the perimeter of the crown (see Fig. 4c). The 

crown diameters are 31 mm for the 4.5 mm drops with impact velocity 8.2m/s.  
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Figure 4. Impact from a 4.5 mm drop with a drop velocity of 8.2 m/s: (a) Force measurements in the time 

domain using the wavelet approach with different water layer depths on the glass ranging from d=1 to 

10 mm (average of ten drops), (b) Energy Spectral Density for the initial impact and features after the 

initial impact, (c) High-speed camera images of a single example of a 4.5 mm drop impact on a water 

layer depth of 1 mm.  
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3 Conclusions 

Wavelet deconvolution has been used to determine the force applied by a liquid water drop impact onto a 

dry glass plate and the same plate with shallow water layers. For the initial impact force there is agreement 

between measurements with the force transducer and wavelet deconvolution. However, only the latter 

approach is able to measure forces that naturally occur after the initial impact with water layers. With a 

shallow water layer, the force applied by the initial impact tends to increase below 200 Hz. In addition, 

forces applied by features such as the crater, crown, jet, vortex ring tend to increase with increasing water 

layer depth. 
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