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Abstract 
Ice accretes onto structures such as aircraft wings and wind turbine blades during operation and must be 

removed cost effectively. In this paper, a low energy approach is proposed whereby flexural waves are 

focussed to create a shock response at a target point where the bond shear strength between the accretion 

and substrate is exceeded. Focussing is achieved through a chirp excitation waveform which compensates 

for wave dispersion. An experiment was performed on a long aluminium beam driven by a small 

electrodynamic shaker. Dispersion is seen to compress the chirp waveform in time as it propagates towards 

a chosen focal point, close to which the peak acceleration is maximum.  An ice substitute (plaster), was 

accreted onto the beam and the input gain increased until the accretion debonded. Electrical energy 

consumption by the shaker was measured. This transient approach to accretion removal provides alternative 

amplification to resonance of the structure or actuator, and the focal point can be moved at will in real time. 

1 Introduction 

There are many examples of beam or plate-like structures that must be kept free from dirt, such as windows, 

or other accreted material including blockages in pipes, fouling of ship hulls and ice on cables and aircraft 

lifting surfaces.  This paper is motivated particularly by the latter, where previous attempts have been made 

to remove ice from wing leading edges using high level shock or vibration response. 

Shock induced ice removal was first proposed by Goldschmidt in 1937 [1] which led to a number of patents 

in the intervening decades for ‘electro-impulsive’ de-icing systems [2].  Such devices discharge large pulses 

of current through coils in close proximity to the surface.  This momentarily induces Eddy currents in the 

metallic structure generating a large electromagnetic repulsive force, sufficient to dislodge ice.  Potential 

drawbacks of the technology reported in the literature include structural fatigue, limited range of the 

actuators and electromagnetic interference with avionic systems [3].  Electro-expulsive de-icing works on a 

similar principle whereby current is passed through parallel conductors to generate an impulsive repelling 

force to deform a wing boot or erosion shield.  A few such systems are now in operation for limited 

applications, e.g. on the horizontal stabilizer of corporate jets. 

Vibration induced ice removal has not proceeded as far up the Technology Readiness Level (TRL) scale, 

despite concerted efforts over some decades.  Most recent activity has explored the deployment of 

piezoelectric actuators to induce large vibration fields.  Venna et al., for example, used a single piezoelectric 

actuator to successfully remove ice patches from a wing leading edge structure by exciting low frequency 

structural resonances [4],[5].  However, de-icing times were of the order of several minutes suggesting that 

heating of the actuator may have been a factor.  Struggl et al. adopted a similar approach but with multiple 

piezoelectric actuators to remove ice accreted onto a wing section in an icing wind tunnel, although few 

details are provided [6].  Endres et al. conducted similar tests and compared the performance of their low 

frequency vibration based system with an electro-expulsive system, concluding that the performances of 

both depended on the environmental conditions such as temperature, ice thickness and position [7].  An 

alternative to exciting structural resonances is to drive the piezoelectric actuator at its (typically ultrasonic) 
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resonance frequency, as first proposed by Adachi et al [8].  They observed that frost accumulation on a plate 

could be suppressed (‘anti-icing’) by attaching a Langevin type ultrasonic actuator and driving it at 

resonance.  Most subsequent work in this field has been conducted by researchers at Pennsylvania State 

University (PSU) who have concentrated their efforts on de-icing rotorcraft wings.  Ramanathan et al. 

proposed the excitation of guided shear horizontal (SH) waves using piezoelectric plate actuators in their 

d15 mode to generate large shear stresses at the ice interface.  Whilst found to be viable in theory, 

instantaneous debonding was not achieved in practice and, where de-icing did occur, heating of the actuator 

was deemed to have played a significant part.  Palacios et al. considered SH waves for anti-icing of a plate 

[9].  They measured the static shear strength of ice to aluminium in the presence of ultrasonic excitation; 

significant reductions in shear strength were observed.  Water was prevented from freezing on the plate at 

high voltages (>450V) but, again, thermal effects were reportedly significant.  Zhu et al. compared a similar 

ultrasonic technique to a thermal de-icing system using the same electrical power [10].  Ultrasonic vibration 

successfully removed the ice after about 90s whereas the thermal system did not.  The temperature of the 

piezoelectric actuator was not significantly elevated in this case and so removal of the ice was attributable 

largely to vibrational effects.  In his review paper of 2014, Palacios summarises various de-icing 

experimental campaigns at PSU, highlights actuator bonding as a critical issue, and alludes to the potential 

benefits of transient as opposed to harmonic excitation. 

Kalkowski et al. [11] deployed a single piezoelectric plate actuator on a long anechoically terminated beam 

and instantaneously debonded an ice substitute (plaster) using incident waves alone.  Whilst practically more 

convenient to experiment on, the use of an ice substitute also precluded thermal effects.  The electrical power 

requirements to remove the accretion were predicted reasonably accurately using a Semi Analytical Finite 

Element (SAFE) model of the actuator coupled to the beam. 

Driving piezoelectric actuators harmonically at their resonance frequency can be problematic, as reported 

in [12].  Heating of the actuator causes shifts in the resonance frequency, and large stresses in the actuator 

itself can cause it to crack or debond from the structure.  In this paper, an alternative approach is sought 

whereby mechanical amplification is obtained by means other than resonance of the actuator or structure. 

Guided waves in beam and plate-like structures can be categorised as either dispersive or non-dispersive.  

Dispersive waves travel with different group velocities at different frequencies such that a broadband pulse-

like disturbance will tend to spread out as it propagates along the waveguide.  Conversely, if one chooses a 

dispersed input disturbance appropriately such that low frequencies are ‘given a headstart’ over high 

frequencies, then a large impulsive response can be obtained if all frequencies are focussed to arrive at a 

specified point at the same instant.  In principle, the required excitation waveform can be determined by 

time reversal acoustics [14], as demonstrated on a beam by Francoeur et al. [15].  However, there are a 

number of practical difficulties to overcome in implementing time reversal, particularly in relation to the 

required arrays of sensors and actuators. 

In this paper, an analytically derived excitation waveform is adopted that achieves a similar focussing effect.  

Unlike time reversal mirrors, no sensor array is required and a single actuator is sufficient.  Prior knowledge 

of the dispersion relation is required, hence the technique is restricted in its current form to uniform plate-

like and beam-like structures, the latter being the focus of this paper.  Section 2 outlines the formulation of 

the chirp waveform for excitation of a beam, based on the derivation detailed in [16],[17], and presents 

example waveforms.  Section 3 describes an experimental rig comprising a uniform beam excited by an 

electrodynamic actuator and provides experimental validation of the dispersion curve for flexural waves.  In 

section 4, the actuator is driven with a chirp waveform to focus waves at a target point and the peak 

acceleration is plotted as a function of distance along the beam.  In section 5, the technique is implemented 

at high excitation levels to remove an ice substitute positioned on the beam at the designated focal point.  

Conclusions are drawn in section 6. 
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2 The chirp waveform 

A chirp signal 𝑓(𝑡) of duration T has the general form 
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where F is a constant,   is the instantaneous phase, and the instantaneous circular frequency ω is given by 
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An expression is sought for  t  given prior knowledge of the wave dispersion relation such that all 

frequency components arrive synchronously at some focal point a distance 
f

x  from the force at x=0.  The 

velocity of a wave packet centred at frequency ω, is given by its group velocity, 

 
  

1

d Re

d
g

k
c






 
 
 

 (3) 

where k is the wavenumber.  At low frequencies, where the wavelength is much larger than the thickness, 

flexural waves in a beam are adequately described by Euler-Bernoulli theory.  The wavenumber for 

propagating waves is real, if damping is neglected, and given by [18] 
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In Eq. (5), E, 𝜌 and ν are the Young’s modulus, density and Poisson ratio, and A, I and h are the cross section 

area, second moment of area and thickness respectively.  Substituting for k from Eq. (4) into Eq. (3) gives 

the group velocity as 
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The time of flight (TOF) to the focal point, 
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decreases with frequency and so the instantaneous frequency of the chirp excitation must increase 

monotonically with time in order that lower frequencies are given a ‘head start’.  Denote the start frequency 

of the chirp by  0 0  . Then, in order for any frequency   to arrive at fx x  at the same instant as 

frequency 0 , its launch must be delayed until time 
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Substituting for the group velocity from Eq. (6), 
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Rearranging for   gives 
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The instantaneous phase is obtained by integrating the instantaneous frequency which gives 
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In practice, it can be beneficial to precede the chirp by a linear ramp of duration n cycles to reduce unwanted 

transients in the response, i.e. 
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where  
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  is the duration of the ramp. 

Figure 1(a) shows an example of a chirp waveform of bandwidth 500 Hz to 5 kHz preceded by a ramp of 

three cycles duration at 500Hz.  The instantaneous frequency is shown in Figure 1(b) from which the time 

of flight to the focal point at 2.5 m can be seen to vary between about 10.5 ms at 500 Hz and 3.3 ms at 5 

kHz.  The difference in these times of flight determines the duration of the chirp and hence the input power.  

Therefore the peak response can be expected to increase with distance of the focal point from the source in 

the absence of attenuation [16]. 

Note that, whilst the various frequency components share a common arrival time shown by the dashed line 

in Figure 1(b), they do not necessarily all do so at a wave crest.  Consequently, the peak response may not 

be at a maximum at the intended focal point. 
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(a) 

 

(b) 

Figure 1: Chirp excitation signal.  (a) waveform, and (b) instantaneous frequency as a function of time. 

3 Experimental set-up 

A vibration experiment was conducted using the chirp waveform presented in section 2, firstly at low levels 

of excitation as a proof of concept and as further validation of the model presented in [16].  An aluminium 

beam, shown schematically in Figure 2, was suspended at several points along its 5m length.  Its ends were 

buried in dry ‘silver’ sand of tapering depth to approximate anechoic terminations, giving a working section 

of about 3.5 m.  The beam has a solid rectangular cross section of width 19.05 mm ( 3
4  inch) and thickness 

3.175 mm ( 1
8  inch).  The beam was excited using an electrodynamic shaker (Data Physics V4) powered 

by a power amplifier (Data Physics PA300E).  The shaker was attached to the centreline of the beam, at 

about 0.5 m from the entrance to one of the sand boxes, via a short stinger.  The responses at remote positions 

on the beam were measured using a roving miniature accelerometer (PCB 352C22).  The terminal voltage 

across the shaker coil was measured for the purpose of normalising responses.  Transient measurements 

were acquired using a Picoscope 3203D virtual scope and an arbitrary waveform generator; transfer function 

measurements for system identification purposes were conducted using a Data Physics Quattro spectrum 

analyser. 
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Figure 2: Schematic of experimental rig. 

The dispersion curve for flexural waves along the beam was measured in the standard way using three 

transfer accelerances  1H   to  3H   that were equally spaced in the far field of the shaker and sand 

boxes [19].  An estimate of the wavenumber k is given by 
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where   is the sensor spacing, chosen to be 0.03 m.  Figure 3 shows the measured dispersion curve overlaid 

with that expected from Euler-Bernoulli theory when nominal cross section dimensions and material 

properties (Young’s modulus of 68 GPa and density of 2700 kgm-3) are assumed.  Notwithstanding 

modulations due to beam resonances, these parameter values give good agreement and were subsequently 

used in Eq. (5) to compute the chirp excitation waveform. 

 

Figure 3: Measured and theoretical dispersion relations for flexural waves in an aluminium beam. 
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4 Wave focussing results 

A chirp excitation was implemented, using Eq. (11) to (13), intent on producing a peak response at a nominal 

distance of 2.50 m from the shaker.  The chirp was preceded by three cycles at the start frequency, ramped 

linearly in amplitude, to reduce unwanted transients from the onset of the chirp.  The bandwidth selected 

for the chirp was from 500 Hz to 5 kHz, as illustrated in section 2, since (i) simulations suggest that a decade 

is sufficient for the chirp technique to be effective [16]; (ii) the impedance of the shaker is reasonably flat 

prior to the onset of inductance controlled behaviour; (iii) the beam is reasonably anechoic, although this is 

a convenience rather than a requirement; and (iv) this frequency range excluded the primary resonance of 

the shaker at about 100Hz, which would otherwise cause prohibitively large travel of the shaker armature 

when subsequently driven at high amplitudes. 

The Picoscope data acquisition system was used to acquire the shaker terminal voltage and the accelerometer 

signal for each of ten or more chirp events and compute the mean of the maxima and minima for both 

channels.  The accelerometer was moved along a 2.7 m length of the beam in increments of 20 mm in the 

vicinity of the focal point and 40mm elsewhere.  At each position the largest positive and negative 

accelerations were noted from the response waveform together with the peak input voltage. 

Figure 4 shows the time histories of the input voltage and acceleration response at a position close to the 

focal point.  Setting aside the initial three cycles prior to the frequency sweep, it is apparent that the 

waveform has been compressed significantly in time due to wave dispersion in transit to the receiver 

position. 

 

 

(a) 

 

(b) 

Figure 4: Measured time histories due to chirp excitation.  (a) shaker terminal voltage, and (b) 

accelerometer response at 2.56 m from shaker. 
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Figure 5 shows the maximum and minimum accelerations normalised by peak voltage as a function of 

distance along the beam.  Within 0.2 m of the shaker contributions from evanescent waves are evident, 

immediately beyond which the peak acceleration is reasonably independent of position.  In this region the 

high frequencies, which are launched towards the end of the chirp waveform, lag behind the initially 

launched low frequencies, such that interference effects are limited.  The response here is consistent with 

the peak-hold response due to a slow sine sweep excitation over the same bandwidth as the chirp.  In the 

vicinity of the nominal focal point there is a maximum at 2.43 m, and an equally large minimum at 2.56 m.  

These extrema are about 2.4 times larger than the peak response in the nearfield and about 3.4 times larger 

than that just outside the nearfield.  At the intended focal point of 2.50 m, indicated by the red markers, the 

positive and negative acceleration peaks are about equal in magnitude and neither is large.  This discrepancy 

in the true location of the focal point arises because, whilst all frequency components are arranged to arrive 

simultaneously at 2.5 m, they are not necessarily at a wave crest when they do so.  The peak stress (and 

velocity), however, do generally occur close to the intended focal point, and this is discussed further in [16].  

Several smaller and broader maxima and minima are apparent. 

Also shown in Figure 5 are the corresponding predictions from an electromechanical model of the shaker 

coupled to the beam.  The model is the same as that reported in detail in [16] except that the point mass at 

the driving point has been reduced to 3g to represent the stinger alone since there is no force gauge in this 

experimental set-up.  The results are in very close agreement, with some minor discrepancy in the peak at 

2.7 m.  This is close to the entrance of one of the sand boxes which may have given rise to a non-negligible 

nearfield. 

 

 

Figure 5: Peak acceleration per volt as a function of distance along beam from shaker.  The red markers 

correspond to the intended focal point at 2.5 m. 
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5 Accretion removal results 

The adhesion strength of ice accreted onto a substrate varies considerably depending on many factors such 

as the type of ice, temperature and the surface roughness of the substrate.  Chu et al. summarised the 

outcomes of numerous experimental studies [20].  Typical values cited include 0.12MPa for rime ice, 

0.41MPa for glaze ice and 1.5MPa for refrigerated ice.  Due to the practical challenges of experimenting 

with ice an ice substitute was used in this study.  Gypsum finishing plaster is reported to have a shear strength 

of about 0.3MPa, and its Young’s modulus (3 GPa) and density (1000 kg/m3) are not too dissimilar from 

ice [11].  It is therefore a convenient and cost effective alternative to hiring icing chambers and tunnels for 

proof of concept feasibility studies of this nature. 

A single plaster specimen at a time was prepared on the beam, at the known focal point.  The specimens 

extended across the full width of the beam (19mm) and were approximately 30-40 mm long, and of similar 

thickness to the beam (2-3mm).  Each specimen was left to cure for a day or longer prior to conducting a 

decretion measurement.  Plaster from the same batch was used to create a corresponding simple shear lap 

specimen, shown in Figure 6, by which the shear strength of each batch of plaster could be estimated 

statically.  The aluminium substrates for the lap tests were short lengths cut from an identical beam to that 

used for dynamic testing.  All aluminium surfaces were cleaned of oil and grease prior to plastering with a 

minimum of abrasion. 

Decretion measurements from the long beam using transient excitation proceeded as follows.  A focal point 

of 2.5m was chosen and the chirp waveform was generated as reported in section 2.  Whilst this was shown 

in section 3 to result in acceleration maxima at 2.43 m and 2.56 m, the validated model predicts that the 

shear stress due to flexural waves does occur at the intended focal point of 2.5 m.  Several chirp events were 

triggered manually at a particular amplifier gain, and then repeated at increasing levels of gain until the 

plaster ‘pinged’ off the beam.  For these measurements, the Data Physics power amplifier was replaced with 

a LDS PA500 to facilitate larger electrical inputs.  For each measurement, the shaker voltage and current 

were acquired from which the electrical power consumption over the duration of the chirp was inferred. 

 

 
  

(a) (b) (c) 

Figure 6:  Simple lap shear test arrangement.  (a) Schematic, (b) image of specimen, and (c) image of 

specimen under load. 
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Figure 7 shows consecutive images taken from a movie of accreted plaster being removed from the beam 

by means of chirp excitation.  Table 1 lists the electrical input required for each of five samples together 

with the estimated static strength of each batch of plaster.  The average power and total energy per chirp are 

plotted against static strength in Figure 8.  There is significant variability in the electrical power required 

which is partially correlated to variability in the plaster batches due to factors such as water content and 

curing time.  Other sources of variability include surface treatments of substrates and, in the case of dynamic 

tests, dimensions of the plaster samples.  The results suggest an average power of the order of 0.1kW to 

remove an accretion of interfacial area 6-8 cm2.  This far exceeds typical power requirements for electro-

thermal melting of ice (~4W/cm2) quoted in reference [12].  However, the energy consumption is extremely 

low on account of the chirp duration being milliseconds in duration as compared to tens of seconds. 

  

(a) (b) 

  

(c) (d) 

Figure 7:  Frozen frames at the moment of accretion removal. 

 Static tests Dynamic ‘chirp’ tests 

Sample Estimated shear 

strength (kPa) 

Peak instantaneous 

power (W) 
Average power (W) 

Energy (J) 

1 288 1150 253 3.31 

2 125 534 122 1.60 

3 368 651 152 1.99 

4 199 883 202 2.65 

5 103 530 122 1.60 

Table 1: Summary of static and dynamic testing of plaster samples.  The static strength values correspond 

to the largest incremented static load prior to failure of the specimen.  The dynamic results correspond to 

the amplifier gain at which removal of the plaster sample occurred. 
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Figure 8:  Electrical power and energy required for a single chirp excitation to debond plaster from beam 

as a function of estimated static strength. 

6 Conclusions 

A method has been implemented experimentally to focus flexural waves in a uniform beam using a single 

electrodynamic actuator.  Prior knowledge of the dispersion relation is assumed in order to formulate a chirp 

excitation waveform that ensures that all constituent frequencies arrive synchronously at a designated 

position.  The measured acceleration waveform is pulse-like at specific positions close to but either side of 

the intended focal point and up to 3.5 times larger than expected in the far field under similar broadband 

excitation.  Measured results are in close agreement with an electromechanical model of the system.  The 

model predicts that a similar peak in shear stress occurs, at the intended focal point, which is useful for the 

purpose of removing accreted material from the beam. 

Small patches of plaster, with similar shear bond strength as rime ice, were accreted onto the beam at the 

focal point.  The shaker was driven with a high amplitude chirp waveform to generate a sufficiently large 

peak shear stress at the location of the accretion for it to debond from the beam.  The average electrical 

power required to invoke delamination varied from 120-250W over the five samples tested which compares 

unfavourably with electro-thermal de-icing requirements reported in the literature.  However, delamination 

is almost instantaneous thereby requiring very little energy by comparison.  The potential of the technique 

for practical applications of accretion removal is dependent on generalisation of the technique to more 

realistic and complex geometries. 
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