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Abstract 
Mechanical and aerospace structures often contain nonlinearities arising from frictional contact at joints.  In 
order to calibrate response predicting models, these nonlinearities must be experimentally quantified to 
provide information about the type and strength of nonlinearity.  For amplitude dependent nonlinearities, 
such as frictional contact, the nonlinear response is obtained by gathering ring down accelerometer data 
from impact testing with varying amplitudes. These accelerations are then spatially filtered to obtain a single 
degree-of-freedom response, which is used to identify a pseudo-modal model. This work examines a small 

test article with embedded frictional nonlinearities, in which accelerometers cannot be placed.  Using a laser 
doppler vibrometer (LDV) to determine linear mode shapes and digital image correlation (DIC) to obtain 

response data during various amplitude hammer strikes, the nonlinearity in this small system is quantified.   

* Sandia National Laboratories is a multimission laboratory managed and operated by National Technology 
and Engineering Solutions of Sandia, LLC., a wholly owned subsidiary of Honeywell International, Inc., 
for the U.S. Department of Energy’s National Nuclear Security Administration under contract DE-NA-

0003525.  

1 Introduction 

Most real-world structures include nonlinearities introduced due to frictional contact, like those observed at 
the interface within bolted joints. These nonlinear surface interactions are extremely difficult to model. Even 
when joints behave in a linearly, the stiffness and damping properties can be non-repeatable and difficult to 

predict. Often this modeling task is neglected and experimental measurements and conservative design 

margin are used to compensate for this inaccuracy. 

Recently researchers have shown that many bolted structures tend to display weakly nonlinear behavior. In 
such cases, the mode shapes of the structure do not change with amplitude, instead small changes in 
frequency and damping are observed. In addition, the energy transfer between modes of the structure are 
assumed to be negligible in the frequency range of interest; thus, any effects of modal coupling are ignored. 
Several bolted assemblies have been analyzed in this weakly nonlinear framework using traditional 

accelerometer measurements. [1-3] 

In this work, the structure of interest is so small that it is not feasible to instrument the structure with enough 

accelerometers to develop a quality pseudo-modal model. Instead full-field (laser doppler vibrometer and 
digital image correlation) techniques are implemented to assess the structure’s nonlinear behavior. This 
offers some distinct advantages for this type of model identification as spatial density of your measurements 

locations must form an independent basis for each of the nonlinear modes of interest. 

This paper is organized as follows. Section 2 contains an overview of the approach used for the identification 
of nonlinear modal models as well as a few of the tools used to analyze the system nonlinearity. Section 3 
describes the experimental setup as well as some of the challenges with testing the small hardware of 
interest. Section 4 shows an example set of results from the nonlinear modal testing. Finally, Section 5 

contains closing remarks and plans for future work. 
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2 Theory 

2.1 Nonlinear Pseudo-Modal Model Identification 

The pseudo-modal model identification process used here has been thoroughly detailed in previous works 

[2, 3] for many large structures. The main methodology and process is repeated here in order to focus on the 
portions that are affected by the use of full-field laser doppler vibrometer (LDV) and digital image 
correlation (DIC). In a typical linear system, the dynamics of a structure are represented by a sum of modal 
degrees of freedom, or modal models. Each modal model contains a modal mass connected to ground with 

a modal spring, representing the frequency, and modal damper, representing the modal dissipation. 

 A nonlinear pseudo-modal model augments the traditional linear system with the addition of a nonlinear 
forcing element. This element can take any form from a cubic polynomial spring and damper to a complex 
constitutive model like a Palmov [4, 5] or Iwan [6, 7] model. In this work, a cubic and quadradic polynomial 

spring and damper are used to represent the nonlinear dynamics for each mode of interest. An example linear 

modal model and nonlinear pseudo-modal model are shown in Fig. 1  

 

Figure 1: (a) Linear modal model (b) Nonlinear pseudo-modal model  

A restoring force surface approach is implemented to identify these nonlinear parameters from high-level 
modal testing. This requires a series of tests at both high and low-levels of input excitation. Because the 

system is so small, usual accelerometer placement would not provide enough measurement locations for 
spatial filtering. Instead full-field measurement techniques were implemented to gather both linear and 
nonlinear information on the system. To begin, a low level modal test is performed, with a laser doppler 
vibrometer, in order to capture the linear mode shapes, frequencies, and damping ratios of the system at low 
vibration amplitude. Next, the system is tested with a high level of excitation to induce its nonlinear 
dynamics. This response is measured using a digital image correlation set-up as this allows all the data to 
be taken in one measurement frame which is essential to the nonlinear post processing. These measurements 

are spatially filtered using the linear shapes in order to develop a single degree-of-freedom system that is fit 

using the restoring force surface method.  
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Figure 2: 𝑃𝑟𝑜𝑐𝑒𝑠𝑠 𝑓𝑙𝑜𝑤𝑐ℎ𝑎𝑟𝑡 

In this work, depending on the measurement system, velocity or displacements are used instead of the 

acceleration measurements that would typically be achieved in a dynamic test using traditional 
instrumentation A simple numerical integration or differentiation in the frequency domain is used to obtain 
the displacement, velocity, and acceleration measurements. With these measurements a modal filter can be 
used to obtain a single degree-of-freedom response for each mode of interest. This modal filter is shown in 

Eqn. 1 using a pseudo-inverse of the mode shapes to transform from physical measurements, �̈�,  to modal 

signals, �̈�. Because of the weakly nonlinear assumptions, the mode shapes are assumed to not change with 

amplitude and thus the linear mode shape matrix can be used to complete this filtering. 

 �̈� = 𝛷+�̈� (1) 

The equation of motion for a linear modal model is shown in Eqn. 2 

 �̈� + 𝑐0�̇� + 𝑘0𝑞 = 𝛷𝑇𝐹 (2) 

while the nonlinear pseudo-modal model is shown in Eqn. 3 with the addition of quadradic and cubic 

polynomial terms. 

 �̈� + 𝑐0�̇� + 𝑘0𝑞 + 𝑐1�̇�|�̇�| + 𝑐2�̇�3 + 𝑘1𝑞|𝑞| + 𝑘2𝑞3 = 𝜙𝑇𝐹 (3) 

The nonlinear forces can be gathered into a single nonlinear restoring force,  

 𝐹𝑟𝑠 = 𝑐1�̇�|�̇�| + 𝑐2�̇�3 + 𝑘1𝑞|𝑞| + 𝑘2𝑞3 (4) 

The values for 𝑐0, 𝑘0, and 𝛷 can be obtained from a linear low-level modal test, while measurements of 

the modal acceleration, �̈�, velocity, �̇�, and displacement 𝑞 are obtained from a high-level test using 
integration and differentiation in the frequency domain. The only remaining unknowns are in the nonlinear 

coefficients 𝑐2, 𝑘2, 𝑐2, and 𝑘2. The equation of motion from Eqn. 3 can be set up to solve these 
coefficients in a least squares sense as shown in Eqn. 5 and Eqn. 6. The process from [2,3] is followed to 
complete these least squares, in particular real and imaginary signals are stacked and these equations are 

solved in the frequency domain. 

 𝜙𝑇𝐹 − �̈� − 𝑐0�̇� − 𝑘0𝑞 = [�̇�|�̇�| �̇�3  𝑞|𝑞| 𝑞3] [

𝑐1

𝑐2

𝑘1

𝑘2

] → �̅� = 𝑃 [

𝑐1

𝑐2

𝑘1

𝑘2

] (5) 

 [

𝑐1

𝑐2

𝑘1

𝑘2

] = 𝑃+�̅� (6) 
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As a simple approximation of amplitude-dependent damping and frequency, the nonlinear model’s 
stiffness and dissipation terms can be gathered and related to linear damping and frequency. From linear 

modal theory we can relate 𝑘0 to natural frequency. 

 𝑘0𝑞 = 𝜔𝑛
2𝑞 (7) 

Using the stiffness terms in the nonlinear pseudo-modal modal we can get an estimate for effective natural 

frequency. 

 𝑘0𝑞 + 𝑘1𝑞|𝑞| + 𝑘2𝑞3 = (𝑘0 + 𝑘1|𝑞| + 𝑘2𝑞2)𝑞  = 𝜔𝑛𝑒𝑓𝑓
2 𝑞 (8) 

A similar effective damping ratio can be obtained using the dissipation terms as shown in Eqn. 9. These 
nonlinear modal estimates are not perfect and would benefit from a more rigorous multiple-scales 

perturbation approach but they provide a quick sanity check while testing in the lab. 

 𝑐0�̇� + 𝑐1�̇�|�̇�| + 𝑐2�̇�3 = (𝑐0 + 𝑐1|�̇�| + 𝑐2�̇�2)�̇�   = 2𝜁𝑒𝑓𝑓𝜔𝑛𝑒𝑓𝑓
�̇� →  𝜁𝑒𝑓𝑓 =

(𝑐0+𝑐1 |�̇�|+𝑐2�̇�2)

2𝜔𝑛𝑒𝑓𝑓

 (9) 

2.1.1 Hilbert Transform 

Beyond simply investigating the nonlinear pseudo-modal model, the Hilbert transform [7-8] was used to 
investigate the nonlinear characteristics of measured responses. This tool is widely used for nonlinear system 
identification. The Hilbert transform is usually used on ringdown data from an impact hammer test. First, it 
is assumed that the modal response can be rewritten in an exponential form as shown in Eqn. 10 where 

𝜓𝑟(𝑡) is the Hilbert envelope and 𝜓𝑖(𝑡) is the unwrapped phase. 

 �̈� = 𝑒𝜓𝑟(𝑡)+𝑖𝜓𝑖 (𝑡) (10) 

The amplitude envelope and unwrapped phase obtained in this exponential form can be used to find time 

varying damped natural frequency and dissipation. 

 𝜔𝑑(𝑡) =
𝑑𝜓𝑖

𝑑𝑡
 (11) 

 −𝜁𝜔𝑛(𝑡) =
𝑑𝜓𝑟

𝑑𝑡
 (12) 

These values can then be plotted against response amplitude to obtain amplitude dependent curves for 

frequency and dissipation to quantify the nonlinearity observed in each mode. 

3 Experimentation 

3.1 Experimental System and Challenges 

The experimental structure of interest is shown disassembled in Fig. 3. It consists of two shelled-beam 
specimens that connect with two bolted interfaces in the center of the beam. The goal of the experiment was 
to extract amplitude dependent frequency and damping relationships to aid in the finite element model 

updating for the small structure.  
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Figure 3: 𝑇𝑤𝑜 𝑏𝑒𝑎𝑚 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛 𝑤𝑖𝑡ℎ 𝑚𝑜𝑑𝑎𝑙 ℎ𝑎𝑚𝑚𝑒𝑟 𝑓𝑜𝑟 𝑠𝑖𝑧𝑒 𝑐𝑜𝑚𝑝𝑎𝑟𝑖𝑠𝑜𝑛 

This structure provided many experimental challenges. The beam has two internal gages shown in the sketch 

from Fig. 4 but when exciting the structure at high force levels the internal sensors would over-range or 
reach the nonlinear saturation of the sensor, making it difficult to determine if the measured nonlinearity 
was from the jointed structure of the sensor response. In addition, two sensors would not be adequate to 
perform the spatial filter as calculated in Eqn. 1. The spatial resolution of the measurement locations would 
not be able to separate the measurements into single degree-of-freedom modes; thus, full-field measurement 

was necessary for this application.  

 

Figure 4:  𝐴𝑠𝑠𝑒𝑚𝑏𝑙𝑒𝑑 𝑡𝑤𝑜 𝑏𝑒𝑎𝑚 𝑠𝑝𝑒𝑐𝑖𝑚𝑒𝑛 𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑣𝑖𝑒𝑤 𝑠ℎ𝑜𝑤𝑖𝑛𝑔 𝑖𝑛𝑠𝑡𝑟𝑢𝑚𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 

The nonlinear analysis presented in Eqns. 3-6 requires that all measurement points be taken with a consistent 
loading. With accelerometers this is a simple task but it is much more difficult with a LDV system that scans 

point by point. This process was considered but would require a highly repeatable force in order to obtain 
the same nonlinearity at each measurement location. Instead, the team chose to pursue a digital image 
correlation (DIC) measurement technique using high-speed cameras to capture the motion of the beam 
specimen under high loading. This decision came with more challenges, mainly the noise floor of DIC 
measurements. In the free-free configuration a large enough force was difficult to obtain while remaining 
in depth of field for the camera system. Several individual hammer strikes were obtained but averaging 
tended to wash out the nonlinearity as repeatable hammer strikes were not obtainable. To alleviate this issue, 
the system was attached to a large fixture from a higher-level assembly. This frame provided a sturdier 

structure for modal testing, allowing for larger force levels bringing the signal out of the noise floor of the 

system. 
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3.2 Experimental Set-Up 

The final framed experimental setup is shown in Fig. 5. DIC speckle patterns were applied to the beam while 
66 accelerometer measurements were placed onto the framed structure.  The structure was suspended by 

bungees to represent a free-free boundary condition on the entire fixture-beam assembly.  

 

Figure 5: 𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙 𝑠𝑦𝑠𝑡𝑒𝑚 𝑠𝑒𝑡𝑢𝑝 𝑤𝑖𝑡ℎ 𝑐𝑎𝑚𝑒𝑟𝑎𝑠 

The speckle pattern used for DIC analysis is shown in Fig. 6. Note, the hammer blocks a significant portion 
of the view so only measurements where the speckle subset is identified for all time steps are used in this 

analysis. 

 

Figure 6: 𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙 𝐷𝐼𝐶 𝑠𝑝𝑒𝑐𝑘𝑙𝑒 𝑝𝑎𝑡𝑡𝑒𝑟𝑛 

Nonlinear, high-level, testing was performed with an impact hammer swung from a pendulum to strike the 
beam at the same location with approximately the same force. The testing was completed at multiple forces 
to assess the nonlinearity of the joint in various configurations and loadings. These high-level impact 
measurements were processed through a series of signal manipulations (filtering etc.) to obtain useful 

nonlinear relationships between vibration amplitude and damping. 
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Figure 7: 𝐻𝑎𝑚𝑚𝑒𝑟 𝑝𝑒𝑛𝑑𝑢𝑙𝑢𝑚 𝑝𝑖𝑐𝑡𝑢𝑟𝑒 

4 Example Experimental Results 

This section will walk through the processing of a single data set and then overlay the results of many data 
sets to see the experimental repeatability of this test practice. This section will highlight any unique 

processing that occurs due to the mix of modal digital image correlation measurements and more 

traditionally used modal accelerometer measurements. 

To begin, the digital image correlation measures displacements which contains rigid body motion and high 
frequency noise. A bandpass filter is used to remove this unwanted frequency content, an example signal is 

shown in Fig. 8. 

 

 

Figure 8: (a) 𝑅𝑎𝑤 𝐷𝐼𝐶 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑓𝑜𝑟 𝑎 𝑠𝑖𝑛𝑔𝑙𝑒 𝑝𝑜𝑖𝑛𝑡  (b) 𝐹𝑖𝑙𝑡𝑒𝑟𝑒𝑑 𝐷𝐼𝐶 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑓𝑜𝑟 𝑎 𝑠𝑖𝑔𝑛𝑙𝑒 𝑝𝑜𝑖𝑛𝑡 

beam specimen 
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After filtering, the displacement measurements were converted to acceleration in the frequency domain. The 
data from the DIC measurement and the accelerometers must be combined into one set to complete the 

modal filter calculation. The data from both sets was resampled at a high rate and then decimated so the 
signals had the same temporal resolution. Because the cameras and modal accelerometer DAQ were not 
synchronized the signals needed to be aligned in time. To do this the displacement measurements were 
shifted in time until the phase of the DIC and accelerometer measurements were aligned. At this point the 
data sets could be combined into one file containing a force, acceleration measurements from the 

accelerometers, and calculated acceleration measurements from the DIC system. 

 

Figure 8: Combined responses from DIC and Accelerometers 

Using Eqn. 1 the signals can be spatially filtered into single degree-of-freedom responses. In this work, the 
filter was successful at removing nearby frequencies for the two modes of interest but did not successfully 
remove much of the low frequency (under 1000 Hz) content. This undesired frequency content was removed 

with a high-pass filter. The results from the spatial filter are shown in Fig. 10. 
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Figure 10: 𝑆𝑝𝑎𝑡𝑖𝑎𝑙𝑙𝑦 𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑 𝑚𝑜𝑑𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑠𝑖𝑔𝑛𝑎𝑙𝑠 

A nonlinear pseudo-modal model was created using the process from Eqns. 3-6, where the linear parameters 
were found from low-level excitation tests, and the filtered high-level data was used to obtain the modal 

states 𝑞, �̇�, and �̈�. For the tested force level, the nonlinear coefficients were determined in a least squares 
sense from Eqns. 5-6 for the first bending mode of the beam specimen. These coefficients are contained in 

Table 1.  

Parameter Value 

k1 -4.45E11 
k2 1.20E15 

c1 1449 
c2 -2472 

Table 1: Nonlinear pseudo-modal model coefficients 

The obtained nonlinear pseudo-modal model was simulated using a high-level impact excitation force and 

compared to modally filtered test response data to ensure the accuracy of the obtained modal model. Figure 
11 shows the results of this time-domain simulation. Here the amplitude of the modal response at early and 
late time correlate very well, meaning the nonlinear pseudo-modal model obtained from test data provided 

a quality fit. 
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Figure 11: Nonlinear pseudo-modal model simulation 

The RFS estimate, from Eqns. 8-9, and Hilbert transform, from Eqns. 10-12, were used to determine the 
amplitude-dependent frequency and damping for the first bending mode of the structure. Figure 11 shows 

the amplitude dependent damping which provides a quality match between both the RFS estimate and the 
Hilbert approach. At low level the two estimates agree to a similar damping ratio (around 0.006). This is 
significant because the RFS low level damping is determined solely by the low level linear test of the system. 
At higher levels we see similar levels of increased damping, with added end-effects due to the polynomial 

nature of the Hilbert approach. 

 

Figure 11: Nonlinear amplitude dependent damping 
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Figure 12 shows the nonlinear amplitude-dependent frequency calculation and here we can see a large 
discrepancy between the Hilbert and RFS estimate of frequency. As can be observed in Fig. 12 both methods 

have around the same level of linear frequency. The Hilbert method observes a very small change in 
frequency (~0.2%), while the RFS estimate see a much larger shift at high levels (2%). The Hilbert results 
suggest that the mode really had very little nonlinear stiffness change, future work will investigate modes 

such as this using RFS to fit damping only, versus damping and stiffness nonlinear pseudo-modal models. 

 

Figure 12: Nonlinear amplitude dependent frequency 

Additional hammer impacts were taken at higher load levels. Figure 13 shows the nonlinear damping results 
of these high-level hits. Here, both loading cases agree (as expected) at lower levels, additionally, the high-
level response data follows a similar microslip trend as the low-level impacts. This means in future work on 
this structure high-level impacts with appropriate ringdown can be used to capture the entire amplitude range 

of interest. 

 

Figure 13: High versus low-level comparison 
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5 Conclusions and Future Work 

This paper provided a nonlinear identification example using both accelerometer and digital image 
correlation data. To identify the desired nonlinear pseudo-modal models a nonlinear restoring force surface 
technique was used. The pseudo-modal models were assumed to be cubic and quadradic polynomial 
elements and were able to capture the nonlinearity present in the main mode of interest for this beam 
specimen. The Hilbert transform was implemented to understand the degree of nonlinearity present in the 
main mode of interest. A simple calculation was performed using the form of the nonlinear pseudo-modal 
model to validate the nonlinearity observed in the Hilbert response. In addition to the identification exercises 
the bolted specimen was tested at multiple levels to see if the nonlinearity would shift as force was slightly 

increased. 

There are a few follow-up tasks from which this study would greatly benefit. First, the range in which the 
pseudo-modal model is accurate could be increased by testing at even higher force levels. Ideally a model 
would span a large range, but a study comparing the model extracted at different forcing levels could provide 
insight into some of the pitfalls of this methodology. Second, some optimization would could be done on 
the node selection from the DIC measurements. Spatial averaging may be implemented to eliminate drop 
the noise floor at higher frequencies and allow this technique to target higher frequency modes otherwise 
riddled with noise. Finally, investigating data at multiple torque levels (especially lower ones), would allow 

the system to experience more micro-slip and potential observe larger stiffness changes. These tasks would 
help to prove out and enlighten the nonlinear community on what appears to be a promising technique for 

nonlinear joint measurement and model identification. 
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