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Abstract 
We are interested in the modelling of the damping at the junction between two substructures. In previous 

works, we have represented the connection by a meta-model, which takes into account both dissipative 

and non-linear aspects: we used a Bouc-Wen model or a Dahl model, which are adapted to be inserted in a 

finite element system. The purpose of the present work is to identify the numerical values of the Bouc-

Wen or Dahl model parameters. The identification is carried out from the hysteresis curve (nonlinear force 

in function of displacement). First, we present the method, and then its application to academic cases. 

1 Introduction 

In structural dynamics, vibratory levels depend directly on damping. So it is necessary to have, from the 

design phase, tools and models allowing to correctly represent the damping. 

The origin of energy dissipation in the aeronautical structures is double: on one hand, materials intrinsic 

damping, and on the other hand, dissipation generated by the friction phenomena at the interfaces between 

the sub-structures. We are interested here in the representation of this second source of dissipation. For the 

metallic structures, the dissipation generated in the interfaces is the main damping source. 

In a previous study [1], we have represented the connection between sub-structure by what we called a 

meta-model, that is to say a relatively simplified model, which allows to correctly represent dissipative 

and non-linear aspects of the junction, without leading to excessively long time in the calculations of 

dynamic response. This meta-model is a Bouc-Wen model or a Dahl model, which are adapted to be 

inserted in a finite element system. The purpose of the present work is to identify the numerical values of 

the Bouc-Wen or Dahl model parameters. 

After a brief state of art in section 2, we present in section 3 the hysteretic models, and then, the 

identification methods, for the Dahl model in section 4, and for the Bouc-Wen model in section 5. We use 

these methods for identify parameters for academic cases in section 6. 

2 State of art 

As the Bouc-Wen model is widely used in various fields (earthquake dynamics, fluid dampers, seismic 

isolation, …), most of the papers deal with identification of the Bouc-Wen model. 

Identification can be done either from the hysteresis curve [3, 7, 8], taking advantage of its properties, or 

from time response [4, 5, 6], sometimes with the harmonic balance method [2]. Some authors have 

investigated the time interval of the answer which is used for identification [9], others have used the limit 
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cycle [4]. In reference [6], the hysteresis curve is split in four domains, according to the sign of speed, and 

the sign of the force derivate. 

As regards the identification itself, some approaches [2] use the Nelder-Mead optimisation algorithm or 

the least-square method [6, 11], and others [3, 5, 9, 10, 12, 13], more numerous, use genetic algorithm. 

Several papers highlight the difficulty in identifying the parameter 𝑛 (cf. equation (4) ); the method of 

reference [6], using the logarithm function, allows to overcome this difficulty. 

3 Hysteretic models 

3.1 Hysteretic curve 

We consider the dynamical equation for a one degree of freedom system, with a non-linear component 

𝐹𝑛𝑙 = 𝑧 : 

𝑚 �̈� + 𝑘 𝑥 + 𝑧 = 𝑓𝑒(𝑡) (1) 

where 𝑥 is the displacement, 𝑚 is the mass, 𝑘 the linear stiffness and 𝑓𝑒(𝑡) is the excitation force. 

For a multi degrees of freedom, we consider a similar matrix equation (cf. [1]): 

𝑴 �̈� + 𝑲 𝑿 + 𝑧 𝑭𝒇 = 𝑭𝒆(𝑡) (2) 

The non-linear component is 𝑭𝒏𝒍 = 𝑧 𝑭𝒇 where 𝑭𝒇 is a constant vector. 

So, in both cases (one or multi degrees of freedom), the non-linearity aspect is fully described by 𝑧. 

We consider an input periodical excitation, for instance 𝑓𝑒(𝑡) = 𝐴 sin (𝜔𝑡). The output answer converges 

to a stabilized periodic solution, and we can consider only the hysteresis curve (𝑥, 𝑧) on one period (cf. 

figure 1). 

In the following, we assume that we know 𝑥 = 𝑥(𝑡) and 𝑧 = 𝑧(𝑡) on one period. From these data, we can 

estimate  �̇� =
𝑑𝑥

𝑑𝑡
 and �̇� =

𝑑𝑧

𝑑𝑡
 if we need so. The data 𝑥(𝑡) and 𝑧(𝑡) can be obtained either by simulation 

(for instance a refined finite element calculation with friction) or by experience. 

 

Figure 1 : Hysteresis cycles 
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3.2 Dahl model 

The Dahl model is described by a differential equation which links the non-linear force 𝐹𝑛𝑙 = 𝑧 and the 

displacement: 

�̇� = 𝜎 �̇� (1 −
𝑧

𝐹𝐶
sign �̇�)

𝛼

 
(3) 

The Dahl model is fully described by 3 parameters: 𝜎, 𝐹𝐶 and 𝛼. For physical reasons (cf. [19]), we have 

𝐹𝐶 > 0 and > 0 : 𝐹𝐶 is the asymptotic force value, and 𝜎 is the quasi elastic stiffness when 𝐹 𝐹𝐶
⁄ ≪ 1. We 

have also 𝛼 > 0. 

3.3 Bouc-Wen model 

The Bouc-Wen model (cf. [15] for instance) is described by a differential equation which links the non-

linear force  𝐹𝑛𝑙 = 𝑧 and the displacement 𝑥: 

�̇� = 𝛼[𝐴 �̇� − 𝛽 |�̇�||𝑧|𝑛−1 𝑧 − 𝛾 �̇�|𝑧|𝑛] (4) 

Equation (4) is the usual writing for the Bouc-Wen model; it allows separating linear and non-linear 

components in the differential equation (1): 

𝑚 �̈� + (1 − 𝛼)𝐹linear⏟  
𝑘 𝑥

+ 𝛼 𝐹non-linear⏟      
𝑧

= 𝑓𝑒(𝑡) (5) 

In our case, the distinction between linear and non-linear components is useless; the linear component 

(stiffness component 𝑘 or stiffness matrix 𝑲 ) is well-known, and we are only interested by the non-linear 

component which models the junction. In this context, some parameters of (4) are redundant. We can set 

𝛼 = 1 and the Bouc-Wen equation becomes: 

�̇� = 𝐴 �̇� − 𝛽 |�̇�||𝑧|𝑛−1 𝑧 − 𝛾 �̇�|𝑧|𝑛 (6) 

One can note that for 𝛾 = 0 and 𝑛 = 1, the Bouc-Wen model is equivalent to a Dahl model with 𝛼 = 1. 

The Bouc-Wen model is fully described by 4 parameters: 𝐴, 𝛽, 𝛾 and 𝑛 (𝑛 is not necessarily an integer). 

The Bouc-Wen model satisfies the laws of thermodynamic if we have −𝛽 ≤ 𝛾 ≤ +𝛽 (cf. [15] and [18]). 

Otherwise, one can show that the model is stable and dissipative if 𝐴 > 0, 𝛽 + 𝛾 > 0 and 𝛽 − 𝛾 ≥ 0. 

These two last relations involve 𝛽 > 0 and satisfy the laws of thermodynamic. As the parameter 𝐴 can be 

considered as the quasi linear stiffness model, we also have the condition A>0. 

4 Dahl model identification 

We present in this part the identification method for the Dahl model. 

First, the hysteresis cycle is divided in two parts: one part where  �̇� > 0 and another one where  �̇� < 0 (cf. 

figure 2). For each of these sub-cycles, we have sign �̇� = constant = 𝜖 with 𝜖 = ±1. If we express time 

derivatives as  �̇� =
𝑑𝑥

𝑑𝑡
 and �̇� =

𝑑𝑧

𝑑𝑡
, equation (3) can be written: 

𝑑𝑧

𝑑𝑥
= 𝜎 (1 − 𝜖 

𝑧

𝐹𝐶
)
𝛼

 
(7) 

So the slope value 
𝑑𝑧

𝑑𝑥
 in 𝑧 = 0 allows to obtain the value of the parameter 𝜎. 
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Figure 2 : Hysteresis curve 

 

Then, we define the following quantities (cf. figure 2): 

 𝑥0 = 𝑥(𝑧 = 0) , 
 𝑧0 = 𝑧(𝑥 = 0) , 
 (+𝑥𝑚, +𝑧𝑚) and (−𝑥𝑚, −𝑧𝑚) the extreme points of the hysteresis curve defined by  �̇� = 0. 

 

We assume now either 𝛼 = 1 or 𝛼 ≠ 1. 

 If we assume 𝛼 = 1, then equation (7) leads to: 

−𝜖𝐹𝐶 ln (1 − 𝜖
𝑧0
𝐹𝐶
) − 𝜎 𝑥0 = 0 

(8) 

We can solve numerically equation (8) to obtain 𝐹𝐶 value. 

 If we assume 𝛼 ≠ 1, first, directly from equation (7), we obtain, denoting 𝑝0 the slope of ln (
𝑑𝑧

𝑑𝑥
) with 

respect to variable 𝑧, in 𝑧 = 0: 

𝛼 = −𝑝0𝜖 𝐹𝐶 (9) 

Then, integrating equation (7) between the two extreme points, with the help of equation (9), we obtain: 

𝐹𝐶
1 + 𝑝0𝜖𝐹𝐶

{(1 +
𝑧𝑚
𝐹𝐶
)
1+𝑝0𝜖 𝐹𝐶

− (1 −
𝑧𝑚
𝐹𝐶
)
1+𝑝0𝜖 𝐹𝐶

} − 2𝜎𝑥𝑚 = 0 
(10) 

We solve numerically equation (10) to obtain the value of 𝐹𝐶 parameter, and then we deduce the value of 

parameter 𝛼 with the help of equation (9). 

We have two opportunities to identify the values of the Dahl model parameters:  �̇� > 0 ou < 0 . For each 

parameter, we can choose for the final value the mean of the two values we have found. An important 

disparity between the sets of value means that the Dahl model is not suitable for the considered hysteretic 

curve. 
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5 Bouc-Wen model identification 

The identification process presented in this paragraph is inspired by some aspects of the work presented in 

[17]. 

First, the hysteresis cycle is divided into four parts: (�̇� > 0 , 𝑧 > 0), (�̇� > 0 , 𝑧 < 0), (�̇� < 0 , 𝑧 > 0) and 

(�̇� < 0 , 𝑧 < 0) (cf. figure 2). 

 For the case (�̇� > 0 , 𝑧 > 0), equation (6) can be written: 

�̇� = [𝐴 − (𝛽 + 𝛾) 𝑧𝑛] �̇� (11) 

Writing time derivatives as  �̇� =
𝑑𝑥

𝑑𝑡
 and �̇� =

𝑑𝑧

𝑑𝑡
, we obtain: 

𝑑𝑧

𝑑𝑥
= 𝐴 − (𝛽 + 𝛾)𝑧𝑛 

(12) 

The value of the slope 
𝑑𝑧

𝑑𝑥
 for 𝑧 = 0 leads to the value of parameter 𝐴. 

It has been shown in [15] that 𝛽 + 𝛾 > 0. So, by taking the logarithm of equation (12), we obtain: 

ln (
𝑑𝑧

𝑑𝑥
− 𝐴) = ln(𝛽 + 𝛾) + 𝑛 ln 𝑧 

(13) 

So, the values of 𝑛 and ln(𝛽 + 𝛾) (and consequently the value of 𝛽 + 𝛾) can be identified from the curve 

(ln 𝑧 , ln (
𝑑𝑧

𝑑𝑥
− 𝐴)), for instance with a least-square method. 

 For the case (�̇� > 0 , 𝑧 < 0), if we note 𝑧′ = −𝑧, equation (6) can be written: 

𝑑𝑧′

𝑑𝑥
= 𝐴 − (𝛽 − 𝛾)𝑧′𝑛 

(14) 

It has been shown [15] that 𝛽 − 𝛾 > 0. So, by taking the logarithm of equation (14), we obtain: 

ln [−(
𝑑𝑧′

𝑑𝑥
+ 𝐴)] = ln(𝛽 − 𝛾) + 𝑛 ln 𝑧′ 

(15) 

So, the values of 𝑛 and ln(𝛽 − 𝛾) (and consequently the value of −𝛾 ) can be identified from the curve 

(ln 𝑧′ , ln [−(
𝑑𝑧′

𝑑𝑥
+ 𝐴)]), for instance with a least-square method. 

At the end, we can calculate the values of 𝛽 and 𝛾 from the values of 𝛽 + 𝛾 and 𝛽 − 𝛾. 

In the particular case 𝛽 = 𝛾, the expression ln(𝛽 − 𝛾) doesn’t make sense. But in this case 𝛽 + 𝛾 = 2𝛽 

and equation (15) is useless. 

We have four opportunities to identify the values of 𝐴: (�̇� > ou < 0 , 𝑧 > ou < 0), and two opportunities 

to identify the value of 𝛽 and 𝛾 (�̇� > ou < 0). As for the Dahl model identification, we can choose for the 

final value the mean of the different values we have found. An important disparity between the sets of 

value means that the Bouc-Wen model is not suitable for the hysteretic curve. 

6 Application 

We have developed in Python language the methods we have presented in sections 4 and 5. In this section, 

the identification methods are applied to a single degree of freedom case. First, the hysteretic curve is 

computed solving the non-linear time equation (1), for a Dahl (resp. Bouc-Wen) model. Then, we 

identified from these curves the Dahl (resp. Bouc-Wen) parameters, and compare the results with initial 

values. 
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6.1 Dahl model 

The parameters of equation (1) are 𝑘 = 105 𝑁/𝑚 and 𝑚 = 1 𝑘𝑔. The Dahl model parameters are 

𝜎 = 2 105, 𝐹𝐶 = 1 and 𝛼 takes various values between 1 and 2.5. The excitation force is 𝑓𝑒(𝑡) =
𝐹 sin(2𝜋𝑓0𝑡) with 𝐹 = 1 𝑁 and 𝑓0 = 2 𝐻𝑧. The dynamic response is computed for the interval [0 − 8 𝑠] 
with a time step Δ𝑡 = 10−3 𝑠, using an explicit Runge-Kutta method of order 4(5) algorithm. The 

hysteretic loop is deduced from the dynamic response. 

 𝛼 = 1 𝛼 = 1.5 𝛼 = 2.5 

 hypothesis hypothesis hypothesis hypothesis hypothesis hypothesis 

 𝛼 = 1 𝛼 ≠ 1 𝛼 = 1 𝛼 ≠ 1 𝛼 = 1 𝛼 ≠ 1 

𝜎 1.99 105 1.99 105 2.00 105 1.99 105 2.00 105 2.01 105 

𝐹𝐶 1.04 1.01 0.74 1.00 0.49 0.99 

𝛼  1.016  1.505  2.46 

Table 1: Identified Dahl parameters for initial Dahl model (𝜎 = 2 105  , 𝐹𝐶 = 1) 

The identification results are presented in the table 1. The values of identified parameters are closed to the 

initial values when the hypothesis on 𝛼 is in agreement with the initial values. When 𝛼 = 1, the 

hypothesis “ 𝛼 ≠ 1 ” leads also to good results. Otherwise, when 𝛼 ≠ 1, the hypothesis “𝛼 = 1” leads to 

values for 𝐹𝐶 parameter which are far from the initial value. 

We compare on figures 4 and 5 the initial hysteresis loop with the hysteresis loop obtained with identified 

values. When initial and identified values are not in agreement, hysteresis loops are clearly different. 

The identification process has been carried out on modified initial systems, with various values of the 

stiffness value 𝑘, various values of the intensity 𝐹 or frequency 𝑓0 of the excitation force, or various 

values of the initial Dahl models. The results are consistent with previous results; we generally observe 

good agreement between initial and identified values using the hypothesis “𝛼 ≠ 1”.  

However, when the energy dissipated by the Dahl model is low, we encounter numerical difficulties 

during the identification process, and the identified parameters are far from initial values. For instance, 

with the set of initial values(𝜎 = 2 105 ,   𝐹𝐶 = 10 , 𝛼 = 1), either the identification process fails or 

identified values on each sub cycle differ strongly (cf. table 2). 

 

hypothesis 𝛼 = 1 hypothesis 𝛼 ≠ 1 

sub cycle  �̇� > 0 sub cycle  �̇� < 0 sub cycle  �̇� > 0 sub cycle  �̇� < 0 

no solution found for 

equation (9) 
𝐹𝐶 = 1.9𝑒5 𝐹𝐶 = 4.32 𝐹𝐶 = 0.65 

 𝛼 = 0.43 𝛼 = 0.11 

Table 2: Identified Dahl parameters for initial Dahl model (𝜎 = 2 105  , 𝐹𝐶 = 10  ,   𝛼 = 1) 

The damping is estimated through the equivalent damping rate 𝜉eq =
1
4𝜋⁄
𝐸𝑑

𝐸𝑒
⁄ , where 𝐸𝑒 is the elastic 

energy and 𝐸𝑑 the dissipated energy (hatched area, see figure 3). For the previous systems (𝜎 = 2 105 ,
𝛼 = 1), we have 𝜉eq = 0.15 when 𝐹𝐶 = 1 and 𝜉eq = 0.014 when 𝐹𝐶 = 10. 
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Figure 3 : Estimation of dissipated energy 

 

Except for low damping case, this identification process leads to satisfactory results. Failures of the 

process can be identified either by strongly different values according each sub cycle or by numerical 

difficulties solving equation (8) or (10) or by noticeable differences between initial and identified 

hysteresis loop. 

 

Figure 4 : Initial and identified Dahl model (1) 

 

 

Figure 5 : Initial and identified Dahl model (2) 
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6.2 Bouc-Wen model 

The parameters of equation (1) are 𝑘 = 200 𝑁/𝑚 and 𝑚 = 1 𝑘𝑔. The Bouc-Wen model parameters are 

𝛼 = 200 and 𝐴 = 1, and 𝛽, 𝛾 and 𝑛 take various values between 1 and 2.5. The excitation force is 

𝑓𝑒(𝑡) = 𝐹 sin(2𝜋𝑓0𝑡) with 𝐹 = 10 𝑁 and 𝑓0 = 5 𝐻𝑧. The dynamic response is computed for the interval 

[0 − 8 𝑠] with a time step Δ𝑡 = 10−3 𝑠, using the same Runge-Kutta algorithm. The hysteretic loop is 

deduced from the dynamic response. 

 

 𝐴 𝛽 𝛾 𝑛  

initial 1 0.5 0.2 1  

identified 0.99 0.50 0.15 1.09  

initial 1 0.5 0.2 3  

identified 1.00 0.48 0.17 3.18  

initial 1 0.5 -0.2 1  

identified 1.02 0.52 -0.22 0.98  

initial 1 0.2 0.2 1  

identified (1) 0.99 0.17 0.16 0.67 hyp. 𝛽 ≠ 𝛾 

identified (2) 0.99 0.17 0.17 1.33 hyp. 𝛽 = 𝛾 

Table 3: Identified Bouc-Wen parameters for initial Bouc-Wen model (𝛼 = 200  , 𝐴 = 1) 

The identification results are presented in table 3, and we compare in figures 6 and 7 the initial hysteresis 

loop with the hysteresis loop obtained with identified values. The values of identified parameters are 

closed to the initial values, even in the particular case 𝛽 = 𝛾. 

As for Dahl model, the identification process has been carried out on modified initial systems (various 

values of stiffness 𝑘,  mass 𝑚, excitation intensity 𝐹 or excitation frequency 𝑓0). The results are consistent 

with previous results; we generally observe good agreement between initial and identified values. 

However, when damping is very low, results are not so good. For instance, for the initial system (𝐴 =
1, 𝛽 = 0.005, 𝛾 = 0.001, 𝑛 = 1) for which 𝜉eq = 0.003, the identification process leads to noticeable 

different identified values of 𝑛 and 𝛽 + 𝛾 according to the considered sub-cycle ( �̇� > 0 or  �̇� < 0). 
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Figure 6 : Initial and identified Bouc-Wen model (1) 

 

 

Figure 7: Initial and identified Bouc-Wen model (2) 

7 Conclusion 

We have presented semi-analytical methods to identify the parameters of two hysteretic models: the Dahl 

model and the Bouc-Wen model. The implementation is very easy. We have shown the efficiency of these 

methods, and also their limits, in particular when damping is low. 

The next step of our research is to carry out identification from “real” hysteretic cycles, obtained either by 

simulation (refined finite element simulation with friction) or by experience. Such studies are presently in 

progress at Onera. 

DAMPING 1045



References 

[1] V. Kehr-Candille, Modelling the damping at the junctionbetween tawo substructures by non-linear 

meta-models, Journal Aerospace Labs, Issue 14 (2018) 

[2] Y.Q. Ni, J. M. Ko, C.W. Wong, Identification of non-linear hysteretic isolators from periodic 

vibration tests, Journal of Sound and Vibration Vol. 217, No. 4 (1998), pp.737-756  

[3] T. Sireteanu, M. Giuclea, A.M. Mitu, Identification of an extended BoucWen model with application 

to seismic protection through hysteretic devices, Comput Mech., Vol.45 (2010), pp. 431-441 

[4] F. Ikhouane, J. Rodellar, On the Hysteretic BoucWen Model, Part I: Forced Limit Cycle 

Characterization, Part II: Robust Parametric Identification, Non-linear Dynamics (2005) Vol. 42, 

pp. 63-95 

[5] A. Kyprianou, K. Worden, Identification of hysteretic systems using the differential evolution 

algorithm, Journal of Sound and Vibration Vol. 248, No. 2 (2001), pp. 289-314 

[6] Y. Rochdi, F. Giri, F. Ikhouane, F.Z. Chaoui, J. Rodellar, Parametric identification of nonlinear 

hysteretic systems, Nonlinear Dyn. Vol. 58 (2009), pp.393-404 

[7] S. Kwag, S.Y. Ok, Robust Design of Seismic Isolation System using Constrained Multi-objective 

Optimization Technique, Journal of Civil Engineering Vol. 17, No. 5, (2013), pp. 1051-1063 

[8] G.C. Marano, S. Sgobba, Stochastic energy analysis of seismic isolated bridges, Soil Dynamics and 

Earthquake Engineering Vol. 27 (2007), pp. 759-773 

[9] S. Talatahari, A. Kaveh, N.Mohajer Rahbari, Parameter identification of Bouc-Wen model for MR 

fluid dampers using adaptive charged system search optimization, Journal of Mechanical Science 

and Technology Vol. 26, No. 8 (2012), pp. 2523-2534 

[10] Y. Guo, J. Mao, Modeling of Hysteresis Nonlinearity Based on Generalized Bouc-Wen Model for 

GMA, ICIRA 2010, Part I, LNAI 6424, (2010), pp. 147-158 

[11] K. Guo, X. Zhang, H. Li, G. Meng, Non-reversible friction modeling and identification, Arch Appl 

Mech Vol. 78 (2008), pp. 795-809 

[12] Y. Qiang, Z. Li, W. Xinming, Parameter identification of hysteretic model of rubber-bearing based. 

on sequential non-linear least square estimation, Earthquake Engineering and Engineering Vibration, 

Vol. 9, No. 3 (2010), pp. 375-383 

[13] M. Ye, X.Wang, Parameter estimation of the BoucWen hysteresis model using particle swarm 

optimization, Smart Mater. Struct. Vol. 16 (2007), pp. 2341-2349 

[14] D. Capecchi, R.Masiani F.Vestroni, Periodic and Non-Periodic Oscillations of a Class of Hysteretic 

Two Degree of Freedom Systems, Nonlinear Dynamics Vol. 13(1997), pp. 309-325 

[15] M. Ismail, F. Ikhouane, J. Rodellar, The Hysteresis Bouc-Wen Model, a Survey, Comput. Methods 

Eng. Vol. 16 (2009), pp.161-188 

[16] A.E. Charalampakis, V.K. Koumousis, On the response and dissipated energy of Bouc-Wen 

hysteretic model, Journal of Sound and Vibration Vol. 309 (2009), pp. 887-895 

[17] F. Ikhouane, V. Maosa, J. Rodellar, Dynamic properties of the hysteretic Bouc-Wen model, Systems , 

Systems and Control Letters Vol. 56 (2007), pp. 197-205 

[18] S. Erlicher, N. Point, Thermodynamic admissibility of Bouc-Wen type hysteresis models, Compte 

rendus Mcanique Vol. 332 (2004), pp. 51-57 

[19] A. AL Majid, Dissipation de l’énergie en mécanique vibratoire, doctoral thesis report, INSA Lyon 

France, (2002) 

1046 PROCEEDINGS OF ISMA2018 AND USD2018


