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Abstract
Aeroelastic vibrations have been investigated as a way to convert the energy from airflows into electric
energy. In the case of stall-induced oscillations, previous works have demonstrated that structural parameters
affect the amount of energy extracted from the airfoil motion. In this sense, the present work proposes
the optimization of such structural parameters to increase the power harvested from an airfoil undergoing
pitching oscillations at high angles of attack. The optimization process utilizes a metamodel to approximate
the cost function in the interval of interest for the variables to be optimized. The metamodel considers
the four-dimensional Kriging interpolation, which models the results obtained from different simulations
previously set by the Design of Experiments (DOE). Results show that the absence of torsional springs and
the reduction of the airfoil mass and moment of inertia, as well the position of the elastic axis around 0.336
of the chord length characterizes the optimal harvester.

1 Introduction

Optimization process are frequent in any engineer field given the search for optimal conditions of some
system or component. When aeroelastic problems are taken into account, optimization can be developed to
increase the flutter velocity or to generate the best composite structure by considering its weight and aeroe-
lastic responses [1]. However, fluid-structure interactions are also relevant in the analyses of civil structures
such like bridges and, as consequence, optimization problems can be set looking for the improvement of
dynamic characteristics of such structures subjected to loads imposed by the airflow [2].

The optimization was also applied for the design of flexible wings operating beyond the flutter onset velocity.
Under this condition, the aeroelastic behavior is driven by limit cycle oscillations due to structural and
aerodynamic nonlinearities [3, 4]. Here, the objective relied on the optimal weight distribution of the wing
constrained by the maximum amplitude allowed for the oscillations.

If limit cycle oscillations reach high angle of attack, dynamic stall effects become relevant and stall-induced
oscillations are observed [5]. Some experimental efforts have considered the nonlinear behavior of such
oscillations to harvest energy [6, 7]. On the other hand, dos Santos, Marques and Hajj (2018) [8] presented
a model to the harvesting process and have indicated that structural parameters of the harvester affect the
amount of extracted power. Such conclusion suggests the needing of an optimization to find the parameters
that can increase the harvesting process.

In this sense, the present work proposes the optimization of a harvester from stall-induced oscillations.
Three parameters are considered during the optimization process: the position of the elastic axis of the
airfoil; inertial features summarized by the product of the squared radius of gyration and the mass ratio of
the airfoil; and the natural frequency of pitching.
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2 Methodology

The optimization problem is going to be solved with the sequential quadratic programming (SQP) solver.
The cost function is evaluated from the metamodel based on the Kriging interpolation of the cost function
calculated at some points set by the design of experiments (DOE). The evaluation of the cost function at these
points depends on the time integration of a system of differential equations that describes the electroaeroe-
lastic model, which results on time histories for the angle of attack of the pitching airfoil and the current
output of the generator. Then, the root mean squared power is assessed for each wind speed in the range of
interest and the negative integer of this curve is defined as the cost function to be minimized.

2.1 Electroaeroelastic model
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Figure 1: Schematic representation of the electroaeroelastic model.

As illustrated in Figure 1, the electroaeroelastic model considers a typical aeroelastic section with chord
c undergoing pitching oscillations. One electric generator with internal resistance R and inductance L is
attached to the elastic axis of the airfoil. Then, the system of differential equations that models the variation
of the angle of attack of the airfoil, α, and the current generated in the electric circuit, i, is given by:

{
α̈+ ω2

αα = 8V 2

r2αµπc
2Cmea − 16κ

πρc4r2αµ
i

di
dt = κ

L α̇− R
L i

, (1)

where ωα is the natural pitching frequency of the typical aeroelastic section, rα is the radius of gyration of
the airfoil and µ = (4m)/(πρc2) is its mass ratio, being m the mass of the airfoil and ρ the air density. The
dimensionless r2αµ summarizes inertial parameters. Moreover, κ is the electro-mechanical couple factor, V
is the airspeed and Cmea is the pitching moment coefficient with respect to the elastic axis, that is given by:

Cmea(t) = Cm(t) + Cn(t)(xea − xac) , (2)

where xea and xac are, respectively, the position of the elastic axis and of the aerodynamic center of the airfoil
as a fraction of the chord length. Cm(t) is the aerodynamic moment coefficient at the quarter chord andCn(t)
is the normal force coefficient. Because the airfoil can reach high angles of attack during its motion, dynamic
stall effects become relevant. Thus, aerodynamics will be modeled by the Beddoes-Leishman method in
state-space representation, which is able to capture nonlinear loads during unsteady motions. Such approach
for the unsteady aerodynamic behavior of an airfoil, computes components of aerodynamic loads related to
important events of the flow. By doing so:

{
Cn(t) = Cpn(t)− Ccn(t) + Cfn(t) + Cvn(t)

Cm(t) = Cpm(t) + Cfm(t) + Cvm(t)
, (3)
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where superscripts p denote components related to the attached flow condition, c indicates the circulatory
component, f is associated with the separation of the flow from the trailing edge and v denotes components
due to the shedding of vortices from the airfoil leading edge.

The loads related to the attached flow condition are given through eight aerodynamic states such that:

{ẋ} = [A] {x}+ [B]

{
α
q

}
, (4)

{
Cpn
Cpm

}
= [C] {x}+ [D]

{
α
q

}
, (5)

where the input q = α̇c/V is the dimensionless variation of the angle of attack, {x} is the vector that
represents the 8 states and [A], [B], [C] and [D] are matrix extensively discussed in the literature [9, 10].

The normal force coefficient due to the attached flow can be divided into a circulatory and a non-circulatory
components, i.e., Cpn = Ccn + Cin, and the circulatory component is defined as:

Ccn(t) = Cnαβ
2

(
2V

c

)
(A1b1x1 +A2b2x2) , (6)

being Cnα the slope of the curve of the normal force coefficient as function of the angle of attack in the linear
range and β =

√
1−M2, where M is the Mach number of the flow.

Dynamically, some delay is observed in the normal force coefficient. State x9 models this delay as a first
order system dependent on a empirical time constant Tp:

ẋ9 =

(
2V

c

) −x9 + Cpn(t)

TP
, (7)

C ′n(t) = x9 . (8)

The separation of the flow also contributes for the aerodynamic loads and impose them nonlinear character-
istics. If fd is the fraction of the airfoil where the flow is attached, the aerodynamic coefficients are given
by: 



Cfn(t) = Ccn

(
1+
√
fd

2

)2

Cfm(t) =
{
K0 +K1(1− f̂) +K2 sin[π(f̂)m]

}
Ccn(t) + Cm0

, (9)

where typically m = 2, K0, K1 and K2 are empirical constants that match the curve for static moment
coefficient per angle of attack. Cm0 is the zero-lift moment coefficient, f̂ = max[fd(t), fm(t)] and fd(t)
and fm(t) are given by two aerodynamic states as systems of first order with dependence on a time constant
Tf , which has a standard value Tf0 that can be modified during the vortex shedding phase:

ẋ10 =

(
2V

c

) −x10 + f(C
′
n(t)
Cnα

)

Tf
, (10)

fd(t) = x10 , (11)

and:

ẋ11 =

(
2V

c

) −2x11 + 2f(α)

Tf0
, (12)

fm(t) = x11 , (13)

where f(α̂) is a function that models the flow separation from the airfoil trailing edge in static conditions
and is empirically given for NACA airfoils as [11]:

f(α̂) =





1− 0.3e
|α̂|−α1
s1 if |α̂| ≤ α1

0.04− 0.66e
α1−|α̂|
s2 if |α̂| > α1

, (14)

AERO-ELASTICITY 507



where α1 is an angle defined when f = 0.7, and s1 and s2 are constants defined empirically to match the
function f(α̂) with experimental data.

The contribution of the vortex shedding phase is also taken into account by the Beddoes-Leishman model.
This phase is triggered when the absolute value of C ′n is increasing and becomes larger than Cn1 , which is
the value of Cn at the stall imminence in static conditions. When |C ′n| ≥ Cn1 , a dimensionless counter τv
is established and marches according to the dimensionless time 2V t/c. Then, the normal force coefficient
associated with the vortex shedding phase is modeled by a first order system dependent on a empirical time
constant Tv:

ẋ12 =

(
2V

c

) −x12 + Ċv
Tv

, (15)

Cvn(t) = x12 , (16)

where:

Cv =

{
Ccn[1− 0.25(1 +

√
fd)

2] , if τv ≤ 2Tvl

0 , if τv > 2Tvl ,
(17)

in which Tvl is an empirical time constant defined as the dimensionless time needed by the vortex shed from
the leading edge to reach the airfoil trailing edge. As consequence of the vortex shedding, the pressure center
varies along the airfoil chord length, thereby contributing with an additional term to the moment coefficient,
which can be written as:

Cvm(t) = −0.25

[
1− cos

(
πτv
Tvl

)]
Cvn . (18)

The optimization of an energy harvester from the oscillatory behavior of the airfoil, looks for the high power
extraction. For one given wind speed, the harvested power is given by P (t) = κα̇(t)i(t). Time histories for
α̇(t) and i(t) are given by the time integration of Equation (1) by using a forth-order Runge Kutta. Then,
considering the range of wind speeds between 0 and 10m/s, the cost function to be minimized can be written
as:

g(xea, r
2
αµ, ωα) = −

∫ 10

0
PRMS(xea, r

2
αµ, ωα)dV = −

∫ 10

0

√
[κα̇(t)i(t)]2dV . (19)

2.2 Design of experiments

The simulations will be conducted by varying xea ∈ [0.25, 0.4], r2αµ ∈ [1, 5] and ωα ∈ [0, 1]Hz. The factorial
designs is adopted, by considering 512 experiments organized in a cube with 8 points x = [xea, r

2
αµ, ωα] in

its edges [12]. Such organization allows a better control of the results and the identification of regions where
the cost function g(xea, r

2
αµ, ωα) = 0.

2.3 Four-dimensional Kriging

Let g0 = g(y0) be the unknown value of the cost function g when the function is applied in the point
y0 = [xea, r

2
αµ, ωα]0. If G = g(yi) is the vector with known values of g at i = 1, 2, ...,m points, the

interpolated value ĝ0 can be determined by using the Kriging method [13]. Following this methodology,
firstly, G is used to create a linear approximation of the function g, such that:

ḡ(y) = C0 + C1xea + C2r
2
αµ+ C3ωα , (20)

with Cj being constants defined by least-squares solution of the system AC = G, where A is a m × 4
matrix in which each row has the values of yi.

Let Ḡ = ḡ(yi), which is supposed to differ from G since the values of Ḡ are given by a linear approximation
of the function g. Let E = G− Ḡ be the vector which store the differences between both values. Then, for
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the point y0, ĝ0 = E0 + ḡ(y0), where E0 is the difference between the value of the linear function ḡ in the
point y0 and the actual value of g in this point. Thus, by determining E0 the value of ĝ0 is also known.

The Kriging method considers that the value of the function at some point is a weighted average of the
neighbor values of the function. So, the value E0 is determined by E0 = ETW, where W is the vector with
the weights which prioritize points closer to the unknown point. Mathematically:

W =





W1

W2
...

Wm





=




l(y1,y1) l(y1,y2) ... l(y1,ym)
l(y2,y1) l(y2,y2) ... l(y2,ym)

...
...

. . .
...

l(ym,y1) l(ym,y2) ... l(ym,ym)




−1


l(y1,y0)
l(y2,y0)

...
l(ym,y0)





, (21)

where l(yj ,yk) is a function of the distance between points yj and yk, d(yj ,yk). Some functions can be
applied for this purpose: the linear function, l(yj ,yk) = sd(yj ,yk), the spherical function l(yj ,yk) =
1.5sd(yj ,yk)/r − 0.5s[d(yj ,yk)/r]

3, or the exponential function l(yj ,yk) = s − se[−d(yj ,yk)/r], being r
the range of the functions and s their sill value.

2.4 Optimization

The nonlinear optimization problem can be written as:

min
[xea,r2αµ,ωα]

ĝ(xea, r
2
αµ, ωα) , (22)

subject to: 



0.25 6 xea 6 0.40

1 6 r2αµ 6 5

0 6 ωα 6 1

(23)

The optimization problem must be constrained due to the limits adopted for the database and, as con-
sequence, the limits where the Kriging interpolation is valid. Sequential Quadratic Programming (SQP)
[14] was adopted to the optimization process. The start point was set in the inferior limit of the variables:
[xea, r2αµ, ωα] = [0.25, 1, 0].

3 Results and discussion

The electroaeroelastic model was used to calculate the cost function g(xea, r
2
αµ, ωα) at the points indicated

by the DOE. The analyses were made by considering an NACA 0012 airfoil with chord 0.4m. The electric
generator had the parameters fixed: internal resistance R = 30Ω/m, inductance L = 0.1H/m and electrical
mechanical coupling factor κ = 5 × 10−4Vs/(rad m). Parameters for the Beddoes-Leishman model were
extracted from Leishman and Beddoes (1986) [15]. Figure 2 shows the original data and the Kriging inter-
polation for calculations of the cost function for the points indicated by the DOE process. The cost function
is equal to zero in many points within the range of analyses, which indicates one of the following situations:

1) The dynamic behavior of the harvester is damped for all the range of wind speeds from 0 to 10m/s (the
flutter velocity is higher than 10m/s);

2) The dynamic behavior of the harvester is unstable within all the range of wind speeds (limit cycle
oscillations are not observed);
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Figure 2: Original data from the electroaeroelastic model and values interpolated by the Kriging method for
xea = 0.336.

3) Limit cycle oscillations have amplitude higher than 60deg. within all the range of wind speeds (the
limit of 60deg. is adopted as the valid range of application for the Beddoes-Leishman method. If limit
cycle oscillations are observed with an higher amplitude, the power harvested from such oscillations
is imposed to be zero, such as when the oscillatory behavior is unstable).

The first situation occurs in systems with high natural frequencies or high values for inertial parameters
(r2αµ). The second and the third situations are usually observed for systems with small values for inertial
parameters or natural frequencies. Furthermore, when the elastic axis is shifted in direction of the trailing
edge, the system tends to have more situations of unstable dynamics. Such tendency can be observed in
Figure 2 with the increasing of zero values at low natural frequencies and inertial parameters for xea > 0.35.
On the other hand, when xea is closer to the aerodynamic center of the airfoil at the quarter chord, damped
situations are more common, which can be observed in Figure 2 by the presence of many zeros for the cost
function at higher values of ωα and r2αµ. In fact, such tendencies indicates the existence of an optimal point
in the range of analyses where the harvested power is higher.

The proposal of a metamodel to fit the simulated data and to be used during the optimization process reduces
the time demanded by all the simulations required by a conventional optimization. However, due to the high
non-linearity associated with the analyzed cost function, the response surface methodology (RSM) and the
use of radial base functions (RBF) have failed to interpolate the simulated data. Despite of the complexity of
the problem, the Kriging methodology was able to capture the fluctuations in the values of the cost function
with great fidelity.

Seven points were selected to validated the Kriging interpolation. The value of the cost function given by
the Kriging method and the value from the simulation at each point as well as the difference between both
quantities are presented in Table 1.

As observed in Table 1, the Kriging method was able to approximate the values of the cost function. Large
differences between interpolated and simulated data can be observed when the cost function is one order
of magnitude lower than typical values (in the order of 10−6). However, this difference does not affect the
minimization of the cost function because negatives values in the order of 10−7 are higher than other values
observed in the order of 10−6.
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xea r2αµ ωα (Hz) Simulated value (W/s) Interpolated value (W/s) Difference (%)
0.290 3.00 0.70 -1.05×10−6 -1.06×10−6 1.62
0.295 2.50 0.15 -1.46×10−6 -1.44×10−6 -1.59
0.300 1.60 0.50 -1.26×10−6 -1.45×10−6 14.8
0.305 1.90 0.30 -1.54×10−6 -1.73×10−6 12.3
0.310 2.25 0.05 -2.06×10−6 -2.26×10−6 10.1
0.315 4.50 0.85 -3.45×10−7 -4.37×10−7 26.8
0.320 1.10 0.90 -2.14×10−6 -2.32×10−6 8.38

Table 1: Validation of the Kriging method for interpolation of the cost function.

Then, by considering the Kriging interpolation, the optimization process was evaluated. The optimal condi-
tion was indicated to be xea = 0.336, r2αµ = 1 and ωα = 0Hz, which indicates a condition without structural
stiffness. Moreover, the value for inertial parameters in the inferior limit imposed for the optimization pro-
cess indicates that the energy harvesting from stall-induced pitching oscillations is improved in airfoils with
low mass and moment of inertia. In such conditions, limit cycle oscillations are kept due to dynamic stall
effects, as indicated by Figure 3 with the variation of the aerodynamic moment coefficient with the angle of
attack. At high angles of attack, the strong pitching down moment which is a typical feature of dynamic stall
effects tends to rotate the airfoil on the other direction and limit cycle oscillations can be observed.
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Figure 3: Aerodynamic moment coefficient at the elastic axis as function of the angle of attack for the optimal
harvester at V = 9.8m/s.

Figure 4 indicates the Hopf diagram with the maximum amplitudes of oscillation for the optimal harvester
as the wind speed varies. The amplitudes of oscillations are kept almost constant. In fact, the curve for the
aerodynamic moment coefficient shown in Figure 3 is valid not only at V = 9.8m/s but also is characteristic
for all the analyzed wind speeds with slight modifications in the maximum and minimum angles of attack.

However, aerodynamic loads during dynamic stall are supposed to vary with the reduced frequency of os-
cillation. Then, one can infer that the reduced frequency assumes constant values throughout the range of
analyzed wind speeds. To investigate this hypothesis, Figure 5 shows the variation of the frequency of os-
cillation of the optimal harvester, i.e., the inverse of the period for a complete oscillation, as function of
the wind speed. The frequency of oscillation varies linearly with the wind speed, which indicates that the
reduced frequency, in fact, is almost constant to 0.29 in all the cases.
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Figure 4: Hopf bifurcation diagram for the optimal harvester.
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Figure 5: Variation of the frequency of oscillation with the wind speed for the optimal harvester.

The conditions indicated by the optimization process allow the harvester to oscillate even at small wind
speeds due to absence of torsional stiffness or damping effects (which are not considered in this work). Such
behavior increases the range of wind speeds where the harvester extracts energy from the oscillations, which
minimizes the cost function. For the optimal harvester, the cost function is ĝ = −3.545 × 10−6W/s. The
variation of the power RMS with the wind speed is showed in Figure 6.
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Figure 6: Variation of PRMS with the wind speed for the optimal harvester.

4 Conclusions

The present work presented optimal values for an energy harvester from stall-induced oscillations by con-
sidering a NACA 0012 with chord 0.4m and an electric generator attached to the elastic axis of the structure.
The optimization process was based on the Kriging interpolation of numerical data for the cost function
given by simulations of an electroaeroelastic model. The Kriging approximation was validated to be applied
to the problem. Results from the optimization process indicates that an optimal harvester from stall-induced
oscillations has the elastic axis positioned at xea = 0.336. Furthermore, the optimal harvester is supposed
to have no torsional stiffness and moment of inertia and mass of the airfoil as low as possible. In such
conditions, oscillations are driven by dynamic stall effects at high angles of attack even at low wind speeds.
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