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Abstract 
Structural dynamic models of mechanical, aerospace, and civil structures often involve connections of 

multiple subcomponents with rivets, bolts, press fits, or other joining processes. Recent model order 

reduction advances have been made for jointed structures using appropriately defined whole joint models 

in combination with linear substructuring techniques. A whole joint model condenses the interface nodes 

onto a single node with multi-point constraints resulting in drastic increases in computational speeds to 

predict transient responses. One drawback to this strategy is that the whole joint models are empirical and 

require calibration with test or high-fidelity model data. A new framework is proposed to calibrate whole 

joint models by computing global responses from high-fidelity finite element models and utilizing global 

optimization to determine the optimal joint parameters. The method matches the amplitude dependent 

damping and natural frequencies predicted for each vibration mode using quasi-static modal analysis.  

1 Introduction 

Due to their cost effectiveness, mechanical interfaces from joining processes are commonly found within 

structural assemblies and introduce nonlinear behavior localized in these regions. Common types of joints 

include welds, bolted connections and compression fits, all of which introduce frictional contact between 

mating surfaces. In the aerospace and defense industries, vibration mitigation in electronic and 

electromechanical devices can be achieved by press fitting shock and vibration sensitive components 

within foam packaging material. This leads to mechanical interfaces that maintain their strength with 

normal contact pressure and friction to resist relative slipping between subcomponents. Under time-

varying loads, these normal pressures fluctuate and the tangential pressures vary with time, and may 

ultimately exceed slip values. These interfaces can have a significant influence on the overall stiffness and 

dissipation of a built-up assembly, which can account for up to 90% of the damping in a structure [1].  

Many strategies have been developed over several decades to model structures with frictional contact. 

Review papers by Gaul and Nitsche [2] and Bograd et al. [3] summarize various friction models that have 

been developed to model joint forces. The most common and readily available approach in industry is the 

finite element method with Coulomb friction. Commercially available software packages include frictional 

contact algorithms in both implicit and explicit solvers to predict the nonlinear response of structures with 

detailed geometries and complex material models. While many commercially available software exists, 

this paper uses the Sierra Solid Mechanics (Sierra/SM) finite element code [4] developed at Sandia 

National Laboratories to perform the high-fidelity model simulations. The drawback to using this 

approach to solve problems involving contact is the computational burden associated with the iterative 

contact solvers. Commercial finite element codes require an excessive amount of computational resources 

to solve transient response simulations with direct time integration.  
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Simplified representations of jointed interfaces have been developed over several decades to overcome the 

excessive computational cost of full-scale problems. This paper utilizes the four-parameter Iwan element 

developed by Segalman [5] to capture the constitutive behavior of the frictional interface. The Iwan 

element is a one-dimensional constitutive model that is a parallel arrangement of spring and slider 

elements with a power-law distribution describing the population density of slider strengths. A reduced 

order structural dynamics model is developed by connecting Hurty/Craig-Bampton superelements [6, 7] 

with whole joint models to capture the nonlinear physics localized at the joint. In these reduced 

representations, the nonlinear element forces are applied at a single node location that is constrained to 

multiple nodes along the interface surface using multi-point constraints (MPCs). Other simplified joint 

models in the literature include various Iwan type elements [8, 9], Bouc-Wen hysteresis models [10, 11], 

and parallel Jenkins elements [2, 12].  

One practical challenge associated with simplified, whole joint modeling is parameter identification of the 

constitutive model. Typically, the unknown parameters require calibration with either experimental data or 

simulated data from high-fidelity finite element analysis. The whole joints are optimized by searching for 

the optimal parameter set that best matches data metrics readily measured or extracted from the reference 

system. Examples of parameter identification of whole joint models include the work by Charalampakis et 

al. [13, 14] who developed a method to determine Bouc-Wen element parameters using different global 

optimization schemes. Recent work by Dong et al. [15] has extended the Iwan element to capture non-zero 

stiffness in the macro-slip regime and curve-fit the parameters of a single bolted joint using high-fidelity 

FEA simulations of oscillatory and monotonic loading. Wang et al. [16] presented a joint model updating 

scheme using analytical mode decomposition to extract the instantaneous modal characteristics of the 

measured and numerically time integrated response. Oldfield et al. [12] fit the parameters of a Bouc-Wen 

and parallel Jenkins element to match the joint hysteresis predicted from a detailed finite element model.  

This paper presents a framework that calibrates a reduced order model of a structure assembled with 

whole joint models to capture the global response of the assembly. This is achieved by defining a multi-

objective function with the amplitude-dependent natural frequencies and damping ratios computed from a 

high-fidelity solid mechanics model using quasi-static modal analysis (QSMA) [17, 18]. QSMA applies a 

quasi-static modal force to the preloaded model to estimate the frequency and damping as a function of the 

modal response amplitude. Lacayo has recently demonstrated this approach on experimentally obtained 

data from a beam structure with a lap-joint [19], and Jewell et al. [20] extended this approach to high-

fidelity finite element models. This technique provides two unique advantages for optimization of whole 

joints that are not readily captured by existing techniques. First, the simulated data does not require 

expensive dynamic simulations and can be readily obtained from both high-fidelity and reduced order 

models with Iwan elements. Second, the QSMA captures the amplitude-dependent modal behavior of the 

assembly and reveals how the joints influence the global response with increasing amplitudes. QSMA 

provides the opportunity to choose which frequency bandwidth to preserve by tailoring which modes to 

calibrate to the reference data. The genetic algorithm implemented in [21] is combined with the multi-

objective function and QSMA to search for the optimal parameters of the four-parameter Iwan elements in 

a reduced order model.  

The paper is organized as follows. Section 2 develops an overview of the whole joint reduced order 

modeling framework to represent high-fidelity models with mechanical interfaces. The calibration 

workflow is described along with a brief overview of the QSMA theory. Section 3 introduces the 

Ministack hardware consisting of a foam-to-metal interface held together with a press fit joint. The results 

of the QSMA and model calibration are applied to the Ministack example and discussed in Section 4, 

followed by the conclusions in Section 5. 

 

2 Whole Joint Modeling  

A flowchart of the model calibration is shown in Fig. 1. Section 2.1 reviews the theory of model order 

reduction with whole joint representations created from preloaded finite element models. The preloaded 
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model is simulated using the QSMA algorithm in Section 2.2 to estimate the nonlinear damping and 

natural frequencies as a function of modal response amplitude. The high-fidelity model data combined 

with the reduced order model feed into the multi-objective optimization routine in Section 2.3 to 

determine the correct whole joint model parameters to capture the nonlinear physics at the frictional 

interface.  

 

Figure 1. Flowchart of whole joint reduced order model calibration. 

2.1 Hurty/Craig-Bampton Reduction with Whole Joint Models 

A whole joint modeling approach provides efficient structural dynamic models that speed up computation 

time required to predict expensive transient responses of nonlinear dynamical systems. A whole joint 

model condenses the frictional interface down to a single, discrete nodal location. An example of this for a 

lap-joint with three bolted connections is shown in Fig. 2 (note that the exploded view helps visualize the 

modeling approach). The orange lines represent rigid bar elements tying a single point to a patch of nodes 

along the assumed contact area of the bolted interface. The red bars represent the pointwise constitutive 

model, referred to as the whole joint, between two discrete nodal locations to describe the linear or 

nonlinear behavior at the interface. Each whole joint has six linearly independent degrees-of-freedom that 

can be connected by various element types (e.g. linear springs, dashpots, four-parameter Iwan elements, 

etc..). A whole joint model significantly reduces the time and length scales of the mechanical interfaces 

for time simulations requiring many time steps. Rigidly tying each interface to a single point assumes that 

the local kinematics at the interface do not significantly contribute to the response.  
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Figure 2. Example of a whole joint model of three bolts in a lap-joint [19]. 

The modeling approach assumes that each individual subcomponent behaves linearly (i.e. linear elastic 

materials, small deformations, etc..) in the absence of joints. The linear portion of the model is reduced 

using the Hurty/Craig-Bampton (HCB) substructuring approach [6, 7], which reduces the linear, interior 

degrees-of-freedom (DOF) with a truncated set of fixed-interface dynamic modes. The interface DOF are 

preserved with static constraint modes. Each linear subcomponent is represented with the standard HCB 

equations-of-motion,  

 [
𝐈𝑘𝑘 �̂�𝑘𝑏

�̂�𝑏𝑘 �̂�𝑏𝑏

] {
�̈�𝑘
�̈�𝑏
} + [

𝚲𝑘𝑘 𝟎

𝟎 �̂�𝑏𝑏
] {
𝐪𝑘
𝐱𝑏
} = {

𝟎
𝐟(𝑡) + 𝐫(𝑡)

} (1) 

The 𝑁𝑘 × 1 vector 𝐪𝑘 represents the truncated fixed-interface modal coordinates and the 𝑁𝑏 × 1 vector 𝐱𝑏 

corresponds to the physical boundary DOF of the whole joint interface nodes. The 𝑁𝑘 × 𝑁𝑘 matrices 𝐈𝑘𝑘 

and 𝚲𝑘𝑘 respectively correspond to the identity matrix and diagonal matrix of fixed-interface mode natural 

frequencies. The unknown 𝑁𝑏 × 1 vector 𝐫(𝑡) accounts for the unknown reaction force applied at the 

interface between adjacent structure(s).   

Without loss of generality, assume that two subcomponents denoted with superscripts (A) and (B) are 

assembled by applying a nonlinear joint model, 𝐟𝑁𝐿(𝐱𝑏, 𝛉), at the physical boundary DOF, 𝐱𝑏. These joint 

forces replace the unknown reaction force, 𝐫(𝑡), resulting in the assembled equations, 

[
 
 
 
 
 𝐈𝑘𝑘

(𝐴) �̂�𝑘𝑏
(𝐴) 𝟎 𝟎

�̂�𝑏𝑘
(𝐴)

�̂�𝑏𝑏
(𝐴)

𝟎 𝟎

𝟎 𝟎 𝐈𝑘𝑘
(𝐵) �̂�𝑘𝑏

(𝐵)

𝟎 𝟎 �̂�𝑏𝑘
(𝐵) �̂�𝑏𝑏

(𝐵)
]
 
 
 
 
 

{
 
 

 
 �̈�𝑘

(𝐴)

�̈�𝑏
(𝐴)

�̈�𝑘
(𝐵)

�̈�𝑏
(𝐵)
}
 
 

 
 

+

[
 
 
 
 
 𝚲𝑘𝑘
(𝐴) 𝟎 𝟎 𝟎

𝟎 �̂�𝑏𝑏
(𝐴)

𝟎 𝟎

𝟎 𝟎 𝚲𝑘𝑘
(𝐵) 𝟎

𝟎 𝟎 𝟎 �̂�𝑏𝑏
(𝐵)
]
 
 
 
 
 

{
 
 

 
 𝐪𝑘

(𝐴)

𝐱𝑏
(𝐴)

𝐪𝑘
(𝐵)

𝐱𝑏
(𝐵)
}
 
 

 
 

+⋯ 

 …+

{
 
 

 
 

𝟎

𝐟𝑁𝐿 (𝐱𝑏
(𝐴)
, 𝐱𝑏
(𝐵)
, 𝛉)

𝟎

−𝐟𝑁𝐿 (𝐱𝑏
(𝐴)
, 𝐱𝑏
(𝐵)
, 𝛉)}

 
 

 
 

= {

𝟎
𝐟(𝑡)(𝐴)

𝟎
𝐟(𝑡)(𝐵)

} (2) 

The nonlinear joint forces, 𝐟𝑁𝐿, are generally dependent on the physical displacements of the interface 

nodes, 𝐱𝑏, and any applicable internal variables of the whole joint model or frictional contact elements, 𝛉.  

In this work, the shear frictional forces in the mechanical interface are modeled as four-parameter Iwan 

elements originally derived for lap-type joints in [5]; the theory is briefly reviewed here. This constitutive 

model captures the nonlinear dependence of damping and loss of stiffness with increasing response 

amplitude, which are the result of microslip. The force of a parallel-series Iwan model is written as, 

 𝑓𝑁𝐿 = ∫ 𝜌(𝜙)[𝑢(𝑡) − 𝑥(𝑡, 𝜙)]𝑑𝜙
∞

0
 (3) 

with the stick/slip condition definitions, 

 �̇�(𝑡) = {
�̇�(𝑡) if ‖𝑢(𝑡) − 𝑥(𝑡, 𝜙)‖ = 𝜙   and   �̇�(𝑡)[𝑢(𝑡) − 𝑥(𝑡, 𝜙)] > 0
0 otherwise

 (4) 
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The dimensionless values, 𝑥(𝑡, 𝜙), are the displacements of the Jenkins elements with a slip displacement, 

𝜙. The population density of Jenkins elements is 𝜌(𝜙), and 𝑢(𝑡) and 𝑓𝑁𝐿 are the joint displacement and 

internal nonlinear force, respectively.  

The population density of the Jenkins elements assumes a power-law distribution that is terminated at a 

finite displacement as,  

 𝜌(𝜙) = 𝑅𝜙𝜒[𝐻(𝜙) − 𝐻(𝜙 − 𝜙max)] + 𝑆𝛿(𝜙 − 𝜙max) (5) 

Substituting the power-law distribution into Eq. (3) results in the force-displacement relationship,  

 𝑓𝑁𝐿 = ∫ [𝑢(𝑡) − 𝑥(𝑡, 𝜙)]𝑅𝜙𝜒𝑑𝜙
𝜙max
0

+ 𝑆[𝑢(𝑡) − 𝑥(𝑡, 𝜙max)] (6) 

where the parameters of the Iwan element are defined as, 

 𝑅 =
𝐹𝑠(1+𝜒)

𝜙max
𝜒+2

(𝛽+(
𝜒+1

𝜒+2
))

 (7) 

 𝑆 =
𝐹𝑠𝛽

𝜙max(𝛽+(
𝜒+1

𝜒+2
))

 (8) 

 𝜙max =
𝐹𝑠(1+𝛽)

𝐾𝑇(𝛽+(
𝜒+1

𝜒+2
))

 (9) 

The Iwan element in Eq. (6) in conjunction with Eqns. (7) - (9) is completely defined by the following 

parameters:  

 Slip force, 𝐹𝑠   
 Joint stiffness when no slip occurs, 𝐾𝑇  

 Exponent describing slope of force-dissipation curve,  𝜒 

 Shape parameter of the force-dissipation curve near transition to macroslip, 𝛽   

As discussed in [5], these parameters are preferred since they are “measureable” quantities. The slip force 

has physical meaning since it can be estimated from the normal force calculations with an assumed 

Coulomb friction coefficient. The joint stiffness is estimated by performing vibration tests at low 

excitation levels. Determining the values for 𝜒 and 𝛽 is more challenging, requiring specific experiments 

or simulations to calibrate.   

2.2 Quasi-Static Modal Analysis 

The recently developed quasi-static modal analysis approach [17, 18] shows promise as an efficient 

method to estimate the amplitude dependent frequency and damping with quasi-static simulations within 

commercial finite element software. The technique is amenable to computational models, such as reduced 

order models with Iwan elements [17] or high-fidelity finite element models [20], but does not have an 

experimental counterpart since it relies on an external force proportional to the mode shape of interest. We 

start from the discretized equations-of-motion of a system with frictional contact nonlinearities,   

 𝐌�̈� + 𝐂�̇� + 𝐊𝐱 + 𝐟𝑁𝐿(𝐱, 𝛉) = 𝐟𝑒𝑥𝑡(𝑡) (10) 

These equations generally represent any nonlinear system, such as the reduced order model in Eq. (2) or 

the full-order equations within a commercial finite element package. Ignoring the mass and damping terms 

in Eq. (10), and defining a static preload force, 𝐟𝑝𝑟𝑒, results in the quasi-static form of the equations,  

 𝐊𝐱 + 𝐟𝑁𝐿(𝐱, 𝛉) = 𝐟𝑝𝑟𝑒 (11) 

These equations are solved directly using an appropriate nonlinear static solver to calculate the preloaded 

deformation, 𝐱𝑝𝑟𝑒. The system is linearized about this preloaded state to approximate the low amplitude, 

linear vibration modes of the preloaded structure. The eigenvalue problem is obtained by linearizing the 

nonlinear internal force vector, 𝐟𝑁𝐿(𝐱, 𝛉), about the deformed state, resulting in,  
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 (𝐊 +
𝑑𝐟𝑁𝐿(𝐱,𝛉)

𝑑𝐱
|
𝐱=𝐱𝑝𝑟𝑒

−𝜔𝑟
2𝐌)𝛟𝑟 = 𝟎 (12) 

where 𝛟𝑟 is the rth mode shape vector and 𝜔𝑟 is the corresponding natural frequency. The quasi-static 

modal analysis defines a static external force proportional to the rth mode shape to be applied to the 

preloaded equations in Eq. (11). This applied force statically deforms the system into the linear mode 

shape of interest at low amplitudes (i.e. when the joint remains stuck).  Mathematically, this is achieved by 

defining the rth modal force vector, 

 𝐟𝑟(𝛼) = 𝐌𝛟𝑟𝛼 (13) 

where 𝛼 is a scalar amplitude of the modal force. The modal force is appended to the righthand side of Eq. 

(11) and solved for displacements over a range of modal force amplitudes, 𝐱(𝛼). For low amplitudes, the 

joint remains stuck and the external force leads to a deformation shape isolating only the rth mode shape. 

For increasing values of 𝛼, the joint begins to slip within low-pressure regions of the interface (i.e. 

microslip), resulting in a change in stiffness and dissipation of the modal response. This phenomenon is 

observed by applying a modal filter to the full-field displacements, 

 𝑞𝑟(𝛼) = 𝛟𝑟
T𝐌𝐱(𝛼) (14) 

Following the theory in [17], the natural frequency as a function of amplitude is approximated using the 

secant of the modal hysteresis curve, 

 𝜔𝑟(𝛼) = √
𝛼

𝑞𝑟(𝛼)
 (15) 

while the amplitude dependent damping ratio is defined as,  

 𝜁𝑟(𝛼) =
𝐷(𝛼)

2𝜋[𝑞𝑟(𝛼)𝜔𝑟(𝛼)]
2 (16) 

The modal dissipated energy is determined using Masing’s rules [17], 

 𝐷(𝛼) = 2∫ [𝑓𝑟 (
𝑞𝑟(𝛼)+𝑞𝑟

2
) + 𝑓𝑟 (

𝑞𝑟(𝛼)−𝑞𝑟

2
) − 𝛼]

𝑞𝑟(𝛼)

−𝑞𝑟(𝛼)
𝑑𝑞𝑟 (17) 

The amplitude dependent natural frequencies and damping ratios in Eqs. (15) and (16), respectively, are 

used as metrics in the objective function to calibrate the four-parameter Iwan elements in the reduced 

order model. The advantage to using QSMA is that the unknown parameter space in the reduced order 

model can be sampled quickly since the model only needs to be simulated for static loads. Furthermore, 

the amplitude dependent modal parameters capture the change in stiffness and dissipation for each mode 

of interest, capturing the global response of the structure rather than the local response of the joint in 

isolation. 

2.3 Multi-Objective Optimization 

The parameters of the Iwan element(s) in the whole joint reduced order models are calibrated using multi-

objective optimization with reference data generated from QSMA on the full-order finite element model. 

The algorithm used in this paper is the Non-dominated Sorting Genetic Algorithm II (NSGA-II), which is 

implemented in Python using the DEAP package [21]. NSGA-II was chosen because it has been shown to 

outperform other multi-objective optimization algorithms [22] in its ability to find a better spread of 

solutions by explicitly diversifying the pareto front. NSGA-II generates a random population of candidate 

solutions which are assigned a “fitness” based on whether they are considered being non-dominated or 

not. Non-domination is satisfied when there is no alternative solution with a better fitness in at least one of 

the objectives. The best candidates are chosen based on their fitness and recombined with other solutions. 

The set of best solutions from the original population and their offspring make it to the next generation 

and the process is repeated. NSGA-II pays special attention to “crowding distance” which is a measure of 

the uniformity of the spread of the Pareto-optimal front. The Pareto-optimal front is composed of all the 

non-dominated individuals in a population.  
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The multi-objective fitness function to be minimized is defined as,  

 ΓGA = [
1

𝑁𝛼
∑ |

𝜔𝑟(𝛼𝑖)−�̃�𝑟(𝛼𝑖,𝐩)

max(𝜔𝑟(𝛼𝑖))
|

𝑁𝛼
𝑖=1 ,

1

𝑁𝛼
∑ |

𝜁𝑟(𝛼𝑖)−�̃�𝑟(𝛼𝑖,𝐩)

max(𝜁𝑟(𝛼𝑖))
|

𝑁𝛼
𝑖=1 ] (18) 

The amplitude dependent natural frequencies, �̃�𝑟(𝛼𝑖 , 𝐩), and damping ratios, 𝜁𝑟(𝛼𝑖, 𝐩), are computed 

from the whole joint reduced order model using QSMA for an arbitrary set of whole joint parameters, 𝐩. 

The modal data from the full-order model, 𝜔𝑟(𝛼𝑖) and 𝜁𝑟(𝛼𝑖), are computed offline. The advantage to 

using the QSMA in the reduced model is the cost efficiency to evaluate one instance of the objective 

function. Other approaches that rely on dynamic, time integrated solutions are costlier to simulate, and 

more difficult to automate with signal processing tools within an optimization scheme. 

3 Ministack Assembly Models 

The model calibration is demonstrated on the Ministack assembly, a benchmark structure developed at 

Sandia National Laboratories to better understand the nonlinear damping and stiffness behavior of 

compression fit interfaces. A schematic and picture of the hardware is shown in Fig. 3. The structure 

consists of an outer can that houses an aluminum slug that fits tightly in between two foam cups. The 

foam-slug subassembly fits into the can, and a cover plate is inserted to apply a nominal preload force. 

Once preloaded, the threaded ring nut is fastened to the can to maintain the compressive load on the foam-

slug subassembly. The foam-to-metal interfaces are the primary source of nonlinear energy dissipation due 

to frictional losses when the slug vibrates within the foam packaging.  

 

 

Figure 3. Ministack assembly. 

A finite element model of the Ministack geometry was created using 406,720 first order hexahedral 

elements; a schematic of the mesh is shown in Fig. 4a. The materials of each subcomponent (i.e. ring nut, 

cover plate, outer can, foam cups, slug) are modeled with the linear elastic properties given in Table 1. For 

simplicity, the foam is assumed to behave as a linear elastic material and no other viscous damping is 

included, leaving the only source of energy dissipation within the model as slip occurring at the frictional 

interfaces. Frictional contact is defined between all blocks using the Dash search algorithm, augmented 

Lagrange enforcement, and face-face constraints [4]. A Coulomb friction value of 0.4 is used at all 

interfaces denoted with black dashed lines in Fig. 4b. An implicit solver is used within Sierra/SM to 

gradually apply a preload as a distributed force to the top face of the retaining ring. The preload is 

maintained by applying glued constraints between the ring nut and aluminum can, as shown by the red 

dashed lines in Fig. 4b, and removing the externally applied force. The bottom of the can is fixed during 

all simulations and this preloaded state is used as the equilibrium for the linearized modal analyses 

presented in Section 4.1. 
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Figure 4. Finite element mesh of Ministack model. 

Table 1. Linear elastic material properties of Ministack. 

Material Component(s) Young’s Modulus Density Poisson’s Ratio 

Aluminum 6061-T6 Slug, Outer Can 68.9 GPa 2644 kg/m3 0.33 

Structural Steel Ring Nut, Cover Plate 206.8 GPa 7800 kg/m3 0.33 

PMDI10 Foam Cups 162 MPa 288.6 kg/m3 0.30 

 

A reduced order model was created from the mesh in Fig. 4a by adding rigid bar elements to constrain the 

nodes on the frictional interfaces of interest down to a single node at the midpoint of the surface. The 

schematic in Fig. 5 shows the locations of the constraints on the side, top, and bottom slug-to-foam 

interfaces. Two variants of reduced order models are created: a one-joint model with only the side 

interface represented, and a three-joint model with the side, top and bottom interfaces. A HCB model was 

generated for each case with a total of 25 fixed-interface modes (up to 14.6 kHz) and either 18 or 42 static 

constraint modes for the one- and three-joint models, respectively. These constraint mode sets include an 

additional 6 DOF to account for the spidered node at the bottom surface of the can. The reduced order 

models are augmented with linear spring and Iwan elements to create the whole joint model between the 

spidered nodes; these elements are summarized in Table 2. The DOF corresponding to rotation about the 

y-axis is modeled with four-parameter Iwan elements since these rotational DOF are expected to slip 

during modal excitation, as discussed further in the next section. The remaining DOF of the whole joint 

are modeled as stiff springs. 

Table 2. Element definitions at HCB interfaces. 

DOF Side Interface Top Interface Bottom Interface 

X Linear Spring Linear Spring Linear Spring 

Y Linear Spring Linear Spring Linear Spring 

Z Linear Spring Linear Spring Linear Spring 

RX Linear Spring Linear Spring Linear Spring 

RY Four-parameter Iwan Four-parameter Iwan Four-parameter Iwan 

RZ Linear Spring Linear Spring Linear Spring 

1760 PROCEEDINGS OF ISMA2018 AND USD2018



 

Figure 5. Ministack reduced order model with whole joints between slug-to-foam interfaces. 

4 Numerical Results 

4.1 Quasi-Static Modal Analysis 

The QSMA results for the full-order Ministack finite element model were computed using the Sierra Solid 

Mechanics software [4]. The model was first preloaded to 3,114 N to simulate the assembly process. From 

the preloaded equilibrium, the deformation and stress states were transferred to the Sierra Structural 

Dynamics software [23] for the computation of the linearized vibration modes. The code used a search 

algorithm to tie nodes and faces within a certain distance from one another with multi-point constraints. 

All the nodes and faces along the slug-to-foam and foam-to-can interfaces were in contact following the 

preload simulation. The first six linear vibration modes with fixed boundary conditions at the base are 

provided in Table 3, corresponding to the preloaded, linearized modes in Eq. (12). The mass normalized 

mode shapes show that these first few elastic modes were dominated by slug translations and rotations 

within the foam packaging.   

Table 3. Linear vibration modes of preloaded Ministack assembly. 

Mode 1 & 2 (repeated): 1649.4/1649.5 Hz 

 

Mode 3: 2390.7 Hz 
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Modes 4 & 5 (repeated): 2772.0/2772.1 Hz 

 

Mode 6: 2809.0 Hz 

 

 

Mode 6 was chosen as the mode shape of interest to demonstrate the model reduction and calibration for 

an isolated modal response. The 6th mode shape in Table 3 corresponds to a pure rotation of the slug about 

the vertical y-axis, and thus was expected to load the frictional interfaces between the slug and foam 

subcomponents. The modal force in Eq. (13) was calculated using the displacements of the 6th mode shape 

and the mass matrix, and the force was applied to the preloaded model at 150 values over a log-scale 

ranging from 1e0 to 1e5 to compute the QSMA results. The amplitude dependent natural frequency and 

damping ratio are shown in Fig. 6 as a function of the modal displacement, 𝑞6(𝛼). The quasi-static results 

were solved with a nonlinear implicit solver to obtain solutions at each modal force amplitude needed to 

calculate the modal backbone curve.  

 

Figure 6. Quasi-static modal analysis results for mode 6 of Ministack assembly.  

At low amplitudes, the slug-to-foam interface remained stuck and thus the natural frequency remained 

unchanged for modal displacements less than 10−6𝑚/√𝑘𝑔. Similarly, the damping ratio was relatively 

small below this amplitude since no frictional losses contributed to the energy dissipation. Above a 

displacement of 10−6𝑚/√𝑘𝑔, the frictional interface began to slip as evidenced by the drop in natural 

frequency and sharp increase in damping ratio. This data serves as the reference data to calibrate the whole 

joint reduced order models in Section 4.3. 

The QSMA damping ratio in Fig. 6 was estimated from the modal backbone curve using Masing’s rules to 

construct the cyclic hysteresis curve. This assumption was investigated by directly calculating the modal 

hysteresis curve by loading/unloading the structure over three cycles to a maximum loading amplitude of 

𝛼 = 970 𝑁/√𝑘𝑔. The third cycle of the modal hysteresis loop was assumed to reach steady state and is 

compared to the Masing’s hysteresis curve in Fig. 7. The backbones from each simulation were essentially 
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identical, and the hysteresis curves were in relatively good agreement. The modal dissipated energy 

calculated from Eq. (17) was 7.0 × 10−3 𝑁 − 𝑚/𝑘𝑔 for the Masing’s rule approach and 7.5 × 10−3 𝑁 −
𝑚/𝑘𝑔 for the direct approach, resulting in approximately 6.7% error in the damping ratio estimate. The 

efficiency and accuracy of the QSMA approach relies on the assumption that Masing’s rules apply for the 

interfaces and that the modal hysteresis curve can be adequately reconstructed from the backbone curve. 

 

Figure 7. Comparison of modal hysteresis curve computed directly and indirectly using Masing’s rules. 

4.2 Self-Calibration 

A self-calibration study was performed on the one-joint reduced order model to assess the ability of the 

global optimizer to find a known solution. A single Iwan element corresponding to the radial slug-to-foam 

interface was defined by an arbitrary set of parameters for 𝐹𝑠, 𝐾𝑇, 𝜒, and 𝛽, and the amplitude dependent 

frequency and damping ratio for the multi-objective function were computed using the QSMA approach 

on the reduced order equations. The global optimizer was then used to minimize this multi-objective 

function and evaluate how well it could recover the known parameters. The known and optimized 

parameters are listed in Table 4 and Fig. 8a shows the comparison between the amplitude dependent 

frequency and damping ratio obtained with the known solution and the optimized parameters.   

The difference between the target Iwan element parameters and the parameters found by the optimizer is 

less than 1%. The natural frequencies were in near perfect agreement over the entire response range. The 

damping ratio was also in near perfect agreement for modal amplitude greater than 10−6𝑚/√𝑘𝑔, but there 

were noticeable differences at amplitudes below this value. It was observed that the damping ratio was 

particularly sensitive to small perturbations in the parameter space. This discrepancy at low damping 

levels was not considered important because the interfaces tend remain stuck at low response amplitudes 

and do not contribute to energy dissipation in the system. The plot in Figure 8b shows the fitness of the 

frequency and damping objectives for the entire population in the genetic algorithm history. The evolution 

trend was fairly linear towards the known solution (shown in red). The known solution does not have an 

absolute zero objective value because there is interpolation involved during the error calculation of Eq. 

(18).  

Table 4. Comparison of target and optimized Iwan element parameters. 

 Target Optimization Difference 

𝐾𝑇 3.74E+07 3.76E+07 0.47% 

𝐹𝑠 10.00 10.00 0.00% 

𝜒 -0.650 -0.653 0.48% 

𝛽 0.0040 0.0040 -0.54% 
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Figure 8. Plot in (a) shows response comparison using known and optimized Iwan parameters of one-joint 

reduced order model. Plot in (b) shows frequency and damping ratio objective for (blue) entire population 

of genetic algorithm history and (red) known solution objective value. 

4.3 Whole Joint Calibration with Full-order Model Data 

The Ministack whole joint calibration was performed by running the global optimization algorithm to find 

the optimal set of Iwan parameters in the one- and three-joint reduced order models. This was achieved by 

minimizing the objective function defined by the amplitude dependent natural frequency and damping 

ratio for the sixth vibration mode such that the reduced order models reproduce the modal characteristics 

of the high-fidelity model. The one-joint reduced order model with a single Iwan element is presented and 

discussed first. As discussed in the previous section, the single Iwan element represents the radial slug-to-

foam interface in the Ministack assembly. The high-fidelity QSMA results were truncated below a modal 

response amplitude of 10−5𝑚/√𝑘𝑔 since the data appears to contain a unique bend in the frequency and 

damping curves. This data feature indicates that a second interface slipped and the one-joint reduced order 

model would not capture this since it only contains a single nonlinear interface.   

As described in Section 2.3, a multi-objective optimization technique was used to find the optimal set of 

Iwan parameters that reproduce the high-fidelity response. Figure 9a shows the fitness of the frequency 

and damping objectives for the entire population of the genetic algorithm history, with the pareto front 

shown in green. It was observed that both objectives could not be minimized simultaneously, and the 

optimization algorithm found a pareto front of solutions that best approximated the target. The comparison 

of the amplitude dependent frequency and damping ratio between the optimized reduced order model and 

the high-fidelity model are shown in Fig. 9b such that the reduced order model was assigned a subset of 

the solutions residing in the pareto front. The solutions were close to the target data in the range of 10−6 to 

10−5𝑚/√𝑘𝑔, the region in which the interface began to slip. At low amplitude, the damping ratio was in 

significant disagreement with the reference solution. It was expected that the high-fidelity QSMA 

damping data was in error since the model should not dissipate energy at low levels and the damping 

estimate was in the noise of the implicit solver tolerance. At higher response levels above 10−5𝑚/√𝑘𝑔, 

the one-joint reduced order model was unable to match the QSMA results, likely due to other interfaces 

beginning to tangentially slip in this forcing range.  
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Figure 9. One-joint reduced order model calibration: (a) frequency and damping ratio objective for (blue) 

entire population of genetic algorithm history, and (green) resulting pareto front; (b) comparison of the 

(red) QSMA results and (blue) reduced order model using parameters from pareto front. 

Two additional nonlinear interfaces were added to the reduced order model to account for the second slip 

feature observed in the high-fidelity data. The three-joint model included Iwan elements for the top and 

bottom slug-to-foam interfaces, as well as the radial interface from the one-joint model. This resulted in a 

total of 12 independent joint parameters to be optimized for each four-parameter Iwan element. The 

optimization algorithm ran over 350 generations with 90 individuals per generation. The plot in Fig. 10a 

shows the fitness of the frequency and damping objective for the entire population of the genetic algorithm 

history, with the pareto front shown in green. The pareto front shows that it was difficult to minimize both 

objectives at the same time, although the error in Fig. 10a is lower compared to the one-joint model 

optimization in Fig. 9a. The comparison of pareto front solutions in Fig. 10a show that the large error 

values stem from the difficulty in matching damping at very low levels; frequency matched well at all 

amplitudes, even above 10−5𝑚/√𝑘𝑔. In the linear frequency estimate, the smallest difference was only 4 

Hz compared to 40 Hz for the one-joint model.   

 

Figure 10. Three-joint reduced order model calibration: (a) frequency and damping ratio objective for 

(blue) entire population of genetic algorithm history, and (green) resulting pareto front; (b) comparison of 

the (red) QSMA results and (blue) reduced order model using parameters from pareto front. 

The improvement in response calibration suggests that it was important to model all the relevant interfaces 

that could slip during modal excitation, even at low amplitudes. Capturing these additional interfaces in 

the three-joint reduced order model resulted in good agreement of the overall shape of the amplitude 

dependent damping and frequency with the high-fidelity model. The most difficult region of the data to 
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match was the onset of slip of the first interface. The high-fidelity model had a more gradual transition 

(more evident in the damping) than the reduced order model, which appeared to change more abruptly. 

For reference, the Iwan parameters corresponding to the best match in frequency from Fig. 10a are 

provided in Table 5. The top interface had a higher slip force, 𝐹𝑠, and a relatively lower stiffness value 

than the side and bottom interfaces. This difference is a bit unexpected since the preload forces on the top 

interface should be similar to the bottom interface. Nevertheless, this set of parameters provided optimal 

solutions to match the full-order model response. 

Table 5. List of optimized Iwan element parameters. 

 Radial Iwan Top Iwan Bottom Iwan 

𝐾𝑇 1.73E8 9.15E5 5.49E8 

𝐹𝑠 12.65 50.00 24.14 

𝜒 -0.8140 -0.9843 -0.2644 

𝛽 1.05E-5 4.33E-5 0.0016 

5 Conclusion 

A whole joint model calibration routine was developed and demonstrated on the Ministack finite element 

model to evaluate how modeling decisions of frictional interfaces affect the ability to obtain an optimal 

parameter set that predicts matching responses. A multi-objective function is defined based on the 

amplitude dependent frequency and damping ratio for a mode of interest computed from the quasi-static 

modal analysis technique recently developed in [17, 18]. The reference data is calculated from high-

fidelity model simulations that are obtained from a nonlinear statics solver available within most 

commercial finite element codes. A whole joint reduced order model of the structure is developed by 

reducing the linear portion of the model with Hurty/Craig-Bampton substructured models and reducing the 

nonlinear, frictional interfaces down to a single node location with multi-point constraints. A whole joint 

model connects the linear substructured models, and four-parameter Iwan element are used to represent 

the nonlinear slip behavior.  

The results from the Ministack example reveal that the reduced order model needs sufficient flexibility in 

the interface degrees-of-freedom to accurately represent the slip occurring within the full-order model. 

Even after optimization, the one-joint reduced order model only captured a small portion of the modal 

response. However, adding more nonlinear degrees-of-freedom with two additional slip interfaces allowed 

for the optimization to better match solutions from the high-fidelity model. In future works, these models 

will be validated by comparing transient response predictions from the calibrated reduced order model to 

high-fidelity model simulations. In addition, this work will extend the multi-objective optimization to 

simultaneously fit whole joint parameters to two or more nonlinear modes for capturing excitations 

beyond a single mode response.      
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