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Abstract 
Random vibration of a structure dissipates energy at a rate proportional to the Power Spectral Density of 

the vibration and the mass of the structure. This energy must be directed away from damaging processes, 

especially fatigue, into non-damaging damping mechanisms. A portion of the available energy can be 

extracted as useful work, for example to power a condition monitoring system. Perpetuum manufacture 

just such a system. The issues raised by this approach are the extraction of the highest proportion of the 

available energy, and the overall durability of the system in its environment. This paper reports efficiency 

measurements of an energy harvesting condition monitoring system applied to a rail vehicle, along with a 

design rule and figures of merit for operation in harsh environments. 

1 Introduction 

It is often necessary to operate equipment under severe mechanical vibration. For example, the wheel-rail 

interface of a rail vehicle is a high-speed, high-load, metal-to-metal contact, exposed to the elements 

without intentional surface coating or lubrication. Surface degradation in service is almost certain. It may 

be desirable to mount equipment near the wheel, axle, or axle-bearing, for purposes of condition 

monitoring (CM) [1]. This region is below the vehicle suspension and the structure has low compliance. 

Any surface imperfections in the rail, wheel or bearing can be expected to give rise to large forces and 

accelerations. By implication, however, small or even subsurface defects may be perceptible. 

An energy harvester is essentially a tuned mass damper in which energy is extracted as electrical current 

which can perform useful work. Perpetuum have commercialised a complete wireless CM system powered 

by electromagnetic energy harvesting, which avoids technical issues associated with access, connection, or 

battery changes in environments where these are unwelcome – for example, retrofit to the underside of a 

train bogie. However, new issues are raised by this approach: 

• What power can be extracted from the vibration environment? 

• How might such a system be made most resistant to the environmental vibration? 

1.1 Wheel-rail interface 

Forces at the wheel-rail interface can be expected to vary as the vehicle travels along the rails. That is, the 

force will have a substantially ‘random’ character, as opposed to any repeating waveform, and this means 
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that there will be components of the vibration across a continuous range of frequencies. This range of 

frequencies will almost certainly excite resonances in the structure. 

Random vibration is described as a function of frequency by a measure known as Power Spectral Density 

(PSD). It is known that the energy dissipated by random vibration in a structure with a resonant frequency 

𝑓 depends only on the modal mass and the PSD at 𝑓 [2]. This energy must be dissipated somewhere, and it 

is this that drives the use of tuned mass dampers where resonances cannot otherwise be avoided. The 

vibrational energy must be diverted away from the damaging processes of fretting and fatigue. 

The aims of this work are to address two issues arising from the use of an electromagnetic mass damper in 

this way: 

• Efficiency – what is the greatest proportion of the available power that can be extracted from a 

given PSD? 

• Durability – could the power extraction be designed so as to optimise the mechanical durability of 

the system? 

Brennan et al. [3] have shown that, for random vibration, an optimised energy harvester can act as an 

optimised mass damper. 

2 Background to vibration energy  

The calculation of resonant response to random vibration is commonly credited to Miles [4]. Crandall’s 

text [5] is more direct: the mean squared displacement 𝑦2̅̅ ̅ is given by equation (1), 

 𝑦2̅̅ ̅ =
𝜋

2

𝑆0

𝜁𝜔𝑛
3 (1) 

Here 𝜔𝑛 is the resonant frequency in radians per second and the value 𝜁 represents the damping in the 

structure, otherwise expressed by the Q-factor, equation (2): 

 𝑄 = 1 2𝜁⁄  (2) 

Vibration is an acceleration signal, and 𝑆0 is the Power Spectral Density (PSD) of the vibration at 

frequency 𝜔𝑛, in (m/s²)² per radian per second. Importantly, 𝑆0 is defined at both positive and negative 

frequencies. We would rather concern ourselves with a more intuitive definition of PSD, 𝐴, such that 

frequency 𝑓 is in Hertz, there are no negative frequencies, and 𝐴(𝑓) ∙ 𝑑𝑓 simply ‘represents the 

contribution to the variance from frequencies between 𝑓 and (𝑓 + 𝑑𝑓)’ [6]. In other words, 

 𝐴 = 4𝜋𝑆0 (3) 

We note that the mean squared velocity 𝑣2̅̅ ̅ of the resonant response is given by equation (4): 

 𝑣2̅̅ ̅ = 𝜔𝑛
2𝑦2̅̅ ̅ (4) 

Substituting (2-4) into (1), 𝑣2̅̅ ̅ =
𝐴𝑄

4𝜔𝑛
 (5) 

Now consider the moving (modal) mass in the resonance, 𝑚. Clearly the average energy �̅� (elastic + 

kinetic) stored in the resonant motion is given by equation (7): 

 �̅� = 𝑚𝑣2̅̅ ̅ (6) 

Substituting into (5), �̅� =
𝑚𝐴𝑄

4𝜔𝑛
 (7) 

The Q-factor is defined so that the average power �̅� dissipated in the system is given by equation (8): 

 �̅� =
𝜔𝑛�̅�

𝑄
 (8) 
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By substitution again, �̅� =
𝑚𝐴

4
 (9) 

This means that the power dissipated in a system by random vibration depends only on the modal mass 𝑚 

and the PSD 𝐴 at the resonant frequency. This is a remarkable result, not least for its recent ‘rediscovery’ 

in the fields of energy harvesting [2] and automotive suspensions [7]. Recent authors [8-11] have shown 

that equation (9) holds for all nonlinear resonators, though this might be suspected from dimensional 

analysis. The only exception would seem to be a potential increase in effective 𝑚 caused by rotational 

motion in the system [12]. 

For a designer, equation (7) is pertinent. It implies that a structure must store elastic energy which depends 

only on mass, PSD, and the value of 𝑄 𝜔𝑛⁄ . The presence of 𝜔𝑛 here must not be taken too seriously: 

𝑄 𝜔𝑛⁄  should rather be interpreted as the characteristic decay time 𝑡 of the system. Alternatively, for 

viscous damping 𝑐 (force proportional to velocity) acting on a mass 𝑚,  

 
𝑚

𝑐
=

𝑄

𝜔𝑛
= 𝑡 (10) 

In other words, the only way to control the total stored elastic energy in a structure of a given mass 

exposed to random vibration is to manage the damping in the structure. Finite element analysis can help 

distribute the energy beneficially, but it cannot easily comment on structural damping. 

3 Durability of an energy harvester 

Following Williams [13] (though similar illustrations can be found at least as far back as 1954 [14-15]), an 

electromagnetic energy harvester is completely described by the equivalent circuit of Figure 1, where 𝑎 is 

mounting-point acceleration, 𝑣 is response velocity, and 𝑉 is the EMF (electromotive force) induced in the 

coil: 

 

Figure 1 – Harvester equivalent circuit after Williams [13] 

We omit the coil self-capacitance, which is negligible at the frequencies of interest. The system is then 

described by the parameters listed in Table 1. Note subscripts ‘C’ for coil parameters and ‘0’ for 

mechanical parameters. Similar presentations exist in the literature, e.g. [11-12, 16]. 

  

𝐼 =
𝑚𝑎

Φ
 𝑅0 

𝐶0 =
𝑚

Φ2
 𝐿0 =

Φ2

𝑘0
 

𝑅𝐶  

𝐿𝐶  

𝑉 = Φ𝑣 

𝑅𝐿 
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Parameter Symbol Unit 

Coil resistance 𝑅𝐶 Ω 

Coil inductance 𝐿𝐶 Ω 

Load resistance 𝑅𝐿 Ω 

Moving mass 𝑚 kg 

Spring stiffness 𝑘0 N·m-1 

Magnetic coupling Φ N·A-1, V·s·m-1 

Mechanical damping, represented 

by an internal shunt resistor 
𝑅0 Ω 

Table 1 – Parameters of an electromagnetic energy harvester 

For random vibration, there are three dissipative elements, 𝑅𝐶, 𝑅0 and 𝑅𝐿, and the total average power 

dissipated in these elements is fixed by the mass 𝑚 and the PSD 𝑎, equation (9). The system therefore 

reduces to Figure 2: 

 

Figure 2 – Simplified equivalent circuit at resonance 

3.1 Design for durability 

A system is most resistant to applied vibration when the energy �̅� stored in the resonance is minimised. 

Equation (7) indicates that this occurs for a harvester when the damping is maximised. Therefore, the 

harvester is most durable when 𝑅𝐿 = 0. Unfortunately this results in zero power delivery to the load! A 

better question is therefore this: 

What load resistance maximises load power 𝑃𝐿 for a given stored energy �̅�? 

At resonance, 𝐶0 and 𝐿0 cancel, and we assume that 𝐿𝐶 is small (for inductive corrections, see [17-18]). 

The voltage 𝑉 dissipates fixed power �̅� in a total resistance 𝑅𝑇 given by equation (11): 

 𝑅𝑇 =
(𝑅𝐿 + 𝑅𝐶)𝑅0

𝑅0 + 𝑅𝐿 + 𝑅𝐶
 (11) 

From (8) and (10) we have �̅� =
𝑐�̅�

𝑚
 (12) 

�̅�

=
𝑚𝐴

4
 

𝑅0 

𝑅𝐶  

𝑅𝐿 

𝑉 = Φ𝑣 
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and we know from first principles �̅� = 𝑐𝑣2̅̅ ̅ =
𝑉2̅̅̅̅

𝑅𝑇
=

𝑣2̅̅ ̅Φ2

𝑅𝑇
 (13) 

Now from (13) we can see 𝑐 =
Φ2

𝑅𝑇
 (14) 

so combine (12) and (14) to get �̅� =
Φ2�̅�

𝑅𝑇𝑚
 (15) 

We are interested in the power in the load 𝑃𝐿
̅̅ ̅, and it’s fairly easy to show that 

 
𝑃𝐿
̅̅ ̅

�̅�
=

𝑅0𝑅𝐿

(𝑅0 + 𝑅𝐿 + 𝑅𝐶)(𝑅𝐿 + 𝑅𝐶)
 (16) 

Multiplying (15) and (16), 𝑃𝐿
̅̅ ̅ =

Φ2�̅�

𝑚
⋅

𝑅𝐿

(𝑅𝐿 + 𝑅𝐶)2
 (17) 

For fixed �̅�, 𝑚, 𝑅𝐶 and Φ, this is maximised for 𝑅𝐿 = 𝑅𝐶, at which point, 

 𝑃𝐿
̅̅ ̅ =

Φ2�̅�

4𝑅𝐶𝑚
 (18) 

In equation (18) we can clearly see that a figure of merit for the energy harvester is given by Φ2 𝑅𝐶𝑚⁄ , or 

in other words the electrical damping at short-circuit divided by the mass. This figure of merit has units of 

s-1, and can be physically interpreted as the reciprocal of the characteristic decay time of oscillations due 

to electromagnetic damping. 

For a given energy stored in the spring, an energy harvester with a higher figure of merit will produce 

more power. Note that this figure of merit is somewhat different to those derived by other authors, [16-

17]; this will be discussed later. 

3.2 Measuring durability figure of merit 

To measure the figure of merit Φ2 𝑅𝐶𝑚⁄  which characterises the durability of an energy harvester, we 

must measure the coil resistance 𝑅𝐶 and the electromagnetic coupling Φ. A Perpetuum harvester with 

moving mass 𝑚 = 0.6kg was obtained for this purpose. 

The mechanical motion of the harvester was temporarily suppressed, so that the coil resistance 𝑅𝐶 = 26Ω 

and inductance 𝐿𝐶 = 22mH could measured with a standard impedance meter. Then the harvester was 

mounted axially on a small permanent-magnet shaker (DataPhysics V55) to measure the magnetic 

coupling Φ. 

Measurements of the magnetic coupling Φ were performed with a sine wave excitation 𝑎 at the resonant 

frequency, with the coil inductance 𝐿𝐶 cancelled at this frequency by a suitable series capacitor. The fixed-

power source of Figure 2 is therefore replaced with the current source of Figure 1, resulting in Figure 3: 
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Figure 3 – Harvester being driven at resonance with appropriate series capacitor 

The procedure is to start with large 𝑅𝐿 and small 𝑎, so that the output is most sensitive to frequency, and 

to find the resonant frequency for a particular amplitude of motion (indicated by 𝑉). Note that: 

• the measured load voltage is always less than 𝑉 by a factor 𝑅𝐿 (𝑅𝐶 + 𝑅𝐿)⁄ . 

• nonlinearities in the harvester will tend to inject overtones into the acceleration signal, unless the 

shaker has a very large ‘ballast’ mass, so acceleration must be measured carefully at the 

fundamental frequency only. 

• the acceleration must be kept constant as the frequency is varied. 

The resonant frequency at 𝑉 = 1VRMS was found to be 68.59Hz, giving 𝜔𝑛 = 431 radians·s-1. This 

necessitated a series capacitor of 1 𝐿𝐶𝜔𝑛
2⁄  = 250μF. 

The object is then to measure load current 𝐼𝐿 as a function of 𝑎, at constant 𝑉 (constant amplitude). The 

load current is given by equation (19): 

 𝐼𝐿 =
𝑚𝑎

Φ
−

𝑉

𝑅0
 (19) 

A plot of 𝑅𝐿 against 𝑎 will then have slope 𝑚 Φ⁄  and negative y-intercept 𝑉 𝑅0⁄ .  

3.3 Durability figure of merit: results 

Measurements of the magnetic coupling Φ, for a Perpetuum energy harvester of mass  𝑚 = 0.6kg, are 

plotted in Figure 4:  

  

𝐼 =
𝑚𝑎

Φ
 𝑅0 

𝑅𝐶  

𝑅𝐿 

𝑉 = Φ𝑣 
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Figure 4 – Shaker measurement of Perpetuum energy harvester magnetic coupling 

The results of the measurements are summarised in Table 2: 

Mass 𝑚 0.6 kg 

Slope 𝑚 Φ⁄  21.594 mA/m·s-2 

Negative y-intercept 𝑅0 1089 Ω 

Magnetic coupling Φ 27.8 N·A-1 

Figure of merit Φ2 𝑅𝐶𝑚⁄  49.5 s-1 

Table 2 – Measured parameters of Perpetuum harvester 

4 Efficiency of an energy harvester 

As we have seen, for a given PSD, total dissipated power �̅� is fixed. For reasons of brevity we leave it as 

an exercise for the reader to show from equation (16) that: 

𝑃𝐿
̅̅ ̅ is maximised for  𝑅𝐿 = 𝑅𝐶√1 +

𝑅0

𝑅𝐶
 (20) 

at which point the efficiency is 𝜂 =
√1 +

𝑅0
𝑅𝐶

− 1

√1 +
𝑅0
𝑅𝐶

+ 1

 (21) 

As 𝑅𝐶 is fixed for a given harvester, it remains to measure 𝑅0. The figure of merit in this case is 𝑅0 𝑅𝐶⁄ , 

which can be interpreted as the ratio of the short-circuit electrical damping to the mechanical damping, in 

agreement with [16]. 

𝑅0 is a function of mechanical amplitude. There are many contributions to 𝑅0 [19]. In addition it may be 

desirable to introduce extra mechanical damping in high-vibration environments, to prevent the harvester 

resonant response becoming excessive. 
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In general, it is observed that 𝑅0 decreases with increasing mechanical amplitude. In other words, the 

damping increases with amplitude. This allows us to take the novel step of building the harvester into a 

test circuit which is essentially a bridge oscillator, Figure 5: 

 

Figure 5 – Measuring harvester damping 

First we mount the harvester on a large suspended (‘floating’) mass 𝑀 so that it can resonate freely, with 

minimal interaction with the wider environment. This has the effect of replacing the mass 𝑚 with the 

‘reduced mass’ 𝑚′ (equation 22), as shown in Figure 6: 

 

 𝑚′ =
𝑚𝑀

𝑚 + 𝑀
 (22) 

 

Figure 6 – Equivalent circuit for harvester isolated on ‘floating’ mass 

The impedance of the harvester is a maximum, 𝑅0 + 𝑅𝐶 + 𝐿𝐶 , at the system resonance. If this is greater 

than the impedance 𝑅1 + 𝑅𝐶 + 𝐿𝐶 in the positive-feedback arm of Figure 5, then the resonance will 

increase in amplitude, and vice-versa. The resonant amplitude will change until 𝑅0 = 𝑅1. 

At that point the harvester EMF, 𝑉 = Φ𝑣, is duplicated across 𝑅1, where it can be measured. 
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With a pair of measurements, (𝑉, 𝑅0) we can calculate the optimum load resistor (equation 20) and the 

optimum efficiency (equation 21). We can then calculate (equation 17) the power that would be dissipated 

in an installed harvester with this load, operating at the point (𝑉, 𝑅0), which gives us an estimate of the 

random PSD associated with the point (𝑉, 𝑅0). Finally we can associate estimated PSD with efficiency 

and optimum load. 

4.1 Efficiency measurements: results 

A Perpetuum harvester with 𝑅𝐶 = 26Ω, 𝐿𝐶 = 22mH, and 𝑚 = 0.6kg was measured as described above. 

Optimum load, equation (20), was estimated as a function of PSD 𝐴 and also load power 𝑃𝐿
̅̅ ̅. The 

calculated values are shown in Figure 7: 

 

Figure 7 – Estimated optimum load for Perpetuum energy harvester 

Ways of achieving specified resistive loads, and yet supplying constant DC voltage to payload electronics, 

are suggested in [17, 20-21]. 

Estimated efficiency, equation (21), is shown in Figure 8, again as a function of PSD 𝐴 and load power 𝑃𝐿
̅̅ ̅. 

In this case, the data can be approximated by a piecewise straight line fit on log-linear axes: 
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Figure 8 – Estimated efficiencies for Perpetuum energy harvester 

5 Discussion 

5.1 Design for durability 

The electromagnetic durability figure of merit for the Perpetuum energy harvester was measured to be  
Φ2 𝑅𝐶𝑚⁄  = 49.5 s-1 (Table 2). This is the reciprocal of the characteristic decay time of oscillations due to 

electromagnetic damping. 

We can compare this with data from other authors who publish electromagnetic parameters, Table 3: 

 

Author Moving mass 𝑚 / kg (Φ2 𝑅𝐶𝑚⁄ ) / s-1 

Present authors 0.6 49.5 

Hendijanizadeh et al. [12] 8 5.5 

Elliott & Zilletti, [16] 2.2 45.5 

Table 3 – Comparison of Perpetuum device with those of other authors 

It would seem that the Perpetuum device performs well because of its relatively low moving mass. 

Moving mass is easy to increase, but at the cost of reduced durability, unless the magnetic circuit is 

strengthened accordingly.  

The mechanical damping of the Perpetuum device at 𝑉 = 1VRMS was Φ2 𝑅0⁄  = 0.71 N/m·s-1 [13]. The 

frequency was 68.59Hz, giving 𝜔𝑛 = 431 radians·s-1. Two electrical damping conditions were considered: 

a simple mass damper (𝑅𝐿 = 0) and an energy harvester designed for maximum power at a given stored 
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energy (𝑅𝐿 = 𝑅𝐶). Table 4 gives us insight into the proportional bandwidth, 1 𝑄⁄ , of the Perpetuum 

device: 

Condition Electrical damping Total damping 𝑐 𝑄 = 𝜔𝑛𝑚 𝑐⁄  Bandwidth 

𝑅𝐿 = 0 Φ2 𝑅𝐶⁄  = 29.7 N/m·s-1 30.4 N/m·s-1 8.5 12% 

𝑅𝐿 = 𝑅𝐶 Φ2 2𝑅𝐶⁄  = 14.9 N/m·s-1 15.6 N/m·s-1 16.6 6% 

Table 4 – Bandwidth of Perpetuum device as mass damper and maximally durable harvester 

5.2 Design for efficiency 

Figure 7 and Figure 8 show the optimum load and efficiency estimated for the Perpetuum energy 

harvester, over several orders of magnitude of power. As the optimum load varies from 120Ω to 40Ω, the 

efficiency drops accordingly from 60% to 20%, equation (21). This variation in required load has been 

discussed by Halvorsen [17] and Ghandchi-Tehrani & Elliott, [22]. Theoretical optimisation of efficiency 

is further discussed by Hawes & Langley, [18]. Note that equation (20) implies that the optimum load 

should never drop below the durability condition, 𝑅𝐿 = 𝑅𝐶. 

Comparable efficiency measurements in the literature are few and far between. However, we can present 

the data in terms of the figure of merit 𝑅0/𝑅𝐶 proposed by [16], as shown in Figure 9: 

  

Figure 9 – Measured efficiency presented as ratio of electrical to mechanical damping 

The measured values of 𝑅0/𝑅𝐶 shown in Figure 9 are for the most part substantially higher than the value 

of 1 proposed by [16]. Note the piecewise power-law fit in this case. 
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5.3 Dynamic range 

The dynamic range of the measurements might at first seem excessive. However, it is known [23-26] that 

the vibration of a typical vehicle in service is not well characterised by a single PSD measurement; rather, 

the vibration is best characterised as non-stationary [27]. The statistics of some related non-stationary 

processes are discussed by Beck [28]. For our purposes, a constraint on the behaviour is that the power 

dissipated in the vibration must be finite, which means that any distribution of PSD must have a defined 

mean. (A general introduction to some systems which do not behave in this way is given in [29].) 

In the range of PSD from 0.0001 to 0.2 g²/Hz, we estimate optimised power delivery to vary between 

1mW and 0.6W. Standards for accelerated vibration tests, e.g. EN 61373, tend to specify PSD levels 

towards the high end of the measurements presented here. 

The breaks in the curves of Figure 7, Figure 8 and Figure 9 are associated with a deliberately engineered 

increase in mechanical damping and spring rate at high amplitudes, as discussed in e.g. [2, 8-11, 22]. 

Although these nonlinearities cause the displacement and acceleration response of the system to deviate 

from a Gaussian distribution, the energy constraints discussed above cause the velocity to remain 

Gaussian [10-11]. Similar behaviour in a more complex system is discussed in [30-31]. The implication of 

well-behaved kinetic energy is well-behaved strain energy, meaning that some traditional fatigue analyses, 

e.g. [32-34], remain applicable. 

6 Conclusions 

The aims of this work were to characterise the efficiency and durability of an energy harvester applied in a 

condition monitoring system.  

An electromagnetic energy harvester used to power a commercial condition monitoring system was found 

to be able to extract between 60% and 20% of the available vibration energy, a range of 1mW to 0.6W, by 

measurement in a novel bridge circuit. This efficiency is greater than some recent literature might suggest. 

Calculation shows that these systems can be expected to be most durable when the load impedance equals 

the coil impedance, at which point a figure of merit for the system is given by the square of the magnetic 

coupling (N·A-1 or V/m·s²), divided by the coil resistance and the moving mass. The figure of merit for 

this 0.6kg device was found to be 49.5 s-1, in excess of results suggested in the literature. 
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