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Abstract 
The aim of this research is to model a system by an equivalent system which correctly reproduces the 

vibration behaviour of the original system over the frequency range of interest. This equivalent system is 

to be described by relevant modal parameters which are to be identified from motion measurements when 

the system is subjected to periodic force excitation at select excitation frequencies. It is assumed that the 

system can be represented by symmetric mass, damping and stiffness matrices. The damping matrix is not 

assumed to be diagonalisable. Earlier work was unable to satisfactorily identify a simple two degree of 

freedom system when the input data was accurate to only 2 digits. The identification involved numerical 

differentiation and it is here shown that such differentiation contributes minimally to computational error. 

Rather, this error is influenced by the number of input data sets. It is shown that significant improvement 

in identification accuracy is achieved when the number of input data sets is reduced to the minimum 

1 Introduction 

 Correct modelling of a rotor bearing foundation system (RBFS) is an invaluable asset for the balancing 

and efficient running of turbomachinery but modelling of the foundation is still problematic [1-4]. A 

promising approach for such modelling uses motion measurements of the rotor and foundation at the 

bearing supports and at select points on the foundation model to identify relevant modal parameters for an 

equivalent foundation, i.e. one which, when substituted for the actual foundation, reproduces the vibration 

behaviour of the RBFS over the operating speed range of interest. If successful, such an identification 

technique  would be applicable to support structures of existing turbomachinery. 

In earlier work, an approach was developed which successfully identified, via numerical experiments, the 

modal parameters of an equivalent foundation for a relatively simple RBFS. This system consisted of an 

unbalanced rotor supported by two hydrodynamic bearings, the pedestals of which were fixed to a flexibly 

supported rigid foundation block; and used as input data the numerically generated motion of the 

foundation and forces transmitted to the foundation at the bearing supports [5]. However, these 

investigations assumed that the foundation damping matrix was diagonalisable using classical modal 

analysis. Ideally, one should remove such a restriction on the damping matrix and merely require the 

damping matrix to be symmetric. Such a generalisation significantly increases the difficulty of identifying 

the relevant modal parameters. Thus, when applied to a simple two degrees of freedom (DOF) lumped 

parameter system, satisfactory identification was unable to be achieved when the input measurement data 

was accurate to no more than 2 significant digits [6], presumably due to computational error. These earlier 

identification approaches involved the minimisation of functions of complex eigenvalues. The approaches 
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used measurement data sets pertaining to 24 excitation frequencies which spanned the excitation 

frequency range of interest and involved numerical differentiations. This paper investigates the possible 

contributions to computational error of the numerical differentiations and the number of utilised 

measurement data sets. The relevant theory is summarised and applied, via numerical experiments, to the 

same two DOF lumped parameter system as was used in ref. [6]. 

2 Notation 

A  nn 22   modified system modal matrix with elements jka ; 
1ΦA

T
. 

ka  real part of kth eigenvalue: kkka  . 

kb  imaginary part of kth eigenvalue: for k odd: 
21 kkkb   ; for k even: 

21 kkkb   .            

C          nn   system damping matrix. 

D  pp   coefficient  matrix in eqn (15). 

Ff,   vector of applied forces as defined by eqn (6), 12 n vector of complex amplitudes thereof. 

g  1n  vector of applied forces. 

K  nn  system stiffness matrix. 

*
K  nn 22   matrix defined by eqn (4). 

k  nn 22   diagonal matrix defined by eqn (8). 

k           mode number; k=1,2,...2n. 

M  nn  system mass matrix. 

*
M  nn 22   matrix defined by eqn (3). 

m  nn 22   diagonal matrix defined by eqn (7) with diagonal elements km . 

n  number of system degrees of freedom. 

p  number of unknowns in eqn (13). 

Qq,  1n  vector of displacements, 1n vector of complex amplitudes thereof. 

r           number of excitation frequencies. 

Xx,  12 n  vector of velocities and displacements as defined by eqn (5), 12 n  vector of complex 

amplitudes thereof. 

λ  nn 22   diagonal matrix of system eigenvalues with elements kkk iba  , rad/s. 

k  damping ratio of the kth mode. 

η          12 n  vector of modal velocities and displacements. 

Φ  nn 22   system modal matrix with elements jk . 

  excitation frequency, rad/s.       

k  ‘undamped natural frequency’ of the kth mode, rad/s. 
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3 Theory 

For a general n DOF lumped parameter system subjected to periodic force excitation with frequency  , 

the equations of motion may be written as 

 gKqqCqM     (1) 

where M , C , K are  symmetric mass, damping and stiffness matrices. Eqn (1) may be written in state 

space form as 

 fxKxM  **   (2) 

where 
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  Tqqx    (5) 

  T0gf  . (6) 

Since 
*

M  and 
*

K  are  symmetric matrices, the homogenous equation set obtained when 0f   

constitutes an eigenvalue problem [7]. Assuming the eigenvalues are distinct, in  the absence of rigid body 

modes, these eigenvalues will occur as complex conjugate pairs ( niii 1,212   ). Also, the 

corresponding eigenvectors will be complex conjugates, so that 2 1 2i i   , i=1,….n. Further, these 

eigenvectors are orthogonal with respect to the 
*

M and 
*

K matrices, so that [7]: 

 mΦMΦ *T
  (7) 

 kΦKΦ *T
  (8) 

 λkm 1
 . (9) 

Assuming periodic response with fundamental frequency  , one can write eqn (2) as 

 FXKXM
*  *i .  (10) 

Premultiplication of eqn (10) by 
T

Φ and letting ΦηX    and 
1ΦA

T
 gives 

   FΦηkm
Ti    (11) 

or 

   0FΦmXAλI   TTi 1
.  (12) 

Eqn (12) yields 2n identification equations ( nk 21 ) 

   0/
2

1

2
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n

j

n

j

kjjkjjkk mFXai  . (13) 
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For any odd (or even) k, one can write eqn (13) using the measurements of jX  and jF corresponding to a 

particular excitation frequency . Provided measurements are available for at least as many frequencies as 

unknowns in eqn (13), one can solve for the unknowns jkk a,  and kjk m/  from the resulting set of 

nonlinear homogeneous simultaneous equations. The procedure adopted is to first solve for k . Having 

found k , substitution into eqn (13) and setting any one of the resulting unknowns  jka  and kjk m/ equal 

to unity enables the solution of the remaining unknowns. On repeating  this for all the other odd (or even) 

k’s, one obtains the matrix A , which yields the modal matrix Φ  and enables the computation of m . The 

system response using these identified modal parameters is then given by: 

 

   FΦmλIΦX
Ti 11 

 . (14) 

 

4 Solution for the eigenvalues 

Two approaches for solving for the eigenvalues k , termed the BISECTION-MIN and the BISECTION-SI 

approach respectively, were compared in ref. [6]. Both approaches used bisection [8] to find the zeros of a 

function of the complex variable k ; the former used a minimisation approach while the latter  used a 

simple iteration formulation [6]. While the BISECTION-SI approach was found to provide slightly, if at 

all, better identification than the BISECTION-MIN approach, the resulting identifications were still felt to 

be deficient and could presumably be improved if computational error could be reduced. Attention in this 

paper is focussed on improving the BISECTION-MIN approach, which is here briefly outlined.  

Thus, for any given k , using the measurements of jX  and jF  corresponding to r (r ≥ p) excitation 

frequencies rss 1,  , eqn (13) yields a set of r linear homogeneous simultaneous equations in the p 

complex unknowns jka  and kjk m/  (p ≤ 4n). Using least squares regression, one can reduce the number 

of these equations from  r to p to obtain: 

 0DY   (15) 

where D is a pp  coefficient matrix with complex elements which depend on the selected k ; and Y is 

the 1p vector of the unknowns. Eqn (15) has a nontrivial solution only if the determinant of the 

coefficient matrix D is zero; so one  seeks those values of k  which achieve this. However, this 

determinant may have a minimum at this value of k , in which case it may never equal zero due to 

computational errors. Hence, it is safer to seek those values of k  for which ∆, the square of the 

determinant of the coefficient matrix D , has a minimum value. Thus, one seeks the value of k  for which 

the differential coefficient of ∆ with respect to k  (i.e. its slope ∆*) is zero. Assuming that ∆ = u(a,b) + 

iv(a,b) is an analytic function of the complex variable k , ∆* is given by [9]: 

                                                                        ∆* = v’ - iu’                                                ’             (16) 

where u’ and v’ are the partial differential coefficients of u and v with respect to b. Note that if ∆ is an 

analytic function of the complex variable k , ∆* is also given by [9]: 

                                                                      ∆* = u` + iv`                                                           (17) 

where u` and v` are the partial differential coefficients of u and v with respect to a.  
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The BISECTION-MIN approach uses bisection to find the roots of ∆*. These minimising (as distinct from 

maximising) values of and are the sought after values of ka  and kb .  

Possible computational sources of error in evaluating k include truncation errors in evaluating the 

differential coefficients numerically, as well as round of errors in evaluating the determinants. Both of 

these issues are considered in the numerical experiments described below. 

5 Numerical experiments and discussion of results 

All modal parameter identifications were for the simple 2 DOF system investigated in ref. [7] and already 

considered in ref. [6], using the same input data. The schematic of the system is shown in Figure 1.  

                        

Figure 1: Schematic of 2 DOF system [7]. (m=1 kg, c=0.2 N.s./m, k =1N/m, f1 = sin Ωt N, f2 =0)  

 

Thus, for the given excitation force, the system frequency response amplitudes for the displacements q1 

and q2 were calculated over the frequency range of from 0.05 to 3.5 rad/s in steps of 0.15 rad/s, giving 24 

data sets in total. These computed amplitudes constituted the ‘measurements’. These measurements were 

available to 15 digit accuracy whereupon they could be used to validate the identification softwares and 

provide the actual or correct modal parameters. Identification approach evaluations used ‘measurements’ 

rounded off to 2 digit accuracy as this was felt to better reflect attainable measurement accuracy in 

practice. 

As noted in Section 4 above, the BISECTION-MIN approach assumed that the complex function ∆ was 

analytic. If so, it should not matter whether eqn (16) or eqn (17) is used for its differential coefficient. This 

was checked and found to be the case, i.e. exactly the same eigenvalues were identified, regardless of 

which equation was used to evaluate the differential cofficient.  

To date, the eigenvalue identifications used all 24 measurement data sets, and identified two natural 

frequencies at around 0.55 rad/s and 2.53rad/s. However, to evaluate the likelihood of error due to the 

numerical differentiations, it was decided to use only 5 measurement data sets, in order to avoid the need 

for least squares regression to obtain the 5x5 coefficient matrix D. And since f2 =0 in the system being 

investigated, after dividing eqn (13) through by (iΩ- k ), it was quite simple to differentiate analytically 

the square of the determinant of the resulting coefficient matrix. The data sets selected were those 

corresponding to frequencies of 0.5rad/s, 0.65rad/s, 1.55rad/s, 2.45rad/s and 2.75 rad/s  as these fell to 

either side of the already identified approximate natural frequencies and halfway between them. The 

resulting identified eigenvalues were the same, regardless of whether eqn (16) or eqn (17) was used for the 

numerical differentiation or whether the differentiation was analytical. It is concluded that the numerical 

differentiations inherent to the BISECTION-MIN approach do not introduce significant computation 

errors.  

 

a b
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However, reduction in the number of utilised measurement data sets resulted in a significant improvement 

in the accuracy of the identified eigenvalues. These are shown in Table 1 where they are compared with 

actual values and with values previously obtained with the BISECTION-SI approach [6]. 

 

Eigenvalue Actual (Matlab) BISECTION-MIN BISECTION-SI 

a1,2(15 digit) -0.2225960260 -0.2225960260 -0.2225960260 

b1,2 (15 digit) ±2.578256744 ±2.578256744 ±2.578256744 

a3,4(15 digit) -0.02740397403 -0.02740397403 -0.02740397403 

b3,4 (15 digit) ±0.5457949523 ±0.5457949523 ±0.5457949523 

    

a1,2(2 digit) -0.22260 -0.22482 -0.17238 

b1,2 (2 digit) ±2.5783 ±2.5800 ±2.5797 

a3,4(2 digit) -0.027404 -0.027027 -0.029075 

b3,4 (2 digit) ±0.54579 ±0.54670 ±0.54636 

 

Table 1: Comparison of eigenvalues kkk iba   rad/s (15 digit and 2 digit data accuracy) using 

bisection software as applied to minimisation and simple iteration equation formulations.  

 

 

The upper half of Table 1 compares the identified eigenvalues with the actual ones when using 

‘measurements’ with 15 digit measurement accuracy. With such accuracy, one would expect near perfect 

identification of the eigenvalues. One can see that both the real parts and the imaginary parts of the 

eigenvalues were correctly identified to at least ten significant digits. 

The lower half of Table 1 compares the identified eigenvalues with the actual ones when the 

‘measurements’ were rounded off to two decimal digits. Results need only be given to five significant 

digits for this comparison. In all cases, there is less error in identifying the imaginary parts (the damped 

natural frequencies) than the real parts, which are indicative of the damping. Using the BISECTION-MIN 

approach, the maximum error in the real part identifications is no more than 1.4%; in the imaginary part 

identifications it is no more than 0.17%. The corresponding maximum error limits in the BISECTION-SI 

approach are 22.6% and 0.11% and the maximum error limits for the BISECTION-MIN approach when 

using 24 measurement data sets were even worse [6]. These relative identification superiorities have not 

been proven to hold under all circumstances and would differ with a different selection of measurement 

frequencies so that further research on the effect of measurement frequency selection is warranted. 

However, one can conclude that it is possible to significantly improve eigenvalue identification using the 

BISECTION-MIN approach by a judicious selection of measurement data sets. 

Once the eigenvalues have been found, one can find for the k’th  mode the remaining unknowns jka  

(j=1,…,4) and kjk m/
 
by substituting the known eigenvalue k  into eqn (13) and setting any one of 

these unknowns  equal to a constant. Here, it was convenient to set kjk m/  equal to unity, resulting in 

five nonhomogeneous equations in four unknowns. Least squares regression could then be used to reduce 

this equation set to four equations in the four unknowns (in which case we still use data pertaining to all 

five excitation frequencies), or one is free, in theory, to discard any one of the equations to reduce the 

equation set to four equations in four unknowns (in which case we appear to use data pertaining to only 

four excitation frequencies) [10]. On repeating this for the other k’s, one obtains the identified matrix A , 

which yields the modal matrix Φ  (since by definition  
1ΦA

T
 ) and enables the computation of m .  
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Actually, one should only need to perform the above computations for the odd or the even values of k 

since the modal vectors, and hence the columns of A are complex conjugates. However, because of 

truncation  errors in the measurement data, discrepancies were found to occur when 2 digit data was used 

and one had to choose between the k=1 or k=2 results and also between the k=3 or k=4 results, not 

knowing which of the results were less erroneous. Here, one was aided by the results obtained when 15 

digit data was used. In this case, not only were the computed columns of A exact complex conjugates, but 

all calculated values of a1k (i.e. k=1,…4)  equaled unity. Hence, those computed columns of A were 

selected in the 2 digit data computations which best agreed with this observed result. 

Table 2 and Table 3 compare the actual nomalised modal matrix vectors with those identified using 2 digit 

data, as explained above, using either all 5 frequencies or only 4 frequencies in the computation of A. 

Only the first and third modal vectors are shown as the others are assumed to be complex conjugates. Also 

included are the normalised modal vectors obtained in earlier work [6] when 24 data sets (and all 24 

frequencies) were used. There appears to be little difference in the identified modal vectors even though 

the eigenvalues used to calculate the previously obtained eigenvectors were significantly less accurate. 

Note that because of the normalisations, m is equal to the 4x4 identity matrix in all cases. 

 

 

Φ1                     

(actual) 

Φ1  

(24 frequencies)  

Φ1  

(5 frequencies) 

Φ1 

(4 frequencies)  

+.607+.036i +.624 +.036i +.658+.065i +.666+.072i 

-.258+.000i -.284+.076i -258+.035i -.258-.010i 

-.006-.235i +.068-.219i +.046-.278i +.031-.258i 

+.009+.099i +.125+.138i +.072+.073i +.045+.069i 

 

Table 2: Actual and identified normalised eigenvector elements corresponding to λ1
 
 

(using 2 digit data for the 24, 5 or 4 frequencies). 

 

 

Φ3                     

(actual) 

Φ3  

(24 frequencies)  

Φ3  

(5 frequencies) 

Φ3 

(4 frequencies)  

+.365+.006i +.338 -000i +.313-.031i +.309-.037i 

+.429+.012i +.501-.012i +.528+.070i +.534+.101i 

-.023-.667i -.056-.711i -.003-.716i +.027-.720i 

-.017-.785i -.072-.876i +.044-.907i +.087-.915i 

 

Table 3: Actual and identified normalised eigenvector elements corresponding to λ3 

(using 2 digit data for 24, 5 or 4 frequencies). 

 

 

The above identified modal parameters constitue equivalent systems and one is now able to compute the 

system response predicted by these identified equivalent systems using eqn (14). Figure 2 compares the 

frequency response of the actual system with that predicted by the equivalent system based on the 

identification obtained in earlier work using the BISECTION-SI approach, which provided better 

identification than the BISECTION-MIN approach with 24 data sets [6]. Whereas the predicted frequency 

response using this identified system agrees perfectly with the actual response when measurement 

accuracy is to 15 digits, there are noticeable deviations in the vicinity of the natural frequencies when 
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measurement accuracy is to 2 digits, primarily due to the error in identifying the damping. Indeed, it is 

these deviations which motivated the present research. Figure 3 shows the same comparison except the 

equivalent system is now based on the identification obtained using the BISECTION-MIN approach with 

only 5 data sets (and the use of all five freqencies when identifying the columns of the A matrix). There is 

a significant improvement in the agreement between the actual response and the 2 digit data response in 

Figure 3 compared to that in Figure 2. Even though the agreement is not perfect, one can conclude that it 

is possible to significantly improve system identification using the BISECTION-MIN approach by a 

judicious selection of measurement data sets. 

  

 

 

 

     (a)  Q1 response            (b)  Q2 response 

Figure 2: Comparison of actual and identified frequency responses for Q1 and Q2 using 15 and 2 digit 

measurement accuracies. BISECTION-SI approach using 24 data sets [6]. 

 

 

 

                       (a)  Q1 response                                                              (b)  Q2 response 

Figure 3: Comparison of actual and identified frequency responses for Q1 and Q2 using 15 and 2 digit 

measurement accuracies. BISECTION-MIN approach using 5 data sets. 
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6 Future work 

Though the identification using the BISECTION-MIN approach with only 5 data sets has resulted in a 

significant improvement to that achieved to date, one can see from Figure 3 that there is room for 

improvement. There are also other indications that this identification approach still has potential 

shortcomings. 

Thus, the eigenvalues should occur as complex conjugate pairs. This was not reflected in the results for 

the 2 digit measurement data where the first eigenvalue was found to be λ1= -0.22482+2.5800i rad/s but 

the second eigenvalue was not calculated to be its complex conjugate as assumed in Table 1 and in 

subsequent computations; rather it was found to be λ2= -0.38849-1.7249i rad/s, a result which was ignored 

at this stage. 

Also, the 4 columns of the A matrix should occur as complex conjugate pairs. Again, this was not 

reflected in the results for the 2 digit measurement data. Table 4 shows the actual columns of the A matrix, 

with the first column corresponding to λ1, the second column to λ2 etc.  Obviously A1 and A2 are not 

complex conjugates; nor are A3 and A4. Based on the knowledge that a1k should equal unity (already noted 

above in Section 5), the accepted A matrix discarded the calculated first and third columns, using instead 

the complex conjugates of the second and fourth columns respectively. It is concluded that further 

accuracy investigations are warranted before application to higher order systems.  

 

        A1                      A2                        A3     A4   

+1.12+.003i      +.947+.020i              +.796+.262i      +.969+.097i 

 -1.43+.218i       -.535-.148i         +3.34-1.07i +2.45-.231i 

+.159+1.89i +.335-2.26i        +1.28+1.70i      +.442-.390i 

 -.044-1.33i -.338+1.77i         -1.52-.165i -.366-1.46i 

  

Table 4: The A matrix using five 2 digit data sets and 5 frequency equations. In all cases, kjk m/ = unity. 

 

7 Summary of conclusions 

Utilising force excitation and motion measurements, an identification approach, denoted as the 

BISECTION-MIN approach, has been developed for identifying the relevant modal parameters to form an 

equivalent system for an 𝑛 DOF lumped parameter system with symmetric mass, damping and stiffness 

matrices, without the requirement for the damping matrix to be diagonalisable by classic modal analysis.  

Numerical experiments show that one can use this approach to identify reasonably accurately the 

eigenvalues of a simple 2 DOF system even when the measurement data is only accurate to 2 significant 

digits. However, there can be  significant error in the identified corresponding modal vectors. 

Numerical experiments also show that the numerical differentiations inherent to this approach do not 

contribute significantly to computational errors. 

It is possible to improve identification by a judicious selection of measurement data sets. Numerical 

experiments showed that there was a significant improvement in eigenvalue identification when the 

number of measurement data sets was reduced from tweny four to five. 

If the measurement data is only correct to 2 significant digits, the error in the identified modal parameters 

noticeably affects the accuracy of response predictions when the actual system is replaced by the 

identified equivalent system.    

Further accuracy investigations are warranted before application to higher order systems  
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