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Abstract 
In aerospace engineering, experimental testing is mandatory for certification. In case of assembled 

structures, the interaction of dynamic loads between substructures largely determines the overall dynamic 

behavior. However, testing of large assembled structures is not always feasible or may be unreasonable 

from economic considerations. Hardware-in-the-loop (HIL) simulation is a testing technique based on 

dynamic substructuring of large assembled structures, where one part of an assembled structure is 

available as hardware while the remaining part is represented by a simulation model. The interaction 

between the virtual and the physical substructure requires the measurement of interface forces and the 

emulation of interface motion using a dedicated test facility. In this paper, the feasibility of HIL is 

investigated using a six-axis hydraulic shaking table. The theoretical foundation for HIL is reviewed and 

the critical factors for the success of HIL are being discussed. An exemplary application is presented. 

1 Introduction 

The Institute of Aeroelasticity of the German Aerospace Center (DLR) operates the six-axis hydraulic 

shaking table MAVIS (Multi-Axial VIbration Simulator), see Figure 1. Its hydraulic and mechanical 

hardware components originate from the 1980’s but still meet state-of-the-art requirements for hydraulic 

test facilities. The multi-axis vibration controller of MAVIS has been upgraded with a retro-fit solution 

compatible with the existing hydraulic and mechanical hardware in November 2015. Next to the standard 

test sequences for qualification tests like random, sine or swept-sine in single or even multiple axes, the 

new vibration controller can process uploaded long duration time-histories (e.g. results of a numerical 

simulation) to be used as target signals for the table motion. Furthermore, the new controller has a 

provision for the input of external transient signals to be used as instantaneous target motion signals for all 

six axes simultaneously. 

        

Figure 1: Six-axis hydraulic shaking table MAVIS 
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The feasibility of HIL testing on MAVIS with its new vibration controller has been investigated within a 

Master Thesis conducted at the DLR Institute of Aeroelasticity, [1]. The setup for HIL is sketched in 

Figure 2: A state-space model of the virtual substructure is implemented on a real-time controller. This 

controller analyses in real-time the displacement at the interface of the virtual and the physical 

substructure comprising all 6 degrees-of-freedom (DoFs). The state-space model uses the interface forces 

measured with a 6-axis force measurement platform (force measurement device, FMD) as input. The 

calculated 6-axis displacement responses are provided to the MAVIS facility as transient external signals 

for the target displacements. The physical substructure is installed on the table of the MAVIS facility and 

responds dynamically to the enforced base excitation. The resulting dynamic constraint forces of the 

physical substructure (i.e. the interface forces) are fed as input into the real-time controller. As a 

consequence of the coupling, the dynamic response of the physical substructure corresponds represents the 

response of the overall assembled system. The six-axis hydraulic test facility MAVIS is the key enabler 

for HIL, because it provides the controlled interface motion in six axes simultaneously. 

2 Theoretical background and modelling considerations 

Reasons for HIL testing are manifold. It is a means to investigate the local dynamic behavior of a specific 

substructure of an overall assembled structure. The particular advantage over component testing is that the 

dynamic interactions between the physical substructure and the rest of the structure are taken into account. 

Consequently, the local dynamic behavior of the substructure is observed with the correct boundary 

conditions (i.e. frequency dependent mechanical impedance) representative for the in-situ installation in an 

assembly of substructures. The essential feature is: one substructure is hardware (i.e. the physical 

substructure), and the other substructure is a simulation model (i.e. the virtual substructure). Continuous 

real-time simulation is required for real-time dynamic interaction between simulation and test. This is 

mostly achieved by employing numerically efficient state-space models solved on a dedicated real-time 

controller. To reduce the computational effort, these are realized in most cases as discrete-time state-space 

models, modal state-space models, or even a combination of the two. 

In the applications considered here, the setup shall be limited to two substructures, i.e. one physical 

substructure and one virtual substructure. Furthermore, the two substructures shall have a single statically 

determined interface, i.e. no more than 6 DoFs in case of 3 dimensional substructures. In this case, the 

MAVIS test facility is able to emulate the interface motion. 

The following discussion of the interactions of substructures in a HIL setup and the related notation of 

quantities refers to Figure 2 and to references [2], [3], and [4]. The superscript p in Figure 2 indicates 

quantities of the physical substructure, while the superscript v indicates quantities of the virtual 

substructure. The subscript a indicates unconstrained DoFs, whereas the subscript b indicates constrained 

DoFs, or respectively, interface DoFs. 

 

Figure 2: Subsystems and dynamic interactions of a Hardware-in-the-Loop simulation 
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Like in all substructuring applications, two basic requirements must be fulfilled also in HIL: 

(i) compatibility of the motion and (ii) equilibrium of forces at the interface. The peculiarity with HIL is 

that one substructure is physically available while the other is represented by a simulation model. The 

compatibility of the motion at the interface is ensured by the hydraulic test facility. Its vibration table can 

move as a rigid body in all six axes and the physical substructure must be installed properly on the 

vibration table. Compatibility requires that the motion {𝑢𝑏
𝑝

} at the interface (subscript b) of the physical 

substructure (superscript p) and the motion {𝑢𝑏
𝑣} at the interface (subscript b) of the virtual substructure 

(superscript v) are identical: 

    p v

b bu u  (1) 

It remains as a difficulty to ensure that the motion of the vibration table accurately emulates the interface 

motion calculated in real-time with the simulation model of the virtual substructure. This can be achieved 

e.g. by proper control of the test facility within a frequency range of interest. 

The equilibrium of forces at the interface requires that the constraint forces {𝑓𝑏
𝑝

} at the interface (subscript 

b) of the physical substructure (superscript p) and the constraint forces {𝑓𝑏
𝑣} at the interface (subscript b) 

of the virtual substructure (superscript v) compensate each other: 

    p v

b bf f   (2) 

Also here, the difficulty is that the interface forces between the substructures must be measured, e.g. using 

an FMD. The measured forces are being provided as input to the simulation model of the virtual 

substructure  

2.1 Modelling of the virtual substructure 

The virtual substructure is addressed first, because the corresponding models are easier to obtain. 

According to Figure 2, the constraint forces {𝑓𝑏} are the input into the virtual substructure and the 

calculated interface motion {𝑢𝑏} is the output of the virtual substructure (the superscript v for virtual 

substructure is skipped in this subchapter). In general, the virtual substructure is considered as multi-

degree of freedom systems. The notation used here refers to [5]. 

For HIL testing, a real-time simulation model is required for the virtual substructure. Consequently, a 

state-space model must be derived from the equation of motion of this substructure.  

           M u D u K u f    (3) 

In general, the DoFs may be partitioned into unconstrained DoFs (index a) and interface DoFs (index b): 

    ,
a a

b b

u f
u f

u f

   
    
   

 (4) 

Conversion of a structural system into state-space models is discussed e.g. in [6] for single-input, single-

output systems, and in [7], [8] for multiple-input, multiple-output systems. The state-space model for time-

domain simulation comprises two equations. The first one is the state equation with the system inherent 

dynamics (i.e. differential equation of motion), whereas the second is the output equation whose matrices 

are strongly dependent on the desired outputs or the physical output quantities: 

        c c ex A x B u   (5) 

        c c ey C x D u   (6) 

The index c indicates that the state-space model is defined in continuous time-domain. The corresponding 

vectors and matrices of this continuous-time state-space model are: 
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x
u

 
  
 

 ,    e bu f  ,    by u  (7) 

   1 1

0
c

I
A

M K M D 

 
    

 ,   1

0
c T

b

B
M I

 
  
 

 ,    0c bC I  ,    0cD   (8) 

It should be noted that the matrix [Ib] as part of the matrices [Bc] and [Cc] is a boolean matrix selecting the 

interface DoFs from the full displacement vector: 

     b bu I u  ,      
T

b bf I f  (9) 

If acceleration responses are required as physical output quantities of the virtual substructure, the matrices 

[Cc] and [Dc] change correspondingly and also the output vector {y}: 

    v

by u  ,   1 1

c b bC I M K I M D       ,   1 T

c bD M I     (10) 

Next to the state-space model of the virtual substructure, the frequency-domain transfer function matrix 

[Gv] is required for stability analysis using the Nyquist criterion later on. It can be obtained by 

transforming the equation of motion into the frequency domain: 

          2 ˆˆM j D K u f      (11) 

Solving this frequency-domain equation of motion in a direct manner for the desired complex response 

vector {�̂�} as a function of the complex excitation {𝑓} yields the transfer function matrix [Gv] involving all 

DoFs of the virtual substructure: 

              
1

2ˆˆ
v vu G f G M j D K



        (12) 

In this application, only the partition related to the interface DoFs (index b) is required from the full 

matrix [Gv]. In this case, a modal series expansion is more appropriate to improve the numerical efficiency 

in processing the simulation model of the virtual substructure: 

    
  

 
, ,

, , 2 2

ˆˆ
2

T

b r b r

b v bb b v bb

r r r r r

u G f G
m j D

 

 
        

  
  (13) 

The modal parameters of the virtual substructure required to compute the above mentioned modal series 

expansion can also be used to establish a modal state-space in the time-domain. A truncated set of mode 

shapes covering the frequency range of interest can be used in this case which significantly reduces the 

order of state equation of the state-space model. 

2.2 Modelling of the physical substructure 

In principle, no model is required for the physical substructure for HIL tests, because it is available as 

hardware. However, when the overall HIL setup shall be simulated in the time-domain during the 

preparation of the test, a state-space model of the physical substructure is required. Furthermore, when 

stability assessment is considered, a frequency-domain transfer function matrix of the physical 

substructure is required. 

The physical substructure is mounted on the table of the hydraulic test facility. Therefore, the DoFs of this 

substructure can be partitioned into index a, i.e. unconstrained DoFs with unknown displacement {𝑢𝑎} but 

known excitation forces {𝑓𝑎}, and index b, i.e. DoFs at the interface to the virtual substructure with known 

displacement {𝑢𝑏} but unknown constraint forces {𝑓𝑏}, see [5]. 
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aa ab a aa ab a aa ab a a

ba bb b ba bb b ba bb b b

M M u C C u K K u f

M M u C C u K K u f

            
              

            
 (14) 

The input into this physical substructure is the base motion {𝑢𝑏} which generates a dynamic response {𝑢𝑎} 

at the unconstrained DoFs. This is contained in the upper partition of the equation of motion: 

                    aa a aa a aa a a ab b ab b ab bM u D u K u f M u D u K u       (15) 

It is reasonable to separate the dynamic response at the unstrained DoFs into a quasi-static part and a 

relative dynamic part: 

      
static rel

a a au u u   (16) 

The quasi-static response would occur if the enforced interface motion was applied infinitely slow. It 

therefore represents a rigid body motion where the structure perfectly follows the enforced motion of the 

interface. The relative dynamic part represents the additional response due to the system inherent 

dynamics. It should be noted that the interface motion {𝑢𝑏} does not have a relative dynamic part. Figure 3 

illustrates the two parts of the dynamic response of a structure with enforced interface motion. 

 

Figure 3: Illustration of quasi-static and relative dynamic response in case of enforced interface motion 

In case of statically determined interfaces as considered here, the quasi-static response at the 

unconstrained DoFs {𝑢𝑎
𝑠𝑡𝑎𝑡𝑖𝑐} is a rigid body displacement. When assuming small interface motion, a 

simple linear relationship can be formulated between the quasi-static part of the response at the 

unconstrained DoFs {𝑢𝑎
𝑠𝑡𝑎𝑡𝑖𝑐} and the enforced interface motion {𝑢𝑏}: 

          
1static

a aa ab b G bu K K u T u


    (17) 

In particular, when assuming small interface rotations the time-derivative of the matrix [TG] can be 

neglected and the following relations exist for the quasi-static velocity and acceleration response: 

     
static

a G bu T u  (18) 

     
static

a G bu T u  (19) 

When inserting these relations into the upper partition of the equation of motion, the following differential 

equation can be established from which the relative dynamic response can be determined. This relative 

dynamic response comprises all elastic deformations that occur due to the dynamic nature of the enforced 

motion. The enforced interface motion can be converted into an equivalent effective excitation force 

vector {𝑓𝑒𝑓𝑓}: 

bu

x  

y  

yf

zzm

enforced base 

acceleration 

effective 

excit ation forces 

fixed 

support 

quasi- static 

response 

relative dynamic 

response 

x  

y  
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rel rel rel

aa a aa a aa a eff

eff a ab aa G b ab aa G b

M u D u K u f

f f M M T u D D T u

  

    
 (20) 

The coupling of the unconstrained and interface DoFs by inertia forces or damping forces can be neglected 

in most cases so that a simpler, approximate relation exists for the effective excitation force vector: 

            eff a aa G b aa G bf f M T u D T u    (21) 

When lightly damped systems are considered, the viscous damping part in the effective excitation force 

vector is considerably smaller than the part from the inertia forces: 

        eff a aa G bf f M T u   (22) 

Inserting this simplified relation into the equation of motion allows for the determination of the relative 

dynamic acceleration response at the unconstrained DoFs: 

                   
1 1 1rel rel rel

a aa aa a aa aa a aa a G bu M K u M D u M f T u
  

      (23) 

Now, modelling for HIL requires the dynamic constraint forces {𝑓𝑏} as output, see Figure 2. These 

constraint forces can be determined from the lower partition of the equation of motion: 

 
          

                    

rel rel rel

b ba a ba a ba a

ba G bb b ba G bb b ba G bb b

f M u D u K u

M T M u D T D u K T K u

   

    
 (24) 

It can be shown that in the absence of external forces {𝑓𝑎} at the unconstrained DoFs, the last term on the 

right hand side vanishes: 

       0ba G bbK T K   (25) 

This relation actually means that in case of a statically determined interface, a displacement of the 

interface does not produce constraint forces. Consequently, the following equation remains for the 

determination of dynamic constraint forces: 

 
          

             

rel rel rel

b ba a ba a ba a

ba G bb b ba G bb b

f M u D u K u

M T M u D T D u

   

  
 (26) 

Of course, the damping term and the damping coupling term can be neglected compared to the inertia 

effects on the constraint forces and the following simplification is reasonably accurate: 

                  rel rel rel

b ba a ba a ba a ba G bb bf M u D u K u M T M u      (27) 

Now, equation (23) for the acceleration response {�̈�𝑎
𝑟𝑒𝑙} at the unconstrained DoFs can be inserted here: 

 
                   

       

1 1

1

rel rel

b ba ba aa aa a ba ba aa aa a

ba aa a bb b

f K M M K u D M M D u

M M f M u

 



    



 (28) 

This is a differential equation for the desired dynamic constraint forces {𝑓𝑏} required as output from the 

physical substructure. A state-space model can now be established for the physical substructure: 

        c c ex A x B u   (29) 

        c c ey C x D u   (30) 

Here again, the index c denotes a state-space model defined in continuous time-domain. The 

corresponding vectors and matrices of this continuous-time state-space model are: 
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   1 1

c ba ba aa aa ba ba aa aaC K M M K D M M D       ,   1

c ba aa bbD M M M     (33) 

With this state-space model, the constraint forces of the physical substructure can be calculated from the 

interface acceleration input into the system. 

For time-domain simulation of the complete HIL setup, i.e. for preparation of the HIL test, it is required 

that the state-space model of the virtual substructure provides the acceleration response at the interface 

output, because this interface acceleration is used as input for the state-space model of the physical 

substructure. In HIL tests as discussed later on, the displacement response at the interface is required as 

output from the physical substructure, because this output quantity is used as target commands for 

controlling the hydraulic test facility. Furthermore, a state-space model of the physical substructure is not 

required for HIL tests, because this part is available as real hardware. 

When stability assessment using the Nyquist criterion is addressed, the frequency-domain transfer 

function of the physical substructure [Gp] is required. This model would provide the constraint forces {𝑓𝑏} 

as output with the enforced interface motion {𝑢𝑏} as input: 

                  2 2ˆˆ ˆ
aa aa aa a a ab ab ab bM j D K u f M j D K u           (34) 

External forces {𝑓𝑎} can be ignored when using the Nyquist criterion and the following relation between 

the response at unconstrained DoFs {�̂�𝑎} and the response at the interface DoFs {�̂�𝑏} can be established: 

                 
1

2 2ˆ ˆ
a aa aa aa ab ab ab bu M j D K M j D K u



           (35) 

The constraint forces {𝑓𝑏} are determined from the lower partition of the equation of motion in case of 

enforced interface motion {�̂�𝑏}: 

                  2 2 ˆˆ ˆ
ba ba ba a bb bb bb b bM j D K u M j D K u f           (36) 

Inserting the relation between the response at the unconstrained DoFs {�̂�𝑎} and at the interface DoFs {�̂�𝑏} 
into this equation yields the required transfer function matrix [Gp] of the physical substructure: 

 

                 

               

2 2

1
2 2

ˆ ˆ

ˆ

b p b bb bb bb ba ba ba

aa aa aa ab ab ab b

f G u M j D K M j D K

M j D K M j D K u


              

        


 (37) 

3 Stability analysis 

As HIL is a closed-loop application. Therefore, stability of the overall setup must be checked a priori. Two 

approaches for stability analysis are presented in the following, namely the Nyquist criterion and the 

eigenvalue analysis of the system matrix of the state-space model of the closed-loop system. Both have 

specific advantages which will be highlighted accordingly. 
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3.1 Nyquist criterion 

The stability margin of the system in closed-loop can be assessed from the open-loop transfer function, see 

e.g. [6]. At this point, ideal transfer behavior with unit magnitude and zero phase is assumed for the 

hydraulic test facility and for the force measurement platform. In addtion, the process time delay of the 

real time simulation is neglected. The underlying block diagram of this simplified setup is shown in 

Figure 4 and will be used for the determination of the critical delay time that must not be exceeded e.g. by 

the hydraulic test facility and/or the process time delay of the real-time simulation.  

 

Figure 4: Simplified block diagram of closed-loop HIL system with transfer functions 

 of virtual and physical substructure 

When neglecting the feedback in Figure 4, the so-called open-loop transfer function [Go] can be obtained 

from the transfer functions of the physical and the virtual substructures arranged in series: 

    o p vG G G     (38) 

The closed-loop transfer function [Gc] can be obtained from the open-loop transfer function: 

                
11

c o o p v p vG I G G I G G G G


            (39) 

According to the Nyquist criterion, the stability margin of the closed-loop system can be determined from 

open-loop transfer function. In case of HIL, the open-loop transfer function has no physical unit, i.e. it is 

dimensionless. The magnitude of this complex quantity is the gain of the open-loop system and the 

argument is the phase delay. An example open-loop transfer function is illustrated in Figure 5. As a 

stability requirement for the closed-loop system, it must be ensured that the Nyquist plot of the open-loop 

transfer function does not encircle the point (-1,0) in the complex plane, i.e. the black point in the Nyquist 

plot on the right hand side of Figure 5. 

The simplified Nyquist stability criterion shall be introduced here, see [6]. It is valid for single-input, 

single-output (SISO) systems only. Even though a generalized Nyquist criterion has been proposed for 

multiple-input, multiple-output (MIMO) systems, see [7] and [9], the simplified Nyquist criterion can be 

applied to the individual elements of the transfer function matrix. The benefit of the simplified Nyquist 

criterion over the generalized one is the allocation of the stability margin, which is typically not provided 

by the generalized Nyquist criterion as proposed in [7]. If the open-loop transfer function Go of a SISO 

system crosses the point (-1,0) in the complex plane, the denominator of the closed-loop transfer function, 

i.e. 1+Go, would become zero, i.e. 1+(-1)=0. In this case, the closed-loop system would have an undamped 

pole (critically stable). If the point (-1,0) is encircled by the open-loop transfer function, the pole of the 

closed-loop system will be unstable. When the point (-1,0) is not encircled, like shown in the Nyquist plot 

in Figure 5, the pole of the closed-loop system will be stable. 
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Figure 5: Bode plot (left) and Nyquist plot (right) of open-loop transfer function 

It can be seen from the Nyquist plot in Figure 5 that the open-loop transfer function crosses two times the 

unit gain circle – one time with positive slope of the gain curve, one time with negative slope of the gain 

curve. These points can also be observed as red points in the Bode plot in Figure 5 where the magnitude of 

the open-loop transfer function crosses 1 (or respectively 0 dB). The corresponding frequencies will be 

referred to as cross-over frequencies Ωc in the following. 

The black point in the Nyquist plot of Figure 5 indicates the stability limit. It is placed on the unit circle at 

-180° phase angle. The difference in phase angle at the red marked cross-over point to the black marked 

stability limit point at -180° phase angle is referred to as the phase margin φM: 

   argM o cG      (40) 

So far, the stability of closed-loop systems has been addressed from analyzing the open-loop transfer 

function. Now, the maximum delay can be deduced from this simplified analysis. This maximum delay 

must not be exceeded by the delay of the hydraulic test facility and of the real-time simulation of the 

virtual structure. In general, a delay-time will lead to a linear increase of the phase angle of the open-loop 

transfer function with frequency, while the magnitude of the open-loop transfer will remain unaffected. 

For stability of the closed-loop system, it must be ensured that the critical delay-time τcrit does not fully 

consume the phase margin φM at the cross-over frequency Ωc: 

 M
M c crit crit

c


     


 (41) 

When inspecting the phase angles at the two cross-over frequency in the phase response of Figure 5, it can 

be seen that the distance to the phase angle of -180° is significantly higher at the cross-over frequency 

below the resonance. At the cross-over frequency beyond the resonance the phase margin is significantly 

lower and consequently, the conditions at this specific point determines the stability margin. 

In HIL applications, the actuation system will always have a delay time and these should be considered as 

a system property which cannot be changed. Accordingly, it can be seen from equation (41) that for a 

given delay time the stability margin is higher for lower delay times. It can also be seen, that the stability 

margin can be increased by shifting the cross-over frequencies towards lower frequencies. For a given 

system with multiple resonances, it can be concluded that those having higher cross-over frequencies are 

most critical for stability. It should be noted that not all resonances of the open-loop transfer function have 

cross-over frequencies. If the gain of the resonance remains below 1 (or respectively below 0 dB) no 

cross-over frequencies will occur and the corresponding resonance will not make the closed-loop system 

unstable. 

The effect of damping on the stability margin is illustrated in Figure 6. The dashed light blue line in the 

diagrams represents the system with nominal damping as shown in Figure 5. The solid blue line represents 

the same system with damping increased by a factor of two. It can be seen from the Bode plot that 

damping is not sensitive to shift the cross-over frequencies. However, the sensitivity of damping can be 

M
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observed in the phase response of the Bode plot. It increases the phase distance to the -180° phase angle 

and thus increasing the phase margin for the stability of the closed-loop system. 

 

Figure 6: Bode plot (left) and Nyquist plot (right) of open-loop transfer functions 

 with different damping levels 

As a closing statement of this section on stability assessment using the Nyquist criterion, it should be 

mentioned that the open-loop transfer function can be obtained from either numerical models, from 

experiments, or from a combination of the two. The particular advantage is that stability assessment of the 

closed-loop system is performed on the open-loop transfer functions. Furthermore, a stability margin is 

provided which indicates the distance from unstable conditions. Next to the phase margin, the Nyquist 

criterion also indicates a gain margin. This is an important parameter needed for adjusting the static gain 

of a controller in open-loop while taking into account the stability of the closed-loop system. This criterion 

has not been used here. 

3.2 Eigenvalue analysis of system matrix of discrete-time state-space model 

The stability of the closed-loop system can be assessed from the eigenvalues of the state matrix of a state-

space model representing the closed-loop system. For example, a series arrangement of the state-space 

models of the virtual and the physical substructure forms the state-space model of the open-loop system. 

The output of this state-space model can be fed back to its input to form the closed-loop system. These 

operations can easily be performed using the MATLAB Control System Toolbox and the corresponding 

commands “series” or “feedback” applicable to dynamic system objects. The different possibilities for 

setting up numerically efficient state-space models have been mentioned at the end of chapter 2.1. In 

particular the discrete-time state-space models are interesting for stability assessment of systems with 

delay. The modelling of systems with delay can be obtained easily when assuming that the total delay in 

the closed-loop system is an integer multiple of the process delay (i.e. the sampling interval) of the real-

time simulation. State-space models can be transformed into the discrete-time domain by introducing a 

constant sampling interval Δt and integrating the state equation over one time interval, see e.g. [8]. As a 

consequence, the resulting state matrix [Ad] and the input matrix [Bd] are then dependent on the sampling 

interval, but at the same time, the state equation is no longer a differential equation: 

        1 ,i d i d e ix A x B u    (42) 

        ,i c i c e iy C x D u   (43) 

          ,c c

t t
A t A t

d d c

t

A e B e dt B


 

    (44) 
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In case of a delay for a single input of three sampling intervals, a closed-form discrete-time state-space 

model can be defined as follows, see e.g. [7]: 
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At first, the input ue is assigned to the state x3 and the output y is 0. In the next loop, the state x3 is assigned 

to the state x2 and still the output y is 0. In the third loop, the state x2 is assigned to the state x1 and the 

output y is the input from 3 sampling intervals ago. The advantage is that this model has memory that 

transfers the input some sampling intervals later. The disadvantage of this model is the increased number 

of states. When the delay is long, i.e. many sampling time intervals, the model will become inefficient. In 

case of a delay of n sampling intervals, n additional states per input signal are required for modelling the 

delay. Furthermore, if this model is arranged in series with other state-space models, n additional 

eigenvalues (or poles) will appear due to the n additional states. These may have to be separated from the 

original eigenvalues of the system under consideration. Nonetheless, eigenvalues and eigenvectors can be 

computed from eigenvalue analysis of the state matrix of a discrete-time state-space model of the closed-

loop system including delay. This can be repeated for a set of different delay times and the changes in 

eigenfrequencies and damping ratios can be tracked and plotted as a function of the delay time. This is the 

main advantage of this method over the simplified Nyquist criterion. While the Nyquist criterion indicates 

the stability margin, the eigenvalue analysis (when performed for a set of different delay times) indicates 

changes of poles/eigenvalues of the closed-loop system. 

When approaching the critical delay time, it is quite interesting to note that none of the structural modes 

becomes unstable. Instead, one of the additional poles introduced by the additional states from the delay 

model turns the closed-loop system into unstable condition. The damping of the critical pole becomes zero 

at the stability limit and its frequency corresponds to the critical cross-over frequency. In Figure 7, an 

example of stability diagrams are presented for a simple mass-spring-damper system as virtual 

substructure coupled with an additional mass as the physical substructure. The blue line in the lower 

diagram of Figure 7 represents the evolution of damping of the coupled system (i.e. the closed-loop 

system) with increasing delay. At about 7 ms, the damping reaches a maximum and decreases afterwards 

until it becomes unstable at about 9 ms (i.e. damping crosses zero). Approximately at the same delay, the 

corresponding eigenfrequency (blue line in the upper diagram) increases from 4.5 Hz to 5.5 Hz. It can be 

seen that the frequency of a second pole (i.e. the red line) is entering into the upper diagram of Figure 7. It 

is a consequence from modelling of the delay using a discrete-time state-space model according to 

equations (45) and (46). For delays longer than 6 ms, coupling of the additional pole with the structural 

pole can be observed. Finally, the interaction with the additional pole makes the structural pole to become 

unstable. As will be shown in the example in chapter 5 later on, this is not a numerical artefact, but it is 

confirmed by experimental validation. 
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Figure 7 Stability diagram for a simple spring-mass-damper system as virtual substructure  

with an additional mass as physical substructure with delay in the coupling 

4 Hydraulic shaking table MAVIS 

The hydraulic shaking table MAVIS (Multi-Axial Vibration Simulator, see Figure 1) is a dynamic testing 

facility which has been used for qualification testing of spacecraft structures, earthquake simulation of 

piping components of power-plant cooling systems, road-load simulation of large battery-packs of electric 

vehicles and passenger comport related investigations with human test persons. The vibration table is a 

rib-stiffened steel platform having the dimensions of 1,5m x 1,5m x 0.2m and a mass of approximately 

500 kg. The table is driven by 7 hydraulic actuators: 4 actuators in vertical z-direction (each having 40kN 

static force), 2 actuators in the x-direction (each having 80 kN static force), and a big single actuator in y-

direction (120kN static force). The maximum stroke of the cylinders is ±50mm. In order to allow 

unconstrained table motion in multiple directions, ball joints are installed at the connection points of the 

actuators to the table and at the connection points of the actuators to their static reaction support. The 

stroke of the actuators allows for table rotations of about ±4.5° about each rotational axis. 

The 6-axis vibration controller has an internal signal generator for the standard operating modes like sine, 

sine-sweep, random. For these operating modes, a frequency-domain controller actively controls the 

motion of the vibration table. This can run in multiple axes simultaneously. 

For HIL testing, transient external signals are fed into the vibration table controller and are used as target 

signals. For this operation, each actuator has a PID-controller on its own whose parameters can be 

adjusted to tune the transfer behaviour. So called modal control provides multiple drive signals for the 

actuators involved in the desired motion of the vibration table. It is based on the coordinates of the 

actuator connection points and on the actuator directions. For example, if displacement in pure x-direction 

is requested, the modal control will generate quasi identical target signals for the 2 x-direction actuators, 

whereas all other actuators will receive a zero target command. 

At the beginning of the experimental HIL validation tests, the transfer functions of the table have been 

identified in all 6 axes with the default PID-settings. The blue curve in Figure 8 shows the initial transfer 

function of the shaking table in x-direction. Since there was significant drop of the magnitude of the 

transfer function in the targeted frequency range up to 30Hz, tuning of the PID settings was performed. In 

particular the gain for the P (proportional) part and the gain of the D (differentiating) part were increased. 

Afterwards, the magnitude and the phase of the transfer functions were significantly improved as indicated 

by the red curve. The amplitude is represented well in the investigated frequency range but the phase 

shows a nearly linear drift, just like a pure delay element. In order to further improve the phase drift in the 

transfer function of the vibration table, a model based feed-forward control has been applied. The transfer 

function of the shaking table with improved PID settings was curve-fitted by a rational function in 

frequency domain, i.e. numerator and denominator polynomial. With an analytical expression for the 

transfer function at hand, the inverse of this transfer function has been used as a filter to modify the input 
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signal for the shaking table. Since the inverse of a stable transfer function is unstable, an additional low 

pass filter has been to be introduced for stabilization purposes. Of course, this additional low pass filter 

will increase again the delay, but as the green curve in Figure 8 indicates, the phase drift in the transfer 

function is significantly improved. Also a slight improvement can be observed for the amplitude of the 

transfer function. 

 

Figure 8 Transfer function of the x-axis. The initial state in blue, 

tuned PID parameters in red and delay commpensation in green. 

The slope of the linear phase drift of the transfer function indicates the delay time of the hydraulic shaking 

table. Finally, with the compensated transfer function, the remaining delay time is about 6 ms. 

5 Test case: Coupling of a virtual rod with a rigid mass 

The analytical equations for response analysis and stability assessment of HIL tests were derived in the 

previous sections. The applicability of the theory will be demonstrated in this section on an illustrative 

example. As sketched in Figure 9, the virtual substructure consists of a rod fixed at one end. The physical 

substructure is a point mass to be coupled with the free end of the virtual rod. The rod has a single output 

displacement DoF at the interface to the physical substructure. Several modes may however contribute to 

the dynamic response in the longitudinal direction of the rod. It can therefore be considered as a SISO 

system with multiple interior dynamic DoFs. 

 

Figure 9: Virtual substructure (rod) and physical substructure (point mass) with interface 

Usually the eigenfrequencies of a rod with reasonable cross-sectional dimensions are quite high. 

Therefore, the material parameters of the rod were artificially adapted to achieve multiple 

eigenfrequencies below 30 Hz envisaged for HIL applications with the hydraulic test facility. In order to 

maintain stability, the virtual model of the rod had to be reduced the first two modal DoFs only (i.e. the 

first two eigenfrequencies as listed in Table 1). The first eigenfrequency is at 4.03 Hz and the second at 
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12.19 Hz. The modal damping ratio has been set to 1% for both modes. The weight of the rigid mass is 

12.5 kg.  

Table 1 Modal paramemmeters of the rod without the rigid mass attached up to 30 Hz 

fr [Hz] Dr [%] mr [kgm2] 

4.03 1.0 53.78 

12.19 1.0 52.04 

20.65 1.0 48.73 

29.61 1.0 44.17 

 

Even though the setup of this example appears to be constructed, artificial and far away from the targeted 

HIL applications, it is nonetheless adequate and appropriate to verify the feasibility of HIL with the six-

axis hydraulic shaking table. 

First, the Nyquist criterion according to chapter 3.1 is applied for the determination of the stability of the 

closed-loop system and the critical delay which indicates the stability limit. In a second step, the state-

space approach of chapter 3.2 is employed to study the changes in the dynamic behavior for an array of 

different delays from which the stability diagrams are generated. Finally, the HIL test is conducted for 

validation purposes. 

For application of the Nyquist criterion, the frequency-domain transfer functions of the virtual and 

physical substructure are needed. The modal representation of the transfer function of the virtual 

substructure is shown in equation (13) and was evaluated with the modal parameters of rod shown in 

Table 1. The rod has a single output DoF and mode shape scaling has been used so that the mode shape at 

this single output DoF is equal to 1. The transfer function of the physical substructure according to 

equation (37) is simple to establish for the rigid mass. In this case, no unconstrained DoFs (index a) exist 

in the physical substructure but just interface DoFs (index b). Consequently, no coupling matrices exist 

among the unconstrained DoFs and the interface DoFs. What remains from equation (37) is the following: 

     2 2ˆ ˆ ˆˆ ˆp p v

b bb b b b bf M u f mu f        (47) 

 
2

ˆ ˆ

ˆ ˆ

p v

b b
p

b b

f f
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u u
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When arranging the virtual and the physical substructures in series, the open-loop transfer function 

without delay is obtained according to equation (38). In Figure 10, the Bode plot of the open-loop transfer 

function is shown. The two resonances of the rod can be observed together with the four cross-over 

frequencies related to the resonances. A statement with respect to the limitation to only two modal 

contributions: With the contribution of the third and/or fourth mode of the rod to the open-loop transfer 

function, the gain of the open-loop transfer function converges towards a value larger than one. This 

makes the system unstable, because disturbances with high frequency content would always be amplified. 
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Figure 10: Open-loop transfer function for the virtual rod with point mass example 

In general, four different critical delays can be computed from the four cross-over frequencies in the open-

loop transfer function. The smallest critical delay determines the stability limit. Two of the cross-over 

frequencies are uncritical in this respect, namely those, where the gain-curve has positive slope (i.e. the 

cross-over frequencies located below the resonance peaks). For the other two, the one with the higher 

frequency is more critical, because a given delay produces a linearly increasing (negative) phase drift and 

consequently consuming more phase margin at higher frequencies. In this example, the highest crossover 

frequency is at 14.7 Hz and the corresponding phase is 2.3°, i.e. the phase margin to the critical phase of -

180° is 182.3°. From this phase margin, a critical delay of 34.3 ms can be deduced according to equation 

(41). With an approximate delay time of 6 ms for the hydraulic shaking table (identified from the phase 

drift of the optimized experimental transfer functions), it can be concluded that there is enough phase 

margin to ensure stability of the closed-loop system. 

Now, the second approach based on eigenvalue analysis of the system matrix of the time discrete state 

space models is utilized to investigate the dynamic behavior when approaching the stability limit. The 

closed-loop system must be considered in this case. Equations (5) to (9) are used to establish the state-

space model of the virtual substructure, whereas equations (29) to (33) are used for the physical 

substructure. These equations are formulated in continuous-time domain. Transformation into discrete-

time domain is needed and can be performed according to equations (42) to (44). The discrete-time state-

space models of the virtual substructure, the physical substructure and the delay can be arranged in series 

(i.e. the output of the first system is equals the input into the second system, etc.) to form the open-loop 

system. Afterwards, the closed-loop system is established by feedback of the output of the open-loop 

system to its input. The eigenvalues of the closed-loop system matrix can then be computed, where the 

delay is explicitly part of the model. It should be noted that the hydraulic test facility has a delay of 6 ms 

after optimization of the transfer functions. An additional delay was introduced to study the change in the 

dynamic behavior when approaching the stability limit. This additional delay has been varied 

systematically and the eigenvalues of the closed-loop system have been analyzed for discrete values for 

the delay. The eigenfrequencies and damping ratios of the closed-loop system can then be plotted as a 

function of the delay and the poles can be tracked until zero-crossing of one of the damping ratios. This 

indicates the stability limit. 

In Figure 11, the stability diagram computed for the virtual rod and the point mass are shown. As already 

discussed in section 3.2 the number of eigenvalues increase with increasing delay because of the 

additional states introduced by the model of the delay. In this diagram, only the first three eigenvalues are 

plotted but additional (high frequency and high damping) eigenvalues can be found but are omitted from 

the display. It is anticipated that the eigenfrequencies of the closed-loop system are lower than those of the 

open-loop system due to adding a rigid mass to the tip of the rod. The theoretical eigenfrequencies of the 

first two modes drop from 4.03 Hz to 3.62 Hz and from 12.19 Hz to 10.98 Hz when attaching the rigid 

mass to the tip of the rod. 
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Figure 11: Variation of the delay time and its impact on the stability of the closed-loop system 

With increasing delay in the closed-loop system, the two eigenfrequencies of the rod vary slightly. It is 

also observed that the damping ratios of these two modes are increasing with increasing delay. But the 

most interesting phenomenon is the new eigenfrequency which appears as a consequence of the delay 

model and shown as a green line in the upper diagram of Figure 11. It starts from infinite frequency at 

zero delay and converges towards the critical cross-over frequency when reaching the stability limit. The 

corresponding damping ratio of this additional pole is about 20% for small delays. But with increasing 

delay, the damping ratio starts to decrease until it becomes negative. At this point, the closed-loop system 

goes unstable. 

Time-domain simulations have been conducted with the state-space model of the closed-loop system but 

are not shown here. They give the proof that both methods indicate the same stability limit. However, the 

second approach based on eigenvalue analysis provides more engineering insight into the behavior of the 

closed-loop system. Only with this approach it is possible to understand that the additional pole from the 

delay drives the closed-loop the system into unstable conditions. 

The numerical stability analysis with the two different methods has been validated experimentally. The 

real-time simulation of the virtual rod is performed on an ADwin Pro II controller. The implementation of 

the simulation model on the controller hardware is achieved with MATLAB and Simulink and dedicated 

compilers to transform Simulink models into executables to run on the CPU of the controller. The 

displacement of the hydraulic test facility is measured by displacement sensors integrated in the hydraulic 

actuators of the test facility. An acceleration sensor has been placed on the rigid mass for an independent 

acceleration measurement. The coupled structure is excited using an impulsive virtual force. It has been 

generated with a battery connected to a push-button operated manually. The output of this simple impulse 

generator was introduced into one of the analog input channels of the real-time controller. Inside the 

Simulink model running on the controller, the impulse excitation is transformed into a force introduced at 

the interface DoF. It has to be mentioned, however, that the repeatability of the impulse generated from 

manual execution of the push-button was not satisfactory. It was “just good enough” for disturbing the 

closed-loop system and observing a decay or a growth of the impulse response. 

In general, the response to an impulse is a free vibration. It has been measured in terms of the actual 

displacement of the hydraulic test facility in this example. This has been repeated for different values of 

artificial delay until the system turned unstable. Afterwards, the Least-Squares Complex Exponential 

modal parameter estimator, see [10], has been applied to the recorded free vibrations in order to determine 

the damping ratios and the eigenfrequencies of the closed-loop system. The identified frequencies and 

damping ratios were compared to the simulated behavior obtained from eigenvalue analysis. Variation of 

the delay has been achieved by manipulating a delay block in the Simulink model and re-compiling the 

model for the real-time simulation on the ADwin Pro II controller. This artificial delay is added on top of 

the delay of the test facility which cannot be changed. The total delay is the sum of the delay of the test 
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facility and the artificial delay. With this total delay, the poles identified from the measured impulse 

responses were plotted as discrete points into the stability diagram in Figure 11. The simulated and the 

measured poles are matching quite well for the first mode of the coupled system (i.e. blue curve in Figure 

11). It does not match very well for the damping of the second mode (i.e. red curve in the lower diagram 

of Figure 11). The reason is the poor excitation of this mode from the impulse generated manually with 

the push-button. It is known from practical experience with modal analysis, that the damping of poorly 

excited modes is hard to identify accurately. 

In Figure 12, impulse responses recorded for different delays are shown. The curve in the left diagram 

corresponds to a delay slightly below the critical limit. It can be seen that towards the end of the recording, 

an oscillation at a higher frequency does not seem to decay. When slightly increasing the delay, the system 

becomes unstable and the diagram on the right hand side is obtained with exponential growth of the 

response. The frequency related to this growing amplitude oscillation was found to be the critical cross-

over frequency. Such impulse excitation and recording of the response has performed for a set of different 

delay times but only two particular examples are presented here. 

 

Figure 12: Impulse responses recorded in closed-loop HIL conditions 

stable with exponential decay (left) – unstable with exponential growth (right) 

With this example, the feasibility of HIL on the DLR six-axis hydraulic shaking table MAVIS has been 

demonstrated. Here, a single axis has been used but the theoretical foundation has been presented for the 

generic case of 6-DoFs interfaces.  

6 Summary and conclusions 

The modelling aspects for hybrid dynamic substructuring tests have been discussed. In the form presented 

here, the equations are directly applicable to generic MIMO systems for the physical and for the virtual 

substructure. However, due to the targeted application using a six-axis hydraulic shaking table, the 

assumption of a single and statically determined interface between the two substructures has been 

introduced and must be taken into account when adapting the theoretical foundation to other applications. 

The feasibility of hardware in the loop testing with the DLR six-axis shaking table MAVIS has been 

demonstrated numerically and subsequently by experimental verification. Two different approaches for 

stability analysis have been employed: i) using the simplified Nyquist criterion based on the open-loop 

transfer function to assess the stability margin of the closed-loop system, ii) based on eigenvalue analysis 

of the state matrix of a discrete-time state-space model of the closed-loop system including a model for the 

total delay. The first approach provides the safety margin, whereas the second approach provides insight 

into the dynamic behavior of the closed-loop system with delay when approaching stability limit. 
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The frequency range up to 30Hz has been addressed here for HIL. This is the relevant frequency range for 

the targeted applications in aeronautic research like testing of aircraft wing stores using the HIL approach. 

In the test case of chapter 5, the limitation mainly arises from the delay time of the hydraulic shaking 

table. The process time delay of the real-time simulation of the virtual substructure is one order of 

magnitude smaller in this case, mainly due to the simplicity of the simulation model. However, when more 

complex models for the virtual substructure must be solved, the process time delay of the real-time 

simulation will become more significant leading to a further reduction of the stability margin. 

A rather simple test case with only a single DoF at the interface has been considered where the physical 

structure is not a flexible body but a rigid mass. A more complex demonstration test case is currently 

under investigation with flexible dynamic MIMO systems for the virtual and for the physical substructure. 

In this test case, not only stability will be addressed, but also the concept of virtual excitation and 

additional virtual responses. This is already indicated in Figure 2. With this more complex setup, 

frequency response functions of the fully assembled system will be measured and the feasibility of 

experimental modal analysis from HIL tests will be assessed, and in particular, the impact of the total 

delay on the accuracy of the identified modal parameters. 
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