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Abstract
This contribution proposes an intuitive and easy-to-compute method for the solution of inverse problems
in fuzzy arithmetic. The surprisingly perspicuous main result is motivated and thoroughly discussed. An
illustrative application to parameter identification based on modal analysis is provided.

1 Introduction

By now, fuzzy arithmetic, i.e. the forward propagation of uncertainties in a possibilistic context, has become
a relatively well-explored discipline. Several methods exist for determining (or approximating) the possi-
bilistic output distribution of a fuzzy variable according to the extension principle [1] if this output variable is
dependent on a number of fuzzy input variables via a functional relationship. To name a few, for example the
exact solution by optimization, the transformation method or interval arithmetic can be used, each with its
own advantages, limitations and drawbacks. An overview of these methods is given in [2]. Yet, the inverse
problem, i.e. inferring input distributions from a given output, has not received much attention even though
being equally important.

Inverse problems typically arise in many scientific areas, usually where a set of parameters (lumped or
concentrated) is to be estimated [3]. Common examples are medical imaging applications, the identification
of physical or non-physical parameters resulting from simplifications in mechanical models, e.g. stiffness,
damping or friction coefficients, or feasibility problems, where design specifications have to be met [4].

Generally, two scenarios where inverse problems play a major role have to be distinguished:

As an analogon to statistics in the probabilistic framework, the first scenario is concerned with inferring
possibility distributions from crisp samples either directly or in order to determine e.g. regression model
parameters. In this case, the output distribution is not given directly; instead, it has to be inferred in the
process itself. These problems are treated e.g. in [5], [6], [7] or [8]. In the second scenario, the membership
function of the output is given directly and the distributions of the input variables have to be inferred.

The present contribution is concerned with the latter scenario. The authors are only aware of one line of
research that has dealt with finding those inverse distributions. In [9], Hukuhara introduces the Hukuhara
or H-difference for set-valued functions which Bede and Stefanini use in [10] to propose a generalized
differentiability of fuzzy-valued functions. To be able to define a difference quotient, they need to define the
difference of two fuzzy sets, which is essentially the inverse to the addition operator. This approach is further
generalized in [11] where an inverse to the multiplication is presented.

A solution procedure for fuzzily stated optimization problems has already been described in [12] where –
among other things – fuzzy feasible sets are identified. However, it can be extended to solve more general
inverse problems in fuzzy arithmetic. This contribution attempts to motivate the general solution and to prove
its usability in estimation problems.
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Notably, the presented results suggest that inverse fuzzy arithmetic is much more intuitive than its forward
counterpart. The proposed solution can be obtained under minimal assumptions and without formulating and
solving costly optimization problems, and it is described by the intelligible Eq. (13) in Section 4 forming the
core of this contribution. To some extent, it is even capable of mitigating wrongful assumptions about the
independence of the output distributions in question, and by introducing a relaxation to the inverse problem
it can overcome certain problems of ill-posedness.

2 Fuzzy Variables in Possibility Theory

Fuzzy variables are the possibilistic counterpart to stochastic random variables. However, they can be moti-
vated entirely by themselves. In contrast to classical set theory, fuzzy set theory allows gradual memberships
of elements to a (fuzzy) subset Ỹ of the universal set Y (here Y = Rn). Its membership function

µ
Ỹ
: Y → [0, 1] (1)

is a generalization of the characteristic function in classical, ordinary set theory and uniquely defines the
fuzzy set in terms of which elements belong fully, partially or not at all to it. The set of all fuzzy sets on Y
is denoted FY .

The support
supp

[
Ỹ
]
= cl

({
y ∈ Y : µ

Ỹ
(y) > 0

})
(2)

of a fuzzy set Ỹ ∈ FY is the closure of the set of all its elements with non-zero membership.

It is a special case of the α-cuts

cutα

[
Ỹ
]
=
{
y ∈ Y : µ

Ỹ
(y) ≥ α

}
(3)

denoting the set of all its elements with membership α or higher.

Several operations on fuzzy sets can be defined consistently with their classical counterparts if the character-
istic function acts as the fuzzy membership function. In particular, a fuzzy set Ỹ ∈ FY is said to be included
in the fuzzy set Z̃ ∈ FY , i.e. Ỹ ⊆ Z̃, if the respective membership functions satisfy

µ
Ỹ
(y) ≤ µ

Z̃
(y) ∀y ∈ Y . (4)

Their intersection X̃ = Ỹ ∩ Z̃ is given by the element-wise minimum of the respective membership values

µ
X̃
(y) = min

{
µ
Ỹ
(y), µ

Z̃
(y)
}

∀y ∈ Y . (5)

Furthermore, it is important to distinguish between independent and dependent fuzzy variables. The (uni-
variate) fuzzy variables x̃1, . . . , x̃n ∈ FR are called independent if the membership function µx̃ of the (mul-
tivariate) fuzzy variable x̃ ∈ FRn satisfies

µx̃ (x) = min
i=1,...,n

{µx̃1 (x1) , . . . , µx̃n (xn)} ∀x ∈ Rn , (6)

where µx̃1 , . . . , µx̃n are the marginal distributions of x̃1, . . . , x̃n, respectively. To distinguish one from the
other, the membership function µx̃ is also called the joint membership function.

For a thorough review of fuzzy set theory refer to [2].

In [13], Zadeh shows that fuzzy set theory serves as a basis for an alternative to probability theory for the
computerized processing of uncertainty, namely possibility theory, which is thoroughly explained in [14].

A possibility measure is any measure Pos : 2X → [0, 1] on the universe of discourse X satisfying
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1. Pos (X ) = 1,

2. Pos (∅) = 0 and

3. Pos (A ∪B) = max {Pos (A) ,Pos (B)} for two disjunct subsets A,B ⊆ X .

One interpretation of this measure is that it quantifies the feasibility or ease with which an event occurs as
opposed to e.g. the frequentist interpretation of probability theory. For instance, the possibility (ease) of a
sprinter beating the world record is fundamentally different from the probability (frequency) of the same
event.

From the definition, it follows that a possibility measure is defined by its behavior on the elementary events
of X according to

Pos (A) = sup
x∈A

Pos ({x}) ∀ A ⊆ X (7)

just like probability theory. This allows to define a possibility distribution π : X → [0, 1] given by

π (x) = Pos ({x}) ∀x ∈ X . (8)

Consequently, one obtains
Pos (A) = sup

x∈A
π (x) ∀ A ⊆ X . (9)

Now, let X = Y = Rn. The fuzzy membership function µx̃ of a (multivariate) fuzzy variable x̃ ∈ FRn can
be interpreted as a possibility distribution function

π (x) = µx̃ (x) (10)

inducing a possibility measure similar to how a probabilistically distributed stochastic variable induces a
probability measure.

3 Forward Fuzzy Arithmetic

Fuzzy arithmetic, i.e. the forward propagation of fuzzy sets through deterministic mappings, is fundamentally
based on the extension principle formulated by Zadeh in [1].

Let f : Rn → Rm be a mapping and let x̃ ∈ FRn be a fuzzy set with the membership function µx̃. The
membership function µỹ of the fuzzy output ỹ ∈ FRm defined by

ỹ = f (x̃) (11)

is then given by
µỹ (y) = sup

x:y=f(x)
µx̃ (x) . (12)

If f is not surjective, it is not possible to find an x satisfying y = f (x) for all y ∈ Rm. In this case,
the membership of the respective element y is simply zero. A proof of the extension principle employing
possibilistic arguments is given by Liu in [15].

Naturally, the evaluation of the extension principle can prove rather difficult as it requires the solution of
a (possibly non-convex) optimization problem. Consequently, many approaches to a more efficient compu-
tation of ỹ have been proposed. A broad overview on the available techniques – including standard fuzzy
arithmetic, interval arithmetic, arithmetic with L-R or discrete fuzzy numbers, and finally the transformation
method – is given in [2].

In contrast, it will be shown that inverse fuzzy arithmetic yields a much more straightforward solution.
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4 Inverse Fuzzy Arithmetic

Given a possibilistic output variable ỹ ∈ FRm and a function f : Rn → Rm, the corresponding inverse
problem is to find the membership function µx̃ of the possibilistic input variable x̃ ∈ FRn.

Throughout this section, it will be shown for various cases that the solution x̃ to the inverse problem which
requires minimal assumptions is given by

µx̃ (x) = µỹ (f (x)) ∀ x ∈ Rn . (13)

The most intuitive requirement for the solution of the inverse problem is that the solution ought to be consis-
tent with the extension principle. However, this requirement alone is not sufficient to uniquely determine the
solution x̃, and thus the problem is generally ill-posed.

Example 1. Let f : x 7→ x2 and ỹ be given by

µỹ (y) =

{
1− |y − 1

2 | ∀ y ∈ [0, 32 ],
0 else

(14)

as shown in Fig. 1a. One possible input variable x̃1 is given by the membership function

µx̃1 (x) =

{
1− |x2 − 1

2 | ∀ x ∈ [0,
√
3
2 ],

0 else.
(15)

However, the input variable x̃2 given by the membership function

µx̃2 (x) =

{
1− |x2 − 1

2 | ∀ x ∈ [−
√
3
2 , 0],

0 else
(16)

also satisfies the extension principle (cf. Fig. 1b). Since ỹ = f (x̃1) = f (x̃2), it is not clear which solution
is the ’correct’ one.

−1 0 1 2
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0.5

1

y

µ

ỹ

ỹ+

(a) Reference outputs ỹ and ỹ+.

−1 0 1
0

0.5

1

x

µ

x̃
x̃1
x̃2

(b) Inverse solutions x̃1, x̃2 and x̃.

f

If

Figure 1: Illustration of Examples 1–4.

In the general case, an infinite number of solutions exists. The extension principle merely provides an upper
bound on the membership function of x̃ since the equation

µỹ (y) = sup
x:y=f(x)

µx̃ (x) (17)
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implies that for all x satisfying y = f (x) their membership value is bounded by µỹ (y), i.e.

µx̃ (x) ≤ µỹ (y) ∀x,y : y = f (x) , (18)

which can be rewritten to
µx̃ (x) ≤ µỹ (f (x)) ∀x . (19)

In the previous example, this bound is given by µx̃, the point-wise maximum of µx̃1 and µx̃2 (cf. Fig. 1b).
All admissible distributions are located underneath, but without further information, it is not justifiable to
choose one over the other.

For the motivation of the solution given in Eq. (13) consider the following: If ỹ was a crisp number ỹ = y,
the solution had to be expressed as x = ±√y. This can be interpreted as selecting the upper bound x̃ from
before as the general solution and motivates the choice of Eq. (13) which will be called the most general
solution to the inverse problem.

The operator producing the most general solution to the inverse problem of fuzzy arithmetic shall be denoted

If : FRm → FRn (20)

and is defined by
µIf (ỹ) (x) = µỹ (f (x)) ∀ x ∈ Rn. (21)

Example 2 (Example 1 revisited). Let f and ỹ be defined as in Example 1. Then, the most general solu-
tion x̃ = If (ỹ) possesses the membership function (cf. Fig. 1b)

µx̃ (x) =

{
1− |x2 − 1

2 | ∀ x ∈ [−
√
3
2 ,
√
3
2 ],

0 else.
(22)

Notice that finding the most general solution to the inverse problem only requires one evaluation of f for
each element as opposed to the theoretically infinite number of evaluations required to solve the forward
propagation problem.

In the case where f is bijective (injective and surjective), the inverse operator is given by If = f−1, and
thus the most general solution operator is equivalent to a fuzzy arithmetical evaluation of

x̃ = f−1 (ỹ) . (23)

Example 3 (Example 1 revisited once more). Let f , ỹ and x̃1 be defined as in Example 1, but f restricted to
input arguments from the negative reals f : R−0 → R+

0 . Then the inverse of f is given by f−1 : y 7→ −√y,
and accordingly the unique solution x̃2 to the inverse problem is given by (cf. Fig. 1b)

x̃2 = −
√
ỹ. (24)

However, Eq. (13) does not guarantee that the extension principle is actually fulfilled in the general case.
The fundamental question is whether the support of ỹ is contained in the image of f . If the support of ỹ is
not contained therein, the most general solution to the inverse problem can still be computed, but it is not
the true inverse solution anymore in the sense that it fulfills the extension principle. Instead, it becomes the
maximum possible inverse solution whose forward propagation

f
(
If (ỹ)

)
⊆ ỹ (25)

is a fuzzy subset of the reference output.
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To show this, let ỹin and ỹout be defined as the partition of ỹ with the support contained inside the image
of f and outside of it, respectively. Then, the most general inverse solution to ỹin can be computed, yield-
ing f

(
If
(
ỹin
))

= ỹin. However, for each y ∈ supp
(
ỹout

)
it is impossible to find an x such that y = f (x)

and thus
µỹout (y) = 0 ∀ y ∈ Rm . (26)

In summary,

µf(If (ỹ)) (y) =
{
µỹ (y) if y ∈ supp

(
ỹin
)

0 else,
(27)

and thus
µf(If (ỹ)) (y) ≤ µỹ (y) ∀ y ∈ Rm. (28)

The following example will further illustrate this.

Example 4 (Example 1 revisited again). Let f be defined as in Example 1 and ỹ+ be given by the membership
function

µỹ+ (y) =

{
1− |y − 1

2 | ∀ y ∈ [−1
2 ,

3
2 ],

0 else
(29)

The support of ỹ+ is the interval [−1
2 ,

3
2 ] and is therefore not contained in the image of f which is composed

of only the positive reals R+
0 . The most general solution x̃ = If (ỹ+) is still given by Eq. (22), but one

observes that ỹ = f (x̃) 6= ỹ+. Instead ỹ is contained in ỹ+, i.e. ỹ ⊆ ỹ+ ( cf. Fig. 1a). In order to solve this
problem, one would have to admit complex arguments of f .

Notice that this is again consistent with the crisp case where e.g. x2 = −1 cannot be solved if only real
values x ∈ R are admissible.

So far, it has been assumed that only one output vector ỹ is given, i.e. a joint membership function for
all of the outputs. However, this requires knowing the interdependence among the fuzzy output variables
beforehand. Instead, it seems more intuitive that the marginal memberships of the outputs ỹi for i = 1, . . . ,m
are known individually, without any assumptions about possible dependencies.

In the general case, it is not guaranteed that x̃ is a normalized fuzzy variable in the sense that its membership
function attains one for some element. As illustrated below, this degree of consistency of a subnormalized
possibility distribution [16]

cons (x̃) = sup
x
µx̃(x) (30)

is useful for assessing the well-posedness of the inverse problem, i.e. how consistent the chosen model f and
the fuzzy output ỹ are.

From just the marginal memberships it is not possible to infer the underlying joint distributions – they have
to be assumed to be independent. The maximum consistent inverse solution x̃ to the corresponding inverse
problem in fuzzy arithmetic is given by constructing ỹ as an independent multivariate output distribution
from the marginal outputs according to

µỹ (y) = min
i=1,...,m

µỹi (yi) ∀y ∈ Rm (31)

and then finding the corresponding maximum possible inverse solution for

f : x 7→



f1(x)

...
fm(x)


 . (32)
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If z̃i = fi (x̃), then

µz̃i (zi)
Ext. Prin.

= sup
x∈Rn : zi=fi(x)

µx (x)

(13)
= sup

x∈Rn : zi=fi(x)
µỹ (f (x)) ∀ i = 1, . . . ,m

(31)
= sup

x∈Rn : zi=fi(x)
min

j=1,...,m
µỹj (fj (x))

︸ ︷︷ ︸
≤ µỹi (fi(x))

≤ sup
x∈Rn : zi=fi(x)

µỹi (fi (x)) = µỹi (zi)

(33)

and thus z̃i ⊆ ỹi. Hence, the forward propagation of x̃ yields a fuzzy subset of the marginal reference output

fi (x̃) ⊆ ỹi ∀ i = 1, . . . ,m . (34)

In an engineering context, this makes sense because in this way the resulting outputs will always have
memberships below the specified feasibility and are therefore guaranteed to not exceed any limits, leading to
robust inverse solutions.

Example 5. Let f be a mapping

f : R→ R2 ,

x 7→
[
x2
1
2x

] (35)

and let the marginal distributions of ỹ1 and ỹ2 be given by the membership functions (cf. Fig. 2a)

µỹ1 (y1) =

{
1− y1 ∀ y1 ∈ [0, 1],

0 else
(36)

and (cf. Fig. 2b)

µỹ2 (y2) =

{
1− 4

3 |y2| ∀ y2 ∈ [−3
4 ,

3
4 ],

0 else.
(37)

The respective solutions x̃1 = If1 (ỹ1) and x̃2 = If2 (ỹ2) are given by

µx̃1 (x) =

{
1− x2 ∀ x ∈ [−1, 1],

0 else
(38)

and

µx̃2 (x) =

{
1− 2

3 |x| ∀ x ∈ [−3
2 ,

3
2 ],

0 else.
(39)

Consequently, the final solution x̃ is given by the membership function (cf. Fig. 2c)

µx̃ (x) =




1− |x|2 ∀ |x| ≤ 1

2 ,
1− x2 ∀ 1

2 ≤ |x| ≤ 2,
0 else,

(40)

which is shown in Fig. 2c. In Figs. 2a and 2b, it also becomes apparent that the forward propagation of the
inverse solution is only a fuzzy subset of the reference output, i.e.

f1 (x̃) ⊆ ỹ1 and f2 (x̃) ⊆ ỹ2. (41)
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From the example it can be deduced that this is equal to constructing x̃ from themmarginal inverse solutions

x̃i = Ifi (ỹi) ∀ i = 1, . . . ,m (42)

by the fuzzy set intersection
x̃ =

⋂

i=1,...,m

x̃i , (43)

which again makes sense since the difficulty of solving a problem is generally determined by the maximum
difficulty of any subtask that is needed for the overall solution. If a soccer team has to beat several opposing
teams to win a tournament, the possibility of becoming the champion is generally determined by the strength
of the best opponent (neglecting other effects such as exhaustion etc.).

The application in Section 5 will show that this form of relaxing the problem can actually overcome certain
problems of ill-posedness that typically arise in inverse problems.

0 1
0

0.5

1

y

µ

ỹ1
f1(x̃)

(a) Reference output ỹ1 and forward propagation of
the maximum consistent input distribution.

−1 0 1
0

0.5

1

y

µ

ỹ2
f2(x̃)

(b) Reference output ỹ2 and forward propagation of
the maximum consistent input distribution.

−2 −1 0 1 2
0

0.5

1

x

µ

x̃ = If (ỹ)
x̃1 = If1 (ỹ1)
x̃2 = If2 (ỹ2)

(c) Intermediate solutions x̃1 and x̃2 and maximum consistent input distribution x̃.

Figure 2: Illustration of Example 5.

5 Application

As mentioned above, one instance where inverse problems arise is the estimation of model parameters. The
presented solution can be employed in scenarios where the present uncertainties do not arise due to stochastic
noise, but rather from incomplete knowledge of the system.

For example, consider a two-mass oscillator consisting of two masses m1 and m2 attached to one another,
as well as to two walls, by means of three springs with the stiffnesses c1, c2 and c3 as shown in Fig. 3. The
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m1 m2
c1 c2 c3

x1 x2

Figure 3: Setup of the two-mass oscillator.

equations of motion governing the dynamics of the two masses, i.e. their displacements x =
[
x1 x2

]T, is
given by the second-order linear time-invariant differential equation

[
m1 0
0 m2

]

︸ ︷︷ ︸
M

ẍ+

[
c1 + c2 −c2
−c2 c2 + c3

]

︸ ︷︷ ︸
K

x = 0 . (44)

Furthermore, let

f : (m1,m2, c1, c2, c3) 7→ (ω1, ω2) (45)

be the operator that produces the eigenfrequencies of the system depending on the system parameters, i.e.
the positive solutions ω1,2 of

det
(
K − ω2M

)
=
(
c1 + c2 − ω2m1

) (
c2 + c3 − ω2m2

)
− c22

!
= 0 . (46)

For identification purposes, an experiment by simulation with the parameter values and initial conditions
given in Table 1 is performed.

Table 1: Parameter values of the two-mass oscillator.

Masses Stiffnesses Initial Conditions

m1 m2 c1 c2 c3 x1,0 x2,0 ẋ1,0 ẋ2,0
2.1 kg 1.9 kg 150.0N/m 100.0N/m 50.0N/m −0.1m 0.0m 0.0m/s 0.0m/s

The mass m1 is initially displaced and released. Its position can be measured by a sensor which is perturbed
by some white noise (zero mean, σ2 = 1.0 · 10−4m2 variance). Samples are collected for a time period
of T = 20 s at a sampling frequency of νs = 100.0Hz. The measured output is depicted in Fig. 4.

0 2 4 6 8 10 12 14 16 18 20

−0.1

0

0.1

t [s]

x
1
(t
)
[m

]

Figure 4: Measured displacement x1 of mass m1.

The frequency spectrum presented in Fig. 5 shows that the true eigenfrequencies of the system are not
exactly deducible from the Fourier analysis. Below, it will furthermore be shown that the peaks are not
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even consistent in the sense that no set of identified parameters would be able to exactly reproduce these
eigenfrequencies. They are suitable initial guesses but some uncertainty regarding their exact values remains.

This uncertainty primarily stems from the time-discrete sampling – which is not something to be explained
by stochastic perturbations, etc. The actual white noise contained in the measurement signal does not affect
the spectrogram much. Yet, by taking samples and applying the discrete Fourier transform, information is
clearly being lost. Accordingly, the resulting uncertainty is not aleatory but stems from the lack of knowledge
induced by the finite sampling frequency and is thus epistemic. Reasoning with inverse fuzzy arithmetic
provides a method to recover some of the lost information as shown below.

Since the Fourier coefficients ak can be interpreted as the (not yet scaled) membership of the respective fre-
quency to the closest eigenfrequency, the two fuzzy membership functions of the fuzzy eigenfrequencies ω̃1

and ω̃2 are constructed from these coefficients. First, the frequency spectrum is divided into two parts, the
coefficients pertaining to the first and the second eigenfrequency, respectively. The peaks in these intervals
are assumed to be the nominal values – they are the most plausible choices – and accordingly, all Fourier
coefficients are rescaled to lie within the interval [0, 1], yielding the membership functions in Fig. 6.

In order not to presuppose any a-priori interdependencies of ω̃1 and ω̃2, the fuzzy output vector ω̃ is con-
structed as their independent joint possibility distribution according to Eq. (31).

Having found the fuzzy output vector ω̃ and given the corresponding map f , three possible problems in
parameter estimation shall be considered. Throughout these examples, the spring coefficients c1, c2 and c3
are assumed to be known.

0 2 4 6 8 10 12 14 16 18 20
0

2

4

6

·10−2

ωk [rad/s]

a
k

spectrogram
eigenfrequencies

Figure 5: Frequency spectrum of x1(t).
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Figure 6: Assumed membership functions of the fuzzy-valued eigenfrequencies ω̃1 and ω̃2.
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5.1 Estimation of One Mass

In the first scenario, only one mass is identified. For instance, if the mass m2 is actually known, the map f
reduces to

f1 (θ) = f (θ,m2, c1, c2, c3) (47)

and only θ = m1 remains to be estimated. Computing

m̃1 = If
1
(ω̃) (48)

yields the membership function shown in Fig. 7a. The same procedure is performed analogously for estimat-
ing m2 given m1 in Fig. 7b.

Evidently, the estimates with the highest memberships lie very close to the true values of the masses. How-
ever, their membership values do not reach one, revealing that an estimate based on the crisp frequencies with
the largest Fourier coefficients would have been infeasible as no mass exists that can exactly reproduce these
frequencies given the other parameters. For m̃1 and m̃2, the degrees of consistency are cons (m̃1) = 0.89
and cons (m̃2) = 0.92, meaning that only in α-cuts located beneath these levels feasible masses can be found
in. The high degrees of consistency indicate that the problem is well-chosen, i.e. that the model f is suitable
for reproducing the constructed fuzzy output ω̃. By relaxing the problem, the ill-posedness of the (crisp)
nominal inverse problem is overcome, feasibility is reintroduced and clearly a suitable estimate is provided.

5.2 Estimation of Two Masses

In the second scenario, it is assumed that both masses θ =
[
m1 m2

]T are unknown and need to be esti-
mated, thus the map f2 is given by

f2 (θ) = f (θ1, θ2, c1, c2, c3) . (49)

The computation of
m̃ = If2 (ω̃) (50)

yields the joint possibility distribution of the two uncertain masses, shown in Fig. 8.

Again, the true parameter values of the two masses lie within the region where µm̃ attains its maximum with
a very high degree of consistency cons (m̃) = 0.93. However, it is clear that this time there is a second
region where the parameter is equally plausible to be located. The result suggests that further information
would be necessary to better determine the true masses as the uncertainty is too high to draw meaningful
conclusions.

5.3 Estimation of a Surrogate Mass

The last scenario is perhaps the most illustrative. The true masses m1 and m2 only differ by ten percent
which could be assumed to stem from irregularities in manufacturing etc. Thus, one might not wish to
identify them individually, but rather to find a good surrogate mass θ = m1 = m2. The map to be inverted
is then given by

f3 (θ) = f (θ, θ, c1, c2, c3) . (51)

The uncertainty that any estimate would yield is evidently a result from a lack of information encoded in the
model f3, namely the disparity of the masses, which is not included therein.

The evaluation of
m̃ = If3 (ω̃) (52)
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(a) Membership function of the estimated mass m̃1

compared to the true value m1.
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Figure 7: Results from estimating the masses m̃1 and m̃2.
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timated mass vector m̃ compared to the true
value (m1,m2).
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Figure 9: Membership functions of the surrogate
mass m̃ compared to the true values m1 and m2.

yields the membership function µm̃ shown in Fig. 9.

Again, the maximizer of the membership function lies close to the actual values m1 and m2, yet it would
have been impossible to find a surrogate mass that exactly reproduces the frequencies with maximal Fourier
coefficients. The relatively high degree of consistency cons (m̃) = 0.82 is an indicator for the validity of
the assumption that the masses can indeed be replaced by the surrogate mass even though an individual
estimation (see above) provides a more consistent possibility distribution.

A forward propagation of m̃ through f3, as presented in Fig. 10, shows that m̃ is able to reproduce ω̃1

and ω̃2 reasonably well, and their peaks manage to predict the true eigenfrequencies – especially the second
one – a little better than the spectrogram. One could also argue that by making the membership functions
– in particular the first one – tighter, it allows for a more precise prediction of the region where the true
eigenfrequencies lie.

6 Conclusions

In this contribution, a formalized procedure for the solution of inverse problems in fuzzy arithmetic has
been proposed. Even though a lot of nomenclature has been introduced, the basic principle is always the
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Figure 10: Forward propagation of the identified surrogate mass m̃ through f3 compared to the assumed
reference outputs ω̃1 and ω̃2.

same. Given a map f and a joint output distribution ỹ, Eq. (13) can be evaluated to determine the input
distribution x̃.

The presented approach has several advantages over other propositions. Most importantly, it is intuitive and
easy to evaluate as opposed to possibly non-convex constrained optimization problems and the like. From
a computational point of view, the question of how to effectively determine e.g. the support of the inverse
solution to enable further sampling etc. still remains. The authors have already obtained satisfying results
by employing sparse grids for the representation of the distribution.

As motivated throughout the paper, the presented results are exceptionally – but not solely – well suited to
support engineers in estimation tasks where e.g. the measured output cannot be inverted exactly. By relaxing
the problem in a sensible way and admitting some uncertainty, feasibility can be achieved even in cases
where the crisp problem proves infeasible and – as supported by the example – the best guess with the
highest degree of membership is often a promising estimate and very close to reality.

Acknowledgements

The authors gratefully acknowledge the support provided by the German Research Foundation (DFG) in the
framework of the research project no. 319924547.

References

[1] Lotfi A Zadeh. The concept of a linguistic variable and its application to approximate reasoning - I.
Information Sciences, 8(3):199–249, 1975.

[2] Michael Hanss. Applied Fuzzy Arithmetic - An Introduction with Engineering Applications. Springer,
Berlin, 2010.

[3] Arun K Tangirala. Principles of System Identification: Theory and Practice. Crc Press, 2014.

[4] Dieter Bestle. Analyse und Optimierung von Mehrkörpersystemen: Grundlagen und rechnergestützte
Methoden. Springer-Verlag, 2013.

[5] Thomas Haag, Jan Herrmann, and Michael Hanss. Identification procedure for epistemic uncertainties
using inverse fuzzy arithmetic. Mechanical Systems and Signal Processing, 24(7):2021–2034, 2010.

USD – UNCERTAINTY IDENTIFICATION AND QUANTIFICATION 5155



[6] Hideo Tanaka. Fuzzy data analysis by possibilistic linear models. Fuzzy Sets and Systems, 24(3):363–
375, 1987.

[7] Hisao Ishibuchi and Manabu Nii. Fuzzy regression using asymmetric fuzzy coefficients and fuzzified
neural networks. Fuzzy Sets and Systems, 119(2):273 – 290, 2001.

[8] Dominik Hose and Michael Hanss. Fuzzy linear least squares for the identification of possibilistic
regression models. Fuzzy Sets and Systems, 2018. (to appear)

[9] Masuo Hukuhara. Integration des applications mesurables dont la valeur est un compact convexe.
Funkcial. Ekvac, 10:205–223, 1967.

[10] Barnabás Bede and Luciano Stefanini. Generalized differentiability of fuzzy-valued functions. Fuzzy
Sets and Systems, 230:119–141, 2013.

[11] Luciano Stefanini. A generalization of hukuhara difference and division for interval and fuzzy arith-
metic. Fuzzy sets and systems, 161(11):1564–1584, 2010.

[12] Richard E Bellman and Lotfi A Zadeh. Decision-making in a fuzzy environment. Management Science,
17(4):B–141, 1970.

[13] Lotfi A Zadeh. Fuzzy sets as a basis for a theory of possibility. Fuzzy Sets and Systems, 100, Supplement
1:9–34, 1999.

[14] Didier Dubois and Henri Prade. Possibility theory: an approach to computerized processing of uncer-
tainty. Plenum Press, 1988.

[15] Baoding Liu. Theory and practice of uncertain programming. Springer, 2002.

[16] Didier Dubois. Possibility theory and statistical reasoning. Computational Statistics & Data Analysis,
51(1):47–69, 2006.

5156 PROCEEDINGS OF ISMA2018 AND USD2018


