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Abstract
An overhung rotor model is explored to determine the effect of friction on the nonlinear dynamics of an
aero-engine. The model has two degrees of freedom with rotor stator contact and the equations of motion
are non-dimensionalised. A parametric study of the friction coefficient and eccentricity is conducted and
the results displayed on bifurcation plots, waterfall plots, orbit plots, Poincaré maps and Lyapunov spectra.
In the presence of friction, for bouncing type motion, the synchronisation of rotor spin speed, backward
whirl and forward whirl is the main driver in sustaining such motion. Furthermore, it was observed from
the bifurcation plots that besides the primary resonance there is a region with high radial displacement. In
this region the dominant frequency component was the backward whirling frequency of the stiffened system.
The region with backward whirling solutions expands as the friction coefficient is increased.

1 Introduction

Efficiency in rotors is often achieved through high operating speeds, bearings with reduced clearances and
lighter shafts. These changes increase the probability of faults such as rub and fatigue cracking. Internal
resonance can lead to the onset of bouncing-type partial contact motion away from the primary resonance
[1, 2] and this leads to the approximate prediction of speeds at which contact occurs [3]. Most studies do not
account for the gravitational and frictional effects in sustaining such bouncing-type solutions and whether
the synchronisation condition holds in the presence of such phenomena. Studies on the effect of introducing
imperfections to a system via a gravity sag or simply the effect of gravity on the internal resonance and
synchronisation prove that gravity should be included for low shaft stiffness but for high shaft stiffness
gravity can be ignored [2, 4]. For the case with gravity, internal resonance still led to the onset of bouncing-
type motion but additional solutions not seen in earlier studies were found, such as chaotic solutions and
multi-periodic solutions for different values of the gravity parameter.

Alber and Markert [5] gave a compact and comprehensive overview of rotor-stator contact in rotordynamics.
A general two degrees of freedom system with no gyroscopic effects that accounts for most of the phenomena
in the rotor-stator contact problem was described. A variety of motion patterns was observed including
synchronous, subhamornic, super-harmonic, backward whirling (BW), forward whirling (FW) and chaotic
motion. It was observed in their studies that dry friction in the contact surfaces causes backward components
in the frequency spectrum and led to backward whirling. Other authors such as [6, 7, 8, 9, 10] also observed
the same effect of friction from numerical and experimental studies. Some authors such as Nelson [11] have
argued that the BW mode vector is orthogonal to the unbalance force vector and therefore energy cannot be
fed into the BW and thus its inception can safely be attributed to a frictional effect. BW is also referred to
as dry friction whirl, dry friction whip or counter whirl and can either be BW rolling or BW sliding. Some
work, such as in [12], have modelled the rotor system as a continuous rotor including gyroscopic effects and
modelled the rotor system using partial differential equations
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Varney and Green [13] developed a novel model for rotor stator rub which they argued replicates reality by
treating the contact surfaces as a series of stochastically distributed asperities. For a more comprehensive
explanation of how the method is implemented readers are directed to a second paper by Varney and Green
in [14]. The motivation for the new model was that most studies employ the simple piecewise-smooth linear-
elastic contact model (LECM) where the rotor switches between non-contacting and contacting states. They
argued that though useful as a first step, the LECM relies on a contact stiffness estimate, in addition to assum-
ing point contact which does not fully emulate the actual contacting surface. A comparison between shaft
speed bifurcation diagrams obtained for LECM and the new method showed significant differences between
the predicted dynamics. Furthermore, the results they obtained showed that the new contact model worked
well for partial/light rubs in which the primary mechanism for contact is actually asperity deformation.

Alzibdeh et al. [15] analysed the effect of drive speed modulation on a rotor with continuous stator contact.
The drill string was modelled as an extended Jeffcott rotor and has a torsional degree of freedom with
sinusoidal modulation. Their results show that for a rotor that is whirling either forward or backward, the
addition of sinusoidal excitation to the drive speed (modulation) can cause an increase in the equivalent
torsional stiffness, smooth the discontinuous friction force at the contact and the region with negative slope
in the variation of friction coefficient with respect to relative velocity became smaller. Experimental studies
with a laboratory scale drill string showed a good correlation with the simulation from a reduced order model.
The results obtained also show that drive-speed modulation is useful in reducing drill string vibrations.

In this work, the role friction plays in influencing the dynamics and its effect in sustaining bouncing-type par-
tial contact solutions and synchronisation is revealed. The model used is an overhung disc with contact, has
two degrees of freedom and the equations of motion are non-dimensionalised. The equations are similar to
those used in [2] and [3] except that friction is included. Following studies done by [2] and [4] for stiff rotors
such as aero-engines where gravity can be ignored, here we also ignore gravity as we assume that the rotor
is very stiff. This is advantageous to this study because any qualitative changes in the nature of the dynamics
will solely be attributed to the inclusion of friction in the system. ODE45 in MATLAB is employed to calcu-
late the solutions of the nonlinear differential equations. Three dimensional bifurcation diagrams with rotor
spin speed for different values of the coefficient of friction are plotted with their corresponding Lyapunov
exponents to characterize the nature of the solutions. Vibration responses, orbit trajectories, Poincaré maps
and waterfall plots are presented and a discussion of the effect of friction is given.

2 Theoretical model

A lumped parameter model of the rotor is used which is described using differential equations. This work
makes use of a two degrees of freedom model whose formulation was inspired by Zilli et al. [3] and further
work by Chipato et al. [2]. The idealized model is shown in Figure 1.

The equations of motion were derived using the Lagrange method and are given by




Jsφ̈y − Jpθ̇φ̇x +Dφ̇y + kφφy = ame(θ̇2 cos θ + θ̈ sin θ) +Mφy

Jsφ̈x + Jpθ̇φ̇y +Dφ̇x + kφφx = ame(θ̈ sin θ − θ̇2 cos θ) +Mφx

Mφy = H(||rc|| − c∗)ksb2(φy + αµφx)

(
c

b
√
φ2x+φ

2
y

− 1

)

Mφx = H(||rc|| − c∗)ksb2(−φx + αµφy)

(
c

b
√
φ2x+φ

2
y

− 1

)
(1)

where φx and φy are rotations about the x and y axes respectively, D is the damping, m is the mass of disk,
kφ represents the angular stiffness of the bearing, g is the acceleration due to gravity, θ is the rotation angle,
Js is the equivalent moment of inertia of the overhung rotor system and is given by Js = (Jt + a2m), Jt is
the transverse moment of inertia, Jp is the polar moment of inertia, e is mass unbalance eccentricity, Mφx
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Figure 1: Schematic of the overhung rotor

andMφy are the generalized moments associated with the normal snubbing force Fn and tangential snubbing
force Ft due to friction and ks is the stator stiffness. The equations of motion of this system are given in
dimensionless form as





φ̂′′y − Ĵpθ′φ̂′x + 2ζφ̂′y + φ̂y = m̂ê(θ′2 cos θ + θ′′ sin θ) + M̂φy

φ̂′′x + Ĵpθ
′φ̂′y + 2ζφ̂′x + φ̂x = m̂ê(θ′′ sin θ − θ′2 cos θ) + M̂φx + m̂ĝ

M̂φy = H(||r̂c|| − 1)β(φ̂y + αµφ̂x)

(
1√

φ̂2x+φ̂
2
y

− 1

)

M̂φx = H(||r̂c|| − 1)β(−φ̂x + αµφ̂y)

(
− 1√

φ̂2x+φ̂
2
y

+ 1

)
(2)

where a caret (ˆ) and apostrophe ( ′ ) represents a nondimensional quantity and a derivative with respect
to nondimensional time respectively. Nondimensional time is given by τ = ωnt, where ω2

n = kφ/Js, and
the rotations are scaled as φ̂x = φx

a
c∗ and φ̂y = φy

a
c∗ . H(||rc|| − 1) is the Heaviside step function which

activates the equations for the generalized moments M̂φy and M̂φx when there is contact in the system and
introduces non-linearities in the equations of motion. rc is the radial displacement of the disk’s centre given

by
√
φ̂2x + φ̂2y, c is the radial clearance, c∗ = ca

b is the displacement of the disk centre that leads to contact,

m̂ = ma2

Js
is the equivalent mass, ê = e/c∗ is the eccentricity, β is the ratio between the snubbing stiffness

and the linear stiffness of the rotor, that is the degree of non-linearity, ks
kr

, kr =
kφ
b2

and ĝ = g
c∗ω2

n
is the

gravity parameter which in this study is zero because we assume the rotor is very stiff.
Friction has been reported to cause instability in numerical simulations using time marching methods [16]
and therefore one has to exercise caution when handling friction. The friction force opposes the motion of
the rotor and thus can lead to a reduced rotor spin speed or even result in the sticking of the rotor. In these
cases the relative velocity between the stator and the rotor will have to be checked for each iteration/ time
step to ensure that an appropriate direction of the friction force is chosen. The appropriate direction of the
frictional force is obtained by assigning a value to α.

α =





-1 if vrel > 0

0 if vrel = 0

1 if vrel < 0

(3)
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The relative velocity is obtained as

vrel = θ′ + φ̂′x

(
φ̂x
rc

)
− φ̂′y

(
φ̂y
rc

)
(4)

For a system with friction the motion of the rotor can be sliding, rolling or sticking. In sliding motion there
is relative motion at the contact point between the rotor and stator. If the rotor is rolling then the contact
point has no motion but the rotor keeps spinning. When stuck the driving force of the rotor has completely
been overcome by the frictional force. For the chosen parameters of this system no sticking was observed.
In this study the Coloumb friction model is used. The variation of the coefficient of friction, µ, with relative
velocity, vrel, for the Coulomb friction model is shown in Figure 2. It is apparent from this figure that the
friction force is discontinuous when the relative velocity at the contact point is zero. Reality dictates that if
there is no relative slipping then the friction force can take any bounded value, and this leads to problems
with the numerical integration. To solve this problem, the friction coefficient is modified to (vrel/vmin))µ
if vrel < vmin where vmin = 0.01 for the red line in Figure 2. This force can be further smoothed using
the function µ = µ0 tanh(vrel/v0), where µ0 is the maximum friction coefficient and v0 is a parameter to
change the profile of required curve.
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Figure 2: Coloumb friction model

3 Numerical analysis and results

In this study numerical calculations were performed using ODE45 in MATLAB. Representative test param-
eters are shown in Table 1 following the studies done by Chipato et al. [2]. Nonlinear systems can exhibit a
number of different qualitative solutions or responses. For the bifurcation diagrams, the simulation was run
for a thousand forcing periods to ensure that the initial transients die out and then the last two hundred cycles
are sampled to give the Poincaré return points. In this way, periodic solutions on the bifurcation diagram
will appear as a single point, and multi-periodic solutions will appear as multiple points, for example, for
period-2 solutions only two Poincaré return points will be observed on the bifurcation diagram.

Figure 3 shows three dimensional bifurcation plots with µ as the control parameter for different values of
unbalance forcing. The two figures are plotted for two different values of rotor spin speed. Figure 3(a) is for
a rotational speed where no contact occurs and Figure 3(b) is for a rotational speed with contact. It is evident
from these two plots that for the non-contacting rotor spin speed, for five different levels of unbalance forcing,
the dynamics of the system remain periodic as shown by a single Poincaré return point for all values of the
control parameter µ which give straight lines on the bifurcation diagrams. However as the forcing increases
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Table 1: Nondimensionalised system parameters

Symbol Parameter Value
m̂ Normalised mass 0.9285
Ĵp Normalised polar moment of inertia 0.143
β Stiffness nonlinearity 1.32
ê Normalised rotor eccentricity 0.494
µ Coefficient of friction 0.1
ζ Damping ratio 0.01

the response amplitude in the form of the radial displacement, r̂c, grows. This is expected since when the
system is not contacting, it is a linear system and any quantitative change in the system’s parameters, in this
case ê, results in a quantitative change in the nature of the response and thus r̂c increases. For the contacting
speed, we see that for the first two eccentricities we get similar periodic solutions as obtained in Figure 3(a).
For higher eccentricities a series of Poincaré return points appear as quasi-periodic solutions. It is also
observable that after a particular cut off value of µ the solution jumps to larger values of r̂c. This analysis
therefore helps in making sure that one captures all the values of eccentricity, ê with interesting nonlinear
phenomena.

(a) Ω̂ = 3.0 (b) Ω̂ = 3.8

Figure 3: Three dimensional bifurcation plots with µ as the control parameter for varying levels of forcing

To better understand the nature of dynamics being experienced in this system, two values of eccentricity
were chosen based on results obtained from Figure 3 for further analysis, namely ê = 0.353 and 0.494.
Furthermore, bifurcation diagrams with Ω̂ as the control parameter for different values of µ are shown in
Figure 4.

Figure 5 shows the bifurcation, Lyapunov spectra, and waterfall plots for ê = 0.353. Figure 6(a) shows a
quasi periodic solution for µ = 0.1 at Ω̂ = 3.39. Figure 7(a) shows the Campbell diagram for the linear
system which can safely be used to predict the natural frequencies at a given rotor spin speed with minimal
difference for partial contacting cycles. The FFT in Figure 6(b) clearly shows that for this value of unbalance
forcing, in the presence of friction, the synchronisation of the three frequencies namely, FW, BW and Ω̂, still
holds the key to causing bouncing type solutions in the presence of friction. Also at higher speeds between Ω̂
= 6 and Ω̂ = 7 we see a bifurcation occurring from periodic to very high amplitude quasiperiodic. Figure 6(c)
shows an orbit taken at Ω̂ = 6.9, where the Poincaré section that is superimposed to the orbit is a closed loop
and the Lyapunov exponent is close to zero and therefore this is a quasiperiodic solution. A look at the FFT
of this orbit in Figure 6(d) sheds more light on the exact type of solution, as there are two peaks identifiable
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(a) ê = 0.353 (b) ê = 0.494

Figure 4: Three dimensional bifurcation plots with Ω̂ as the control parameter for varying levels of friction
at different levels of unbalance forcing obtained from Figure 3

at 1.10 and 6.90. Clearly the 6.9 corresponds to the rotor spin speed and the 1.10 is something else. The
natural frequencies of the linear system are 1.61 and 0.62 and there is no relationship with the peak at 1.10.
A closer look at the orbit in Figure 6(c) shows that the orbit is in a full annular rub and thus the natural
frequencies of the linear system will not be related to the frequencies in the FFT for this orbit. To investigate
this problem we use the Campbell diagram for the nonlinear stiffened system, which assumes that the system
is always in contact. Therefore, after considering equilibrium at one of the bending planes of the model, the
linear stiffness terms in Eq. (2) are scaled by (1 + β).

Figure 7(b) shows the Campbell diagram of the stiffened system and gives the natural frequencies at the
corresponding speed. The natural frequencies of the nonlinear stiffened system at Ω̂ = 6.9 now become
2.0945 and 1.10, which are the FW and BW frequencies of the stiffened system. Therefore, it is apparent
that the other peak in the FFT which is dominating the response is in fact the BW natural frequency and
therefore the solution at Ω̂ = 6.9 is a quasiperiodic backward whirling solution.

For higher levels of forcing, that is ê = 0.494, we see that for the zero friction case, there is an increase
in the number of contacting solutions shown in Figure 8(a) than the previous case shown in Figure 5(a) .
Furthermore, for the case with friction, for ê = 0.353 we see that backward whirling solutions start to appear
at speeds above Ω̂ = 6. For ê = 0.494 we see that backward whirling solutions start to appear as early as Ω̂
= 3.78 and all solutions above Ω̂ = 5.24 are backward whirling solutions. The Lyapunov exponents for both
friction cases are either negative or equal to zero and therefore only periodic and quasiperiodic solutions
exist. The waterfall plots in Figure 8 show that for bouncing solutions at higher forcing, the synchronisation
condition still holds. Figure 9(b) shows a close up of the FFT of a typical bouncing solution for Ω̂ = 3.39
and clearly shows the three frequencies required for synchronisation. Furthermore, a close up look at the
waterfall plot in Figure 8(f) shows the shifting of the backward whirling solution frequencies towards higher
frequencies, which shows that there is more stiffening in the BW solutions compared to the bouncing partial
contacting solutions. Figures 9(c) and 9(d) shows the orbit and FFT of the BW solution is similar to Figure
6 with the FFT showing peaks at 1.22 and 4. The Campbell diagram predicts the BW natural frequency as
1.26, which is close to the peak frequency. Also, the magnitude of the rotor spin speed peak is higher than
the ê = 0.353 case and this could be due to the increase in unbalance forcing in this case.
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Figure 5: Bifurcation, Lyapunov spectrum and waterfall plots for ê = 0.353 at two different values of µ
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Figure 6: Quasiperiodic and BW orbit and their corresponding FFTs at Ω̂ = 3.39 and 6.9 at µ = 0.1
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(b) System in contact

Figure 7: Campbell diagram showing forward and backward whirl frequencies
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Figure 8: Bifurcation, Lyapunov spectrum and waterfall plot for ê = 0.494 at two different values of µ
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Figure 9: Quasi-periodic bouncing orbit and Quasiperiodic backward whirling orbit and their corresponding
FFTs at Ω̂ = 3.39 and 4 at µ = 0.1

4 Conclusions

This paper has explored the effects of friction on the synchronisation of partial contact in an overhung
rotor which is subjected to different unbalance excitation. A two degrees of freedom system with gyro-
scopic effects included was used. The equations of motion are non-dimensionalised with respect to time
and normalised. The nonlinear equations were then placed in state space form for numerical integration
using ODE45 in MATLAB. It was observed that for different values of unbalance forcing, in the presence
of friction, the synchronisation condition holds as seen by the presence of the BW, FW and Ω̂ frequency
components in the bouncing type solutions. A high amplitude response was also observed for lower unbal-
ance forcing, and the frequency content of this response showed that the BW frequency was the dominant
frequency component followed by a highly attenuated rotor spin speed peak. For lower unbalance forcing the
backward whirling solutions are only observed at higher rotational speeds for a very small region but as the
forcing becomes stronger, the region with backward whirling solutions is seen to expand towards lower rotor
spin speed values. The waterfall plots also showed that these BW solutions, which have full annular contact
have a frequency content that migrates towards higher frequency values because of the stiffening effect as
compared to the bouncing type solutions. For this reason the natural frequencies of the BW solutions were
predicted better using the Campbell diagram of the stiffened system where permanent contact is assumed.
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