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Abstract
Existing methods for the calculation of acoustic indicators, starting from periodic cells, are limited to very
specific excitations. The present work investigates and validates a load approximation to deal and interface
the periodic cell scale with more general stochastic and spatially-correlated loads. The method approximates
the load using a summation of surface waves of aleatory amplitude and inclination, acting on the surface of
the structure. The only required information is given by the wavemunber spectrum of the excitation desired:
diffuse acoustic field (DAF) and turbulent boundary layer excitations (TBL) are considered within the present
work. The load matrix, built using direct methods and the proposed approximation, is compared and used for
the calculation of the sound radiation of finite and infinite panels subjected to stochastic load. A validation
is performed with analytic and numerical results correlated and uncorrelated loads.

1 Introduction

Sandwich composite structures are used in modern aerospace as well as in the automotive, naval and civil
industry because they are lighter and stronger than most advanced alloys. The anisotropy of such structures
can be modelled by changing the geometry of the core, obtaining different wave propagation properties.
However, these structures are also known for having poor vibroacoustic performances and, often, these can
result in higher interior noise levels. At the same time, high computational costs arise, from the point of view
of the numerical simulations, when sandwich panels are analysed using classical models as, for example, the
finite element method (FEM). Some FEM applications for the vibroacoustic analysis of simple structures,
under random aeroacoustic loads, are present in literature [1, 2, 3, 4].

An efficient alternative in terms of computational cost is, for example, the transfer matrix method (TMM).
It is a general method used for the prediction of the propagation of monochromatic plane waves in planar
and multi-layered structures of infinite extent in the lateral direction [5, 6, 7]. Finite size effects, important
at low frequencies, can be included through appropriate corrections, leading to a broadband accuracy of the
method [8, 9].

Alternatively, the wave finite element method (WFE), specifically for homogeneous and periodic structures,
allows the modelling of just a single repetitive cell, applying the periodicity conditions for a correct descrip-
tion of the entire (infinite) waveguide [10, 11, 12, 13]. The use of finite elements, for the cells description,
gives the possibility to describe any type of complex structural shape. The use of the WFEM for the sound
transmission of periodic sandwich panels has been validated by many authors, under acoustic load [14, 15].

Periodic structures and meta-materials, on the other hand, can be used as frequency-selecting structures. The
related waveguides, because of their complex shapes, require a higher computational cost for an accurate
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Figure 1: Example of a FE cell model with periodicity along the X-Y directions.

numerical simulation. In addition, the knowledge and the modelling of the correct operating conditions
are fundamental in automotive and aerospace applications. For example, whenever a convective flow is
present, boundary layer models should be included [16]. None of the models in literature, at this stage,
allows the analysis of complex structural periodic shapes, under aeroacoustic excitations. The novelty of the
present paper stands in overcoming these limits proposing a methodology for dealing with a wide range of
industrially relevant case-studies. The method, thus, can be used as a tool for the analysis and the design of
periodic complex structures under more realistic operating conditions, for example, superimposing boundary
layer and acoustic excitations.

The paper is structured as follows: Section 2 and 3 presents the load approximation proposed and the
wavenumber integration process, to take into account a general fluid excitation; Sections 4 and 5 show
the numerical and experimental validations both for acoustic and aerodynamic load.

2 The Wave Finite element Method

A 2D periodic structure is composed by an assembly, along two arbitrary directions, of identical elementary
cells. Using any FE commercial code, the mass and stiffness matrices of the cell, whenever complex, can be
extracted and post-processed. With reference to Fig. 1, the dynamic stiffness equation of the segment can be
written as:

[K− ω2M]q = Dq = f + e (1)

where q, f and e are respectively the nodal vectors of degrees of freedom (DoFs), internal and external forces;
K, M and D are the stiffness, mass and dynamic stiffness matrices. Damping can be modelled by including,
in Eq. 1, appropriate complex matrices and coefficients. Hereby, it is assumed that the vectors and matrices
are ordered following the same sequence of the DoFs nodal vector: q = [q1,q2,q3,q4]. The wave motion
through a periodic media can be analysed by imposing the Bloch-Floquet conditions [10, 11] to the finite
element (FE) of a periodic cell, assuming time and space harmonic excitation. The periodicity conditions are
translated in complex propagating constant for each wave type. Displacements and forces at any point of the
cell can be connected to the ones of a limited number of them, as follows:




q2

q3

q4


 =




IλX
IλY

IλXλY


q1 (2)

with
λX = exp(−ikXLX) λY = exp(−ikY LY ) (3)

where kX and kY are wavenumbers of the propagating (or forcing) wave in the periodicity directions X
and Y , while LX and LY represent the cell lengths along the same directions. The matrix I is, instead, the
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identity matrix. In a general form, thus, the total displacements and forces are connected to the reduced
vectors (superscript r) through a periodicity matrix Λ (see Eq. 2):

q = Λqr f = −Λfr e = −Λer (4)

Pre-multiplying Eq.1 by ΛH , where H stands for the hermitian operator, the dynamic stiffness matrix of the
reduced model is given by Eq. 5.

Dr = ΛH [K− ω2M]Λqr (5)

At this stage, different eigenvalue problems can be solved, if the target is the estimation of the dispersion
curves of the periodic structure, [12, 17]. The use of modal reduction is highly suggested for very fine
meshes. In these cases, the internal degrees of freedom are substituted by the modal participation factors
[17, 18].

2.1 Fluid-Structure Coupling

Let us assume a plane wave impinging on one face of the structure, with an amplitude pI . The structure, as a
result, transmits and reflects waves in the fluid adjacent to the top and bottom surfaces. On the excited side
(subscript 1), the sound field is the superposition of the incident and reflected acoustic waves, while, in the
receiver side (subscript 2), it is given by the transmitted waves.

Assuming the X-Y as the plane of reference (1 as example), an incident acoustic pressure wave can be
defined, on the surface of the cell, omitting the time harmonic dependence, as:

pIe−i(kXX+kY Y−kZ,1Z). (6)

The reflected and transmitted pressure waves are, instead, given by:

pRe−i(kXX+kY Y−kZ,1Z)

pT e−i(kXX+kY Y−kZ,2Z).
(7)

The wavenumber components kX and kY are conserved along the structure and the only parameter which
can vary with the nature of the fluid (and the excitation) is the kZ component, derivable using the Helmholtz
equation. Assuming a forced displacement field of the same nature, then, from continuity of the normal
particle velocity on the excited and radiating surfaces, the dynamic stiffness of the fluids can be derived.

ρ1ω
2qin =

∂(pI − pR)

∂z
; Df,1 =

−iρ1ω
2

kZ,1

ρ2ω
2qrad =

∂(pT )

∂z
; Df,2 =

−iρ2ω
2

kZ,2

(8)

where ρ1 and ρ2 are the fluid densities, qin and qrad are the out-of-plane displacements and Df,1 and Df,2

the dynamic stiffness of the fluid in the incident and radiating domains, respectively. The load imposed
on the plate, by the forcing surface waves of trace wavenumbers kX and kY , can be derived from the two
pressure fields, on both sides of the structure; it is lumped on the wetted nodes of the finite element model.
As the forces act normal to the surfaces, the only excited degrees of freedom are the ones connected to the
out-of-plane displacements. Consistent nodal forces can be calculated as follows:

er = S(pI + pR)qin − S(pT )qrad (9)

where S is the free nodal surface, pI , pR and pT are the nodal pressure vectors, from Eqs. 6 and 7. A finer
way to calculate consistent nodal forces, requires, however, the knowledge of the shape functions associated
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with the out-of-plane displacements [15]. Exploiting the relationships in Eq. 8 in Eq. 9, the final system
results in:

DSqr =
[
Dr +

(
Df,1win +Df,2wrad

)
SΛHΛ

]
qr = 2pISwinΛ

HΛ (10)

where win and wrad are the coupling matrices that give qin and qrad from multiplication with qr.

The algebraic system can be solved in qr and Eq. 8 used to obtain the transmitted pressure. The power
transmission coefficient τ associated with the couple of forcing wavenumbers kX and kY is thus calculated:

τ(kX , kY ) =
(kZ,2/ρ2)S|p2

T |
(kZ,1/ρ1)S|p2

I |
. (11)

Finite size effects, can be included through correction factors, in order to increase the accuracy at low fre-
quencies. While a formal and accurate spatial widowing approach is present in literature [8], the computa-
tional cost associated with this step might be high. For this reason, even losing some accuracy in the low
frequency regime, the use of asymptotic formulas, as in [9], is here used to reduce the computational cost.

3 Stochastic Load Translation into Surface Waves

The sound transmission to plane wave excitation, as discussed in Sec. 2, is not sufficient for many applica-
tions. Herein, a method, to take into account a general type of excitation, is proposed. The idea is to use a
forcing surface wave excitation for each couple of forcing wavenumbers kX and kY , able to represent the
desired excitation, once its wall pressure spectra in the wavenumber domain, is known. Using a vectorial
form a sum of wall waves can be written as:

P (X̄, ω) =

NW∑

j=1

Aje
−iK̄j×X̄ . (12)

where X̄ stands for the surface coordinates X − Y , K̄j is the wavenumber vector associated with each wall
surface wave of amplitude Aj , and NW is the total number of waves constituting the pressure field. It is
worth recalling that the surface coordinates can be global or local coordinates.

The description of the desired load needs the proper values of K̄j and Aj (Eq. 12). They are obtained by
equating the wavenumber spectra φPP , of the pressure field (Eq. 12), with the one of the fluid excitation
model desired, ΦPP , for a specific fluid wavenumber K̄. Many fluid excitation models are investigated in
the wavenumber domain in literature [19]. The cross correlation of the pressure field P is:

RPP ( ¯∆X1, ¯∆X2, ω) =

NW∑

j=1

A2
je
−iK̄j( ¯∆X1− ¯∆X2) +

NW∑

j=1

NW∑

n=1;n6=j

AjAne−i(K̄j
¯∆X1−K̄n

¯∆X2) (13)

where the auto and cross correlations have been divided in two different summations. Performing the Fourier
transform of Eq. 13, the wavenumber spectra is obtained. Moving from summations to integrals, for sake of
manageability of the Dirac functions, the final expression of φPP is the one of Eq. 14. The second term in
Eq. 14 can be erased since, by definition, the correlation indices j and n must be different.

φPP (K̄, ω) = ΦPP (K̄, ω) =

∫
4π2

A2
j

∆K̄j
δ(K̄j − K̄)dK̄j

+

∫ ∫
8π4 AjAn

∆K̄j∆K̄n
δ(K̄j − K̄)δ(K̄n − K̄)dK̄jdK̄n

(14)

For each forcing kX and kY , the desired loading model is simulated through the following surface wave:

PW (X,Y, ω) =

√
ΦPP (kX , kY , ω)∆kX∆kY

4π2
e−i(kXX+kY Y ). (15)
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In conclusion, at each frequency and for each wavenumber of the fluid excitation model, a surface wave of
specific wavenumbers and amplitudes can be used to simulate the load. No hypothesis on the correlation of
the forcing waves is imposed as for the reference coordinates. The proposed approximation is thus valid for
correlated and uncorrelated loads acting on the external surfaces, independently on the structural complexity.

3.1 Sound Transmission Loss

In order to simulate the sound transmission for a specific excitation, an integration of the transmission coef-
ficient is performed, in the wavenumber domain. Thus, the total transmission coefficient can be calculated
as follows:

τTOT (ω) =

∫ ∫
τ(kX , kY )×WA(kX , kY , ω)dkXdkY∫ ∫

WA(kX , kY , ω)dkXdkY
(16)

where WA is the matrix of the normalized amplitude function, of the wall surface waves, for all the wavenum-
ber couples involved in the integration process. Within the framework of sound transmission, as identifiable
from Eq. 11, the variation of waves amplitudes does not have an influence. The difference among different
fluid loads is given by the integration. The choice of the integration limits can be changed depending on the
type of load to be described. For example, for a diffuse acoustic field, at each frequency step, the wavenum-
ber spectra ΦPP is null outside the acoustic border, so, there is no need for the use of higher integration
limits. The final transmission loss is, by definition:

TL(ω) = −10 log10(τTOT (ω)) (17)

The great advantage of the present approach relies in its generality and applicability to a wide range of test-
cases both in terms of structural shapes and excitation models. The wall surface wave approximation releases
the constraints to the plane waves angles of incidence, generally implied in literature.

4 Validation for Diffuse Field Transmission

In this section, using a diffuse acoustic excitation, some comparisons are presented for validation purposes,
using well-established literature methods as a reference. In Fig. 2, a first comparison among the proposed
method and the one of Christen et al., is shown [14]. The analysed sample is a 3mm thick flat sandwich panel
made of aluminium skins and isotropic core (E = 3 GPa, ν = 0.2, ρ = 48 Kg/m3). The cell is modelled using
four ANSYS HEXA − 8 elements through thickness and an excellent agreement is observed. Damping is
set to 2%.

The second test-case proposed, in Fig 3, validates the method even for the case a fluid-structure interaction
is present at the cell scale. A double glazing panel with two isotropic panes interconnected with an air cavity
is considered, under a diffuse acoustic field. Each element is modelled using ANSYS SOLID45 elements
for the structural part and FLUID30 elements for the fluid layers. Both the double wall resonance and the
acoustic coincidence are correctly captured in frequency and amplitude. The comparison with the reference
method ([14]), is total.

5 Validation for Boundary Layer Radiation and Transmission

The load approximation proposed in Sec.3, leading to Eq. 16, allows the simulation for loads of different
nature. In this section, for example, the flow-induced transmission caused by turbulent boundary layer (TBL)
excitation is considered since it is one of the main sources of radiated noise inside an aircraft cabin, in cruise
flight conditions.
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Figure 2: Transmission Loss comparison for a sandwich isotropic flat panel under diffuse acoustic field
excitation
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Figure 3: Transmission Loss comparison for double glazing panel under diffuse acoustic field excitation
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Figure 4: The radiated sound power of an isotropic plate under TBL excitation; numerical comparison using
the proposed load approximation - Uc = 190 m/s; A = 0.8x0.55m2

Many boundary layer models are proposed in literature; here, the characterisation of the wall pressure fluc-
tuations proposed by Corcos is used [20]. No-gradients effects are considered and the TBL is assumed as
fully developed. The wavenumber spectra, ΦPP , proposed by Corcos, is here reported for completeness:

ΦPP (kX , kY , ω) = Spp(ω)
4αXαY[

α2
Y +

U2
c k

2
Y

ω2

][
α2
X +

(
1 + UckX

ω

)2] (18)

where Uc is the convective flow speed, Spp is the single-point auto spectral density of the wall pressure
distribution. The stream-wise and cross-wise correlation coefficients, αX and αY , are assumed to be 0.125
and 0.78, respectively, in all following test-cases. Since the boundary layer excitation represents a spatially-
correlated random load, here, two different validations are proposed. First the sole load approximation will
be tested, using, as a reference solution, the one calculated using a full stochastic FE method, as proposed,
and validated, in many works in literature [3, 2]. In this first case the structural operator is described using
the same approach, but the load matrices are build differently. In Fig. 4 the radiated power for a flat isotropic
panel with simply-supported boundary conditions (edges), is compared using the surface waves approach
and the classic one. The eigen-frequencies and the modal shapes of the reference panel are calculated using
analytic solutions, while the load matrix is described using a direct method [3]. The agreement is very good
broadband and both the aerodynamic and acoustic coincidences are properly described.

While the method proposed by Franco et al. ([3]) is used for the reference results, in a second test-case
the whole procedure proposed in the present paper is used for the simulation of the sound transmission
under boundary laer excitation. The incident power, for the transmission loss calculation, in the FEM cases
(reference), is calculated using Eq. 19 as proposed in literature [6, 21]:

Πinc =
ASpp(ω)

4ρ1c1
(19)

where A is the excited area and c1 the speed of sound on the incident side. Even though a modal behaviour
can not be described using the present method, Fig. 5 shows how the averaged TL are very well captured
broadband. In both cases the aerodynamic and acoustic coincidences are at 1800 Hz and 6000 Hz. The finite
size effects are accounted using a radiation efficiency formulation for flat panels, as proposed by Leppington
[9]. Both the aerodynamic and acoustic coincidence are correctly identified, as the slopes in the acoustics
and convective domains. As evident, the convective load induces a smoother and damped coincidence effect,
with respect to the acoustic one.

The strong agreement in Fig.5, validates the proposed load approximation even for spatially-correlated ran-
dom loads, as the TBL. It is worth underlying how the use of boundary layer excitation is here allowed even
for infinite structures, differently from other methods in literature [6].
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Figure 5: The transmission loss of an isotropic plate under TBL excitation; numerical comparison with full
FEM method - Uc = 180 m/s; A = 0.7x0.5m2
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Figure 6: The transmission loss of an honeycomb sandwich plate under TBL excitation; numerical compari-
son with full FEM method - Uc = 152 m/s; A = 0.8x0.6m2

Since much attention is placed on sandwich structures in many engineering areas, here, an honeycomb-
cored sandwich panel is analysed under a turbulent boundary layer (Fig. 6). A Corcos model is used for
the loading description and the proposed approximation into surface waves is used. The panel is made of
1mm-thick aluminium skins and a 10mm-thick hexagonal honeycomb core, homogenised in an equivalent
isotropic model. Both the aerodynamic and acoustic coincidence are well predicted (Fig. 6). The first one is
somewhat highly damped (700 Hz) while the second one is clearly visible (9 KHz). A full FEM calculation
is used, again as a reference result.

6 Conclusions

This work proposes a numerical approach for the estimation of the sound transmission loss of complex flat
periodic structures under any type of acoustic and aerodynamic load. The approach involves a wave-based
method in a finite element framework, for the structural part, and proposes a load simulation into surface
waves. The fluid-structure interaction is performed in analogy to the acoustic wave excitation, simulating the
different forcing models, using a weighted wavenumber integration. The only requirement is the knowledge
of the wavenumber spectra of the wall pressure fluctuation.

Finite size effects are accounted using the baffled window equivalence or asymptotic formulations, for flat
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structures. Static and dynamic condensation can be applied if fine meshes are used in the modelling phase.

Both the accuracy and robustness of the present method are proved using analytic and well-established
numerical references. Both uncorrelated (diffuse acoustic field) and spatially-correlated loads (turbulent
boundary layer) are used for the validations. The convergence of the approach is assured by the one of the
wavenumber integration process. The choice of the integration limits must be calculated on the base of the
wavenumber spectra of the load. Moreover, the use of boundary layer excitation does not require the account-
ing of finite size effects and a comparison of the structural and acoustic design is possible, independently
from the size of the analysed structure.
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