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Abstract
Quantifying experimental and human errors have not been a large focus within the uncertainty quantification
research field, particularly when considering large scale commercial structures such as an aircraft. Recently
the non-parametric method utilizing Random Matrix Theory (RMT) and the Marchenko-Pastur (MP) density
formulation have received a surge in interest due to their suitability in modelling a variety of stochastic
systems. This paper will aim to evaluate RMT and the MP density against numerical and experimental
modal tests for six identically designed aircraft T-tails. Modal testing is conducted using an impulse hammer
test under controlled environments. Results are compared with the stochastic finite element method, where
known sources of parametric uncertainty are accounted for via pre-defined assumptions for material and
geometric variability. After this analysis, this study aims to place some statistical bound on the modal
uncertainty that results from experimental and human factors which can arise during construction and testing.

1 Introduction

Uncertainty quantification (UQ) has started to see wide adoption across a plethora of fields [1–3]. One such
field is structural dynamics, where the traditional approach was to optimize a system using baseline param-
eters due to the limitations of early computational methods [4], and then implement extremely conservative
margins of safety to compensate, leading to inefficient and costly designs [5]. Recent improvements in com-
puting power have resulted in increased design productivity and analytical fidelity, however a reluctance to
consider stochastic parameters within industry persists [6]. This is perhaps due to the inherent challenges
faced when dealing with UQ since a large number of variabilities can occur in physical systems. Adhikari [7]
summarizes three overarching categories that uncertainties can fall into:

• Parametric uncertainty in geometric parameters (length, width, thickness), material properties (Young’s
modulus, Poisson’s ratio), and loading conditions.

• Model uncertainty (e.g. non-linear damping characteristics) that arise from a priori unknown system.

• Experimental and manufacturing errors that percolate into the system.

Parametric uncertainties are typically considered using the stochastic finite element method (SFEM), which
has seen a huge rise in popularity due to spectacular growth in computing power and parallel processing
[8, 9]. Since probabilistic priori can be assumed for the inputs, several approaches have been suggested to
derive a measure of structural robustness. These include; perturbation based methods [10], projection based
methods [11, 12], and Monte Carlo Simulations (MCS). Uncertainty due to modelling error has received
comparatively less attention and can arise due to non-linearities in the equation of motion, the damping, and
modelling of structural joints [7]. Since no explicit system parameters can be used to propagate these effects,
a non-parametric method [13] utilising random matrix theory (RMT) was proposed.
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RMT was introduced by Wigner in 1951 [14] and has been utilized in a wide variety of fields. In partic-
ular, it has been justified as a viable approach to quantify parametric and non-parametric uncertainties in
structural dynamics [15–18]. As the name implies, the method involves representing all stochastic behaviour
in a corresponding random matrix within the system of equations. The output response is characterised
by non-dimensional dispersion parameters, which greatly reduces the number of unknowns within a given
problem. Early studies showed RMTs suitability in predicting static displacement and uncertain frequency
response for a cantilevered flat plate [18, 19]. More recent works have also successfully analyzed stochastic
frequency response function (FRF) characteristics and determined changes in modal behaviour for uncer-
tain pier dynamics [20], and 2D wings [21]. Another use for RMT has been in studying random undamped
eigenvalue problems. It was shown that a simple approximation called the Marchenko-Pastur (MP) density
function [22] provides a reasonable approximation of the analytical and experimental eigenvalue density for
stochastic systems of varying complexity [23]. This study will contribute to literature by validating the MP
density function for a finite element model (FEM) for an aircraft T-tail, and quantifying the manufacturing
errors that went into building full scale aircraft T-tails.

Quantifying sources of error that percolate into experimental studies, such as human error in the construction
of a structure, has received very little attention. Conducting completely controlled UQ experiments relies on
nominally identical samples of the same structure [7], which is a significant deterrent from conducting these
studies for large scale systems. The general approach thus far has been to quantify uncertainty through nu-
merical simulation, or use simplified structures with well defined analytical formulations (e.g. a cantilevered
plate or beam [7, 23]). UQ has been undertaken on a similar T-tail previously [24], however that study used
one T-tail and was focussed on the differences exhibited from a numerical model as opposed to variations
between nominal structures. Some notable experimental investigations outside of the aerospace field include
Kompella and Bernhard [25], who studied structure-borne noise via analysis of driver microphone data for
different pickup trucks, and Fahy [26], who measured the FRFs for 41 identical beer cans.

This paper is an experimental case study involving six aircraft T-tails which were made in the school of
Aeronautical, Mechanical and Mechatronic Engineering (AMME) at University of Sydney. Each T-tail was
constructed as part of an undergraduate unit of study, being supervised by qualified aircraft technicians. As
such, it serves as an insight into the typical errors and sources of uncertainty that might be seen in a practical
setting. Modal testing of each structure is conducted using an impulse hammer test, and the differences in
modal behaviour are noted. For comparison, an FEM is also analysed, with known sources of parametric
uncertainty controlled for. RMT is utilized as a tool to quantify the uncertainty that remains, and place some
statistical bound on the unknown errors that percolate in the experimental study. A numerical study is also
undertaken with the FEM to evaluate the suitability of the MP density function. The outline of the paper is
as follows; the RMT formulation is outlined in Section 3, the experimental method is described in Section
4, the analysis and comparison of both sets of results is in Section 5, and finally a summary of the paper and
key contributions are provided in Section 6. test the system with approximately

2 RMT Formulation

2.1 Optimal Wishart Parameters

For a damped n-degree-of-freedom linear dynamic system, such a system can be described using Equations
(1) and (2):

Mq̈(t) + Cq̇(t) + Kq(t) = f(t) (1)

H(ω) = [−ω2M + iωC + K]−1 (2)

where f(t) is the forcing vector, and q(t) is the response vector. Matrices M, C, and K represent the mass,
damping and stiffness respectively, and are Wishart random matrices [27]. H(ω) is the frequency response
function (FRF), where ω is the input frequency. For modal analysis problems, damping is assumed to be
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minimal, and the FE analysis software MSC.Nastran [28] is utilized to yield mass normalized eigenvalues
and eigenvectors. As such, the baseline model can be reduced to a stiffness matrix K0. The dispersion
parameter, which is analogous to the normalized standard deviation for a given random matrix, is shown
below:

ξ2K =
E[||K−K0||2F ]

||K0||2F
(3)

where || · ||F and E[. . . ] denote the Frobenius norm and mean operators respectively. The dispersion pa-
rameter is assumed to be deterministic in RMT formulations, and in this paper is calculated using SFEM.
This parameter alone, along with the baseline stiffness K0, is required to sample from the Optimal Wishart
distribution [19] as below:

K ∼Wn(p,Σ) =

[
2
1
2npΓn

(
1
2p
)
|Σ|

1
2p

]−1

|K|
1
2 (p−n−1)e

tr
(
−1
2Σ−1K

)
(4)

where

p = n+ 1 + θ (5)

Σ =
K0

α
(6)

and

θ =
1

ξ2K
(1 + γK)− (n+ 1) (7)

γK =
[Tr(K0)]

2

Tr(K2
0)

(8)

α =
√
θp (9)

2.2 Marchenko-Pastur density

The random undamped eigenvalue problem is described below in Equations (10) and (11):

Kφj =λMφj , j = 1, 2, . . . , n (10)

Ξ =M−1/2KM−1/2 (11)

In Equation 10, λ and φj represent the eigenvalues and mass-normalized eigenvectors for the system respec-
tively, while Equation 11 is an equivalent matrix representation of the problem. Studying the shifts in indi-
vidual eigenvalues yields invaluable information on the dynamical response of the system under uncertainty.
For random processes, an emphasis is also placed on the probability distribution of eigenvalues [23, 29].
This is due to a phenomena known as modal veering [30], where the loci of individual eigenvalues cross over
each other. Soize [31] showed that this overlap can be significant for large dimensionality systems exhibiting
moderate uncertainty.

For a general analytical solution of the eigenvalue density for a linear stochastic system, the reader is referred
to [23]. Another point of interest is the limiting behaviour of this eigenvalue density, which is difficult to
solve analytically, and requires numerical computation. A simplification which is often made in structural
mechanics is to assume that the density profile is asymptotically ’flat’, which leads to a formulation known
as the Marchenko-Pastur (MP) density [22]:

p(λ) =
c

2πa2λ

{√
(a+ − λ)(λ− a−), λ ∈ [a−, a+]

0, λ /∈ [a−, a+]
(12)
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where

c =

(
ωmax + ωmin

ωmax − ωmin

)2

(13)

a =
ωmax + ωmin

2
(14)

Equation 12 is valid for the domain λ ∈ [a−, a+], where a− and a+ are the lowest and highest eigenvalues
of the baseline system; ω2

0min
and ω2

0max
, respectively. The MP Density is an extremely promising and

yet seemingly ambitious result, claiming that the limiting eigenvalue density is a function of only the first
and last natural frequencies of the system. This is in contrast to traditional finite element methods, where
the complete collection of eigenvalues are required to model the underlying probability density function.
The validity of function in relation to numerical or experimental engineering models has not received much
attention to the best of this author’s knowledge. Adhikari et al. [23] recently concluded that the MP density
yielded reasonable approximations for a cantilevered plate with randomly attached springs, and also for a
numerical model of a helicopter tail boom which contained 13,116 DOFs. To give further exposure, this
study shall compare the results obtained via the MP density with the FE eigenvalue distribution from the
aircraft T-tail.

3 Experimental Setup

Figure 1 depicts the experimental setup which was used to conduct the hammer testing of the six T-tails.
Equipment specifications are summarized in Table 1. The T-tails are suspended from a rigid structure and
are free to translate and rotate in space. Two six channel Bruel and Kjaer Model 3160-A-042 systems are
utilized to acquire the data. An impulse hammer (with an aluminium tip) is used to strike normal to the
surface in 39 pre-defined locations (24 along the horizontal tail, and 15 along the vertical). This is clarified
in Figure 2 which depicts the node numbering scheme used. Two tri-axial accelerometers are placed on the
horizontal and vertical tails (seen in Figures 1a and 1b respectively) to obtain data. A 6400 Hz bandwidth
was chosen with 0.125 Hz resolution, resulting in 51201 spectral lines.

Role Model No. Sensitivity Channel(s) Node(s)
Accelerometer B&K 4535 B 0.9935 mV/(m/s2) 2-4 1
Accelerometer B&K 4535 B 0.9935 mV/(m/s2) 6-8 31
Impact Hammer B&K 8206 22.7 mV/N 1 1-39

Table 1: Equipment Specifications

4 Results

4.1 Experimental Results

Figure 3 shows the results from the hammer testing for all six T-tails. Data beyond the first 100Hz is omitted
due to low coherence of the signal. The stable vibrational modes were determined via the Polymax algorithm
[32] which was applied to the mean FRFs. Large discrepancies are noted between the FRFs, highlighting
the significant manufacturing errors that took place during construction. Similarities are noted through the
first stable mode which is found at around 50Hz, and the grouping of modes between 80Hz-100Hz. Some
T-tails such as T1 and T6 possess additional modes in the 50Hz-70Hz range which are not seen in the
other structures, which can perhaps be attributed to the presence of a loose bolt of joint. To ensure valid
comparison between the T-tails and an FE model, a modal assurance criteria (MAC) [33] is utilized, and

4912 PROCEEDINGS OF ISMA2018 AND USD2018



(a) Positioning of Accelerometer 1 (b) Positioning of Accelerometer 2

Figure 1: Experimental setup of T-tail

Figure 2: T-tail schematic showing the node numbering.

mode shapes are also visualized in Figure 4 via plotting the experimental eigenvectors and computational
analysis in MSC.Nastran. A summary of the common vibrational modes is provided in Table 2.

Ttail Mode 1(Hz) Mode 2(Hz) Mode 3(Hz) Mode 4(Hz)
1 52.5 80.5 85.5 98
2 47 79.5 90.5 95
3 52.5 85.5 90.5 97
4 50 79.5 88.5 93.5
5 47 80 86 93.5
6 53 83.5 90 92

FE 50.07 75.7 101.2 110.15

Table 2: Common vibrational modes found in all six T-tails and the FE model

Since the goal of this study is to quantify the non-parametric effects, a measure of the parametric uncertainties
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(b) T2
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(c) T3
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(d) T4
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(e) T5
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(f) T6

Figure 3: Experimental FRFs of six T-tails for all 39 nodes. The black lines are the mean FRFs, and the red
crosses are the stable vibrational modes.

that exist within the T-tail is first estimated. A dimensional tolerance of 5mm along the wing span and chord,
and 5% standard deviation in Young’s modulus is assumed. These variabilities were suggested by University
of Sydney in-faculty aircraft technicians, who oversaw construction of each T-tail, and can arise primarily
due an even tension distribution along the aluminum skin when attached to the construction jig [11]. Using
repeated sampling of the above random parameters, a dispersion parameter ξ2k = 0.12 is obtained using
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(a) T1: single bending mode at 52.5Hz (b) T1: symmetric bending mode at 80.5Hz

(c) T4: single bending mode at 50Hz (d) T4: symmetric bending mode at 79.5Hz

(e) FE model: single bending mode at 50.07Hz (f) FE model: symmetric bending mode at 75.7Hz

Figure 4: Two consistent modes found between T1, T4, and the FE model

Eqn. (3). We now use this along with the baseline stiffness of the FE model to generate random samples
from the Wishart distribution in Eqn. (4). A total of 10,000 samples are taken in order to obtain a 95%
confidence interval (CI) for each mode, which is shown in Figure 5. Note that the intervals are plotted on
top of the experimental means to visualize the scatter in the physical systems. As expected, dispersion from
the parametric sources alone underestimate the width of the CIs for modes 1 and 2, displayed by the red and
blue regions respectively. It does however appear to cover the CIs for modes 3 and 4, however this is most
likely biased due to the low number of experimental samples. From an aeroelastic stability point of view, an
accurate understanding of how the first few modes shift due to uncertainty is vital.
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An ad-hoc increase of the dispersion parameter is undertaken to ensure sufficient coverage of the experi-
mental scatter. Figure 6 shows an adjusted CI plot where ξ2k = 0.155, resulting in a 29% increase on top of
the parametric effects alone. The CIs for modes 1 and 2 are now adequate to cover the range of samples.
Therefore, a simple quantification of non-parametric effects has been obtained, and provides motivation to
expose random matrix methods to more large scale UQ problems.

Figure 5: 95% CI of modes 1 to 4 symbolized by the shaded red, blue, green and cyan regions respectively.
The thick lines are the mean values, and the crosses are the individual T-tail modal frequencies.

Figure 6: 95% CI with 20% increased dispersion parameter
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4.2 MP Density Results

Another formulation covered in Section 2.2 was the limiting eigenvalue density called the Marchenko-Pastur
Density or MP density, which arises from RMT. Since a large amount of eigenvalues are required, the co-
herence in the experimental data makes the determination of a limiting eigenvalue density difficult to obtain.
As such, this study shall propagate the parametric uncertainty through the baseline FE model, and compare
results with the analytical MP Density. Figures 7 and 8 show the PDFs for the baseline system, the mean
stochastic FEM, and the MP density. Figure 7 is generated using all 730 eigenvalues, while Figure 8 uses
only 500. Similar to the conclusion made by Adhikari et al. [23], a lower amount of eigenvalues shows
greater discrepancy between the analytical MP density and the FE model. Interestingly, this discrepancy is
only significant in the low to medium frequency range, and the tails of the distributions match extremely
well. Increasing the number of eigenvalues improves the approximation, seen by the relative closeness of the
PDF peaks. Overall, this result supports literature findings that the MP density can accurately model large
random mechanical systems.
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Figure 7: PDFs of the baseline model, mean SFEM realization, and the MP density approximation generated
with 730 eigenvalues

5 Conclusion

This paper considers RMT as a possible means to quantify the experimental and model uncertainty for an
aircraft T-tail. Six nominally designed structures underwent hammer testing to retrieve their natural fre-
quencies. Parametric uncertainty in the length and width dimensions, and Young’s modulus of the T-tail
was propagated through a numerical FE model to obtain a normalized standard deviation of the stiffness
matrix, or dispersion parameter. A confidence interval was obtained for the previously determined modes.
It was found that the parametric variability alone did not account for the total uncertainty observed in the
experiments, and this was particularly the case for the first and second modes. Increasing the dispersion
parameter by 29% resulted in a widened interval which had adequate coverage over the experimental obser-
vations. Hence, we can provide a simple lower bound quantification of the unknown errors that permeated
the experiment. This study is clearly limited via the number of T-tails tested, however provides a basis for
UQ to be conducted on a much larger experimental scale. An additional aim of the paper was to evaluate the
suitability of the Marchenko-Pastur (MP) Density function to approximate the eigenvalue distribution of a
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Figure 8: PDFs of the baseline model, mean SFEM realization, and the MP density approximation generated
with 500 eigenvalues

linear perturbed T-tail model. Unfortunately due to limitations of the experiment, the physical T-tail results
were not considered, however the MP density proved an accurate model for the behaviour of the numerical
T-tail model when parametric uncertainty was applied.
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