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Abstract
This paper investigates the wave propagation in one-dimensional periodic structures made up of
cells/substructures with inclusions of viscoelastic materials and heavy materials. Such structures are re-
ferred to as locally resonant metamaterials where local stiffness/damping effects and mass effects occur due
to the viscoelastic and heavy materials. Emphasis is placed on the analysis of the band gap phenomena —
i.e., the fact that waves do not propagate on certain frequency bands — in such metamaterials, and on their
capability to reduce the vibration levels of periodic structures. For this purpose, the wave finite element
method is used. It provides an efficient means to compute the wave propagation and the forced response of
periodic structures. Numerical experiments are carried out on periodic structures with viscoelastic properties
and assemblies made up of these periodic structures. 2D substructures with single and double viscoelastic
(rubber) layers are dealt with. It is shown that, compared to the purely elastic case, the use of viscoelastic
materials yields wider band gaps as well as improved reduction of the vibration levels of periodic structures.

1 Introduction

Metamaterials in structural vibration usually refer to periodic structures which are made up of cells/sub-
structures whose shape is designed to enhance certain phenomena. Among these are band gaps (stop bands)
which involve frequency regions in which waves do not propagate. These appear interesting in passive
vibration control of engineering structures, especially in the aeronautical industry. Usually, band gaps are
strongly linked to Bragg scattering phenomena, i.e., they occur when the wavelengths of the traveling waves
become twice the length of the substructures. For this reason, band gaps tend to occur at high frequencies
in most engineering structures. Another way to create band gaps is to use locally resonant metamaterials, in
which band gaps are induced by a periodic array of resonant devices (see for instance [1, 2, 3, 4, 5]). In this
framework, band gaps typically occur at lower frequencies, i.e., about half the frequencies involved in Bragg
scattering phenomena. The shortcoming with this approach, however, is that locally resonant band gaps tend
to have smaller frequency ranges over which they are effective.

The present work aims at investigating periodic structures with periodic inclusion of viscoelastic layers
(spring and damping effects) and heavy parts (mass effect). Periodic structures with one-dimensional peri-
odicity, i.e., with substructures arranged along a straight direction, are specifically dealt with. The goal is
to see whether periodic structures with viscoelastic properties can be used to create band gaps with larger
bandwidths, to make them useful for a wider range of engineering applications. Passive vibration control of
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periodic structures, and assemblies of periodic structures, is also explored.

The effect of the viscoelasticity on the wave propagation behavior of periodic structures has been analyzed
in various ways in the literature (see for instance [6, 7, 8]). However, the impact of using viscoelastic
layers on the reduction of the vibration levels of periodic structures, like those made up of a finite number
of substructures, and assemblies of periodic structures having different geometrical properties, is not well
mastered nowadays. One key issue, when assemblies of periodic structures are dealt with, is to see whether
the band gaps of the periodic structures can be combined together to yield large reduction of the global
vibration levels on wide frequency bands.

To address these issues, the wave finite element (WFE) method is used. It provides an efficient numerical
means to compute waves in periodic structures, and assess their forced response. The periodic structures
under concern can be composed of 2D or 3D substructures with complex geometrical and material properties,
which are described using finite element (FE) models [9, 10]. Hence, substructures that combine elastic
and viscoelastic components can be easily taken into account, where a generalized Maxwell model can be
used to describe the viscoelastic part. The key advantage of the WFE method is that the wave (modes) of
periodic structures can be computed in an accurate way by using appropriate eigensolvers [10], whatever
the complexity of the substructures. Also, the analysis of the forced response of periodic structures, and
assemblies of these structures, can be undertaken efficiently over wide frequency bands (not only at low
frequencies).

The rest of the paper is organized as follows. In Section 2, the FE model of a substructure which contains
elastic and viscoelastic parts is presented. In Section 3, the basics of the WFE method are recalled. The
strategy to compute the wave modes of periodic structures is presented along with the strategy to compute
the forced response of periodic structures and assemblies of periodic structures. Numerical experiments are
finally brought in Section 4. Single periodic structures made up of 2D substructures with one or two vis-
coelastic (rubber) layers surrounding one or two tungsten parts are dealt with. Also, an assembly composed
of two periodic structures with different substructure designs is analyzed. For each case, locally resonant
band gaps are highlighted along with their capability to reduce the vibration levels of the structure. The
effectiveness of the viscoelasticity for creating band gaps with large bandwidths is studied.

2 Substructure modeling

Let us consider a one-dimensional periodic structure made up of several identical substructures as shown
in Figure 1, which is subject to harmonic boundary conditions at frequency ω/2π (ω being the pulsation).
Here, the substructures are supposed to be linear and composed of elastic and viscoelastic parts. For the sake
of clarity, a substructure incorporating two elastic parts (including heavy materials) and one viscoelastic part
(layer) is shown in Figure 1.

Figure 1: FE mesh of a periodic structure with viscoelastic properties.
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Assume that each elastic part — say, e (e = 1, 2, . . . , Nel) — is homogeneous and isotropic, and described
with a Young’s modulusEel

e , a Poisson’s ratio νele , a loss factor ηele and a mass density ρele . Also assume that
each viscoelastic part — say, v (v = 1, 2, . . . , Nvel) — is homogeneous and isotropic, and described with
a generalized Maxwell model. In this case, a frequency-dependent Young’s modulus Evel

v (ω) is considered,
which can be split into an in-phase part E

′
v(ω) related to the storage modulus, and an out-phase part E

′′
v (ω)

related to the loss modulus. These moduli are related to the long term Young’s modulus — namely, Ev∞ —
and the viscoelastic parameters as follows [11]:

Evel
v (ω) = E

′
v(ω) + iE

′′
v (ω), (1)

where

E
′
v(ω) = Ev∞ +

nv∑

i=1

Evi
ω2τ2i

1 + ω2τ2i
, (2)

and

E
′′
v (ω) =

nv∑

i=1

Evi
ωτi

1 + ω2τ2i
, (3)

where τi have the meaning of relaxation times, defined so that τi = 10−i s for i = 1, 2, · · · , nv. Note that
the Poisson’s ratio and the density of each viscoelastic part v are supposed to be non-frequency dependent
and real, and are denoted as νvelv and ρvelv , respectively.

Within the framework of the FE method, the elastic parts of the substructures are modeled by means of
complex stiffness matrices (1 + iηele )Kel

e — Kel
e being real-valued — and mass matrices Mel

e . Also, the
mass matrices of the viscoelastic parts do not depend on the frequency and are denoted by Mvel

v . In contrast,
their stiffness matrices are frequency-dependent and complex. Their expression follows from Eqs. (1)-(3),
i.e.

Kvel
v (ω) = Kv∞ +

nv∑

i=1

Kvi

(
ω2τ2i

1 + ω2τ2i
+ i

ωτi
1 + ω2τ2i

)
. (4)

Within the framework of the FE assembly procedure, the global mass matrix of the substructure can be built
from the local mass matrices of the elastic and viscoelastic parts:

M =
Nel∑

e=1

(Lele )TMel
e Lele +

Nvel∑

v=1

(Lvelv )TMvel
v Lvelv , (5)

where Lele and Lvelv are localization (Boolean) matrices. Also, the complex, frequency-dependent, global
stiffness matrix of the substructure is given by:

K(ω) = K1 + K2(ω), (6)

where

K1 =
Nel∑

e=1

(1 + iηele )(Lele )TKel
e Lele +

Nvel∑

v=1

(Lvelv )TKv∞Lvelv , (7)

and

K2(ω) =
Nvel∑

v=1

nv∑

i=1

(Lvelv )TKviLvelv

(
ω2τ2i

1 + ω2τ2i
+ i

ωτi
1 + ω2τ2i

)
. (8)

Let us denote by D the dynamic stiffness matrix (DSM) of the substructure, defined by D(ω) = ω2M +
K(ω), i.e.

D = −ω2M + K1 + K2(ω). (9)

As a requirement of the WFE method (see Section 3), the DSM has to be condensed on the left and right
boundaries of the substructure (see Figure 2). The condensed DSM — namely, D∗ — is defined by D∗ =
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DBB−DBID
−1
II DIB where subscripts B and I refer to the boundary degrees of freedom (DOFs) — i.e., those

on the left and right boundaries — and the internal/remaining DOFs, respectively. Note that the computation
of the condensed DSM is to be done at each frequency ω analyzed which is usually cumbersome due to the
inversion of the matrix DII. To solve this issue, the Craig-Bampton (CB) method can be used which consists
in projecting the DSM onto the subspace spanned by the static modes of the substructure, and a small number
of fixed interface modes [9]. The matrices of static modes and fixed interface modes are denoted by Xst and
X̃el, respectively, and are defined by Xst = −K−1II KIB and X̃el = [ξ1 · · · ξmel

] where mel is the number
of fixed interface modes retained, and ξj are the eigenvectors of the matrix pencil (KII,MII), i.e., which
are solutions of the generalized eigenproblem KIIξj = λjMIIξj .

Figure 2: Schematic of the FE mesh of a substructure with left (L) and right (R) boundaries.

It should be recalled that the stiffness matrix of the substructure depends on the frequency, see Eqs. (6)
and (8). Therefore, the matrices of static modes and fixed interface modes depend on the frequency, i.e.,
they should be computed at each frequency analyzed. To overcome this issue, a strategy can been proposed
which consists in considering the matrices of static modes and fixed interface modes defined at one single
frequency only, e.g., the maximum eigenpulsation ω = ωmax within the frequency band analyzed. Such an
idea has been proposed in [12] where fixed interface modes at both the minimum and maximum frequencies
are considered. In the present work however, the fixed interface modes at the maximum frequency are only
considered. Such a strategy will be proven relevant for modeling the substructures involved in Section 4.
The space spanned by those vectors of static modes and fixed interface modes appears to be well suited for
describing the high-frequency behavior of the substructure, i.e., where the number of contributing vibration
modes is likely to be much higher than at low frequency. In other words, this space is supposed to be
rich enough to accurately describe the low-frequency dynamics of the substructure. Hence, the following
projection matrix TCB can be defined:

TCB =

[
X̃el(ωmax) Xst(ωmax)

0 I

]
. (10)

Let us write the DSM of the substructure as follows:

D =

[
DII DIB

DBI DBB

]
. (11)

Hence, a reduced DSM can be defined as follows:

TT
CBDTCB =

[
D̃el−el D̃el−st
D̃st−el Dst−st

]
, (12)

where
D̃el−el = X̃el(ωmax)

TDIIX̃el(ωmax), (13)

D̃el−st = D̃T
st−el = X̃el(ωmax)

T (DIIXst(ωmax) + DIB) , (14)

Dst−st = DBB + DBIXst(ωmax) + Xst(ωmax)
TDIB + Xst(ωmax)

TDIIXst(ωmax). (15)
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As a result, the condensed DSM of the substructure can be approximated as follows:

D∗ ≈ Dst−st − D̃st−elD̃
−1
el−elD̃el−st. (16)

In this case, the computation of the right hand side term of Eq. (16) can be quickly achieved, which is
explained by the fact that the size of the matrix D̃el−el is small.

3 WFE method

3.1 Wave propagation

Let us denote by qL and qR (resp. FL and FR) the displacement (resp. force) vectors at the the left (L) and
right (R) boundaries of the substructure, respectively (see Figure 2). The dynamic equilibrium equation of
the substructure can be written as follows:

D∗
[
qL

qR

]
=

[
FL

FR

]
⇒

[
D∗LL D∗LR
D∗RL D∗RR

] [
qL

qR

]
=

[
FL

FR

]
. (17)

Assume that the left and right boundaries of the substructure are meshed in the same way with the same
number n of DOFs. This particularly means that the vectors qL, qR, FL and FR have the same size of n× 1,
and that D∗LR and D∗RL in Eq. (17) are square matrices of size n × n. Let us introduce the transfer matrix of
the substructure — namely, S, of size 2n× 2n —, given by [13, 14]:

S =

[
−D∗−1LR D∗LL −D∗−1LR

D∗RL −D∗RRD
∗−1
LR D∗LL −D∗RRD

∗−1
LR

]
. (18)

Clearly speaking, the transfer matrix S links the displacement/force vectors between two consecutive sub-
structures, i.e., between two consecutive interfaces (k) and (k + 1), as follows:

[
q
(k+1)
L

−F
(k+1)
L

]
= S

[
q
(k)
L

−F
(k)
L

]
and

[
q
(k+1)
R

F
(k+1)
R

]
= S

[
q
(k)
R

F
(k)
R

]
, (19)

where q
(k)
R = q

(k)
L (resp. q

(k+1)
R = q

(k+1)
L ) denotes the displacement vector at substructure interface (k)

(resp. (k + 1)) which corresponds either to the right side of the first substructure or the left side of the
subsequent substructure. Also, F

(k)
R and F

(k)
L (resp. F

(k+1)
R and F

(k+1)
L ) are the force vectors at substructure

interface (k) (resp. (k + 1)), which are defined so that F
(k)
R = −F

(k)
L (resp. F

(k+1)
R = −F

(k+1)
L ) due to the

action-reaction principle.

The eigenvalues and eigenvectors of the transfer matrix S are the so-called wave modes of the periodic
structure, i.e., the one resulting from a one-dimensional periodic array of identical substructures as previously
explained. The eigenvalues are denoted by µj which refer to the wave parameters, with the property that
µj = exp(−iβjd) where βj and d have the meaning of wave numbers and substructure length. Also, the
eigenvectors are denoted by φj and refer to the wave shapes which are usually partitioned into displacement
and force components as φj = [φT

qj φ
T
Fj ]

T .

Note that the transfer matrix S is symplectic [14], which means that the eigenvalues come in pairs, say,
n eigenvalues µj defined so that |µj | < 1 and which reflect right-going wave modes, and n eigenvalues
µ?j defined so that µ?j = 1/µj (|µ?j | > 1) which reflect left-going wave modes. The wave shapes can be
partitioned accordingly into n right-going wave modes φj and n left-going wave modes φ?

j .

Finally note that the computation of the eigenvalues and eigenvectors of the matrix S is usually undertaken
using well-conditioned and accurate eigensolvers like the S + S−1 transformation technique [10].
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3.2 Forced response

Let us consider a finite-length periodic structure as shown in Figure 1, with a finite number N of substruc-
tures, and denote by (k) (k = 1, . . . , N + 1) the interfaces between the substructures, starting from the
left end until the right end of the periodic structure. Let us express the displacement and force vectors at a
substructure boundary (k) using the basis of wave shapes. This yields [9]:

q
(k)
L = q

(k)
R = Φqµ

k−1Q + Φ?
qµ

N+1−kQ?, (20)

− F
(k)
L = F

(k)
R = ΦFµ

k−1Q + Φ?
Fµ

N+1−kQ?, (21)

where Φq, Φ?
q, ΦF and Φ?

F are square n × n matrices defined by Φq = [φq1 · · ·φqn], Φ?
q = [φ?

q1 · · ·φ?
qn],

ΦF = [φF1 · · ·φFn] and Φ?
F = [φ?

F1 · · ·φ?
Fn]; also, µ = diag{µj}j=1,...,n is the n×n diagonal matrix of the

eigenvalues µj which are associated to the right-going wave modes, i.e., those for which |µj | < 1; finally, Q
and Q? are n× 1 vectors of wave amplitudes.

The strategy to determine the displacement and force vectors of the periodic structure consists in computing
the vectors of wave amplitudes Q and Q?. This is achieved through the analysis of the boundary conditions
(BCs), as explained hereafter.

For instance, consider the case of a periodic structure subject to known BCs such as two vectors F0 and q0

(prescribed forces and displacements) at the left and right ends, respectively. Remark that the left and right
ends of the structure correspond to the substructure interfaces (1) and (N +1), respectively. By considering
Eqs. (20) and (21), the BCs can be expressed in wave-based form as follows:

− F0 = −F
(1)
L = ΦFQ + Φ?

Fµ
NQ? (left end), (22)

q0 = q
(N+1)
R = Φqµ

NQ + Φ?
qQ

? (right end). (23)

As a result of Eqs. (22) and (23), the following 2n× 2n wave-based matrix equation can be derived [15, 9]:
[

In Φ−1F Φ?
Fµ

N

Φ?−1
q Φqµ

N In

] [
Q
Q?

]
=

[
−Φ−1F F0

Φ?−1
q q0

]
. (24)

It can be proven that the matrix on the left-hand side of Eq. (24) is well-conditioned [15, 9], i.e., it can
be inverted without difficulty. Also, the size of this matrix is 2n × 2n, i.e., it is small and can be quickly
inverted.

As a second example, consider two periodic structures labeled 1 and 2, withN1 andN2 substructures (respec-
tively), which are connected together on a coupling interface where the right end of structure 1 (substructure
interface (N1 +1)) perfectly matches the left end of structure 2 (substructure interface (1)) (see for instance
Figure 8). Also, consider two vectors of prescribed forces F0 and displacements q0 applied to the left end of
structure 1 and the right end of structure 2, respectively. In this case, the BCs (including coupling conditions)
of the structures are given by:

− F0 = −F
(1)
L1 = ΦF1Q1 + Φ?

F1µ
N1
1 Q?

1 (left end of structure 1), (25)

q0 = q
(N2+1)
R2 = Φq2µ

N2
2 Q2 + Φ?

q2Q
?
2 (right end of structure 2). (26)

F
(N1+1)
R1 = −F

(1)
L2 ⇒ ΦF1µ

N1
1 Q1 + Φ?

F1Q
?
1 = ΦF2Q2 + Φ?

F2µ
N2
2 Q?

2 (coupling condition), (27)

q
(N1+1)
R1 = q

(1)
L2 ⇒ Φq1µ

N1
1 Q1 + Φ?

q1Q
?
1 = Φq2Q2 + Φ?

q2µ
N2
2 Q?

2 (coupling condition). (28)

Eqs. (27) and (28) yield:
[
Φ?

F1 −ΦF2

Φ?
q1 −Φq2

] [
Q?

1

Q2

]
= −

[
ΦF1 −Φ?

F2

Φq1 −Φ?
q2

] [
µN1
1 Q1

µN2
2 Q?

2

]
, (29)
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i.e., [
Q?

1

Q2

]
= C

[
µN1
1 Q1

µN2
2 Q?

2

]
=

[
C11 C12

C21 C22

] [
µN1
1 Q1

µN2
2 Q?

2

]
, (30)

where C is the so-called scattering matrix, which in the present case is expressed by:

C = −
[
Φ?

F1 −ΦF2

Φ?
q1 −Φq2

]−1 [
ΦF1 −Φ?

F2

Φq1 −Φ?
q2

]
. (31)

Eqs. (25), (26) and (30) lead to:

Q1 + Φ−1F1 Φ?
F1µ

N1
1 Q?

1 = −Φ−1F1 F0, (32)

Q?
2 + Φ?−1

q2 Φq2µ
N2
2 Q2 = Φ?−1

q2 q0, (33)

Q?
1 − C11µ

N1
1 Q1 − C12µ

N2
2 Q?

2 = 0, (34)

Q2 − C21µ
N1
1 Q1 − C22µ

N2
2 Q?

2 = 0. (35)

In matrix form, this yields:




In Φ−1F1 Φ?
F1µ

N
1 0 0

−C11µ
N1
1 In 0 −C12µ

N2
2

−C21µ
N1
1 0 In −C22µ

N2
2

0 0 Φ?−1
q2 Φq2µ

N2 In







Q1

Q?
1

Q2

Q?
2


 =




−Φ−1F1 F0

0
0

Φ?−1
q2 q0


 . (36)

Eq. (36) is a wave-based matrix equation, well-conditioned [15], whose size is small (4n× 4n in this case).
Solving the wave-based matrix equation yields the vectors of wave amplitudes Q1, Q?

1, Q2 and Q?
2. The

computation of the displacement and force vectors, for each structure, follows from the wave expansions
(20) and (21).

The modeling of assemblies made up of several periodic structures (i.e., more than two), and other non-
periodic components, can be assessed on the same way using the aforementioned strategy. This involves ex-
pressing the boundary/coupling conditions in wave-based forms (see [16] for further details), and expressing
a whole wave-based matrix equation to compute the vectors of wave amplitudes of the periodic structures.

4 Numerical results

Numerical simulations are carried out to analyze the wave propagation behavior and dynamic response of
periodic structures with viscoelastic properties. The substructures analyzed are square 2D cells with a small
thickness of 0.002 m, which are made of aluminum material with inclusions of one or two tungsten parts
(heavy material) surrounded by one or two rubber layers (viscoelastic material) as shown in Figures 3 and 6.
The related material properties are listed in Table 1. Those substructures are meshed using 20×20 eight-node
quadratic plane stress rectangular elements, leading to n = 82 interface DOFs. Within the framework of the
CB method, 100 fixed interface modes are used to model the substructures (see before Eq. (10)). Single
periodic structures, and assemblies made up of two periodic structures connected on their right/left ends, are
studied. For each test case, the right end of the structure/assembly is assumed to be clamped and subject to
a transverse support motion (vector q0).

The viscoelastic (rubber) layers are modeled with the generalized Maxwell model where E∞ = 0.15 GPa
and nv = 5, see Eqs. (1)-(3). Here, the terms Evi are defined such that Evi = cE∞ ∀i, where c is a
proportionality coefficient (in percent). For each test case, the dispersion curves of the bending wave mode
— i.e., the frequency evolutions of the real and imaginary parts of the wave number — are computed on a
frequency band of [0− 5000] Hz, say, using 2500 discrete frequencies with a frequency step of 2 Hz. Also,
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Table 1: Material properties.
Material Young’s modulus (GPa) Density (kg/m3) Poisson’s ratio Loss factor

Aluminum 70 2700 0.3 0.005
Rubber 0.15 (E∞) 950 0.48 0.005 (elastic case)

Tungsten 340 19250 0.27 0.005

the frequency response function (FRF) is assessed. In this case, the frequency evolution of the quadratic
velocity ‖iωq‖2 at the left end of the structures/assembly is analyzed.

The structures with viscoelastic properties (rubber layers) are compared to purely elastic structures when the
rubber layers are modeled with an equivalent Young’s modulus of E∞ +

∑nv
i=1Evi = E∞(1 + 5c), and a

loss factor of 0.005.

4.1 Single periodic structures

4.1.1 One rubber layer

Let us start with a periodic structure withN = 10 substructures, as shown in Figure 3, which incorporate one
rubber layer with a weak viscoelastic behavior, e.g., when the proportionality coefficient c in Evi = cE∞ is
equal to 2%. The dispersion curves of the bending wave mode are plotted along with the FRF of the structure
as shown in Figure 4, where the solutions obtained from the purely elastic structure are compared to those
obtained with a viscoelastic rubber layer.

Figure 3: Single periodic structure with one rubber layer.

It is seen in Figure 4 that several locally resonant band gaps occur for the elastic and viscoelastic cases. They
are localized around the resonance frequencies of the system tungsten-rubber parts, and represent frequency
regions in which the quadratic velocity admits sudden and local decreases. Associated to this behavior are
local increases of the magnitude of the imaginary part of the wave number, which means that the bending
mode is becoming evanescent. Wide spread band gaps also occur due to Bragg scattering phenomena, e.g.,
between 2000 Hz and 3200 Hz when the real part of the wave number reaches 0 or π/d. However, their
influence on the reduction of the vibration levels of the structure is less pronounced compared to locally
resonant band gaps.

As for the locally resonant bang gaps, it is seen that, when compared to the elastic case, the viscoelastic case
yields wider band gaps occurring at lower frequencies. Although not significant at low frequency (first band
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gap), these trends appear to be magnified at high frequencies, e.g., with an increase of about 33% of the
width of the fourth band gaps (around 3800 Hz) in favor of the viscoelastic case.

Figure 4: Dispersion curves and FRF for the structure shown in Figure 3, for the elastic case (blue line) and
viscoelastic case (green line) when c = 2%. (Blue shaded area) band gaps for the elastic case; (Green shaded
area) band gaps for the viscoelastic case.

Figure 5: Dispersion curves and FRF for the structure shown in Figure 3, for the elastic case (blue line)
and viscoelastic case (green line) when c = 10%. (Blue shaded area) band gaps for the elastic case; (Green
shaded area) band gaps for the viscoelastic case.

To further highlight the advantages of periodic structures with viscoelastic properties, a rubber layer with a
strong viscoelastic behavior is considered, e.g., when c = 10%. Again, the dispersion curves of the bending
wave mode are plotted along with the FRF of the structure (see Figure 5). Three band gaps can be well
identified for the viscoelastic case (green shaded area), which correspond to local decreases of the vibration
levels of the structure. The corresponding band gaps, for the elastic case, are highlighted in blue shaded area
in Figure 5. As expected, the structure with viscoelastic properties yields wide spread band gaps, with an
increase of about 65% of the widths of the first and third band gaps, and 200% of the width the second band
gap, compared to the purely elastic case. Also, they occur at lower frequencies.
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4.1.2 Two rubber layers

The band gap effect can be improved by considering substructures with multiple local resonators. The design
of such substructures may involve two rubber layers, one tungsten layer and one tungsten core as shown in
Figure 6. Hence, a two masses-springs system tungsten-rubber can be considered which exhibits two low-
frequency local resonances, and therefore, two locally resonant band gaps. Other band gaps are likely to
occur at high frequencies at other resonance frequencies of the system tungsten-rubber. As for the rubber
layers, a proportionality coefficient of 5% is considered which is midway between the two previous test
cases. Again, a periodic structure with N = 10 substructures is considered. The related dispersion curves
and FRF are shown in Figure 7.

Figure 6: Single periodic structure with two rubber layers.

Figure 7: Dispersion curves and FRF for the structure shown in Figure 6, for the elastic case (blue line) and
viscoelastic case (green line) when c = 5%. (Blue shaded area) band gaps for the elastic case; (Green shaded
area) band gaps for the viscoelastic case.

As expected, two locally resonant band gaps appear around 850 Hz and 1050 Hz which are close to each
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other. In the purely elastic case, the FRF shows two local minima at these frequencies which appear to be
well separated to each other. The interesting feature in the viscoelastic case is that these locally resonant band
gaps can be merged together to yield a wide frequency band on which the vibration levels of the structure
are well reduced, i.e., between 700 Hz and 1100 Hz (see Figure 7). Other band gaps also occur around 1500
Hz and 1750 Hz which appear to be wide compared to the elastic case. Finally note that a fourth band gap
occurs around 4750 Hz where the FRF undergoes a sudden decrease. This is mostly linked to the behavior
of the shearing wave mode, whose dispersion curves are not represented here.

4.2 Assembly of two periodic structures

A question which is often raised is whether the consideration of assemblies of different periodic structures
can produce an added effect, i.e., when the band gaps of the structures overlap to generate wide attenuation
zones of the FRF. To address this issue, an assembly made up of two periodic structures with different
substructure properties is considered as shown in Figure 8. Here, a periodic structure 1 with N1 = 10 single
(rubber)-layered substructures (Figure 3) is considered which is connected to a second periodic structure
2 with N2 = 5 two-layered substructures (Figure 6). In this case, a moderate proportionality coefficient
c = 5% is used to describe the rubber layers of both structures.

Figure 8: Assembly involving a first periodic structure with one rubber layer and a second periodic structure
with two rubber layers.

Figure 9: Dispersion curves for the structures shown in Figure 8 when c = 5%: (Blue solid line) structure
1, elastic case, (Blue dotted line) structure 2, elastic case, (Green solid line) structure 1, viscoelastic case,
(Green dotted line) structure 2, viscoelastic case. FRF of the assembly made up of structures 1 and 2: (Blue
line) elastic case, (Green line) viscoelastic case.

The dispersion curves of the two structures are displayed in Figure 9 for the elastic and viscoelastic cases,
along with the FRF of the structural assembly. Several band gaps occur at low frequencies for both structures,
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e.g., between 700 Hz and 1250 Hz. These band gaps have been highlighted in the previous subsections. The
key point here is that the vibration levels of the assembly can be highly reduced where the band gaps of
the two structures coexist, e.g., around 850 Hz. The added effects of band gaps appear to be much more
pronounced in the viscoelastic case with a wide attenuation zone between 700 Hz and 1250 Hz. Here, the
first and second band gaps of the structure 1 overlap with the first band gap of structure 2 (see Figure 7). In
contrast, the band gap effects issued from the purely elastic case appears to be localized as shown in Figure
9.

5 Conclusion

The WFE method has been applied to describe the wave propagation in periodic structures with viscoelastic
properties. The harmonic forced response of periodic structures with a finite number of substructures, and
assemblies composed of periodic structures with different substructure designs, has been analyzed. Several
WFE strategies have been recalled and adapted to structures with viscoelastic properties, with a view to
efficiently computing the wave modes and the FRFs. Several test cases have been considered which involve
2D substructures with one or two viscoelastic (rubber) layers and tungsten parts. Such structures exhibit
locally resonant band gaps due to the consideration of resonant systems tungsten-rubber. It has been shown
that, compared to the purely elastic case, the consideration of rubber layers with viscoelastic properties yields
wide band gaps. This effect can be magnified for assemblies of periodic structures with different substructure
designs, in which case the band gaps of the periodic structures overlap to generate a strong reduction of the
vibration levels on wide frequency bands.
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