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Abstract
The compressive sensing-moving horizon estimator (CS-MHE) is an approach for joint state/input estima-
tion. It integrates compressive sensing principles into a moving horizon estimator, enabling to exploit shape
functions to model an input, resulting in better observability and wider input bandwidth in comparison to
other input models. The authors have recently extended the CS-MHE to the estimation of complex quanti-
ties. In particular, Fourier shape functions can be instrumental to model a load which exhibits some form of
periodicity. This paper presents an experimental validation in which a structure is excited by a shaker with
several force profiles whose Fourier transforms include up to four components. This allows to investigate
the performance of the CS-MHE on a physical setup, by taking into account aspects such as the necessary
window length of the MHE and the number of measurements points for a certain sparsity, which is governed
by the spectral content of the force input.

1 Introduction

The compressive sensing-moving horizon estimator (CS-MHE) is a multi step time domain approach for
joint state/input estimation [1, 2, 3]. It exploits the capabilities of the moving horizon estimator (MHE)
of minimizing the noise while correlating a model with measurements [4, 5], together with compressive
sensing (CS) principles [6], which enable the observation of a relatively large number of input locations for a
small set of measurements, whereas other existing techniques are characterized by intrinsic limitations when
estimating multiple input locations, due to an observability decrease [2]. Furthermore, compressive sensing
for input representation [7, 8, 9, 10, 11, 12] offers an alternative to the widely employed random walk model
[13, 14]. In comparison to the latter, CS allows to efficiently model a high input bandwidth by exploiting a
known input shape, resulting in the need for a coarser sampling.

The CS-MHE has been shown able to jointly estimate the states and a force impulse on a mechanical system
in terms of input magnitude, time and position, provided that the input is sparse [1]. Furthermore, its appli-
cability was recently extended to the estimation of complex quantities, which can be instrumental to model
a load which exhibits some form of periodicity (e.g., through Fourier components). Specifically, handling
complex representations such as Fourier basis functions can be instrumental to estimate forces and torques
in rotating machines, since their characteristics are of quasi-periodic nature [3]. This is particularly relevant,
since physical quantities such as forces and torques are important for condition monitoring and control engi-
neering, but are difficult or even impossible to be measured in a cheap, accurate and non intrusive manner.

This paper summarizes the formulation of the CS-MHE in case of a complex input representation through
Fourier components (section 2), and presents an experimental validation in which a structure (a “U shaped”
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Figure 1: MHE strategy. Figure reproduced from [2].

assembly consisting of a horizontal beam clamped between two vertical mounts) is excited by a shaker with
several force profiles whose Fourier transforms include up to four components (section 3). The structure is
modeled by finite elements (FE), being such representation widely employed for industrial applications. The
model is then reduced to a few mode shapes (each associated to a structural eigenfrequency). The measure-
ment system relies on high-speed camera recordings, since they offer the possibility to build a flexible sensor
array with respect to number of measurement points and their positioning, without modifying the system
dynamics. Consequently, section 3 includes the image processing steps to extract displacement information
from a sequence of images. The experiments allow us to discuss a few aspects related to the practical ap-
plicability of the CS-MHE, such as the window length of the MHE and the number of measurements points
required for a certain input sparsity, which is governed by the spectral content of the load. Section 4 contains
the experimental results, which we discuss in section 5.

2 The CS-MHE with a Fourier dictionary

This section gives the formulation of the CS-MHE for the case of an input described by Fourier components,
which we employ for the experiments in this paper. Further details can be found in [3]. The formulas
consider a generic discrete time state-space system such as eqs. (1–2), where xk is the state vector, and the
input uk is represented by a linear superposition of (Fourier) basis functions ψj multiplied by a scale factor
αk. Subscript k denotes the current time step, and the elements ψk,j belong to a (Fourier) dictionary Ψ.
Subscripts k and j refer to a sampling point and to a Fourier component, respectively, i.e., each column
of Ψ models one basis function of the dictionary [3]. We employ regular sampling and equal amount of
samples and Fourier components, and consequently Ψ is a square matrix of sizeN−1 that applies the inverse
discrete Fourier transform (DFT) to a signal [15]. An estimation window of length N is defined between the
discrete time steps k = T−N+1 and k = T , as shown in Fig. 1. wk and vk are two noise terms associated
to model and measurements, respectively. Under the hypothesis of additive noise (which can always be
satisfied thanks to discretization [14, 16]), the noise terms can be written down explicitly and substituted in
the CS-MHE problem, that we present in eqs. (3–4) [2, 3]. Eqs. (1–2) are linear, and can also be obtained by
linearizing a nonlinear system.

xk+1 = Akxk +Bkuk + wk = Akxk +Bk

T−1∑

j=T−N+1

ψk,jαk + wk (1)

yk = Ckxk +Dkuk + vk = Ckxk +Dk

T−1∑

j=T−N+1

ψk,jαk + vk (2)
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‖αk‖`1 (3)

subject to x ∈
[
xLB, xUB

]
, α ∈

[
αLB, αUB

]
(4)

Eq. (3) is the cost function of the optimization problem that the CS-MHE solves at every time step, and
contains five terms to be minimized, which are weighted through covariance matrices. From top to bottom,
they refer to the arrival cost Pa ∈ RNS×NS , the model error Qk ∈ RNS×NS and the measurement error
Rk ∈ Rnr×nr , whereNS and nr are the number of states and transducers, respectively. Qk andRk are related
to the noise terms in eqs. (1–2), being wk ∼ N (0, Qk) and vk ∼ N (0, Rk). Furthermore, covariance Pα
weights the propagation of any estimated input to the next time step [1], and finally the `1-norm minimization
of the sparse representation αk of the input is balanced with the other components of the cost function through
a constant weight λ, i.e., λ balances the noise on model and measurements with the input sparsity. In fact,
the `1-norm minimization promotes a sparse solution [17]. Pa and Pα in eq. (3) weight any information prior
to the current estimation window, which is marked with a bar (x̄T−N+1 for the arrival cost and ᾱ for any
input). The arrival cost (a.c. in Fig. 1) carries the information from k= 0 to k= T−N+1. We computed
it through a smoothing approach, exploiting the covariance matrix of the optimization problem [18, 19, 20].
Finally, eq. (4) contains some bounds on the optimization variables (superscripts LB and UB denote lower
and upper bounds, respectively).

The optimization problem (3–4) can be written in matrix form. It includes complex variables and it can
be recast into a standard form second order cone problem (SOCP) [3, 21, 22]. We solved the SOCP in
MATLAB R© by exploiting the modeling language YALMIP [23] and the solver MOSEK [24].

3 Experimental test setup

The test setup on which we demonstrate the CS-MHE for the estimation of a periodic load consists of a 1 m
long aluminum beam clamped on each side to a vertical mount, which is fixed to the ground (Fig. 2). Nine
steel masses are attached to the beam every ∆x= 0.1 m with the aim of lowering the eigenfrequencies and
add complexity to the system. Table 1 indicates the geometry of the beam. The reference system is sketched
in Fig. 2 (the y axis forms a right handed reference system with x and z), the origin being on the neutral axis
of the beam at the left mount.

We built a FE model of the beam assembly and we updated it based on a series of three experimental modal
analyses (EMAs) [25], using three uniaxial accelerometers at a fixed location and one impact hammer. We
extracted the experimental eigenmodes in LMS Test.Lab [26]. First we considered solely the aluminum bar
in free-free conditions in order to determine its Young’s modulus (given its mass and Poisson ratio). Next
we added the nine masses and we characterized the stiffness of the contact between the aluminum steel (we
chose to model the contact as a uniform isotropic stiffness of the steel Esteel, given its mass and Poisson
ratio). Finally we determined the stiffness of the vertical mounts Emount, including the clamping stiffness.
Table 2 reports the material properties that resulted from all three model updating procedures.
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Figure 2: Beam setup.

Feature Along axis Size [m]
Beam length (L) x 1.000
Beam width y 0.015
Beam thickness z 0.010
Steel mass height z 0.050
Steel mass width x 0.020
Steel mass thickness y 0.015
Mount height z 0.500
Mount cross-section plane xy 0.080× 0.080

Table 1: Geometry of the beam setup.

Part Property Value
ρalu

[
kg/m3

]
2655.56

Aluminum beam Ealu [GPa] 63.84
νalu 0.33
ρsteel

[
kg/m3

]
8013.33

Steel masses Esteel [GPa] 198.93
νsteel 0.29
ρmount

[
kg/m3

]
2700.00

Vertical mounts Emount [GPa] 43.45
νmount 0.33

Table 2: Material properties after model updating.

The model updating considered nine eigenfrequencies (up to 200 Hz) involving all three Cartesian planes,
including a torsional mode around x. However, for the experiment that we discuss in this paper we applied a
force along z (see the shaker position in Fig. 2), and three eigenmodes in the plane xy govern the dynamical
behavior of the system. Table 3 and Fig. 3 show the results of the model updating for these three eigenmodes
and their shapes, respectively. The ID numbers 1, 3, 8 derive from the whole mode set. We made use of the

1490 PROCEEDINGS OF ISMA2018 AND USD2018



Mode ID Freq. EMA [Hz] Freq. MoUp [Hz] Error [%]
1 25.74 25.79 0.19
3 68.93 69.19 0.38
8 134.71 136.00 0.96

Table 3: Model update for the first three beam modes in plane xz.

Mode 1 Mode 3 Mode 8

Figure 3: Mode shapes of the first three beam eigenmodes in plane xz.

model update procedure implemented in Siemens NX, which is parametric and works on a reduced model.
The structure is made of simple components, such that beam and shell elements can represent the dominant
mode shapes. In particular, we chose shell elements for the beam and the masses, and beam elements for the
vertical mounts (we modeled the vertical mounts as a beam with cross-section 0.050× 0.050 m). We set the
damping values by comparing several FRFs between the FE model and the EMA acceleration measurements.
We modeled each of the two clamping points through two rigid connections going from the top node of the
vertical mounts to the top and bottom nodes of the aluminum beam.

In order to run the CS-MHE, we need the model of the test setup to be available in MATLAB R©. We tackled
this problem by extracting the FE mass and stiffness matrices and projecting them on modal coordinates
[25]. This allows to build a reduced order state-space model in the form of eqs. (1–2), that takes into account
only the eigenmodes under examination. Literature offers a few model order reduction (MOR) techniques
[27, 28], but for the beam setup we selected the mode shapes based on the participation factors of the
excitation configuration. This allows to improve the observability of the system at the expense of a very
small loss of modeling accuracy.

Beside the state-space representation, we employed camera based measurements to investigate the influence
of the number of measurement points. Compared to other sensor arrays (e.g., accelerometers and strain
sensors), camera measurements offer high spatial resolution and contact-less properties, such that a huge
amount of information is available in one picture, and the model does not have to include any extra mass
related to a sensor. In other words, a high speed camera is a flexible measurement system for what sensor
number and placement are concerned. This choice is also supported by recent advances in vision technology
and high-speed recording. We cite references [29, 30, 31, 32, 33, 34] for a few applications of camera
measurements in structural dynamics.

If we look back at Fig. 2 we see how the beam was instrumented. In particular, there are three adhesive paper
strips on the beam, each of them resulting in 53 markers equally distributed on a length of 0.260 m, i.e., a
marker every 0.005 m. Due to the lighting condition, we employ only the central strip (“BEAM STRIP 2” in
Fig. 2). This corresponds of having up to 53 contact-less displacement transducers spanning the range from
x = 0.370 m to x = 0.630 m. Furthermore, there are one shaker (THE MODAL SHOP Miniature Inertial
Shaker K2002E01) and one impedance head (PCB ICP R© 288D01), both located at x= 0.750 m and acting
along the z axis. The impedance head measures the shaker force for validation purposes. Additional marker
patterns are located on the beam for calibrating the system.
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Figure 4: Schematic representation of the test setup.
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Figure 5: Beam deformed under the static load of the shaker (F), obtained through a FE analysis.

Next, Fig. 4 shows the schematic data flow when an experiment is running. The settings for the data acqui-
sition system (LMS SCADAS) and for the camera (Ximea MQ042CG-CM) are defined via two dedicated
programs. In LMS Test.Lab we set the duration of the experiment, the sampling rate, the signal for the shaker
and the trigger for the camera. In the camera software we set the camera such that each frame is activated by
the rising edge of the trigger signal and the exposure has a fixed duration. Furthermore, a signal indicating
the exposure time is sent back to the LMS SCADAS for synchronization purposes. The camera software
takes also care of saving the images on the PC. The LMS SCADAS is a data acquisition system with mul-
tiple inputs and outputs. Two outputs send the signal to the shaker and a trigger to the camera, while two
inputs record the validation signal from the impedance head and an exposure active signal from the camera.

When performing vision based measurements, the first phase involves the estimation of the parameters for
correcting the lens distortions (typically barrel or pincushion distortions) as well as the parameters to cal-
ibrate the scene, i.e., transforming the pixel information into metric measurements. This requires standard
digital image processing techniques, which can be found in references such as [35, 36]. Their implementa-
tion in MATLAB R© is documented in [37], and many functions are now available in the image processing
and computer vision toolbox (MATLAB R© R2017a). For this reasons, we refer the interested reader to the
MATLAB R© help and references therein.

Once all the parameters of the camera and of the scene are available, we can apply a procedure to all images
(i.e., to every frame of a video acquired during an experiment) in order to extract displacement information
in metric units. First, we determine the markers position up to sub-pixel resolution, and then we apply all
adjustments. Finally, we need to correct the displacement measurements with the model. This step is not
a standard procedure in image processing, and we will discuss it further here. If the shaker is attached
to the structure and it is not active, we expect the beam to be deformed under its static weight (Fig. 5).
Unfortunately, the displacement measurements do not match the expected deformation shape. This is the
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Figure 6: Displacement measurements at the first time step. From image processing (top) and corrected with
the FE deformed shape (bottom).

consequence of multiple systematic uncertainties such as the boundary conditions of the beam (in particular
the geometry of the connection, since it can cause static deformations) and the gluing of the marker strips,
as well as stochastic uncertainties such as the markers printing accuracy and errors during image processing.
We can spot some of these issues in Fig. 6 (top), which shows the measurements at the first frame of the
simulation, i.e., when the shaker is still off. For this reason, we corrected the measurements with the FE
static simulation, obtaining the displacements in Fig. 6 (bottom). We applied such correction to all frames.

3.1 Observability considerations of the experimental setup

Before presenting the experimental results, let us briefly discuss the observability of the system in relation
to number of measurements (nr), number of inputs (nu) and window length (N ). For the system to be
observable, matrices A and C of the state space representation need to satisfy condition rank(O) = N ,
whereO is the observability matrix in Eq. 5 (left) [14, 38], which holds also in case of an augmented system
for joint state/input estimation. Fig. 7 (left) shows the region in which observability is satisfied, assuming
a random walk model for the input representation [2, 13], and referring to the best theoretical situation in
which the locations of both inputs and measurements are not critical. In fact, observability can decrease due
to local problems (typically sensor and/or load applied to a nodal line. In such situation, other tests such
as the Popov-Belevitch-Hautus (PBH) test for local observability can provide further information [38, 39].
Each plane in Fig. 7 (left) refers to a constant number of inputs. We note that the system is not observable
with less than 2 sensors and 3 time steps, and observability gets more critical with a higher number of inputs.

O =




C
CA

...
CAN−1


 nr ≥ c · S log

(
N

S

)
(5)

The rank of the observability matrix saturates quite fast, i.e., after the rank is satisfied it is not worth to add
any further information (that may come from additional sensors or time steps). Accordingly, we can infer
that the random walk works well for a short window. On the other hand, let us consider Eq. 5 (right) of
compressive sensing [6], which indicates how the number of required measurements scales with the signal
length N and its sparsity S ↔ nu, i.e., S is the number of nonzero components of a signal of length N , and
it is connected to the number of inputs [2] (c is a small constant).∗ Fig. 7 (right) shows a numerical example
of Eq. 5 (right) for a signal up to N = 100 and S = 50 (with c = 3). We note that nr scales strongly with

∗For the details concerning the validity of Eq. 5 (right) we refer to reference [6].
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Figure 7: Left: region of observability in function of the number of time steps (N ), inputs (nu) and mea-
surement points (nr). Right: number of measurements required by compressive sensing in function of signal
length N and sparsity S, according to Eq. 5 (right), with c=3.

S and smoothly with N especially for small values of S, indicating that given a certain sparsity S a longer
signal may bring in extra information at a price of a very reasonable amount of extra measurements. In other
words, a long MHE window may be worth if CS is used for input modeling. In a previous research we
have already indicated that the number of measurements required by the CS-MHE scales with S [2], and for
the specific case of this paper the CS-MHE requires a higher number of measurements in comparison with
the random walk model, especially in the case of the estimation of multiple Fourier components (since S
increases). However, it can generate very accurate results at a relatively low sampling rate. In this sense, we
can consider compressive sensing as a complementary approach to other approaches for input modeling such
as the random walk. The exact domain of applicability of compressive sensing requires further investigation,
and remains an interesting open point for future developments of the CS-MHE.

4 Experimental results

In this section we present the experimental results, and we investigate the influence of a force input composed
by an increasing number of sine waves on the CS-MHE accuracy. We remind that input sparsity is a key
ingredient of the CS-MHE. In Fourier domain, this means that only a few shape functions belonging to a
dictionary should represent the load. An increasing amount of sines deteriorates the sparsity, and the major
aim of the experiment is to investigate how to cope with this issue. Table 4 shows the settings for a series
of tests. Notation “min(nr)” in the third column refers to the minimum number of measurement points
which is required to satisfy an observability requirement, and scales linearly with the number of sines (i.e.,
with the input sparsity) [2]. The electrical signal that goes to the shaker has the same amplitude for each
component. However, the dynamic response of the system composed by shaker and structure acts as a filter
(with a low-pass tendency), causing the smoothing of higher frequencies. We acquired the data at 512 Hz,
i.e., the camera operated at 512 frames per second (fps).

From the fourth column of Table 4 we notice that the window lengthN varies with the number of sine waves.
We made this choice a posteriori by choosing the smallest window length that generates a sufficient sparsity
and guarantees that all frequencies are modeled, in order to avoid spectral leakage that would degenerate the
sparsity level. We remind that a single sine wave consists of two complex conjugate peaks, and a further
nonzero element is due to the static weight of the shaker (DC component).

Let us now present the estimation results. Fig. 8 refers to one sine and three measurement points (located at
x=0.370 m, x=0.500 m, x=0.630 m). The two graphs on left hand side refer to the state estimation (three
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Sinusoid # Sinusoid Freq. [Hz] min(nr) N

1 128 3 17
2 64 128 5 33
3 64 128 192 7 33
4 64 128 160 192 9 33

Table 4: Settings for the experiment with multiple sines.
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Figure 8: Results at iteration 1 for one sinusoid, obtained by considering 3 displacement sensors. Legend
(state estimation): 1st mode (—–); 2nd mode (- - -); 3rd mode (· · ·). The thick green lines are a reference from
the model, the thick blue lines are the CS-MHE estimation, confined into two thin blue lines that represent the
confidence level (MPFn ± 3σn). Legend (input estimation): reference values (- - -×); CS-MHE estimation
(—–◦); CS-MHE nonzero components (—–•).
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Figure 9: Results at iteration 1 for two sinusoids, obtained by considering 5 displacement sensors. Legend:
see Fig. 8.

position modal participation factors (MPFs) – top, and their time derivatives – bottom). We obtained the
green curves by evaluating the states with the model and the measured force, while the CS-MHE estimates
are in blue. Consequently, a mismatch between those curves indicates a poor model accuracy for that specific
load. The third eigenmode (mode ID 8 in Table 3) dominates the beam response, not surprisingly since this
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Figure 10: Results at iteration 1 for three sinusoids, obtained by considering 7 displacement sensors. Legend:
see Fig. 8.
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Figure 11: Results at iteration 1 for three sinusoids, obtained by considering 15 displacement sensors. The
± 3σ interval that falls outside the graph equals approximately ± 30. Legend: see Fig. 8.

eigenmode is the closest to the excitation frequency. The results of the input estimation are in the remaining
four graphs of Fig. 8 (middle and right hand side). The reference values (green curves) come from the
impedance head, to which we added the static weight of the shaker. By looking at the real and imaginary
parts of the input (middle graphs) as well as the magnitude and time domain transformation (right graphs),
we see that the input estimation (solid blue) follows well the measurements.

Next, Fig. 9 shows the results with two sine waves. We did not manage to estimate accurately both compo-
nents keeping the same window length as the previous case, due to the deteriorated sparsity resulting from the
extra component. Consequently, we choseN = 33, being this the next smallest number that includes the two
frequencies indicated in Table 4. For an idea about the sparsity requirements we refer again to Eq. 5 (right)
[6]. It is worth mentioning that in general every combination of number of sensors and sparsity requires a
different calibration of the system, and this applies especially for the balancing weight λ. Accordingly, we
tuned each scenario following the procedure indicated in reference [1].

Adding a third component produces the results of Figs. 10 and 11, where the importance of a good calibration
becomes clear. From Fig. 10 we see that the third component is not being captured, which may suggest that
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Figure 12: Results at iteration 1 for four sinusoids, obtained by considering 9 displacement sensors. Legend:
see Fig. 8.
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Figure 13: Results at iteration 1 for four sinusoids, obtained by considering 15 displacement sensors. Legend:
see Fig. 8.

the window is too short. However, we can detect all components by keeping the same window length and
adding measurement points (Fig. 11). This encourages the following two considerations:

• In case we want a minimum number of measurement points (governed by observability requirements),
we may need to rely on the results in Fig. 10. These offer the smallest mean square error (MSE) for
the given set of tuning parameters. The third component has a small amplitude in comparison with the
other components, and it is likely that the filter treats it as noise.
In case the third component is crucial for a specific application, we could attempt a finer tuning or
alternatively we could choose a lower λ in order to relax the weight on the sparsity requirement, at the
price of a possible higher MSE [1].

• In case the number of measurement points is not fixed, then adding measurements may be the way to
proceed, as we pointed out in Fig. 11. In this context, it is important to underline that adding measure-
ments also come with additional noise, which clearly reflects on the covariance of the optimization
problem. In other words, adding a measurement does not always generate better results, since it may

DYNAMIC TESTING: METHODS AND INSTRUMENTATION 1497



# sines N nr λ εQ εR
[
mm2

]
Error [%] Fig.

1 17 3 0.34 2.0 2·10−4 0.6 8
2 33 5 0.17 1.9 1·10−3 4.1 9
3 33 7 0.17 0.3 1·10−3 5.2 10
3 33 15 0.21 0.3 1·10−3 4.8 11
4 33 9 0.04 0.3 1·10−3 6.7 12
4 33 15 0.07 0.3 1·10−3 6.8 13

Table 5: Settings for the experiment with multiple sines.

deteriorate the matrix conditioning. Such aspect plays an important role with our camera based mea-
surements, where each point offers a different uncertainty due to the quality of the marker detection
(that involves the marker itself in terms of typology, condition, positioning and light level), which we
assumed to be the same for each marker. We can see how this affects the numerical stability of the
covariance matrix by looking at the wide uncertainty bands of the third component in Fig. 11. Con-
cerning this aspect, we believe that a rigorous noise assessment of the camera measurement system
can improve the estimation results.

Finally, Figs. 12–13 show the results with four Fourier components and nr = 9 and 15, respectively. To
obtain these graphs we lowered λ not to fall into the problems that we already mentioned with regard to
Fig. 10. In Fig. 12 we can see that with 9 sensors the CS-MHE does not capture the component with the
lowest amplitude, whereas its neighboring frequencies become active instead. Having 15 sensors such as in
Fig. 13 overcomes this issue. Further simulations indicated that this tendency applies also in case of longer
windows, suggesting that it is not worth to further extend the estimation window.

5 Discussion and conclusions

We preformed the exercise of an increasing number of Fourier components in order to investigate the require-
ments and limits of the CS-MHE in terms of number of measurements, window length (and consequently
number of basis functions in the dictionary) and tuning parameters (covariances and weight of the CS term)
for an increasing sparsity. We showed good estimation results, but at the same time we are not yet able to
identify clear relations that would bring the CS-MHE to a more mature technological stage. Table 5 shows
the settings for the CS-MHE, where εQ and εR are weights on the diagonal of the model and measurements
covariances (Q and R), respectively. In the second-last column we indicate an error in time domain (i.e.,
after the inverse Fourier transform), averaged within the estimation window and computed as percentage
with respect to the peak-to-peak amplitude that results from the sum of all active Fourier components. It is
not a rigorous metric since a small phase discrepancy can have a big influence, but it gives an indication on
the results accuracy, which we expect to further increase after a few iterations of the CS-MHE.

The model error has a significant effect on the experimental results, especially in relation to the input, i.e.,
the accuracy of the modal participation factors is a key element for the force estimation. Different Fourier
components at different frequencies do not have the same weight in the estimation, since their amplitude
is scaled according to the dynamics of the system. Furthermore, different Fourier components excite the
structure eigenmodes in a different way. Each eigenmode has a certain modeling error, resulting in the
need to vary the covariance associated to the model in order for the filter to perform better. Accordingly, a
comparison that takes into account only the number of Fourier components can be misleading, since their
magnitude and frequency (connected to a certain modeling error) play an important role. In addition, a poorly
modeled damping (which is likely to happen in practice) affects the dynamic response in neighborhood of
the eigenmodes in a much stronger way than in other portions of the spectrum. In other words, a model may
result to be less accurate in case of a broadband excitation. All these statements are typical considerations in
model based estimation problems, where in general a good model improves the estimation accuracy.
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Several factors determine the accuracy of the measurements. These include systematic as well as stochastic
phenomena. First, the light has a strong influence on the measurement error. Furthermore, the quality of the
markers, the accuracy of their locations and the chosen image processing algorithm cause systematic errors.
At the same time, the stochastic behavior which is typical of measurement system is present. All uncertainties
are also linked to the hardware, and in particular to the camera location, resolution, quantization and optics.
Consequently, different measurement points have a different accuracy. Some points add less noise to the
problem than others, and thus an increase in the amount of measurements may result in an improvement as
well as a deterioration of the estimates. This aspect links to numerical stability and constitutes an interesting
open point for future research.

The size of a Fourier dictionary depends on the length of the estimation window, within which the input
should be as sparse as possible due to compressive sensing and observability requirements. This raises
the question weather a relatively long window (static or possibly shifting in time by a whole window length)
would outperform a more traditional MHE scheme for what the accuracy of the input estimation is concerned
(we refer to a traditional MHE scheme as a MHE that aims at a short window for computational speed,
shifting in time by one time step and relying on an accurate arrival cost). In the experiments of this paper we
did not vary the window length by unity steps, not to introduce spectral leakage, i.e., we always made sure
that the frequencies of all active Fourier components of the input were modeled within the window. Current
research is investigating a few approaches to cope with possible spectral leakage.

In this paper we showed a few experimental examples in which we employed a Fourier dictionary in order to
model a periodic load. We chose a linear model, but the procedure can be extended to nonlinear systems pro-
vided that the state-space matrices are adapted accordingly. Possible applications include rotating machinery,
where loads have a quasi-periodic nature. The experiments involved the topics of FE modeling, modal anal-
ysis, model update, model order reduction and high-speed camera measurements. We presented a series of
experimental tests with an increasing number of Fourier components, in order to assess the feasibility domain
of the CS-MHE in terms of number of measurement points, window length and system calibration needed in
relation to sparsity. The experiments showed an accurate input estimation and at the same time they allowed
to spot a few open points for future research, with the final aim of finding mathematical relationships that
can bring the CS-MHE to a more mature technological stage.
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