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Abstract
A popular approach for dealing with randomness in Topology Optimisation (TO) is using a Reliability-Based
Topology Optimisation (RBTO) routine. The First-Order Reliability Method (FORM) is a widely adopted
approximation used for RBTO due to its simplicity, however is in itself another optimisation problem which
scales relatively poorly with the number of stochastic variables. An efficient and novel approach for dealing
with uncertain material properties in RBTO is provided in this paper using the Random Matrix Theory
(RMT). RMT is particularly powerful since all uncertainties are encapsulated within one random matrix,
thereby reducing the complexity of the problem. Numerical simulations are conducted on a cantilevered
rectangular plate with uncertain Young’s modulus and Poisson’s ratio, optimised for volume with a reliability
constraint placed on compliance. Results corroborate well with Monte-Carlo simulations and showcase the
potential for RMT being applied to more complex TO problems.

1 Introduction

Structural topology optimisation (TO) routines using finite element analysis evaluations are extremely com-
putationally demanding due to the large order of design variables typically required in a mesh. The inclusion
of uncertainties in the optimisation problem further exacerbates this issue, perhaps explaining why the major-
ity of works within TO have dealt with deterministic behaviour [1]. However, it is clear that uncertainties in
material properties, loading, and boundary conditions must be taken into account to ensure reliable and prac-
tical final designs, and therefore efficient inclusion of stochastic parameters within traditional TO algorithms
is needed [2, 3].

Two formulations which are commonly used for uncertainty quantification (UQ) within TO are Robust Topol-
ogy Optimisation (RTO) and Reliability-Based Topology Optimisation (RBTO) [4]. The goal of RTO is to
optimise for a deterministic objective, while minimising its sensitivity with respect to random parameters.
This can be achieved relatively simply through incorporating a weighted sum of the mean and standard
deviation in the objective function [5–7]. Efficient determination of the statistical moments has been un-
dertaken using perturbation methods such as Taylor and Neumann expansion [8, 9], and polynomial chaos
theory [1], which in particular has shown to be effective in various engineering optimisation problems due
to its non-intrusive implementation [10, 11]. Perhaps the more realistic formulation within TO however is
RBTO, which considers uncertainty in the constraint through a probability of failure. Early implementations
of Reliability-Based Design focused on sizing and shape optimisation [12], or discrete truss systems [13].
The first examples of RBTO on continuous structures can be seen in works by Maute and Fragopol [14], and
Wang et al. [15]. Both studies utilised the First-Order Reliability Method (FORM), and specifically the Per-
formance Measure Approach (PMA), which is generally viewed as the robust alternative to the conventional
Reliability Index Approach (RIA) [16]. FORM has since been validated to provide acceptable approxi-
mations for the probability of failure, seen through an numerical benchmark result [17], and other notable
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works [18–20]. However, aside from the accuracy limitations of FORM when dealing with highly non-linear
limit state functions, it also necessitates a nested non-linear optimisation problem to locate the Most Probable
Point (MPP). A single-loop method [20,21] has been suggested to alleviate the associated computational cost,
however it remains largely untested for problems with a high number of uncertain variables. Additionally,
with the exception of Jalalpour et al. [22], dealing with material uncertainties in RBTO remains unexplored,
perhaps due to the aforementioned difficulties in dealing with a large number of stochastic parameters.

This study presents an efficient and novel method at dealing with material uncertainties in RBTO through
Random Matrix Theory (RMT), and more specifically, via Soize’s non-parametric method [23]. Random
matrices have shown great promise in quantifying uncertainty for a variety of structural dynamics applica-
tions [24–26], however it has yet to be applied in a TO framework. This approach amalgamates all parametric
uncertainties into one dispersion parameter which is analogous to the normalized standard deviation of the
stochastic stiffness matrix. We shall examine the suitability of using this parameter alone to characterise the
material uncertainties in RBTO. A numerical study is undertaken on a cantilevered plate with deterministic
loading conditions, and uncertain material properties (Young’s modulus and Poisson’s ratio). The optimiza-
tion objective is to minimize volume, while ensuring the probability of failure with respect to maximum
compliance meets a pre-defined reliability. Final topologies using the non-parametric method are compared
with Monte-Carlo simulations (MCS) to validate the results.

2 Methodology

2.1 Deterministic TO formulation

The deterministic optimisation routine is described in Eqn. 1. The volume V is the objective to be min-
imised, and the constraint enforces that compliance C of the structure should not exceed a maximum value
Cmax. The decision variables xi represent the densities of the discretised finite elements (ne total elements).
Lastly, the system obeys the linear structural equation KD = F , where K is the stiffness matrix, D is the
displacement, and F is the applied load.

minimise
x

V =
ne∑

i=1

xi

subject to C − Cmax ≤ 0

xi = xmin or 1

KD = F

(1)

A modified Solid Isotropic Material with Penalisation (SIMP) algorithm [27] is utilised in this study to ensure
efficient computation in MATLAB. This involves discretising the design domain into square finite elements,
and assigning each element a density xi, where its Young’s modulus Ei obeys the following equation:

Ei = Emin + xpi (E0 − Emin) (2)

where E0 is the baseline stiffness of the material, Emin is a negligible non-zero stiffness value assigned
to void regions in order to prevent singularities, and p is the penalisation factor. Due to the large number
of design variables encountered in continuous TO problems, Svenberg’s Method of Moving Asymptotes
(MMA) [28] is used to conduct efficient gradient-based optimisation. This requires knowledge of the objec-
tive and constraint sensitivities with respect to the design variables, which are described below in Eqns. 4
and 5;

∂V

∂xi
= 1 (3)

∂C

∂xi
= −pxp−1i (E0 − Emin)dTeKede (4)
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where de and Ke are the element displacement and stiffness respectively. In order to prevent formation of
checker-board patterns, a sensitivity filter is implemented to modify the compliance sensitivities as such;

∂̂C

∂xi
=

∑
j∈S Hjxj

∂C
∂xj∑

j∈S Hjxj
(5)

where S defines the set of elements surrounding element i within a center-to-center distance rmin, and Hi is
a weighting factor equal to the center distance subtracted from rmin. The reader is referred to Andreassen et
al. [27] for specific details on the MATLAB implementation.

2.2 Reliability analysis

The deterministic optimisation described in Eqn. 1 can be modified to obtain an RBTO formulation seen in
Eqn. 6;

minimise
x

V =
ne∑

i=1

xi

subject to P (g(y) ≤ 0) ≤ R
g(y) = Cmax − C(y)

xi = xmin or 1

K(y)D(y) = F

(6)

where y represents the stochastic variable(s), and g(y) is called the limit state function. The deterministic
limit on maximum compliance has now changed to a constraint on the probability of failure Pf = P (g(y) ≤
0) being less than a specified upper bound R. This is termed the “reliability” of the solution. It is very
difficult to determine an analytical representation of Pf , and instead most practical applications of RBTO
rely on the FORM approximation. In FORM, the probability of failure Pf is characterized by a reliability
index β, which is the distance from the origin to the most probable point (MPP) of failure in the standard
normal space u. This requires a mapping of the random variables y to the probabilistic space u. The limit
state function g(u) can then be integrated at the MPP to determine Pf as such;

Pf ≈ Φ(−β) (7)

where Φ is the standard normal cumulative distribution function. A drawback of FORM is that it requires a
nested non-linear optimization to locate the MPP, which can be formulated using either the conventional RIA
approach, or PMA approach. It has been shown by Lee et al. [16], and argued by Maute and Frangopol [14],
that the PMA approach is the more robust alternative for TO problems since the mean design can be quite
far from the failure surface, leading to no valid solutions to the RIA optimisation problem. PMA uses a pre-
defined target reliability index βt which can be back-calculated using Eqn. 7 for a given reliability constraint.
It then assumes the MPP is located at this distance from the origin, and finds the point u∗ which minimizes
the value of the limit-state function. The overall FORM procedure can be summarized by replacing the
reliability constraint in Eqn. 6 with a PMA optimisation routine as in Eqn. 8.

minimise
u

g(u) = Cmax − C(u)

subject to
√
uTu = βt

(8)

It is noted that if there is only one random variable, the optimisation routine in Eqn. 8 reduces to an analytical
solution u∗ = βt. Sensitivity analysis for PMA is simplified by assuming that the derivative of the limit
state is independent of the random variable at the MPP [14], and therefore reduces down to the compliance
sensitivity calculated at u∗ as in Eqn. 9.

∂g

∂xi
=
∂C

∂xi
|u∗ (9)
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As a means of validation, MCS will also be conducted to compare against the FORM results. In MCS, Pf
can be estimated by taking n samples for the random variable(s) and determining the frequency of failure.
This is described mathematically using an indicator function I , which is equal to 1 when the constraint fails,
and 0 otherwise. Due to the discontinuity of this function, an approach described in [1] is used to replace it
with a smooth approximation;

I(g(y)) =
1

2

(
tanh(

g(y)

ε
) + 1

)
(10)

where ε > 0 is a small number which controls the width of the 0-to-1 transition. Using Eqn. 10 both the
probability of failure and its sensitivity can be determined using MCS;

Pf =
1

2n

n∑

j=1

(
tanh(

Cj − Cmax
ε

) + 1

)
≈ nC>Cmax

n
(11)

∂Pf
∂xi

=
1

2nε

n∑

j=1

∂Cj
∂xi

(
1− tanh2(

Cj − Cmax
ε

)

)
(12)

2.3 RMT implementation

The reliability analysis can be greatly simplified by representing all uncertainty within a random matrix. In
TO problems, a logical choice is to choose the stiffness matrix K from the linear structural equation. The
stochastic system is then modelled with a mean stiffness matrix K0, and a mean-normalized standard devi-
ation ξK , which is called the dispersion parameter. The former is characteristic of the baseline parameters,
and the latter is determined using Eqn. 13;

ξ2K =
E[||K −K0||2F ]

||K0||2F
(13)

where E(.) and ||.||F are the mean and Frobenius norm operators respectively. Implementation of Eqn. 13
necessitates sampling of the random parameters, and repeatedly formulating the associated stiffness matrices.
For isotropic structures, the dispersion of the element stiffness matrix Ke is equivalent to the full stiffness
matrix, therefore allowing for fast computation of Eqn. 13 even for a large number of samples. Furthermore,
since the element stiffness matrix is independent of the decision variables, ξK can be pre-computed before
the optimisation routine.

In FORM the random variable space y must be transformed to the standard normal space u, where the PMA
optimisation described in Eqn. 8 is performed. This routine can be expensive for a large number of random
variables, however notably has an analytical solution if there is only one variable. As such, using RMT
significantly reduces the computational complexity of RBTO since all uncertainty is confined toK. We shall
assume the input material uncertainties are normally distributed, allowing for the following expressions for
the probabilistic transform and inverse transforms respectively;

u =
K −K0

ξKK0
(14)

K = uξKK0 +K0 = (1 + uξK)K0 (15)

Using Eqns. 13- 15, any number of random variables can be simplified to a one-dimensional standard normal
space. The suitability of this method will now be examined through a numerical example.

3 Numerical example: Cantilevered plate

A cantilevered rectangular plate with the left edge clamped, and a vertical load on the right edge is visualised
in Figure 1a. The example is adapted from Kim et al. [18], where the resolution of the model has been
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increased to 80 × 128 finite elements for greater clarity in the final topology. The vertical load F = 300N,
and the baseline material properties of the plate are; Young’s modulus E = 2.07 × 105Pa, Poisson’s ratio
ν = 0.3, and thickness t = 0.05m. A SIMP routine was utilised with a maximum compliance constraint
Cmax = 1200N/m to derive a deterministic result, seen in Figure 1b.

(a) Finite element model of plate (b) Deterministic optimised topology

Figure 1: Cantilevered plate with applied load is optimised using deterministic SIMP to obtain a topology
with final volume fraction V ∗ = 0.19.

3.1 One random parameter

We first consider a simple validation case with only a random Young’s modulus, which follows a Gaussian
distribution as follows;

E ∈ N (µE , σE) (16)

where µE = 2.07 × 105Pa and σE = 0.15µE . To provide motivation for considering RBTO instead of
Deterministic Topology Optimisation (DTO), the topology in Figure 1b is re-tested with 105 samples for the
random Young’s modulus, resulting in a probability of failure Pf = 0.4980, i.e. the compliance exceeds the
maximum limit for approximately half the samples. This is clear undesirable, and hence RBTO should be
used to maximise the reliability of the final structure.

RBTO is formulated using MCS, FORM, and RMT as per the methodologies described in Section 2. For
RMT, random sampling from the Young’s modulus distribution is first performed to yield the dispersion
parameter ξ2k = 0.0225 using Eqn. 13. This value is also equal to the mean-normalized variance of the
Young’s modulus distribution, which makes sense since Ke is proportional to E. For this reason, both
FORM and RMT will yield the same solutions for one random parameter. Figure 2 shows the optimized
topologies yielded for various reliabilities R, and Table 1 summarizes the corresponding volume fractions
V ∗ and probabilities of failure Pf when the structures were re-tested with 105 samples from Eqn. 16. As
expected, using a high order MCS yields a slightly better optimum in terms of volume while satisfying the
constraint. Visually however, few differences are exhibited between both sets of structures, and that is also
corroborated by small differences in volume fractions and probabilities of failure. With increasing reliability,
the cross braces and the edges of the structure become thicker, which is similar to the results produced by Kim
et al. [18]. Another way to visualize the probabilistic results is to plot the PDFs of the structures when re-
tested, which is seen in Figure 3. The poor performance of the deterministic structure under random stiffness
is illustrated through almost half its PDF extending beyond the failure line, resulting in Pf = 0.4980. In
contrast, the reliable PDFs are shifted left and upwards with increasing reliability, meaning less of the curve
falls in the failure region. The MCS and FORM/RMT curves can barely be distinguished from one and other,
highlighting that they provide excellent approximations for one random parameter.
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(a) MCS R = 10−1 (b) FORM/RMT R = 10−1

(c) MCS R = 10−2 (d) FORM/RMT R = 10−2

(e) MCS R = 10−3 (f) FORM/RMT R = 10−3

Figure 2: RBTO topologies yielded from MCS and FORM/RMT for varying values of R, for an uncertain
Young’s modulus
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R = 10−1 R = 10−2 R = 10−3

Method V ∗ Pf V ∗ Pf V ∗ Pf
MCS 0.2120 0.1000 0.2457 0.0099 0.2857 0.001

FORM/RMT 0.2179 0.0998 0.2538 0.0098 0.2860 0.001

Table 1: Volume fractions V ∗ and probabilistic of failure Pf for topologies yielded from MCS, and
FORM/RMT for varying reliabilities R, when considering a random Young’s modulus.

Figure 3: Compliance PDFs considering uncertain Young’s modulus of optimised topologies using deter-
ministic SIMP, MCS RBTO, and FORM/RMT RBTO. The numbers 1, 2, and 3 after the legend descriptions
represent the reliability values R = 10−1, R = 10−2, and R = 10−3 respectively. The dashed black line
visualizes the compliance constraint Cmax.

3.2 Two random parameters

We now extend the problem from Section 3.1 by introducing a random Poisson’s ratio ν. The two random
parameters are defined as follows;

E ∈ N (µE , σE) (17)

ν ∈ N (µν , σν) (18)

where µν = 0.3, σν = 0.15µν , and the Young’s modulus distribution is the same as Section 3.1. By
randomly sampling both parameters, a dispersion parameter ξ2k = 0.0253 is determined for the elemental
stiffness matrix Ke, implying that uncertainty in E contributes significantly more to the dispersion than ν,
since including the extra uncertain parameter only increased ξ2k by 12%. This new dispersion parameter is
then used within the RMT formulation, while MCS and FORM follow their standard approaches as dictated
by Sections 2.1 and 2.2. The resulting topologies are seen in Figure 4 and the corresponding volume fractions
and probabilities of failure are tabulated in Table 2.
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(a) MCS R = 10−1 (b) FORM R = 10−1 (c) RMT R = 10−1

(d) MCS R = 10−2 (e) FORM R = 10−2 (f) RMT R = 10−2

(g) MCS R = 10−3 (h) FORM R = 10−3 (i) RMT R = 10−3

Figure 4: RBTO topologies yielded from MCS, FORM, and RMT for varying values of R, for an uncertain
Young’s modulus and Poisson’s ratio

R = 10−1 R = 10−2 R = 10−3

Method V ∗ Pf V ∗ Pf V ∗ Pf
MCS 0.2158 0.0991 0.2496 0.0098 0.2880 0.001

FORM 0.2179 0.0984 0.2542 0.0098 0.2947 0.001
RMT 0.2204 0.0862 0.2607 0.0067 0.3089 0.0005

Table 2: Volume fractions V ∗ and probabilistic of failure Pf for topologies yielded from MCS, FORM, and
RMT for varying reliabilities R, when considering a random Young’s modulus and Poisson’s ratio

As foreshadowed by the small change in dispersion, we see very similar trends as Section 3.1 for all sets
of topologies with increasing reliability. Of note however are the RMT results which appear noticeably
thicker than MCS and FORM. Table 2 confirms that RMT provides a conservative volume fraction, with a
significantly lower probability of failure. This is also corroborated by the PDFs of the re-tested structures in
Figure 5, and the zoomed in section of the failure region in Figure 6, where RMT is increasingly shifted to
the left and upwards of the MCS and FORM results for increasing R, therefore exhibiting less failure. The
RMT result is clearly sub-optimal, but yields greater reliability and requires far less computational time to
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compute. This is due to FORM solving a 2D optimization problem each iteration, while RMT only requires
1 function evaluation each iteration due to the analytical solution for a 1D PMA problem as discussed in
Sections 2.2 and 2.3. This also means less information needs to be known about the relative effects of each
random parameter to the limit-state function, which greatly simplifies sensitivity analysis. Additionally the
random sampling that needs to be performed to determine ξ2k can be done prior to the optimization loop, and
for isotropic structures only requires formulating the elemental stiffness Ke, therefore not adding significant
computational burden.

Figure 5: Compliance PDFs considering uncertain Young’s modulus and Poisson’s ratio of optimised topolo-
gies using MCS, FORM, and RMT. The numbers 1, 2, and 3 after the legend descriptions represent the
reliability values R = 10−1, R = 10−2, and R = 10−3 respectively. The dashed black line visualizes the
compliance constraint Cmax.

4 Conclusion

The efficacy of using RMT to reduce the dimensionality of an RBTO routine is investigated in this paper.
A cantilevered plate with random Young’s modulus and Poisson’s ratio is optimized for volume, with a
reliability constraint imposed on compliance. It is shown that the RMT results produce slightly sub-optimal
topologies, with a significantly lower probability of failure, at much less computational expense. This is due
to amalgamating all material uncertainty into one dispersion parameter which corresponds to the random
stiffness matrix. These results provide motivation to evaluate RMT in more complex RBTO problems.
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Figure 6: Zoomed section of compliance PDFs showing failure region C > Cmax
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