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Abstract
An approach for simulating transient wave propagation in periodic waveguides is presented. Free and forced
propagation of ultrasonic waves is modelled in one dimensional periodic structures. The interaction of ultra-
sonic waves with structural inhomogeneities is also studied. The approach is a combination of a hybrid Wave
and Finite Element Method (WFEM) for free wave propagation, a coupling element for forced response and
a time domain reconstruction technique. WFEM is used to obtain dispersion characteristics of the waveguide
along with the basis functions for calculating the excitation response from the coupling element. The time
domain response is obtained by taking an inverse Discrete Fourier Transform (DFT) of the frequency domain
amplitudes. The results are compared with a full explicit FE simulation done in Abaqus. The presented ap-
proach is found to accurately simulate the excitation response of periodic waveguides as well as to drastically
reduce the overall computation time.

1 Introduction

Ultrasonic guided waves are of particular importance for structural health monitoring (SHM). They can travel
long distances without much energy loss and require minimal equipment. Hence, they have been the focus of
the SHM community for decades. The transient wave propagation characteristics of a structural waveguide
can give information about the health of the structure and the presence of potential defects. Usually this
is done by comparing the signal with a database of possible responses and concluding the type of defect
present. Generating a baseline experimentally is often not practical, hence simulations are used to generate a
library of baseline states. From here arises the need for fast and efficient simulation tools. The most reliable
and widely used method is explicit FE but due to very short wavelengths in the ultrasonic regime, a very high
resolution in spatial and temporal domain is required. Hence, the approach quickly becomes computationally
prohibitive. Over the years different methodologies have been developed to overcome this issue, the foremost
being semi-analytical finite element method (SAFE) [1],[2]. It uses finite element method to describe wave
behaviour in thickness direction whereas a complex exponential function to describe displacement field in
direction of wave propagation is used [3]. There is also the scaled boundary finite element method (SBFEM)
used for modelling guided waves and detecting damage in structures [4]. The dominant feature of these
approaches is a combined analytical and numerical framework to reduce computational complexity. The
hybrid wave and finite element method (WFEM) is one such methodology developed in the last decade [5].
It is used in a number of research areas like structural identification [6], damage detection [7], multiscale
wave propagation [8] and wave steering in composites [9]. There have been efforts recently to develop a full
transient simulation method based on WFEM [10],[11], but none addressing ultrasonic guided waves exists
so far.
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The main novelty introduced in this paper is a comprehensive transient analysis technique which can simulate
ultrasonic guided wave propagation and their interaction with defects in period structures orders of magnitude
faster than conventional methods. The organisation of this paper is as follows. After a brief introduction on
the need to develop a new approach, the entire methodology is presented in Section 2. A brief overview
of WFEM is given in Section 2.1 and its use in the transient analysis framework. This is followed by a
frequency domain forced response analysis described in Section 2.2, scattering from defects in Section 2.3
and time domain reconstruction in Section 2.4. A comprehensive numerical example is presented in Section
3. That is followed by some conclusions as well as an outlook for possible future extensions.

2 Transient analysis

An approach for the modelling ultrasonic guided waves is presented in this section. The methodology is
based on the hybrid wave and finite element method (WFEM), hence it brings all the benefits of this approach
to model wave propagation in periodic structures. The wave solution obtained from the WFEM for the free
wave propagation in frequency domain is used as basis for projecting the solution on the entire structure.
The forced response is obtained by transforming transient excitation functions into the frequency domain
and applying it to the dynamic equilibrium of coupling elements to obtain the outgoing amplitudes. A
simplified illustration of the structure under consideration is shown in Figure 1. The entire approach is
illustrated schematically in Figure 2.
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Figure 1: Wave propagation due to external excitation.

2.1 Hybrid wave and finite element method

The hybrid wave and finite element method is a technique to model wave propagation in periodic structures.
It is presented in detail in [12] and [13]. This section closely follows the steps presented in these articles. The
first step is to model a periodic section in FE software. The cross-section of the periodic element can be of
arbitrary complexity. Hence, this approach is quite useful for modelling wave propagation in layered media.
It is necessary for structure to be uniform in the direction of wave propagation and to have same number
of degrees of freedom on the left and right side of the waveguide. The finite element model of the periodic
section is used to obtain the stiffness K, mass M and damping C matrices. These are used to establish the
governing equations of motion as follows:

[
K+ iωC− ω2M

]
q = f + fp. (1)

Here, q is the vector of nodal displacements and f and fp are vectors of internal and external forces. For a
system with n degrees of freedom on each side of the waveguide K, C and M are [2n× 2n] matrices where
q, f and fp are [2n× 1] vectors. There is a time harmonic dependence of the form eiωt assumed throughout
this work which has been suppressed for brevity. Rearranging the degrees of freedom into left (L), right (R)
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Figure 2: Schematic of approach.

and internal (I) leads to the following expression for Eq. (1):
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or
D(ω)q = f + fp, (3)

where D is a frequency dependent dynamic stiffness matrix of the waveguide. The free wave propagation
characteristics are obtained by simplifying Eq. (2) with the knowledge that there are no forces on internal
degrees of freedom and no external excitations. This helps in condensing the internal degrees of freedom
and reducing Eq. (2) as follows:

[
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D̃RL D̃RR

]{
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}
=

{
fL
fR

}
, (4)

where
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D̃RL = DRL −DRID
−1
II DIL

D̃RR = DRR −DRID
−1
II DIR

. (5)

This condensation technique is the simplest of its kind, other methods are available for better accuracy and
computational speed [14],[15]. According to Bloch’s theorem for free wave propagation in waveguides of
length lx, the propagation constant λ = eiklx relates the nodal degrees of freedom on the left and right hand
side by [13]

qR = λqL, fR = −λfL. (6)

MEDIUM AND HIGH FREQUENCY TECHNIQUES 2313



An eigenvalue problem for λ is formulated by substituting Eq. (6) into Eq. (4) as follows

λ

{
qL

fL

}
= T

{
qL

fL

}
, (7)

where T is the transfer matrix given in Eq. (8). Based on eigenvalue problem in Eq. (7), the propagation
constants λ are eigenvalues of the transfer matrix T. They exist in pairs of [λ+, 1/λ+] for the positive
and negative travelling waves, respectively. The eigenvalue problem can be poorly conditioned leading to
numerical issues. Different formulations are used to mitigate this effect which are mentioned in [16], that is,

T =

[
−D̃−1

LRD̃LL D̃−1
LR

−D̃RL + D̃RRD̃
−1
LRD̃LL −D̃RRD̃

−1
LR

]
. (8)

The propagation constants for positive and negative going waves are used to obtain wavenumbers k+j and k−j
of propagating waves where j = 1, ..., 2n. The number of waves N retained to be used as basis functions
are less than the total number of modes computed as many of these modes are numerical artefacts. Only the
propagating modes and the least rapidly attenuating evanescent modes are retained, hence N < 2n. Actual
basis functions are eigenvectors φφφj accompanying the propagation constants. They exist for both positive
φφφ+j and negative φφφ−j going waves and can internally be partitioned to represent displacement and forces as
follows:

φφφj =

{
φφφq
φφφf

}
, where φφφ+j =

{
φφφ+q
φφφ+f

}
, φφφ−j =

{
φφφ−q
φφφ−f

}
. (9)

2.2 Coupling element

The section of the waveguide under influence of external excitation is modelled as a coupling element.
This part can be of arbitrary complexity and is completely modelled using finite elements. An important
consideration is to satisfy continuity and equilibrium conditions at the interface with the waveguide. The
coupling element and the waveguide must therefore have consistent degrees of freedom at the interface. A
finite element model of the coupling element is used to obtain the stiffness Kc, mass Mc and damping Cc

matrices. The dynamic equilibrium for the coupling element is established as follows:
[
Kc + iωCc − ω2Mc

]
qc = fc + fcp

or Dc(ω)qc = fc + fcp,
(10)

where Dc(ω) is the frequency dependent dynamic stiffness matrix and qc are the displacement degrees of
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Figure 3: Amplitudes generated due to external excitation.

freedom for the coupling element while fc and fcp are internal and external forces acting on the coupling el-
ement. They are related to the waveguide degrees of freedom by using continuity and equilibrium conditions
as shown in [17], that is,

qc = Rq (continuity)

fc −Rf = 0 (equilibrium),
(11)
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where R is a rotation matrix to transform the degrees of freedom of the waveguide from a local coordinate
system to a global coordinate system assuming that the coupling element degrees of freedom are already
in a global coordinate system. Based on the approach presented in [17], a wave solution is imposed on the
equations of motion using the wavemodes of the waveguide as basis functions, that is,

q = R
[
φφφ+q a

+ +φφφ−q a
−]

f = R
[
φφφ+f a

+ +φφφ−f a
−
]
.

(12)

Since the goal is to calculate wave propagation in a waveguide due to external excitation, it can safely be
assumed that there are no amplitudes incident on the coupling element. This assumption leads to setting
incident amplitudes a+ to zero. The external excitation applied to the coupling element is a transient force
f(t) in the time domain. It is introduced in Eq. (10) by converting the force into the frequency domain using
the discrete Fourier transform (DFT). The time domain signal is sampled at m points and converted into the
frequency domain as follows:

Fcp(ωj) =
m∑

i=1

fcp(ti)e−itiωj where j = 1, ...,m. (13)

This step is also crucial because the resolution in the frequency domain influences the final result in the time
domain and hence should be given special consideration. The result is a frequency dependent force vector.
Equations (12) and (13) are used to establish a dynamic equilibrium for the coupling element in the frequency
domain by substituting them into Eq. (10). The solution are frequency dependent outgoing amplitudes a−

from the coupling element.

2.3 Scattering from the defect

The wave propagates through the structure due to external excitation and is incident on a defect present in
the structure. The incident wave is reflected and transmitted which is known as scattering. This is illustrated
in Figure 4. The incident wave is represented as incoming amplitudes which have already been calculated in
section 2.2. Once again, the degrees of freedom at the interface of the waveguide and the region encapsulating
the defect must be consistent and must satisfy continuity and equilibrium conditions. The region containing
the defect is modelled in finite element software from which the stiffness KJ, mass MJ and damping CJ

matrices are obtained to establish the dynamic equilibrium as follows
[
KJ + iωCJ − ω2MJ

]
qJ = fJ

or DJ(ω)qJ = fJ,
(14)

where qJ and fJ are displacement and internal force vectors of the region containing the defect while DJ(ω)
is the frequency dependent dynamic stiffness matrix. The continuity and equilibrium conditions are applied
to Eq. (14) similar as done for the coupling element. It is important to state here that the waveguides sur-
rounding the region of the defect can be different from each other and can support different wavemodes. The
formulation described here will still be able to obtain the amplitudes travelling into the structure as a result
of scattering. We obtain

qJ = Rq (continuity)

fJ −Rf = 0 (equilibrium).
(15)

R is once again used to transform all vectors into a global coordinate system. The wave solution is imposed
on Eq. (14) using the relation shown in Eq. (12). As mentioned at the start of this section, amplitudes incident
on the defect are known from section 2.2, hence the only unknowns are amplitudes scattered from the defect
which are obtained as follows:

DJR
[
φφφ+q a

+ +φφφ−q a
−] = R

[
φφφ+f a

+ +φφφ−f a
−
]
. (16)
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Figure 4: Scattering of waves from the defect.

2.4 Reconstruction in the time domain

The amplitudes are calculated with contribution factors for each wave over a range of frequencies. Hence
these amplitudes are in the frequency domain and represent the wave motion of an entire cross-section instead
of individual nodes. The nodal displacement is obtained by projecting amplitudes on individual degrees of
freedom by means of basis functions, that is,

q(ω) = φφφ+q a
+ +φφφ−q a

−, (17)

where nodal displacements q of the waveguide are a function of frequency ω. The contribution of the
wavemodes and their respective amplitude determines the nodal displacement in the time domain. This is
achieved by performing an inverse DFT as follows:

q(tj) =
1

m

m∑

i=1

q(ωi)e−iωitj where j = 1, ...,m. (18)

The time domain result from this step gives the response at the point of excitation. In order to obtain the
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Figure 5: Wave propagation due to external excitation.

complete time history at some arbitrary point of observation in the structure, it is necessary to sum up all
amplitudes arriving at that point. In Figure 5, we see the response at an observation point in the structure at
some distance from the point of excitation showing the incident waves with displacement vector qI passing
through it, impinging on the defect and reflecting from it with displacement vector qR and again passing
through the observation point. Then total frequency domain displacement at the observation point is then
given as

qO(ω) = qI(ω) + qR(ω), (19)
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where qO is the wave signal recorded at the observation point. There can be any number of waves passing
through the observation point which will simply be added to the signal in Eq. (19) to obtain the final fre-
quency domain response. Each of these signals will have a time of flight depending on the distance travelled
by the wave to reach the observation point. This is calculated for each wave separately. The amplitudes
arriving at the observation point for the first incident wave are obtained as

aI = a · eikxi , (20)

where a is the amplitude generated from the external excitation, k is the corresponding wavenumber of the
mode, xi is the distance the incident wave travels to reach the observation point and aI the amplitudes of
incident wave at the observation point. The same wave travels further and is scattered due to the defect.
Obtaining reflected amplitudes from scattering at the observation point is done in three steps as shown in Eq.
(21). The first step obtains the amplitudes reaching the scatterer, in second step describes scattering from
the defect which acts as a new source with modified amplitudes going back into the waveguide and in a final
step, we obtain the reflected amplitudes reaching the observation point. That is,

a1 = a · eikxs

a2 = [S] · a1

aR = a2 · eik(xs−xi ),

(21)

where a are the amplitudes generated in the waveguide due to the external excitation, xs is the distance of the
scatterer from the excitation point, [S] is the scattering matrix which is intrinsic in the formulation presented
in Section 2.3, a2 are reflected amplitudes due to scattering and aR are reflected amplitudes reaching the
point of observation. Once all amplitudes are obtained they can be projected onto individual degrees of
freedom using Eq. (17) and added together as in Eq. (19). The final time domain response at the observation
point is obtained by taking the inverse DFT of the complete signal using Eq. (18).

3 A numerical example

In this section, a numerical case study is presented and results are compared with those obtained from a full
explicit finite element simulation performed in Abaqus. The entire methodology developed in this paper is
coded in MATLAB. The waveguide under consideration is illustrated in Figure 6. The waveguide is made of
steel with material properties shown in Table 1. The defect is simulated by inserting a single-element thick
layer of aluminium in the waveguide which lead to reflection. The material properties of aluminium are also
stated in Table 1. Dimensions of the structure are marked on Figure 6. The final goal is to obtain a complete
transient response at the point of observation.

Material Young’s modulus Density Posisson ratio
(E,GPa) (ρ, kg/m3) (ν)

Steel 210 7800 0.3
Aluminium 70 2700 0.3

Table 1: Material properties

It is important to list all wave packets passing through observation point in order to make sense of the
resulting displacement profile. The simulation is done for 150 microseconds and the external excitation is a
30 microsecond signal. Considering the time window being simulated, the following waves will pass through
the observation point:

• Transmitted wave (w1) from scattering of first incident wave on the aluminium scatterer.

• Reflected wave (w2) generated from w1 reflecting from fixed boundary.

• Reflected wave (w3) generated from w2 reflecting from aluminium scatterer.
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Figure 6: Illustration of the structure used in the numerical example.

• Transmitted wave (w4) generated from the initial reflected wave from the scatterer which travels back
to the free end of the structure, gets reflected again and is incident again on the scatterer and is then
transmitted.

• Reflected wave (w5) generated from w4 reflecting from fixed boundary.

The external excitation applied to the structure is a Hanning windowed sinusoid with central frequency at
100 kHz in the time domain. This signal is shown in Figure 7a and is used directly as input in Abaqus. For
the approach developed in this paper, it is converted into nodal forces in the frequency domain using Eq. (13)
as shown in Figure 7b.

(a) Time domain (b) Frequency domain

Figure 7: Excitation signal used for exciting the symmetric Lamb wave mode in the waveguide.

The waveguide is modelled as single periodic element with dimensions 0.001m×0.005m×0.003m using
the solid element C3D8R which is an 8-node linear brick element in Abaqus standard element library [18].
The mass and stiffness matrices are obtained for this single periodic element to compute the dispersion
characteristics of the steel waveguide as explained in Section 2.1. The wavemodes obtained from the wave
finite element method are then used as basis functions for the entire waveguide. The dispersion plots for
waves retained to be used as basis are shown in Figures 8a and 8b.
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Applying the methodology presented in Section 2.2, the amplitudes generated in the waveguide due to exter-
nal excitation are calculated. A frequency domain resolution of 976 Hz is used with a total of 256 steps. After
obtaining the amplitudes, the response at the point of observation is calculated using the technique presented
in Sections 2.3 and 2.4. The resulting displacement of a single node in the direction of wave propagation
is plotted in Figure 9 against values obtained from an Abaqus simulation. Abaqus simulation is carried out
using 3500 elements. The element selected is the same as that used for modelling periodic waveguide el-
ement. Both simulations are performed on the same computer with a 7th Generation Intel Core i3-7100U
2.50 GHz processor with 8 GB RAM. The simulation in Abaqus takes approximately 28 seconds whereas
the same results are obtained using the developed approach in 5.365 seconds. It is important to mention here
that the MATLAB codes are not optimised and the main goal of a full two-dimensional simulation with this
approach coded in C environment is expected to be at least an order of magnitude faster than conventional
FEM. Moreover the results plotted in Figure 9 are found to be in good agreement.

(a) Negative waves (b) Positive waves

Figure 8: Dispersion curves for steel waveguide Pressure, Shear, Vertical bending, Lateral
bending, Evanescent, Evanescent

Figure 9: Displacement in direction of wave propagation of a node at observation point Matlab,
Abaqus.
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4 Conclusions

The approach developed in this paper is capable of simulating ultrasonic wave propagation in periodic struc-
tures. The main objectives achieved are listed below

• Free wave propagation in one dimensional waveguides.

• Forced wave propagation in one dimensional waveguides.

• Reflection from boundaries and scattering from defects.

• Complete transient response.

It is observed that sorting of wavemodes is not necessary for time domain response which is a major strength
of this method. Moreover a very high resolution in frequency domain is also not required to get sufficient
resolution in the time domain. The computational complexity can further be reduced by only considering
amplitudes in the vicinity of the central excitation frequency. The methodology can also be extended easily
to simulate layered media because the base formulation in WFEM is capable of handling arbitrarily complex
cross-sectional geometry. The approach developed in this paper will be used as groundwork to build a more
comprehensive approach to simulate wave propagation in complex two dimensional waveguides.
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