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Abstract
This work presents a study on the dynamic behaviour of a vehicle suspension system with asymmetrical vis-
cous damping, with stochastic road profile. The geometrical configuration of a double-wishbone suspension
system is taken into account, so as to include geometrical nonlinearities. It is known that the use of asym-
metrical damping can diminish the sprung mass acceleration, and causes a shift of the mean position of the
sprung mass. The optimum configuration of the geometrical parameters and the asymmetry ratio that min-
imises the vertical acceleration of the vehicle body is seeked. The lengths of the lower and upper arms and
the inclination of the spring-damper assembly are the geometrical parameters considered in the optimisation.
Numerical simulations showed that the optimised system presents a reduction close to 30 % in the RMS
acceleration. The optimised parameters depend on the chosen asymmetry ratio of the damper, in agreement
with previous result showing the influence of asymmetry ratio on the acceleration of the sprung mass.

1 Introduction

All ground vehicles are subject to vibrations induced by the road, which directly affect the comfort of the
passengers. Suspension systems are designed to minimise these unwanted effects to improve comfort, while
also providing good handling [1]. Regarding ground vehicles, improving one of these objectives can compro-
mise the other [2]. Generally, comfort is associated with a softer suspension, and good handling associated
with a stiffer suspension [3].

The limitations regarding the classical passive suspensions have motivated research of controlled suspension
systems as semi-active and active systems [4]. Compared to passive systems, semi-active suspensions pro-
vide a high level of comfort and employ electro- or magneto-rheological dampers [5, 6, 7]. According to [9],
active suspension systems can provide up to 60% more comfort than passive suspension system and much
effort has been put to improve such systems [9, 12, 13, 14]. Although semi-active and active suspension
systems provide good comfort, its use implies an increase in the global cost of the vehicle and has been used
only in high performance vehicles [8].

In order to reduce the overall cost of the vehicle without compromising the level of passenger comfort, en-
gineers have sought alternatives to this question. A solution found was to develop passive dampers, whose
damping forces act asymmetrically. Some studies involving the dynamic analysis of asymmetrical damp-
ing shows satisfactory results when applying this type of damping in suspension systems [2, 15, 16, 17].
Asymmetrical dampers have different damping coefficient during the extension and the compression phases.
Suspension systems which employs asymmetrical damping can change the mean equilibrium position of the
vehicle sprung mass. This effect is called jacking down or packing [16]. Numerical simulations and analytic
solutions have been used to analyse the behaviour of the system employing asymmetrical damping [18].
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The geometry of the suspension system is an important factor to be considered in vehicle design. In medium
passenger vehicles, different types of suspension are used in the front and rear. The McPherson suspen-
sion type is the most used on the front of vehicles, since it presents some advantages such as simplicity of
construction, reduced weight and volume [19]. Another common type of suspension is the double wish-
bone, which has significant effect on the handling and comfort of the vehicle if compared to McPherson and
other suspension systems [20]. It has been shown that better comfort can be achieved when considering the
suspension geometry while using asymmetrical damping [21]. Previous studies have shown that asymmet-
rical damping can diminish the amplitude of displacement and acceleration of the sprung mass, when the
parameters of suspension geometry are combined with the asymmetrical damping [22].

Optimisation methods can be used to design vehicle suspension system with good compromise between
comfort and handling. An optimisation process related to ride comfort, suspension travel and road holding
of the vehicle was used to find the most important suspension stiffness and damping parameters [23]. Opti-
misation with asymmetrical damping were also investigated by [24], which the main objective was apply a
methodology leading to optimum combinations of the suspension damping and stiffness parameters.

According to ISO 2631 standard, the intensity of the vibration must be evaluated by the RMS value of
acceleration in order to assess its effect on the human body. In occupational vibration evaluation, several
factors influence the risk characterization, among which are: vibration amplitude, frequency, its direction
and the exposure time [25].

In this paper, we investigate the influence of asymmetrical damping in the response of the system, and the
role of the geometrical parameters on the RMS acceleration of sprung mass. With the aim of analysing the
combined effects of asymmetrical damping and geometric nonlinearities, the road profile characteristics are
shown in section 2 ; a two-degree-of-freedom quarter-car model with stochastic base excitation considering
the suspension geometry is presented in section 3 ; the parameters and the objective function considered in
the optimisation process are shown in the section 4 ; results of RMS accelerations for the system considering
the suspension geometry are shown in section 5 . Finally conclusions are drawn in section 6.

2 Road profile

The ISO 8608:1995 standard proposes a classification of the road roughness (Class A - H) based on the
power spectral density (PSD) of to the longitudinal profile. According to [25], random road profiles can be
approximated by a PSD as follows:

Φ(Ω) = Φ(Ω0)

(
Ω

Ω0

)−w

(1)

in which Ω = 2π/L rad/m denotes the spatial frequency (wavenumber) and L is the wavelength. The PSD
of the road presents a constant drop in its magnitude according to the spatial frequency [26]. The value of
PSD at Ω0 = 1 rad/m is given by Φ0 = Φ(Ω0). The values of Φ(Ω0) are shown in Table 1. The drop in the
magnitude is modelled by the roughness coefficient of waviness w (according to ISO 8608:1995, w = 2).
The integral of the PSD over a given frequency band calculates the average power of the signal over this
frequency band.

According to this standard, roads, whether paved or not, can be classified from A to H, the classes are
defined by Φ0. For example, a class A road has Φ0 = 1 × 10−6 m3, which is smooth, while a class H road
has Φ0 = 256× 10−6 m3, and is rougher [26, 27].

3 Geometric vehicle suspension system

Figure 1 shows the parameters the double wishbone suspension system considered in this study. The elastic
and damping forces are related to the geometry and are clearly nonlinear [28]. The double wishbone suspen-
sion is a four-bar mechanism, and the classical theory of mechanisms can be used to determine the positions
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Table 1: Degree of roughness expressed in terms of Ω0 accordind to the standard ISO 8608:1995 [25]

.

Road class
Degree of roughness

Φ (Ω0)1

10−6 m3

Lower limit Geometric mean Upper limit
A (very good) - 1 2

B (good) 2 4 8
C (average) 8 16 32

D (poor) 32 64 128
E (very poor) 128 256 512

F 512 1024 2048
G 2048 4096 8192
H 8192 16384 -

Ω0 = 1 rad/m

of all the links and angles. The equivalent 2-DOF model, with an asymmetrical damping considered between
the sprung and unsprung mass, is shown in Fig. 2, with its characteristic. The parameters of interest for the
calculation of the suspension kinematics are defined in Table 2. The initial configuration is considered when
zr = 0.

Figure 1: Representation of quarter-car model with asymmetrical damping considering geometrical nonlin-
earities (a); definition of geometrical parameters (b).

The EF segment represents the length of the spring-damper assembly and it is calculated as follows:

EF =

√
DF

2
+DE

2 − 2DF DE cos(θDE − θDA) (2)

The vertical component of the relative displacement is defined as:

a = (EF 0 − EF ) cos(θEF ) (3)

The angle of the spring-damper assembly, θEF , is defined by:

θEF = cos−1

(
DE

2
+ EF

2 −DF 2

2DE EF

)
− π (4)
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Figure 2: Equivalent 2-DOF model (a); characteristic of asymmetrical damping (b).

Table 2: Parameters values of the double wishbone suspension [29].
Parameter Description Value
AB Length of upper suspension arm 146.05 mm
CD Length of lower suspension arm 228.6 mm
DA Distance from the lower arm joint to upper arm joint 221.43 mm
DF Distance from the lower arm joint to lower damper joint 177.80 mm
DE Distance from the lower arm joint to upper damper joint 310.31 mm
Ay Coordinate y of the joint A 75.18 mm
Az Coordinate z of the joint A 208.28 mm
DEh Horizontal distance between the joints D and E 105.36 mm
DEv Vertical distance between the joints D and E 291.88 mm
θDA Angle of the segment DA 19.84◦

Bz,0 Initial position of the joint B 25.36 mm

The angular velocity of the upper arm is given by:

θ̇AB =
(żu − żs)

AB

√
1− (Bz,0+zu−zs)

2

AB
2

(5)

The angular velocity of the lower arm is calculated as:

ωCD = −
θ̇ABAB cos

(
θBC − sin−1

(
Bz,0+zu−zs

AB

))

CD sin (θBC − θCD)
(6)

The vertical component of the relative velocity (b = żs - Ḟy) is obtained by:

Ḟy = ωCDDF cos(θCDh) (7)

Finally, the damping force is calculated by the product of the asymmetrical damping coefficient and the
relative velocity, and the asymmetrical damping coefficients during the extension and the compression cycles
are defined by Eq. (8).

F±
cs = c±s b c±s ⇒

{
c+s if b ≥ 0
c−s if b < 0

(8)

The asymmetry ratio β is defined by:

β =
c+s
c−s

(9)
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Finally, the equations of motion for the suspension system with asymmetrical damping and taking into ac-
count the geometrical nonlinearities are given by:

mu z̈u + ku (zu − zr) + cu (żu − żr)− ks a− c±s b = 0

ms z̈s + ks a+ c±s b = 0 (10)

Different values of β are used, and for each value, c+s and c−s are chosen to maintain the same dissipated
energy for compression and expansion. The damping coefficients used are: for β = 3, c+s = 6000 Ns/m and
c−s = 2000 Ns/m, for β = 1, c+s = 4000 Ns/m and c−s = 4000 Ns/m and for β = 1/3, c+s = 2000 Ns/m e
c−s = 6000 Ns/m. A class B road profile is considered with vehicle speed v = 40 km/h. The segments CD,
AB and DF are the decision variables for the optimisation process. The PSD of sprung mass acceleration,
PSD(z̈s), is obtained by the Welch method [30].

4 Optimisation

The optimisation problem of the suspension system can be written as follows:

Find X =





x1
x2
x3



 =





CD

AB

DF



 which minimises f(X)

In order to improve comfort, the objective function considered is the RMS value of the acceleration of the
suspended mass, given by:

f(X) = RMS(z̈s) (11)

subject to the constraints

−x1 + 177.8 ≤ 0

x1 − 250 ≤ 0

−x2 + 130 ≤ 0

x2 − 160 ≤ 0

−x3 + 105 ≤ 0

x3 − 177.8 ≤ 0 (12)

The system defined by Eq. (10) is nonlinear because of the asymmetrical damping and geometrical nonlin-
earities. In this study, the response of the system is obtained through numerical simulation, and a nonlinear
programming solver was used to find the minimum of the constrained nonlinear multivariable optimisation
problem described by Eq.(11) and Eq. (12). Several values are considered as initial guesses for the decision
variables, in order to verify the convergence of the method. It was observed that the solver found solutions in
a very small number of iterations, regardless of the initial guess. The optimum values found were: x̂1 = 250
mm, x̂2 = 160 mm and x̂3 = 105 mm.

5 Sprung mass acceleration

Figure 3 presents the PSD(z̈s) comparing the optimised and non-optimised system with β = 1/3, β = 1
and β = 3. For all frequencies, regardless of the asymmetry ratio, the optimised system presents a decrease
of amplitude. It is also found that the the use of asymmetrical damping presents another peak of resonance.
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Figure 3: Comparison between the PSD of the sprung mass acceleration of the optimised and non-optimised
system using β = 1/3 (a); β = 1 (b); β = 3 (c).

There are ranges where the optimised system presents larger acceleration. The PSD ratio (PSDR) is defined
as the PSD of the optimised system (PSDo) divided by the PSD of the non-optimised system (PSDn), and
is defined as:

PSDR =
PSDo

PSDn
(13)

By analysing the PSDR, it is possible to verify the improvement achieved with the optimised system (Fig.
4). Values above 1 show that the optimised system has RMS acceleration amplitude greater than the non-
optimised system. The asymmetry ratio has low influence at low frequency, between 0 and 10 Hz. After this
value, β close to 1 diminishes the RMS acceleration, and β far from 1 results in increase of acceleration.
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Figure 4: PSD ratio, PSDR, in relation to the frequency f with β = 1/3, β = 1 and β = 3.

Considering only the optimised system, Fig. 5 shows the PSD(z̈s) for several values of β. At low frequen-
cies, close to the first and second resonance peaks, it is shown that the asymmetry ratio β has low influence
on the acceleration. After the second peak, due the geometrical nonlinearities and the asymmetry, a third
resonance peak appears. The PSD does not present the third peak if β values are close to 1.

Through the analyses shown above it is possible to verify the influence of the optimised parameters (x̂1, x̂2,
x̂3) individually, using asymmetry ratio β = 3. Figure 6-a shows the PSD(z̈s) for the systems with: (x1, x2,
x3); (x̂1, x2, x3); (x1, x̂2, x3); (x1, x2, x̂3), (x̂1, x̂2, x̂3). It is observed that both x1 and x2 are responsible for
small decrease in the amplitude at the first and second peaks. However, varying only x3 results in a decrease
of amplitude in the entire range of frequencies.
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Figure 5: Surface graph of PSD of sprung mass acceleration for different values of asymmetry ratio β.

Figure 6-b shows the RMS(z̈s) for different β, comparing the optimised and non optimised suspension
systems. It is shown that the geometrical parameter, specifically x3, have more influence than the asymmetry
ratio β. For example, for β = 3, the RMS(z̈s) with (x1, x2, x3) is 0.087 m/s 2, with (x̂1, x2, x3) is 0.086
m/s 2, with (x1, x̂2, x3) is 0.085 m/s 2, with (x1, x2, x̂3) is 0.062 m/s2, and (x̂1, x̂2, x̂3) is 0.059 m/s 2.
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Figure 6: Comparison between the PSD of the sprung mass acceleration of the optimised and non-optimised
system using for β = 3 (a); RMS acceleration of sprung mass in relation to β (b).

6 Conclusions

This work presented a study on the dynamic behaviour of a vehicle suspension system that employs asym-
metrical viscous damping and considering geometrical parameters. Focusing on the improvement of comfort
for the passengers, an optimisation technique were applied to find the best configuration for the suspension
system geometry and asymmetry ratio. The shift in the mean position is also observed if the road profile con-
sidered is stochastic. It was showed that in low frequencies, close to the first and second resonance peaks,
the asymmetry ratio has low influence.
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The parameter that present more influence is DF , which is the inclination of the spring-damper assem-
bly. The use of asymmetrical damping with β different from 1 and geometrical non-linearities involves the
appearance of a third resonance peak.

Results obtained through numerical simulation shows a reduction in the RMS acceleration of the sprung
mass when compared to the optimised and non-optimised system. The simulations showed that the optimised
system using asymmetrical damping presents a reduction close to 30 % in the RMS acceleration. However,
in a narrow band close to the third resonance, the optimised system has higher acceleration.
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