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Abstract 
This paper presents an approach to calculate the response statistics of a structure comprising a main, host 

structure with an attachment for which there is uncertainty in the coupling location. The approach is based 

on a Krylov model order reduction method, which reduces the order of a finite element model of the 

structure enabling an efficient way to estimate the statistics of the structural response. The multi-point 

constraint method is used to connect the finite element models of the attachment and the structure. One (or 

more) analysis is performed for the attachment located at a given, position(s) to obtain the projection 

matrices. Afterwards, a Parametric Model Order Reduction method is applied to reduce the model order. 

Uncertainty in the location of the attachment is included in a Monte Carlo simulation. The method is 

described and a numerical example presented which illustrates the accuracy and efficiency of the proposed 

method. 

1 Introduction 

Uncertainty problems have attracted the attention of many researchers for some years. A large amount of 

research focuses on uncertainty in geometrical and/or material properties [1], damping [2], joints of the 

model [3] etc. However, uncertainty and variability in the physical locations of attachments have been 

considered much less frequently. During the early design stage, some of the properties and parameters 

may not be defined exactly, for example necessary componentry of various forms, referred to here as 

attachments, being added later. The problem concerned in this paper is about efficient analysis of the 

structure where there is uncertainty or variability in the physical locations of the points at which 

attachments are attached or connected. To include uncertainty and variability in the modelling process, 

repeated calculation is needed. However, re-analysis of large-scale FE models requires large 

computational effort which is time-consuming. This issue can be addressed by model order reduction 

(MOR) methods.  

The general goal of MOR methods is to replace the original, high order model by another model which 

retains the main features of the model but is of lower complexity. Pade approximation related methods, 

also known as Krylov-based approximation methods, correspond to techniques developed for 

approximating the input and output behavior of the original system by a reduced system based on 

projection and moment matching. Such methods are widely used in the area of large electronic circuits [4]. 

In the development of this category of MOR methods, there are two broad approaches: Pade via Lanczos 

(PVL) and multipoint rational interpolation [5]. Feldmann and Freund [6] developed the PVL method, 

which builds the connection between Pade approximation and Krylov subspaces. In order to approximate 

the transfer function over a broad frequency range, the multipoint rational interpolation approach was 

developed to provide moment matching at selected frequencies [5]. Currently, research in Pade 

approximation related methods includes aspects of variable and uncertain parameters, such as physical and 

geometrical parameters. One of the important research directions in this category is parametric model 

order reduction (pMOR) which can preserve the original system parameters in the reduced model. In this 

4975



paper, a pMOR methods based on moment matching and projection is considered, in which two strategies 

can be used to obtain the projection matrices: using a single pair of fixed global basis matrices [7, 8], and 

interpolating multiple local matrices each considering different parameters [9, 10]. Although by using 

fixed global basis matrices the dimension of the projection matrices will increase through the increase of 

the number of parameters, the advantage is that there is no need to compute the reduced order model 

repeatedly for each different set of parameters. This strategy is suitable for a system with few uncertain 

parameters and repeated calculation is required for a large number of samples.  

In this paper, pMOR is applied to the prediction of the frequency response of a mechanical dynamic 

system with an attachment, in which the location of the connection between the main system and the 

attachment are uncertain. In order to consider the uncertainty efficiently, the multi-point constraint (MPC) 

method is used to assemble the FE models of the main system and the attachment. Then pMOR is applied 

to model the system using a single pair of projection matrices for different attachment locations, and 

reduce the model order. The projection matrices are obtained through choosing some expansion 

frequencies and baseline positions. Based on the reduced order model, Monte Carlo simulation (MCS) is 

used to consider the influence of the uncertainty on the original structure.  

The paper is organized as follows. The next section presents the basic problem setup, which is the system 

with an uncertain located attachment. The Krylov-based model order reduction and pMOR method used in 

this paper are described in Section 3. Next, numerical examples are presented in Section 4. Section 5 

concludes. 

2 Frequency response of the model with an attachment at an 
uncertain location 

This situation is illustrated in Figure 1, in which the main structure is divided into two regions: Region 1 is 

the part of the structure in which the attachment cannot lie; Region 2 is the part of the structure to which 

the attachment is connected, but the location of that connection is uncertain. Both the main structure and 

the attachment are assumed to be modelled using the finite element (FE) method. The different FE models 

are assembled by MPCs. This section presents the response of the FE model and the model with 

attachments. 

A time-invariant, single-input, single-output, system with an attachment can be written as a second order 

differential equation 
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Figure 1 A structure with an attachment
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where t is time,  tx  is a vector of the nodal coordinates of the FE mesh.  u t  is the input force function 

and  y t is the output displacement function, 1Nb containing the input coefficients and 1Nc  

containing the output coefficients. N N
D  is the damping matrix and  

N N
p


M  and  

N N
p


K  are the mass 

and stiffness matrices with the attachment, respectively, and variable parameter p models the uncertain 

location in Region 2. 

Note that the influence of the attachment is evaluated by considering variations in the structure’s mass and 

stiffness matrices, given by 

 
   
   

p p

p p

  

  

M M M

K K K
  (2) 

where  pM and  pK are mass and stiffness perturbation matrices, and M and K are the values of the 

system matrices independent of the parameter. 

In the FE model, the simplest way to assemble two models is the node-by-node method, in which 

coincident meshes are required. If the attached location changes, modifications need to be applied to the 

meshes. In order to avoid remeshing the model, MPCs [11] are used here. The advantage is that the 

connection can be placed at any location without changing the meshes.  

Considering uncertainty and taking the Laplace transform of Eq. (1), the input-output relation can be 

expressed as 

           
1

2, / TH s p y s u s s p s p


   c M D K b   (3) 

where  u s and  y s  represent the Laplace transforms of  u t and  y t . 

Assuming a hysteretic damping matrix 

 /j sD K   (4) 

proportional to the stiffness matrix, where 1j    and   is the loss factor, then Eq.(3) becomes 

            
1

2, / 1TH s p y s u s s p p j


   c M K b   (5) 

In practice, this transfer function can be obtained in various ways, such as modal decomposition, direct 

inversion, etc. The MOR objective of this paper is to approximate the original model by a reduced model, 

therefore Eq.(5) can be efficiently calculated many times. The pMOR method used is based on a rational 

two-sided Arnoldi algorithm in which two global constant projection matrices, , N nV W  ( n N ) are 

used, and yields reduced matrices and vectors,       1, ,
n n n n

np p
 


M K c and 1n

b . The MOR methods 

involved are briefly reviewed in the following section.  

3 Performing model order reduction 

This section describes the model order reduction of a dynamic system using a pMOR method, which is 

based on a rational Krylov method, the rational two-sided Arnoldi algorithm [5]. A global basis is 

generated which allows all the different values of the parameter to be considered.  

3.1 Rational Krylov model reduction for a second-order system 

Krylov-based MOR was originally developed for the first-order system. However, second-order systems 

are common in engineering. The simplest way to apply Krylov-based methods to a second-order system is 

by transforming the system into a first-order one. Alternatively, methods of performing MOR directly in a 
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second-order system have been introduced [12, 13] which will be adopted in this work. Considering a 

specific parameter value
kp , Eq.(5) can be expressed as  

        
1

2, 1T

k k kH s p s p p j


  c M K b   (6) 

By using a two-sided Arnoldi method, a pair of orthogonal matrices Vm
 and Wm can be built though the 

subspaces  [14] 
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and        2

m
e e e m es

p p j p s p   K K K M [15], sk (k=1,2,…,m) are expansion frequencies, 

, N m

m m

V W , and each base is orthonormal  

 ,T T

m m m m V V I W W I   (9) 

These expansion frequencies sk (k=1,2,…,m) are predetermined and fixed, and the same number of 

matched moments for each expansion frequency are selected. They will be determined by the frequency 

range of interest and a priori knowledge of the system such as the number of modes inside the frequency 

range. Some work has been done to investigate the selection of the expansion frequencies, for example, an 

procedure was proposed to choose the expansion frequencies iteratively [16] by optimizing the error of 

transfer function. As the parameters determined in the next section also influence the results, the 

calculation process will become tedious to select different sets of expansion frequencies for each value of 

the parameter chosen. Therefore, in this paper, expansion frequencies will be selected linearly in the 

frequency range of interest and they are the same for different values of the parameters. 

3.2 Model reduction of the system with an attachment at random locations 

The calculated projection matrices Vm and Wm in Section 3.1 are only exact for the specific parameter 

value pe. In order to preserve the parameter in the matrices, two strategies can be considered: a global 

basis [17] or local bases [9]. While local bases methods perform interpolations between different local 

models, the global basis method can construct constant projection matrices V and W for an arbitrary 

parameter value, which is very suitable if the system has few parameters but repeated calculations are 

needed. In this work, the only parameter is the uncertain location of the attachment, so the first strategy is 

used.  

Suppose we have a set of values ep , 1,e E , i.e. specific attachment locations, the corresponding local 

basis matrices 
1 EV V  and 

1

N m

E

W W  can be calculated through the rational Krylov method in 

Section 3.1. A common way to obtain the global matrices is to concatenate the local basis matrices [18], 

written as  

 
1 2

1 2

n E

n E

   
   

V V V V

W W W W
  (10) 
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However, directly combining these matrices together has a strong possibility to lead to rank-deficient 

global basis matrices. Thus a singular value decomposition (SVD) always follows the concatenation step 

to construct orthonormal columns. 

Therefore, performing MOR to the transfer function in Eq.(5), we have 

     
1

2, T

p pH s p s j


  c M K I I b   (11) 

where        , , ,T T T

n n n n n np p p p   M W M V K W K V c cV b W b . 

As the order of the transfer function is reduced, the computational cost for one single calculation will 

decrease significantly. Therefore, the MCS can be performed for a large number of samples at relatively 

low cost. 

4 Numerical example 

In this section a numerical example is considered to demonstrate the proposed method. The results are 

verified against a full FE analysis of the system. In the example, the attachment is considered as a point 

mass attached within a region of an otherwise homogeneous structure. 
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Figure 2 The plate divided into two regions: (a) the whole 
plate; (b) details of Region 2

(a)
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4.1 Plate with uncertain located mass 

The example comprises a 0.5m (Lx) 0.3m (Ly) steel plate, 1.62 10-3m thick, as shown in Figure 2. The 

density is 7520 kg m-3 and Poisson’s ratio is taken as 0.33. The Young’s modulus is taken to be 1.748GPa.  

The boundary conditions are free and the input and output are located at point P (0.4 Lx, 0.83 Ly). A mass 

of 0.156 kg (8.5% of the plate mass) is attached at randomly selected points within Region 2. 

In the numerical predictions Kirchhoff plate theory [19] is implemented in MATLAB. A 12 20 element 

mesh is used to construct the FE model. The position of the added mass in the x and y directions is 

assumed to obey a normal distribution, with the means at 0.2 Lx and 0.33Ly respectively, and the standard 

deviations being 0.045Lx and 0.042Ly respectively, with the mean being in the center of the square. The 

coordinates  ,m mx y of the mth sample are independent of each other. The importance sampling method 

was used to sample 2000 points in Region 2, and the pMOR method was applied to perform the MCS. The 

values of the parameter in pMOR are selected where the added mass is located at the four locations p1 

(0.15Lx, 0.25Ly), p2 (0.15Lx, 0.42Ly), p3 (0.25Lx, 0.25Ly) and p4 (0.25Lx, 0.42Ly). Loss factors are chosen as 

0.004 for all the modes. 

Assume that we are interested in the range of frequency between 100Hz and 200Hz. First two expansion 

frequencies, 120Hz and 180Hz, are chosen in this range of frequency. Thus we have 2 4n   , and the 

reduced matrices 819 8, M K . Figure 3(a) shows the FRF of the system with the added mass located at 

the center of the plate (0.2Lx, 0.33Ly). The results of the FE-MPC method are the direct solution for the 

transfer function apart from the frequencies close to the expansion frequencies. Note that there are 

significant differences between the results of FE-MPC and pMOR. Now three expansion frequencies 

(a) 

Figure 3 Comparison of FRF by full FE analysis and by pMOR: (a) two and 

(b) three expansion frequencies; mass attached at the centre of Region 2 

(b) 
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(120Hz, 150Hz and 180Hz) are selected and the reduced matrices 819 12, M K . The FRF is shown in 

Figure 3(b), and shows good agreement between 110Hz and 190Hz.  

Figure 4 shows the influence of selected parameter values. Instead of selecting four baseline values of the 

parameter, only three parameter values are considered (p1, p2 and p3). The predictions of the FRF are less 

accurate than the results by using 4 baseline parameter values. Using more parameters and more expansion 

frequencies always yields more accurate results, but will result in larger projection matrices and 

subsequently increase the computation cost. Thus there is a balance between the accuracy and 

computation cost, and that is still an open question for this method. In this case, we choose four 

parameters and three expansion frequencies to achieve the projection matrices. The dimension of the 

original FE model is reduced from 819 to 12, the computational cost being reduced dramatically and the 

subsequent MCS for the estimation of response statistics becomes very cheap.  

Then the MCS is performed using 2000 samples for the attachment location p. The FRF envelopes and 

mean FRF are presented in Figure 5 (note the different frequency range in the subplot). The expansion 

frequencies are selected as 120, 150 and 180Hz, and good agreement can be observed over a slightly 

wider frequency range. This is because the moments at the expansion frequencies are matched in the 

projection matrices. However the accuracy decreases as the frequency moves away from the expansion 

frequencies. Note that while the added mass introduces a larger variation in the FRF at higher frequencies 

(e.g. around 400-500Hz), the pMOR method can nevertheless approximate the response statics at these 

higher frequencies. It is believed that this is because the stochastic overlap is greater than 1 in this 

frequency range, so that the variability in a resonance peak across the ensemble becomes larger than the 

separation of adjacent resonances.  

5 Conclusions 

This paper discussed the effect of an attachment at an uncertain location on the vibrational response of a 

structure, and presented an efficient method to estimate the envelopes of the frequency response function 

(FRF) and mean FRF. Two projection matrices V and W are constructed by rational Krylov method-based 

parametric model order reduction (pMOR). These matrices are then applied to reduce the size of the 

system model significantly. Hence the computational cost of repeated calculation is reduced.  

The main structure and the attachment are modelled by FE method and assembled using multi-point 

constraints to avoid remeshing of the FE model for each different location of the attachment. The rational 

Arnoldi method is used as the basic model order reduction method, then pMOR is applied to construct two 

global constant projection matrices. As the dimensions of the projection matrices are much smaller than 

the original model and can preserve the change of the parameter values, it enables us to build a reduced 

model for the structure with the uncertain located attachment. Thereafter, Monte Carlo simulation can be 

Figure 4 Comparison of FRF by full FE analysis and by pMOR: FE-MPC (Black), pMOR using 4 

locations (Red) and pMOR using 3 locations (Blue);  mass attached at the center of Region 2 
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(a) 

(b) 

(c) 

Figure 5 Comparison of FRF envelopes and mean FRF by full FE analysis and by 

pMOR: (a) envelopes (80-220Hz); (b) envelopes (0-500Hz); (c) mean FRF 

performed cheaply in the frequency of interest.  

The proposed method was verified numerically on an example structure of a plate with a point mass 

attached at random locations. It was seen that the accuracy of the predicted results is influenced by the 

number and location of selected expansion frequencies, and the number of selected values of the 

parameter at which the projection matrices are evaluated.  The predicted envelopes of the FRFs using the 

proposed method are in good agreement with the results of the solving for the transfer function directly for 

the frequencies between the expansion frequencies. The approximations in the proposed method become 

less accurate as the frequency moves away from the expansion frequencies.  The results show that the 
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proposed method reduces the model order of the structure significantly and leads to accurate results for 

both the FRF and their statistics in the presence of uncertainty. 
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